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The refinement calculus introduced by Back [Bac78], Morgan [Mor88a], Morris [Mor87]
and others, combines specifications and programs into a single language and allows the
development of a program from its specification to proceed in a number of small steps.
The subject of this thesis is the definition of a specification and programming language
based on the refinement calculus. A prototype tool has been developed from a formal
language definition and simple examples are used to evaluate the language and tool.

One difference from existing refinement systems is the use of a universal refinement law
and a simple compiler-style tool, rather than many laws and interactive tools. Most of
the benefits of the refinement calculus are maintained while the change of programming
method is smaller than that required to use an interactive refinement system. The
size of refinement steps can be varied and complex derivations of obvious developments
avoided. Context is propagated automatically, allowing Back’s generalisation of the
familiar assignment statement to be used for specification.

The use of subtypes and dependent types is another feature distinguishing this work.
Subtypes and dependent types are integrated smoothly into the programming language
and are shown to provide an accurate model of the runtime constraints of a programming
language.

Some have argued that formal methods are necessary to achieve safe programmable
systems, but to date this has not been borne out by experience. However, achieving
dependable software is expensive, suggesting that the use of formal methods should be
directed towards reducing costs. This vision can be realised only by exploiting theories
such as the refinement calculus pragmatically, aiming to enhance existing practices,
with flexibility in matters such as the degree of rigour and the order of development

steps. The work described in this thesis is intended to be a step in this direction.
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Chapter 1

Introduction

The refinement calculus introduced by Back [Bac78], Morgan [Mor88a]. Morris [Mor87]
and others, extends the theory of program correctness introduced by Hoare [Hoa69]
and Dijkstra [Dij75, Dij76]. Its principle advantage is to combine specifications and
programs into a single language and allow the development of a program from its
specification to proceed in a number of small steps, each of which can be justified
independently of the others.

The theory of refinement and its notation are powerful intellectual tools which can be
used, with more or less formality, to develop real programs. A number of examples
of development using refinement have been published [Abr9la, But97, CR91, Gra9l,
Mor94, Woo91, SS99]. However, the use of refinement techniques for problems of any
significant size requires notation to be replaced by precisely-defined language. supported
by computerised tools.

The subject of this thesis is the design of such a language, based on the refinement
calculus. The well-formation rules and proof semantics of the language are formally
specified and a prototype tool developed from the specification. Some simple examples
are used to evaluate the language and tool.

1.1 Relationship to Existing Work

The language design presented in this thesis differs from existing refinement languages
and tools in two main ways:

(i) a universal refinement law is used to demonstrate the correctness of refinement

steps,
(ii) the language is built on a type system that includes subtypes.

We introduce these key aspects of our approach below.

1



1.1.1 Using a Universal Refinement Law

Existing tools supporting the refinement calculus, which are surveved in Chapter 6,
support interactive transformation of a specification to an implementation. The trans-
formation is carried out using refinement laws, which are proved from the semantics of
the language. Some refinement laws always apply. whilst others have side-conditions
which may require proof in predicate logic. We show that the refinement calculus can be
applied non-interactively using a ‘universal’ refinement law, with program construction
separated from correctness proof. The advantages of this approach are that:

(i) the existing programming method is maintained,
(i1) refinements can be made in steps of any size,

(iii) verification is separated from programming, allowing proof to be delayed or other
verification techniques to be employed, and

(iv) development tools are similar to existing tools.

Programming Method It is a major change to the programming method to make
programming nothing more than the successive application of refinement laws. Al-
though the identification of refinement laws (such as the collection in [Mor94]) or, more
generally, a programming language algebra [HHJ*87], provides the programmer with a
new understanding of the meaning and correctness of programs, it is not necessary to
make such a major change to the programming method to benefit from the refinement
calculus. Instead, refinement should offer a new approach to the programmer which

builds on existing practices.

Refinement in Flexibly-Sized Steps Interactive refinement using refinement laws
proceeds in small steps. There is potential for extending the set of refinement laws
and for composing laws into refinement tactics, but this is not well developed. At
the other extreme, an earlier generation of programming verification systems, such as
Gypsy [AmbT77], required each procedure to be verified as a whole.

We show that the refinement calculus can be used in the manner of the system such
as Gypsy, but with support for refinement steps of variable size. The user can choose
either the small steps of the refinement calculus or larger steps. The latter may be
appropriate when the circumstances demand a less detailed justification of correctness
or when the overall refinement is more obvious than the detailed derivation.

Verifying Refinement Steps The construction of the refinement text is itself the

main component of the correctness argument for the program. In many applications,
the cost of formally proving the lemmas of this argument - the verification conditions

[S]



— will not be justified. Instead, further verification can be achieved by inspection. or
by other means short of formal proof. This topic is bevond the scope of this thesis. but
we review the prospect of integrating refinement with other verification techniques in
the final chapter.

Systems such as Gypsy are sometimes derided as requiring posit and verify, meaning
that formal verification is attempted on a program when there is no basis for confidence
that the program is correct. In our approach, stepwise development is the primary

means of ensuring correctness’.

A possible disadvantage of not using laws of refinement is that more correctness proofs
will be required, repeating the justification for the development step captured in the
refinement law. However, many laws have side conditions showing that the law is
applicable. Using simple examples, we compare the proof obligations arising from our
approach with the side conditions of refinement laws.

Tool Support Existing tools supporting the refinement calculus are integrated with
theorem provers, leading to a tool architecture very different from mainstream program-
ming language tools. In particular, the representation of the programming language is
internal to the tool, proof may subsume other forms of static error checking and the
order of development is constrained.

We show that the refinement calculus can be used with a conventional ASCII language
syntax and a support tool which resembles a compiler, with well-formation checking
separate from proof. This has the advantage of simplicity. In addition, we believe that
it provides the best approach for future support of the refinement calculus in an inte-
grated development environment, similar to those available for existing programming

languages.

1.1.2 Specification and Program Types

The language of refinement must express both specifications and programs. To be useful
as a specification language, the expressions and types of the language must be much
more expressive than those included in a programming language such as Pascal. Sets,
functions and free datatypes (such as lists) are required, with conditional and recursive
definitions as well as simple definition by equality.

Subtypes and Dependent Types We adopt a language with subtypes and depen-
dent types, based on higher order functions. The language draws particularly on the

1 Posit and verify is really a characterisation of way a method is used rather than of the method
itself. In the author’s experience using SPADE [COCDS6], a system similar to Gypsy, care was taken
to ensure correctness before doing formal verification, e.g. by writing the program to make correctness

as obvious as possible.



Veritast [HDL90a] [HDLIOb] and PVS [ORS92] systems. both of which are interactive

theorem provers.

The inclusion of subtypes means that type checking is not decidable, since a proof may
be needed to show that a term belongs to a subtype. In Veritas®™ construction and
type checking of terms are carried out interactively. This approach allows a user to
prove subtype membership when required, while simpler cases can be automated using
tactics. Here, we follow the approach of PVS. where type checking is non-interactive,
since this is the long established approach used for programming languages. The type
checker reports obvious type errors and. if necessary, produces proof obligations, called
type correctness conditions. These must be proved to show that the specification is type

correct.

One approach considered was to adopt the language of PVS in the language of refine-
ment, without modification. However, the PVS type checker is embedded in the PVS
prover, so to use the PVS language directly requires the refinement tool to be based
on the PVS prover or the type checker to be re-implemented. Instead, drawing on
the ideas of both PVS and Veritas™, a simple language with subtypes and dependent
types has been designed. The main argument of this thesis concerns the suitability
of a higher-order logic with subtypes and dependent types for use within a language
of refinement. However, during the design some differences have emerged between our
language and that of PVS, which provided our starting point.

Typed Specification Languages The desirability of having a typed specification
language has been disputed, for example by Lamport and Paulson [LP98], who argue
that types are not necessary in specification languages and that type systems reduce
flexibility and add complexity. However, popular specification languages such as 7
[Spi89] and VDM [Jon86] are typed and types allow simple errors to be detected au-
tomatically. For this reason, we adopt a typed specification language, despite the
disadvantages identified by Lamport and Paulson. Some points raised by Lamport and
Paulson concerning dependent types are considered in Chapter 6.

Types and Proof Introducing the PVS theorem prover [ORSH95], Rushby and oth-
ers argue that logical languages allowing only total functions are more amenable to
efficient automatic theorem proving than those, such as Z, which allow partial func-
tions. Further evidence for this view comes from Martin [Mar97] who cites partial
functions as one of the reasons why effective tool support for Z proof is hard?.

The PVS developers show how the use of subtypes allows functions which would nor-
mally be considered to be partial to be made total functions. In this approach, the
division function _/_ is total, but the domain of the divisor is non-zero numbers; the

2Saaltink [Saa97] describes how Z/EVES handles partial functions (and other causes of undefined-
ness in Z) and reports that many published Z specification contain errors caused by misuse of partial

functions.



expression 1/0 is not well typed. In set theory or in higher order logic without subtypes.
1/0 is an arbitrary value®.

Programming Language Types Lamport and Paulson consider only specification
languages, noting that “the advantages of typed programming languages are obvious”.
A language of refinement is both a specification and programming language. suggesting
the use of types. Subtypes and partial functions are common in programming languages.
Examples include integers of limited range, which are a subtype of mathematical inte-
gers, and partial functions such as arrays and collections (indexed by pointers).

One alternative to subtypes is to add ‘type declarations’ as part of the derivation of
a program from a specification, for example using invariants, as described by Morgan
[Mor89]. The technique of totalising partial functions with arbitrary values, another
alternative, is problematic in a programming language, where application of an argu-
ment outside the domain of a partial function may lead to a run-time error. These
alternatives are reviewed in more detail in Chapter 6.

1.2 Designing a Language of Refinement

Our language is based on the extensions to Dijkstra’s guarded command language in-
troduced by Morgan and Back and on existing languages of subtypes and dependent
types. For the syntax, we follow the example of existing languages, particularly Pascal
and its descendants, avoiding unnecessary innovation wherever possible. But there are
novel issues to be considered in the design of a language of refinement. We summarise
our approach to two of these below.

Factorisation An advance in the theory of predicate transformers since Dijkstra’s
work has been to identify the essential statement forms from which more complex
forms can be composed. One example of this is the separation of procedure definition
from parameterisation [Mor88c]. As well as simplifying the theory, aspects of this
factorisation can be made apparent to the user of the language; this approach is followed
in our treatment of both recursion and parameterisation.

The very simple command language, which is shown to be complete by Back and von
Wright [BW89a], is a more radical factorisation. The statements available to the pro-
grammer are defined from the primitive commands. This factorisation would be es-
pecially attractive if the generation of correctness conditions could be carried out by
expanding the statement definitions. However, the encoding of the assignment state-
ment using the primitive commands is complex and this is likely to lead to complex

3An arbitrary number in a typed logic, whereas in un-typed set theory it could be any value.
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correctness conditions?. We prefer to specify the meaning of the statements used by
the programmer directly.

Refinement Syntax In a refinement language, a tree-like structure replaces the lin-
ear text of a conventional programming language. Some syntax is required to represent
this refinement tree. Although it is clear that interactive tools. such as folding editors.
will be useful, we consider that the representation of the tree should not be private
to such tools. Instead, we adopt a conventional ASCII syntax for the refinement tree.
Other approaches include Back’s refinement diagrams [Bac91] or the statement marking
convention used by Morgan [Mor94].

1.3 Prototype Tool Support

The well-formation checking and refinement verification condition generator have been
implemented in a prototype tool, aiming to follow the formal specification as closely as
possible. To achieve this, the lazy functional language Haskell [PE97] was chosen for
the implementation. The prototype implementation serves two purposes:

(1) it allows the formal specification to be validated by testing, and

(ii) it allows the difficulty of discharging the proof obligations for both type correctness
and refinement to be investigated.

1.4 Thesis Outline

The first part of the thesis introduces the language and describes its application. Chap-
ter 2 reviews the theoretical foundations on which the language is built: the typed A-
calculus and the refinement of predicate transformers. The specification and refinement
language is introduced in Chapter 3, with a rationale for the major design decisions.
Example specifications and refinements are presented in Chapter 4 with an examina-
tion of the proof obligations generated by the prototype tool. The prototype tool is
described in Chapter 5. Existing work is surveyed in Chapter 6, including languages
based on subtypes and dependent types and existing tool support for the refinement
calculus. This is followed by an evaluation of our work in comparison with existing

work.

The specification of the program refinement language appears in Part II. Chapter 7
introduces the specification, in particular the use of de-Bruijn indices as a mechanism

4Abrial [Abr89] has successfully followed a similar approach, using generalised substitutions which
make assignment a primitive statement.



for specifying the scope rules of the language. Subsequent chapters address each part of
the languages: declarations and theories are covered in Chapter 8. terms in Chapters 9
and 10, statements in Chapter 11 and finally refinement texts in Chapter 12.

Overall conclusions appear in Chapter 13.

There are three appendices: the language syntax definition is in Appendix A and Ap-
pendix B contains standard declarations. Proofs relating to the properties of statements

are in Appendix C.
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Part 1

Overview and Application



Chapter 2

Foundations

In this chapter the two foundations of the language and tool are reviewed: the typed

A-calculus and program refinement.

2.1 The \-Cube

The starting point for the specification language is the typed A-calculus AC. AC is
one of eight systems of typed A-calculus described in a uniform manner by the A-cube
[Bar92]; this section is based on Barendregt’s description. AC is similar to the Calculus
of Constructions [CH88].

2.1.1 Terms and Types

In AC, term and types are not distinguished syntactically. The following abstract syntax
defines a set of pseudo-terms T:

T=V|C|TTI|AV.:T.T|OV:T.T

where V and C are infinite collections of variables and constants respectively.

Informally, the pseudo-term Az : A.B denotes a function, with the type of the bound
variable and therefore the domain type of the function, made explicit. The pseudo-term
IIz : A.B is dependent version of the function type A — B, in which the range type
may depend on the element of the domain type. When the bound variable z is not free
in B, we use A — B as an abbreviation for Iz : A.B.



2.1.2 Reduction

On 7. the notion of 3-reduction is defined by the following contraction rule:
(Az: A.B) C' =5 Blx := (]

where B[z := ('] denotes the syntactic substitution of ' for the variable » in B.
renaming bound variables in B where necessary to avoid capturing any free variables
in C. The relation —»; is the reflexive transitive closure of —; . The congruence
relation between terms A = B, with terminology A is 8-convertible to B, is defined
from 3-reduction in the standard way.

2.1.3 Type Assignment

Statements A declaration is of the form z : A with A € 7 and z a variable. A
statement is of the form A : B with A, B € T; here, A is the subject of the statement
and B its predicate. A context is a finite ordered sequence of declarations with distinct

subjects.
If r denotes < x11: A7, .,10: A, >

then T',y: B denotes <uxzy:A;,....,7,: As,y: B>

The empty context may be written <>.

Sorts Two constants are selected and given the names * and O; these constants are
called sorts. Let § = {*,0} and let s range over S. Some examples of possible

derivations are:
*: 0 types

* — % 0 unary function types
* — * — * : 0 binary function types

We refer to the elements of O (that is, terms A for which K : O can be derived) as

kinds, and elements of * as types.

Type assignment The type assignment rules axiomatize the notion
I'-A:B

stating that the statement A : B can be derived in the context I'. Figure 2.1 shows the
type assignment rules. A, B, F,a,b,... are arbitrary pseudo-terms and z is an arbitrary
variables. The different systems on the A-cube are distinguished by the range of s; and
59 in the product rule. For AC',

(51752) € {(*’*)7 (Dv*)v (*7 D)v (D7 D)}

10



(axiom) <>F%:0

['FA:s
(start rule) [r:AFz: A
(weakeni Je) 'tA:B T'HC:s
eakening rule F . CFA. B
(application rule) 'FF:(Ilz:AB) T'ta:A
PP ¢ 't Fa:Blz:=ad
. 'z:AFb:B TF(llz: AB):s
(abstraction rule) FF (e A5): (e 4B
. 'FA:B I'FB:s ,
(conversion rule) A B=3B

; 'FA:sy INe:AFB: sy
(product rule) IF (llz: A.B) -+,

Figure 2.1: Type assignment for AC

2.1.4 Classifying Terms

A mapf: T — {0,1,2,3} can be defined [Bar92, Definition 5.2.23], with the following
properties:

1(8)=3

'FA:B=t(A)+1=¢DB)
This provides a simple classification of legal terms, for which we use the following

terminology:

1(A) =0 A is an element

§(A)=1 Aisatype
#(A) =2 Aisakind
One corollary of this property is that the term O can never be the subject of a statement.

It is convenient to use the terms ‘type’ and ‘element’ in a more general sense: when
a : Ais a statement, we call A the type of a and a an element of A. This corresponds
with the classification above only when g(a) = 0.

2.1.5 Properties of AC

It this section we quote a number of properties of AC. The following terminology is
used: a context I' is called legal, if there exists A, B € T such that ' - A: B. In a legal

11



context I', A is called a (legal) I-term if. for some B € T: thenT'F A: Bor T'F B: A.
Let A, B, C, D be pseudo-terms. and let I'. A be contexts.

Substitution ([Bar92, Lemma 5.2.11]) A variable can be replaced by a term of the same
type. T 2: A AFB:Cand 't D: Athen I''Alz:= D] F B[z := D] : C[z := D].

Classification ([Bar92, Corollary 5.2.14(1)]) If ' = A : B then, for some s € S, either
B=sorl't B:s.
Subterm legality ([Bar92, Corollary 5.2.14(4)]) Any subterm of a legal term is also a

legal term.

Subject and predicate reduction ([Bar92, Theorem 5.2.15]) 3-reduction can be used to
change the subject of a statement. f ' F A : B and A -5 A" then I' - A" : B. The

predicate of a statement can be replaced similarly.

Uniqueness of types ([Bar92, Lemma 5.2.21]) Types are unique upto J-conversion. If
I'FA:Byand ' A: By then B; =5 Bs.

Strong Normalisation ([Bar92. Lemma 5.3.3]) Legal terms in AC are strongly normal-

ising, that is, there are no infinite sequences of F-reductions.

Decidability of type checking and typability ([Bar92, Lemma 5.2.18]) Here type checking
means deciding the truth or falsity of the statement: I' - A: B for given I', A and B.
In a given context I' a term A is typable if there exists a term B such that: ' = A: B.

Uninhabited type ([Bar92, Proposition 5.2.31]) The type (He : *.a) is not inhabited in
AC. The proof of this proposition shows that a term of this type would not have a
normal form.

2.1.6 Logic

Type systems such as AC have been used to represent logic by interpreting propositions
as types. The approach, attributed to N.G. de Bruijn, is described by Barendregt

[Bar92, §5.1].
A system of logic can be represented by introducing a type prop which is assumed to
be closed under implication.

prop : % D prop — prop — prop

To this context, we add a variable T : prop — * with the interpretation that ¢ : prop
is valid if T' ¢ is inhabited, that is there exists a term M, such that M : T ¢. We
can express the properties of implication by introducing functions to eliminate and

introduce implication:

Dc 9 :T(¢D¢Y) =T ¢—=T
O o (T o= T )= T(¢ D)

12



The same effect can be achieved by using * for prop, making T the identity and using
— for D.

The feasibility of building proof systems in a purely constructive manner has been shown
by others, notably the Nuprl project [CAB*86]. A particular feature of this approach is
that a proof can be interpreted as a program, so that the activities of writing a program
and proving it correct are combined. However, this approach is still immature.

2.2 Predicate Transformers and Refinement

In this section, we summarise the theory of predicate transformers and refinement,
which is used in the remainder of the thesis.

2.2.1 Refinement

If I, I’ are implementations and Spec a specification, we write:
I sat Spec

to show that I implements the specification Spec according to some satisfaction relation.
Provided that this satisfaction relation considers all the properties of implementations
which are of interest to us, another implementation I’ will be an acceptable replacement
for I, provided that I’ satisfies any specification satisfied by 7, In these circumstances,
I’ is called a refinement of I, and the refinement relation C is defined by:

ICI' 2VSpec- I sat Spec = I' sat Spec

This fundamental definition of refinement is used below to derive a refinement relation
for the total correctness of sequential programs. In a wide spectrum language, where
specifications are not distinguished from implementations, the sat and C relations also
become the same. The C relation is both reflexive and transitive as an immediate

consequence this definition.

Monotonicity Let J be an implementation, which is a component of some large
implementation I. To indicate this relationship, we may write [ as I[J]. So that
the refinement relation can be used in the method of stepwise refinement, proposed by
Wirth [Wir71], we require the property that refining a component of the implementation
yields a refinement of the complete implementation.

JCJ = I[J]C I[J)

Let @ be an arbitrary operator composing implementations into implementations (with-
out loss of generality, we show @ as a binary operator). Then stepwise refinement is

13



supported provided that the refinement relation is monotonic with respect to the argu-
ments of &, i.e. for any implementations /. I', J:

ICI=({U2J)C(I'eJ)

and

ICI=JehC(Jal)

2.2.2 Weakest Precondition of Statements

We introduce a language of statements, with statements acting as both specifica-
tions and implementations. Statements are identified with their weakest preconditions
[Dij76], which gives the weakest predicate describing the initial state which will ensure
that the statement terminates in the final state described by a given postcondition.
Despite the identification of statements with weakest preconditions, we preserve the
original notation, writing wp(S, R) for the weakest precondition of statement S with
respect to a postcondition R.

Dijkstra [Dij75] originally postulated five properties of weakest preconditions, of which
all except one have subsequently been shown to be unnecessary for the refinement

calculus.

Monotonicity The monotonicity property ensures that a statement which establishes
a postcondition R, also establishes any weaker postcondition R’.

(R= R')= (wp(S,R) = wp(S,R"))

It can be shown that the set of monotonic predicate transformers form a lattice [ BW89a],
ordered by the refinement relation. A small language can be defined, capable of express-
ing any statement in this lattice; monotonicity ensures the existence of unique fixpoints
of recursive equations. This shows that none of the other properties are necessary for

the theory of refinement.

Feasibility An infeasible (or miraculous) statements establishes the contradictory
postcondition. A statement S is infeasible when —wp(S, false). Potentially miraculous
statements have been shown to be useful in program specification [Mor87, Mor88a] and
also for expressing intermediate steps in the calculation of data refinement [Mor88b].

Conjunctive A conjunctive statement establishes the conjunction of two postcondi-
tions from exactly those states in which it establishes both postconditions.

wp(S, R) Awp(S, R') < wp(S,RA R')

14



A statement which displays angelic non-determinism, establishing either R or R as the
need arises, 1s not conjunctive. Operationally such a statement could be implemented
using back-tracking, as in Prolog (provided that the non-determinism is bounded). Such
a statement is included by Back and von Wright [BW89b] and shown to be useful in
data refinement [Bac89]. However, we do not consider non-conjunctive statements in

this thesis.

Disjunctive Only a deterministic statement is fully disjunctive. Dijkstra showed that
non-deterministic commands can be easier to reason about. for example allowing the
ordering of cases in an if-statement to be ignored. This results in the property:

wp(S, R) V wp(S,R") = wp(S,RV R)

which holds for all monotonic statements S

Continuity Dijkstra’s continuity property:
wp(S,3In - P n) < (In - wp(S, P n))

1s violated by a statement with unbounded non-determinism. This arises from state-
ments used in specification which constrain the final state to some desirable property,
but have infinitely many solutions. Such statements become possible when the language

is extended to allow specification.

2.2.3 Refinement of Statements

The weakest precondition defines the satisfaction relation for a statement S, where the
specification is a precondition and postcondition pair.

S sat (Pre, Post) = Pre = wp(S, Post)

A specification equivalent to (Pre, Post) can be written as a statement, using a miracu-
lous form of the generalised assigned proposed by Back [Bac88]. Using this satisfaction
relation to generate a refinement relation as described above, we obtain the following
standard definition for the refinement of statements:

SC S =2VR-wp(S,R) = wp(S',R)

2.2.4 Strongest Postcondition

Since we identify a statement with its weakest precondition, we cannot also define a
strongest postcondition for each form of statement. Instead, the strongest postcondition

15



of a statement S with respect to a precondition P. written sp(S. P). is defined to be
the solution of the equations [Bac88]:

sp(S.wp(9.Q)) = @
P = wp(S,sp(S, P)) provided P = wp(S.true)

For a statement which may fail to terminate. these equations do not define the strongest
postcondition uniquely. In this case we take the strongest solution (that is, the one with
the postcondition most often false), with the result that:

sp(S,~wp(S.true)) = false

The strongest postcondition can be replaced by a generalised inverse of a statement
[BW89b, BW93], which is itself a statement in the lattice of monotonic statements. We
do not follow this approach because these inverses cannot be expressed in our language

of statements.

2.2.5 First-Order Characterisation of Refinement

The Characterisation Theorem [Bac88] gives the following equivalence for the refinement
of S by T:

SCT e wp(S,true) = wp(T,sp(S, T = 2p))[20 := 7]
where 7 are the variables occurring in S or T and 7 a corresponding list of fresh
variables. We only consider refinement between statements with the same sets of visible
variables. Intuitively, this theorem states that S is refined by 7' if, in any initial state
in which S terminates, executing 7" will reach a state which could be reached by S from

this initial state.

2.2.6 Refinement in Context

We may wish to show that a statement T, which is a component of the statement S,
can be replaced by T", i.e. that S[T| C S[T"], even though T'IZ T'. The refinement of T’
is only correct is some contezts. The following two steps [Bac88] are used to show the

correctness of such a refinement.

1. A context assertion () is introduced such that:
SITIESHQ 1T

To avoid proving refinements of this form repeatedly, we give a number of laws
[Bac88] for context introduction. These laws allow the context to be strengthened
by inference from the program structure. Context assertions can also be moved

16



forward through the program. In this case. a statement executed in some context
gives rise to a new context when it terminates. Context assertions can also be
propagated backwards. but we do not make use of this here.

For a statement S with component statement 7. the context introduction is de-
scribed by a law of the form:

{QET={0Q 1KT;{Q"}
{PLES[TT={P }SH{Q KTI{ P}

Here, P is the initial context for S and Q) is the (possibly stronger) context for the
component statement 7. P’ is the final context for S. which may depend upon
the final context Q' of T.

A context law for each statement form is given in Chapter 11 and we describe
how these laws are used automatically in the refinement process. Some general

laws are given below.

We show that T' refines T in the context Q:
{QhTCET

The characterisation theorem is adapted straightforwardly for refinement in con-

text [Bac88]:

{Q hETCT & QAwp(T,true) = wp(T', sp(T, T = 7)) |70 := 7]

Primitive Statements For any statement A, without subcomponents, the strongest
postcondition can be used to propagate the context.

{PYy:A={P}A{spAP)}

In Chapter 11 the strongest postcondition of each statement is given; therefore we do

not give context rules for the primitive statements.

Consequence Rule The following rule allows the context () to be weakened, and

also shows that a context introduction which applies in the context P also applies in a

stronger context.

{PLS={P}SH{Q}
P =P
Q=0Q
{PEhS={P}ES{Q}]
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Context Elimination For any predicate Q. Q' such that Q = Q’. we have

{Q1E{Q}

In particular, taking true for Q' this gives

{ @} Cskip

so that any context assertions can be discarded.
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Chapter 3

Language Overview

An overview of the language is given in this chapter and key design choices are discussed.
A more formal and complete language definition is in Part II. The language consists of
the following principle syntactic categories:

Expressions and Types The tvpes and expressions used in both specifications and
programs form a single syntactic category called ‘terms’; simple terms are de-
scribed in Section 3.1.

Declarations New types, constants and functions can be declared, as described in
Section 3.2. Section 3.3 describes datatype declarations and the special forms of

term associated with datatypes.
Statements A program is made up of statements, described in Section 3.5.

Theories and Refinement Texts A theory contains a number of declarations. A
‘refinement text’ is formed from a specifying statement and a sequence of refine-
ments. Theories and refinement texts are collectively known as ‘units’: a file
contains units. Theories and refinement texts are described in Section 3.6.

Some forms of term which might be expected to be included in the language are provided
by standard declarations: these are described in Section 3.4.

Syntax In this chapter (and in the rest of Part I), the language is presented using
a concrete syntax. We have chosen a syntax using only ASCII characters, with simi-
larity to existing programming languages such as Pascal and Ada. The Z specification
language uses an extended character set. Although BTEX provides a way to implement
an extended character set, it requires the user to learn two syntaxes. Working directly
with an extended character set (the WYSIWYG approach) greatly complicates the
implementation of language processing tools. Programming languages, especially the
Pascal family, have syntax which is clear rather than concise. In contrast, conciseness
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is valued more in mathematical notations'. Some syntactic redundancy increases the
chances that a simple error is detected syntactically, with the error located accurately?.
However. to retain some of the advantages of mathematical notation. we allow new

operators to be declared.

In Part II, the language is specified using an abstract syntax: the language consists of
exactly those terms of the abstract syntax which satisfv the well-formation rules. The
concrete syntax has also been chosen to have a direct translation to the abstract syntax.
There is no need to consider the syntax given here to be definitive. Any concrete syntax
which provides a representation for all well-formed terms can be used.

Lexical Rules The lexical rules distinguish four main classes of lexical token. as

follows:

Class Examples Use
Brackets ¢
Alphanumeric WHERE THEORY Reserved
Alphanumeric x x_1 PAIR Unreserved
Non-alphanumeric ; { } ==> Reserved
Non-alphanumeric <= , ! +  Unreserved
Number 123

Both alphanumeric and non-alphanumeric tokens can be used as identifiers. Some
identifiers of both classes are reserved. Alphanumeric reserved words are case sensitive;
this avoids an unnecessary difference between reserved words and standard declarations.

A non-alphanumeric token is any sequence of non-alphanumeric characters, except the
parentheses ( and ). This flexible treatment of non-alphanumeric tokens allows the
declaration of new operators, as described in Section 3.2.2 below®. Character and
strings literals are additional lexical classes — see pages 22 and 204.

3.1 Terms and Types

The different forms of terms and types are shown below.

!The example of Chapter 4 taken from [Mor94, Chapter 21] shows the difference. Morgan uses

implicit conversions and overloading to obtain a concise syntax.
2C++ is an example of a programming language in which the reported position of a syntax error

is not always close to the mistake.
3These rules require spaces to be inserted unexpectedly in some character sequences; enlarging the

‘brackets’ token class would solve this problem.



Term Example(s)
Sort of types TYPE
Constant Bool True nat_min List.length (+)
Literals 1 ’b’ "a string"
Variable X y index
Application s + 1
Function (\x:Int @ x + 42)
Subtype {j:Nat | j < length 1} {even}
Function type x:Int -> {y:Int | y > x}
Universal quantifier ~ (FORALL x: {even} @ odd (x + 1))
Existential quantifier (EXISTS x: {even} @ x * 3 = 6)
Choice (CHOOSE x:Nat @ x > 3)

Equality 1 =2 (+) = (\x:Int; y:Int @ x + y)

Conditional IF x /= 0 THEN y/x ELSE z END

Type annotation (10 - x) : Nat

Case CASE 1 OF null ==> True | cons h t ==> False END
Primitive recursion PREC List[A]->Nat IS null ==> ... | ... END
Measure recursion REC fact (i:Nat) : Nat IS ... MEAS i END

Case terms and primitive recursive terms are associated with datatypes and are de-
scribed in Section 3.3.

3.1.1 Extension to \C

The language of terms is based on the language AC introduced in Section 2.1; however,
we extend AC with some new terms. The arguments for the use of subtypes, especially
in combination with dependent types, have already been presented in Chapter 1. The
addition of predicate subtypes is the most important extension to AC.

To be useful as a specification language, logical operators must be included. One
method of achieving this is the ‘constructive’ approach, based on the ‘propositions
as types’ analogy (see Section 2.1.6). However, a constructive logic has a number of
pragmatic disadvantages. Firstly, for the software engineer not necessarily at ease with
classical logic, a constructive logic presents a further degree of difficultly. Secondly, proof
by contradiction which is both intuitive and powerful is no longer available. Thirdly,
we wish to separate program construction from proof, in contrast to the constructive
approach which seeks to combine programming and proof. Instead, we extend AC to
base the specification language on a classical logic.

Overall, the new forms of term are the subtype, universal and existential quanti-
fiers, choice, equality, conditional, annotation, recursion and the forms associated with
datatypes: primitive recursion and case. Some of these could be provided by declar-
ing constants within the language rather than extending it. We use declarations as
well as extensions. as described in Section 3.4. The factors determining the split be-
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tween extension and declaration are detailed in Section 9.1.3. The PVS language has
some additional features which could be provided by further extensions to AC — see
Section 6.2.1.

3.1.2 The Type Sort

In the concrete syntax. the sort of types such as boolean and integer. is written TYPE.
rather that the symbol * used in Section 2.1.3. There is no representation in the concrete
syntax for the sort 0. There is no need to write this in the concrete syntax because.
as noted in Section 2.1.4, O appears only on the right hand side of a type assignment

judgement.

3.1.3 Variables, Constants and Literals

Identifiers are used to stand for values. An identifier can be either a constant or a
variable. Both constants and variables must be introduced before they can be used. If
the constant is defined in another theory, the constant identifier may be prefixed with

the theory identifier: e.g. List.Length.

A variable is an identifier which stands for an unknown value, for example the variable
x in the abstraction (\x:Int @ x + 1) stands for any value which could be used as
an argument. The type of a variable is always specified explicitly when the variable is
introduced. In Barendregt’s classification [Bar92] AC is explicitly typed. This contrasts
with languages such as ML and Haskell which are implicitly typed; the type of a variable
need not be given explicitly since it can be inferred using the type inference algorithm
described by Milner [Mil78]. Explicit typing is used because no generalisation of Milner’s
tyvpe inference algorithm for subtypes is known.

Literals For convenience the concrete syntax of the language has special forms for

some constants of the language.
1 is a constant of type Int
a’ is a character literal

"abc" s a string literal

The representation of character and string literals is described in Section B.8.

3.1.4 Functions and Application

The language is based on typed higher-order functions. Function can be written using
a A-abstraction. The type of a function is a ‘product type’, constructed using ->. All
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functions are total, so that a function of tvpe A => B maps any element of A to some

element of B.

Function Term Tvpe
(\x:Nat @ x + 1) Nat -> Int
(\x:Nat; y:Nat @ x + y) Nat -> Nat -> Int

(\a:Bool @ (\b:Bool @ not a || b)) Bool -> Bool -> Bool

The function arrow -> is right associative. Nested abstractions may be written as mul-
tiple bound variables separated by a semicolon; the following two terms are equivalent:

(\x:Nat; y:Nat @ x + y) (\x:Nat @ (\y:Nat @ x + y))
A term representing the application of an argument to a function is written using
juxtaposition: (A\x:Int @ x + 1) 2. Function application is left associative.
Let terms A let term is syntactic sugar for an abstraction and application:

Let Term Equivalent Term
LET x:Int == 2 IN x + 1 END (\x:Int @ x + 1) 2

3.1.5 Subtypes and Dependent Type

Subtypes It is sometimes necessary to use a predicate to specify precisely the domain
type of a function. For example, the term {x:Int | x /= 0} represents the type of
non-zero integers. The term enclosed in braces { ... } must be a predicate, that is a
function to the type Bool. For example:

{() 0} is the type of positive integers
{(\x:Int @ x < 5)} is the type of integers less than 5
{x:Int | x < 5} is an abbreviation for {(\x:Int @ x < 5)}

Note that subtypes and predicates have distinct syntax: if p is a predicate, { p } is a
subtype*.

Dependent Types In the standard function type A -> B described above, there is
no connection between the two terms A and B. However, we allow the term B to depend
on A, so that the result type of a function depends on the value of its argument. The
dependency is represented using a bound variable: a:A -> B. The variable a, which is
of type A, may be free in the term B. Subtypes and dependent types can be combined:
if the function inc has type x:Int -> {y:Int | x < y} then the property that any
integer z is less than inc z can be inferred from the type.

4In contrast, PVS overloads the syntax of predicates and subtypes.

23



Empty Types It is possible to define a tvpe which is empty. For example. there are
no elements of type {n:Nat | n < 0}. A product type is empty if it has an empty
range type, such as:

i:Nat -> j: {j:Nat | i < j} -> {n:Nat | j < n && n < i}

However, a product type with an empty domain is not empty, even if the range is empty.

Parametric Polymorphism The type of a function which may have arguments
of any type can be represented using dependent tvpes. In this parametric form of
polymorphism, the type to be used is given as the first argument and the later arguments
are of this type. For example, functional composition has the type:

A:TYPE -> B:TYPE -> C:TYPE -> (B->C) -> (A->B) -> A -> C

Type Correctness Conditions In the application of the term a to the function £,
the term a must be in the domain type of £. If this is not the case, the application is not
well-typed. Often this can be determined syntactically by the type checker. However,
if the domain type of is {x:T | p x} and the type checker determines that the type of
a is T, then it is also necessary to show that p a holds. The type checker produces type
correctness conditions which are theorems which must be proved to show that the term
is correctly typed. As well as for application, type correctness conditions may also be
required to show that annotation, choice, conditional and equality terms are well typed.

3.1.6 Conditional Terms and Type Context

Conditional terms IF b THEN p ELSE q END are provided; the two alternatives p and
q must be terms with the same type.

Conditional terms are one form of term where the type correctness requirements are
contextual. A type correctness ‘context hypothesis’ may be derived either from the
logical structure of the term or from type information.

Logical Context The type correctness rule for a conditional term assumes b when
typing checking the first alternative term and its negation for the second alterna-
tive. Intuitively, this is satisfactory since the value of the conditional term only
depends on the value of p when b is true. The complete set of logical context rules

are shown below.

Term Context for p Context for q
IF b THEN p ELSE q END b not b
P =>q P
p && q p
pllgqg not p
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The logical operators are defined using the conditional term - see Section 3.4.1.

Type Context The type correctness rules include context deduced from the tvpe of
one of the terms. Consider the application of a constant x: {p} to a function of
tvpe {p} -> T: the type correctness condition must show that x satisfies p. but
this can be deduced from the tvpe of z.

Asymmetry of Type Checking The use of context makes the type checking of the
logical operators asymmetric, even though the operators are symmetric (i.e. commuta-
tive). For example. consider the following conjunction:

y >0 & x div y < 10

The sub-term x div y gives rise to a type correctness condition to show that y /= 0:
this follows from the context provided by the sub-term y > 0. However. in the term:

x divy < 10 & y > 0

the context of the sub-term x div y is weaker. so that it may not be possible to show

that y is non-zero.

To see that this does not imply that conjunction is asymmetric (i.e. that a A b is not
equivalent to b A a, when both are well-formed), consider that the following natural
deduction rules for introducing conjunction:

[A4] [B]
_;2_/\_%_ 4 B 4 B
ANE ANE

The symmetric property of conjunction follows directly from the first rule. The second
and third rules, which can be derived from the first, allow one of A or B to be assumed
in the derivation of the other. The type checking for our language effectively uses the
second of these rules, since the left-hand conjunct is assumed when checking the right-
hand conjunct. Therefore, for the type checker to generate a provable type correctness
condition it may be necessary to write the conjuncts in the correct order. But if an
interactive proof tool was used for type inference, all the rules could be available,
showing that the symmetry of the standard logical operators is not changed by the
choice of a particular inference rule in the type checker.

3.1.7 Type Annotation

The use of subtype allows many different possible types for a term. For example, the
term 2 could have any of the types:
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Int {x:Int | x >= 0} {even}
A type annotation allows the type of a term to be specified explicitlv. For example.

any use of 2 can be replaced by 2 : {even}. Since the language is explicitly tvped (see
Section 3.1.3), it is not often necessary to use a tvpe annotation.

3.1.8 Equality

Two terms of the same type can be compared for equality. In t = u. if the tvpe inferred
for u is not the same as that for t, then u is implicitlv annotated with the type of t. The
comparison of a variable of a subtype x:Nat with a variable y:Int not in the subtype
can be written x:Int = yory = x.

3.1.9 Quantifiers and Choice

Logical quantifiers are provided. For example. the following predicate characterises

surjective functions:
(\f:A->B @ (FORALL b:B @ (EXISTS a:A @ f a = b)))

The types used in a quantification may be empty. A universal quantification over an
empty type is always true; an existential quantification is false.

The Choice Term The choice term selects an element of a type satisfying a specified
predicate, if such a term exists. A quantifier syntax is used. The type of the term is the
type from which the choice is taken. This type must not be empty; a type correctness
condition may be generated.

Choice Term Description
(CHOOSE x:Nat @ even x7} a natural, which is even
(CHOOSE x:Nat @ x < 0} any natural since the property is not
satisfiable

(CHOOSE x: {n:Nat | false} @ p x) a type error since the type is empty

3.1.10 Measure Recursion
A recursive term introduces a bound variable which stands for a function which is

defined recursively; the function is the value of the term. To ensure that there is such
a function, a measure function is given. The factorial function can be represented by:
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REC fact (i:Nat) : Nat IS
IF 1 = 0 THEN 1 ELSE i * fact (i-1) END

MEAS 1 END

In this example. the identifier fact following the kevword REC is a bound variable of
the term. standing for the recursively defined function. The identifier i stands for the
arguments of the function and may be free in the body of the term. The range tvpe of
the function is given following the colon. so that the type of the term is Nat -> Nat.

The term following the MEAS keyword must be of type Nat. Since the bound variables
standing for the function arguments may be free in the measure, the measure function
(\i:Nat @ i) is defined. A type correctness condition is generated to show that the
measure of the recursive call is less than the measure of the initial arguments. Since
the measure term is in the type Nat it cannot be less than zero.

The measure recursion term is adapted from PVS. The requirement to use an integer
measure is overly restrictive: any type with a well-founded ordering could be used. as
in PVS. However, the practical necessity for this elaboration is not clear.

3.2 Declarations

3.2.1 Simple Declaration

Constants A declaration can introduce a constant in two ways: either by giving a
name to a term with a type but without a definition or by giving a name to a defining

term. Examples are:
Bool : TYPE ; Set (A:TYPE) == A -> Bool ;

A constant declaration without a definition asserts that the type to which the constant
belongs is not empty. Since some types are empty, a declaration may introduce an
inconsistency. This is unremarkable if we consider a declaration without a definition to

be a form of axiom.

Variables There is no declaration for introducing a variable. Variables only exist
as bound variable in A-abstractions and related terms. All terms which appear in

declarations are closed, having no free variables.

Axioms and Theorems A declaration can introduce a formula which is either as-
sumed to be true (an axiom) or can, it is conjectured, be proved to be true (a theorem)®.

Examples appear in Section 3.4.

5The type checker checks axioms and theorems but does not distinguish them or use them.
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3.2.2 Operator Declarations

An identifier intended to be used for a function may be declared as an operator®. The

forms of operator are:

INFIX p  non-associative binary operator of precedence p

INFIXL p binary operator associating to the left. with precedence p
INFIXR p binary operator associating to the right. with precedence p
PREFIX prefix unary operator

POSTFIX  postfix unary operator

BINDER binder. similar to a quantifer

LEFT left hand delimiter of an enumeration

RIGHT right hand delimiter of an enumeration

Precedence Precedence is indicated by a single digit. with precedence 9 binding
more closely than precedence 0. Unary operators always bind for closely that binary
operators. If a token Op has been declared as an operator then (Op) behaves as an

ordinary identifier.

Binders A binder operator is used for a function expecting another function as its
argument. The syntax of terms allows a binder operator to be used in the same way as
the logical quantifiers. For example, if B is a binder operator, then (B x:T @ t) stands
for (B) (\x:T @ t). Standard binder operators include PAIR and pair.

Delimiters These operators can be used to approximate the traditional forms of
list and set enumerations. If L and R are left and right delimiters respectively, then
theterm L a ; b ; ¢ Rstands for (L) a ((L) b (L) ¢ (R))). For example, a list
can be written as <|1; 2; 3]>. Note that the syntax does not ensure that matching

delimiters are used”.

3.2.3 Implicit Arguments

The use of dependent types to construct polvmorphic functions can result in unnecessary
repetition of the type parameters. For example, functional override is represented by:

override (A:TYPE) (B:TYPE) (f£:A->B) (a:A) (b:B) ==
(\x:A @ IF x = a THEN b ELSE f x END)

5At present, an operator declaration must be at the start of a theory and is separate from the

constant declaration: see Section 3.6.
"This could be done if the operator declaration associated the left and right delimiters.
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If map is a function of type T -> U, t and u are terms of type T and U respectively, then
override T U map t u represents the map overriden by u at the domain value t. As
this example shows. it is often unnecessary to make the tvpe arguments explicit, since
they are implicit in the types of the following arguments. To declare that one or more
arguments of a function are to be left implicit, the identifier is followed by the number

of implicit arguments:
override [2] (A:TYPE) (B:TYPE) (f:A->B) (a:A4) (b:B) == ...

The updated map can now be written override map t u. Only functions given a name
in a declaration can have implicit arguments. Implicit arguments are inferred as part
of type checking.

Making Implicit Arguments Explicit If there is not enough type information
to allow the implicit arguments to be inferred, an argument can be given explicitly by
enclosing it in brackets [ ... ]. When a function has more than one implicit argument,
explicit arguments are given left-most first. The following terms are equivalent:

override map t u
override [T] map t u
override [T] [U] map t u

Implicit Arguments and Operators Implicit arguments are particluarly useful for
defining polymorphic binary operators. For example, the binary operator <+> can be
defined as functional override®:

(<+>) [2] (A:TYPE) (B:TYPE) (f:A->B) (p:A#B) ==
override f (fst p) (snd p)

If the implicit arguments need to be made explicit, the prefix form of the operator
(<+>) must be used.

3.3 Datatype Declarations and Terms

A datatype is not a new form of term, instead a datatype declaration stands for a
number of constant declarations which model the properties of the datatype. This
approach is similar to that used in PVS® [Sha93]. There are two forms of term which
can only be used with datatypes: the case term and the primitive recursion term. In

8Using a pair type — see Section 3.4.2.
9Shankar attributes this approach to datatypes to Boyer and Moore.
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this respect. our approach follows Veritast [Ver92]. In PVS. the functions created
by expanding a datatvpe declaration include ‘recursive combinator’ functions which

construct functions returning datatypes using primitive recursion!”.

3.3.1 Datatype Declarations

A datatype of list is declared as:

List [1] (A:TYPE) ::=
null empty | cons (head:A) (tail:List [A]) nonempty ;

In this declaration:

e List is a type constructor which one type parameter. The type parameters of the
datatype becomes the first argument of the functions described below.

e The functions empty and nonempty — called recognisers — distinguish the two list

cases.

e Lists are constructed using the functions cons and null. The recognisers are used
to characterise the type of the constructed lists.

e The functions head and tail are used to access the components of a list. The
recognisers are used to characterise the domains of these functions.

The expansion of the list declaration is:

List [1] : TYPE -> TYPE ;

empty [1] : A:TYPE -> List [A] -> Bool ;

nonempty [1] : A:TYPE -> List [A] -> Bool ;

null [1] : A:TYPE -> { empty [A] } ;

cons [1] : A:TYPE -> A -> List [A] -> { nonempty [A] } ;
head [1] : A:TYPE -> { nonempty [A]l } -> A ;

tail [1] : A:TYPE -> { nonempty [A] } -> List [A] ;

The type of a datatype component — which is the range type of the corresponding
accessor function — may either be the datatype with its parameters, or must not include
the datatype. A datatype case having a component with the datatype as its type is
recursive. To ensure that a datatype is not empty, at least one of the cases must not
be recursive. Here, null satisfies this properties, since it has no components.

10There is also a case term in PVS. A common method of specifying a recursive function on a
datatype in PVS is to use a case term within a measure recursion, with the measure defined using the

recursive combinator.
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Enumerated Types Recognisers may be omitted from cases which do not have any
accessor functions. An enumerated type can be declared by:

Colour ::= Red | Green | Blue

3.3.2 Primitive Recursion

The length of a list can be defined using primitive recursion:

length [1] (A:TYPE) == PREC List [A] -> Nat IS

null ==> 0 |
cons ht ==>1+1t
END ;

The PREC keyword is followed by the type of the primitive recursion term. The first part
of this type must be a datatype!l. with actual parameters of the correct types. The
rest of the type, here Nat is the range type of the primitive recursion. The primitive
recursion term is similar to an abstraction since it alwayvs denotes a function and has a
product type. The primitive recursion term has a number of cases — one for each case
in the datatype. On the left hand side of the ==> symbol, a pattern is made up of the
constructor function and a bound variable for each element of the case. The bound
variables may be free in the term on the right hand side of the ==>, this term must be
of the range type. The type of each bound variable is determined using the following

rules:

(i) if the corresponding element of the datatype is recursive, the type of the variable
1s the range type of the term,

(ii) otherwise the variable type is the same as the type of the corresponding element
of the datatype.

In the example, the variable h has type A, while t, which corresponds to a recursive
element in the datatype, has type Int.

Dependent Types and Primitive Recursion It is possible for the function de-
noted by a primitive recursion to have a dependent type. For example, the function
sum_max sums the elements of a list of integers, each of which does not exceed some
value max. A subtype is used to specify that the sum does not exceed max multiplied

by the length of the list.

1A subtype of the datatype cannot be used; an extension to allow this would be possible.
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Upto (max:Nat) == {i:Nat | i <= max} ;
ListM (max:Nat) == List [Upto max] ;

sum_max (max:Nat) ==
PREC 1:ListM max -> Upto (max * length 1) IS

null ==> 0 |
cons ht ==> h + t
END

A type correctness condition is required to show that the range type is correct.

3.3.3 Case Term

The value of a case term depends on the value of some term belonging to a datatvpe.
For example the following term has the value TRUE if the term 1 is an empty list, FALSE

otherwise.
CASE 1 OF null ==> True | cons h t ==> False END

The patterns on the left hand side of the ==> symbol in each case introduce bound
variables which may be free in the right hand side of the case. Each pattern starts with
a constructors of the datatype, itself determined by the type of the term following the
keyword CASE.

Datatype Subtypes A subtype of a datatype may be defined by excluding one or
more of the constructors of the original datatype. Case term may be applied to terms

which belong to such subtypes:

list_head [1] (A:TYPE) (1: { nonempty [A] }) ==
CASE 1 OF
cons ht ==>nh
END ;

A type correctness condition is required to show that the term does not belong to one
of the omitted cases. Case terms are convenient but not necessary, since the recogniser
and accessor functions of the datatype can be combined to have the same effect as a

case term.

3.4 Standard Declarations

Some of the forms of term which might be expected to be included in the language are
actually standard declarations. In this section, the following theories are described:
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> THEORY Bool IS
> INFIXL 3 &% ; INFIXL 2 || ;
> INFIXR 1 => ; INFIX 1 <=> ;

> Bool : TYPE ; True : Bool ; False : Bool ;

> not (a:Bool) == IF a THEN False ELSE True END ;

> (&%) (a:Bool) (b:Bool) == IF a THEN b ELSE False END ;
> (I1) (a:Bool) (b:Bool) == IF a THEN True ELSE b END ;

> (=>) (a:Bool) (b:Bool) == IF a THEN b ELSE True END ;

> (<=>) (a:Bool) (b:Bool) == (a => b) && (b => a) ;

> TYPE1 == {T:TYPE | (EXISTS t:T @ True)} ;
>  AXIOM bool_disjoint == not (True = False) ;

>  AXIOM bool_complete (b:Bool) == b = True || b = False
> END

Figure 3.1: The Theory Bool

Theory Description

Bool Boolean type and operators
Pair Pair constructors and accessors
Int Integer type and operators

Further standard declarations are given in Appendix B.

3.4.1 Boolean Type and Operators

Figure 3.1 shows the theory Bool?: a boolean type is declared and the propositional
operators are defined using the primitive conditional term'®. The TYPE1 sort contains
inhabited types. This is used to inform the type checker that a tvpe is inhabited. A
similar capability is primitive in PVS. A non-equality operator /= is provided as a
syntactic abbreviation: it abbreviates the not function applied to an equality.

3.4.2 Pairs

In contrast to both PVS and Veritas®, there is no primitive term in the language
representing a pair. Figure 3.2 shows how declarations introduce both standard and

121ines marked with an initial > are processed by the prototype tool to support the examples in

Chapter 4.
13The rules for type context, described in Section 3.1.6 cannot be expressed as part of the definition

and are instead built into the type checker.
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> SEE Bool
> THEORY Pair IS
> INFIXR O , # ;

> BINDER  PAIR pair ;

> (PAIR) [1] : A:TYPE -> f:(A -> TYPE) -> TYPE ;

> (pair) [1] : A:TYPE -> f:(4 -> TYPE) -> a:4 —>

> (f a) -> (PAIR a:A @ f a) ;

> fst [2] : A:TYPE -> g:(A->TYPE) -> (PAIR a:A @ g a) -> A ;
> snd [2] : A:TYPE -> h:(A->TYPE) -> p:(PAIR a:4 €@ h a)

> ->h (fst p) ;

> (#) (A:TYPE) (B:TYPE) == (PAIR a:iA @ B) ;

> (,) [2] (A:TYPE) (B:TYPE) (x:4) (y:B) ==

> (pair a:A @ B) x vy ;

>  AXIOM fst_pair (A:TYPE) (f:A -> TYPE) (x:4) (y:f x) ==

> fst ((pair a;tA @ f a) x y) = x ;

>  AXIOM snd_pair (A:TYPE) (f£f:A4 -> TYPE) (x:4) (y:f x) ==

> snd ((pair a:tA @ f a) xy) : £ x =79 ;

>  AXIOM eq_pair (A:TYPE) (f:4 -> TYPE) ==

> (FORALL p:(PAIR) f @ (FORALL q:(PAIR) f @

> fst p = fst ¢ & snd p =snd q : £ (fst p) => p = q))
> END

Figure 3.2: The Theory Pair

dependent pairs, where the type of the second element of the pair depends on the value

of its first element.

The PAIR constant constructs a dependent pair type. The constructor has two argu-
ments: the first is the type of the first element, the second is a function which gives
the type of the second element depending on a value of the first element. Similarly,
the constant pair is declared to construct elements of PAIR. Clearly the two elements
of the pair must be arguments to the constructor; additionally the type of the second
element needs to be given explicitly. Since this type may depend on the first element
of the pair, the syntax must include a bound variable standing for this element.

These constructors are written using the binder syntax, with the first argument left
implicit. For example, the type of a pair of Nat with the second element larger than

the first and an element of this type are written:

(PAIR x:Nat @ {y:Nat | y > x})
(pair x:Nat @ {y:Nat | y > x}) 1 2

Dependent versions of the standard pair accessors £st and snd are provided. Since
not all pairs require dependent types, non-dependent analogues of the type and term

constructor are defined. Axioms are required to define the properties of the declarations.
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> SEE Bool
> THEORY Int IS
> INFIXL 6 * div mod ; INFIXL 5 + - ;

> INFIX 4 >= > < <= ; INFIXL 7 %% ;

> Int : TYPE1 ;

> neg : Int -> Int ;

> (+) : Int -> Int -> Int ;

> (=) : Int -> Int -> Int ;

> (*) : Int => Int -> Int ;

> (<) : Int -> Int -> Bool ;

>  (>) (i:Int) (j:Int) == j < i ;

> (>=) (i:Int) (j:Int) ==1i > 3 |1 1= 3 ;

> (<=) (i:Int) (j:Int) == 1i < j ||l i=3;

> gte_zero : Int -> Bool ;

> Nat == { gte_zero } : TYPE1l ;

> AXIOM gte_zero == gte_zero = (\i:Int @ i >= 0) ;
> Pos =={ x:Nat | x > 0 } : TYPEL ;

> (div) : Int -> { x:Int | x /= 0 } -> Int ;
> (mod) : Int ~> { x:Int | x /= 0 } —> Int ;
> (**) : Int -> Nat -> Int

> END

Figure 3.3: The Theory Int

3.4.3 Integer Type and Operations

Integer are introduced as a primitive type. This is similar to the approach taken in the Z
toolkit [Spi89] and also by Rushby et. al. for PVS [OSR93] where a very general number
type is declared, with real, rational, integer and natural subtypes. The alternative, used
in Veritas™ [HDL9O0b], is to declare a natural number datatype and then to construct
the integers (and any other numeric types) from naturals. This construction has the
disadvantage that the naturals are not a subtype of the integers. Additionally, we have

no mechanism for hiding the representations used for integers'?.

Naurals and Numerals Natural numbers are defined as a subtype of integers. The
numeral 0, 1, 2, 3, ...are primitive terms; 0 has type Nat, while the other natural
have type Pos. To avoid a circularity, the predicate gte_zero is declared without a
definition; the required property is provided by an axiom.

MHOL provides such a mechanism.
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Arithmetic Operators Arithmetic operations are declared. We do not give either
axioms or definitions for operations. The need for axioms or definitions depends on the
theorem proving technique adopted: in PVS the properties of these operators are. for
the most part, specified within the decision procedures used in the prover. Division
and modulus may not be applied to a zero second argument. An exponent must be a
Nat for the result to be an integer. The use of overloading in PVS allows + and * to
be redeclared for naturals, so that the sum (or product) of two naturals is a natural.
This is not possible here. Unary negate is a very convenient overloading which can be
implemented by the parser, representing -1 as neg 1.

3.5 Statements

The different forms of statement are shown below.

Statement Example(s)
Skip SKIP
Abort ABORT
Multiple assignment X,y = ¥y,X
Abstract assignment x,y := ANY x1,yl1 WHERE x1 > y1 && y1 > x
Precondition PRE x > 0 IN ... END PRE
Sequential composition t :=x ; x =y ; y =t
Conditional IFx>0==> ... 0Rx<=0==>... ENDIF
Loop WHILE ... VARY N-i

LOOP i < N ==> ... END LOCP

Variable declaration VAR x : Nat IN ... END VAR
Logical constant CON N == length 1 IN ... END CON
Procedure call swap [x, y]
Procedure declaration  PROC swap IS ... IN ... END PROC
Abstraction [VAL x:Nat; RES g:Nat]
Application ... [a -1, b]
Recursion REC Fact IS ... VARY x END REC

3.5.1 Assignment Statements

Two forms of multiple assignment are provided: the standard form pairs ‘left values’
with terms of the same type, while an abstract assignment allows the new values of

variables to specified by a predicate.

Left Values An assignment can be used to update part of a variable specified by
the expression on the left hand side of the assignment symbol. The syntactic category
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of the left hand side of an assignment is called a ‘left value’. All left values include a
variable. A left value may be:

(i) a simple variable, such as X,
(ii) an application to a variable of a function type, such as an arrayv element A 1i.
(1ii) an index to a variable of map tyvpe, such as a collection C~i. and

(iv) a component of a variable belonging to a datatype, such as the head of a list,
head L.

Aliasing The left-values in a multiple assignment must not overlap (or alias). since
this could result in (at least part of) the same variable being assigned two different
values. The aliasing rules are summarised by the following examples:

Left values Aliasing
X, X always aliases
X, Y never aliasies
Ai, Aj no aliasing, provided 1 /= j
A 11 12, A j1 j2 no aliasing, provided 11 /= jlor j1 /= j2
head L, tail L never aliases

When the absence of aliasing cannot be determined statically, a correctness condition

is generated.

Abstract Assignment As well as the standard multiple assignment statement, two
variants of abstract assignment are included, as proposed in [BW89b]. The simpler
form:

X,y := WHERE P x y

assigns new values to the variables x and y which satisfy the predicate P. Occurrences of
x and y on the right hand side of the assignment refer to the final value of the variable.

In the more general form,
x,y := ANY x1, y1 WHERE .....
occurrences of x or y!° on the right hand side of the assignment refer to the initial value

of the variable, while new identifiers x1 and y1 are used to refer to the final values of
the assigned variables. The identifiers x1 y1 are bound variables of the assignment.

15 Note that in this form, any left-value can be used on the left hand side of the assignment. When
the keyword ANY is omitted, only simple variables are allowed as left values.
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An alternative generalisation of assignment is the specification statement introduced
in [MR87, Mor88a]. The specification statement » : [0 < r | isssqrt r 19 A0 < 7] is
equivalent to:

PRE 0 <= r IN
r := ANY rl1 WHERE is_sqrt rl r && 0 <= ri
END PRE

Back’s abstract assignment statement is preferred to Morgan's specification statement

because:

(i) it is more clearly related to the familiar assignment statement.

(i1) context propagation rules rather than explicit preconditions are used to determine
the context of each abstract assignment,

(iii) it is consistent with the rest of the language to make bound variables explicit,
avoiding the ‘zero subscript’ convention, and

(iv) the assignment form with explicit bound variables allows the use of left values
with abstract assignment.

3.5.2 Precondition and Context

The precondition statement has a similar form to that used in the Abstract Machine
Notation [Abr91a]. The more classical form is an assertion { P }, showing a condition
which must hold at a particular point in a program. The form used here is equivalent
to an assertion and a sequential composition.

Automatic Context Introduction The context of a statement is any assertion
which holds immediately before the statement. At any point in a program, the context
is determined automatically, using the method described in Section 2.2.6. Context as-
sertions are introduced by preconditions, the guards in conditional and loop statements
(see below) and by loop invariants. Context assertions are moved forward though the
structure of the program; in particular, the context following a statement is determined
using the strongest postcondition (see Section 2.2.4):

{P}s ; T becomes {P}s ; {sp(S,P)}T

Statements that can occur in more than one context do not have context automati-
cally introduced and therefore often require an explicit precondition. The statement
specifying a procedure or a recursion is treated like this.
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Use of Context Automatically introduced context assertions are used to show tvpe
correctness and to show the correctness of refinements (see Section 3.6.2 below). Terms
are only required to be well-tyvped in the context in which they are used. For example.

in the guarded statement:
nonempty m ==> n,m := n+l, tail m

the term tail m is well-typed in the context created by the guard.

3.5.3 Declarations

Variable Declaration A new program variable can be declared using a variable
declaration statement:

VAR x:Int; y:Int := 0 IN ... END VAR

A variable may be initialised: in the example x has no initialisation and y is initialsed
to 0. A program variable cannot belong to a type which is empty: if no initial value is
given a proof obligation may be generated to show that the type is not empty.

To prevent types used in a program from varying, variables'® may not be used in terms
which are used as types. For example, the following statement is not allowed:

VAR

x: Int ;

y: ARRAY x Int
IN

Logical Constants A logical constant gives a name to a value which can be referred
to but not updated. For example, the effect of a dynamically-sized array can be achieved

using a logical constant.

VAR x: Int IN

CON X == x IN
VAR y: ARRAY X Int IN

16The use of formal parameters is similarly restricted, excepted as noted on page 41.
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3.5.4 Procedures and Parameters

Procedure Declarations A procedure gives a name to a statement: within the scope
of the procedure the name can be used as an abbreviation for the statement.

PROC Max IS [VAL a:Int; b:Int; RES c:Int]
¢ :=max a b
IN ... END PROC

Parameters The statement used above to define the Max procedure has formal pa-
rameters. Statements with parameters may only be used to define procedures and
recursive statements. The formal parameters are variables with a type and a ‘mode’:

Mode Description

VAL Behaves as if the value of the actual parameter is ‘copied
into’ the parameterised statement, before that statement is
executed.

RES Behaves as if the final value of the parameter is ‘copied out’

of the parameterised statement.
VALRES Combines VAL and RES
REF The formal parameter and actual parameter behave as the

same variable.

The type of a RES parameter must be shown to be non-empty. like a VAR declaration.
An initial value can be given or a type inhabitation condition may be required.

Procedure Call A call to the procedure Max is written Max[x + y, y - x, x]. The
meaning of a procedure call is obtained by copy-in and copy-out substitution the actual
parameters for the formal parameters in the statement which specifies the procedure!”.
The call to the Max procedure is equivalent to:

a, b:=x+y,y-x;
= max a b ;
c

MO0
]

The actual parameters must be in the type given in the formal parameter declaration.
When the formal parameter has VAL mode, the actual parameter may be any term of
the correct type; for RES or VALRES modes, the actual parameter must be a left value.
Further, the actual parameters for RES or VALRES modes must not alias: the rules are

the same as those for multiple assignment statements.

17This is a simplification: a full explanation is given in Section 11.7.2.
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Aliasing of REF Parameters Because copyv-in and copv-out semantics are used, VAL,
RES and VALRES parameters do not alias with global variables'®. However, there is no
copying of REF parameters, so a way to prevent aliasing with global variables is required.
This is achieved by requiring that a variable can only be updated as an actual parameter
of REF mode if the variable is declared after the procedure!®. At a practical level, a
programmer wishing to update an object from within a procedure body without copying
has two options:

(i) declare the object first and refer to it from the procedure body as a global variable,

or

(ii) declare the procedure first and refer to the object using a reference parameter.

Morgan [Mor88b| proposes eliminating reference parameters. However, all popular im-
perative programming languages include reference parameters, since it is not efficient
to repeatedly copy large data structures?”. In some circumstances it is possible to refer-
ence large structures as global variables and avoid passing them as parameters, however
this limits the modularisation of a program.

Dependent Types in Abstractions The type of a variable in an abstraction can
depend on the value of a preceding variable. This dependent typing can be used to

represent Pascal’s conformant arrays:

PROC sort IS
[VAL len:INT16; REF list: ARRAY len INT16]
list := ANY sorted WHERE is_perm list sorted & is_order sorted

IN ...

Parameters used in this way may not be updated.

3.5.5 Control Statements

The standard conditional statement of Dijkstra’s guarded command language is used.
The loop statement is based on the standard do ... od loop introduced by Dijkstra,
but with an invariant and variant added.

18Examples of aliasing are given on page 174.
19The basis of this rule and an alternative appear in Section 11.5.5.
20An industrial use of the B-Tool/AMN method [HDNS96] found this problem.
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IF guard ==> statement WHILE invariant predicate

OR guard ==> statement VARY variant expression
OR ... LOOP guard ==> statement
END IF OR guard ==> statement
OR ce
END LOOP

The loop invariant is a term of boolean type and the variant is a term of integer type.
The result combines into a single statement all the components required to show that
the loop is used correctly. A similar statement is used in the Abstract Machine Notation

[Abr9la).

Recursion A recursion statement introduces a recursive statement variable, a state-
ment and a variant expression which must decrease before each call to the recursive

variable. For example:

REC Fact IS REF 1 BY
PRE 0 <= n IN IFn=0 ==>f :=1
<K1>> f, n :=n! , 0 DR 0 <= n ==>n := n-1; Fact;
END PRE f := f * (n+1)
VARY n END REC END END

The statement in the body of the recursion is used to specify the meaning of the recursive
statement variable (here Fact) and therefore cannot mention the variable. However,
the specifying statement may be refined using calls to the recursive statement variable,
as shown above. A recursion can be parameterised.

3.6 Units

Units are the top-level structure in the language. A complete specification and refine-
ment consists of a sequence of units. A unit is either a theory or a refinement text.

3.6.1 Theories

Declarations are grouped into theories which are named. Theories may not be nested.
A theory may import other theories. The form of a theory declaration is:

SEE theoryA theoryB
THEORY new_theory IS
operator declarations ;



constant declarations
END

The theories following the kevword SEE are directly imported. All the constants from
a directly imported theory are directly visible, that is, thev are referenced as if theyv
had been declared in the importing theory. The constants from a theory which is not
directly imported®! must be prefixed with the theory identifier: theory_id.constant.
Further details of theories are on page 115.

3.6.2 Refinement Text

A refinement text contains a specification and a list of refinements. It is not necessary
to include refinements?2. The general form of a refinement text is:

SEE theoryA theoryB
SPEC specification_name IS
statement with <<labell>> ...<<label2>>

END

REF labell BY
statement with <<labelli1>> ...<<labell12>>

END

Refinement Labels A refinement label marks the start of a statement which has
a refinement. Refinement labels are processed separately from other identfiers: any
identifier or number can be used as a label. A label binds more tightly than a sequential

composition. For example, in:

KLKL1>> x =1 ; y =2
<<L2>> BEGIN x := 1 ; y := 2 END

only the assignment to x is labelled by L1, while both assignments are labelled by
L2. Labels can be nested — a statement which is labelled may contain further labelled
statements (see page 196). Statements with formal parameters may not be labelled (see
page 184). An alternative sytax for refinement is proposed in Section A.6.

21 There is no analogue to SEE to specify the set of indirectly imported theories explicitly. Theories
are considered to be arranged in order and any preceeding theory, not listed as seen, is indirectly
imported. The method of specifying the order is regarded as a tool issue rather than a language issue.

Z2Except when using a recursion.
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Context Propagation in a Refinement Text The context is calculated automat-
ically at each refinement, so that the refinement need only be correct in the context
in which it occurs. For example, consider the following specification of a program for

finding the length of a list:

SEE Bool Int List REF 1 BY
SPEC ListLen IS VAR m:List[Int] IN
VAR n:Int; 1:List[Int] IN n,m := 0,1 ;
<<1>> n := length 1 <<2>> n,m := length 1, nil
END VAR END VAR
END END

The first refinement appears to make no progress, since the statement labelled <<2>>
is the same as that labelled <<1>> (except for the parallel assignment to m). However,
the refinement of <<2>> is in the context created by the assignment n,m := 0,1, which
iIsn = 0 & m = 1. This context allows <<2>> to be refined by the loop:

REF 2 BY
WHILE n = length 1 - length m
VARY length m
LOGOP
nonempty m ==> n,m := n+1, tailm
END LOOP
END

In particular, the context is need to show that the loop invariant holds initially. If
context was not calculated automatically, the invariant would need to be introduced

explicitly, writing:

<<2>> PRE n = length 1 - length m IN
n,m := length 1, nil
END PRE

Complexity of Context Assertions The use of refinement is important in limiting
the complexity of context assertions. In the following schematic refinement, the context
for statement?2 is determined by the postcondition of statementi:

<<1>> simple statement! ;
statement?2

REF 1 BY
complex statement3
END
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A possible alternative would be for the context for statement2 to be determined from the
postcondition of statement3. which refines statementi. Since the statements introduced
by a refinement are usually more complex that their specifications. this method of
determining context would usually lead to more complex context assertions®®. For this
reason it would be less practical to use automatic context propagation to check tvpe

correctness in a language without refinement.

23 Another issue is that, although the postcondition of statementd might give a stronger context, it
would be unsatisfactory for the correctness of refinements to statement? to depend on the details of

the implementation of statementl.



Chapter 4

Case Studies

In this chapter a number of case studies of the use of the language and tool are given.
The studies are based on published examples. but have been translated into our language

and checked using the prototype tool.

4.1 Largest Rectangle under a Histogram

This examples is adapted from Morgan’s textbook [Mor94, Chapter 21]: the largest
rectangle under a histogram. Some of Morgan’s notation is overloaded and cannot be
used directly in our language: equivalent definitions are formalised. The refinement
steps follow the original closely; the resulting verification conditions are examined.

4.1.1 Problem Specification

4.1.1.1 Minimum of a Set

The MinMax theory defines a function returning the minimum of a set of natural num-

bers.

> SEE Bool Int Set
> THEORY MinMax IS
> min_nat (s: {s:Set Nat | not (emptySet s)})
> (CHOOSE i:Nat @ s i && (FORALL j: {s} @ i <= j)) ;

max (i:Int) (j:Int) == IF i > j THEN i ELSE j END
> END

v
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4.1.1.2 Below the Elements in a List Segment

Morgan [Mor94, Chapter 21] uses predicates of the form:
hs[i] < hs[j — A]

where hs 1s a sequence of non-negative integers of length N, and 1, 7, h are integers. The
interpretation of the predicate is that the i'* element of hs is less than any element of
the subsequence from j to A — 1. In particular. the predicate is true if:

(1) the subsequence is empty, i.e. if j > h
(ii) 7is =1 or V.

This interpretation is achieved by implicit conversions from sequences to sets. the pro-
motion of relations to sets, so that for example 1 < {2.3,4} and by the assumption
that hs[—1] and hs[N] are —1. The implicit conversions and overloading of < are not
possible in the language defined here!. Instead, the following definitions are used:

> SEE Bool Int List
> THEORY Nat_list_compare IS
> INFIX 8 !? ;

(t?) (1:List[Nat]) (i:Int) ==
IF 1 < 0 || length 1 <= 1 THEN neg 1 ELSE 1 !! i END ;

VvV v

> lte_elems (1:List [Nat]) (s:Int) (£f:Int) (least:Int) ==

> (FORALL e: {elems 1 s f} @ least <= e)
> END
The function !'? is like !!, returning an element of a list of naturals indexed by position

when the index is valid, and returning -1 when the index is invalid. The predicate
lte_elems 1 left right is true for any value which is less than or equal to any
element in the list segment from the left index up to the right index. The function
elems (see Section B.7) is the set of elements between specified indexes of a list; the
first index is zero. An index may be beyond the end of the list, possibly resulting in
an empty set. In particular, the predicate 1te_elems 1 left right holds if left and

right define an empty list segment.
Using these definitions, we write
lte_elems hs j h (hs!7?i) instead of hs[t] < hs[j — h]

Note that the ¢ is not necessarily between j and h, so that hs[i] is not necessarily an
element of the subsequence hs[j — A].

IPVS proves both overloading and a form of conversion: it would be interesting to see how much
of Morgan’s notation could be handled.
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4.1.1.3 Largest Rectangle

The histogram is represented as a list of non-negative integers, the height of each column
in the histogram. The number of elements in the histogram is made a parameter of the

type.

> SEE Bool Int List MinMax Nat_list_compare
> THEORY Histogram IS
> Histogram (n:Pos) == {l:List [Nat] | length 1 = n} ;

The area of the rectangle under a part of the histogram is specified by selecting the
minimum element of the histogram in the given range. Note that if the range is empty
or specified outside the histogram then the area is zero.

area_under [1] (n:Pos) (h:Histogram n) (1:Int) (r:Int) ==
IF0<=1&& 1 <r & r <= n THEN
(r - 1) * min_nat (elems h 1 r)
ELSE 0 END ;

vV V V Vv

Rather than defining a function similar to Morgan’s Ir, giving the area of the largest
rectangle, a predicate is defined: is_largest h 1 r a means that a is the area of the
largest rectangle which fits under the histogram h in the range from 1, up to but not

including r.

is_largest [1] (n:Pos) (h:Histogram n) (1:Int) (r:Int) (a:Int) ==
(EXISTS 11:Nat; ri:Nat @
1 <= 11 & rl1 <= r && (area_under h 11 rl = a) &&
(FDRALL 12:Nat; r2:Nat @
1 <=12 && r2 <= r =>
area_under h 12 r2 <= a)) ;

VvV V V V V Vv

The largest area of an empty segment of the histogram is zero, i.e. when r <= 1 then
is_largest h 1 r 0.
4.1.1.4 Properties

The properties of the definitions can be stated as theorems. For example, the theorem
1r states the essential decomposition property of the largest rectangle which is used in
the refinement: the area of the largest rectangle under a segment of the histogram is

the maximum of:
(i) the length of the segment multiplied by the least element within the segment
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(ii) the area of the largest rectangle in the segment before the least element

(iii) the area of the largest rectangle in the segment after the least element.

> THEOREM 1r (n:Pos) ==

> (FORALL h:Histogram n; 1l:Int; r:Int; a:Int @

> 0<K=1&& 1 <=r && r <= n =>

> (is_largest h 1 r a <=>

> (FORALL i:Nat; b:Nat; c:Nat @

> 1 <=1 &% 1 < r & lte_elems h 1 r (h!!i) &&

> is_largest h 1 i b && is_largest h (i+1) r ¢ =>
> a =max (max c b) (h''i * (r - 1))))) ;

The number of columns N in the histogram is introduced.

> N : Pos
> END

4.1.2 Abstract Program

An abstract program for finding the largest area can now be given.

> SEE Bool Int List MinMax Nat_list_compare Histogram
> OSPEC LargestR IS

> VAR area : Int; hs : Histogram N IN

> <<1>> area := WHERE is_largest hs O N area

> END VAR

> END

4.1.3 Refinement

The refinement here follows that of [Mor94, Chapter 21]. The first step is to introduce
a variable r, with the intention that r will be used to mark the end of the prefix of the
histogram for which the largest area has been found: to solve the problem r will be

increased to N.

> REF 1 BY

> VAR r : Int IN

> <<2>> area, r := WHERE r = N && is_largest hs 0 r area
> END VAR

> END
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The next refinement step is to introduce a recursion, with three parameters:

Var Use

i marks the prefix of the histogram for which the
largest rectangle has been found so far

b the area of the largest rectangle from 1 up to j

j marks a longer prefix of the histogram

Given that i has not reached the end of the histogram, the specification of the recursion

is to:

(1) set j to an index of the histogram bevond i such that:

(a) all the heights from i+1 up to j are greater than (or equal to) the height at
i. and

(b) the height at j is less than (or equal to) the height at 1,

(11) set b to the area of the largest rectangle in the interval from i+1 up to j.

Setting j allows the prefix of the histogram for which the largest area is known to be
extended since the height at j is a new minimum. The recursion is shown to terminate

by the variant N - 1.

> REF 2 BY

> REC Hist IS [VAL i:Int; RES b:Int; j:Int]
> PRE neg 1 <= 1 && 1 < N IN

> <<3>> b, j := WHERE i < j &k j <= N &&

> lte_elems hs (i+1) j (hs !'?7 i) &&
> hs 1?7 j <= hs 17 i &&

> is_largest hs (i+1) j b

> END PRE

> VARY N - 1

> END REC [neg 1, area, r]

> END

Applying the actual parameters [-1, area, r] tothe recursion achieves the refinement
of <<2>>. This sets r to N since this is the only value satisfying -1 < r, r <= N and
hs !? r <= hs !? -1. The next refinement step introduces a loop to increase j from
an initial value of i+1. The assignment within the loop is the same as <<3>>, except
that the requirement to decrease the loop variant is made explicit.

> REF 3 BY
> b,j := 0, i+l ;
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> WHILE

> i< &L <=N &

> lte_elems hs (i+1) j (hs !7 i) &&

> lte_elems hs (i+1) j (hs !'? j) &&

> is_largest hs (i+1) j b

> VARY

> N -

> LOGP

> j <N& (i <0 |l hs t!j>hs !l i)==>
> <<4>> b, j := ANY b, j1 WHERE

> i< j1 &% j1 <= N &&

> lte_elems hs (i+1) j1 (hs '? 1) &&
> hs '? j1 <= hs !? 1 &&

> is_largest hs (i+1) j1 b &&

> N - §1 <N - j

> END L.OOP

> END

Note that in [Mor94, Chapter 21] the loop guard is the simpler hs '! j > hs '! i
but this depends on the ‘out of range’ elements of hs being defined to be -1. The next
refinement step decomposes the problem, using the idea of theorem 1r.

> REF 4 BY

> VAR c:Int; k:Int IN

> <<5>> ¢, k := WHERE j < k && k <= N &&

> lte_elems hs (j+1) k (hs !'?7 j) &&

> hs 17 k <= hs 17 j &&

> is_largest hs (j+1) k c ;

> b, j :=max b (max ¢ ((k - 1 - 1) * hs!'j)), k
> END VAR

> END

The final refinement step is to introduce the recursive call. Note that this step depends
on the context j < N to establish the precondition of the Hist. The loop guard provides

this context.

> REF 5 BY
> Hist [j, ¢, kil
> END

4.1.4 Verification

The number of proof obligations generated by this example is:



OBLIGATION LargestR_cc3 ==
(FORALL hs:Histogram N; i:Int €

0 neg 1 <= 1 && i < N =>

1.1 i<i+1&& i+ 1<=0N&&

1.2 lte_elems hs (i + 1) (i + 1) (hs 1?7 1) &&

1.9 lte_elems hs (i + 1) (i + 1) (hs !'?7 (4 + 1)) &&

1.4 is_largest hs (i + 1) (i + 1) 0 &&

2.1 (FORALL j:Int; b:Int @

2.2 i< j&& j <= N && lte_elems hs (i + 1) j (hs !? i) &&
2.3 lte_elems hs (i + 1) j (ks !7 j) &&

2.4 is_largest hs (i + 1) j b &&

2.5 j <N &k

2.6 (i1 <0 Il hs 't j > hs ! i) =>

2.7 (FORALL bi:Int; ji:Int @

2.8 i < j1 && j1 <= N && 1te_elems hs (i + 1) j1 (hs !7? i) &&
2.9 hs !? ji <= hs !7 i &&

2.10 is_largest hs (i + 1) j1 bl &&

2.11 N-jil<N-j=

2.12 lte_elems hs (i + 1) ji (hs '? j1))) &&

3.1 (FORALL j:Int; b:Int @

3.2 i< j&& j <= N && lte_elems hs (i + 1) j (hs !'? 1) &&
3.3 lte_elems hs (i + 1) j (hs '? j) &&

3.4 is_largest hs (i + 1) j b &&

3.5 j <N &%

9.6 (1 <0l hs ' j > hs ! i) =>

3.7 0<N-3j) &&

4.1 (FORALL j:Int; b:Int @

4.2 i< j & j <= N && 1te_elems hs (i + 1) j (hs !7 i) &&
4.3 lte_elems hs (i + 1) j (hs '7 j) &&

4.4 is_largest hs (i + 1) j b &&

4.5 (not (j < N) |l not (i <0 || hs !! j > hs I! 1)) =>
4.6 hs 17 j <= hs 17 i))

Figure 4.1: Proof Obligation for Refinement 3

Unit Obligations
MinMax 0
Nat_list_compare 1
Histogram 3
LargestR 8

For the LargestR refinement, there are 3 type correctness conditions, all for the partial
operator !!, 1 proof obligation for inhabitation of the type Histogram N and 4 for
the correctness of refinements. The first refinement produces no proof obligation —
it is eliminated by the simplifier described in Chapter 5 — and the second is trivial.
We consider the complexity and correctness of the verification condition for one of the

remaining refinements.



Refinement 3: Loop Introduction The proof obligation for the refinement of
the statement labelled <<3>> is shown in Figure 4.1: the lines have been labelled for
convenience. Following the initial line (labelled 0) which is the context. the verification

condition is divided into four sections:

1. This section shows that the loop invariant holds initially. The segment of the
histogram is empty so that any element is the least element and the largest area

18 Zero.

This section shows that the invariant is maintained. Most conjuncts of the in-
variant have been removed by the simplifier, leaving 2.12. This conjunct follows
from 2.8 and 2.9.

o

3. This section shows that the variant is greater than zero when guard is true, which
is stated at 3.7 it follows from 3.5.

4. This section shows that assigning b and j such that the invariant holds and the
guard 1s negated is sufficient to refine the statement <<3>>; all the conjuncts are
deleted by the simplifier except 4.6. The loop guard 4.5 has two cases:

(a) j = N which reduces 4.6 to -1 <= hs !?7 i, true for any i, and

(b) 1 >= 0 && hs !'!' j <= hs !! 1, from which 4.6 follows directly.

This analysis shows that the proof obligation is straightforward, as would be expected
from the small size of the refinement steps used. The textual size of the proof obligation
is increased by the hypotheses — all the lines except 1.1, 1.2, 1.3, 1.4, 2.12, 3.7 and 4.6
— this obscures but does not otherwise make the proof harder.

4.2 Integers of Finite Range

To account for the limitations of programming languages, a way to define operations
on integers of finite range is required. There are a number of possibilities:

(1) use two’s complement arithmetic, so that the operations are defined for all argu-
ments but correspond to the integer operations only when the arguments are in

a particular range, or

(ii) use subtypes, so that the operations always correspond to the integer operations,
but can only be applied to some arguments, or

(iii) use runtime checking to detect overflow, so that the program aborts when an

overflow occurs.



> SEE Bool Int
> THEQORY INT IS
> INFIXL 6 DIV MOD ;

NAT (b:Bits) : TYPEL == {i:INT b | gte_zero i} ;
NAT16 == NAT 16 ;

> Bits == Pos ;

> maxint (b:Bits) == 2%*(b-1) ;

> intrange (b:Bits) (i:Int) == neg (maxint b) <= i &% i < maxint b ;
> INT (b:Bits) : TYPEL == { intrange b } ;

> NZ_INT (b:Bits) == i:INTb | 1 /=01} ;

> INT16 == INT 16 ;

> INT32 == INT 32 ;

>

>

> (DIV) [1] (b:Bits) (1:INT b) (r:NZ_INT b) : INT b == 1 div r ;
> (MOD) [1] (b:Bits) (1:INT b) (r:NZ_INT b) : INT b == 1 mod 1
> END

Figure 4.2: Integer Subtype Definitions

Both the second and third approaches require the absence of overflow to be proved. In
the second approach, the proof is part of typechecking whereas in the third approach
the proof is part of refinement. Runtime checking is used in Pascal and Ada. The first
two approaches are considered in more detail below. Common definitions of integer

subtypes are shown in Figure 4.2.

4.2.1 Two’s Complement Arithmetic

In this approach, the arithmetic operators implement the two’s complement arithmetic
as used by most microprocessors. The operators can be implemented directly, but do
not behave like the normal integer operators when an overflow occurs. Two’s com-
plement arithmetic is modelled by modulo arithmetic on unsigned integers, as shown
in Figure 4.3. These definitions give rise to a number of type correctness conditions.
For example, the annotation i : UINT b in the definition of int2twos generates the

following obligation:

OBLIGATION int2twos_ccl ==

(FORALL b:Bits; i:INT b @
i >= 0 &% intrange b i => i <= maxuint b && gte_zero i)
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> SEE Bool Int INT
> THEORY Int_Two IS

>
>

v vV V V VvV \'4

Vv

vV V.V V

\'4 \4 vV V Vv V

VvV V V Vv

INFIXL 6 |=*} ;
INFIXL & [+ -] ;
maxuint (b:Nat) == 2%%b - 1 ;
UINT (b:Nat) == {n:Nat | n <= maxuint b} ;
int2twos (b:Bits) (i:INT b) ==
IF i >= 0 THEN i : UINT b ELSE i + maxint b END ;
twos2int (b:Bits) (n:UINT b) ==
IF n < maxint b THEN n : INT b ELSE n - maxint b END ;
finite_op_modulo (b:Bits) (f:Int->Int->Int) ==
(\1:INT b @ (\r:INT b @
twos2int b
(f (int2twos b 1) (int2twos b r) mod (2 #** b)))) ;
NEG_T [1] (b:Bits) (1:INT b) == twos2int b
(neg (int2twos b 1)) ;
(1+1) [1] (b:Bits) == finite_op_modulo b (+) ;
(I-1) [1] (b:Bits) == finite_op_modulo b (-) ;
(1*]) [1] (b:Bits) == finite_op_modulo b (*)
END
Figure 4.3: Two’s Complement Arithmetic Operators
SEE Bool Int INT
THEORY Int_Sub IS
INFIXL 6 !'*x ;
INFIXL & '+ !- ;
finite_op_subtype (b:Bits) (f:Int->Int->Int) ==
(\1:INT b @ (\r: {r:INT blintrange b (f 1 r)} @ £ 1 r : INT b));
NEG_S [1] (b:Bits) (1: {1:INT bl 1 /= neg (2**%(b-1))}) : INT b ==
neg 1 ;
(1+) [1] (b:Bits) == finite_op_subtype b (+) ;
(1-) [1] (b:Bits) == finite_op_subtype b (-) ;
(1%) [1] (b:Bits) == finite_op_subtype b (*)
END

Figure 4.4: Arithmetic Operators using Subtypes
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4.2.2 Dependent Subtypes

In this approach. dependent subtypes are used to ensure that a well-tvped application of
an arithmetic operator does not overflow the word length. Binary operators !+. '~ and
% are defined in Figure 4.4, corresponding to +. - and *. but with a subtype constraint
to prevent overflow. Note that each subtype operator a 'op b can be rewritten to
a op b simply by expanding the definition of !op.

To avoid overflow in the term 1 '+ r, the second operand r must belong to the subtype
{r:INT blintrange b (1 + r)}. ensuring that the result is in the range defined by
intrange b. This is an example of the use of dependent tvpes: the typeof rinl '+ r
depends on both the first operand 1 and on the implicit parameter b which is the bit
length.

4.2.3 Practical Usage

Both sets of operators can be used in the same program. The subtvpe operators should
be used when the context is strong enough to prove the type correctness conditions.
For example, with x : INT32 the term x !+ 1 gives the type correctness conditions:

OBLIGATION subtype_ccl ==
32 > 0 && gte_zero 32 => 2 <= 32

OBLIGATION subtype_cc2 ==
1> 0 &% gte_zero 1 => intrange 32 (x + 1) &% intrange 32 1

The first is trivial, but the second cannot be proved without further constraints on x.
In comparison, the term x |+| 1 gives the following type correctness conditions, both

of which are trivially true:

OBLIGATION twos_comp_ccl ==
32 > 0 && gte_zero 32 => 2 <= 32

OBLIGATION twos_comp_cc2 ==
1 >0 &% gte_zero 1 => intrange 32 1

The first of these TCCs arises from the subtype constraint on the Bits type. The
second is required to show that the numeral 1 is in the type INT32.
4.2.4 Integer Square Root

We use the following example to examine the feasibility of discharging the type correct-
ness conditions which arise from the use of these definition in practice. The example is
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adapted from [Mor94, Chapter 9]. but we refine to "code’, using the arithmetic operators
on finite integers defined above.

4.2.4.1 Problem Specification

The predicate is_sqrt holds if the second argument is the integer square root of the
first argument. The predicate bound_sqrt holds between an integer and a lower and
(strict) upper bound on its square root.

> SEE Bool Int
> THEORY Is_Sqrt IS
> is_sqrt (s:Nat) (r:Nat) == r**2 <= 5 && s < (r + 1)**2 ;

> Dbound_sqrt (s:Nat) (1b:Nat) (ub:Nat) == 1b**2 <= s && s < ub**2 ;
The following theorem shows how the two functions are related.

> THEOREM final_bounds ==
> (FORALL s:Nat; r:Nat @ bound_sqrt s r (r+1) <=> is_sqrt s r) ;

The following theorem shows that 0 and s div 2 + 2 serve as initial lower and upper

bounds on the integer square root of s.

> THEOREM initial_bounds ==
> (FORALL s:Nat @ bound_sqrt s 0 (s div 2 + 2))
> END

4.2.4.2 Refinement

The development, which is shown in Figure 4.5, follows Morgan’s, with the following

differences:

1. The variables are of the NAT16 subtype and the subtype arithmetic operators are
used.

2. The values suggested by the theorem initial_bounds are used in the initial
assignment. This choice of initial values is a consequence of the use of finite
integers, since the ‘obvious’ upper bound s + 1 might exceed the allowed range.

3. The initialisation of r and g, labelled <<3>> establishes the context which allows
the following assignment to be refined by a loop. In comparison, Morgan [Mor94,
p. 65] makes the context explicit using an abbreviation.
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SEE Bool Int INT Int_Sub Is_Sqrt
SPEC Int_Sqrt IS
VAR s:NAT16; r:NAT16 IN
<<1>> r := WHERE is_sqrt s r
END VAR
END
REF 1 BY
VAR q : NAT16 IN
<<2>> r,q := WHERE r + 1 = q && bound_sqrt s r q
END VAR
END
REF 2 BY
<<3>> r,q := WHERE bound_sqrt s r q ;
<<4>> r,q := WHERE r + 1 = q &% bound_sqrt s r g
END
REF 3 BY r,q := 0, s DIV 2 '+ 2 END

REF 4 BY
WHILE bound_sqrt s r q VARY g - r
LOQP
not (g =1 !+ 1) ==
<<5>> r,q := ANY nr, ng WHERE
bound_sqrt s nr nq && nq -~ nr < q - r
END LOOP
END
REF 5 BY
VAR p:NAT16 IN
<<6>> p := WHERE r < p && p < q ;
<<7>> r,q := ANY nr, nq WHERE
bound_sqrt s nr nq && nq -~ nr < q - r
END VAR
END

REF 6 BY p := (r '+ g) DIV 2 END

REF 7 BY
IF s < p '*% p==>
<<8>> q := ANY nq WHERE bound_sqrt s r nq & ngq < g
OR s >=p !'* p ==
<<9>> r := ANY nr WHERE bound_sqrt s nr ¢ & r < nr

END IF
END
REF 8 BY q := p END
REF 9 BY r := p END

Figure 4.5: Square Root using Finite Arithmetic
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Type correctness condition for application in refinement labelled 3
Term: 2
Type: {r1:INT 16 | intrange 16 (s DIV 2 + ri)}
OBLIGATION Int_Sqrt_ccéd ==
(FORALL s:NAT16 €
2 > 0 && gte_zero 2 => intrange 16 (s DIV 2 + 2) && intrange 16 2)

Type correctness condition for assignment in refinement labelled 3
Term: s DIV 2 !+ 2
Type: NAT16
OBLIGATION Int_Sqgrt_cch ==
(FORALL s:NAT16 @
intrange 16 (s DIV 2 !+ 2) => gte_zero (s DIV 2 !+ 2))

Type correctness condition for application in refinement labelled 4
Term: 1
Type: {r1:INT 16 | intrange 16 (r + r1)}
OBLIGATION Int_Sqgrt_cc7 ==
(FORALL s:NAT16; r:NAT16; q:NAT16 @
bound_sqrt s r q && 1 > 0 && gte_zero 1 =>
intrange 16 (r + 1) && intrange 16 1)

Type correctness condition for equality in refinement labelled 4
Term: r '+ 1
Type: NAT16
OBLIGATION Int_Sqrt_cc8 ==
(FORALL s:NAT16; r:NAT16; q:NAT1i6 @
bound_sqrt s r q &% intrange 16 (r !+ 1) => gte_zero (r !+ 1))

Figure 4.6: Verification Conditions for Operators on Finite Integers

4.2.5 Verification Conditions

A total of 18 verification conditions are produced, of which 8 are for the correctness of
refinements (the verification condition for refinement 2 is removed by the simplifier).
These verification conditions are not affected by the use of finite integers. For example,
the condition for refinement 6, which halves interval between upper and lower bound

18:

OBLIGATION Int_Sqrt_ccl0 ==
(FORALL s:NAT16; r:NAT16; q:NAT16 @
bound_sqrt s r q & not (q = r '+ 1) =>
r < (r '+ q) DIV 2 &% (r '+ q) DIV 2 < q)

Of the 10 type correctness conditions, 2 involve only properties of constants, as follows:
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Type correctness condition for application in refinement labelled 6
Term: q
Type: {r1:INT 16 | intrange 16 (r + ri)}
OBLIGATION Int_Sqrt_ccli ==
(FORALL s:NAT16; r:NAT16; q:NAT16 @

bound_sqrt s r q & not (q = r !+ 1) && gte_zero q &&

intrange 16 q =>

intrange 18 (r + q))

Type correctness condition for assignment in refinement labelled 6
Term: (r !+ q) DIV 2
Type: NAT16
OBLIGATION Int_Sqgrt_ccl3 ==
(FORALL s:NAT16; r:NAT16; q:NAT16 @

bound_sqrt s r q && not (g = r '+ 1) &&

intrange 16 ((r !+ g) DIV 2) =>

gte_zero ((r '+ q) DIV 2))

Type correctness condition for application in refinement labelled 7
Term: p
Type: {r1:INT 16 | intrange 16 (p * r1)}
OBLIGATION Int_Sqrt_ccib ==
(FORALL s:NAT16; r:NAT16; q:NAT16; p:NAT16 @
bound_sqrt s r q && not (g = r !+ 1) && r < p && p < q &&
gte_zero p &&
intrange 16 p =>
intrange 16 (p * p))

Figure 4.7: Verification Conditions for Operators on Finite Integers (continued)

Property Occurrences
not (2 = 0) 2
intrange 16 2 2

Seven of the remaining eight verification conditions are shown in Figures 4.6 and 4.7
(one duplicate arising from the duplication of the subterm p !* p has been removed).
It should be noted that since the finite integer operators are introduced only for code,
the correctness conditions are only those needed to show the absence of errors in the

final program.

4.3 Graph Sink

This example is based on one of two graph algorithms developed using the refinement
calculus by Carrington and Robinson [CR91]: finding the sink of a graph.

60



4.3.1 Problem Specification

Carrington and Robinson give a Z specification: a graph is described by a schema and
various functions are introduced axiomatically. In our version a graph is represented as
a pair. The first element of the pair is a finite set of vertices. the second a relation on
vertices. Note that this relation is between all vertices, even though a vertex is part of
the graph only if it is in the set. Thus graph g has an edge between vertices v and u if
and only if fst g v and fst g u and snd g v u. The size of the graph is the size of

the set of vertices®.

> SEE Bool Pair Set Int Finite
> THEORY Graph IS
> INFIX 4 :<< ; INFIX 5 <[ ;

Vertex : TYPE1 ;
Graph ==
(PAIR v:FSet Vertex @ Vertex -> Vertex -> Bool) : TYPE1 ;

VvV V V V VYV

graph_size (g:Graph) == size (fst g) ;

Operators are introduced for the subgraph relation :<<, and for the subgraph induced
with respect to set of vertices <|.

(:<<) (g:Graph) (h:Graph) ==
(fst g :< fst h) &&
(FORALL vi: {fst g} ; v2: {fst g} @ snd g vi v2 => snd h v1 v2) ;

(<I) (s:Set Vertex) (g:Graph) : Graph ==
(pair v:FSet Vertex @ Vertex -> Vertex -> Bool) (s /\ fst g)
(\v1l: Vertex ; v2: Vertex @
s vi &% s v2 && fst g vi && fst g v2 && snd g vi v2) ;

VvV V.V V V V Vv VvV

A vertex k is a sink of a graph g if and only if there exist edges from all other vertices
to k and there are no edges from k to any other vertex. Not all graphs have a sink.

> sink (g:Graph) (v:Vertex) ==

> fst g v &&

> (FORALL u: {fst gf @ u /= v => snd g u v && not (snd g v u)) ;
>

> has_sink (g: Graph) == (EXISTS v:Vertex @ sink g v) ;

4.3.2 Algorithm Refinement

The algorithm is refined in two steps:

(i) search for a candidate sink, and

2The requirement for the set of vertices to be finite is omitted from the Z specification.
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(ii) check whether the candidate is a sink.

Note that the size of the graph is constrained: the reason for this will be apparent in
Section 4.3.3.

candidate (g:Graph) (i:Vertex) ==
i :: fst g & (has_sink g => sink g i) ;

>

>

>

> ok_sink (g:Graph) (ok:Bool) (i:Vertex) ==
> (ok <=> has_sink g) && (ok => sink g i) ;
>

>

>

>

N : Pos ;
GraphN == {g:Graphl size (fst g) = N} : TYPE1
END

If the graph g has a sink. result is set true and the sink i1s k. Otherwise result is
false.

<<L2A>> k := WHERE candidate g k ;
<<L2B>> result, k := WHERE ok_sink g result k
END

> SEE Bool Int Set Finite Pair Graph

> SPEC FindSink IS

> <<D1>> VAR g:GraphN ; k:Vertex; result:Bool IN
> <<L1>> result, k := WHERE ok_sink g result k
> END VAR

> END

>

> REF L1 BY

>

>

>

The refinements of these two steps to complete the development of the algorithm is
shown in Figures 4.8 and 4.9. The refinement is given here in slightly fewer steps than
in the original article. One type correctness condition is produced and eight refinement
verification conditions. As an example, the following verification condition checks the
algorithm for advancing the search for a candidate sink.

Refinement correctness condition in refinement labelled L5
OBLIGATION FindSink_cchb ==
(FORALL g:GraphN; k:Vertex; t:Graph; x:Vertex @
t :<< g && candidate t k &% not (t = g) && x :: (fst g -- fst t) =>
(snd g k x || not (snd g k x)) &&
(snd g k x =>
(fst t \/ singleSet x) <| g :<< g &&
candidate ((fst t \/ singleSet x) <| g) x &&
graph_size ((fst t \/ singleSet x) <| g) > graph_size t) &&
(not (snd g k x) =>
(fst t \/ singleSet x) <| g :<< g &&
candidate ((fst t \/ singleSet x) <| g) k &&
graph_size ((fst t \/ singleSet x) <| g) > graph_size t))
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> REF L2A BY

VAR t : Graph IN
<<L3>> t,k := WHERE t :<< g && candidate t k ;
WHILE t :<< g && candidate t k
VARY graph_size g ~ graph_size t
LOOP t /= g ==>
<<L4>> t,k := ANY t1, ki1 WHERE t1 :<< g &&
candidate t1 k1 && graph_size t1 > graph_size t
END LOOP
END VAR
END

REF L3 BY
t,k := WHERE k :: fst g && t = singleSet k <| g
END

REF L4 BY
VAR x : Vertex IN
x := WHERE x :: (fst g —- fst t) ;
<<Lb>> t,k := ANY ti, k1 WHERE
t1 :<< g && candidate t1 k1 &&
graph_size t1 > graph_size t
END VAR
END

REF L5 BY
IF snd g k x ==>k = X
OR not (snd g k x) ==> SKIP END IF ;
t := (fst t \/ singleSet x) <| g
END

VVVVVVVVVVVVVVVVVVVVVVVVV\/VVV

Figure 4.8: Finding a Candidate Sink

The vertex k is a candidate sink in the subgraph t and the vertex x is chosen to extend
the search by enlarging t. There are two cases to consider, depending on whether there
is an arc from k to x. When an arc exists, it is clear that k is not a candidate in the
enlarged graph. Since a graph has at most one sink, none of the other vertices in t can
be a sink. so the new candidate is x. The other case is more straightforward.

Given the reasoning about candidate sinks (for example, the observation that there is
at most one sink), it is considered unlikely that the proof of this verification condition
would be fully automatic. Essentially the same proof obligation arises however the
refinement step is justified, so the key property is that the verification condition is
small enough to be understood. The number of refinement steps used here is sufficient
to ensure that this is achieved.
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REF L2B BY
VAR s : Graph IN
<<L7>> s, result := WHERE candidate g k &% s :<< g &&
ok_sink s result k ;
WHILE candidate g k &% s :<< g && ok_sink s result k
VARY graph_size g - graph_size s
Loop
s /= g ==>
<<L8>> s, result := ANY s1, r1 WHERE candidate g k && sl :<< g &&
ok_sink s1 rl k &% graph_size sl > graph_size s
END LOCP
END VAR
END

REF L7 BY
s, result := singleSet k <| g, True

END

REF L8 BY
VAR x : Vertex IN
X := WHERE x :: (fst g —-- fst s) ;
<<L9B>> s, result := ANY si1, ri1 WHERE candidate g k && si :<< g &&
ok_sink si rl1 k && graph_size s1 > graph_size s
END VAR
END

REF L9B BY
IF snd g x k & not (snd g k x) ==> s := (fst s \/ singleSet x) <| g
OR not (snd g x k) || snd g k x ==> result, s := False, g
END IF

END

Figure 4.9: Checking the Candidate Sink

4.3.3 Simulation of Data Refinement

The next stage of Carrington and Robinson’s development is a data refinement. We
outline an approach to data refinement which could be used within our language. Since
data refinement has not yet been implemented in the prototype tool, some steps are
calculated by hand to determine the proof obligations and evaluate the approach.

4.3.3.1 Data Refinement

A data refinement replaces some abstract variables a by concrete variables ¢, main-
taining an abstraction relationship R between the new and old variables. For abstract
statement S and concrete statement T, data refinement is defined [BW89b] as:

SCrae T =VQ - RAwp(S,Q)= wp(T,Ja- RAQ)
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Figure 4.10: Step-by-step Data Refinement

Calculating Data Refinement A generalisation of the characterisation theorem for
data refinement [BW89b] can be used to check data refinement between two statements
of any form. However, it is attractive to check the data refinement in stages by cal-
culating a data refinement [MG90, BW89b], and then to further refine the calculated
statements in the standard way. Typically, at least one further refinement will be
required to simplify the statements calculated under the data refinement.

For global variables v, abstract variables @ and concrete variables ¢ and refinement
relation R, a data refinement calculator Dg, . can be defined [MG90, BW89b, Wri92]
for each form of statement. For example:

Dn.o.skip = skip
DRYG.C(S; T) = DR,a,c S, DR,a,c T
Draclbyw:=0,w' - post) = c,w:=c,w-(Vb-R=

(3" - Rb,c,w := b, ,w'] A post))
where b C a, and w Cv

The overall approach is illustrated by a refinement diagram in Figure 4.10.

Dealing with Guards Composite statements may contain elements that are not
statements — notably the guards in alternation and loop statements. Since these ele-
ments may appear in the final programme, some way for the concrete versions to be
specified directly is required. Moreover, calculation of concrete guards in alternation
and loop statements is not straightforward®. Therefore, we require the user to make
the concrete guards explicit when a calculated data refinement of a guarded statement
is required. The following rules [But97] are used to calculate the data refinement of a

3Morgan and Gardiner [MG90] gives two calculated forms for guards in alternations and loops, one
using an angelic command, the other with a side condition; another approach [RvW97] uses of an

assumption.
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loop or alternation statement and to check the guards.

pANR=(b&b)
Dra({p} do b— Sod) C do &/ =+(Dgr,. S) od

pAR= (be ) for each 1
DR!G,C({]?} lfﬂ7 bz‘ ——)Si ﬁ) E lf[L b/,' —>(DR'(1_C S) fi

Note that [Wri92, lemma 14] if I is an invariant of a loop. then (da - R A ) is an
invariant of the data refinement of the loop. A concrete invariant given by the user can
also be checked [Wri92, lemma 15].

4.3.3.2 Data Refinement of Graph Sink
The approach outlined above is demonstrated on the candidate sink search. using the
data refinement suggested by Carrington and Robinson. The following definitions are

required:

> SEE Bool Pair Int Function Upto Array Set Finite Graph
> THEORY VMap IS

> GRAPH == Array N (Array N Bool) ;

>

> vmap (g:GraphN) ==

> (CHOOSE f:Int -> Vertex @

> (FORALL n:Nat @ 0 <= n && n < N => fst g (f n)) &&
> (FORALL v: {fst g} @ (EXISTS n:upto N @ v = f n))) ;
>

> imageSet [2] (A:TYPE) (B:TYPE) (f: A -> B) (s:Set A) ==
> (\b:B ¢ (EXISTS a:A @ s a && f a = b)) ;

>

> rep_graph (g:GraphN) (A:GRAPH) ==

> (FORALL i:upto N; j: upto N ©

> (Aij <=> snd g (vmap g i) (vmap g j)))

> END

The graph is represented by a boolean array. A function vmap mapping array indices
to graph vertices is introduced, with the constraint that the map is bijective for the
vertices in the graph. In the orginal article, vmap appears in the abstraction invariant,

but is not otherwise declared.

A data refinement of the candidate sink search can now be given (refining label D1 of
FindSink). This is not yet supported by the prototype tool, but possible syntax is
shown in Figure 4.11. For each variable declaration, concrete variables and an abstrac-
tion invariant are introduced, specifying the data refinement. Within the scope of the
data abstraction, the pattern of the concrete statement is specified, with ... standing
for the calculated concrete statement. The pattern should match the structure of the

abstract statement.
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DATAREF D1 VAR g, k WITH

A : GRAPH; K : upto N
WHERE

k = vmap (fst g) K && rep_graph g A
IS <<D2>> ... ; ... END

DATAREF D2 WITH T : Nat WHERE
1 <=T&& T <= N &&
t = imageSet vmap (0 to T - 1) <] g

IS
<<D24A>> ... ;
WHILE ... VARYN - T
LOOP T /= N ==> <<D3>> ...
END LOOP
END

DATAREF D3 WITH X : upto N WHERE
x = vmap (fst g) X

IS
<<D3A>> ...
IF ==> <<D3B>> .,
OR ==> ... END IF ;
<<D3C>> ...

END

Figure 4.11: Data Refinement of the Candidate Sink Search

Calculated Data Refinement Using the data refinement calculator given above,
the concrete statements can be calculated from the abstraction invariants specified in
Figure 4.11. This derivation would be automated and the calculated refinement would
not need to be shown to the user. For example?, the refinement of the statement
initialising t and k (see label L3 in Figure 4.8) is:

<<D2A>> A,K,T := ANY A1,K1,T1 WHERE
(FORALL g:GraphN ¢
rep_graph g A &% 1 <= T & T <= N =>
rep_graph g Al && 1 <= T1 &% T1 <= N &&
singleSet (vmap g K1) <| g =
imageSet (vmap g) (0 to T1 - 1) <| g &&
vmap g K1 :: fst g ) ;

The refinements of the component statements are:

> REF D2A BY K, T := 0, 1 END

> REF D3A BY X := T END
> REF D3B BY K := X END
>REFD3CBYT :=T + 1 END

4The complete data refinement of the candidate search has been calculated. Ordinary assignments
are converted to abstract assignments, data refined and the predicate parts simplified using the rules
supported by the simplifier (see Section 5.3). The resulting statement has been checked by the proto-

type tool.

67



4.3.3.83 Checking the Data Refinement

The proof obligations for the refinement of the calculated concrete statements are shown
in Figure 4.12. Six trivial type correctness conditions are also produced. The proof
obligations required to check the concrete guards have not been generated.

The first two proof obligations are simple and obviously valid. The obligations at labels
D3B and D3C have been simplified by omitting the context. The former is trivial, but a
problem arises with the obligation at label D3C. To understand the problem. consider
the refinement of the statements within the candidate search loop:

Abstract Concrete
<<D3A>> x := WHERE x :: (fst g -- fst t) ; X :=T;
<<D3B>> IF snd g k x ==>k 1= x K := X ;

OR not (snd g k x) ==> SKIP END IF ;
<<D3C>> t := (fst t \/ singleSet x) <| g T :=T+ 1

The context is made up of the concrete loop invariant and guard. The problem arises
because the context is propagated through the calculated concrete statement, with the

result that:

(1) the propagated context is very complex, and

(ii) the context at label D3C is not strong enough; the proof requires the context
X = T, which follows from the given concrete statement X := T, but not from the

calculated one.

This problem could be resolved by checking concrete statements given by the user,
rather than calculating data refinements of assignment statements. The data refine-
ment calculator would still be used to propagate the data refinement through compos-
ite statements (sequential composition, loop and if) where the abstract and concrete
statements have the same structure.
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Refinement correctness condition in refinement labelled D2A
OBLIGATION FSinkC_cc3 ==
(FORALL A:GRAPH; T:Nat; g:GraphN @
rep_graph g A && 1 <= T && T <= N =>
rep_graph g A && 1 <=1 && 1 <= N &&
singleSet (vmap g 0) <| g = imageSet (vmap g) (0 to 1 - 1) <| g &&
vmap g O :: fst g)

Refinement correctness condition in refinement labelled D34
OBLIGATION FSinkC_cc6 ==
(FORALL A:GRAPH; K:upto N; T:Nat @
(EXISTS g:GraphWN €
rep_graph g A && 1 <= T && T <= N &&
imageSet (vmap g) (0 to T - 1) <| g << g &&
candidate (imageSet (vmap g) (0 to T - 1) <| g) (vmap g K)) &&
not (T = N) =>
(FORALL g:GraphN @
rep_graph g A && 1 <= T & T <= N =>
vmap g K = vmap g K &% rep_graph g A && 1 <= T && T <= N &&
imageSet (vmap g) (0 to T - 1) <] g =
imageSet (vmap g) (0 to T - 1) <| g &&
vmap g T :: (fst g —-— fst (imageSet (vmap g) (0 to T - 1) <| g))))

Refinement correctness condition in refinement labelled D3B
OBLIGATION FSinkC_cc8 ==
(FORALL A:GRAPH; K:upto N; T:Nat; X:upto N @
. & A K X =>
(FORALL g:GraphN ©
rep_graph g A && 1 <= T && T <= N =>
vmap g X = vmap g X &% rep_graph g A && 1 <= T && T <= N &&
imageSet (vmap g) (0 to T - 1) <| g =
imageSet (vmap g) (0 to T - 1) <| g &&
vmap g X = vmap g X))

Refinement correctness condition in refinement labelled D3C
OBLIGATION FSinkC_cc9 ==
(FORALL A:GRAPH; K:upto N; T:Nat; X:upto N @
ce. =
(FORALL g:GraphN ©
rep_graph g A && 1 <= T && T <= N =>
vmap g K = vmap g K && rep_graph g A & 1 <= T + 1 &&
T+ 1 <= N &&
(fst (imageSet (vmap g) (0 to T - 1) <| g) \/
singleSet (vmap g X)) <| g =
imageSet (vmap g) (0 to T+ 1 - 1) <| g &%
vmap g X = vmap g X))

Figure 4.12: Data Refinement Proof Obligations
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Chapter 5

Prototype Tool Support

A prototype tool accepting the refinement language has been implemented. The tool
parses the text of theories and refinements, checks well-formation and type correctness
and generates type correctness conditions, including those for type inhabitation and
the absence of aliasing, and the proof obligations for the correctness of refinements!.

The results produced by the tool are shown in the examples of Chapter 4. In this
chapter the objectives achieved by developing a prototype tool are described and the
design and implementation of the tool reviewed.

5.1 Objectives
The development of a tool to process the language has two objectives:

(1) validation of the language design and theory, and

(ii) validation of the approach.

Validation of the theory — that is, the well-formation and correctness rules — is achieved
by testing a representation of the specification which is given in Part II. To achieve this,
the tool is implemented using the Haskell functional programming language, described
in the Haskell language report [PE97], so that the program resembles the specification.
The representation of the specification as a Haskell program is described in more detail
below. In practice, the design and specification of the language on the one hand and
the development of the prototype tool on the other hand have been complementary
activities. The specification provides an essential foundation for the tool, while test
cases processed by the tool have shown up flaws in the specification.

!There is no theorem prover: a stand alone prover for the declaration and term language could be
used, or the proof obligations could be converted to the language of an existing prover.
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Validation of the approach requires the tool to be sufficienty usable to allow realistic
examples to be tackled. Usability covers issues such as user interface. performance
and error handling which are ignored in the formal specification. As a result. there is
a potential conflict between these two objectives. The major usability enhancement
implemented in the current version of the tool is the generation of error messages.

5.2 Design

The design is simple, consisting of the following steps:

(i) parse the source text and construct an abstract syntax tree.

(ii) check the visibility of identifiers, with the construction of a modified abstract
syntax tree containing depth indices (see Section 7.3.1),

(iii) type checking, including the instantiation of implicit arguments, and

(iv) generate type correctness conditions and other proof obligations.

Examples of the code implementing each step, except parsing, is given below. noting
how the implementation relates to the specification.

5.2.1 Visibility Checking

Figure 5.1 shows three cases of the visibility checking for statements, as specified in
Figure 11.2. A case of the encode_stmt function is required for each form of the
abstract syntax with identifiers (see Section 11.1). Providing there are no errors, the
corresponding form of the abstract syntax with depth indices (see Section 11.2) is
returned. The code in Figure 5.1 differs from its specifications in the treatment of the
checks on the visibility of variables (seen, for example, in the case for CallIS which
represents a procedure call). In the specification function [[S]]p the checks are side-
conditions, so that the specification is not defined if identifiers are not declared before

use. In the code an error message is returned.

The code is structured using ‘monadic programming’ described by Wadler [Wad92],
together with the Haskell do notation for monad types which is similar to list compre-
hension. The features of the monad used in the encode_stmt function are:

(1) a list of error message, and

(ii) a representation of the current position.
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> encode_stmt g (MasgnIS 1s ts) =
do
mls <- accum0k (map (encode_left g) ls)
mts <- accum0k (map (encode_term g) ts)
return
(do 1s <~ mls; ts <- mts; return (MasgnS 1ls ts))

vV V. V VvV Vv

> encode_stmt g (IfIS ts ss) =

> do

> mts <- accum0k (map (encode_term g) ts)

> mss <- accumOk (map (encode_stmt g) ss)

> return

> (do ts <- mts; ss <~ mss; return (IfS ts ss))

> encode_stmt g (CalllS x) =

> case lk_id g x of

> Procfound i -> return (Just (CallS i))

> -> errM0Ok (proc_var_nores_error x)

Figure 5.1: Visibility Checking Statements

5.2.2 Type Checking

Figure 5.2 show three examples of the implementation of statement type checking, as
specified in Figures 11.4, 11.6 and 11.7. The code for the stmt_ok function has the
following difference from the specification.

1. Error messages replace side conditions. As in stmt_encode, a monadic structure

is used for this.

The specification is a predicate, while the stmt_ok function returns? a statement.
This is necessary since any implicit arguments of constants (see Section 3.2.3) are
instantiated during type checking (see Section 9.6).

o

3. The ‘assignable variable environment’ o of Section 11.3.1 is combined into the
overall environment, which is the first argument of the stmt_ok function.

5.2.3 Proof Obligation Generation

Proof obligations are generated to show type correctness and the correctness of refine-
ments. The latter is determined from the weakest preconditons and strongest postcon-

2The full return type is Ok (Maybe Stmt), where Ok is the monadic type constructor. The Maybe
type constructor is used because no statement is returned when there are type errors.
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> stmt_ok g (MasgnS 1ls ts) =

> let nls = length ls; nts = length ts in

> if nls == nts then

> do

> mits <- accumOk (map (left_ok g) ls)

> case mlts of

> Nothing —> return Nothing

> Just lts —>

> do

> mts <- accumOk (zipWith (asgn_type_ok g) lts ts)
> let 1s = map term_to_left 1lts

> a <- no_alias g 1s

> return

> (do ts <~ mts; () <- a; return (MasgnS 1ls ts))
> else

> errMOk (masgn_len_mismatch_error nls nts)

> stmt_ok g (IfS bs ss) =

> do

> mbs <~ accumOk (map (bool_term g) bs)

> mss <- accumOk (map (stmt_no_fprms g) ss)

> return

> (do bs <~ mbs; ss <- mss; return (IfS bs ss))
> stmt_ok g (CallS i) =

> return (Just (CallS i))

Figure 5.2: Type Checking Statements

ditions of each form of statement. Some examples of each stage of this process are given

below.

Type Correctness Conditions Figure 5.3 shows three examples of the implemen-
tation of the function stmt_cc, specified in Figures 11.5, 11.6 and 11.8. The examples
also show the use of the implementation of the statement transformation function asgn,
specified in Figure 11.13 and the type injection function specified in Figure 9.6. This
code is also structured in a monadic style, though there are no error messages to be
generated. The features of the monad used in the function stmt_cc are:

(1) a representation of the position in the input text, which is used as part of the
final type correctness condition,

(ii) the logical context, as described in Section 11.10,

(ii1) a list of correctness conditions.
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> stmt_cc g (MasgnS 1s ts) =

> do

> accumulate (map (left_cc g) 1s)

> accumulate (map (tcc g) ts)

> no_alias_cc g 1s

> let u_nus = map (\(i,u) -> (u, lk_var g i)) (asgn g 1ls ts)
> ptls <~ accumulate (map (uncurry (inject_type g)) u_uus)

> accumulate (zipWith

> (\(u,uu) ptl -> poCC ptl (TccPO g Asgn u uu)) u_uus ptls)
> return ()

> stmt_cc g (IfS bs ss) =

> do

> accumulate (map (tcc g) bs)

> accumulate (zipWith

> (\b s -> newcntxCC (andCntx b) (stmt_cc g s)) bs ss)

> return ()

> stmt_cc g (CallS i) = return ()

Figure 5.3: Type Correctness of Statements

In comparison, the specification function stmt_cc has the logical context as a parameter

and the correctness conditions® are as the result.

Predicate Transformers Figure 5.4 shows a fragment of the calculation of the weak-
est precondition of statements, as specified in Figure 11.11 and Section 11.7. This code
closely resembles its specification. One difference between the specification and im-
plementation of the weakest precondition is the use of a specialised representation for
predicates — the type Pred — different from terms. The specialised representation of
predicates allows predicates to be simplified as they are constructed; this is described
in Section 5.3 below.

Refinement Figure 5.5 shows a further case of the stmt_cc function which is re-
quired for the refinement statement, as described in Section 12.1. The type correctness
conditions for both the specifying statement and its refinement are generated, together
with the correctness condition for the refinement itself. The figure also shows the use
of the impl and spec functions, specified in Figure 12.2. The function isrefinedby
(simplified in the figure) calculates the refinement correctness condition, using the ‘char-
acterisation theorem’ described in Section 2.2.5.

3In fact only one, which is the conjunction of all the correctness conditions.
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vV V. V Vv

wp :: Env —> Stmt -> Pred -> Pred

wp g SkipS 9=9
Wwp g AbortS q = falseP
wp g (PreS p s) q = andP (termP p) (wp g s q)

wpgs (wpgtaq

wp g (SemiS s t) q

wp g (MasgnS 1s ts) q = substs_pred q (asgn g 1ls ts)
wp g (IfS bs ss) q = andP (foldll orP (map termP bs))

(foldll andP (zipWith (\b s -> impP (termP b) (wp g s q)) bs ss))
wp g (Calls i) q = wp g (lk_proc_var g i) g

Figure 5.4: Weakest Precondition

> stmt_cc g (RefineS 1 s t) =

> do

> stmt_cc g s

> setposCC (LabelP 1)

> (do

> ref <- isrefinedby g (impl s) (spec t)
> poCC ref RefPO

> stmt_cc g t)

> isrefinedby g s t =

> do

> cntx <- cntxCC

> return

> (impP (cntxP cntx) (impP (wp g s trueP)

> (decby n (substs_pred (wp g’ (incby n t)

> (sp g’ (incby n s) x_eq_x0)) x0_to_x))))
> vwhere

> is = settolistSet (unionSet (frame g s) (frame g t))
> n = length is

> x0_xs :: [(Int, Int)]

> x0_xs = zip [0..] (map (+n) is)

> x_eq_x0 :: Pred

> x_eq_x0 = ....

> x0_to_x :: [Subst Terml]

> x0_to_x = [(i, VarT j) | (i,j) <- x0_xs]

>

g = ....
Figure 5.5: Refinement Correctness (Simplified)
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5.3 Simplication of Proof Obligations

The prototype tool does not contain a prover — apart from the difficulty of implementing
a capable prover, it would not be appropriate to integrate a prover into the prototype
tool, since the essence of our approach is to separate program refinement from the
validation of each refinement step. However, it is appropriate to include a ‘simplifier’
which transforms proof obligations to a logically-equivalent simpler form. To achieve
acceptable performance, the simplication rules are applied as a predicate is constructed
and do not require complex pattern matching or backtracking.

The following simplications are included:

(i) discard the trivial proof obligation ‘true’,

(i1) evaluate the boolean operators when one of the operand is the constant “true’ or

‘false’,

(iii) eliminate a conjunct from the right hand side of an implication if the conjunction
also appears on the left hand side,

(iv) discard quantifications over variables not free in the quantified term, providing
the quantification is over a non-empty types, and

(v) eliminate variables by substitution where possible.

The following ‘one-point’ rules are used to eliminate quantified variables by substitution.

z not free in ¢
Ve:T -z=rtAp=q) =ple :=t] = qlz =1t

z not free in ¢
(Fx: T -x=7rtAp)=ple:=t]

We write z =7 t to show that the equality must be over the type 7', ensuring that ¢
belongs to T'. This is implied by = ¢, but not necessarily by ¢ = z.
5.3.1 Simplification Examples

Swapping Variables The following program refining a multiple assignment which
swaps the contents of two variables illustrates the effect of simplification.

SEE Bool Int REF 1 BY
SPEC SWAP IS VAR t : Int IN
VAR x : Int; y : Int IN t=x,; x =y ;y:=¢t
<<L1>> x,y 1= §y,X% END VAR
END VAR END
END



With simplication. the following proof obligation is the only one produced.

Refinement correctness condition in refinement labelled 1
OBLIGATION SWAP_ccl ==
(FORALL x:Int; y:Int @ y = y && x = x)

With no simplication, this proof obligation becomes:

Refinement correctness condition in refinement labelled 1
OBLIGATION SWAP_cc9 ==
(FORALL x:Int; y:Int @
True =>
True =>
(EXISTS x1:Int; yi:Int © y1 =y &% x1 = x && (y = y1 && x = x1)))

In addition, there are 16 further proof obligations for ‘type inhabitation’ (3), ‘absence
of aliasing’ (5) and ‘type correctness’ (8). Some examples are:

Type inhabitation condition in specification SWAP:
Type: Int

OBLIGATION SWAP_ccl ==
True => True

Type correctness condition for assignment in specification SWAP
Term: x
Type: Int
OBLIGATION SWAP_cc8 ==
(FORALL x:Int; y:Int @ True => True)

Anti-Aliasing condition in refinement labelled 1
Assignment to variable: x
OBLIGATION SWAP_ccil4d ==
(FORALL x:Int; y:Int; t:Int @
(EXISTS ti:Int © True && t = x) => True)

Largest Rectangle under a Histogram The number of proof obligations produced
with and without simplification for the example of Section 4.1 is summarised below.

Unit Simplication
Ooff | On
MinMax 14 0
Nat_list_compare 21 1
Histogram 120 3
LargestR 313 8
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Chapter 6

Discussion

In this chapter, we survey related work and discuss the advantages and limitations of
our approach compared with existing systems.

6.1 Verification and Refinement Systems

6.1.1 Program Verification Systems

Our approach has some resemblance to the ‘traditional’ program verification systems,
based on Hoare logic. Gypsy [Amb77] and the Stanford Pascal program verifier [LS79]
are two of the best known of these systems. A program is ‘annotated’ with asser-
tions, including loop invariants, preconditions and postconditions for each procedure
or function. A ‘verification condition generator’ processes the annotated program and

generates logical proof obligation.

A detailed axiomatisation using Hoare-logic proof rule was carried out by London et al.
[LGH*78] for the Euclid language, an extension of Pascal with modules. The axiomati-
sation covers almost all the constructs of the language, which is large compared to the
languages accepted by most existing refinement tools. As far as we are aware, no pro-
gram verifier was developed for Euclid, but it is part of the basis for the tool-supported
Ada subset SPARK [CGM92, MO94].

The characteristics of these system include:
(1) the specification language. used for annotations, is separate from the programming
language,

(ii) program verification by proof of the verification conditions is separate from pro-

gram development
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(iii) the verification conditions tend to be large because an entire procedure body must
be verified at once.

Despite considerable sophistication. verification svstems based on Hoare logic have not
achieved wide-spread use. One factor is the size of the verification conditions: these
could be reduced if smaller development steps were verified. In addition, the specifi-
cation languages of these systems have program-like type systems and are not suitable
for expressing complex specifications.

6.1.2 The B-Tool: Abstract Machine Notation

Abrial’s Abstract Machine Notation (AMN) [Abr89, Abr91a. Abr91b. Abr96] and its
supporting B-Tool is a more advanced approach. In the B-Tool/AMN approach, a pro-
gram is constructed from Abstract Machines. Each machine encapsulates a state, with
an invariant and a number of operations. A machine has a specification and a number
of refinements, each of which gives a new version of the operations. A single language is
used for both specification and refinement, although there are some restrictions on the
constructs which can be used at each stage. Only complete operations can be refined,
rather than individual component statements, although the refinement steps can be
made smaller by using a sequence of machines.

The B-Tool/AMN supports data refinement of machines. A novel feature of the ap-
proach is the various different ways of combining Abstract Machines, which support
different degrees of information hiding.

B-Tool/AMN is based on the theory of generalised substitution rather than weakest
preconditions, although the two approaches correspond closely!. Verification is carried
out by rewriting each operation to a standard form of generalised substitution and
applying a fixed refinement law to compare two standard forms. The programmer does
not make use of refinement laws and the development is carried out non-interactively.
Two tools supporting this approach are now available commercially? and commercial
applications include IBM’s CICS [HDNS96] and Matra Transport’s METEOR project
[Beh96, BDMY8]. Recently a set of case studies [SS99] using the B Method has been
published.

6.1.3 Compliance Analysis with DAZ

Sennett [Sen92] proposes a ‘compliance notation’ for demonstrating the correctness of
Ada programs, written in the SPARK subset [CGM92]. The compliance notation uses
the Z specification language [Spi88, Spi89] and combines features of Knuth's literate

More recently [Abr96] a second set-theoretic semantics has been given, modelling predicates as

sets of states and statements as functions from sets to sets.
2The B-toolkit developed by B-Core UK Ltd and Atelier-B develaped by Steria Mediterranee.
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programming [Knu84] and the refinement calculus. Subsequently, the DAZ (DERA’s
Ada Z) refinement tool has been developed to realise Sennett’s concept.

Overview of DAZ The compliance notation is intended to be used to support a
claim of compliance between a program and its specification. It aims to be readable by
a third party (i.e. not the designer, but an evaluator or a maintainer) and to be flexible.
so that the most critical parts of the software can be justified by the most detailed

compliance argument.

In the compliance notation, Ada is extended with Morgan’s specification statement
and Knuth's literate programming labels. The compliance argument consists of a se-
quence of steps, with each step specifyving a program fragment and giving a compliant
implementation. Each step can be justified independently and the specifications can
be formal (a specification statement) or, for less critical parts of the program, informai
(the text of a label). Paragraphs of Z text. which introduce the definitions used in
the specification statements, are interspersed with Ada text. The Ada declarations are
translated to Z and verification conditions, also in Z, are generated to check correct
refinement of specification statements by Ada statements. A detailed specification of
this translation has been prepared by O’Halloran, Sennet and Smith [0S595. OSS97].

A tool for processing DAZ has been developed by ICL Secure Systems® [OAK97], build-
ing on the Z theorem prover ‘ProofPower’. The tool translates Ada to Z, generates
verification conditions and type checks the resulting Z text. ProofPower can be used
to prove the verification conditions. The DAZ tool is also used to extract the Ada
program from the compliance notation; well-formation of the Ada must be checked sep-
arately (e.g. by a compiler) since the translation to Z is not intended to capture all the

well-formation rules of Ada.

Several examples of the use of DAZ have been described by its developers [Smi96, OS98.
0S99]. A large scale industrial evaluation has also been carried out by Praxis Critical
Systems [BH97], applying DAZ to approximately 5000 lines of Ada source code, forming
part of a program for which a Z specification had already been written. The compliance

argument ran to approximately 750 pages.

Comparison The DAZ system has a number of similarities with the work reported
here: in particular the generation of verification conditions to show the correctness
of refinement steps. An important difference is the use of the existing programming
and specification languages Ada and Z, allowing the DAZ tool to be applied to real

development projects.

DAZ has a number of restrictions on the use of refinement compared to our approach; in
particular, the left hand side of all refinement steps must be a specification statement.

3The DAZ and ProofPower tools are now exploited by Lemma 1 Ltd, see http://www.lemma-
one.com/.
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To enhance the readability of the argument. verifications conditions are restricted to
a simple form, with no* quantifiers. This is achieved using a non-standard definition
of weakest preconditions. resulting in some restrictions on the form and placement of
specification statements. For example. when a specification statement is used in a
sequence of statements and the postcondition refers to the initial values of updated
variables, the specification statement must be the first statement in the sequence. It is
claimed that these restriction do not limit the programs that can be shown correct -
only the exact refinement steps needed to show correctness.

An interesting difference is the treatment of loops: as in our approach, the weakest pre-
condition of a loop can be expressed without using fix-points, but in DAZ no invariant
is required. Instead, a loop is introduced with a specification statement as its body;
this specification statement is then refined by the implementation of the loop body.
The task of choosing an appropriate specification statement is equivalent to finding an
invariant®. Other differences include a lack of context propagation in DAZ and partial
rather than total correctness®. Recursion is excluded from the SPARK subset of Ada,

so it is not supported by DAZ.

Although the use of existing languages has many advantages, translation from one
language to another (here Ada to Z) can be complex. In DAZ, the differences between
the type systems in Ada and Z are overcome effectively, by mapping types that are
distinct in Ada to common representations in 7. Some issues concerning scope are less
easily resolved: for example. nested scopes in Ada are projected onto a flat scope in
Z. so the same identifier used in two different scopes in Ada may cause a clash in the
translated 7 text.

6.1.4 Interactive Refinement Systems

A number of systems have been developed supporting the refinement calculus by inter-
active transformation using refinement rules. Typically, the language supported extends
Dijkstra’s guarded-command language with a form which can be used for specification:
either Morgan’s specification statement or Back’s generalised assignment. Local blocks,
types, invariants, logical constants, procedures and recursion may also be supported.

4Except that all the variables used in a verification condition are universally quantified at the

top-level.

®Any statement in our language can be converted to a specification statement automatically, so it
might appear that the specification statement needed as the body of a loop in DAZ could be automat-
ically derived. However, not any specification statement which is refined by the Ada implementation
of the loop body will do.

6Termination and the absence of run-time errors such as overflow can be demonstrated in DAZ by
inserting appropriate assertions (see [Smi96, §4]), but it seems that the necessary assertions are not

determined automatically.
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Refinement Editors An early interactive refinement editor is described by Carring-
ton and Robinson [CR90]. The tool. which is implemented using the Cornell Svnthesizer
Generator, is only a prototyvpe. intended to explore the ‘challenge of building support
tools for the refinement calculus’. The refinement is represented in the tool as a tree,
with a specification at the root and the edges corresponding to refinement steps. The
basic operations of the tool are to edit and view this tree.

Refinement rules are provided in the form of transformation commands which can be
applied to a selected node to extend the tree. To make a refinement. a transformation
is selected and the new statement is calculated automatically. An interactive simplifier
1s incorporated to discharge any side conditions. Two different views of the tree are
available. The first traverses the tree top-down depth-first to give a linear exposition
of the refinement. The second displays only the leaf nodes and is used to extract the

final program.

The authors conclude that the ‘editing paradigm has been a good idea’. Their con-
clusions about the development of such tools include the need to able to abbreviate
predicates bv making definitions, the need for flexible viewing and navigation facilities
similar to hypertext systems, and the importance of an integrated prover. They also
believe that the user should be able to add more refinement rules and that flexible
storage and retrieval of the refinement document will be required.

Red The RED refinement editor was developed by Vickers et al. [Vic90] at Oxford
University; it is reviewed by Carrington and others [CHN194a]. The tool supports
the construction and editing of a refinement in Morgan’s refinement calculus. by the
application of refinement rules. The main functions supported are the display and
navigation of the refinement tree, the application of refinement rules and the calculation
of proof obligations arising from the side conditions of the rules. There is no theorem
prover, although the proof obligations are simplified. The language can be extended
by defining syntactic abbreviations and un-interpreted function symbols. Refinement

sequences can be saved for reuse as rules.

The tool has a multiple window display, showing the refinement step which is the
the focus of attention, the overall refinement and the proof obligations. The users
enters command at a prompt and at each step a representation of the refinement tree is
displayed. Although only small refinements could be tackled with this style of interface,
the tool shows the different forms of display needed in an interactive tool.

RRE The RRE refinement tool [GNU92] is a more developed system, adopting a
similar approach to RED. The user is presented with the program in one window and a
menu of applicable refinement steps in another. A number of basic refinement rules are
implemented in the primitive system; these can be combined using a tactic language to
support more specialised steps. Provided the basic refinement rules are valid, a tactic
with the proper form cannot give rise to an invalid refinement. The authors believe
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that ‘strategies for program development’ can be encoded as refinement rules so that
they can be reused.

The refinement system includes an integrated theorem prover which is used to simplifv
the program formulae as well as to discharge the side-conditions of refinement rules.
The prover is based on rewrite rules, some of which are ‘automatic’ and others "user-
triggered’. A particular use of the latter is to expand user-defined functions. which can
be introduced as declarations. The authors state that the ‘rewriter needs to be closely
integrated with the refinement tool’.

Data refinement of a local block is supported. The data refinement rule is parameterised
by the concrete variables and the coupling invariant; from this the data refinement of
the statement within the block is calculated.

Centipede The Centipede program refinement environment [BHS92] has more so-
phisticated viewing capabilities, based on Back’s refinement diagrams [Bac91]. The
refinement diagram can be expanded or collapsed to show or hide sub-derivations. This
allows the user to focus on a part of the development. The program corresponding to
any of the boxes in the diagram can also be viewed.

A structured editor is used to select a component statement for further refinement.
which can be specified either manually — the user enters the new statement using the
editor — or by selecting a transformation rule from a menu. Side conditions are checked
by exporting a verification condition to the HOL theorem prover.

6.1.5 Refinement using Window Inference

Grundy [Gru92] describes a refinement tool making use of a ‘window inference’ extension
to the HOL prover. Window inferencing allows the proof of a transitive and reflexive
relation between two terms by successive transformations of subterms. To transform a
term, a subterm is selected and a new window opened. Each window has a focus, which
is a term being transformed, the relation being preserved and a set of assumptions.
The rules which open a window may generate new assumptions from the context in
which the focus occurs. Any theorem of the logic can be used to simplify the focus of
a window, using the assumptions that are part of the window.

Window inference is considered to be better suited to program refinement than goal-
oriented proof methods because the final result of the refinement does not need to
known in advance. Window inference allows large terms — such as a program — to be
generated by successive transformations of subterms. Contextual information is also

handled neatly.

In Grundy’s application of window inference to refinement, programs are represented as

predicates, based on the approach of Hoare [Hoa84] and Hehner [Heh89, Heh90]. This
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allows programs to manipulated as terms in the logic and the refinement relation to be
implication.

Grundy notes that it is not necessary to adopt the programs are predicates’ approach
in order to use windows inference for refinement. This is confirmed by von Wright
[Wri94], who describes a program refinement svstem built on the HOL theorem prover
using weakest precondition semantics and window inference. A language of commands is
embedded in the HOL logic by declaring HOL constants which represent the commands
as predicate transformers, equal to the weakest preconditions of the commands in Back's
version of the refinement calculus. This ‘shallow embedding’ of the refinement language
in HOL means that statements are terms in the HOL syntax. allowing functions and
types declared in existing HOL libraries to be used directly. A disadvantage is that the
statement syntax is non-standard. In particular. an assignment command is represented
by a state to state function, written using a lambda abstraction, and the state is a tuple.

The refinement rules are proven as theorems and window inference is used, so that the
complete refinement is itself a theorem in the HOL logic. Data refinement is possible.
using the method of abstraction commands [BW89b] to distribute the data refinement
through the structure of the program, so that each subcomponent can be refined sepa-

rately.

6.1.6 The Refinement Calculator

The Refinement Calculator [BLRvW95, BL96, BGL*97] has been developed at Abo

Akademi and Southampton University, based on von Wright’s system described above.

The basis of the Refinement Calculator is program transformation using refinement
rules. A user-friendly interface [LRvW95] to the HOL window inference package is
used, so that the user works with the standard syntax of statements, including program
variables and assignment statements. The statement to be refined can be selected
using the mouse and refinement rules are selected from a menu, without the use of
HOL commands in ML. Some knowledge of HOL is still required to discharge proof
obligations. The refinement is still fully checked by the HOL prover. A transcript of
the proof can be output in HTML in a hierarchical format that allows subderivations

to be expanded or hidden.

Apart from the user interface, two notable features of this tool are:

(i) a transformation which automatically propagates context assertions through the
structure of a statement, to the point where a refinement which depends upon

the context is to be made, and

(i) the use of total correctness assertions to allow flexible refinement rules, in partic-
ular for loop introduction, which allow the user to choose the form of the refined
statement, rather that it being determined by pattern matching.
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Published future plans [BGL*97] are for extensions to support procedures, modules
and action svstems.

6.1.7 The Program Refinement Tool

The Program Refinement Tool [CHN195, CHN*96] has been developed by Carrington
et al. at the University of Queensland, following experience with the prototvpe tool

described above.

PRT is based on the Ergo theorem prover. Since Ergo does not support higher-order
logic, predicate transformers cannot be represented in the way that they are in HOL.
Instead, a modal logic is defined so that some terms have an implicit dependence on
the state [CHNT94b]. This requires some concepts to be defined by axioms which are
primitive to the HOL logic, so that an equivalent demonstration of soundness is not
achieved. This aside, PRT provides a fully-proved refinement, similar to the Refinement
Calculator: Ergo is used to prove refinement rules and to discharge any side-conditions.

The method of window inference, which is used in Ergo, has been elaborated to deal with
program context by Nickson and Hayes [NH96]. Context predicates are a distinguished
form of hypothesis in the inference window and are automatically propagated by the

window opening rules.

Program window inference also handles invariants (for program variable types, using the
method of Morgan [Mor89]) and syntactic side-conditions, such as the disjointness of
assigned variables. Tactics are used to discharge syntactic side-conditions automatically.

6.2 Languages with Dependent Types

A number of languages with subtypes and dependent types have been developed, par-
ticularly as logical notations within theorem proving systems, using the ‘propositions
are types’ and ‘proofs are programs’ analogies of constructive mathematics. Examples

of such systems include Nuprl [CAB*86] and Coq [CH88].

Our language draws particularly on the Veritas™ and PVS systems, both of which
are interactive theorem provers for classical logics. The languages supported by these
systems are reviewed below. A theorem prover for dependent type theory has also been

built on top of the HOL theorem prover by Jacob and Melham [JM93].

6.2.1 PVS

The language of the PVS theorem prover PVS [ORS92] is based on a classical higher-
order logic with subtypes and dependent types. The support tools for the language,
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described in the reference manual [OSRSC98]. are integrated into the theorem prover.
Apart from this. the pragmatics of the language are similar to the approach described
here: for example. ASCIl-only svntax is used and a tyvpe checker produces tyvpe correct-

ness conditions.

The principal difference between the language described here and that of PVS 1s that
in the latter types depend on terms, but terms do not depend on types. Terms and
types are separate svntactic categories: in particular, function application applies to
terms not types. Instead, parametric polymorphism is provided at the level of theories:
theorv parameters may be either types or terms. Actual parameters are given when a
theory is imported. Multiple instances of a theory are permitted in any context. with
the result that constants are overloaded: the overloading is resolved using the tvpes of
the theory parameters. Ad-hoc overloading of identifiers is also allowed. providing that
the constants have different tvpes. It is also possible to specify the theory parameters
explicitly as part of a reference to a constant from an imported theory.

The PVS language includes a number of features not provided in the language described
here, but which could be included if required. These include:

Tuple Types A tuple type constructor of arbitrary length is a primitive form in PVS.
Function and tuple types can be combined so that the type of a function from
a pair [[t1, t2] ~> ul can also be written as [t1, t2 -> u] and the domain
types may have bound variables which can be referenced in the range type.

Records Record types and terms are provided. Two record types are equal if they
have the same field names and types, no matter the order of declaration.

Tables Functions may be specified by cases using the multi-way conditional COND term,
which is nearly equivalent to nested IF-THEN-ELSE’. The TABLE term allows the
specification of a function by cases in a tabular format. The TABLE term can be
expanded using COND or, for datatypes, CASES.

Type Judgements A type judgement is a theorem about types which provides addi-
tional information to the type checker. Type correctness conditions are generated
which check that the theorem is valid. There are two forms:

1. HAS_TYPE applies to a constant. When the constant has a function type.
the judgement states a closure condition. For example, integer addition is
closed on the natural numbers. For constants of other types, the HAS_TYPE
judgement gives the constant a type other than one given by its declaration.

Examples are:

JUDGEMENT HAS_TYPE 4 (even?)
JUDGEMENT HAS_TYPE + [nat, nat -> nat]

"The COND term requires the conditions to be disjoint; this is not required in a nested conditional.
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2. SUBTYPE_OF states a relationship between two subtvpes. The following judge-
ment would be used to allow a function on nzint to be applied to a posint.
without generating a tyvpe correctness condition:

posint : NONEMPTY_TYPE = {n:int | n > 0} CONTAINING 1
nzint : NONEMPTY_TYPE = {n:int | n /= 0} CONTAINING 1
JUDGEMENT posint SUBTYPE_OF nzint

Type Conversions These are functions which are automatically inserted by the tvpe
checker to correct a type mismatch. A simple example arises when a function F
of type [[Nat -> Int] -> Int] is applied to a term g of tvpe [Int -> Int].
Since F expects a function which can be applied to a natural number yielding an
integer, one would expect g to be satisfactory. However. the type of g must be
subtvpe of the domain type of F, implving that the domain types of g and F must
be equal. The solution is to convert g to a function on the natural numbers in the
obvious way. In PVS. the conversion is declared in a theory as follows:

restrict [T: TYPE, S: TYPE FROM T, R: TYPE]: THEORY

BEGIN
f: VAR [T -> R]
s: VAR S

restrict(f)(s): R = f(s)
CONVERSION restrict
END restrict

The same phenomenon applies in the language described here. The restrict func-
tion — which must be applied explicitly — is declared as follows:

restrict [3] (A:TYPE) (B:TYPE) (p:A->Bool) (f:A->B) ==
(\a:{p} @ £ a)

Inductive Definitions Sets can be defined inductively. For example, the declaration:

even{n:nat): INDUCTIVE bool =
n=0D0R (n>1 AND even(n - 2))

defines even to be the smallest subset of the naturals satisfying

(FORALL (n:nat): n =0 OR (n > 1 AND even(n - 2))
IMPLIES even (n))

so that a number is even if and only if it has the property used in the induction
definition. Occurrences of the set being defined within the defining property must
be positive; if necessary type correctness conditions are generated to check the
monotonicity of the property with respect to the subset ordering.
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Semantics of PVS Owre and Shanker [OS97] have written a formal semantics for a
subset of the PVS language. The semantics covers function and tuple tvpes. predicate
subtypes, dependent types, conditional expressions and parametric theories. Other lan-
guage features such as records, recursive definitions. datatypes. tables. tvpe judgements
and conversions are not covered. The treatment of parameteric theories is restricted.
since parameters are assumed to be constants or tvpe declarations without definitions
and assumptions are not covered. Moreover. all references to names from a parameteric
theory must have explicit parameters. so that overloading and name resolution are not

described.

The semantics is functional: a partial function 7 assigns a type to a preterm with
respect to a context. This function has side conditions giving the decidable checks and
the proof obligations for type correctness with a clear distinction between the decidable
and undecidable checks. A meaning function M is also defined and both tvpe and

logical soundness are proved.

6.2.2 Veritas

The Veritas™ [HDL90a. HDL90b] system implements a higher order logic with depen-
dent types and subtypes. Originally developed for hardware verification, it is based
on Martin-Lof’s Intuitionistic Type Theory (ITT) and conventional higher-order logic.
Unlike ITT, the reasoning is classical.

The type constructors include the dependent function type (Il generalising —) and the
dependent cartesian product (¥ generalising the cartesian product x). All functions are
total. Subtypes are constructed from a type and a characteristic predicate { v : o | ¢ }.
Types are terms, with the type of a dool being Uy, the smallest in a hierarchy of tvpe
universes Uy, Uy, . ... Polymorphism is achieved by the use of types as parameters, with
the type of subsequent parameters depending on earlier ones. Just as described in
Section 3.2.3, the type parameters can be elided in context where their values can be
inferred from the context. In Veritas, but not in the language described here, the type
of a bound variable may also be elided.

Datatypes are supported as primitive type constructors, rather than using the ‘shell
principle’, although datatypes can only be declared at the top-level and not, for ex-
ample, within a A-abstraction. Functions on datatypes are constructed using primitive

recursion only; general recursion is not supported.

Implementation The implementation of Veritas™ [FNG92| draws on the LCF tra-
dition of theorem provers, and on the Curry-Howard ‘Propositions as Types’ principle.
The terms of the Veritas language are defined by ‘term formation rules’. Adapting
the LCF approach for forming theorems, the formation rules are implemented by the
constructor functions of an abstract datatype. The inference rules of the Veritas logic
are the formation rules of a type of ‘derivations’. Derivations are not theorems, but
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record the proof of a theorem. As expected from the *Propositions as Tvpes™ principle.
the constructors for derivations are similar to the term constructor. However, in Veritas
the two sets of constructors are distinct. Just as the “sort” of a term is a tvpe (which
is term), the sort of a derivation is the theorem (also a term) which the derivation

establishes.

The formation rules for both terms and derivations are encoded in an executable meta-
language, forming an executable definition of the logic which is the basis of the Veritas
tool. A particular feature of this approach [HD86] is that the meta-language is purely
functional. This requires the signature of terms and derivations to be handled as first-
class values, rather than to be a global data-structure which is updated by side-effects
of declarations. The signature contains declarations. definitions and axioms. It seems
that the languages Standard ML. MIRANDA and Haskell have been used as the meta-
language in different versions of the svstem.

Type Checking and Logical Inference Since subtypes can be formed. tyvpe check-
ing is not decidable in Veritas. Some term formation and inference rules taken from the
Veritas documentation [Ver92| illustrate how term formation and logical inference are
connected. In the following. v is a symbol. 7 is a term, ¢ is a type (a term of sort {/;).
¢ is a formula (a boolean term), and ¢ is a derivation. The rules for forming a subtype
term and injecting a term into a subtype are as follows.

oD 1o tviolo) Ol fipecion

The subtype injection rule is used to change the type of a term to a subtype. One of
the components of the formation rule is a derivation ( which proves the theorem that
the term satisfies the predicate that characterises the type. An inference rule (i.e. a
derivation formation rule) allows the subtype relationship between types to be inferred.
This can be used in a formation rule for application®.

C:(Vvio-F o' - v=1) | ~
(st-intro ¢): (0 C o’) | Subtype mtro]

r:(v:oy-02) mio03 g:(aggdl)g
Application
(11 72) 1 o211/ V] bp

Note that this characterisation of the subtype relationship C depends on the terms 7, 7
in 7 = 7’ not being required to have the same type (or even the same base type) for
the equality term to be well-formed.

The term formation and inference rules provide a very rigorous formal definition of
the Veritas system in a way which does not exist for PVS. However, a denotational

8This is an elaboration of the rule given in the Veritas documentation [Ver92], where the types o1
and o3 are equal. However, the formation rule ‘Widen’ combined with the simpler rule for application

gives the formation rule shown here.
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semantics comparable to that of PVS. which could be used to argue the soundness of
the Veritas inference system. does not seem to exist.

Using Veritas Using the formation and inference rules described above. term con-
struction and type checking is, in principle, carried out interactively. This approach
allows a user to prove subtype membership when required. It is stated that simpler
cases can be automated using tactics. but the level of manual assistance required in
practice is not clear. It is possible that something similar to our tvpe checker could
be constructed for the Veritas logic using a tactic for goal-directed term formation.
where our ‘type correctness conditions’™ are the undischarged hypotheses of the term
formation. However, this approach might give rise to unprovable hypotheses in some
circumstance where our type checker gives tvpe error messages (see Section 9.5). which
is a more useful response.

6.3 Comparison and Evaluation

In the section, we evaluate our approach in comparison with existing systems.

6.3.1 Using a Universal Refinement Law

A principle feature of our approach is the use of a single law for proving refinements.
Compared to program derivation by transformation using a refinement calculus, the
development method and intuition of our approach are closer to those used for non-
formal program development. In particular, the traditional edit-compile style of working
is preserved, with development separated from verification. The constraints of this
approach must be considered in the language design. We consider these issues in the

following sections.

6.3.1.1 Refinement Laws and Intuition

The examples of Chapter 4 demonstrate that the characterisation theorem provides a
practical basis for showing the correctness of a program by refinement, allowing flexibil-
ity in the size of the refinement steps. To compare the use of refinement laws with our
approach, consider the refinement derivation shown in Figure 6.1 which uses the refine-
ment laws from Morgan’s book [Mor94, Appendix C]. In this derivation, it is assumed
that the precondition z = xq A y = yo can be left implicit, even though it is needed to
discharge the side condition of the final step:

t=1tgANrc =20 Ny =yo =
T+Y=To+YoANY—T=1Yo— To
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Ty =x+y.y—2z
C Abbreviation 8.1. Simple specification
.y [ =20+ Yo ANy = yo — g
E Law 6.1, Introduce local variable
[ var ¢ : Z -
trz,y:[r=r04+yANy=yo— 70 <
Il

L Law 3.9, Following assignment
try: t=x0+yoANy=vyo— a0 <
ri=1

C Law 3.5, Following assignment
tr,y:[t=x0+yoANy—c=yo—x0]: <

yi=y-a
L Law 5.2, Assignment
t:=2+y

Figure 6.1: Derivation of Variable Swap

This corresponds to the proof obligation generated by our prototvpe tool when this
refinement is made in a single step (see Section 5.3.1).

Although derivation at this level of detail may not always be necessary with interactive
refinement tools?, the derivation shows that the overall refinement is sometimes much
more intuitive that the sequence of laws which justify it. This applies particularly to
the laws which manipulate assignment statements and initial values. In our approach
refinement laws are still important, but are used for educating programmers and de-
veloping their intuition for correct refinement, rather than for direct transformation of

formulae.

6.3.1.2 Context Propagation

Automatic propagation of context assertions (using the rules of Section 2.2.6) is an
important features of our approach. To show the effect of context propagation we

9In particular, the variable swapping could be provided as a derived rule or the total correctness
assertions of the Refinement Calculator could be used.
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<<2>> r,q := WHERE q = r + 1 &% bound_sqrt s r q
REF 2 BY

<<3>> r,q := WHERE bound_sqrt s r q ;

<<4>> r,q := WHERE q = r + 1 &% bound_sqrt s r q
END
REF 4 BY

WHILE bound_sqrt s r q VARY g ~ 1

Loop

q/=r+1==>
<<5>> r,q := ANY nr, nq WHERE bound_sqrt s nr nq &&
ng —~nr <gqg-r
END LOQP
END

Figure 6.2: Example of Context Propagation

reproduce a small extract of Morgan’s [Mor94] square root case study':

gr:[rr<s<gAr+1=q
C/=2rt<s<qg?-
gr:[IAr+1=¢q]
C gq.r:[I]:
gr:[I, Inr+1=q] <
C “invariant [, variant ¢ — r”

dor+1+#¢g —
Q7r:[r+1#Q7 [7 ‘]—7'<(10—7"0}
od

In the above, the precondition to establish the loop invariant must be made explicit.
This is achieved with brevity by using the macro definition I and by using a specification
statement with an invariant predicate [..., I,...]. The final refinement step is not a
simple match to the law for introducing an iteration: the expression r+1 = ¢ is matched
against -GG and the bound on the variant is omitted!!, so the formulae produced by
a tool might be more complex that the textbook version.

Our version of the refinement is shown in Figure 6.2. In our notation, the refinement
labelled <<3>> establishes the context in which <<4>> is refined to a loop: there is
no need to make the precondition explicit. Similarly, no explicit precondition on the
statement in the loop is needed to use the context established by the guard. Another
difference is that we cannot define a macro such as I = r? < s < ¢? but instead use the

10The same example is also used in Section 4.2, but with variables of an integer subtype instead of
N.
11 As noted by Morgan.
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function bound_sqrt, which must have explicit arguments. The verification condition
for refinement <<4>> is trivial'®. As a result. <<5>> could be replaced by its refinement
with little added complexity.

Context and Type Checking Context is fully integrated with type checking of
terms. As described in Section 3.1.5. terms also give rise to context. The context
arising from statements and terms are handled in a uniform way. so that terms are only
required to be type correct in the context in which thev are used.

Context Assumptions Back and von-Wright [BW98. §28] gives rules for propagat-
ing context assumptions'® through the structure of programs. similar to the rules for
context assertions. It it possible that context assumptions could be of use within our
approach. A possible use would be to overcome a limitation of the automatic propaga-
tion of context assertions: context is not propagated into recursion blocks (or loops).
The difficulty is to identifv the predicates which could validly be propagated. This
could be achieved using a context assumption within the recursion block. propagated
backwards to its start.

Both the Refinement Calculator and PRT support context propagation. In the Refine-
ment Calculator context is represented as assertion statements and a single command
propagates assertions though any statement. In PRT. context is implicit and is propa-
gated automatically by window opening rules. However, this is believed to be the first
use of automatic context propagation in a non-interactive tool.

6.3.1.3 Complexity of Correctness Conditions

A possible concern about the use of a universal refinement law is the complexity of
the verification conditions produced. The case studies of Chapter 4 demonstrate that
the ‘acceptable’ verification conditions can be produced. This depends on having small
refinement steps and simplifying verification conditions. Small refinement steps are
available in our method, so that the user can trade-off simpler verification conditions
against more complex refinements. This is an advantage compared to the Abstract
Machine Notation, where refinement is always between machines.

Verification Method Refinement provides a means to develop verified programs,
but, in our approach, the verification method is not fixed. At least three options are

available:

12Except to show that the variant is bounded below by zero, which can be inferred from the guard
and the loop invariant (provided that the variables are of type N).
13Back notes that context assumptions provide an equivalent capability to the Morgan’s invariants

[Mor89], discussed in Section 6.3.2.2.
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(i) consider the refinement to be the main correctness argument and review the re-
finement text directly,

(i1) review the verification conditions.

(ii1) carry out proof, either automatically or interactively.

It is likely that a combination of these verification methods should be used. The relative
cost-effectiveness of the different methods is not known and should be investigated
empirically. In contrast. in our experience with the B-Tool/AMN (using the B-Core
version )™, the verification method was fixed. using automatic proof first. followed by
interactive proof if necessary. Pretty printing of verification conditions was not provided
to allow review, presumably because of their complexity.

Refinement Laws [t is instructive to consider refinement laws for the introduction
of a loop. Morgan’s law for introducing an iteration [Mor94] (here simplified to a single

alternative) is:
w: [invoinv A=b] T dob— w: [invAbinv A (0 <V <1p)] od

The guard and invariant are determined from the form of the specification statement
being refined. whilst the variant expression must be given when the refinement law
is invoked. There is no side condition. This contrasts with the laws described by
Butler and et al. [BGL*97] for the Refinement Calculator'®. The transformation ‘Loop
Introduction 17 is:

F pre = nv
Finv A =G = post[v’ := v]
F{pre};v =" - post C
do G — {imv AG}yv:=v" - invjv:=v]A Elv:=v] < E od

v not free in post

In contrast to Morgan’s law, both the guard, the invariant and the variant must be
given when the law is invoked, with the advantage that the form of the predicate in the
nondeterministic assignment being refined is not restricted. The cost is that there is
now a side condition. It is clear that there is a trade-off between the flexibility of the
law and the need for side conditions. A second loop introduction law is also given by
the same authors. in which the statement within the loop is also supplied when the law
is invoked, using a total correctness assertion in the side condition. This second law

closely approximates our approach.
How close to Morgan’s law for introducing an iteration with no proof obligation can we

come? By taking small refinement steps and choosing the form of terms appropriately,
the proof obligation for a loop can almost be eliminated. For example, returning to the

14The capabilities of the latest version may have improved.
P Morgan’s law may also be available.
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integer square root example and adjusting'® the loop introduction steps at refinement
<<4>>, results in the following proof obligation for the loop introduction.

(FORALL s:Nat; r:Nat; q:Nat @
bound_sqrt s r q && 0 < q - r =>
(FORALL g1:Nat; ri:Nat @
bound_sqrt s r1 ql && 0 < q1 - rl &% not not (gl = r1 + 1) =>
ql = rl + 1))

Only the simplification rule =—p = p would be required to eliminate this proof obligation

altogether.

6.3.1.4 Batch versus Interactive Language Processing

The use of a universal refinement law makes it possible to process the refinement text
using a batch program, similar to a compiler. This is simple, familiar to programmers
and allows flexibility in the use of proof or alternative verification methods. The proof
tool is separate from the statement language processing tool, and needs to support only
the declarations and terms of the language.

Separation of Well-formation The use of a batch tool allows the checking and
reporting of well-formation errors in the refinement text to be separated from any proof
functions. This contrasts both with refinement editors and with B-Tool/AMN. In the
latter, the user syntax is transformed to the underlying ‘unsugared’ language before

most errors are reported.

Interactive Tool Support Although we argue that interactive program transforma-
tion and integration with a theorem prover are not essential to the use of refinement,
we do not argue that interactive tool support is without value. It is now standard for
conventional languages to be supported by an Interactive Development Environment
(IDE). supporting functions such as program viewing and editing, cross referencing,
incremental compilation, and symbolic debugging. A refinement IDE enhanced to take
account of the refinement hierarchy and including a theorem prover would be very

useful.

16The changes are slightly more complex than expected. As described in Section 11.8.4, the form of
loop proof rule used here differs from Morgan’s. To eliminate the proof obligation condition IA\/; B; =
0 < E by simplification, the predicate 0 < E asserting that the variant is bounded must be added
to the invariant, in turn requiring the variant to be one larger than necessary. It would be easier to
introduce loops without proof obligations if Morgan's proof rule were used as the basis of our loop

statement.
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6.3.2 Language Features — Statements
6.3.2.1 Distinguishing Features

Since our language of statements is based on a selection of the extensions to the Di-
jkstra’s guarded command language introduced by Back. Morgan and others, it has
only minor distinguishing features. The forms of statement common for the refinement
calculus, including recursion and procedures are all supported.

Left Values Our language allows the use of complex "left values’ in assignment state-
ments such as a i, a (i+1) := a (i+1), a i. Complex left value allow assignment
to a component of variable with a function type (such as, but not only. arrays), map
type (including a collection) and datatypes. Left values may also be used in proce-
dure calls. The well-formation conditions for left values in multiple parameter lists are
specified to avoid aliasing.

Types and Subtypes Program variables can be declared using any type constructor
including subtypes. with the constraint that the type of a program variable must not

depend on another variable.

Dependent Types Pascal’s conformant array parameters can be represented using
dependent types. However, unlike in Pascal, this capability arises as a consequence of
the more general capabilities of dependent types. Similarly, Ada’s unconstrained array
and discriminated records can be modelled using dependent types.

Pass-by-Reference Parameters Reference parameters are commonly used by pro-
grammers to avoid inefficient copying of data. We have proposed a particularly simple
condition on the use of reference parameters, which is sufficient to ensure that mono-

tonicity is preserved.

6.3.2.2 Comparison with Other Refinement Languages

Guards The refinement calculus [Mor94] includes guarded command such as b =
S which can be used independently of loops and conditional statements. The AMN
language includes a construct (SELECT) expressing the non-deterministic choice of
guards. Guarded statements are miraculous when the guard (or, for SELECT, all the
guards) are false. Such a statement could easily be added to our language, but it is not
clear that it would be useful in a purely top-down refinement methodology.
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Invariants Morgan [Mor89] describes ‘invariants’ in the refinement calculus. An in-
variant, a predicate on the program state which is true for all statement within a
specified scope. can express a tvpe constraint. However, since arbitrary relationships
between variables can be used as invariants, the approach is more general than the type
checking provided here. although the main application appears to be to check subtvpe
properties. An advantage claimed for invariants is that thev are assumed rather than
asserted and are therefore automatically maintained, if necessarv by miracles. This
avoids the need to check that types are correct until the final stage of the development.
when potentially miraculous statement must be removed. In contrast. our approach
requires type checking at each stage of the development. Invariants of this form are
support by the Program Refinement Tool described above.

It is likely that invariants of this form could be used within our framework, but it
would not be beneficial to do so in conjunction with our type system, which provides
direct support for subtypes. In contrast. Morgan uses a type system similar to that of
Z [Spi&9]. in which subtype constraints can be expressed but are checked during proof

rather than by the type checking.

6.3.2.3 Loop and Recursion

The use of the characterisation law to justify refinements has some consequences on
the language design presented in this thesis. To use the characterisation theorem.
each statement must have a weakest precondition and a strongest postcondition. This
is straightforward, except for loops and recursion. The standard approach ([Mor94,
Chapter 23], [BW98, Chapter 20]) is to define the loop and recursion in terms of the
least-refined fixed points of a function from statements to statements. Since it is not
convenient to reason directly using fixed points, the definitions are used to justify re-

finement laws.

When refinement laws are used, the invariant and other components of the loop are
either inferred from the form of the statement being refined or proposed by the user.
Here, we take a similar approach to the B-Tool/AMN described above, insisting that
a loop statement is accompanied by an invariant predicate and a variant expression.
Since the variant is of an integer type, it may not be possible to show the termination
of a loop if the body of the loop is not a continuous statement, as noted by Boom
[Boo82]. Statements which are not continuous exist in our language, but this problem
seems unlikely to arise in practice!”. Despite the apparent differences, the practical
application of our approach is likely to be very similar to that of the refinement calculus.

The treatment of recursive statements in our language is even more similar to that of
the refinement calculus. In the refinement calculus [Mor94, Chapter 13}, the variant
expression n and a logical constant N standing for the initial value of the variant are

17PpVS allows ordinals to be used show termination of recursively defined functions; this approach

could be applied here.
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made explicit in the syntax of a recursion block:
re X variant N isn - S

In this context. a recursive call can be introduced as a refinement of a statement match-
ing the specification of the recursive label:

{N>n>0}S C X

The only difference between this and our approach is that. here. the logical constant and
the assertion needed to show that the variant has decreased are introduced automati-
cally. The recursion block is exceptional among the statements of our language. since it
can only be used in conjunction with a refinement. However. the loop statement could
be presented as a special case of recursion. We sketch the idea. for simplicity ignoring
the loop variant. The statement:

WHILE inv LOOP b ==> S END LOOP
could be defined to be equivalent to the refinement:

REC loop IS
PRE inv IN <<1>> x := WHERE inv && 'b END PRE

REF <<1>> BY IF b THEN S; loop ELSE SKIP END IF END

This shows that the loop with invariant (and variant) can be considered to encapsulate a
refinement, just as the recursion does. At the syntactic level, some way to determine the
statement being refined by the loop is required. We have used the invariant and variant
which, together with the loop guards, provide the components of a non-deterministic
assignment statement which is taken as the loop specification; in principle, any form of
statement could be used.

6.3.2.4 Conventional Imperative Language Features

Compared to conventional imperative languages, some common language features are
still missing from our language.

Control Statements A greater variety of control statements, beyond the loop and
conditional, is common in imperative programming languages. Examples are case
statements, for-loops and loops with exits. Our approach could be extended with

these statements!®.

18The forms of loop with exits might have to be restricted.
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Exceptions The use of exceptions in the refinement calculus is described by King and
Morgan [KM95]. This suggests that exceptions could be supported in the refine-
ment approach described here. However. it is noted that to give the semantics of
statements with exceptions. King and Morgan elaborate the weakest-precondition
predicate transformer. making it likely that a substantial revision to the specifi-
cation of our language would be required.

Functions Conventional programming languages include program functions, which are
similar to procedures but can be used as as terms. Functions that do not update
the global state are supported in the SPARK Ada subset and the approach used
there could be applied to extend our language.

Procedure Parameters Pascal and related languages'? allow procedures to be pa-
rameterised with procedures. Support for procedure parameters in our language
appears achievable. The language specification associates a procedure name with
the specifying statement. rather as a variable name is associated with its type.
Thus a statement could be the type of a formal parameter of procedure type and
the refinement relation could be used for type containment.

Modules Abrial’s B-Tool/AMN demonstrates that a verifiable language can include
comprehensive ‘modular’ constructs.

Object-Oriented Features The mechanisms of class extension by inheritance are not
monotonic with respect to refinement, since an extended class cannot necessarily
be implemented using the implementation of its base class. For this reason, the
addition of object-oriented features to the refinement calculus is still an open prob-
lem. However, it is notable that some of the B-Tool/AMN machine combinators
are not monotonic, but are still useful for constructing specifications.

6.3.2.5 Program Transformation and Angelic Non-Determinism

Two limitations of the approach described here follow from the use of a single built-
in rule for refinement, based on the characterisation theorem. Firstly, our approach
is more suitable for top-down refinement than for more general program transforma-
tion. Secondly. the use in our language of statements with angelic non-determinism is

precluded?®.

Program Transformation Some techniques of program transformation, which may
be based on refinement, extend the top-down approach, in the sense that transforma-
tions are applied to possibly large program fragments generated by earlier transforma-
tions. Although our approach allows ‘nested refinement’ (i.e. refinement of a part of a

191t is notable that Ada83 is an exception, although procedures can parameterise ‘generic’ packages.
20More precisely, such statements could be introduced but there would be no way to eliminate them.
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program introduced by an earlier refinement). it is likely to result in large verification
conditions. It is possible that our approach could be extended to provide better support

for transformational techniques.

Ward [War92] describes a recursion removal transformation. Using transformation. the
derivation of iterative algorithms proceeds from a recursively defined specification. to a
recursively defined procedure and then. by recursion removal. to an iterative algorithm.
This approach is demonstrated on the Schnorr-Waite graph marking algorithm, with
a data refinement applied before the recursive removal step [War96]. Gravell [Gra91]
describes a technique for refining abstract program which are then specialised by in-
troducing appropriate assumptions. He notes that this technique applied in a purely
top-down manner does not lead to efficient programs and that transformations are
required following specialisation. Butler [But97] describes transformations from trees
enriched with paths to trees implemented by pointer structures.

Angelic Non-determinism Back and von Wright [BW89a] introduce an angelic
assignment statement v := v’ - p. This statement is the dual of the non-deterministic
assignment used here, in the sense that it is strict (i.e. non-terminating) rather than
miraculous and the non-determinism is angelic rather than demonic. Back [Bac89]
presents a method for data refinement using statements with angelic non-determinism.
Operationally, angelic non-determinism can be considered to represent back-tracking.
Statements with angelic non-determinism can also be used to structure a program

refinement [Hes94].

6.3.3 Subtypes and Dependent Types

A novel feature of our refinement language is its type system. In the introduction, we
explained how the choice of subtypes and dependent types was motivated by the poten-
tial for efficient theorem proving in the presence of ‘partial’ functions. In this section,
we review the use of the type system, especially for representing programming languages
and consider the practical acceptability of type correctness proof obligations. The prop-
erties of our type checker are reviewed and some criticisms of predicate subtypes are

examined.

6.3.3.1 Programming Language Features

Subtypes and dependent types allow programming language features that are normally
represented by partial functions to be represented as total functions. Finite range
numbers appear in the example of Section 4.2; arrays, pointer and strings can also be
modelled (see Sections B.4, B.6 and B.8).
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Type Checking in Context in Programming Language The use of context in
tyvpe checking (see Sections 3.1.5 and 9.4.5) can be realised in a programming language
by lazy evaluation of the propositional connectives. For example, since q is tvpe checked
assuming p in the conjunction p && q. q should only be evaluated when p evaluates to
true. Logical operators in the C programming language have this behaviour: Ada also
provides lazy (or left-right) logical operators.

A-abstractions in Programming Languages The use of a language based on the
typed A-calculus provides a way to represent expressions which require special treatment
in standard programming languages. For example. since an array is a function, a A-
abstraction provides a convenient representation for an array value:

(\x: upto 10 @ IF x = 0 THEN 0 ELSE
IF x :: 1 to 4 THEN 1 ELSE 2 END END)

‘Aggregate’ expressions in Ada are similar to this. except that the bound variable is

implicit.

Array Range Errors The use of subtypes matches the constraints of a programming
language. Consider the example of an array access. In a programming language any
occurrences of A i where the index 1 is out of range can cause non-termination even
if the effect of the statement does not depend on the value of the array at the illegal
index. It is therefore appropriate to show the absence of any such accesses by type

checking.

Definedness in the Refinement Calculus In Morgan’s refinement calculus [Mor94,
§6.7], undefined expressions do not cause statements to abort. For example, the refine-

ment:

z:[z=1/0]Cx:=1/0
is valid: 1/0 is a number, even if we do not know which one. This provides a convenient
development method and uniform semantics (in particular, the statement on the left
hand side of the refinement terminates. so the one on the right must too).

Since division operators in programming languages do not have the required property,
the statement = := A/B is not code. Instead, partial expression are code only when

accompanied by a suitable assertion, here:
{B#0};2:=A/B

In our approach, these same assertions would be sufficient to discharge the proof obli-
gations for type correctness. One advantage claimed by Morgan is that assertions are
only required for code rather than for every occurrence of a partial expression. As the
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example of Section 4.2 shows that partial expressions can be introduced as the final
refinement step, so that the number of checks required is similar. It is not known if
Morgan’s approach has been implemented: the description given above would need to
be elaborated to allow for all the contexts in which partial functions can be used.

Arrays in HOL In an example derivation using the Refinement Calculator [BGL*97.
‘Sorting an Arrav’|, Butler et al. use a HOL array type (a)array which is polymorphic
on the type o, with the following functions:

size : (a)array — num
lookup : (a)array = num — (a)array

In HOL all functions are total, so lookup a 1 is a nurn whether or not ¢ < (s1ze a). Asa
result, it may be possible to prove that a program which accesses an array out of range
is correct. Taking Morgan’s view, it could be said that lookup a 1 is only code in the
context of © < (size a). In the derivation, lookup a 1 is only used in this context, but
the HOL type svstem alone does not ensure this.

6.3.3.2 Type Correctness Conditions and the Use of Subtypes

The examples of Chapter 4 show that subtypes can be used without type correctness
conditions arising in unacceptable quantity or of unacceptable complexity. Reducing
the number of type correctness conditions requires care by the user. Some guidelines

are:

(i) the arguments of a function should belong to a subtype only when the type cor-
rectness of the function’s definition requires this and not just because the intended
use of the function suggests the use of a subtype,

(ii) subtypes are not needed for the argument of a predicate, since the necessary type
context can be created with the body of the predicate,

(i) type annotations should be used to simplify inferred types, and

(iv) types should be declared to belong to TYPE1 whenever appropriate, since the
inhabitation property is built into the type checker.

The effectiveness of the our approach depends on the type injection rules (see Sec-
tion 9.4.6, the simplifier and their interaction. Consider the following declarations:

p:A -> Bool ; q:A -> Bool ;
S == {p} ;

T == {q} ;

R == {r:S | q r}



A term of type R will be accepted wherever either S or T is required. but the mechanism
differs. In the first case. S is the base type of R: this is relationship is captured in the
type injection rules. In the second case, both T and R are characterised by the predicate
g, resulting in a type correctness condition of the form q x => q x which is removed
by the simplifier. To benefit from this simplification, T and R must be characterised by
the predicates which are syntactically identical and not just semantically equivalent.

6.3.3.3 ‘The Trouble with Predicate Subtypes’

In their evaluation [LP98] of types in specification languages. Lamport and Paulson
point out three potential disadvantages of predicate subtypes.

1. A well-typed expression may contain sub-expressions which are not well-typed
out of context, restricting how one can decompose definition. As an example they
give the definition

P2(i-j>0)= (A - jl = A - j])

where 1, 7 are variables (defined elsewhere, not bound variables of the definition)
of type N, A is an array of type N— N and “—" has tvpe Z x Z — Z. While this
definition is well-typed, in the pair of definitions

Q=(Ali—jl=Ai—y])) P=(-720)=0
the first definition ) is not well-typed. In our notation, we could write
Q (i:Nat) (j:{(>=) i}) == A (i - j) = A (i - 3)

which, at the expense of a type declaration, precisely specifies the type checking
required to permit this decomposition.

2. The context for the type-correctness of an expression in a programming statement
must be established. The following example is given:

initially n = 0;s =[]
do true — n:=n+1;s:=s@ [42]

O
n>0 — n:=n-—1;s:=Tal(s)

Lamport and Paulson note that the function T'ail must be applied to a non-
empty list; in the example this follows from the loop invariant n = Len(s) and
they conclude that, in general ‘the type declaration of the program variables will
have to encode an invariant of the program’. The opposite approach is taken
here: the loop invariant, which is part of the loop syntax, contributes to the type
context (see Section 11.10) for type checking terms in programs. As a result, this

example presents no difficulty.
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3. The logical inference rules for languages with predicate subtvpes are complex.

The first two of these points are resolved in the approach described here. although tyvpe
annotations may be required. We consider the acceptability of these tvpe annotations
to be a pragmatic issue which must be resolved by users.

The rules for type checking in context do complicate the logical inference rules in a
language of predicate subtypes. This needs to be set against the simplicity achieved by
ensuring that all functions are total. The development of logical inference rules taking
account of subtypes is not addressed in this thesis.

6.3.3.4 Completeness of the Type Checker

We note here a small limitation of our type checker. In some circumstances. unprovable
tvpe correctness conditions are produced for terms which might be considered to be
well-typed. Consider the following example:

IF_T (b:Bool) (A:TYPE) (B:TYPE) == IF b THEN A ELSE B END ;
¢ : Bool
AXIOM C c ;

type_ok == 0 : IF_T c Nat Bool ;

n : IF_T ¢ Nat Bool ;

not_type_ok ==1n : IF_T c¢ Int Bool

N v

The constant type_ok requires 0 to type check as IF_T ¢ Nat Bool, which causes
no difficulty. However, the constant not_type_ok effectively requires the type checker
to infer that IF_T ¢ Nat Bool is a subtype of IF_T ¢ Int Bool. This results in an
unprovable type condition:

OBLIGATION not_type_ok_ccl ==
(c => IF_T ¢ Nat Bool = Int) && (not c => IF_T c Nat Bool = Bool)

This problem arises because, as noted on page 127, the type injection rules use equality
where a subtype relation is required. If this were expressible in our language, the type
correctness condition would become:

(¢ => IF_T ¢ Nat Bool SUB_TYPE Int) &&
(not ¢ => IF_T ¢ Nat Bool SUB_TYPE Bool)

An alternative approach would be to extend our language to include type assignment
and subtype as terms. In this case, t HAS_TYPE T would be a boolean term, true if t is
an element of the type T. The inference rules for this extended logic would include both
the rules for type assignment and the existing logical inference rules. This would allow
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the type checker to return a type correctness condition using SUB_TYPE or HAS_TYPE
when none of the existing rules allowed it to proceed. We do not consider that the
practical effect of this change would be very great.

This problem may not arise in PVS. The syntactic distinction between terms and tyvpes
prevents the construction of an equivalent of IF_T. The price is the use of parametric
theories and overloading. Adding HAS_TYPE and/or SUB_TYPE to our language would
allow PVS’s type judgements to be stated as axioms. distinguished only by the tvpe
checker’s special use of them. Type judgements in PVS appear to be special extensions
which do not form part of the logical language itself.

Since Veritas integrates type checking and logical inference. it is not expected that
this problem would arise in Veritas. However. interactive type checking is likely to be
required in cases equivalent to the one shown above. Indeed. as noted in Section 6.2.2.
Veritas include a term o C ¢’ expressing the subtype property, equivalent to

Vvio-H 0 -v=1)

Tvpe membership can be characterised in a similar way: the theorem required to show
that 7 has tyvpe o (possibly different from the inferred type) is

(v:io-7=v)

If Veritas’ rule for the formation of equality is used, type correctness conditions of
these forms could be generated by the type checker. The price to pay would be weaker
well-formation checking, since 3 = false would become a well-formed term.



Part 11

Language Specification
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Chapter 7

Overview of the Language
Specification

7.1 Objectives of the Language Specification

The language specification covers the abstract syntax, well-formation rules and the
‘proof semantics’, showing how the proof obligations for type correctness and refinement
are generated. The objectives of the specification are to:

(i) provide a rigorous definition of the language,

(i) specify the essential functions of the prototype tool.

During the development of the language, ideas have been examined and refined using
a combination of small examples, formal specification and tool development. All have

been found to be useful.

The specification does not exhibit a model of language, which could be used to prove
soundness properties. For the term language, a set-theoretic model could be used; for
the statements a structured operational semantics or denotational semantics would also

be appropriate.

7.2 Language Components

The abstract syntax of the language contains the following principal categories:
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identifers

terms, including tvpes and predicates
declarations, including data types.
statements, including refinement trees.

units, including theories and refinement texts.

TPy N

7.3 Structure of the Specification

The structure of the specification is strongly influenced by the treatment of variables
and substitution. Variables may stand either for terms or for statements. In particular.
quantifiers and A-abstractions introduce variables standing for terms. while procedure
declarations introduce statement variables.

Substitution of variables is widely used in the specification of the language, for example
to explain the meaning of assignment statements. Care must be taken to avoid variable
capture: the common solution — renaming variable during substitution - turns out to be
complex (an earlier version of this work [Mar95] used three variants of substitution), in
particular because the statement defining a procedure can contain both term variables
and statement variables.

7.3.1 Depth Indices

To avoid these complexities, we use De-Bruijn or ‘depth’ indices [Bru72] instead of iden-
tifiers to represent variables. As well as avoiding variable capture, the use of indices
makes a-conversion unnecessary. A depth index is a natural number, written 0, 1, 2
...or 1. Using depth indices to represent the term (Az : N.(Ay : N.z +y)), the variable y
in the subterm z + y is represented by 0 since y is introduced by the innermost abstrac-
tion and the variable z by 1 since z is introduced by the next abstraction outwards.
The complete representation of the term is then (AN.(AN.1 + 0)).

7.3.2 Translating from Identifiers to Indices

There are two variants of each syntactic category. In the first variant, which models the
concrete syntax, variables are represented by identifiers (from the set I). To distinguish
this variant, a subscript z is used: 7,, D,. In the second variant 7;, D; ... variables are
represented by depth indices. Variables can occur free in both terms and statements.
Variables are only introduced as bound variables, in syntactic forms such as the A-
abstraction or the procedure declaration. As a result, the terms used in declarations
and the statements used in a refinement text are closed, containing bound variables but

no free variables.

The language specification has two steps:
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(i) a translation or encoding from a syntax with identifiers to a syntax based on

indices.

(11) specification of well-formation. type checking and refinement checking on terms
of the abstract syntax using indices.

The representation of constants also differs between the two variants of the abstract
syntax. In the syntax with identifiers, directly visible constants are represented by a
single identifier while indirectly visible constants have a theory identifier prefix. In the
abstract syntax with indices, all constants are represented by two identifiers.

In the syntax with identifiers, directly visible constants have the same syntax as vari-
ables. The encoding step checks the visibility of identifiers and distinguishes variables
from constants; in the syntax with indices variables and constants have distinct forms.
Moreover, the distinction between direct and indirect visibility exists only in the syntax

with identifiers.

7.4 Notation

The notation used for the formal parts of the specification is based on simply typed set
theory. The notation is similar to Z [Spi89] but with simplifications and less formality;
schemas are not used. A boolean type is used.

The same notation is used for the object language and the meta-language. We rely on
the context to make the necessary distinction.
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Chapter 8

Environments, Declarations and
Theories

In this chapter, declarations and theories are described. Each declaration is checked in
the context of the preceeding declarations. This context is described by ‘environments’
which are introduced first. Only the simpler declarations are described in this chapter;
description of the datatype declaration is postponed to Chapter 10.

8.1 Environments

Two environment structures are required:

The visibility environment provides the context for the translation from the ab-
stract syntax with identifiers to the variant with indices. The environment allows:

1. identifiers representing variables to be converted to depth indices, and
2. the visibility of constants to be checked, determining the theory in which a

directly visible constant is declared.

The type environment provides the context for checking the well-formation and the
correctness of a refinement text. The environment allows:

1. the type of a variable to be determined

2. the type of a constant to be determined and, when applicable, its definition

as well.

Both of these environments are outlined below. Full details are built up in succeeding

chapters.
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8.1.1 The Visibility Environment

The directly visible constant identifiers (from Z) are mapped to the identifier of the
theory in which they are declared by the function é € VisDir == 7 -» Z. The set of
directly visible constant identifiers is dom ¢.

The function ¢ € VisInd == I - PZ maps a theory identifier to the set of constants
which are indirectly visible within the theory. The set of visible theories is therefore
dom ¢, while the constants which are indirectly visible are J{ { € dom¢ - {z : ¢ - {.2} }.

The function v € VisVar == 7 -» N maps a variable identifier to a depth index. The set
of visible variables is dom . The complete environment combines these components.

p € VisEnv == VisInd x VisDir x VisVar

The following properties are maintained for (¢, 4, ) € VisEnv.

1. The sets of directly visible constants and visible variables are disjoint:
domdNdomv =

The same identifier may be used to name a theory as well as a constant or a
variable. This is permitted since a theory identifier can only be used as the prefix

of a constant name.

b2

No theory is both directly and indirectly visible:
Ve:domé -6 ¢ ¢ domv

This rule ensures that there is a unique way to refer to a constant.

Adding a Variable to the Environment We define an operation _ + _ to add a
new variable identifer to the visibility environment p : VisEnv:

(t,o,vy+x = (t,{z}<€d,(MIn:N-n+1)ov)d {z— 0})

The new variable z has index zero; the indices of other variables are increased by one.
The new variable masks other uses of the same identifier.

8.1.2 The Type Environment

The type of a variable is a term, the ‘type’ of a statement variable is a statement!.
Constants may have a definition as well as a type.

VType == Var 7T, | Proc S,
CType == Dec T;| DefnT; T;

In Chapter 11 it is described that each statement variable stands for a statement.
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The function k € ConTyp == I xI—CType maps constant identifiers — always prefixed
with the theory name - to constant tyvpes. The sequence v € VarTyp == seqV Type
contains the types of the variables: the type of the most recently declared variable 0 is
at the head of the sequence. The type environment p € TypEnv == ConTyp x VarTyp
combines the variable and constant types.

Adding Variables to the Environment We define an operation _+ _ to add a new
variable to the type environment p : TypEnuv:

(kov)+t = (s, (Vart) " v)
(kov)+s = (k,(Procs) " v)

The second case applies to statement variables X', the first case to “ordinary’ variables
z. We rely on the context to resolve the overloading of the _ 4 _ operation.

Environment Lookup The _!'_function returns the type of a variable or constant.
The function is overloaded? for the two sorts of variables.

(ko) ! = t*" wherev!li=Vart
(ryv) ! ] = s where v!'[ = Proc s
(k,v)Mle = where x [.c = Decl
(k) e = where x l.c= Defn t' ¢

~~ ™~

Note that the type of a variable may itself contain variables. The function _* is used
to adjust the depth indices so that the context is correct — see page 121.

8.2 Simple Declarations

Constants A declaration can introduce a constant in two ways: either by giving a
name to a defining term (z == A), or by giving a name to a term with a type but
without a definition (z : A). The second form of declaration assumes that a term
with the specified type exists; if this is not the case the declaration introduces an

inconsistency.

Axioms and Theorems A declaration can introduce a formula which is either as-
sumed to be true (an axiom) or can, it is conjectured, be proved to be true (a theorem).

2Note that the notation is further overloaded: the i** elment of a list I is { !! 4.
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[z == tﬂi,a = lx==[t] ;, provided r ¢ dom$
[z : tﬂi,& = la:[t] ;4 provided z ¢ dom§

[formulaz == ﬂ]i,a = formula [t] ,,

[di: o]’ = [di] ;: [d]. 5 where &' = decl_id, s d,
dﬁcl_idtvgl (I i 1) = 5%(1’1)

decl_id, s (x == 1) = 0&(x.l)

decl_id, 5| formulaz ==t = 4§

decl_id, 51 (dy: dy) = decl_id, 5| dy where §' = decl_id, 1 d,

Figure 8.1: Encoding of Declarations

8.2.1 Abstract Syntax

The abstract syntax of declarations with identifiers is:
D,=Z==7T,|7Z:7;| formulaz ==7, | D,; D,

The abstract syntax with indices has exactly the same form, except that the axiom and
theorem identifiers are discarded®. The theory identifier is made explicit.

D;=(Z,1)=="T;| (Z.Z):T; | formulaT; | D;; D;

8.2.2 Visibility in Declarations
The rules for the visibility of identifiers in declarations are:
(i) the identifiers introduced in a declaration must not already be directly visible,
preventing redeclaration of constants, and
(i1) the identifier introduced in a declaration is directly visible in succeeding declara-
tions.
Redeclaration of constants is prevented to avoid the meaning of terms varying with
context. The encoding of declarations is described by the functions:

[]-: VisInd x VisDir -1 - D, - D;
decl_id_: Visind x VisDir — I — D, — VisDir

3Axioms and theorems cannot be refered to in other declarations; their identifiers can therefore be
taken from a separate namespace. We omit the specification of the uniqueness of each theorem name,

since this is not required for type checking.
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type_ok 1
type_ok, ot A kind_or_type(type_inf, 4t)

decl ok, l.x ==1
decl ok, l.x : 1

decl_ok,formulat = type_ok, 4t Ais_boolfun_type(type_inf, ot)
decl_ok . (dy; d3) = decl ok, dy N decl_ok, d; where r' = decl _type, d;
decl type, l.x : t = k%E((l.z),Decl t)

decl type, l.x ==t = k& ((l.x),Defnt type_inf, 4t)

decl _type, formulat = &

decl_type . (d;; d3) = decl_type,, d, where k' = deel _type, dy

Figure 8.2: Well-Formation of Declarations

where ﬂcl]]i»g 1s the encoding of the declaration d, in the theory [ and in the environment
t,6. The function decl_id describes how declarations add identifiers to the environment.
The encoding of a term ¢ is [t], - see Section 9.3. The specification of these functions

is shown in Figure 8.1.

8.2.3 Well-formation of Declarations

The well-formation rules for a declaration d € D; are:

(1) the defining term ¢ of a definition £ == ¢ must be well-typed,

(ii) the type of the term ¢ used in a declaration x : ¢ must be * or O; this is the same
rule as is applied to bound variable declarations in A-abstractions, and

(iii) a term used in an axiom or theorem must be a boolean, or a function to a boolean.

The final rule allows an axiom or theorem declaration to have arguments, forming an
‘axiom scheme’. In effect, there is universal quantification over each argument. The
well-formation of declarations is described by the function decl_ok and decl_type, which
describes how each declaration is added to the environment:

decl_ok_: ConTyp +» D; » B
decl _type : ConTyp — D; — ConTyp

The specifications are in Figure 8.2. The functions type_ok, and type_inf, check the
well-formation of a term and return its type respectively: see Section 9.4. The functions
kind_or_type and is_boolfun_type are declared in Section 9.4.7.
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8.3 Theories

Declarations are grouped into theories which can be given names. In this section. a
very simple treatment of theories is given, in which:

(1) all declarations in a theory are exported.

(ii) a theory may import other theories either directly (indicated by the kevword SEE)
or indirectly.

If a theory is imported directly. then all the constants from the imported theory are
directly visible; otherwise all the constants must be prefixed with the theory identifier.
This is a simple approach, providing some control over the name space for constants.
A more elaborate approach, similar to that used in the language Haskell [PE97]. would
allow a subset of the declarations in a theory to be exported. The most important
aspect of our treatment is that the distinction between direct and indirect visibility
affects only the translation between the two versions of the abstract syntax. As a
result, elaboration of the rules for import/export would not change the rules for type

checking.

8.3.1 Abstract Syntax

Theories belong to the category U of units. The elements of a theory are its name,
the names of directly imported theories and a declaration. A second form of unit is
introduced in Chapter 12. In the syntax with indices, the theory identifier and the list
of directly imported theories are not required.

U, = theoryZ seqZ D, | ... U; = theoryD; | ...

Texts A sequence of units form a text: Text == seqld.

8.3.2 Visibility in Theories
The rules for the visibility of identifiers in theories are:

(i) the identifier used to name the theory must be different from existing theories,

(ii) the list of theory names to be directly imported must be disjoint and all must be

visible, and

(ii1) the identifiers of constants declared in the directly imported theories must all be
different.
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[theory! (s d], = theory{[d]]f,ﬁ
provided [ ¢ dom: A ls € iseq A
disjoint ({ €ls -t )N (Vs -1 € domy)
where d =U{/lels- (Ax::0-1)}

d=1ls<g.
[O1, = ()
[(u) ~ us], = ([u],) = [us], where /' = unit_id, u

unit_id, theory!l is d = ¢ U{(l.dom(¢' > {l}))} where & = decl_id, 4 d

Figure 8.3: Unit and Text Encoding

unit _ok,.theoryd = decl_ok.d
units_okg() =t
units_ok (u) = us = unit_ok.u A units_ok, us

where &' = unit type,_u

unit_type, theoryd = decl type, d

Figure 8.4: Well-fromation of Units and Texts

The encoding of a unit u is [u] , where ¢ : VisInd is the environment. Similarly,
the encoding of a text us is [us],. The function wnit_id : Vislnd — U, — Visind
describes how a unit add identifiers to the environment. These functions are specified
in Figure 8.3.

8.3.3 Well-formation of Units

A theory unit u is well-formed unit__ok, if the declaration it contains is well-formed in
environment x : ConTyp. The well-formation of a text follows in the obvious way; the
specifications are shown in Figure 8.4. Note that the empty text is well-formed in the

empty environment.
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Chapter 9

Terms

The language of terms is based on the language AC described in Chapter 2. We start
by introducing and motivating some extensions to AC. Sections 9.2 and 9.3 cover the
abstract syntax of the term language and the rules governing the visibility of identifiers.
Section 9.4 describes an algorithm for type checking terms. The final section enhances

the algorithm to report type errors.

9.1 Using the A-Cube

The AC language is extended with logical operators, quantifiers, new terms for condi-
tional, equality, subtype and choice!. Three methods of extending AC are available:

(1) conservative extension, where new terms are defined from existing terms,

(ii) declaration, where new terms are declared but not defined; axioms are needed to

specify their properties, and

(iii) extending the syntax of AC with new forms, with type assignment rules following
the pattern of Figure 2.1 on page 11.

A combination of these methods is used below and some alternatives are evaluated.

9.1.1 Extensions to A\C

Figure 9.1 shows the type assignment rules for the following new terms.

Conditional A conditional term is introduced.

1Some further terms associated with datatypes and recursion are added in Chapters 10.
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'tp:B Tha:4A T'kFd: A

(Conditional) T condp a a1
I'kp:(Ilzr: AB)
(Forall) vy B
. ['Fp:(Ilz: AB)
(Exists) NEETE
. 'Fa:A T'Fd: A
(Equality) FFa=d:B
: " {0, .
(Conversion rule’) LeA ? o I:lf__ g, {0 provided B = B’
(Subtype) LPpas I(ﬂH:{ ;B}) ‘ qr T provided s € {0, %}
4 f18
L F'Fa: A .
(Injection) T o {pr] provided p4 «
; : C A A:q0 .
(Choice) LEp:(la F%—IBi)p _FAF_ 1:40.#) provided (Ja: A.t)

Figure 9.1: Type Assignment for AC Extensions

Forall and Exists Universal and existential quantifier terms V and 3 are introduced.
We use conventional syntax for the quantifiers, writing (Vr : A.p) instead of
Y(Az: A.p).

Equality We introduce an equality operator term - = _. In addition, the conversion
rule of Figure 2.1 is changed to allow a type to be replaced by an equal type, rather
than only by one that is J-convertible. Unlike the requirement of 3-convertibility,
the equality proviso B = B’ is not decidable.

Subtypes The subtype term { ps } has two type assignment rules: the second rules
show how an element of a subtype is formed. The proviso ps a states that the
term a must satisfy the predicate py which characterises the subtype. We write
{t:T|p} as an alternative to { (At : T - p) }.

In Section 3.4.1. the sort of inhabited types is declared:
typel={T:%|(3T-t)}

It is notable that a subtype defined from an inhabited type is not necessarily
inhabited. Thus {¢: T | f } has type *, even if T : typel.

Choice We introduce a choice term €, which selects a value from a type satisfying a
predicate (or an arbitrary term from the type if the predicate cannot be satisfied).
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In the syntax ¢ is treated as a quantifier so that (ex : A.p) may be written instead
of e(Az : A.p).

Choosing an arbitrary term from a tvpe could cause inconsistency since not all
tvpes are inhabited. As noted on Page 12, there are uninhabited types in AC even
without the introduction of subtypes. To avoid this problm. we require the type
from which a term is chosen to be inhabited.

9.1.2 Initial Context

The type assignment rules of Figure 9.1 refer to the boolean type B, even though this is
not a term. We assume that tvpe assignment is carried out in an initial context which
provides this type and the logical operators. The boolean type and constants t (true)
and f (false) are declared:

B:x t:B f:B
Axioms are required to specify the properties of the boolean type. The propositional

operators are defined as follows:

p=q = condpgt
—-p = p=>f

pAg = —(p= —q)
pVg = —-p=gqg
pPeqg = p=qhg=p

9.1.3 An Alternative Approach

The extensions described above can be achieved without introducing any new terms
except the subtype constructor?. One possible definition of the boolean type and asso-
ciated definitions and declarations are:

* —> ok —> *
(AA % AB : *x.A)

(A xAB : *%.B)

(Ap :B.Aqg :B.AA % B :*.p(q A B) A)
(AA:xAp:BA : Adu: Aptu)

T x—=T—=T—=DB

AT :x-Af: (T—>B)- f=(Aa:A-t))
(AT 2% - Af: (T —B) - ~(Va: A-=(f a)))
T:{U:%|(Fu:U-t)}>(T—-B)->T

N0 e e

el

@]

Q

fan]
A<l ad o s

Axioms would be required to specify the properties of equality and the choice term.
As a practical way of providing logic, these definition have the disadvantages that the

“Even the subtype constructor can be modelled by a declared function.
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boolean type is parameterised by arbitrary types and. further. its representation cannot
be hidden. Two further difficulties of using these declarations and definitions arise from
the functions cond, =, ¢, ¥V and 3 needing a tvpe argument.

1. To universally quantify the predicate p : A — B, where A : *. the application V A
must be used.

The functions such as V and = are polymorphic over elements of the sort * only.
Similar quantifiers could be defined for other sorts, such as predicates on kinds.
such as p : *x = B. This approach would lead to a familyv of quantifiers V4, V.,

o

V*-—)*a :

The first difficulty can be overcome using implicit arguments (see Section 3.2.3) so that
the type parameter can be omitted in practice, but the second difficulty remains.

9.1.4 Consistency of Extensions

It is possible that extensions to AC could make the language inconsistent, in the sense
that models of the extended language require terms to be identified which are not
identified in models of AC. We argue informally that the extensions we have made to
AC do not have this effect, because the effect of the extensions can be created in the
unextended language, so that the ‘extension’ adds nothing new.

The equality term A = B adds to the object language the meta-language concept of (-
equivalence, with the restriction that only terms of the same type can be compared for
equality. The additionals of axioms of equality could make the language inconsistent.

A subtype can be modelled by a type paired with a predicate: the subtype {pa} is
modelled by (A, pa). A function on the subtype f : (II{pa}.B) can be modelled by a
function f': (IIA.B) which corresponds to f for values of A satisfying p and is arbitrary
elsewhere:

f'=(a: A cond(pa) (fa)-)

This approach requires expressions involving the application of a function from a sub-
type to be re-written to make the subtype constraint explicit. For example f a = b
becomes p a A f" a = b. Thompson show in [Tho92] that in the constructive theory of
types subtypes can be modelled by the existential type. In constructive type theory,
propositions are equated with types. The proposition (type) (3= : A - B) has member
(a,p) where a : A and p : Bla/z] is a witness of the fact that proposition B holds for
a. As a result, the existential quantifier can be thought of as forming a subset of A.
Elements of the subset are accompanied by the proof of membership.

The existence of empty types needs to be taken into account in the logical rules. In
particular (V¢ - p) holds for any p if ¢ is empty; conversely (3t - p) is always false.
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T; T
kind sort 0

tvpe sort *
variable® T {
constant [.a

application T T

abstraction Az : 7T - T AT - T
product o :T-T a7 -7
forall YT

choice eT

conditional cond7 T T

equality T=T

subtype {T}

annotation 7T typed T

Notes: 1. Where T, is not shown it has the same form as T,.
2. The annotation term is introduced in Section 9.4.2.

~e

Figure 9.2: Abstract Syntax of Terms

9.2 Abstract Syntax

Figure 9.2 shows the abstract syntax of the terms language. Compared to the forms
described in Section 3.1, we omit the existential choice since its treatment follows from
that of the universal extension. The numerals are also omitted. Two versions of the
abstract syntax are shown: 7, has identifiers and resembles the concrete syntax, while
7: has indices, as described in Section 7.3.1. In the figure, z is an identifier, the index
7 1s a natural number and ¢, u, f, a are terms.

Free Variables Let ¢ be ¢ (A7 - k£ Q) where 7, 7, k are indices, greater than zero. The
free indices of ¢ are 7,57 and k — 1; the index 0 is not free since it is bound by the

abstraction. The free variables of ¢ are denoted by ¢ ¢, satisfying:

(At u) = otU{i—1]ieduni>0}
ol = {1}

® is defined similarly for other terms.

3In 7, a constant may represented by x or [.z; a variables is represented by z. In 7;, all constants

are represented as [.z.
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Adjusting Indices The index of a variable depends on the scope in which the variable
occurs. When the scope of a term is changed. indices need to be adjusted. We denote
the term ¢t with depth indices incremented by one as t*. The increment operation _*
only increments free indices, so that for the term ¢ = (AN - 1 + 0). the term ¢* is
t = (AN - 2+ 0). We use the notation (™" for the increment applied n times. The
inverse to increment is decrement, written ¢~ and /~". A term ¢ cannot be decremented

if 0 is free in t.

Substitution The term ¢ with the variable at index 7 replaced by term u is written
t[7 := u]. When 1 is zero, this is abbreviated to #[u]. The substitution operator [ := ]
does not need to rename variables to avoid variable capture, since variables are not
used. However, it is necessary to adjust the indices in the substituting term whenever
the context changes. The most important parts of the specification are as follows:

(M-u)[i=v] = (Mi:=v]-ui+1:=2v7))
i[i:zv] = g ifj#:
= v ifj=1
H-reduction (see page 129) provides an example of the use of substitution. The reduction
of a (curried) function of two arguments is:

(M. (AB-¢))ab ~ ((AB.o)[0:=a*])" b
= (AB[0:=aT]-¢[l:=a™?])" b
=
(

(AB[0:=a™] - ¢[l :=a™t?]) b%)~
[l := a*?][0 := bT?])~2

~

9.3 Visibility of Identifiers

A term is well-formed only if all the identifiers used in the term refer to a visible constant
or variable. In this section, the visibility rules for terms are specified. The visibility
rules are defined by the ‘encoding’ of terms from 7, as terms in 7;. Since 7; does not
contain terms refering to identifiers which are not visible, the side conditions to the rules
specifying this transformation determine the visibility of variables in the T, syntax.

The encoding for ¢ € T is [t], where p € VisEnv is the environment of visible constants
and variable, described on page 111. The encoding function is specified by (giving only
the case where 7, differs from 7;):

[z],5, = vz provided z € domv
[2],;, = l.@ provided z €dom 6Aéz =1
ll.z],s, = lz provided/ €domiAz €l

[Ae:t-w], = Alt], - [ul,,.
[Mz:t-u], = ], - [ul,,.
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9.4 A Type Checking Algorithm

In this section, we specifv an algorithm for non-interactive tvpechecking: terms are
parsed and typechecked, resulting in type error messages and lemmas, called type cor-
rection conditions, which must be proved to show that the type determined is in fact
correct. Type errors are considered in more detail in Section 9.5.

9.4.1 Overview

The basis of the typechecker is forward inference using the rules given in Figure 2.1,
with the additions of Section 9.1. To assign a type to a term, the sub-terms are assigned
types and then one of the rules is chosen to assign a type by combining the tvpe of
the sub-terms. However, the use of forward inference is not sufficient, because of the

following difficulties.

Context The ‘start” and ‘weakening’ rules which axiomatise the behaviour of contexts
cannot automatically be applied in a forward direction, unless the type of an

identifier is known.

Subtype Injection The subtype injection rule does not determine the subtype to be
used.

Conversion The conversion rule allows the type assigned to a term to be replaced by
any equal term, but does not determine this term.

Side Conditions of Type Assignment The subtype injection rule has a side con-
dition, requiring that a term injected into a subtype satisfies the characteristic
predicate of the subtype. Since these conditions are not necessarily decidable,
it is not possible for the type checker to ensure that the condition holds. The
side-condition of the conversion rule is similar.

We observe that some rules have two occurrences of the same type. For example, in the
rule for the formation of an application, the domain type of a function is both explicit
in the syntax and also inferred as the type of the function argument. As a result, when
forward inference is used to determine the type of the function term, the type of the
argument is also determined: backward inference is used to check that the argument
has the required type. The solution to each of the difficulties described above is as

follows.

Context The type of an identifier is determined from the type environment, described
in Section 8.1.2.
Subtype Injection The first step is to infer the type of each term without using the

rule for subtype injection. The type inferred is uniquely determined and will
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include a subtype only if this is explicit, for example as the tyvpe of a bound
variable. The functions type_ok and type_inf. specified below. describe this step.

When a term with redundant type information is encountered. both the required
and an actual types of one of the subterms will have been determined. Backward
inference of the type assignment rules is then used to determine if the required
type 1s valid for the subterm. The function inject_type specifies the backward
inference step. The rule for subtype injection may be used to inject a term into a
subtype, thus this step is called type injection.

Conversion The type checker uses rewrite rules. including 3-conversion. to convert
terms to a normal form, which is ‘partial’. The partial normal form is used when
two types are compared. The type checker also converts a term to partial normal
form before a type is inferred. Both these steps implicitly apply the conversion
rule. The rewrite rules are described in Section 9.4.8.

If there are axioms of equality other than (-reduction, the strong normalisation
result of Section 2.1.5 no longer holds. Terms with the same partial normal form
are equal, but other terms may also be equal. This is the reason for describing

the ‘normal form' as partial.
I

Side Conditions of Type Assignment Since the type checker cannot automatically
prove the side conditions which arise in type inference and type injection. type
correctness conditions are returned. Type correctness conditions arise from type
injection, specified by the function inject_type. The type correctness conditions
from all the subterms of a term and must also be included in the correct context:
the function tec describes this.

9.4.2 Type Annotations

We add to the syntax a mechanism for directing the type checker explicitly to inject a
term into a given type. It is convenient to treat this ‘type annotation’ as a term, with
abstract syntax:

Tu=...|T typed T

9.4.3 Type Checking

The predicate type_ok : TypEnv — T — B describes how the type checker determines
a type can be assigned to a term: type_ok,t is true whenever the type checker can
assign a type to term ¢ in environment p. The predicate is defined by the equations
shown in Figure 9.3. The definition makes use of the auxiliary functions is_product,
domain_of, kind_or_type and is_pred_type defined in Section 9.4.7. The definition
also uses the function type_inf, defined in Section 9.4.4, which gives the type assigned

to the term.
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type_ok , * = t

type_ok 1 =t

type ok, l.x =t

type_ok ([ a) = type_ok, f N type_ok a A
is_product(type_inf , f)

type_ok ,(At - u) = type_ok,t A kind or_type(type_inf t) A
type_ok ., u

type_ok (11t - u) = type_ok,t Akind or_type(type_inf 1) A
type_ok . u A kind_or_type(typc_inf ,;, u)

type_ok {t} = type_ok,t Nis_pred_type(type_inf 1)

type_ok (VY f) = type_ok, f Ais_pred_type(type_inf, f)

type_ok (¢ f) = lype_ok, f Ais_pred_type(typc_inf, f)

type ok (condp t u) = type ok, pAtype_inf p=BA
type ok, t A type ok ,u

type_ok ,(1 = u) = type_ok,t A type_ ok, u

type_ok (t typed u) = type_ ok, t A type ok, u A kind or_type(type_inf, u)

Figure 9.3: Specification of Type Checking

9.4.4 Type Inference

The function type_inf : TypEnv—T —T describes how the type checker determines the
type assigned to a term ¢ in environment p, given that {ype_ok ¢ is true. The function is
defined by the equations shown in Figure 9.4. The definition makes use of the auxiliary
functions domain_of, range_of and base_type_of defined in Section 9.4.7.

9.4.5 Type Correctness Conditions

The function tcc : TypEnv—T —T describes the type correctness conditions determined
by the type checker. The type correctness condition tcc,t must be proved to show that
the term ¢ is well typed in environment p, given that type ok, t. The function is defined
by the equations shown in Figure 9.5. The definition makes use of the auxiliary function
domain_of defined in Section 9.4.7 and the function inject _type defined in Section 9.4.6.
The function type_pred 1s defined below.

9.4.5.1 Context

In a number of cases, the type correctness conditions specified by tec have a ‘context
hypothesis’. These hypotheses are derived either from the logical structure of the term

or from type information.



type_inf , * = 0O

type_nf 1 = plli

type_inf , l.x = plliz

type inf ,(f ) = range of (type_inf , f) a

typeinf (At - u) = It - type_inf ., u

type inf (It - u) = type_inf,  u

type_inf {t} = base_type_of(type_inf (domain_of(typc_inf 1)))
type_inf , f = B

type anf = domain_of (typc_inf, f)

type_inf (t = u) B

(v
(e f
type inf (condp tu) type_anf 1
(
typeinf (t typed u) = u

Figure 9.4: Specification of Type Inference

tec, * =t
tec, 1 =t
tec, l.x =t
tee,(f a) = tce, f A tec,a A (type_pred, a =
inject _type, a (domain_of (type_inf, f)))
tee,(At - u) = tee,t AN (V- tec,q )
tee, (1Tt - u) = tec,t A (V- tecpqr u)
tec,{t} = tecpt
tee,(Vf) = tee, f
tee,(e f) = tec, f A (3domain_of(type_inf , f).t)
tee,(t = u) = tec,t Ndtec,u A
(type_pred ,u = inject type,u (type_inf t))
tec,(condptu) = tec,pA(p= tec,t) N\ (—p = tec,u) A
(type_pred,u = inject type, u (type-inf 1))
tee,(t typed u) = tec,t Atec,u N

(type_pred, t = inject type,t u)

Figure 9.5: Specification of Type Correctness Conditions
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Logical Context The type correctness rule for an implication term p = ¢ assumes
p when typing checking the term ¢. Intuitively. this is satisfactory since the value of
p = g only depends on the value of ¢ when p is true. The complete set of logical context
rules are shown below.

Term Context for p Context for ¢

p=4q p
phg P
pVg —p
condb p q b —-b

The context for A, V and = can be derived from the rule for cond using the
equivalences given in Section 9.1.2.

Type Context The type correctness rules for application, equality and annotation
include context deduced from the type of one of the terms. Consider the application
of a constant z : {p} to a function f: (II{p} - T): the type correctness condition must
show that z is in the domain of f, i.e. that p z, but this can be deduced from the type
of . The full type correctness condition is therefore p r = p x.

The type context of term ¢ is type_pred,, t where type_pred : TypEnv—T —T is specified
by:
type_pred ,u = lype_pred’ ,u (type_inf ,u)
where type_pred’,u {pa} = pun type_pred , u A
type_pred’ ,u U =t

9.4.6 Injecting a Term into a Type

The function inject _type : TypEnv — T -» T -+ T gives the hypothesis for injecting a
term ¢ into a type u. The hypothesis is inject_type,t u, provided that both types are
well-formed: type_ok 1, type_ok ,u, and that their kinds are appropriate:

type_inf ,t = type_inf (type_inf , u)
The function is defined by the equations shown in Figure 9.6. The definition makes use
of the auxiliary function domain_of defined in Section 9.4.7.

For some forms of U, the hypothesis for injecting ¢ : T into U can be rewritten to a
simpler form; a default case of inject_type, ¢ U applies otherwise, requiring 7' = U. The
weaker ‘subtype’ condition 7' C U would be sufficient condition but such a relationship

between types cannot be expressed in the logic.

Covariant Type Constructors Figure 9.6 include a case which applies to types
of the form F' A where the type constructor F' is covariant. If F'is a covariant type
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inject type ,t u = t provided fypec_inf, t = u

inject type, f (11t - u) = (domain_of (type_inf, f) =1t) A
(Vt. type_pred ., 0 = inject _type, ., (f* 0) u)
provided is_product(type_inf, f)

inject type,t {p} = ptAinject type,t (domain_of (type_inf  p))
inject type, t (condbu u') = (b= inject_type t u) A (—b = inject type, t u')
inject type,t (u typed v) = inject_type,u v = inject type,t u

inject _type ,t (F A) = (VA" inject_type,, 4, 0 AY)

provided type_inf t=F A
and F' is covariant

Otherwise, when none of the above cases apply:
inject -type , t u = (typeinf t = u)

Figure 9.6: Specification of Type Injection

constructor and A, A’ are types then elements of F' A are also elements of F© A’ if
elements of A are elements of A’. It is conjectured that the well-formation rules on
datatypes are sufficient to ensure that all datatypes have this property. The covariance
of the pair type constructor (see Section 3.4.2) can be built into the type checker using
the rule:

inject type, p ((PAIR) A fa) = inject type ,(fst p) AN
inject type,(snd p) (fa (fst p))

Not all type constructors in AC are covariant. In particular, the function type construc-
tor Il is not covariant in its first component: for example, elements of (IIN - N) are not
elements of (IIZ - N). This occurs since all functions are total.

9.4.7 Auxiliary Functions
The auxiliary functions used in the definitions above are defined below.

Sorts The function kind_or_type : T — B satisfies:

kind_or_type O =t
kind_or_type x =t
kind_or_type{ p» } = kind.or_type A

for other terms it is false.

128



Product Terms The predicate is_product : 7; — B holds for product terms:
is_.product(II7T - ") =t
for other terms it is false.

Predicate The predicate is_pred_type : 7; — B holds for product terms with range

type boolean:
is_pred_type(llT - B) =t

for other terms it is false.

Boolean Functions The predicate is_boolfun_type : 7; — B holds for the boolean
type or product terms boolean range:

is_boolfun_type(IlIT - ') = is_boolfun typel
is_boolfun_typeB =t

for other terms it is false.

Product Domain The function domain_of : 7; + 7; returns the domain tvpe of a
product term:

domain of (IIT - U) =T

Product Range The function range_of : 7; -+ 7; — 7; returns the range type of a
product term for a particular value in the domain type:

range of (IIT - U) t = U[1*]”

Base Type The function base_type_of : 7; — 7; strips constraints from a subtype:

base_type_of{ps} = base_type_of A
base_type_of ¢ = t

9.4.8 Rewrite Rules

This section describes the rewrite rules used by the type checker. The rewrite rules
define a reduction function; the type checker uses lazy evaluation of this so that a re-
duction is only made when necessary. This preferable, since the expansion of definitions
in reduction may cause a term to become very large.

The reductions implemented in the typechecker are:

Standard Conversions These are F-reduction and n-reduction:

(A -b)a ~ b0:=a*]”
(M -b0) ~ b~ provided 0¢ @b

Since terms are represented using indices for variables, a-conversion is not re-

quired.
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Expansion of Definitions Reduction replaces a defined identifier by its definition. in
the type environment p = (r,v):

[.r ~t where v l.o0 = Defnt T

Conditional

condttu~1 condftu~u

Annotation An annotation can be discarded:

u typed U~ u

Pairs The following reductions for pairs can be added:
](St ((pair A B) IL] 12)’\/) lll
snd ((pair A4 . B) 11 fz) ~ fg

Although pairs are not a basic form of term. there is no general technique for
making the typechecker aware of properties of declared functions.

9.5 Type Errors

A number of the type assignment rules have decidable premises, which are included in
the type_ok function. For example. the product rule requires that the type assigned to
each component of the product is either x or O. A type checker can signal an error if
this condition and other similar conditions are not satisfied.

However, other type errors, such as the application of the term 1 to a function on
booleans, would not be identified in this way. This occurs because this application can
be considered to be well-typed by using the conversion rule to convert the type of 1
from N to the required type B. The type correctness condition B = N results. We
describe an enhancement to the type checking algorithm which reports this as a type
error, avoiding unprovable correctness conditions.

9.5.1 Type Compatibility

We introduce the compatibility relation &~ between types which holds only if two types
are the same when subtypes are ignored. Inference rules which specify this relation are
shown in Figure 9.7, assuming that for ¢ ~ u, the type ¢ and v are in the partial normal
form. Figure 9.7 includes a case for all terms. This may seem unnecessary, since only
‘types’ are checked for compatibility and some terms, such as the A-abstraction cannot
denote a type. However, new constants can be introduced which construct types from
one or more arguments. To show that types constructed in this way are compatible,
the compatibility of their arguments must be shown and any term could be used as an

argument.
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(Equivalence)

(Abstraction)

(Product)

(Application)

(Subtype)

(Implies)

(Forall)

(Choice)

(Equals)

(Conditional)

(Annotation)

B
B

&I

A
A

A4 Ba B

(Az:A-B)=(\y: 4 B)

A~ A B=x P

MA-B=~11A"- B

[~[ amd

fau~ [ d

A~ A

{Alpt={A" | g}

prp A=xA" Br B

condp A Bxcond P' A’ B

A A

A typed B~ A’ typed B

Two types are compatible if they are identical, or they have com-
patible subterms or if they become compatible when subtype con-
straints are discarded. The ‘subtype’ rule can be applied when only
one type is a subtype by viewing any type as a subtype with the

constraint ‘true’.

Figure 9.7: Specification of Type Compatibility
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type_ok (f a) = type_ok, f A type_ ok, a A
let I’ = type_inf, f in
is_product ' A domain_of I’ = fype_inf a
type_ok,(condp t u) = type ok, pAtype_inf, p=BA
type_ok ;1 A type ok, u
type_inf ,t = type_inf ,u

type_ok ,(t = u) = type ok, t A type_ok ,u A
type inf ;1 = type_inf  u
type_ok (1 typed u) = type ok, t A type_ok, u A kind or_type(type_inf,u) A

type_inf ;1 # O A
type_inf (type_inf ,t) = type_inf ,u)

Figure 9.8: Specification of Type Checking with Compatibility

9.5.2 Type Checking with Compatibility

We choose to restrict the use of type injection to cases where the required type and
the inferred type are compatible; other cases are treated as type errors. This approach
restricts the occurence of unproveable type correctness conditions. Figure 9.8 shows a
modified specification of the type_ok function following this approach. Cases not shown
are the same as those given in the original specification, Figure 9.3.

9.5.3 A Summary of Type Errors

The type checker returns an error message whenever type_ok,t is false. Each possible
type error corresponds to one of the conjuncts being false, excluding those conjuncts
which are required to check that each subterm has a type. For each term, Figure 9.9
shows the conjuncts of type_ok, and describes the resulting type error.

9.6 Inference of Implicit Arguments

Implicit arguments of polymorphic functions are inferred by a simple form of unification
during type checking. In this section, an outline of the elaboration of the type checking
algorithm to infer implicit arguments is given.
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[ Term type ok conjunct Error

fa is_product pF f is not a function

fa domain_of F' = type_inf,a | the type of @ is not compatible
with the domain type of f

At - u kind or_type(type_inf 1) t is not a tvpe or kind

It - u kind_or_type(type_inf 1) { i1s not a type or kind

It - u kind or_type(type_inf ., u) | u is not a type or kind

{t} is_pred_type(type_inf 1) t is not a predicate

p=q type_inf ,p =B p is not a boolean term

p=q type_inf ,q =B g 1s not a boolean term

vf is_pred_type(t{ype_inf, f) f is not a predicate

ef is_pred_type(type_inf, f) f 1s not a predicate

condptu |typeinf,p=B8 p is not a boolean term

condptu | type_inf t = type_inf ,u the types of t and u are not
compatible

t=u type-inf ,t = type_inf ,u the types of t and u are not
compatible

t typed u | kind.or type(type_inf , u) u is not a kind or type

t typed u type_tmfp(.t:ype_mfpt) = the type of t and u are of dif-

ype-inf , u ferent kinds

Figure 9.9: Type Errors

9.6.1 Instantiation Variables

An instantiation variable is added to the T datatype. Each variable 7n is tagged with
its type, which may contain other instantiation variables.

Tiv=...|IN:T;

The first step is to add instantiation variables to terms as place holder for the implicit
arguments of constants. The type environment is elaborated to associate each constant
with the number of implicit arguments:

i€ NumDefs ==I xT—N

The function:

add _ivars : ConTyp x NumDefs — T; = (T; x N)

133



specifies how instantiation variables are added. An instantiation variable replaces each
implicit argument: each instantiation variable is different.

add _ivars, , 1 * = (*.17)
add_ivars, 1 j = (J.1)
add_ivars, , 1 l.c = con_tvars(p l.c) (k l.c) 1 l.c
add_ivars, 1 (f a) = (f' dFk)
where add_wvars., @ f=(/",])
add _ivars,, ja=(a k)

add_wars, 1 (M -u) = (M -u'). k)
where add_ivars,, 1t =(t'.7)
add_ivars,, ju=(u.k)

Only constants have implicit arguments. The function con_ivars add instantiation
variables to a constant. In con_ivars n t ¢ f. n is the number of implicit arguments.
t 1s a term representing the types of the implicit arguments, ¢ is the index of the next
instantiation variable and f is the term to which the implicit arguments are applied.

con_ivars 0t 1 ¢ = (t')1)

con_wars(n+ 1) (IIt - w) ¢ f = consvarsn (u]0:=70:t7])" (i +1) (f (i : 1))

The specification above does not take account of the way implicit arguments can be
made explicit. This feature is straight forward.

Example The function fst is declared as:
fst2]:Arx—=>f:(a>%*)—> PAIR(Aa:A-fa)—> A

When instantiation variables replace the implicit arguments in the term fst p, the result

187

fst (L) (72:((71 %) —=%)) p

9.6.2 Type Checking with Unification

Unification is used during type checking to instantiate the instantiation variables. The
predicate type_okigt t indicates whether the term ¢ is well-typed, where:

b isabindingbe B==N-+7T;

t' 1is the term ¢ with variables instantiated

We write ¢[b] for the substitution of the binding b in the term ¢. The most important
cases of this predicate are specified in Figure 9.10.

In the predicate type_okif,’t’ t, some of the instantiation variables which occur in ¢ may
be instantiated, giving the binding b. These instantiation variables are removed by
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f,ype_ok,z'g}’* * =

type_ol:z',{)}’(%:”?é to=
z,‘ype_olfig}’l'C l.c =
type_okz'l;'t(f a) = type_okii"fl [ Ais_product(iype_inf , f') A
type_oki?“’/ afb;] A
domain_of (type_inf , f'[bs]) UL type_inf  a'
where b = b, Uby Ubs
t = [f'[byUbs] a'[bs]
typ(;_okz'z'”(/\i cu) = ?fype_okil;1 A kind_or_type(lype_inf ,t') A
type_okil;i;‘,l ulb}]
where b = b, Ub;
vo= (A[b3] )

t
typc_okii}'igf =t
t
t

Figure 9.10: Type Checking with Unification

substitution from ¢, vielding ¢. It might appear simpler to return only the binding b.
replacing occurences of ¢’ by t[b]. The reason this simplification is not satisfactory is the
scope adjustments required to type check terms such as (At - ). The binding generated
by checking u must be decremented: all the terms in the binding are decremented and
any variable mapped to a term containing the variable 0 is discarded.

9.6.3 Unification of Types

In the specification of type_oki, the type compatibility relation ~ (specified in Fig-
ure 9.7) is replaced by a restricted form of unification between type. Types match
exactly as specified in Figure 9.7, instantiating instantiation variables where possible.
The most important cases of the unification specification are shown below:

nt Z/{jn"*“}w’ u = U’ (type_inf u)
provided 7n does not occur in u
u Z/{é"’_’“}Ub?n : = U} (type_inf ,u)

provided Tn does not occur in u
(I - w) U (10 - ') = U A ulbF] Uy, o [b]]
(f a) Uy (f'a') = fU [ Aalb] Uy a'[by]

Note that an instantiation variable can only be instantiated to a term of a matching
type. If the type does not match, a type error has occurred.
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Chapter 10

Datatypes and Recursion

Recursive datatypes and associated terms are described in this chapter. Section 10.1
describes the datatype declaration. A datatype is not a new form of term, instead
a datatype declaration stands for a number of constant declarations which model the
properties of the datatype. Two new forms of term that can only be used with datatypes
are also described: these are the case term. described in Section 10.2, and the primi-
tive recursion term, described in Section 10.3. The final section describes the general
recursion term, which allows a function to be constructed recursively, using a measure
function to show that the recursion terminates.

10.1 Datatype Declarations

10.1.1 Abstract Syntax

The abstract syntax of a datatype declaration is:

D,u=... | T seq(Z:7;) = seqlC,

Cou:=T|(Z, seq(ZT:7T;), I)

Example The list datatype declaration is represented in the abstract syntax as:

List (A : %)) = ((null,{), empty), (cons, (head : A,tail : List A), nonempty))

Identifiers A datatype declaration:
t{p1: Pry...,pr: Pr)a={(c1,{an : Aur,...,a1x : A1g), 71),

A

(ciilag: An, .. oagk t Agr), 1))
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introduces the following identifiers:

(1) the type itself .
(i1) a list of parameters p; for i € 1...1.
(ii1) a constructor c¢; for each case j € 1...J.

(iv) an accessor a;i, or de-constructor, for each component of each case k € 1... K,

(v) a recogniser predicate r; for each case.

For cases with no accessors. the recogniser is optional.

Dependency The tyvpes used in the data type declaration can be dependent.

1. The datatype parameter p; can be free in either the type of a subsequent parameter
P; where 1 < j or in an accessor type Aj.

o

The accessor identifier a;; can be free in the type A;; (where k < [) of a subsequent
accessor of the same case.

The first form of dependency occurs in the list datatype, where the parameter is the
element type. The second form allows the cases of the datatype to behave like record
types, where the type of one of the field depends on the value of an earlier one. This
feature is not used in the list datatype.

10.1.2 Visibility in Datatype Declarations

A datatype declaration is equivalent to a number of simple declarations. The function
adt : D, — D, describes the datatype expansion. The function adt is specified by:

adt(t ps == {c1,...,cg)) =t: (Il / ps e x); adt _casel ps cy;...adt_caset ps c;

If ps is a sequence of declarations and A is a term, the iterated product is written

II / ps @ A. For example:

IL/(pr: Pr.p2: P)e A= (llpy: P - (Ilp : P, - A))
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The function adt_case specifies the expansion of each case:

adt_caset ps (c) = c:(lI/pset)
adt_caset ps (c.as, r) =
r:(Il/pse (It i1 py...p; - B)):
c:(I1/ps~ase{rp;...p1}):
ay: (Il /pse(Ilc:{r py...pr}- A1)):
az: (Il /pse(llc:{r pi...p1}  Azlas :=ay pr...p1 c])):

ag : (I /pso(Ilt": {rpi...p1}-
Axlayi=ay py...pr '] Jax—r = ax_y pr. .. p1 t']))
where ps=(p,: Pi....,p1: Pp)
as = {(a: A1,...,ax 1 Ag)

The order of the declarations is significant: the recogniser function r is first. followed by
the constructor ¢ and the accessors a;. The recogniser predicate is used in the type of
the constructor function, so that the type shows that a value constructed by ¢; belongs
to the ¢ case. The accessor functions can only be applied to a datatype value of the
correct case: the recogniser predicate is used to specify the domain of the function.

10.1.3 Visibility Rules Datatype Declarations

All the visibility rules described in Chapter 8 apply to the declarations generated by
expanding a datatype declaration. This ensures that the identifiers for the datatype
t, constructors ¢;, recognisers r; and accessors aji are distinct and have no existing

declaration:
[t ps == csﬂi) = [adit(t ps ::= cs)]}lp provided adf_ok(t ps ::= cs)

To ensure that the declarations generated by the expansion do not interfere, there are

four additional rules!:

1. The datatype parameter identifiers p; do not overlap with ¢, ¢;, r; or a;x; together
with the standard visibility rules, this is sufficient to ensure that none of the
identifiers ¢, ¢;, r; or aj; appears free in the parameter types P;.

2. The constructor ¢; and recogniser r; of each case may not be free in subsequent
terms generated by the expansion, nor may an accessor for one case be free in a

subsequent case.

3. There must be at least one case — a base case — of the datatype in which the
datatype t is not free in any accessor type.

Tt is conjectured that these rules are sufficient to ensure that all datatypes are ‘covariant’, as
described in Section 9.4.6.
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adt_ok(t ps i=cs) = adt_case_okg,,scs A (e € es - adt_base_case;cs) A
t¢{p.....p; } where ps = (p; : P..... p P

adt_base _case(c) =t
adt base_cases(c,(ay + Ay, .. ..ag  Ag).T) = MAearx € @7 Ax

adt _case ok, s ,s() =t

adt _case_ok,, ,s(c) ~ cs = cé¢{p..... pr} A adt_case_ ok, s s cs
where ps = (p1: P...., pr: Py ' =nu{c}

adt_case_ok,; ,s((c asr)y ~ecs =

where as=(a;: Aj....ax : Ax). ps={(p1: Pr.....pr: Pr)
n=nu{r.c ' =nU{a..... ag}
adt _accessors_ok, 4 ps() =t
adt _accessors_ok, i ps(a: A) “as = drANp=0A
(tedr A= A=1tp...p1 A adl_accessors_ok,y s psas) A
(t ¢ &1 A = adt_accessors_ok, s as)
where ps = (p1 : Pi..... pr: P, 0 =nuU{a}

Notes 1. The function &7 : T, — PI returns the set of directly visible
free identifiers of a term. It is similar to the function ®
defined on page 121.

Figure 10.1: Additional Datatyvpe Visibility Rules

4. The datatype t may be free in the term specifying the type of an accessor, provided
that:

(a) ¢ is parameterised with the formal parameters p; ... py,

(b) no subsequent accessor has a type which depends on this accessor.

If the datatype t is free in the type of an accessor, the case is termed ‘recursive’.
The recursive occurence of the type ¢ cannot be an argument to a type constructor?.
The predicate adt_ok, shown in Figure 10.1, specifies these additional checks. In the
predicate adt_case_ok, s, which specifies the checks for one case of the datatype, the
set n contains the identifiers which have restricted usage; ¢ is the datatype identifier
and ps the list of parameters. The predicate adt_accessors_ok, ;. checks an accessor
list.

2This restriction is sufficient to ensure that the recursive type exists. PVS allows certain type
constructors such as lists to be used; in general, any ‘positive’ uses of the type could be allowed

[Sha93].
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10.1.4 Auxiliary Functions for Datatypes

A number of auxiliary functions associated with datatypes which are needed below, are
introduced here.
1. The constant [.d is a datatype if is_adt,(l.d).
is_adt @ TypEne - (I x 1) — B

2. The set of constructors for the datatype [.d is given by adt_cons_ids,(l.d).
adt_cons_ids : TypFnv - (Z xI)—>P(Z xI)
3. The tvpe of a datatype constructor [.c when the datatype parameters tvpes are
ps is given by adt_cons_type ,(l.c) ps.
adt_cons_type : TypEnv - (I x I) + seqT, = T,
4. The number of accessors for the datatype case with constructor [.c and parameter
types ps is given by adt_num_accs, ¢ ps.
adt _-num_accs : TypEnv - (I xT) + seqT, = N

The recogniser function for the case of a datatype with constructor /.c is given by

adt_recogniser , l.c.

(W91 4

adt _recogniser : TypEnv + (I xI) + (Z x I)

6. The set of accessors for the case of the datatype {.d with constructor [.c is given

by adt_acc_ids, l.d l.c.
adt_acc_ids : TypEnv +» (I xI) - (Z xI)-+» P(Z xI)

It is not possible to specify all of these functions fully since the type environment de-
scribed in Chapter 8 does not distinguish datatypes from other types. In particular, the
association between the datatype and the constructor, recogniser and accessor functions
used to model the datatype is not preserved in the environment. We do not present the
necessary elaboration of the environment here.

10.2 Case Terms

A datatype value can be decomposed into its different cases using a case term. A case
term may also be applied to a term which belongs to a subtype of a datatype, defined
by excluding some of the datatype constructors. A type correctness condition may be
produced to show that the term does not belong to one of the omitted cases. Case
terms are convenient but not necessary, since the recogniser and accessor functions of
the datatype can be combined to have the same effect as a case term.
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10.2.1 Abstract Syntax

The abstract syntax with variables for the case term is:

Touo=...|lcase T, | IZ1..1=T,

J

In the case term (case ([, ¢; aji...a;x => u;) we refer to the term t as the case
expression. For each j, there is a case choice ¢; aji...a;x => u;, with case patiern
¢; aj...d;jK, consisting of a case identifiers ¢; and accessor variables a;r. The term u;

1s the choice term.

10.2.2 Visibility of Identifiers
The abstract syntax with depth indices is:
Tiv=...|case T; [(ZI)N=T,
J

In this syntax the accessor variables are not required and the case identifier is prefixed
with the theory identifier. However, it is necessary for the syntax to include the number

of accessor variables.

Free Variables The free variables of the case term are specified by:

®(case ] l.c; K; = u;) =
QtUU{i—K;|lieduAi> K, }

Encoding The accessor variables of each case choice are bound variables in the choice

term?.

[case t],c; aj1 ... ajx = u;], = case [1],[[¢;], K; = [u;],,
where p;, = p+a;+ ...+ ajx
10.2.3 Type Correctness

The case term case t[; ¢; a;1...a;x = u; must satisfy the following type correctness

rules:

(i) The case expression ¢ must be a term having as its type a fully parameterised

datatype.

3This rule requires the case identifier ¢; to be visible. Since the syntax does not allow a theory
prefix, this requires the datatype to be in a directly visible theory. This constraint could be relaxed.
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(ii) The case identifiers ¢; must be distinct constructors of the datatvpe. It is not
required that there is a case identifier for all the constructors of the datatvpe.

(iii) The accessor variables a;; are bound variables which must correspond to the
datatype accessors for the case ¢;.

(iv) All the choice terms must have the same type.

(v) The accessor variables of the first case choice must not be free in the type of the

choice term.

In the case term, the type of choice terms is not specified as it is in the primitive
recursive term. Since the choice terms may have different numbers of bound variables.
the types inferred for the different choices cannot be readily compared. In particular,
the accessor variables of the case choice can be free in the type of the choice term. This
difficulty is resolved by taking the type of the term on the right hand side of the first
choice as the tyvpe of the terms in all the other choices, with the requirement that the
accessor variables are not free in the type of the choice term of the first choice.

10.2.3.1 Type Checking

The type_ok function for the case term is specified by:

type_ok (case t[,l.c; K; = u;) =
type_ok  t N type_inf ;t~d py...p; A is_adt,d N
Ni(type-ok, u; A K; = k;) A /\]J=2(type_infp] u; 2 t) A
®(type_inf, u)N{0...K1 =1} =0A
(Vy,00€l...J-g# 3 =lc;#lcp) N
{leljel...J } Cadtcons_ids,d

where
l.cipy...p; has type (ITAj -... - (HAx, - {lr;pr...p1 }))
where r; is the recogniser for the 5/ case in datatype d
pi = ptApt.F Ay,
) = (type_inf, up)”RtE

10.2.3.2 Type Inference

The type of the case term is determined by the type of the choice term of the first
choice. The type_inf function is specified by:

type_inf (case t[;l.c; K; = u;) = (type_inf ,, uy)™ ™

where
type_inf 1 ~ dpi...pr
l.cy pr...pr has type (IIA;-... - (IlAg, - dpi...p1))
p1 = p+ A +...+ Ak,
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10.2.3.3 Type Correctness Conditions

Type correctness conditions may arise for the case expression and for each choice of
the case. Type injection is used to check that all the choice terms have the same tvpe
as the choice term of the first case. Universal quantification is required over the case
variables, which may be free in the type correctness condition of each choice term. The
fact that the case expression belongs to a particular case strengthens the context. In
addition, a type correctness condition is required to show that the case expression does
not belong to the cases of the datatype for which there is no choice, if any.

tecy(case tf; l.c; Ky == uj) = tec, t A
(VA oo (VA - TR = {.cl pro.pr AL —1...0= tee, ug)) A
/\}Zzz(VAjl ot (VA]'KJ . t+AJ = Z.Cj p.l . .jp] ]f]‘ —-1...0=
teep, uj Ainject _type, u; p KRGy ) A

Amenm(— is_case, p1...pr t m)

where
type-inf t ~ dp ... p;
l.c;pr...pr hastype (IIAj -... - (IA;, - {Lrjpi...pr}))
where r; is the recogniser for the ;' case in datatype d
P; = P+x4j1+---+44jk]
v = type_inf , uy
M = adt _cons_ids,d\ { l.¢;]jel...J }

The function is_case, py...p; ¢t forms the predicate that the term ¢ is in case c. with

parameters p;:

is_case, py...p; ¢t = adt_recogniser,c py...pr t if there is a recogniser
t=cp...pr otherwise

10.2.3.4 Injecting a Term into a Type

A case term can be used to form a type. The type is injected into each case, under an

appropriate hypothesis.

inject _type t (case efl,l.c;: K; = u;) =
] ype, g t-Cy By J

ANo(VA; - (YA, et =lejpr...prkj—1...0= inject type, T8 )
where
type_inf e ~ dpy ... pr
l.cj pr...pr hastype (ILAj ... (HAx, ~dpi...pr))
P; = p—f—A]‘I—F...—’{—AJ‘k]
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10.2.3.5 Reduction

A case term can be reduced when the case expression is an application to an accessor
function for which there is a corresponding case choice. Let n be in the range 1...J:

(case {.c, pP1-..pr1 f]...f]\'n ”C]‘ [X’]' ::>'Uj)'\/>
J

Un [{n —1:= f_é_K" s A’n — k= f—f_K" 0= f+.K” Vv~ HRa
1 J2 N

10.2.4 Type Errors

The type errors for a case term are summarised in the following table, showing the
conjunct of type_ok , which is falsified for each error:

type _ok conjunct Error

type_inf ;t~d p1...prAis_adt,d | tis not a term from a datatype
(V5,7'€l...J5# 3 = lc; # lcy) | repeated constructor
{lelygel...J}C invalid constructor

adt _cons_ids, d
K; =k wrong number of accessor variables for case j
(type-inf, up) N accessor variable free in the type of the first

{0...ki=1}=0 choice term

Type Compatibility A case for the type compatibility relation = is required for the
case term. The specification is:

ujzu;- tt

(case t[;l.c; K; = u;) =~ (case t'[;l.c; K; = u})

(Case)

In addition, the subset of case identifier ¢; included in the two terms must be the same.

10.3 Primitive Recursion

The primitive recursion term allows a function on a recursive datatype*, to be con-

structed by primitive recursion.

4The primitive recursive term can of course be used for non-recursive datatype but it is not necessary

in such cases.
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10.3.1 Abstract Syntax

The abstract syntax with variables for the primitive recursive term is:
Teu=...|prec T:T. =T [|11..1T=T.
J

In the term:

precd:t, =t | ¢ ap...aqx =
JEL.T

the identifier d is the variable standing for an element of a datatvpe, #; is the domain
type of the term and ¢, is the range type. so that the (dependent) function type lld : ¢;.t;
is the type of the term. The term has J cases, where J is a non-zero integer. In each
case, ¢; is the case identifier and a;j; ... a;x are the case variables: we write A for the
number of case variables in the ;' case. The term u; is the case term.

10.3.2 Visibility of Identifiers

The abstract syntax with depth indices is:

Tiu=...| prec T =T |ZI)N=T:
J
In this syntax the variables are not required and the case identifier is prefixed with the
theory identifier. However, it is necessary for the syntax to include the number of case

variables.

Free Variable The free variables of the primitive recursive term are specified by:

d(prec ty =t (l.¢j)) Kj=vw;) = dHU{i—-1]i€dtzAi>0}U
UL({i-K;lieduAi>h;})

Encoding The datatype variable d and the case variables a; ... a;x in each case are
bound variables in the primitive recursive term. The bound variable d is free in the

range type {,. The case variables a; ...a;x are free in the case term u;.

[prec d:t1 = ta; ¢j aji ... ajx => u;], = prec [t:], = [t2] [;[e;], K5 = [ws],,
where p = p+d
pi = ptapt...+ax

10.3.3 Type Correctness

The primitive recursive term (prec ¢; — iz l.c; K; = u;) must satisfy the following

rules:
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(i) The term ¢; must be a datatype, with an actual parameter for each formal pa-
rameter of the datatype declaration.

(ii) The body of the recursion must have one case for each case of the datatvpe - in
any order. The case identifier ¢; must be a constructor of the datatvpe.

(iii) The case variables 0... A; — 1 must correspond to the accessors of the datatype

case constructed by ¢;.

Example To understand the type checking in more detail. we consider the example
shown on page 31. The alternative cons h t ==> h + t introduces two variables. The
variable h stands for the head of the list: its type is the list element type. The case
variable ¢ is treated differently since it corresponds to the recursive accessor of the list:
instead of standing for the tail of the list, it stands for the recursive application of the
function, i.e. sum_max applied to the tail of the list. The type of t is therefore the
range type of the primitive recursion, declared as Upto (max x length [). This type
depends on the list [ to which the recursive function is applied: so that this type can
be constructed correctly, a second bound variable ¢’ is introduced, which does stand for
the tail of the list. This is summarised in the following table:

Variable Tvpe
h Upto max
t' ListM mazx
t Upto (maz x length t')

The types of A, t’ and ¢ form the context for type checking the term h + ¢.

10.3.3.1 Type Checking

The type_ok function for the primitive recursive term is specified by:

type-ok,(prec t; — taf l.c; K= u;) =
type_ok 11 A type_inf 1y = * Aty ~d pr...pr N is_adt, d N
type_ok , t, A kind_or_type(type_inf, t2) A
(V],J/ € 1,]]#]/:‘—71% #Z.C]‘/)/\
{lejljel...J } = adt_cons_ids, d A
/\;’zl(type,okp] ujR] A type_inf , ujR] ~tT
K; = adt_num_accsy l.c; p1...pr)

(RJ+A']) /\

where

p + type_inf 1
R; = number of recursive datatype components in case j

p’ = rec_case_env p' (adt_cons_type, l.c; (pf,...,pf)) 12 0

RS
I
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The environment for type checking the case term w; is determined from the tyvpe of
the constructor for the case, using the rec_case_env function. The arguments of this
function are:

(i) the initial environment p’

(ii) the constructor type. given by the adt_cons_type, function

(1ii) the range type of the recursive function, which forms the type of a case variable
which corresponds to a recursive element of the datatype

(iv) the number of case variables added to the environment. counting two for a recur-
sive element of the datatype. initially 0

The function rec_case_env is specified recursively by the following equations:

rec_casc_envp C'tn = rec_case_env(p+ A) C' tT (n+1)
where ' = (II4 - (") and A is not recursive
rec_case_envp ('t n = rec_case_env(p + A+ttn+1:=0]) "t (n +2)
where C' = (IIA - (') and A is recursive

rec_case_env p C't n = p otherwise

10.3.3.2 Type Inference

The type of primitive recursive term is taken directly from the syntax.

type_inf (prec t; = ty[l.c; K; = u;) = (1It; - 13)
J

10.3.3.3 Type Correctness Conditions

Context In each case, the datatype variable is equal to the term constructed by the
case constructor and the case variables. This equality is used as a context term in the
type correctness condition. In particular, this context term constrains the additional
bound variable introduced for each recursive accessor. The context terms for the two
cases of the sum_max example given above are shown in the following table:

Constructor Context
nal [ = nil
cons =cons ht
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TCC’s The function fcc for the primitive recursive term. giving the tyvpe correctness

conditions, is specified by:

tecy(prec ty — ] loj K = u;) =

tee,ty A (V- teey ty) A

N; (Yt - rec_case_forall(adt_cons_type , c; (pl+ PPN 120 L
(tee, ujR’ A inject type ujRJ t;mﬁh]))

where

pl=p+lypeinf by
R; = number of recursive datatype components in case j

ty~dpr ... pr

p? = rec_case_env p' (adt_cons_type, l.c; (py.....pf)) 2 0
The function rec_case_forall provide the context and the quantification over the case
variables for the type correctness condition for each case term. The arguments of this

function are:

(i) the constructor type, given by the adt_cons_type, function

(ii) the range type of the recursive function. which forms the tyvpe of a case variable
which corresponds to a recursive element of the datatype

(ii1) the number of case variables added to the environment, counting two for a recur-
sive element of the datatype, initially 0

(iv) the constructor term for the case, and

(v) the type correctness condition for injecting the case term into the range type.

The function rec_case_forall is specified recursively by the following equations:

rec_case_forall Ctnxzp = (VA- rec_case_forall C' ¢+ (n+1) (2 Q) p)
where C' = (IIA - C') and A is not recursive
rec.case_forallCtnap = (VA-(Vtt[n+1:=0]-
rec_case_forall C' 12 (n +2) (z** 1) p))
where ' = (IIA - C') and A is recursive
rec_case_forallC tnxp = (n=x)= potherwise

Each part A of the constructor type C' is the type of one element of the datatype case,
corresponding to one of the bound variables in the recursion term. The type correctness
condition is formed by universal quantification over the bound variable types of the type
correctness conditions for each case of the datatype, in the appropriate context.

10.3.3.4 Injecting a Term into a Type

Since the primitive recursion term is not used to form a type, a new case of the type
injecting function inject _type is not needed — the default case applies.
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10.3.3.5 Reduction

A primitive recursion function applied to a datatype element with an particular con-

structor can be reduced. Let:
Rec= (prec D py...p; =t l.c; Ky = ;)
A= [.Ci pP1...pP1 f]{...fR...il

where t; ...t; are terms and the R accessor of the " case is recursive. Then:

Rec A~ , _
(w;[K —1:=tI"]. . [R—1:=(Rectp)t™]... [0 :=tfA])~F

10.3.4 Type Errors

A prec term { is not well-typed when the fype_ok,t is false. The type errors are
summarised in the following table. showing the conjunct of type_ok, which is falsified

for each error:

type_ok conjunct Error
type_inf ;11 = * Aty~d py...pr Nis_adt,d | t; is not a parameterised datatype
kind_or_type(type_inf . t,) t5 is not a type or kind
(Vy.00€l...Jyj# 7 =1l #ley) repeated constructor
{lejljel...J} = adl_cons_ids, d missing or invalid constructor
K; = adt_-num_acesyl.c; pr...p; wrong number of case variables

Type Compatibility A case for the type compatibility relation = is required for
the prec term, even though this term never represents a type (see page 131). The
specification is:

~ oy / 4!
u; AU, b=t tariy

(prec t§ = 3] l.e; Kj = uf) = (prec t; = L], l.c; K; = ;)

(Prec)

10.4 General Recursion

The general recursion term allows a function to be constructed recursively, using a
measure function to show that the recursion terminates.

10.4.1 Abstract Syntax

The abstract syntax with identifiers for the general recursion term is:

Truo=...| (uZ :seq(Z: T:) = T:|T:.T:)
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In the term (uf : (@o : t1, 21 : t2) — u|m.b) the terms ¢;.¢; are the domain types of the
functions and u is the range type. The measure is m and b is the body. The bound
variables in the term are f, the variable which stands for the function being defined
and z;. the variables standing for the function arguments.

10.4.2 Visibility of Identifiers

The variable-free version of the syntax is:

Tio=... | (useqT; = T\T.T7)

Free Variables The free variables of the general recursion term are specified by:

S(p(t;y =0 —ulmb) = U i—jli€dt;ni=j U
{i—-(N=-1)]i€eduUdmAi>N-1}U
{i=NJiedbni >N}

Encoding The encoding of the general recursion term in the syntax with indices is
specified by:

l(ef : G2y 407557 = umab, = (ullt],, /257" = [ul,, |, [6],.)

where po = p
pi+1 = pta;jfor j=0,....n—1
pro= putf

The recursive variable f is only free in the body of the recursion b. An additional check
is required to ensure that all occurences of f are fully parameterised (i.e. there are N

parameters).

10.4.3 Type Correctness
10.4.3.1 Type Checking
The term (H<t]_>;’;1)\f—1 — u|m.b) is well-typed if:

(i) each of the terms ¢; and u are well-typed and can be used as a type, and
(ii) the measure term m is well-typed and has the type N, and

(iii) the term in the body of the recursion has the declared type u, assuming that the
recursive function has the type (Ilto.(Ilt;. . ... u)).
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The type_ok function for the general recursion term is specified by:

type_ok ,(u(t;) — ulm.b) =
Niltype-ok, t; A kind_or_type(typf_infpj A
type_ok, u A kind_or_type(type_inf, u) A
type ok, m A type_inf, m =NA
type_ok, b NQ & & (type_inf , b) A (type_inf , b)” = u

where pg = »p
pi+1 = pj+tforj=0..... n—1
p' = pp+ (ig.... (It,_q.u)..)t"

Note that the term b is in an environment containing the recursive variable: an addi-
tional check is required to ensure that this variable is not free in the type of b. before
the type of b is checked for compatibility with u. The requirement for the measure term
m to have type N ensures that the measure has a minimum.

10.4.3.2 Type Inference

The type of the recursive term made explicit by the domain and range tvpes. The
specification of the type_inf function is:

type_inf ,(p(t;)e™" = ulm.b) = (It ... (Mtoyw). . )

10.4.3.3 Type Correctness Conditions

The type correctness condition for the recusive term is given by the conjunction of the

type correctness conditons for the sub-terms.

tee (u(tihg ™ —ulm - b) = ANV .. (Vg - tee, ). ) A
(Vio - ... (Vtaoy - tec,, u Atec,, m)...) A
(Vtg - ... (Vtyer - (VF -
tee, b A inject _type b ut)) .. )

where py = p
pir1 = pi+ttifori=0,....n—1
Fooo= (It - (I (A T -mt™ <omt?) 3wty L)
pro= pntF

The type correctness conditon for the body of the recursion b is a special case. Firstly,
the type of this term is given explicitly, so a type injection is used to check that the
type is correct. Secondly, the type given to the recursive variable is a subtype, formed
to ensure that the parameters to each recursive call of the function decrease the variant.
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10.4.3.4 Injecting a Term into a Type

Since the general recursion term is not used to form a type. a new case of the tvpe
injecting function inject _{ype 1s not needed — the default case applies.

10.4.3.5 Reduction

A reduction for the recursion term corresponding to a single syntactic unrolling of the

recursive definition can be specified. Let Rec = (u(t;)5™! — u|m.b). then:

Rec~ (M. ... (Atu_1.b[n := Rec™])...)

Since the ‘reduced’ form includes the original function, there is no finite reduced syn-
tactic form of a recursion term Rec which does not include Rec. Since the measure
decreases on each application to a recursion term. the fact that reduction does not
terminate might be taken to indicate that the reduction is not well-typed. We consider
that this is not the case since after sufficient reductions to reduce the measure function
below zero, the recursive call occurs in the false context: anything is well-typed in this

context.

10.4.4 Type Errors

A p term t is not well-typed when the type_ok ¢ is false. The type errors are summarised
in the following table, showing the conjunct of type_ok, which is falsified for each error:

type ok conjunct Error
kind_or_type(type_z'nfp] ;) | t; is not a type or kind
kind_or_type(type_inf, u) | u is not a type or kind

type_inf, m =N the measure m must have type N

0 ¢ @ (type_inf , b) the function being defined may not be free
in the type of the body b of the recursion

(type_inf , b)” = u the type of the body b of the recursion is

not compatible with the annotated type u

Type Compatibility A case for the type compatibility relation = is required for the
i term, even those this term never represents a type (see page 131). The specification

18:

timt: mam' bbb
(u(t:)y ™" = umb) m (u(t)g™ — v'|m’.b)

(Recursion)
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Chapter 11

Statements

This chapter describes the statements of the language. The language is described using
an abstract syntax in Section 11.1. The visibility of identifiers is described in Section
11.2 and well-formation and type checking are considered in Sections 11.3, 11.4 and 11.5.
These are followed by sections describing the meaning of statements. Section 11.10
describes the propagation of context assertions in statements.

11.1 Abstract Syntax

Statements belong to the syntactic category S, of statements. Variables are indicated
by z if they stand for an ordinary value, or by X if they stand for a statement.

§ == skip skip
| abort abort
| Ly, ... Lo =Th....., T, multiple asgn.
|  @1,...,z,:= where T where asgn.
|  Ly....,L,:=any zy,...,z, where 7  abstract asgn.
| (pre7 inS) precondition
| S8 seq. comp.
| (ifor, Ti = &) conditional
| (while 7 vary 7 loop or; 7, = S;) loop
| (varz:T|Tin S) variable
| (con z=T in §) logical constant
| X call
| (proc X=Sin S§') procedure
| [A...,A]S abstraction
| S[7T.....T"] application
| (rec X=§ vary T) recursion
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Variable Initialisation All variables must be initialised. The abstract syntax for a
variable initialisation includes a term which is the initial value. The initial value can
be specified by a predicate by use a choice term. In the concrete syntax. a shorter form
is provided to specify the initial value by a predicate. The initialisation may also be
omitted: in this case the variable is initialised to an arbitrary value within its type. The
abstract representation of the different forms in the concrete syntax is as follows:

Concrete Abstract
VAR x:T := e IN S END VAR (var z : tle in S)
VAR x:T := WHERE p IN S END VAR | (var z: T|(¢z: T.p) in S)
VAR x:T IN S END VAR (var z : T|(ex : T.t) in S)

Recursion In the abstract svntax S, (and the concrete syntax) the recursion block
contains only a single statement S. Two steps are required to introduce a recursive

implementation:

(i) introduce a recursion statement containing a statement .S which does not use the

recursive variable,

(i1) refine this statement to another 7', which may reference the recursive variable.

In this way, the statement S initially acts as the specifving statement of the recursion.
In the next section, we formalise the requirement that the recursive variable must not
be used in 5. The recursion block is the only statement in the language described here
which cannot be used without introducing refinement steps.

Parameterisation Mechanisms The syntactic category A contains the four param-
eterisation mechanism which can be used in the abstraction statement:

Ac=valz:T | rese:T T | valresz: T | refz:T

A val parameter has copy-in semantics and a res parameter has copy-out; the initial
value of a result parameter is made explicit, in the same way as in a variable declara-
tion. The value-result parameter valres combines copy-in and copy-out. A reference
parameter ref can also be used to pass a value both into and out of a parameterised

statement.

Left Values The syntactic category £ contains the subset of 7 which can be the
left-hand side of an assignment statement.

L = =z variable
| L7 function application
| al datatype accessor
| L£°T map index
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The operator " selected an element from a map; it is declared in the Map theory on
page 214. The three compound forms of left value are all forms of application: however.
a more elaborate abstract syntax is used to clarifv the differences between the forms.

Example Left Values Assuming that 7" and M are types. then with the following
type declarations (Array! is declared on page 215):

A== Array 10 T AA == Array 10 A

M==MapTT AM == Array 10 M

D = c_one (one : T) (two : A) (three : AM) is_one

AD == Array 10 D
leta: A, aa: AA, m: M.d: D, am: AM and ad : AD be variables and ¢ be a term
of type T then the following terms are left values:

al aa 2 aa 2 3
m’ am 1 am 1”71
one d two d 1 (threed 1)t

one (ad 1) three (ad 1) 27t

Any left value can also be parsed as a term: in the specification we assume conversion
{from left values to terms when required.

11.2 Visibility of Identifiers

Following the approach of Section 7.3.1, an alternative syntax S; is defined using De-
Bruijn indices. Figure 11.1 show the abstract syntax for cases where S, and &; differ,
with 7 or [ standing for an index. Note that the two forms of abstract assignment in
S, are represented by a single form in §;, using the equivalence noted on page 37.

The translation of s € S into S; is [s], where p is the visibility environment of Sec-
tion 8.1.1. The transformation determines the visibility rules of the identifiers, since a
term which contains undeclared identifiers cannot be encoded. Note that the ordinary
variables r and the statement variables X belong to the same namespace. The encoding
function is specified in Figure 11.2.

Recursion In the abstract syntax S;, a recursion statement has two statements. In
(rec S vary E in Tx), X is the recursive statement variable, S is a statement which
gives the meaning of a recursive call, while T’y is the statement in which the recursive call
may be made. The variant expression, which must decrease before each call statement
is E: note that the initial value of the variant can be referred to as vary_X?2.

YAn array type is a form of function. Any function type can be used in a left value, not just arrays.
It would be more consistent with the rest of the language to allow the user to choose the variant
identifier. Since it is not often needed, the syntax should allow it to be omitted.



L; == 1 variable
| LT function application
|  ha L datatype accessor
| LT map index

S = L.
| Ly Loi=Tq..... Ti multiple asgn.
| Ly,....L,:=any NT; abstract asgn.
| (var T;|7T;in S;) variable
| (con 7;in S;) logical constant
| 1 call
|  (proc &; in §)) procedure
| [ A ... Al TS, abstraction
| (recSvary 7 in &) recursion

A, = wvalT; | resT, T;

|  valresT; | ref T;

Figure 11.1: Abstract Syntax with Indices

This construct represents a recursive statement because the statement T’y is a refine-
ment of S; in fact S is the least refined part of Tx; this is expressed using the function
spec which is described in Chapter 12. It is important to remember that the two
statements in the recursion are not independent.

Abstraction The encoding of an abstraction valz t is represented by [valz t]]gl
where p is the initial environment and p’ is the environment updated with the formal

parameter identifier.

[valx t]]i” = valft],
provided z ¢ dom v where p = ¢,6,v
[resz t toﬂz” = res[t], [to],

provided z ¢ domv where p =+, 6,v

The encoding of modes valres and ref is similar to that of val.

Parameterised Recursion A refinement statement can be parameterised. Con-
sider the following example, which illustrates the two ways actual parameters can be
associated with recursion. A recursion block is introduced to refine the specification
f := fact n, where £ and n are integer variables. The recursion block is parameterised
with formal parameters x and g. The variables n and £ are used as actual parameters
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T1..... Ty = wheret] = [&i],..... len], =any m [t] .. . ..
lic....ln == any y;, ..., y» where t]
= [ll]]p, s ﬂlmﬂp ;= any n ﬂiﬂpﬂﬁwﬂn

[
[
%11 ..... e =tiota], = (Ll [l = 0], T,
[

provided y; ... y, are distinct
l(pre ¢ in s)], — (pre [1], in [s],)
[s1: 52ﬂp = [51ﬂp? Hszﬂp
[if or; t;, = -Si]]p = if or; [[tiﬂp = HSiﬂp

[while ¢; vary t, loop or; t;, = si]]p

= while [¢;], vary [t.], loop or; [t;], = [s],
(Var Htﬂplﬂeﬂp in [[‘Sﬂp—Q—;l‘)
provided z ¢ domv where p = 1.0,

[(var z : t]e in s)],

[(con z=¢ in s)], = (con [e], in [s],, )

provided z ¢ domv where p = ¢.6.v
IXT, = v X provided X € domv where p = (.d.v
[(proc X=s; in s;)], = (proc [s1], in [s2],, x)

provided X ¢ domv where p =, d.v

[ay..... an | 8], = [[a:]lts S Lanllr 111,
s [t tn ], [s], [[t:],- - [ta], ]
(rec X=s vary )] (rec s" vary [t], in s')
where s' = [s] | .., xix
s = (specs’)™*
provided {0,1} N @(specs’) =0
{vary X, X} Ndomv =0
where p = ¢, 0,v

i

[
[
[

I

P

Figure 11.2: Syntax Transformation for Statements

of the recursion block. A recursive call is used in the refine the specifying statement of
the recursion. The actual parameters of the call are x - 1 and g.

REF 1 BY REF 2 BY
REC Fact IS [VAL x: Nat; RES g: Nat] IFx=0==>¢g =1
PRE 0 <= x IN OR x > 0 ==> Factix - 1, gl;
<<2>> g := fact x g =g *Xx
END PRE END IF
VARY x END REC [n, f] END
END



As shown in this example. the formal parameters of the recursion mayv be free in the
variant® (here the variant is x. one of the formal parameters). The encoding of param-
eterised recursion requires a separate case!. Note that the formal parameters are free
in both the component statements of the recursion.

[(rec X=[ay..... a, | s vary t)] =
(rec [by,....b, ] s" vary [{], in &)

where b; = [a)]}_
-

s’ = Hsﬂpn—{—vary_Xﬁ-X
s" = (specs’)7?
provided {0.1} N ®(specs’) =0
{vary_X. X} Ndomv = () where p, = ¢.6.v

This case generalises that for recursion without parameters: we specify some functions
only for a parameterised recursion. when the specification for the simpler case can be

inferred.

Redeclaration of Identifiers Side-conditions of the equations in Figure 11.2 specify
the following well-formation rules associated with variables:

(1) the identifier used for a variable, formal parameter, constant or a statement vari-
able may not already have a declaration, and

(i1) the identifiers used for the bound variables in an abstract assignment must be
different.

Re-declaration of a variables is prohibited in Euclid [LGH*78] and SPARK [CIM*92,
CGM92] to prevent variable capture in verification conditions. Since the use of De
Bruijn indices avoids variable capture, the first of these rules is not necessary. However,
unique declaration may still be considered a useful restraint, avoiding potential confu-
sion: see [WSHS81] for a description of the ambiguity introduced into Pascal as a result
of permitting the redeclaration of types. Preventing re-declaration has the disadvantage
that a well-formed program can become ill-formed when placed in a different context.

11.2.1 Free Variables and Substitution

Following the approach of Section 9.3 for terms, functions for the free variables of
statements and for the substitution of variables in statements are introduced.

3This is the reason the variant is written at the end of the refinement statement.
*The factorisation of the language with a separate abstraction statement is not satisfactory for

parameterised recursion.
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.....

(Lis....lp == any n t)[i := u]
(var t, |z‘2 in S)[¢ := u]

(con t in S)[i := u]

Ili := u]

(proc S7 in S5)[i := u]
coesty | )=y
where (val)[/ := u]

(rest t")[i := u]
ty )i = u]

] 51 vary ¢

I

Lt :=u].. ... [nli i= ] :=any n t[i + n = u?")
(var t;[i := ll]’fz[? :=u]in S[i + 1 := ut])
(con t[i:=u]in S[i 4+ 1 :=u™}])

= u ifi=1

= [ otherwise

= (proc Si[i:=u]in Sy[i + 1 :=ut])

= [afi:=ul.....api+(n—1):=u"1]]
Sli+n:=u]

val {1 := u]

rest[i = u] t'[i := 1]

= Sh:=u][tifi:=ul.... . ta[i ;= u] ]

= (rec ([a1.....a, ] S1)[t = 1]

vary t[i +n = u™"|
in Syfi + n + 2 1= ut("+2)])

Figure 11.3: Substitution in Statements

Free Variables

o(l :u“HJQ
(4, =any n t)
(Vart ]tz in 5)
®(con ¢ in 5)
iy
¢(proc Sy in S3)
ol ay,....,a, ]S
where ¢(valt)
Q(rest t;)
QS [ty .12 ]
d(rec | ay,....a, ]S
vary ¢ in S;)

The free variables of statement s are denoted by @ s, satisfying:

U:dlLulU; dt,

Uioliu{i—nlicdt}
ot,UdptU{i—1iecdS}
PtU{i—1ie oS}

{1}

o5 U{i-1i€edS}
Ufli-(G-Dj€da}u{i-nlicds}

ot
QtUDIL;

dSULU;dt;
®lar,...,a, | SiU{i—nliedt}U
{i—-n—?'iE@Sz}

¢ is defined similarly for other statements.

Substitution Substitution of variables arises in the semantics of the statement lan-

guage. A variable introduced by a (var ...
term, while one introduced by a (proc ...

) statement can only be substituted by a
) statement can only be substituted by a

statement. We define only a single substitution operator: the statement S with the
variable at index 7 replaced by u, a term or statement as appropriate for ¢, is written
S[i := u]. When 7 is zero, this is abbreviated to S[u].
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The substitution operator _[_:= _] does not need to rename variables to avoid variable
capture, since variables are not used. However. it is necessaryv to adjust the indices in
both S5 and u whenever the context changes. The statement with free indices incre-
mented (c.f. decremented) by one is written St (c.f. S7). with an increment (decrement)
by n written S*" (S7"). As for terms. indices in a statement can only be decremented
if the eliminated indices are not free in the statement. The most important parts of the
specification of substitution are shown in Figure 11.3: _[_ := ] is defined similarly for
other statements. Parallel substitution is also allowed. with notation S[i.j := u.v].

11.3 Statement Well-formation

In this section, the well-formation rules for simple statements: skip. abort. precondi-
tion, sequential composition, if, while, variable and constant declaration and recursion
statements are described. The rules cover:

(1) type correctness, and

(i1) restrictions on the use of variables in tvpes.

The well-formation of assignment statements and procedures are covered separately in
Section 11.4 and 11.5.

11.3.1 Variables and Constants

The well-formation of a statement (and in particular the terms it contains) depends
on the set of program ‘variables” which are assignable. Logical constants and, in some
circumstances, value parameters are not assignable. An assignable variable environment

o 1s Introduced:
a € Assign =N+ B

Constant Terms The predicate const_term, : 7 — B holds for terms which do not
contain assignable variables.

const_termy,t = (Vi € & t.~a 1)

It is convenient to allow value parameters to be used in type declarations, as shown in
the example on page 41. Value parameters used in this way are not assignable.

11.3.2 Specification Functions
Three functions are used to specify the well-formation of statements.
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Decidable Conditions The predicate stmt_ok,, : S — B specifies the decidable part
of the well-formation check.

Parameters The specification stmf_ok uses the function stmi_fprm_typ,. which re-
turns the type and mode of the formal parameters of a statement. This function

is specified on page 170.

Type Correctness Conditions The well-formation of statements requires the proof
of type correctness conditions and disjointness conditions. Consider the type cor-
rectness condition for the terms containing the division operator in the following

statement:
x = 3 ;
IFy/=0==>z:=2/y
ORy= 0==>z:=2z/%x
END IF

In the term z / y. y is non-zero because of the loop guard y /= 0. In the term
z / x. x Is non-zero as a result of the initial assignment statement x := 3. To
formalise this argument, we use the rules for program context, based on the ap-
proach described in Section 2.2.6. For statement S in context p the well-formation
proof obligation is stmt_cc, p S. The context rule for each statement and the spec-
ification of the fentr function, are in Section 11.10.

The following abbreviations are used:

stmt_no_fprms, , S = stmt ok, S A stmt_fprm_typ, S = ()
bool_term,t = type_ok,t Atypeinf, t =B

11.3.3 Well-formation Rules

The conditions for each form of statement to be well-formed are as follows; the formal
specification is shown in Figures 11.4 and 11.5.

Skip, Abort These statements are always well-formed.

Preconditon In the statement (pre p in ), p must have boolean type. The state-
ment S may not have parameters.

Sequential Composition In S;T, the statements S and T' may not have parameters.
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stmt_ok, . skip =t

stmt_ok, . abort t

stmt_ok,,(pre t in 5) bool term,t A stmt_no_fprms, , S
stmt ok, S1; .5

ll

stmt_no_fprms, . S A stmt_no_fprms,, ,
stmt _ok, . (if or; {; = 5) = Al (bool_term,t; A stmt_no_fprms, , S;
stmt _ok ,.(while t; vary ty loop or; t; = S,)
= bool_term,t; A

type_ok , ty A type_inf  ty = Z N

Ni=y (bool_term, t; A stmt_no_fprms, , S;)
stint _ok , o(var tle in S) = type_ok,t A type_inf ,t =+ A const_termqt A

type_ok e A type_inf je ~

stmt_no_fprms, .t S
stmt_ok,.(con € in 5) : = type_ok, e A type_inf (type_inf j¢) = * A
stmt_no _fprms S

52
)

ptype_inf , e,atf
stmt_ok,.(rec S| vary [, in S;) =
stmt_no_fprms , . Sa A type_ok 1, A type_inf jt, =~ Z
where p' = p+ type_inf t, + Proc (rec_spec () Sy t.)
o = a+f+f

Figure 11.4: Specification of Statement Well-formation

If In the statement if or; {; = 5;, the loop guards ¢; must have boolean type. The
statements 5; may not have parameters.

Loop In the statement while ¢; vary ty loop or; {; = 5;, the invariant ¢; and the
loop guards t; must have boolean type. The variant ¢y must have integer type. The
statements S5; may not have parameters.

Variable Declaration In the statement (var tle in S), the term ¢ must be constant
(i.e. no free variables which are assignable) and must be of type *. The term e must
belong to the type t. The statement S miay not have parameters. The statement
introduces a new variable of type ¢ which may be free in S and which is assignable.

Constant Declaration In the statement (con e in 5), the term e must be of a type
which has type *. This rule ensures that there is a type ¢ which could be used in a
variable declaration: the statement introduces a new constant of type ¢, which may be
free in S. The constant is not assignable. The statement S may not have parameters.



stmt_cc, p skip =t
stmt_cc, p abort t
stmt_cc,p (pre t in 5) (p=tec, t) Astmi_cc,pi(pAt) S
stmt_cc,p (51:.52) stmt_cc, p Sy A stmt_ccy(fentr ,p Si) S
stmt_cc, p (if or; 1, = S;) = Ao ((p=tec,t:) Nstmt_ce,(pAt;) S))
stmt_cc, p (while t; vary ty loop or; t; = 5)
= tec,tp Ntee, iy A
A= ((tr = tec, t) A
stmt_cc,(t; AN t;) Si)

I

Il

stmt_cc, p (var tle in .S) = (p=tec,t ANec,e A inject type , € ty A
(Vt.stmt_cc,oi(pt AQ =€T) S)
stmt_cc,p (con e in S) = (p=tec,e) A
(vt 5fmz‘_ccp+,(p+/\Q: et) S)
where
t = type_inf e
stml_cc,p (rec Sy vary t, in S;) = tec, t, A (Vu - (stmt_cc (0 =tF) S;)7)
where

u = type_inf , t,
p'=p+u+ Proc (rec_spec () Sy t,)

Figure 11.5: Specification of Statement Correctness Conditions

Recursion In the statement (rec S) vary ¢ in S;), the variant term ¢ must have in-
teger type. The recursion statement introduces a name for the initial value of the
variant and a new statement variable; these may be free in S;. Since S; is a com-
ponent of S, there is no need to consider the well-formation of S; separately. The
function rec_spec gives an equivalent statements for the recursive statement variable —
see page 190. Parameterised recursion is considered in Section 11.5.

11.4 Well-formation of Assignment Statements

In addition to the issues encountered in Section 11.3, the well-formation rules for as-
signment statements must include:

(i) absence of aliasing in multiple assignments, and

(i1) correspondance of bound variables with assigned variables in abstract assignment

statements.
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stmt ok, o(ly, .oy =t ... t.) = m=nAno_alias(ly..... ;) A
Nizi (left ok, [; N type ok ;i A
type_ok  t; A type_inf  t; = type_inf  1;)
stmt ok, (ly.....l,:=any nt) = m=nAno_alias(ly,....[,) A
Nizi (left ok, , l; N type_ok , [;) A
bool_term,, t
where p,, = p+ type_inf 1y + (type_inf  [,)* + ...+ (type_inf , [t~ 1)

stmt_cc,p (L1, .. lp =t t,) = p=
/\(i,t)Ea.sg"rL {1,0dn) (B, tn>(z'njecz‘_typepi (tyl)&mfp L)) A

Nieq(tee, li A tee, ti) A no_alias_ce{ly, . ... 1,)
stmt_cc,p (L. .... ln:=anyngqg) = p=
AL (tee, 1) A no_alias_ce(ly, ... 1) A
(Viy - (V- taoo - (VM - tec,, g A
(9= Nityeason (7Y (e, oy (inject type, t (type_inf, 1))).. )

where {; = (fyp(,,infp [i)+(i—1)
Pm = P+t1++im

Figure 11.6: Assignment Statement Well-formation and Correctness

The well-formation rules and correctness conditions® for the two forms of assignments
statement are shown in Figure 11.6.

Multiple Assignment In [y.....[, := ti,....t,, the left values [; must be well-
formed as terms and as left values. The left values must not alias. The terms {; must

correspond to the left values in type and number.

Abstract Assignment Inl;,..., [, := any nt, the left values /; must be well-formed
as terms and as left values. The left values must not alias. The integer n, the number
of bound variables in the concrete systax, must be equal to the number of left values
m. The term ¢ must be of boolean type: there are n additional variables free in ¢ of the

type of the corresponding left value.

®The well-formation specification uses the a relation for (decidable) type compatibility; in fact,
unification is used to infer any implicit arguments occuring on either the left or right hand sides of the
assignments and similarly in parameters. The Haskell versions of the specifications for the multiple

assignment are shown in Figures 5.2 and 5.3.
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Type Correctness The tyvpe rule for an assignment statement [ := ¢ is the same as
the type rule for the term [ = ¢:

inject _type  t (type_inf [
J ype, p

However, the correspondence is complicated when multiple (but non-overlapping) el-
ements of a variable are assigned in a multiple assignment and a subtyvpe constraints
requires a relationship between the elements of the variable to be maintained. The dif-
ficulty is illustrated by the following example. Let p be the predicate (Aa : Array 10 N -
(Vi:uptob-a (i4+5)=2%*(a1))) and let a : {p} be a variable. then the assignment
a0,a b := m,n is well-typed only if n = 2 * m. However. this correctness condition
would not be required to type check the predicate ¢« 0 = m A a 5 =n. To get the right
correctness condition, the equivalent assignment a := a & (0.m) & (5.n) should be used.
where multiple assignments to the same variable have been gathered together. The
asgn function is used to transform multiple assignments; it is described on page 182.

11.4.1 Well-formation and Aliasing of Left Values

To be well-formed, a left value — a term on the left-hand side of an assignment —
must have an assignable variable at its head and any ‘accessor functions’ used in a left
value must be an accessor. These well-formation rules are specified by the function

left ok, : L — B.

left ok, .1 = 1€a

left ok, fa = left ok, f

left ok, h.al = left ok, IA(3d:T;c:T-
is_adt,h.d A\ h.c € adt_cons_ids, h.d A
h.a € adt_acc_ids, h.d h.c)

left ok, 1"t = left ok, I

This function is used in Figure 11.6 and also in the well-formation specification for
actual parameters on page 173. Note that a left value is also required to be a well-
formed term.

Assigned Variable and Selectors To specify the checks for aliasing, two ‘syntactic’
functions are introduced:

1. The function lhs : £; — N returns the variable which is assigned in a left value.

lhs1 = 1

lhs(fa) = lhsf
lhs(h.al) = lhs!
lhs(l”t) = lIhsl



2. The function left_selector : L; — seq & converts a left value to a list of selectors

(&), where:
Eu=appT7 | mapT | acch.a

The function is specified by:

left _selector 1 = ()

left _selector(f a) lefl _selector f ~ (app a)
left _selector(l ™ t) left _selector ! ~ (mapt)
left _selector(h.a l) = left_selector ! ~ (acc h.a)

i

I

These functions can be used to characterise a left value as a list of selectors applied to
a variable. For example, using the example type and variable declarations introduced

on page 155:

Left Value Variable Selectors
one {ad t) ad (appt,accone)
three (ad t) u"v ad (appt.accthree,app u, map v)

Note that the list starts with the innermost selector.

11.4.2 Aliasing of Left Values

The variables used on the left hand side of an assignment must not alias. A multiple
assignment statement may contain more than one assignment to the same variable,
provided that the components of the variable selected are disjoint. Disjointness of
assignments to functions and maps is not necessarily decidable. As a result, the check

for the absence of aliasing has two parts:
(i) a decidable check, and
(i1) a ‘disjointness condition’ proof obligation.

Simple Variables Let z, y be variables. Consider the following pairs of left values:

x z aliasing of x
x y no aliasing, since r and y are distinct variables

Functions and Maps Let f, g be variables of function type and a, b be terms.
Consider the following pairs of left values:
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fa g a no aliasing, since f. g are distinct variables

fa fb possible aliasing unless a # b: this condition must be
proved

fad fb¥ possible aliasing unless a # b or @’ # ¥’

fad [fb¥ V' possible aliasing unless a # b or @’ # b": the value of

b" does not effect aliasing

Datatypes Let d be a variables of datatype D with accessors one and two. Consider
the following pairs of left values:

one d one d aliasing, since same accessor used
one d twod no aliasing

The disjointness of left values for datatype variables are always decidable — the accessors
are either the same or different. However, datatype accessors may be used together with
function or map. For example:

Left Values Disjointness Condition
one (ad t) one (ad t') t#t
three (adt) u"v three (ad ') u' "o t#t'VuFuVov#£

Decidable No-Aliasing Checks The decidable checkes are specified by the function
no_alias : seq L — B.

no_alias() = t
no_alias({{) = ls) = sels_no_alias(map left_selector({l) ~ ss)) A no_alias ds
where (ss,ds) = same_assigned(lhs [s) s

The function same_assigned separates the list of left values [s into those (ss) with the
same assigned variable as /, and those with a different one (ds). The specification of

this function is omitted.

The predicate sels_no_alias : seq(seq &) — B checks for aliasing between the selector
sequences of a particular variable. A single selector sequence cannot alias; sequences of
two or more must be pairwise free of aliasing, as shown by the predicate sel_no_alias :
seq& — seq& — B. This predicate is true provided it is possible that the selector lists

do not alias, using the following rules:

(i) an empty list of selectors aliases,
(i) selection of a function or map element ensures the possibility of no aliasing,

(ii1) selecting using datatype accessors ensures that there is no aliasing if the accessors
are different or if the rest of the selectors do not alias.
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Note that the type-correctness of the left values ensures that the corresponding selectors
in two lists of selectors for the same variable are of the same sort — function. map or
datatype accessor — as least up to corresponding selectors with different accessors. These
functions are specified by:

sels_no_alias(ss) =t

sels_no_alias(ss) = sss = Nggegss S€lono_alias ss ss' A sels_no_alias sss

il

sel_no_alias() ss

sel_no_alias ss ()

sel_no_alias((appt) = ss) ((appt’) ~ ss')
sel_no_alias((mapt) ~ ss) ((mapi’) ~ss’) =
sel_no_alias((acc h.a) ~ ss) ({acch.a) = ss')
sel_no_alias({acc h.a) ~ ss) ((acch.a’) ~ ss')

il

el_no_alias ss ss’

i

i
G

i

Disjointness Conditions The ‘disjointness condition’ proof obligation is specified by
the function no_alias_cc : seq L — T. The function sels_no_alias_cc : seq(seq&) — T
gives the condition for the absence of aliasing in the selector sequences for a particu-
lar variable. A single selector sequence cannot alias; two or more sequences must be
pairwise free of aliasing, as shown by the function sel_no_alias_cc : seq & —seq& —T.

These functions are specified by:

no_alias_cc () =t

no_alias_cc({{) ~ls) = sels_no_alias_cc(map left_selector({{) ~ ss)) A no_alias ds
where (ss,ds) = same_assigned(lhsls) ls

sels_no_alias_cc(ss) =t

sels_no_alias_cc(ss) 7 sss = N,gess S€l-no_alias_ccss ss' A sels_no_alias_cc sss

sel_no_alias_cc() ss = f

sel_no_alias_cc ss () = f

sel_no_alias_cc({app t) ~ ss) ({(app t’) ~ ss') = t#£ 1V sel_no_alias_cc ss ss'

sel_no_alias_cc({mapt) ~ ss) ({(mapt') ~ss') = t#t'Vsel_no_alias_cc ss ss'

sel_no_alias_cc({acc h.a) ™ ss) ((acch.a) ™ ss') = sel_no_alias_cc ss ss'

sel_no_alias_cc((acc h.a) ™ ss) ({(acch.a’) ~ss') = t

Using these rules, the disjointness condition for two left values that never alias may be
more complex than t; for example, the left values one (ad t) and two (ad u) have the
condition ¢ 5 u V t. This function is used in the specification of correctness conditions
for assignment statements, shown in Figure 11.6 and to specify the condition for the
absence of aliasing in actual parameter lists in Figure 11.10.

11.5 Procedure Statements Well-formation

The well-formation rules for ‘procedure’ statements, including call, abstraction and
application are described in this section. In addition to the forms of rule already
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stmt ok, 1 = tif p!' [ is a statement

stmt ok, (proc Sy in Sy) = stmt_ok,o S1 A stmt_no_fprms, ¢ Sa
where p' = p + Proc 5
stmi_ok, [ ai..... a, | S = fprm_OA'Z:;f‘l<(11. .oovan) A stmt_no_fprms, ., S

stmi_ok, o S [ty....1,] =
stmt ok, S N N (type ok, 1;) A
prm_compat,  (stml_indz S) (stmt_fprm_typ, S) (t1..... i)
stmi_ok,.(rec [ as] Sy vary t in Sy) =
fprm_()/cZ:fl as A type_ok  t N\ type_inf , t &= Z N stmi_no_fprms i o Sa
where p” = p' + type_inf ;t + Proc (rec_specas S; 1)
o = o +f+f

Figure 11.7: Specification of Procedure Statements Well-formation

encountered. the rules for procedures include:

(1) absence of aliasing in application statements,

(i1) compatibility between the actual and formal parameters in an application state-

ments.

11.5.1 Well-formation Rules

Call The procedure call [ is well-formed if I is a statement variable®.

Procedure Block In proc S; in 5;, the statements S; and S, must be well-formed.
A new statement variable, which may be free in S,, is added to the environment.

Application In the application S [ {;,...1, ], the statement S must be well-formed,
with n formal parameters. The actual parameters t; must be well-formed and compat-
ible with the formal parameters, without aliasing. The rules for compatibility and the
absence of aliasing are described in more detail below.

The well-formation rules for procedure and parameterisation statements are specified
in Figure 11.7; correctness conditions are in Figure 11.8. Cases are also shown for
parameterised recursion. These definitions make use of functions which are defined

below:

®There should be a corresponding check in the specification for a ordinary variable (see Sec-
tion 9.4.3), to prevent statement variables appearing in terms. For implementation, it is easy to
distinguish statement variables from other variables during encoding.
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Function

Description

Page

stmt_fprm _typ
form_ok
fprm_cc
prm_compat
prm_compat _cc

stmt_indzr
TEC_SPEC

Types and modes of the formal parameters
of a statement

Decidable well-formation checks for formal
parameters

Proof obligations for formal parameter well-
formation

Decidable checks on compatibility of formal
and actual parameters

Proof obligations for compatibility of formal
and actual parameters

Statement index

Recursion specification

11.5.2 Parameterised Statements

170

171

171

The function stmi_fprm_typ, : S — seq(7 x M) returns the formal parameters of a

statement. Formal parameters are introduced by an abstraction statement: [a;.a3]5

stmi_fprm_typ , I

M :=val| valres| res| ref

= stmt_fprm_typ, S

-t

where p!! [ is a statement

stmi_fprm_typ,|[ ai,...,a, ] S = (type_modeay, ..., type_mode a,)
where type_mode valt = t,val
type_mode valrest = t,valres
type_moderest t; = t,res
type _mode ref t = t,ref
stmt_fprm_typ (rec Sy vary tin S;) = stmt_fprm_typ, 5,

stmt_fprm_typ, S

= () otherwise

The specification of well-formation (function stmt_ok,,) allows a statement with pa-
rameters to be used only as the specifying statement of a procedure declaration or
recursion block. With these restrictions’, the possible forms of statement in an appli-
cation (l.e. for S in S|z, z,]) are the statement variables introduced by a procedure
declaration or recursion block, or the recursion block itself.

11.5.3 Well-formation of Formal Parameters

The formal parameters using in an abstraction [ ay, ...
are constant (i.e. no free variables which are assignable) and of type *.

,ay | S, must have types which

"The restrictions on the use of parameters are enforced by the concrete syntax given in Appendix A.
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stmt_cc,p 1
stmi_cc, p (proc S; in S;)

stmt_cc,p|ay,....a, | S
stmit_cc,p (S [t1..... 0, ])

stmt_cc, p (rec [ as ] S
vary t in S;)

t
stmt_cc, t Sy A (stmt_ccypt S3)7
where p' = p+ Proc S,
fprm_cc, p (ay.... an) (Ap' - Ap' - stmt_ccp p' S)
stmt_cc,p SN (p= N (teep, ti) A
prin_compat _cc,(stmt_fprm_typ, S) (t1..... t))
Jorm_cc,t as (Ap' - Ap' -

(p' = tee, t) A (Vu - (stmt_cepn p't? S3)7))
where

u = type_inf , t

P’ =p +u-+ Proc (rec_specas Sy t)

Figure 11.8: Specification of Procedure Statement Correctness Conditions

fprvn_ok’;;;(}/
fprm_ok? * (valt) ~ as

where o

a+fif 0

t
type_ok ;1 A type_inf ;t = x A

n H
.0 QX ,
const _termq t A fprm_ok} ;. as

is free in as

o = a+t otherwise

fprm_ok;’f;‘a“(rest ti) " as

H 1

Jprm_ok? > (m t) ™ as

fprm_cc,p () F

form_cc,p ((m t) ~as) F

fprm_cc,p ((rest t;) = as) F

type ok, t A type_inf , 1 = * A
type_ok ,t; A type_inf ,t =t A
const _termg t A fprm_016,’;:5?,;(t as
type ok, t A type_inf = ¥ //,\

const_termg t A fprm_ok} Vv as
where m is valres or ref

Fpp |
(p = tec, t) A(VE- fprm_cc, , pT as F'T)
where m is val, valres or ref

(p = tecyt AN tecyti Ninject type, ti t) A
(Vt - fprm_cc, (p* ANQ =1]) as F*)

Figure 11.9: Formal Parameters Well-Formation and Correctness
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prm_compat, . I ((fo.mo)....(fr.m)) (ao.....a;5) = ( = J) A

Nico..1(p-type_ok, , m; (fili —1.....0:=af"..... a’y]) ; ) A
p-no_alias, I {mg,.... myp) {ag....,az)

prm_compat_cc,((fo.mo) .. .. (fn.mn)) {ao..... a,) =
inject type, ag fo A
inject _type ,aq (f1[0 := ad])™ A

Figure 11.10: Parameter Compatibility

Fach parameter declaration introduces a new variable which may be free in the state-
ment S. A parameter of val mode may also be free in subsequent parameter types,
as described on page 41. The new variable introduced by a parameter declaration is
assignable unless the type of a subsequent parameter is dependent on the variable. A
formal parameter of mode res has an initial value which must be assignment compatible

with the parameter type.

The decidable well-formation check is described by the function fprm_okz:;’ :seq A—B
where the initial environment is p, o and the environment with formal parameters added
is p',a’. Proof obligations for the well-formation of formal parameters are described
by the function fprm_cc, : T — seq A — (TypEnv — T — T) — T. The arguments
of this function are the context, the list of formal parameters and, rather than the
parameterised statement, a function to which the environment and context created by
the parameters are applied to give the type correctness conditions. The specifications
are in Figure 11.9.

11.5.4 Compatibility of Actual and Formal Parameters
For actual and formal parameters to be compatible:

(i) there must be equal numbers of formal and actual parameters: correspondence
between formal and actual is by position,

(ii) the actual parameter must belong to the type declared for the formal parameter
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(1i1) the actual parameters corresponding to result. value-result or reference formal
parameter modes must be left-values. and

(iv) the actual parameters must not give rise to aliasing.

As for the assignment statement. tvpe compatibility and aliasing rules require proof
obligations.

Decidable Compatibility Rules The decidable rules for tvpe compatibility and ab-
sence of aliasing between formal and actual parameter lists are described by the function
prm_compat, , : N— seq(T x M) — seqT — B. The specification is in Figure 11.10.
Each parameter is added to the environment of the subsequent parameters, since the
type of a parameter may depend on a preceding parameter. The variable introduced
by a parameter declaration is assignable unless the parameter is of val mode and the
variable is {ree in the type of a following parameter.

The function p_type_ok,,: M =T =T — B specifies the type check for a parameter
of each mode and the requirement for parameters of modes other than val to be a
well-formed left value.

p-type_ok, val fa = lype_inf a=f
p-type ok, ,m fa = left_ok, aA type_inf a= f
where m is valres. res or ref

Proof Obligations for Parameter Compatibility Parameter compatibility re-
quires proof obligation for:

(i) type correctness conditions for the actual parameters, and

(ii) the absence of aliasing between result and reference parameters in an actual pa-

rameter list.

The type correctness condition ensures that each actual parameter belongs to the type
given in the formal parameter declaration, with the preceeding actual parameter val-
ues substituted where the formal parameter type is dependent on an earlier formal
parameter. The anti-aliasing ‘disjointness condition’ i1s the same as that for an as-
signment statement, ignoring val parameters: the function no_alias_cc is defined on
page 168. The function prm_compai_cc is used in the specification of correctness con-
ditions (Figure 11.8) for the application statement. The function prm_compat_cc, :
seq(7 x M) — seqT — T describes these proof obligations. The specification is in
Figure 11.10.
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The function out_param : seq M — seqT — seqL selects actual parameters which
correspond to formal result or reference parameters:

out_param() {) = {)
out_param((val) =~ ms) ({a) ~ as out_paramms as
out_param({m) ~ ms) ({a) ~ ) (a) = out _paramms as

where m is valres, res or ref

11.5.5 Aliasing of Parameters
Two forms of aliasing can occur in an actual parameter list

(i) aliasing between result (res, valres) or reference parameter which are not disjoint.

and

(i1) aliasing between ref parameters and global variables.

The two cases are considered in more detail below and the rules for avoiding aliasing

given.

Aliasing of Result and Reference Parameters The following example illustrates
this form of aliasing: is z increased by 1 or 27

PROC Inc IS [VALRES x:Nat; VALRES y:Nat]
X,y = xX+1,y+2

IN
Inclz, z]

END PROC

This form of aliasing is equivalent to aliasing in assignment statements. In the example,
the equivalent assignment is z,z := z+1,z+2. As with assignment, both a static check
and a disjointness proof obligation may be required. Parameters of mode val cannot

give rise to aliasing.

Aliasing Between Globals and Reference Parameters The following example
illustrates this form of aliasing: is G doubled or not?

VAR G : Nat IN
PROC Inc IS [REF x:Nat]
x,G :=x + G, x
IN
Inc[G]
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END PROC
END VAR

To prevent aliasing between a global variable and a reference parameter, we must ensure
that the variable used as the actual parameter cannot be free in the statement which
gives the meaning of the statement variable. Thus, if X = [ref r:¢] .S then X [ ¢]
does not cause aliasing provided that g ¢ ®S. Monotonicity of call by reference is
proved by Back [Bac87] with this side-condition®.

It is difficult to implement Back’s side-condition directly, since the set of free variables
is not preserved by refinement. As a result, to check the well-formation of a call to the
procedure, the implementation of a procedure would need to be examined; we would
prefer to have the well-formation of the call depend only on the specifying statement of
a procedure, not its refinement. We adopt the following rule which is more restrictive

than Back’s.

Rule to Prevent Aliasing with Globals If S is a statement with formal parameter
ref r : ¢ then the application S [ g | does not alias with global variables provided
that the variable g was declared after the formal parameters of .S and therefore ¢
cannot be free in 5.

At a practical level, a programmer wishing to update an object from within a procedure
body without using a result parameter has two options

(1) declare the object first and refer to it from the procedure body as a global variable,

or

(i1) declare the procedure first and refer to the object using a reference parameter.

With this rule, recursion blocks cannot have reference parameters®.

Decidable Anti-Aliasing Checks The function p_no_alias, specifies the decidable
anti-alising checks. To prevent aliasing between result. value result and reference pa-
rameters, the variables used must be disjoint in the same way that variables in a multiple
assignment must be disjoint, as specified by the function no_alias (see page 167).

p-no_alias, I ms as = no_alias(out_paramms as) A no_alias_glb_ I ms as

8The use of copy-in copy-out semantics for valres and res parameters ensures that there is no
aliasing in the second example if ref is replaced by valres. With this change, Inc{G] is well-formed
and equivalent to G := G + G. Although this is a well-formed statement, it is confusing and it is
unlikely to reflect the true intentions of a programmer.

“However, a recursive procedure can have reference parameters.



The rule to prevent aliasing with globals can be implemented by comparing the indices
of the statement variable and the actual parameter variable. If the index X is defined
as [ref r : ¢ ] S then the call X [ g ] is well-formed if g < X.

This implementation is used in the function ne_alias_glb, : N — seq M — seqT — B.

no-alias_glb, I () () =t
no_alias_glb, I ((ref) =~ ms) ((a) ~as) = Ihsa <A no_alias_glb, I ms as
no-alias_glb, I ((m) ~ms) ((a) ~as) = no_alias_glb, I ms as

for other parameter modes

The index of the statement variable is returned by the function stmt_indz : S; — N,
which is used in the definition of stmt_ok in Figure 11.7, on page 169.

stmt_indz [ = /
stmt_indz(rec Sy vary tin ;) = 0

Anti-Aliasing Proof Obligations Proof obligations are only required to check the
absence of aliasing between result and reference parameters and these checks are the
same as those required for assignment statements. The function no_alias_cc, defined
on page 168 is used in the definition of prm_compat_cc above.

11.5.6 Alternative Approaches to Aliasing

Euclid Inisinteresting to compare the approach to parameter passing taken here with
that of ‘conventional’ language Euclid [LGH* 78], which is the basis of the approach used
in the Ada subset SPARK [CJM*92. CGM92].

In Euclid, the formal parameters have mode var or nonvar. Parameters of mode
var may be assigned within the procedure; the actual parameter must be a variable.
Parameters of mode nonvar are read-only within the procedure; any expression may be
used as the actual parameter. The global variables are declared in a similar way, each
procedure declaration including a list of the global variables which may be used within
the procedure. with a var or nonvar mode for each such variable.

The following two requirements ensure the soundness of the proof rule used.

1. Reference passing is used to implement var parameters while nonvar are imple-
mented by value passing (i.e. copy in).

SV

The var actual parameters and the var global variables must be distinct. This
less restrictive than Back's side condition.
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In comparison to the approach adopted here, there are two key features. First, the
global variables visible in the procedure body are listed in its specification. Second,
global variables are assigned modes restricting some to be read-only.

In SPARK, the rules are more complicated because the Ada language (of which SPARK
is a strict subset) does not specify the mechanism used to implement the different
parameter modes, so that when a variable is used as the actual parameter for a nonvar
parameter (written as in in the Ada syntax) the compiler is free to use pass by reference.

Adapting the Euclid Approach The anti-aliasing condition on the use of reference
parameters proposed for the language of refinement is necessary because our language
does not have the two key features of the Euclid approach: lists of visible global variables
and global variable modes. Obviously, the Euclid approach could be adopted directly,
by adding the global lists to the syntax.

In a refinement language it is also possible to adopt the Euclid approach without addi-
tional syntax: the global lists and modes could be inferred:

(1) the global variables are the free variables of the specification of a procedures, and

(ii) the var variables are the free variables which are assigned in the specification of
a procedure (i.e. the frame variables).

To make this equivalent to the Euclid approach, the free variables and the assigned
variables must be checked for a refinement, changing the refinement relationship so
that if § © T then

(i) the free variables of 7" must be a subset of those of S, and

(i1) the assigned variables of T' must be a subset of those of 5.

This change would disallow a refinement such as skip C r := z. Euclid introduces
the annotations precisely because it is not convenient to analyse the implementation
of a procedure in order to determine whether a particular call to the procedure causes
aliasing. In a refinement language. the procedure specification can be analysed instead,
provided that the properties of interest are maintained by refinement.

11.6 Semantics of Statements

The meaning of each form of statements is specified by its weakest precondition predi-
cate transformer. as described in Chapter 2. Section 2.2.4 describes how the strongest
postcondition predicate transformers are defined.
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wp, skip ¢ = @

wp, abort () = f
wp, i,y L=t 1) @ = Qasgn (... L) (.. t,)
wp,(ly,..., ly:=any n P)Q = (Vt;...(Vt,- P =
Qtasgn (I, ., [
(n—1,...,0)
where (; = (lype_inf , {;)T(=Y
wp,(pre P in 5) Q = PAwp,SQ
wp, ;T Q = wp,S (wp, T Q)

wpp(if or; P, = 5;) Q Vi B NN = wp, 5 Q)
wp,(var tle in S) @ (wp,pe S QF)0:=e?]
‘U)pp(COI'l E in S) Q = ((u”pp—i—type_inprS Q+)(O = E+])—

I

Figure 11.11: Weakest Preconditions

For most statements the weakest precondition is defined. However. the loop statement
(see Section 11.8), the recursion statement (see Section 11.9) and the statements asso-
ciated with procedures (see Section 11.7) are defined by equivalences and the predicate
transformers are calculated.

As described in Section 2.2.1, compound statements must be monotonic with respect
to the refinement of their component statements. For weakest preconditions which are
defined, monotonicity must be proved. For weakest preconditions calculated from an
equivalence, monotonicity follows from the monotonicity of the statements used in the

equivalence.

11.6.1 Semantic Functions

Weakest Preconditions The weakest precondition function is declared as:
wp, : S =T =T

For wp, s ¢ to be a well-formed predicate. the statement s and the postcondition ¢ must
be well-formed. and ¢ must be a predicate such that (for some a):

stmit_ok, . s A type_ok ,q A bool_term, g

Strongest Postcondition The strongest postcondition function is declared as:
sp,: S—=T =T

The weakest preconditions (see Figure 11.11) and the strongest postconditions (see Fig-
ure 11.12) of simple statement forms are standard and ensure that compound statements
are monotonic. The standard forms have been re-expressed using depth-indices.
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sp, skip @ =
f

sp, abort @ =
spy(liyey lni=ty,. . 1) Q =
(Fup...(Fu, - Q" asgn (F",.... 0" (n—1,...,0) A

AT =t asgn (77 0™ (n—=1,....0)))...)
where u; = (type_inf, [;)t0-1
sp(li,..., lp=anyn P)Q =
(Fty...(3t, -
QT asgn (If™,.... 00" (n—1,...,0) A
Pasgn ((I{™,...,0"Y ~(n—1,...,
(n= L. 0)~ (.0
where t; = (type_inf , ;)1
sp,(pre Pin S) Q = sp, 5 (PNQ)
sp, ;T Q sp, T (sp, S Q)
sp,(if or; P, == 5;) Q Visp,Si (PiAQ)
sp,(var tle in S) Q (Ft-sp,, S (QFTAQ=eT))
sp,(con E in S) Q (Ft-sp,, S(QTAQ=ET))
where { = type_inf  E

i

I

i

il

Figure 11.12: Strongest Postconditions

Abstract Assignment The weakest preconditon of the abstract assignment state-
ment makes this form of assignment equivalent to the demonic miraculous assignment
of [BW89b]. where the following definition of the weakest precondition is given (in

identifier syntax)!?:
wp (Ty,. ... I, :=any y.....y, where P) Q) =
(Yfi..... fo-Plyreoo o syn = fiooo fu]l = Qler. vz = f1aoo fa])

This definition requires the bound variables y; to be renamed to fresh variables f; to
avoid the possibility that variables of the same name which are free in the preconditon

() are captured by the quantification.

If Statement A statement of the form if ... fi which can be used to build-up a stan-
dard conditional statement is proposed in [Mor88a]. However, this statement is not
monotonic in its subcomponents and therefore cannot be used in our approach. (See

also [BWSOb]).

10This definition assumes that the left hand side of the assignment are simple variables and does not
specify the tvpe of the quantified variables.
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Logical Constants The (con ...) statement is a deterministic form of the logical
constant given in [MG90] using syntax with variables:

wp (concin S) P = (Je-wp S P))

This statement is angelically deterministic and therefore not conjunctive. Our version
can be expressed using either the general form of logical constant, or the variable
declaration.

(cone=FE _ (conc _ (varc

in S) T in{c=E}S) T inc:=E;S)

The weakest precondition given above can be calculated, using the syntax with variables,
from any of these equivalence. For example:

wp (con ¢ = Fin S) @

= (Jc-wp (c= E:S) Q) [first equivalence]
=(dc-c=FEANwp S Q) [wp of assert & seq. comp.]
= (wp S Q)|c:= F] [one point rule]

The general form of the logical constant does not have a strongest postcondition since
it 1s not conjunctive. We can justify the definition given above using the second equiv-

alence:

sp(conc=FEin S) Q)

=sp(varcinc:= E:5) Q [second equivalence]
= (Je-sp(c:=E:5) Q) [sp of var decl]
= (e -sp S (spec:=FQ)) [sp of seq. comp.]
=(Jde-sp S{c=ENQ)) [sp of assert]

11.6.2 Substitution for Assignment

The specifications of the weakest precondition and strongest postcondition for the two
forms of assignment use substitution: in the assignment r := e, the value e substitutes
for the variable r. Because of this connection between assignment and substitution, the
svntax for substitution resembles an assignment: the substitution of the value e for the

variable @ is written [¢ := €].

To transform an assignment to a substitution, the following complications must be

taken into account:

(i) the left hand side of an assignment is a left value. rather than a variable,

(ii) the same variable mav occur more than once on the left hand side of an assignment.
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Statement Equivalence
al:=z a:=as (1, x)
al,d2:=ry yali=ad (la).d B (2.y)

<

aa ty ta,aa uy ug =,y a:=ift; =

then aa & (t;.aa ty & (t2.2) E (u2,y))

else aa & (t1.aa t; & (12, 7)) & (ur, aa uy 5 (uz, y))
one d:=z d := cone z (two d) (three d)
one d.two d := z,y d:= coone x y (three d)
one d t, d:= c.one (one d P (t,2) & (u.y))
onedu:=2xy (two d) (three d)
one (ad t), d:=ad & (t,coone x (two (ad t)) (three (ad t)))
one (ad u) ==,y & (u, coone y (two (ad t)) (three (ad t)))
one (ad t), ad :=ift = u
two (ad u) :=z.y then ad & (t.c_one © y (three (ad t)))

else ad & (t,c.one v (two (ad t)) (three (ad t)))
& (u, coone (one (ad t)) y (three (ad t)))

Figure 11.13: Transformation of Assignment Statements

In the rest of this section, the transformation to a substitution is described by a trans-
formation to an equivalent assignment. which satisfies the rules for a substitution with
only simple variables, not repeated, on the left hand side. Figure 11.13 shows some
example assignment statements and their equivalences, using the variable and type
declarations of page 135.

Assignment to Functions and Maps Both these forms are transformed in a similar
way using the function or map override operator. An assignment with the form fa:=1¢
where f is a variable of function tvpe is equivalent to f := f % (a.t). The override
operator for functions is <+> (see section B.1) while for maps it is [+] (see section B.3).

If the same variable occurs more than once in an assignment such as f a,f b:=t, u,
the equivalent assignment is either:

f=f=(a.t)Z(b.u) or = fa(b.u) = (a.t)

The two transformations are equivalent since ¢ # b. which is a condition for the original
assignment to be well-formed. A further complexity arises when two or more left values
with two or more arguments are used in an assignment:

f ay (lz.f bl [32 = t.u

This assignment is well-formed provided that a; # by V ay # by. If @y = b; then the
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equivalent assignment is:
[=f@(ar, f a1 @ (az,t) D (bz,u))
while if a; # b, then it is:
f=fD(an, far @ (azt)D (b, f b1 & (b, u))

Since the correct choice cannot be determined statically, a conditional term is used, as
shown in figure 11.131,

Assignment to Datatypes These are transformed using the datatype constructor
for the appropriate case to form an updated datatype value. Thus one d := z is
equivalent to d := c_one z (two d) (three d). Note that the datatype accessors which
are not used as selectors on the left hand side of the assignment are used in the equivalent
assignment. Since aliasing of datatype accessors is decidable, conditional terms are not

required.

Assignment to Compound Types Some examples of complex left values involving
functions and datatypes are shown in figure 11.13. The final example is noteworthy
since 1t requires a conditional term in the equivalent assignment even though there is
no disjointness condition.

The asgn Function In the specification of wp and sp, the function asgn is used to
create the appropriate substitution. We write:

for the predicate P modified by the substitution corresponding to the assignment of
terms ¢; to the left values /;. A substitution is represented as a set of pairs (i,¢) where
1 1s an index and ¢ is a term.

asgn :seq L —seq7 = P(NxT)

1A disadvantage of this approach is that the complexity of the equivalent rises rapidly. For the
example shown there are two alternatives in the equivalence, for f a; aq, f by bs, f ¢1 co 1= ¢, u, v there
are five alternatives; adding a fourth assignment yields fifteen alternatives. Alternative approaches
include (1) more restrictive well-formation rules (ii) allowing updates to functions of one argument
only. i.e. using (in Pascal syntax) ARRAY [i..m, 1..n] OF T rather than ARRAY [i..m] OF ARRAY

[1..n] OF T.
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11.7 Semantics of Procedure Statements

11.7.1 Procedure Declaration and Call

The following definition of the meaning of a procedure declaration is standard (adapted
to the variable-free syntax).

(proc Sin T) = (T[0 := S*])~

The predicate transformers for (proc ...) are calculated by first making the substitu-
tion, eliminating all free statement variables. The weakest precondition and strongest
postcondition are required for both procedure blocks and free statement variables - see
Section 12.1.2 - in the second case the substitution is achieved using the environment.

wp,(proc SinT)Q = wp, (T[0:=5"])"

wp, L = wp,S5 where p!! [ = Proc §
sp,(proc SinT)Q = sp, (T10:= 57])"
sp, L = sp,S where p!! [ = Proc §

Theorem 11.1 demonstrates the monotonicity of this semantics of procedures.

Theorem 11.1 Monotonicity of statement substitution For any statements T,
1" not referring to the statement variable X and any statement Sx possibly referring
to X:

TCT = SX:=T]CS[X:=T]

A proof of this theorem is given in [Bac87. Theorem 1. p11].

It is possible to extend the definition of refinement to allow for statements with free
statement variables (in this case. the refinement must hold for any substitution of the
variables). However. this extension is not necessary in the approach adopted here.

11.7.2 Parameters
The well-formation rules ensure that ahstraction and application match. Therefore

the meaning of an application can be defined for each form of abstraction. Using the
identifier syntax. the definitions are:

[ valz: }S[H = (varzr: tinr—e'S)
[resz:t] S[y] = (varz:tin S;y:=1)
[Vall‘eSJ‘ t}g[y] = (varr:tinz:=y Siy:=z)
(refr:t]S[y] = Sz :=y]

183



It is shown in [Bac87] that the val and res parameter passing mechanisms defined
in this way are monotonic, subject to renaming variables to prevent capture. The
conditions for monotonicity of pass-by-reference have been discussed in Section 11.5.
Variable renaming is avoided by using the variable-free syntax:

[valt] S |e] = (vartin Q:=¢";9)
[restt;]S[y] = (vartin0:=t/:S5;y" :=0)
[Valrest} ly] = (vartin 0:=y":S;yt :=0)
[reft]S[y] = (S[0:=y])"

The weakest preconditions can be calculated from these definition giving results which
are the same as the definitions given in [Mor88c]. However, it should be noted that y
in the definitions above is not restricted to a variable but can be a left-value.

11.7.3 Multiple Parameters

An abstraction with multiple parameters is defined by the simultaneous substitution of
the list of parameters. (An abstraction with multiple parameters cannot be described
using nested abstraction with single parameters because this results in sequential sub-
stitution.)

Let t, u, v, w and e be terms, with left values z, y and z which do not alias. The
application of [e, . y. =] to an abstraction with multiple parameters is defined as follows:

(var t;u;viw in
[ valt,valresu.resv v;.ref w | 3, ;, _1_ = etd ot o2
Slewy =] - S0 := =+
Tyt =2.1)

The equivalent statement has the following components:

(i) a copy-in assignment for the val and valres parameters,
(11) initialisation of the res parameter.
(i11) a substitution for the ref parameters. and

(iv) a copv-out assignment for the res and valres parameters.

11.7.4 Refinement of Parameterised Statements

,..

Following [Bac87] we extend refinement of statements to parameterised statements.



Definition 11.1 Let S, S’ be statements and abs stand for one of the forms of param-

eterisation.

[abst ]| SC[absu ]S

if and only if

[abst ]S [e]Clabsu] S [e]

for all expressions e (for which the application is well-formed).

We make the additional restriction that for any refinement of parameterised statements
the two lists of formal parameters must be identical, simplifying the above equivalence to

(V-5

5’). Refinement of a parameterised statement occurs implicitly in recursion

(see Section 11.9), when the parameters are necessarily identical. Since the syntax
prevents an abstraction from being labelled!? (see Section A.4.2) the explicit refinement

of a parameterised statement is restricted.

11.8

The loop

Semantics of the Loop Statement

statements i1s defined to be equivalent to an abstract assignment under a

precondition.

(while [ vary E loop or; B, = 5;) =
(pre

In

where (14

I'A
Al (21, en) AA B = ((wp,en ST (IT A ET < 0))[0:= E*])7) A
Allp <.lf1....,.l’,z> ([/\lez =0« E)

Tiooooorp=any n (IAN-B)Y ey +n,. ..oz, +ni=n—1,....0])

r,) 1s a sequence containing the indices of the variables assigned in any of

......

the statements within the loop: U;{ W S; }. The principles for the equivalent statements

are:

1. The precondition ensures that the invariant and the variant of the loop have the
following properties (standard from Hoare logic):

(a) the invariant holds initially.

(b) in all states in which the invariant and one of the guards B; holds, the cor-

responding statement .5; maintains the invariant and decreases the variant,

and

'“The intention of the svntax was to prevent explicit refinement of parameterised statements (which

appears to

have no purpose 1n our approach}. but it is not effective. This suggests that the restriction

should be tightened or dropped.



(c) in all states in which the invariant and any of the guards hold, the variant
is greater than zero.

2. The abstract assignment updates all the variables which may be assigned by the
statements in the loop in any way which maintains the invariant of the loop and

makes all the loop guards false.

Monotonicity The monotonicity of the loop statement follows from the monotonicity
of the statements used in the equivalence.

Continuity When a loop contains a non-continuous statement an integer variant
may not exist (even though the loop terminates). Consider, for example, the following
program adapted from Boom’s paper [Boo82]. where i:Nat and first:Bool:

first := True ;
WHILE 1 >= 0 VARY ?
L0OOP
first ==> 1 := WHERE True ; first := False
OR
not first && 1 > 0 ==> 1 := 1 ~ 1
END LOQOP

Since there is no variant function which is always decreased by the first iteration of
the loop. the precondition of the equivalent statement is false and the loop behaves as

abort.

The only primitive statement in the language which can be non-continuous is the
non-deterministic assignment when the set of values satisfying the predicate is infi-
nite. (Back and Von Wright [BW9S, §22] characterise statements which may be non-
continuous.) The requirement for an integer loop variant prevents some uses of infinite
non-deterministic assignments in loop bodies. This restriction could be relaxed by
allowing a variant of any well-founded set. including ordinals, to be used to show termi-
nation of a loop. We note that the standard rule for introducing a loop in the refinement
calculus (see below) also assumes a variant from N.



11.8.1 Frame Variables

The variables which are assigned (and therefore may be changed) by a statement are
called the frame variables. We write ¥ S to stand for the set of such variables.

(ol i= b be) = Ui lhsl;
U(ly,. .., ln c=any nt) = U, lhsl;
(vart[tzlnS) = {i-1ieUSAi>0}
(contlnS’) = {i—-1teUSA:>0}
¥(proc S in S;) = {i—1i e ¥ S[0:= 5]}
Y(rec S vary tin S;) = {i—1}i € ¥ 5[0 := Sf] }

Other cases are defined in the obvious way. Since the definition of ¥ for proc and rec
substitutes the statement variable, no case is required for the free statement variable [
and abstraction and applications are paired:

Y([valt] S[e]) = {1—-1iewvSAi>0}
U([valrest | S[1]) = {lhsl}u{i-1ieTUSAi>0}
U([resti; | S[l]) = {lhsl}Uu{i-1ie¥SAi>0}

The definition of ¥ for the ref parameter mode is the same as that for valres.

11.8.2 All State Quantification

The properties of the statements in the loop must hold in all states. This could be
represented by universal quantification over all the variables, however. it is sufficient to
quantify over the variables which are assigned in the loop body. The quantified term is
constructed by the function All, : seqN — 7 — 7. with the necessary adjustments to
the indices.
All, (ry..cix)p = (V4o YV, p™oi 4+, o,z ni=n—1,.... 0])
where t; = (type_inf, z;)* 1)

11.8.3 Loop Predicate Transformers

The predicate transformers for the loop statement can be calculated from the equiva-

lence. Let:

loop = while [ vary F loop or; B; — 5;
rs = asequence of the indices of the assigned variables | J{ ¥ 5; }

All, zs N(IA B = ((wp,,z SF (ITAET <0))[0:= E*])7)

All, 2s (IAN\/ B, = 0< E)

B

A

i

A,
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then:

wp, loop @
= INANAANwp, (21,2, 1= [wp of the pre |
any n (I A\ =B;)*"
[ty 4+n,...,2,+n:=n—1,...,0])) @
= INANAANAL, es (TAN B = Q) [wp of the abstract assign.]

sp, loop P
=sp, (z1,....zp:=any n (I NN, —B;)™" [sp of the pre ]
[x1+n,....2n+n:=n—1...., O) (PATAAL A A
= (3, ... 3, [sp of abstract assignment)]
(PATANAANA) T [zy4+n,. o, +ni=n—1,...,0]A
(IAN=B) T2y +no e, +ni=n—1,....0]
[t1+n.....¢pn+n.n—1..... O:=n-—1.....0,z;+n,....2, +nl)
where t; = (type_inf , ;)"
= ALNANTAN B A [quantified variables not free]
(Fty... 3¢, -

(PADT ey +n,.. ... r,+ni=n-—1,....0])

This completes the definition of the loop statement: to justify this definition we show
below that a loop statement defined in this way can be implemented by a standard

iteration statement.

11.8.4 Comparison with the Refinement Calculus

The similarity between the approach described here and that used in Abrial’s Abstract
Machine Notation has already been noted. The connection with the treatment of loops
in Morgan's refinement calculus. apparently very different, is described here. The re-
finement calculus law for introducting an iteration [MRS87. Law 11], is:

W [true. ine, (Vi 1G]

do
[ e:1 -G =[G inv. 0 < var < varg))
od

The loop with explicit invariant and variant can be seen as an alternative syntax for
this refinement law. which has no side-conditions. The properties of the law are:

1. The loop refines a statement which establishes the invariant and the disjunction

of the guards.
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2. When the corresponding guard applies, each statement within the loop must be
a refinement of the statement which maintains the invariant and decreases the

variant.

These are properties of the loop equivalence given above!.

11.8.5 Implementing the Loop Statement

The following theorem shows that the loop statement can be implemented using the
standard do ... od statement, by discarding the invariant and variant.

Theorem 11.2 Implementing Loops For any invariant predicate I, variant expres-
ston F, guards B; and statements S;, let:

loop = (while [ vary F loop or; B, = 5,)
dood = do|B; = Siod

1

then loop C dood. The proof is on page 220.

11.9 Semantics of Recursion

We define the recursion block by an equivalence:

(rec[ay.....a, ] S = [aj,....a, ] (cont,in
vary ¢, in T) (proc [by.....0, | {O0< ¥ Al <n }; 5
in 7))
where b; = oD
é,v — tj-(n*{-l).n
§ = Gt

provided that
S C (cont,in (T[0:={0< ' Ath <n+1}:57]))

In the following text. this equation is referred to as the proviso. The proviso expresses
the constraint on the statement (rec S vary ¢, in T') that the statement T must be

“3The only different is that the equivalence is based on the traditional form of the invariance proof
rule for loops, while Morgan uses an alternative. The alternative requires that the invariant and the
guard of each statement imply the precondition for the statement to establish a variant value greater
than or equal to zero. This is almost the same as the third conjunct in the precondition of the loop
equivalence, which requires that the disjunction of the guards implies that the variant is greater than
zero. If this is not the case in the refinement calculus version, then at least one statement in the loop

body is infeasible.
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a refinement of 5. Since the syntax ensures that S is the specification of T', it is not
necessary to check the proviso explicitly: it is checked with the rest of the refinement
text. We make this argument more formal in Section 12.2.

In the equivalent statement for the recursion, a logical constant is introduced to hold
the initial value of the variant and a procedure is introduced to specify the recursive
statement variable. The specification of the procedure is the statement S which specifies
the recursion, including the formal parameters. The procedure specification also has a
precondition to show that the variant ¢, is decreased, bounded by zero.

The scope of the different components of the equivalent statement needs to considered
carefully. The logical constant is visible in the statement 7" as 1 and the recursive
variable is 0. Within the procedure specification, the scope of S and ¢, needs to be
adjusted so that they depend on the parameters of the procedure. The scope adjustment
makes use of an extension of the operation introduced in Section 9.2 for adjusting
indices: for a term (or statement) ¢, "/ denotes the term ¢ with indices greater than
or equal to j increased by i. The default value for 7 is 0.

Recursion Specification The procedure specification part of the recursion equiva-
lence is used in the specification of well-formation.

rec_spec (ar, ... an) St, = [by,....b, ] ({0<H A, <n}; 5

where b, = POy
Sl — S+(n+1)’n

Continuity As with a loop statement, when a recursion contains a non-continuous
statement it may not be possible to find an integer variant. The use of recursion is
restricted to cases for which an integer variant exists. Without a variant, the ‘proviso’
does not hold and the refinement fails. Equivalently, an invalid variant leads to a
precondition of *false’ for (one of) the recursive call(s) and the recursion block aborts!?.

11.9.1 Recursion Predicate Transformers

We can calculate the weakest precondition from this definition, assuming that the pro-

viso holds:

wp (rec § vary ty in T') ()

= wp,(con ty in (proc ...)) ¢ [expanding defn.]
= ((wp,(proc {0 <7 At <0}:.STin T) Q1)[0:=¢f])~  [wp for log con]
= ((wp, (T[0:= {0 < P A2 < 13572~ QN[0 := )~ [wp for proc]

4 nless the recursion is called in an infeasible context.
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where p' = p + type_inf  t,
Similarly, assuming that the proviso holds:

sp,(rec S vary ty in T) P =
(Fu - sp,(T[0:= {0 <H2AH? < 1} S*])~ (PT A0 =1t7))
where u = type_inf t,, p'=p+u

11.9.2 Introducing a Recursion

We show that a recursion block can be introduced wherever its specifying statement

could be introduced.

Theorem 11.3 Introducing a Recursive Call Let Sy, Sy be statements in which
the recursive variable 0 is not free, let T be a statement possibly containing O and let

tv be a variant. Then
S1ES; = 5 C(rec S; vary ty in 1)
provided that
Sy C (con ty in (T[0:= {0 < T2 A T2 < 1}:57%])7))
The proof is on page 221. A trivial way to satisfv the proviso of this theorem is to

make the statement in the scope of the recursive variable the same as the specifying
statement. Theorem 11.3 then shows that:

S C Sy = S C (rec S, vary ty in S)9)

always holds.

11.9.3 Implementing Recursion

We show that a recursion block can be implemented using a simple recursion, by dis-
carding the specifving statement and the variant. We write (p.5) for recursion over the

statement variable 0 in S.

Theorem 11.4 Implementing Recursion for any S, ty and T in a well-formed

recursion statement:
(rec S vary ity in T) C (uT)

provided that
SC(con ty in (T[0 := {0 < tF* A2 < 1} 519)7)
The proof is on page 221.
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11.10 Context Propagation

In this section, the context propagation rules are specified, following the approach out-
lined in Section 2.2.6. These rules have already been used in the stmt_cc, specification

in Figures 11.5, 11.6 and 11.8.

11.10.1 Context Rules

Figure 11.14 gives context rules for compound statements based on [Bac88, §8]. The
context rule for primitive statements is given in Section 2.2.6.

Variable and Constant Block The initial context applies to the statement within
the block. The variable or constant must be removed from the final context of the

statement.

Loop In a loop, the context of the guarded command is strengthened by the guard
and the invariant. The final context of the complete loop is its postcondition, which
does not depend on the final context of each alternatives. Nor does the context following
a loop depend directly on the initial context; however, the initial context may allow the
loop invariant to be strengthened, thus strengthening the context of the alternatives.

Procedure The declaration of a procedure does not affect the context of the state-
ment within the scope of the procedure. However, the context cannot be propagated to
the specifying statement, since the procedure can be called in any other context. The
final context @) can be determined by substituting the specifying statement S for the

procedure variable.

Recursion Back's [Bac88, §8] context rule for refinement is conditional; it is not easy
to use since it does not specify how a context predicate satisfving the condition can be
found. The final context is determined in the same ways as the procedure statements,
using the equivalent statement for the recursion. In the rule shown, the precondition
{0 < E* A E* < 0} which is part of the equivalent statement is omitted: without it,
the context is weaker but simpler.

Procedure Call and Parameters In the hypotheses of the rules for procedures and
recursion given above. free statement variables are eliminated by substitution. The
equivalences for application of parameters to abstraction statements given on page 183
are used to eliminate application and abstraction.
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11.10.2 Following Context

The context annotation following a statement is given by the function fentz, : T —S& —
7. For most forms of statement, the strongest postcondition is used. Two exceptions
are a weaker (but simpler) context is chosen for the loop and recursion statements, as
shown in the inference rule in Figure 11.14. Since statement variables are replaced by
the statement which defines them, abstractions and applications are matched.

fentz  p (while {7 vary ty loop or; t; = 5)

= AN
fentz, p (rec Sy vary tin S3) = fentz, pS,
fente jp ([valt ] 5 [e]) = (3t fentr,, (p" NQ =€) S)
...similarly for other modes, based on the equivalences of Section 11.7.2
fentz  p S = sp,S p otherwise
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(Seq)

(Pre)

(If)

(Var)

(Con)

(Loop)

(Proc)

(Rec)

{P1S={P}5{Q}
{QIT={Q}T{ R}
{PHST)={ P NS TR}

{(PA:}Si={ PAt; 1S Q)

{ P }(if or;t;, = S;) =
{ P}if ority = { PAL; }S){ Vi Q: }

{PtAO0=¢c¢t }S={ Pt A0=¢"}S{Q}

{ P }vartlein S)={ P }(vartlein { PP AQ=¢" }S){ (Jt-Q )}

{PtAQ=¢t }S={ P"AQ=¢t}S{Q}

{ P }(conein §) =
{P}conein{ Pt AQ=¢e¢" }5){ (I iypeinf,e-Q )}

{tunti 1:Si={tinL}SH Qi }

{ P }(while t; vary ¢y loop or; t;, = S;) =
{ P }(while ¢; vary ty loop or; t; = { {; A {; }S))
{tin Nt}

{PTIT0:=St={ PP IT0:=5ST{ Q}

{ P }proc SinT)={P }procSin{ Pt }T){ Q" }

T[0:=S*]=T[0:=5"{Q }

{ P }{rec Svaryty inT) =
{ P }(rec S vary ty in T"){ @~ }

Figure 11.14: Specification of Context Propagation
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Chapter 12

Refinement Texts

A refinement text records the stepwise development of a program from a specification.
In this chapter, we show how a refinement text can be represented conveniently by
adding a refinement statement to the abstract syntax of statements already described.

12.1 The Refinement Statement

A refinement statement has a pair of statements:

S = ... |SrefS§

Example Refinement Statement Let 4; be unspecified atomic statements in the
statement F defined as:

E=Agref (((A; ref 4;); Ay) ref (( Ay ref (Ag; A7)); A5))

Statement F is illustrated in Figure 12.1 using the refinement diagramsof [Bac91]. Each
refinement is shown as a double horizontal line with the statement being refined at the
left end of the line and the refining statement at the right hand end. The left hand side
of the refinement, which can be called the specification is often a simpler statement than
its implementation. on the right hand side of the refinement. In stepwise development,
further refinements are made to the implementation (i.e. on the right hand side) of
a previous refinement. However. as shown in the example, it is also possible to have
‘nested’ refinement, where a compound statement created by a number of refinement
steps becomes the specification of another refinement.



Ao A | | ] A6 A

Figure 12.1: Refinement Diagram for Statement £

12.1.1 Specifications and Implementations

We define two functions on the syntax of statements: spec : S — S takes the left hand
side of each refinement to give the least refined statement, while imp : § — § takes the
right hand side to give the most refined statement. The definitions are in Figure 12.2.
Applying these definitions to the example statement E obtains the specification and
implementation:

spec £ = Ag imp E = (Ag; A7); As
so that the overall refinement represented by F is Ag C (Ag; Ar); As.

12.1.2 Well-formation and Correctness

Since the refinement construct is represented as a statement. cases of the stmt_ok,
and stmi_cc, functions are required. The definitions are shown in Figure 12.3.

Well-formation A refinement is well-formed provided the component statements are
well-formed. The formal parameters must be the same. as noted in Section 11.7.4.

Correctness The correctness of the refinement statement includes the condition for
correct refinement. The term imp S C spec T, used in the correctness condition, is
expanded using the characterisation theorem. as described in Section 2.2.5. The struc-
ture of the stmt _cc, definition explains the cases required for the predicate transformers,
used in the characterisation theorem:

(1) no cases of wp and sp are required for the refinement statement. since the argu-
ments of = do not contain refinement statements,

(i1) cases of wp and sp are required for the call statement /. since refinements can
occur within the scope of a procedure declaration and a statement variable may
be free on the left or right of C.
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spec A = A where A isatomic
spec(S;T) spec S specT

spec(pre ¢ in .S) (pre tin specS)
spec(if or; t; = S}) (if or; t; = spec 5;)

l

Il

spec (while t; vary ty = (while t; vary ty

loop or; t;, = 5;) loop or; t; = spec S;)
spec(var t|t; in S) = (var t|t; in specS)
spec(con ¢ in S) = (con e in specS)
spec(rec Sy vary t in S;) = 5
spec [ = ]

spec(proc S in T)) (proc spec S in specT)
spec(] ay, ..., n] S) = [ay,...,a, ] (specS)
spec(S [ ty,...tn]) (spec S) [ t1,...tn ]
spec(S ref T') spec S

]

imp A = A where A isatomic
imp(S:T)

imp(pre t in S)
z'mp(if or; t; = Sz‘)

Il

imp S;imp T
(pre t in imp S)
(if or; t; = imp S,)

imp (while t; vary ty = (while ¢; vary ty
loop or; t; = §,) loop or; t; = imp 5;)
imp(var t|t; in S) = (var tlt;in imp S)

I

(con e in impY)
(rec Sy vary t in imp S;)

imp(con e in 5)
imp(rec Sy vary t in S;)

imp 1 = [

imp(proc Sin 1) = (proc impSin impT)

imp([ ay,. ... a, | S) = lay,..., La, | (imp S)

imp(S { ] = (me Sy [t ty ]

imp(.S ref f) = umpT

Figure 12.2: Specification and Implementation
stmt_ok, ,(S; ref Sy) = stmt_ok,, Sy N stmt_ ok, S1 A
stmt_fprm_typ , S1 = stmi_fprm _typ, S

stmt_cc,p (S, ref S3) = stmt_cc,p S1 A stmt_cc,p Sy A (p = imp Sy T spec Sz)
fentr  p (S) ref S3) = fentr,p (imp Sy)

Figure 12.3: Refinement Well-formation and Correctness
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Following Context The context following a ref statement is provided by the left
hand side of the refinement (i.e. the specification). This is not the strongest context —
that would be provided by the implementation — but it greatly simplifies the context
assertions and conforms to the top-down development approach.

Nested Refinement The refinement correctness condition for S ref T requires the
implementation of the left hand side S to be refined by the specification of the right
hand side 7. This provides the treatment of nested refinement described shown in
Figure 12.1. Let L = (A; ref A4;): As and R = (A4 ref (44 A7)); A5, using the

definitions of stmt_cc, fentx, spec and imp to expand stmt_cc, p E. we obtain:

stmt_cc,p E

= stmt_cc,p (Ao ref (L ref R))

= stmt_cc,p Ao A (p = Ao C (A1; 43)) A stmi_cc, p (L ref R)
stmt_cc,p (L ref R)

= stmt_cc,p L N (p=> (A2; A3) E (Ag; A5)) Astmt_cc,p R
stmt_cc, p L

= stmt_cc,p ((A4 ref A;); As)

= stmi_cc,p A1 A (p = A1 & Ag) A stmt_cc, p Ay A stmd_cc,(sp, A1 p)As
stmt_cc,p R

= stmt_cc, p ((Aq ref (Ag; A7)); As)

=stmi_cc,p A4 N (p = Ay T (As; A7) A stmi_ce, p (Ag: A7) A

stmt_ccp(spp Ay p) As

The four instances of C correspond to the horizontal lines in Figure 12.1.

12.2 Revisiting the Recursion Statement

The treatment of the recursion statement in Chapter 11 can be clarified using the

refinement statement.

Statement in a Recursion In the statement (rec S vary ¢, in 5’), the statement
S is the specification of S’ and does not reference the recursive variable or the variant
constant. Therefore, if S’ references the recursive variable (if not. the recursion can be
discarded), it has the form S*? ref T for some 7'. which makes a recursive call.

Checking the Proviso of the Recursion Equivalence Using this observation, we
use the equivalent statement for recursion defined in Section 11.9 and the definition of
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the function stmt_cc, to argue that the proviso of the equivalence is checked as part of
the well-formation checking of a recursion statement. Let u = type_inf ,t,, then

stmt_cc, t(rec S vary t, in (ST ref 7))

= stmt_cc,t (con ¢,proc ... in (ST? ref T')) [expanding the equivalence]

= (Vu - stmt_cc,4u(0 = ) (proc ... in (St ref T'))) [stmt_cc for con ]

= (Vu - stmit_ccppu(Q = 1) [definition of proc ]
(St ref (T[0:={0 <t AtF2 < 1}:572)7))

= (Vu-0=t5) = [stmi_cc for ref]
STE(T0:={0<tF2AtF? < 1}:5T])7)

= SC{T0:={0<tF2AtF* <1} S0 =) [substitution]

= the recursion proviso

A case of stmt_cc, for recursion has already been given (see Section 11.3). A similar
argument can be used to derive this from the recursion equivalence statement.

12.3 Refinement Texts

The overall development of a program by refinement from a specification is called a

refinement text.

Abstract Syntax A refinement text belongs to the syntactic category U of units,
introduced in Section 8.3.

U, = ... | reftextZ seqZ S, U; = ... | reftextS;

A refinement text has a name and a list of directly imported theories, in a similar way
to a theory. The program development is represented by a single statement, allowing a
text to be written without any refinement steps, if required.

Well-Formation The visibility rules of the refinement text — specified by a defini-
tion of the encoding function [reftext/ [s s], - are similar to those for a theory (see
Section 8.3). A refinement text is well-formed when the statement component is well-
formed. A refinement text does not define any new constants and therefore may not be
imported by another unit declaration. Cases of the functions unit_ok, and unit_type .
which would complete the formal definition, are similar to the corresponding ones for

theories and are omitted.
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12.4 Validity of Checking Refinements

The following theorem expresses the validity of checking a refinement text.

Theorem 12.1 Stepwise Development For any statement S and environment p
such that S is well-formed (i.e. stmt_ok,, S for some «), then:

stmt_cc,p S = stmt_cc, p (spec S) A stmt_cc,p (imp S) A (p = spec S T imp 5)

for any context predicate p.

Note that the reverse implication does not hold, since a development could contain an
incorrect step, but still be correct overall. A simple example of this is:

S C abort incorrect
abortC S correct

The validity of this theorem primarily depends on:

(i) mononoticity of all the statement constructors, so that any component statement
can be replaced by a refinement, and
(ii) validity of the rules for propagating context assertions, so that context p is prop-

agated to a statement S only when S can be refined by {p}5.

These properties are considered in Chapter 11.



Chapter 13

Conclusions

In this thesis, we have presented a language for program development using the re-
finement calculus. The well-formation rules and proof semantics of the language have
been specified formally and a prototype tool developed from the specification. In this
chapter, we summarise the work and suggest directions for further development.

13.1 Summary of Achievements

The feasibility of using a universal law for program refinement has been demonstrated.
Compared to transformational refinement using a theorem prover, refinement using a
universal law is a smoother development of existing programming methods. The pro-
grammer can use operational intuition — how does this statement behave — to replace one
statement by another with allowed behaviour. The refinement laws add to the program-
mer intuition but are not used explicitly. The size of refinement steps can be varied,
avoiding complex derivations of obvious development steps. Context is propagated au-
tomatically, allowing Back’s generalisation of the familiar assignment statement to be
used. Morgan's specification statement. which is the alternative generalisation of as-
signment. is appropriate when the context needs to be captured explicitly at each step
but the connection to the basic assignment is less clear.

Data refinement is not (vet) supported, but a simulation of data refinement in one of
the case studies shows how this could be achieved in a way consistent with our overall

approach.

The use of a simple predicate simplifier has been shown to be sufficient to allow the
proof obligations — the lemmas of the correctness argument of which the refinement
derivation is the main part — to be reduced in both number and complexity. Review
of proof obligations is a viable verification method. provided the refinement steps are
small. Indeed, when the refinement steps correspond to Morgan’s refinement laws, the
proof obligations become trivial or disappear completely. to (almost) the same extent
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achieved by using the laws explicitly.

The B-Tool/AMN is the most similar existing approach. One feature distinguishing
our approach is that refinements can be of any size. Although the theory underlying
the B-Tool/AMN is equivalent to the theory of predicate transformers on which our
approach is based, B-Tool/AMN allows refinement only between procedures.

The use of subtypes and dependent types is another feature distinguishing our work from
the B-Tool/AMN and from Morgan's refinement calculus, which both, in different ways,
capture types as invariants. Subtypes and dependent types are integrated smoothly
into the programming language, taking account of the context created by the program

statements.

Subtypes are shown to provide an accurate model of the runtime constraints of a pro-
gramming language. Operators with (dependent) subtypes can be used to model in-
tegers of limited range. Since these operators can be introduced as the final stage
of refinement, the proof obligations are similar to those which arise using Morgan’s

alternative approach.

The requirement that all variables have an explicit type — a standard practice in im-
perative programming languages — allows a simple type inference algorithm to be used.
Polymorphism is achieved by allowing types to be arguments to functions; this approach
is made convenient by enabling the type checker to infer these types in the majority of

cases.

13.2 Further Work

The work described in this thesis is intended to provide a foundation for a flexible ap-
proach to the validation of a program refinement argument, with formal proof as only
one of a number of options. However, this potential has not yet been developed. Ap-
plicable verification techniques are testing, including the generation of both test cases
[DF93, SC96] and test oracles [PP94]. model checking [Jac94] and even runtime check-
ing. Testing could be applied before refinement is complete using animation [HST97].

Further work is also needed to extend the language and to formalise the notion of
‘code’. The treatment of language features such as functions, modules and abstract
datatypes in languages supporting proof is established [Hor79] and can be adapted to
our framework. Other features. such as procedure parameters and exceptions [KM95],
also appear feasible. Type parameters and dependent typing so far have only a small
role in the language of statements and possible extensions should be explored.

A subset of the language is ‘code’. Although we have shown how code features can
be modelled using subtypes. we have not considered how code subsets are defined or

translated to a mainstream language.

o
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13.3 Refinement in the Mainstream

Despite the growing success of the B-Tool/AMN, formal methods in general and pro-
gram refinement in particular are not yet mainstream development techniques'. Some
have argued [Hoa86] that formal methods are necessary to achieve dependable software?.
To date, this has not been borne out by experience; for example Rushby, examining the
application of formal methods to the certification of systems in civil avionics [Rus93, p
135], reports that

Querall, present development and assurance practices for aircraft seem to
have worked so far: to my knowledge, there is no case of a software fault
leading to a serious failure condition in a military or commercial airplane.

However, if achieving dependable software is possible, it is also expensive: in the context
of testing to RTCA/DO-178B, Rushby reports [Rus93, p 146] ‘I have heard estimates
that up to 30% of all software development costs may be consumed in testing ...’
This suggests an alternative vision for the use of formal methods: reducing the cost of

achieving highly dependable software.

We believe that this vision can be realised only by the exploitation of theories such as
the refinement calculus in combination with the best existing practices and tools. The
use of formal methods should be incremental, enhancing existing practices and allowing
flexibility in matters such as the degree of rigour and the order of lifecycle steps. The
work described in this thesis is intended to be a small step in this direction.

TParnas discusses the reasons for this in the introduction to a compilation of B-Tool/AMN case

studies [SS599].
2A decade later, Hoare [Hoa96] examined why his prediction has been shown to be false. Among
the reasons given, he notes that software systems can operate reliably despite containing errors.
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Appendix A

Syntax Definition

This chapter describes a concrete syntax for the language, noting significant differences
between the concrete syntax and the abstract syntax.

Notation The concrete syntax is described in an EBNF using the following notation:

KEYWORD  Terminal symbol
no=n Terminal symbol
Category Non-terminal

EF E followed by F

E|F EorF

[E] Zero or one occurrences of E
{E} Zero or more occurrences of E |

A.1 Lexical Rules

A.1.1 Lexical Tokens

The forms of lexical tokens are alphanumeric, numbers, non-alphanumeric, brackets,
strings and character literals. Both alphanumeric and non-alphanumeric OpTok tokens
can be used either as operators or as identifiers, as explained in Section A.1.3 below.

AlphaTok = Letter { Letter | OpAChar | Digit }
NumTok = Digit { Digit }

BrackTok ::= "(" | ")"

OpTok = OpChar { OpChar | OpAChar }
CharLTok = " ( StringChar | """ ) "»
StringTok ::= """ { StringChar | '’* } "
OpAChar A



OpChar N O R A A A N e B G BV A
[ I A L B A A B A
R A e e B
I A L R L
StringChar ::= Letter | Digit | OpAChar | "(" | ")" | SpaceChar

The £ character is also in OpChar.

A.1.2 Reserved Words

Some tokens belonging to both AlphaTok and OpTok are reserved words. The reserved
words from AlphaTok are case sensitive: thus END is a reserved word, while end and
eNd are not'. The reserved words are:

ABORT ANY AXIOM BEGIN BINDER
BY CASE CHOOSE CON ELSE

END EXISTS FORALL IF IN

INFIX INFIXL  INFIXR 1S LEFT

LET LOOP MEAS OF OR

PRE PREC PREFIX  POSTFIX PROC
REC REF RES RIGHT

SEE SKIP SPEC THEN THEOREM
THEORY TYPE VAL VALRES VAR

VARY WHERE WHILE

The reserved words from OpTok are:

]

L ;o a= oo
=> \ -> - /: - ' " 2

{

>>

I

Note that the comma is not reserved since it is declared as the operator for creating
pairs (see page 33). although it is treated as reserved in the syntax of statements.

A.1.3 Operator Declarations

An operator declaration Opdecl is required to make a token behave as an operator;
both forms of identifier may be used as operators.

Opdecl = Fixity Op { " " Op }

Fixity = INFIX Digit | INFIXL Digit | INFIXR Digit
[ PREFIX | POSTFIX | BINDER | LEFT | RIGHT

Op ::= AlphaTok | OpTok

Tokens from AlphaTok and OpTok which are not declared as operators are identifiers
Id.

n this respect reserved words are treated in the same way as identifiers. This is appropriate to
avold having to distinguish pre-declared identified from reserved words.

S
=
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A.2 Texts, Theories and Declarations

A text is made up of theories and a refinement text. A theory is a named collection of
declarations.

Text = { Theory } RefText
Theory ::= [ SEE Id { Id } ]
THEORY Id IS
[ Opdecl { ";" Opdecl } ";" ]
Decl { ";" Decl }
END

The keyword SEE is followed by a list of directly visible theories. Other theories which
precede the theory being declared are indirectly visible. The category Decl includes
declarations, definitions or datatypes. Identifiers introduced may be operators (Op).

Decl ::= AXIOM Id { Arg } “==" Term
| THEOREM Id { Arg } "==" Term
| Id0p [ Defs ] ":" Term

| Idop [ Defs ] { Arg } DefRhs

IdOp c:= Id | u(n Op u)n
Defs ::= "“[" Int "%

Arg ::= "(" Id : Term '")"
Case ::=Id [ { Arg } Id ]

A.2.1 Definitions

The syntax for the right hand side of a definition is:

DefRhs ::= [ ":" Term ] "==" Term
| CASE Arg [ ":" Term ] "==" Alterns END
| PREC Arg ":'" Term == Alterns END
| REC { Arg } DefRec
{ ":ii=" Case { "|" Case }
DefRec ::= ":" Term '==" Term MEAS Term END
| CASE Arg ":" Term "==" Alterns MEAS Term END

The syntax is elaborated to allow functions to be declared without explicit use of A-
abstractions and the related forms for primitive and general recursion. These can be
combined with definition by cases. However, the syntax is still more elaborate than the
‘pattern matching’ svntax used in, for example. Haskell.



A.3 Refinement Text

Refinement labels are used to allow the refinement text to be written in a linearised
form. The complete text of a refinement starts with a specifying statement and is
followed by a list of refinements.

RefText ::= [ SEE Id { Id } 1
SPEC Id IS Stmt END
{ Refinement }

Refinement ::= REF Label BY Stmt END

A.4 Statements

The following precedence rules apply to statements: actual parameters (on an appli-
cation statement) have highest precedence, labels are next and sequential composition
has lowest precedence.

Stmt ::= Label-Stmt [ ;" Stmt ]
Label-Stmt ::= [ "<<" Label ">>" ] Applic-Stmt
Applic-Stmt ::= Basic~Stmt [ Actuals ]

A.4.1 Basic Statements

The syntactic category Basic-Stmt include all other statements — no precedence rules
are required since the composite statements are ‘bracketed’. The BEGIN ... END block
acts as a pair of brackets around a statement; it is needed in order to be able to label
the sequential composition of two statements.

Basic~Stmt ::= SKIP
|  ABORT
| PRE Term IN Stmt END PRE
|  BEGIN Stmt END
| VAR Vars IN Stmt END VAR
| CON Id "==" Term IN Stmt END CON
| IF Guarded-Stmts END IF
| WHILE Term VARY Term LOOP Guarded-Stmts END LOOP
| REC Id IS Abstract-Stmt VARY Term END REC
| PROC Id IS Abstract-Stmt IN Stmt END PROC
| Asgn-or-Call-Stmt

A.4.2 Formal and Actual Parameters

An abstraction statement Abstract-Stmt may have formal parameters. A label cannot
appear on the left hand side of the formal parameters in an abstraction statement,

[S]
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although the statement within the abstraction may be labelled. This is consistent with
the restriction given in Section 11.7.4.

Abstract-Stmt ::= [ Formals ] Stmt

Lists of actual parameters are separated by commas. Within an abstraction, the substi-
tution mechanism may apply to more than one formal parameter. A result parameter
may have an initial value: the syntax is the same as a variable declaration.

Actuals ::= "['" Term { "," Term } "]"
Formals ::= "[" Formal { ";" Formal } "]"
Formal Init-Formal | Non-Init-Formal
Non-Init-Formal ::= ( VAL | VALRES | REF )

Id ":" Term { ";" Id ":" Term }
Init-Formal ::= RES Vars

A.4.3 Assignment and Call
Both an assignment and a procedure call start with an identifier. The syntax can be
disambiguated by noting that the symbol following the identifier in a procedure call

must one of [ ; END VARY IN.

Asgn-or-Call-Stmt ::= Left [ ":=" Right ]

[ ANY Id { "," Id } ] WHERE Term

Right :
| Term { *," Term }

Left Hand Side of an Assignment The syntax of the left hand side Left shows
the forms of term which can be used on the left hand side of an assignment.

Left ::= PrimLeft { LeftArg }
| Idbot { "[" Term "“]" } PrimLeft
| Id "[" Term "I" { "[" Term "]1'" } Primleft

LeftArg ::= "~" PrimTerm | PrimTerm

PrimLeft ::= Id | "(" Left ")
Note that:

(1) In a left value, the map index operator ~ parses like function application, which
is left associative and has higher precedence than any binary operator. As a
result the term m~a+b~c does not parse as a left value. but both m~(a+b) “c and
m”~ (a+b~c) do.

(ii) a left value formed from a directlyv-visible datatype accessor parses as a function
application (unless if has explicit default parameters). For example, in £ a the
identifier £ could be a variable or a datatype accessor.

[
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(iii) There is an ambiguity between a procedure call and a data type accessor with an
explicit default parameter. The former takes precedence.

A.4.4 Variable Declaration and Initialisation

A VAR .. END VAR block contains a sequence of variable declarations, separated by
semicolons. Variables may be initialised.

Vars ::= Id ":" Term [ ":=" Init-Value J { ";" Vars }

Init-Value ::= WHERE Term | Term

In the abstract syntax all variable declarations include an initial value term. In the
concrete syntax, a form is provided to specify the initial value by a predicate. When an
explicit initialisation is omitted, the variable is initialised to an arbitrary value within

its type.

A.4.5 Guarded Statement

The body of the choice and loop 1s a disjunction of statements, each guarded by a
predicate. A label may not appear on the guard.

Guarded-stmts ::= Guarded-stmt { OR Guarded-stmt }
Guarded-stmt ::= Pred "==>" Stmt

A.5 Terms

The svntax of terms includes the function type. the binary operator term, the unary
operator term and applications. The function type constructor associates to the right.
Binary operator terms are parsed in accordance with their declared precedence and
associativity. All unary operators have higher precedence than binary operators; a
postfix unary operator binds tighter than a prefix unary operator.

Term ::= [ Id ":" ] BinTerm "->" Term | BinTerm
BinTerm ::= PreTerm | BinTerm BinOp BinTerm
PreTerm ::= UnyTerm | PreOp PreTerm

UnyTerm ::= AnnTerm | UnyTerm PostOp

The equality operators (precedence 4. no associativity) are built-in.

BinOp ::= "=" | "/=" | binary operators
PreOp ::= prefir operators
PostOp ::= postfir operators
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Function applications bind tightest and associate to the left in the standard manner.
Implicit parameters can be made explicit in an application, using the method described
in Section 3.2.3. An annotation binds less strongly than an application so that in a
type annotation t : T, the type T may be an application or a primitive term.

AnnTerm ::= AppTerm "[" ":" AppTerm "1"
AppTerm ::= AppTerm AppTermI | AppTerml
AppTermI ::= AppTermI "[" Term "]" | PrimTerm

The syntactic category PrimTerm includes all the primitive terms and the composite
terms with bracketed syntax.

PrimTerm ::= "TYPE"

Id0p

Id "." IdOp

NumTok

CharTok

StringTok

"(" BrackTerm ")"

#{" SubtTerm "}"

PREC [Id ":"] Term "->" Term IS Alterns END
CASE Term OF Alterns END

REC Id { Arg } ":" Term IS Term MEAS Term END
LET LetDef { ";" LetDef } IN Term END

IF Term THEN Term ELSE Term END

LDLimOp Term { ; Term} RDLimOp

BVar ci= Id ":" Term

BrackTerm ::= BinderOp BVar { ";" BVar } "Q" Term
| Term

LetDef ;1= BVar '"==" Term

SubtTerm ::= BVar "|'" Term
| Term

The A-abstraction operator \ and the quantifiers act as binders, together with any
declared binders.

BinderQp ::= "\" | FORALL | EXISTS | CHOOSE | binder operators

Alternatives are used in both case terms and primitive recursion. The left hand side of
an alternative is a pattern, which is a sequence of identifiers.

Alterns ::= Altern { "|" Altern }
Altern = Pattern "==" Term
Pattern ::= { Id }

A.6 Alternative Syntax for Refinements

A specification and its refinements form a tree. In the syntax using labels, the tree is
flattened and the labels show the hierarchy. An alternative approach is to represent the
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@ The specification is given using a non-deterministic assignment.
<<between.ref>>=
VAR x : Int IN
PRE <<provided x large enough>> IN
<<assign new value between one and x>>
END PRE
END VAR
Q Ydef x

@ The operation is impossible unless [[x]] is initially at least 3.
<<provided x large enough>>=
3 <=x

@ This is the non-deterministic assignment. It is refined by a
procedure call.
<<assign new value between one and x>>=
x := ANY nx WHERE 1 < nx && nx < x
REFINED_BY
PROC BetW IS [VAL a : Int; VALRES b : Int]
<<between procedure>>
IN
BetW[1, x]
END PROC

Figure A.1: Input Text to Noweb

tree directly using nesting and a new reserved word REFINED_BY. For example:

VAR x : Int IN
PRE 3 <= x IN
X := ANY nx WHERE 1 < nx &% nx < x
REFINED_BY
PROC BetW IS [VAL a : Int; VALRES b : Int]
PRE a <= b IN
b := ANY x WHERE a <= x && x <= b

REFINED_BY
b:=(a+b)/ 2

END PRE

IN
BetW[1, x]

END PROC

END PRE
END VAR

However. this is too unwieldv to be used directly. But it can be constructed using a
Web tool. such as Noweb [Ram94]|. Figure A.1 shows the Noweb source for part of
the simple refinement given above. while Figure A.2 shows the ITEX output. HTML
can also be produced. The text shown above is a reformatted version of the “tangled”

output of Noweb.



The specification is given using a non-deterministic assignment.

212a  (between.ref 212a)=
VAR x : Int IN
PRE (provided r large enough 212b) IN
{assign new value between one and v 212c)
END PRE
END VAR
Defines:

X, never used.
Root chunk (not used in this document).

The operation is impossible unless x is initial at least 3.
212b (provided x large enough 212b)=
3 <= x

This code is used 1n chunk 212a.

This is the non-deterministic assignment. It is refined by a procedure call.

212c  (assign new value between one and z 212c)=
x := ANY nx WHERE 1 < nx && nx < x
REFINED_BY

PROC BetW IS [VAL a : Int ; VALRES b : Int]
(between procedure)

IN
BetW[1, x]

END PRCC

This code i1s used in chunk 212c.

Figure A.2: BTEXproduced by Noweb
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Appendix B

Standard Declarations

In this chapter a small library of standard declarations® is given. The declarations
illustrate how a library of standard types and functions could be prepared. Such a
library is required to make the primitive language of terms a practical specification
language; examples include the Z-toolkit [Spi89] and the theories which form part of
the PVS thoerem prover [OSR93].

B.1 Functions

Function override and composition are defined. Predicates which characterise functions
are also useful.

> SEE Bool Pair
> THEORY Function IS
> INFIXL 1 <+> o ;

> override [2] (A:TYPE) (B:TYPE) (f:A->B) (a:A) (b:B) ==
> (\x:A @ IF x = a THEN b ELSE f x END) ;

> (<+>) [2] (A:TYPE) (B:TYPE) (f:A->B) (p:A#B) ==
> override f (fst p) (snd p) ;

> (o) [3] (A:TYPE) (B:TYPE) (C:TYPE) (f:B->C) (g:A->B) (a:4) ==
> £ (g a);

> injective [2] (A:TYPE) (B:TYPE) (f:A->B) ==
> (FORALL a:A; b:tA@fa=fb=>a=>b);

> surjective [2] (A:TYPE) (B:TYPE) (f:A->B) ==
(FORALL b:B @ (EXISTS a:A @ f a = b)) ;

v

'In addition to the theories given in Chapter 3.
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> bijective [2] (A:TYPE) (B:TYPE) (£:A->B) ==
> injective f && surjective f
> END

This theory is obviously incomplete: many other standard definitions could be added.

B.2 Sets

Sets are modelled as boolean functions.

> SEE Bool

> THEORY Set IS

> INFIX 4 :: ; INFIXL 3 /\ ;

> INFIXL 2 \/ ; INFIX 1 :< - ;

> Set (A:TYPE) == ~> Bool ;

emptySet [1] (A:TYPE) (a:A) == False ;

singleSet [1] (A:TYPE) (a:4) (x:4) == x = a ;

isemptySet [1] (A:TYPE) (s:Set A) == (FORALL a:A @ not (s a)) ;

(\/) [1] (A:TYPE) (s:Set A) (t:Set A) (a:A) == s a || t a ;

(/\) [1] (A:TYPE) (s:Set 4) (t:Set A) (a:A) == s a && t a ;

(-=) [1] (A:TYPE) (s:Set A) (t:Set &) (a:A) == s a && not (t a) ;

(::) [1] (A:TYPE) (a:A) (s:Set A) == s a ;

(:<) [1] (A:TYPE) (s:Set A) (t:Set A) == (FORALL a:A @ s a => t a)
END

vV V.V V V V VvV VYV

B.3 Map

A map. or partial function, is modelled by a dependent pair: the first element of the
pair is the set of values in the domain of the partial function and the second element is
a function from the subtype characterised by the set.

> SEE Bool Pair Function Set
> THEORY Map IS
> INFIXL &6 ~ ; INFIXR &

+> ; INFIXL t [+] ;

> Map (A:TYPE) (B:TYPE) == (PAIR d:Set A @ {d} -> B) ;

>  (~+>) == Map ;

> emptyMap [2] (A:TYPE) (B:TYPE) : Map A B ==

> (pair d:Set A @ {d} —> B)

> emptySet

> (\a: {emptySet [A] } @ (CHOOSE b:B @ True)) ;

> elemMap [2] (A:TYPE) (B:TYPE) (m:Map A B)
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> (i: {fst m}) == snd m i ;
> (~) [2] (A:TYPE) (B:TYPE) == elemMap [A] [B] ;

> dmnMap [2] (A:TYPE) (B:TYPE) (m:Map A B) == fst m ;

> updateMap [2] (A:TYPE) (B:TYPE) (m:Map A B)

> (a: {dmnMap m}) (b:B) : Map A B ==

> (pair d:Set A @ {d} -> B)

> (dmnMap m)

> ((snd m) <+> (a,b)) ;

> ([+1) [21 (A:TYPE) (B:TYPE) (m:Map A B) (p: {dmnMap m} # B) ==
> updateMap m (fst p) (snd p) ;

> addMap [2] (A:TYPE) (B:TYPE) (m:Map A B) (a:4) (b:B) : Map A B ==
> (pair d:Set A @ {d} -> B)

> (dmnMap m \/ singleSet a)

> (\aa: {dmnMap m \/ singleSet a} @

> IF aa = a THEN b ELSE m"aa END) ;

> deleteMap [2] (A:TYPE) (B:TYPE) (m:Map A B) (a:4) : Map A B ==
> (pair d:Set A @ {d} -> B)

> (dmnMap m -- singleSet a)

> (\aa: {dmnMap m -- singleSet a} @ m"aa)

> END

A map can be updated in an assignment statement (see Sections 11.1 and 11.6.2).

B.4 Arrays and the Upto Subtype

Finite subtypes of integers can be constructed using .. and upto.

> SEE Bool Int
> THEORY Upto IS
> INFIX 1 .. to ;

> (to) (1:Int) (u:Int) == (\x:Int @ 1 <= x && x <= u) ;
> (..) (1:Int) (u:Int) == {1 to u} ;

> upto (size:Int) == .. (size - 1)

> END

An array tvpe constructor is introduced. For simplicity. the first index of all arrays

0.

> SEE Bool Int Upto

> THEORY Array IS

> Array (size:Nat) (T:TYPE) == (upto size) —> T
> END

o
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An array can be updated in an assignment statement (see Section 11.6.2).

B.5 Finiteness and Cardinality

Finite Sets Finite sets have a defined size.

> SEE Bool Int Function Set Upto
> THEORY Finite IS
> finite [1] (A:TYPE) (s:Set A) ==
(EXISTS n:Nat; f: upto n -> {s} @ bijective f) ;
FSet (A:TYPE) == {s:Set A | finite s} ;
size [1] (A:TYPE) (s:FSet A) ==
(CHOOSE n:Nat @ (EXISTS f: upto n -> {s} @ bijective £))
END

vV V V V Vv

Finite Map An important subtype of the map type is the finite map.

> SEE Bool Map Finite

> THEORY FMap IS

> finite_map [2] (A:TYPE) (B:TYPE) (m:Map A B) == finite (dmnMap m) ;
> FMap (A:TYPE) (B:TYPE) == {finite_map [A]l [B] } ;

\4

THEOREM empty (A:TYPE) (B:TYPE) == finite_map (emptyMap [A] [BI)
> END

B.6 Collections and Pointers

Pointers can be introduced, using explicit collections. Collections were introduced for
the Stanford Pascal Verifier [LS79] (where they are called reference classes) and in the

language Euclid [LGHT78].

> SEE Bool Pair Set Map FMap
> THEORY Collection IS

Ptr : TYPE ; Nil : Ptr ;

AXIOM NPtr == (EXISTS p:Ptr @ p /= Nil) ;
NPtr == {p:Ptr | p /= Nil} : TYPE1L ;
Collection (A:TYPE) == FMap NPtr 4 ;

vV V. v VvV

> isemptyC [1] (A:TYPE) (c:Collection A) == isemptySet (dmnMap c) ;

> newCp [1] (A:TYPE) (c:Collection A) ==
> (CHOOSE p:NPtr @ not (p :: dmnMap c¢)) ;

> newC [1] (A:TYPE) (c:Collection A)



> (p: {p:NPtr| not (p :: dmnMap ¢)}) (a:4) : Collection A ==
> addMap ¢ p a ;

> delC [1] (A:TYPE) (c:Collection A) (p:NPtr) : Collection A ==
> deleteMap ¢ p ;

> THEOREM newC1 (A:TYPE) ==
> (FORALL c:Collection A ; a:A ; p:NPtr @

> p :: dmnMap ¢ => (newC ¢ (newCp ¢) a)”p = ¢°p) ;

> THECREM newC2 (A:TYPE) ==

> (FORALL c:Collection A ; a:A @

> LET p:NPtr == newCp ¢ IN (newC c p a)"p = a END) ;

> THEOREM delC (A:TYPE) ==

> (FORALL c:Collection A ; p: {dmnMap ¢} ; q: {dmnMap c} @
> p /= q => (delC ¢ p)~q = ¢°q)

> END

Example As a simple example of the use of pointer and collections, a type which
could be used to implement a linked list is defined:

ListElem == Inti6é # Ptr ;
LinkedList == Collection ListElem # Ptr

The linked list is a pair consisting of a collection and a pointer which indexes the head
of the list.

Pointer Types The definitions above result in a weaker type system than that of
Pascal. Here, all pointers are of the same type whereas in Pascal pointers of type
1+ T point to variables of type T. We can attempt to replicate this by declaring a
tvpe constructor: Ptr : TYPE -> TYPE . However, this results in an illegal recursion.
Pascal depends on the property that a pointer is always the same size, no matter which
tvpe is pointed to, allowing a type to be defined in terms of itself. No way of specifying
this property within the language of terms has been found.

Storage Allocation A collection is represented by a finite map so that it is always
possible to choose a new pointer which is not already in the collection. The definitions

given above do not model the exhaustion of storage space.

B.7 Lists

A datatype for finite lists is declared.

[
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> SEE Bool Int

> THEQRY List IS
> INFIX 3 <-- ;
> INFIXL 2 ++ ;
>

INFIXL 8 !! ;
> List [1] (A:TYPE) ::= nil empty |
> cons (head:A) (tail:List [A]) nonempty ;
> length [1] (A:TYPE) == PREC List [A] -> Nat IS
> nil ==> 0 |
> cons ht ==> ¢t + 1
> END ;

> (1) [1] : A:TYPE -> 1:List [A] -> {j:Nat | j < length 1} -> A ;

> elems [1] (A:TYPE) (1:List [A]) (s:Int) (f:Int) ==

> (\a:A @ (EXISTS i: {j:Nat | j < length 1} @
> S <=1&% i <f && 1 !! 1i=a)) ;

> map [2]1 (A:TYPE) (B:TYPE) (f:A->B) ==

> PREC List [A]l —> List [B] IS

> nil ==> nil |

> cons h t ==> cons (f h) t

> END

> END

B.8 Characters and Strings

Characters can be introduced by an enumerated type.

THEQRY Char IS
Char ::=
char_0 | char_1 | char_2 | char_3 | char_4 |
END

Ideally, the representation of a string must allow the used part of the string to vary in
length upto the length allocated. We outline two approaches. Both approaches have
an important feature in common: the type svstem ensures that no string is accessed or
updated bevond the allocated space.

String with an Index In this approach. a string is represented by a pair, consisting
of an array of characters and a length. Since arrays are indexed from zero. the length
is the next array index after the end of the string, which could be beyond the end of

the array.

SEE Bool Int Array Char

S
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THEORY String IS
String (l:Nat) == Array Char 1 # 0 .. 1 ;
string_empty == ((\i:upto O @ (CHOOSE c:Char @ True),0) : String O ;
string_len [1] (1:Nat) (s:String 1) == snd s ;
string_elem [1] (1:Nat) (s:String 1) (i:upto 1) == (fst s) i ;

string_add [1] (m:Nat) (c:Char) (s:String m) : String (m+1) ==
((\i:upto (m+1) @
IF i = 0 THEN c ELSE string_elem s (i-1) END),
m+ 1) ;

string_concat [2] (1:Nat) (m:Nat) (s:String 1) (t:String m)
: String (string_len s + string_len t) ==

LET sl:Nat == string_len s ; tl:Nat == string_len t IN

(\i:upto (sl + t1) @
IF i < sl THEN string_elem s i
ELSE string_elem t (i - sl) END), sl + tl
END
END

Strings with NUL Termination An alternative definition of string uses a special
character to mark the end of the string.

THEORY StringN IS
StringN (1:Nat) ==
{s:Array Char (1+1) | (EXISTS i:upto (1+1) @ s i = NUL)} ;

stringn_len [1] (1:Nat) (s:StringN 1) ==
(CHOGSE i:upto 1 @ s (i+1) = NUL &&
(FORALL j:upto (i+1) @ s j /= NUL))
END

Character and String Literals Character and string literals are represented in the
abstract syntax using the definitions above:

Literal Equivalence
'3’ a_char
"ab" string_add a (string_add b empty_string)
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Appendix C

Proofs

C.1 Loops

C.1.1 Implementing Loops

To prove Theorem 11.2, we use the standard proof rule for the loop (see [Gri81]). If,
for any predicate [ and integer valued expression £:

L. Ni I A By = wp(S;. I), and
2. INV; B = 0< E, and
3. AN LA B, = wp(S;, E < v)[v:i= F]

then

[ = wp(dood, I A —'\/ B;)

Proof of Theorem 11.2, Page 189 For an arbitrary postcondition @):

wp(loop. Q)
= IA [wp of loop]
AN(VZ - I ABi = wp(Si. [ ANE < v)[v:=E])A
(VZ-IAV;Bi=0< E)A
(VZ@-IAN-Bi = Q)
= /A [S; is conjunctive]
I A B = wp(S;.I))A
I-IAB = wp(S.E <uv)v:=ENA



= wp(dood, I A -V, B;) A [Using the proof rule]
(VZ - IANN B = Q)

= wp(dood, Q) [de-Morgan, monotonicity]
0

Note that the proof holds even if any of the statements 5; in loop are not continuous
and there is no integer valued expression £ which is a loop variant, since this implies
that wp(loop, @)) is false.

C.2 Recursion

C.2.1 Introducing a Recursive Call

Proof of Theorem 11.3, Page 191 For an arbitrary postcondition @:

wP(Sl > Q)
= “Since $; C Sz and S5 C (conwv=ELin ...)”
wp((conv=~FEin ...),Q)
= “Defn. of wp for con ”
wp(Tx[X :={0< EF<v };5],Q)v:=F]
< “Using defn. of wp for rec ”
wp((rec X=5, vary E in Tx), Q)

C.2.2 Implementing Recursion

Proof of Theorem 11.4, Page 191 To prove Theorem 11.4 we use the following
rule for introducing a recursion, given by Back and von Wright [BW98, §20]:

{Int=w}S C TX :={[At<w} Y]
{1}:5 © (pX-T)

where [ is a boolean term and ¢ is a variant, ranging over some well-founded set (for
which < is the well-founded order). Using variable notation (rather than De-Bruijn
indices) we write the recursion equivalence as:

(rec X = SvarytinT) = (conw = tin (proc X = {0<t<w};SinT))
where w is a fresh identifier. and the recursive proviso is:

SC(conw=tinT[X :={0<t<w}; 5]
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The proviso matches the condition for the introducing a recursion using the rule above,
giving:

SEWX-T) (%)
To complete the proof of Theorem 11.4, let R be an arbitrary postcondition:

wp((rec X = S vary tin T), R)
= “Recursion equivalence; wp for con and proc”
wp(T[X :={0 <t <w}S],R)[t := w]
= “Using (*) above and monotonicity, since the proviso shows that the
variant decreases”

wp(T[X = puX - T], R)
= “Unfolding of a fix point”
wp(X - T), R)

S
S
Q]
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