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by 

Jie Xu 

Optical nonlinearity is determined by the structure of materials and, therefore, nanostructuring 

provides an opportunity to engineer nonlinear optical properties. In this thesis: 

• I have developed the first Coulomb-coupled-oscillator model of nonlinear optical 

frequency generation in 2D dielectric nanostructures. The model demonstrates that in the 

confined geometry of a 2D nanoparticle the collective nonlinear response of the atomic 

array can arise from the Coulomb interactions of the optical electrons, even if the individual 

atoms exhibit no nonlinearity. 

• I have discovered that, within the Coulomb-coupled-oscillator model, a 2D nanoparticle’s 

odd order nonlinearities scale with its area, while its even order nonlinearities scale with 

its perimeter. This result facilitates the design and optimization of nonlinear dielectric 

nanostructures for nanophotonics.  

• I have observed that the presence of defects in 2D nanoparticles can lead to harmonic 

generation within the Coulomb-coupled oscillator model. The results show that defects 

have a large influence on even harmonic generation of 2D nanostructures. Information 

could be encoded in atomic defects via defect engineering and read by its harmonic 

generation signature.  

• I have demonstrated the first fibre integrated all-dielectric metasurface for second 

harmonic generation. The metasurface is a double chevron array that supports a closed-

mode resonance for the fundamental wavelength at 1.5 µm with a quality factor of 30. A 

normalized second harmonic conversion efficiency of 8 × 10−3/GW  has been 

demonstrated, exceeding the previously achieved value for a silicon metamaterial by two 

orders of magnitude. 

The results of this thesis can be applied to design nonlinear metamaterials and provide guidance 

on enhancing and controlling the nonlinear response of nanoscale planar optical devices.   
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Chapter 1 Introduction 

1.1 Motivation  

Nonlinear optics is an important branch of modern optics research. Although intensity-dependent 

absorption was observed in uranium-doped glass in 1926, nonlinear optics has not became 

important until the invention of the laser in 1960 [1]. Different types of energy exchange between 

light and matter distinguish nonlinear optics from linear optics. In nonlinear optics, the response of 

an optical medium is a nonlinear function of the applied electromagnetic field. Nonlinear optics 

includes various effects, such as optical parametric oscillation (OPO), sum and difference frequency 

generation as well as harmonic generation. Nonlinear optics has a vast range of applications, such 

as all-optical information processing, controlling the intensity of lasers by optical switching, and 

compressing laser pulse widths by Q-switching and mode locking, redistributing optical energy 

between different carrier wavelengths, as well as developing optical logic devices and optical 

storage devices.  

Metamaterials are a kind of artificial composite materials. The prefix ‘meta’ is from Greek, which 

means beyond. The name ‘metamaterial’ was first used in an article published in 2000 [2]. In the 

paper, Smith et al. reported a structured material with negative permeability and permittivity at 

microwave frequencies. In 2001, this research group experimentally verified negative refraction [3], 

which was first explored by Veselago in 1968 [4]. Metamaterials can exhibit unconventional physical 

properties [5-9], such as giant, zero or negative refractive indices. Through artificial structuring of 

materials on the sub-wavelength scale, optical properties of materials can be designed and 

enhanced according to need. A series of extraordinary properties has been obtained that are 

unattainable in natural materials. The building blocks of a metamaterial are called meta-atoms or 

meta-molecules. The size of each meta-molecule and their distance from neighbouring meta-

molecules should be on the sub-wavelength scale in order for electromagnetic waves to interact 

with metamaterials without diffraction as with conventional bulk optical media. Depending on 

target wavelength range, metamaterials can be divided into microwave metamaterials, terahertz 

metamaterials and optical metamaterials. The dimensions of meta-molecules of optical 

metamaterials should be on the order of hundreds of nm. Patterning on such scale is well within 

the reach of modern nanofabrication techniques. Metamaterials have been exploited in various 

fields, and have been used to demonstrate exotic photonic devices such as ‘superlenes’ [10, 11] 

and electromagnetic cloaks [12, 13], as well as to explore nonlinear optical phenomena [14-18].   
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A very important feature for nonlinear optics is its sensitivity to symmetry. For example, even order 

nonlinearity is usually supressed in materials with inversion symmetry. Therefore, non-

centrosymmetric crystals (such as BBO, KDP) are very popular nonlinear media for even order 

nonlinear processes. Efficient nonlinear effects typically require thick non-centrosymmetric crystals 

with a strictly controlled orientation of the crystalline axes. These rigid requirements hamper the 

potential for miniaturization of photonic devices, which in turn limits the speed, efficiency and 

scalability of photonic technology. Recent progress in the field of metamaterials promises to 

revolutionize nonlinear optics, by providing a way to achieve desired nonlinear response through 

nano-scale design. Photonic two-dimensional metamaterials, often referred to as metasurfaces, 

could offer a great alternative to traditional bulk nonlinear optics. Indeed, even though even-order 

nonlinearity is forbidden in centrosymmetric media, regular inhomogeneities created in structured 

metamaterials provide access to efficient even order harmonic generation, especially second order 

harmonic generation, in structures made from centrosymmetric media [19-28]. Moreover, with the 

well-developed nanofabrication techniques, metasurfaces can even be fabricated on platforms 

suited for integration with guided light-waves, see Figure 1.1.  

 

Figure 1.1 Schematic image of metamaterials integrated on fibre 

The metamaterial is integrated on a fibre facet and can exhibit a nonlinear effect, such as second 

harmonic generation.  

This thesis focuses on studying structuring induced nonlinearity, both theoretically and 

experimentally. 

1.2 Platform for second harmonic generation 

Second harmonic generation (SHG) is of key importance for wavelength conversion of optical 

signals and optical information processing [29, 30]. The achievement of second harmonic 

generation by Franken et al [31] was a major step forward in the research field of nonlinear optics. 

Optical second harmonic generation is the conversion of radiation at a fundamental frequency into 
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radiation at twice the frequency of the fundamental frequency, as shown in Figure 1.2. Therefore, 

the second harmonic generation process is also called frequency-doubling. In the dipole 

approximation, the optical second harmonic generation process only appears in materials that lack 

inversion symmetry [32].  

 

Figure 1.2 Schematic of second harmonic generation 

(a) Schematic of how second harmonic is generated. (b) Energy level scheme of the SHG process 

[32]. 

The optical response of matter, including the SHG, arises primarily due to oscillation of electrons, 

part of the matter, about their equilibrium distribution. Generation of second harmonics can only 

arise if the potential wells that hold the electrons in place are asymmetric.  

Following [32], in media without inversion symmetry, the equation of motion can be described by: 

𝑚𝑥̈ + 2𝑚𝛾𝑥̇ + 𝑚𝜔0
2𝑥 + 𝑚𝑎𝑥2 = −𝑞𝐸(𝑡) (1.1) 

In this equation, x is the displacement of electron and E(t) is the applied electric field. -q is the 

charge of the electron and a is a parameter that characterizes the strength of nonlinearity.−2𝑚𝛾𝑥̇ 

is the damping force and the restoring force is: 

𝐹𝑟𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔 = −𝑚𝜔0
2𝑥 − 𝑚𝑎𝑥2 (1.2) 

Then we can get the potential energy function of the electron: 

𝑈(𝑥) = − ∫ 𝐹𝑟𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔𝑑𝑥 =
1

2
𝑚𝜔0

2𝑥2 +
1

3
𝑚𝑎𝑥3 

(1.3) 

The potential energy function U(x) contains both even and odd powers of x for a non-

centrosymmetric medium, while for a centrosymmetric medium (a=0), only even powers of x are 

allowed, because the symmetry requires U(x)= U(-x).  
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Figure 1.3 Classic nonlinear crystals 

Considering phase matching conditions, nonlinear crystals are usually cut along specific directions. 

Long crystals can enable high nonlinear efficiency, while short crystals can have a wide phase 

matching range. 

Optical second harmonic generation was first discovered in bulk non-centrosymmetric crystals. SHG 

was first observed in quartz [31]. With the progress of SHG studies, other frequency-doubling 

crystals emerged, such as potassium titanyl phosphate (KTP), lithium niobate (LiNbO3), lithium 

triborate (LBO), beta barium borate (BBO) as well as potassium dihydrogen phosphate (KDP). Figure 

1.3 shows how typical nonlinear crystals look. The conversion efficiency of these crystals is 

controlled by phase matching conditions [32] and the crystal nonlinearity. In general, to generate 

second harmonic signals efficiently, thick non-centrosymmetric crystals with a strictly controlled 

orientation of the crystalline axes are needed. 

 

Figure 1.4 Surface second harmonic generation 

Pumping electric field at frequency ⍵ is incident on a surface, exciting a new electric field at 

frequency 2⍵. 

In addition to bulk crystals, the SHG effect is also observed on surfaces and interfaces of materials, 

where inversion symmetry is broken by the natural discontinuity at the interface [33, 34], see Figure 

1.4. The surface SHG process has been applied in probing surfaces, interfaces and quality of films 
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[35]. Electromagnetic waves that propagate along an interface between two media and decay 

exponentially away from the interface are called surface waves [36]. Although surface SHG only 

happens in thin layers of surfaces and interfaces, it is still readily observable. Since the surface wave 

is confined to a thin layer of the order of a wavelength in thickness, at the surface boundary, the 

surface wave can be very sensitive to small perturbations on the surface. If a large fraction of 

pumping laser energy can be coupled into the surface wave, the field intensity of a surface wave 

will become very high [36]. Second harmonic signals have been detected both from metallic and 

dielectric surfaces, such as  silver [37], amorphous silicon films [25, 38, 39] as well as amorphous 

silicon nitride films [40].  

Moreover, photonic two-dimensional metamaterials, often referred to as metasurfaces, offer 

another alternative to traditional bulk nonlinear optics. Research has shown that even a single layer 

of nanoscale patterning can be sufficient to modify light [41-47]. Compared with flat films, the 

nanoscale patterning in a photonic metamaterial increases the sample surface area, which can 

boost the contribution of surface nonlinearity and introduce inhomogeneity and asymmetry. 

Besides, metamaterials can be designed to be resonant at the pump wavelength and SH wavelength 

for enhanced second harmonic generation. Due to these advantages, a variety of structuring 

enabled nonlinear metamaterials have been demonstrated based on different nanostructures, such 

as triangle, split ring, and L-shaped structures, using both metallic and dielectric materials [17, 19, 

25, 34, 48-50], as shown in Figure 1.5. 
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Figure 1.5 Artificial nonlinear materials 

Through structuring, inversion symmetry of media can be broken, enabling otherwise forbidden 

nonlinear processes, such as second harmonic generation. (a) Phase matched SHG from plasmonics 

[34], (b) SHG from magnetic metamaterial [17], (c) SHG from metal hole arrays [19],  (d) SHG from  

III–V semiconductor metasurface [50], (e) SHG from dielectric metasurface [25] and (f) SHG form L-

shaped metallic metamaterial [19]. 

What are the advantages and disadvantages of these different nonlinear media? The conventional 

second harmonic crystals offer a high conversion efficiency and are commercially available. 

However, large size of such crystals hampers the potential for miniaturization of photonic devices. 

Surfaces of materials support surface SHG but usually require oblique incidence and the conversion 

efficiency is relatively low [38-40], compared with SHG crystals. However, it can be applied in 

surface probing and monitoring. 2D metamaterials can enhance the conversion efficiency of second 

harmonic generation due to surface nonlinearity. Besides, the two-dimensional nature of ultrathin 

metasurfaces allows for more compact optical devices made from a wider selection of readily 

available materials, such as silicon. The miniaturization offered by photonic metasurfaces will 

enable denser integration of all-optical information processing devices (important in the context of 

data-centres). However, 2D metamaterials are not yet widely commercially available. 
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1.3 Symmetry-allowed components of the χ(2) tensor 

We already know that nonlinear optics is sensitive to symmetry [32, 51]. Now, we will discuss in 

detail how the symmetry of structures affects second order nonlinearity. 

The second order response of a material to applied electric fields can be described by the following 

Equation 1.4 [32]. Summation is implied over the repeated indices: 

𝑃𝑖
(2)

= 𝜀0𝜒𝑖,𝑗,𝑘
(2)

𝐸𝑗𝐸𝑘       (1.4) 

Where 𝑃𝑖
(2)

 is the induced second order nonlinear polarization. Ej and Ek are the applied electric 

fields. ε0 is the vacuum permittivity. χ(2)
i,j,k is the second-order nonlinearity susceptibility tensor 

(with rank of 3). For simplicity we assume the Cartesian basis with [i,j,k]=[x,y,z]. 

For equation above to be apt description of a physical process, it must be the same for any observer. 

Consider the change in the quantities of Equation 1.4 as a result of changing the reference frame, 

i.e. considering the physical process from the point of view of a different observer. The new 

quantities will be 𝑃𝑖
𝑁𝐿 → 𝑃′𝑖

𝑁𝐿, 𝐸𝑖  → 𝐸𝑖
′, 𝜒(2) → 𝜒′(2). However, for it to be a consistent description 

of the physical process, the Equation 1.4 must still be the same, i.e.: 

𝑃′𝑖
𝑁𝐿 = 𝜒𝑖,𝑗,𝑘

′(2)
𝐸𝑗′𝐸𝑘′    (1.5) 

It is well-known that electric field and polarization density transform as polar vectors under change 

of reference frame [52]. Let such transform be given by matrix Miq, i.e.: 

𝐸𝑖 → 𝐸𝑖′ = 𝑀𝑖𝑞𝐸𝑞 (1.6) 

 𝑃𝑖
𝑁𝐿  → 𝑃′𝑖

𝑁𝐿 = 𝑀𝑖𝑞𝑃𝑞
𝑁𝐿 (1.7) 

In order for Equation 1.4 to be invariant (under change of reference frame) it follows that χ(2) must 

transform as (i.e. like a rank-3 polar tensor [51]): 

𝜒′𝑖,𝑗,𝑘
(2)

= 𝑀𝑖𝑞𝑀𝑗𝑣
−1𝑀𝑘𝑤

−1 𝜒𝑞,𝑣,𝑤
(2)

 (1.8) 

Periodic structures such as crystals (usually 3-dimensional) or metasurfaces (2-dimensional) can be 

classified into point groups [53]. Point transformation is a transformation that keeps one point fixed, 

i.e. rotations and reflections. Point group of a crystal/metasurface is a group of point symmetries 

that leave the structure unchanged. There are two families of 2D point group, cyclic groups and 

dihedral groups. The cyclic groups Cn (C1, C2, C3, C4, C6) have n-fold rotational symmetry, while 

the dihedral groups Dn (D1, D2, D3, D4, D6) have n-fold rotation and reflection symmetry. According 

to Neumann's principle [54], if a material is invariant with respect to certain symmetry operations, 

http://reference.iucr.org/dictionary/Symmetry_operation
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any of its physical properties must also be invariant with respect to the same symmetry operations, 

which means the second-order tensor should not change under point group symmetry operations. 

This translates into the following selection rule [51]: 

𝜒𝑖,𝑗,𝑘
(2)

= 𝑀𝑖𝑢𝑀𝑗𝑝
−1𝑀𝑘𝑡

−1𝜒𝑢,𝑝,𝑡
(2)

 (1.9) 

For purposes of second-harmonic generation, the second order susceptibility tensor is also 

restricted by its intrinsic permutation symmetry [32] - the second order susceptibility is unchanged 

by interchange of its last two indices: 

𝜒𝑖,𝑗,𝑘
(2)

= 𝜒𝑖,𝑘,𝑗
(2)

 (1.10) 

𝑃𝑖
(2)

= 𝜀0𝜒𝑖,𝑗,𝑘
(2)

𝐸𝑗𝐸𝑘 = 𝜀0𝜒𝑖,𝑘,𝑗
(2)

𝐸𝑘𝐸𝑗 (1.11) 

Based on the transformation properties of the susceptibility tensor as well as the intrinsic 

permutation symmetry, the allowed components of χ(2) tensor components for all 2D point group 

symmetries are found, shown in table 1.1. Here we consider the allowed second order nonlinear 

responses of a periodic 2D structure in the xy plane, for illumination along z. 

Table 1.1 Allowed χ(2) tensor components for 2D point groups  

2D Point group Example Number of 

allowed χ(2) 

Allowed χ(2) components 

 

C1 

 

 

6 

χ χ(2)
xxx , χ

(2)
xyy , χ

(2)
yxx , χ

(2)
yxy = χ(2)

yyx , 

χ(2)
xxy = χ(2)

xyx , χ
(2)

yyy 

 

D1 

 

 

3 

 

χ(2)
xxy = χ(2)

xyx,, χ
(2)

yxx,, χ
(2)

yyy 

 

C2 

 

 

0 

χ 

 

D2 

 

 

0 
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C3 

 

 

2 

χ(2)
yxx = χ(2)

xxy = χ(2)
xyx= -χ(2)

yyy , 

-χ(2)
xxx = χ(2)

xyy = χ(2)
yxy= χ(2)

yyx 

 

D3 

 

 

1 

 

χ(2)
yxx = χ(2)

xxy = χ(2)
xyx= -χ(2)

yyy 

 

C4 

 

 

0 

 

 

D4 

 

 

0 

 

 

C6 

 

 

0 

 

 

D6 

 

 

0 

 

The images are from Wikipedia: Wallpaper group (https://en.wikipedia.org/wiki/Wallpaper_group) 

From Table 1.1, C2, D2, C4, D4, C6 as well as D6 symmetries have no symmetry-allowed second 

order χ(2) tensor. Only the C1, D1, C3 and D3 symmetries have non-vanishing χ(2) components.  

The symmetry dependence of second harmonic generation has been explored in L-shaped [19, 55], 

T-shaped [56] and triangular shaped nanostructures [19] or even more complicated shapes [57] and 

their results follow the symmetry selection rules for second harmonic generation. For example, in 

Figure 1.6, the author reported second harmonic generation from a L-shaped-hole array (C1 

symmetry) sample and no SHG was observed in a circular-hole array (D6 symmetry) sample with 

normally incident left circular polarization (LCP) pump beam. 
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Figure 1.6 Metamaterials of structures that allow or forbid SHG 

Scanning electron microscopy (SEM) images and measured SHG spectra with LCP excitation of (a) 

L-shaped-hole-array sample and (b) circular-hole-array sample. Lengths of the scale bars 

correspond to 1 μm [19]. 

1.4 Second harmonic generation in metamaterials  

1.4.1 Local field enhancement by resonant modes of metamaterials 

The surface SHG effects in subwavelength scale structures can be improved by enhancing local 

fields [58]. Metamaterials can be designed to be resonant at the pump wavelength. Compared to 

off-resonant response, a metamaterial with quality factor Q, will display an increase in second 

harmonic generation efficiency by Q2, when driven at resonance. Structured optical materials can 

support resonant modes which are related directly to how the material was structured [59-61] and 

it is possible to achieve multiple resonances in one structured medium [58, 62]. If the local fields at 

both fundamental frequency and second harmonic frequency  are enhanced by resonant modes in 

a structured medium, the efficiency of second harmonic generation effects will increase 

substantially [62]. 

Figure 1.7 shows the simulated multi-resonant dependence of the electric field energy accumulated 

inside silicon nanoparticles as a function of their diameter under irradiation by a plane 

electromagnetic wave at a pump wavelength of 1050 nm and a SH wavelength of 525 nm. Three 

modes are labelled as m0, m1 and m2. The spectral and spatial overlap of these modes supported 
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by the nanoparticles can enhance local fields at both fundamental and second harmonic 

wavelengths, 1050 nm and 525 nm respectively. 

 

Figure 1.7 Modelled energy of the electric field trapped inside a Si nanoparticle 

Numerically modelled energy of the electric field trapped inside a Si nanoparticle under illumination 

at pump (red dashed curve) and SH (green solid curve) wavelengths. Three resonances are labelled 

as m0,m1,m2, respectively [62]. The insert shows a Si nanoparticle. 

Enhanced second harmonic generation has been observed from a double resonant plasmonic 

antenna, see Figure 1.8. The authors compared the second harmonic generation from a standard 

dipole antenna of a resonance at about 800 nm wavelength to the SHG from a double resonant 

antenna with resonances at both the fundamental wavelength (800 nm) and the second harmonic 

wavelength (400 nm). Finally, they found that the double resonant antenna produced a SH intensity 

almost twice that of the dipole antenna (see Figure 1.8b) due to the local field enhancement at 

both fundamental and second harmonic wavelengths. 
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Figure 1.8 Enhanced SHG from double resonant plasmonic antenna 

(a) Scattering spectra of the standard dipole antenna (DA) and the double resonant antenna (DRA). 

The double structure shows a clear enhancement of the scattering around λ = 400nm, both 

structures are made of aluminium. (b) A comparison of the experimental SHG signal with a 

quadratic fit, for a DA and a DRA shows the enhanced SHG from the DRA [58]. 

1.4.2 Second harmonic generation by metallic and dielectric nanostructures 

Both metallic and dielectric nanostructures have been exploited to demonstrate enhanced SHG [62-

65]. Noble metallic nanostructures support collective oscillations of conduction electrons, known 

as surface plasmons, which strongly affect their optical response. When plasmonic nanostructures 

are illuminated on resonance, the incident electromagnetic field is significantly enhanced on their 

surfaces, which can enable strong nonlinear optical effects at relatively low excitation powers.  
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Figure 1.9 Second harmonic generation by a metamaterial with D1 symmetry 

(a) SEM image of the metamaterial. (b) Measured power dependence of the detected SHG signal. 

The dependence was close to quadratic for input powers below 40 mW, as is seen by the good 

agreement between the measured signal (open circles) and the fit (solid line) [49].  

Optical second harmonic generation from metasurfaces, where noncentrosymmetric V-shaped 

gold nanoparticles are arranged in regular array configurations, has been observed [49], see Figure 

1.9. The V-shaped meta-atom belongs to the D1 symmetry group, which has 3 independent 

symmetry-allowed χ(2) components, making it possible to get second harmonic generation at 

normal incidence. The wavelength of generated second harmonic signal can be tuned from 500 nm 

to 650 nm, corresponding to a pump wavelength range from 1000 nm to 1300 nm. The highest SHG 

was achieved at about 575 nm. However, sample damages occurred when the excitation average 

power is above 40mW. 

Although using higher peak intensities can achieve considerably higher conversion efficiencies, the 

conversion efficiency is mostly restricted by the material damage via heating. Metallic structures 

suffer from low damage thresholds. If high pump power is used, heat will accumulate in the these 

structures, which may damage the sample [66-68], for example, Figure 1.10 shows three examples 

of laser induced deformation in metallic nanostructures. Clearly, melting leads to significant 

changes in the sizes of these nanostructures as well as the gaps between them, which may result 

in a reduced electric field enhancement. 
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Figure 1.10 SEM images of damaged metallic nanostructures 

(a)-(b) Ni nanostripes with plasmon-induced permanent deformations. The nanostripe is excited by 

single light pulses with polarization oriented (a) along the nanostructures and (b) perpendicular to 

the nanostructures [66]. (c) Au bowtie array fabricated by the FIB process and (d) bowties damaged 

by laser pulse [67]. (e)- (f) Au rod-type optical antennae before (e) and after (f) illumination with 

the laser pulses [68].  

Compared to metallic nanostructures, dielectric nanostructures have the advantage of low 

dissipative losses and high damage threshold. Therefore, the latter can avoid the problems of the 

former. Furthermore, dielectric photonic structures can exhibit narrow resonances due to the high 

reflective index of some low-loss dielectrics. Among dielectric materials, silicon nitride and silicon 

are excellent candidates for all-dielectric devices, since they are highly compatible with the optical 

fibre and semiconductor fabrication ecosystem. Furthermore, thin layers of silicon nitride and 

silicon can be transparent for both fundamental and SHG lights. For example, when the 

fundamental light is at 1550 nm wavelength (see Figure 6.3).  

Efficient second-harmonic generation in silicon nitride resonant waveguide gratings has been 

reported [69]. The waveguide grating was built by etching a layer of silicon nitride (SiN) film. Figure 

1.11(a) shows a SEM image of the SiN resonant waveguide grating. The enhanced SHG signal from 

the silicon nitride resonant waveguide grating is three orders of magnitude higher than that from a 

flat SiN film, which is attributed to the enhanced local fields in the nanostructure. However, this 

structure (D2 symmetry) requires an oblique incident pump beam for SHG. 
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Figure 1.11 SHG by a SiN resonant waveguide grating 

(a) SEM image of the SiN resonant waveguide grating. (b) Measured SH power as a function of 

fundamental laser power on a log-log scale. The squares represent SH power for the reference film 

and the circles for the resonant waveguide gratings. The solid lines are their fits [69]. 

Second harmonic generation from amorphous silicon (α-Si) metasurfaces consisting of L-shaped (C1 

symmetry) meta-atoms has been observed as well [25], see Figure 1.12. The structure consists of 

identical L-shaped meta-atoms with a period of 390 nm in a 200 μm × 200 μm arrays. An excellent 

fit of the detected SHG signal at 420 nm wavelength to the square of the power of an excitation 

laser at 840 nm wavelength was observed. The second harmonic generation is confirmed to 

originate from the patterned C1 symmetry structure, rather than the materials, as the authors used 

centrosymmetric amorphous silicon as working medium and normally incident pumping.  

 

 

(a) (b)
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Figure 1.12 SHG by metamaterials consisting of C1 symmetry meta-atoms 

 (a) SEM micrograph of the fabricated L-shaped α-Si meta-atoms. (b) SHG obtained from the 

metasurface as a function of illumination intensity. An excellent fit of the detected SHG signal to 

the square of the illumination power was observed [25]. 

There are no universal best materials or best structures for SHG metamaterials. One should design 

SHG metamaterials according to the needs. My goal is to develop a nonlinear metamaterial with 

high second-order nonlinearity that can be integrated with photonic devices. Therefore, Silicon is 

chosen because it has a relatively high refractive index and low loss at the telecommunication 

wavelength bands, which enables high quality factor resonances. Also, compared with metallic 

structures such as gold and silver, silicon has a higher damage threshold, and can therefore 

withstand a higher pump laser intensity. Moreover, silicon is highly compatible with the optical 

fibre and semiconductor fabrication ecosystem, which enables developing integrated nonlinear 

photonic devices.  

Then, another question is how the nanostructures should be chosen. To answer this question, 

theoretical analysis is needed. 

1.5 Theoretical models of nonlinearity of films  

The quadratic surface nonlinearity has been discovered in 1960s [37, 70], and has remained an 

active area of research ever since. A lot of attention has been paid to nonlinear response at the 

surfaces of unstructured metals and dielectrics [71-74], surfaces with adsorbed or admixed 

molecules [75-79], and, more recently, surfaces of nanoparticles and metamaterials [19, 20, 25, 27, 

28, 80-93]. The advance of nanofabrication to smaller and smaller scales provides an opportunity 

to engineer the nonlinear properties of particles and (meta)surfaces on the nanoscale. Such 

engineering depends on understanding the dependence of nonlinear optical properties on the 
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arrangement of atoms. Full ab-initio quantum treatments of surface nonlinearity have been 

demonstrated, but only for specific materials and under specific conditions [94-100], whilst 

experimental measurements, of surface nonlinearity, require pristine surfaces and strict control 

over the bulk effects [35, 71, 80, 82, 88]. Sophisticated classical/quantum test models have been 

previously developed for metals [34, 86], ‘dipolium’ dielectrics [100, 101], and few dielectric 

particles of quite specific shapes [81]. Second harmonic generation strongly depends on geometry, 

i.e. the shape of particles or the unit cell of periodic structures. Symmetry-based selection rules [84, 

102] identify cases where second harmonic generation is forbidden, but cannot predict its 

magnitude where it is allowed. The resulting optimization challenge has led to a substantial 

research effort, studying second harmonic generation by nanostructures of various shapes [21, 22, 

80, 86, 92, 103, 104]. 

A model that applies macroscopic Maxwell equations to the resonant interaction of 

electromagnetic radiation and dielectric crystals consisting of molecules coupled via retarded 

dipole fields is investigated [105], but only studies linear macroscopic properties of dielectrics. 

Similar approaches have been employed to study nonlinear properties of dielectrics [106], 

harmonic generation by metallic structures [107] and anharmonic oscillators [108, 109], and for 

treating surface nonlinearity of uniform planar surfaces [98-101, 110]. 

A range of models of sum frequency generation has been reported, e.g. for harmonic oscillators 

[111] and liquid interfaces [75, 112, 113]. Nonlinear oscillator models predicting enhanced 

nonlinear response of metacrystals have been reported [114, 115] and applied to split ring 

resonator magnetic media.  

In this thesis, my focus is on highly structured materials and my model is applicable to planar 

dielectric nanostructures of any shape. The results will be used to instruct the design of 

metamaterials. 

1.6 Outline of the thesis 

This thesis is focus on studying structuring induced nonlinearity, both theoretically and 

experimentally. The layout of the thesis is as follows: 

Chapter 2 introduces a widely-applicable Coulomb-coupled-oscillator model for predicting optical 

nonlinearity in 2D nanostructures and the model is applied in Chapters 3-5. Chapter 3 investigates 

the second-order nonlinearity of structured dielectric film consisting of a centrosymmetric 

dielectric material. Chapter 4 applies the model to harmonic and sum frequency generation in 2D 

nanostructures. Chapter 5 describes defect induced harmonic generation in 2D nanoparticles. Then 
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I moved from the theory studies to real metamaterials. Chapter 6 shows the design and fabrication 

process of a fibre-integrated all-dielectric metasurface. Chapter 7 presents the experimental 

demonstration of second harmonic generation from the fibre-integrated all-dielectric metasurface. 

Finally, in Chapter 8 the main conclusions of this work are derived, and the future outlook, prospect 

and ideas for this project are also discussed. 
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Chapter 2 Microscopic Coulomb-coupled-oscillator 

model of optical nonlinearity 

2.1 Introduction 

Optical nonlinearities of matter are often associated with the charge oscillation of individual atoms. 

Indeed, whilst some electromagnetic media support material-specific even-order nonlinearity, 

charges in all materials, to a good approximation, interact via the Coulomb force. In this chapter, I 

develop a Coulomb-coupled-oscillator model of optical nonlinearity and demonstrate that in the 

confined geometry of a two-dimensional nanoparticle the collective nonlinear response of the 

atomic array can arise from the Coulomb interactions of the optical electrons, even if the individual 

atoms exhibit no nonlinearity.  

Second harmonic generation (SHG) due to Coulomb interactions has been observed experimentally 

in dimers of metallic nanoparticles of deeply sub-wavelength size [116] and a similar nonlinearity 

arising from electrostatic interactions has been considered in the context of nonlinear plasmonic 

metamaterials [117]. Similar approaches have been previously employed to study linear [105] and 

nonlinear properties of dielectrics [106], harmonic generation by metallic structures [107] and 

anharmonic oscillators [108, 109], and for treating surface nonlinearity of uniform planar surfaces 

[98-101, 110]. A range of models of sum frequency generation has been reported, e.g. for harmonic 

oscillators [111] and liquid interfaces [75, 112, 113]. Here our focus is on highly structured materials 

and our model is applicable to planar dielectric nanostructures of any shape. Therefore, it 

complements existing models that describe harmonic or sum frequency generation in specific 

materials and/or shapes [22, 34, 81, 86, 94, 118], and symmetry-based selection rules [84, 102]. 

Such models tend to identify cases where second-order non-linear processes are forbidden. Here I 

will show approach that enables one to go beyond the allowed/forbidden dichotomy. 

The detailed description of the model is discussed in Section 2.2 and then two methods of getting 

charges’ displacements from the model - Taylor expansion in Section 2.3 and Fourier 

transformation in Section 2.4 - are introduced. Finally, the parameters used in the model are given 

in Section 2.5. 

2.2 Microscopic Coulomb-coupled-oscillator model 

In order to predict the nonlinearity of a structured dielectric film, such as a metamaterial or a two-

dimensional (2D) nanoparticle, we consider N atoms that are confined to the xy-plane and 
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excitation by a plane wave propagating along z (see Figure 2.1a). Each atom is described as a 

classical Lorentz oscillator [119] with a negatively charged optical electron bound to a positively 

charged stationary nucleus with coordinate Rk. As is standard Lorentz model approximation, the 

electron and the nucleus are elastically bound which gives rise to a linear restoring force and the 

electromagnetic response of the single atom is strictly linear (This will be discussed in more detail 

in Section 4.5).  

 

Figure 2.1  Model for the optical response of interacting atoms in a dielectric nanoparticle 

(a) The atoms are modelled as damped harmonic oscillators consisting of an optical electron 

constrained to move in the xy-plane and a positively charged stationary nucleus at the atom’s 

centre. (b) The nonlinear optical response of a nanoparticle originates from the Coulomb 

interactions between optical electrons and other atoms. These interactions cause sum/harmonic 

frequency generation by perturbing the harmonic electron oscillation driven by incident light field 

E(t). In particular, Coulomb forces at boundaries become direction-dependent and electron 

trajectories become curved.  

The interaction of the electron with its own core is modelled as lossy harmonic oscillator: 

𝑟̈ + 𝛾𝑟̇ + 𝜔0
2𝑟 =

𝑞

𝑚
𝐸 

(2.1) 

Here r is the displacement of the electron. With two degrees of freedom (along the in-plane x- and 

y-axis), the equation of motion can be written as:  

(
𝑥̈
𝑦̈

) + 𝛾 (
𝑥̇
𝑦̇

) + 𝜔0
2 (

𝑥
𝑦) =

𝑞

𝑚
( 

𝐸𝑥(𝑡)

𝐸𝑦(𝑡)
) 

(2.2) 

Here, ω0 is the resonance angular frequency of an isolated atom and γ is the damping frequency. q 

is the charge of the electron and m is the mass of the electron. x and y are the corresponding 

displacements of the electron relative to its own core. In the equilibrium without driving field, x and 
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y equal to 0, irrespective of core position. This approach captures sufficient dynamics of 

conventional atoms and the finite loss allows to account for phenomena such as radiation 

resistance of the electrons [52]. From Equation 2.1, it is clear the electromagnetic response of a 

single atom is strictly linear, only oscillating along the driving field’s polarization direction.  

However, when there is more than one atom, Coulomb interactions between electrons as well as 

electrons and nuclei occur. The nonlinear response arises exclusively due to inter-atomic Coulomb 

interactions. The ∝1/R2 dependence of the Coulomb force, where R is the inter-charge separation, 

gives rise a nonlinear response of optical electrons in collections of coupled atoms, which is 

illustrated by curved optical electron trajectories in Figure 2.1(b). 

For a system that contains N electrons, the Coulomb interaction Fk
(x,y) in the N electron system is 

the sum of the Coulomb interactions between the kth electron and the other (N-1) electrons or 

nuclei. Therefore, xk, the displacement of the kth electron along the x-axis, will be given by: 

𝑚𝑥̈𝑘 + 𝑚𝛾𝑥̇𝑘 + 𝑚𝜔0
2𝑥𝑘 = 𝑞𝐸𝑥(𝑡) + 𝐹𝑘

(𝑥)
 (2.3) 

and the Coulomb interaction Fk
(x) for the kth electron along the x-axis is  

𝐹𝑘
(𝑥) =

𝑞2

4𝜋𝜀0
∑

(𝑅𝑥𝑘 + 𝑥𝑘) − (𝑅𝑥𝑖 + 𝑥𝑖)

[[(𝑅𝑥𝑘 + 𝑥𝑘) − (𝑅𝑥𝑖 + 𝑥𝑖)]2 + [(𝑅𝑦𝑘 + 𝑦𝑘) − (𝑅𝑦𝑖 + 𝑦𝑖)]2]
3
2

𝑁

𝑖≠𝑘

−
(𝑅𝑥𝑘 + 𝑥𝑘) − 𝑅𝑥𝑖

[[(𝑅𝑥𝑘 + 𝑥𝑘) − 𝑅𝑥𝑖]2 + [(𝑅𝑦𝑘 + 𝑦𝑘) − 𝑅𝑦𝑖]2]
3
2

 

(2.4) 

Here, Rx, Ry are the coordinates of the nuclei and x,y are the electron’s displacement relative to its 

nucleus, meaning  kth electron’s coordinates are [Rx+xk, Ry+yk]. 

By solving the coupled differential equations, we can get the displacement of each electron in the 

system. Since the electric dipole moment d is proportional to the displacements of the electrons, 

the electric dipole moment distribution in the structure is acquired. For a structure containing N 

electrons and with a size small compared to the operating wavelength, the N electrons will behave 

as one big atom with a ‘giant’ dipole moment [105], which will be referred to as the total dipole 

moment of the particle P=∑k dk. Other multipoles and their radiation can also be calculated, which 

will be discussed in Chapter 4. 

2.3 Taylor expansion 

There are two ways of solving the coupled equations of motion in my work. Now I will introduce 

the first one – Taylor expansion. 
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Solving coupled differential equations is nontrivial when there is a large number of atoms involved, 

which takes a long time and may induce numerical errors. To simplify the process and increase the 

speed and stability of numerical modelling, we did a Taylor expansion up to the second order for 

the Coulomb interaction and use the resulting perturbation equation of motion to calculate the 

displacement of each electron. In the first stage, the linear response of N coupled atoms is found. 

This linear response is then used, in the second stage, as a source for determining the nonlinear 

response.  

The x-direction displacement of the kth electron xk is expanded to the second order, where 𝑥𝑘𝐷𝐶, 𝑥𝑘1, 

and 𝑥𝑘2 indicate the zero, first and second order terms of the expansion of xk, respectively: 

𝑥𝑘 = 𝑥𝑘1 + 𝑥𝑘2 + 𝑥𝑘𝐷𝐶 (2.5) 

𝑥𝑘1 = 2 Re(𝑥𝑘1𝑒𝑖1𝜔𝑡) = 𝑥𝑘1𝑒𝑖1𝜔𝑡 + c. c. (2.6) 

𝑥𝑘2 = 2 Re(𝑥𝑘2𝑒𝑖2𝜔𝑡) = 𝑥𝑘2𝑒𝑖2𝜔𝑡 + c. c. (2.7) 

The Taylor expansion for the Coulomb interaction Fk
(x) to the second order is: 

𝐹𝑘
(𝑥) = ∑ 𝑥𝑖𝜕𝑥𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+ ∑ 𝑦𝑖𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+
1

2
∑ 𝑥𝑖

2𝜕𝑥𝑖𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+
1

2
∑ 𝑦𝑖

2𝜕𝑦𝑖𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑘𝑦𝑖𝜕𝑥𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑖𝑦𝑘𝜕𝑥𝑖𝑦𝑘
𝐹𝑘

(𝑥) + ∑ 𝑥𝑘𝑥𝑖𝜕𝑥𝑘𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦𝑘𝑦𝑖𝜕𝑦𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘𝑖≠𝑘

+ ∑ 𝑥𝑖𝑦𝑖𝜕𝑥𝑖𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

 

 
(2.8) 

Fk
(y) and yk can be expanded in the same way. Then we put Equation (2.5) and (2.8) into (2.3): 

𝑚(𝑥̈𝑘1 + 𝑥̈𝑘2 + 𝑥̈𝑘𝐷𝐶) +  𝑚𝛾(𝑥̇𝑘1 + 𝑥̇𝑘2 + 𝑥̇𝑘𝐷𝐶) + 𝑚𝜔0
2(𝑥𝑘1 + 𝑥𝑘2 + 𝑥𝑘𝐷𝐶)

= 𝑞𝐸𝑥(𝑡) + ∑(𝑥𝑖1 + 𝑥𝑖2+𝑥𝑘𝐷𝐶)𝜕𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑(𝑦𝑖1 + 𝑦𝑖2+𝑦𝑘𝐷𝐶)𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑥𝑖1 + 𝑥𝑖2+𝑥𝑘𝐷𝐶)2𝜕𝑥𝑖𝑥𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑦𝑖1 + 𝑦𝑖2+𝑦𝑘𝐷𝐶)2𝜕𝑦𝑖𝑦𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+ ∑(𝑥𝑘1 + 𝑥𝑘2+𝑥𝑘𝐷𝐶)(𝑦𝑖1 + 𝑦𝑖2+𝑦𝑘𝐷𝐶)𝜕𝑥𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑(𝑥𝑖1 + 𝑥𝑖2+𝑥𝑘𝐷𝐶)(𝑦𝑘1 + 𝑦𝑘2+𝑦𝑘𝐷𝐶)𝜕𝑥𝑖𝑦𝑘
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑(𝑥𝑘1 + 𝑥𝑘2+𝑥𝑘𝐷𝐶)(𝑥𝑖1 + 𝑥𝑖2+𝑥𝑘𝐷𝐶)𝜕𝑥𝑘𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑(𝑦𝑘1 + 𝑦𝑘2+𝑦𝑘𝐷𝐶)(𝑦𝑖1 + 𝑦𝑖2+𝑦𝑘𝐷𝐶)𝜕𝑦𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑(𝑥𝑖1 + 𝑥𝑖2+𝑥𝑘𝐷𝐶)(𝑦𝑖1 + 𝑦𝑖2+𝑦𝑘𝐷𝐶)𝜕𝑥𝑖𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

 

(2.9) 
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We determine the 1st and 2nd order equations of motion by inserting Equation (2.6) and (2.7) into 

(2.9). Considering 1st order terms that oscillate at frequency 𝜔, the 1st order equation of motion is 

(−𝜔2 + 𝑖𝛾𝜔 + 𝜔0
2)𝑚𝑥𝑘1𝑒𝑖𝜔𝑡 + c. c.

= [𝑞𝐸̂𝑥 + ∑ 𝑥𝑖1𝜕𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑖1𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

] 𝑒𝑖𝜔𝑡 + c. c. 

(2.10) 

which simplifies to 

(−𝜔2 + 𝑖𝛾𝜔 + 𝜔0
2)𝑚𝑥𝑘1 = 𝑞𝐸̂𝑥 + ∑ 𝑥𝑖1𝜕𝑥𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑖1𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

 (2.11) 

Electron motion at frequency 2𝜔  is a small perturbation of electron motion at frequency 𝜔 . 

Considering leading terms that oscillate at frequency 2 𝜔 , the 2nd order perturbation motion 

equation is 

(−4𝜔2 + 𝑖2𝛾𝜔 + 𝜔0
2)𝑚𝑥𝑘2𝑒𝑖2𝜔𝑡 + c. c.

= [∑ 𝑥𝑖2𝜕𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑖2𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑥𝑖1)2𝜕𝑥𝑖𝑥𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑦̂𝑖1)2𝜕𝑦𝑖𝑦𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑘1𝑦̂𝑖1𝜕𝑥𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑖1𝑦̂𝑘1𝜕𝑥𝑖𝑦𝑘
𝐹𝑘

(𝑥) + ∑ 𝑥𝑘1𝑥̂𝑖1𝜕𝑥𝑘𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑘1𝑦̂𝑖1𝜕𝑦𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘𝑖≠𝑘

+ ∑ 𝑥𝑖1𝑦̂𝑖1𝜕𝑥𝑖𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

] 𝑒𝑖2𝜔𝑡 + c. c. 

(2.12) 

which simplifies to  

(−4𝜔2 + 𝑖2𝛾𝜔 + 𝜔0
2)𝑚𝑥𝑘2

= ∑ 𝑥𝑖2𝜕𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑖2𝜕𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑥𝑖1)2𝜕𝑥𝑖𝑥𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+
1

2
∑(𝑦̂𝑖1)2𝜕𝑦𝑖𝑦𝑖

𝐹𝑘
(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑘1𝑦̂𝑖1𝜕𝑥𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑥𝑖1𝑦̂𝑘1𝜕𝑥𝑖𝑦𝑘
𝐹𝑘

(𝑥) + ∑ 𝑥𝑘1𝑥̂𝑖1𝜕𝑥𝑘𝑥𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

+ ∑ 𝑦̂𝑘1𝑦̂𝑖1𝜕𝑦𝑘𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘𝑖≠𝑘

+ ∑ 𝑥𝑖1𝑦̂𝑖1𝜕𝑥𝑖𝑦𝑖
𝐹𝑘

(𝑥)

𝑖≠𝑘

 

(2.13) 

The y-component can be treated in the same way.  

The linear electric dipole of the kth electron will be: 

𝒅𝑘
(1) = 𝑞 (

𝑥𝑘1

𝑦𝑘1
) (2.14) 

Its second-order nonlinear electric dipole will be: 

𝒅𝑘
(2) = 𝑞 (

𝑥𝑘2

𝑦𝑘2
) (2.15) 

Then, the dipole moment of every atom in a structure can be calculated, as a result, the effect of 

the structures’ shape can be known directly. By adding up the dipoles of each electron, the total 
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linear dipole (𝑷(𝟏)) and total SH dipole (𝑷(2)) of the whole structure can be calculated. The results 

of Chapter 3 are calculated through this method. 

2.4 Fourier transformation 

Although Taylor expansion can increase the speed and stability of numerical modelling, it is not 

practical to simulate sum frequency generation, which involves excitation fields at several 

frequencies. Also, for modelling harmonic generation higher than second order, the Taylor 

expansion of the Fk will become rather complicated. Therefore, Fourier transformation - another 

method of solving the Coulomb-coupled-oscillator model for 2D particles - can be used, when 

modelling higher harmonic and sum frequency generation. 

 

Figure 2.2 Schematic of calculating electric dipole via Fourier transformation 

An electric field E(t) is incident and excites charge displacement of the kth electrion rk. Then the 

electirc dipole moment dk in time domain is calculated and transferred into the freqency domain 

via Fourier transfermation. Finally, all the frequency components are displayed in the frequency 

spectra of the electric dipole. 

The process of getting electric dipole’s frequency spectra is shown in Figure 2.2. At the first stage, 

by solving the coupled equations of motion (Equation 2.3) of all optical electrons within 2D 

nanoparticles numerically, we calculate the displacement of each optical electron in the time 

domain. We solve the coupled system of differential equations starting without optical electron 

displacement and allowing transitional effects to pass before analysing the oscillation of all 

electrons over 1000 periods of the driving field.  

Then, the electric dipole is calculated. The electric dipole moment is proportional to the 

displacement of electrons. Therefore, a displacement of the kth electron relative to its nucleus, rk, 

results in an electric dipole due to the kth atom of dk=qrk, and the total electric dipole of the particle 



Chapter 2 

25 

is the sum over all atoms, P=∑k dk. This gives the electric dipole moment d(t) of each atom and the 

total electric dipole moment P(t) of the nanostructure in the time domain. The total electric dipole 

moment is separated into linear and nonlinear components, P(1), P(2), P(3) … , oscillating at the driving 

frequency ωp and its harmonics 2ωp, 3ωp … , by Fourier transformation. In the presented Fourier 

series, the peak values are the dipole amplitudes in Coulomb meters at harmonic and sum 

frequencies. For pumping of a 2D particle at normal incidence, as considered here, radiation 

emitted normal to the plane of the particle is determined by its total electric dipole moment alone.   

2.5 Parameters 

The two-dimensional particles we will study are collective atoms cut out of either a hexagonal 

lattice (see Figure 2.3) or a square lattice. The atomic spacing is chosen to be 0.5 nm in all cases. 

 

Figure 2.3 A particle cut from two-dimensional material of hexagonal lattice 

Dots indicate atom positions. The fundamental incident wave E(t) is linearly polarized at angle θ to 

the x-axis  and enters the particle at normal incidence. 

The resonance frequency of an isolated atom is ω0=9.4×1015 rad/s, corresponding to a UV 

resonance at 200 nm wavelength, and the damping frequency is γ = 0.01 ω0 to approximate a typical 

atomic response in dielectrics such as ITO, TiOx and SiN. The pump wavelength is chosen to be 1064 

nm, a common choice for nonlinear optics that is far from the atomic resonance (angular pump 

frequency ωp = 0.19 ω0). In modelling of sum frequency generation, we pump the particle at two 

frequencies, ωp and 0.1ωp, simultaneously.  

To excite second harmonic generation in Chapter 3, the amplitude of the driving electric field (E) is 

chosen to be 8.68×107 V/m, which corresponds to pump light of 1 GW/cm2 intensity.  
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In order to access a highly nonlinear regime in Chapter 4, the amplitude of the pumping electric 

field (E0) is set to 8.68×1010 V/m, corresponding to 1015 W/cm2 pump intensity. While this extreme 

level of intensity may not be feasible experimentally, it allows us to explore physical trends and 

higher-order optical nonlinearities in a regime where they are of sufficient magnitude to make 

numerical errors of differential equation solvers irrelevant. Basically, solving the equations of 

motion involves taking differences between very similar numbers. The Taylor expansion gets 

around this analytically, but is limited to SHG. The Fourier method has to live with it, i.e. it requires 

very high precision numbers or a regime where the effects are large. This regime of large nonlinear 

effects also provides numerical stability when solving the Coulomb-coupled-oscillator model using 

the Fourier method. 

2.6 Summary 

In this chapter, I developed a Coulomb-coupled-oscillator model of optical nonlinearity and 

demonstrated that in the confined geometry of a two-dimensional nanoparticle the collective 

nonlinear response of the atomic array can arise from the Coulomb interactions of the optical 

electrons, even if the individual atoms exhibit no nonlinearity. 

Two methods of getting a structure’s electric dipole moments from the model are introduced, one 

is Taylor expansion, and the other is Fourier transformation. When using the Taylor expansion 

method to solve the coupled equations of motion, the calculation time for a triangle particle 

containing 3691 atoms is only 32 seconds using MATLAB R2018b on a Windows 10 computer with 

Intel Core i5-6600 3.3 GHz CPU and 32 GB RAM, however, such results are limited to the second 

harmonic. In contrast, when using the Fourier transformation method, it takes at least 45 minutes 

to get the electron displacements of a triangle particle of 25 atoms, but in this case higher 

harmonics and sum frequencies are also calculated.



Chapter 3 

27 

Chapter 3 Model of second harmonic generation due to 

structuring of centrosymmetric films 

3.1 Introduction 

Optical second harmonic generation, which is important for optical signal processing, bio-imaging 

and spectroscopy, is usually supressed in materials with inversion symmetry. Structuring of 

materials on the mesoscopic length scale has opened up an opportunity to engineer the nonlinear 

optical properties of any material. However, lack of efficient methods of predicting the nonlinear 

response of a broad range of mesoscopic structures has meant that progress largely depended on 

intuition.  

In this Chapter, second-order nonlinearity of structured dielectric film consisting of a 

centrosymmetric dielectric material is studied, using the model built in Chapter 2. Here the 

nanostructure is considered as a collection of atoms formed by a hexagonal lattice. In order to 

increase the speed and stability of numerical modelling, the perturbative scheme described in 

Section 2.3 is used. In the first stage, the linear response of N coupled atoms is found. This linear 

response is then used, in the second stage, as a source for determining the nonlinear response. The 

amplitude of the driving electric field (E) is chosen to be 8.68×107 V/m, which corresponds to pump 

light of 1 GW/cm2 intensity.  

First, the second order electric dipole in triangle particles of D3 symmetry is studied in Section 3.2 

and then how the particle’s symmetry affects its nonlinearity is discussed in Section 3.3. For a 

specific structure, how its nonlinearity depends on its size is learned in Section 3.4. Finally, a way 

of optimizing the structure’s nonlinearity is presented in Section 3.5. 

3.2 Second order nonlinear response in nanostructures of D3 symmetry 

Irrespective of the origin of nonlinear response, a total second-order nonlinear electric dipole of a 

2D (two-dimensional) particle driven by in-plane optical fields is only allowed for structures with 

three-fold rotational symmetry, or no rotational symmetry [84, 102] (as shown in Section 1.3). 

Therefore, this section will focus on two-dimensional particles with three-fold overall rotational 

symmetry, the simplest case that permits second-order nonlinearity, represented by equilateral 

triangular arrangements of atoms cut out of a hexagonal lattice (see inserts in Figure 3.1). 
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Figure 3.1. Second order nonlinear response in a triangular nanoparticle 

Colour maps show the α-component of the atomic dipoles  𝑑𝛽𝛽
𝛼  at frequency 2ω when the particle 

is driven by light field Eβ at frequency ω polarized along the β direction, where α,β={x,y}. The inserts 

are magnified images of the sections framed by rectangles. Note the strong second order response 

at the edges. 

The notation 𝑑𝑥𝑥
𝑦

 is used to denote per-atom second-order nonlinear electric dipole along the y-

axis induced due to driving field polarized along the x-axis. The other three components 𝑑𝑥𝑥
𝑥 ,  𝑑𝑦𝑦

𝑦
 

and 𝑑𝑦𝑦
𝑥  follow in the same way. Figure 3.1 shows the second-order nonlinear electric dipole 

induced in each atom of a triangular 2D particle, cut out of a hexagonal lattice of atoms.  

Several important phenomena are readily observable: (1) the second order electric dipole is always 

weakest in the central region of the triangle – as one would expect for a centrosymmetric 

arrangement of atoms; (2) a second order nonlinear response at the edge seems to be induced in 

all cases with similar amplitude, but different phases of second harmonic response at different 

edges can yield vanishing (components of) total second harmonic response for a whole particle. x-

polarized field (Figure 3.1a) as well as y-polarized field (Figure 3.1c) create a second-order nonlinear 

response in the x-direction along the edges of the triangle, but the nonlinear response of opposite 

edges cancels out, thus the x-component of the total nonlinear electric dipole is zero, as it should 

be for a particle with mirror symmetry, x ↔ -x. In contrast, the y-polarized second-order nonlinear 
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response resulting from x-polarized (Figure 3.1b) and y-polarized (Figure 3.1d) illumination does 

not cancel.   

3.3 Effect of particle symmetry on its nonlinearity 

 

Figure 3.2 Symmetry dependence of total linear and second order electric diepole 

(a) The schematic shows a transition from a triangular to a rectangular nanoparticle - Removal of 

second order nonlinear response by introduction of inversion symmetry of the nanoparticle. (b) The 

magnitudes of the total dipole moments P(1) and P(2) along the y-direction at the fundamental and 

second harmonic frequencies induced by a y-polarized fundamental wave in a particle evolving 

from lack of inversion symmetry to inversion symmetry.  

Basic symmetry considerations [102] show that total second harmonic response is forbidden for 2-

fold (rotationally) symmetric shapes such as a rectangle, but is allowed for 1-fold symmetric shapes 
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such as isosceles triangle. An interesting question to ask is how this selection rule appears when a 

triangle is gradually converted via a trapezoid into a rectangle. How does the total nonlinear electric 

dipole vanish? How does it depend on changes in geometry (for a given driving field)? What effect 

does the finite lattice size have on the changes in the induced nonlinear electric dipole? To address 

this, a series of calculations has been carried out for symmetric triangular, trapezoidal and 

rectangular particles driven by the same electric field along the symmetry axis (y-axis).  

The results are shown in Figure 3.2. We fix the height and bottom side length of an isosceles 

trapezoid and increase the slope of its left and right sides by extending its top side from 0 nm to 30 

nm, see Figure 3.2(a). The effect of such changes in particle symmetry, from three-fold rotational 

symmetry via absence of rotational symmetry to two-fold rotational symmetry, on the magnitude 

of the total linear electric dipole P(1) and the total second-order electric dipole P(2) is shown in Figure 

3.2(b). The magnitude of the total linear dipole P(1) grows linearly as the triangle evolves into a 

rectangle. This is consistent with the linear polarizability of each atom being roughly independent 

of its neighbourhood – so more atoms translate into correspondingly higher total linear electric 

dipole since P(1)=∑k d k. Indeed, we should notice that the linear dipole per atom remains constant. 

Clearly, such a simple response is a consequence of operating in the off-resonance regime (the 

driving frequency to atomic resonant frequency ratio is ω/ω0≈0.19). In contrast, the magnitude of 

the total quadratic electric dipole P(2) decreases linearly with the increase in the top side length. 

This can be explained by considering the plots of the per-atom quadratic electric dipole 𝑑𝑦𝑦
𝑦

 for the 

rectangle and the triangle shown in Figure 3.3. In the rectangle, the second-order electric dipole at 

the top and bottom sides is of equal magnitude but opposite phase, giving zero total effect. In case 

of the triangle, this cancellation does not occur. The gradual drop in the magnitude of the total 

second-order dipole with increasing top side length, shown in Figure 3.2(b), is consistent with the 

cancellation of second-order dipole contributions from atoms in corresponding sections of the top 

and bottom sides, which leads to complete cancellation of the particle’s second-order nonlinear 

response as it becomes rectangular. Thus, while local edge nonlinearity is also present for particle 

shapes with inversion symmetry, anti-phase nonlinear response of opposite edges causes 

cancellation of the overall second-order nonlinear response of inversion-symmetric particles.  

 



Chapter 3 

31 

 

Figure 3.3. Second order nonlinear electric dipole distribution in a trianlge and a rectangle 

Colour maps show the y-component of the atomic electric dipole at frequency 2ω for (a) the initial 

and (b) final particle shapes in Figure 3.2a. 

The results indicate second-order nonlinear responses with same magnitude and opposite phase 

for opposite edges (one rotated 180° relative to the other). This has an interesting implication for 

inverse structures (a particle and the corresponding particle-shaped hole). An inverse structure 

results from interchanging which side of the edge the material is on, which is equivalent to a 180° 

rotation of each segment of particle edge. Therefore, inverse structures must have second-order 

dipoles of same magnitude and opposite sign. 

3.4 Effect of particle size on its nonlinearity 

The electric dipoles in Figure 3.2 show remarkably smooth dependencies on particle geometry, 

despite the fact that the length of the longest side of the rectangle is just 30 nm (corresponding to 

61 atoms at the edge). One can therefore conjecture that whilst the nonlinear response at each 

point on the edge may be strongly influenced by the local orientation of the edge-cut relative to 

the driving field and atomic lattice, the total second-order nonlinear response can be approximated 

by treating edges as ‘smooth’ even in the presence of a coarse lattice. This conjecture can be tested 

by choosing a particle of some shape, changing its overall size (whilst keeping the lattice size fixed), 

driving the particle with electric field of fixed magnitude and orientation, and calculating the total 

induced electric dipole, just as shown in Figure 3.4(a). The results of this test, for the case of 

triangular particles, are shown in Figure 3.4(b). 

The linear and second-order nonlinear electric dipoles have been calculated for triangles with side 

lengths from 1 nm (6 atoms in total) to 17 nm (630 atoms). Despite the coarse lattice (lattice 

constant of 0.5 nm), the total linear electric dipole of triangular particles P(1) is proportional to the 

number of atoms N, i.e. the linear electric dipole per atom P(1)/N does not change much, see inset 

in Figure 3.4(b).  
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In contrast, the total second-order nonlinear electric dipole P(2) is proportional to the size S of the 

triangle’s edges, i.e. to the particle’s perimeter. Thus, the overall quadratic nonlinear electric dipole 

in mesoscopic two-dimensional particles, with centrosymmetric structure of the bulk, is 

proportional to the perimeter of the particle. In fact, size effects of (surface) second-order nonlinear 

response of metallic particles have been investigated experimentally in the past, where an increase 

in second-order nonlinear response with particle size has been observed for very small particles 

[80]. The noteworthy effect detected here is that such behaviour persists to levels of just few atoms 

in dielectric particles. 

 

Figure 3.4. Effect of a nanostructure's size on its linear and nonlinear response 

(a) The schematic shows how the triangular particle’s size increased. (b) The magnitudes of the total 

dipole moments P(1) (black line) and P(2) (blue line) at the fundamental and  second harmonic 

frequencies induced by a y-polarized fundamental wave for triangular particles of increasing size, S 

(from 6 to 630 atoms total). The insert shows linear and second order electric dipole per atom as 

functions of the total number of atoms N in the triangle. 

3.5 Optimization strategy 

The proportionality of the total second-order nonlinear electric dipole to the perimeter of the 

particle (P(2) ∝ S) suggests a simple strategy of optimizing the non-linear response of mesoscopic 
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structures. As illustrated by Figure 3.5, given a 2D particle, such as an equilateral triangle, an 

increased second-order nonlinear response can be achieved by substituting the particle (triangle) 

with smaller particles of the same shape (triangles), which have a larger combined perimeter and 

the same combined area. Figure 3.5(b) indicates how the increased number of triangles (or the 

increased perimeter) optimizes the second order electric dipole- the more triangles, the more 

edges of strong nonlinear response. As shown in Figure 3.5(c), this process will increase the total 

length of edges, thus increasing the second-order nonlinear response, but will leave the overall 

number of atoms (approximately) unchanged, thus preserving the linear response. 

 

Figure 3.5 Optimization of the second harmonic dipole response via nanostructuring 

(a) Schematic of a large equilateral triangle structure (cut out of a hexagonal lattice of atoms) being 

divided into 4 and then 16 equilateral triangles. The overall area occupied by the triangles remains 

the same, but the length of the perimeter doubles with every step. (b) The distribution of the 

second harmonic (SH) dipole per atom along the y-direction, excited by y-polarized driving field. (c) 

The magnitude of total linear dipole and total second harmonic dipole for the cases considered in 

(b). The total linear dipole is almost the same in all cases, since the number of atoms in the three 

arrangements is almost the same. The total SH dipole is proportional to the total edge length, i.e. 

it doubles with every step. 
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3.6 Summary 

In summary, this chapter shows how structuring of matter can lead to second order optical 

nonlinearity. The results in this chapter indicate that:  

(1) Coulomb interactions involving bound optical electrons cause a nonlinear optical response 

at the boundaries/edges of nanostructures. 

(2) 2D particles of any shape can generate second order electric dipoles locally, but only those 

shapes without inversion symmetry can end up a non-zero total electric dipole for normal 

illumination. 

(3) In a planar structure cut from a centrosymmetric lattice of harmonic oscillators, its linear 

electric dipole is proportional to structure’s atom number, while its second order nonlinear 

electric dipole is proportional to the perimeter of the structure.  

The proportionality and our model can instruct the design of artificial nonlinear particles, surfaces 

and metamaterials for optical second harmonic generation. 
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Chapter 4 Model of harmonic and sum frequency 

generation by 2D nanostructures 

4.1 Introduction 

In nonlinear media, electromagnetic waves can interact, generating new waves at combinatorial 

frequencies. Depending on the generated frequency, the nonlinear phenomena can be classified as 

harmonic generation, sum or difference frequency generation…, which are important for optical 

signal processing and frequency conversion. However, a material’s symmetry limits its optical 

nonlinearity and usually has a different influence on even and odd order nonlinearity. Therefore, a 

model that can study a structure’s even and odd order nonlinearity simultaneously is needed for 

designing multifunctional nonlinear devices. In this chapter, a model of harmonic and sum 

frequency generation in 2D nanostructures is presented. 

In order to predict the nonlinear response of a structured dielectric film, such as a nanoparticle or 

metamaterial unit cell, here we consider plane wave illumination (along z) of a 2D (two-dimensional) 

lattice of ‘atoms’ consisting of charges that are confined to the xy-plane. The electromagnetic 

response of the single atom is strictly linear and arises from a harmonic potential [120]. The 

nonlinear response arises exclusively due to inter-atomic Coulomb interactions. The ∝1/R2 

dependence of the Coulomb force, where R is the inter-charge separation, gives rise a nonlinear 

response of optical electrons in collections of coupled atoms, as introduced in Chapter 2. 

This basic principle of one-to-one coupling via the Coulomb force is applied to modelling of the 

response of collections of atoms that form particles with a square or hexagonal lattice. In order to 

access a highly nonlinear regime, the amplitude of the pumping electric field (E0) is set to 8.68×1010 

V/m, corresponding to 1015 W/cm2 pump intensity. While this extreme level of intensity may not 

be feasible experimentally, it allows us to explore physical trends and higher-order optical 

nonlinearities in a regime where they are of sufficient magnitude to make numerical errors of 

differential equation solvers irrelevant. The pump wavelength is chosen to be 1064 nm, 

corresponding to an angular pump frequency ωp =1.79×1015 rad/s. In modelling of sum frequency 

generation, we pump the particle at two frequencies, ωp and 0.1 ωp, simultaneously. The ratio of 

10 of the two pump frequencies is chosen to make the sum frequency order easily recognizable. 

By solving the coupled equations of motion of all optical electrons within 2D nanoparticles 

numerically, we calculate the displacement of each optical electron in the time domain. We solve 

the coupled system of differential equations starting without optical electron displacement and 
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allowing transitional effects to pass before analysing the oscillation of all electrons over 1000 

periods of the driving field (see Section 2.4 for more details). Finally, through Fourier 

transformation, we got the response of the particle in frequency domain. 

According to symmetry analysis, a structure in the xy-plane can radiate even order harmonics along 

z when it is of no rational symmetry or 3-folder rotational symmetry [84, 102] as discussed in 

Section 1.3. In order to reveal how nonlinear frequency generation appears/vanishes in cases 

where it is allowed/forbidden, harmonic and sum frequency generation are studied in simple 2D 

particles of either square shape (D4 symmetry, with square lattice) in Section 4.2 and triangular 

shape (D3 symmetry, with hexagonal lattice) in Section 4.3. Pump field induced multipoles other 

than the electric dipole in nanostructures can also radiate harmonics but not along the z direction 

and this is studied in Section 4.4. 

4.2 Harmonic and sum-frequency generation in nanostructures of D4 

symmetry 

4.2.1 Harmonic and sum-frequency generation in a square particle 

First, the harmonic generation in a square particle of 25 atoms is studied, see Figure 4.1. The 

frequency-dependence of the total electric dipole moment P generated by electric pump field 

E0cos(ωpt) is calculated through the method discussed in Section 2.4. Pi,j is used to refer to the i-

component of the dipole moment caused by a j-polarized pump field, where i,j is x or y. As required 

by symmetry, x-polarized excitation generates a dipole only along x, while y-polarized excitation 

generates a dipole only along y with the same magnitude. i.e. Px,x=Py,y are observed, while Px,y and 

Py,x are forbidden. As expected for a particle with even-fold rotational symmetry [84, 102] , only 

odd harmonics P(1), P(3), P(5) , P(7)  and P(9) are observed– which appear as peaks in Figure 4.1.  
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Figure 4.1 Harmonic generation in a nanoparticle of D4 symmetry 

Frequency dependence of the electric dipole moment of a square particle (blue outline) consisting 

of 25 atoms (red crosses) in response to optical pumping at a single frequency ωp. Py,x indicates the 

y-component of the particle’s electric dipole moment caused by x-polarized pumping.  

Harmonic generation is a special case of sum frequency generation. The latter becomes apparent 

when pumping the square particle with a combination of two frequencies, ωp and 0.1ωp. This is 

illustrated by Figure 4.2, which considers a pump field E0/2[cos(ωpt)+cos(0.1ωpt)].   

 

Figure 4.2 Sum frequency generation in a nanoparticle of D4 symmetry 

Frequency dependence of the electric dipole moment of a square particle consisting of 25 atoms in 

response to optical pumping at a combination of two frequencies, ωp and 0.1ωp.  

As for harmonic generation, also mixed frequency pumping results in an electric dipole moment of 

the particle that is parallel to the pump polarization, Px,x and Py,y. Only odd order sum frequencies 

are observed, i.e. odd harmonics of the higher and lower pump frequencies (ωp, 3ωp, 5ωp, … and 

0.1ωp, 0.3ωp, …) and sums of odd combinations of both pump frequencies (1.2ωp, 2.1ωp, 2.3ωp …), 

indicating that the model can predict wave mixing in 2D particles.  
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We observe that different dipole moments of the same order tend to be of similar magnitude, but 

resonant enhancement near the atomic resonance at 5.26 ωp and the background level also 

influence the magnitude of the calculated dipole moments. Similar results are obtained for different 

choices of pump frequency. For example, Figure 4.3 shows sum frequency generation of the square 

particle pumped by a combination of two frequencies, ωp and 0.2ωp. 

 

Figure 4.3 Sum frequency generation in a nanoparticle of D4 symmetry 

Frequency dependence of the electric dipole moment of a square particle consisting of 25 atoms in 

response to optical pumping at a combination of two frequencies, ωp and 0.2ωp.  
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4.2.2 Electric dipole moment distribution in a square particle 

 

Figure 4.4 Electric dipole moment distribution at harmonic frequencies in a square particle 

Magnitude (colours) and sign (“+” and “-”) of the dipole moment per atom, d, generated at 

harmonic frequencies (multiples of ωp) in response to pumping at frequency ωp. dy,x indicates the y-

component of the electric dipole per atom caused by x-polarized pumping. The top (bottom) row 

shows the dipole component orthogonal (parallel) to the pump polarization. Stacked images for 

different – either even or odd – harmonics show the same qualitative behaviour.  

The origin of harmonic and sum frequency generation is revealed by the distribution of atomic 

dipole moments at the relevant frequencies. Figure 4.4 illustrates this for the square particle 

pumped at frequency ωp. The top row shows the distributions of dipole components oriented 

normal to the pump polarization at odd (left) and even (right) harmonic frequencies. Notably, all 

harmonics are generated locally, but the symmetry of the particle implies that the atomic electric 

dipole component normal to the pump field has the same magnitude and a π phase difference on 

opposite sides of the structure, resulting in overall cancellation. Therefore, the structure of D4 

symmetry has no total electric dipole moment in the direction normal to the pump polarization, 

which is consistent with what shown in Figure 4.1-4.3, where Px,y=Py,x=0. The total electric dipole 

component parallel to the pump polarization also cancels for even harmonics (bottom row, right). 

In contrast, the dipole component parallel to the pump polarization does not vanish for odd 

harmonics (bottom row, left). In-phase oscillation of all atoms causes the atomic dipoles to add up 

to a total electric dipole moment of the particle at odd harmonic frequencies.  
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Indeed, the symmetry of the experimental arrangement, including structure and pump beam, 

means that no light can be emitted at even harmonics along z and therefore the total electric dipole 

moment must vanish. In these cases, the fields “radiated” from different parts of the particle cancel 

by destructive interference in the normal direction. Radiation in other directions may not vanish, 

can be described in terms of other multipoles, and will be discussed in Section 4.4. Here, we 

describe radiation emitted normal to the plane of the particle.  

While the allowed component of odd harmonic generation originates from the entire particle, one 

can notice that the even harmonics – which do not add up to any total electric dipole moment – 

are associated with edges of the particle, as already seen in Chapter 3. 

 

Figure 4.5 Electric dipole moment distribution at sum frequencies in a square particle  

Magnitude (colours) and sign (“+” and “-”) of the dipole moment per atom, d, generated at lowest-

order sum frequencies in response to pumping at frequencies ωp and 0.1ωp. The top (bottom) row 

shows the dipole component orthogonal (parallel) to the pump polarization. Stacked images for 

different – either even or odd – sum frequencies show the same qualitative behaviour. 

Dipole distributions for sum frequency generation with different pump frequencies (see Figure 4.5) 

have the same characteristics as those for harmonic generation of the same order. 
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4.2.3 Pump power and size dependence of a square particle’s electric dipole 

 

Figure 4.6 Pump power dependence of a square particle’s electric dipole moment 

Scaling of harmonic generation with the pump field amplitude for a square particle of 25 atoms. 

Here the pump field and the generated dipole are polarized along the same direction.  

The pump power dependence of the generated harmonics is illustrated by Figure 4.6, which shows 

the electric dipole moment generated in the square particle for different pump field amplitudes at 

different harmonic frequencies. The magnitude of the electric dipole moments at the first, third 

and fifth harmonic frequencies – P(1), P(3), P(5) – is proportional to the first, third and fifth power of 

the pump amplitude, as expected for first, third and fifth order (non)linear optical processes.  
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Figure 4.7 Size dependence of a square particle’s electric dipole moment 

Scaling of the particle’s electric dipole moment with its size at the first three odd harmonic 

frequencies (a) P(1), (b) P(3), (c) P(5), corresponding to peaks in Figure 4.1. These odd order dipole 

moments scale with its number of atoms (area). (d) The schematic showing how the square 

particle’s size increased. 

The dependence of the nanoparticle’s odd harmonic response on its size is shown by Figure 4.7. 

The total nonlinear electric dipole at the generated odd harmonics - such as the first, third and fifth 

harmonics P(1), P(3), P(5) - is proportional to the total number of atoms (2D particle area).  

4.3 Harmonic and sum-frequency generation in nanostructures of D3 

symmetry 

4.3.1 Harmonic generation in a triangle particle 

While the even-fold rotational symmetry discussed above only permits odd order nonlinear electric 

dipole moments, three-fold rotational symmetry allows a more complex nonlinear response. Now 

we will discuss harmonic generation in a particle of D3 symmetry, a triangular particle consisting of 

28 atoms arranged in a hexagonal lattice as shown by the insert in Figure 4.8d.  
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Figure 4.8 Harmonic generation in a nanoparticle of D3 symmetry 

(a)-(d) Frequency-dependence of the electric dipole moment of a triangular particle pumped at 

frequency ωp. Components of the dipole moment (a, c) parallel and (b, d) orthogonal to the (a, b) 

x-polarized and (c, d) y-polarized pump field. Absence of curves in case (d) indicates cancellation of 

the electric dipole component at all frequencies. The inset shows the outline (blue line) and the 28 

atoms (red crosses) of the triangular particle. Colourmaps show the distribution of the atomic 

dipole moments at the 2nd and 3rd harmonic frequencies, which are representative of even and odd 

harmonics. Colour represents the dipole magnitude and regions oscillating in anti-phase are 

indicated by opposite signs as in Figure 4.4.  
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The spectral dependence of the triangular particle’s electric dipole moment in response to pumping 

at frequency ωp is shown by Figure 4.8. An x-polarized pump field generates an electric dipole 

moment of the particle along x at odd harmonic frequencies (Figure 4.8a) and along y at even 

harmonic frequencies (Figure 4.8b). A y-polarized pump field generates a dipole moment along y 

only at all harmonic frequencies (Figure 4.8c), while no harmonics are allowed along x (Figure 4.8d).  

The distribution of the atomic dipole moments within the nanoparticle is shown for the second and 

third harmonic frequencies (insets in Figure 4.8a-d), which are representative of the even and odd 

harmonic cases. While the particle exhibits local atomic oscillation along x and y at all harmonics, 

overall cancellation of components of the particle’s electric dipole moment at even (Figure 4.8a), 

odd (Figure 4.8b) or all (Figure 4.8d) harmonics results from charge oscillations with equal 

amplitude and opposite phase at opposite edges of the triangle.  

4.3.2 Pump power and size dependence of a triangle particle’s electric dipole  

 

Figure 4.9 Pump power dependence of a triangle particle’s electric dipole moment 

Scaling of harmonic generation with the pump field amplitude for a triangle particle of 28 atoms. 
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The electric dipole moment of a triangle particle as a function of pump electric field amplitude is 

shown in Figure 4.9. The electric dipole moment at the kth harmonic is proportional to the kth power 

of the pump field amplitude, causing higher harmonics to vanish quickly with reducing pump 

amplitude, as it should be. 

It has been reported that the total linear and second-order nonlinear responses of a particle scale 

differently with its size. For a 3D particle made from centrosymmetric material, the total linear 

electric dipole moment is proportional to its volume (number of atoms), while the second-order 

dipole is proportional to its surface area [80]. For a 2D particle, as considered here, the linear 

electric dipole moment is proportional to its area (number of atoms), while the second-order 

electric dipole is proportional to its perimeter [120] as discussed in Chapter 3. However, how does 

particle size affect higher order harmonics?  

 

Figure 4.10 Size dependence of a triangle particle’s electric dipole moment 

Scaling of the particle’s electric dipole moment with its size at the first four harmonic frequencies 

(a) P(1), (b) P(2), (c) P(3) and (d) P(4), corresponding to peaks in Figure 4.8. Inserts in (a)-(d) are 

schematics showing how the square particle’s area/perimeter increases. 
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Figure 4.10 shows how the electric dipole moment of a triangular 2D particle changes with particle 

size. The magnitudes of the total dipole moments, P(1), P(2), P(3), P(4), at the first four harmonic 

frequencies are shown for triangular particles with perimeter from 1.5 nm (3 atoms in total) to 9 

nm (28 atoms). We find that the total nonlinear electric dipole at odd harmonics is proportional to 

the total number of atoms (2D particle area), while the dipole at even harmonics is proportional to 

the particle’s perimeter. At the first three harmonic frequencies, x-polarized and y-polarized pump 

light induce dipole moments of the same magnitude, while at the fourth harmonic 𝑃𝑦,𝑦
(4)

= 4𝑃𝑦,𝑥
(4)

. 

4.3.3 Sum frequency generation in a triangle particle 

From the above discussion, we know that only odd order sum frequency generation is allowed in 

square particles. However, the triangle particles support a more complex sum frequency generation.  

The sum frequency generation in a triangle with co-polarized pumping field A[cos(ωpt)+cos(0.1ωpt)] 

is shown in Figure 4.11, where A= E0, E0/2, E0/4. When the pump electric fields at frequency ωp and 

0.1ωp are polarized along the x direction, odd order sum frequencies are generated along x (0.1ωp, 

ωp, 1.2ωp, 1.4ωp, 1.6ωp, 2.1ωp …) and even order sum frequencies are generated along y (0.2ωp, 

0.4ωp, 1.1ωp, 1.3ωp, 2ωp, 3.1ωp …). When the pump fields are polarized along the x direction, all 

sum frequencies are allowed in the y direction while no dipoles can be generated along the x 

direction. This behaviour consistent with our earlier observations for harmonic generation. 

Sum frequency generation in case of cross-polarized pump fields is shown in Figure 4.12. When 

electric field at ωp is polarized along x and electric field at 0.1ωp is polarized along y, sum frequencies 

along x at ωp, 1.1ωp, 1.2ωp, 1.3ωp, 1.4ωp …3ωp, 3.1ωp, 3.2ωp, 3.3ωp, 3.4ωp … (odd number of Ex) are 

generated; sum frequencies along y at 0.1ωp, 0.2ωp, 0.3ωp, 0.4ωp, …2ωp, 2.1ωp, 2.2ωp, 2.3ωp, 

2.4ωp … (even number of Ex) are generated. When electric field at ωp is polarized along y and 

electric field at 0.1ωp is polarized along x, sum frequencies along x at 0.1ωp, 0.3ωp, 0.5ωp, …1.1ωp, 

1.3ωp, 1.5ωp …2.1ωp, 2.3ωp, 2.5ωp … (odd number of Ex) are generated; sum frequencies along y at 

0.2ωp, 0.4ωp, …ωp, 1.2ωp, 1.4ωp, …2ωp, 2.2ωp, …3ωp… (even number of Ex) are generated. In 

summary, x-polarized electric dipole moments are generated at sum frequencies containing an odd 

multiple (1, 3, …) of the x-polarized pump frequency and generated y-polarized sum frequencies 

contain an even multiple (0, 2, …) of the x-polarized pump frequency. 

The sum frequency generation also depends on the pump electric field’s strength. When the pump 

field magnitude increases from E0/4 to E0, more and more sum frequency components emerge, see 

Figure 4.11 and Figure 4.12.  
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Figure 4.11 Sum frequency generation in a D3 structure with co-polarized pumping  

(a)-(c) Frequency dependence of the electric dipole moment of the triangular particle of 28 atoms 

(inset) in response to pumping at a combination of two frequencies, ωp and 0.1ωp for different 

pump electric field amplitudes of (a) E0, (b) E0/2, (c) E0/4. 
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Figure 4.12 Sum frequency generation in a D3 structure with cross-polarized pumping   

(a)-(c) Frequency dependence of the electric dipole moment of the triangular particle (inset) in 

response to pumping at two frequencies, ωp and 0.1ωp, where the pump fields at different 

frequencies have orthogonal polarizations. 𝑃𝑖,𝑗𝑘  refers to the i-component of the dipole moment 

caused by j-polarized pump field at ωp and k-polarized pump field at 0.1ωp, where i,j,k is x or y. 

Different panels show different pump electric field amplitudes of (a) E0, (b) E0/2, (c) E0/4. 
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4.4 Multipole contributions to harmonic generation 

While radiation normal to the plane of the 2D particle pumped at normal incidence is determined 

by its electric dipole moment, other multipoles [121] contribute to radiation in other directions.  

The 𝛼-component of the particle’s total electric dipole moment is given by  

𝑃𝛼 = ∫ 𝑑3𝔯 𝜌(𝖗) 𝔯𝛼 = −𝑞 ∑ 𝑟𝑖,𝛼
𝑁
𝑖=1                                                          (4.1) 

where 𝜌(𝖗) is the charge density as a function of position 𝖗. In our 2D case, only 𝑃𝑥  and 𝑃𝑦  are 

allowed and the radiated power is given by the following expression, where 𝑍0 is the impedance of 

free space, 𝑐 is the speed of light and 𝑘 = 𝜔/𝑐. 

𝒫(𝑃) =
𝑐2𝑍0

12𝜋
𝑘4‖𝑷‖2

2 =
𝑐2𝑍0

12𝜋
𝑘4 (|𝑃𝑥|2 + |𝑃𝑦|

2
)                                                 (4.2) 

The 𝛼-component of the particle’s magnetic dipole moment is  

𝑚𝛼 =
1

2𝑐
∫ 𝑑3𝔯 [𝖗 × 𝑱(𝖗)]𝛼 =

−𝑞

2𝑐
∑ [(𝑹𝑖 + 𝒓𝑖) × 𝒓̇𝑖]𝛼

𝑁
𝑖=1                                        (4.3) 

where 𝑱 is the current density and 𝒓̇𝑖  is the electron velocity. Here, only 𝑚𝑧  is allowed and the 

radiated power is  

𝒫(𝑚) =
𝑐2𝑍0

12𝜋
𝑘4‖𝒎‖2

2 =
𝑐2𝑍0

12𝜋
𝑘4|𝑚𝑧|2                                                      (4.4) 

The 𝛼, 𝛽-component of the particle’s electric quadrupole is given by  

𝑄𝛼,𝛽 =
1

2
∫ 𝑑3𝔯 𝜌(𝖗) [𝔯𝛼𝔯𝛽 −

1

3
𝛿𝛼,𝛽𝖗2]

=
𝑞

2
∑ [𝑅𝑖,𝛼𝑅𝑖,𝛽 −

1

3
𝛿𝛼,𝛽𝑹𝑖

2 − (𝑅𝑖,𝛼 + 𝑟𝑖,𝛼)(𝑅𝑖,𝛽 + 𝑟𝑖,𝛽) +
1

3
𝛿𝛼,𝛽(𝑹𝑖 + 𝒓𝑖)2]

𝑁

𝑖=1

=
𝑞

2
∑ [−𝑅𝑖,𝛼𝑟𝑖,𝛽 − 𝑅𝑖,𝛽𝑟𝑖,𝛼 − 𝑟𝑖,𝛼𝑟𝑖,𝛽 +

1

3
𝛿𝛼,𝛽(2𝑹𝑖𝒓𝑖 + 𝒓𝑖

2)]
𝑁

𝑖=1
 

(4.5) 

where 𝛿𝛼,𝛽 is the Kronecker delta. In our geometry, 𝑄𝑥,𝑥, 𝑄𝑦,𝑦 and 𝑄𝑥,𝑦 = 𝑄𝑦,𝑥 are allowed and the 

radiated power is 

 𝒫(𝑄) =
𝑐2𝑍0

40𝜋
𝑘6 ∑ |𝑄𝛼,𝛽|

2
𝛼,𝛽 =

𝑐2𝑍0

40𝜋
𝑘6 (2|𝑄𝑥,𝑦|

2
+ |𝑄𝑥,𝑥|

2
+ |𝑄𝑦,𝑦|

2
)                                       (4.6) 



Chapter 4 

50 

 

 Figure 4.13 Power radiated by different multipoles as a function of particle perimeter  

Results are shown for particles of (a) D4 and (b, c) D3 symmetry  located in the xy-plane as a function 

of particle perimeter. Only the electric dipole (black) radiates along z. 

Figure 4.13 shows the power radiated by different multipoles for the square and triangular particles, 

where the coordinate origin is placed at the centre of each particle. For the square particle, electric 

dipole radiation is emitted at odd harmonics and considerably weaker electric quadrupole radiation 

(𝑄𝑥,𝑥 , 𝑄𝑦,𝑦 ) is emitted at even harmonics, while magnetic dipole contributions are negligible 

(forbidden), see Figure 4.13(a). Therefore, only odd harmonics will be radiated along z. In other 

directions, all harmonics will be radiated, with even harmonics being several orders of magnitude 

weaker than odd harmonics of similar order. For the triangular particle, electric dipole radiation 

dominates at odd harmonics, while electric dipole and quadrupole radiation have a comparable 

magnitude at the second harmonic frequency, Figure 4.13(b-c).  
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The multipole contributions are also revealed by the polarization surface densities (electric dipole 

distributions) in Figure 4.4 and Figure 4.8. For example, for both the square and triangular particles, 

the net quadrupole at even harmonics originates from electrons on opposite edges of the particle, 

that oscillate towards and away from each other (→←,←→). The net magnetic dipole at the third 

harmonic frequency for x-polarized pumping of the triangular particle arises from anti-parallel 

electron oscillations (↑↓,↓↑), see Figure 4.8b. 

4.5 Discussion 

The presented model describes the contribution of Coulomb interactions between different atoms 

to the nonlinear response of dielectric nanostructures. To focus on the universal collective 

nonlinear response of any dielectric, we purposefully remove all possible atom-specific 

nonlinearities by describing atoms with the harmonic potential of a classical Lorentz oscillator 

model (and pumping far away from resonance). However, real atoms can be nonlinear. Considering 

the inversion symmetry of atoms in the ground-state, opposite directions of electron displacement 

yield opposite restoring forces. Therefore, the simplest approximation of a nonlinear atom would 

involve a symmetric anharmonic potential. Within this approximation, an individual atom can only 

have odd orders of optical response, i.e. contribute to 3rd, 5th, … order nonlinearity. With respect to 

the particle’s electric dipole, such atomic nonlinearity would contribute to the odd-order 

components that are parallel to the excitation field. This atomic contribution to a particle’s odd 

order nonlinear dipole moment will be proportional to the particle’s number of atoms, just like the 

contribution from Coulomb interactions between atoms. 

Therefore, the atomic nonlinearity will affect the magnitude of the particle’s odd order nonlinear 

electric dipole response parallel to the pump field, but not its qualitative behaviour. It has no 

bearing on the particle’s even order nonlinearity, which arises entirely from interactions between 

atoms. 

4.6 Summary 

In summary, this chapter has shown that harmonic and sum frequency generation in 2D dielectric 

nanostructures can be modelled in terms of harmonic oscillators (atoms) coupled by the Coulomb 

force. This approach allows modelling of collections of atoms and mapping of the origin of harmonic 

and sum frequency generation in nanostructures. The results in this chapter indicate that: 



Chapter 4 

52 

(1) Odd order harmonic and sum frequency generation has been found to originate from the 

whole structure with corresponding electric dipole moments scaling with the number of 

atoms.  

(2) Even order harmonic and sum frequency generation has been traced to the boundaries of 

2D nanostructures, with corresponding electric dipole moments scaling with the structure’s 

perimeter. 

(3) Multipoles may support harmonics which are forbidden in electric dipole approximation, 

but do not contribute to radiation in the direction normal to the 2D nanostructure. 

The model allows the design and optimization of nonlinear dielectric nanostructures for 

nanophotonics, such as structures and particles cut from 2D materials and dielectric layers that are 

thin compared to the pump wavelength. 3D geometries may also be considered by solving the 

model in three dimensions. 
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Chapter 5 Model for defects induced nonlinearity in 2D 

nanostructures 

5.1 Introduction 

Previous chapters have shown how a structure's symmetry affects its nonlinearity, especially even 

order nonlinearity, which is forbidden in structures with even-fold rotational symmetries under 

normal excitation and collection. However, defects can break inversion centres and enable even 

order harmonic generation in structures of even-fold rotational symmetries. Harmonic generation 

as well as wave mixing in nonlinear photonic crystals with defects have attracted attention [122-

125] and defect-enhanced second harmonic generation has been observed in various materials, 

including crystals [126, 127], 2D materials [128], doped fibres [129], semiconductors [130], their 

superlattices [131, 132] and interfaces [133, 134]. Recent progress in nanoparticle decoration [135, 

136],  micromachining [137, 138], lateral heterostructures [139, 140] and heterocrystals [141] has 

demonstrated the feasibility of defect manipulation and postprocessing techniques [142], which 

provides an opportunity for the development of two-dimensional (2D) materials with engineered 

optical nonlinearity [143]. In addition, second harmonic generation has been used for monitoring 

of defects engineering in transition metal dichalcogenides [142] and controlling nonlinear 

properties through defect engineering has been reported [144, 145]. Effects of vacancy defect 

concentration on high-order harmonic generation have also been investigated [146-148]. 

In this chapter, a model of defect induced harmonic generation in 2D nanoparticles described as a 

lattice of linear oscillators coupled by Coulomb interactions is presented. The model can pinpoint 

how each single defect influences the material’s optical performance without solving full wave 

equations. The model shows how defects affect even and odd order optical nonlinearities. Figure 

5.1 shows an example. Along the optical axis, a square particle will only generate odd harmonics 

without polarization change, while the presence of defects can enable even harmonic generation 

without and with polarization change. The results indicate that defects at particle edges have the 

largest influence on optical nonlinearity. Different nonlinear optical responses of different defect 

distributions indicate that information could – in principle – be encoded in atomic defects and read 

optically, via their harmonic generation signature, which can be treated as a nonlinear QR code. 

The fundamental information density limit of such optical data storage would not be determined 

by diffraction, but rather by the spacing of atoms. We illustrate this by showing that harmonic 

generation is controlled by the location of defects in a square particle and by demonstrating 
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harmonic-based character recognition. Such information could be written by AFM-based 

techniques and read by scanning near-field microscopy techniques. 

 

Figure 5.1 Defect-induced optical nonlinearity 

(a) Along the optical axis, as shown, a square particle will only generate odd harmonics without 

polarization change. The presence of defects enables even harmonic generation (b) without and (c) 

with polarization change.  

The details of the model are explained in Section 5.2. Then defect induced nonlinearity in a square 

nanoparticle (D4 symmetry) is analysed in Section 5.3 and the effects of defect position are shown 

in Section 5.4. To cover a wider range of even fold rotational symmetry, the defect induced 

nonlinearity in a hexagonal nanoparticle (D6 symmetry) is discussed in Section 5.5. More 

importantly, Section 5.6 shows how information could be encoded in atomic defects and read via 

their harmonic generation signature. 

5.2 Modelling defect-induced optical nonlinearity of 2D nanoparticles 

We consider the radiation generated along z by 2D structures in the xy-plane (nanoparticle plane) 

in response to pumping along z, to mimic the structure’s nonlinear optical response along the 

propagation direction for pumping at normal incidence. In this case, radiation generated by the 

particle is determined only by its total electric dipole moment. Higher multiples cannot contribute 

to the radiation along the z direction as discussed in Chapter 4. The displacement of each optical 

electron in the particle is calculated in the time domain by solving their coupled equations of motion 

(details in Chapter 2). We consider a square particle cut from a square lattice and a hexagon particle 

cut from a hexagonal lattice, introducing defects by removing atoms at designed positions in the 

lattice. The coupled system of differential equations is solved in Matlab starting without optical 

electron displacement and allowing transitional effects to pass before analysing the oscillation of 

all electrons over 1000 periods of the driving field. The electric dipole moment of each atom dk is 

the charge times the electron displacement. The total electric dipole of the particle is the sum of 

these dipoles over all atoms, P=∑k dk. This gives the total electric dipole moment P(t) of the 
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nanostructure in the time domain. The total electric dipole moment is separated into linear and 

nonlinear components, P(1), P(2), P(3) … , oscillating at the driving frequency ωp and its harmonics 2ωp, 

3ωp … , through Fourier transformation (see Section 2.4). In the presented Fourier series, the peak 

values are the dipole amplitudes in Coulomb meters at harmonic frequencies.  

5.3 Defect induced nonlinearity in a square nanoparticle 

Since radiation of even order harmonics along z is forbidden in structures with even-fold rotational 

symmetry [84, 102], one can easily identify the defect induced nonlinearity of such structures at 

even harmonics. Therefore, this section first studies a square particle with 25 atoms (D4 symmetry, 

with square lattice) and then introduces one vacancy defect at three different positions. As 

examples, we have chosen the possible types of edge defects – at a corner, middle or intermediate 

edge position – which result in different symmetries of the particle. Figure 5.2a illustrates harmonic 

generation in the square particle. The frequency-dependence of the total electric dipole moment P 

generated by electric pump field E0cos(ωpt) is shown, where Pα,β refers to the α-component of the 

dipole moment caused by a β-polarized pump field and α,β is x or y. As required by symmetry, x-

polarized excitation generates a dipole only along x, while y-polarized excitation generates a dipole 

only along y with the same magnitude. i.e. Px,x=Py,y, while Px,y and Py,x are forbidden. As expected for 

a particle with even-fold rotational symmetry [84, 102] , we observe only odd harmonics – P(1), P(3), 

P(5)– which appear as peaks in Figure 5.2a. However, when there is a vacancy defect in the particle, 

even harmonics can occur, as shown by Figure 5.2(b-d).  

The defect position has a great impact on the particle’s nonlinear response. When defect occurs at 

a corner (Figure 5.2b), x or y-polarized excitation generates dipole moments along both the x and 

y directions, and we observe Px,x=Py,y and Px,y= Py,x. When the defect occurs in between a corner and 

the middle of an edge (Figure 5.2c), the four components Px,x, Py,y , Px,y and Py,x are all allowed and 

different. For a defect in the middle of an edge (Figure. 5.2d), only Px,x, Py,y and one of Px,y and Py,x 

are allowed.  
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Figure 5.2 Harmonic generation in a square nanoparticle without and with defects 

(a)-(d) Frequency dependence of the electric dipole moment of a square particle (insert) with no 

defect (a), and (b-d) one defect at three different locations, in response to optical pumping at 

frequency ωp. Pα,β indicates the α-component of the particle’s electric dipole moment caused by β-

polarized pumping. Arrows indicate the magnitudes of Px,x, Py,y , Px,y and Py,x at second harmonic 

frequency. 
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5.4 Effects of defect position 

The importance of the defect position was revealed by Figure 5.2. Here the dependence of optical 

nonlinearity on the defect position is investigated systematically. Figure 5.3 shows the calculated 

components of the total electric dipole moment P as a function of the position of a single defect. 

The top row shows the total electric dipole moment along the x-direction for x-polarized pumping, 

Px,x at odd (left) and even (right) harmonic frequencies. At odd harmonic frequencies, Px,x is of 

almost the same magnitude for all the 25 defect positions. In contrast, Px,x at even harmonic 

frequencies depends strongly on the defect’s location, being strongest for defects on the left and 

right edges and vanishing only for defects that do not break the y symmetry axis of the nanoparticle. 

The bottom row shows the total dipole moment along the y-direction for x-polarized pumping, Py,x 

at odd (left) and even (right) harmonic frequencies. At odd harmonics, defects at corners induce 

the strongest dipole moment Py,x, while this component does not arise from defects that maintain 

the horizontal or vertical mirror symmetry of the nanoparticle. In contrast, for even harmonics the 

total electric dipole Py,x is strongest for defects at top and bottom edges and vanishes only for 

defects that do not break the nanoparticle’s x symmetry axis. Similar behaviour is seen for 

hexagonal particles (see Section 5.5). 

 

Figure 5.3 Total electric dipole moment as a function of the position of a single vacancy defect 

The amplitude at each atom position (black dot) represents the total dipole moment  of the particle 

when the atom is vacant. In the square particle, we can have 25 different defect positions. The top 

(bottom) row shows the dipole component parallel (orthogonal) to the x-polarized pump. Stacked 

images for different – either even or odd – harmonics show the same qualitative behaviour. (Py,y 

and Px,y are obtained by 90° rotation of the color maps in the top and bottom rows, respectively.) 
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5.5 Defect induced nonlinearity in a hexagonal nanoparticle 

 

Figure 5.4 Harmonic generation in a hexagon nanoparticle without and with single defects 

Harmonic generation in a hexagonal nanoparticle (a) without and (b-d) with single defects in 

different positions of the hexagonal atomic lattice of D6 symmetry (insets). Frequency dependence 

of the electric dipole moment of the particles in response to optical pumping at frequency ωp. Pα,β 

indicates the α-component of the particle’s electric dipole moment caused by β-polarized pumping 

at normal incidence. The arrows mark the magnitudes of Px,x, Py,y , Px,y and Py,x at the SH frequency. 
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To cover a wider range of even fold rotational symmetry, the influence of vacancy defects on 

harmonic generation by a hexagonal nanoparticle with 19 atoms (D6 symmetry, hexagonal lattice) 

is also analysed, shown by Figure 5.4. Electric dipole moments at even order harmonics are 

forbidden in the hexagonal particle without defects (Figure 5.4a), but emerge when a single vacancy 

defects breaks the symmetry of the particle (Figure 5.41b-d). The amplitudes of the electric dipole 

components excited by x and y polarized pumping depend on the defect position.   

This dependence on the defect position is shown by Figure 5.5. Owing to the complete particle’s 

symmetry, that includes mirror symmetry along x and y, the distributions of total electric dipole 

moment as a function of defect position are mirror-symmetric along x and y.  Electric dipole 

moments at odd harmonics, 𝑃𝑥,𝑥
(1)

 , 𝑃𝑦,𝑦
(1)

, 𝑃𝑥,𝑥
(3)

 𝑃𝑦,𝑦
(3)

, …, which can be excited without defects (Figure 

5.4a), do not depend strongly on the defect position. All other electric dipole components in Figure 

5.5 are forbidden in the complete particle and therefore depend strongly on the presence of defects 

in locations that affect the symmetry of the nanoparticle. Like for the square particle, pumping with 

x and y polarizations yields similar distributions of odd-order total electric dipole moment as a 

function of vacancy defect position. In contrast, due to lack of four-fold rotational symmetry of the 

hexagonal particle and its lattice, pumping with x and y polarizations yields distinctively different 

distributions of even-order total electric dipole moment as a function of defect position. 
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Figure 5.5 Total electric dipole moment P as a function of defect position 

The amplitude at each atom (black dot) represents the total dipole moment when that atom is 

vacant. In the hexagonal particle, there are 19 possible defect positions. The four components of 

the particle’s total electric dipole (rows) are shown for the first to fourth order harmonics 

(columns). 

5.6 Nonlinear QR codes 

The recent progress of 2D material fabrication demonstrates the feasibility of defect manipulation 

and postprocessing techniques. SHG has already been used for defect engineering monitoring in 

transition metal dichalcogenides. Our model is a suitable tool for instructing defect engineering. 

We argue that 2D defect patterns could act as 2D bar codes, i.e. QR codes, that could be read based 

on their nonlinear optical properties. Figure 5.6 shows the frequency dependence of the total 

electric dipole moment of four defect patterns – “1, 2, 3, 4” – in a square lattice in response to a 

pump field E0cos(ωpt). We can identify each of them by looking into their second harmonic 

generation.  

Defect pattern “1” does not generate a total electric dipole moment at the second harmonic 

frequency (Figure 5.6a), while for pattern “3” (Figure 5.6c) only the electric dipoles along x can be 
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generated at the second harmonic frequency. Although all four electric dipole components are 

allowed for defect patterns “2” and “4” (Figure 5.6b,d), components of equal amplitudes Px,x=Py,y 

and Px,y= Py,x are only observed for pattern “4”. Thus, the relative strength of the second harmonic 

total electric dipole components can be used to identify different defect patterns. We note that 

other polarizations and harmonics could also be considered. In general, both the number and 

position of defects affect a particle’s total electric dipole response. Indeed, odd harmonic total 

electric dipole moments (Px,x, Py,y) scale with the number of atoms, and could thus be used to reveal 

the number of occupied atom positions. 

 

Figure 5.6 Harmonic generation in a square nanoparticle with atomic defect patterns 

(a)-(d) Frequency dependence of the electric dipole moment of a square particle (insert) with defect 

patterns (a) “1”, (b) “2”, (c) “3”, (d) “4” in response to optical pumping at frequency ωp. Pα,β indicates 

the α-component of the particle’s electric dipole moment caused by β-polarized pumping.  

In principle, a square lattice containing N atom positions can have 2N different defect states. Mirror 

symmetry with respect to x and y in Figure 5.3 implies that up to four different defect states – that 

are related by reflections with respect to x, y, or both – share the same nonlinear signature. (Fewer 

in case of defect states that have one or more relevant mirror symmetries.) Therefore, >2N-2 defect 

states may have distinguishable nonlinear signatures, suggesting that nonlinear detection of defect 

states could enable extremely high density optical data storage, in principle approaching 1 bit per 

atom. Arguably, such defect patterns would be the ultimate miniaturization of QR codes.   
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5.7 Summary 

Optical nonlinearity depends on symmetry and symmetries vanish in the presence of defects. The 

emerging ability to manipulate defects in two-dimensional materials and nanoparticles provides an 

opportunity for engineering of optical nonlinearity. In this chapter, a model of defect induced 

harmonic generation in 2D nanoparticles described as a lattice of linear oscillators coupled by 

Coulomb interactions has been presented. The results in this chapter indicate that: 

(1) Defects have a large influence on even harmonic generation in 2D nanostructures. The 

presence of defects can enable even harmonic generation without and with polarization 

change which is not allowed in structures with even-fold rotational symmetry, such as 

square of D4 symmetry and hexagon of D6 symmetry. 

(2) Defects at particle edges have the largest influence on optical nonlinearity, i.e. contribute 

strongly to even-order optical nonlinearity. 

(3) Information could be encoded in atomic defects via defect engineering and read by its 

harmonic generation signature. Arguably, such nonlinear QR codes would be the ultimate 

miniaturization of 2D bar codes. This has been illustrated by showing that harmonic 

generation is controlled by the location of defects in square and hexagonal particles and by 

demonstrating harmonic-based character recognition.  

The nonlinear QR codes in 2D nanostructures could be written by AFM-based techniques and 

read by scanning near-field microscopy techniques. The unique nonlinear signatures of 

different defect states could provide extremely high-density optical data storage, in principle 

approaching 1 bit per atom.   

In parallel with modelling of second harmonic generation in nanostructures in Chapter 2 to 5, I 

designed a metamaterial for second harmonic generation. At that stage, simplicity of 

fabrication and resonant optical properties were key considerations, and therefore I chose a 

double-chevron structure as the meta-atom (more details in Chapter 6). With the development 

of the theoretical model, I found that a triangular shape offers several good features, for 

example, the SHG strength of a triangular structure is insensitive to the pump polarization and 

a triangular shape could have higher nonlinearity than chevron structures. Therefore, I 

optimized my design for high SH conversion efficiency and fabricated a new metamaterial of 

triangular meta-atoms (details in Chapter 8 and Appendix B). 
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Chapter 6 Design and fabrication of nonlinear fibre-

integrated all-dielectric metasurface 

6.1 Introduction 

Nonlinear optics is crucial in many photonic applications. Efficient even-order nonlinear effects 

typically require thick non-centrosymmetric crystals with a strictly controlled orientation of the 

crystalline axes. These rigid requirements hamper the potential for miniaturization of photonic 

devices, which in turn limits the speed, efficiency and scalability of photonic technology. Recent 

progress in the field of metamaterials promises to revolutionize nonlinear optics, by providing a 

way to achieve desired nonlinear responses through design. Photonic two-dimensional 

metamaterials, often referred to as metasurfaces, could offer an alternative to traditional bulk 

nonlinear optics. Despite that, little effort has so far been dedicated to developing nonlinear 

photonic metamaterials on platforms suited for integration with waveguides. 

To demonstrate nanostructure induced second harmonic generation, a fibre-integrated all-

dielectric nonlinear metasurface has been designed (details in Section 6.2) and fabricated (details 

in Section 6.3). The structure exhibits a resonance at about 1.5 µm with a quality factor of 30 

(details in Section 6.4). The metasurface will be used to demonstrate second harmonic generation 

in Chapter 7.  

6.2 Design of fibre-integrated all-dielectric metasurface 

When designing the fibre integrated metasurface for second harmonic generation, several factors 

needed to be considered, see Figure 6.1. According to the results in Chapter 3 and Chapter 4, 

second harmonic generation by centrosymmetric materials is associated with boundaries, implying 

that a structure with reasonably long boundaries is desirable. 

Also, according to the analysis of symmetry-allowed components of the second order susceptibility 

𝜒(2)  tensor in Chapter 1, only the C1, D1, C3 and D3 point symmetry groups (no rotational 

symmetry or 3-fold rotational symmetry) have non-vanishing 𝜒(2) tensors. Compared to C1, C3 and 

D3 symmetry groups, a chevron (D1 Symmetry)– two identical lines forming an angle – is arguably 

the simplest structure lacking an inversion centre, and chevrons can be easily fabricated and 

combined into a compact unit cell that is smaller than its resonant wavelength. In addition, the 

point symmetry group of D1 limits the allowed components of the second-order nonlinear 
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susceptibility tensor to: 𝜒𝑦𝑦𝑦
(2)

, 𝜒𝑦𝑥𝑥
(2)

, 𝜒𝑥𝑥𝑦
(2)

= 𝜒𝑥𝑦𝑥
(2)

, where the first index indicates the polarization 

of the second harmonic wave and the other indices indicate the polarizations of the pump wave.  

 

Figure 6.1 Nanostructure design criteria for second harmonic generation 

A unit cell of two chevrons is selected since it ○1 has a relatively long boundary, ○2 has D1 symmetry 

which supports second order nonlinearity, ○3 is easily fabricated and ○4 supports Fano resonances. 

Since the second harmonic strength is proportional to the square of energy density, the structure 

should support resonances for higher conversion efficiency. In principle, resonances can help 

enhance the local field at the fundamental frequency as well as second harmonic frequency [62]. 

From these considerations, two chevrons of different size are chosen as the unit cell of the 

nonlinear metasurface, see Figure 6.1.  

 

Figure 6.2 Schematic of the metasurface fabricated from centrosymmetric dielectric 

The metasurface consists of  an array of chevron groove pairs. The figure on the right is the unit cell 

of this metasurface. The blue area corresponds to the dielectric film (amorphous silicon), and the 

gray area corresponds to the substrate (silica). 
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Aiming for a Fano resonance within the technologically important telecommunications band 

around 1.5 µm wavelength, I designed a metamaterial, which is an array of chevron groove pairs, 

with unit cell dimensions of 1.1 × 1.0 µm2, milled into the core of a silica fibre and subsequently 

coated with a 90-nm-thick amorphous silicon layer, see Figure 6.2.  

Silicon film is chosen because it has a relatively high refractive index and low loss at the 

telecommunication wavelength band (shown in Figure 6.3), which enables high quality factor 

resonances. Also, compared with metallic structures such as gold and silver, silicon has a higher 

damage threshold, and can therefore withstand higher pump laser intensity. Moreover, silicon is 

highly compatible with the optical fibre and semiconductor fabrication ecosystem, which enables 

developing integrated nonlinear photonic devices. 

 

Figure 6.3 Refractive index of the fabricated amorphous silicon thin film  

The data is measured by ellipsometry of 90-nm thick amorphous silicon film (deposited in the same 

settings as the silicon of the metamaterial sample). The loss of the silicon  film remains at a low 

level (k=0.015) from 750 nm ( second harmonic wavelength) to 1500 nm (our fundamental 

wavelength). 

The sizes of the two chevrons contained in the unit cell are designed to be slightly different in order 

to excite a resonance with high quality factor at the pump wavelength [59-61]. The metamaterial’s 

transmission spectra were modelled using Comsol Multiphysics 5.4, assuming a plane wave 

normally incident onto a unit cell with periodic boundary conditions (Figure 6.4). The simulations 

assume a real refractive index of 1.44 for glass and the complex refractive index of the silicon layer 

according to ellipsometry measurements are shown in Figure 6.3. 
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By adjusting the parameters of the asymmetric nanostructure, such as depth and the space 

between the two grooves, resonances of the metamaterial can be engineered. Figure 6.4 shows 

the simulated transmission spectra and the field map at the resonance of the designed 

metamaterial. A closed-mode resonance is seen at a wavelength of 1.5 μm, only under y-polarized 

illumination (along the symmetry axis). No clear resonance is observed when the metamaterial is 

illuminated with the orthogonal polarization. 

 

Figure 6.4 Simulated transmission spectra and field map of chevron groove pairs 

Modelled linear transmission spectra of the metamaterial as a function of wavelength for x (red) 

and y (black) polarization. The colormap shows the y component of the linear polarization density 

distribution at the resonance. 

Since one unit cell contains a deep/wide chevron groove and a shallow/narrow chevron groove, the 

size difference contributes to different field distributions in the two grooves, see the colormap in 

Figure 6.4. The colormap shows the polarization density along the symmetry axis at the closed 

mode resonance. In the colormap, we see that charges in the two chevrons are oscillating in anti-

phase which will trap the energy within the nanostructure. The slightly different size helps couple 

the field to free space. In our case, the closed mode increased the local field at the fundamental 

frequency, which, in turn, shall boost the SHG efficiency.  

According to the simulations, the electric field at the silicon interfaces is up to 8× larger than the 

incident field, see Figure 6.5. 
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Figure 6.5 Electric field enhancement at the silicon interfaces  

Field enhancement is shown relative to the amplitude |E0| of the incident wave, for the case of a 

normally incident y-polarized wave at the 1.5 μm wavelength resonance. 

6.3 Fabrication of fibre-integrated all-dielectric metasurface 
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Figure 6.6 Fabrication process diagram 

During fabrication, to reduce gallium deposits, the fibre tip is first coated with a thin layer of gold 

and then the V-shaped grooves are created by milling with a focused gallium ion beam through the 

gold layer to the depth of about 256 nm into silica. After removing the sacrificial gold layer through 

a wet etching process, a 90-nm layer of amorphous silicon is deposited by PECVD on the entire 

patterned fibre tip. 
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The metamaterial structure was fabricated on the tip of an optical fibre. The fabrication process 

diagram is shown in Figure 6.6. 

○1  The fabrication of amorphous silicon metamaterial on a fibre tip [149] is carried out by stripping 

a segment of single-mode silica fibre (Thorlabs SM980-5.8-125) of its protective polymer jacket, 

leaving a few centimeter long bare silica rod (125 μm in diameter), to avoid the protective polymer 

jacket melting and destroying the metamaterial at high temperatures during the deposition 

processes (i.e. 200°C in PECVD process). One end of the fibre is then cleaved to create a smooth 

end-facet that will serve as the metamaterial’s substrate. 

○2  The next step is followed by coating the cleaved fibre tip with a 50 nm thick sacrificial layer of 

gold using an e-beam evaporator. The sacrificial layer is introduced to reduce gallium deposits [61].  

○3  The centre (core area) of the gold-coated fibre tip is then patterned through the sacrificial layer 

to the depth of about 256 nm into silica using focused ion beam milling (FIB), see Figure 6.8d. 

○4 Following patterning, the metal layer is removed using gold etchants, leaving a nanostructured 

silica fibre tip. The injected gallium ions are mainly in the gold layer. After removing the gold film, 

only a small amount of gallium contamination in the patterned silica fibre tip remains.  

○5  Then, a 90-nm layer of amorphous silicon is deposited onto the entire patterned fibre tip using 

plasma enhanced chemical vapour deposition (PECVD). 

○6  Finally, the bare fibre segment is spliced to a single-mode fibre with a FC connector.  

 

Figure 6.7 Nonlinear silicon metamaterial on a fibre tip 

(a)-(b) Images of the nonlinear silicon metamaterial mounted on a fibre holder. 

The fabricated metamaterial is then mounted in a fibre holder (Thorlabs HFV001). To avid drifting, 

the fibre is clamped to the fibre holder using a metal plate, shown in Figure 6.7a. The spliced FC 

connector is used to directly collect and guide light transmitted or radiated by the metamaterial. 
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The SEM images of the metamaterial are shown in Figure 6.8. The size of the patterned area is 

20×21 μm2, covering the entire core of the fibre, which has a nominal diameter of 10 μm, see Figure 

6.8a-b. The structure is patterned to the depth of about 256 nm into silica substate, see Figure 6.8d. 

Therefore, the metamaterial’s thickness, from the lowest point of the 90 nm thick silicon layer at 

the bottom of the chevron grooves to its highest point at the silicon/air interface in between the 

chevron pairs, is L=346 nm. 

 

Figure 6.8 SEM images of nonlinear silicon metamaterial on a fibre tip 

(a) SEM image of the nonlinear metamaterial fabricated on the end-facet of a single-mode optical 

fibre. The metamaterial covers the core of a cleaved optical fibre and consists of pairs of chevron 

grooves in silica, coated with an amorphous silicon layer. (b) Magnified view of the entire 

metamaterial. (c) Magnified view of a metamaterial section. (d) Cross section of the nanostructure 

(i.e. along the yellow dashed line in c), showing the bottom layer of silica (glass) and an additional 

layer of platinum added for contrast (Pt). (To prevent charging, SEM imaging took place before the 

sacrificial gold coating was removed.)  

6.4 Linear optical property characterization    

After the fabrication process, the transmission spectra of this sample were measured using the 

ANDO AQ-6315E optical spectrum analyser (OSA). The schematic and the experimental 

measurement setup are depicted in Figure 6.9. The structure’s transmission spectra were 
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measured by illuminating the fibre tip with normally incident linearly polarized white light 

and detecting the transmitted light with the optical spectrum analyser, using an 

unstructured cleaved fibre without the silicon film as a reference.  

 

Figure 6.9 Experimental setup for transmission measurements 

Schematic and photo of the setup are shown. 

The experimental transmission spectra of the sample for both x-polarized and y-polarized incident 

light are shown in Figure 6.10.  

 

Figure 6.10 Measured linear transmission spectrum of the metamaterial 

Metamaterial’s linear transmission as a function of the pump wavelength for x-polarization (black) 

and y-polarization (red). 

 

OSA Polarizer
White light source

Sample
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The experimental spectra of the metamaterial are in qualitative agreement with the modelled 

transmission (Figure 6.4). Due to the size difference of the chevrons contained in each unit cell, the 

metamaterial exhibits an asymmetric resonance at about 1.5 µm wavelength, when illuminated 

with light polarized along the chevron symmetry axis (y-axis in Figure 6.8b). However, no resonance 

is observed when the metamaterial is illuminated with the orthogonal polarization. The 

experimentally observed resonance at 1.5 µm wavelength has a quality factor of Q=30, which is 

calculated by Q=λ0/Δλ, where λ0=1.5 μm is the resonance’s central wavelength and Δλ is the 

resonance’s full width at half maximum (FWHM).  

Compared with the modelling, the measured resonance is wider due to fabrication-related residual 

contamination with gallium and inhomogeneous broadening (i.e. slight variations in sizes of key 

features across different unit cells). 

6.5 Summary 

In this chapter, a metamaterial for second harmonic generation has been designed and fabricated. 

The metamaterial is an array of chevron groove pairs integrated in a single mode fibre. The all-

dielectric metamaterial supports a resonant response at wavelength λ0=1.5 μm of quality factor 

Q=30. Based on its symmetry, it may support three allowed second-order nonlinear susceptibility 

tensors components: 𝜒𝑦𝑦𝑦
(2)

, 𝜒𝑦𝑥𝑥
(2)

, 𝜒𝑥𝑥𝑦
(2)

= 𝜒𝑥𝑦𝑥
(2)

.   
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Chapter 7 Second harmonic generation in a fibre 

integrated all-dielectric metasurface 

7.1 Introduction 

Second-order nonlinear optical processes are of considerable importance for laser 

technologies, quantum optics, materials characterization, spectroscopy and imaging. Over 

the last decade, a substantial effort has been focused on developing plasmonic [20, 22, 24, 

26, 49, 150-152] and dielectric [48, 50, 93, 153] metamaterials [23] with large nonlinearities 

for second harmonic generation (SHG). In particular, in silicon-based photonics, second-

order optical nonlinearities are required in various information processing schemes [29, 

30]. In silicon,  which is centrosymmetric, second-order optical nonlinearity can be imposed 

by strain, electric field and interfaces and has been observed in waveguides [154-160], 

nanoparticles [62], nanowires [161, 162], nanopillars [163], photonic crystal nanocavities 

[164], metamaterials [25, 165, 166] and multi-material stacks with silicon [167, 168]. Silicon 

metasurfaces have also been used to enhance the nonlinear response of materials with 

strong natural second-order nonlinearity [169, 170].  

In this chapter, I will report second harmonic generation from the fibre-integrated 

metamaterial manufactured from amorphous silicon described in Chapter 6 that achieves 

two orders of magnitude higher normalized conversion efficiency than prior state of the art 

[25]. First, the experimental setup for the second harmonic generation measurements is 

discussed in Section 7.2. Then, in Section 7.3, the enhanced generated second harmonic 

signal from the metamaterial is reported. The optical nonlinear conversion efficiency is 

calculated in Section 7.4. Finally, the second order nonlinear tensor of the metamaterial is 

characterized in Section 7.5. 
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7.2 Experimental setup for second harmonic generation measurements 

Pump

Beam Splitter

Camera

 Objective

Illumination

Wave Plate
Polarizer

PMT

Two Longpass Filters

(@900 nm) 

Tube Lens

Shortpass Filters 

Two @950 nm, 

One @850 nm

Sample One Longpass Filter 

@600 nm

10x

 

Figure 7.1 Photo and schematic of the experimental setup 

A 200 fs ultrafast laser is used as the pump source and the laser light is guided to a cage system by 

three mirrors. The cage system is used for imaging and excitation of the metamterial. The generated 

signal from the metamaterial is collected by its integrated fibre and detected by a photomultiplier 

tube (PMT). A wave plate and a polarizer are used to control the pump laser’s power and 

polarization. Several filters are used to make sure the detected signal is the second harmonic signal 

generated by the metamaterial. 

The experimental setup for the SHG experiments includes two important parts, the metamaterial 

excitation part and SH detection part, as shown in Figure 7.1. Considering that second harmonic 

generation by unstructured interfaces vanishes at normal incidence [70]  and in order to detect 

second harmonic generation caused by the metamaterial structure, we measure SHG with a 

normally incident pump beam, which also ensures that 0th order SHG diffraction is within the 

acceptance angle of the optical fibre. The second-order nonlinear response of the metamaterial is 

excited by illuminating it with linearly polarized 200 fs optical pulses with 80 MHz repetition rate 

from an ultrafast optical parametric oscillator (Spectra Physics Inspire HF 100, more detail in 
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Appendix A). The centre wavelength of the pulses is tuned from 1440 nm to 1610 nm. The 

excitation laser pluses were guided by three mirrors to a half-wave plate (Thorlabs AHWP10M-

1600). The half-wave plate together with a Glan-Thompson polarizer (Thorlabs GTH10M) controlled 

the polarization and intensity of the excitation laser.  

A beam splitter is used to divert light for imaging of the samples. Then, the polarized pump laser 

pulses of the main path are focused onto the metamaterial, which is located on the cleaved end of 

a single mode optical fiber (Thorlabs SM980-5.8-125) with a numerical aperture of ~0.13, by a 10x 

objective (Mitutoyo Plan Apo NIR Objective) with a numerical aperture of 0.26. The fibre’s 

numerical aperture of 0.13 implies that only the 0th-order diffraction of generated second harmonic 

radiation will be collected. Two longpass filters cutting off at 900 nm wavelength (Thorlabs 

FELH0900) are used to make sure that only pump laser light is focused on the samples. The spot 

size of the focused beam is 24.7 μm2. The peak intensity of the focused beam is about 6.3 GW/cm2 

at 25 mW average power.  

To separate the second harmonic signal from the fundamental pump laser, 3 shortpass filters (two 

Thorlabs FESH0950, one Thorlabs FESH0850) are used to block the pump and one longpass filter 

(Thorlabs FELH0600) is used to remove higher order nonlinear signals. These filters are mounted in 

two Thorlabs fiber optic filter mounts (FOFMF/M) and the total loss of these filters as well as the 

mounts is ~84%.  

The second harmonic signal of the power dependence experiment and the tensor characterization 

experiment is detected by a Hamamatsu photomultiplier tube (H7421-50), which has a counting 

efficiency of ~9% at 750 nm (more details in Appendix A). The detector dark noise has been 

measured and subtracted from all second harmonic measurements. 

7.3 Second harmonic signal arising from mesoscopic structuring 

Second harmonic measurements are conducted with the metamaterial-bearing fibre and two 

unstructured reference fibres, one with and the other without the silicon film. Strong second 

harmonic emission is observed only for y-polarized pump light at 1510 nm wavelength with the 

metamaterial-bearing fibre. The detected second harmonic generation of the metamaterial as a 

function of the wavelength of the y-polarized pump beam is shown as green curve in Figure 7.2. 

The power of the second harmonic signal exhibits a resonantly enhanced feature. The second 

harmonic emission profile coincides with the metamaterial’s resonance (purple curve), indicating 

that the nanostructure’s resonance enhances the effective second order nonlinear response of the 

metamaterial. The FWHM of metamaterial’s linear resonance is about 50 nm. This matches the 

observed width of the second harmonic generation peak. There is a 10 nm detuning between the 
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metamaterial’s transmission resonance and the peak of the second harmonic generation. This 

detuning may be caused by a small spectral shift between the absorption resonance and the 

transmission resonance[59, 171], where the absorption resonance plays the main role in enhancing 

second harmonic generation. 

 

Figure 7.2 Observation of second harmonic generation 

Detected spectral dependence of second harmonic (SH) emission by metamaterial on a cleaved 

fibre (green), unstructured silicon film on a cleaved fibre (red) and an unstructured bare cleaved 

fibre (black) alongside the metamaterial’s linear transmission spectrum (purple) for y-polarized 

pump light.  

In order to confirm that the second harmonic generation is introduced by the metamaterial 

nanostructure, rather than the presence of the silicon film or the optical fibre, two control 

experiments were conducted on a bare fibre tip and on a tip of fibre covered by an unstructured 

90-nm-thick layer of CVD-silicon. It is shown in Figure 7.2 that no second harmonic generation 

above the noise level was detected in the control experiments on unstructured reference fibres 

with and without the silicon film, which confirms that the observed second harmonic generation is 

due to mesoscopic structuring. 

7.4 Optical conversion efficiency 

Then, power dependence measurements of the detected nonlinear signal have been performed to 

confirm the nonlinear order of the detected signal, for pumping at 1510 nm wavelength, shown in 
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Figure 7.3. The detected power exhibits a quadratic dependence on the incident pump power. 

Accounting for the detection efficiency of the photomultiplier tube as well as the losses in the 

detection optics (fibres and filters), 2.9 pW second harmonic power (PSH) has been observed for 35 

mW y-polarized average pump power (Ppump), corresponding to a second harmonic generation power 

conversion efficiency of at least η=PSH/Ppump=0.8×10-10, which is comparable with efficiencies in 

metallic structures [172, 173] and exceeds previously reported silicon metamaterial by four orders of 

magnitude [25]. We note that the fibre’s refractive index of about 1.45 implies that some diffraction 

will occur into the fibre at free-space wavelengths shorter than 1.6 μm, while diffraction into air 

occurs at wavelengths shorter than 1.1 μm. The fibre’s numerical aperture of 0.13 implies that only 

radiation propagating close to normal to the metamaterial will be collected. Therefore, the calculated 

efficiency of our structure only accounts for 0th order diffraction of SHG into the fibre. Diffraction 

of SHG up to the 1st order into air and up to the 2nd order into glass implies that the metamaterial’s 

true SHG efficiency may be a few times higher. Besides, no saturation of SH intensity can be seen 

in Figure 7.3, which implies that the conversion efficiency is likely to become even larger with 

increasing pumping power. 

 

Figure 7.3 Power dependence of second harmonic generation by the metamaterial 

Power dependence of second harmonic generation by the metamaterial (black dots) with a 

quadratic fit (red curve) at 1510 nm pump wavelength for y-polarized pump light.  

To allow comparison with other materials, we need to consider that phase-matched – sufficiently 

thin films are always phase matched – SH conversion efficiency increases linearly with pump peak 

intensity (I) and quadratically with interaction length (L).  



Chapter 7 

78 

The measured SH efficiency is η=0.8×10-10 at a pump intensity of I=8.8 GW/cm2. The interaction 

length, which is the thickness of the metamaterial, is L=346 nm. The normalized efficiency is given 

by:  
𝜂

𝐼𝐿2 = 8 × 10−3/GW. 

We assume SH generation with perfect phase matching, which is automatically satisfied for 

materials of sub-wavelength thickness. The effective nonlinear susceptibility 𝑥𝑒𝑓𝑓
(2)

 can be estimated 

as [32]: 

                                                                     𝐼𝑆𝐻𝐺 =
𝜔𝑝

2 (𝑥𝑒𝑓𝑓
(2)

) 2𝐿2

2𝑛𝑆𝐻𝑛𝑝
2 𝑐3𝜀0

𝐼2 
 

(7.1) 

𝐼𝑆𝐻𝐺  is the intensity of the generated SH signal, 𝜔𝑝  is the pump frequency. 𝑛𝑆𝐻  and 𝑛𝑝  are the 

refractive index of silicon at SH wavelength and pump wavelength, respectively. The vacuum speed 

of light is 𝑐  and the vacuum permittivity is 𝜀0 . If we assume 𝑛𝑆𝐻 = 𝑛𝑝 = 3.5 (for silicon), then 

𝑥𝑒𝑓𝑓
(2)

= 0.3 pm/V.  

Therefore we arrive at a normalized efficiency of η/(IL2)= 8×10-3/GW corresponding to 𝜒𝑦𝑦𝑦
(2)

~0.3 

pm/V, which is comparable to KDP [32]. The normalized efficiency reported here exceeds previous 

silicon metamaterial [25] by two orders of magnitude, see Table 7.1. This improvement is largely 

due to resonant enhancement of second harmonic generation at the closed-mode resonance of the 

double chevron structure.  

 Table 7.1 Comparison of our Si metamaterial with the nearest state of the art: 

 

 

 Our metamaterial Si metamaterial [25] 

Material a-Si on glass fibre tip a-Si on glass 

Meta-atom Double chevron grooves L-shape 

Period, Λx × Λy (nm) 1000×1100 390×390 

Thickness, L (nm) 346 280 

Pump wavelength, λ (nm) 1510 840 

Average pump power, Ppump (mW) 35 ~225 

Repetition rate, fR (MHz) 80 80 

Pulse width, τ (fs) 200 100 

Pump peak intensity, I (GW/cm2) 8.8 ~0.36 

SH conversion efficiency, 𝜂 0.8×10-10 ~10-14 

SH normalized efficiency, 𝜂/( 𝐼𝐿2) 8×10−3/GW ~3.6×10−5/GW 
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7.5 Contribution of each allowed χ(2) component 

According to symmetry analysis, this metamaterial – and any other structure of D1 symmetry with 

symmetry axis y - has three allowed components of the second-order susceptibility: 𝜒𝑦𝑦𝑦
(2)

, 𝜒𝑦𝑥𝑥
(2)

 and 

𝜒𝑥𝑦𝑥
(2)

= 𝜒𝑥𝑥𝑦
(2)

. However, second harmonic detection through the standard single-mode fibre, that 

hosts the nonlinear metamaterial and does not maintain polarization, does not allow direct 

polarization measurements on the generated second harmonic light. In order to probe the relative 

strengths of the allowed susceptibility components, the generated second harmonic power was 

detected while driving the metamaterial with left-circularly, right-circularly and linearly polarized 

pump fields at several orientations relative to metamaterial symmetry axis. The second-order 

susceptibility tensor components were extracted by fitting the pump-polarization-dependent 

intensity of generated second harmonic signal into the relation equations between the second 

order nonlinear tensors and the intensity of generated SH signal, shown in the following: 

7.5.1 Pump field 

The incident field that drives the metamaterial is given by: 

𝐸(𝑡) = 𝛼√𝑃𝑝𝑢𝑚𝑝 ∙ (𝑥 cos 𝜃 + 𝑦̂ sin 𝜃 𝑒𝑖𝜙)𝑒𝑖𝜔𝑡 (7.2) 

Electric field and incident power Ppump are linked by a proportionality constant α, |𝐸(𝑡)|2 =

𝛼2𝑃𝑝𝑢𝑚𝑝. The angle ϕ determines the polarization ellipticity of the incident light. In case of linearly 

polarized light (ϕ=0), θ is the polarization azimuth measured relative to the x-axis. The y-

polarization (ϕ=0, θ=90°) is along the symmetry axis of the metamaterial, see Figure 7.4. Left and 

right circularly polarized pump light is given by ϕ=±90° and θ=45°. 

The observable field is given by the real part of the previous expression: 

𝐸𝑜𝑏𝑠(𝑡) = 𝑅𝑒(𝐸(𝑡)) = 𝛼√𝑃𝑝𝑢𝑚𝑝 ∙ (𝑥 cos 𝜃 cos 𝜔𝑡 + 𝑦̂ sin 𝜃 cos(𝜙 + 𝜔𝑡)) (7.3) 
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Figure 7.4 Pump polarization angle relative to metamaterial 

Schematic of linearly polarized (ϕ=0) pump laser light of azimuth θ incident on the metamaterial 

with symmetry axis y. 

7.5.2 SHG intensity 

Assuming the metamaterial has D1 symmetry with symmetry axis along y, the allowed second order 

nonlinear susceptibility tensor components are: 𝜒𝑥𝑥𝑦
(2)

= 𝜒𝑥𝑦𝑥
(2)

, 𝜒𝑦𝑥𝑥
(2)

, 𝜒𝑦𝑦𝑦
(2)

, where the first index 

indicates the second harmonic polarization, and the latter indices indicate the polarization of the 

pump wave. 

It is convenient to parametrized them as: 

𝜒𝑥𝑦𝑥
(2)

= 𝜒𝑥𝑥𝑦
(2)

= 𝑎𝑒𝑖𝛾𝜒𝑦𝑦𝑦
(2)

 (7.4) 

𝜒𝑦𝑥𝑥
(2)

= 𝑏𝑒𝑖𝜑𝜒𝑦𝑦𝑦
(2)

 (7.5) 

Where 𝑎 = |𝒙𝒙𝒚𝒙
(𝟐)

𝒙𝒚𝒚𝒚
(𝟐)

⁄ |, 𝑏 = |𝒙𝒚𝒙𝒙
(𝟐)

𝒙𝒚𝒚𝒚
(𝟐)

⁄ | are real-valued and non-negative. The second harmonic 

field is then (using Equation 7.2 and dropping α and 𝑒𝑖2𝜔𝑡 in the second step for simplicity): 

𝐸𝑆𝐻 ∝ (𝜒𝑥𝑦𝑥
(2)

+ 𝜒𝑥𝑥𝑦
(2)

) 𝐸𝑥𝐸𝑦 ∙ 𝑥 + (𝜒𝑦𝑥𝑥
(2)

𝐸𝑥𝐸𝑥 + 𝜒𝑦𝑦𝑦
(2)

𝐸𝑦𝐸𝑦) ∙ 𝑦̂

∝ 𝜒𝑦𝑦𝑦
(2)

𝑃𝑝𝑢𝑚𝑝 ∙ {2𝑎 cos 𝜃 sin 𝜃 ∙ 𝑒𝑖(𝜙+𝛾) ∙ 𝑥 + (𝑏 cos2𝜃𝑒𝑖𝜑

+ sin2𝜃𝑒𝑖2𝜙) ∙ 𝑦̂} 

 

(7.6) 

The total second harmonic power is given by the sum of the x- and y-polarized second harmonic 

powers: 

𝑃𝑆𝐻 = 𝑃𝑆𝐻
𝑥 + 𝑃𝑆𝐻

𝑦
∝ |𝐸𝑆𝐻

𝑥 |2 + |𝐸𝑆𝐻
𝑦

|
2

∝  |𝜒𝑦𝑦𝑦
(2)

|
2

𝑃𝑝𝑢𝑚𝑝
2 ∙ {4𝑎2 cos2𝜃 sin2𝜃 + 𝑏2 cos4𝜃 + sin4𝜃

+ 2𝑏 cos2𝜃sin2𝜃 cos(𝜑 − 2𝜙)} 

(7.7) 
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At this point we drop  |𝜒𝑦𝑦𝑦
(2)

|
2

 and write this in terms of second harmonic photon counts 

𝑁(𝜃, 𝜙, 𝑃𝑝𝑢𝑚𝑝), which correspond to the difference between the detected counts 𝑁𝐷(𝜃, 𝜙, 𝑃𝑝𝑢𝑚𝑝) 

and the detector’s dark-counts, 𝑁𝑑𝑎𝑟𝑘 that we assume to be constant. Important special cases are 

listed in Table 7.1. 

𝑁(𝜃, 𝜙, 𝑃𝑝𝑢𝑚𝑝) = 𝑁𝐷(𝜃, 𝜙, 𝑃𝑝𝑢𝑚𝑝) − 𝑁𝑑𝑎𝑟𝑘

∝ 𝑃𝑝𝑢𝑚𝑝
2

∙ {4𝑎2 cos2𝜃 sin2𝜃 + sin4𝜃 + 𝑏2 cos4𝜃

+ 2𝑏 cos2𝜃sin2𝜃 cos(𝜑 − 2𝜙)} 

(7.8) 

Table 7.2 Second harmonic photon counts for selected pump polarizations 

Pump polarization Second harmonic photon counts, 𝑁(𝜃, 𝜙, 𝑃𝑝𝑢𝑚𝑝) 

Circular 

ϕ=±90°, θ=45° 

𝑃𝑝𝑢𝑚𝑝
2 ∙ {𝑎2 +

1

4
+

1

4
𝑏2 −

1

2
𝑏 cos(𝜑)} 

Diagonal linear 

ϕ=0°, θ=45° or 135° 

𝑃𝑝𝑢𝑚𝑝
2 ∙ {𝑎2 +

1

4
+

1

4
𝑏2 +

1

2
𝑏 cos(𝜑)} 

x-polarization 

ϕ=0°, θ=0° 

𝑃𝑝𝑢𝑚𝑝
2 ∙ {𝑏2} 

y-polarization 

ϕ=0°, θ=90° 

𝑃𝑝𝑢𝑚𝑝
2 ∙ {1} 

7.5.3 Linear and circular polarization experiments 

For linear pump polarization (ϕ=0°) at fixed pump power 𝑃𝑝𝑢𝑚𝑝, the pump azimuth (𝜃) dependence 

of second harmonic photon counts relative to the case of y-polarized pumping is given by: 

𝑁(𝜃, 0, 𝑃𝑝𝑢𝑚𝑝)

𝑁(90°, 0, 𝑃𝑝𝑢𝑚𝑝)
=

𝑁𝐷(𝜃, 0, 𝑃𝑝𝑢𝑚𝑝) − 𝑁𝑑𝑎𝑟𝑘

𝑁𝐷(90°, 0, 𝑃𝑝𝑢𝑚𝑝) − 𝑁𝑑𝑎𝑟𝑘

= 4𝑎2 cos2𝜃 sin2𝜃 + sin4𝜃 + 𝑏2 cos4𝜃 + 2𝑏 cos2𝜃sin2𝜃 cos(𝜑) 

(7.9) 

The second harmonic photon counts as a function of the linear polarization angle θ of the excitation 

laser were measured at five pump wavelengths and fitted by Equation 7.9. Brute-force lookup of 

all the possible values for 𝑎 = |𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | , 𝑏 = |𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | , and 𝜑 = arg 𝜒𝑦𝑥𝑥
(2)

− arg 𝜒𝑦𝑦𝑦
(2)

 

constrains the nonlinear susceptibility tensor components that are consistent with the experiments. 

The range of possible solutions is shown by Figure 7.5. |𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | is well-constrained at each 



Chapter 7 

82 

pumping wavelength, see Figure 7.5(a,c). However, experiments with only linear pump polarization 

yield a range of solutions for |𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | and cos 𝜑, shown in Figure 7.5(b).  

To break this ambiguity and fully characterize the susceptibility tensor components of our 

metamaterial, we further measured second harmonic generation with circularly and linear 

polarized excitation at 1510 nm pump wavelength, where the second harmonic generation is 

strongest. Figure 7.5d shows generated second harmonic power as a function of the azimuth of the 

linear pump polarization at 1510 nm pump wavelength. The measurements were conducted at an 

average power of 12 mW. Through fitting the generated SH signal by the circular as well as linear 

polarized pump into Equation 7.8 (see also Table 7.1), we found |𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | =0.2, |𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | =

0.2 and 𝜑=±83° at a pump wavelength of 1510 nm.  

 

Figure 7.5 Contribution of each allowed χ(2) component 

(a) Possible susceptibility ratios |𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ |  as a function of possible ratios  |𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | . (b) 

Possible values of cos φ as a function of possible ratios |𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | . (c) The dependence of 

|𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | on the pump wavelength. (d) The generated second harmonic power as a function of 

the azimuth of the linear pump polarization at 1510 nm pump wavelength (the resonance). Dots 

indicate measurements and the blue curve shows a fit according to Equation (7.8). 
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7.6 Discussion 

Beyond symmetry considerations and the observed Fano resonance, we note that the structure 

may also support guided modes within the metamaterial layer [174, 175], which could play a role 

in coupling resonators and SHG. Furthermore, while diffraction above the 0th order will not be 

guided by the fibre and thus cannot contribute directly to the detected SHG, it could affect the 

conversion efficiency indirectly.  

Our results show how pumping at an anti-symmetric Fano-type resonance of a structure lacking 

inversion symmetry yields substantial second harmonic generation in an amorphous silicon 

metamaterial. We believe that the second-order nonlinearity can be increased further by increasing 

the Q-factor of this resonance and by engineering a second resonance at the SHG wavelength. This 

may be achieved by adjusting the metamaterial design, more accurate nanofabrication (to avoid 

inhomogeneous broadening) and by avoiding gallium ion implantation during nanofabrication (e.g. 

by using electron beam lithography or imprint techniques). 

In fact, to further improve the SH conversion efficiency, I have already designed and fabricated a 

new sample with double triangles in one unit cell. This sample shows resonances at about 1.6 µm 

and 810 nm, which can enhance local field at both fundamental as well as second harmonic 

wavelengths. More details about the sample with D3 symmetry structure can be found in Appendix 

B. Experimentally demonstrating SHG from this sample will be part of the future work (see Chapter 

8).  

7.7 Summary 

In summary, I have demonstrated resonance enhanced second harmonic generation in a fibre 

integrated all-dielectric metasurface. The results in this chapter indicate that: 

(1) Strong second harmonic emission is observed for y-polarized pump light at 1510 nm 

wavelength, corresponding to a nonlinear susceptibility of 𝑥𝑒𝑓𝑓
(2)

= 0.3 pm/V. No second 

harmonic generation exceeding the noise level has been detected in control experiments 

on unstructured reference fibres with and without the silicon film, confirming that the 

observed second harmonic generation is caused by the mesoscopic structuring. 

(2) The second harmonic emission peak coincides with the metamaterial’s resonance, 

indicating that the nanostructure’s resonance enhances the effective second order 

nonlinear response of the metamaterial.  



Chapter 7 

84 

(3) A progressive decline in the level of second harmonic signal is observed as the polarization 

of the pump is turned from the y-axis towards the x-axis, which is consistent with 

|𝑥𝑥𝑦𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | =0.2, |𝑥𝑦𝑥𝑥
(2)

𝑥𝑦𝑦𝑦
(2)

⁄ | = 0.2.  

(4) A power conversion efficiency on the order of 10-10 has been observed with a y-polarized 

35 mW average power pump beam at the metamaterial’s resonance wavelength, which is 

four orders of magnitude higher SH efficiency than previous silicon metamaterial. The 

normalized conversion efficiency is 8 × 10−3/GW [149], which is two orders of magnitude 

higher than for previous silicon metamaterial [25]. 

Our findings demonstrate how mesoscopic structuring – that combines closed-mode resonances 

with a suitable choice of point group symmetry – enables the fabrication of metamaterials with 

quadratic optical nonlinearity from amorphous dielectrics. Second harmonic generation by the 

double-chevron metamaterial of D1 symmetry is most efficient for pump light polarized along its 

symmetry axis and all allowed total second-order nonlinear susceptibility tensor components have 

been determined. Ease of deposition of amorphous materials shall enable the fabrication of 

nonlinear elements of nanoscale thickness on complex non-planar platforms, such as end-facets of 

optical fibres and silicon photonics waveguides. 
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Chapter 8 Conclusions and outlook 

8.1 Conclusion 

Second-order nonlinear optical processes are of considerable importance for laser technologies, 

quantum optics, materials characterization, spectroscopy, imaging, as well as wavelength 

conversion for optical signals and all optical information processing. Optical second harmonic 

generation inherently depends on the microscopic structure of materials and only occurs in media 

without inversion symmetry under dipole approximation. Efficient even-order nonlinear effects 

typically rely on thick non-centrosymmetric crystals, and hamper the potential for miniaturization 

of photonic devices, which in turn limits the speed, efficiency and scalability of photonic technology. 

Recent progress in the field of metamaterials promises to revolutionize nonlinear optics. 

Metamaterials can break limits of naturally available materials and artificially enhance and modify 

the materials’ nonlinear properties (such as second harmonic generation) by nanostructuring using 

nanofabrication techniques. This thesis theoretically studied structuring enabled nonlinearity and 

experimentally demonstrated second harmonic generation in a fibre-integrated all dielectric 

metamaterials. In this thesis: 

A Coulomb-coupled-oscillator model has been developed for predicting optical nonlinearity in 2D 

nanostructures and demonstrates that in the confined geometry of a two-dimensional nanoparticle 

the collective nonlinear response of the atomic array can arise from the Coulomb interactions of 

the optical electrons, even if the individual atoms exhibit no nonlinearity. The model was then 

applied to study harmonic and sum frequency generation in 2D nanostructures and shows that odd 

order and even order nonlinearities scale with the area and perimeter of nanoparticles, respectively. 

The model allows the simulation of large collections of atoms and mapping of the origin of harmonic 

and sum frequency generation in nanostructures. The model allows the design and optimization of 

nonlinear dielectric nanostructures for nanophotonics. 

Even order harmonics are not allowed in structures with even-fold rotational symmetry, but defects 

can break the symmetry. A model of defect induced harmonic generation in 2D nanoparticles has 

been reported. The model shows that defects have a large influence on even harmonic generation 

of 2D nanostructures. Information could be encoded in atomic defects via defect engineering and 

read by their harmonic generation signature. Such information could be written by AFM-based 

techniques and read by scanning near-field microscopy techniques. 

A fibre-integrated amorphous silicon metamaterial with meta-atoms of D1 symmetry has been 

designed and fabricated. The metamaterial is a double chevron array that supports a closed-mode 
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resonance for the fundamental wavelength at 1510 nm with a quality factor of 30.  I have 

experimentally demonstrated second harmonic generation in the amorphous silicon metamaterial 

with a normalized second harmonic conversion efficiency of 8 × 10−3/GW, which exceeds the 

previously achieved value for a silicon metamaterial by two orders of magnitude. This improvement 

is achieved by exploiting the double-chevron structure’s closed-mode resonance. The findings 

demonstrate how mesoscopic structuring – that combines closed-mode resonances with a suitable 

choice of point group symmetry – enables the fabrication of metamaterials with quadratic optical 

nonlinearity from amorphous dielectrics. Ease of deposition of amorphous materials shall enable 

the fabrication of nonlinear elements of nanoscale thickness on complex non-planar platforms, 

such as end-facets of optical fibres and silicon photonics waveguides.  

The results of this thesis can be applied to design nonlinear metamaterials and provide clear 

guidance on enhancing and controlling the nonlinear response of nanoscale planar optical devices 

and metamaterials.   

8.2 Outlook 

8.2.1 Further improve SH efficiency 

In this Thesis, I mainly discussed second harmonic generation enabled by nanostructuring. SHG 

from an amorphous silicon metamaterial has been experimentally achieved with a power 

conversion efficiency of ~10-10. However, the nonlinear efficiency can be further improved by 

enhancing local fields at both fundamental and SH wavelengths. 

In fact, I have fabricated a new sample of D3 symmetry structures, which exhibits multi-resonances, 

as shown in Figure 8.1 (Some details can be found in Appendix B). The resonances at two, ~1600 

nm and ~810 nm, wavelengths can be used to enhance the fields at fundamental and SH 

wavelengths, respectively. In addition, the D3 symmetry only allows one independent second order 

susceptibility  𝜒𝑥𝑥𝑦
(2)

= 𝜒𝑥𝑦𝑥
(2)

=  𝜒𝑦𝑥𝑥
(2)

= − 𝜒𝑦𝑦𝑦
(2)

, which will simplify the interpretation of SHG 

measurements. 
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Figure 8.1 Images of a multi-resonant metamaterial 

The multi-resonant metamaterial is based on amorphous silicon and fabricated on a glass substrate 

(a piece of quartz glass). The inset shows SEM images of the entire and partial metamaterial. The 

red frame indicates the unit cell of the metamaterial - a pair of triangles. 

Initial experiments reveal a resonantly enhanced nonlinear signal from the metamaterial as shown 

in Figure 8.2b. However, it is not confirmed whether the signal due to the second harmonic or 

higher harmonics, since power dependence experiments have not been conducted yet. However, 

it is pretty clear that the nonlinear signal is induced by the nanostructure, since in control 

experiments on an unstructured silicon film, no nonlinear signal is observed. 

 

Figure 8.2 Linear and nonlinear spectra of the new metamaterial  

(a) Linear and (b) nonlinear transmission spectra of new metamterial consisting of D3 symmetry 

nanostructrues. 

 



Chapter 8 

88 

8.2.2 Explore other nonlinear effects 

Beyond second harmonic generation, mesoscopic structuring of matter can also enable other 

nonlinear effects.  The transient transmission spectra of the new metamaterial have been measured, 

using resonances at about 1450 nm-1510 nm as pump signal and at 795 nm-825 nm as probe signal. 

The pump probe process is illustrated as the insert in Figure 8.3b. The metamaterial has a resonance 

at the pump wavelength as well as at probe wavelength, while unstructured film has no resonances. 

As a result, the metamaterial introduces absorption, which is not presented in unstructured silicon 

film, as shown in Figure 8.3b. 

 

Figure 8.3 Transient nonlinear transmission from the new metamaterial 

(a) The measured transmission spectra of the new metamaterial. The pump and probe wavelengths 

are marked by the orange and red shadows, respectively. (b) The transient transmission from the 

new metamaterial and an unstructured silicon film. The insert shows the schematic of pump-probe 

experiments. 

Moreover, the experimental demonstration of second harmonic generation in this thesis indicates 

that other second order nonlinear effects such as sum frequency, difference frequency generation 

are also possible. Spontaneous down conversion and optical rectification may also be present in 

the metamaterials, but their observation requires detectors with high enough sensitivity.  

These results show that the metamaterials demonstrated in this thesis have the potential to be 

developed into multi-functional devices and can be integrated with optical fibres and silicon 

photonics waveguides, which indicates a potential for application in all-optical information 

processing.
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 Specifications of major equipment 

 

 

 

Figure A1. Spectra Physics Inspire HF 100 ultrafast optical parametric oscillator 

Image and idler emission spectrum of the Spectra Physics Inspire HF 100 ultrafast optical 

parametric oscillator. 

The Spectra Physics Inspire HF 100 ultrafast optical parametric oscillator is used as pump source 

for my second harmonic generation experiments on the fibre integrated all dielectric metasurface. 

The laser can emit ultrafast pulses from 930 nm to 2500 nm wavelength. The output power of the 

laser is fixed for each wavelength, as shown in Figure A1. To get the SH spectra (Figure 7.2), we 

calibrate the pump laser power and make sure the output power for wavelengths from 1440 nm to 

1610 nm is at the same level. 
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Figure A2. H7421-50 Hamamatsu photomultiplier tube 

The image and counting sensitivity of H7421-50 Hamamatsu photomultiplier tube 

The SH nonlinear spectrum in Chapter 7 is detected by pumping from 1440 nm to 1610 nm 

wavelength, corresponding to SH wavelength from 720 nm to 805 nm. The H7421-50 Hamamatsu 

photomultiplier tube contains a GaAs photocathode and has a high counting sensitivity within the 

SH wavelength range, shown in Figure A2. For example, the counting efficiency is ~9% at 750 nm 

and ~10% at 800 nm. The PMT has a built-in thermoelectric cooler, allowing measurements with a 

good signal to noise ratio even at very low light levels. Its typical dark count is only ~50 counts/s.
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 Multi-resonant silicon metamaterial 

 

Figure B1 Transmission spectra after each fabriaction step. 

The metamaterial shown in Figure 8.1 is fabricated using a similar process as the reported fibre-

integrated all-dielectric metasurface in Chapter 6. The metamaterial is fabricated on a piece of 

quartz glass. First, a layer of 50 nm-thick Au film is deposited on the glass substrate, then the Au 

film is structured using FIB milling. The spectrum of the structured Au on glass is measured, see the 

black curve in Figure B1. A resonance at 1600 nm wavelength is observed. Then the Au film is 

removed through a wet etching process, leaving a structured glass, which shows no resonances (red 

curve in Figure B1). Finally, a 90 nm thickness amorphous silicon layer is deposited on the structured 

glass. At this stage, multiple resonances are exhibited by the metamaterial, see the blue curve in 

Figure B1. 
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• Jie Xu, Eric Plum, Vassili Savinov, and Nikolay I. Zheludev. “Second harmonic generation in 

amorphous silicon-on-silica metamaterial.” APL Photonics, 6(3) 036110 (2021) 

 

• Jie Xu, Eric Plum, and Vassili Savinov. “Toy model of second harmonic generation due to 

structuring of centrosymmetric films.” Optics Express 28(22): 33346-33354 (2020) 

 

• Jie Xu, Vassili Savinov, and Eric Plum. “Toy model of harmonic and sum frequency 
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