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Neutron stars host a range of interesting matter states from matter at supranuclear
densities in their cores to possible neutron superfluidity and exotic nucleonic matter in
their crusts. In this thesis, I use two distinct approaches probing different density and
temperature regimes of the neutron star, probing the surface and crustal layers using
X-ray data and the deep interior at high densities using gravitational waves. In the
first part, we work on improvements to the theoretical numerical models of cooling
neutron stars, which can be confronted with observations to infer interior properties.
In particular, we investigate the effect of diffusive nuclear burning in the low-density
envelope on cooling simulations and provide new analytic temperature relations. We
find that a time-varying envelope composition should be taken into account and that
the envelope can produce a non-negligible heat flux that would otherwise be
interpreted as originating from the interior. In the second part, we develop a new
computational gravitational wave data analysis method in order to simultaneously
find and extract information about both the inspiral and post-merger remnant of a
binary neutron star (BNS) coalescence. The code models the inspiral using solutions to
general relativity whereas any unmodelled signal component is captured by
sine-Gaussian wavelets. For the first time, we perform hybrid analyses of the full
simulated BNS signal including both the inspiral and the post-merger component and
find that some features are only extracted using the full analysis.
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1.2 Illustrative envelope temperature profiles for an envelope composed pre-
dominantly of helium (solid) and hydrogen (dashed). A strong temper-
ature gradient is observed as the envelope transitions from an ion - elec-
tron gas at low densities to a plasma where the electrons are fully degen-
erate. Both temperature profiles correspond to the same temperature at
the bottom of the envelope (Tb), but have different surface temperatures
illustrating the importance of the envelope composition. . . . . . . . . . 7

1.3 Illustrative representation of neutron star envelopes which are highly
stratified due to strong gravity such that heavier elements sink down to
deeper layers. The typical envelope model includes a transition density
layer at which it transitions from a light to heavy element composition.
The right image represents a model used in this thesis, where the pos-
sibility of nuclear burning of the diffusive tails of light elements is in-
cluded in the envelope models. . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Example envelope composition profiles (bottom) for a H-C (left) and He-
C (right) composition. The top plots show the nuclear burning rates at
a given depth (black) and illustrates how the burning takes place in dif-
fusive tail of the light element component. Additionally, the integrated
total light element column density is shown (red, dashed). . . . . . . . . 8

1.5 Illustration of the decomposition of a BayesWave gravitational wave model
in the time-domain (plotted at arbitrary times). The signal model is the
sum of a variable number of sine-Gaussian (wavelet) functions (D), in
this case it is composed of 6 wavelets. . . . . . . . . . . . . . . . . . . . . 11

1.6 Schematic overview of the two complimentary parts of this thesis that
focus on neutron star cooling studies (left) and binary neutron star post-
merger studies (right). The studies probe different regimes of the neu-
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remnant after a binary neutron star merger, we gain more information
about the ultradense neutron star core in a hot, disturbed state. . . . . . 13
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Chapter 1

Introduction

1.1 Neutron stars

Since their discovery neutron stars (NSs) have provided scientists with a unique
laboratory to study physics in an extreme conditions. The extreme densities in their
cores allows for the study of matter at densities close to and exceeding the nuclear
saturation density (ρnuc ∼ 2.7× 1014 g cm−3). The low temperatures and high
densities (up to the order of ∼1015 g cm−3) present in the neutron star cores cannot be
accessed in Earth-based experiments (such as particle colliders). Therefore, neutron
stars are currently our only window into this regime of dense matter physics.

Besides ultra dense matter in their cores, neutron stars host a range of unique matter
states, including neutron superfluidity, relativistic degenerate lattice structures and
possible exotic shapes of nuclei, as the density increases rapidly in the short (∼1km)
outer layers spanning from the star’s surface to its core. Due to its compactness, the
neutron star is located in an exceptionally strong gravitational field which can be used
to test the theory of general relativity in the strong field limit. Neutron stars also
support the strongest, stable magnetic fields (typically ∼ 108 − 1013 G) known to exist
in the universe.

What makes neutron stars so interesting, is also what makes them so complex. None
of the neutron star features can be studied in isolation and many areas - fluid
dynamics, general relativity, nuclear physics, etc. - of sometimes uncertain physics
have to be taken into account. Therefore, the study of neutron stars is truly a
interdisciplinary effort captivating e.g., astrophysicists, nuclear and particle
physicists, relativists and computational experts.

The interdisciplinary effort to gain a better understanding of the interior properties of
neutron stars through observations of macroscopic properties includes studies of
heavy pulsar observations (Antoniadis et al., 2013; Cromartie et al., 2019; Fonseca
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et al., 2021), surface cooling after accretion or in isolation (Potekhin et al., 2015;
Wijnands et al., 2017), NICER X-ray pulse-profiling (Miller et al., 2019; Riley et al.,
2019; Miller et al., 2021; Riley et al., 2021), nuclear theory and experiment and studies
combining the information from multiple channels (Raaijmakers et al., 2020; Dietrich
et al., 2020; Landry et al., 2020; Al-Mamun et al., 2021; Raaijmakers et al., 2021; Biswas,
2021; Pang et al., 2021; Legred et al., 2021).

In this thesis I focus on two separate approaches for the study of neutron stars
concentrating on different temperature regimes (cooling cold sources vs. a hot
post-merger remnant), data sources (electromagnetic radiation vs. gravitational
waves) and state in the neutron star’s life (stars that have been around for many years
vs. a short-lived neutron star remnant after the merger of two neutron stars). I will
discuss these two approaches in the next sections.

1.2 Neutron star thermal evolution from electromagnetic data

Neutron stars are one of the possible remnants of a supernova explosion at the end of
the live of a massive star & 8 M�. When left undisturbed the neutron star will
continue to cool over its lifetime, as its core does not contain fuel like typical solar-like
stars. Immediately following its creation, the star will cool down very quickly through
neutrino emission and the central region can reach temperatures of 108−9 K within
days. When the interior temperature has cooled below ∼108, after ∼103−5 years, the
thermal evolution becomes dominated by photon cooling (Page et al., 2004; Potekhin
et al., 2015).

The rate at which the neutron star cools down is set by its internal structure and
composition. The observed cooling rate can thus be used to infer properties of the
dense interior by comparison to theoretical predictions. Here I describe the key
physics components to construct neutron star cooling models which can be compared
with observations. In this description we will assume spherical symmetry and low
magnetic field strengths, which is appropriate for the neutron star sources modeled in
this thesis.

1.2.1 Composition

Due to the large density gradient in the outer layers of the neutron star, its
composition is not homogeneous and it is necessary to consider how the composition
changes with increasing density. In this section I describe the general neutron star
composition structure as broadly illustrated in Figure 1.1.
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FIGURE 1.1: Schematic representation of the general neutron star structure (not to
scale). In this figure, ρdrip and ρ0 denote the neutron drip density and the nuclear
density, respectively. The primary constituents of each layer are indicated where N, n,
p, e− and µ− represent nuclei, neutrons, protons, electrons and muons, respectively.
The nuclear pasta layer is part of the inner crust and highlighted in the left figure in
dark blue.

Starting at low densities, the envelope makes up a thin layer of only ∼ 10 meters
consisting of heavy and/or light elements such as iron, carbon, helium or hydrogen
elements. As nucleonic matter isn’t fully degenerate yet in this region, it contains a
strong temperature gradient and acts as a thermal insulator between the degenerate
interior and the surface. The heat conducting properties of the envelope are very
sensitive to the elements making up its composition. As the envelope sets the relation
between the interior temperature and the observed surface temperature, it is
important for the interpretation of the observed surface temperature evolution to
accurately model its composition (see Section 1.2.4 and Chapter 2 and 3).

The outer crusts consists of degenerate, relativistic electrons and fully ionized atoms.
With increasing density, the region becomes more neutron rich as electron captures
take place converting protons into neutrons. At the neutron drip density of
ρdrip ≈ 4× 1011 g cm−3, the pressure is large enough for the neutrons to ”drip” out of
the nuclei and this marks the transition into the inner crust region (Haensel and
Zdunik, 2003; Chamel and Haensel, 2008). Here, matter consists of electrons, free
neutrons, which may become superfluid, and neutron-rich nuclei which form heavy
isotopes (Haensel and Zdunik, 1990; Douchin and Haensel, 2001). At the bottom of the
inner crust, the high pressure forces the clusters of nuclei to take on exotic shapes
which are reminiscent of pastas such as spaghetti, gnocchi and lasagna (Alcain and
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Dorso, 2017; Caplan et al., 2018; Newton et al., 2021). This region is commonly
referred to as the pasta layer (see Figure 1.1).

The core makes up the largest part of the neutron star containing ∼99% of its mass.
When the nuclear saturation density (ρnuc ∼ 2.7× 1014 g cm−3) is reached, which
approximately marks the transition to the outer core, the nuclei break down into
individual nucleons predominantly as degenerate neutrons but also a fraction of other
particles such electrons, protons and muons. Neutron stars can also have an inner core
where the density exceeds several times the nuclear saturation density and the
composition is unknown. Several models for the composition and behaviour of matter
at these densities have been proposed, including the existence of exotic particles such
as hyperons and deconfined quarks.

1.2.2 The neutron star structure

Due to the compactness of the neutron star it induces a strong gravitational field and
its structure must be described in the framework general relativity. For a spherical
non-rotating star, its structure is described by the Tolman-Oppenheimer-Volkoff
(TOV) equation for hydrostatic equilibrium,

dP
dr

= −Gmρ

r2

[
1 +

P
ρc2

][
1 +

4πr3P
mc2

][
1− 2Gm

rc2

]−1
= −(ρc + P)

dΦ
dr

(1.1)

where r is the radial coordinate, P is the pressure, G is the gravitational constant, ρ is
the gravitational mass density, c is the speed of light, and m is the enclosed mass
function

dm
dr

= 4πr2ρ (1.2)

and the metric function Φ(r) is a measure of the gravitational potential described as
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[
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A critical ingredient for any theoretical model of the neutron star structure is the
equation of state, which relates the pressure p to density ρ at a given temperature T and
is set by the star’s microscopic properties (such as particle content). When
supplemented with an equation of state, integrating Equations 1.1-1.3 yields the global
structure of the star (describing macroscopic properties such as total mass, radius and
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surface temperature). Cooling simulations are often applied to old, isolated neutron
stars or neutron stars in accreting binary systems (see Chapter 2 and 3, respectively),
which are cold ∼ 106−8K from the particle physics perspective compared to typical
excitation energies in nuclei ∼ 1010 K. Therefore, in these simulations the equation of
state is simplified to a relation between pressure and density, P = P(ρ).

1.2.3 Thermal evolution

After composing the neutron star structure, we can consider how its radial
temperature profile evolves over time. Ultimately, the predicted temperature at the
surface for the simulations can be compared with observed neutron star temperature
data. As the temperature evolution is set by the neutron stars microscopic properties,
we can constrain different models for the neutron star microphysics.

Assuming spherical symmetry and including relativistic effects, the one-dimensional
temperature evolution of the star is governed by the equations for energy balance
(Equation 1.4) and heat transport (Equation 1.5). The energy balance equation
effectively balances any heat sources with photon and neutrino cooling rates in each
radial zone:

d(Le2Φ)

dr
= − 4πr2eΦ
√

1− 2Gm/rc2

(
Cv

dT
dt

+ eΦ(Qν −Qh)

)
, (1.4)

where L is the internal luminosity, Φ is the gravitational potential, Cv denotes the
specific heat per unit volume, Qν and Qh are, respectively, the neutrino emissivity and
heating rate per unit volume. The heat transport equation can be written as:

dTeφ

dr
= − 1

κ4πr2
Leφ

√
1− 2Gm/rc2

, (1.5)

where κ is the thermal conductivity. Note that in both equations all physical
properties are a function of the radial (r) and time (t) coordinate and together the
equations describe how the temperature at each radial coordinate changes over time.
Noting that the flux F = L/(4πr2), Equation 1.4 and Equation 1.5 can be combined
into a single heat diffusion equation.

While the equations governing the star’s thermal evolution may seem clear-cut to
solve numerically, they couple to the star’s complex microphysics through the specific
heat per unit volume Cv and thermal conductivity κ as well as through the heating
(Qh) and neutrino cooling (Qν) rate. Both quantities are strongly affected by the
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composition, density and temperature and change rapidly in different regions of the
star (see Figure 1.1)).

The total specific heat per unit volume is a sum of the contributions by different
particles in the region, i.e. Cv = ∑i Cv,i, where i denotes the particle species (e.g.,
neutrons, protons, electrons etc.). The total specific heat of the star is dominated by the
contribution from the core, which makes up about 90% of the neutron star mass, and
its properties depend on its equation of state. Therefore, constraints on the core
specific heat could potentially help constrain the equation of state and vice versa
(Cumming et al., 2017). In the crust, which contains a large density gradient, the
specific heat from high to low densities is composed of degenerate free neutrons, the
nuclear lattice and a degenerate electron gas. At low densities, for low temperatures,
the specific heat is dominated by the contribution from electrons as a strongly
degenerate, relativistic gas, while for higher temperatures (T ∼ 108−9 K)
contributions from the ion lattice become relevant as it decrystallizes into a plasma
state. Vibrations of the crystal lattice can also contribute through lattice vibrations.
When moving to higher densities in the crust, the contribution from free unpaired
neutrons become significant and the dominant feature ot the specific heat. If the
temperature is below a critical value, the neutrons can form pairs and become
superfluid. In that case, their contribution to the specific heat completely drops and
becomes negligible. Therefore, studying cooling rates in this regime of the crust can
lead to constraints on superfluid properties, which is an area of research in itself
(Chamel, 2017; Sauls et al., 2020; Andersson, 2021).

The thermal conductivity also depends on the microscopic properties of the neutron
star as its set by the scattering rate of the heat carrying particles. A region with high
scattering rate corresponds to a region where the thermal conductivity is low and thus
delays the overall cooling rate of the star. Multiple collision types contribute to the
total scattering rate, depending on the conditions in a region of the neutron star these
include photon, electron-electron, electron-ion, electron-impurity, electron-phonon,
diffusive neutron-neutron and neutron-nuclear cluster scattering (Potekhin et al.,
2015).

1.2.4 Heat blanketing envelopes in cooling simulations

While the envelope contains a negligible amount of the neutron star mass and radius,
it plays a critical role in constraining neutron star interior physics from observations of
the surface temperature. In cooling simulations the neutron star interior structure and
temperature evolution (Equations 1.4 and 1.5) is calculated up to the bottom of the
envelope at ρb = 108 g cm−3, at which they are coupled to pre-calculated analytic
temperature relations for the envelope. This upper boundary is chosen such that the
luminosity at the boundary is equal to the photon luminosity at the surface
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L(ρb) = Ls = 4πR2σT4
s . Temperature relations from fits to envelope numerical

simulations can then be used to map the surface temperature (Ts) to the corresponding
temperature at the bottom of the envelope (Tb), commonly referred as the Tb-Ts

relationship, for a given envelope composition parameterized by the light element
column density ylight (g cm−2) (Potekhin et al., 1997).

Using Tb-Ts relations for the envelope is common in stellar evolution codes and has
significant numerical advantages. As the conductive properties of the envelope
depend on its composition, the accuracy of the technique depends strongly on the
chemical composition of the envelope, which is often unknown (see Beznogov et al.
2021 for a recent review on envelope physics). If more lighter elements (such as H and
He) are present in the envelope, the thermal conductivity of the envelope can increase
strongly, leading to a higher surface temperature for the same Tb, as is illustrated in
Figure 1.2. When lighter elements are present in the envelope, the electron-ion
collisions become less frequent and the thermal conductivity of the envelope
increases. In this case, the observed X-ray temperature will be larger while the interior
temperature remains the same Therefore, it is important to use the appropriate
envelope composition in order to infer the interior temperature of the neutron star
from its surface temperature.

FIGURE 1.2: Illustrative envelope temperature profiles for an envelope composed pre-
dominantly of helium (solid) and hydrogen (dashed). A strong temperature gradient
is observed as the envelope transitions from an ion - electron gas at low densities to
a plasma where the electrons are fully degenerate. Both temperature profiles corre-
spond to the same temperature at the bottom of the envelope (Tb), but have different
surface temperatures illustrating the importance of the envelope composition.

Another crucial assumption for this technique is that the envelope composition does
not change over the time, as that would change the required Tb-Ts relation. However,
it has been shown that the diffusive tail of the light element layer in the envelope can
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FIGURE 1.3: Illustrative representation of neutron star envelopes which are highly
stratified due to strong gravity such that heavier elements sink down to deeper layers.
The typical envelope model includes a transition density layer at which it transitions
from a light to heavy element composition. The right image represents a model used
in this thesis, where the possibility of nuclear burning of the diffusive tails of light
elements is included in the envelope models.

FIGURE 1.4: Example envelope composition profiles (bottom) for a H-C (left) and He-
C (right) composition. The top plots show the nuclear burning rates at a given depth
(black) and illustrates how the burning takes place in diffusive tail of the light element
component. Additionally, the integrated total light element column density is shown
(red, dashed).

reach depths where the temperature and density are high enough to start nuclear
burning (see illustrative model of the envelope in Figure 1.3). The burning rates
depend on the composition and temperature of the envelope and could drive diffusive
downwards currents of lighter elements, potentially significantly changing the
envelope composition over time. In Figure 1.4 I show example composition profiles of
the envelope with the burning region indicated In Chapter 2 and 3 we investigate the
effect that including diffusive nuclear burning has on the composition of the envelope
and for the study of neutron stars using cooling simulations.
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1.3 A post-merger remnant from gravitational wave data

1.3.1 Neutron star tidal deformability

The detection of the first merging binary neutron stars (GW170817) consisted of a
premerger GW signal from the binary neutron star inspiral (Abbott et al., 2017e,
2018a), where the two orbiting neutron stars emit gravitational waves as they loose
orbital energy and angular momentum and eventually collide. The premerger signal
carries information on the neutron star tidal deformation as the tidal interactions
accelerate the inspiral, which can be used to infer physical properties of the star and
equation of state (see Chatziioannou 2020 for a recent review).

The tidal deformability, which describes how easily the neutron star is deformed
when subjected to an external field, can be defined as

λ ≡ −Qij

εij
(1.6)

where Qij is the induced quadrupole and εij is the perturbing tidal field. In relation to
the dimensionless tidal Love number k2, the strong dependence on the neutron star
radius R in the tidal deformability becomes apparent as

λ =
2
3

k2R5 (1.7)

where both k2 and R depend on the internal structure of the star (Hinderer et al., 2010).

1.3.2 Measuring the tidal deformability

For a binary coalescence, the dominant contribution to the time-varying quadruple
moment that sets the gravitational wave emission is the binary orbital dynamics
(Blanchet, 2014). The most prominent observable effect from the tidal deformation in
neutron stars, is due to the additional induced quadruple moment affecting the
binding energy of the system and increasing the rate of energy lost as gravitational
wave emission.

The change in binary orbital frequency over time (d f /dt) is directly related to the the
rate of energy emission as gravitational waves (dE/dt) and the systems binding
energy. These terms are generally expressed as post-Newtonian expansions (i.e., a
series expansion in small binary velocity compared to the speed of light) (Blanchet,
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2014). To leading order, the leading-order quadruple is proportional to ∼ r2, where r is
the distance between the binary components. The tidal correction relative to the
leading order term is proportional to ∼ r−5 (Chatziioannou, 2020). It can be seen that
the effect of tidal interactions is small at early stages of the inspiral when the
component separation is large. Conversely, as the separation decreases as the binary
components spiral in, the effect from tidal interactions becomes stronger which
explains why their imprint is primarily seen in the late-stages of the emitted
gravitational wave signal.

As the system will loose energy faster due to tidal interactions, the inspiral phase
speeds up and the overall system merges faster than a similar system without tidal
interactions. This effect is more prominent for larger tidal deformabilities leading to a
shorter inspiral phase. Therefore, larger tidal deformabilities (corresponding to lower
mass neutron stars) are easier to measure from the inspiral gravitational wave signal.

1.3.3 Post-merger phase

Predictions describing how the post-merger remnant evolves after the collision of the
two neutron stars, depend on their masses and the neutron star equation of state. For
the majority of realistic equation of states and neutron stars with usual binary masses,
a quasi-stable hypermassive neutron star supported by differential rotation and
thermal effects is expected to be formed which may survive for ∼10-1000 ms
(Baumgarte et al., 2000). During this time, the remnant is expected to emit
gravitational waves in frequencies between 1500 and 4000 Hz (e.g., Ruffert and Janka
2001; Shibata 2005) which is an interesting range for current and future gravitational
wave detectors. For neutron star mergers with even lower binary masses and for some
equation of states, is it also possible for a supra-massive or stable neutron star
remnant to form (e.g., Margalit and Metzger 2017).

Detection of a post-merger signal would probe a different regime of the NS equation
of state, as the more massive remnant will have higher maximum densities than its
pre-merger components (Ruffert and Janka, 2001). This would allow for gaining
insights in possible high-density phenomena such as phase-transitions (e.g., Shibata
et al. 2005). Also, detection of such a post-merger remnant gravitational wave signal
would allow us to finally distinguish between the different predicted scenarios for the
remnant.

The exact physics governing the post-merger phase is not well understood and
numerical simulations are complicated by effects such as thermal effects, turbulences,
magnetohydrodynamical instabilites and possible phase transitions. Despite the
uncertainties in the simulations, they make a robust empirical prediction for the
frequency of the peak of the post-merger spectrum which correlates with properties of
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FIGURE 1.5: Illustration of the decomposition of a BayesWave gravitational wave
model in the time-domain (plotted at arbitrary times). The signal model is the sum
of a variable number of sine-Gaussian (wavelet) functions (D), in this case it is com-
posed of 6 wavelets.

the neutron star, such as its radius and tidal deformability (e.g., Bauswein and Janka
2012; Bauswein et al. 2012). These empirical relations can be applied to constrain the
neutron star equation of state using a measurement of the dominant post-merger
spectrum feature.

1.3.4 Full BNS signal analysis

A particular challenge in gravitational wave astronomy is distinguishing weak signals
of which the morphology is not well understood, such as a possible post-merger
signal after a binary neutron star merger, from noise. In those cases, it is advantageous
to use a search method that makes minimal assumptions about the signal morphology.
BayesWave1 uses a Bayesian multi-component approach that simultaneously
characterizes the noise (including non-stationary and non-Gaussian features), as well
as instrumental glitches and short-duration sources of gravitational waves. The key
idea behind BayesWave is that all these components with complex morphologies can
be reconstructed as a combination of a variable dimension of ‘simple’ sine-Gaussian
(wavelet) functions (see illustration in Figure 1.5). The parameters defining the shape
of these wavelet functions as well as the number of wavelet functions are found using
a Reversible Jump Markov Chain Monte Carlo algorithm.

As the morphology of the post-merger signal is not well understood, it is very suitable
to model with minimal assumptions about the signal. This method has been shown to
be successful in recovering simulated post-merger signals in gravitational waves data
(Chatziioannou et al., 2017) and has been applied to the observed binary neutron star

1BayesWave is open source and maintained here: https://git.ligo.org/lscsoft/bayeswave/

https://git.ligo.org/lscsoft/bayeswave/


12 Chapter 1. Introduction

merger GW170817 for which no post-merger signal was recovered (Abbott et al.,
2017b, 2019b). Using this method, only the high frequency (∼ 1024− 4096 Hz) data
where the post-merger peak signal is expected is used while the lower frequency data
containing the pre-merger phase of the signal is discarded.

So far only separate analyses of the GW signal have been performed focusing either
on the pre-merger or on the post-merger part of the data Abbott et al. (2019b, 2017b,
2019a, 2020). This has the advantage that the computational cost is significantly
reduced, as the post-merger signal requires a large sampling rate (typically 8194 Hz)
but does not need a long data duration (e.g. ∼ 1 s is enough) while the premerger
analysis uses long duration data segments (typically ∼ 64 s) but does not need a large
sampling rate (∼2048 Hz). Since no post-merger signal has been detected yet, treating
the pre-merger separately did not bias the inferred binary parameters. However, with
future detector upgrades a detection of a post-merger is anticipated, motivating the
need for a full, coherent analysis method. In Chapter 4 we develop an analysis
method that simultaneously analyzes the inspiral and post-merger part of the data
using traditional matched-filtering techniques for the inspiral and wavelets for the
post-merger features of the signal.

1.4 Thesis outline

The goal of my PhD research is to develop and use improved computational models
and analyses methods to infer neutron star (NS) interior properties from current and
future data sources. Specifically, I am using complimentary techniques using
observations of electromagnetic and gravitational wave radiation that probe different
layers of the neutron star and allow for inferring neutron star physics in different
states. This thesis is organized into two parts looking at two extremes of the neutron
star state as schematically shown in Figure 1.6. The first part focuses on improving and
applying computational models of the thermal evolution of relatively undisturbed,
cooling neutron stars. The second part of the thesis focuses on computing and
applying new computationally techniques to analyze the hot, potentially short-lived
remnant of the merger of two neutron stars using gravitational wave data.

Chapter 2 consists of detailed modeling of the neutron star thermal evolution which
can be compared to multiwavelength observations of thermal radiation. One of the
challenges affecting this technique, is to infer the interior temperature from
observations of surface emission. The relation between surface temperature and
interior temperature is set by heat conducting properties of a thin outer envelope.
Most state of the art models consider the envelope to consist of chemically pure layers
separated by narrow transition bands driven by diffusive mixing. However, it is
possible for elements to diffuse to depths where the density and temperature are
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FIGURE 1.6: Schematic overview of the two complimentary parts of this thesis that
focus on neutron star cooling studies (left) and binary neutron star post-merger studies
(right). The studies probe different regimes of the neutron star state and use different
data sources. In neutron star cooling studies we are most sensitive to the surface and
outer layers of the stars which host a variety of exotic matter states. In studies of the
post-merger remnant after a binary neutron star merger, we gain more information
about the ultradense neutron star core in a hot, disturbed state.

sufficient to ignite nuclear burning, thus changing the chemical composition and heat
conduction properties. I used numerical models of the envelope that include the
effects of diffusive nuclear burning to create grids in the envelope parameter space.
This allowed me to calculate new analytic relations between the neutron star surface
and interior temperature for varying chemical compositions, and these relations can
directly be used in neutron star cooling simulations. I performed simulations to model
cooling of isolated neutron stars using these new temperature relations and allowing
for a time-variable envelope composition instead of static envelope compositions. This
work was published in Wijngaarden et al. (2019).

In Chapter 3 I consider another scenario where envelope models are important: The
cooling of crusts of neutron stars in X-ray binaries after the crust has been lifted out of
thermal equilibrium with the core during an accretion outburst. After the accretion
halts, the crust cools back to thermal equilibrium over timescales of years to decades.
Thus it is possible to cover the full relaxation time with observations and probe the
deeper layers of the crust. All previous cooling codes assume that no heat is generated
in the envelope and use the envelope temperature relations as a boundary condition
for the interior cooling. Due to the typically large post-outburst temperatures, I
investigated whether this assumption is valid. I coupled a cooling code to our
envelope models and applied this to accreting systems. We found that the luminosity
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generated in the envelope due to diffusive nuclear burning is not always negligible
and that the burning rates are sufficiently large for the envelope composition to
change significantly during the cooling phase. This work was published in
Wijngaarden et al. (2020).

In Chapter 4 I turn my attention to another facet to study these same objects but in
completely different conditions. The Chapters described above consist of
computational models that can help to constrain neutron star properties by
comparison with electromagnetic observations, while now I consider the study of a
newly created neutron star using gravitational waves. A post-merger gravitational
wave signal from a rapidly-rotating, strongly deformed neutron star could provide
new probes of neutron star properties and nuclear matter, but its physics and signal
morphology is much less understood than the pre-merger phase. Therefore, it is
unreasonably computationally expensive to search for a post-merger signal by
matching the data with (poorly understood) physical models. In Chapter 4 I develop
and apply methods for constraining NS interior properties from possible detections of
gravitational wave signals from NS post-merger remnants. I implement data analysis
methods that use a model-agnostic approach while also utilizing more confident
knowledge about the pre-merger phase.
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Part I

Neutron star interior physics from
electromagnetic observations
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Chapter 2

Effect of diffusive nuclear burning
on isolated neutron star cooling
behaviour 1

Abstract

A critical relation in the study of neutron star cooling is the one between surface
temperature and interior temperature. This relation is determined by the composition
of the neutron star envelope and can be affected by the process of diffusive nuclear
burning (DNB), which occurs when elements diffuse to depths where the density and
temperature are sufficiently high to ignite nuclear burning. We calculate models of
H-He and He-C envelopes that include DNB and obtain analytic temperature relations
that can be used in neutron star cooling simulations. We find that DNB can lead to a
rapidly changing envelope composition and prevents the build-up of thermally stable
hydrogen columns yH & 107 g cm−2, while DNB can make helium envelopes more
transparent to heat flux for surface temperatures Ts & 2× 106 K. We perform neutron
star cooling simulations in which we evolve temperature and envelope composition,
with the latter due to DNB and accretion from the interstellar medium. We find that a
time-dependent envelope composition can be relevant for understanding the
long-term cooling behaviour of isolated neutron stars. We also report on the latest
Chandra observations of the young neutron star in the Cassiopeia A supernova
remnant; the resulting 13 temperature measurements over more than 18 years yield a
ten-year cooling rate of ≈ 2%. Finally, we fit the observed cooling trend of the
Cassiopeia A neutron star with a model that includes DNB in the envelope.

1This chapter is based on publication Wijngaarden et al. (2019), see Publications and author contribu-
tions.
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2.1 Introduction

The physical properties, such as composition and structure, of neutron stars (NSs) are
still uncertain. Valuable information about the neutron star interior can be obtained by
comparing observations of thermal radiation of cooling NSs with theoretical models
of how a NS cools over time. Isolated NSs cool via neutrino and photon emission after
they are formed hot in a supernova explosion (see review by Potekhin et al. 2015).
Additionally, cooling models can be used to study the cooling of accretion-heated NSs
in binary systems (for a recent review see Wijnands et al. 2017).

Observations of several isolated neutron stars suggest that the envelopes of younger
pulsars (<104−105 yr) may consist of light elements such as hydrogen or helium,
whereas the envelopes of older pulsars (>105 yr) may be composed of heavier
elements (see, e.g., Yakovlev et al. 2001; Potekhin 2014). Evidence for the presence of
carbon in a NS envelope was found for the first time using spectral observations of the
young NS in Cassiopeia A (Ho and Heinke, 2009). Since then, several other NS spectra
are found to be fit by carbon atmosphere spectra (see De Luca 2017, and references
therein). These observations indicate a possible evolution of the composition of the
envelope through nuclear burning, after the initial composition is set by fallback
material onto the NS after a supernova explosion. The NS in Cassiopeia A (we
hereafter refer to the NS as Cas A) is an intriguing object not only because of the
chemical composition of its envelope, but also because surface temperatures derived
from X-ray observations suggest that the source might be cooling rapidly (Heinke and
Ho 2010; c.f. Posselt et al. 2013). Constraining cooling models with multiple
temperature observations can provide fundamental knowledge on the properties of
the NS interior, such as critical temperatures for superconductivity and superfluidity
(e.g., Shternin et al. 2011; Page et al. 2011; Ho et al. 2015). Other possibilities include
fast or rotationally induced neutrino cooling (Negreiros et al., 2013; Taranto et al.,
2016), magnetic field decay (Bonanno et al., 2014), slow thermal relaxation (Blaschke
et al., 2012, 2013), stellar fluid oscillations (Yang et al., 2011), and transition to axions
or quark matter (Noda et al., 2013; Sedrakian, 2013; Leinson, 2014; Hamaguchi et al.,
2018).

A major source of uncertainty in cooling models is the chemical composition of the
thin outer envelope which extends from just below the surface down to a boundary
mass density of ρb ∼ 108 − 1010 g cm−3. The envelope acts as a thermal insulator due
to its relatively poor thermal conductivity and thus sets a strong temperature gradient
between the surface temperature Ts and the interior temperature at the bottom of the
envelope Tb [≡ T(ρb)]. The composition affects the thermal conductivity and thus
how transparent the envelope is to the heat flux. This means that a measured surface
temperature can correspond to different interior temperatures depending on the
composition of the envelope.
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Several models of the heat blanketing envelope have been developed after the work
by Gudmundsson et al. (1983), who calculated the thermal structure and conductivity
of an iron envelope. Later models went beyond the single element envelope and
considered the envelope as multiple shells of light elements (H, He, C) separated by an
abrupt boundary (Potekhin et al., 1997, 2003). These models have subsequently been
used in many interior studies. Most recently, Beznogov et al. (2016) developed new
models for binary ion mixtures (H-He, He-C and C-Fe) where ion diffusion is taken
into account but the possible effect of nuclear burning due to diffusion is not included.

Numerical calculations of the neutron star envelope including the effects of diffusive
nuclear burning (DNB) have been performed by Chang and Bildsten (2003, 2004);
Chang et al. (2010). The key idea of DNB is that the tail of the light element layer may
diffuse down to depths where the density and temperature is large enough to ignite
burning. The depletion of the light elements at this depth can subsequently drive a
light element current from the surface to the burning layer. In Chang and Bildsten
(2003) and Chang and Bildsten (2004), a H-C envelope was modelled, and it was
found that diffusive nuclear burning can readily consume all of the initial hydrogen in
the NS envelope within ∼105 yr. Motivated by the detection of carbon on the surface
of Cas A, Chang et al. (2010) calculated models for DNB in He-C envelopes and found
that any primordial helium is likely depleted during the hot (Tb > 108 K), early
evolution of the NS.

Typically, NS cooling models calculate the NS structure and thermal evolution from
the centre out to the bottom of the envelope, where they are coupled to theoretical
envelope temperature relations (between Tb and Ts) based on the envelope models
above. Diffusive nuclear burning can change the composition of the envelope and
hence its thermal conductivity. Therefore, it can affect the temperature relations
between Ts and Tb. We use the work of Chang and Bildsten (2003, 2004); Chang et al.
(2010) and calculate models including diffusive nuclear burning for H-He and He-C
envelopes and provide analytic envelope relations (based on those presented in
Beznogov et al. 2016) that can be used in cooling models. We use these temperature
relations to investigate the effect of diffusive nuclear burning and time-variable
envelopes on neutron star cooling. We also report on four new Chandra observations
of the NS in Cassiopeia A resulting in the longest spanning ( >18 years) dataset
currently available. We then use the new temperature relations including DNB to
model the observed cooling of Cas A.
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2.2 Theory of diffusive nuclear burning

2.2.1 The physics of DNB

We summarize the key physics input for diffusive nuclear burning as calculated in
Chang et al. (2010). For a full description of the physics we refer the reader to this
work. The neutron star envelope, at ρ < 108−1010 g cm−3, has a thickness (∼ a few
hundred metres) that is much smaller than the stellar radius and can be well
approximated as a plane-parallel layer with a constant downward gravitational
acceleration g. The thermal profile is obtained by solving the heat diffusion equation
for a constant flux in radiative equilibrium

∂T
∂z

= − 3κρ

16T3 T4
s , (2.1)

where z is the depth, Ts is the effective (non-redshifted) surface temperature and κ is
the opacity. In the outermost layer of the envelope the radiative opacity is dominated
by free-free absorption and Thomson scattering. We use the radiative opacities of
Potekhin and Yakovlev (2001) and the analytic formulae for the conductive opacity
given by Potekhin et al. (1999).

We consider the case where a trace ion species, hereafter referred to as ‘light elements’,
is immersed in a fixed background ‘heavy’ ion species. The equation for hydrostatic
equilibrium, which is dominated by electric and gravitational forces (see Chang et al.
2010) is used to obtain the number density profiles of ion species in the absence of
nuclear burning. We require overall charge neutrality such that,
ne = Zlightnlight + Zheavynheavy, where ne is the electron number density, and Zlight,
nlight, Zheavy and nheavy are the charge number and number density of the light (trace)
and heavy (background) element species, respectively. The diffusive tail of the light
element layer may extend deep down into the underlying heavier element layer.
When lighter elements diffuse to depths where they are consumed by nuclear
burning, the depletion of light elements at this depth induces a diffusive light element
current from the surface to the burning layer. Because the timescale at which the local
column density changes is much longer than the local nuclear timescale, a steady state
approximation is used for the light element current induced by DNB (∂nlight/∂t = 0).
The light element current is defined as

Jlight = −D
dnlight

dz
+ nlightwlight = nlightvlight, (2.2)

where vlight and wlight are the light element relative velocity and drift velocity,
respectively. The diffusion coefficient D is calculated as in Chang and Bildsten (2004)
(similar to Brown et al. 2002)



2.2. Theory of diffusive nuclear burning 21

D ≈ 10−3
A0.1

lightT
1.3
6

Z1.3
lightZ

0.3
heavyρ0.6

5
cm2s−1, (2.3)

where T6 = T/106 K and ρ5 = ρ/105 g cm−3. The atomic mass and charge number are
denoted by A and Z, respectively. From the light element continuity equation and the
definition of the current, one can derive the general case of the steady-state diffusion
equation (which is derived in detail in Chang and Bildsten 2004)

∂2 flight

∂z2 +
∂ flight

∂z
∂ln nlight,0

∂z
=

flight

Dτlight
, (2.4)

where nlight,0 is the number density of the trace ion in the absence of nuclear burning
obtained by solving the hydrostatic balance equations numerically, flight is the
correction factor to the number density due to nuclear burning (i.e.,
flight ≡ nlight/nlight,0) and τlight is the local lifetime against nuclear capture set by the
local nuclear burning rate. With increasing depth and temperature, the ion scale height
(=[dln nlight,0/dz]−1) rapidly becomes larger than the nuclear scale height (=

√Dτlight).
Therefore, at the burning layer where the second term can effectively be dropped,
Equation 2.4 represents a diffusion equation for flight with a nuclear-driven source.

In our models, hydrogen can be consumed steadily by the proton capture reactions of
the CNO-cycle and pp chain reactions. Helium is consumed by proton- and alpha
capture reactions and the triple alpha process, although the reaction rates of the triple
alpha process were found to be negligible in the parameter space of interest (see
Chang et al. 2010) and thus they are ignored. Nuclear reaction rates and experimental
reaction cross section values are obtained from the NACRE2 (Angulo et al., 1999) and
REACLIB3 database compilations.

2.2.2 Model description

We model the neutron star envelope for 1H-4He and 4He-12C mixtures following the
work of Beznogov et al. (2016), but including the physics of DNB. These envelope
compositions were chosen to be able to compare our solutions with those found in
Beznogov et al. (2016), but in reality other ions may be present in neutron star
envelopes. In particular, one might consider a H-He-C envelope, with an intervening
helium layer between the hydrogen and carbon components. The effects of such an
envelope are strongly dependent on the assumed size of each layer. For simplicity in
the present work, we limit our study of DNB to two component envelopes. We use a
surface gravity of gs = 2.43 × 1014 cm s−2 in our calculations, but the resulting

2http://pntpm.ulb.ac.be/Nacre/nacre.htm
3http://nucastro.org/reaclib.html

http://pntpm.ulb.ac.be/Nacre/nacre.htm
http://nucastro.org/reaclib.html


22
Chapter 2. Effect of diffusive nuclear burning on isolated neutron star cooling

behaviour

temperature relations at other surface gravities can be approximated using the
temperature scaling relation by Gudmundsson et al. (1983).

We start our numerical calculations with a given surface temperature Ts and fraction
xlight of the light element species present at the photosphere. The partial pressure plight

and column density ylight of the ion components at the photosphere is set by xlight as
ycol = ylight + ybkg = xlight × ycol + xbkg × ycol . We then integrate the system of
equations in Section 2.2.1 to obtain profiles for the internal temperature, ion densities
and nuclear burning rates. A given photospheric light element fraction can
correspond to different values of the total light element column density depending on
the surface temperature. Therefore, we perform a large number of numerical
calculations for varying Ts and xlight to obtain sufficient coverage in the resulting
Ts-Tb-ylight parameter space that is used for fitting analytic functions.

We note that in the analytic temperature relations calculated by Beznogov et al. (2016),
the amount of light elements is characterized by their effective transition density ρ∗.
This is an artificially chosen density at which a total mass of light elements is
contained in the outer shell ρ < ρ∗. Note that the light element column density ylight

can be converted to ρ∗making use of the relevant equation of state.

2.2.3 Parameter ranges

We fit the numerical results of the models described above to obtain analytic Ts − Tb

relations that can be coupled to thermal evolution codes for the neutron star interior.
Note that the Ts − Tb relations are actually relations for Ts, Tb and ylight (or
equivalently, ρ∗) for a given surface gravity, i.e. Tb(Ts, ylight). We are limited in our
parameter ranges by both physical and numerical constraints. Physical constraints
arise for example from the fact that the light element column density cannot be larger
than the envelope-crust boundary column density yb or smaller than the photospheric
density. For the H-He envelopes, we let ρb = 108 g cm−3 and increase ρ∗ up to ∼107 g
cm−3. For He-C envelopes we use ρb = 1010 g cm−3 and let ρ∗ vary up to ∼108 g cm−3.
The surface temperature range for all compositions is 0.3× 106 K< Ts < 3× 106 K,
such that it encompasses the observed temperatures for both isolated neutron stars
and transient neutron stars in quiescence.

2.3 Burning rates

The reaction rates due to DNB depend on the composition of the envelope, the
amount of burning material available and the temperature in the burning region.
Using the nuclear reactions that consume hydrogen and helium discussed in Section
2.2, the total burning rate is
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ζDNB =
ylight

τlight,col
=
∫

dz
Alightnlightmp

τlight(nlight, nsub, T)
, (2.5)

where Alight is the atomic number of the light element species, τlight,col is the
characteristic time for the total integrated light element column to be consumed and
τlight is the local lifetime of the light element species due to DNB. The local number
densities of the α- or p-capturing substrate are denoted by nsub.

In Figure 2.1 we plot the resulting burning rates for several values of ylight for both the
H-He and He-C envelope models. For hydrogen burning (dashed lines in Figure 2.1),
we see that the burning rates are more sensitive to the amount of material available for
burning (as characterised by the hydrogen column density) than to the temperature
(characterised by the surface temperature). The strong dependence on column density
is not surprising, as the burning region is located in the exponentially suppressed
diffusive hydrogen tail. Interestingly, Figure 2.1 shows that DNB can alter the
hydrogen column density significantly for the entire range of plotted Ts. Especially for
intermediate and large hydrogen column densities (yH & 105 g cm−2) the hydrogen
column density lifetime is << 104 yr. It is clear that the helium burning rates drop off
rapidly with decreasing temperatures, which is expected as the dominant burning
processes are the highly temperature sensitive α-capturing reactions. We find that the
helium burning rate effectively switches off for Ts . 106 K. At temperatures Ts & 106

K the burning rate is sufficiently large to change the helium column density within
years.

Using the burning rates calculated above, we illustrate the evolution of the light
element column over time for a fixed surface temperature in Figure 2.2 and 2.3 for
hydrogen and helium, respectively. We use an initial hydrogen column density of
ylight = 106 g cm−2 and vary the surface temperature between 0.4× 106 <

Ts < 3.2× 106 K. For all temperatures, the sharpest drop in hydrogen column density
occurs within the first ∼ 10 years due to the strong density dependence of the burning
rate. After that time, the column decreases more gradually. For helium burning we
use an initial helium column density of ylight = 1010 g cm−2 and vary the surface
temperature between 2× 106 < Ts < 3.2× 106 K. It is clear that the helium column
change is more strongly coupled to the temperature and that for Ts . 106 K the
column does not change significantly within 100 years. At higher temperatures,
Figure 2.3 illustrates that DNB can even substantially alter the helium column on
relatively short timescales of < 10− 100 years.
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FIGURE 2.1: Light element column density burning rates for hydrogen burning
(dashed) and helium burning (solid). For each line the value of log ylight is indicated.
Note that log dylight/dt is the same as log ζDNB; see Equation 2.5.
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FIGURE 2.3: Evolution of the helium column density for a constant surface tempera-
ture [(2, 2.5, 2.8, 3.2)× 106 K] and initial yHe = 1010 g cm−2.

2.4 Static envelope temperature relations

We present analytic temperature relations that include diffusive nuclear burning in the
envelope. The fit functions and parameters for each of the mixtures are given in
Appendix B.1. In this section, we review their main characteristics and implications.

The temperature relations are most sensitive to the composition in a small region in
the envelope which is commonly referred to as the sensitivity strip. The location of the
sensitivity strip in the envelope is determined by where the radiative κr and
conductive κc opacity are comparable, i.e., κr ≈ κc. Even a small amount of light
elements in this region can have a large effect on the resulting temperature profile in
the envelope. The composition outside of the sensitivity strip barely affects the
temperature relation. Therefore, in order to understand the effect that DNB has on the
temperature relations, Tb(Ts, ylight), we will consider for which values of ylight the
composition in the sensitivity strip is altered by DNB.

In Figure 2.4, we show the Ts-yH parameter space for a H-He envelope; it is important
to note that what is illustrated in Figures 2.4 and 2.5 is light element column density,
not total column density. For small hydrogen columns and high surface temperatures
(lower right blue region), the bulk of the hydrogen remains close to the surface and
does not reach the sensitivity strip; thus the temperature relations resemble those of a
pure helium envelope and are only a function of Ts. The region enclosed by solid lines
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FIGURE 2.4: Ts-yH parameter space for the H-He envelope model with ρb = 108 g
cm−3. The solid lines enclose the region where the boundary temperature is sensitive
to the hydrogen column density, i.e. Tb = Tb(Ts, yH). In this region, the boundary
temperature transitions from that corresponding to a pure hydrogen envelope (red),
where Tb = Tb,max(Ts), to that of a pure helium envelope (blue), where Tb = Tb,min(Ts).
Hydrogen column densities outside of the transition region have negligible effect on
the Tb-Ts relations. The grey shaded region shows the parameter space that is excluded
due to DNB (see text). Note that at large Ts, some excluded hydrogen columns overlap
with the transition region. This means that the spread in Tb is smaller when DNB is
taken into account.

indicates temperatures and hydrogen columns which affect the composition of the
sensitivity strip and thus the resulting Tb. For large hydrogen columns (red region),
hydrogen makes up most of the composition in the sensitivity strip, and increasing the
column further does not change the composition inside the sensitivity strip. In this
case, the temperature relations resemble a pure hydrogen envelope and are unaffected
by the size of the hydrogen column. Hydrogen DNB occurs in the diffusive tail and
the reaction rates are highly sensitive to the amount of material available at the
burning depth (see Section 2.3). Therefore, DNB does not impact the composition
distribution in the sensitivity strip for small hydrogen columns. For large H columns
(yH & 107 g cm−2), the time for hydrogen to diffuse down to the burning depth is
shorter than the rate at which it is consumed. In other words, the burning reactions
are not limited by the diffusion time but by the nuclear reaction rate. Thus, hydrogen
at the burning depth is consumed rapidly, which prevents the build up of large
thermally stable hydrogen columns (yH & 107 g cm−2).

In Figure 2.5, we show Ts-yHe for the He-C envelope model. Diffusive helium burning
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FIGURE 2.5: Ts-yHe parameter space for a He-C envelope model with ρb = 1010 g cm−3.
The solid lines enclose the region where the boundary temperature is sensitive to the
helium column density, i.e. Tb = Tb(Ts, yHe). In this region, the boundary temper-
ature transitions from that corresponding to a pure helium envelope (blue), where
Tb = Tb,min(Ts), to that of a pure carbon envelope (red), where Tb = Tb,max(Ts). Helium
column densities outside of the transition region have a negligible effect on the Tb-Ts
relations. The dashed line indicates the surface temperature above which the DNB
rate ζDNB is significant. For helium column densities in the transition region where
ζDNB is significant (highlighted in grey), DNB alters the Tb-Ts relations considerably.

takes place deep in the envelope (108 g cm−2 . y . 3 × 1012 g cm−2) and reaction
rates are highly sensitive to the temperature (see Section 2.3). At Ts < 1.25 × 106 MK
(denoted by the dashed line in Figure 2.5), burning rates are too low to affect the
envelope composition and temperature relations. Above this surface temperature,
DNB prevents the helium column from extending deeper into the envelope beyond
the burning depth. As a result, more helium resides at lower densities in the sensitivity
strip compared to the case when DNB is not taken into account. Thus a He-C envelope
is more transparent to heat flux with DNB for sufficiently high temperatures.

Figures 2.4 and 2.5 emphasise that the effect of hydrogen on the conductivity of the
envelope is very different than that of helium, as first noted by Beznogov et al. (2016).
Typically, increasing the amount of light elements leads to a higher thermal
conductivity of the envelope, such that for a given Ts the corresponding Tb is lower.
An exception to this is the case of hydrogen, which has the opposite behaviour, as its
larger radiative opacities results in a lower thermal conductivity. Therefore, increasing
the amount of hydrogen, leads to a larger Tb.
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FIGURE 2.6: The Ts-Tb relation for the H-He envelope with ρb = 108 g cm−3. The
solid line corresponds to both the model with and without DNB. The blue dashed
line corresponds to an hydrogen column of 1010 g cm−2 when DNB is not included.
The grey shaded region (see also inset) corresponds to the grey region in Figure 2.4
and shows the region in the Ts − Tb relations where DNB is reaction rate limited (see
text). Note that the spread in Tb for a H-He envelope is small compared to other
compositions and becomes even smaller at large temperatures due to DNB.

The resulting Ts − Tb relations for a H-He envelope including DNB are shown in
Figure 2.6. For comparison, the temperature relations where DNB is neglected are also
plotted. It is clear that including DNB has a negligible effect on the thermal
conductivity of the H-He envelope as the resulting temperature relations are
indistinguishable. However, including DNB in the H-He envelope leads to an upper
limit on the size of the hydrogen column, making the range in Tb for a given Ts smaller
than when DNB is ignored (the difference is indicated by the shaded region in Figure
2.6).

For a He-C envelope, the temperature relations are shown in Figure 2.7. As expected,
these relations are unaffected by DNB at low temperatures. At higher temperatures
(Ts > 2× 106 K; see Section 2.3) where helium burning is significant, DNB changes the
temperature relations. In particular, for a given surface temperature, the boundary
temperature is lower with DNB; equivalently, the same boundary temperature
corresponds to a higher surface temperature. The He-C envelope is a better conductor
and more transparent to the heat flux at large temperatures when DNB is taken into
account since helium burning at large depths implies a greater helium abundance at
shallower depths (in the sensitivity strip) for a given helium column (see above).



2.5. Time variable envelopes 29

6.2 6.4
log Ts [K]

7.8

8.0

8.2

8.4

8.6

lo
g 

T b
 [K

]

Pure 
C

yHe = 109 g cm 2 
yHe = 1010 g cm 2 
yHe = 1012 g cm 2 

With DNB No DNB

yHe = 109 g cm 2 
yHe = 1010 g cm 2 
yHe = 1012 g cm 2 

FIGURE 2.7: Comparison of the Ts-Tb relation including DNB (solid) and without DNB
(dashed) for the He-C envelope with ρb = 1010 g cm−3. A small range in Ts is shown
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2.5 Time variable envelopes

Envelope temperature relations, such as the ones presented in Section 2.4, are used to
calculate the NS temperature evolution while assuming that the envelope composition
does not change (see, e.g., Potekhin et al. 2015 for a review of NS cooling). The
burning rates in Section 2.3 indicate that modelling the envelope with a fixed
composition over the course of the NS lifetime can be inaccurate. In this section, we
explore time-variable envelope compositions due to DNB and their effect on NS
temperature evolution. Instead of calculating a cooling curve with a fixed envelope
composition, we use a fixed initial composition and evolve both heat diffusion in the
star and envelope composition.

2.5.1 Cooling model

We model the thermal evolution of the NS using the general relativistic cooling code
NSCool4 (Page, 2016) for a NS with mass M = 1.4 MSun and radius R = 11.5 km, which
is consistent with a surface gravity gs = 1.8× 1014 cm s−2. We use the nuclear
A18+δν+UIX* equation of state (Akmal et al., 1998). Neutron superfluidity is taken
into account using the ‘SFB’ 1S0 gap model Schwenk et al. (2003), and proton

4An older version of this code is available at http://www.astroscu.unam.mx/neutrones/NSCool/

http://www.astroscu.unam.mx/neutrones/NSCool/
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superconductivity is modelled using the ‘CCDK’ 1S0 gap model (Chen et al., 1993).
Possible pairing of neutrons in the spin triplet-state is not considered in this section
but will be explored in the next one. While uncertainties in the superfluid properties
of neutrons and superconducting properties of protons affect the cooling curves, we
do not expect this to significantly change our results, as we use the same assumptions
for all cooling curves and are only interested in the differences resulting from varying
envelope compositions. The energy transport and conservation equations are solved
up to the outer boundary defined as the bottom of the envelope: ρb = 108 g cm−3 and
ρb = 1010 g cm−3 for a H-He and He-C envelope, respectively. We use the Ts − Tb

models including DNB as described in Section 2.4 to relate the surface temperature
and the boundary temperature.

2.5.2 Variable envelope composition

We use fits of the numerical burning rates to calculate the evolution of the light
element column density ylight(t). In addition to solving equations describing the
interior thermal profile, we evaluate the change in ylight at each time step. We model
two competing processes that affect the evolution of column density. On the one hand,
the amount of light elements decreases due to DNB when there is enough material
available to burn and the temperature is sufficiently large. On the other hand, the
amount of light elements increases due to accretion from the interstellar medium
(ISM) or from a companion star. A mass accretion rate Ṁacc is equivalent to an
increasing light element column density ẏacc via

ẏacc ≈ Ṁacc
gs

4πGM
. (2.6)

The total change in ylight is obtained by combining the decreasing effect from DNB and
the increasing effect from accretion (from the ISM). Thus the change in ylight in a time
interval dt is

∆ylight =
dylight

dt
dt = ( ẏacc − ζDNB ) dt, (2.7)

where ζDNB is calculated as in Equation 2.5 for a grid of Ts − Tb − ylight and
interpolated between gridpoints. Note that our steady state approximation is not
strictly valid at early, hot stages immediately after NS birth, when the NS cools faster
than diffusion through the envelope. A calculation of neutron star interior
temperature evolution and diffusion in the envelope is needed for a self-consistent
solution, which is beyond the scope of this work.
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2.5.3 ISM accretion rates

Whether the NS is accreting from the ISM and at what rate depends on the local
density of the ISM and properties of the NS (e.g., its mass, radius and magnetosphere;
see, e.g. Blaes and Madau 1993). Furthermore, when considering central compact
objects (CCOs), the NS is within a supernova remnant, for which the distribution and
composition differ from the ISM (see, e.g. Vink 2012; Lopez and Fesen 2018).

Following classical accretion physics (see, e.g. Shapiro and Teukolsky (1983)), the
accretion rate onto the NS surface can be described using the Bondi formula

Ṁ =
4πλaG2M2ρISM

(v2 + c2
s )

3/2 , (2.8)

where ρISM is the local interstellar mass density, v is relative speed between the NS
and ISM, and cs is the speed of sound. The parameter λa can vary between 0.25 and 1
(Hunt, 1971). Here we take cs = 10 km s−1 and λa = 1.

For simplicity, we consider three constant values of mass accretion rate for our models,
i.e., we do not account for potential short time scale variability in the accretion rate. In
the present work, we consider only the effect of a light element column density on the
resulting cooling curve and ignore the effect of heat generated by nuclear reactions
(see Section 2.7). We can obtain the highest accretion rate considered here
(Ṁacc = 10−15 MSun yr−1) by using Equation 2.8 for an isolated 1.4 MSun NS with
v = 20 km s−1 and ISM number density n = 1 cm−3. Lower accretion rate values
(10−18 and 10−21 MSun yr−1) are possible for higher velocities (e.g., 200 or 1000 km s−1)
and/or lower ISM densities. These low accretion rates are further motivated by
possible suppression of the Bondi accretion rate such that NSs accrete at lower rates
(see, e.g., Illarionov and Sunyaev 1975; Perna et al. 2003; Krumholz et al. 2005).

2.5.4 Cooling curves

For H-He envelopes, we show the cooling curves and hydrogen column evolution in
Figure 2.8 for an initial hydrogen column density of yH = 106 g cm−2; note that the
column evolution curves here and in Figures 2.9 and 2.10 are smoothed (averaged
over short time intervals) in order to remove short timescale fluctuations due to the
finite time steps of the numerical simulations. The first conclusion that is clear from
this plot is that the cooling curve is almost unaffected by changes in hydrogen column
density, as we already found in Section 2.4. Nevertheless, it is interesting to see how
the hydrogen column changes over time for varying ISM accretion rates. Note that for
both the H-He and He-C models, we have artificially set the lower limit for the light
element column at 100 g cm−2. Changes in the light element column below this limit
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will not affect the cooling curve, as they occur at low densities outside of the
sensitivity strip. If DNB is the only mechanism for depleting surface hydrogen, the
column density initially drops sharply due to high temperatures, until hydrogen
reaction rates become limited by the amount of material available in the burning
region. In other words, when the temperature has dropped significantly, the burning
is limited by the time it takes for hydrogen to diffuse to the burning depth. Thus for
most of such a NS’s life (when Ts . 106 K), DNB in the NS envelope is not limited by
the nuclear reaction rate, but by the diffusion time. For the two scenarios with higher
accretion rates we find that, after a period of accreting and burning at similar rates (&
105 years), the accretion rate dominates, and the hydrogen column grows.

In Figure 2.9, we show cooling curves and helium column density evolution for an
He-C envelope with an initial helium column density of yHe = 1010 g cm−2 for
different accretion rates. In all cases where Ṁacc is less than the maximum accretion
rate, more than 99% of the initial helium is consumed at the hot early stages and the
helium column density drops to yHe < 2 × 106 g cm−2 within 1 year. During this time,
helium is more rapidly burned than it is accreted. Depending on the accretion rate, the
temperature has dropped enough at t ∼ 1− 100 years for the burning rate to become
comparable to the accretion rate. After this time (when ẏacc > ζDNB), the helium
column gradually increases as matter accumulates from the ISM, and the temperature
is too low for DNB to sufficiently counteract. The scenario with no accretion results in
an effectively constant low column density after the initial helium column is depleted.
The resulting cooling curve at times > 1 year is the same as a cooling curve with no
helium column.The cooling curves for the scenarios with larger accretion rates show
short timescale variations, corresponding to variations in helium column. Although
the short timescale changes in column density can be large, the effect on the surface
temperature is small (∼ a few percent), as the Ts − Tb relations are only sensitive to
changes in the column density that affect the composition in the sensitivity strip.

2.5.5 Implications for photospheric composition

In the discussion above, we focus on the effect of DNB on the composition of the
envelope and the resulting temperature relations between the surface and the interior.
We now consider the implications of the envelope evolution for the composition at the
photosphere, which is uncertain for isolated NSs and is important for interpreting
observations of NS surface radiation.

In Figures 2.8 and 2.9, the (artificially set) minimum light element column of ylight =
100 g cm−2 is large enough such that the photosphere, and corresponding spectrum,
will always be dominated by hydrogen and helium, respectively. Due to this large
lower limit, these figures do not directly address whether or not heavier elements can
be present in the photosphere. Nevertheless Figure 2.8 shows that, even at the low
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FIGURE 2.8: Cooling curves with initial hydrogen column density yH = 106 g cm−2
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accretion rate of 10−21MSun yr−1, the chosen minimum column is never reached, as the
hydrogen column plateaus and increases after a few thousand years. Thus for a H-He
envelope, the photosphere will be dominated by hydrogen even for very low accretion
rates. On the other hand, Figure 2.9 shows that, for accretion rates < 10−15MSun yr−1,
there will be a period after ∼1 month, where the spectrum of the He-C envelope can
be dominated by carbon.

As accreted material from the ISM consists mainly of hydrogen, and thus accretion
will mostly make the photosphere (and envelope) more hydrogen rich, it is interesting
to consider the evolution of a H-C envelope. Therefore, we compute a H-C envelope
model with ρb = 1010 g cm−3 and gs = 2.43 × 1014 cm s−2, for which the possible
nuclear reactions are proton-proton captures and proton captures onto carbon (see
Chang and Bildsten 2004). In Figure 2.10 we show the column evolution for an initial
hydrogen column of yH = 106 g cm−2 using a lower limit of 0.1 g cm−2. Note that this
lower limit corresponds to a hydrogen fraction at the photosphere of ∼5% and thus a
carbon dominated spectrum. Only slightly larger hydrogen columns are enough to
result in a hydrogen spectrum, as a hydrogen column of ∼ 1.5 g cm−2 corresponds to
a hydrogen fraction of ∼90% at the photosphere. Figure 2.10 shows that due to the
highly efficient capture onto carbon, the initial hydrogen column is rapidly depleted
within an hour for accretion rates < 10−15MSun yr−1. For these accretion rates, a
period can exist when the spectrum is that of a carbon atmosphere. An accretion rate
of 10−20MSun yr−1 leads to an optically thick hydrogen atmosphere after ∼1000 year.
For higher accretion rates, the hydrogen column will effectively always be large
enough to maintain a hydrogen atmosphere. On the other hand, accretion rates
< 10−21MSun yr−1 are too low to build up an optically thick hydrogen column and
will result in a carbon atmosphere after the initial hydrogen column is consumed.
These results are relevant for the understanding of the neutron star in Cas A, of which
the spectra can be well described by a carbon atmosphere (Ho and Heinke, 2009), as
well as other NSs for which a carbon atmosphere is suggested (see Section 2.7). We
will consider temperature relations for H-C envelopes and their application to these
neutron stars in future work.

2.6 Application to Cassiopeia A

2.6.1 Chandra data analysis

We process all Chandra ACIS-S GRADED data using Chandra Interactive Analysis of
Observations (CIAO) 4.10 and Chandra Calibration Database (CALDB) 4.8.1,
following the procedure described in Heinke and Ho (2010). Spectra are extracted
using SPECEXTRACT from a 4 pixel circular region centered on the source, while
background is taken from a 5−8 pixel annulus centered on the source. Observations
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FIGURE 2.10: Evolution of the hydrogen column with an initial column density
yH = 106 g cm−2 for different mass accretion rates.

taken close in time (see Table 2.1) are merged using COMBINE SPECTRA and DMGROUP

with a minimum of 200 counts per energy bin.

Spectra are fit with XSPEC 12.10.0c (Arnaud, 1996) and a four component model
consisting of PILEUP, TBABS, SPEXPCUT, and NSX. For PILEUP (Davis, 2001), we set the
grade migration parameter to 0.27 for observations through 2004, which have a frame
time of 3.24 s, and to 0.24 for observations starting from 2007, which have a frame time
of 3.04 s; the maximum number of photons is set to 5, and the point-spread-function
fraction is set to 0.95 (see Heinke and Ho 2010, for details). To model photoelectric
absorption, we use TBABS with abundances from Wilms et al. (2000). To model
interstellar dust scattering, we use SPEXPCUT with exponent index α = −2 and
characteristic energy Ecut(keV) = [0.49NH(1022 cm−2)]1/2 (Predehl et al., 2003), where
NH is the absorption column determined from TBABS. For NSX (Ho and Heinke, 2009),
we assume a partially ionized carbon atmosphere and fix the distance to 3.4 kpc (Reed
et al., 1995) and normalization to 1.

2.6.2 Spectral fits

To determine the neutron star mass M and radius R for use in spectral fitting, we first
allow fit parameters M, R, NH, and Ts to vary but tie them between observations, so
that each has the same value across all observations. The resulting fit produces best-fit
values of M = 1.44± 0.15 MSun, R = 13.78± 0.36 km,
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NH = (1.623± 0.030)× 1022 cm−2, and Ts = (1.728± 0.030)× 106 K, with χ2 = 1646
for 1458 degrees of freedom (dof). If we instead allow Ts to have different values
between observations, then the best-fit values are M = 1.65± 0.16 MSun,
R = 12.94± 0.34 km, and NH = (1.674± 0.031)× 1022 cm−2, with
χ2/dof = 1522/1446. If we allow both NH and Ts to have different values between
observations, then the best-fit values are M = 1.46± 0.16 MSun and
R = 13.69± 0.36 km, with χ2/dof = 1497/1434. A f-test between the first and second
fits (∆χ2 = 124) and between the second and third fits (∆χ2 = 25) yield probabilities of
9.8× 10−19 and 0.024, respectively, which suggest that allowing Ts, and possibly NH,
to change between observations is warranted. Therefore in the spectral fits performed
below, we untie Ts and fix the neutron star mass and radius to M = 1.65 MSun and
R = 12.9 km, respectively.

We show the M-R confidence contour in Fig. 2.11, assuming a distance of 3.4 kpc. The
best-fit values from our previous work (Heinke and Ho, 2010) and used in subsequent
works (Shternin et al., 2011; Elshamouty et al., 2013; Ho et al., 2015) are M = 1.65 MSun

and R = 10.3 km. It is important to note that, while the M-R constraints we obtain are
somewhat constraining, there are caveats. First, there are calibration issues with the
data, which are discussed in Section 2.7 (see also Posselt et al. 2013). Second, the
magnetic field strength of Cas A is assumed here to be low enough as to not affect its
atmospheric emission. This may not necessarily be the case, as three other CCOs have
surface magnetic fields ∼ 1010 − 1011 G (Gotthelf et al., 2013; Ho, 2013; De Luca, 2017),
which is somewhat larger than accommodated for in our atmosphere model (c.f.
Potekhin et al. 2014). Finally, it is possible that the NS surface is not uniform in
temperature, and hot spots could dominate the observed emission (see, e.g., Gotthelf
et al. 2010; Bogdanov 2014), although pulsations from this emission are not detected in
Cas A (Murray et al., 2002; Halpern and Gotthelf, 2010).

Next, we perform two fits of all spectra with the same set of models but fixing the
parameters M = 1.65 MSun and R = 12.9 km. The first fit allows Ts to vary between
observations but holds the absorption parameter fixed at NH = 1.67× 1022 cm−2. This
fit yields χ2/dof = 1522/1449, and the temperature evolution is shown in Fig. 2.12
and Table 2.1. The second fit allows both Ts and NH to change between observations.
This fit yields χ2/dof = 1498/1436, and temperature and absorption column
evolutions are shown in Figs. 2.13 and 2.14, respectively (see also Table 2.1). A f-test
between these two fits (∆χ2 = 24) yields a probability of 0.043, so allowing NH to vary
is possibly justified (see Section 2.7). For comparison to our previously published
results, we also perform a fit using fixed
(M, R, NH) = (1.65 MSun, 10.3 km, 1.73× 1022 cm−2). Results are shown in Fig. 2.12
and Table 2.1 and have χ2/dof = 1562/1449. The approximately constant offset in
temperatures (e.g., ∼ 2.13/1.87 = 1.14) between the two fixed-NH fit results plotted in
Fig. 2.12 is primarily due to the difference in assumed R and its anti-correlation with



2.6. Application to Cassiopeia A 37

FIGURE 2.11: Neutron star mass M and radius R. Solid lines are the 1σ, 90%, and 99%
confidence contours on M and R obtained from fitting Chandra spectra of the neutron
star in the Cassiopeia A supernova remnant, assuming NH does not change between
observations. Cross marks the best-fit (M, R) = (1.65 MSun, 12.9 km). Dashed lines
indicate mass-radius relation obtained from a sample of theoretical nuclear equations
of state (see Douchin and Haensel 2001; Lattimer and Prakash 2001; Potekhin et al.
2013; Baldo et al. 2014, and references therein).

Ts, i.e., for constant luminosity, Ts ∝ R−1/2, which yields (12.9 km/10.3 km)1/2 = 1.12,
as well as a difference in gravitational redshift.

Finally, we perform a linear fit to each set of declining temperatures Ts. For
(M, R, NH) = (1.65 MSun, 10.3 km, 1.73× 1022 cm−2), the slope is −13± 1 K d−1

(≈ −2.2± 0.2% per 10 years) with χ2/dof = 14.8/11. For
(M, R, NH) = (1.65 MSun, 12.9 km, 1.67× 1022 cm−2), the slope is −11± 1 K d−1

(≈ −2.1± 0.2% per 10 years) with χ2/dof = 15.7/11. For
(M, R) = (1.65 MSun, 12.9 km) and changing NH, the slope is −14± 1 K d−1

(≈ −2.7± 0.3% per 10 years) with χ2/dof = 6.2/11. We discuss uncertainties beyond
statistical ones in our measured temperature decline rates and compare to rates
measured in previous works in Section 2.7.
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FIGURE 2.12: Surface temperature of the neutron star in the Cassiopeia A supernova
remnant as measured from Chandra ACIS-S GRADED spectra over the past 18 years.
Triangles indicate Ts obtained using the best-fit neutron star mass M = 1.65 MSun
and radius R = 10.3 km from Heinke and Ho (2010) and absorption column NH,22 ≡
NH/1022 cm−2 = 1.73 from Elshamouty et al. (2013), while squares indicate Ts ob-
tained using updated best-fit M = 1.65 MSun, R = 12.9 km, and NH,22 = 1.67 (see
text). Error bars are 1σ. Dashed and dotted lines show linear fits to each set of Ts.
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FIGURE 2.13: Surface temperature of the neutron star in the Cassiopeia A supernova
remnant as measured from Chandra ACIS-S GRADED spectra over the past 18 years.
Data points indicate Ts obtained using best-fit neutron star mass M = 1.65 MSun and
radius R = 12.9 km and a constant absorption column NH,22 ≡ NH/1022 cm−2 = 1.67
(squares) and changing NH (crosses; see Fig. 2.14). Error bars are 1σ. Dotted and solid
lines show linear fits to each set of Ts.
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FIGURE 2.14: Absorption column NH as measured from a fit to Chandra spectra of the
Cassiopeia A neutron star. Data points indicate NH using best-fit neutron star mass
M = 1.65 MSun and radius R = 12.9 km and changing Ts, while dotted and dashed
lines indicate constant NH,22 ≡ NH/1022 cm−2 = 1.67 and 1.73, respectively, used in
other spectral fits (see Figs. 2.12 and 2.13). Error bars are 1σ.
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2.6.3 Cas A cooling curve

The observed temperature drop has been interpreted as a result of neutron
superfluidity and proton superconductivity in Cas A (Page et al. 2011; Shternin et al.
2011; Yakovlev et al. 2011; Ho et al. 2015, see Section 4.1 for references on alternative
interpretations). With the addition of 4 new data points presented above, we now
have a set of 13 temperatures spanning over 18 years. We apply the cooling model
described in Section 2.5.1 to the full set of data. We use the temperature data
corresponding to the spectral fits with
(M, R, NH) = (1.65 MSun, 12.9 km, 1.67× 1022 cm−2). The cooling model makes use of
a time-variable He-C envelope model with an initial He column of 106 g cm−2 and
assumes no accretion from the ISM. As we found in Section 2.5, the cooling curve is
not sensitive to the initial helium column density, as practically all helium will be
depleted within 10 years. Therefore, the cooling curve at the time of the Cas A
observations (at age ≈ 320− 340 yr) is the same as a cooling curve using a pure carbon
envelope.

In order to describe the rapid temperature decline, we follow the previous works (e.g.,
Page et al. 2011; Shternin et al. 2011) by invoking superfluidity of neutrons in the inner
crust through pairing in the 1S0 state and in the core through pairing in the 3P2 state.
Within the minimal cooling paradigm (Gusakov et al., 2004; Page et al., 2004), this
means that stronger neutrino emission is only allowed as a result of neutron or proton
pairing. The exact properties, such as the critical temperature Tc, of neutron 3P2

superfluidity in the core are uncertain and can be constrained by comparing the
cooling curve to the observed temperatures (Page et al., 2011; Shternin et al., 2011; Ho
et al., 2015). In our model here, we use superfluidity and superconductivity properties
similar to those in Page et al. (2011); specifically, we use a neutron 3P2 superfluid
model with a maximum critical temperature Tc ∼ 5.9× 108 K for M = 1.7 MSun (with
the APR EOS, resulting in R = 11.4 km) and the ‘CCDK’ proton 1S0 superconducting
model described in Page et al. (2004). Note that our considered theoretical mass and
radius using the APR EOS (1.7 Msun and 11.4 km) is within the 90 percent confidence
contour of mass and radius obtained from the spectral analysis (see Figure 2.11). The
aim of our calculations here is not to find a best fitting model but to show that models
fitting the new data are in line with previous results for superfluid properties and can
also be explained using the envelope Tb − Ts relations that include DNB.

To compare the model to the observations, we use the date for the birth of the Cas A
NS of 1681± 19 (Fesen et al., 2006). The resulting cooling curve is shown in Figure
2.15 and can adequately describe the observed temperatures. It is important to note
that several combinations of superfluid and neutron star properties can describe the
observed cooling, so the model presented here is not a unique solution and is merely
for illustrative purposes.



2.7. Discussion 43

100 101 102 103 104 105

Age [yrs]

106T s
 [K

]

2000 2005 2010 2015 2020
Year

1.80

1.82

1.84

1.86

1.88

T s
 [1

06  
K

]

FIGURE 2.15: Example cooling curve for Cas A with M = 1.7 MSun and R = 11.4 km.
Model parameters are similar to those reported in Page et al. (2011). The rapid tem-
perature decline at ∼ 340 yr is explained by a neutron 3P2 superfluid in the core with
a maximum Tc ≈ 5.9× 108 K.

2.6.4 Implications of DNB on Cas A photosphere

In Section 5.5, we show that DNB rapidly consumes any initial hydrogen from H-C
envelopes for low to moderate accretion rates, thus allowing for an atmosphere
composed of carbon to be visible. Effectively, hydrogen atmosphere formation by
accretion in the dense post-supernova environment is delayed by DNB to a later,
lower density epoch. For the relatively young Cas A NS, this is likely the case. In
order for Cas A to have a carbon atmosphere, it must accrete at an average rate lower
than 10−20 MSun yr−1; for larger accretion rates, DNB cannot consume hydrogen fast
enough to prevent formation of a hydrogen atmosphere. While DNB can explain a
carbon atmosphere, it is unlikely to be responsible for the observed temperature
variations in Cas A, as the light element burning rate is negligible when the
atmosphere is dominated by carbon.

2.7 Discussion

In this present work, we consider neutron star envelopes consisting of either H-He or
He-C and including the physics of diffusive nuclear burning, in order to investigate
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how DNB impacts the thermal evolution of NSs. DNB is relevant for the thermal
evolution in both a static and time-dependent manner: static because DNB affects the
interior composition profile of the envelope and thus can alter the Ts − Tb relations,
and time-dependent because it can alter the composition of the envelope over time. In
Section 2.3, we calculate the burning rates and find that DNB can alter the
composition on short time-scales (. 10− 100 yr). For H-He, the hydrogen burning
rate is strongly coupled to the amount of hydrogen available (characterised by its
column density) whereas for the He-C envelope the burning rate is highly sensitive to
the temperature and is only significant for Ts > 106 K.

In Section 2.4, we obtained static analytic relations for the surface temperature Ts and
the temperature at the bottom of the envelope Tb. These temperature relations (in
Appendix B.1) can be used to model the thermal evolution of isolated and accreting
neutron stars. We find the following main differences in the Ts − Tb relations due to
DNB:

• For a H-He envelope, we find that when DNB is taken into account, there is a
clear upper limit on the size of the hydrogen column. Larger hydrogen columns
(yH & 107 g cm−2) are not thermally stable, as hydrogen is consumed rapidly
when DNB is nuclear-limited. For temperatures above Ts ∼ 106 K, this means
the spread in Tb is smaller than without DNB (see Figure 2.4).

• For He-C envelopes, DNB is highly sensitive to the temperature, and DNB
makes the envelope more transparent to the heat flux at Ts > 2× 10

6
K for the

helium column sizes that affect the sensitivity strip (see Figure 2.5).

We then combine these results in Section 2.5 and use the DNB burning rates (Section
2.3) and the temperature relations (Section 2.4) to calculate NS cooling curves with
envelope compositions that evolve over time through nuclear burning and accretion.
As the H-He temperature relations only span a small range of Tb, the changing
envelope composition does not impact the cooling curves significantly. We find that if
DNB is the only burning mechanism and no accretion takes place, an initial hydrogen
column of 106 g cm−2 is depleted after ∼ 5× 103 years because the burning rate drops
as the hydrogen column decreases. For the He-C envelope all helium will be depleted
during the hot early cooling phase (within 1 year) if no accretion takes place. Note that
we have only considered illustrative cases and have not included heat generated by
the nuclear reactions nor the possibility of sudden accretion events.

For several CCOs, the spectra could be well described by a carbon atmosphere (see,
e.g., Klochkov et al. 2016; Suleimanov et al. 2017; Doroshenko et al. 2018). We consider
the photosphere of a H-C envelope to investigate the possibility of a carbon
atmosphere on isolated neutron stars. Low levels of accretion lead to an optically thick
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hydrogen atmosphere, with a hydrogen column of 1.5 g cm−2 corresponding to a
hydrogen abundance in the atmosphere of 90%. The composition evolution of the H-C
envelope in Figure 2.10 for accretion rates ≤ 10−20MSun yr−1 indicate that it is possible
for Cas A, at an age of 340 years, to not yet accrete enough hydrogen to form an
optically thick hydrogen atmosphere. For older NSs, the possibility of a carbon
atmosphere becomes less likely, as even a little bit of accretion leads to a hydrogen
dominated atmosphere.

Note that we have only considered constant accretion rates here, whereas scenarios
with changing accretion rates are more realistic for CCOs, as their environment is
highly variable (see, e.g., Vink 2012; Lopez and Fesen 2018). For example, it is possible
that the NS initially accretes at very low rates after the nearby environment has been
cleared out by the SN shock. Later on, a reverse shock could introduce a higher
density of the surrounding medium, and thus a higher accretion rate onto the NS.
Early fallback of material could also lead to varying accretion rates. As the variability
in the accretion rate and the composition of the accreted material in SNRs are highly
model dependent, we have limited our models to illustrative cases with constant rates
and compositions.

In all the envelope models currently used in cooling simulations, it is assumed that the
flux generated by nuclear reactions in the envelope is negligible compared to the
radiative flux from the neutron star interior. However, we find that the assumption of
constant flux through the envelope can be invalid in relevant regions of parameter
space. The assumption of negligible heat production in the envelope is certainly
incorrect for the hot, initial post-supernova stage, when surface temperatures are
� 106 K. However, as the energy is produced at low densities (ρ < 108 − 1010 g cm−3)
and the interior is still hot, this heat is radiated from the surface and will not affect
cooling at later times. Including nuclear heating at early times will likely lead to an
even more rapid consumption of light elements than calculated here. At later times,
heat generated by DNB is negligible for H-He envelopes, while heat created by DNB
can be important for high temperatures (T & 2 × 106 K) and large helium columns
(yHe & 1011 g cm−2) in the case of He-C envelopes. Interestingly, for H-C envelopes the
luminosity generated by DNB can be larger than the interior luminosity for hydrogen
columns greater than yH > 106 g cm−2 and surface temperatures higher than Ts & 106

K. We will examine the effect of heat generated by nuclear reactions in future work.

In Section 2.6, we present new observations of the NS in the Cassiopeia A supernova
remnant and apply our model to this data. We performed spectral fits of 13 Chandra
ACIS-S GRADED observations of Cas A taken over more than 18 years (see Table 2.1).
For constant interstellar absorption (NH ≈ 1.7× 1022 cm−2), these data indicate that
the NS temperature is decreasing at a ten-year rate of 2.1± 0.2% (1σ) and a decreasing
ten-year flux rate of ≈ 7%. However, it is known that there is a contaminant building
up on the Chandra ACIS-S detector that can affect GRADED mode data if uncorrected
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(Posselt et al., 2013; Plucinsky et al., 2016, 2018). Elshamouty et al. (2013) analyse data
from different detectors and operating modes and infer a ten-year temperature decline
rate of 3.5± 0.4% for ACIS-S GRADED data and a ten-year decline rate of 1.0± 0.7%
for HRC-S data, suggesting that at least one dataset is affected by systematic errors.
Posselt et al. (2013) analyse an alternative set of 2 Chandra ACIS-S subarray
observations taken over 6 years in FAINT mode, to minimize the effects of pile-up and
contaminant; they find a lower ten-year rate of flux decline and no apparent
temperature decline (10± 5% and 1.3± 1.0%, respectively, where errors here are at
90% confidence level). An important result of our work here is that the temperature
decline rate (2.1± 0.2% for constant NH and 2.7± 0.3% for varying NH) is significantly
lower than values previously reported based on a smaller set of ACIS-S GRADED
observations (3.9± 0.7% per 10 years from Heinke and Ho 2010 and 3.5± 0.4% per 10
years from Elshamouty et al. 2013). Therefore, the rates of temperature decline
measured using HRC-S data and ACIS-S subarray and GRADED data all agree at
∼ 90% confidence level.

Very recently, Posselt and Pavlov (2018) follow up their previous analysis by including
a new ACIS-S subarray observation, which expands this dataset to 3 measurements in
9 years, and use CALDB 4.7.35 (also testing versions up to 4.7.7); their analysis yields
3σ upper limits on the ten-year rate of temperature decline of 2.4% assuming a
constant NH and 3.3% assuming a varying NH. In our new analysis using 13
measurements in 18 years, as well as the latest Chandra calibration and contamination
models (CALDB 4.8.1; see footnote 5 and Appendix A.2), the temperature decline we
measured using ACIS-S GRADED mode is in agreement with the upper limits found
by Posselt and Pavlov (2018) using the subarray observations.

As noted above, our spectral fits suggest NH may be variable (see Table 2.1 and
Fig. 2.14). Alp et al. (2018) study the effect on NH of material expelled by a supernova
using three-dimensional supernova simulations. They find that different supernova
models do not manifest measurable differences in NH at the current age of the
Cassiopeia A neutron star. They also analyse the same three Chandra observations
(with NH tied across observations) as those used by Posselt and Pavlov (2018) and
measure a ten-year rate of temperature decline of ∼1±1% and a supernova ejecta
contribution to NH that is indistinguishable from that due to the intervening
interstellar medium. While motion of intervening supernova remnant material (or the
NS) as the cause of varying NH cannot be ruled out, a varying NH likely reflects
incomplete modelling of the detector contaminant (see, e.g., Plucinsky et al. 2018). We
note however that in the case of our spectral fits allowing for a varying NH, the
ten-year rates of temperature and flux decline are actually larger, i.e., 2.7± 0.3% and

5CALDB 4.7.3 includes contaminant model N0010 for ACIS-S. Similarly, CALDB 4.7.8 (used in Ap-
pendix A.2) includes N0010. On the other hand, the most recent calibration CALDB 4.8.1 (used in Sec-
tion 2.6) includes the latest contaminant model N0012 for ACIS-S (see http://cxc.cfa.harvard.edu/

caldb4/downloads/Release_notes/CALDB_v4.8.1.html).

http://cxc.cfa.harvard.edu/caldb4/downloads/Release_notes/CALDB_v4.8.1.html
http://cxc.cfa.harvard.edu/caldb4/downloads/Release_notes/CALDB_v4.8.1.html
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≈ 8%, respectively (see Fig. 2.13), than the case when NH is constant. Recent analysis
by Plucinsky et al. (2018) of the ACIS contaminant suggests the build up on the
detector is not increasing as much as predicted by model N0010, and this effect is
taken into account in the revised model N0012 (see footnote 5). Future refinements of
the ACIS-S calibration may aid attempts to more accurately measure the cooling rate
of the NS in Cassiopeia A.
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Chapter 3

Effect of diffusive nuclear burning
on cooling in accreting binary
systems 1

Abstract

Valuable information about the neutron star interior can be obtained by comparing
observations of thermal radiation from a cooling neutron star crust with theoretical
models. Nuclear burning of lighter elements that diffuse to deeper layers of the
envelope can alter the relation between surface and interior temperatures and can
change the chemical composition over time. We calculate new temperature relations
and consider two effects of diffusive nuclear burning (DNB) for H-C envelopes. First,
we consider the effect of a changing envelope composition and find that hydrogen is
consumed on short timescales and our temperature evolution simulations correspond
to those of a hydrogen-poor envelope within ∼100 days. The transition from a
hydrogen-rich to a hydrogen-poor envelope is potentially observable in accreting NS
systems as an additional initial decline in surface temperature at early times after the
outburst. Second, we find that DNB can produce a non-negligible heat flux, such that
the total luminosity can be dominated by DNB in the envelope rather than heat from
the deep interior. However, without continual accretion, heating by DNB in H-C
envelopes is only relevant for <1-80 days after the end of an accretion outburst, as the
amount of light elements is rapidly depleted. Comparison to crust cooling data shows
that DNB does not remove the need for an additional shallow heating source. We
conclude that solving the time-dependent equations of the burning region in the
envelope self-consistently in thermal evolution models instead of using static
temperature relations would be valuable in future cooling studies.

1This chapter is based on publication Wijngaarden et al. (2020), see Publications and author contribu-
tions.
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3.1 Introduction

Neutron stars (NSs) are an excellent laboratory for investigating extreme physics over
a large range of densities, including supranuclear densities in their cores. One method
to probe NS interiors is comparing theoretical models with observed temperatures of
cooling NSs. If left undisturbed, isolated NSs cool over time after they are born hot in
supernova explosions (see, e.g., Potekhin et al. 2015). NSs in binary systems can
occasionally undergo accretion outbursts, when new material is accreted from the
companion star onto the NS surface. During an accretion outburst, the NS crust can be
heated out of thermal equilibrium with the core as a sequence of non-equilibrium
nuclear reactions in the crust, collectively known as deep crustal heating, are triggered
when the underlying material is compressed by newly accreted matter (Haensel and
Zdunik, 1990; Brown et al., 1998). After the accretion outburst, the NS crust cools back
to thermal equilibrium with the core on time scales of years (see, e.g., Wijnands et al.
2017 for a review). This means that the cooling phase can be covered with multiple
observations during which the surface temperature can be measured to constrain
theoretical cooling curves, which is a useful opportunity to gain insight in the
properties and physics of the NS crust and core (e.g., Page and Reddy 2013; Cumming
et al. 2017; Brown et al. 2018).

For several crust cooling sources, the high observed surface temperatures . 100 days
after the accretion outburst can not be explained using the standard deep crustal
heating model but require the presence of an additional shallow heating source (at
densities ρ < 1011 g cm−3) during outburst. Typically, during the outbursts, an
amount of ∼1-2 MeV per accreted nucleon of shallow heating is needed to explain the
observed cooling curves after the outbursts are over (e.g., Brown and Cumming 2009;
Degenaar et al. 2014; Merritt et al. 2016), but for one source (MAXI J0556-332) as much
as ∼17 MeV nucleon−1 was needed (Homan et al., 2014; Deibel et al., 2015; Parikh
et al., 2017). This means that the amount of shallow heating can be larger than that due
to deep crustal heating, which releases ∼2 MeV nucleon−1. One of the outstanding
problems in cooling studies is the unknown physical mechanism of this shallow heat
(see the discussion in Deibel et al. 2015). Thus, it is useful to explore additional heating
mechanisms that are currently not accounted for in the present crustal heating models.

One of the challenges in understanding crust cooling and shallow heating is obtaining
the interior temperature (at the bottom of the envelope) from observations of the
surface emission. The relation between surface temperature and interior temperature
is set by the heat conducting properties of the thin outer envelope
(ρ < ρb = 108 − 1010 g cm−3), which is highly sensitive to chemical composition
(Gudmundsson et al., 1983; Potekhin et al., 1997; Brown et al., 2002). NS cooling codes
typically calculate the interior structure and thermal evolution from the centre of the
star out to the bottom of the envelope (at ρb). Then, analytic fits of the temperature
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relations between the NS surface temperature (Ts) and the temperature at the bottom
of the envelope, Tb [≡ T(ρb)], are used as a boundary condition. Analytic fits to
numerical envelope calculations for different static envelope compositions and
envelope sizes have been calculated for one- (Gudmundsson et al., 1983) and two or
more chemical component models (see, e.g., Potekhin et al. 1997, 2003; Beznogov et al.
2016; Wijngaarden et al. 2019).

Diffusive nuclear burning (DNB) of hydrogen and helium can affect the envelope
Ts-Tb relations and can alter the envelope composition over time. DNB occurs when
lighter elements diffuse to depths where the temperature and density are large
enough to ignite nuclear burning of these elements. This process has been studied for
H-C (Chang and Bildsten, 2003, 2004) and He-C envelopes (Chang et al., 2010). In
addition, Wijngaarden et al. (2019) calculated H-He and He-C temperature relations
including the effect of DNB and investigated how DNB can alter the envelope
composition over time for cooling isolated neutron stars.

Here we obtain analytic temperature relations for H-C envelopes and explore the
effect of DNB on the observed cooling of NSs after an accretion outburst. The
temperatures in the envelope after accretion outbursts are sufficiently large such that
the heat deposited in the envelope by DNB may not be negligible, as was assumed in
previous works. We investigate whether the common assumption in cooling studies
that no energy is generated in the envelope during quiescence and that its
composition does not change significantly during the cooling time is valid when DNB
is taken into account. We compare the luminosity generated by DNB in the envelope
when the NS is cooling to the interior luminosity, to explore the role of DNB as an
additional heating mechanism. We consider how the envelope composition changes
over time due to the consumption of lighter elements, which by itself can alter the
observed cooling curves as the heat conduction properties of the envelope are
sensitive to its chemical composition.

3.2 H-C envelopes

3.2.1 Ts- Tb relations

We calculate new temperature relations that include diffusive nuclear burning for a
H-C envelope with ρb = 1010 g cm−3. These temperature relations were calculated by
computing a grid of envelope models for different combinations of surface
temperatures and hydrogen columns and fitting an analytic relation to these results.
More details on this approach can be found in Appendix B.1 and Wijngaarden et al.
(2019). In Figure 3.1, we show the resulting relation between surface temperature and
bottom boundary temperature for varying hydrogen column sizes. For a H-C mixture,
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increasing the hydrogen column leads to a better heat-conducting envelope (i.e., the
same bottom boundary temperature corresponds to a larger surface temperature).
Note that increasing the hydrogen column in a H-He envelope has the opposite effect
(see, e.g., Beznogov et al. 2016). Analytic fits for the Ts-Tb relations as a function of
hydrogen column size (yH) and scalable by surface gravity are given in Appendix B.1.

The Ts-Tb relation is highly sensitive to the composition in the sensitivity strip of the
envelope (where the dominant opacity changes between radiative and conductive).
Thus when the change in hydrogen column size does not affect the composition in the
sensitivity strip, the effect on the Ts-Tb relation is negligible. This is shown in Figure
3.2, where we explore the parameter space of Ts and yH and show for which values
the temperature relations are sensitive to Ts and yH. The red and blue regions in
Figure 3.2 show for which hydrogen column sizes the temperature relations are
insensitive to further changes in column size and correspond to the maximum and
minimum Tb for a given Ts, respectively.

Including DNB leads to a clear upper limit on the hydrogen column size, as the
build-up of larger columns is prevented by rapid hydrogen burning. Similar to what
was found for H-He envelopes, we find that hydrogen columns > 107 g cm−2 cannot
be sustained when DNB is taken into account. Note that for most temperatures, this
means that a large portion of hydrogen columns located in the transition region are
unphysical, leading to a smaller range in allowed boundary temperatures for a given
surface temperature. The boundary temperatures corresponding to the excluded
hydrogen columns (see Figure 3.2) are highlighted in grey in Figure 3.1. As shown by
Figure 3.1 and 3.2, the main effect of DNB for the temperature relations is not the
alteration of the composition profile in the sensitivity strip, but the introduction of
naturally excluded hydrogen column sizes.

3.3 DNB luminosity

We compare the total DNB energy deposited in the envelope to the luminosity flowing
from the interior (i.e., from any layer deeper than the envelope). The energy generated
by DNB is converted to a total DNB luminosity by integrating the local energy
generation rate over the mass in the envelope:

LDNB =
∫

ε dm =
∫

ε 4πR2dy erg s−1, (3.1)

where M is the total mass of the star, and the mass interval dm is converted to column
density interval dy following Gudmundsson et al. (1983). The local energy generation
rate is calculated as
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FIGURE 3.1: The Ts-Tb relation for the H-C envelope with ρb = 1010 g cm−3. For hydro-
gen column densities of 102 g cm−2 and 106 g cm−2, the solid lines corresponds to both
the model with and without DNB, as they are indistinguishable. The blue dashed line
corresponds to an hydrogen column of 1010 g cm−2 when DNB is not included. The
grey shaded region corresponds to the grey region in Figure 3.2 and shows the region
in the Ts − Tb relations that is excluded by taking DNB into account as the build-up of
those hydrogen columns are prevented by nuclear burning.

ε = ∑
Qiri

ρ
erg g−1 s−1, (3.2)

where Qi is the energy released by a reaction of type i, ri is the reaction rate of reaction
type i, and ρ is the local density. The luminosity flowing from the interior through
envelope, is typically assumed to be constant, such that the luminosity at the surface is
Lint = Ls = 4πR2σT4

s which can be used as a boundary condition in thermal evolution
codes (see, e.g., Chamel and Haensel 2008; Brown and Cumming 2009; Page and
Reddy 2013; Potekhin et al. 2015).

In Figure 3.3 we show conditions (Ts, ylight) when the nuclear burning luminosity
becomes relevant by computing the ratio LDNB/Lint for ylight = yH (left) and ylight =
yHe (right). For H-C envelopes, the dominant nuclear reactions are proton captures,
which efficiently produce heat for a relatively large part of the yH -Ts parameter space.
For surface temperatures above ∼ 106 K and hydrogen columns larger than ∼105 g
cm−2, the energy deposited by nuclear burning becomes comparable to and larger
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FIGURE 3.2: Ts-yH parameter space for the H-C envelope model with ρb = 1010 g cm−3.
The solid lines enclose the region where the boundary temperature is sensitive to the
hydrogen column density, i.e. Tb = Tb(Ts, yH). In this region, for a given Ts and in-
creasing yH, the boundary temperature changes from that corresponding to a pure
carbon envelope (red), where Tb = Tb,max(Ts), to that of a pure hydrogen envelope
(blue), where Tb = Tb,min(Ts). Further changes in the hydrogen column outside of the
transition region have negligible effect on the Tb-Ts relations. The grey shaded region
shows the parameter space that is excluded due to DNB (see text). Note that at large
yH, some excluded hydrogen columns overlap with the transition region. This means
that the range in Tb is smaller when DNB is taken into account.

than the interior luminosity (see left panel in Figure 3.3). The hydrogen column
densities and surface temperatures where the DNB luminosity becomes
non-negligible are in the range inferred from observations of neutron stars in LMXBs
after accretion outbursts (see Wijnands et al. 2017 for an observational overview). In
Figure 3.4 we show the magnitude of the nuclear burning luminosity for varying
hydrogen column (for Ts = 1.26 × 106 K and Ts= 3.16 × 106 K) in the top panel, and
varying surface temperature in the bottom panel (for yH= 3.16 × 104 g cm−2 and yH=
3.16 × 106 g cm−2). As an initially large hydrogen column after an accretion episode is
not unlikely, the energy deposited in the envelope by diffusive nuclear burning could
affect the surface temperature evolution after the outburst.

For He-C envelopes, where the dominant nuclear reaction are highly temperature



3.4. DNB Effect on post-outburst cooling curves 55

FIGURE 3.3: The explored Ts - ylight parameter space for H-C envelopes (left) and He-
C envelopes (right). The color is set by the ratio between the DNB luminosity and
blackbody luminosity (LDNB/Lint, where Lint = Ls = 4πR2σT4

s ). The colored region
shows where the luminosity due to diffusive nuclear burning in the envelope becomes
relevant compared to the blackbody luminosity for varying surface temperatures and
light element columns. The contour line corresponding to unity indicates where LDNB
becomes larger than Lint. The figure parameter ranges are chosen to match relevant
values of surface temperatures and light element column densities in crust cooling
studies.

sensitive alpha-captures, the heat generated by nuclear reactions is only relevant for
very high temperatures, Ts> 2 × 106 K, and helium columns, yHe & 109 g cm−2, as is
shown in the right panel of Figure 3.3. In this regime, the luminosity from nuclear
burning becomes larger than 1034 erg s−1, as is shown in Figure 3.5. For smaller
columns and temperatures, the nuclear burning luminosity rapidly drops and is
negligible compared to the interior luminosity (indicated by the dashed lines). The
nuclear burning luminosity is relevant compared to the interior luminosity (indicated
by the dashed lines) for a smaller range of (and at significantly higher) surface
temperatures and column densities compared to H-C envelopes.

3.4 DNB Effect on post-outburst cooling curves

We investigate the heating effect of DNB on the post-outburst temperature evolution
of a cooling NS crust. We simulate the accretion outburst to obtain the post-outburst
interior luminosity evolution using the relativistic cooling code NSCool (Page, 2016) for
a NS with mass M = 1.4 MSun and radius R = 11.5 km. The outer boundary condition
(at the bottom of the envelope, ρb) of the cooling code is that the interior luminosity at
ρb is the same as the luminosity at the surface (i.e., no energy is generated or lost in the
envelope): Ls = Lint. Thus, we obtain the surface temperature without DNB (Ts,old)
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directly from Lint. In the following, we will assume the heat generated by DNB in the
low density envelope flows towards the surface and DNB does not affect the interior
luminosity. Therefore, we can calculate the heating effect of DNB by post-processing
the interior luminosity and surface temperature evolution from NSCool.

We convert the surface temperature without DNB (Ts,old) to a surface temperature
with DNB (Ts) using Ls = Lint + xoutLDNB, where LDNB is the DNB luminosity and we
introduce xout as the fraction of DNB luminosity that is radiated outwards so that it is
easy to investigate the effect of relaxing our assumption of xout = 1. The resulting
surface temperature including the heat generated by DNB can then be calculated as

Ts = Ts,old

(
1 +

xoutLDNB

Lint

)1/4

. (3.3)

For a given M and R, the nuclear burning luminosity for a H-C envelope can be
calculated as a function of Tb and yH (analogue to Figure 3.3). Before we can calculate
the nuclear burning luminosity for a given Tb, we convert the surface temperature,
Ts,old, to the corresponding Tb using the analytic envelope relations for a H-C envelope
described in Section 3.2.1.

3.4.1 Effect on cooling curves due to heat generation

In Figure 3.6 and 3.7, we show the resulting surface temperature evolution for an
accretion outburst duration of 1 and 10 years, respectively, with constant accretion
rates. As the amount of heat deposited on the star during the outburst is sensitive to
the outburst duration and accretion rate, we vary either one of these parameters to
obtain varying interior luminosity strengths after the outburst. We compare the
surface temperature with and without DNB, for two initial hydrogen columns and use
the burning rate at each timestep to evolve the hydrogen column size.

Figures 3.6 and 3.7 clearly show that the importance of DNB depends sensitively on
the initial hydrogen column after the accretion outburst, as this sets the amount of
hydrogen available for burning. For initial hydrogen columns < 3.2× 105 g cm−2, the
change in surface temperature due to DNB is < 5%. For larger initial hydrogen
columns (yH & 3.2 × 106 g cm−2), which are typically assumed in cooling studies for a
solar mixture of light elements, the initial change in surface temperature is >5 - 50 %
depending on the interior luminosity strength set by the accretion history. In the
following, we discuss the low and high post-outburst luminosity scenarios for the case
when the cooling starts with a large initial hydrogen column (log yH[g cm−2] = 6.5).
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FIGURE 3.4: The DNB luminosities in a H-C envelope, for varying column densities
(top) and temperatures (bottom). The luminosity corresponding to the surface tem-
peratures are shown as dashed lines for comparison.

Figure 3.6 corresponds to the scenario of a relatively short accretion period, resulting
in low post-outburst cooling luminosities and surface temperatures. Despite the
relatively low temperatures, T0

s,old = 1.2 ×106 K (corresponding to kTs = 103 eV), when
there is a substantial hydrogen column, the heating due to DNB is large and increases
the initial post-outburst surface temperature by ∼19% to T0

s ∼ 1.4 × 106 K
(corresponding to kTs = 120 eV). The absolute increase in initial surface temperature is
∆TDNB = 2.2 × 105 K. For these temperatures, the duration of higher surface
temperatures due to heat released by DNB is ∼ 10 days.

For longer accretion outbursts, which result in higher post-outburst luminosities (see
Figure 3.7), the initial increase in surface temperature due to DNB is larger (when the
initial hydrogen column is large enough, yH & 1.2× 106 g cm−2). In this case, the
initial surface temperature increases by 47% corresponding to an absolute increase in
temperature of ∆TDNB = 7.7 × 105 K. This means that the initial surface temperature
has increased from T0

s,old = 1.6 ×106 K (corresponding to kTs = 141 eV), to Ts0 ∼ 2.4 ×
106 K (corresponding to kTs = 204 eV). However, higher post-outburst luminosities
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FIGURE 3.5: The DNB luminosities in a He-C envelope, for varying column densities
(top) and temperatures (bottom). The luminosity corresponding to the surface tem-
peratures are shown as dashed lines for comparison.

lead to shorter durations (∼hours to days) when DNB contributes significantly to the
total luminosity and surface temperature. The total amount of energy available from
burning hydrogen is set by the initial hydrogen column, and corresponds to the
integral of the elevated luminosity cooling curves, which is constant in all cases with
the same initial hydrogen column. For the initial hydrogen column of yH ∼ 1.2× 106 g
cm−2, the total amount of energy that is released from hydrogen burning is 1038 erg
(i.e., ∼7 MeV per nucleon).

Without residual accretion or a large helium buffer that may slow down the depletion
of hydrogen, the times when DNB significantly increases the observed surface
temperature for a H-C envelope are ∼ 0.1 - 80 days from the end of the accretion
outburst, depending on the initial hydrogen column and cooling luminosity. For
larger initial cooling luminosities (and thus higher surface temperatures), the initial
change in surface temperatures increases, while the relevant duration decreases, as the
available hydrogen is consumed more rapidly.
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FIGURE 3.6: Comparison of the post-outburst surface temperature evolution with
(solid) and without (dashed) additional DNB heating for different initial hydrogen
columns (see line colours). The interior luminosity was calculated using an outburst
duration of 1 year and Ṁ = 1017 g s−1 ≈ 2 ×10−9MSun yr−1.

3.4.2 Effect on cooling curves due to changing composition

In addition to releasing energy through nuclear reactions, DNB can alter the observed
cooling after accretion outbursts by altering the light element column in the envelope
over time. In Section 3.2.1, we show the effect on the Ts-Tb temperature relations for
varying hydrogen column sizes in H-C envelopes (see Figure 3.1). The decreasing
hydrogen column due to DNB, will only affect the cooling curve when the hydrogen
column is varied in the transition region (as shown in Figure 3.2). At the relevant
temperatures for NSs in quiescence (with initial post-outburst surface
temperatures Ts > 8 × 105 K), this means that the same boundary temperature (at the
bottom of the envelope) corresponds to different surface temperatures when the
hydrogen column varies between 104 g cm−2. yH . 107 g cm−2. When the initial
hydrogen column after the accretion outburst is smaller than yH∼ 104 g cm−2, a
further decreasing hydrogen column will not affect the cooling curve. When the initial
hydrogen column is larger than yH∼ 104 g cm−2, the cooling curve transitions from
relatively hydrogen-rich envelope temperature relations towards those for a
hydrogen-poor envelope. We show this effect in Figure 3.8, where we ignore the effect
of heat released by DNB and only show the effect of a changing envelope
composition. The dashed cooling curves in Figure 3.8 correspond to fixed hydrogen
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FIGURE 3.7: Comparison of the post-outburst surface temperature evolution with
(solid) and without (dashed) additional DNB heating for different initial hydrogen
columns (see line colours). The interior luminosity was calculated using an outburst
duration of 10 years and Ṁ = 1017 g s−1 ≈ 2 ×10−9MSun yr−1.

columns, while the solid cooling curves correspond to the scenario where the
hydrogen column decreases over time due to DNB. When DNB is taken into account,
all the plotted cooling curves (irrespective of initial column density) correspond to
that of a hydrogen-poor envelope after ∼ 50 days. Note that for larger post-outburst
luminosities, it can take less time (∼ 1 day) to decrease the hydrogen column below
yH∼ 104 g cm−2 (see, e.g., the bottom panel in Figure 3.7).

Currently, the unknown post-outburst envelope composition introduces an
uncertainty in cooling models through the Ts-Tb relations and is often left as a free fit
variable. By taking into account DNB, it is possible to further constrain the
post-outburst envelope composition, although the initial composition that is left after
the accretion outburst is still uncertain. Regardless of the initial hydrogen column, we
find that our cooling curves correspond to the hydrogen-poor limit within ∼100 days.

3.5 Application to crust cooling sources

In this section, we calculate cooling curves including DNB for observed crust-cooling
sources in LMXBs. We select sources for which shallow heating was invoked in order
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FIGURE 3.8: The effect of a changing hydrogen column due to DNB (while ignoring
heat release, see text) on the the post-outburst surface temperature evolution for dif-
ferent (initial) hydrogen columns (see linecolors). The interior cooling was calculated
using an outburst duration of 1 years and Ṁ = 1017 g s−1 ≈ 2 ×10−9MSun yr−1.

to explain the observed temperatures (see Section 3.1). We model the sources without
shallow heating to show how the quiescent heating due to DNB compares to
observations. We use the method described in Section 3.4, but include the
time-variable accretion rate described in Ootes et al. (2016) to estimate the effect of
DNB luminosity on cooling curves.

3.5.1 Aql X-1

The NS in the Aql X-1 LMXB displays frequent accretion outbursts with typical
durations of a few months (see, e.g., Waterhouse et al. 2016). Due to its frequent
outbursts, Aql X-1 is a promising source for the study of shallow heating during
outbursts. Ootes et al. (2018) modelled its thermal evolution for the period between
1996-2015, which includes 23 accretion outbursts. They found that the observed
cooling after multiple outbursts could be explained using different magnitudes and
depths of the shallow heating source. New temperature data for the cooling after its
2016 outburst was presented by Degenaar et al. (2019), who further investigated the
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FIGURE 3.9: Illustrative cooling curves for the neutron star in Aql X-1 compared to the
inferred temperatures after its 2011 (red triangles), 2013 (blue squares) and 2016 (black
circles) outbursts. The cooling curves in this graph correspond to the same cooling
model with the same NS properties. The differences between the curves are due the
absence/presence of DNB. The dashed line shows a cooling model that includes a
shallow heat source with Qshallow = 1.3 MeV nuc−1. The solid line shows the same
cooling model when heating due to DNB is included. As the hydrogen column is
quickly depleted at these temperatures, the DNB luminosity is only relevant < 1 day.

shallow heating properties by comparing the cooling after its 2011, 2013 and 2016
outbursts. The three outbursts showed a striking similarity in outburst properties such
as duration, peak flux and overall shape, but were followed by cooling tracks with
very distinct differences in the early time thermal evolution. Degenaar et al. (2019)
found that the depth and magnitude of the shallow heating source during the 2016
outburst must have been larger than during the 2013 outburst2. This indicates that the
shallow heating properties can be different after multiple similar outbursts in the same
source. Here, we briefly explore an alternative scenario for the differences in the early
time cooling curves by calculating the heating effect from DNB of accreted hydrogen.

We use NSCool to calculate an illustrative cooling model that loosely follows the
inferred temperatures after the 2016 outburst as well as the late-time cooling of the
2011 and 2013 outbursts. We do not attempt to find a best-fit model, as we only intend
to investigate whether a cooling model with the same NS, accretion- and shallow

2No strong constraints could be placed on the shallow heating properties during the 2011 outburst due
to the lack of observations during the early cooling phase <80 days (Ootes et al., 2018; Degenaar et al.,
2019).
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heating properties could explain the observed differences at early times. We use a
mass and radius of M = 1.6 MSun and R = 11 km, which are consistent with those used
in the spectral fits to obtain the temperature data (Ootes et al., 2018; Degenaar et al.,
2019). As the three outbursts had similar durations and accretion rates, we use an
average accretion rate of Ṁ = 1018 g s−1 for an outburst duration of 2.5 months. Our
model assumes a core temperature of Tcore = 1.1 × 108 K and includes a shallow
heating source of Qshallow = 1.3 MeV nuc−1 at a maximum depth of ρ = 2.5 × 1010 g
cm−3.

In Figure 3.9, we compare the inferred temperatures after the three outbursts to the
cooling track given by our model (dashed line) as well as the track given by the same
model when luminosity from DNB is added (solid line). When including the DNB
luminosity, we assume an initial hydrogen column after the outburst of yH= 1.2 × 106

g cm−2. We find that, due to the high temperatures, the hydrogen column drops
rapidly to yH= 3.2 × 104 g cm−2 within 1 day and no significant luminosity is
produced by DNB after that time. Therefore, the cooling curves with and without a
DNB luminosity are the same after 1 day and DNB of hydrogen alone does not explain
the observed differences up to 80 days into the cooling. It is also unlikely that the
differences in early time cooling between the outbursts can be explained with DNB
and residual low-level accretion, as the accretion rates required produce a luminosity
that would dominate the total observed luminosity.

Note that in all our cooling curves including DNB, we made the assumption that the
generated heat immediately leaves the star at the surface and has no effect on the
interior cooling. Therefore, the cooling curves are only affected during active DNB. An
inwards heatflow could potentially prolong the timescale over which DNB affects the
cooling curve when accretion is not included, as the heat will reach the surface at later
times. However, as the heat is produced at shallow depths, this effect is expected to be
small.

3.5.2 MAXI J0556-332

The cooling after the 2012 outburst of MAXI J0556-332 is the most extreme case for
which shallow heating has been invoked. The temperatures after the end of the
outburst, are by far the hottest ever observed. A very large amount of shallow heating,
∼15 MeV nuc−1, was necessary during the outburst to explain the observed cooling
after the outburst was over (Homan et al., 2014; Deibel et al., 2015; Parikh et al., 2017),
which is about an order of magnitude more than what was needed for other sources.
Interestingly, for the cooling after two subsequent reheating outbursts in this source,
much less shallow heating was needed (Parikh et al., 2017).
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We discuss DNB in relation to this source, as it poses the most extreme scenario in
terms of both shallow heating and large post-outburst temperatures. In fact, the
source is so hot that besides proton captures onto carbon, another nuclear reaction
needs to be included. At temperatures below 108 K, a result of the proton capture onto
C is the creation of 13N, which decays into 13C. At temperatures T > 108 K, the time in
which 13N captures hydrogen is shorter than the time in which it decays, thus adding
another reaction in which additional heat is released. Therefore, we also include the
second step of the hot CNO cycle, such that the hydrogen capturing reactions are:

H1
1 + C12

6 → N13
7 + γ, (3.4)

H1
1 + N13

7 → O14
8 + γ, (3.5)

where the second reaction deposits an additional amount of energy in the envelope
(i.e, 4.63 MeV per reaction).
We find that, even with the inclusion of hydrogen captures onto nitrogen, DNB alone
does not produce enough heat by far to explain the large observed temperatures
observed in MAXI J0556-332. At these temperatures, the burning rate is so high that
large accretion rates are required to maintain the hydrogen column at levels at which
enough heat is produced. Even with the inclusion of decaying low-level accretion
rates after the outburst, we find that very large initial accretion rates (Ṁinit ∼ 1015 g
s−1) are required to reach the observed post-outburst temperatures. These accretion
rates can be ruled out, as the corresponding accretion luminosity (∼ 1035 erg s−1)
would be significantly larger than the observed luminosity. We also consider a
possible He-C envelope, as the conditions are suitable for helium burning. However,
we find that while a large helium column (yHe ∼ 1012 g cm−2) will increase the
temperature during the full cooling time, the shift is not large enough to explain the
observed temperatures. Smaller helium columns will not make a significant
contribution to heat generation (see luminosity in Figure 3.3).

In Figure 3.10, we show the relative change in column size for varying initial light
element columns. For H-C envelopes, we find that all hydrogen is rapidly depleted
within ∼20 days, regardless of the initial column size after the accretion outburst. For
He-C envelopes, where only helium that penetrates deep in the envelope is consumed
by captures onto heavier elements, the helium column can decrease but is not
completely consumed in the crust-cooling time. It is interesting that observations of a
hydrogen atmosphere in this source, may be evidence for the presence of low-level
accretion in quiescence as all initial hydrogen would be consumed within 20 days.
Note that only a small accretion rate is needed to regain a hydrogen atmosphere (see
Chang and Bildsten 2004; Wijngaarden et al. 2019 for a discussion on the effect of DNB
on the composition of the atmosphere).
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FIGURE 3.10: Evolution of the light element column through DNB of MAXI J0556-332
for hydrogen (in a H-C envelope) and helium (in a He-C envelope) for varying initial
column sizes. All initial hydrogen is consumed in the H-C envelope, while initially
large helium column sizes decrease but remain present despite the relatively large
temperatures.

We note that other nuclear reactions may be taking place which are currently
unaccounted for. Liu et al. (2017) calculate cooling curves for MAXI J0556-332 without
shallow heating but including the full beta-decay limited hot CNO cycle and while
assuming a decaying accretion rate during quiescence. In their calculation, nuclear
burning does not occur diffusively but follows a fixed burning rate for the hot CNO
cycle (independent of the amount of hydrogen available and the density) in the region
of the envelope where T > 109 K and changes in abundances are not taken into
account. They conclude that the hot CNO cycle can significantly increase the surface
temperature and find that the hot CNO cycle operates up to ∼500 days into
quiescence. However, as we show here, when changes in abundance are taken into
account (i.e., hydrogen depletion due to nuclear burning) the increase in luminosity
due to hydrogen burning effectively shuts off much sooner (within 20 days if no
further accretion takes place).
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3.6 Discussion

3.6.1 General effects of DNB

We study the effect of diffusive nuclear burning on observed neutron star crust
cooling in three ways: 1) by obtaining static temperature relations for H-C envelopes
that include DNB (Section 3.2.1), 2) by considering the additional heating due to DNB
(Section 3.4.1), and 3) by considering time variable light element columns (Section
3.4.2). It is typically assumed that no heat is generated in the NS envelope during
quiescence, but here we find that the DNB luminosity is not always negligible.
Specifically, the DNB luminosity is relevant in H-C envelopes for hydrogen columns
& 105 g cm−2 at surface temperatures & 1 MK, and for He-C envelopes for helium
columns & 1011 g cm−2 at surface temperatures & 2 MK. Thus, the surface luminosity
can be dominated by DNB for relevant parts of the parameter space (see Figure 3.3)
which can affect the interpretation of early time surface temperature observations.
However, as the light element column decreases rapidly, the DNB luminosity is only
relevant at times within ∼80 days after the outburst for low post-outburst
temperatures and within ∼1 day for larger post-outburst temperatures (see Section
3.4).

We find that the conditions in quiescent NSs in LMXBs are such that active DNB can
rapidly decrease the light element column size on relatively short timescales (within
∼1-100 days). Good data sampling in the early phases (<50-100 days) are necessary to
see the effects. This result can be relevant for crust cooling studies, as the
Ts-Tb relations are not fixed for one column size during the time the crust cools back to
thermal equilibrium with the core. Instead, the Ts-Tb relations change accordingly
when the light element column size decreases in the transition region (see Figure 3.2).
This could manifest in two ways:

• For cooler post-outburst temperatures, the hydrogen column is consumed at a
lower rate and the corresponding change in Ts-Tb relations is potentially
observable as an initial decrease in surface temperature at . 80 days after the
end of the outburst (see Figure 3.8). This initial cooling is dominated by the
change in composition and thus transparency of the envelope, rather than
cooling of the interior.

• For hotter post-outburst temperatures, the hydrogen column is consumed at a
sufficiently short timescale (within hours to a few days) such that the full
observable cooling curve corresponds to a static, hydrogen-poor envelope.
Limits on the envelope composition due to rapid DNB at early times can be used
to constrain the static envelope composition at later times if the post-outburst
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accretion rate is assumed to be negligible for replenishing the light element
column in the sensitivity strip.

Our main conclusion is that the current static treatment of the neutron star envelope
during thermal evolution studies, even on the short timescales considered in cooling
studies, may not be appropriate. Processes such as DNB can significantly alter the
envelope composition over time and can release additional heat, making it
worthwhile to include the burning region of the envelope in future thermal evolution
calculations. This would require setting the upper boundary of thermal transport
equations to lower densities than ρb= 108 or ρb= 1010 instead of using static
temperature relations to connect the temperature at those densities to the temperature
at the surface (see Beznogov et al. 2020 for a more consistent treatment of the envelope
applied to young neutron stars).

3.6.2 DNB as shallow heating mechanism?

We find that DNB can increase the initial post outburst surface temperatures to even
larger values than the observed initial temperature, without invoking an unknown
shallow heat source. However, the temperature increase due to DNB drops too
rapidly (<10 days) to explain the large observed surface temperatures at 50-100 days
for Aql X-1. We find that without an additional shallow heating source, large accretion
rates are necessary to replenish the hydrogen column which would produce an X-ray
luminosity that would dominate the total luminosity. Therefore, DNB of hydrogen
alone is not able to lift the need for an additional shallow heating source during the
outbursts of Aql X-1. DNB in both H-C and He-C envelopes cannot replace shallow
heating for MAXI J0556-332, the source with the most extreme post-outburst
temperatures (see Section 3.5.2). The large post-outburst accretion rates needed to
match these temperatures with DNB, would overwhelm diffusive burning and
produce accretion luminosities that are larger than the observed luminosity.

The amount of shallow heating has been found to differ between sources and even
after multiple outbursts in the same source. Nuclear burning could generate different
amounts of additional heating for different post-outburst envelope compositions
(which depend on the accretion history). We examine whether including both DNB
and shallow heating for multiple Aql X-1 outbursts (i.e., the 2011, 2013 and 2016
outbursts from Ootes et al. 2018 and Degenaar et al. 2019) could lift the need for a
varying amount of shallow heating between outbursts. We find that at the inferred
post-outburst temperatures, the hydrogen in the envelope would be consumed within
1 day and DNB no longer produces a significant luminosity at the time of the cooling
observations. Furthermore, the required accretion rates to replenish the hydrogen
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column sufficiently to explain the early time cooling observations are expected to
produce accretion luminosities much larger than the observed luminosity.

It would be interesting to include nuclear burning in the envelope both during the
accretion outburst (non-diffusive burning) as well as in quiescence (diffusive
burning), as potential heat flow into the neutron star interior is currently not
accounted for and could extend the time when DNB is relevant. The work presented
here involves calculating independently the evolutions of interior luminosity, DNB
luminosity and size of light element column. It would be worthwhile to perform a
self-consistent calculation, which includes a cooling code outer boundary condition
that can vary with the burning region. Such a study could also include a full nuclear
reaction network to evolve the envelope composition beyond two component models
considered here and in previous works.
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Part II

Neutron star interior physics from
gravitational waves

“. . . and suddenly we can hear the orchestra of the
universe instead of only seeing it”

- Prof. Jo van den Brand
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Chapter 4

Analyzing of the full gravitational
wave signal from neutron star
binary coalescences 1

Abstract

The gravitational wave signal emitted during the coalescence of two neutron stars
carries information about the stars’ internal structure. During the long inspiral phase
the main matter observable is the tidal interaction between the binary components, an
effect that can be parametrically modeled with compact-binary solutions to General
Relativity. After the binary merger the main observable is frequency modes of the
remnant, most commonly giving rise to a short-duration signal accessible only
through numerical simulations. The complicated morphology and the decreasing
detector sensitivity in the relevant frequencies currently hinder detection of the
post-merger signal and motivate separate analyses for the pre-merger and
post-merger data. However, planned and ongoing detector improvements could soon
put the post-merger signal within reach. In this study we target the whole pre-merger
and post-merger signal without an artificial separation at the binary merger. We
construct a hybrid analysis that models the inspiral with templates based on analytical
calculations and calibrated to numerical relativity and the post-merger signal with a
flexible morphology-independent analysis. Applying this analysis to GW170817 we
find, as expected, that the post-merger signal remains undetected. We further study
simulated signals and find that we can reconstruct the full signal and simultaneously
estimate both the pre-merger tidal deformation and the post-merger signal frequency
content. Our analysis allows us to study neutron star physics using all the data
available and directly test the pre-merger and post-merger signal for consistency thus
probing effects such as the onset of the hadron-quark phase transition.

1This chapter is based on publication Wijngaarden et al. (2021), see Publications and author contribu-
tions.
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4.1 Introduction

Understanding of properties of supranuclear matter in the core of neutron stars (NSs),
commonly encoded through their Equation of State (EoS) is an ongoing
challenge (Lattimer and Prakash, 2016; Özel and Freire, 2016; Oertel et al., 2017; Baym
et al., 2018). Electromagnetic and gravitational wave (GW) observations of the
coalescence of two NSs provide an additional tool to study the ultra-dense interiors of
NSs, as they affect the emitted signals. Two such GW events, GW170817 (Abbott et al.,
2017e) and GW190425 (Abbott et al., 2020), have already been detected by LIGO (Aasi
et al., 2015) and Virgo (Acernese et al., 2015) and planned, improved GW detectors
promise more and louder detections in the future (Abbott et al., 2013). These data will
add to the interdisciplinary effort to study the EoS, including observations of
macroscopic NS properties such as heavy pulsar observations (Antoniadis et al., 2013;
Cromartie et al., 2019; Fonseca et al., 2021), X-ray pulse-profiling with NICER (Miller
et al., 2019; Riley et al., 2019; Miller et al., 2021; Riley et al., 2021), and nuclear theory
and experiment (e.g. Raaijmakers et al. 2020; Dietrich et al. 2020; Landry et al. 2020;
Al-Mamun et al. 2021; Reed et al. 2021; Essick et al. 2020; Raaijmakers et al. 2021;
Biswas 2021; Pang et al. 2021; Legred et al. 2021; Essick et al. 2021b,a).

The GW signal from a binary NS (BNS) coalescence consists of two parts: a pre-merger
and a post-merger. In the pre-merger phase the binary components inspiral toward
each other as they lose orbital energy to GWs and eventually collide (Blanchet, 2014).
In the case of GW170817, the detectable pre-merger signal increased in frequency from
∼ 23Hz to many hundreds of Hz as the orbital separation between the two NSs
rapidly decayed over ∼ 2 minutes (Abbott et al., 2019b) before finally merging at a
frequency of ∼ 1500Hz (Torres-Rivas et al., 2019). During the late stages of the
inspiral, tidal interactions accelerate the binary evolution and leave an imprint on the
signal that depends on the NS matter properties and can thus be used to infer the
EoS (Chatziioannou, 2020). The pre-merger GW signal is typically modeled with
compact binary coalescence (CBC) templates that are based on approximate solutions
to the General Relativity field equations and numerical relativity (NR) simulations,
see Dietrich et al. (2021) for a recent review.

After the inevitable merger, the remnant star evolves in a way that depends on the
system mass and the EoS, see Bernuzzi (2020) for a recent review. For most EoSs and
NS masses, a hypermassive NS supported by differential rotation and thermal effects
is expected to be formed and sustained for ∼ 10− 100ms (Baumgarte et al., 2000).
During this time, the NS remnant emits a post-merger GW signal with a characteristic
peak at 1500− 4000Hz (Xing et al., 1994; Ruffert et al., 2001; Shibata et al., 2005;
Shibata, 2005; Shibata and Taniguchi, 2006; Oechslin and Janka, 2007; Hotokezaka
et al., 2011; Bauswein and Janka, 2012; Bauswein et al., 2012; Bauswein et al., 2012;
Hotokezaka et al., 2013; Takami et al., 2014, 2015; Kastaun and Galeazzi, 2015;
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Bernuzzi et al., 2015; Bauswein and Stergioulas, 2015; Foucart et al., 2016; Lehner et al.,
2016; East et al., 2016; Dietrich et al., 2017) depending on the mass and EoS, a
promising frequency range for upcoming GW detectors2. While the exact physics
governing the post-merger phase is not fully understood and NR simulations are
complicated by factors such as thermal effects, turbulence, magnetohydrodynamical
instabilites, neutrinos, and possible phase transitions, simulations make a robust
empirical prediction for the frequency of the peak of the post-merger spectrum given
the NS mass and EoS.

Information extracted from a post-merger signal about NS properties, is
complementary to the pre-merger. Analysis of a post-merger signal would probe
different density (Bauswein et al., 2020) and temperature (Raithel et al., 2021;
Hammond et al., 2021) regimes of the EoS, as the more massive, hot remnant will have
a higher maximum density than the pre-merger NSs (Ruffert et al., 2001). This
complementarity can lead to insights about high-density phenomena such as
phase-transitions between the densities probed by the pre-merger and post-merger
signals (Radice et al., 2017; Most et al., 2019; Bauswein et al., 2019a,b; Weih et al., 2020;
Bauswein and Blacker, 2020; Liebling et al., 2021; Prakash et al., 2021). Finally,
detection of a post-merger signal would allow us to determine the nature of the
merger remnant, namely NS or BH, which has implications for a potential
electromagnetic counterpart and its interpretation (Margalit and Metzger, 2019).

In the case of GW1708017 and GW190425 only piecewise analyses of the GW signal
have been performed focusing either on the pre-merger or on the post-merger part of
the signal (Abbott et al., 2019b, 2017b, 2019a, 2020). This reduces the computational
cost significantly, as the post-merger signal requires a large sampling rate (typically
8194Hz) while the premerger analysis involves long duration data segments (typically
128s). As no post-merger signal is detectable yet (Abbott et al., 2019b, 2017b),
excluding it from the pre-merger analysis did not bias the results for the binary
parameters (Dudi et al., 2018). However, looking forward and in the case of a
post-merger signal detection, separate analyses will not be able to exploit phase
coherence through merger or parameter relations, such as those between the tidal
deformability from the pre-merger signal and the frequency peak of the post-merger
spectrum (Bauswein et al., 2020; Bernuzzi et al., 2015).

Another reason for separate pre-merger and post-merger analyses is that the
morphology and details of the post-merger signal are not well understood, making it
difficult to construct a first-principles physical model such as the pre-merger CBC
templates. While approximate analytic models for the post-merger signal have been
proposed with the aid of NR simulations (Hotokezaka et al., 2013; Bauswein et al.,

2Depending on the NS mass and EoS, other possibilities for the post-merger remnant include direct
collapse to a black hole (BH) whose ringdown signal is too high-frequency to be detected, and a long-
lived NS that emits a signal that can last for minutes or more. In what follows we only consider the most
common case, namely a hypermassive NS and a short-duration GW signal.
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2016; Bose et al., 2018; Tsang et al., 2019; Breschi et al., 2019; Easter et al., 2020), these
are still limited in accuracy as well as by uncertainties of the simulations they are
based on (Breschi et al., 2019). An alternative are morphology-independent analyses
that are not limited to a specific signal type (Clark et al., 2014, 2016; Chatziioannou
et al., 2017). Specifically, a model-agnostic approach with the BayesWave

algorithm (Cornish and Littenberg, 2015; Cornish et al., 2021; LIGO Scientific
Collaboration and Virgo Collaboration, 2018) has been shown to accurately determine
the main features of the post-merger signal (Chatziioannou et al., 2017; Torres-Rivas
et al., 2019), and in some cases do so more accurately than tailored models (Easter
et al., 2020).

BayesWave models a GW signal with a sum of sine-Gaussian wavelets. Both the
number of wavelets and their parameters are marginalized over, resulting in a flexible
analysis that has been applied to a variety of signals (Kanner et al., 2016; Littenberg
et al., 2016; Bécsy et al., 2017; Tsang et al., 2018, 2020; Pankow et al., 2018; Millhouse
et al., 2018; Ghonge et al., 2020; Dálya et al., 2021; Chatziioannou et al., 2021b).
BayesWave’s sine-Gaussian wavelets are particularly adept for post-merger signals
that are dominated by distinct frequency components, as each component can be
approximately modeled by a wavelet. In this context, BayesWave has been used to
search for a short-duration, high-frequency signal after both GW170817 (Abbott et al.,
2019b) and GW190425 (Abbott et al., 2020), returning null results and upper limits on
the energy content (Abbott et al., 2019b).

In this paper we construct a hybrid analysis of the full BNS GW signal that targets
both the pre-merger and the post-merger data. We simultaneously analyze the full
signal using

1. a CBC template to describe the well-modeled pre-merger phase

2. sine-Gaussian wavelets to capture the less well understood post-merger

The parameters of the CBC template and the wavelets are simultaneously sampled
over to obtain the combined multidimensional posterior for all components of the
model. Those parameters include the pre-merger tidal deformability that quantifies
the inspiral tidal deformation and the peak frequency of the post-merger spectrum.
Our analysis extracts both simultaneously and allows for direct consistency
comparisons.

After validating the hybrid modeled/unmodeled analysis on a toy model based on
GW150914 data, we apply it to GW170817 and find that the post-merger signal
remains undetected, as expected from the upper limit estimates of Abbott et al.
(2019b). We further analyze simulated signals of high signal-to-noise ratio (SNR) for
which the post-merger signal is detectable. We show that our analysis can reconstruct
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the pre-merger signal as well as the main components of the post-merger signal such
as the dominant frequency mode. We simulate signals for which the pre-merger and
post-merger parts are consistent (corresponding to a hadronic EoS) and inconsistent
(corresponding to an EoS with a strong phase transition in the relevant density scales)
and demonstrate that our analysis can extract either behavior.

The rest of the paper is organized as follows. In Sec. 4.2 we describe in detail our
analysis and algorithm. In Sec. 4.3 we present a proof-of-principle analysis on
GW150914. In Sec. 4.4 we reanalyze the GW170817 data. In Sec. 4.5 we apply our
analysis to simulated data. In Sec. 4.6 we conclude.

4.2 Methodology and Models

In order to analyze a GW signal that contains both modeled and unmodeled features
we employ a hybrid analysis that makes use of both CBC templates and flexible
models for the signal. We base our analysis on the morphology-agnostic data analysis
algorithm BayesWave (Cornish and Littenberg, 2015; Cornish et al., 2021) by extending
it to account for CBC templates similar to Chatziioannou et al. (2021a). In its core
functionality BayesWave simultaneously models a GW signal (referred to as the “signal
model” in BayesWave literature), instrumental glitches (the “glitch model”), and the
gaussian detector noise (the “PSD model”). BayesWave uses minimal assumptions, i.e.,
no physical model, to describe these components. Instead, the signal and the glitch are
modeled as the sum of a variable number of sine-Gaussian wavelets, whereas the noise
model describes the power spectral density (PSD) of the Gaussian noise with a
variable number of spline points and Lorentzians. For this work and Chatziioannou
et al. (2021a) a fourth component has been added, which models GW signals through
CBC templates obtained by solving the two-body problem in general relativity; the
CBC model.

4.2.1 Overview of Models

BayesWave uses sampling methods to characterize the multi- and variable-dimension
posterior distribution for independent models that target different features of the GW
data. The goal is to draw samples from the posterior distribution function p(M|d), the
probability that a model M describes the data d and a prior p(M), defined as

p(M|d) = p(M)p(d|M)

p(d)
, (4.1)

where p(d) is the evidence, and p(d|M) expresses the likelihood of the data for a given
M. We model the data in each interferometric detector dI as a linear combination of
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multiple components

dI = gI + hcbc
I + hw

I + nI ≡ MI + nI , (4.2)

where gI denotes any detector glitches3, the full GW signal (hcbc
I + hw

I ) consists of the
CBC waveform model hcbc

I and any signal (such as the post-merger) that is not
included in the CBC template and is captured by wavelets hw

I , and nI is the Gaussian
component of the noise. The combination of a signal, glitch, and noise defines the full
model M. Given such a model, the likelihood function p(dI |MI), in short LI , can be
computed by noting that the residual rI = dI −MI is consistent with Gaussian noise
(see also Eq. (3) of Cornish et al. (2021)):

log LI = −
1
2
(rI |rI) + CI , (4.3)

where CI is a constant that depends on the PSD of the detector noise Sn,I( f ), and the
noise weighted inner product is defined as

(a|b) ≡ 2
∫ a∗( f )b( f ) + b∗( f )a( f )

Sn,I( f )
d f , (4.4)

where an asterisk denotes a complex conjugate. The remaining ingredients of the
analysis are a specific model for each data component, the corresponding prior, and
the sampling procedure.

We express the GW signal at geocenter and then project it onto each detector in the
network to compute the detector response in the frequency domain for each detector

hcbc/w( f ) = e2πi∆t(α,δ)

[
F+(α, δ, ψ)hcbc/w

+ + F×(α, δ, ψ)hcbc/w
×

]
.

(4.5)

The intrinsic part of the signal for each GW polarization mode is given by hcbc/w
+ and

hcbc/w
× and it is different under the CBC or the wavelet model. The projection then

involves a time delay in the arrival of the signal in the different detectors ∆t(α, δ), the
detector antenna patterns F+(α, δ, ψ), F×(α, δ, ψ) for each GW polarization mode,
parametrized through the sky location α, δ corresponding to the right ascension and
declination respectively, and the polarization angle ψ. The projection is independent
of whether the signal is expressed through CBC templates or wavelets so the
functional form of Eq. 4.5 and the parameters (α, δ, ψ) are common. The ratio
hcbc/w
+ /hcbc/w

× is related to the binary inclination ι and is also shared between the CBC
and wavelet models.

3For the remainder of the paper we will work with data without instrumental glitches and thus ignore
the glitch model gI . As we will not be making use of the glitch model, we will also refer to the wavelet
signal model simply as the wavelet model to avoid confusion with the CBC signal model.
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By construction BayesWave breaks down the full parameter space defined by all
models in different blocks and uses a blocked Gibbs sampler to explore the posterior.
Each block of parameters is sampled over with different (Reversible jump (Green,
1995)) Markov Chain Monte Carlo (RJMCMC) samplers. Parallel tempering is
employed both for efficient posterior exploration and evidence calculation (Lartillot
and Philippe, 2006), so all samplers share the same number and temperature of chains
and exchanges between the chains proceed for all models simultaneously. In order for
this procedure to lead to efficient exploration of the posterior distribution, each block
of parameters needs to be selected to be as independent from and uncorrelated to
other blocks as possible.

The sampler ensemble consists of 1. a CBC MCMC, Sec. 4.2.2, 2. an RJMCMC sampler
for the wavelet intrinsic parameters, Sec. 4.2.3, 3. an MCMC sampler for the common
extrinsic parameters for the CBC and wavelet models, Sec. 4.2.4, and 4. an RJMCMC
noise model sampler, Sec. 4.2.5. The structure is given in Fig. 4.1 and it is similar to the
code used in Chatziioannou et al. (2021a) but instead of nonoverlapping parameter
blocks, we now allow for a set of common parameters to be updated in multiple
blocks as detailed in the subsequent subsections. Sampling then proceeds iteratively
both within each block (O(102) iterations at a time) and between different blocks
(O(104) iterations). In the rest of this section, we discuss each (RJ)MCMC, which
parameters it updates, and how it relates to the other samplers. The discussion is
structured to be as self-contained and detailed as possible; readers primarily
interested on the results can find them starting in Sec. 4.3.

4.2.2 CBC-specific parameters: CBC sampler

A non-precessing quasicircular inspiral of two compact objects is characterized by a
set of 6 intrinsic source parameters and a set of 7 extrinsic parameters that describe the
binary’s location and orientation relative to the detectors. The CBC sampler updates
the parameters that are specific to hcbc

+ and hcbc
× , namely masses, spins, tidal

parameters (for BNSs), distance, time, and phase of coalescence. Note that some of
these parameters, such as distance and time, are degenerate with parameters updated
in the extrinsic sampler as they also affect the wavelet model (see Sec. ??). In Fig. 4.1
the CBC sampler is depicted by the very last green box “CBC MCMC” and the
relevant parameters are collectively denoted by θcbc.

4.2.2.1 Waveform model and Parameters

The CBC sampler is integrated with the LALSimulation

(LIGO Scientific Collaboration, Virgo Collaboration, 2018) waveforms suite and can
make use of any non-precessing waveform model; we here focus on PhenomD (Husa
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Intrinsic CBC and 
Extrinsic search

d̃( f )

Wavelet RJMCMC on 
d̃( f ) − h̃cbc(θcbc, θext)

Extrinsic MCMC

PSD Fit
d̃( f )

Sn( f )

Noise RJMCMC on 
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d̃( f ) − h̃w(θw, θext)
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d̃( f ), Sn( f )
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θcbc,
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θcbc θext

θext, θw

θext, θw
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FIGURE 4.1: General code workflow. After some preconditioning, the data are used to
obtain a quick fit to the noise PSD Sn( f ) and CBC θcbc and extrinsic θext parameters.
These are then used as a starting point for the blocked Gibbs sampler (red box) which
consists of 4 independent samplers. Each iteration of the Gibbs sampler consists of a
wavelet RJMCMC that updates the wavelet parameters θw, an extrinsic MCMC that
updates the extrinsic parameters θext, a noise RJMCMC that updates Sn( f ), and a CBC
MCMC that updates θcbc. Orange rectangles enclose the parameter that is being up-
dated from the preceding green box. Each green block consists of O(102) iterations,
while the entire red Gibbs box consists of O(104) iterations.

et al., 2016; Khan et al., 2016) and PhenomDNRT (Dietrich et al., 2017, 2019b,a). The
former includes the full inspiral-merger-ringdown (IMR) signal expected from a BBH
coalescence. The latter targets the inspiral of BNS systems as it includes the effect of
tidal interactions between the NSs, manifesting as a change in the waveform phase.
PhenomDNRT models the long inspiral phase and instead of terminating abruptly at
merger, it decays rapidly through a window function after the merger
frequency (Dietrich et al., 2019b,a). PhenomDNRT is well suited for our purposes
regarding BNS signals as the waveform remains smooth and continuous, naturally
allowing the resulting CBC (inspiral) + wavelet (post-merger) model to be smooth
without any forced stitching.



4.2. Methodology and Models 79

A total of 9 CBC parameters are updated by the CBC sampler
θcbc ≡ (m1, m2, χ1, χ2, Λ1, Λ2, DL, tc, φc).

• The masses of the binary components are m1 and m2 with the convention
m1 ≥ m2. We also parameterize the masses through the total mass M = m1 + m2,
chirp massM = (m1m2)

3/5 / (m1 + m2)
1/5, mass ratio q = m2/m1 < 1, and

symmetric mass ratio η = (M/M)5/3 < 1/4.

• The dimensionless spin components aligned with the orbital angular momentum
are χ1 and χ2. Current detector sensitivities make individual spin components
hard to measure (Pürrer et al., 2016; Chatziioannou et al., 2018b) so a commonly
used spin combination is the mass-weighted effective spin parameter,

χeff =
m1χ1 + m2χ2

m1 + m2
, (4.6)

which is conserved under spin-precession to at least the second post-Newtonian
order (Racine, 2008).

• Tidal interactions in BNS signals are encoded by the NS dimensionless tidal
deformabilities

Λ1,2 =
2
3

k1,2

(
R1,2

m1,2

)5

, (4.7)

where k1,2 is the tidal Love number, R1,2 is the radius, and m1,2 is the mass of
each binary component. To leading order, the tidal effects are imprinted in the
waveform through the binary tidal deformability (Favata, 2014; Wade et al.,
2014)

Λ̃ =
16
13

(12q + 1)Λ1 + (12 + q)q4Λ2

(1 + q)5 , (4.8)

with subleading terms introducing another tidal parameter that is generally not
measurable, δΛ̃ (Wade et al., 2014). For BBH systems, Λ1 = Λ2 = 0 (Binnington
and Poisson, 2009; Poisson, 2021).

• The CBC sampler further handles 3 extrinsic parameters either because they do
not explicitly appear in the wavelet model (time of coalescence tc, luminosity
distance DL) or because they are correlated with intrinsic parameters and need
to be simultaneously sampled for efficiency (phase of coalescence φc). Despite
the well-known correlation between the distance and the inclination (Cutler and
Flanagan, 1994), we do not update the latter here as the inclination affects the
wavelet model as well.
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4.2.2.2 Priors

The priors on the binary intrinsic parameters depend on whether we consider BNSs or
BBHs. We sample the detector frame chirp massM ∈ [0.23, 2.6] M� and total mass
M ∈ [1.0, 6.0] M� for BNSs andM ∈ [0.23, 174] M�, M ∈ [1.0, 400.0] M� for BBHs and
apply a Jacobian correction that makes the prior flat for the individual component
masses m1 and m2 (Callister, 2021). We use flat priors for the dimensionless spin
components χ1, χ2 ∈ [−0.05, 0.05] for BNSs and χ1, χ2 ∈ [−1, 1] for BBHs. In the BNS
case we sample the effective dimensionless tidal parameters uniform Λ̃ ∈ [0, 1000] and
δΛ̃ ∈ [−500, 500] with the constraint that the corresponding individual component
tidal deformabilities can not be negative. We can optionally directly sample the
individual component tidal parameters uniformly with the default prior range Λ1,2 ∈
[0, 1000] though all results presented here use the former tidal prior. In all cases, the
individual component tidal deformabilities are assumed to be independent of each
other and not linked under any assumption about the NS EoS (Chatziioannou et al.,
2018a; Zhao and Lattimer, 2018; Carson et al., 2019).

We sample the merger time relative to the GPS trigger time (ttrig) with a default
window of tc ∈

[
ttrig − 0.5s, ttrig + 1.5s

]
. Alternatively, it is possible to use a symmetric

window of arbitrary size around the trigger time. We also sample in the logarithmic
luminosity distance with an adjustment to the Jacobian such that the prior is uniform
in volume (i.e., uniform in D3

L) with DL ∈ [1, 10000]Mpc. Finally, the coalescence
phase prior is uniform in φc ∈ [0, 2π].

4.2.2.3 Data

Since the CBC and the wavelet models are active simultaneously, the overall
likelihood has to take into account both CBCs and wavelets. The blocked nature of the
code means that the wavelet model is not updated in the CBC sampler, so the
wavelet-subtracted data dcbc ≡ d− hw are constant as the CBC parameters are being
updated. We compute dcbc = d− hw once at the beginning of the CBC sampler block
given the current wavelet parameters. The wavelet-subtracted data dcbc then play the
role of the data in the sense that dcbc − hcbc is the residual during the likelihood
computation.

4.2.2.4 Proposals

We employ the CBC sampler described in detail in Cornish (2021) within the
BayesWave blocked Gibbs sampler, see Fig. 4.1. The sampler performs by default 300
iterations that update the CBC parameters described above using a mixture of
proposals:
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• Fisher jumps: Gaussian jumps along the eigenvectors of the Fisher information
matrix. The Fisher information matrix is recomputed at the start of each CBC
sampler block for each parallel chain and using each chain’s current location.

• Differential evolution (Ter Braak, 2006): Two samples from each chain’s history
propose a new location. The initial history array is drawn from the prior and
then updated every 20 iterations. As each CBC sampler block does 300 iterations
by default, the history array contains information about previous blocks.

• Jiggle: Small Gaussian jumps in individual parameter directions. The size of the
proposed jump is scaled with the chain temperature such that high temperature
chains have larger jumps and can explore a larger area of the parameter space.
The jiggle proposal allows for exploring areas outside those covered by Fisher
matrix jumps and are especially useful early on.

• Mixed: Uniform proposal for the tidal parameters and differential evolution (see
above) for the other parameters. This proposal is employed 5% of the time and
aids convergence for cases where the tidal parameters cannot be tightly
constrained. The proposal facilitates taking larger steps for the tidal parameters
whereas the other better constrained parameters evolve with smaller steps, thus
leading to a higher acceptance rate than a fully uniform proposal.

4.2.2.5 Heterodyned likelihood

We integrate the heterodyned likelihood technique (Cornish, 2010, 2021) in the
BayesWave CBC (and extrinsic, to be described later) sampler in order to speed up the
likelihood evaluation. The technique is based on the fact that all CBC waveforms that
contribute to the posterior (i.e. have a likelihood high enough that the MCMC
proposal can be accepted) are similar. The likelihood of a model hcbc can then be
computed based on a fixed and precomputed reference model hcbc

ref that is similar to
hcbc, and given the noise PSD and the data.

We can rewrite the residuals r using the reference heterodyne, omitting the detector
subscript I for clarity, as:

r = dcbc − hcbc = dcbc − (hcbc
ref − ∆hcbc) = rref + ∆hcbc, (4.9)

where ∆hcbc is the difference between the reference waveform and the exact waveform
at a given set of CBC parameters, dcbc is the wavelet-subtracted data as given to the
CBC sampler, dcbc = d− hw, and rref ≡ dcbc − hcbc

ref . The likelihood from Eq. 4.3 then
becomes

log L ∼ −1
2
(rref + ∆hcbc|rref + ∆hcbc), (4.10)



82 Chapter 4. Gravitational wave full merger analysis

where we omit the second term of Eq. 4.3 as the PSD is held fixed during the CBC
updates and the term does not affect the relative likelihoods. This form of the
likelihood enables several computational advantages as we split the inner product in
its components

−2 log L ∼(rref|rref) + (∆hcbc|∆hcbc)

+
[
(rref|∆hcbc) + (∆hcbc|rref)

]
.

(4.11)

A detailed description of how each components of the heterodyned likelihood above
is calculated is available in Cornish (2010, 2021); we here briefly discuss how this is
adapted and implemented within the BayesWave blocked Gibbs sampler. The first
term of the inner product (rref|rref) is the most straightforward as it is computed once
at the beginning of each CBC sampler block using the current wavelet-subtracted data
and CBC parameters for each chain.

The key performance improvement of the heterodyne likelihood is achieved by
recognizing that the latter two terms in Eq. 4.11 can be further split up into the
product of two terms: a slowly-varying term that is computed at each iteration, and a
rapidly-varying term that is computed once. Both terms are evaluated through a sum
over frequencies with bin width ∆ f using a Legendre polynomial expansion (Cornish,
2021). The rapidly-varying term requires a small ∆ f but this is computed once. The
slowly-varying term that needs to be calculated on each likelihood evaluation can
instead make use of a coarse frequency grid of ∆ f ≤ 4 Hz thus significantly reducing
computational cost.

The term (∆hcbc|∆hcbc) in Eq. 4.11 introduces a slowly varying phase difference as a
function of frequency between the reference waveform and the proposed waveform.
However, in the noise weighted inner product, Eq. 4.4 the denominator might not be
slowly varying if the PSD includes sharp spectral lines. Following the approach
discussed above, we split the PSD in a smooth broadband component that is slowly
varying as a function of frequency, and line features which are only evaluated at
discrete intervals. If the PSD is held fixed throughout the analysis, the smooth part is
computed once at the beginning. When using a variable PSD model instead, we
update the smooth PSD component at the beginning of the CBC sampler block.

The final term of Eq. 4.11 combining rref and ∆hcbc is split up into the product of a
slowly and rapidly varying part by introducing the smooth component of the PSD in
the numerator and denominator of, respectively, the rapidly and slowly varying part.
Due to this, the heterodyned difference in the waveforms ∆hcbc is effectively whitened
using only the smooth PSD component on a coarse frequency grid. The rapidly
varying part consisting of the heterodyned whitened residuals rref now includes an
extra product with the smooth part of the PSD, but since this is only computed at the
start of the CBC sampler block, it adds little computational cost.
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The heterodyned likelihood speeds up the likelihood calculation by a factor of
∼ Tobs∆ f , where Tobs is the duration of the analyzed data, thus making it especially
useful for long duration signals such as BNSs. The heterodyne implementation in
BayesWave is more complex than the one in Cornish (2021) as it has to account for a
potentially changing PSD and the wavelet model. We thus expect more modest
overall computational improvements, though the speed-up of each individual
likelihood calculation is consistent with Cornish (2021).

4.2.3 Wavelet parameters: Wavelet sampler

BayesWave has a common RJMCMC sampler for its signal and glitch models where the
non-Gaussian features (either a GW signal or a detector glitch) are modeled as a sum
of a variable number of sine-Gaussian wavelets which can be expressed in the
time-domain as

ψ(t; A, f0, τ, t0, φ0) = Ae−(t−t0)
2/τ2

cos (2π f0(t− t0) + φ0) , (4.12)

where τ ≡ Q/(2π f0) is the decay time, Q is the quality factor, A is the wavelet
amplitude, f0 is the wavelet central frequency, t0 is the wavelet central time and φ0 is
the phase offset. The glitch model uses independent sums of wavelets for the different
detectors, whereas the signal models use a set of wavelets at geocenter and projects
them onto detectors through Eq. 4.5 with

hw
+( f ) =

Ns

∑
i=0

ψ( f ; Ai, f0,i, Qi, t0,i, φ0,i) (4.13)

hw
×( f ) = εhw

+( f )eiπ/2, (4.14)

where ε is the ellipticity parameter and Ns is the number of wavelets in the signal
model. Details about the wavelet sampler and priors/proposals for each wavelet
parameter and the number of wavelets are discussed in Cornish and Littenberg (2015);
Cornish et al. (2021) and remain mostly unaltered in our analysis. We extend the
standard settings by adding an option to limit the central frequency range of the
wavelets to f0 ∈ [ f w

min, f w
max] which defaults to the analysis bandwidth. Since the

ellipticity ε is related to the remaining extrinsic parameters and to the binary
inclination, it is not sampled by the wavelet sampler but the extrinsic sampler
discussed next.

In Fig. 4.1 the wavelet sampler is depicted by the green box termed “wavelet
RJMCMC” where θw corresponds to the relevant parameters: the number of wavelets
and the amplitude, quality factor frequency, time, and phase of each wavelet.
Similarly to the CBC sampler, the wavelet sampler makes use of the CBC-subtracted
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data dw ≡ d− hcbc, which are computed once at the beginning of each wavelet
sampler block using the current CBC sample.

4.2.4 Common parameters: extrinsic sampler

Since both the CBC and wavelet models target the same GW source, they share a
number of extrinsic source parameters that govern the signal projection onto the
detector network, Eq. 4.5. These common parameters θext are updated by the extrinsic
sampler block, denoted as “extrinsic MCMC” in Fig. 4.1.

4.2.4.1 Parameters and Priors

The extrinsic parameters shared between the wavelet and CBC models are
θext ≡ (α, δ, ψ, ε, ϕ0, Acbc).

• The source sky location is given by the right ascension α ∈ [0, 2π] and the
declination sin δ ∈ [0, 1], and the corresponding prior is flat on the sphere.

• The polarization angle ψ is sampled with a uniform prior ψ ∈ [0, 2π].

• The degree of elliptical polarization in the signal is encoded in ε ∈ [−1, 1], Eq.
4.14. For elliptically polarized signals, the ellipticity parameter can be related to
the orbital inclination with respect to the line of sight to the binary ι as

cos ι =
1−
√

1− ε2

ε
. (4.15)

We use a uniform prior in cos ι ∈ [−1, 1], which is a deviation from previous
works where BayesWave samples uniformly in ε instead.

• An overall phase shift ϕ0 is sampled uniformly as ϕ0 ∈ [0, 2π] and it is
equivalent to a phase shift in all wavelets simultaneously (see Eq. 4.12). Despite
the degeneracy, introducing this parameter leads to more efficient convergence
in the wavelet model.

• We also introduce an overall amplitude scaling parameter Acbc, which is
sampled uniformly and is degenerate with the CBC luminosity distance DL. We
restrict Acbc to correspond to values for DL within the DL prior range and add a
Jacobian factor such that the prior remains uniform in volume, i.e., (DL/Acbc)3.

The extrinsic parameters can be efficiently sampled independently from the CBC
intrinsic parameters by noting that a change in the extrinsic parameters induces an
amplitude, time, and phase shift in the signal seen in each detector, while leaving its
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phase evolution unaltered. We therefore compute the geocenter CBC waveform given
the fixed intrinsic parameters once and then apply the shifts accordingly to evaluate
the waveform at each new proposed set of extrinsic parameters. This has the
advantage that we can sample the extrinsic parameters efficiently while not having to
recompute the full, expensive CBC waveform phase at each iteration.

In practice we write the CBC response at a given detector I using the geocenter
waveform hcbc

+ and applying the shifts as

hcbc
I ( f ) = hcbc

+ ( f )Fcbc
I eiλI e2πi f ∆tI , (4.16)

where ∆tI is the arrival time at the detector relative to the geocenter, the phase shift is

λI ≡ arctan[εF×(α, δ, ψ)/F+(α, δ, ψ)] + φc, (4.17)

and Fcbc
I is the magnitude of the detector response

Fcbc
I ≡ Acbc

√[cos ι

ε
F+(α, δ, ψ)

]2
+ [cos ι F×(α, δ, ψ)]2, (4.18)

Even though Acbc is completely degenerate with DL, we find that it increases sampling
efficiency in the extrinsic sampler due to the distance-inclination degeneracy (Cutler
and Flanagan, 1994).

At the end of the block of extrinsic updates, the scaling and shift parameters are reset
and propagated to the corresponding CBC parameters before proceeding to the CBC
sampler

DL →
DL

Acbc (4.19)

tc → tc + ∆ta (4.20)

φc → φc − ∆ϕ0 (4.21)

In these equations ∆ta and ∆ϕ0 correspond to the overall time and phase shift induced
on the waveform by the change in extrinsic parameters. The time of arrival of the
merger at geocenter tc changes due to the new sky location and this shift is encoded in
∆ta.

4.2.4.2 Proposals

To update the parameters θext the extrinsic sampler uses a mixture of proposals, which
are described in detail in Cornish and Littenberg (2015); Cornish et al. (2021). In the
following we focus on some CBC-specific updates made to the existing proposals.
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The most commonly used proposal is the Fisher proposal, where jumps are proposed
along the eigenvectors of the Fisher information matrix. The matrix elements,
eigenvalues, and eigenvectors are computed once at the start of the extrinsic sampler
block by finite differencing using the current chain position. We extend the existing
BayesWave Fisher calculation by adding the CBC model such that the final Fisher
matrix captures information from the full CBC+wavelet signal. When the sky location
is known and fixed (for example for sources with an electromagnetic counterpart), the
Fisher matrix is reduced to the parameters that are varied.

The BayesWave extrinsic sampler also employs a two-part proposal that exploits a
degeneracy of the extrinsic parameters when multiple detectors are used (also
proposed by Raymond and Farr (2014)). The first part consists of a sky-ring proposal
that finds a new sky location (α, sin δ) such that the time delays between the detectors
are preserved (Veitch et al., 2015; Cornish and Littenberg, 2015). The second part of the
proposal updates the remaining parameters (ψ, cos ι, ACBC and ϕ0) either uniformly in
their prior range or deterministically such that the waveform is identical at the new
sky location compared to the waveform at the previous sky location, see Cornish
(2021) for details. Since the waveform is conserved, so is the likelihood, though this
does not guarantee that the proposed sky location will be accepted due the necessary
Jacobian factor (Cornish, 2021).

Finally, the BayesWave extrinsic sampler includes a uniform proposal that draws from
the prior of each parameter. These jumps are particularly useful for higher
temperature chains to explore the entire space available as well as early on in the
sampling if a signal has not been found.

4.2.4.3 Heterodyned likelihood

A change in the extrinsic parameters θext will affect both the CBC and the wavelet
models, therefore both need to be taken into account when computing the likelihood.
However, we find that the CBC part of the model dominates the computational cost so
we again use the heterodyned likelihood to speed up the calculation. In this case,
there are some differences compared to the implementation for the CBC sampler as
discussed in Sec. 4.2.2.5 because we can no longer assume that the wavelet-subtracted
data are fixed. Indeed, a new set of extrinsic parameters changes the full signal
projection and the full residual r = d− hw − hcbc has to be recomputed on each
iteration.

Despite this, we can achieve a computational improvement by splitting up the
heterodyne computation even further to avoid recomputing all components of the
heterodyne when the residuals change, i.e., at every iteration. All subcomponents of
the heterodyne that do not involve the residuals are computed and stored once at the
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start of each extrinsic MCMC sampler block, whereas the remaining components are
computed at each iteration. If the signal wavelet model is not employed (i.e. an
analysis with only the CBC model), the heterodyne likelihood implementation falls
back to the same, more efficient, version as for the CBC sampler.

Since the likelihood calculation is more involved and parts of the heterodyne
procedure need to be recomputed in each iteration, we expect more modest
computational improvements compared to those of Sec. 4.2.2.5.

4.2.5 Noise parameters: PSD sampler with BayesLine

The PSD of the gaussian noise is modeled as a combination of splines and Lorenzians
targeting the broadband behavior and spectral lines respectively and marginalized
over through an RJMCMC in BayesLine (Littenberg and Cornish, 2015; Chatziioannou
et al., 2019; Cornish et al., 2021). The analysis presented here makes no updates on this
noise marginalization procedure and can optionally include BayesLine as one of the
blocks, corresponding to the “Noise RJMCMC” green box in Fig. 4.1. Alternatively, the
analysis can skip the noise marginalization and use a predetermined fixed PSD. If the
PSD is modeled by BayesLine, the heterodyne procedure needs to be repeated at the
end of the BayesLine sampling block and before moving to CBC sampling with the
latest PSD sample. However, this coincides with a recomputing of the heterodyne
elements due to a change of the wavelet model that is subtracted from the data so no
further computations are necessary. In the current implementation (Littenberg and
Cornish, 2015), the wavelet model is subtracted from the data before entering the
BayesLine sampling block and we extend this subtraction to include the CBC model.

4.3 Toy model: GW150914

To illustrate the wavelet+CBC model, we begin with a toy model by analyzing the first
detected BBH merger, GW150914 (Abbott et al., 2016c). In reality, the full BBH signal
can be modeled with existing CBC templates, something confirmed in the case of
GW150914 through comparisons between different models and physical
effects (Abbott et al., 2017c). In our case, and in order to test our hybrid analysis on
what is probably the best studied signal, we pretend we lacked efficient modeling of a
BBH merger and waveform templates terminated shortly before merger.

We analyze 4s of data from LIGO Hanford and LIGO Livingston available through the
Gravitational Wave Open Science Center (GWOSC) (Gravitational Wave Open Science
Center (GWOSC); Abbott et al., 2021) in the frequency band from 16Hz to 2048Hz. The
noise PSD is marginalized over as discussed in Sec. 4.2.5. For the CBC model, we use
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Label GPS time (s) Model Waveform
Wavelet

window (s)
Wavelet

bandwidth (Hz)
CBCIMR 1126259462.391 CBC/noise PhenomD N/A N/A
CBCInsp 1126259462.391 CBC/noise PhenomDNRT N/A N/A

CBCInsp+wavelet 1126259462.416 CBC/wavelet/noise PhenomDNRT (-0.025, 0.025) (150, 2048)

TABLE 4.1: Settings for the runs of Sec. 4.3 on GW150914. All runs use a segment
length of 4s, a low frequency cut off of 16Hz, and a sampling rate of 4096Hz. From
left to right, columns correspond to the run label in Fig. 4.2, the GPS time (ttrig), the
models active, the CBC waveform, the wavelet window around the trigger time, and
the wavelet bandwidth.
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FIGURE 4.2: Results on the GW150914 data with different waveforms and analyses.
The left panel presents 90% credible intervals for the whitened signal reconstructions
in each detector while the right panel shows one- and two-dimensional marginalized
posterior distributions for selected CBC parameters: mass ratio q, detector-frame chirp
massM, and the effective spin χeff. In both panels red corresponds to an analysis with
the CBC model and PhenomD (CBCIMR), yellow corresponds again to a CBC model
analysis but with PhenomDNRT (CBCInsp), and black corresponds to an analysis with
the CBC+wavelet model with PhenomDNRT (CBCInsp+wavelet). In the left panel the
gray dashed line indicates the data whitened with a fair draw PSD from the noise
model posterior.

either the PhenomD waveform or the PhenomDNRT waveform. PhenomD is
appropriate for BBH systems as it models the full IMR signal. On the other hand, we
do not expect PhenomDNRT to accurately model the BBH data as it lacks an accurate
merger and ringdown portion. Regardless, we use it to demonstrate how any leftover
signal that is not captured by the CBC waveform can be captured by the wavelets.

We perform three analyses with different models and CBC templates:

1. A full “CBCIMR” analysis where the data are described only by the CBC model
with PhenomD.

2. A “CBCInsp” analysis where the data are again described only by the CBC model
but with PhenomDNRT.
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3. A “CBCInsp+wavelets” analysis where the data are described by a combination
of the CBC model with PhenomDNRT and the wavelet model. We restrict the
wavelet model to times t0 ∈

[
ttrig − 0.025s, ttrig + 0.025s

]
and frequencies above

150Hz, targeting the merger portion of the signal that is missed by
PhenomDNRT.

The run labels and relevant settings are given in Table 4.1.

In Fig. 4.2 we show the signal reconstructions and parameter posteriors for these three
analyses. The left panel shows the whitened data and the 90% credible intervals for
each reconstruction in LIGO Hanford (top) and LIGO Livingston (bottom). All
analyses are able to identify the GW signal and they further lead to consistent signal
reconstructions of the early portion of the signal. However, as the signal approaches
the merger phase, the CBCInsp analysis deviates from the reference CBCIMR analysis as
well as the hybrid CBCInsp+wavelets analysis by underpredicting the strength of the
signal. The hybrid CBCInsp+wavelets agrees well with the full CBCIMR, though the
uncertainty of the former is larger in the merger phase where the signal is no longer
modeled with CBC templates but with wavelets.

The recovered source parameters are given in the right panel of Fig. 4.2. The CBCIMR

analysis leads to consistent results with those reported in previous studies (Abbott
et al., 2016b,a, 2018b), while the CBCInsp analysis shows a significant bias away from
the expected posteriors. The bias is most evident in the chirp mass: PhenomDNRT
compensates for the lack of a merger and ringdown by decreasing the chirp mass, thus
leading to a longer inspiral phase in an attempt to capture part of the missing merger
cycles. Despite this bias, the CBCInsp analysis is still not able to capture the full signal
as seen on the left panel. The CBCInsp+wavelets proof-of-concept model results in
recovered parameter posteriors that are consistent with the full CBCIMR analysis. The
posteriors are not expected to be identical as now the CBC model has access only to
the inspiral portion of the signal and therefore lacks information available to the
CBCIMR analysis. However, the wavelet model can efficiently capture the missing
portion of the signal, allowing the CBC model to recover unbiased system parameters
from the inspiral phase only.

Figure 4.3 examines the CBCInsp+wavelets analysis in more detail and the
complementary roles of the components in the hybrid model. We plot the signal
reconstruction from each submodel as well as their sum. The sum of the individual
model components is the same as the CBCInsp+wavelets model in Fig. 4.2. Figure 4.3
shows that as expected the BBH inspiral phase is primarily reconstructed by the CBC
PhenomDNRT model. As we move from the inspiral towards the merger time, the
CBC model starts tapering off and deviating from the full GW signal. At the same
time, the wavelet model captures the part of data that is not covered by the CBC
model, such that the combination of CBC and wavelets accurately models the full GW
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FIGURE 4.3: Breakdown of the various components of the hybrid CBCInsp+wavelets
analysis of GW150914. We present 90% credible intervals for the whitened signal re-
construction of the CBC model (yellow), the wavelet model (red), and the sum of the
models (black). The sum is identical to the black lines from Fig. 4.2. The gray dashed
line indicate the data whitened with a fair draw PSD from the noise model posterior.

signal. This toy model for GW150914 demonstrates the main concept of our hybrid
analysis: the full GW signal is modeled with a well-understood component, i.e. the
CBC waveform, and a model-agnostic component, i.e. the wavelet model, that covers
any parts of the signal that are not included in the CBC model.

4.4 Constraints on the GW170817 post-merger

We turn our attention to GW170817, the first GW detection of a BNS
coalescence (Abbott et al., 2017e, 2019b, 2018a). Both the low-frequency inspiral phase
and a potential short-duration high-frequency post-merger phase of the signal have
been studied separately in detail, with the latter remaining undetected (Abbott et al.,
2017b, 2019b). Here we apply our hybrid CBC+wavelet model to study both parts of
the GW170817 signal simultaneously and compare our results with separate analyses
of the inspiral and post-merger signals.

We analyze 64s of data from LIGO Hanford and LIGO Livingston around GPS time
1187008882.446 (Gravitational Wave Open Science Center (GWOSC); Abbott et al.,
2021) where the prominent glitch in LIGO Livingston has already been subtracted
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Label
Segment
length (s)

Sampling
rate (Hz)

flow(Hz) Model

CBCInsp 64 4096 32 CBC
CBCInsp+wavelet 64 8196 32 CBC/wavelet

wavelet-only 64 8196 1024 wavelet

Label Waveform
Wavelet

window (s)
Wavelet

bandwidth (Hz)
Dmin

CBCInsp PhenomDNRT N/A N/A N/A
CBCInsp+wavelet PhenomDNRT (-0.125, 0.125) (1024, 4096) 2

wavelet-only N/A (-0.125, 0.125) (1024, 4096) 2

TABLE 4.2: Settings for the runs of Sec. 4.4 on GW170817. All runs are relative to
GPS time 1187008882.446. From left to right, columns correspond to the run label in
Fig. 4.4 and Fig. 4.5, the segment length, the sampling rate, the low frequency cut off,
the models active, the CBC waveform, the wavelet window around the trigger time,
the wavelet bandwidth, and the minimum number of wavelets.

(BayesWave Glitch Subtraction for GW170817; Pankow et al., 2018). While Virgo data
are available for that time and aided in constraining the source sky location (Abbott
et al., 2019b), we do not consider them due to the lower sensitivity and the fact that we
fix the sky location to the known values of α = 3.446 rad and δ = −0.408 rad
(Soares-Santos et al., 2017; Abbott et al., 2017a). We also use a fixed PSD rather than
marginalize over the noise model for computational efficiency. We perform three
analyses with different models and data:

1. A “CBCInsp” analysis with data in the frequency range (32,2048)Hz that are
described only by the CBC model with the PhenomDRT waveform thus focusing
on the inspiral signal.

2. A “CBCInsp+wavelet” analysis with data in the wider frequency range
(32,4096)Hz that are described by a combination of the CBC model with
PhenomDNRT and the wavelet model, thus targeting the full signal. The
wavelets are restricted to (1024,4096)Hz targeting a potential high frequency
post-merger signal.

3. A “wavelet-only” analysis where we restrict the frequency range to
(1024Hz,4096)Hz and use only the wavelet model thus focusing only on the
post-merger signal.

For both analyses with the wavelets model, we use a prior on the number of wavelets
of D ∈ [2, 100]. The reason for selecting a minimum number of 2 wavelets is different
for each analysis. In the case of the hybrid analysis, the CBC part of the model does
not terminate at merger, but smoothly tapers into the post-merger phase for a few
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FIGURE 4.4: Results on the GW170817 data with different analyses. The left panel
presents the median, 50% and 90% credible intervals for the whitened signal recon-
structions in each detector while the right panel shows one- and two-dimensional
marginalized posterior distributions for selected CBC parameters: mass ratio q, de-
tector frame chirp massM, the effective spin χeff and the tidal deformation parame-
ter Λ̃. In both panels blue corresponds to the hybrid CBCInsp+wavelet and magenta
corresponds to the CBCInsp analysis. In the left panel the gray dashed line gives the
whitened data.

milliseconds, see Fig 4.9. We therefore need at least two wavelets, one to undo this
effect of the CBC model and the other to capture the true post-merger signal. In the
wavelet-only study we again need at least two wavelets such that one wavelet can
capture the merger itself which extends into the analysis bandwidth and the other
wavelet can capture the contribution from the post-merger signal. The full settings of
our three analyses are detailed in Table 4.2.

We compare the two analyses that include the inspiral of the signal in Fig. 4.4 which
shows the signal reconstructions focused on the end of the signal (left panel) and the
marginalized posterior distribution for selected source parameters (right) of
GW170817. Despite the high SNR of the signal, the amplitude is relatively weak
compared to the noise level, however both analyses identify the signal and lead to
consistent reconstructions for the late inspiral phase as shown on the left panel. As the
binary approaches merger the reconstruction uncertainty increases due to the
decreasing detector sensitivity at increasing frequencies. This behavior is evident in
both analyses, suggesting that the GW170817 post-merger signal remains undetected
as expected from the detector sensitivity at the time of GW170817 (Abbott et al.,
2019b).

The right panel of Fig. 4.4 examines selected CBC parameters recovered from the
inspiral signal. The recovered parameters are consistent with previous results using
the same CBC model (Abbott et al., 2019b). The only difference is that our Λ̃ posterior
has more support for the higher of the two modes present in the results of Abbott et al.
(2019b). This can be attributed to different uses of prior: we use of a prior that is flat in
Λ̃− δΛ̃ with the constraint that Λ1 > 0 and Λ2 > 0. This choice results in a
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FIGURE 4.5: The median, 50% and 90% credible intervals of reconstructed GW spec-
trum in the LIGO Hanford detector in the CBCInsp+wavelet (blue) and the wavelet-
only analysis (red). The noise amplitude spectral density is also overplotted (black
dashed line). The grey band indicates the 90% credible interval of the merger fre-
quency, with the dashed line indicating the peak of the merger frequency posterior at
fmerger ∼ 1778Hz.

marginalized prior for Λ̃ that favors larger values. In contrast, Abbott et al. (2019b)
uses a flat marginalized prior for Λ̃. We have verified that reweighting our posterior
to a flat marginalized prior gives consistent results with Abbott et al. (2019b).
Furthermore, the hybrid CBCInsp+wavelet analysis leads to essentially identical results
for the CBC parameters as the traditional CBCInsp analysis. This is consistent
with Dudi et al. (2018) that finds that failure to account for the post-merger signal will
not lead to biases in the CBC parameters for typical detector sensitivities, but also
serves as a sanity check of the CBCInsp+wavelet analysis and the fact that sampling for
the joint CBC+wavelet model has converged.

After confirming that the CBCInsp+wavelet analysis matches the CBCInsp analysis as
far as the inspiral portion of the signal is concerned, we switch to comparing the two
analyses that include a wavelet model for a possible high-frequency post-merger
signal. In Fig. 4.5 we show the reconstructed GW spectrum for CBCInsp+wavelet and
wavelet-only. The vertical band gives the 90% credible interval for the merger
frequency estimated using Eq. 11 in Dietrich et al. (2019) given the binary component
masses and tidal parameters from the CBC model posteriors. This merger frequency is
also the location at which the PhenomDNRT template starts tapering off, so it is
related to the transition between the CBC and the wavelet models.
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At frequencies below ∼ 1000Hz the CBCInsp+wavelet reconstruction is dominated by
the inspiral signal which is clearly detected as the spectrum lower limit is nonzero.
With increasing frequency the detector sensitivity decreases, resulting in larger
uncertainties in the reconstructed spectrum. Finally, at around the merger frequency,
& 1600Hz, the reconstruction uncertainty is large and consistent with no detected
signal. A similar picture is drawn by the wavelet-only analysis which again places
only upper limits on the signal in frequencies above 1024Hz. The upper limit from the
CBCInsp+wavelet and the wavelet-only analyses is comparable, though the former is
consistently lower across the frequency band, indicating more stringent constraints on
the presence of a post-merger signal. Additionally, the wavelet-only analysis does not
lead to a detection of the merger signal in the frequency range (1000,1500)Hz, unlike
the CBCInsp+wavelet case. This suggests that this high-frequency portion of the signal
is not individually detectable, but only inferred coherently from the preceding inspiral
signal.

4.5 Simulated signals

Going beyond the GW170817 upper limits, in this section we study simulated BNSs
where the post-merger emission is detectable by future GW detectors. We assume a
network of two detectors at the current location of LIGO Hanford and LIGO
Livingston and a zero noise realization. Since all signals have high SNRs we assume
that an electromagnetic counterpart has been identified and the sky location of the
source is known. Following Torres-Rivas et al. (2019) we do not explicitly select any
planned GW detector such as Cosmic Explorer (Abbott et al., 2017d; Reitze et al.,
2019a,b) or the Einstein Telescope (Hild et al., 2011; Punturo et al., 2010) and their
nominal sensitivity. We instead work with the Advanced LIGO design
sensitivity (Barsotti et al., 2018) and gradually lower the noise PSD, emulating
improving detector sensitivity and higher signal SNR.

Since no NR simulation of the full BNS signal as observed by ground-based detectors
exists, all simulated signals are constructed in a hybrid fashion: the post-merger signal
is obtained through NR simulations, while the premerger signal is computed with
PhenomDRT using the same parameters as the NR simulation. We choose extrinsic
parameters consistent with GW170817, namely distance DL = 40Mpc, inclination
ι = 2.635, polarization angle ψ = 0, and the known sky location. All signals are
analyzed with the full CBC+wavelets model with run settings equivalent to the
CBCInsp+wavelet analysis from Table 4.2.
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FIGURE 4.6: Whitened-time domain reconstruction of the simulated signal from Kas-
taun and Ohme (2021) at 6xDS. The gray dashed line gives the simulated data. The
shaded regions give the 50% and 90% credible intervals for the full CBC+wavelets re-
construction (black), as well as the CBC (yellow) and the wavelets (red) component of
the full analysis. The post-merger signal is reconstructed by the wavelets model.

4.5.1 Waveform from Kastaun and Ohme

The first full BNS waveform we consider was constructed and released by Kastaun
and Ohme (2021). This hybrid waveform was constructed by combining the
PhenomDNRT model for the inspiral and the results of NR simulations for the
post-merger GW signal. The hydrodynamical simulations assume a GW170817-like
initial system with the hadronic SFHO EoS (Hempel and Schaffner-Bielich, 2010),
resulting in a short-lived hypermassive NS. We use the resulting hybrid waveform for
a BNS system with mass ratio q = 0.9, detector frame component masses of m1 =
1.438M� and m2 = 1.294M�, and dimensionless tidal parameters Λ1 = 280 and Λ2 =
551, giving a binary tidal parameter Λ̃ = 396 and merger frequency fmerger = 2110 Hz.

We inject the signal in a detector network with sensitivities 2xDS, 4xDS, 6xDS which
respectively denote 2, 4, and 6 time improved strain sensitivity compared to the LIGO
design sensitivity (i.e., the design sensitivity divided by 2, 4 and 6). In terms of
amplitude spectral density, they correspond to 8.23×10−24 Hz−1/2,
4.12×10−24 Hz−1/2, and 2.72×10−24 Hz−1/2 at 3326 Hz, which is the frequency of the
main post-merger mode of the signal, fpeak. The resulting network SNRs are 142, 384,
and 425 for the pre-merger signal ( f < fmerger), and 2.8, 5.6, and 8.4 for the
post-merger signal ( f ≥ fmerger).

Figure 4.6 shows the whitened time-domain data and reconstruction for the injection
at 6xDS, again focusing around the late stages of the signal. The full reconstruction
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FIGURE 4.7: Median, 50%, and 90% credible intervals for the reconstructed spectrum
from the Kastaun and Ohme (Kastaun and Ohme, 2021) waveform with different de-
tector sensitivities; from left to right we assume a strain sensitivity two, four, and six
times better than the advanced LIGO design sensitivity. The grey line gives the sim-
ulated data, which are the same in all cases, while the black dashed line gives the
detection noise amplitude spectral density. The dashed and dotted vertical lines de-
note, respectively, the dominant and subdominant post-merger spectrum frequency.

with the combined CBC+wavelets model accurately captures the entire signal. We also
plot the individual components of the full model, namely the CBC and the wavelets
model separately. As expected, the CBC model captures everything up to merger and
then tapers off. The wavelets overlap with the CBC model in the taper region around
merger, effectively canceling out the ringdown-like oscillations of the CBC model that
do not match the data. At later times, the wavelet model extends to the post-merger
part of the signal, capturing its main oscillatory component.

Figure 4.7 shows the reconstructed spectrum from injections on different detectors
sensitivities. As the detector sensitivity increases, the signal reconstruction becomes
more accurate. The pre-merger signal is recovered in all analyses given its strength,
and increasing sensitivity reduces the reconstruction uncertainty. The post-merger
signal, on the other hand, is too weak to be detected in the 2xDS case, and therefore
the reconstruction is essentially uninformative and similar to the GW170817 one. At
increasing detector sensitivity, the post-merger signal emerges from the noise. At
4xDS the reconstructed spectrum starts identifying the main post-merger peak though
only at the ∼ 50% credible level. At 6xDS the reconstructed spectrum not only
confidently identifies the main post-merger peak but also has evidence of a
subdominant peak at around 2337 Hz.

Posteriors for select pre-merger and post-merger parameters are given in Fig. 4.8. The
peak frequency of the post-merger signal fpeak is defined in the same way
as Chatziioannou et al. (2017); Torres-Rivas et al. (2019): for each reconstruction
posterior sample we compute the frequency at the maximum of the spectrum after the
merger. If the spectrum possesses no maximum, then a sample is drawn from the fpeak

prior. All posteriors are consistent with the injected values, and uncertainties decrease
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detector frame total mass M, tidal deformation parameter Λ̃, and post-merger peak
frequency fpeak. Vertical black lines or crosses denote the true values of each parame-
ter.

with increasing detector sensitivity as expected. The fpeak posterior at 2xDS is
essentially the prior, consistent with the fact that the post-merger signal was not
detected. At 4xDS the fpeak posterior starts exhibiting a peak at the injected value,
consistent with the partial identification of the post-merger signal in the middle panel
of Fig. 4.7. At 6xDS the peak frequency is accurately measured.

4.5.2 Hadronic EoS

We construct further simulated signals based on the post-merger NR simulations
from Torres-Rivas et al. (2019). All simulations in that study were at the time
constructed to be consistent with GW170817, though in light of new data from
NICER (Riley et al., 2019; Miller et al., 2019, 2021; Riley et al., 2021) some of the softest
EoSs there are now disfavored. We work with EoS3 from Torres-Rivas et al. (2019), a
hadronic EoS that is consistent with radii values inferred in Legred et al. (2021) and
corresponds to fpeak = 2880Hz and R1.4 = 12.6 km. The inspiral portion of the signal
is again described by PhenomDNRT for a GW170817-like system with detector frame
component masses m1 = m2 = 1.362M�, dimensionless tidal parameters
Λ1 = Λ2 = Λ̃ = 587, and zero spin.
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FIGURE 4.9: Comparison of the pre-merger (PhenomDNRT) and post-merger (NR
simulation) waveform that are merged into a hybrid full waveform. The yellow band
indicates the overlap region where the hybrid waveform transitions from being com-
posed of the PhenomDNRT model to the post-merger NR simulation model. The
maximum amplitude of the NR waveform used here is scaled to be 0.9 times the pre-
merger peak amplitude.

The full waveform is constructed by aligning the projected pre-merger and
post-merger waveforms in an overlap interval in the time domain. We use a transition
window [t1, t2] where the full waveform transitions from the PhenomDNRT template
to the NR simulation data. The full waveform is then

h(t) = [1− x(t)] hinspiral(t) + x(t)AscalehNR(t), (4.22)

where hinspiral denotes the PhenomDNRT inspiral model, hNR denotes the post-merger
NR simulation, Ascale is a scale parameter that can be varied to account for the
uncertainty in the post-merger amplitude, and x ensures a smooth transition through
a Planck taper function

x(t) =





0 t ≤ t1[
1 + exp

(
t2−t
t−t1

+ t2−t
t−t2

)]−1
t1 < t < t2

1 t ≥ t2.

(4.23)

Given uncertainties in the exact amplitude of the post-merger signal and possible



4.5. Simulated signals 99

1000 2000 3000 4000
Frequency (Hz)

10−25

10−24

10−23

10−22

2|h
(f

)|
√
f

&
√
S
n
(f

)

ratio = 0.7

1000 2000 3000 4000
Frequency (Hz)

ratio = 0.9

1000 2000 3000 4000
Frequency (Hz)

ratio = 1.1

FIGURE 4.10: Median, 50% and 90% credible intervals of the reconstructed spectrum
for the hadronic EoS3 signal from Sec. 4.5.2 and for pre-/post-merger peak amplitude
ratios of 0.7 (left), 0.9 (middle), 1.1 (right) in the LIGO Hanford detector. The grey
line gives the simulated data. The noise amplitude spectral density is also overplotted
with a black dashed line.

leakage of power from the inspiral into the post-merger frequency regime we decide
to fix the detector sensitivity to 2xDS and instead vary the amplitude of the
post-merger signal through the scale parameter Ascale. As a result all simulated signals
have the same pre-merger SNR of 112, while the post-merger SNR varies and results
are presented as a function of the ratio of the pre-merger to the post-merger peak
amplitudes. We explore three values for the ratio of the peak post-merger to the peak
pre-merger amplitudes: 0.7, 0.9 and 1.1 (corresponding to Ascale = 1.5, 2.0 and 2.5,
respectively). We show an example of the above construction process in Fig. 4.9.

In Figure 4.10 we compare the reconstructed spectra from our analyses for the three
cases of post-/pre-merger amplitude scaling. The inspiral portion of the signal and
the corresponding reconstruction are similar in the three panels. As the amplitude of
the post-merger signal increases from left to right the reconstructed spectrum includes
more detailed features, progressing from hints of a post-merger peak on the left panel
to increasingly more confident identification in the middle and right panel. Fig. 4.11
again shows select recovered pre-merger and post-merger parameters. The gray
region overlapping with the fpeak posterior is the expected value for the post-merger
frequency given the pre-merger signal. Specifically we use the fit of Chatziioannou
et al. (2017) that holds for hadronic EoSs and the binary mass and tidal deformability
as extracted from the pre-merger signal to compute the expected fpeak. The expected
and recovered posterior values for fpeak agree, showing that our analysis can correctly
conclude that the pre-merger and post-merger signals are consistent with each other
given expectations from NR simulations of hadronic EoSs.
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FIGURE 4.11: One- and two-dimensional marginalized posterior distributions for se-
lected pre- and post-merger parameters for the analyses of Fig. 4.10. The parameters
shown are the source-frame chirp massM and total mass M, the tidal deformation pa-
rameter Λ̃ and the post-merger peak frequency fpeak. Vertical black lines or crosses de-
note the true values of each parameter. The gray region is the expected value for fpeak
given the pre-merger inferred parameters and the fit of Chatziioannou et al. (2017) that
assumes hadronic EoSs. The pre-merger and post-merger results are consistent with
expectations for hadronic EoSs.

4.5.3 EoS with phase transitions

Since the hypermassive NS that gives rise to the post-merger signal is characterized by
higher core densities and temperatures than the pre-merger NSs, the post-merger
signal has the potential to reveal new high-density physics. One possibility is a strong
phase transition in the EoS toward quark degrees of freedom. Such phase transitions
could occur at lower densities and thus be detectable with pre-merger data
only (Del Pozzo et al., 2013; Agathos et al., 2015; Chatziioannou et al., 2015; Han and
Steiner, 2019; Chen et al., 2020; Chatziioannou and Han, 2020; Han and Prakash, 2020;
Zhang and Li, 2019; Pang et al., 2020; Drischler et al., 2021). However, as already
mentioned above, the tidal deformability is a steeply decreasing function of the NS
compactness, making pre-merger data less constraining about high-mass NSs that
could contain quark cores. Post-merger data, on the other hand, can be used to probe
higher densities and NR simulation-based studies have explored the potential
signature of a high-density phase transition on the GW signal (Most et al., 2019;
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Bauswein et al., 2019a,b; Weih et al., 2020; Bauswein and Blacker, 2020; Liebling et al.,
2021; Prakash et al., 2021).

The most prominent signature of a sufficiently strong phase transition would be an
increase in the post-merger peak frequency as the softening of the EoS would lead to a
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FIGURE 4.13: The median, 50% and 90% credible intervals of the reconstructed spec-
trum for a signal with EoS3 where the inspiral signal has been simulated with a stiffer
EoS in order to mimic the phenomenology of a strong phase transitions from Sec. 4.5.3.
We show pre-/post-merger peak amplitude ratios of 0.7 (left), 0.9 (middle), 1.1 (right).
The grey line gives the simulated data. The noise amplitude spectral density is also
overplotted with a black dashed line.
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more compact merger remnant (Bauswein et al., 2019a). It has been proposed that
such a frequency increase could be identified if one compares the pre-merger and
post-merger data: for hadronic EoSs the tidal deformability and peak frequency
follow the approximately EoS-insensitive relation shown in Figs. 4.11 and 4.17. This
relation could be violated for EoSs with high-density phase transitions as the tidal
deformability is determined by the hadronic part of the EoS alone, while the
post-merger frequency is affected by the phase transition (Bauswein et al., 2019a;
Bauswein and Blacker, 2020). The degree of deviation from the EoS-insensitive
relation, and thus how detectable it is, depends on the strength of the
transition (Bauswein et al., 2019a).

As a first example of such a signal, we work again with EoS3 from Torres-Rivas et al.
(2019), but the pre-merger data are constructed with tidal parameters that are
systematically shifted compared to their hadronic EoS value. This effectively results in
a stiffer hadronic EoS that undergoes a phase transition which softens the post-merger
signature to the level of EoS3. All intrinsic parameters remain to be the same as the
simulations of Sec. 4.5.2 with the exception of Λ̃ = Λ1 = Λ2 = 800.

Reconstructed spectra and parameter posteriors are shown in Figs. 4.13 and 4.14
respectively. We obtain qualitatively similar results to Figs. 4.10 and 4.11 with the
main difference being that now the pre-merger and post-merger are now inconsistent
as expected. Figure 4.14 shows the expected fpeak value given the pre-merger
constraints on the binary properties under the assumption of a hadronic EoS. The
recovered fpeak is inconsistent with this expectation to within its measurement
uncertainty, signaling the presence of additional high-density effects in the EoS that
affect the post-merger signal.

We further assess how well our hybrid analysis could detect a strong phase transition
by simulating a signal with the DD2-SF-4 EoS (??) and corresponding post-merger
simulation from Bauswein et al. (2019a). The mass-radius relation for this EoS is given
in Fig. 4.12 and it exhibits the characteristic radius reduction due to strong phase
transitions starting at ∼ 1.5M�. Given our simulated masses, the inspiral signal is
emitted by hadronic NSs, while the post-merger signal is affected by the onset of the
phase transition (Bauswein et al., 2019a). For reference, we also show the 90%
symmetric credible intervals of the mass-radius posterior for the EoS derived
in Legred et al. (2021) using heavy pulsar, GW, and X-ray data. The DD2-SF-4 EoS is
inconsistent with the posterior at the 90% level for large masses as it under-predicts
the radius of a 2M� NS, though it is consistent with current data at the 95% level. If
we instead used the less constraining radius results from Riley et al. (2019, 2021), the
EoS would be consistent with the posterior at the 90% level. Results are presented in
Figs. 4.15 and 4.16, where again we find that the post-merger signal can be
reconstructed for sufficiently loud signals, and the inconsistency between Λ̃ and fpeak

can be identified.
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FIGURE 4.14: One- and two-dimensional marginalized posterior distributions for se-
lected pre- and post-merger parameters for the analyses of Fig. 4.13. The parameters
shown are the source-frame chirp mass M and total mass M, the tidal deformation
parameter Λ̃ and the post-merger peak frequency fpeak. Black vertical black lines or
crosses denote the true values of each parameter. The gray region is the expected value
for fpeak given the pre-merger inferred parameters and the fit of Chatziioannou et al.
(2017) that assumes hadronic EoSs. The pre-merger and post-merger results are now
inconsistent with expectations for hadronic EoSs.
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FIGURE 4.15: The median, 50% and 90% credible intervals of the reconstructed spec-
trum for a signal with the DD2-SF-4 EoS with phase transitions from Sec. 4.5.3 and
for pre-/post-merger peak amplitude ratios of 1.1 (left), 1.3 (middle), 1.5 (right). Due
to the increased fpeak value toward the less sensitive detector frequency range, such
a post-merger signal would require a larger strain amplitude for detection, we there-
fore display results with larger values of the pre-/post-merger peak amplitude ratio
compared to Fig. 4.13. The grey line gives the simulated data. The noise amplitude
spectral density is also overplotted with a black dashed line.
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FIGURE 4.16: One- and two-dimensional marginalized posterior distributions for se-
lected pre- and post-merger parameters for the analyses of Fig. 4.15. The parameters
shown are the detector frame chirp mass M and total mass M, the tidal deforma-
tion parameter Λ̃ and the post-merger peak frequency fpeak. Vertical black lines or
crosses denote the true values of each parameter. The gray region is the expected
value for fpeak given the pre-merger inferred parameters and the fit of Chatziioannou
et al. (2017) that assumes hadronic EoSs. The pre-merger and post-merger data are
now as expected inconsistent with expectations for hadronic EoSs.
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FIGURE 4.17: Comparison of the recovered Λ̃-fpeak posterior distribution from the
EoS3 hadronic and PT data as well as the data with the DD2-SF-4 EoS. The grey bands
corresponds to the EoS-independent fit relating the expected values of Λ̃-fpeak for
hadronic NSs. We show 50% (dashed) and 90% (solid) contours, while colors cor-
respond to those of Figs. 4.11, 4.14, 4.16. In all cases, we find the correct agreement or
disagreement with the expected hadronic relation for sufficiently loud signals.
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Finally, we elaborate on the pre-merger and post-merger consistency in Fig. 4.17. The
grey band shows the expected relation between Λ̃ and fpeak assuming hadronic EoSs.
We compute this relation by converting the R− fpeak EoS independent fit by
Chatziioannou et al. (2017) (Fig. 4) to a Λ̃− fpeak relation. We convert R to Λ using the
scaling relation calibrated for GW170817-like systems for our source mass parameters
Mtot andM given by Eq. 17 in Zhao and Lattimer (2018). Overplotted are the
two-dimensional posteriors for Λ̃− fpeak for the case of a hadronic EoS (EoS3), the
phase-transition version of the EoS3-based signal, and the DD2-SF-4 EoS again with a
strong phase transition. The injected values for the hadronic case is consistent with
expectations and this is confirmed by the recovered values to within the statistical
error. On the other hand, a strong phase transition leads to a Λ̃− fpeak combination
that is inconsistent with hadronic expectations and the extracted posteriors are able to
identify this behavior.

4.6 Conclusions

We present a hybrid approach to study the full GW signal emitted during a BNS
coalescence, including a possible post-merger component. Our method models the
inspiral part of the coalescence with waveform templates as implemented in
LALSimulation and the post-merger part of the signal with a superposition of
wavelets. We do not impose phase coherence in the transition between the template
and the wavelets, however, the full signal is smooth and coherent as the template
model used already extends coherently past merger and into the post-merger part of
the signal. Applying our method to GW170817, we demonstrate that the inspiral
parameters are consistent with previous results. We do not detect a post-merger signal
for GW170817 but find that the high-frequency portion of the signal between
1000-1500 Hz is only detected using the full hybrid analysis in contrast with the
traditional post-merger-only analyses. We apply our method to simulated signals with
a detectable post-merger component and show that our full analysis simultaneously
reconstructs both the inspiral tidal deformation and the post-merger dominant
frequency peak when the SNR is sufficiently high.

In this work, we sample the inspiral tidal parameters and post-merger peak frequency
independently, imposing no relation between them and no assumption on the nature
of the EoS. This allows us to detect a possible signature of the hadron-quark phase
transition in NS mergers, as it lead to a characteristic frequency shift of the
post-merger signal. A possible extension of this analysis could use information
extracted from a pre-merger signal to guide the analysis of the post-merger signal. If
one restricts to a hadronic EoS, relations between the pre-merger tidal parameters and
post-merger peak frequency could be used to predict the approximate location of the
dominant post-merger peak from the inspiral tidal parameters. This could improve
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the prospects of detecting the post-merger signal in weaker signals, at the expense of
assuming the EoS is similar to a hadronic one. A further possible improvement
concerns the use of “chirplets”, sine-gaussian wavelets with an evolving
frequency (Millhouse et al., 2018), which might be better suited for a time-evolving
post-merger frequency mode.

Going beyond the main peak, numerical simulations of post-merger signals show
subdominant peaks in the GW spectrum, which can also be used to characterize the
properties of the merger remnant star (Stergioulas et al., 2011; Takami et al., 2014;
Bauswein and Stergioulas, 2015). Our analysis can identify some of these peaks for
sufficiently loud signals. Additionally, numerical simulations suggest that the main
and the secondary peaks in the spectrum are related to each other (Bauswein and
Stergioulas, 2015; Clark et al., 2016; Soultanis et al., 2021). In future work, this feature
can be utilized in the form of a prior that links the two peaks and is parametrized in
terms of the remnant compactness. Such a prior would enhance the sensitivity of the
analysis to secondary peaks and offer additional information about the remnant star.

Next generation detectors are expected to detect thousands of BNSs (Regimbau et al.,
2012; Sachdev et al., 2020; Adhikari et al., 2020), the majority of which will be weak
with individually undetectable post-merger signals. While we study single loud
sources here, our method can also be applied to the expected numerous weaker BNS
sources which might dominate the overall constraints when combined (Haster et al.,
2020). Additionally, our analysis concerns pre-merger SNRs in the hundreds, where
systematic biases in the waveform models could be important and would have to be
mitigated in the lead-up to such improved detectors (Dudi et al., 2018; Samajdar and
Dietrich, 2019; Gamba et al., 2021; Chatziioannou, 2021; Kunert et al., 2021; Pratten
et al., 2021). However, as we make minimal assumptions about the post-merger
waveform and use sine-gaussian wavelets, we expect the reconstructed signal to be
less susceptible to systematics. It is, however, possible that biases in the pre-merger
waveform will lead to biased inferences about the post-merger when making use of
EoS-independent relations connecting them. The extremely sensitive observations
possible with next-generation detectors indeed require control over a wide range of
potential systematic biases, and the flexible analysis presented here helps mitigate
such biases from the post-merger signal.
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Chapter 5

Conclusions

Neutron stars remain a complex but fascinating opportunity for the study of matter at
extreme densities, allowing a glimpse into conditions and states of matter that cannot
be accessed elsewhere in the universe. They are studied through a wide range of
techniques using electromagnetic observations in the radio and X-ray spectrum and
since 2017 also using gravitational waves from binary coalescences involving a
neutron star. With ever-increasing detector capabilities in both fields and many open
questions still remaining, the need grows for improved theoretical models in order to
explain the more detailed observations as well as improved data-analysis methods in
order to reveal any signals that could help constrain our theoretical models.

In this thesis I use two distinct approaches to constrain macroscopic properties of
neutron stars in order to gain insight into the microscopic properties of their complex,
rich interiors. In Part I we develop improved theoretical models of the neutron star
microphysics that ultimately describe the thermal evolution of the neutron star surface
which can be confronted with data. Theoretical models of cooling neutron stars allow
for gaining insights into a broad range of microphysics such as possible neutron
superfluidity (Page et al., 2011; Ho et al., 2015), exotic nucleonic matter formation
(Alcain and Dorso, 2017; Caplan et al., 2018; Newton et al., 2021) and nuclear
(burning) processes. Additionally, a measurement of the heat capacity of the core
gives complementary information to a measurement of the equation of state and will
help constrain the hypothesized (exotic) particle types and our understanding of
particle interactions at supranuclear densities (Cumming et al., 2017).

In particular, we study diffusive nuclear burning (DNB) in the low density envelope
and its effect on predictions of the neutron star thermal evolution. The envelope is a
thin region still composed of familiar iron and hydrogen-like elements, but it is critical
for our understanding of what occurs in the dense regions below. In the envelope,
ionic matter isn’t fully degenerate yet and therefore it acts as a thermal insulator
between the interior and the surface and determines what we observe at the surface.



108 Chapter 5. Conclusions

Its heat blanketing effects strongly depend on its composition, e.g., an envelope
containing more light elements such as H and He is more transparent to the heat flux
than when more heavier elements are present. Therefore, to infer the interior
temperature from surface temperature observations, it is important to have a good
model of the composition of the envelope.

Previously, the envelope was assumed to be static in cooling models, as its thermal
timescale is much shorter than in the dense interior, and therefore it could be used as a
boundary condition for numerical codes evolving the interior thermal state. In
Chapter 2 we include the effect of diffusive nuclear burning in cooling models for the
first time and find that it can lead to time-variable envelope compositions as the
composition changes due to nuclear burning - as well as possible accretion from the
interstellar medium. We provide new analytic temperature relations that include the
effects of DNB. We show that including a changing composition can be important for
the interpretation of cooling models and that it can explain the presence of a carbon
atmosphere in young neutron stars such as Cassiopeia A, which is an important base
for the first evidence of neutron superfluidity in the core.

Another way DNB could change the picture of neutron star cooling, is if it produces a
non-negligible heat-flux. In Chapter 3 we focus on neutron star cooling in low mass
X-ray binaries, where the crust cools down back to thermal equilibrium with the core
over a timescale of years to decades after it was heated in a prolonged accretion
outburst (Wijnands et al., 2017). In these systems, the conditions may be such that the
temperature of the stratified envelope after the accretion outburst is high enough to
drive high rates of diffusive nuclear burning. This could completely change the
composition of the envelope after the outburst, as well as introduce a new source of
heating in the envelope which would have been interpreted as originating from the
interior. We calculate new temperature relations for the envelope that include DNB for
H-C envelopes and calculate cooling models that include a time-variable envelope
composition as well as a possible heat source in the envelope. Our most important
conclusion from Part I is that the treatment of envelopes in cooling models as a static
boundary condition may not be appropriate in all cases, and that it may be necessary
to include more complex processes such as diffusive nuclear burning as they can alter
the inferences made from cooling studies.

The study of cooling neutron star sources has many exciting prospects, and perhaps as
many open issues to be resolved still. In our work, we have not included possible
effects of a magnetic field on the thermal evolution and therefore limited ourselves to
cases with low magnetic fields which are not expected to affect the heat flow.
However, an exciting prospect is to extend these detailed cooling models to multiple
dimensions and include the complicated effects of magnetic fields and their evolution
(see Viganò et al. (2021)). This would open up cooling studies to be applied to many
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more neutron star cooling sources, as a large number are measured to have extremely
strong magnetic fields.

Confronting cooling models with observations of cooling neutron stars is one of
several approaches to gain insight into their ultradense environments with interesting
states of matter that would help us understand physics in extremes and one of the
fundamental forces in the universe. It allows us to peek into the interiors while they
are “cold” (i.e., 108−10 K) compared to nuclear physics standards and matter is
regarded to be in their lowest energy state (equivalent to when T=0 K). In Part II we
move to the opposite regime in which neutron stars can be studied: The study of a
possible heavy, hot neutron star remnant after two neutron stars merge that could be
discovered using gravitational waves.

For the first and most famous detection of a binary neutron star (BNS) coalescence
(GW170817) only the inspiral and merger was detected using gravitational waves,
while its environment was observed in the electromagnetic spectrum until long after
the merger. During the inspiral the neutron stars are tidally deformed as they orbit
closer and closer to each other which causes them to loose more orbital energy as
gravitational waves and merge faster than two black holes of the same mass would.
The amount that an inspiraling neutron star deforms, is directly linked to its structure
and equation of state: More compact stars are harder to deform than larger, less
compact stars. Therefore, measurements of the tidal deformability of the neutron stars
during the inspiral directly constrain the neutron star equation of state
(Chatziioannou, 2020).

The inspiral dynamics of a compact binary is relatively well understood and its
gravitational wave signal can be modeled using solutions to general relativity. The
description of what happens during and after the merger is more complex and less
well-understood. Relativistic simulations of this phase are numerically expensive as in
these hot, dense and violent conditions, high temporal and spatial precision is
necessary. Furthermore, complex physical processes need to be included such as
thermal effects, turbulences and magnetohydrodynamical instabilities. Despite the
complexity and divergence in the exact prediction of the creation and evolution of a
post-merger remnant, numerical simulations provide a robust prediction for the
primary peak in the frequency spectrum of the remnant’s gravitational wave signal.

Detection of this post-merger remnant’s peak frequency is an exciting prospect that is
expected with future detector upgrades and more detections of BNS coalescences
(Torres-Rivas et al., 2019). Information from the post-merger remnant is
complimentary to that from the inspiral, as the heavier post-merger remnant with a
higher maximum density allows access to the highest density regime of the equation
of state. As no precise models exist for the description of the post-merger signal,
extracting a post-merger signal from data requires a different approach than for the
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inspiral. BayesWave has been used for detecting simulated post-merger signals, as it
can model any signal morphology without making assumptions about its physical
origin using a superposition of sine-Gaussian wavelet functions. So far, all studies of
and searches for the BNS post-merger signal were done separately from the inspiral
and vice versa. While no post-merger signal has been detected, this has a significant
computational advantage, as the inspiral requires long duration (∼ 128s) but relatively
low frequency (≤2048Hz) data while a study of only the post-merger could use short
duration data (∼1s) while requiring high frequencies (up to 4096Hz). However, as
detections of a post-merger remnant are anticipated, the need for an analysis method
that includes the full BNS signal grows.

In Part II of this thesis, we present an analysis method to coherently analyze the full
BNS gravitational wave signal including both the inspiral and post-merger phase. Our
method uses template waveform solutions to general relativity for the inspiral, and
sine-Gaussian wavelets to simultaneously model any signal component that is not
captured by the inspiral waveforms. We extend BayesWave’s RJMCMC with a CBC
inspiral sampler and include several techniques to reduce memory and computation
times as the full analysis requires a large amount of data. We interface our code with
the LALSimulation (LIGO Scientific Collaboration, Virgo Collaboration, 2018)
waveforms suite such that in principle any non-precessing waveform could be used,
although for our application we use PhenomD and PhenomDNRT to model, respectively,
binary black hole and binary neutron star inspirals.

We create full waveforms that combine the simulations of Torres-Rivas et al. (2019) to
model the post-merger and the LALSimulation waveforms to model the inspiral and
also use the full waveforms computed by Kastaun and Ohme (2021). We perform full
waveform analyses using our hybrid model that includes both the CBC inspiral model
and the wavelet model. Our method is able to accurately reconstruct the inspiral
parameters such as chirp mass, spin, mass ratio and tidal parameters. When our
injected post-merger signal-to-noise is high enough, the code simultaneously extracts
the post-merger dominant peak. We also use the code to reproduce the primary
post-merger peak for injections that include a phase transition between the premerger
and the post-merger equation of state and successfully extract and find evidence for a
phase transition.

We also reanalyze GW170817 and perform a simultaneous search for the full signal.
Consistent with previous analyses, we do not detect a post-merger signal but are able
to provide upper limits on the post-merger gravitational wave strain. We compare our
full hybrid analyses with analyses of the inspiral and the post-merger frequency range
separately. We find that the separate analysis does not lead to a detection of the merger
signal in the frequency range 1000-1500 Hz, unlike our hybrid analysis. This suggests
that this high-frequency portion of the signal is not individually detectable, but only
inferred coherently from the preceding inspiral signal using a hybrid analysis.
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While we apply the hybrid analysis code to studies of the full BNS signal, it can be
used for other applications too. For example, to use the CBC model for the inspiral
signal and the wavelet model to capture any detector glitches as we show in
Chatziioannou et al. (2021a). In principle, the hybrid analysis has wide applications
for compact binary inspirals where any unmodelled signal accompanying the CBC
inspiral model will be caught by the wavelet model. We hope it will be a useful tool
for the next era of gravitational wave detections that will undoubtedly bring new
predicted and unexpected discoveries from compact binary coalescences.

This thesis has been divided into two parts that contribute to distinct approaches
aiming to improve our understanding of neutron stars and the mysteries they hold
within. It contains a part that is more theoretical in nature: Building neutron stars in
computer models based on the current understanding of their microphysics and
evolving them over time to make predictions for properties that can be observed. The
other part focuses more on the practical aspect of going from data to discoveries:
Building a tool that can detect and extract physical properties of full binary neutron
star merger signals that are expected to be observed in the not too distant future. Both
aspects are important pieces of the puzzle that only requires more attention in the
future: we need physical models that can make sense of what we see, as well as data
analysis methods that can help extract the signals to constrain those models. Both
parts have a highly computational nature and highlight the increasingly important
role of software development and numerical education, resources and tools in
(astro)physics research. With improved detectors and computational resources, it will
be exciting to see what the next era of neutron star research will bring and its impact
on the understanding of astrophysical phenomena as well as fundamental physics.
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Appendix A

Cas A contamination model + Ts-Tb
relations

A.1 Analytic Ts-Tb relations

In this section, we present accurate fits to the computed Ts-Tb-ρ∗ data which can be
used in cooling simulations. All the fits are obtained for an envelope with surface
gravity gs,0 = 2.4271 × 1014 cm s−2 but can be scaled for any gs using
Y = (Ts/1MK)(gs,0/gs)1/4 (Gudmundsson et al., 1983). Firstly, we obtain Tb(Ts, ρ∗) fits
and use an adapted version of the shape of the analytic functions (Equation B.1)
presented by Beznogov et al. (2016).

Tb(Y, ρ∗) = 107K×
(

f4(Y) + [ f1(Y)− f4(Y)]

×
[

f5(Y, ρ∗) +
(

ρ∗
f2(Y)

) f3(Y)
]p12

) (A.1)

A.1.1 H-He mixture

The analytic results for the H-He mixture are applicable to an envelope with a lower
boundary of ρb = 108 g cm−3. While the H-He temperature relations can be fit with a
simple function needing less fit parameters, we fit the same function as Beznogov
et al. (2016) for consistency. The best fit parameters correspond to a maximum relative
error of 0.0054 and a rms of the relative error of 0.0028.
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TABLE A.1: Best fit parameters for the H-He mixture with ρb = 108 g cm−3 (Equa-
tions A.2).

p1 p2 p3 p4 p5 p6 p7 p8

0.8254 2.086 18.70 -1.025 3.346 1.589 0.03848 1.572

p9 p10 p11 p12 p13 p14 p15
21.03 3.268 0.2416 0.1923 -1.355 -0.07620 -9.864 × 103

f1(Y) = p1Yp2
√

1 + p3Yp4

f2(Y) = p5Yp6
√

1 + p7Yp8

f2(Y) =
p9Yp10

(1− p11Y + p12Y2)2

f3(Y) = p13Y−p14

f5(Y) = 1

(A.2)

A.2 Analysis of Cassiopeia A data using previous Chandra
contamination model N0010

Here we show results of our analysis of the same data as that in Section 2.6 but using a
previous CALDB (4.7.8 in CIAO 4.9), with ACIS-S contamination model N0010, and
XSPEC (12.9.1). The results presented in this Appendix are to illustrate the small
changes that the ACIS-S contamination model N0012 (in CALDB 4.8.1) introduces, as
well as to facilitate comparisons with the results of Posselt and Pavlov (2018) who use
CALDB 4.7.3 and N0010. The analysis follows the same procedure as that described
in Section 2.6, and the final fit results are given in Table A.2. Comparison with the fit
results in Table 2.1 show differences in temperature and flux well within uncertainties,
keeping in mind that some of the small changes are due to differing best-fit radius
(13.0 km versus 12.9 km) and hence gravitational redshift.
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Appendix B

H-C envelopes: Ts-Tb relations

B.1 Analytic Ts-Tb relations

In this section, we present accurate fits to the computed Ts-Tb-yH data which can be
used in cooling simulations. All the fits are obtained for an envelope with surface
gravity gs,0 = 2.4271 × 1014 cm s−2 but can be scaled for any gs using
Y = (Ts/1MK)(gs,0/gs)1/4 (Gudmundsson et al., 1983). We use an adapted version of
the analytic functions (Equation B.1) presented by Beznogov et al. (2016).

Tb(Y, yH) = 107K×
(

f4(Y) + [ f1(Y)− f4(Y)]

×
[

1 +
(

yH

f2(Y)

) f3(Y)
]−0.2) (B.1)

The analytic relation fitted for the H-C mixture for an envelope with a lower boundary
of ρb = 1010 g cm−3 is given by equation B.1 which consists of the functions B.2. Here,
the functions f1 − f4 are identical to those for the He-C mixture in Beznogov et al.

TABLE B.1: Best fit parameters for the H-C mixture with ρb = 1010 g cm−3 (Equa-
tions B.2).

p1 p2 p3 p4 p5 p6

5.708 0.09519 1.667 4.676 0.05793 1.705

p7 p8 p9 p10 p11
16710 3.178 4.681 1.719 0.9215
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(2016). We obtain a maximum relative error of 0.016. The root mean square of the
relative error is 0.0037.

f1(Y) = p1Yp2log10Y+p3

f2(Y) = p7Yp8(log10Y)2+p9

f3(Y) = p10

√
Y

Y2 + p2
11

f4(Y) = p4Yp5log10Y+p6

(B.2)
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