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The thesis is concerned with the behaviour of rigid surface strip footings
on sand when subjected to eccentric and/or inclined loads.

Experiments have been performed in two apparatuses, the ome having a
three times greater sand-bed width than the other, together with a

preliminary investigation in a smaller apparatus,

The bearing capacity predictions from various published theoretical
and semi-empirical solutions are compared with the experimental results.
Contact stress distributions which were measured in each case' are also

presented.

The effect of the tank to footing width ratio on the bearing capacity
and the contact stress distribution is examined by means of comparative
results from nominally identical tests.

The deformation of the sand mass has been measured by both X-ray and
Stereophotogrammetric techniques and representative results obtained by
each method are presented and discussed., The effect of the sand-glass
friction on the photogrammetrically measured displacement fields has been
investigated by comparing results obtained from identical load increments
in identical tests'using each of the techniques.

A new rational approach to the bearing capacity problem, based upon
concepts from plasticity theory, and supported by the author's experi-
mental evidence, has been advanced. This analysis, which utilises the
concept of the plastic potential, describes the planar translation of a
footing in a very satisfactory way under inclined central loads both
qualitatively and even quantitatively in tests carried out so far.

Finally, a gen?ralizai:ion of the analysis has been devised to cover
the cage of footings under general loading, its potentialities have been
discussed with particular reference to offshore oil platforms and areas

- recommended for future research in this field.
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Failure surfaces from.large field tests under inclined central
loads (a)a =10°, (b) & =20° (¢)a=30° (Muhs and Weiss,1973).

The failure surface in test A(e0=0.52,ob=0,Eo=Q.167).
The failure surface in test H(eo=0.52,ab=O,Eo=O.l67).
The failure surface in test FA(e0=O.52,ab=O,Eo=0.167).

The failure surface in test F(e _=0.52, independent horizontal
load at 100mm from the footing'gase)

The failure surfaces 1n test C(eO-O 52, al-l2 E ==0,167) and
superpcsed zero extension directions between stages.

(a) 0.96-failure (b) Just after failure.

The total maximum shear strains from test K(eo-O 52, E_=-0 .1€7,

independent horizontal load along the footing base).

The majJor principal compre551ve strain rate directions from

test c(e =0,52, c;-12 E_= 0.167) between stages 0.96-failure.

The typical shape of the failure surface outcrop from tests in
the FAC.

Total displacement fields from test D(eo-O 52,00 =0,E —O) at

stage O, T4 of the faillure load (a) Horizontal (B) Vertlcal-
X"R&ys °

Total displacement fields from test D(eo“O 52, =0,E —O) at
stage 0.7T4 of the failure load (c) Horizontal (QJ‘Vertlcal-

Stereophotogrammetry.

Cross-sections of'the horlzontal displacement fields obtained by

XRT and SP (a) +L45° , (b) -45°, (¢) horizontal cross-section.

Cross-sections of the vertlcal displacement fields obtained by
XRT and SP (a)+45°, (b)-Ls5° , (c) Vertical-symmetrical cross-section.

Total maximum shear strains (a,b) and major principal compressive
strain directions (¢,d) from test D at stage 0.T4 of the
failure load (a,c) x-Rays (b,d) stereophotogrammetry.

Horizontal field from test D between stages 0.TL-0.93 of the
failure load (Stereophotogrammetry).

Vertical displacement field from test D between stages 0.T4-0.03
of the failure load (Stereophotogrammetry).



T.47

T.48

T.52

T.53

T.5k
1.55
T.56

T.5T
T.58

Vertical displacement field from test D between stages 0.Th4-0.93
of the failure load (x-Rays).

Maximum shear strains from test D between stages 0.59-0.TL4 of
the failure load (a) x-Rays (b) Stereophotogrammetry.

Incremental displacement fields from test DS(e =0.53,a,=0,E =0)
in the FAS between stages (a) 0.0-0.67 (b) 0.67-0.86 (e) 0.36-0.98.

The major principal compressive strain rate directions from
test DS between stages (a)0.0-0.67 (b) 0.67-0.86 (¢) 0.86-0.98,

Maximum shear strains from test DS (FAS) between stages
(a) 0,0-0,67 (b) 0.67-0.86 (c) 0.86-0.98 of the failure load

(d) maximum shear strains from test D(FAC) between stages
0-59_0-7h-

The volumetric strains from test DS (FAS) between stages
0.0-0.67 of the failure load.

The failure surface in test DS(eO=O.53,O%=O,EO=O).

The failure surface in test RS(aO=50).
The failure surface in test BS(db=l2°).
The failure surface in test AS(EO=O.167).

The failure surface in test HS(EO=O.167).

The typical shape of the failure surface outérop from tests in
the FAS,

The major principal compressive strain directions from tests:
(@) A b)) B OQCE)D.

‘Load and displacement axes.

Plastic potential for a footing on sand.

Failure envelope, plastic potential and associated displacements.
Tests 1n the FAC,

Vertical component of the load versus vertical displacement for
various load inclinations,

Experimental and predicted vertical _ component of the load
versus horizontal displacement relationship.

V-H failure envelope and plastic potential (from Yip,1977).
V-M failure envelope and plastic potential (from Yip,1977).
Elastic and plastic displacement increments.

Yield surfaces and plastic potentials for a footing on sand.

Failure envelope and plastic potential for a footing on sand
under V-H-M,

The tower at the Christchurch bay.
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NOTATION

The following symbols have been used throughout the text. Any

deviations or additions are defined locally.

eccentricity (in mm)
eccentricity ratio (= e/B)
initial voids ratio

vertical component of the load
vertical displacement
horizontal displacement
horizontal component of the load
applied load

applied moment

’Nc’Nq = bearing capacity factors with respect to soil weight,

cohesion, surcharge
bearing capacity
depth of embedment
cohesion

undrained shear strength

= V/V = inclination factor
max

B-=2e = effective width
width

of footings
length

ratio of the currently applied normal pressure to the average

normal pressure at failure

Base of natural logarithms
volumetric strain

maximum shear strain
rotation footing (o)

angle of base friction (°)
shear stress (contact)
normal stress (contact)
unit weight of soil
inclination of load R to the vertical (initial)
angle of internal friction
Poisson's ratio

angle of dilatancy
inclination of the principal compressive strain directions to

the x—axis



¢, = the inclinations of the directions of the zero extension

lines to the x-axis

€19€4 = major and minor principal strain increments



CHAPTER . 1

INTRODUCTION =~ GENERAL LITERATURE REVIEW

1.1 Introduction

Most civil engineering structures transmit their loads to the
‘earth through foundations, and an engineer is required to predict the
response that can be expected due to the imposed loadings. However,
the precise prediction of the subsequent performance of these structures
is still difficult, despite the rapid development of the science of
soil mechanics and there-by the better understanding of the main
constituent ‘'soilt.

Advanced scientific and technological development, together with
the more restricted access to natural resources has led to new types
of structures for which past experience is at least limited if not
altogether absent. Heavy structures of immense size and height are
built, sometimes in areas in which, previously, the supporting strength
of the soil would have been considered quite inadequate. The new era
of offshore o1l exploration has created the need for vast structures
subjected to immense loads to be founded on the bottom of the sea.
Empirical rules, are therefore, increasingly left aside and rational
methods of design, tempered as ever by indispensible engineering
judgement, are sought.

The development of any rational method requires the correct postu-
lation of the problem, its theoretical solution being subsequently
checked by experimental investigation. It has, howéver, often been
the case that consideration of existing experimental evidence has led
to the formulation of basic ideas from which a rational analytical
approach has been developed.

The problem that was chosen for investigation is the behaviour
of a surface footing on sand under general planar loads. This project
followed a preliminary investigation on submerged footings on sand
under cyclic loads (Ticof, 1974) which, rather surprisingly, revealed
our present limited knowledge about the behaviour of such footings |
even when statically loaded (and under drained conditions). As will

become evident in subsequent sections, there is limited experimental

tnformation about the contact stress distribution, almost no information



on the deformation of the soil mass under eccentric and/or inclined

loads, and, perhaps as a consequence, lack of any truly rational approach.
The lack of such information becomes even more startling when one
considers that structures like the Ekofisk and Condeep oil platforms

are already installed in the North Sea (ICE, 1974).

The project 1is not oriented towards predicting the behaviour of such
structures by conducting laboratory tests applying the principles of
similarity. These experiments are idealized model tests and may be used to
either check theoretical analyses or even provide a basis for quite new

approaches.,

1.2 A review of previous work on the bearing capacity of shallow footings
In this section, a review of previous work on the subject is presen~
ted. In view o( the amount of literature, especially on the subject of
central vertical loading, (an extensive review of this topic was made by
Roscoe (1956), Roberts (1961) and Vesic (1973)), the review is intended
to be brief and selective. However, the previous work on both eccentric
and/or inclined loading conditions will be looked at in much more detail,
in an effort to summarize all the published major contributions on this
field.
Three main categories will be considered; one dealing with the

vertical central load case, the second with eccentric loadssand the third

with inclined loads.

1.2.1 Theoretical approach

1.2.1.]1 Vertical central load

The bearing capacity of footings is one of the fundamental classical
stability problems and various methods, basically utilising the concepts .
of perfect plasticity, are used to assess the collapse load. These
techniques may be divided into three principal groups (Chen, 1975):

(a) Limit analysis
(b) Slip-line methods
(¢) Limit equilibrium methods

(a) Limit analysis provides bounding estimates of the collapse load

for an ideal soil, replacing the actual one, which possesses the follow-

ing pfoPerties:

(1) The soil behaves as a perfectly plastic solid i.e. neither work hard-
ening nor work softening occurs (the stress increment vector always

lies tangent to the yield surface, whenever plastic strain increments

occur) .



(2) The yield surface is convex enveloping the origin and the plastic

strain increment vectors are normal to it (consequently éij e?j = ()

(3) Changes in geometry of the soil system at the limit load are

neglected (thus the virtual work equations may be applied).

The limit load for this ideal soil usually gives a good approxima-
tion to the actual plastic collapse load for the real soil, and the
bounding estimates for the ideal soil limit load serve as upper and
lower bounds to thé actual collapse load. These upper and lower bounds
may be obtained by using the plastic limit theoremgsof Drucker et al
(1951) which may be stated essentially as follows:

(1) If a distribution of stress satisfies the equilibrium equations,
the stress boundary conditions and does not violate the yield
criterion anywhere within the region, then the load determined
from such a distribution will be a lower bound to the actual
collapse load. | H

(2) If a kinematically admissible field (a velocity field which satis~
fies the velocity boundary conditions and the strain and velocity
compatibility conditions) can be found, then the load determined
by equating the external rate of work to the internal rate of
energy dissipation within this field serves as an upper bound to

the actual collapse load.

(b) VWhen ultimate failure (unrestricted plastic flow) is imminent,
then both the equilibrium and failure conditions within the region are

satisfied. If the two equations of stress equilibrium, namely

Bai 0T

'é—f—'l'——xz-ay = ( (1.1)
o0 0T |

——Y-ay + ——"Zax = ( (1.2)

are combined with the Coulomb failure criterion - mainly used as the

yield criterion for soils = namely

C cy)z ) o, + 0 -
7 "'Txy"——-—z-z = C cos ¢ (1.3)

they form a set of hyperbolic differential equations for the determina~-



i tresses 0 , O .
tion of the stres < y’Txy

For a particular set of known boundary stress conditions, these
equations may be used to determine the stresses within the region of
impending plastic flow (and therefore everywhere beneath the footing),
by proceeding along the slip-line network, which consists of a family
of lines the directions of the tangents of which, at every point in
the region, coincide with the directions of the failure planes, on

which t. = ¢ + 0. tan ¢.

f f
If the weight of the soil is taken into account, then eq. (1.2)

with y along gravity axis, becomes

aq T <
-—l ——-LH '
3y T ox (1.2")

and the system of equations (1.1), (1.2'), (1.3) is nonlinear and
cannot, in general, be integrated in closed form (Scott, 1963).

Sokolovskii (1965) has developed a finite difference technique to
integrate approximately the basic differential equations along the

slip lines, when the soil weight is considered.

(c) If the limit equilibrium method is adopted to obtain a solution
for a stability problem (eg. a footing), then a failure surface 1is
assumed and the position for which this surface will produce the
minimum stable load is sought. This failure surface is usually chosen
such that the stress distribution along it is conveniently included in
the overall equilibrium equation, which usually requires only simple
statics for the solution of various problems (Fellenius method for
5~-ability of slopes, (for ¢ = 0 or ¢ ¥ 0) Terzaghi,l1943).

The comparative power and limitations of these three methods are
discussed by Chen (1975), and the versatility and relative simplicity
of the limit analysis emphasised. However, the method most widely used
in calculating the bearing capacity of shallow foundations is the
approximate'superposition' method as expressed by the well-known formula
of Terzaghi (1943) (see fig. 1.la) for a challow strip foundation:

pﬂ!YN;B-!-ch'l-qu (1.4)

where vy is the unitﬁweight of the soil, B is the foundation width, c is



the cohesion of the soil, q is the surcharge on the surface of the

soil outside the footing, N N N_ are dimensionless factors depending

only on the angle of internZI griZtion ¢, and p 1is the ultimate

bearing pressure. These factors represent the resistance due to soil
cohesion, surcharge and soil weight respectively,and Terzaghi (1943)
suggested the superposition of these three separate cases. A similar
approach to the éubject has been attributed to Caquot (1934) and Buisman
(1935) (Vesic (1963)).

Meyerhof (1951) adopted Terzaghi's technique and obtained approx-
imate solutions to the problem of shallow (and deep) footings by
assuming failure mechanisms for the footing and taking into account
the shear strength of the overburden, unlike Terzaghi who considered
its weight only as an equivalent surcharge (q) (see fig. 1.lb). Like
Terzaghi, Meyerhof presented results in form of bearing capacity factors
N. Even though the soil behaviour in the plastic range is definitely
nonlinear, therefore, any superposition does not hold for the bearing
capacity of a ¢, ¢, vy soil (soil possessing cohesion, friction and
weight), the mathematical difficulties encountered when the conventional
limit equilibrium method is used for nonlinear problems provide some
justification, at least for practical purposes, for using this semi-
empirical method.

The effect of the shape and of the relative embedment of the
footing have been taken into account subsequently by introducing shape
and depth factors respectively (Meyerhof, 1951, 1963; De Beer 1965a,1970;
Hansen, 1970) in the equation (1.4), even though the relative importance

of the latter in most cases of embedded footings was found to be

negligible (Vesic, 1963). Equation (1.4) now becomes

P hYBYY Y DN s c (1.5)

s d
qQqq q ccec
where s and d are the shape and depth factors related to self-weight (y),

surcharge (q) and cohesion (c).

Considering the case of surface strip footings on sand, the bear-

ing equation becomes simply:

p = 1Y N, B (1.6)

The major problem in applying equation (1.6) is the correct estima-
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tion of the angle of internal friction ¢, since the NY factor is a
function of ¢. It is well established that the anglée of internal
friction for a sand of the same density is stress level dependent (and
therefore scale effects are inherent) (Bishop, 19663 Stroud, 1971;
Berezantzev et al, 1969; Vesic and Clough, 1968; Meyerhof, 1948: De Beer,
- 1961, 1965a) and that it varies considerably with varying test condi-
tions particularly in dense state (plane strain versus triaxial) (Bishop,
1957, 1966; Meyerhof, 1963;Cornforth, 1964). Furthermore, due to the
fact that the maximum shear strength of the soil is not fully mobilized
simultaneously throughout the failure surface, but progressively from
the edge of the footing (depending on the shear strain the soil has
experienced at that instant) (fig. 1.2), the angle of internal friction
¢ also varies along the slip surface (De Beer, 1965a, 1965b; Roscoe,

- 1970).

Meyerhof (1948) suggested that the mean normal value of the normal
stress along the slip surface was 1/10 of the ultimate bearing capacity
and that this mean value should be used for the determination of the
appropriate angle of friction. De Beer (1965a) found this assumption
quite acceptable and suggested a formula to calculate the average
normal stress as a function of ¢, bearing capacity p and surcharge q.
Graham and Stuart (1971) showed that such an assumption would result in
a scale effect. To conform with the plane strain conditions that
prevail in the case of a strip footing, Meyerhof (1963), following
remarks by Bishop (1957), suggested that the angle of internal friction
¢ used in the bearing capacity calculations should be 10Z higher than
that obtained from a triaxial test. This suggestion, which was sub-
sequently confirmed by Conforth (1964) and Bishop (1966), was also
adopted by Brinch Hansen (1970). However, as was pointed out by Roscoe
(1970) it is a very crude approximation to assume that ¢ is constant
throughout the deforming region because of strain propagation, and such
findings were reported by a number of research workers (Arthur, James
and Roscoe, 1964; James, 1965; Bransby, 1968; Tennekoon, 1970). | Modified
Sokolovskil type énalyses, incoprorating variable ¢, have been developed
by Tennekoon (1970), Graham and Pollock (1972).

1.2.1.2 The eccentricity of the load

The 'effective width' concept for the calculation of the bearing

capacity of footings under eccentric loads was introduced by Meyerhof



(1953), even though it is claimed that it was suggested and used almost
a decade earlier (De Beer, 1965, 1949), The eccentric load is assumed

acting centrally on a footing of width (fig. 1.3)
B = B ~ 2e (1.7)

while the remaining width is not considered. This assumption, which is
somewhat conservative, seems to have been generally accepted as a valid
one, and in a number of cases agrees well with the experimental results
(see chapter 2).

The conventional method often adopted for the design of eccentric-
ally loaded footings (for example Peck et al, 1973) is based on the
allowable earth pressure concept. A straight line normal contact
stress distribution is assumed (derived by precisely the same equili-
brium analysis as used for struts and beams in elementary structural
analysis). The maximum pressure at the corner of the footing must then
not exceed the average ultimate pressure under a vertical central load.
This implies that the whole footing width may be considered as "effect~-
ive" for eccentricities up to B/6, while a reduced width is considered
for higher eccentricities (dependent on the stress distribution diagram).
As it will be discussed in chapter 2, the predictions from this method
are unsafe for eccentricities larger than B/6 and lie on the safe side
for a load eccentricity within the "middle third".

Based on experimental observations, Giraudet (1965) suggested the
following experimental expression for the bearing capacity reduction, °

namely
- 2
v e 12K (1.8)

v L —
max

where € = 2.7183, E is the eccentricity ratio e/B, B is the width of
the footing and Vmax 18 the ultimate vertical central load. The pre-
dictions from this formula grossly overestimate the bearing capacity
of surface footings (see chapter 2) but, it appears to give reasonable
predictions for the embedded footings used by Giraudet.

Assuming one-sided failure surface (forming on the same side as
the eccentric load) Prakash et al (1971) developed an analytical solu-
tion based on the limit equilibrium approach. Following Terzaghi, they

assumed that superposition holds and, in addition, that the footing



partially loses contact with the soil with increasing load eccentricity,
Good agreement with published experimental results was reported;
however, apart from the superposition shortcomings already discussed,
the actual Yeffective" width, established theoretically, was estimated
from the relative tilt and the settlement of the footing. This method
cannot provide a correct measure of the contact area, which should be
more accurately indicated by monitoring the contact stress distributionm.
Recently, Purkayastha et al (1977) presented a stability analysis
‘for eccentrically loaded footings based on an' assumed failure surface
derived from experimental results. Again a linear distribution of ,
contact stresses was assumed and the one-sided failure zone (which
consisted, as usual, of two triangular Rankine zones and one logarithmic
spiral) was considered to contract with increasing eccentricity. They
obtained a rather good agreement with the "effective width" concept,

apart from eccentricity ratios E between 0.2 and 0.3 where a 10Z

difference was observed.

1.2.1.3 Inclination of the 'load
The case of a strip footing on sand under an inclined central load

was considered by Meyerhof (1953) who suggested that the vertical com-
ponent V of the load (fig. 1.4) could be expressed as

V=1iyB N‘Yq(BL) (1.9)

where the bearing capacity factor NYq depends on ¢,a (angle of load
inclination) and depth of embedment (the length of the footing, L > 6B),
V is seen to decrease rapidly with greater inclination and becomes zero
for a = ¢, when simple sliding of the footing occurs. Later, Meyerhof
(1963) suggested that the vertical component of the load could be
expressed in the form of reduction factors (with respect to the ultimate
vertical centreline load bearing capacity Vmax) known as 'inclination
factors' which, for the case of surface footings on sand, take the

following form:

\' a .2
v 5 |

Seﬁi—emirical relationships of the form
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%* 8 wr 6
\'/ - Hy 2
max -

have been suggested by Brinch Hansén, with BI 1.5, Bz = 2 (Hansen,
1957), Bl = I, Bz = 4(Hansen, 1961), and Bl = 0.7, Bz = 5 (Hansen,
1970) , the last one being an approximate expression of a slip~line
solution by Odgaard and Christensen for ¢ = 30° and _450 (Hansen, 1970).
Muhs and Weiss (1973), from large scale field tests, suggested a
reduction factor of the same form as equapionj (1.11) with Bl = ] and
B, = 2 (see section 1.2.2.3). All the above expressions will be com-
pared with the current experimental results in Chapter 2.

Janbu (1957) suggested that the reduction bearing capacit; due

to an inclined load could be predicted by the following equation:

vV I '
H
Vmax ] + Nh(v)

The factor Nh is a monotonically increasing factor of the angle of

internal friction for which he provided graphical information, while

H/V < tan ¢. Considering the case ¢ = 45° and a = 450, Nh = 4 (from

fig. 6, Janbu (1957)) and V/Vmax = 0,20 which is an unsafe prediction,
since the footing fails by sliding and V = 0 (angle of basal friction
< angle of internal friction for a rough footing). In fact, the pre-
dictions from this equation are rather unsafe as may be easily seen
from its form: for decreasing angles of internal friction, the relative
bearing capacity increases, while the opposite would be expected to

occur.
Reflecting on all these solutions it becomes very evident that the

stability of a footing under an inclined load is a nonlinear problem

of general shear failure and therefore the effect of both, the vertical

and horizontal load components cannot be evaluated separately and super-
imposed. This will become even more obvious in the next chapter, where

results from various experiments are presented and discussed.

1.2.1.4 Inclined-eccentric load

Based on the same argument, that the various components of the
applied load on a footing should not be considered separately, the

following relationship was suggested (Hansen, (1957,1970); Meyerhof
(1963))
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p -;%-- by N BY i s (1.13)
where p. 1is the vertical stress component of the bearing capacity, A

is the effective area A' = B! x LL,* (B! is the effective width, B! =

B - 2e, and L* is the effective length calculated similarly), N‘Y 1s the
corresponding bearing capacity factor and iY’ s, are the inclination
and shape factors respectively.

Expressions for the inclination factor have already been presented
in the previous section, and various empirical relationships .for the
shape factor have been suggested by Meyerhof (1963), De Beer (1970) to
which reference should be made for details. Each of the factors of
equation (1.13) is established from the consideration of simpler indivi-
dual cases, in which each effect is investigated separately. This
clearly leads to an approximate solution utilising the method of super-

position again. Nevertheless, this procedure provides a rather conser-

vative solution to the general bearing capacity problem.

1.2.2 Egerimental studies

The problem of the bearing capacity of footings on sand has been
the subject of experimental investigation by a number of research
workers, in an effort to eval<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>