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A TWO-SECTOR GROWTH MODEL FOR A DEVELOPING ECONOMY: THE CASE 
OF GREECE 

By Anastasios VasHiou Katos 

This thesis has three purposes. These are, f irstly, 'to bridge the gap between growth models 
for the developed and the less developed economies; secondly, to bridge the very large gap 
between abstract growth theory and empirical analysis; and thirdly, to provide a numerical 

analysis for optimal control policies. 

The first objective is tackled by constructing a two-sector growth model for a 
'developing' economy, the first sector being the agricultural and the second sector the 

non-agricultural, by building on the assumptions of the dual development. The principal 

characteristics of the model are the use of general production functions, the introduction 

of capital in the first sector, the bias in technological change between sectors and factors 

of production, the introduction of three income classes with three different propensities 

to save and the existence of a wage differential between the two sectors which produces 

labour migration and which is decreasing over time. This model together with the presented 

demographic dualism, the mechanics of labour reallocation and the rate of urbanisation 

includes as special cases models for developed and less-developed economies. 
The empirical validity of the model was the second objective. The experience of the 

Greek economy for the period 1950-72 was studied and the structural parameters of the 

model using Cobb-Douglas production functions estimated. This application permitted the 

comparison of the behaviour of the ratios of economics of growth and the estimated 

parameters for the Greek economy between theory and reality. 

Finally, the last objective was to investigate numerically the sensitiveness of the 

optimal paths for the key variables of the economy under consideration by extending 

theoretically the descriptive growth model to a normative one and by applying in it the 

values of the parameters already estimated. 
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INTRODUCTION 

The theory of econon-dc growth has been one of the fastest growing branches of 

economics over the past twenty years. Growth, after the Second World War, was every- 

body's concern. The war-damaged economies were trying hard to reconstruct quickly, 0 

the underdeveloped countries were attempting to initiate economic development, the 

., relatively free from periodic slumps were trying to advanced capitalistic countries being 

concentrate on raising the Iong-run rate of growth, and the socialist countries were deter- 

mined to overtake the richer capitalist economies by fast economic expansion, Sen (1971). 

The phenomena that are presented by a developing (changing) economy are 0 

immensely complex; any theory about them is bound to simplify, and at least in some 

way to over-simplify. In order to deal with those aspects with which it is possible to deal, 

it must neglect others; there is no known approach which is not based upon omissions, 

omissions that can easily prove to be of critical importance, Hicks (1972). 

Among the various attempts to avoid critical omissions were the attempts to 

disaggregate the economy. In this thesis we assume that the economy has been divided into 

two sectors. The introduction of two sectors immediately raises a number of special 

problems such as, the shift of the allocation ratios of factors over the growth path, the 

change in the relative product prices as the economy grows, the different capital intensities 

into different sectors and so on. 

The economist who is trying to provide a systematic analysis of the growth path of 

these two-sector economies faces two different groups of growth theories or models (for 

the relation of growth theories to growth models see Jones (1975) ). The first group is 

that in which the two sectors of the economy are the consumption-good and capital-good 

sectors, Meade (1961), both goods produced with labour and capital and is applied mostly 
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to the developed economies of the advanced Western countries. The second group is 

that in which the two sectors are a backward and an advanced sector, the output of the 

first sector is used for consumption and is produced with labour whilst the output of the 

second sector is used for consumption and investment and is produced with labour and 

capital, and is applied to the underdeveloped economies or oriental economies in Bocke's 

(1953) terms. 

In the real world we cannot be so sure in dividing the economies into the developed 

and underdeveloped ones because there exist some economies which are'clearly between 

these two groups. Often, international organisations, such as the United Nations or the 

OECD, using different criteria, face difficulties in sectoring the economies into these 

two groups and it is not rare to see the same economy to be characterized as a developed 

one by the criteria of one organisation and at the same time as a less developed one by the 

criteria of another organisation, Maddison (1971). 

The aim of the present thesis is to bridge the gap between these two extreme groups, 

the developed and the underdeveloped economies, and the corresponding growth theories 0 

(or models), introducing a two-sector growth model for a "developing"economy. 

In Chapter one, we discuss the concept of development and related topics as for 

example the existence of disguised unemployment, trying to survey the existing theories 

and models in this area. Our survey is mainly based on the works of Lewis (1954), Fei 

and Ranis (1964), Jorgenson (196 1) and Dixit (1973). In this chapter we are discussing 

solely descrip five models even though planning models are probably far more important 

to development economics, and this is due to our belief that we must know the structure 

of an economy be. fore we try to tise any planning policy. 

In Chapter two, we present the mechanics of labour migration between the two 
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sectors of the economy and we are discussing the hypothesis of the existence of a gap 0 

between the wages of the two sectors. Of course, in the same chapter we investigate the 

migration decision due to wages differential. CP 

In Chapter three, we present our "general" two-sector growth model for a developing 

economy. With the word "general" we mean that our model is not bound to any specific 

production functions, as the majority of the models in the survey of Chapter one are, and 

which use for example, production finictions of the Cobb-Douglas type. In this model the 

first sector is the agricultural sector whilst the second sector is the non-agicultural one. 

The inputs used for production in both sectors are the inputs of labour and capital as in 

Kelley, Williamson and Cheethain (1972) model. It is assumed that factor-augmenting 

technical change applies to both capitai and labour and it can be of different bias for the 

two sectors whilst it is of the same bias for the model of the latter writers. By assuming 

different wage rates between the two sectors and different propensities to save between 

the three income classek ie. workers of the two sectors and capitalists, we try to investigate 

the structure of the developing economy and to find the behavioural and technical 

sufficient conditions for the properties of existence and uniqueness of the momentary 

solution and stability of the balanced growth of our model. Migration of labour force 

between the two sedtors enters into our model by trying to investigate the growth process 

through time. 

The aim of Chapter four is twofold. Firstly, to provide us with a simple version of 

the general two-sector growth model of Chapter three, by using production functions of 

the Cobb-Douglas type, suitable for comparisons with the models presented in the survey 

of Chapter one, and secondly, to be applied to a specific developing economy, ie. precisely 

to the economy of Greece. 
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Before we applied the model to the Greek economy we thought it would be better 

first to examine whether the Greek economy behaves in the same way as our model. 

Therefore, in Chapter five we present and examine all the relevant available data of the 

economy under consideration summarizing in the last section the main conclusions of this 

investigation. 

In Chapter six we estimate the model. An important omission in the literature is the 

actual estimation of the various parameters involved in a two-sector growth model and 

the aim of this Chapter is to fill this gap. Firstly, we start with the estimation (or inter- 

polation) of the data which are missing and are necessary for our application. The relation 

between the specification of the actual forms of the functions and parameters used in the 

model with that of reality is investigated by the examination of the great ratios of 

economics of growth, Klein & Kosobud (1961), as a second step. Finally, we are doing the 

actual estimation explaining firstly the econometrics used and secondly, the criteria under 

which we chose the "best" estimates. 

In the first six chapters of the present thesis we discuss (and estimate) positive 

aspects of the economics of development. For the exercise to be complete we think that it 

was necessary to extend from positive economics into normative economics. This is the 

aiin of the last chapter, Chapter seven. In this chapter we not only present and investigate 

the optimal solution of the general or specific two-sector growth models of the previous 

chapters but also provide the actual numerical values of the variables of the optimal path 

of the model for the Greek Economy. The sensitivity of this optimal path to changes in 

the various parameters is finally investigated. 
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1.1 Introduction 

There are several criteria according to which an economy can be characterized 

either as a developed economy or as a less developed one. Examples of these are the level 

of per capita income, the level of per capita consumption, the allocation of output between 

the different sectors of the economy and the corresponding allocation of the labour 

force and so on. 

From empirical data it has been shown that the high income per head is associated 

with a relatively large proportion of the total population working in the industry, while 

low income per head is associated predominantly with employment in the agricultural 

sector. 

Comparing the theories of economic growth and development we can see that ever 

since the fifties there have been a large number of theories and models forwarded for the 

advanced economies and only a small number for the less developed economics. We could 

divide the part of economics which deals with 'economic growth and development' in such 

a way that we use 'economic growth' to refer to the advanced economies and 'economic 

development' to refer to the less developed economies. 

In the models of a developed economy which are highly aggregative the analysis is 

concentrated on the allocation of national product between consumption and investment, 

while for-the less developed economies it is concentrated on the rHationship between the 

growth of income and the growth of population, Jorgenson (196 1). 

In the theory of economic growth the balance between investment and savings is 

all important and the growth of population is treated as constant or put aside as a qualifica- 

tion to the main argument. In the theory of development, emphasis is put on the balance 

between capital accumulation and the growth of population, each adjusting to the other, 
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Jorgenson (1967). 

As we said above, the models of economic growth for the advanced economies are highly 

aggregative with only one putput and a single production function. The post-keynesian 

models of Harrod (1948) and Domar (1957) and the neo-classical models of Solow (1956) 

and Swan (1956), fall into this category and have little relevance to the first stages of growth 

in the less developed economies. In 1961 Uzawa published a paper of a model of economic 

growth introducing two sectors, one producing a capital good and the other a consumption 

good. Uzawa's two-sector growth model and later Inada's (1963), Drandakis's (1963) and 

others which originated in Meade's (196 1) book use one consumption good only. Only a few 

models use more than one consumption good, for example, Jorgenson (196 1) in his model of 

a dual economy and Dhrymes (1962) in his multi-sectoral gpwth model, and they are 

very special cases using production functions of the Cobb-DougJas--type. Recently, 

Kelley-Williamson-Cheetharn (1972) and Afarino(I 975) have generalized Jorgenson's 

model by introducing general production functions. 

Most of the two-sector growth models in which one sector is relatively less developed 

than the other are referred to as models of 'dual economies'. Of course, there are a number 

of possible definitions and interpretations of the term 'dualism', but in the main it refers 

to economic and social divisions in an economy, such as differences in the level of tech- 

nology between sectors or regions, differences in the degree of geographic development, 

and differences in social customs and attitudes between an indigenous and imported social 

system, Thirlwall (1972). The models of economic development of Lewis (1954,1958), 

Fei and Ranis (196 1), Jorgenson (1961), Dixit (1973) and others fall into this category. 

Dual economy models provide a significantly better description andtunderstanding 

of. -I'lie problems of development than any aggregative model can, not because two sectors 
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are better than one, but because the secthral division chosen reflects several vital social 

and economic distinctions in the type of economy being analysed, Dixit (1973). 

The division of the economy into sectors poses a difficult problem regarding the 

classification of activities into sectors. Following Dixit (1973) we classify the backward 

(or alternatively 'traditional', 'rural' or 'peasant-oNvned') secftxr to include agricultural 

production and the advanced (or alternatively 'modem', 'urban' or 'capitalistic') sector 

to include industrial production. According to Lewis (1954) we should classify in the 

advanced sector those services which are available on the market and leave domestic 

services in the backward sector. Sti-litz (1973) wfites that the agricultural-industrial 0 

division is not helpful, more appropriate would be a 'traditional' (including services) and 

- ! advanced' classification which, eg. in Israel, Kenya and New Zealand would-include 

agriculture. It is the institutional arrangements and techniques used that determine the 

division. Spaventa (1973) agrees that the service sector should be included in the traditional 

sector. Reynolds( 1969) use§ four sectors, of these, two are traditional; the agricultural 

sector and the urban trade-service sector. The other ýhvo sectors, industry and government, 

are the modem sectors. 

In what follows we will use Dixit's sectbral division. 

1.2 The Dual Economy 

In this section we will try to present the basic notions met in the theories of dual 
I 

growth, leaving for the next sections the detailed examination of these notions. 

As we said in the previous siection, one of. 'the two sectors in a dual economy is the 

backward or agricultural sector. This sector produces food, which, apart from some 

requirement for seed, can only be used for consumption. The advanced or industTial sector 

produces a different kind- of good which can be used as a consumption good or as an 
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investment good in the two sectors. 

Productive activity in the two sectors may be characterised by the production 

functions which relate the two different outputs to the factors of production. From the 

existing literature one should note the assymetry of the two production fujactions. In the 

agricultural sector there are two factors of production, labour and land, while in the 

industrial sector the corresponding factors of production are labour and capital. So, in 

the first sector we do not have capital accumulation, except where investment takes the 

form of land reclamation and in the second sector the role of land is negligible. Of course, 

there are cases in which capital accumulation played an important role in increasing the 

productivity in agriculture as for example in Greece, Japan and Taiwan. Recently growth 

models have been developed including the capital factor in the agricultural sector, 

Mundlak-Alosenson (1970-72), Kelley-NVUliamson-Cheetham (1972), Niho (1974) 

and Mass-Collell-Razin (1974). Another point is that the supply of land in the first sector 

is fixed, so that it can be subtracted from the production function in the agricultural 

sector. 

Agricultural activity is characterised. by the use of traditional methods of production 

with the consequence of high ratios of labour to land (or labour to capital for the models 

in which capital is an explicit factor of production, in agriculture), very low labour 
0 

productivity and generally diminishing returns to scale. In contrast, industrial activity is 

characteriied by a higher productivity of labour a; d constant returns to scale. 

Most of the theories of the dual economy use the notion of neatral technical progress 

which means that each production function will shift over time so that a given bundle of 

inputs will produce a higher level of output at a given point of time than at an earlier one. 

The growth of population is taken as exogenous or depending, upon the per capita 0 

10 



supply of food and the force of mortality. The latter is assumed to be given - it may be 

altered only by an improvement in medical techniques. The birth rate depends upon the 

per capitasupply of food. However, it may attain a physiological maximum, ie. a maximum r) 

given by a particular social situation and by the state of medical knowledge, provided that 

the supply of food is sufficient. McIntosh (1975) proposes a non-Nialthusian population 

theory which is based on the hypothesis that changes in fertility rates are intimately 

connected with migration patterns and that the rate of population growth is determined 

by the distribution of the population between the two sectors. If the food supply is more 

than sufficient there exists an agricultural surplus and labour may be freed from the land 

for employment imindustry. Labour is divided between the two sectors in a straight 
.1 

forward mannerif there is no. agricultural surplus, all labour remains on the land; if an 

agricultural surplus can be generated, the labour force available for employment in the 

industry grows at a rate which is equal to the rate of growth bf the agricultural surplus, 

Jorgenson (196 1). 

A much-debated concept is the existence of "disguised unemployment". There are 

various definitions of disguised unemployment: Rosenstein -Rod an (1957), Raj (1957), 

Leinbenstein (1957), Cho (1963) and others, but the simplest definition of it implies that 

some labour could be withdrawn from subsistence fanning without reducing the volume 0 

of farm output. According to Nurkse (1953), in technical terms the marginal productivity 

. -of labour is believed to be zero. But is the marginal productivity of labour in agriculture 

really zero? Lewis (1954) and Fei and Ranis (1964) in their models use the concept that 

the marginal product of agricultural labour is near zero, and therefore withdrawal of labour 

from this sector will not reduce the level of output. -In contrast, Viner (1957) finds it 

difficult to believe that the marginal product of labour in agriculture is zero. Also, Jorgenson 
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(1961 ) in his neo-classical model argues that the marginal product of labour in agriculture 

is in fact substantially above zero so that withdrawal of labour from this sector would 

decrease output and raise the marginal productivity of the remaining, workers. But this 

is not the case if we use man-hours of work instead of workers, Sen(1960), Aiyint(1964) 

and Robinson (1971). In fact, Sen (1966) showed that the marginal productivity of a 

worker could be zero even though the marginal productivity of a man-hour is substantially 

above zero. To establish this Sen argued that if the marginal utility to income is constant, 

and 1he marginal disutility of work is also constant, then the withdrawal of a worker from 

the agricultural sector leads others in this sector to work more hours to make up for the 

loss. Thus, Sen's assumption that the indifference curve between leisure and income is a 

straight line (ic. assuming perfect substitutability) implies that the existence of surplus 

labour is consistent with the zero marginal productivity of the worker and the non-zero 

marginal productivity of the man-hour in agriculture. NVellisz (1968), Berry and SoUgo 

(1968), Hymer and Resnick (1969), Uppal (1969), Robinson (1969,197 1), Zarembka 

(1972) Lai (1973) and others also examined the underlyings of the leisure-income choice. 

At the same time there has also been a considerable debate on the empirical evidence 

in favour or against the concept of disguised unemployment. Mellor and Stevens (1956), 

Sarkar (1957), Mehra (1966), Sanghvi (1969) and others seem to have found evidence of 

its existence. On the contrary, Oshima (1958), Schultz (1964), Hansen (1966), Jorgenson 

(1966) and others have presented opposing evidence. 

Finally, Sen (1975) argues that the debate above is based on the production approach 

whilst we should examine the income approach (ei. is tWs man's income a reward for his 

work, and will he cease to get income if he stops work? ) and tile recognition approach 

(ie. does lie think of himself as being employed? Do others? ). 0 
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In calculating the level of industrial wages we assume that the workers receive a wage 0 

equal to the marginal product. There is some difficulty over the earnings of the agricultural 

workers. In Fei and Ranis model (1961), the land is owned by landlords who hire labour 

and impose a constant real wage, because there is surplus labour (for this period the wages 

in industry are constant also). In Jorgenson's (196 0 model, the land is owned by family 

farmers and they receive their average product. According to Zarembka(1972), if the 

typical worker who migrates is landless or sells or rents land that he owns, his wage is his 

marginal product If the migrant owns land but loses it when he moves (egP. it is typical to 

pass land on to relatives), or if he worked in a family farm, then his wage is the return 

labour input and the implicit rent of land. In other words, the farm net revenue per worker 

. 
is the opportunity cost of his moving to an urban area, so that farm workers wages are 

simply the average agricultural product. 

There is also a considerable debate about the existence of equality or not in the 

eamings of the two labour classes, ie. the workers in either sector, but we will discuss this 

concept in depth in the next chapter. Regardless of whether or not a differential in the 

wagges of the two sectors exists it should be clear that the dual economy's total savin. - 

fund is composed of two kinds of surpluses; industrial profits and agriculturaJ surplus, 

Fei and Ranis (1966). Surplus food is sold in the intersectoral commodity market and the 

proceeds invested in either sector. 

The existing theories and models for the development of the dual economies can be 

divided into two categories according to the way by which they approach the conditions 

governing the supplY of labour to the industrial sector. Thus, according to Jorgenson's 

(1967) classification the two approaches are classical and neoclassical. In the classical 

approach to the theory, the real-wage rate is assumed to be fixed in terms of the aggricultural 
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goods; from the point of view of industry, labour is available in unlimited amounts at 

a Exed real wage. In the neo-classiCal approach, labour is never available to the industrial 

sector without sacrificing agricultural output. In the industrial sector, the real wagge-rate 

rises steadily over tirne depending upon the rates of technological progress in both sectors 

and the rate of capital accumulation. The theories of Lewis, and Fei and Ranis belong to 

the classical approach whereas, the theory of Jorgenson belongs to the neoclassical one. 

In the survey presented below, the similarities and differences between the two 

approaches will be stressed. 

1.3 The Backward Sector 

In spite of the differences between the various approaches in dividing the economy 0 

into two sectors, most of them classify agricultural activity as being in the backward sector. 00 

So, as we pointed out in section 1.1, we will use the word 'agricultural' synonymously with 

`backward'. 

In most of the early theories, classical and neo-classical, the production function of 

the agricultural sector is the same and is taken to be (in the majority of the existing 

literature), of the Cobb-Douglass type form: 

Aý e 
X, 

E(t) c" L, (t) 
1--al 

(1.3.1) 

where Y, (t) is the agricultural output, E(t) is the input of land, L, (t) is the input of 

labour, all measured in their own physical units, X, is the constant proportional rate of 

technological progress, a, is the constant elasticity of output with respect to land, and A, 

is a constant positive parameter. 

Because we assume that land is fixed in supply the production function in (1 . 3.1) can 

be reduced to the fbHowing: 

Yl (t) = Al eýý 
t Lý (t)1 ` (1.3.2) 
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Capital accumulation and technolo. -ical progress are the main sources of increasing 

agricultural productivity. Since the above production function does not explicitly include 

the input of capital we assume that capital is implicitly included in the exogenous 

exponential effect of technological change. 
f 

The differences betweCn the classical and the neo-classical approaches start with the 

assumption about population growth; or labour force growth, taking the labour force 

as a constant fraction of total population: Suppose that the economy is in the very early 

stage of development in%wWch everyone is working in agriculture. 

In the clýssical approach, the growth of popblation is exogenous, the population being CP 

divided into two parts. The first consists of that part of the labour force employed at a 

positive marginal productivity and the other being that part of the labour force which has 

zero marginal productivity and is called the 'redundant' labour force. So, if the total 

population (or labour force) is L(t) then we have the result that: 

L(t) = L, (t) + R(t) (1.3.3. ) 

where R(t) is the redundant labour force. If now we write the maximum labour force 

which may be employed at a positive marginal productivity by L, (t) +, 
then the agricultural 

labour force is the minimum of the total labour force of the economy and the maximum 

labour force which is employed at a positive marginal productivity. Thus, 

L(t) 
L, (t) = min + (1.3.4) 

Of course, if the agricultural labour force is equal to the total labour force, disguised Cý 

unemploymcht is zero. If the agricultural labour force is equal to the maximum level, 

(t) redundant labour is equal to the difference between total population and this 

maximum level, Jorgenson (1967). 

15 



The term 'disguised unemployment', as we have already seen, is commonly used to 

designate a situation in which the removal of some units of labour from a working com- 

bination of factors nothing else of consequence being changed, will leave the aggregate Zý 

product of the workin, -:, combination undiminished, and may even increase it. To say 

that there is 'disguised unemployment' is therefore equivalent to that part of the labour 

force employed in working combinations whose marginal productivity of labour is almost 

zero, zero, or even neg ptive, Viner (1957). Lewis (195 1) writes that disguised unemployment 

occurs only for peasant or self-employed labour and not for the plantation labour, and 

also, that the most disguised unemployment is amongst self-employed labour although 

with some amongst hired agricultural labour. Nurkse (1953), has suggested that where 

disguised unemployment prevails in agriculture, it would be desirable to transfer the 

surplus labour from the farms to industry, while keeping the consumption of food, by the 0 

population as a whole, constant through taxation or direct controls. 

The classical thoery for the agricultural sector, under the assumption of disguised 

unemployment existing, can be described, with the help of figure 1.1, which is'taken 

from Fei and Ranis (1961,1964), as follows. 

Figure 1.1 a shows total physical productivities (TPP) while figure 1.1 b shows marginal 

physical productivities(MPP). The curve OPR*X' in I. Ia represents the TPP of labour. 

The concave portion OP'R' shown a gradually diminishing marginal productivity, 

(corresponding to ABR in 1.1 b), and a horizon tal portion R'X', where marginal physical 

product vanishes, (corresponding to RX in 1.1 b). 

The quantity of labour force in excess of OR may be considered redundant in that 

its withdrawal from agriculture would not affect agriculture output. If all the population, 

OX, is employed in the agricultural sector and all the output is consumed by this population, 
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then the real wag is equal to the average productivity, which is equal to the slope of ge CP 

OX in 1.1 a. The existence of this non-zero wag ., e level is due to institutional or non-market 

forces since under competitive assumptions the real wage would fall to zero, at equality 

with AIPP. This wage is called by Fei and Ranis, (1961), the 'institutional wage'. 

If point P' on the total output curve is the point at which the NIPP equals the 

institutional wage, Fei and Ranis define 
0 ZD as PX the disauised unemployed agricultural 

labour force since beyond P, NIPP is less than the institutional wage. In figure I- lb we can 

see"the problem in terms of NIPP. The curve ABRX is the marginal physical productivity 

curve of labour in agriculture. Suppose that OS is equal to the institutional wage. We can 

distinguish three phases. Phase one is the range for which NIPP = 0, which means that the 

TPP curve in figure 1.1 a is horizontal. This phase marks off the redundant labour force RX 

Phase two is the range for which AIPP is positive but less than the institutional wage. Phase 

one and phase two together mark the size of the disguised unemployed labour force P Y, 

Phase three is the range for which MPP is greater than the institutional wage rate. 

Because of the withdrawal of agricultural workers a surplus of agricultural goods 

begins to appear. Once all the redundant labour has been withdrawn from the agricultural 

sector, the economy has reached the filrst turning point R, which is called the 'shortage 

point'. Once all the disguised labour has been withdrawan the economy has reached the 

second turning point P, which Fei and Ranis call the 'commericalization point. This 

point marks the end of the take-off process with the economy going into phase three 

where labour has been a scarce resource and the economy is fully competitive in both 

sectors. 

We define total agricultural surplus (TAS) as the agricultural output in excessof the 

consumption requirements of the agricultural labour force at the institutional wage, thus: 

18 



TAS = TPP - (inst wage) x (total labour force - withdrawn labour force) 

The TAS in figure I-Ia is the shaded area which is the area between the strai. -ht line 

O)C and curve OPRX in all phases except phase three where the AIPP of labour is larger 

than the institutional wage. We define the avera,,,, e agricultural surplus (AAS) as TAS per 

unit of withdrawn labour and in figure 1.1 b this is presented by the curve OC D. 

Increases in the productivity of labour causes the TPP, the MPP and the AAS curves 

to move upwards, as shown in figure 1.1, by the labels I and II. A consequence of this is C, 

that phase three starts earlier (point T compared with point B), keeping constant the 

institutional wage, Fei and Ranis (1961,1964), and the shortage points move to the left 

(point T compared with point Q. So, increases in productivity cause the commericalisation 

points and the shortage points to move in opposite directions until they coincide at one 

turning point (point T). 

From the above description we conclude that in the classical approach during the 

supply-labour phases (phases I and 2) an absolute decline in agricultural employment takes 

place. Jorgenson ( 1966) shows that this result is inconsistent with the empirical evidence, 

and subsequently, Dixit (1970) showed that it would be possible not to have an absolute 

decline in agricultural employment during these two phases by taking account of the 

shift upwards over time of point R due to technological progress. 

The growth of population or labour force is taken by some authors, not as exogenous, 

but as depending on some other variables. For example, Niehans (1963) studied in- an 

aggregate model the growth of population as a function of capital accumulation. Recently 

McIntosh (1975), states that the rate of population growth is determined by the distribu- 

tion of the population between the twor sectors, with the population distribution being 

determined by relative prices. 
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According to Jorgenson (1961) a major characteristic feature of the agricultural t, 

system is the function which governs the growth of population. It is assumed that if there 

is literally no agricultural production the reproduction rate falls to zero and the force of 

mortality is constant at the level 0. Secondly, it is assumed that the rate of gross repro- 

duction is our increasing function of agricultural output per head up to some physiological 

maximum, say c+ E). It is simplest to assume that the rate of increase in the gross repro- 

duction rate is constant as per capita income increases, so that population theory may 

be written in the form: 

IM 
min (1.3-5) 

wherey is the rate of increase of the gross reproduction rate with respect to an increase 

in the output of food per man yj (t). The net reproduction rate 
L, (t) / L, (t) is the gross 

reproduction rate less the force of mortality, where the gross reproduction rate is the 

minimum of the two rates determined by the physiologically maximum rate of reproduc, 

tion and the rate determined by the output of food per head. 

From (1.3.2) we have: 

Yi 

Lt 

or 

yi(t) L1(t) 
X1-a1 (1.3.6) 

Yi (t) L1(t) 

Substituting (1.3.5) into (1.3.6), for the first phase of development we derive the funda- 

mental differential equation for the theory of development of the agricultural sector in 

in the neo-classical approach. 
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i 

; 
I(t) _= (XI +a, ())yj(t)_a, _yyI(t )2 

_ 
(1.3.7) 

Substituting the static solution Y12 =(Xl+aE))/al-f(theothersolutionylI =Orisnot 

important) from (1.3.7) into (1.3.5) we obtain: 

L (t) 
y[ (Xi + a, G) / (t, 71 -S=?, 

I>0 
L, (t) a, 

which in combination with (1.3.6) gives the result that the food per capita does not 

increase. So we see that output per head remains stagnant and population is increasing. 

This fact is a special case of Nelson's (1956) or more generally of Leibenstein's (1957) 

low-level equilibrium trap. Leinbenstein's approach is illustrated in figure 1.2. 

per capita' 
income and 450 - 
induced ZL 

income 
declines 

r 

7 ; ýE 

xt 

per capita income and 
induced income growth 

0 
Figure 1.2 

t represents the effects of all the per capita income-depressing forces measured Curve Z 

horizontally from the 45' line and curve Xt represents the effects of all the per capita 
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income-raising forces measured vertically from the 45" line. If the initial per capita 42 

income was at the level Orn, then this would generate the path towards point E (the only 

point of stable equilibrium), because between income levels Oe and Og, income-de pressing 

forces are greater than income-raising forces. Similarly, if the initial per capita income was 

greater than Og, say Ok, then this will generate an explosive growth path, because beyond 

level Oc-, income-raising forces are greater than income-depressing forces. Hence, level Og 

is the critical per capita income necessary to escape the low-level equilibrium trap. 

Furthermore, Jorgenson denotes as yj (t) the minimum level of income at which 

L, (t) / L, (t) attains its physiolo. gical maximum. So, from (1.3.5) we can define: 

7y, 

or 
++0 

Y, (1.3-9) 

+ If now, the critical level of income, yj (t), is below y12, the stationary level, assuming 

that population growth has not attained its maximum, Y12 will not be attained, since it 

would require a rate of growth of Population higher than the physiological maximum. In 

the event that YI 2 exceeds y, (t) the growth path will be given instead by the expression: 

- 
Ctl C 

which has the general solution 

Yi (1.3.10) 

where the rate of growth of per capita income, X, -a, e>O, will be attained from any 

positive initial level of output. 

Dixit (1973) illustrates the above discussion as follows with the help of figure 1.3. 
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If X, - a, e<0, we have a y* such that yj (t) decreases when above y* and increases 

when below it, thus forming a stable "trap" for the economy. With technological progress, 

we do not have Malthusian trap in the strict sense: population is growing although at a 

rate below the maximum. This is shown in Figure 1.3b. In this case, output per capita is 

stationary, and clearly agriculture will not be able to release any labour to industry with- 

out making matters even worse. Thus the agrarian economy must remain in that state for 

ever, and if an industrial sector exists initially, it must decay. So, we assume that the 

condition which ensures sustained growth in yj (t), is: 

X, -a, 6>0 (1.3.11) 

It must be noted that the condition (1.3.11) will ensure growth rather than decay in the 

standard of living even in the case where labour is not growing endogenously. 0 

Now assuming that the condition (1.3.11) holds it can be seen from (1 . 3.10) that 

the per capita output will surpass the level yj (t). Jorgenson assumes that no one wants 

i 
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more food than this, so that beyond t1iis point in time a portion of population suffices 

to meet the food requirements of the whole, thus releasing some labour for industrial 

work. 

1.4 The Advanced Sector 

Industry is the main activity in the advanced sector. Suppose that the production 

function is of the Cobb-Douglas form again, thus: 

Y2 (t) = A2 e 
X2 t 

K2 (t) 
02 

L2 (t) 
1--a2 

(1.4.1) 

where Y2 W is the output of the industrial sector, K2 (t) is the capital stock engaged in 

industry, L2 (t) is the input of labour, all measured in their own units, 02 is the elasticity 

of output with respect to capital, X2 is the constant proportional rate of technological 

progress and A2 is a constant positive parameter. As can be seen from (1.4.1) it is assumed 

that the returns to scale are constant. 

The role of industry is the expansion of employment opportunities to the level 

required for the absorption of the surplus labour force released by the agricultural sector 

and implies a gradual e. ýpansion of industrial productive capacity and output, Fei & Ranis 

(1964). So, in this section we are going to study the growth of the industrial sector, 

with the only role of the agricultural sector being the supply of labour to the industrial 

sector. 

Suppose that either the wagc-rate W2 (t) in the industry is ex0genously fixed and 

equal to the institutional wage-rate in agriculture, or that it is fixed at a slightly higher 

level from that of the institutional wage in order to ciompensate labour for the cost of 

transferring and to induce labour to leave the traditional life of the backward sector 

(see next chapter). Thus, we have a perfectly elastic supply of labour for the industrial 

sector at an existing fixed wage in the industry, and the demand curve is simply the 
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Figure 1.4 

marginal product curve. 

This situation can be illustrated in figure 1.4 which was first introduced by Lewis (1954). 

The straight line W2 = constant represents the constant wage-rate in the industry while 

the curve I represents the marginal productivity of labour for a fixed amount of capital. 

If we assume profit maximization then at the point of intersection P of the two curves we 

have the marginal productivity of labour equal to the current wage-rate and so we obtain 

the equilibrium quantity of labour L2. Tben, the industrial profits are shown in figure 1.4 

as the area between the NIPP 
L curve I and the fixed real wage curve W2 (shaded area). 

If the engaged capital in industry was not at the previous quantity, but at a higher 

level, then the corresponding MPP 
L curve will not be the same but curve II, which lies 

higher and to the right of 1. So, the new equilibrium position for labour in the industry - 

will be V2, and not L2, whIch means that the larger is the investment in industry the larger 
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will be the quantity of labour that can be absorbed. Of course, the situation is very 

different when there is no redundant labour in agriculture and thus labour becomes a 

scarce resource. 

From (1.4.1) the marginal productivity of labour is: 

3 Y2 W Y2 W 

a 112 W0- 
al 

I, (t) 
(1.4.2) 

(we assume for the moment, as does Lewis, that the terms of trade are fixed). From 

(1.4.1) and (1.4.2) we take: 
I I-Cf, ý12 

Y2 W= A2 
C12 -02 C12 

e 
a2 t 

K2 W (1.4.3) 
W2 

if we now ignore depreciation and assume that savings are equal to the share of profits 

in the industrial sector, then: 

ý2 
W= CI 2 

Y2 W 

so that the rate of growth of capital, after substitution from (1 . 4-3) is equal to: 

I 
I 

-a2 
X2 

t 
-0 -F2 C(2 

1 
-02 121 

02A2 e (1.4.4) 
K2 W2 

Using the production function (1.4.1) and the fact that the output per man remains 

constant, the rate of growth of industrial output may be written: 

I1 
-02 

211 
t 

ý2 
ý12 T2' I-Ct2 -Ct 

2 
U2 

-+ a2 A2 (- )e (1.4.5) 
Y2 C12 W2 

The rate of growth of industrial employment is, of course, equal to the rate of growth 

of industrial output 

Dixit (1973) develops a simple model assuming that wage income is consumed and 

that a constant fraction s of profits is saved and invested. He takes a general production 
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function with constant return to scale and purely labour-augmenting technical progress 

at a constant rate b. Thus the basic equations are: 

Y2 (t) =F (K2 (t), e 
bt L2 (t) )' 

w2 (t) =e 
bt 

F M2 
(K2 (t), 1% (t) ) 

where M2 (t) =e 
bt L2 (t) is the labour force in efficiency units, and 

ý2 (t) ý 12 (t) ý S(Y2 (t) 
- w2 (t) L2 (t) 

=s[ F(K2 (t), M, (t) )- M2(t) F M2 (K2 (t), M2 (t) )I= 

(1.4.6) 

(1.4.7) 

sK2(t)F K2 (K2 (t), M3 (t) 

If -, r. -is the elasticity of F with respect to K2 and a is the elasticity of substitution for 

F, then, the growth equations are: 
i2 

(t) / K2 (t) =sF K2 
(K2(t), M2(t) 

ý2 
(t) I Y2 (t) =sF K2 

b6(l -7r)/7r 

and 
L2 

L2(t) =sF K2 +b (or 

From the expressions above after some manipulations we find: 

Y, (t) Y2 (t) 

L2 (t) 1-2 (t) 

K: (t) K2 (t) 

-b a0- 70 / 7r Y2 (t) Y2 (t) 

and 

K2 (t) K2 

M2 M M2 (t) 
(1.4.13) 

In interpreting the above growth rates we take the following results for the classical 

model. The capital/output ratio falls over time and so does the ratio of capital to labour - 

in efficiency units. Hence, the marginal product of capital rises and, from (1.4.8), so does 

(1.4.8) 

(1.4.9) 

(1.4.10) 

(1.4.11) 

(1.4.12) 
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the rate of growth of capital stock. Industrial capital, in other words, experiences 

accelerated growth. Industrial labour productivity behaves ambiguously, growing at a C, 

positive rate if 6<1. Jorgenson in his models assumes 6=I and concludes that industrial 

productivity remains constant in the classical approach. Of course, Jorgenson's 

conclution depends crucially on the use of a Cobb-Douglas production function. If 

the production function was of the constant-elasticity of substitution variety, Arrow, 

Chenery, Minhas, Solow (1956), the classical assumption of a constant wage is perfectly 0 

consistent with the existence of different rates of growth of output and employment, 

Marglin (1966). 

Of course, everything can be explained by allowing wages to grow over time as a 

. result of increases in agricultural productivity or shifts in the terms of trade. If we assume 

ah exogenous rate Of growth V2 W2 (t) 
a, then we would find: 

Y2 Y2 W 

(- (-) = b(I -6)+ad 112 L-2 (t) (1.4.14) 

In the beginning of this section we said that the natural criterion of success for 

industry would be its ability to absorb labour, and for this to happen industrial employ- 

ment should grow faster than total labour force, a fact which is easily obtained from 

(1.4.10). 

Fei and Ranis (1964) introduce the "critical minimum effort" criterion, which allows 

a different bias in technological progress, to investigate the various factors influencing the 

rate of labour absorption into the industrial sector. They derive the demand curve for 

labour by the industrial sector as r 

B L2 + 12 
1 

'7L2= 17 K2'- 
(17W2 = (» (1.4.15) 

e112 
J, 

2 
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where 72 indicates rate of growth, J2 innovation intensity, BI. 
2 

the degree of labour-using 

bias and eL2 I_, the elasticity with respect to labour of the MPP of labour in the industry. 

Equation (1.4.15) may thus be viewed as the industrial sector's labour absorption equation. 

If a particular labour surplus economy is to meet the above natural criterion of success, 

L2 (t) / L(t) must be increasing through time, where L(t) is the total labour force; that is 

77 L2 /L 
>0 which can be written as: 

'? L2 ýý' '? L (1.4.16) 

Combining now this criterion for success, (1.4.16), and the labour absorption equation 

(1.4.15), we obtain the "critical minimum effort criterion" (CMEQ for successful develop- 

ment: 
B L2 + J2 

L L2 K2+ for? 7w2 =0 (1.4.17) 

C L2 L2 

Equation (1.4.. 17) states that the national development effort reflected in the magnitude 

of the labour causal factors on the right-hand side must, together, exceed population growth. 

In other words, the rate of industrial capital accumulation 17 K must be large enough, the 

intensity of innovation J2 high enough, the labour-using bias of innovation BL2 strong 

enough, and the low of diminishing returns to labour eL. L2 weak enough so that their 

combined effect on the demand for labour exceeds the population growth rate. 

Clearly, an underdeveloped economy may choose not to use this criterion from time 

to time. But no development effort can be termed successful if the CMEC is consistently 

violated over time. Such violation would imply that the pool of agricultural surplus 

population is being augmented faster by demographic pressures than it is being diminished 

by the withdrawal of workers reallocated to the industrial sector. The centre of gravity 

of the economy can be gradually shifted in the direction of the industrial sector if and 
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only if (1.4.17) is consistently satisfed over the long run. Fei and Ranis assert that 

(1.4.17) is a powerful equation summarising a whole constellation of forces. Dixit, on 

tjie contrary writes that we really want higher standards of living to be the result of 

successful development and not a mere transfer of labour. 

Furthermore, Dixit (1973) uses his model above to tackle whAt Lewis (19541 calls - 

the "central problem in the theory of economic development", namely "to understand 

the process by which a community which was previously saving and investing 4 or 5 

per cent of its national income or less, converts itself into an economy where voluntary 

saving is running at about 12 to 15 per cent of national income or more. " The saving ratio 

out of national income can be written as a product of two factors: the saving ratio out of 

industrial income, 12 W/ Y2 (t), and the share of industry in national income. He shows 

that: 

12 (t) 12 (t) 

(- )/( -) = (b- a)(I -6)(1 -a)/7r (1.4.18) 
Y2 (t) Y2 (t) 

which means that if wages rise more slowly than the rate of labour-augmenting technological 

progress and if 6<1, then there is not enough substitution of labour for capital and 

the share of profit goes up. This seems to have been what was understood to happen in 

the earlier phases of industrialisation, according to the classical theory. 

The other component, the share of industrial income in the national income, goes 

up in the course of development, according to all the theories. An extreme classical theory 

with zero marginal product of labour would keep food output constant and the terms of 

trade constant, and then industfial growth would lead to an increase in industry's share. 

Of course, a rise m both factors is sufficient but not necessary for a rise in their product. 

Jorgenson, for instance, uses a Cobb-Douglas production function in the industrial sector 
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thus keeping its profits share constant and relying entirely on the rise in the relative 

weight of the industrial sector to explain the rise in the economy-wide saving ratio. 

Moreover, in the course of development, agricultural savings would become more 

important as financial intermediation becomes better, and this would contribute further 

to a rise in the savings ratio. 

1.5 The Complete Alodel of the Dual Economy 

In section 1.3 we concentrated on the backward sector and in section 1.4 on the 

advanced sector. In this section we shall consider both the backward and advanced 

sectors together noting the interactions between these two sectors. 

So, for the classical approach, the total population is the sum of the agricultural 

labour force, the industrial labour force and the redundant labour, ie. 

L(t) = L, (t) + 1,2(t) + R(t) (I. S. 1) 

The agricultural labour force is the minimum of total labour force less the industrial 

labour force and the maximum labour force wWch may be employed at a positive 

marginal productivity in agriculture. 

L(t) 
- 

L2 (t) 

L, (t) = min 
f+ 

(I. S. 2) 

So long as there is redundant labour in the agricultural sector, industrial output and ZD 

industrial employment grow at a rate which is positive and increasing. Capital in the 

industry also grows at a rate which is positive and increasing, but always less than the 

rate of growth of output. This implies that the capital-output ratio is always falling, 

Jorgenson (1967), result wl-dch has also been obtained by Fei and Ranis (1963). 

Fei and Ranis (19 6 1), explain the interactions between the two sectors using the 

following figure I S. Figure I. Sb is figure I. Ia 
-rotated through 180 degrees. Suppose 
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that the total labour force is constant and represented in figure 1.5 by the segment OX 

ONV. The industrial labour force is measured from 0 to W and the agricultural labour force 

from 0 to X The explanation of figure 1.5b is similar to that of figure 1. Ia. The point R 
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is the first turning point while point P is the second turning point. 'nie segment XR = OR 

represents the redundant labour for which the marginal physical productivity of labour in 

agriculture is zero. 

Every labourer in agriculture receives the constant institutional wage which is equal 

to the slope of the straight line OX(or the slope of the tangent of the TPP curve at point 

P). The departure of labour from the agricultural sector as long as the labour force in 

agriculture exceeds OR will not decrease the total output in agriculture. If the total labour 

force in agriculture is between OP and OR then a departure of a labourer will decrease 

agricultural output by an amount less than the institutional wage, so the landlord will 

not mind losing the services of the labourer. If the agricultural labour force continues 

to decline it will eventually fall to the level OP. At the point P the agicultural labour 

market starts to be fully commercialized and enter into competition with the industrial 

labour market because any departure of a labourer from the agricultural sector to the 

industrial sector will have the result that agricultural output will decrease by an amount 

greater than the wage and so the landlord will be willing to bid up the agricultural wage 

to keep the man on the farm. 

The continuous movement of labour from agriculture to industry augments the supply 

of labour to industry. If we assume that, at some point in time, all the labour was in 

agriculture and none in industry then the start of this movement would create an agricul- 

tural surplus of output. If, for instance, L(t) labourers went to industry then the total 

agricultural surplus would be [TPP-7Y (L(t) - V(t) where y is the institutional wage. 

If figure 1.56 the total agricultural surplus is represented by the shaded area (as explained 

in figure 1.1 a). 

The landlord who is receiving the agricultural surplus as a consequence of the 
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decrease in the total wage bill sells it on the urban market. So, we can say that the amount 

of food available per industrial worker is still y. According to these assumptions it is 

obvious why the supply curve of labour in the industry has the horizontal segment St 

at the level of OS, equal to the institutional wage, y. (ie. every labourer who migrates 

to industry takes with him his own food budget). 

After the point R the withdrawal of more labour from agriculture leads to some 

decrease in food output with the consequence that the average surplus of food falls. This 

means that the relative price of food rises at the point where the supply curve of labour 

in the industry begins to rise. 

After the point P the agricultural surplus falls more rapidly causing the wage to 

incMase more quickly. Also after this point, the supply curve is much steeper than between 

points R and P. 

The amount of labour that can be engaged in industry is defined by the intersection 

of the supply curve of labour SS'and its demand curve df (the marginal productivity 

curve for a fixed amount of capital). But as the agricultural surplus per head is decreasing 

and the wages are increasing the profits in the industry decrease with the consequence 

that in the neA period investment is lower and so development is slower. In contrast, 

the increase of agricultural productivity due to technological progress (and also implicitly 

capital accumulation) and the increase of industrial productivity also due'to technological 

progress and capital accumulation (explicitly), pushes the demand curve of labour in the 

industry higher and to the right. The landlord can sell the excess surplus (due to the 

increase in productivity) in the urban market and afterwards he transfers his savings to 

industry to strengthen its development. 

Fei and Ranis (1964) discuss the quantity and the quality of the enterpreneurs and their 
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part in the process of development. Also, they advocate balanced growth with a constant 

industrial wage until the economy is commercialised. The horizontal portion of the 

industrial sector supply curve of labour St may be thus interpreted as an ex post supply 

curve, defined as the locus of all the points belong g to an inf-mite number of short-run Oin 

equilibrium positions generating the balanced growth path under continuous increases 

of agricultural productivity. The economy's actual growth path will, of course, only very 

rarely follow the balanced growth path exactly; in any real world situation continuous 

deviations from the strictly horizontal pattern are bound to occur. 

Jorgenson (1967) asserts, for the classical approach (an analytical description of the 

Fei and Ranis, model using the Cobb-Douilas production function form of the previous 

. section) that, since agricultural output is increasing at a constant rate, equal to the rate 

of technological progress in agriculture, population is increasing at this same rate. What-- 

ever the initialvalue for the rate of growth of industrial output, this rate of growth eventually 

exceeds any fixed rate of growth. The sum of redundant labour and industrial employment 

grows at a rate which exceeds the rate of growth of population; but this rate must fall 

to the rate of growth of population. Hence, the rate of growth of industrial employment 

eventually becomes so large as to force the rate of growth of redundant labour to become 

negative and decreasing. Under this condition redundant labour eventually disappears 

altogether. This concludes the description of the first phase of development of the Fei 

and Ranis theory. 

After the first tuming-point is reached (Lewis turning point) and under the assumption 

that the real wagge-rate remains fixed when measured in agricultural goods, the rate of 

growth of population is equal to the rate of technological change in the agricultural sector 

less the elasticity of agricultural output with respect to labour multiplied by the rate of 
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decline of the agricultural labour force. Where 21 is the proportion of the agricultural 

labour force in the total population and 22 is the proportion of the industrial labour force, 

this condition on the rate of the population growth implies: 

L, W 1-2 M 

+G2 
L, W L, (t) 1-2 (t) 

or simply: 
1-2 M 

XI +(22 -al) =22 - 
L, M 1-2 M (1.5.3) 

For this condition to be satisfied, the industrial proportion 22 - must be such that the 

rate of growth of the agricultural labour force is negative atthe Lewis turning-point. 

Furthermore, the rate of growth of the agricultural labour force must remain negative 

until the labour force itself reaches the level at which the marginal product of labour 

in agriculture, measured in agricultural goods, is equal to the real wage. For this to happen 

it suffices to assume that the share of the industrial sector in the total labour foTce exceeds 

the elasticity of agricultural output with respect to land. Under this condition the agricul- 

tural labour force declines at an increasing rate until the marginal product of labour is 

equal to the real wage. At this point the third phase of development of the dual economy 

is reached, where the wage-rate of labour is the same in the two sectors. This phase is 

going to be discussed below as a part ofAhe neoclassical rather than the classical approach 

because in this phase all the factors of production are scarce, in the sense that their supply 

is inelasti C. 

As we saw in the previous section for the neoclassical theory of economic develop- 

ment the system depends upon the conditions of production and the net reproduction 

rate. It is characterised either by a low-level equilibrium, in which output per head. is 
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constant and population is growing at less than its physiologically maximum rate, or by 

a steady growth equilibrium, in which output per head is rising and population is growing 

at its physiologically maximum rate. Where output per head is constantly rising, an 

agricultural surplus is generated, Jorgenson (1961,1967). ýo, if s denotq the agricultural 

surplus, then: 

SW ('. 5.4) 

If agricultural output per head exceeds the critical level, yj (t), part of the labour force 

may be released from the land to produce industrial goods with no reduction in the rate, 

of growth of total population. 

The demographic theory for development of a dual economy, which we have seen 

in section 1.3, when A the population was in the agricultural sector, can be described 

according to Jorg:, enson, as follows. 

The net rate of reproduction is the minimum of the rate corresponding to the 

minimum force of mortality e and a rate which corresponds to output of food per 

head; the basic demographic relationship may be written: 

L(t) 

cy 
L(t) 

L(t) 

where y, (t) L, (t) / L(t) is output of food per head for the whole economy. For an economy 

with an agricultural surplus, total food consumption is the critical level, yj 
+(t), 

multiplied 

by total population; the proportion of the total labour force employed in agriculture is 

the ratio of this critical level of agricultural production per head to the actual level of 

output per head 

Y, (t) 

Y, (t) 

14 W 
(when yj > y, 

+ 

L(t) 
(1.5.6) 
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Under these assumptions, the relationship governing the distribution of labour 

between the backward sector and the advanced sector may be represented by: 

I 

L(t) 
min 

+ 
Y, W/Y, W 

It can be proved that a necessary and sufficient condition for the viability of the advanced 

sector is X, -ate> 0 which is also both the sufficient and the necessary condition for 

the emergence of the agricultural surplus. 

From the fact that population is growing at a constant rate and that consumption IP 

of food per head is stationary, we obtain the following expression for the growth of the 

agricultural labour force: 

e-X, c -XI I-It 

L(O) e=L, (0) e 

Agricultural population may grow, decline, or remain constant, depending on the 

magnitude of the parameters c, the rate of growth of total population and X, the rate of 

technological progress in agriculture. Then, the industrial population can easily be found 

as: e ý-l 1 11 t 
L2(0 = L(O) fe 

et 
-eI-a, 

Bearing in mind the assumption X, - a, c>0 we obtain that 

Ct I 

From this it can be seen that the rate of growth of population is greater than that of the 

agricultural population alone; hence the industrial labour force is growing at a rate which 

cxcceds that of total population and which is always declining and approaclics, as a Emit C, 

the rate of growth of total population, c. 
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Once the share of labour in industrial output is distributed to workers in the form 

of food and consumption goods, and agricultural workers have received the proportion of 

industrial output which must be traded for food, the remainder of industrial output is 

available for capital accumulation, or more properly, for investment. Capital accumula- 

tioý is defiqed as investment less depreciation, where depreciation is a constant fraction 

of capital stock: 

k2(t) 
= 12(t) - SK2(t) (1.5.11) 

where 8 is the rate of depreciation, 12 M is investment and K2 M is the net capital 

accumulation. Then, by definition, total industrial output is equal to consumption, plus 

investment: 

Y2 Wý0-02) Y2 M+ 12 (t) (1.5.12) 

Substituting in the last expression from (I. S. 11) and (1.4.1 ) we obtain the fundamental 

differential equation for the development of a dual economy, which is: 

t 
Ct2 --- 02 X2 t Ct I-a, 

-02 
K2(t)=-8K2(t)+a2A2K26)L2(0) e [e -e (1.5.13) 

From (I. S. 13) it may be deduced immediately that there is no stationary situation 

for any economy in which the advanced sector is economically viable; that is, provided that 

there is a positive and growing agricultural surplus, the advanced sector must continue to 

grow. It can be shown, Jorgenson (1961), that only the initial size of population has - 

any effect on the long-run pattern of growth of the economy while the influence of the 

initial capital stock required for sustained economic growth eventually dies out. Further- 

more, it msut be noted that given any positive initial capital stock, no matter how small, 

the existence of a positive and growing agricultural surplus generates sustained economic 

growth. 
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For the neoclassical theory of development of a dual economy capital and output 

grow at the same rate in the Ion, -, run, namely, X2 / (I 
- C12 )+ 6- Population grows at the 

rate e; since the share of labour in industrial output is constant, the wagge rate of the 

industrial labour force eventually grows at the rate ; k2 / (I - a2). In the short-run the 

beginning of the growth of the advanced sector is always characterized by a "big push" 

that is, an 
. 
extraordinary high rate of growth of industrial output. From the view point of 

the neoclassical theory of development of a dual economy, such a high initial rate of 

growth may be interpreted as a statistical artifact. The rate of growth Of industrial output 

is: 

Y2 (t) 

+ a2' 

i2 
(t) 

+ (I 
-Ct2) 

ý12 

Y2 (t) 
` 

K2 (t) L-2 W 

This rate of growth declines gradually, approaching a long-run equilibrium value 

equal to the rate of growth of total population. 

The industrial wage-rate is'determined by the usual marginal productivity condition. 

3 Y2 Y2 
a2 ). W2 

3 112 L2 
(1.5.15) 

which is a necessary condition for the maximization of profit. Real wages in the industry 

must therefore rise at a rate X2 0 Cf2 ) in the long-run steady growth situation; this can 

be derived as follows: 

W2 (t) Y2 (t) Y2 (t) L2 (t) X2 X2 

-=-=I--- I=[- +C] -e=- (I. S. 16) 
W2 (t) Y2 (t) Y2 (t) L2 (t) I 

--'Cf2 
I 

--a2 

From (I. S. 16) we see that the real wage will rise more rapidly, the more rapid is 

the rate of technological progress and less rapidly the higher is the share of labour in the 

product of any given period. 

The real rate of interest attains a constant level whether or not there'is technical 
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progress and it is: 

r(t) =a 

Y2 (t) 

%A2 

Y2 (t) 

0.5.17) 
a K2 (t) K2 (t) 

where the capital-output ratio, K2 (t) / Y2 (t), in long-run sustained growth is given by: 

K2 (t) 
02 (1 02 

(1.5.18) 
Y2 (t) X2 + (1 02 )(6+5 

which increases with the saving ratio and diminishes with the rate of depreciation on 

capital goods, the rate of growth of population and the rate Df technical progress. 

For the model of Dixit, introduced in section 1.4, we obtain the similar asymptotic 

results, of constancy of the capital-output ratio, with wages and productivity raising 

at the rate of labour-augmenting technical progress, ie.: 

L2 (t) 

L-2 (t) 
(1.5.19) 

K2 (t) Y2 (t) 

-= b+e (1.5.20) 
K2 (t) Y2 (t) 

ý2 
(t) Y2 (t) Y2 (t) 

(-)/( -) =b (1.5.21) 
W2 (t) L2 (t) 1-2 (t) 

Having now the above results and that of (1.4.11) - (1.4.13), Jorgenson claims 

superiority for the neoclassical model, for its results are closer to the nineteen th-century 

Japanese data. In Dixit's (1970) opinion the main difficulty with such a comparison is 

that the asymptotic results of the neoclassical model are being compared with the short- 

term results of the classical model and he studies the neoclassical model in finite time 

as follows. Since, 

r(t) = 

ý2 

a2 

Y2 (t) 

we take 
K2 K2 (t) 
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r(t) Y2 (t) K2 W L-2 (t) K2 (t) 
0 

-a2) - +b2- -) 
r(t) Y2 (t) K2 (t) L2 M K2 (t) 

or 
40 

ý (I 
-C12) r(t) + b2 

- r(t) (1.5.22) 
1-2 M 

The solution of (1.5.22) can be shown to be of the form depicted in figure 1.6. 

For small t, r(t) is small and positive. It rises steadily until, at time t'ý , it crosses the 

declining curve of 1.2 (t) / L2 (t) + b2 . From (1.5.22) we see that i(t) must be zero at 

this point. Then r(t) begins to decline, staying above L2 W/ L2 W+ b2, and the two 

Figure 1.6 

have the same asymptotic value b2 + c. Up to t* , r(t) is increasing and below 

L2 (t) / 1-2 (t) + b2 
. 

Thus, industrial capital is undergoing accelerated growth in this 

phase. The ratios of capital to output and capital to labour in efficeincy units are both 

falling, and hence the marginal product of capital is rising. 
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All these results are identical with those of the -surplus-labour phase of the classical 

theory derived earlier. The Japanese data, cited by Jorgenson, if they are to be relied upon 

to reject the classical approach, must now reject the neoclassical approach as well. But 

the data, especially those pertaining to capital stock, are surely too crude to be used as 

a basis for passing such judgements on these simple and basically qualitative models. 

We can derive the expression for the rate of change of labour productivity in the 

neoclassical model to be: 

Y2 Y2 L2 (t) 

)=b+ b2 
- r(t) M2 

-012 
( (I. S. 23) 

112 (t) 1-2 (t) L2 (t) 

This is arnbiguous; in the early phases of development when 1.2 (t) / L2 (t) + b2 is large 

and r(t) is small, it is certainly negative. It becomes positive and remains so from the 

instant t' when the gap between these two is reduced to b2 / Ct2 - We know that t' is less 

than t*, and if we carry out simulations with reasonable parameter values in the model, 

we find that values of t* are too large to be neglected while values of t' are quite small 

and can be ascribed to be "statistical artifacts" prevailing in the very early phases of the 

model. On the whole, the neoclassical model does provide a somewhat better explana- 

tion of increases in industrial productivity. 

Jorgenson's neoclassical model has been extended by Ramanathan (1967). He 

examined the properties of the model under the assumption that industrial workers may 

also save but save a different proportion than property owners. Secondly, he relaxed 

the assumption of constant per capita food consumption by assuming that per capita 

food consumption grows at a constant rate. So, if sw is the proportion of income saved 

by industrial workers and sr the proportion of income saved by capital owners, then, the 

level of investment is given in equilibrium by: 
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12 (t) = SW (I 
-02) Y2 (t) + sra2 Y2 (t) =S Y2 (t) (1.5.24) 

and per capita. food consumption is given by: 

Y(t) / Y(O =p (1.5.25) 

Having these new equations tog , ether with the basic functions of Jorgenson's model, 

we obtain 
+p- 

-a, 
)t 

L, (t) = L(O) e (1.5.26) 

from which we have the viability condition 

+P 
<e or X, - p, --ale> 0 (I. S. 27) 

The manufacturing lab6ur force then is given by 

( C-X I +P 

et I -a2 L2 (t) =L (0) [e-e1 (1-5.28) 

Following Jorgenson's method it can be proved that: 

C12 + (C t 

sL (0) (I- a2 )1 
-02 

1 
-02 

K2 (t) 

ý12 + CO -a2) 
e (I. S. 29) 

and 

Y2 (t) X2 

Y2 (t) 
C12 

Thus, in the long-run, capital and industrial output both grow at the rate e+x2/(I-C, 2)1 

which is evidently the same as obtained by Jorgenson, even under the assumptions of 

different saving proportions and a growing per capita food consumption. The rate of 

growth is independent of the savings ratios. 

The capital-output ratio is given by: 

K2 (t) 0 
-ct2)1 S 

AV 
0- a2) + sr Cf2 

Y2 (t) 'X2 +C0- C12 
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Thus, the long-run capital-output ratio decreases if the population and technological 

growth rates increase, and increases if the savings ratios increases. 

The rate of growth of real wages is also the same as obtained by Jorgenson, and it is: 

W2 (t) Y2 M L2 (t) X2 

=---= (1.5.32) 
W2 (t) Y2 (t) IL2 (t) 1 

-02 

The real rent is also constant, 

r(t) = 

"ý 2 
a2 +-I 

I -a2 
0.5.33) 

-012) Sw+ Sr Cf2 

Thus, the assumptions of different saving propensities for industrial workers and 

property owners has not altered the long-run growth rates of capital, output and real 

wages. Since the long-run rates of growth of capital, output, the capital-output ratio, real 

wages and rent are all independent of p, these variables are totally unaffected by the 

assumption that per capitaý, fbod consumption is growing at a constant rate. This result 

is somewhat surprising because intuitively we would expect that a growing percapita food 

consumption will release less workers to the industrial sector, and therefore industrial 

output is likely to grow at a smaller rate. However, the reconciliation is straightforward. 

in the short-run, capital and output do grow at a smaller rate because of the above fact, 

but as t increases without limit, the effects of p die out, giving rise to the same long-run 

growth as was obtained before. 

1.6 Trade of Goods between flie two Sectors 

In the previous sections we did not mention the terms of trade between agriculture 

and industry, leaving them for this section in which we will also discuss the marketable 

surplus of food. 

., e rates in the backward sector of a Jorgenson, (1961,1967), assumes that the wag 
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dual economy are proportional tb those of the advanced sector. Using this relationship 

and the iaving function it is possible to determine the terms of trade between agriculture 

and industry. 

The balance of trade between agriculture and industry requires that the value of 

labour income in both sectors is equal to the value of industrial output not used for 

additions to capital to. gether with the value of total agricultural output. This balance 

relation may be written: 

W2 (0112 Q) + 
JUW2 

WLI (t) = (I 
- a2 ) Y2(t) + q(t) Y, (t) (1.6.1) 

where q(t) is the terms of trade between agriculture and industry and p is the constant of 

proportionality between wage rates in the agricultural sector and wage rates in the 

industrial sector expressed in industrial goods. 

There are many interpretations ofu. For instance, in a neo-classical theory of growth 

ju is -equal to unity because wage-rates in the two sectors are equal. Alternatively, if the 

process of development of a dual economy is characterized by a steady flow of labour 

from agriculture to industry, a differential between agricultural and industrial wages may 

be required to sustain this flow'Jorgenson (1967). In another Way, if land is owned by 2 

the cultivators but the full value of land cannot be realized by outright sale, the industrial 

wage rate must be sufficiently high to cover both labour and property income for a 

member of the agricultural labour force, Lewis (1954). For an analytical interpretation of 

li see next chapter. 

Taking now thatu is a fixed constant, from (1.6.1) we obtain: 

JUW2 q(t) Y, (t) 

so that 
W2 (t) (t) q(t) Yi M 

W2 (t) L, (t) q(t) Yi W 
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and finally 

q(t) XI IV2 (t) 

-- C) + (1.6.3) 
q(t) -at 

iV2 (t) 

In the long-run the rate of growth of the wage-rate in the industry is equal to 

-012)p SO that the rate of growth of the termsof trade is the sum of a negative and 

a positive quantity; hence the terms of trade may turn in favour of agriculture or industry, 

depending on the relative magnitude of the two quantities. 

In the extension of Jorgenson's model by Ramanathan (1967), the growth rate of 

the terms of trade is given by: 

q(t) a, (P + e) - X, W2 (t) 
(1.6.4) 

q(t) W2 (t) 

From (1.6.4) we conclude that if per capita food consumption is steady and industrial 

technical progress is fast, then the supply of industrial goods increases at a rapid rate, 

thereby lowering their price. This accounts for the fact that when ýt2 is large q(t) has a 

positive rate of growth. If per capita food consumption grows at a rate p this tends, to 

raise the price Of agricultural goods, thereby leading to a faster growth of q, ie., the terms 

of trade move in favour of agriculture. From the above we see that the assumptions of 

different saving propensities for industrial workers and property owners do not affect the 

terms of trade. 

Generally, if p is not a constant we would have 

q(t) W2 (t) 

+ 
ým 

+ 
at (p + C) - ), 1 

q(t) W2 (t) pWI -a, 

Of course, from (1.6.5) we can no longer determine the growth rate of the- terms of trade 

unless we have some additional information about p(t). 

In what follows we will discuss the marketable surplus of food. 
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Jorgenson (196 1) assumes that agriculture is peasant-owned and that each peasant 

receives his average product, so that the distribution among peasants is completely equal 

and beyond the level yj 
+ 

(t) the income elasticity of demand for food is zero. 

Fei and Ranis (1961) assume that farm workers are paid an institutional wage and 

that all the surplus is appropriated and sold by landlords. 

It must be mentioned that the greater the inequality of income within the agricultural 

sector, the greater will be the supply of marketable surplus out of a given level of output. 

Of course, the truth lies between the extreme models of Jorgenson and Fei & Ranis and 

the income elasticity of demand for food must be between zero and one in accordance 

with Engel's law. 

6 Dixit (1973) presents a model with income effects. Suppose that, once food output 

per capita has passed yj (t) and population is &-, rowing exponentially at a rate c, the 

per capita demand for food is a function of income in terms of food, with a constant 

elasticity v between 0 and 1. We shall confme ourselves to the case where the income in 

terms of food is equal for workers in the two sectors, each being equal to the average 

product in agriculture. Then, the total demand for food in the economy is simply: 

LW 

where c is a constant. This must equal food output on the equilibrium growth path, hence 

c 
Y, W 

L, W 

The production function for food is 

Y, (t) = A, e 
bit 

Li (t) 
pi 

From tJie above two functions we find that 
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ý. (t) c-bi +bi v 
L, (t) ß, +v-vol 

In the case with the population initially totally agrarian, the productivity condition 

which enables the release of labour to industry is ý, (t) / L, (t) <e, which is easily seen 

to reduce to 

(I -v)(b, -c (1 -01) ) >0 (1.6.9) 

Since 0<v<1, this is equivalent to (1.3.11). Thus En, -Cl's law is consistent with indust- 

rialisation and imposes no further restriction to allow the possibility of sustained industrial 

growtlL TWs does not mean that the marketable surplus problem is irrelevant. It is easy to 

see that 

(t) 
av (b, -e (I - 

(pl +V_ Vpl )2 (1.6.10) 
(t) 

If the productivity condition is satisfied, this is positive so that higher values of v entail 

hi, gher values of 
ý, (O/ L, (t), and consequently a smaller 

'L2(t) / L2(t)- In other words, 

when the dual economy has to reckon with the problem of a positive propensity to retain 

farm output for farm consumption, it must be content with a slower rate of release of 

labour to industry. Although industrialisation is ultimately possible, the lower level of 

command over the marketable surplus slows the rate at which it takes place. This is the 

crux of the marketable surplus problem. 

Zarembka (1970,1972) expWns the trade of surplus agricultural products in the 

rural areas for the industrial products of the urban areas, allowing a gap between -the 

incomes of the workers in the two sectors. The two production functions that he uses 

are of the Cobb-Douglas form which for notational convenience we write again as 
bit PI 

e Li W o<pl <I (1.6.11) 
b2 t1 -02 P2 

2) Y2 We K2 (t) L-2 (t) 0< 02 
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First, the consumption of food in rural areas depends upon the consumption levels 

of two separate groups: those who are landless, L, (t), and those who live on the fann as 

part of a farm family, LI (t), (ie. L', (t) + L', W=L, (t). The average income level of the 

former group is their wage-rate, equal to the marginal product of farm labour g, Yj (t)/Li (t); 

the average income of the latter group is the average product per farm, net of wage payments 

to landless labour, or (YI (t) - L. 'I (t) PY, (t)jLj (t) ) /L; (t). Therefore, if food consump- 
I 

tion depends upon real income (defined in terms of food pruchasing power) and upon the 

relative food price q(t), then food consumption is 

fi ( 
pi Y, M, 

q(t) + L, (t) f, ( 
Y, W-L, (001 Y, (t)/Lj (t) 

L, W L, (t) 

where f, is the rural consumption function for food. 

In the secondary, urban sector food consumption is also formulated as depending 

upon real income (defined, again, in terms of food purchasing, power) and upon the relative 

price of food. Thus, if only capital income is invested, the urban food demand is: 

P2 Y2 W 
1-2 (t) f2 (- 

L2 (t) q(t) 

where f2 is the food consumption function in urban areas. 

The marketable surplus of the primary sector is its sectoral output minus its o%ýn 

consumption. In equilibrium between the Primary and secondary sectors, the supply of 

food to the urban areas must be equated to the food demand in the cities. So, from 

(1.6.13) and (1.6-14) taking into account that 

q(t) pIY, (t) P2 Y2 (t) 

O<P< 1 
L, (t) 112 (t) 

we obtain 

so 



01 Y, (t) 
(t) fi (, q(t) )-L, t) fi (, q(t) = 

Z- L2 (t) f2 ( ß, 
, q(t) ) 

L, (t) - 
In the special case where the consumption functions for the sectors owe the same 

and the implicit demand functions for industrial goods are such that the consumption 

function for food has a constant elasticity in both income a, and relative price -i7l , 

from (1.6.16) after substitution we obtain 

Y, (t) 
Cl ( 

Yi (t) 
) al 

q(t) 
I 

L(t) L, (t) 
(1.6.17) 

where cl is taken as a constant. From (1.6.17) and after substitution from (1.6.11) and 
1. 
assuming that the capital-output ratio in the industry is constant, which amounts to study- 

ing the asymptotic charactersitics of growth, we can solve for the other variables of the 

model. In particular the growth of the relative price is given by: 

4(t) b2 02 M0+01 -(I-Pi)e 
q(t) P2 

where e is the exogenous growth rate of the total labour force, as previously. 

As we said above, the constraint on the marketable surplus sJows the rate of industrial. 

isation. If a government has total control over the economy and is able to depress current 

consumption as low as is compatible with biological subsistence then there is no problem 

about the growth of the surplus. Things are quite different in the "no-control" economies 

and a policy is required to control the surplus. Thus, Bose (1968) shows that direct 

taxation of agriculture will always be worth while so long as there are no singificant 

disincentive effects on output. Hornby (1968) shows that policies of investment and 

indirect taxation for agriculture are complementary and are the most effective for fast 
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growtIL Finally, Dixit (1969) obtains the optimum policies for rapid industrialisation. 

1.7 Growth Models with more than Two Consumption Goods 

We mentioned in section 1.1, that the growth models are divided, with respect to 

the consumption goods which they include, into three categories, Wan (1971): 

1. The models with no consumable goods. The Von-Neumann model (1937) of balanced 

growth belongs to this category. Consumption is regarded as a necessary input to 

produce labour and little discretion is left to the consumer. We are not going to 

consider these models. 

2. The models with one consumption good. This is the Meade case, with outputs 

divided into several capital goods and one consumption good. Most two-sector 

growth models belong, to this type. We will not consider those models either. 

3. More than one consumption good. So far, there have been few models of this kind. 

Amongst the exceptions are the Jorgenson (1961) model of a dual economy and 

the Dhrymes 0 962) model of N-sector balanced growth. Both rely on the very 

special assumptions of a Cobb-Douglas production function. 

The models that we discussed in the previous sections all refer to two consumption 

goods. In this section we will discuss two models using more than two con sumption goods. 

The first has been presented by Zarembka (1972) and is a model for a developing economy 

, with three sectors. The first two sectors of this model are exactly the same as those of 

his model presented in section 1.6. The third sector is a labour-intensiye service sector. 

in this model Zarembka assumes that the price elasticities of food demand are zero. 

So, equation (1.6.17) is changed to: 

Y, M= 
Cl ( 

Y, (t) 
) at O<al <I 

L(t) L, (t) 
(1.7.1) 
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The equation which allocates total population becomes 

Li (t) = L(t) - L, W- L3 (t) (1.7.2) 

and the production function is assumed to depend only upon labour as a variable factor 

of production, and to have constant returns to scale, 

Y3 (t) =e 
b3 t 

L3(t) (1.7.3) 

where b3 is the rate of exogenous technological change. 

Consumption of tertiary sector goods is equal to tertiary production and is specified 

to depend upon real consumer income (defined, as always, in terms of food), and upon its 

own relative price q(t), (the tertiary sector price relative to the secondary sector price 

which is taken as the numeraire). Therefore, 

Y3 W yl (t) 03 -17 3 
-= C3 (-)q It) 
L(t) L, (t) 

(1.7.4) 

where 03 is the income elasticity of demand, -n3 is the price elasticity, and C3 is a constant 

The real wage-rate in the tertiary sector is simply equal to the average product 

q XOY3 (t) / L3 (t). This wage-rate is observed to be less than the secondary sector wage- r, 

rate in developing countries, perhaps owing to low skill levels. We have here the same 

expression for the wage-rates: 

q'(t) 
Y3 (t) '92 Y2 (t) 

ir 
- 

(A Ir (+N 
(1.7.5) 

--2 1.1-1 

The solution to this model is not as complex as the number of equation sugc.,, ests, 

jprimarily because we have made the model block-recursive by assuming the price elasticities 

of food demand to be zero. Here we only present the results for the rate of growth of 

prices: 

q(t) b2 bl- (I -PI)e 

q(t) P2 --pi 
XI 

- al 
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and 

q'(t) b2 

- 
b3 

q Xt) P2 
(1.7.7) 

Drymes (1962) presented a multisectoral growth model which is a generalization of 

Solow's (1956) modeL His sectoral production functions are given by: 

X- t pi 
Qi(t) = Ai eI Ki (t) ci Li (t) i=I 

where Q, K and L denote, respectively, output, capital and labour, all stated in their own 

physical units. Since we suppose one homogenous capital good and one homogenous 

type of labour, no ambiguity arises. We also impose the usual restrictions that ai + pi 

ptive constants and xi signifying the productivity factor for all i; the Ai ,Xi are non-neg 

in the i th sector. 

The demand functions employed are: 

Qj 
d 

(t) = mi IM 

where we define aggregate income by 

I (t) = r(t) K (t) + w(t) L(t) 

ie. as the sum of the income of capitalists, r(t) K(t), and the income of workers, w(t) L(t). 

We require that mj > 0, i=2....... n which, of course, implies that i 

n 
2; (1.7.11) 
j, --2 

mi < 

The condition of equilibrium, assuming perfect competition, are 

r(t) Pi (t) 
a Qi (t) 

i........... n (1.7.12) 
3Ki (t) 

W(t) Pi (t) 
a Qi (t) 

i=-I . .......... n (1 . 7.13) 
3Ki(t) 

In (1.7.12) it is to be understood that p, M -= 1, identicafly in t, ic. the first good is the 
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numeriare. 

The clearance of the market equations takes the form 

Qj (t) = pi (t) -1 Mi I (t) i=2n (1.7.14) 

The full employment resources assumptions are 

n 
K(t) = 2; Ki (t) 

n 
L( t) =E Li (t) (1.7.16) 

i=1 

To complete the structure of the system we must add the following equations 

dK(t) 

dt 

and 

L(t) = L(O) est 
. 

(1.7.18) 

where s is the exogenously determined rate of growth of labour. 

The analytical solution to this model is given by 

(ýI +s) t 

Ki (t) =a, e 
PI 

st 
LI (t) bl' ei 

I aj t 

Pi M=Die (1.7.19) 

r(t) = C', (- +s) 
MI PI 

-. t 

w(t) =c *2 e 
PI 

where the a. ,V, D and c' are appropriate constants which depend only on Al, rpi IIki 

and *a i* 
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The above system experiences "balanced growth" in the sense that the ratio of 

resources diverted into the ith and jth sectors isindependent of time, ie. constant; 

precisely: 

Li (t) Pi mi Ki (t) ai m 
-=-9-iv W= I........ n (1.7.20) 
Lj pj Mj Ki (t) Oi Mi 

If income is defined as in (1.7.10) . and if we denote the share of labour by 

w(t) L(t) 
(1.7.21) 

then, u(t) = c, / (Cl +C2)- 

It is obvious, that the share of capital is I- ji(t). The interesting feature of (1.7.21) 

is that when the relation is expressed in terms of the parameters of the system, it yields 

nn 
P(O mipi 2; miai (1.7.22) 

i= I 
Equations (1.7.19) give a complete characterisation. of the equilibrium properties of 

tile system. We easily obtain from them the resultzthat, asymptotically the rent-wage ratio 

vanishes, and that the rate of growth of output and the capital stock are equal, results 

which were also obtained by Solow (1956). 

It is of interest to examine briefly the behaviour of (physical) output-capital and 

output-labour ratios. Thus, from (1.7.19) we find 

(Xi + 
XICti 

+S)t 

Qi (t) = Ei e (1.7.23) 

(Xi 
Pi 

'XI t 
Qi (t) 

= Fi e (1.7.24) 
Ki (t) 

(xi +ýIai t 
QW i Gi e (1.7.25) 
Li (t) 
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where E, F and G are appropriate constants. Now, from (1.7.23) it may be'easily 

deduced that the relative rate of change of the equilibrium output of the jth good may 4: 1 

be decomposed into two parts; one 

("iß, -X, ßj) / ß, 
wWch is of opposite sign but equal in magnitude to the rate of change of its own (relative) 

price and the other 

(xi 

which is identical with the rate of growth of income implied by the choice of the first 

good as the numeraire. 

In both (1.7.24) and (13.25) we find that output per limit of capital and output 

per unit of labour will grow more rapidly the more capital-intensive the sector is. In view 

of the "balanced growth" feature of the equilibrium configuration, this result is a reflection 

of the fact that capital is a "more important intrinsic" contributor to the growth of sectoral 

outputs than is labour, the fonner being produced under conditions of technological 

progress, wWlst the latter is not. 

Finally, we may remark that the capital-labour ratios tend to increase in all sectors, 

and this again in another aspect of the increasing (relative) scarcity of labour. 
0 

1.8 Conclusions - 

In section 1.2 we have presented the main notions and topics met in the theories of 

dual growth. Therefore, there is little left to be said in this sectiom 

Here, we will summarise the major points which Jorgenson (1967) pointed out and 

which are presented in Dixit (1970). 

1. In the classical theory of the development of a dual economy it is assumed that 

labour is growing exogenously, that there is some level at which the marginal 
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productivity of labour in agriculture becomes zero and after that level labour is 

available to industry without loss of agricultural output. 

2. In contrast, in the neoclassical theory, labour is a function of the per capita food 

supply until a critical level is reached, whereupon it becomes exogenous. The 0 

marginal productivity of labour in agriculture is always positive and labour is not 

available to industry without losing agricultural output. 

3. The classical (or labour-surplus) approach implies a fall in the industrial capital- 

output ratio as the economy develops. The ratio is asymptotically constant under 

the neoclassical model. 

4. The rate of growth of capital increases over time in the classical model, but is asymp- 

totically constant in the neoclassical model. 

5. In the classical model, output and employment in industry grow at the same rate so 

that productivity is constant while it rises in the neoclassical model. 

6. There must be an absolute decline in the agricultural labour force before the surplus 

labour phase ends in the classical approach; this is not a necessary consequence of 

the neoclassical approach. 

In spite of the various differences mentioned above, the dualistic models have a 

surprising amount in common. For example, in both, Jorgenson's and Fei & Ranis model, 

the production functions being of the restrictive Cobb-Douglas type, hypothesise in the 

industrial sector two inputs, those of capital and labour, whilst in the agricultural sector 

they assume only one input, that of labour (the input of land, being constant in supply, 

has been absorbed in the units of measurement). In both approaches the returns to scale 

are constant for the industrial sector and diminishing for the agricultural one, with the 

technological change being of the neutral disembodied type. 
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Finally, Singh (1975) proposes that it is analytically better to conceive of the classical - 

and the neoclassical approaches as beingiust different sta-cs in the same conceptual 0 

model bf development and therefore, in this framework, the classical versus neoclassical 

debate really disappears. 

p 
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2.1 Introduction 

In this chapter we do not try to develop a complete theory of labour migration 

from the agricultural to the non-agricultural sector of an economy; rather we try to 

i express some ideas and to investigate some ad hoc hypotheses which have been taken 

by some theorists. 

Therefore, in the first two sections of this chapter we summarize, in some way, 

the existing theoretical and empirical work in this area of research, and in the following 

five sections, we try to extend it by investigating in a more analytical way the determin- 

ants and the mechanics of labour migration between the two sectors. * 

We believe that we can not study migration alone without introducing a complete 

two-sector growth model. This relation of migration to the two-sector growth model will 

be discussed in the next chapter. 

In this chapter we investigate the wages differential between the two sectors, a much 

debated notion in the literature, and its relation to labour migration. The wages differential 

plays a crucial role in the model of the next chapter, and for that reason we want to 

, it in the dynamics of the two-sector growth model. define it explicitly before including 

of the next chapter. 

2.2 Determinants of Migration 

Economic history is replete with evidence of persistent sectoral differentials in 

labour incomes (or wages), for example in the studies of Borts-Stein (1964), Watanabe 

(1965), Williamson (196S), Reynolds (1965), Taira (1966), and Ohkowa-Rovosky (1972Y. 

The question which the economist usuaBy faces is why the earnings of the workers 

in the various sectors of the economy (ie. agricultural and non-agricultural for our case) 

are not equal, in spite of the mass of labour migration between the two sectors. 
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In trying to find a plausible answer to this question, the economists who deal with 

migration research work along two lines. The first line, which has received more attention, 

concerns the direction and magnitude of the response of migrants to labour earnings 

differentials over space. The second line pertains to the connection between migration 

and those earnings, that is, the effectiveness of migration in 6qualizing inter-regional 

eamings of comparable labour. 

For these lines of work, research has been focussed to two different approaches. The 

first approach takes into account expected earnings, introducing an urban unemploy- 

ment variable. The theoretical works of Todaro (1968,1969,1970) and Zarembka (1970) 

fall into this category. The second approach uses the hypothesis that current wage 

differentials cause labour transfer between sectors. The theoretical works of Lewis 0 954, 

1958), Fei-Ranis (1961,1964) and Jorgenson (1961,1967) fall into this category. 

Most studies concerned with the flirst line of research, ie. the direction and magnitude 

of the response of migrants to labour earnings differentials over space, have found a 

relationship between income and migration, and usually in the expected direction, that is, 

high earnings are associated with in-migration and low earnings with out-migration. Of 

course, the significance of wage differentials (current or expected) is not the only deter- 

minant of migration, and not all determinants are necessarily economic. 

We will mention here some empirical works concerning the significance of the r) 

various determinants of migration, Zarembka (1972). Beals, Levy and Moses (1967) 

studied internal migration in Ghýna, and concluded that migration is responsive to income 

differentials and that geographic distance - as a surrogate for differences in culture, social 

I 
organization and language as well as for transport cost - is a strong deterrent to migration. C0 

Also, regions of large population are attractive to migrants, but the educational level does 
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not seem to directly affect miggration. 

The major findings of Sahota (1968) in a study of Brazil were again that internal 

migration is higWy responsive to earning differentials and that distance is a strong 

deterrent to mi. -Vation. However, he found that pecuniary costs of moving are more 

important than cultural and social differences. Further, Sahota found evidence that 

education is important to migration, even abstracting from its influence on other variables, 

and that urbanization and industrialization, as well as_population density turn out to be 

related to mig-ration. In sum, he asserts that 'economic costs and returns appear, on the 

whole, to dominate the behaviour of migrants, though some evidence of the non-economic 

'push' and 'pull' factors is not denied. 

Greenwood (1963) analyzed migration in Egypt and similarly concluded that 

gration' and that 'migration is away from 'distance acts as an important impediment to mig 

low-wa. ge and toward high-wage regions. His conclusions concerning urbanization, popula- 

tion density, and education were much the same as those of Sahota. 

In studying Colombia, Schultz (197 1), also found that migration responds to the 0 

market forces of wage differentials and employment opportunities and that distance to 

the city and schooling influence mi. -ration in the expected direction. He found, addition- 

ally, that migration in Colombia is increased with the frequency of rural violence. 

Sjaastad (196 1), in his study of interstage migration, shows that the observed 

relationship between net migration and wages differential is quite small and weak. He 

shows that over the decade 1940-1950, an increase in per capita labour earnings of $ 1000 

(1947-49 dollars) induced net in-migration or retarded net out-migration by only 4 or, C, 

at most, 5 per cent of the population aged between fifteen and twenty-four years at the 

end of the decade. The percentage was lower for other ages and hence lower for the total 
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population. 

Hanna (1959) concludes that the low income states are dominated by occupations 

with relatively low earnings at the national level, and the earnings within particular 

occupations in low-income states tend to be lower than the national average. Opposite 

relationships characterize the high-income states. Hanna's study, together with the 

observed relation between income and net mi, gration, supports the hypothesis that migra- 

tion does constitute a response to spatial earnings differentials; moreover, this evidence 

is consistent with the hypothesis that migration is a search for opportunities in higher- 

paying occupations, Sjaastad (1962). 

Are these wages differentials real or not? There has been considerable debate in 

the literature about the question above. Recent studies confirm the hypothesis of real 

income differentials (Reynolds, (1965), Johnston-Nielsen (1966), Hellemer (1968), 

Warren (1966) ). 

The second line of research, ie. how effective is mi. -ration in equalizing inter- 

regional earnings of comparable labour, has received much less attention than the first line. 

The models of dual development of Fei-Ranis (1964) and Jorgenson (196 1) assume that 

the migrant's response to an emerging wage gap is sufficiently rapid, compared to the 

forces causing the divergence in wages, to permit a convergence to short-run equilibrium 

in every period. Furthermore, Jorgenson argues that the differential which is necessary 

to cause a movement of the agricultural labour force into the non-agricultural sector is 

roughly proportional to the industrial wage, and he assumes that: 

(t) 
where 0<p<IW, (t) = agricultural wage. 

W2 (t) 
W2 (t) = industrial wage 

or w2. (t) 
- WX (t) = (I + P) W2 (t) 

According to Todaro (1969), in his low-income economy, or Harris and Todaro (1970) 
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in their two-sector model, migration follows a two-stage process. In the first stage the 

unskilled rural worker mi,, -,, ratin, -,, to an urban area initially spends a period of time in the 

"urban traditional" sector (or stays unemployed). In the second stage, he obtains a more 

permanent job in the modem sector. The above authors assume that the decision to 

migrate from rural to urban areas is a function of the real wa, -.,, e differential and the 

probability of obtaining a job in the urban sector; thus the determinants of migration 

are expected earning ,s differentials rather than real current earnina-Ps differentials. These 

authors argue that the real wage in the urban sector is constrained to be greater than or 

equal to a politically fixed mininium wage, which is higher than the earnings in the 

agricultural sector, and that migration is still to be viewed as an equilibrium process, 

since labour migration continues in each period until the expected income differential is 

zero.. 

Sjaastad (1962) and DeVoretz (1969) utilize a capital-theoretic framework which 

explicitly introduces calculations of present values and migration costs. According to 

Sjaastad migration is treated as an investment increasing the productivity of human 

resources, an investment which has costs and which also renders returns. Treating 

migration as an investment, there exists a ready-made criterion to test the effectiveness 

of migration in reducing earnings differentials over space. That criterion is, of course, 

the rate of return on resources allocated to migration. 

IVeHisz (1974), follows Kenen (1963) and Hagen (1958) by using their short-run 

migration function which is: 

2 f(W2 (t)/Wl W) with f (1) =0 and dNIld(f-) >0 (2.2.2) 
Wl 

Presented in diagrammatic terms the argument is that if the growth in demand for urban 

labour relative to the net increase in the number of urban-born workers is faster than the 
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growth in demand for rural labour relative to the net increase in the number of rural- 

born workers, an equilibriating migration stream is generated. 

Suppose, in Fig. 2.1, that the initial aggricultural walge 01 w', equals the initial urban 

wage 02 W2 if full equilibrium is assumed. Two events now take place: (1) capital 0 

accumulation (or technological change) drives up the marginal Products of the initial 

stocks of labour 02'%v2I and 01 wII respectively, and (2), the stocks of the two kinds of 

labour increase from natural causes by 02 0 and 010 respectively. No workers are hired 

during this period. 

W'2 

w, 2 

02 

Figure 2.1 

During the subsequent period workers are being hired, but there is no capital 

accumulation and no natural growth of labour. For the time being, it will be assumed 

I 

I 
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that the labour markets are competitive and that the wages announced at the bekinning 0 

of the period clear the markets by the end of the period. 

If migration from rural to urban areas was not permitted, or if it were prohibitively 

expensive, the urban wage would settle at Ou and the rural wage at Oa. If migration was 

economically and physically costless, a migration flow OIA would restore the static equil- 

ibrium and establish anew common wage OW. With positive but finite migration costs, an 

intermediate situation will be reached within a finite and arbitrarýy short time span: the 

A I\ 
migration volume will be less than OM, the urban wage higher than Ow but lower than 

Ou, and the agricultural wage lower than OWA but higher than Oa. 

Let MNI relate the migration volume to the wage differential w2 /w, indicated on 

the negative y axis. I fwl/w2 =I (shown by y=-1), then M= 0; if W2/w, equals, say 

MY then OMI workers will migrate. If such a volume of out-migration from agriculture C, 

occurs, the marginal product of the remaining stock of agricultural workers will be 01 wl 

The urban wage required to effect the transfer of ONV workers is equal to 01 wl'multi- 

plied by the differential MY, ie. it is equal to OW2 
- 

It follows that wages 01 w, and OW2' 

satisfy the short-term equifibrium conditions for the two markets. If the urban wage were 

set at a higher-level, the migration volume would be higher, and there would be urban 
I 

unemployment at the end of the period; if it were set at a lower level, the migration volume 

would be lower and there would be unfilled vacancies. 

The 'supply of in-migrants curve, aSa, is obtained by relating successive values of 

w2, and by obtaining thecorresponding volumes of M, given the migration function, the 

initial stock of rural labour and the demand for agricultural labour. The shape of the supply 

of in-migrants curve thus depends cruciaIly on the shape of the function relating the 

volume of migation to the wage differential. 
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2.3 TheCostsoOliggraflon 

According to Sjaastad (1962) the costs of the people who migrate can be broken down 

into money and non-money costs. The former include the out-of-pocket expenses of 

movement, while the latter include foregone earnings and the "psychic" costs of changing 

one's environment. 

Increased expenditures for food, lodging, transportation etc. constitute the money 

costs. There is no doubt that there is no data on these expenses incurred byrnigrants in the 

course of moving. Of course, an estimate can be found by questionning the migrants 

themselves or by taking into account specific distances. Maddox (1960), for example, 

estimates that many farm people can travel as far as five hundred miles from their home, 

take ten days to find non-farm jobs, and wait a week for their first pay-cheque after they 

start work, with a nest egg of no more than $100 per person. Nevertheless, the order of 

magnitude of the money cost is sufficiently small so that it cannot account for the large 

earnings differentials observed between the agricultural and non-agricultural sectors. 

In Ws study of intemal migration in the United States in 1949-50, Siaastad (196 1, 

1962) suggests that the marginal costs associated with additional distance are considerably 

higher than could be attributed to the costs considered in Maddox's estimate. The migration 

v- ariable was defined as the number of (net) migrants going from state i to state j as a 

function of all (net) migrants from state i. Regression coefficients obtained indicate that 

the attractiveness of a given destination was unaffected by a 10 per cent gain in annual 

per capita labour earnings and a simultaneous 16 per cent increase in distance. At the 

mean of the income and distance variables these percentages imply that the typical 

migrant would be indifferent between two destinations, one of wWch was 146 miles 

more distant than the other, if the average annual labour earnings were $106 (1947-49 
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dollars) higher in the more distant one. Nelson (1957) and others, tried to appeal to 

market imperfections such as lack of information to explain the apparently high distance 

cost of migration, but it seems that there is no simple way of testing such hypothesis. 

The non-money costs may be divided into the opportunity costs and "psychic" 

costs. The opportunity costs consist from the loss of income during the migration process. 

itself, searching for, and learning a new job. This size of the foregone earnings can be 

estimated if we take into account the time taken to move from the rural to the urban 

area and to search for or learn a new job. Of course, the time spent in the migration 

process itself is a function of the distance and the time spent in searching for an urban 

job is function of the level of urban unemployment. 

The "phychic" costs, are those costs which are relevant with the psychic world of the 

migrant, ie. the psychological pressure on the migrant when he leaves his family, friends, 

familiar surroundings etc. These costs are difficult to quantify. Psychic costs together with 

money costs and opportunity costs, could expWn the existence of eamings differentials. 

Given the earnings levels at all other places, there is some minimum earning level at 

the place under consideration which will cause a given individual-to be indifferent between 

migrating and remaining at home. In other words, the wages differential reflects the 

belief that farm workers require some premium over their agricultural wage to induce them 

to incur the costsof moving to a perhaps less well-known and more risky urban area, 

Zarembka (I 970a). The difference in life-style between the city and the remote hinterland 

is much greater than that between the city and the surrounding area, and the costs and 

tirne of travel preclude frequent visits of the out-migrant back to his distant native home. 

For an inhabitant of a remote region, migration means a sharper and more permanent 

break than that for a migrant from a suburban area. Therefore, psychic costs apparently 
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increase very sharply with distance, Schwartz (1973), Wellisz (1974). 

Since direct migration costs are relatively small in many developing regions, the 0 

major determinant of costs is the loss of income during the migration process itself. This 

suggests that c(t), the current cost of migration, might be a function of the income in the 

sector from which the migrant departed. In fact, we shall assume that the cost of 

migrating from rural to urban areas is, a linear function of income per labourer in agriculture, 

but that there is no cost associated with movement in the opposite direction, Kelley- 

Williamson-Cheetham (1972). Thus we have: 

C(t) = P(t) - W, (t) - () (2.3.1) 

where p(t) >0 is a decreasing function of time showing that as the economy becomes 

. more developed, the migration process becomes quicker, and &> 0 is a fixed parameter 

over time. When &=0, the costs of migration are proportional to the rural wage; when 

g(t) = 0, the migration costs are constant over time. 

2.4 The Migration Decision 

NVe could say that this section is a continuation of section 2.2 because it also deals 

with determinants of migration. But we prefer to separate it from section 2.2 because we 
i 

would like to present here some new points on the decision to migrate and the wage 

differentials. 

Suppose, for the moment, that there exists a wage differential between the agricultural 

and the non-agricultural sector, the two wages being w, (t) and W2 (t) respectively. Suppose 

also that each individual's utility'function is given by: 

u (x) =1 xl-v p o<v< i 1-v 
(2.4.1) 

We assume that the direct cost of moving between the two sectors is very small, so 

that it maybe omitted from the cost function (2.3.1). Therefore, (2.3.1) become's (for R= 0) 
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C(t) =0 (t) - W, M (2.4.2) 

or in utility terms 

U (c(t) I 0(t) wi (t) ) 
I-v I P(t) I-V 

W, (t) 
I-v (2.4.3) I-v T__V 

(2.4.3) shows the utility lost by the individual who migates. 

NVe define P(t) as the probability of an individual finding ajob in the non-aggricultural 

sector. If we assume that employment and unemployment in the non-agricultural 

sector are two mutually exclusive events, then the individual who migrates to the urban 

area has a probability of I -P(t) of not finding a job or, equivalently, of not earning any 

wage. 

Therefore, the individual in agriculture migrates to the non-agricultural sector if and 

only if lie assumes that he will gain greater utility than by staying in the agricultural 

sector. Hence, the decision to migrate is given by the expression: 

(I -P(t) ) U(O) + P(t) .u (% (t) u (c(t) >U (w, (t) (2.4.4) 

From (2.4.1) and (2.4.3) it is known that 

U(O) =0 

U(wi(t) 
Iv 

Wi(t) 
I _V i= 1,2 

1 
(2.4.5) 

and u(c(t))=--! -P(t)l_ WI(t) I-v 

We substitute (2.4.5) into(2.4.4) and obtain: 

P(t) -I W2 (t) 
I 

_V 
-I P(t)l_v WI(t)l-v> 

I 
W, (t) 

I-v 

I 
-V 

I-v I-V 

or 

or 

I-V 
W W2 (t) >0+ p(t), W. (t), -v 

Wl < 
P(t) I-V (2.4-6) 

W2 W 
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From (2.4.6) we see that, at time t, given the probability of somebody finding a 

job in the non-agricultural sector and the costs of migration, an individual in the agricultural 

sector migrates to the non-agricultural sector if and only if: 

Wl W 

W2 

(2.4.7) 

where 
P(t) T--1-V 

(2.4.8) 
1 +O(t)I-V 

In the case where w, (t)/W2 W 
nobody is willing to migrate. NVe call this case 

the "relative equilibrium". Thus, the lowest wages ratio for the relative equilibrium is: 

WI P(t) T-L_V 
)=p (t) (2.4.9) 

w2 (t) i +ß (t) , 

Let's see now some properties of (2.4.9) or (2.4.8). 
ju(t) always lie between zero and one. NVe 

obtain this by giving to P(t) and g(t) extreme values. Thus, for P(t) =0 and 0 
a 

we have that p(t) = 0; for P(t) =I and p(t) =0 we have that p(t) = 1; for P(t) >0 and 

p(t)> 0 it is 0<. U(t)< 1. 

We further assume that as the economy becomes more developed, P(t) tends to one, 

which means that, as time passes, it becomes easier for the individual of the agricultural 

sector to find a job in the non-agricultural sector. At the same time, P(t) tends to zero, 

that is, the costs of migration are a decreasing function of time. Therefore, as t--, 

P(t) -I and p(t) - 0, or in other words,, u(t) -I. 

In the Harris-Todaro, (1970) model and in Harberger(1971), P(t) is given by the ratio 

of the employed to the total urban labour force. A more plausible determinant of the 

chances of a single migrant is given by the number of vacancies, V(t), occurring per 

period t divided by the number of candidates for these vacancies, that is the urban 
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unemployed, U(t), Todaro (1969), Lal (1973). However, for either formulation of P(t), 

its equilibrium value Pe(t) will be determined by the equilibrium migration condition, 

which the above authors found to be: 

Wl Pe(t) 
W2 (t) (2.4.10) 

Of course, the probability P(t) is a theoretical concept, and differs from that which the 

prospective rural migrants into urban areas take into account. Speare (1971), in a question- 

naire survey which he conducted among the immigrants into the city of Taichung in Taiwan, 

reports that the immigrants from rural areas had only very hazy notions about urban jobs. 

Also, Speare (1971) and Wilkinson (1970) point out that an a priori pr9bability presumably 

reflects the actual experience of earlier migrants. 

Comparing (2.4.10) with (2.4.9) or with the qquivalent: 

Pe(t) 0+ P(t) -v W, (t) ) 
I-V 

W2 (t) (2.4.11) 

we see that our expression for the equilibrium probability is more general than (2.4.10) 

because it does not depend solelk on the rural-urban wa. ge differential, as does the expression 

(2.4.10), but also on the costs of migration 0(t) and the utility parameter v, which we could 

say reflects the tastes of the individuals. 

In the case where we have full employment, which means that the vacancies at time 

t are always equal to the amount of unemployment, and hence P(t) = 1, and where v=0 

then: 

Wl WI 
. U(t) = -; ý-(-o =IT p(t) 

(2.4.12) 

From (2.4.12) we see that, even in this simple special case of full employment, the wages 

in the two sectors cannot be the same if there exists a positive cost of migration, which 

can be expressed by p(t) > 0. This result has also been obtained by Wellisz (1974), as we 

have already seen in section 2.2 with the help of figure 2.1. 
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2.5 The Labour-Allocation Curve 

For any period of time t we define 

Li(t) is the stock of labour in the ith sector, (i 1,2) 

L(t) is the total stock of labour in the economy 

Lii(t) is the natural increase of labour in the ith sector, G=1,2) 

Mi(t) is the number of labourers who migrate from the ith sector, (i 1,. 2) 

The truth of the following expressions is obvious 

L(t) L, (t) + 1,2(t) 

L, (t) L, (t- 1) + Li 
I 

(t) 
- 

M, (t) + M2 (t) (2.5.2) 

L2 (t) 112 (t- 1) + L22 (t) + ý11 (t) 
- 

M2 (t) (2.5.3) 

We now define 

Ri(t) -Li(t3 the proportion of labour engaged in the ith sector, (i = 1,2) L(t) - 

ni(t) 
L-. (t) 

the natural or physiological rate of increase of labour in the ith 
Lt 

sector, (i = 1, - 2). 
mj(t) 

N i(t) the rate of migration from the ith sector, (i ='I, 2). 
Li(t) 

Under the above notation, the expressions (2.5.1),. (2.5.2) and (2.5.3) are written: 

171 (t) 21 (t) + 172 (t) 22 (t) (2.5.4) 

(t)= 
77, (t) + IM2 (t) 22 M -M1 (t) 21 (t) (2.5.6) 

(t) 

L2 (t) 

-= 772 (t) + =4MI 
(t) 21 M- M2 (t) 22 (t) (2.5.7) IL12 (t) 22 (t) 

where of course 

21 (t) + 22(t) (2.5.8) 

In our case, where we assume that migration takes place from the argicultural to 

the non-ag gricultural sector only, 1% (t)= 0. Therefore (2.5.6) and (2.5.7) may be simplified 
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as the foHowing-. 

W 
W-M, 

(t) (2.5.9) 

(t) 
112(t) +M12(t) (2.5.10) L2 W 

where rn, 2 (t) = m, (t) 
M, 

(2.5.11) 22 W ET-(t) 
Suppose now that labour force grows at a constant (or variable) rate 77, ie. 

L(t) / L(O 12 

determined K. 

171 W 21 (t) + 172 (022 (t) (2-5.13) 

Solving the system (2-S-8) and (2.5.13) for 21 (t) and-22 (t), we find: 

77 - 272(t) 

ni W- 772 W 

and 

22 
77l 17(t) 

(2.5.15) 
171 n2(t) 

(2.5.14) and (2.5.15) have meaning only for the case where 121 (t) 0772 (0- Of Course, this is 

a mathematical restriction necessary for the existence of the solution of the system above, 

but it can be justified in practice by the higher fertility of the people in the agricultural 

sector, that is. 

17 1(0> 17 > 17 2(0 (2.5.16) 

We assume that the rates of natural change of the labour in the two sectors, 7ji(t), 

G=1,2), are variable, and i? I (t) is decreasing whilst 712 (t) is increasing over time. We have 

to introduce two types of exogenous rates of fertility. 

Type 1. 

171 (t) ý» (17 ei ) 171 (0) C --ni (2.5.17) 
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722 (t) : '- (77 
- 82 )- 772 (0) e -772 t 

and Type 11: 

(2.5.18) 

'Q IM= 17 + 77 j (0) e-771 
t 

(2.5.19) 

-122 t 

n, M=n-n, (0) e. (2.5.20) 

where 77i and E)i for i=1,2 are parameters that are constant over time. It can be seen that 

Type II is a special case of Type I where 01 = 02 =0. 

In type one the fertility of people in the argricultural sector is decreasing over time, 

but it never reaches the average fertility rate of the whole economy, 17. In the non-agricultural 

sector the fertility of people is increasing over time, but it never reaches the common rateq. 

Therefore, for type one: 

lim 171 (t) = t7 + 01 and lim ? 12 (t) tj - 91 (2.5.21) 
t -+ CO t -+ co 

It is obvious that, for type two where 01 = 02 = 0, we have: 

lim 77, (t) =q decreasingly 

t 
(2.5.22) 

RM 77 2W= 77 increasingly 

t --ý C)* 

Let us now see how (2-5-14) and (2.5.15) behave as t Thus, using (2.5.21) we 

obtain: 
02 + 772 (0) e-772 

t 

lim 21 (t) = lim 
(()I + 02 )+ i2l (0) e-71 

t +Q2 (0) e-772 
t 

t -I- co 

02 

PI (2.5.23) el + 02 

and 

lim R2 
. 
(t) = lün -. 

61 +t?, (0)e--nlt 

t -+CM (eý +E)2) +i?, (0)e-'Qlt+i7, (0)e-172t 

el 
P2 (2.5.24) 

()1 +82 
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From (Z5.23) and (Z5.24) me see that, as time passes,. or, as the economy becomes more 

developed, for the first type of exogenous change in fertility of people in the two sectors,! 

the proportions of labour engaged in the agricultural and the non-agricultural sectors, tend 

to the constants 0<p, <I and 0< P2 <I respectively, where p, + P'2 = 1. From (2.5.23) 

and (2.5.24) one may derive: 
2 02 P, > 

lim ' (t) = lin 
L' (t) 

=P=1 (2.5.25) 22 W L2 W 01 P2 < 

t -1- 00 t -+ CO 

Using (2.5.22) we obtain: 

lim 17, (0) e -7? *2't 

17, (O)e -711 t+ 
(0) e-772 

and 

Jim 

t -+ Co 
17 

, 
2(0) (2.5.26) 

171 (0) e-711 t1 
lim 22 (t) = lim 

--= lim (2.5.27) 
ni (0) e`I, 

t+1? 
2 

(O)e -e2 t1+ 
772 (0) 

e 
(17 

-1 
-172 )t 

co t -> 00 tý, 
(u) 

In (2.5.26) and (2.5.27), it is more reasonable to assume that 722 > 711, which means 

that the decrease in the rate of fertility of the people in the agricultural sector is less than the 

increase of the same rate in the non-agricultural sector. Therefore, for 772 17, >0 the 

above limits are equal to: 

lim 21 (t) 0 UM 22 (t) 1 (2.5.28); 
t -+o* t -+ 00 

and so: 

lim 
21 M0 

(2.5.29) 
22 (t) 

t -0. CM 

From (2.5.28), we see that as time passes, the agricultural sector decreases in size 

relative to the non-agricultural sector. At t the agricultural sector has disappeared, 
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or preferably, we could say that it has become fully developed, and so it has been absorbed 

in the non-agricultural sector, so that the economy has only one sector. 
, 

In the case where ill = 772 9 it is always true that 

W= 
772(0) 

s 
22(t)= 

771(0) 

771 (0) + 172 (0) 711. (0) + 772 (0) 

and 

(2.5.3 0) 

21 M 172(0) 
(2.5.31) 

22(t) n1 (0) 

which means that, in this case where the chances; in the rates of fertility in the two sectors Zý 

are equal, the proportions of the labour force engaged in the two sectors remain constant 

over time. 

From the above discussion we can derive geometrically the labour allocation curves 

between the two sectors as in figure 2.2, for the two types of ferWity rates. In figure 2.2 

Li (0 

b2 
Li 

C, 2 Li 
L? ti 
Ll 
Li Cl 

LII 

ol 

Figure 2.2 
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the exogenous increase in labour force L(t) is depicted by the 45* lines. The lines show 

the allocations of labour between the two sectors possible at a particular time. For example, 

the point AO on the line L(O) shows that the labour allocation of the L(O) workers, is L, (0) 

in the agricultural sector (on vertical axis) and 1-2 (0) in the non-agricultural sector (on 

horizontal axis). The ratio L, (0)11,2 (0) or 21 (0)/22 (0) is shown by the slope of the straight 

line from the origin to point A0. 

Suppose now that, at time t=0, the actual labour force engaged in the two sectors is 

LIO and V for the agricultural and non-agricultural sectors respectively. If we suppose 

now that the natural rate of increase of labour in the two sectors was the same, then at 

time t=1, where the total labour force in the economy is L(I ), the point which shows the 

natural labour allocation between the two sectors is C1, on the L(l) line, with L, Cl 
and 

L-2 Cl the corresponding levels of labour force for the two sectors. In this case it is: - 

Cl Ll' L, 
Cl 

40 L2 

Of course, this is not the case in reality, Where the natural rate of increase of labour in 

the agricultural sector is greater than that in the non-agricul tural sector, and so (2.5.16) 

applies. This means that the point, in figure 2.2, which shows the natural labour allocation 

between the two sectors at time t=1, is not the point C, but another, say B, , which lies 

b, b-I 
on the left of pohit C, and on the line L(l), and which gives L, and L2 workers for 

the agricultural and non-agricultural sectors respectively. It is obvious that: 

bi Cl L, L, 
bi Cl 

L2 L2 
(2.5.32) 

Until now, the discussion has been based on natural rates of change of labour force, 

and not on actual changes. By the word 'actual'we mean that the change in the labour 
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force in the two sectors is the combined result of the natural (exogenous) change of labour 

plus the (endogenous) net migration between the two sectors. Therefore, suppose that 

bi b, L, L11 1-2 L2' ) workers migrated in time t=1, from the agricultu ral to the non- 

agricultural sector. This change in the volume of the labour force in the two sectors passes' 

point B, down and to the right along the line L(l), say to point A,. Thus, point A, shows 

the actual allocation of labour force between the two sectors, with Ll' and L21 workers 

for the agricultural and non-agicultural sectors resPectively for the time period t=1. It 

is c1car that: 

bi 

In figure 2.2 point A, lies on the right of point C, . Of course it is possible for point 

A, to lie on the left of point C, or to coincide with it. The position of A, depends on the 

volume of migration. The greater is the migration, the further is point A, down from point 

B, , along the line L(l). 

The same analysis applies to the points A2, A3, etc. in figure 2.2. The only point that 

we must note here is that the angles C, OB, , C2 OB2 . etc. are decreasing towards zero or 

almost zero according to the adopted type of -natural rate of fertility in the two sectors. 

In figure 2.3 is shown the complete labour-allo cation curve as t-- for the two types. 

If we assume that, at time t=0, all the labour force was engaged in the agricultural sector 

(LI (0) =L (0), L2 (0) = 0), then for t=0 the labour allocation ratio is given by: 

L, (0) 
OL, )= tan 90* =- L2 (0) (2.5-33) 

, 

If we now assume that at time t=0, there were some people working in the non-agricultural 

sector, then the labour allocation ratio, for t=0, is given by: 
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Ll (t) 

L(O) 

0 L-2 

Figure 2-3 

*'*: 
L, (0) 02 +172«» 

type 1 tan (L2 OA, ) =- (2.5.34) - r; -(0) ý -- 01 + ih (0) 

type 11 : 
L. (0) 

= t.. (I, OA2) = n, (0) 
(2.5.35) L2 (0) n, (0) 

As t-- the labour-aLlocation ratio tends to: 

L, (-) 
=A 

()2 

type tan (1.2 OB) =- =p (2.5.36) 
L2 91 

Li 

type 11 
L2 (09 

- 
tan 0* =0 (2.5.37) 

In figure 2.3, the relative positions of the two labour-allocation curves and of the 

points A, and A2 depend, of course, on the values of the O's and tlie 17's. 

2.6 The Supply of Labour 

In section 2.5 we analyzed the labour-allocation curve. In this section we are going 

a step further by trying to find the supply of labour functions for each of the two sectors. 
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Form (2.5.10) and (2.5.12) we obtain: 

22 W 1-2 (t) IL(t) 
: 722 (t) -ý' M12 (t) 

- 77 22(t) L2 (t) L(t) 

Substituting 172 (t) into (2.6.1), using the expressions (2.5.18) and (2.5.20) for types 

I and 11 respectively we obtain: 

type I: -i. 
(t) 

-12(0-02 -1? 2('O)e 
-1? 2 t 

(2.6.2) 22 (t) 

and 

type 11 .-i, 
(t) 

... 12 
W-1? 

2 
(0) e-772 

t 

(2.6.3) 22 (t) 

The limiting values which (2.6.2) takes are: 

(t) 22 W I 

t7-0= 
M12 (0)-92 

-772 
(01 mli(-) -02 (2.6.4) ---It 2JO 22 (t) 

and the limiting values of (2.6.3) are: 
i, (t) 

= M12 (0) 
- 172 (0) 

jý 

ý2 
W= 

mlý H. (2.6.5) 22 (t) 

It=0 

92(t) 

I 

t=' 

In both case I and case 11 we have, from (2.5.25) and (2-5.29) respectively, that as 

t- -, 2, (t) / 22(t) tends to a constant ,p and 0 respectively. This means that in both 

(2.6.4) and (2.6.5): 

;2M0 

(2.6.6) 22 (t) t 

orfortypel M12 02 (2.6.7) 

and for type If : M12 (00) =0 (2-6.8) 

From (2.6.7) we see that for the first type of assumption about the natural fertility 

of the people, at time t=-, there still exists a constant rate of migration of workers from 

the agricultural to the non-agricultural sector, equal to the gap between the natural rates 

of increase of population in the total economy and that in the, non-agricultural sector. So, 
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there is migration to fill this gap. 

For the second type, where at t there is no such ga p, we see from (2.6.8) that 

migration at time t is equal to zero. 

We will try now to introduce wages differentials into our formulation, using a similar 

urbanization function as those of Todaro (1969) and Zarembka (1970). The urbanisation 

function is of the general form: 

22 M W2 M 

22 (t) 
=F(W, 

M 
(2.6.9) 

which must obey the restriction 

i2 M 

as 
W2 M 

(2.6.10) 92 W W1 W 

One possible such function is that used by Mass-Colell and Razin (1974). It is of the 

simple form: 

i2 
W W2 M- W1 (t) 

(2.6.11) 
22 (t) W1 (t) 

where 8 is a positive constant 

(2.6.11) can be written as 
;2M 

W2 WI 

- 6( -I)=6 (-; -(t) -I) (2.6.12) -'2 W w, (t) 

or using, (2.4.12), which is the case for fuU employment and v=0, we obtain: 

;' (t) 
-P (t) =6P (0) e -Pt (2.6.13) 

22 (t) 

where p(t) = p(o)e -Pt' P(O)l P>0. 

Comparing (2.6.13) with(2.6.1) we derive a function for the rate of migration, ie.: 

m, 2'(t) = il - 172 (t) +a0 (0) e -At (2.6.14) 
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From (2.6.14) we obtain for the two tYPeS Of 'Q2 W the results that: 

-172 t type I: M12 W 02 + 122 (0) e+8p (0) e (2.6.15) 

m12 (0) = e2 +172 (0) +80 

MI 2 
to") 

*2 02 
' 

(2.6.16) 

(2.6.17) 

andtypelI : m, 2(t) T, 2 (0) e-122 
t 

+S 0 (0) e --ßt (2.6.18) 

Mia(0) = 7? 2 
(0) +8p (0) 

M12 (-) = 

(2.6.19) 

(2.6.20) 

From the above we see that (2.6.17) does not contradict (2.6.7) and (2.6.20) does 

not contradict (2.6.8). Also from (2.6.16) and (2.6.19), after substitution into (2.6.4) and 

(2.6.5) respectively, we obtain that at time t=0, for both types Of 772 (t): 

-- (2.6.21) 
2, (t) It=0 (0) 

Before we try to find the supply function of labour in the two sectors, we must note 

some points which can be derived from the discussion above. From section 2.4 we know 

that as t--, then p(t) -0 or w, (t)/w2 (t) - 1. But from (2-6.11) or (2.6.13), we also 

know that as t or w, (t)/w2 (t) - 1, i2 (t)/92 (t) - 0. Therefore, we conclude from 

(2.6.17) and (2.6.20), that for type I Of772 (t), there still exists migration of workers 

between the two sectors, even for the case where the two wages become equal when t 

This illustrates the case, observed in reality, that in some countries where there is no wage 

gap between the two sectors, there is still migration. Of course, for the type HOf'? 2(t), 

we do not have migration when w, (t) = wz (t). 

We are now able to derive the supply functions of Iabour for the two sectors. It is 

known from (2. S. 10) that: 

a L-2 0= 
722(t) + M120) 

14 W 
(2.6.22) 

87 



We substitute M12 W from (2.6.14) into (2-6.22) and obtain: 

--p t +60 (0) e (2-6.23) 1-2 (t) 

Taking the integrals of both sides of (2.6.23) from tj =0 to t, =t, we have: 

t 
dL2 (ti ft 

(0) 
jo 

L2 (tl 
0 

or 

L2 (tl )t ý-- 77 tj - 
SAO) 

e -pt, t 10 
p 

10 

or 

In L2 W- In 1.2 (0) 
* 

0) 
(e-pt - 

or I 
1-2 (t) -= exp [ In L2 (0) +qt-60 

(0) 
(e --Ot- 1) 1 

p 

or 
8 P(O) --ot 

L2 (t) = L2 (0) e0 
(e 1) 

(2.6.24) 

which is the supply function of labour in the non-agricultural sector over time. The supply 

function of labour for; the agricultural sector can be found from: 

L, (t) = L(t) 
- 

1.2 (t) 

substituting L(t) and L2 (t) from (2.5.12) and (2.6.24) respectively, ic. it is: 

-6 
P(O) (e -At - 1) 

17t L, (t) =[ L(O) - L2 (0). ePIe. (2.6.25) 

We can see the mechanics of labour migration and supply curves of labour with the 

help of figure 2.3. - 

In the case of full employment (P(t) M 1) and v=0, the expression (2.4.4. ); which 

shows the condition under which workers migrate from the"agricultural to the non- 

agricultural sector, can be written in the simple form: 
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W2 (t) 
- Wl (t) > CM (2.6.26) 

(2.6.26) means that if the gap between the current wages in the two sectors is less or 

equal to the current cost of migration, then nobody is willing to migrate. 

Suppose now that at time t= tj the marginal productivity of labour curves for the 

two sectors are given, in figure 2.3, by the curves NIPLI (t, ) and NIP1.2 (t, ). 

Wi(o 

w '2(t2) 

2(t2) 

W2 (ti) 

Wl W) 

Wl N) 

wl (ti) 

The workers engaged in the two sectors are L, (t, ) and L2 (t2 )ý With corresponding 

wages *1 (t, ) and w2 (t, ). NVe say that the system is in "relative equilibrium" if the gap 

in the wages is less than or equal to c(t), (ie. W2 W- WI W4 C(t) ), at which level nobody 

is willing-to migrate from the agricultural to the non-agricultural sector; it is in "relative 
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disequilibrium" if the gap in the two wages is greater than c(t), ie. if migration is taking 

place. 

Suppose now that at time t= tj, Aw(tj )< c(tj ), which means that, at time tj , the 

system is in relative equilibrium. Due to capital accumulation and technological change 

in both sectors, suppose that at time t t2 the marginal productivity curves of labour 

shift to MPLI (t2) and MPL2(t2 ). In the smne period the labour force in the two sectors 

has increased by the amounts L, (tý ) L11 02 ) and 1-2 (t, ) L2 (t2 I which means that the wages 

of the two sectors are now wl, 
(t2) andW'2 (t2 )- If the difference between the new wages 

is greater than C(t2 ), the critical value, then the system is in relative disequilibrium. 

Migration starts from sector one to sector two. TI-ds means that as workers leave sector one, 

the wagge rate in that sector increases and that in sector two decreases. Therefore, in relative 

disequilibrium situations, we see that the wages move in opposite directions and, after some 

time, the difference between them reaches the critical value c(t), at which migration stops 

and the system is again in relative equilibrium. 

In figure 2.3, the points A, (LI (t, ), wl (t, )* ) and A2 (L2 (tl I W2 02 )) show the 

relative equilibrium position of the system at time t= tj . At time t= t2 the points 

B, (I., (t2 ), W2 (tI )) 
and B2 M2 (t2 )t W2 (t2 )) similarly show the relative equilibrium - 

position of the system. Points between (CI , B, ) and (C-2 , B2) show the relative dis- 

equilibrium positions of the system during time period t2 , in which the number of workers 

that migrate from the f-irst to the second sector is equal to L', (t2 ). L, 02 )ý L2 (t2 ) L12 (t2 )- 

If we now join the relative equilibrium points of each sector we derive the supply functions 

of labour for the two sectors, denoted by S, and S2 . Each of these supply curves looks 

like a conventional upward-sloping labour-supply curve, but is actually the locus of 

demand-supply intersections at successive time periods, as shown in figure 2.4. This seems 
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Figure 2.4 

to be in agreement with Mazurnbar (1959), who writes that the wage-rate cannot be 

detern-dned simply by the intersection of supply and demand curves for labour, because 

the supply curve itself varies with the wage level. 

In the above exposition, it must be noted that, the shape and the position of the 

marginal productivity of labour curves depend upon the level of capital accumulation 

and on the kind of technological progress. Also, the wage rate depends upon the rate of 

increase in labour force. If, for example, in period f_=t2 the wages differential was less 

than the critical valueC(t2 Lthen no migration occurs from one sector to the other. 

Another extreme case is that in which in period t =t2 the wages differential is negative, 

which means that there is migration of workers, but from the second sector to the first. 

This seems to be quite unrealistic for a developing economy and contraditts (2.4-8). 

2.7 Conclusions 

In this chapter we have tried to classify migration research according to the adopted 
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methods and instruments. The following chart shows this classification: 

Direction and Magnitude in response 0' 
Curren t 

Migration to wage differentials 

Equitbrium process, with respect expected 

The main conclusion of this chapter is that there always exists a wage gap between 

the agricultural and non-agricultural sectors in the cases where there exist costs of migration * 

whether monetary or psycMc or botIL 

We generalized Todaro's equilibrium value of probability of finding a job into the 

non-agricultural sector, (2.4.10), including not only the wages of the two sectors, but also 

the costs of migration and a utility parameter of the individuals as in (2.4.11). From there, 

we see that even in the case of full employment there still exists a wage differential 

between the sectors, if, of course, there is a positive cost of migration. 

In our formulation of wages differentials we find that as t--, the probability of find- 

ing; a job in the non-agricultural sector tends to one and the costs of migration tend to zero, 

so themages tend to be equal. 

Investigating the mechanics of labour migration between the two sectors, we conclude 

that the assumptions about the natural or physiolo. -ical rates of change of the labour force 

in the two sectors play a basic role in determining the results obtained. In particular, if we 

assume that as t the natural rates of change of the labour forces in the two sectors tend 

to two distinct values around the average rate of change of the labour force in the total 

economy, then the ratio (of allocation) of the labour force engaged in the agricultural 

92 



sector by that engaged in the non-agricultural sector tends to a positive value. If we 

assume that the two natural rates of change of labour tend to become equal as t 

theli we conclude that as t the agricultural sector disappears, which means that it 

has been fully developed and so the economy behaves Eke a one-sector economy or, if 

we still want to take two sectors. into account, the economy must be divided into the 

consumption goods sector and into the capital goods sector, as has been done by Uza . wa 

(1961,1963) and others. 

Finally, from our migration function, we conclude that migration from the agricultural 

to the non-agricultural sector stops when the two wage Tates are equal and the two natuml 

rates of increase of labour are equal. In the other case, of different natural rates of increase 

of labour, we find that, even with equal wage rates in the two sectors, migration is still 

positive and its constant rate is equal to the constant deviation of the natural rate of change 

of the labour force in the nonýagricultural sector from that. of the labour force as a whole. 
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3.1 Introduction 

The usual procedure in constructing a theory of economic development of a two- 

sector economy is to view growth as a movement by the economy through a sequence 

of short-run equilibrium positions in which sectoral wages and rental rates are equated. 

In other words, these theories are based on a fundamental proposition of the theory of 

general equilibrium and the theory of the competitive market according to which the 

discrepancies in factor payments lead to appropriate re-allocations of productive 

factors until equilibrium is restored. In these models we assume that capital and labour 

adjust instantaneously to any diffqrentials between sectors and that there are no costs 

associated with the transfer. - 

Undoubtedly, from the empirical data, we can see that in the real world there exist 

sectoral differentials in wages and in rental rates, Borts-Stein (1964), Watanabe (1965), 

Williamson (1965), Reynolds (1965), Taira (1966) and Ohkawa-Rovosky (1972). The 

persistence of such differentials has led Higgins (1959), Bruton (1965) and others to 

argue that economic development is not an equilibrium process, but rather a process of 

change that is subject to continuous disequilibrating forces. A variety of hypotheses 

have been advanced to explain why discrepancies in sectoral incomes and factor prices 

may exist over extended periods. Most of these are based on the notion of sluggish 

adjustments in factor allocation in response to changes in the industrial output mix and 

labour demand, Nourse (1968). The slow adjustment of the capital and labour markets 

is attributed to a variety of factors that include the existence of high transactions cost, 

imperfect information, risk and uncertainty, and sectoral capital specificity, Kelley- 

IVilliamson-Cheetham (1972). 

The aim of this chapter is, to take explicit account of the phenomena of continuing 
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disequilibria in the labour market constructing a two-sector growth model for a developing 

economy. By relaxing the assumptions of instantaneous and costless adjustments to 

differentials in the labour market and by incorporating the assumptions of chapter 2 

on the movement of labour between the two production sectors we provide an analytical 

framework that is particularly useful for analysing structural change under conditions of 

disequilibriurn growth. 

We use the notion of dualistic growth, Lewis (1954), Fei-Ranis(1964), Jorgenson 

(1961) and Dixit(1973) as a suitable basis for our model but at the same time we avoid 

the assymetry in the two production functions assuming that the two sectors use the same 

inputs, capital and labour, in the production of their own output but, combined in different 

proportions, Kelley-NVilliamson-Cheetharn (1972), Niho (1974). This is due to the historical 

evidence that capital in the agricultural sector was an important element in the successful 

development of many economies and because in introducing capital into the agricultural 

sector we add another policy dimension to these models. 

Under the above assumptions we try to present the structure of a developing economy 

to find behavioural and technical sufficient conditions for the properties of existence and 

uniqueness of the momentary solution and stability of balanced growth of our model and 

finally to analyse the structural change and the growth process through time. 

3.2 The Model 

Basic Assumptions 

Al. There is a single malleable capital good used as an input in both sectors. 

A2. The total labour force, L(t), grows exponentially. 

L(t) = L(O) e 
77 t 

(3.2.1) 

where L(O) is the stock of labour at time t=0; 1? is the exogenously given constant rate 
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of growth of labour. 

A3. Both agricultural and non-agricultural goods are assumed to be composed of homogeneous 

quantities and to be produced by two homogeneous factors of production, labour and 

capital. The quantities of the two outputs, Yi(t), (i = 1,2), produced at time t are related 

to the quantities of labour, Li(t), and capital, Ki(t), by the corresponding production 

functions, Fi( ), ie: 

Yi(t) = Fi (Ai(t) Ki(t), Bi(t) Iý(t) i=1,2 (3.2.2)' 

where Ai(t) >0 and Bi(t) >0 are variables showing the technological progress of 

capital and laboui respectively. 

It is: 

Ai(t) Ai(t) XI i i= 1,2 (3.2.3) 

ýj(t) Bi(t) ýk2 i i= 1,2 (3.2.4) 

where XI i and X2 G=1,2), denote the constant rates of the technological 

change of the two factors of production, in the two sectors respectively. We denote: 

KI(t) = Ai(t) Ki(t) i= 1,2 (3.2.5) 

Ti(t) = Bi(t) Li(t) i= 1,2 (3.2.6) 

and we call TCi(t) the capital in efficiency units or "efficiency capital" and Li(t) 

the labour in efficiency units or "efficiency labour". Therefore, (3.2.2) is written: 

Yi(t) = Fi (Ki(t), Li(t) 1,2 (3.2.7) 

In each sector, production is subject to constant returns to scale, ie. for any 

positive scale factor r, itis: 

Fi (ý Ki(t) Li(t) Fi (KI(t) , Li(t) Yi(t) i=1,2 (3-2.8) 

and diminishing marginal rates of substitution. Joint products are excluded aI nd 

external economies (diseconomies) do not exist. 
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A4. The saving/income ratios for the PrOfItS. S3, and for the wages in the two sectors, 

s, and S2 respectively, are such that: 

Sl '4 S2 4 S3 41 

Extreme cases: 

(3.2.9) 

(a) The keynesian special case: s, "2 S2 = S3 = S. This was adopted by Harrod, 

Domar, Solow, and Swan. 

(b) The Kaleckian special case: s, '=0< sr = 1. This was adopted by Mrs. 'ý S2 

Robinson and Kaldor in some of their models. 

B. Sectoral assumptions 

Bl. The output of the second sector is used as capital input in both sectors and as 

consumotion good in both sectors. It is: 

Y2 (t) = C2 (t) + l(t) (3.2.10) 

where q (t) is consumption of the second sector good in both sectors, and I(t) 

is investment in both sectors. 

B2. Capital depreciates exponentially over time 

k(t) = I(t) -6 K(t) (3.2.11) 

where K(t) is the total capital in the economy and 6 is the constant over time 

depreciation rate. 

B3. The output of the first sector is all consumed 

Y, (t) = C, (t) (3.2.12) 

where C, (t) is consumption of the first sector good in both sectors. 

B4. Gross investment, in terms of the second good , equals ex ante savings: 

I (t) = s3 r(t) K(t) + sý W2 (t) 1-2 (t) + si w, (t) L, (t) (3.2.13) 

where r(t) is the return on capital and wi(t) is the wage-rate (i = 1,2) in sector i, 
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aU in terms of the second sector goods. 

C. Special conditions 

Cl. Inada "derivative conditions". 

The production functions are assumed invariant over time and twice differentiable, 
. 

where, for all positive factor inputs: 

a Fi a2 Fi 
->0 a Ki 

-2 (3.2.14). 
a Ki 

a Fi a2 FI 

a 1-1 aL2 

and, taking limits: 

aFi a Fi 
lin, lim %J (3.2.16) 

a Ki 3 Ki 

Ki- 0 Ki 00 

3 Fi a Fi 
lin. (3.2.17) lim 

a Li 
Li --I- Go 

so that both marginal products start at infinity and diminish at zero. 

D. Market conditions 

DI. The allocation of capital existing at any moment in time is assumed perfectly 

competitive, so that in each sector the rentals, ri (t), of capital goods are equal to 

the marginal product of capital, ie: 

ri W=a 
Yi(t) 

i=1,2 (3.2.18) 
a Ki(t) 

In terms of the second sector goods, it is 

(t) = p(t) (t) 

and 

(3.2.19) 
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r, M- r2 M "2 (3.2.20) 

where p(t) is the relative price (ratio of the price of the first sec tor over the second 

sector goods). We assume that 

ri (t) = r2 M= r(t) (3.2.21) 

where r(t) is the common rate of return on capital in both secto rs and in terms of 

the second sector goods (see BA) 

D2. In a way similar to DI we define the rate of return on capital in efficiency units, 

F" (t), ie: 1 
a Yi(t) j7j i= 1,2 (3.2.22) 
aKI (t) 

F, W=pW F1, M (3.2.23) 

F2 M= P2 M (3.2.24) 

and 

A, (t) rI (t) = A2 (t) F2 W= R0 (3.2.25) 

Because from (3.2.18), (3.2.22), (3.2.5) and (3.2.3) we can derive that 

a Yi(t a KI(t) 
ri(t) =-= Fi(t) .AiM a Ki(t) 3 KI(t) 

or 

ri'(t) = Ai(O) e i7 
i=1,2 (3.2.26) 

DI For the allocation of labour existing at any moment in time we assume that there 

is not perfect mobility of labour and there are transfer costs and ohter similar 

imperfections according to which the allocation of labour takes place, as we 

have seen analytically in chapter two. Since the proposed model refers to those 

developing economies in which the wage rate is above the subsistence level, we 

assume that the prevailing wage rate, wiTt), is equal to the marginal product 
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of labour, in each sector respectively, ie: 

wil(t) = 
ayi(t) 

i=1,2 (3.2.27) 
a Ll(t) 

In terms of the second sector goods, it is 

W, (t) = P(t) wl'(t) (3.2.28) 

and 

W1 (t) = W2' (t) (3.2.29) 

We have seen in chapter two that 

W1 (t) (t) W2 (t) (3.2.30) 

whereju (t) is given by 
I-V P(t) - O<v< 1 tL (t) - ) 

+Owl-v 
(3.2.31) 

D4. In similar to D3 way we define the wage-rates in the two sectors in efficiency 

units, ivi(t), ie: 

a Yi(t) 
i= 1,2 (3.2.32) 

a Li(t) 
TV, (t) =p (t) W-1 I (t) (3.2.33) 

71V2 (t) = w2'(t) (3.2.34) 

and 

B, (t) W, (t) = p(t) . 
B2 M W2 (t) (3.2.35) 

because from (3.2.27), (3.2.32), (3.2.6) and (3.2.4) we can derive that: 

a Yi(t) 3 Li(t) 
wi* (t) = -=- -= Tv-'(t) .B- (t) II a Li(t) 3 Li(t) 

or 
X2' t- 

wI BI(O) .eI wj (t) i= 1,2 (3.2.36) 

From the conditions in D we conclude that in our economy there exist three 
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classes of income levels; the capitalists in both sectors, the workers in the agricul- 

tural sector and the workers in the non-agricultural sector. Therefore, it is quite 

reasonable to assume that the propensities to invest (consume) out of income 

may be different amongst these three classes as in A4 and B4. Of course, under 

(3.2.26) and (3.2.36) B4 is written: 

S3 r (t) K(t) + s2 -w2 (t) L2 (t) + si w, (t) LI (t) (3.2.37) 

In (3.2.37) we must note that it is: 

w, (t) LI (t) w, (t) L, (t) 

Tv2 (t) L2 (t) W2 W L2 M 

If IWR, (t) r, (t) K, (t) 

72 (t) R2 M r2 (t) K2 (t) 

T(t) R(t) ý r(t) K(t) = 'F(t) K (t) 

In the case where A, (t) = A2 (t) = A(t) then 

«ii (t) = 72 (t) = -r 
o 

(t) 

and 

A(07o (t) = TO) therefore 

r(t) K(t) = Yo (t) R(t) 

E. Comodity demand conditions 

El. Suppose that all individuals belonging to the same income class have the same 

utility function U. (t), j = 1,2,3, given for the hth individual by: 

Ilih Ijh J= 1,2,3 
Ujh(t) = r-jhC'jh(t) C2jh Wh=I....... (3.2.38) 

where CJjh(t) (for i=1,2; = 1,2,3; h=1,2 . ..... ) is the amount of good i, 

which is consumed by the hth indiWdual of the j th income class and r-jh, 'Yjhl 

6j*h are parameteis such that rjh ý" 0, O'ýý 7jh <I and 0< '6jh <" 
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From A4 we have that each individual spends the fraction (1-sj), (i = 1,2,3) 

of his income on consumption. Below we will work for the workers in the 

agricultural sector a= 1); the same analysis applies forj = 1,2. Therefore, the 

budget constraint of the hth agricultural worker is given by: 
I 

P(t)Cllh(t)+C2'h(t) = (1-SI)WI(t) (3.2.39) 

We maximize the hth individual's utility function subject to his budget constraint 

to find his demand functions for the two goods. So, using the normal Lagrangean 0 

procedure, we maximize instead the function V, h(t) which is: 

71 cltý 
V, h(t) hCIIhR C21 h(- 

- )h(P(t) CII h(t) + C21 h(t) - (1 - sl ) wl (t) ) (3.2.40) 

where), is the Langrangean coefficient. Taking the partial derivatives of the h0 

function (3.2.40) with respect to C' I h, C21 h and ý'h respectively we obtain: 

(t) It I eth 
t) Ih r-'hC"h 0ý C21h ( 

-= 71 
a C" h(t) 

a VI h(t) 
=Clh 

8 C21 
h(t) 

and 

CHO) 
- ýV(t) 

7' el h 
1h Cll h (t 

C21 
h 

h(t) 

(3.2.41) 

(3.2.42) 

a VI h(t) (P(t) C- II h(t)+ C21 h(t) - (1 -S' ) W1 (t) (3.2.43) 
a ý, h 

Putting the above derivatives equal to zero and solving the system of equations 

for the unknown C31 h(t), C21--h(t) and ý'h we obtain the following individual 

demand functions for the workers in the agricultural sector. 

71 h wj. (t) 
(3.2.44) CII h(t) : '-- - (I - sl )- 

'If 1h -ý61 h P(t) 
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and 
h 

C21 h(t) - (I-S, ) W, (t) (3.2.45) 
71 h+"h 

E2. 

E3. 

F. 

Fl. 

Assuming that 71 h and 11 h are equal to -j I and el respectively, for all h, and 

summing up the individual demand functions we obtain total demand functions 

for the f irs t income class and for the two goods. 

71 Wl (t) Clih(t) =- (1 S, )-L, (t) (3.2.46) 
vh 71 +cl P(O 

and 

C 
21 

(t) C21 
h(t) (I - si ) w., (t)LI (t) (3-2.47) 

Yh 71 + Ci 
Working in the same way, as above, we find the general results. 

Total demand functions for each of the two outputs and for the two worker classes: 

C (t) mi 0- si) 
W-M 

LAO i=1,2 (3.2.48) 
pj 

C 2j(t) M2 j sj) wj(t) L(t) j=1,2 (3.2.49) 

where rný -tjl(-f i+Ci) andM2 i Cj*/(^fj* + ej) j= 1,2. 

Total demand functions for each of the two outputs of the capitalists in both 

sectors: 
r(t) 

(3.2.50) C13(t) M130 SA- K(t) 
P(t) 

1ý23(0 M23 0 SA r(t) K(t) (3-2.51) 

where M13 73 /(T3 + e3) and M23 ý-- CAR73 + e3)' 

(3.2.48) to (3.2.51) can of course be expressed in terms of efficiency units. 

Accounting identities 

Assume full employment of capital 

K, (t) + K2 (t) = K(t) (3.2.52) 

F2. Assume full employment of labour 
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L, (t) L2 (t) = L(t) (3.2.53) 

This assumption simplifies (3.2.31) in which P(t) becomes equal to one, and if 

we also put v=0, (transform to current wages), then (3.2.3 1) is written: 
I 

+ P(t) 
(3.2.54) 

As we have seen in chapter two, p(t) measures the costs of migration and that 

for t--, P(t) - 0. As far as we know, there is no explicit method of deriving p(t). 

Therefore, we take fl(t) to vary exogenously in the form given in chapter two. 

This means that for our model p(t) is an exogeneous function which tends to one 

as t- co. 

F3. The gross national product in terms of the second sector goods, Y(t), is given by: 

Y(t) = P(t) YI (t) + Y2 (t) (3.2.55) 

Having now completed the structure of the growth model we find that the static 

model is a system of 18 equations in 17 endogeneous variables. The behaviour of the 

static economy is completely described by the 17 equations, ignoring one of the commodity 

market clearance equations, (3.2.10) or (3.2.12), Kelley-Wilfiamson-Cheetham (1972), 
1 

so the model becomes a system of 17 equations in 17 endogeneous variables. The 

endogeneous variables are Yi(t), Ki(t), Li(t), wi(t), r(t), p(t), CU(t) and I(t) for i=1,2 

and j=1,2,3; the exogenous variables are K(t) and L(t). 

3.3 The Static Economy: Existence and Uniqueness 

in this section we shall discuss under which conditions the momentary solution of 

quantities and prices, given the capital stock, K(t), and the available labour force,, L(t), 

exists and is uniquely determined. 

We define for i=1,2 and j=1,2,3: 

Yi(t) Yi(t) =- the sectoral output4abour ratios Li(t) 
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Y-(t) 
the sectoral output-eff iciency labour ratios 

L i(t) 

K(t) 
k(t) =- the overall capital-labour ratio 

L(t) 

R'(t) = the overall efficiency capital-efficiency labour ratio 

ki(t) = the sectoral capital-labour ratios 
Li(t) 

. (t) (t) = 
is, 

the. -sectoral. efficiency capital-efficiency labour ratios 
Li(t) 

b T 
- 2i (t) the proportion of labour enga&d in each sector 

L(t) 

(t) 
0 the proportion of efficiency labour engaged in each sector 

L(t) 

Y-W 
qi(t) = the overall per capita output of the ith sector 

L(t) 

YAO 
q i(t) = the overall per efficiency labour unit output of the ith sector 

Wi(t) 
Wi(t) = the sectoral wage-rental s ratio 

rj(t) 

the sectoral efficiency wage-rentals ratio 
7 

i(t) 
C. -(t) 

ci(t) = consumption of the ith good the overall per capita 
L(t) - 

C At) 
c i(t) = the overall per efficiency labour unit consumption of the 

L(t) ith good - 

C the per capita consumption of the ith good by individuals of 
the j th income class 

C.. (t) I 

the per cffidency unit of labour consumption of the ith 
Lj(t) good by labour of the jth income class 
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I(t) 
i(t) = the overall investmen Wabour ratio L(t) 

I(t) 
the overall investment-efficiency labour ratio U(t) 

K(t) 
k(t)= =- the overall capital-efficiency labour ratio 

L(t) 

Li(t) 
i(t)= =--- the sectoral labour-total efficiency labour ratios 

L(t) 

Below, a variables are for brevity denoted without explicitly referring to time t. 

From- the constancy of the returns to scale, in (3.2.8), if we choose 

we have that: 

Yj(t) 
=- = Fi I i= 1,2 
1ý (t) Li (t) 

or 

'I 

where 

Ti(t) = fj (Wi(t) ) i= 1,2 

K, W 
Fi i= 1,2 

(3.3.1) 

We have from (3.2.5), (3.2.6), (3.2.3) and (3.2.4) that: 

(t) = 
Al(t) Ki(t) 

ý -ý-'(O) eo" 
X2 i) t ki (t) i= 1,2 (3-3.2) 

% 
Bi(t) LI (t) Bi(O) 

therefore (3.3.1) is written: 
x- A-(O) 0'1 '- X2 i) t 

yi(t) = Bi(O) e 
21 fi(=e1 ki(t) i= 1,2 (3-3.3) 

Bi(O) 
Cl applies for (3.3.3) or (3.3.1) also. Therefore, the "Inada derivative conditions", 

for fi (ki ) which assume to be continuously twice differentiable for all iýi > 0, can be 

written: 

(a) fi (ki )> 0" fvi ( Ei )>0, ff ( Zi )<0, V Ki >0i=1,2 (3-3.4) 

110 

0 



(b) f1 (0) =-, fIH=0 i= 1,2 (3.3.5) 

(c) fi(O) =0, fi i=1,2 (3.3-6) 

In economic terms there highly restrictive assumptions imply, in efficiency units, 

in turn that: 

(a) The marginal product of capital is always positive, yet diminishes with higher and 

higher capital/labour ratios. 

(b) As the capital/labour ratio decreases towards zero, the marginal product of capital 

approaches infinity. As capital per worker increases without limit, capital satura- 

tion leads to zero marginal product of capital. 

(c) Without any capital good, output per worker is zero. When capital per worker 

increases without limit, any level of output per worker can be reached (Wan, 1971). 

From (3.2.53) we have: 

+ 
L(t) "0 

or 21 W+ 22(t) 1 (3.3.7) 

Also, from (3.2.52) we have: 

K, (t) L, (t) K2 (t) 1-2 (t) 

k(t) =- 
L, (t) L (t) L2 (t) L (t) 

or k (t)= ki (t) 21 (t) + k2 (t) 22 (t) (3.3.8) 

This shows that the overall capital-labour ratio is the weighted average of sectoral 

capital-labour ratios with labour allocation ratios 21 (t) and 22 (t), in either sector as 

weights. 

In the same way we can defive: 

-11(t) + F2 1 (3.3.9) 
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and kj(t)Rj t+ k2(t)22(t) = k(t) (3.3.10) 

The relations between Ri(t) and Ti(t), and ki (t) and iýi(t) can be found as follows: 

We substitute (3.2.6) into L, +12 =I and obtain: 

B, L, + B2 L2 (3.3.11) 
B, L, 

It is 
Lt. B, L, L 
L B, L, + B2 L2 B, L, + B2 (L-L, 

L 

and finally 

T, = (3-3.12) 
132 + (13, - 132) 21 

similarly 
B2 22 

22 (3.3.13) 
131 + C32 

- B, ) 22 

Dividing (3.2. S) by (3.2.6) we have: 

Zi 
Ai 

ki i= 1,2 (3.3.14) 
Bi 

In the case where the technological change for labour is in both sectors the same, 

ie. B, (t) = B2 (t), then from (3.3.12) and (3.3.13) it is obvious that: 

T, 21 and i2 22 (3.3.15) 

Solving the system ofthe equations (3.3.7) and (3.3.8) or (3-3.9) and (3.3.10) we 

derive respectively: 

k-k2 k, -k 21 
ki -k2 

and 22 

ki - 
k2 

(3-3.16) 

or 
k-k2 ki-k 
=--- and 22= (3.3.17) 
k, - k2 

For the existence of the solutions (3.3.16) and (3-3-17) must be k, f k2 alýd 

I 

112 



respectively. 

In the cases where A, = A2 A and B, = B2 B over time then: 

-AA k =-k and ki - ki (3.3.18) 
BB 

and so 

-k- 
k2 

- ki -k 21 = 21 and 22 = 22 =- (3-3-19) 
k, - 

k2 ki - 
k2 

Having now def-ined the two production functions per efficiency unit of labour output, 

in (3.3.1 ), we derive that: 
a YJ a yl r, =p. r', P -_ =p . -- =p f'j(kj) (3-3.20) 
a K, a k, 

and similarly 

f2 (k2) r2 (3.3.21) 

From (3.3.20), (3.3.21) and (3.2.26) it is: 

r, = A, p Vj (EI) (3.3.22) 

and r2 = A2 f2 (E2) (3.3.23) 

in the same way we have that: 

a YJ 
PP--=pf, 1FI f; (3.3.24) 

a L, 
and ýý2 f2 JF2 Z2 

- 
f; ( E2 (3.3.25) 

From (3.3.24), (3.3.25) and (3.2.36) we have that: 

w, = B, p. [f, (21 )- 21 f 1' ( E, )I=B, ; Fvl (3.3.26) 

and W2 = 13 21 
f2 ( Z2 E2 f2' ( Z2 13 2 

ýV2 (3-3.27)- 

Dividing (3.3.24) by (3.3.20) and (3.3.25) by (3.3.21) we derive the sectoral efficiency 

wage-rentals ratios, Z; jq ie.: 

Wi fi(kl) - Fif'(KO 

f (Zi 
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or fI ( ki I-- ki i= 1,2 (3.3.28) 
fj (ki) 

In the same way, dividing (3-3.26) by (3.3.22) and (3.3-27) by (3.3.23) we find 

the sectoral wage-rentals ratios, cii, ie: 4 

wi 
-, 

Bi ki -Ri f, (Ei 

ri. Ai fl (Ri) 

or 
B. fj 
LL ( 

f. 
k. 

Ai i li I 
(3-3.29) 

(3.3-30) 

(3.3.31) 

(3.3.32) 

(3.3.33) 

(3.3.34) 

Comparing (3.3.28) and (3.3.29) we see that 

(Ji =BI 
Ai 

Dividing (3.2.30) by (3.2.21) we obtain that 

WI ýA W2 

or after substitution from (3.3.30) 
At B2 

- Co I= 11 . -X * W2 

From (3.2.25) and (3.2.26) we f-md the relative price p, ie: 

A2 72' r; 

p 

A, 71' rl' 

or substituting from (3.3.20) and (3.3.21) we have that 
A2 V2 (R2) 

p=- 

A, f, 

We will find now the per capita consumption of the two goods and for the three 

income classes. Therefore, from (3.2.48) we have that 

1,2 (3.3.35) 
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Substituting (3.3.26) into (3.3.35) forj = 1, we have 

C11 mil S, 
p 

f, (kj) 
ml, s, B, f, (Tj [ --=- - k, 

fl' ( ki 

or after substitution of (3.3.28) into the last 

cl, =- ml, (1-sl ) B, f, (3.3.36) 

which is equal to 

ci I= mi 10- si )f '1 (11 ) A, cc 1 (3.3-37) 

if we take into account (3.3.30). 

Forj =2 we have from (3.3.35), under the substitution of (3.3.27) in it, that 
I--- 

C12 = M12 S2 )- 132 1 f2 ( k2 ) 
-12 

f2 ( ý2 

p 

Substituting (3.3.34) into the last expression we have 
A, f2 (ý2) 

C12 = M120 - SO 132 
- fl, (ki) [-- k2 
A2 V2 k2 

A, 
= M12 0- S2 ) n2 

- 
f'I (il ) E72 (3.3.38) 

A2 

M12 (I S2 ) Cl ( ki ) A, W2 (3.3.39) 

From (3.2.49) we have 

C2j "`ý 

S2-j 

M2j 0-Si) wi j 1,2 (3.3.40) 

Substituting (3.3.26) into (3.3.40), for j=1, we have 

C21 M21 s, B, p[f, f 'I 
A2 f, (kl) 

M21 s, B, -f 
'2 ( k2 ----= - k, 

A, f, (ki) 
A2 

f2 0ý2 
= m2l (I - sl) B, - Col (3.3.41) 

A, 
= M21 0- Sl ) f2 ( ! Z2 ) A2 61 (3.3.42) 
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Forj =2 we have from (3.3.40), under the substitution of (3.3.27) in it, that 

C22 = M22 (1-s2) B2 I f2 ( iý2 )- E2 f2 ( iý2 

= M22 (I 
- s2) B2 f2 ( W2 ) W-2 (3.3.43) 

= M22 (I 
- S2 ) f2 ( E2) A2 C02 (3.3.44) 

From (3.2.50) we have that 

L; 13 

C13 
= M13 0- SO 

rk 
Lp 

At f, (ki) 
= M13 0- SA A2 f2 jF2 )- 

-- k 
A2 fý (k2) 

= M13 0- SO A, f, T, )k (3.3.45) 

and from (3.2.5 1) we have that 
C23 

C23 -= M23 0- S3 rk 
L 

M23 0- S3 ) A2 f2 T2 )k (3.3.46) 

Working in the same way as above we can find the per efficiency unit of labour 

consumption for the two goods and the three income classes. The results obtained are: 

Cli ý Mll G- si ) f'l ( El) col (3.3.47) 
At 

1 mil S, ) f, OF1) (3.3.48) 
BI 

A, 
C12 M12 SA f'l ( iFl 

- 02 (3.3.49) 
A2 

At 
" M12 0- S2 ) f'l ( iFl )- W2 (3.3.50) 

D2 

A2 

C21 M21 0 Sl )- f2 ( iý2 ) CO 1 (3.3.51) 
A, 

A2 

M21 sI) f*2- (k2)- ca 1 (3-3.52) 
B, 

(33-53) C22 M22 0- S2 ) f2 ( jF2 ) 1ýý2 

A2 

M22 0- S2 ) C2 ( iF2 ) IW 2 (3.3.54) 
B2 
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C 13 M611 - SO A, f, (k 1) k (3.3.55) 

C23 M23 (I 
- S3 ) A2 f2 ( iý2 

(3.3.56) 

NVe can find kK after substitution of -L from (3.3.11), ie: 
22 

K, +K2 K, +K2 ki + k2 21 

k ý2 
B, L, + B2 L2 B, +132- 

substituting 21 and 22 into the last expression from (3.3.16), we have 

lt = 
k(ki -k2) 

1ý ý ý% 

B, Oc - k2)+ B2(k, - k) 

(3.3.55) and (3.3.56) can be written in the following way: 

- 
C13 

rKIr, Kl+r2K2 
1513 M13 (I 

- S3 -=7 rn13 S3 

LpLpL 

= M130 - SA 

I 'FjKj +72K. 
= 

pL 

M130 - S3) r11 
ii +r2 iý2 T2 

p 

P. f, (iF, ) A f', ( IQ 
M13 (I 

- SA (pk, 21 + 
A2 f2 ( iF2 ) 

f2(k2) k2 22 

A, 
-- MI 30- S3 ) f'l ( iýl jýl il +k (3.3.55) 2 22 

A2 

and in the same way 

M23 V- S3 ) f2 
2 

A2 

(3.3.56) 4523 2 
A, I+ 

ý2 F2 

We will find now the overall investment-labour ratio. From (3.2.13) we have that 

i S3 rk+ S2 W2 22 + S1 W1 21 
L 

r (S3 k+ S2 02 22 + SI 01 21) 

Substituting (3.3.23) into the last expression we have 

i=A2 f2 (E2)(S3k+S2W222 +SIW121 (3.3.58) 
B2 

- 
B, 

A2 f2 
'(k2) 

( S3k+ s2 - C02 22 +S1 - Zil 21) (3.3.59) 
A2 A, 

and 
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A2 V2 ( k2 ) (S3k+ S2 C0222 + Sl W121) (3.3.60) 

(3.3.60) can be written in the following way 

ývl rl 
iýl + F2 E2 

w2 L2 
S3 02 -- .1 LLLL 

S3 (Fl ýl Fl +r2 iý2 F2 + S2 W2 i2 + sl Wl 21 

r (S3 El + Sl Col +r2 T2 (S3 E2 + S2 (42 

P- f'l (El ) il (S3 El + s, Z; l + f'2 (k 2) 
f2 (S3 1ý2 + S2 C02 

. A2 f *2 W2 )--- 
- --- 

'''"-I) 
21 (S3 Ir 

I+ s1w, + f'2 (k2 22 (s3k2 + - S2 CJ2 

A, f, ) 
A2 

f2 iF2 (S3 iFl + Sl Cil )+ T2 (S3 K2+ 
S2 W2 (3.3.60) 

A, 

where 

21 (3.3.61) 
L B, 

ýLj 
+ B2 L, B, 21 +132 22 

and 

22 (3.3.62) 
B12, +132 22 

We wiU find now the overaU per capita cohsumption of the ith good. It is: 

C, Y, . Y, . L, 
cl =-=-=--= yl 21 

LLL, L 

or C, 13, f, ( R, )91 (3.3.63) 

- 
C, Y, - A! so, C, = -= = -- -=T, 

il 
L L, L 

or Z-1 = f, ( El ) T, (3.3-64) 

From (3.2.10)we have: 
C2 Y2 1 Y2 112 1 

C2 - -- I -- =-T--= Y2 22 
LLL 1* LL 

or Cý B2 G( iF2) 22 (3.3.65) 
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Also, 
C2 Y2 L2 I 

C2 Y2 
ý2 

L L2 LL 

or -ý72 f2 (E2) T2- T (3-3-66) 

We will summarise now the results obtained above. Thus, the static model can 

be stated as follows: 

A. 
y. = B. f. L:! ki i= 1,2 (3.3.67) 111 Bi 

'= 1 21 + 22 ' 

k=kl 21 + k2 22 

fi (ý' ki 
B- Bi Ai Z-! 

-- kl) i=1,2 
Ai 

fI 
4i 

k i) 
Bi 

Bi 

C'J 1 (4 2 

-A2 f'2 
- k2 

A2 B2 

p=-- 
A, A, 

fl, (- ki) 
B, 

c-- m-- (4 - sj) f ki ) Ai 
Bi- j= 1,2 

(ý' ki) Ai i= 1,2 Ci3 Mi3 (I 
- S3 )fI 

Bi 
A2 

i A2 f2 (- k2)(S3k+s2 C-02 22 +SI COI 21) 
B2 

A, 
cl= Big, fl(- ki) 

B, 
A2 

c2 = B2 22 f2 (- k2)-i 
B2 

The static model can also be stated in efficiency units as follows: 

Fi = fi i= 1,2 

(3.3.68) 

(3.3.69) 

(3.3.70) 

(3.3.72) 

(3.3.72) 

(3.3.73) 

(3.3.74) 

(3.3.75) 

(3.3.76) 

(3.3.77) 

(3.3.78) 
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21 + 22 (3.3.79) 

(3.3.80) 

fi(ki) 
- k, i= 1,2 (3.3.81) 

fi( Jý- ) 

A, B2 

co 
Ju A2 B, 

(02 (3.3.82) 

A2 f2 ( 'i2 

p=- (3.3.83) 
At f, (EI) 

m (I - sj) f I( k 1. 
) Z;. i=j 
Alý 2- (3.3.84) 

NO - 9) fI( ('o ihi=1,2 Aj J 

k, 21 k2 22 
Fj3 MI*3 0- SO Ai fI( ki) -+-I i= 1,2 (3.3.85) 

At A2 

22 
(S3 iýl + Sl +- (S3 iýl + S2 TI = A2 f2 ( E2 

A, A2 
CO 2 (3.3.86) 

c 21 f, (ki) (3.3.87) 

ý-2 22 f2 (k2 (3.3.88) 

The static model expressed in "actual" or in "efficiency" units is asystemof 17 equations 

in 16 endogenous variables and can be reduced into a system of 16 equations in 16 endogenous 

variables, ignoring, as in section 3.2, one of the commodity market clearance equations. The 

endogenous variables for the "actual" model are: Yj, kI, 2it caig p, cij, i, fori = 1,2 and j=1,2,3; 

while k is the exogenous variable. The endogenous variables for the "efficiency" model are: 

Ti, Ei, Fi, w-i, p, c-ý, Ti, fori = 1,2 andj = 1,2,3; while E is the exogenous variable. 

We will try now to find under which conditions the solution to the static model above 

exists and is uniquely determined. For_this reason we add up (3.2.48) and (3.2.50); we have: 
wi 

C1 CII +C12 +C13 =mi I 
(I 

-si) - L, + 
p 
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W2 r 
tM12 0 

-S2) - L2 + M130 - SO - 

pp 

We divide both sides of the above expression by rL: 
W, L, W2 112 rK 

M110 - SO M12 (1 
- SO 11113 1.1 - SO 

rLrLrL 

P C, 

rL 

or mil 0 si) ol 21 + M12 0- SA W2 22 + M130 - SO k 

p 
- Cl 
r 

We substitute p by (3-3.33) and c, by (3.3.76) into the last expression: 

M11 SI ) C'01 21 + M12 0- S2)W2 22 + M13 0- SO k 

B, f, (EI) 
- 21 
A, fli(EI) 

Finally, if we substitute (3.3-70) into the last we have: 

M11 0- SI ) WI 21 + M12 0- SO 02 22 + M13 0- SO k 21 (cot + k, (3.3.89) 

We solve now for k after substitution of (3.3.16) into (3.3.89), ie: 

M11 0- Si ) cil 
k- k2 

+ M, -- 
ki -k 

20- S2 ) C02 -+ 

k, - k2 k, - k2 

+M130 -S3)k= 

k- k2 

(cat + ki 
ki - 

k2 

or 

mil (I - si) col (k - 
k2) + M12 0- s2) w2 (ki - k)'+ 

+ M130 - SO (k, - k2) k= (k - 
k2) (WI + ki) 

or 

ml, (I --ýsj)wjk2 - M12 (I 
- S2)W2 ki - (w I+k, ) k2 

k= -- (3.3.90) 
Mll 

0- Sl )(A)l 

- M12 0- S2)CJ2+ M130 - SO (k, - 
k2) 

- (col + ki 

(3.3.90) can be written in the form: 
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k 
(mil (I -si)- 

I) wI k2-(MI2 0 
-S2)Cli2+k2)k, 

(3.3.91) (Mll 0 
-SI) - 

1) 
(A)I- M12 0 

-S2)W2 +M13 0- S3)(ki -k2) -ki . 

In (3.3.9 1) the numerator, N, is always negative. For k to be positive the denominator 

D, must be negative. A sufficient condition for the denominator to be negative, in other 

words for the existence of k, is k, - k2 < 0, or the second sector (non-agricul tural) must 

be more capital intensive than the first sector (agricultural). 

In the case where S3 =I (all the profits invested) and s, = S2 =0 (all the wages 

consumed) - classical saving function - (3.3.9 1) is written: 

(mil - 1) w, k2 
- 

(m, 
2 co2 + k2) ki 

(mil 
- 1) col -mi., co2 - k, 

(3.3-92) 

In (3.3.92), k is always positive, without imposing any restriction on the capital 

intensities of the two sectors. 

Equation (3-3.9 1) uniquely determines the wage-rental ratio w2 (or ci I =JUO 2). To 

see this we differentiate (3.3.91) with respect to C-)2 . Thus, 

dk N'D -N D' 
(3.3.93) 

dw2 D2 

We define 6i the sectoral elasticity of factor substitution, which is equal to: 
dk 

i- Cji i= 1,2 (3.3.94) 
dwi ki 

we have 
dk2 

N'= (mil 0- si) - Cuý2 +; ico2 -) - dCJ2. 

Lk 2 (M120 
- SO +, ) ki (M12 0 SO 02 + k2 

dki 

dw2 dcol 

In the last expression we substitute (3-3-94): 
k2 

N'=(mii (I -sl)- 1); L (k2 +k2 62) 
- 

(M12 S2 +- 62 ) k, - 
ki 

CJ 2 

(M12 S2 ) (J2 + k2 
- 61 
CJj 
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or fmally: 

N'= (mil si) - 1) ji(I + 62) k2 
- M12 SO (I + 651) ki 

ki k2 

-- (61+62) (3.3.95) 
CJ 2 

dki dk2 
Also, D'=(mil (I -Sl)- 1)JA 

-M12 
0 

-S2)+M13 0 
-S3)(JJ -- -) - 

dki dcal dW2 

dco 

or after substitution by (3.3.94) we have: 

ki 
D'= (ml, (I-SI) 

-I) II -MI2 
G 

-S2)+(MI3 
(I 

-S3)- 1), u 61 -- 
CJ I 

k2 

-M130 -S3) 
62 

- 
W2 

Therefore, 

N'D-ND'=(mll(l-sl)-1)2p(1+62)k2C. 11 

-(mil 0 -si) -I) ij (1 +62) k2 M12 0 
-S2)CJ2 

+(mil -si)- I)ju (I +62)k2 (M13 0 
-S3) -I )k, 

(mli s, 0+ 62) k2 
2 M13 0 

-SA 

-M12 
0 

-S2) 
0 +61)k, (mil (I -si) -I) wi 

+M120 -s2)(I +61)kl M12 0- SA C02 - 

- M120 - S2 )0+ 61 )k 12 
(M13 0- S3 )- 1) 

+ M12 0- S2 )0+ 61 ) ki M13-0 - S3 ) k2 

(3.3.96) 

k, k2 k, k-2 

- (6, + 6, ) (mýý-(l - sý )co, +- (01 + U2) Mll 0- SO CJI 
C02 t; ý2 

ki 2 k2 k, k22 
- 

(al +U2)(M13(l -S3)-I)+ - (al+a2)MI3(l 
-SA 

(02 C02 

-(mil (I -si)- 
1)2 p c. ) I k2+(mi I (I -SI) -')JU M12 (I 

-S2)W2k, 

+(ml, (I -sl)-I)jukik2, +m, 2 (I -s2)(mii (I -SI) -I) ci I k2 
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in,., ' s., )l cj2 ki - M12 0- S2 ki k2 - 
ki 

(M13 0 
-S3) -1) A Or, - (Mii (I SO -1)(. ) 1 k2 

CJ I 
ki 

+-(M13 SO -I); ' CF I M12 (I 
-S2) OJ2k, 

+(M13 -S3)- I) Pal k, k2 

k2 
+M130 -S3)02- (mil(I -si)-I)cjlk2 C02 

1ý2 k2 
M13 0- S3 ) 02 - M12 0- S2 ) C02 k, - M13 0- S3 ) 472 - klk2 

C'J 2 C02 

or - N'D -N D'= (ml, (I - SO -02 Cr2k2CJ-2 

I 
(I 

-Sl)-1); l (M13 (I 
-S3) -1) 

(1 +U2 
- or, )klk2 - 

- M13 (I 
- SO (Mll 0- si ) 

-I)p k2' 
- 

(M13 0- S3 ) -1) M12 0 
-S2) 

k, 2_ 

(M12 (I 
-S2) 

)'Ol C02k, -(Mll(I -St)-I)MI2(l -S2)U2k2CJJ -' 

k 12 
k2 

M12 (I 
- S2) (Mll 0- 

si) -I)p a, ki cj2 - 
(M13 (I 

- S3 ) 
-1) 02 - 

kik22 
W2 

M13 (I 
-SA Of -+ M12 S2 Ol - 02) M13 (I 

- SO klk2 + 

C'J 2 

+( (M 
II Sl MI 2 

(1 
- S2 (I 

--Ol -9 2) 
k, k2 

Therefore (3.3.93) is written: 
dk -2. [ (mll (I _ sl 2 
- =D -1)' u2k2W2 - M130 - SO (mil (1-sl )-I), uk2 dw2 I 

- 
(M130 

- SO -1) M120 - SA k 
12_ 

(Mll (I 
-SI 

1) M12 (I 
- S2 )02k2COI 

k2 
I 

k2 kik 22 
- 

(M13 (I 
- SO -1) 02 - -ý* M13 (I 

- S3 ) a, -+ C02 C02 

-fý(Mll (I 
- Sl ) 

-1)JU (I 
- 01 - a2) k, k2 + mli - s2) (a, + &2 

-1) ki k2 - 

-m, 2 
(I 

-sý) a, klcj2(-rn, 
2 

(I 
-s2)+p 

(m, 
I 

(I 
-sl) -I)) 

+(M12 0 
-S2) M13 0- SO +(Mll 0- SO -1)(M13 

0- SO -I) p) k, k2 

+(M12 0 
-S2) M13 (I 

-S3) - 
(Mll (I 

-SI) -1) 
(M13 (I 

-S3) -1)JU) 
((Y 

I 
lU2)klk2 

(3.3.97) 
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Sufficient conditions for (3.3.97) to be positive, or in other words for the mono- 

tonicity of k (WO are the following: 

G) a, + a2 ýý' I 

GO > 
i1112 (I 

-S2) 

I- mil (I 
- S, 

(3.3.98) 
a) al - a2 >0 

withp 
< 

than 
M12 0 

-- 

SO M13 0- SO 

Gii) b) Orl - a2 <0 
I-Mll(I-SI) I-MI3(1-S3) 

at -02 =0 with -AýA- p 

Therefore sufficient conditions for the unique determination of k(W2 ) are (3.3.98 i& ii) 

in combination with any of (3.3.98 iii). 

%A closer examination of (3.3.98) shows that in (3.3.98 ilic) p must obey (3.3.98 ii). 

Also, the coefficients of comsumption of agricultural goods for the two worker classes, 

mil and M12 . together with the propensities to consume out of income for the two worker 

classes, put a lower limit in the wages ratio ju(t) over time as shown in (3.3.98 Ii). 

From the above exposition we Onclude that in the case of non-classical saving function 

(04SI 4 S2 '4 S3 < 1) for any positive capital-labour ratio, k, the wage-rental ratio ý') 22 (k) 

is uniquely determined by solving the equation (3.3.90), under the purely behavioural and 
I 

technical sufficient conditions of capital intensities, k, - k2 < 0, and that of (3.3.98), 

respectively. 

Finally, we must note that we obtain the same conditions, as was expected, even when 

we work with the static model in efficiency units. 

3.4 Properties of the Static Model (Comparative Statics) 

In the static model, equations (3.3.67) - (3.3.77) or equations (3.3.78) - (3.3.88), 

all the endogenous variables can be expressed in terms of the wage-rental ratios, which as 

125 



we have already shown in section 3.3. can be uniquely determined under the sufficient 

conditions of (3.3.98). Below we will analyse in more detail some of their properties. 

(i) From (3.3.30) we have: 

dcoi Bi d-wi dk i (3.4.1) 
dk iAi diýi d1ci 

dfk i) f Fi) 
-f fI 

but 
dk i Ifl 2 

'i (Fi) f (k 
(from (3.3.81) (3.4.2) 

fl ( iýi 2 

dF iAi 
and (from (3.3.14Y) (3.4.3) 

dk Bi 

Therefore, (3.4.1) is written: 

dcj i- fj (Ei) f -i (zi) &ii 
i=1,2 (3.4.4) 

dki f It (IF 
i 

]2 dZi 

which under the Inada derivative conditions is positive. This proves the monotomicity of 

cii (k Thus, we conclude that, for any wage-rental ratios wi, the optimal capital-labour 

ratios ki in each sector are uniquely determined by the relations (3.3.70) or (3.3.8 1) and 

therefore we can invert these relations to obtain the capital per worker in either sector 

as a function of the wage-rental ratios, respectively: 

kj = k, (wi) ,kI (wi) >0, i=1,2 (3.4.5) 

where the assumptions on the production functions imply that: 

k. l(O) =0, ki (- ). =-, i= 1,2 (3.4.6) 

The unique determination of ki (wi) can be represented in diagrammatic terms with 

the help of figure 3.1. 

In figure 3.1 the values of the wage-rental ratios are measured on the vertical axis 
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02) 

0 k, ke k k2 k, ki k2 

Figure 3.1 

and also leftward from the or! & along the horizontal axis. The capital-labour ratios are 

measured rightward on the horizontal axis. In the first quadrant the curves of k, (co I), 

k2(W2) and k (WO are plotted which corresponds to functions (3.4.5, i= 1,2) and 

(3.3.90). In the second quadrant the relation (3.3.71) is plotted. 

Suppose now that the overall capital-labour ratio is k. Then the corresponding wage- 

ren tal ratio through the curve k(co 2) iS CO 2. For that CO 2 there is a unique k2 which can 

be found with the help of curve k2 (C02 )- If the wage-rental ratios were the same in both 

sectors then k, e 
should be the corresponding capital-labour ratio in the first sector. 

Because this is not our case, then we can find w 1. with the help of wI ýJUO 2 line in the 

second quadrant of figure 3.1. NVe then rotate Owl around 0 to find wl on t4e vertical 

axis. Ile corresponding capital4abour ratio for the first sector to wI can be found with 
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e the help of the curve k, (w and it is k, < k, 

In figure 3.1 we plotted ki (cii) according to (3.4.6) where the Inada derivative 

conditions apply. Of course, this is not always the case. For example, if 

fi (k 
1) = log (k 

I+ 
2) , Burmeister-Dobell (1972) 

fi (k i), then wi = ---=- -ki= (ki + 2) log (k + 2) -k f', (k j) ii 

B- A. A- 
or wi= (ki +2-! ý' ) log (-ýj ki + 2) .1 ki 

A, Bi Bi 

then Iiin ci 2 
1' 

log 2>0 
ki -* 0-A, 

which means that although ki can assume. any value between zero and infinity, the range 

of cii may not include all positive numbers. 

The difficulty is avoided by considering only values of w contained in the open 

interval (wmin, comax )where: 

wmin '2 ml f lirnco2 , 
limco, 

k2- 0 k, -0 

and 

cojmax ý-- min [ limcj2 , 16w, 
k2 k, 

(ii) From (3.3.83) we find the behaviour of the realtive price. Therefore, taking the 

logs (3.3.83) we obtain: 
A 

log P= log -+ log f2(k2) - log f, (kj) 
A, 

Differentiating the last wigh respect to W2 we obtain: 

I dp I dk 2 dk2 
--=- 

f"2 (k 2) - 
p d(4 

2 
V2 (k 2) dk2 &0 

2 

djF, dki dw, 
VI (EI (3.4.7) 

Ft, ikýj dk, dcj I 
dW 

2 
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dk A. 
j1 

dca I dk. 
1 

(W, ) 12 
but __ 9- =p and - dki Bi dCJ 

2 dZoi fi fY (k-i) 

therefore (3.4.7) is written 

dp I A2 ff'2 (E' 
22 

p dCJ 
2 

f2 OF2 
V2' (k 2 

B2 f2 (k 2) 
f'2 (k2) 

- A, f-l (jF I) 12 
rl (il) - [- 

-- f B, f, (kl)f; (k 

or 

I dp A2 f2 (E2 ) A, fI (EI) 

p dcj 2 
B2 G jý2 ) Bi fi jý' 

or substituting (3.3.70) into the last expression we get 

I dp I 

p dw2 cj2 + k2 (11 +kj 

which is written 

I dp it k2 (WA ki (cal) 
(3.4.8) 

p dCJ 
2 (k2 (WO + W2) (ki (cil) +cjl)' 

(3.4.8) is positive, zero or negative according to whether A2 - k, is greater, equal or 

less than zero. 

In the case where pk2 - k, >0 or ki / k2 <, u we see from (3.4.8) that as CJ2 

increases, or as labour becomes relatively more expensive than capital, then the agricultural 

goods become relatively more expensive than the non-agricultural goods. Becausep is 

always less than one for 0<t< we see that k, / k2 <I which means that the second 

sector is more capital intensive, which does not contradict the sufficient conditions of 

existence and uniqueness of section 3.3. 

In the case where pk2 - k, <0 or k, / k2 >p we see that as C02 increases the 

agricultural goods become relatively less expensive than the non-agricultural goods. In 
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this case it is possible for k, /k2 to be greater than one but that contradicts the capital 

intensity hypothesis; so we only consider the range I>k, / k2 >'U. 

For the case where pk2 - k, =0 or k, / k2 we see that the relative positions of the 

prices of the two goods remain the same with a change in CC 2 

From the above discussion we conclude that the value ofp is of critical importance 

because it determines the behaviour of the terms of trade. 

(iii) For the percentages of urbanization, 2i (wi), we have from (3.3.16) that 

d2i I dk2 dki dk2 
[-- (k, - 

k2) 
- (k - 

k2 )(---). I 

dw, (k, - 
k2 )2 dw, dco I dw I 

or 

d2i II dk2 ki -k dki k-k, 2 
- [- - -+--I dw I ki - k2 A dCO 2 k, - k2 dco I ki - k2 

or finally, substituting back (3.3.16) into th e above expression, we find 

dR, I dk2 dki 
21 (3.4.9) 

dco I k, - k2 2 d(jl* 

Working in the same way as above we find 

02 1 dk2 dki 
22 +- 21 (3.4.10) 

&0 2 ki k2 dW2 dw, 

From (3.4.9) and (3.4.10) we have that 

dQj > < 
0 if ki :- k2 0 (3.4.11) 

dcj 1<> 

d22 >> 

-0 if k, k2 0 (3.4.12) 
dco 2 -ý < 

Thus, in the case where the second sector is more capital intensive, (ki ý- k2 < 0), 

me find that as labour becomes relatively more expensive than capital, urbanization 

decreases 02 decreases, 21 increases), which means that substitution of labour for capital 
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takes place. 

Gv) For the per 6apita demand of workers, in both sectors, and for both goods we have 

from (3.3.73) that 

dc.. dk 
IJ m. - (I - s. ) A. [ f'. '( I cjj +V (ki) 1 (3.4.13) 

dcj li jI dcjj 

In (3.4.13) for i=i (= 1,2) we have 

dcii dk- dc-ii 
M ii (I - sl) Ai [f I' I+fI 

(ki) 
dco 

I 
dwi dca i 

We substitute (3.4.4. ) and (3.3.30) into the last expression: 

dcii f2A, 
mij (I - si) Ai [fi (kj) cji+fl(ki) 

dcji fi (ýi) f (k-i Bi 

or after substitution by (3.3.81) 

6ý1 
(I s. ) A, f Oýi) ki 

dca iI wi + ki 

or after substitution by (3.3.14) and (3-3-30) 

dcii 
m 

A, ki 
ii(I -si) Alf, (- ki) - dej i Bi Co i+ Ici 

In (3.4.13) for i=21 we have 

dco 2 dcýj dk 2 
dCJ2 

iý2 co 1+ 
V2 ( kl M21 0- si ) A2 I V2 

dcj I d- dcj 2 dco I W2 

Substituting (3.4.4), (3.3.30) and (3.3.3 1) into the last expression we have 

dc2l k2 
-. = M21 (I -s I) 

A2 f2 0ý2 ) (3.4.15) 
dcjl 'W2 + IC2 

Working in the same way we find that 
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dCl 
2 

M12'(1 - s2) A, f 'I (k1 
ki 

(3.4.16) 
dCJ 

2 w, 4-ki 

We can summarize (3.4.14), (3.4.15) and (3.4.16) as follows: 

dcU A. k, i= 1,2 
mU (I - sj) Ai f (LI k. )j=1, -2 (3.4.17) 

dcjj Bi 1 coi + k, 

(3.4.17) is always positive and means that an increase in the wagge-rental ratio implies an 

increase in each wage-earner's income and so increase in the demand for all consumption 

goods. 

In the opposite case, for the per capita demand of the capitalists for both goods, we 

have from (3.3.74) that 

dci3 dk dc-ji 
-= Mi3 (I S3) A, k f" fiýi) i- 
dw i .1 dc-ji dca i 

or after substitution of (3.4.4) and (3.3.30) into the last expression: 

C-3 
Mj3 0- SO Al 

Ai 
ki 

k 
1=1,2 (3.4.18) 

dcoi 
f" (Bi 

cii + ki 

which is always negative and means that an increase in the wage-rental ratio implies a 

decrease in the capitalist's income and so a decrease in the demand for all consumption 

goods. 

(v) We wiH try now to investigate the per capita investment of the economY. From 

(3.3.75) we have 

di dk2 da; 2 A2 f k2) (S3k+S2W222 +SICJ121 
dw2' dCJ2 dw2 

dQ2 dR, 
+ A2 f'2 (k2 ) IS2(22 + C)2 -)+S, 0 21 + (JI 

dCJ 
2' dca I 

Substituting (3.4.4) and (3.3.30) into the above expression we have: 

132 



di I f2 0ý2 2, A2 

(k A2 f'2 
2) %33 

k+ S2 02 ý2 + Sl CO dCJ2 f2 (ý2 ) f'2 
2 

0ý2 B 

d2l d22 
+ A2 f2 (Z2 (St 91 'ý S2 22 + 02 (SI - +S2 -)I 

d2. 
dw, d02 

We substitute - from (3.4.9) and (3.4.10), therefore: 
dcji 

di I 
-=- 

A2 f2 (W2 - IS3 k+ (02 (SI p"Rl ý- S2 22 + 

dco 2 C02 + k2 

W2 I dk2 dki 
+ A2 f2 (E2 Sl P, 2 I S2 22+-( -SI 

4PS2 - 22+ -YI 
ki - 

k2 dC02 dco I 

or 
di A2 V2 (k2) 

-=-I- SA - W2 (Sl 1121 4S2 22 
dCJ2 cj2+ k2 

(ei 
2+ 

k2 ) (si 
JUQ , 

4- s2 Q2 )1+ 

w2 1 dk2 dk, 
A2 f '2 (Z2 ) (US2 - St - 22 +- 

ki - k2 dW2 dw, 

or finally 

di A2 

-=- V2 (k 2 
k2 (SI ý 21 + S2 22 S3 k+ 

dW2 cj2 + k2 

A2 w2 I dk2 IR, 
+ f2 (k 2 

Cu s2 - s, ý2 ,- 
. 
21) (3.4.19) 

ki - 
k2 dw2 dcal 

In our model we assume that all income classes invest part of their incomes. There- 

fore, we cannot be so sure that an increase in the wage-rental ratios will decrease the 

per capita investment. We need further behavioural or technical restrictions. Thus, 

sufficient conditions for (3.4.19) to be negative, under the general capital intensity 

condition of k, - k2 < 0., are: 

11 S2 -'51 >0 

k Sl A 21 + S2 22 
GO -> 

k2 S3 

(3.4.20) 
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4 

(3.4.20i) does not only show that S1 /'S2 < 1, which we have already assumed in A4. 

but that the relative level of s, compared with that of s2 must be less thanju < 1. (3.4.20ii) 

shows that under the capital intensity hypothesis (k, <k< k2) it is SI 9 21'ý S2 22 < S3 * 

Of course, in the usual case of the Uzawa type models where 1, s, - S2 =SW<S3 =Sri 

(3.4.20) relations reduce to the very simple one 

k SCO 
>- >- (3.4.21) 

k, 2 - sr 

We will try now to investigate the per capita investment of the economy but starting 

from the (3.3.77) and not the (3.3.75) function. NVe have: 

i= B2 22 f2 0ý2 c2 (3.4.22) 

Adding up (3.2.49) for j=1,2 and (3.2.5 1) and dividing by L we have: 

CII 'ý C22 + C23 

r-2 M21 0- SI YWI ý1 M22 0- SO W2 22 + 
L 

+ M23 0- SO rk 

or c2 = A2 f2 OF2 ) (M21 0- SI )Cj 
Iý14. M22 0 

-S2 C02 22 + M23 0- SO k) (3.4.23) 

Substituting (3.4.23) into (3.4.22) we have 
B2 f2 OF2 

i A2 V2 (k 
2- 22 -- (m210-SI)*WI ýI 4M22(1-S2)W2 22 + 

A2 f*2 OF2 

+ M23 (I -s3) kI 

Substituting now (3.3.81), (3.3.30) and (3.3.14) into the last expression we obtain 

CO i AJý6ý2) I 22(CO2+ k2)- (M21 (I 
- SO' I 

ý1ýM22 0 
-S2)W2 

22 + 

+ M230 - SA kI 

or 

AJý0ý2) 122k2-M21 (1 -Sl )(j I 21'ý (I - M22(1- SA )CJ2 22- 

M23 0 -S3 )k (3.4.24) 
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Differentiating (3.4.24) with respect to 4J2 WelaVe 

di dk2 &ý12 
A2 f'2'0ý 

2 122 k2-M21(1-Sl)(#Jl ý1-ý(l 
-M22(1-S2))W2ý2 dca 

2- 
d02 

. 
dC02 

CtQ 2 dk2 

-M23(1-S3)k] +A2f2(k2) I k2 + 22 -- 
d(, 02 dW 2 

a, . d2j 
M21 (I 

-SI 
)ý (21 4' CO 10). +(1 -M22 (I 

-S2 
))(Q2+C02 -) I 

dw, dcj2 
Substituting (3.4.24), (3.4.4), (3.3.30) and (3.3.40) into the last expression we have 

di I f'2 0ý2 2 A2 
A '(k 2Q 2) + 

'(k dCO 
2 

f2 (k 
2 

W2 
2) 

B2 A2 f2 0ý2 

d22 
+ A2 fý 0ý2 ) 10 

-M22 
0 

-S2 CO 2- M21 0 
-SI 

NO 
2 

dW2 dw, 

. dk2 
+( O-M22 (I -S2 ) )22 - M21 (I -SI 

)A 21 Y+ 2*2 - 

+ k2 "A(I 
dk2 

22 + 
dki 

21), 

dco 2 

k, - 
k2 IA dW2 dw I 

or 

di i A2 
, dR, 

- =- -+ 
A2f2 (- k2) I (I-M22(1-S-2) )CO'2 -- 

d(l) 
2 c, )2 +k2 132 &0 2. 

M21 0 -SI )' 2' 

d2i * 

- +( 0 M22(1-S2)) 22-M21 O-Sl YJURIY+ 
dcol 

dk I dk2 
[juk2RI + ki 22- (3.4.25) 

k, -k2 - dca I, 
dCJ2 

Under the capital intensity condition k, 'k2"ý 0, a sufficient condition for (3.4-25) 

to be negative is 

22 

I- M22 0ý SA 

M21 0- Sl YA 
(3.4.26) 

(vi) We will try now to anMyze the effect of a change in the wage-rental ratio upon the 

gross output per head, sectoral and total. NVe have 
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q, Yi Ii i= 1,2 (3.4.27) 
L L, L 

For i= I it is 
k-k2 * 

q, = B, f, (Ej (3.4.28) 
ki k2 

and fori= 2itis 
ki k 

q2 B2 f2 (E2 (3.4.29) 
kj-k2 

Taking logs of (3.4.28) and (3.4.29) and after differentiating with respect to wI and 

W2 respectively we derive that: 

I dq, I dR*j dc-ii I dk2 d(J2 

-- =-f, (k, )" -- +- (- -- 
q, ' dw I ' f, d5j I dca 1 k-k2 dCJ 2 dco I 

I dkj dk2 dCJ 
2 

-- -) (3.4.30) 
k, - 

k2 dca I d(A) 2 - dco I 

and 

I dq. 2 I diF2 d(02 dkj dca I 
-- =- f2(k2)' -- + 

q2 - dcj2 f2 (k2) dCJ2 dfJ2 k, -k doi dW 2 

I dki Aca I dk2 
(3.4.31) 

k, -ý- k2 dw I 
dW 

2 dw 2 

Substituting (3. 3.81), (3.4.4), (3-3.30), and (3 3.3 1) into (3 4.30) and (3.4.31 we 

obtain: 

I dq, - (cal -ý k2) dki I k-ki dk2 

q, dcj (w 1+ ki )* (k, - k2 dco I ju 
(k - 

k2) (k, - 
k2) dCJ 2 

(3.4.32) 

and 

I dq2 k- k2 dki (02+kl dk2 
-- A- -+ - (3.4.33) 
q2 dCO 

2 (k, -k) (k, -k2 dw, (CJ2+k2)(ki-k2) dCJ2 
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From (3.4.32) and (3.4.33) we see that under the capital intensive hypoth6is, 

k, <k< k2, we have that 

I dq, I dq2 
-->0 and -- <0 (3.4.34) 
q, dco I q2 dW2 

Tbings are not so easy when we want to find the effect of a change in (, J2 upon the' 

total gross output per head. From (3.2.55) we have that 

qYY, 
Y2 

pq, + q2 (3.4.35) 
LLL 

Differentiating (3.4.35) we have 

dq dp dq, dw I, dq2 
(3.4.36) 

dCJ 
2 

dCO 
2 dw I 

dW2 dCJ 
2 

Substituting (3.4.8), (3.4.32), (3.4.33) and (3.4.35) into (3.4.36) we obtain 

dq uk2 - ki 
-= (q - q2) + 
dW2 (k2 +cj2)(k, +cjl) 

- (w, + k2) dki Ik- ki dk, 2 +, u (q - q2) I+--I 

(w I+ ki ) (k, - k2) dco I ju (k-k2)(kl-k2) dCJ2 

+q2 19 
k-k2 dki 

+ 
C02 + ki dk2 

(kj-k)(kj-k2) dcol. (W2+ k2)(k, - 
k2) dCJ 

2 

or k 

dq 
juk2 - 

ki 
-= (q - q2) + 
d(J 2 (k2 +C02)(kl+wl) 

+ 
dki 

(q - q2) 
-(w I+ k2) 

+q2 - 
k-k2 

dcol (wl+k, 3(ki-k2) (ki - k)(k, - k2) 

dk2 
[ (q - q2) 

k-ki 
+ q2 - 

W2 +kl 

dC')2 (k - k2)(k, - 
k2) (W 2+ k2)(ki - k2) 

or 

dq ju 
k2 - ki 

- (q-q2) 
dCO 

2 (k2 + CJ2) (k, + cil 
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dki col + k2 
col +k 

q q2 -I dw, (wl+kl) ki - k2 ki -k 

dk2 I k-ki cj2 +k 
-[q' q2 .- (3.4.37) 

dW2 k k2 ki - 
k2 (42 + k2 

Under the capital intensity conditions, ; tk2 - k, >0 and ki <k< k2 a sufficient 

condition for (3.4.37) to be positive is: 

q2 ki-k CJ2 + k2 

q< kj-k2 . 02 +k 
(3.4.38) 

Therefore, the gross national product per capita is an increasing function of the 

wage-rental ratio if the sufficient conditions of capital intensities and that of (3.4.38) 

are satisfied. 

We will try now to find slufficient conditions for the gross national product per capita 

to be an increasing function of the wage-rental ratio but working with different variables. 

Therefore, we have that 
A2 f; (k2) 

q= pq, + c12 =- Bjfj(iýj)Rj +BJ20ý2)22 

A, f, (WI) 

or 
B, fl(ki) B2 f2 (k2 

A2 f*2 6ý2 )I-- 
Xi +- -- 22 

A, f, (ki) A2 V2 (k 2) 

Substituting (3-3.81), (3.3.14), (3.3.30) and (3.3.16) into the last expression we have 

A2 f2 (E2 

(to, + ki) (k - 
k2) + (CI)2 + k2) (ki - k) (3.4.39) 

ki - 
k2 

We take the logs of (3.4.39) and after differentiate with respect 
tO(A22 

. Ie-: 

I dq I diF2 d(J2 I dk, dw I dk2 
f; (k2) 

q dcj2 f2 (k2) dCJ2 dCj 
2 kj-k2 dcjl dCJ2 d(, O 2 

dca 
+ 

dk, dcj 
(k - 

k2) 

(w, + ki) (k - 
k2) + (W2+ k2) (k, -k) 

d(02 dw, dw2 
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dk2 dk2 dki do), 
+(c, )I+ki)(-- )+(I-+ J k'l + (W2+ k2) --I dcj 2 dco2 dcj I dW 2 

or 

or 

dq II dki dk2 
- -2- ---(-u-) 

q dW2 cj2 + k2 ki-k2 dco I 
d(A) 

2 

(I+ 
dki 

) p(k-k2) - (cot + ki)(k - 
k2) + (CJ-2 + k2)(kl 

-k) dw I 

dk2 dk2 dki 
(col + ki) + (I +-) (ki - k) + (C02 +k2) - dC4) 

2 d(02 dw, 

I dq u(k - k2) + (k, - k) 
+, I+ 

q dC') 
2 OJ2 + k2 (cal + ki) (k - 

k2) + (W2+ k2) (ki - k) 

dki 11 p(k - 
k2 + II(C4)2 + k2 

+-I -- + 
dco I ki - k2 (col + k, )(k - k2) + (CIJ2 + k2)(ki - k) 

dk2 I+k, + (ki - k) 
+-+ 

dw2 k, - k2 (cal + ki )(k - k2) + (cj2+ k2)(ki - k) 

or 

dq (k - 
k2) (. uk2 - k, 

q dCO 
2 

(W2 + k2) [ (cot + ki ) (k -k2) +(W2 + k2) (ki - k) 

t 
G02 

- Wl )[ 

;i (k - 
k2) 

dki 

(ki-k2)[(cjl+kl)(k-k2)+(CO2+k2)(ki-k) I dca I 

+ (ki - k) 
dk2 
dcj2 

or 
I dq (k - k2)Cuk2 -ki) 

q dcj 2 (cjl+kl)(k-k2)+(cj2+k2)(ki-k) 02 + k2 

2 
(1 

JU) dki dk2 
+[ ju (k-k2 -+ (ki -Q- (3.4.40) 

ki- k2 dcj I 
dW2 
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A sufficient condition for (3.4.40) to be positive, udder the capital intensity hypotliesis, 

is: 

(k -k2) (A2 -ki) < 
W2 (U-1) 

Cu (k-k2) 
dki 

+ (k, - k) 
dk2 

C02 + k2 k, -k2 dw I dca-2 

or after substitution by (3.3.94) and (3.3.16) into the last expression 

21k1a, +22k2U2 < 
(k2 

- k) CA2 - ki) 
(3.4.41) 

(W 
2+ 

k2 )(I 
-ju) 

In the case of wages' dquilibrium co I= CJ 2=w, ie. 
ju = 1, (3.4.40) is equal to 

I dq k2 -k (3.4.42) 
dW2 (w + k2 ) (w+ k) 

which understhe capital intensity condition k, - k2 <0 is always positive. This case is 

equivalent to that of the Uzawa type models. 

(vii) Finally, we shall interpret the overall gross saving ratio, s, due to a change in C02 

It is: 

S3 rK+s, w, L, + s2 w2 1.2 

S= 

rK + w, L, + W2 L2 

or 

S 
s3 k+s, col 21 +S2 C02 22 

(3.4.43) 
k+ col 21 + cj2 22 

Differentiating (3.4.43) with respect to w2 we obtain 

ds d2, 
-= (k+co, 21 +lW2 22) 

.[ 
[si (921 +Co i iL -- ) 

dw2 dw 

+ s2 (R2 + w2 
dQ2 

)1 (k + ei, R, + w2 R2) - 
dw2 

dQI dQ2 
(S3k + si ci IRI+ S202 22 M (Al + Cj Ill -)+ (22 + CI)2 -)I 

dool dCJ 
2 

or 
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ds 
-2 1k 1-Uel 

. 

(SI-- S3) +22 (S2 
- S3) + -= (k+COI 21 +W2 £2) 

d, w 2 

d2, 
+ 

44 Wl -1k (SI 
- S3) +W2 22 (SI 

-S2) 
1+ 

dw, 

d22 
+ W2 -[k (S2 

- S3 + WI 21 (S2 
- SI (3.4.44) 

dw2 

A sufficient condition for (3.4.44) to be negative, under the capital intensity hypothesis, 

is: 

k4 S2 -Sl 
(3.4.45) 

CJJ 21 S3 -S2 

je. under k, - k2 <0 and (3.4.45) an increase in the wage-rental ratio W2 causes a decrease 

in the gross saving ratio, s. 

From (3.4.43) we have 

Jim S= S3 (3.4.46) 
CýL) 2 -+ 0 

and k 
S3 + SI-U21 +S222 

+S292 CO 2 SI P21 

lim s= lim (3.4.47) 
LJ 

2 -ý, "0 RI +R2 
w-.. - +Pel +22 

W2 

i 

Comparing (3.4.46) and (3.4.47) we cannot predict with certainty which is greater 

s3 or (SI 
JU21 

+ S2 22 (921 + 22 So we do not know if S(W 2) is a decreasing or an increasing 

function of cj2. 

In the case where ci I= CO 2 ie. ju =I and s, = S2 = s,, , then 

Jim S=S (a 
(3.4.48) 

C02 -*to 

In this case S((4 2) is a decreasing function Of CO 2 because we have already assumed that 

SCO < S3 
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From the discussion above we conclude that, given the overall capital-labour 

ratio, k, and the constant propensities to invest 0<s, -< s2 < s3 < 1, the overall gross 

saving ratio, s, depends on factor prices, which means that we have multiple gross saving 

ratio for the same k and si, but various CJ 2- 

3. S The Dynamic Economy (Stability) 

We have seen in section 3.2 that the dynamic equations of our model are the (3-2.1) and 

(3.2.11) wWch we write below as: 

t) I L(t) 

and 

i(t) = l(t) - SK(t) (3.5.2) 

Taking the derivative of k= KIL with respect to time we have 

kL 
- KL iKLi 

k- 
La LLL-L 

(3.5-3) 

From (3.5.2) by division by L we take 

(t) (t) 
(t) k(t) 

L(t) L(t) L(t) 

and substituting the above into (3.5.3) %ýe derive the fundamental dynamic equation 

i-(S +i7)k = i-Xk (3. S. 4) 

where X +, q , or the equivalent 

kk 
(3.5. S) 

Let k* be a tnjectory of the capital-] Lbour ratio such that 

i (W2 *) 

.x (3-5-6) 
k* 

where w, * is the appropriate trajectory of the wage-rental ratio given by (3.3.90) for 

k= k*. Such a trajectory k* may be referred 
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to as the trajectory of the. "balanced capital-labour ratio". 

We will now see under which conditions this trajectory of the balanced capital-labour 

ratio is uniquely determined. We define 

Y Gj 2) (3.5.7) 
k 

where i (w 2) is given in (3.3.7S) or in (3.4.24) and k(w 2) in (3.3.90). 

Differcntiating (3.5.7), aftcr transforming it into 109s, WO hayc 

-_Ln 
k(W2)' 

and 
IdI di(w2) I dk(w 2) (3.5.8) 

(W 
2 dco2 i(CJ2) dW2 k (w2) dW2 

In (3.5.8) - dk/dW2 is negative under the sufficient conditions of (3.3.98) and 

di/dW2 is negative under the sufficient conditions of (3.4.20) or (3.4.26). Therefore, 

under these sufficient conditions, we have that 

sP Gj2 
<0, -V- CJ2 

dcj 2 
U. S. 9) 

Hence, under the sufficient conditions (3-3.98) and (3.4.20) or (3.4.26), for any X, there 

exists one and only one trAjectory, cj2 * for which p(c. )2 *) =X and the corresponding 

trajectory k* - k(w2 *) is uniquely determined by X. Also, under the same suff Icien t 

conditions the relations (3.5.9) and (3.3.97) yield the following stability theorem, which 

is that along an arbitrary path of growth of K(t) and L(t), the capital-labour ratio k(t) 

asymptotically approaches the uniquely determined trajectory of the balanced capital- 

labour ratio k*. The approach of k(t) to k* is monotonic; ie. if k(O) is greater than 

k*, k(t) decreasingly approaches k*, and if k(O) is less than k*, k(t) increasingly 

approaches k*. Of course, this stability theorem applies to all the endogenous variables 
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of the system. 

In section 3.4 we have seen that the overall gross saving ratio, s, can take multiple 

values with the same overall capital-labour ratio. This multiplicity of s causes multiplicity 

of L which in turn is possible to produce causal indeterminacy in the model (multiple i 

for the same k). Therefore, the Inada derivative conditions which guarantee the existence 

of at least one nontrivial balanced growth path cannot assure the uniqueness of it without 

additional assumption. For our model these additional assumptions are the (3.3.98) 

and (3.4.20) or (3.4-26). Of course, indeterminacy rules out, if we adopt the keynesian 

saving assumption, workers and capitalists save the same proportion of income, since 

under that assumption the gross saving ratio is unique and given. 

- 3.6 Structural Change and the Growth Process 

In the previous sections of this chapter we discussed the static solution of our two- 

sector growth model, ie. under which sufficient conditions a solution of the static model 

exists and is unique, and also under which sufficient conditions the balanced growth path 

of our model is stable. NVe did not say anything about the viability of our model. 

The definition of viability of an economy can be studied under several, but not 
i 

independent, ways: Zarembka (1972). For example, first, an economy can be defmied as 

viable if per-capita agricultural output tends to rise; second, if the labour force grows 

faster in urban than in rural areas; third, if per-capita disposable income increases and 

fourth, if industrial output graws faster than population. 

Before we try to analyse the* question of viability we find it necessary to define 

some commodities. 
i 

In (3.3.94) we have already def-med the elasticity of substitution between the factors, 

cri, i=1,2, for the two sectors, which has been introduced by lEcks (1932), and is: 
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dki Wi 
Ui =- i= 1,2 (3.6.1) 

dwi kI 

and which, according to (3.4.4) is also equal to 

a 
dE 

1 Cji i= 1,2 (3.6.2) 
dwi ki 

In the case of constant returns to scale, as in our model, the above elasticity of substitution 

between the factors is written, Allen (1973), 

f (f. -k XI 
-III. 

>0 i= 1,2 (3.6.3) 
ki fj f' i 

The current elasticity of output with respect to capital input in the ith sector is given 

by: 

Cli = 
lyi Ki 

i= 1,2 (3.6.4) 
3K i yi 

and the current elasticity of output with respect to labour input in the ith sector is given by: 

- 
ayi Ll 

C2 i- i= 1,2 (3.6.5) 
1 Li yi 

Substituting (3.3.22) and (3.3.23) into (3.6.4) we have that 

Ki 
- 

ki 
r, -= Ai ri (k j) i= 1,2 

Yi yi- 

or after substitution of (3.3-67) and (3.3.81) into the last expression, we have 

fi(ki) 
= 

Ai I ki 
c, I= 

A- k. --ki- i= 1,2 (3.6.6) 
B-f B. cii +ki C'Ji + Ici 

Substituting (3.3.26) and (3.3.27) into the (3.6.5) we have 

C2 W' Bi (k j) k f' (ki) 
I yi iI Yi 

Substituting (3-3-67) and (3.3.81) into the last expression, we obtain 
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fi(ki) CO i 62i =I-i- I= 1,2 (3-6.7) 
li (k i+ki coi + ki 

From (3.6.6) and (3.6.7) we have that 

el i+ e2 i : -- I for i= 1,2 (3-6.8) 

which is Euler's theorem. 

In our model technological progress is growing exogenously, as in (3-2.3) and (3-2.4). 

There have been some attempts to endogenisc technological progress Conlisk (1968), but 

it is still in primitive stages of development. rn our analysis we distinguish the two character- 

, bias, istics of technological progress, ie. the intensity of innovation and the factor-saving 

Fei-Ranis (1964). 

With the first characteristic of technological progress, the intensity of innovation, 7 ri, 

we define the increase in output due only to the passage of time and not to any changes 

in the quantity of the two inputs, capital and labour. Therefore, the intensity of innovation 

is written as 
Id Yi (t) 

i= 1,2 (3.6.9) 
Yi (t) dt 

or 

vi 
I[ ayl aKi a Yi 3Li 

+ -= -I i= 1,2 (3.6.10) 
yi a Ri at aLi at 

Taking the derivatives of (3.2.5) and (3.2.6) with respect to time and substituting 

the results together with (3-2.22) and (3.2.32) into (3-6.10) we obtain: 

7ri Tj (A iKi+Ai+ 1ýv 
i 

(bi Li + Bi Li 
yi 

Taking into account that Li =0 and substituting (3.3.20), (3.3.21), (3.3.24) 

and (3.3.25) into the last expression we obtain: 
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1, - K. 
Vi =-[f (k A --I + (ki) kV (k 

yi i Li ii 

or 
B- Ai :i[V. 

- X, ik+ (fi 
- 

iýj f'i ) 7'2i 

Yi 1 Bi i11 

or via (3.3.67), 
f. fI. 

XI 
fi 

I+- X2 i0 
fi 

I)I 

Substituting (3.3.8 1) into the last expression we have 

+ ? 12i 
cji + ki +ki 

or, via (3.3.30) and (3.3.14) we have 

'fti ý ý, ' iI+ 
? t2 i' 

wi 

cii + ki cii + ki 

which, under (3.6.6) and (3.6.7) is written 

+ ýt2 
i IE2 i= 1,2 (3.6.11) 

From (3.6.11) it follows that the intensity of innovation in each sector is a weighted 

average of the rates of factor augmentation, the weights being the output elasticities of 

the two inputs. This result can also be found in Amano (1964), Fei-Ranis (1964). 

With the second characteristic of technological progress, the factor-saving bias, Xi , 

we defitne the proportionate rate of'change in the marginal rate of factor substitution in 

the ith sector, Hicks (1932). Therefore it is: 

aF- a Fi 
a 

xi (t) 
aKi I aLi - i= 1,2 (3.6.12) 
at aF. ataF. 

or 1,2 (3.6.13) 
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where the substitution is obvious. 

From (3.6.13) we see that for any given capital-labour ratio at time t in the ith sector, 

technological progress is Hicks-neutral if 'Xi (t) = 0, or 'Xi 
K 

(t) = Xi 
L 

(t), is Hicks-labour 

saving ifXi (t) > 0, or Xi 
K 

(t) > xj 
L 

(t) and is Hicks-capital saving if Xi (t) < 0, or 

Xi 
KW< 

Xi 
L 

(t). 

From (3.6.13) we have that 

K i- I a(A V-) I f'i+Aii*i 
x11-= -i- I- ---- --- (3.6.14) 

at at AA V- i fi, iI 

and 

L 3w' 13 (Bi (fi - jFi f- 

at W'i at Bi (fi - ki fd 
I-. i (fi ifi)+ Bi 6i 

-kif1-kif-I (3.6.15) 
Bi (fi - lFl f7l. 

In the above expression we have that 

= 
ýki I) ki +(L' )i= ki_=( 

±- 
i 

(XI i- ý12 i) -ýi k, = (XI 'k2 i) 

at Bi Bi Bi (3.6.16) 

because 0, 

- 
afi 

- 
afi aEi f ii 

----I (Xi i- X2j) ki (3.6.17) 
at aki at 

via (3.6.16), and 

af ý. a f (Xli-X2j)ki (3.6.18) 
a 34i at 

via (3.6.16). 

Substituting (3-6.16), (3-6.17) and (3.6.18) into (3-6-14) and (3.6.15) we obtain: 

x 
K= 

Xji ++ (3.6.19) if 
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and 
L Oii-)*2i) iýif' (Xli-X2i)Eif'*-0lli-ýl2i) f -j! ki 

2 
2i+I 

fi -kif 

or 
L2 

X2 (Xl i- ý12 i)- (3.6.20) 
fi -kifi 

Substituting (3.6.19) and (3.6.20) back into (3.6.13) we have 

ki 
Xi ý-Ij-ý12j + (Xii-X2i) kif! + 

f fi f 

or 
k-f. - f-' X'= (X 

Z* -X2i 
) (Xli 

-X2i 
)111 

f-, (fi -kif 

Substituting (3.6.3) into the last expression we have 

)ýi (XIi 
- )12i) - 

DIIi-)I2i) 

47i 

and finally 

i0 ý- (X 
Ii- 

X2 
j) 

al 

)I i= 1,2 (3-6.21) 
cri W 

In (3.6.21) we see that given X, i- Xjj the sign of (3.6.21) and so the nature of the 

factor-bias in the ith sector depends upon the current elasticity of factor substitution in 
i 

that sector. The result of (3.6.21) can be found (amont-2 others), in Fei-Ranis (1965),, 

Kotowitz (1968), Williamson (197 1) and Hamberg (197 1). 

We will try now to interpret the question of viability of the economy considering 

(i) the per capita agricultural output, (ii) the composition of output among the two 

sectors and finaUy (iii) the labour redistribution. 

(i) The per capita agricultural output is given in (3.3.76) by 

q, (t) =BI (t) . f, (k I (t) (t) (3.6.22) 

Differentiating (3.6.22) with respect to time t, after taking its logs, we have: 
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I dq, I dBl I dfl- I dQ I 
q, dt B, dtf, dt 21 dt 

or 0 

I dql I dBj -I df, dk'l d2l dco I + (3.6.23) 
q, dt B, dt f, dE, dt 21 dcal dt 

Substituting (3.2.4) , (3.6.16) without 0, and (3.3.81) into (3-6.23) we have 

I dql II dQ I dca I = X21 +I (XII 
-X21) ki + k, I+--- 

q, dt co I +kl 21 dw, dt 

Substituting (3.6.6) into the last expression we have 

I dql I dR I dca 1 = )121 -+ Ell I (XII-X21J 
j 

q, dt ki 21 dco I dt 

or - 

I dql I d2l 
- - = Ell 7'11 +0 -4611))121 

ý611 
+-- (3.6.24) 

q, dt ki 91 dco, 

In the last expression we have that 621 =I-c, I and 

_ a. I 
dki 
- 

wi 
= 

dk. dw- Co. 
= -(-I/ =1 ) _::. i 

kL co' i=1,2 
dca dt dt ki 6i ki k i I 

or 

ýji I ki 
Ji= 1,2 (3.6.25) 

Cji Ui 

Also, from (3.4.9), after substitution by (3.6.1 ) we have that 

dQj II dk2 dkl 
-=-I-- 22 +- 

dcj I 
k2 

- k, 11 dW2 dcj I 

02 k2 22 + ul ki 21 (3.6.26) 
k2- ki Cal 

Substituting (3-6-25), (3.6.26) and (3.6.11) into (3.6.24) we have 

ISO , 
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ý. (o -= ir, (t) + ell (t) a, + 

a2 (t)k2 (022 (t) + a, (Ok, (t) 21 (t) (3.6.27) 
cj 

k2 (t) - k(t) ci (t) 

(3-6-27), under the general condition of capital intensities in the two sectors, k, (t) < k(t) 

< k2 (t), and the condition of increase in the wage-rental ratios, is positive; it is assumed 

that XII >0 and ý121 > 0. Unfortunately, from the interpretation of (3.6.27) we cannot 

draw conclusions about the type of increase of the per capita agricultural output, ie. if 

the increase of q, (t) is at an increasing, constant or decreasing rate. 

(ii) The composition of output among the two sectors. can be defined bythe share of the 

non-agricultural output in the total output, v(t), which is: 

V(t) = 

Y2 W 

P(t) YI M+ Y2 (t) 

y2 (t) 

(3.6.28) 
WO 

From (3.6.28) we have that 

y 
ýY2 ýI 

P+A+ Yý2 

v Y2 y Y2 y 

Substituting (3.6.28) into the last expression we have 

ý2 ýI 
P+ Pyl + Y2 

v Y2 Y2 

or 

Y2 YIP + py, 

-v) --v 
v Y2 Y2 

v 
but from (3.6.28) it is Y2 - PY, therefore the last expression is written 

I -V 

v 
ý2 YIP + py, 

0 
-v) 

0 
-V) 

v Y2 py, 

or 
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Y2 Y, P, 

V) I--- -1 (3.6.29) 
V Y2 Y, p 

In (3.6.29) we will analyse the price and quantity effects; ie. for the price effects 

we have that 

A2 (t) f'2 (k 2 
(t) 

pW =- (3.6-30) 
A, (t) f ', (k 

and therefore, taking logs of (3.6.30) and after its derivatives we have 

p f2f -1 

(3.6.31) 
p A2 A, f2 f, 

In (3.6.3 1) we have that 

I dki dc-ji 

f 
f Cji f dc-ii dco i 

I fl, )2 A, Cii 
)- 

f I fi Bi wi + ki COi 

or finally 

C2 

1,2 (3.6.32) ýzj f Cii ai ki 

via (3.6.7) and (3.6.25). Substituting now (3.6.32) and (3.2.3) into (3.6.31) we have 

622 
i2 

C21 
it 

112-ý111-- -+- 

p a2 k2 
a, k, 

or 

p 
- 

(A) 2 Cal 
= (X12 )111 

4E22 -+ C21 

P W2 CJj 

Because 

L2 

Cal 402 

the last expression is written 
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C02 

(3.6.33) 0112 
- 

III + (621 
- IE22 C21 

p CO 2 

The sign of p/p is ambigous because the signs of the first two quantities in brackets of 

the R. H. S. of (3.6.33) are ambiguous. 

In an equilibrium model, where 'k12 All and w, W 2, Kelley-lVilliamson- 

Cheetharn (1972), (3.6.33) is equal to 

2 
(C12 

- CII )- (3.6-34) 
p (A) 

2 

Since the non-agricul tural sector is more capital intensive than the agricultural sector, 

611 "ý IE12 and thus, with rising wage-rental ratios the relative price of agricultural to 

non-agricultural products is always rising. 

In our more general case of (3.6.33) we have the same result like (3.6.34) if we assume 

that X12 > X11 , ie. if we assume that the rate of growth of technological progress of 

capital is greater in the non-agricultural sector than that of the agricultural sector. 

For the quantity effects of (3.6.29) we have from (3.6.11) that 

Y+ 
[7j AiKi+ ýii Bi Li 

I 
Yi 

or 

Y' 
= iri + Ai fi+ Bi ( fi fi 

yi yi Li. Li 

or 

Ai fI Ki Ki f 'i 
) 

Li 
+--+(I-ki- 

Yj Bi 
. 
fi Ki I, fi Li 

or 

k, Ki ki 
7r +A-+( I- --) 

Li 

' Bi wi + Ti Ki , coi +ki 1-1 

% IS3 
I 



Vi + 

co +k 

and f-mally 

7ri + Cl i+ 7ri + Eli ai + 1,2 (3.6.3S) 
Yi ki Ij Cj 

via (3.6.25), (3.6.6), (3.3.8 1) and (3.3.67). 

From (3.6.35) we obtain the quantity effect to be 

'ý2 
ýl 

CI) 2 Cýl L2 L, 

--= (-r2 
-irl + (C12 a2 - -ell or, - )+(- 

--) Y2 YI 02 cj r L2 L, 

or 

Y2 ýJ 
2 Ju 

V- 2- 7rl + (612 02 - 6,, Orl -- 611 orl + 
Y2 YI C02 

1ý2 L, 

+(---) (3.6.36) 
1-2 L, 

Unfortunately, we cannot draw general conclusions about the nature of the quantity 

effect because the sign of (3.6.36) is ambiguous. 

Substituting (3.6.33) and (3-6.36) into (3.6.29) we derive the growth rate of the share 

of the non-agricultural output with respect to the total output. ie. 

0- V) 1 ý112 612 + ý122 622 - 
ý611 611 - 

)121 621 -'ý112 + )111 + 

v 
4; )2 .A, 

+( 4612 a2 611 01 - 621 + 622 -- 
(611 01 + 4620 -+ 

(02 11 

+ 
112 L, 

or 

0- V) I OL22 
12 C22 + 0,11 IL21 ) 

1621 + 

(02 

C. 12 a2-1) Cl I 
(Ut 

- 
1) 

-I Eli (al - 
CJ 2 
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(3.6-37) 
1-2 Ll 

(3.6.37) is too complicated to derive general conclusions about the share of non-a-ricultural 0 

output in the total output of the economy. Even for the simpler case of equilibrium in 

the labour market the corresponding expression to (3.6.37) is still ambiguous for deriving 

general tesults (see Kelley-Williamson-Cheetham (1972) ). The only thing that we should 

add here is the behaviour of the elasticities of output with respect to input in accordance 

to the elasticity of factor substitution. Therefore, dividing (3.6.5) by (3.6.4) we have 

62 i 

i= 1,2 

or 
C2 

Cc i=-k, i= 1,2 (3.6.38) 
el i 

Taking the logs of (3.6.38) and after its derivative with respect to time we have that 

+ 
E2i 1,2 

Cji ki C2 i C1 i 

which according to (3.6.25) is written 

ki 

+ 
C2 i Cl i ki 

i= 1,2 
ki 62 i Ci i Ori ki 

or 
I ki Eli 

+ 
Cli 

ai ki Cli -Cli 

and finally 

Eli 0- Cl i) 
al- I ki 

i= 1,2 (3.6.39) 
Eli Oi ki 

From (3.6.39) we see that el i (t) is an increasing function of time, with increasing capital- 

labour ratio, in the case where ai > 1. 
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(iii) Finally, we will try to analyse the redistribution of labour between the two sectors, 

ie. to find the behaviour of the migration process from the agricultural to non-agricultural 

sector. 

It is known that w, ý_ PW2 from which we have that 

I. 
+2 (3.6.40) 

W19 W2 

NVe substitute (3.6.25) into (3.6.40) # 

I k2 

al ki a2 k2 

or 

I K, L, PI K2 L-2 

- (_ -- )= -+----) (3.6.41) 
(71 K, L, 02 K2 1-2 

Recall from chapter 2 that 

(t) 
77, W-mI (t) (3.6.42) 

(t) 

and 

1-2 W 
? 22 (t) + MI (t) 

Q, (t) 
(3.6.43) 

1-2 (t) 22 (t) 

Substituting (3.6.42) and (3.6.43) into (3.6.41) we have 

(t) P(t) I Kt (t) 

-- 171 (t) + n., Wj -- - +_(_ - 
U, (t) K, (t) 02 (t) K2 (t) 

M 
172 W MI (t) (3.6.44) 

W 

or # 
P(t) 

+I 
K2 (t) 

172 
K, (t) 

17 1 
P(t) 02 K2 (t) ul (t) K, (t) 

MI 22 (t) - 
22 M 21 M 

-+- (3.6.45) 
(t) 02 W 
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Substituting ý(t) /, u(t) from (3.6-33) into (3.6.44) we have 

I K, (t) I p(t) X12 - XII 
77, (t) + M, W)=-- 

a1 (t) K, (t) 621 (t) p(t) 621 (t) 

622 
ý2 

(t) R, (t) 

772 M- MI (t) 
- 

621 W 02 W K2 (t) 22 M 

or 

622 P(t) ý112 
+--)M, (t) =----- 

ol (t) 621 W Or2 (t) 22 (t) 621 (t) P(t) 621 (t) 

622 W 
ý2 

(t) I K, (t) 
+--- 712 (t) -(-- 721 (t) 

621 (t) 02 (t) K2 W a, M K, (t) 

and finally 

PM 
++ 

4622 W( K2 W- 

? 72 M 
C21 K, (t) 

771 (0 
P(O 02 (0 K2 W a, (t) K, (t) 

621 622 W 

- 22(t) +- 21 (t) 

a, (t) a2 (t) (3.6.46) 

(3.6.45) and (3.6.46) are two alternative expressions of the rate of n-dgration from the 

agricultural sector. 

In (3.6.46) we see that the rate of migration depends upon the existing labour alloca- 

tion, the elasticities of factor substitution, the elasticities of outputs with respect to inputs, 

the rates of technological progress, the rates of exogenous physiological labour change and the 

rates of change of the relative price and capital in the two sectors. We see that an increase in 

the capital of the second sector produces a positive effect on migration whilst on the contrary 

an increase in the capital of the first sector produces a negative effect on migration. Also, 

increases in the physiological rates of fertility of labour produce positive and negative 
I-' 

effects for the first and the second sector respectively. In the same way the rate of 

technological progress of capital in the first sector has a positive effect on migration 
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whilst that of the second sector has a negative effeci, as was expected. The behaviour 

of terms of trade is ambiguous, as we have seen in (3.6.33), therefore we cannot 

conclude anything about its effect on migration. We should add here that even in the 

case where we knew the sign of ý(t) / p(t) we shouldn't derive any conclusions for. 

migration using (3.6.46) only. For example, suppose that ý(t) / p(t) is positive, a usual 

assumption for developing economies. This positive sign means that the terms of trade 

are in favour of the agricultural goods. But, from (3.6.29) we see that this positive sign 

in ý(t) / p(t) has a negative effect on the share of output of non-agricultural goods in 

the output of the total economy. Therefore, this relative reduction of v(t) can produce 

a different allocation of capital between the two sectors, which as we have seen above 

- causes opposite effects on migation. 

Finally, usino- (3.6.45) we see that as t--, or as the economy becomes more 

developed, ý (t) /, u(t) - 0, which means that the effect of wages differential on migration 

is decreasing over time. 

3.7 Conclusions 

The basic characteristics of our model is the introduction of capital into the agricul- 
I 

tural sector, the notion of wage differential betweendhe two sectors which causes labour 

reaHocation, the different savings behaviour between the three income classes, namely 

the two worker classes and the capitalists, and the introduction of the technological 

progress of different rates into general production functions. 

Kelley-Williamson-Chee tham (1972), argue that the industrial sector must be more 

capital intensive than the agricultural sector. Our model with its sufficient condition, 

k, - k2 <0, for existence of the momentary solution agrees with the above authors. 

Eckaus (1955) has argued that in underdeveloped economics the production process 
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in the secondary industry is more capital intensive than in agriculture, which, together 

with the differences in elasticities of factor substitution, gives rise to the phenomenon 

of technological dualism. The above authors assume that 0< a2 <I and I<a, <- 

so that 01 > U2 . In our model the sufficient conditions for uniqueness (3.3.98a) agree 

with the above writers. Moreover, in our model it is possible to be cr, 4 02 but at the 

same time we must add some. -restrictions which can be seen in (3.3.98). 

At the same sufficient conditions, (3.3.98), we have that a, + a2 > 1. This is a 

result obtained by Hahn (1965) in his two sector growth model of one consumption- 

good and one capital-good sectors with classical saving function. 

In similarity with the latter model, Uzawa (1961), Shinkai (1960) and Inada (1963) 

- found that the consumption-good sector must be more capital intensive than the. capital- 

good sector and that Takayama(1963), Drandakis (1963) and Amano (1965) that as 

long as the elasticity of factor substitution in atileast one sector is equal to or greater 

than unity, the two-sector growth model is globally stable. Of course, these results are 

different from ours but we must take into account the different structure of our model 

conceming the commodity market. 

The introduction of the wage differential or of the wages ratio jp(t) 
I 
into our model 

appears relevant, as was expected, to all the sufficient conditions with labour allocation, 

(3.4.26), savings behaviour (3.3.98ii) and (3.4.20i) and consequently capital allocation, 

(3.4.20ii), and trade of goods between the two sectors, (3.4.8). Thus, from (3.4.26) 

we have that the ratio L, (t) / L2 (t) must have a lower limit, one of the conclusions of 

Chapter 2; from (3.3.98ii) and (3-4-20i) we have that s2 > s, which is true if we remember 

that the workers of the second sector are in higher income level than the workers in the 

first sector; from (3.4.20ii) we see that in ithe allocation of capital enters both the savings 
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behaviour and the wages differential which constitute the determinants of investment; 

and finally from (3.4.8) we see the critical importance of p(t) in determining the 

behaviour of the tenns of trade. 

In analysing the structural change and the growth process through time of our - 

model we concluded that our economy is viable in the case where the non-agicultural 

sector is more capital intensive than the agricultural sector and the intensity of innovation 

7r, (t) is poktive, with increasing the wage-rental ratios through time. Also, -ýwe found that 0- 

the migration rate m, (t) depends on most of the variables and. parameters of our model, 

with the exPected sign, and that m, (t) is a decreasing function of the wage-differential as 

t -1. (n .. 
-- -- 

If in our model we put thatu(t) is constant -and that there is no capital in the agricul- 

tural sector, then our model, after the appropriate changes in the savings function, 

behaves as the "conventional" theories of dual development, Niko (1974). If now, we put 

thaty (t) =I and assume that the output of the second sector is completely invested in 

both sectors, then our model behaves as the two-sector growth models for the "advanced" 

economies, Sato (1969). Therefore, in spite of the more complicated results of our 

model, compared with those of otherwriters, we believe that the present model is more 

general and tries to bridge the gap between the models for the developed and the less- 

developed economies. 

f6O r 



3.8 References 

Allen, R. G. D., (1973). Macro-Econon-dc Theory, A Mathematical Treatment, Macmillan, 
London. 

Amano, A., (1964). Neoclassical Biased Technological Progress and a Neoclassical Theory 
of Economic Growth, Quarterly Journal of Economics. 

Amano, A., (1965). Factor substitution in a Two-sector Growth Model, Review of 
Economic Studies. 

Borts, G. H., Stein, J. L, (1964). Economic Growth in a Free Market, N. Y., Columbia 
University Press. 

Brutton, H. J., (1965). Principles of Development Economics, Englewood Cliffs, N. J., 
Prentice-Hall. 

Burmeister, E., Dobell, A. R., (1972). Mathematical Theories of Economic Growth, 
The Macmillan Company, London. 

Conlisk, J., (1968). A Neoclassical Growth Model with an Endogenously Positioned 
Technical Change Frontier, Economic Journal. 

Dixit, A., (1973). Models of Dual Economies, in J. A. Mirrlees - N. H. Stern (ed. ), Models 
of Economic Growth, Macmillan, London. 

Drandakis, E. M., (1963). Factor Substitution in a Two-sector Growth Model, Review of 
Economic Studies. 

Eckaus, R. S., (1955). The Factor Proportion Problem in Underdeveloped Areas, 
American Economic Review. 

Fei, J. C. H., Ranis, G., (1964). Development of the Labour Surplus Economy, Theory' 
and Policy, Yale University, Richard D. Irwin, Homewood, Illinois. 

Fei, J. C. H., Ranis, G., (1965). Innovational Intensity and Factor Bias in the Theory of 
Growth, International Economic Review. 

Hahn, H., (1961). On a Two-sector Model of Economic Growth, Review of Economic 
Studies. 

Hamberg, D., (197 1). Models of Economic Growth, Harper & Row, N. Y. 

Hicks, J. R., (1932). Theory of Wages, Macmillan & Co., London. 
Higgins, B. J., (1959). Economic Development, London, Constable. 
Inada, K., (1963). On. a Two-sector Model of Economic Growth: Comments and a 

Generalization, Review of Economic Studies. 
Jorgenson, D. W., (1961). The Development of a Dual Economy, Economic Journal. 

Kelley, A. C., Williamson, J. G., Cheetham, R. J. (1972). Dualistic Economic Development; 
Theory and History, The University of Chicago, Chicago and London. 

Kotowitz, K., (1968). On the Estimation of a Non-neutral CES Production Function, 
Canadian Journal of Economics. 

Lewis, W. A., (1954). Economic Development with Unlimited Supplies of Labour, 
Manchester School. 

Niho, Y., (1974). Population Growth, Agricultural Capital and the Development of a 

161 



Dual Economy, American Economic Review. 

Nourse, 11.0., (1968). Regional Economics: A Study in the Economic Structure, 

., 
ions, N. Y., McGraw-Ifill. Stability and Grwoth of Re. - 

Ohkawa, K., Rovosky, IL, (1972). Japanese Economic Growth. 

ges and Employment in a Labour Surplus Economy, Reynolds, L. G., (196S). Wag 
American Economic Review. 

Sato, R., (1969). Stability Conditions in Two-sector 
-Models of Economic Growth, 

Journal of Economic Theory. 

Shinkai, Y., (1960). On Equilibrium Growth of Capital and Labour, International Economic 
Review. 

Taira, K., (1966). International Labour Review. 

Takayama, A., (1963). On a Two-sector Model of Economic Growth: A Comparative 
Static Analysis, Review of Economic Studies. 

Wan, H. Y., Jr., (1971). Economic Growth, Harcourt Brace, Jovanovich, N. Y.. 

Watanabe, T., (1965). Economic Aspects of Dualism in the Industrial DeveloPmen t of 
Japan. Economic Development and Cultural Change. 

lVilliamson, J. G., (196S). Regional Inequality and the Process of National Development, 
Economic Development and Cultural Change. 

Williamson, J. G., (1971). Capital Accumulation, Labour Saving and Labour Absorption 
Once More, Quarterly Journal of Economics. 

Zarembka, P., (1972). Toward a Theory of Economic Development, Holden-Day, San 
Francisco. 

162 



CHAPTER 4 

A SPECIFIC TWO-SECrOR GROWTH MODEL FOR 
A DEVELOPING ECONOMY 

4.1 Introduction 
4.2 The Cobb-Douglas Case 
4.3 The Static Solution of the Model for the Cobb-Douglas Case 
4.4 The Time Path Solution for the Cobb-Douglas Case 
4.5 The Long-run Solution for the Cobb-Douglas Case 
4.6 Conclusions 
4.7 References 

163 



4.1 Introduction 

It seems to us that in the early models of economic development (in the fifties and 

early sixties) the most popular functions in the various models, classical or neoclassical 

were those of the Cobb-Douglas type. Throughout the developmetit of this part of 

economic theory these "simple", in mathematical terms, models have recently been 

generalized in various ways. Therefore, we believe that a comparison between the models 

of the mador contributors to development theory and more recent ones is going to be a 

little "unfair" to the former, if we do not reduce the latter models to common units of 

comparison, say to Cobb-Douglas production functions. 

This is one of the reasons why we found the explicit solution of the general two- 

- sector growth model of chapter three using Cobb-Douglas production functions. A second 

reason is that we will try to find actual estimates of the various parameters of this model, 

something which is really missing in the theory of development using data for the Greek 

economy. 

In section 4.2 we introduce the model with the specific Cobb-Douglas production 

functions. Following the steps of the general model, we find the static solution of the 
i 

present model in section 4.3. In section 4.4 we present the time path solution of the model 

for the case where p(t) is constant over time. This is because the fundamental differential 

equation of our model (ie. the capital accumulation equation) cannot be solved in closed 

form. A similar difficulty can also be found in Jorgenson's (1961) model, due to the 

presence of some other variablesý and not of AL(t) which is taken to be constant over time. 

After tn investigation of the time path solution in this section, as regards the behaviour of 

the variables and the notion of balanced growth, we present the long-run solution of the 

model in section 4.5. By the trrm long-run we mean thatu(t) is not constant but follows 
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an exogenous path through time. Fianlly, in the same section we investigate the similarities 

between the time-path and the long-run solution of the model. 

4.2 Ilie Cobb-Dougglas Case 

In this section we will try to present the twb-sector growth model of Chapter 3 

using Cobb-Douglas type production functions. Therefore, adopting the same nýtation 

as in chapter 3, the two production- functions of the economy are: 

Yj (t) =Ki (t) *i 'E, 
q (t) 'I i= 1,2 

where ai, Pi are constants. 

Substituting (3.2.5) and (3.2.6) into (4.2.1) we get: 

Yi(t) = [Ai(t) VI(t) [Bi(t) Li(t) 

a- Pi (ai'X Ii+ Pi)12 i) tP 
= [Ai(O) 'Bi(O)Ije Ki(týi Li(t) i 

Recalling that for Cobb Douglas production functions ei, i= ai and C2 i= Pi for i=1,2, 

we substitute (3.6.11) into the expression above, ic: 

Yi(t) = ri e- 
rit 

Ki(tf i Li(t) Pi 
,i=1,2 

(4.2.2) 

0- .. 
where f-i = Ai(Oýi Bi(O) I, i=1,2 - 

(4.2.2) is written in per. capita terms, (ai + Pi = 1ý, r ie; 

yi(t) = F, e 
wit ki(t)ýi ,i=1,2 

(4.2.3) 

From,, ', (3.3.67) and (4.2.1) we obtain the equivalent forms for the production function 

as: 

- at fi(k i =ki i= 1,2 (4.2.4) 

Using (4.2.4) we will present the two-sector growth model in the form of the per capita 

equations of (3.3.67) to (3.3.77). Therefore, substituting (4.2.4) into (3.3.70) gives us the 

wage-rental ratio: 
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B- k, A- 
- (. 

ai-I - -ki) 
Ai ai iýi Bi 

Bi P- jý, (-L- Ij=k, i= 1,2 (4.2.5) Ti 
Cti ai 

From (3.3.72) we have the terms of trade: 

- a2-1 C12-1 C11-1 a2 -1 

P(t) = 
A2 Ct2 k2 A2 SL A, B, k,, 
At a, k, A, cil 

B2 
a2 -1 

At c(l ki al -1 

- 
a2 A2 (0) 

C12 
B2(0) 

02 
1( C12 ýt 

12 + P2 7ý22 )- (01 ý11 
I+ 

PI ý121 ) It 
k P, 

e tl-LL 
al At (0)" B, (O)PI k2 02 

or 

a2 1-2 (V2 - IT, )t ki 
Pi 

e P2 
(4.2.6) 

k2 W 

From (3.3.73) we have the per capita consumption of the workers: 

ce MO-SPai ýi ai -1 Ai cjj i= 1,2 
j= 1,2 

Substituting (4.2.5) into the last expression yields 
P- a. Cfi - 'c .M0 sj) ai - A, - Bj- k i 

CIj 
or 

it ai-I cý (t) = rný sj) 
ai 'j 

ri' e 
'T kj 1,2 (4.2.7) 

j 1,2 

while (3.3.74) gives us the per capita consumption of the capitalists, that is: 

Ci3 = Mi3 0- S3 ) Cfi jý 
i 

ai- Ai k 

= Mi3 (I - SA ai'A-1 
Oi Bi 

Oi 
ki ai -1 k 

or 

ki k, i 1,2 (4.18) ý3 M13 (I 
- S3 ) air ie 

(3.3.75) yields the per capita investment for the total economy: 
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A2 02 
i2 a2 -1 (S3 k+ CJ2 (S2 22 +A 

-Sl* 
21 

or substituting (4.2.5) into the expression above: 

=a. r-I e 
'ff2 t k2 

Cf2 
(S3 k+ 

P2 
k2 (S2 22 + 11 Sl 21 (4.2.9) 

a2 

For the total per capita consumption, of the agricultural and non-agricultural goods, we 

have from (3.3.76) and (3.3.77) that: 

Irl t Cf I 
cl = B, 21 k1c" =F, 21 e ki (4.2.10) 

and 

- C12 
. c2 = B2 22 k2 -1 or 

C2 
7f 2t k2 012 

(4.2.11) F 2e 22 - a2 k2 (SA + k2 (S2 22 +, A Sl 21 
a2 

Equations (4.2.3), (4.2.5), (4.2. ý), (4.2.7), (4.2.8), (4.2.9), (4.2.10) and (4.2.11) 

together with the equations (3.3.68), (3.3.69) and (3.3.7 1) constitute the two-sector 

growth model in per capita terms with the Cobb-Douglas type production functions. 

4.3 The Static Solution of the Alodel for the Cobb-Douglas Case 

In section 4.2 all the endogenous variables of the system can be written as functions 

of the wage-rental ratio C02 (t). From the general model of chapter 3, and. rspecially from 

equation (3.3.9 1 ), we see that the overall capital-labour ratio, ' k(t), can also be written as 

-a function Of W2 (t). Therefore, if the function of the Cobb-Doug as type model the 01 

coffesponding to function (3.3.91) is inversable, then the wagý-rental"ratiCl w2 (t) can 

be written as a function of the exogenous overall capital-labour ratio k(t). Thus, all the 

endogenous variables of the model can be expressed as functions of the exogenous variable 

k(t). - 

NVe will find now the function cj2 = (02 (k) for the Cobb-Douglas case. The numerator, 

N, in (3.3.91), after substitution from (4.2.5) can be written: 
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a2 ctl Ct2 a, 
N (Ml 

1 
(1 Sl 1) 11(43 2-W2 -M12 

(I 
-S2 

)W 
2- PW2 - C02 - PC02 

Pi P2 Pi 

(Mll Sl 1) 
22 

- M12 0- S2 ) 
Ol 

- 
Ctl Ct 21 

JU 
W (A) 22 

(4-3.1) 
02 TI PI A2 

and the denominator, D, in (3.3.9 1), after substitution from (4.2.5) as: 

(Mll (I 
- Sl OPW2 

- M12 0- S2 ) (02 + (M13 (I 
- SO - 

OL D 
JPC02 

M13 0- SO 
Ct2 

W2 T2 

or 

D (Mll (I 
- Sl + (M13 (I 

- SO )-! 
ýl 

] P(t) 

IM12 0- SO + M13 0- SO 
ý2 

11 C02 (t) (4.3.2) 
P2 

Dividing (4.3.1) by (4.3.2) we obtain: 

k (t) = 
A, P(t) (02 (t) (4-3.3) 

6211(t) A3 

where AI= (mil 0-S, MU 0- S2 (4.3.4) 

, 
&2 = (mll* 0- sl +M13 0 

-S3)OI (4.3.5) 
Pi 

_! 
2 

and A3 = M12 0- SO + M13 0- SO 
P2 - 

(4-3.6) 

From (4.3.3) we find that: 

C02 
A2JU M-A3k 

(t) (4-3.7) 
A, 

Substituting (4.3.7) into (4.2. S) we obtain for the capitalPabour ratios for each sector: 

k, (t) = -ýýl 
A2 AM - A3 

k (t) (4.3.8) 
Pi Al 

k2 (t) = 
!2 1&2 11(t) - A3 k (t) (4.3.9) 
P2 AI P(t) 

The proportions of labour engaged in each sector can be found by substitution of 

(4.3.3) and (4.2.5) into (3.3.16). Thus: 
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Al'U(t) 22 
- k(t) - 

k2 W A2JU(t) -Z3 P2 

ki (t) - 
k2 (t) Ctl 

P2 

(Al 02 -A2 CEOPM +A3 C12 

(4.3.10) P2 (62,4(t) 
- A3 ) (jpj A (01- gýl 

But from (4.3.4), (4.3.5) and (4.3-6) we have: 

Al P2 
- A2 d2 ý -M12 

0- S2 ) 
11 

P2 
- M13 0 S3 012 

01 Pi 

= -(M12 
0 

-S2) +M13 (1"-S3) 
CE2 CII 

P2 
P2 P, 

= -A3 
Ctl 

P2 

Therefore, (4 3 10) is written 

A3 P2 P(t) - 
A3 C12 

Ct I CE 
P2(A3 -A2 11(t) 

-2 

Pi P2 

A3 P2 I'M 
P2 

P2 (A3 A2 P(t) ((tl U (1) 
Pi P2 

and finaUy: 
A3 

(4311) 
A3 - 

A2 A(tT 

For the proportion of labour engaged in the second sector we have: 

22 (t) (t) =I- 
163 A3 -, 62 11(t) - A3 

A3 -A 2 11 (t) A3 - A2 11(t) 

or 

22(t) = ý& ý%Wý 
A3 - 62 P(t) 

(4.3.12) 

From (4.3.11) and (4.31 12) we see that the labour allocation ratio L, (t) / L2 (t) 

between the two sectors depends upon the wages ratiou(t); ie. 
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L, (t) 21 (t) A3 

(4.3.13) 
L2 (t) 22 (t) A2 AM 

But we have seen previously thatu(t) is an increasing function of time with an upper limit 

equal to one and so p(t)- 
I 

is a decreasing function of time with lower limit equal to one. 

'Ibus, from (4.3.13) we can easily deduce that the ratio L, (t) / L2 (t) is a decreasing 

function of time towards -A, /A2. implying that the labour force is growing more 

rapidly in the non-agricultural than in the agricultural sector. 

The sectoral output/labour ratio can be found, in terms of k(t), by substitution of 

(4.3.8) and (4.3.9) into (4.2.3); ie., 

a, t C4 A2)1(t)-A3 

Y, (t) =rl e [- - k(t) Ic" 
pt A, 

or I 
at r, at at ffl t 

YI W ý- I- (-) I (A2 
JUW - 

AA e k(tf (4.3.14) 
at 

A, Pi - 

and 

-ý [ 
r-, a2 

Cf2 

- A3 ) 
Cf2 

A (t) -a2 
e 

1r2 t 
k(t) 

Ct2 
(4.3.10) y2(t)" - (-) I 0264(t) 

A1 
Cf2 

P2 

Ile relative price p(t) can be found by substitution of (4.3.8) and (4.3.9) into (4.2.6); 

Ct I A2, U(t) - A3 
k(t) I 

P(t) 
C12 Or2 ITI )t A, 

at rI Cf2 A2140 - A3 P2 
I- k(t) 
P2 AI" (t) 

or 

P(t) 
r-2 012 

012 
P2 

P2 

1 C&2 11 (t) - A3 ) 
PI -P2 

p(t) 
P2 

e 
(7ý2 ITI )t k(t) 

PI 42 

r-1 
al 

al 
Pi 

Pi 
(4.3.11) 
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In the same way, substituting ki and ki for i, 1,2 from (4.3.8) and (4.3.9) 

into (4.2.7) and (4.2.8) we find the per capita consumption of the two goods for the 

three income classes. Substituting (4.3.9), (4.3.11) and (4-3.12) into (4.2.9) we find the 

overall investment/labour ratio as a function of the overall capital/labour ratio; ie.: 

a2 r-, e 
92t 

I 
ct2 A2P(t) - A3 

k (t) I 
a2 

S3k(t) + 
P2 A, p(t) 

P2 02 A211(0 -A3 -A2p(t) A3 
k(t) I S2 + slu (t) 

Ct2 P2 AI p(t) A3 - A2 JR(t) A3 -A2P(t) 

or 
92 t 02 A2, U(t) - 

A3 Cf2 -1 -I+ 
S2 A2 - Sl A3 

a. r-2 e k(t)c2 k(t) (S3 

02 AIJUM A, 

and finally: 

r2 

*2 
C12 

P2 
P2 

(S3AI + S2A2 SIAO I (A2JU(t) 
-A3) 

-02 
U(t) 

02 
e 

7T2 t 
k(t) 

cf2 

A, Ct2 
(4.3.12) 

or - 
G [A2 A31 -P2 P2e 72 t 

k(t) 
CE2 

(4.3.13) 

where 
r-2 

a2 
C12 

P2 
P2 

(S3 AI+ S2A2 - Sl AO 
Cf2 

The expression A3 - A2 p(t) enters into some of the variables found as functions of 

k(t) and t. NVe have to note that ifA3 - A2 ju(t) =0 then these variables are not defined. 

For example, if A3 - A2 p(t) =0 then 21 (t), from (4.3.11), is equal to infinity. 

Therefore, a necessary condition for the existence of the static solution iSA3 - 162 AW ý0- 

This condition is of course another way of writing that k, - k2 ý 0. 

4.4 The Time Path Solution for die Cobb-Douglas Case 

As we have seen in the last section the variables in the momentary solution of the 
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model depend on the caPital/labour ratio k(t). The actual path of k(t) over time can be 

or 

found by solving the fundamental differential equation of the system which is (3.5.5) or 

after substitution from (4.3.13): 

i(t)= GIA2. U(t)-A3] 
--702 W) 

02 

e 
7T2 t 

k(t) 
C12 

- Xk(t) (4.4.1) 

A"3 1 
-02 Ir2 t 

Xk(t) + GA2 II---Ie k(t)0'2 (4.4.2) 
A2 

44 
(t) 

To solve the differential equation (4.4.2) we use the transformation: 

k(t) (t) >k(t) -P(t) 2 
02 

So, (4.4.2) becomes: 
I al - -L A3 

]-P2 IT2t 
- -), (D (t) 

P2 
+ GA2 [ 1__ e 

At 62 AM 

or 
A3 

-P2 Ir2 t '(t) +X Pý "'M = GA2P2 I 'I- -e (4.4.3) 
A2 p(t) 

which is linear in P(O and can be integrated as follows: 

-02 ý't -P2; kt 63 
-P2 (7T 

2 +P 2 ý' )tl 
ýP W (0) e+e GA2 P2 (I e dt, 

A2 1101 

(4.4.4) 

Unfortunately, it is impossible to evaluate the integral in (4.4.4) in closed form 
A3 

-P2 (except for special cases). It is necessary to expand (I -- ju(tj 
in a Maclaurin 

A2 

series taking the remainder of the series as tending to zero as t --. But, this means that 

we are computing the long-run values. To solve the integral in closed form it is necessary 

to assume thatu(t) is independent of time, taking the constant value of M. We leave, for 

the next section, the solution of the differential equation wherep(t) is a function of time. 

Forp(t) =jp = constant, (4.4.4) is transformed to: 

-02 ýt t -P2 t A3 (7r2 
(t) (0) e+e GA2P2(1- -e dt, (4.4.5) 

A2 
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and so A3 
-P2 

--p2xt -p2)%t 
GA02(1-A-p ) 

4, W= -1) (0) e+e 
7r2 +P2 

2 
)- 

(e 
(7r2 P2 X)t. 

or substituting back from the transformation in the above we find: 

k(t) 
P2 

= k(O) 
02 

e 
42 ?1t+e 42Xt 

T (e 
(7r 

2 +Pd) I_ 
1) 

whore A3 

T 
GA2 P2 0 

lr2 *V2 

and finally 

k(t) =e 
I 

-)'t [ k(O) 
02 

+ T(e 
(IT2 +P2? ')t_ 1) 1 

P2 
(4.4.6) 

Given the momentary solution of the last section, and the time path of k(t) under 

the assumption of the constancy ofu(t) over time, we can find by substitution the time 

path solution of the system. The time path solution is given by: 
CI 
. 
T2 Orl 

-Xal 
)t 

T D Yi (t) , (t) e (4.4.7) 
P2 

(ff2 
-ýIC12 

)t 
Y2 (t) T2 D(t) (4.4.8) 

ki (t) T3 D(t) 
T2 

e-Xt (4.4.9) 

k2 (t) T4 D(tP 2 
e-At (4.4.10) 

91 (t) TS (4.4.11) 

22 (t) T6 (4.4.12) 

CO I (t) ý 'T2 -x t 
-' T7 D(t) e (4.4.13) 

, 

OJ2 (t) Ts D(t) e (4.4.14) 
(2r2 

-Irl -02 
t 

P(t) T9 D(t) e (4.4.15) 
u2 Y2 Or2-122)t 

, Tio D(t) e (4.4.16) 

The c.. (t) can be found in the same way. In the solution 2bove it is: 

D(t) k(O) 
02 

+T (e 
Or 2 +02 10t 

173 



r, C11 cf, oil TI =- (- ) (A2-U -A3) 

Al cri Pi 

r2 C12 Cf2 Cf2 --- C12 T2 =- (- ) (A2 A3 ) 
Ju 

Al Ct2 P2 

T3 C11 (AIJU - A3 PI AI 

T4 4ý2(A211 -A3)IP2Al; L 

TS A3 / (A3 - A211)' 

T6 -A2A / (A 3- A20 

T7 (A2 
JP - 16-3 Al 

TS = (A2; 1 - A3 Al 11 

*2 P2 

1-2 P2 --P1 CE2 P2 P1 --02 P2 T9 =-A, (A2JU 
-A3) 

al P1 

Tio = G(A2JU 
-A 3. ) 

--P2 
P 

P2 

In the above time path solution of the system for the case whereju(t) is constant 

over time we see that the sectoral capital/labour ratios grow at the same rate over time 

and the proportion of labour engaged in each sector is constant over time. 

The solution above is very complicated because of the constants of integration and 

it is not easy to interpret the behaviour of the variables over time. Thus, we will try to, 

simplify this solution by integrating (4.4.5) on (--, t) instead of (0, t) as suggested by 

Dhrymes (1962). In this way we get rid of the constant of integration by putting k(--)=O. 

This is an approximation for a negligible amount of capital in time -; we do not mean 

that k(--) is actually equal to zero, as this would cause problems about the existence of 

the output attime --. 
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So, from (4.4.5), assuming always thatp(t) is constant over time, we have: 

(D W= (D (--)e -P2 Xt 

+ 
-P2 Xt fe (1r2 +ß2 X) ti 

d(ir2 +ß2X)tl 

00 

and so 

(P Me --P2 
+e 

-A2 71 tT (IT 
2+ P2 

and after using the transfonnation: 

k(t) 
02 

= k(-) 
02 

e 
-P2 

Xt 

+Te 
Ir2 t 

or 1 V2 t 

k(t) =T 
02 

e 
P2 

(4.4.17) 

If we now substitute (4.4.17) into the solution of the last section, we arrive at much 

more simple solutions (see below): 

Y, W= 
C, I Cel 

1ý2 
OTI +- 7T2 )t 

T, e P2 (4.4.18) 
a- P P 

Y2 W= 2 T2 Te 2 (4.4.19) 

ý (t) = 
1 ir 

Ta; 
P2 

T 4 4 20 j 3 e ( . . ) 
1 ir F2 

k2 W= T4T e (4.4.21) 

21 W= TS (4.4.22) 

22 W= T6 (4.4.23) 

(t) = 
ir 

2 T 
9-2 

T (4 4 24 7 e . . ) 

(0 = 

1 
_P2 t 

T 
0-2 

T (4 4 25) W2 ' e e . - BI ----12- IT2 -Irl t 
- jT 

PM 
2e T9 T (4.4.26)- 

a' V2 t2 
2 TjoT e (4.4.27) 

From (4.4.18) - (4.4.21) we see that a balanced growth path, in the sense of the 

per capita output and the per capita capital in the two sectors being constant over time, 

does not exist. Y2 (t), k, (t) and k2 (t) are obviously growing at the same positive constant 
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rateIT2/02 whilsty, (t) is growing at the constant positive rate (IT I 7T2)- Of course, 
P2 

from (4.4.18) - (4.4.21) we see that if there is no technological change in the two sectors 

(7TI = -92 = 0) then we have balanced growth in the above sense. 

We could say that the system experiences balanced growth in the sense that the 

ratios of the capital/labour ratio and of the proportions of labour engaged in each sector 

are constant over time; ie.. 

k, (t) T3 RI (t) TS 
- =- and -= (4.4.28) 
k2 (t) T4 22 M T6 

We mustmention here that the constancy Of2l (0/22(t) and ki (t) /k2(t) in (4.4.28) is 

a con sequence of the assumption thatu(t) is constant over time. So, in the Cobb-Douglas 

case, the constancy of p(t) entails constancy of k, (t) / k2 (t) and 21 M /22 (t) and thus 

balanced growth in the latter sense. 

From (4.4.24) and (4.4.25) we see that the wage/rental ratios, in the two sectors are 

always growing at the same constant positive rate 7T2 /02 . This shows, as can be seen from 

(4.4.20) and (4.4.21), the relatively increasing scarcity of labour. 

From (4.4.26) we see that the terms of trade depend upon the factor P, 7T2 /02 
-Ir I 

ie. we have: 

increasing PI > 
ITI 

p(t) is constant wherever - is than - (4.4.29). 
Idecreasing 

P2 < 7r2 

Finally, it is of interest to examine the sectoral output/capital ratios. From (4.4.18), 

(4.4.19), (4.4.20) and (4.4.2 1) we obtain that: 

ßi ßi Y, (t) Y, T, 02 
e(ir 

Ir 2t 
=- T (4.4.30) 

K, ki (t) T3 

and 
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Y2 (t) Y2 (t) T2 
-=-=-T (4.4.31) 
K2 (t) k2(t) T4 

From the above two expressions we see that the output/capital ratio in the non- 

agricultural sector is constant over time whilst that in the agricultural sector depends upon 

the factor (IT I -P I Ir 2 lg2), ie. we have that: 

Y, (t) increasing PI < 
is constant wherever - is = than (4.4-32) 

k, (t) decreasing P2 > 7r2 

From (4.4.29) and (4.4.32) we see that the terms of trade and the output/capital 

ratio in the agricultural sector move in opposite directions. 

Of course, in the case where there is no technological progress 
Or 

I= Ir2=0) the output/ 

capital ratio is constant in the agricultural sector also. 

4.5 The Long-run Solution for the Cobb-Douglas Case 

In section 4.4 we have seen that we cannot evaluate the integral in the solution of 

the fundamental differential equation (4-4.4) in closed form. We have to expand the 

1613 -P2 
expression (I -- in a Maclaurin series. Therefore, assuming that: 

A2 
JU(tj 

'U(t, 
)=-, PO > 0, g>0,0 <. U(O) C<1 (4.5.1) 

+P(tj +Poe-?, tl-- +PO 

we have that 

1113 -P2 
A3 

-gtj -P2 

-- (I +pO e 
A2 A(ti A2 

A2 -A3 A3 
-gtI -P2 

(- ) --PO e 
A2 A2 

A2 -A3 
+ -je-gtI I -P2 

A2 

A3 

where -j = 
A3-A2 

Analysing the expression in the brackets above, in the Maclaurin series we have: 
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-gtl 42 -9t, 
P2 02 +1 Y 

-2gti (I +-Ye P2 ye +2e............... 

M P2 (P2 + 1) *.... (P2 +M +M -Mgt, 
........... (-D 

M! 
e............. 

Integrating term by term we obtain: 

ft 
(I +, ye-gtl ) 

-02 
e 

(12 + 02 ; k) tl 
dt, = 

(Ir2 402 ýL)tl (IT2+Pd' ti P2 (02+1) (IT 
2 +Pd, 

- 2g-) tj p2 -fe +- -f 2e 

2! 

............. 
(-D m P2 (02 +1) -11, 

(02 +MMe Or 2 +P2 ý, -Mg) tl 
. ........ jdtl= 

M! 
(7r2 +P2 02 Or2 + 02 "ý-g). t 

7r2 + P2 7r2 + 02 X-9 

P2 (02 + 1) y2 
[e 

(If 
2+P2 X-2g), tI 

2! (7r 2+02X -2j) 

(-I)m 
P2062 +0 

..... 
(32 +M -1) (7r2 4V2 X-rng) t............ 

M! (? r2+#d-M0j 

Hence, 

(0) e 
--02 ýlt 

+ 
G(62 

-A3Ae V2 t+ 
R(t) 

Ir2 + 02 ý6 
(4.5.2) 

where R(t) is a remainder, defined as the sum of the appropriate infinite series. Each term 

of R(t) grows at a rate which is strictly less than the rate IT2, which is the "dominant" tenn 

in the expression forb(t). If IT2 + P2 X ýý' g, R(t) -0 as t increases without limit; otherwise 

R(t) grows over time, diminishing relative to the dominant term. We must notice here from 

,D (0) = k(O) 
02 

that the effects of the initial endowment of capital/labour ratio die out, 

absolutely, and also in relation to the dominant term, (Jorgenson, 1961). 

To compute the long-run value of the rate of growth for the capital/labour ratio we 

note first that: 
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7r2 as 

and from the transformation we have: 

0 7r2 

+- as t (4.5.3) 
k(t) 02 4)(t) P2 

Given the long-run value of the rate 6f growth of the capital/labour ratio (4.5.3), 

we can compute the long-run values of the rates of growth for all the variables of the 

system after taking their diffcrentials of the solution of the model in section (4.3). 

Thus, for t we have that: 

CEI (4.5.4) j, (t) / yj (t) 4 ir I+- ir2 
P2 

i2 M/ Y2 (t) -,, 
2r 

P2 

7r2 

ki ki (t) -- 
P2 

Ir2 
k2 (t) -- 

P2 

0 
22 W0 

ff2 
Cal 

02 

Ir2 
L2 

CJ2 W -+ - 
02 

p(t) I P(t) 7r2 Irl 
P2 

Ir2 

P2 

(4.5.5) 

(4.5.6) 

(4.5.7) 

(4.5.8) 

(4.5.9) 

(4.5.10) 

(4.5.11) 

(4.5.12) 

(4.5.13) 

Comparing the rates of growth of the variables in the long-run solution, (4.5.4) - 

(4.5.13), with those of the solutions in which p(t) is constant over time, (4.4-7) - (4.4.16) 
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or (4.4.18) - (4.4.27), we see that they are exactly the same. This result is to be expected 

because in the long-runju(t) - 1, ie. to a constant, whilst in the other solutionsp(t) is 

constant already. 

4.6 Conclusions 

The main models of dualistic development which we discussed in chapter one were 

those of Lewis (1954) and Fei-Ranis (1964) classical approach and Jorgenson's (1961) 

neoclassical approach. As we said in the introduction to this chapter these models have the 

common feature that they use Cobb-Douýlas production functions; we must note that 

Lewis does not do so explicitly in his article but they follow from his assumptions about 

the constant partial elasticity of the output function. 

In the last section of the same chapter we presented Dhryme's (1962) model of 

multisectoral growth which also used Cobb-Douglas production functions for the different 

sectom 

In the present chapter we restricted ourselves to the case of the Cobb-Douglas function 

using the analytical solution of the general model presented in chapter three. The reason 

for Ods was twofold. First, because we want to see the similarities and the differences 

between our model and those of the first chapter and second because we want to apply 

this model to the Greek economy in the next chapters. 

We believe that our model is more general than that of Jorgenson and Drymes in 

the sense that by introducing extra assumptions we can restrict it to these two cases. For 

example, if we put in the assumptions that the wages are proportional in the two sectors, 

that investment takes place only in the industrial sector and that only the capitalists invest, 

our model behaves in the same way as the Jorgenson's neoclassical model. Alternatively, by 

assuming that the wages are equal in the two sectors and that the output of the indbstrial 

180 



sector is completely invested in both sectors, then our model behaves as the Drymes 

(, q = 2) model. 

There is a major difference in the necessary conditions for existence of the static 

solution between the two-sector growth models for developing and advanced economies. 

For the developing economies we must have kj. - k2 <0 as in Keley and NVilHamson and 

Cheetham (1972) and in our model (chapter 3), whilst for the advanced economies, 

k, - k2 >0 is required, as in the Uzawa(1961) type models (we must bear in mind the 

differences in the specification of the two sectors for the two Idnds of model). 

In our Cobb-Douglas two-sector growth model this condition is ki - k2 ý 0, as 

found in section 4.3, which can also be written as: 

Cl I ct2 

- U(t) - pi P2 

We know that A (t) is increasing exogenously towards one, which means that the 

economy is becoming more developed with the passageof time. 

a Ct2 
A closer investigation of (4.6.1) shows that if the value of -p (t) is less than - 

PI P2 

then the necessary condition is k, -k-2 <0 (as for the developing economies) whilstif 

xt) >- then it is ki -k2 >0 (as for the advanced economies). Therefore, if the 
P2 

economy is at a level in which kj - k2 <0 then, because of the increase in p(t), it is_ 

02 C1 I 

possible to switch to the case in which k, -k2 > 0, if, and only if, --<1. The time 
P2 01 

period t* in which the economy will switch from the first case into the second is given 
CI 2 CII 

by, ; i(t*) =- /- < I. 
P2 PI 

From the above investigation of (4.6.1) we obtained a critical time t* according to 

which we can implicitly decide whether an economy is advanced or developing. Of course, 
Cf2 al 

this time period t* depends not only on the ratio -/- but on the actual 
P2 PI 
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expression of p(t). 

Finally, we must not take the definition of t* with respect to the level of develop- 

ment of an economy as being absolute. Ihis definition alone is too arbitrary to classify 

economies into developed or developing ones. 
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5.1 Introduction 

The period after 1950, which we will try to examine, immediately followed one of 

the most disastrous periods in the long history of Greece. The world depression had hit 

Greece very severely, war with Italy had been costly, invasion and occupation by Germany 

had been worse than humiliating, and the fractricidal civil war, which lasted until late 

in 1949, was bloody and divisive. 

The problems that faced Greece in 1950 were immense. About 700,000 people - 

or as 10% of the population - had to be resettled in their damaged villages; this work 

ended in 195 1. As a result. of the civil war about one-third of the population was on 

relief. Much land was in poor condition and productive capacity had to be reconstructed. 

Inflation was rampant. Extreme balance of payments difficulties were kept in check 

only by a system of rigid import and foreign exthange controls, and public administration 

was in cliaos. 

Amazingly enough, by 1954 most of these problems had been brought under 

control so that attention could then be shifted to the even greater problem of economic 

development. The devaluation of the drachma, in April 1953 (and its subsequent success- 

ful stabilization), and American aid which in the postwar period has amounted to over 

three million dollars (roughly half of which was military aid, while the other half was 

used mostly for resettlement and reconstruction), were undoubtedly the two most import- 

ant factors in returning Greece to order, stability and to the normal prewar level of 

production - or even higher level by 1954. So, it would be logical to take as a starting 

point, from which to evaluate progress in the economic development of Greece, the 

year 1954, (Papandreou, 1962; Nugent, 1966). 

In the following sections of this chapter we will present the data on the most 
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important among the variables indicative of economic growth in Greece which are 

relevant to our theoretical two-sector growth model of the previous chapters. 

5.2 Population and Employment 

The population of Greece (mid-year estimates) and its density is given in table 5.1. 

TABLE 5.1 

Alid-Year estimates of Population and Density 

Changes 
Alid-year Population Absolute % Inhabitants 

numbers per sq. km. 

1950 7S66028 83280 1.11 S7.3 
1951 7646402 80374 1.06 S8.0 
1952 77332SO 86848 1.14 S8.6 
1953 7817095 83845 1.08 59.2 
1954 7893412 76317 0.98 59.8 
1955 7965538 72126 0.91 60.4 
1956 8031013 65475 0.82 60.9 
1957 8096218 65205 0.81 61.4 
1958 8173129 76911 '0.95 61.9 
1959 8278162 85033 1.04- 62.6 
1960 8327405 69243 0.84 63.1 
1961 8398050 70645 0.85 63.6 
1962 8448233 50183 0.60 64.0 
1963 8479625 31392 0.37 64.3 
1964 8510429 30804 0.36 64.5 
1965 8550333 39904 0.47 64.8 
1966 8613651 63318 0.74 65.3 

-1967 8716441 102790 1.19 66.1 
1968 8740765 24324 0.28 66.2 
1969 8772764 31999 0.36 66.5 
1970 8792806 20042 0.23 66.6 
1971 8851913 59107 0.67 67.1 
1972 8950000 98087 1.11 67.8 

Source: ESYE, Statistical Yearbook of Greece, Athens, 1972. 

From table 5.1 we see that the annual average compound growth rate of population 

was 0.997o in the fifties while it was 0.657o in the sixties. This reduction in the rate of 
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growth of population is a result of the relatively high rate of emigration and of the 

deliberate reduction of the number of children per family, (Table 5.3). 

Population density is relatively high, more than 66 inhabitants per square km. 

I I This number is in fact misleading as an index of population density if the character- 

istics of the land are taken into accoudt Most of the land area is mountainous, and 

only 307o is cultivated. Moreover, a large part of the cultivated land is not very fertile, 

while the possibilities of expanding the area under cultivation appear very limited. 0 

To this one should also add the limitations imposed by the exceptionally dry weather, 

making the raising of summer crops impossible wiýhout irrigation. An indication of 

the population density is provided by the available data for the average farm size. 

There are approximately 1,000,000 farms of which 577o are between 2.5 and 12.5 

acres and 27.59o' are between 0.25 and 2.5 acres (Pavlopulos, 1966). 

The distribution of the population between urban, semi-urban and rural, according 

to the censuses (1951,1961,1971), is given in table 5.2. 

TABLE 5.2 

Urban, Semi-Urban or Rural Population 

Census Population" % 
Year Total Urban Semi-urban Rural Total Urban Semi- Rural 

urban 

1951 7632801 2879994 1130188 3622619 100.0 37.7 14.8 47.5 
1961 8388553 3628105 1085856 3674592 100.0 43.3 12.9 43.8 
1971 8768641 4667489 1028769 3072383 100.0 53.2 11.7 35.1 

. Source: ESYE, Statistical Yearbook of Greece, Athens, 1972. 

From table 5.2 we see that there has been a shift of population from both semi- 

urban and rural towards urban areas. 
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In table 5.3 below we present for comparison figures on the active population, 

births, deaths, emigration and immigration. 

TABLE 5.3 

Active Population, Births, Deaths, Emigration and Immigration 

Year Active Births Deaths 
Population 
(thousands) 

1950 4877 151134 53755 
1951 4952 155422 57508 
1952 5059 149637 53377 
1953 5153 143765 56680 
1954 5217 151892 55625 
1955 5282 154263 54781 
1956 5322 158203 59460 
1957 5345 155940 61664 
1958 5380 155359 58160 
1959 5429 160199 60852 
1960 5477 157239 60563 
1961 5502 150716 63955 
1962 5549 152158 66554 
1963 5569 148249 66813 
1964 5576 153109 69429 
1965 5591 151448 67269 
1966 5634 154613 67912 
1967 5695 162839 71975 
1968 5701 160338 73309 
1969 5702 154077 71825 
1970 5656 144928 74009 
1971 5611 141126 73819 
1972 5566 148910 76859 

Emigration Immigration 
Permanent Temporary 

29787 14465 
35349 21849 
30428 22540 
24521 -16287 
23684 19999 
47768 27454 
58837 26426 
84054 26668 

100072 35437 
105569 47616 
117167 59241 
86896 61518 
42730 59732 
50866 64138 18882 
91552 67123 18132 
92681 70570 22665 
61745 75229 24709 
43397 72741 27522 

Sources: 1) ESYE, Statistical Yearbook of Greece, Athens, 1972 
2) OECD. 

Unfortunately, the data for emigration and immigration in table 5.3 are not complete. 

Data on immigration has been collected only since 1968, when the Passport Control 

services started collecting data at the traveller's entrance in the country. The net migration 

can be derived as follows: 
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NET MIGRATION = BIRTH S-DEATHS-INCREASE IN TOTAL POPULATION 

In this way the OECD constructed a series of net migration statistics for Greece from 

1949. Again, unfDrtunately if we use the data for the most recent years, to construct 

such a series, we do not ýct the same results as OECD. This discrepancy arises because 

the data on "Increase in total population" from Table 5.1 are mid-year estimates whilst 

the figures in Table 5.3 constitute actual observations. 

In table 5.3 we observe that the active population in Greece is increasing at a 

decreasing rate and, after 1968 decreasing absolutely. This is due to high emigration, 

and because the emigrants seem to have been the youngest, most enterprising and 

adaptable elements of the labour force. These characteristics can also be seen by 

examining the proportions of deaths and births per 1000 inhabitants. In 1951,1961 and 

1971 the proportions of deaths were 7.57.., 7.67.. and 8.3Z-and the proportions of births 

were 20.1%, 17.91 and 15.9/. o respectively. These figures show that in spite of the drastic 

improvement in medical standards in Greece the death rate is slightly increasing. This is 0 

due to the emigration of the younger people whilst older people have remained at home. 

Another factor accounting for the decrease in the active population is the decrease in 

the birth rate as can be seen from the figures given above. 

Unemployment in Greece according to the census data as 5.5% out of the economically 

active population in 1951,5.91% in 1961 and 3.347o in 1971. Except for the seasonal 

unemployment in agriculture, Pepelasis and Yotopoulos (1962) estimated the disguised 

unemployment in agriculture for the years 1953-1960 to be about 37o. Also, Germidis 

and Negreponti-Delivanis (1975), adopting a method of Taylor (1972) which is based 

on the assumption that the difference between output per person employed and its 

potential level (with full employment) can be used to measure under-employment, 
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estimated under-employment for the years 1960-1970 to be about 7.6% of active 

population and for the economy as a whole. But one must say that the above figures 

for unemployment reflect the true situation inadequately as they have been estimated 

with a zero net emigration rate. If we take into account the high emigration rates then the CP 

Iývel of unemployment is much higher than that presented above. 

Of course, emigration has been a short-run solution to the unemployment problem 

keeping domestic unemployment from reaching alarming proportions. It has also 

contributed to the reduction of population pressure which in turn facilitates accumulation 

of savings, training and acquisition of sUls abroad, but these benefits are by far out- 

I 
weighed by adverse effects which may be felt strongly in the coming years, Zolotas (1965). 

It is not only that a great social cost is involved in spending to develop a labour force 

which is not going to participate in home production, but also that the emigrants come 

usually from the most dynamic part of the population. 

In the second place, emigration reduces significantly the importance of the abundance 

of labour as an incentive for the attraction of foreign enterprenuerial capital, and rapidly 

reducing wage differentials between Greece and the European countries. adversely affects &I 

the competitiveness of her products. 

Tbirdly, this results in an unfavourable age composition of. the population and in 

serious social imbalances which, apart from the unhappiness wl-dch it gives rise to in the 

short-run, will affect seriously the physical increase of the population. This will lead to 

a labour shortage causing a serious bottleneck to the econornic growth of the country 

in the Iongg-run. 

Fourth, en-dgration seems to have reached a high level, as was shown in table 5.3, 

while its structure is growing worse. Wage differentials are large enough to encourage 
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emigration. It is more than certain that such developments will be felt soon, and may 

prove themselves an unexpected bottleneck for the attainment of the development plan 

targets. There are indications that in certain areas and occupations labour shortages have 

already appeared (Pavlopoulos, 1966). 

Table 5.4 shows the distribution of the labour force between the agricultural and 

non-agri cultural sectors for the three census years. NVe observe that the distribution of 

the labour force between the two sectors, agricultural and non-agricultural, has moved 

in favour of the non-agricultural sector between the years 1951 and 1971. The ratio of 

the labour force in the agricultural to that of the non-agricultural sector is 1.318 for 

1951,1.168 for 1961 and 0.681 for 1971, ie. this ratio is decreasing over time, which is 

a fact compatible with the assumption we made about labour behaviour in the two- 

sector growth models of the previous chapters. 

TABLE 5.4 

Distribution of total labour force; 1951,1961,1971. 

Activity 1951 1961 1971 
Absolute % Absolute % Absolute % 

numbers numbers numbers 

Agriculture 1864000 S6.9 1960446 53.9 1330320 40.4 
Non- 1414000 43.1 1678155 46.1 1953560 59.6 
agriculture 

Total 3278000 100.0 3638601 100.0 3283880 100.0 

Sources: ESYE, Statistical Yearbooks of Greece, Athens, 1952,1962,1972. 

Unfortunately, the figures in table 5.4 are the only existing data on labour allocation 

between the two sectors, agricultural and non-agricultural. In table 5.5 we present data on 

the industrial labour force which is a part of the non-agricultural sector. To construct 

the index of the labour force given in table S. S, we used three sources with different 
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base years. The labour index of table 5.5 is the result of transforming all the available 

data according to a common base year which is taken to be 1963.1 

In table 5.5 we see that for the decade 19SO-1 960 there was little or no change 

in the labour-force in the industrial sector in contrast with the period after 1960 where 

we observe a steady increase, except for the years 1967,1968 (years of political instability 

in Greece). 

I TABLE 5., 'S:. 

Labour-force Index in the Industrial Sector 

Year Index Year Index 
19so 91.51 1962 96.1 3 

1951 91. S 1963 100.0 
1952 92.4 1964 102.7 
1953 88.8 1965 106.4 
19S4 92.6 1966 109.6 
1955 93. S 1967 108.9 
1956 91.6 1968 108.2 
19S7 91.6 1969 112.2 
19S8 93.5 1970 117.5 
1959 88.8 1971 124.7 
1960 90.7 1972 129.8 
1961 94.5 

Sources: 1) OECD, General S tatistics, Part 11, Paris, 1961. 
2) U. N., Statistical Yearbook, N. Y., 1962. 
3) Yearbook of Labour Statistics, Geneva, 1973. 

If we assume now that there is some relationship between the industrial sector and 

the whole non-agricultural sector as far as concerns the trend in labour force then the 

small increase in the percentage of the labour force in industry during the years 1950- 

1960 is shown by the small decrease of the labour allocation ratio among, the two sectors 

(agricultural and non-agricultural) and the steady increase of the industrial labour force 

after 1960 is shown by the heavy decrease of the labour allocation ratio, as* found in 
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table 5.4. 

5.3 Gross Domestic Product and Income 

The distribution of the labour force between the different activities does not of 

course reflect absolutely the degree of economic deveYopment without taking into 

account the composition of the economy's GDP. 

In table 5.6 we present the distribution of the GDP between the agricultural and 

the non-agricultural sectors. From this table we can see that the contribution of the 

agricultural sector in the total GDP of the economy is diminishing in favour of the non- 

" agricultural sector. in 1951 the share of the agricultural sector in GDP was 30.3% (in 

constant 19S8 prices) while in 1961 and 1971 it was 27.47o and 17.47o respectively, 

which shows that the decrease was much faster between 1961-1971 than it was dufing 

the previous decade (1951-1961). 

Comparing now the distribution of labour and the distribution of product from 

tables 5.4 and 5.6 we see that in 19S I the agricultural sector absorbed about 57% of 

the total labour force whilst its share in the gross domestic product was about 30% and 

for 1971 the correspond ing, figures were 407o and 17%. These results show that the 

composition of the two sectors has changed significantly but there is still room for 

improvement as the proportion of the total labour force engaged in agriculture is still very 

high. 

The average annual rate of increase of the GDP for the decade 1951-1961 was 

5.7% in constant prices while for the decade 1961-1971 it was 7.0%. The agricultural 

sector contributed to this increase with an increase of its own product by 4.6% per 

annum for the decade 19SI-61, whilstnon-agricultural product increased by 6.217o. For - 

the decade 1961-1971 the increases were 2.47o and 8.47o respectively. These rates of 
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(at current prices) 

TABLE 5.6 

Gross Domestic Product (in "Ilion drs. ) 

(at constant 1958 prices) 

Year Agriculture griculture Total Non-ag 
. 

Agriculture Non-agriculture Total 
Absolute Absolute Absolute Absolute 
numbers % numbers % numbers % numbers % 

1950 9169 31.0 20420 69.0 29589 152SO 28.8 37695 71.2 52945 
1951 11002 30.7 24791 69.3 35793 17319 30.3 39818 69.7 57137 
1952 10935 23.4 26310 70.6 37245 16301 - 28.6 40765 71.4 57066 
1953 16491 33.8 32343 66.2 48834 20596 31.3 43874 68.1 64470 
1954 17377 31.0 38760 69.0 56137 19974 30.1 46367 69.9 66341 
1955 19747 30.6 44765 69.4 64512 21351 30.1 49486 69.9 70837 
1956 22511 30.1 52195 69.9 74706 21944 29.2 53183 70.8 75127 
1957 24279 30.5 55319 69.5 79598 24808 30.7 56075 69.3 80883 
1958 22946 27.5 60572 72.5 83518' 22946 27.5 60572 72.5 83518[ 
1959 22876 26.3 64049 73.7 86925 24095 27.6 63077 72.4 87172 
1960 22853 24.5 70387 75.5 93240 22281 24.7 67767 75.3 90048 
1961 28665 27.3 76513 72.7 105178 27246 27.4 72310 72.6 99556 
1962 28246 25.4 83085 74.6-111331 25278 24.8 76587 75.2 101865 
1963 31472 25.7 91168 74.3 122640 27226 24.9 82057 75.1 109283 
1964 34762 25.4 102187 74.6136949 28956 24.4 89797 75.6 118753 
1965 38448 25.0 115608 75.0 154056 29726 23.1 99031 76.9 128757 
1966 39942 23.6 129075 76.4169017 29755 21.8 106585 78.2 13-6340 
1967 42450 23.2 140156 76.8 182606 31507 21.9 112076 78.1 143583 
1968 39835 20.2 156946 79.8196781 29084 19.1 123481 80.9 152565 
1969 42608 19.4 177591 80.6220199 30536 18.3 136046 81.7 166582 
1970 46700 18.9 200271 81.1 246971 33173 18.3 148303 81.7 181476 
1971 51215 18.6 223686 81.4274901 34035 17.4 161808 82.6 195843 
1972 59213 18.6 259399 81.4318612 35196 16.2 181435 83.8 216631 

Sources: NAS, Nationbj Accounts of Greece, Nos. 21,22, Athens, 1972,1973. 
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increase in production in the two sectors show very clearly why the distribution of their 

product in the total GDP changed much more quickly in the decade 1961-71 than in 

the decade 1951-61. 

If one considers the annual rate of increase of the GDP, Greece was one of the nine 

countries which were in the high growth league, their output having grown at a rate of 

more than 6 per cent a year since 1950. The other countries were Israel, Mexico, South 

Korea, Spain, Taiwan, Thailand, Venezuela and Yugoslavia. Six of these experienced 

accelerated growth in the 1960's and the growth rate of only one, Venezuela, fell back 

below 6 per cent. One other country, Malaya, joined the goup in the 1-960's (Maddison, 

1971). 

Another criterion for interpreting the development of a country is of course the 

development of the per capita product (or income) of the economy. Table 5.7 shows the 

TABLE 5.7 

Per capita GDP at factor cost 

Year at current prices at constant 1958 prices 
In drachmas In USA In drachmas In USA NOTE: 

30 drs= 1 
1960 11197 373 10813 360 
1961 12524 417 11855 395 
1962 13178 439 12058 402 
1963 14463 482 12888 430 
1964 16092 S36 13954 465 
1965 18018 601 15059 502 
1966 19622 654 15828 528 
1967 20950 698 16473 S49 
1968 22512 750 17454 582 
1969 25100 837 18989 633 
1970 28080 936 20639 688 
1971 31157 1038 22197 740 
1972 35936 1198 24434 814 

Source: NAS, National Accounts of Greece, N*=22, Athens, 1973. 
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per, capita gross domestic product at factor cost. Table 5.8 shows the per capita gross 

national income at factor cost and table 5.9 shows the per capita gross national product 

at market prices. In 0 these tables the figures are given in drachmas and in US dollars. 

TABLE 5.8 

Per capita GNI at factor cost 

Year 

1960 
1961 
1962 
1963 
1964 
1965 
1966 
1967 
1968 
1969 
1970 
1971 
1972 

at current prices 
In drahmas In US 

11439 381 
12808 427 
13486 450 
14810 494 
16486 550 
18442 615 
20074 669 
21443 715 
23090 770 
25667 856 
28689 9S6 
31987 1066 
37024 1234 

at constant 1958 prices 
In drahmas In US $ 

11061 369 
12151 405 
12384 413 
13264 442 
14367 479 
15494 516 
16288 543 
16977 566 
18036 601 
19562 652 
21219 707 
22991 766 
25394 846 

Source: NAS, National Accounts of Greece, N*= 22, Athens, 1973. 

From tables 5.7,5.8 and 5.9 it can clearly be seen that the per uapita product 

(or income) has increased dramatically in comparison with other developing countries. 

The year 1970/71 was the critical time period in which the per capita product (or income) 

surpassed the level of 1000 USA dollars in current prices and in 1972 the per capita 

GNP at market prices was $ 980; even at constant prices, not far from the 5 1000 level. 

In table 5.10 we present the net national income as the sum of the agricultural 

income (including both wages and profits in the agricultural sector), the wages and 0 

salaries of the non-agricultural sector, and the net profits of the non-agicultural sector 

(obtained as a residual). 
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TABLE S. 9 

Per capita GNP at market prices 

Year at Current prices at Constant 1958 prices 
In drahmas In US In dralunas In US 

1960 12781 426 12352 412 
1961 14364 479 13622 454 
1962 15225 508 14032 468 
1963 16789 560 15087 503 
1964 18714 624 16402 547 
1965 20973 699 17740 591 
1966 23034 768. 18790 626 
1967 24732 824 19711 657 
1968 26891 896 21185' 706 
1969 29928 998 23006 767 
1970, 33326 1111 24858 829 
1971 36869 1229 26712 890 
1972 42502 1417 29398 980 

Source: NAS, National Accounts of Greece, NI = 22, Athens, 1973 

11 

From table 5.10 we see that the share of net national income received by agriculture 

is decreasing over time. The share of wages plus salaries and that of net profits in the 

non-agricultural sector, on the other hand, is increasing over time. From the same 

table we can also see that the share of wages plus salaries out of the net non-agricýltural 

income is slightly increasing with that increase being a little more rapid in the second 

decade. 

Unfortunately, there are no. figures on wages in the agricultural sector. Therefore, 

we cannot test directly the validity of our assumptions about the wage-rates in the two 

sectors, ie. that there exists a gap between the two wage-rates and that the ratio of the 

wage-rates is increasing towards one. Instead we will try to give some indirect evidence 

about the truth of our assumptions. 

From Maddison 0 97 1) we have the information that for the year 1950 the per 
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TABLES. 10 

Net National Income (in million drs. and in current prices). 

Year Agriculture Non-agriculture Net 
Net Income Wages & Salaries Net Pro fits National 

% % % Income 

1954 17120 31.8 17625 32.8 19032, 35.4 53777 
1955 19485 31.4 20573 33.2 21899 3.5.4 61957 
1956 22232 30.7 24883 34.4 25256 34.9 72380 
1957 23957 30.9 26025 33.6 27525 35.5 77507 
1958 22548 28.0 27086 33.5 31024 38.5 80658 
1959 22419 26.8 28982 34.7 32239 38.5 83640 
1960 22333 24.8 31606 35.1 36013 40.1 89952 
1961 28079 27.6 34405 33.8 39367 38.7 101851 
1962 27589 25.6 37358 34.7 42632 39.7 107579 
1963 30766 26.0 40682 34.4 46890 39.6 118338 
1964 33976 25.7 46139 34.9 52107 39.4 132222 
1965 37567 25.3 53588 36.0 57555 38.7 148710 
1966 38918 23.9 60903 37.4 62897 38.7 162718 
1967 41283 23.5 67890 38.6 66484 37.9 175657 
1968 38565 20.4 75496 39.9 75186 39.7 189247 
1969 41200 19.5 84279 39.9 85695 40.6 211174 
1970 45201 19.1 93859 39.7 97261 41.2 236321 
1971 49518 18.8 105193 39.9 108971 41.3 263682 
1972 57338 18.7 121276 39.6 127581 41.7 306195 

Source: NAS, National Accounts of Greece, N* = 21,22, Athens, 1972,1973. 

capita level of output in agriculture and in non-agriculture was 223 and 1470 US 1965 $ 

respectively with their ratio being 0.152. These figures for the year 1965 were 493 and 0 

2699 US 1965 5 respectively with their ratio being 0.188. Of course, these figures are 

far from being synonymous with wages in the two sectors, but at least they show the 

economic dualism between the agricultural and non-agricultural sectors and that this 

dualism vanishes over time. 

Perhaps abetter approximation to use in order to compare the incomes of the 

workers in the two sectors can be obtained from the table 5.11 taken from Geronymakis 
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(1963) and Germidis-Delivanis (1975). 1 

TABLE 5.11 

Averagge Annual income by Socio-occupational Groups 
(in drachmae at constant 1958 prices) 

Group 1971 Percentage change 1951 1961 
C, 

Index Index Index 1951/61 1961/71 1951/71 

Farmers 5870 100.0 14508 100.0 33371 100.0 +147 +130 +468 
Self-employed persons 23704 403.8 54624 376.5 123083 368.8 +130 +125 +419 in non-agriculture 

Sources: Geronymakis S. (1963), *Gennidis, D- Negreponti-Defivanis, M. (1975). 

Comparing the average annual income of the farmers and of the self-employed persons 

in non-agriculture we clearly see-'tliat the income of the self-employed persons is about 

four times greater than that of the farmers and also, that this gap in the two incomes is 

decreasing over time, ie. the ratio of the farmers income to that of the self-einpIoycd persons 

in non-agriculture is increasing over the whole period, from 0.247 for 19SI to 0.271 for 

1971. 

We believe that the comparison of the incomes of the two groups above is valid for 

the following reasons. An individual who migrates from the agricultural to the non-agricul- C, 0 

tural sector if lie does not find a job in the non-agricultural sector he remains there 

unemployed, or returns back to the aguicultural. sector, or miggrates abroad, or becomes 

self-employed. Therefore, with the comparison above we compare in some sense incomes 

of the individuals before and after the migration process, ie. incomes of the farmers and 

the self-employed persons in the non-agricultural sector. 

5.4 Consumption 

Total consumption expenditure, which is presented in tables 5.12 and S. 13, fonns 
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TABLE 5.12 

Consumption and Gross Expenditure of the Economy 

. (In miWon drs. and at current prices) 

Year Private Goveniment Total Gross expend- 
% in % in 17o in iture of flie 
total C total C total C economy 

1950 27183 88.0 3715 12.0 30898 83.5 37012 
1951 31558 86.2 5032 13.8 36590 83.7 43713 
19S2 33606 86.3 S334 13.7 38940 87.9 44295 
1953 42292 88.3 560S 11.7 47897 84. S S6697 
1954 S1760 87.9 7135 12.1 58895 89.1 66080 
1955 56499 87.9 7812 12.1 64311 85.7 75030 
1956 64588 87.0 9649 13.0 74237 84.1 88296 
1957 69303 87.7 9733 12.3 79036 83.3 94859 
1958 72132 87.1 10678 12.9 82810 82.5 100387 
1959 73241 86.5 11438 13.5 84679 82.3 102935 
1960 79975 86.6 12366 13.4 92341 82.5 111894 
1961 87S86 86.8 13304 13.2 100890 79.7 126650 
1962 94606 86.7 14536 13.3 109142 80.3 135890 
1963 104138 86.8 IS810 13.2 119948 79.8 150240 
1964 113219 85.8 18668 14.2 131887 77.2 170937 
1965 129378 85.8 21361 14.2 150739 76.9 195932 
1966 141596 85.4 24203 14.6 165799 79.1 209582 
1967 152380 84.1 28827 15.9 181207 79.8 227169 
1968 164845 84.4 30378 15.6 195223 77.9 250551 
1969 182064 84.1 34540 15.9 216604 77.0 281413 
1970 201084 83.8 38764 16.2 239848 76.7 312705 
1971 216459 83.5 42647 16.5 259106 75.1 345130 
1972 244768 84.0 46734 16.0 291502 73.1 398899 

Sources: NAS, National Accounts of Greece, N" =21,22 Athens, 1972,1973. 

the major component of gross expenditure of the economy. From these tables we see that 

in 1951 total consumption accounted for 83.07o of total expenditure (in constant prices) 

while in 1961 and 1971 it was 79.69o' and 75.9% respectively. Thus, the part of gross 

expenditure of the economy absorbed by consumption has been continuously falling since 0 

1951 and consequently the remaining part which constitutes the gross asset formation 

of the economy has been continuously increasing. This behaviour shows that the standard 
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TABLE 5.13 

Consumption and Gross Expenditure of the Economy 
(In million drs. and in constant 1958 prices) 

Year Private Government To tal Gross expen- 
%in ýHn %in diture of the 
total C total C total C economy 

1950 47412 84.4 8735 15.6 56147 82.1 6840" 
1951 50330 85.3 8702 14.7 59032 83.0 71089 
1952 51039 85.2 8896 14.8 59935 87.1 68830 
1953 52987 86.0 8600 14.0 61587 83.1 74134 
1954 59192 86.4 9306 13.6 68498 89.1 76902 
1955 60325 86.4 9466 13.6 69791 86.0 81129 
1956 65088 86.9 9815 13.1 74903 84.0 89198 
1957 69273 87.1 10291 12.9 79564 83.2 95629 
1958 72132 87.1 10678 12.9 82810 82.5 100387 
1959 73622 86.8 11155 13.2 84777 82.6 102684 
1960 77755 87.1 11554 12.9 89309 82.5 108275 
1961 83922 87.5 12006 12.5 95928 79.6 120573 
1962 89376 87.6 12609 12.4 101985 80.8 126210 
1963 97244 88.2 13001 11.8 110245 80.7 136680 
1964 103806 87.9 14253 12.1 118059 77.8 151726 
1965 114639 88.3 15182 11.7 129821 77.0 168634 
1966 119957 88.2 16039 11.8 135996 78.8 172517 
1967 128562 87.9 17635 12.1 146197 79.6 183766 
1968 138761 88.9 17349 11.1 156110 77.8 200759 
1969 150537 88.7 19169 11.3 169706 76.8 220887 
1970 161180 88.7 20444 11.3 181624 76.5 237421 
1971 171789 88.9 21471 11.1 193260 75.9 254675 
1972 187054 89.2 22547 10.8 209601 74.7 280733 

Sources: NAS, National Accounts of Greece, NI= 21,22, Athens, 1972,1973. 

of living was improving and so permitting an increase in gross asset formation during Us 

period. 

Also, from these tables we see that the part of consumption absorbed by the private 

sector out of total consumption is increasing over time and consequently that of the 

Government sector is decreasing over time, both in constant prices. The proportions above 

move in opposite directions in terms of current prices; ie. the part of consumption absorbed 
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TABLE 5.14 

Composition of Private Consumption Expenditure. 
(In million drs. and in current prices) 

Year Food& Drink. Tobacco. Clothing 
.,,. 

Housing . Durables. Services . Private 
etc. Heating Domestic 

Consumption 
% Expenditure 

1950 14027 48.5 1106 2993 5360 700 4721 28907 
1951 15867 47.9 1290 3242 6419 780 5493 33091 
1952 17092 47.6 1361 3344 7225 840 6026 35888 
1953 21535 49.0 1427 4338 8314 1119 7178 43911 
1954 25260 48.8 1576 5071 9788 1600 8451 51746 
1955 27559 47.0 1904 6139 11050 2074 9949 58675 
1956 31485 47.5 2176 7060 12024 2312 11207 66264 
1957 33099 46.6 2368 7719 12994 2651 12173 71004 
1958 34279 44.9 2611 8528 13993 2906 13956 76273 
1959 35823 45.3 2741 8446 14600 2779 14774 79163 
1960 36711 43.7 2872 9564 15708 3141 16035 84031 
1961 40273 44.2 3117 10408 16585 3476 17233 91032 
1962 41291 42.7 3289 11403 17938 3859 19007 96787 
1963 45804 43.1 3628 12162 19296 4306 21121 106317 
1964 49008 42.5 4014 13637 20721 4896 23004 115280 
1965 54592 42.6 4708 15559 22433 5624 25270 128186 
1966 59695 42.2 5309 16787 24428 6175 28930 141324 
1967 62928 41.2 6068 19184 26806 6964 30893 152843 
1968 65511 39.9 6463 20450 29319 7697 34744 164184 
1969 69821 39.0 6814 22413 32044 8844 38870 178806 
1970 74084 37.8 7303 25551 34411 10259 44375 195983 
1971 81558 37.3 7762 29384 37671 12310 50231 218916 
1972 90139 36.5 8419 33792 41508 14156 59093 247107 

Sources: NAS, National Accounts of Greece, N* = 21,22, Athens, 1972,1973. 

by the private sector out of total consumption is decreasin. - and consequently that of the P 

Government sector is increasing over time. This behaviour of consumption in terms of 

current and constant prices for the private and the Government sectors shows that there 

is price discrimination for Vie consumption goods purchased by the two sectors and 

reflects the efforts of the various governments to keep prices down for the consumers. 

The improvement in the standard of living during the period under consideration 

is also reflected in the composition of private consumption. Tables S. 14 and S. 15 
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TABLES. 15 

Composition of Private Consumption Expenditure. 
(In million drs. and in constant 1958 prices). 

Year Food& Drink Tobacco Clothing Housing, Durables Services Private 
etc. Heating Domestic 

Consumption 
Expenditure 

1950 25511 49.5 1702 SSII 10094 962 7809 51589 
1951 26264 49.5 1901 5417 10373 948 8178 53081 
1952 26924 49.1 1929 5467 10961 970 8543 54794 
1953 28313 48.6 2001 S862 11400 1203 9472 58251 
1954 29873 48.9 1972 6210 11792 1607 9678 61132 
19S5 31311 47.9 2119 7065 12092 2053 10784 65444 
19S6 32585 47.4 2176 7333 12774 2238 11639 68745 
19S7 33947 46.7 2368 7990 13382 2619 12360 72666 
19S8 34279 44.9 2611 8528 13993 2906 13956 76273 
1959 34898 45.2 2678 8248 142S8 2714 14466 77262 
1960 35369 43.8 2783 9313 IS035 3067 19238 80805 
1961 38095 44.2 2824 10224 15642 3339 16105 86230 
1962 38SS9 42.4 2888 11301 16699 3768 17634 90849 
1963 40918 41.9 3068 119S9 17625 4193 19934 97697 
1964 43135 41.1 3235 13265 18694 4823 21731 104883 
1965 44903 39.8 3468 14946 20116 5492 24016 112941 
1966 47118 39.4 3794 15486 21557 5793 25977 119725 
1967 49118 38.6 4002 17037 23411 6478 27093 127139 
1968 51371 37.7 4262 1814S 25033 7200 30171 136182 
1969 52149 36.1 4493 19764 27071 8327 32827 1446-31 
1970 55035 35.2 4816 22102 28710 9368 36130 156161 
1971 56909 33.8 5058 24860 31256 10ý10 39937. 168530 
1972 58867 32.5 S550 27918 33835 11180 43768 181118 

Sources: NAS, National Accounts of Greece, No. 21,22, Athens, 1972,1973. 

represent private consumption in current and in constant prices. From these tables we 

see that the expenditure on food and beverages qbsorbed 49.5% of total domestic. private 

consumption in 1951 and 44.2% and 33. ý% in 1961 and 1971 respectively, in constant 

1958 prices. Therefore. we see that the expenditure on food and beverages is decreasing 

over time, with respect to total private consumption. The same conclusions about the 

share of expenditure on food and beverages iDut of total private consumption follow 

from the figures in current prices. 
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5.5 Investment 

In this section we will present total gross domestic asset formation in three ways, 
i 

ie. according to the way into which it is divided between various sectors and activities. 

Firstly, total gross domestic asset formation is divided according to whether it is financed 

by the private and public sectors. Secondly, it is divided into the agricultural and non- 

agricultural sectors, and thridly, according to whether it is financed by domestic and 

foreign resources. 

Tables S. 16 and 5.17 represent the first way of describing investment. 

TABLE 5.16 

1. Gross Asset Formation 
(In miHion drs. and in current prices). 

Year Private Public Total Depreciation 
% in % in % in % in 
GAF GAF GAF GAF 

1950 3753 61.4 2361 38.6 6114 16.5 1486 24.3 
1951 5271 74.0 1852 26.0 7123 16.3 1844 25.9 
1952 3873 72.3 1482 27.7 5355 12.1 2044 38.2 
1953 6884 78.2 1916 21.8 8800 15.5 2417 27.5 
1954 5659 78.8 1526 21.2 7185 10.9 3233 45.0 
1955 8195 76.5 2524 23.5 10719 14.3 3493 32.6 
1956 10366 73.7 3693 26.3 14059 15.9 3847 27.4 
1957 11595 73.3 4228 26.7 15823 16.7 4180 26.4 
1958 12553 71.4 5024 28.6 17577 17.5 4319 24.6 
1959 13169 72.1 5087 27.9 18256 17.7 4821 26.4 
1960 13072 66.9 6481 33.1 19553 17.5 5302 27.1 
1961 17685 68.7 8075 31.3 25760 20.3 5711 22.2 
1962 17513 65.5 9235 34.5 26748 19.7 6353 23.8 
1963 22751 75.1 7541 24.9 30292 20.2 7244 23.9 
1964 26505 67.9 12545 32.1 39050 22.8 8077 20.7 
1965 32864 72.7 12329 27.3 45193 23.1 8976 19.9 
1966 31559 72.1 12224 27.9 43783 20.9 10197 23.3 
1967 32595 70.9 13367 29.1 45962 20.2 11249 24.5 
1968 41934 75.8 13394 24.2 55328 22.1 12576 22.7 
1969 46200 71.3 18609 28.7 64809 23.0 13999 21.6 
1970 51793 71.1 21064 28.9 72857 23.3 15938 21.9 
1971 59211 68.8 26813 31.2 86024 24.9 18541 21.6 
1972 74137 69.0 33260 31.0 107397 26.9 22058 20.5 

Sources: National Accounts of Greece , Nos. 21 and 22; 
Ministry of coordination, Athens, 1972,1973. 
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TABLE 5.17 

Gross Asset Formation 
(in mfflion drs. and in constant 1958 prices). 

Year Private Public Total Depreciation 
%in 7,1 in % in % in 
GAF GAF GAF GAF 

1950 7605 62.1 4650 37.9 12255 17.9 29SO 24.1 
1951 8969 74.4 3088 25.6 12057 17.0 3153 26.2 
19S2 6337 71.2 2558 28.8 8895 12.9 3302 37.1 
19S3 9657 77.0 2890 23.0 12547 16.9 3388 27.0 
1954 6562 78.1 1842 21.9 8404 10.9 3523 41.9 
1955 8619 76.0 2719 24.0 11338 14.0 3674 32.4 
1956 10472 73.3 3823 26.7 14295 16.0 3898 27.3 
1957 11717 72.9 4348 27.1 16065 16.8 4133 25.7 
19S8 12553 71.4 5024 28.6 17577 17.5 4319 24.6 
1959 12968 72.4 4939 27.6 17907 17.4 4588 25.6 
1960 12683 66.9 6283 33.1 18966 17.5 4915 25.9 
1961 16698 67.8 7947 32.2 2464S 20.4 5242 21.3 
1962 15675 64.7 8550 35.3 24225 19.2 5623 23.2 
1963 19623 74.2 6812 25.8 26435 19.3 6019 22.8 
1964 22763 67.6 10904 32.4 33667 22.2 6561 19.5 
1965 27530 70.9 11283 29.1 38813 23.0 7171 18.5 
1966 26358 72.2 10163 27.8 36521 21.2 8097 22.2 
1967 26207 69.8 11362 30.2 37569 20.4 8683 23.1 
1968 33521 7S. 1 11128 24.9 44649 22.2 9351 20.9 
1969 36511 71.3 14670 28.7 

. 
51181 23.2 10334 20.2 

1970 38919 69.8 16878 30.2 55797 23.5 11330 20.3 
1971 41815 68.1 19600 31.9 61415 24.1 12319 20.1 
1972 48398 68.0 22734 32.0 71132 25.3 13432 18.9 

Sources: National Accounts of Greece, Nos. 21 & 22, Ministry of Coordination, 
Athens, 1972,1973. 

From tables 5.16 and 5.17 (current or constant 1958 prices) we see that the overall 

average propensity to save (our of gross expenditure of the economy) has increased from 

a level of I 59o' to 30-7o! Many developing countries are very happy to achieve propensities 

to save of 15%, (Nugent, 1966). 

The contribution of the private and public sectors to total gross asset fonnation 

was 74.49o' and 25.69o' respectively for 1951. In 1961 these proportions were 67.817o 
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TAR-LE 5.18 

11. Gross Asset Formation 
(in million drs. and in current prices) 

Year Agriculture Non-Agriculture 
%in %in % in % in 
GAF GDP, GAF GDP2 

1950 337 5.5 3.7 5777 94.5 28.3 
1951 1886 26.5 17.1 5237 73.5 21.1 
1952 270 5.0 2.5 5085 95.0 19.3 
1953 2140 24.3 13.0 6660 7S. 7 20.6 
1954 311 4.3 1.2 6874 95.7 17.7 
1955 1971 18.4 10.0 8748 81.6 19.5 
1956 1643 11.7 7.3 12416 88.3 23.8 
1957 3410 21.6 14.0 12413 78.4 22.4 
1958 2276 12.9 9.9 IS301 87.1 25.3 
1959 2798 15.3 12.2 15458 84.7 24.1 
1960 2490 12.8 12.2 17055 87.2 24.2 
1961 6747 26.2 23.5 19013 73.8 24.8 
1962 2301 8.6 8.1 24447 91.4 29.4 
1963 7197 23.8 22.9 23095 76.2 25.3 
1964 2813 7.2 8.1 36237 92.8 35.5 
1965 7498 16.6 19.5 37695 83.4 32.6 
1966 3271 7.5 8.2 40512 92.5 - 31.4 
1967 7211 15.7 17.0 38751 84.3 27.6 
1968 5494 9.9 13.8 49834 90.1 31.7 
1969 6913 10.7 16.2 57896 89.3 32.6 
1970 9585 13.2 20.5 63272 86.8 31.6 
1971 11682 13.6 22.8 74342 86.4 33.2 
1972 11584 10.8 19.6 95813 89.2 36.9 

Sources: National Accounts of Greece, Ibid. 

and 32.29o, and in 1971 68.195' and 31. Wo respectively for the two sectors. 

From these percentages we see that the public sectors' contribution to gross asset 

formation increased during the period 1951-1961 and was roughly constant during 

1961-197 1. In accordance with this the contribntion of the private sector to gross 

asset fonnation has decreased for the period 1951-1961 and was roughly the same 

for the period 1961-1971. 
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TABLE 5.19 

11. Gross Asset Formation 
(in million drs. and in constant 1958 prices). 

Year Agriculture Non-Agriculture 4ý %in %in % in % in 
GAF GDP, GAF GDP2 

1950 1338 10.9 8.8 10917 89.1 29.0 
1951 3062 25.4 17.7 8995 74.6 22.6 
1952 263 3.0 1.6 8632 97.0 21.2 
1953 3025 24.1 14.7 '12 M 75.9 21.7 
1954 353 4.2 1.8 8051 95.8 17.4 
1955 1785 1 ý. 7 8.4 9553 84.3 19.3 
1956 1755 12.3 8.0 12540 87.7 23.6 
1957 3383 21.1 13.6 12682 78.9 22.6 
1958 2276 12.9 9.9 15301 87.1 25.3 
1959 2758 15.4 11.4 15149 84.6 24.0 
1960 2582 13.6 11.6 16384 86.4 24.2 
1961 6369 25.8 23.4 18276 74.2 25.3 
1962 2175 9.0 8.6 22050 91.0 28.8 
1963 5958 22.5 21.9 20477 77.5 25.0 
1964 2592 7.7 9.0 31075 92.3 34.6 
1965 6341 16.3 21.3 32472 83.7 32.8 
1966 3426 9.4 11.5 33095 90.6 31.1 
1967 5962 15.9 18.9 31607 84.1 28.2 
1968 5124 11.5 17.6 39525 88.5 32.0 
1969 5949 11.6 19.5 45232 88.4 33.2 
1970 7367 13.2 22.2 48430 86.8 32.3 
1971 8496 13.8 25.0 52919 86.2 32.7 
1972 8203 11.5 23.3 62929 88.5 34.7 

Sources: National Accounts of Greece, ibid. 

Finally, fromtthese tables we see that the proportion of depreciation out of total 

gross asset formation was about 2917o for the period 1950-1960 and that for the period 

1961-1972 was much lower, of the order of about 20176. 

Tables 5.18 and S. 19 show the second way of expressing investment. 

Unfortunately, from these tables we cannot see explicitly the contribution of each 

sector's gross asset formation to the total. On average we could say that for the period 
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1950-1972 the percentage of investment out of total investment for agriculture and 

non-agriculture was about 14.0% and 86.07o respectively. 

In contrast to this, we see from table S. 19 (in constan t 195 8 prices) that gross 

asset formation in non-agriculture is steadily increasing as a percentage of its gross 

domestic product. For the agricultural sector for the period 1950-1960 the average 

percentage of gross asset formation out of this sector's gross domestic product was 9.87o; 

this percentage increased to 18.57o for the period 1961-1972. Therefore, we conclude 

that on average the percentage of investment out of GDP in agriculture is also increasing 

over time. A large part of the investment in agriculture was devoted to irrigation which was 

one of the important reasons for fast growth in the Greek agricultural sector. Irrigation 

increases yields, permits new seed to be used and adds greatly to the reliability of harvests. 

The major source of finance for irrigation was the public sector, whilst for the mechanisa- 0 

tion of agicul ture private investment was used, Maddison (197 1). 

Finally, table 5.20 represents the third way of expressing investment. According 

to this table the perccnta, -, e of gross asset fonnation which was financed by the rest of 

the world out of total investment was more than 509c'ý in the early fifties (in current prices). 

This percentage fell to about 59o' in the early seventies. Also, gross asset fonnation financed 

by the rest of the world as a percentage of Gross Domestic Product was ever 10% in the 

early fifties, falling to about 2276 in the early seventies. On the contrary, the percentage of 

gross asset formation financýd by domestic sources out of total investment or GDP was 

drastically increased during the time period under consideration. The large amounts of 

foreign investment in Greece in comparison urith domestic investment for the early f if ties 

was of course, due to the weakness of the Greek economy to raise the standard of living 

after the war. 
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TABLE 5.20 

III. The Finance of Gross Domestic Asset Formation 
(in million drs. and in current prices) 

Year BY Domestic Sources By the rest of the World 
%in % in % in % in 
GAF GDP GAF GDP 

1950 1662 27.0 5.6 4462 73.0 15.1 
1951 2998 42.1 8.4 4125 57.9 11.5 
1952 2512 46.9 6.7 2843 53.1 7.6 
1953 7466 84.8 15.3 1334 15.2 2.7 
1954 5235 72.9 9.3 1950 27.1 3.5 
1955 9883 92.2 15.3 836 7.8 1.3 
1956 11994 85.3 16.1 2065 14.7 2.8 
1957 13911 87.9 17.5 1912 12.1 2--. 4 
1958 14564 82.9 17.4 3013 17.1 3.6 
1959 16478 90.3 19.0 1778 9.7 2.0 
1960 17002 87.0 18.2 2551 13.0 2.7 
1961 23159 89.9 22.0 2601 10.1 2.5 
1962 23923 89.4 21.5 2825 10.6 2.5 
1963 27582 91.1 22.5 2710 8.9 2.2 
1964 32724 83.8 23.9 6326 16.2 4.6 
1965 34798 77.0. 22.6 10395 23.0 6.7 
1966 39579 90.4 23.4 4204 9.6 2.5 
1967 41213 89.7 22.6 4749 10.3 2.6 
1968 46840 84.7 23.8 8488 15.3 4.3 
1969 54063 83.4 24.6 10746 16.4 4.9 
1970 63356 87.0 25.7 9501 13.0 3.8 
1971 80121 93.1 29.1 5903 6.7 2.1 
1972 102278 95.2 32.1 5119 4.8 1.6 

Sources: National Accounts of Greece, Ibid. 

5.6 The Behaviour of Prices 

We can study the behaviour of prices indirectly by deriving and interpreting implicit 

price indexes for the two sectors. Therefore, dividing GDP expressed in current prices by 

GDP figures expressed in constant prices, from table 5.6, we derive the price indexes for 

the agricultural and non-agricultural sectors, table 5.21. In table 5.21 we present the 

relative price index by taking the ratio of the price indexes of the agricultural to the non- 
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TABLE 5.21 

Prices Indexes 

Year Agriculture -Non-agTiculture Relative 

1950 0.601 0.542 1.110 
1951 0.635 0.623 1.020 
1952 0.671 0.645 1.039 
1953 0.801 0.737 1.086 
1954 0.870 0.836 1.041 
1955 0.925 0.905 1.022 
1956 1.026 0.981 1.045 
1957 0.979 0.987 0.992 
1958 1.000 1.000 1.000 
1959 0.949 1.015 0.935 
1960 1.026 1.039 0.987 
1961 1.052 1.058 0.994 
1962 1.117 1.085 1.030 
1963 1.156 - 1.111 1.040 
1964 1.201 1.138 1.055 
1965 1.293 1.167 1.108 
1966 1.342 1.211 1.108 
1967 1.347 1.251 1.077 
1968 1.370 1.271 1.078 
1969 1.395 1.305 1.069 
1970 1.408 1.350 1.042 
1971 1.505 1.382 1.089 
1972 1.682 1.430 1.177 

agricultural sector. 

In figure 5.1 we present the price indexes of the two sectors P, 

and P2 and also the relative price index P :ý PIP2 . In this graph we see that 

both the price indexes are increasing over time. One could possibly say that 

the rate of increase of the price index of the non-agricultural sector is more 

steady than that of the agricultural sector. The trend of the relative price index 

is not very clear. We see that for the period from 1950 to 1959 the relatiýtý pri&e 

index is decreasing whilst after the year 1959 it is increasing over time, with 
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the only exception for the period being 1967-1970, a period of political instability in 

I Greece. T'herefore, the terms of trade for the period 1950-1959 move in favour of the 

non-agricultural sector whilst after the year 1959 they move in favour of the agricultural 

I sector. 

5.7 The Foreign Sector 

Table 5.22 represents the exports and imports of goods and services of the Greek 

economy. 

TABLE 5.22 

Exports and Imports of Goods and Services 
(in million drs. and in current prices) 

Year Exports Imports 
Goods Services Total % in Goods Services To tal % in 
(Lo. b. ) GDP (f. o. b. ) GDP 

1950 1355 346 1701 5.749 5713 1039 6752 22.819 
1951' 1524 321 1845 5.155 5647 1057 6704 18.730 
1952 1799 393 2192 5.885 5004 954 5958 15.997 
1953 3417 1069 4486 9.186 5595 1203 7798 15.967 
1954 4803 1424 6227 11.093 9526 1915 11441 20.380 
1955 6033 2187 8220 11.003 10535 2128 12663 19.628 
1956 6163 2346 8509 11.390 12544 2872 15416 20.636 
1957 6874 2987 9861 12.389 14742 2844 17586 *22.094 
1958 7197 2764 9961 11.927 14434 2658 17092 20.465 
1959 6567 2869 9436 10.855 12913 2682 15595 17.941 
1960 6283 3357 9640 * 10.339 14036 3082 17118 18.359 
1961 6954 3834 10788 10.257 15764 3426 19190 18.245 
1962 7675 4278 11953 10.736 17923 3894 21817 19.517 
1963 8740 5371 14111 11.506 20471 4456 24992 20.325 
1964 9352 5121 14473 10.568 24250 5242 29492 21.535 
1965 9960 6162 16122 10.465 30190 6169 36359 23.601 
1966 14999 7380 22379 13.241 30836 6614 37450 22.176 
1967 15500 7525 23025 12.609 31602 7321 38923 21.315 
1968 14272 8207 22479 11.423 35181 7840 43021 21.862 
1969 17058 8841 25899 11.762 40307 9427 49734 22.586 
1970 19378 10610 29988 12.142 44828 10127 54955 22.252 
1971 19976 13906 33882 12.325 49407 11635 61042 22.205 

1972 26191 17890 44081 13.853 61024 14776 75800 23.791 

Sources: National Accounts of Greece, Nos. 21,22. 
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From this table we see that Greek exports of goods and services for the period after the 

year 1953 (the year in which the drachma was devalued) represent about 11.5% of the 

gross domestic product at factor cost whilst the imports of goods and services for the 

same period represent about the 21.07o of GDP. From these figures we see that the Greek 

economy is extremely open to the outside world and to a much greater extent for imports 

than for exports. 

Greek exports consist predominantly of agricultural goods, although tMs proportion 

is decreasing over time. The proportion of agricultural goods imported out of total imports 

is also decreasing over time as can be seen from table 5.23. 

TABLE 5.23 

Percentage of agricultural goods out of Exports and Imports of goods 

Year Exports Imports 

1950 82.6 41.4 
1951 83.0 44.3 
1952 81.0 40.0 
1953 84.0 40.0 
1954 84.0 36.0 
1955 86.3 32.1 
1956 85.1 33.7 
1957 87.0 31.5 
1958 86.4 26.1 
1959 85.7 22.1 
1960 81.3 19.3 
1961 89.1 21.5 

Year Exports Imports 
1962 86.3 20.9 
1963 88.9 23.7 
1964 88.3 24.2 
1965 84.9 24.2 
1966 79.7 24.4 
1967 73.6 24.4 
1968 66.6 21.7 
1969 60.8 21.3 
1970 57.3 18.2 
1971 60.1 19.6 
1972 55.0 18.9 

Sources: FAO, Trade Yearbooks 

The resulting large trade deficit (see table 5.22) becomes a little less marked due 

to the net transfers of income from abroad shown in table 5.24. 
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TABEE 5.24 

Income payments from and to the rest of the world 
(in "Ilion drs. and in current prices) 

Year Payments from abroad Payments to abroad Net payments 
Profits Wiges, & Total Profits Wages & Total Current Constant 

Salaries Salaries prices 1958 prices 

1950 12 255 267 64 - 64 203 379 
1951 17 351 368 44 - 44 324 555 
1952 25 428 453 40 - 40 413 703 
1953 33 582 615 86 - 86 529 597 
1954 63 912 975 102 - 102 873 845 
19S5 76 1027 1103 165 - 165 938 910 
1956 174 1425 1599 78 - 78 1521 1422 
1957 206 1960 2166 77 - 77 2089 1909 
1958 749 852 1601 89 53 142 1459 1459 
1959 852 874 1726 105 85 190 1536 1531 
1960 1201 1077 2278 174 90 264 2014 2063 
1961 1613 1193 2806 297 125 422 2384 2487 
1962 1801 1244 304S 342 102 444 2601 2755 
1963 2204 1263 3467 351 174 525 2942 3195 
1964 2908 1326 4234 395 489 884 3350 3514 
1965 3067 1321 4388 537 221 758 3630 3722 
1966 3625 1319 4944 696 350 1046 3898 3958 
1967 3876 1737 5613 936 377 1313 4300 4396 
1968 4368 2116 6484 1069 373 1442 5042 5088 
1969 4623 2076 6699 1311 414 1725 4974 5028 
1970 5315 2247 7562 1812 462 2274 5288 5094 
1971 6857 3233 10090 2172 596 2768 7322 7010 
1972 7919 5045 12964 2480 843 3323 9641 8508 

Sources: National Accounts of Greece, Nos. 21,22. 

5.8 Conclusions 

The variation in the definition of developing countries poses quite a difficult problem. 

For some purposes, UN agencies leave out Southern Europe, which is included in OECD 

statistics. According to Maddison (1971), the OECD definition of developing countries is 

currently the most useful. Southern Europe (ie. Greece, Spain, Turkey and Yugoslavia) 

consists of countries relatively well-off by Asian and African standards, but if we were 
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to exclude them on these grounds it would also be necessary to exblude some Latin 

American countries, Israel and the Middle East oil producers which are asprosperous 

as Southem Europe. 

In spite of these various definitions of what constitutes a developing country, from 

the examination of the data presented in the-previous sections of this chapter the following 

points must be admitted: 

1. The distribution of the labour force between the agricultural and non-agricultural 

sector, has moved in favour of the latter, a fact which is compatible with our 

assumptions about labour allocation imposed on our theoretical growth model. 

2. ýhe 
contribution of the agricultural sector in the total GDP of the economy is 

diminisWng in favour of the non-agricultural sector. 

3. The compositbn of the two sectors as far as each sector's product and labour force 

are concerned show that on average the agricultural labour force is 48.5% of the 

labour employed in the economy, whilst its product is 23.5% of total GDP, which 

shows the low productivity of labour in tile agricultural sector. 

4. The per capita income is increasing over time. 

5. There exists an income differential between the people of the two sectors. This 

differential is slowly decreasing over time, which is compatible with our model. 

6. The increase in the standard of living has been reflected by the falling of that part 

of gross expenditure in the economy absorbed by consumption and with the 

composition of that private consumption. 

7. The overall average propensity to save has increased from a level of IS% to 307o, 

indicating the continuing economic development effort. 

8. The percentage of investment out of GDP in the two sectors is increasing over time. 
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The terms of trade move on average in favour of the agricultural sector. 

10. The contribution of agricultural goods to exports or imports in the economy is 

decreasing over time. 

From the above ten points it is, we believe, clear that the theoretical dual 

economies in the sense of our two-sector growth model are relevant to the economy of 

Greece. Therefore, we agree with Mggins (1956) who opposes Boeke (1953) that dualism 

is not only an Eastern phenomenon but also applies to Western societies. 
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6.1 Introduction 

In the first four chapters of this thesis we presented and discussed various models 

of economic development including our own model. But theorizing is really an unending 

process. Are these theories* relevant to the real world? Do the key variables and parameters 

in the develcped countries actually behave in the manner that they are supposed to behave 

in the various models of growth? What is the actual structure of these economies? These 

and other related questions cannot be answered by pure theorizing. 

The aim of this chapter, together with the findings in chapter 5, is to ensure that 

our model is empirically releyant to the Greek economy. We will try in tl-ds chapter to 

estimate the structural parameters of the model. An important lacuna in the theory of 

economic development is the empirical analysis of observed experience. We hope in this 

chapter to make a modest attempt of bridging the gap between the theory and the empirical 

evidence of the economics of growth. 

In the first sections of this chapter we try to esthnate with various methods the missing 

data which are relevant to our empirical tests. Unfortunately, in developing economies 

published data is relatively scanty and of uncertain quality. Therefore, the results, which 

will be presented in the latter sections of this chapter are heavily dependent on the data 

that was approximated. So, any conclusion must only be a crude index of the actual 

activities of the economy. 

Before doing the actual estimation of the various parameters of the model we thought 

that it would be better to present and to try to investigate the great ratio5of economics 

of growth, Klein-Kosobud (1961). This work is really yielding richer insights into the key 

variables of the growth rjiodel and prevent us of using mispecified equations in our 

econometric study of the model. 
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Finally, in the last section of this chapter we compare our results with results for 

similar studies existing in the literature. 

6.2 The Model Once Afore 

In the previous chapter we presented the available data for the Greek economy 

relevant to our two sector growth model of Chapters 3 and 4. However owing to the 

insufficiency of data we were unable to estimate our model using this data. Consequently 

simplifying assumptions had to be introduced into the model in order to make estimation 

possible. Therefore, we must simplify our model enough to be able to produce an 

approximate estimation of it. 

the simplifications that we impose on the model are as follows: 

(i) The workers of both the sectors do not invest any part of their income but they 

consume 0 of it. This implies that s, = S2 = 0- 

GO For every ibcome level the proportion of income spent on agricultural goods is the 

same. This implies that in, I= M12 = M13 : -- in, and M2 =I -MI = M21 ý_ M22 = M23 

With these simplifications the structural form for our model (for the Cobb-Douglas 

case) is written: 
IT, t Ct 

y, (t) = F-I e k, (t) (6.2.1) 

Y2 F2 e 
IT2 t 

k2 W 
Of2 

(6.2.2) 

PI 
co ki (6.2.3) 

Ctl 
2 

'W2 
W -k2 (t) (6.2.4) 

02 

21 W+ 22 W (6.2. S) 

k, (t) k, (t) + k2 (t) 22 W= k(t) (6.2.6) 

Co IW=AW02W (6.2.7) 
(r2 

-ITI 
)t 

02 r-2 k, (t) 
Pi 

P(t) = e (6.2.8) 
cf, F, k2 M 13& 
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Cl (t) = 21 (t) Y, (t) (6.2.9) 

i(t) = S3 (C12 ý_2 P, 
7r2 t 

k2 (t) 
a2-1 

k(t)] (6.2.10) 

C1 (t) = M, p(t)_ 
II 

(I -s3 ) a2 r_2 e 
Ir2 t 

k2 (t) 
Ct2 -1 

k(t) + 

+ tO I 
(t) 21 (t) + W2 W 22 (t) 1 (6.2.11) 

Ir2 t a2 -1 
C2 M2 S3 ) 02 r_2 e k2 (t) k(t) + 

+ (0 1 
(t) 21 (t) +02W22M "1 

(6-2.12) 

In (6.2.11) and (6.2.12) the expression in the brackets is the part of total income 

of the economy which is consumed on goods of both the sectors expreseed in units of the 

non-agricultural goods. 

In (6.2.10) the product in parenthesis on RHS is the total profits in the economy, 

ie. profits of capitalists in both sectors. 

Equation (6.2.9) shows that the goods of the agricultural sector are all consumed. 

All the other equations are self explanatory. 

The reduced form of the above system of equations is written: 

yi Ni A (t) Ctl e ITI t k(t) Ctl (6.2.13) 

Y2 N2 liý (t) 
Ct2 

U(t) 
-43t2 

e 
lt 2 tk(t)a 2 (6.2.14) 

ki (t) N3 A (t) k (t) (6.2.15) 

k2(t) N4A(t)ß(t) k(t) (6.2.16) 

(t) Ns A (t)- (6.2.17), 

22 (t) N6 AW- 
1 

11 (t) (6.2.18) 

w, (t) N7 A(t) k(t) (6.2.19) 

W2 (t) = Na A (t) m (t)- 
1 

k(t) (6.2.20) 

p(t) Ng A(t) 
01 -P2 

u (t) 
ß2e (IT2 

-lrl 
)t 

k(t) 
ßi -ß2 (6.2.21) 

i(t) Nio A(t) -ß2 m (t) 
ß2 

eff 2t k(tf 2 (6.2.22) 
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cl (t) = Nil A(t)-Pl e 
7ri t k(t)c" (6.2.23) 

c2(t) = N12 
1ý6(0 

-P2 
p (t) 

P2 

e 
Ir2 t 

k( t)Ct 
2 

(6.2.24) 

In the above equations the N's are expressions involving the parameters of the model and 

therefore independent of time. Also, A(t) is given by: 
Ct2 Ct I I MI 01 0 +(1 

-S3) - )+(1-Mlbl(l+(I-S3)- )JUM 1 (6.2.25) 
P2 Pi 

The above system of equations is a system of 12 endogenous variables; y. (t), k. (t), 
II 

21 (t), wI (t), p(t), i(t) and cI (t) for i=1,2, in 12 equations. The exogenous variables of 

the system are the overall capital-labour ratio k(t), the wages ratioju (t) and the time t. 

In the following sections of this chapter we will try to estimate our model in the 

forms'above using data for the Greek economy. 

6.3 Interpolation of Labour 

In Chapter 5 and in section 5.2 we have seen that the only available data on the 

labour force employed in the two sectors are those given in table SA In that table we 

see that we have only three observations (corresponding to the censuses of 1951,1961 

and 1971) for the period 1950-1972. More precisely, the figures in table 5.4 do not 

refer to the labour force actually engaged in the various activities but to the active popula- 

tion. The model to be estamated. is one of full employment of the resources and therefore 

we take active population to represent the actual labour force. We must remember that 

the unemployment rate for the period under consideration was about 4.59o' of the active 

population. 

Various researchers (Papandreou, (I 962), Prodromidis 0 973) ), faced the problem 

of missing observations in labour or population by interpolating between the census 

figures using average annual growth rates. Here, we will try to estimate the labour force 

in the two sectors using Friedman's (1962) method. Friedman's method is interpolation 
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of time series by related series. Let X be the series to be interpolated, Y, the. 

related series to be used in interpolation. Although this method does hot explicitly use 

any information on the degree of correlation between Y and X, a particular series Y is 

of course chosen for use in interpolation because its interyearly movements are believed 

to be highly correlated with the intrayearly movements of X. This belief may be based 

on nonquantitative considerations (eg. that employment in different firms producing the 

same product or vault cash in different classes of banks in the same geographic area will 

be affected by common forces and hence are likely to move together). Alternatively, it 

may be based on an observed high correlation between movements in Y and in X for the 

time units to be interpolated but for a different period than that to be interpolated; or 

between movements in Y and in X for different time units for the same period (eg. a high 

correlation between annual observation may be taken as evidence that there is also a high 

correlation between the-unknown intrayearly movement); or between movements in 

two series other than Y and X but analogous to them for the same timeunits and for the 

same period (eg. a high correlation between vault cash in national and state weekly 

reporting member banks may be taken as evidence that there is also a high correlation 

between vault cash in weekly-reporting and non-weekly-reporting member banks). 

A straight-line trend is computed bewteen the knwon values of X, also between the 

corresponding values of Y. The proportional d. fference between each value of Y and 

the cr)rresponding trend value of Y is then added to the trend value of X. 

Let xo and xn be two successive known values of X; x, . ...... xIt........ x 
n-I , the 

unkno, kn Valpes to be estimated by interpolation; and Yo, Y, . ........ . yi . ........... Yn-1, 

Yn, the values of Y for the corresponding period. Let xI* be an estimate of xI fo r 

n-1, So, any x. * is given by: 
I 
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X* 
(n-i) x+ ix yi Tx. 

n0 
nj 

(n-i) Yo +i --=1 yi (6.3.1) 
Yn Ty. 

n 

where Tx 
i and Ty are the trend values of X and Y respectively. It is easy to see that 

(6.3.1 ) is equivalent to: 

x.! -': = Tx. + 
Txi 

(y. - Ty. )= 
Tx' 

y. (6.3.2) 
11 Tyi 11 Tyi 1 

The factor Txi/Tyi is to be interpreted as a scale factor used to convert Y values to X 

values-, 

Returning now to our model we will try to estimate the scctoral labour ?, orce using 

the above method and the available data from tables 5.1 for the total population, 5.3 

for the active population, 5.4 for the distribution of labour among sectors according to 

the three censuses and 5.5 for the labour-force index in the industrial sector. 

We will either use the formula (6.3.2) as it stands or in logarithmic form. We assume 

that the related series for the interpolation of the non-agicultural labour force is the index 

of the labour-force in the industrial sector. For the total labour-force of the economy we 

take as our related series the total population or move precisely the total active population 

of the economy. The labour force in the agricultural sector is taken to be the difference 

between the estimated total labour force of the economy and the estimated labour force 

of the non-agricultural sector. The results of the two methods ie. absolute numbers and 

logarithms, are shown in tables 6.1 and 6.2. 

We now face the problem of choosing the best time series for the sectoral labour 

force. In each table, comparing the data for the agricultural labour force, columns (2) 

and (3), we believe that the results in columns (3) are more reliable than the results in 

columns (2) because they are derived from the use of the total active population as a 
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TABLE 6.1 

Interpolation of Labour-Force Using Absolute Numbers 

Year Non-Agriculture Agriculture To tal 
(5)-(1) Using total Using total 

population population 
(2) (3) (4) (5) 

1950 1392149 1847560 1836550 3239709 - 3228699 
1951 1414000 1864000 1864000 3278000 3278000 
1952 1449830 1869244 1898648 3319074 3348478 
1953 1414274 1944596 1996072 3358870 3410346 
1954 1496479 1898957 1955877 3395435 3452355 
1955 1532777 1897420 1962249 3430197 3495026 
1956 1522803 1939285 1998351 3462088 3521155 
1957 1543841 1950014 1992198 3493854 3536039 
1958 1597200 1933468 1961665 3530668 3558865 
1959 1537048 2033948 2053906 3570996 3590954 
1960 1590369 2014128 2032013 3604497 3622382 
1961 1678155 1960446 1960446 3638601 3638601 
1962 1680859 1924317 1945865 3605176 3626723 
1963 1723927 1839864 1872923 3563791 3596850 
1964 1746154 1776188 1812388 3522343 3558542 
1965 1785297 1699490 1740042 3484786 3S25339 
1966 1815857 1640836 1693659 3456694 3509517 
1967 1782508 1661465 1721776 3443972 3504284 
1968 17SO567 1649458 1714302 3400025 3464869 
1969 179SI23 1564152 1627407 335927S 3422531 
1970 1859856 1454324 1492630 3314180 3352486 
1971 1953560 1330320 1330320 3283880 3283880 
1972 2013364 1254285 1202744 3267649 3216108 

series related to the total labour force of the economy. We believe that total labour force 

is better related to the total active population than to the total population. Comparing 

now the data in the two tables we see that there are no major differences between the 

figures. We have chosen the data in table 6.2 because it shows a slightly higher move- 

ment of labour than the data of table 6.1. These trends of labour movements are shown 

in figure 6.1. Hence, the time series for the labour force, are chosen from table 6.2; 

column (3) for t. he agricultural sector, column (1) for the non-agricultural sector; and 
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TABLE 6.2 

Interpolation of Labour-Force Usin g Logarithms 

Year Non-Agricultural 
- 

Agricultural To tal 
(4)-(1) M-0) Using total Using total 

population population 
(1) (2) (3) (4) (5) 

1950 1397198 1843276 1832205 3240473 3229403 
1951 1414000 1864000 1864000 3278000 3278000 
1952 1453693 1864454 1893058 3318147 3346751 
1953 1379901 1977335 2027412 3357236 3407313 
1954 1494021 1899481 1954982 3393502 3449004 
1955 1535762 1892474 1955572 3428236 3491334 
1956 1503365 1957104 2014583 3460470 3517948 
1957 1521294 1971395 2012583 3492689 3533877 
1958 1591622 1937961 1965745 3529583 3557367 
1959 1480979 2088785 2108699 3569765 3589679 
1960 1551050 2052809 2070323 3603859 3621373 
1961 1678155 1960446 1960446 3638601 3638601 
1962 1673807 1929928 1950136 3603735 3623944 
1963 1733047 1828898 1859456 3561946 3592503 
1964 1756482 1763913 1796942 3520396 3553424 
1'965 1805467 1677180 1714070 3482647 3Sl9S38 
1966 1838609 1615076 1663785 3453685 3502394 
1967 1767776 1670977 1727736 3438752 349SS12 
1968 1700272 1695814 1756498 3396086 3456770 
1969 1750494 1606084 1665151 3356578 3415644 
1970 1830211 1483276 1518680 3313487 3348891 
1971 1953560 1330320 1330320 3283880 3283880 
1972 2022173 1244876 1197854 3267049 3220027 

column (5) for the total labour force of the economy. 

6.4 The Consumption Allocation Parameter of the Two Goods 

In this section we will try to interpret the behaviour of the consumption allocation 

parameter, ie. the paramýeter mi in equation (6.2.11) which measures the proportion of 

the agricultural goods consumed out of total consumption. Of course, an easy way of 

finding out m, is to divide the consumption of agricultural goods by the total consump- 

tion, both expressed in the same units. Unfortunately, the available data for consump- 
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tion in tables 5.12 to -5.15 do not contain as a category "consumption of agricultural 

goods. " The figures shown in these tables contain some gcneral consumption categories 

as for example "food and beverages" from which it is impossible to separate consumption 

of agricultural products without additional information. 

Anothcr general difficulty is that although our model refers to closed economies 

the available data refers to the open economy of Greece. Therefore, we must determine 

our data in such a way as to be compatible with our model. 

Having these points in mind we will try to develop time series for the two consump- 

tion goods using some accounting identities used by the "National Accounts of Greece". 

We define: 

GNE 
GNP 
GNI 
NNI 
GDP 
NIA 
c 
I 
D 
XG 
xs 
)a 
MG 
ms 
mi 

Gross National Expenditure 
Gross National Product 
Gross National Income 
Net National Income 
Gross Domestic Product 
Net Income from Abroad 
Total Consumption 
Total Investment 
Depreciation 
Export of Goods 
Export of Services 
Payments to the rest of the world 
Imports of goods 
Import of Services 
Payments from the rest of the world. 

Accounting identities used are the following: 

GNE = G+I + (XG + XS + MI) - MG + MS + XI) 

GNE = GNP = NNI +D= GNI = GDP + NIA (6.4.2) 

NIA = MI - XI (6.4.3) 

From the above identities we have that: 

GDP + NIA =C+ I+ (XG + XS) - (MG 
-+ 

MS) + (Nil - XI) 
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or 

GDP =C+I+ (XG + XS) - OIG + MS) (6.4.4) 

Denoting by the subscript I the agricultural quantities and by the subscript 2 the non- 

agricultural quantities (6.4.4) can be written: 

GDP, + GDP2 '+ 'C2 +I+ (XG - (AIGI + MG2) + `ý (Cl I 
+XG2) 

+ (XS - MS) (6.4.5) 

Assun-dng now that all the transactions of services with the rest-of the world is a 

non-agricultural activity, (6.4.5) can be divided into two identities: 

GDP, - XG, + MG, (6.4.6) 

C2 = GDP2 -I - XG2 + MG2 - (XS 
- 

MS) (6.4.7) 

Of course, in accordance with the theoretical model of the previous chapters we have 

assumed -in the above two identities that total investment of the economy consists only 

of goods from the non-agricultural sector. 

The accounting identities (6.4.6) and (6-4.7) express the values of the agricultural 

and non-a, -, ricultural goods respectively domestically consumed. 

Table 5.6 represents GDPi, 0= 1,2), inconstant 1958 prices. Table 5.17 shows I 

in constant 1958 prices, also. Table 5.22 represents XG, XS, MG and NIS but in current 

prices. We transformed these current price figures into constant 1958 price figures using 

price indexes for exports and imports shown in tabI6 6.3. The data transformed in such 

a waY (table 5.22) are shown in table 6.4. 

With the help of table S. 23, ie. the proportion of agricultural goods in total exports 

and imports of goods we divided the exports and imports of goods of table 6.4 into the 

agricultural and non-aggricultural goods. Therefore, we see that we have all the data that 

we need to compute consumption of agricultural and non-agricultural goods using the 
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TABLE 6.3 

Price Indexes for Exports and Imports 

Year Exports Imports Year Exports Imports 

1950 0.548 0.469 1962 0.930 0.938 
1951 0.545 0.534 1963 1.000 0.957 
1952 0.524 0.544 1964 1.014 0.986 
1953 0.763 0.835 1965 1.000 0.988 
1954 0.925 1.059 1966 1.023 1.026 
19S5 0.988 1.049 1967 1.009 0.994 
1956 1.063 1.107 1968 1.000 0.997 
1957 1.053 1.154 1969 1.000 0.995 
1958 1.000 1.000 1970 1.031 1.036 
1959 0.931 0.973 1971 1.050 1.048 
1960 0.914 0.950 1972 1.075 1.089 
1961 0.915 0.938 

Source: U. N. National Accounts Statistics 

expressions (6.4.6) and (6.4.7); the results are shown in table 6.5. 

The last column in table 6.5, ie. the proportion of agricultural goods consumed 

out of total consumption, mi, calculated as the division of the first column by the third 

column. 

Unfortunately, a slight problem arises in the above calculations with respect to 

the-value of exports in table 6.4. I'liese values are expressed in f O-b- uhits. According 

to the definition of exports in f. o. b. units, given in the Statistical Yearbooks of Greece, 

these values include some indirect taxes less subsidies. It was impossible to obtain from 

the available data the value of these indirect taxes and subsidies. However, these values 

are small compared to the volume of exports and therefore, we tried to approximate 

these values in the following way. 

NVe assumed that total indirect taxes less subsidies are proportional to the value of 

total consumption (in market prices) and exports of goods (in f. o. b. units). Therefore, 
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TABLE 6.4 

Exports and Imports of Goods and Services 
(in million drs. and in constant 1958 prices) 

Year Exports 
Goods Services Total 
(Co. b. ) 

Imports 
Goods Services To tal 
(Lo. b. ) 

1950 2472.6 631.4 3104.0 12174.8 2214.2 14389.0 
1951 2796.3 589.0 3385.3 10570.7 1978.6 12549.3 
1952 3433.2 750.0 4183.2 9195.2 1753.0 10948.2 
1953 4478.4 1401.0 5879.4 7902.9 1441.6 9344.4 
1954 5192.4 1539.5 6731.9 8992.2 1807.7 10799.9 
1955 6106.3 2213.6 8319.9 10040.7 2028.2 12068.9 
1956 5797.7 2207.0 8004.7 11329.7 2594.0 13923.7 
1957 6528.0 2836.7 9364.7 12778.5 2465.2 15243.7 
1958 7197.0 2764.0 9961.0 14434.0 2658.0 17092.0 
1959 7053.7 3081.6 10135.3 13271.0 27S6.4 16027.4 
1960 6874.2 3672.9 10547.1 14782.2 3245.8 18028.0 
1961 7600.0 4190.2 11790.2 16802.5 3651.7 20454.2 
1962 8252.7 4600.0 12852.7 19115.6 4153.1 23268.7 
1963 8740.0 5371.0 14111.0 21395.7 4657.3 26053.0 
1964 9222.9 5050.3 14273.2 24604.5 5318.6 29923.1 
1965 9960.0 6162.0 16122.0 30555.3 6243.7 36799.0 
1966 14661.8 7214.1 21875.9 30056.1 6446.7 36502.8 
1967 15361.7 7457.9 22819.6 31806.3 7368.3 39174.6 
1968 14272.0 8207.0 22499.0 35281.6 7862.4 43144.0 
1969 17058.0 8841.0 25899.0 40512.0 9475.0 49987.0 
1970 18795.3 10291.0 29086.3 43259.6 9772.7 53*03 2.3 
1971 19024.8 13243.8 32268.6 47166.3 11107.3 58273.6 
1972 24363.7 16641.9 41005.6 56036.3 13568.3 69604.6 

the value of exports of goods at factor cost units is given by: 

XG 
XG = XG -x (ITLS) (6.4.8) 

fob G 
mp 

where XG exports of goods in fob units fob 

G total consumption in market prices 
inp 

ITLS indirect taxes less subsidies. 

Using form. ula (6.4.8) we estimated total exports of goods at factor cost as presented 

I 
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TABLE 6.5 

1. Consumption of Agricultural and Non-agricultural Goods 
(in million drs. and in constant 1958 prices) 

Year Agricultural Non-Agricultural Total MI 

1950 18248.0 33727.0 51975 0.351 
1951 19680.9 34563.1 54244 0.363 
1952 17198.2 37737.8 54936 0.313 
1953 19995.3 35392.7 55388 0.361 
1954 18849.6 43155.4 6200S 0.304 
1955 19304.3 43943.7 63248 0.305 
1956 20828.2 45922.8 66751 0.312 
1957 23153.8 47543.2 70697 0.328 
1958 20495.1 52576.9 73072 0.280 
1959 20982.9 54174.1 7SI57 0.279 
1960 19545.3 59017.7 78563 0.249 
1961 24086.9 59488.1 83575 0.288 
1962 221SIA 65904.9 88056 0.252 
1963 24526.9 70265.1 94790 0.259 
1964 26766.5 73969.5 100736 0.266 
1965 28664.4 81956.6 110621 0.259 
1966 25403.3 89042.7 114446 0.222 
1967 27961.5 94407.5 122369 0.229 
1968 27235.0 101346.0 128581 0.212 
1969 28793.8 110695.2 139489 0.206 
1970 30276.5 119348.5 149625 0.202 
1971 31845.7 128S87-3 160433 0.198 
1972 32386.8 141711.2 174098 0.186 

in table 6.6. In the same table we present also the total import duties because 

in fon-nula (6.4.8) we did not use the variable "Indirect taxes less subsidies" 

but instead, for a better approximation, the variable "Indirect taxes less subsidies 

less import duties". Import duties were originally in current prices and we con- 

- verted them into constant 1958 prices using as an implicit deflator the ratio of 

current to constant 1958 prices of indirect taxes less subsidies. 

Applying now the new figures for exports of goods, of table 6.6, into the 

formula (6.4.6) and (6.4.7) we found new series for the consumption of agricul- 
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TABLE 6.6 

Exports of Goods, Indirect taxes less Subsidies and Import Duties 
(in miffion drs. and in constant 1958 prices) 

Year Exports of goods Indirect taxes Import duties Tax 
at factor cost less subsidies Current Constant 1958 Deflator 

prices 

1950 2358.3 4172 935 1576.7 0.593 
19SI 2647.2 4788 1094 1637.0 0.667 
19S2 32S8. S 4999 1368 1948.9 0.702 
19S3 4171.2 6199 isil 1975.3 0.765 
1954 4854.6 6493 1792 2036.3 0.880 
1955 5734.2 6543 2358 2290.4 1.029 
1956 S399.8 8153 2905 3010.2 0.965 
1957 6071.3 8867 3257 3300.2 0.987 
1958 6655.6 9738 3508 3508.0 1.000 
1959 6553.9 9620 3700 3613.2 1.024 
1960 6344.3 10746 4016 3861.5 1.040 
1961 6961.0 12353 4536 4287.2 LOS8 
1962 7514.3 13929 5068 4803.8 1.055 
1963 7917.3 15455 5514 5077.4 1.086 
1964 8327.6 17323 6420 S862.9 1.095 
1965 9014.7 19200 77S2 6878.2 1.127 
1966 13167.7 21550 9099 7691.4 1.183 
1967 13706.5 23828 9714 8074.8 1.203 
1968 12538.9 27529 10346 8571.5 1.207 
1969 14968.9 30217 11-669 9433.2 1.237 
1970 16746.1 31999 15539 12196.9 1.274 
1971 17036.5 32827 16570 12629.6 1.312 
1972 21879.5 35503 19332 14131.6 1.368 

Sources: for columns 2 and 3, National Accounts of Greece, Nos. 21,22. 

., ricultural goods with the corresponding consumption allocation para- tural and non-ag 

meter m I, all presented in table 6.7. 

We believe that the figures in table 6.7 are higher than those of the real world, 

because of the assumption that we have adopted about the proportional allocation of 

indirect taxes between total consumption and expoa of goods. However, we think that 

the allocation of taxes is less than proportional for the exports of goods, (a policy which 
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TABLE 6.7 

U. Constunption of Agricultural and Non-Agricultural Goods. 
(in million drs. and in constant 1958 prices) 

Year Agricultural Non-Agricultural Total Mi 
Goods Goods 

1950 18342.4 33746.9 52089.3 0.352 
1951 19804.6 34588.. 5 54393.1 0.364 
1952 17339.2 37771.0 55110.7 0.315 
1953 20253.3 35441.8 55695.1 0.364 
1954 19133.3 43209.5 62342.8 0.307 
1955 19625.4 43994.6 63620.0 0.308 
1956 21166.9 45982.1 67149.0 0.315 
1957 23551.2 47602.5 71153.7 0.331 
1958 20962.9 52650.6 73613.5 0.285 
1959 21411.2 54245.6 75656.8 0.283 
1960 19976.1 59116.8 79092.9 0.253 
1961 24656.3 59557.7 84214.0 0.293 
1962 22788-3 66006.1 88794.4 0.257 
1963 25258.3 70354.4 95612.7 0.264 
1964 27557.0 74074.3 101631.3 0.271 
1965 29466.9 82099.4 111566.3 0.264 
1966 26594.1 89346.0 115940.1 0.229 
1967 29179.8 94844.5 124024.3 0.235 
1968 28389.2 101924.9 130314.1 0.218 
1969 30064.0 111514.1 141578.1 0.212 
1970 31450.7 120223.5 151674.2 0.207 
'1971 33040.6 129380.6 162421.2 0.203 
1972 33753.1 142829.1 176582.2 0.191 

makes exports cheaper). Therefore, we decided to accept as the fmal approximation of 

consumption of agricultural and non-agricultural goods the figures shown in table 6.8, 

which have been estimated as the middle-point between the corresponding figures of 

the variables of tables 6. S and 6.6. 

Comparing the consumption allocation parameters of the tables 6.5,6.6 and 6.8 

we see that the differences amongst them are very smaU (of the order of the third 

decimal point) and therefore we believe that the notion of indirect taxes less subsidies 
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TABLE 6.8 

111. Consumption of Aggricultural and Non-agricultural Goods =1 
(in million drs. and in constant 1958 prices) 

Year Agricultural Non-agricultural To tal MI 
Goods Goods 

1950 1829S. 2 33737.0 52032.2 0.352 
1951 19742.8 3457S. 8 S4318.6 0.363 
1952 17268.9 37754.4 SS023.3 0.314 
1953 20124.3 35417.3 55541.6 0.362 
1954 18991.4 43182.5 62173.9 0.305 
1955 19464.9 43969.1 63434.0 0.307 
1956 20997.6 45952.4 66950.0 0.314 
1957 23352.5 47572.8 70925.3 0.329 
1958 20729.0 52613.8 73342.8 0.283 
1959 21197.0 54209.9 75406.9 0.281 
1960 19760.7 59067.3 78828.0 0.251 
1961 24371.6 59522.9 83894.5 0.291 
1962 22469.7 65955.5 8842S. 2 0.254 
1963 24892.6 70308.7 95201.3 0.261 
1964 27161.8 74021.9 101183.7 0.268 
1965 29065.6 82028.0 111093; 6 0.262 
1966 25998.7 89194.4 115193.1 0.226 
1967 28570.6 94626.0 123196.6 0.232 
1968 27812.1 101635.5 129447.6 0.215 
1969 29428.9 111104.7 140533.6 0.209 
1970 30863.6 119786.0 150649.6 0.205 
1971 32443.2 128984.0 161427.2 0.201 
1972 33070.0 142270.1 175340.1 0.189 

in the export of goods variable did not introduce considerable errors in the 

estimation of the consumption series for the. two goods. 

NVe would like now to test the results of the consumption allocation para- 

meter with the input-output table 6.9 for the year 1958 (the only available 

input-output table for the Greek economy). 

Table 6.9 shows the proportion of the agricultural and non-agriculturaI 

production for each of the various sectors of the final demand; ie. column one, 
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TABLE 6.9 

Allocation of Final Demand Among the Productive Activities (1958) 

Final Demand 
Production Food & Tobacco Clothing Housing Durables Services 

Beveragges etc. Heatin- 

Agriculture 0.643 0.347 0.012 0.152 0.077 0.025 
Non- 
agriculture 0.357 0.653 0.988 0.848 0.923 0.975 

Source: Suits, D., (1965), An Econometric Model of the Greek Economy, Center 
of Planning and Economic Research, Athens. 

of food and beverages, shows that the demand of food and beverages of value of I million 

drs. presupposes 0.643 miUion of agricultural production and 0.357 million of non- 

agricultural production. Therefore, if we want to find the fmial demand for agricultural n 

goods, we must multiply each figure, of the first line of table 6.9 by the corresponding 

figures of table 5.15, (for the composition of consumption expenditure, for the year 

1958) and sum the results of the multiplication; ie: 

C, = 0.643 x (Food & Beverages) + 0.347 x (Tob acco) + 0.0 12 x (Clo thing) + 

+ 0.152 x (Housing, etc. ) + 0.077 x (Durables) + 0.025 x (Services) (6.4.9) 

Dividing now the result above by the total consumption for the year 1958 we find that 

m, = 0.301. Our estimate of in, for the same year in table 6.8 is equal to 0.283. The 

discrepancy between these two values we believe arose because in expression (6.4.9) the 

data of table 6.9 was estimated from factor cost units whilst those of table S. 15 are 

expressed in market prices. In fact, this discrepancy is not too large if one also takes into 

account that the general discrepancy in the data with reference to the whole system is 

about 5%. Therefore, we believe that the difference between the two consumption 

allocation parameters is not significant (at least for the year 1958) and so the figures in 

235 



table 6.8 we accept to be reliable. 

In the following pages we will try to interpret the parameter m, . In table 6.8 the 

series for m, is clearly decreasing over time. Its time trend is given by the expression: 

, MI (t) = mi (0) (1 +D (6.4.10) 

where j is the average annual rate of change, which turns out to be: 

In- m, 1.096080 - 0.027635 x t, R2 = 0.9186 
(0.0178) (0.0017) t 

or 

m, (t) = 0.334178 x (0.972743) t (6.4.11) 

From (6.4.11) we deduce that m, (t) is decreasing over time at an average annual rate of 

i=0.027257. 

The economic interpretation of this decrease is that as the economy develops people 

can consume more things that do not belong to the category of "indispensable" goods, 

ie. the agricultural goods. 

In our model, m, has been taken to be constant, (equations 6.2.11 and 6.2.12). In 

reality, at least for the Greek economy, this parameter seems to be a decreasing function 

of time. Therefore, keeping ml constant and trying to estimate the various parameters of 

our model using the reduced form (equations 6.2.13-6.2.24) we are introducing 

mispecification errors into our estimates, because in the reduced form the constants N. 
I 

are not really constants but vary over time. This mispecification can be altered by allowing 

m, to vary over time; but this assumption makes the parameters NI in the reduced form 

so complicated as to make estimation very difficult. For this reason and for some other 

reasons which we will discuss in the following sections we decided not to use the reduced 

form of the model in our estimations but instead to use the structural form of the model 
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where the posMble mispecification in one equation does not carry over to others. 

6.5 Shares of Labour and Capital, in GDP for the Two Sectors 

Table 5.10 of the previous chapter represents the net national income for the two 

sectors; more precisely it represents the wages and salaries and the net profits for the 

non-agricultural sector. Of course, the figures in table 5.10 are net values as far as 

depreciation of capital and transations with the rest of the world are concerned. 

From the National Accounts of Greece we have the following accounting identities: 

GDP NNI +D- NIA (6.5.1) 

NIA MI - XI = (MP + IMV) - (XP + XV) (6.5.2) 

where MP = imports of profits from the rest of the world 

MV = imports of wages from the rest of the world 

XP = exports of profits to the rest of the world 

XW = exprots of wages to the rest of the world 

the other variables have been explained in 6.4. 

Assuming ýow that all the transactions of profits and wages with the rest of the world 

belong to the non-agricultural sector, the above identities can be split into the following 

accounting identities: 

GDP, = NNI, + D, NWI + (NP, + DI) = W, + GPI (6.5-3) 

GDP2 = NTNI2 + D2 NIA 

(14W2 
- 

MW + X%V) + M2 
- MP + XP + DO 

NV2 + GP2 (6-5.4) 

where W= wages and salaries 

NP = net profits 

GP = gross profits 
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NIV = net wages and salaries 

Using the accounting identity (6.5.4) and the available data we can construct time 

series for wages and salaries and gross profits for the non-agricultural sector. Unfortunately, 0 

for the agricultural sector, we do not have any data which can be applied directly to (6.5.3) 

to produce the desired variables, 

In table 5.10 the wages and salaries in the non-agricultural sector are given in current 

prices. Using the implicit price index of table 5.21, for the non-agricultural sector, we 

transformed this data into constant 1958 prices. Also, in table 5.24 the various income 

payments are in current prices. Using an implicit price deflator for net payments (dividing 
, 

current by constant 1958 prices net payments) we transformed this data into constant 

1958 prices. 'Me results are given in table 6-10. 

Using now the data of tables 5.24 and 6.10 and that of GDP from table 5.6 and with 

the help of the accounting identity (6.5.4) we calculated wages and salaries and gross 

profits for the non-agricultural secotr which we have presented in table 6.11. In calculating 

wages and salaries f6r the agricultural sector we used the expression: 

Wl (t) =A (0 W2 -(t) 
(6.5-5) 

For the exogenous; variableu(t), which shows the ratio of the two wages, we used the data 
&I 

from table S. 11. As we see in table S. II the existing figures are for three years only, 

1951,1961 and 1971, and so the coffespondingp(t) takes the values p(51) = 0.2476, 

, u(61) = 0.2656 andu(71) = 0.2711 which we found by dividing the income of the farmers 

and the income of the self-employed persons in the non-agricultural sector. For the 

values ofu(t) for the intermediate years we used straight-line trends between 1951 and 

1961 and between 1961 and 1971. The time series forp(t) so constructed is shown in 

table 6.12. In the same table it is shown the wages and salaries per worker, found by 
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TABLE 6.10 

Income payments from and to the rest of the world 
(in million drs. and in constant 19 58 prices) 

Year Deflator Payments from abroad Payments to abroad 
Profits Wages & Profits Wages & 

Salaries Salaries 

1950 0.536 22.4 476.1 119.5 - 
1951 0.584 29.1 601.3 75.4 - 
1952 0.587 42.6 728.5 68.1 - 
1953 0.886 37.2 656.9 97.1 - 
1954 1.033 61., 0 882.7 98.7 - 
1955 1.031 73.7 996.3 160.1 - 
1956 1.070 162.7 1332.2 72.9 - 
1957 1.094 188.3 1791.1 70.4 - 
1958 1.000 749.0 852.0 89.0 53.0 
1959 1.003 849.2 871.2 104.7 84.7 
1960 0.976 1230.2 1103.2 178.2 92.2 
1961 0.959 1682.7 1244.5 309.8 130.4 
1962 0.944 1907.6 1317.7 362.2 108.0 
1963 0.921 2393.5 1371.6 381.2 189.0 
1964 0.953 3050.4 1390.9 414.3 512.9 
1965 0.975 3144.7 1354.5 550.6 226.6 
1966 0.985 3680.8 1339.3 706.7 355.4 
1967 0.978 3962.5 1775.8 956.9 385.4 
1968 0.991 4407.9 2135.3 107&8 376.4 
1969 0.989 4673.2 2098.5 1325.2 418.5 
1970 1.038 5120.0 2164.6 1745.5 445.1 
1971 1.045 6564.8 3095.2 2079.4 570.6 
1972 1.133 6988.4 4452.1 2188.6 743.9 

6.5.5 for the agricultural sector and using the data of tables 6.11 and 6.2 for the non- 

agricultural sector. We must note here that the estimates of wages and salaries in the 

agricultural sector depend heavily on the estimate of p(t). Unfortunately, there was no 

other reasonable way in estimating these figures. From tables 6.12 and 5.6 we can derive 

the wages and salaries and gross profits for the agricultural sector in constant 1958 prices, 

shown in table 6.13. 

Dividing now the wages and salaries and the gross profits by the GDP in both sectors, C, ZI 
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TABLE 6.11 

Wages-Salaries and Gross Profits for the Non-Agricultural Sector 
(in million drs. ) 

Year Current Prices Constant 1958 prices 
Wages & Gross Profits Wages & Gross Profits 
Salaries Salaries 

1954 16713 22047 20199.8 26167.2 
19ss 19546 2S219 21736.3 . 27749.7 
19S6 23458 28737 24032.7 291SO. 3 
19S7 24065 312S4 24576.7 31498.3 
1958 26287 34285 26287.0 34285.0 
1959 28193 35856 27767.3 35309.7 
1960 30619 39768 29408.6 38358.4 
1961 33337 43176 31404.8 40905.2 
1962 36216 46869 33221.7 43365.3 
1963 39593 51575 35434.8 46622.2 
1964 45302 56885 39666.0 50131.0 
1965 52488 63120 44791.6 54239.4 
1966 59934 69141 49307.6 -57277.4 
1967 66530 73626 52878.2 59197.8 
1968 73753 83193 57640.0 65841.0 
1969 82617 94974 62901.6 73144.4 
1970 9d. 074 108197 67805.7 80497.3 
1971 102556 121130 73591.9 88216.1 
1972 117074 142325 81100.2 100334.8. 

we can find the shares of wages and salaries and gross profits out of GDP respectively 

for each sector. In deriving the gross profits we used the accounting identity: 

GP 
I =GDP, -W i (i = 1,2) (6.5.6) 

ic. the gross profits is the residual of GDP less wages and salaries. Therefore, the shares 

of wages and salaries and gross profits add up to one, which means, a priori, constant 

returns to scale. Hence, we cannot test our production functions for the returns to scale 

because we impose a priori constancy of the returns to scale. The shares are shown in 

table 6.14. 

An investigation of the series of fligures in table 6.14 show that in general the shares 
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TABLE 6.12 

Wages & Salaries per Worker for the Two Sectors 

- 
(in constant 1958 prices) 

Year Wages & Salaries per worker C, Ratio of wag es 
Agricultural Non-aggricultural 

1954 3423 13520 0.2530255 
1955 3603 14153 0.2548215 
1956 4107 15986 0.2566175 
1957 4166 16155 0.2584135 
1958 4296 16516 0.2602095 
1959 4913 18749 0.2620055 
1960 5004 18960 0.2638015 
1961 4962 18714 0.2655975 
1962 5289 19848 0.2661503 
1963 5461 20447 0.2667031 
1964 6043 22583 0.2672559 
1965 6642 24809 0.2678087 
1966 7207 26818 0.2683615 
1967 8042 29912 0.2689143 
1968 9140 33900 0.2694671 
1969 9701 35934 0.2700199 
1970 10026 37048 0.2705727 
1971 10234 37671 0.2711259 
1972 10901 40105 0.2716783 

of labour in the agricultural sector are smaller than those of the non-agri cultural sector, 

(the opposite for the shares of capital); a quite reasonable result if we bear in mind that 

the agricultural sector is less developed than the non-agricultural one. Furthermore, 

using the general form (6-4.10) for time trends, we find for the share of capital in the 

agricultural sector: 

In al (t) =-0.420930 - 0.010372 x t, RI = 0.2787 
(0.0436) (0.0038) 

or 

a, W=0.656436 x (0.989682) 

and for that in the non-agricultural sector: 
rý 

(6-5.7) 
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TABLE 6.13 

gricuItural Sector ges & Salaries and Gross Pro fits in the A Ivag ,> 
(in million drs. and in constant 1 958 prices) 

Year Wages & Sala ries Gross Profits Year Wages & Salaries Gross Profits 

1954 6691.3 13282.7 1964 10858.5 18097.5 
1955 7045.8 14305.2 1965 11385.1 18340.9 
1956 8272.9 13671.1 1966 11991.3 17763.7 
1957 8385.1 16422.9 1967 13894.6 17612.4 
1958 8444.1 14501.9 1968 16054.4 13029.6 
1959 10360.9 13734.1 1969 16153.5 14382.5 
1960 10360.7 11920.3 1970 15226.4 17946.6 
1961 9726.8 17519.2 1971 13614.0 20421.0 
1962 10313.4 14964.6 1972 13057.7 22138.3 
1963 10155.3 17070.7 

TABLE 6.14 

Shares of Labour and Capital out of GDP for the two Sectors 

Year Agricultural Sector Non-agricultural sector 0 

Labour Capital Labour Capital 

19S4 0.33S 0.665 0.436 0.564 
195S 0.330 0.670 0.439 0.561 
19S6 0.377 0.623 0.4S2 0.548 
1957 0.338 0.662 0.438 O. S62 
1958 0.368 0.632 0.434 0.566 
19S9 0.430 O. S70 0.440 0.560 
1960 0.465 0.535 0.434 0.566 
1961 0.357 0.643 0.434 0.566 
1962 0.408 0.592 0.434 0.566 
1963 0.373 0.627 0.432 0.568 
1964 0.375 0.62S 0.442 0.558 
1965 0.383 0.617 0.452 0.548 
1966 0.403 0.597 0.463 0.537 
1967 0.441 0.559 0.472 0.528 
1968 0.552 0.448 0.467 0.533- 
1969 0.529 0.471 0.462 0.538 
1970 0.459 0.541 0.457 0.543 
1971 0.400 0.600 0.455 0.545 
1972 0.371 0.629 0.447 0.553 
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ln a2 0.565927 - 0.002644 x t, R2=0.4068 
(0.0084) (0.007) 

or 

a2 (t) = 0.567833 x (0.997359) t (6.5.8) 

From (6.5.7) and (6.5.8) we see that both shares of capital show a decreasing time 

trend with that of the agricultural sector, which is iI=0.010318, being higher than that 

of the non-agricultural sector, which is j2 = 0.002641. 

In fact, the decreasing rate of the share of capital in the non-agricultural sector is 

very small so we could take this share as constant for the period under study. For the 

agricultural sector the capital share is decreasing till the year 1968. After that year it is 

increasing (possibly due to the political instability). This result is depicted into the small R 

The measurement of the wage share of national income has received much attention. 

One of the problems faced concerns magnitudes that the notion of wages must include 

and the aggregate quantities in which the share must be measured. Dunlop 0 950) has 

charted labour's share for a great variety of alternative concepts but his graphs show 

no statistical grounds for choosing bctwcen altern ative formulations. Johnson (1954) 

imputing a wage to self-employed persons found from the first decade of this century to 

the post World War 11 period, for the American Economy, a growth ir. labour's share of 

about 5 per centage points. Kravis (1959) is a study of Johnson's and later figures, 

adduces reasons for an increasing trend in labour's share. Weintraub (1959) and Klein and 
0 Kosobud (1961) use the notion of the constancy of labour's share. Our results for the share 

of labour in the two sectors for the Greek economy show an increasing trend for the 

agricultural sector whilst that of the non-agricultural sector is practically constant. 
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6.6 Net Capital Stock, Rental Rates and the Propensity to Invest out of Profits for the 
Two Sectors 

Probably, one of the most difficult data problems is the problem of existing data 

for the net capital stock in Greece. There were some attempts of estimating capital 

stock for the manufacturing sector, Krengel-Afertens (19 67) and for the non-agricultural 

sector, Germidis-Negreponti-Delivanis (1975). Others, took an arbitrary capital stock/GDP 

ratio for a basic year and derived the subsequent figures by cumulating net capital forma- 

tion for the total economy. For example, Adelman and Chenery (1966) assumed that the 

capital stock /GDP ratio for the Greek economy for the year 1950 was equal to three. 

We will start our analysis by trying to estimate net capital formation for the two 

sectors. First, we have split out into the two sectors total depreciation which has been 

presented into tables 5.16 and 5.17. For this reason we employ the accounting identities: 

GDP, - NNII (6.6.1) 

D2 = GDP2 - NN12 + NIA (6.6.2) 

where tile symbols have been explained in the previous sections. 

Using the figures for NNji (i = 1,2) in table S. 10 (or transforming NNII into constant 

1958 prices by the price deflator for the agricultural sector of table 5.21), those of NIA 

from table 5.24 and those of GDPi (i = 1,2) from table 5.6 we found depreciation in the 

two sectors which has been presented in the table 6.15. In fact having found depreciation 

in the agricultural sector, we subtracted those figures from total depreciation to find 

depreciation in the non-agricultural sector. 

Subtracting now dcpreciation from gross invcstmcnt we find net investment in 

constant 1958 prices as presented in table 6.16. 

To calculate net capital stock in the non-agricultural sector we need an initial value, 
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TABLE 6.15 

Depreciation in the Two Sectors (in miHion drs. ) 

Year Current Prices Constant 1958 prices 
Agricultural Non-agricultural Agricultural Non-agricultural 

1950 94 1392 156.3 2793.7 
1951 119 1725 187.3 2965.7 
1952 136 1908 202.7 3099.3 
1953 183 2234 228.6 3159.4 
1954 257 2976 295.4 3227.6 
1955 262 3231 283.3 3390.7 
1956 279 3568 272.0 3626.0 
1957 322 3858 329.0 3804.0 
1958 398 3921 398.0 3921.0 
19S9 457 4364 481.4 4106.6 
1960 520 4782 507.0 4408.0 
1961 586 5125 557.0 4685.0 
1962 657 5696 588.0 5035.0 
1963 706 6538 610.8 5408.2 
1964 786 7291 654.7 5906.3 
1965 881 8095 681.1 6489.9 
1966 1024 9173 762.8 7334.2 
1967 1167 10082 866.2 7816.2 
1968 1270 11306 927.2 8423.8 
1969 1408 12591 1009.1 9324.9 
1970 1499 14439 1064.8 10265.2 
1971 1697 16844 1127.7 11191.3 
1972 1875 20183 1114.5 12317.5 

ie. for a base year. We are taking 1950 as our base year for which the capital stock in the 

non-agri cultural sector is 97223.0 million drs. in constant 1958 prices as has been estimated 

by GerMidis and Negreponti-Delivanis (1975). The subsequent figures derived by cumulating 

net investi6nt, table 6.16. 

Unfortunately, for the agricultural sector there is no such estimate for a base year. 

Therefore, we estimated net capital stock in the agricultural sector in the following way. 

NVe assumed that for the base year the rate of return on capital is the same in both sectors 

(as in our model). This rate of return can be found by dividing gross profits by net capital -- 
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TABLE 6.16 

Net Investment and Net Capital Stock in the Two Sectors 
(in million drs. and in constant 1958 prices). 

Year - Agricultural Sector Non-agricultural sector 
Net invest- Net capital Net invest- Net capital 
ment stock men t stock 

1950 1181.7 55140.9 8123.3 97223.0 
1951 2874.7 58015.6 ý029.3 103252.3 
1952 60.3 58075.9 5532.7 108785.0 
1953 2796.4 60872.3 6362.6 115147.6 
1954 57.6 60929.9 4823.4 119971.0 
1955 1501.7 62431.6 6162.3 126133.2 
1956 -1483.0 63914.6 8914.0 13SO47.2 
1957 3054.0 66968.6 8878.0 143925.2 
1958 1878.0 68846.6 11380.0 155305.2 
1959 2276.6 71123.2. 11042.4 166347.6 
1960 2075.0 73198.2 11976.0 1783ý3.6 
1961 5812.0 79010.2 13591.0 191914.6 
1962 1587.0 80597.2 17015.0 208929.6 
1963 5347.2 85944.4 15068.8 223998.4 
1964 1937.3 87881.7 25168.7 249167.1 
1965 5659.9 93541.6 25982A 275149.2 
1966 2663.2 96204.8 25760.8 300910.0 
1967 5095.8 101300.6 23790.2 324880.2 
1968 4196.8 105497.4 31101.2 355981.4 
1969 4939.9 110437.3 35907.1 391888.5 
1970 6302.2 116739.5 38164.8 430053.3 
1971 7368.3 124107.8 41727.7 471781.0 
1972 7088.5 131196.3 50611.5 522392.5 

stock in the non-agricultural sector. For the year 1954, (this is the year for which the 

time series in gross profits of the non-agricultural sector starts) the rate of return on 

capital was found to be equal to r2 (1954) = 0.218. Dividing now gross profits of the 

agricultural sector for the year 1954 by r2 (1954) = 0.218 we found a starting value of 

the net capital stock in the agricultural sector, and therefore we estimated the whole 

time series as in table 6.16. 

The time series for the rates of return on capital, using the formula: 
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GPj/NKSj (i = 1,2) (6-6.3) 

where NKS = net capital stock, are shown in table 6.17. From this table we have to do 

some comments. Firstly, the two rates of return are not equal, as it has been assumed for 

I 
our theoretical two sector growth model. It is possible this difference to be real or to be 

fictional, because a lot of the data have been estimated with one or other way. Therefore, 

TABLE 6.17 

Rates of Retum on Capital 

Year Agricultural Non-aggricultural Rental ratio Wage/rental ratio, C, 
TI (t) T2 (t) ri (t)/T2 MW1 (0/0 2M 

1954 0.218 0.218 1.000 0.253 
19ss 0.229 0.220 1.041 0.244 
1956 0.214 0.216 0.991 0.259 
1957 0.24S 0.219 1.119 0.230 
1958 0.211 0.221 0.955 0.273 
19S9 0.193 0.212 0.910 0.288 
1960 0.163 0.21S 0.758 0.349 
1961 0.222 0.213 1.042 0.2SS 
1962 0.186 0.208 0.894 0.298 
1963 0.199 0.208 0.957 0.280 
1964 0.206 0.201 1.02S 0.261 
1965 0.196 0.197 0.995 0.269 
1966 0.185 0.190 0.974 0.277 
1967 0.174 0.182 0.956 0.282 
1968 0.124 0.185 -0.670 0.404 
1969 0.130 0.187 0.695 0.387 
1970 0.154 0.187 0.824 0.330 
1971 0.165 0.187 0.882 0.309 
1972 0.169 0.192 0.880 0.309 

if this approximation of the missing data is not quite correct then it will produce further 

problems in the estimation of the parameters. If we assume that the missing data have been 

estimated in the best possible way then we have to accept that the difference in the two 

rental rates is real and not fictional. Of course, here we will not explain the rationale for 

such difference in the rental rates but the interested reader can look in KelleyrNVUliamson 
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& Cheetham (1972) for more details. 

Secondly, both rental rates are decreasing over time wifli the rental rate in the 

agricultural sector decreasing faster. From the data on the private investment we see 

that for the decade 1954-1963 the percentage of investment in agriculture out of total 

investment was an average 11.257o and that for the decade 1963-1972 it was 9.96%, 

(estimated by constant 19S8 prices values). This means that the faster decrease of rental 

rate in agriculture was the reason for the switch of the individuals preferences in invest- 

ing more in the non-agricultural sector. This behaviour of the individual supports the case 

that there is a gap in the two rental rates. 

Thirdly, the decrease of the rental rates is an expected result because the input capital 

is increasing more than the input labour. 

Employing again the form for time trends (6.4.10) we have that: 

1.440331 - 0.024313 x R2 = 0.5578 
(0.0566) (0.0050) 

or 
t 

Ti (t) = 0.236849 x (0.97S980) (6.6.4) 

and 

'Inr, (t) =-1.483 202 - 0.01133 5xt, RI = 0.8493 
(0.0125) (0.0011) 

or 
t 

r2(t) = 0.226910 x (0-988729) (6.6.5) 

from which we can see that the averagge annual decrease of the rental rate in agriculture 

isi, = 0.02402 which is greater than that of the non-agricultural sector, j, = 0.011271. 

The difference in the two rental rates causes the ratio of the wage/rental ratios of 

the two sectors to be different from the ratio of the wagesp(t). This new ratio, nNt) 
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is shown in table 6.17 and its time trend is given by: 

1.409490 + 0.016895 x t, R' = 0.400 6 
(0.0541) (0.0047) 

or 

P*(t) = 0.244268 x (1-017039) t (6-6-6) 

From (6.6.6) we see that this ratio is increasing with rate j=0.017039. 

Table 5.20 represents as we have seen the finance of gross domestic asset formation 

in current prices. Using an implicit deflator for total investment (ie. dividing total invest- 

ment expressed in current prices by the corresponding expressed in constant 1958 prices), 

we transformed the data of table S. 20 in those of table 6.18 of constant 19S8 prices. 

Dividing now gross domestic asset formation financed domestically by the total profits 

we find the propensity to invest out of profits, as shown in table 6.18. 

NVe see, that the investment/pro fits ratio in the economy as a whole shows a steady 

upward-trend. This trend has been estimated by: 

In s3 1.503427 + 0.050819 xtR2=0.8646 
(0.0526) (0.0046) 

or 

S3 (t) = 0.222367 x (1.052132)t (6-6.7) 

The growth of this ratio which the average annual increase is j=0.052132 is one of the 

most promising ratios for the development of Greece. This type of savings, out of capital 

gains, has been discussed by Shell-Sidrauski-Stiglitz (1969). 

Returning now to our model we see from equation (6.2.10) that the propensity to 

invest s3 is constant over time. Therefore, this equation is also mispecified as far as the 

Greek data is concerned. For this reason and for the other two, ie. the variable consump- 

tion allocation parameter and the difference in the return of capital for the two sectors, 
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TABLE 6.18 

Propensity to Invest Out of Profits and 0 flier RMevan t Data 
(data in million drs. and in constant 1958 prices) 

Year Investment finance from To tal Deflator Propensity 
Domestic Abroad Profits of to 

Investment Inves t 

1950 3311.3 8943.7 0.499 - 1951 5074.7 6982.3 0.591 - 
1952 4172.6 4722.4 0.602 - 
1953 10645.0 1902.0 - 0.701 - 
1954 6123.2 2280.8 39449.9 0.855 0.155 
1955 10453.7 884.3 42054.9 0.945 0.249 
1956 12195.3 2099.7 42821.4 0.983 0.285 
1957 14123.8 1941.2 47921.2 0.985 0.295 
1958 14S64.0 3013.0 48786.9 1.000 0.299 
1959 16163.0 1744.0 49043.8 1.019 0.330 
1960 16491.6 2474.4 50278.7 1.031 0.328 
1961 22156.6 2488.4 58424.4 1.045 0.379 
1962 21666.5 2558.5 58329.9 1.104 0.371 
1963 24070.1 2364.9 63692.9 1.146 0.378 
1964 28213.0 5454.0 68228.5 1.160 0.414 
1965 29885.5 8927.5 72580.3 1.164 0.412 
1966 33014.3 3506.7 75041.1 1.199 0.440 
1967 33687.2 3881.8 76810.2 1.223 0.439 
1968 37799.3 6849.7 78870.6 1.239 0.479 
1969 42694.7 8486.3 87S26.9 1.266 0.488 
1970 48520.7 7276.3 98443.9 1.306 0.493 - 
1971 57200.7 4214.3 108637.1 1.401 0.527 
1972 67741.5 3390.5 122473.1 1.510 0.553 

we cannot use the reduced form of the model in estimating the other parameters, 

and* therefore we will try to estimate the parameters from the structural fo rm. 

Finally, we will investigate other four great ratios of economics of growth; C, 

the capital/labour ratio and the capital/output ratio, presented in table 6.19 and 

in fi. -Ures 6.2 and 6.3. 

The time series for the capital/labour ratios in the two sectors show a steady 

upward growth. Our trend formulas are respectively: 
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TABLE 6.19 

Capital/labour and Capital/output Ratios 

Year Capital/labour ratios in constant Capital/output ratios 

-- - 1958 prices 
Agriculture Non-agriýulture Agriculture Non-agriculture 

1950 30095 69584 3.616 2.579 
1951 31124 73021 3.350 2.593 
1952 30678 74834 3.563 2.669 
1953 30025 83446 2.956 2.625 
1954 31166 80301 3.050 2.587 
1955 31925 82131 2.924 2.549 
1956 31726 89830 2.913 2.539 
1957 33275 94607 2.699 2.567 
1958 3SO23 97S77 3.000 2.564 
1959 33728 112323 2.952 2.637 
1960 35356 114970 3.285 2.631 
1961 40302 114360 2.900 2.654 
1962 41329 124823 3.188 2.728 
1963 46220 129251 3.157 2.730 
1964 48906 141856 3.035 2.775 
1965 54573 152398 3.147 2.778 
1966 S7823 163662 3.233 2.823 
1967 58632 183779 3.21S 2.899 
1968 60061 209367 3.627 2.883 
1969 66323 223873 3.617 2.881 
1970 76869 234975 3.519 2.900 
1971 93292 241498 3.646 2.916 
1972 109526 258332 3.728 2.879 

In k, 3.362569 + 0.054157 x t, R2 = 0.8948 
(0.0402) (0.0039) 

or 

and 

or 

kl(t) = 28.863245x(1.055650) 
t (6.6.8) 

In k2 4.337976 + 0.061764 xtR? = 0.9784 
(0.0199) (0.0019) 

t 
k2 76.552440 x (1.0637 (6-6.9) 
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From (6.6.8) and (6.6.9) we see that the capital/labour ratio for the non-agricultural 

sector is growing with the rate of j2 = 0.063711 which is greater than that of the agricul- 

tural sector, j, = 0.055 65. 

Also, from table 6.19 or from figure 6.2 it is obvious that the capital/labour ratio, 

or the capital intensity, in the non-agricultural sector is greater than that of the agricultural 

sector for every year. This result is consistent with a basic assumption of our two-sector 

growth model of the previous chapter, ie. with the assumption that the non-agricultural 

sector is the more capital intensive. 

The series for the capital/output ratios in the two sectors are also increasing over time. 

According to table 6.19 or to figure 6.3 the capital/output ratio in the non-agricultural 

sector showed an upward trend. We could say that this increase may be attributed to the 

continuation of capital formation at an accelerated rate and to the rather unsatisfactory 

distribution of total investment among subsectors of economic activity of the non-agricul- 

tural sector, which reduces the return on capital for the sector as q whole. Our trend formula 

is: 
K2 

2 in -=0.944571 + 0.006515 xt3, R=0.8184 
Y2 W (0-0067) (0.0006) 

or 

K2 

2.571710x(1.006536) 
Y2 

(6.6.10) 

In contrast to the steady increase of the capitalloutput ratio in the non-aCgricultural. 

sector this ratio for the agricultural sector is on average increasing after the year 1957 but 

not at a steady rate, as we can see from figure 6.3. The behaviour of this ratio depends 

heavily on a lot of factors. Firstly, in the first decade for the period under consideration, 
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the net investment in this sector was rather small and unstable (table 6.16) with the 

consequence that the capital/output ratio may be decreasing until the year 1957. 

Secondly, the behaviour of the capital/output ratio depends upon the type of invest- 

ment; after the sixties investment went more into land improvement. Thirdly, on the 

weather and on the cycle -: of oil production which is one of the most important goods 

in agricultural production. Of course, there are also other unstable factors to be added 

to the three factors mentioned above. The trend of this ratio, without excluding the 0 

years before 1957 for which this ratio is decreasing, is given by: 

- 
K, (t) 

In -=1.123415 + 0.005 676 xt, R2 = 0.1744 
Y, M (0.0268) (0.0026) 

or 

K, (t) t 
= 3.07S339 x (1.005692) 

Y, (t) 
(6.6.11) 

The, %Fery small-RI is (6.6.11) shows also the unstable behaviour of this ratio. Of course, 

we cannot compare (6.6.11) with (6.6.10) because in (6.6.11) the trend coefficient is 

significant. 

From these four ratios of economic growth we must fWally note that these increases 

are the natural consequence of the continuing economic development effort. 

6.7 The Econometrics Used 

A particular feature of the system that we wish to estimate is that the same parameters 

appear in many equations. We need to incorporate this restriction into the estimation 

technique adopted. To do this we arnAlgarnate all the equations into a single block. 

For example, say we had a two equation system with the same parameter 012 appear- 

ing in both equations, ie.: 
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Y1 CtO + Ctl X1 + Ct2 X2 + C1 

Y2 PO ++ 02 X2 + C2 

We can then incorporate this restriction by writing the system in the following way: 

ao 
E Yi i0X, X2 

x PO (6.7.2) C(I +[ 
Y21= 

[0 

io X31 
Ct2 

LC2 

So, we will estimate the system in the form: 

y=X+C (6.7.3) 

where yl is an nmxI vector; n number of observations in each 

Y2 equation and in = number 6f equations, 

y 

Ym 

61 is an nmx I vector; the vector of the disturbance terms, 

E2 

LCMJ 

X is an nmxk matrix of the restricted form described above and is an kx I vector; 

vector of the parameters of the system', where k is the number of the parameters in the 

system. 

In the case of a single equation: 

Yi = Xi Pi + Ci i=I......... in (6.7.4) 

with E(c) =0 and E(ci e 1) = Vi 

where the disturbance follows a first-order autoregresive scheme: 

i= . ...... . in 
Cit ý-- Pi fij- I+ Uit t= . ...... .n (6.7.5) 
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0 

where Ipj< I andu t satisfies the assumptions 

E(uit) =0 
(6.7.6) 

E(uit ui, t+s) = 62 - for s=0 for all t 111 
=0 for sýO 

It is known that I Pi Piý ................. Pi n-I 

p- I Pi .................. Pi n-2 
Vi = 

62 
.I= 62 ni (6.7.7) 

Ci :- Ci 
nI n-2 n-3 Pi Pi Pi ............. I 

Since the dispersion matrix for ei is not scalar, ordinary leas-squares (OLS) is inefficient, 

and best linear unbiased estimates of Oi are provided by generalized least-squares (GLS), 

Aitkens (1934). If, for example, it is known that the disturbance follows a first-order 

scheme and if the value of the parameter pi is known then GLS may be applied directly 

and the estimator is: 

bi Mn -1 Xj) -1 n -1 (6.7.8) 
1iX; i Yi 

The estimated dispersion matrix for bi is 

var(b) = sj2 (Xi -niI Xi) 
1 

(6.7.9) 

where 

s12=e, ' 92 iI ej / (n-k 
i 
)and ej =yi-Xibi (6.7.10) 

and I -Pi 0 ...... 000 
-pi +p12 _p I ...... 000 

0 -P +pi ...... 000 

ni (6.7.11) 
-PA 00...... -pi 

l+pI 2 
-p- 

000...... 0 -p- 

The above estimates can be obtained by a simple two-stage procedure, as follows: 

First, we transform the original observations by appropriate use of pi which is assumed to 

be known and second, we apply OLS to the transfonned data. 
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The transformation matrix Tj such that the relation: 

Ti yj = Tl- Xl- pl- + Tl- el (6.7.12) 

Avill have a scalar dispersion matrix, ie.: 

E(T. T' 6 2.1 (6.7.13) 11 Ul 

is found (Kadiyala, 1968) to be: 

00...... 000 
Pi 10...... 000 

Ti= 
0 -pi I ...... 000 

(6.7.14) 
000...... -pi 10 

L000...... 0 -pi I 

so that the OLS may be applied to the transformed data Ti yi and Ti Xi of (6.7.12). 

Instead of using *, which ., 
the matrix Ti a more simple case is to use an other one, Ti 

is merely Ti with the first row deleted. Therefore, using Ti*, we are losing one observation 

and each transformed observation, say Zit* of Zlt, is given by: 

Zit* = Zlt -pi Zi, t- I, t=2 (6.7.15) 

It can be shown that applying OLS in (6.7.12) we will obtain the estimator (6.7.8) and 

applying OLS in (6.7.12) using the matrix Ti* we will obtain a close approximation of 

(6.7.8). N 

In the above methods we assumed that we know the autocorrelation structure and 

the value(s) of the parameter(s) Pi- In general, neither the order of the autocorrelation 

structure is known nor the values of the pis. Of course, various methods of approximating 

the structure and the values of parameters of the autocorrelation scheme have been 

proposed. 

17he Cochrane-Orcutt (1949) method is a two-step procedure according to which in 

the first step we-compute 'pi Erom the OLS (applied to 6.7-4) residuals using the formula: 
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Ann 
Pi = 2; %2 ti(t-l)/E I (t- (6.7.16), 

j=l 

and the second step is of estimating pi by applying OLS to the transformed data using 

(6.7.15). This method corresponds to GLS estimation using the Ti* matrix. Also, this 

method can be extended to more than one iterations computing successive pi's from the 

A (1) 

corresponding residuals; ie. we obtain a new set of residuals by Ci Yi - xi Pi and 
A (1) 

calculate a new value ofpAi, pi , and so on. 

The Durbin (1960) method is also a two-step procedure. The first step is to compute 

an estimate of pi by applying OLS to: 

yilt " Pi Yi, t- I+ Pil Xil t- Ppil )ý*, 
, t- I........ + Piki Xik 

it -Pi Pik 
i 

Xiki 
9 t-I 

Uit i=I...... .m (6.7.17) 
t=2 . ..... .n 

where ki is the number of parameters to be estimated. The second step is to estimate pi by 

applying OLS to: 

AAx. A 

yit - pi yi, t- I= Pit (Xil t- Pi it, t- 1) . ...... + Piki (Xikit -Pi Xiki, t- 0+ 

u it (6.7.18) 

This method can be extended quite simply to higher order autoregressive schemes. 

Finally, Phillips (1956) method which is also a two-step procedure. The first step 

is that of Durbin's method, ie. estimating pi and pi, say ýi* and p^, ', using (6-7-17), Using 

a formal Taylor expansion we have: 

pi + (6i Ai, Ai, 

+(Pl_pi, )p +(Pi_Dl, )( (6.7.19) - '8i - 

and neglecting the last term of (6.7.19), (6.7-17) is transformed into the following: 

fyit_A, oe 0AA 

P, il Nit, t-I +---+piklo Xik, 
2t- I) 

I =Pjjý(Xij t-Pio )ý-I, t-o . ...... + 

"0xA + Piki (Xikit - Pi iki, t-1) + Pi (yi, t-I - Pil 0 Y"il, t-I -***'- Pik)i Xikilt-1) + uit (6.7.20) 

from which applying OLS we estimate the parameters. This method can be extended to 
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more than one iterations computing successive pl's and pl's from the equations (6.7.20) 

and so repeating the %fiole procedure. 

Sargan (1964) and Oberhofer and Kmenta (1974) show that these methods represent 

a convenient Nvay of calculating the maximum likelihood estimates for the autoregressive 

model. Also, Griliches and Rao 0 969) showed that the above methods give a gain in 

efficiency, compared with OLS even in small samples and especially when 
I 
Pi I>0.3. 

For further discussion on the above methods see Theil (1971) and Johnston (1972). 

In our case, where we do not have a single equation but a system of equations, as 

in equation (6.7.2), we apply the above methods to each equation individually and then 

amalgamate all the transformed equations into a single block. Therefore, instead of having 

the single transformation equation (6.7.12) we have the transformed system: 

TY TXP + Te (6.7.21) 

where T, 0 ...... 0 
0 T2 

...... o 
T= (6.7.22) 

La0...... 
TM 

In the case where we estimate a common p for all the equations in the system 

(6.7.21), treating system (6.7.21) as a single equation, then in (6.7.22) we have that: 

T, =T2 = ........... =TM=T 

If we apply (6.7.21) into our simple example of (6.7.2) we obtain: 

ao T, y, T, i0T, x, T, x2 T, el PO 
x 

of I+ 
T2 Y2 0 T2 i0 T2 X3 T2 62 

Lj 
a2 

NVe must find the necessary and sufficient conditions for (6.7.21) to have 

E (T e c'T') = 6u' Imn 

we have ihat: 

(6.7.23) 

(6.7.23) 

(6.7.24) 
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E(Tj cl c', T, 

E(T c e'T) ECr2 C2 c', Tj 

E(Tm CMe, T'L) 

E(T, ei e'2 T2') ........... E(T, ei cýn T ý1) 

E(T2 £2 e'2 T2) ........... E(T2 e2 c'm T; 
n) (6.7.25) 

Ejm cm c»2 T *2) .......... Ejm cm cM TIn) 

We assume that in (6.7.25) the off-diagonal submatrices, eg, E(ei ci) are all zero matrices. 

These matrices are of the form E(Ti ei ej Tj) where iýj and deal with the disturbances 

of different equations. Therefore, for (6.7.25) to be equal to Gul Imn we must have that: 

E(TieiciTi)=6, dl in, i=l . ..... .m (6.7.26) 

which is obvious due to (6.7.13), and to further assumption that 

0- 2 62 62 
...... =a 2 

Ul U2 .um 

In applying the various methods of estimating the alltDregressive coefficients into 

the system (6.7.3) of the stacked equations we have to note the following: 

In the case where we assume that the autoregressive coefficient is the same for aU 

ihe equations, then in using the formula (6.7.16) of the Cochrane-Orcutt method we 

introduce an incorrect product term in the estimate between the elements of the residual 

vector, of the fonn el (n) 62 Ob IE2 (n) IE3 (1)) 9 6M_I(n) em(l). We can avoid this 

inconsistency by not taking into account these elements and so losing m observations. 

In the case where we are using the other two methods, ie. Durbin and Phillips, we 

have a similar inconsistency by taking laggs of the various variables. 

Although we are aware of these inconsistencies, we retain the methods in the interest 

of simplicity. 

In the case now where there is a separate first order autoregressive process for each 

equation we obtain the estimates of the pi's without introducting the above inconsistencies. 

We treat each equation individually using the various methods for single equations. Of course, 

in estimating the p I's we are losing one observation for each equation. 
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Having found the autoregressive coefficients with the one or the other method 

(ie. same-or different pi's) we continue our estimation, using the transformation matrix 

(6.7.22), as presented previously. 

Together with the various methods mentioned abový we will also perform two- 

stages least-squares (2SLS) estimation, Theil (1953), Basmann(I 957). 

6.8 Estimation of the Model 

In this section we will presr-nt the results of our estimation for the model presented 

in section 6.2 without commenting on these, but leaving the comments for the next section. 

In the model presented in section 6.2 we distinguished two subsystems of simul- 

taneous equations. These two subsystems are the production functions with the correspond- 

ing marginal productivitY conditions, for each section: 

y1 (t) = r-i el it ki(t) li (6-8-1) 

wi(t) = 
!: --! ' ki(t) (6.8.2) 
ai 

From equation (6.8.1) taking its logs we have: 

In yi(t) In F-i + ir it + ai In ki(t) 

and from equation (6.8.2) we obtain: 

(6.8.3) 

ki(t) 
(6.8.4) 

coi(t) + ki(t) 

Stacking equations (6.8.3) and (6.8.4) into one block, according to (6.7.3), we have: 

In Yi(t) it In ki(t) In Fi C, i(t) 
x+ (6.8.5) 

ki(t) 
00i 

Iri 
C2 i(t) i=1,2 

wi(t) + k-(t) Cti Iý--- 

(i is the unit vector). In the above equations it is obvious that for the estimation we added 

an error term. 
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In the system (6.8.5) we will apply ordinary least squares (OLS) using the data of 

the previous sections for the agricultural (i = 1) and non-agicultural (i = 2) sectors. 

Also, we will apply generalized least squares using ihe common autocorrclation. coefficient 

estimated by the residuals. of OIS estimation (GLS: p), and generalized least squares 

using different autocorrelation coefficients estimated by the residuals of the OLS 

application to the individual equations of the system (GLS: pi). The GLS: p method is 

that of applying the transformation matrix (6.7.22) with same TI 's whilst the GLS: pi 

is that with different Tis. The results of the methods above are given in table 6.20, where 

RI is calculated as the simple correlation between y and y DAV. is the Durbin- 

Watson statistic of autocorrelation, F is the F ratio, p is the simple first order auto- 
A&AA 

correlation coefficient of the estimated residuals, v, v is the mean of the V, V. S. D. is the 

'4 AA 

standard deviation of V and V. R. M. S. E. is the root mean squared error of v. Numbers in 

parentheses show the standard deviation of the corresponding estimated parameter. 

In the same system (6.8.5) we will perform two-stages least-squares (2SLS) for its 

equations. The exogenous variableý of the system are taken to be the overall capital/ 

labour ratio, k(t), the ratio of the wagge/rental ratios of the two sectors, P*(t), and the 

time trend, t. Substituting the predicted values of ki(t) (the only endogenous variable 

lying on the F-H. S. of equations (6.8.1) and (6.8.2) ) which we found by regressing 

ki(t) onto the exogenous variables of the system, into (6.8.5), we applied OLS, GLS: p 

which we denote (2SGLS: p) and GLS: pi which we call (2SGLS: pi), into system (6.8.5). 

The results of these methods are given in table 6.2 1. 

Till now we presented the results of the estimated parameters of the model by using 

the two subsystems of the form (6.8.5). But in this way there is an equation, namely 

the relative price equation which is left outside of any estimation. Therefore, from (6.2.8) 
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we obtain by taking its logs and rearranging: C, 

In p(t) - In ki (t) + In k. (t) In 
012 r-2 

- 7ri t+ 7T2 t 

CQ 

al In k, (t) + a2 In k2 (t) (6.8-6) 

From (6.8.6) we see that this equati. on includes parameters which are parameters of 

the two subsystems. Hence, we have to take into account restrictions for the whole system 

and not independently for its subsystems. We therefore, amalgamate equations (6.8.3), 

(6.8.4) and (6.8.6) into a single block as below: 

In yj 

k, (t) 

I (t)+kl (t) 
In y2 (t) 

i In ki (t) oooo 

00 j 

000 

0000 

t In k2 (t) 0 

'InF, 

IT I 

Cl I 

Inr-2 

x 
IT2 

ei (t) 

C2 

C3 (6.8.7) 

k2 (t) 

00000o 02 C4 W 

2 (t)+k2 W 

Cf2 r2 

[Inp(t)-Ink, (t) 0 -t -Ink, (t) ot Ink2(t)i 111- 
CS(t) 

+Ink2 (t)) 
L 

aIrl 

We will apply now all the methods mentioned above into system (6.8-7). The-results 

are given in table 6.22. 

Table 6.23 represents the results of the application of the Cochrane-Orcutt method 

into system (6.8.7) by using the original data (CO) and after transformation for two-stages 

least-squares (2SCO). 

Also, in the same table we presented the results of the application of the Phillips 

method into system (6.8.7) by usirg the original data (P) and after they have been trans- 

formed"for two stages least-squares (2SP). For the Phillips method we present two auto- 

correlation coefficients; one derived from the residuals of the estimation (as in all the other 
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methods) and another one, with its standard deviation, derived directly as the estimate 

of the coefficient of the lagged dependent vaiiable expression in equation (6.7.20). 

Table 6.24 represents the results of the application of the Durbin method into 

system (6.8.7) by using the original data (D: i) and after they have been transformed for 

two-stages least-squares (2SD: i), where i=1,2 show the degree of the autoregressive 

scheme. 

We applied the last three methods (CO, P, D) by using common autoregressive . 

coefficients for all the equations of the system. We took this decision because in this way 

we avoid extra computation which as it can be seen from the other previous methods 

does riýt significantly change the results. 

Finally, the depreciation rate of capital has been estimated by: 

I(t) - SK(t) 

or 

D(t) =a K(t) 

which gave the results 

D(t) = 0.020180 K(t) RI = 0.9744 
(0.0005) DAV. = 1.5572 

6.9 Which Estimate? 

In the previous section we presented the results of the various econometric methods 

using in estimating our two-sector growth model using data from the Greek economy. Now, 

is time to explain why we used these methods and finally to choose one of the sets of 

estimates, presented previously, as the best. 

First of all, we have to investigate if the Cobb-Douglas production function used in 

our growth model is valid for the Greek economy. From the facts that the sectoral ratios 
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of capital/output and capital/labour have not been constant over time we have to accept 

some substitution between labour and capital over time. Therefore, we must reject any 

kind of fixed proportions production function. Thus, having established that the produc- 

tion function is of the continuous type, we chose the Cobb-Douglas for simplicity, and 

due to the relative constancy of the shares of the two factors of production (Klein- 

Kosobud (1961)). 

The production functions used are of constant returns to scale. Also, our model 

implies imputation of wages according to marginal productivity doctrine. Therefore, 

from these two conditions we cannot appeal to profit maximization. 

The form of technical progress is of the neutral type and so is not apportioned to 

any one factor. Of course, if we employ the shares of labour and capital out of the 

sectoral outputs of table 6.14 we see that the ratios of labour share/capital share are 

increasing over time with that of the agricultural sector increasing faster. This is the only 

way to obtain non-neutral technical change with the Cobb-Douglas function, Wallis (1973), 

and in our case, because the ratios Pi/ai are increasing over time, the technical change is 

labour-using, a quite good policy for a country with high unemployment. 

The first method used in our estimation was that of ordinary least squares (OLS) 

in the two sectors separately. The statistics of these results (table 6.20), ie. the DW 

statistic and the autocorrelation coefficient, showed a high positive autocorrelation in 

the residuals. To get rid of the autocorrelation we used the generazed least-squares 

method (GLS: p and GLS: pi)- 

To capture the problem of simultaneity in the equations we used two-stages least- 

squares method (2 SLS). The statistics of these results (table 6.21), also showed positive 

autocorrelation. Therefore, we used the GLS: p and GLS: pj methods. This method is 
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similar to that of Wallis (1967) in which he proposes estimation using instrumental variables 

as a first step, and consequently, since the estimates of the coefficients are consistent, the 

residuals can be used to estimate the correlation of the errors which is going to be used 

to GLS. 

The introduction of the relative price equation into the system caused problems of 

identification. This is because the parameter F3 is a function of the parameters ai and 

ri which can be estimated directly from all the other equations; it is: 

. 
Ct2 r-2 

3=- 
Ct, F, 

(6.9.1) 

Unfortunately, the restrictions imposed were not enough to get rid of the overidentification 

in the relative price equation. In spite of that, we performed all the estimating methods. 

Having found the estimates of all the parameters of the system we calculated a, r-3 

parameter using (6.9.1), for each method. These calculated values Ofý-3 together with 

the directly estimated values of F3 are presented in table 6.25. In tWs table we see that 

the differences between the calculated and the estimated In r-3 are all (except one) very 

small compared to the standard deviations of the estimated 
Inr- 

3- We believe th at this 

is a sign that the overiden tifi cation problem did not produce any large misestimation in 

the various parameters. 

NVe performed the same methods, ie. OLS, GLS: p, GLS: pi and 2 SLS, 2 SGLS: p, 

2 SGLS: pi, to the stacked system of all the equations as we have previously done for the 

two spbsystems. 

FUrthermore, in spite of the theoretical equivalence of the Cochrane-Orcutt (CO and 

2 SCO), Phillips (P and 2 SP) and Durbin (D :i and 2 SD : i) methods, we performed all 

these methods to see if there is any significant difference between their actual estimates. 

The 2 SLS methods possess the merit of giving consistent estimates, compared to 
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TABLE 6.2S 

Identification in In r-3 

Ate thod In r3 In r3 

OLS 0.592888 0.626839 
(0-0521) 

GLS: p 0.612674 0.633945 
(0.0775) 

GLS : pi 0.582165 0.583174 
(0.1594) 

2 SLS 0.593384 0.627266 
(O. OS37) 

2 SGLS: p 0.603285 0.626058 
(0.0779) 

2 SGLS : p, 0.621145 0.638087 
(0.1062) 

CO 0.613490 0.634349 
(0.0783) 

2 SCO 0.603656 0.626138 
(0.0786) 

p 0.629823 0.644070 
(0.0312) 

2 SP 0.600987 0.621100 
(0.0154) 

D: 1 0.616017 0.635619 
(0.0809) 

D: 2 0.630206 0.651812 
(0.0928) 

2 SDI 0.606500 0.626783 
(0.0837) 

2 SD2 0.617037 0.639035 
(0.1006) 

1ý difference greater than the'standard deviation of the estimate. 

ln r3 
- 

'n r3 

0.03395 

0.021271 

0.001011 

0.033882 

0.022773 

0.016942 

0.020859 

0.022482 

0.014247 

0.020113* 

0.019600 

0.021606 

0.020283 

0.021998 

the biased and inconsistent estimates of the OLS methods (Haavelmo, 1947). But 

consistency is an asymptotic property and given the smallness of the sample size with 

which we work- it is of limited importance as a cHterion for chosing between the various 
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methods. Choice of a particular estimator should therefore be based upon its small sample 

properties of bias and efficiency. 

The OLS method has been shown to give biased estimates, but at the same time, these 

I 
, estimates possess the merit of having smaller variance around their mean than other 

particular unbiased estimates. Comparing the results of the OLS method with all the 

other methods (except the P and 2SP where explicitly there is more than one degree of 

freedom) we see that the standard deviations of the estimates obtained by OLS are smaller 

than in the others. Moreover, the estimates of the other methods will also have small sample 

bias, although smaUer than the OLS (as the results of the available Monte Carlo studies 

show). 'To decide therefore upon which estimation method to choose, the overall perform- 

ance of each estimator should be considered, combining bias and efficiency, and this in 

association with the purposes for which the econometric model was constructed (ie. the 

interest may be centred in estimating structural coefficients, or in the behaviour of the 

model as a wh6le), Pavlopulos, (1966). 

One real advantage of the OLS method is in the use of the model for prediction. If 

we are not particularly interested in thexalues of the structural parameters but we are, 

really concerned about predicting as accurately as we can an endogenous variable then the 

OLS is unbiased and best This is the basic theorem of least-squares prediction. Of course, 

the least-squares estimate of the coefficients will be biased but this does not matter if we 

are only interested in prediction. Paradoxically this bias in the coefficients makes the 

prediction efficient, Walters (1970). 

Table 6.26 represents the tracking effors, R; 

n 
In 2; 

t--l It 
(6-9.2) 

where eit are the residuals corresponding to the estimates of the various methods, i runs 
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over the equations and t runs over the data period used. In table 6.26 we see the truth of 

the discussion above; ie. comparing the tracking errors of OLS and 2 SLS, GLS :p and 

2 SGLS : p, CO and 2 SCO, P and 2 SP, and D: i and 2 SD :i we see that in all these 

cases the tracking errors of the methods used'the original data are smaller than those used 

the two-stages least-squares data. Paradoxically this is not the case for GLS : pi and 

2 SGLS : pi. 17his "paradox" together with the smaller tracking error of GLS :p compared 

to that of GLS : pi is explained by the fact that the program used for calculation of the 

tracking errors does not use the actual observations but it uses calculated observations by 

simultaneous solution of the equations in the model. Obviously, the best set of estimates 

as far as concern the overall prediction of the model is that of D: I for which the 

tracking error is the smallest of all the others. 

TABLE 6.26 

Tracking Errors 

Method Errors Alethod Errors 

OLS 17.11204877 2 SCO 17.14736362 
GLS: p 17.06962167 p 17.18140449 
GLS: pi 18.51829963 2 SP 17-48443809 
2 SLS 17.11333098 D: 1 17.06269822 
2 SGLS: p 17.14518586 D: 2 17.15513136 
2 SGLS: pj 17.05091742 2SD :1 17.16650263 
co 17.06784413 2SD: 2 17-34579810 

To chose a set of estimates as far as concem the structural parameters we have also 

to take into account that our system is overidentifled. In practice the two-stages least- 

squares method often constitutes the best estimation method for overidentified models 

Malinvaud (1970). In table 6.22 the results on 2 SLS show positive autocorrelation and 

so inefficient estimates. Therefore, we have to choose between the two-stages iterative 

274 



niethods 2 SCO and 2 SP and also the two-stages Durbin method 2 SD : i. Theoretically, 

these methods possess the same properties. But in practice, given that our sample is 

very small, we choose as the best set of estimates that with the smallest tracking error, 

ie. the two-stages Cochrane-Orcutt method (2 SCO) in table 6.23. 

Finally, we have to test if the autocorrelation scheme imposed on our model is valid 

For this reason we performed the Durbin method using first and second order autoregressive 

schemes on the errors. From the results obtained in table 6.24 we see that D: I is superior. 

to D: 2 and 2 SD: 1 is superior to 2 SD: 2, because in both cases the F ratio for the 

first order autoregressive scheme is higher to that of the second order. We derive the same 

conclusion by comparing the tracking errors of the above methods where the tracking 

errors of D: I and 2 SD: I are smaller than those of D: 2 and 2 SD: 2. But this investigation 

shows that the first order autoregressive scheme is superior to that of the second order 

without giving any infonnation about the validity of this autoregressive restriction. 

To test the validity of the autoregressive restriction imposed on our model we will 

perform the Hendry(1974) test. According to him we denote by S, , S2 and S3 the sums 

of squares of the residuals of the three sets of estimates, ie. first is the OLS in the structural 

form, second is the estimation using one year lags in all the variables except those which 

are redundant (constant terms, time trends) and third is the es6mation under the auto- 

regressivý transformation. Then we can perform the two tests: 

1. Test for the significance of the autoregressive coefficient p (which can be also seen 

by the D. W. statistic) 

. 
X2 T log (SI /S3) - (, ) on HO :p=0 (6.9.3) A 

2. Test for the validity of the autoregressive restriction 

T logr X2 
., 

(S3 /S2 )ý 

(N) (6-9.4) 
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where T is the number of observations and N is the number of restrictions imposed on 

the second estimation to obtain the third one. The results of the two tests are given in 

table 6.27 with level of significance 0.05. 

TABLE 6.27 

Hendry tests 

Test D: I 2SD: 1 

for significance 1.359065 1.142469 
of p 

for validity of 0.850712 0.810804 
autor. restriction 

In table 6.27 the figures presented show the ratio of the X2 computed by (6.9.3) 

and (6.9.4) by the corresponding X2 (for 0.05) from the tables and for the cases of D: I 

and 2 SD: I mentioned above (for all the other methods of estimation the above procedure 

gives similar results). Therefore, testing the significance of p we found that the X2 ratio 

is greater than one in both cases of D: I and 2 SD :I and so rejecting the hypothesis 

that there is no autocorrelation in the residuals (fact which can be seen from the low 

D. W. statistic in the OLS and 2 SLS estimation in table 6.22). Testing now the validity 

of the autoregressive restriction we found that the XI ratio is less than one in both cases 

and so accepting the hypothesis that the transformation used is valid. 

6.10 Conclusions 

in this chapter we tried to estimate our two-sector growth model using annual data 

from the Greek economy. For the following reasons we do not suggest that a high (or 

low) degree of fit of our model to the data implies that it is completely realistic. First, 

our model is related to a closed economy, which is a major limitation and greatly restricts 
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the applicability of our analysis. Undoubtedly, the Greek economy is an open economy, 

which implies that we had to transform the existing data before we try any application to 

our model. Second, there is a lot of important data which is missing which implies that 

our results are heavily based on the methods that we used for estimation of the missing 

data. Third, our results depend on the specification of the model, ie. Cobb-Douglas 

production functions, constant returns to scale and so on. Therefore, in this application 

%ve tried to find an approximate index, showing the structure of the Greek economy, of 

course under the assumptions of our two-sector growth model. 

From the results that we obtained by estimating the model using the structural form 

I we note the difference between the two rates of technological change and the shares of 

capital in output in the two sectors. Thus, in the agricultural sector the rate of technological 

change is lower than that in the non-agricultural sector and the share of capital in output 

in the agricultural sector is higher than that in the non-agricultural sector. These two 

differences show that the agricultural sector is less developed compared with the non- 

agricultural sector. 

Unfortunately, as far as we know, the existing literature on these kindof results for 

the Greek economy is very limited, making comparisons difficidt. 

Kintis (1970) estimated time trends for C. E. S. production functions for the manu- 

facturing sector. His results for the different industries, are between -0.007 (for the 

beverages industry) and 0.063 (for the cigarettes industry) with an average of all industries 

.. equal to 0.026706. Our time trend for the non-agri cultural sector is 0.02195 2 being 

which is not significantly different from the figure above. 

Adelman and Chenery's (1966) estimate for the depreciation rate, taking one year's 

lag for capital stock and using a constant, is 0.0213 which is not far from ours, 0.02018, 
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if we bear in mind the different specification of the capital accurnulation functions. 

Koutsoyianni-Kokkova (1964) estimated Cobb-Douglas production functions for 

Greek industry. She took a sample of large-scale industries and her results for the capital 

share are around 0.30. Our estimate for the non-agicultural sector is 0.554068. We 

believe that the difference in the two results is based mainly on the fact that our non- 

agricultural sector includes both large-scale and small-scale industries and any other activity 

which is not included in the agricultural sector. These activities have a high percentage 

of unpaid family workers. The result of 0.30 for the capital share is typical for the 

advanced economies or for the mddem large-scale industries of less developýd countries 

like Greece. If we apply to our estimate the method developed by Professor J. Lecaillon 

who is taking explicit account of the percentage of wage earners out of wages earners plus 

entrepreneurs then according to his fonnulation the share of capital in output is given by: 
0 

C12 =I- 
share of labour in output 

(wage eamers/wage earners + entrepreneurs) 

Ile denominator in this formula has the average value, for the period 1951 to 1971, of 

0.683 (Gennidis-Negreponti-Delivanis, 197 5). There fore, the new estimate of the capital's 

share in output is 0.346668 which is not too far from that of Koutsoyianni-Kokkova. 

Unfortunately, for the agricultural sector there are no estimates in the literature 

with which to make comparison. 

Also, we have to note that the general property of existence of the solution of our 

model, ie. that the non-agricultural sector is the most capital intensive, is satisfied with 

our data, as we have already seen in section 6.6. The sufficient conditions for uniqueness 

of the monentary solution for our model are the (3.3.98) (i), (ii) and (iiii c). From these 

(i) and (iii, c) are satisfied because 61 = 6, = 1; (ii) is satisfied for the years after 1967 
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as we can see comparing the data in tables 6.8 and 6.17. The sufficient conditions for the 

uniqueness of the balanced growth, (3.4.20) are. also satisfied because in our. application 

we took s, = sý = 0. 

Finally, in section 4.4.7 we found that for the case where the wages ratio is constant 

over time, 

P1 V1 Y, W 

P2 
> 

1r2 
PW increasing and 

K, (t) demasing. 

If now in our data assume thatu(t) is constant (in fact it is increasing very slowly), then 

using our estimates we have that p, 102 = 0.886480 which is greater than 711 /IT2 = 0.535259. 

From tables 5.21 and 6.19 we see that the relative price is increasing whilst the output/ 

capital ratio in the agricultural sector is decreasing. Therefore, the move of p(t) and 

Yj (t)/Kj (t) into opposite directions is compatible with our estimates. 
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7.1 Introduction 

The ieduction of unemployment and the raising of the income level are the major 

targets in a development policy for underdeveloped countries. In order to achieve these 

targets one must define a policy allocating investment each year between the capital goods 

and consumer goods industries. Such a choice is also equivalent to a decision about the 

marginal saving ratio, Frankel (1961). The problem of optimal growth can then be 

expressed as follows: 

"In what proportion should net capital fonnation be divided between capital goods 

industries and consumer good industries? ", Goodwin (1961). The usual answer to this 

problem is to relate welfare to consumption (aggregate or per capita) so that optimal 

development is defined as maximizing some increasing function of consumption; in so 

doing, one can determine the optimal policy. This is known in the literature as the 

"optimal savings" problem, and since a pioneering article of Ramsey (1928), the issue has 
0 

been discussed many times, in particular by Tinbergen (1956,1960), Goodwin (1961), 

Dobb (1959), Sen (196 1), Chakravarty 0 962) and Srinivasan (1962,1962a). 

Stoleru (1965) discussed the problem of reaching, full employment in minimurn 

time. 

Sen (1968) has shown that decisions for the problem of optimal investment and 

employment in the advanced sector of underdeveloped countries must be taken togehter 

and Marglin (1966) and Dixit (1968) have developed optimal growth models to indicate 

how these decisions might be made. The last three writers have adopted the Lewis (1954) 

assumption of a perfectly elastic supply of labour from the traditional sector at an 

institutionally fixed wage. 

Stem (1972) developed an optimum growth model in a dual economy taking into 
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account the output of the traditional sector and the intra-generational distribution 

consequences of employment policies whilst the above three writers did not. 

Srinivasan(1964), Uzawa(1964) and Shell (1967) have investigated the problem 

of optimal economic growth in the two-sector model, giving conditions for the times of 

switching from specialized to non-specialized production and verifying the existence of 

a Alodif ied Golden Rule equilibrium having the same characteristics as the one-sector model. 

Shell (1967), Mirrlees(1967), Sheshinski (1967), Stiglitz (1968) and Kamien & 

Schwartz (1968) discussed the problem of optimal growth under the assumption of 

technological change of various kinds. 

There is a considerable debate (in which we will not get involved) concerning the 

length of the planning horizon; ie. finite or infmite. For both lengths of the planning 

horizon there are merits and de-mcrits, Malinvaud (1953,1961), Fisher (1965), Koopmans 

(1957,1965,1967), Samuelson (19S8,1967), Radner (1967), Wan (1971), and oihers. 

We must note that in both cases the conditions for maximization are the same and 

because we believe that the issues connected with different specifications of the planning 

horizon are not unambiguously in favour of one approach or the other we decided to 

adopt the infinite time approach in the planning horizon for our analysis below, so 

avoiding the determination of the capital stock at the end of the planning horizon for the C, 

finite case. 

In section 7.2 we investigate the problem, for the general two-sector model, assuming 

constant marginal utility and using as state and control variables the overall capital-labour 

ratio and the wage-rental ratio respectively. In section 7.3 we discuss the problem for 

the specific Cobb-Douglas model assuming decreasing marginal utility and using as state 

and control variables the overall capital-labour ratio, aglain, and per capita consumption 
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respectively. Finally, in section 7.4 we produce some results of the application of the 

optimal model of section 7.3 to the Greek economy. 

7.2 Optimal Wage/Rental Ratio and Consumption Maximization Over Time 

The problem of economic growth for the two-sector growth model, in the case of an 

infinite time horizon and constant marginal utility, is the problem of choosing paths 

[2, W 1, [ R2 (t) 1, [ k, (t) I and [ k2 WI, so as to 

max Wfec dt 
0 

st i= i-Xk I 

k(O) = ko 

qj = Bi fi (i= 1,2) 

21 +22 

k= ki 21 + k2 22 # 

R1 
122, k, , 

k2 >0 

c, 21, k2, ki, k2 piecewise continous 

where c, the overall percapita total consumption, is the objective functional; k, the overall 

capital/labour ratio is the state variable; 21,22, k, and k2 are the control variables; 

f, (k 1) and f2 (k 2) are given strictly concave functions;, P and ko are given parameters. 

In (7.2.1) c can be obtained by 

C '2 PCI + C2 (7.2.2) 

Substituting (3.3.72), (3.3-76) and (3.3.77) into (7-2.2) we obtain 

A2 f2 

C =- - 13,21 f, + B2 22 f2 

At f, 

and after substitution into the above of (3.3.70) and (3.3.7 5) we obtain: 
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A2 V2 [ 
B, f, 

- 91 + 
B2 f2 

22 
. 

A, f, A2 f2 I 

A2 f'2 [(w I+ kl) 21 + (W2 + k2) 92 

A2f2 [ s3k+s2cj222 
+s, (A)Igl 

I 

and finaUy 

c =A, f'2 10 -s3)k+ 0 -s2)cj2g2 +(I -sl)w, 91 (7.2.3) 

which is a function of k, w2 and t (see chapter 3). 

Therefore, the solution to the problem (7.2-1) can be obtained after the transformation 

of the variables in terms of k, CJ2 and t. Thus, the problem of optimal economic growth can 

be rewritten as: 

max W (k, W 21 t) 
go 

e 
-Pt 

c dt (7.2.4) 
IW2 (01 0 

SA. i-Xk 

k(O) = ko 

ki ki(CJ2) 

2 

wmin(k) < w2 < wmax W 

02 (t) piecewise continuous 

where c is the objective functional, k is the state variable as before, but now the control 

variable is the wagelrental ratio w2. 

In order'for W2 to be a control variable we need to relax the equilibrium model, 

as we have already shown that only one valu6 Of CJ 2 is compatible with equilibrium 

of savings and investment. Let us allow nonequality of investment and private savings 

decisions and suppose that the discrepancy between them to be made up by the govern- 
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ment. The government saves, or dissaves so as to maintain equilibrium between total 

savings and investment, which in this case will be the optimal investment. This 

government saving is financed by a tax on wages and rentals in a way such that the 

ratio is unchanged. This is done by having a proportional tax on both. If dissaving were 

to be necessary the tax would become'a subsidy, We now have a degree of frecdom 

so as to control the economy and the control variable we take is, instead of total 

savings, the wage rental ratio W2 . There Is a diffcomorphic relationship between them. 

The optimization will be carried out using the maximum principle of Pontryagin 

, and others (1962). The Hamiltonian for this problem is: 

H(k, w2 , r, t) ae -lp tIc+, 
r(i - Xk) I 

where T(t) is the costate variable. (7.2.5) is written explicitly as: 

(7.2.5) 
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H= e-pt [ A2 f'2 I (I 
-S3 )k "-(I -S2 

)W2 22 +(1 -SI 
)'W 

121 

+-r [ A2 f2 [s3 k+ S2 t02 22 + si co 121 1- Xkl I 

or 

H= e 
-pt A2f2 I ll+S3(7'-I) Ik+[ 11 + S2 (T-1) 22 

It 
+D+ SI (r-1) 21 1 W2 eI Xk 

The canonical equations are 

i= A2 V2 I S3k + IS2 R2 + SI 2144 W2 Xk 

and 

(X +p) r- A2 f*2 111 + S3(T-1) I 

(7.2.6) 

(7.2.7) 

C02 
IP +SI (T-1) 19 

- 
11 + S2 (r - 

1) ]11 (7.2.8) 
ki- k2 

where r(t) has the interpretation of the shadow price of capital accumulation. 

The optimal wagelrental ratio w2 must maximize the Hamiltonian or equivalently, 

-pt 
maximize e. hus, 

a Pt dIF2 
I ll+S3(r-1) (H e A2 f*2 k+ 

aCJ2 dCJ 
2 

+I+ S2 (1'-D] 22 +II+ SI (T- 
JU21 W2 + 

+A2f2 I (I+S2(r-1) 1 22 + ll+SI(T-1) I 
JU21 

+ 

d22 dRI 
+ I+S2 (T-1 

-+II +SI (T-1 
JU -I 

C02 
dCJ2 dCJ 

2 

Substituting now (3.4.4), (3.4.9), (3.4.10) and (3-3.70) into the last expression we 

obtain: 
.I 

A22 W2 )2 
V2 

(A) 2 
B2 f2 f2 

+A2f'2 I ll+S2(r-1) 122 +I I+Sl (r-1) 11121 + 
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I dk2 dki. I 
22 +- 21 1-1 11+52 (r-1) I 

JU- 
ll+Sl (r-1) III C02 I 

dCJ2 dco I k, - 
k2 

For an extremum the last expression must be equal to zero, ie: 

W) 
=0 

C02 

Therefore, we have 

W2 
I+s3 (T-1) Ik+-[[ I+sl (T-1) 

ju(k -k2 W2 +k2 ki -k2 

+ I+S2 (T-1) I (ki - k) + I+sl (T-1) 
ju 

(k - 
k2 

ki - 
k2 

W2 I dk2 
I +S2 (T- I (ki - k) +-I-- (ki -k) (ki -k2)2 li dcj 2 

dki 
- (k-k2) +S2 (T- +S, (T-1 0 

dco I 
or 

02 
k+- (k-k2) + (k, -k) C02 + k2 ki -k-2 

02 
IS3k+ 

- [sip (k-k2)+s2(ki-k) I 
ki -k2 

I 
+ [, u(k-k2) + (ki -k) +[s, p(k-k2) +S2(ki 

-k) (, r-1) 
k, -k2 
C02 (U-1) 

'I 
dk2 dki 

k-k2 + 

(ki-k2)' p 
dCJ2 dco I" 

+ 
C02 (S2 

AU -SI 
)[I dk2 

(ki -k) + 
dki 

(k-k2) I (T-1) 0 

(ki -k2 
)2 

u d(l) 
2 dcj I 

Solving the last equation for T we ob tain 

I k2 
-[- Is, 

ju 
(k-k2 + S2 (ki -k) I -S3 kI+ 

C02 + IC2 k, -k2 

W2 (S2 A-SI I dk2 dki 
+- [- - (k, -k) +- (k--k2 

(k, -k2 )2 p dW2 dc, ) I 
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k2 

k--[p (k-k2) + (ki -k) 
2 +k2 ki -k2 

(J2 (U-1 I dk2 dki 
(k, -k) +- (kr-k2 

(ki -k2)' li dCJ 
2 dcj I 

or 

A(r-I) =B 

and 
B 

(7.2.9) 
A 

where the substitution is obvious for A and B. 

Equations (7.2.7), (7.2.8) and (7.2.9) describe the differential equations for the 

state and the control variables. Especially for the control variable w2 we have to take the 

derivative of (7.2.9) with respect to time, to substitute into (7.2.8) and after to solve 

analytically for 62 
, which is rather tedious but not difficult. 

Here, we will try to interpret a simpler case in which 0< s3 < 1, SI = S2 0 and 

(01 = W2 =w, which implies thatu = 1. The difference between this case and the 

usual two-sector growth models is that in this case the output of the second sector is not 

all invested but only a part of it. Therefore, the canonical equations become 

i= A2 f*2 S3k 
- Xk (7.2.10) 

and 

r= (X+p) T- A2 f*2 II +S3 (T- I 

and for the control variable %ve have that 

s3 k 

co + k2 

and 
I k2 

B-[k-- (k-k2 + k, -k) 
cj+k2 ki -k2 

(7.2.11) 

(7.2.12) 
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k-k2 
(7.2.13) 

w+ k2 

hence, 

ýk- k2 
(7.2.14) 

S3 k 

Taking the derivative of (7.2.14) with respect to time t we obtain 

dk2 
- (ý) S3 k- (k - 

k2 S3 k 
dcj 

(S3 k)2 

or 

)2 
dk2 

IýS3 k S3 kk+s,, -Lk+ S3ki S3k2' 
dw 

dk2 
S3 -Lk- s3 k2 k 

dco 

or 
2+ k2 dw TS3k 

Ci (S3 k+ k2 J (7.2.15) 
dk2 dk2 k 

k 
dco 

We substitute (7.2.10), (7.2.11) and (7.2.14) into (7.2.15) 

dca k-k2 k-k2 
-I S3 + P) 0- 

--)- 
A2 f2 0- -) Ik+ 

dk2 S3 kk 

+ k2 (A2 f2 S3 - ý0 I 

and finally 

fN 2+ 
P) (S3 1) k+ pk2 (7.2.16) 

2 
2 

Thus, ive derived the differential equations for the state, (7.2.10) and the control, 

(7.2.16), variables of our model in its simpler case where 04 S3 '4 1P SI = S2 =0 and 

01 ý' W2 = 44ý - 
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By putting k= cj =0 in (7.2.10) and (7.2.16) we derive the balanced growth solution, 

along which k and w are stationary. This solution exists and is unique for ca = co * and 

k= k*, where: 

f'2 (E2(CJ*) (7.2.17) 
s3 A2 

and 

k* 
pk2 (w *) 

0, + 13) 0- S3 
(7.2.18) 

The introduction of technical chang -sector growth model causes the 
., e into our two 

Hamiltonian to be non-autonomous (ie. depending on time) with the consequence that 

the equations (7.2.10) - (7.2.18) become non-autonomous. Therefore, the equilibrium 

values (k*, cj*) are the unique levels of the overall capital per worker and the wage-rental 

ratio for a specific given time period only. 

The analysis could be presented in a (k, w, t) - phase space. But since such presentation 

is graphically difficult in three dimensions, we will present instead the case in which there 

is no technical change, ie. Bi M and Ai M are constants over time and the system is 

autonomous, leaving the analysis of the system with technological change for the end of 

this section. 

NVe define, from (7.2.17) and (7.2.18), that 

S3132 f2 
k2 (CO*) (7.2.19) 

and 

p k2 (W) 

(7.2.20) 
(X +P)(1-S3) 

From (7.2.16) we have that for 

-pk2 0 0, -"P)(S3-I)k= -pk2 k 
-S3 
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ci 
A 
iL 

w* 

0 k, ** ki k* k2* k2 k, k 

Figure 7.1 

for 
pk2 

0=> (X'ýP) (S3 1) k>-, pk2 >k 
(X+P) (I -S3) 

and for 
pk2 6<0=> (X+P)(S3 

-1) k< -p_k2 >k> 
01+00 -S3 

Also, from (7.2.10) we have that for 

f2 S3 A2 f2 S3 B2 f2 

i=0=>f, = =>- =- =>(O= - k2 
S3 A2 f'2 Xx 

for 

2§2 



> f2 > 
)l f2 S3 A2 f2 S3 B2 f2 

2 0 ý>- -<- =>co<- -k S3 A2 f *2 xx 

and for 
f2 S3 A2 f2 S3 B2 f2 

0=> f12 <=>->-=> CO > k2 

s3A2 f2 XX 

To-summarise, inspection of (7.2.16) and (7.2.10) tog 
., ether with (7.2.19) and (7.2.20) 

shows that 

> 
ci I= 10 

and 

0 

iff 

iff w[= lw* 

(7.2.21) 

(7.2.22) 

Figure 7.1, in the (k, w) plane, represents our case in which k, (w) < k2 (Cj). Along 

the horizontal line ci = cj* there is no change in ca, and along the curve k= k(cj) there is 

no change in k. The intersection of k; -- k(w) and w= w* determines the balanced growth 

equilibrium k* = k(w*), point E in figure 7.1. 

The feasible area in figure 7.1, ie. the area between the curves k, (co) and k2 (W) is 

divided into four subareas, namely OAE, EAC, DBEC and BOE, by the W=W* and 

k= k(w) curves. (7.7.2 1) and (7.7.22) are shown by the arrow signs and indicate how a 

solution curve of (7.2.10) and (7.2.16) will move in the (k , CO) plane, given the initial 

point fork and w, say (ko I wo ). Hence, if the initial point (ko , coo) falls into the region 

EAC (or BOE) then the system ends up on the arc AC (or OB). On the contrary, if the 

initial point (ko , cio) falls into the area OAE (or DBEC) then the system ends up on the 

balanced growth equilibrium point E. 

Precisely, point E is a saddle point To see this first we linearize the two differential 
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equations (7.2.10) and (7.2.16), taking also into account that 

sign(L)=sign( 0'+P)(S3-I)k+pk2), 

at the point (k* ,w *) and examine the characteristic roots of the resultin, (,,, coefficient 

matrix: 

ak 3k 

ak 

a ýj a C*O 
ak aw 

which is exPlicitly written as 

A2 2 dk2 0- S3 2- 
132 dco 

dk2 
01-ýP)03 -1) p- 

dco 

The characteristic equation of the matrix above is 

2 

.L 
dk2 2 dk2 

X? -P -X+ 
(X+P)(1-S3) - S3f2 - =0 (7.2.23) 

dco B2 dw 

The roots of the equation (7.2.23), ie. the characteristic roots are given by 

dk2 
+ ,/ 

dk2 A2 2S dk2', 

XI 2= V21 -P -- (p -)2 - 4(X. ýPXI -S3 )3 f'ý - (7.2.24) 
dco dw B2 dw 

Taking into account that f"<0, the expression under the square root in (7.2.24) is 2 

positive and therefore the roots are real; moreover, since 

dk2 A2 2 dk2 dk2 
- 

)2 
ýAp - 

4(X -ýP)( I 
-S3 S3 f2P 

dw B2 dw dw 

the roots are of opposite sign. Hence, by definition, (k*, w *) is a saddle point in the set 
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of pairs of functions (k(t), w(t) ) which satisfy the necessary conditions and we may be 

sure that there exist two trqjectories which tend asymptotically to the point (k* 

These trajectories which are called the stable branches of the saddle are labelled in figure 

7.1 by RE and R'E, Pontryagin (1962), Hadley and Kemp (1971). 

Therefore, the unique optimal growth path in the vicinity of the balanced growth 

equilibrium lies along the stable branch of the saddle. However, if the initial capital stock 

per capita is extremely small (ko < k, **) or extremely large (ko > k2 **) there can be an 

initial phase of specialisation. In the case where ko < k, **, then the initial phase will be 

one of specialization in the production of agricultural goods, followed by nonspecialized 

movement along the stable branch past kl* *, while if ko > k2 * *, initial specialization in the 

production on non-agricultural gocds will be followed by nonspecialized movement down 

the stable branch past k2**. Thus, in figure 7.1, the heavy shaded curve indicates paths of 

optimal growth. 

We return now to the case of nonzero technical change. From the equation (7.2.19) 

which is nonautonomous (ie. B2 M varying over time), it is seen that w* is simply a 

function of time, ie. cj *= ca *(t). Therefore, from (7.2.18) it is k* = k*(t). Below, we 

will try to analyse the behaviour of k*(t) and w*(t) over time. 

From equation (7.2.18) we have taking its derivative with respect to time that 0 

P i(t) =- k2 *(t) (7.2.25) 
Ot-ýP)O-SO 

therefore, 

sgn k(t) = sgn 
i2 

*(t) (7.2.26) 

Thus, we have to investigate the sign Of 
i2 

*(t)- 

It is known from (7.2.17) that 

A2 (t) f2 (K 
2* 

(t) (7.2-27) 
S3 

295 



Differentiating (7.2.27) with respect to time we have 

A2 (t) V2 (k2 *(t) + A2(t) f2 (k2 *(t) 0 (7.2.28) 

But 
ý2(0 

= A2(t)X12 (7.2.29) 

and V2 (k2*(t) Vý (k2*(t) ) k2*(t) 

' (E2 *(t) 

ý2 (t) 

2 
*(t) + 

A2 (t) 
-2 *(t) = f'2 

- )-k -k B2 W B2 (t) 

A2 M A2(t) 

(k2*(t) +- k2 *(t) (7.2.30) = f'2 
B2 (t) 

(X12 
- X22 ) k2 *(t) 

B2 W 

Substituting (7.2-29) and (7.2.30) into (7.2.28) we obtain 

A2 (t) 
-i 0ý2 *(t) )I CX12 

-X2 2k A2 (OXI 
2 

f2 (k 
2 

*(t) + A2 (t) -f2 *(t) + 
B2 (t) 

+i2*(t) 1 

or dropping the index of time and rearranging 

B2 X12 V2 + A2 f" (X12 
-)122 

) k2 + A2 f'2 
2' 

i2 

which finally yields 

B2 ? 112 
f'2 + A2(X22 

-3ý12 
X f" ) k2 

i2 2 
(7.2.31) 

A2 (-f3 

From (7.2.31) we see that 

sgnk2* = sgn (numerator of 7.2.31) (7.2.32) 

Investig gation of (7.2.32) yields 

1-1) If ý122= ý112 0, ie. technical change is neutral in the second sector, then 
i2 is 

positive. 

1.2) If X22: ý' ý112 ie. technical change is labour-saving in the second sector, then 
i2 

is positive. 

1.3) If X22 = )t12 = Op 'e. there is no technical change in the second sector (as in figure 

7.1), then 
i2 

* is zero. 
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1.4) If)122 <X12 P 
ie. technical change is capital-saving in the second sector, . then the 

sign of k2 * is ambiguous. 

To specify the sign Ofi2 * in the last case we need more assumptions about the 

various parameters and variables of (7.2.3 1). ý2 * is positive, zero or negative according 

to whether: 

132X12f'2 A2 (X12 - X22 )(-f'2 k2 

or 

f'2 I> A2 X12 - ý122 

(7.2.33) 
-f " k2 < B2 

2 
X12 

But from (3.6.1), (3.4.4), (3.3.70) and (3.6.7) it is known that 

dk2 W _f, 2 
2 CA) f2 f2 W 

02=- 
dco k2 f2 f2 k2 

-f'2' f2 k2 

or 

f*2 f2 k2 A2 k2 

Cr2 (co + k2) - 02 

2 
f2 CO B2 (A) 

A2 a2 

-- k-2 (7.2.34) 
B2 1622 

Substituting (7.2-34) into (7.2.23) we obtain 

A2 Or2 *I> A2 ý112 - ý122 

--* 
k2 *-=- 

B2 e22 k2 *< B2 X12 

or 

02 > 22 
(7.2.35) 

C22 < )112 

therefore (1.4) is written as 

1.41 > CF2 > X22 

k2* =10 if -=II-- (7.2.36) 
< C22 < )112 
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(remembering that U2 is the elasticity of substitution between the two factors of production 

and 622 is the current elasticity of output with respect to labour input, both in the second 

sector). 

Turning now to (7.2.26) we see that the sign of i*(t), ie. the behaviour of k*(t) over 

time, depends on the assumptions I to 4', above. 

For the investig 
., ation of cj* = cj*(t) we differentiate (7.2.19) with respect to time, ie. 

S3 

W*(t) B2 M f2 (k 2 *(t) + B2 M f2 (E2 *(t) k2 (7.2.37) 

It is known that 
ý2 

M= B2 (t) 'ý122 

and f2 (k 2 *(t) )= V2 (k 2 *(t) )k2 *(t) 

A2 M 

- V2 (k 
2WI Oll 

2- ý622 ) k2 * (t) + k2 *(t) 
B2 (t) 

Therefore (7.2.37) is written 

S3 s3 

Co* «ý - B2'ý122 f2 +- A2 f12 (X12 
-X 22) 

k2 * 
XX 

s3 
A2f»2k2* -i2 

or 
S3 B2 f2 ý122 

A2f2k2* + CX12 
- ý122 

A2 f2 k2 

S3 

+(- A2f2 
i2 

X 

which according to (3.3.70), (3.3.6) and (7.2.17) is written 

S3 cj* +k2 * 
A2 V2 k2 -* 1122 ' kl%12-ý122) 

k2 

S3 ýL22 
A2 f2 k2 

* 
+(X12-X22) 

C12 
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and finally with the help of (3.6.8) and (3.6.11) 

S3 

Cj* A2 f2 k2 
12 612 + ý' 22 IE22 (7.2-38) 

or 
S3 

A2 V2 k2 V2 (7.2.39) 

(remembering that 'T2 is the intensity of innovation for the second sector defined in 

(3.6.9) 

Investigation of (7.2-38) or (7.2.39) yields: 

2.1) cý* is always positive if there is technological progress in at least one input in 

the second sector, ie. X12 >0 or )122 >0 or both > 0. 

2.2) cj* is always zero if both X12 and X22 are zero, ie. there is no technological change 

in the second sector (as in flgure 7.1). 

The analysis is summarised in the table 7.. 

TABLE 7.1 

Cases 1.1 1.2 1.3 1.4' 

2.1 cj* increasing cj* increasing cj* increasing 
k* increasing 

g 
k* increasing k* (7.2.3 6) 

2.2 cj* constant 
k* constant 

In tonclusion we would like to note that at any given instant of time t= t* 

equations (7.2.17) and (7.2.18) uniquely determine the wage/rental ratio W(t*) = Cj*(t) 

and the capital labour ratio k(t*) = k*(t). In the case of zero technical change the equilib- 

rium values (k*(t), cj*(t) )if once obtained would optimally be maintained forever, 

whilst in the case of nonzero technical progress the equilibrium values (k*(t), Cj *(t) 

follow paths according to table 7.1, ic. cj*(t) is always increasing whilst for the deter- 
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mination of the path of k*(t) we need further assumptions. 

7.3 The Specific Two-sector Growth Model and Optimization Over Time. 

In tWs section we will present the optimal control problem for the specific two- 

sector growth model of the Cobb-Douglas type, presented in chapter four. 

The problem is similar to that presented in the previous section with the only 

difference being the objective functional. There, we used the notion of constant marginal 

utility and therefore the objective functional was per capita consumption, whilst here 

we use a particular utility index of current consumption per capita u(c) with the character- 

istic of decreasing marginal utility, Tinbergen (1960). 

This particular concave utility index u(c) which we will employ is given by 

I-V 
U(C) c I -V 

(7.3.1) 

where v is a constant positive parameter, a form which has been used a great deal by 

Ramsey, Frich, Tinbergen and others. 

The question now is whether it is necessary to be involved with the comPlications 

of the previous section, in trying to solve the optimal control problem, or to try to 

simplify it by taking into account the specific functions of the Cobb-Douglas model. 

On practical grounds we follow the second approach. 

In chapter four we found that the per capita output of the two sectors and the 

relative price are given respectively by the following expressions: a 

q., (t) 
Yi (t) 

= ý, [a+ bp(t) -Pi 
e 

7ri t 
k(t) 

Cl 1 (7.3.2) 
LW 

q2 (t) 
Y2 (t) 

= ý2 [a+b p(t) 
-P2 

ju 
(t) 

02 

e 
ff2 t 

k(t) a2 (7.3.3) 
L (t) 

and 
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p(t) a+ bju (t) I 
PI -P2 

AW 
P2 

e 
OT2 -7T I )t k(t) 

P1 7P2 (7.3.4) 

Therefore, the overall per capita output of the economy (in terms of the'second sector 

goods) is given by 
I 

q(t) = p(t) q, (t) + q2 (t) 

=-- ti ýs [a+ bju(t) I 
-P2 

P(t) 

P2 

e 
7T2 t 

k(t) 
02 

+ t2 [a+b p(t) I 
-P2 

ju 
(t) 

P2 

e 
7r2 t 

k(t) (ý2 

or finally 

q(t) =I ýl r3 + r2l [a+b p(t) I -P2 
ju 

(t) 
P2 

e 
72 t 

k(t) 
*2 

(7.3.5) 

where the parameters ý,, r2, r3; -a and b are given by 

C12 

a= m1p, +(I - s., ) -] (7.3.6) 
P2 

Ctl 
b =I - 

+0 - SO -1 (7.3.7) 

F-I (Cl I P2 a 
(aIP2 a+a2P, b)", 

(7.3.8) 

t2 ý 
F2 012 PI ) Ct2 b 

(7.3.9) 
(aIP2 a+ctip, b)" 

and t3 = 
r2 Cf2 CC2 P2pl IMI 0402-PO2) +P2 1 02 

(7.3.10) 
r, oý ol a+ PI 012 b] PI 

(it is also assumed that s, --= s2 =0 O<S3 < 

Comparing (7-3-5) and (7.3.3) we see that these two production functions are identical, 

except of course for their constant parameter. This result is similar to that of Mundlak 

and Mosenson. (1970-72) who write that "when the production functions in both sectors 

are Cobb-Douglas and when the income and price elasticities are unitary, the aggregate 

production func. tion, including the technical change component, will be identical, up to a 
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scalar, to that of sector two. As such, of course it is also a Cobb-Douglas function. 

The asymmetry with respect ot the two sectors is a result of the choice of numeraire". 

Hence, by using the aggregate production function (7.3.5), instead of the two production 

functions (7.3.2) and (7.3.3), we can reduce our optimal control problem to that of 

the one sector models. 

Doing so, our optimal control problem becomes: 

max 
1 01 

co 
e -pt 

u(c(t) ) dt 
(c(t) 

S. t 

i(t) = f(k, t) - c(t) -X k(t) 

k(O) = kD 

0< c(t) <f (k, t) 

c(t) = piecewise continuous 

(7.3.11) 

(7.3.12) 

where f (k, t) is the aggregate production function (7.3.5), k(t) is the state variable and 

c(t) is the control variable. 

The Hamiltonian for this problem (dropping the time index from the variables) is given 

by 

H(k, c, 0=e -pt [ U(C) +T f(k) - Xk C1 1 (7.3.13) 

where r(t) is the costate variable as before. 

The canonical equations are 

k=f(k) 
- Xk -c (7.3.14) 

and [f'(k) - (X +p) IT (7.3.15) 

The optimal per capita consumption c(t) must maximise the Hamiltonian or, 

equivalently, maximize If e*Pt. Hence, 

Sa2 



-a (H e 
Pt )=U'(C)-T= 0 

c 

ie. r=U, (c) (7.3.16) 

From (7.3.16) we have by taking its derivative with respect to time 

u" (c) 
C -a (c) (7-3-17) 

Tu0 (c) c 

where 
u" (c) 

O(c) c (7.3.18) 
U, (c) 

is the elasticity of mar&al utility. 

Substituting (7.3.15) into (7.3.17) we have 

(7.3.19) 
0 (c) 

By substituting (7.3.1) into (7.3.18) we have 

-V (-v) c 
a (C) cV 

-V 
c 

I 
and therefore (7.3.19) becomes 

V(k) -+ p) (7.3.20) 

Equations (7.3.14) and (7.3.20) describe the differential equations of the state, 

k(t), and the control, c(t), variables respectively. 

By putting 
i=ý=0 in (7.3.14) and (7.3.20) we derive the balanced growth 

solution of the optimal control problem. We have three cases to distinguish. 

The first is that in which there is no technological progress and the p(t) is constant 
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over time. Putting these restrictions into the model, it behaves as the neoclassical optimal 

economic growth models, and investigation of it, Intriligator (1971), shows that - 

>0 if k< k* (7.3.21) 

and 

0 if < f(k) - Xk (7.3.22) kI>C 

where k* is the balanced-growth capital-labour ratio. 

In the second case only ju(t) is constant over time. This is the case studied by 

Inagaki (1966) according to which there is exogenous exponential technologica pregress ., 
I 

of the prod uc t-augm en ting type. He found that for thd existence of the optimal path the 

following conditions must hold, Koopmans(1967). 

cu " (C) 

U, 
C-+ cc 

I-V 
and p> IT2 - 

II -a2 
(7.3.23) 

where 

a2 = liM 
kf'(k) 

(7.3.24) 
f(k) 

CW 
and7T2 is the rate of technological progress. 

In the third case we deal with the balanced-growth problem more generally assuming 

that our system is nonautonomous due to technological progress and to the variation of 

ju(t) over time. Therefore, from (7.3.20) we have that 

-P2 ' P2 Ir2 t -02 
02 (a+ b1i) Ae k* (X +P) 0 

or finally, solving for k* Ir2 
t 

X+P 02 02 

k* =( -) (a + b1i) 
ju e (7.3.25) 

. ra2 
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where ý= tl t3 + ý2 
- 

From (7.3.14) we obtain that 

(a+ bu) 
42 

p 
02 

e 
7r2 t 

k* a, 2 
_c* -), k* =0 

or after substitution from (7.3.25), the last expression can be written as 

1) + 02 ý' 

C* =- k* (7.3.26) 
Ct2 

where c* is the balanced-growth per capita consumption. 

From (7.3.25) and (7.3.26), it is obvious that the balanced-growth capital-labour ratio, 

k*, and the per capita consumption, c*, are not stationary, due to the nonautonomous 

effects of the technological progress and of p(t). 

Having found the optimal paths for c and k from the equations (7.3.20) and (7.3.14) 

the corresponding paths of the other variables of the model are given by 

-1 2 1. (t) = a(a +b (7.3.27) 

22 (t) = b(a + bp(t) U(t) =I- 21 (t) (7.3.28) 

0 102, 
ki (t) = (a +b p(t) k(t) (7-3.29) 

al P2 a+ a2p, b 

k2 
C, 2 pi 

- 
(a+bu(t) )k 

(t) (7.2.30) 
(Ctl P2 a+ a2 P, b) ju 

(t) 

W2 W ý- 
02 (a +bp (t) ) 

k(t) (7.3.31) 
(MI (01 P2 - PI 012 )+ P2 ) 

JUM 

From the expressions above we see that the allocation of labour does not depend 

explicitly on the optimal path of the overall capital-labour ratio, a result which was. 

expected, because of the specification of the Cobb-Douglas model (see chapter four) 

Therefore, the optimal control problem becomes: 

Given people's behaviour (or with some small changes in it through change in p(t) 
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what are the optimal paths of all the other variables of the economy, that maximise the 

national welfare through time. 

7.4 Optimal Growth and the Case of Greece 

In this section we will apply the analysis of section 7.3 to the case of the Greek 

economy. Therefore, the parameters of the optimal growth problem are those which 

correspond to the estimated ones for the Greek economy in chapter six. Thýse para- 

meters, which are taken to be constant through the various experiments below, are: - 

F-I = 1.30303b f-2 = 2.646246 
Cf I = 0.602957 C12 = 0.555314 
P, = 0.397043 P2 = 0.444686 (7.4-1) 
7rl = 0.011884 IT2 = 0.021885 

a = 0.020180 
PO = 2.333333 

The initial conditions for the state, k(t), and the control, c(t), variables are taken 

to be equal to the corresponding values of the year 1972 for the Greek economy. Year 

1972 is the last year of the sample period used in the estimation of the two-sector growth 

model in chapter six. These values, which are also kept unchanged, in the exercise below, 

are 

k(O) = 203.0 
both in thousand drs. and in 

constant 1958 prices. 

c(O) = 30.9 (7.4.2) 

The remaining parameters are not estimated within the model. We try a variaty 

of values of these parameters'to examine the sensitivity of the system to changes in these 

values. For example, in our exercise these parameters take the values 

g=0.040 0.060 
S3 = 0.553 0.600 , 0.650 
M, = 0.189 , 0.170 , 0.150 
17 = 0.000 , 0.010 , 0.020 (7.4.3) 
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In the set of values (7.4.3), parameter g shows the speed of development, first used 

in (4.5.1), and together with 00 give thatu(O)=0.300 which is equal to the value ofu(t) 

for the year 1972. Also, the values Of S3 =0.553 and m, = 0.189 are those of the 

corresponding parameters for the year 1972. The growth rate of the labour force, il, 

in Greece is reaJly very small, and with the return of the Greek workers who migrated 

abroad it is not believed that the rate will exceed the value of 0.01 or 0.02. 

For the solution of the differential equations (7.3.14) and (7-3-20) numerically 

we used Merson's method and Newton's iteration method, flaselgrove (196 1). 

As we said in section 7.3 we will solve the optimal problem assuming an infinite 

time planning horizon. With this assumption we overcome the problem of putting 

terminal conditions on the variables but it is possible to have problems about the existence 

of the optimal path solution. In any case convergence is assured if the initial stock of 

capital per worker is less than the maximum sustainable level, Intrilig gator (197 1). 

For the developing economics, most of the various parameters, which are taken to 0 

be constant over time, are not in fact constant in the long-run. Therefore, the results that 

we present below must be accepted with a little care after the 20th period. 

In tables 7.2-7.5 and 7.6-7.9 we present the optimal path solution to our model 

found directly by solving the differential equations (7.3.14) and (7.3.20) for various 

values of v andp. Values for v both, less than and greater than one are used. There is no 

reason to believe that in this normative exercise we have to use values of v less than one, 

Chakravarty (1969). The other parameters have the values 

0.04 9 S3 = 0.553 , m, = 0.189 ,q=0.0 1 (7.4.4) 

and are always the same for the tables presented, except if otherwise mentioned. 

Across each of the tables we can see the sensitivity of the optimal solution with respect 
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TABLE 7.2 

(Y = 0.5): Sensitivity of optimal capital/labour ratios to changes in p 

lp 0.00 0.02 0.04 0.06 0.08 0.10 
t/- 

0 203.0 203.0 203.0 203.0 203.0 203.0 
1 208.6 209.3 210.0 210.7 211.3 212.0 
2 208.6 211.9 215 .1 218.0 220.9 223.5 
3 200.6 209.4 217.5 224.9 231.7 238.0 
4 180.9 199.6 216.1 230.8 244.0 255.7 
5 143.5 179.4 209.7 235.6 257.8 277.0 
6 76.1 143.5 196.0 238.4 273.4 302.5 
7 81.2 171.8 238.9 291.1 332.8 
8 131.4 235.7 311.0 368.4 
9 61.9 227.6 333.6 409.9 

10 212.3 359.2 458.1 
'15 550.5 824.8 
20 914.3 1471.1 
25 1575.4 2497.4 
30 2688.3 4018.7 
35 4426.9 6178.2 
40 6990.3 9160.2 
45 10619.6 - 13203.1 
50 15619.3 18614.4 

to changes inj) whilst between tables we can see the sensitivity of the optimal solution 

with respect to changes in v. For example, in table 7.2, where v=0.5, we see that for p 

being less than or equal to 0.06 the optimal path of k(t) shows decumulation of capital 

stock per worker; this decumulation starts earlier the less is the value of p. The fact of 

the decumulation of capital stock per worker is shown by the comparison of the tables 

7.6 and 7.10 where we can see that with the passage of time consumption per worker 

absorbs all the output per worker and so nothing is left for investment This fact can 

also be seen from table 7.14 where the propensity to save is decreasing over time for p 

less than or equal to 0.06. 

For values of p greater than 0.06 the optimal paths of the variables change completely. 
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TABLE 7.3 

(v = 1.5): Sensitivity of optimal capital/labour ratios to changes in p 

1) 0.00 0.02 0.04 0.06 0.08 0.10 

0 203.0 203.0 203.0 203.0 203.0 203.0 
11 210.7 211.0 211.2 211.4 211.6 211.8 
2 218.4 219.3 220 .2 221.2 222.1 222.9 
3 225.7 228.0 230.3 232.4 234.5 236.6 
4 232.7 237.1 241.3 245.4 249.4 253.2 
5 239.1 246.5 253.6 260.3 266.8 273.0 
6 244.6 256.2 267.1 277.4 287.2 296.4 
7 249.1 266.2 282.1 297.0 310.9 324.0 
8 252.0 276.4 298.7 319.4 338.5 356.2 
9 253.0 286.7 317.2 344.9 370.3 393.5 

10 251.5 297.1 337.7 374.0 406.8 436.5 
15 165.8 344.8 480.7 590.5 681.9 759.3 
20 357.2 729.0 983.4 1175.8 1327.8 
25 213.2 1159.4 1655.0 1994.4 2245.8 
30 1887.0 2737.0 3267.0 3637.8 
35 3070.0 4392.4 5150.7 5656.2 
40 4915.1 6822.5 7840.5 8491.5 
45 7682.5 10278.3 11581.1 12385.8 
so 11699.4 15075.2 15536.3 17647.7 

For example, in the same table 7. L where v= 0.5, and for p= 0.08 we have that the capital 

stock per worker is increasing over time, a fact which can also be seen by the comparison 

of tables 7.6 and 7.10 or by the increasing propensity to save in table 7.14. 

By now keeping p constant we make a comparison of the optimal time paths between 

tables. This comparison shows that the lower is v the higher is the per capita consumption 

and consequently the lower is the capital stock per worker over time. 

From the analysis above we see that the two parameters, v and p, play a crucial part 

in the process of planning economic growth. A complete picture of this part is shown in 

tables 7.14-7-17 where we can see the sensitivity of the propensities to save to changes 

in p and v. In these tables we see that the propensity to save moves towards either zero 
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TABLE 7.4 

(v = 2.0): Sensitivity of optimal capital/labour ratios to changes in p 

0.00 0.02 0.04 0.06 0.08 0.10 

I 

0 203.0 203.0 203.0 203.0 203.0 203.0 
1 211.0 211.2 211.3 211.5 211.6 211.8 
2 219.5 220.2 220.8 221.5 222.2 222.9 
3 228.4 230.1 231.7 233.3 234.9 236.4 
4 237.8 241.0 244.1 247.1 250.0 252.8 
5 247.8 253.1 258.2 263.1 267.9 272.5 
6 258.2 266.4 274.1 281.6 288.8 295.7 
7 269.2 281.0 292.3 303.0 313.2 322.9 
8 280.7 297.3 312.9 327.6 341.5 354.7 
9 292.7 315.2 336.2 355.9 374.2 391.5 

10 305.3 335.2 362.7 388.2 411.9 433.8 
115 375.0 473.2 556.8 629.7 694.0 751.1 
20 455.8 709.8 905.5 1064.2 1194.5 1308.5 
25 529.1 1115.1 1503.1 1793.8 2023.1 2209.2 
30 545.0 1794.6 2474.7 2946.7 3300.9 3577.4 
35 321.8 2896.0 3980.4 4682.4 5186.0 5566.4 
40 4614.7 6220.6 7198.1. 7872.8 8367.7 
45 7202.5 9447.1 10742.1 11606.2 12224.4 
50 10979.4 13977.3 15628.0 16697.5 17445.9 

or one over time. The direction in which s(t) is moving over time depends crucially on 

'the values of the parameters v and p. For example, in table 7.15, where v=1.5, we have 

that, for p=0.0, s (t) moves towards zero and reaches it after about 15 years; forp = 0.02, 

s(t) reaches zero after about 25 years; for p=0.04 and over, it moves towards one. The 

greater is p, above the level of 0.04, the higher is the rate of increase in s(t). 

By comparing the tables 7.14-7.15, we see that for the cases where s(t) moves 

towards zero the greater is v the lower is the rate of change of s(t). In the other cases 

where s(t) moves towards one we see that, for example, in tables 7.15 and 7.17, for 

intermediate values of p, ie. 0.02 <p<0.08, the greater is v the higher is the rate of 

growth of s(t), and for higher values of p, ie. p>0.08, the greater is v the lower is the 

rate of growth of s(t). These results come as a consequence of the behaviour of the 
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TABLE 7.5 

(v = 2.5): Sensitivity of optimal capital/labour ratios to changes in p 

t/ 
13 0.00 0.02 0.04 0.06 0.08 0.10 

0 203.0 203.0 203.0 203.0 203.0 203.0 
1 211.1 211.3 211.4 211.5 211.7 211.8 
2 220.1 220.7 221.2 221.7 222.3 222.8 
3 230.0 231.3 232.6 233.8 235.1 236.3 
4 240.8 243.3 245.7 248.1 250.4 252.7 
5 252.7 256.8 260.8 264.7 268.5 272.2 
6 266.0 272.1 278.2 284.1 289.7 295.2 
7 280.4 289.4 298.1 306.5 314.5 322.3 
8 296.4 309.0 320.9 332.5 343.3 353.8 
9 314.1 331.0 347.0 362.2 376.6 390.3 

10 333.7 355.8 376.7 396.3 414.8 432.3 
15 468.9 536.2 596.7. 651.3 700.9 746.1 
, 20 698.9 857.5 991.6 1107.2 1208.1 1296.9 
25 1089.9 1407.2 1658.7 1865.4 2038.8 2186.6 
30 1741.7 2304.8 2723.4 30 521.3 3319.0 3539.6 
35 2794.6 3705.5 4343.5 4825.2 5203.8 5509.1 
40 4436.1 5806.4 6716.5 7380.0 7887.3 8287.3 
45 6909.7 8857.0 10091.4 10963.5 11614.5 12117.6 
50 10528.0 13173.2 14782.6 15888.8 16696.7 17310.1 

differential equations (7.3.14) and (7.3.20). In (7.3.20) for example, the increase in v or 

p produces a decrease in with the result that i increases more quickly than before. 

But the faster increase in k produces a faster decrease in fl(k), the marginal productivity 

of capital, and so on. These "feedback! ' effects are shown in the tables presented thus 

far and in particular in the tables 7.14-7.17. Therefore, before we choose any value for 

v or p we must look at the path of s(t) that they generate. 

The sensitivity of the relative price, p(t), depends absolutely on the behaviour of 

the optimal path of the capital stock per worker, as can be seen from (7.3.4). From 

tables 7.18 and 7.19, for example, we see that the terms of trade are increasing in favour 

of the agricultural sector. The higher is p the slower is the increase of p(t) for a given v. 

On the other hand, for values of p less than or equal to 0.06 the higher is v the lower is 
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TABLE 7.6 

(v = 0.5): Sensitivity of optimal per capita consumption to changes in p 

P 0.00 0.02 0.04 0.06 0.08 0.10 

0 30.9 30.9 30.9 30.9 30.9 30.9 
1 37.2 35.8 34.4 33.1 31.8 30.5 
2 45.1 41.6 38.4 35.4 32.6 30.1 
3 55.1 48.7- 43.0 38.0 33.6 29.7 
4 68.3 57.2 48.5 41.0 34.6 29.3 
5 87.1 69.1 55.2 44.3 35.7 28.8 
6 118.7 85.3 63.6 48.1 36.8 28.3 
7 112.3 74.7 52.6 37.9 27.6 
8 90.9 57.9 39.0 26.9 
9 120.6 64.4 40.1 26.0 

10 72.6 41.1 25.1 
15 44.8 19.0 
20 44.2 12.6 
25 38.7 7.5 
30 30.3 4.2 
35 21.6 2.2 
40 14.4 1.1 
45 9.1 0.5 
50 5.5 0.2 

the rate of increase in p(t), whilst for values of p greater than 0.06 the higher is v the 

higher is the rate of increase in p(t). 

As we said in section 7.3 the balanced growth path of the capital stock per worker, 

11(t), and the per capita consumption, c*(t), depend on time because our system is 

nonautonomous, eqs. (7.3.25) and (7.3.26). Also, from these equations we see that both 

k* (t) and c* (t) do not depend on v. They do depend on'the o ther param eters of the model 

and p. The sensitivity of k*(t) with respect to changes in p is shown in table 7.20. In this 

table we see that k*(t) is increasing over time and is increasing more slowly the higher 

is p. In table 7.20 we presented c*(t). From equation (7.3.26) we see that the higher is 

c*(t) the higher-is p. But at the same time we find that the higher is p the lower is k*(t). 
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TAB LE 7.7 

(V 2-- I. S): Sensitivity of optimal per capita consumption to changes in p 

/v0.00 0.02 0.04 0.06 0.08 0.10 

0 30.9 30.9 30.9 30.9 30.9 30.9 
1 32.9 32.5 32.1 31.6 31.2 30.8 
2 35.1 34.1 33.2 32.3 31,5 30.7 
3 37.4 35.9 34.5 33.1 31.8 30.5 
4 39.9 37.7 35.8 33.9 32.1 30.4 
5 42.6 39.7 37.1 34.7 32.4 30.2 
6 45.5 41.9 38.5 35.5 32.7 30.1 

, 17 48.7 44.1 40.0 36.3 32.9 29.9 
8 52.2 46.6 41.5 37.1 33.1 29.6 
9 56.1 49.2 43.1 37.9 33.3 29.3 

10 60.5 51.9 44.8 38.7 33.5 29.3 
15 93.8 69.3 53.6 42.1 33.5 26.8 
20 95.9 62.8 44.3 32.1 23.6 
25 147.0 71. ý 44.9 29.7 20.1 
30 78.8 44.1 26.7 16.7 
35 84.1 42.1 23.4 13.6 
40 87.3 39.3 20.1 10.8 
45 88.7 36.1 17.1 8.6 
50 88.1 32.8 14.4 6.7 

Therefore, the behaviour of c*(t) depends really on the combined effects of p on c*(t) 

directly and through k*(t). This combined effect is shown in table 7.21 where we see that 

the higher is p the lower is the rate of increase in c* (t). 

In the tables presented thus far we assumed that the rate of increase in labour force was 

0.01. In table 7.22 we present some results for the leading variables of the optimal 

problem for the case where 7z 0.00 and i? = 0.02. Comparing now the results in table 7.22 

with the results of the previous tables we see that the higher is i? the lower are k(t), c(t) and 

s(t), as was expected. 

In table 7.23 we present the optimal k(t), c(t) and s(t) for the cases where S3 = 0.060 

and S3 = 0.65. Comparing these results with those of the previous tables where S3 = 0.553, 
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TABLE 7.8 

(v = 2.0): Sensitivity of optimal per capita consumption to changes in p 

p 0.00 0.02 0.04 0.06 0.08 0.10, 

0 '30.9 30.9 30.9 30.9 30.9 30.9 
1 32.4 32.1 31.8 31.5 31.1 30.8 
2 34.0 33.3 32.6. 32.0 31.4 30.7 
3 35.6 34.6 33.5 32.5 31.6 30.6 
4 37.4 35.9 34.5 33.1 31.8 30.5 
5 39.2 37.3 35.4 33.7 32.0 30.4 

.6 41.2 38.7 36.4 34.2 32.2 30.3 
7 43.3 40.2 37.4 34.8 32.4 30.1 
8 45.5. 4-1.8 38.5 35.4 32.5 30.0 
9 47.8 4j. 4 39.5 35.9 32.7 29.7 

10 50.3 45.1 40.5 36.4 32.9 29.5 
15 65.1 54.4 45.7 38.6 32.7 27.9 
20 85.3 64.6 50.3 39.8 31.7 25.4 
25 113-3 75.2 54.0 39.8 291.8 22.5 
30 154.6 85.4 56.4 39.0 27.5 19.6 
35 229.0 94.8 57.8 37.4 24.9 16.8 
40 101.5 58.2 35.4 22.2 14.2 
45 110.1 57.8 33.1 19.7 11.9 
50 115.9 56.8 30.7 17.3 9.9 

we see that the higher is S3 . the higher is k(t) and the lower is c(t) as was expected. 

For s(t) we cannot make a direct comparison because by changing S3 the initial value of 

s(t) is also changed. In any case comparing the rates of growth of s(t) we see that the 

lower isS3 the Wgher is the rate of growth of s(t), reflecting, the greater efforts for 

development. 

In table 7.24 we present the sensitivity of the optimal solution with respect to 

changes in the consumption allocation parameter, mi. We see that the lower 

is m, the higher is k(i) and the lower is c(t), as was expected. On the other hand the 

higher is m, the higher is the rate of growth of s(t), because higher m, is associated 

Mth less developed economics. 
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TABLE 7.9 

(Y = 2.5): Sensitivity of optimal per capita consumption to changes in p 

P 0.00 0.02 0.04 0.06 0.08 0.10 
t 

0 30.9 30.9 30.9 30.9 30.9 30.9 
1 32.1 31.9 31.6 31.3 31.1 30.9 
2 33.3 32.8 32.3 31.8 31.3 30.8 
3 34.6 33.8 33.0 32.2 31.4 30.8 
4 36.0 34.8 33.7 32.7 31.6 30.6 
5 37.4 36.0 34.5 33.1 31.8 30.5 
6 38.9 37.0 35.2 33.5 31.9 30.4 
7 40.4 38.1 36.0 34.0 32.1 30.3 
8 42.0 39.2 36.8 34.4 32.2 30.2 
9 43.6 40.5 37.5 34.8 32.3 30.0 

10 45.4 41.7 38.3 35.2 32.4 30.0 
15 54.8 47.9 41.9 36.8 32.3 28.4 
20 65.6 54.1 44.9 37.5 31.4 26.4 
25 77.2 59.8 47.1 37.5 30.0 24.1 
30 89.2 64.9 48.5 36.7 28.0 21.5 
35 101.2 69.2 49.1 35.4 26.0 19.0 
40 113.0 72.8 49.1 33.9 23.7 16.7 
45 124.3 75.6 48.6 32.1 21.4 14.5 
50 135.1 77.9 47.8 30.5 19.3 12.5 

Finally, in tables 7.25 and 7.26 we present the sensitivity of the optimal solution 

to changes in the speed of development, g. As we have seen in (7.3.27) and (7.3.28) 

the allocation of labour depends on p(t), ie. on g. The higher is the g the faster is the 

decrease in 21 and consequently the faster is the increase in 22 - 

The change in g has its effects on the optimal capital/labour ratio, ie. the higher is 

g the higher is k(t), as can be seen in table 7.26. In the same table are shown the 

optimal so ctoral capital/labour ratios, ki (t), as a combined effect of the change in 2i 's 

and the increase in k(t). Both ki (t) are increasing over time with k, (t) increasing faster 

due to the decrease in the labour-force engaged in the agricultural sector. In particular, 

for g=0.06, k, (t) overtakes k2 (t) at about the year 40. This is a result which is associated 
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TABLE 7.10 

(v = 0.5): Sensitivity of the optimal per capita output to changes in p 

0.00 0.02 0.04 0.06 0.08 0.10 

0 44.9 44.9 44.9 44.9 44.9 44.9 
1 46.7 46.8 46.9 47.0 47.1 47.1 
2 47.9 48.4 48.8 49.1 49.5 49.8 
3 48.1 49.3 50.3 51.3 52.1 52.9 
4 46.6 49.2 51.4 53.3 55.0 56.5 
5 42.0 47.6 51.9 55.3 58.2 60.5 
6 30.3 43.1 51.2 57.1 61.6 65.2 

/7 32.2 48.4 58.6 65.4 70.5 
8 43.1 59.7 69.6 76.4 
9 29.1 60.0 74.2 83.2 

10 59.1 79.2 90.7 
15 113.4 142.0 
20 169.6 220.8 
25- 258.2 333.5 
30 390.5 488.1 
35 578.2 69S. 8 
40 835.7 971.0 
45 1181.0 1332.8 
so 1638.2 1805.8 

with the time period after which an economy can be characterized as entering the state 

of being a developed economy (see chapter 4). Of course this critical time depends 

explicitly on P0 (starting level), on g (speed of development) and on the methods of 

production (cei ,Pi), taking into account the Cobb-Douglas specification of the model. 
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TABLE 7.11 

(v = 1.5): Sensitivity of the optimal per capita output to changes in p 

/ :ip0.00 
0.02 0.04 0.06 0.08 0.10 

0 44.9 44.9 44.9 44.9 44.9 44.9 
1 47.0 47.0 47.0 47.1 47.1 47.1 
2 49.2 49.3 49.4 49.5 49.6 49.7 
3 51.4 51.7 51.9 52.2 52.5 52.7 
4 53.6 54.1 54.7 55.2 55.7 56.2 
5 55.8 56.7 57.6 58.5 59.3 60.0 
6 57.9 59.4 60.8 62.1 63.3 64.5 
7 60.0 62.3 64.3 66.2 67.9 69.4 
8 61.9 65.2 68.0 70.6 72.9 75.0 
9 63.6 68.2 72.1 75.6 78.6 81.3 

10 65.0 71.3 76.5 81.0 84.9 88.3 
is 58.3 87.5 105.2 118.0 127.8 135.6 
20 100.6 149.5 176.5 195.0 208.6 
25 85.0 217.6 265.4 294.3 314.4 
30 320.8 394.4 435.1 461.9 
35 471.9 575.7 629.0 662.5 
40 687.9 824.5 890.7 931.0 
45 986.7 1159.8 1239.8 1286.4 
50 1395.3 1606.2 1699.2 1753.1 
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TABLE 7.12 

(v = 2.0): Sensitivity of the optimal per capita output to changes in p 

/p0.00 0.02 0.04 0.06 0.08 0.10 

0 44.9 44.9 44.9 44.9 44.9 44.9 
1 47.0 47.0 47.1 47.1 47.1 47.1 
2 49.3 49.4 49.5 49.6 49.6 49.7 
3 51.7 51.9 52.1 52.3 52.5 52.7 
4 54.2 54.6 55.0 55.4 55.8 56.1 
5 56.9 57.6 58.2 58.8 59.4 60.0 
6 59.7 60.7 61.7 62.6 63.5 64.4 
7 62.6 64.2 65.6 66.9 68.1 69.3 
8 65.7 67.9 69.8 71.6 73.3 74.9 
9 69.0 71.9 74.5 76.9 79.1 81.1 

10 72.4 76.2 79.6 82.7 85.5 88.0 
15 91.8 104.3 114.2 122.2 129.0 134.8 
20 115.2 147.2 168.6 184.5 196.9 i06.9 

25 140.9 213.1 251.5 277.5 296.7 311.5 
30 161.0 312.0 372.9 410.9 437.6 457.6 
35 134.8 456.8 545.1 596.5 631.4 656.7 
40 663.6 783.3 849.4 892.7 923.0 
45 952.0 1106.7 1188.6 1240.8 1277.0 
50 134.6.9 1540.2 1638.7 1700.0 1741.9 
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TABLE 7.13 

(v = 2.5): Sensitivity of optimal per capita output to changes in p 

p 0.00 0.02 0.04 0.06 0.08 

0 44.9 44.9 44.9 44.9 44.9 
1 47.. 0 47.1 47.1 47.1 47.1 
2 49.4 49.5 49.5 49.6 49.7 
3 51.9 52.1 52.2 52.4 52.5 
4 54.6 54.9 55.2 55.5 55.8 
5 57.5 58.0 58.5 59.0 59.5 
6 60.7 61.5 62.2 62.9 63.6 
7 64.1 65.2 66.3 67.3 68.3 
8 67.8 69.3 70.8 72.2 73.5 
9 71.7 73.8 75.8 77.6 79.3 

10 76.0 78.8 81.3 83.6 85.8 
15 103.8 111.8 118.6 124.5 129.7 
20 146.0 163.6 177.4 188.6 197.6 
25 210.4 242.5 265.7 283.6 297.9 
30 306.8 358.5 393.3 419.0 438.9 
35 447.9 523.8 572.2 606.6 632.6 
40 649.2 753.8 817.3 861.2 893.6 
45 930.9 1067.8 1148.0 1202.1 1241.3 
50 1315.9 1490.3 1588.8 1653.8 1700.0 

0.10 

44.9 
47.1 
49.7 
52.6 
56.1 
59.9 
64.3 
69.2 
74.7 
80.9 
87.8 

134.3 
205.9 
309.7 
454.9 
652.9 
918.5 

1270.8 
1734.4 
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TABLE 7.14 

(v = 0.5): Sensitivity of Savings ratios to chang ., es in 

t 0 5 10 15 20 25 ' 30 35 40 45 50 

0.00 0.310 -1.073 
0.02 0.310 -0.452 
0.04 0.310 -0.064 
0.06 0.310 0.199 -0.228 
0.08 0.310 0.386 0.481 0.605 0.739 0.850 0.922 0.963 0.983 0.992 0.997 
0.10 0.310 0.524 0.724 0.866 0.943 0.977 0.991 0.997 0.999 1.000 1.000 

TABLE 7.15 

(Y = 1.5): Sensitivity of Savings ratios to changes in p 

t 0 5 10 15 20 25 30 35 40 45 50 

lp 

0.00 0.310 0.237 0.070 -0.609 
0.02 0.310 0.300 0.271 0.208 0.047 -0.728 
0.04 0.310 0.356 0.415 0.491 0.580 0.672 0.754 0.822 0.873 0.910 0.937 
0.06 0.310 0.407 0.523 0.643 0.749 0.831 0.888 0.927 0.952 0.969 0.980 
0.08 0.310 0.454 0.606 0.738 0.835 0.899 0.939 0.963 0.977 0.986 0.992 
0.1a 0.310 0.436 0.671 0.803 0.837 0.936 0.964 0.980 0.988 0.993 0.996 

320 



TABLE 7.16 

(v = 2.0): Sensitivity of Savings ratios to changes in p 

05 10 15 20 25 30 35 40 45 50 

9 

0.00 0.310 0.311 0.305 0.290 0.260 0.196 0.039 -0.698 
0.02 0.310 0.352 0.408 0.479 0.562 0.647 0.726 0.792 0.845 0.884 0.914 
0.04 0.310 0.391 0.491 0.600 0.702 0.785 0.849 0.894 0.926 0.948 0.963 
0.06 0.310 0.428 0.559 0.684 0.784 0.856 0.905 0.937 0.958 0.972 0.981 
0.08 0.310 0.461 0.616 0.746 0.839 0.899 0.937 0.961 0.975 0.984 0.990 
0.10 0.310 0.493 0.665 0.794 0.877 0.928 0.957 0.974 0.985 0.991 0.994 

TAB LE 7.17 

(v = 2.5): Sensitivity of Savings ratios to changes in p 

t 0 5 10 15 20 25 30 35 40 45 50 

0.00 0.310 0.350 0.403 0.472 0.551 0.633 0.709 0.774 0.826 0.866 a897 

0.02 0.310 0.382 0.471 0.572 0.670 0.753 0.819 0.868 0.903 0.929 0.948 

0.04 0.310 0.411 0.529 0.647 0.747 0.823 0.877 0.914 0.940 0.958 0.970 
0.06 0.310 0.439 0.579 0.705 0.801 0.868 0.912 0.942 0.961 0.973 0.982 
0.08 0.310 0.466 0.623 0.751 0.841 0.899 0.936 0.959 0.974 0.983 0.989 
0.10 0.310 0.491 0.661 0.788 0.872 0.922 0.953 0.971 0.982 0.98D 0.993 

0 
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TABLE 7.18 

(v 2; 0): Sensitivity of optimal relative price to changes in p 

13 0.00 0.02 0.04 0.06 0.08 0.10 

0 0.874 0.874 0.874 0.874 0.874 0.874 
1 0.891 0.891 0.891 0.891 0.891 0.891 
2 0.909 0.909 0.908 0.908 0.908 0.891 
3 0.926 0.926 0.926 0.925 0.925 0.925 
4 0.944 0.944 0.943 

. 
0.943 0.942 0.942 

5 0.962 0.961 0.960 0.960 9.959 0.958 
6 0.980 0.979 0.978 0.976 0.975 0.974 
7 0.999 0.997 0.995 0.993 0.992 0.990 
8 1.017 1.015 1.012 1.010 1.008 1.006 
9 1.036 1.032 1.029 1.026 1.024 1.022 

10 1.055 1.050 1.046 1.043 1.040 1.037 
15 1.152 1.139 1.131 1.124 1.119 1.115 
20 1.254 1.228 1.213 1.204 1.197 1.192 
25 1.362 1.314 1.295 1.285 1.277 

. 
1.972 

30 1.481 1.399 1.378 1.367 1.359 1.354 
35 1.648 1.484 1.462 1.450 1.443 1.438 
40 1.569 1.547 1.536 1.529 1.525 
45 1.654 1.633 1.623 1.617 1.613 
so 1.740 1.720 1.711 1.706 1.702 
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I 

TABLE 7.19 

(Y = 2.5)ý Sensitivity of optimal relative price to changes in 1) 

0.00 0.02 0.04 0.06 0.08 0.10 
t/ 

0 0.874 0.874 0.874 0.874 0.874 0.874 
1 0.891 0.891 0.891 0.891 0.891 0.891 
2 0.909 0.909 0.908 0.908 0.908 0.908 
3 0.926 0.926 0.926 0.925 0.925 0.925 
4 0.944 0.943 0.943 0.942 0.942 0.942 
5 0.961 0.961 0.960 0.959 0.959 0.958 
6 0.979 0.978 0.977 0.976 0.975 0.974 
7 0.997 0.995 0.994 0.993 0.991 0.990 
8 1.015 1.013 1.011 1.009 1.008 1.006 
9 1.033 1.030 1.028 1.026 1.024 1.022 

10 1.051 1.047 1.044 1.042 1.040 1.038 
is 1.140 1.133 1.127 1.122 1.118 1.115 
20 1.228 1.217 1.208 1.202 1.197 1.193 
25 1.315 1.300 1.289 1.282 1.277 1.273 
30 1.401 1.383 1.372 1.364 1.359 1.355 
35 1.486 - 1.467 1.456 1.448 1.443 1.439 
40 1.572 1.552 1.541 1.534 1.529 1.526 
45 1.657 1.638 1.628 1.621 1.617 1.614 
50 1.744 1.725 1.716 1.710 1.706 1.703 
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TABLE 7.20 

Sensitivity of the OPtimal balanced capital/labour ratio to changes in p 

p 0.00 0.02 0.04 0.06 0.08 0.10 

0 4756.9 1516.3 713.1 405.8 258.6 177.7 
1 5039.6 1606.3 755.5 429.9 274.0 188.3 
2 5337.6 1701.3 800.2 455.3 290.3 199.4 
3 5651.7 1801.5 847.3 482.1 307.3 211.2 
4 5982.9 1907.0 896.9 510.3 325.3 232.5 
5 6361.8 2018.2 949.2 540.1 344.2 236.2 
6 6699.6 2135.5 1004.3 571.5 364.2 250.3 
7 7087.0 2258.9 1062.4 604.5 385.3 264.8 
8 7495.1 2389.0 1123.6 639.3 407.5 280.0 
9 7925.0 2526.1 1188.0 676.0 430.8 296.1 

10 8378.0 2670.4 1255.9 714.6 455.5 313.0 
15 11026.4 3514.6 1653.0 940.6 599.5 412.0 
20 14446.4 4604.7 2165.7 1232.3 785.4 539.7 
25 18853.0 6009.3 2826.3 1608.2 1025.0 

. 
704.4 

30 24521.6 7816.1 3676.1 2091.7 1333.1 916.2 
35 31804.3 10137.5 4767.8 2712.9 1729.1 1188.2 
40 41151.7 13116.9 6169.1 3510.3 2237.2 1537.5 
45 53139.8 16938.1 7966.3 4532.9 2889.0 1985.4 
50 68505.9 21835.0 10269.9 5843.6 3724.4 2559.5 
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TABLE 7.20 

., es in p Sensitivity of the optimal balanced per capita consumption to chang 

v 0.00 0.02 0.04 0.06 0.08 0.10 

0 115.0 91.3 68.6 53.6 43.5 36.3 
1 121.8 96.7 72.7 56.8 46.1 38.5 
2 129.0 102.4 77.0 60.2 48.8 40.7 
3 136.6 108.4 81.5 63.7 51.7 43.1 
4 144.6 114.8 86.3 67.5 54.7 45.7 
5 153.0 121.5 91.3 71.4 57.9 48.3 
6 161.9 128.5 96.6 75.6 61.3 51.1 
7 171.3 136.0 102.2 79.9 64.8 54.1 
8 181.1 143.8 108.1 84.5 68.6 57.2 
9 191.5 152.0 114.3 89.4 72.5 60.5 

10 202.5 160.7 120.8 94.5 76.6 63.9 
15 266.5 211.5 159.0 124.4 100.8 84.1 
20 349.1 277.1 208.3 162.9 132.1 110.2 
25 455.6 361.7 271.4 212.6 172.4 143.9 
30 592.6 470.4 353.6 276.6 224.3 187.1 
35 768.6 610.1 458.7 358.7 290.9 242.7 
40 994.5 789.4 593.5 464.1 376.4 314.0 
45 1284.3 1019.4 766.3 599.3 486.0 405.5 
50 1655.6 1314.2 987.9 772.6 626.6 522.8 
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0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
15 
20 
25 
30 
35 
40 
45 
50 

TABLE 7.22 

2.5, P = 0.02): Sensitivity of optimal solution to changes in n 

,q=0.00 n=0.02 
kCSkc 

203.0 
213.4 
225.1 
238.2 
253.0 
269.7 
288.5 
309.7 
333.5 
360.4 
390.8 
610.6 

1001.2 
1668.0 
2756.1 
4456.4 
7015.8 

10751.8 
16071.3 

30.9 
31.0 
33.1 
34.2 
35.3 
36.5 
37.7 
39.0 
40.3 
41.6 
42.9 
49.7 
S6.5 
62.9 
68.7 
73.8 
78.2 
81.9 
85.2 

0.310 
0.324 
0.339 
0.354 
0.371 
0.388 
0.405 
0.424 
0.443 
0.463 
0.483 
0.586 
0.683 
0.764 
0.827 
0.873 
0.907 
0.931 
0.949 

203.0 
209.2 
216.3 
224.5 
233.9 
244.6 
256.7 
270.5 
286.1 
303.8 
323.8 
470.2 
733.0 

1185.7 
1928.4 
3089.2 
4828.6 
7346.3 

10891.9 

30.9 
31.7 
32.6 
33.4 
34.3 
35.3 
36.3 
37.3 
38.3 
39.4 
40.5 
46.2 
51.9 
57.1 
61.6 
65.3 
68.2 
70.3 
71.7 
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0.310 
0.322 
0.334 
0.347 
0.3 361, 
0.375 
0.391 
0.407 
0.423 
0.441 
0.459 
0.556 
0.654 
0.741 
0.810 
0.862 
0.900 
0.927 
0.947 



TABLE 7.23 

(v = 2.5, p=0.02): Sensitivity of optimal solution to changes in S3 

t 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
is 
20 
25 
30 
'3 5 
40 
45 
50 

s3 = 0.60 S3'= 0.65 
k c s k c s 

203.0 30.9 0.313 203.0 30.9 0.316 
211.5 31.9 0.326 211.7 31.9 0.329 
221.1 32.8 0.340 221.5 32.8 0.343 
231.9 33.8 0.354 232.6 33.8 0.357 

. 244.2 34.9 0.369 245.1 34.9 0.373 
258.0 35.9 0.385 259.3 36.0 0.389 
273.6 37.0 0.402 275.3 37.1 0.405 
291.2 38.2 0.419 293.3 38.2 0.423 
311.6 39.3 0.437 313.6 39.4 0.441 
333.6 40.5 0.456 336.5 40.5 0.460 
359.0 41.7 0.475 362.4 41.7 0.479 
542.7 47.9 0.576 549.6 47.9 

. 
0.580 

869.2 54.1 0.673 881.8 54.0 0.676- 
1426.7 ý9.8 0.756 1447.6 59.7 0.759 
2335.0 64.8 0.821 2367.3 64.7 0.823 
3749.6 69.0 0.869 3796.7 68.9 0.871 
5867.8 72.6 0.904 5933.3 72.3 0.905 
8939.4 75.4 0.930 9027.1 75.1 0.931 

13280.4 77.6 0.948 13394.5 77.3 0.949 
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TABLE 7.24 

(Y = 2.5, p=0.02): Sensitivity of opfimal solution to changes in m, 

mi = 0.15 m, = 0.17 
t k c s k c s 

0 203.0 30.9 0.326 203.0 30.9 0.318 
1 212.4 31.9 0.339 211.8 31.9 0.331 
2 222.9 32.9 0.353 221.7 32.8 0.345 
3 234.8 33.9 0.368 233.0 33.8 0.359 
4 248.3 35.0 0.383 245.7 34.9 0.374 
5 263.4 36.0 0.400 260.0 36.0 0.390 
6 280.4 37.2 0.417 276.1 37.1 0.407 
7 299.7 38.3 0.435 294.3 38.2 0.425 
8 321.3 39.5 0.453 314.9 39.4 0.443 
9 345.7 40.6 0.472 338.0 40.6 0.462 

10 373.3 41.9 0.492 364.2 41.8 0.481 
15 571.9 48.0 0.592 553.3 47.9 0.582 
20 9210 54.0 0.687 888.5 S4.0 0.678 
25 1514.2 59.5 0.767 1458.7 59.7 0.760 
30 2469.8 64.3 0.829 2384.4 64.6 0.824 
35 3945.4 68.3 0.875 3821.5 68.8 0.871 
40 6139.4 71.6 0.909 5967.7 72.2 0.906 
45 9302.5 74.3 0.933 9073.2 75.0 0.931 
50 13752.1 76.4 0.950 13454.4 77.1 0.949 
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TABLE 7.25 

The speed of development and the allocation of labour force 

g=0.04 g=0.06 
t 22 k2 

0 0.300 0.308 0.692 0.300 0.308 0.692 
1 0.308 0.302 0.698 0.313 0.300 0.700 
2 0.317 0.297 0.703 0.326 0.291 0.709 
3 0.326 0.291 0.709 0.339 0.283 0.717 
4 0.335 0.286 0.714 0.353 0.275 0.725 
5 0.344 0.280 0.720 0.367 0.267 0.733 
6 0.353 0.275 0.725 0.381 0.260 0.740 
7 0.362 0.270 0.730 0.395 0.253 0.747 
8 0.371 0.265 0.73S 0.409 0.246 0.754 
9 0.381 0.260 0.740 0.424 0.240 0.760 

10 0.390 0.255 0.745 0.439 0.234 0.766 
is 0.439 0.234 0.766 0.513 0.207 0.793 
20 0.488 0.21S 0.785 0.587 0.186 0.814 
25 0.538 0.199 0.801 0.658 0.169 0.831 
30 0.587 0.186 0.814 0.722 0.156 0.844 
35 0.635 0.174 0.826 0.778 0.147 0.853 
40 0.680 0.164 0.836 0.825 0.139 0.861 
45 0.722 0.156 0.844 0.864 0.134 0.866 
50 0.760 0.150 0.850 0.896 0.130 0.870 
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TABLE 7.26 

(v 2.5, p= 0.02): Sensitivity of the optimal sectoral capital stock 
perworker to changes in g. 

g=0.04 g=0.06 
t k k, k2 k k, k2 

0 203.0 92.1 252.4 203.0 92.1 252.4 
1 211.3 . 97.7 260.5 211.3 98.7 259.5 
2 220.7 104.1 269.9 220.8 106.2 267.9 
3 231.3 111.2 280.6 231.7 114.6 277.9 
4 243.3 119.2 292.9 244.1 124.2 289.5 
5 256.8 128.3 306.9 258--1 135.1 303.0 
6 272.1 138.5 322.9 274.0 147.4 3185 
7 289.4 150.1 341.0 292.1 161.5 336.3 
8 309.0 163.2 361.5 312.6 177.5 356.7 
9 331.0 178.1 384.7 335.7 195.8 379.9 

10 355.8 195.0 411.0 362.0 216.7 406.3 
15 536.2 321.0 601.9 553.5 374.5 600.1 
20 857.5 557.8 939.6 895.7 675.5 945.8 
25 1407.2 988.9 1511.2 1480.6 1225.6 1532.5 
30 2304.8 1738.3 2433.9 2431.7- 2175.8 2479.1 
35 3705.5 2978.7 3858.6 3907.7 3725.8 3939.0 
40 5806.4 4940.9 5976.7 6109.2 6128.5 6106.1 
45 8857.0 7924.9 9029.8 9288.3 9697.8 9224.9 
50 13173.2 12315.1 13324.3 13763.3 14823.1 13605.0 
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7.5 Conclusions 

Before trying to enact any kind of optimal policy we must know the actual para- 

meter values in the functions that explain the behaviour of the economy. The specification 

of these functions and the estimation of the parameters was the aim of the previous 

chapt ers. 

In this chapter, where we have investigated the normative properties of the models 

presented in the earlier chapters, we followed the same two paths, ie. the analysis of 

the theoretical modcl and the application of the theory to the economy of Greece. 

Unfortunately, the analysis of the general model could not be continued in a general. 

form after the derivation of the differential equations of the variables governing the 

optimal policies, due to their highly complicated formulation. To continue the analysis 

we had to make some drastic simplifications, ie. ji =I and s, = S2 = 0. Even in this simpler 

case our optimal model diffcrs from the usual two-sector growth models because it takes 

into account that only part of the output of the second sector is investeLd and that it 

includes technological change that is different between sectors and factors of production. 

The results of this analysis have been presefitcd in the table 7.1, where we see that in the 

cases where there is technological change (nonautonomous system) the balanced-growth 

capital/labour and wage/rental ratios are increasing over time (except for the case of 1.4' 

and 2.1 which is ambiguous for k*(t) ) and in the case where there is no technological 
CD 

change both k* and cj* are stationary. 

In section 7.3 the simplification of the model by the introduction of Cobb-Douglas 

production functions allows us to keep the variability in p (t). Having found the differential 

equations for the control and the state variables we applied optimal control analysis, 

using the estimated parameters from chapter six, for the Greek economy. 

331 



From the analysis of the results of this application, in section 7.4, we see that all the 

variables are moving very smoothly and this is a consequence of the use of an infinite 

planning horizon. The difficulty for the planning authority is in fact not so much the 

derivation of the optimal paths for the different variables but the selection of the appro- 

priate values for the two parameters v and p wWch cannot be estimated directly. The 

great sensitivity of the optimal solution to changes in v and p makes things more difficult 

A possible guide to the selection of the "bese' values for v and pis undoubtedly the savings 

ratio s(t). There are two extreme possibilities: either all income is consumed which means 

that s(t) moves towards zero or it is aU invested which means that s(t) moves towards one. 

Between these two extreme cases there are an infinite number of possibilities and for 

each of these the speed with which s(t) moves towards zero or one -svill be different. 
I 
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CONCLUDMIG RFMARKS 

It is easy to be pessimistic about economic development. This is for two reasons. 

Firstly, by observing that three quarters of the world's population lives in a degree of 

poverty which rich countries have not known for generations, and the income gap has 

widened in spite of$ 80 billion of foreign aid, Maddison (197 1). Secondly, because 

it is true that in spite of the intensive inteRectual study of the past thirty years 

economists did not achieve the "general" model which explains reality in the best way, 

Sen (1970). 

Our own view of the development process and of future prospects is not so pessimistic 

and w6 answer the above points as follows: 

Firstly, even a brief survey makes it clear that the developing world has moved 

decisively into a new era; political independence has permitted experiment with a wide 

variety of growth policies; colonial types of exploitation have virtually disappeared; aid 

has been outstandingly successful in countries where it was given in large quantities; if 

post-war performance is measured in the light of economic history, the acceleration of 

growth has been remarkable almost everywhere; per capita income has risen about three 

times as fast as in the past, and progress has been significant enough for this generation 

to have experienced very tangible evidence of change for the better, Maddison (197 1). 

Secondly, reality is so complex that it would be naive to imagine that it could be completely 

captured by modern growth theory, Hahn (197 1). Instead, a whole series of new models 

and policy ideas answered many questions about economic development which twenty 

years ago seemed unanswerable. 

In order to justify the optimism of the previous paragraph we constructed a descriptive 

model, lbuilding on the contributions of Fei and Ranis (1964), Jorgenson (1967), Kelley, 
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Williamson and Cheetharn (1972) and Dixit (1973) and applied it to the economy of 

Greece for the period between the years 1950 and 1972. 

One of the major characteristics of our model is that there exists a wacge differential 
i 

between the two sectors of the economy, ie. the agricultural and non-agricultural sector, 

and that this wage gap is decreasing over time. This characteristic has been established 

both analytically, by extending the Harris and Todaro (1970) equilibrium probability of 

finding a job in the non-agricultural sector, fhe Jorgenson's (1961) constancy of the wage 

., e rates ratio of the two sectors, and the Fei and Ranis (1964) assumption of equal wag 

rates, and empirically, by using the available data for the Greek economy. 

I Our model falls into the category of growth models whicli describe development 

using the concept of production dualism. Production dualism appears into our model in 

the form of different sectoral parameters, ie. bias in technological change between sectors 

and factors of production, different elasticities of output and substitution, and in the form 

of differences in the ratio variables, ie. different capital intensities and different wage/rental 

ratios between the two sectors. Undoubtedly, by observing the Greek reality we see that 

both kinds of duality ekist for the period under consideration. In fact, from the original 

data we see that the sectoral capital/labour and wage/rental ratios are different (precisely 

the capital/labour ratio in the non-agricultural sector is greater than that of the agricultural 

sector which is consistent with the necessary condition for existence of the analytical 

solution of the model) and from the estimation of the model we find that the elasticities 

of output with respect to inputs of production and the rate of change of technological 

progress is different between the two sectors. Empirical evidence for the duality in the 

elasticities of substitution cannot be supported because the ýroduction functions used for 

our test were those of the Cobb-Douglas type. 
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Between the models of economic growth and development there exists a difference 

in the degree of generalisation adopted concerning the theoretical analysis and the 

empirical applications of them. In the models of economic growth, mathematical 

I difficulties restrict the theoretical analysis to relatively simple cases, compared 

to the existing data, whilst in the models of economic development the existing empirical 

information is limited making applications difficult. In our theoretical model we have 

introduced capital and labour in. the two sectors which has been extended to our empirical 

test thus, avoiding duality in the factors of production and so extending the models of 

dual development which use only labour (and land) in the agricultural sector. At the same 

time We have generahsed our theory by introducing three income classes and consequently 

three (constant over time) propensities to save. This assumption cannot be extended in 

the application due to the lack of data. However, for the Greek economy we have seen 

thAt the propensity to save out of profits is not constant but in fact strictly increasing over 

time. 

Another problem which the models of economic development face is the probjern 

of viability of the economy or in other words whether the variables of the model appear 

in-the analysis with the expected sign. The usual procedure of solving this problem is by 

investigating some variables as for example the per capita agricultural output, the composi- 

tion of output among the two sectors and the labour redistribution. Testing analytically 

and empirically we have seen that the per capita agricultural output is increasing, the 

composition of output moves in favour of the non-agricultural sector, and the allocation 

of labour moves also in favour of the non-agricultural sector. 

it is true that the specific production functions restrict our application and thus we 

cannot test some of the findings. of the more general model. However, the introduction of 
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the Cobb-Douglas production functions can be supported by the observation that the 

capital/output and capital/labour ratios have found to be variable over time and by the 

relative constancy of the shares of capital and labour out of sectoral output. By using the 0 

Cobb-Douglas production functions we have seen that a necessary condition for the 

terms of trade to be increasing in favour of the agr:, cultural sector and the sectoral output/ 

capital ratios to be decreasing, is that the ratio of the wages share in the agricultural to the 

non-agricultural sector must be greater than that of the corresponding ratio of the rates 

of change of the technological progress of the two sectors. This condition has been 

empirically supported by the estimates of the parameters of the model. Another aspect 

of theuse of the Cobb-Douglas production functions is the possible switch of capital 

intensities from the non-agricultural sector to the agricultural one, depending of course 

on the elasticities of the production functions and on the speed of development. 

One must be sceptical of applying the specific models of this thesis to actual planning 

decisions. This is because we have seen, by applying the theoretical optimal control 

problem to the Greek e6ononvy, that the results obtained about the optimal paths of the 

variables of the economy are very sensitive in changes of the various parameters. Therefore, 

misestimation of a parameter due to inadequate data of the developing economy will 

produce misleading results. However, in our case we tried variOUS Optimal control experi- 

ments to derive an appropriate answer to the optimal control problem for the Greek 

economy. 

Finally, we believe that our work supports the contention of Higgins (1956) that 

dualism is not only an Eastern phenomena but also exists in Western countries. In our 

work the Greek economy is shown to be a dual economy which behaves in a manner 

similar to the theoretical model presented. 
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