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The refinement calculus introduced by Back [Bac78], Morgan [MorSSa], Morris [Mor87] 

and others, combines specifications and programs into a single language and allows the 

development of a program from its specification to proceed in a number of small steps. 

The subject of this thesis is the definition of a specification and programming language 

based on the refinement calculus. A prototype tool has been developed from a formal 

language definition and simple examples are used to evaluate the language and tool. 

One difference from existing refinement systems is the use of a universal refinement law 

and a simple compiler-style tool, rather than many laws and interactive tools. Most of 

the benefits of the refinement calculus are maintained while the change of programming 

method is smaller than that required to use an interactive refinement system. The 

size of refinement steps can be varied and complex derivations of obvious developments 

avoided. Context is propagated automatically, allowing Back's generalisation of the 

familiar assignment statement to be used for specification. 

The use of subtypes and dependent types is another feature distinguishing this work. 

Subtypes and dependent types are integrated smoothly into the programming language 

and are shown to provide an accurate model of the runtime constraints of a programming 

language. 

Some have argued that formal methods are necessary to achieve safe programmable 

systems, but to date this has not been borne out by experience. However, achieving 

dependable software is expensive, suggesting that the use of formal methods should be 

directed towards reducing costs. This vision can be realised only by exploiting theories 

such as the refinement calculus pragmatically, aiming to enhance existing practices, 

with flexibility in matters such as the degree of rigour and the order of development 

steps. The work described in this thesis is intended to be a step in this direction. 
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Chapter 1 

Introduction 

The refinement calculus introduced by Back [Bac78], Morgan [MorS8a], Morris [Mor87] 
and others, extends the theory of program correctness introduced by Hoare [Hoa69] 
and Dijkstra [Dij75, Dij76]. Its principle advantage is to combine specifications and 
programs into a single language and allow the development of a program from its 
specification to proceed in a number of small steps, each of which can be justified 
independently of the others. 

The theory of refinement and its notation are powerful intellectual tools which can be 
used, with more or less formality, to develop real programs. A number of examples 
of development using reAnement have been published [Abr91a, But97, CR91, Gra91, 
Mor94, Woo91, SS99]. However, the use of refinement techniques for problems of any 
significant size requires to be replaced by /anguage, supported 
by computerised tools. 

The subject of this thesis is the design of such a language, based on the refinement 
calculus. The well-formation rules and proof semantics of the language are formally 
specified and a prototype tool developed from the specification. Some simple examples 
are used to evaluate the language and tool. 

1.1 Relationship to Existing Work 

The language design presented in this thesis differs from existing refinement languages 
and tools in two main ways: 

(i) a universal refinement law is used to demonstrate the correctness of refinement 
steps, 

(ii) the language is built on a type system that includes subtypes. 

We introduce these key aspects of our approach below. 



1.1.1 Using a Universal ReBnement Law 

Existing tools supporting the refinement calculus, which are surveyed in Chapter 6, 
support interactive transformation of a specification to an implementation. The trans-
formation is carried out using Zawa, which are proved from the semantics of 
the language. Some refinement laws always apply, whilst others have side-conditions 
which may require proof in predicate logic. We show that the refinement calculus can be 
applied non-interactively using a 'universaF refinement law, with program construction 
separated from correctness proof. The advantages of this approach are that: 

(i) the existing programming method is maintained, 

(ii) refinements can be made in steps of any size, 

(iii) verification is separated from programming, allowing proof to be delayed or other 
verification techniques to be employed, and 

(iv) development tools are similar to existing tools. 

P r o g r a m m i n g M e t h o d It is a major change to the programming method to make 
programming nothing more than the successive application of refinement laws. Al-
though the identification of refinement laws (such as the collection in [Mor94]) or, more 
generally, a programming language algebra provides the programmer with a 
new understanding of the meaning and correctness of programs, it is not necessary to 
make such a major change to the programming method to benefit from the refinement 
calculus. Instead, refinement should offer a new approach to the programmer which 
builds on existing practices. 

Ref inement in Flexibly-Sized Steps Interactive refinement using refinement laws 
proceeds in small steps. There is potential for extending the set of refinement laws 
and for composing laws into refinement tactics, but this is not well developed. At 
the other extreme, an earlier generation of programming verification systems, such as 
Gypsy [Amb77], required each procedure to be verified as a whole. 

We show that the refinement calculus can be used in the manner of the system such 
as Gypsy, but with support for refinement steps of variable size. The user can choose 
either the small steps of the refinement calculus or larger steps. The latter may be 
appropriate when the circumstances demand a less detailed justification of correctness 
or when the overall refinement is more obvious than the detailed derivation. 

Verifying Re f inemen t Steps The construction of the refinement text is itself the 
main component of the correctness argument for the program. In many applications, 
the cost of formally proving the lemmas of this argument - the verification conditions 



- will not be justified. Instead, further verification can be achieved by inspection, or 
by other means short of formal proof. This topic is beyond the scope of this thesis, but 
we review the prospect of integrating refinement with other verification techniques in 
the final chapter. 

Systems such as Gypsy are sometimes derided as requiring meaning 
that formal verification is attempted on a program when there is no basis for confidence 
that the program is correct. In our approach, stepwise development is the primary 
means of ensuring correctness^. 

A possible disadvantage of not using laws of refinement is that more correctness proofs 
will be required, repeating the justification for the development step captured in the 
refinement law. However, many laws have side conditions showing that the law is 
applicable. Using simple examples, we compare the proof obligations arising from our 
approach with the side conditions of refinement laws. 

Tool Suppor t Existing tools supporting the refinement calculus are integrated with 
theorem provers, leading to a tool architecture very different from mainstream program-
ming language tools. In particular, the representation of the programming language is 
internal to the tool, proof may subsume other forms of static error checking and the 
order of development is constrained. 

We show that the refinement calculus can be used with a conventional ASCII language 
syntax and a support tool which resembles a compiler, with well-formation checking 
separate from proof. This has the advantage of simplicity. In addition, we believe that 
it provides the best approach for future support of the refinement calculus in an inte-
grated development environment, similar to those available for existing programming 
languages. 

1.1.2 Specification and Program Types 

The language of rehnement must express both specifications and programs. To be useful 
as a specification language, the expressions and types of the language must be much 
more expressive than those included in a programming language such as Pascal. Sets, 
functions and free datatypes (such as lists) are required, with conditional and recursive 
definitions as well as simple definition by equality. 

Sub types and D e p e n d e n t Types We adopt a language with subtypes and depen-
dent types, based on higher order functions. The language draws particularly on the 

^Posit and verify is really a characterisation of way a method is used rather than of the method 
itself. In the author 's experience using SPADE [COCD86], a system similar to Gypsy, care was taken 
to ensure correctness before doing formal verification, e.g. by writing the program to make correctness 
as obvious as possible. 



Veritas''' [HDLQOa] [HDL90b] and PVS [0RS92] systems, both of which are interactive 
theorem provers. 

The inclusion of subtypes means that type checking is not decidable, since a proof may 
be needed to show that a term belongs to a subtype. In Veritas'"' construction and 
type checking of terms are carried out interactively. This approach allows a user to 
prove subtype membership when required, while simpler cases can be automated using 
tactics. Here, we follow the approach of PVS, where type checking is non-interactive, 
since this is the long established approach used for programming languages. The type 
checker reports obvious type errors and, if necessary, produces proof obligations, cailed 
fype correc^negg These must be proved to show that the specification is type 
correct. 

One approach considered was to adopt the language of PVS in the language of refine-
ment, without modification. However, the PVS type checker is embedded in the PVS 
prover, so to use the PVS language directly requires the refinement tool to be based 
on the PVS prover or the type checker to be re-implemented. Instead, drawing on 
the ideas of both PVS and Veritas"'', a simple language with subtypes and dependent 
types haa been designed. The main argument of this thesis concerns the suitability 
of a higher-order logic with subtypes and dependent types for use within a language 
of refinement. However, during the design some differences have emerged between our 
language and that of PVS, which provided our starting point. 

T y p e d Specif icat ion Languages The desirability of having a typed specification 
language has been disputed, for example by Lamport and Paulson [LP98], who argue 
that types are not necessary in specification languages and that type systems reduce 
flexibility and add complexity. However, popular specification languages such aa Z 
[Spi89] and VDM [Jon86] are typed and types allow simple errors to be detected au-
tomatically. For this reason, we adopt a typed specification language, despite the 
disadvantages identified by Lamport and Paulson. Some points raised by Lamport and 
Paulson concerning dependent types are considered in Chapter 6. 

Types and Proof Introducing the PVS theorem prover [ORSH95], Rushby and oth-
ers argue that logical languages allowing only total functions are more amenable to 
efficient automatic theorem proving than those, such as Z, which allow partial func-
tions. Further evidence for this view comes from Martin [Mar97] who cites partial 
functions as one of the reasons why effective tool support for Z proof is hard^. 

The PVS developers show how the use of subtypes allows functions which would nor-
mally be considered to be partial to be made total functions. In this approach, the 
division function _/_ is total, but the domain of the divisor is non-zero numbers; the 

^Saaltink [Saa97] describes how Z /EVES handles partial functions (and other causes of undefined-
ness in Z) and reports tha t many published Z specification contain errors caused by misuse of part ial 
functions. 



expression 1/0 is not well typed. In set theory or in higher order logic without subtypes. 
1/0 is an arbitrary value^. 

P r o g r a m m i n g Language Types Lamport and Paulson consider only specification 
languages, noting that "the advantages of typed programming languages are obvious '. 
A language of refinement is both a specification and programming language, suggesting 
the use of types. Subtypes and partial functions are common in programming languages. 
Examples include integers of limited range, which are a subtype of mathematical inte-
gers, and partial functions such aa arrays and collections (indexed by pointers). 

One alternative to subtypes is to add 'type declarations' as part of the derivation of 
a program from a specification, for example using invariants, as described by Morgan 
[Mor89]. The technique of totalising partial functions with arbitrary values, another 
alternative, is problematic in a programmmgf language, where application of an argu-
ment outside the domain of a partial function may lead to a run-time error. These 
alternatives are reviewed in more detail in Chapter 6. 

1.2 Designing a Language of ReAnement 

Our language is baaed on the extensions to Dijkstra's guarded command language in-
troduced by Morgan and Back and on existing languages of subtypes and dependent 
types. For the syntax, we follow the example of existing languages, particularly Pascal 
and its descendants, avoiding unnecessary innovation wherever possible. But there are 
novel issues to be considered in the design of a lajiguage of refinement. We summarise 
our approach to two of these below. 

Factor isa t ion An advance in the theory of predicate transformers since Dijkstra's 
work has been to identify the essential statement forms from which more complex 
forms can be composed. One example of this is the separation of procedure definition 
from parameterisation [Mor88c]. As well as simplifying the theory, aspects of this 
factorisation can be made apparent to the user of the language; this approach is followed 
in our treatment of both recursion and parameterisation. 

The very simple command language, which is shown to be complete by Back and von 
Wright [BW89a], is a more radical factorisation. The statements available to the pro-
grammer are defined from the primitive commands. This factorisation would be es-
pecially attractive if the generation of correctness conditions could be carried out by 
expanding the statement definitions. However, the encoding of the assignment state-
ment using the primitive commands is complex and this is likely to lead to complex 

^An arbi t rary number in a typed logic, whereas in un-typed set theory it could be any value. 



correctness conditions^. We prefer to specify the meaning of the statements used by 
the programmer directly. 

Ref inement Syntax In a refinement language, a tree-like structure replaces the lin-
ear text of a conventional programming language. Some syntax is required to represent 
this refinement tree. Although it is clear that interactive tools, such aa folding editors, 
will be useful, we consider that the representation of the tree should not be private 
to such tools. Instead, we adopt a conventional ASCII syntax for the refinement tree. 
Other approaches include Back's refinement diagrams [Bac91] or the statement marking 
convention used by Morgan [Mor94]. 

1.3 Prototype Tool Support 

The well-formation checking and refinement verification condition generator have been 
implemented in a prototype tool, aiming to follow the formal specification aa closely as 
possible. To achieve this, the lazy functional language Haskell [PE97] was chosen for 
the implementation. The prototype implementation serves two purposes: 

(i) it allows the formal specification to be validated by testing, and 

(ii) it allows the di^culty of discharging the proof obligations for both type correctness 
and refinement to be investigated. 

1.4 Thesis Outline 

The first part of the thesis introduces the language and describes its application. Chap-
ter 2 reviews the theoretical foundations on which the language is built: the typed A-
calculus and the refinement of predicate transformers. The specification and refinement 
language is introduced in Chapter 3, with a rationale for the major design decisions. 
Example specifications and refinements are presented in Chapter 4 with an examina-
tion of the proof obligations generated by the prototype tool. The prototype tool is 
described in Chapter 5. Existing work is surveyed in Chapter 6, including languages 
based on subtypes and dependent types and existing tool support for the refinement 
calculus. This is followed by an evaluation of our work in comparison with existing 
work. 

The specification of the program refinement language appears in Part II. Chapter 7 
introduces the specification, in particular the use of de-Bruijn indices as a mechanism 

^Abrial [Abr89] has successfully followed a similar approach, using generalised substitutions which 
make assignment a primitive s ta tement . 



for specifying the scope rules of the language. Subsequent chapters address each part of 
the languages: declarations and theories are covered in Chapter 8. terms in Chapters 9 
and 10, statements in Chapter 11 and finally refinement texts in Chapter 12. 

Overall conclusions appear in Chapter 13. 

There are three appendices: the language syntax definition is in Appendix A and Ap-
pendix B contains standard declarations. Proofs relating to the properties of statements 
are in Appendix C. 



Part I 

Overview and Application 



Chapter 2 

Foundations 

In this chapter the two foundations of the language and tool are reviewed: the typed 
A-calculus and program refinement. 

2.1 The A-Cube 

The starting point for the specification language is the typed A-calculus AC. AC is 
one of eight systems of typed A-calculus described in a uniform manner by the A-cube 
[Bar92]; this section is based on Barendregt's description. AC is similar to the Co/cw/wg 
0/ [CH88]. 

2.1.1 Terms and Types 

In AC, term and types are not distinguished syntactically. The following abstract syntax 
deAnes a set of T: 

T == y I C I T T I AF : T . T | : T . T 

where y and C are infinite collections of variables and constants respectively. 

Informally, the pseudo-term Az : denotes a function, with the type of the bound 
variable and therefore the domain type of the function, made explicit. The pseudo-term 
Hz : A.B is dependent version of the function type A -4- S , in which the range type 
may depend on the element of the domain type. When the bound variable x is not free 
in B, we use A —> 5 as an abbreviation for Hz : A.B. 



2.1.2 Reduction 

On T , the notion of /^-reduction is defined by the following contraction rule: 

(Ar : C := C] 

where := C] denotes the syntactic substitution of C for the variable j in B. 
renaming bound variables in ^ where necessary to avoid capturing any free variables 
in C. The relation is the reSexive transitive closure of -4 ;̂; . The congruence 
relation between terms A B, with terminology A is /^-convertible to g . is defined 
from /^-reduction in the standard way. 

2.1.3 Type Assignment 

S t a t e m e n t s A declaration is of the form x : A with A ^ T and x a variable. A 
is of the form A : B with E T; here. .4 is the suAjecf of the statement 

and B its A is a Anite ordered sequence of declarations with distinct 
subjects. 

If r denotes < : y l i , . . . , > 
then r , ^ : B denotes < : A i , . . . , : B > 

The empty context may be written < > . 

Sorts Two constants are selected and given the names * and • ; these constants are 
called go/fs. Let = {*, O} and let 5 range over Some examples of possible 
derivations are: 

* : O types 
* — : O unary function types 
* — * —> * : O binary function types 

We refer to the elements of O (that is, terms for which TiT : O can be derived) as 
and elements of * as 

T y p e ass ignment The type assignment rules axiomatize the notion 

r k y4 : B 

stating that the statement A : B can be derived in the context F. Figure 2.1 shows the 
type assignment rules. /I, B, F, a, 6 , . . . are arbitrary pseudo-terms and z is an arbitrary 
variables. The different systems on the A-cube are distinguished by the range of and 
^2 in the product rule. For AC, 

10 



axiom) O h * : O 

r H A : 5 
(start rule) 

(weakening rule) 

r . X : .4 h X : A 

r k A : g r h C : ^ 
r . T : r H .4 : g 

, . . . . , r I- f : (Ilz : .4.B) F H o : A 
i application rule ^ ^ ^ 

r I- r a : := oj 

(abstraction rule) 
r , I : .4 t- 6 : B PI- (Hz : .4.5) : a 

r H (Az : .4.6) : (Hi- : A.B) 

f 1 \ r k . 4 : g r i - g ' : . s 
(conversion rule) =n——57 ^ ^ 
^ r I- .4 : g ' 

(product rule) 
r h .4 : 5i T. X : Ah B : $2 

r I- (Hz : A.g) : ag 

Figure 2.1: Type assignment for AC 

2.1.4 Classifying Terms 

A map p : T —{0,1, 2,3} can be defined [Bar92, Definition 5.2.23], with the following 
properties: 

H O ) = 3 
r i - A : g #(.4) + 1 = #(g) 

This provides a simple classification of legal terms, for which we use the following 
terminology: 

{((v4) = 0 v4 is an element 
||(v4) = 1 v4 is a type 
|i(v4) = 2 v4 is a kind 

One corollary of this property is that the term O can never be the subject of a statement. 

It is convenient to use the terms 'type' and 'element' in a more general sense: when 
a : v4 is a statement, we call A the type of o and a an element of A. This corresponds 
with the classiAcation above only when j)(o) = 0. 

2.1.5 Propert ies of AC 

It this section we quote a number of properties of AC. The following terminology is 
used: a context F is called legal, if there exists A,B^T such that T \- A : B. In a legal 

11 



context r , A is called a (legal) F-^eryn if. for some B E T : then F I- .4 : B or T I- B : .4. 
Let v4, B, C, D be pseudo-terms, and let P. A be contexts. 

([Bar92. Lemma 5.2.11]) A \'%riable can be replaced by a term of the same 
type. If r , z : A,A H B : C and P I- D : A then P. A[z := D] t- D] : C[r := D]. 

([Bar92, Corollary 5.2.14(1)]) If P h A : B then, for some s G «9, either 
B = s ov r B •. s. 

([Bar92, Corollary 5.2.14(4)]) Any subterm of a legal term is also a 
legal term. 

([Bar92. Theorem 5.2.15]) /^-reduction can be used to 
change the subject of a statement. If P I- A : B and /I A' then P h /I' : B. The 
predicate of a statement can be replaced similarly. 

f/nzguenegg o/ ([Bar92, Lemma 5.2.21]) Types are unique upto /^-conversion. If 
P H A : B] and P H A : B2 then B] —g B2. 

7Vorma6'ga^*on ([Bar92. Lemma 5.3.3]) Legal terms in AC are strongly normal-
ising, that is, there are no infinite sequences of /^-reductions. 

an(f ([Bar92, Lemma 5.2.18]) Here type checking 
means deciding the truth or falsity of the statement: P I- A : B for given P, vl and B. 
In a given context P a term is typable if there exists a term B such that: P I- : B. 

([Bar92, Proposition 5.2.31]) The type (Ha : ^.o) is not inhabited in 
AC. The proof of this proposition shows that a term of this type would not have a 
normal form. 

2.1.6 Logic 

Type systems such as AC have been used to represent logic by interpreting propositions 
as types. The approach, attributed to N.G. de Bruijn, is described by Barendregt 
[Bar92, §5.1]. 

A system of logic can be represented by introducing a type prop which is assumed to 
be closed under implication. 

prop : * 3 : prop —> prop —prop 

To this context, we add a variable T : prop —)• * with the interpretation that 0 : prop 
is valid if T is inhabited, that is there exists a term M, such that M : T 4>. We 
can express the properties of implication by introducing functions to eliminate and 
introduce implication: 

D, (;6 i/) : (T r ^) ^ r(<^ D V') 

12 



The same effect can be achieved by using * for prop, making T the identity and using 
— f o r 3 . 

The feasibility of building proof systems in a purely constructive manner has been shown 
by others, notably the Nuprl project [CAB'*'86]. A particular feature of this approach is 
that a proof can be interpreted as a program, so that the activities of writing a program 
and proving it correct are combined. However, this approach is still immature. 

2.2 Predicate Transformers and Refinement 

In this section, we summarise the theory of predicate transformers and refinement, 
which is used in the remainder of the thesis. 

2.2.1 Refinement 

If 7, are implementations and 6'pec a specihcation, we write: 

7 sat 5'pec 

to show that / implements the specification 5'pec according to some satisfaction relation. 
Provided that this satisfaction relation considers all the properties of implementations 
which are of interest to us, another implementation will be an acceptable replacement 
for / , provided that satisfies any specification satisfied by 7, In these circumstances, 
I' is called a refinement of I, and the refinement relation C is defined by: 

I n I' = MSpec • I sat Spec =4> / ' sat Spec 

This fundamental definition of refinement is used below to derive a refinement relation 
for the total correctness of sequential programs. In a wide spectrum language, where 
specifications are not distinguished from implementations, the sat and C relations also 
become the same. The C relation is both reflexive and transitive as an immediate 
consequence this definition. 

Monoton ic i ty Let J be an implementation, which is a component of some large 
implementation I. To indicate this relationship, we may write I as I[J]. So that 
the refinement relation can be used in the method of stepwise refinement, proposed by 
Wirth [Wir71], we require the property that refining a component of the implementation 
yields a refinement of the complete implementation. 

J C / => /[J] C /[J'] 

Let 0 be an arbitrary operator composing implementations into implementations (with-
out loss of generality, we show g) as a binary operator). Then stepwise refinement is 

13 



supported provided that the refinement relation is monotonia with respect to the argu-
ments of (g), i.e. for any implementations / , J : 

J ) 

and 

2.2.2 Weakest Precondit ion of Statements 

We introduce a language of statements, with statements acting as both specifica-
tions and implementations. Statements are identified with their weakest preconditions 
[Dij76], which gives the weakest predicate describing the initial state which will ensure 
that the statement terminates in the final state described by a given postcondition. 
Despite the identification of statements with weakest preconditions, we preserve the 
original notation, writing wp(5', A) for the weakest precondition of statement 5' with 
respect to a postcondition 

Dijkstra [Dij75] originally postulated five properties of weakest preconditions, of which 
all except one have subsequently been shown to be unnecessary for the refinement 
calculus. 

Monoton ic i ty The monotonicity property ensures that a statement which establishes 
a postcondition also establishes any weaker postcondition 

It can be shown that the set of monotonic predicate transformers form a lattice [BW89a], 
ordered by the refinement relation. A small language can be defined, capable of express-
ing any statement in this lattice; monotonicity ensures the existence of unique fixpoints 
of recursive equations. This shows that none of the other properties are necessary for 
the theorv of refinement. 

Feasibil i ty An infeasible (or miraculous) statements establishes the contradictory 
postcondition. A statement 5" is infeasible when -'u;p(5',/oZae). Potentially miraculous 
statements have been shown to be useful in program specification [Mor87, Mor88a] and 
also for expressing intermediate steps in the calculation of data refinement [Mor88b]. 

Con junc t ive A conjunctive statement establishes the conjunction of two postcondi-
tions from exactly those states in which it establishes both postconditions. 

A) A A') 4*̂  wp(5', A A /Z') 

14 



A statement which displays angelic non-determinism, establishing either or /?' as the 
need arises, is not conjunctive. Operationally such a statement could be implemented 
using back-tracking, as in Prolog (provided that the non-determinism is bounded). Such 
a statement is included by Back and von Wright [BW89b] and shown to be useful in 
data rehnement [Bac89]. However, we do not consider non-conjunctive statements in 
this thesis. 

Dis junc t ive Only a deterministic statement is fully disjunctive. Dijkstra showed that 
non-deterministic commands can be easier to reason about, for example allowing the 
ordering of cases in an if-statement to be ignored. This results in the property: 

A) V wp(5', A') wp(6', /Z V A') 

which holds for all monotonic statements 5". 

Cont inu i ty Dijkstra's continuity property: 

wp(5', - f n) 4^ f n)) 

is violated by a statement with unbounded non-determinism. This arises from state-
ments used in specification which constrain the final state to some desirable property, 
but have infinitely many solutions. Such statements become possible when the language 
is extended to allow specification. 

2.2.3 Refinement of Statements 

The weakest precondition defines the satisfaction relation for a statement 5", where the 
specification is a precondition and postcondition pair. 

S sat (Pre, Post) = Pre wp{S, Post) 

A specification equivalent to (Pre, f oa<) can be written as a statement, using a miracu-
lous form of the generalised assigned proposed by Back [Bac88]. Using this satisfaction 
relation to generate a refinement relation as described above, we obtain the following 
standard definition for the refinement of statements: 

5" C = VA . A) => A) 

2.2.4 Strongest Postcondit ion 

Since we identify a statement with its weakest precondition, we cannot also (fe/ine a 
strongest postcondition for each form of statement. Instead, the strongest postcondition 
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of a statement 5" with respect to a precondition f . written 5^(6". f ) . is defined to be 
the solution of the equations [Bac88]: 

f u,'p(5', f ) ) provided f => wp(6'. frue) 

For a statement which may fail to terminate, these equations do not deAne the strongest 
postcondition uniquely. In this case we take the strongest solution (that is, the one with 
the postcondition most often false), with the result that: 

/rue)) - /a/ge 

The strongest postcondition can be replaced by a generalised inverse of a statement 
[BW89b, BW93], which is itself a statement in the lattice of monotonic statements. We 
do not follow this approach because these inverses caanot be expressed in our language 
of statements. 

2.2.5 First-Order Characterisation of Refinement 

The CAarac/engafmn rAeorem [Bac88] gives the following equivalence for the refinement 
of ^ by T: 

6" c T ^ = a^))[:^ := 

where :r are the variables occurring in 5" or T and zo a corresponding list of fresh 
variables. We only consider refinement between statements with the same sets of visible 
variables. Intuitively, this theorem states that 5" is refined by T if, in any initial state 
in which 5" terminates, executing T will reach a state which could be reached by 5' from 
this initial state. 

2.2.6 Refinement in Context 

We may wish to show that a statement T, which is a component of the statement 5', 
can be replaced by T", i.e. that C even though T g T'. The refinement of T" 
is only correct is some The following two steps [Bac88] are used to show the 
correctness of such a rehnement. 

1. A context assertion Q is introduced such that: 

•sm g 5[{ Q}-,T] 

To avoid proving refinements of this form repeatedly, we give a number of laws 
[Bac88] for context introduction. These laws allow the context to be strengthened 
by inference from the program structure. Context assertions can also be moved 
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forward through the program. In this case, a statement executed in some context 
gives rise to a new context when it terminates. Context assertions can also be 
propagated backwards, but we do not make use of this here. 

For a statement 5" with component statement T. the context introduction is de-
scribed by a law of the form: 

Here, f is the initial context for 5" and Q is the (possibly stronger) context for the 
component statement T. f is the Anal context for 5". which may depend upon 
the Anal context Q' of T. 

A context law for each statement form is given in Chapter 11 and we describe 
how these laws are used automatically in the refinement process. Some general 
laws are given below. 

2. We show that T' rehnes T in the context Q: 

{ Q 

The characterisation theorem is adapted straightforwardly for refinement in con-
text [Bac88]: 

/ri/e) => 5p(T', f := 

P r imi t ive S t a t e m e n t s For any statement A, without subcomponents, the strongest 
postcondition can be used to propagate the context. 

{ f }; /! = { f }; /! ;{ 

In Chapter 11 the strongest postcondition of each statement is given; therefore we do 
not give context rules for the primitive statements. 

Consequence Ru le The following rule allows the context Q to be weakened, and 
also shows that a context introduction which applies in the context f also applies in a 
stronger context. 

{ f = 

Q Q' 
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Context Elimination For any predicate Q. Q' such that Q =*- we have 

{ Q } E {(? ' } 

In particular, taking for Q' this gives 

{ 0 } C skip 

so that any context assertions can be discarded. 
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Chapter 3 

Language Overview 

An overview of the language is given in this chapter and key design choices are discussed. 
A more formal and complete language definition is in Part II. The language consists of 
the following principle syntactic categories: 

Express ions and Types The types and expressions used in both specifications and 
programs form a single syntactic category called 'terms'; simple terms are de-
scribed in Section 3.1. 

Declara t ions New types, constants and functions can be declared, as described in 
Section 3.2. Section 3.3 describes datatype declarations and the special forms of 
term associated with datatypes. 

S t a t e m e n t s A program is made up of statements, described in Section 3.5. 

Theor ies and Ref inemen t Texts A theory contains a number of declarations. A 
'refinement text ' is formed from a specifying statement and a sequence of refine-
ments. Theories and refinement texts are collectively known as 'units': a file 
contains units. Theories and refinement texts are described in Section 3.6. 

Some forms of term which might be expected to be included in the language are provided 
by standard declarations: these are described in Section 3.4. 

Syntax In this chapter (and in the rest of Part I), the language is presented using 
a concrete syntax. We have chosen a syntax using only ASCII characters, with simi-
larity to existing programming languages such as Pascal and Ada. The Z specification 
language uses an extended character set. Although BTgX provides a way to implement 
an extended character set, it requires the user to learn two syntaxes. Working directly 
with an extended character set (the WYSIWYG approach) greatly complicates the 
implementation of language processing tools. Programming languages, especially the 
Pascal family, have syntax which is clear rather than concise. In contrast, conciseness 
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is valued more in mathematical notations^ Some syntactic redundancy increases the 
chances that a simple error is detected syntactically, with the error located accuratel}'^. 
However, to retain some of the advantages of mathematical notation, we allow new 
operators to be declared. 

In Part H, the language is specified using an abstract syntax: the language consists of 
exactly those terms of the abstract syntax which satisfy the well-formation rules. The 
concrete syntax has also been chosen to have a direct translation to the abstract syntax. 
There is no need to consider the syntax given here to be definitive. Any concrete syntax 
which provides a representation for all well-formed terms can be used. 

Lexical Rules The lexical rules distinguish four main classes of lexical token, as 
follows: 

Class Examples U se 
Brackets ( ) 
Alphanumeric WHERE 

Alphanumeric z z_ l 
Non-alphanumeric ; { 
Non-alphanumeric <= 
Number 123 

THEORY 

PAIR 
> ==> 

! ! + 

Reserved 
Unreserved 
Reserved 
Unreserved 

Both alphanumeric and non-alphanumeric tokens can be used as identifiers. Some 
identifiers of both classes are reserved. Alphanumeric reserved words are case sensitive: 
this avoids an unnecessary difference between reserved words and standard declarations. 

A non-alphanumeric token is any sequence of non-alphanumeric characters, except the 
parentheses ( and ). This Aexible treatment of non-alphanumeric tokens allows the 
declaration of new operators, as described in Section 3.2.2 below^. Character and 
strings literals are additional lexical classes - see pages 22 and 204. 

3.1 Terms and Types 

The different forms of terms and types are shown below. 

^The example of Chapter 4 taken from [Mor94, Chapter 21] shows the difference. Morgan uses 
implicit conversions and overloading to obtain a concise syntax. 

^ C + + is an example of a programming language in which the reported position of a syntax error 
is not always close to the mistake. 

^These rules require spaces to be inserted unexpectedly in some character sequences; enlarging the 
'brackets' token class would solve this problem. 
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Term Example(s) 
Sort of types TYPE 

Constant Bool True nat.min List.length (+) 
Literals 1 ' b ' "a string" 

Variable X y index 

Apphcation s + 1 

Function (\x:Int (D X + 42) 

Subtype {j:Nat 1 j < length 1} {even} 

Function type x : I n t -> {y : In t I y > x} 
Universal quantifier (FORALL X: {even} @ odd (x + 1)) 

Existential quantifier (EXISTS z: {even} @ z * 3 = 6) 

Choice (CHOOSE z:Nat (D z > 3) 

Equality 1 = 2 (+) = (\x:Int; y:Int @ z + y) 

Conditional IF z /= 0 THEN y/z ELSE z END 

Type annotation (10 - x) : Nat 

Case CASE 1 OF null ==> True 1 cons h t == > False 

Primitive recursion PREC List[A]->Nat IS null ==> ... 1 . . . END 
Measure recursion REC fact (i:Nat) : Nat IS ... MEAS i END 

Case terms and primitive recursive terms are associated with datatypes and are de-
scribed in Section 3.3. 

3.1.1 Extension to AC 

The language of terms is based on the language AC introduced in Section 2.1: however, 
we extend AC with some new terms. The arguments for the use of subtypes, especially 
in combination with dependent types, have already been presented in Chapter 1. The 
addition of predicate subtypes is the most important extension to AC. 

To be useful as a specification language, logical operators must be included. One 
method of achieving this is the 'constructive' approach, based on the 'propositions 
as types' analogy (see Section 2.1.6). However, a constructive logic has a number of 
pragmatic disadvantages. Firstly, for the software engineer not necessarily at ease with 
classical logic, a constructive logic presents a further degree of difhcultly. Secondly, proof 
by contradiction which is both intuitive and powerful is no longer available. Thirdly, 
we wish to separate program construction from proof, in contract to the constructive 
approach which seeks to combine programming and proof. Instead, we extend AC to 
base the specification language on a classical logic. 

Overall, the new forms of term are the subtype, universal and existential quanti-
fiers, choice, equality, conditional, annotation, recursion and the forms associated with 
datatypes: primitive recursion and case. Some of these could be provided by declar-
ing constants within the language rather than extending it. We use declarations as 
well aa extensions, as described in Section 3.4. The factors determining the split be-
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tween extension and declaration are detailed in Section 9.1.3. The PVS language has 
some additional features which could be provided by further extensions to AC — see 
Section 6.2.1. 

3.1.2 The Type Sort 

In the concrete syntax, the sort of types such aa boolean and integer, is written TYPE, 
rather that the symbol * used in Section 2.1.3. There is no representation in the concrete 
syntax for the sort O. There is no need to write this in the concrete syntax because, 
as noted in Section 2.1.4, O appears only on the right hand side of a type assignment 
judgement. 

3.1.3 Variables, Constants and Literals 

Identifiers are used to stand for values. An identifier can be either a or a 
i;(zr;a6/e. Both constants and variables must be introduced before they can be used. If 
the constant is defined in another theory, the constant identifier may be prefixed with 
the theory identifier: e.g. List.Length. 

A variable is an identifier which stands for an unknown value, for example the variable 
X in the abstraction ( \ x : I n t @ x + 1) stands for any value which could be used as 
an argument. The type of a variable is always specihed explicitly when the variable is 
introduced. In Barendregt's classification [Bar92] AC is explicitly typed. This contrasts 
with languages such as ML and Haskell which are typed; the type of a variable 
need not be given explicitly since it can be inferred using the type inference cdgorithm 
described by Milner [Mil78]. Explicit typing is used because no generalisation of Milner's 
type inference algorithm for subtypes is known. 

Li tera ls For convenience the concrete syntax of the language has special forms for 
some constants of the language. 

1 is a constant of type In t 
' a ' is a character literal 
"abc" is a string literal 

The representation of character and string literals is described in Section B.8. 

3.1.4 Functions and Application 

The language is based on typed higher-order functions. Function can be written using 
a A-abstraction. The type of a function is a 'product type', constructed using ->. All 
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functions are total, so that a function of type A -> B maps any element of A to some 
element of B. 

Function Term Type 
(\x:Nat @ X + 1) Nat -> Int 

(\x:Nat; y:Nat @ x + y) Nat -> Nat -> Int 

(\a:Bool @ (\b:Bool @ not a I I b)) Bool -> Bool -> Bool 

The function arrow -> is right associative. Nested abstractions may be written as mul-
tiple bound variables separated by a semicolon; the following two terms are equivalent: 

(\x:Nat; y;Nat 0 x + y) (\x;Nat 0 (\y:Nat 0 x + y)) 

A term representing the application of an argument to a function is written using 
juxtaposition: ( \ x : I n t @ z + 1) 2. Function application is left associative. 

Let terms A let term is syntactic sugar for an abstraction and application: 

Let Term Equivalent Term 
LET x:Int == 2 IN x + 1 END (\x:Int @ x + 1) 2 

3.1.5 Subtypes and Dependent Type 

Subtypes It is sometimes necessary to use a predicate to specify precisely the domain 
type of a function. For example, the term {x:Int | x /= 0} represents the type of 
non-zero integers. The term enclosed in braces { . . . } must be a predicate, that is a 
function to the type Bool. For example: 

{(<) 0} is the type of positive integers 
{(\x:Int @ X < 5)} is the type of integers less than 5 
{x: Int 1 X < 5} is an abbreviation for {(\x: Int @ x < 5)} 

Note that subtypes and predicates have distinct syntax: if p is a predicate, { p } is a 
subtype"^. 

D e p e n d e n t Types In the standard function type A -> B described above, there is 
no connection between the two terms A and B. However, we allow the term B to depend 
on A, so that the result type of a function depends on the value of its argument. The 
dependency is represented using a bound variable: a:A -> B. The variable a, which is 
of type A, may be free in the term B. Subtypes and dependent types can be combined: 
if the function inc has type x: Int -> {y: Int I x < y} then the property that any 
integer z is less than inc z can be inferred from the type. 

^In contrast , PVS overloads the syntax of predicates and subtypes. 
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E m p t y Types It is possible to define a type which is empty. For example, there are 
no elements of type {niNat I n < 0}. A product type is empty if it has an empty 
range type, such as: 

i :Na t -> j : { j :Nat I i < j } -> {n:Nat I j < n && n < i } 

However, a product type with an empty domain is not empty, even if the range is empty. 

P a r a m e t r i c P o l y m o r p h i s m The type of a function which may have arguments 
of any type can be represented using dependent types. In this form of 
polymorphism, the type to be used is given as the first argument and the later arguments 
are of this type. For example, functional composition has the type: 

A:TYPE -> B:TYPE -> C:TYPE -> (B->C) -> (A->B) -> A -> C 

T y p e Cor rec tness Condi t ions In the application of the term a to the function f . 
the term a must be in the domain type o f f . If this is not the case, the application is not 
well-typed. Often this can be determined syntactically by the type checker. However, 
if the domain type of is {x :T I p z} and the type checker determines that the type of 
a is T, then it is also necessary to show that p a holds. The type checker produces 

conffzYiona which are theorems which must be proved to show that the term 
is correctly typed. As well as for application, type correctness conditions may also be 
required to show that annotation, choice, conditional and equality terms are well typed. 

3.1.6 Conditional Terms and Type Context 

Conditional terms IF b THEN p ELSE q END are provided; the two alternatives p and 
q must be terms with the same type. 

Conditional terms are one form of term where the type correctness requirements are 
contextual. A type correctness 'context hypothesis' may be derived either from the 
logical structure of the term or from type information. 

Logical Con tex t The type correctness rule for a conditional term assumes b when 
typing checking the first alternative term and its negation for the second alterna-
tive. Intuitively, this is satisfactory since the value of the conditional term only 
depends on the value of p when 6 is true. The complete set of logical context rules 
are shown below. 

Term Context for p Context for q 
IF b THEN p ELSE q END b not b 

p => q p 

p && q p 

p I I q no t p 
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The logical operators are defined using the conditional term - see Section 3.4.1. 

Type Context The type correctness rules include context deduced from the type of 
one of the terms. Consider the application of a constant x: {p} to a function of 
type {p} -> T: the type correctness condition must show that x satisfies p. but 
this can be deduced from the type of T. 

A s y m m e t r y of T y p e Checking The use of context makes the type checking of the 
logical operators asymmetric, even though the operators are symmetric (i.e. commuta-
tive). For example, consider the following conjunction: 

y > 0 && X div y < 10 

The sub-term x d iv y gives rise to a type correctness condition to show that y /= 0; 
this follows from the context provided by the sub-term y > 0. However, in the term: 

X div y < 10 && y > 0 

the context of the sub-term x div y is weaker, so that it may not be possible to show 
that y is non-zero. 

To see that this does not imply that conjunction is asymmetric (i.e. that a A 6 is not 
equivalent to 6 A a, when both are well-formed), consider that the following natural 
deduction rules for introducing conjunction: 

A B B 
A A B 

A A B A B 

The symmetric property of conjunction follows directly from the first rule. The second 
and third rules, which can be derived from the Arst, allow one of yl or B to be assumed 
in the derivation of the other. The type checking for our language effectively uses the 
second of these rules, since the left-hand conjunct is assumed when checking the right-
hand conjunct. Therefore, for the type checker to generate a provable type correctness 
condition it may be necessary to write the conjuncts in the correct order. But if an 
interactive proof tool was used for type inference, all the rules could be available, 
showing that the symmetry of the standard logical operators is not changed by the 
choice of a particular inference rule in the type checker. 

3.1.7 Type Annotat ion 

The use of subtype allows many different possible types for a term. For example, the 
term 2 could have any of the types: 
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Int {x:Int I x >= 0} {even} 

A type annotation allows the type of a term to be specified explicitly. For example, 
any use of 2 can be replaced by 2 : {even}. Since the language is explicitly typed (see 
Section 3.1.3), it is not often necessary to use a type annotation. 

3.1.8 Equality 

Two terms of the same type can be compared for equality. In t = u, if the type inferred 
for u is not the same as that for t, then u is implicitly annotated with the type o f t . The 
comparison of a variable of a subtype z:Nat with a variable y:Int not in the subtype 
can be written x: Int = y or y = x. 

3.1.9 Quantifiers and Choice 

Logical quantifiers are provided. For example, the following predicate characterises 
surjective functions: 

(\f:A->B @ (FORALL b:B @ (EXISTS a:A @ f a = b))) 

The types used in a quantification may be empty. A universal quantification over an 
empty type is always true; an existential quantification is false. 

T h e Choice Te rm The choice term selects an element of a type satisfying a specified 
predicate, if such a term exists. A quantifier syntax is used. The type of the term is the 
type from which the choice is taken. This type must not be empty; a type correctness 
condition may be generated. 

Choice Term Description 
(CHOOSE x:Nat @ even x} a natural, which is even 
(CHOOSE x:Nat @ x < 0} any natural since the property is not 

satisfiable 
(CHOOSE x: {n:Nat I false} @ p x) a type error since the type is empty 

3.1.10 Measure Recursion 

A recursive term introduces a bound variable which stands for a function which is 
defined recursively; the function is the value of the term. To ensure that there is such 
a function, a measure function is given. The factorial function can be represented by: 
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REC fact (i;Nat) : Nat IS 

IF i = 0 THEN 1 ELSE i * fact (i-1) END 

MEAS i END 

In this example, the identifier fact following the keyword REC is a bound variable of 
the term, standing for the recursively defined function. The identifier i stands for the 
arguments of the function and may be free in the body of the term. The range type of 
the function is given following the colon, so that the type of the term is Nat -> Nat. 

The term following the MEAS keyword must be of type Nat. Since the bound variables 
standing for the function arguments may be free in the measure, the measure function 
(\i:Nat @ i ) is defined. A type correctness condition is generated to show that the 
measure of the recursive call is less than the measure of the initial arguments. Since 
the measure term is in the type Nat it cannot be less than zero. 

The measure recursion term is adapted from PVS. The requirement to use an integer 
measure is overly restrictive: any type with a well-founded ordering could be used, as 
in PVS. However, the practical necessity for this elaboration is not clear. 

3.2 Declarations 

3.2.1 Simple Declaration 

Cons tan t s A declaration can introduce a constant in two ways: either by giving a 
name to a term with a type but without a definition or by giving a name to a defining 
term. Examples are: 

Bool : TYPE ; Set (A:TYPE) == A -> Bool ; 

A constant declaration without a definition asserts that the type to which the constant 
belongs is not empty. Since some types are empty, a declaration may introduce an 
inconsistency. This is unremarkable if we consider a declaration without a definition to 
be a form of axiom. 

Variables There is no declaration for introducing a variable. Variables only exist 
aa bound variable in A-abstractions and related terms. All terms which appear in 
declarations are having no free variables. 

Ax ioms and T h e o r e m s A declaration can introduce a formula which is either as-
sumed to be true (an axiom) or can, it is conjectured, be proved to be true (a theorem)^. 
Examples appear in Section 3.4. 

®The type checker checks axioms and theorems but does not distinguish them or use them. 
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3.2.2 Operator Declarations 

An identifier intended to be used for a function may be declared as an operator^. The 
forms of operator are: 

INFIX p non-associative binary operator of precedence p 
INFIXL p binary operator associating to the left, with precedence p 
INFIXR p binary operator associating to the right, with precedence p 
PREFIX prefix unary operator 
POSTFIX postfix unary operator 
BINDER binder, similar to a quantifer 
LEFT left hand delimiter of an enumeration 
RIGHT right hand delimiter of an enumeration 

P r e c e d e n c e Precedence is indicated by a single digit, with precedence 9 binding 
more closely than precedence 0. Unary operators always bind for closely that binary 
operators. If a token Op has been declared aa an operator then (Op) behaves as an 
ordinary identifier. 

B i n d e r s A binder operator is used for a function expecting another function as its 
argument. The syntax of terms allows a binder operator to be used in the same way as 
the logical quantifiers. For example, if B is a binder operator, then (B x:T @ t) stands 
for (B) (\x:T @ t). Standard binder operators include PAIR and pair. 

D e l i m i t e r s These operators can be used to approximate the traditional forms of 
list and set enumerations. If L and R are left and right delimiters respectively, then 
the term L a ; b ; c R stands for (L) a ((L) b ((L) c (R))). For example, a list 
can be written as <| 1; 2; 3 |> . Note that the syntax does not ensure that matching 
delimiters are used'. 

3.2.3 Implicit Arguments 

The use of dependent types to construct polymorphic functions can result in unnecessary 
repetition of the type parameters. For example, functional override is represented by: 

override (A:TYPE) (B:TYPE) (a:A) (b:B) == 

(\z:A (D IF X = a THEN b ELSE f z END) 

^At present, an operator declaration must be at the start of a theory and is separate from the 
constant declaration: see Section 3.6. 

^This could be done if the operator declaration associated the left and right delimiters. 
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If map is a function of type T -> U, t and u are terms of type T and U respectively, then 
override T U map t u represents the map overriden by u at the domain ^'alue t. As 
this example shows, it is often unnecessary to make the type arguments explicit, since 
they are implicit in the types of the following arguments. To declare that one or more 
arguments of a function are to be left implicit, the identifier is followed by the number 
of implicit arguments: 

override [2] (A:TYPE) (B:TYPE) (f:A->B) (a:A) (b:B) == ... 

The updated map can now be written override map t u. Only functions given a name 
in a declaration can have implicit arguments. Implicit arguments are inferred as part 
of type checking. 

Mak ing Implic i t A r g u m e n t s Explici t If there is not enough type information 
to allow the implicit arguments to be inferred, an argument can be given explicitly by 
enclosing it in brackets [ . . . ] . When a function has more than one implicit argument, 
explicit arguments are given left-most first. The following terms are equivalent: 

override map t u 

override [T] map t u 

override [T] [U] map t u 

Implici t A r g u m e n t s and O p e r a t o r s Implicit arguments are particluarly useful for 
defining polymorphic binary operators. For example, the binary operator <+> can be 
defined as functional override®: 

(<+>) [2] (A:TYPE) (B:TYPE) (f:A->B) (p:A#B) == 

override f (fst p) (snd p) 

If the implicit arguments need to be made explicit, the preAx form of the operator 
(<+>) must be used. 

3.3 Datatype Declarations and Terms 

A datatype is not a new form of term, instead a datatype declaration stands for a 
number of constant declarations which model the properties of the datatype. This 
approach is similar to that used in PVS^ [Sha93]. There are two forms of term which 
can only be used with datatypes: the case term and the primitive recursion term. In 

^Using a pair type - see Section 3.4.2. 
^Shankar attributes this approach to datatypes to Boyer and Moore. 
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this respect, our approach follows Veritas'"" [Ver92]. In PVS. the functions created 
by expanding a datatype declaration include 'recursive combinator' functions which 
construct functions returning datatypes using primitive recursion^". 

3.3.1 Datatype Declarations 

A datatype of list is declared a^: 

List [1] (A:TYPE) ::= 

null empty I cons (head;A) (tail:List [A]) nonempty ; 

In this declaration: 

# 

e 

List is a type constructor which one type parameter. The type parameters of the 
datatype becomes the first argument of the functions described below. 

The functions empty and nonempty - called - distinguish the two list 
cases. 

@ Lists are constructed using the functions cons and null. The recognisers are used 
to characterise the type of the constructed lists. 

# The functions head and tail are used to acceaa the components of a list. The 
recognisers are used to characterise the domains of these functions. 

The expansion of the list declaration is: 

List [1] : TYPE -> TYPE ; 

empty [l] : A:TYPE -> List [A] -> Bool ; 

nonempty [1] : A:TYPE -> List [A] -> Bool ; 

null [1] 

cons [1] 

head [l] 

tail [1] 

A:TYPE -> { empty [A] } ; 

A:TYPE -> A -> List [A] -> i nonempty [A] } 

A:TYPE -> { nonempty [A] } -> A ; 

A:TYPE -> { nonempty [A] } -> List [A] ; 

The type of a datatype component - which is the range type of the corresponding 
accessor function - may either be the datatype with its parameters, or must not include 
the datatype. A datatype case having a component with the datatype as its type is 
recursive. To ensure that a datatype is not empty, at least one of the cases must not 
be recursive. Here, n u l l satisfies this properties, since it has no components. 

^"There is also a case term in PVS. A common method of specifying a recursive function on a 
da ta type in PVS is to use a case term within a measure recursion, with the measure defined using the 
recursive combinator. 
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Enumerated Types Recognisers may be omitted from cases which do not have any 
accessor functions. An enumerated type can be declared by: 

Colour ::= Red I Green I Blue 

3.3.2 Primitive Recursion 

The length of a list can be defined using primitive recursion: 

l eng th [1] (A:TYPE) == PREC L i s t [A] -> Nat IS 
null ==> 0 I 

cons h t ==> 1 + t 

END ; 

The PREC keyword is followed by the type of the primitive recursion term. The hrst part 
of this type must be a datatype^\ with actual parameters of the correct types. The 
rest of the type, here Nat is the range type of the primitive recursion. The primitive 
recursion term is similar to an abstraction since it always denotes a function and has a 
product type. The primitive recursion term has a number of cases - one for each case 
in the datatype. On the left hand side of the ==> symbol, a is made up of the 
constructor function and a bound variable for each element of the case. The bound 
variables may be free in the term on the right hand side of the ==>, this term must be 
of the range type. The type of each bound variable is determined using the following 
rules: 

(i) if the corresponding element of the datatype is recursive, the type of the variable 
is the range type of the term, 

(ii) otherwise the variable type is the same as the type of the corresponding element 
of the datatype. 

In the example, the variable h has type A, while t , which corresponds to a recursive 
element in the datatype, haa type In t . 

D e p e n d e n t Types and P r i m i t i v e Recurs ion It is possible for the function de-
noted by a primitive recursion to have a dependent type. For example, the function 
sum_max sums the elements of a list of integers, each of which does not exceed some 
value meLZ. A subtype is used to specify that the sum does not exceed maz multiplied 
by the length of the list. 

subtype of the datatype cannot be used; an extension to allow this would be possible. 
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Upto (max:Nat) == {i:Nat I i <= max} ; 

ListM (max:Nat) == List [Upto max] ; 

sum_max (max:Nat) == 

PREC 1:ListM max -> Upto (max * length 1) IS 

null ==> 0 I 

cons h t ==> h + t 

END 

A type correctness condition is required to show that the range type is correct. 

3.3.3 Case Term 

The value of a case term depends on the value of some term belonging to a datatype. 
For example the following term has the value TRUE if the term 1 is an empty list, FALSE 
otherwise. 

CASE 1 OF null ==> True I cons h t ==> False END 

The on the left hand side of the ==> symbol in each case introduce bound 
variables which may be free in the right hand side of the case. Each pattern starts with 
a constructors of the datatype, itself determined by the type of the term following the 
keyword CASE. 

D a t a t y p e Sub types A subtype of a datatype may be defined by excluding one or 
more of the constructors of the original datatype. Case term may be applied to terms 
which belong to such subtypes: 

list_head [1] (A:TYPE) (1: { nonempty [A] }) == 

CASE 1 OF 

cons h t ==> h 

END ; 

A type correctness condition is required to show that the term does not belong to one 
of the omitted cases. Case terms are convenient but not necessary, since the recogniser 
and accessor functions of the datatype can be combined to have the same effect as a 
case term. 

3.4 Standard Declarations 

Some of the forms of term which might be expected to be included in the language are 
actually standard declarations. In this section, the following theories are described: 
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> THEORY Bool IS 

> INFIXL 3 && ; INFIXL 2 I I ; 

> INFIXR 1 => ; INFIX 1 <=> ; 

> Bool : TYPE ; True ; Bool ; False : Bool ; 

> not (a;Bool) == IF a THEN False ELSE True END ; 

> (&&) (a:Bool) (b:Bool) == IF a THEN b ELSE False END 

> (II) (a:Bool) (b:Bool) == IF a THEN True ELSE b END ; 

> (=>) (a:Bool) (b:Bool) == IF a THEN b ELSE True END ; 

> (<=>) (a:Bool) (b:Bool) == (a => b) && (b => a) ; 

> TYPEl == {T:TYPE I (EXISTS t:T 6 True)} ; 

> AXIOM bool_disjoint == not (True = False) ; 

> AXIOM bool_complete (b:Bool) == b = True I I b = False 

> END 

Figure 3.1: The Theory Bool 

Theory Description 
Bool Boolean type and operators 
Pa i r Pair constructors and accessors 
Int Integer type and operators 

Further standard declarations are given in Appendix B. 

3.4.1 Boolean Type and Operators 

Figure 3.1 shows the theory Bool^^: a boolean type is declared aad the propositional 
operators are defined using the primitive conditional term^^. The TYPEl sort contains 
inhabited types. This is used to inform the type checker that a type is inhabited. A 
similar capability is primitive in PVS. A non-equality operator /= is provided as a 
syntactic abbreviation: it abbreviates the not function applied to an equality. 

3.4.2 Pairs 

In contrast to both PVS and Veritag+, there is no primitive term in the language 
representing a pair. Figure 3.2 shows how declarations introduce both standard and 

^^Lines marked with an initial > are processed by the pro to type tool to suppor t the examples in 

Chapter 4. 
^^The rules for type context , described in Section 3.1.6 cannot be expressed as pa r t of the definition 

and are instead built into the type checker. 
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> SEE Bool 

> THEORY Pair IS 

> INFIXR 0 , # ; 
> BINDER PAIR pair ; 

> (PAIR) [1] ; A:TYPE -> f:(A -> TYPE) -> TYPE ; 

> (pair) [1] : A:TYPE -> f:(A -> TYPE) -> a:A -> 

> (f a) -> (PAIR a:A 0 f a) ; 

> fst [2] : A:TYPE -> g:(A->TYPE) -> (PAIR a:A 6 g a) -> A 

> snd [2] : A:TYPE -> h:(A->TYPE) -> p:(PAIR a:A 0 h a) 

> -> h (fst p) ; 

> (#) (A:TYPE) (B:TYPE) — (PAIR a:A ® B) ; 

> (.) [2] (A:TYPE) (B:TYPE) (z:A) (y:B) = 

> (pair a:A 6 B) x y ; 

> AXIOM fst_pair (A:TYPE) (f:A -> TYPE) (x:A) (y;f x) == 

> fst ((pair a:A ® f a) x y) = x ; 

> AXIOM snd_pair (A:TYPE) (f:A -> TYPE) (x:A) (y:f x) == 

> snd ((pair a:A 6 f a ) x y ) ; f x = y ; 

> 
> 

AXIOM eq_pair (A:TYPE) (f:A -> TYPE) == 

(FORALL p:(PAIR) f 0 (FORALL q:(PAIR) f 0 
•4" ^ ^ OF OP M ^ M ^ f ̂  ^ > fst p = fst q && snd p = snd q : f (fst p) => p = q)) 

> END 

Figure 3.2; The Theory Pa i r 

dependent pairs, where the type of the second element of the pair depends on the value 
of its first element. 

The PAIR constant constructs a dependent pair type. The constructor has two argu-
ments: the first is the type of the first element, the second is a function which gives 
the type of the second element depending on a value of the first element. Similarly, 
the constant pair is declared to construct elements of PAIR. Clearly the two elements 
of the pair must be arguments to the constructor; additionally the type of the second 
element needs to be given explicitly. Since this type may depend on the first element 
of the pair, the syntax must include a bound variable standing for this element. 

These constructors are written using the binder syntax, with the first argument left 
imphcit. For example, the type of a pair of Nat with the second element larger than 
the first and an element of this type are written: 

(PAIR x:Nat @ {y:Nat I y > x}) 

(pair x:Nat @ {y;Nat I y > x}) 1 2 

Dependent versions of the standard pair accessors fst and snd are provided. Since 
not all pairs require dependent types, non-dependent analogues of the type and term 
constructor are defined. Axioms are required to define the properties of the declarations. 
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> SEE Bool 

> THEORY Int IS 

> INFIXL 6 * div mod ; INFIXL 5 + -

> INFIX 4 > = > < < = ; INFIXL 7 ** ; 

> Int : TYPEl ; 

> meg : Int -> Int ; 

> (+) : Int -> Int -> Int 

> (-) : Int -> Int -> Int 

> (*) : Int -> Int -> Int 

> (<) : Int -> Int -> Bool ; 

> (>) (i:Int) (j:Int) == j < i ; 

> (>=) (i:Int) (j;Int) == i > j |I i = j ; 

> (<=) (i:Int) (j:Int) == i < j I I i = j ; 

> gte_zero ; Int -> Bool ; 

> Nat == { gte_zero > : TYPEl ; 

> AXIOM gte_zero == gte_zero = (\i:Int ® i >= 0) 

> Pos == { x:Nat I x > 0 > : TYPEl ; 

> (div) : Int -> { x:Int I x /= 0 > -> Int ; 

> (mod) : Int -> { x:Int I x /= 0 } -> Int ; 

> (**) : Int -> Nat -> Int 

> END 

Figure 3.3: The Theory Int 

3.4.3 Integer Type and Operations 

Integer are introduced as a primitive type. This is similar to the approach taken in the Z 
toolkit [Spi89] and also by Rushby e .̂ a/, for PVS [0SR93] where a very general number 
type is declared, with real, rational, integer and natural subtypes. The alternative, used 
in Veritcis"'' [HDL90b], is to declare a natural number datatype and then to construct 
the integers (and any other numeric types) from naturals. This construction has the 
disadvantage that the naturals are not a subtype of the integers. Additionally, we have 
no mechanism for hiding the representations used for integers^^. 

Naura l s and N u m e r a l s Natural numbers are defined as a subtype of integers. The 
numeral 0, 1, 2, 3, . . . a r e primitive terms: 0 has type Nat, while the other natural 
have type Pos. To avoid a circularity, the predicate gte_zero is declared without a 
definition; the required property is provided by an axiom. 

14 HOL provides such a mechanism. 

35 



A r i t h m e t i c O p e r a t o r s Arithmetic operations are declared. We do not give either 
axioms or definitions for operations. The need for axioms or definitions depends on the 
theorem proving technique adopted: in PVS the properties of these operators are. for 
the most part, specified within the decision procedures used in the prover. Division 
and modulus may not be applied to a zero second argument. An exponent must be a 
Nat for the result to be an integer. The use of overloading in PVS allows + and * to 
be redeclared for naturals, so that the sum (or product) of two naturals is a natural. 
This is not possible here. Unary negate is a very convenient overloading which can be 
implemented by the parser, representing -1 as negr 1. 

3.5 Statements 

The different forms of statement are shown below. 

Statement Example(s) 
Skip SKIP " 

Abort ABORT 

Multiple assignment x, y : = y, x 
Abstract ass ignment x,y := ANY xl,yl WHERE xl > yl && yl > x 

Precondition PRE z > 0 IN ... END PRE 

Sequential composition t : = x ; x : = y ; y : = t 
Conditional IF x > 0 ==> ... OR x <= 0 ==> . . . END IF 
Loop WHILE ... VARY N-i 

LOOP i < N ==> ... END LOOP 

Variable declaration VAR x : Nat IN . . . END VAR 
Logical constant CON N == length 1 IN ... END CON 
Procedure call swap [x, y] 

Procedu re dec lara t ion PROC swap IS ... IN ... END PRGC 

Abstraction [VAL x: Nat; RES g:Nat] 

Application . . . [a - 1, b] 
Recursion REC Fact IS . . . VARY x END REC 

3.5.1 Ass ignment Statements 

Two forms of multiple assignment are provided: the standard form pairs 'left values' 
with terms of the same type, while an abstract assignment allows the new values of 
variables to specified by a predicate. 

Left Values An assignment can be used to update part of a variable specified by 
the expression on the left hand side of the assignment symbol. The syntactic category 
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of the left hand side of an assignment is called a 'left value'. All left values include a 
variable. A left value may be: 

(i) a simple variable, such as X, 

(ii) an application to a variable of a function type, such as an array element A i . 

(iii) an index to a variable of map type, such as a collection C i . and 

(iv) a component of a variable belonging to a datatype, such as the head of a list, 
head L. 

Aliasing The left-values in a multiple assignment must not overlap (or o/zoa). since 
this could result in (at least part of) the same variable being assigned two different 
values. The aliasing rules are summarised by the following examples: 

Left values Aliasing 
X, X always aliases 
X, Y never aliasies 
A i, A j no a l i a s i n g , provided i /= j 

A il i2, A j 1 j2 no aliasing, provided il /= jlorjl /= j2 

head L, tail L n e v e r a l i a s e s 

When the absence of aliasing cannot be determined statically, a correctness condition 
is generated. 

Abs t r ac t Ass ignment As well as the standard multiple assignment statement, two 
variants of abstract assignment are included, a^ proposed in [BW89b]. The simpler 
form; 

x,y := WHERE P x y 

assigns new values to the variables z and y which satisfy the predicate P. Occurrences of 
z and y on the right hand side of the assignment refer to the final value of the variable. 
In the more general form, 

x,y := ANY xl, yl WHERE 

occurrences of x or y^^ on the right hand side of the assignment refer to the initial value 
of the variable, while new identifiers xl and yl are used to refer to the final values of 
the assigned variables. The identifiers x l y l are bound variables of the assignment. 

^®Note tha t in this form, any left-value can be used on the left hand side of the assignment. When 
the keyword ANY is omit ted, only simple variables are allowed as left values. 
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An alternative generalisation of assignment is the specification statement introduced 
in [MR87, Mor88a]. The specification statement r : [0 < r | is_sqrt r ro A 0 < r] is 
equivalent to: 

PRE 0 <= r IN 

r := ANY rl WHERE is_sqrt rl r && 0 <= rl 

END PRE 

Back's abstract assignment statement is preferred to Morgan's specification statement 
because: 

(i) it is more clearly related to the familiar assignment statement, 

(ii) context propagation rules rather than explicit preconditions are used to determine 
the context of each abstract assignment, 

(iii) it is consistent with the rest of the language to make bound variables explicit, 
avoiding the "zero subscript' convention, and 

(iv) the assignment form with explicit bound variables allows the use of left values 
with abstract assignment. 

3.5.2 Precondit ion and Context 

The precondition statement has a similar form to that used in the Abstract Machine 
Notation [Abr91a]. The more classical form is an assertion { f }, showing a condition 
which must hold at a particular point in a program. The form used here is equivalent 
to an assertion and a sequential composition. 

A u t o m a t i c Con tex t In t roduc t ion The context of a statement is any assertion 
which holds immediately before the statement. At any point in a program, the context 
is determined automatically, using the method described in Section 2.2.6. Context as-
sertions are introduced by preconditions, the guards in conditional and loop statements 
(see below) and by loop invariants. Context assertions are moved forward though the 
structure of the program; in particular, the context following a statement is determined 
using the strongest postcondition (see Section 2.2.4): 

{ f}S ; T becomes ; {5^(5", f ) } T 

Statements that can occur in more than one context do not have context automati-
cally introduced and therefore often require an explicit precondition. The statement 
specifying a procedure or a recursion is treated like this. 
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Use of Context Automatically introduced context assertions are used to show type 
correctness and to show the correctness of refinements (see Section 3.6.2 below). Terms 
are only required to be well-typed in the context in which they are used. For example. 
in the guarded statement: 

nonempty m ==> n,m := n+1, tail m 

the term t a i l m is well-typed in the context created by the guard. 

3.5.3 Declarations 

Variable Declara t ion A new program variable can be declared using a variable 
declaration statement: 

VAR X:Int; y:Int := 0 IN ... END VAR 

A variable may be initialised: in the example x has no initialisation and y is initialsed 
to 0. A program variable cajinot belong to a type which is empty: if no initial value is 
given a proof obligation may be generated to show that the type is not empty. 

To prevent types used in a program from varying, variables^^ may not be used in terms 
which are used aa types. For example, the following statement is not allowed: 

VAR 

x: Int ; 

y: ARRAY x Int 

IN 

Logical Cons tan t s A logical constant gives a name to a value which can be referred 
to but not updated. For example, the effect of a dynamically-sized array can be achieved 
using a logical constant. 

VAR z: Int IN 

CON X == x IN 

VAR y: ARRAY X Int IN 

^^The use of formal parameters is similarly restricted, excepted as noted on page 41. 
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3.5.4 Procedures and Parameters 

P r o c e d u r e Declara t ions A procedure gives a name to a statement: within the scope 
of the procedure the name can be used as an abbreviation for the statement. 

PROC Maz IS [VAL a:Int; b:Int; RES c:Int] 

c := max a b 

IN ... END PROC 

P a r a m e t e r s The statement used above to define the Max procedure has formal pa-
rameters. Statements with parameters may only be used to deAne procedures and 
recursive statements. The formal parameters are variables with a type and a 'mode': 

Mode Description 
VAL Behaves as if the value of the actual parameter is 'copied 

into' the parameterised statement, before that statement is 
executed. 

RES Behaves as if the final value of the parameter is 'copied out' 
of the parameterised statement. 

VALRES Combines VAL and RES 
REF The formal parameter and actual parameter behave as the 

same variable. 

The type of a RES parameter must be shown to be non-empty, like a VAR declaration. 
An initial value can be given or a type inhabitation condition may be required. 

P r o c e d u r e Call A call to the procedure Max is written Max[x + y, y - x, x]. The 
meaning of a procedure call is obtained by copy-in and copy-out substitution the actual 
parameters for the formal parameters in the statement which specifies the procedure^'. 
The call to the Max procedure is equivalent to: 

a, b := X + y, y - X ; 

c := max a b ; 
X : = c 

The actual parameters must be in the type given in the formal parameter declaration. 
When the formal parameter has VAL mode, the actual parameter may be any term of 
the correct type; for RES or VALRES modes, the actual parameter must be a left value. 
Further, the actual parameters for RES or VALRES modes must not alias: the rules are 
the same as those for multiple assignment statements. 

^^This is a simplification: a full explanation is given in Section 11.7.2. 
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Aliasing of REF P a r a m e t e r s Because copy-in and copy-out semantics are used. VAL, 
RES and VALRES parameters do not alias with global variables^^. However, there is no 
copying of REF parameters, so a way to prevent aliasing with global variables is required. 
This is achieved by requiring that a \'ariable can only be updated as an actual parameter 
of REF mode if the variable is declared after the procedure^®. At a practical level, a 
programmer wishing to update an object from within a procedure body without copying 
has two options: 

(i) declare the object first and refer to it from the procedure body as a global variable, 
or 

(ii) declare the procedure first and refer to the object using a reference parameter. 

Morgan [Mor88b] proposes eliminating reference parameters. However, all popular im-
perative programming languages include reference parameters, since it is not efficient 
to repeatedly copy large data structures^". In some circumstances it is possible to refer-
ence large structures as global variables and avoid passing them as parameters, however 
this limits the modularisation of a program. 

D e p e n d e n t Types in Abs t rac t ions The type of a variable in an abstraction can 
depend on the value of a preceding variable. This dependent typing can be used to 
represent Pascal's conformant arrays: 

PROC sort IS 

[VAL len:INT16; REF list: ARRAY len INT16] 

list := ANY sorted WHERE is_perm list sorted & is_order sorted 

IN . . . 

Parameters used in this way may not be updated. 

3.5.5 Control Statements 

The standard conditional statement of Dijkstra's guarded command language is used. 
The loop statement is based on the standard do .. . od loop introduced by Dijkstra, 
but with an invariant and variant added. 

^®Examples of aliasing are given on page 174. 
^®The basis of this rule and an alternative appear in Section 11.5.5. 
^°An industrial use of the B-Tool /AMN method [HDNS96] found this problem. 
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IF guard ==> statement WHILE invariant predicate 
OR guard ==> statement VARY variant expression 
OR ... LOOP guard ==> statement 
END IF OR guard ==> statement 

OR . . . 

END LOOP 

The loop invariant is a term of boolean type and the variant is a term of integer type. 
The result combines into a single statement all the components required to show that 
the loop is used correctly. A similar statement is used in the Abstract Machine Notation 
[Abr91a]. 

Recursion A recursion statement introduces a reciyrgzre a state-
ment and a variant expression which must decrease before each call to the recursive 
variable. For example: 

REC Fact IS REF 1 BY 

PRE 0 <= n IN IF n = 0 ==> f 

<<!>> f, n := n! , 0 OR 0 <= n ==> n 

END PRE f 

VARY n END REC END END 

= 1 

= n-1; Fact; 

= f * (n+1) 

The statement in the body of the recursion is used to specify the meaning of the recursive 
statement variable (here Fact) and therefore cannot mention the variable. However, 
the specifying statement may be reAned using calls to the recursive statement variable, 
as shown above. A recursion can be parameterised. 

3.6 Units 

Units are the top-level structure in the language. A complete specification and refine-
ment consists of a sequence of units. A unit is either a theory or a refinement text. 

3.6.1 Theories 

Declarations are grouped into theories which are named. Theories may not be nested. 
A theory may import other theories. The form of a theory declaration is: 

SEE theoryA theoryB 

THEORY new_theory IS 

operator declarations ; 
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END 

The theories following the keyword SEE are (fzrecfZ?/ imported. All the constants from 
a directly imported theory are directly visible, that is, they are referenced as if they 
had been declared in the importing theory. The constants from a theory which is not 
directly imported^^ must be prefixed with the theory identifier: theory_id. constant. 
Further details of theories are on page 115. 

3.6.2 Refinement Text 

A refinement text contains a specification and a list of refinements. It is not necessary 
to include refinements^^. The general form of a refinement text is: 

SEE theoryA theoryB 

SPEC specif ication_naine IS 

statement with <<labell>> ... <<label2>> 
END 

REF l a b e l 1 BY 
statement with <<labelll>> .. . <<labell2>> 

END 

Ref inement Labels A refinement label marks the start of a statement which has 
a refinement. Refinement labels are processed separately from other identfiers: any 
identifier or number can be used as a label. A label binds more tightly than a sequential 
composition. For example, in: 

<<L1>> X := 1 ; y := 2 

« L 2 » BEGIN z := 1 ; y := 2 END 

only the assignment to z is labelled by LI, while both assignments are labelled by 
L2. Labels can be nested - a statement which is labelled may contain further labelled 
statements (see page 196). Statements with formal parameters may not be labelled (see 
page 184). An alternative sytax for refinement is proposed in Section A.6. 

There is no analogue to SEE to specify the set of indirectly imported theories explicitly. Theories 
are considered to be arranged in order and any preceeding theory, not listed as seen, is indirectly 
imported. The method of specifying the order is regarded as a tool issue rather than a language issue. 

Except when using a recursion. 
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Contex t P ropaga t ion in a Ref inement Text The context is calculated automat-
ically at each refinement, so that the refinement need only be correct in the context 
in which it occurs. For example, consider the following specification of a program for 
finding the length of a list: 

SEE Bool Int List REF 1 BY 

SPEC ListLen IS VAR m:List[Int] IN 

VAR n:Int; 1:List[Int] IN n,m := 0,1 ; 

<<!>> n := length 1 <<2>> n,m := length 1, nil 

END VAR END VAR 

END END 

The first refinement appears to make no progress, since the statement labelled <<2>> 
is the same as that labelled <<!>> (except for the parallel assignment to m). However, 
the refinement of <<2>> is in the context created by the assignment n,m : = 0,1, which 
is n = 0 && m = 1. This context allows <<2>> to be refined by the loop: 

REF 2 BY 

WHILE n = length 1 - length m 

VARY length m 

LOOP 

nonempty m ==> n,m := n+1, tail m 

END LOOP 

END 

In particular, the context is need to show that the loop invariant holds initially. If 
context was not calculated automatically, the invariant would need to be introduced 
explicitly, writing: 

<<2>> PRE n = length 1 - length m IN 

n,m ;= length 1, nil 

END PRE 

Complex i ty of Con tex t Asser t ions The use of refinement is important in limiting 
the complexity of context assertions. In the following schematic refinement, the context 
for is determined by the postcondition of 

<<1>> simple statementl ; 

REF 1 BY 

END 
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A possible alternative would be for the context for to be determined from the 
postcondition of which refines Since the statements introduced 
by a rehnement are usually more complex that their specifications, this method of 
determining context would usually lead to more complex context assertions^^. For this 
reason it would be less practical to use automatic context propagation to check type 
correctness in a language without refinement. 

Another issue is that , al though the postcondition of statements might give a stronger context, it 
would be unsatisfactory for the correctness of refinements to statement2 to depend on the details of 
the implementat ion of statementl. 
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Chapter 4 

Case Studies 

In this chapter a number of case studies of the use of the language and tool are given. 
The studies are based on published examples, but have been translated into our language 
and checked using the protot^'pe tool. 

4.1 Largest Rectangle under a Histogram 

This examples is adapted from Morgan's textbook [Mor94, Chapter 21]: the largest 
rectangle under a histogram. Some of Morgan's notation is overloaded and cannot be 
used directly in our language: equivalent definitions are formalised. The refinement 
steps follow the original closely; the resulting verification conditions are examined. 

4.1.1 Problem Specification 

4.1.1.1 M i n i m u m of a Set 

The MinMax theory defines a function returning the minimum of a set of natural num-
bers. 

> SEE Bool Int Set 

> THEORY MinMai IS 

> min_nat (s: {srSet Nat I not (emptySet s)>) == 

> (CHOOSE i:Nat @ s i && (FORALL j: {s} @ i <= j)) ; 

> max (i:Int) (j:Int) == IF i > j THEN i ELSE j END 

> END 
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4.1.1.2 Below t h e E lements in a List Segment 

Morgan [Mor94, Chapter 21] uses predicates of the form: 

where Aa is a sequence of non-negative integers of length A', and j . A are integers. The 
interpretation of the predicate is that the element of As is less than any element of 
the subsequence from j to A — 1. In particular, the predicate is true if: 

(i) the subsequence is empty, i.e. if j > A 

(ii) ? is — 1 or A\ 

This interpretation is achieved by implicit conversions from sequences to sets, the pro-
motion of relations to sets, so that for example 1 < {2,3,4} and by the assumption 
that 1] and are —1. The implicit conversions and overloading of < are not 
possible in the language defined here^. Instead, the following definitions are used: 

> SEE Bool Int List 

> THEORY Nat_list_compare IS 

> INFIX 8 !? ; 

> (!?) (1;List[Nat]) (i:Int) == 

> IF i < 0 I I l eng th 1 <= i THEN neg 1 ELSE 1 !! i END ; 

> lte_elems (l:List [Nat]) (s:Int) (f:Int) (least;Int) == 

> (FORALL e: {elems 1 s f} @ least <= e) 

> END 

The function ! ? is like ! !, returning an element of a list of naturals indexed by position 
when the index is valid, and returning - 1 when the index is invalid. The predicate 
lte_elems 1 left right is true for any value which is less than or equal to any 
element in the list segment from the left index up to the right index. The function 
elems (see Section B.7) is the set of elements between specified indexes of a list; the 
first index is zero. An index may be beyond the end of the list, possibly resulting in 
an empty set. In particular, the predicate lte_elems 1 left right holds if left and 
right define an empty list segment. 

Using these definitions, we write 

Ite.elems hs j h (hs!?i) ins tead of hs[i] < hs[j -> h] 

Note that the i is not necessarily between j and h, so that hs[i] is not necessarily an 
element of the subsequence A]. 

^PVS proves both overloading and a form of conversion: it would be interesting to see how much 
of Morgan's notation could be handled. 
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4.1.1.3 Largest Rec tang le 

The histogram is represented as a list of non-negative integers, the height of each column 
in the histogram. The number of elements in the histogram is made a parameter of the 
type. 

> SEE Bool Int List MinMax Nat_list_compare 

> THEORY Histogram IS 

> Histogram (n:Pos) == {l:List [Nat] I length 1 = n} ; 

The area of the rectangle under a part of the histogram is specified by selecting the 
minimum element of the histogram in the given range. Note that if the range is empty 
or specified outside the histogram then the area is zero. 

> area_under [1] (n:Pos) (h:Histogram n) (l:Int) (r:Int) == 

> IF 0 <= 1 && 1 < r && r <= n THEN 

> (r - 1) * min_nat (elems h 1 r) 

> ELSE 0 END ; 

Rather than defining a function similar to Morgan's Zr, giving the area of the largest 
rectangle, a predicate is defined: is_largest h 1 r a means that a is the area of the 
largest rectangle which fits under the histogram h in the range from 1, up to but not 
including r. 

> is_largest [l] (n:Pos) (h;Histogram n) (l:Int) (r:Int) (a:Int) == 

> (EXISTS 11:Nat; rl:Nat (D 

> 1 <= 11 && rl <= r && (area_under h 11 rl = a) && 

> (FORALL 12:Nat; r2:Nat 31 

> 1 <= 12 && r2 <= r => 

> area.under h 12 r2 <- a)) ; 

The largest area of an empty segment of the histogram is zero, i.e. when r <= 1 then 
is_largest h 1 r 0. 

4.1.1.4 P r o p e r t i e s 

The properties of the definitions can be stated as theorems. For example, the theorem 
I r states the essential decomposition property of the largest rectangle which is used in 
the refinement: the area of the largest rectangle under a segment of the histogram is 
the maximum of: 

(i) the length of the segment multiplied by the least element within the segment 
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(ii) the area of the largest rectangle in the segment before the least element 

(iii) the area of the largest rectangle in the segment after the least element. 

> THEOREM Ir (n:Pos) == 

> (FORALL h:Histogram n; 1:Int; r:Int; a:Int @ 

> 0 <= 1 && 1 <= r && r <= n => 

> (is_largest h 1 r a <=> 

> (FORALL i:Nat; b:Nat; c:Nat ® 

> 1 <= i && i < r && lte_elems h 1 r (h! !i) && 

> is_largest h 1 i b && is_largest h (i+1) r c => 

> a = max (max c b) (h!!i * (r - 1))))) ; 

The number of columns N in the histogram is introduced. 

> N : Pos 

> END 

4.1.2 Abstract Program 

An abstract program for finding the largest area can now be given. 

> SEE Bool Int List MinMax Nat_list_compare Histogram 

> SPEC LargestR IS 
> VAR area : Int; hs : Histogram N IN 

> <<!>> area := WHERE is_largest hs 0 N area 

> END VAR 
> END 

4.1.3 Refinement 

The refinement here follows that of [Mor94, Chapter 21]. The first step is to introduce 
a variable r, with the intention that r will be used to mark the end of the prefix of the 
histogram for which the largest area has been found: to solve the problem r will be 
increased to N. 

> REF 1 BY 

> VAR r ; Int IN 

> <<2>> area, r := WHERE r = N && is_largest hs 0 r area 

> END VAR 
> END 
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The next reAnement step is to introduce a recursion, with three parameters: 

Var Use 
i marks the prefix of the histogram for which the 

largest rectangle has been found so far 
b the area of the largest rectangle from i up to j 
j marks a longer prefix of the histogram 

Given that i has not reached the end of the histogram, the specification of the recursion 
is to: 

(i) set j to an index of the histogram beyond i such that: 

(a) all the heights from i+1 up to j are greater than (or equal to) the height at 
i. and 

(b) the height at j is less than (or equal to) the height at i , 

(ii) set b to the area of the largest rectangle in the interval from i+1 up to j . 

Setting j allows the prefix of the histogram for which the largest area is known to be 
extended since the height at j is a new minimum. The recursion is shown to terminate 
by the variant N - i . 

> REF 2 BY 

> REC Hist IS [VAL i:Int; RES b:Int; j:Int] 

> PRE neg 1 <= i && i < N IN 

> <<3>> b, j := WHERE i < j && j <= N && 

> lte_elems hs (i+1) j (hs !? i) && 

> hs !? j <= hs !? i && 

> is_largest hs (i+1) j b 

> END PRE 

> VARY N - i 

> END REC [neg 1, area, r] 

> END 

Applying the actual parameters [-1, area, r] to the recursion achieves the refinement 
of <<2>>. This sets r to N since this is t h e only value satisfying -1 < r, r <= N and 

hs ! ? r <= hs ! ? -1. The nex t refinement step in t roduces a loop to increase j from 

an initial value of i+1. T h e assignment within the loop is the same as <<3>>, except 

that the requirement to decrease the loop variant is made explicit. 

> REF 3 BY 

> b,j := 0, i+1 ; 
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> WHILE 

> i < j && j <= N && 

> lte_elems hs (i+1) j (hs !? i) && 

> lte_elems hs (i+1) j (hs !? j) && 

> is_laxgest hs (i+1) j b 

> VARY 

> N - j 

> LOOP 

> j < N && (i < 0 I I hs !! j > hs !! i) ==> 

> « 4 » b, j := ANY b, jl WHERE 

> i < jl && jl <= N && 

> lte_elems hs (i+1) jl (hs !? i) kk 

> hs !? jl <= hs !? i && 

> is_largest hs (i+1) j1 b && 

> N - j l < N - j 

> END LOOP 

> END 

Note that in [Mor94, Chapter 21] the loop guard is the simpler hs ! ! j > hs ! ! i 
but this depends on the 'out of range' elements of hs being defined to be -1. The next 
refinement step decomposes the problem, using the idea of theorem Ir. 

> REF 4 BY 

> VAR c:Int; k:Int IN 

> <<5>> c, k := WHERE j < k && k <= N && 

> lte_eleins hs (j + 1) k (hs ! ? j) kk 

> hs !? k <= hs !? j && 

> is_largest hs (j+1) k c ; 

> b, j := max b (max c ((k - i - 1) * hs!!j)), k 

> END VAR 

> END 

The final refinement step is to introduce the recursive call. Note that this step depends 
on the context j < N to establish the precondition of the Hist. The loop guard provides 
this context. 

> REF 5 BY 

> Hist [j , c, k] 

> END 

4.1.4 Verification 

The number of proof obligations generated by this example is: 
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0 
1.1 

1.3 

1-4 
2.1 

g.7 
2.2 
2.P 
2J0 
2J / 
2Ug 
3.1 

g.,9 

^.7 
4.1 

4.3 

4-4 

4.5 

OBLIGATION LargestR_cc3 == 

(FORALL hs:Histogram N; i ; Int 0 

neg 1 <= i && i < N => 

i < i + l & & i + 1 < = N & & 

lte_elems hs (i + 1 ) (i + 1) (hs !? i) && 

lte_elems hs (i + 1 ) (i + 1) (hs !? (i + 1)) && 

is_largest hs (i + 1 ) (i + 1) 0 && 

(FORALL j:Int; b:Int ® 

i < j && j <= N && lte_elems hs (i + 1) j (hs !? i) && 

lte_elems hs (i + 1) j (hs !? j) kk 

is_largest hs (i + 1) j b && 

j < N & & 

(i < 0 I I hs !! j > hs !! i) => 

(FORALL bl:Int; C 

i < jl && jl <= N && lte_elems hs (i + 1) j1 (hs !? i) 

hs !? jl <= hs !? i && 

is_largest hs (i + 1) jl bl && 

N - j l < N - j = > 

lte_elems hs (i + 1) jl (hs !? jl))) kk 
(FORALL j;Int; b:Int fi 

i < j kk j <= N && lte_elems hs (i + 1) j (hs !? i) kk 
lte_elems hs (i + 1) j (hs !? j) kk 
is_largest hs (i + 1) j b kk 
j < N & & 

(i < 0 I I hs !! j > hs !! i) => 

0 < N - j) && 

(FORALL j:Int; bilnt 0 

1 < j && j <= N && lte_elems hs (i + 1) j (hs !? i) kk 
lte_elems hs (i + 1) j (hs !? j) kk 
is_largest hs (i + 1) j b && 

(not (j < N) II not (i < 0 I I hs !! j > hs M i))=> 

hs !? j <= hs !? i)) 

Figure 4.1: Proof Obligation for Refinement 3 

Unit Obligations 
MinMax 0 
Nat_list_compare 1 
Histogram 3 
LargestR 8 

For the LargestR refinement, there are 3 type correctness conditions, all for the partial 
operator ! !, 1 proof obligation for inhabitation of the type Histogram N and 4 for 
the correctness of refinements. The first refinement produces no proof obligation -
it is eliminated by the simpliAer described in Chapter 5 - and the second is trivial. 
We consider the complexity and correctness of the verification condition for one of the 
remaining refinements. 
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Ref inemen t 3: Loop In t roduc t ion The proof obligation for the refinement of 
the statement labelled <<3>> is shown in Figure 4.1: the lines have been labelled for 
convenience. Following the initial line (labelled 0) which is the context, the verification 
condition is divided into four sections: 

1. This section shows that the loop invariant holds initially. The segment of the 
histogram is empty so that any element is the leaat element and the largest area 
is zero. 

2. This section shows that the invariant is maintained. Most conjuncts of the in-
variant have been removed by the simplifier, leaving This conjunct follows 
from and 

3. This section shows that the variant is greater than zero when guard is true, which 
is stated at 5". 7; it follows from 

4. This section shows that assigning b and j such that the invariant holds and the 
guard is negated is sufEcient to refine the statement <<3>>; all the conjuncts are 
deleted by the simplifier except The loop guard ^.5 has two cases: 

(a) j = N which reduces to -1 <= hs !? i , true for any i , and 

(b) i >= 0 && hs ! ! j <= hs ! ! i , from which ^.6'follows directly. 

This analysis shows that the proof obligation is straightforward, as would be expected 
from the small size of the refinement steps used. The textual size of the proof obligation 
is increased by the hypotheses - all the lines except g.7and 
- this obscures but does not otherwise make the proof harder. 

4.2 Integers of Finite Range 

To account for the limitations of programming languages, a way to define operations 
on integers of finite range is required. There are a number of possibilities: 

(i) use two's complement arithmetic, so that the operations are defined for all argu-
ments but correspond to the integer operations only when the arguments are in 
a particular range, or 

(ii) use subtypes, so that the operations always correspond to the integer operations, 
but can only be applied to some arguments, or 

(iii) use runtime checking to detect overflow, so that the program aborts when an 
overflow occurs. 
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> SEE Bool Int 

> THEORY INT IS 

> INFIXL 6 DIV MOD ; 

> Bits == Pes ; 

> maxint (b:Bits) == 2**(b-l) ; 

> intrange (b;Bits) (i:Int) == neg (maxint b) <= i && i < maxint b 

> INT (b;Bits) : TYPEl == { intrange b } ; 

> NZ_INT (b:Bits) == { i:INT b I i /= 0 > ; 

> INT16 == INT 16 ; 

> INT32 == INT 32 ; 

> NAT (b:Bits) : TYPEl == {i:INT b I gte_zero i> ; 

> NAT16 == NAT 16 ; 

> (DIV) [1] (b:Bits) (1:INT b) (r:NZ_INT b) : INT b — I div r ; 

> (MOD) [1] (b:Bits) (1:INT b) (r:NZ_INT b) : INT b = 1 mod r 

> END 

Figure 4.2: Integer Subtype DeAnitions 

Both the second and third approaches require the absence of overHow to be proved. In 
the second approach, the proof is part of typechecking whereas in the third approach 
the proof is part of refinement. Runtime checking is used in Pascal and Ada. The first 
two approaches are considered in more detail below. Common dehnitions of integer 
subtypes are shown in Figure 4.2. 

4.2.1 Two's Complement Arithmetic 

In this approach, the arithmetic operators implement the two's complement arithmetic 
as used by most microprocessors. The operators can be implemented directly, but do 
not behave like the normal integer operators when an oversow occurs. Two's com-
plement arithmetic is modelled by modulo arithmetic on unsigned integers, as shown 
in Figure 4.3. These definitions give rise to a number of type correctness conditions. 
For example, the annotation i : UINT b in the definition of int2twos generates the 
following obligation: 

OBLIGATION int2twos_ccl == 

(FORALL b:Bits; i:INT b <D 

i >= 0 && intrange b i => i <= maxuint b && gte.zero i) 
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> SEE Bool Int INT 

> THEORY Int_Two IS 

> INFIXL 6 1*1 ; 

> INFIXL 5 l+l l-l ; 

> maxuint (b:Nat) == 2**b - 1 ; 

> UINT (b:Nat) == {niNat I n <= maxuint b> ; 

> iiit2twos (b:Bits) (iilNT b) == 

> IF i >= 0 THEN i : UINT b ELSE i + maxint b END ; 

> twos2int (b:Bits) (n:UINT b) == 

> IF n < maiint b THEN n : INT b ELSE m - mazint b END ; 

> finite_op_modulo (b:Bits) (f:Int->Int->Int) == 

> (\1;INT b ® (\r;INT b 0 

> twos2int b 

> (f (int2twos b 1) (int2twos b r) mod (2 ** b)))) ; 

> NEG_T [1] (b;Bits) (1:INT b) == twos2int b 

> (neg (int2twos b 1)) ; 

> ( l + l ) [1] (b:Bits) == finite_op_modulo b (+) ; 

> (I - I) [1] (b:Bits) == finite_op_modulo b (-) ; 

> (1*1) [1] (b:Bits) == finite_op_modulo b (*) 

> END 

Figure 4.3: Two's Complement Arithmetic Operators 

> SEE Bool Int INT 

> THEORY Int_Sub IS 

> INFIXL 6 !* ; 

> INFIXL 5 !+ !- ; 

> finite_op_subtype (b:Bits) (f:Int->Int->Int) == 

> (\1:INT b 0 (\r; {r:INT bjintrange b (f 1 r)> ® f 1 r : INT b)); 

> NEG_S [1] (b:Bits) (1: {1:INT b| 1 /= neg (2**(b-l))}) : INT b == 

> neg 1 ; 

> (!+) [1] (b:Bits) == finite_op_subtype b (+) ; 

> (!-) [1] (b:Bits) == finite_op_subtype b (-) ; 

> (!*) [1] (b;Bits) == finite_op_subtype b (*) 

> END 

Figure 4.4: Arithmetic Operators using Subtypes 
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4.2.2 Dependent Subtypes 

In this approach, dependent subtypes are used to ensure that a well-typed application of 
an arithmetic operator does not overflow the word length. Binary operators !+. ! - and 
! * are defined in Figure 4.4, corresponding to +. - and *. but with a subtype constraint 
to prevent overflow. Note that each subtype operator a ! op b can be rewritten to 
a op b simply by expanding the definition of ! op. 

To avoid overflow in the term 1 ! + r , the second operand r must belong to the subtype 
{r:INT b I intrange b (1 + r)}. ensuring that the result is in the range defined by 
in t r ange b. This is an example of the use of dependent types: the type of r in 1 ! + r 
depends on both the first operand 1 and on the implicit parameter b which is the bit 
length. 

4.2.3 Practical Usage 

Both sets of operators can be used in the same program. The subtype operators should 
be used when the context is strong enough to prove the type correctness conditions. 
For example, with x : INT32 the term z !+ 1 gives the type correctness conditions: 

OBLIGATION subtype_ccl == 

32 > 0 && gte.zero 32 => 2 <= 32 

OBLIGATION subtype_cc2 == 

1 > 0 && gte_zero 1 => intrange 32 (x + 1) && intrange 32 1 

The first is trivial, but the second cannot be proved without further constraints on z. 
In comparison, the term z 1 + 1 1 gives the following type correctness conditions, both 
of which are trivially true: 

OBLIGATION twos_conip_ccl == 

32 > 0 && gte_zero 32 => 2 <= 32 

OBLIGATION twos_comp_cc2 == 

1 > 0 && gte_zero 1 => intrange 32 1 

The first of these TCCs arises from the subtype constraint on the B i t s type. The 
second is required to show that the numeral 1 is in the type INT32. 

4.2.4 Integer Square Root 

We use the following example to examine the feasibility of discharging the type correct-
ness conditions which arise from the use of these definition in practice. The example is 
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adapted from [Mor94, Chapter 9], but we reAne to 'code', using the arithmetic operators 
on Anite integers defined above. 

4.2.4.1 P r o b l e m Specification 

The predicate is_sqrt holds if the second argument is the integer square root of the 
first argument. The predicate bound_sqrt holds between an integer and a lower and 
(strict) upper bound on its square root. 

> SEE Bool Int 

> THEORY Is_Sqrt IS 

> is_sqrt (s:Nat) (r:Nat) == r**2 <= s && s < (r + l)**2 ; 

> bound_sqrt (s:Nat) (lb:Nat) (ub;Nat) == lb**2 <= s && s < ub**2 ; 

The following theorem shows how the two functions are related. 

> THEOREM final_bounds == 

> (FORALL s:Nat; r:Nat @ bound_sqrt s r (r+1) <=> is_sqrt s r) ; 

The following theorem shows that 0 and s d iv 2 + 2 serve as initial lower and upper 
bounds on the integer square root of s. 

> THEOREM initial_bounds == 

> (FORALL s:Nat ® bound_sqrt s 0 (s div 2 + 2 ) ) 

> END 

4.2.4.2 Re f inemen t 

The development, which is shown in Figure 4.5, follows Morgan's, with the following 
differences: 

1. The variables are of the NAT 16 subtype and the subtype arithmetic operators are 
used. 

2. The values suggested by the theorem initial_bounds are used in the initial 
assignment. This choice of initial values is a consequence of the use of finite 
integers, since the 'obvious' upper bound s + 1 might exceed the allowed range. 

3. The initialisation of r and q, labelled <<3>> establishes the context which allows 
the following assignment to be refined by a loop. In comparison, Morgan [Mor94, 
p. 65] makes the context explicit using an abbreviation. 
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> SEE Bool Int INT Int_Sub Is_Sqrt 

> SPEC Int_Sqrt IS 

> VAR s:NAT16; r:NAT16 IN 

> « 1 » r := WHERE is_sqrt s r 

> END VAR 

> END 

> REF 1 BY 

> VAR q : NAT16 IN 

> « 2 » r,q := WHERE r + 1 = q && bound_sqrt s r q 

> END VAR 

> END 

> REF 2 BY 

> <<3>> r,q := WHERE bound_sqrt s r q ; 

> « 4 » r,q := WHERE r + 1 = q && bound_sqrt s r q 

> END 

> REF 3 BY r,q := 0, s DIV 2 •+ 2 END 

> REF 4 BY 

> WHILE bound_sqrt s r q VARY q - r 

> LOOP 

> not (q = r !+ 1) ==> 

> « 5 » r,q := ANY nr, nq WHERE 

> bound_sqrt s nr nq && nq - nr < q - r 

> END LOOP 

> END 

> REF 5 BY 

> VAR p:NAT16 IN 

> « 6 » p := WHERE r < p && p < q ; 

> « 7 » r,q := ANY nr, nq WHERE 

> bound_sqrt s nr nq && nq - nr < q - r 

> END VAR 

> END 

> REF 6 BY p := (r !+ q) DIV 2 END 

> REF 7 BY 

> IF s < p !• p ==> 

> « 8 » q := ANY nq WHERE bound_sqrt s r nq && nq < q 

> OR s >= p !* p ==> 

> « 9 » r := ANY nr WHERE bound_sqrt s nr q && r < nr 

> END IF 

> END 

> REF 8 BY q := p END 

> REF 9 BY r ;= p END 

Figure 4.5: Square Root using Finite Arithmetic 
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Type correctness condition for application in refinement labelled 3 

Term: 2 

Type: {rl;INT 16 I intrange 16 (s DIV 2 + rl)> 

OBLIGATION Int_Sqrt_cc4 == 

(FORALL s:NAT16 0 

2 > 0 && gte_zero 2 => intrange 16 (s DIV 2 + 2) && intrange 16 2) 

Type correctness condition for assignment in refinement labelled 3 

Term: s DIV 2 !+ 2 

Type: NAT16 

OBLIGATION Int_Sqrt_cc5 == 

(FORALL s:NAT16 0 

intrange 16 (s DIV 2 !+ 2) => gte_zero (s DIV 2 !+ 2)) 

Type correctness condition for application in refinement labelled 4 

Term: 1 

Type; {rl:INT 16 I intrange 16 (r + rl)} 

OBLIGATION Int_Sqrt_cc7 == 

(FORALL s:NAT16; r:NAT16; q:NAT16 ® 

bound_sqrt s r q && 1 > 0 && gte_zero 1 => 

intrange 16 (r + 1) && intrange 16 1) 

Type correctness condition for equality in refinement labelled 4 

Term: r !+ 1 

Type: NAT16 

OBLIGATION Int_Sqrt_cc8 == 

(FORALL s:NAT16; r:NAT16; q:NAT16 0 

bound_sqrt s r q && intrange 16 (r !+ 1) => gte_zero (r !+ 1)) 

Figure 4.6: Verification Conditions for Operators on Finite Integers 

4.2.5 Verification Conditions 

A total of 18 verification conditions are produced, of which 8 are for the correctness of 
refinements (the verification condition for refinement 2 is removed by the simplifier). 
These verification conditions are not affected by the use of finite integers. For example, 
the condition for refinement 6, which halves interval between upper and lower bound 
is: 

OBLIGATION Int_Sqrt_cclO == 

(FORALL s:NAT16; r:NAT16; q:NAT16 @ 

bound_sqrt s r q && not (q = r !+ 1) => 

r < (r !+ q) DIV 2 && (r !+ q) DIV 2 < q) 

Of the 10 type correctness conditions, 2 involve only properties of constants, as follows: 

59 



Type correctness condition for application in refinement labelled 6 

Term: q 

Type: {rl:INT 16 I intrange 16 (r + rl)} 

OBLIGATION Int_Sqrt_ccll == 

(FORALL s:NAT16; r:NAT16; q:NAT16 S 

bound_sqrt s r q && not (q = r ! + ! ) & & gte_zero q && 

intrange 16 q => 

intrange 16 (r + q)) 

Type correctness condition for assignment in refinement labelled 6 

Term: (r !+ q) DIV 2 

Type: NAT16 

OBLIGATION Int_Sqrt_ccl3 == 

(FORALL s:NAT16; r:NAT16; q:NAT16 0 

bound_sqrt s r q && not (q = r !+ 1) && 

intrange 16 ((r !+ q) DIV 2) => 

gte_zero ((r !+ q) DIV 2)) 

Type correctness condition for application in refinement labelled 7 

Term: p 

Type; {rl:INT 16 I intrange 16 (p * rl)} 

OBLIGATION Int_Sqrt_ccl5 == 

(FORALL s;NAT16; r:NAT16; q;NAT16; p;NAT16 0 

bound_sqrt s r q && not ( q = r ! + l ) & & r < p & & p < q & & 

gte_zero p && 

intrange 16 p => 

intrange 16 (p * p)) 

Figure 4.7: Verification Conditions for Operators on Finite Integers (continued) 

Property Occurrences 
not (2 = 0) 
i n t r ange 16 2 

2 
2 

Seven of the remaining eight verification conditions are shown in Figures 4.6 and 4.7 
(one duplicate arising from the duplication of the subterm p !* p has been removed). 
It should be noted that since the finite integer operators are introduced only for code, 
the correctness conditions are only those needed to show the absence of errors in the 
final program. 

4.3 Graph Sink 

This example is based on one of two graph algorithms developed using the refinement 
calculus by Carrington and Robinson [CR91]: finding the sink of a graph. 
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4.3.1 Problem Specification 

Carrington and Robinson give a Z specification: a graph is described by a schema and 
various functions are introduced axiomatically. In our version a graph is represented as 
a pair. The Arst element of the pair is a finite set of vertices, the second a relation on 
vertices. Note that this relation is between all vertices, even though a vertex is part of 
the graph only if it is in the set. Thus graph g has an edge between vertices v and u if 
and only if f s t g v and f s t g u and snd g v u. The size of the graph is the size of 
the set of vertices^. 

> SEE Bool Pair Set Int Finite 

> THEORY Graph IS 

> INFIX 4 : « ; INFIX 5 <| ; 

> 

> Vertex : TYPEi ; 
> Graph == 

> (PAIR V:FSet Vertex ® Vertex -> Vertex -> Bool) : TYPEI ; 

> 

> graph_size (g:Graph) == size (fst g) ; 

Operators are introduced for the subgraph relation :<<, and for the subgraph induced 
with respect to set of vertices < I. 

> (:«) (g:Graph) (h:Graph) == 

> (fst g :< fst h) && 

> (FORALL vl: {fst g} ; v2: {fst g> ® snd g vl v2 => snd h vl v2) ; 

> 

> (<|) (s:Set Vertex) (g:Graph) : Graph == 

> (pair V:FSet Vertex ® Vertex -> Vertex -> Bool) (s /\ fst g) 

> (\vl: Vertex ; v2: Vertex fi 

> s vl && s v2 && fst g vl && fst g v2 && snd g vl v2) ; 

A vertex k is a sink of a graph g if and only if there exist edges from all other vertices 
to k and there are no edges from k to any other vertex. Not all graphs have a sink. 

> sink (g:Graph) (v;Vertex) == 

> fst g v && 

> (FORALL u: {fst g} ® u /= v => snd g u v && not (snd g v u)) ; 

> 

> has_sink (g: Graph) == (EXISTS v:Vertex ® sink g v) ; 

4.3.2 Algorithm Refinement 

The algorithm is refined in two steps: 

(i) search for a candidate sink, and 

^The requirement for the set of vertices to be finite is omitted from the Z specification. 
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(ii) check whether the candidate is a sink. 

Note that the size of the graph is constrained: the reason for this will be apparent in 
Section 4.3.3. 

> candidate (g:Graph) (i;Vertex) == 

> i :: fSt g ft& (has_sink g => sink g i) ; 

> 

> ok_sink (g:Graph) (ok:Bool) (i:Vertex) == 

> (ok <=> has_sink g) && (ok => sink g i) ; 

> 

> N : Pos ; 

> GraphN == {g:Graph I size (fst g) = N> : TYPEl 

> END 

If the graph g has a sink, r e s u l t is set true and the sink is k. Otherwise r e s u l t is 
false. 

> SEE Bool Int Set Finite Pair Graph 

> SPEC FindSink IS 

> <<D1» VAR g:GraphN ; k:Vertex; result:Bool IN 

> « L 1 » result, k := WHERE ok_sink g result k 

> END VAR 

> END 

> 

> REF LI BY 

> « L 2 A » k := WHERE candidate g k ; 

> « L 2 B » result, k := WHERE ok_sink g result k 

> END 

The refinements of these two steps to complete the development of the algorithm is 
shown in Figures 4.8 and 4.9. The refinement is given here in slightly fewer steps than 
in the original article. One type correctness condition is produced and eight refinement 
verification conditions. As an example, the following verification condition checks the 
algorithm for advancing the search for a candidate sink. 

Refinement correctness condition in refinement labelled L5 

OBLIGATION FindSink_cc5 == 

(FORALL g:GraphN; k:Vertex; t:Graph; x:Vertex 6 

t : « g && candidate t k && not (t = g) && x :: (fst g — fst t) => 

(snd g k X I I not (snd g k x)) && 

(snd g k X => 

(fst t \/ singleSet x) <I g : « g && 

candidate ((fst t \/ singleSet x) <| g) x && 

graph_size ((fst t \/ singleSet x) <| g) > graph_size t) && 

(not (snd g k x) => 

(fst t \/ singleSet x) <| g : « g && 

candidate ((fst t \/ singleSet x) <| g) k && 

graph_size ((fst t \/ singleSet x) <| g) > graph_size t)) 
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> REF L2A BY 

> VAR t : Graph IN 

> <<L3» t,k ;= WHERE t : « g && candidate t k ; 

> WHILE t :<< g && candidate t k 

> VARY graph_size g - graph_size t 

> LOOP t /= g ==> 

> « L 4 » t,k := ANY tl, kl WHERE tl : « g && 

> candidate tl kl && graph_size tl > graph_size t 

> END LOOP 

> END VAR 

> END 

> 

> REF L3 BY 

> t,k := WHERE k :: fst g && t = singleSet k <| g 

> END 

> 

> REF L4 BY 

> VAR X : Vertex IN 

> X := WHERE x :: (fst g — fst t) ; 

> « L 5 » t,k := ANY tl, kl WHERE 

> tl : < < g & & candidate tl kl && 

> graph_size tl > graph_size t 

> END VAR 

> END 

> 

> REF L5 BY 

> IF snd g k X ==> k ;= x 

> OR not (snd g k x ) ==> SKIP END IF ; 

> t ;= (fst t \/ singleSet x) <| g 

> END 

Figure 4.8: Finding a Candidate Sink 

The vertex k is a candidate sink in the subgraph t and the vertex x is chosen to extend 
the search by enlarging t . There are two cases to consider, depending on whether there 
is an arc from k to z. When an arc exists, it is clear that k is not a candidate in the 
enlarged graph. Since a graph has at most one sink, none of the other vertices in t can 
be a sink, so the new candidate is x. The other case is more straightforward. 

Given the reasoning about candidate sinks (for example, the observation that there is 
at most one sink), it is considered unlikely that the proof of this verification condition 
would be fully automatic. Essentially the same proof obligation arises however the 
refinement step is justified, so the key property is that the verification condition is 
small enough to be understood. The number of refinement steps used here is sufficient 
to ensure that this is achieved. 
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> REF L2B BY 

> VAR s : Graph IN 

> <<L7>> s, result := WHERE candidate g k && s :<< g && 

> ok_sink s result k ; 

> WHILE candidate g k && s :<< g && ok_sink s result k 

> VARY graph_size g - graph_size s 

> LOOP 

> s / = g ==> 

> «L8>> s, result := ANY si, rl WHERE candidate g k si ;<< g && 

> ok_sink si rl k && graph.size si > graph_size s 

> END LOOP 

> END VAR 

> END 

> 

> REF L7 BY 

> s, result := singleSet k <| g, True 

> END 

> 

> REF L8 BY 

> VAR X ; Vertex IN 

> X := WHERE x :: (fst g — fst s) ; 

> <<L9B>> s, result := ANY si, rl WHERE candidate g k && si :<< g && 

> ok_sink si rl k & & graph_size si > graph_size s 

> END VAR 

> END 

> 

> REF L9B BY 

> IF snd g X k && not (snd g k x ) ==> s ;= (fst s \/ singleSet x) <| g 

> OR not (snd g x k ) I I snd g k x ==> result, s := False, g 

> END IF 

> END 

Figure 4.9: Checking the Candidate Sink 

4.3.3 Simulation of D a t a Refinement 

The next stage of Carrington and Robinson's development is a data refinement. We 
outline an approach to data refinement which could be used within our language. Since 
data refinement haa not yet been implemented in the prototype tool, some steps are 
calculated by hand to determine the proof obligations and evaluate the approach. 

4.3.3.1 D a t a Re f inemen t 

A data refinement replaces some variables o by concrete variables c, main-
taining an abstraction relationship R between the new and old variables. For abstract 
statement 5" and concrete statement T, data refinement is deAned [BW89b] aa: 

-S" ER,a,c ^ = VQ - A A - A A Q) 
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Figure 4.10: Step-by-step Data Refinement 

Calcu la t ing D a t a Ref inement A generalisation of the characterisation theorem for 
data refinement [BW89b] can be used to check data refinement between two statements 
of any form. However, it is attractive to check the data refinement in stages by cal-
culating a data refinement [MG90, BW89b], and then to further refine the calculated 
statements in the standard way. Typically, at least one further refinement will be 
required to simplify the statements calculated under the data refinement. 

For global variables 7;, abstract variables a and concrete variables c and refinement 
relation R, a data refinement calculator Vfi^a.c can be defined [MG90, BW89b, Wri92] 
for each form of statement. For example: 

skip skip 
%,a,c 5̂ ; %,a,c 7" 
c, w := c', w' • (V6 R 

(36' - c, w := 6% c', tu'] A posf)) 
where b C a, and w C v 

The overall approach is illustrated by a refinement diagram in Figure 4.10. 

Deal ing wi th G u a r d s Composite statements may contain elements that are not 
statements - notably the guards in alternation and loop statements. Since these ele-
ments may appear in the final programme, some way for the concrete versions to be 
specified directly is required. Moreover, calculation of concrete guards in alternation 
and loop statements is not straightforward^. Therefore, we require the user to make 
the concrete guards explicit when a calculated data refinement of a guarded statement 
is required. The following rules [But97] are used to calculate the data refinement of a 

^Morgan and Gardiner [MG90] gives two calculated forms for guards in a l ternat ions and loops, one 

using an angelic command , the other with a side condition; another approach [RvW97] uses of an 

assumpt ion . 
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loop or alternation statement and to check the guards. 

p A A => (6 4^ 6') 
%,a,c({p} do 6-4'5'od) C do 5") od 

p A 7̂  => (6 <=> 6') for each z 

Note that [Wri92, lemma 14] if / is an invariant of a loop, then (3a - A / ) is an 
invariant of the data refinement of the loop. A concrete invariant given by the user can 
also be checked [Wri92, lemma 15]. 

4.3.3.2 D a t a Ref inement of G r a p h Sink 

The approach outlined above is demonstrated on the candidate sink search, using the 
data refinement suggested by Carrington and Robinson. The following definitions are 
required: 

> SEE Bool Pair Int Function Upto Array Set Finite Graph 

> THEORY VHap IS 

> GRAPH == Array N (Array N Bool) ; 

> 

> vmap (g:GraphN) == 

> (CHOOSE f:Int -> Vertex ® 

> (FORALL n:Nat fi 0 <= n && n < N => fst g (f n)) && 

> (FORALL v: {fst g} 0 (EXISTS n:upto N 6 v = f n))) ; 

> 

> imageSet [2] (A:TYPE) (B:TYPE) (f: A -> B) (s:Set A) == 

> (\b:B 0 (EXISTS a:A ® s a && f a = b)) ; 

> 

> rep_graph (g:GraphN) (A:GRAPH) == 

> (FORALL i;upto N; j: upto N ® 

> (A i j <=> snd g (vmap g i) (vmap g j))) 

> END 

The graph is represented by a boolean array. A function vmap mapping array indices 
to graph vertices is introduced, with the constraint that the map is bijective for the 
vertices in the graph. In the orginal article, vmap appears in the abstraction invariant, 
but is not otherwise declared. 

A data refinement of the candidate sink search can now be given (refining label D1 of 
Finds ink). This is not yet supported by the prototype tool, but possible syntax is 
shown in Figure 4.11. For each variable declaration, concrete variables and an abstrac-
tion invariant are introduced, specifying the data refinement. Within the scope of the 
data abstraction, the of the concrete statement is specified, with . . . standing 
for the concrete statement. The pattern should match the structure of the 
abstract statement. 
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DATAREF D1 VAR g, k WITH 

A : GRAPH; K : upto N 

WHERE 

k = vmap (fst g) K && rep_graph g A 

I S « 3 2 » _ EMD 

DATAREF D2 WITH T : Nat WHERE 

1 <= T && T <= N && 

t = imageSet vmap (0 to T - 1) <| g 

IS 

« D 2 A » ... ; 

WHILE ... VARY N - T 

LOOP T /= N ==> « D 3 » . . . 

END LOOP 

END 

DATAREF D3 WITH X : upto N WHERE 

X = vmap (fst g) X 

IS 

« D 3 A » . . . 

IF ==> « D 3 B » . . . 

OR ==> ... END IF ; 

« D 3 C » . . . 

END 

Figure 4.11: Data Refinement of the Candidate Sink Search 

Calcula ted D a t a Ref inement Using the data refinement calculator given above, 
the concrete statements can be calculated from the abstraction invariants specified in 
Figure 4.11. This derivation would be automated and the calculated refinement would 
not need to be shown to the user. For example^, the refinement of the statement 
initialising t and k (see label L3 in Figure 4.8) is: 

« D 2 A » A,K,T := ANY A1,K1,T1 WHERE 

(FORALL g:GraphN ® 

rep_graph g A && 1 <= T && T <= N => 

rep_graph g A1 && 1 <= T1 && T1 <= N && 

singleSet (vmap g Kl) <1 g = 

imageSet (vmap g) (0 to T1 - 1) <I g && 

vmap g Kl :: fst g ) ; 

The refinements of the component statements are: 

> REF D2A BY K, T := 0, 1 END 

> REF D3A BY X ;= T END 

> REF D3B BY K := X END 

> REF DSC BY T := T + 1 END 

^The complete d a t a refinement of the candida te search has been calculated. Ordinary assignments 

are converted to abs t rac t assignments, d a t a refined and the predicate pa r t s simplified using the rules 

suppor ted by the simplifier (see Section 5.3). T h e result ing s ta tement has been checked by the proto-

type tool. 
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4.3.3.3 Checking t h e D a t a Ref inement 

The proof obligations for the refinement of the calculated concrete statements are shown 
in Figure 4.12. Six trivial type correctness conditions are also produced. The proof 
obligations required to check the concrete guards have not been generated. 

The first two proof obligations are simple and obviously valid. The obligations at labels 
D3B and DSC have been simplified by omitting the context. The former is trivial, but a 
problem arises with the obligation at label DSC. To understand the problem, consider 
the refinement of the statements within the candidate search loop; 

Abstract Concrete 

« D 3 A » X := WHERE x :: (fst g — fst t) ; X ;= T ; 

« D 3 B » IF snd g k x ==> k ;= x K := X ; 

OR not (snd g k x) ==> SKIP END IF ; 

« D 3 C » t ;= (fst t \/ singleSet x) < I g T : = T + 1 

The context is made up of the concrete loop invariant and guard. The problem arises 
because the context is propagated through the concrete statement, with the 
result that: 

(i) the propagated context is very complex, and 

(ii) the context at label DSC is not strong enough; the proof requires the context 
X = T, which follows from the given concrete statement X := T, but not from the 
calculated one. 

This problem could be resolved by checking concrete statements given by the user, 
rather than calculating data refinements of assignment statements. The data refine-
ment calculator would still be used to propagate the data refinement through compos-
ite statements (sequential composition, loop and if) where the abstract and concrete 
statements have the same structure. 
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Refinement correctness condition in refinement labelled D2A 

OBLIGATION FSinkC_cc3 == 

(FORALL A:GRAPH; T;Nat; g;GraphN 0 

rep_graph g A && 1 <= T && T <= N => 

rep_graph g A && 1 <= 1 && 1 <= N && 

singleSet (vmap g 0) <1 g = imageSet (vmap g) (0 to 1 - 1) <I g && 

vmap g 0 :: fst g) 

Refinement correctness condition in refinement labelled D3A 

OBLIGATION FSinkC_cc6 == 

(FORALL A:GRAPH; K:upto N; T;Nat @ 

(EXISTS g:GraphN ® 

rep_graph g A && 1 <= T && T <= N && 

imageSet (vmap g) (0 to T - 1) <I g : « g && 

candidate (imageSet (vmap g) (0 to T - 1) <1 g) (vmap g K)) && 

not (T = N) => 

(FORALL g:GraphN 0 

rep_graph g A &ft 1 <= T && T <= N => 

vmap g K = vmap g K && rep_graph g A && 1 <= T && T <= N && 

imageSet (vmap g) (0 to T - 1) <I g = 

imageSet (vmap g) (0 to T - 1) <1 g && 

vmap g T :: (fst g — fst (imageSet (vmap g) (0 to T - 1) <I g)))) 

Refinement correctness condition in refinement labelled D3B 

OBLIGATION FSinkC_cc8 == 

(FORALL A:GRAPH; K:upto N; T:Nat; X:upto N 6 

... && A K X => 

(FORALL g:GraphN 0 

rep_graph g A && 1 <= T && T <= N => 

vmap g X = vmap g X && rep_graph g A && 1 <= T && T <= N && 

imageSet (vmap g) (0 to T - 1) <I g = 

imageSet (vmap g) (0 to T - 1) <1 g && 

vmap g X = vmap g X)) 

Refinement correctness condition in refinement labelled DSC 

OBLIGATION FSinkC_cc9 == 

(FORALL A:GRAPH; K:upto N; T:Nat; X:upto N 0 

. . . => 

(FORALL g:GraphN @ 

rep_graph g A && 1 <= T && T <= N => 

vmap g K = vmap g K && rep_graph g A && 1 <= T + 1 && 

T + 1 <= N && 

(fst (imageSet (vmap g) (0 to T - 1) <1 g) \/ 

singleSet (vmap g X)) <1 g = 

imageSet (vmap g) (0 to T + 1 - 1) <1 g && 

vmap g X = vmap g X)) 

Figure 4.12; Data Refinement Proof Obligations 
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Chapter 5 

Prototype Tool Support 

A prototype tool accepting the refinement language has been implemented. The tool 
parses the text of theories and refinements, checks well-formation and type correctness 
and generates type correctness conditions, including those for type inhabitation and 
the absence of aliasing, and the proof obligations for the correctness of refinements^ 

The results produced by the tool are shown in the examples of Chapter 4. In this 
chapter the objectives achieved by developing a prototype tool are described and the 
design and implementation of the tool reviewed. 

5.1 Objectives 

The development of a tool to process the language has two objectives: 

(i) validation of the language design and theory, and 

(ii) validation of the approach. 

Validation of the theory - that is, the well-formation and correctness rules - is achieved 
by testing a representation of the specification which is given in Part II. To achieve this, 
the tool is implemented using the Haskell functional programming language, described 
in the Haskell language report [PE97], so that the program resembles the specification. 
The representation of the specification as a Haskell program is described in more detail 
below. In practice, the design and specification of the language on the one hand and 
the development of the prototype tool on the other hand have been complementary 
activities. The specification provides an essential foundation for the tool, while test 
cases processed by the tool have shown up 8aws in the specification. 

^ There is no theorem prover: a s tand alone prover for the declaration and term language could be 
used, or the proof obligations could be converted to the language of an existing prover. 
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Validation of the approach requires the tool to be sufhcienty usable to allow realistic 
examples to be tackled. Usability covers issues such as user interface, performance 
and error handling which are ignored in the formal specification. As a result, there is 
a potential conflict between these two objectives. The major usability enhancement 
implemented in the current version of the tool is the generation of error messages. 

5.2 Design 

The design is simple, consisting of the following steps: 

(i) parse the source text and construct an abstract syntax tree. 

(ii) check the visibility of identifiers, with the construction of a modified abstract 
syntax tree containing depth indices (see Section 7.3.1), 

(iii) type checking, including the instantiation of implicit arguments, and 

(iv) generate type correctness conditions and other proof obligations. 

Examples of the code implementing each step, except parsing, is given below, noting 
how the implementation relates to the specification. 

5.2.1 Visibility Checking 

Figure 5.1 shows three caaes of the visibility checking for statements, aa specified in 
Figure 11.2. A case of the encode_stint function is required for each form of the 
abstract syntax with identifiers (see Section 11.1). Providing there are no errors, the 
corresponding form of the abstract syntax with depth indices (see Section 11.2) is 
returned. The code in Figure 5.1 differs from its specifications in the treatment of the 
checks on the visibility of variables (seen, for example, in the case for Ca l l lS which 
represents a procedure call). In the specification function [[5']| the checks are side-
conditions, so that the specification is not defined if identifiers are not declared before 
use. In the code an error message is returned. 

The code is structured using 'monadic programming' described by Wadler [Wad92], 
together with the Haskell do notation for monad types which is similar to list compre-
hension. The features of the monad used in the encode, stmt function are: 

(i) a list of error message, and 

(ii) a representation of the current position. 
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> encode_stmt g (HasgnIS Is ts) = 

> do 

> mis <- accumOk (map (encode_left g) Is) 

> mts <- acciunOk (map (encode_term g) ts) 

> return 

> (do Is <- mis; ts <- mts; return (MasgnS Is ts)) 

> encode_stmt g (IfIS ts ss) = 

> do 

> mts <- accumOk (map (encode_term g) ts) 

> mss <- accumOk (map (encode_stmt g) ss) 

> return 

> (do ts <- mts; ss <- mss; return (IfS ts ss)) 

> encode_stmt g (CalllS x) = 

> case lk_id g x of 

> Proofound i -> return (Just (CallS i)) 

> -> errMOk (proc_var_nores_error x) 

Figure 5.1: Visibility Checking Statements 

5.2.2 T y p e Checking 

Figure 5.2 show three examples of the implementation of statement type checking, as 
specified in Figures 11.4, 11.6 and 11.7. The code for the stmt_ok function has the 
following difference from the speciAcation. 

1. Error messages replace side conditions. As in stmt_encode, a monadic structure 
is used for this. 

2. The specification is a predicate, while the stmt_ok function returns^ a statement. 
This is necessary since any implicit arguments of constants (see Section 3.2.3) are 
instantiated during type checking (see Section 9.6). 

3. The 'assignable variable environment' a of Section 11.3.1 is combined into the 
overall environment, which is the first argument of the stmt_ok function. 

5.2.3 Proof Obligation Generation 

Proof obligations are generated to show type correctness and the correctness of refine-
ments. The latter is determined from the weakest preconditons and strongest postcon-

^The full re turn type is Ok (Maybe Stmt), where Ok is the monadic type constructor . T h e Maybe 

type constructor is used because no s t a t ement is re turned when there are type errors. 
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> stmt_ok g (MasgnS Is ts) = 

> let nls = length Is; nts = length ts in 

> if nls == nts then 

> do 

> mlts <- accumOk (map (left_ok g) Is) 

> case mlts of 

> Nothing -> return Nothing 

> Just Its -> 

> do 

> mts <- accumOk (zipWith (asgn_type_ok g) Its ts) 

> let Is = map term_to_left Its 

> a <- no_alias g Is 

> return 

> (do ts <- mts; () <- a; return (MasgnS Is ts)) 

> else 

> errMOk (masgn_len_mismatch_error nls nts) 

> stmt_ok g (IfS bs ss) = 

> do 

> mbs <- accumOk (map (bool_term g) bs) 

> mss <- accumOk (map (stmt_no_fprms g) ss) 

> return 

> (do bs <- mbs; ss <- mss; return (IfS bs ss)) 

> stmt_ok g (Calls i) = 

> return (Just (CallS i)) 

Figure 5.2: Type Checking Statements 

ditions of each form of statement. Some examples of each stage of this process are given 
below. 

Type Cor rec tness Condi t ions Figure 5.3 shows three examples of the implemen-
tation of the function s^mf_cc, specified in Figures 11.5, 11.6 and 11.8. The examples 
also show the use of the implementation of the statement transformation function aapn, 
specified in Figure 11.13 and the type injection function specified in Figure 9.6. This 
code is also structured in a monadic style, though there are no error messages to be 
generated. The features of the monad used in the function stmt_cc are: 

(i) a representation of the position in the input text, which is used as part of the 
final type correctness condition, 

(ii) the logical context, as described in Section 11.10, 

(iii) a list of correctness conditions. 
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> stmt_cc g (MasgnS Is ts) = 

> do 

> accumulate (map (left_cc g) Is) 

> accumulate (map (tcc g) ts) 

> no_alias_cc g Is 

> let u_uus = map (\(i,u) -> (u, lk_var g i)) (asgn g Is ts) 

> ptls <- accumulate (map (uncurry (inject_type g)) u_uus) 

> accumulate (zipWith 

> (\(u,uu) ptl -> poCC ptl (TccPO g Asgn u uu)) u_uus ptls) 

> return () 

> stmt_cc g (IfS bs ss) = 

> do 

> accumulate (map (tcc g) bs) 

> accumulate (zipWith 

> (\b s -> newcntxCC (andCntx b) (stmt_cc g s)) bs ss) 

> return () 

> stmt_cc g (Calls i) = return () 

Figure 5.3: Type Correctness of Statements 

In comparison, the specification function has the logical context as a parameter 
and the correctness conditions^ are as the result. 

P r e d i c a t e T rans fo rmers Figure 5.4 shows a fragment of the calculation of the weak-
est precondition of statements, as specified in Figure 11.11 and Section 11.7. This code 
closely resembles its specification. One difference between the specification and im-
plementation of the weakest precondition is the use of a specialised representation for 
predicates - the type Pred - different from terms. The specialised representation of 
predicates allows predicates to be simplified as they are constructed; this is described 
in Section 5.3 below. 

Ref inemen t Figure 5.5 shows a further case of the stmt_cc function which is re-
quired for the refinement statement, as described in Section 12.1. The type correctness 
conditions for both the specifying statement and its refinement are generated, together 
with the correctness condition for the refinement itself. The figure also shows the use 
of the impl and spec functions, specified in Figure 12.2. The function i s r e f inedby 
(simplified in the figure) calculates the refinement correctness condition, using the 'char-
acterisation theorem' described in Section 2.2.5. 

^In fact only one, which is the conjunct ion of all t he correctness conditions. 
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> wp :: Env -> Stmt -> Pred -> Pred 

> wp g SkipS q = q 

> wp g Aborts q = falseP 

> wp g (PreS p s) q = andP (termP p) (wp g s q) 

> wp g (SemiS s t) q = wp g s (wp g t q) 

> wp g (MasgnS Is ts) q = substs_pred q (asgn g Is ts) 

> wp g (IfS bs ss) q = andP (foldll orP (map termP bs)) 

> (foldll andP (zipWith (\b s -> impP (termP b) (wp g s q)) bs ss)) 

> wp g (Calls i) q = wp g (lk_proc_var g i) q 

Figure 5.4: Weakest Precondition 

> stmt_cc g (RefineS 1 s t) = 

> do 

> stmt_cc g s 

> setposCC (LabelP 1) 

> (do 

> ref <- isrefinedby g (impl s) (spec t) 

> poCC ref RefPO 

> stmt_cc g t) 

> isrefinedby g s t = 

> do 

> cntx <- cntxCC 

> return 

> (impP (cntxP cntx) (impP (wp g s trueP) 

> (decby n (substs_pred (wp g' (incby n t) 

> (sp g' (incby n s) x_eq_xO)) xO_to_x)))) 

> where 

> is = settolistSet (unionSet (frame g s) (frame g t)) 

> n = length is 

> xO_xs [(Int, Int)] 

> xO_xs = zip [0..] (map (+n) is) 

> x_eq_xO :: Pred 

> x_eq_xO = .... 

> xO_to_x ;: CSubst Term] 

> xO_to_x = [(i, VarT j) I (i,j) <- xO_xs] 

> g' = 

Figure 5.5: Refinement Correctness (Simplified) 
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5.3 Simplication of Proof Obligations 

The prototype tool does not contain a prover - apart from the difEculty of implementing 
a capable prover, it would not be appropriate to integrate a prover into the prototype 
tool, since the essence of our approach is to separate program refinement from the 
validation of each refinement step. However, it is appropriate to include a 'simplifier' 
which transforms proof obligations to a logically-equivalent simpler form. To achieve 
acceptable performance, the simplication rules are applied as a predicate is constructed 
and do not require complex pattern matching or backtracking. 

The following simplications are included: 

(i) discard the trivial proof obligation ' t rue\ 

(ii) evaluate the boolean operators when one of the operand is the constant "true" or 
'false', 

(iii) eliminate a conjunct from the right hand side of an implication if the conjunction 
also appears on the left hand side, 

(iv) discard quantifications over variables not free in the quantified term, providing 
the quantification is over a non-empty types, and 

(v) eliminate variables by substitution where possible. 

The following 'one-point' rules are used to eliminate quantified variables by substitution. 

z not free in f 
(Vz : r - z ^ A p =>- g) s := =>- := 

z not free in ^ 
(3a: : T - z =:j- ^ A p) = := 

We write z =:r ^ to show that the equality must be over the type T, ensuring that < 
belongs to T. This is implied hy x = t, but not necessarily by t = x. 

5.3.1 Simplification Examples 

Swapping Variables The following program refining a multiple assignment which 
swaps the contents of two variables illustrates the effect of simplification. 

SEE Bool Int 

SPEC SWAP IS 

VAR X : Int; y : Int IN 

« 1 » x.y := y,x 

END VAR 

END 

REF 1 BY 

VAR t : Int IN 

t := X ; X := y 

END VAR 

END 

y := t 
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With simplication. the following proof obligation is the only one produced. 

Refinement correctness condition in refinement labelled 1 

OBLIGATION SWAP_ccl == 

(FORALL x:Int; y;Int e y = y & & x = x ) 

With no simplication, this proof obligation becomes: 

Refinement correctness condition in refinement labelled 1 

OBLIGATION SWAP_cc9 == 

(FORALL X:Int; y:Int 0 

True => 

True => 

(EXISTS xl:Int; yl:Int @ yl = y && xl = x && (y = yl && x = xl))) 

In addition, there are 16 further proof obligations for 'type inhabitation' (3), 'absence 
of aliasing' (5) and 'type correctness' (8). Some examples are: 

Type inhabitation condition in specification SWAP: 

Type: Int 

OBLIGATION SWAP_ccl == 

True => True 

Type correctness condition for assignment in specification SWAP 

Term: x 

Type: Int 

OBLIGATION SWAP_cc8 == 

(FORALL x:Int; y:Int 0 True => True) 

Anti-Aliasing condition in refinement labelled 1 

Assignment to variable; x 

OBLIGATION SWAP_ccl4 == 

(FORALL x:Int; y:Int; t;Int 6 

(EXISTS tl:Int C True && t = x) => True) 

Largest Rec tang le unde r a H i s t o g r a m The number of proof obligations produced 
with and without simplification for the example of Section 4.1 is summarised below. 

Unit Simplication Unit 
Off On 

MinMaJC 14 0 
Nat_list.compare 21 1 
Histogram 120 3 
LargestR 313 8 
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Chapter 6 

Discussion 

In this chapter, we survey related work and discuss the advantages and limitations of 
our approach compared with existing systems. 

6.1 Verification and Refinement Systems 

6.1.1 Program Verification Systems 

Our approach has some resemblance to the 'traditional' program verihcation systems, 
based on Hoare logic. Gypsy [Amb77] and the Stanford Pascal program verifier [LS79] 
are two of the best known of these systems. A program is 'annotated' with aaser-
tions, including loop invariants, preconditions and postconditions for each procedure 
or function. A 'verification condition generator' processes the annotated program and 
generates logical proof obligation. 

A detailed axiomatisation using Hoare-logic proof rule was carried out by London o/. 
[LGH+78] for the Euclid language, an extension of Pascal with modules. The axiomati-
sation covers almost all the constructs of the language, which is large compared to the 
languages accepted by most existing refinement tools. As far as we are aware, no pro-
gram verifier was developed for Euclid, but it is part of the basis for the tool-supported 
Ada subset SPARK [CGM92, M094]. 

The characteristics of these system include: 

(i) the specification language, used for annotations, is separate from the programming 
language, 

(ii) program verification by proof of the verification conditions is separate from pro-
gram development 
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(iii) the verification conditions tend to be large because an entire procedure body must 
be verified at once. 

Despite considerable sophistication, verification systems based on Hoare logic have not 
achieved wide-spread use. One factor is the size of the verification conditions: these 
could be reduced if smaller development steps were verified. In addition, the specifi-
cation languages of these systems have program-like type systems and are not suitable 
for expressing complex specifications. 

6.1.2 The B-Tool: Abstract Machine Notat ion 

AbriaFs Abstract Machine Notation (AMN) [Abr89, Abr91a. Abr91b. Abr96] and its 
supporting B-Tool is a more advanced approach. In the B-Tool/AAIN approach, a pro-
gram is constructed from Abstract Machines. Each machine encapsulates a state, with 
an invariant and a number of operations. A machine has a specification and a number 
of refinements, each of which gives a new version of the operations. A single language is 
used for both specification and refinement, although there are some restrictions on the 
constructs which can be used at each stage. Only complete operations can be refined, 
rather than individual component statements, although the refinement steps can be 
made smaller by using a sequence of machines. 

The B-Tool/AMN supports data refinement of machines. A novel feature of the ap-
proach is the various different ways of combining Abstract Machines, which support 
different degrees of information hiding. 

B-Tool/AMN is based on the theory of generalised substitution rather than weakest 
preconditions, although the two approaches correspond closely^. Verification is carried 
out by rewriting each operation to a standard form of generalised substitution gmd 
applying a fixed refinement law to compare two standard forms. The programmer does 
not make use of refinement laws and the development is carried out non-interactively. 
Two tools supporting this approach are now available commercially^ and commercial 
applications include IBM's CICS [HDNS96] and Matra Transport's METEOR project 
[Beh96, BDM98]. Recently a set of case studies [SS99] using the B Method has been 
published. 

6.1.3 Compliance Analysis with DAZ 

Sennett [Sen92] proposes a 'compliance notation' for demonstrating the correctness of 
Ada programs, written in the SPARK subset [CGM92]. The compliance notation uses 
the Z specification language [Spi88, Spi89] and combines features of Knuth's literate 

^More recently [Abr96] a second set-theoretic semantics has been given, modelling predicates as 
sets of s tates and s ta tements as functions from sets to sets. 

^The B-toolkit developed by B-Core UK Ltd and Atelier-B developed by Steria Mediterranee. 
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programming [Knu84] and the refinement calculus. Subsequently, the DAZ (DERA's 
Ada Z) refinement tool has been developed to realise Sennett's concept. 

Overview of DAZ The compliance notation is intended to be used to support a 
claim of compliance between a program and its specification. It aims to be readable by 
a third party (i.e. not the designer, but an evaluator or a maintainer) and to be Eexible. 
so that the most critical parts of the software can be justified by the most detailed 
compliance argument. 

In the compliance notation, Ada is extended with Morgan's specification statement 
and Knuth's literate programming labels. The compliance argument consists of a se-
quence of steps, with each step specifying a program fragment and giving a compliant 
implementation. Each step can be justified independently and the specifications can 
be formal (a specification statement) or, for less critical parts of the program, informal 
(the text of a label). Paragraphs of Z text, which introduce the definitions used in 
the specification statements, are interspersed with Ada text. The Ada declarations are 
translated to Z and verification conditions, also in Z, are generated to check correct 
refinement of specification statements by Ada statements. A detailed specification of 
this translation has been prepared by O'Halloran, Sennet and Smith [OSS9o, 0SS9T]. 

A tool for processing DAZ has been developed by ICL Secure Systems^ [0AK97], build-
ing on the Z theorem prover 'ProofPower'. The tool translates Ada to Z, generates 
verification conditions and type checks the resulting Z text. ProofPower can be used 
to prove the verification conditions. The DAZ tool is also used to extract the Ada 
program from the compliance notation; well-formation of the Ada must be checked sep-
arately (e.g. by a compiler) since the translation to Z is not intended to capture all the 
well-formation rules of Ada. 

Several examples of the use of DAZ have been described by its developers [Smi96, 0S98. 
0S99]. A large scale industrial evaluation has also been carried out by Praxis Critical 
Systems [BH97], applying DAZ to approximately 5000 lines of Ada source code, forming 
part of a program for which a Z specification had already been written. The compliance 
argument ran to approximately 750 pages. 

Compar i son The DAZ system has a number of similarities with the work reported 
here: in particular the generation of verification conditions to show the correctness 
of refinement steps. An important difference is the use of the existing programming 
and specification languages Ada and Z, allowing the DAZ tool to be applied to real 
development projects. 

DAZ has a number of restrictions on the use of refinement compared to our approach; in 
particular, the left hand side of all refinement steps must be a specification statement. 

^The DAZ and ProofPower tools are now exploited by Lemma 1 Ltd, see h t tp : / /www. lemma-

one.com/. 
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To enhance the readability of the argument, verifications conditions are restricted to 
a simple form, with no^ quantifiers. This is achieved using a non-standard definition 
of weakest preconditions, resulting in some restrictions on the form and placement of 
specification statements. For example, when a specification statement is used in a 
sequence of statements and the postcondition refers to the initial values of updated 
variables, the specification statement must be the statement in the sequence. It is 
claimed that these restriction do not limit the programs that can be shown correct -
only the exact refinement steps needed to show correctness. 

An interesting difference is the treatment of loops: as in our approach, the weakest pre-
condition of a loop can be expressed without using fix-points, but in DAZ no invariant 
is required. Instead, a loop is introduced with a specification statement as its body; 
this specification statement is then refined by the implementation of the loop body. 
The task of choosing an appropriate speciAcation statement is equivalent to finding an 
invariant^. Other differences include a lack of context propagation in DAZ and partial 
rather than total correctness^. Recursion is excluded from the SPARK subset of Ada, 
so it is not supported by DAZ. 

Although the use of existing languages has many advantages, translation from one 
language to another (here Ada to Z) can be complex. In DAZ, the differences between 
the type systems in Ada and Z are overcome effectively, by mapping types that are 
distinct in Ada to common representations in Z. Some issues concerning scope are less 
easily resolved: for example, nested scopes in Ada are projected onto a flat scope in 
Z, so the same identifier used in two different scopes in Ada may cause a clash in the 
translated Z text. 

6.1.4 Interactive Refinement Systems 

A number of systems have been developed supporting the refinement calculus by inter-
active transformation using reAnement rules. Typically, the language supported extends 
Dijkstra^s guarded-command language with a form which can be used for specification: 
either Morgan's specification statement or Back's generalised assignment. Local blocks, 
types, invariants, logical constants, procedures and recursion may also be supported. 

^Except that all the variables used in a verification condition are universally quantified at the 
top-level. 

^Any statement in our language can be converted to a specification statement automatically, so it 
might appear tha t the specification s ta tement needed as the body of a loop in DAZ could be automat-
ically derived. However, not ony specification statement which is refined by the Ada implementation 
of the loop body will do. 

^Termination and the absence of run-t ime errors such as overflow can be demonstrated in DAZ by 
inserting appropriate assertions (see [Smi96, §4]), but it seems that the necessary assertions are not 
determined automatically. 
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Refinement Editors An early interactive refinement editor is described by Carring-
ton and Robinson [CR90]. The tool, which is implemented using the Cornell Synthesizer 
Generator, is only a prototype, intended to explore the 'challenge of building support 
tools for the refinement calculus'. The refinement is represented in the tool as a tree, 
with a specification at the root and the edges corresponding to refinement steps. The 
basic operations of the tool are to edit and view this tree. 

Refinement rules are provided in the form of transformation commands which can be 
applied to a selected node to extend the tree. To make a refinement, a transformation 
is selected and the new statement is calculated automatically. An interactive simplifier 
is incorporated to discharge any side conditions. Two different views of the tree are 
available. The first traverses the tree top-down depth-first to give a linear exposition 
of the refinement. The second displays only the leaf nodes and is used to extract the 
final program. 

The authors conclude that the 'editing paradigm has been a good idea'. Their con-
clusions about the development of such tools include the need to able to abbreviate 
predicates by making definitions, the need for flexible viewing and navigation facilities 
similar to hypertext systems, and the importance of an integrated prover. They also 
believe that the user should be able to add more refinement rules and that flexible 
storage and retrieval of the refinement document will be required. 

Red The RED refinement editor was developed by Vickers ef a/. [Vic90] at Oxford 
University; it is reviewed by Carrington and others [CHN+94a]. The tool supports 
the construction and editing of a refinement in Morgan's refinement calculus, by the 
application of refinement rules. The main functions supported are the display and 
navigation of the refinement tree, the application of refinement rules and the calculation 
of proof obligations arising from the side conditions of the rules. There is no theorem 
prover, although the proof obligations are simplified. The language can be extended 
by defining syntactic abbreviations and un-interpreted function symbols. Refinement 
sequences can be saved for reuse as rules. 

The tool has a multiple window display, showing the refinement step which is the 
the focus of attention, the overall refinement and the proof obligations. The users 
enters command at a prompt and at each step a representation of the refinement tree is 
displayed. Although only small refinements could be tackled with this style of interface, 
the tool shows the different forms of display needed in an interactive tool. 

R R E The RRE refinement tool [GNU92] is a more developed system, adopting a 
similar approach to RED. The user is presented with the program in one window and a 
menu of applicable refinement steps in another. A number of basic refinement rules are 
implemented in the primitive system; these can be combined using a tactic language to 
support more specialised steps. Provided the baaic refinement rules are valid, a tactic 
with the proper form cannot give rise to an invalid refinement. The authors believe 
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that "strategies for program development' can be encoded as refinement rules so that 
they can be reused. 

The refinement system includes an integrated theorem prover which is used to simplify 
the program formulae aa well as to discharge the side-conditions of refinement rules. 
The prover is based on rewrite rules, some of which are "automatic' and others "user-
triggered'. A particular use of the latter is to expand user-defined functions, which can 
be introduced as declarations. The authors state that the "rewriter needs to be closely 
integrated with the refinement tooF. 

Data refinement of a local block is supported. The data refinement rule is parameterised 
by the concrete variables and the coupling invariant: from this the data refinement of 
the statement within the block is calculated. 

Centipede The Centipede program refinement environment [BHS92] has more so-
phisticated viewing capabilities, based on Back's refinement diagrams [Bac91]. The 
refinement diagram can be expanded or collapsed to show or hide sub-derivations. This 
allows the user to focus on a part of the development. The program corresponding to 
any of the boxes in the diagram can also be viewed. 

A structured editor is used to select a component statement for further refinement, 
which can be specified either manually — the user enters the new statement using the 
editor - or by selecting a transformation rule from a menu. Side conditions are checked 
by exporting a verification condition to the HOL theorem prover. 

6.1.5 Refinement using Window Inference 

Grundy [Gru92] describes a refinement tool making use of a 'window inference' extension 
to the HOL prover. Window inferencing allows the proof of a transitive and reflexive 
relation between two terms by successive transformations of subterms. To transform a 
term, a subterm is selected and a new window opened. Each window has a /ocwg, which 
is a term being transformed, the relation being preserved and a set of assumptions. 
The rules which open a window may generate new assumptions from the in 
which the focus occurs. Any theorem of the logic can be used to simplify the focus of 
a window, using the assumptions that are part of the window. 

Window inference is considered to be better suited to program refinement than goal-
oriented proof methods because the final result of the refinement does not need to 
known in advance. Window inference allows large terms - such as a program - to be 
generated by successive transformations of subterms. Contextual information is also 
handled neatly. 

In Grundy's application of window inference to refinement, programs are represented as 
predicates, based on the approach of Hoare [Hoa84] and Hehner [Heh89, Heh90]. This 
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allows programs to manipulated as terms in the logic and the refinement relation to be 
implication. 

Grundy notes that it is not necessary to adopt the programs are predicates' approach 
in order to use windows inference for refinement. This is confirmed by von Wright 
[Wri94], who describes a program refinement system built on the HOL theorem prover 
using weakest precondition semantics and window inference. A language of commands is 
embedded in the HOL logic by declaring HOL constants which represent the commands 
aa predicate transformers, equal to the weakest preconditions of the commands in Back's 
version of the refinement calculus. This 'shallow embedding' of the refinement language 
in HOL means that statements are terms in the HOL syntax, allowing functions and 
types declared in existing HOL libraries to be used directly. A disadvantage is that the 
statement syntax is non-standard. In particular, an assignment command is represented 
by a state to state function, written using a lambda abstraction, and the state is a tuple. 

The refinement rules are proven as theorems and window inference is used, so that the 
complete refinement is itself a theorem in the HOL logic. Data refinement is possible, 
using the method of abstraction commands [BW89b] to distribute the data refinement 
through the structure of the program, so that each subcomponent can be refined sepa-
rately. 

6.1.6 The Refinement Calculator 

The Refinement Calculator [BLRvW95, BL96, BGL'''97] has been developed at Abo 
Akademi and Southampton University, based on von Wright's system described above. 

The basis of the Refinement Calculator is program transformation using refinement 
rules. A user-friendly interface [LRvW95] to the HOL window inference package is 
used, so that the user works with the standard syntax of statements, including program 
variables and assignment statements. The statement to be refined can be selected 
using the mouse and reAnement rules are selected from a menu, without the use of 
HOL commands in ML. Some knowledge of HOL is still required to discharge proof 
obligations. The refinement is still fully checked by the HOL prover. A transcript of 
the proof can be output in HTML in a hierarchical format that allows subderivations 
to be expanded or hidden. 

Apart from the user interface, two notable features of this tool are: 

(i) a transformation which automatically propagates context assertions through the 
structure of a statement, to the point where a refinement which depends upon 
the context is to be made, and 

(ii) the use of total correctness assertions to allow flexible refinement rules, in partic-
ular for loop introduction, which allow the user to choose the form of the reAned 
statement, rather that it being determined by pattern matching. 
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Published future plans [BGL"*'97] are for extensions to support procedures, modules 
and action systems. 

6.1.7 The Program Refinement Tool 

The Program Refinement Tool [CHN'̂ 'QS, CHN"''96] has been developed by Carrington 
ef a/, at the University of Queensland, following experience with the prototype tool 
described above. 

PRT is based on the Ergo theorem prover. Since Ergo does not support higher-order 
logic, predicate transformers cannot be represented in the way that they are in HOL. 
Instead, a modal logic is defined so that some terms have an implicit dependence on 
the state [CHN+94b]. This requires some concepts to be defined by axioms which are 
primitive to the HOL logic, so that an equivalent demonstration of soundness is not 
achieved. This aside, PRT provides a fully-proved refinement, similar to the Refinement 
Calculator: Ergo is used to prove refinement rules and to discharge any side-conditions. 

The method of window inference, which is used in Ergo, has been elaborated to deal with 
program context by Nickson and Hayes [NH96]. Context predicates are a distinguished 
form of hypothesis in the inference window and are automatically propagated by the 
window opening rules. 

Program window inference also handles invariants (for program variable types, using the 
method of Morgan [Mor89]) and syntactic side-conditions, such as the disjointness of 
assigned variables. Tactics are used to discharge syntactic side-conditions automatically. 

6.2 Languages with Dependent Types 

A number of languages with subtypes and dependent types have been developed, par-
ticularly as logical notations within theorem proving systems, using the ^propositions 
are types' and 'proofs are programs' analogies of constructive mathematics. Examples 
of such systems include Nuprl [CAB+86] and Coq [CH88]. 

Our language draws particularly on the Veritas'"' and PVS systems, both of which 
are interactive theorem provers for classical logics. The languages supported by these 
systems are reviewed below. A theorem prover for dependent type theory has also been 
built on top of the HOL theorem prover by Jacob and Melham [JM93]. 

6.2.1 P V S 

The language of the PVS theorem prover PVS [0RS92] is based on a classical higher-
order logic with subtypes and dependent types. The support tools for the language, 
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described in the reference manual [0SRSC98]. are integrated into the theorem prover. 
Apart from this, the pragmatics of the language are similar to the approach described 
here: for example. ASCII-only syntax is used and a type checker produces type correct-
ness conditions. 

The principal difference between the language described here and that of P\''S is that 
in the latter types depend on terms, tuf /ermg (Zo nof (fepentf Terms and 
types are separate syntactic categories: in particular, function application applies to 
terms not types. Instead, parametric polymorphism is provided at the level of theories: 
theory parameters may be either types or terms. Actual parameters are given when a 
theory is imported. Multiple instances of a theory are permitted in any context, with 
the result that constants are overloaded: the overloading is resolved using the types of 
the theory parameters. Ad-hoc overloading of identifiers is also allowed, providing that 
the constants have different types. It is also possible to specify the theory parameters 
explicitly as part of a reference to a constant from an imported theory. 

The PVS language includes a number of features not provided in the language described 
here, but which could be included if required. These include: 

Tuple Types A tuple type constructor of arbitrary length is a primitive form in PVS. 
Function and tuple types can be combined so that the type of a function from 
a pair [ [ t l , t 2 ] -> u] can also be written as [ t l , t 2 -> u] and the domain 
types may have bound variables which can be referenced in the range type. 

Records Record types and terms are provided. Two record types are equal if they 
have the same field names and types, no matter the order of declaration. 

Tables Functions may be specified by cases using the multi-way conditional COND term, 
which is nearly equivalent to nested IF-THEN-ELSE'. The TABLE term allows the 
specification of a function by cases in a tabular format. The TABLE term can be 
expanded using COND or, for datatypes, CASES. 

T y p e J u d g e m e n t s A type judgement is a theorem about types which provides addi-
tional information to the type checker. Type correctness conditions are generated 
which check that the theorem is valid. There are two forms: 

1. HAS_TYPE applies to a constant. When the constant has a function type, 
the judgement states a closure condition. For example, integer addition is 
closed on the natural numbers. For constants of other types, the HAS_TYPE 
judgement gives the constant a type other than one given by its declaration. 
Examples are: 

JUDGEMENT HAS.TYPE 4 (even?) 

JUDGEMENT HAS_TYPE + [nat, nat -> nat] 

^The COND term requires the conditions to be disjoint; this is not required in a nested conditional. 



2. SUBTYPE_OF states a relationship between two subtypes. The following judge-
ment would be used to allow a function on nzint to be applied to a posint. 
without generating a type correctness condition: 

posint : NONEMPTY_TYPE = {n:int I n > 0} CONTAINING 1 

nzint : NONEMPTY_TYPE = {n:int I n /= 0} CONTAINING 1 

JUDGEMENT posint SUBTYPE_OF nzint 

Type Conversions These are functions which are automatically inserted by the type 
checker to correct a type mismatch. A simple example arises when a function F 
of type [[Nat -> Int] -> Int] is applied to a term g of type [Int -> Int]. 
Since F expects a function which can be applied to a natural number yielding an 
integer, one would expect g to be satisfactory. However, the type of g must be 
subtype of the domain type of F. implying that the domain types of g and F must 
be egwa/. The solution is to convert g to a function on the natural numbers in the 
obvious way. In PVS. the conversion is declared in a theory as follows: 

restrict [T: TYPE, S: TYPE FROM T, R: TYPE]: THEORY 

BEGIN 

f: VAR [T -> R] 

s: VAR S 

restrict(f)(s): R = f(s) 

CONVERSION restrict 

END restrict 

The same phenomenon applies in the language described here. The restrict func-
tion - which must be applied - is declared as follows: 

restrict [3] (A:TYPE) (B:TYPE) (p:A->Bool) (f:A->B) == 

(\a:{p} 0 f a) 

Induc t ive Defini t ions Sets can be defined inductively. For example, the declaration: 

even(n:nat): INDUCTIVE bool = 

n = 0 OR (n > 1 AND even(n - 2)) 

defines even to be the smallest subset of the naturals satisfying 

(FORALL (n:nat): n = 0 OR (n > 1 AND even(n - 2)) 
IMPLIES even (n)) 

so that a number is even antf on/y it has the property used in the induction 
definition. Occurrences of the set being defined within the defining property must 
be if necessary type correctness conditions are generated to check the 
monotonicity of the property with respect to the subset ordering. 
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Semantics of P V S Owre and Sbaiiker [0S9T] have written a formal semantics for a 
subset of the PVS language. The semantics covers function and tuple types, predicate 
subtypes, dependent types, conditional expressions and parametric theories. Other lan-
guage features such as records, recursive definitions, datatypes, tables, type judgements 
and conversions are not covered. The treatment of parameteric theories is restricted, 
since parameters are assumed to be constants or type declarations (/KyFzrf/mnj; 
and assumptions are not covered. Moreover, all references to names from a parameteric 
theory must have explicit parameters, so that overloading and name resolution are not 
described. 

The semantics is functional: a partial function r assigns a type to a preterm with 
respect to a context. This function has side conditions giving the decidable checks and 
the proof obligations for type correctness with a clear distinction between the decidable 
and undecidable checks. A meaning function is also defined and both type and 
logical soundness are proved. 

6.2.2 Veritas 

The Veritas'"" [HDL90a, HDLGOb] system implements a higher order logic with depen-
dent types and subtypes. Originally developed for hardware verification, it is based 
on Martin-Lof's Intuitionistic Type Theory (ITTj and conventional higher-order logic. 
Unlike ITT, the reasoning is classical. 

The type constructors include the dependent function type (H generalising — )̂ and the 
dependent cartesian product (S generalising the cartesian product x). All functions are 
total. Subtypes are constructed from a type and a characteristic predicate { i/ : cr | <6 }. 
Types are terms, with the type of a 600/ being f/o, the smallest in a hierarchy of type 
universes [/o, [ / i , . . . . Polymorphism is achieved by the use of types as parameters, with 
the type of subsequent parameters depending on earlier ones. Just as described in 
Section 3.2.3, the type parameters can be elided in context where their values can be 
inferred from the context. In Veritas, but not in the language described here, the type 
of a bound variable may also be elided. 

Datatypes are supported as primitive type constructors, rather than using the 'shell 
principle^ although datatypes caji only be declared at the top-level and not, for ex-
ample, within a A-abstraction. Functions on datatypes are constructed using primitive 
recursion only; general recursion is not supported. 

I m p l e m e n t a t i o n The implementation of Veri tas[FNG92] draws on the LCF tra-
dition of theorem provers, and on the Curry-Howard 'Propositions as Types^ principle. 
The terms of the Veritas language are defined by 'term formation rules\ Adapting 
the LCF approach for forming theorems, the formation rules are implemented by the 
constructor functions of an abstract datatype. The inference rules of the Veritas logic 
are the formation rules of a type of 'derivations'. Derivations are not theorems, but 



record the proof of a theorem. As expected from tiie Propositions as Types' principle, 
the constructors for derivations are similar to the term constructor. However, in Veritas 
the two sets of constructors are distinct. Just as the 'sort' of a term is a type (which 
is term), the sort of a derivation is the theorem (also a term) which the derivation 
establishes. 

The formation rules for both terms and derivations are encoded in an executable meta-
language, forming an executable definition of the logic which is the bfisis of the Veritas 
tool. A particular feature of this approach [HD86] is that the meta-language is purely 
functional. This requires the signature of terms and derivations to be handled as first-
class values, rather than to be a global data-structure which is updated by side-effects 
of declarations. The signature contains declarations, definitions and axioms. It seems 
that the languages Standard ML. MIRANDA and Haskell have been used as the meta-
language in different versions of the system. 

Type Checking and Logical Inference Since subtypes can be formed, type check-
ing is not decidable in Veritas. Some term formation and inference rules taken from the 
Veritcis documentation [Ver92] illustrate how term formation and logical inference are 
connected. In the following, i/ is a symbol, r is a term, o" is a type (a term of sort f \ ). 
(;6 is a formula (a boolean term), and is a derivation. The rules for forming a subtype 
term and injecting a term into a subtype are as follows. 

z/ : cr 0 : cr {z/ : alp} C : 
Subtype ' —" ; , \ ' Injection 

{i/ : T : : (7 

The subtype injection rule is used to change the type of a term to a subtype. One of 
the components of the formation rule is a derivation ( which proves the theorem that 
the term satisfies the predicate that characterises the type. An inference rule (i.e. a 
derivation formation rule) allows the subtype relationship between types to be inferred. 
This can be used in a formation rule for application^. 

(s t - intro () : (c C cr' 

Application 

Note that this characterisation of the subtype relationship C depends on the terms T, 
in r — r ' being required to have the same type (or even the same base type) for 
the equality term to be well-formed. 

The term formation and inference rules provide a very rigorous formal definition of 
the Veritas system in a way which does not exist for PVS. However, a denotational 

®This is an elaboration of the rule given in the Veritas documentation [Ver92], where the types cri 
and 0-3 are equal. However, the formation rule 'Widen' combined with the simpler rule for application 
gives the formation rule shown here. 
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semantics comparable to that of PVS, which could be used to argue the soundness of 
the Veritas inference system, does not seem to exist. 

Using Veri tas Using the formation and inference rules described above, term con-
struction and type checking is, in principle, carried out interactively. This approach 
allows a user to prove subtype membership when required. It is stated that simpler 
cases can be automated using tactics, but the level of manual assistance required in 
practice is not clecir. It is possible that something similar to our type checker could 
be constructed for the Veritas logic using a tactic for goal-directed term formation, 
where our 'type correctness conditions' are the undischarged hypotheses of the term 
formation. However, this approach might give rise to unprovable hypotheses in some 
circumstance where our type checker gives type error messages (see Section 9.5). which 
is a more useful response. 

6.3 Comparison and Evaluation 

In the section, we evaluate our approach in comparison with existing systems. 

6.3.1 Using a Universal Refinement Law 

A principle feature of our approach is the use of a single law for proving refinements. 
Compared to program derivation by transformation using a ca/cw/us, the 
development method and intuition of our approach are closer to those used for non-
formal program development. In particular, the traditional edit-compile style of working 
is preserved, with development separated from verification. The constraints of this 
approach must be considered in the language design. We consider these issues in the 
following sections. 

6.3.1.1 Ref inement Laws and In tu i t ion 

The examples of Chapter 4 demonstrate that the characterisation theorem provides a 
practical basis for showing the correctness of a program by refinement, allowing flexibil-
ity in the size of the refinement steps. To compare the use of refinement laws with our 
approach, consider the refinement derivation shown in Figure 6.1 which uses the refine-
ment laws from Morgan's book [Mor94, Appendix C]. In this derivation, it is assumed 
that the precondition a; = a;o A ̂  = i/o can be left implicit, even though it is needed to 
discharge the side condition of the final step: 

t — to Ax = XoAy = yo=> 
a; + %/ = a;o + 2/oA3/-T = !/o-3;o 
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Z,!/ := T + 3/.i/ - T 

z. ^ : [z = zo + 2/0 A !!/ - ^0 - To] 
C Z,au' g. /n^ro(fucE /oca/ r(zna6/f 

|[ var / : Z • 

L 1,1/ : [T = To + 2/0 A 1/ = 2/0 - To] <1 
] | 

C ^au' g.J, fo//ou'mg 
/. T, 2/ : [f = To + 2/0 A 2/ = I/O - ao]: < 
X := t 

C Adtf,' Fo//ou'ZM^ agAv^nrnF;:/ 
T, 1/ : = To + 2/0 A 2/ - z = 2/0 - To]: < 

2/ := 2/ - a' 
C Z,aii' J . f . y^as/^nmez;/ 

^ T + 2/ 

Figure 6.1: Derivation of Variable Swap 

This corresponds to the proof obligation generated by our prototype tool when this 
refinement is made in a single step (see Section 5.3.1). 

Although derivation at this level of detail may not always be necessary with interactive 
reAnement tools^, the derivation shows that the overall refinement is sometimes much 
more intuitive that the sequence of laws which justify it. This applies particularly to 
the laws which manipulate assignment statements and initial values. In our approach 
refinement laws are still important, but are used for educating prograjumers and de-
veloping their intuition for correct refinement, rather than for direct transformation of 
formulae. 

6.3.1.2 Contex t P ropaga t i on 

Automatic propagation of context assertions (using the rules of Section 2.2.6) is an 
important features of our approach. To show the effect of context propagation we 

^In particular, the variable swapping could be provided as a derived rule or the total correctness 
assertions of the Refinement Calculator could be used. 

91 



« 2 » r,q := WHERE q = r + 1 && bound_sqrt s r q 

REF 2 BY 

« 3 » r,q ;= WHERE bound_sqrt s r q ; 

<<4>> r,q := WHERE q = r + 1 && bound_sqrt s r q 

END 

REF 4 BY 

WHILE bound_sqrt s r q VARY q - r 

LOOP 

q /= r + 1 ==> 

<<5>> r,q := ANY nr, nq WHERE bound_sqrt s nr nq && 

nq - nr < q - r 

END LOOP 

END 

Figure 6.2: Example of Context Propagation 

reproduce a small extract of Alorgan's [Mor94] square root case study^°: 

g, r : [r^ < a < A r + 1 — g] 
C / = < 6: < -

g, r : [/ A r + 1 = g] 
E g,r : [/]; 

g. r : / A r + ] = gr] < 
C 'invariant 7, variant g — r" 

do r + 1 ^ g -4-
g, r : [r + 1 ^ g, / , ? - r < % - ^o] 

od 

In the above, the precondition to establish the loop invariant must be made explicit. 
This is achieved with brevity by using the macro definition / and by using a specification 
statement with an invariant predicate The final rehnement step is not a 
simple match to the law for introducing an iteration: the expression r + 1 = g is matched 
against -iGG and the bound on the variant is omitted^\ so the formulae produced by 
a tool might be more complex that the textbook version. 

Our version of the refinement is shown in Figure 6.2. In our notation, the refinement 
labelled <<3>> establishes the context in which <<4>> is refined to a loop: there is 
no need to make the precondition explicit. Similarly, no explicit precondition on the 
statement in the loop is needed to use the context established by the guard. Another 
difference is that we cannot define a mocro such as / = < a < but instead use the 

^°The same example is also used in Section 4.2, but with variables of an integer sub type instead of 

N. 
As noted by Morgan. 
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boiind_sqrt, which must have explicit arguments. The verihcation condition 
for refinement <<4>> is triviaP^. As a result, <<5>> could be replaced by its refinement 
with little added complexity. 

Con tex t and T y p e Checking Context is fully integrated with type checking of 
terms. As described in Section 3.1.5. terms also give rise to context. The context 
arising from statements and terms are handled in a uniform way. so that terms are only 
required to be type correct in the context in which they are used. 

Context Assumptions Back and von-Wright [BW98. §28] gives rules for propagat-
ing context assumptions^^ through the structure of programs, similar to the rules for 
context assertions. It it possible that context assumptions could be of use within our 
approach. A possible use would be to overcome a limitation of the automatic propaga-
tion of context assertions: context is not propagated into recursion blocks (or loops). 
The difhculty is to identify the predicates which could validly be propagated. This 
could be achieved using a context assumption within the recursion block, propagated 
backwards to its start. 

Both the Refinement Calculator and PRT support context propagation. In the Refine-
ment Calculator context is represented aa assertion statements and a single command 
propagates assertions though any statement. In PRT. context is implicit and is propa-
gated automatically by window opening rules. However, this is believed to be the first 
use of automatic context propagation in a non-interactive tool. 

6.3.1.3 Complex i ty of Cor rec tness Condi t ions 

A possible concern about the use of a universal refinement law is the complexity of 
the verification conditions produced. The case studies of Chapter 4 demonstrate that 
the 'acceptable' verification conditions can be produced. This depends on having small 
refinement steps and simplifying verification conditions. Small refinement steps are 
available in our method, so that the user can trade-off simpler verification conditions 
against more complex refinements. This is an advantage compared to the Abstract 
Machine Notation, where reAnement is always between machines. 

Verif ication M e t h o d Refinement provides a means to develop verified programs, 
but, in our approach, the verification method is not Axed. At least three options are 
available: 

^"Except to show that the variant is bounded below by zero, which can be inferred from the guard 
and the loop invariant (provided that the variables are of type N). 

^^Back notes tha t context assumptions provide an equivalent capability to the Morgan's invariants 
[Mor89], discussed in Section 6.3.2.2. 
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(i) consider the refinement to be the main correctness argument and review the re-
finement text directly, 

(iij review the verification conditions. 

(iii) carry out proof, either automatically or interactively. 

It is likely that a combination of these verification methods should be used. The relative 
cost-effectiveness of the different methods is not known and should be investigated 
empirically. In contrast, in our experience with the B-Tool/AMX (using the B-Core 
version^^, the verification method was fixed, using automatic proof first, followed by 
interactiveproof if necessary. Pretty printing of verification conditions was not provided 
to allow review, presumably because of their complexity. 

Refinement Laws It is instructive to consider refinement laws for the introduction 
of a loop. Morgan's law for introducing an iteration [Mor94] (here simplified to a single 
alternative) is: 

w : [znr. /nt' A -<6] C do 6 —u ' : [mi' A 6, A (0 < y < i'o)] od 

The guard and invariant are determined from the form of the specification statement 
being refined, whilst the variant expression must be given when the refinement law 
is invoked. There is no side condition. This contrasts with the laws described by 
Butler and a/. [BGL"'"97] for the Refinement Calculator^^. The transformation 'Loop 
Introduction 1' is: 

H pre ^ mi' 
mi' A -iG po5<[i'' := i;] 

D not free in 
k {pre}; i' := u' - poaf C 

do G —{mil A C); i' := i'' - m.i'[i' := i''] A ̂ [i ' := r'] < E od 

In contrast to Morgan's law, both the guard, the invariant and the variant must be 
given when the law is invoked, with the advantage that the form of the predicate in the 
nondeterministic assignment being refined is not restricted. The cost is that there is 
now a side condition. It is clear that there is a trade-off between the flexibility of the 
law and the need for side conditions. A second loop introduction law is also given by 
the same authors, in which the statement within the loop is also supplied when the law 
is invoked, using a total correctness assertion in the side condition. This second law 
closely approximates our approach. 

How close to Morgan's law for introducing an iteration with no proof obligation can we 
come? By taking small refinement steps and choosing the form of terms appropriately, 
the proof obligation for a loop can be eliminated. For example, returning to the 

^^The capabilities of the latest version may have improved. 
Morgan's law may also be available. 
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integer square root example and adjusting^^ the loop introduction steps at refinement 
<<4>>, results in the following proof obligation for the loop introduction. 

(FORALL s:Nat; riNat; q:Nat @ 

bound_sqrt s r q & & 0 < q - r = > 

(FORALL ql:Nat; rl:Nat @ 

bound_sqrt s rl ql && 0 < ql - rl && not not (ql = rl + 1) => 

ql = rl + 1)) 

Only the simplification rule -:-'p = p would be required to eliminate this proof obligation 
altogether. 

6.3.1.4 Ba tch versus In te rac t ive Language Process ing 

I'he use of a universal refinement law makes it possible to process the refinement text 
using a batch program, similar to a compiler. This is simple, familiar to programmers 
and allows flexibility in the use of proof or alternative verification methods. The proof 
tool is separate from the statement language processing tool, and needs to support only 
the declarations and terms of the language. 

Separa t ion of Wel l - format ion The use of a batch tool allows the checking and 
reporting of well-formation errors in the refinement text to be separated from any proof 
functions. This contrasts both with refinement editors and with B-Tool/AMN. In the 
latter, the user syntax is transformed to the underlying 'unsugared' language before 
most errors are reported. 

In te rac t ive Tool S u p p o r t Although we argue that interactive program transforma-
tion and integration with a theorem prover are not essential to the use of refinement, 
we do not argue that interactive tool support is without value. It is now standard for 
conventional languages to be supported by an Interactive Development Environment 
(IDE), supporting functions such as program viewing and editing, cross referencing, 
incremental compilation, and symbolic debugging. A refinement IDE enhanced to take 
account of the refinement hierarchy and including a theorem prover would be very 
useful. 

^®Tlie changes are slightly more complex than expected. As described in Section 11,8.4, the form of 
loop proof rule used here differs f rom Morgan's. To eliminate the proof obligation condition / A \ / i Bi =*-
0 < E by simplification, the predicate Q < E asserting tha t the variant is bounded must be added 
to the invariant, in turn requiring the variant to be one larger than necessary. It would be easier to 
introduce loops without proof obligations if Morgcin's proof rule were used as the basis of our loop 
statement. 
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6.3.2 Language Features - Statements 

6.3.2.1 Dis t inguishing Fea tures 

Since our language of statements is based on a selection of the extensions to the Di-
jkstra's guarded command language introduced by Back, Morgan and others, it has 
only minor distinguishing features. The forms of statement common for the refinement 
calculus, including recursion and procedures are all supported. 

Left Values Our language allows the use of complex "left values' in assignment state-
ments such as a i , a ( i+1) := a ( i + 1 ) , a i . Complex left value allow assignment 
to a component of variable with a function type (such as, but not only, arrays), map 
type (including a collection) and datatypes. Left values may also be used in proce-
dure calls. The well-formation conditions for left values in multiple parameter lists are 
specified to avoid aliasing. 

Types and Sub types Program variables can be declared using any type constructor 
including subtypes, with the constraint that the type of a program variable must not 
depend on another variable. 

Dependent Types Pascal's conformant array parameters can be represented using 
dependent types. However, unlike in Pascal, this capability arises as a consequence of 
the more general capabilities of dependent types. Similarly, Ada's unconstrained array 
and discriminated records can be modelled using dependent types. 

Pass -by-Reference P a r a m e t e r s Reference parameters are commonly used by pro-
grammers to avoid ineScient copying of data. We have proposed a particularly simple 
condition on the use of reference parameters, which is su&cient to ensure that mono-
tonicity is preserved. 

6.3.2.2 Compar i son wi th O t h e r Re f inemen t Languages 

Guards The refinement calculus [Mor94] includes guarded command such as 6 
5" which can be used independently of loops and conditional statements. The AMN 
language includes a construct (SELECT) expressing the non-deterministic choice of 
guards. Guarded statements are miraculous when the guard (or, for SELECT, all the 
guards) are false. Such a statement could easily be added to our language, but it is not 
clear that it would be useful in a purely top-down refinement methodology. 
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Invar iants iVIorgan [Mor89] describes 'invariants' in the refinement calculus. An in-
variant, a predicate on the program state which is true for all statement within a 
specified scope, can express a type constraint. However, since arbitrary relationships 
between variables can be used as invariants, the approach is more general than the type 
checking provided here, although the main application appears to be to check subtype 
properties. An advantage claimed for invariants is that they are assumed rather than 
asserted and are therefore automatically maintained, if necessary by miracles. This 
avoids the need to check that types are correct until the Anal stage of the development, 
when potentially miraculous statement must be removed. In contrast, our approach 
requires type checking at each stage of the development. Invariants of this form are 
support by the Program Refinement Tool described above. 

It is likely that invariants of this form could be used within our framework, but it 
would not be benehcial to do so in conjunction with our type system, which provides 
direct support for subtypes. In contrast, Morgan uses a type system similar to that of 
Z [Spi89]. in which subtype constraints can be expressed but are checked during proof 
rather than by the type checking. 

6.3.2.3 Loop and Recurs ion 

The use of the characterisation law to justify refinements has some consequences on 
the language design presented in this thesis. To use the characterisation theorem, 
each statement must have a weakest precondition and a strongest postcondition. This 
is straightforward, except for loops and recursion. The standard approach ([Mor94, 
Chapter 23], [BW98, Chapter 20]) is to define the loop and recursion in terms of the 
least-rehned fixed points of a function from statements to statements. Since it is not 
convenient to reason directly using fixed points, the definitions are used to justify re-
finement laws. 

When refinement laws are used, the invariant and other components of the loop are 
either inferred from the form of the statement being refined or proposed by the user. 
Here, we take a similar approach to the B-Tool/AMN described above, insisting that 
a loop statement is accompanied by an invariant predicate and a variant expression. 
Since the variant is of an integer type, it may not be possible to show the termination 
of a loop if the body of the loop is not a continuous statement, as noted by Boom 
[Boo82]. Statements which are not continuous exist in our language, but this problem 
seems unlikely to arise in practice^^. Despite the apparent differences, the practical 
application of our approach is likely to be very similar to that of the refinement calculus. 

The treatment of recursive statements in our language is even more similar to that of 
the refinement calculus. In the refinement calculus [Mor94, Chapter 13], the variant 
expression n and a logical constant standing for the initial value of the variant are 

^^PVS allows ordinals to be used show terminat ion of recursively defined functions; this approach 

could be applied here. 
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made explicit in the syntax of a recursion block: 

re .Y variant A is 7? • S 

In this context, a recursive call can be introduced as a refinement of a statement match-
ing the specification of the recursive label: 

{ A > n > 0 C X 

The only difference between this and our approach is that. here, the logical constant and 
the assertion needed to show that the variant has decreased are introduced automati-
cally. The recursion block is exceptional among the statements of our language, since it 
can only be used in conjunction with a refinement. However, the loop statement could 
be presented as a special case of recursion. We sketch the idea, for simplicity ignoring 
the loop variant. The statement: 

WHILE inv LOOP b ==> S END LOOP 

could be defined to be equivalent to the 

REC loop IS 

PRE inv IN « 1 » z := WHERE inv && !b END PRE 

REF «!>> BY IF b THEN S; loop ELSE SKIP END IF END 

This shows that the loop with invariant (and variant) can be considered to encapsulate a 
refinement, just as the recursion does. At the syntactic level, some way to determine the 
statement being refined by the loop is required. We have used the invariant and variant 
which, together with the loop guards, provide the components of a non-deterministic 
assignment statement which is taken as the loop specification; in principle, any form of 
statement could be used. 

6.3.2.4 Convent ional Impe ra t i ve Language Fea tures 

Compared to conventional imperative languages, some common language features are 
still missing from our language. 

Cont ro l S t a t e m e n t s A greater variety of control statements, beyond the loop and 
conditional, is common in imperative programming languages. Examples are case 
statements, for-loops and loops with exits. Our approach could be extended with 
these statements^^. 

18 The forms of loop with exits might have to be restricted. 
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Exceptions The use of exceptions in the refinement calculus is described b\' King and 
]\Iorgan [KM9o]. This suggests that exceptions could be supi)orted in the refine-
ment approach described here. However, it is noted that to give the semantics of 
statements with exceptions. King and [Morgan elaborate the weakest-precondition 
predicate transformer, making it likely that a substantial revision to the specifi-
cation of our language would be required. 

Functions Conventional programming languages include program functions, which are 
similar to procedures but can be used as as terms. Functions that do not update 
the global state are supported in the SPARK Ada subset and the approach used 
there could be applied to extend our language. 

P r o c e d u r e P a r a m e t e r s Pascal and related languages^® allow procedures to be pa-
rameterised with procedures. Support for procedure parameters in our language 
appears achievable. The language specification eissociates a procedure name with 
the specifying statement, rather as a variable name is associated with its type. 
Thus a statement could be the type of a formal parameter of procedure type and 
the refinement relation could be used for type containment. 

Modules Abrial's B-Tool/AMN demonstrates that a verifiable language can include 
comprehensive 'modular' constructs. 

Ob jec t -Or i en t ed Fea tures The mechanisms of class extension by inheritance are not 
monotonic with respect to refinement, since an extended class cannot necessarily 
be implemented using the implementation of its base class. For this reason, the 
addition of object-oriented features to the refinement calculus is still an open prob-
lem. However, it is notable that some of the B-Tool/AMN machine combinators 
are not monotonic, but are still useful for constructing specifications. 

6.3.2.5 P r o g r a m Trans fo rma t ion and Angelic Non-De te rmin i sm 

Two limitations of the approach described here follow from the use of a single built-
in rule for refinement, based on the characterisation theorem. Firstly, our approach 
is more suitable for top-down refinement than for more general program transforma-
tion. Secondly, the use in our language of statements with angelic non-determinism is 
precluded^". 

P r o g r a m Trans fo rma t ion Some techniques of program transformation, which may 
be based on refinement, extend the top-down approach, in the sense that transforma-
tions are applied to possibly large program fragments generated by earlier transforma-
tions. Although our approach allows 'nested refinement' (i.e. reAnement of a part of a 

^®It is notable that Ada83 is an exception, although procedures can parameterise 'generic' packages. 
^°More precisely, such statements could be introduced but there would be no way to eliminate them. 
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program introduced by an earlier reAnement). it is likely to result in large verification 
conditions. It is possible that our approach could be extended to provide better support 
for transformational techniques. 

Ward [War92] describes a recursion removal transformation. Using transformation, the 
derivation of iterative algorithms proceeds from a recursively defined specification, to a 
recursively defined procedure and then, by recursion removal, to an iterative algorithm. 
This approach is demonstrated on the Schnorr-Waite graph marking algorithm, with 
a data refinement applied before the recursive removal step [War96]. Gravell [Gra91] 
describes a technique for refining abstract program which are then specialised by in-
troducing appropriate assumptions. He notes that this technique applied in a purely 
top-down manner does not lead to efficient programs and that transformations are 
required following specialisation. Butler [But97] describes transformations from trees 
enriched with paths to trees implemented by pointer structures. 

Angelic N o n - d e t e r m i n i s m Back and von Wright [BW89a] introduce an angelic 
assignment statement := t/ - p. This statement is the dual of the non-deterministic 
assignment used here, in the sense that it is strict (i.e. non-terminating) rather than 
miraculous and the non-determinism is angelic rather than demonic. Back [Bac89] 
presents a method for data refinement using statements with angelic non-determinism. 
Operationally, angelic non-determinism can be considered to represent back-tracking. 
Statements with angelic non-determinism can also be used to structure a program 
refinement [Hes94]. 

6.3.3 Subtypes and Dependent Types 

A novel feature of our refinement language is its type system. In the introduction, we 
explained how the choice of subtypes and dependent types was motivated by the poten-
tial for efficient theorem proving in the presence of 'partial' functions. In this section, 
we review the use of the type system, especially for representing programming languages 
and consider the practical acceptability of type correctness proof obligations. The prop-
erties of our type checker are reviewed and some criticisms of predicate subtypes are 
examined. 

6.3.3.1 P r o g r a m m i n g Language Fea tu res 

Subtypes and dependent types allow programming language features that are normally 
represented by partial functions to be represented as total functions. Finite range 
numbers appear in the example of Section 4.2; arrays, pointer and strings can also be 
modelled (see Sections B.4, B.6 and B.8). 
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T y p e Checking in Con tex t in P r o g r a m m i n g Language The use of context in 
type checking (see Sections 3.1.5 and 9.4.5) can be realised in a programming language 
by lazy evaluation of the propositional connectives. For example, since q is type checked 
assuming p in the conjunction p && q. q should only be evaluated when p evaluates to 
true. Logical operators in the C programming language have this behaviour: Ada also 
provides lazy (or left-right) logical operators. 

A-abstractions in P r o g r a m m i n g Languages The use of a language based on the 
typed A-calculus provides a way to represent expressions which require special treatment 
in standard programming languages. For example, since an array is a function, a A-
abstraction provides a convenient representation for an array value: 

(\z: upto 10 @ IF z = 0 THEN 0 ELSE 

IF z :: 1 to 4 THEN 1 ELSE 2 END END) 

'Aggregate' expressions in Ada are similar to this, except that the bound variable is 
implicit. 

Array Range Errors The use of subtypes matches the constraints of a programming 
language. Consider the example of an array access. In a programming language any 
occurrences of A i where the index i is out of range can cause non-termination even 
if the effect of the statement does not depend on the \%lue of the array at the illegal 
index. It is therefore appropriate to show the absence of any such accesses by type 
checking. 

Def inedness in t he Ref inement Calculus In Morgan's refinement calculus [Mor94, 
§6.7], undefined expressions do not cause statements to abort. For example, the refine-
ment: 

,T : [x = 1/0] C X := 1/0 

is valid: 1/0 is a number, even if we do not know which one. This provides a convenient 
development method and uniform semantics (in particular, the statement on the left 
hand side of the refinement terminates, so the one on the right must too). 

Since division operators in programming languages do not have the required property, 
the statement r := A / F is not code. Instead, partial expression are code only when 
accompanied by a suitable assertion, here: 

{ : = : 4 / B 

In our approach, these same assertions would be sufficient to discharge the proof obli-
gations for type correctness. One advantage claimed by Morgan is that assertions are 
only required for code rather than for every occurrence of a partial expression. As the 
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example of Section 4.2 shows that partial expressions can be introduced as the final 
refinement step, so that the number of checks required is similar. It is not known if 
Morgan's approach has been implemented: the description given above would need to 
be elaborated to allow for all the contexts in which partial functions can be used. 

Arrays in H O L In an example derivation using the Refinement Calculator [BGL+97. 
'Sorting an Array'], Butler a/, use a HOL array type (a)array which is polymorphic 
on the type Q. with the following functions: 

: (o)arra^ -4̂  ni/m 
: (o)orray —̂  num —> (a)arra^ 

In HOL all functions are total, so o z is a num whether or not z < (azze a). As a 
result, it may be possible to prove that a program which accesses an array out of range 
is correct. Taking Morgan's view, it could be said that a ? is only code in the 
context of z < (azze a). In the derivation, /ootup a z is only used in this context, but 
the HOL type system alone does not ensure this. 

6.3.3.2 Type Cor rec tness Condi t ions and t h e Use of Sub types 

The examples of Chapter 4 show that subtypes can be used without type correctness 
conditions arising in unacceptable quantity or of unacceptable complexity. Reducing 
the number of type correctness conditions requires care by the user. Some guidelines 
are: 

(i) the arguments of a function should belong to a subtype only when the type cor-
rectness of the function's definition requires this and not just because the intended 
use of the function suggests the use of a subtype, 

(ii) subtypes are not needed for the argument of a predicate, since the necessary type 
context can be created with the body of the predicate, 

(iii) type annotations should be used to simplify inferred types, and 

(iv) types should be declared to belong to TYPEl whenever appropriate, since the 
inhabitation property is built into the type checker. 

The effectiveness of the our approach depends on the type injection rules (see Sec-
tion 9.4.6, the simplifier and their interaction. Consider the following declarations: 

p:A -> Bool ; q:A -> Bool ; 

S == {p> ; 

T == {q} ; 

R == {r:S I q r} 
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A term of type R will be accepted wherever either S or T is required, but the mechanism 
differs. In the first case. S is the base type of R: this is relationship is captured in the 
type injection rules. In the second case, both T and R are characterised by the predicate 
q, resulting in a type correctness condition of the form q x => q z which is removed 
by the simplifier. To benefit from this simplification, T and R must be characterised by 
the predicates which are identical and not just semantically equivalent. 

6.3.3.3 ' T h e Troub le w i th P r e d i c a t e S u b t y p e s ' 

In their evaluation [LP98] of types in speciAcation languages. Lamport and Paulson 
point out three potential disadvantages of predicate subtypes. 

1. A well-typed expression may contain sub-expressions which are not well-typed 
out of context, restricting how one can decompose definition. As an example they 
give the definition 

where z, j are variables (defined elsewhere, not bound variables of the definition) 
of type N, is an array of type N — N and has type Z x Z —> Z. While this 
definition is well-typed, in the pair of definitions 

0 - - ;']) f = ( * - ; > 0) ^ 

the first definition Q is not well-typed. In our notation, we could write 

Q (i:Nat) (j:{(>=) i}) == A (i - j) = A (i - j) 

which, at the expense of a type declaration, precisely specifies the type checking 
required to permit this decomposition. 

2. The context for the type-correctness of an expression in a programming statement 
must be established. The following example is given: 

in i t ia l ly n — 0; s = [ ] 
do t r u e —> n := n + 1; 5 := s ® [42] 

• 
n > 0 — n : = n — 1 ; 5 : = 

Lamport and Paulson note that the function To*/ must be applied to a non-
empty list; in the example this follows from the loop invariant n = and 
they conclude that, in general ' the type declaration of the program variables will 
have to encode an invariant of the program'. The opposite approach is taken 
here: the loop invariant, which is part of the loop syntax, contributes to the type 
context (see Section 11.10) for type checking terms in programs. As a result, this 
example presents no difficulty. 
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3. The logical inference rules for languages with predicate subtypes are complex. 

The first two of these points are resolved in the approach described here, although type 
annotations may be required. We consider the acceptability of these type annotations 
to be a pragmatic issue which must be resolved by users. 

The rules for type checking in context do complicate the logical inference rules in a 
language of predicate subtypes. This needs to be set against the simplicity achieved by 
ensuring that all functions are total. The development of logical inference rules taking 
account of subtypes is not addressed in this thesis. 

6.3.3.4 C o m p l e t e n e s s of t h e T y p e Checker 

We note here a small limitation of our type checker. In some circumstances, unprovable 
type correctness conditions are produced for terms which might be considered to be 
well-typed. Consider the following example: 

IF_T (b:Bool) (A:TYPE) (B:TYPE) == IF b THEN A ELSE B END ; 

c ; Bool ; 

AXIOM C == c ; 

type_ok == 0 : IF_T c Nat Bool ; 

n : IF_T c Nat Bool ; 

not_type_ok == n : IF_T c Int Bool 

The constant type_ok requires 0 to type check as IF_T c Nat Bool, which causes 
no difficulty. However, the constant not_type_ok effectively requires the type checker 
to infer that IF_T c Nat Bool is a subtype of IF_T c Int Bool. This results in an 
unprovable type condition: 

OBLIGATION not_type_ok_ccl == 

(c => IF_T c Nat Bool = Int) && (not c => IF_T c Nat Bool = Bool) 

This problem arises because, as noted on page 127, the type injection rules use equality 
where a subtype relation is required. If this were expressible in our language, the type 
correctness condition would become: 

(c => IF_T c Nat Bool SUB_TYPE Int) && 

(not c => IF_T c Nat Bool SUB.TYPE Bool) 

An alternative approach would be to extend our language to include type assignment 
and subtype as terms. In this case, t HAS_TYPE T would be a boolean term, true if t is 
an element of the type T. The inference rules for this extended logic would include both 
the rules for type assignment and the existing logical inference rules. This would allow 
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the type checker to return a type correctness condition using SUB_TYPE or HAS_TYPE 
when none of the existing rules allowed it to proceed. We do not consider that the 
practical elfect of this change would be very great. 

This problem may not arise in PVS. The syntactic distinction between terms and types 
prevents the construction of an equivalent of IF_T. The price is the use of parametric 
theories and overloading. Adding HAS_TYPE and/or SUB_TYPE to our language would 
allow PVS s type judgements to be stated cis axioms, distinguished only by the t\'pe 
checker's special use of them. Type judgements in PVS appear to be special extensions 
which do not form part of the logical language itself. 

Since Veritas integrates type checking and logical inference, it is not expected that 
this problem would arise in Veritas. However, interactive type checking is likely to be 
required in cases equivalent to the one shown above. Indeed, as noted in Section 6.2.2. 
Veritas include a term cr C cr' expressing the subtype property, equi\%lent to 

(V;./ : a • : a • V = V 

Type membership can be characterised in a similar way: the theorem required to show 
that 7- has type cr (possibly different from the inferred type) is 

- T — :/) 

If Veritas' rule for the formation of equality is used, type correctness conditions of 
these forms could be generated by the type checker. The price to pay would be weaker 
well-formation checking, since 3 = /a /se would become a well-formed term. 

105 



Part II 

Language Specification 
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Chapter 7 

Overview of the Language 
Specification 

7.1 Objectives of the Language Specification 

The language specification covers the abstract syntax, well-formation rules and the 
'proof semantics , showing how the proof obligations for type correctness and refinement 
are generated. The objectives of the specihcation are to: 

(i) provide a rigorous definition of the language, 

(ii) specify the essential functions of the prototype tool. 

During the development of the language, ideaa have been examined and rehned using 
a combination of small examples, formal specification and tool development. All have 
been found to be useful. 

The specification does not exhibit a model of language, which could be used to prove 
soundness properties. For the term language, a set-theoretic model could be used; for 
the statements a structured operational semantics or denotational semantics would also 
be appropriate. 

7.2 Language Components 

The abstract syntax of the language contains the following principal categories: 
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% identifers 
T' terms, including types and predicates 
%) declarations, including data types. 

statements, including refinement trees. 
ZY units, including theories and refinement texts. 

7.3 Structure of the Specification 

The structure of the specification is strongly influenced by the treatment of variables 
and substitution. Variables may stand either for terms or for statements. In particular, 
quantifiers and A-abstractions introduce variables standing for terms, while procedure 
declarations introduce statement variables. 

Substitution of variables is widely used in the specification of the language, for example 
to explain the meaning of assignment statements. Care must be taken to avoid variable 
capture: the common solution - renaming variable during substitution - turns out to be 
complex (an earlier version of this work [Mar95] used three variants of substitution), in 
particular because the statement defining a procedure can contain both term variables 
and statement variables. 

7.3.1 D e p t h Indices 

To avoid these complexities, we use De-Bruijn or 'depth' indices [Bru72] instead of iden-
tifiers to represent variables. As well eis avoiding variable capture, the use of indices 
makes o-conversion unnecessary. A depth index is a natural number, written 0, i , 2 
. . . or *. Using depth indices to represent the term (Az : : N. i + ;/)), the variable 
in the subterm z + y is represented by 0 since is introduced by the innermost abstrac-
tion and the variable a; by 1 since a; is introduced by the next abstraction outwards. 
The complete representation of the term is then (AN.(AN.i + 0)). 

7.3.2 Translating from Identifiers to Indices 

There are two variants of each syntactic category. In the first variant, which models the 
concrete syntax, variables are represented by identifiers (from the set I ) . To distinguish 
this variant, a subscript x is used: In the second variant 7i, D, . . . variables are 
represented by depth indices. Variables can occur free in both terms and statements. 
Variables are only introduced as bound variables, in syntactic forms such as the A-
abstraction or the procedure declaration. As a result, the terms used in declarations 
and the statements used in a refinement text are closed, containing bound variables but 
no free variables. 

The language specification has two steps: 
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(i) a translation or from a syntax with identifiers to a syntax based on 
indices. 

(ii) specification of well-formation, type checking and refinement checking on terms 
of the abstract S)'ntax using indices. 

The representation of constants also differs between the two variants of the abstract 
syntax. In the syntax with identifiers, directly visible constants are represented by a 
single identifier while indirectly visible constants have a theory identifier prefix. In the 
abstract syntax with indices, all constants are represented by two identifiers. 

In the syntax with identifiers, directly visible constants have the same syntax as vari-
ables. The encoding step checks the visibility of identihers and distinguishes variables 
from constants; in the syntax with indices variables and constants have distinct forms. 
Moreover, the distinction between direct and indirect visibility exists only in the syntax 
with identifiers. 

7.4 Notat ion 

The notation used for the formal parts of the specification is baaed on simply typed set 
theory. The notation is similar to Z [Spi89] but with simplifications and less formality; 
schemas are not used. A boolean type is used. 

The same notation is used for the object language and the meta-language. We rely on 
the context to make the necessary distinction. 
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Chapter 8 

Environments, Declarations and 
Theories 

In this chapter, declarations and theories are described. Each declaration is checked in 
the context of the preceeding declarations. This context is described by 'environments' 
which are introduced first. Only the simpler declarations are described in this chapter; 
description of the datatype declaration is postponed to Chapter 10. 

8.1 Environments 

Two environment structures are required; 

T h e visibility env i ronmen t provides the context for the translation from the ab-
stract syntax with identifiers to the variant with indices. The environment allows: 

1. identifiers representing variables to be converted to depth indices, and 

2. the visibility of constants to be checked, determining the theory in which a 
directly visible constant is declared. 

The t y p e env i ronment provides the context for checking the well-formation and the 
correctness of a refinement text. The environment allows: 

1. the type of a variable to be determined 

2. the type of a constant to be determined and, when applicable, its definition 
as well. 

Both of these environments are outlined below. Full details are built up in succeeding 
chapters. 
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8.1,1 The Visibility Environment 

The directly visible constant identifiers (from %) are mapped to the identifier of the 
theory in which they are declared by the function E VlaD/r = = % %. The set of 
directly visible constant identifiers is d o m S. 

The function t G Mg/ncf = = % -4̂  maps a theory identifier to the set of constants 
which are indirectly visible within the theory. The set of visible theories is therefore 
d o m i, while the constants which are indirectly visible are U{ ^ E dom i • {x : i / • i.x) }. 

The function 6 Fzs Var = = % N maps a variable identifier to a depth index. The set 

of visible variables is d o m z/. The complete environment combines these components. 

p G FzsE'nu = = Vls/nff x yisDir x FigVar 

The following properties are maintained for (/) G yzsEnr. 

1. The sets of directly visible constants and visible variables are disjoint: 

d o m S n d o m u = 0 

The same identifier may be used to name a theory as well as a constant or a 
variable. This is permitted since a theory identifier can only be used as the prefix 
of a constant name. 

2. No theory is both directly and indirectly visible: 

Vc : dom ^ • S c ^ d o m ly 

This rule ensures that there is a unique way to refer to a constant. 

Add ing a Variable to t h e Env i ronmen t We define an operation _ + - to add a 

new variable identifer to the visibility environment p : VisEnv: 

( t , J, f /) + z = ( t , { z } ((Am : N - n + 1) 0 f /) @ {a; t-4 0 } ) 

The new variable i has index zero; the indices of other variables are increased by one. 
The new variable masks other uses of the same identifier. 

8.1.2 The Type Environment 

The type of a variable is a term, the 'type' of a statement variable is a statement^. 
Constants may have a definition as well aa a type. 

yTi/pe = = yor 7^ I f roc 

— Dec/ 77 | D e / n 77 

^In Chapter 11 it is described tha t each s tatement variable stands for a s tatement . 
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The function K G ConTyp = = % x % — m a p s constant identifiers - always prefixed 
with the theory name - to constant types. The sequence E IbrTyp = = seqV Typf 
contains the types of the variables: the type of the most recently declared variable 0 is 
at the head of the sequence. The type environment /) 6 = = ConTyjo x 1 
combines the variable and constant types. 

Add ing Variables t o t h e E n v i r o n m e n t We define an operation _ to add a new 
variable to the type environment /) : TypE'ni;: 

(«:,:/) + a = ( K , ( f r o c 5 ) ^ z / ) 

The second case applies to statement variables A", the first case to "ordinary' variables 
z. We rely on the context to resolve the overloading of the _ + _ operation. 

E n v i r o n m e n t Lookup The _!! _ function returns the type of a variable or constant. 
The function is overloaded^ for the two sorts of variables. 

(k, u) V. i = where u Hi = Var t 
(k,i/)!!/ = where u V. I = Proc s 
{k.v)\\1.c = t where K Lc = Deel t 
{k, ly) !! Lc = t whe re k l.c = Defn t't 

Note that the type of a variable may itself contain variables. The function is used 
to adjust the depth indices so that the context is correct - see page 121. 

8.2 Simple Declarations 

Cons t an t s A declaration can introduce a constant in two ways: either by giving a 
name to a defining term (z = = v4), or by giving a name to a term with a type but 
without a definition (a; : /l). The second form of declaration assumes that a term 
with the specified type exists; if this is not the case the declaration introduces an 
inconsistency. 

Ax ioms and T h e o r e m s A declaration can introduce a formula which is either as-
sumed to be true (an axiom) or can, it is conjectured, be proved to be true (a theorem). 

"Note tha t the notat ion is fur ther overloaded: the i"* elment of a list I is I U i. 
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= = = /.a; = = |[f]] g provided T ^ dom 

[z : ]̂|[ _; = /.T : g provided T ^ domt^ 

[[formula z = = g = formula p], ,5 0 

[[(f]: (/zjlL = ; E(̂ 2]|!,6' where (/i 

Z (z = ' @ (2;, /) 
declJd^ s I iormu\3iX == t = 5 

Figure 8.1: Encoding of Declarations 

8.2.1 Abstract Syntax 

The abstract syntax of declarations with identifiers is: 

'Dx — % = = 7% I % : 7%. I formula z = = 71- | %: % 

The abstract syntax with indices has exactly the same form, except that the axiom and 
theorem identiAers are discarded^. The theory identifier is made explicit. 

D, = (%,%) = = 77 I (%,%): 77 I formula 77 | D,; D, 

8.2.2 Visibility in Declarations 

The rules for the visibility of identifiers in declarations are: 

(i) the identifiers introduced in a declaration must not already be directly visible, 
preventing redeclaration of constants, and 

(ii) the identifier introduced in a declaration is directly visible in succeeding declara-
tions. 

Redeclaration of constants is prevented to avoid the meaning of terms varying with 
context. The encoding of declarations is described by the functions: 

|[_]|] : y z s / n c f X F z a D z r -14 % -4^ % -4^ D , 

declJd : Visind X VisDir -4- % —> % —^ VisDir 

^Axioms and theorems cannot be refered to in other declarations; their identifiers can therefore be 
taken f rom a separate namespace. We omit the specification of the uniqueness of each theorem name, 
since this is not required for type checking, 
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/ . i : ( = (ŷ ê.oA^ g f A kind_or_type(/y;)p_m/^ 0 
decLok^ f o r m u l a ^ = type^ok^^^ t A is_boolfun_type(f?/pe_ni/^ 01 ) 
decl-ok^{di\d2) = decLok^di A <fec/_oA'«/c/2 w h e r e k' = declJype^di 

= KG((Z .z ) ,DecN) 

declJype ^{ormulai = k 

(fec/_f2/pe^((fi;(/2) = (fecZ-fype ,̂ (̂ 2 where /f' = (fec/_Zype^(/i 

Figure 8.2: Well-Formation of Declarations 

where ^ is the encoding of the declaration (/, in the theory / and in the environment 
t, The function (fec/_?W describes how declarations add identiAers to the environment. 
The encoding of a term ^ is [[̂ ]| - see Section 9.3. The speciAcation of these functions 
is shown in Figure 8.1. 

8.2.3 Well-formation of Declarations 

The well-formation rules for a declaration E %), are: 

(i) the defining term ^ of a definition z = = ^ must be well-typed, 

(ii) the type of the term ( used in a declaration z : ^ must be * or O; this is the same 
rule as is applied to bound variable declarations in A-abstractions, and 

(iii) a term used in an axiom or theorem must be a boolean, or a function to a boolean. 

The final rule allows an axiom or theorem declaration to have arguments, forming an 
'axiom scheme'. In effect, there is universal quantification over each argument. The 
well-formation of declarations is described by the function decLok and dedJype, which 
describes how each declaration is added to the environment: 

: ConTyp -+f -4̂  B 

The specifications are in Figure 8.2. The functions and check the 
well-format ion of a term and return its type respectively: see Section 9.4. The functions 
kind_or_type and is_boolfun_type are declared in Section 9.4.7. 
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8.3 Theories 

Declarations are grouped into theories which can be given names. In this section, a 
very simple treatment of theories is given, in which: 

(i) all declarations in a theory are exported. 

(ii) a theory may import other theories either (/zrecf/y (indicated by the key word SEE) 
or 

If a theory is imported directly, then all the constants from the imported theory are 
directly visible; otherwise all the constants must be prefixed with the theory identifier. 
This is a simple approach, providing some control over the name space for constants. 
A more elaborate approach, similar to that used in the language Haskell [PE97]. would 
allow a subset of the declarations in a theory to be exported. The most important 
aspect of our treatment is that the distinction between direct and indirect visibility 
affects only the translation between the two versions of the abstract syntax. As a 
result, elaboration of the rules for import/export would not change the rules for type 
checking. 

8.3.1 Abstract Syntax 

Theories belong to the category ZY of units. The elements of a theory are its name, 
the names of directly imported theories and a declaration. A second form of unit is 
introduced in Chapter 12. In the syntax with indices, the theory identifier and the list 
of directly imported theories are not required. 

Ux = theory I s e q l \ • • • % = theo ry D, | . . . 

Texts A sequence of units form a text: = = seqZ/. 

8.3.2 Visibility in Theories 

The rules for the visibility of identifiers in theories are: 

(i) the identifier used to name the theory must be different from existing theories, 

(ii) the list of theory names to be directly imported must be disjoint and all must be 
visible, and 

(iii) the identifiers of constants declared in the directly imported theories must all be 
different. 
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[[theory//a (/]|̂  = theoryM,,^ 

provided / ^ d o m ; A Is ^ iseqA 
(/ E /a ( Z) A (V/: /a / G domf) 

where ^ = U { ^ G Is • ( A T : / / • / ) } 

i' = Is ^ L 

KOI = 0 
[(u) ^ where // = wn/Y-W, u 

theory / za (/ = ( U {(/. dom(f' (> {/}))} where = (/fc/_;(/,,0 (/ 

Figure 8.3: Unit and Text Encoding 

unit .ok ^theory d = decLok\d 

un*f5_oA'0() = t 

where k' = unit Jype^ u 

theory (/ = (fec/_fi/pê (f 

Figure 8.4: Well-fromation of Units and Texts 

The encoding of a unit is where t : Fzg/nff is the environment. Similarly, 
the encoding of a text ua is |[%/̂ ]|̂ . The function : Fw/nf/ — 
describes how a unit add identifiers to the environment. These functions are specified 
in Figure 8.3. 

8.3.3 Well-formation of Units 

A theory unit u is well-formed if the declaration it contains is well-formed in 
environment K : ConTyp. The well-formation of a text follows in the obvious way; the 
specifications are shown in Figure 8.4. Note that the empty text is well-formed in the 
empty environment. 
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Chapter 9 

Terms 

The language of terms is based on the language AC described in Chapter 2. We start 
by introducing and motivating some extensions to AC. Sections 9.2 and 9.3 cover the 
abstract syntax of the term language and the rules governing the visibility of identihers. 
Section 9.4 describes an algorithm for type checking terms. The final section enhances 
the algorithm to report type errors. 

9.1 Using the A-Cube 

The AC language is extended with logical operators, quantisers, new terms for condi-
tional, equality, subtype and choice^. Three methods of extending AC are available: 

(i) conservative extension, where new terms are defined from existing terms, 

(ii) declaration, where new terms are declared but not defined; axioms are needed to 
specify their properties, and 

(iii) extending the syntax of AC with new forms, with type assignment rules following 
the pattern of Figure 2.1 on page 11. 

A combination of these methods is used below and some alternatives are evaluated. 

9.1.1 Extensions to AC 

Figure 9.1 shows the type assignment rules for the following new terms. 

Condi t iona l A conditional term is introduced. 

^Some fur ther terms associated with data types and recursion are added in Chapters 10. 
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(Conditional) 

(Forall) 

(Exists) 

(Equality) 

(Conversion rule^ 

(Subtype) 

(Injection) 

(Choice) 

r h p r H o : .4 r k o' : .4 
r h condp a a' : A 

r h p : (n^ : ^4.B) 
r k VjD : B 

r k p : (HJ- : .4.E) 
r I- : B 

r H g : /I r H g' : A 
r k a = o' : B 

r h . 4 : B r t - g ' : { a . * } 
r I- A : g ' 

r H p4 : (IIt : A.B) F h .4 : s 

r I- { PA } : a 

r h a : A 

provided B = B' 

provided .s G {O. *} 

provided pa a 
r H a : { PA } 

r i - p : ( n o : A . B ) r t - A : { a , * } 
r H cp : yl 

Figure 9.1: Type Assignment for AC Extensions 

provided (3a : .4.t] 

Forall and Exis ts Universal and existential quantifier terms V and 3 are introduced. 
We use conventional syntax for the quantifiers, writing (Vz : A.p) instead of 
V(Aa; : A.p). 

Equal i ty We introduce an equality operator term _ = In addition, the conversion 
rule of Figure 2.1 is changed to allow a type to be replaced by an equal type, rather 
than only by one that is /9-convertible. Unlike the requirement of/^-convertibility, 
the equality proviso B = B' is not decidable. 

Subtypes The subtype term { PA } has two type assignment rules: the second rules 
show how an element of a subtype is formed. The proviso p̂ ^ a states that the 
term o must satisfy the predicate p^ which characterises the subtype. We write 
{ ^ : r I p } as an alternative to { (A^ : 7" p) }. 

In Section 3.4.1. the sort of inhabited types is declared: 

t y p e l = { T : * \ {3T • t) } 

It is notable that a subtype dehned from an inhabited type is not necessarily 
inhabited. Thus {t : T | f } has type *, even if T : t y p e l . 

Choice We introduce a choice term e, which selects a value from a type satisfying a 
predicate (or an arbitrary term from the type if the predicate cannot be satisfied). 
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In the syntax e is treated as a quantifier so that (ea- : .4.p) may be written instead 
of c(Az : A.p). 

Choosing an arbitrary term from a type could cause inconsistency since not all 
types are inhabited. .4s noted on Page 12, there are uninhabited types in AC even 
without the introduction of subtypes. To avoid this problm, we require the type 
from which a term is chosen to be inhabited. 

9.1.2 Initial Context 

The type assignment rules of Figure 9.1 refer to the boolean type B, even though this is 
not a term. We assume that type assignment is carried out in an initial context which 
provides this type and the logical operators. The boolean type and constants t (true) 
and f (false) are declared: 

E : * t : B f : B 

Axioms are required to specify the properties of the boolean type. The propositional 
operators are defined as follows: 

p q = cond p q t 
-ip = p ^ f 
p A g = -"(p ^ -ig) 
p V g = -ip g 
p^:^? = p = > g A g = > p 

9.1.3 An Alternative Approach 

The extensions described above can be achieved without introducing any new terms 
except the subtype constructor^. One possible definition of the boolean type and asso-
ciated definitions and declarations are: 

IS = ^ ^ ̂  ^ ̂  
t = (AA : *.AB : *.A) 
f = (AA : *.AB : *.B) 

=> = (Ap : B.Ag : B.AA : *.XB : *.p {q A B) A) 
cond = (XA : *.Xp ; B.Af : A.Xu : A.p t u) 

= : 

V = ( A r : * . A / : ( r ^ B ) . / = ( A a : A . t ) ) 
3 = ( A T : * . A / : ( 7 - > B ) . - ( V a : A . - ( / a ) ) ) 
e : r : { [ / : * | ( 3 u : [ / . t ) } - ^ ( r - ^ B M r 

Axioms would be required to specify the properties of equality and the choice term. 
As a prac^zca/ way of providing logic, these deAnition have the disadvantages that the 

'Even the subtype constructor can be modelled by a declared function. 
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boolean type is parameterised by arbitrary types and, further, its representation cannot 
be hidden. Two further difRculties of using these declarations and definitions arise from 
the functions cond, =. e, V and 3 needing a type argument. 

1. To universally quantify the predicate p : .4 —> B, where .4 : *. the application V .4 
must be used. 

2. The functions such as V and = are polymorphic over elements of the sort * only. 
Similar quantifiers could be defined for other sorts, such as predicates on kinds, 
such as p : * ^ B. This approach would lead to a family of quantifiers V^, V., 
V 
V #—? . . . . 

The first difBculty can be overcome using imphcit arguments (see Section 3.2.3) so that 
the type parameter can be omitted in practice, but the second diO^culty remains. 

9.1.4 Consistency of Extensions 

It is possible that extensions to AC could make the language inconsistent, in the sense 
that models of the extended language require terms to be identified which are not 
identified in models of AC. We argue informally that the extensions we have made to 
AC do not have this effect, because the effect of the extensions can be created in the 
unextended language, so that the 'extension' adds nothing new. 

The equality term B adds to the object language the meta-language concept of /3-
equivalence, with the restriction that only terms of the same type can be compared for 
equality. The additional of axioms of equality could maJte the language inconsistent. 

A subtype can be modelled by a type paired with a predicate: the subtype {pvi} is 
modelled by (v4,pyi). A function on the subtype / : can be modelled by a 
function : (HA.B) which corresponds to / for values of A satisfying p and is arbitrary 
elsewhere: 

= (Ao : A. cond(p a) (/ a) _) 

This approach requires expressions involving the application of a function from a sub-
type to be re-written to make the subtype constraint explicit. For example f a = b 
becomes p a A f a — b. Thompson show in [Tho92] that in the constructive theory of 
types subtypes can be modelled by the existential type. In constructive type theory, 
propositions are equated with types. The proposition (type) (Sa; : A B) has member 
{a,p) where a : A and p : B[a/x] is a witness of the fact that proposition B holds for 
a. As a result, the existential quantifier can be thought of as forming a subset of A. 
Elements of the subset are accompanied by the proof of membership. 

The existence of empty types needs to be taken into account in the logical rules. In 
particular (V^ - p) holds for any p if Ms empty; conversely (3f - p) is always false. 
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r . 7 
kind sort • 
type sort * 

variable^ X 1 

constant /.T 
application TT 
abstraction Az : 7" 7" XT • T 
product : 7" . 7" n T • r 
forall V7' 
choice eT 

conditional c o n d 7 " 7 ' 7 ' 
equality r = T 
subtype { T } 
annotation T t y p e d T 

A'ofea.' MTiere 7^ gAou'n zf Aag same /omz ag 71̂ . 

TAe annofa^mn ferm zs mfro(fwce(f m 5'ec^*on ^.^.,2. 

Ffg^ure y46.sfrac^ ^?/n(aa: o/ Terms 

9.2 Abstract Syntax 

Figure 9.2 shows the abstract syntax of the terms language. Compared to the forms 
described in Section 3.1, we omit the existential choice since its treatment follows from 
that of the universal extension. The numerals are also omitted. Two versions of the 
abstract syntax are shown: 71 has identiAers and resembles the concrete syntax, while 
7j has indices, as described in Section 7.3.1. In the figure, x is an identifier, the index 
! is a natural number and u, / , a are terms. 

Free Variables Let t be i {Xj • k 0) where i,j,k are indices, greater than zero. The 
free indices of t are i,j and A; — 1; the index 0 is not free since it is bound by the 
abstraction. The free variables of ^ are denoted by $ satisfying: 

iz) = — l | 2 G 0 u A % > O } 

0 is deAned similarly for other terms. 

®In Tx, a constant may represented by x or l.x; a variables is represented by x. In Ti, all constants 
are represented as f.z. 
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A d j u s t i n g Indices The index of a variable depends on the scope in which the variable 
occurs. When the scope of a term is changed, indices need to be adjusted. We denote 
the term ^ with depth indices incremented by one as The increment operation 
only increments free indices, so that for the term f = (AN - 1 + 0). the term is 
^ - (AN - 2 + 0 - We use the notation f"""" for the increment applied n times. The 
inverse to increment is decrement, written and f " . A term ^ cannot be decremented 
if 0 is free in L 

Subs t i tu t ion The term t with the variable at index i replaced by term u is written 
:= If]. When z is zero, this is abbreviated to ^[u]. The substitution operator := _] 

does not need to rename variables to avoid variable capture, since variables are not 
used. However, it is necessary to adjust the indices in the substituting term whenever 
the context changes. The most important parts of the specification are as follows: 

(A^ - u) := r] = (Af [z t'] - + 1 := 
2 [z := u] = 2 if ; 7̂  * 

= V if j = i 

/3-reduction (see page 129) provides an example of the use of substitution. The reduction 
of a (curried) function of two arguments is: 

(AA. (AB.c ) ) a6 ((Ag.c)[0 : - « + ] ) - 6 
= (AB[0 := a'"'] - c[l := 6 
= ((AB[0 := - c[l := a+% 6+)" 

(c[l := :== 6+^])-^ 

9.3 Visibility of Identifiers 

A term is well-formed only if all the identifiers used in the term refer to a constant 
or variable. In this section, the visibility rules for terms are specified. The visibility 
rules are defined by the 'encoding' of terms from 71 as terms in 77- Since 77 does not 
contain terms refering to identifiers which are not visible, the side conditions to the rules 
specifying this transformation determine the visibility of variables in the 71 syntax. 

The encoding for ^ E 7%; is [f] where € FizaEnr is the environment of visible constants 
and variable, described on page 111. The encoding function is specified by (giving only 
the case where 71 differs from 77): 

^ z provided x G domz/ 

I^Ii 5u ~ provided x E d o m S /\ S x — I 

^ a; provided / G dom t A a; 6 i / 

|Az : f = AM^ . H f + T 

p z : f 
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9.4 A Type Checking Algorithm 

In this section, we specify an algorithm for non-interactive typechecking: terms are 
parsed and typechecked, resulting in type error messages and lemmas, called cor-
recfwn condzfwng, which must be proved to show that the type determined is in fact 
correct. Type errors are considered in more detail in Section 9.5. 

9.4.1 Overview 

The basis of the typechecker is forward inference using the rules gi\'en in Figure 2.1. 
with the additions of Section 9.1. To assign a type to a term, the sub-terms are assigned 
types and then one of the rules is chosen to assign a type by combining the type of 
the sub-terms. However, the use of forward inference is not sufhcient, because of the 
following difhculties. 

Con tex t The 'start ' and 'weakening" rules which axiomatise the behaviour of contexts 
cannot automatically be applied in a forward direction, unless the type of an 
identifier is known. 

S u b t y p e In jec t ion The subtype injection rule does not determine the subtype to be 
used. 

Conversion The conversion rule allows the type assigned to a term to be replaced by 
any equal term, but does not determine this term. 

Side Condi t ions of T y p e Ass ignment The subtype injection rule has a side con-
dition, requiring that a term injected into a subtype satisfies the characteristic 
predicate of the subtype. Since these conditions are not necessarily decidable, 
it is not possible for the type checker to ensure that the condition holds. The 
side-condition of the conversion rule is similar. 

We observe that some rules have two occurrences of the same type. For example, in the 
rule for the formation of an application, the domain type of a function is both exphcit 
in the syntax and also inferred as the type of the function argument. As a result, when 
forward inference is used to determine the type of the function term, the type of the 
argument is also determined: backward inference is used to check that the argument 
has the required type. The solution to each of the diihculties described above is as 
follows. 

Con tex t The type of an identifier is determined from the type environment, described 
in Section 8.1.2. 

S u b t y p e In jec t ion The first step is to infer the type of each term without using the 
rule for subtype injection. The type inferred is uniquely determined and will 
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include a subtype only if this is explicit, for example as the type of a bound 
variable. The functions and specified below, describe this step. 

When a term with redundant type information is encountered, both the required 
and an actual types of one of the subterms will have been determined. Backward 
inference of the type assignment rules is then used to determine if the required 
type is valid for the subterm. The function speciAes the backward 
inference step. The rule for subtype injection may be used to inject a term into a 
subtype, thus this step is called m^ec^zon. 

Conversion The type checker uses rewrite rules, including ^conversion, to convert 
terms to a normal form, which is 'partial'. The partial normal form is used when 
two types are compared. The type checker also converts a term to partial normal 
form before a type is inferred. Both these steps implicitly apply the conversion 
rule. The rewrite rules are described in Section 9.4.8. 

If there are axioms of equality other than /^-reduction, the strong normalisation 
result of Section 2.1.5 no longer holds. Terms with the same partial normal form 
are equal, but other terms may also be equal. This is the reason for describing 
the 'normal form' as partial. 

Side Condi t ions of T y p e Ass ignment Since the type checker cannot automatically 
prove the side conditions which arise in type inference and type injection, type 
correctness conditions are returned. Type correctness conditions arise from type 
injection, specified by the function The type correctness conditions 
from all the subterms of a term and must also be included in the correct context: 
the function (cc describes this. 

9.4.2 Type Annotat ions 

We add to the syntax a mechanism for directing the type checker explicitly to inject a 
term into a given type. It is convenient to treat this 'type annotation' cis a term, with 
abstract syntajc: 

T . \T t yped T 

9.4.3 Type Checking 

The predicate : TyjgEnt; —7" — B describes how the type checker determines 
a type can be assigned to a term: (ype.oA; ^ is true whenever the type checker can 
assign a type to term f in environment /?. The predicate is defined by the equations 
shown in Figure 9.3. The definition makes use of the auxiliary functions is_product, 
domain_of, kind_or_type and is_pred_type defined in Section 9.4.7. The definition 
also uses the function defined in Section 9.4.4, which gives the type assigned 
to the term. 
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fype-oA-p * — t 
fT/pe-oA:̂  i = t 
fT/pe-oA: /.a; = t 
f^pe.oA-// a) = y a A 

ls_product(f^;)e_m/^ / ) 
= type^okp i A kind_or_type( f) A 

f?/j9e_oA'̂ (nf - — f A kind_or_type(f2/pe_m/^ /) A 
A kind_or_type(fy;)c_m/^+^ If) 

ft/pe_oA;p{f} = f!/̂ e_oA;̂  f A is_pred_type(fypf_M)/p f) 
= fwe.oA:^ / A is_pred_type(fi/pE_m/p / ) 
= fype.o/;^ / A is_pred_type( / ) 

f!/pe_o^p(condp f = fi/pe_o^ppAf2/pe_m/^p = BA 
f A u 

= f A fyjwe.oA"̂  u 
fype_oA'̂ (f t y p e d w) = fi/pe.oA;^ f A fype_oAî  u A kind_or_type(f!/jDe_m/^ 

Figure 9.3: Specification of Type Checking 

9.4.4 Type Inference 

The function —>̂ 7"—>7" describes how the type checker determines the 
type assigned to a term t in environment p, given that type^ok^ t is true. The function is 
defined by the equations shown in Figure 9.4. The definition makes use of the auxiliary 
functions domain_of, range_of and base_type_of defined in Section 9.4.7. 

9.4.5 Type Correctness Conditions 

The function fee : describes the type correctness conditions determined 
by the type checker. The type correctness condition fee,, f must be proved to show that 
the term f is well typed in environment /), given that fT/pe.oA;̂  f. The function is defined 
by the equations shown in Figure 9.5. The definition makes use of the auxiliary function 
domain_of defined in Section 9.4.7 and the function inject Jype defined in Section 9.4.6. 
The function fy;)e_pre(f is defined below. 

9.4.5.1 Con tex t 

In a number of cases, the type correctness conditions speciAed by fee have a 'context 
hypothesis \ These hypotheses are derived either from the logical structure of the term 
or from type information. 

125 



/.T 
^!/;)e_m/p(y a) 

- u) 
- u) 

fype_m/p(condp f u) 
(̂  = u) 

= • 

= p!! i 
= p!! /.T 
= range_of(^ypE_m/p/)a 
= nf - u 
= t/ 
= b a s e _ t y p e _ o f ( f y p e _ / ? 7 / ^ ( c i o m a i n _ o f { f i / / ^ f _?n/^ t))) 

= ]B> 
= domain_of ( t ypcJn f ̂  f ) 
= /2/pe_???/̂  / 
= B 

typed %/) = u 

Figure 9.4: SpeciAcation of Type Inference 

ĈCp * = t 
fcc^i = t 
ĈCp / .z = t 

f c c / y a) — (ccp / A fcc^ o A (fi/pe_pre(f^ a => 
inject JypCp a (domain_of (^ype_m/ 

(cCp(Af - t/) = f A (Vf - u) 
/cc^(n^ - w) - ^ A (V^ - t() 
(ccp{0 = (cCp ^ 
(cc^(V/) — tccp f 
^ c c / e / ) = tccp f A (3 domain_of(^j/pe_in/p/).t) 

= { / ) = f A fccp u A 
=> mjecf 

(ccp(c0ndp < w) = (ccp p A (p => (cc^ f) A (-ip =>̂  !/) A 
mjecf Ji/pe^u 

tccp[i t y p e d u) — (ccp ^ A ĉcp M A 

Figure 9.5: SpeciAcation of Type Correctness Conditions 

126 



Logical Con tex t The type correctness rule for an implication term p => q assumes 
p when typing checking the term g. Intuitively, this is satisfactor}' since the value of 
p g only depends on the Y'alue of g when p is true. The complete set of logical context 
rules are shown below. 

Term Context for p Context for g 
p => g p 

p A g p 
p V g -^p 
cond b p q b ->6 

The context for A . V and ^ can be derived from the rule for cond using the 
equivalences given in Section 9.1.2. 

Type Context The type correctness rules for application, equality and annotation 
include context deduced from the type of one of the terms. Consider the application 
of a constant z : {p} to a function / : (n{p} - T): the type correctness condition must 
show that 37 is in the domain of / , i.e. that p a;, but this can be deduced from the type 
of z. The full type correctness condition is therefore p T p z. 

The type context of term ^ is fype_pre(f ^ where /ype.preff : T y p E n r — i s specified 
by: 

^ype_pre(fpU — f%/pe_pre(Z'̂ u (f^pe_m/pU) 
where ^2/pe_pre(f' {7)̂ 4} = p u A ^ype.preff'^ w A 

!̂/pe_pre(f' = t 

9.4.6 Injecting a Term into a Type 

The function : TypEnt; —T' T -4̂  T gives the hypothesis for injecting a 
term < into a type if. The hypothesis is if, provided that both types are 
well-formed: fype.oA; (̂ pe_oA; and that their kinds are appropriate: 

^ype_m/^f = f!/pe_m/^(^?/pe_m/^w) 

The function is defined by the equations shown in Figure 9.6. The definition makes use 
of the auxiliary function domain_of defined in Section 9.4.7. 

For some forms of the hypothesis for injecting f : T into can be rewritten to a 
simpler form; a default case of m_yeĉ _̂ ypep < [/ applies otherwise, requiring T = [/. The 
weaker 'subtype' condition T C U would be sufficient condition but such a relationship 
between types cannot be expressed in the logic. 

Covariant T y p e C o n s t r u c t o r s Figure 9.6 include a case which applies to types 
of the form F A where the type constructor f is couanoni If F is a covariant type 
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= t provided = 
(Hf - u) = (domain_of(f3/pe_m/p A 

prov ided isjproduct{type Jnf ^ / ) 
{p} = p f A m;ecV_/ype^/ (domain_of 
(cond6 u u') = (6 => u) A (-<6 #- mjec^Jype^ u') 

mj'ec(J!/pe^f(u typed i') = mjec^_f?/pE^ur=>mjec/_f2/pe^fu 
m ; e c ( ^ = (V.4'. 0 .4+) 

prov ided typeJnfpt = FA' 
and F is covariant 

Otherwise, when none of the above cases apply: 

Figure 9.6: Specification of Type Injection 

constructor and yl, A' are types then elements of f 4̂ are also elements of F ^4' if 
elements of v4 are elements of .4'. It is conjectured that the well-formation rules on 
datatypes are sufhcient to ensure that all datatypes have this property. The covariance 
of the pair type constructor (see Section 3.4.2) can be built into the type checker using 
the rule: 

((fA/7Z) /I /4 ) = p) .4 A 
mjecf p) (/af p)) 

Not all type constructors in AC are covariant. In particular, the function type construc-
tor n is not covariant in its first component: for example, elements of (UN - N) are not 
elements of (HZ - N). This occurs since all functions are total. 

9.4.7 Auxiliary Functions 

The auxiliary functions used in the definitions above are defined below. 

Sor t s The function kind_or_type ; 7i —>• B satisfies: 

kind_or_type • = t 
kind_or_type * = t 
kind_or_type{ pA } = kind_or- type A 

for other terms it is false. 
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P r o d u c t Terms The predicate is_product : 71 —̂  B holds for product terms: 

is_product(nr • U) = t 

for other terms it is false. 

P red ica t e The predicate is_pred_type : 7f —> B holds for product terms with range 
type boolean: 

is_pred_type(nr • B) = t 

for other terms it is false. 

Boolean Functions The predicate is_boolfun_type : 77 —> B holds for the boolean 
type or product terms boolean range: 

is_boolfun_type(nr • f/) = is.boolfun_type 
is_boolfun_type B = t 

for other terms it is false. 

P r o d u c t Domain The function domain.of : 71 71 returns the domain type of a 
product term: 

domain_of(nr [/) - T 

P r o d u c t Range The function range_of : 7, -+> 7; ^ 7j returns the range type of a 
product term for a particular value in the domain type: 

range_of(nr • U) t = 

Base Type The function base_type_of : 77 —> 77 strips constraints from a subtype: 

base_type_of{p^} = base_type_of .4 
base_type_of i = t 

9.4.8 Rewrite Rules 

This section describes the rewrite rules used by the type checker. The rewrite rules 
define a reduction function; the type checker uses lazy evaluation of this so that a re-
duction is only made when necessary. This preferable, since the expansion of definitions 
in reduction may cause a term to become very large. 

The reductions implemented in the typechecker are: 

S t anda rd Conversions These are /3-reduction and 7]-reduction; 

(A/l 6) a 6[0 := o''']" 
{\A • 6 0) b" provided 0 ^ # 6 

Since terms are represented using indices for variables, a-conversion is not re-
quired. 
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Expans ion of Defini t ions Reduction replaces a defined identifier by its definition, in 
the type environment 

/.j"^ t where k l.x = Defn i T 

Condi t iona l 

c o n d t t t c o n d i t u 

A n n o t a t i o n An annotation can be discarded: 

u t y p e d V ^ u 

Pairs The following reductions for pairs can be added: 

/af ((pair .4 2̂) 1̂ 

.sncf ((pair .4 - B) 2̂) 2̂ 

Although pairs are not a baaic form of term, there is no general technique for 
making the typechecker aware of properties of declared functions. 

9.5 Type Errors 

A number of the type assignment rules have decidable premises, which are included in 
the function. For example, the product rule requires that the type assigned to 
each component of the product is either * or O. A type checker can signal an error if 
this condition and other similar conditions are not satisfied. 

However, other type errors, such as the application of the term 1 to a function on 
booleans, would not be identified in this way. This occurs because this application can 
be considered to be well-typed by using the conversion rule to convert the type of 1 
from N to the required type B. The type correctness condition B = N results. We 
describe an enhancement to the type checking algorithm which reports this as a type 
error, avoiding unprovable correctness conditions. 

9.5.1 Type Compatibil ity 

We introduce the compatibility relation % between types which holds only if two types 
are the same when subtypes are ignored. Inference rules which specify this relation are 
shown in Figure 9.7, assuming that for t ^ u. the type t and u are in the partial normal 
form. Figure 9.7 includes a case for all terms. This may seem unnecessary, since only 
'types' are checked for compatibility and some terms, such as the A-abstraction cannot 
denote a type. However, new constants can be introduced which construct types from 
one or more arguments. To show that types constructed in this way are compatible, 
the compatibility of their arguments must be shown and any term could be used as an 
argument. 
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(Equivalence) 

(Abstraction) 

(Product) 

(Application) 

(Subtype) 

(Implies) 

(Forall) 

(Choice) 

(Equals) 

(Conditional) 

(Annotation) 

.4 = g 

.4 % g 

.4%.4 ' 
(Aa- : A . B) % (A?/ : ,4' - B') 

A % .4' g % g ' 
n . 4 . g % n . 4 ' . g ' 

a % a' 
' / o - r o' 

.4 % A' 
I P} - {v4' I g} 

jD % 0' P' ^ 9' 
(p ^ g) % ( / ^ g') 

y 
V/ % Vg( 

f / % 6^ 

/I % A' g % g' 
(A = g) % (v4' == g') 

jD % y v4 % A' g % g' 
cond p A g ~ cond P' A' B' 

A % A' 
A typed B % A' typed B' 

Two fypeg ore compo(*6/e ^Aey ore zffenfzcoA or fAey com-

pô ;6Ze 5u6(ermg or ̂  (Aey 6ecome compo(z6/e wAen suAfype con-

g^rom^g ore (f̂ corffeof. TAe 'gw6̂ ype' ruZe con 6e oppZiecf wAen on/y 

one (ype zg o gw6f2/pe 6y Mewm^ ony ŷpe og o gu6̂ 2/pe 

cong^rom^ '^rue'. 

Figure 9.7: Specification of Type Compatibility 
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<2/pe_oA;̂ (/ a) = / A a A 
let F — ^2/pe_zn/̂  / in 

is_product F A domain_of F ~ iypeJnf ^ a 
(ype_oA;p(condja^u) = fype.oA-^pA^ype.m/^p^BA 

f A ŷ;)r_oA'̂  u 
f!/pf _m/^ ^ u 

= u) = fype.oA"^ f A u A 
% (ypeJn/^u 

type^okp{t t y p e d u) = type.ok^t A type-okpii A kind^orjtype{typeJjif^ it) A 
^2/pe_m/̂ ^ ^ O A 

% /ype_m/pw) 

Figure 9.8: Specification of Type Checking with Compatibility 

9.5.2 Type Checking with Compatibil ity 

We choose to restrict the use of type injection to cases where the required type and 
the inferred type are compatible; other cases are treated aa type errors. This approach 
restricts the occurence of unproveable type correctness conditions. Figure 9.8 shows a 
modified specification of the fype.oA; function following this approach. Cases not shown 
are the same aa those given in the original specification, Figure 9.3. 

9.5.3 A Summary of Type Errors 

The type checker returns an error message whenever is false. Each possible 
type error corresponds to one of the conjuncts being false, excluding those conjuncts 
which are required to check that each subterm has a type. For each term. Figure 9.9 
shows the conjuncts of and describes the resulting type error. 

9.6 Inference of Implicit Arguments 

Implicit arguments of polymorphic functions are inferred by a simple form of unification 
during type checking. In this section, an outline of the elaboration of the type checking 
algorithm to infer implicit arguments is given. 
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Term conjunct Error 
/ a is_product pF / is not a function 
/ « domain_of F % type^mf ^ a t h e type of a i s n o t c o m p a t i b l e 

with the domain type of / 
- w kind.orjtype{typeJnfp t) f is not a type or kind 
- u kind^orJ,ype{typeJnfp t) ^ is not a type or kind 

n t - K kind_or_type((^pe_m/^^( u) u is not a type or kind 

{ 0 i s _ p r e d _ t y p e ( i ' y p e _ m / p t) f is not a predicate 
p => g = B p is not a boolean term 
p => g = B g is not a boolean term 
V/ is_pred_type(^2/pe_m/^ / ) / is not a predicate 
e / is_pred_type(^i/joe_m/^ / ) / is not a predicate 
c o n d p t u (i/pejn/pp = B p is not a boolean term 
c o n d p t u the types of ^ and u are not 

compatible 
t = u the types of f and n are not 

compatible 
t t y p e d u k i n d _ o r _ t y p e ( f ? / p e _ m / p u) is not a kind or type 

f typed u the type of ^ and u are of dif-
ferent kinds 

Figure 9.9: Type Errors 

9.6.1 Instantiation Variables 

An instantiation variable is added to the 7" datatype. Each variable is tagged with 
its type, which may contain other instantiation variables. 

7 7 : : = . . . I ? N : 7 -

The first step is to add instantiation variables to terms as place holder for the implicit 
arguments of constants. The type environment is elaborated to associate each constant 
with the number of implicit arguments: 

The function: 

J ro r s : CcmTi/p x (71 x N) 
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specifies how instantiation variables are added. An instantiation variable replaces each 
implicit argument: each instantiation variable is different. 

? /.c — con_2mrg(// /.c) /.c) ; /.c 
= ( / ' a ' , A") 

where a(f(f ? / = (/% j) 

J o = (a% &) 
u) = ((Af u')./:;) 

where addJvaj^s^,^ i t = [f ,j) 
j u = (w\ A;) 

Only constants have implicit arguments. The function con_*wr5 add instantiation 
variables to a constant. In con.zrarg n M / . n is the number of implicit arguments, 
Ms a term representing the types of the implicit arguments, * is the index of the next 
instantiation variable and / is the term to which the implicit arguments are applied. 

c o n J r a r g O M f — ( f , %) 
con_mor.s(n + 1) (Hf tf) z / = conJuara n (^[0 :=?% : (* + 1) ( / (?* : 

The specification above does not take account of the way imphcit arguments can be 
made explicit. This feature is straight forward. 

E x a m p l e The function f st is declared as: 

/af [2] : v4 : * — / : (a —> (Aa : - / a) — ^ 

When instantiation variables replace the implicit arguments in the term /af p, the result 
is: 

(?1 : *) (?2 : ((?! : *) —̂  *)) jo 

9.6.2 T y p e Checking with Unification 

Unification is used during type checking to instantiate the instantiation variables. The 
predicate ^ indicates whether the term ^ is well-typed, where: 

b is a binding 6 E B = = N -4- 77 
t' is the term t with variables instantiated 

We write for the substitution of the binding 6 in the term The most important 
cases of this predicate are specified in Figure 9.10. 

In the predicate type^oki^f t, some of the instantiation variables which occur in t may 
be instantiated, giving the binding 6. These instantiation variables are removed by 
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* = t 

= t 

f2/jDe_oA:2̂ '̂('''')7;' : ̂  = t 

Lc = t 

fype-oH^'" a [61] A 

doinain_of((ype_m/p a' 
where b = 6% U 62 U 63 

^ == /'[^z U 63] a'[63] 

- u) = f A kind_or_type(^%/pe Jn/^ f') A 

^ype_oA;ẑ "̂, u[6;^] 
where b = 61 U 6^ 

7' = (^^'[62] - W') 

Figure 9.10: Type Checking with UniAcation 

substitution from yielding It might appear simpler to return only the binding 6. 
replacing occurences of by f [6]. The reason this simplification is not satisfactory is the 
scope adjustments required to type check terms such as (Af - u). The binding generated 
by checking if must be decremented: all the terms in the binding are decremented 
ony t'ana6/e fo a (erm con(omm^ (Ae uarm6Ze 0 w (fzgcarjerf. 

9.6.3 Unification of Types 

In the specification of the type compatibihty relation % (specified in Fig-
ure 9.7) is replaced by a restricted form of unification between type. Types match 
exactly as specified in Figure 9.7, instajitiating instantiation variables where possible. 
The most important cases of the unification specification are shown below: 

?a : ^ ^ ^ w) 

provided ?n does not occur in u 
K f w) 

provided ?n does not occur in u 

(m • u) uT'' (lie • u') = t ul' r a «[»+] «'[6+] 
( / " ) ( / ' « ' ) = / K / ' ^ "IM K' = ' lk | 

Note that an instantiation variable can only be instantiated to a term of a matching 
type. If the type does not match, a type error haa occurred. 
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Chapter 10 

Datatypes and Recursion 

Recursive datatypes and associated terms are described in this chapter. Section 10.1 
describes the datatype declaration. A datatype is not a new form of term, instead 
a datatype declaration stands for a number of constant declarations which model the 
properties of the datatype. Two new forms of term that can only be used with datatypes 
are also described: these are the case term, described in Section 10.2, and the primi-
tive recursion term, described in Section 10.3. The Anal section describes the general 
recursion term, which allows a function to be constructed recursively, using a measure 
function to show that the recursion terminates. 

10.1 Datatype Declarations 

10.1.1 Abstract Syntax 

The abstract syntax of a datatype declaration is: 

% I X seq(J : Tx) '•'•= seqC^ 

C, : :=%!(%, seq(%:7; ) , %) 

E x a m p l e The list datatype declaration is represented in the abstract syntax as: 

Ident i f iers A datatype declaration: 

( (pi : f i , . . . ) ::= ((ci, (on : A n , . . . ,aiK : r j , 

(cj, (oji : Aj i , - - -, ajK : r j ) ) 
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introduces the following identifiers: 

(i) the type itself 

(ii) a list of parameters p, for ; E 1 . . . 

(iii) a consfrwcfor Cj for each case j G 1 . . . J , 

(iv) an acce.saor or de-constructor, for each component of each case A: E 1 .. 

(v) a reco^nzger predicate for each case. 

For cases with no accessors. the recogniser is optional. 

D e p e n d e n c y The types used in the data type declaration can be dependent. 

1. The datatype parameter p, can be free in either the type of a subsequent parameter 
7^ w/^ere z < j or in an accessor type 

2. The accessor identifier can be free in the type (w/zere A- < /) of a subsequent 
accessor of the same case. 

The first form of dependency occurs in the list datatype, where the parameter is the 
element type. The second form allows the cases of the datatype to behave like record 
types, where the type of one of the field depends on the value of an earlier one. This 
feature is not used in the list datatype. 

10.1.2 Visibility in Datatype Declarations 

A datatype declaration is equivalent to a number of simple declarations. The function 
: Dr — d e s c r i b e s the datatype expansion. The function is specified by: 

::= ( c i , . . . , cj)) = < : (H / pa # *); ^ pa C];... o(f<_co5e f pa c j 

If is a sequence of declarations and v4 is a term, the iterated product is written 
n / pg # A. For example: 

n / (pi : f i , p2 : f z ) " ^ = (Hpi : - (Hpz : f z A)) 
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The function o(f^_cage specifies the expansion of each case: 

ac/Lcage f pa (c) = c : (H / pa # f) 
a(f^_ca5c^pa (c, aa, r) = 

r : ( n / pa * (Hf : ^ p] . . .p ; - E)); 
c : ( n / pa ^ aa # {r pi . . . p/}): 
«! : ( n / pa # (He : {r P i . . .p /} -
02 : (n / pa e (He : {r pi .. .p /} - y42[ai := Oi pi . . .p/ c])): 

OA" : ( n / pa # (Hf : {r Pi .. .p/} -
:= Gi Pi .. .p; f ] . . . [aA'_i := QA'-i Pi - - - Pv n ) ) 

w h e r e pa = (pi -.Pi ,pj : Pj) 
aa = («! : A i , . . . , OA" : ^A") 

The order of the declarations is significant: the recogniser function r is first, followed by 
the constructor c and the accessors at. The recogniser predicate is used in the type of 
the constructor function, so that the type shows that a value constructed by Cj belongs 
to the caae. The accessor functions can only be applied to a datatype value of the 
correct case: the recogniser predicate is used to specify the domain of the function. 

10.1.3 Visibility Rules Datatype Declarations 

All the visibility rules described in Chapter 8 apply to the declarations generated by 
expanding a datatype declaration. This ensures that the identiBers for the datatype 

constructors Cj, recognisers and accessors Ojt are distinct and have no existing 
declaration: 

It pa ::= csj^ = ladt{t pa ::= ca)]^ p rov ided adt^ok{t pa ::= cs) 

To ensure that the declarations generated by the expansion do not interfere, there are 
four additional rules^: 

1. The datatype parameter identifiers p, do not overlap with Cj, r j or together 
with the standard visibility rules, this is sufRcient to ensure that none of the 
identifiers Cj, or appears free in the parameter types 

2. The constructor Cj and recogniser of each caae may not be free in subsequent 
terms generated by the expansion, nor may an accessor for one case be free in a 
subsequent case. 

3. There must be at least one case - a 6oae caae - of the datatype in which the 
datatype ^ is not free in any accessor type. 

^It is conjectured that these rules are sufficient to ensure that all datatypes are 'covariant'. as 
described in Section 9.4.6. 
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ca) = A (3c E ca - a(̂ _̂6o5e_cagef cs) A 

f ̂  { Pi. p/ } where ;)5 = (pi : fi pi : fi) 

a(ff_6a5e_caae,(c) = t 
a(f̂ _6a5e_caae{(c, (oi : Ai,. ... : .4;̂-). r) = Â cei .A' ̂  ̂  -4̂  

a(f(_case_oA;;;,(_pa() = t 
a(f̂ _ca5e_oA:,; (_pa(c) ̂  ca = c ̂  {pi.... ,p;} A (zA_caae_oA;;,,_(_pg 

where pg — (pi : p; : fy), y;' ̂  y; U {c} 

a<ff_cage_oA;T,_<_p̂ ((c aa r)) ̂  C5 = 

{c,r} n {pi,... ,py} = 0 A a(/̂ _acce55or5_oA:̂ /_(,paag A a(f/_ca5e_o/;̂ ",f_pg c,s 

where aa = (oi : .4i : .4^). p^ = (pi : Fi p/ : fy) 
7;̂  = ?y U {r. c). 7/'̂  = 7/ U {oi...., â 'j 

ac(̂ _acceaso7'5_oA;;,,(_pg() = t 
a(f^_acces507's_0A; ,̂(,ps(a : .4) ^ OA = $% A (17) = 0 A 

(f € $z A => A = f Pi .. .py A o(fLacccggor5_o/;̂ ',,_paoa) A 

^ $%v4 => (Z(ff_acre5sors_o/;̂ ,(,pga5) 

where pa = (pi : p/ : fy). 7/ = 7; U {a} 

;Vô e5 TAe /u7icf/o77 0% : 7]r — P Z 7'ê «r7Z5 fAe se( 0/ (f*reĉ /̂  

/ree ((̂ en̂ zyzera 0/ a fer7n. zg grzTiz/ar fo f/ie /wnc^zon $ 

(fe/zTzeff 07! pa^e 

Figure 10.1: Additional Datatype Visibility Rules 

4. The datatype ^ may be free in the term specifying the type of an accessor, provided 
that: 

(a) f is parameterised with the formal parameters pi .. .py, 

(b) no subsequent accessor has a type which depends on this accessor. 

If the datatype f is free in the type of an accessor, the caae is termed 'recursive'. 
The recursive occurence of the type f cannot be an argument to a type constructor^. 
The predicate ad(_oA;, shown in Figure 10.1, specifies these additional checks. In the 
predicate offLcage.oA;;; ^ p,, which specifies the checks for one case of the datatype, the 
set T] contains the identifiers which have restricted usage; t is the datatype identifier 
and pa the list of parameters. The predicate a(f^_acceaaorg_oA;,,,(,p, checks an accessor 
list. 

^This restriction is sufficient to ensure that the recursive type exists. PVS allows certain type 
constructors such as lists to be used; in general, any 'positive' uses of the type could be allowed 
[Sha93]. 
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10.1.4 Auxiliary Functions for Datatypes 

A number of auxiliary functions associated with datatypes which are needed below, are 
introduced here. 

1. The constant is a datatype if 

—> (% x B 

2. The set of constructors for the datatype /.(/ is given by 

(% x %) —> ]P(% x %) 

3. The type of a datatype constructor Lc when the datatype parameters types are 
pa is given by adf_cong_^^pe^(/.c) joa. 

(Z(/(_cona_fY/pe : -4̂  (% x %) seqT^ —̂  77 

4. The number of accessors for the datatype case with constructor /.c and parameter 
types pa is given by a(f^_nMm_(zccSpCp5. 

a(f/_num_accg : TypEnr -4 (% x %) -4̂  seqTI —̂  N 

0. The recogniser function for the case of a datatype with constructor /.c is given by 
a(f/_reco^n%5er /.c. 

a(f^_recogn*aer : TypjFn*; (% x %) -4 (% x 2) 

6. The set of accessors for the caae of the datatype /.(f with constructor /.c is given 
by /.(/ Z.c. 

-4̂  (% x %) -4 (% x %) -4̂  P(% x %) 

It is not possible to specify all of these functions fully since the type environment de-
scribed in Chapter 8 does not distinguish datatypes from other types. In particular, the 
association between the datatype and the constructor, recogniser and accessor functions 
used to model the datatype is not preserved in the environment. We do not present the 
necessary elaboration of the environment here. 

10.2 Case Terms 

A datatype value can be decomposed into its different cases using a case term. A case 
term may also be applied to a term which belongs to a subtype of a datatype, defined 
by excluding some of the datatype constructors. A type correctness condition may be 
produced to show that the term does not belong to one of the omitted caaes. Case 
terms are convenient but not necessary, since the recogniser and accessor functions of 
the datatype can be combined to have the same effect as a case term. 
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10.2.1 Abstract Syntax 

The abstract syntax with variables for the case term is: 

Tx ::= . . . I case 71 | I X.. .X => 7^ 
J 

In the case term (case Cj . . .OjA' we refer to the term f as the raae 
ezpresszon. For each there is a casf cAozce . ajA ^ '̂ith caae 
Cj Oji .. .OjA', consisting of a case Wen/zyzers and accessor I'armWes ajt . The term 
is the cAo*ce 

10.2.2 Visibility of Identifiers 

The abstract syntax with depth indices is: 

I case 77 [] (%.%) N = > 77 
J 

In this syntax the accessor variables are not required and the case identifier is prefixed 
with the theory identifier. However, it is necessary for the syntax to include the number 
of accessor variables. 

Free Variables The free variables of the case term are specified by: 

$(case Lcj = 

$ ^ U UjLii % - I * 6 0 A z > A'j } 

Encoding The accessor variables of each case choice are bound variables in the choice 
term^. 

[case f []̂. ĉ ' Oji ... = case =4^ 

w h e r e p j = p + a^i + . . . + c I j k 

10.2.3 Type Correctness 

The case term case ̂  [] Oji... OjA' must satisfy the following type correctness 
rules: 

(i) The case expression f must be a term having as its type a fully parameterised 
datatype. 

^This rule requires the case identifier Cj to be visible. Since the syntax does not allow a theory 
prefix, this requires the datatype to be in a directly visible theory. This constraint could be relaxed. 
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(ii) The case identifiers must be distinct constructors of the datatype. It is not 
required that there is a case identifier for all the constructors of the datatype. 

(iii) The accessor variables are bound variables which must correspond to the 
datatype accessors for the case Cj. 

(iv) All the choice terms must have the same type. 

(v) The accessor variables of the case choice must not be free in the type of the 
choice term. 

In the case term, the type of choice terms is not specified as it is in the primitive 
recursive term. Since the choice terms may have different numbers of bound variables, 
the types inferred for the different choices cannot be readily compared. In particular, 
the accessor variables of the caae choice can be free in the type of the choice term. This 
difficulty is resolved by taking the type of the term on the right hand side of the /zrg/ 
choice as the type of the terms in all the other choices, with the requirement that the 
accessor variables are not free in the type of the choice term of the first choice. 

10.2.3.1 T y p e Checking 

The function for the case term is specified by: 

type.okp{case Kj Uj) = 
f A f . . . p/ A A 

A A A 
tfi) H { 0 . . . - 1 } = 0 A 

G 1 . . . J - j ^ y Z.Cj ^ /.Cy) A 
{ G 1 .. . J } G 

v^here 
/.Cj Pi .. .p; has type . . . - - { /.r^ pi .. .p; })) 

where is the recogniser for the case in datatype 
Pj = p + Aji + . . . + Ajtj 

10.2.3.2 T y p e Inference 

The type of the case term is determined by the type of the choice term of the first 
choice. The typeJnf function is specified by: 

f?/pe_m/p(case 

where 
f?/pe_m/^ ̂  Pi ... p; 

l.ci Pi . . . p/ has type (HAi • . . . • (IIAa-I • d pi ... p/)) 
Pi = p + yli + ... + 
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10.2.3.3 Type Cor rec tness Condi t ions 

Type correctness conditions may arise for the case expression and for each choice of 
the case. Type injection is used to check that all the choice terms have the same type 
as the choice term of the first case. Universal quantihcation is required over the case 
variables, which may be free in the type correctness condition of each choice term. The 
fact that the case expression belongs to a particular case strengthens the context. In 
addition, a type correctness condition is required to show that the case expression does 
not belong to the cases of the datatype for which there is no choice, if any. 

fccp(case /.cj ATj = > uj) = < A 

(VAii ... - = /.ci Pi .. .p; A'l - 1 ... 0 Ui)) A 

Aj=2(^^.7i - - ' = Lc; Pi ... p; % - 1 ... 0 

is-case^pi.. .p; f m ) 

where 
(fpi ... p; 

/.c^ Pi .. .p/ has type (11:4̂ 1 - . . . - / pi .. .p; })) 

where is the recogniser for the y ' ' case in datatype d 

Pj = P + 4̂̂ 1 + ... + 
17 = ifi 

M — (/ \ { 6 1 ... J } 

The function pi .. .p; c f forms the predicate that the term f is in case c. with 
parameters p,: 

zs.cagGp P i . . . py c ^ c pi . . . p; ^ if there is a recogniser 
t = c Pi ... Pi o therwise 

10.2.3.4 In jec t ing a T e r m into a T y p e 

A case term can be used to form a type. The type is injected into each case, under an 
appropriate hypothesis. 

mjecf_̂ 2/pe f (case e[]jZ.ĉ  A'j -

Aj(Vy4ji ... - (Vv4jA'_, ' = /.Cj pi.. .pz A;j - 1 ... 0 => Uj)) 

where 
(%/pe_m/p e pi ... p; 

Z.Cj P i . . .pf has type (H/lji . . . - p i . . p/)) 
Pj = p + v4ji + . . . + 
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10.2.3.5 Reduc t ion 

A case term can be reduced when the case expression is an application to an accessor 
function for which there is a corresponding case choice. Let n be in the range 1 . . . J : 

(case /.Cn Pi ... p; H Cj A) = > 
J 

- 1 : = - A- . . . [0 : = 

10.2.4 Type Errors 

The type errors for a case term are summarised in the following table, showing the 
conjunct of which is falsified for each error: 

(?/pe_oA; conjunct Error 
f (f . . . p/ A 

G1 — y ^ /.Cj ^ /.cy) 
{ /.CJ|j t 1 . . . (/ } C 

A'̂ , = 

{ 0 . . . — 1 } = 0 

f is not a term from a datatype 
repeated constructor 
invalid constructor 

wrong number of accessor variables for case j 
accessor variable free in the type of the first 
choice term 

T y p e Compa t ib i l i t y A case for the type compatibility relation % is required for the 
case term. The specification is; 

(Case) 
(case Kj Uj) % (case Kj = > u/) 

In addition, the subset of case identifier Cj included in the two terms must be the same. 

10.3 Primitive Recursion 

The primitive recursion term allows a function on a recursive datatype^, to be con-
structed by primitive recursion. 

^The primitive recursive term can of course be used for non-recursive data type but it is not necessary 

in such cases. 

144 



10.3.1 Abstract Syntax 

The abstract syntax with \'ariables for the primitive recursive term is: 

Tx '•'•=•• • I prec J : 7^ —>• 7^ | U . . . J = > 7̂ . 
3 

In the term: 
prec d •. t\ ^i2 [] Oji ... (IjK => Uj 

the identifier is the variable standing for an element of a datatype. is the domain 
type of the term and is the range type, so that the (dependent) function type II(/ : ^i./2 
is the type of the term. The term has J cagcg. where J is a non-zero integer. In each 
case, is the case and are the case ranat/es: we write A j for the 
number of case variables in the case. The term Uj is the case 

10.3.2 Visibility of Identifiers 

The abstract syntax with depth indices is: 

77: := . . . I prec 7;-^77|](%.%)N=>7: 
] 

In this syntax the variables are not required and the case identifier is prefixed with the 
theory identifier. However, it is necessary for the syntax to include the number of case 
variables. 

Free Variable The free variables of the primitive recursive term are specified by: 

$(prec t2[]̂ (/.Cj) A'j = > Uj) = 0 U { z — 1 | % 6 $ 2̂ A z > 0 } U 
U^=i ({ ! - I 2 E $ Uj A % > Aj }) 

Encod ing The datatype variable d and the case variables ai ... cIjk in each case are 
bound variables in the primitive recursive term. The bound variable is free in the 
range type 2̂- The cage variables o i . . . OjA' &re free in the case term 

[prec <2[]j Qji - -. ajK = > = prec A'j =:^ 
where p' = p + d 

Pj = P O-jl + • • • + OjA' 

10.3.3 Type Correctness 

The primitive recursive term (prec /.Cj Aj = > must satisfy the following 
rules: 
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(i) The term must be a datatype, with an actual parameter for each formal pa-
rameter of the datatype declaration. 

(ii) The body of the recursion must have one case for each case of the datatype - in 
any order. The caise identifier Cj must be a constructor of the datatype. 

(iii) The case variables 0 . . . — 1 must correspond to the accessors of the datatype 
case constructed by Cj. 

E x a m p l e To understand the type checking in more detail, we consider the example 
shown on page 31. The alternative cons h t ==> h + t introduces two variables. The 
variable A stands for the Aeocf of the list; its type is the list element type. The case 
variable f is treated differently since it corresponds to the recursive accessor of the list; 
instead of standing for the of the list, it stands for the recursive application of the 
function, i.e. applied to the of the list. The type of ^ is therefore the 
range type of the primitive recursion, declared as f/jofo (moT x /). This type 
depends on the list / to which the recursive function is applied: so that this type can 
be constructed correctly, a second bound variable f is introduced, which (foea stand for 
the tail of the list. This is summarised in the following table: 

Variable Type 
h 
f 
t [ / p f o ( m a z X Zeng ' fA 

The types of A, f and ^ form the context for type checking the term A + .̂ 

10.3.3.1 T y p e Check ing 

The function for the primitive recursive term is specified by: 

type^ok [pvec ti A", u,) — - p\f^ "J- ' lij J ^ ] / 

2̂ A kind_or_type(^ype_m/^, <2) 
G1... J - j 7̂  y => /.Cj') A 

{ ^ Cjb E 1 . . . J } = acff-congjffso' A 

. p; A A 
A 

,+{i?j+A_,) A 

Lcj pi .. .p/) 

v^here 

/Zj = number of recursive datatype components in case j 
= rec_co5e_ent; X , Z.Cj (pi",... )) ̂2 0 
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The environment for type checking the case term is determined from the type of 
the constructor for the case, using the rec_cage_Eni' function. The arguments of this 
function are: 

(i) the initial environment 

(ii) the constructor type, given by the function 

(iii) the range type of the recursive function, which forms the type of a case variable 
which corresponds to a recursive element of the datatype 

(iv) the number of case variables added to the environment, counting two for a recur-
sive element of the datatype, initially 0. 

The function rec_ca.se_enii is specified recursively by the following equations: 

C ^ n = rec_ca5e_enu(/) + v4) C" f"*" (n + 1) 
vyhere C = (11.4 • C) and A is not recursive 

rec_ca6c_enr C f n — rec_ca5e_ent;(/) + A + + 1 := 0]) C (n + 2) 
where C — (IIA - C") and is recursive 

rec_cage_enr/9 C ( n = /) otherwise 

10.3.3.2 T y p e Inference 

The type of primitive recursive term is taken directly from the syntax. 

f2/pe_m/^(prec A'j = > Wj) = - <2) 
3 

10.3.3.3 T y p e Correc tness Condi t ions 

Context In each case, the datatype variable is equal to the term constructed by the 
case constructor and the case variables. This equality is used as a context term in the 
type correctness condition. In particular, this context term constrains the additional 
bound variable introduced for each recursive accessor. The context terms for the two 
cases of the sum_max example given above are shown in the following table; 

Constructor Context 

cona 
I = nil 
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T C C ' s The function fee for the primitive recursive term, giving the type correctness 
conditions, is specified by: 

u, fccp(prec (2|]j /.Cj A' 
kCp A (Vfi - fccy (2) A 
A;(Vfi ' rec_ca5e_/ora//(a(f(_con5_fypfy C) (p]'" . .. pj")) 0 /.ĉ  

(fcc^; A mjecf 
w h e r e 

/ = /) + 
/Zj = number of recursive datatype components in case j 

^ Pi ... Pf 
pJ = rec_ca5e_eni' y (a(ff_cong_f3/j;e / Z.ĉ  (p]*".... ,p/)) ̂2 0 

The function rec_caae_/oraZ/ provide the context and the quantification over the case 
variables for the type correctness condition for each case term. The arguments of this 
function are: 

(i) the constructor type, given by the function 

(ii) the range type of the recursive function, which forms the type of a case variable 
which corresponds to a recursive element of the datatype 

(iii) the number of case variables added to the environment, counting two for a recur-
sive element of the datatype, initially 0 

(iv) the constructor term for the case, and 

(v) the type correctness condition for injecting the case term into the range type. 

The function rec_ca5e_/ora// is specified recursively by the following equations: 

rec_cage_/orô / C < n a; p = (VA - rec_ca5e_/bra// C" f"*" (n + 1) (37+ 0) p) 

w h e r e C = {HA • C) and A is not recursive 
rec_cage_/oraZ/ (7 < n a; p = (VA - + 1 := 0] -

rec_case_/oro/7 C" (n + 2) 1) p)) 

w h e r e C = {HA • C) and A is recursive 
rec^casejorall C t n x p = {n = x)=^p o the rwise 

Each part v4 of the constructor type C is the type of one element of the datatype case, 
corresponding to one of the bound variables in the recursion term. The type correctness 
condition is formed by universal quantification over the bound variable types of the type 
correctness conditions for each caae of the datatype, in the appropriate context. 

10.3.3.4 I n j e c t i n g a T e r m in to a T y p e 

Since the primitive recursion term is not used to form a type, a new caae of the type 
injecting function is not needed - the default case applies. 
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10.3.3.5 Reduc t ion 

A primitive recursion function applied to a datatype element with an particular con-
structor can be reduced. Let: 

= (prec D ...p; — f [] /.ĉ  = > 

/I — ^Pi .. . PJ 

where f t - - are terms and the accessor of the case is recursive. Then: 

- 1 := 1 := (;̂ ec ... [0 := 

10.3.4 Type Errors 

A prec term f is not well-typed when the f is false. The type errors are 
summarised in the following table, showing the conjunct of which is falsified 
for each error: 

conjunct Error 
— * A c/pi .. .pf A 

kind_or_type(^_ype_rn/^, 
e 1 . . . J.J ^ y => /.c_; ^ /.cy) 

{ ^ 6 1 . . . J } = of 
A'j — a(ff_num_acc5y Lcj pi .. .py 

is not a parameterised datatype 
<2 is not a type or kind 
repeated constructor 
missing or invalid constructor 
wrong number of case variables 

Type Compa t ib i l i t y A case for the type compatibility relation % is required for 
the prec term, even though this term never represents a type (see page 131). The 
specification is: 

(P rec 
(prec /.Cj A: (prec ti Lc, A', 

10.4 General Recursion 

The general recursion term allows a function to be constructed recursively, using a 
measure function to show that the recursion terminates. 

10.4.1 Abstract Syntax 

The abstract syntax with identifiers for the general recursion term is: 

I (//% : seq(% : 7%) 
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In the term (/// : (zo : : ^2) — t h e terms ^1.̂ 2 are the domain types of the 
functions and u is the range type. The measure is m and 6 is the body. The bound 
variables in the term are / , the variable which stands for the function being defined 
and the variables standing for the function arguments. 

10.4.2 Visibility of Identifiers 

The variable-free version of the syntax is: 

77::^ ... I (/^seqTI-)-77177.7-) 

Free Variables The free v a r i a b l e s o f t h e g e n e r a l recursion term are specified b y : 

; I ; G $ A V > ; } u 
{ ? — (;V — 1) I z G $ w U $ m A f > — 1 j U 
{ ? — I 2 6 $ 6 A 2 > A' } 

Encoding The encoding of the general recursion term in the syntax with indices is 
specified by: 

[[(/// : (z, : 

where po = /> 
= /) + Zj for = 0 , . . . , n — 1 

P — Pn f 

The recursive variable / is only free in the body of the recursion 6. An additional check 
is required to ensure that all occurences of / are fully parameterised (i.e. there are 
parameters). 

10.4.3 Type Correctness 

10.4.3.1 T y p e Checking 

The term K|m.6) is well-typed if: 

(i) each of the terms and u are well-typed and can be used as a type, and 

(ii) the measure term m is well-typed and has the type N, and 

(iii) the term in the body of the recursion has the declared type assuming that the 
recursive function has the type (n(o.(n<i w)). 
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The function for the general recursion term is speciAed by: 

A kind_or_type(f(/pf_m/^^ A 
u A kind_or_type((yjDE_m/^^ u) A 
m A fype Jn/^^ m = N A 
6 A 0 ^ 6) A 6)" % %/ 

w h e r e po = P 
/)j+i — for j = 0 n — 1 
p' = /On + (n/o-• • • (n/„-i • u) • • • )"*"" 

Note that the term 6 is in an environment containing the recursive variable: an addi-
tional check is required to ensure that this variable is not free in the type of 6. before 
the type of 6 is checked for compatibility with u. The requirement for the measure term 
m to have type N ensures that the measure has a minimum. 

10.4.3.2 T y p e In f e r ence 

The type of the recursive term made explicit by the domain and range types. The 
speciAcation of the function is: 

= (Ĥ o- - - - - - ) 

10.4.3.3 T y p e C o r r e c t n e s s Cond i t i ons 

The type correctness condition for the recusive term is given by the conjunction of the 
type correctness conditons for the sub-terms. 

u|m - 6) = . . . - ĉĉ , . . . ) A 
(Vfo . . . (V^n_i . u A m ) . . . ) A 
(V^o " . . . (V^»_i . (VF . 

fccy 6 A 6 u^)) . . . ) 
w h e r e po = p 

/),+! = for 2 = 0 , . . . , n - 1 
F = (n<o+" - ... (n{ . m+"'" < m+") } . u+"'")...) 

= Pn + F 

The type correctness conditon for the body of the recursion 6 is a special case. Firstly, 
the type of this term is given exphcitly, so a type injection is used to check that the 
type is correct. Secondly, the type given to the recursive variable is a subtype, formed 
to ensure that the parameters to each recursive call of the function decrease the variant. 
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10.4.3.4 In j ec t i ng a T e r m into a T y p e 

Since the general recursion term is not used to form a type, a new case of the type 
injecting function is not needed - the default case applies. 

10.4.3.5 R e d u c t i o n 

A reduction for the recursion term corresponding to a single syntactic unrolling of the 
recursive definition can be specified. Let /Zee = n — 1 u|m.6). then: 

(Â o- - - - := /(ec'*'"])...) 

Since the 'reduced form includes the original function, there is no Anite reduced syn-
tactic form of a recursion term /Zee which does not include TZec. Since the measure 
decreases on each application to a recursion term, the fact that reduction does not 
terminate might be taken to indicate that the reduction is not well-typed. We consider 
that this is not the case since after sufficient reductions to reduce the measure function 
below zero, the recursive call occurs in the false context: anything is well-typed in this 
context. 

10.4.4 Type Errors 

A // term f is not well-typed when the ^ is false. The type errors are summarised 
in the following table, showing the conjunct of which is falsified for each error: 

conjunct Error 
kind_or_type( t j ) 

kind_or_type(^2/joe_m/^^ u) 

m = N 
0 ^ 6) 

(^!/pe_m/y 6)- % u 

is not a type or kind 
is not a type or kind 

the measure m must have type N 
the function being defined may not be free 
in the type of the body 6 of the recursion 
the type of the body 6 of the recursion is 
not compatible with the annotated type u 

T y p e C o m p a t i b i l i t y A case for the type compatibility relation % is required for the 
term, even those this term never represents a type (see page 131). The specification 

is: 

(Recursion) 
m 6 % 6' 

(//(f,)^ —w|m.6) % (//(̂ )̂o ^ tf'lm'.b') 

152 



Chapter 11 

Statements 

This chapter describes the statements of the language. The language is described using 
an abstract syntax in Section 11.1. The visibility of identifiers is described in Section 
11.2 and well-formation and type checking are considered in Sections 11.3. 11.4 and 11.5. 
These are followed by sections describing the meaning of statements. Section 11.10 
describes the propagation of context assertions in statements. 

11.1 Abstract Syntax 

Statements belong to the syntactic category of statements. Variables are indicated 
by T if they stand for an ordinary value, or by .Y if they stand for a statement. 

S ::= skip 
abo r t 

Xi, , Xr. where T 
^ 1 ̂  7 • — any x . 
(pre T in S) 

(if or, 77 = > 
(vyhile T vary T loop 
(var X : T\T in S) 
(con x=T in S) 
X 
(proc X=S in S') 
[ ^ 

(rec X=S vary T) 

where T 

or, 77 

skip 
abort 

multiple asgn. 
where asgn. 

abstract aagn. 
precondition 

seq. comp. 
conditional 

loop 
variable 

logical constant 
call 

procedure 
abstraction 
application 

recursion 
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Variable Ini t ia l isat ion All variables must be initialised. The abstract syntax for a 
variable initialisation includes a term which is the initial value. The initial value can 
be specified by a predicate by use a choice term. In the concrete syntax, a shorter form 
is provided to specify the initial value by a predicate. The initialisation may also be 
omitted: in this case the ^-ariable is initialised to an arbitrary value wzYAm (Ya The 
abstract representation of the different forms in the concrete syntax is as follows: 

Concrete Abstract 
VAR x:T := e IN S END VAR 

VAR z:T := WHERE p IN S END VAR 

VAR z:T IN S END VAR 

(var .r ; f|e in S) 
(var T : r|(f z : T.p) in 5") 
(var J- : T|(cT : T.t) in 5") 

Recursion In the abstract syntax (and the concrete syntax) the recursion block 
contains only a single statement 6". Two steps are required to introduce a recursive 
implementation: 

(i) introduce a recursion statement containing a statement 5" which does not use the 
recursive variable, 

(ii) refine this statement to another which may reference the recursive variable. 

In this way, the statement 6" initially acts as the specifying statement of the recursion. 
In the next section, we formalise the requirement that the recursive variable must not 
be used in 5". The recursion block is the only statement in the language described here 
which cannot be used without introducing refinement steps. 

P a r a m e t e r i s a t i o n Mechan i sms The syntactic category A contains the four param-
eterisation mechanism which can be used in the abstraction statement: 

A ::= val x : T \ res x : T T \ valres x : T \ ref x : T 

A val parameter has copy-in semantics and a res parameter has copy-out; the initial 
value of a result parameter is made explicit, in the same way as in a variable declara-
tion. The value-result parameter valres combines copy-in and copy-out. A reference 
parameter ref can also be used to pass a value both into and out of a parameterised 
statement. 

Left Values The syntactic category C contains the subset of T which can be the 
left-hand side of an assignment statement. 

z variable 
I C T function application 
I a datatype accessor 
I /I 7" map index 

154 



The operator " selected an element from a map; it is declared in the theory on 
page 214. The three compound forms of left value are all forms of application: however, 
a more elaborate abstract svntax is used to clarifv the differences between the forms. 

E x a m p l e Left Values Assuming that T and M are types, then with the following 
type declarations is declared on page 215): 

yl = = 10 T .4.4 = = .4rrci!/ 10 .4 
M == Map T T AM == Array 10 M 
D ::= c_one (one : T") (fwo : .4) (/Aree : .4^1/) 
.4D = = .4rra^ 10 D 

let a : A, aa : AA. m : Af, cf : D. am : AAf and acf : AD be variables and f be a term 
of type T then the following terms are left values: 

a 1 aa 2 aa 2 3 
m ' ( am 1 am 1 ' f 
one cf fit'o of 1 (fAree cf 1)' f 

one (acZ 1) fAree (acf 1)2'^ 

Any left value can also be parsed as a term: in the specification we assume conversion 
from left values to terms when required. 

11.2 Visibility of IdentiAers 

Following the approach of Section 7.3.1, an alternative syntax is defined using De-
Bruijn indices. Figure 11.1 show the abstract syntax for cases where and «9, differ, 
with 2 or 7 standing for an index. Note that the two forms of abstract assignment in 

are represented by a single form in «$,, using the equivalence noted on page 37. 

The translation of a E into ,9, is [a]] where is the visibility environment of Sec-
tion 8.1.1. The transformation determines the visibility rules of the identifiers, since a 
term which contains undeclared identifiers cannot be encoded. Note that the ordinary 
variables T and the statement variables belong to the same namespace. The encoding 
function is specified in Figure 11.2. 

Recurs ion In the abstract syntax a recursion statement has statements. In 
(rec 5" va ry E in 2x), is the recursive s^o^emen^ uano6Ze, 6" is a statement which 
gives the meaning of a recursive call, while 7^ is the statement in which the recursive call 
may be made. The variant expression, which must decrease before each call statement 
is E; note that the initial value of the variant can be referred to as 

^An array type is a form of function. Any function type can be used in a left value, not just arrays. 
^It would be more consistent with the rest of the language to allow the user to choose the variant 

identifier. Since it is not often needed, the syntax should allow it to be omit ted. 
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ZI, i variable 
I r , 77 function application 
I A.a datatype accessor 
I /Z," 77 map index 

{ .. — . . . 

I ZIi 77i 77n multiple asgn. 
I /Zi,. . . := any N 77 abstract asgn. 
I (var 77177 in variable 
I (con 77 in «$,) logical constant 
I 7 call 
I (proc S, in S') procedure 
I [ .. ., ] (9, abstraction 
I (rec S vary T in S') recursion 

Ai ::= val77 | res77 77 
I valres 77 | ref 77 

Figure 11.1: Abstract Syntax with Indices 

This construct represents a recursive statement because the statement Ty is a refine-
ment of 5"; in fact 5" zs the least refined part of TTv; this is expressed using the function 
apec which is described in Chapter 12. It is important to remember that the two 
statements in the recursion are not independent. 

Abs t r ac t ion The encoding of an abstraction val x t is represented by [val x 
where /) is the initial environment and /o' is the environment updated with the formal 
parameter identifier. 

[reszNo]]^'^^ = 

provided x ^ dom u where p = L,5,iy 
res|[% 

provided x ^ dom!/ where p = l,8,v 

The encoding of modes valres and ref is similar to that of val. 

P a r a m e t e r i s e d Recurs ion A refinement statement can be parameterised. Con-
sider the following example, which illustrates the two ways actual parameters can be 
associated with recursion. A recursion block is introduced to refine the specification 
f := f a c t n, where f and n are integer variables. The recursion block is parameterised 
with formal parameters z and g. The variables n and f are used as actual parameters 
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[abor t ] ]^ 

P1 •— ̂  1 • 

jzi...., 

skip 
abo r t 

:= where t\ : = a n y ,7? |[f]| 

L : = a n y i/i 7/̂  w h e r e 
p+Ti + ...4-Jrn 

bp) U. 
if or, 

U p , ; . . ^ I L j | , a n y n 

provided yi . • • Un are distinct 
[ ( p r e ( i n = ( p r e |[̂ ]|̂  i n [all ' 

[ i f o r , 

[while ti vary ty loop or, t, 
w h i l e v a r y l o o p o r , 

( va r i n 

provided x ^ dom v where p = l. 5. u 
( c o n i n 

provided x ^ dom 2/ where p = l, 8. u 
u X provided A" 6 d o m v where p = l.5. v 
( p r o c i n |[s2llp+x) 

provided A' ^ dom where p — t , S, u 

( va r z : ^|e i n 

con x=e m 5, 

(proc A = s i in S2] 

fli-
Pn 

tr [a [4, 

[ ( rec X = 6 v a r y 

- - - , ] 

(rec s" vary in 5') 
w h e r e / = 

s'' = (spec 5')"̂  

provided {0,1} fl $(spec s') = 0 
{ rar2/_X, % } n d o m (/ : 

where p = l.5,u 

Figure 11.2: Syntax Transformat ion for Statements 

of the recursion block. A recursive call is used in the refine the specifying statement o f 

the recursion. The actual parameters of the call are z - 1 and g. 

REF 1 BY 

REC Fact IS [VAL x: Nat; RES g; Nat] 

PRE 0 <= X IN 

« 2 » g := fact X 

END PRE 

VARY X END REC [n, f] 

END 

REF 2 BY 

IF X = 0 ==> g := 1 

OR X > 0 ==> Fact[x - 1, g]; 

g ;= g • X 

END IF 

END 
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As shown i n th is example , the f o r m a l parameters of the recurs ion may be free in t h e 

var iant^ (here the var ian t is z . one of the f o r m a l parameters) . T h e encoding of pa ram-

eter ised recurs ion requires a separate caae^. No te t ha t the fo rma] parameters are free 

in bo th the component s tatements of the recursion. 

[[(rec X = [ (Zi On ] 5 vary = 
(rec [ 61, . . . , ] g'' vary in 
whe re 6,- ^ 

j'' = (gpec 5')"^ 

provided {0.1} fl ^{spec s') = 0 
.Y) fl domi / = 0 where = t.&f/ 

Th i s case generalises t h a t for recursion w i t h o u t parameters: we specify some funct ions 

on ly for a parameter ised recursion, when the specihcat ion for the s impler case can be 

in fer red. 

Redec la ra t ion of Ident i f ie rs Side-conditions of the equations in Figure 11.2 specify 
the fo l low ing we l l - fo rmat ion rules associated w i t h variables: 

( i ) the ident i f ie r used for a var iable, f o r m a l parameter , constant or a s ta tement var i -

able m a y no t a l ready have a dec lara t ion , and 

( i i ) the ident i f iers used for the b o u n d variables i n an abstract assignment must be 

d i f ferent . 

Re-dec larat ion o f a var iables is p r o h i b i t e d i n E u c l i d [LGH''"78] and S P A R K [CJM+92 , 

C G M 9 2 ] t o prevent var iab le capture i n ver i f i ca t ion condi t ions. Since the use of De 

B r u i j n indices avoids var iab le capture, t he f i rs t o f these rules is not necessary. However, 

un ique dec la ra t ion may s t i l l be considered a useful res t ra in t , avo id ing po ten t i a l confu-

sion: see [WSH81] for a descr ip t ion o f t he a m b i g u i t y in t roduced i n t o Pascal as a result 

o f p e r m i t t i n g t he redec lara t ion o f types. P reven t i ng re-declarat ion has the disadvantage 

t h a t a we l l - fo rmed p r o g r a m can become i l l - f o rmed when placed i n a d i f ferent context . 

11.2.1 Free Variables and Substitution 

Fo l low ing the approach of Sect ion 9.3 for te rms , funct ions for the free variables o f 

s ta tements and for t he subs t i t u t i on o f var iables i n s tatements are in t roduced. 

^This is the reason the variant is written at the end of the refinement statement. 
' 'The factorisation of the language with a separate abstraction statement is not satisfactory for 

parameterised recursion. 
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(/ j ̂  . IfTi - — ̂ ]" — 
fl[2 := u] := 

( / i , . . . Jm : = a n y n f)[2 : = u] = : = u] : = u] : = a n y n + n :— u"*""] 

( va r f i j fg i n 5')[; : = u] = ( va r :— u]|^2[) : = »] i n + 1 : = u+]) 

(con t in .S')[?' := ii] = (con t[i := u] in S[i + 1 := 

I[i ;= u] = u if ? = / 

= / otherwise 

( p r o c 5'i i n 62)[z : = u] = ( p r o c 5'i[? : = u] i n 5'2[7 + 1 : = u'"']) 

On ]5')[2':=u] — + — 

5'[* + n := w"*""] 

where (vaH)[? := u] = valf['i:=ti] 

( r e s f f ) [ ; : = u] = r e s f [ ; : = u] : = i/] 

(6" [fi,... ̂ 2 ])[*:="] = :=w] [ ^2[):='u]] 

(rec[ai a^jjiivaryf = (rec([oi,...,an]5'])[!:=u] 

i n 6'2)[; : = u] v a r y + n : = u"*""] 

i n 5'2[? + n + 2 : = 

Figure 11.3: Subst i tu t ion in Statements 

Free V a r i a b l e s The free variables of statement g are denoted by $ a. satisfying: 

^(var^ilfzin^') = — 

$(con^in5') = $ < U { * — 

$ / = { / } 

$(proc6'iin5'2) = $5'iU{%-l|2E$5'2} 

w h e r e $ ( v a H ) = $ f 

$(resf f;) = $ f U $ f;' 

0(rec [ Gi, . . . . On ] 5"] = 0[ Ol, . . . , On ] "S"! U { 2 - G $ f } U 

v a r y ( i n .92) { z — n — 2|; E $ ^'2 } 

$ is defined s imi lar ly for other statements. 

Substi tut ion Substitution of variables arises in the semantics of the statement lan-
guage. A variable introduced by a (var . . . ) statement can only be substituted by a 
te rm, whi le one int roduced by a ( p r o c . . . ) statement can only be subst i tuted by a 

statement. We define only a single subst i tu t ion operator: the statement 5" w i t h the 

variable at index i replaced by w, a term or statement as appropriate for i, is written 
: = ! / ] . When % is zero, this is abbreviated to 
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The subst i tu t ion operator : = _] does not need to rename variables to avoid variable 

capture, since variables are not used. However, i t is necessary to adjust the indices in 

bo th 6" and w whenever the context changes. The statement w i t h free indices incre-

mented (c.f. decremented) by one is w r i t t en (c.f. 5"") . w i t h an increment (decrement) 

by n w r i t t en 5'"*'" (5"" " ) . As for terms, indices i n a statement can only be decremented 

i f the e l iminated indices are not free in the statement. The most impor tan t parts of the 

specif ication of subs t i tu t ion are shown in F igure 11.3: : = _] is defined s imi lar ly for 

other statements. Paral le l subst i tu t ion is also allowed, w i t h nota t ion : = u.z']. 

11.3 Statement Well-for mat ion 

I n this section, the wel l - format ion rules for s imple statements: skip, abor t , precondi-

t ion , sequential composi t ion, i f , whi le, variable and constant declarat ion and recursion 

statements are described. The rules cover: 

( i ) type correctness, and 

( i i ) restr ict ions on the use of variables in types. 

The wel l - fo rmat ion of assignment statements and procedures are covered separately i n 

Section 11.4 and 11.5. 

11.3.1 Variables and Constants 

The wel l - fo rmat ion of a statement (and in par t icu lar the terms i t contains) depends 

on the set of p rogram 'variables' wh ich are assignable. Logical constants and, in some 

circumstances, value parameters are not assignable. A n assignable variable envi ronment 

a is in t roduced: 

Q G Assign = N -i-> B 

Constant Terms The predicate const Jerma : T —>• B holds for terms which do not 

contain assignable variables. 

= (Vz G z) 

I t is convenient to al low value parameters to be used i n type declarations, ajs shown i n 

the example on page 41. Value parameters used in th is way are not assignable. 

11.3.2 Specification Functions 

Three funct ions are used to specify the wel l - fo rmat ion of statements. 
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Decidable Conditions The predicate : ( F — s p e c i A e s the decidahle part 

of the wel l ' format ion check. 

P a r a m e t e r s The specification stmi.ok uses the function stmtJprmJypp. which re-
turns the type and mode of the formal parameters of a statement. This funct ion 

is specified on page 170. 

T y p e Correctness Cond i t ions The well-formation of statements requires the proof 
of type correctness condit ions and disjointness conditions. Consider the type cor-

rectness condi t ion for the terms containing the division operator in the fol lowing 

statement: 

X := 3 ; 

IF y /= 0 ==> z := z / y 

OR y = 0 ==> z := z / X 

END IF 

In the te rm z / y, y is non-zero because of the loop guard y / = 0. I n the term 

z / z , X is non-zero as a result of the in i t i a l assignment statement z := 3. To 

formalise this argument, we use the rules for program context, based on the ap-

proach described in Section 2.2.6. For statement 5" in context p the wel l - format ion 

proof obl igat ion is jo The context ru le for each statement and the spec-

i f icat ion of the funct ion, are in Section 11.10. 

The fol lowing abbreviations are used: 

11.3,3 Well-formation Rules 

The condit ions for each fo rm of statement to be well-formed are aa follows; the formal 

speciAcation is shown in Figures 11.4 and 11.5. 

Skip, A b o r t These statements are always well-formed. 

P r e c o n d i t o n In the statement (pre p \n S)^ p must have boolean type. The state-
ment ^ may not have parameters. 

Sequent ia l Compos i t ion In S\ T, the statements S and T may not have parameters. 
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a skip = t 

stmt^okp^a abo r t = t 
a^m(_oA;p.a(pre M n 5") - 6oo/_fErmpf A g^mf.no./yrmg ^ 5" 

6'i; 62 — gfmf_no_^rmSp^ A g/m^_M0_yprm6p^ J?; 

â m(_oA:p,a(if or, f, = > 5";) = /\]Li(6oo/_/ermpf, A 5^m/_no_/prm!;^g, 5',) 

Afm^_oA;p,a(while vary fy loop or, = > 5',) 

= too/JermpZ/A 

fy;)e_oA;̂  A % Z A 

AILi(6oo/_^ermpf, A g^mf_no__^rmSp^ 5",) 

5fmf_oAp,a(var ̂ |e in 5") = (z/pc.oA;̂  ̂  A ^ * A cona^ Jcr/Ma f A 

ŷ;)e_oA;̂  e A fype_m/^ c % f 

ŝ 7n/_o/;p,a(con e in 5") = /ype-oA-̂  e A ^) = * A 

5/mf_no_yprmg^+,^P,_,^Y^, ̂,+f 6' 

6'fm/_oA;̂ ,a(rec 5"! vary in ̂ '2) = 

a^m^_no_^rm5p,^, ̂'2 A fype-oÂ p̂ ,̂ A % Z 

where ^ + f roc (rec_5pec () 5"! 
q' = o + f + f 

Figure 11.4: SpeciAcation of Statement Well-formation 

If In the statement if or, = > 5',, the loop guards must have boolean type. The 

statements 5", may not have parameters. 

L o o p In the s t a t e m e n t w h i l e t j v a r y ty l o o p o r , f,, Si, the invariant t / a n d t h e 

loop guards must have boolean type. The variant (y must have integer type. The 

statements 5", may not have parameters. 

Variable Declaration In the statement (var t\e in 5), the term t must be constant 
(i.e. no free variables which are assignable) and must be of type *. The te rm e must 

belong to the type t . The statement 5" niay not have parameters. The statement 

introduces a new variable of type f which may be free in 5" and which is assignable. 

C o n s t a n t D e c l a r a t i o n In the s t a t e m e n t ( con e i n 5*), the te rm e m u s t b e of a t y p e 

which has type *. This rule ensures that there is a type t which could be used in a 
variable declaration: the statement introduces a new constant of type f , which may be 

free in 5". The constant is not assignable. The statement 5" may not have parameters. 
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stmt.ccp p s\i.ip = t 
abort = t 

5fm(_cc^p (pre M n 5") = (p fcc^f) A 5/;nf_cĉ +f(p A ^ 

5^m(_cc^p (6'i;6'2) ' s^m/_ccpp A g/m^_ccp(/cn/j'^p j)"!) j?; 

5(mf_ccpp (if or, = > 5",) = AILi((p ̂  A 5/m/_cCp(p A ̂ ,) 5',) 

stmt^ccpp (while tj vary ty loop or, tj =>- 5',) 
— ĉcp A (cĉ  A 

AILi ((̂ / /ccp̂ ,) A 

s^mLcc^(^/ A 5",) 

= (p => fcCp / A ĉcp e A mjec^ e f) A 

(Vf.5^mf_ccp+((p+ A O = f"*") 6") 

= (p fccp e) A 

(Vf - 5/mf_cCp+Xf''' A 0 = e+) 6") 

where 

^ e 

s^m(_cc^p (rec S": vary in ̂ 'g) = A (V?/ - (6^m^_ccy(0 = 62)") 

where 

/)' = /9 + U + /^rOC (7YC_gpeC () 5"! fi, 

sfm^_ccpp (var ̂ |e in 6") 

5^mf_ccpp (con e In 5") 

Figure 11.5: Specification of Statement Correctness Condit ions 

Recursion In the statement (rec S"} vary f in the variant te rm f must have in-

teger type. The recursion statement introduces a name for the in i t ia l value of the 

variant and a new statement variable; these may be free in Since 5'i is a com-

ponent of ^'2, there is no need to consider the wel l - formation of S": separately. The 

funct ion rec_6pec gives an equivalent statements for the recursive statement variable -

see page 190. Parameterised recursion is considered in Section 11.5. 

11.4 Well-formation of Assignment Statements 

In addition to the issues encountered in Section 11.3, the well-formation rules for as-
signment statements must include: 

(i) absence of aliasing in multiple assignments, and 

( i i ) correspondance of bound variables w i t h assigned variables in abstract assignment 

statements. 
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L ) — m = nA?%o_(i/:a5(fi /n)A 

^ /, A /, A 

fype.o/:̂  f, A /, % /, ] 

5fm(_oA;p,a(/i,...Jm:=anyn^) = 77) = nAno_afm5(/i, L ) A 

AIL](/ê -o/̂ ;,,a A A) A 

6oo/_ferm^^ f 

where = p + (i/peJn/^ (2)"̂  + ... + (fi/pE-m/f, 

A(,,,)ea«gn (fi L) (<!,...,fn)(zn;Gĉ -̂ WG/ A 

/\jLi(fcCp /, A /ccp f,) A no_a/fas_cc(/i. 

p (/i,.... /m :— Eifiy M 9) = p ̂  

/,) A no_o/m6_c6(/i, /m) A 

(V(i - (V - 2̂ ... - (V^m ' g A 

(g => (;+" f+") ^ i)))...))) 

where f, = 

Pm - /) + f] + . . . 4-

F igu re 11.6: Ass ignment S ta tement We l l - f o rma t i on and Correctness 

T h e we l l - f o rma t i on rules and correctness condit ions^ for the t w o fo rms of assignments 

s ta tement are shown i n F igure 11.6. 

Mul t ip le Ass ignment In h /^ := the left values U must be well-
f o rmed as te rms and aa lef t values. T h e lef t values mus t no t aliaa. T h e te rms mus t 

correspond t o t he lef t values i n t y p e and number . 

Abstract Assignment In / i . . . . , / „ := any n f, the left values /,• must be well-formed 
as te rms and zis le f t values. T h e le f t values mus t no t aliaa. T h e integer n , t he number 

of b o u n d variables i n the concrete systax, mus t be equal t o the number of lef t values 

m . T h e t e r m f mus t be of boo lean type : there are n add i t i ona l variables free i n ( of the 

t ype o f t he corresponding le f t value. 

®The well-formation specification uses the % relation for (decidable) type compatibility: in fact, 
unification is used to infer any implicit arguments occuring on either the left or right hand sides of the 
assignments and similarly in parameters. The Haskell versions of the specifications for the multiple 
assignment are shown in Figures 5.2 and 5.3. 
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Type Correctness The type rule for an assignment statement / ;= / is the same as 
the type ru le for the t e rm / = 

However, the correspondence is compl icated when mu l t ip le (but non-overlapping) el-

ements of a variable are assigned in a mu l t i p le assignment and a subtype constraints 

requires a re lat ionship between the elements of the variable to be mainta ined. The di f -

f i cu l ty is i l lus t ra ted by the fo l lowing example. Let p be the predicate (Aa : . 4 r ra^ 10 N -

(Vz : 5 - a (z -|- 5) = 2 * (a z))) and let a : { p } be a variable, then the assignment 

a 0 ,a 5 : = is wel l - typed only i f n = 2 * m . However, this correctness condi t ion 

would not be required to type check the predicate a 0 = m A a 5 = . To get the r ight 

correctness condi t ion, the equivalent assignment a : = a G (0. yn) @ (5. ??) should be used, 

where mu l t i p l e assignments to the same variable have been gathered together. The 

func t ion is used to t ransform mu l t i p l e assignments; i t is described on page 182. 

11.4.1 Well-formation and Aliasing of Left Values 

To be wel l - formed, a left value - a t e rm on the lef t -hand side of an assignment -

must have an assignable variable at i ts head and any 'accessor funct ions ' used in a left 

value must be an accessor. These wel l - format ion rules are specified by the func t ion 

A A.c E /(.(f A 

A.o G /i.cf A.c) 

Th is func t ion is used in F igure 11.6 and also in the wel l - format ion specif ication for 

actual parameters on page 173. Note tha t a left value is also required to be a well-

formed te rm. 

A s s i g n e d V a r i a b l e a n d S e l e c t o r s To specify the checks for a l ias ing , t w o "syn tac t i c ' 

funct ions are in t roduced: 

1. The function Ihs :£,•-> N returns the variable which is assigned in a left value. 

/As i = * 

lhs{ f a) = Ihs f 
Ihs{h.a I) — Ihs I 

= /As / 
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2. The funct ion /eyi(_5e/ec^or : ^ s e q f converts a left value to a list of selectors 

(6"), where: 

£ : := a p p T | m a p T | acch.a 

The funct ion is specified by: 

/eyif_se/eĉ (?r? - () 

/e/y_5e/er/or(/ a) = /pyi!_gE/ecfor / ^ ( a p p a) 

Ze/f_6e/ec^or(/" = /(/if_6eZec/or / ( m a p f ) 

/eyi(_ge/eĉ or(/;.a/) = /e/̂ _aE/eĉ 07'/'̂ (accA.(z) 

These functions can be used to characterise a left value as a list of selectors applied to 

a variable. For example, using the example type and variable declarations introduced 

on page 155: 

Left Value Variable Selectors 

o n e ( a ( f f ) ad (app< ,accone ) 

three {ad t) u" v ad (app t. ace three, app u, m a p i?) 

Note that the list starts w i t h the innermost selector. 

11.4.2 Aliasing of Left Values 

The variables used on the left hand side of an assignment must not alias. A mul t ip le 

assignment statement may contain more than one assignment to the same variable, 

provided that the components of the variable selected are disjoint. Disjointness of 

assignments to funct ions and maps is not necessarily decidable. As a result, the check 

for the absence of aliasing has two parts: 

( i) a decidable check, and 

( i i ) a 'disjointness condi t ion ' proof obl igation. 

S i m p l e V a r i a b l e s Let x, y b e variables. Cons ide r the fol lowing pa i r s of left values: 

z I aliasing of r 

a; ^ no aliasing, since z and are dist inct variables 

Functions and Maps Let / , g be variables of function type and a, b be terms. 
Consider the fo l lowing pairs of left values: 
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f a g 0 

f a f b 

/ a a' 

/ a a' y 6 6' 6' 

no aliasing, since / . g are dist inct variables 

possible aliasing unless a ^ 6: this condit ion must be 

proved 

possible aliasing unless a ^ 6 or a' ^ 6' 

possible aliasing unless a ^ 6 or a' ^ 6': the value of 

6" does not effect aliasing 

Datatypes Let be a variables of datatype D w i t h accessors one and f u'o. Consider 

the fo l lowing pairs of left values: 

one one aliasing, since same accessor used 

one f w o (f no aliasing 

The disjointness of left values for datatype variables are always decidable - the accessors 

are either the same or different. However, datatype accessors may be used together w i th 

funct ion or map. For example: 

Left Values Disjointness Condi t ion 

one (ad one (acf f 
f Aree (a(f w f ^Aree (ocf w'" i/ ^ V u ^ u' V i' ^ 

D e c i d a b l e N o - A l i a s i n g C h e c k s T h e dec idab le checkes are specif ied by t h e funct ion 

no^alias : s e q £ -4- B. 

no^alias{) = t 
no_o6a5((/) /a) = ge/s_no_aZw5(map /eyi(_se/ecfor((/) ga)) A 

where (55,(̂ 5) = 5<%me_og5%̂ ne(f(̂ Aa/.s) /a 

The funct ion aame_ag52g'ne(f separates the l ist of left values Zg in to those (aa) w i t h the 

same assigned variable â s /, and those w i t h a different one ((fg). The specification of 

this funct ion is omi t ted . 

The predicate 5ek_no_o/;og : seq(seq6') — B checks for aliasing between the selector 

sequences of a part icular variable. A single selector sequence cannot alias; sequences of 

two or more must be pairwise free of aliasing, as shown by the predicate 5e/_no_a/;as : 

seq6! —̂  seq6! — B . This predicate is t rue provided i t is ;)os5;6Ze that the selector lists 

do not alias, using the fo l lowing rules: 

( i) an empty l ist of selectors aliases, 

(ii) selection of a function or map element ensures the possibility of no aliasing, 

( i i i ) selecting using datatype accessors ensures that there is no aliasing i f the accessors 

are different or if the rest of the selectors do not alias. 
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Note tha t the type-correctness of the left values ensures that the corresponding selectors 

i n two lists of selectors for the same variable are of the same sort - f imct ion. map or 

datatype accessor - as least up to corresponding selectors w i t h different accessors. These 

funct ions are specified by: 

5e/_no_o/ms() = f 

ae/_no_a/m5 -s.s () = f 

se/_no_a/ms((appf) ̂  aa) ((appf) " ,sa') = t 

6'e/_no_a/m^((map^)^g6)((map^')^a5') = t 

5e/_no_aZms((accA.a) 35) ((accA.o) = 5c/_7?o_a//a6.s6 aa' 

5e/_no_a/m5((accA.a) ̂  55) ((accA.a') 5̂') = t 

D i s j o i n t n e s s C o n d i t i o n s The 'disjointness condi t ion" proof obl iga t ion is specified by 

the funct ion no_a6ag_cc : seq/Z — 7 " . The funct ion 5e/&_no_a/;aa_cc : seq(seq6') —f 7" 

gives the condi t ion for the absence of aliasing in the selector sequences for a part icu-

lar variable. A single selector sequence cannot alias; two or more sequences must be 

pairwise free of aliasing, as shown by the funct ion : seq6! —seq6^ —7" . 

These funct ions are specified by: 

no_a/ma_cc () = t 

no_o6'as_cc((Z) " /a) = 5e/5_no_a/2(zg_cc(map /ê _ge/eĉ or((/) aa)) A 

where /a 

5ek_no_aZms_cc(a5) = t 

5ek_no_a/m6_cc(as)"^555 = aa'Aaek.no.aZmg.ccaaa 

ae/_no_oZws_cc() ag = f 

ge/_no_G/2a5_cca,s() = f 

seLno_a/w5_cc((app^) aa) ((appf) aa') = f ̂  V ae/_no_a/w5_cr55 55' 

se/_no_a/mg_cc((map() ̂  55) ((mapf) ̂  aa') = f ̂  f V ge/_no_aZ*a5_cc65 aa' 

se/_no_oZms_cc((accA.o)^56) ((acc/i.a)'^5a') = 5e/_no_a/ms_cc55 6a' 

5c/_no_a/m5_cc((accA.a}""56)((acc/^.a')''55') = t 

Using these rules, the disjointness condition for two left values that never alias may be 
more complex than t; for example, the left values one (at/ f) and fwo (oc( w) have the 
condition f ̂  « V t. This function is used in the specification of correctness conditions 
for assignment statements, shown in Figure 11.6 and to specify the condition for the 
absence of aliasing in actual parameter lists in Figure 11.10. 

11.5 Procedure Statements Well-formation 

The well-formation rules for 'procedure' statements, including call, abstraction and 
application are described in this section. In addition to the forms of rule already 
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/ = t if !! 7 a 

gfm/_oA;p,a(proc 6"! in = sfmf-oArp̂ a'?] A 5fm^_no_^rm5p/ ̂ _̂,_c5'2 

where p' = p + Froc Si 

5(m^_oA;p_A[ai = _/prm_oA;^;^(ai ,Gn)As^m^_z2o^rmgy^,^ 

5̂ m/_oA;p_a "S" [ ̂ Ir . . . ] = 

sfmCoA;^,^ 6' A AILi(^W(^-oA:p A 

5fmLoA;p,a(rec [ aa ] 6"! vary f in = 

a.s A ŷj!)e_o/;y ̂  A /%/pe_m/y ̂  % Z A 5^m/_no_ypr7nsy,^,, ̂ '2 

where ^ = y + f + froc (rec_specaa 5'i 

o'/ = a' + f + f 

Figure 11.7: SpeciHcation of Procedure Statements Wel l - format ion 

encountered, the rules for procedures include: 

(i) absence of aliasing in appl icat ion statements, 

( i i ) compat ib i l i t y between the actual and formal parameters i n an appl icat ion state-

ments. 

11.5.1 Well-formation Rules 

C a l l The procedure cal l 7 is wel l- formed i f 7 is a statement variable^. 

P r o c e d u r e B l o c k In p r o c i n 52, the s t a t e m e n t s Si and S2 must be well-formed. 

A new statement variable, which may be free in 5'2, is added to the environment. 

A p p l i c a t i o n In t h e app l i ca t ion S [ ^ i , . . . / „ ], the s t a t e m e n t S m u s t b e well-formed, 

w i t h n formal parameters. The actual parameters must be wel l- formed and compat-

ible with the formal parameters, without aliasing. The rules for compatibility and the 
absence of aliasing are described in more detai l below. 

The wel l - format ion rules for procedure and parameterisat ion statements are speciAed 

in Figure 11.7; correctness conditions are in Figure 11.8. Cases are also shown for 
parameterised recursion. These definit ions make use of functions which are deAned 

below: 

®There should be a corresponding check in the specification for a ordinary variable (see Sec-
tion 9,4.3), to prevent statement variables appearing in terms. For implementation, it is easy to 
distinguish statement variables from other variables during encoding. 
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Function Descript ion Page 

Types and modes of the formal parameters 170 

of a statement 

yprm.oA; Decidable wel l - format ion checks for formal 171 

parameters 
/prm_cc Proof obligations for formal parameter well- 171 

fo rmat ion 

Decidable checks on compat ib i l i ty of formal 172 

and actual parameters 
;9rm_comjDa^_cc Proof obligations for compat ib i l i ty of formal 172 

and actual parameters 

Statement index 176 
rec_gpec Recursion specification 190 

11.5.2 Paraiiieterised Statements 

The funct ion seq(7' x yW) returns the formal parameters of a 

statement. Formal parameters are introduced by an abstraction statement: 

yW ;;= val I valres | res | ref 

where /?!! / 26 o 

oi,..., Oi,..., ̂ 2/pe_mo(fc 

where type ̂ mode val t = / .val 
type.mode valres t = valres 
type.mode rest ti = t , res 
type^mode ref t = f, ref 

5'i vary ^ in 5'i 

s tmtJprmJyppS = () o therwise 

The specification of wel l - format ion ( funct ion allows a statement w i th pa-

rameters to be used only as the specifying statement of a procedure declaration or 

recursion block. W i t h these restrictions^, the possible forms of statement in an appli-

cat ion (i.e. for 5" in 5'[a;i,Z2]) are the statement variables introduced by a procedure 

declarat ion or recursion block, or the recursion block itself. 

11.5.3 Well-formation of Formal Parameters 

The fo rmal parameters using in an abstract ion [ o i , . . . , ] -S", must have types which 

are constant (i.e. no free variables which are assignable) and of type * . 

^The restrictions on the use of parameters are enforced by the concrete syntax given in Appendix A. 
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/ = t 

(proc in .$2) = g/7?î _cĉ t 5"! A (g^m^_cc/p+ 5'2)' 

where p' = p + Proc Si 
5fm/_cc^;) [ Oi,..., On ] -? = (ai,..., 0^) (A/)' - Ap' - 5^m^_cry p' 5"] 

s(m^_cc^p(.9'[<i :L]) = 

jjrm_comjja(_cc^(sfmf_yprm Ji/p̂  5') (fi f^)) 

g(m^_ccpp (rec [ ] .̂i — /prm.ccpt aa (A/)' - Ap' -

vary ^ in 62) (p' /cr̂ , f) A (Vw - (a(m/_cc/, '5'2)")) 

where 

/)" = y + w + Proc (rec_Apeca^ 6"! 

Figure 11.8: Specification of Procedure Statement Correctness Condit ions 

= t 

(val ^ aa = (ype.oA;̂  f A (yjoe_m/p ̂  * A 

con5^_ferma f A aa 

where a' = Q -)- f if 0 is free in as 
a' = Q + t o therwise 

yprm_oA;^^°' (res ( o.s = f A f ̂  * A 

fype.oA' <, A ^ f A 

cons^.^erma ̂  A 

(m aa = ^̂ pe_oA;̂  < A ^ * A 

cona^_^erma ̂  A ((-s 

where m is valres or ref 

_^rm_cc^p 0 F = F /) p 

/prm.ccpp ((m f) ̂  ag) F = (p ^ccp^) A (V^ - _^rm_ccp_^(p+ 05 F'"') 

where m is val, valres or ref 
yprm.cc p ((res( ̂ ,) aa) F = (p => fcĉ  ̂  A ^ c c p A in̂ ecf_̂ ypê  f) A 

(V^ - yprm_ccp_^((p+ A 0 = Qg F+) 

Figure 11.9: Formal Parameters Wel l -Format ion and Correctness 
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^ / ((/o, mo)..., m/)) (do...., (Zj) = (/ = J) A 

m, (/,[? - 1 0 := A 

p_no_a/M5^ / (mo ?n/) (oo, - -, ay) 

prm_comj9aLcc^((/i], m o ) m ^ ) ) (oo ^n) = 

mjec^Jype^ao /o A 

m;ec/J?/pe^ai (/i[0 := o^])- A 

m;ec( JypGp O;, (/̂ [n - 1,..., 0 := aj"" a»"i])"" A 

no_aZmg_cc(ow^_param(mo.... ,mn) (oo Qn)) 

Figure 11.10: Parameter Compat ib i l i t y 

Each parameter declaration introduces a new variable which may be free in the state-

ment 5'. A parameter of val mode may also be free in subsequent parameter types, 

as described on page 41. The new variable introduced by a parameter declaration is 

assignable unless the type of a subsequent parameter is dependent on the variable. A 

fo rmal parameter of mode res has an in i t i a l value which must be assignment compatible 

w i t h the parameter type. 

The decidable wel l - format ion check is described by the funct ion : s e q X - ^ B 

where the in i t i a l environment is a and the environment w i t h formal parameters added 

is p'.a'. Proof obligations for the well-formation of formal parameters are described 
by the function fprm^cc^ : T —> s e q ^ -4- {TypEnv T ^ T) T. The arguments 

of this funct ion are the context, the l ist of formal parameters and, rather than the 

parameterised statement, a funct ion to which the environment and context created by 

the parameters are applied to give the type correctness conditions. The specifications 

are in Figure 11.9. 

11.5.4 Compatibil ity of Actual and Formal Parameters 

For actual and formal parameters to be compatible: 

( i) there must be equal numbers of formal and actual parameters: correspondence 

between formal and actual is by posit ion, 

( i i ) the actual parameter must belong to the type declared for the formal parameter 
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( i i i ) the actual parameters corresponding to result, value-result or reference formal 

parameter modes must be left-values, and 

( iv) the actual parameters must not give rise to aliasing. 

As for the assignment statement, type compat ib i l i ty and aliasing rules require proof 
obligations. 

Dec idab le C o m p a t i b i l i t y Rules The decidable rules for type compatibil i ty and ab-
sence of aliasing between formal and actual parameter lists are described by the funct ion 

: N—> seq(7" x ^ seqT—> E. The specification is in Figure 11.10. 

Each parameter is added to the environment of the subsequent parameters, since the 

type of a parameter may depend on a preceding parameter. The variable introduced 

by a parameter declaration is assignable unless the parameter is of val mode and the 

variable is free in the type of a fo l lowing parameter. 

The funct ion T — 7 " — B specifies the type check for a parameter 

of each mode and the requirement for parameters of modes other than v a l to be a 

wel l- formed left value. 

^ m / o = ^ a A a % / 

where m is valres. res or ref 

P r o o f O b l i g a t i o n s f o r P a r a m e t e r C o m p a t i b i l i t y P a r a m e t e r compat ib i l i ty re-

quires proof obl igat ion for: 

(i) type correctness condit ions for the actual parameters, and 

( i i ) the absence of aliasing between result and reference parameters in an actual pa-

rameter list. 

The type correctness condi t ion ensures tha t each actual parameter belongs to the type 

given in the fo rmal parameter declaration, w i t h the preceeding actual parameter val-

ues subst i tuted where the formal parameter type is dependent on an earlier formal 

parameter. The anti-al iasing 'disjointness condi t ion ' is the same as that for an as-

signment statement, ignor ing val parameters: the funct ion is defined on 

page 168. The func t ion prm_com^a<_cc is used in the specification of correctness con-

dit ions (Figure 11.8) for the appl icat ion statement. The funct ion : 

s e q ( T X A4) —> s e q T T descr ibes these proof obligations. T h e speci f ica t ion is in 

Figure 11.10. 
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The function out.param : seqM s e q T -4- s e q £ selects actual parameters which 
correspond to formal result or reference parameters: 

() = () 
owf_param((val) ma) ((a) oa) = aa 

ma) ((a) ^ aa) = (a) aa 

w h e r e m is va l res , res or r e f 

11,5.5 Aliasing of Parameters 

Two forms of aliasing can occur in an actual parameter list 

(i) aliasing between result (res, valres) or reference parameter which are not disjoint, 

and 

( i i ) aliasing between ref parameters and global variables. 

The two cases are considered in more detai l below and the rules for avoiding aliasing 

given. 

A l i a s i n g o f R e s u l t a n d R e f e r e n c e P a r a m e t e r s T h e fol lowing e x a m p l e i l lus t ra tes 

this fo rm of aliasing: is z increased by 1 or 2? 

PROC Inc IS [VALRES z:Nat; VALRES y:Nat] 

x,y := x+l,y+2 

IN 

Inc[z, z] 

END PROC 

This fo rm of aliasing is equivalent to aliasing in assignment statements. I n the example, 

the equivalent assignment is z,z := z+l,z+2. As w i t h assignment, bo th a static check 

and a disjointness proof obl igat ion may be required. Parameters of mode vai cannot 

give rise to aliasing. 

A l i a s i n g B e t w e e n G l o b a l s a n d R e f e r e n c e P a r a m e t e r s T h e fol lowing e x a m p l e 

illustrates this form of aliasing: is G doubled or not? 

VAR G : Nat IN 

PROC Inc IS [REF z:Nat] 

x,G := X + G, X 

IN 

Inc [G] 
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END PROC 

END VAR 

To prevent al iasing between a g lobal var iable and a reference parameter , we mus t ensure 

t h a t the var iab le used as the ac tua l parameter cannot be free i n the s ta tement wh ich 

gives the mean ing o f t he s ta tement var iable. Thus , i f = [ r e f r : ^ ] 6" t hen % [ ] 

does not cause al ias ing p rov ided t h a t gf ^ $ 5". M o n o t o n i c i t y of ca l l by reference is 

proved by Back [Bac87] w i t h th is s ide-condi t ion^. 

I t is d i fhcu l t t o imp lemen t Back 's s ide-cond i t ion d i rec t ly , since the set o f free variables 

is not preserved by re f inement . As a resul t , to check the we l l - f o rma t ion o f a cal l to t h e 

procedure, the i m p l e m e n t a t i o n of a procedure w o u l d need to be examined; we w o u l d 

prefer to have the we l l - f o rma t i on of the cal l depend on ly on the spec i fy ing s tatement o f 

a procedure, not i ts re f inement . We adopt the fo l low ing ru le wh i ch is more res t r ic t i ve 

t h a n Back's. 

R u l e t o P r e v e n t A l i a s i n g w i t h G l o b a l s If S is a s t a t e m e n t w i t h f o r m a l parameter 

r e f r : f t hen the app l i ca t ion 5" [ gi ] does not alias w i t h g lobal variables p rov ided 

tha t the var iab le ^ was declared the f o rma l parameters o f 6' and therefore ^ 

cannot be free i n 5". 

A t a p rac t i ca l level, a p rog rammer w ish ing t o upda te an ob jec t f r o m w i t h i n a procedure 

body w i t h o u t us ing a result parameter has two opt ions 

( i ) declare the ob jec t hrs t and refer to i t f r o m the procedure b o d y as a g lobal var iable, 

or 

( i i ) declare the procedure hrs t and refer to the ob jec t using a reference parameter . 

W i t h th is ru le, recursion blocks cannot have reference parameters^. 

D e c i d a b l e A n t i - A l i a s i n g C h e c k s The f unc t i on p-no-.alias^ specifies the decidable 
ant i -a l is ing checks. T o prevent al iasing between resul t , value resul t and reference pa-

rameters. the var iables used must be d is jo in t i n the same way tha t variables i n a m u l t i p l e 

assignment mus t be d is jo in t , as specif ied b y the f unc t i on (see page 167). 

®The use of copy-in copy-out semantics for valres and res parameters ensures that there is no 
aliasing in the second example if ref is replaced by valres. With this change, Inc[G] is well-formed 
and equivalent to G := G + G. Although this is a well-formed statement, it is confusing and it is 
unlikely to reflect the true intentions of a programmer. 

^However, a recursive procedure can have reference parameters. 
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The rule to prevent aliasing w i t h globals can be implemented by comparing the indices 

of the statement variable and the actual parameter variable. I f the index is defined 

as [ r e f r : ^ ] 5" then the cal l X [ 9 ] is wel l - formed i f g < X . 

This implementat ion is used in the funct ion : N — s e q y W — s e q T — E . 

^ () () = t 
f ((ref) ̂  ms) ((a) ̂  eta) = f/is a < f A 7 m s aa 

/ (("^) ̂  (((̂ ) ̂  / ma aa 

f o r o t h e r p a r a m e t e r m o d e s 

The index of the statement variable is returned by the funct ion N, 

which is used in the def in i t ion of i n Figure 11.7, on page 169. 

stmtJndxl_ — / 
stmt Jndx{rec Si v a r y f in = 0 

A n t i - A l i a s i n g P r o o f Ob l i ga t i ons Proof obligations are only required to check the 
absence of aliasing between result and reference parameters and these checks are the 

same as those required for assignment statements. The funct ion no_aZma_cc, deAned 

on page 168 is used in the def ini t ion of prm_compaLcc above. 

11.5.6 Alternative Approaches to Aliasing 

Euclid In is interest ing to compare the approach to parameter passing taken here w i t h 

that of 'conventional ' language Eucl id [LGH"''78], which is the basis of the approach used 

in the Ada subset SPARK [CJM+92. CGM92]. 

In Euclid, the formal parameters have mode var or nonvar. Parameters of mode 
v a r may be assigned w i t h i n the procedure; the actual parameter must be a variable. 

Parameters of mode nonva r are read-only w i t h i n the procedure; any expression may be 

used as the actual parameter. The global variables are declared in a simi lar way, each 

procedure declaration inc luding a l ist of the global variables which may be used w i t h i n 

the procedure, w i t h a v a r or nonvar mode for each such variable. 

The fol lowing two requirements ensure the soundness of the proof rule used. 

1. Reference passing is used to implement v a r parameters whi le nonvar are imple-

mented by value passing (i.e. copy in) . 

2. The v a r actual parameters and the v a r global variables must be dist inct . This 

less restr ict ive than Back s side condit ion. 
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In comparison to the approach adopted here, there are two key features. First , the 

global variables visible in the procedure body are l isted in its specification. Second, 

global variables are assigned moffeg restr ict ing some to be read-only. 

In SPARK, the rules are more complicated because the Ada language (of which SPARK 

is a str ict subset) does not specify the mechanism used to implement the different 

parameter modes, so tha t when a variable is used as the actual parameter for a nonvar 

parameter (wr i t ten as in in the Ada syntax) the compiler is free to use pass by reference. 

A d a p t i n g t h e E u c l i d A p p r o a c h The anti-aliasing condition on the use of reference 

parameters proposed for the language of refinement is necessary because our language 

does not have the two key features of the Eucl id approach: lists of visible global variables 

and global variable modes. Obviously, the Eucl id approach could be adopted direct ly, 

by adding the global lists to the syntax. 

In a refinement language i t is also possible to adopt the Eucl id approach w i thou t addi-

t ional syntax: the global lists and modes could be m/erre(f: 

(i) the global variables are the free variables of the specification of a procedures, and 

( i i ) the v a r variables are the free variables which are assigned in the specification of 

a procedure (i.e. the frame variables). 

To make this equivalent to the Eucl id approach, the free variables and the assigned 

variables must be checked for a refinement, changing the refinement relationship so 

that i f 5" C T then 

(i) the free variables of T must be a subset of those of 6', and 

( i i ) the assigned variables of T" must be a subset of those of 6'. 

This change would disallow a refinement such as skip C z. Eucl id introduces 

the annotations precisely because i t is not convenient to analyse the implementat ion 

of a procedure in order to determine whether a part icular call to the procedure causes 

aliasing. In a refinement language, the procedure specification can be analysed instead, 

provided that the properties of interest are mainta ined by refinement. 

11.6 Semantics of Statements 

The meaning of each fo rm of statements is specified by its weakest precondit ion predi-

cate transformer, as described in Chapter 2. Section 2.2.4 describes how the strongest 

postcondit ion predicate transformers are defined. 
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wPp skip Q = Q 

wpp a b o r t Q = f 

P̂p(̂ l) ' ' ' 1 In • — • -itn) Q — Q dSQTl (J/x- . . . , /ti) (̂15 • • • 5 ̂ n) 
, Zn := any n f) Q = (V(i... (V̂ n - F => 

Q+"oggn - C " ) 

( n — 1 , • • . , 0 ) 

where (, = 

w;)^(pre f in 5") Q = f A 5" Q 

wp/if ori P,=4^ 6'J 0 = V, fi A A,(f^ wpp 5", Q) 

wp^(var f|e in 5") Q = ^ (?'̂ )[0 := e+] 

wpp(con E in 5") Q = ((wpp+(yp,_,»y^E5' Q+)[0 := E+])-

Pigure 11.11: Weakest Precondit ions 

Por most statements the weakest precondit ion is However, the loop statement 

(see Section 11.8), the recursion statement (see Section 11.9) and the statements asso-

ciated w i t h procedures (see Section 11.7) are defined by equivalences and the predicate 

transformers are calculated. 

As described in Section 2.2.1, compound statements must be monotonic w i t h respect 

to the refinement of their component statements. Por weakest precondit ions which are 

defined, monotonic i ty must be proved. Por weakest precondit ions calculated f rom an 

equivalence, monotonic i ty follows f rom the monotonic i ty of the statements used in the 

equivalence. 

11.6.1 Semantic Functions 

Weakest Precond i t ions The weakest precondition function is declared as; 

: (S T T 

Por (t'p a g to be a wel l- formed predicate, the statement a and the postcondit ion g must 

be well- formed, and g must be a predicate such that (for some a) : 

a 5 A /^pe_o& g A 6ooL/ermp g 

Strongest Pos tcond i t i on The strongest postcondition function is declared as: 
—> T T 

The weakest preconditions (see Figure 11.11) and the strongest postconditions (see Fig-

ure 11.12) of simple statement forms are standard and ensure that compound statements 

are monotonic. The standard forms have been re-expressed using depth-indices. 
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skip Q = Q 
spp a b o r t Q = f 

• 1 •— t\i • • • ) t-n) Q — 

(3ui . . . ' Q"""" (Zî " /n") — 1, .... 0) A 

A , ( r = ft" aspzi (/+",..., /r) (EJzl,... ̂  0}))...) 

where if, — 
,sjD̂ (Zi,..., L := any » f) Q = 

(3^1... (3L -

Q'"'" aagrn (/i"",..., — 1 , . . . ,0) A 
f ...,/+") ̂  (n - 1,... ,0) 

( ( n ^ , . . . , o ) - ( / r , . . . , C " » ) . . . ) 
where f, = 

spp(pre f in 6") 0 = sp^ 5" ( f A Q) 

5Pp(if or^ 6"̂ ) Q = y . gp̂  5"̂  (f^ A Q) 
aPp(varf|ein5')Q = (3^-gpp+(5'(Q+A0 = e+)) 

5p^(con E in 5") Q = (Ĥ  - app+( 5" (Q+ A 0 = E+)) 
where t = typeJnfp E 

Figure 11.12: Strongest Postconditions 

Abstract Assignment The weakest preconditon of the abstract assignment state-

ment makes this fo rm of assignment equivalent to the demonic miraculous assignment 

of [BW89h]. where the fol lowing def in i t ion of the weakest precondit ion is given ( in 

identiher syntax)^°: 

u'p (z, := any i/i, where f ) Q = 

(V/i...../„ • P [ y i Q [ x j . . . . . x„ .= /i....; /,j]) 

This def in i t ion requires the bound variables to be renamed to fresh variables to 

avoid the possibi l i ty that variables of the same name which are free in the preconditon 

Q are captured by the quanti f icat ion. 

I f Statement A statement of the form i f . . . fi which can be used to build-up a stan-
dard condit ional statement is proposed i n [Mor88a]. However, this statement is not 

monotonic in its subcomponents and therefore cannot be used in our approach. (See 

also [BW89b]) . 

^°This definition assumes that the left hand side of the assignment are simple variables and does not 
specify the type of the quantified variables. 
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Logical Constants The (con . . . ) statement is a determinist ic f o rm of the logical 

constant given in [MG90] using syntax w i t h variables: 

wp (con c in 5") f = (3c - wp 5" f ) ) 

This statement is determinist ic and therefore not conjunct ive. Our version 

can be expressed using either the general f o r m of logical constant, or the variable 

declaration. 

(con c = is _ ( con c _ ( va r c 

In 6") " i n { c = E ' } ; 5 ' ) " inc :— 

The weakest precondi t ion given above can be calculated, using the syntax w i t h variables, 

f rom any of these equivalence. For example: 

wp (con c = E in 5") Q 

= (3c wp (c — E'; 6") Q) [Erst equivalence] 

= (3c - c = E A wp 5" Q) [wp of assert &: seq. comp.] 

= (wp 5' Q)[c : = E] [one point rule] 

The general fo rm of the logical constant does not have a strongest postcondi t ion since 

i t is not conjunct ive. We can jus t i f y the def in i t ion given above using the second equiv-

alence: 

ap (con c = E in 5") Q 

= jp (var c In c : = E : 6") Q [second equivalence] 

= (3c - jip (c : = E ; 6") Q) [sp of var decl] 

- (3c - ap 6" (ap c : = E Q)) [sp of seq. comp.] 

= (3c .sp 5' (c — E A Q)) [sp of assert] 

11.6.2 Substitution for Assignment 

The specifications of the weakest precondi t ion and strongest postcondi t ion for the two 

forms of assignment use subst i tut ion: in the assignment z : = e, the value e substitutes 

for the variable .r. Because of this connection between assignment and subst i tut ion, the 

syntax for subst i tu t ion resembles an assignment: the subst i tu t ion of the value e for the 

variable .r is w r i t t en [ j : = e]. 

To t ransform an assignment to a subst i tu t ion, the fol lowing complicat ions must be 

taken into account: 

(i) the left hand side of an assignment is a left value, rather than a variable, 

( i i ) the same variable may occur more than once on the left hand side of an assignment. 
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Statement Equivalence 

a 1 a; 

o 1, o' 2 := j;, y 

oa ^2,aa Ui u; 

one d := z 

one & ( wo c( := a;, ̂  

one (/ 

one d u : = JT, ^ 

one (a(f <), 

one (at/ u) : = a:,;/ 

one («(/ f ) , 

(wo («(/ u) := a", ̂  

a := a @ (1, z) 

o,a' := o @ (1, a;).a' @ (2,?/) 

I, ̂  a := = ui 

then GO 8 (/i. ao (i @ ((g, z) @ (u2, y)) 

else GO @ ((i, oa @ ((g, a:)) @ (wi, aa ui 8 (ug, 2/)) 

d : = c_one i (fii^o (f) ((Aree d) 

(f : = c_one a; ^ ((Aree c() 

: = c-one (one (f @ ( ( , z ) @ (w.^) ) 

(huo (/) ((/*ree (/) 

(f @ ((, c_one a; ((wo (at/ ()) ((Aree (ocf ())) 

@ (u,c_one ^ ((%ro (ofZ ()) ((Aree (acf ())) 

ad := i f f = u 
then a(Z@ ((.c_one a; ;/ ((&ree (arZ ( ) ) ) 

else ac (0 ((,c_one z ((wo (acf ()) ((Aree (acf ())) 

0 ( w.r_one (one (at/ ()) ^ ((/zree (atf ())) 

Figure 11.13: Transformat ion of Assignment Statements 

In the rest of this section, the t ransformat ion to a subst i tu t ion is described by a trans-

format ion to an equivalent assignment, which satisAes the rules for a subst i tut ion w i t h 

only simple variables, not repeated, on the left hand side. Figure 11.13 shows some 

example assignment statements and their equivalences, using the variable and type 

declarations of page loo. 

Assignment to Funct ions and Maps Both these forms are transformed in a similar 
way using the funct ion or map override operator. A n assignment w i t h the fo rm / o : = ( 

where / is a variable of funct ion type is equivalent to / : = (« . ( ) . The override 

operator for functions is <+> (see section B . l ) whi le for maps it is [+ ] (see section B.3). 

I f the same variable occurs more than once in an assignment such as / a, / 6 : = (, u, 

the equivalent assignment is either: 

/ := (a.^) ̂  (6. or /:=/'$ (6. u) S («.() 

The two transformations are equivalent since a ^ 6, which is a condi t ion for the or iginal 

assignment to be well- formed. A fur ther complexi ty arises when two or more left values 

w i t h two or more arguments are used in an assignment: 

/ oi 02. / 62 := (. u 

This assignment is wel l- formed provided that o; ^ 61 V og ^ bg. I f o i = 6% then the 
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equivalent assignment is: 

/ := / @ (^1, / @ (^2,^) @ (62, w)) 

while if ai ^ hi then it is: 

/ @ (oi, / Gi @ (oz, @ (61, / 61 G (62, 

Since the correct choice cannot be de te rm ined s ta t ica l ly , a cond i t iona l t e r m is used, as 

shown in f igure 

Assignment to Datatypes These are t rans fo rmed us ing the da ta t ype const ruc tor 

for the appropr ia te case t o f o r m an upda ted da ta t ype value. Thus one : = z is 

equivalent t o (/ : = c.oTie z (if) (^Aree cf). No te t ha t the da ta t ype accessors w h i c h 

are not used as selectors on the lef t hand side of the assignment are used in the equivalent 

assignment. Since al iasing of da ta t ype accessors is decidable, cond i t i ona l te rms are no t 

requi red. 

Ass ignment t o C o m p o u n d Types Some examples of complex left values involving 
func t ions and data types are shown i n f igure 11.13. T h e f ina l example is no tewor thy 

since i t requires a cond i t iona l t e r m i n the equivalent assignment even though there is 

no disjointness cond i t ion . 

The Function In the speci f icat ion of wp and ap, the f unc t i on is used t o 

create the appropr ia te subs t i t u t i on . We wr i te : 

f asgn. L ) (̂ 1 

for the pred icate P mod i f i ed by t he subs t i t u t i on corresponding t o the assignment o f 

te rms to the lef t values A subs t i t u t i on is represented as a set of pairs (z, where 

f is an index and f is a t e rm . 

: s e q s e q T —]F'(N x 7") 

disadvantage of this approach is that the complexity of the equivalent rises rapidly. For the 
example shown there are two alternatives in the equivalence, for / oi og, / 6% 62, / ci c? := u, n there 
are five alternatives, adding a fourth assignment yields fifteen alternatives. Alternative approaches 
include (i) more restrictive well-formation rules (ii) allowing updates to functions of one argument 
only. i.e. using (in Pascal syntax) ARRAY [1. .m, 1. .n] OF T rather than ARRAY [1. .m] OF ARRAY 
[1..n] OF T. 
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11.7 Semantics of Procedure Statements 

11.7.1 Procedure Declaration and Call 

The fol lowing deAnit ion of the meaning of a procedure declaration is standard (adapted 

to the variable-free syntax). 

(proc 5" in T) = (7'[0 := 5"""])" 

The predicate transformers for (proc . . . ) are calculated by f irst mal t ing the substi tu-

t ion, e l iminat ing al l free statement variables. The weakest precondit ion and strongest 

postcondit ion are required for bo th procedure blocks and free statement variables - see 

Section 12.1.2 - i n the second case the subst i tu t ion is achieved using the environment. 

wpp(proc 5" in T) Q = wpp(!r[0 := 5"+])" 
7 = 6" where /)!!/ = f roc 5" 

gp/proc 5" in r ) 0 = := 
= 5j)p5'where/)!!/=froc6' 

Theorem 11.1 demonstrates the monoton ic i ty of this semantics of procedures. 

T h e o r e m 11 .1 M o n o t o n i c i t y o f s t a t e m e n t s u b s t i t u t i o n For any statements T, 
T" re/errm^ /o (Ae afrnfemenf mrw6/e .V re/errm^ 

X.' 

r c r => := r] c 5'[x := r] 

A proof of this theorem is given in [Bac87. Theorem 1. p l l ] . 

I t is possible to extend the def ini t ion of refinement to allow for statements w i th free 

statement variables ( in this case, the refinement must hold for any subst i tut ion of the 

variables). However, this extension is not necessary in the approach adopted here. 

11.7.2 Parameters 

The wel l - format ion rules ensure that abstract ion and appl icat ion match. Therefore 

the meaning of an appl icat ion can be defined for each form of abstraction. Using the 

identif ier syntax, the definit ions are: 

[ val ^ ] 5" [ P ] = (var z : Mn z e: 5") 
[ res T : ^ ] .9 [ (/ ] = (var z : ( in 5"; ^ := z) 
[ v a l r e s z : f l 5 ' [ i / l = ( v a r j : M n z : = ! / ; 5 ' : u : = z ) 
[ ref T : ^ ] 5" [ ;/ ] = := 
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I t is shown in [Bac87] that the va l and r e s parameter passing mechanisms defined 

in this way are monotonic, subject to renaming variables to prevent capture. The 

condit ions for monoton ic i ty of pass-by-reference have been discussed in Section 11.5. 

Variable renaming is avoided by using the variable-free syntax: 

v a l t ] S I e] = ( va r t i n 0 
:= 0) [ res t t,] S [y ] = ( va r f i n 0 

[ valres f ] 5" [ i/ ] = (var f in 0 := 0 
[ ref ^ ] 5" [ !/ ] = (5'[0 := 

The weakest precondit ions can be calculated f rom these def in i t ion g iv ing results which 

are the same as the definit ions given in [Mor88c]. However, i t should be noted that ^ 

in the definit ions above is not restr icted to a variable but can be a left-value. 

11.7.3 Multiple Parameters 

A n abstract ion w i t h mul t ip le parameters is defined by the snnwAaneoug subst i tut ion of 

the l ist of parameters. ( A n abstract ion w i t h mul t ip le parameters cannot be described 

using nested abstract ion w i t h single parameters because this results in sequential sub-

stitution.) 

Let L u, r , I/; and e be terms, w i t h left values z , ^ and z which do not alias. The 

appl icat ion of [e, z] to an abstract ion w i t h mul t ip le parameters is defined as follows: 

(var f; u; r ; w i n 

[ val valres u, res i' r,, ref w ] ^ 1 ,2 ,1 := 
z] 6'[0:=z+'^]: 

:=11) 

The equivalent statement has the fol lowing components: 

(i) a copy-in assignment for the v a l and v a l r e s parameters, 

( i i ) in i t ia l isat ion of the r e s parameter. 

( i i i ) a subst i tu t ion for the r e f parameters, and 

( iv) a copy-out assignment for the res and valres parameters. 

11.7.4 Refinement of Parameterised Statements 

Following [Bac87] we extend refinement of statements to parameterised statements. 
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Definition 11.1 6", 6"' 6e antf abs g (an ( f / o r one o/^Ae/o7'7ng o / p a r a m -

e^en'safmn. 

[ abs ^ ] 6" C [ abs u ] S' 

^ ancZ onZy z/ 

[ abs f ] 5' [ e ] C [ abs u ] 6"' [ e ] 

/or a// ezpreaswns e (/or wAtc/t (Ae app/ica^wn is we(^-/orme(fj. 

We make the add i t i ona l res t r i c t ion t h a t for any ref inement o f parameter ised s ta tements 

the t w o l ists o f f o r m a l parameters mus t be ident ica l , s imp l i f y i ng the above equivalence t o 

(Vf - 5" C 5"'). Ref inement of a parameter ised s ta tement occurs i m p l i c i t l y i n recurs ion 

(see Sect ion 11.9), when the parameters are necessarily ident ica l . Since the syn tax 

prevents an abst rac t ion f r o m be ing labelled^^ (see Sect ion A.4.2) the exp l i c i t re f inement 

of a parameter ised s ta tement is rest r ic ted. 

11.8 Semantics of the Loop Statement 

T h e loop statements is def ined to be equivalent to an abstract assignment under a 

p recond i t ion . 

(while / vary E loop or, B, =:^ 6';) = 
(pre 

/ A 

A l l p (2'] Tn) A ^ (/'"' A E + < 0)) [0 : = E + j ) " ) A 

Ally, (,ri C;,) ( / A V, B; => 0 < E ) 

in 

^ 2^ := any » (/ A A, + ", + n := n - 1, 0]) 

where (.71 r^ ) is a sequence conta in ing the indices of the variables assigned in any o f 

the s ta tements w i t h i n the loop: U; { ^ 6', } . T h e pr inc ip les for the equivalent s ta tements 

are: 

1. T h e precond i t ion ensures tha t the invar ian t and the var iant of the loop have t h e 

fo l low ing proper t ies (s tandard f r o m Hoare logic) : 

(a) the invar iant holds i n i t i a l l y . 

(b) in a l l state.9 i n w h i c h the invar iant and one of the guards holds, the cor-

responding s ta tement 5"; ma in ta ins the invar ian t and decreases the var ian t , 

and 

^-The intention of tlip syntax was to prevent explicit refinement of parameterised statements (which 
appears to have no purpose in our approach), but it is not effective. This suggests that the restriction 
should be tightened or dropped. 
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(c) in al l states in which the invariant and any of the guards hold, the variant 

is greater than zero. 

2. The abstract assignment updates al l the variables which may be assigned by the 

statements in the loop in any way which maintains the invariant of the loop and 

makes all the loop guards false. 

M o n o t o n i c i t y T h e monotonicity of the loop s ta tement follows from the monotonici ty 

of the statements used in the equivalence. 

Continuity When a loop contains a non-continuous statement an integer variant 

may not exist (even though the loop terminates). Consider, for example, the fol lowing 

program adapted f rom Boom's paper [Boo82], where i : N a t and f i r s t :Boo l : 

first := True ; 

WHILE i >= 0 VARY ? 

LOOP 

first ==> i := WHERE True ; first ;= False 

OR 

not first && i > 0 ==> i := i - 1 

END LOOP 

Since there is no variant funct ion which is always decreased by the first i terat ion of 

the loop, the precondit ion of the equivalent statement is false and the loop behaves as 

a b o r t . 

The only p r im i t i ve statement i n the language which can be non-continuous is the 

non-determinist ic assignment when the set of values satisfying the predicate is infi-

nite. (Back and Von Wr ight [BW98, §22] characterise statements which may be non-

continuous.) The requirement for an integer loop variant prevents some uses of inf in i te 

non-determinist ic assignments in loop bodies. This restr ict ion could be relaxed by 

al lowing a variant of any well-founded set, inc luding ordinals, to be used to show termi -

nat ion of a loop. We note that the standard rule for int roducing a loop in the refinement 

calculus (see below) also assumes a variant f rom N. 
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11.8.1 Frame Variables 

The variables which are assigned (and therefore mai/ be changed) by a statement are 

called the / rame variables. We wr i te ^ 5" to stand for the set of such variables. 

^ 1 ? ' ' ' 1 ̂ 2 ) — LJ? Ihs li 

^(/i,..., L := ziny n () = U; /As 

^(var 1̂ 2 in 5") = { z — 1|( 6 ^ 5" A z > 0 } 
^(con Mn5') = {i — l | t E ^ 5 ' A 2 > 0 } 

\p(proc6'iin5'2) = {2-l|«€^6'2[0:=5';'']} 

^(rec 5"! vary f in '̂g) = { z — 1|; 6 ^ 5'2[0 := S'̂ '] } 

Other cases are deAned in the obvious way. Since the def ini t ion of ^ for proc and rec 
substitutes the statement variable, no case is required for the free statement variable / 

and abstract ion and applications are paired: 

\I'([valf]6'[e]) - { % - l | z E ^ 5 ' A 2 > 0 } 

$ ( [ v a l r e s ^ ] 5 ' [ / ] ) = { / A s / } U { z — 1 | 2 E $ 6 ' A * > 0 } 
$ ( [ r e s N , ] 5 ' [ / ] ) = { / A 5 / } U { ; — 1 | * E ^ 6 ' A % > 0 } 

The def in i t ion of ^ for the r e f parameter mode is the same as that for v a l r e s . 

11.8.2 All State Quantification 

The properties of the statements in the loop must hold m o// This could be 

represented by universal quant i f icat ion over a// the variables, however, i t is sufficient to 

quant i fy over the variables which are assigned in the loop body. The quanti f ied te rm is 

constructed by the funct ion All^ : s eqN —> 7" —> 7", w i th the necessary adjustments to 

the indices. 

All^(Ti : (V<, ... + a,... + R := n - 1 01) 

where t, = [type^inf ^ 

11.8.3 Loop Predicate Transformers 

The predicate transformers for the loop statement can be calculated f rom the equiva-

lence. Let: 

l o o p = w h i l e / v a r y E l o o p or , B, => 5', 

ra = a sequence of the indices of the assigned variables [ J { ^ 6", } 
i 

.4i = All , z , / \ ( / A g, ^ (/+ A E+ < 0))[0 := E+])-) 

-42 = All , j s ( / A \y F; ^ 0 < E') 
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then: 

l o o p Q 

= / A A i A y42 A ( ^ , . . . , ^ : = [wp of the p r e ] 

a n y » ( / A A, - '5 ; ) ' " ' " 

[xi + n.. .. ,.Tn + n ;= n — 1,... ,0])) Q 

- / A A i A Az A A l l p Tg ( / A / \ , - l E i => Q) [wp of the abstract assign.] 

SPp l o o p P 

= gpp ( ^ , ^ a n y n ( / A [sp of the p r e ] 
[a î 4" n , . . . , Xn 4" n := n — 1.. . . ,0]) [P A I A Ai A /I2) 

= (3^1 . . . ' [sp of abstract assignment] 

(f A / A A} A A g [ z 1 + n,. . ., x„ + n := n — 1.... ,0] A 

(/ A /\j ~<Bi[xi + u.... , .i'„ -j- u ;= ft — 1 • ...•()] 

+ n. Tn + n. n — 1 0 := n — 1 . . . . , 0, a;i + M,... 

w h e r e 

= A i A /I2 A / A A, A [quantif ied variables not free] 

(31 ̂  11 • 3 i fi 

(f A + n + n := n — 1, 0]) 

This completes the def in i t ion of the loop statement: to jus t i f y this def in i t ion we show 

below that a loop statement defined in this way can be implemented by a standard 

i terat ion statement. 

11.8.4 Comparison with the Refinement Calculus 

The s imi lar i ty between the approach described here and that used in AbriaFs Abstract 

Machine Nota t ion has already been noted. The connection w i t h the t reatment of loops 

in iVIorgan's refinement calculus, apparently very different, is described here. The re-

f inement calculus law for in t roduct ing an i terat ion [MR87. Law 11], is: 

tr : [fruc. : / - G\)] 

do 

([](:/' C, : [Q. mi'. 0 < ror < I'oro]) 

o d 

The loop w i t h expl ic i t invariant and variant can be seen as an al ternat ive syntax for 

this refinement law. which has no side-conditions. The properties of the law are: 

1. The loop refines a statement which establishes the invariant and the disjunct ion 

of the guards. 

188 



2. W h e n the corresponding guard appl ies, each s ta tement w i t h i n the loop must be 

a re f inement of the s ta tement w h i c h ma in ta ins the invar ian t and decreases the 

var ian t . 

These are proper t ies of the loop equivalence given above^^. 

11.8.5 Implementing the Loop Statement 

T h e fo l l ow ing theorem shows t h a t the loop s ta tement can be imp lemen ted using t h e 

s tandard d o . . . o d s ta tement , by d iscard ing the invar ian t and var iant . 

T h e o r e m 11 .2 I m p l e m e n t i n g L o o p s For any invariant predicate I, variant expres-

l o o p = ( w h i l e I v a r y E l o o p o r , = > 5',) 

d o o d = d o []B, 6^,od 

fAen loop C dood. TAe zs on 9^0. 

11.9 Semantics of Recursion 

We define the recurs ion b lock by an equivalence: 

( r e c [ a i = [oi , an] (con( i . in 
vary in 7) (proc [ 6 i . . . . ] { 0 < A ([ < n }; 6" 

in n ) 

w h e r e 6, = 
// _ +̂(7i+l),n 

_ +̂(n4-l).n 

prov ided t h a t 

5' C (con/, in (r[0:={0<^'+A $"+])-) 

I n the fo l l ow ing t e x t , th is equat ion is referred to as the ;)ror26o. T h e proviso expresses 

the const ra in t on the s ta tement (rec 6" vary in T ) t h a t the s ta tement T must be 

^^The only different is that the equivalence is based on the traditional form of the invariance proof 
rule for loops, while Morgan uses an alternative. The alternative requires that the invariant and the 
guard of each statement imply the precondition for the statement to establish a variant value greater 
than or equal to zero. This is almost the same as the third conjunct in the precondition of the loop 
equivalence, which requires that the disjunction of the guards imphes that the variant is greater than 
zero. If this is not the case in the refinement calculus version, then at least one statement in the loop 
body is infeasible. 
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a reAnement of 5". Since the syn tax ensures t h a t 5' is the speci f icat ion o f T , i t is no t 

necessary t o check the prov iso exp l i c i t l y : i t is checked w i t h the rest o f the reAnement 

text. We make this argument more formal in Section 12.2. 

I n the equivalent s ta tement for the recursion, a logical constant is i n t roduced to ho ld 

the i n i t i a l value o f the var ian t and a procedure is i n t roduced to speci fy the recursive 

s ta tement var iable. T h e speci f icat ion o f the procedure is the s ta tement 6' w h i c h specifies 

the recurs ion, i nc lud ing the f o r m a l parameters. T h e procedure speci f icat ion also has a 

p recond i t i on to show t h a t the var iant is decreased, bounded by zero. 

T h e scope of the d i f ferent components of the equivalent s ta tement needs t o considered 

careful ly. T h e logical constant is v is ib le i n the s ta tement 7" as 1 and the recurs ive 

var iable is 0. W i t h i n the procedure speci f icat ion, the scope of .9 and needs to be 

ad jus ted so tha t they depend on the parameters of the procedure. T h e scope ad jus tmen t 

makes use o f an extens ion o f the opera t ion i n t roduced i n Sect ion 9.2 for ad jus t ing 

indices: for a t e r m (or s ta tement ) denotes the t e r m f w i t h indices greater t h a n 

or equal to j increased by T h e defaul t value for j is 0. 

Recurs ion Speci f icat ion The procedure specification part of the recursion equiva-
lence is used in the speci f icat ion of we l l - fo rmat ion . 

rec_apec (oi,...,«») ̂  L - [ 6i, - - -, 0 < A < n }; 6") 

where 6, — 
f! _ 4 + (n+l),n 

— g+(n+l),7i 

Continuity As w i t h a loop s ta tement , when a recursion contains a non-cont inuous 

s ta tement i t may not be possible to f i nd an integer var iant . T h e use of recursion is 

res t r ic ted t o caaes for w h i c h an integer var ian t exists. W i t h o u t a var ian t , t he 'p rov iso ' 

does not ho ld and the ref inement fails. Equ iva len t ly , an inva l id var ian t leads to a 

p recond i t i on of ' false' for (one o f ) the recursive cal l (s) and the recursion b lock aborts^^. 

11.9.1 Recursion Predicate Transformers 

We can calculate the weakest p recond i t i on f r o m th is de f in i t ion , assuming t h a t the pro-

viso holds: 

u'p^(rec 5' vary fy in T) Q 

= u';)^(con f r in (proc . . . ) ) Q [expanding defn.] 

= ( ( » ' P / ( p r o c { 0 < A < 0 } ; 6 ' + i n ? ) Q"'")[0 : = ^ y ] ) " [wp for log con] 

= : = { 0 < [wp for proc] 

^'^I'nless Uie recursion is railed in an infeasible context. 
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w h e r e y = p + 

Similar ly, assuming tha t the proviso holds: 

spp(rec S v a r y ty i n T) P = 
(3%/. := {0 < A 4 ' < 1}; (f + A o -

where u = typeJnfp ty, p' = p + u 

11.9.2 Introducing a Recursion 

We show that a recursion block can be introduced wherever its specifying statement 

could be introduced. 

T h e o r e m 11.3 I n t r o d u c i n g a R e c u r s i v e C a l l Let Si, S2 be statements in which 
(Ae recwrsme 0 nof /ree, T" 6e a 0 ancf 

(y 6e a uanan^. TAen 

j); C ^'2 5"! C ( rec '̂2 v a r y (y i n T ) 

5'2 E ( con f y i n (T[0 : = {0 < A < 1}; 5"^^])")) 

The proof is on page 221. A t r i v ia l way to satisfy the proviso of this theorem is to 

make the statement in the scope of the recursive variable the same as the specifying 

statement. Theorem 11.3 then shows that : 

^1 E .5'2 =>- 5'] C ( rec 62 v a r y i n 

always holds. 

11.9.3 Implementing Recursion 

We show that a recursion block can be implemented using a simple recursion, by dis-

carding the specifying statement and the variant. We wr i te (/v6') for recursion over the 

statement variable 0 in 5". 

T h e o r e m 11.4 I m p l e m e n t i n g R e c u r s i o n For any S, ty and T in a well-formed 

( rec 6' v a r y f y i n 7 ) C ( / i f ) 

6" C ( c o n ^y i n ( r [ 0 : = {0 < A < i ) : 6"'"^])") 

The proof is on page 221. 
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11.10 Context Propagation 

I n this section, the context propagat ion rules are speciAed, fo l lowing the approach ou t -

l ined in Section 2.2.6. These rules have already been used in the specif ication 

in Figures 11.5, 11.6 and 11.8. 

11.10.1 Context Rules 

Figure 11.14 gives context rules for compound statements based on [Bac88, §8]. The 

context rule for p r im i t i ve statements is given in Section 2.2.6. 

Var iab le and Cons tan t B l o c k The in i t ia l context applies to the s t a t ement wi th in 
the block. The variable or constant must be removed f r om the f inal context of t he 

statement. 

Loop In a loop, the context of the guarded command is strengthened by the guard 

and the invar iant . The f ina l context of the complete loop is i ts postcondi t ion, which 

does not depend on the f ina l context of each alternatives. Nor does the context fo l lowing 

a loop depend d i rec t ly on the i n i t i a l context ; however, the i n i t i a l context may allow the 

loop invar iant to be strengthened, thus strengthening the context of the alternatives. 

Procedure The declarat ion of a procedure does not affect the context of the state-

ment w i t h i n the scope of the procedure. However, the context cannot be propagated to 

the specifying statement , since the procedure can be called in any other context. The 

f inal context Q can be determined by subs t i tu t ing the specifying statement 5" for the 

procedure variable. 

Recursion Back's [Bac88, §8] context rule for ref inement is condi t ional ; i t is not easy 

to use since i t does not specify how a context predicate sat isfying the cond i t ion can be 

found. The f inal context is determined in the same ways as the procedure statements, 

using the equivalent statement for the recursion. In the rule shown, the precondition 
{0 < E"*" A E"*" < 0 } wh ich is par t of the equivalent statement is omi t ted : w i thout i t , 

the context is weaker but s impler . 

P r o c e d u r e Ca l l and P a r a m e t e r s In the hypotheses of the rules for procedures and 
recursion given above, free statement variables are e l iminated by subst i tu t ion. The 

equivalences for appl icat ion of parameters to abstract ion statements given on page 183 

are used to e l iminate appl icat ion and abstract ion. 
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11.10.2 Following Context 

The context annotat ion fol lowing a statement is given by the funct ion : T— 

T. For most forms of statement, the strongest postcondition is used. Two exceptions 
are a weaker (but simpler) context is chosen for the loop and recursion statements, as 

shown in the inference rule in Figure 11.14. Since statement variables are replaced by 
the statement which defines them, abstractions and applications are matched. 

fcntXpP ( w h i l e ti v a r y ty l o o p or, t, = > 5,) 

— A A, 
/cn(z^p(recS'ivaryMn6'2) = 

([ val< ] 5" [ e ]) — (3^ - AO = e'"') 5") 
. . . s imi lar ly for other modes, based on the equivalences of Section 11.7.2 

fcntXpP S = spp S p o t h e r w i s e 
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{ P }S' = { P }S'{ Q } 
(Seq) { Q } r EE { Q }r-( R } 

{P}{S-.T) = {P}(S';r){R} 

{ p/\t}s = I p At )y{ Q } 
(Pre) { P } ( p r e t in S) = 

{ f }(pre H n { P A ̂  }5''){ Q } 

( I f ) { f }(if or, = > 5",) = 

{ f }(if or, ̂, = ^ { P A f , }5'0{V,<?i} 

(Var) 

(Loop) 

{ f + A 0 = e+ = { f + A 0 = e+ } y { Q } 
{ f }(var |̂e in 5") z { f }(var |̂e in { A 0 = 6+ (3^ - Q )} 

{ P + A O = e + } ^ = { P + A O = e+ 
(Con) { P }(con e in 5') = 

{ P }(con e in { P+ A 0 = e+ } y ) { (3 e Q )} 

{ A }; 6", = { /̂ A }5'X Q, } 
{ P } ( w h i l e ti v a r y ty l o o p or , it = > 5',) = 

{ P } ( w h i l e ti v a r y ty l o o p or, A }5'') 

{ A , } 

{ P + } 7 [ 0 : = 6'+] = { P+ } r [ 0 : = Q } 

^ f }(proc 6' in r ) = { P }(proc ^ in { P+ } r ) { Q" } 

r[o := ̂ +] = r[o := <9 } 

(Rec) { P } ( r e c S v a r y ty i n T) = 

{ P } ( r e c S v a r y ty i n T'){ Q" } 

Figure 11.14: Specification of Context Propagation 
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Chapter 12 

Refinement Texts 

A ref inement tex t records the stepwise development of a program f rom a specif ication. 

In this chapter, we show how a ref inement text can be represented convenient ly by 

adding a ref inement to the abstract syntax of statements already described. 

12.1 The Refinement Statement 

A ref inement statement has a pair of statements: 

S : : = . . . I <9 ref S 

E x a m p l e Re f inement S ta tement Let A, be unspecified atomic s tatements in t he 

statement E' defined as: 

ref ref .42); .43) ref ref (Ag; .4?)); Ag)) 

Statement E' is i l lus t ra ted in Figure 12.1 using the of [Bac91]. Each 

ref inement is shown as a double hor izonta l l ine w i t h the statement being refined at the 

left end of the l ine and the ref in ing statement at the r ight hand end. The left hand side 

of the ref inement, wh ich can be called the is of ten a simpler statement t han 

i ts on the r igh t hand side of the ref inement. I n stepwise development, 

fur ther ref inements are made to the implementa t ion (i.e. on the r ight hand side) of 

a previous ref inement. However, as shown in the example, i t is also possible to have 

'nested' ref inement, where a compound statement created by a number of ref inement 

steps becomes the specif ication of another ref inement. 
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Figure 12.1: Refinement D iagram for Statement E 

12.1.1 Specifications and Implementations 

We define two funct ions on the syntax of statements: takes the left hand 

side of each ref inement to give the least rehned statement, whi le :«$—>($ takes the 

r ight hand side to give the most refined statement. The defini t ions are in Figure 12.2. 

App l y i ng these def ini t ions to the example statement E obtains the specif ication and 

implementat ion: 

gpec E = ylo ""P ^ .4?); /Ig 

so tha t the overal l ref inement represented by E is Ao E (/^6; ^7 ) ; 

12.1.2 Well-formation and Correctness 

Since the ref inement construct is represented as a statement, cases of the 

and funct ions are required. The def ini t ions are shown in Figure 12.3. 

Well-formation A refinement is well-formed provided the component statements are 
well- formed. The fo rma l parameters must be the same, as noted in Section 11.7.4. 

Correctness The correctness of the ref inement statement mc/w(fes the condi t ion for 

correct ref inement. The t e rm C used in the correctness condi t ion, is 

expanded using the character isat ion theorem, as described in Section 2.2.5. The struc-

ture of the def in i t ion explains the caaes required for the predicate transformers, 

used in the character isat ion theorem: 

(i) no cases of zrp and gp are required for the ref inement statement, since the argu-

ments of C do not contain ref inement statements, 

( i i ) cases of irp and sp are required for the cal l statement A since refinements can 

occur w i t h i n the scope of a procedure declarat ion and a statement variable may 

be free on the left or r ight of C. 
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gpecA 

spec(5'; T) 

spec(pre t i n S) 

spec(if or, 5"̂ ) 
spec ( w h i l e tj v a r y ty 

l o o p o r , ti Si) 

spec(var t\tt i n 5") 

spec(con e i n S) 

5pec(rec 6'i vary Mn 
spec / 

spec(proc S i n T) 

5pec([ oi,... ,an ] 5") 

5pec(5' [ ̂ 1, . . .(n ]) 

spec{S ref T) 

zmp .4 

r) 

imp ( p r e t i n S) 
imp (if or, tj =*- S't) 
imp ( w h i l e t[ v a r y ty 

loop or, 6",) 
zmp(var in 5") 
mp(con e in 6") 
mp(rec 5"! vary ^ in 62) 
m p / 

i m p ( p r o c S i n T) 

imp([ ] 5") 

(mp(6' [ (n ]) 

imp(.9 ref 7) 

A w h e r e A is a t o m i c 

spec 5"; spec T 

(pre t in spec S) 
( i f o r i = > spec S;) 

( w h i l e t i v a r y t v 

l o o p o r , t , spec Si) 

( v a r i n spec 6") 

(con e in spec S) 
Si 
I 
(proc spec 6' in spec T ) 

[ O i , . . . ,(in ] (specs') 

(spec5") [ ^1,.. ] 

spec S 

A w h e r e A is a t o m i c 

imp 5"; imp T 

( p r e t i n imp S) 
(if or, = > imp5'i) 
( w h i l e tr v a r y ty 

loop or, imp 6",) 
(var in imp 5') 

( con e i n imp S) 
(rec 6'i vary f in imp 
/ 

( p r o c imp S in imp 7") 

[ Gl , . . . , (Zn ] ( i m p s ' ) 

( imp 6') [ ] 

imp 7" 

Figure 12.2: Specification and Implementat ion 

sh7*/_oA:p_a('5'i ref '̂2) 

sfm/_ccpp (j?! ref 5'2) 

/cM/z^p (j)! ref S'z) 

= s/mLoAi^ a "S"! A ŝ m^_oA;p,« 5'i A 

s(m^_/prm_fyp^ 6'i = s^m^_yprm_(yp^ S'z 

= s^m(_ccp p S"! A s^m^.ccp p '̂2 A (p imp 6"! C spec ^'2) 

= /cn/z^p (imps']) 

Figure 12.3: Refinement Wel l - format ion and Correctness 

191 



Following Context The context following a ref statement is provided by the left 
hand side of the ref inement (i.e. the specif ication). Th is is not the strongest context -

tha t wou ld be prov ided by the imp lementa t ion - bu t i t great ly simplif ies the context 

assertions and conforms to the top-down development approach. 

Nested Refinement The refinement correctness condition for S ref T requires the 
of the lef t hand side 5" t o be ref ined by the of the r igh t 

hand side T . Th is provides the t reatment of nested ref inement described shown in 

F igure 12.1. Let ^ = (A i r e f y l2 ) :^3 and r e f ( .46:^7));v45, using the 

def ini t ions of gpec and zmp to expand p E , we obta in: 

= (y4o ref ref /Z)) 

= gfmf.ccpp Ao A (p .4o C (Ai; A3)) A (i, ref 

(7, ref A) 

= 1 A (p => (ylz; ^3) E A5)) A g^m^_ccpp A 

= sfmf_cc^p ((.4% ref .42)1^3) 

— 5^m(_cc^p v4i A (p => C A g^mLcCpp / l ; A p)y&3 

p ^ 

= sfm<_ccpp ((A4 ref .4%)); As) 

: 5(m/_ccpp .4^ A (p ^ .44 C (AGiAy)) A a(m/_ccpp A 

5(m^_CCp(5p^/44 p) An 

The four instances of C correspond to the hor izonta l lines in Figure 12.1. 

12.2 Revisit ing the Recursion Statement 

The t rea tment of the recursion statement in Chapter 11 can be clari f ied using the 

ref inement statement. 

S t a t e m e n t i n a R e c u r s i o n In the statement ( rec S v a r y i n S'), the s t a t e m e n t 

5" is the specif icat ion of 5'' and does not reference the recursive variable or the var iant 

constant. Therefore, i f 5"' references the recursive variable ( i f not , the recursion can be 

discarded), i t has the f o rm 5'"'"^ r e f T for some T. which makes a recursive call. 

C h e c k i n g t h e P r o v i s o o f t h e R e c u r s i o n E q u i v a l e n c e Us ing th is o b s e r v a t i o n , w e 

use the equivalent statement for recursion defined in Section 11.9 and the def in i t ion of 

198 



the funct ion to argue that the proviso of the equivalence is checked as part of 

the wel l - format ion checking of a recursion statement. Let u = then 

stmt.ccpt{rec S v a r y ty i n (5"+^ r e f T)) 

= a(m(_ccpt ( c o n (^proc . . . i n r e f T ) ) [expanding the equivalence] 

=> (Vtf - (proc . . . in (5"+^ ref T ) ) ) [g^m^_cc for con ] 

(Vu - = ^j") [definit ion of proc ] 

ref ( r [ 0 : = {0 < A < 1} ; 

=> (Vif - (0 = [g(m(_cc for r e f ] 

5"+ C (r[0 := {0 < A c' < 1}; 5"+'])-) 
^ 5" C ( (7 [0 : = {0 < A < i ) ; 5 '+^] ) ' ) [0 : = <+ ] ) ' [substi tut ion] 

(Ae reci/razon promao 

A case of g(m^_ccp for recursion has already been given (see Section 11.3). A similar 

argument can be used to derive this f rom the recursion equivalence statement. 

12.3 Refinement Texts 

The overall development of a program by refinement f rom a specification is called a 

Abstract Syntax A refinement text belongs to the syntactic category ^ of units, 

introduced in Section 8.3. 

Uj; ~ . I reftextZ s e q J Sx ZY, = . . . | reftextiS, 

A refinement text has a name and a l ist of d i rect ly impor ted theories, in a similar way 

to a theory. The program development is represented by a single statement, al lowing a 

text to be wr i t t en w i thout any refinement steps, i f required. 

Well-Formation The visibility rules of the refinement text - specified by a defini-
t ion of the encoding funct ion [[reftext/ /a a])̂  - are similar to those for a theory (see 

Section 8.3). A refinement text is wel l- formed when the statement component is well-

formed. .A refinement text does not define any new constants and therefore may not be 

impor ted by another un i t declaration. Cases of the functions and 

which would complete the formal def ini t ion, are similar to the corresponding ones for 

theories and are omi t ted. 
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12.4 Validity of Checking Refinements 

The fo l lowing theorem expresses the va l id i t y of checking a ref inement tex t . 

T h e o r e m 1 2 . 1 S t e p w i s e D e v e l o p m e n t For any statement S and environment p 
gwcA (Aaf 5" za ^z.e. / o r some a j , ^Aen; 

p 5" ^ p (apec 5") A (zmp 5") A (p => spec 5" C z'mp 5") 

/ o r any con(ez( precfzcafe p. 

Note tha t the reverse imp l i ca t ion does not hold, since a development could contain an 

incorrect step, bu t s t i l l be correct overall. A simple example of th is is: 

S C abo r t incorrect 
abor t C S correct 

The va l id i ty of this theorem p r imar i l y depends on: 

( i) mononot ic i t y of al l the statement constructors, so that any component statement 

can be replaced by a ref inement, and 

( i i ) va l id i ty of the rules for propagat ing context assertions, so t ha t context p is prop-

agated to a statement 5" on ly when 5" can be refined by {p } ,^ . 

These propert ies are considered in Chapter 11. 
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Chapter 13 

Conclusions 

I n this thesis, we have presented a language for program development using the re-

f inement calculus. The wel l - format ion rules and proof semantics of the language have 

been specified fo rmal ly and a p ro to type too l developed f r o m the specif ication. I n th is 

chapter, we summarise the work and suggest direct ions for fur ther development. 

13.1 Summary of Achievements 

The feasibi l i ty of using a universal law for p rogram refinement haa been demonstrated. 

Compared to t ransformat iona l ref inement using a theorem prover, ref inement using a 

universal law is a smoother development of ex is t ing p rogramming methods. The pro-

grammer can use operat ional i n t u i t i on - Aow (foea (Aza - to replace one 

statement by another w i t h al lowed behaviour. The ref inement laws add to the program-

mer i n t u i t i on but are not used expl ic i t ly . The size of ref inement steps can be varied, 

avoiding complex derivat ions of obvious development steps. Context is propagated au-

tomat ica l ly . a l lowing Back's general isation of the fami l ia r assignment statement to be 

used. Morgan's specif ication statement , wh ich is the a l ternat ive generalisation of as-

s ignment. is appropr iate when the context needs to be captured exp l i c i t l y at each step 

bu t the connection to the basic assignment is less clear. 

Da ta ref inement is not (yet) supported, bu t a s imula t ion of data ref inement in one of 

the case studies shows how this could be achieved in a way consistent w i t h our overal l 

approach. 

The use of a s imple predicate s impl i f ier has been shown to be sufficient to allow the 

proof obl igat ions - the lemmas of the correctness argument of which the ref inement 

der ivat ion is the ma in par t - to be reduced in b o t h number and complexi ty. Review 

of proof obl igat ions is a v iable ver i f icat ion method , provided the ref inement steps are 

small . Indeed, when the ref inement steps correspond to Morgan's ref inement laws, the 

proof obl igat ions become t r i v i a l or disappear completely, to (almost) the same extent 

201 



achieved by using the laws expl ic i t ly . 

The B - T o o l / A M N is the most s imi lar exist ing approach. One feature dist inguishing 

our approach is tha t refinements can be of any size. A l t h o u g h the theory under ly ing 

the B - T o o l / A M N is equivalent to the theory of predicate transformers on which our 

approach is based, B - T o o l / A M N allows ref inement only between procedures. 

The use of subtypes and dependent types is another feature d is t inguish ing our work f r o m 

the B-Tool/AMN and from Morgan's refinement calculus, which both, in different ways, 
capture types as invariants. Subtypes and dependent types are integrated smooth ly 

in to the p rogramming language, tak ing account of the context created by the program 

statements. 

Subtypes are shown to provide an accurate model of the r u n t i m e constraints of a pro-

g ramming language. Operators w i t h (dependent) subtypes can be used to model in-

tegers of l im i ted range. Since these operators can be in t roduced as the f inal stage 

of ref inement, the proof obl igat ions are s imi lar to those wh ich arise using Morgan's 

a l ternat ive approach. 

The requirement tha t a l l variables have an expl ic i t type - a standard pract ice in i m -

perat ive p rog ramming languages - allows a simple type inference a lgor i thm to be used. 

Po lymorph ism is achieved by al lowing types to be arguments to funct ions; this approach 

is made convenient by enabl ing the t ype checker t o infer these types i n the ma jo r i t y o f 

cases. 

13.2 Ftirther Work 

The work described i n this thesis is in tended to provide a foundat ion for a f lexible ap-

proach to the va l idat ion of a program ref inement argument, w i t h fo rmal proof as only 

one of a number of options. However, this po tent ia l has not yet been developed. A p -

pl icable ver i f icat ion techniques are test ing, inc lud ing the generat ion of bo th test cases 

[DF93, SC96] and test oracles [PP94]. model checking [Jac94] and even run t ime check-

ing. Test ing could be appl ied before ref inement is complete using an imat ion [HST97]. 

Further work is also needed to extend the language and to formal ise the not ion of 

'code\ The t rea tment of language features such as funct ions, modules and abstract 

datatypes i n languages suppor t ing proof is established [Hor79] and can be adapted t o 

our f ramework. Other features, such as procedure parameters and exceptions [KM95] , 

also appear feasible. Type parameters and dependent t yp ing so far have on ly a smal l 

role in the language of statements and possible extensions should be explored. 

A subset of the language is 'code'. A l t hough we have shown how code features can 

be model led using subtypes, we have not considered how code subsets are defined or 

t ranslated to a mains t ream language. 
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13.3 Refinement in the Mainstream 

Despi te the g row ing success of the B - T o o l / A M N . f o rma l methods i n general and pro-

g r a m ref inement i n pa r t i cu la r are not ye t m a i n s t r e a m development techniques^. Some 

have argued [Hoa86] t h a t f o r m a l methods are necessary t o achieve dependable software^. 

To date, th is haa no t been borne out by experience; for example Rushby, examin ing the 

app l i ca t ion o f f o r m a l methods to the ce r t i hca t ion o f systems i n c i v i l avionics [Rus93, p 

135], repor ts t h a t 

(Puero//, aggurance pracfzcea /or geem 

Aaue worA;e(f ao /ar; m y (Aere no case o/ a go/fware /au/f 

/eatfmg' o germwa /iaz/wre m a or commercm/ a;r;)/ane. 

However, i f ach iev ing dependable sof tware is possible, i t is also expensive: i n the contex t 

o f tes t ing to R T C A / D 0 - 1 7 8 B , Rushby repor ts [Rus93, p 146] 7 Aare Aemr(f 

up ^0 ^ 0 ^ o / o/Z ao/^ware (/eue/opmen^ coa^a may 6e conawme*^ m 

Th i s suggests an a l te rna t i ve v is ion for t he use of f o rma l methods: reduc ing the cost of 

achiev ing h igh l y dependable software. 

We bel ieve t h a t th is v is ion can be real ised on l y by the exp lo i ta t i on o f theories such aa 

the ref inement calculus i n comb ina t i on w i t h the best ex is t ing pract ices and tools. T h e 

use of f o rma l methods should be inc rementa l , enhanc ing ex is t ing pract ices and a l low ing 

Hex ib i l i t y i n ma t te rs such aa the degree o f r igour and the order of l i fecycle steps. T h e 

work descr ibed i n th is thesis is in tended t o be a sma l l step in th is d i rec t ion . 

^Parnas discusses the reasons for this in the introduction to a compilation of B-Tool/AMN case 
studies [SS99]. 

"A decade later, Hoare [Hoa96] examined why his prediction has been shown to be false. Among 
the reasons given, he notes that software systems can operate reliably despite containing errors. 
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Appendix A 

Syntax Definition 

This chapter describes a concrete syntax for the language, noting significant differences 
between the concrete svntax and the abstract svntax. 

Notation The concrete syntax is described in an EBNF using the following notation: 

KEYWORD Terminal symbol 
II. _ii Terminal symbol 
Category Non-terminal 
E F E followed by F 

E 1 F E or F 
[ E ] Zero or one occurrences of E 

{ E } Zero or more occurrences of E 

A . l Lexical Rules 

A. 1.1 Lexical Tokens 

The forms of lexical tokens are alphanumeric, numbers, non-alphanumeric, brackets, 
strings and character literals. Both alphanumeric and non-alphanumeric OpTok tokens 
can be used either as or as as explained in Section A. 1.3 below. 

AlphaTok 

NumTok 

BrackTok 

OpTok 

CharLTok 

StringTok 

OpAChar 

Letter { Letter I OpAChar I Digit > 
Digit { Digit > 
H ̂  H j H ̂  II 

OpChar { OpChar I OpAChar } 

( StringChar I ) 
{ StringChar I } 
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OpChar : := | | | " ] " | "<" t "> " I " \ " I " / " 
I II II j II II I It . II j It . II j llĝll j 11911 j H I II 

I I I ""I" I H * H I M_J.II j ll_ II I It —II 

I """ I "#" I I "I" I "'" 
StringChar ::= Letter I Digit I DpAChar I " ( " I " ) " I SpaceChar 

The £ character is also in OpChar. 

A. 1.2 Reserved Words 

Some tokens belonging to both AlphaTok and OpTok are reserved words. The reserved 
words from AlphaTok are case sensitive: thus END is a reserved word, while end and 
eNd are not^. The reserved words are: 

ABORT A N Y AXIOM BEGIN BINDER 
BY CASE CHOOSE CON ELSE 
END EXISTS FORALL IF IN 
INFIX INFIXL INFIXR IS LEFT 
LET LOOP MEAS OF OR 
PRE P R E C PREFIX POSTFIX PROC 
REC REF RES RIGHT 
SEE SKIP SPEC THEN THEOREM 
THEORY T Y P E VAL VALRES VAR 
VARY WHERE WHILE 

The reserved words from OpTok are: 

{ } [ ] @ ; : : = : : = < < 
>> ==> \ -> = / = = = I I' ' 

Note that the comma is not reserved since it is declared as the operator for creating 
pairs (see page 33). although it is treated as reserved in the syntax of statements. 

A.1,3 Operator Declarations 

An operator declaration Opdecl is required to make a token behave as an operator; 
both forms of identifier may be used as operators. 

Opdecl :;= Fixity Op { " " Op > 

Fixity ::= INFIX Digit | INFIX! Digit | INFIXR Digit 

I PREFIX I POSTFIX I BINDER I LEFT I RIGHT 
Op ;;= AlphaTok I OpTok 

Tokens from AlphaTok and OpTok which are not declared as operators are identifiers 
Id. 

^In this respect reserved words are treated in the same way as identifiers. This is appropriate to 
avoid having to distinguish pre-declared identified from reserved words. 
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A.2 Texts, Theories and Declarations 

A text is made up of theories and a refinement text. A theory is a named collection of 
declarations. 

Text ::= { Theory } RefText 

Theory : [ SEE Id { Id } ] 

THEORY Id IS 

[ Opdecl { ";" Opdecl > ";" ] 

Decl { Decl } 

END 

The keyword SEE is followed by a list of directly visible theories. Other theories which 
precede the theory being declared are indirectly visible. The category Decl includes 
declarations, definitions or datatypes. Identifiers introduced may be operators (Op). 

Decl ;;= AXIOM Id { Arg } "==" Term 

I THEOREM Id { Arg } "==" Term 

I IdOp C Defs ] Term 

I IdOp C Defs ] { Arg > DefRhs 

IdOp 

Defs 

Arg 

= Id I "(" Op ")" 

= "[" Int "]" 

= "(" Id : Term ")" 

Case ::= Id [ { Arg } Id ] 

A. 2.1 Definitions 

The syntax for the right hand side of a definition is: 

DefRhs ::= [ Term ] "==" Term 

I CASE Arg [ ":" Term ] "==" Alterns END 

I PREC Arg Term == Alterns END 

I REC { Arg } DefRec 

I ";:=" Case { " I" Case } 

DefRec ::= Term "==" Term MEAS Term END 

I CASE Arg ":" Term "==" Alterns MEAS Term END 

The syntax is elaborated to allow functions to be declared without explicit use of A-
abstractions and the related forms for primitive and general recursion. These can be 
combined with definition by cases. However, the syntax is still more elaborate than the 
"pattern matching' syntax used in, for example. Haskell. 
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A.3 Refinement Text 

Refinement labels are used to allow the refinement text to be written in a linearised 
form. The complete text of a refinement starts with a specifying statement and is 
followed by a list of refinements. 

RefText ::= [ SEE Id { Id > ] 

SPEC Id IS Stmt END 

{ Refinement } 

Refinement ;:= REF Label BY Stmt END 

A.4 Statements 

The following precedence rules apply to statements: actual parameters (on an appli-
cation statement) have highest precedence, labels are next zmd sequential composition 
has lowest precedence. 

stmt 
Label-Stmt 

Applic-Stmt 

:= Label-Stmt [ ";" Stmt ] 

:= C " « " Label " » " ] Applic-Stmt 

;= Basic-Stmt [ Actuals ] 

A,4.1 Basic Statements 

The syntactic category Basic-Stmt include all other statements - no precedence rules 
are required since the composite statements are "bracketed'. The BEGIN . . . END block 
acts as a pair of brackets around a statement; it is needed in order to be able to label 
the sequential composition of two statements. 

Basic-Stmt ::= SKIP 

ABORT 

PRE Term IN Stmt END PRE 

BEGIN Stmt END 

VAR Vars IN Stmt END VAR 

CON Id "==" Term IN Stmt END CON 

IF Guarded-Stmts END IF 

WHILE Term VARY Term LOOP Guarded-Stmts END LOOP 

REC Id IS Abstract-Stmt VARY Term END REC 

PROG Id IS Abstract-Stmt IN Stmt END PROC 

Asgn-or-Call-Stmt 

A.4.2 Formal and Actual Parameters 

An abstraction statement A b s t r a c t - S t m t may have formal parameters. A label cannot 
appear on the left hand side of the formal parameters in an abstraction statement, 
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although the statement within the abstraction may be labelled. This is consistent with 
the restriction given in Section 11.7.4. 

Abstract-Stmt ::= [ Formals ] Stmt 

Lists of actual parameters are separated by commas. Within an abstraction, the substi-
tution mechanism may apply to more than one formal parameter. A result parameter 
may have an initial value: the syntax is the same as a variable declaration. 

Actuals ::= "[" Term { Term > "]" 

Formals :;= "[" Formal { ";" Formal > "]" 

Formal :;= Init-Formal 1 Non-Init-Formal 

Non-Init-Formal ;:= ( VAL I VALRES I REF ) 

Id Term { Id Term > 

Init-Formal ::= RES Vars 

A.4.3 Assignment and Call 

Both an assignment and a p rocedure call start w i th an identifier. The syntax can be 
disambiguated by noting that the symbol following the identifier in a procedure call 
must one of [ ; END VARY IN. 

Asgn-or-Call-Stmt :;= Left [ " R i g h t ] 

Right : : = C ANY Id { ", Id } ] WHERE Term 

I Term { "," Term > 

Left H a n d Side of an Ass ignment The syntax of the left hand side Left shows 
the forms of term which can be used on the left hand side of an assignment. 

Left :;= PrimLeft { LeftArg } 

I IdDot { "[" Term "]" } PrimLeft 

I Id "[" Term "]" { "[" Term "]" } PrimLeft 

LeftArg ;;= """ PrimTerm I PrimTerm 

PrimLeft ;;= Id I "(" Left ")" 

Note that: 

(i) In a left value, the map index operator " parses Hke function application, which 
is left associative and has higher precedence than any binary operator. As a 
result the term m'a+b'c does not parse as a left value, but both m''(a+b)'c and 
m" (a+b"c) do. 

(ii) a left value formed from a directly-visible datatype accessor parses as a function 
application (unless if has explicit default parameters). For example, in f a the 
identifier f could be a variable or a datatype accessor. 
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(iii) There is an ambiguity between a procedure call and a data type accessor with an 
explicit default parameter. The former takes precedence. 

AAA Variable Declaration and Initialisation 

A VAR . . END VAR block contains a sequence of variable declarations, separated by 
semicolons. Variables may be initialised. 

Vars ;:= Id Term [ ":=" Init-Value ] { Vars } 

Init-Value ::= WHERE Term I Term 

In the abstract syntax all variable declarations include an initial value term. In the 
concrete syntax, a form is provided to specify the initial value by a predicate. When an 
explicit initialisation is omitted, the variable is initialised to an arbitrary value wzYAm 

A.4.5 Guarded Statement 

The body of the choice and loop is a disjunction of statements, each guarded by a 
predicate. A label may not appear on the guard. 

Guarded-stmts ::= Guarded-stmt { OR Guarded-stmt } 

Guarded-stmt ::= Pred "==>" Stmt 

A.5 Terms 

The syntax of terms includes the function type, the binary operator term, the unary 
operator term and applications. The function type constructor associates to the right. 
Binary operator terms are parsed in accordance with their declared precedence and 
associativity. All unary operators have higher precedence than binary operators; a 
postfix unary operator binds tighter than a prefix unary operator. 

Term 

BinTerm 

PreTerm 

UnyTerm 

= C Id " ] BinTerm Term I BinTerm 

= PreTerm | BinTerm BinOp BinTerm 

= UnyTerm I PreOp PreTerm 
= AnnTerm I UnyTerm PostOp 

The equality operators (precedence 4. no associativity) are built-in. 

BinOp 

PreOp 

PostOp 

"=" I " /=" I binary operators 
prfyir opfrotors 
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Function applications bind tightest and associate to the left in the standard manner. 
Implicit parameters can be made explicit in an application, using the method described 
in Section 3.2.3. An annotation binds less strongly than an application so that in a 
type annotation t : T, the type T may be an application or a primitive term. 

AnnTerm : 

AppTerm 

AppTermI 

= AppTerm "[" ":" AppTerm "]" 

:= AppTerm AppTermI I AppTermI 

:= AppTermI "[" Term "]" I PrimTerm 

The syntactic category PrimTerm includes all the primitive terms and the composite 
terms with bracketed syntajc. 

PrimTerm = "TYPE" 

IdOp 

Id IdOp 

NumTok 

CharTok 

StringTok 

"(" BrackTerm ")" 

SubtTerm 

PREC [Id Term Term IS Alterns END 

CASE Term OF Alterns END 

REC Id { Arg > Term IS Term MEAS Term END 

LET LetDef { ";" LetDef > IN Term END 

IF Term THEN Term ELSE Term END 

LDLimOp Term { ; Term} RDLimOp 

BVar :;= Id ":" Term 

BrackTerm ::= BinderOp BVar { ";" BVar } "0" Term 

I Term 

LetDef : ;= BVar " = " Term 

SubtTerm :;= BVar " I " Term 

I Term 

The A-abstraction operator \ and the quantifiers act as binders, together with any 
declared binders. 

BiiiderOp::= "\" I FORALL I EXISTS I CHOOSE I tmc/er operators 

Alternatives are used in both case terms and primitive recursion. The left hand side of 
an alternative is a pattern, which is a sequence of identihers. 

Alterns 

Altera 

Pattern 

= Altern { "I" Altern > 

= Pattern "==" Term 

= { Id } 

A.6 Alternative Syntax for Refinements 

A specification and its refinements form a tree. In the syntax using labels, the tree is 
flattened and the labels show the hierarchy. An alternative approach is to represent the 
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0 The specification is given using a non-deterministic assignment. 

«between. ref » = 

VAR X ; Int IN 

PRE <<provided x large enough» IN 

«assign new value between one and x » 

END PRE 

END VAR 

0 '/.def X 

0 The operation is impossible unless [[x]] is initially at least 3. 

«provided x large enough»= 
3 <= X 

0 This is the non-deterministic assignment. It is refined by a 

procedure call. 

«assign new value between one and x>>= 

X := ANY nx WHERE 1 < nx && nx < x 

REFINED.BY 

PROC BetW IS [VAL a : Int; VAIRES b : Int] 

«between procedure» 

IN 

BetWCl, x] 

END PROC 

Figure A.l: Input Text to Noweb 

tree directly using nesting and a new reserved word REFINED_BY. For example: 

VAR X : Int IN 

PRE 3 <= X IN 

X := ANY nx WHERE 1 < nx && nx < x 

REFINED.BY 

PROC BetW IS [VAL a ; Int; VALRES b ; Int] 

PRE a <= b IN 

b := ANY X WHERE a <= x && x <= b 

REFINED_BY 

b := (a + b) / 2 

END PRE 

IN 

BetWCl, x] 

END PROC 

END PRE 

END VAR 

However, this is too unwieldy to be used directly. But it can be constructed using a 
Web tool, such as Noweb [Ram94]. Figure A.l shows the Noweb source for part of 
the simple refinement given above, while Figure A.2 shows the output. HTML 
can also be produced. The text shown above is a reformatted version of the "tangled" 
output of Noweb. 
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The specification is given using a non-deterministic assignment. 

212a ( 6 e ^ w e e n . r e / 2 1 2 a ) = 

VAR z : I n t IN 

PRE (jgromWecZ i enowgA 212b) IN 

n e w uo/we 6e^ween o n e an(f z 212c) 

END PRE 

END VAR 

Defines: 
X, never used. 

Root chunk (not used in this document ) . 

The operation is impossible unless z is initial at least 3. 

212b z /arge 2 1 2 b ) = 

3 <= X 

This code is used in chunk 212a. 

This is the non-deterministic assignment. It is refined by a procedure call. 

212c ( a s s i g n n e w ra /ue 6 e f w e e n o n e anif z 2 1 2 c ) = 

X : = AMY n x WHERE 1 < n x && n x < x 

REFINED_BY 

PROC BetW I S [VAL a : I n t ; VALRES b : I n t ] 

( 6 e f w e e n p r o c e ( f u r e ) 

I N 

B e t W [ l , x ] 

END PROC 

This code is used in chunk 212c. 

Figure A.2: D^TgXproduced by Noweb 
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Appendix B 

Standard Declarations 

In this chapter a small library of standard declarations^ is given. The declarations 
illustrate how a library of standard types and functions could be prepared. Such a 
library is required to make the primitive language of terms a practical specification 
language; examples include the Z-toolkit [Spi89] and the theories which form part of 
the PVS thoerem prover [0SR93]. 

B . l Functions 

Function override and composition are defined. Predicates which characterise functions 
are also useful. 

> SEE Bool Pair 

> THEORY Function IS 

> INFIXL 1 <+> o ; 

> override [2] (A:TYPE) (B:TYPE) (f:A->B) (a:A) (b:B) == 

> (\x;A ® IF X = a THEN b ELSE f x END) ; 

> (<+>) [2] (A:TYPE) (B:TYPE) (f:A->B) (p:A#B) == 

> override f (fst p) (snd p) ; 

> (o) [3] (A:TYPE) (B:TYPE) (C:TYPE) (f:B->C) (g:A->B) (a:A) == 

> f (g a) ; 

> injective [2] (A:TYPE) (B:TYPE) (f;A->B) == 

> (FORALL a:A; b:A 0 f a = f b = > a = b ) ; 

> surjective [2] (A:TYPE) (B:TYPE) (f:A->B) == 

> (FORALL b:B ® (EXISTS a:A ® f a = b)) ; 

Un addition to the theories given in Chapter 3. 
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> bijective [2] (A;TYPE) (B:TYPE) (f:A->B) == 

> injective f && surjective f 

> END 

This theory is obviously incomplete: many other standard definitions could be added. 

B.2 Sets 

Sets are modelled as boolean functions. 

> SEE Bool 

> THEORY Set IS 

> INFIX 4 :: ; INFIXL 3 /\ ; 

> INFIXL 2 \/ ; INFIX 1 :< — ; 

> Set (A;TYPE) == A -> Bool ; 

> emptySet [1] (A:TYPE) (a:A) == False ; 

> singleSet [1] (A:TYPE) (a:A) (x:A) == x = a ; 

> isemptySet [1] (A:TYPE) (s:Set A) == (FORALL a;A ® not (s a)) ; 

> (\/) [1] (A: TYPE) (s.'Set A) (t: Set A) (a: A) == s a | | t a ; 

> (/\) [1] (A:TYPE) (s:Set A) (t:Set A) (a:A) == s a && t a ; 

> ( — ) [1] (A:TYPE) (s:Set A) (t:Set A) (a:A) == s a && not (t a) ; 

> (::) [1] (A:TYPE) (a:A) (s:Set A) == s a ; 

> (:<) [1] (A:TYPE) (s:Set A) (t:S8t A) == (FORALL a:A « s a => t a) 

> END 

B.3 Map 

A map, or partial function, is modelled by a dependent pair: the first element of the 
pair is the set of values in the domain of the partial function and the second element is 
a function from the subtype characterised by the set. 

> SEE Bool Pair Function Set 

> THEORY Map IS 

> INFIXL 5 - ; INFIXR 5 -+> ; INFIXL 1 [+] ; 

> Map (A:TYPE) (B:TYPE) = (PAIR d:Set A C {d} -> B) ; 
> (-+>) == Map ; 

> emptyMap [2] (A:TYPE) (B:TYPE) ; Map A B == 

> (pair d;Set A 0 {d} -> B) 

> emptySet 

> (\a: {emptySet [A] } C (CHOOSE b:B 0 True)) ; 

> elemHap [2] (A;TYPE) (B:TYPE) (m:Map A B) 
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> (i: {fst m}) == snd m i ; 

> (-) [2] (A:TYPE) (B:TYPE) == alemMap [A] [B] ; 

> dmnMap [2] (A:TYPE) (B:TYPE) (m:Map A B) == fst m ; 

> updateMap [2] (A:TYPE) (B:TYPE) (m:Map A B) 

> (a; {dmnMap m>) (b:B) ; Map A B == 

> (pair d:Set A 0 {d> -> B) 

> (dmnMap m) 

> ((snd m) <+> (a,b)) ; 

> ([+]) [2] (A:TYPE) (B:TYPE) (m:Map A B) (p: {dmnMap m> # B) == 

> updateMap m (fst p) (snd p) ; 

> addMap [2] (A:TYPE) (B:TYPE) (m:Map A B) (a:A) (b:B) : Map A B == 

> (pair d:Set A ® {d> -> B) 

> (dmnMap m \/ singleSet a) 

> (\aa: {dmnMap m \/ singleSet a} 0 

> IF aa = a THEN b ELSE m'aa END) ; 

> deleteMap [2] (A:TYPE) (B:TYPE) (m:Map A B) (a:A) : Map A B == 

> (pair d:Set A 0 {d} -> B) 

> (dmnMap m — singleSet a) 

> (\aa: {dmnMap m — singleSet a> C m'aa) 

> END 

A map can be updated in an assignment statement (see Sections 11.1 and 11.6.2). 

B.4 Arrays and the Up to Subtype 

Finite subtypes of integers can be constructed using . . and upto. 

> SEE Bool Int 

> THEORY Upto IS 

> INFIX 1 .. to ; 

> (to) (1:Int) (u:Int) == (\x;Int ® 1 <= x && x <= u) ; 

> (..) (1:Int) (u:Int) == {1 to u} ; 

> upto (size:Int) == 0 .. (size - 1) 

> END 

An arrav tvpe constructor is introduced. For simplicity, the first index of all arrays is 
0. 

> SEE Bool Int Upto 

> THEORY Array IS 

> Array (size:Nat) (T:TYPE) == (upto size) -> T 

> END 
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An array can be updated in an assignment statement (see Section 11.6.2) 

B.5 Finiteness and Cardinality 

F i n i t e S e t s Finite sets have a defined size. 

> SEE Bool Int Function Set Upto 

> THEORY Finite IS 

> finite [1] (A:TYPE) (s:Set A) == 

> (EXISTS n:Nat; f: upto n -> {s} ® bijective f) ; 

> FSet (A:TYPE) == {s:Set A I finite s> ; 

> size [1] (A:TYPE) (s:FSet A) = 

> (CHOOSE n:Nat ® (EXISTS f: upto n -> {s} ® bijective f)) 

> END 

F i n i t e M a p An important subtype of the map type is the finite map. 

> SEE Bool Map Finite 

> THEORY FMap IS 

> finite_raap [2] (A:TYPE) (B;TYPE) (miMap A B) == finite (dmnMap m) ; 

> FMap (A:TYPE) (B;TYPE) == {finite.map [A] [B] > ; 

> THEOREM empty (A:TYPE) (B:TYPE) == finite_map (emptyMap [A] [B]) 

> END 

B.6 Collections and Pointers 

Pointers can be introduced, using explicit collections. Collections were introduced for 
the Stanford Pascal VeriAer [LST9] (where they are called re/erence c/aaaes) and in the 
language Euclid 

> SEE Bool Pair Set Map FMap 

> THEORY Collection IS 

> Ptr ; TYPE ; Nil ; Ptr ; 

> AXIOM NPtr == (EXISTS p:Ptr ® p /= Nil) ; 

> NPtr == {p:Ptr I p /= Nil} : TYPEl ; 

> Collection (A:TYPE) == FMap NPtr A ; 

> isemptyC [1] (A:TYPE) (c:Collection A) == isemptySet (dmnMap c) ; 

> newCp [1] (A:TYPE) (c:Collection A) == 

> (CHOOSE p;NPtr fi not (p :: dmnMap c)) ; 

> newC [1] (A:TYPE) (c:Collection A) 
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> (p: {p;NPtrl not (p ;; dmnMap c)>) (a;A) : Collection A 

> addMap c p a ; 

> delC [1] (A:TYPE) (c:Collection A) (p:NPtr) ; Collection A == 

> deleteMap c p ; 

> THEOREM newCl (A:TYPE) == 

> (FORALL c:Collection A ; a:A ; p;NPtr C 

> p :: dmnMap c => (newC c (newCp c) a)"p = c'p) ; 

> THEOREM newC2 (A:TYPE) == 

> (FORALL c:Collection A ; a:A C 

> LET p:NPtr == newCp c IN (newC c p a)"p = a END) ; 

> THEOREM delC (A:TYPE) == 

> (FORALL c:Collection A ; p; {dmnMap c> ; q: {dmnMap c} 0 

> p /= q => (delC c p)"q = c"q) 

> END 

E x a m p l e As a simple example of the use of pointer and collections, a type which 
could be used to implement a linked list is defined: 

ListElem == Intl6 # Ptr ; 

LinkedList == Collection ListElem # Ptr 

The linked list is a pair consisting of a collection and a pointer which indexes the head 
of the list. 

Pointer Types The definitions above result in a weaker type system than that of 
Pascal. Here, all pointers are of the same type whereaa in Pascal pointers of type 
^ 7" point to variables of type T". We can attempt to replicate this by declaring a 
type constructor: Ptr : TYPE -> TYPE . However, this results in an illegal recursion. 
Pascal depends on the property that a pointer is always the same size, no matter which 
type is pointed to, allowing a type to be defined in terms of itself. No way of specifying 
this property within the language of terms has been found. 

S t o r a g e A l l o c a t i o n A collection is represented by a finite map so that it is always 
possible to choose a new pointer which is not already in the collection. The definitions 
given above do not model the exhaustion of storage space. 

B.7 Lists 

A datatype for finite lists is declared. 
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> SEE Bool Int 

> THEORY List IS 

> INFIX 3 < — : 

> INFIXL 2 ++ ; 

> INFIXL 8 !! ; 

> List [1] (A;TYPE) ::= nil empty I 

> cons (head;A) (tail:List [A]) nonempty ; 

> length [1] (A:TYPE) == PREC List [A] -> Nat IS 

> nil ==> 0 I 

> cons h t ==> t + 1 

> END ; 

> ( M ) [1] : A:TYPE -> IrList [A] -> {j:Nat I j < length 1} -> A ; 

> elems [1] (A:TYPE) (IrList [A]) (s:Int) (f:Int) == 

> (\a:A ® (EXISTS i: {j:Nat I j < length 1} @ 

> s <= i && i < f && 1 !! i = a)) ; 

> map [2] (A:TYPE) (B;TYPE) (f:A->B) == 

> PREC List [A] -> List [B] IS 

> nil ==> nil I 

> cons h t ==> cons (f h) t 

> END 

> END 

B.8 Characters and Strings 

Characters can be introduced by an enumerated type. 

THEORY Char IS 

Char ::= 

c h a r _ 0 I c h a r _ l I c h a r _ 2 I c h a r _ 3 I chax_4 I . . . 

END 

Ideally, the representation of a string must allow the used part of the string to vary in 
length upto the length allocated. We outline two approaches. Both approaches have 
an important feature in common: the type system ensures that no string is accessed or 
updated beyond the allocated space. 

String with an Index In this approach, a string is represented by a pair, consisting 
of an array of characters and a length. Since arrays are indexed from zero, the length 
is the next array index after the end of the string, which could be beyond the end of 
the array. 

SEE Bool Int Array Char 
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THEORY String IS 

String (l:Nat) == Array Char 1 # 0 .. 1 ; 

string_empty == ((\i:upto 0 C (CHOOSE c:Char C True),0) : String 0 ; 

string_len [1] (l:Nat) (s:String 1) == sad s ; 

string_elem [1] (l:Nat) (srString 1) (i:upto 1) == (fst s) i ; 

string_add [1] (m:Nat) (c:Char) (s:String m) ; String (m+1) == 

((\i:upto (m+1) 6 

IF i = 0 THEN c ELSE string_elem s (i-1) END), 

m + 1) ; 

string_concat [2] (l:Nat) (m:Nat) (s:String 1) (t:String m) 

: String (string_len s + string_len t) == 

LET si:Nat == string_len s ; tl:Nat == string_len t IN 

(\i:upto (si + tl) C 

IF i < si THEN string_elem s i 

ELSE string_elem t (i - si) END), si + tl 

END 

END 

S t r i n g s w i t h N U L T e r m i n a t i o n An alternative definition of string uses a special 
character to mark the end of the string. 

THEORY StringN IS 

StringN (l:Nat) == 

{s;Array Char (1+1) I (EXISTS i:upto (1+1) S s i = NUL)} ; 

stringn_len [1] (1:Nat) (s:StringN 1) = 

(CHOOSE i:upto 1 0 s (i+1) = NUL && 

(FORALL j:upto (i+1) 0 s j /= NUL)) 

END 

C h a r a c t e r a n d S t r i n g L i t e r a l s Character and string literals are represented in t he 
abstract syntax using the definitions above: 

Literal Equivalence 
' a ' a_char 
"ab" string_add a (string_add b empty_string) 
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Appendix C 

Proofs 

C. l Loops 

C . l . l Implementing Loops 

To prove Theorem 11.2, we use the standard proof rule for the loop (see [Gri81]). If, 
for any predicate 7 and integer valued expression E: 

1. A /), and 

2. / A V j ^ 0 < £ . and 

3. /\, / A E < u)[u := E] 

then 
/ ̂  wp((iood, / A B,) 

Proof of T h e o r e m 11.2, Page 189 For an arbitrary postcondition Q\ 

wp(Ioop,Q) 

= /A [wp of loop] 

A,(Vf . / A g, ^ / A E < := E])A 
(Vf j A V, 0 < 
(V.f . / A A, -B, ^ Q) 

— /A [6", is conjunctive] 
A:(Vz - / A B, => 7))A 
A:(Vf / A g, E < i')[u := E])A 
(Vf . 7 A V, B, 0 < E)A 
(Vf . / A A . -g^ 
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tup(dood, / A -I V, B,) A [Using the proof rule] 
(Vz / A A, ""̂ 1 ̂  Q) 

wp(dood, Q) [de-Morgan, monotonicity] 

• 

Note that the proof holds even if any of the statements 5", in loop are not continuous 
and there is no integer valued expression E which is a loop variant, since this implies 
that wp(loop, Q) is false. 

C.2 Recursion 

C.2.1 Introducing a Recursive Call 

P r o o f of T h e o r e m 11.3, P a g e 191 For an arbitrary postcondition Q\ 

wp('5'i,Q) 

=> "Since 5'i C S"; and C (con i? = E in ...)" 
u;p((con f = E! in ...), Q) 

=> "Defn. of xvp for c o n " 

:= { 0 < E < i; };6'2],Q)[u := E] 

"Using defn. of wp for rec 
wp((rec vary E in 2x),Q) 

C.2.2 Implementing Recursion 

P r o o f of T h e o r e m 11.4, P a g e 191 To prove Theorem 11.4 we use the following 
rule for introducing a recursion, given by Back and von Wright [BW98, §20]: 

{/Af = w};.S' C r[X:={/A<<u;};5'] 

C (//% . r) 

where 7 is a boolean term and ( is a variant, ranging over some well-founded set (for 
which < is the well-founded order). Using variable notation (rather than De-Bruijn 
indices) we write the recursion equivalence aa: 

(rec X = 5 va ry t in T) = (con w = t in (proc .Y = {0 < ^ < it'}- S in T)) 

where (r is a fresh identiAer, and the recursive prou/so is: 

6" C (con w = M n r[.Y :— {0 < ^ < u.'}: 6']) 
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The proviso matches the condition for the introducing a recursion using the rule above, 
giving: 

5" c . n (4 

To complete the proof of Theorem 11.4, let A be an arbitrary postcondition: 

ivp{(rec X = S v a r y t in T), R) 
=4> "Recursion equivalence; wp for con and p roc" 

:= {0 < ^ < w}; 5"], := w] 

=> "Using (*) above and monotonicity, since the proviso shows that the 
variant decreases" 

=> "Unfolding of a Ax point ^ 

• 
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