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We obtain local numerators satisfying the BCJ color-kinematics duality at one loop for
super-Yang—Mills theory in ten dimensions. This is done explicitly for six points via the
field-theory limit of the genus-one open superstring correlators for different color orderings,
in an analogous manner to an earlier derivation of local BCJ-satisfying numerators at tree
level from disk correlators. These results solve an outstanding puzzle from a previous

analysis where the six-point numerators did not satisfy the color-kinematics duality.
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Fig. 1 The multiparticle superfields and pure spinor one-loop building blocks lead to intuitive
mappings between one-loop cubic graphs and pure spinor superspace expressions encoding the
polarization dependence of ten-dimensional supersymmetric Yang-Mills states [1].

1. Description of the problem and its solution

This paper aims to answer a question left over from the pure spinor construction of one-
loop integrands of super-Yang—Mills (SYM) using locality and BRST invariance [1]. Can
one find a set of local and supersymmetric numerators for ten-dimensional SYM one-loop
integrands at six points satisfying the Bern-Carrasco-Johansson (BCJ)! color-kinematics
duality? We will see below that the answer is yes, and we will also outline the solution for
seven-point integrands.

The one-loop integrands of SYM in ten dimensions for five and six points were con-
structed in [1], where it was shown that the numerators for the five-point amplitude sat-
isfied the color-kinematics duality while those at six points did not. The proposal of [1]
was based on two main ingredients: locality and BRST invariance. Using the multiparticle
superfields in pure spinor superspace developed in [3], these requirements together with a
basic understanding of the zero-mode saturation rules of the pure spinor formalism [4,5]
led to intuitive rules mapping one-loop cubic graphs to superspace numerators, see fig. 1.
By assembling the numerators of the cubic graphs for all p-gons of a n-point amplitude
such that their sum is in the pure spinor BRST cohomology (up to anomalous terms of
the form discussed in [6,7]), the amplitudes of the color-ordered five and six-point ampli-
tudes for the canonical color ordering were constructed. The six-point integrand was later

successfully used in [8], passing some consistency checks.

LA brief review of the BCJ color-kinematics duality sufficient for our purposes will be given

below in section 3.1 but a much more in-depth review is contained in [2].
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1.1. Genus-one open superstring correlators in pure spinor superspace

In this paper we will also use the same formalism of multiparticle superfields in pure spinor
superspace to present local representations of the five-, six- and seven-point amplitudes that
do obey the color-kinematics duality. Since we are using the same superfield language, it is
therefore important to highlight the differences with respect to the previous analysis of [1].
The difference stems from the knowledge of the open-string one-loop correlators recently
obtained in [9-11] up to seven points. They are given by

Ka(l) =ViT2 3421234, (1.1)

149y

IC5(£) = ‘GT2773,4,5Z{7}2,3,4,5 (12)
+ (VaTs,c,pZa,5,0,0 + [A, B, C, D|12345]),

1 mn
’CG(@ = §V1T23456Z1,2,3456 (1-3>
+ (VATEC,D,EZXI:B,C’,D,E + [Av Bv C: Dv E|123456])
+ (VaTg,c.p24.5,0,p + [A, B,C, D|123456]) ,
K7 (0) =

évl 234567 {7,1211,34567 (1'4)
+ %(VAT};@ p.erZiBop.er + A B, C D, E, F|1234567))
+ (VaTE ¢.p.pZ% B.c.p.1 + A, B,C, D, E[1234567))

+ (VaTg,c,pZa,B,c,0 + [A, B,C, D|1234567))

— (V. 513,4,5,6,722[1,3,4,5,6,7 T (2 4> 3,4,5,6, 7)
—
—

(VA']B|C’DEFZB|AC’DEF + (B — C D E F)) + [A,B,O,D,E,F‘1234567])
Av)213,4,5,6,7212/3,4,5,6,7 + (2 ¢ 3,4,5,6,7)),

where the [A4, ..., 4,,]12...n] notation is used to denote a sum over Stirling cycles [11], see
the appendix A for more details.?2 The supersymmetric polarizations of ten-dimensional
gluons and gluinos are encoded in the pure spinor multiparticle building blocks VAT ¢ .
reviewed in [9]. The various Z'; .  are worldsheet functions elaborated in [10] and they
depend on the insertion points of the vertices on the Riemann surface and on the loop

momentum #™.

2 These sums can also be described by all the ways in which 12...n can be completely decom-

posed into m Lyndon words, with every letter appearing in precisely one such word.
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The open string amplitudes for supersymmetric states are obtained from these cor-
relators after integration over the vertex insertion points, over the loop momentum, and

over the modulus 7 of the genus-one Riemann surfaces

An =Y Ciop / drdzs dzs ... dz, / dP0 | T, (0)] (K (0)), (1.5)
top Diop

where 7, (¢) denotes the Koba-Nielsen factor, Dy, denotes an ordered region of integration
over the insertion points z;, and Ci,p denotes a group-theory factor which depends on the
topology of the genus-one surface (cylinder, Mébius strip or non-planar cylinder) [12]. For
simplicity we will consider only the planar cylinder topology in the following. For more
details on this setup, see section 2 of [9].

To gain intuition why the one-loop open-string correlators lead to a representation of
one-loop SYM numerators that satisfy the color-kinematics duality it will be illustrative
to review the quest for local BCJ-satisfying ten-dimensional supersymmetric numerators

at tree level, solved in pure spinor superspace in [13].

1.2. BCJ-satisfying local numerators at tree level from string disk correlators

1.2.1. Cohomology analysis: Five-point tree numerators from relabeling

When the tree-level color-ordered amplitudes were first proposed in [14], the construction
was based on the principles of locality and BRST invariance of pure spinor superspace
expressions using multiparticle superfields. These same principles were later used when
proposing SYM one-loop integrands in [1]. The difference between the expressions in [14]
and [1] originates from the differences in the pure spinor amplitude prescriptions at tree
level [5] and one loop [4]. The n-point tree-level numerators of [14] had to be built from
three unintegrated (multiparticle) vertices V' following the OPE contractions with (n — 3)
integrated vertices U(z). For example, at tree level the five-point SYM amplitude in the

canonical color ordering was obtained as®

ViasitVaVs  ViiosiVaVs  VialVisgqVs  ViVies Vs ViVio 3 Vs
[12,3]Va V5 n [1,23]Va V5 n [1,2] V[3,4] V5 n 1V[23,4]V5 n 1V[2,34] V5

5125123 §235123 512834 5235234 3343265411

ASYM(1.2.3 4,5) =

3 For convenience we shall frequently omit from amplitudes such as (1.6) the pure spinor
brackets (...) that extract the top element (Ay™6)(Ay"0)(AYP0)(0vmnpf) in the cohomology of
the pure spinor BRST operator [5]. The component evaluation of ghost-number three expressions

uses the identities from the appendix of [6].



where V4 p) denotes the multiparticle unintegrated vertex operator in the BCJ gauge,
see the review on multiparticle superfields in section 3 of [9] and section 4.3 of [15]. The
expression (1.6) correctly reproduces the five-point tree amplitude of SYM in the canonical
color ordering. The next task is to check whether this representation leads to numerators
that satisfy the color-kinematics duality, this is where a subtle point arises.

A triplet of numerators participating in a kinematic Jacobi identity necessarily involves
numerators from amplitudes with different color orderings, but the naive relabeling of the
amplitude (1.6) does not lead to a representation satisfying the BCJ color-kinematics dual-
ity. Let us illustrate this point with an example. Using the parameterization of numerators

from [16] where

SYM ni n2 ns un ns
A (1,2,3,4,5) = + + + + (1.7)
512845  S23851 534512 545523  S51534
Ne ns ny ng Nng

ASYM(1.4,3,2,5) =

514525 551534 S$32514 S$25534 551523

in order to check whether the numerators ns, ns and ng satisfy the kinematic Jacobi iden-
tity ng — ns5 + ng = 0 one needs to extract the numerator ng of the pole in 1/(s25534),
ng of 1/(s34s12) and ns of 1/(s515834). While ng and ns can be read off from the am-
plitude A(1,2,3,4,5) in (1.6), the numerator ng is found in the different color ordering
A(1,4,3,2,5). If we assume that this color ordering is given by the relabeling of (1.6) the

kinematic Jacobi relating these three numerators is not satisfied,
ng —ns +ng = Vo VizaVs — ViVig 34 Vs + ViViuz o)V # 0, (1.8)
where we used ng = V1 V43 29]V5 obtained from n4 = V1 V|23 4)V5 via the relabeling 2 < 4.

1.2.2. Open superstring: Five-point tree numerators from the field-theory limit

The solution to the above problem was found in [13] by utilizing the n-point string disk
correlator of [17] to generate different color orderings in its field-theory limit. These order-
ings follow from the various integration regions over the insertion points z; ordered along

the boundary of a disk. For five points the superstring tree-level correlator is

VieaVaVs  ViVigaVs  ViaVasV:
_ YizsVaVs | VivasaVs | ViaVasVs |

/C5(21, “aey 2’5)
212223 243232 212743

(2 3). (1.9)

The string tree-level amplitudes with different color orderings are obtained by the different

integration regions of the vertex insertion points relative to each other. The corresponding
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color-ordered SYM amplitudes follow from the field-theory limit o’ — 0 of the disk inte-
grals, encoded in the biadjoint scalar amplitudes [18] (see also [19]). More precisely, one

can express the field-theory limit of the string correlator (1.9) as follows [20,21]

ASYM(E> - Z VlX‘/(n—l)f/Vn m(E|1,X,TL,Y,’rL - 1)(_1)|Y|+1 + (2 A 3) ) (110)
XY =23

where m(X|€2) denotes the biadjoint tree amplitudes,

m(P,n|Q,n) = spdp|q (1.11)

and ¢p|q are the Berends-Giele double currents [21]. They can be computed recursively

PpPIQ = i YD (bxadvip— (X ©Y)), ¢pg=0iP\Q#0. (L12)
XY=P AB=Q
in terms of generalized Mandelstam invariants sp = %kp - kp where kp is a multiparticle
momentum defined by kp = k,, + kp, + - - - (for example kj23 = k1 + ka2 + k3).
Extracting the field-theory limit of the string disk integrals computed in the ordering
21 < z4 < z3 < 29 < z5 — corresponding to ¥ = 14325 in (1.10) — leads to the following

color-ordered amplitude

ASYM(1.4,3,2,5) =

(ViVizg + ViaVag + VisVio + Viga Vi) Vs (1.13)
514525

1 1

V1Viz2Vs — (ViVia,23) + V1,23 Va) Vs
5851534 523514

1
(ViVage + ViaVaz) Vs —
525534 551523

_|_

+

ViVig 25 Vs .

One can now read off the numerator ng = V1 Vy32V5 + V12Vy3Vs and verify that the BCJ
identity ns3 — ns + ng = 0 is identically? satisfied [13]

n3 —ns +ng = Vi1 2)Vi3,4Vs — ViVig,34)Vs + (ViVaza Vs + ViaVasVs) = 0, (1.14)
where the bracket notation reviewed in section 3.4.3 of [9] implies Vizo = Vj3.4] and
Vis = —Vjz4-

The field-theory tree-level SYM numerators are extracted from the knowledge of the

singular behavior of the correlator as vertex operators collide as encoded in the biadjoint

4 Identically means that no BRST cohomology identity (of the type discussed in [22]) is required

to verify the vanishing of the triplet of numerators; it vanishes at the superfield level.
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Fig. 2 The cubic graph associated to the pentagon Nl(l“r’2)’3’4’5(€) from equation (1.15). The con-
vention for the loop momentum £ is to run from the last argument of the numerator to the first.

Berends-Giele currents. But we know that these limits constitute a local property of the
Riemann surface and therefore must be independent of its genus. These results together

with the analysis of [23] lead to the following expectation:

The field-theory limit of the one-loop string correlators integrated along different
vertex insertion orderings should give rise to a local representation for SYM one-

loop integrands that satisfy the BCJ color-kinematics duality.

As an illustration of this method — to be fully developed in the next sections — let us apply
it in the simplest case of the five-point SYM integrand /amplitude following from the string

correlator (1.2).

1.3. BCJ-satisfying local numerators at one loop from string genus-one correlators

1.3.1. Cohomology analysis: Five-point pentagon from relabeling

As mentioned above, the five-point SYM integrand was proposed based on a few constraints
such as locality and BRST invariance. The pentagon for the color order A(1,2,3,4,5) was
given as [1]

NG

1 1
195450 = VAT 4 5 + 3 (Vi35 + (2 > 3,4,5)] + 3 [(ViTos a5+ (2,3]2,3,4,5)]

(1.15)
where the notation +(i, j|2,3,4,5) denotes a sum over all possible ways to choose two
elements ¢ and j from the set {2, 3,4, 5} while keeping the same order of ¢ and j within the
set. The cubic graph associated to this pentagon is displayed in fig. 2. Note the convention

of assigning the loop momentum /¢ to the edge between 5 and 1.
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Using BRST cohomology arguments the box and pentagon numerators following from
relabelings (while respecting the loop momentum assignment convention and the constraint

that leg 1 is contained in a multiparticle unintegrated vertex V') were proposed in [1],

Niis.c.p(0) = VaTr.c.p (1.16)
1
NS cp ) = tnVaTg o p o+ sViasTens +(Be C.DE)]  (117)

1
+ 5 [VAT[B,C],D,E + (B7C|B7C7D7E)} .

For a cubic-graph parameterization of the five-point integrand to obey the BCJ color-
kinematics duality the antisymmetric combination of two pentagons in the legs 1 and 2
must give rise to a box [24]

3 3

2 4 1 4
U=k o

l l 5
1 5 2 5

From the figure above we see that the pentagon in the middle must come from the color
ordering A(2,1,3,4,5) so as to keep the momenta in the common edges of the participating
cubic graphs the same while respecting the loop momentum convention mentioned above.
However, the generic expression (1.17) has to ensure that the leg 1 appears in A, so the
solution proposed in [1] satisfying both constraints was to assign the pentagon numerator
Ni|3,4,5,2(£ —k2) to the middle diagram, with a shift in the loop momentum. Using that the
12-box numerator is V1275 4 5, the expression (1.17) implies that the numerator translation

of the diagrams above is given by

5 5 4
<N1(\2),3,4,5(£) - N1(|3),4,5,2(€ — ko) — N1(2\)3,4,5> = (1.18)
<1€72nV1T2773,475 + Vor1T5.45 + ViTeg a5 + Viloass + ViTos 3.4) = 0. (1.19)

The BCJ color-kinematic identity relating two pentagons with a box is satisfied, but only
up to BRST-exact terms in pure spinor superspace that are annihilated by the pure spinor

cohomology bracket (...). The BRST exactness of the second line was shown in [22].
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1.3.2. The BCJ pentagon from the field-theory limit of the string correlator

The five-point analysis of [1] was primarily based on the BRST cohomology properties
of the integrands, and as we reviewed above this was enough to obtain a BCJ-satisfying
parameterization up to BRST-exact terms. However, using the field-theory limit of the
string correlator the resulting numerators for the pentagons improve the BCJ identity to
be satisfied identically at the superspace level, requiring no cohomology manipulations.
To see this we consider the five-point correlator (1.2) written in terms of the Eisenstein-
Kronecker coefficient functions gg) of [10], namely Zi" 3 4 5 = {™ and 212345 = gg)
Ks(£) = ViTyy 4 50™ + [ViaTs 4508 + (2 ¢ 3,4,5)] + [ViThs 4505 + (2,3]2,3,4,5)] .
(1.20)
In the string-based formalism [25], the field-theory limit of the string propagator (in our
case the gfjl ) functions) depends on the relative ordering of how the vertex insertion points

are integrated by a term proportional to sgn,;. More precisely, if the color ordering of the
P
sgnf; is defined in (2.16). Therefore the pentagons of the integrands in the A(1,2,3,4,5)

and A(2,1,3,4,5) orderings differ by a sign in the term coming from gg). This gives rise

resulting SYM integrand is P, the field-theory limit of gfjl ) contains a term %Sgn where

to the following pentagons:

1 1 1 1
Nij23,4,5(8) = 0"VT55 4 5 + §V12T3,4,5 + §V13T2,4,5 + §V14T2,3,5 + §V15T2,3,4 (1.21)
1 1 1 1 1 1
+ §V1T23,4,5 + §V1T24,3,5 + §V1T25,3,4 + §V1T34,2,5 + §V1T35,2,4 + §V1T45,2,3
1 1 1 1
Noj1,3,4,5() = " VITYs 4 5 — §V12T3,4,5 + §V13T2,4,5 + §V14T2,3,5 + §V15T2,3,4 (1.22)
1 1 1 1 1 1
+ §V1T23,4,5 + §V1T24,3,5 + §V1T25,3,4 + §V1T34,2,5 + §V1T35,2,4 + §V1T45,2,3

where we note that the constraint that leg 1 is within V' is automatically satisfied because
the correlator (1.20) is always the same, what changes is the relative ordering of integration
of the vertex positions.

It is easy to see that the numerators (1.21) and (1.22) imply that the BCJ identity is
identically satisfied at the superfield level,

Nij2,3,4,5() — Noj13,4,5(0) — Nigj345(6) =0, (1.23)

where N12|3’4’5(€) = Vi2T35.4,5. We thus see that the derivation of n-gon numerators from

the field-theory limit of the open superstring correlator evaluated at different regions of
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integration implies that the associated BCJ identity is satisfied even before applying the
pure spinor cohomology bracket to extract the polarization content of the superfields, unlike
the case (1.18) obtained from relabeling. For five points this difference is immaterial as both
approaches eventually satisfy the color-kinematics duality in the cohomology. However, we
will see below that the field-theory limit technique leads to a six-point representation that

satisfies the color-kinematics duality in contrast to the representation of [1].

2. SYM one-loop integrands from string correlators

The field-theory limit of the one-loop string correlators is obtained by shrinking the strings
to points with o’ — 0 while degenerating the genus-one surface with modular parameter
T to point-particle worldline diagrams with Im(7) — oo [26]. In principle this can be done
using the tropical limit techniques of [27] or the string-based formalism [25], although the
explicit form of the Kronecker-Eisenstein coefficient functions ¢(™(z, 7) lead to subtleties
arising from the regular functions with n > 2. Alternatively, one can combine the strengths
of these approaches with the requirement that the field-theory integrands for different color
orderings and loop-momentum parameterizations obtained from the string correlators are
in the BRST cohomology of the pure spinor BRST charge. Some trial and error led to the

combinatorial rules described below.

2.1. Kinematic poles and biadjoint Berends-Giele currents

The kinematic poles arise when the insertion points of the vertex operators approach each
other z; — z; on the Riemann surface. The short-distance behavior of the Koba-Nielsen
factor and the OPE propagator is independent of the genus of the Riemann surface. This
means that the pole structure of the genus-one string correlators can be described by the
same combinatorics of tree-level poles, given by the biadjoint scalar amplitudes (1.11).
These amplitudes are efficiently computed using the Berends-Giele double currents ¢p|q
of explicit form given in (1.12) where the words P and @ encode the integration region
and integrand.

In the one-loop case however, in addition to the tree-level kinematic poles in Mandel-
stam invariants the field-theory limit of the genus-one string correlators also yield Feynman
loop momentum integrands

I (0) = !
Apt11A4,A9,.. A, = (Z — kAl)Q(ﬁ — kAlAz)z . (g — ]{7,41,42.,,,4“)2

(2.1)
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to be integrated over a D-dimensional loop momentum ¢ with | dP¢. Note the special role
played by the label 1 in the above definition; this handling fixes the freedom to shift the
loop momentum and is useful in obtaining BRST-closed SYM integrands [1].

In summary, the field-theory limit of genus-one open string correlators will be de-
scribed by poles in Mandelstam invariants encoded in Berends-Giele double currents mul-

tiplied by Feynman loop momentum integrals.

2.1.1. Encoding different integration regions

In the same way as in the tree-level case, the color ordering of the resulting SYM integrand
from the field-theory limit of the genus-one open string correlator is associated to the
relative ordering of the z; variables among each other on the boundary of the Riemann
surface. For example, the ordering z; < 23 < z5 < 24 < 29 yields an integrand with color
ordering o = 13542.

The presence or absence of kinematic poles depend crucially on the region of integra-
tion relative to the ordering of the z;; variables being integrated. To encode this information
we define a map Ord 4(B) acting on two words A and B that crops the word A while main-
taining the letters it shares with B. That is, we take the word B and return the smallest
sequence of consecutive letters in the cyclic-symmetric object A containing every letter in

B. For example,

Ord123456(32) = 23, Ord123456(13) = 123, Ord123456(15) = 561 N (2.2)
Ord24856317(58) = 85, Ord24856317(465) = 4856, Ord24856317(78) = 7248.

This map can be defined algebraically by

AiAi—l—l---Aj—lAj if Ai,Aj €eB, BC AZA], j—1 < ‘i;‘
Orda(B) = AjA;j 1. Aja A1 As. Ay if Ay, Aj € B, BC Al Ay, j—i> Kl
0 else (2.3)

This map will be used with the Berends-Giele double current to correctly generate kine-

matic poles for each integration region o. It will be convenient to introduce the notation:

$(|A) = Gora, (a))4 (2.4)

for an amplitude with color ordering o.
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2.2. p-gon loop momentum integrands
Frequently we will need the Feynman loop momentum integrands (2.1) with a general shift
in the loop momentum ¢ — ¢ + a'k;. This will be indicated by superscripts

a1,a2,..., Am,

IA7L+1 1A1,A2,...,An (g) = IAn+11A17A2 ----- An (E + alkl + a2k2 + e + amkm> (2'5)

Explicitly we have
1
1 = , 2.6
Ant1ldnAz,odn (Z—i_fal...am - kAl)z'”(g—i_fal...am - kAlAg...An)Q ( )

where we defined for convenience

fal,...,am =ai1k1 + asks + ... + amkm . (27)

In the event of an a; being zero, we will omit it from the notation. Note that the words
characterizing the integrands (2.6) are totally symmetric e.g. 1 342,5.6 = I1,234,5,6-

We will sometimes simplify the notation for the loop momentum integrands by drop-
ping all indices which are single letters, and dropping the shifts in the loop momentum.
When this is done it should always be clear the color ordering of the amplitude. For ex-

ample, in the canonical ordering A(1,2,...,n; /) we have

_ _ JO1s, an Ty, an
ly=T=5L35"., Io3a = 1) 534576, ..n > (2.8)
— JAa15-- An T G1,., an,
Iz 56 = 11 )554,56,7,8,..n>  In1.34 = L1053475.6,. n—1-

In a few instances, we may wish to use this notation when it is not immediately clear what
the underlying color ordering is. In these circumstances we will include it as a superscript

in the I. So, for example

1535416 — 1235416 I§§5416 1235416

= 1235416 =Ila35416, lgiz = =lie2354- (2.9)
2.83. Field-theory limit of Kronecker-Fisenstein coefficients

We are now ready to give the field theory limits. These are:

g = b P 4 P P(if) (2.10)
97 g5 = BB P+ b D PR + e b Pig) + el P(ij, k) (2.11)

(p1) (p2) (p3) (p1)1.(p2) 1. (p3) (r1)1,(P2) (P3) prs
gil.;l gizjz gi333'3 - bil;l bizjz'z bi3§3P + bil;l bizjz'z ci3§3p(2333) (2'12)

+ b(pl)c(p2)b(-p3)P(i2j2) + C(p;)b(pz)b(pg)P(iljl)

11J1 1272 “13]3 11J1 1272 “13]3

+ b(-pl)C(p2)C(p3)P<i2j2, isjs) + C(pl)b(pz)c(ps)P(iljb i3j3)

11J1 1272 1373 11J1 1272 13J3

+ P ePb) Pliy i, inga) + €71 eP2) el Plivjy, iz, isgs)

11J1 1272 "13J3 11J1 t2J2 "13]3

12



These limits always have the same form; we take the subscripts of the gg? )

, and sum over
the possible ways to assign these to either a b® or a ¢ (to be defined below), and
whenever we assign them to a ¢?) they are also entered into the P function. In turn these

are defined by

P=1I (2.13)
P(ij) = ¢(olij)L;
Pl k) = { 20015 =k
o(olig)p(o|kl) ;1 if all 4 unique
( <;S(J\2]ln) ijin iftj=k l=m
(ZS(O-‘UZ) (U‘mn)le mn lf] =k, myn ¢ {i7j7 k7l}
P(U? kl7mn) = (ZS(O"Z]H) (U‘kl) ijn, kl lf] =m, k7l ¢ {i7j7m7n}
(]5(0"2]) (U\kln)Iw kin ifl=m, i,j¢{k,l,mn}
L d(0]ig)p(a|kl)(o|mn)Lij imn  if all 4 unique

where we used the notation (2.4). The cases provided above will be sufficient for our
purposes.

Finally, the coefficients b®) and cP) for an integrand A(c; €+ 31 | a;k;) are given by

p —m

() _ o ym Bm(a; —ai)”

bij’ = mZ_:O (sgn)) ml(p—m)! (2.14)
1
8]) 2p— 1) ((a a;) + sgng;distg (4, j)) - (2.15)
where B,, denotes the n'” Bernoulli number® and
B )+l :iisleftof jin B

SEth = { —1 :iisright of j in B (2.16)

The function dist;B (i,j) measures the distance between i and j in the word B and returns

+1 if it is larger than a and 0 otherwise,

distB(' i) = { +1 :if ¢ is a or more letters to the left or right of j in B (2.17)

0 . if ¢ is fewer than a letters to the left or right of j in B

Note that when a; = 0 Vi, we must take 0° = 1 in the above.

5 The amplitudes up to seven points require up to Bs: Bo =1, By = % ,Bs = % ,Bs = 0.
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2.8.1. A seven-point example

The field-theory limit of the term g%) gé;) g%)Vngg,m,gA in the seven-point string correlator
(1.4) for the SYM integrand with color ordering A(1,2,3,4,5,6,7;¢+ 4ks — 6k5) follows
from (2.12) with a4 = 4 and a5 = —6,
D62 U+ DD p(re
U AD PloT) + Y Pl 219
+ b5y el ) P(57,76) + 5y bl el P(25,76)
+ e eSOl P(25,57) + c5y) el L) P (25,57, 76) .

Many of these terms vanish. For instance using (2.13) the factor P(57) is proportional to

~

(1234567|57) = G57|0rd, 254567 (57) = P57567 = 0. Similarly, we find
P(25) = P(25,76) = P(25,57) = P(25,57,76) = 0., (2.19)

The non-zero terms are then given by

P=1=5L%3,567 (2.20)
n 1 as,a
" 1 aq,as
P(57,76) = $(1234567|576) Is76 = ds76)56711,2,3,4,576 = ————— 11534 576
S675567

The various bl(-Jl-) and cgjl-) terms are given by (2.14) and (2.15). In the g%) case, these are

given by (recall that ay = 4, a5 = —6)

(1) Bo(—G)l Bl(—ﬁ)o _ 1 B _11
b5 = o ot~ 0ty T oy (2.21)
@ (a5 — as +sgni27Aist}?1907(2,5)) 1 (—64 (-1)°x0)° 1
@5 = 2(1—1)! - 2 T2
The others are given by
1 13 1 1 1 1 1 1
TOJEE U Ty 222
Putting everything together, we see that the limit is given by
D (1) (1 143 4.4 143 1 4,4 11 1 as.a
955)9é7)9§6) — —I1,42,35:4,5,6,7 + ——11,42,35,4,5,67 + _7I1,42,35,4,567 (2.23)
8 8 se7 8 S67S567

Doing this analysis for the full seven point correlator leads to a BRST closed expression
up to anomalous terms (the explicit expression is available to download from [28]). In the
appendix D the BRST variation of this numerator is worked out and shown to have the

desired property of canceling propagators.
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2.4. The one-loop SYM field-theory integrands

The one-loop correlators of the open superstring are integrated over the vertex insertions
z; ordered along the boundary of a genus one surface. After taking the field-theory limit,
the color ordering of the resulting SYM integrand corresponds to the ordering of the
insertions z;. As alluded to in section 2.1, the field-theory limit of the open-string correlators
will be written as a field-theory integrand depending on the loop momentum ¢™. The
parameterization of the one-loop graphs by Feynman loop integrals is notoriously plagued
with the “labelling problem”: arbitrary shifts of the loop momentum must not affect the
integrated amplitude. This will be indicated by labelling a color-ordered SYM integrand

with the explicit parameterization of the loop momentum as
AL,2,..,n 0+ arky + -+ - + anky) (2.24)

This refers to the amplitude with color ordering 1, 2, ..., n, constructed such that the mo-
mentum going from the nth leg to the 1st leg is £ + a1k1 + ... + ayk,. For example, the
field-theory limit of the five-point correlator with insertion points ordered according to
21 < 23 < z5 < 29 < 24 and loop momentum ¢ running between legs 4 and 1 is repre-
sented by the SYM integrand® A(1,3,5,2, 4;¢). The statement of cyclicity — proven in the

appendix B — in the color ordering becomes
A(L,2, ... n b+ arky + ... +anky) = A(2,3,...,n, 1,0+ (a1 — 1)ky + agka... + ank,) (2.25)

Using this, one can always choose to fix the color ordering of the SYM integrand to start

with a leading 1.

2.4.1. The field-theory numerators

The field-theory limit of the open superstring n-point correlator for will be parameterized

by a sum over p-gon cubic graphs ranging from p = 4 (boxes) to p = n:

n
Aliia st b alky) =30 30 MR, (O T, (220

p:4 Al...Ap+1:i2...in

A1,02,...,0n,

A1]|Az,...,Ap
structed as described in the appendix A and Izll"fj;::iajp represents the p-gon integrand.

where (¢) denotes the kinematic Berends-Giele numerator of a p-gon con-

We note that in extracting a local numerator N from (2.26) there will be a factor of 1/2

for each inverse Mandelstam invariant, see the definition (A.4).

6 For simplicity we will consider only the planar topology.
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2.4.2. Four points

The extraction of the field theory limit at four points is trivial as there is no propagator

function [4]. The only limit to consider is the Koba-Nielsen factor and we get
A(O‘l, 092,03, 0'4‘5 + alkgl + ...+ CL4]{ZU4) = ‘GTQ’3741172’3’4 . (227)

2.4.3. Five points

The five-point genus-one superstring correlator is given by [11]

+ [ViTes,a,5 223,145 + (2,3(2,3,4,5)]

with the worldsheet functions [10]
1,2,3,4,5 ) 12,3,4,5 = 919 - (2.29)

This correlator gives rise to five terms with non-vanishing poles in the canonical color

ordering, namely gg),géé),gé?,gi?, and g( )

A(1,2,3,4,5; 0+ a'k;) from (2.26) is given by

The parameterization of the integrand

A(1,2,3,4,5; 0+ a'k;) = Nyja3.4,5(0)1753515(0) (2.30)
1 1 “
+ 5 12|3,4,5(£)I12 3.4, S+ 5 1|23,4,5(€>I1 5545 (£)
2812 2
1 a 1 a
+ 112,34,5(O) 1757345 (0) + 57— N1j2,3,45(O) I157345 (£)
2534 2845
]' a a
+ Serr 5/>1|2,3,4(£)I1,12,3 ().
51

Since the field-theory limit rules behave differently for labels at the extremities of the color
ordering, the 51-pentagon numerator is denoted NV, 51|2 3, 4(¢). Using the field-theory limit
(2.10) and comparing the outcome with (2.30) we can read off the box numerators. They

are independent of the loop momentum and are uniformly described by

NyB,e,p =ValBc,D- (2.31)

In particular, Ng1|2’3’4 = Ns1j2,34 = V5112,3,4. This result agrees with the analysis of [1].
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The pentagon I7%73,'5(€) arises from the pieces with no kinematic poles in (2.10) and

collecting its associated superfields yields the numerator

a a m m 1
NS (0) VAT 4 5™ + [V12T3,4,5(a2 —a+3) (2634 5)} (2.32)

1
+ [V1T23,4,5(as —az + 5) +(2,3)2,3,4, 5)}

A straightforward but tedious calculation shows that

1

QN 5050 = 5ViVeTsas((E+ faras — k12)? = (€4 fay.as — k1)?) (2.33)
+ %VIVSTZA,S((E + far.as — k123)% — (€4 fay..as — k12)?)
+ %‘/1‘/2175,3,5((5 + farooas — k1234)* — (0 + Far. a0y — K123)?)
+ %WV5T2,3,4((£ + fay.as — k12345)% — (0 + fay..as — K1234)%)

with the fq,. 4, defined as in (2.7). It is then not hard to check that the above cancels the
BRST variation of the box terms. For example, the terms proportional to (¢+ fa, . a5 —k:123)2

are given by )

2
and cancel the BRST variation of the 34-box in (2.30) since

1
(ViVaTa 45 — ViViTh 35) = _@QVITZ?A,E) (2.34)

(U4 fay.as — k123)2 155705 (0) = IT5 5% (0) . (2.35)

Similar calculations show that QNﬁlz":;"’fg(E)I 15505 = —QApox(1,2,3,4,5) and therefore

the five-point SYM integrand (2.30) is BRST invariant.
The BRST cohomology identities [22]

(Viky, T3 450 = (—Vi2Ts45 + (2 <> 3,4,5)) (2.36)
<V1/€,271T2773,475> = (VigTs45 + [ — ViTog a5 + (3 <> 4,5)])

can be used to show that

5 i A1 yenny as
(NS a0+ a'ka)) = (NS (0) (2.37)
where foz),3,4,s<f> is given by (1.15) and I7%574'3(€) = I12.34,5(¢ + a'k;). This is an im-

portant consistency check on the field-theory rules spelled out in section 2.3.
All color ordering permutations of the five-point SYM integrand is available to down-
load from [28].

17



2.4.4. Six points

The six-point genus-one superstring correlator is given by [11]

1

Ke(€) = §VA1T}{;’}W’AGZ;,”1”{.’A6 + [123456| A4, . . ., Ag] (2.38)
+ VA, TR A ZR a4, + [123456]A, ..., As]
+ VA, Ta,,.. 4, 2a4,,...a, + [123456| A4, ..., Ad],

with the worldsheet functions [10],

2123456 = gg)géé) + gg) + géé) - 9%) ; (2.39)

Z12,34,5,6 = gg)géi) + gg) + géi) - Qﬁ) - Qg) ;
m m (1 m m 2 m 2 2
2153456 =1 9&2) + (k3" — kY )952) + [k3 (9;&3) - 953)> + (342 4,5,6)],

2 s 056 = ("0 + (KRS + KRS 913 + (1,2]1,2,3,4,5,6)].
To illustrate the field-theory rules of the previous section we will derive the SYM integrand

A(2,3,4,5,6,1;¢) = A(1,2,3,4,5,6; {+k;1). We begin with the field theory limit rules given
by (2.10) and (2.11)

1 1

QS) isgn?3345611234561 §¢ij|0rd234561 (ij)1%34561 (2.40)
(2) 1 934561 1 234561
oy T 4+ ——(—=01309; + 81509;)1

% 7 12 orp\ 1% T %) i

234561

(CHBNEY) 1 234561 234561 7234561 |, 1 234561
1 I + ngnkl ®ij|Ordasaser (i5) Liz

95 9k — 758 Sghj

4
1 1.
+ ngn§f4561¢kl|0rd234561(kl)Ilgl34561 + ZP(Z% kl)

where
( ¢ijl|07“d234561(iﬂ)IiQJ%4561 ifj ==k
_¢ijk|0rd234561(ijk)I%3k4561 if j =1
P(ij, kl) = § =®jit|Ordasaser (i) Lt ifi=k (2.41)
¢kij|OTd234561(kij)IIg§]4561 ifi=1
| DiOrdanasen (i) Phl|Ordasaser (k) T hp e €lse

1234561

Extracting the terms proportional to = I53.456,1, we find the hexagon numerator

1 1
Noj3.a,56,1(0) = imTQ’j”jM,,G(ﬁmﬁ" — E[k}nk; +(142,3,4,5,6))]) (2.42)
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1 1
(VT35 456(0™ — _kén + _kgn) +(2,3|2,3,4,5,6))

(V12T3 4,5, 6 (L™ + ka 6%”) +(2 <+ 3,4,5,6))

(Thi2,31,41,5,6 + Ti2,3,41),5,6 + (2,3,4[2,3,4,5,6))

+

S

(ViTo3,45,6 + (2, 3[4, 5(2,3,4,5,6))
(ViaTsa5,6 + (2[3,4]2,3,4,5,6))
(Vizz — 2Vis2)Tus.6 + (2,3]2,3,4,5,6)).

We then identify the pentagon numerators, which in all but one case are given by a gen-

eralization of the formulae from [1],

1
NaB,c,p.e1 = VerTX'g o pl™ + 5 (V[A g1IB,c,p+ (A< B,C,D)) (2.43)

+ §(VE1T[A,B],C,D + (4, B|A, B,C, D))

The exception to the above is the 12-pentagon, which differs as it has a contribution
from the ¢(® terms due to the color ordering 234561. It is given by the coefficient of

1/ 281213’13,:41,5’6 (note the absence of the label 1 from the ordering in Igfgzlﬁg)ﬁ)

5113,4,5,6(6) = = ViT35ly 5 6k3" kT (2.44)
— (VT35 45,6k + (3 ¢+ 4,5,6))
+ Vi T3 5 6 (0" + k" — k7)
— (Vi3T5 5.6k3" + (3 > 4,5,6))

(ViaT34,5.6 + (3,4(3,4,5,6))

[\DI}—l

— (VizTosa 5.6 + (3]4)3,4,5,6))
((2Viz2 — Vi23)Tu 56 + (3 ¢+ 4,5,6))

[\DI}—l

The box numerators have the standard form, with the word containing the label 1 assigned

to the V superfield, and the other blocks of indices assigned to the T’

NaB,c,p1e = Vp1ETAB,C NgiaB,c,p = Ve1aTB,0,D - (2.45)
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A long calculation shows that the BRST variation of the above integrand is purely anoma-

lous and given by’
B 1
QA“="(1,2,3,4,5,6) = 5‘/1Y2,3,4,5,6(12,3,4,5,6 —Cla3456,1) (2.46)

This is then of a similar form to the a; = ... = ag = 0 result found in [1], and by an
analogous argument to the one presented there one finds the same result for the integrated

anomaly
5

/ d"0QA TN (1,2,3,4,5,6) = — 5 Vi¥as5- (2.47)
Of course the type I superstring theory with gauge group SO(32) is free of gauge anomalies
[30], but this property does not survive the field-theory limit of its planar sector and the
six-point one-loop SYM amplitude in ten dimensions is anomalous [31]. The result (2.47)
written in terms of the anomalous building block Y5 3 4 5 ¢ [22] is the pure spinor superspace

encoding of the field-theory anomaly [6,7].

2.4.5. Seven Points

At seven points, the numerators become far too complex to state here. One example
can be found in the appendix D. The derivation of these numerators has one additional

complication; as was discussed in [11] the refined worldsheet functions are given by

2 1) (2 3
Z1213,4,5,6,7 = 093 + 512935953 — 3512913 - (2.48)

The derivative and the double pole are then removed by using partial integration with the
Koba-Nielsen factor Z;(¥)

(D193 T(0) = 01(99 T (0)) + 913 9T (£) (2.49)
= (0370 (0) + 913 (€ k2) + 521951 + 2988 + .. + 52708 T2 0),

which gives the reformulated expression for (2.48)

(3) (2)

Z12)3,4,5,6,7 = —3512019 + g1o (£ ka2 + 8239%) + 8249531) +...+ 8279;)) (2.50)

This is the form of the refined worldsheet function we use to extract the numerators and
the computation proceeds analogously as before. And we have verified the vanishing of the

BRST variation of the resulting general expression.

7 See the discussion of [29] as summarized in section 4.5 of [1] to understand why (2.46) is not

trivially zero due to the cancellation of propagators in the integrand.
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3. Local BCJ-satisfying numerators

In this section we will obtain the kinematic numerators associated to various one-loop cubic
graphs using the field-theory limit rules of section 2.3 applied to the superstring correlators
for six external states as well as some seven-point numerators. The results of this section
resolve a puzzle in the analysis of [1]. Namely, the representation in [1] of the six-point
integrand did not satisfy the color-kinematics duality by terms which suspiciously were
related to the gauge anomaly. We now show that the six-point integrand representation
arising from the field-theory limit of the string correlator satisfies all the color-kinematic

Jacobi dual relations of Bern-Carrasco-Johansson.

3.1. Color-kinematics duality

The color factors of amplitudes in gauge theory depend on the structure constants of some

gauge group, f2¢, that satisfy the Jacobi identity,
fabefcde + fbcefade i fcaefbde =0. (31)

The color-kinematics duality conjecture posed by Bern, Carrasco and Johansson (BCJ)
states that the kinematic numerators of cubic-graph diagrams can be chosen to satisfy the
same Jacobi identity relating their color factors [16]. That is, if a triplet of diagrams i, j, k
whose color factors ¢;, ¢j, ¢, vanish due to the Jacobi identity (3.1), ¢; + ¢; + ¢ = 0, the
corresponding numerators N;, N;, Nj, of the diagrams satisfy N;(¢) + N;(£) + Np(£) = 0
as well. Stated originally at tree-level [16] (and proven by the field-theory limit of string
theory tree amplitudes [32,33]) the duality was conjectured at loop-level in [34], where the
kinematic numerators also depend on loop momenta ¢ parameterizing various n-gon cubic
graphs. Through this approach, properties of 4 < N < 8 supergravity up to four loops
have been made manifest [35] (for the five-loop extension see [36,37]).

As part of the color-kinematics duality, once the gauge-theory amplitude is written
down using kinematic numerators that satisfy all the kinematic Jacobi identities and auto-
morphism symmetries of the cubic graphs, the gauge amplitude can be used to construct a
gravity amplitude by replacing the color factors by a second copy of numerators ¢; — NI(E)
[16,34]. For more details see the review [2].

We will now show that the numerators extracted from the one-loop string correlators
using the field-theory rules of section 2.3 satisfy all the color-kinematics relations. However,

starting at six points the numerators do not satisfy the required symmetries under shifts
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of the loop momentum required by the automorphism symmetries of the cubic graphs (see
[24]), leading to subtleties in the construction of the gravity amplitudes which we defer to
future work.

The one-loop five-point integrand of SYM in ten dimensions was already discussed
in section 1.3.2 so we will focus on the six-point SYM integrand and briefly outline the

discussion of the seven-point numerators.

3.2. Six points

The color-kinematics relations are manifestly satisfied within external tree graphs due to
the BCJ gauge used in the multiparticle superfields [38,15]. Therefore we will discuss the

kinematic Jacobi identities among p-gons with different values of p.

3.2.1. Kinematic Jacobi between pentagons and a box

The pure spinor superspace expressions of the numerators associated to the graphs in the

following linear combination

constitute a good example of how our methods give rise to a BCJ-satisfying parameteri-
zation of the six-point integrand.

Two of the above graphs are part of the integrand in the canonical color ordering
A(1,2,3,4,5,6; ). According to the color-kinematics identity that we are seeking to show,
the loop momentum parameterization of the graphs must have the same momentum flowing
in the edges that are kept the same for all graphs. Therefore the middle graph must have
loop momentum ¢ flowing from leg 6 to the fork 23. According to the convention shown
in fig. 2 this is the 23-pentagon Nogj1 4,5,6(¢) from the integrand A(2,3,1,4,5, 6;¢) whose
expression can be read off from the field-theory limit rules for this particular ordering.

However the assumption used in the parameterization of [1] was that this pentagon is

obtained in a crossing symmetric way as Nij4,5,6,23(¢ — k23). As shown in [1], using these
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kinematic numerators the algebraic translation of the BCJ triplet linear combination above

becomes

Nij23,4,5,6(£) — Nija5,6,23(¢ — k23) — Nj1,23)j4,5,6(¢) = (3.2)
k,%fvnggA,M,- + Vo1 Ty 5.6+ [ViTesas,6 + (4 4+ 5,6)]

which is not in the cohomology of the BRST charge and therefore is not vanishing. In
other words, the representation of the six-point integrand chosen in [1] does not satisfy the
color-kinematics duality.

In contrast, using the field-theory limit rules of this work the cubic graphs above
can be derived in their native color ordering and they satisfy the BCJ triplet numerator
identity:

Nij23,4,5,6(€) — Nozj1,4,5,6(€) — Nj1,23)14,5,6(6) = 0. (3-3)

To see this vanishing we begin with the box numerator Njj 23)j4,5,6(¢), the coefficient of

I123.45,6 in the integrand A(1,2,3,4,5,6;¢). According to (2.11) and (2.13) the

only functions that can generate such a factor are gg) géé) and g%) géé) via P(12,23) and

45235123

P(13,23). There are only two terms featuring these functions in the six-point string cor-

relator (1.3),

V123T4,5,69§§)g§§) + V132T4,5,69%)g§§) : (3.4)

The field-theory limit of gg) géé) and g%) g%) gives rise to the box integrand through the

P(ij, jk) terms in

1 1 1 1
ZV123T4’5’6P<12’23)+ZV132T4’5’6P<13’32) = ZV123T4,5,6¢123|1231123+ZV132T4,5,6¢132|1231123
1 1 1 1 1
= Z‘/IQBTAL,E),G ( + ) Iios + —Vi32Tu 5.6 <— ) I3 . (3.5)
5128123  S$235123 4 5235123
The box numerator Ny 23)14,5,6(f) is given by the coefficient of %mllgz),,
N1 23)j4,5,6 = Vi23Ta5.6 — VisaTa 56 = Vii,23/ 1456 (3.6)

The pentagon Njja3.4.56(f) is given by the coefficient of ﬁ[gg in the field theory limit of
the correlator Kg(¢) for the color ordering A(1,2,3,4,5,6;¢). Such factors arise from any

appearance of g%) in (1.3),

ViTg 560" 955 + [VizsTuse0H %) + (2 0 3)] + [ViTasu s 608 08 + (4. 5,6)]

[ ViaTas 56010 9% + (4 5,6)| + [ViTas, 5,608 955 + (4,5/4,5,6)| (3.7)

23



Taking the limits and collecting terms proportional to Toos 123 we get

1
3 Vir231Tus.6 + (23 ¢ 4,5,6)] (3-8)

1
+ 5 [‘/IT[23,4],5,6 + (237 4|237 4, 2, 6)} :

Nijgza56(0) = Vilos 4 560" +

The numerators (3.6) and (3.8) agree with the numerators obtained in [1].

The middle pentagon in the above figure is the 23-pentagon in the integrand of
A(2,3,1,4,5,6;¢) since the loop momentum is running from leg 6 to 2. Alternatively, a
cyclic rotation as in (2.25) yields the integrand A(1,4,5,6,2,3; ¢ — ka3) whose field-theory
limit is computed using the rules of section 2.3 with with as = ag = —1, a; = 0 for all

other i. The calculation proceeds similarly to the above. The relevant terms are now®

VITI% 6 23£mg§3) [V123T4 5 6952)9( ) (2 « 3)] (3~9)
[V1T423 5 694(;2)953) + ViTy3o 5 694(13)9( nt (4 <5, 6)]
Viu T, WW g5 6]+ LT WM 4 (45)4,5,6
1475 6,23914 955 + (4 < 5,6)| + 5 | V1145,6,23945 923 +(4,5[4,5,6)].

Taking the field theory limits and restricting ourselves to the so3 single poles, we see that

the numerator is given by
m m 1 1
Nagj1,4,5,6(0) = ViT)s 6.030™ — §V[1,23]T4,5,6 + §<V[1,4]T5,6,23 + (4 < 5,6))

1
+ §(V1T[23,4],5,6 +(23,4(23,4,5,6)) (3.10)

This differs from the parameterization of this graph used in [1], namely N1(|54) 5.6.23( — k23)
with the expression for NIS”)B o.p.e(f) given in (1.17). While the representation of [1] fails
to satisfy the color Jacobi identity, the new representation derived here obeys the color-
kinematics duality. To see this we plug the superfield expressions of the new field-theory
representations of the box (3.6) and pentagons (3.8), (3.10) in the kinematic Jacobi relation
(3.3) to obtain

Nij23,4,5,6(£) — Nazj1,4,5,6(€) — Ni1,23)14,5,6(£) = 0. (3.11)

And we note that the BCJ relation is identically satisfied at the superfield level (i.e. no
BRST cohomology identity is needed). This trivial vanishing for the BCJ triplet at one
loop parallels the superfield vanishing of the BCJ triplet of tree-level numerators obtained

from the field-theory of the disk correlators as seen in (1.14).

8 We exploit the total symmetry of the six-point correlator (1.3) in 2,3,4,5,6
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3.2.2. Kinematic Jacobi between hexagons and a pentagon

In a given color ordering, all of the pentagons have a similar structure apart from the 7j-
pentagon whose labels are cyclically split at the extremities A(i, ..., 7; ). In this subsection
we will demonstrate the validity of a BCJ relation involving such a numerator. The relation

we will show is

which corresponds to

Nij2,3,4,5,6(0) = NJG 2 213 45(0) = Ne1j2,3,4,5(0) = 0. (3.12)

To find the hexagon numerators, we look at the piece of the field theory limits proportional

to P = I. In the first case, this means making the substitution

gz(]) ;Sgn113234561 gf;)gliz) isgn%323456sgn}1€%34561 : 92(32) 112] . (3.13)
This then gives the value of the first hexagon numerator as
Nij2,3.4,5,6(0) =+ é((V[[I,Z],S] + Vi 2,3 Ta,5,6 + (2, 312,3,4,5,6)) (3.14)
+ éVI(T[[2,3],4],5,6 + Ti2,[3,4),5.6 T (2,3,4(2,3,4,5,6))
+ iv[l,Z]T[?;A],Sﬁ + (213,42, 3,4,5,6))

+ i‘/lT[2,3],[4,5],6 +(2,3[4,5[2,3,4,5,6))
%(V[l 21130 5,6(0" — ékin + ékgn) +(243,4,5,6))
%(VIT[Z 3],4,5, sl — %kgn + %kgn) +(2,312,3,4,5,6))
1V1 150504, 5,6(L" 0" — 1km/€n 1]?127%2_”'_ 1kénk6)

12 12 12
For the second hexagon, we consider the field-theory limit of the correlator with the color
ordering A(1,6,2,3,4,5; ¢+ k1). The limits needed now have the form

1
gZ(J) §Sgn162345 + 86 — 0ig » (3.15)

1 1
o0k~ (2ol 4 85— big) (2ol + 6 — dke)

1 1
92(32) + = (516(1 . Sgn162345) + 561+ Sgn162345)) ‘

12 12
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Using these, the numerator is identified as

Nyl : 213 2450 =+ ;Vl 554560 + 2k kg — E(kl kL4 k2 k2 + - kS EO))
+ %(%T@gm,g,ﬁ(ém — %k;” + ék;”) +(2,3]2,3,4,5,6))
— (NT{56) 5,45k + (2 > 3,4,5)) (3.16)
+ 5 (Vi Tl o7 = K+ S+ 2K0) + (2. 3,4,5))

Ve T2sa5(50" — HR" + 15k6")

Vi(Ty2,31,4,5,6 + Ti2,[3,4),5,6 +(2,3,4(2,3,4,5,6))

_|_

(Vip21.3 + Vo) Tas,e + (2,312, 3,4,5))
(M21,60 + Vi, 2.60) 5,6 + (2 < 3,4,5))

(ViTi2,3),14,5,6 + (2, 3]4,5[2,3,4,5,6))

_|_

(‘/[I,Q]T[3,4],5,6 + (2|37 4|27 3, 47 5))

V1,21T13,6),4,5 + (213]2,3,4,5))

+
H>|OJH>|OJH>|D—‘H>|}—‘OJ|}—‘®I}—|®|H

(‘/[1,6]T[2,3],4,5 + (27 3|27 3,4, 5))

Finally we have the pentagon term, the superfield coefficient of 5 I61 2,3.4,5 from the
integrand A(1,2,3,4,5,6;¢). This can be found to be

1
(V21,60 + Vi) T35 + (2 <+ 3,4,5)] (3.17)

6112,3,4,5(6) = 3
[Vir2Tis,60,4,5 + (213[2,3,4,5)]
1

+

+
[V[l 6/ 12,3145 + (2,312, 3,4,5)]

- [‘/[1,2]T3,4,5,6k6 (2> 3,4, 5)]

+ ViTl .45k + (2 ¢ 3,4,5)]

— Vi To53,0,5(6™ + kg* — k1)

— VT30 5.6k kg

It is then simply a matter of plugging the numerators into the identity (3.12) to verify its
validity.
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6 —( {+ kS : 1—( £+ kS N
1 6
Fig. 3 The antisymmetry of the 61-pentagon from the integrand A(1,2,3,4,5,6;¢). The momen-
tum running into the 61 external tree in the graph on the right is ¢ 4+ k¢ because in the color
ordering 1,2,3,4,5,6 a momentum ¢ must run between 6 and 1. Therefore in order to preserve
the momentum assignment in the edges between the two cubic graphs, the pentagon on the left is
part of the integrand A(1,6,2,3,4,5;¢+ k¢) with momentum £ + k¢ running between legs 5 and
1 as dictated by the convention (2.24). Therefore to extract this pentagon the field-theory rules
of section 2.3 must be used with ag = 1.

3.2.3. Antisymmetry of ij-pentagons from A(i, P, j; £) in i <> j

As mentioned above, the color-kinematics duality relations within external tree diagrams
is manifestly satisfied due to the usage of multiparticle superfields in the BCJ gauge. For
instance, all the boxes and all but one pentagon for an integrand of arbitrary color ordering
A(P;{) can be described by

Nas,c,p({) =Valscp(l)+ (A« B,C,D) (3.18)
NA|B,C’,D,E(£) = [VATEC,D,Egm —+ (A g B, C, D, E):|
1
+3 [VaTig.c),p,6 + (A|B,C|A, B,C,D, E)]
1
+5Via.mTon,p + (4, B|A, B,C, D, E)] (3.19)
with the additional constraint that 7" 4,5 = 0 (i.e., setting to zero all terms in which

the label 1 is not assigned to a multiparticle vertex Vp). For example, using (3.19) we

recover the 23-pentagon (3.10)

1 1
Nogj1.a5.6(£) = VITY 6 030™ — 5V Tise + 5(1/[1,4]:1376723 + (4 5,6) (3.20)

1YYy

1
+ 5(‘/1T[23,4],5,6 + (237 4|237 47 9, 6))

where we used (1.17) and the constraint 7" 4,5 = 0. Since in the BCJ gauge [38,15] the
multiparticle labels (words) in (3.18) and (3.19) satisfy generalized Jacobi identities, the

color-kinematics duality are manifest within those words, with a notable exception.
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The exception arises for the ¢j-pentagon when the labels 7, j are adjacent up to a cyclic
rotation, e.g. the 61-pentagon in A(1,2,3,4,5,6; /) or the 12-pentagon in A(2,3,4,5,6,1;/)
do not follow the general formula (3.19), as can be seen for example in (2.44). The reason
this happens is due to a clash between the ij pentagon labels in A(j, P,7;¢) and the
convention that the loop momentum ¢ runs between ¢ and j. So to verify the antisymmetry
of the 61-pentagon from A(1,2,3,4, 5, 6; /) one needs to compare it to the 16-pentagon from
A(1,6,2,3,4,5; ¢+ kg) using the field-theory rules from section 2.3. The result is

Nitas.as(0) = —% (V2160 + Vi) Tsa5 + (2 ¢ 3,4,5)] (3.21)
— Vi Ti3,60,4,5 + (21312,3,4,5)]
+ % Vo Tlz.s1.45 + (2,312, 3,4,5)]
+ [Vi o T30y 5,6k — ViTi g 5,45k + (24> 3,4, 5)]
+ Ve T2s,4,5(0" + k6" — k1"

mn mi.n
+ ViT5's' 5.6k kg -

Comparing (3.21) with (3.17) one immediately verifies the color-kinematics identity de-
picted in fig. 3
Niti2.5.45(0) + Not2,.a5(6) = 0. (3.22)

It is interesting to observe that the field-theory limit rules yield a different 16-pentagon in

the in color ordering without a shift in the loop momentum A(1, 6,2, 3,4, 5; £), namely

Nigj2,3,4,5(0) = VieT5's 4 50m + % [VieTos,4,5 + (2,3(2,3,4,5)] + %VMQT?,A,5 +(2 4 3,4,5)] .

(3.23)
If we now perform a manual shift { — ¢ 4 kg in the 16-pentagon numerator (3.23) and
compare it with the 16-pentagon from the shifted amplitude A(1,6,2,3,4,5; ¢+ k) we find
that they are not BRST equivalent,

Q(Nfg|§,1:’,,4,5<£) — Nigj2,3.4,5( + ko)) = Q(516V1Jg)2,3,4,5) - (3.24)

This shows that the field-theory rules of section 2.3 capture the shifts in the loop momen-
tum parameterization in a non trivial way, as the limit for A(1,6,2,3,4,5; ¢+ kg) does not

follow from naively shifting ¢ — ¢ + kg in A(1,6,2,3,4,5;¢).
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3.2.4. Remaining BCJ triplets

There are then a number of relations between pentagons and boxes left to show in order

to see that we have a BCJ representation of A(1,2,3,4,5,6), and these can be seen in the

cases a) to d) in the next figure. For each of these in turn we just follow the rules (2.10)

for the following amplitudes with the following assignments of values for the a;

4
3 5
a> {+ kg B
2 t 5
1

3
b) 2 4
L4 ks —
J4
1 5
6

3
2 4
) g
1 €+]<365
6
3
2 4
00T ]
1 £+k65
6

A(1,2,6,3,4,5; £ + kg),

A(1,6,5,2,3,4; £+ ksg),

A(1,3,4,5,2,6; 0 — k),
(

A(1,5,2,3,4,6; 0+ ks),

4
3 4
3 )
C+ kg B =0
6
. 2 L+ k 5
6 6
2 1
3
2 3
2 4
C+kse 1 =0
{+k
6 \ 6 + 56
g 5
3 1
2
1 6 3
0 ~ 0
£+k6_k2 €+k6 o
5 4
3 2 3
2 4
{—ky 0+ ksg
6 {+ kse
= 6 4
5
1 5
\
7
a1 =ay=az3=ag=as5 =0, ag =1
al—ag—ag—a4—0, a5—a6—1
(3.25)



These have been verified to give amplitudes which are BRST invariant and satisfy the
relations a) to d) in the figure above. We will not detail their construction any further, as

they can be obtained by analogous manipulations as discussed above.

3.2.5. Other parameterization of cubic graphs

Note that the choice of loop momentum to parameterize the cubic graphs plays an im-
portant role due to the inherent asymmetry of the numerators with respect to the label
1 (which must always be associated with Vp). The cases considered above are the ones
which maximize the chances of failure. For instance, if we choose to position ¢ in the edge
between 3 and 4 in the graphs depicted in a) in the previous figure the resulting triplet of

numerators

5
6 6 6
1 2 1

is easily seen to satisfy the color-kinematics identity. In this case we get,

N4|5,6,12,3(£) - N4|5,12,6,3(£) - N4|5,[6,12],3(£) =0. (3-26)

To see this it is enough to use the pentagon (1.17) to obtain

1
Nyjs.6,12,3(6) = V12137 5 60m — 2 [V12T34,5,6 + VioT35 4.6 + ViaT36,4.5 (3.27)
—Vi2Tys5.3.6 — Vi2Tu6,3,5 — VieTs6,3,4 — ViasTa 5.6 + VioaTs 56

+ ViasT5 4,6 + V126T3,4,5}

1
Nyj5,12,6,3() = Vi2T3"y 5 6lm — 2 [V12T34,5,6 + VieTs5 4.6 + Vi2T36,45

—Vi2Tys5.3.6 — Vi2Tu6,3,5 — VieTs6,3,4 — ViasTa 5.6 + VioaTs 56
+ ViasT3 46 — V126T3,4,5} ,

from which we get Nyj56,12,3(€) — Najs,12,6,3(£) = —Vi26T3,4,5 and (3.26) is satisfied since
Nyis,6,12),3 = Vie,12113,4,5 = —V126713,4,5-

Thus we conclude that the field-theory limit of the genus-one six-point string correlator
(1.3) for various color orderings as dictated by the ordering of vertex operators on the

boundary of the Riemann surface satisfies all the color-kinematics identities.

30



3.3. Seven points

At seven points, BCJ relations are analogously satisfied. Given their significantly more
complex structure, we will not demonstrate these explicitly here and we will only outline
their construction below.

As alluded to earlier, at seven points there is an extra complication that must be
dealt with: the refined superfields. To find the field theory limits of the refined terms, we
have to use an alternative method and partially integrate the worldsheet functions against
the Koba-Nielsen factor. This then means that, when we want to verify BCJ relations, we
must rearrange these refined terms. For relations in which the loop momentum structure
is unchanged between terms (that is, BCJ relations in which there is always momentum ¢

going into leg 1), this amounts to canceling all (¢ - k) terms. Take for instance the relation

Nij2,3,4,5,6,7(0) — N1j2,4,3,5,6,7(£) — N1j2,34,5,6,7(£) = 0, (3.28)

and consider the refined terms ViJs4)2 5 6,7 Within it. In the standard ordering correlator,
these terms are associated with the worldsheet function Zs4; 2 5 6,7 and we would therefore

expect the heptagon numerator Nyj 34 5,6,7(¢) to contain the terms
1 Lo ya 1oa 567
— 5 Vidsap e (£ by — SR+ Dk R (3.29)

Likewise, the other numerators we would expect to contain the terms

1 1 1
Nij2,4,3,5,6,7(£) <> —EV1J43|2,5,6,7<Z ks — §/€12 K+ §k3 : k567> (3.30)

Nij2,34,5,6,7(£) <+ 0.

The relation (3.28) is clearly not satisfied with these values.

Instead, we cancel the £ - k terms. For example, we rewrite (3.29) as

1 1 1 1 1
o EV1J34|27576,7<§(£ o ]{7123)2 o i(g o k1234)2 + k123 . ]{74 o §k12 . ]{74 + 5]4?4 . k567>
1 1 1 1
=— EV1J34|2,5,6,7<§(£ — k1%)? - 5(5 — kP2 4 §k3 : k4> : (3.31)

We then cancel the (¢ — k)? terms with the denominator of the Feynman loop integrand
I1,2.3.4567(¢) associated with this term, and so they contribute to hexagons instead. Hence

there is only one term of this form associated with the heptagon,

1
Nij2,3,4,5,6,7(f) < _ﬂ334V1J34|2,5,6,7- (3.32)
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Similarly, the other heptagon numerator undergoes this procedure and is associated with

1
Nij2,4,3,5,6,7(€) < ﬂ334V1J34|2,5,6,7- (3.33)

There are then extra terms in the hexagons arising from the canceled portion of the terms
from the heptagons. The 34-hexagon we are interested in inherits a term from the cancel-
lation (3.31). Hence we now have

1
Nij2,34,5,6,7(£) <+ _E334V1J34|2,5,6,7~ (3.34)

Note this differs from what may be naively expected from (3.31) due to the hexagon
containing an extra 2ss4 in its denominator compared with the heptagon. Now plugging

(3.32), (3.33), (3.34) into the relation (3.28) we see it is now satisfied

1 1 1
_ﬂ334V1J34|2,5,6,7 — ﬂ334V1J34|2,5,6,7 — ( - E334V1J34|2,5,6,7> =0. (3.35)

Similar manipulations hold for other BCJ relations of this sort. Additional complications
arise when the BCJ relations involve terms of different loop momentum structure, and
we have yet to identify a general algorithm for these situations. However, by explicitly
rearranging amplitudes term by term, we have been able to structure them so that they
satisfy all of the BCJ relations we have tested. Namely, we have been able to simultaneously

satisfy the following more complex relations

Nij2,3,45670) = N5 45.600) = Nizajzs.456(0) =0, (3.36)
Nij2,3,4,57,6(€) — Nﬁ%,zgl,g,4,5,7(£) — Ni16)j2,3,4,5,7(6) = 0,
Ni7.1)12,3,4,5,6(£) — Nﬁ?ﬁﬂ6’2,3’4,5(€> — Nig,7,1])12,3,4,5 = 0,
Nio,7,11112:3,4,5() = N&i7 1111528408 = Nis o fr,12,3,4(0) = 0,
Nﬁ?(;:]|1273’475’7(£) + Nig,1)j2,3,4,5,7 =0,

a7=1
Niz1112,3,4,5,6(6) + Ni'712.3.456 = 0-

Though this is not an exhaustive test, we hope that it is sufficient to serve as a proof of
concept that this method work, and that it should always be possible to rearrange the

refined terms to satisfy the color-kinematics duality.
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3.4. Supergravity amplitudes and the double copy

One of the goals in obtaining a parameterization of gauge theory 1-loop integrands that
satisfies the color-kinematics duality is to construct corresponding supergravity integrands
via the double-copy construction [2]. For five points this construction was carried out
explicitly in four dimensions in [24] while the ten-dimensional analysis using pure spinor
superspace was done in [1]. In the pure spinor superspace setup, the supergravity integrand
obtained via the double copy must be checked to be BRST invariant, as that guarantees
gauge and supersymmetry invariance of its component expression in terms of polarizations
and momenta [5].

We will now repeat the five-point supergravity construction of [1] to highlight that
it is BRST invariant but that it is so only because the numerators satisfy the dihedral
symmetries of the cubic graphs in the cohomology of pure spinor superspace (see [24]
for a discussion of these symmetries). While at five points our numerators satisfy these
symmetries in addition to the color Jacobi identities, the corresponding symmetries at six
points are not satisfied by our BCJ-satisfying six-point numerators and will prevent the
double-copy construction of a BRST-closed supergravity integrand. Applying the double-

copy procedure at six points will be left for a future work.

3.4.1. The five-point supergravity integrand

Let us construct the five-point supergravity integrand using the double-copy procedure
to highlight the existence of a subtlety: the consistency of the double-copy construction
requires the five-point numerators not only to satisfy the kinematic Jacobi identities but
also the dihedral symmetries of the cubic graphs. We will see that these symmetries, unlike
the kinematic Jacobi identities, are satisfied in the cohomology rather than identically.
Starting with the color-dressed integrand (E.1) we replace the color factors by an extra

copy of duality-satisfying kinematic numerators. This yields

1 ~ 1 ~
M;5(0) = (§N1|2,3,45[1,2,3,45N1|2,3,45 + 5/\/1|2,34,511,2,34,5N1|2,34,5 (3.37)
1 ~ 1 ~
+ 5/\/1|23,4,511,23,4,5N1|23,4,5 + 5/\/12|3,4,5112,3,4,5N12|3,4,5
1 . 3
+ 5/\/51|2,3,4I51,2,3,4N51|2,3,4 + Nj2,3,4,5(0)11,2,3,4,5N1)2,3,4,5(¢) + perm(2, 3, 4, 5))

Note that the kinematic numerators on the left are written in terms of Berends-Giele

numerators A of the appendix A while those on the right are the local numerators N.
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After setting up the double-copy supergravity integrand (3.37) we must check its
BRST variation. Since (3.37) is left/right symmetric? it is enough to consider the left-
moving BRST variation, which we will see vanishes only if the right-movers are in the
cohomology of the right-moving pure spinor superspace. To see this surprising fact, consider
the variation of the left-moving pentagon Njjs 3.4 5(¢) multiplied by the loop-momentum

integrand I 2.3 4 5

149y

1
QN123,450) 12345 = §V1V2T3,4,5 (6 = k12)® — (€ — k1)*] L1 2,345 (3.38)

1
+ §V1V3T2,4 5

(0 — k123)® — (€ — k12)*] 123,45
1
+ ViViTa 55 [(€ — k1234)® — (€ — k123)°] [1,2,3,4,5

+ =ViVsTo 34 [0 — (€ — ki234)?] I1.2,3.4.5

2
1
2
1
2
1

1
ViVaTs a5 2345 — T12,3.45] + §V1V3T2,4,5 (112,345 — 11,23,45)

1
+ §V1V4T2,3,5 [11,2,3,45 - I1,2,34,5} + §V1V5T2,3,4 [11,2,3,4 - I1,2,3,45}

where we used identities such as (¢ — k1)?I1 2345 = I12345 that follow from (2.6).
These loop-momentum identities are trivial but one of them on the last line, namely
23 1,2,3,4,5 = 11,23 4, has a peculiar behavior: the right-hand side has no label 5. This seem-
ingly innocuous fact will have a surprising implication in the double-copy construction of
the five-point supergravity integrand when (3.38) appears multiplied by a right-moving
factor N1|2,3’4’5(£).

The reason is that the right-moving pentagon N1|2 3.4,5(¢) depends on the loop mo-
mentum and picks up the shift'® ¢ — ¢ — k5 needed when rewriting I 234 — Is1234.

149y

More explicitly, one can show that the BRST variation of (3.37) contains

1 5 5 5
QMs5(€) = ...+ §V1V5T2,3,4 [11,2,3,4N112.3,4,5(0) + I51,2,34(N152,34 — Nij5.2,3,4(0))]
1 - - -
=...+ §V1V5T2,3,4 Is12,34[Nisj2,3.4 + Nij2,3.45(0 — ks) — Nijs 2.3,4(0)]. (3.39)

9 The left- or right-moving terminology refers to the two sides of the double-copy kinematic
factors, distinguished by the tildes.

10 1 the gauge-theory integrand the term ViV5T5 3411234 from the last line of (3.38) can
be trivially rewritten as ViVsT5 3 4151,2,3.4 since its kinematic factor is invariant under the shift
£ — L€ —ks.
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On the one hand we know from section 3 that the kinematic Jacobi identity
N5|1,2,3,4(€> - N1|5,2,3,4(£) + N15|2,3,4 =0. (3.40)

is satisfied!!. Therefore the vanishing of the left-moving BRST variation (3.39) hinges on
the dihedral symmetry of the pentagon N1|2’3’4’5(€ —ks) = ]\~f5|1’2,3,4(€). One can show that
this symmetry is satisfied in the cohomology of the right-moving pure spinor superspace

given by the pure spinor bracket

<N1|2,3,4,5(£ - k5>> = <N5|1,2,3,4(£>> ) (3-41)

where we emphasize that the above would not be true in terms of superfields, i.e. without
the pure spinor brackets. To see this we use the numerators obtained from the field-theory
limits to get that <N5|1727374(£) — N1|2’3,4’5(£ — ]{75)> is given by

(T3 4 sk + Vs Tasa + [ViTsasa + (24 3,4,5)]) =0, (3.42)

as can be seen using the cohomology identity (1.19).

To summarize, the five-point supergravity integrand is BRST invariant. But there is
a subtlety: the double-copy construction seems to require more than just the kinematic
Jacobi identities, the numerators must also satisfy the dihedral symmetries of the cubic

graphs!'? (which are satisfied in the cohomology of the right-movers).

3.4.2. Siz-point double copy and automorphism symmetries

At six points a naive application of the double-copy procedure with BCJ-satisfying nu-
merators obtained in the previous sections does not produce a consistent supergravity
integrand: it fails to be BRST invariant in pure spinor superspace. This happens because
the numerators, even though they satisfy the color-kinematics duality they do not satisfy
the automorphism symmetries of their associated cubic graphs.

To see this it is enough to use the BCJ-satisfying six-point numerators in a tentative
double-copy construction to obtain, among many others, the following terms under a left-
moving BRST variation QM;g(¢),

1 3 . 3
— @VIVZST4,5,6 (Il23,4,5,6N1|23,4,5,6(£) —I1,456N1]4,5,6,23(¢) — 1123,4,5,6N[1,23]|4,5,6>
1 - - -
= " Iom ViVasTy5.61123,4,5,6 <N1|23,4,5,6(£) — Nija5,6,23(¢ — k23) + N231|4,5,6) - (343)

1 These numerators are readily available to download from [28].
12" At tree level for the double copy construction of supergravity amplitudes to be BRST invari-

ant it is enough for the numerators to satisfy the kinematic Jacobi identities
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Similarly as described in (3.38) at five points, the missing labels in I 4 5 5 arise from loop-
momentum cancellations in QN4 5 6,23(£)1,4,5,6,23. This is compensated by the shift £ —
¢ — ko3 which is picked up by the right-moving pentagon in the second line. If the condition
]\~71|47576723(£ — ko3) = ]\~f23|1747576(£) for the automorphism symmetry of the pentagon was

satisfied then the terms (3.43) would vanish identically since

N1|23,4,5,6(£) - N23\1,4,5,6(£) + N231|4,5,6 =0, (3.44)

as can be verified using the numerators available to download from [28]. Unfortunately it
is not true that ]\~71|47576723(£ — ko3) = ]\~f23|1747576(£) and, unlike the case at five points, this

is not true even in the cohomology'3,

(N1ja,5,6,23(¢ — k23)) # (Na1,45,6(0)) - (3.45)

Therefore the naive application of the double-copy construction at six points is not con-
sistent even though the numerators satisfy the color-kinematics duality.

It is interesting to observe that the automorphism symmetries of the graphs encoded
in the loop momentum shifts ¢ + a;k; are satisfied by the numerators from the integrands
with shifted loop momentum A(o; £+ a;k;). In the case of (3.45) we have the identity (valid
at the superfield level)

N1a\24,:5,_61,’2%3:_1 (€) = Nogj1,4,5,6(£), (3.46)

where the numerator on the left-hand side is the 23-pentagon from the amplitude with
shifted loop momentum, A(1,4,5,6,2,3;¢ — ko3). This integrand is computed with the
field-theory limits of section 2.3 with ay = a3 = —1 corresponding to the shifted loop
momentum ¢ — ko — k3. Unfortunately it is not clear how to use these numerators directly

as functions of £ rather than as functions of the shift parameters a;.

13 Note that the last line of (3.43) is identical (apart from the left/right-moving nature of the
numerators) to the BCJ-triplet failure in the representation of [1], given in equation (6.12) of
that reference. Unlike the representation of [1], the six-point integrand of gauge theory found here
satisfies all BCJ relations for the left- and right-moving numerators. However, once terms in the
left-moving BRST variation are collected we see that the BCJ failure of [1] in the left-moving

sector appears here as a failure in the right-moving sector due to a shift of the loop momentum.
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3.4.3. Comments on the double-copy construction in pure spinor superspace

The failure of the automorphism symmetry (3.45) for the 23-pentagon is a contact term
in so3 after its component expansion is evaluated through the pure spinor bracket, that is

(N1|47576’23(£ — kog) — N23|1’4’5’6(£)) ~ 893(...). In pure spinor superspace we have

Nogj1,4,5,6(0) — Nija5,6,23(0 — kag) = k§3VAT55 4 5.6+ VasiTas6 + [ViTesase + 4 > 5, 6]
(3.47)
which represents the same failure to satisfy the color-kinematics duality as pointed out in
equation (6.12) of [1].
Since the issue with missing labels in the loop momentum integral as a result of
a BRST variation will always be present for the BCJ-satisfying numerators obtained in
this work, solving this problem seems to require a different approach to the double-copy
construction in the pure spinor superspace context. Given that the failures are purely
contact terms, the generalized double-copy prescription of [36] may be applicable!* and it
will be interesting to see how BRST invariance is restored. It is reasonable to speculate
that the deformations of the right-moving BCJ triplets by contact terms as a result of loop
momentum shifts due to canceled loop propagators in the left-moving BRST variation may
be a generic feature of the double copy in pure spinor superspace. If true, the generalized
double-copy formalism may be the norm by which gravity integrands are generated from
gauge-theory integrands; a tree-level manifestation of this behavior was anticipated in [39].
We plan to investigate this problem in future work.
We note that supergravity integrands have been constructed using BCJ numerators
in four dimensions for up to seven points in [40] and to all multiplicity in [20] using spinor
helicity in the MHV sector. Supergravity amplitudes were also constructed in [41] but using

a partial-fraction representation of the loop momentum integrands.

4. Conclusion

In this work we obtained a set of field-theory limit rules for the Kronecker-Eisenstein
coefficient functions present in the genus-one superstring correlators derived in [9,10,11].
Using these rules we found local numerators for ten-dimensional SYM integrands at one

loop for five, six and seven points that satisfy the BCJ color-kinematics duality. These

14 We thank Oliver Schlotterer for discussions on this point.
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results resolve the difficulties in an earlier analysis of the six-point SYM integrands which
did not satisfy the color-kinematics duality [1].

These field-theory limits have an special affinity with the pure spinor superspace rep-
resentation of the superstring correlators. They take into account arbitrary choices in the
parameterization of the loop momentum integrands, shuffling terms among various nu-
merators preserving BRST invariance of the SYM one-loop integrands while changing the
BRST properties of individual numerators in a non-trivial way, see the discussion around
(3.24). The prescription to find the field-theory limit of the correlator whose parameteri-
zation contains shifts of the loop momentum by arbitrary linear combinations of external
particle momenta is crucial in demonstrating all the BCJ color-kinematic identities of our
ten-dimensional SYM representation.

However, in attempting to use the BCJ-satisfying six-point numerators in a double-
copy construction of the supergravity integrand we learned that the numerators must sat-
isfy, in addition to the kinematic Jacobi identities, also the various graph automorphism
symmetries in order for the supergravity integrand to be BRST invariant. Unfortunately
our six-point numerators viewed as functions of the loop momentum (rather than as the
numerators from integrands with general loop momentum as described at the end of sec-
tion 3.4.2) do not satisfy these symmetries and the double-copy construction initiated here
remains incomplete. However, the contact-term nature of the automorphism symmetry
failure indicates that the generalized double-copy prescription of [36] may resolve this. We

defer the full analysis of this problem to future work.

Acknowledgements: We thank Oliver Schlotterer for discussions and helpful comments
on the draft. EB thanks Kostas Skenderis for useful discussions. CRM thanks Oliver Schlot-
terer for collaboration on closely related topics. CRM is supported by a University Research

Fellowship from the Royal Society.

Appendix A. Conventions

In this appendix we briefly summarize some of the conventions used in the main text.

Sums over deconcatenations are denoted by > A A _ They represent the sum

n=—ai...a
over all possible ways of generating n words from aj...a,,, while maintaining the order.
These words may be empty, but often when they are the terms being summed over will be

zero. So, to give an example, the sum ) , 5-_;, denotes the sum over six cases; three of
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them are where two of A, B and C are empty and the third is 12, and the other three are
where A=1,B=2,C=0,A=1,B=0,C=2,and A=0),B=1,C = 2.

Another notation commonly used is
(terms) + (a1, ..., Gm| N1, ...y Ny), m < n. (A1)

This notation works means a sum over all possible ways of replacing a4, ...,a, in the
terms with n terms from the ordered list Ny,..., N,,. Further generalizations of this fol-
low naturally, with (terms) + (a1, ..., Gm, |b1, ..., by | N1, ...y Ny) meaning sum over all ways
of generating two ordered lists from Ni,..., N,, one of length my, one of length mso,
and substituting them in for ay, ..., ay,, and by, ..., by,,. For example, in V1 231T(4 56),7,8 +
(23]4,56(23,4,56,7,8) possible terms are Vi 47j23,56],7,8 and Vi1,231T}7,8],4,56; but not
Vi1,231T[8,7),4,56 as the latter would violate the ordering constraint.

Another summation notation to note is

(terms) + [1..n|Aq, ..., Apl, m < n. (A.2)
This denotes the sum over Ay, ..., A,, all possible Stirling cycle permutations constructed
from 1,...,n [11]. This means that you take the set of numbers 1, ..., n, and construct all

possible permutation cycles from it, select those involving m brackets, and canonicalise
by having the first term in each cycle be its lowest element, and the cycles ordered by
their lowest elements. Each cycle is then substituted in for an A. For example, consider
the sum +[1234567| A1, ..., A4]. One possible permutation of 1,...,5 involving 4 brackets
would be (12)(64)(3)(57), which swaps 1 with 2, 6 with 4, and 5 with 7. We then begin
canonicalising by using that permutation cycles have cyclic symmetry to rewrite this as
(12)(46)(3)(57), and then order the cycles by their lowest values, (12)(3)(46)(57). Hence,
one term in this sum would set Ay = 12, Ay = 3, A3 = 46, A4 = 57. These sums may be
thought of as being A; = 1 followed by any terms from 2...n in any order, then A, is the
next lowest value left followed by any possible set of values in any order from the numbers
left, and so on. So in the above example, A1 = 15 would be a possible term, which would
mean As starting with a 2 and so it could be Ay = 23, then A3 starts with a 4 and so we
could have A3 = 4, and then finally A4 follows the same rules and uses up all remaining

letters, so Ay = 67.
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A.0.1. Lie algebra notation and Berends-Giele currents

We frequently use the notation of words and Lie brackets, especially when indexing SYM
multiparticle superfields, see the discussion on section 3 of [9]. In any situation where a
Lie bracket would be expected but a word A is found instead, this should be regarded as
being the left-to-right Dynkin bracket ¢(A) [42],

lay...an) = [[...][[a1, a2, as]...], an] . (A.3)

For example, [[[1, 23], 45],678] is interpreted as [[[1, [2, 3]], [4, 5]], [[6, 7], 8]] and vice-versa.
A mapping from words to Lie brackets which will be particularly useful is the b-map
defined by [43]'5

b(i) =i,  b(P)= 550 > B(X),b(Y)]. (A.4)
XY=P
For example, b(12) = 5—[1,2], and b(123) = ——1[[1,2],3] + 55 [1,[2,3]].

Superfields are described in terms of two broad classes of objects. The first are local
and denoted by V', T', J, and N. The composition of the first three of these objects can be
found in more detail in [3,22]. The fourth will be used to refer to amplitude numerators
and are detailed on a case by case basis. These objects have a number of slots for indices
labelling their superfield contents, and all such indices will be Lie brackets. The second
class of objects are Berends-Giele (BG) currents. These are related to the local objects
previously described through the use of the b-map on each of their blocks of indices. The

BG current of particular use to us is denoted by N, defined in terms of local objects N as

— py(m)
Ny Az, 40 (0 = Nyl pag),pan) () (A.5)

For example, a seven-point box Berends-Giele numerator is expanded as

Nij23,456,7(€) = No1)(b(23),b(456),b(7) (£)

1 1

1
= <—N1[2,3],[[4,5L6],7(€) + —N1|[2,3],[4,[5,6]],7(5)) :
8238456 \ S45 $56

It should be noted that generalized Mandelstam invariants are defined with a % factor,

N —

Siq1..4

n

(k7P 4+ AR = > ki, -k, (A7)

1<a<b<ln

15 Note the extra factor of 1 in (A.4) compared to the definition in [43]. This convention leads

to local BCJ numerators which are correctly normalized.
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Appendix B. Cyclic symmetry of the field-theory limit rules

In this appendix we will show that the definitions for the field theory limits we have given

yield the cyclic symmetry relations seen in (2.25)
A(l, 2, ey N {4+ ZZazk:Z) = A(2, 3, ey Ny 1; l— ]{71 + ZZazk:Z) (Bl)

We refer to terms from A(1,2,...,n; (+3;a;k;) with a (I), and A(2,3,...,n, 1;0—k1+3;a;k;)
with a (II).

First, we compare their b(p ) terms. We restrict ourselves to the limit of a single
Kronecker-Eisenstein coefficient function, as the limits of their products are the natu-
ral generalization of this and will follow accordingly. Referring to (2.14), and using the

notation aj; := a; — a;, we see that they differ by

P Bpal ™ B (aj; + 050 — 6;1)P~™
I(p) I (p) _ 12..n\™M M7 23..n1\™M aji + 051 — 6i)
b b = Z ( (s ") m!(p —m)! — (s ™) ml(p —m)! )

m=0
P B
=D m!(p Tm)! ( (sgnif ™)™ af™ — (sgni ™)™ (az: — 61 + 5z‘1)p_m) (B.2)
m=0

Clearly in all cases where neither of ¢ or j is 1 this vanishes. If we suppose ¢ = 1, the first

sgn function is 1, and the second is —1. Hence this difference becomes

p
I 11 B —m m —m
b " by V= ml(p—m)! (@?1 — (=" (g +1)” ) (B.3)

This can be shown to vanish. Taking for instance the p = 3 case, we have

13 3 _ Bo 0 B 1
by = by ¥ = 5 (%1 (=1)" (a1 + 1)3) + 7@?1 (—1)" (aj + 1)2>

- %(“31‘1 —(=1)* (aj + 1)1> - %( = (1) (a5 + 1)0)
= é( ;”1 3a —3a;j1 — ) + - ( ajy + %1 + 2a;1 + 1)
+ 112 (ajl a; 1) +0=0. (B'4)

To show that (B.3) vanishes in general we expand the bracket (aj; + 1)P~™,

p p—m
I(p)  LII(p) _ B, —m m p—m\ ,
bij - bij - Z m|(p _ m), <a§1 - (_1) Z < n )aj1> <B5)

m=0 n=0
_ ZP: p—inz—l _(_1)MBma§.L1 N Zp: B, (1 - (—1)m)a§1—m
m!n!(p —m —n)! m!(p —m)! ’

m=0



where we have separated out the terms of order (p — m) in the second line. In the right
hand terms of the above, (1 — (—1)™) vanishes when m is even, and B,,, vanishes when m
is odd and not 1. Hence, this summation reduces to a single term,

2B1a§1_1 B a7t

o~ o (B.6)

We then turn to the left hand terms of (B.5). Reordering the double summation, these

have the form

p p—n—1
Bm "
> > mvnv — %t (B.7)

n=0 m=0

We may then use a known identity of Bernoulli numbers [44]¢
n—1
n k
Z (k:) (=1)"Bk = 0(n-1),0 5 (B.8)
k=0

to simplify the form of (B.7) to

1
zp: —a310p—n—1,0 - fl . (B.9)
—nllp—n— nt o (p—1)!

The two summations in (B.5) therefore reduce to (B.6) and (B.7), which cancel each other
and thus this difference vanishes. Similar will hold if we instead take j = 1 in (B.2). Hence,
the b part of the field theory limits matches in both representations.
Then, we move onto the ¢ piece. This difference is given by
cfj(p) — cg ®) = ﬁ((aﬂ +sgnp > disty® " (i, 5))” pt (B.10)
—(aji — 6j1 + 61 + sgnyy " dist ”1(2,3))’7_1)

Again, we need only consider the cases where one of 7 and j is 1. If we take i = 1 we get

3 n N 1 n . —1
C'['(p) _ cH () _ (ajl + dlsti2... (1,j>)P (aﬂ 41— dlst23 1(1’]))17

i u 2(p— 1)

(B.11)

16 Note the definition of the Bernoulli number B,, used in this source differs from that of this

paper by a factor (—1)"
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We now consider the two pieces of the numerator, and see that these are given by

1 .
(aj1 + disty™"(1,5))" ! = {a§1 = (B.12)
(Cle + 1);0—1 7> 4
p—1 i <n—2
aji +1—dist3* (1, 5))P~L = a5 J =
( Jj1 ( j)) (aj1+1)p_1 j >n—2
When n = 4,5, the only Kronecker-Eisenstein functions in amplitudes is gw and we see

that setting p = 1 in the above gives equivalence. When n = 6, these cojincide in that
n—2 =4. When n = 7 and p > 1, they differ when j = 5. However, this disagreement
will not matter. At 7 points a term ggﬂ is multiplied by at most one other gg-]) function,
but we need at least two Kronecker-Eisenstein coefficient functions in order to make the

corresponding P function non-zero. That is, for example,

gg)g%) = P(15,56) = ¢156(56711156 = 0, (B.13)
g%)géé)gé? = P(15,56,67) = ¢1567)5671 15671 7 0.

At 8 points, this will of course become an issue. However, the description of the dist
function was chosen purely for simplicity. If we instead think of this function as asking
whether the pole being approached crosses the boundary between particles n and 1, then

consistency should be maintained to higher points.

Appendix C. The field-theory limit at higher points
(n

i ) functions

We anticipate that the field theory limit rules for an arbitrary product of g,

should generalize in the natural way

ng(f;a Z (( H gf;a)< H CEf}’g) ZBljB17u'7iBB|jBB|)>> (C.1)

AeP(12...n) acA

where P(12...n) denotes the power set of 12...n, A is an element of this, and A° its com-

plement. We stress that the indices of the ¢(”) and those in the P function are identical.
The general P functions will be as in (2.13), with P(i141,...,9njn) chaining together

imJm Pairs as much as possible, and then using these as indices for ¢ and I functions. So,

for instance, we would expect

P(12,23,34,45,56,67) < ¢(0|1234567) 11234567 (C.2)
P(15 32 56 24) (O‘|156) (O’|324>Il56 324
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As for the limits of 5 and ¢® at higher points, these we expect will generalize from

(2.10) in the natural way. As evidence of this, we look to the Fay identity for gg) g%)

n 1 n+1 1 n n+1 i (n—7 1+79
g§2)g§3) = _9§3 ) + 9%339%2) - ng§2 ) + Z(_l)J9§3 J)ggs 8 (C.3)
§=0

We begin by looking at b(™) | and restrict ourselves to the case a; = 0 V 7 initially. In these
12..n
j

to depend only upon the order of i and j with respect to the color ordering. Hence, we

substitute into (C.3) the values

circumstances we know that bgjl.) = %Sgn , and we would expect the general order bl(;)

1 1 1 n n n n
9%3)79&’,) — R 9%2)79§3)79§3) — b (C.4)

Upon rearranging this gives us the recursion relation
n

n 1 j1.(n—j j
pnt+l) — e o Z(_1>3b( i+ pG) | (C.5)

Jj=1

This can be seen to vanish for n even, n > 0, by virtue of the symmetry in the gg terms

and the antisymmetry of the (—1)7. For n odd, it simplifies to

2n—1 n—1

1 , Ny (i 1 N o
(2n) — _ E 1y pCr=ip) — E (2n—25)p(27)
b 2n +1 j:l( )b b 2n+1j:1b o (C.6)

where the second equality follows from the vanishing of the b with odd indices. It may then
be proved by induction that this is solved by

B,

p(n) —
n!’

(C.7)

where B, is the n'” Bernoulli number. Showing this requires an identity due to Euler [45],

n—1

2
Z (22) Bsp, Boyy—op = —(2n + 1)B2n, n>2. (CS)
k=1

Hence, we speculate that when a; = 0 Vi, the field theory limit of a general term from

the Kronecker-Eisenstein series away from poles is given by (C.7). The first few (non-zero)

values are
1 1 1 1
0 —1 [C0 2 _ 4 _ _ = 6) — -
b » b 2’ b 127 b 720" b 30240’ (C.9)
®___ L gan__ 1 ay__ 0691
1209600 ’ 47900160 ’ 1307674368000

44



We can then extend this to the general a; case, though with less elegance. If instead of
making the substitution (C.4) into (C.3), we instead use the general a; values of the b(!)

terms, we find the relation

1 n n 1 n n
(5 + az — CLQ) ng) = —b§3+1) + (5 +as — CL1) b§2) — nbgzﬂ) (ClO)
1 n . i1 (n—7 j
+ <§ +az — a2) bg:a) + Z(—lybgs ])b%ﬂ) .
Jj=1

This cannot be as easily rearranged into a recursion relation. However, if we assume that
bg?) is a polynomial in a;—a; up to order n, we may use the above to identify the polynomial
coefficients. Doing this reveals the value of bg?) as would be expected from (2.10) as the
unique solution. And then we have verified that the relation above is satisfied in a number

of further cases if we assume this general form of b(™.
(n)
ij

not the most useful for this, as we would like the dist functions to be non-zero. Instead,

We can perform a similar exercise for the ¢;;’” pole terms. In its current form (C.3) is
we suppose the amplitude we are considering is A(1,2,...,m) for convenience, and look at
an alternative Fay identity,

n 1 n+1 1 n n+1 i (n—7 1+7
ggrrzgr(ngm—l) = _gi(m—)l) + 9§(2n_1)9§w2 - nggm e Z(_]')Jg&mj—)l)gr(n(ri)—l) - (C11)
7=0

We need not restrict ourselves to the a; = 0 Vi case here, as the computation is simpler.

Looking at the sy, single poles leads us to the relation
Cg’l’)’)b (_5 + Q1 — am) = (5 +am—1 — al) ang, - ncgm+1)

n 1 n
= = —cgw)b(l +am —ay) (C.12)
n

im

Using that we know c%r)b = 1, this becomes

my_ 1

n—1
Cim, —m (1 + apy, — a1> (Clg>

This agrees with the known values of 0527) and cﬁ) also. We can also repeat this calculation
for poles of gg) to see what would happen if the dist function were not triggered, and find

the similar relation
o1 g, gy (C.14)
12 79(n —1)!
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() presented in (2.10) is the natural generalization, and we expect

Hence the form of ¢;;
(2.10) to hold to hlgher points.

We end this discussion though by stressing that this approach is highly speculative,
and we have not tested these values produced in any way beyond the aforementioned

discussion. They are however a strong candidate for what they are attempting to describe.

Appendix D. The BRST analysis of a seven-point numerator

In this appendix we identify the full expression for the [5, [6, 7]]-pentagon in the amplitude
A(1,2,3,4,5,6,7; ¢+ 4ky — 6k5), and confirm that its variation has the desired form. We
begin by finding the coefficient of one term contributing to the numerator in detail, namely

ViT5576,3,4. Within the string correlator this is associated with the worldsheet function

Zyasro s =ol8 080 + o2 + o+ o)~ 203+ o 0D + o) — o2

1), (2 2 2 1), (2 2 2
+gé7) (955) + g§6) - géz)) + 9&6) (955) + 9§7) - 96(52)) (D.1)

Only two of these terms contain the sg7s567 pole structure, g§5) gé7) g%) and g§6) géi) The

contribution of the former was identified in (2.23), and the latter follows from (2.11),
w2 _1 6_3

=== = -, D.2
Cr6 Cs7 597 3 (D.2)
Summing these together, the ViT5576,3 4 contribution to the [5, [6, 7]]-pentagon is
11 3 1
—— —i— ViTas76,3,40(1234567|576) Is7 = ———— ViTosre 3401234567 (D.3)
8 85675567

Similar calculations for all other terms in the correlator yield the numerator expression

Nf|‘§§f;ff’§[5,67”(€> = 6V1T35'5'y 5,675 ko7 + ViTo's 4 567" — 65" + 6kgr)
—6 ((Vszng s.a.67k67 + (2 ¢ 3,4)) + VisTy's 4 67kgr + (5 < [6, 7))

+ = (V12T3 15,67 + (24 3,4,[5,67]))

N

+ = (ViToz,a,5,67 + (2,32, 3,4,[5,67))) (D.4)
+6 ( (ViTo53,67,4 + (2,3(2,3,4)) + (2 <> 3))
+6 (VisTiz,67),3,4 + (2 > 3,4)) 4 (5 ¢ [6,7]))

+ 6 (ViT2675,3,4 + (2 ¢+ 3,4)) — (6 <> 7))
+6 (ViersTo34 — (6 <> 7)) + 4 (ViTou 3,567 + (2 < 3))
+4Vi4Ts 3 5,671 — AViT2 3 14,567 + 6ViJ5)5 346 7(Kg" — k7")
+ 6567 (ViJsj27,3,46 + (2 ¢ 3,4,6)) + VirJsj2,3456 — (6 < 7))

[\
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The VJ terms above are those which arise naively by looking to the sg7s567 poles in the
correlator. As discussed previously it may be that they require some rearrangement to be
in a BCJ representation, but for illustrating the field theory limit methods we give the

numerator in the above form. A lengthy calculation yields the variation

as=4,a5=— 1
QN sitiom (D) = S V1VaTs 5,67, ((£ = K12 + 4ks — 6k5)? — (£ — k1 + 4ks — 6k5)?)

112,3,4,[5,[6,7
1
+ §V1V3T2,4,[5,67] ((€ = k123 4 4ky — 6k5)* — (£ — k1o + 4ky — 6k5)?)
1
+ §V1V4T2,3,[5,67] ((€ = k1234 + 4k — 6ks)® — (£ — k1g3 + 4kq — 6k5)?)

1
+ §V1V[5,67]T2,3,4 ((€ — k1234567 + 4ka — 6k5)? — (£ — k1234 + 4ky — 6k5)?)

+(k - k) ((6V1V26T§4,5,7kg1 + (24 3,4,5)) + ViVsr T3 4 6 (07 + 6k5%)
+ 6VAVR TS5y 5 6ks kg7 + 6k3" (ViVeT57 345 + (2 < 3,4,5)) (D.5)
+ (0™ + 6kgy )VAVATSY 4 56+ 6(ViVeT3g 5.4 7Ky + (2 <+ 3,4))
+ 6VisVoTys 4 7k + 6Vi7VeTsls 4 skt
+ 6ViVsT5'5! 6 7ks k7 + VieVsT355 4 7k5"
+ (6V1VasT3"y 6 7Kg + (2 43 3,4)) + (6VAV5T5 5 4 7kE" + (2 ¢ 3,4,7))
+ %(‘/1‘/[2,57@3,4,6 +(2 <> 3,4))

1 1
- §(V1V26T3,4,57 + (24 3,4)) — §(V1V56T23,4,7 +(2,3]2,3,4,7))

1
+ 5 (ViVaT2 314,56 + (2,3(2,3,4,56)) + §(V12V57TB,4,6 + (2 3,4))

1
2
1 1 1

+ §(V12V7TB,4,56 + (24> 3,4,56)) — §V17V56T2,3,4 + §V175V6T2,3,4

+ 6((ViVarTiz,5),46 + (3 > 4,6)) + (2 4+ 3,4)) + 6(ViViTia6 5,34 + (2 > 3,4))
+6(ViVaTos 36,4 + ViViTae,354 + (2,312,3,4)) + 6(VisVarTs 46 + (2 < 3,4))
+6(VisViTog 34+ (24 3,4)) +6(VigVrTos 34 + (2 ¢ 3,4))
+6((ViVasTs7.4,6 + (3 > 4,6)) + VirVasTh a6 + (2 <+ 3,4))

+6VigsVrTa 3.4+ 6(Vi(Vasy + Vars)Ts.46 + (2 43 3)) + 6V1Vsr612 3.4
+A4(ViVirToa 36+ (24> 3,6)) + 4ViaVsrTa 3.6 + 4(ViViT24 356 + (2 < 3,56))
+4Vi4VaTs 3 56 + 4V1VaeT 357 + 2ViVas7T5 3 6 + 20V VarsTo 3.6
+6V1Y5's 4 567k7 +6(ViYaeza57+ (24> 3,4,5,7)) + 6VigY2 3457

47



— (6 « 7))
1
+(k5 - k5T) ((—(V1V[2,67]T3,4,5 + ViaVerTs,45 + (2 <> 3,4)) + 4ViVsTa 367 + 4Vi4VerTo 3 5
1
+ 5 (ViVerTasas + (2,312,3,4,5)) + 4(ViVerTaaas + (2 ¢ 3,5) = (5 67))
1
- _<V15V67T2 34+ (54 6,7)) +6((V1V2bTs 467 — (25 > 67)) + (2 ¢ 3,4))

—6VisVerTo 3.4 — 6V1Y2,3,4,5,67>

+6(K® - k) (k° - k6)V1V5(J7\2,3,4,6 + Jo|2,3,4,7) — 6(k° - k°7)(K° - k7)V1V5J7|2,33,4,6

This has intentionally been expressed with factors (¢ - k) reformulated in terms of propa-
gators. For an n-point amplitude in the canonical ordering with arbitrary loop momentum

structure, this is done with
1 n
(Z kl(z—l—l) ] £+ Z K — k12....j)2 + §<£ + Z_ mkm — k12....(i—1))2

— Kii+1)..5 - (Z amkm — SkKi@it1).. j> . (D.6)

We may then be reassured of the validity of this numerator expression, as those terms in
the variation proportional to propagators cancel terms from other box numerators. For

example, one such set of terms is

ViV3T 45,67 (€ — ks + 4ks — 6ks)? — (€ — ko + 4ky — 6ks)?) I 5056
= ViVaTsapsom (I55i% * — Iisiter °) (D.7)
This then cancels one term in the variation of the [3,4], [5, [6, 7]]-box, and one from the

2,3],[5, [6, 7]] box. Similar holds true for all other terms in the variation, and the remaining

terms in (D.5) are canceled themselves by analogous results in the variation of hexagons.

Appendix E. The five-point color-dressed integrand

In this appendix the five-point color-dressed integrand will be written down after the

application of the color decomposition techniques of [46].
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The five-point color-dressed one-loop integrand can be written as

1 1
Ms(l) = (5/\/1|2,3,4511,2,3,4531,2,3,45 + 5/\/1|2,34,511,2,34,531,2,34,5 (E.1)

1 1

+ = MNij23,a,501,23,4,5B1,23,45 + sNigj3,4,5112,3.4,5812,3.4,5
2 2
1

+ s Ns1)2,3,4051,2,3,4851,2.34 + N1j2.3.45(0)11,2,3,4,5P1,2,3.4,5 + perm(2,3,4,5)
2

where A denotes the Berends-Giele counterpart of the n-gon numerator as described in

the appendix A while the color factors of the box and pentagon cubic graphs are

B12’3’4’5 — faleeabbeCfC4dfd56, P1’2’3’4’5 — falbfb26f03dfd4efe5a ) (EQ)

The factor of % in (E.1) compensates the overcounting of graphs due to symmetries. Note
that the box numerators do not depend on the loop momentum.

The color-dressed integrand (E.1) is BRST closed. To see this we expand all color
factors in terms of their pentagon constituents using the Jacobi identity as Bi2 345 =
Pi9345— P21345 [46] and consider the terms proportional to P; 2 34 5. Using the five-

point numerators of section 2.4.3 these are

1
b, = Mj2,3.4,5(0) 112,345 + 5 <N12|3,4,5112,3,4,5 — Novjsasli3,45 (E.3)
1,2,3,4,5

+ [Mij23,a5 — NMjs2,a5) 11,23,45 + [Nij2,345 — Nij2,a3,5) 11,2345
+ [Mij2,3,45 — Nj2,3,54) I1,2,3,45 + Ns1)2.3,411,2,34 — N15|2,3,4115,2,3,4> -

M;5(€)

After using Nyjix,1,m = —Njijk,i,m by (2.31) and performing the loop momentum shifts ¢’ =
l{—koin Iy 345 and ¢/ = {+ks in 115 9 3.4 these terms become the integrand A(1,2, 3,4, 5; )
of (2.30),

M5 (0) = Mj2,3.450) 12,345+ N1j23.a501,2345 + Nij2.3a.501,2,345
| |

P123,4,5

+ Nij2,3,4501,2,3,45 + Ni2jsa,5712,3,4,5 + Ns1)3,4,511,2,3,4 - (E4)
Hence, after considering all the permutations the color-dressed integrand (E.1) becomes
M5(€) = A(l, 2,3,4,5; E) P172,37475 + perm(2, 3,4, 5) (E5>

and it is manifestly BRST closed. The rewriting (E.5) agrees with the general result of [46]
(see e.g. equation (3.4) of [47]).
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