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Vibroacoustic response prediction is a key requirement when one considers acoustic fatigue 
and sound transmission. Whilst various methods have been developed for vibroacoustic 
predictions, their applicability and efficiency are limited when applying the methodologies to 
complex structures and conditions typically present in aerospace applications. The aims of this 
study are to improve a simplified prediction methodology, so that the effects of stiffeners, 
curvature, nonlinearity and elevated temperature can be incorporated into a general, efficient 
and accurate prediction. To achieve this a new framework with some of the existing 
formulated vibroacoustic quantities is proposed. A linear modal model was developed to 
predict the vibroacoustic response of stiffened thin plates to incident sound. The model was 
subsequently extended and applied to stiffened cylinders, where the rigid scattering of the 
incident sound was included. Subsequently, the surface pressure prediction from the model 
was experimentally validated for a scaled fuselage structure. Finally, a geometrically nonlinear 
reduced order model (NLROM) was developed for structures possessing deep stiffeners, high 
curvature and elevated temperatures. The effects of the nonlinear static characterisation and 
direct time integration on the predictions were investigated. The effects of vibroacoustic 
coupling, nonlinearity and elevated temperature for fatigue were quantified.  

    The key finding was that stiffeners, curvature, nonlinearity and elevated temperature can 
have significant impacts on the vibroacoustic response and subsequent fatigue life. Firstly, the 
vibroacoustic coupling is enhanced by stiffeners. Secondly, the presence of curvature can 
weaken the coincidence and wavelength selectivity as seen in the Joint Acceptance Functions 
(JAFs). Thirdly, the onset of nonlinear behaviour is initiated at higher excitation levels when 
there is the presence of stiffeners and curvature. These features, together with a temperature 
rise, can be captured by the NLROM with appropriate improvement, development and 
implementation. Finally, the vibroacoustic coupling, nonlinearity and raised temperature are 
important factors in the estimation of the fatigue life. A significant computational reduction 
is also achieved and shown using the proposed model, whilst retaining good accuracy 
compared to existing methodology such as a fully coupled finite element – boundary element 
model or a fully dynamic nonlinear finite element model solution. 
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Chapter 1 Introduction 

1.1 A brief overview of acoustic fatigue  

The purpose of this research is to improve the prediction methodology for the structural 

response and the subsequent fatigue life due to acoustic excitation. Particular attention will 

be devoted to the vibroacoustic response of thin-walled structures. Immediate applications 

of this study are in acoustic fatigue for aerospace applications, where plate-like and cylindrical 

components are utilized in aircraft or spacecraft fuselage and wings or control surfaces and 

are typically acoustically excited by either jet or rocket noise respectively. A brief introduction 

and overview of the key features of acoustic fatigue follows. 

Acoustic fatigue is dynamic structural fatigue due to the behaviour possessing high frequency 

stress reversals due to acoustic excitation. A sound pressure level (SPL) of above 100 dB is 

usually assumed and the structural response may range from remaining linear to behaving in 

a nonlinear manner. These stresses/strains may have relatively small amplitudes compared to 

those caused by other types of loads, but they usually occur at high frequencies, so the fatigue 

damage can accumulate and happen in a relatively short period of the operational service. An 

extreme example of a skin panel that was damaged by acoustic fatigue is shown in Figure 1-1, 

which is taken from an acoustic fatigue test [1]. Acoustic fatigue prediction typically 

determines how long the structures can survive in an acoustic environment. The prediction 

process may sequentially cover the modelling of the acoustic excitation, the estimation of the 

structural vibration and the estimation of the fatigue life. Temperature or thermal loading is 

also a necessary input parameter in the application to launch vehicles or high-performance 

aircraft. 

 

Figure 1-1 A cracked panel due to acoustic fatigue [1]. 
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In the late 1950’s, acoustic fatigue failures were first reported in aircraft structures exposed 

to sound pressure fluctuation produced from the jet engines. The fatigue failure due to the 

random loading was first investigated and idealised by a single degree of freedom modal 

response system by Miles [2]. He applied the Palmgren - Miner hypothesis of cumulative 

fatigue damage in the subsequent fatigue life estimation [3]. This work was subsequently 

extended to accommodate the full multi-modal response of a continuous system by Powell 

[4]. The Joint Acceptance Function (JAF) was then also introduced to describe the spatial 

coupling between the pressure loading and the structural modes. In the light of practical 

aerospace structures, such as flat plates, control surfaces and stiffened plates, Clarkson 

simplified the prediction by assuming a predominant fundamental modal response and in-

phase pressure over the structure surface [5], which gave a conservative estimate of the stress. 

Up to the mid 1970’s, with considerable work being done [6, 7] to develop applicable 

techniques from interdisciplinary research, the acoustic fatigue problems became mature 

enough to be addressed in design guidelines [5, 8-10] and generally became less of an issue. 

Renewed emphasis returned to theoretical study of acoustic fatigue in the mid 1980’s, when 

the new generation of aircraft/spacecraft with hypersonic or ‘vertical/short take-off and 

landing’ (V/STOL) configurations were being considered. Nonlinear response problem, 

appeared due to the increased acoustic loads [11] and higher performance requirements. A 

wide range of early studies were conducted to pursue analytical solutions [12-17], but the 

most feasible numerical approaches, finite element methods (FEM) [18-23] and the Monte 

Carlo simulation [24], became prevalent in the early 1990’s. The subsequent fatigue life 

estimation methods were also developed for the nonlinear response [25-30]. New structural 

configurations such as composite structures were also considered [18, 31, 32]. The new 

interests promoted a research collaboration at a European level with a Brite Euram project, 

ACOUFAT [33]. It considered constructions with advanced materials and structural 

arrangements. Over the next decade, many attempts were made to overcome the 

computational challenges and improve predictions for modern design configurations, 

concerning the nonlinear effects coupled with the thermal and aerodynamic loads [1, 34]. 

A literature review is given in the following section. It is structured over four main 

corresponding aspects including vibroacoustic response, nonlinear vibration, fatigue life 

estimation and thermal loading.  
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1.2 Literature review 

1.2.1 Vibroacoustic response 

Structures characterised by high stiffness and low mass are typically required in aerospace 

applications; examples include launch vehicle fairings and aircraft fuselages. Stiffened, thin 

plates or cylindrical shells are often used in this context. These structures are most likely to 

be excited by high intensity sound fields and their vibroacoustic responses can subsequently 

lead to major concerns for acoustic fatigue and sound transmission. In addition, thin 

structures can exhibit important vibroacoustic coupling phenomena that on some occasions 

need to be taken into account.  

This section reviews a few of the methods that have been developed and used to predict 

vibroacoustic structural response. The structural and the acoustic models, either separately 

or coupled, have all typically been linear. When the acoustic excitation levels are very high, 

the structural response becomes geometrically nonlinear, which cannot be predicted 

accurately by the linear models. This will be addressed in the Section 1.2.2. 

1.2.1.1 Joint Acceptance Function (JAF) 

The structural response to acoustic excitation can be calculated by making use of the Joint 

Acceptance Function (JAF) in a modal approach. The JAF is a spatial coupling factor between 

the structural mode shape and the surface pressure distribution. Mathematically it is defined 

as the ratio between the modal force due to a specific sound field and the overall static force 

due to a uniform pressure field [4].  

For example, the JAF for a sound field acting on a rectangular plate can be written as [35]   

 𝑗𝑛(𝜔) =
∫ ∫ 𝜓𝑛(𝑥, 𝑦)

𝑎

0

𝑏

0
𝑝(𝑥, 𝑦, 𝜔)d𝑥d𝑦

𝑝0𝑎𝑏
, Eq.(1-1) 

where 𝑗𝑛(𝜔) is the JAF for the 𝑛𝑡ℎ mode at the angular frequency of 𝜔, 𝜓𝑛(𝑥, 𝑦) is the mode 

shape of the 𝑛𝑡ℎ  mode, 𝑎  and 𝑏  are the dimensions of the plate, and 𝑝0  is an equivalent 

uniform pressure field. In the case of baffled plates, 𝑝0  corresponds to a doubling of the 

pressure amplitude of the incident field ignoring the re-radiation. JAF indicates how efficiently 

the 𝑛𝑡ℎ  mode can be excited when subjected to the particular sound field 𝑝(𝑥, 𝑦, 𝜔)  in 

comparison to a uniform excitation. 

Figure 1-2 shows the JAF for the first 4 modes of a rectangular plate calculated using Eq.(1-1). 

The four edges of the plate are simply supported, so that the mode shapes as well as the 
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structural bending wavelength have exact analytical expressions but other boundary 

conditions have been considered. In the calculation, a plane wave with an incident angle of 

𝜋/4  to the 𝑥  direction and normal to the 𝑦  direction is assumed. The edge along the 𝑥 

direction is set to be 0.8m and that along the 𝑦 direction is 0.3m. As here, the JAFs can and 

are often plotted against the ratio of the structural wavelength to the acoustic trace 

wavelength, so that they are independent of the incident angle and the structural dimensions. 

In this example, this wavelength ratio along the ordinate axis is zero, as the acoustic trace 

wavelength is infinite in that direction. The wavelength ratio, given along the abscissa axis, is 

proportional to frequency for each mode with a given structural wavelength. 

 

Figure 1-2 The variation of the JAF for a simply supported rectangular plate excited by a plane wave travelling 
parallel to two opposite edges and at an angle to the other edge producing the structural-acoustic (trace) 

wavelength ratio 𝜆𝑠𝑥/𝜆𝑡𝑥 in the direction of propagation. Circle markers ‘○’: the 1st mode. Square markers ‘□’: 
the 2nd mode. Asterisk markers ‘*’: the 3rd mode. Plus sign markers ‘+’: the 4th mode.  

The result demonstrates some apparent behaviour of the JAF. Firstly, the JAF, being a non-

dimensional factor, measures the effectiveness of the sound pressure for exciting modes in 

its variation over different modes and different structural-acoustic wavelength ratios. 

Secondly, when the acoustic trace wavelength matches the structural wavelength at the 

coincidence frequency 
𝜆𝑠𝑥

𝜆𝑡𝑥
= 1, a maximum appears in the corresponding JAF for all but the 

1st mode, which is the coincidence effect. Thirdly, the remaining wavelength ratio domain for 

the JAF consists of harmonic peaks and valleys. This is the acoustic wavelength selectivity of 

the JAF due to the cancellation of wavelength harmonics in the modal force distributions [36].  

The JAF can apply to any types of sound fields, which can be random in time and space, such 

as random diffuse fields and turbulent boundary layer (TBL). In these cases, instead of using 

the exact description of the pressure distribution, the spatial correlation of the pressure field 
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is used to evaluate the JAF [4]. One numerical example of this was presented by Wallace in 

[37]. The correlation coefficients were used to calculate the JAF for a random plane wave 

excitation. The calculation was also extended to the random diffuse field by averaging the JAF 

over all spatial incident field directions in the half-space above the plate. 

The pressure correlation also affects the JAF behaviour. The work of Bozich [36] shows that 

the mode shapes lose their acoustic wavelength selectivity as the pressure correlation 

decreases. The JAFs for different modes coalesce at high frequencies. Some approximations 

of particular pressure fields can be made to simplify the calculation of JAF. The in-phase 

pressure was firstly assumed for jet noise by Clarkson [5]. Together with the assumption of a 

predominant modal response at the fundamental frequency, the mean square stress at any 

point on a panel is given by a simplified equation which can be readily applied in flat plates, 

control surfaces and integrally stiffened panels. The estimated stress levels were within a 

factor of twice the measured values despite the coarse simplifications. One consequence of 

the in-phase pressure assumption is that the response of all of the antisymmetric modes is 

lost, which is not the case for other sound fields like TBL. Blevins [38] later approximated the 

surface pressure distribution by the mass-weighted mode shapes, which effectively makes the 

JAF equal to unity and avoids the numerical integration. This approximation provides a 

conservative estimation and over predicts the subsequent structural response. 

In the aforementioned literature the JAF is used to describe the coupling from the pressure 

field to the vibration (structural modes), but not vice versa. It means that the JAF method 

effectively leads to an uncoupled solution, without including the re-radiated pressure caused 

by the structural vibration. Generally, because of the low density of air compared to the 

structural material, this re-radiated pressure is small enough to have a negligible effect on the 

structural vibration. However, the vibroacoustic coupling might play a significant role for 

lightweight stiff structures such as spacecraft antenna [39]. As an attempt to move the current 

state of the art forward, the JAF has also been included in the calculation of the radiation 

quantities and consequently used to describe a fully vibroacoustic coupled model in this 

research. 

The JAF can also be applied to curved structures. The JAFs for rings and cylinders subjected to 

reverberant fields and TBL have been listed in an ESA manual [40]. Coyette [41] extended the 

calculation to include truncated conical geometry and provided an efficient method of 

evaluating the JAF for a diffuse field excitation by using an alternative form of the spatial 

correlation function. However, the scattering effect of the sound is not included in the analysis. 
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Wenzel [42] derived the pressure correlation for an infinite cylinder in a diffuse sound field 

taking into account the rigid scattering effect. His numerical result shows that the rigid 

scattering effect significantly influences the spatial correlation around the circumference, 

whilst it has little effect along the axial direction. He also demonstrated the different 

asymptotic behaviours of the JAF between the flat plate and the cylinder [43]. 

To explore the sound scattering effect in a wider context, this research investigates the 

acoustic response of cylinders subjected to both incident plane and spherical waves. The 

effects of the stiffeners and vibroacoustic coupling are also investigated. 

1.2.1.2 Structural modelling 

The most typical structure used in aerospace vehicles are curved shells stiffened by 

longitudinal stringers and circumferential frames, as shown in Figure 1-3 for an example of an 

aircraft fuselage component.  

 

Figure 1-3 An aircraft fuselage component stiffened by stringers and frames [44]. 

If the curvature is low (shallow), these structures can be considered as stiffened plates. 

Clarkson [5] presented an approximate model of stiffened plates based on the Rayleigh-Ritz 

energy method. A panel made up of many plates was used to take into account the bending 

effect of stiffeners. A more detailed and complete analysis can be achieved by considering the 

compatibility conditions. In an example of a four-plate box structure, Abrahamson [45] 

applied the continuity condition (displacement and rotation) and the moment equilibrium at 

the plate intersections, which yield four independent sets of equations. They were then solved 

by the Newton-Raphson iteration. The assumed-modes approach have been used [46, 47] for 

structures with light stiffeners; usually the in-plane motion of the plate is neglected and the 

plate-stiffener interface is treated as a line.  

Another common type of structure is the stiffened cylinder where the curvature effect cannot 

be neglected. The current methods for the modelling of stiffened cylinders are classified as 
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the discrete approach [48] and the ‘smeared’ stiffness approach [49]. For orthogonally 

stiffened cylinders, a design guideline for the estimation of the lower natural frequencies and 

mode shapes, of either the flexural or the torsional vibrations, is provided by ESDU [50]. Rosen 

and Singer [51] derived three sets of equilibrium equations and boundary conditions from 

Donnell [52] and Flügge [53] theories for stiffened cylinders. A good agreement was achieved 

for the natural frequencies and mode shapes between the theory and corresponding test 

results. Wang et al. [54] extended the Rayleigh - Ritz method for solving the free vibration 

problem of cylindrical shells with varying ring-stiffener distributions. 

In comparison with stiffened plates, the stiffeners may produce different effects on the modal 

characteristics of the cylindrical shells due to the coupling of extension and bending motion 

around the circumference. The influences of the eccentricity, in addition to the in-plane and 

the rotary inertias of the stiffeners, were investigated with reference to an unstiffened 

cylinder by Parthan and Johns [55]. The effects of the number, location and material 

distribution of the stiffeners on the natural frequencies were examined by Wang et al. [54]. 

Bageri and Jafari [56] discussed the effects of the nonuniformity of the stiffener distribution 

on the dynamic characteristics of stiffened shells. They performed modal testing to obtain the 

modal characteristics of these cylindrical shells. The results provide reference data for non-

uniform stiffened cylinders. 

For more complex structures, it is generally not possible to derive analytical expressions. In 

this case, the finite element method (FEM) is usually used. With the structural dimensions, 

boundary conditions, material parameters and mesh dimensions, a free vibration analysis can 

be performed in the FE model to obtain the mode shapes and natural frequencies [57]. FEM 

can generally provide more accurate results as it usually involves less simplifications than an 

analytical model representation.  

The current structural modelling techniques are mostly very mature and various 

tools/methods can be used depending on the specific application. To investigate the effects 

of stiffeners and curvatures on the vibroacoustic response, the strength and weakness of the 

structural modelling methods (analytical, semi-analytical and FEM) need to be explored, so 

that appropriate methods can be selected. In this research, this process has been applied to 

the examples of stiffened plates and cylinders, and in the experimental work for a scaled 

fuselage structure.  
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1.2.1.3 Vibroacoustic coupling 

Numerical methods are commonly used to address the vibroacoustic coupling. They include 

either the finite element method (FEM) or the boundary element method (BEM). The 

structure is normally modelled by a FE model. The acoustic domain can be modelled by either 

the FEM [58] or the BEM [59] [60] [61]. Then both the vibration response and the radiated 

sound can be calculated by either a coupled FE-FE or a coupled FE-BE solution.  

For these solutions, the compatibility and equilibrium conditions at the common surface 

between the structure and the acoustic domains are considered. This approach is particularly 

useful for in addressing the complex geometry in both structural and acoustic domains, which 

might not be conveniently modelled by analytical approaches. Whist this approach offers a 

great level of accuracy at low frequencies, it suffers from a very heavy computational cost due 

to the fine mesh required as the frequency increases [57]. The cost can even be prohibitively 

high for subsequent Monte Carlo simulations, which are required to numerically produce an 

ensemble of diffuse fields [62].  

Various methods are available for reducing the computational cost. Starting from the early 

work of Mead in the periodic structures [63], the wave finite element (WFE) methodology 

proved to drastically reduce the problem size in terms of degrees of freedom compared to FE 

models [64]. Generally a small segment/periodic cell of the structure is modelled in WFE and 

the periodicity conditions are applied. The eigenvalue problems can be solved for the free 

structural wavenumbers by postprocessing the mass and stiffness matrices using the periodic 

structure theory. The state vectors (displacement and forces) are represented by a series of 

wave mode vectors. The amplitude of these wave modes under forced excitation can be 

obtained by using a Fourier transform and contour integration. Then the response at any point 

of the structure can be determined. Renno [65] applied this method to predict the forced 

response of a waveguide subjected to a convected harmonic pressure. This method was also 

applied to two-dimensional plane and curved thin-walled structures [66]. The properties of 

the structures can also vary through the thickness (e.g. laminated plates, sandwich panels, 

etc.). Numerical issues using the WFE will arise at high frequencies. The finite element 

discretisation errors become large if the size of the element is too large; round-off errors can 

occur if the element is too small. In addition, the spatial discretisation will also cause aliasing 

effects. These issues have been discussed by Mace [66]. For the sound radiation and 

transmission problems, the 2.5D FE/BE approach [67] can be adopted and is widely used in 

the prediction of railway noise [68]. Some analytical methods can be applied in the analysis of 
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the vibrations of the one-dimensional or the quasi-one-dimensional systems. They include 

methods based on: transfer matrices [69, 70], direct solutions [71], the space-harmonic 

method [72, 73] and phased array receptance functions [74]. The theory has also been 

developed to analyse the vibration of general two-dimensional periodic systems [75]. 

Particular features of the structures might be required, such as having constant cross-sections 

and being periodic along one direction.  

Alternatively, a modal approach can be used in a coupled solution, where the total surface 

pressure, including the re-radiated pressure, is incorporated. Fahy [76] presented an analytical 

approach that included the vibroacoustic coupling for an infinite strip subjected to an incident 

plane wave. The total surface pressure was decomposed into two parts: the blocked pressure 

including the incident sound and the reflected sound from an infinitely rigid surface, and the 

radiated pressure due to the structural vibration. He demonstrated that, compared to a non-

coupled solution, the effect of vibroacoustic coupling resulted mostly in adding damping for 

thin plates in air. Mejdi [47] extended this analysis to stiffened plates by using a modal 

expansion technique together with the full radiation impedance matrix. The spatial-averaged 

mean square velocity and radiated power due to a point source excitation were predicted and 

compared with FEM and BEM simulations to examine the effect of cross-modal contributions. 

The response to a diffuse field was also evaluated by using the field incidence approximation 

[77] and compared with measurements. 

The radiated sound from the vibrating structure can also be represented in terms of modal 

radiation efficiencies, which indicates how effectively the vibration of one mode can radiate 

sound power in comparison to a vibrating piston with the same mean square average velocity. 

The modal radiation efficiency 𝜎𝑛 is defined as [78] 

  𝜎𝑛(𝜔) =
𝑊𝑛

𝜌0𝑐𝑎𝑏〈𝑣𝑛
2̅̅ ̅〉

, Eq.(1-2) 

where 𝑊𝑛 is the acoustic power radiated by the 𝑛𝑡ℎ mode and 〈𝑣𝑛
2̅̅ ̅〉 is the spatial-averaged 

mean-square normal velocity of the plate for the 𝑛𝑡ℎ mode. 𝜌0 is the air density and 𝑐 is the 

sound speed in air. 

Compared with the JAF, which describes the coupling from the pressure field to the vibration 

(structural modes), the modal radiation efficiency describes the coupling from the structural 

modes to the radiated sound field. Hence, the radiation efficiencies are typically used to 

predict the sound radiation due to external forces.  
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Herein, a relationship between the JAF and the modal radiation efficiency has been derived. 

This allows a prediction to be made using a direct calculation for the vibroacoustic response 

and the sound transmission loss in the presence of a diffuse field whilst still accounting for full 

vibroacoustic coupling. 

1.2.1.4 Statistical Energy Analysis (SEA) and a hybrid alternative 

It is difficult to accurately predict the vibroacoustic responses of structures by the 

aforementioned methods at high frequencies, when the vibration modes cannot be well 

separated and the structural wavelength is short. A detailed representation of the model 

requires a large number of degrees of freedom in deterministic approaches such as the JAF 

and the FEM. Furthermore, the prediction accuracy becomes less reliable and is sensitive to 

the small details of the structure which might not be precisely determined because of 

uncertainty. 

SEA provides an alternative method to predict the high frequency response in terms of energy 

levels. In SEA, broad-band excitation is assumed and the response energy is averaged in space 

and frequency. The whole system is divided into a set of subsystems, each of which is allocated 

a single degree of freedom representing the stored vibration energy. Then a power balance 

equation for each of them is formulated with the parameters such as modal density and the 

coupling loss factors in addition to the dissipation loss factors. The literature regarding SEA is 

extensive [79-81]. A typical aerospace application of this method to a structure was 

considered by Irvine [82]. He calculated the mean square, space-time averaged response of a 

cylindrical shell subjected to a diffuse, broadband sound field. The results were compared with 

an empirical method (the Franken method [83]). A good agreement was achieved above 600 

Hz where the assumptions of SEA were valid. 

However, the SEA method is not accurate in the low to middle frequency range. More recent 

hybrid methods [84, 85] exist, which couple low modal density systems, such as beams, 

stiffeners and frames, in a FEM model sense, with an SEA model for the high modal density 

parts of coupled structure (such as the plates, skin, etc.). Larko and Cotoni [39] considered the 

vibroacoustic response of a spacecraft antenna to launch acoustic excitation. In their analysis, 

the SEA method was used to estimate the high frequency response and a hybrid finite 

element-statistical energy (hybrid FE-SEA) model for the low to mid-frequency responses. The 

results were compared to the test measurement data and to a FE-BEM model. Both the hybrid 

FE-SEA method and the FE-BEM method agree well with the test results, but the computation 

time was significantly reduced in the former approach.  
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The SEA and a hybrid alternative are not directly relevant to the thesis. This is because they 

are formulated on the basis of power flow between coupled systems and the result is a 

frequency band average of the total vibrational energy in each system. This is not an ideal way 

to predict the stress response at critical points whilst the normal modes methods are 

applicable [86]. 

1.2.2 Nonlinear response 

When subjected to high levels of acoustic excitation, the structural vibration response may 

become nonlinear, because of the geometric nonlinearity caused by the large deflection. For 

an example of the two-dimensional straight beam with clamped ends, the nonlinear strain-

displacement equation is [87] 

𝜀𝑥 =
𝑑𝑢

𝑑𝑥
+

1

2
{
𝑑𝑤

𝑑𝑥
}
2

 

where 𝑢 is the displacement in the in-plane 𝑥 direction, 𝑤 is the transverse displacement in 

the out of plane 𝑧 direction.  𝜀𝑥 is the longitudinal strain. The first term in the right hand side 

is linearly dependent on the longitudinal displacement. The second term is nonlinearly 

dependent on the bending displacement and for large amplitude flexural displacements 

produces non-negligible membrane strains and stresses. 

The nonlinearity could affect the frequency content, the amplitude and the response statistics. 

However, the linear prediction methods mentioned in Section 1.2.1 do not account for these 

nonlinear effects. The two commonly used approaches, the nonlinear finite element model 

(FEM) and nonlinear reduced order model (NLROM), are reviewed briefly in the following 

sections. A more detailed description with further relevant literature is given in Chapter 5. 

1.2.2.1 Nonlinear finite element model  

Nonlinear FEM has become the most feasible numerical approach since the mid 1980’s [11] 

[18-23] when the nonlinear finite element codes became available. The codes are based on 

the FE equation of motion including geometric nonlinearity [87] 

 𝑴𝒘̈ + [𝑲 + 𝑲𝟏(𝒘) + 𝑲𝟐(𝒘,𝒘)]𝒘 = 𝒇(𝑡) Eq.(1-3) 

where 𝒘 is the nodal displacement and 𝒇 is the nodal force. 𝑴 and 𝑲 are the linear mass and 

stiffness matrices. 𝑲𝟏 is the quadratic nonlinear stiffness matrix (a linear function of 𝒘) and 

𝑲𝟐 is the cubic nonlinear stiffness matrix (a quadratic function of 𝒘). 
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The nonlinear finite element codes have been implemented in commercial FE software such 

as Abaqus. By building the structural model, defining the acoustic loadings and selecting an 

appropriate numerical integration scheme [88], the nonlinear response (displacement and 

stress) can be obtained in a converged nonlinear solution. However, the computational cost 

of using nonlinear FEM for a complex structure subjected to random acoustic loading is very 

high. This is because the nonlinear stiffness matrices, 𝑲𝟏  and 𝑲𝟐  in Eq.(1-3), that usually 

possess many thousands of degrees of freedom, must be instantaneously updated within the 

time step 𝑡  that should be small enough to resolve the highest frequency of interests. 

Industrial users have supercomputers that are able to solve the high dimension nonlinear FE 

models, but it still takes huge computational memory space and long solution time for 

complex structures and extended time histories. In an example which will be given in Chapter 

5, a memory storage of 48 GB and a solution time of 600 hours are required for a stiffened 

plate with 64062 DOFs using the Iridis High Performance Computing (HPC). This computational 

cost, even for a supercomputer, is currently prohibitive for the nonlinear FE modelling to be 

used in an early design stage or trade-off study. 

1.2.2.2 Nonlinear Reduced Order Model (NLROM) 

The nonlinear reduced order model (NLROM) has been established and rapidly developed 

over the past few decades [87, 89]. It is essentially a FE-based modal approach, which has 

proven to be much more efficient than a full order nonlinear FEM. The large number of the 

physical DOFs in Eq.(1-3) can be reduced to just a few modal DOFs by using the modal 

transformation and truncation. Meanwhile, the nonlinear stiffnesses 𝑲𝟏  and 𝑲𝟐  can be 

approximated by a few polynomial terms with constant coefficients; the latter can be 

evaluated via a one-off static nonlinear characterisation. 

NLROM has been successful applied to simple structures such as straight beams and flat plates 

[1, 90] and the effects of the modal basis and static identifications [34, 91, 92] have been 

widely discussed. For those structures, the bending modes and membrane modes are linearly 

independent and only nonlinearly coupled. The application has also been extended to 

structures possessing the linear coupling of the in-plane and out-of-plane motions, such as for 

a moderately stiffened plate [90], shallow curved beams [93] and shallow curved panels [87].  

However, the implementation of NLROM has rarely been examined for structures with deep 

stiffeners and/or high curvature such as stiffened cylinders. For these structures, apart from 

the linear and nonlinear coupling between the bending and the membrane modes, the 

complex structural configurations might have significant effects on the nonlinear static and 
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dynamic response of the structures as well as on the statically applied loadings. Therefore, the 

implementation of NLROM, its wider structural geometry application and its comparison with 

a full order FE model for these structures should be studied. In addition, the thermal effect on 

the implementation of the NLROM should also be examined.  

1.2.3 Acoustic fatigue life prediction 

Acoustic fatigue is a safety concern for structures with high levels of acoustic introduced 

vibration [94]. The amplitudes of the vibration are typically still within the elastic deformation 

range of the structural material, although the loading can be high enough to exercise the 

geometric nonlinearity of the structure. So acoustic fatigue failure normally occurs over many 

cycles of higher frequency vibration. However, the structures are still at risk of failure in a 

relatively short period of time, as high frequency components are usually contained within 

the acoustic excitation and the subsequent responses. 

The inputs for the fatigue life calculation include the information on the fatigue failure of the 

material, usually provided by an experimentally obtained curve (S-N curve, that is the stress 

(𝑆) to the number of cycles (𝑁) to failure), and the response data. Different methods for the 

estimation the acoustic fatigue life have been developed and are well documented [95-97]. 

Given the 𝑆 − 𝑁 curve, the accuracy of the estimated fatigue life is dependent on whether an 

appropriate method is used and whether the response data is accurate. 

Depending on the required type of the response data, the methods can be categorized as 

either time domain methods [96] or spectral methods [97]. Miles [98] reviewed different 

methods for estimating the fatigue life due to random loading. Benasciutti et al. [99] reviewed 

the frequency domain methods for multi-axial fatigue analysis. Bishop and Sherratt [100] 

reviewed the traditional statistical tools available for the fatigue life calculation from power 

spectral density data. 

1.2.3.1 Time domain methods 

The idea of the time domain methods is to count the stress cycles in the response time 

histories; the latter are often obtained from FEM simulations. Different cycle counting 

algorithms can be implemented, such as the level-crossing counting [101], the peak counting 

[101, 102] and the rainflow counting methods [103-107]. Among them, the rainflow cycle 

counting methodology [103-105] is considered as the most accurate technique. A detailed 

introduction of the latter can be found in the design guidance of ESDU [50].  



14 
 

One limitation of the time domain approach is the high computation cost, increasing with the 

number of sample points, especially when processing the random time histories of finely 

meshed 3-D FE models [108]. 

1.2.3.2 Frequency domain methods 

The early spectral methods, outlined in [94], are applied to the vibration responses assuming 

stationary, Gaussian and narrow band random processes. Typically, the latter assumptions are 

applicable for the response of lightly damped, single degree of freedom (SDOF) systems 

subjected to broadband random excitation. In this latter case, analytical expressions in the 

form of the Rayleigh distribution exist for the rainflow cycle stress range probability density 

function (PDF). An essential part of the method is the estimation of the lowest resonance 

frequency in bending or flexure of different structures, including plates, cylinders and box 

structures.  

However, multi-modal random responses are generally expected for structures with 

continuous mass and stiffness distributions and one cannot represent the response as being 

dominated by the fundamental mode. In this sense, a damage correction factor can be 

introduced into the Rayleigh approximation to represent the wideband process with an 

equivalent narrowband process, i.e. the Rainflow damage factor method [109]. A semi-

empirical method, namely Dirlik’s method [110], was developed and is mostly widely used as 

a spectral method to accommodate the multi-modal response. In this method the PDFs for 

the stress ranges of the rainflow cycles are postulated as a function of the spectral parameters 

or statistical moments. A Gaussian process is assumed in Dirlik’s simulation to perform the 

Inverse Fourier Transform. However, this assumption is usually not valid for the response of 

nonlinear systems to the excitation with a Gaussian distribution. The nonlinear response 

probability distribution may be non-Gaussian [87, 111].  

1.2.4 The thermal loading effect on response and fatigue 

Temperature changes in constrained structures introduce thermal stresses [112]. The thermal 

stresses in simple structures such as plates, cylindrical shells and spherical shells have been 

investigated by Timoshenko [113]. The thermal stresses consequently influence the dynamic 

properties of structures and affect the vibration response to acoustic excitation and the 

subsequent fatigue life.  
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1.2.4.1 Analytical and numerical methods 

Different types of thermal loading distribution introduce different effects on the vibrational 

behaviour of structures. For simple temperature distributions, a number of representative 

examples of thermal stresses estimations were summarised in the textbook ‘Roark’s Formulas 

for Stress and Strain’ [114]. Sundara Raja Iyengar and Chandrashekhara [115] developed a 

Fourier series based method to determine the thermal stresses in a flat plate with arbitrary 

in-plane temperature distribution. Lee [116] investigated the dynamic response of plates and 

shells at elevated temperatures. The thermal effects of the global expansion due to uniform 

temperature, the local expansion due to temperature variation and the thermal moment due 

to temperature gradient across the plate thickness were examined using the single-mode 

model of Galerkin’s method. Mei et al. [23, 117] presented an efficient finite element method 

for the prediction of the nonlinear response of composite panels at elevated temperatures. 

The thermal stress may also cause snap-through buckling [118]. Snap-through buckling is a 

mode of instability where the excited structures may pass from an equilibrium state to a non-

adjacent equilibrium configuration. An experimental investigation of the acoustically excited 

random motion of a plate which is buckled due to thermal stress was made by Ng and 

Clevenson [119]. The results indicated that the effects of the snap-through behaviour on 

fatigue damage may only occur when a plate or a shallow shell is fully clamped. Lin and Yeh 

[120] conducted an analytical and experimental study on the buckling behaviour of cylindrical 

shells. It was found that the ratio of the length to radius and the boundary conditions had little 

influence on the buckling loads, but they caused a variety of post-buckling behaviours. 

The thermal stress may also influence the fatigue life of structures. The fatigue life estimations 

for panels, subjected to acoustic excitation and exhibiting a snap through behaviour under 

compressive loads possibly due to thermal loading, have been investigated [121, 122]. Ge et 

al. [123] developed a plane model based on shear strain to predict the fatigue life of metallic 

structures under combined thermal-acoustic loading. A comparison with the uniaxial 

Goodman model showed that this model is conservative, indicating thermal loading can 

significantly reduce the fatigue life. A reduced order model based on the FEM was presented 

by Radu et al. [26] to predict the response to thermal-acoustic loading and subsequent fatigue 

life on panels. An improved computational efficiency was achieved to generate a long time 

history for the stresses that were subsequently used for the fatigue life estimation. 
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1.2.4.2 Test facilities for thermal-acoustic test 

Experimental test facilities are indispensable tools for validating acoustic response/fatigue 

predictions subjected to thermal-acoustic loadings during their operational life. Figure 1-4 

shows the acoustic fatigue facility (AFF) at BAE systems in the UK [124]. It was designed to 

provide capabilities for high levels of acoustic excitation in conjunction with thermal loading 

and static in-plane loading for the development of V/STOL aircraft. The sound source can 

produce controlled sound in the frequency range 30Hz – 500Hz with sound pressure levels 

(SPL) up to 175dB. The thermal loading up to 800℃ can be applied to the specimen by an in-

house heating system, with rise/cooling rates between 20℃ and 700℃ in 30 seconds. Static 

in-plane loadings of up to 70 tonnes can be applied to the specimen. Test specimens with 

various shape and sizes (up to 1.2m×2.5m) can be tested with different acoustic field and 

loading conditions. 

 

Figure 1-4 The acoustic fatigue facility (AFF) in BAE systems [124]. 

Figure 1-5 shows the thermal acoustic fatigue apparatus (TAFA) in the Langley Research 

Centre in the US [119, 125]. It can simulate a grazing incident sound field with SPL up to 168dB 

and the frequency range 40Hz – 500Hz for both harmonic and random acoustic loadings. It 

has a heating capability of 1093℃. 
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Figure 1-5 The thermal acoustic fatigue apparatus (TAFA) in the Langley Research Centre [119]. 

Figure 1-6(a) - Figure 1-6 (c) show the high intensity acoustic testing facilities in the Wright 

Laboratory in the US [126].  

Figure 1-6 (a) shows the random fatigue chamber. It provides a random force output up to the 

root mean square (RMS) value of 89,000 N. The chamber is coupled with an environmental 

chamber operating from -157℃ to 1427℃. It can be used to determine the influence of 

temperature and pressure on materials for hypersonic structures. 

Figure 1-6 (b) shows the sub-element chamber. The progressive wave tube (PWT) can provide 

acoustic loadings of SPL up to 180dB. The maximum temperature is 1371℃. The size of the 

testing structure is up to 0.3m×0.6m. 

Figure 1-6 (c) shows the combined environment acoustic chamber. It was designed for the 

testing of structures at temperatures up to 1648℃ and SPL up to 180dB. 

 
  

(a) (b) (c) 

Figure 1-6 The high intensity acoustic testing facilities in the Wright Laboratory [126]. (a) The random fatigue 
chamber. (b) The sub-element acoustic chamber. (c) The combined environment acoustic chamber. 

Figure 1-7 shows the thermal-acoustic test inside the reverberation chamber in 

Industrieanlagen-Betriebsgesellschaft MBH (IABG) in Germany [127]. It was developed to 

satisfy the test requirements relating to reusable spacecraft, hypersonic vehicles and 

advanced launchers. A flaming heating system providing temperatures up to 1300 ℃  is 

mounted in a reverberation chamber or installed in a PWT. The former can provide controlled 
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noise in the frequency range 100Hz – 10kHz at SPLs up to 155dB, while the latter can provide 

noise in the frequency range 50Hz – 10kHz at SPLs up to 160dB for a test section of size 

0.8m×1.2m. The test structure in Figure 1-7 is the tank structure of the European launcher 

ARIANE 5 [127]. 

 

Figure 1-7 The thermal-acoustic test inside the reverberation chamber in Industrieanlagen-Betriebsgesellschaft 
MBH (IABG) [127]. 

The description of thermal-acoustic testing is brief and not directly relevant to the thesis. This 

is because such testing requires dedicated facilities, which were not available during the 

timescales of this study. 

1.3 Research questions and the original contributions 

1.3.1 Aims and research objectives 

As presented earlier, various methods have been developed for vibroacoustic predictions and 

a few of them have been reviewed in Section 1.2.1. However, for complex structures and 

loading conditions typically present in aerospace applications and especially for a coupled 

vibroacoustic analysis, the numerical methods suffer from high computational costs and poor 

physical interpretation, while the applicability of the analytical methods is limited to simple 

cases. It is clear that an efficient and accurate framework with concise formulations that 

capture the behaviour of the main quantities is necessary for evaluating the vibroacoustic 

responses. 

The majority of the previous investigations comprised flat panels being excited acoustically 

with few works relating to curvature. It was not until the early 2000s [128-133] that the 

response of curved shells under acoustic excitation was addressed more systematically. Even 

then, the same assumption of a single fundamental mode being dominant in the response was 

not changed, which was typically restricted to the shallow shell assumption [38, 134-139]. 
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High curvature in structures such as cylinders significantly affects either the structural 

dynamics or the way acoustic loads excite the structure. Further investigation of the acoustic 

response of cylinders is necessary. 

Many methods have also been developed to address the nonlinear effects such as the 

nonlinear reduced order model (NLROM). The efficiency and accuracy of NLROM have been 

well proven over a full order finite element model (FEM) for structures such as moderately 

stiffened plates and shallow curved panels. However, the application of NLROM has rarely 

been examined for more complex structures, such as those with deep stiffeners and/or high 

curvatures. These structural features may pose challenges in the implementation procedures 

of NLROM such as nonlinear characterisation and numerical integrations. In addition, the 

thermal effect should also be examined. 

The overall aims are thus to improve the vibroacoustic prediction methodologies for acoustic 

fatigue applications, by development of efficient and accurate methodologies that are capable 

of handling complex structural arrangements (e.g. curvature and stiffening) in addition to 

nonlinear response (due to high excitation levels) and high temperature effects. 

In particular, the detailed objectives of this PhD work are to investigate four research 

questions: 

• Research question 1: How to improve or reformulate the existing simplified 

methodology for estimating the vibroacoustic response of stiffened plates? (Chapter 

2) 

• Research question 2: Can the prediction method be extended to analyse and predict 

the behaviour of cylindrical, orthogonally stiffened cylinders? If it can be extended, 

then produce the required formulation. (Chapter 3 and Chapter 4) 

• Research question 3: How to incorporate the effects of the nonlinear response and 

elevated temperature into a general, efficient and accurate structural response 

prediction? (Chapter 5) 

• Research question 4: What are the consequences of vibroacoustic coupling, geometric 

structural nonlinearity and elevated temperature on the subsequent acoustic fatigue 

life? (Chapter 6) 

All of these questions, when addressed, will require validation either experimentally or 

numerically via simulations using accepted existing typically numerical methodologies for 

comparison. 
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1.3.2 Original contributions  

The overall aims and objectives have been achieved by the original contributions from the 

three research questions. 

For research question 1, a new framework for evaluating the coupled vibroacoustic response 

of flat plates, stiffened or not, to incident sound in terms of some of the existing formulated 

vibroacoustic quantities, namely modal radiation efficiency and/or Joint Acceptance Functions 

has been produced. Compared to similar studies ([76] [47]), the proposed approach gives a 

concise step by step formulation which only requires the in-vacuo modal parameters and 

extends the applicability to finite, stiffened plates with arbitrary boundary conditions 

subjected to either plane wave or diffuse field excitation. In addition, a significant 

computational reduction is achieved whilst retaining good accuracy compared to a fully 

coupled, numerical FE-BE solution. This work has been included in a conference paper [140] 

and a journal paper [141]. 

For research question 2, the modal model is extended and applied to stiffened cylinders 

subjected to both spherical wave and plane wave sound fields. Within this model, different 

excitation assumptions, including the blocked pressure and the doubling of the incident 

pressure can be compared, and the full vibroacoustic coupling can be accounted for by 

including radiation damping. A set of tests and measurement on a ring-stiffened, thin-walled 

aircraft fuselage model have been carried out to investigate the predictions of the surface 

pressures and the subsequent vibration responses for the stiffened cylinder in the context of 

a practical structure. Part of this work has been included in a conference paper [142]. 

For research question 3, the linear analysis for a stiffened plate and cylinder from research 

questions 1 and 2 has been extended to include a nonlinear analysis by applying a 

geometrically nonlinear reduced order model (NLROM). The effects of the nonlinear 

characterisations and the time integrations have been investigated and the thermal loading is 

incorporated in NLROM by introducing a suitable representative boundary conditions at the 

elevated temperature.  

For research question 4, use was made of the vibroacoustic model (developed in Chapter 2) 

and the NLROM (extended in Chapter 4) for the stiffened plate to produce the response data 

with different physical and environmental conditions. The consequences of using the 

proposed model for fatigue life estimation have been investigated in terms of the sensitivity 

to the vibroacoustic coupling, the nonlinearity and the elevated temperature on the fatigue 
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life prediction. It is planned to work toward a journal publication for the research undertaken 

in this area. 

One can envisage that the procedure presented in the remainder of this work can be used in 

the early stage design and optimisation of aerospace structures operating in harsh 

environmental (temperature and acoustic) conditions. 

1.4 Thesis structure 

The rest of this thesis is divided into the following chapters. 

Chapter 2 presents a linear modal model that predicts the vibration response and sound 

transmission through stiffened thin plates excited by different forms of incident sound field. 

Firstly, a detailed description of the model is given. The model is then applied to an example 

stiffened plate. The numerical results are produced for the structural model, dynamic 

response and sound transmission. Results from simple formulae from earlier literature are 

also reported for reference. Finally, a comparison between the modal and a fully coupled FE-

BE solution implemented in a commercial software is presented. 

Chapter 3 presents a linear modal model that predicts the surface pressure and vibration 

response of stiffened cylinders subjected to both plane wave and spherical wave excitations. 

Firstly, the total surface blocked pressure for the plane wave and the spherical wave excitation 

are revisited. The Joint Acceptance Functions (JAFs) based on both the blocked pressure and 

the doubling in pressure for the plane wave excitation are then derived for an unstiffened 

cylinder with shear diaphragm end boundary conditions. The numerical results for the 

dynamic responses are then given for cylinders with different stiffener configurations and 

surface pressure assumptions, including the doubled pressure and the blocked pressure with 

rigid scattering from the structure surface. Finally, the response of the unstiffened cylinder 

subjected to the blocked pressure are also compared with that from a coupled FE-BE model. 

Chapter 4 describes and reports on tests and measurements on a ring-stiffened, thin-walled 

aircraft fuselage scale model. The aim is to investigate the predictions of the surface pressure 

and the subsequent vibration responses for the stiffened cylinder in the context of a practical 

structure. The finite element method, instead of the normal mode method, is used for the 

complex test structure. First, the mobility of the test structure was measured by an 

instrumented impact test and was compared with the results from several different FE models. 

Then the acoustic test was performed in the anechoic chamber to examine both the excitation 

and the response models for the cylinder subjected to a spherical wave. 
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Chapter 5 investigates the nonlinear response of stiffened plates and cylinders subjected to 

high level acoustic excitations based on the nonlinear reduced order model (NLROM). Firstly, 

the effects of the modal basis selections, the static loading scheme, the time integration and 

the thermal loading for the nonlinear characterisation and the subsequent response 

predictions are examined. Then the two example structures studied in Chapters 2 and 4 are 

revisited to illustrate the effects of different NLROM configurations as well as the effects of 

stiffeners, curvature and elevated temperatures.  

Chapter 6 investigates the consequences of the NLROM predictions on the fatigue life 

estimation. Firstly, available published spectral methods are compared with the time domain 

rainflow counting approach, highlighting the effect of the multi-modal response. Then, the 

assumptions inherent for the vibroacoustic coupling, nonlinearity and elevated temperatures 

are applied to a numerical model of a stiffened plate. The vibration response for the latter is 

then investigated for the fatigue damage using the rainflow counting approach. The nonlinear 

reduced order model (NLROM) is used in parallel for the dynamic response prediction. The 

estimated fatigue life is also compared using the NLROM response predictions with those 

coming from a full order FE model simulation. 

Conclusions and recommendations for future work are briefly summarised in Chapter 7.  

There is scope for future studies, including improvements to the NLROM methodology, solving 

potential limitations, as well as some experimental validation. 
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Chapter 2 Vibroacoustic response of stiffened thin 

plates to incident sound 

This chapter proposes a linear modal model for prediction of the vibration response and sound 

transmission through stiffened thin plates excited by different forms of incident sound field. 

Vibroacoustic coupling is maintained in the solution by deriving relationships between the 

modal radiation efficiency and Joint Acceptance Functions (JAF) for baffled stiffened plates. 

The response for different structural configurations, plane versus diffuse acoustic excitation 

and modelling approximations are discussed to present a systematic quantification of the 

factors influencing the vibroacoustic response. 

2.1 A vibroacoustic model for flat plates excited by a sound field 

Figure 2-1 (a) shows a generic set-up and convention for a rectangular plate excited by an 

incident harmonic acoustic plane wave. Figure 2-1 (b) shows the set-up and convention for 

the re-radiated sound. An infinite rigid baffle is assumed elsewhere in the 𝑥-𝑦 plane. The 

structure is analysed in the rectangular coordinate system (𝑥, 𝑦, 𝑧) and the pressure field is 

analysed in the spherical coordinate system (𝑟, 𝜃, 𝜙 ). The origins of the two coordinate 

systems are the same, i.e. at the corner of the midplane of the plate as shown in Figure 2-1. 

The boundary conditions at the plate edges are assumed to be arbitrary in the formulation. 

  

(a) (b) 

Figure 2-1 An incident wave (a) onto and a radiated wave (b) from a rectangular plate in an otherwise infinite 

rigid baffle. 𝑘̅ is the wave vector of the incident wave with the incident angle 𝜃 and the azimuthal angle 𝜙. 𝑅 is 
the distance between the observation points for radiated pressure response 𝑝(𝜃, 𝜙, 𝑟) and transverse 

displacement response 𝑤(𝑥, 𝑦). 
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2.1.1 The dynamic response for incident plane waves 

Using the expansion theorem [143], the displacement response of the plate can be written as 

a superposition of the normal modes 𝜓𝑛(𝑥,𝑦) multiplied by the corresponding time-dependent 

modal displacement 𝑞𝑛(𝑡) . The displacement response of the plate is governed by the 

equation of motion 

 
𝐷∇4𝑤 + 𝜌ℎ

𝜕2𝑤

𝜕𝑡2
= 𝑝, 

Eq.(2-1) 

where 𝐷 = 𝐸ℎ3/12(1 − 𝜈2) is the plate flexural rigidity,  ∇4 is the biharmonic operator, 𝜌ℎ 

is the mass per unit area of the plate, 𝜈 is the Poisson’s ratio,  𝑝 is the transverse force per 

unit area, i.e. pressure. Eq.(2-1) is based on the following assumptions:  

• The displacement  𝑤 is small compared to the plate thickness ℎ; 

• The normal stresses in the direction transverse to the plate can be neglected; 

• Any straight line normal to the middle plane before deformation remains a straight 

line normal to that plane during deformation. 

The displacement 𝑤 can be expressed in the form of normal modes as 

 𝑤(𝑥, 𝑦, 𝑡) = ∑ 𝜓𝑛(𝑥, 𝑦)𝑞𝑛(𝑡)

∞

𝑛=1

. Eq.(2-2) 

where the normal modes 𝜓𝑛(𝑥, 𝑦)  satisfy the Eq.(2-1) for 𝑝 = 0  and for the boundary 

conditions of the plate.  

In the frequency domain, Eq.(2-2) can be written as 

 𝑤(𝑥, 𝑦, 𝜔) = ∑ 𝜓𝑛(𝑥, 𝑦)𝑞𝑛(𝜔)

∞

𝑛=1

. Eq.(2-3) 

The time harmonic dependency 𝑒𝑖𝜔𝑡  and the symbol for real part 𝑅𝑒  are neglected 

throughout the thesis. The modal displacement 𝑞𝑛(𝜔) is a complex amplitude for the 𝑛𝑡ℎ 

mode and depends on the excitation on that mode. 

When the plate is excited by an incoming plane wave, the pressure field can be expressed as  

 𝑝(𝑥, 𝑦, 𝜔) = 𝑝𝐴e−𝑖𝑘(𝑥 cos𝜙 sin𝜃+𝑦 sin𝜙 sin𝜃) Eq.(2-4) 

where 𝑝𝐴 and 𝑘 are the amplitude and the wavenumber of the sound field.  

Substituting Eq.(2-3) and Eq.(2-4) into Eq.(2-1) and applying the orthogonality of normal 

modes, the modal displacement is expressed as 
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 𝑞𝑛(𝜔) =
𝑝0𝑎𝑏𝑗𝑛(𝜔)

𝑍𝑛(𝜔)
, Eq.(2-5) 

where 𝑍𝑛(𝜔) is the dynamic stiffness of the structure. It is equal to 𝑚𝑛[−𝜔2 + 𝜔𝑛
2 + 𝑖𝜂𝜔𝑛

2], 

where 𝑚𝑛  is the modal mass, 𝜔𝑛  is the natural frequency and 𝜂 is the loss factor. 𝑝0  is an 

equivalent uniform pressure field. In the case of baffled flat plates, 𝑝0  corresponds to a 

doubling of the pressure amplitude of the incident field (2𝑝𝐴), ignoring the re-radiation. 𝑗𝑛 is 

the Joint Acceptance Functions (JAF) and can be evaluated from Eq.(1-1) as  

 𝑗𝑛(𝜔) =
1

𝑎𝑏
∫ ∫ 𝜓𝑛(𝑥, 𝑦)

𝑎

0

𝑏

0

e−𝑖𝑘(𝑥 cos𝜙 sin 𝜃+𝑦 sin𝜙 sin 𝜃)d𝑥d𝑦, Eq.(2-6) 

2.1.2 Sound radiation for incident plane waves 

The sound power re-radiated from the rear side of the plate can be obtained by integrating 

the far-field acoustic intensity over a hemisphere with radius 𝑟.  

For harmonic motion, it can be written as  

 𝑊(𝜔) =
𝑟2

2𝜌0𝑐
∫ ∫ |𝑝(𝑟, 𝜃, 𝜙, 𝜔)|2 sin 𝜃

𝜋
2

0

2𝜋

0

d𝜃d𝜙, Eq.(2-7) 

where 𝜌0 is the air density and 𝑐 is the sound speed in air. For a baffled plate coupled with the 

rear acoustic domain, this is equal to the transmitted sound power. 

The incident sound power from the plane wave is  

 𝑊𝑖(𝜃, 𝜙) =
𝑎𝑏𝑝0

2 cos 𝜃

2𝜌0𝑐
. Eq.(2-8) 

The sound power transmission coefficient 𝜏 is defined as the ratio of transmitted to incident 

sound power [76]. Hence,  

 𝜏(𝜃, 𝜙) =
𝑟2

𝑎𝑏𝑝0
2 cos 𝜃

∫ ∫ |𝑝(𝜃, 𝜙, 𝑟, 𝜔)|2 sin 𝜃

𝜋
2

0

2𝜋

0

d𝜃d𝜙. Eq.(2-9) 

2.1.3 Joint Acceptance Function (JAF) and modal radiation efficiency 

In order to obtain expressions for the radiation damping and for the vibroacoustic response 

of plates in a diffuse sound field, it is convenient to relate the JAF with the modal radiation 

efficiency. 

The radiated pressure can be calculated for the baffled plate using the Rayleigh integral [144] 

 
𝑝(𝑟, 𝜃, 𝜙, 𝜔) =

−𝜔2𝜌0

2𝜋𝑅
∫ ∫ 𝑤(𝑥, 𝑦, 𝜔)e−𝑖𝑘𝑅d𝑥d𝑦

𝑎

0

𝑏

0

. Eq.(2-10) 
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𝑅  is the distance between the observation point and the plate surface element with 

displacement 𝑤(𝑥, 𝑦) in Figure 2-1 (b).  

Two assumptions are made regarding the amplitude and phase terms using an approximation 

for 𝑅 , assuming that the observation point is in the far field. In this cases, 𝑅  may be 

approximated by 𝑟 , considering 𝑅 ≫ 𝑎 and 𝑅 ≫ 𝑏. For the term  e−𝑖𝑘𝑅, the phase is much 

more sensitive to the change of the distance 𝑅 , so 𝑅  is approximated by the geometric 

relation of 𝑟 − (𝑥 cos𝜙 + ysin𝜙) sin 𝜃. 

Applying these approximations and replacing the displacement 𝑤 using Eq.(2-2), then 

 𝑝(𝑟, 𝜃, 𝜙, 𝜔) ≈ −
𝜔2𝜌0e

−𝑖𝑘𝑟

2𝜋𝑟
∑ 𝑞𝑛

∞

𝑛=1

∫ ∫ 𝜓𝑛(𝑥, 𝑦)e𝑖𝑘(𝑥 cos𝜙 sin𝜃+𝑦 sin𝜙 sin𝜃)d𝑥d𝑦
𝑎

0

𝑏

0

. Eq.(2-11) 

The double integral in Eq.(2-11) can be related to the complex conjugate of the JAF in Eq.(2-6). 

Hence the radiated pressure due to the 𝑛𝑡ℎ mode can be written as 

 𝑝𝑛(𝑟, 𝜃, 𝜙, 𝜔) = −
𝜔2𝜌0𝑎𝑏e−𝑖𝑘𝑟

2𝜋𝑟
𝑞𝑛𝑗𝑛

∗(𝜃, 𝜙, 𝜔). Eq.(2-12) 

Substituting Eq.(2-12) into Eq.(2-11) and Eq.(2-7), the total sound power radiated from one 

side of the plate can then be expressed as 

𝑊(𝜔) =
𝜔4𝜌0𝑎

2𝑏2

8𝜋2𝑐

(

 
 

∑|𝑞𝑛|2

∞

𝑛=1

∫ ∫ |𝑗𝑛|2 sin 𝜃

𝜋
2

0

d𝜃d𝜙 
2𝜋

0

+ ∑ 𝑞𝑛𝑞𝑢
∗

∞

𝑛=1
𝑢=1
𝑢≠𝑛

∫ ∫ 𝑗𝑛𝑗𝑢
∗ sin 𝜃

𝜋/2

0

d𝜃d𝜙 
2𝜋

0

)

 
 

. 

Eq.(2-13) 

The first summation inside the brackets gives the radiated power associated with each 

individual normal mode. The second summation represents the modal cross terms. The modal 

cross terms have been included in this work, but the effects of neglecting them on the dynamic 

response and the sound transmission loss (TL) have been discussed in Section 2.3.1.3 and 

Section 2.3.2.2. If these modal cross terms are neglected, the acoustic power radiated by the 

𝑛𝑡ℎ mode can be obtained by substituting Eq.(2-12) into Eq.(2-7), i.e. 

 𝑊𝑛(𝜔) =
𝜔4𝜌0𝑎

2𝑏2

8𝜋2𝑐
|𝑞𝑛|2𝑏 ∫ ∫ |𝑗

𝑛
(𝜃, 𝜙, 𝜔)|

2
sin 𝜃

𝜋/2

0

d𝜃d𝜙 
2𝜋

0

. Eq.(2-14) 
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The time averaged and spatial-averaged mean square normal velocity 〈𝑣𝑛
2̅̅ ̅〉 due to 𝑛𝑡ℎ mode 

can be expressed as  

 〈𝑣𝑛
2̅̅ ̅〉 =

𝜔2|𝑞𝑛|
2

2𝑎𝑏
∫ ∫ 𝜓𝑛

2(𝑥, 𝑦)d𝑥d𝑦
𝑎

0

𝑏

0

, Eq.(2-15) 

where the mode shapes are real-valued. 

Use is made of modal representation of the averaged mean square normal velocity and the 

radiated power to develop a novel relationship between the JAF and the radiation efficiency. 

Substituting Eq.(2-14) and Eq.(2-15) into Eq.(1-2), this relationship can be obtained as 

 𝜎𝑛(𝜔) = (
𝑘𝑎𝑏

2𝜋
)
2 ∫ ∫ |𝑗

𝑛
|
2
sin 𝜃

𝜋
2
0

2𝜋

0
d𝜃d𝜙

∫ ∫ 𝜓𝑛
2(𝑥, 𝑦)d𝑥d𝑦

𝑎

0

𝑏

0

. Eq.(2-16) 

The double integral in the numerator of the above expression has been evaluated for a simply 

supported rectangular plate by Wallace [78]. A numerical solution is required when dealing 

with other boundary conditions or stiffened plates.  

2.1.4 Vibroacoustic coupling 

The modal radiation damping and the added mass of the air should be considered when a fully 

coupled response is to be calculated. 

The radiation damping loss factor for the 𝑛𝑡ℎ mode is defined as [76]  

 𝜂𝑛
𝑟(𝜔) =

𝑊𝑛(𝜔)

𝜔𝑛𝐸̅𝑛
, Eq.(2-17) 

where 𝐸̅𝑛  is the time averaged vibrational energy associated with the 𝑛th mode, i.e. for a 

rectangular non-uniform plate 

 𝐸̅𝑛 = ∫ ∫ 𝑚𝐴(𝑥, 𝑦)𝑣𝑛
2̅̅ ̅d𝑥d𝑦

𝑎

0

𝑏

0

, Eq.(2-18) 

where 𝑚𝐴(𝑥, 𝑦) is the mass distribution over the plate surface and has units of kgm−2. 

A new step is made to evaluate the radiation damping by using the relationship between the 

JAF and radiation efficiency in Eq.(2-16). Substituting Eq.(2-14) and Eq.(2-18) into Eq.(2-17), 

the modal radiation damping loss factor can be expressed as  

 𝜂𝑛
𝑟 =

𝜌0𝑐

𝜔𝑛𝑚𝑛
𝜎𝑛 ∫ ∫ 𝜓𝑛

2(𝑥, 𝑦)d𝑥d𝑦
𝑎

0

𝑏

0

, Eq.(2-19) 

where 𝑚𝑛 is the modal mass given by ∫ ∫ 𝑚𝐴(𝑥, 𝑦)𝜓𝑛
2(𝑥, 𝑦)d𝑥d𝑦

𝑎

0

𝑏

0
.  
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The added-mass effect of the surrounding fluid is generally very small in the case of air. This 

can be neglected for all modes except the fundamental one, for which it can be approximated 

from the reactance of the radiation impedance of a piston which vibrates with an equivalent 

volume velocity [76], i.e. 

 𝑎𝑏〈𝑣1
2̅̅ ̅〉 = 𝜋𝑟𝑒

2𝑣1
2̅̅ ̅, Eq.(2-20) 

where 𝑟𝑒  is the equivalent radius of the piston. Here the subscript 1 is used instead of 𝑛 to 

indicate that Eq.(2-20) is only valid for the fundamental mode. 

The added mass of the air for a piston is 
8

3
𝜌0𝑟𝑒

3 [76]. The added mass of the air for the first 

vibration mode of the plate is then expressed as 

 𝑚1
𝑟 =

8

3
𝜌0 (

∫ ∫ 𝜓1
2(𝑥, 𝑦)d𝑥d𝑦

𝑎

0

𝑏

0

𝜋
)

3
2

. 
Eq.(2-21) 

As the modal stiffness remains the same, the first natural frequency is modified as 

 𝜔1
′ = 𝜔1√

𝑚1

𝑚1 + 𝑚1
𝑟  Eq.(2-22) 

where 𝑚1 is the modal mass of the fundamental plate mode. 

By making use of Eq.(2-19) and Eq.(2-21), the evaluation of the fully coupled response is 

simplified. Only the in-vacuo modal parameters and the existing formulated vibroacoustic 

quantities are required. 

For the higher order modes, the added mass can be approximated by 
𝜌0

𝑘𝑝
 for the case of 𝑘𝑝 ≫

𝑘, where 𝑘𝑝 is the underlying free bending wavenumber of the plate material[76]. However, 

this is neglected in the present formulation. 

2.1.5 Vibroacoustic response for diffuse field excitation 

A diffuse sound field can be regarded as a superposition of harmonic plane waves with random 

phases and with equal amplitude 𝑝0. These are incident on the baffled plate from all possible 

directions over one side, i.e. 𝜃 ∈ (0,
𝜋

2
), 𝜙 ∈ (0,2𝜋) [145]. 

The linear displacement response 𝑤(𝑥, 𝑦, 𝜔)  on the plate surface to the diffuse field 

excitation can then be obtained by summing the response 𝑤𝑠(𝑥, 𝑦, 𝜔) to each plane wave 𝑠. 

As these plane waves have random phases relative to each other, the individual displacements 
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𝑤1, 𝑤2, … , 𝑤𝑠 … are uncorrelated and the total mean square response 𝑤2̅̅ ̅̅  is found by adding 

up the mean square values of the individual responses: 

 𝑤2̅̅ ̅̅ = (2𝑎𝑏𝑝0)
2 lim
𝑆→∞

1

𝑆
∑

(

 
 

∑
𝜓𝑛

2|𝑗𝑛,𝑠|
2

𝑍𝑛
2

∞

𝑛=1

+ ∑
𝜓𝑛𝜓𝑢𝑗𝑛,𝑠𝑗𝑢,𝑠

∗

𝑍𝑛𝑍𝑢
∗

∞

𝑛=1
𝑢=1
𝑢≠𝑛 )

 
 

,

𝑆

𝑠=1

 Eq.(2-23) 

where 𝑆  is the total number of plane waves used to represent a diffuse field and 𝑍𝑛 =

𝑚𝑛
2[−𝜔2 + 𝜔𝑛

2 + 𝑖(𝜂 + 𝜂𝑛
𝑟)𝜔𝑛

2]  is the modal dynamic stiffness of the plate. The first 

summation inside the brackets gives the sum of the mean square response in the individual 

normal modes, i.e. the direct mean square response. The second summation represents the 

cross terms. 

If the cross term contribution in Eq.(2-23) is neglected, the value of the summation outside 

the brackets can be evaluated by using the hemispherical model [145]. The area element of 

an infinitesimal segment for the hemisphere is 𝑟2 sin 𝜃 Δ𝜙Δ𝜃. The number of plane waves per 

unit area of the hemisphere is 
𝑆

2𝜋𝑟2 . So the number of plane waves passing through an 

infinitesimal segment can be approximated as (
𝑆

2𝜋𝑟2) 𝑟2 sin 𝜃 ∆𝜙∆𝜃 , each of which is 

associated with the squared JAF value of |𝑗
𝑛,𝑠

(𝜃, 𝜙, 𝜔)|
2
. 

Therefore, Eq.(2-23) can be simplified as 

 

𝑤2̅̅ ̅̅

≈ (2𝑎𝑏𝑝0)
2 ∑

𝜓𝑛
2(𝑥, 𝑦)

𝑍𝑛
2(𝜔)

∞

𝑛=1

(
1

2𝜋
∫ ∫ |𝑗

𝑛
|
2

𝜋
2

0

2𝜋

0

sin 𝜃 d𝜙d𝜃). 
Eq.(2-24) 

This equation replaces a discrete but infinite summation over 𝑆 in Eq.(2-23) by a finite integral 

of incident and azimuthal angles.  

A new step can also be taken from Eq.(2-24) by recognising the same integral in the 

relationship between JAF and radiation efficiency in Eq.(2-16). Substituting Eq.(2-16) into 

Eq.(2-24), the (direct) mean square response to the diffuse sound field can be related directly 

to the modal radiation efficiency 𝜎𝑛 as, 

 𝑤2̅̅ ̅̅ ≈ 8𝑝0
2
𝜋𝑐2

𝜔2
∑

𝜓𝑛
2(𝑥, 𝑦)

𝑍𝑛
2(𝜔)

∞

𝑛=1

𝜎𝑛(𝜔)∫ ∫ 𝜓𝑛
2(𝑥, 𝑦)d𝑥d𝑦

𝑎

0

𝑏

0

. Eq.(2-25) 

2.1.6 Sound transmission for diffuse field excitation 

The sound transmission coefficient for a diffuse field is [47] 
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 𝜏𝑑 =
∫ ∫ 𝜏(𝜃, 𝜙) sin 𝜃 cos 𝜃

𝜋
2
0

2𝜋

0
d𝜃d𝜙

∫ ∫ sin 𝜃 cos 𝜃 d𝜃d𝜙
𝜋
2
0

2𝜋

0

. Eq.(2-26) 

Again the relationship between the JAF and radiation efficiency can be used to obtain a new 

formula to evaluate Eq.(2-26). Substituting Eq.(2-9) and Eq.(2-16) into Eq.(2-26), this can be 

expressed as  

 𝜏𝑑 =
16𝜋𝜌0

2𝑐4

𝑎𝑏
∑

𝜎𝑛
2

𝑍𝑛
2 ∫ ∫ 𝜓𝑛

2(𝑥, 𝑦)d𝑥d𝑦
𝑎

0

𝑏

0

∞

𝑛=1

. 
Eq.(2-27) 

This is often presented in the form of the sound Transmission Loss (TL): 𝑇𝐿 = 10 log10 (
1

𝜏𝑑
). 

The expressions for the plate’s displacement response Eq.(2-25) and the sound transmission 

coefficient Eq.(2-27) show that the fully coupled vibroacoustic response of structure to a 

diffuse field can be simplified and evaluated by knowing the mode shapes, the natural 

frequencies, the damping and the modal radiation efficiency. The first two quantities can be 

obtained from a free vibration analysis by using either analytical or numerical approaches, 

while the modal radiation efficiencies can be evaluated from Eq.(2-26). The pointwise 

vibroacoustic responses for diffuse field excitation are approximated only by the modal 

parameters, which are not confined to specific boundary conditions or structural 

configurations.  

2.2 Structural model 

The vibroacoustic model presented in Section 2.1 relies on knowing the modal properties of 

the plate. Different approaches exist to evaluate the free vibration of stiffened plates. 

Analytical models, such as the assumed-modes approach, have been presented [46, 47] and 

they are valid within the assumption of light stiffeners; usually the in-plane motion of the plate 

is neglected and the plate-stiffener interface is treated as a line.  

Alternatively, a structural in vacuo FE model can provide more accurate results as it usually 

involves less simplification than an analytical model representation. For example, the in-plane 

motion of the plate is retained using shell elements, or laminate shell elements for composite 

plates, with the stiffeners being modelled as beam, shell or solid elements depending on the 

configuration and geometry (i.e. straight or curvilinear). This may result in an increased 

computational cost compared to an analytical one, but the free vibration analysis of the FE 

model can still be solved within a reasonable time to cover the modes up to a certain 
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frequency range of interest. Subsequently, the integral expressions for the vibroacoustic 

response can be evaluated using a numerical discretisation of the integrals over the structural 

domains. 

Figure 2-2 shows the geometry of the orthogonally stiffened, rectangular plate adopted as an 

example in this chapter. The plate is ribbed orthogonally by two stiffeners parallel to the 𝑦-

axis and two stiffeners parallel to the 𝑥-axis, as illustrated in Figure 2-2 (a). The cross-section 

of the stiffeners is depicted in Figure 2-2 (b). 

a

b

X

Y

 

w

d

g

h X or Y

Z

 

(a) (b) 

Figure 2-2 Geometry of an orthogonally stiffened, rectangular plates. (a) Stiffener layout: two evenly spaced 
stiffeners in the 𝑥 and 𝑦 directions, respectively; (b) Stiffener detail: I section.  

The red point in Figure 2-2 (a) is a reference point where the displacement response is 

predicted and its coordinate is (1.06,0.38) m. This point is selected at an arbitrary position. 

However, the conclusions are not affected by the exact point location. This is because 

although there is variation of the modal response depending on the position, the acoustic 

response of stiffened plates is always dominated by the fundamental mode [140]. All points 

on the plate exhibit this fundamental mode. 

Table 2-1 lists the geometry and the material properties of the stiffened plate. Damping ratios 

of aircraft panels are adopted and these are usually in the range of 0.5% - 2% [58]. Therefore, 

a constant value of structural damping loss factor of 1% is assumed in this chapter. Simply 

supported boundary conditions are adopted in this chapter, but these could be changed in 

the structural model as required. 
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Table 2-1 The structural parameters for the stiffened plates. 

Plate (unit: mm) Stiffener (unit: mm) Material (aluminium) 

𝑎, length 2400 𝑤, width 30 𝐸, Young’s modulus (GPa) 71 

𝑏, width 900 𝑑, depth 30 𝜌, density (kg/m3 ) 2700 

ℎ, thickness 2 𝑔, thickness 5 𝜈, Poisson’s ratio 0.3 

    𝜂, damping loss factor 1% 

It can be seen from the structural dimensions that the thickness of the plate is 15 times smaller 

than the height of the stiffeners. This may result in a significant coupling between the out-of-

plane and in-plane displacements of the plates for the bending motion, which is not 

necessarily included in some analytical models available in the literature. The emphasis of the 

current research is on the vibroacoustic behaviour of stiffened plate and the generic 

configurations of the stiffeners may not necessarily meet the full assumptions of light 

stiffeners required in analytical models [20]. 

In order to evaluate possible approaches to predict the free vibration of stiffened plates, the 

mode shapes and natural frequencies calculated from an analytical and a finite element model 

are compared.  

The analytical model is the one given and detailed by Dozio [46]. The MATLAB code1 was 

implemented with the number of trial functions selected by verification of the solution’s 

convergence. The criterion is by inspection of the percentage difference in the natural 

frequency for the 20th mode, as given in Table 2-2. In the convergence study, the number of 

trial functions increases in each direction in increments of 5 additional functions. The natural 

frequency of the 20th mode for each study was calculated and the percentage difference 

compared to the results using the highest number of trial functions implemented (70 for 𝑥 

direction and 50 for 𝑦  direction) was given. The criterion of no greater than 0.2% in the 

frequency difference is chosen. So the final selected trial function numbers are 60 in the 𝑥 

direction and 40 in the 𝑦 direction. A free vibration analysis shows that there are 420 modes 

present at the frequency range up to 1500 Hz. 

 
1 The MATLAB code for the analytical mode was provided by Dozio [46]. 
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Table 2-2 The natural frequency and its percentage difference compared to a chosen finely meshed model for the 
20th mode. 

Number of trial 

functions(Nx,Ny) 

Natural frequency of 

20th mode (Hz) 

Percentage 

difference to finest 

mesh results (%) 

(40,20) 151.06 1.43 

(45,25) 150.21 0.86 

(50,30) 149.75 0.55 

(55,35) 149.42 0.33 

(60,40) 149.19 0.17 

(65,45) 149.03 0.07 

(70,50) 148.93 0 

 

The Finite Element (FE) model was developed in the ‘Structural mechanics’ module of 

COMSOL software [146]. The plate was represented with quadratic shell elements and the 

stiffeners with cubic beam elements with ‘I-profile’ cross-section. The beams were then 

coupled to the plate in the setting of ‘Shell-Beam Connection’ in the ‘Multiphysics’ module. 

The mesh size was selected by verification of the solution’s convergence. The criterion is the 

percentage difference in the natural frequency for the 20th mode given in Table 2-3. In the 

convergence study, the mesh size of the shell element reduces from 0.114 m to 0.02 m. The 

natural frequency of the 20th mode for each study was calculated and the percentage 

difference compared to the finest mesh (0.02 m) was given. The result shows that for the 

mesh size of 0.029 m, the frequency difference is 0.02% to the results for the finest mesh. So 

the mesh size of 0.029 m was chosen and the corresponding FE model has 2520 shell elements. 

A free vibration analysis shows that there are 431 modes present at the frequency range up 

to 1500 Hz. 
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Table 2-3 The natural frequency and its difference variation for the 20th mode 

Mesh size 

(m) 

Natural frequency of 

20th mode (Hz) 

Percentage 

difference to finest 

mesh results (%) 

0.114 151.11 2.32 

0.057 147.99 0.20 

0.038 147.78 0.06 

0.029 147.72 0.02 

0.023 147.70 0.01 

0.020 147.69 0 

 

Figure 2-3 shows the comparison of the modal properties in terms of the Modal Assurance 

Criterion [147], for the mode shapes, and the scatter plots for the first 20 natural frequencies. 

 

Figure 2-3 The comparison of modal properties between a FE model and an analytical model for the lowest 20 
modes of stiffened plate. (a) MAC plot; (b) Scatter plot. 

The analytical model provides a good prediction for the natural frequencies and mode shapes 

for the first 20 modes. However, the natural frequencies predicted by the analytical model 

tend to be higher than those calculated by FE and this may be due to neglecting the 

deformation and hence strain energy associated with the in-plane motion of the plate. This 

also applies to the first mode, which is known to be typically the major contributor to the 

response of a flat plate subjected to an acoustic excitation [140]. Although the mode shape 

agreement for the two models of this mode is high as seen in the MAC value, the difference 

in the fundamental natural frequency, shown as the first point in the scatter plot Figure 2-3 

(b), leads to a shift in the corresponding resonance. In addition, the MAC for higher frequency 
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modes show larger but still acceptable difference between the analytical and the numerical 

results. 

For the purpose of performing a parametric study, the analytical model is initially used to 

generate the modal basis behind the calculations reported in Section 2.3. In Section 2.4, the 

FE model is used, coupled with an acoustic domain, to validate the vibroacoustic calculations 

introduced in Section 2.1. In order to align the modal basis used as an input in the proposed 

modal model with the numerical model, the modal basis obtained from the FE model is in this 

latter part preferred to the analytical one, although the modes are generally still in good 

agreement. 

2.3 Numerical results of the modal model 

2.3.1 Dynamic response 

The dynamic responses of the plate subjected to acoustic excitations are given in terms of the 

transverse displacement at an arbitrary reference point. The point is at position (1.06,0.38) m 

and it is highlighted in Figure 2-2 (a). In addition, the spatially-averaged displacement is also 

evaluated.  

The sound pressure level (SPL) of the incident sound field is 91 dB for all the cases evaluated. 

The diffuse field is constructed by 603 incident waves above the plate surface. The method 

for calculating the direction of these waves is taken directly from reference [62]. The 

amplitude of each individual plane wave is 1 Pa and the phase of them is taken from a uniform 

random distribution between ±𝜋 with zero mean value. The diffuse field pressure is obtained 

by adding up these waves then dividing by the square root of the number of waves to ensure 

that the limit remains finite as the number of contributing waves becomes infinite [77]. A large 

number of numerically simulated samples of the diffuse field is also required in order to 

produce a good approximation to the theoretical spatial pressure correlation. In this chapter, 

the mean square error between the averaged spatial pressure correlation of the simulated 

diffuse field and that of the theoretical diffuse, i.e. 
sin 𝑘𝑥

𝑘𝑥
, was calculated. The mean square 

error, as measured for the spatial correlation, was less than 4% when averaged over 100 

different realizations of the diffuse field for a Helmholtz number, 𝑘𝑥, less than 44. The error 

can be reduced further with an increased number of samples. However, a higher accuracy of 

the reproduced diffuse field was unnecessary in this study, so 100 samples were used in the 

numerical simulation without incurring a significant computational cost. 
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The comparison of the results for the unstiffened and stiffened plate are given to highlight the 

effect of the stiffeners. These results are given as the transfer function between the transverse 

displacement of the plates and the unit magnitude pressure input for the sound field. The 

frequency range is up to 1000 Hz, with a frequency resolution of 200 points per decade. The 

fundamental natural frequency is 6.87 Hz for the unstiffened plate and 66.57 Hz for the 

stiffened plate. The analytical model introduced in section 2.1 is used here to evaluate the 

effect of different excitation types, the effect of vibroacoustic coupling and that of the modal 

cross terms. 

2.3.1.1 Plane wave and diffuse field excitation 

Figure 2-4 shows the responses of the unstiffened plate and stiffened plate to three different 

acoustic excitations, namely a diffuse sound field, a normal incident plane wave sound field 

and an oblique incident plane wave sound field. The results are presented in the presence of 

vibroacoustic coupling and including the modal cross terms.  
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(a)  (b)  

  

(c)  (d)  

Figure 2-4 The transverse displacement for different acoustic excitation: diffuse sound field (black solid lines), 
normal incident plane wave (red dashed lines) and oblique incident plane wave (𝜃, 𝜙) = (𝜋/4, 𝜋/4) (blue dotted 
lines). (a) Reference point response of the unstiffened plate. (b) Reference point response of the stiffened plate. 
(c) Spatial-averaged response of the unstiffened plate including a red solid line calculated from the Liamshev’s 

plane-wave response theory for an oblique incident plane wave and a green solid line calculated from doubling of 
the Liamshev’s predictions. (d) Spatial-averaged response of the stiffened plate. 

The results for the reference point in Figure 2-4 (a) and (b) show that the responses are similar 

for the three different acoustic excitations at the lower frequencies (the fundamental and 

higher order plate natural frequencies are seen in Figure 2-3). This is because at these 

frequencies the structural wavelength is much smaller compared to the acoustic wavelength. 

Therefore, the JAFs for both the plane waves and the diffuse field are similar to the normal 

incidence case, i.e. only the symmetric modes can be excited and are dominated by the 

fundamental mode response. In the high frequency range, the number of resonances 

responding significantly decreases for normal plane wave excitation compared to the other 

two sound fields.  
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For the unstiffened plate case in Figure 2-4 (a) up to the frequency of 50 Hz, eight resonances 

can be clearly observed for both the diffuse field and the oblique plane wave excitation, while 

only four of them are excited by the normal incidence wave. A plot of the corresponding mode 

shapes at this frequency range (a total of 12 modes), as shown in Figure 2-5, shows that these 

non-responsive modes (mode 2, 4, 5, 7, 8, 9, 10 and 11 in Figure 2-5) are all antisymmetric 

modes about one or two axes, and this corresponds to JAFs equal to zero. While this is true 

for the unstiffened plate with fully simply supported edges, for a more general case, e.g. a 

mixture of clamped, elastically supported etc., which are not the same on opposite edges, the 

modes will not be purely symmetric or antisymmetric. Thus the number of excited modes will 

increase. The difference in the number of acoustically excited modes for the different acoustic 

fields is smaller for the stiffened plate case in Figure 2-4 (b). This is because the orthogonal 

stiffeners lead to a reduced number of antisymmetric modes. However, the response of the 

stiffened plate excited by a normal plane wave tends to be lower than that due to an oblique 

plane wave or the diffuse sound field excitation, both in terms of the number of excited modes 

and the peak amplitudes.  

The results for the spatially-averaged displacement presented in Figure 2-4 (c) and (d) are 

calculated for a rectangular grid of 46×121 points and confirm the main behaviour found at 

the reference point in terms of the response due to different excitations.  

For reference, the unstiffened plate is also compared with the result calculated from 

Liamshev’s plane-wave response theory [76]. This theory gives, for the frequency well below 

the critical frequency,  

𝑣

𝑝𝑖
=

(
2

𝜌0𝑐
) cos 𝜃

1 − 𝑖𝑘ℎ (
𝜌
𝜌0

) cos 𝜃
 

where 𝑝𝑖 is the incident plane wave amplitude in the original expression. It is only valid for an 

unstiffened, infinite plate excited by an oblique plane wave and it is a two dimensional 

expression.  

Figure 2-4 (c) shows the Liamshev’s prediction with 𝜃 =
𝜋

4
 as the red solid line.  The 

comparison with Liamshev’s formulation is satisfactory above 70 Hz, about 10 times of the 

fundamental natural frequency. However, Liamshev’s prediction tends to underestimate the 

response and follows the minima. This may be because Liamshev’s formula is a two 

dimensional calculation, assuming incidence at the angle of 𝜙. This will underestimate the 
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response, as less modes will be excited, as shown in Figure 2-4 (a). If a factor of two is applied 

to Liamshev’s prediction, which is shown in the green solid line in Figure 2-4 (c), a better 

agreement can be obtained. 

   

   

   

   

Figure 2-5 The mode shapes and natural frequencies of the lowest 12 modes for the unstiffened plate. 

 

2.3.1.2 Effect of vibroacoustic coupling 

To simulate the total pressure at the plate interface with the air domain, the sound field is 

divided into two parts. The first part comprises the incident and reflected pressure for a rigid 

surface, hence corresponding to a blocked pressure, while the second part consists of the 

pressure radiated from the vibrating plate [76], i.e., 

𝑝𝑡𝑜𝑡𝑎𝑙 = 𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 + 𝑝𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 + 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑 = 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑 + 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑  Eq.(2-28) 
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An uncoupled response is obtained if the radiated pressure is neglected. Figure 2-6 shows 

both the uncoupled and the coupled responses to the diffuse field for both unstiffened and 

stiffened plates. The modal cross-terms are included in this analysis. 

  

(a)  (b) 

  

(c) (d) 

Figure 2-6 The effect of the vibroacoustic coupling on the transfer function of the transverse displacement. Black 
solid lines are the fully coupled response and the red solid lines are the uncoupled response. (a) Reference point 

response of the unstiffened plate. (b) Reference point response of the stiffened plate. (c) Spatially-averaged 
response of the unstiffened plate. (d) Spatially-averaged response of the stiffened plate. 

In the comparison between the uncoupled and the fully coupled response at the reference 

point, there is a significant reduction in the level of the dominant resonance, about 11.4 dB, 

for the stiffened plate in Figure 2-6 (b), while a smaller difference, of about 2.3 dB, is observed 

for the unstiffened plate in Figure 2-6 (a). The radiation damping calculated for the stiffened 

plate in Eq.(2-19) was found to be larger than that of the unstiffened plate by a factor of five. 

This can be explained by noticing that the stiffeners increase the fundamental natural 

frequency of the plate (from 6.87 Hz for the unstiffened plate to 66.57 Hz for the stiffened 
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plate) and hence the corresponding modal radiation efficiency evaluated at this natural 

frequency increases as well, as shown in Figure 2-7, calculated from Eq.(2-16), thus leading to 

a larger value of the radiation damping at this frequency.  

 

Figure 2-7 Radiation efficiency of the fundamental mode of unstiffened (black solid line) and stiffened (red solid 
line) plates. The radiation efficiency values are evaluated at the frequencies marked with dashed lines. 

In addition, the stiffeners also cause the plate mode shapes to deviate from a sinusoidal form, 

which introduces lower wavenumber spatial vibration components that better match with the 

acoustic wavenumber and increase the modal radiation efficiency. For the structural 

configuration used in simulation, this effect is less significant than the effects due to the 

increase in the natural frequencies. 

The spatially averaged response confirms again the main trend found for the single point 

response. The vibroacoustic coupling for the case in Figure 2-6 (d) reduces the amplitude of 

the first peak by 11.6 dB and makes the first 2 modes almost contribute equally to the overall 

response.  

The vibroacoustic coupling effect for different stiffener configurations is also analysed here. 

In Figure 2-8 (a), four types of plates are used for comparison of different stiffener 

arrangements. The calculations for the three stiffened plates is made for two different heights 

of the stiffener cross-section. The first is the one specified in Table 2-1 and the second one 

corresponds to reducing the former by 1/3. Figure 2-8 (b) shows the dB difference of the 

spatially averaged RMS displacement evaluated by using the blocked pressure versus a full 
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vibroacoustic coupling including re-radiation. To calculate the RMS, a broadband random 

noise with flat spectrum up to 1000 Hz has been assumed. 

Case 1 Case 2

Case 3 Case 4  
 

(a) (b) 

Figure 2-8 Comparison of vibroacoustic coupling effect for different cases. (a) Four types of plates. Case 1: 
unstiffened plate; Case 2: plate with 1 𝑥-wise stiffener; Case 3: plate with 1 𝑥-wise and 1 𝑦-wise stiffeners; Case 
4: plate with 2 𝑥-wise and 2 𝑦-wise stiffeners. (b) The dB difference of the spatially averaged RMS displacement 

for different cases using either a full vibroacoustic coupling or an uncoupled (blocked force) model. The bar 
without shading is for the unstiffened plate. The bars with parallel hatching shading are for the stiffeners with the 

original height. The bars with cross hatching shading are for the stiffeners with 2/3 of the original height 

The results show that, in general, the effect of vibroacoustic coupling increases as the number 

of stiffeners increases and that on average there is also an increase in this effect when the 

height of the stiffeners decreases. The results in Figure 2-8 are however representative of an 

average ‘single-number’ response and specific results may vary for different points on the 

plate. 

The modal contributions to the total RMS response are also affected by the vibroacoustic 

coupling. For example, for the stiffened plate (case 4) the contribution of the fundamental 

mode is 89% for the uncoupled (blocked force) response while it decreases to 63% for the fully 

coupled configuration. To obtain 99% of the total RMS for the stiffened plates, the required 

number of modes is 10 for the uncoupled response, and this is increased to 23 for the fully 

coupled response. 

2.3.1.3 Effect of modal cross-terms 

Figure 2-9 shows the effect of the modal cross-terms on the response to a diffuse field and in 

the presence of vibroacoustic coupling for unstiffened and stiffened plates. The black solid 

lines represent the response with the modal cross-terms coupling and the red dashed lines 

represent the response without the cross terms coupling. 
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(a)  (b)  

Figure 2-9 The effect of the modal cross-terms contribution on the transfer function of the displacement 
response of the reference point on the unstiffened (a) and the stiffened plate (b) excited by a diffuse field. Black 

solid lines: with modal cross-terms contribution. Red solid line: without the modal cross-terms contribution. 

The results show that the contribution from the modal cross-terms is more significant at the 

lower frequencies and less significant at the higher frequencies for both the unstiffened and 

the stiffened plates. This is because the modal cross terms mainly influence the non-resonant 

frequency regions. The cross term contributions, due to modal orthogonality, have no effect 

on the spatially averaged response as seen in Eq.(2-23).  

Although the results in Figure 2-6 and Figure 2-9 are for the diffuse sound field, the effects of 

the vibroacoustic coupling and the modal cross-terms are similar for the other acoustic 

excitation types analysed. The corresponding results are not presented here. 

2.3.2 Sound transmission loss (TL) 

2.3.2.1 Plane wave and diffuse field excitations 

Figure 2-10 shows the TL for the three different acoustic excitations analysed above; the 

simulations are performed including the full vibroacoustic coupling. The modal cross-terms 

are also included in these results. 
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(a) (b) 

Figure 2-10 The effect of acoustic excitation on the TL of the unstiffened (a) and the stiffened (b) plates. Black 
solid lines: an incident diffuse field. Red dashed lines: a normal incident plane wave. Blue dotted lines: an oblique 

incident plane wave at an angle (𝜃, 𝜙) = (𝜋/4, 𝜋/4). Horizontal dash-dotted line: 0 dB line. 

The TL results show the behaviour characterised by a stiffness-controlled region and an 

intermediate frequency region which are separated by the first plate resonance. The effect of 

different acoustic excitation types is the same in the stiffness-controlled region for both the 

unstiffened plate and the stiffened plate, i.e. the TL decreases by 1 – 2 dB from the normal to 

oblique to diffuse field incidence. The same behaviour is also extended to the intermediate 

frequency region for the unstiffened plate. Although the number of the acoustically excited 

modes is different for the three types of acoustic excitation, only the symmetric modes 

effectively radiate sound. This can be observed from the dips in the TL, i.e. plate resonances, 

in Figure 2-10 (a). Figure 2-10 (b) shows that although the response of the stiffened plate 

differs from the unstiffened one, i.e. the number of dips present in the intermediate frequency 

region is significantly increased, the main differences in the TL for different acoustic fields are 

preserved. It is also worth noting that the TL is negative at some low-frequency plate 

resonances. This is a consequence of the normalisation used for the incident sound power as 

explained by Thompson et al. in [148]. 

Analytical formulae [76] [149] are available to produce comparisons with the unstiffened plate 

results. They include the ‘normal incident mass law’, 

𝑇𝐿(0) = 20 log10(𝜌ℎ𝑓) − 42 dB, 

the ‘diffuse incidence mass law’, 

𝑇𝐿𝑑 = 𝑇𝐿(0) − 10 log10(0.23𝑇𝐿(0)) dB, 

the ‘field incidence mass law’, 
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𝑇𝐿𝑓 = 𝑇𝐿(0) − 5 dB, 

and Sewell’s diffuse field model, 

𝑇𝐿 = 𝑇𝐿(0) − 10 log10(log 𝑘√𝑎𝑏) + 20 log10 (1 − (
𝑓

𝑓𝑐
)
2
) dB. 

Note that Sewell’s formula used in the calculation is simplified from the original one 

(formula (54) in [149]) by neglecting the small correction terms. 

The results calculated from those analytical formulae are also presented in Figure 2-11 for 

comparison. They are valid for unstiffened plates and can approximate the behaviour of a 

finite plate in the high frequency range. Figure 2-11 shows the comparison of the results for 

the unstiffened plate subjected to both the normal incident plane wave and the diffuse field.  

 

Figure 2-11 The comparison of TL results between the proposed model and the approximate formulae for the 
unstiffened plate subjected to a normal incident plane wave and a diffuse field excitation. Red, solid line: the 
proposed model subjected to normal incident plane wave. Black, solid line: the proposed model subjected to 

diffuse field. Red, dotted line: the normal incidence mass law. Blue, dash-dotted line: the diffuse field mass law. 
Blue, dotted line: the field incidence mass law. Blue, dashed line: Sewell’s simplified formula. Horizontal black, 

dash-dotted line: 0 dB line. 

The results show a good agreement for a normal incident wave in the high-frequency range 

(above 350 Hz). However, for the diffuse field results a significant difference in the TL is 

observed in comparison to the diffuse field mass law (in blue, dash-dotted line). The same 

phenomenon has been observed by Sewell, with the explanation that the finite plate cannot 

radiate well at high angles [76]. The agreement is improved with comparison to the field 

incidence mass law (in blue, dotted line), which excludes the contribution of the high angles 
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between 78°  and 90° . A further improvement at the low frequencies is achieved in the 

comparison to Sewell’s formula (in blue, dashed line), which explicitly includes the effect of 

the finite plate dimensions. 

2.3.2.2 The effects of modal cross-terms 

Figure 2-12 shows the effect of the modal cross-terms on the TL to a diffuse field and in the 

presence of vibroacoustic coupling. The black-solid lines represent the TL including the modal 

cross-terms and the red-solid lines represent the response with the modal cross-terms 

excluded. 

  

(a) (b) 

Figure 2-12 The effect of the modal cross-terms contribution on the TL on the unstiffened (a) and the stiffened 
(b) plate excited by the diffuse field. Black solid lines: include modal cross-terms contribution. Red solid lines: 

without the modal cross-terms contribution. Horizontal dash-dotted line: 0 dB line. 

The results show that the modal cross-terms contribution is on average small, but it can be 

significant between resonances at some frequencies. The effect of excluding full vibroacoustic 

coupling on the TL for diffuse field has been examined and found to give results consistent 

with that of the plate response in Figure 2-6 (a) and (b), so it is not presented here. 

2.4 Comparison with a coupled FE-BE model 

To validate the approach introduced in this work, the results obtained with the proposed 

model are compared with coupled FE-BE numerical simulations developed in COMSOL. For 

this comparison, the modal basis of the stiffened plate for the analytical modal model is 

obtained from the same structural model adopted in COMSOL for this validation. 431 modes 

are used in the modal summation which covers the frequency range up to 1500 Hz. 
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Figure 2-13 (a) shows the meshed FE-BE model. The details of the structural FE model have 

been given in section 2.2. The plate FE model is embedded in an upper surface of a rigid 

cylinder which approximates an infinite baffle. The acoustic BE model was then developed in 

the ‘Pressure acoustic, boundary elements’ module to model the external air domain. 

Quadratic boundary elements were used to mesh the boundary between the external air 

domain and the baffled, stiffened plate, including the rigid cylinder. The structural FE model 

and the acoustic BE model are coupled by the ‘Acoustic-structure boundary’ in the 

‘Multiphysics’ module. 

To allow the same diffuse field pressure field to be used in the analytical model and in the 

numerical approach, the term 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑  in Eq.(2-28) is imported from the modal model of 

Section 2.1 into the coupled FE-BE model in COMSOL. The term 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑, is automatically 

included in the numerical simulation via FE-BE coupling. 

To minimise the effect of diffraction from the edges of the rigid cylinder, its radius was set to 

be at least half the largest acoustic wavelength. The mesh size of the boundary element was 

selected by verification of the solution’s convergence over a frequency range up to 1000 Hz. 

The coupled FE-BE model was then solved in the frequency domain with an iterative solver. 

As with the analytical model, the radiated sound power above the plate surface is used to 

calculate the transmitted sound power to the other side of the plate. For harmonic excitation, 

the time-averaged acoustic intensity of the radiated sound field over the plate surface is 

evaluated using the equation 𝐼 =
1

2
𝑅𝑒{𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑 × 𝑣∗} , where 𝑣  is the complex acoustic 

velocity and is equal to the plate surface velocity. The acoustic intensity is then integrated 

over the plate surface to calculate the radiated sound power. The incident sound power for 

the incident diffuse field is calculated by summing that of each individual plane wave, using 

Eq.(2-8), then dividing by the number of waves based on the diffuse field model. As with the 

modal model, 100 realizations of the simulation were considered and the results were 

averaged to approximate a diffuse field. Figure 2-13 (b) shows the calculated displacement at 

the first resonant frequency of the stiffened plate for one realization of the diffuse field.  
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(a) (b) 

Figure 2-13 A coupled FE-BE COMSOL model for the baffled stiffened plate subjected to diffuse field. (a) The 
meshed model. (b) The displacement response for the incident diffuse field of amplitude 91 dB at the first 

resonance frequency of the stiffened plate (62.5 Hz) 

Figure 2-14 (a) and (b) show the comparison of the results for the reference point 

displacement and the TL to the diffuse field between the proposed modal model and the 

coupled FE-BE model. Both the vibroacoustic coupling and the modal cross terms are included 

in the two models. 

  

(a)  (b)  

Figure 2-14 The comparison of the results for the stiffened plate displacement response (a) and the TL (b) for the 
diffuse field between the proposed modal model (in black, dotted lines) and the coupled FE-BE model (in red, 

solid lines). Horizontal dash-dotted line: 0 dB line. 

Good agreement for both the displacement response and the TL between the two models is 

found over the entire frequency range presented in Figure 2-14. It can therefore be concluded 

that the model proposed here can accurately predict the vibroacoustic behaviour of flat plates 

excited by different forms of acoustic field. 
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The computation time of the proposed model and the FE-BE model were compared in the dual 

2.0 GHz Intel Xeon E5-2670 processors with 40 cores and 394 GB memory. The CPU time of 

approximately 1190 hours was required for the coupled FE-BE simulation, while only 2 hours 

was used for the proposed model, which was 590 times faster than the fully coupled FE-BE 

model. The solution time can be further reduced if the modal cross-term contributions are 

neglected. In this study, the computational time for the coupled FE-BE model has been 

reduced to 164 hours by utilizing the parallelised simulation in the Iridis High Performance 

Computing (HPC) facility. 

2.5 Summary 

This chapter presents a linear modal model for the prediction of the fully coupled 

vibroacoustic response of stiffened plates subjected to incident plane and diffuse sound fields. 

A relationship between the JAF and the modal radiation efficiency was derived, which 

simplifies the analysis and reduces the computational cost. The numerical results give a 

systematic explanation of the factors influencing the displacement response and the TL for a 

baffled, orthogonally stiffened plate, including the form of the acoustic excitation, 

vibroacoustic coupling and the modal cross terms. A comparison was also made between the 

proposed models and a coupled FE-BE model. 

The main findings can be summarised as: 

• The stiffeners can enhance vibroacoustic coupling leading to a significant reduction of 

the dominant resonance level, which is about 11 dB in the presented model. 

• Different acoustic excitation types and the modal cross terms affect the sound 

transmission loss more than the vibration response. Although the presence of 

stiffeners in general will reduce the overall vibration response levels, the effects of 

both different excitation types and modal cross-terms contribution are preserved for 

either the unstiffened or the stiffened plates. 

• Overall, a good agreement between the proposed model and the coupled FE-BE 

model was achieved with a significant reduction in the computational cost. 
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Chapter 3 The acoustic response of stiffened cylinders 

A cylinder is a basic structural component for aerospace vehicles. The prediction of the 

acoustic responses of cylinders differs from that of a plate due to the curvature. From the 

excitation point of view, the rigid acoustic scattering due to the non-uniform reflection of the 

sound waves on the cylindrical surface must be considered. From the structural point of view, 

its dynamics is influenced by the membrane effect arising from structural continuity around 

the circumference.  

In this chapter, the sound rigid scattering is addressed by revisiting the calculations of the total 

surface pressures on a rigid cylinder subjected to two basic sound fields, that is an incident 

plane wave and a spherical wave field. The modal forces for both cases are also derived and 

the Joint Acceptance Function (JAF) for the plane wave is given. Then an existing energy 

approach is implemented to evaluate the normal modes of a stiffened cylinder. The numerical 

results are given for the acoustic response of stiffened cylinders subjected to plane wave 

excitation. The effects of curvature on the structural stiffness as well as the Joint Acceptance 

Function are discussed. The responses from the analytical model and a coupled FE-BE model 

are compared.  

3.1 Surface pressure descriptions 

The total pressure at the exterior (outer) surface of a cylinder is 

𝑝𝑡𝑜𝑡𝑎𝑙,𝑒𝑥 = 𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 + 𝑝𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 + 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑,𝑒𝑥 = 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑 + 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑,𝑒𝑥 . Eq.(3-1) 

The pressure at the interior (inner) surface of a cylinder is 

 𝑝𝑡𝑜𝑡𝑎𝑙,𝑖𝑛 = 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑,𝑖𝑛. Eq.(3-2) 

Both the external and internal radiation are neglected in the analysis, i.e. the cylinder is in a 

vacuum (in vacuo). This is because these re-radiated pressures (𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑,𝑒𝑥 and 𝑝𝑟𝑎𝑑𝑖𝑎𝑡𝑒𝑑,𝑖𝑛) 

are much smaller in the air domain compared with the total acoustic excitation. As shown in 

Chapter 2, the radiation damping can be used in the analytical result for comparison with a 

coupled FE-BE simulation where the external radiation is present. The internal radiation can 

be removed from the coupled FE-BE model by removing the acoustic domain inside the 

cylinder, which has been proven to produce a little effect on the structural response in a 

numerical study of the cylinder in Chapter 4 (see Figure 4-14). Therefore, the total surface 

pressure is approximated by the blocked pressure (𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑). 
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The reflected pressure (𝑝𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑) is from only the rigid scattering for an infinite cylinder. For 

a finite cylinder especially with short length, however, the cylinder’s ends also play a role in 

the sound reflection.  

3.1.1 Incident plane wave 

Figure 3-1 shows a diagram of an incident plane wave impinging on a finite, elastic cylindrical 

shell. The cylinder length is 2𝐿. Its radius is 𝑅. The plane wave has an acoustic wavenumber 

vector 𝑘⃗⃗  with an incident angle of 𝜃𝑖 relative to cylinder axis (𝑧 axis) and an azimuthal angle of 

𝜙𝑖  relative to the 𝑥  axis. The pressure amplitude of the incident plane wave is 𝑝0 . A 

rectangular coordinate system (𝑥, 𝑦, 𝑧) and a cylindrical coordinate system (𝑟, 𝜙, 𝑧) are shown 

in the diagram. The origin of both of the coordinate systems is placed at the centre of the 

finite cylinder. 

The boundary condition in the structural part is a shear diaphragm at both ends of the cylinder. 

This boundary condition restrains the radial and the circumferential components of the 

displacement at the cylinder ends and applies zero bending moment in the axial direction. The 

shear diaphragm boundary condition can be closely approximated by means of rigidly 

attaching a thin, flat, circular cover plate at each end and is equivalent to the simple-support 

boundary condition as realised for flat plates and beams. However, the shear diaphragm 

allows axial displacement components,  because the thin cover plate would produce little 

restraint in this direction. 

In the acoustic modelling, two rigid, semi-infinite cylindrical baffles are placed at the two ends 

of the elastic cylinder. This makes the structure acoustically infinite in the 𝑧 direction, i.e. 

there is no finite boundary condition for the acoustic part in that direction. 
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Figure 3-1 Diagram of an incident plane wave impinging on a finite cylinder with length of 2𝐿 and radius of 𝑅 and 

with shear diaphragm ends. The plane wave has an acoustic wavenumber vector 𝑘⃗  with an incident angle of 𝜃𝑖 
relative to cylinder axis (𝑧 axis) and an azimuthal angle of 𝜙𝑖 relative to the positive direction of the 𝑥 axis. 

The incident plane wave propagating along the positive directions of the rectangular 

coordinate system can be written in the cylindrical coordinate system as 

𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡(𝑟, 𝜙, 𝑧) = 𝑝0𝑒
−𝑖𝑘𝑟cos 𝜃𝑖 cos(𝜙𝑖−𝜙)−𝑖𝑘𝑧sin𝜃𝑖 . Eq.(3-3) 

By applying a complex Fourier series in the angle 𝜙, Eq.(3-3) can be written as  

𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡(𝑟, 𝜙, 𝑧) = 𝑝0𝑒
−𝑖𝑘𝑧sin𝜃𝑖 ∑ (−𝑖)𝜈𝐽𝜈(𝑘𝑟cos𝜃𝑖)𝑒

𝑖𝜈(𝜙𝑖−𝜙)

∞

𝜈=−∞ 

, Eq.(3-4) 

where 𝐽𝜈 is the Bessel function of the first kind of order 𝜈.  

The reflected pressure from a rigid surface of the cylinder is necessarily in a form of an 

outgoing cylindrical wave [150], i.e. 

 𝑝𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑(𝑟, 𝜙, 𝑧) = 𝑝0𝑒
−𝑖𝑘𝑧sin𝜃𝑖 ∑ 𝐴𝜈𝐻𝜈

(2)(𝑘𝑟cos𝜃𝑖)𝑒
𝑖𝜈(𝜙𝑖−𝜙)

∞

𝜈=−∞

, Eq.(3-5) 

where 𝐻𝜈
(2)

 is the Hankel function of the second kind of order 𝜈. In the following the symbol 

𝐻𝜈  is used as an abbreviated form of 𝐻𝜈
(2)

. 𝐴𝜈  can be evaluated by using the zero radial 

displacement on the rigid surface, i.e. 𝑤𝑟(𝑅, 𝜙, 𝑧) = 0, yielding 𝐴𝜈 = −(−𝑖)𝜈𝐽𝜈
′ (𝑘𝑟cos𝜃𝑖)/

𝐻𝜈
′ (𝑘𝑅cos𝜃𝑖). 
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The blocked pressure on the cylinder surface can be obtained by summing Eq.(3-4) and 

Eq.(3-5), together with the recurrence formulae of 𝐽𝜈𝐻𝜈
′ − 𝐻𝜈𝐽𝜈

′ = −
2𝑖

𝜋𝑧
, as 

 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝜙, 𝑧) = −𝑝0

2𝑖

𝜋𝑘𝑅cos𝜃𝑖
𝑒−𝑖𝑘𝑧sin𝜃𝑖 ∑

(−𝑖)𝜈

𝐻𝜈
′ (𝑘𝑅cos𝜃𝑖)

𝑒𝑖𝜈(𝜙𝑖−𝜙)

∞

𝜈=−∞

. Eq.(3-6) 

3.1.2 Incident spherical wave 

In the next chapter validation tests for a cylindrical structure are described; in setting up the 

model in the anechoic chamber the sound source selected was close to a point source. This 

would generate spherical waves around the cylinder. In order to replicate the same type of 

excitation in the model, this section summarises the step adopted to evaluate the distribution 

of sound pressure around a cylinder for spherical wave excitation. 

Figure 3-2 shows the geometry of a cylinder that is excited by an incident spherical wave from 

a point source outside the cylinder. The coordinate of the field point is (𝑅, 𝜙, 𝑧) and that of 

the point source is (𝑟𝑠, 𝜙𝑠, 𝑧𝑠). The distance between the source and the field point is 𝑑𝑓𝑠. The 

distance between the source and the projection of the field point on the cross-section plane 

of the source is 𝑑𝑝𝑓𝑠. 
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Figure 3-2 Diagrams of a spherical wave impinging on a cylinder from a point source (𝑟𝑠 , 𝜙0, 𝑧0) outside the 
cylinder. The distance between the source and the field point on the cylinder surface is 𝑑𝑓𝑠. The distance 

between the source and the projection of the field point on the cross section plane of the source is 𝑑𝑝𝑓𝑠.  

If the origin of the cylindrical system is at the point source, the incident pressure on the field 

point from the source is  

 𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 = 𝑖𝜔𝜌0𝑄
𝑒−𝑖𝑘𝑑𝑓𝑠

4𝜋𝑑𝑓𝑠
= 𝑖𝜔𝜌0Φ, Eq.(3-7) 

where Φ is the velocity potential. If the source strength 𝑄 is assumed to be 4𝜋 [𝑚3/𝑠], the 

velocity potential is   

 

 Φ =
𝑒−𝑖𝑘𝑑𝑓𝑠

𝑑𝑓𝑠
, Eq.(3-8) 

where 𝑑𝑓𝑠 = √𝑑𝑝𝑓𝑠
2 + (𝑧 − 𝑧𝑠)

2. 

By using Weyrich’s formula [151], Eq.(3-8) can be expanded as 

 Φ = −
𝑖

2
∫ 𝐻0 (𝑑𝑝𝑓𝑠√𝑘2 − 𝜏2) 𝑒−𝑖𝜏(𝑧−𝑧𝑠)𝑑𝜏

∞

−∞

 Eq.(3-9) 
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where 𝜏 is the wavenumber and appears as a dummy variable in the integral. 

From the geometric relation, 

 𝑑𝑝𝑓𝑠 = √𝑅2 + 𝑟𝑠
2 − 2𝑅𝑟𝑠 cos(𝜙 − 𝜙𝑠) Eq.(3-10) 

For the calculation of the modal force and JAFs, Eq.(3-9) needs to be written in the same 

cylindrical coordinate system as the cylinder, so Graf’s addition theorem is used. Figure 3-3 

shows a point P with two polar coordinates (𝑟𝑖 , 𝜙𝑖) and (𝑟𝑗 , 𝜙𝑗)  at two global coordinate 

systems centred at two origins 𝑂𝑖  and 𝑂𝑗 respectively. 

φi

φji

rj

Oj

φj

rji

ri

Oi

π+φji

P

 

Figure 3-3 A point in two polar coordinate systems. 

The following relation is given by Graf’s addition theorem 

 𝐻𝑚(𝜂𝑟𝑗)𝑒
−𝑖𝑚(𝜙𝑗−𝜙𝑗𝑖) = ∑ 𝐻𝑚+𝜈(𝜂𝑟𝑗𝑖)𝐽𝜈(𝜂𝑟𝑖)𝑒

−𝑖𝜈(𝜋+𝜙𝑗𝑖−𝜙𝑖)

∞

𝜈=−∞

 Eq.(3-11) 

provided 𝑟𝑖 < 𝑟𝑗𝑖 . 𝜂 is the wavenumber that can be related to the wavenumber 𝑘 and 𝜏 in 

Eq.(3-9). 

By letting the point source, the origin of the coordinate system and the projection of the field 

point in Figure 3-2 be the position of 𝑂𝑗, 𝑂𝑖 and 𝑃 in Figure 3-3 respectively, together with the 

following relations 

𝑟𝑗 = 𝑑𝑝𝑓𝑠, 𝑟𝑗𝑖 = 𝑟𝑠, 𝑟𝑖 = 𝑅, 𝜙𝑖 = 𝜙,𝜙𝑗𝑖 + 𝜋 = 𝜙𝑠, 𝑚 = 0, 𝜂 = √𝑘2 − 𝜏2 , Eq.(3-12) 

Eq.(3-9) can be written as 

 Φ = −
𝑖

2
∑ 𝑒−𝑖𝜈(𝜙𝑠−𝜙) ∫ 𝐻𝜈 (𝑟𝑠√𝑘2 − 𝜏2) 𝐽𝜈 (𝑅√𝑘2 − 𝜏2) 𝑒−𝑖𝜏(𝑧−𝑧𝑠)𝑑𝜏

∞

−∞

∞

𝜈=−∞

. Eq.(3-13) 

Therefore, the incident pressure is 
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 𝑝𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 =
𝜔𝜌0

2
∑ 𝑒−𝑖𝜈(𝜙𝑠−𝜙) ∫ 𝐻𝜈 (𝑟𝑠√𝑘2 − 𝜏2) 𝐽𝜈 (𝑅√𝑘2 − 𝜏2) 𝑒−𝑖𝜏(𝑧−𝑧𝑠)𝑑𝜏

∞

−∞

∞

𝜈=−∞

. Eq.(3-14) 

The reflected pressure from a rigid surface of the cylinder is necessarily in the form of an 

outgoing cylindrical wave [150], i.e. 

 𝑝𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 = ∑ 𝑒−𝑖𝜈(𝜙𝑠−𝜙) ∫ 𝐴𝜈(𝜏)𝐻𝜈 (𝑟𝑠
√𝑘2 − 𝜏2) 𝑒−𝑖𝜏(𝑧−𝑧𝑠)𝑑𝜏

∞

−∞

∞

𝜈=−∞

, Eq.(3-15) 

where 𝐴𝜈(𝜏) are the unknown coefficients which can be evaluated by using the zero radial 

displacement on the rigid surface. 

The blocked pressure on the rigid cylinder surface can be obtained by summing Eq.(3-14) and 

Eq.(3-15), which gives the expression  

 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑 = −
𝑖𝜔𝜌0

𝜋𝑅
∑ 𝑒−𝑖𝜈(𝜙𝑠−𝜙) ∫

𝐻𝜈 (𝑟𝑠
√𝑘2 − 𝜏2)

√𝑘2 − 𝜏2𝐻𝜈
′ (𝑅√𝑘2 − 𝜏2)

𝑒−𝑖𝜏(𝑧−𝑧𝑠)𝑑𝜏

∞

−∞

∞

𝜈=−∞

 Eq.(3-16) 

This expression for the blocked pressure is more accurate than the simple doubling of the 

incident pressure for a cylinder with curvature. 

3.2 Modal force and JAF for plane wave excitation 

It can be seen from Eq.(3-1) that if the re-radiated pressures from the structural vibration are 

neglected, the total surface pressure can be approximated by the blocked pressure. Hence 

the modal force can be approximated by using only the blocked pressures, i.e.,  

 𝑙𝑚𝑛 ≈ 𝑙𝑚𝑛
𝑏𝑙𝑜𝑐𝑘𝑒𝑑 = −∫ ∫ 𝑝𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝜙, 𝑧)𝜓𝑚𝑛(𝜙, 𝑧)𝑑𝑧(𝑅𝑑𝜙)

𝐿

−𝐿

.
2𝜋

0

 Eq.(3-17) 

where the negative sign indicates the opposite directions of positive external pressure 

(inwards) and the positive surface displacement (outwards). 𝜓𝑚𝑛 is the mode shape of the 

(𝑚, 𝑛)𝑡ℎ mode of a finite cylinder.  

For the cylinder with shear diaphragm boundary conditions,  

 𝜓𝑚𝑛(𝜙, 𝑧) = sin
𝑚𝜋(𝑧 + 𝐿)

2𝐿
𝑒𝑖𝑛𝜙 , 𝑚 = 1,2, … , 𝑛 = 0,±1,±2,… Eq.(3-18) 

Substituting the blocked pressures (Eq.(3-6) and Eq.(3-16)) and the mode shape in Eq.(3-18) 

into Eq.(3-17) and carrying out the integrals, the modal forces are then given as 

 𝑙𝑚𝑛 ≈
4𝑝0𝐼𝑚(𝑘 sin 𝜃𝑖)(−𝑖)𝑛−1𝑒𝑖𝑛𝜙𝑖

𝑘 cos 𝜃𝑖 𝐻𝑛
′ (𝑅𝑘 cos 𝜃𝑖)

 Eq.(3-19) 

for the plane wave excitation, and 
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 𝑙𝑚𝑛 ≈ 2𝑖𝜔𝜌0𝑒
−𝑖𝑛𝜙𝑠 ∫

𝐻𝑛 (𝑟𝑠
√𝑘2 − 𝜏2)

√𝑘2 − 𝜏2𝐻𝑛
′ (𝑅√𝑘2 − 𝜏2)

𝑒−𝑖𝜏𝑧𝑠𝐼𝑚(𝜏)𝑑𝜏

∞

−∞

 Eq.(3-20) 

for the spherical wave excitation. 

The function 𝐼𝑚(𝜏) is the integral of ∫ sin
𝑚𝜋(𝑧+𝐿)

2𝐿
𝑒−𝑖𝜏𝑧𝑑𝑧

𝐿

−𝐿
, which has a solution 

 𝐼𝑚(𝜏) = 𝑒−𝑖𝜏𝐿 (
2𝐿

𝑚𝜋
)
(−1)𝑚𝑒−2𝑖𝜏𝐿 − 1

(
2𝜏𝐿
𝑚𝜋

)
2

− 1

. 
Eq.(3-21) 

 

The JAF is calculated as the ratio between the modal force 𝑙𝑚𝑛 and the overall force 𝑙𝑜 due to 

a uniform pressure field 2𝑝0 over the cylinder surface, where 𝑙𝑜 = 8𝜋𝑅𝐿𝑝0.  

This uniform pressure field is equal to the pressure amplitude for the plane wave, so the JAF 

can be written as 

 𝑗𝑚𝑛(𝜔) =
𝑙𝑚𝑛

𝑙𝑜
=

1

2𝜋𝑅𝐿
𝐼𝑚(𝑘 sin 𝜃𝑖)(−𝑖)𝑛−1

𝑒𝑖𝑛𝜙𝑖

𝑘 cos 𝜃𝑖 𝐻𝑛
′ (𝑅𝑘 cos 𝜃𝑖)

. Eq.(3-22) 

The circumferential and the axial components of the JAF can be separated as 𝑗𝑚𝑛(𝜔) =

𝑗𝐴𝑚𝑗𝐶𝑛.  

For the blocked pressure assumption in Eq.(3-22), these are 

 𝑗𝐶𝑛 =
1

𝜋𝑅
(−𝑖)𝑛−1

𝑒𝑖𝑛𝜙𝑖

𝑘 cos 𝜃𝑖 𝐻𝑛
′ (𝑅𝑘 cos 𝜃𝑖)

 Eq.(3-23) 

 
𝑗𝐴𝑚 =

1

2𝐿
𝐼𝑚(𝑘 sin 𝜃𝑖) 

 

If the blocked pressure is further approximated as the doubling of the incident pressure in 

Eq.(3-4) as discussed in [152], the corresponding JAF can be written as  

 𝑗𝑚𝑛(𝜔) =
1

2𝐿
𝐼𝑚(𝑘 sin 𝜃𝑖)(−𝑖)𝑛𝐽𝑛(𝑘𝑅𝑐𝑜𝑠𝜃𝑖)𝑒

𝑖𝑛𝜙𝑖  Eq.(3-24) 

with the circumferential and the axial components of the JAF  

  𝑗𝐶𝑛 = (−𝑖)𝑛𝐽𝑛(𝑘𝑅𝑐𝑜𝑠𝜃𝑖)𝑒
𝑖𝑛𝜙𝑖  Eq.(3-25) 

 
𝑗𝐴𝑚 =

1

2𝐿
𝐼𝑚(𝑘 sin 𝜃𝑖) 

 

It can be seen from Eq.(3-23) and Eq.(3-25) that the sound scattering on the rigid surface 

affects the circumferential components of the JAF but not the axial one.  

It is difficult to specify the uniform pressure field for the spherical wave directly, so a JAF may 

not be properly defined for this case.  For the spherical wave case, the JAF, the modal force or 



58 
 

the responses from a modal approach are not required in this study. This is because the 

purpose of including spherical wave excitation is to derive the surface pressure distributions 

(Eq.(3-16)) for the test described in Chapter 4, where the modal approach is not appropriate 

to model the test structure, as detailed in Section 4.1.2. 

3.3 Structural model 

The surface blocked pressures hold for both unstiffened and stiffened cylinders provided the 

stiffeners are on the inner surface of the cylinder. The mode shapes required in the calculation 

of the modal forces, as discussed in section 2.2, can be obtained by both analytical models 

and structural FE models depending on the structural configuration.  

Figure 3-4 shows the geometry of a cylinder which is internally stiffened by a set of rings 

(curved stiffeners around the cylinder circumference) and by a set of stringers (straight 

stiffeners along the cylinder axis). 

Stringers

Rings

x

z

y

r

 

Figure 3-4 Geometry of a cylinder stiffened with stringers and rings.  

In this chapter, an analytical model is used to facilitate the modelling for cylinders with 

different stiffener configurations. The analytical model for free vibration analysis is based on 

the energy approach and has been taken directly from reference [48]. For the cylindrical skin, 

both flexure and extension are considered. As a result of these deformations, the stiffeners 

are subjected to flexure about two perpendicular axes, extension along the axis and torsion. 

Firstly, from the linear strain-displacement relation and the equation of state for plane stress, 

the strain energy for the cylinder and the stiffeners can be formulated as a function of the 

displacement. It is assumed the cross-section of the stiffeners does not warp and the depth 

of the ring cross-section is assumed negligible when compared with the cylinder radius. The 

displacement of the stiffeners is uncoupled using the elastic axis and referenced to that of the 

line of attachment. 
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Secondly, the compatibility conditions between the cylinder and the stiffeners are adopted to 

express the total energy in terms of the displacement of the cylinder middle surface. When 

the boundary conditions of the cylinder are assumed to be shear diaphragms, the 

displacements of the middle surface can be expressed as, 

 𝑢 = ∑∑(𝑢̅𝑚𝑛 cos 𝑛𝜃 + 𝑢̅𝑚𝑛
′ sin 𝑛𝜃) cos

𝑚𝜋𝑥

𝑎
𝑛𝑚

 Eq.(3-26) 

 𝑣 = ∑∑(𝑣̅𝑚𝑛 sin 𝑛𝜃 − 𝑣̅𝑚𝑛
′ cos 𝑛𝜃) sin

𝑚𝜋𝑥

𝑎
𝑛𝑚

  

 𝑤 = ∑∑(𝑤̅𝑚𝑛 cos 𝑛𝜃 + 𝑤𝑚𝑛
′ sin 𝑛𝜃) sin

𝑚𝜋𝑥

𝑎
𝑛𝑚

  

where 𝑢, 𝑣, 𝑤 are the displacements of the middle surface in the 𝑥, 𝜃, 𝑧 directions in Figure 

3-4. 𝑢̅𝑚𝑛, 𝑣̅𝑚𝑛 and 𝑤̅𝑚𝑛 are the modal coordinates of the symmetric circumferential modes 

and 𝑢̅𝑚𝑛
′ , 𝑣̅𝑚𝑛

′  and 𝑤̅𝑚𝑛
′  are those of the antisymmetric modes. 

Lastly, the equations of motion have been obtained by substituting the energy expression and 

Eq.(3-26) into Lagrange’s equation [143]. The resulting frequency equation has been 

numerically solved in MATLAB to obtain the natural frequencies and mode shapes of the 

stiffened cylinder. The detailed derivation can be found in reference [48]. 

In this chapter, four types of structural configurations are considered for aluminium cylinders. 

They are an unstiffened cylinder, a cylinder stiffened by 9 equally spaced rings, a cylinder 

stiffened by 8 equally spaced stringers and a cylinder stiffened by both rings and stringers of 

the same number and positions. 

Table 3-1 shows the structural and material parameters for the stiffened cylinders. The 

stiffeners, including both the stringers and the rings, have rectangular cross-section. 

Table 3-1 The structural and material parameters for the stiffened cylinders 

Cylinder (unit: mm) Stiffener (unit: mm) Material (aluminium) 

𝑟𝑐, radius 900 𝑤𝑠, width 2 𝐸, Young’s modulus (GPa) 71 

𝑙𝑐, length 300      𝑑𝑠, depth 4 𝜌, density (kg/m3 ) 2700 

𝑡𝑐, thickness 2   𝜈, Poisson’s ratio 0.3 

This is a short and wide cylinder and the dimensions of the stiffened cylinders are selected 

based on three assumptions in the analytical model.  
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• The first one is the light beam assumption, which requires a low ratio between the 

stiffener’s depth and the cylinder skin thickness. This ratio is 2 in the current 

configuration. 

• The second one is the line contact assumption. This assumption was found valid when 

the stiffener width is not greater than the skin thickness [48], which is the case for the 

cross-section of the current stiffeners. 

• In addition, the modal model also considers that the beam depth is negligible 

compared to the cylinder radius in the formulation of the strain energy of the beam. 

This is valid for the example structures where the stiffeners depth is less than 0.5% of 

the cylinder radius. 

In the numerical calculation, hysteretic damping is assumed using a damping loss factor of 1%. 

The numerical simulation was performed in MATLAB. 

Figure 3-5 shows the results of the natural frequencies of the lowest 20 modes for each 

structural configuration denoted by different marker symbols. The bare cylinder without 

stiffeners is in circle markers. The cylinder with only ring stiffeners is in square markers. The 

cylinder with only stringer stiffeners is indicated by plus sign markers. The cylinder with both 

ring and stringer stiffeners is indicated by asterisk markers. 

 

Figure 3-5 The natural frequencies of the lowest 20 modes for each case of the cylinders, plotted as non-

dimensional frequency Ω = 𝜔/𝜔𝑅 where 𝜔𝑅 =
1

𝑅
√

𝐸

𝜌(1−𝜈2)
 is the ring frequency (951 Hz) for a cylindrical plain 

shell. Circle markers ‘○’: bare cylinder. Square markers ‘□’: cylinder with only rings. Plus sign markers ‘+’: cylinder 
with only stringers. Asterisk markers ‘*’: cylinder with both rings and stringers. 
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The natural frequencies appear in pairs for each structural configuration. Each pair of 

frequencies corresponds to the symmetric/anti-symmetric modes. The frequencies are 

identical for the bare cylinder, which is axisymmetric, and slightly different for the ring-

stiffened cylinders as the latter are periodic in the circumferential direction but no longer 

axisymmetric. 

Compared to the plain cylinder, the rings increase the natural frequencies in each mode while 

the stringers decrease them slightly. This is because these modes are dominated by the 

circumferential deformation and the rings constrain the extensional or the flexural motions of 

these modes, which effectively stiffens the cylinder. In contrast, the stringers put no 

constraints but apply mass to these modes, which decreases the natural frequencies. 

The grouped behaviour of the natural frequencies is not as significant as in the stiffened plate 

case considered [140]. This is because the stiffeners attached to the cylinder are light beams. 

In addition, the cylinder is also stiffened by the curvature, so the stiffness effect of the rings 

on the cylinder will not be as significant as that for the stiffeners applied to the plates. 

3.4 Numerical results 

In this subsection, the JAFs and the dynamic responses of the cylinders subjected to incident 

plane wave excitation are calculated. 

3.4.1 Joint Acceptance Functions 

The JAFs for the total surface pressures using two different assumptions are calculated and 

compared. They are using either the blocked pressure, including scattering, or pressure 

doubling (twice of the incident pressure). The latter is typically valid for plane structures and 

neglects any scattering effects due to the curvature. The structural modes from an unstiffened 

cylinder with shear diaphragm boundary condition are used so that the JAFs can be calculated 

analytically from the equations in Section 0. 

Figure 3-6 shows the axial component of the JAF for the first 4 bending modes of the cylinder 

subjected to plane wave excitation. It is plotted against the ratio between the structural 

wavelength 𝜆𝑚 = 2𝑙𝑐/𝑚 and the acoustic trace wavelength 𝜆𝑡𝐴 =
2𝜋

𝑘𝑠𝑖𝑛𝜃𝑖
 in the axial direction. 

This is proportional to frequency for each mode. 
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Figure 3-6 The axial component of the JAF for the first 4 bending modes of cylinder subjected to plane wave 
excitation. Circle markers ‘○’: the 1st mode. Square markers ‘□’: the 2nd mode. Asterisk markers ‘*’: the 3rd mode. 

Plus sign markers ‘+’: the 4th mode.  

The results show that the axial component of the JAF for the cylinder has the same shape as 

the JAF for a flat plate, shown in Figure 1-2. When the acoustic trace wavelength matches the 

structural bending wavelength at the coincidence frequency, a principal maximum will appear 

in the corresponding JAF, which is the coincidence effect. At higher frequency, the JAF consists 

of harmonic and subharmonic peaks and valleys, which shows a clear acoustic wavelength 

selectivity due to the cancellation of harmonics in the modal force distribution. The magnitude 

of the JAF is also higher than that in Figure 1-2. This is because the latter is for a two-

dimensional plate, but the JAF shown here is only an axial component and is effectively 

equivalent to the case for a one-dimensional beam. 

Figure 3-7 shows the circumferential component of the JAF for the 2nd to the 4th bending 

modes of the cylinder subjected to plane wave excitation. It is plotted against the ratio 

between the structural wavelength 𝜆𝑛 = 2𝜋𝑟𝑐/𝑛 and the acoustic trace wavelength 𝜆𝑡𝐶 =

2𝜋

𝑘𝑐𝑜𝑠𝜃𝑖
 in the circumferential direction. The 1st circumferential mode, the ‘breathing mode’, is 

excluded in this plot, as it has infinite structural wavelength, i.e. 𝜆0 = ∞ , but it will be 

discussed separately in Figure 3-8. 
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Figure 3-7 The circumferential component of the JAF for the 2nd to the 4th bending modes of cylinder subjected to 
plane wave excitation. Square markers ‘□’: the 2nd mode. Asterisk markers ‘*’: the 3rd mode. Plus sign markers 
‘+’: the 4th mode. The black markers are from the pressure doubling assumption. The red markers are from the 

blocked pressure assumption 

The coincidence effect is weak in both the doubled pressure (the black colour results) and the 

blocked pressure (the red colour results). This is because the pressure distribution around the 

circumference from either of the two pressure models does not form a constant acoustic 

(trace) wavelength. For the results using the doubled pressure, there is a fundamental 

difference of the JAF between a cylinder and a plate. When one increases the cylinder radius, 

the curvature is reduced, but the JAF is still different from the plate JAF. 

The acoustic wavelength selectivity is still preserved in the pressure doubling results (in black 

colour) for each mode, i.e. the JAF of one mode always has peaks and valleys at certain 

acoustic wavelengths. This is because the spatial correlation of the surface pressure is not 

changed for the pressure doubling results.  

However, the acoustic wavelength selectivity is not present for the blocked pressure 

assumption as the wavelength ratio increases (in red markers). The JAF for each mode 

becomes smoother and more continuous and its magnitude tends to increase everywhere at 

low frequencies, except in the coincidence region, and the curves seem to coalesce for 

different modes at high frequencies. This is because the spatial variation of the distribution of 

the reflected pressure varies more rapidly around the circumference when the acoustic 

wavelength is small compared to the structural wavelength [150, 153]. This makes the total 

pressure field more like a diffuse field, i.e. the spatial correlation of the total pressure field is 

reduced. As a result, the mode shapes progressively lose their acoustic wavelength selectivity 

as the spatial correlation of the pressure field drops [36].  
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Figure 3-8 shows the circumferential component of the JAF for the first circumferential modes 

of a cylinder, i.e. the ‘breathing’ mode. The results for the doubled pressure are in black circles 

and those for the blocked pressure are in red circles. The acoustic trace wavelength may not 

be properly defined around the circumferential direction, so the results are plotted against 

the circumferential non-dimensional parameter 𝑘𝑡𝐶𝑅 where 𝑘𝑡𝐶 = 𝑘𝑐𝑜𝑠𝜃𝑖. 

 

Figure 3-8 The circumferential component of the JAF for the first circumferential modes of cylinder subjected to 
plane wave excitation. The black circled markers ‘○’ are from the pressure doubling assumption. The red circled 

markers ‘○’ are from the blocked pressure assumption. 

For the doubled pressure results, the maximum JAF is close to 1 at 𝑘𝑡𝐶𝑅 = 0 for the first 

circumferential mode, i.e. 𝑛 = 0. This is because the acoustic field is equivalent to the uniform 

static pressure for a specific cylinder radius. The acoustic wavelength can be regarded as 

infinite, which fully matches the circumferential structural bending wavelength of the 

‘breathing’ mode.  

For the blocked pressure results, the maxima occur at the same mode and position, but the 

value reduces to close to 0.5. This is because the reflected pressure is very small compared to 

the incident pressure for small values of 𝑘𝑡𝐶𝑅 [153]. So the JAF reduces to a half compared to 

the case of pressure doubling.  

3.4.2 Dynamic response 

The displacement responses are next calculated for the four cylinders subjected to an incident 

plane wave excitation. The sound pressure level (SPL) of the incident sound field is 91 dB for 

all the cases evaluated. The incident angle with the cylinder axis is 
𝜋

4
.  

The response is calculated for the point on the surface that is on the middle plane of the 

cylinder axis and is on the rear side of the cylinder to the incident sound. This point is located 
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away from stringers and rings. The difference between the doubled pressure and the blocked 

pressure is also significant at this position. 

The modal forces used in the calculations were evaluated by numerical integration. The 

infinite summation in the pressure expression in section 3.1.1 was approximated by a finite 

summation |𝜈| ≤ 50. 

These results are given as the transfer function between the radial displacement of the 

cylinders and the unit magnitude pressure input for the sound field. The displacement is 

normalised by the cylinder thickness. The frequency range is up to 1000Hz, with a frequency 

resolution of 100 points per decade. All the modes up to 1200 Hz are included in the modal 

summation. The number of the modes for the four cylinders is 231, 189, 230 and 184 

respectively. 

Figure 3-9 (a) to (d) show the responses of the four cylinders (a) – (d) subjected to the plane 

wave excitations. The responses are for two different surface pressure assumptions. The solid 

lines are the doubled pressure (twice the incident pressure) and the dotted lines are the 

blocked pressure (the sum of the incident pressure and the reflected pressure from the rigid 

cylindrical surface).  

Figure 3-10 (a) to (d) show the orders of the modes in the frequency range below 1000 Hz. 

The modes associated with the predominant response peaks are marked with the solid circles 

and are within the bands highlighted in grey. The other modes are marked with the hollow 

circles.  
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(a) (b) 

  

(c) (d) 

Figure 3-9 The normalized radial displacement transfer function for the bare cylinder (a), the stiffened cylinder 
with 9 rings (b), the stiffened cylinder with 8 stringers (c), and the stiffened cylinder with both 9 rings and 8 
stringers (d). The responses are for two different surface total pressure assumptions. Solid line: the doubled 

pressure (twice of the incident pressure). Dotted line: the blocked pressure (the sum of incident pressure and the 
scattered pressure from rigid cylindrical surface). 
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(a) (b) 

  

(c) (d) 

Figure 3-10 Orders of the cylinder modes below 1000 Hz for the unstiffened cylinder (a), stiffened cylinder with 9 
rings (b), stiffened cylinder with 8 stringers (c) and with both rings and stringers (d). The modes associated with 

the predominant peaks in corresponding responses are marked by solid circles and are within the bands 
indicated in grey. Other modes are marked with hollow circles. 

Figure 3-9 (a) to (d) all show three distinct frequency ranges in the responses results. Below 

300 Hz the responses are mostly constant. This is due to the absence of modes, which can be 

confirmed in Figure 3-10 (a) to (d). Between 300 and 500 Hz the structures start to show small 

resonance peaks corresponding to the first few vibration modes. The response is not large in 

this range because these modes have relatively high circumferential orders (𝑛 ≥ 9 ) and 

cannot be efficiently excited by the acoustic field. Between 500 and 1000 Hz the responses 

increase, showing a broad response peak superimposed by various resonance peaks. The 

modes presented in this frequency range have low circumferential orders (𝑛 ≤ 8). 

The results also show that for all four cylinders the highest peaks in the responses correspond 

to the mode 𝑛 = 6 and 𝑚 = 1. The presence of the rings affects the order of the second 

highest peak, from 𝑛 = 7 to 𝑛 = 5, as it changes the circumferential stiffness. The presence 

of the stringers has little effect on the responses. 
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Additionally, the results also show that the predictions using the doubled pressure excitation 

produce overestimates in the responses compared to using the blocked pressure. The 

assumption using the blocked pressure results in more accurate predictions compared to 

those using the doubled pressure, as discussed in [152]. 

3.4.3 Comparison with a coupled FE-BE model 

To examine the assumption of the blocked pressure for the analytical model, the results for 

the unstiffened cylinder obtained in Figure 3-9 (a) are compared with a coupled FE-BE 

numerical simulation developed in COMSOL. As one purpose of the comparison is to verify 

the blocked pressure that includes the rigid scattering effect, an acoustic incident plane wave 

must be used as excitation instead of using the pressure loading described in Section 2.4. A 

direct consequence of this is that the incident plane wave will be diffracted from the edges of 

the cylinder. The vibroacoustic coupling in the coupled FE-BE model may also introduce 

additional differences in the comparisons. Some approximate measures are taken to minimise 

these effects. An uncoupled FE model with the blocked pressure is also used for reference. 

Figure 3-11 (a) shows the meshed FE-BE model. The elastic cylinder FEM is embedded 

between two rigid cylinders to reduce the effects of the wave reflections from the ends of the 

elastic cylinder. The elastic cylinder FE is in the blue area and is meshed by Mapped Mesh with 

a size of 1/5 of the structural bending wavelength for an infinite plate of identical thickness. 

The rigid cylinder BE is meshed by Free Triangular Mesh with size of 1/5 of the acoustic 

wavelength. The length of each rigid cylinder BE mesh is equal to one acoustic wavelength. 

Both the mesh size and the length of the rigid cylinder are frequency dependent. 

  

(a) (b) 

Figure 3-11 A coupled FE-BE numerical model for the baffled cylinder subjected to an incident plane wave with 

the incident angle of 
𝜋

4
 and the SPL of 91 dB at 650 Hz around the highest response peaks. (a) The meshed model. 

(b) The radial displacement (m) of the cylinder midplane with a scale factor of 1 × 106 and the total acoustic 
pressure (Pa) on the rigid cylindrical baffle surface. 

Total pressure amplitude (Pa) 
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Figure 3-12 shows the comparison between the analytical model, the FE model and the 

coupled FE-BE model. The result from the analytical model with blocked pressure is given by 

a black solid line. The result from the FE with blocked pressure is given by a blue dashed line. 

The result from the BE-FE model is shown by a red dashed line. 

 

Figure 3-12 Radial displacement of the reference point for the unstiffened cylinder calculated by different 
models. Black solid line: analytical model with blocked pressure. Blue dashed line: FE model with blocked 

pressure. Red dashed line: coupled FE-BE model. 

The results show that the agreement between the two uncoupled models, i.e., the analytical 

and the FE models, is very good. This indicates the structural modelling of the cylinder is 

accurate.  

The responses from the two uncoupled models have a satisfactory agreement with that from 

the coupled FE-BE model in the non-resonance regions. At low frequencies the coupled and 

uncoupled results differ by about 40%. This difference might arise from the acoustic excitation. 

The blocked pressure approximation used in the uncoupled models includes the rigid 

scattering from an infinite cylinder. However, a finite cylinder was used. Although two rigid, 

finite cylindrical baffles are placed at the two ends of the elastic cylinder, the ends of the 

baffles still play a role in the sound reflection.  

The agreement in the resonance regions is not good, especially in the frequency range 

between 500 – 1000 Hz. It can observed that the resonance peaks in the coupled FE-BE model 

are more damped than those predicted by the uncoupled models. The reason for this may be 

the contribution of the radiation damping caused by the vibroacoustic coupling in the coupled 

FE-BE model, as discussed in Chapter 2 for the case of stiffened plates. As the goal of this 

chapter is to investigate the effect of curvature rather than vibroacoustic coupling, no attempt 

was made to develop a fully coupled analytical model for the cylinder. A qualitative estimation, 
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however, can still be made to verify the contribution of the radiation damping. Figure 3-13 

shows an updated result (in red dashed line) where the radiation damping loss factor of 3% 

for all modes was included, increasing the total damping value of the uncoupled analytical 

model from 1% to 4%.  

 

Figure 3-13 Radial displacement of the reference point for the unstiffened cylinder calculated by different 
models. Black solid line: analytical model with blocked pressure with radiation damping. Red dashed line: 

coupled FE-BE model. 

It can be seen that the agreement in the comparison within the frequency range 500 – 700 Hz 

is largely improved by adding the radiation damping of 3% to all the modes used in the modal 

summation of the uncoupled model. Above 700 Hz, the response of the uncoupled model is 

overdamped compared to that of the coupled FE-BE model. This may be because the radiation 

damping of the modes in this frequency region is now overestimated.  

However, in view of the severe approximate measures which have been made in the 

comparison this is considered to be satisfactory agreement. The reason for this satisfactory 

agreement is thought to be primarily due to the treatments of the finite rigid cylindrical baffles 

and the qualitative estimation of the radiation damping having opposite effects on the 

comparison. 

In terms of the calculation time in using the same CPU, the runtime for coupled FE-BE model 

is about 40 hours, while that of the uncoupled model is about 5 minutes. 

3.5 Summary 

This chapter presented the prediction methodologies for the acoustic responses of stiffened 

cylinders subjected to both plane wave and spherical wave fields. Both the rigid acoustic 

scattering and the stiffener effects are included in the predictions. The total surface blocked 
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pressure for plane wave and spherical wave excitation are revisited. The Joint Acceptance 

Functions (JAFs) based on both the blocked pressure and the doubled pressure for the plane 

wave excitation were derived for an unstiffened cylinder with shear diaphragm boundary 

conditions. The numerical results of the dynamic responses are given for cylinders with 

different stiffener configurations and surface pressure assumptions. The response of the 

unstiffened cylinder subjected to the blocked pressure is also compared with that from a 

coupled FE-BE model. 

The main findings can be summarised as: 

• The effects of ring and stringer stiffeners on the modal stiffness of the cylinders 

depend on the direction of the dominating deformation of the modes. In the example 

cylinders, the natural frequencies are increased by the rings but is decreased by the 

stringers. 

• The coincidence and the wavelength selectivity of Joint Acceptance Functions (JAFs), 

which are two significant features in plane structures, are reduced by structural 

curvature and rigid scattering of the sound respectively. 

• The doubled pressure assumption resulted in overestimating the surface pressure 

and the subsequent response compared to the blocked pressure assumptions. The 

latter matches well with a fully coupled FE-BE model in the non-resonant regions, 

while the agreement in the resonant regions can be significantly improved by taking 

into account the vibroacoustic coupling by appointing of the radiation damping. 
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Chapter 4 Experimental investigation of the acoustic 

response of a scaled fuselage model  

This chapter describes the measurements performed on a ring-stiffened, thin-walled aircraft 

fuselage model. The purpose is to investigate the predictions of the surface pressure and the 

subsequent vibration responses for the stiffened cylinder in the context of experiments on a 

practical structure. The finite element method instead of the normal mode method is used for 

such a complex test structure, as the complexity is too high for a simple representation. First, 

the mobility of the test structure was measured by an instrumented impact hammer test and 

this was compared with the results produced from several different FE models. Then an 

acoustic test was performed in the anechoic chamber, to examine both the excitation and the 

response models for the cylinder subjected to a spherical incident acoustic wave. 

4.1 The test structure and modelling 

4.1.1 The scaled fuselage  

A quarter scale aircraft fuselage model with ring stiffeners around the circumference was used 

as the test structure. It was mainly constructed by the technical staff in ISVR during the 

research work by Mason on the sound transmission through an aircraft fuselage [154]. 

Figure 4-1 (a) shows the fuselage test structure. Figure 4-1(b) shows the view of the ring 

stiffeners inside the test structure. Each ring stiffener is attached around the circumferential 

direction and they are all aligned in the axial direction on the inner surface of the cylinder. 

Adhesive materials and rivets are used in the joints. The material of the test structure is NS-4-

H6 Aluminium. 
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(a) (b) 

Figure 4-1 The test structure: a quarter scale fuselage model (a) with ring stiffeners (b). 

Figure 4-2 shows a drawing of the geometry of the test structure. The body of the test 

structure, a cylinder, is stiffened by 18 equispaced, thin-walled section frames. The section 

frame has a cross-section of ‘C’ shape. One of the section walls of each frame is attached 

around the circumference of the cylinder. 

 

Figure 4-2 The drawing of the geometry of the ring-stiffened cylinder test structure. 

The structural dimensions of the test structure are listed in Table 4-1. 
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Table 4-1 The structural dimensions of the test structure. 

Name Symbol Value (m) 

Cylinder radius 𝑟𝑐  0.38 

Cylinder length 𝑙𝑐 2.43 

Bay length 𝑙𝑏 0.14 

Cylinder skin thickness 𝑡𝑐  5.60 × 10−4 

Ring stiffener width 𝑤𝑠 1.27 × 10−2 

Ring stiffener depth 𝑑𝑠 3.81 × 10−2 

Ring stiffener thickness 𝑡𝑠 6.80 × 10−4 

A more detailed description of the model is given in [154]. 

4.1.2 The normal mode method 

The normal mode method was considered initially for modelling the scaled fuselage. The 

modal model based on the normal mode method was developed for the test structure. 

However, the modal model failed to accurately represent the test structure.  

The main issue is that the ill-conditioned eigenvalue problem resulted in non-physical negative 

eigenvalues. The reason for this is that the light beam stiffener representation is not valid for 

the test structure [46], because the bending stiffness of the stiffeners has a high contribution 

to the total bending stiffness of the structure. The stiffener cross-sectional area is 60 mm2, 

which is comparable to the cross-sectional area of the cylinder skin between stiffeners namely 

80 mm2. This is mainly caused by the very high ratio, 68, between the stiffener depth and the 

cylinder skin thickness. A threshold value for this ratio to solve the issue was determined by a 

parameter study. In this study the cylinder skin thickness was increased gradually and the free 

vibration analysis was performed in both the modal model and a FEM. The natural frequencies 

of the two models were then compared with each other. It was found that the skin thickness 

should be increased to at least one fifth of the stiffener depth to obtain a convergent modal 

model whose free vibration results match that of the FEM model.  

The other issues relate to the validity of the assumptions in the modal model, but they only 

affect the accuracy rather than the convergence of the model. Firstly, the warping stiffness of 

the beam stiffener is not included. The warping effect should be considered for a thin-walled 

open section beam [155]. The warping deformation will modify the shear strain throughout 

the cross-section and change the torsional behaviour of the beam [88]. This effect may be 

neglected for light stiffeners [48], but it is inadequate to do so in the current test structure. 
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Secondly, the stiffener-skin interface is treated as a line contact. The line contact assumption 

was found valid when the stiffener width is not greater than the skin thickness [48], which is 

not the case in the test structure, where the stiffener width is more than 200 times larger than 

the skin thickness. In addition, the modal model also considers the beam depth to be 

negligible compared to the cylinder radius in the formulation of the strain energy of the beam. 

This may not be appropriate for representing the test structure, where the stiffener depth is 

10% of the cylinder radius, although this deficiency might not be significant.  

Hence, the normal mode method is not used for modelling the test structure due to the 

complexity of the test structure. 

4.1.3 The FE models 

The finite element method was used to model the test structure for three reasons. Firstly, as 

discussed in last section, the light beam assumption that causes the ill-condition issue in the 

modal model of the test structure is not required. Secondly, a more general boundary 

condition can be considered. Thirdly, the vibroacoustic coupling effect can be more easily 

examined by combining the structural FE model with an acoustic FE or BE model.  

To examine the effect of the line contact assumption, two different FE models were built in 

the ‘Structural mechanics’ module of COMSOL software. The details of the two FE models are 

listed in Table 4-2. 

The stiffeners are modelled by beam elements in FE model A. In the contact line with the 

cylinder’s skin, the ‘Shell-Beam Connection’ is used to couple the two parts together. The 

stiffeners were modelled by shell elements in FE model B. In the contact area with the 

cylinder’s skin, the stiffener edges and the cylinder skin share the same nodes. In both of the 

FE models, the warping stiffness of the stiffeners is included. This is automatically included in 

FE model B where the stiffeners are modelled as shell elements. In FE model A, the 

Timoshenko beams with open cross-section were used to include the warping stiffness. 
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Table 4-2 Details of three FE models for test structure. 

FE model No. Stiffeners Cylinder Contact 

A Cubic beam 

element 

Quadratic shell 

element 

Shell-Beam Connection 

B Quadratic shell 

element 

Quadratic shell 

element 

Sharing nodes 

An unstructured triangular mesh was used in both FE models by using a ‘Free Triangular’ 

meshing procedure in COMSOL. The mesh was automatically created and adapted for the 

models’ physical settings, which means that the mesh close to the joints is finer than that far 

away from them.  

A convergence study to determine the proper mesh size was performed in FE model B, as this 

modelling approach is more demanding in terms of the number of elements. The convergence 

criterion was set to be on the variation of the natural frequency of the first local mode, i.e. 

the first mode of the bay between two adjacent ring stiffeners, over the changing mesh size. 

The value of the mesh size is set to decrease from the bending wavelength for an infinite plate 

of identical thickness 𝜆𝑝 at the frequency of 1kHz, which is 0.074m. Table 4-3 lists the natural 

frequencies of the first local mode for different mesh size.  

Table 4-3 The natural frequencies of the first local mode for different mesh size. 

Mesh size 

(mm) 

Natural frequency of 

first local mode (Hz) 

74 640.17 

37 602.80 

24.7 591.90 

18.5 590.69 

14.8 590.67 

12.3 590.98 

The result shows that the natural frequency decreases rapidly as the mesh size decreases from 

74 mm  to 24.7 mm , but it converges to 590.69Hz for the mesh size of 18.5 mm . The 

frequency changes little when the mesh size is further reduced. So the maximum mesh size 

was set to be 18.5 mm. There are approximately 8 elements in the axial direction between 

two adjacent ring stiffeners. The FE model B with the selected mesh size is shown in Figure 

4-3. 
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Figure 4-3 The meshed FE model B in COMSOL. 

The total number of finite elements in the FE model A is 41872 and that in FE model B is 60088. 

Table 4-4 shows a comparison of the lowest cylinder modes between FE models A and B with 

free boundary conditions. These modes include the eight lowest global modes and the first 

local mode. The global modes are those that involve deformation of the whole cylinder. The 

local mode is determined by the behaviour of a small cylindrical bay delimited by the ring 

stiffeners.  
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Table 4-4 The comparison of the predicted lowest global modes and lowest local mode in FE models A and B with 
free ends boundary conditions. 

Mode  

FE model A FE model B 

Mode shape 
Natural 

frequency (Hz) 
Mode shape 

Natural 

frequency (Hz) 

1st global 

 

162 

 

148 

2nd global  

 

165 

 

151 

3rd global  

 

243 

 

234 

4th global 

 

420 

 

400 

5th global  

 

432 

 

406 

6th global 

 

464 

 

417 

7th global  

 

490 

 

457 

8th global 

 

499 

 

474 

1st local 

 

570 

 

591 
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Figure 4-4 shows the comparison of the modal properties in terms of the Modal Assurance 

Criterion [147], for the mode shapes, and the scatter plots for the lowest 8 global modes with 

modes 1 – 8 and the lowest local mode, i.e. ninth mode, of the test structures. Only one of 

the modes in each mode pair was used in the comparison. 

 

Figure 4-4 The comparison of modal properties between the FE model A and the FE model B for the lowest 8 
global modes (mode order 1 - 8) and the lowest local mode (mode order 9) of test structure. (a) MAC plot; (b) 

Scatter plot. 

The results in Table 4-4 and Figure 4-4 (a) show that both FE models have similar mode shape 

for global modes 1 – 3. This is because these low frequency modes possess long structural 

wavelengths. The stiffener details have little effect on changing these modes. Figure 4-4 (b) 

shows that the natural frequencies of the global modes 1 – 3 are lower in FE model B than FE 

model A. This is because the stiffeners modelled by shell elements allow for the cross-section 

deformation or warping, which makes them less stiff than the stiffeners modelled by beam 

elements. 

Both the mode shapes and the natural frequencies of the two models are different for global 

modes 4 – 8. This is because of the different stiffener models used and their contacts with the 

cylinders affects these relatively high frequency global modes when the structural wavelength 

is shorter.  

Table 4-4 shows that the two FE models again have similar circumferential mode shapes for 

the first local mode (mode number 9), with one axial half-wavelength between consecutive 

stiffeners and 18 circumferential wavelengths. This is also confirmed by the high MAC value 

seen in Figure 4-4 (a). The different stiffener models have little effect on the local mode shape. 

Figure 4-4 (b) shows that the natural frequency of the local mode is lower in FE model A than 
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FE model B. This is because the length of each bay is slightly longer in FE model A than in FE 

model B because of the contact area, which effectively stiffens this local mode. 

4.2 The impact test and results 

A set of impact tests were performed to explore the behaviour of the test structure and to 

decide which FE model can better represent the test structure and the potential differences 

between them. The measurements include both the driving-point mobility at some locations 

and a number of transfer mobilities. 

4.2.1 The set-up 

Figure 4-5 shows the layout of the measurement system used in the impact test.  

 

Hammer
Accelerometers

Analyser

Computer

Wooden cap

Wooden cap

Resting on ground

 

Figure 4-5 The layout of the measurement system used in the impact test. 

Two wooden caps were fixed at the two ends of the cylinder. The purpose of using the caps is 

for the acoustic response test but they are used in the structural tests too for consistency; 

they can reduce the exterior sound field propagating into the interior of the cylinder. The top 

cap also adds a mass of about 10 kg which produces a small static compressive force in the 

axial direction. Resting the structure on the ground will introduce uncertainty in the boundary 

conditions of the test structures, which is expected to primarily affect the measured response 

at lower frequencies. 
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The impact excitation was provided by an instrumented hammer with a sensitivity of 

2.25  mV/N. The tip and the head of the hammer were selected to provide an effective 

excitation to the cylinder over a frequency range up to 4 kHz. As the skin of the test structure 

is very thin, large loading should be avoided in case the structure is forced outside the linear 

range. In addition, the orientation of each impact should be well controlled so that it is normal 

to the cylindrical surface. 

An accelerometer with a sensitivity of 1.078 mV/(m/s2) was attached to the cylinder surface 

to measure the radial acceleration. To measure the driving point mobility it would be 

appropriate to place the accelerometer on the interior skin surface at the point of impact, so 

that the orientation of the measured response point coincides that of the excitation in the 

mobility measurement. However, this was impractical due to the length of the structure. 

Therefore, the accelerometer was attached on the outer surface of the test structure and 

impacts were given next to it.  

The acquisition system comprised an analyser ABACUS 901 and a laptop with processing 

software DP900. The transfer and coherence functions were produced by this acquisition 

system. The frequency range is up to 4 kHz with a frequency resolution of 0.625 Hz. The 

number of repeated impacts for each position was 6 to reduce the noise. 

4.2.2 Test procedures 

Five sets of impact tests were undertaken. The first set of impact tests was to measure the 

driving-point mobilities at the centre of different bays. The second and subsequent sets of 

impact tests were performed to measure the transfer mobilities on different parts of the 

cylinder. The driving-point mobility results, compared with the FE model results, were used to 

demonstrate the difference between the FE models and the measurements, as well as to 

examine the variability of the mobility for the different bays.  

Figure 4-6 shows the measurement points of the first set of impact tests for the driving point 

mobilities. These positions were chosen to measure the acceleration of the surface in the 

radial direction as well as to be the hammer impact points. They were along an axial line of 

points on the cylinder surface and on the central points of the bays from Bay 7 to Bay 11. The 

other bays are not shown here. These 5 measurement points are indicated as red points with 

No.1 – 5. 
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Figure 4-6 The measurement points of the first set of impact tests for the driving point mobility along the axial 
direction from Bay 7 to Bay 11. 5 measurement positions are on the centres of each bay and are indicated with 

the red points in the figure, No.1 – 5. 

Figure 4-7 shows the measurement points of the second set of impact tests for the transfer 

mobility. The hammer impact points were along an axial line on the cylinder’s surface, 

resulting in 71 equally spaced positions along the straight line across the six central bays of 

the cylinder, from Bay 7 to Bay 11. One accelerometer was placed at the midpoint of the 

cylinder to measure the acceleration in the surface radial direction. It is indicated as a red 

point in Figure 4-7, i.e. No. 36.  

1

Bay 11 Bay 10 Bay 9 Bay 8 Bay 7

Accelerometer No.36 Hammer No.1 - 71

1529435771                     

Bay 1 - 6Bay 12 - 18

 

Figure 4-7 The measurement points of the second set of impact tests for the transfer mobility along an axial line 
on the cylinder’s surface. The red point No.36 is for the accelerometer position and the 71 positions equally 

spaced along the six central bays (Bay 7 – 11) are for the impact points. 

Figure 4-8 shows the measurement points of the third set of impact tests for the transfer 

mobilities. The hammer impact points were around the circumferential line in the central bay 

of the cylinder (Bay 9). 19 points were equally spaced around a half of the circumference with 

a separation angle of 10° between points. The 17 hammer impact points, No.1 – 17, are 

illustrated in Figure 4-8. The accelerometer position No.1 as indicated as a red point in Figure 

4-8 is to measure the acceleration in the surface radial direction.  



83 
 

Accelerometer No.1
Hammer 
No.1 - 17

1 2
3

4
5

6

7

8

9

10

11

12

13

14

15
16

17

Bay 9
 

Figure 4-8 The measurement positions of the third set of impact tests for the transfer mobility around the 
circumference of the cylinder in the central bay (Bay 9). The red point No.1 is for the accelerometer position and 

the 17 impact points are marked around a half of the circumference. 

Figure 4-9 shows the measurement points for the fourth set of impact tests for the transfer 

mobilities. The hammer impact points were around the circumferential line in the centre of 

Bay 9. These points were equally spaced with a separation angle of 1.5°. This separation angle 

is smaller than that of the third impact test, aiming to achieve a better spatial resolution 

particularly for the identification of the first local modes. The accelerometer position No.1 as 

indicated as a red point in Figure 4-9 measured the acceleration on the surface in the radial 

direction. 
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Figure 4-9 The measurement points of the fourth set of impact tests for the transfer mobility around the 
circumference of the cylinder in Bay 9. The red point is the accelerometer position. The 20 hammer impact points 

are equally spaced with a separation angle of 1.5°. 

Figure 4-10 shows the measurement points for the fifth set of impact tests for the transfer 

mobility. The locations of the impacts and the accelerometer positions are the same as for the 

fourth set of impact tests as shown in Figure 4-10, but the measurements were performed on 

a different bay, Bay 7. 
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Figure 4-10 The measurement points of the fifth set of impact tests for the transfer mobility around the 
circumference of the cylinder in Bay 7. The red point is the accelerometer position. The 20 hammer impact points 

are equally spaced with a separation angle of 1.5°. 

Table 4-5 summarises the five sets of impact measurements. 
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Table 4-5 A summary of the five sets of impact measurements 

Test Measurements points Target 

Set 1 • No. 1-5 

• 5 points at the middle of -bays from Bay 
7 to Bay 11 

• Driving mobilities 

Set 2 • No. 1 - 71 

• 71 points along an axial line from Bay 7 
to Bay 11 

 

• 1 driving point mobility 

• 70 transfer mobilities 

• Both global and local 
modes 

Set 3 • No. 1 – 17  

• 17 points around the circumference of 
Bay 9 

• 1 driving point mobility 

• 16 transfer mobilities 

• Global modes 

Set 4 • No. 1 – 20  

• 20 points around the circumference of 
Bay 9 

• 1 driving point mobility 

• 19 transfer mobilities 

• Local modes 

Set 5 • No. 1 – 20 

• 20 points around the circumference of 
Bay 7 

• 1 driving point mobility 

• 19 transfer mobilities 

• Local modes 

 

4.2.3 Comparison between measurements and FE results 

4.2.3.1  Driving – point mobility  

Figure 4-11 shows the results of the first set of impact tests. Figure 4-11(a) shows the driving-

point mobility and Figure 4-11(b) shows the coherence of the corresponding measurements. 

The five measurement positions, labelled No.1 to No. 5 in Figure 4-6, are represented in solid 

lines with five different colors, with yellow for No.1, blue for No.2, black for No.3, green for 

No.4 and red for No.5. 

  

(a) (b) 

Figure 4-11 The results of the first set of impact tests showing driving-point mobilities (a) and the coherence (b) 
for the five measurement positions: yellow for position No.1, blue for No.2, black for No.3, green for No.4 and 

red for No.5. 
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If all the bays of the structure were constructed in the exact same way, one would expect that 

their driving point mobilities would be very similar. On the contrary, Figure 4-11 (a) shows that 

the driving-point mobilities of the five positions have substantial differences in the frequency 

range 250Hz – 550Hz, which is marked by a grey band.  

In fact, a different outcome is found if the driving point mobilities at the same positions are 

calculated adopting an FE approach. This can be seen in Figure 4-12(a) for FE model A and in 

Figure 4-12 (b) for FE model B. This is because the bays are fully periodic in the FE models and 

the connection between stiffeners and skin is perfect. This does not seem to be the case in 

the test structure available.  

  

(a) (b) 

Figure 4-12 The driving-point mobility of the same five positions on the FE model A (a) and the FE model (b) with 
solid lines with yellow for No.1, blue for No.2, black for No.3, green for No.4 and red for No.5. 

The measurements on the test structure show a significant variability, causing the 

disagreement of the measured driving-point mobilities of the five positions in Figure 4-11(a) 

in the grey highlighted frequency ranges. The joints between the ring-stiffeners and the 

cylindrical shell are likely to be the main factor of the variability. On the one hand, the joints 

comprising adhesive material and rivets are not well represented in the FE models. On the 

other hand, the joint details may vary in each ring-stiffener due to the manufacturing process. 

It was outside the scope of the study to model the joint details more accurately or investigate 

their variability on this test structure. However, what appears clearly from both 

measurements and modelling is that the response of the structure can be divided into two 

separate regions. Below about 550-600 Hz the response is stiffness-like, while at higher 

frequency many modes contribute to the response. 

A simple evaluation of the effects of the joint connection and an explanation for the two 

frequency regions, can be obtained with a simple FE model. A cylinder having the dimension 
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of a single bay, excluding the stiffeners, was set up with shear diaphragm or a spring 

foundation at its boundaries. The mode shapes of such a cylinder can represent the mode 

shapes of the local modes of the whole test structure for each bay.  

Figure 4-13 (a) shows the single bay FE model in COMSOL. The single bay was supported with 

either the shear diaphragm boundary condition (SD boundary condition) or a spring 

foundation. The latter was given the same distributed spring constant in the radial and 

circumferential direction, which was set to 7 × 109N/m. No axial constraint was given to this 

model. The damping in the FE models is modelled using a structural loss factor equal to 0.004. 

This value is estimated from the peak of the measured point mobility at 128 Hz. 

  

(a) (b) 

Figure 4-13 A single bay of the FE model A (a) and the comparison of the driving-point mobilities (b). The red solid 
line is the FE model A point mobility in No. 1. The blue dotted line is the point mobility of the single bay with SD 

boundary condition. The green dotted line is the point mobility of the single bay with spring foundation boundary 
condition.  

The FE single bay model has the fundamental natural frequency 535 Hz and 522 Hz with the 

SD and spring foundation boundary conditions respectively. The natural frequency of the first 

local mode of FE model A is 570 Hz. The mode shape of the first mode of the single bay with 

the SD boundary condition is similar to the first local mode of the FE model A and B on one 

bay, i.e. 18 circumferential wavelengths, which means that the SD support is close to the 

modelling of the joint connection in FE model A. This might be a consequence of the much 

higher bending stiffness of the ring stiffener compared to the cylinder skin. Comparing FE 

model A and the single bay with SD boundary condition, the natural frequency is reduced from 

570 Hz to 535 Hz. This might be due to the absence of the axial constraint which is present in 

the full model via the connection with adjacent bays. This constraint takes into account the 

membrane effect of the cylinder skin involved in the in-plane stretching in the coupled axial 

bending components. The first natural frequency of the single bay with the spring foundation 

is further reduced as the spring provides a finite value for the stiffness in the radial and 
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circumferential directions. Its fundamental mode has the same value for the circumferential 

wavelength compared to the other modelling approaches. What appears evident from the 

results in Figure 4-13(b) is that the point response of the structure has contributions by many 

modes above the fundamental mode, while it is dominated by stiffness below the 

fundamental mode. As the modes of this simpler model can represent the local modes of the 

full structure, one can conclude that the full structure is dominated by local modes above the 

frequency where the first local mode appears. This is fixed in the FE models for all the bays, 

but it is variable for the real structure. In the full structure the presence of global modes also 

contributes to the response below the first local mode. 

The two wooden caps have two effects on the test structure. They add a mass of 10kg and 

enclose the air domain inside the cylinder. The mass effect can be modelled by a static, 

prestress in the FE model. The interior air domain can also be modelled as finite elements. 

These effects are examined using the FE model B. Figure 4-14 shows a comparison of the point 

mobility from FE model B with different conditions considering the effects of the prestress 

and the interior air domain. The result shows that the effects of the prestress and the interior 

air domain are negligible above 300Hz where the FE predictions are almost overlapping. 

 

Figure 4-14 Comparison of the point mobility from FE model B with different conditions. Free boundary condition 
without interior air domain (blue solid line). Free boundary condition with interior air domain (blue dotted line). 

Prestress without interior air domain (red solid line). Prestress with interior air domain (red dotted line). 

To better understand the behaviour of the test structure some modal analysis was performed 

to characterise the mode shapes present around a few dominant resonance peaks. Because it 

has been observed in the measured mobility that different bays can have different behaviour, 

the modal analysis is done for two of these bays (Bay 9 in the fourth set of impact tests and 

Bay 7 in the fifth set of impact tests). The measured and the FE driving point mobilities of the 

two bays selected are shown in Figure 4-15(a) for Bay 9 and Figure 4-15(b) for Bay 7. The 

resonance peaks analysed are marked in the figures. 
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(a) (b) 

Figure 4-15 The measured and FE driving point mobilities of two bays. (a) Bay 9: black solid for measurement, red 
solid for FE model A, blue solid for FE model B. (b) Bay 7: yellow solid for measurement, red solid for FE model A, 

blue solid for FE model B. 

For Bay 9 in Figure 4-15(a), below the Test peak 4 at 516 Hz, the result shows a stiffness-like 

behaviour with a few peaks possibly due to the global modes. Above this peak many modes 

contribute to the response. For Bay 7 in Figure 4-15(b), a similar behaviour is found, but the 

two regions are divided by an experimental peak 6 at 570 Hz. The mode shapes corresponding 

to these peaks will be shown next together with the mode shapes of a few other peaks 

indicated in the figures. 

For the FE models, the first and the second peaks correspond to the first and the third global 

mode. The second global mode in the FE models is not present in the driving-point mobilities 

as the measured positions are on the nodal line of this mode. The third peak labelled in Figure 

4-15 (b) corresponds to the first local mode. In the next section, the attempt is made to 

associate the peaks in the measurement to those in the FE models through modal analysis. 

These peaks and their corresponding frequencies and bay positions are listed in Table 4-6 for 

the measurement and Table 4-7 for the FE models. 

Table 4-6 The peaks to be analysed and their corresponding frequencies and bay positions in the measurement. 

Measurement 

Peak  Freq (Hz) Bay No. 

1 128 9 

2 170 9 

3 434 9 

4 516 9 

5 570 7 
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Table 4-7 The peaks to be analysed and their corresponding frequencies and bay positions in FE models. 

FE model A FE model B 

Peak  Freq (Hz) Bay No. Peak  Freq (Hz) Bay No. 

1 162 9 and 7 1 148 9 and 7 

2 242 9 and 7 2 234 9 and 7 

3 571 9 and 7 3 593 9 and 7 

4.2.3.2 Measured mode shapes  

The measured mode shapes from the measurement points, either along the axial or 

circumferential directions, were obtained by modal analysis. The modal analysis used in this 

study was based on a Least Square Complex Exponential method and curve fitting. A single 

mode is identified in each modal analysis.  

A MAC comparison between the measured mode shapes and the FE mode shapes is not 

convenient due to the limited number of measurement points and also due to the bay-to-bay 

variability found in measurements. However, the measured mode shapes along the axial and 

the circumferential measurement points might be associated with some of the FE mode 

shapes in Table 4-4 by observation of some general features.  

Figure 4-16 shows the measured mode shapes of the first test peak labelled in Figure 4-15 and 

listed in Table 4-6. Figure 4-16 (a) shows the mode shape from the measurements along the 

longitudinal axis extracted from the second set of impact tests. Figure 4-16 (b) shows the 

mode shape of the measurements extracted from the third set of impact tests in the 

circumferential direction. The maximum deflection in each plot was scaled to be 1. The scale 

factors of 2.47 and 3.84 are used for the axial and circumferential plots respectively. 
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(a) (b) 

Figure 4-16 The measured mode shapes of the first test peak at frequency of 128 Hz. The red asterisk points are 
the undeformed shape and the blue circle points are the deformed shape. (a) Mode shape from the 
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measurements along the axial direction, extracted from the second set of impact tests. (b) Mode shape from the 
measurements around the circumferential direction, extracted from the third set of impact tests. The black 
dashed line is a plot of a sinusoidal function with 2 circumferential wavelengths. The position of the fixed 

accelerometer is highlighted as the red solid dot. 

In the axial direction the mode shape is similar to that of the first global mode in both FE 

models A and B. It is close to a straight line along the axial direction with two nodal diameters 

present when observing the mode shape in the circumferential direction. Hence, the first test 

peak can be associated with the first FE resonance peak in Table 4-6 and can be recognised as 

the first global mode of the test structure. 

Figure 4-17 shows the measured mode shapes for the second test peak labelled in Figure 4-15 

and listed in Table 4-6. Figure 4-17 (a) is for the axial direction extracted from the second set 

of impact tests. Figure 4-17 (b) is for the circumferential direction extracted from the third set 

of impact tests. The maximum deflection in each plot was scaled to be 1. The scale factors of 

2.52 and 4.51 are used for axial and circumferential plots respectively. 
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(a) (b) 

Figure 4-17 The measured mode shapes from the second test peak at frequency of 170 Hz. The red asterisk 
points are the undeformed shape and the blue circle points are the deformed shape. (a) Mode shape from the 

measurements along the axial direction, extracted from the second set of impact tests. (b) Mode shape from the 
measurements around the circumferential direction, extracted from the third set of impact tests. The black 
dashed line is a plot of a sinusoidal function with 2 circumferential wavelengths. The position of the fixed 

accelerometer is highlighted as the red solid dot. 

Along the axial direction (Figure 4-17 (a)), the mode shape corresponding to the second test 

peak is close to a straight line but could also be associated with the shape of the third global 

mode in both FE models A and B. The mode observed from the circumferential measurement 

points (Figure 4-17 (b)) tends to have two complete circumferential wavelengths. It is also 

similar to the third global mode in both of the FE models. It is not easy to unequivocally 

associate this result to being one of the FE modes shown in Table 4-6. It could correspond to 

the third global mode but there is no certainty in this. The experimental mode shape might 
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see the effect of the variability in the stiffener connection and there is uncertainty in the actual 

boundary condition.  

An attempt was made to identify the mode shape associated with the broad peak at around 

300 Hz (see Figure 4-15 (a)). However, the coherence in this region is low and the results did 

not allow a correspondence between this peak and the FE results to be found. 

Figure 4-18 shows the measured mode shapes of the third test peak labelled in Figure 4-15 

and listed in Table 4-6. Figure 4-18 (a) is for the measurements in the axial direction extracted 

from the second set of impact tests. Figure 4-18 (b) is for the measurements points around 

the circumferential direction extracted from the third set of impact tests. The maximum 

deflection in each plot was scaled to be 1. The scale factors of 0.07 and 0.89 are used for axial 

and circumferential plots respectively. 

Bay 11 Bay 10 Bay 9 Bay 8 Bay 7
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(a) (b) 

Figure 4-18 The measured mode shapes from the third test peak at frequency of 434 Hz. The red asterisk points 
are the undeformed shape and the blue circle points are the deformed shape. (a) Mode shape from the 

measurements along the axial direction, extracted from the second set of impact tests. (b) Mode shape from the 
measurements around the circumferential direction, extracted from the fourth set of impact tests. The black 

dashed line is a plot of a sinusoidal function with 16 circumferential wavelengths. The position of the fixed 
accelerometer is highlighted as the red solid dot. 

The mode shape from the measurements along the axial direction shows a half wavelength 

across the Bays 9 - 11, while Bays 7 and 8 are close to being undeformed. This is consistent 

with the point mobility results in Figure 4-11, where the resonance peaks at 434 Hz are mostly 

present in Bay 9 – 11. In particular, Bays 10 and 11 have higher resonance peaks than Bay 9, 

which is also indicated in the measured mode shapes. The measurement along the 

circumferential direction of the third measured peak tends to have 16 complete 

circumferential wavelengths. Due to these features in the axial and circumferential directions, 

this mode can be recognised as the first measured local mode of the test structure.  
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Figure 4-19 shows the measured mode shapes of the fourth test peak labelled in Figure 4-15 

and listed in Table 4-6. Figure 4-19 (a) is the axial direction extracted from the second set of 

impact tests. Figure 4-19 (b) is for the circumferential direction extracted from the fourth set 

of impact tests. The maximum deflection in each plot was scaled to be 1. The scale factors of 

0.12 and 0.18 are used for axial and circumferential plots respectively. 

Bay 11 Bay 10 Bay 9 Bay 8 Bay 7
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(a) (b) 

Figure 4-19 The measured mode shapes of the fourth test peak at frequency of 516 Hz. The red asterisk points 
are the undeformed shape and the blue circle points are the deformed shape. (a) Mode shape from the 

measurements along the axial direction, extracted from the second set of impact tests. (b) Mode shape from the 
measurements around the circumferential direction, extracted from the fourth set of impact tests. The black 

dashed line is a plot of a sinusoidal function with 17 circumferential wavelengths. The position of the fixed 
accelerometer is highlighted as the red solid dot. 

The results along the axial direction tend to have a half wavelength across the Bay 8 and Bay 

9. This is consistent with the point mobility results in Figure 4-11, where the resonance peaks 

at 516 Hz are mainly present in these two bays. The circumferential mode of the third 

measured peak tends to have 17 complete circumferential wavelengths. Due to these features 

of the axial and circumferential mode shapes, this mode can be recognised as the second 

measured local mode of the test structure.  

Figure 4-20 shows the measured mode shapes of the fifth test peak labelled in Figure 4-15 

and listed in Table 4-6. Figure 4-20 (a) is for the axial direction extracted from the second set 

of impact tests. Figure 4-20 (b) is for the circumferential direction extracted from the fifth set 

of impact tests. The maximum deflection in each plot was scaled to be 1. The scale factors of 

0.24 and 0.18 are used for axial and circumferential plots respectively. 
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(a) (b) 

Figure 4-20 The measured mode shapes of the fifth test peak at frequency of 570 Hz. The red asterisk points are 
the undeformed shape and the blue circle points are the deformed shape. (a) Mode shape from the 

measurements along the axial direction, extracted from the second set of impact tests. (b) Mode shape from the 
measurements around the circumferential direction, extracted from the fifth set of impact tests. The black 
dashed line is a plot of a sinusoidal function with 18 circumferential wavelengths. The position of the fixed 

accelerometer is highlighted as the red solid dot. 

In the axial direction the response is similar to the mode shape of the first local mode from 

the FE models. It tends to have a half wavelength across each bay with opposite phase 

between adjacent bays. The circumferential direction shows 18 circumferential wavelengths. 

This is also similar to the first local mode in both FE models. Hence, the fifth test peak can be 

associated with the third FE Peaks in Table 4-6 and can be recognised as the third measured 

local mode of the test structure. 

The analysis also shows that both FE models A and B agree with the measurement for the first, 

second and fifth test peaks to a similar extent. However, FE model A has a smaller number of 

elements and less complexity compared to model B. Hence, FE model A is used in the 

comparison with the acoustic test results. 

The modal analysis of this structure proved to be more complicated than what was originally 

envisaged, and the comparison between the modal tests and FE results is largely qualitative 

rather than quantitative. The main reasons for the problems found in the experimental 

investigations are: 

- The large test structure with a thin skin and deep stiffeners is difficult to test. 

- The periodicity of the structure results in many modes clustered in narrow frequency 

bands. 

- The variability found in the measured results of the different bays was significant. 

- Uncertainty exists in the actual boundary conditions present in the test structure 

when trying to ascertain the most appropriate FE representation. 
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The first two points listed are inherent characteristics of this structure and can be well 

represented by the FE models. There is no immediate approach to account for the other two 

limitations. These are therefore inevitably carried forward in the next modelling step.  

4.3 The acoustic test and results 

The acoustic response test was performed in an anechoic chamber, to obtain the surface 

pressure and the vibration response. The pressure results are compared to both the analytical 

and the numerical (boundary element) models. The vibration results are compared to a few 

different numerical models.  

4.3.1 The set-up 

Figure 4-21 shows the layout of the acoustic test. 

Loudspeaker

Measurement 
points

Wooden 
cap

Analyser

Computer

Reference point

1
 m

5 m

Grounded

 

Figure 4-21 The acoustic test layout and the measurement system used. 

The sound source consists of a horn driver unit connected to a flexible hose [156]. At the end 

of the hose a radiating orifice allows the white noise to be radiated in a nearly omni-directional 

manner. The 1/3 octave band sound pressure level at 1 m from the orifice is about 54 dB at 

300 Hz and increases to above 81 dB for frequencies above 2 kHz. The flexible hose is 3 m long. 
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It is designed to allow the source to be placed in confined locations, but it also introduces 

peaks in the sound pressure due to the acoustic resonances of the column of air contained in 

it.  

The sound source and the test structure cylinder were placed along the diagonal line of the 

anechoic chamber to achieve a maximum separation distance of 5 m. This is to ensure that 

the test structure is in the far field of the point sound source. The source was fixed on a stand 

at a height corresponding to the centre of the cylinder length. 

Three measurement points were chosen in the median plane of the cylinder, shown as the 

black squares in Figure 4-21. They comprised the nearest point (𝜃 = 𝜋), the furthest point 

(𝜃 = 0) and a midpoint (𝜃 = 3𝜋/2).  

The pressure at these points was measured by a microphone with a sensitivity of 12.78 mV/Pa. 

The microphone was placed 50 mm away from the cylinder surface to minimize the influence 

of the microphone on the surface pressure. This distance (50 mm) should be taken into 

account in the prediction models when a comparison with the measurement data is made. 

The sound pressure at a reference point 1 m away from the sound source was also measured 

by a microphone with a sensitivity of 12.79 mV/Pa. This pressure was used to calculate the 

transfer functions for both the pressure and vibration. 

The vibration response of three points on the fuselage were measured by both an 

accelerometer, with a sensitivity of 1.078 mV/(m/s2)  , and a laser vibrometer, with a 

sensitivity of 200 mV/(m/s).  

The acquisition system was the same adopted in the impact test. Figure 4-22 shows the setup 

of the acoustic test in the anechoic chamber. 

 

Figure 4-22 The acoustic test set up in the anechoic chamber. 
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4.3.2 Preliminary test on the source directivity 

The first preliminary test was to examine the directivity of the sound source. The Sound 

Pressure Levels (SPLs) at 15 different specified positions were measured.  Figure 4-23 shows 

the positions selected. These points were placed along five radial directions from the centre 

of the loudspeaker with separation angle of 
𝜋

6
 radians. In each radial direction, three reference 

points were placed with a spacing of 1 m. 

Loudspeaker

 

Figure 4-23 The positions of the reference points. 

Figure 4-24 (a) shows the SPL at these points measured in narrow-band spectra with a 

frequency resolution of 0.625 Hz. Figure 4-24 (b) shows the calculated SPL in one-third octave 

bands. They are plotted against the centre frequencies of each band. In both figures, the 

results for the points 1 m, 2 m and 3 m away from the source are shown in the black, red and 

blue lines respectively. The results for different angles at the same distance to the source are 

plotted in the same colour but with different line types. The background noise is below 12 dB 

over the frequency range, as shown in green line in Figure 4-24 (b). 
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(a) (b) 

Figure 4-24 The SPLs at the different specified points. (a) Narrow-band measurement with the frequency 
resolution of 0.625 Hz. (b) One-third octave band spectra. Black lines: measurement points 1 m from the 

loudspeaker. Red lines: measurement points 2 m from the loudspeaker. Blue lines: measurement points 3 m 
from the loudspeaker. The results for positions at different angles are represented by different line types. Green 

dashed line: background noise level at measurement point 1 m from the loudspeaker. 

The comparison of the results between the three different colours in both figures show that 

the SPL decreases as a function of the distance between the source and the measurement 

points. The SPL for different angles at the same distance are similar to each other with 

maximum difference within ±2  dB, which means the source is not very sensitive to the 

horizontal angle range from −𝜋/3  to 𝜋/3  radians and therefore is approximately 

omnidirectional. 

Figure 4-24 (a) shows that there are fluctuations in the SPLs for different frequencies. These 

fluctuations are due to the resonance peaks caused by the acoustic modes in the source hose 

that is attached to the loudspeaker. These resonance peaks are averaged out in the one-third 

octave band results shown in Figure 4-24 (b) and relatively straight lines are obtained for each 

measurement. To remove the influence of source pressure fluctuations, it was decided to use 

the transfer function instead of the power spectral density in the measurement of the surface 

pressure and vibration. 

Figure 4-25 is an estimation of the source strength calculated in terms of the volume velocity 

of an equivalent monopole. The result was averaged for points over different angles with the 

same distance to the source. The root mean square average was first adopted for the pressure 

measurement taken at different angles for the same distance from the sound source. Then 

the source strength for three different distances were calculated based on the formula for the 

far field of a monopole source [145].  
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Figure 4-25 The estimated source strength in 1/3 octave bands averaged for points over different angles at the 
same distance from the source. Black lines: measurement points 1 m from the loudspeaker. Red line: 

measurement points 2 m from the loudspeaker. Blue line: measurement points 3 m from the loudspeaker. 

The result shows that the three estimated source strength lines are very close to each other, 

which means the sound source can be approximated as a monopole for the angles in the range 

of ±
𝜋

3
 radians over the frequency range from 100 Hz to 1000 Hz. 

4.3.3 Acoustic modelling 

Three modelling approaches were used to predict the surface pressure of the test structure 

in the acoustic test. 

The first model is the analytical model of spherical waves. This model has been described in 

the previous chapter and implemented in MATLAB. This model is used for comparison with 

the pressure measurement. 

The second model is a numerical boundary element (BE) model of spherical waves built in 

COMSOL software. The pressure predicted by this model can be used as a term of comparison 

for the analytical approach of spherical waves. The reason for the comparison is that the first 

analytical model is for an infinite cylinder, i.e., the ends of the cylinder are not considered. 

The comparison with the numerical BE model for a finite cylinder can investigate the end 

effects. The BE model can also be coupled with the structural FE model for a full FE-BE 

simulation in the vibration comparison. The coupled FE-BE model was initially developed in 

this study, but effective results were not produced because of the prohibitive computational 

costs of the fully coupled simulation. As the vibroacoustic coupling has already been 

investigated in Chapter 2, only an uncoupled FE solution is sought in this chapter.  

The third model is an analytical model using a plane wave to approximate the spherical wave 

model. The surface pressure predicted from this model is then applied to the structural FE 
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model for an uncoupled FE simulation in the vibration comparison. It should be noted that 

similar to the first model, the estimated pressure from the third model is also for an infinite 

cylinder. It was then applied to the structural FE model in the form of a blocked pressure, 

forming an approximate, uncoupled FE solution which is used to predict the vibration 

response. 

The BE model comprises a rigid cylindrical shell with the same exterior dimension as the test 

structure and two rigid ends representing the wooden caps. The free triangular elements are 

used to mesh the model. The frequency range is 100 Hz to 1000 Hz with a frequency resolution 

of 2 Hz. To reduce the computational cost, the frequency range was divided into 9 sub 

frequency ranges of 100 Hz. The mesh size is 1/5 of the acoustic wavelength for the highest 

frequency for each sub frequency range.  

Figure 4-26 (a) shows the meshed BE model and Figure 4-26 (b) shows the estimated surface 

pressure distribution at the frequency at 1000 Hz. 

  

  

(a) (b) 

Figure 4-26 The meshed BE model (a) and the surface pressure distribution (b) at the frequency of 1000 Hz. 

Figure 4-27 shows a comparison of the predicted pressure between the analytical model of 

spherical waves and the BE model. The results are plotted in terms of the pressure ratios 

between the three observation points on the cylinder surface and that at the reference point 

close to the source. 
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Figure 4-27 The comparison of the predicted pressure between the first (the analytical model of spherical wave, 
in dotted lines) and the second model (BE, in solid lines). The pressure ratios between the three observation 

points on the cylinder surface and that at the reference point are plotted: the front point (black), the midpoint 
(red) and the rear point (blue). 

The results from the two models show good agreement at measurement points close to the 

front point and at the midpoint of the cylinder. The agreement between predictions and the 

measurements at the rear point deteriorates, especially in the high frequency range. The 

disagreement is due to the end effects that are not taken into account in the first analytical 

model. This can be verified indirectly by the following parameter study in terms of the cylinder 

length in the BE model. 

In the parameter study, the cylinder length values are 0.1, 0.5, 1, 2 and 5 times the original 

cylinder length. As the cylinder length increases, the cylinder ends should have a smaller effect 

on the pressure at the median plane of the cylinder. A normally incident plane wave rather 

than a monopole was set as the background pressure field. This is to avoid the possible 

influence of the approximations in the analytical model of the spherical wave. The end effect 

should be independent of the type of acoustic source. An analytical model of plane wave for 

an infinite cylinder was used for comparison. 

Figure 4-28 shows a comparison between the third (analytical) model (for infinite cylinder) 

and the second models (BE) for a finite cylinder with different length. The results are plotted 

as the ratio between the predicted pressures at the three surface points and that at the 

reference point near the source. To make comparison with the reference results [157], the 

results are plotted against 𝑘𝑅, where 𝑘 is the wavenumber of the incident wave and 𝑅 is the 

radius of the cylinder. 
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Figure 4-28 The effect of the cylinder length on the predicted pressure of the points at the median plane wave 
the cylinder. Solid lines: the front point. Dashed lines: the midpoint. Dotted lines: the rear point. The analytical 

results for each point are in black. The BE results for different cylinder lengths are in different colours as 
indicated in the figure legend. 

The result shows that the simulation result becomes closer to the analytical result as the 

cylinder length increases. For the original cylinder length 𝐿, the predicted pressures at the rear 

point fluctuates more than those for the front and the midpoint.  

The analytical results in black lines all match the reference results in [157]. 

Finally, a comparison between the first model (analytical model of spherical wave) and the 

third model (analytical model of equivalent plane wave) is made. In the third model, the decay 

of the spherical pressure, spreading from the point source to the surface point, has already 

been taken into accounted in the pressure ratio of the plane wave. The result is shown in 

Figure 4-29. 
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Figure 4-29 The comparison of the predicted pressure between the first (the analytical model of spherical wave, 
in solid lines) and the third (the analytical model of plane wave, in dotted lines) model. Black lines: the point at 

the front of the cylinder. Red lines: the midpoint. Blue lines: the rear point. 

The result shows that the pressure ratios predicted by the two models agree well. The plane 

wave approximation is effective in representing the spherical wave. It should be noted that at 

other points which are not in the median plane of the cylinder, the error will be larger. 

4.3.4 The comparison of the measured pressures 

The coherence of the transfer functions for the measurement should be checked before the 

comparison is made. Figure 4-30 shows the coherence of the transfer functions between the 

surface pressure and the reference pressure. The results for the nearest point (the front point), 

the midpoint and the furthest point (the rear point) are represented in black, red and blue 

lines respectively. 

 

Figure 4-30 Coherence of the transfer functions between the surface pressure and the reference pressure. Black 
solid line: the front point. Red solid line: the midpoint. Blue solid line: the rear point. 



105 
 

The result shows that the coherence mostly larger than 0.95 can be achieved in the frequency 

range 200 Hz – 1000 Hz. The poor coherence at low frequency is due to the sound source, 

which is incapable of radiating well in this range. The 1/3 octave band sound pressure at 1 m 

from the source is in fact below 45 dB for frequencies lower than 200 Hz as shown in Figure 

4-24. 

Figure 4-31 shows a comparison of the measured pressure and the predicted pressure in the 

form of the ratios of the pressure at the measurement points to the pressure at the reference 

point. Both the first (analytical) model prediction and the second (BE) model prediction are 

given for the rear point where the end effect is significant. The frequencies below 200 Hz are 

not included because of the low coherence found. The frequency resolution is 0.625 Hz, 5 Hz 

and 20 Hz respectively for the measurement, the analytical model and the BE model.  

 

Figure 4-31 Comparison of the measured pressure ratios (thin, solid lines) with the predicted pressure ratios from 
the first (analytical) model (thick, solid lines) and from the second (BE) model (dotted lines). Black: the front 

point. Red: the midpoint. Blue: the rear point.  

The results show that a satisfactory agreement is achieved over the frequency range for 

comparison between the measurement and the models. At the rear point, where the end 

effect is significant, the measurements agree better with the BE model predictions. The sharp 

peaks and dips in the measurements are possibly caused by the structural resonances, which 

are not included in the two prediction models.  

4.3.5 The comparison of the vibration response 

The vibration response was measured by both an accelerometer and a laser vibrometer. The 

latter provides a better sensitivity and does not require any part of the surface to be contacted. 

Figure 4-32 (a) shows the coherence between the acceleration response on the surface and 
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the reference pressure measurement. Figure 4-32 (b) shows the coherence between the 

velocity response on the surface and the reference pressure using the laser vibrometer 

measurement. 

  

(a) (b) 

Figure 4-32 Coherence of the transfer functions between the response at the surface points and the reference 
pressure. Black solid line: the front point. Red solid line: the midpoint. Blue solid line: the rear point. (a) 

Accelerometer measurement – acceleration response. (b) Laser vibrometer measurement – velocity response. 

The results show that the laser measured transfer function has a better coherence than the 

accelerometer, particularly in the frequency range between 300 Hz and 700 Hz. This relates 

to the signal to noise ratios for the laser and accelerometer measurements. 

Below 700 Hz, the SPLs of the sound source are all below 70 dB in one-third octave bands, as 

shown in Figure 4-24. It is difficult for the low sound levels to excite the stiffened cylinder to 

vibrate with an acceleration that can be measured effectively by the accelerometer. The laser 

vibrometer has a much lower background noise level compared to the accelerometer at this 

frequency range, so it is able to pick up the velocity signal with relatively high coherence. The 

result also shows that the coherence for all points below 300 Hz is very poor, as the 

background noise in the instrumentation surpasses the effective signals which are very low 

for both the laser and the accelerometer 

Above 700 Hz, the coherence of the accelerometer measurement is slightly higher than that 

of the laser measurement. The acceleration response level of the structure increases due to 

the increasing excitation level. In the high frequency range, the laser has a higher background 

noise than the accelerometer. 

Overall, the laser vibrometer measurement has a higher coherence and is therefore used in 

the following comparisons. 
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Figure 4-33(a), Figure 4-33(b) and Figure 4-33 (c) show a comparison of the response in terms 

of the transfer function between the acceleration and the reference pressure (1 m away from 

the sound source). The measured results are in black solid lines. They were calculated from 

the laser vibrometer measured velocity. The predicted results are given by the red solid lines. 

They were from FE model A with the pressure calculated from the approximate plane wave 

model, i.e. the third analytical model mentioned in Section 4.3.3. The frequency resolution in 

the measurement is 0.625 Hz and that in the FE model is 300 frequency points per decade. 

The results below 300 Hz are indicated by a grey band. The coherence of the measured 

transfer function is very low in this range and the measured results are not reliable. 

  

(a) (b) 

 

(c) 

Figure 4-33 The comparison of the measured acceleration (calculated from the measured velocity) and the 
predicted acceleration in terms of the transfer function to the pressure at the reference point. Black solid lines: 

measurement. Red solid lines: FE model A with the blocked pressure from the 3rd analytical model (an 
approximate plane wave). (a) The front point. (b) The midpoint. (c) The rear point. 

The results show that the agreement of response between the measurement and the model 

is not satisfactory, despite the overall trends of them matching in some regions. 
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Table 4-4 shows that the 1st, 3rd, 4th, 6th and 7th global modes of FE model A can be excited by 

a plane wave. In the predicted response, all the five resonances associated with these five 

global modes can be found in both the front and rear points, while only those associated with 

the 1st and 3rd modes are present for the midpoint as the measurements lie in the nodal line 

of these modes. In the measured response, however, the corresponding peaks are difficult to 

identify due to the poor coherence in the grey area below 300 Hz and the inadequate 

structural modelling between 300 Hz – 700 Hz as discussed in Section 4.2.3. The results also 

show that the overall level of the measured response between 600 Hz and 900 Hz is higher 

than that predicted.  

When the structure is excited by acoustic waves, the global modes and therefore the 

boundary conditions play an important role in defining the responses. This is because for the 

acoustically excited modes, the JAF is generally smaller for the local modes compared to the 

global modes, while, as seen in the mobility tests, the local modes are predominant when the 

structure is excited by a point force inside the bays. To assess the effect of the boundary 

conditions in the case of acoustic excitation, a model was developed with a different boundary 

condition of fully clamped cylinder ends and was compared with the measurement for the 

front point, as shown in Figure 4-34. 

 

Figure 4-34 The comparison of the measured acceleration and the predicted acceleration for the front point in 
terms of the transfer function to the pressure at the reference point. Black solid lines: measurement. Blue solid 
lines: FE model with fully clamped boundary conditions and the blocked pressure from the 3rd analytical model 

(an approximate plane wave). 

The result shows that the agreement between measurements and predictions is generally 

improved. The level of the predicted response is closer to the measurements. The numerical 

results show clear peaks which can be associated with the global modes, while this is not 

equally clear in the measurements. 
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To examine the effect of the acoustic excitation, both the first model (spherical wave) and the 

third model (plane wave approximation) were applied to a structural FE model of the test 

structure.  Figure 4-35 shows the acceleration response in terms of the transfer function to 

the pressure for the front facing point on the cylinder. The result calculated with a pressure 

distribution obtained from the first model, the analytical spherical wave model, is presented 

in the black solid line. The result calculated from the third model, the analytical plane wave 

model, is presented in the black dotted line. The result shows a good agreement of the 

predicted response between the two excitation models, showing that the different types of 

acoustic excitations do not have a significant difference in the structural response. 

 

Figure 4-35 The comparison of the acceleration response in terms of the transfer function to the pressure for the 
front point estimated from the first model (analytical spherical wave excitation in the black solid line) and the 

third model (analytical plane wave excitation in the black dotted line). 

On reflection, the acoustic test comparison might be improved by using a different sound 

source with a more flat spectrum and higher excitation level. In the current acoustic test the 

acoustic modes of the pipe cause significant pressure fluctuations, as shown in Figure 4-24 (a). 

This means that the responses can only be compared in terms of the transfer functions. In the 

meantime, as the sound level of the source is low the test structure cannot be excited 

effectively and the coherence in the measurements is poor at lower frequencies. In addition, 

the uncertainty present in the manufacturing of the test structure, as highlighted in Section 

4.2.3.1 illustrating the driving point mobilities, is also in part responsible for the differences 

found. 

4.4 Summary 

This chapter investigated the acoustic response of a scaled fuselage model. Two structural FE 

models and three acoustic models (two analytical models and one numerical BE model) were 
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implemented and compared. An impact test and an acoustic test were performed. The 

comparisons between the measurement and the predictions were made for the point mobility, 

surface pressure and the vibration response.  

The main findings can be summarised as follows: 

• The two structural FE models agree well with the test structure for the lowest global 

modes below 300 Hz. However, these models cannot represent the structure well in 

the frequency range 300 Hz – 700 Hz due to the inaccurate modelling of the joint 

details. 

• The surface pressures predicted by the analytical model of a spherical acoustic wave 

incident upon an infinite cylinder agree well with measurements. The end effects 

were proved to be only significant for the response at the rear of the test structure 

and were verified by a numerical BE model. This analytical model can be 

approximated well by an equivalent plane wave model.  

• Good agreement between the measurement and prediction for the vibration 

response was not obtained, although the agreement can be improved by changing 

the model for the boundary conditions to being more representative of the physical 

realisation. The comparison might also be improved by using an acoustic source with 

a relatively flat spectrum and higher excitation level at lower frequencies, but at the 

same time the uncertainty and variability present in the test structure made this 

part of the validation exercise very difficult. Additional measurements with other 

sound sources were initially planned but could not take place due to the 2020 Covid 

pandemic. 
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Chapter 5 Numerical investigation of the nonlinear 

response to high level acoustic excitation 

A common assumption of the previous chapters is that the structural response is linear. For 

high level acoustic excitation, the dynamic response can become nonlinear when this 

corresponds to large amplitudes. Typically the structures, which are in flexure, deform with a 

combination of flexure and axial extension of their mid-plane axis. This coupling of the out-of-

plane and the in-plane motions of the structure is caused by geometric nonlinearity for flat 

plates and is present for the structural dynamics of structures possessing curved geometries. 

Geometric nonlinearity may affect the response, both its frequency content and its statistics, 

which cannot be predicted by the linear model. One option is to use a full order numerical FE 

simulation, but its computational costs, especially for complex structures subjected to random 

loading, are prohibitive for these methods to be used at early design stages.  

This chapter investigates the nonlinear response of stiffened plates and cylinders subjected to 

high level acoustic excitations based on the nonlinear reduced order model (NLROM). The 

NLROM uses a reduced number of linear modes to represent the response under geometric 

nonlinear behaviour. The nonlinear dynamic modal equations of motion are solved under a 

finite series expansion. In practice, the nonlinear modal stiffness in the nonlinear dynamic 

modal equations of motion are determined from a nonlinear static analysis performed with a 

finite element model. The NLROM is generally used to achieve an efficient calculation of the 

geometrically nonlinear dynamic response for large and complex structures. The numerical 

results are given to address the effects of NLROM implementation procedures. An original 

contribution from this research is to apply the NLROM to a stiffened cylinder. 

5.1 Nonlinear reduced order model 

5.1.1 General formulation 

The nonlinear response is derived in terms of a series expansion of the linear structural modes. 

Applying a reduced number of the linear modes to the nonlinear equation of motion Eq.(1-3), 

the modal representation of the equation of motion for a structure with geometric nonlinear 

response becomes 

 [𝑚]{𝑞̈(𝑡)} + [𝑘]{𝑞(𝑡)} + [𝑘𝑛1(𝑞(𝑡))] + [𝑘𝑛2(𝑞(𝑡))] = {𝑙(𝑡)} Eq.(5-1) 
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where [𝑚] and [𝑘] are the linear modal mass and stiffness matrices and {𝑙} are the linear 

modal force vector. [𝑘𝑛1] and [𝑘𝑛2] are the nonlinear modal stiffness matrices as functions of 

the modal displacement 𝑞.  

For the 𝑛𝑡ℎ linear mode, it can be represented as 

 𝑚𝑛𝑞̈𝑛(𝑡) + 𝑘𝑛𝑞𝑛(𝑡) + 𝜃𝑛(𝑞1, 𝑞2, … , 𝑞𝑟) = 𝑙𝑛(𝑡) Eq.(5-2) 

where 𝑚𝑛, 𝑘𝑛 and 𝑙𝑛 are the linear modal mass, stiffness and force for this mode. Here the 

geometric nonlinearity appears as a vector function 𝜃 . The subscript 𝑛 = 1,2, … , 𝑁𝑙 

represents the order of the linear modes; the subscript 𝑟 = 1,2, … , 𝑁𝑛𝑙  represents the order 

of the linear modes whose modal coordinates are used in the functional expression for the 

nonlinear vector function 𝜃. The damping matrix is neglected at this stage. 

The nonlinear vector function comprises some polynomial terms typically involving the 

quadratic and cubic combinations of the modal displacements 𝑞𝑟(𝑡), which can be written as 

[90]  

 𝜃𝑛 = ∑𝐴𝑛
(𝑠𝑖,𝑡0)

𝑞𝑠
𝑖

3

𝑖=1

+ ∑∑𝐴𝑛
(𝑠𝑖,𝑡𝑗)

𝑞𝑠
𝑖𝑞𝑡

𝑗

3−𝑖

𝑗=1

2

𝑖=1

, Eq.(5-3) 

where 𝐴𝑛 are the unknown stiffness coefficients associated with each mode and 𝑞𝑠, 𝑞𝑡 are the 

modal displacement identified by the indices  𝑠, 𝑡. The indices 𝑖 and 𝑗 represent powers of the 

modal displacements. It has been found that it is sufficient to couple the linear modes in 

groups of no more than two [90]. When selecting the linear modes, it may not be necessary 

to make use of three adjacent modes. This will be discussed below in Section 5.1.2. The 

nonlinear stiffness coefficients 𝐴𝑛
𝑖,𝑗,𝑘

 need to be first identified by means of a static analysis. 

Eq.(5-2) can then be solved using an appropriate direct time integration scheme to evaluate 

the nonlinear displacement response for the situation considered.  

Several procedures can be used to identify the nonlinear stiffness coefficients in Eq.(5-3). They 

include direct methods [158-160] and indirect methods [90, 161]. 

In a direct method, the nonlinear stiffness coefficients can be evaluated directly by applying 

the modal transformation and truncation [160] on the physical nonlinear stiffness matrix. The 

latter is usually extracted from the FE model implemented using commercial codes. The modal 

nonlinear stiffness matrix obtained is then cast into the form of Eq.(5-3). The detailed 

formulation for the direct method has been presented in [158]. Although the implementation 

of the direct method seems straightforward, it requires access to the nonlinear stiffness 
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matrices. This access is not always straightforward and available in commercial FE codes, 

which makes the direct method less attractive. 

In an indirect method, the nonlinear stiffness coefficients are approximated by a set of static, 

nonlinear FE solutions, which is usually referred to as nonlinear static identification. Access to 

the internal matrices of the FE codes is not required. 

In a static, nonlinear FE analysis, the acceleration terms in Eq.(5-2) are set to zero and the time 

dependencies are eliminated. The static modal equation of motion may be written as  

 𝑘𝑛𝑞𝑛 + 𝜃𝑛(𝑞1, 𝑞2, … 𝑞𝑟) = 𝑙𝑛. Eq.(5-4) 

The left hand side of Eq.(5-4) may be regarded as a stiffness restoring modal force, with the 

linear components 𝑘𝑛𝑞𝑛 and the nonlinear stiffness components 𝜃(𝑞1, 𝑞2, … , 𝑞𝑟). 𝑙𝑛 may be 

regarded as the static modal forces and needs to be defined differently for the 

characterisation of the different coefficients. 

The linear modal stiffness 𝑘𝑛 can be derived from natural frequencies which can be obtained 

from a linear free vibration analysis of the FE model. The outputs of such a linear free vibration 

analysis are the modal mass 𝑚𝑛, natural frequencies 𝜔𝑛 and mode shapes 𝜓𝑛. For the 𝑛𝑡ℎ 

mode, the linear modal stiffness can be evaluated as 

 𝑘𝑛 = 𝑚𝑛𝜔𝑛
2. Eq.(5-5) 

The nonlinear components of the restoring force can then be expressed as  

 𝜃(𝑞1, 𝑞2, … , 𝑞𝑟) = 𝑙𝑛 − 𝑚𝑛𝜔𝑛
2𝑞𝑛. Eq.(5-6) 

In Abaqus, only the static displacement 𝑤  and static force 𝐹  are used, so a modal 

transformation with the linear modes is required to obtain the modal displacement 𝑞𝑛 and 

/or the modal forces 𝑙𝑛, i.e. 𝑤 = 𝜓𝑞 and 𝑙 = 𝜓𝐹. The mass normalised mode shapes are used, 

so 𝑚𝑛 = 1 and 𝜔𝑛 is the natural frequency. 

In order to obtain the displacement 𝑤 and /or force 𝐹 from a static analysis, two different 

approaches can be followed. These are the so-called the static loads method and the enforced 

displacement method. Both of the methods are briefly explained below, while an in-depth 

comparison of the two can be found in reference [162]. 

In the static loads method, static loads 𝐹 can be applied in a static nonlinear FE to estimate 

the nonlinear coefficients. The approach followed in this thesis goes under the name of the 

Implicit Condensation (IC) method [90]. A set of static loads is formed by the linear 

combination of the linear bending modes and is applied to the FE structure. The formation of 
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the static forces is provided in details in 5.1.3. Then the nonlinear static FE problem is solved 

to obtain the static displacement 𝑤. The static forces 𝐹 and the displacements 𝑤 are then 

projected into the modal space and a regression analysis is used to estimate the nonlinear 

coefficients. The primary advantage of this method, compared to the enforced displacement 

method, is that the membrane modes are not directly required. This is because the membrane 

effect is already implicitly included in the computed nonlinear static displacement. However, 

the estimated nonlinear coefficients are sensitive to the modal basis selection and the scaling 

factors. 

In the enforced displacement method, the displacement vectors 𝑤 are formed from a linear 

combination of a selected set of a scaled modal basis. Then the nonlinear static FE problem is 

solved to obtain the corresponding constraint forces 𝐹. The constraint forces obtained and 

the enforced displacements are then projected into the modal space and the nonlinear 

coefficients are determined via an estimation process for Eq.(5-3). The details of the method 

have been presented in references [163, 164]. This method is not used in this chapter. 

For stiffened plates and cylinders, pure bending or membrane modes do not exist due to the 

linear coupling between the bending and stretching motion. Consequently, compared to the 

unstiffened flat plate, a larger number of membrane modes may need to be included in the 

modal basis selection if the enforced displacement method is used. For this reason, the IC 

method is used in this study. 

The general formulations and the implementation procedures for the IC method have been 

presented by McEwan et al. [90]. In the following sections, some details on implementation 

procedures of the nonlinear static identification and the direct time integration are presented 

giving particular attention to the cases of plates with deep stiffeners and stiffened cylinders. 

5.1.2 Modal basis selection 

Initially a set of modes needs to be selected for inclusion in the nonlinear functions 𝜃. The aim 

of the modal basis selection is to achieve an accurate estimation of the nonlinear stiffness 

coefficients with the minimum number of modes included.   

A general rule has been suggested in [87] and consists of using all the bending modes with 

natural frequencies less than twice the maximum frequency of excitation. This is because the 

bending modes that are out of the excitation bandwidth may still be indirectly excited through 

the nonlinear coupling. However, for thin-walled plates and cylinders with high modal density, 

a large number of modes may be included by using this rule, which requires a significant 
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number of static FE nonlinear tests in the nonlinear static identification. For example, from 

Equation (3.11) in reference [90], the number of static nonlinear tests equals 2313 if 34 modes 

are used in the modal basis selection. High computational cost and considerable large post-

processing efforts would then be required.  

The calculation time can be reduced taking advantage of symmetries in the structural modes 

as suggested in [90]. For example, for an unstiffened plate subjected to normal plane wave 

excitation, the anti-symmetric modes may be excluded to reduce the computational cost. In 

addition, symmetric/antisymmetric boundary conditions can be used to reduce the size of the 

FE model when possible. It is argued that the nonlinear effects can cause the anti-symmetric 

modes to be excited by the symmetric loading [87], but the participation of these modes that 

will not be linearly excited may be very low and hence the accuracy of nonlinear static 

identification may not be significantly reduced by their exclusion. However, this method may 

not particularly be applicable for structures with complicated mode shapes. These structures 

include plates and cylinders with complex stiffener configurations such as eccentric, deep 

cross sections. It may not be straightforward to deal with symmetric and antisymmetric modes. 

In addition, this method is not applicable for structures subjected to non-symmetric loading 

and mechanical point force excitation.  

A system-identification guided method has been suggested in [91]. A short time history of the 

full order FE simulation is required in this method. The proper orthogonal decomposition (POD) 

is performed on the time record to determine the proper orthogonal modes (POMs) and the 

corresponding proper orthogonal values (POVs). The POMs are then ordered by the POVs and 

the ones contributing most are used to determine the modal basis through the modal 

assurance criterion (MAC). Thus this method is also named POD/MAC-based technique [165]. 

Although this technique can identify any modes present in the nonlinear response, it requires 

the time history of all DOFs for the structure. In addition, the time history should be long 

enough to remove the initial transient effects by excluding the first few seconds’ data. These 

can lead to quite a high computational cost for a large structure. Thus, it is recommended that 

the POD method should only be considered if the nonlinear coupling is large enough to excite 

any modes that are not linearly excited and if the FE model is not too large.  

Alternatively, a linear frequency response analysis can be used to eliminate modes possessing 

small contributions. The linearly excited modes that are determined from the resonances 

present in the linear FRFs will be used in the modal basis selection. As the analysis can be 

effectively solved in the frequency domain, it is much more computationally efficient than the 
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full order FE simulation in the POD/MAC-based method. However, as with the method using 

the symmetry of the modes and the loading, the main drawback of this method will be that 

modes that are not linearly active may still be excited through nonlinear coupling. The effect 

of selecting different numbers of modes for the nonlinear characterisation of the structures 

has been addressed and is discussed separately in Section 5.2.2.1. 

5.1.3 Static loading specification 

Following the modal basis selection, the static loadings are formed from a linear combination 

of pairs of these bending modes, which can be represented as 

 𝐹 = 𝑎𝑛𝜓𝑛 + 𝑎𝑚𝜓𝑚, Eq.(5-7) 

where 𝑎𝑛 and 𝑎𝑚 are scaling factors for the 𝑛𝑡ℎ mode and the 𝑚𝑡ℎ mode as defined below. 

In order to define the static loading it has been found that considering two modes is sufficient 

and it is not necessary to account for the couplings between three or more modes [90]. 

The scaling factors in Eq.(5-7) determine the distribution of the static forces on the structure. 

The values of the scaling factors determine the overall magnitude of the static loadings that 

will result in the geometric nonlinearity being exercised to a greater or lesser extent. There 

are two possible ways to specify the values of the scaling factors. One is the ‘characteristic 

load method’ (see [90]) and the other one has been suggested in [87] and is called ‘desired 

displacement’. 

According to the ‘characteristic load method’ there are two different approaches for the 

fundamental mode and for all the other modes. The scaling factor associated with the 

fundamental mode is defined as  

 𝑎1 = 𝜓1
𝑇𝐹𝑐 , Eq.(5-8) 

where 𝐹𝑐 is a vector of uniform loads over the structure.  

If acoustic excitation is considered, a pressure-to-force transfer matrix is required and Eq.(5-8) 

is modified as  

 𝑎1 = 𝜓1
𝑇𝑇𝑝𝑃𝑐 , Eq.(5-9) 

where 𝑇𝑝 is the pressure-to-force transfer matrix and 𝑃𝑐  is the ‘characteristic pressure’, that 

is the sound pressure distribution considered in the analysis. For example, in the case of flat 

plates this is a uniform pressure while for the cylindrical structures this corresponds to the 

distribution of the scattered pressure around the surface. 
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For the other modes in the nonlinear static identification, the values of the scaling factors are 

calculated from the ratio of the squared natural frequencies, i.e.,  

 𝑎𝑚 =
𝜔𝑚

2

𝜔1
2 𝑎1, Eq.(5-10) 

to guarantee that these modes are excited in proportion to the fundamental mode.  

Trial and error may be needed for the selection of an appropriate value for the overall 

magnitude of the characteristic load 𝐹𝑐 or the characteristic pressure 𝑃𝑐. McEwan [90] used 

the characteristic loadings/pressure of 1.2 – 2 times the highest dynamic loadings for an 

unstiffened plate and a moderately stiffened plate. However, there may be a quite large range 

of variation of this estimation across different structures. In addition, this method may not be 

applied to cylinders. This is because a uniform characteristic loading or pressure results in non-

zero modal forces only for the breathing modes. All the circumferential modes are anti-

symmetric and cannot be excited by the characteristic loading. In this case, a nonuniform 

characteristic loading is suggested. These nonuniform characteristic loadings can be 

effectively approximated by the quasi-static loadings including the sound scattering over the 

rigid surface of the cylinder. In previous studies, the NLROM has not been applied to a 

stiffened cylinder and the method of defining the nonuniform characteristic loading is also an 

original contribution from this research. The transfer matrix 𝑇𝑝 in Eq.(5-9) can be regarded as 

a constant matrix if the area of each element does not significantly vary during the 

deformation. 

This transfer matrix can be calculated given the coordinates of the nodes and the formulation 

of the finite elements [90]. It can also be extracted from an independent static FE analysis 

where a uniform loading is applied on the surface of the FE model with all its DOFs being 

constrained. Then the transfer matrix can be derived from the following relation,  

 𝑓 = 𝑇𝑝𝑃, Eq.(5-11) 

where 𝑃 is the specified uniform pressure vector and 𝑓 is the nodal force vector. The nodal 

force can be obtained by extracting the reaction force 𝐹𝑟  from each node and letting 𝑓 = −𝐹𝑟. 

If the area of an element significantly varies during the deformation, the transfer matrix varies 

significantly during the deformation of elements. The variation depends on the level of the 

applied loads and the resultant deformation. In a static FE analysis, it means that the applied 

loads need to vary across different time steps, which makes this method less practical to 
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implement. However, this effect may be significantly alleviated by decreasing the mesh size 

of the elements. 

Alternatively, the ‘required displacement method’ can be followed [87]. The values of the 

scaling factors are chosen based on the linear estimates of the desired displacement at one 

or more positions of maxima or minima of the structure as 

 𝑎𝑛 =
𝜔𝑛

2𝑤𝑃

𝑁𝜓𝑛
𝑇𝜓𝑛𝜓𝑛𝑃

, Eq.(5-12) 

where 𝑤𝑃 is the desired displacement at position 𝑃 and 𝜙𝑛𝑃 is the mode shape 𝑛 evaluated 

at point 𝑃 and the force is expressed as in Eq. (5.6). The factor 𝑁 equals 2, which is the number 

of modes that have been included in Eq.(5-7), as they all give same contribution to the desired 

displacement at point P, i.e. 𝑤𝑝. 

Similar to the ‘characteristic loads’ method, the desired displacement 𝑤𝑝  should be large 

enough to allow the primary modes to be nonlinear. For unstiffened plates, a displacement of 

one thickness of the plate is sufficient to cause a detectable nonlinear effects [87]. However, 

for a plate with deep stiffeners or a stiffened cylinder, a much larger required displacement is 

expected. This might cause difficulty for the direct time integration to converge. In addition, 

buckling may occur for a stiffened cylinder with a large required displacement, which causes 

a convergence issue for the static nonlinear FE solutions.  

In FE software these static, distributed loadings can usually be applied either as nodal forces 

at each node or as pressures over each element. Two options are available in specifying the 

directions of these loadings: dead loads and follower loads [88]. Dead loads have a constant 

direction whilst follower loads rotate with the nodes/element to which they are applied 

during the structural deformation.  

The dead loads have been generally used in the nonlinear static identifications for the IC 

method [90]. In this sense, the direction of the static loadings is set to be normal to the initial 

undeformed surface of the structures, including straight beams, unstiffened flat plates, 

moderately stiffened plates and shallow, curved beams/plates. The assumption is that the 

deformation of these structures is small enough to have a negligible effect on the amount of 

the applied loadings whether or not the static loadings rotate with the deforming surface. For 

these structures, a maximum displacement of one panel thickness is sufficient for their 

primary modes to become nonlinear.  



119 
 

However, for plates with deep stiffeners, a much higher maximum displacement may be 

required to exhibit nonlinear effects. The response of these structures may be dominated by 

the behaviour and contribution of the deep stiffeners. Consequently, a much larger plate 

displacement than one plate thickness, which would normally fail any linear assumption for 

an unstiffened plate, is required for the deep stiffeners’ behaviour to become nonlinear. In 

addition, for stiffened cylinders with high curvatures, the deformation of the surface may be 

more sensitive to the direction of the applied loads. The accuracy of the nonlinear stiffness 

coefficients that are evaluated may deteriorate. Hence, the necessity of using follower loads 

in the nonlinear identification may need to be examined and this issue is revisited in Section 

5.2.2.2.  

5.1.4 NLROM combined with thermal effects 

In addition to high levels of dynamic excitation, many aerospace structures are often exposed 

to thermal loading. In terms of the NLROM, two methods have been previously investigated 

and reported in the literature: the cold-mode method and the hot-mode one [87, 166]. 

The cold-mode NLROM is formulated and solved using the modes of the non-thermally loaded 

structure. Eq.(5-2) is subsequently modified by any thermal effect with the introduction of 

two additional terms. They are the change in the linear modal stiffness 𝑘Δ𝑇 and the thermal 

modal force vector 𝑙Δ𝑇. Hence, the cold-mode NLROM formula becomes  

 𝑚𝑛𝑞̈𝑛(𝑡) + (𝑘𝑛 − 𝑘𝑛Δ𝑇(Δ𝑇))𝑞𝑛(𝑡) + 𝜃(𝑞1, 𝑞2, … , 𝑞𝑟) = 𝑙𝑛(𝑡) + 𝑙𝑛Δ𝑇 . Eq.(5-13) 

The nonlinear stiffness coefficients in 𝜃 are assumed to have no temperature dependency, as 

the mode shapes and the natural frequencies of the cold modes are used in Eq.(5-7) and 

Eq.(5-10) in the nonlinear static identification. 

The thermal loading only primarily affects the natural frequencies of flat, unstiffened 

structures. This is because no out-of-plane deformation is caused by thermal loading which 

only acts in the plane of the structure, unless excessive temperature rises ultimately cause 

buckling. The mode shapes differ little from those at constant temperature. 

The linear modal stiffness change, 𝑘𝑛Δ𝑇, is linearly related to the temperature change Δ𝑇, if a 

uniform temperature field is applied. In this case, 𝑘𝑛Δ𝑇  can be calculated by performing a 

normal modal analysis of the structure with and without a specific temperature change of Δ𝑇0, 

i.e. 
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 𝑘𝑛Δ𝑇 =
𝑘𝑛 − 𝑘𝑛Δ𝑇0

Δ𝑇0
, Eq.(5-14) 

where the linear modal stiffness 𝑘𝑛Δ𝑇0
 is assembled making use of the natural frequency of 

the 𝑛𝑡ℎ mode of the structure under a temperature rise of Δ𝑇0. 

The thermal modal force vector 𝑙𝑛Δ𝑇 can be found by constraining all DOFs of the structure 

then by applying the thermal loading in a static FE analysis. Eq.(5-3) now becomes  

 0 = 𝑙𝑛 + 𝑙𝑛Δ𝑇 , Eq.(5-15) 

so 𝑙𝑛Δ𝑇 is opposite to the applied modal force 𝑙𝑛. The latter can be extracted as the reaction 

force from the FE model in terms of nodal positions and is multiplied by the 𝑛𝑡ℎ (cold) mode 

shape. 

Eq.(5-13) is still valid for curved/stiffened structures. However, the calculations of the linear 

modal stiffness matrix and the thermal modal force vectors are different. 

The first difference arises from the change in the structural geometry due to the thermal 

loading. The change of the linear structural stiffness matrix 𝐾Δ𝑇 is no longer a linear function 

of the temperature change Δ𝑇. It is also dependent on the geometric change of the structure, 

which may result in a considerably different set of mode shapes in comparison to the cold 

modes. The linear modal stiffness (𝑘𝑛 − 𝑘𝑛Δ𝑇(Δ𝑇)) that is calculated with the cold modes 

becomes non-diagonal. Hence, the linear modal stiffness matrix should be directly assembled 

from the natural frequencies of the structure with thermal loading rather than obtained by 

applying the Eq.(5-14). 

The thermal modal force vectors are also changed by the static deformation. Eq.(5-15) may 

still be used as an approximation when the static deformation is small, but considerable error 

may be expected as the temperature increases.  

These issues may be solved by application of a hot-mode NLROM approach. This approach 

uses the mode shapes and the natural frequencies of the structure under the thermal loading 

and temperature conditions (hot modes). The hot-mode NLROM formula is in an equivalent 

stress-free form that is similar to Eq.(5-2), i.e. 

 𝑚𝑛
′ 𝑞̈𝑛

′ (𝑡) + 𝑘𝑛
′ 𝑞𝑛

′ (𝑡) + 𝜃′(𝑞1
′ , 𝑞2

′ , … , 𝑞𝑟
′ ) = 𝑙𝑛

′ (𝑡). Eq.(5-16) 

𝑚𝑛
′ , 𝑘𝑛

′  and 𝑙𝑛
′  are the modal mass, stiffness and force that are calculated from the hot modes. 

The linear modal stiffness 𝑘𝑛
′  is now diagonal and dependent on the thermal loading. In the 

same way, the temperature dependency is also introduced in the nonlinear stiffness 

coefficients in 𝜃′ , as now the hot modes used in the nonlinear static identification are 
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dependent on the temperature changes.  𝑞𝑛
′  is the dynamic modal displacement referenced 

to the static modal displacement due to the thermal loading, i.e. 

 𝑞𝑛
′ = 𝑞𝑛 − 𝑞𝑛𝑇 , Eq.(5-17) 

where 𝑞𝑛 is the dynamic modal displacement and 𝑞𝑛𝑇 is the static modal displacement due to 

the thermal loading for the 𝑛𝑡ℎ mode. 

The hot-mode NLROM with its equivalent stress-free form applies to both flat, unstiffened 

structures as well as curved/stiffened ones. However, as the thermal loading is applied in the 

normal modal analysis and in conjunction with the static nonlinear tests, a convergence issue 

usually occurs due to buckling when the temperature rise is high. The steps in the cold-mode 

and the hot-mode NLROM approaches may be summarised as in Table 5-1 and Table 5-2. 

Table 5-1 Steps of a cold-mode NLROM 

1 Obtain the cold flexural modes from a normal mode analysis for the non-thermally 

loaded structure, i.e. at the ambient temperature.  

2 Select the proper modal basis based on one of the criteria in Section 5.1.2. 

3 Build the applied loading for the nonlinear static identification based on Eq.(5-7) - 

Eq.(5-10). 

4 Calculate the nonlinear stiffness coefficients required in the vector function 𝜃. 

5 Determine the linear modal stiffness matrix. For the flat, unstiffened structure, apply 

Eq.(5-14); for curved or stiffened structure, assemble it from the natural frequencies 

of the structure with thermal loading. 

6 Determine the thermal modal loading vector by applying Eq.(5-15). It leads to an 

exact solution for the flat, unstiffened structure and an approximate solution for the 

curved or stiffened structure.  

7 Calculate the modal displacement by solving Eq.(5-13) using numerical time 

integration and obtain the subsequent physical displacement by modal 

transformation. 
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Table 5-2 Steps of a hot-mode NLROM 

1 Obtain the flexural hot modes at the elevated temperature from a normal modal 

analysis for a thermally loaded structure. 

2 Select the proper modal basis based on one of the criteria in Section 5.1.2. 

3 Build the applied loading for the nonlinear static identification based on Eq.(5-7) - 

Eq.(5-10). The thermal loading is also applied in the static tests. 

4 Calculate the nonlinear stiffness coefficients required in the vector function 𝜃′. 

5 Determine the linear modal stiffness matrix by assembling it from the natural 

frequencies of the structure with thermal loading present.   

6 Calculate the modal displacement by solving Eq.(5-16) using numerical time 

integration and reference the result to the initial condition (non-thermal) by applying 

Eq.(5-17) 

7 Calculate the physical displacement by modal transformation using the hot modes.  

Figure 5-1 shows a flow chart that summarises the steps listed in Table 5-1 and Table 5-2, 

together with a preliminary step of determining the in-plane boundary conditions for the 

thermal condition. The details of the latter will be explained in Section 5.2.1.4. At this stage 

one may note that this consists of tuning/relaxing the in-plane boundary conditions to avoid 

buckling due to the temperature rise. In the flow chart, two rounded rectangles, dashed line 

for cold-mode and dotted line for hot-mode, are used to highlight the different and the 

common steps of the two approaches. 
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Figure 5-1 A flow chart illustrating the steps of a cold-mode NLROM and a hot-mode NLROM. Two rounded 
rectangles (dashed line for cold-mode and dotted line for hot-mode) are used for highlighting the different and 

common steps. 

5.1.5 Numerical integration schemes 

A direct numerical integration must be used in solving the nonlinear dynamic response in 

either NLROM or a full order FEM analysis. The relative accuracy and the computational 

efficiency are primarily important on the selection of the numerical integration methods. 
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For NLROM, direct time integration is used to solve the modal equations of motion with the 

identified nonlinear coefficients. Three available numerical integration methods, i.e., the 

Newmark-𝛽 method, the 4𝑡ℎ order Runge-Kutta method and the Adaptive time step Runge-

Kutta method have been presented and compared in [90]. A general trend of the comparison 

may be summarised as shown in Table 5-3. 

Table 5-3 The relative accuracy and efficiency of three potential numerical integration methods that can be 
implemented. 

 Relative accuracy Relative efficiency 

Adaptive time step Runge-

Kutta 

High Low 

4th order Runge-Kutta Medium Medium 

Newmark-𝛽 Low High 

The equations describing these methods have also been given in [90] and can be implemented 

in code such as MATLAB. Alternatively, a number of built-in functions such as ode45 and 

ode15s are also available in MATLAB for the numerical integration. The 4th order Runge-Kutta 

method was used in the NLROM results produced in this chapter. 

For the full order FE simulation, the numerical integrations are categorised as being either 

implicit or explicit schemes. A brief comparison of the two schemes for the Abaqus software 

is summarised in Table 5-4. 

Table 5-4 A comparison of the implicit and the explicit schemes in ABAQUS.  

 Numerical integration Relative 

accuracy 

Relative 

efficiency 

Memory cost 

Implicit  Newton-Raphson (Hilbert-

Hughes-Taylor) 

High  Low  Large  

Explicit  Euler (central-difference) Low  High  Small 

The implicit scheme is unconditionally stable, while the explicit scheme is conditionally stable. 

This is because that the implicit scheme is iterative by using the tangent stiffness matrix at 

each time step to satisfy the equilibrium conditions, whilst the explicit scheme does not. 

Therefore, the implicit scheme usually has high accuracy but demands large memory cost. In 

this chapter, the implicit scheme was used to produce the full order FE results. A description 

of this nonlinear solver in Abaqus together with an example input file are provided in Appendix 

1. 
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5.1.6 Damping models and the effects of the solution sample rate 

Once an appropriate time integration method has been selected, for either a NLROM or a FEM 

analysis, the efficiency and the accuracy of the implementation of the numerical integration 

are also significantly affected by the choice of damping model and the required sample rate. 

Damping dissipates vibrational energy and most of the mechanisms involved are generally 

approximated by a linear model for small levels of dissipation in practice. A damping model 

must be determined and either inserted in to Eq.(5-2) for NLROM or specified in the solver for 

full order FE model before the numerical integration can be performed. A number of possible 

different damping models are summarised in Table 5-5 [167, 168]. 

Table 5-5 Different forms of damping models. 

 Evaluation Applications 

Viscous damping 𝑓𝑑 ∝ 𝑥̇ (𝑓𝑑 is damping force 

and 𝑥̇ is the velocity) 

Viscous dampers, dashpots 

and shock absorbers 

Hysteretic damping 𝑓𝑑 ∝ 𝑥 Viscoelastic, thermal and 

micromechanical effects; 

internal friction. Typically 

applicable for a frequency 

domain solution but acausal 

and not to be used for time 

domain predications 

Velocity-squared damping 

(nonlinear) 

𝑓𝑑 ∝ 𝑥̇2 Turbulent fluid flow 

Wind resistance 

Coulomb damping 

(nonlinear) 

Constant and determined 

by the friction coefficients 

between the surfaces 

Sliding and static friction 

Acoustic radiation damping Loss factor 𝜂 =
𝑊

𝜔𝐸̅
 (𝑊 is the 

radiated sound power and 

𝐸̅ is the time averaged 

vibrational energy) 

Vibroacoustic 

The viscous and the hysteretic damping models are typically used in structural vibration. For 

time domain calculations the viscous damping representation is preferable. The hysteretic 
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damping model cannot be applied directly in a time domain calculation as it fails to obey 

causality.  

Rayleigh damping is a specific representation of the viscous damping and is generally used in 

FE analysis. This representation assumes that the viscous damping matrix can be constructed 

by a linear combination of the mass matrix and the stiffness matrix.  

In this study, Rayleigh damping was used by specifying the modal damping calculated from 

the linear modal mass 𝑚𝑛 and modal stiffness 𝑘𝑛. The Rayleigh damping for the 𝑛𝑡ℎ mode can 

be written as 

  𝑐𝑛 = 𝛼𝑛𝑚𝑛 + 𝛽𝑛𝑘𝑛, Eq.(5-18) 

where 𝛼𝑛 and 𝛽𝑛 are the damping factors for this mode.  

The viscous damping ratio of the 𝑛𝑡ℎ mode is  

 𝜉𝑛 =
𝑐𝑛

𝑐𝑛0
=

𝛼𝑛𝑚𝑛 + 𝛽𝑛𝑘𝑛

2√𝑚𝑛𝑘𝑛

= 𝛼𝑛√
𝑚𝑛

𝑘𝑛
+ 𝛽𝑛√

𝑘𝑛

𝑚𝑛
=

1

2
(
𝛼𝑛

𝜔𝑛
+ 𝛽𝑛𝜔𝑛), Eq.(5-19) 

where 𝜔𝑛 is the natural frequency of the 𝑛𝑡ℎ mode. 𝑐𝑛0 is the critical damping coefficient for 

the 𝑛𝑡ℎ order mode. The general procedure adopted here for defining damping was to impose 

the damping ratio of the first mode either using the mass-proportional parameter 𝛼 or the 

stiffness-proportional one 𝛽. The values of 𝛼  or 𝛽  selected for the first mode were also 

adopted for all of the others.  

It can be seen from Eq.(5-19) that the damping ratios increase with frequency for stiffness-

proportional damping, i.e. the term with 𝛽𝑛 , and decreases with frequency for mass-

proportional damping, i.e. the term with 𝛼𝑛. A desired damping ratio at a certain frequency 

or mode of structure can be obtained by tuning or selecting either of the two damping terms. 

The stiffness-proportional damping may be used to facilitate a nonlinear solution if the high 

frequency responses are strong. To avoid aliasing from the high frequency component in the 

PSD estimation, a sample rate above twice of the highest excitation frequency is sufficient. 

For the nonlinear response, however, a much higher sample rate is required as the higher 

order modes or higher nonlinearly produced harmonics of lower order modes, with 

frequencies well above twice the excitation bandwidth, may also be excited due to the 

nonlinear coupling. This effect becomes more significant for a stiffened plate subjected to 

point excitation. A very high sample rate will significantly increase the computational cost of 

a full order FE model. In this sense, the stiffness-proportional damping may be preferred as it 
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can be used to suppress the high frequency resonances, although the mass-proportional 

damping has been generally used in the full order FE models in ABAQUS [166] This will be 

explored in Section 5.2.3. 

However, some caution is needed if a high level of stiffness-proportional damping is 

considered. In a full order FE simulation, the linear and the nonlinear parts of the stiffness 

matrix are not necessarily separated so the damping is proportional to the overall stiffness 

matrix and hence nonlinear, whilst in the NLROM the damping can only be made proportional 

to the linear stiffness as the nonlinear stiffness is not explicitly available. This may introduce 

additional difference in the comparison between NLROM and FEM, especially when the 

damping term 𝛽 is large. In addition, a high damping ratio may also make the presence of the 

nonlinear behaviour of the resonance less detectable. 

Hence, there is a trade-off that must be made in the selection of the level of stiffness-

proportional damping and the sample rate in terms of the accuracy and efficiency when 

producing the comparison of NLROM and FEM results. 

5.2 Numerical results 

Some of the methods described in Section 5.1, which might affect the implementation of the 

NLROM for stiffened and curved structures, were applied to two example structures. They are 

a thin plate and a thin-walled cylinder, both with deep stiffeners. In addition, and as a term of 

comparison, some results for an unstiffened plate are also included in Sections 5.2.3 and 5.2.4. 

5.2.1 Example structures and general FE parameters 

This section presents the details of the structural models and the forms of excitation adopted 

in this numerical study. 

5.2.1.1 Stiffened plate 

The first example structure is the same thin plate with deep stiffeners used in Chapter 2. 

Figure 2-2(a) shows the geometry of the stiffened, rectangular plate and Figure 2-2 (b) shows 

the geometry of the cross-sections of the stiffeners (see Chapter 2). Table 2-1 lists the 

parameters for the geometry and material properties of the stiffened plate. The four edges of 

the stiffened plate are fully clamped in the current analysis. 

The nonlinear equations of motion for the stiffened plate are given in Eq.(5-1) and Eq.(5-2).  

The source of the nonlinearity comes from the geometric nonlinear deformation, which can 

be characterised as 𝜃 in Eq.(5-2). 
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A three dimensional Cartesian coordinate system was used to model the stiffened plate and 

the plate is in the 𝑥 − 𝑦 plane. The linear mode shape of the plate is represented as 𝜓𝑛(𝑥, 𝑦). 

The plate bays were modelled with the 4-node shell element S4R in Abaqus and in this 

instance shell elements were also used to represent the stiffeners as shown in Figure 5-2. The 

elements at the joint area between the plate bay and the stiffeners have a thickness of 0.007 

m. 

 

 

 

 

Figure 5-2 The meshed FE model of the stiffened plate with shell elements in Abaqus. The expanded the view 
shows part of one 𝑥-wise stiffener joined with the plate.  

The size of the shell element was set to be 15 × 15 mm2. The mesh size was selected by 

verification of the solution’s convergence over a frequency range up to 250 Hz. The maximum 

error of the natural frequency is less than 1% compared to a finer mesh size of 7.5 × 7.5 mm2. 

There are 34 bending modes present in this frequency range. The total number of finite 

elements in the model is 10904, including 9600 for the plate bays and 1304 for the stiffeners.  

There are 11117 nodes used for the FE model, each having 6 DOFs. The constraint of the fully-

clamped edges eliminates 2640 DOFs. Therefore, the total number of DOFs present in the final 

FE model is 64062. 

5.2.1.2 Stiffened cylinder 

The second example structure is a thin-walled, stiffened cylinder as already used in Chapter 4. 

Figure 4-2 (a) shows the geometry of the stiffened cylinder. The geometry of the cross-section 

of the stiffeners is shown in Figure 4-2 (b). Table 4-1 lists the parameters of the geometry and 
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material properties of the stiffened cylinder. The two ends of the stiffened cylinder are fully 

clamped in the current analysis. 

Compared to the first example structure, the stiffened plate, a different modelling approach 

was used for the stiffened cylinder. The cylinder bays were modelled with the 8-node curved 

shell element S8R, whilst the stiffeners were modelled with the 3-node beam element B32. 

This is because the stiffened cylinder has a larger size and a higher structural complexity 

compared to the stiffened plate. 

Firstly, a higher order shell element was used to account for the high curvature of the 

structure while avoiding a high number of elements.  

Secondly, the beam elements were used to model the deep stiffeners.  Although this may not 

be as accurate as using shell elements it reduces the computation cost of the numerical 

simulations, especially the full order FE, which would otherwise be prohibitive. However, 

should experimental test results other than the full order FE simulation be used as the 

comparison, the stiffeners should be ideally modelled as shell elements as applied for the 

stiffened plates in Section 5.2.1.1. 

The nonlinear equations of motion for the stiffened cylinder are given in Eq.(5-1) and Eq.(5-2).  

The source of the nonlinearity comes from the geometric nonlinear deformation, which can 

be characterised as 𝜃 in Eq.(5-2). 

A three dimensional cylindrical coordinate system was used to model the stiffened cylinder. 

The linear mode shape of the cylinder is represented as 𝜓𝑛(𝑟 = 𝑅, 𝜙, 𝑧). The size of the S8R 

elements are 47.4 mm in the cylinder axial direction and 
𝜋

16
 radians in the cylinder 

circumferential direction. The mesh size was selected by verification of the solution’s 

convergence over a frequency range up to 650 Hz. There are 22 bending modes, within the 

total number of 38 modes present in this frequency range. The total number of elements 

required in the model is 2208, including 1632 shell elements for the cylinder bays and 576 

beam elements for the stiffeners. There are 4960 nodes used for the model, each of which 

has 6 DOFs. The constraint of the fully clamped cylinder ends eliminates 768 DOFs. Therefore, 

the number of the total DOFs presented in this FE model is 28992. This value has been reduced 

to be less than a half of the number for the stiffened plate, despite a larger structural 

dimension and a higher complexity.  
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5.2.1.3 Excitation types and their numerical evaluation 

The spatial and frequency characteristics of the excitations are briefly described in this section. 

Two different types of random excitation were applied to the structures. They include 

mechanical point force excitation and acoustic plane wave excitation. 

The mechanical point force was applied on the plate/cylinder surface at positions where the 

stiffeners are attached. The positions of the nodes of the forcing points are shown in Figure 

5-3 (a) and (b) for the two example structures as black solid circles. The red solid circles 

indicate the points where the responses are measured and these always correspond to the 

centre of the structures. These pairs of input/output positions are chosen as an example to 

show the applicability of the proposed method. 

  

(a) (b) 

Figure 5-3 The positions of the forcing points, marked in the black solid circles, and the positions of the example 
response points, marked in the red solid circles, for the stiffened plate (a) and the stiffened cylinder (b). 

An acoustic plane wave was applied to the plates/cylinder surfaces with a normal incident 

angle. For the plate, this is equivalent to a spatially uniform pressure. For the cylinder, an 

additional rigid scattering problem has to be solved as described in Chapter 3. 

The random time history of the excitation was generated by using the method detailed in 

reference [169]. This method is based on the Inverse Fourier Transform (IFT).  

In the numerical simulations, a band-limited white noise with a flat spectrum within the 

excitation bandwidth 𝐵𝑊  was specified with a given root mean square (RMS) value. The 

power spectral density (PSD), 𝑆𝑥, is therefore a constant value over the bandwidth 𝐵𝑊 and 

can be represented as 

 
𝑆𝑥 =

𝑅𝑀𝑆2

2𝐵𝑊
, 

 

where BW is the excitation bandwidth. 

The magnitude of the Fourier transform of the excitation, |𝑋|, for a finite length of period, 𝑇, 

can be calculated from its relation to the PSD, i.e. 

 |𝑋| = √𝑇𝑆𝑥 , Eq.(5-20) 
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The phase of the Fourier transform is frequency dependent and is specified as a uniformly 

distributed random angle 𝜖(𝑓) between 0 and 2𝜋. So the Fourier transform of the excitation 

can be fully defined as  

𝑋(𝑓) = |𝑋|𝑒𝑖𝜖(𝑓) 

at the positive frequencies and  

𝑋(𝑓) = |𝑋|𝑒−𝑖𝜖(𝑓) 

at the negative frequencies. 

By using the IFT, the random time history of the excitation can be calculated as  

𝑥(𝑡) = ∫ 𝑋(𝑓)𝑒−𝑖2𝜋𝑓𝑡𝑑𝑓

𝑓𝑠
2

−
𝑓𝑠
2

, 

where 𝑓𝑠 is the sample rate. 

For the stiffened plate, the excitation bandwidth is set to be 0 – 125 Hz and the total time 

length is 30 seconds. For the stiffened cylinder, the excitation bandwidth is set to be 0 – 400 

Hz and the total time length is 10 seconds. 

More detailed parameters such as the sample rates 𝑓𝑠 and the RMS values of each excitation 

will be given for each specific example in the following sections, as they are subjected to 

change for comparisons.  

5.2.1.4 Thermal loading and boundary condition treatment 

The thermal effect on the NLROM was studied by using the stiffened plate example only. The 

constraint of fully clamped edges allows no motion of the plate edges despite the thermal 

expansion. Physically, it may no longer be a realistic representation of the boundary 

conditions under thermal conditions, where the boundaries of the structure could not be 

ideally isolated from the thermal transfer from the body of the structure. Numerically, the 

fully clamped edges will lead to a singularity of the stiffness matrix even for a small 

temperature rise and cause the structure to prematurely buckle in a non-physical simulation. 

However, a temperature rise of at least 100℃ is sought in this study. 

To resolve this issue, the simulated boundary condition is modified such that the plate edges 

have partially constrained in-plane DOFs and are fully constrained in all the other DOFs used. 

Spring elements are used to introduce the partial constraints. The values of the spring 
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constants are 100kN/m in the 𝑥 direction and 200kN/m in the 𝑦 direction (see Figure 2-2). 

These stiffness values were determined through a trial and error process in an empirical 

manner. In this process, normal modal analysis calculations for the thermally loaded plate 

each with a different value for the spring stiffness were performed. The final values of the 

stiffness were tuned and adopted so that buckling does not occur when the temperature 

change is 100℃. 

Three different thermal conditions are then applied. They are at 0℃, 50℃ and 100℃ for a 

uniform temperature field throughout the stiffened plates by using the static analysis in 

Abaqus.  

5.2.1.5 Response analysis 

After the structural FE and the excitation were generated, the nonlinear responses were 

predicted by the NLROM in MATLAB and by the full FE model solver in Abaqus. The NLROM 

implemented in MATLAB used the IC method (see Section 5.1.1). The full order FE simulations 

implemented in Abaqus used the Implicit Scheme in Table 5-4. 

The selected points for presenting predictions for the out-of-plane response are at the centres 

of all of the structures. They are shown as red solid circles in Figure 5-3. For the cylinder case, 

the response point is at the front of cylinder facing the normal plane wave excitation.  

The PSD of the response time history was generated by using the ‘Pwelch’ function in MATLAB. 

The PSD was evaluated by averaging 8 segments, with 50% overlap. Each segment was 

windowed with a Hamming window. The sample rates are 10 kHz for the NLROM results and 

100 kHz for the FEM results for the example structures. The PSD is displayed with the 

frequency resolution of 1 Hz.  

5.2.2 NLROM static identification schemes 

5.2.2.1 The effect of the modal basis selection 

For stiffened plate, four sets of the modal basis, represented as sets A – D, were used to 

examine the effect of the modal basis selection on the NLROM prediction against that of the 

full order FE simulation for the stiffened plate. These modal sets were grouped by either using 

all bending modes or linearly excited bending modes within two frequency ranges – one 

within the excitation bandwidth (0 – 125 Hz) and the other one within twice the excitation 

bandwidth (0 – 250 Hz). Table 5-6 lists the total number and the order of the modes included 

in each set. The natural frequencies associated with these modes are listed in Table 5-7. Note 
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that the modes are obtained by the free vibration analysis, but the set of linearly excited 

modes can only be selected following a linear simulation up to 250 Hz and an analysis of the 

response for the different excitation types. 

Table 5-6 Four different modes sets A – D for stiffened plate. A: Linearly excited flexural modes within the 
excitation bandwidth. B: All flexural modes within the excitation bandwidth. C: Linearly excited modes within 

twice the excitation bandwidth. D: All modes within twice the excitation bandwidth. 

Mode set Point force excitation Plane wave excitation 

Number of 

modes 

Mode order Number of 

modes 

Mode order 

A 4 1 – 3, 5 3  1, 3, 5 

B 9 1 – 9  9 1 – 9  

C 11 1 – 3, 5, 10, 17, 

20, 23, 30, 33, 

34 

7 1, 3, 5, 17, 20, 

30, 33 

D 34 1 – 34  34 1 – 34  

 

Table 5-7 The natural frequencies associated with the 34 modes in Table 5-6. 

Mode order 1 2 3 4 5 6 7 8 9 

Frequency (Hz) 65.9 84.6 104.3 110.3 111.3 113.3 113.5 117.5 118.9 

Mode order 10 11 12 13 14 15 16 17 18 

Frequency (Hz) 145.9 152.9 153.1 153.6 155.2 155.8 156.1 158.1 163.8 

Mode order 19 20 21 22 23 24 25 26 27 

Frequency (Hz) 166.1 172.8 174.9 177.9 181.4 195.2 196.7 196.8 197.1 

Mode order 28 29 30 31 32 33 34   

Frequency (Hz) 197.5 198.9 199.7 209.3 210.2 211.9 241.9   

The RMS value of the point force excitation was set to be 593N and that of the plane wave 

excitation was set to be 146dB. The magnitude of the excitation was selected to ensure a non-

linear response of the structure. To achieve this a linear frequency domain analysis was 

performed in the FE software and the input was tuned to obtain a maximum response at the 

reference response point of about 10 times the plate thickness. It is expected that a nonlinear 

simulation would result in a different level of the response due to the nonlinearities.  

The sample rate used to generate the excitation was set to be 10kHz in the NLROM, whilst 

that was set to be 100kHz in the full order FE simulation. Stiffness-proportional damping 
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provided 1% damping ratio at 65.9Hz, which is the frequency of the first mode of the stiffened 

plate. 

Figure 5-4 (a) and Figure 5-4 (b) show the PSD estimations of the displacement response for 

the stiffened plate subjected to the mechanical point force and to the acoustic plane wave 

excitation respectively. The excitation bandwidth was 0 – 125Hz. The frequency range of twice 

the excitation bandwidth was used for the frequency range presented, i.e., 0 – 250Hz. The 

displacement was normalised by the thickness of the plate.  

Different types and colour of lines are used to represent results from different models. The 

NLROM predictions with four mode sets are given in solid lines with four different colours: 

mode set A in blue, mode set B in red, mode set C in green and mode set D in black. The linear 

predictions, obtained by removing all nonlinear stiffness terms in NLROM, are given in cyan 

dash-dotted line for the reference comparison between the linear and the nonlinear 

predictions. The full order FE predictions are given in magenta dotted lines as the benchmark 

for the comparisons of the predictions of nonlinear responses.  

 

(a) 
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(b) 

Figure 5-4 PSD estimations of the normalised displacement for the stiffened plate subjected to the mechanical 
point force (a) and to the acoustic normal plane wave excitation (b). Cyan dash-dotted lines: linear response 

predictions. Magenta dotted lines: nonlinear response predictions from the full order FE simulations. Solid lines: 
nonlinear response predictions from NLROM with mode set A (in blue), mode set B (in red), mode set C (in green) 

and mode set D (in black). 

The results show two significant differences between the linear responses and the nonlinear 

responses, from either NLROM or FEM. The first one is that the response peaks in the 

nonlinear predictions are shifted and broadened. This is due to the nonlinear stiffening effect. 

The second one is that there is a response at frequencies outside the excitation bandwidth in 

the nonlinear predictions. This out-of-band response is caused by the nonlinear coupling 

between the low frequency and the high-frequency flexural modes as well as high frequency 

contributions from the geometrical nonlinear in-plane stretching of the lower order flexural 

modes. For the linear predictions, ideally there should be no response outside the excitation 

frequency range, but a very low PSD level is still present due to the finite length of the loading 

history and response and some numerical noise.  

The behaviour and the relative differences among the NLROM predictions with different mode 

sets vary significantly over the frequency bands. Within the excitation bandwidth (up to 

125Hz), all the NLROM predictions agree well with that from the full order FE simulations. The 

effects of using different mode sets here are minimal. Outside the excitation bandwidth, the 

agreement between the FEM and the NLROM predictions varies over different mode sets. The 

agreement is improved significantly from sets A and B to sets C and D, i.e. when the frequency 

of the modes chosen is extended from the excitation bandwidth to twice the excitation 

bandwidth. Meanwhile, the improvement is minor between mode sets C and D (or between 



136 
 

mode set A and B), i.e. between all modes being used and only linearly excited modes being 

used. It means that using only linearly excited modes may only sacrifice a little accuracy. 

However, using only linearly excited modes can significantly reduce computation cost for the 

NLROM. For example, the number of the nonlinear static FE tests required in the nonlinear 

identification can be reduced by almost one order of magnitude, in this case from 2313 to 243, 

if set C is used instead of mode set D. 

Figure 5-5(a) and Figure 5-5(b) show the band limited RMS values of the normalised 

displacement for the stiffened plate subjected to the mechanical point force and to the 

acoustic plane wave excitations, respectively. The band limited RMS values were calculated 

from integrating PSD over three frequency ranges, i.e., range 1 (0 – 125Hz) the excitation 

bandwidth, range 2 (125 – 250Hz) and range 3 ( 0 – 250Hz) twice the excitation bandwidth. 

  

(a) (b) 

Figure 5-5 Band limited RMS of the normalised displacement of stiffened plate subjected to the mechanical point 
excitation (a) and to the acoustic plane wave excitation (b). : linear response predicitions. : NLROM 

response prediciton with mode set A. : NLROM response prediciton with mode set B. : NLROM response 
predicition with mode set C. : NLROM response prediciton with mode set D. : nonlinear response 

predicitions from the full order FE.Three frequency ranges are considered for the responses, i.e. range 1 (0 – 
125Hz), range 2 (125 – 250Hz) and range 3 (0 – 250Hz). 

The results in ranges 1 and 3 for both types of excitation show higher values of RMS response 

in the linear response predictions (in yellow bars) than those in the nonlinear responses (other 

bars). This is because the geometric nonlinearity tends to limit the response amplitude. A 

small RMS value is present in range 2 for the linear response predictions due to the finite 

length of the loading time history and response and some numerical noise. 

The RMS values for the NLROM predictions with the mode sets C/D are closer in agreement 

to those for the FE predictions compared to the results with the mode sets A/B. It means that 

the NLROM predictions are improved when the frequency range within which the modes are 

covered is doubled, although they are still too high compared to the FE predictions. This 

indicates that using an insufficient number of modes in the nonlinear static identification of 
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NLROM underestimates the nonlinear stiffening effect present in the model, compared to the 

FE predictions. The differences in the RMS values between mode set A and B or between mode 

set C and D are very small for point force excitation in Figure 5-5 (a) and can be hardly 

discriminated for the plane wave excitation in Figure 5-5 (b). This is consistent with the 

behaviour in the PSD results in Figure 5-4, i.e., using the linearly excited modes can achieve a 

nonlinear identification with relatively high accuracy. The drawback of this modal basis 

selection is that it is loading specific, whilst using all the flexural modes is not restricted to the 

loading types.  

An equivalent procedure has been adopted for the stiffened cylinder, but it has been found 

that it was not possible to excite the stiffened cylinder in a nonlinear regime before buckling 

occurs. However, the results for the case of the cylinder will be discussed again later in Section 

5.2.4 to illustrate the features of deep stiffeners and high curvature. 

5.2.2.2 The effect of static loading types 

Figure 5-6 (a) and Figure 5-6 (b) show the PSD estimations of the normalised nonlinear 

displacement for the stiffened plate subjected to the mechanical point force and to the 

acoustic plane wave excitation. These results are all NLROM predictions using mode set C in 

Table 5-6, i.e. linearly excited modes within twice of the excitation bandwidth. The results 

from the NLROM with nonlinear static identification using the dead loads are in black solid 

lines and that using the follower loads are in red dashed lines. 

  

(a) (b) 

Figure 5-6 PSD estimations of the nonlinear response for stiffened plate subjected to the point force excitation 
(a) and to the acoustic plane wave excitation (b). The NLROM results with the nonlinear static identification using 

the dead loads is in black solid lines and that using the follower loads are in red dashed lines. 

The results show that the two predictions are almost identical over the entire frequency range. 

The effect of the type of static loading on the nonlinear static identification is negligible for 

the stiffened plate. Although the deformation of the plate is large enough for the onset of the 
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geometric nonlinearity, it is still yet to form a significant curvature in the structure and 

therefore there is no noticeable difference between using the dead loads and using the 

follower loads.  

5.2.2.3 The effect of the scaling factors 

This section studies the effect of using different values of the scaling factors as introduced in 

Section 5.1.3, i.e. 𝑎𝑚 and 𝑎𝑛 in Eq.(5-7) for the static loadings used for the nonlinear static 

identification. The static loadings were applied in the form of uniform pressure over each 

element, which is a simple approximation that can be relatively convenient to be implemented 

in Abaqus provided the mesh is fine enough.  

The scaling factors were calculated by the ‘desired displacement’ method using Eq.(5-12). A 

desired displacement of 10 times of the plate thickness (ℎ) was used as a reference at the 

point chosen as the example response position in Figure 5-3 (a). Three other values of the 

scaling factors were set witch resulted in a desired displacement of 5, 20 and 40 times the 

plate thickness and were used in the nonlinear static identification, spanning the range of a 

‘small’ desired displacement (5ℎ) to a large desired displacement (40ℎ). 

Figure 5-7 (a) and Figure 5-7 (b) show the PSD estimations of the normalised nonlinear 

displacement for the stiffened plate subjected to the mechanical point force and to the 

acoustic plane wave excitation. The frequency range of the excitation was again 0-125 Hz. 

These results are all NLROM predictions using mode set C in Table 5-6, i.e. linearly excited 

modes within twice of the excitation bandwidth. The dead loads were used in the nonlinear 

static identification. The NLROM results using the scaling factors corresponding to the desired 

reference displacement of 5ℎ, 20ℎ and 40ℎ are in blue, green and black solid lines. The full 

order FE results are in red dotted lines. An attempt was made for a required displacement of 

100ℎ but the model failed to converge statically. 
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(a) (b) 

Figure 5-7 PSD estimations of the normalised nonlinear displacement for the stiffened plate subjected to the 
point force (a) and to the acoustic plane wave (b) excitations. The NLROM results using the scaling factors 

corresponding the desired reference displacement of 5ℎ are in the blue solid lines, 20ℎ are in the green solid 
lines and 40ℎ are in the black solid lines. The full order FE results are in red dotted lines. 

The results in the figure show that all of the solid lines agree well with the red dotted lines 

within the excitation bandwidth. This indicates that the effect of using different scaling factors, 

as long as they lead to a converged static solution, is small within the excitation bandwidth.  

Outside the excitation bandwidth, the results corresponding to the small required reference 

displacement of 5ℎ overestimate the nonlinear response as the frequency increases. This is 

because a small required reference displacement will overestimate the nonlinearity. No 

significant difference is visible between the results based upon 20ℎ and 40ℎ. They both have 

improved agreement with the FE results.  

In summary, it means that the accuracy of the nonlinear static identification may not be 

affected by increasing the value of the required displacement from the reference value (10ℎ 

in this example), provided that it is not too large so that the nonlinear static and dynamic 

analysis do not converge. It is to be noted that the nonlinear coefficients from the static 

characterisation need to be recalculated when the reference value is increased due to the 

increased level of the excitation. 

5.2.2.4 The effect of thermal loading 

Figure 5-8 shows the natural frequencies and mode shapes of the cold modes of the stiffened 

plate (i.e. without any temperature loading). As part of the NLROM procedure, in this case 

these have been calculated in the FE software Abaqus with the model setup explained in 

Sections 5.2.1.1 and 5.2.1.4. The natural frequencies and mode shapes of two sets of hot 

modes, corresponding to a temperature rise of 50℃ and 100℃, are shown in Figure 5-9 and 

Figure 5-10. As an example, only the lowest nine modes are shown for all cases.  
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Figure 5-8 The natural frequencies and mode shapes of the lowest 9 cold modes. 

   

   

   

Figure 5-9 The natural frequencies and mode shapes of the lowest 9 hot modes with a temperature rise of 50℃. 
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Figure 5-10 The natural frequencies and the mode shape of the lowest 9 hot modes with a temperature rise of 
100℃. 

The results from Figure 5-8 to Figure 5-10 show that the main effect of thermal loading is to 

reduce the natural frequencies of the modes. In addition, some neighbouring modes can 

appear in a different order. For example, the 6th mode and the 7th mode in Figure 5-8 swap 

when a temperature rise of 50℃ is applied (Figure 5-9). Then they swap again in Figure 5-10 

when a temperature rise of 100℃ is present. In the case of normal plane wave excitation, the 

1st, 3rd, 5th, 7th and 9th modes are expected to be excited at both 0℃ and 100℃. The 1st, 3rd, 5th, 

6th and 9th modes are expected to be excited at 50℃. 

Figure 5-11 (a) and Figure 5-11 (b) show the PSD estimations of the normalised nonlinear 

displacement for the stiffened plate subjected to the normal plane wave excitation with a 

temperature rise of 50℃ and of 100℃. Mode set D in Table 5-6, i.e. the first 34 lowest modes, 

was used in both of cold-mode NLROM predictions, which are in the black solid lines, and hot-

mode NLROM predictions, which are shown by the red solid lines. The full order FE predictions 

are used for comparison and are shown by the blue dotted lines. 
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(a) (b) 

Figure 5-11 PSD estimations of the normalised nonlinear displacement for the stiffened plate subjected to the 
normal plane wave excitation with a temperature rise of 50℃ (a) and 100℃ (b). The cold-mode NLROM 

predictions are in the black solid lines and the hot-mode NLROM predictions are in the red solid lines. The full 
order FE predictions are in the blue dotted lines. 

The results for both temperature conditions show that the hot-mode NLROM predictions 

agree better with the FEM predictions than the cold-mode NLROM predictions. For example, 

the resonance peaks between 95 – 125 Hz tend to merge together from 50℃ to 100℃ in the 

FEM predictions. This behaviour is well replicated by the hot-mode NLROM predictions. The 

good accuracy of the hot-mode NLROM is preserved outside the excitation bandwidth up to 

210Hz, about 1.7 times the excitation bandwidth for the temperature rise of 50℃ . The 

accuracy at this frequency is reduced when the temperature rise is increased to 100℃. The 

source of the increased error could not be determined. 

The prediction capacities of the cold-mode and hot-mode NLROM also need to be examined. 

This capacity is compared in terms of the solution convergence. To provide the data for 

comparison, an additional three higher levels of excitation, 149dB, 152dB and 158dB, were 

used. 

Table 5-8 shows the comparison of the convergence between the hot-mode and the cold-

mode NLROM predictions for two different temperatures and for four different excitation 

levels. 



143 
 

Table 5-8 The convergence for the hot-mode and the cold-mode NLROM with different temperatures and 
different excitation levels. The tick symbol ‘✓’ means that a converged NLROM solution was guaranteed. The 

cross symbol  ‘’ means that the NLROM solution cannot converge for the time integration dynamic solution. The 
symbol ‘N/A’ means that the nonlinear static tests cannot converge. 

 
SPL (dB) 

146 149 152 158 

𝑇  

(℃) 

0 ✓ ✓ ✓  

50 hot- ✓ ✓ ✓ N/A 

cold- ✓ ✓   

100 hold- ✓   N/A 

cold- ✓ ✓   

None of the NLROM predictions could converge at the highest level of excitation 158dB. For 

the thermally loaded plates, the convergence issues are in the nonlinear static solutions for 

the hot-mode NLROM (represented with the symbol of ‘N/A’) and in the numerical integration 

for the cold-mode NLROM (represented with the symbol of cross ‘’). The latter cannot be 

resolved by using a higher sample rate. A separate test showed that the NLROM can converge 

for an excitation level up to 164dB if the plates’ edges are fully clamped, so the treatment or 

choice of the boundary conditions may also affect the convergence of the NLROM. 

The convergence is also dependent on the temperature rises and is different between the 

cold-mode and hot-mode NLROM. At a rise of 50℃, the hot-mode NLROM can converge at 

the excitation level up to 152dB and the cold-mode NLROM can only converge up to 149dB. 

When the temperature rises by 100℃, the hot-mode NLROM can only converge at 146dB, but 

the cold-mode NLROM can still converge up to 149dB. This observation might indicate that 

the cold-mode NLROM can converge more easily at a higher temperature, although it 

generally results in poorer accuracy as shown in Figure 5-11. 

5.2.3 The selection of damping and sample rate 

This section intends to assess the selections of the damping ratio and sample rate that can 

balance the accuracy against efficiency of the FE solution. The key issue is the aliasing that is 

caused by the high frequency response. A most straightforward way to avoid the aliasing 

would be to apply an anti-aliasing filter prior to sampling, but this is not available in the 

Abaqus/Implicit solver. Thus, a very high sample rate might be required to avoid the distortion 

due to the sampling, which in the meantime causes high computational cost. The frequency 
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dependency of the Rayleigh damping presented in Section 5.1.6 offers the possibility of 

dealing with the high frequency response.  

The nature of this problem is shown in Section 5.2.3.1 by the example of an unstiffened plate 

and in Section 5.2.3.2 by the example of the stiffened plate, respectively. A trade-off must be 

made in the selection of the level of stiffness-proportional damping and the value of sample 

rate when producing the comparison of NLROM and FEM results. This is shown in Section 

5.2.3.3. 

5.2.3.1 Case of an unstiffened plate 

The effects of using two types of viscous damping models, i.e. the mass-proportional and the 

stiffness-proportional Rayleigh damping, are examined in this section. An unstiffened plate 

was initially used in the numerical example for simplicity. The structural parameters and the 

positions of the measurement and excitation for the unstiffened plate are the same as those 

of the stiffened plate, except all the stiffeners were removed.  

For this study the RMS value of the point force excitation was set to be 1.38N and that of the 

plane wave excitation was set to be 106dB. It was verified that this was enough to cause a 

nonlinear behaviour of the structure, which in the absence of stiffeners has become very 

flexible. The excitation bandwidth was set to be 0 – 50Hz and the time span was set to be 50 

seconds. The frequency resolution of the PSD was 0.2Hz. A 50% overlap and Hamming window 

were used for the segment averaging. The first 10 seconds of the total response time history 

for the unstiffened plate were removed to achieve the steady state of the response data. All 

22 modes up to the frequency of 100Hz were used in the nonlinear static identification. The 

sample rate used in generating the excitation was set to be 5kHz in the NLROM, whilst that 

used in the full order FE simulations was set to be 10kHz. The viscous damping, set either by 

the mass-proportional or stiffness-proportional terms, corresponded to 0.5% damping ratio 

at 14.4Hz. This is in line with the value set in Chapter 2 and typical of aircraft panels. The 

damping term 𝛼  for the mass-proportional damping and 𝛽  for the stiffness-proportional 

damping were calculated from Eq.(5-19) separately by setting the other damping term to zero.  

Figure 5-12 shows the values of the viscous damping ratio for the 22 lowest modes within the 

frequency range 0 – 100Hz. The results for the stiffness-proportional damping model are 

shown by the blue bars. The results for the mass-proportional damping model are shown by 

the red bars. 
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Figure 5-12 The frequency dependency of the viscous damping ratio for the first 22 modes within the frequency 
range 0 – 100Hz. : stiffness-proportional damping; : mass-proportional damping. 

The result shows that as the frequency increases, the value of the mass-proportional damping 

decreases whilst it increases for the stiffness-proportional damping (see Eq.(5-19)).  

Figure 5-13 (a) and Figure 5-13 (b) show the PSD estimations of the normalised displacement 

for the unstiffened plate with the two damping models and subjected to the point force 

excitation. Figure 5-13 (a) is for the mass-proportional damping and (b) is for the stiffness-

proportional damping.  

  

(a) (b) 

Figure 5-13 PSD estimations of the normalised displacement for the unstiffened plates with different damping 
models and subjected to different excitations. (a) Mass-proportional damping. (b) Stiffness-proportional 

damping. The linear response predictions are in the blue dash-dotted lines. The NLROM response predictions are 
in the black solid lines. The full order FE predictions are in the red dotted lines. 

The main difference between using either the mass- or stiffness-proportional damping is in 

the level of response of modes outside the frequency range of excitation. As the damping 

decreases with frequency, a mass only term results in higher peaks for the high frequency 

modes. As a result, the FE predictions in Figure 5-13 (a) show some discrepancies with the 

NLROM model at the first resonance and differences are also present for frequencies above 

50 Hz. It is possible that this is due aliasing effects caused by all the high frequency modes that 
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are excited because of the nonlinearities and have low damping. When the stiffness-

proportional damping model is used, as shown in Figure 5-13 (b), the high frequency modes 

experience more damping as indicated in Figure 5-12, and the agreement at the first 

resonance improves. Alternatively, the aliasing effects can be alleviated by increasing the 

sample rate.  Figure 5-14 shows the results when the sample rate for the full order FE 

prediction is increased from 10kHz to 25kHz. 

 

Figure 5-14 PSD estimations of the normalised displacement for the unstiffened plates with the mass-
proportional damping model. The sample rate for the full order FE prediction has been increased from 10kHz to 
25kHz. The linear response predictions are in the blue dash-dotted lines. The NLROM response predictions are in 

the black solid lines. The full order FE predictions are in the red dotted lines. 

The result shows that the full order FE prediction agrees with the NLROM prediction better at 

the first resonance compared to Figure 5-13 (a). There are still differences for the frequency 

range outside the excitation range, but the agreement has improved here too. This means 

that if a higher sample rate is used, the accuracy of the FE predictions can be further improved. 

This will be also explored in the stiffened plate example in the next section. 

Figure 5-15 (a) and (b) show the PSD estimations of the normalised displacement for the 

unstiffened plate with the two damping models and subjected to the plane wave excitation. 

Figure 5-13 (a) is for the mass-proportional damping and (b) is for the stiffness-proportional 

damping.  
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(a) (b) 

Figure 5-15 PSD estimations of the normalised displacement for the unstiffened plates with different damping 
models and subjected to the plane wave excitation. (a) Mass-proportional damping. (b) Stiffness-proportional 

damping. The linear response predictions are in the blue dash-dotted lines. The NLROM response predictions are 
in the black solid lines. The full order FE predictions are in the red dotted lines. 

A better agreement between the NLROM and FEM is also shown in the plane wave excitation 

results in Figure 5-15 (a) and (b) compared to the point excitation results in Figure 5-13 (a) 

and (b), despite the fact that more nonlinearity is exhibited in the plane wave excitation case 

(shifting and broadening of the resonance peaks). The improved agreement is more apparent 

in the frequency above the excitation bandwidth than within the excitation bandwidth. This 

may be because fewer modes can be excited by the plane wave excitation.  

5.2.3.2 The stiffened plate case 

Three different sample rates, 100kHz, 50kHz and 10kHz, were used for comparison in the 

stiffened plate example. The NLROM predictions with the lowest sample rate of 10kHz were 

used as the reference for comparison, as they will not be affected when the sample rate 

increases. Mode set D, i.e., all flexural modes within twice the excitation bandwidth, were 

used in the nonlinear static identification.  

The damping ratio of the stiffness-proportional damping was set to be 1% at the first natural 

frequency of 65.9Hz. This higher level of damping was considered for the stiffened plate 

compared to that of the unstiffened plate, as the structural damping might be increased by 

the stiffeners and their joints with the plate.  

Figure 5-16 (a) and Figure 5-16 (b) show the PSD estimations of the normalised displacement 

for the stiffened plates subjected to the point force and the plane wave excitations. The FEM 

predictions with the sample rates of 10kHz, 50kHz and 100kHz are shown by the green, blue 

and red dotted lines respectively. The NLROM predictions with the sample rate of 10kHz are 

in the black solid lines. 
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(a) (b) 

Figure 5-16 PSD estimations of the stiffened plate subjected to the point force excitation (a) and to the plane 
wave excitation (b). The NLROM predictions are in black lines (sample rate 10 kHz). The FEM predictions with the 
sample rates of 100kHz, 50kHz and 10kHz are in the red dotted lines, the blue dotted lines and the green dotted 

lines. 

The FEM predictions with the highest sample rate of 100kHz best match with the NLROM 

predictions for both plane wave and point force excitations. As the sample rate is halved to 

50kHz, the response peaks in the FEM results are slightly shifted to higher frequencies due to 

the aliasing. This effect becomes more significant when the lowest sample rate of 10kHz is 

used. It indicates that the FEM results demand a much higher sample rate to obtain an 

accurate prediction compared to the NLROM. This is because the FEM solutions contain high 

frequency contributions from the nonlinear coupling that are aliased in the time domain 

predictions.  

5.2.3.3 Comparisons on the effects of higher sample rate and level of damping 

The results in the last two sections show that the aliasing issue of the FEM predictions can be 

alleviated by either using a higher sample rate or a higher level of damping, i.e. using the 

stiffness-proportional damping. The extent of the improvement by using the two methods are 

further compared in the example of the stiffened plate subjected to the plane wave excitation. 

The FEM predictions with the sample rate of 50kHz and the stiffness-proportional damping 

ratio of 1% was used as a reference. The comparisons were made by doubling only the sample 

rate and by doubling only the damping level.  

Figure 5-17 (a) – (c) show the PSD estimations of the normalised displacement for the stiffened 

plate subjected to the plane wave excitation. The FEM predictions in the red dotted lines were 

calculated with three sets of configurations, i.e., low sample rate (50kHz) and low damping 

(1%) in Figure 5-17 (a), high sample rate (100kHz) and low damping (1%) in Figure 5-17 (b), 

and low sample rate (50kHz) and high damping (2%) in Figure 5-17 (c). The NLROM predictions 

with sample rate of 10kHz and with mode set D were also given in the black solid lines. 
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(a) (b) (c) 

Figure 5-17 PSD estimations of the normalised displacement for the stiffened plate subjected to the plane wave 
excitation. Three combinations of sample rate and stiffness-proportional damping level are used: (a) Low sample 

rate (50kHz) and low damping (1%). (b) High sample rate (100kHz) and low damping (1%). (c) Low sample rate 
(50kHz) and high damping (2%). The NLROM predictions are in black solid lines. The FEM predictions are in red 

dotted lines. 

In comparison with Figure 5-17 (a), the agreement between the NLROM and the FEM 

predictions were improved by doubling the sample rate in Figure 5-17 (b). This is because the 

increasing sample rate extends the frequency range to reduce the aliasing effect. However, 

the solution time of 300 hours for the FE results in Figure 5-17 (a), which is already much larger 

than that of the NLROM (less than one hour), is doubled to 600 hours in Figure 5-17 (b). The 

required memory for the data storage is also increased from 24GB to 48GB. So the 

consequence of using a very high sample rate is a significantly increased computational cost. 

In comparison with Figure 5-17 (a), the agreement between the NLROM and the FEM 

predictions were also improved by doubling the level of the stiffness-proportional damping in 

Figure 5-17 (c). The higher level of damping alleviates the aliasing effect by further suppressing 

the high frequency response, which can be seen in the frequency range between 125 – 250Hz. 

However, the response peaks in Figure 5-17 (c) are broadened because of the increased level 

of damping; this may make the presence of the nonlinear behaviour on the resonance less 

detectable.  

5.2.4 A comparison between the unstiffened plate, stiffened plate and a 

stiffened cylinder  

In the previous Sections 5.2.2 and 5.2.3, the NLROM results have been compared with the full 

FE results and the different parameters and their effects relating to the comparison have been 

explored. Provided that an appropriate static identification process and a suitable selection of 

damping and sample rate has been achieved, the NLROM prediction can achieve a good 

agreement with the full FE prediction.  

In this section, a comparison is made between the unstiffened plate, the stiffened plate and 

the stiffened cylinder by using the NLROM prediction. This is to explore the differences as well 



150 
 

as the common features of the nonlinear responses of structures in the presence of deep 

stiffeners and high curvatures. In addition, the capability of the NLROM is also verified in the 

case of practical structures such as the stiffened cylinder. 

Two different levels of broadband random excitation are considered for each structure. They 

are all subjected to a mechanical point force and a normal plane wave excitation at two 

different levels. 

Table 5-9 lists the parameters associated with the excitations and analyses of the NLROM 

predictions. For both excitation types two levels have been selected, ‘low’ and ‘high’. The 

selection of these excitations was initially intended to give an equivalent nonlinear response 

of the different structures. However, it was soon discovered that the criterion for this 

selection (such as defined by the amount of shifting in the first natural frequency due to the 

nonlinearity) may not easily be obtained for the three different structures. In fact, the 

presence of the deep stiffeners and high curvature significantly change the structural dynamic 

behaviour. For example, for the stiffened cylinder it might not be possible to excite the 

structure to have any observable shifting of the first natural frequency before buckling 

happens. This shall be seen more fully later from the comparison of the nonlinear response 

results.  

Therefore, an absolute target of defining the ‘low’ and ‘high’ excitations is not sought in this 

case due to the varying features of the nonlinear response for each structure. Instead, these 

selected excitations aim at exciting the nonlinearity of each structure to some extent. Figure 

5-18 (a) and Figure 5-18 (b) show the maximum amplitude of the response to a random input 

for the three structures and for the two excitation levels selected. This was obtained by 

performing a linear FE analysis. Typically a displacement-to-thickness ratio around or above 

unity is expected to give a nonlinear response. It will be seen below that for stiffened and 

curved structures this is not the case.   
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Table 5-9 The parameters of the excitations and the PSD estimations in the NLROM predictions. 

 Unstiffened plate Stiffened plate Stiffened cylinder 

 low high low high low high 

RMS Point force (N) 0.62 1.38 342 593 1000 2000 

Plane wave (dB) 99 106 141 146 148 154 

Excitation band (Hz) 0 – 50  0 – 125  0 – 400  

Outside of excitation band (Hz) 50 – 100  125 – 250  400 – 1000  

Time record length (sec) 50 30 10 

Removed time period (sec) 0 – 10  0 – 10  0 – 3  

Sample rate (kHz) 5 100 10 

PSD resolution (Hz) 0.2 1 1 

Modal basis  First 22 flexural 

modes 

First 34 flexural 

modes  

First 10 linearly 

excited modes 

Figure 5-18 (a) and Figure 5-18 (b) show the maximum linear normalised displacement for the 

example structures subjected to the two different levels of excitations listed in Table 5-9. The 

results show a significant difference in the maximum displacement for the three structures 

subjected to the low level and the high level of excitations.  

  

(a) (b) 

Figure 5-18 The linear predictions of the maximum normalised displacement of the three structures to the point 
excitation (a) and the plane wave excitation (b). The red bars  represent the predictions for the low excitation 

levels in Table 5-9. The blue bars  represent the predictions for the high excitation levels in Table 5-9. The 
horizontal lines correspond to the value of 1. 

Figure 5-19 (a) – Figure 5-19 (f) show the PSD estimations from the NLROM for the unstiffened 

plate, the stiffened plate and the stiffened cylinder. The results for the point force excitations 

are given in Figure 5-19 (a) - Figure 5-19 (c) and those for the plane wave excitation are given 

in Figure 5-19 (d) - Figure 5-19 (f). All the nonlinear predictions are represented by solid lines, 

in comparison to the linear predictions shown by the dash-dotted lines. The results for the 
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low level of the excitations are given by blue lines. The results for the high level of the 

excitations are given by the black lines.  

   

(a) (b) (c) 

   

(d) (e) (f) 

Figure 5-19 PSD estimations from the NLROM for the three different structures subjected to the point force and 
plane wave excitations: (a) the unstiffened plate subjected to the point force excitation; (b) the stiffened plate 
subjected to the point force excitation; (c) the stiffened cylinder subjected to the point force excitation; (d) the 

unstiffened plate subjected to the plane wave excitation; (e) the stiffened plate subjected to the plane wave 
excitation; (f) the stiffened cylinder subjected to the plane wave excitation. : the linear response 

prediction to low level of excitation. : the nonlinear response prediction to low level of excitation. : 
the linear response prediction to high level of excitation. : the nonlinear response prediction to high level 

of excitation. 

For the unstiffened plate , the results in Figure 5-18, Figure 5-19 (a) and Figure 5-19 (d) show 

that when the maximum linear displacement response is much smaller than one plate 

thickness (the first red bar in Figure 5-18 (a)), no nonlinear behaviour is observed (the blue 

lines in Figure 5-19 (a)). The unstiffened plate exhibits some nonlinear behaviour only when 

the maximum linear displacement response is close to or greater than one plate thickness (the 

first blue bar in Figure 5-18 (a) and the first two bars in Figure 5-18 (b)). This confirms that a 

displacement of one plate thickness is large enough to exceed the limits for the linear plate 

response assumption for the unstiffened plate.  

Figure 5-19 (b), Figure 5-19 (e) and Figure 5-18 show that for the stiffened plate the threshold 

of one plate thickness increases to be around six plate thicknesses to exhibit significant 

nonlinear behaviour. This is because the deep stiffeners with the stiffener height to plate 

thicknesses ratio of 15, which dominate the response of the stiffened plate at lower 

frequencies, still essentially behave in a linear fashion.  
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For the stiffened cylinder, Figure 5-19 (d) and Figure 5-19 (f) show that no significant nonlinear 

behaviour occurs for the range of excitation considered, even when the maximum linear 

response exceeds 12 times the cylindrical shell thickness. This is because of a higher stiffener 

height ratio of 68 compared with the stiffened plate, together with the high curvature which 

also stiffens the structure and allows the linear coupling between the in-plane and out-of-

plane motion. For this stiffened cylinder, a significant deviation between the nonlinear and 

the linear predictions would only appear when the maximum linear displacement exceeds 84 

times that of the cylindrical shell thickness. This has been tested by performing a full FE 

simulation with increasing levels of excitation. A noticeable shift in the first natural frequency 

occurred when the maximum linear displacement was above 84 times the thickness and 

corresponded to plane wave excitation of 174dB, as shown in Figure 5-20 However, the 

NLROM prediction could not be completed for such excitation levels, because the static 

solutions in the nonlinear static identification failed to converge due to buckling. 

 

Figure 5-20 PSD estimations from the full order FE for the stiffened cylinder subjected to the normal plane wave 
of 174 dB. The black solid line is the linear prediction and the red solid line is the nonlinear prediction. 

The results also show that response peaks can be observed outside the excitation bandwidth 

for all conditions except at the lowest excitation level for the unstiffened plate (the blue lines 

in Figure 5-19 (a) and Figure 5-19 (d)). The response of the unstiffened plate is still within 

range of the linear assumption.  

Figure 5-21 (a) and Figure 5-21 (b) show the mean square value of the nonlinear component 

of the total response for the three structures which occurs at frequencies outside the 
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excitation bands listed in Table 5-9. The same quantities for the linear component of the 

response were also calculated and have been subtracted from the total nonlinear mean 

square values, so that the mean square values shown in the results are solely due to the 

nonlinearity. The mean square displacement was nondimensionalised with respect to the 

square of the thickness of the structure and is displayed in dB with a reference value of 

10−10 m2. This reference value was chosen to obtain the positive decibel values for all cases. 

The quantity shown is a measure of the level of the response outside the excitation bandwidth.  

  

(a) (b) 

Figure 5-21 The band limited mean square value of the nonlinear displacement for the three structures subjected 
to the point excitation (a) and to the plane wave excitation (b) outside the excitation. : the results for the low 

excitation levels in Table 5-9. : the results for the high excitation levels,. 

Figure 5-21 (a) and Figure 5-21 (b) confirm that the responses contain energy outside the 

excitation bandwidth for all conditions except for the lowest excitation level of the unstiffened 

plate, corresponding to the blue lines in Figure 5-19 (a) and Figure 5-19 (d) where the plate 

response is well below one plate thickness. As the processing of the results guarantee that 

there should be no response outside the excitation bandwidth for a linear behaviour or the 

spectral leakage, these high frequency response components then correspond solely to the 

structural nonlinearity. 

5.2.5 The effects of elevated temperatures on the nonlinear stiffness 

contribution 

The thermal effects on the nonlinear stiffness matrix are complex and difficult to quantify 

explicitly. However, as indicated in Eq.(5-16), the temperature dependence is restricted to 

being in the nonlinear stiffness function 𝜃′ in the hot-mode NLROM. These functions form a 

set of multi-dimensional nonlinear restoring forces in the modal space. In the case of using 

two modes in the static analysis, (see Eq.(5-7)), the coefficient of the modes form 

mathematical surfaces that can be addressed to as ‘restoring force surfaces’. The nonlinear 



155 
 

stiffness in each mode is characterised by these restoring force surfaces. So it is possible to 

compare the relative changes in the nonlinear stiffness for the different temperatures in an 

indirect way, where the similarity between these surfaces is compared. 

To measure the similarity of any two nonlinear restoring force surfaces, the correlation 

coefficients between the two sets of nonlinear stiffness coefficients are used. The calculation 

process is similar to that of Modal Assurance Criterion (MAC) [147] which is normally a 

comparison of the similarity of the mode shapes for two different modal sets. Here it is that 

of the similarity of the nonlinear restoring force surface shapes for the two different modal 

sets. Hence, the comparison method may be called Restoring Force Assurance Criterion 

(RFAC). The RFAC for two modes (𝑚𝑡ℎ and 𝑛𝑡ℎ order) is given as  

 𝑅𝐹𝐴𝐶(𝑚, 𝑛) =
|𝐴𝑚

𝑇 𝐴𝑛|
2

(𝐴𝑚
𝑇 𝐴𝑚)(𝐴𝑛

𝑇𝐴𝑛)
 Eq.(5-21) 

where 𝐴𝑚 and 𝐴𝑛 are the nonlinear stiffness coefficients associated with the 𝑚𝑡ℎ and the 𝑛𝑡ℎ 

order modes. 

Figure 5-22 (a) - Figure 5-22 (d) show the RFAC of the first 9 modes for the three different 

temperatures, 0℃, 50℃ and 100℃. They are compared in pairs with 0℃ - 0℃ in Figure 5-22 

(a), 0℃ - 50℃ in Figure 5-22 (b), 0℃ - 100℃ in Figure 5-22 (c), and 50℃ - 100℃. 
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Figure 5-22 The RFAC of the first 9 modes for the three different temperatures, 0℃, 50℃ and 100℃ in pairs of 
the four comparisons: (a) 0℃ - 0℃. (b) 0℃ - 50℃. (c) 0℃ - 100℃. (d) 50℃ - 100℃. 

Figure 5-22 (a) shows the self-correlation of the nonlinear restoring forces at 0℃. It is a 

symmetric matrix with a diagonal line with values of unity. Figure 5-22 (b) and Figure 5-22 (d) 

show that the values of the diagonal line are smaller than unity. It means the nonlinear 

restoring forces for each individual mode after a temperature rise of 50℃ are less correlated 

than those before the temperature rise (Figure 5-22 (a)). Figure 5-22 (c) shows that with a 

higher temperature rise of 100℃, the correlations represented along the diagonal are further 

reduced to very small values. These results indicate that the nonlinear stiffness matrices, 

characterised by the nonlinear restoring force surfaces, in general differ from each other and 

the differences increase as the temperature rises increase. However, the thermal dependency 

of these changes may not solely be dependent on the range of the temperature rise. This can 

be seen from the unequal changes of the relative correlation values along the diagonal 

elements for each temperature condition. This may reveal the complex nature of the thermal 

effect on the nonlinear stiffness, which is outside the scope of this study.  
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Figure 5-23 The NLROM estimated PSD of the normalised displacement for the stiffened plates with temperature 
and subjected to the plane wave excitation. The mode set D (34 modes) is used in NLROM prediction. The three 

different temperatures, 0℃, 50℃ and 100℃ are represented by the black, red and blue solid lines. 

Figure 5-23shows that some response peaks, both within and out of the excitation bandwidth, 

are shifted to lower frequencies. This is consistent with the results shown in Figure 5-8 to 

Figure 5-10. In addition, some resonance peaks are merged when the temperature increases. 

5.3 Summary 

This chapter investigated the effects of the modal basis selections, the static loading schemes, 

the time integration and the elevated temperature for the nonlinear characterisation and the 

subsequent response predictions by using the nonlinear reduced order model (NLROM). Two 

example structures from the previous chapters were revisited to illustrate the effects of the 

different NLROM configurations.  

The main findings in this chapter are: 

• Using linearly excited modes up to twice the frequency of the excitation bandwidth in 

the static nonlinear identification is sufficient to achieve an efficient and accurate 

approximation for use in the NLROM when compared to the full order FE simulations.  

• The accuracy of the nonlinear identification is less affected by the type of the static 

loading and the range of the scaling factors. 

• For thermally loaded structures, using the hot-mode NLROM produces a more 

accurate set of simulations compared to the cold-mode NLROM predictions. The 

remaining issue for the former is that the capacity for it to converge during the static 

characterisation step is reduced, compared to the static characterisation using the 

cold-mode NLROM at a higher temperature level. 
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• Compared with the mass-proportional damping, the stiffness-proportional damping 

can produce a more stable integration at high dynamic input levels and reduces the 

required sample rate for the converged time domain predictions for both the NLROM 

and the FEM. However, a trade-off may be required in the selection of the damping 

and the sample rate when producing the comparison of NLROM and FEM simulations. 

• The deep stiffeners and the high curvature, creating a much stiffer structure statically, 

also make the appearance of the nonlinearity less detectable in the response range 

that is normally outside of the typical range for the linear behaviour for a uniform thin 

plate.. 
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Chapter 6 Fatigue life evaluation with the effects of 

vibroacoustic coupling, nonlinearity and 

temperature 

One application requiring vibroacoustic response predictions is acoustic fatigue, particularly 

for structures subjected to high levels of acoustic excitation where a nonlinear response can 

occur. The response can be generated by the NLROM model developed in the previous 

chapter to account for the vibroacoustic coupling, geometric nonlinearity and the elevated 

temperature.  

Firstly, the spectral and time domain methods for the acoustic fatigue life estimation are 

briefly introduced. These methods are then compared in the context of the multi-modal 

response and the nonlinear response. The time domain rainflow counting approach is then 

adopted to predict the fatigue life of a stiffened plate. The NLROM model is used for the 

response prediction.  

6.1 Methods for the acoustic fatigue life estimation 

Acoustic fatigue is the high-cycle fatigue caused by the stress reversals of the structural 

response due to the acoustic excitation. The estimation methods for the acoustic fatigue life 

have been well developed and summarised in available design standards, e.g. ESDU 06009 – 

06011 [50]. Some of the definitions and formulae from ESDU reference [50] are reported in 

this section as they form the basis of the discussion and calculations of this chapter. 

6.1.1 The stress-life approach and the 𝑺-𝑵 curve  

The stress-life approach is used to provide the fatigue information of a material or component. 

It is a basis upon which to estimate the fatigue life. It is in the form of 𝑆-𝑁 curves, that is the 

stress (𝑆) to the number of cycles (𝑁) to failure. These are experimentally obtained. 

Two types of quantities are usually used for the stress (𝑆). The first one is the stress amplitude 

𝑆𝑎. It corresponds to the structure’s failure from a fully reversed bending test. The second one 

is the RMS value of the stress, 𝑆𝑟𝑚𝑠. Instead of the complete failure, a ‘2% criterion of failure’ 

is more often used, i.e. a 2% decrease in the value of the fundamental resonance. However, 

the ‘2% criterion of failure’ is not necessarily reliable in the presence of nonlinearity, because 

the latter causes the shift in the resonance as shown in the previous chapter. 
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Figure 6-1 shows a general 𝑆-𝑁 curve. Two fatigue regimes may be identified in this curve – 

the low cycle fatigue and the high cycle fatigue. The boundary between these two regimes 

depends on whether or not the structure’s deformation is within its elastic range. For the low 

cycle fatigue, the fatigue failure occurs after a few cycles of the loading, so only finite fatigue 

life is possible. For the high cycle fatigue life, failure occurs typically after more than 104 to 

105 cycles. Acoustic fatigue is normally associated with the high cycle fatigue. 

Stress
(S)

Log scale

Cycles to failure (N), log scale

High cycle fatigue

Low cycle fatigue

Fatigue endurance limit

Quasi-static

 

Figure 6-1 A general S-N curve showing different fatigue ranges. 

Figure 6-1 also shows an exponential relationship, i.e. power law, between the stress (𝑆) and 

the number of the cycles to failure (𝑁) in the fatigue range between the quasi-static failure 

and the fatigue endurance limit. It is expressed as  

 𝑁𝑆𝑏 = 𝐾 Eq.(6-1) 

where 𝐾 and 𝑏 are constants. This corresponds to a straight line in the log scale plot, that is 

log 𝑆 =
1

𝑏
log𝐾 −

1

𝑏
log𝑁 

Below the fatigue endurance limit, the material and the structure will in principle have an 

infinite life. Some materials such as aluminium alloys do not exhibit a clear endurance limit 

[50]. The aerospace components that are investigated in this research are assumed to be 

aluminium, therefore failure is inevitable. For these materials the term endurance limit is 

often taken to be in engineering practice the stress amplitude for a chosen number of cycles 

to failure, usually 107 cycles. 

6.1.2 Palmgren-Miner damage rule and the time domain method 

The 𝑆-𝑁 curves relate the fatigue life of the material/component to a constant amplitude or 

RMS value of their stress/strain responses. For the stress response with a number of varying 
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amplitudes, the fatigue life can be estimated by using the Palmgren-Miner rule [3]. This rule 

assumes that the fatigue damage can be accumulated linearly after each stress cycle.  

The accumulated damage is represented as 

 𝐷 = ∑
𝑛𝑖

𝑁𝑖

𝑘

𝑖=1

 Eq.(6-2) 

𝐷 is the total accumulated damage. The failure is estimated to occur when 𝐷 equals to 1. The 

subscript 𝑖 represents a certain level of stress. Under stress 𝑆𝑖, 𝑛𝑖 is the number of cycles, 𝑁𝑖 

is the cycles to failure in the 𝑆-𝑁 curve, and therefore 𝑛𝑖/𝑁𝑖 is the accumulated damage by 

stress 𝑆𝑖. 𝑘 is the number of the levels of the stresses presented in the loading. The sequence 

of the stress cycles is ignored within this accumulation.  

The Palmgren – Miner rule allows the fatigue life to be estimated directly from the time 

domain methods, such as the rainflow cycle counting approach [103-105]. A brief illustration 

of the rainflow cycle counting approach is shown in Figure 6-2. It is reproduced from [170] 

where a full description of the method is provided. 

Strain

Time

 

Figure 6-2 An illustration of the rainflow counting method. 

Figure 6-2 shows a strain history where the time axis is vertically downward, and the lines 

connecting the local maxima and minima of the strain are imaged to be a series of pagoda 

roofs. Each rainflow starts from the inside of each peak. It is allowed to drip down and 

continues unless a certain condition is meet. That is, if the rainflow starts from a maximum, it 

must stop when it meets a maximum that is larger than the one where it starts. Similarly, if 
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the rainflow starts from a minimum, it must stop when it meets a minimum that is smaller 

than the one where it starts. In addition, a rainflow must end if it meets another rainflow from 

a roof above. Following this procedure the number of half or full cycles is counted for different 

amplitudes. In the example shown three different half cycles can be found in the three red 

rainflow lines. The blue, green and yellow lines represent three different full cycles. 

This method is especially useful for the wideband response signals, where the stress cycles 

might not be easily counted. It can identify cycles associated with closed stress-strain 

hysteresis loops. Different numerical algorithms have been developed for performing the 

rainflow cycle counting process, such as the four-point and the three-point counting methods 

[50]. The implementation of the algorithm ASTM E1049-85 for the rainflow counting has been 

made available in built-in functions in MATLAB and Python for example. A detailed procedure 

of this algorithm can be found in [171]. 

6.1.3 Generalised Palmgren-Miner rule and the spectral methods 

The Palmgren-Miner rule can be generalised by using the concepts of the probability density 

function (PDF) for the rainflow counting ranges and the expected values. The accumulated 

damage for a stationary, random Gaussian process can be expressed as 

 𝐷 = 𝐹𝑝𝑇 ∫
1

𝑁(𝑆𝑟)
𝑝𝑟𝑓𝑟(𝑆𝑟)𝑑𝑆𝑟

∞

0

 Eq.(6-3) 

𝐷 represents the damage that is accumulated in the time length 𝑇 by the signal. 𝐹𝑝  is the 

expected value of the peak occurrence rate, which can be expressed in terms of the moments 

of the PSD function [172]. 𝑁(𝑆𝑟) is the number of cycles at the stress level 𝑆𝑟 which causes 

failure. 𝑝𝑟𝑓𝑟(𝑆𝑟) is the PDF for the rainflow stress cycle ranges.  

The generalisation of the Palmgren-Miner rule allows the fatigue life to be estimated by the 

spectral methods. The spectral methods are based on the spectrum of the stress response, 

such as the frequency response function (FRF) or the power spectral density (PSD). Eq.(6-3) 

applies to both the narrow band and the wide band Gaussian processes. 

For a narrow band process of the stress response with a single dominating resonance, 

𝑝𝑟𝑓𝑟(𝑆𝑟), the PDF for the rainflow stress cycle ranges in Eq.(6-3), can be approximated by a 

Rayleigh distribution [97]. 𝐹𝑝, the expected value of the peak occurrence rate is equal to 𝐹𝑧𝑐, 

the expected rate of the zero crossing with the positive slope. The expected damage can be 

expressed as 
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 𝐷𝑟𝑎𝑦 =
𝐹𝑧𝑐
𝐾𝑟

(2√2𝑆𝑟𝑚𝑠)
𝑏
Γ(1 + 𝑏/2) Eq.(6-4) 

where 𝐹𝑧𝑐  is the zero crossing rate which can be either expressed by the spectral parameters 

[172] or be approximated by the fundamental natural frequency of the structure. 𝐾𝑟  is the 

constant in Eq.(6-1) for stress range. 

For a wide band process, the PDF for the response peaks can be expressed in an analytical 

form [173]. Although the PDF for the response can be approximated as a Gaussian distribution 

for an ideal white noise process, this is not the case for a practical stress response which 

usually has multiple, comparable resonances. 

In this case, the Rayleigh approximation can be used together with a damage correction factor 

[109] 

 𝜆 = 𝐷/𝐷𝑟𝑎𝑦 Eq.(6-5)  

where 𝐷𝑟𝑎𝑦 is the expected damage calculated from the Rayleigh approximation. 

Published work has addressed the evaluation of the damage correction factor. They include 

using a single spectral parameter like irregularity factor and using multiple spectral 

parameters. However, there is no simple way to know which bandwidth parameter will work 

best. The calculation used in this chapter is based on the work of Lutes and Sarkani [174] 

where the damage accumulation is estimated in terms of a single moment. The expected 

damage can be expressed as 

 𝐷 =
23𝑏/2𝑚2/𝑏

𝑏/2

𝐾𝑟
Γ(1 + 𝑏/2) 

Eq.(6-6) 

where 𝑚  is the moment of the one-sided PSD 𝐺(𝑓)  and can be calculated as 𝑚𝑘 =

∫ 𝑓𝑘𝐺(𝑓)𝑑𝑓
∞

0
. 

Alternatively, the PDF for the rainflow stress cycle ranges can be approximated using an 

empirical formulation as a function of the spectral moments derived from the response PSD. 

In this sense, Dirlik’s method has been proven to give the most accurate results when 

compared directly within the rainflow counting. This method builds a link between the PSD 

and the fatigue life based on the rainflow counting approach. The derivation and the empirical 

formulation of Dirlik’s method are based on numerical time domain simulations of a wide 

range of the numerical models/systems. Firstly, the time history of the stress from the PSD is 

generated by using the Inverse Fast Fourier Transform (IFFT) technique through a Monte Carlo 

process. Then an empirical formulation of the PDF for the ‘rainflow counting ranges’ is derived, 
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which is in the form of a sum of an exponential function, a Rayleigh function with a few 

Rayleigh parameters and a standard Rayleigh function. The formulas of Dirlik’s methods have 

been listed in [110] and are given in Appendix 2.  

6.2 Modal models for the response prediction  

In Chapter 2 and Chapter 5, both the efficiency and the accuracy of the modal models have 

been shown in accounting for the vibroacoustic coupling and the nonlinearity in comparison 

with the full numerical models, either the FEM-BEM or the nonlinear time domain FEM. For 

this reason, a modal model is used in this chapter to predict the dynamic responses with 

different modelling assumptions to investigate their consequences on the fatigue life 

estimation. 

6.2.1 Vibroacoustic coupling and nonlinearity 

The vibroacoustic coupling is included in the modal model presented in Chapter 2. This model 

predicts the linear vibroacoustic response in the form of the frequency response function 

(FRF).  

When using the rainflow counting method to estimate the fatigue life, the time domain results 

are needed. These time domain results can be obtained from the calculated FRF from a loading 

spectrum by using an IFT. The FRF can be linked to an equivalent PSD given over a specific 

time length. This method has been detailed in reference [169].  

However, this approach is no longer appropriate when the nonlinear response is considered. 

The reason for this is that the PDF of the nonlinear response may be non-Gaussian when the 

excitation is Gaussian [87, 111, 175]. It means that the IFT method, assuming a Gaussian 

distribution of the independent random phases [172], i.e. phase is uniformly distributed, 

cannot strictly be used to generate the time response. In the general nonlinear case, there is 

no generalisation for what the PDF of the phases of the response might be. 

An alternative way, instead of the full frequency domain results (FRF or PSD), consists of using 

the modal radiation damping and the added mass which can be extracted from the linear 

vibroacoustic coupling model. They can then be imported into the nonlinear reduced order 

model (NLROM) to characterise the vibroacoustic coupling effect. It is noted that the damping 

model used in NLROM, i.e. the Rayleigh damping, is different from that in the frequency 

domain model, i.e. the structural loss factor. However, primarily only the resonance peaks will 

be affected by using the different damping representations. For plate structures, the 
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vibroacoustic coupling effect is only significant and obvious in the fundamental mode. Hence, 

this difference in the transformation may not be significant, provided that the modal damping 

and the modal mass are guaranteed and accurate for the fundamental mode if the frequency 

dependent Rayleigh damping model is applied. 

In this chapter, the linear frequency domain model from Chapter 2 is used to study the 

scenario where the vibroacoustic coupling is addressed in the absence of nonlinearity. This 

gives a more accurate prediction of the fully coupled response, as it accounts for the radiation 

damping for all modes included in the calculation. The corresponding result is presented 

below in Section 6.3.3.1. 

For the other scenarios and especially when the nonlinearity is addressed, the NLROM from 

Chapter 5 is used. This enables the response model to address various assumptions and to 

maintain the capacity to include the nonlinearity. However, it should be noted that compared 

to the linear frequency domain model, this may underestimate the fatigue life when the 

vibroacoustic coupling is included, because only the radiation damping and added mass of the 

fundamental mode is considered. The corresponding results are reported in Section 6.3.2, 

Section 6.3.3.2 and Section6.3.3. 

6.2.2 Nonlinear stress and elevated temperature 

The NLROM presented in Chapter 5 is used for including the effect of the geometric 

nonlinearity and the elevated temperature. However, the stress responses, instead of the 

displacement responses in Chapter 5, need to be calculated from the NLROM for the fatigue 

life estimation.  

Firstly, the linear stress modes are used to transform the modal displacement to a point stress. 

The linear stress mode is defined by McEwan [89] as linear stress state when the maximum 

amplitude of the physical displacement is equal to unity for the mode shape in free vibration 

analysis. The superposition property holds for the linear components of the stress, i.e. the 

linear stress state of the structure may be regarded as a sum of the stress modes multiplied 

by the respective modal displacements. The linear stress can be represented as  

 𝜎𝑝 = ∑ 𝜓𝜎𝑝𝑛𝑞𝑛

𝑁

𝑛=1

 Eq.(6-7) 

where 𝜎𝑝 is the 𝑝 component of the normal stress and 𝜓𝜎𝑝𝑛is a stress mode for the 𝑛𝑡ℎ mode. 

The basis of this definition is that the linear normal strain responses can be derived with 
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respect to the second derivative of the mode shapes [176]. The corresponding normal stress 

can be expressed as  

 𝜎𝑥 = −
𝐸𝑧

1 − 𝜈2
(
𝜕2𝑤

𝜕𝑥2
+ 𝜈

𝜕2𝑤

𝜕𝑦2
) , 𝜎𝑦 = −

𝐸𝑧

1 − 𝜈2
(
𝜕2𝑤

𝜕𝑦2
+ 𝜈

𝜕2𝑤

𝜕𝑥2
), Eq.(6-8) 

using Hooke’s law. The stress modes of a structure can be readily obtained from ABAQUS 

following a free vibration analysis where the stress data corresponding to a unit mode shape 

is extracted.Then, a static characterisation is required for calculating the nonlinear 

components of the stress. The details of the static characterisation has been presented in [89], 

where the nonlinear components of the stress at each point can be characterised by the multi-

dimensional nonlinear restoring surfaces as a function of the modal displacement. 

Lastly, a hot-mode NLROM was used to include the effect of any elevated temperature. For 

this method one uses the mode shape and the natural frequencies of the structure under the 

thermal loading and the temperature conditions. The details of this method together with the 

comparison with the cold-mode NLROM were presented in Chapter 5. 

6.3 Numerical results  

The aluminium stiffened plate model used in Chapter 2 and Chapter 5 was used in the 

numerical study. The details of the structural parameters were listed in Table 2-1 and the 

details of the FE model were given in Section 5.2.1.1. The parameter values for the fatigue law 

used in the fatigue calculations are 𝑏 = 4.78 and 𝐾 = 3.31 × 1043  [95] (see Eq.(6-1)). The 

yield stress range is about 600 MPa. An endurance limit of 154.8 MPa is assumed to 

correspond to 107 cycles to failure [50]. The 𝑆-𝑁 curve is shown in Figure 6-3. 

 

Figure 6-3 The 𝑆 − 𝑁 curve used in the fatigue calculations in the numerical study. 
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The time length of the response used in the fatigue calculations is 30 seconds. The 

accumulated damage within this 30s is then calculated and the total fatigue life can be 

estimated. 

In the following sections some example results are reported with the aim of investigating the 

effect of different factors on the estimate of fatigue life.  

Firstly, Section 6.3.1 illustrates the intermediate steps required in the fatigue life analysis 

taking one of the cases analysed as an example. Some preliminary results such as the time 

histories and the PDF are presented for reference. 

Then Section 6.3.2 compares different methods of predicting fatigue life. In order to cover 

multiple scenarios two different forcing conditions are used: 

- Point force excitation in a linear case. This is selected to show the effect of having a 

single dominant mode in the response in comparison to a situation where there are 

two comparable contributing modes. 

- Plane wave excitation. This is chosen to look at the effect of nonlinearities on the 

fatigue life prediction using different estimation methods. 

Finally, Section 6.3.3 evaluates the effects of vibroacoustic coupling and nonlinearity when 

using the rainflow counting approach. Different excitation types, boundary conditions and 

temperature conditions are also considered in the comparisons. 

6.3.1 Preliminary results 

For one of the cases analysed, and with the aim of clarifying the intermediate steps required 

in the fatigue analysis, this section shows the time histories of the stress predicted by means 

of NLROM. The corresponding PDFs are also given as an example and some initial comments 

on expected fatigue life are presented. Detailed results for fatigue prediction will follow in 

later sections. 

The stiffened plate subject to the broadband point force excitation with the RMS value of 

593N the maximum frequency 125 Hz was used. The position and the values of the parameters 

of the point force excitation can be found in Section 5.2.2.1. The response point is at the end 

of the joint in one of the 𝑦 -wise stiffeners, which has the maximum stress at the first 

resonance around 66 Hz. More details of the position are included in the next section. The 

nonlinearity is neglected in this section. 
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Figure 6-4 (a) shows the time history of the stress in the 𝑦 direction. Figure 6-4 (b) shows the 

corresponding probability density function (PDF). Figure 6-5 shows the corresponding PSD 

where the contribution of different resonant modes can be observed.  

  

(a) (b) 

Figure 6-4 The time history (a) and the PDF (b) of the maximum stress in the 𝑦 direction.  

 

Figure 6-5 The PSD of the maximum stress in the 𝑦 direction. 

For the case analysed here the RMS value of the stress is 113 MPa and the peak value of it is 

450 MPa. Referring to the 𝑆-𝑁  curve in Figure 6-3, the RMS value is below the fatigue 

endurance limit of 154.8MPa, corresponding to an infinite fatigue life. However, the peak 

value of stress corresponds to around 60000 cycles, which would correspond to a fatigue life 

of 15 minutes at the frequency of 66 Hz in the peak resonance. The actual fatigue life of the 

structure is therefore expected to be between the two limits and will depend on the actual 

statistical distribution of the stress levels. So, it is not unexpected that low RMS can have low 

fatigue life if there are substantial cycles at high stress levels. This is measured by the rainflow 

counting ranges. This is the distribution of rainflow cycles at different levels. The case shown 
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here would give the distribution shown in Figure 6-6. Rayleigh distribution is shown in red line 

in this figure. 

 

Figure 6-6 The PDF of the rainflow counting ranges as a histogram in comparison to a theoretical Rayleigh 
distribution. 

This PDF follows a Rayleigh distribution, with the number of cycles at high ranges, i.e. the 

upper tail, playing a dominant role in defining the fatigue life. The spectral methods 

approximate this distribution from various spectral parameters. 

The different methods for fatigue life predictions rely on the quantities shown here. The 

rainflow counting method will make use of results such as those in Figure 6-4 (time histories 

and pdfs). The spectral methods will rely on the PSD spectra as in Figure 6-5.  

6.3.2 Comparison of different fatigue estimation methods 

This section presents a study to compare the fatigue life results estimated from three spectral 

methods. They are the Rayleigh approximation [97], Rainflow damage factor [109] and Dirlik’s 

method [110]. The accuracy of these results is discussed with reference to the Rainflow 

counting method [103-105]. Two sets of the stress responses covering the multi-modal 

property and the nonlinearity were used in the comparisons. These responses were calculated 

from the NLROM. 

6.3.2.1 Multi-modal property 

The first comparison is between a stress response with one dominating resonance and a stress 

response with two comparable magnitude resonances, both linear. The nonlinear terms are 

not included here, so that this case is solely given to compare a situation where the response 
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is dominated by a single mode or there are two comparable contributions from different 

modes i.e. multi-modal.  

For the first comparison, the point force excitation with the RMS value of 593N was used. The 

position and the values of the parameters of the point force excitation can be found in Section 

5.2.2.1. Two reference points on the upper surface of the stiffened plate were chosen for the 

fatigue life calculation. They are the points with the maximum element normal stress in the 𝑦 

direction and in the 𝑥 direction respectively (see Figure 2-2) at the first resonance around 

66Hz. The location possessing maximum stress are chosen for a fatigue assessment. The 

positions of these two reference points together with the stress distributions are shown in 

Figure 6-7 (a) and Figure 6-7 (b). 

 

(a) (b) 

Figure 6-7 Stress distributions in the 𝑦 direction (a) and in the 𝑥 direction (b) when the plate is subjected to the 
point force excitation. The positions corresponding to the stress maxima are marked by the black circles. 

Figure 6-7 shows that the maximum stress positions are all at locations close to the ends of 

the stiffeners and coincident to the directions of the element normal stress. For a general 

stiffened structure, the maximum stress/strain usually happens close to the stiffeners where 

failure is likely to start. Referring back to the cracked panel at start of the thesis in Figure 1-1, 

the failure starts at the edges of the stiffeners and propagates towards the middle of the panel 

bay. The exact position of the maximum stress also depends on the boundary conditions and 

stiffener configuration of a specific structure. Since the structures are different, these 

positions are not in the middle of the plate as shown in Figure 1-1. The PSD estimations of the 

element normal stress responses for the two reference points are shown in Figure 6-8. 
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Figure 6-8 The PSD estimations of the maximum element normal stress at two directions when the plate is 
subjected to the point force excitation. The maximum normal stress response in the 𝑦 direction is in the solid 

line. The maximum normal stress response in the 𝑥 direction is in the dotted line. 

The results show that PSD prediction of the maximum stress in the 𝑦 direction is dominated 

by the resonant peak of the first mode which is about one order of magnitude higher than the 

second resonant peak. The PSD prediction shows that the maximum stress in the 𝑥 direction 

is characterised by two peaks of comparable level.  

Figure 6-9 (a) and Figure 6-9 (b) show the comparisons of the estimated fatigue life ratios for 

the points on the plate possessing the two maximum surface stresses, with Figure 6-9(a) for 

the maximum stress in the 𝑦 direction and Figure 6-9 (b) for the maximum stress in the 𝑥 

direction. The fatigue life ratio is obtained when the fatigue life estimated from the three 

spectral methods is normalised by that obtained from the rainflow counting method 

(indicated as horizontal red lines in the figures). A fatigue life ratio of 1 means that the fatigue 

life estimated by one of the methods is the same as that predicted with the rainflow counting 

method. 
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(a) (b) 

Figure 6-9 Comparison of the fatigue life ratios calculated from three different spectral methods: Rayleigh 
approach, Factor approach and Dirlik’s approach. (a) The fatigue life ratios for the response of the maximum 

stress in the 𝑦 direction with one dominating peak. (b) The fatigue life ratios for the response of the maximum 
stress in the 𝑥 direction with two comparable dominating peaks. 

Figure 6-9 (a) shows that the three spectral methods overestimate the fatigue life by 2-4% for 

the response with one dominating resonance peak compared to the rainflow counting results. 

Figure 6-9 (b) shows that the three spectral methods slightly underestimate the fatigue life 

for the response with two comparable resonance peaks, which may be desirable in 

engineering practice as it provides a conservative prediction. In this case, it is also observed 

that Dirlik’s method gives the best agreement to the predictions from the rainflow counting. 

6.3.2.2 Nonlinearity  

The second comparison is between a linear and a nonlinear stress response. The normal plane 

wave excitation with a RMS value of 146 dB is used. The values of the parameters for the plane 

wave excitation can be found in Section 5.2.2.1. The reference point with the maximum 

element normal stress in the 𝑦  direction at the first resonance around 66Hz is used. The 

NLROM with the modal basis selection of the first seven lowest linearly excited modes (mode 

set C in Table 5-6) is used for the calculation of the nonlinear stress.  

Figure 6-10 shows the PSD estimations of the maximum element normal stress in the 𝑦 

direction. The linear prediction is in a solid line and the nonlinear prediction is in a dotted line. 

The resonance peaks in the nonlinear result are shifted to higher frequencies and broadened 

due to the nonlinear stiffening effect. In addition, there is a response at frequencies outside 

the excitation bandwidth in the nonlinear predictions. This out-of-band response is caused by 

the nonlinear coupling between the low frequency and the high-frequency flexural modes, as 

well as high frequency contributions from the geometrical nonlinear in-plane stretching of the 

lower order flexural modes.  
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Figure 6-10 The PSD estimations of the maximum element normal stress at 𝑦 direction  when the plate is 
subjected to the plane wave excitation. The linear prediction is in the solid line and the nonlinear prediction is in 

the dotted line.  

Figure 6-11 (a) and Figure 6-11 (b) show the comparisons of the fatigue life ratios for a point 

on the plate possessing the maximum surface stress in the 𝑦 direction, with Figure 6-11 (a) for 

the results calculated from the linear response and Figure 6-11 (b) for the results calculated 

from the nonlinear response.  

Figure 6-12 (a) and Figure 6-12 (b) show the comparisons of the stress range PDFs for the 

responses. Three stress range PDFs calculated from the rainflow counting, the Rayleigh 

approximation method and Dirlik’s approach are in the solid lines, dotted lines and the dashed 

lines respectively. Figure 6-12 (a) shows that results calculated from the linear responses. 

Figure 6-12 (b) shows the results calculated from the nonlinear responses.  

  

(a) (b) 

Figure 6-11 Comparison of the fatigue life ratios calculated from three different spectral methods: Rayleigh 
approach, Factor approach and Dirlik’s approach. The fatigue life ratio is calculated by normalising the fatigue life 
calculated from the three spectral methods with that from Rainflow counting method (the horizontal red lines). 
(a) Fatigue life ratios for the linear response of the maximum stress in the 𝑦 direction. (b) Fatigue life ratios for 

the nonlinear response of the maximum stress in the 𝑦 direction.f 
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(a) (b) 

Figure 6-12 Stress range PDFs of the linear responses (a) and the nonlinear responses (b). The results calculated 
from the Rainflow counting method are in the solid lines. The results calculated from the Rayleigh approximation 

method are in the dotted lines. The results calculated from Dirlik’s approach are in the dashed lines. 

Figure 6-11 (a) shows that the three spectral methods in this case underestimate the fatigue 

life for the linear responses compared to the rainflow counting estimations. This can be 

explained by the comparisons of the stress range PDFs for the linear responses in Figure 6-12 

(a). In this case, the stress range PDFs calculated by the spectral methods tend to overestimate 

the rainflow PDF in the high stress range portion of the distribution, e.g. stress range above 

350MPa. This has the consequence of producing a conservative fatigue life estimate. 

Figure 6-11 (b) shows that the spectral methods overestimate by 50-60% the fatigue life for 

the nonlinear responses compared to the rainflow counting estimations. This can be explained 

in Figure 6-12 (b). For the nonlinear responses, the stress range PDFs obtained by the spectral 

methods tend to underestimate the rainflow PDF in the high stress portion of the distribution. 

This results in a non-conservative estimate for the fatigue life, which is not desirable for 

engineering practice. 

One can conclude from the two studies in this section that the three spectral methods may 

be reliable in the presence of multi-modal response with a point excitation but seem less 

reliable in the presence of a nonlinear response. This is due to the assumptions in the form of 

the PDF distributions. Therefore, only the rainflow counting method is used in the next section 

for fatigue life estimation. 
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6.3.3 Comparison of the effects of the different physical conditions and 

behaviours 

6.3.3.1 Vibroacoustic coupling effect 

The effect of vibroacoustic coupling on the estimated fatigue life is now investigated. Both the 

vibroacoustically uncoupled and coupled responses were calculated in the frequency domain. 

Then they were transformed into the time domain by applying the IFT with the time history 

of 30 seconds and the sample rate of 250Hz. The responses that were used in the fatigue life 

calculation are assumed linear. This means that the nonlinear terms in the NLROM are not 

included. Three different configurations, including excitation types, boundary conditions and 

the elevated temperature are considered.  

Figure 6-13 (a) shows the comparison between the rainflow estimated fatigue life calculated 

from the responses to the plane wave excitation of 146dB and the point force excitation of 

593N. These two excitations are equivalent to give a maximum linear displacement response 

of about 10 times the plate thickness at the reference point (Figure 2-2). The two different 

bars (blue and orange) are for the results without vibroacoustic coupling and for the results 

with vibroacoustic coupling. 

Figure 6-13 (b) shows the comparison of the rainflow estimated fatigue life calculated from 

two different configurations including a spring foundation and fully clamped edges. For the 

spring foundation boundary condition, the plate edges are partially constrained for in-plane 

DOFs and are fully constrained in all of the other DOFs. The spring elements are used to 

introduce the partial constraints. The value of the spring total stiffness are 100kN/m in the 𝑥 

direction and 200kN/m in the 𝑦 direction. These stiffness values were determined through a 

trial and error process in an empirical manner, which was described and explained in Section 

5.2.1.4. The plane wave excitation of 146dB was used. The two different bars (blue and orange) 

are for the results without vibroacoustic coupling and for the results with vibroacoustic 

coupling. 

Figure 6-13 (c) shows the comparison of the rainflow estimated fatigue life calculated from 

the responses at three different elevated temperatures 0℃, 50℃ and 100℃ with a uniform 

spatial distribution applied to the structure. The spring foundation was used to represent a 

practical and realistic representation of the boundary condition under the thermal conditions. 

The plane wave excitation of 146dB was used. 
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(a) (b) (c) 

Figure 6-13 Comparison of the rainflow estimated fatigue life calculated for three different configurations. (a) 
Excitation type: plane wave against point force. (b) Boundary condition: Spring foundation against clamped 

edges. (c) Elevated temperature: 0℃, 50℃ and 100℃. The results of the uncoupled responses are in the blue 
bars. The results of the coupled responses are in the red bars. 

The results show that for each set of comparisons the orange bars are higher than the blue 

bars, which mean that the estimated fatigue life is increased in all cases when the full 

vibroacoustic coupling is taken into account. This is because in the coupled responses the level 

of the resonant peak is reduced by the radiation damping and the resonant frequency is 

reduced by the added mass, which all increase the fatigue life. As discussed in Section 2.3.1.2, 

this full vibroacoustic coupling can be enhanced by stiffeners. The results also show that the 

estimated fatigue life of both the uncoupled and the coupled model is less affected by the 

elevated temperature. 

6.3.3.2 Nonlinear effect 

The nonlinear effect on the estimated fatigue life is presented here. The fatigue life 

estimations for comparison were calculated from three sets of responses, (i) linear response 

without vibroacoustic coupling, (ii) nonlinear response without vibroacoustic coupling, and (iii) 

nonlinear and in the presence of vibroacoustic coupling. The elevated temperatures and the 

increased excitation levels were also considered. The reason to examine different excitation 

levels is that the extent of the nonlinearity being exhibited is associated with the excitation 

levels. 

Figure 6-14 (a) and Figure 6-14 (b) show the comparison of the rainflow estimated fatigue life 

calculated from the linear stress without vibroacoustic coupling (in the blue bars), the 

nonlinear stress without the vibroacoustic coupling (in the red bars) and the nonlinear stress 

with vibroacoustic coupling (in the yellow bars). Three different elevated temperatures, 0℃, 

50℃ and 100℃, were considered. Figure 6-14 (a) is for the plane wave excitation level of 

146dB. Figure 6-14 (b) is for the plane wave excitation level of 149dB. The spring foundation 

boundary conditions was used in all cases.  
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(a) (b) 

Figure 6-14 Comparison of the fatigue life estimated from the responses with and without the nonlinearity and 
the vibroacoustic coupling and over three different temperature conditions of 0℃, 50℃ and 100℃. The results 

for the linear, uncoupled predictions are in the blue bars. The results for the nonlinear, uncoupled predictions are 
in the red bars. The results for the nonlinear, coupled predictions are in the yellow bars. Two different levels of 

the plane wave excitations, 146dB in (a) and 149dB in (b), are used.  

The results show that the yellow bars are about six times larger than the blue and the red bars, 

which means that the effect of the vibroacoustic coupling on the estimated fatigue life is larger 

than that of the nonlinearity in all the simulated cases. Compared to the vibroacoustic 

coupling, the effect of the nonlinearity on the estimated fatigue life increases as the excitation 

level increases, but it decreases as the temperature increases. 

Another observation from the result is that the linear results (blue bars) in Figure 6-14 (a) are 

smaller compared to those in Figure 6-13 (c). The difference is that the linear response in 

Figure 6-13 (c) was from the FRF of the linear frequency domain model, but the linear 

response in Figure 6-14 (a) was from the time domain NLROM without the nonlinear stiffness. 

A possible reason is that in the linear frequency domain model the radiation damping, which 

reduces the peak value of the resonance, is only considered for the fundamental mode. In the 

time domain NLROM, the radiation damping is present in all the included modes..  

6.4 Summary 

This chapter investigated the effects of the vibroacoustic coupling, nonlinearity and elevated 

temperature on the fatigue life prediction. The vibroacoustic model and the NLROM of the 

stiffened plate were used in the predictions. Several spectral methods were compared with 

each other, including the multi-modal response and the nonlinear behaviour. The time 

domain rainflow method was used for the fatigue life estimations, which were compared to 

examine the effects of the different physical conditions and environmental conditions.  

The main findings in this chapter are: 
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• Dirlik’s method gives the closest prediction to that of Rainflow counting method when 

the response has two comparable resonances. The spectral methods overestimate 

the fatigue life compared to the Rainflow counting method for the nonlinear response.  

• The effect of the nonlinearity on the estimated fatigue life is less than that due to 

vibroacoustic coupling for this level of excitation in the simulations. Compared to the 

vibroacoustic coupling, the effect of the nonlinearity increases as the excitation level 

increases, but it decreases as the temperature increases.  
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Chapter 7 Conclusions and future work 

The overall aims of this research were to improve the existing simplified methodology for 

vibroacoustic response prediction and to achieve a general, efficient and accurate 

vibroacoustic prediction for thin reinforced structures. Stiffened plate and cylinders were used 

as particular structural configurations, but in principle the procedures are not limited to just 

these scenarios. This was achieved by providing a new framework of reduced order structural 

dynamics models for vibroacoustic predictions that could also be applied in the case of the 

nonlinear behaviour under high dynamic excitation. The framework can be used as an 

effective tool to explore and explain the key parameters in the early stage of the design and 

the optimisation of aerospace structures in harsh conditions, both in terms of elevated sound 

pressure levels and high temperature. 

7.1 Conclusions  

The overall outcomes of this research include the findings that stiffeners, curvature, 

nonlinearity and elevated temperature can have significant impacts on the vibroacoustic 

response and subsequent fatigue life. This is supported by a number of key conclusions that 

have been obtained from the numerical/experimental results of the research in addressing 

and answering the main four research questions. 

The first research question is how to improve the existing simplified methodology for 

estimating the vibroacoustic response of stiffened plates. Based on a relationship between 

the Joint Acceptance Function (JAF) and the modal radiation efficiency, a linear modal model 

was improved for the prediction of the vibroacoustic responses of stiffened plates subjected 

to incident plane wave and diffuse sound fields in Chapter 2. A systematic explanation of the 

factors influencing the vibration/sound transmission responses for stiffened plates was 

provided by a numerical study and comparison. 

• The results show that the vibroacoustic coupling can be enhanced by the stiffeners, 

which leads to a significant reduction of the dominant resonance response level for 

plate structures. Different acoustic excitation types and the modal cross terms affect 

the sound transmission loss more than the vibration response. The effects of both 

different excitation types and modal cross-terms contribution are preserved for either 

the unstiffened or the stiffened plates. 
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• The strengths of the work are accounting for full vibroacoustic coupling, simplifying 

the diffuse field analysis and reducing the computational costs. A good agreement 

between the proposed model and the coupled FE-BE model was achieved with a 

significant reduction in the computational cost.  

• The limitation of the proposed model is that it is not generally applicable for more 

complex radiation surface geometries, where the coupled FE-BE model might be 

preferable to be used. 

The second research question is whether the prediction method can be extended to analyse 

and predict the behaviour of a cylinder which is either isotropic or orthogonally stiffened. By 

including curvature in the structural model, and the rigid scattering in the pressure model, the 

approach was extended for the vibroacoustic response prediction of the stiffened cylinders 

subjected to incident plane and spherical wave excitation in Chapter 3. The required 

formulation for the surface pressure and the JAFs were produced. Numerical examples for 

cylinders with different stiffener configurations and pressure assumptions were used to 

explore how the curvature influenced the JAFs and the subsequent response. The surface 

pressure models were also validated by both numerical simulations and the experimental 

work on a scaled fuselage model presented in Chapter 4.  

• The results show that the presence of curvature can weaken the coincidence effect 

and the wavelength selectivity as seen in the Joint Acceptance Functions (JAFs), which 

possess significant features and dominating characteristics for flat plate-like 

structures.   

• The use of the blocked pressure for the subsequent structural response predictions is 

more accurate than the simple approximation and use of the doubled incident 

pressure. The pressures predicted by the analytical model of a spherical acoustic wave 

incident upon an infinite cylinder agree well with measurements. 

• For the vibration response results, the agreement with a fully coupled FE-BE model 

can be improved by taking account of the vibroacoustic coupling by incorporating 

appropriate values for the radiation damping. The future development of the model 

is to derive and validate the formulations for evaluating the vibroacoustic coupling for 

stiffened cylinders. 

• The limitation of the work is that limited agreement between the measurement and 

prediction for the vibration response were obtained, due to the low level and 

frequency characteristics of the spectrum of the acoustic source and the uncertainty 
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of the test structure properties and construction details. Additional measurements 

with other sound sources were initially planned, but could not take place due to the 

2020 Covid pandemic. 

The third research question is how to incorporate the effects of the nonlinear response 

and elevated temperature into a general, efficient and accurate structural response 

prediction. This was achieved by using the nonlinear reduced order model (NLROM), 

where the nonlinear stiffness and the thermal expansion were characterised using 

nonlinear static identification.  

• The strength of the work was to develop the NLROM to be applicable to more general 

aerospace structures possessing deep stiffeners and high curvature under elevated 

thermal conditions.  

• The results show that the onset of nonlinearity is initiated at higher excitation levels 

when there is presence of stiffeners and curvature. Using linearly excited modes up 

to twice the frequency of the excitation bandwidth in the static nonlinear 

identification is sufficient to achieve an efficient and accurate approximation for use 

in the NLROM when compared to the full order FE simulations. For thermally loaded 

structures, using the hot-mode NLROM produces a more accurate set of simulations 

compared to the cold-mode NLROM predictions. A trade-off may be required in the 

selection of the damping and the sample rate when producing the comparison of 

NLROM and FEM simulations. 

• The buckling issue limits the applicability of NLROM to high excitation level and high 

temperature. For example, the NLROM of the stiffened cylinder is incapable to 

capture the nonlinear behaviour in high excitation level due to the buckling of the 

example structure.  

The fourth research question concerns the consequences of the vibroacoustic coupling, 

nonlinearity and elevated temperature on the subsequent acoustic fatigue life. These 

consequences were investigated in Chapter 6. Use was made of the vibroacoustic model (in 

Chapter 2) and the NLROM (in Chapter 4) for the stiffened plate to produce the response data 

with different physical and environmental conditions. The results show that the effect of the 

nonlinearity on the estimated fatigue life is less than that due to vibroacoustic coupling for 

this level of excitation for the simulations. Compared to vibroacoustic coupling, the effect of 

the nonlinear behaviour increases as the excitation level increases, but it decreases as the 

temperature increases.  
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There were difficulties and limitations encountered in this research. Firstly, the prime 

difficulty was in producing the complementary numerical predictions for comparison and 

validation by the experiment data in Chapter 4. The issue is the construction of an accurate 

FE model that can replicate a handmade complex structure. The primary sources of error are 

the modelling of the joints and their variability present in the test structure due to the 

manufacturing processes. Another issue is in the experimental setup; a source of error is that 

the physical acoustic source possessed high variations with frequency of the pressure 

amplitude and low SPL at low frequency. Secondly, some numerical difficulties include 

convergence issues in applying the NLROM at high excitation levels, temperature rises and for 

high amounts of curvature. In most cases, these issues are caused by the buckling during the 

nonlinear static characterisation solution stage. The cold-mode NLROM could help the 

convergence at higher temperatures with some corresponding detrimental cost in the 

accuracy, but the stability problems with the hot-mode NLROM were not resolved.  

7.2 Future work 

More experimental work on the validation of the proposed model is recommended. In this 

research the surface pressure predictions for cylinders and related approximations were 

essentially validated experimentally. However, the predictions for the vibration response and 

the fatigue life were only compared with numerical simulation results. The accuracy of these 

predictions should be eventually examined by further experiments on plates and cylinders.  

More technical work on the development of the proposed model is also recommended. In this 

study, the formulations accounting for the vibroacoustic coupling effect for stiffened plates 

were given. However, this effect also plays an important role for thin-walled stiffened 

cylinders, as shown in Chapter 3. Hence the formulations should be extended for stiffened 

cylinders as well. The future development of the model is to account for structural geometry 

that conforms to constant coordinate surfaces in coordinate systems where the acoustic wave 

equation is separable, such as cylindrical and spherical. In this case, an additional rigid 

scattering problem has to be solved as discussed in Chapter 3. Rigid scattering from general 

shaped objects would though have to be performed numerically.  

In the future development of the NLROM model, more structural configurations, ideally those 

with existing experimental results, can be considered. Likewise more investigation into the 

issues with non-convergence of the nonlinear static characterisation, especially for the hot-

mode NLROM for stiffened cylinders, is recommended. The structures considered did not 
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undergo thermal buckling and this was achieved by suitable refinement and adaptation of the 

boundary conditions to reproduce a more physically realistic behaviour.  There is more 

research needed in how to solve the thermal static modal solution in a robust manner and 

then subsequently consider a wider number of forced vibration cases, including exploring the 

sensitivity and variability when either the conditions or parameters have change from a 

specified set of conditions. 
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Appendix 1:  Implicit solver description in Abaqus 

This appendix briefly describes the implicit nonlinear solver used in Chapter 5. A more 

comprehensive description of the nonlinear solvers in Abaqus can be found in the Abaqus 

User’s Manual [88]. This appendix references the relative information in [88] for the purpose 

of providing necessary details and parameters for the full order FE simulations used in Chapter 

5. To this end, an example input file for the stiffened plate is also provided. Implicit time 

integration is used in Abaqus/Standard to calculate the nonlinear transient dynamic or quasi-

static response of a system. The ‘implicit’ is for the type of the time integration operators, 

which means that the operator matrix must be inverted and a set of simultaneous nonlinear 

dynamic equilibrium equations must be solved at each time increment. This solution is done 

iteratively using Newton’s method. 

Typical dynamic applications in Abaqus are ‘transient fidelity’, ‘moderate dissipation’ and 

‘quasi-static’ [88]. The application type selected for the nonlinear implicit time integration is 

‘transient fidelity’. This type allows for small time increments which are taken to accurately 

resolve the vibrational response of the structures, and numerical energy dissipation is kept at 

minimum.  

The Hilber-Hughes-Yaylor time integration is used [177]. The parameters for the Hilber-

Hughes-Taylor operator are: 𝛼 = −0.05 , 𝛽 = 0.275625 , and 𝛾 = 0.55 . In the solver 

configuration, only 𝛼 needs to be changed (if necessary), and the other parameters will be 

adjusted automatically to control the numerical damping while preserving desirable 

characteristics of the integrator. Negative values of 𝛼  provide damping; whereas 𝛼 = 0 

results in no damping (energy preserving). The setting 𝛼 = −1/3  provides the maximum 

numerical damping. It gives a damping ratio of about 6% when the time increment is 40% of 

the period of oscillation of the mode being studied. The Rayleigh damping is used for the 

material damping in addition to the numerical damping associated with the time integrator 

Both the direct time incrementation (fixed time step) and the automatic time incrementation 

are available in the implicit solver. Initially, the direct time incrementation was used to ensure 

a fixed time step. However, it was found that this resulted a poor convergence performance 

for the nonlinear analysis of the structures in Chapter 5. Hence, the automatic time 

incrementation was used. The time history with the fixed time step can be obtained by 

interpolating the output data. 
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The predefined field in the solver can be used to apply the thermal loading. The temperature 

values are set for both the initial and predefined fields. The temperature difference between 

these two fields will create the thermal strains. The thermal expansion coefficient is given in 

the material properties and the temperature field type is isotropic. 

To illustrate the parameters and options used in the full order FE analysis, one input file 

example for the stiffened plate is given in the following. 

*HEADING 

*PART, name=stiffened_plate // define the part name 

*NODE 

*Include, Input=node_coor_s4r.txt // read the node coordinates from.txt file 

*Element, type=S4R // define the element type 

*Include, Input=ele_node_s4r.txt // read the node connectivity from .txt file 

*Elset, elset=section_roofs, generate // allocate the nodes to the element set 

‘section_roofs’ 

9601, 10464, 1 

*Shell Section, elset=section_roofs, material=al, offset=0.5 // define the 

shell section 

5e-3, 

** (allocate nodes to the other 3 element sets and define the shell section, 

including ‘section_walls’, ‘section_rib_basis’, ‘section_bays’) 

*End Part 

*Assembly, name=assembly1 

*Instance, name=stiffened_plate_inst, part=stiffened_plate // define the 

instance  

*End Instance 

*Nset, nset=plate_nodes, instance=stiffened_plate_inst, generate // allocate 

the node number to node set ‘plate_nodes’ 

1, 9821, 1 

** (allocate the node number to the other node sets, including ‘all_nodes’, 

‘edges’) 

*Elset, elset=plate_center_el, instance=stiffened_plate_inst // allocate the 

element number to element set ‘plate_center_el’ 
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4840 

** (allocate the element number to the other element set ‘plate_surface’) 

*Spring,elset=edges_spring_x // define Spring1 elements in the x direction 

1 // degree of freedom  

1e5. // real spring stiffness 

*Element, type=Spring1, elset=edges_spring_x // allocate the Spring1 elements 

from the instance  

*Include, Input=ele_node_spr1.txt 

** (define and allocate the Spring1 elements in the y direction) 

*End Assembly 

*Amplitude, name=random_pressure146dB // define the time history for the random 

pressure amplitude 

*Include, Input=random_pressure146dB30s50kHz.txt 

*Material, name=al // define material properties 

*Density 

2700., 

*Elastic 

70e+9,0.33 

*Damping, beta=4.8302e-5 

*Expansion, type=iso 

10.5e-6 

*Initial Conditions, type=temperature // define initial temperature field 

all_nodes,0. 

*Step, name=hot,nlgeom=yes // define the step of applying the temperature field 

*Static 

0.1,10,1e-4,10. 

*Boundary // define the boundary conditions for static step 

edges,3,3 

edges,4,4 

edges,5,5 

edges,6,6 
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*Temperature // define the temperature rise of 50 ℃ 

all_nodes,50. 

*End Step 

*Step, name=forced, nlgeom=yes, inc=1510001 // define the dynamic analysis 

step with nonlinear option open, a maximum number of incrementation 1510001  

*Dynamic 

2e-5, 30, 1e-10,2e-5 // suggested initial time increment of 2e-5; time period 

of 30; minimum time increment of 1e-10; maximum time increment of 2e-5 

*Boundary // boundary conditions for dynamic step 

edges, 3,3 

edges, 4,4 

edges, 5,5 

edges, 6,6 

*Dload, amplitude=random_pressure146dB // define the distributed load 

PLATE_SURFACE, P, 1 

*Restart, write, overlay, frequency=1000 // configure the writing of the 

restart data, the restart information is written every 1000 increments 

*Output, field, frequency=1 // configure the writing of the output data, the 

output information is written every increment 

*Node Output, nset=PLATE_CENTER // configure the output node set 

UT, 

*Element Output, direction=yes, elset=PLATE_CENTER_EL // configure the output 

element set 

S, 

*End Step 
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Appendix 2: Dirlik’s method for fatigue estimation  

The expected fatigue damage 𝐷 is 

𝐷 =
𝑇

𝐾𝑟
𝐹𝑝𝑆𝑒𝑞

𝑏  

where 𝑇 is the time length of the signal. 𝐹𝑝 is the expected value of the peak occurrence rate, 

which can be expressed in terms of the moments of the PSD function as 

𝐹𝑝 = (
𝑚4

𝑚2
)
0.5

 

𝑆𝑒𝑞
𝑏  is the equivalent stress to the power 𝑏 and is given as 

𝑆𝑒𝑞
𝑏 = 𝐷1(2𝜎𝑆𝑄)𝑏Γ(𝑏 + 1) + (2

3
2𝜎𝑆)

𝑏

Γ (1 +
𝑏

2
) [𝐷2𝑅

𝑏 + 𝐷3] 

where  

𝐷1 =
2(𝜒𝑚 − 𝛾2)

1 + 𝛾2
, 

𝐷2 =
(1 − 𝛾 − 𝐷1 + 𝐷1

2)

1 − 𝑅
 

𝐷3 = 1 − 𝐷1 − 𝐷2 

𝑄 =
1.25(𝛾 − 𝐷3 − 𝐷2𝑅)

𝐷1
 

𝑅 =
(𝛾 − 𝜒𝑚 − 𝐷1

2)

1 − 𝛾 − 𝐷1 + 𝐷1
2 

𝛾 =
𝑚2

(𝑚0𝑚4)
0.5

 

𝜒𝑚 = (
𝑚1

𝑚0
) (

𝑚2

𝑚4
)
0.5
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