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Picophotonics is the emerging science of light-matter interactions at the sub-
nanometre scale. In nanomechanical metamaterials (NMs), picometric movements
driven by thermal forces can be amplified by optical forces, opening up a novel way
to explore their physics and applications. In this work I have:

• Designed and constructed a unique apparatus for investigation of thermal fluc-
tuations and directional asymmetry of optical properties in NMs. This exper-
imental setup is part-fiberized for stability, operating at telecommunications
C-band wavelengths.

• For the first time, observed thermal fluctuations in the optical properties of
metamaterials. High-frequency time-domain fluctuations of the optical prop-
erties of NMs are directly linked to picometre thermal motion of their com-
ponents and can give information on fundamental mechanical frequencies and
damping of mechanical modes. At room temperature the magnitude of meta-
material transmission and reflection fluctuations is of order 0.1% but may
exceed 1% at optical resonances.

• Demonstrated, for the first time, that the natural frequencies and thermal fluc-
tuation amplitudes of NMs can be optically controlled at µW/µm2 intensities.
The few - MHz natural frequencies of beams shift up to 3.6% and few tens
of pm displacement amplitudes of thermal fluctuations vary up to 4.3% with
light intensity of 0.8µW/µm2, providing active control of frequency response
and may serve as a basis for bolometric, mass and stress sensing.

• For the first time, reported asymmetric transmission in a nanomechanical
metamaterial driven by optical forces. I have experimentally demonstrated
in NMs that resonant excitation of optical and mechanical sub-systems can
lead to profound light-induced transmission asymmetry reaching 16% at µW
power levels, making it suitable for a range of laser technology and fibre tele-
com applications.

• Shown, for the first time, that a free-standing, homogenous dielectric thin film
can exhibit an optical magnetic response, i.e. without metamaterial nanos-
tructuring. Indeed, such a response is an essential feature of homogeneous
dielectric films at Fabry–Pérot resonances, which are formed by the interfer-
ence of electromagnetic multipoles, including the magnetic dipole.
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Chapter 1

Introduction

The growing demand for fast information transmission, efficient signal processing

and big data storage is close to surpassing the capacity of current systems. Benefiting

from the bandwidth of light, photonic systems are considered as preferable platforms

on which information can be transmitted through fibres and waveguides. Electronic

systems, in comparison, are superior in data processing and storage as they have

achieved a high level of integration and miniaturization[1]. However, the bandwidth

limitations of the electronic platforms have almost been reached[2]. One of solutions

is using photons as an alternative to process and store information, because they

can provide more channels, such as polarization and orbital momentum, to achieve

that functionalities[3]. Metamaterials, consisting of sub-wavelength metamolecules,

offer a novel playground for manipulating light-matter interaction. A large amount of

intriguing properties, such as negative refractive index[4], superlenses[5] and artificial

magnetism[6], are allowed to be obtained by engineering the shape and dimensions

of metamolecules, making metamaterials eligible candidates for hosting all-optical

information processing and optical data storage.

1.1 Reconfigurable metamaterials

Even though metamaterials are capable of showing remarkable properties, prac-

tical applications based on metamaterials would significantly benefit from dynamic

control of their properties. Several approaches to achieve reconfigurable metama-

terials have been investigated, including employing superconductors[7] and phase

change materials[8]–[10] to construct metamaterials. Superconducting metamate-

rials, operating in microwave and sub-THz range, allow the tuning of properties

upon temperature changes[7]. Regarding phase change materials, they can also offer

a solution in the visible range to dynamically control the refractive index change

between different states[8]–[10]. Furthermore, if the operation speed is not the

most important aim of the reconfigurable metamaterials, microelectromechanical

systems (MEMS) can also be utilized to build tunable metamaterials, which have

been demonstrated for THz frequencies[11]–[13], see Fig. 1.1. The change in optical

properties of such reconfigurable metamaterial arises from structural displacements

and geometry changes within MEMS metamaterials.

Nanomechanical metamaterials with physical dimensions further decreased into

sub-micrometre scale could potentially provide faster response speed. The basic
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Figure 1.1: Tunable MEMS metamaterials for Terahertz (THz) waves. (a) A reconfig-
urable THz metamaterial that is in response to a thermal stimulus[11]. (b) A THz metama-
terial tuned by MEMS actuators[12]. (c) A magnetoelastic microwave metamaterial actuated
by Ampere’s force[13].

idea behind nanomechanical metamaterials can be described as the realization of

balance between electromagnetic forces and elastic forces. Specifically, the elec-

tromagnetic forces between constituent elements increase with the decrease of the

dimension of nano-objects, while elastic forces drop with the decrease of size[14].

That is to say, nanomechanical metamaterials could provide a platform where elec-

tromagnetic Coulomb(Fig. 1.2(b)), Lorentz force(Fig. 1.2(c)) are able to compete

with elastic forces and thus be used to reconfigure the shape of individual meta-

molecules or to change their mutual arrangement. These nanomechanical metama-

terial building blocks can move fast, potentially offering modulation at gigahertz

frequencies[15]. Furthermore, nanomechanical metamaterials can also be driven by

thermal forces (Fig. 1.2(a)) or by optical forces (Fig. 1.2(d)) arising from illuminated

metamolecules.

In this thesis, nanomechanical metamaterials are employed as medium, driven by

thermal and optical forces, to modulate light for exploring optical induced thermal

Figure 1.2: Nanomechanical metamaterials. (a) A reconfigurable optical metamaterial
driven by thermal effects[16]. (b) An electro-optical modulator actuated by electrostatic
forces[17]. (c) A magneto-optical modulator driven by Lorentz force[18]. (d) An all-optical
modulator actuated by optical force[19].
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fluctuations properties and achieving transmission asymmetry functionality.

1.2 Thermal motion

In the experiments showing in Chapter 3 and 4, I have investigated the identification

and tuning of the Eigenfrequencies of nanomechanical metamaterials characterized

by thermal motion behaviours of the components of nanomechanical metamateri-

als. Eigenfrequencies of vibration are important as they determine the frequencies

at which harmonic oscillation may be driven efficiently, to large amplitudes and

to the nonlinear regime. These frequencies increase as objects decrease in size,

reaching the mega- to gigahertz range at the nanoscale. Ideally, the constituent

elements of nanomechanical metamaterials are driven in synchronous resonant (i.e.

large amplitude) oscillatory motion to achieve maximum optical effect. In practice,

little is known about the mechanical characteristics of nanomechanical metamate-

rials. Thermal motion, first observed by Robert Brown in 1827 as erratic motion

of pollen grains in water and explained by Albert Einstein in 1905 [24], presents

a chance to address this challenge. As weakly-damped nanoscale oscillators pos-

sess small enough mass, the random, white-noise thermal motion driving force is

sufficient to induce relatively large amplitude oscillations at their mechanical Eigen-

frequencies[25]–[27]. Therefore, nanomechanical metamaterials can be expected to

transduce picometric scale thermal displacements to fluctuations of their optical

properties, providing an opportunity for optical characterization of their mechanical

properties. In particular, this applies to highly sensitive photonic metamaterials

supported by flexible nanomembrane structures that show giant electro-optical[17],

Figure 1.3: Thermomechanical transduction observed in a cantilevers(a)[20], single plam-
omechanical dimer antenna(b)[21], vertical nanowire resonators(c)[22] and metal-insulator-
metal double-clamped beams(d)[23].
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magneto-electro-optical[18], phase change[28] and nonlinear optical[19], [29], [30]

responses.

Thermomechanical transduction of natural oscillations has been observed in can-

tilevers[20], [31], single plasmomechanical dimer antenna[21], vertical nanowire res-

onators[22] and metal-insulator-metal resonators [23] as well as other optomechan-

ical systems[32], and exploited in atomic force microscopy[33]. In a metamaterial,

all structural elements of the same type should preferably be mechanically identical

(i.e. in terms of natural frequencies and quality factors) to exclude inhomogeneous

broadening of the optical response. In practice, due to material and manufacturing

imperfections, this is rarely the case and interrogation of the metamaterial ensem-

ble’s thermomechanical response can provide insight to the dispersion of mechanical

properties (see Chapter 3). Furthermore, optically controlled eigenfrequencies of

nanomechanical metamaterials (see Chapter 4)may serves as a basis of practical

applications, such as bolometer, mass and micro/nanostructural stress sensor.

1.3 Transmission asymmetry

In my experimental work (Chapter 5), I explored transmission asymmetry features

of nanomechanical metamaterials. Hence, it is necessary to give a brief introduction

of the concept on transmission asymmetry.

Reciprocity is a fundamental principle in optics, resulting from linearity and

time-reversal symmetry. This requires that transmission properties of electromag-

netic wave are the same when source and detector are switched. It sets founda-

tional barriers to realize all-optical signal processing, especially to asymmetric de-

vices such as isolators, circulators and non-reciprocal phase shifters (gyrators) which

Figure 1.4: Asymmetric transmission based on optical non-reciprocity. (a) On-chip optical
isolator based on magneto-optical effects[34]. (b) All-silicon passive optical diode based on
optical nonlinearity[35]. (c) Cavity-based optomechanical isolator[36].
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are commonly used in optical communication. Recently, asymmetric light transmis-

sion (ALT) devices have sparked increasing interests due to its potential for breaking

these barriers. Generally, an optical device that offers big transmission differences

between backward and forward illuminations can be considered as an ALT device.

A typical way to obtain transmission asymmetry is the utilization of optical non-

reciprocity [37]. Traditional approaches to break reciprocity involve the interaction

between a magnetic field and magneto-optic materials [34], [38], as the precondition

of deriving reciprocity theory is based on linear time-invariant materials with sym-

metric permittivity and permeability tensors, that is not satisfied by magneto-optic

materials. However, this method is not appealing to current photonic systems, in

which features like compact size, integrability and low cost are preferred. Moreover,

the large loss of magneto-optical materials at optical frequencies make them not

a good option for low-energy consumption devices. Even though state-of-the-art

on-chip implementations have achieved isolation ratios as high as 19.5 dB at tele-

com wavelengths[34] using this approach (see Fig. 1.4 (a)), it requires non-standard

materials and introduces scaling and integration problems. Hence, the search for

alternatives to realize non-reciprocity without external magnetic field has recently

spawned many novel ways. One of them is the utilization of nonlinear materials

[35], [39]–[41], which is not limited by reciprocity principle. Although a forward-

backward transmission ratio of up to 25 dB at telecom wavelength(Fig. 1.4(b)) was

achieved by Li et al. [35]. This method works only for signals of sufficiently high

intensity and incident signal for only one port at a time [37], [41]. In addition,

optomechanics offer another opportunities for building non-reciprocal devices [36],

[42], [43], as temporal modulations can be induced by mechanical resonances(Fig.

1.4(c)).

Another way to obtain ALT is based on reciprocal systems. A specific asymmet-

ric mode conversion can be obtained via breaking spatial symmetry of structures,

Figure 1.5: Asymmetric transmission based on reciprocal system. (a) Asymmetric trans-
mission at terahertz range in a double grating[44]. (b) A optical diode based on photonics
crystal[45]. (c) Asymmetric Transmission in chiral metamaterials[46]
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leading to light transmission differential between backward and forward illumina-

tion directions. ALT devices built via this approach are able to be realized without

limitation to certain materials, while some of ALT devices based on non-reciprocity

require a specific materials, such as magneto-optic materials or nonlinear medium.

So, materials which is compatible with complementary metal-oxide-semiconductor

(CMOS) fabrication process can be selected to make devices. So far, a wide range

of reciprocal ALT devices have been achieved based on different spatial symmetry

breaking, such as asymmetric grating(Fig. 1.5(a)) [44], [47], [48], photonic crys-

tals(Fig. 1.5(b))[49], [50] and chiral metamaterials(Fig. 1.5(c))[46], [51], [52]. They

can meet some practical needs for specific applications.

1.4 Thesis synopsis

Driving nanomechanical metamaterials via thermal and optical forces opens up a

novel approach to access new optical properties and pursue devices with remarkable

functionalities. In this thesis, reconfigurable nanomechanical metamaterials working

at telecommunication wavelength range that have nanoscale metamolecules and pico-

metres movement features are developed for exploring thermal fluctuation properties

and achieving transmission asymmetry functionality.

Chapter 2 presents manufacture techniques for fabricating nanomechanical meta-

material samples. Experimental apparatus utilized in measuring thermal motions

and asymmetric optical responses of nanomechanical metamaterials are also pre-

sented in this chapter. Furthermore, basic theories and computational models for

analysing mechanical and optical properties of nanomechanical metamaterials are

introduced to gain a better understanding of observed experimental phenomena.

Chapter 3 focuses on the first experimental observation on thermal fluctuation of

the optical properties of nanomechanical metamaterials. This finding indicates that

thermal fluctuations of the optical transmission and reflection spectra of nanome-

chanical metamaterials are capable of giving information on mechanical frequencies

and damping of mechanical modes, setting fundaments to the research in following

chapters.

Chapter 4 presents optical control of thermal motions in nanomechanical meta-

materials. Both eigenfrequencies and root-mean-square(RMS) displacement of the

components of nanomechanical metamaterials can be tuned both by light power

(down to a few µW ) and light illumination directions.

Chapter 5 reports experimental evidence on asymmetric transmission in nanome-

chanical metamaterials driven by optical forces. Numerical models are firstly con-

ducted to predict transmission asymmetry induced by optical forces to guide the

sample fabrication processes. Moreover, I have experimentally presented in nano-

mechanical metamaterials that resonant excitation of optical and mechanical sub-

systems could produce profound light-induced transmission asymmetry at low mi-

crowatt power levels.



Chapter 6 demonstrates optical magnetic response in a free-standing dielectric

thin film, in which Fabry–Pérot resonances are formed by the interference of elec-

tromagnetic multipoles, including the magnetic dipole.

Finally, the works covered in this thesis are concluded in Chapter 7, together

with an outlook for potential directions extended from current works.
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Chapter 2

Methods

The method for measuring and analysing optomechanical properties of nanome-

chanical metamaterials will be described in this chapter. Firstly, the fabrication

details for creating metamaterials are shown in section 2.1, where two manufactur-

ing approaches, e.g. focus ion beam (FIB) milling (section. 2.1.1) and electron-

beam lithography (EBL) (section 2.1.2), were utilized to produce desired samples.

In section 2.2, I present the measurement setups, including the vacuum chamber,

MEMS switch, optics, electronics, for optical characterization of manufactured sam-

ples. In addition to experimental approaches, analytical models and computational

methonds are introduced in in section 2.3 and 2.4 to gain better understanding of

observed experimental phenomena.

2.1 Sample fabrication

Nanomechanical metamaterials, measured in chapter 3, were manufactured based on

low tensile stress (tensile/compress stress σ: the normal force per area that causes

an object to increase /decrease in length) silicon nitride (Si3N4) membrane (σ <250

MPa), with 250× 250 µm square windows on 5× 5 mm square frames (Norcada,

Inc), and the thickness of Si3N4 is around 200 nm.The photograph of this type

of membrane can be found in Fig. 2.1. While another type of customized Si3N4

membrane (Norcada, Inc) with 8 narrow slit windows (length: 400 µm, width vary

from 10 to 75 µm) was utilized for manufacturing samples employed in chapter 4

and 5. Fabricated nanomechanical metamaterials can be directly anchored onto

frame in this type of customized membrane, making mechanical properties of the

samples more stable. To prepare Si3N4 / silicon(Si) bilayer film, plasma-enhanced

chemical vapour deposition(PECVD) is then utilized, at base pressure of 5 × 10−7

mbar, to deposit 115 nm of Sion the front side of Si3N4 membrane and deposition

temperature was 200 °C.

2.1.1 Fabrication via FIB milling

The membrane with Si3N4 / Si bilayer was then structured by FIB milling to define

the array of asymmetric nano-bricks in Si layer and parallel supporting beams in

the Si3N4 layer. A gallium ion(Ga+) beam with acceleration voltage of 30 Kev and

beam current of 48 pA were used in a FIB system (FEI Helios-600). The membrane
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Figure 2.1: Flow-chart of FIB milling processes to fabricate nanomechanical metamaterials
samples.

was milled from Si side as show in Fig. 2.1, to get Sinanobricks at first, and then

Si3N4 layer was etched through to obtain free-standing beams. To mill the desired

patterns, FIB system was controlled by a nanometer pattern generation system, in

which the target shapes and dimensions of nanomechanical metamaterials can be

predefined. In order to make the beams easier to be driven either thermally(Chapter

3 and 4 )or optically(Chapter 5), I also create tapering parts at two ends of beams

(see Fig. 2.2) inspired by Ou’s previous work[19].

It is important to prevent neighbouring beams collapsing into each other while

fabricating free-standing beams. To do so, the beams were milled in an alternative

way. Specifically, a wide beam with width of two beams was firstly milled to release

stress in membrane, this wide beam was then cutting through into two beams. This

procedure leads to a fact that neighbouring beams tend to owe similar tensile stress,

verified by the later measurements in chapter 3.

Fig. 2.2 shows fabrication outcomes of FIB milling process introduced above. Fig.

2.2(a) presents the SEM image of a typical nanomechanical metamaterials sample

with 0o tilt angle. It consist of two parts, the metamaterials part at the centre

and connection part, e.g. tapering part as I mentioned, at the end of beams. In

terms of metamaterials part, it consists of two types nanobricks (see the inset in

Fig. 2.2(a)), one type of bricks has longer length and wider width, while another

has shorter length and narrower width. This dimensional asymmetry creates optical

Fano resonance and resonant enhanced optical forces. And the tapering part is
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Figure 2.2: SEM image of fabricated sample via FIB milling (a) 0o tilt, (b) 52o tilt

responsible to enhance the transduction sensitivity. Fig. 2.2(b) gives the SEM image

of the metamaterial with 52o tilt angle, in which one could check side profile of the

sample. It can be found that the initial height position of beams are roughly at the

same level.

Figure 2.3: Flow-chart of fabrication process to produce metamaterials with different
height.



12 FIB lighography

Figure 2.4: SEM image of fabricated nanowire sample with different height. FIB fabricated
grating (a) before a-Si depositon, (b) after a-Si deposition. (c) Cross section of fabricated
sample with 52o tilt angle.

Apart from utilizing different length and width of nanobricks to achieve asym-

metric transmission which is the one of main goals of this project, one could also

get good transmission asymmetry by using the thickness dissimilarity of beams (see

Chapter 5). Previously, a design of metamaterials with different height proposed[30].

However, there is no resonance observed for the fabricated sample (via FIB) based

on this kind of design (see Appendix E) because of severe Ga+ implantation[53]. In

addition to this normal FIB milling process, another option to create different thick-

ness is through PECVD. In this protocol, beams with different width are assumed

to have distinct Si deposition rate.

In Fig. 2.3, the flow-chart for fabricating samples with height via this way is

given. The FIB procedure is firstly employed to create grating with different width

on Si3N4 membrane. After that, PECVD is utilized to deposit a-Si on grating

with different height. However, there are several potential issues in this protocol.

One of issues is non-uniform tensile stress distribution inside of membrane produced

by FIB milling, and this stress imbalance could be further increased when doing

PECVD process due to high deposition temperature (200 °C), leading to decreasing
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rate of success manufacturing. The other issue is side-growth of Si. Fig. 2.4(a)

and(b) show the SEM image of a grating with different width before and after a-Si

deposition, one could clearly find that the width of beams are also increased after

deposition process, which is not desired in the origin design. Then, I checked if

the thickness differences created by this protocol meet the expectation. Fig. 2.4(c)

depicts the cross-section image of the fabricated sample to measure the thickness

difference. Side-growth effects could also be observed in this view, in which the

width of grating increased. Moreover, the thickness differences is only around 12

nm for a large width dissimilarity and such a small differences could not meet our

requirement for obtaining optical resonances. Hence, the design with asymmetry in

length and width of nanobricks will be focused in the following chapters.

2.1.2 Fabrication via electron-beam lithography

As mentioned in the previous section, FIB process is capable of creating our desired

patterns. And this process can be simplified as two main steps: materials deposition

and FIB milling. There is no solvent-based process involved in this approach. Hence,

surface adhesion, such as resist and hard masks, would not be an issue. However,

the Ga+ ion implantation on the surface of samples during fabrication process is in-

evitable[53] which undermine the optical properties, such as Quality factor (Q-factor:

the ratio of stored energy to the energy lost per cycle of oscillation, characterizing

the dissipation of nanomechanical metamaterials. It is determined by non-radiation

losses of consisted materials, such as the Ohmic loss; and radiation losses, such as

scattering loss due to the surface roughness and non-uniformity of the samples) and

absorption, of the fabricated nanomechanical metamaterials. Because optical forces

that utilized to driven metamaterials in Chapter 5 is sensitive to the Q-factors (see

Fig. 5.9), samples with poor Q-factor would require higher input laser power levels

for generating sufficient optical forces to drive nanomechanical metamaterials effi-

ciently. In addition, large absorption coefficients induced by Ga+ implantation make

samples fragile to laser powers.

In order to improve the quality of samples, we then developed a new approach

based on full EBL to enable Ga+ contamination-free nanomechanical metamaterial

samples with higher Q-factor. This approach includes two round of EBL processes.

The first round of EBL process includes a-Si deposition, e-beam exposure, e-beam

evaporation of chromium(Cr) as hard mask, metal lift-off and reactive ion etching

(RIE) etching steps to obtain Si nanobricks on the Si3N4 membrane. While the

second round of EBL process is conducted to cut through Si3N4 membrane produc-

ing free standing beams with nanobricks on them. Fig. 2.5 shows the schematics of

these steps.

Regarding the membrane used in this EBL procedures, I used customized low-

stress (σ <200 MPa) 200 nm thick silicon nitride membrane (Norcada, Inc.) with

two narrow slit window (400 µm×(40 & 50) µm). In these slit membranes, the

nanomechanical metamaterials can be anchored directly on the frame, making the
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Figure 2.5: Flow-chart of EBL process to produce nanomechanical metamaterial samples.
(NB: the 3D-sketch images in this flow-chart show semi-product and final product after 1st

and 2nd round of EBL process)

mechanical properties of samples more stable as we mentioned before. The larger

frame size (10×10 mm) is utilized in the EBL procedures to make membrane samples

compatible with e-beam exposure machine.

Table 2.1 shows the workflow details of these two round of EBL procedures. I

firstly clean Si3N4 a membrane sample with ashing machine for 5 min to clean dusts

on membrane surface. This cleaned membrane is then put into PECVD machine for

130s to deposit Si, the deposition temperature is around 200 °C and base pressure

is 4.8 × 10−7mbar. The positive-tone resist ZEP520a, diluted with anisole, is then

employed for e-beam exposure process. Because the frame size is still relative small

compared with standard wafer size, and the membrane sample quite fragile, coating

a uniform layer of resist can be a challenge task. Here I use a larger silicon chip

as substrate and attach our small membrane chips on it with Kapton tapes. This

assembly is then put onto spinner to do resist spinning. The spinner first spins

slowly to check if the centre of membrane window is well-aligned to the rotation axis

of the spinner. After that the resist will be spun on the sample. An e-spacer layer is

then coated on the resist to prevent charging issues during e-beam exposure process.

After e-beam exposure, the sample is immersed into developer (ZED-N50) for

90 s and then into IPA for another 30 s to remove the residuals. The developed

sample are inspected by a microscope to check if it is well developed. In order to

get a good side-wall quality of nanobricks, a layer of hard mask is necessary for RIE

process. Here we choose Cr as hard mask material and deposit it onto resist layer

via e-beam evaporator. To ensure good pattern could be transferred onto Si/Si3N4

membrane via lift-off process, it generally requires at least 5: 1 ratio of resist and

metal mask thickness. Hence, we deposit a thin layer (35 nm) of Cr onto resist

layer and then doing lift-off process with N-methylpyrrolidone (NMP) solvents for

at least 2 hours. In the mean time, a syringe is utilized to aid the lift-off process.
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Table 2.1: EBL workflow. The step numbers refer to the schematics
shown in Fig. 2.5

step description details

1 a-Si deposition
plasma ashing,5 min
110 nm a-Si deposition via PECVD

2

resist spinning

resist baking
e-spacer spining

ZEP520A : anisole=2:1
2370 rpm for 60 s thickness ≈ 350 nm
180 °C,
2000 rpm for 90 s

3 e-beam exposure
write field = 100 µm
aperture =10 µm, area dose = 100 µC/cm2

4
e-spacer removal
resist development

DI water, 30s
ZED - N50, 2 min
IPA, 30 s

5 Cr evaporation 35 nm Cr via e-beam evaporator as hard mask

6 Cr lift-off
N-methyl-2-pyrrolidone (NMP)
At least 2 hours, use syringe to aid lift-off
Rinse IPA, 30 s

7 a-Si layer etching
RIE etching, 7 min 30 s
gas: CHF3(18sccm), O2(2sccm)
RF power: 75W

8 Cr removal
Cr etchant : 8 min
DI water rinse: 1min

9

resist spining

resist baking
e-spacer spining

ZEP520A : anisole=2:1
2370 rpm for 60 s thickness ≈ 500 nm
180 °C,
2000 rpm for 90 s

10 e-beam exposure
write field = 100 µm
aperture =10 µm, area dose = 100 µC/cm2

11
e-spacer removal
resist development

DI water, 30s
ZED - N50, 2 min
IPA, 30 s

12 Si3N4 layer etching
RIE etching, 15min
gas: CHF3(18sccm), O2(2sccm)
RF power: 75W

13 resist removal
RIE etching, 5 min
gas: O2(10sccm)
RF power: 50W

The transferred Cr patterns are inspected under SEM to check if the patterns are

under good conditions. Once the situation ensured, an etching process is conducted

via RIE machine for 7.5 min to produce Si nanobricks on Si3N4 membrane. Finally

the hard mask layer is removed by Cr etchant for 8 min.

To cut through Si3N4 membrane, another round of EBL process is in need. This

procedure is quite similar to the first round of EBL but without hard mask deposition
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Figure 2.6: SEM image of fabricated sample via EBL processes. (a) The over view of whole
sample, the frame and membrane area are indicated by annotation in figure; (b) the centra
metamaterials part; (c) zoom-in image of central part of nanomechanical metamaterials at
30o deg (c1)and 0o (c2) tilt angle; (d) the connection part of metamaterials.

and lift off process as main optical properties are determined by Si nanobricks,

So the side-wall quality of SiN beams is not that important. Another reason is

that once the SiN beams get cutting through, one should avoid any further wet

process getting involved in the following steps, because wet process could potentially

introduce issues, such as beams collapse and membrane break. However, if the Cr

get deposited as hardmask for following lift-off process, it need to be removed via

Cr etchant finally and that is a wet process.

Once this second round EBL process is finished, the final fabricated sample ob-

tained as shown in Fig. 2.6. One can see that nanobricks have a very good uniformity

and it looks like from Si side that there is no stickiness between neighbouring beams.

Furthermore, I checked the transmission spectra of this sample and compared

it with the samples fabricated by FIB milling, shown in Fig. 2.7. It can be seen

that the Q-factor of the peak we interested (around 1500-1600 nm) for the samples

fabricated by EBL process is higher than that for the samples fabricated by FIB

process. However, the spectral position of resonance for the EBL sample is blue-

shifted from our targeting spectral range (C-band) due to the etching rate fluctuation

after a round of maintenance of cleanroom.

In order to make the best use of this sample, the measurement for detecting

thermal fluctuation of this sample is conducted at its resonant wavelength as the

procedure described in Chapter 3. However, there is no thermal peaks observed in
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Figure 2.7: Comparison of transmission spectra of the samples fabricated by FIB and EBL
approach.

this sample, implying that there is no movement within this nanomechanical meta-

material. The reasons could come from either the Si3N4 is not cutting through or

there is Si residuals (from the first round etching process) connecting the neigh-

bouring beams. Both of these two reason could silent mechanical modes in this

sample.

To verify this assumption, I inspect the EBL sample from both Si3N4 side and Si

side as shown in Fig. 2.8. It can be confirmed from zoom-in image Fig. 2.8(b) and (d)

that the Si3N4 layer is cutting through. However, a imperfect lift-off process leaves

hardmask Cr in between neighbouring bricks, which finally produce the Si residuals

in undesired position after RIE process. And this Si residuals bridge neighbouring

beams. The positions with connected bridge produced by Si residuals are indicated

by coloured arrows in Fig. 2.8 from Si (b) and Si3N4 (d) sides. This inspection

concludes that a more clean lift-off process is required in the future process to

successfully produce nanomechanical sample with high Q-factor via EBL procedure.

I think that there are two ways to improve current lift-off process. One of them

is the decrease deposition thickness of the hard mask material (e.g. Cr), which

makes it easier to be removed during lift-off process. The cost of this approach

would be the side-wall quality of fabricated sample. The other method to obtain a

clean sample with less Cr residual after lift-off process is doing this procedure under

ultrasonic bath. However, as the membrane we are currently using is only 200 nm

thick, it would be a challenge task to do ultrasonic bath based lift-off process without

breaking membrane. To meet this challenge, one could start with a thicker Si3N4

membrane which is capable of keeping itself intact during ultrasonic process. After

the first-round of EBL process, RIE could be utilized to etch the Si3N4 membrane

to desired thickness from Si3N4 side.

Due to COVID-19, the access to cleanroom is severely limited. I do not have

chance to carry on this EBL processes to produce a functional nanomechanical
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Figure 2.8: Comparison of geometry profile of the sample fabricated by EBL from two
sides of membrane. (a)(b) SEM image of the sample from Si side for overview (a) and
zoom-in (b) perspective, where yellow rectangular area in (a) indicates the zoom-in part
in (b). (c)(d) SEM image of the sample from Si3N4 side for overview (c) and zoom-in (b)
perspective. Arrows in (b) and (d) depicts the connection part between neighbouring beams.

sample. However, I think this experience could be helpful to my colleagues who

are interested in exploring fabrication of nanomechanical metamaterials via EBL

method.

Even the Q-factor is improved for the sample manufactured by EBL approach,

this improvement is not as good as I expected due the residuals. Furthermore, EBL

is a time-consuming process, taking 1-2 weeks to obtain a group of samples on one

membrane. In comparison, sample can be fabricated by FIB within 4-5 hours. The

saved time in FIB process can be spent to optimize sample design and manufacturing

parameters for mitigating the adverse influence of Ga+ contamination. Hence, I will

concentrate on the samples which are fabricated by FIB process in the following

chapters.

2.2 Experimental apparatus

In this section, the experimental apparatus will be introduced to focus the laser

spot on the nanomechanical metamaterial samples and to measure their optome-

chanical responses. Schematics for three measurement setups employed in chapter

3-5 have been shown in Fig. 2.9. Specifically, Fig. 2.9(a) depicts the setup for

measuring thermal fluctuation of a nanomechanical metamaterial sample (Chapter
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Figure 2.9: Schematics of setup for measurement of (a) thermal fluctuation of nanome-
chanical metamaterials; (b) thermal motion tuning in nanomechanical metamaterials and
(c) asymmetric transmission in nanomechanical metamaterials.

3), Fig. 2.9(b) shows the apparatus for optically tuning thermal motions of the

nanomechanical metamaterial (Chapter 4) and Fig. 2.9(c) gives the equipment for

achieving asymmetric transmission functionality in nanomechanical metamaterials

(Chapter 5). In Fig. 2.9(a), a fiber-coupled telecommunication tunable diode laser

(ID Photonics CoBrite - DX2) working at C-band wavelength range is utilized as

light sources. A home-made column microscope is built with symmetric equipments

in the both side of samples (shown in Fig. 2.10) to reduce systematic errors, in

which 8 supporting pillars are added in the microscope to stabilize the system and

the laser beam is decoupled into free space via a fibre collimator. As the sample

is polarization sensitive, a pair of polarisers are added in the microscope (measure-

ments and modelling outcomes to verify the polarization dependence of the sample
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can be found in Appendix B). Once the laser passing through the polarizer, it is

focused onto the sample by a 20× magnitude, long working distance (20 mm) IR

objective (Mitutoyo). The diameter of focused laser beam is around 5 µm. And

the sample is placed in a home-made vacuum chamber (see design drawing in Fig.

2.11) evacuated to the pressure of around 4 ×10−3 mbar, and this value is limited

Figure 2.10: Design drawing of home-made microscope for measurements. (a) Side view,
(b) exploded view.

Figure 2.11: Design drawing of vacuum chamber (design by Damon Grimsey). (a) Top
view, (b) side view, (c) exploded view.
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by the outgassing of o-ring between upper and bottom parts, see Fig. 2.11(c). As

the motion of mechanical resonator is damped by ambient air pressure (Measure-

ment of oscillators on different air pressures can be found in Appendix C), it is

necessary to put sample into a low pressure environment to improve the transducing

efficiency). The transmitted laser is collected by a photodetector and the time-

resolved signal is then analysed by spectral analyzer (Zurich Instruments-UHFLI)

to give the mechanical modes information of nanomechanical metamaterial sample.

For the setup in Fig. 2.9(b), a MEMS switch (AGILTRON - MEMS 22522B333)

is added onto setup shown in Fig. 2.9(a) for swapping the incident light illumina-

tion directions between forward and backward illuminations, as light propagation

direction is another dimension to optical control the natural Eigenfrequency and

thermal motions of nanomechanical metamaterial sample(Chapter 4). To investi-

gate asymmetric transmission in nanomechanical metamaterials, we upgrade the

setup to realize pump-probe experiments, shown in Fig. 2.9(c) by adding a pump

laser, an electro-optical modulator (EOM) and a tunable filter (EXFO - XTM50)

onto the apparatus shown in Fig. 2.9(b). In the pump laser line, the EOM is em-

ployed to modulate pump laser frequency to against the mechanical Eigenfrequency

of nanomechanical metamaterials. Pulsed pump and CW probe lasers are then go

through the symmetric home-made column microscope(Fig 2.10). The transmitted

pump laser is blocked by the tunable filter, and only probe laser that modulated by

motion of mechanical oscillators in nanomechanical metamaterials is delivered into

Figure 2.12: Photographs for experimental apparatus. Left: image of the entire setup.
Right: zoom-in image of the home-made microscope.
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InGaAs photodetector(Newport-1811) . The electrical signal is finally then sent to

a electric network analyser (AGILENT-E5071C). In terms of the imaging system

for optical path alignment, white light is diverted into the microscope by a pellicle

beam splitters (Thorlabs, CM1-BP145B3), the sample and laser spot are imaged by

a IR camera. A photograph of complete system is shown in Fig. 2.12.

2.3 Analytical descriptions

In this section, the interaction between light and dielectric nanomechanical meta-

materials will be analytically modelled to interpret experimentally observed thermal

motions behaviours and transmission asymmetry phenomena in fabricated samples.

Firstly, the mechanical properties of the nanomechanical metamaterials are stud-

ied, using Euler-Bernoulli theory to derive expressions for the Eigenfrequencies and

mode-shapes of the doubly clamped beams, which is similar to the structures uti-

lized in experiments. Then the fluctuation-dissipation theorem is applied to describe

the thermal fluctuations of the components of nanomechanical metamaterials, that

is relevant to chapter 3, 4 and 5.

Furthermore, the optical features of the nanomechanical metamaterials are inves-

tigated, in which temporal coupled mode theory is applied to describe the properties

of Fano resonance. Also, the coupling effects between ”bright” and ”dark” modes

are analysed for optimizing sample design processes.

2.3.1 Mechanical modes of doubly clamped beams

The mechanical modes investigated in this thesis are those of Si3N4 beams covered

by a layer of Si. These beams have a large ratio of thickness in the direction of

motion to length. Therefore, the flexural stiffness of the beams need to be taken

into account[54], [55]. For the boundary conditions, I assume the beams are doubly

clamped. In the following, I will firstly derive eigenfrequencies for beams governed

by flexural stiffness in first subsection, and then modifications of eigenfrequencies

induced by tensile stress within beams will be described in the second subsection.

Flexual vibrations of beams without axial tensile stress

Following the derivation by Weaver, Timoshenko and Young[55], we start from the

equation of motion for a beam:

∂2

∂x2
(EI

∂2U

∂x2
) = −ρA∂

2U

∂t2
(2.1)

with displacement U(x, t), Young’s modulus E, moment of inertia I, mass density

ρ and cross section A = w × h. If the beam is prismatic, i.e. has a constant cross

section along its length(see Fig. 2.13), Young’s modulus and moment of inertia are

independent of x, reducing the equation to:
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EI
∂4U

∂x4
= −ρA∂

2U

∂t2
(2.2)

If we assume a harmonic time dependence for the displacement, U(x, t) = u(x)e−iωt,

the spatial dependence u(x) must satisfy the differential equation:

d4u(x)

dx4
= (

ρA

EI
)ω2u(x) (2.3)

Defining β = (ρA/EI)1/4ω1/2, and assuming a spatial dependence of the form

u(x) = exp(κx), the general solution will have the form:

u(x) = Aeiβx +Be−iβx + Ceβx +De−βx (2.4)

or in terms of real functions only:

u(x) = acos(βx) + bsin(βx) + ccosh(βx) + dsinh(βx) (2.5)

Now, boundary conditions can be applied to the ends of the beam, which extends

from x = 0 to x = l. Note that, for a given angular frequency ω, the spatial

dependence of the displacement u(x) is given by the 4th order equation, so four

boundary conditions are required for a unique solution. For doubly clamped beams,

the beam displacement and bending at the endpoints are fixed to 0:

u(0) = u(l) = 0;
du(z)

dz(0)
=
du(z)

dz(l)
= 0 (2.6)

The boundary conditions at x = 0 imply that a = −c, b = −d and the boundary

conditions at x = l gives:

a(cos(βl)− cosh(βl)) + b(sin(βl)− sinh(βl)) = 0 (2.7)

a(−sin(βl)− sinh(βl)) + b(cos(βl)− cosh(βl)) = 0 (2.8)

The determinant of this problem is:

cos(βl)cosh(βl))− 1 = 0 (2.9)

Figure 2.13: Sketch of beam geometry with length l and transverse displacement U(x)
due to forces along z and torques along y



24 Mechanical modes of doubly clamped beams

This function is plotted in Fig. 2.14(a), showing zero-crossing locations, where

βnl = 0, 4.73004, 7.8532, 10.9956, 14.1372..., the solution βl = 0 is trivial and we

discard it. The displacement is then given by:

u(x) = an(cos(βnx)− cosh(βnx)) + bn(sin(βnx)− sinh(βnx)

an
bn

=
cos(βl)− cosh(βl)

sin(βl)− sinh(βl)
(2.10)

Therefore, the spatial displacement can be further written as:

u(x) = an[(cos(βnx)− cosh(βnx))

+
sin(βnl)− sinh(βnl)

cos(βl)− cosh(βl)
(sin(βnx)− sinh(βnx))] (2.11)

The corresponding eigenfrequency can be then given by:

ωn =

√
EI

ρA
β2
n

fn =
1

2π

√
EI

ρA
β2
n (2.12)

Where the moment of initial for the in-plane mode is Ix = Ah2

12 and that for

the out-of-plane modes is Iy = Aw2

12 . By substituting these moment initials into eq.

2.12 with the parameters of Si3N4 beams (see in table 2.2), the eigenfrequencies can

be obtained. Table 2.3 shows analytical solutions and numerical FEM simulated

eigenfrequencies for the first four leading in-plane and out-of-plane modes for com-

parison. One could see a very small differential (less than 1%) between analytical

and FEM simulations on the Eigenfrequencies, verifying the correction of our deriva-

tion. Furthermore, these Eigenfrequencies can also be found at the zero crossings

Figure 2.14: Searching for Eigenfrequency. (a) The function cos(βl)cosh(βl) − 1, whose
zero crossings give the mode Eigenfrequencies for the doubly-clamped beam. (b) Eigen-
frequencies of out-of-plane modes (the red curve) and in-plane modes (the blue curve) for a
doubly-clamped Si3N4 beam with dimensions: l = 20µm,w = 250nm and h = 200nm.
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of red curves for out-of-plane modes and zeros crossings of blue curves for in-plane

modes in Fig. 2.14.

Table 2.2: Parameters for Si3N4 utilized in this section

Properties
Materials

Si3N4

Young’s modulus (GPa) 260

Density(Kg ∗m−3) 3100

Thickness(nm) 200

Width(nm) 250

Length (µm) 20

Table 2.3: Eigenfrequencies of the first four leading in-plane and out-of-plane modes of a
doubly clamped flexural Si3N4 beam with parameters showing in table 2.2. These Eigen-
frequencies are calculated using eq. 2.12 and extracted from FEM simulations.

Properties
Mode No.

1 2 3 4

fn,out(MHz)(Analytical) 4.7069 12.9747 25.4357 42.0467

fn,out(MHz)(FEM) 4.7073 12.9654 25.3871 41.9050

fn,in(MHz)(Analytical) 5.8836 16.2184 31.7946 52.5584

fn,in(MHz)(FEM) 5.8814 16.1910 31.6831 52.2553

Figure 2.15: Mode profiles for the first four Eigenmodes of the doubly clamped beam
shown in Fig. 2.14 with the maximum mode amplitude Max(Un(x)) normalized to 1.
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The spatial dependence for the lowest four solutions (n=1-4) for the double

flexural beam are shown in Fig. 2.15 based on eq. 2.10.

Flexual vibrations of beams under influence of axial tension

So far, only the flexural restoring forces included in the previous section. In fact, as

thin films conventionally utilized in nano-fabrication tend to have a process related

tensile stress, such as materials deposition. Doubly clamped beams made of such thin

films are therefore usually prestressed. A tensile stress σ increases the eigenfrequency

and has to be taken into consideration by adding a term for the tensile force F = σA

to governing differential equation (eq. 2.3)as follows[56], [57]:

d4u(x)

dx4
− F

EI

d2u(x)

dx2
= (

ρA

EI
)ω2u(x) (2.13)

Which can be solved with doubly clamped boundary conditions at beam ends

shown in eq. 2.6. The solved eigenfrequencies of beam can be expressed as:

ω2 =
EI

L4

[∫ 1
0 (u

′′
(x))2dx∫ 1

0 (u(x))dx
+
σAL2

EI

∫ 1
0 (u

′
(x))2dx∫ 1

0 (u(x))dx

]
(2.14)

Where x = x/L is the rescaled position along the beam’s length, and the prime(′)

denotes differentiation with variation of x.

The displacement of fundamental mode with tensile stress can then be written

as:

u(x) =a1

[
(cos(β1x)− cosh(β1x))

+
sin(β1l)− sinh(β1l)

cos(β1l)− cosh(β1l)
(sin(β1x)− sinh(β1x))

]
(2.15)

Figure 2.16: Eigenfrequencies for fundamental in-plane(blue) and out-of-plane(red) me-
chanical modes of a Si3N4 beam. Dots are value extracted from FEM simulations, lines are
analytical calculations using eq. 2.17. Relevant parameters can be found in Table 2.2.
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The eigenfrequency of fundamental mode with the influence from tensile stress

can be expressed as:

f =
β2

1

2π

√
EI

ρwh
+

12.3σ

ρβ2
1

(2.16)

One can rewrite this as a function of the unstressed fundamental eigenfrequency

f0 to emphasize the contribution from axial stress to the eigenfrequency:

f = 1.03
t

L2

√
E

ρ

(
1 +

σL2

3.4Et2

)

= f0

√ (
1 +

σL2

3.4Et2

)
(2.17)

Fig. 2.16 shows the eigenfrequencies as a function of tensile stress σ for a Si3N4

doubly-clamped beam with parameters given in Table 2.2. The tensile stress σ ranges

from 0 to 200 MHz, as this range is the stress range of the membrane utilized for

fabricating nanomechanical metamaterial samples. By comparing these analytical

results based on eq. 2.17 with values extracted from FEM simulations. One can

see a good agreement for both fundamental in-plane and out-of-plane modes at this

stress range. Eq. 2.17 will be utilized in Chapter 3 and 4 to explain the observed

experimental phenomena.

2.3.2 Thermalmechanical calibration

Nano-components, such as beams and cantilevers, of nanomechanical devices are

capable of conducting many precise measurements due to their feature of high Q

factors and fast operation speed, allowing potential applications in mass [58]–[60] or

temperature sensing[61], torque or force transduction[62], [63] and even supercon-

ducting qubit observation[64]. Nanomechanical metamaterials can further facilitate

the performance of such devices via optical resonances. With the decrease of the

size of nanomechanical components, calibration process of the motion of such de-

vices could be a challenge task. However, there is a powerful approach where the

motion of these nano-components can be calibrated via observation of their random

thermal motion. This method also acknowledged as thermomechanical calibration.

Motions of a nanomechanical resonator

The components of nanomechanical metamaterials are investigated in this thesis are

doubly-clamped beams, also known as bridges. So the nanomechanical resonator to

be investigated here is a bridge. Generally, the complete, three-dimensional motions

described by a displacement function ~R(~x, t), that can be decomposed into an infinite

number of independent modes. Each mode is labelled in n. However, it usually can

be reduced to a one-dimensional displacement function Z(x, t) for a nanomechanical
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resonator, like the bridge investigated in this thesis. This displacement function

Z(x, t) can be expressed as:

Z(x, t) =
∑
n

Zn(x, t) =
∑
n

zn(t)un(x) (2.18)

where un(x) is the one-dimensional mode profile of the nth mode of bridge, and

that has been analytically derived in the eq. 2.11 in Section 2.3.1. zn(t) is a function

that describes the time dependence of the bridge’s thermal motion. Furthermore,

we choose to normalize un(x) with maximum value of |un(x)|. So zn(t) has units of

distance and it corresponds to the true physical displacement for measured bridges.

And the thermal motion of bridges zn(t) can be expressed by Langevin equation[54]:

z̈ + 2πγż + ω2
nz =

Fth(t)

meff,n
(2.19)

where Fth(t) is the time dependent thermal force experienced by the oscillator

related to the dissipation factor γ through fluctuation-dissipation theorem, meff,n

is the effective mass and its general expression will be discussed in the next section.

ωn = 2πfn is the nth angular eigenfrequency of oscillation(the expression for simple

bridge shape can be found in eq. 2.17), fn is the Eigenfrequency. The resonance Q

factor is defined as Q = fn/γ in the limit of small damping.

Effective mass

The effective mass of each mode of a bridge can be determined by its potential

energy. For a specific mode, the potential energy dEp for a small volume element

dV , centering at x with a mass element dm = ρ(x)dV can be expressed by[65]:

dEp =
1

2
k|U(x, t)|2 =

1

2
ω2
ndm|U(x, t)|2

=
1

2
ω2
n|zn(t)|2ρ(x)|un(x)|2dV (2.20)

The total potential energy of the mode can be given by:

Ep =
1

2
ω2
n|zn(t)|2

∫
ρ(x)|un(x)|2dV

=
1

2
ω2
n|zn(t)|2meff (2.21)

where we define effective mass meff [66], [67]:

meff =

∫
ρ(x)|un(x)|2dV (2.22)

It need to be noticed that in first subsection of section 2.3.2 the time-dependent

displacement function zn(t) is defined as the motion of a device at its point of

maximum amplitude by virtue of the normalization condition for zn(x). Eq. 2.22
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corresponds to the effective mass for a point-like measurement taken at this position

of maximum displacement. For a point-like measurement at some other position on

the bridge, effective mass in Eq. 2.22 need to be modified by dividing by maximum

value of |un(x0)|. Hence, a more general definition of the effective mass is expressed

as:

meff =

∫
ρ(x)|un(x)|2dV

|un(x0)|2
(2.23)

where |un(x)| have the maximum value at position of x0. For the fundamental

mode of a bridge, the maximum value of |u1(x)| = |u1(L/2)|. Therefore the effective

mass of the bridge at the fundamental mode can be expressed as:

meff =

∫ L
0 ρ(x)|u1(x)|2dV

|u1(L/2)|2
(2.24)

one could obtain the effective mass of the bridge utilized in section 2.3.1 at

fundamental frequency based on normalized mode profile u1(x) in Fig. 2.15(a) and

the parameters in table 2.2:

meff = 0.4whlρ = 0.4mphys (2.25)

where mphys = whlρ is the physical mass of the beam.

Power spectral density

In Chapter 3, the measured time-varying signals from the motion of a resonator

are transformed into the frequency domain, giving a spectral representation of the

bridges’ motion, peaked at their resonance frequency. By squaring this spectrum and

dividing by the resolution bandwidth of the instrument, experimentally measured

one-sided power spectral density (PSD) Szz(ω) of the signal is produced.

The measured time averaged motion need to be related to its thermal energy

to calibrate a mechanical resonator, In order to do so, the equipartition theorem

is utilized to express mean-square amplitude for the motion of bridge < u2
n(t) > in

terms of its thermal noise PSD. In this section, a theoretical expression is derived for

PSD corresponding to a damped harmonic oscillator experiencing random thermal

bath. And it can be applied to calibrate thermal PSD data for any nanomechanical

resonators.

Starting with a autocorrelation function Rzz(t), which indicates how the mea-

sured signal zn(t′) is related to itself later at time of t′ + t[65], [68]:

Rzz(t) = lim
T0→∞

1

T0

∫ T0

0
zn(t′)zn(t′ + t)dt′ (2.26)
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The two-sided PSD function Pzz(ω), that span all frequencies both positive and

negative, can be obtained from the Fourier transform of the autocorrelation function:

Pzz(ω) =

∫ ∞
−∞

Rzz(t)e
iωtdt (2.27)

The autocorrelation function can then be produced via inverse Fourier transform:

Rzz(t) =
1

2π

∫ ∞
−∞

Pzz(ω)e−iωtdω (2.28)

For the real-measured signal, only positive frequencies have physical meaning.

Hence, Szz(ω) is introduced, which is defined on the frequency interval from 0 to∞,

and it produces the power in the signal when integrated over all positive frequencies.

Szz(ω) is related with Pzz(ω) by Szz(ω) = 2Pzz(ω)[69]. This relation allows the total

power in the signal to be conserved when each spectral density function is integrated

over the frequency interval on which it is defined. In the rest of the derivation, Szz(ω)

will be used, as it provides a theoretical spectral density that can be fit directly to

experimental data.

We define the quantity known as the mean-square amplitude of our signal as[68]:

< z2
n(t) >=

1

T0

∫ T0

0

[
zn(t)

]2
dt (2.29)

On the other hand, Using eq.2.28, along with the relation between Szz(ω) and Pzz(ω),

< z2
n(t) > can be expressed in terms of its PSD via:

< z2
n(t) >=

1

2π

∫ ∞
0

Szz(ω)dω (2.30)

By doing Fourier transformation of eq. 2.19, one can connect Szz(ω) to SFF (ω),

which is the PSD:

Szz(ω) = |χ(ω)|2SFF (ω) (2.31)

and susceptibility χ(ω) can be expressed as[70]:

χ(ω) =
1

meff,n(ω2
n − ω2 − iωωn/Qn)

(2.32)

For thermomechanical calibration, SFF (ω) can be replaced by a constant thermal

force noise SthFF and this factor can be determined by combining eqs.2.30–2.32, which

results in

< z2
n(t) >=

SthFF
2πm2

eff,n

∫ ∞
0

dω

(ω2 − ω2
n)2 + (ωωn/Qn)2

(2.33)
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Combining the result from eq. 2.33 with the equipartition theorem, in which[71]:

1

2
meff,nω

2
n < z2

n(t) >=
1

2
κBT (2.34)

one could derive the thermal force noise constant SthFF as:

SthFF =
4κBTωnmeff,n

Qn
(2.35)

giving the expression of oscillator PSD as :

Szz (ω) =
4κBTωn

meff,nQ[(ω2 − ω2
n)2 + (ωωn/Qn)2]

(2.36)

Figure 2.17: Power spectral density of a mechanical oscillator with ωn = 2π×4MHz, Qn =
1000 and meff,n = 2pg. (a)Power spectral density as a function of frequency. Integration
of the power spectral density Szz(f), indicated by the grey shading, gives mean-square
amplitude < z2n(t) >= 3.27 × 10−21m2. (b)Same data as (a) but plotted as amplitude
spectral density(ASD) szz(f) = Szz(f)1/2, as it is a conventional way to present.

Where kB is the Boltzmann constant, T is temperature, ωn =
√
k/meff,n is the

nth of Eigenfrequency of an oscillator, meff,n is the effective mass of the bridge, Qn

is the quality factor of the resonant mode.

This equation can be plot in Fig. 2.17 for a group of typical parameter taking

from nanomechanical oscillator in Chapter 3: ω1 = 2π×4 MHz, Q = 1000 and

meff,1 =2 pg.

The mean-square amplitude< z2
n(t) > can be calculated by integrating Sxx in the

shadow area of Fig. 2.17(a)based on eq. 2.30, which gives< z2
n(t) >= 3.27×10−21m2

and the root-mean-square (RMS) displacement < zn(t) > is define as:

< zn(t) >=
√
< z2

n(t) > =

√
1

2π

∫
S(ω)dω

=

√
1

2π

∫
s(ω)2dω (2.37)
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s(ω) shown in eq. 2.37 is defined as amplitude spectra density (ASD), which is a

conventional way to present and will be used in the following chapters. And the

RMS displacement < zn(t) >= 57.1pm can be evaluated from eq. 2.37 for the PSD

and ASD shown in Fig. 2.17(a) and (b) respectively.

2.3.3 Fano resonances

The mechanical properties of the nano-components of nanomechanical metamate-

rials are investigated in Section 2.3.1 and 2.3.2, now I turn to the optical aspect

of nanomechanical metamaterials. As the nanomechanical metamaterial sample in

Chapter 5 is efficiently driven by optical forces, which strongly enhanced by Fano

resonances, it is necessary to give a basic concepts on Fano resonance. Analytical

descriptions of Fano resonances are given as following.

Figure 2.18: Fano resonance described by temporal coupled mode theory. (a) Schematics
of the simplest Fano resonant system described by eq. 2.38. The two resonators, ”bright”
and ”dark”, are coupled to each other with coupling coefficient κ, and the ”bright” res-
onator (orange) is coupled to an input/output port that represents incident, reflected, and
transmitted light; (b)Transmission spectra of the Fano-resonant system described by eq.
2.40 with finite Ohmic losses. The curves correspond to the cases of Fano resonance with
σ = 0.02ωb(blue curve) and σ = −0.02ωb (red curve) and electromagnetically induced trans-
parency (EIT) σ = 0, ωb = ωd (green curve) and κ = 0.05ωb for these three curves; also,
κ = 0 (black curve) indicates the case without coupling and the Eigen-wavelength of ”bright”
mode: λ=ωb/2π = 1200nm; (c) transmission spectra of EIT type of resonance with different
coupling coefficient κ; (d) typical Fano type with different coupling coefficient κ, and this
kind of line shape is relevant to our experimental measured spectra of fabricated nano-opto-
mechanical metamaterials.
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Fano resonance occurs from the interference between a spectrally broad ”bright

mode” that strongly couples to incident light and a sharp ”dark mode” with low ra-

diative loss. This concept of Fano resonances can be described by temporal coupled

mode theory[72], [73]. A conceptual schematic can be found in Fig. 2.18(a), where

a “bright” resonator with natural angular frequency ωb is coupled to incident light

(Sin) directly, while the “dark” resonator with natural angular frequency ωd indi-

rectly interacts with the light via coupling to the ”bright” resonator. Such layout

corresponds to metamaterials, in which near-field interactions among neighbouring

metamolecules are responsible for the coupling between these two resonances. Since

these two resonators are coupled to far-field radiation in a different way, they possess

different damping rate γb � γd. The dynamics of these two coupled resonators could

be described by the equations of temporal coupled mode theory[72], [73]:

ḃ− j (ωb + jγb) b+ jκd = αbS
inejωt

ḋ− j (ωd + jγd) d+ jκb = 0 (2.38)

where b and d are the field amplitudes in the ”bright” and ”dark” resonators,

respectively, αb is coupling strength of the ”bright” resonator to incident light. Sin

and ω are amplitude and angular frequency of the incident light, respectively. κ is

the coupling strength between the resonators. The reflection(r) and transmission(t)

coefficient can be expressed as[72]–[74]:

r =
|αb|2 j(ω − ωd − jγd)

(ω − ωb − jγb) (ω − ωd − jγd)− κ2

t = 1 + r (2.39)

The system reflection and transmittance can be found as following:

R = |t|2 =

∣∣∣∣∣ |αb|2 j(ω − ωd − jγd)
(ω − ωb − jγb) (ω − ωd − jγd)− κ 2

∣∣∣∣∣
2

T = |t|2 =

∣∣∣∣∣1 +
|αb|2 j(ω − ωd − jγd)

(ω − ωb − jγb) (ω − ωd − jγd)− κ 2

∣∣∣∣∣
2

(2.40)

In metamaterials, the intrinsic Ohmic losses and radiation losses need to be taken

into consideration. The total losses of the system can be expressed as γ = γo + γr.

γo is non-radiative decay rate introduced by Ohmic losses, γr is radiative decay rate.

Fig. 2.18(b) shows typical transmission spectra of Fano model based on eq. 2.40

for different values of the spectral detuning σ = ωb − ωd. The black curve in Fig.

2.18(b) shows the case without coupling (κ = 0), e.g., the Eigenmode of ”bright” res-

onator. In order to conveniently compare the analytical results to the experimental

observation, all of the transmission spectra are plotted in wavelength domain. Here,

the Eigen-wavelength λb of ”bright” resonator is set as λb =1200 nm (corresponding

angular eigenfrequency ωb = 2πc/λb). The spectral detuning between ”bright” and
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”dark” resonator is set as σ = 2πc/δλ and δλ =300 nm, 0 nm, 300 nm, showing in

blue, green and red curves in Fig. 2.18(b). One could see strong asymmetric line

shapes, indicating the Fano interference between these two resonators. In particular,

the Fano resonance is referred to as electromagnetically induced transparency(EIT)

when ωb = ωd (green curves). Two dips in the transmission spectra for the case of

σ 6= 0 (red and blue) corresponds to the Eigen-frequency of ”bright” and ”dark”

resonators.

In addition, the influences of coupling efficient κ on transmission spectra for

Fano resonances are also investigated in Fig. 2.18(c) and (d) for the EIT and a

typical Fano line shape. The transparency window for the EIT case is broaden and

the transmittance of this window is also grown with the increase of the coupling

coefficient κ. In Fig. 2.18(d), the separation between ”bright” and ”dark” modes

goes up and both Q-factor and transmittance for dark mode decrease with the

increase of κ.

The aim of above analytical model is to gain a better understanding of experi-

mental observed transmission spectra, such as the spectra shown in Fig. 2.7. Fig.

2.19(a) shows the sketch of experiment setup. The measured transmission spectrum

Figure 2.19: Investigation the influences from polarization θ and incident angle α of light
on transmission spectra. (a) Sketch of experimental setup, θ = 0o means the polarization of
light parallel to the Si3N4 beam. (b) Transmission spectra for different polarization angles
θ = 0o, 45o, 90o. (c) Comparison between experimental outcomes (black curve) and analyt-
ical solutions, indicating the split for the resonance at short wavelength mainly originating
from the oblique incident angle generated by high NA objective. (d) Transmission spectra
for different incident angles α = 0o, 4o, 8o.
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of a nanomechanical metamaterials is plotted in a black curve in Fig. 2.19(c). By

comparing it to spectra shown in Fig. 2.18(d), one could confirm that the shallow

dip in the long wavelength corresponding to the eigen-wavelength of the ”dark”

resonator. However, the ”bright” mode splits into two dips. The reasons for this

observation could potentially come from the misalignment of polarization angle (θ)

of incident light or the incident angle (α) induced by high numerical apparatus (NA)

objective. The numerical modelling outcomes for investigating the impact from po-

larization and incident angle of light on transmission spectra shown in Fig. 2.19(b)

and (d) correspondingly. It can be seen that the polarization angle could not in-

troduce observable resonance splitting within a small offset of polarization angle

introduced during experiments. In contrast, 8o incident angle (corresponding to the

NA =0.28 of the objective utilized) is enough to produce pronounced dip splitting

on the ”bright” mode. So the splitting of the dip corresponding to ”bright” mode

observed originates from the incident angle introduce by the objective. It is worth

to note that the ”dark” mode is not significantly impacted by the incident angle.

As the ”dark” mode is what the following experimental chapters really focus on and

it is insensitive to the incident angle, I will just show part of transmission spectrum

corresponding ”dark” mode of the metamaterials in Chapter 3, 4 and 5.

2.4 Computational methods

This section described the approaches used to numerically model the optical proper-

ties of nanomechanical metamaterials. The electromagnetic response was simulated

by solving three dimensional Maxwell equations using finite element method (FEM).

The solver applied for conducting FEM simulations was the commercial software

COMSOL Multiphysics 5.4.

Fig. 2.20 gives a typical geometry that was used to model the optical properties

of nanomechanical metamaterials. This geometry consists of a single unit cell, in

which a metamolecule at the origin and the free-space is in the area above and below

the metamolecule. Periodical boundaries are applied in the x− and y− directions,

indicating that the metamaterial are simulated as being infinitely large. The bound-

aries at each ends of the simulated area are modelled as scattering boundaries. One

of two ports can be utilized to launch the incident electromagnetic wave from one

sides of the metamaterials, this port can also record the reflected wave. The other

is employed to record the transmitted wave. Perfect matched layers, located in be-

tween scattering boundary and ports, can be utilized to absorb the wave passing

through the ports without any reflections. The transmission and reflection of the

nanomechanical metamaterials was calculated via integrating the Poynting vector

over the corresponding ports. Simulated electric, magnetic field and displacement

current over the metamolecule can be evaluated for multipole decomposition (see sec-

tion: 2.4.1)and optical forces (section: 2.4.2) calculation. Different optical response

of various materials can be modelled by complex refractive index of refraction.
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Figure 2.20: Numerical modelling of optical response of nanomechanical metamaterials
in COMSOL Multiphysics. A typical shape that was utilized to simulated electromagnetic
response of nanomechanical metamaterials, the size of the metamaterials was assumed to be
infinite, therefore, only the response of a single metamolecule needed to be simulated with
periodic boundaries. The simulated shape consist of a long free-space tunnel with a single
metamolecule in the middle. Ports conditions is utilized to excite and receive the plane wave
at the ends of this tunnel. A pair of perfect matched layer located in between scattering
boundary and port are utilized absorb the high-order scattered wave.

The accuracy of simulated solutions can be verified by comparing it with the

experiment data and by changing the mesh size (e.g. finite element size). If simulated

and experimental data match well or If the decrease of mesh size did not change

the optical response of the metamaterials, one could conclude that the numerical

solution is near to the ground truth.

2.4.1 Multipole decomposition

The electromagnetic properties of a material are determined by the effective macro-

scopic parameters, the permittivity and permeability, which build a connection be-

tween its macroscopic electromagnetic response and microscopic charge-current ex-

citations induced in the atoms or molecules of materials[75]. This effective medium

theory can also be utilized to describe the properties of metamaterials. However, it is

a challenge task to obtain the effective materiasl parameters due to their structural

inhomogeneity and strong spatial dispersion[76].
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Alternatively, multipole decomposition of the charge-current of the unit cell of

metamaterials, directly linking to the transmission and reflection of the metamateri-

als. A similar problem of calculating the scattered radiation from arrays of metallic

resonators has been addressed in the past using the fast multipole method[77], [78],

and periodic Green’s functions for the Helmholtz equation[79]. However, the dis-

tinct feature of the method based on Savinov’s frame work is that the expressions

derived are suitable both for numerical calculations[80](shown in Chapter 5 and 6)

and analytical evaluation (shown in Appendix A).

Here, displacement currents ~J inside meta-molecule are evaluated from the FEM

simulation, which are then employed in a multipole decomposition based on the

methodology presented in [80]. The definition of first six leading multipole moments

can be find as following(α, β, γ = x, y, z):

pα =
1

iω0

∫
d3r Jα (2.41)

mα =
1

2c

∫
d3r

[
~r × ~J

]
α

(2.42)

Tα =
1

2c

∫
d3r

[(
~r • ~J

)
rα − 2r2Jα

]
(2.43)

Q
(e)
αβ =

1

i2ω0

∫
d3r

[
rαJβ + rβJα −

2

3
δα, β

(
~r • ~J

)]
(2.44)

Q
(m)
αβ =

1

3c

∫
d3r

[
~r × ~J

]
α
rβ + {α↔ β} (2.45)

O
(e)
αβγ =

1

i6ω0

∫
d3r

[
Jα

(
rβrγ

3
− 1

5
r2δβ, γ

)
+

rα

(
Jβrγ

3
+
rβJγ

3
− 2

5

(
~r • ~J

)
δβ, γ

)]
+ {α↔ β, γ}+ {α↔ γ, β} (2.46)

Where pα is electric dipole, mα is magnetic dipole, Tα is toroidal dipole, Q
(e)
αβ

is electric quadrupole, Q
(m)
αβ is magnetic quadrupole and O

(e)
αβγ is electric octupole

moments, c is the speed of light in vacuum, ω0 is angular frequency in free-space.

A shorthand has been utilized to improve clarity. For example,
∫
d3r

[
~r × ~J

]
α
rβ +

{α↔ β} ≡
∫
d3r

[
~r × ~J

]
α
rβ +

∫
d3r

[
~r × ~J

]
β
rα, i.e., the second term is obtained

from the first term, with the exchanged positions of indices α and β. In the case

of electric octupole O
(e)
αβγ , for example, {α↔ β, γ} obtained from the first term by

exchanging α and β while leaving γ untouched.

2.4.2 Optical forces calculation

Based on classical electrodynamics, the components of total time average force F

acting on a metamaterial illuminated with light can be calculated using a surface

integral[75]:

〈Fi〉 =

∫∫
S
〈Tij〉nj dS (2.47)
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Where S is a bounding surface around the metamolecule, nj is the unit vector

pointing out of the surface and Tij is the time-averaged Maxwell stress tensor defined

by:

〈Tij〉 =
1

2
Re

[
εε0

(
EiE

∗
j −

1

2
δij |E|2

)
+ µµ0

(
HiH

∗
j −

1

2
δij |H|2

)]
(2.48)

The stress tensor integral eq. 2.48 encompasses both the radiation pressure and

near-field gradient force. However, it does not include Casimir forces, which originate

vacuum quantum fluctuation and it exists in the absence of illumination[81].

Radiation pressure arises through transfer of momentum between photons and

any object. It depends on the reflection R and absorption A coefficients of the

surface according to the equation Fr = (2R + A)P/c[82], where P is the power of

incident light, and assumes a maximum value of 2P/c when the reflectivity of a

surface is 100%.

In this thesis, forces acting on metamaterial structures are evaluated via the

Maxwell stress tensor integral Eq. 2.47 with electric E and magnetic H field distri-

butions obtained from Comsol MultiPhysics 5.4 as mentioned before. Unless there is

an additional claim, the refractive index of Si I used in simulations is set as 3.5 with

variable extinction coefficient to evaluates the influences from materials losses. Re-

fractive index of Si3N4 is set as 2 and the losses are excluded. The normal incidence

condition is assumed in all of calculations in the following chapter. The surface

integration S was defined as a surface of rectangular enclosing the meta-molecule.
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Chapter 3

Thermal fluctuations of the optical properties of

nanomechanical photonic metamaterials

In this chapter, the influence from thermal fluctuations on the optical properties

of nanomechanical photonic metamaterials will be investigated. The combination

of optical and mechanical resonances offers strong hybrid nonlinearities, bistability

and the ability to efficiently control the optical response of nanomechanical photonic

mechanical metamaterials with electric and magnetic field. While optical resonances

can be characterized in routine transmission and reflection experiments, mapping

the high frequency mechanical resonances of complex metamaterial structures is

challenging. Here we report that high-frequency time-domain fluctuations of the

optical transmission and reflection spectra of nano-opto-mechanical metamaterials

are directly linked to thermal motion of their components and can give information

on the fundamental mechanical frequencies and damping of the mechanical modes.

We demonstrate this by analyzing time-resolved fluctuations of the transmission

and reflection of dielectric and plasmonic nanomembrane metamaterials at room

temperature and low ambient gas pressure. These measurements reveal complex

mechanical responses, understanding of which is essential for optimization of these

functional photonic materials. At room temperature the magnitude of metamaterial

transmission and reflection fluctuations is broadly on the scale of 0.1% but may

exceed 1% at optical resonances.

3.1 Introduction

The thermal vibration frequencies of components of nanomechanical devices increase

as objects decrease in size and the amplitude of such oscillations becomes increas-

ingly important. In nanomechanical devices, they are of picometric scale in the

mega- to gigahertz range and add noise to induced controlled movements that under-

pin the functionality. For example, thermal vibrations in nanomechanical photonic

metamaterials [14] result in small fluctuations of their optical properties and may

perturb their switching characteristics. These fluctuations provide an opportunity

for the characterization mechanical properties. In particular, this applies to highly

sensitive photonic metamaterials formed as periodic arrays of optical resonators

supported by flexible nanomembrane structures that show giant electro-optical[17],

magneto-electro-optical[18], phase change[28] and nonlinear optical[19], [29], [30]
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responses. In this chapter we uexperimentally investigate thermal fluctuations in

dielectric and plasmonic nanomechanical photonic metamaterials in the megahertz

frequency range and demonstrate how measuring the spectra of thermal fluctuations

of optical properties can be used to determine the main frequencies and damping of

the nanostructures’ natural oscillations, at which they can be efficiently controlled

by external stimuli. We will examine thermal fluctuations in widely used opti-

cal metamaterials, arrays of metamolecules supported on beams (strings) cut from

membranes of nanoscale thickness, as illustrated by Fig. 3.1. It should be noted that

this study of thermal fluctuations was conducted in collaboration with Mr. Dimitrios

Papas: in separate, parallel studies of different and independently designed and fab-

ricated metamaterials, each using dedicated, independently-developed apparatus,

we both observed these fluctuations (in my work - in transmission through an all-

dielectric metamaterial; in Dimitrios’ in reflection from a plasmonic metamaterial)

and optically-induced tuning of nanowire mechanical Eigenfrequencies (Chapter 4).

Figure 3.1: Thermal fluctuation of optical properties of nanomechanical metamaterials.
The metamaterial is an array of beams of nanoscale width and thickness located in the
xyplane. The beams, typically a few tens of microns long, support a periodic array of optical
resonators of sub-wavelength (nanoscale) dimensions. Optical properties of such arrays can
be controlled by actuation driven by external stimuli such as electromagnetic forces, optical
and acoustic waves. Picometric thermal displacements of the individual beams also modulate
the optical properties of the metamaterials and cause small fluctuations of the transmittance
and reflectance of the metamaterial.
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3.2 Theory background

Classical Brownian(thermal) motion experiments reveal how a microscopic particle

is driven in chaotic motion externally by collisions with molecules of ambient gas

or liquid. The majority of nanomechanical photonic metamaterials are constructed

from cantilevers- or doubly-clamed beam-like components of microscopic length and

nano-scopic cross-section. Here, the thermal motion of a cantilever or beam in

vacuum is driven internally, by momentum transfer resulting from the annihilation

and creation of phonons in the mode. (The emission and absorption of thermal

photons is not important due to the low momentum of such photons.)

Nano-components such as beams and cantilevers can be modelled as damped

mechanical oscillators[26], [27], [83].Considering nanomechanical structures located

in the xy-plane, and engaged in thermal motion in the z direction, the Langevin

equation for the thermal motion of such a component can be written as[54]:

z̈ + 2πγż + ω2
0z =

Fth(t)

meff
=

√
4πkBTγ

meff
η(t) (3.1)

where Fth(t) is the time dependent thermal force experienced by the oscillator

related to the dissipation factor γ through fluctuation-dissipation theorem, η(t) is

a normalized white noise term, meff is the effective mass of the object, kB is the

Boltzmann constant, T is the temperature, ω0 = 2πf0 =
√
k/meff is the natural

angular frequency of oscillation, f0 is the natural frequency and k is the spring

constant. The resonance quality factor Q = f0
γ in the limit of small damping,

γ � f0, which we assume here.

The origins of mechanical dissipation have been intensively studied over the

last decades[54], [84], [85]. The most relevant loss mechanisms include clamping

losses due to propagation of elastic waves into the substrate through the supports of

the oscillator, fundamental anharmonic effects such as thermoelastic damping and

phonon-phonon interactions, materials-induced losses caused by the relaxation of

intrinsic or extrinsic defect states in the bulk or surface of the resonator, and, where

applicable, viscous damping caused by interactions with surrounding gas atoms or

by compression of thin fluidic layers.

Thermomechanical fluctuations of a component’s position z(t) are transduced to

fluctuations of intensity of light scattered on the component, δI(t) = ∂µ(z,F )
∂z · I0 ·

δz(t), where I0 and I = µ(z, F )I0 are the intensities of the incident and scattered

light, and µ(z, F ) is, generally, a nonlinear function of the component’s displacement

z and optical frequency F. As in a stochastic process the power spectral density

is equal to the Fourier transform of its autocorrelation function[65], the scattered

light amplitude spectral density(ASD) s(f) resulting from small thermomechanical
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fluctuations in position δz(t) is:

s (f) =
δI√
δf

=

(
∂µ(z, F )

∂z

∣∣∣∣
z=0

· I0

)
×
√√√√√ kBTf0

2π3meffQ

[
(f2

0 − f2)
2

+
(
ff0
Q

)2
] (3.2)

In a metamaterial, a non-diffracting array of identical oscillating components,

the same formula will describe the spectra of fluctuations of the intensity of light

reflected Ir and transmitted It through the metamaterial, see Figure 1. Fluctu-

ations sr,t of the metamaterial’s reflectance/transmittance correspond to the ra-

tio between the amplitudes of fluctuating and non-fluctuating components of the

transmitted/reflected light, that is Equation 3.2 divided by the incident intensity

I0 and optical reflectance/transmittance of the metamaterial without displacement,

µr,t0 (F ) = µr,t (0, F ).

sr,t (f) =
δIr,t/Ir,t√

δf

=
1

µr,t0 (F )
× ∂µr,t(z, F )

∂z

∣∣∣∣
z=0

×
√√√√√ kBTf0

2π3meffQ

[
(f2

0 − f2)
2

+
(
ff0
Q

)2
] (3.3)

At the mechanical resonance, f = f0, this modulation depth spectral density

reaches a peak value of

sr,t (f0) =
1

µr,t0 (F )
× ∂µr,t(z, F )

∂z

∣∣∣∣
z=0

×

√
kBT Q

2π3mefff
3
0

(3.4)

Reflectance/transmittance fluctuations over a range of mechanical frequencies

can be calculated by integration over the power spectral density of the fluctuations.

δIr,t/Ir,t =

√∫
(sr,t (f))2 df (3.5)

=
1

µr,t0 (F )
× ∂µr,t(z, F )

∂z

∣∣∣∣
z=0

×

√
kBT

2π3meff

√√√√√∫ f0
Q

(f2
0 − f2)

2
+
(
ff0
Q

)2df

Integration from 0 to ∞, or at least over the whole resonance, gives the root-

mean-square (RMS) fluctuations.

δIr,tRMS/I
r,t =

1

µr,t0 (F )
× ∂µr,t(z, F )

∂z

∣∣∣∣
z=0

×

√
kBT

4π2mefff
2
0

(3.6)
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where the final term corresponds to the RMS beam displacement of

δzRMS =

√
kBT

4π2mefff
2
0

(3.7)

From here is apparent that fluctuations of transmission and reflection will be

largest at high temperatures, in metamaterials constructed from very light (low

meff ) building blocks, and at optical frequencies where transmission and reflection

depend strongly on displacements of building blocks. Largest fluctuations over a

narrow spectral range δf will be seen at high quality mechanical resonances [eq.

3.4 ]. As such, we should expect thermal fluctuations of optical properties to be

strongest in highly optically dispersive nanomechanical metamaterials.

Assuming metamaterial beams, such as those shown by Figure 1, with an ef-

fective mass meff =1 pg and mechanical quality factor of Q = 1000 moving at a

damped frequency f0 =2 MHz, and a typical change in optical properties with beam

displacement of ∂µ/(µ0∂z) 1%/nm, one may expect to observe an RMS displace-

ment amplitude of δzRMS =160 pm at the centre of the beams at room temperature,

resulting in a 0.16% RMS fluctuation of optical properties. At the mechanical res-

onance, the corresponding spectral densities of displacement and optical property

modulation reach peak values of 3 pm/
√
Hz and 3× 10−5/

√
Hz, respectively.

Thus, in nanomechanical metamaterials, thermal fluctuations are transduced to

fluctuations of optical properties that determine the functional noise floor and dy-

namic range of nanomechanical photonic metadevices. At the same time, observation

of the spectra of thermal oscillations gives direct access to the resonant frequencies

of natural mechanical modes at which the metamaterial will be most responsive to

external stimuli. This information on fluctuation and responsivity of the mechan-

ical sub-system can help in the design of highly efficient metadevices[86]. More-

over, nanomechanical metamaterials typically comprise of large arrays of nominally

identical elements (e.g. metamolecules, beams, etc.) with physical characteristics

affected by fabrication tolerances, which endow them with slightly different natu-

ral frequencies, leading to inhomogeneous broadening and in some cases splitting

of resonant lines, resulting in the degradation of the optical functionality. Sim-

ilarly, line splitting can also be caused by coupling between individual responses

of different metamolecules and their interactions with the supporting framework.

Measurements of the spectra of thermal oscillations can provide insight into the na-

ture of such line broadening and splitting. Previously, optomechanical transduction

of natural oscillations has been observed in cantilevers[20], [31], antennas[21]], mi-

croresonators[23], other optomechanical systems[32] and exploited in atomic force

microscopy[33]. Here we focus on the role of thermal oscillation in forming the

optical properties of nanomechanical metamaterials.
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3.3 Brownian motion and the optical properties of metamaterials:

Experimental observation

Below we examine thermal fluctuations in the optical properties of two common

types of metamaterial; plasmonic and all-dielectric nanomechanical metamaterials

fabricated on membranes of nanoscale thickness. In both cases, the plasmonic and

dielectric metamaterials are supported by arrays of flexible microscale beams cut

from a silicon-nitride membrane by FIB milling.

The all-dielectric metamaterial shown in Fig. 3.2(c) was fabricated on a 200 nm

thick Si3N4 membrane coated with a 115 nm layer of amorphous Si by PECVD,

corresponding design criteria was supported by numerical calculations shown in sec-

tion 5.3.2. This bilayer was then structured by FIB milling to define an array of

asymmetric nanobrick pairs in the amorphous silicon layer, on 20.3 µm long Si3N4

beams. The structure supports a Fano resonance[87] at a wavelength of 1530 nm,

underpinned by the excitation of antiparallel displacement currents in the pair of

amorphous silicon nanobricks[88], see Fig. 3.2.

The dielectric and plasmonic metamaterial structures presented in Fig. 3.2 and

studied in this work are generic nanomechanical metamaterial designs, which can be

reconfigured: a) thermally, by changing the external temperature due to differen-

tial thermal expansion of neighbouring beams[16], b) optically, when displacement of

Figure 3.2: Nanomechanical metamaterials. Structural schematic and SEM images of di-
electric (a, c) and plasmonic (b, d) metamaterials fabricated on silicon nitride membranes.
Insets show the resonant field distributions excited by x-polarized incident light at wave-
lengths of 1550 nm (a) and 1310 nm (b).
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neighbouring beams is driven by optical heating and optical forces[19], [30], c) acous-

tically, by ultrasound vibrations, d) electrostatically, by the Coulomb force between

charged neighbouring beams[17] or selected beams and another electrode[89], and

e) magnetically, by the Lorentz force acting in a static magnetic field on a current

passing through the beams[18]. (In the latter two cases an electrically conductive

layer is added to the structure.)

In both types of metamaterial, differential movements between neighbouring

Figure 3.3: Optical properties of the dielectric and plasmonic nanomechanical metamateri-
als. Experimentally measured (a, b) and computed (c, d) optical reflection (µr0), transmission
(µt0) and absorption (µa0) spectra of the dielectric and plasmonic metamaterials. Computed
values (e, f) of (∆µt,r/µt,r0 ), a figure of merit of responsivity of the metamaterial’s optical
properties to relative displacement of neighbouring beams along z at different levels of dis-
placement. The insets show the dependence of (∆µt,r/µt,r0 ) on displacement at wavelengths
of 1550 nm and 1310 nm respectively. Positive displacement corresponds to movement of
narrower beams along +z relative to wider beams; all results are for x-polarized light.
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beams change the unit cell geometry and thereby the optical properties of the array.

In such structures, the frequencies of the fundamental mechanical oscillatory modes

f0 of the beams lie in the megahertz range. At the same time the optical properties

of the metamaterials are most sensitive to the beam movements when the optical

frequency F is near either a plasmonic or dielectric resonance, where the value of
∂µr,t(z,F )

∂z

∣∣∣
z=0

(see eq. 3.3 - 3.6)can be much higher than off-resonance. Here, the

variation of optical properties can be a nonlinear function of beam displacement.

This is illustrated by 3D finite element Maxwell solver simulations of the resonant

optical properties of the arrays for different levels of mutual displacement between

neighbouring beams, Fig. 3.3(e)-(f). For instance, the reflectivity of the plasmonic

metamaterial changes linearly with displacement at 1310 nm (Fig. 3.3 (f)), while

transmission of the dielectric metamaterial changes approximately parabolically with

displacement at 1550 nm (Fig. 3.3(e)).

The thermal fluctuation of the optical properties of the dielectric and plasmonic

nanomechanical metamaterials were studied at wavelengths of 1550 nm (transmis-

sion mode, 19.6 µW incident power) and 1310 nm (reflection mode, 48.2 µW power

and) respectively with x-polarized CW laser light and ≈ 5 µm spot size. The meta-

material samples were mounted in a vacuum chamber at a pressure of 4 − 5µbar

to reduce air damping of the mechanical modes. The intensity of light transmitted

and reflected from the samples was monitored with a photodetector and a radio

frequency spectrum analyser.

As expected from Equation 3.3, in the spectra of transmitted and reflected light

we observe a range of sharp peaks linked to the frequencies of thermal movements of

the Si3N4 beams at their natural frequencies in the megahertz range, Fig. 3.4(a)(b).

Here, the peaks are observed against a flat background of the photodetector noise.

The average quality factor of the observed mechanical resonances for the dielectric

metamaterial is 1.6× 103, slightly higher than the quality factor of 1.6× 103 for the

plasmonic metamaterial.

In both cases we see an isolated group of several peaks related to the different

beams within the structures. Here, variations between the resonance frequencies of

individual, nominally identical beams are most likely caused by disparities in beam

tension across the sample resulting from the non-uniformity of intrinsic stress in

the membrane, rather than variations of their physical dimensions. These variation

in tensile stress across the metamaterials, leading to the spread of individual peak

frequencies, can be evaluated from Euler-Bernoulli beam theory[65], [90], which

gives the stress-dependent fundamental frequency of a doubly clamped beam of

rectangular cross-section as:

f0 = 1.03
t

L2

√
E

ρ
(1 +

σL2

3.4Et2
) (3.8)
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Figure 3.4: Thermal fluctuation of the optical properties of nanomechanical metamateri-
als. Measured spectral density of transmission modulation st (a) and reflectance modulation
sr (b) by dielectric and plasmonic metamaterials, respectively. Resonant peak widths δf are
labelled in kHz. Frequencies of the fundamental out-of-plane resonances of the dielectric
(c) and plasmonic (d) metamaterial beams for different levels of tensile stress σ. Simulated
resonance frequencies of the nanostructured beams (data points) are shown with a fit ac-
cording to eq. 3.8 (lines).

where t is the beam thickness, E is the Young’s modulus, ρ is the density of the

material and σ is the tensile stress along the beam length.

Fig. 3.4(c),(d), illustrating the relationship between stress and fundamental fre-

quency, shows that for both the plasmonic and dielectric metamaterials, the observed

variation of the fundamental mechanical resonance frequencies of beams are explain-

able by tensile stress variations from beam to beam of ≈ 30 MPa. This is not a

surprizing number as stresses of between several hundred megapascals and a gigapas-

cal are common in unstructured silicon nitride membranes, resulting in significant

post FIB-fabrication stress variations across metamaterial arrays.

Inhomogeneous illumination of several beams within the optical spot profile can

also contribute to inhomogeneous shifts of beam frequencies through thermal ex-

pansion of the beam length, which reduces stress: σ = σ0 − αE∆T , where σ0 is

the initial tensile stress, α the thermal expansion coefficient of the material and ∆T

the temperature change. Considering conductive cooling, in our experiments, the

laser-induced temperature increases reach ≈10 K in the plasmonic metamaterial

and ≈1 K in the dielectric metamaterial. For a silicon nitride beam with an initial

stress of 30 MPa such a temperature increase translates to around 20% stress re-

duction in the plasmonic metamaterial (2% for the dielectric metamaterial). In the

present cases this translates to a 6%(2%) decrease in resonance frequency, see Fig.

3.3 (c),(d). We observe a significantly larger spread of resonance frequencies, with

the lowest resonance frequency being 24%(7%) smaller than the largest, suggesting
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that the observed spread of resonance frequencies is mainly due to intrinsic stress

variations of the beams.

The fluctuation of the optical properties of the metamaterial are presented in

terms of Sr,t, the relative spectral density of transmission/reflectance modulation,

see Fig. 3.4(a), (b). To evaluate the root-mean-square of relative fluctuation of opti-

cal properties δIr,tRMS/I
r,t resulting from thermomechanical fluctuations we need to

integrate, as shown by eq. 3.5, over the entire frequency range. If only fundamental

mechanical modes of the metamaterial beams are taken into account, this integral

can be approximated as S0
√
N∆f , where N is number of peaks/modes and S0 and

∆f are average amplitude and width of the peaks.

From the data presented in Fig. 3.4(a), (b), we can evaluate that the level of

transmission fluctuation as
δItRMS
It = 0.05% for the dielectric metamaterial at 1550

nm, and the level of reflection fluctuation as
δIrRMS
Ir = 0.1% for the plasmonic

metamaterial at 1310 nm. These values can increase to about
δItRMS
It = 0.1% and

δIrRMS
Ir = 1.5% at the dielectric and plasmonic resonances, see Fig. 3.3(e)(f).

Finally, we shall note that thermal fluctuations can give rise to nonlinear effects.

The nonlinearity of coupling between metamaterial optical properties µr,t(z, F ) and

beam displacements z will result in fluctuations of the optical properties at har-

monics of the fundamental mechanical oscillation frequency f0. Moreover, the me-

chanical motion itself may be thermally excited into the nonlinear regime. In the

case of beams anchored at both ends, the oscillation becomes nonlinear when the

amplitude of oscillation becomes comparable to the beam thickness t divided by the

square root of the beam’s mechanical quality factor[56]Q: a beam with length L,

width w and thickness t enters the nonlinear regime of thermal motion for

L > 2.6

(
Ewt5

QkBT

)1/3

(3.9)

As an example, at room temperature, a silicon nitride beam of rectangular 100

× 100 nm cross-section and quality factor Q = 1000 will enter the nonlinear regime

of Brownian motion at L > 100µm. Such effects though lie beyond the scope of the

present study.

3.4 Conclusions

In conclusion, we have observed that the optical properties of dielectric and plas-

monic membrane nanomechanical metamaterials at near-infrared (telecoms) wave-

lengths exhibit thermal fluctuations of order 0.1%, rising potentially to ≈ 1% at

optical resonances. The spectra of fluctuations enable metamaterial characteriza-

tion at the level of individual mechanical elements. They provide exact information

on the frequencies at which a nanomechanical metamaterial can be efficiently actu-

ated by external stimuli, providing insight to mechanisms of broadening and splitting



Chapter 3: Thermal fluctuations in nanomechanical photonic metamaterials 49

of mechanical resonances in metamaterials, and aiding in the optimization of their

performance.
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Chapter 4

Optical control of nanomechanical eigenfrequencies and

Brownian motion in metamaterials

Nanomechanical photonic metamaterials provide a wealth of active switching, non-

linear and enhanced light-matter interaction functionalities by coupling optically

and mechanically resonant subsystems. Thermal (Brownian) motion of the nanos-

tructural components of such metamaterials leads to fluctuations in optical prop-

erties, which may manifest simply as noise, but which also present opportunity

to characterize performance and thereby optimize design at the level of individ-

ual nanomechanical elements. In this chapter, I show that Brownian motion in an

all-dielectric metamaterial ensemble of Si/Si3N4 beams can be controlled by light

at sub- µW/µm2 intensities. Induced changes in beam temperature of just a few

Kelvin, dependent upon beam’s dimensions, material composition, and the direc-

tion of light propagation, yield proportional changes of several percent in the few-

MHz Eigenfrequencies and picometric displacement amplitudes of Brownian motion.

The tuning mechanism can provide active control of frequency response in photonic

metadevices and may serve as a basis for bolometric, mass and micro/nanostructural

stress sensing.

4.1 Introduction

By virtue of their low mass and fast (MHz-GHz frequency) response times[14],

nanomechanical oscillators actuated [15], [19], [29] and/or interrogated [89], [91]

by light are of fundamental and applied interest in numerous applications[92], rang-

ing from mass [58]–[60] and force sensors[62], [63] to photonic data processing[93],

[94] and quantum ground state measurements[95]. As the dimensions of such sys-

tems decrease their thermal(i.e. Brownian) motion assumes increasing importance.

By adding noise to induced/controlled movements that underpin the functionality

it can constrain performance, but it also presents opportunity by directly linking

observable(far-field optical) properties to geometry, composition and temperature

at the nanoscale.

Here, I show that such motion can be optically controlled at µW/µm2 intensities

in nanomechanical photonic metamaterials. In an array of mechanically independent

and (by design) alternately dissimilar dielectric beams, which are at the same time

of identical bilayer (i.e. asymmetric) material composition and part of an optically
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resonant ensemble subject to the fundamental constraint of linear transmission reci-

procity, dependences of motion eigenfrequencies and picometric displacement am-

plitudes on local light-induced temperature changes can be accurately determined.

4.2 Results and discussions

In the current study, I employ an all-dielectric metamaterial comprising pairs of

dissimilar (by length LSi and width W ) Si nanobricks on a free-standing array of

flexible Si3N4 beams (Fig. 4.1(a)), corresponding design criteria was supported by

numerical calculations shown in section 5.3.2. It is fabricated on a 200 nm thick

Si3N4 membrane (Norcada, Inc.) coated by PECVD with a 115 nm thick layer

of amorphous Si. This bilayer is then structured by FIB milling to define rows of

alternately short, narrow (720 nm × 210 nm) and long, wide (780 nm × 300 nm)

nano-bricks in the Si layer on parallel 21.05 µm long beams cut through the Si3N4

layer, with a gap size between neighbouring beams of 170 nm. Here, I categorise the

Figure 4.1: Dielectric nanomechanical metamaterial sample and its linear optical prop-
erties. (a) SEM image of the metamaterial, fabricated on a 21.05 µm wide free-standing
Si3N4 membrane. The inset enlarged section shows detail of the supported Si nano-bricks
– the dashed line denotes a metamolecule of the metamaterials. (b)Measured transmission
[T] and absorption[A] spectrum of the fabricated structure, and the dashed rectangular area
indicates wavelength of laser that will be employed to investigate the thermal properties of
the metamaterials, the inset shows the designation of forward (fwd) and backward (bwd)
illumination directions. (c) Dimensional schematic of a section of a nanomechanical meta-
material beam element. (d) Dimensional details of the beam elements.
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beams into two group: beams type 1○ with short and narrow bricks on Si3N4 beams

and beams type 2○ with short and wide bricks on beams for the convenience of later

investigation. These two group of beams have also been labelled on the zoom-in SEM

image of sample in the inset of Fig. 4.1(a); relevant dimensional details of these two

types of beam can be found in Fig. 4.1(c) and (d). The metamolecule of photonic

metamaterials I studied here is indicated by a yellow dashed rectangular in the inset

of Fig. 4.1(a) with periodicity of 910 nm and 850 nm along and perpendicular to

the nano wire directions.

This metamaterial structure supports a near-infrared closed mode optical res-

onance (e.g. Fano resonance)[87]at a wavelength of 1542 nm underpinned by the

excitation of antiparallel displacement currents in adjacent dissimilar silicon nano-

bricks by incident light polarized parallel to the long axis of the bricks. The mea-

sured transmission and absorption spectra for forward and backward illumination

of this structure is shown in Fig. 4.1(b), where the forward (fwd) direction of light

propagation is designated as that for which light is incident on the Si side of the

sample; backward (bwd) the Si3N4 side (see the inset in Fig. 4.1(b)). Ideally, the

transmission spectra for backward and forward illumination should be identical as

it is a linear reciprocal system. However, there are small differentials in the mea-

sured transmission spectra in Fig. 4.1(b). These differentials is because I conduct

this forward and backward measurement by flipping over the sample. And this

process inevitably introduce systematic errors, such as position and polarization

misalignment. Different absorption spectra in Fig. 4.1(b) (dashed lines) show dif-

ferent absorption cross sections of the sample when send light from different sides

of the sample, which provide another new channel to control thermal motions in

nanomechanical metamaterials. In the vicinity of this optical resonance, thermal

(Brownian) motion of the beams – mutual positional fluctuations of pico- to nano-

metric amplitude – translate to fluctuations of metamaterial transmission (of order

0.1%) at their few-MHz natural mechanical resonance frequencies[96]. These ther-

momechanical oscillations are detected as peaks in frequency spectra of transmission

amplitude spectral density (Fig. 4.2(b)).

In order to make the best use of this new channel to control thermal motions of

the sample and introducing the system errors as less as possible, an apparatus based

on a MEMS directional switch was built up (see Fig. 4.2(a)). In this setup: the

metamaterial is mounted in a vacuum chamber at a pressure of 4 × 10−3 mbar (to

exclude air damping of mechanical motion). This is located between a confocal pair

of 20×(N.A. = 0.4) microscope objectives, via which incident light at a wavelength of

1550 nm is focused onto the sample (to a spot of diameter ≈ 5 µm) and transmitted

light is collected finally by a photodetector and transferred electric signal is then

processed in a spectral analyser. This arrangement includes a fiber-optic MEMS

switch to enable transmission measurements in both directions through the sample

without disturbance of its position/alignment relative to the beam path.
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Figure 4.2: (a)Schematic of experimental apparatus for recording frequency spectra of
metamaterial transmission. Other than between the two collimators, light is carried in
polarization-maintaining single-mode optical fiber, with the MEMS switch providing for
inversion of the light propagation direction through the sample. (b) Exemplar measurement
of optical transmission amplitude spectral density [for light incident on the Si3N4 side of
the sample at a power level of 15.93 µW ], showing a pair of peaks associated with the
mechanical resonances of two individual beams within the array: 1○/ 2○ a narrower/wider
wire decorated with shorter/longer Si bricks. The overlaid magenta curve and calibrated
displacement spectral density scale [to the right-hand side] are obtained by fitting eq. 4.1
to the experimental data. Derived values of f0, Q and meff are shown inset. Numerically
simulated mode profile of the out-of-plane mechanical mode of these two types of beam also
shown in the inset.

Fig. 4.2(b) shows a representative measurement of optical transmission ampli-

tude spectral density (ASD), in which peaks associated with the fundamental out-

of-plane flexural modes of a pair of individual beams – one narrow(type 1○) and

one wide (type 2○) as indicated in the inset of Fig. 4.1(a), decorated respectively

with short and long Si nano-bricks – are seen. Attribution to this oscillatory mode is

confirmed through computational modelling, where beams mechanical properties are

simulated using the structural mechanics module in COMSOL Multiphysics (finite

element method). For the ideal rectilinear geometry of Fig. 4.1(c)(d), and densities

and Young’s moduli of silicon nitride and silicon as in Table 4.1 above, Eigenfre-

quencies of the fundamental out-of-plane flexural modes are estimated as 3.04 and

3.13 MHz respectively for the type 1○(narrower) and type 2○ (wider) beams. These
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Table 4.1: Mechanical and thermal properties of Si and Si3N4

Properties
Materials

Si Si3N4

Density ρ,Kg ·m−3 2330 3100

Young’s modulus E,Gpa 150 260

Thermal expansion coefficient α,K−1 1.0× 10−6 2.8× 10−6

Thermal conductivity κ,W ·m−1 ·K−1 1.5 2

are sufficiently close to the measured frequencies (Fig. 4.2(b)) as to confirm that

the Brownian motion peaks observed in experiment are associated with this mode

of oscillation – discrepancies being accounted for by manufacturing imperfections

and internal stress within the silicon nitride. (For comparison, Eigenfrequencies of

the fundamental in-plane flexural modes of type 2○ (wider) beams are much higher,

at around 4.54MHz.) Corresponding simulated mode profile for the fundamental

out-of-plane mode of these two type of beams are shown in the inset of Fig. 4.2(b).

The beam displacement ASD s(f) can be expressed as[65]:

s(f) =
√
S (f) =

√√√√ kBTf0

2π3meffQ
[
(f2

0 − f2)
2

+ (ff0/Q)2
] (4.1)

Where kB is the Boltzmann constant, T is temperature, and for each mode,

meff , f0 and Q are respectively the effective mass, natural frequency and quality

factor of the oscillator, S(f) is power spectra density. Experimental data can thus

be calibrated – the vertical scale in Fig. 4.2(b) converted from signal measured in

μV to beam displacement in picometres, by fitting Eq. 4.1 to the data. Specifically,

we fit a linear superposition of two instances of the expression, one for each of the

spectral peaks with co-optimized values of meff , f0 and Q. RMS thermal motion

amplitudes can then be evaluated as the square root of an integral of power spectral

density S(f) = s(f)2 over frequency:

< z >=

√∫
s(f)2df (4.2)

These calculations yield amplitudes of 75.5 and 67.1 pm respectively for the

lower and higher frequency peaks in Fig. 4.2(b), which compare extremely well with

analytical values of 76.0 and 67.6 pm derived from energy equipartition theorem[54].

< z >=

√
KBT

4π2mefff
2
0

(4.3)

Fig. 4.3 shows how the Brownian motions characteristics of beams, as mani-

fested in the ASD of optical transmission, depend upon (i.e. can be controlled by

tuning) incident laser power, and how this dependence differs for the two directions
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of incident light propagation. With increasing laser power, mechanical Eigenfre-

quencies red-shift (Fig. 4.4(a)) and RMS displacement amplitudes increase (Fig.

4.4(b)), both in direct proportion and more rapidly for the backward propagation

direction. The behaviours are consistent with a photothermal tuning mechanism,

whereby laser-induced heating decreases tensile stress in the beams. The effect is

more pronounced for the backward direction of light propagation because, while for-

ward and backward transmission levels are identical (as they must be in a linear,

reciprocal medium), reflectivity and absorption are not (Fig. 4.1(b)).

An analytical model for optical control of thermomechanical (Brownian) motion

resonances, tightly constrained by the requirement to describe the properties of

two independent, similar (related) but not identical oscillators – narrow and wide

Si/Si3N4 bilayer beams, under two similar (related) but not identical regimes of

optical excitation – fwd and bwd directions of illumination, provides for accurate

Figure 4.3: Optical tuning of Brownian motion. Transmission amplitude spectral den-
sity(ASD), showing peaks 1○ and 2○ as assigned in Fig. 4.2, for opposing directions of light
propagation through the sample – (a) forward and (b) backward [light incident respectively
on the silicon and the silicon nitride side], and for a range of laser power levels [as labelled].
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quantitative evaluation of light-induced temperature changes in the individual beams

and corresponding relationships between their resonance frequencies/amplitudes,

illumination conditions and the optical properties of the metamaterial array. From

Euler-Bernoulli beam theory[90], the stress-dependent fundamental frequency of a

doubly clamped beam of homogenous rectangular cross-section is:

f0 = 1.03
t

L2

√
E

ρ

(
1 +

σL2

3.4Et2

)
(4.4)

where t and L are the thickness and length of the beam, E is Youngs’s modulus, ρ

is density and σ is tensile stress along the beam length. The temperature-dependence

of stress can be expressed in the form[19]:

σ = σ0 − αE∆T (4.5)

where σ0 is the stress at ambient temperature, ∆T is the difference between

average beam and ambient temperatures, and α is the beam’s thermal expansion

coefficient.

For the purpose of applying these expressions to the present case of silicon ni-

tride beams decorated with silicon nano-bricks, we evaluate effective values of E,

ρ and α for homogenous rectangular-section beams based upon weighted averages

of parameters for the two materials, e.g., Si and Si3N4, according to their volume

fractions (VSiand VSiN ) present in a given beam, and

Xe =
XSiVSi+XSiNVSiN

VSi + VSiN
(4.6)

where X is density ρ, Young’s modulus E, the thermal expansion coefficient α,

or thermal conductivity κ showing below. Values of XSiN and XSi are given in

Table 4.1, and values of beam effective medium parameters for the present case are

given in Table 4.2.

The presence of a heat source is assumed to be uniformly distributed over the

rectangular cross-section at the mid-point of the beam, while the two ends are held

at ambient temperature ( T0 = 298K). At equilibrium, the difference ∆T between

average beam and ambient temperatures is then[97]:

∆T =
PabsL

8κA
(4.7)

Where κ is thermal conductivity, A is the cross-sectional area, and Pabs is the

absorbed power of the heat source. In the present case, effective values of κ and A

are again evaluated for the two types of beam based upon geometry and the material

parameters of Si and Si3N4(see Supplementary Information), and Pabs is the optical

power absorbed by the beam: Pabs = µγPin, where Pin is the total power incident

on the metamaterial, γ is the absorption coefficient of the metamaterial, and µ is
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Table 4.2: beams effective medium parameters

Properties
types

beam type 1○ beam type 2○

Thickness te, nm 139 142

Density ρe,Kg ·m−3 2870 2859

Young’s modulus Ee, Gpa 232 230

Thermal expansion coefficient αe,K
−1 2.263× 10−6 2.237× 10−6

Thermal conductivity κe,W ·m−1 ·K−1 1.851 1.844

Cross section area Ae, nm
2 52760 76945

the ‘absorption cross-section’ of an individual beam.

By fitting the set of equations 4.4-4.7 simultaneously to all four sets of experimen-

tal datapoints in Fig. 4.4(a), for the dependences of Brownian motion Eigenfrequency

on laser power, under constraints that:

1. µ must be identical for forward and backward directions of illumination for a

given beam (i.e. the same beam will intercept the same fraction of incident

light in both directions);

2. γ must be identical for the two beams for a given illumination directions (i.e.

as a metamaterial ensemble property, absorption can only have a single value

in each direction);

3. σ0 must take a single fixed value (ensuring degeneracy of nominally forward-

and backward-illumination zero-power resonant frequencies for each type of

beam);

One could obtain the four solid curves plotted in each panel of Fig. 4.4. The

Eigenfrequency fitting (Fig. 4.4(a)) is extremely good and yields zero-power (i.e.

ambient temperature) resonant frequencies of 3.176, 3.128 MHz for the wider and

narrower beams respectively, giving a value for intrinsic tensile stress of σ0 ≈ 5.55

MPa. Derived values of µ ≈ 4.93% and 5.63% respectively for the narrower and

wider beams – are consistent, to a first approximation, with their areas of geometric

intersection with the ≈5 µm diameter incident laser spot. However, they are not in

proportion simply to the ratio of beam widths (0.7:1). This is because the near-field

distribution of electromagnetic field around the metamaterial at resonance is not

homogenous, and the absorption cross section of constituent beams is therefore not

expected to be directly proportional to its geometric cross-section. Derived values of

γ = 10.55% and 25.82% respectively for the forward and backward directions of light

propagation – correspond very well to measured (far-field) values of metamaterial

absorption at 1550 nm (Fig. 4.1(b)): 13.5% and 23.7%.

Light-induced changes in beam temperature (Fig. 4.4(c)) depend upon the di-

rection of illumination and beam dimensions – which is to say, upon the strength of

optical absorption and the rate at which heat is dissipated (the latter being lower for

the beam of smaller cross-section). The narrow beam changes temperature at a rate
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Figure 4.4: Photothermal control of beam mechanical resonances. Dependences for peaks
1○ and 2○ in Fig. 4.3 [i.e. for narrow and wide beams as identified in Fig. 1c, under nomi-

nally forward and backward directions of illumination] of (a) resonance frequency, (b) RMS
displacement amplitude, and (c) light-induced beam temperature change on incident laser
power [total power incident on the metamaterial sample]. Square symbols are experimental
data points, with error bars given by the standard deviation over three repeated measure-
ment cycles. Solid curves are derived from an analytical description of the photo-thermal
tuning mechanism via a simultaneous best-fit to the four experimental datasets in (a).

of 26.93 K/µW of absorbed power, the wide beam at 18.54 K/µW . These derived

dependences of induced temperature change ∆T on laser power map to the theo-

retical dependences of RMS Brownian motion amplitude presented in Fig. 4.4(b)

via Eq. 4.3, using values of meff for the two beams established in the above (Fig.

4.2(b)) calibration of displacement spectral density. The picometrically accurate

correlation with experimental data points separately derived via integrals of PSD

over frequency (via Eq. 4.2) is exceptionally good.

4.3 Conclusions

In summary, this chapter has shown that fluctuations in the resonant optical prop-

erties of a photonic metamaterial, which are associated with the mechanically res-

onant Brownian motion of its constituent elements, can be controlled by light at

sub-µW/µm2 intensities. In an all-dielectric metamaterial ensemble of free-standing

Si3N4 beams (mechanical oscillators) supporting an array of silicon nano-bricks (op-

tical resonators), the few - MHz natural frequencies of beams shift up to 3.6% and

few tens of pm displacement amplitudes of thermal fluctuations vary up to 4.3%

with light intensity of 0.8µW/µm2.

An analytical model for the photothermal tuning mechanism, simply but strictly

constrained by the requirements of optical transmission reciprocity in a linear medium,

links the local, nanoscopic properties and behaviors of individual beams (i.e. at

sub-wavelength scale) to the far-field optical properties of the (micro/macroscopic)
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metamaterial ensemble. It provides for accurate evaluation of light-induced changes

in beam temperature and of ambient condition (zero-illumination) tensile stress and

Brownian motion Eigenfrequencies and displacement amplitudes.

The ability to finely tune the nanomechanical resonance characteristics of pho-

tonic metamaterials may be beneficial in a variety of metadevice applications where,

for example, the frequency of nanostructural oscillation is required to match (or avoid

matching) another frequency, such as that of a pulsed laser. The fact that tuning

characteristics can (as here) depend strongly upon the direction of light propagation

through a metamaterial by simple virtue of bi-layer material composition (leading

to different levels of reflection and absorption for light incident on opposing sides)

may find application in devices to favor/select a single direction of propagation. The

accurately quantifiable sensitivity of optical response to nanomechanical properties

in such structures also suggests applications to bolometric sensing and detection

of changes in mass (e.g. through adsorption/desorption) or micro/nanostructural

stress.
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Chapter 5

Asymmetric nonlinear transmission in

nano-opto-mechanical metamaterials driven by optical

forces

Asymmetric transmission of light through a slab of materials can be achieved in the

presence of magnetic field and this is widely used in Faraday optical isolators[98].

It can also be seen with a combination of a nonlinear absorber and intensity atten-

uator[99], however, this solution found no practical applications due to high level

of intensity required. Here we demonstrate in nano-opto-mechanical metamaterials

resonant excitation of optical and mechanical sub-systems create profound light-

induced transmission asymmetry reaching 16% at low intensities (µW/µm2), making

it suitable for a range of laser technology and fibre telecom applications.

5.1 Introduction

The reciprocity of optical transmission is a fundamental tenet of linear optics - un-

less a medium is statically magnetized or causes polarization or mode conversion -

it must transmit light, of a given wavelength and polarization state, identically in

the forward and backward directions. This symmetry can of course be broken in

nonlinear media[35] (i.e. at high intensities, as in the very first experimental demon-

stration of optical nonlinearity[99]), and in devices exploiting Faraday rotation[34],

[98] (which are unavoidably bulky due to the necessity of applying a magnetic field

over a macroscopic path length). Transmission asymmetry is also possible in (usually

chiral, often multilayer, characteristically lossy) metamaterials where propagation is

accompanied by polarization or mode conversion[51], [52], [100]–[102]. On the other

hand, optomechanics offers a new playground for building non-reciprocal devices, as

temporal modulations can be induced by mechanical resonances[36]. The nano-opto-

mechanical oscillators build ideal platforms to pursue such devices with remarkable

performance and functionalities, due to their low mass and quick response time. The

movement of oscillators can be optically transduced to a measurable signal bene-

fitting from low-noise lasers and detections techniques, enabling the realization of

asymmetric transmission devices. On the other hand, the optical resonant features

of photonic metamaterials could enhance light-matter interaction, providing further

improvement the performance of nanomechanical devices[19], [29], [30].
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Here, I demonstrate that the optical forces generated within free-standing nano-

opto-mechanical metamaterials can be comparable in magnitude to the elastic restor-

ing forces resulting in nanoscale deformation, and they can be utilized to dynam-

ically reconfigure metamolecules in a manner that depends upon the direction of

light propagation. In consequence, the structure can manifest strongly nonlinear

and directionally asymmetric transmission, determined by the combination of its

optical (near-infrared) and mechanical resonances.

5.2 A toy model to demonstrate asymmetric transmission induced

by nonlinearity

It would be a helpful exercise to build a toy model giving the mechanism behind

asymmetric transmission induced by nonlinearity. Here, a simple toy model for

investigating the influence of nonlinearity on asymmetric transmission is damped

driven coupled oscillators system. Fig. 5.1(a) shows the schematics of such a system,

consisting of two oscillators with different mass m1 and m2 as labelled in the figure.

The coefficient of friction γ and also the spring constant K for this two oscillators are

set as the same. With regard to the coupling term, we considered linear term with

coupled coefficient τ and nonlinear term with coefficient α. One of the oscillators is

driven by a periodical harmonic force F (t) = F0e
iωt and the oscillation amplitude of

Figure 5.1: A toy model on coupled oscillators system to demonstrate the role of non-
linearity on asymmetric transmission. (a) Spring model representing a two coupled masses
system excited by a harmonic force F (t). (b) Linear coupled system, in which the transmit-
ted signals are identical for different driven directions. (c) Nonlinear coupled system, the
transmitted signals behave differently for different driven directions.
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another oscillator is then monitored as transmitted signal. To provide a quantitative

description of the system, we write the dynamic equations of the oscillator 1 and 2

in terms of the displacement x1 and x2 from their respective equilibrium positions,

when oscillaor 1 is driven:

m1ẍ1 + γ1ẋ1 +Kx1 + τ (x1 − x2) + α (x1 − x2)3 = F0e
iωt

m2ẍ2 + γ2ẋ2 +Kx2 + τ (x2 − x1) + α (x2 − x1)3 = 0 (5.1)

when oscillator 2 is driven:

m1ẍ1 + γ1ẋ1 +Kx1 + τ (x1 − x2) + α (x1 − x2)3 = 0

m2ẍ2 + γ2ẋ2 +Kx2 + τ (x2 − x1) + α (x2 − x1)3 = F0e
iωt (5.2)

These equation system can be numerically solved with the 4th - order Runge-

Kutta algorithm. Here, we define transmitted signal from oscillator 1 to oscillator

2 as S21, where oscillator 1 is driven and the motion amplitude of oscillator 2 is

monitored; the transmitted signal from oscillator 2 to oscillator 1 is defined as S12.

Fig.1(b) and (c) show the transmitted signal of this system for a linear and nonlinear

system. One could clearly see that the transmitted signal is identical for two different

transmission direction in linear coupled case (α = 0) as it is a reciprocal system,

shown in Fig. 5.1(b). While S21 and S12 shows differences with the appearance of

nonlinear term (α = 2) as shown inFig. 5.1(c) because the reciprocity is broken due

to nonlinear coupling term in the system. Two peaks in the spectrum represent the

eigenfrequency of oscillator 1 and 2.

This model gives us a clear clue of how nonlinearity impacts on the realization

of asymmetric transmission. A high power of light intensity is required to breaking

the reciprocity of the system in the conventional nonlinear optical materials due

to small nonlinear coefficient. Also for the conventional nonlinear materials, thick

object is in need to accumulate significant effects, hindering the miniaturization of

optical devices. However, the mechanical nonlinearity can be achieved when the

movement of objects is comparable to their thickness[56]. With the advancement

of the nano-fabrication technology, the nano-object can be manufactured, which

enables the access to mechanical nonlinearity with low power levels.

5.3 Optomechanical asymmetry in all-dielectric metamaterials: Nu-

merical modelling

In this section, two types of nanomechanical metamaterials, consisting with nanowires

of dissimilar thickness and nanobricks of dissimilar length, driven by optical forces

are introduced to explore the basic principle of realizing optomechanical asymmetry

and to find a practical design for the following experimental implementation.

The way to calculate optical forces acting on metamaterial structures can be

found in the last section of Chapter 2. As shown in Fig. 2.20, normal incidence
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condition with polarization along the beams direction is assumed in all of the fol-

lowing calculations. By modelling a single ‘meta-molecule’ with periodic boundary

conditions, the optical properties of a planar metamaterial array with infinite extent

can be obtained.

5.3.1 Nanowires of dissimilar thickness

In this section, a nanomechanical metamaterial consisting with nanowires with differ-

ent thickness are utilized to produce optomechanical asymmetry. Simulation results

reveal that this type nanomechanical metamaterials driven by optical forces are ca-

pable of offering a strong nonlinear optical response and delivering high contrast(the

absolute transmittance difference between forward and backward illuminations is as

high as 52.2%) asymmetric transmission at near-infrared wavelength regime.

Fig. 5.2 (a) and (b) give a schematic and dimensions, respectively, of the nanowires

we studied. It is made of an array of 145 nm wide, 10.8 µm long Si strips with thick-

nesses alternating along y axis between 115 and 150 nm; these strips sit on Si3N4

beams with same width and uniform thickness of 100nm. The gaps between each

other (along y direction) is 255 nm. Si3N4 beams extend, at a thickness of 50 nm,

to fixed mounting points which is 15 µm from the edge of Si strips. As for the light

source, x-polarized plane wave normally incident (along z direction) on the dielec-

tric nanowires structure within a rectangular area (10.8 µm× 9.6 µm), with a total

optical power P0. Under such illumination, a sharp resonance in transmission spec-

trum presented at 1550 nm, see Fig. 5.2(b). The inset of this figure present electric

distribution at 1550 nm showing anti-phase excitation of two Si strips. That imply

the existence of Fano mode. Such mode can effectively suppresses radiation loss,

resulting in sharp spectral resonance and large optical force. It can be seen from the

inset of Fig. 5.3(a) that relative optical forces applying on a pairs of adjacent thick

Figure 5.2: Linear properties of a nanomechanical metamaterial consisting with nanowires
with dissimilar thickness. (a) Schematics and (b) dimensional details of the parallel Si3N4

nanowires. (c) Reflection (R), transmission (T) and absorption (A) spectrum under normally
incident x-polarized illumination. Electric distribution for a cross-section of the unit cell in
xy plane 50 nm above the interface between Si and Si3N4 at wavelength λ =1550 nm,
showing anti-phase excitation of the two silicon beams underlying Fano resonance.
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(150 nm) and thin (115 nm) Si strips for light impinging on the metamaterial in the

forward(fwd) and backward(bwd) directions, defined respectively as being incident

on the Si strips and supporting Si3N4 beams sides of the structure. A significant

difference in optical forces dispersion (Fig. 5.3(a)) is found between fwd and bwd

illumination conditions. In both cases, the optical forces will drive the supporting

beams to move up or down until they are balanced by elastic forces. The equilibrium

position between neighboring beams, therefore, will be different when sending light

from different sides of the nanomechanical metamaterials as relative optical force

show different magnitude and sign, see Fig. 5.3(a). This will finally give birth to

optomechanical asymmetry.

Numerical simulations show that out of plane (along z direction) mechanical

displacement (∆z) of Si3N4 beams is around 63 nm as a 100 pN force (F ) is applied

Figure 5.3: Asymmetric optomechanical force in a nanomechanical metamaterials consist-
ing with nanowires of dissimilar thickness. (a) Spectral dispersion of the relative optical force
(F cellopt.) on the two beams of a single unit cell for both forward (−z) and backward (+z) di-
rections of light propagation. Optical forces are presented in unit of P/c, where P = P0/N

2

is the incident power per unit cell, P0 is the total power incident on the metamaterial array
of N2 cells, c is the light speed in free space. (b) Elastic deformation of a suspended beam
for a force of 100 pN . Top: schematics for suspended beam. Bottom: Calculated elastic
displacement. NB: the vertical scale is exaggerated by more than two orders of magnitude.
(c) Dependence of the relative optical force (F beamopt. = 12(F cellopt.) on the mutual out-of-plane
displacement of neighbouring Si3N4 beams supporting thick and thin silicon nanowires un-
der 1550 nm forward (solid lines) and backward (dashed lines) illumination at a range of
incident power levels P0 (as labeled). The straight black line indicates to opposing elastic
force. (d) The balance positions as a function of a range of total incident powers (p0) at
1536 nm.
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to the central 10.8 µm long nanowire section.(See Fig. 5.3(b)). The mechanical

properties of Si and Si3N4 used in simulations can be found in Table 4.1. Therefore,

the spring constant (κ) associated with two fixed beams is given by:

κ =
F

∆z
(5.3)

The relationship between elastic force (Felas.) and mechanical displacement (∆z)

then can be obtained once the spring constant(κ) of current designs acquired via eq.

5.3. Here, bending mainly happens within side connecting arms (50 nm thick) and

the displacement within central nanowires section (100 nm thick) can be ignored.

Hence, It is reasonable to assume the central nanowire section of each beam moves

up and down (along z axis) without changing shape.

Equilibrium condition need to be taken into account when calculating final trans-

mission differential. In order to achieve stable equilibrium (assuming the displace-

ment at equilibrium is Z0), optical force on beam (F beamopt. |Z0) should be equal to

elastic force (Felas.|Z0). Apart from this, they also should satisfy the conditions

that F beamopt. |Z0−∆Z > Felas.|Z0−∆Z and F beamopt. |Z0+∆Z < Felas.|Z0+∆Z . Fig. 5.3(c)

shows the relations of relative optical force acting on two neighbouring beams

F beamopt. (= NF cellopt. , N = 12) on relative displacement Z in the vertical direction for

a group of incident light power at 1550 nm. Balance points can be found at the

intersection points between elastic force (black line) and optical force. For example,

stable equilibrium can be achieved for forward illumination of light with a power of

30 mW at a relative displacement of 36 nm. While a relative displacement of 23

nm are required for the backward illumination at the same power. This different

out-of-plane displacement can be seen in Fig. 5.3(d) unambiguously, where the in-

tersection points in Fig. 5.3(c) are drawn and shown dependence between balance

displacement and incident light power for forward and backward light propagation

directions.

Figure 5.4: Asymmetric transmission properties. (a) Optical transmission as a function
of total incident powers (P0) at 1536 nm. (b) Transmission spectral dispersion for forward
and backward at incident power of 27 mW .
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This asymmetric displacements upon different illumination conditions lead to

asymmetric transmission, see Fig. 5.4(a). For the forward propagation, transmission

increases from 43.2% to 69.5%at a power of 26 mW and then goes down to 41.7%

at 50 mW ; In contrast, backward incidence optical transmission keeps dropping

from 43.2% to 9.4% at 50 mW , offering a forward: backward absolute transmission

difference (∆T = Tforward − Tbackward) around 52.2% at operating wavelength 1536

nm with power of 27 mW . Fig. 5.4(b) shows the transmission spectra under fwd

and bwd illumination at its equilibrium positions, the incident power is fixed at

27 mW . One can see that the resonance get slightly shifted and the amplitude of

transmittance is quite difference, which give maximum transmission asymmetry at

wavelength of 1536 nm.

Even this type of metamaterials can give us a good transmission asymmetry, it

is difficult to manufacture corresponding structures, in which optical resonance with

good quality factor can be observed. The most time-saving fabrication way is FIB,

however, the Ga+ implantation in materials gives large losses, which undermine the

resonances. Fig. 5.5 shows that the influence from losses on transmission spectra

(a) and relative optical forces(b). In Appendix E, a nanowire sample with different

thickness fabricated and there is no desired resonance observed in the transmission

and reflection spectrum. Previously in our group, Savinov et. al. managed to pro-

duce a metamaterials on fibre facet with good quality factor around 300 by pattern

grooves on sillica via FIB and then deposit a-Si on it to reduce Ga+ pollution[103].

Inspired by this idea, we also try to use post material deposition to create our sam-

ples, see the last part in Section 2.1.1. However, such small width difference of

neighbouring beams is not enough to create desired thickness difference (see Fig.

2.4). Another issue, as I mentioned before, is the non-uniform tensile distribution

built inside Si3N4 layer during milling process, which makes the membrane very

easy to be broken during Si deposition process (200oC temperature is required for

PECVD deposition). In terms of EBL process, the greyscale processes would be

Figure 5.5: Influences from materials’ losses. (a) Optical transmission spectra for different
imaginary part (κ) of refractive index. (b) Corresponding relative optical forces dispersion.
Note: Backward illumination is considered and there is no relative displacement between
neighbouring beams.
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required to generate different thickness, making the manufacturing process quite

complex and time-consuming. Therefore, I try to find another type of nanomechan-

ical metamaterials that is easy to be fabricated and possess similar optomechanical

asymmetry.

5.3.2 Nanobricks of dissimilar length

In this section, nanomechanical metamaterials consisting with nanobricks as meta-

molecules are utilized to realize optomechanical asymmetry. In which the absolute

transmittance difference between fwd and bwd illumination is around 61.6%, which

is even higher than the previous design(52.2%). Furthermore, this structure, e.g.

nanobricks with different length, are easier to be fabricated and more tolerant with

losses induced by Ga+ implantation. All of these merits make this design preferable

from experimental aspects.

Fig. 5.6 (a) and (b) give a schematic and dimensions of nanobrick metamaterials

under consideration. It is made of a 12 (along x axis)×24(along y axis) array of

250 nm wide, 115 nm thick Si nanobricks with length alternating along y direction

between 580 nm and 500 nm; they are supported on Si3N4 beams with same width

and thickness of 300 nm, the gaps between each other (along x direction) is 200 nm.

like previous case, in order to obtain large displacement and remain metamaterials

flat, Si3N4 beams extend, at a thickness of 50 nm, to fixed mounting points which

is 15 µm from outside edge of Si strips. As for the light source, x-polarized plane

wave normally incident (along z direction) on the nanobrick structure within a square

area (10.8 µm×10.8 µm), with a total optical power P0. Under illumination, a sharp

resonance in transmission spectrum presented at 1550 nm, see Fig. 5.6(c). The inset

of this figure present electric distribution at 1550 nm implying this high Q factor

resonance from trap mode. Also, only out-of-plane force (along z axis) are taken

into consideration.

Figure 5.6: Linear properties of a dielectric nanobricks metamaterial. (a) Schematics
and (b) dimensional details of the parallel Si3N4 beams and asymmetric Si nanobricks.
(c) Reflection(R), transmission(T) and absorption(A) spectrum under normal incident x-
polarized illumination. Electric distribution for a cross-section of the unit cell in xy plane,
50 nm above the interface between Si and Si3N4 at wavelength λ =1550 nm, showing anti-
phase excitation of the two silicon nanobricks.
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Fig. 5.7(a) shows asymmetric relative optical forces applying on a pairs of adja-

cent long (580 nm) and narrow (500 nm) Si strips when send light from fwd and

bwd directions, giving rise to asymmetric transmission. Numerical simulations show

that out-of-plane mechanical displacement (∆z)of Si3N4 of beams is around 39 nm

when a 100 pN force (F ) is applied to the central 10.8 µm metamaterials section, see

Fig. 5.7(b). The displacement here becomes smaller than previous nanowires case,

because the width of beams increase from 115 nm to 250 nm and the thickness of

beams goes up to 415 nm in total. The relationship between elastic forces Felas. and

out of plane displacements Z then can be derived via eq. 5.3, which can be found in

Fig. 5.7(c) [black solid line]. It also shows the dependence of relative optical force

acting on two neighbouring beams F beamopt. (= NF cellopt. , N = 12) on relative displace-

ment Z in the vertical direction for a selection of incident light power at 1550 nm.

The intersections (equilibration positions) between elastic force and optical force are

Figure 5.7: Asymmetric optomechanical force in a dielectric nanobricks metamaterial. (a)
Spectral dispersion of the relative optical force on the two beams of a single unit cell for
both forward and backward directions of light propagation. (b) Elastic deformation of a
suspended beam for a force of 100 pN . Top: schematics for suspended beam. Bottom:
Calculated elastic displacement. NB: the vertical scale is exaggerated by more than two
orders of magnitude. (c) Dependence of the relative optical force (F beamopt. = 12(F cellopt.) on the
mutual out-of-plane displacement of neighbouring Si3N4 beams supporting short and long
nanobricks under 1550 nm forward (solid lines) and backward (dashed lines) illumination at
a range of incident power levels P0 (as labeled). The straight black line indicates to opposing
elastic force. (d) The balance positions as a function of a range of total incident powers (P0)
at 1548 nm.



70 Numerical modelling

redrawn in Fig. 5.7(d). A difference in the mechanical displacement with fwd and

bwd light propagation can be clearly observed.

Figure 5.8: Asymmetric transmission properties. (a) Optical transmission as a function of
total incident powers (P0) at 1548 nm. (b) Transmission spectral dispersion for forward and
backward at incident power of 22 mW . (c) Magnetic field map for forward and backward
light illumination, differnt colour shows the magnetic field magnitude and arrows shows
magnetic fields. (d) Multipole decomposition for transmission spectra of opposite illumina-
tion directions.

As a result of this asymmetric movement, the nanobrick metamaterials alters

their optical properties as shown in Fig. 5.8(a). Regarding fwd illumination, trans-

mission increases from 47.9% to 83.3% at a power of 18 mW and then goes down

to 53.4% at 50 mW ; In contrast, backward incidence optical transmission keeps

dropping from 47.9% to 9.7% at 50 mW , offering a maximum forward: backward

absolute transmission difference (∆T = Tforward−Tbackward) around 61.6% at oper-

ating wavelength 1548 nm with power of 22mW . Fig. 5.8(b) shows the transmission

spectra under fwd and bwd illumination at its equilibrium positions (25.3 nm for

fwd illumination and 10.7 nm for bwd illumination) with power of 22 mW . One

can see that the resonance get slightly shifted and there is a distinct difference in

the amplitude of transmittance for two opposite illuminations at wavelength of 1548

nm.

In order to gain better understandings of the origin of asymmetric transmission,

I conduct multipole decomposition for the spectra shown in Fig. 5.8(b), the details of
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mulitpole decomposition can be found in Chapter 2. One could see from Fig. 5.8(d)

that for the forward illumination, electric dipole dominates, while for the backward

illumination, electric dipole and magnetic dipole shows similar amplitude and they

are interfere each other destructively and finally give rise to low transmission in

the spectrum. Due to different contributions from multipoles for fwd and bwd illu-

mination, asymmetric transmission can be achieved by tens nanometers movement

differences of neighbouring beams. The corresponding magnetic field Hy (shown in

different colours) with vector field (shown in white arrows) can be found in Fig.

5.8(c), the shape of nanobricks and beams are outlined with pink solid lines. one

could clearly see magnetic circular current for forward illumination, indicating the

dominant role of electric dipole.

Figure 5.9: Influences from Si losses on nanobricks metamaterials. (a) Optical transmis-
sion spectra for different imaginary part (κ) of complex refractive index. (b) Corresponding
relative optical forces dispersion. Note: Backward illumination is considered and there is no
relative displacement between neighbouring beams.

Furthermore, It would be necessary to check if current design would be more

tolerant than that with different thickness in previous section to the losses induced

by FIB milling process. therefore, we simulated the transmission spectra and relative

optical forces spectra for the nanobricks design, see Fig. 5.9. It can be seen from Fig.

5.9(a) that higher quality factor can be observed for a fixed extinction coefficient

in comparison with the nanowire design (Fig. 5.5(a)) and the optical forces is also

less sensitive to the losses. On the other hand, stand EBL process can handle this

nanobricks design, paving a way to further improve the optical response of this

kind of nanomechanical metamaterials, see my effort on fabricating this type of

nanomechanical sample via EBL process in Section 2.1.2.

A series of parameters of nanobricks metamaterials (including length, and thick-

ness of nanobricks and supporting beams) are swept to find out the optimum condi-

tions for both easy fabrication process and large asymmetric transmission. Here we

show the length sweep outcome as an example, one can find the other parameters

sweep outcomes in the appendix D.

Here, Fig. 5.10(a) shows the transmission spectra for the nanobricks with a group

of short beam length (L1) under backward illumination. The long beam length is
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Figure 5.10: Influences from length of nanobricks on metamaterials. (a) Optical trans-
mission spectra for different length of nanobricks (L1). (b) Corresponding relative optical
forces dispersion. (c) The schematics of structures, bricks with varible length is annotated
by L1. (d) Evaluated quality factors and maximum relative optical forces. Note: backward
illumination is considered here and there is no relative displacement between neighbouring
beams.

fixed as 580 nm. One can see that the resonances of nanobricks metamaterials are

red-shifted with the growth of short nanobricks’ length, that is because the effective

index of entire system increase. Corresponding spectral dispersion of relative optical

forces are depicted in Fig. 5.10(b). The maximum absolute values of L1 relative

forces between neighbouring beams increase to 14.96 P/c at L1 = 520 nm. In order

to visualize the Q factor trend during the sweeping process of L1, I use a Fano

model to extract the Q-factor [104], [105] of these resonances from the nanobrics

metamaterials. The Simulated transmittance is fitted to a Fano line shape given

by TFano = a + jb + c
ω−ω0+jγ , where a, b and c are constant real number and

ω0 is the central resonant angular frequency, γ is the overall damping rate of the

resonance. The extracted Q-factors for different L1 are plotted in Fig. 5.10(d) (black

curve), where Q-factors go up from 101 to 422 when L1 varies from 400 to 520

nm, which are consistent with the previous literatures [106], [107]. The maximum

absolute value of relative forces is 14.96 P/c at L1 = 520 nm, corresponding to

the resonance wavelength of 1556 nm. As our design targets at wavelength of 1550

nm, the length are slightly adjusted to 500 nm in proposed design to make the

resonance locating at targeting wavelength without changing the relative optical
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force (14.78P/c at L1 =500 nm) dramatically. That is to say, the current design

is around the optimum conditions. Hence, I can take this design as a reference

for the sample fabrication in the following experiment for investigating asymmetric

transmission in nanomechanical metamaterials.

5.4 Experimental observations: pump-induced changes in probe

transmission

Below we experimentally examine asymmetric transmission features of all-dielectric

nano-opto-mechanical metamaterials. The SEM image of metamaterial sample can

be found in Fig. 5.11(a) and it was fabricated on a 200 nm thick silicon nitride

membrane coated with a 115 nm layer of amorphous Si. This bilayer was then

structured by FIB milling to obtain array of asymmetric nanobrick pairs in the si

layer, on 15.5 µm long Si3N4 beams. The dimensional details can be found in the

inset of Fig. 5.11(a). And two types of beams are designated as 1○, 2○ for the wide

beam with long nanobricks and the narrow beam with short nanobricks, respectively.

This designation is consistent with that in chapter 4. The structure supports a Fano

resonance to enhance the optical forces. Fig. 5.11(b) show reflection, transmission

and absorption spectrum of this sample for the incident light with polarization along

y - direction, in which a resonance near 1535 nm can be observed, meeting our C-

band tunable laser wavelength range well. That enables experimental observation

of asymmetric transmission in nanomechanical metamaterials because transmission

differences will gradually vanish when the operation wavelength move away from

metamaterials’ resonance, see Fig. 5.8(b) for the static displacement case.

As we aim to study the directional dependent transmission of the metamaterials,

this can be done by either flipping over the sample or swapping the light illumina-

tion directions. Flipping sample could inevitably introduce systematic errors. An

example of this is the slight difference in transmission spectra for fwd and bwd il-

lumination in Fig. 4.1(b). Hence, a MEMS switch is utilized to swap the incident

light illumination direction between forward and backward light illuminations with-

out moving or adjusting either the sample or any other component in the beam

path(Fig. 5.11(c)). The sample is under low vacuum (down to 4.5 × 10−3 mbar to

reduce air damping of nanoscale movement), and the same arrangement of optical

components on either side of the sample is arranged to ensure the symmetry of the

system. C-band laser is decoupled into free space via a fibre collimator and focused

onto the sample by a 20× magnitude with long working distance (20 mm) objec-

tive and focused spot size is around 5 µm. Transmission of continuous probe beam

is measured while sweeping the modulation frequency of a coincident pump beam

across a range encompassing the natural mechanical resonances of the nanostruc-

ture. Different pump (λ = 1535 -1560 nm) and probe (λ =1540 nm) wavelengths are

selected to facilitate isolation of transmitted probe signal using a tunable bandpass

filter and a network analyzer is then exploited to record the transmitted signal.
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Figure 5.11: Characterization of nano-opto-mechancial metamaterials. (a) SEM image of
the nanomechanical metamaterials, fabricated on a 15.5 µm wide free-standing Si3N4 mem-
brane. The inset shows the zoom-in section, giving the dimensional details along x-y plane
of the supported Si nano-bricks; thickness information along z - direction of this sample can
be found in a schematic below this figure. Also two types of beam with wide and narrow
width labelled as type 1○ / 2○ for the convenience of investigation. (b) Reflection, trans-
mission and absorption spectrum of the metamaterials, where a resonance at around 1535
nm can be observed; the signal and pump laser range is indicated with dashed red line and
blue shadowed area, respectively. (c) Schematic of apparatus for asymmetric transmission
measurement, pump and probe laser are coupled in polarization-maintaining single-mode
optical fiber, and a MEMS switch providing for flipping of the laser propagation direction
through the sample. The designation of forward(fwd) and backward(bwd) is the same like
in chapter 4.

The fundamental out-of-plane mechanical modes of the metamaterial are firstly

identified (see Fig. F.1(b) in Appendix F) via the approach utilized in Chapter

3. Furthermore, the power dependence of their Eigenfrequencies are also investi-

gated(Fig. F.1(d),(e)), showing the same trend as in the Chapter 4. Moreover,

the eigenfrequencies of beams for fwd and bwd illumination directions gradually
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converge to the same frequencies with the decrease laser power (see F.1(f)), indicat-

ing a good symmetry and stability of the current measurement setup for opposite

illumination conditions.

5.4.1 Nanostructural reconfiguration driven by ponderomotive op-

tical forces

As modulation of transmitted light induced by thermal forces is usually less than

1%[96], external stimulus are required to drive the nano-opto-mechanical metama-

terials efficiently. Here, a pulsed pump laser is introduced to provide ponderomotive

optical forces for reconfiguring the nanomechanical metamaterial sample shown in

Fig. 5.11(a). The setup shown in Fig. 5.11 (c) is utilized to investigate the contribu-

tion from thermal forces and optical forces, in which the network analyzer is replaced

by a spectral analyzer to record the time-resolved fluctuations of transmission.

The pulsed pump laser frequency is firstly set as a fixed value of 6.385 MHz

and the pump laser power is tuned from 0 to 61.25 µW . Tuning of mechanical

eigenfrequencies is observed again(see two faint diagonal bands across the amplitude

spectral density (ASD) mapping shown in Fig. 5.12(a)) as in Chapter 4, but now

with increasing of pump power, indicating the fact that time-averaged heating effect

Figure 5.12: Nanomechanical metamaterials driven by thermal and optical forces on for-
ward illuminations. (a) ASD of the metamaterials for different pump power with fixed pulsed
pump frequency of 6.385 MHz and pump wavelength of 1535 nm, the CW probe wavelength
is 1540 nm and probe power is 57.6µW. (b) The magnitude of amplitude spectral density
as a function of pump laser power at 6.385 MHz. (c)-(h) Zoom-in ASD at pump power of
0, 12.25, 34.3, 44.1, 53.9 and 61.25 µW, corresponding power position is indicated in (a) and
(b) by arrows and circles, respectively, with different colours. The blue arrows indicating
the position of pump frequencies.
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of the modulated pump laser with changing peak power here is the same as the effect

of CW probe laser with changing power in Chapter 4 experiments.

Optical forces generated by the pulsed pump beam induce out-of-plane displace-

ments of beams, giving rise to a change in transmission for a CW probe beam.

This all-optical light-by-light modulation is seen against the backdrop of optically-

induced thermal tuning of the beams’ natural eigenfrequencies shown in Fig. 5.12(a).

Specifically, When two thermal induced peaks meet the pump laser frequency (here,

6.385 MHz indicating by blue arrow in Fig. 5.12(a)), the amplitude dramatically

amplified, shown as the sharp spikes in Fig. 5.12(a), by pump-induced ponderomo-

tive optical force. Once the thermal peaks move away from pump frequency, this

enhancement gradually disappeared. Fig. 5.12(b) shows amplitude of ASD at pump

frequency (6.385 MHz) as a function of pump power, in which two peaks observed,

belonging to the fundamental out-of-plane modes of two types of beam 1○ and 2○ in

nanomechanical metamaterials. One could see that enhanced amplitude contributed

from optical forces is around 25 and 126 times larger than that contributed from

thermal peaks at pump power of 12.25 µW and 44.1 µW , respectively. That means

the mechanical oscillators are driven dominantly by optical forces in the current mea-

surement. On the other hand, the pump modulation frequencies (around 6 MHz)

are too high for coherent temperature oscillation, and the dispersion of transmission

modulation to low frequencies is confirmed in Fig. G.1 of Appendix G, finding that

Figure 5.13: Comparison of contribution of asymmetric transmission from thermal and
optical forces. (a)(c) ASD of the metamaterials for different pump powers with fixed pulsed
pump frequency of 6.325 MHz (a) and 6.355 MHz (c), where pump and probe wavelength
is 1535 nm and 1540 nm, respectively; probe power is 57.6 µW . (b) (d)The magnitude of
ASD as a function of pump laser power at 6.325 MHz (b) and 6.355 MHz (d).
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the noise floor at around 6 MHz is 2 orders of magnitude below the magnitude of

kHz frequency thermally-driven fluctuations. Fig. 5.12(c)-(h) give the spectral pro-

files at six typical power levels, in which one could see the evolution of contribution

from optical forces to the modulation of transmitted light, setting an essential basis

of the observation asymmetric transmission in next section.

The pump frequency are also tuned to 6.325 MHz and 6.355 MHz and the

same experiment as shown in Fig. 5.12 is conduct. Relevant experiment results can

be found in Fig. 5.13, showing similar enhancement trends for both of these two

pump frequencies. However, only one peak observed in Fig. 5.13(b) and (d) due

to the relative spectral position of thermal peaks and pump frequencies. Another

interesting phenomena observed here is the enhanced amplitude is also related to

the average power of pump laser. One could see that the amplitude of enhanced

ASD in Fig. 5.13(b) is around 28.3 µV/
√

(Hz) at average pump laser power of 46.55

µW for the beam type 1○, while that in Fig. 5.13(d) is around 20 µV/
√

(Hz) at

average power of 25.4 µW . This enhanced amplitude is further decreased to 8.91

µV/
√

(Hz) at average power of 12.25 µW in Fig. 5.12(b) for the same beam type

1○. The reason behind this observation originates from the fact that magnitude

of optical forces is proportional to the input light power as shown in Fig. 5.7(c).

Hence, the higher of incident power level, the larger of modulated transmitted light

observed. It need to be noted that the amplified ASD amplitudes are not strictly

proportional to the incident powers, because of non-uniform offsets between thermal

peak frequencies and the fixed pump frequencies for different pump powers.

In conclusion, this experiment demonstrate that resonant ponderomotive optical

forces can be utilized to efficiently control the optical response of a nanomechani-

cal metamaterial. Strong optical nonlinearity achieved via coupling of optical and

mechanical subsystem of nanomechanical metamaterials offers an opportunity to

achieve all-optical transmission modulation at ultra-low power levels.

5.4.2 Transmission asymmetry driven by optical forces

Once the key role of ponderomotive optical forces in modulation of transmitted light

is confirmed, another pump-probe experiment is conducted for exploring transmis-

sion asymmetry response of the nanomechanical metamaterials based on the setup

shown in Fig. 5.11(c). In this experiment, the modulation frequency of pump light

is continuously swept with step of 500 Hz and transmitted probe light is recorded

by a network analyzer. Fig. 5.14 gives experimental evidence for transmission asym-

metry in the nanomechanical metamaterial with two opposite illumination direc-

tions, where modulation depth of transmitted probe light is shown for forward (Fig.

5.14(a)) and backward (Fig. 5.14(b)) illumination direction. Here, the pump laser

power varies from 0 to 61.25 µW while the probe laser power is fixed at 43.2 µW .

Besides, modulation frequency of pump light ranges from 6.2 to 6.5 MHz, covering

most of spectral features we observed. In these mappings of the transmitted probe

signal, we observe two main peaks at closely-spaced frequencies identifiable as those
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of the out-of-plane bending modes of beam type 1○ and 2○. In addition to these

main peaks, there are also peaks with weak response revealing complex patterns of

coupled oscillations underpinned by a combination of, pump and probe power and

wavelength dependent, light-induced heating and optical forces. All of these eigen-

modes for forward and backward illuminations shifted to lower frequency range with

the increase of incident pump power like we observed in both Fig. F.1(d) and (e),

Fig. 5.12(a) and Fig. 5.13(a)(c). And also different shifting rate of eigenfrequency

for backward and forward illumination is observed like Fig. F.1(d) and (e). on the

other hand, with the increase of pump power, the modulation depth for forward

grows from 0 to 9.6% and that for backward illumination goes up from 0 to 11.2%.

I take a group frequencies corresponding to the peak intensity of two eigenmode

for backward illumination, and then draw the absolute value of modulation depth

difference for transmitted probe light between forward and backward illumination

in Fig. 5.14(c). And there are four peaks appearing at this evolution spectra, which

is related to the two eigenmodes in opposite illuminations. And the maximum dif-

ferences in modulation depth of transmission is 10.84% at frequency of 6.2155 MHz

with pump power of 58.8 µW (intensity is 2.99 µW/µm2).

As we mentioned that the resonant enhanced ponderomotive optical forces play

a key role in characterization of asymmetric response of nanomechanical metama-

terials. Large modulation depth of transmitted light originates from the interaction

between thermal tuned mechanical mode and optical forces as shown in Fig. 5.12(a).

Let’s consider the case that there is only the contribution from optical forces, then

the displacement induced by optical forces for forward illumination is larger than

Figure 5.14: Experimental observation of asymmetric transmission on nano-opto-
mechancial metamaterials. (a)(b)Modulation depth mapping of probe light as a function
of pump laser power and pump modulation frequency for the forward (a), backward (b)
illumination. (c) A line graph for absolute transmission difference at different pump laser
power at a series of pump frequency, where transmission difference maximized at given input
powers.



Chapter 5: Asymmetric nonlinear transmission 79

that for backward illumination(Fig. 5.7(a)). Therefore one would expect larger mod-

ulation depth for forward illumination in comparison with that for backward illumi-

nation. However, observed amplitude of modulation for forward (10.8%) is slightly

smaller than that for backward(11.2%) illumination at the wavelength 1535 nm.

There are two reasons behind this phenomena, one is that the thermal force induced

displacement for forward is less than backward illumination due to different absorp-

tion cross section for these two illuminations (see Fig. 5.16(b)); the other is that the

optical forces dispersion could also be altered by different dimensions between the

initial designed pattern and final fabricated sample. Simulated optical forces based

on actual dimension of nanomechanical metamaterials can be found in Fig. 5.16(c).

The change trends for the forward and backward illumination are expected to

be different with the change of pump laser wavelength due to distinct optical forces

dispersions (see Fig. 5.16(c)) for opposite illumination directions. To verify this

assumption, we conduct pump-probe experiment with different pump wavelengths

varying from 1535 nm to 1560 nm. Fig. 5.15 shows the modulation depth of trans-

mitted light for forward (a) and backward (b) light illumination at these different

pump wavelengths. One can see that the amplitude of modulation depth decrease

for both forward and backward illumination with the increase of wavelength. How-

ever, the decrease rate of modulation depth belonging to beam type 1○ for forward

is faster than that for backward illumination in Fig. 5.15(c). The maximum modu-

lation depth for forward illumination decrease from 10.8 % (at 1535 nm) to 1.8% (at

1560 nm), while that for backward illumination decrease from 11.2 % to 3.4 %. This

different rates can be explained based on simulated absorption and optical forces dis-

persion. One can see from Fig. 5.16(c) that optical forces dramatically decrease to a

Figure 5.15: Modulation depth of transmitted probe light for different pump wavelengths
at fixed pump power Ppump = 58.8µW . (a)(b)Modulation depth of transmitted probe light
as a function of pump modulation frequency for a group of pump wavelength as labelled
for forward (a) and backward (b) illumination. (c)The amplitude of modulation depth at
the resonant peaks of beam type 1○ for forward and backward illumination as a function of
pump wavelength.
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low level when pump wavelength is moving away from resonant wavelength for the

forward illumination. Also the absorption cross section (see Fig. 5.16(b)) drops in

the mean time for this illumination direction. The collaboration of these two factors

produce a rapid decrease of modulation depth with the increase of pump wavelength.

The absorption is also decrease for the backward illumination, however, optical force

for this illumination direction may increase a little bit and then decrease (see the

blue curve in Fig. 5.16(c)), which gives a slow amplitude decrease rate at the be-

ginning, shown as blue curve in Fig. 5.16(a), when pump laser wavelength is not far

away from resonance.

Previously in Fig. 5.12(b) and Fig. 5.12(b)(d), one could see that the enhanced

amplitude of ASD for beam type 1○ increase from 8.9 to 29.3 µV/
√

(Hz) when the

average pump power increase from 12.3 to 46.6 µW . However, this enhancement is

determined both by average pump power and also relative spectral position between

fixed pump frequencies and thermal peaks. To investigate the contribution from

pure thermal effects on asymmetric transmission of nano-opto-mechanical metama-

terials, I also conduct the pump-probe experiment with different probe power. Fig.

5.17 shows the evolution of spectra for forward (a) and backward (b) illumination

directions. One could clearly see that the change of amplitude of modulation depth

of beam type 1○ for both illumination directions increased with a similar trend. The

modulation depth vary from 3.6 to 16.7 % for the backward illumination and that

for forward illumination increase from 3.4 to 14.2 %. Fig. 5.17(c) gives amplitude

Figure 5.16: Qualitative analysis of the contribution from thermal and optical forces based
upon simulated outcomes. (a)The amplitude of modulation depth at the resonant peaks of
beam type 1○ for forward and backward illumination as a function of pump wavelength. (b)
Simulated absorption spectra for forward and backward illumination, where the wavelength
range of pump laser indicated by shadowed area. (c) Simulated optical forces dispersion
for these two opposite illuminations and the shadowed area depict the pump laser range.
All of these simulations based on the dimensional information of SEM image shown in Fig.
5.11(a).
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Figure 5.17: Modulation depth of transmitted probe light for different probe powers rang-
ing from 14.4 µW to 72 µW at pump power Ppump =58.8 µW and wavelength λpump =1535
nm. (a)(b) Modulation depth of transmitted probe light as a function of pump modulation
frequency for a group of probe power as labelled in the figure for forward (a) and backward
(b) illumination. (c) Amplitude of modulation depth at the resonant peaks of beam type
1○ for forward and backward illumination as a function of probe power.

of modulation depth at eigenmode of beam type 1○ for forward and backward illu-

mination as a function of probe power. And the data points in Fig. 5.17(c) can be

nicely linear fitted, implying that the increase of modulation depth here originates

from the contribution of temperature variation. It is noted that maximum asymme-

try (around 16.3 % ) on modulation depth of transmitted light can be observed at

probe power of 72 µW , operating at around 6.1 MHz.

5.5 Conclusions

To summarize, we investigate the role of mechanical nonlinearity on transmission

properties of nanomechanical metamaterials. Numerical modellings indicate that

a forward-backward near-IR transmission difference of up to around 60% can be

achieved at power of 24 mW with static displacement of beams in nanomechanical

metamaterials. In the experimental aspect, it is found that resonant ponderomotive

non-thermal optical forces can control the optical response of beams in nanome-

chanical metamaterial. Strong optical nonlinearity achieved via coupling of opti-

cal and mechanical resonances enables all-optical transmission modulation at µW

power levels. Under opposing directions of illumination, the material and geometric

asymmetry of the nanomechanical metamaterial changes the balance among thermal

(absorption) and non-thermal (optical force) effects, giving rise to substantive direc-

tional asymmetry in its transmission properties. Specifically, transmission asymme-

try of up to 16.3% can be observed at low pump power (58.8 µW ) with operation

frequency around 6.1 MHz.
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Chapter 6

Optical magnetic response without metamaterials

In the course of numerically modelling optical forces in the nano-brick metamate-

rial and exploring the nature of optically resonances responsible for optical forces

(see Section 5.3), I considered applying the methodology of multipole decomposi-

tion,which was introduced and extensively employed in work on toroidal metama-

terials [80], [108], [109]. Furthermore, I took a step back from the complex high/low-

index bilayer nanobrick/nanowire structures, to a simple single sub-wavelength thick-

ness layer, because with this monolayer structure I could easily derive the analyt-

ical solution to verify the correction of numerically produced multipole decompo-

sition outcomes in Section 5.3. Then, I proved that numerical and analytical re-

sults have an excellent agreement (see Fig. A.3). More importantly, I found that

metamaterial structuring is not necessary to achieve optical magnetic response. In-

deed, such a response is an essential characteristic of homogeneous dielectric thin

films—Fabry–Pérot resonances, for example, depend on interference among electro-

magnetic multipoles including the magnetic dipole.

6.1 Introduction

The observation of a magnetic response at high (optical) frequencies was a funda-

mental step in electromagnetism, enabled by metamaterials—artificial media peri-

odically structured on the subwavelength scale[110], [111]. This appeared to con-

tradict the long-held idea that magnetization and permeability lose their meaning

at high frequencies and that “optical magnetism” did not exist[112]. However, this

(Landau–Lifshitz) argument does not hold in structured plasmonic metals and high

refractive index dielectrics[113]. Historically, the rapid rise of the metamaterials re-

search field was driven by opportunities arising through the realization of materials

manifesting optical magnetism, which does not exist in nature. It is necessary for

negative refraction and in turn for “superlenses”[5],certain forms of “cloaking”[114],

and various beam-steering/wave-guiding applications. It is also of fundamental im-

portance and increasing interest in the context of electromagnetic nonreciprocity

and opto-magnetic devices[37], [115], [116].
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Figure 6.1: Electromagnetic multipoles induced in a thin dielectric film by a normally inci-
dent plane wave at the (a) and (b) fundamental and [(c) and (d)] second-order Fabry–Pérot
resonance wavelengths at moments of time t separated by a half period (P/2) for the funda-
mental and a quarter-period (P/4) for the second-order resonance. Magenta arrows in (a)
relate to the electric displacement field amplitude and direction; black arrows in (b)–(d) to
the displacement current. Overlaid 3D arrows schematically show the significant multipoles
in each case: electric, magnetic, and toroidal dipoles in gold, green, and purple; displacement
and poloidal current loops in blue and green, respectively.

6.2 Results and discussion

In metamaterials comprising metallic split-ring metamolecules, the optical magnetic

response is typically underpinned by oscillating conduction current loops induced

by the electric component of the incident light field[110], [111], [117]. In dielectric

metamaterials or individual nanoparticles, it is associated with loops of displace-

ment current induced in the nanostructured dielectric, again by the incident electric

field[118]–[120].We show here that an optical magnetic response is in fact a char-

acteristic feature of homogeneous, unstructured dielectric layers of sub-wavelength

thickness. Well-known thin film properties, such as Fabry–Pérot (FP) interference

resonances, cannot be explained without the magnetic contribution. The vanish-

ing of reflectivity at the fundamental FP resonance is a consequence of destructive

interference among electric dipole (ED), magnetic dipole, and electric quadrupole

(EQ) contributions. The second order FP resonance is associated with higher order

multipoles: the electric octupole (EO), magnetic quadrupole (MQ), and toroidal

dipole (TD) exhibit resonances at this point, while the electric dipole vanishes.

The multipolar nature of the optical response of a dielectric layer is a universal

feature of thin films, and it is most pronounced in high refractive index media. Here,
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Figure 6.2: (a) Spectral dependence of transmission (T, blue) and reflection (R, red) of
a 200 nm GaP film in vacuum at normal incidence. Solid lines are identically obtained
by numerically solving Maxwell’s equations or analytically. Hollow circles are derived from
multipole scattering reconstructions. Solid circles are the same but excluding the magnetic
dipole contribution. (b) Spectral dependence of light intensity radiated in the reflection
direction by the six leading multipoles. (c) Vector plot of complex electric field multipole
components at the 656 and 1232 nm FP resonant wavelengths. The insets show correspond-
ing cross-sectional electric field distributions. (d) Dispersion of the GaP film’s effective index
(∆φ = phase delay in transmission) and GaP’s bulk refractive index. The dashed line shows
the film’s effective index without accounting for the magnetic dipole contribution.

I numerically solve Maxwell’s equations for light propagation through the layer (us-

ing COMSOL MultiPhysics) and evaluate the displacement currents induced by the

incident wave, see Figs. 6.1(a) - (d). From there, I compute the different multipole

contributions to light scattering , see Fig. 6.2(b), using the standard methodology

employed in metamaterials research[80]. The accuracy of the multipole decomposi-

tion is verified by comparing reflection and transmission spectra calculated as the

sum of the contribution from multipoles. Here, inclusion of multipole terms up to

the magnetic octupole[121] is sufficient to describe the macroscopic optical proper-

ties of the film with accuracy better than 1 %. Our analysis shows that the optical

properties of a subwavelength thickness dielectric layer are not solely of electric

dipolar nature but formed by a combination of multipole excitations (shown in Fig.

6.2(b)). Indeed, under certain resonant conditions, the electric dipolar response van-

ishes. The magnetic dipolar contribution is prominent at all wavelengths (resonant

or otherwise), and its omission leads to significant errors (exceeding 50%) in the

reconstruction of reflection and transmission spectra of the layer, as illustrated in

Fig. 6.2(a).

FP resonances are observed when the optical thickness of a layer is equal to an
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integer number N of standing wave periods: Nλ/2 = n(λ)d, where d is the physical

thickness of the layer and n(λ) is its wavelength-dependent refractive index. Here, I

consider a 200 nm thick GaP layer that presents FP resonances in the visible to near-

IR spectral range, at 1232 nm (N = 1) and 656 nm (N = 2), where transmissivity

approaches unity and reflectivity vanishes [Fig. 6.2(a)].

At the fundamental (N = 1) resonance, the response is dominated by electric

dipole (ED) scattering, with magnetic dipole (MD) and electric quadrupole (EQ)

contributions (Fig. 6.2(b)). The induced ED arises from strong in-phase displace-

ment fields ~D = ε ~E, where ε is the dielectric permittivity and ~E is the electric

field inside the dielectric. ~D and ~E are unidirectionally oriented across the film

thickness [magenta arrows in Fig. 1(a)]. The induced MD emerges from oppos-

ingly directed displacement currents ~JD = iωε0(ε−1) ~E (black arrows in Fig. 6.1(b))

at the top/bottom of the layer, forming a magnetic moment current loop in the xz

plane. The ED oscillates with a half period (P/2) phase difference from the MD/EQ,

whereby their radiated fields interfere destructively. This is further illustrated in Fig.

6.2(c), which presents the real and imaginary parts of the multipolar fields scattered

(reflected) in the backward ( +z) direction. The MD and EQ contributions are each

equal to around half that of the ED but oscillate in antiphase with the latter.

At the second (N = 2) FP resonance, ED emission vanishes but, alongside the

MD and EQ, I observe contributions from higher multipoles including the electric

octupole(EO), magnetic quadrupole(MQ), and toroidal dipole(TD), see Fig. 6.2(b).

The induced MD again emerges from opposing displacement currents (black arrows

in Fig. 6.1(c)) at the top/bottom of the layer, forming a magnetic moment current

loop in the yz plane. Fields radiated by the TD exhibit a quarter cycle (P/4)

phase difference with respect to the TD moment and are thus in antiphase with

the MD. The MD and EQ emission components are again (as at N = 1) in-phase

and of comparable amplitude, now being the two largest components. Reflectance

is cancelled by their destructive interference with fields radiated by the EO, MQ

and TD, as illustrated in Fig. 6.2(c) (here, the vector Z represent the collective

contribution of still higher order terms).

In addition to numerical approach, multipole decomposition can also be analyti-

cally conducted. The six leading multipole moments can be expressed as(derivation

details can be found in Appendix A:

ED moment p:

p =
ε0(ε− 1)∆E0d

2

ik
[(1 + n)ei2kd − 2eikd + (1− n)] (6.1)

MD moment m:

m =
ωε0(ε− 1)∆E0d

2

4ck2
[−(2i+ kd)(1 + n)ei2kd

+ (i4n− 2kd)eikd + (2i− kd)(1− n)] (6.2)
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TD moment T :

T =
iωε0(ε− 1)∆E0

10c

{
−3d4

i4k
[(1 + n)ei2kd − 2eikd + (1− n)]

+
2d2

k3
[−(i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)]

}
(6.3)

EQ moment Q(e):

Q(e) =
ε0(ε− 1)∆E0d

2

i4k2
[−(2i+ kd)(1 + n)ei2kd

+ (i4n− 2kd)eikd + (2i− kd)(1− n)] (6.4)

MQ moment Q(m):

Q(m) =
iωε0(ε− 1)∆E0

3c

{
d4

i6k

[
(1 + n)ei2kd − 2eikd + (1− n)

]
− d2

k3

[
− (i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)

]}
(6.5)

EO moment O(e):

O(e) =
ε0(ε− 1)∆E0

6

{
2d4

i15k

[
(1 + n)ei2kd − 2eikd + (1− n)

]
− 4d2

5k3

[
− (i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)

]}
(6.6)

where k is the wave number, E0 is the amplitude of incident light, ω is the

angular frequency, ε0 and ε is permittivity of free-space and relative permittivity of

GaP. By substituting these six multipole moments (eq.6.1 - eq.6.6) into eq. A.44, one

could get multipole contributions to far-field light intensity radiated in the reflection

direction like Fig. 6.2(c). I then compared numerical and analytical solution in Fig.

A.3, found that they are in a very good agreement.

Fig. 6.2(d) shows the dispersion of the GaP film’s effective refractive index, de-

fined as neff = λ∆φ/2πd, where ∆φ is the phase delay in transmission. By virtue

of interference between the electric and magnetic responses, this can be higher or

lower than the material’s volume refractive index. Here again, as for the reflectivity

and transmission spectra in Fig. 6.2(a), the essential role of the magnetic compo-

nent of optical response is clearly illustrated by the fact that omission of the MD

from the multipolar reconstruction leads to significant errors in the value and disper-

sion of the thin film effective index. The effective enhancement/suppression of the

index through multipolar interference in the present case resembles the mechanism

whereby a negative refractive index is achieved in metamaterials via the simultaneous

presence of (engineered) electric and magnetic responses. The regime of suppressed

reflectivity may also be compared with the of (i) optical anapole metamaterials[122],

[123], in which it derives from interference between electric and toroidal dipoles,
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and (ii) Huygens metasurfaces, wherein it arises through interference of electric and

magnetic responses[88], [124]. In thin unstructured dielectric layers, reflectivity sup-

pression is achieved without lateral (metamaterials) structuring, while, nonetheless,

being related to multipolar interference. We also note that the magnetic and gener-

ally multipolar nature of a dielectric film’s response has much in common with the

enhanced magnetic response observed in thin (< λ) films in a standing wave[125].

6.3 Conclusions

In conclusion, I would emphatically agree with Monticone with Alù[6]that ”artificial

optical magnetism ... represents a quintessential example of how new fundamental

material properties, previously thought to be strictly unavailable, can truly be re-

alized by engineered arrangement of elements at nanoscale,” and have shown here

that it can be achieved by simple confinement of a material in a sub-wavelength

layer. The complex structure of multipole fields in a thin layer of dielectric can be

exploited for coupling of electromagnetic radiation to matter through the excitation

of high-order multipolar atomic transitions in constituent atoms, and for the ex-

ploitation of magnetic dipole transitions at optical frequencies, for instance, in rare

earths as laser gain media[126] and quantum qubit applications[127].
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Chapter 7

Conclusion

7.1 Summary

The combination of nanomechanics and metamaterials via thermal and optical forces

represents a brand new approach to accessing novel optical properties and realizing

remarkable functionalities. High-contrast directionally asymmetric transmission is

a particularly interesting example both from the perspective of fundamental physics

and potential applications. In this thesis, I developed reconfigurable metamaterials

possess nanoscale metamolecules and pico-metres movement features offering a plat-

form to investigate thermal behaviours of metamaterials and achieve transmission

asymmetry.

The key achievements in this thesis include:

• The construction of a dedicated setup for investigation of thermal fluctuations

and directional asymmetry of optical properties in nanomechanical metama-

terials (Chapter 2)

• The development of sophisticated full EBL protocol to manufacture nanome-

chanical metamaterials with good geometry uniformity and high Q-factor res-

onances (Chapter 2)

• The first observation of thermal fluctuation of the optical properties of nanome-

chanical metamaterials. At room temperature the magnitude of metamaterial

transmission and reflection fluctuations is broadly on the scale of 0.1− 1% at

optical resonances, building a foundation for optimization the performance of

nanomechanical metamaterials (Chapter 3).

• The first presentation on optical control of nanomechanical eigenfrequencies

and Brownian motion in metamaterials. Specifically, eigenfrequencies of beams

shift up to 3.6% and RMS displacement vary up to 4.3% with light intensity

of 0.8µW/µm2, setting a basis for bolometric, mass and stress sensing appli-

cations. (Chapter 4).

• The first demonstration of asymmetric transmission in nanomechanical meta-

materials, in which resonant excitation of optical and mechanical sub-systems

create profound light-induced transmission asymmetry reaching 16% at µWpower

levels with operation frequency at around 6MHz. This makes it suitable for a

range of laser technology and fibre telecom applications (Chapter 5).
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• The first finding that a free-standing dielectric thin film is able to exhibit opti-

cal magnetic response. Fabry–Pérot resonances are formed by the interference

of electromagnetic multipoles, including the magnetic dipole(Chapter 6).

7.2 Outlook

There is still plenty of room to improve in the experiment shown in this thesis as

the experiments are mainly ”proof-of-principle” demonstrated. Four main directions

deserved to be explored in the future are listed as following:

• The EBL protocol I developed could potentially enable Ga+ contamination-

free samples with higher Q and it is a scalable manufacturing process. It is

worthy to spend more time in the future to optimize it. The lift-off step, which

play a key role in manufacturing desired high-quality sample, could be further

improved by depositing thinner hardmask materials to avoid the connections

built up by Si residuals between neighbouring beams in the following steps.

• For the asymmetric transmission part, it could possible to achieve even higher

transmission asymmetry operating in a faster speed if the nanomechanical

metamaterial sample fabricated by EBL process with high Q factor and good

mechanical properties.

• For the thermal fluctuation part, currently the phenomena we observed is

in the linear regime. It could be possible to explore nonlinear response of

nanomechanical metamaterials driven by thermal forces.

• All of the mechanical modes studied in this thesis are fundamental out-of-plane

modes, the in-plane motion between neighbouring beams could potentially

deserved to be utilized to explore reconfigurable EIT effects.
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Appendix A

Analytical solutions for multipole decomposition of dielectric slab

In this appendix, a step by step derivation of an analytical expression for multipole

decomposition of dielectric slab is presented

A.1 Electric distribution inside dielectric film

Assuming that the incident light is propagating along positive direction of z axis with

x-polarization, i.e. ~E(z) = x̂E0e
−ik0z, where k0 = ω/c and ω is angular frequency in

free space and E0 is the incident field amplitude. The wave normally illuminate on a

thin dielectric film, here we were using gallium phosphide (GaP) as an example, with

thickness of d and refractive index n. Fig. A.1 (a) shows relevant layout, in which

the coordinate origin is set in the centre of the film, and there are two interfaces

(A&B) between dielectric and air. If we denote by E2, the amplitude of electric field

of the wave travelling in the direction of incident light (+z direction) at interface A

and by E3, that of the negative-going wave at the same interface, the electric field

inside of dielectric film can be written as the superposition of these two travelling

waves with wave number k = nk0:

Ed(z) = E2e
−ik(z+d/2) + E3e

ik(z+d/2) (A.1)

Furthermore, we denote reflected electric amplitude E1 and transmitted electric

field E6, the positive and negative going wave amplitude in the interface B as E4

and E5. According to interface conditions for electromagnetic fields,

At interface A:

E0 + E1 = E2 + E3 (A.2)

E0 − E1 = n(E2 − E3) (A.3)

At interface B:

E4 + E5 = E6 (A.4)

n(E4 − E5) = E6 (A.5)
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Figure A.1: Basic information of investigated dielectric thin film (a )Sketch of layout
indicating relevant parameters. E0 : incident electric field; Eα : reflected and transmitted
electric field(α : 1 → 6); d: thickness of dielectric film. The coordinate origin is selected in
the centre of film and incident light is sent along +z direction with x - polarization. (b)
Refractive index dispersion of dielectric film(GaP).

Also,

E4 = E2e
−ikd (A.6)

E5 = E3e
ikd (A.7)

The electric field at the interface A can be solved through equation (2)-(7) as

E2 = (n+ 1)ei2kd∆E0 (A.8)

E3 = (n− 1)∆E0 (A.9)

where ∆ can be expressed as

∆ =
2

(1 + n)2ei2kd − (1− n)2
(A.10)

By substituting eq.A.8 and A.9 into eq.A.1, the electric field inside dielectric film

Ed(z) then can be written as

Ed(z) = (n+ 1)ei2kd∆e−ik(z+d/2)E0 + (n− 1)∆eik(z+d/2)E0 (A.11)

if we denote

V (z) = (n+ 1)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2) (A.12)

Ed(z) can be simplified as
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Figure A.2: Optical properties of dielectric films. (a) Reflection and transmission spec-
trum from COMSOL calculations and analytical solutions. (b) Normalized electric intensity
distribution along z direction at different wavelength, black and white dashed lines depict
the first and second Fabry-Pèrot resonance (data from analytical solutions).

Ed(z) = ∆V (z)E0 (A.13)

from which the reflectance from dielectric film can be written as

R =

∣∣∣∣E1

E0

∣∣∣∣2 =

∣∣∣∣E2 + E3 − E0

E0

∣∣∣∣2
=
∣∣∣(n+ 1)ei2kd∆ + (n− 1)∆− 1

∣∣∣2 (A.14)

and transmittance can be expressed as

T =

∣∣∣∣E6

E0

∣∣∣∣2 =

∣∣∣∣E4 + E5

E0

∣∣∣∣2 =

∣∣∣∣E2e
−ikd + E3e

ikd

E0

∣∣∣∣2
=
∣∣∣(n+ 1)ei2kd∆e−ikd + (n− 1)∆eikd

∣∣∣2 = 4
∣∣∣neikd∆∣∣∣2 (A.15)

By applying the refractive index dispersion (see Fig. A.1(b)) of GaP into eq.A.14

and eq.A.15, the reflection and transmission spectrum can be found in Fig. A.2(a),

where they match the simulated reflectance and transmittance very well. Also, based

on eq.A.13, the normalized electric field intensity distribution |Ed(z)/E0|2 are drawn

in Fig. A.2(b), in which first and second Fabry-Pèrot resonances can be observed.

A.2 Multipole decomposition for dielectric thin film

We can now define displacement current as: ~J = iωε0(ε− 1) ~Ed. As incident light

is x - polarized, only Jx(z) is non-vanishing. We have obtained the electric field

distribution (Ed(z)) in eq.A.13, the x-component of displacement current Jx(z) can
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therefore be written as:

Jx(z) = iωε0(ε− 1)Ed(z) = iωε0(ε− 1)∆V (z)E0 (A.16)

As multipole moment need to be calculated in a volume, here we are using a GaP

cubic with side length of d to drive multipole moment, and the coordinate center

is still set in the centre of this cubic. Here, we derived the analytical expression of

ED, MD, TD, EQ, MQ and EO.

A.2.1 Electric Dipole (ED)

The Electric dipole component pα can be expressed as following:

pα =
1

iω

∫
d3rJα (A.17)

As Jy = Jz = 0, only x-component of electric dipole px is non-vanishing, it can

be written as

px =
1

iω

∫ d
2

− d
2

Jx(z)dz

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy =
d2

iω

∫ d
2

− d
2

iωε0(ε− 1)∆V (z)E0dz

= ε0(ε− 1)∆E0d
2

∫ d
2

− d
2

V (z)dz (A.18)

As integration
∫ d

2

− d
2

V (z)dz will be frequently reused in the following derivations, so

this integration is written separately in following equation:

∫ d
2

− d
2

V (z)dz =

∫ d
2

− d
2

[(n+ 1)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2)]dz

=
1

ik
[−(1 + n)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2)] |

d
2

− d
2

=
(1 + n)ei2kd − 2eikd + (1− n)

ik
(A.19)

By substituting eq.A.19 into eq.A.18, ED moment can be written as

px =
ε0(ε− 1)∆E0d

2

ik
[(1 + n)ei2kd − 2eikd + (1− n)] (A.20)

A.2.2 Magnetic Dipole (MD)

The Magnetic dipole component mα can be expressed as following:
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mα =
1

2c

∫
d3r[r× J]αr

2 (A.21)

Only the y-component of the magnetic dipole my is non-vanishing.

my =
1

2c

∫ d
2

− d
2

zJx(z)dz

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy =
d2

2c

∫ d
2

− d
2

izωε0(ε− 1)∆V (z)E0dz

=
iωε0(ε− 1)∆E0d

2

2c

∫ d
2

− d
2

zV (z)dz (A.22)

Integration
∫ d

2

− d
2

zV (z)dz can be calculated as following:

∫ d
2

− d
2

zV (z)dz =

∫ d
2

− d
2

z[(n+ 1)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2)]dz

=

∫ d
2

− d
2

z(n+ 1)ei2kde−ik(z+d/2)dz +

∫ d
2

− d
2

z(n− 1)eik(z+d/2)dz

= (n+ 1)ei2kd
∫ d

2

− d
2

(z +
d

2
− d

2
)e−ik(z+d/2)d(z +

d

2
)

+ (n− 1)

∫ d
2

− d
2

(z +
d

2
− d

2
)e−ik(z+d/2)d(z +

d

2
)

= (n+ 1)ei2kd
{

1

(−ik)2
[−ik(z +

d

2
)− 1] +

d

i2k

}
e−ik(z+ d

2
) |

d
2

− d
2

+ (n− 1)

{
1

(ik)2
[ik(z +

d

2
)− 1]− d

i2k

}
eik(z+ d

2
) |

d
2

− d
2

=
1

i2k2
[−(2i+ kd)(1 + n)ei2kd + (i4n− 2kd)eikd + (2i− kd)(1− n)]

(A.23)

By substituting eq.A.23 into eq.A.22, MD moment can be written as:

my =
iωε0(ε− 1)∆E0d

2

2c

1

i2k2
[−(2i+ kd)(1 + n)ei2kd + (i4n− 2kd)eikd + (2i− kd)(1− n)]

=
ωε0(ε− 1)∆E0d

2

4ck2
[−(2i+ kd)(1 + n)ei2kd + (i4n− 2kd)eikd + (2i− kd)(1− n)]

(A.24)

A.2.3 Toroidal Dipole (TD)

The toroidal dipole component Tα can be expressed as following:

Tα =
1

10c

∫
d3r[r · Jrα − 2r2Jα] (A.25)
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Only the x-component of toroidal dipole Tx is non-vanishing becasue Jy = Jz = 0

and Tx is given by

Tx =
1

10c

∫ d
2

− d
2

∫ d
2

− d
2

∫ d
2

− d
2

x2Jx(z)− 2(x2 + y2 + z2)Jx(z)dxdydz

=
iωε0(ε− 1)∆E0

10c

∫ d
2

− d
2

∫ d
2

− d
2

∫ d
2

− d
2

(−x2 − 2y2 − 2z2)V (z)dxdydz (A.26)

for the convenience of integration, eq.A.26 can be separated into 3 parts showing as

following:

part1 :

∫ d
2

− d
2

−x2dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

V (z)dz (A.27a)

part2 :

∫ d
2

− d
2

dx

∫ d
2

− d
2

−2y2dy

∫ d
2

− d
2

V (z)dz (A.27b)

part3 :

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

−2z2V (z)dz (A.27c)

part 1 and part2 are easy to be solved as we hav already known the integration of∫ d
2

− d
2

V (z)dz in eq.A.19. Part1 can be written as:

∫ d
2

− d
2

−x2dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

V (z)dz =
−d
3
x3

∣∣∣∣∣
d
2

− d
2

∫ d
2

− d
2

V (z)dz

= − d4

i12k
[(1 + n)ei2kd − 2eikd + (1− n)] (A.28)

Part2 can be written as:

∫ d
2

− d
2

dx

∫ d
2

− d
2

−2y2dy

∫ d
2

− d
2

V (z)dz =
−2d

3
y3

∣∣∣∣∣
d
2

− d
2

∫ d
2

− d
2

V (z)dz

= − d4

i6k
[(1 + n)ei2kd − 2eikd + (1− n)] (A.29)
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Part3 is given as:

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

−2z2V (z)dz = 2d2

∫ d
2

− d
2

−z2V (z)dz

= 2d2
[
z2

∫ d
2

− d
2

V (z)dz +

∫ d
2

− d
2

2z(

∫
V (z)dz)dz

]
= 2d2[−z2−(1 + n)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2)

ik
]

∣∣∣∣∣
d
2

− d
2

+ 2d2

∫ d
2

− d
2

2z(

∫
V (z)dz)dz

= − d4

i2k
[(1 + n)ei2kd − 2eikd + (1− n)] + 2d2

∫ d
2

− d
2

2z(

∫
V (z)dz)dz (A.30)

Here we isolate the last term in eq.A.30, e.g. 2d2
∫ d

2

− d
2

2z(
∫
V (z)dz)dz, and solve

it separately.

2d2

∫ d
2

− d
2

2z(

∫
V (z)dz)dz =

4d2

ik

∫ d
2

− d
2

z[−(1 + n)ei2kde−ik(z+d/2) + (n− 1)eik(z+d/2)]dz

=
2d2

k3

[
− (i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)

]
(A.31)

by substituting eq.A.28 - eq.A.31 into eq. A.26, the expression of Tx is

Tx =
iωε0(ε− 1)∆E0

10c

{
−3d4

i4k
[(1 + n)ei2kd − 2eikd + (1− n)]

+
2d2

k3
[−(i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)]

}
(A.32)

A.2.4 Electric Quadrupole (EQ)

The electric quadrupole component Q
(e)
αβ can be expressed as following:

Q
(e)
αβ =

1

i2ω

∫
d3r

[
rαJβ + rβJα −

2

3
δαβ(r · J)

]
(A.33)

Considering the condition Jy = Jz = 0 and also the symmetric interval [−d
2 ,

d
2 ],only

Q
(e)
xz and Q

(e)
zx is non-vanishing, the value of these two terms is equal to each other,

and it can be give by:
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Q(e)
zx = Q(e)

xz =
1

i2ω

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

zJx(z)dz

=
ε0(ε− 1)∆E0d

2

2

∫ d
2

− d
2

zV (z)dz (A.34)

the solutions of last term in eq.A.34
∫ d

2

− d
2

zV (z)dz can be found in eq. A.23, therefore,

these Q
(e)
xz can be written as

Q(e)
zx = Q(e)

xz =
ε0(ε− 1)∆E0d

2

2

1

i2k2
[−(2i+ kd)(1 + n)ei2kd+

(i4n− 2kd)eikd + (2i− kd)(1− n)]

=
ε0(ε− 1)∆E0d

2

i4k2
[−(2i+ kd)(1 + n)ei2kd+

(i4n− 2kd)eikd + (2i− kd)(1− n)] (A.35)

and the full expression of electric quadrupole is:

Q(e) =

 0 0 Q
(e)
xz

0 0 0

Q
(e)
zx 0 0

 (A.36)

A.2.5 Magnetic Quadrupole (MQ)

The magnetic quadrupole component Q
(m)
αβ can be expressed as following:

Q
(m)
αβ =

1

3c

∫
d3r[r× J]α + rβ + {α↔ β} (A.37)

Because of Jy = Jz = 0 and also the symmetric interval [−d
2 ,

d
2 ],only Q

(m)
yz and Q

(m)
zy

is non-vanishing, the value of these two terms is equal to each other, and it can be

give by:

Q(m)
zy = Q(m)

yz =
1

3c

∫ d
2

− d
2

dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

z2Jx(z)d +
1

3c

∫ d
2

− d
2

dx

∫ d
2

− d
2

−y2dy

∫ d
2

− d
2

Jx(z)d

=
iωε0(ε− 1)∆E0

3c

[ ∫ d
2

− d
2

dx

∫ d
2

− d
2

dy

∫ d
2

− d
2

z2V (z)dz+

∫ d
2

− d
2

dx

∫ d
2

− d
2

−y2dy

∫ d
2

− d
2

V (z)dz

]
(A.38)
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The first term is equal to −1
2eq.A.30 and the second term is equal to 1

2eq.A.29. By

substituting eq.A.30 and eq.A.29 into eq.A.38 , one can get the expression of Q
(m)
yz

and Q
(m)
zy as

Q(m)
zy = Q(m)

yz =
iωε0(ε− 1)∆E0

3c

{
d4

i6k

[
(1 + n)ei2kd − 2eikd + (1− n)

]
− d2

k3

[
− (i2 + kd)(1 + n)ei2kd+

(i4− 2kdn)eikd − (1− n)(i2− kd)
]}

(A.39)

and the full expression of electric quadrupole is:

Q(m) =

0 0 0

0 0 Q
(e)
yz

0 Q
(e)
zy 0

 (A.40)

A.2.6 Electric Octupole (EO)

The electric octupole component O
(e)
αβγ can be expressed as following:

Q
(e)
αβγ =

1

i6ω

∫
d3r

[
Jα(

rβrγ
3
− r2

5
δβγ) + rα(

Jβrγ
3

+
rβJγ

3
− 2

5
(r · J)δβγ)+

{α↔ β, γ}+ {α↔ γ, β}
]

(A.41)

Considering the condition Jy = Jz = 0 and also the symmetric interval [−d
2 ,

d
2 ],only

O
(e)
xzz is non-vanishing, simplified expression of xzz component of EO moment can

be give by:

O(e)
xzz =

1

i6ω

∫ d
2

− d
2

∫ d
2

− d
2

∫ d
2

− d
2

(
4z2

5
− 3x2

5
− y2

5
)Jx(z)dxdydz

=
ε0(ε− 1)∆E0

6

∫ d
2

− d
2

(
4z2

5
− 3x2

5
− y2

5
)V (z)dxdydz (A.42)

By substituting eq.A.28, eq.A.29 and eq.A.30 into eq.A.42 , one can get the expres-

sion of O
(e)
xzz as

O(e)
xzz =

ε0(ε− 1)∆E0

6

{
2d4

i15k

[
(1 + n)ei2kd − 2eikd + (1− n)

]
− 4d2

5k3

[
− (i2 + kd)(1 + n)ei2kd + (i4− 2kdn)eikd − (1− n)(i2− kd)

]}
(A.43)
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A.3 Far-field radiation intensity contributed from mul-

tipoles

The six leading contributions to far-field light intensity radiated in the reflection

direction can be calculated as:

IED =

∣∣∣∣µ0c
2

2d2
(−ikpx)

∣∣∣∣2 (A.44a)

IMD =

∣∣∣∣µ0c
2

2d2
(ikmy)

∣∣∣∣2 (A.44b)

ITD =

∣∣∣∣µ0c
2

2d2
(−k2Tx)

∣∣∣∣2 (A.44c)

IEQ =

∣∣∣∣µ0c
2

2d2
(k2Q(e)

xz )

∣∣∣∣2 (A.44d)

IMQ =

∣∣∣∣µ0c
2

2d2
(−k

2

2
Q(m)
yz )

∣∣∣∣2 (A.44e)

IEO =

∣∣∣∣µ0c
2

2d2
(ik3O(e)

xzz)

∣∣∣∣2 (A.44f)

where µ0 is the permeability of free space. Fig. A.3 shows that numerical and

analytical values of the radiation intensity for the different multipoles and they are

in a perfect agreement.

Figure A.3: Spectral dependences, obtained by numerically solving Maxwell’s equations
(solid lines) and analytically (open circles), of far-field radiation intensity contributions
from the induced electric dipole (ED, black), magnetic dipole (MD, red), toroidal dipole
(TD, olive), electric quadrupole (EQ, blue), magnetic quadrupole (MQ, cyan) and electric
octupole (EO, magenta).
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Appendix B

The role of light polarization on the performance of

nanomechanical metamaterials

As the geometry of metamolecule in nanomechanical metamaterials utilized in this

thesis is not spatially homogeneous, the polarization state of incident light could

have an impact on the performance of the fabricated sample. Here, the influence

polarization of incident light on the nanomechanical metamaterials is explored in

this appendix both numerically and experimentally.

Figure B.1: Simulated linear properties of nanomechanical metamaterials illuminated by
plane wave with different polarization states. (a) (b) Simulated reflection, transmission and
absorption spectra of based on the size of dielectric sample utilized in chapter 3 for the
polarization along(a) and perpendicular (b) to the beam direction. (c)(d) Modulation depth
of transmitted light for the light polarization along (c) and perpendicular(d)to the beam
direction.
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Fig. B.1(a)(b) shows the simulated reflection, transmission and absorption spec-

tra based on the dimensions of sample utilized in chapter 3 for the light polarization

along and perpendicular to the beam direction. One could only see the resonance

around the laser wavelength(1550 nm) for the light polarization along the beam

direction(Fig. B.1(a)) , because that is what we designed for. And all of three

curves for the orthogonal polarization is nearly flat(Fig. B.1(b)). I then investigate

the modulation behaviour of the nanomechanical metamaterial induced by relative

displacement between neighbouring beams in Fig. B.1(c)(d). One could see that

there is pronounced modulation depth observed near the resonance in Fig. B.1(c),

and this modulation behaviour gradually disappeared when the wavelength moving

away from the resonance. While there is no obvious modulation behaviour observed

in Fig. B.1(c) where the light polarization is perpendicular to beams.

In the experiment, amplitude spectral density spectra of this sample is measured

(see Fig. B.2)for incident light with polarization along and perpendicular to the

beams. one could see that there is no eigenmodes observable in the spectra for

the situation where light perpendicular to beams (black curve). However, multipole

peaks belong to the fundamental out-of-plane mode of different beams can be found

when the light polarization is along the beam direction(red curve). Therefore, the

polarization states of light need to be fine controlled in order to optically excite the

mechanical modes efficiently.

Figure B.2: Measured amplitude spectral density of all-dielectric nanomechanical meta-
materials with incident laser polarization along (red curve) and perpendicular(black curve)
to the beam direction with incident power of 19.6 µW . The inset shows relative orientation
between sample and two different polarization states.
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Appendix C

Influences of air damping on thermal motions in nanomechanical

metamaterials

In the chapter 2, a vacuum chamber is designed and utilized in the apparatus to

reduce the impact from air damping on the components of nanomechanical meta-

materials. A forced mechanical oscillator with damping can be utilized to analytical

investigate the influence from air damping on the motion of beams. The dynamic

equation of motion of a oscillator with mass m can be written as:

z̈ + 2ncż + Ωz =
F0e

iωt

m
(C.1)

where Ω =
√

k
m is the natural eigenfrequency of oscillator, k is the spring

constant, nc = µ
2m is the coefficient of damping and damping ratio is define as

ξ = nc
Ω . The external driving stimuli is defined as a harmonic force F0e

iωt. The

analytical solution of eq. C.1 can be expressed as:

|z| = F0/k√(
1− (ωΩ)2

)2
+ 4ξ2(ωΩ)2

(C.2)

and the resonant frequency ωr can be obtained when eq. C.2 have the maximum

and it can be given as:

ωr = Ω
√

1− 2ξ (C.3)

The quality factor Q can be written as:

Q =

√
1− 2ξ2

2ξ
(C.4)

From eq. C.3 and C.4, one can see that the eigenfrequency of the system slightly

move to lower frequency range and the quality factor tends to be decreased with the

increase of the damping ξ.

In our experiment, different air pressure play a similar role on the beams like

damping ratio on the classic mechanical oscillators described above. Fig. C.1 shows
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the amplitude spectra density for different pressure levels. one could see that the

eigenfrequency of nanomechanical metamaterials blue-shifted to lower frequency and

the Q-factor slightly changed when the pressure increases from 4.6 × 10−3mbar to

1.92 × 10−3mbar, which matched the anlytical prediction in eq. C.3 and C.4 well.

The amplitude of peaks also decreased with the increase of air pressure. Further-

more, when the pressure increase to near to the 1 atm level, the peaks completely

disappeared. This gives a clear clue that why a vacuum chamber is necessary in the

measurement.

Figure C.1: Measured amplitude spectral density of nanomechanical metamaterials with
different pressures in the vacuum chamber
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Appendix D

Parametric sweep of nanomechanical metamaterials

In Fig. 5.10, the length of the brick has been swept, and the parameter selected for

the simulation of asymmetric transmission is nearly at the optimum length range at

the given thickness of Si and Si3N4. Here in this appendix, the thickness of Si and

Si3N4 is swept for giving more information on dimension optimization.

Fig. D.1(c) and (d) gives the transmission spectrum and relative optical forces

between neighbouring beams dispersion for different thickness of Si. It can be see

from Fig. D.1(c) that the resonant wavelengths are red-shifted and the transmittance

goes down when Si layer increase from 55 nm to 145 nm. The forces dispersion (Fig.

D.1(d)) also moves to longer wavelength, but the amplitude of forces are gradually

decreased due to the decrease of the Q-factor of transmission spectrum.

In terms of the influence from thickness of Si3N4 on the optical forces and

transmission spectrum, the increased thickness (from 185 nm to 400 nm)of Si3N4

moves the resonant to the long wavelength range (see D.2(c)) , similar to the trend

observed in D.1(c) as both the increase of the thickness of Si and Si3N4 can be treat

as the increase of the effective refractive index, In the mean time, the maximum

optical forces go down slowly.

In Fig. 5.10 and also the two figures shown in this appendix, the length and

thickness of structures are swept for optimization of nanomechanical metamaterials.

Figure D.1: (a)The overview schematics of studied nanomechanical metamaterials, (b)
zoom-in image with dimensional information annotated, (c) the transmission spectrum for
different thickness of Si: H2, (d) optical forces dispersion for different H2
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Figure D.2: (a)The overview schematics of studied nanomechanical metamaterials, (b)
zoom-in image with dimensional information annotated, (c) the transmission spectrum for
different thickness of Si2N4: H1, (d) optical forces dispersion for different H1

Apart from these three parameters, there are still others can be further optimized,

like the size of metamolecule, the gap between two beams and so on. It is easy to op-

timize one parameters to achieve the best performance of the system, but this kind

of optimization usually just a local optimized solution. It is a challenge task to gain

a global optimum, to achieve so one must consider all the dimensions as variable

and also the practical fabrication conditions need to be taken into consideration,

imply the difference between different elements must can be recognized by manu-

facturing machine and so on. All of these require massive computational resources

and it is very time-consuming. Artificial intelligence could potentially do the global

optimization for a large group of variables and speed up the design process.
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Appendix E

Fabrication and characterization of a nanowires sample with

different thickness

In the Section 5.3.1, the design based on nanowires with different thickness was pro-

posed. Here in this appendix, a fabricated nanowire sample with different thickness

can be found in Fig. E.1(a)(b). This asymmetric nanowire (different height) sample

Figure E.1: (a) The SEM image of nanowire sample. The thickness of dark type beam is
150 nm, bright type beam is 200 nm (b) Enlarged image for a square area (indicates by red
dash square), the dimensional details are marked on the image. (c) the transmission and
reflection spectrum of nanowire sample and unstructured area.
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is fabricated based on Si (50nm) and Si3N4 (200nm) bilayer membrane via focus

ion beam method. Fig. E.1(a) shows SEM image of fabricated sample. Dark one

indicates thin beam with thickness of 150nm, while bright one indicates thick beam

with thickness of 200nm. Fig. E.1(b) gives the zoom-in view of black square area

and dimension details are marked in this image. It can be seen that most of beams

have width around 225nm separated with around 250nm width gap. The character-

ization results are shown in Fig. E.1(c), where transmission and reflection spectra

were measured for unstructured area (red dash and solid lines) and our sample (blue

dash and solid lines). For unstructured areas(red lines), we can see two resonance

appeared at around 577nm and 1014nm because of Fabry-Perot cavity consisting

of Si and Si3N4 membrane. However, there is no expected resonances in the near

infrared are observed. We think that the reason is because of the loss induced by

gallium ion contamination. As we mentioned, if the loss is to high, such as κ = 0.1,

the resonance will disappear, see Fig. 5.5. In terms of the solutions of Ga+ contam-

ination, one could either explore a structure that is not as sensitive as this type of

design or use EBL method to fabricated the sample to mitigate Ga+ contamination.
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Appendix F

Thermal motion behaviours of the nanomechanical metamaterial

sample for measuring asymmetric transmission

As mentioned in Chapter 3 and 4 that thermal fluctuations of the transmission

of nanomechanical photonic metamaterials are capable of giving information on

eigenfrequencies and damping of the mechanical modes[96]. In this appendix, the

mechanical properties of the sample utilized in Chapter 5 is characterized via thermal

fluctuation experiment, in which the setup is similar to Fig. 4.2(a), but here laser

wavelength is selected as 1535 nm, rather than 1550 nm (See setup in Fig. F.1(a)), as

the absorption peak appears at 1535 nm(Fig. 5.11(b)), giving rise to larger thermal

fluctuation on transmitted signal.

Fig. F.1(b) show an example of amplitude spectral density (ASD) at incident

laser power of 39.2 µW with backward illumination (incident from Si3N4 side).

There are two thermal peaks observed in the ASD spectra, which associating with

the fundamental out-of-plane modes of a pair of individual beams – one narrow

type 1○ and one wide type 2○ beams as indicated in the inset of Fig. 5.11(a). And

this attribution is confirmed through computational modelling. Beam displacement

ASD can be expressed as eq. 4.1 and experimental data can thus be calibrated –

the vertical scale in Fig. F.1(b) converted from signal measured in μV to nanowire

displacement in picometres, by fitting Eq. 4.1 to the data, shown in the magenta

curves of fitted data. The fitted parameters for each of the thermal peaks with co-

optimized values of meff , f0 and Q can be found in the inset of Fig. F.1(b). where

the eigenfrequencies of these two fundamental modes are at f0=6.298 MHz and

6.341 MHz, and effective mass for these two type of beams 1○ and 2○, meff =1.37

and 2.02 pg. The Root mean square (RMS) displacement can then be evaluated

as the square root of an integral of power spectral density (ASD2) over frequency

shown in eq. 4.2, giving RMS displacement around 41.6 pm and 35.0 pm for type 1○
and 2○, respectively. The simulated model profile of these mode can also be found

in the inset of Fig. F.1(b). Furthermore, the power depencence measurements are

conducted for forward and backward illumination in Fig. F.1(d) and (e) to calibrate

our characterization system, which is the same measurement process like I conduct

in Chapter 4. There are two main peaks linking to the out-of-plane modes of two

type of beams 1○ and 2○ in both forward (Fig. F.1(d)) and backward (Fig. F.1(e))

illumination and that is similar to what I observed in Chapter 4. Both of these

two eigenmodes are red-shifted with the increase of incident pump power for both
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Figure F.1: Identification of fundamental mechanical out-of-plane modes of the nanome-
chanical metamaterials via thermal motion measurement. (a) Schematic of experimental
setup for recording amplitude spectral density (ASD) of metamaterial transmission, it is
identical to the setup in the Fig. 4.2(a), except the laser wavelength here is tuned to 1535
nm, where absorption of sample is maximized, giving better signal to noise ratio in the
measurement. (b) Typical measurement of optical transmission ASD[for light incident from
bwd side at a power level of 39.2µW ], showing a pair of peaks associated with the me-
chanical resonances of two individual nanowires within the array: 1○/ 2○ a narrower/wider
wire decorated with shorter/longer Si bricks. The overlaid magenta curve and calibrated
displacement spectral density scale [to the right-hand side] are obtained by fitting Eq. 4.1
to the experimental data. Derived values of f0, Q and meff are shown inset. Numerically
simulated mode profile of the out-of-plane mechanical mode of these two types of nanowire
also shown in the inset. (c) Simulated transmission and absorption spectra for fwd and bwd
illumination, in which laser wavelength utilized in this experiment annotated with a black
dashed line. (d)(e) Mapping for transmission amplitude spectral density for a range of laser
power levels, showing peaks 1○ and 2○as assigned in (b), for opposing directions of light
propagation through the sample – (d) forward and (e) backward illumination. (f)Solid cir-
cles shows resonant frequency evaluated from (d) and (e), assigned to type 1○/ 2○ nanowires
for forward and backward illumination, while solid lines show the fitting results of these four
group of data.

forward and backward illumination because tensil stress inside of beams altered by

increased temperature induced by photo-thermal effects, which determined by the

absorption. In Fig. F.1(f), I evaluated the eigen-frequency fromFig. F.1(d) and (e).

One could found that the shifting rate of eigenfrequency for backward illumination

is faster than that for forward illumination, implying that the absorption coefficient
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of backward illumination direction is larger than that of forward direction, giving

more temperature rise for the same input laser power level, this assumption is verified

by the simulated absorption spectra in Fig. F.1(c). However, these eigenfrequencies

differences from different illumination direction tend to gradually disappear with the

decrease of laser power. And in the end, the thermal peaks are expecting converge

to same frequency for opposite illuminations when laser power declines to zero if the

setup is symmetric and in a good stability during the measurement process. It can

be seen from Fig. F.1(c) that the eigenfrequencies of both these two fundamental

eigenmodes for forward and backward illuminations merge together (at 6.437 MHz

and 6.478 MHz for nanowire type 1○ and 2○, respectively) at zero power, implying

a good symmetry of the current experiment setup.
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Appendix G

Thermal modulation tails of the nanomechanical metamaterials

sample for measuring asymmetric transmission

Aforementioned in Chapter 5, the optical forces play a dominant role in modulat-

ing transmitted light at relative high natural eigenfrequencies (around 6MHz) of

nanomechanical metamaterials, because a slightly change of optical forces, by vary-

ing the pump laser wavelength, could produce a significant change of modulation

amplitude as shown in Fig. 5.15. It would be interesting to check the modulation

behaviour of transmitted light at low frequency range, where thermal forces domi-

nant.

Fig. G.1 shows that optical pump could lead to observable modulation of the

metamaterials’s transmission at low modulation frequency (below 500 kHz), which

is far away from the eigenfrequencies of beams in nanomechanical metamaterials.

For the pump power of 24.5 µW , a modulation amplitude of around 3 % is observed

at 30 kHz modulation. This is a relative large effects as the interaction length of

light and metamaterials is only around one fifth of the probe wavelength. These

low frequency components of nonlinear response have a thermal nature and drops

with increasing modulation frequency, fading at a few 100s of kHz. The photo-

thermal induced heating of the beams is balanced by heat conduction along the

metamaterial beams and the average temperature within beams can rise up to 10s

of Kelvin from room temperature according to the estimation from frequency shifts

(see Fig. F.1(f)). The bending of beams in nanomechanical metamaterials due to

the thermal expansion coefficient difference of Si and Si3N4 create the modulation

Figure G.1: Thermal tail of the nanomechanical metamaterials at a wide frequency range(
30 KHz to 7 MHz) at pump power of 24.5 µW , pump and probe wavelength is 1535nm
and 1540nm, respectively.
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of the transmitted light. Optical forces gradually become the main driven source

of the bending of beams when the pump frequency close to the eigenfrequencies of

nanomechanical metamaterials.
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