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Abstract

An axially traveling string system, which is a kind of traveling material, attracts
considerable attention owing to its broad applications. In this paper, an analytical
wave solution for the vibration and energy of an axially traveling string with fixed and
viscous damper (dashpot) boundaries in any propagation cycle is considered. Firstly, a
novel recursive and simplified technique is proposed to expand the analytical solution
for a traveling string to any propagation cycle, which was limited to only one
propagation cycle due to complexity in previous work. As a kind of analytical
solution, the traveling wave method has more accuracy and efficiency compared to
numerical methods. Secondly, different from the previous result, the modified
Hamilton’s principle is applied to the derivation of the dashpot boundary condition for
the mass changing of the traveling string. Following the pipeline hydrodynamics
theory, the energy gradient for the ‘control volume’ and the ‘system’ of traveling
string are accurately obtained, respectively. Thirdly, from the point of view of
vibration suppression, the optimal damping at the right end of the string is defined and
the optimal damping value is derived, which is of considerable practical interest in
vibration suppression at boundaries for axially traveling materials.
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1. Introduction

The model of the traveling material is widely applied in many mechanical
engineering systems, such as slurry wire saw [1], zinc galvanization, textile and
composite fibers, pipes conveying fluid, etc [2, 3]. With negligible bending stiffness
of the traveling material [2], such as threads in the textile processes and narrow belts,
the system can be simplified as a model of an axially traveling string. In these systems,
the mechanical vibration of the transported materials is a significant problem that has
an adverse effect on the overall performance. Hence, appropriate vibration control can
reduce noise, make a good performance of the structures, and even avoid security
issues. To determine the parameters for the design of vibration control, vibration
behaviors are usually studied by solving the governing equation of motion. The earlier
investigations have been reviewed by Hong and Pham [4]. Recent developments of
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the traveling wave solution (or d’Alembert’s solution) of an axially traveling string,
which is the focus of this paper, can be achieved by Gaiko and Van Horssen [5] and
Chen et al.[6-9].

As a classical solution, the Fourier series method has been used for stationary
continuous systems such as beams [10] and shells [11], as well as for axially traveling
string with fixed boundaries [12-14], yet it has not been applied to nonclassical
boundaries with mass, damping or spring, due to the difficulty of satisfying the
complex boundary conditions. In addition, Fourier series method is approximate since
the limited number of terms to be expanded. The method of d’Alembert is another
classical solution, which is suitable for an infinite non-traveling string. The method of
d’Alembert was applied to a string without boundaries in earlier investigations.
Swope and Ames [15] extended it to an infinite traveling string. From the time
domain, the d’Alembert solution gives an exact solution for the translating motion of
the string. Nevertheless, when boundaries are considered, the situation becomes more
complex for the reflection and transmission of traveling waves.

Recently, there has been some headway for the application of traveling wave
solution on a finite or traveling medium. The response of a finite rod with two
damped boundaries is obtained by Sirota and Halevi [16]. Gaiko and van Horssen [5]
studied the reflection phenomena of a semi-infinite traveling string with a
non-classical boundary. And this investigation exerts a profound effect on our studies.
Chen et al.[6-9, 17] extended the d’Alembert’s solution to a finite traveling string with
various boundary conditions. Due to multiple reflections, the reflected wave
superposition method was proposed for a traveling string with two boundaries.
Compared to some numerical solutions (e.g., the Galerkin method, the finite element
method, the Runge-Kutta method, etc.) and approximate solutions (e.g., the
perturbation technique, the Fourier series method, etc.) [2], the proposed reflected
wave superposition method is analytical, which has high accuracy, can strictly satisfy
the classical and nonclassical boundary conditions and does not need the frequency
spectrum and eigenfunctions [5].

However, the analytical solutions are only suitable for the first propagation cycle
T. Based on prior investigations about the reflected wave superposition method, some
extensions and modifications will be presented in this paper.

As a mass variable system with the axial motion, a traveling string with boundaries
is treated as a special kind of fluid-conveying [3, 18] because they have a familiar
governing equation. It is essential to add or modify some theories and methods
according to fluid mechanics, which is a relatively mature theory. Firstly, as usually
formulated, traditional Hamilton’s principle isn’t suitable for an open system of
changing mass. Modified Hamilton’s principle has been derived and proved by [19,
20]. For example, Kim [21] used the modified Hamilton’s principle when studied the
boundary control of an axially traveling string. However, in recent decades, some
investigations ignore this modification. Secondly, it is essential to clarify whether the
gradient of system or that of control volume is analyzed when analyzing the change of
energetics. Initially, Renshaw et al. [22] analyzed the energetics of traveling string
from Lagrangian viewpoint and Eulerian viewpoint. Drawing on concepts from fluid
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mechanics, Zhu [23] distinguished energy gradient of translating media from system
and control volume viewpoints, which correspond to Lagrangian and Eulerian
viewpoints respectively. It is instructive to consider the energy change of a traveling
string from these two different perspectives for this paper.

This paper pays attention to the response and energy of an axially traveling string
with mixed boundaries. Analytical solutions of transverse displacement and energy
are obtained by using a traveling wave method. Firstly, the solution for an axially
traveling string with fixed dashpot boundaries is extended to any propagation cycle
by a novel recursive and simplified technique. Secondly, the change of energy for a
traveling string is considered from two different viewpoints. Based on fluid
mechanics, control volume characterizes the stability, and system links energy with
instantaneous work [23]. Thirdly, with a different method, the result of the optimal
damping in this paper is the same as [24]. And the optimal damping is obtained,
proved and explained in time domain. Obtaining an optimal damping at the dashpot
boundary is very valuable for the design of active or passive control of dampers
involving axially moving devices, such as wire saw, textile equipment, conveyor belt,
etc.

This paper is organized as follows. Section 2 shows the governing equation of
motion and the boundary value problem. In section 3, the displacement response in
the form of traveling waves is derived by the application of the traveling wave method.
In section 4, the energy and its gradient of the traveling waves at any time interval are
derived. In section 5, results of the simulations are shown for the response and energy.
Finally, section 6 provides the conclusions.

2. Equations of motion and boundary value problem

This paper focuses on the analytical method for the vibration of traveling string in
any propagation cycle. It is worth to note that this method is applicable to general
boundary conditions, including classical and nonclassical ones. For simplicity, a
traveling string with the left end fixed and the right end supported by a viscous
damper presented in Fig.1 is adopted, which are subsequently named fixed_dashpot
boundaries in this paper. For the actual engineering case of traveling string, more
complex boundaries, such as mass-dashpot-spring boundaries, are required, yet the
calculation principle and process are consistent with the method of fixed_dashpot
boundaries. For general impedance boundary cases of traveling string models, such as
mass-dashpot-spring boundary, the main recursive formulas for the waves reflected
from this boundary are given in Appendix B.

In Fig.1, Iy is the length of the string between the boundaries; x is a fixed spatial
coordinate system, which represents the axial position of a point in the string from the
fixed end; u(x, t) represents the transverse displacement of the axially traveling string
at the coordinate x and time t; v is the constant translational speed of the string and #
is the viscous damping coefficient at the right boundary. In this paper, the vibrational
response and energy of the traveling string system in any propagation cycle shown in
Fig. 1 are investigated.



Fig. 1 Traveling string with fixed_dashpot boundaries.

The governing equation of motion can be obtained [5, 7, 24]
Uy +2vu,, + (V2 =¢* Ju,, =0 (1)
and the boundary conditions are given as follows.
u(0,t)=0
{ryut (1p,t) =—Pu, (I,.t) (2)

where the subscripts denote the partial derivatives of u(x, t) with respect to the
corresponding variable. The parameter of c is the free wave propagation speed given

by c¢=,P/p, where P is the uniform tension in the string and p is the uniform string

mass per unit length. For the reliability of the predictions from linear theory [25], the
case of super-critical speed is not considered. Hence, the string translational speed v is

assumed to be less than the free wave propagation speed c, i.e. |v|<c. It should be

noted that the damping boundary conditions given in Eq. (2) are different from the
one given in [5] shown as follows.

(71— pV)u, (I,t) = (pv* = P)u, (I,,t) 3)

The main reason is that the modified Hamilton’s principle, instead of the traditional
one, should be used for the mass change system such as axially traveling string. For a
closed system, the traditional Hamilton’s principle is

5]2 Lat + | ttj SWdt =0 (4)

Here, 0 is a variation in a function and J6W is the virtual work done by
nonconservative forces. The Lagrangian of L is equal to Ex - E,, where Ex and E; are
the kinetic energy and potential energy of the system, respectively. The integration
interval is between two instants of time t; and t,. For an axially traveling string system,
the modified Hamilton’s principle [20] is

t t t |
S| ZLdt+| 2owdt—| ? . +vu, )ou)| Sdt =0 5
f Lave [Fowdt— [ (oviy, +wu)ou) )
which is used for the correct derivation of the damping boundary condition Eq. (2).

The complete derivation process for the damping boundary condition in Eq. (2) is
given in Appendix A.



3. Solution
The general solution for the second-order partial differential Eq. (1) is [6, 15]

u(x,t) = F(x=v,t) + G(x +v,t) (6)

where F(x - vit) is the right-propagating wave with a speed of v, = ¢ + v and G(x + vjt)
is the left-propagating wave with a speed of v;= c - v, related to the fixed coordinate
system. The initial transverse displacement and velocity conditions for the string
vibration are given as follows.

{u(x,o)zqﬁ(x) 0<x<] @

u(x0)=p(x)" "

where &(x) € C*([0,l]; R) and w(x)eC*([0,lo]; R). Substituting Eq. (6) into Eq. (7),

one obtains the expressions for F(x) and G(x) as follows.
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where X, is an arbitrary constant and, in this paper, x;= 0 for convenience.

3.1 The expressions of traveling waves for the first cycle
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Fig. 2 The propagating waves in a traveling string during three time intervals in one cycle. (a)
is for t =0, (b) is for t €[0, to], () is for t = t,, (d) is for t E[t,, ty], (e) is for t = t, and (f) is for
t €[t,, T]. The waves of F,, G,, F; and G; are the reflections of waves G;, F;, G, and F,,
respectively.

Fig. 2 shows the reflection process of the left-propagating waves G; and the
right-propagating waves F; (i = 1, 2, 3) in one cycle. The cycle T for a propagating
wave in a traveling string, which is defined in the introduction section, is given by [3]

7ol b 2y )

2 2
Vv, v, cf-v

and the definitions as well as the detailed expressions for t, and t, are shown in the
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reflected wave superposition method given in [22]
t, = IO/Vr
{tb = IO/VI (10)

The traveling waves are divided into several segments artificially for reflection. G;
and F; are initial traveling waves. Gz and F3 are final traveling waves. Gjs1 and Fis;
are reflected by incident waves F; and G; respectively.

By substituting Eq. (6) into Eq. (2), the boundary reflection relationships at the left
and right hand boundaries respectively are

F(-v,t)=-G(vt) (11)

G'(l +vit)=BF'(l, —v,t) (12)

where ﬁ:%. Combing Fig. 2, Eq. (11) states that the left-propagating waves G;
v,

produces the right-propagating waves Fi.; when G; reaches the upstream (x = 0).
Similarly, Eq. (12) states that F;produces Gi+; when F; reaches the downstream (x =
lp). Eq. (11) and Eq. (12) become

F()=-G(-—1n) (13)

r

and
G'(s) = pF' (% Vi) (14)

respectively, by setting r = -v;t and s = lp+vit.

Since the time periods of G, and G3 are [0, ty]Jand [ta, T] respectively, the integral
intervals corresponding to Eq. (14) are [lo, X] and [lo+vita, X], respectively. After
integrating and simplifying Eq. (14) in the above integral intervals, G, and Gs can be
obtained

= Al Mg, Ve
Gz(x)—GZ(I0)+ﬂvr F(1y) ﬁvr Fl(V. l, v x] (15)
G X6 (1 48 )+ 2, (1t ) 2 20, (16)
r r | |

The waves F;, and F; are obtained by using Eq. (13) as follows.
F,(x)=-G (— X) (17)
F,(x)=-G, (—V—I X) (18)

The corresponding traveling wave expressions are

G, (x+vt)=G, (1, )+,B R (1,)- ﬂ R, (& -2 (x) (19)
F(x-vt)= _Gl(_v_l(x —v ) (20)



G, (x+vt)=G, (I, +v|ta)+ﬁ’\\//—'|:2(|0 A ANE ﬂ F ( v (X+V|t)) (21)

r r |

P (X-V,t) = =6, (-~ (x-v,D) (22)

where Gz(lp)=G1(lo) and Gs(lo+vita)= Ga(lo+vits) due to the continuity condition. Egs.
(19) to (22) are the boundary reflection relationships for the fixed_dashpot boundary
condition.

3.2 The expressions of the traveling waves for the n™ cycle

By applying techniques similar to Section 3.1, the relationship between F;"(x - v,t)
and G{"(x + vit) (i =1, 2, 3) similar to Egs. (19) to (22) can be obtained where F{"(x -
vit) and G{"(x + vit) are the right-propagating wave and the left-propagating wave in
the n™ cycle, respectively

Gz”(x)=GZ”(I0+v,(n—1)T)+,B\\:—'rF1”(IO—v,(n—l)T) ,B F (V—II —Wx) (23)

G," (X)=G," (I, +v, (n-1)T +ta))+ﬂ\\//—'rF2”(I0—vr((n—1)T +t,))- B rF (—| __. x) (24)
F(x) =-G," (— x) (25)

(0 =-6," (-~ (26)

By substituting Eq. (25) into Eq. (24) and substltuting Eqg. (23) into Eq. (26), the
relationships between the initial waves (G;" and F;") and the end waves (G3" and F3")
in the n™ cycle can be obtained as follows.

G" (x+vt)=G," (I, +v,(n-1)T +ta))+ﬂ\\ll—'F (I, =v, (n=D)T +t ))+,B ( +(x+v,t))

r r r

(27)
F3”(x—v,t):—GZ”(IO+V,(n—1)T)—ﬂ://—'F (Iy=v,(n— 1)T)+ﬂ ( +(X vt)  (28)

r

It should be noted that the initial waves (F."** or G,"*%) in the (n + 1)"cycle are
exactly the end waves (Fs" or G3") in the n™ cycle due to periodicity. Therefore, the
relationship between the right-propagating waves (or the left-propagating wave) in
two adjacent cycles can be obtained as follows.

F"(x-nv,T)=F"(x-nv.T) or F"=F" (29)

G,"(x+nvT)=G"*(x+nyT) or G,"=G"" (30)

Finally, according to Egs. (27) to (30), one can obtain the relationships between the
initial waves in the ™ cycle and the initial waves in the first cycle as follows.

RO =286+ (DT - L (80 R~ (-0T)
r r (31)
+(/3 )”lF ((n— 1)2vi+x v,t)



G () = 3 (A6, 4w, + (D) + X (B F, Iy =v, ¢, + (J-3T)
j=1 r j=1 r (32)
N (ﬁ\\:—')”’lGll(—(n ) 25'0 XL

r

Further, the relationships between other waves of F.", F3", G,” and G3" for the n"
cycle and the initial waves of G,* and F,* for the first cycle can be obtained as follows
according to the boundary reflection relationships.

F, (x-v,t) Zw"' PG (I +v, t, + (D)) Z(ﬂv')”‘F‘( ly =V, (t, +(j—DT))

e 1% %y )
v,V
(33)
G"Z(x+v|t):_i<ﬁ\‘;—')”-iezi(|0+v|(j—1)T)+i(ﬁ\‘l’—')”-i+1Fli(|0—vr(j—1)T)
j=1 r j=1 r (34)
Yy R Ve (x sy)
v, v,V
F (x-vt) Z(ﬁ L6, (I (5-9T) - X (A0 R (I —v, (-1)T)
r j=1 r (35)
+(/5' )F (nv—+x V1)
Gns(x""vlt):i(ﬂi)ning(Io+V|(ta+(j_1)T))+i(ﬁv_l)nij+l|:zj (Io _Vr(ta+(j_1)T))
j Vi I j=1 v (36)
—(ﬂ )G (- n y +x+v,t)
where _ _
GZ(lo+vi(j - 1)T) = G/ (lo + vi(j - 1)T)
and

Go(lo+ vi(ta+ (- 1)T)) = G(lo + wita+ ( - )T)
due to the continuity conditions. It should be noted that the first two terms on the right
of the equal signs of Egs. (31) to (36) are in the form of constant superposition, which
means that the multi-cycle algorithm is very efficient.
4. Energy of traveling waves in any propagation cycle

In this section, the research object is the change of energy for an axially traveling
string, which should be analyzed from two different viewpoints, i.e. the energy
gradient for control volume and the energy gradient for system. Here, control volume
means a selected region in space [26], and system means a quantity of matter that
consists of a fixed amount of mass, which are shown in Fig. 3.

Whether to study the energy of traveling string system from the perspective of
control volume or system mainly depends on whether a volume in space or a fixed
amount of material is suitable for study [26]. *‘Control volume’ is more suitable for the
axially traveling string with two boundaries, which provides a method for what effect
the response of the string has on a particular volume in space. Sometimes, one may
focus on what happens to a particular part of a string as it moves through the domain.
Then, the energy gradient for ‘system’ becomes the main object for study.
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at time 7,
: _ control volume (CV) . system= CV
|y g ||
I: » Mmoving
I | system | l at time tAf,

. : e L — III . system =CV-|+l1
—l-—k : -.1_

Fig. 3 Illustration of the description of the control volume and system for a translating string
at time t and t+At

In Fig. 3, the relationships of energy for control volume Ecyand energy for system
Esys at time t and t+At, respectively, are shown and given as follows.

By ()= Ecv ®) (37)

sys

E,.(t+At) = E., (t + At) - E, (t + At) + E, (t + At) (38)

sys

By combining Eq. (37) and Eq. (38), the change of Eys in the time interval At divided
by this time interval is given by
By (t+A) —E (1) _ B (t+AD)—Eq () E (t+AL) = (t+At)
At At At At
As At—=0, using the definition of derivative yields the relationship between the
gradient for Egys and the gradient for E., i.e. the Reynolds transport theorem [23,
26-28].

(39)

dE
i:dEﬁ—vg(O,t)+vg(|0,t) :dE¢+vg
dt dt dt

where ¢ is the total energy density.
The traveling wave energy is given by [9]

I
E., (t)= .[o (%pvz +%,o(ut +vu,)’ +%Puxzj dx

IO
‘ (40)

L | . (41)
=pCZJ.O (F?2+G?) dX+E,ov2I0
here
u, =-v,F'+v,G’
{ u, = F'+GI' (42)

which can be obtained by Eqg. (6). The energy in Eg. (41) belongs to energy for a
control volume (open system) [26]. The gradient for Ecy(t) is given by

dE

b pv L,y p(c® -V
v e vl O_P_uz o P& VIV, 2
at P TV = 2

=pc’[-v, F"?(x=V,t) +Vv,G"* (x +V,1)]

ID

0 (43)

lo
0

The total energy density ¢ in Eq. (40) is given by
9



_E 2 1 2 1 2
E=S PV H S pu +vu,)’ + 5 Pu, (44)
Substituting Eq. (42) into Eq. (44), one can obtain
gZ%pV2+pCZ(F'2+G’2) (45)

Substituting Eq. (45) and Eq. (43) into Eq. (40) yields the energy gradient for system

sys

| |
—= 9)° =(Pu,)(u, +vu,)|?°
dt o ~ (Pl

(46)
=pC’[-V,F?(x =V t) +Vv,G"*(x +Vt)]

o +[%pv3 + pC?V(F* (X =V, 1) +G"* (X +V,

Eq. (46) reveals that the energy gradient for system equals the rate of work done by
the transverse forces (Puy) at both boundaries on the string with transverse velocity
(uetvuy). Simplifying Eq. (46) yields

ESYS _ 2 2 2
T_pc [(v=Vv,)F"(x=vt)+ (v+Vv)G (x+V)]|¢

8 =pc’[-F 2 (x=v,))+ G (x+v1)]|s (47)

4.1 Derivation of the energy expressions in any propagation cycle

The expressions for the traveling waves were obtained in section 3, the
corresponding energy and its gradient are derived as follows.

Differentiating Eq. (31) yields

[F (x-vt)] =(ﬁj—'rjn_l F'{(n 1)yl vt} (48)

Substituting Eq. (48) into Eq. (41) vyields

E.. (1), = AC I (x-v,t)] dx

= pczj:Hﬂ\\//—'] _ Ff{(n—l)%l(ﬁrx—vrtﬂ dx

where EF; (t) represents the mechanical energy of the propagating wave F; in the

(49)

range of x; to X, 0 < X3 <X < lp. In the same way, the energy expressions for the
propagating waves F, Fs, Gy, G, and Gsin the n™ cycle can be written as

E- (1), = 0[] {[ —]G{ (n-1)251, Y (x- vt)}}zdx (50)

r r r

) 2
Ee, (t)xvXZ = pczf):2 {[ﬂ\\:—'] F{{n%lo +x—v,t}} dx (51)

r |

Eq (1), , = AC? k{[gﬂe{ (n- 1)V_| xvt }}2 dx (52)

r r
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n 2
oV, v, 1| 2C, Vv,
Eg (1), =PC _[Xl {V—I(,BIJ F', {nWIO_WX_Vrt}} dx (53)

n 2
2 [ %2 i 2
e, 0, =T | 2] oo (50

r

Taking the derivative of Eqs. (49) to (54) yields

dE_,
—H0 = e (p Uy oy, (B ((n-1) 2% 4 x v )] (55)
v, v,
dE_,
%zp&(v—'f(ﬁv—')“”*“[—vr G (-2 Y (x_y ey (56)
v, v, v, oV,
E_.
—EO et (o (B (022 x0T (57)
Vr VI
E .
$=pc2<ﬁv—')2<"*>[v. G (-1 2 sy vy (58)
VI' Vr
dE_,
—E0 = et (g (i w (F (0 250 - e x -y ) (59)
v, v, v,
dE _,
O _ ez 6 (-n 2 x vty (60)
dt v, v, !

Egs. (55) to (60) are the expressions of the energy gradient for a control volume in
terms of the waves.

Likewise, the total energy in the n™ cycle can be expressed separately in three time
intervals of this cycle as follows.

411 (n-1)T<t<(n-1T +1t,

The total energy is the combination of the energy of these four propagating waves
Fi", F", G.", G," in the n™ cycle and the energy associated with the rigid-body
translation of the traveling string. So the energy and its gradient for the string can be
written as

E’ (t) = EFI” (t)xlzv, (t=(n-1)T). %=l + EFZ” (t)xlzo,xzzv, (t—(n-1)T)

+£pv2|0

(61)
+EG1” (t)xizo,xzzlo—vl (t-(n-1)T) + EGZ” (t)xlzlo—vl t-(-)T)x=ly

where EFln (t), EF2n (1), EGln (t) and EGzn (t) are the energy of Fy, F2, Gy and G2 in

the n™ cycle, respectively.
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dEn (t) — dE':ln (t) Xp =, dEan <t) Xp =V, (t—(n-1)T)
dt - dt xlz:vl: (t—(n-1)T) + dt ><f:0r (62)
dEG"ln (t) x2=lg—V| (t-(n-1)T) dEGZH <t) X =ly
dt X, =0 + dt X =lp =V (t—(n-1)T)

As one can see from Eq. (43), the energy gradient for the control volume is only
related with the boundaries. So Eq. (62) can be simplified as follows.

dE"(t) dEFln (t) ) dEF2n (t) ) dEGln (t) dEGzn ()
dt  dt I dt 0 dt *° dt
412 (n-DT+t,<t<(n-DT + tp
The energy is due to the waves G, G,, G3 and F»in the n™ cycle. The total energy
expression and its gradient for control volume can be written as

(63)

x=ly

n —
E (t) - EGl" (t)xlzo,xzzlo—vl (t=(n-1)T) + EGZ” (t)xlzlu—vl (t—(n—l)T),XZ:Z\(;—IU—w (t=(n-1)T) +

1, (64)
EG3" (t)xlzz\fﬁ-v, (t=(n=1)T), X, =l + EFZn (t)xlzo,x2:|o +EPV Io
dEn (t) — dEGln (t) X2=lg-v (t-(n-1)T) + dEGzn (t) xZZ%WMHM)T)
dt  dt % =0 dt X =lp v, (t~(n-1)T)
dEg, (t) dE, (t)
8 %=k 2 x=lo
dt xf%—v. (t—(n-1)T) * dt x=0 (65)
_ dEGln () y dEGSH (t) . dEF2n (1) "
dt dt J dt 1

413 (n-1)T+t<t<nT
The energy is due to the waves F,, Fs, G2, and Gs in the n™ cycle. The total energy
expression and its gradient for control volume can be written as

E"(t)=E

- R (t)xlzvr (t—(n—l)T)—:ilo,xzzln + EF3n (t)xlzo,xzzv,(t—(n—l)T)—\\:ilo

|
| (66)
+E

1
G," (t)XI:O,XZ:%IO—W (t-(n-1)T) T EG3” (t)xlz%lo—w (t-(n=1)T). %=1 +Epvz|0
dE"(t) dEg, (t)
dt ot
dEGzn (t) XZ:%IO—V, (t-(n-1)T) dEG3n (t)
=0 t— 2¢
dt ! dt %=, o= (t=(1-1)T)
gl () U () ()
e b d ° d dt

- dEg, ()

%=V, (t—(n—l)T)—://—’ID dt
1

%o =V, (t—(n—l)T)—\;—’IO
1

X, =0

+ %=l (67)

x=ly

So the total energy of the traveling string can be calculated using the initial conditions
and Egs. (61), (64) and (66).
4.2 Vibration suppression at boundaries

When g =0, after the first cycle (n > 2), the energy gradient for the control volume
is equal to zero from Egs. (55) to (60), which means the traveling string just has axial

12



Kinetic energy and it does not vibrate. Hence an optimal damping expression for the
total elimination of vibration is as follows.

P _ pc?
Tot =" v (68)

r

On one hand, the optimal damping can be validated by [24] which shows optimality
and effectiveness of the control method by a finite difference scheme. On the other
hand, the optimal damping can be explained from the boundary reflection
relationships in Egs. (12) and (11). Substituting # =0 into Eq. (12), yields

G'(l, +v,t)=0 (69)
which means the response of G(lo+vit) at the damping boundary is a constant after the
first cycle. Thus G(x+vit) always equals G;(lp) which can be obtained by Eqg. (19).
From Eq. (11), when G reaches the fixed boundary, the reflected wave F is always

equal to a constant which is opposite in magnitude and phase to G. As a result, the
response equals zero, which is the same as mentioned above from the view of energy.

5. Simulations and discussions

Table 1 Chosen parameters for the simulations

IO P P \ Ao

3m 0.06kg/m 5N 0.3c 0.01m

The parameters given in Table 1 were used for the subsequent simulations. Other
parameters are not independent and can be calculated by these basic parameters.
the initial conditions for displacement and velocity are

16x AX2 (1, —x)°
() =0
’ (70)

w(x)=0

5.1 The process of traveling waves reflection

13



u (x, H/m
u (x, f)/m

(b)
Fig. 4 Displacement responses for the first propagating cycle with boundary damping
coefficient #=0.7 Ns/m. (a) shows the right and the left propagating waves at different
moment in the first cycle; (b) shows the real displacement. The curves are identified by: —
the right propagating wave, - - - the left propagating wave, the real displacement.
As an example, the process of propagating waves reflection is plotted in Fig. 4. At
the fixed boundary, the reflected wave is exactly the odd, periodic extension ([29]) of
the incident wave. The odd extension can be explained by Eq.(11). However, the
reflection relationship at the dashpot boundary, which can’t be obtained by the odd
extension, is more complex and suited to Eq.(12).

5.2 Displacement responses

%10 10 x10°
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r
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0T

(=]

" (."". 7)/ m

&

8" - . . . J =10
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(c) (d)
Fig. 5 Displacement responses of transverse free vibration with fixed_dashpot boundary
condition and the initial conditions of Eq. (67) over two cycles at location of (a) x = 0.25l,, (b)
x = 0.5l, (¢) x = 0.75ly and (d) x = I, respectively. The curves are identified by:—# = 0.1
Ns/m, -eeeeeees n = 0.3 Ns/m, n = 0.4213 Ns/m (the optimal value of the boundary
damping #opt), —-— 1 =0.7 Ns/m and x x x x x 5 =0.9 Ns/m.

Fig. 5 demonstrates the response of axially traveling string for the fixed_dashpot
boundary conditions over two cycles. The displacement responses of transverse free
vibration are shown at selected fixed coordinate positions (x = 0.25 Iy, 0.5 lg, 0.75 |g
and lp) are given, for different levels of viscous damping at the right hand boundary (»
= 0.1 Ns/m, 0.3 Ns/m, 0.493 Ns/m, 0.7 Ns/m and 0.9 Ns/m).

From Fig. 5 (a) to (d), after the first cycle, the reduction of vibration is most
obvious for the optimal value of the boundary damping #o,:. After the first cycle, the
axially traveling string does not have vibration because the energy gradient is zero
with # = nop, Which is mentioned in section 4.2. In Fig. 5 (a) to (c), five curves
overlap completely in the time interval of (0, t1), (0, t;) and (O, t3) respectively,
because the reflected waves, i.e. G, that was attenuated at the right boundary have not
yet reached the respective coordinate position (x = 0.25 lp, X = 0.5 lg and x = 0.75 |y).
Here the dimensionless times are t; = 0.75 lo / (Tv)) = 0.4875, t,=0.5 lo / (Tv)) = 0.32
and t3=0.25 1y / (Tv;) = 0.1625.

5.3 Energy simulations

1.0000 1+
0.9999 |
0.9998 -
£ 0.9997 |
E 0.9996 -

0.9995 |

0.9994 -

0.9993
0

Fig. 6 The total transverse free vibration energy of an axially traveling string with
fixed_dashpot boundary conditions over two cycles. Curves are identified by the level of the

viscous damping constant: n =0 Ns/m, —— 7 = 0.1 Ns/m, - 7n = 0.3 Ns/m,
n = 0.4213 Ns/m (the optimal value of the boundary damping 7o), ——# = 0.7 Ns/m,
7 =0.9 Ns/m.

Fig. 6 shows the total transverse free vibration energy of an axially traveling string
with fixed_dashpot boundary conditions over multiple cycles for different damping
levels compared. The situation of # = 0 Ns/m corresponds to fixed-free boundaries.
Since the tension of P acting on the string at the left fixed end is opposite to the
traveling direction of the string, the left boundary does negative work on the string
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and the free end at the right end does no work on the string, so the system energy is
always decreasing with time. The rate for the decrease in the energy fluctuates with
time and the total energy is close to zero after two periods, but never equal to zero
since the existence of kinetic energy for axial motion. When 0 < 77 < 770, the energy
of the traveling string system decreases in the cycle, and the larger that the viscous
damping is, the more rapid is the attenuation. When 7 > 7y, the larger that the
viscous damping is, the less rapid is the attenuation.
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Fig. 7 The energy and energy gradient for the control volume over multiple cycles where 5 =
0.1 Ns/m. The energy and energy gradient for the control volume are identified by: ——
energy; ---- energy gradient for the control volume. (a) is for the right-propagating wave F,
(b) is for the left-propagating wave G and (c) is for the total energy

Fig. 7 shows the total energy and its gradient, as well as the energy in the right and
left propagating waves F and G respectively. The energy in the two propagating
waves does not always keep decreasing, though the general trend is down.
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0 0.2 04 0.6 0.8 1 1.2 14 16 18 2
1T

Fig. 8 The energy ratio of the left-propagating wave G to the right-propagating wave F for
different levels of boundary viscous damping. Curves are identified by the level of the viscous
damping constant: n =0 Ns/m, —— #» = 0.1 Ns/m, - n=03Ns/m, —— 5=
0.7 Ns/m, x x x x x = 0.9 Ns/m.

Fig. 8 shows the energy ratio of the left-propagating wave G to the
right-propagating wave F. With arbitrary viscous damping constant besides #qp, the
energy ratio of G to F goes back to the original value after an integer cycle of
propagating around the string between the boundaries. Combining Eq. (31) and Eg.
(32), the same value for the energy ratio of G to F at the beginning of every cycle can
be calculated

I o6 (v n - o l . (B )6 ol | PO F00+ L pllon

= = =3.3955
P A RO O S e (A Do S B AT
0 ! ' 0 vt 0" "2 2c

(71)
The energy ratio of G to F is cyclical, even though the sum of energy for G and F
keeps changing.
For studying the inflow and outflow of power at the boundaries, the gradient of the
propagating wave energy is presented in the following figures.
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Fig. 9 The gradient of the propagating wave energy at boundaries in the multiple cycles (v =
0.3c). Here, the energy gradient is for the control volume. (a) is for the left-propagating wave
G and the right-propagating wave F at upstream (fixed boundary), (b) is for total traveling
wave (F + G) at upstream, (c) is for F and G at downstream (dashpot boundary), (d) is for
total traveling wave (F + G) at downstream and (e) is for total energy gradient of traveling

wave (F + G). Curves are identified by the level of the viscous damping constant: ——# =
0.1 Ns/m, n = 0.4213 Ns/m (the optimal value of the boundary damping #qp), X x *x x x
7 =0.9 Ns/m.

Fig. 9 demonstrates that the incident wave has outflow of energy and the reflected
wave has inflow of power at both boundaries. As time progresses, the amplitude of the
energy gradient for left and right propagating waves decreases.

As Fig. 9 (a) and (b) show, in the first cycle before t,/T¢=0.65, the curves are

_ dE_, dE_, .
overlapping because %hzo and %h:o are not related to # as well as S since

n =1, which was obtained by Eq. (55) and Eqg. (58). That means they do not change,
though the damping value changes downstream. After the first cycle, the closer the
damping value is to #qpt, the smaller the value of power inflow or outflow.

From inspection of Fig. 9 (c) to (d), similar conclusions can be drawn. In the first
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EF; Q)
x=ly dt x=ly

: dE_,
cycle, curves are overlapping for wave F because% are not

related to », which can be obtained from Eq. (55) and Eq. (56). While curves are not

nd dEG&(r)

are related to # which

x=ly x=ly

. dE_.,
overlapping for wave G, because of ;t ©

can be obtained from Eq. (59) and Eq. (60). In particular as shown in Fig. 9 (c),
dEq,
dt *b

optimal damping dissipates all incident energy.

Shifting the focus to the energy gradient for the system, the results differ from the
above energy gradient for the control volume can be shown as follows.
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energy gradient of traveling waves for system
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Fig. 10 The energy gradient for the propagating wave at boundaries over multiple cycles (v =
0.3c). Here, the energy gradient is for the system. (a) is the energy gradient for the
left-propagating wave G and the right-propagating wave F at upstream (fixed boundary), (b)
is the energy gradient for total traveling wave (F + G) at upstream, (c) is the energy gradient
for F and G at downstream (dashpot boundary), (d) is the energy gradient for total traveling
wave (F + G) at the downstream end and (e) is the energy gradient for total energy gradient of
traveling wave (F + G). Curves are identified by the level of the viscous damping constant:
— 5 =0.1 Ns/m, n = 0.4213 Ns/m (the optimal value of the boundary damping 7o),
x x x x x5=0.9 Ns/m.

Fig. 10 and Fig. 9 are similar because the expressions are similar, which can also be
obtained from Eq. (47) and Eq. (43). Particularly, in Fig. 10 (e), the energy gradient of
system equals the rate of work done by boundaries.
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Fig. 11 The net flow rate of energy out of control volume by the flow of the string material. (a)
is for the upstream, (b) is for the downstream and (c) is the superposition of (a) and (b).

Curves are identified by the level of the viscous damping constant: —— # = 0.1 Ns/m, n

=0.4213 Ns/m (the optimal value of the boundary damping 7oy, * % x x x 5 = 0.9 Ns/m.

In Fig. 11 (a) and (b), the inflow and outflow of power always exist, even for the
optimal damping value, because the string still has axial kinetic energy even though it
doesn’t vibrate. Also, the net inflow or outflow rate of energy is 0.5pv*=0.6162W. Fig.
10 (e) is the superposition of Fig. 9 (e) and Fig. 11 (c) which represents the net flow
rate of energy out of control volume caused by the flow of the string material.

Given the excellent performance of the optimal damping boundary in vibration
suppression, in engineering practice, the dampers or variable dampers with
appropriate damping values can be installed at the boundary of the moving material
which can be modeled as a traveling string system to ensure the normal operation of
the equipment.

In this paper, there are two kinds of energy gradient examined, namely the energy
gradient for the control volume and the system, both of which are shown using the
traveling wave method. The reason of using these two perspectives is the complex
variation of total mechanical energy which is caused by two sources [22]: the
transport of the string through the domain (0, lp) and the rate of work done by the
external forces and moments (support forces and damping forces). The Reynolds
transport theorem provides a link for energy between the control volume and the
system.

5.4 Application and verification

A yarn in the textile industry matches the traveling string model closely. According
to practical yarn parameters in textile processing, some of the parameters in Table 1
change as follows: lp=1.6m, p=0.0002kg/m, P=0.005N, v=0.81m/s. The initial
conditions are the same as Eq. (70). The plots in Fig. 12 show the displacement
responses of the yarn with fixed_dashpot boundary conditions using the proposed
method, which are compared with the numerical solutions of a finite element model
solved using the Newmark-f method [30]. The results of the two methods are
consistent with each other. Especially for the optimal damping, both methods show
good performance of vibration suppression.
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Fig. 12 Displacement responses at locations of x = 0.5l and x = I, with fixed_dashpot
boundary conditions for the first two propagation cycles. Curves are identified by: the
Newmark-# method with #=0.00050Ns/m;cooo o the traveling wave method with
#=0.00050Ns/m; the Newmark-# method with #=0.00088Ns/m ( the optimal value of
the boundary damping #,,); and the traveling wave method with #=0.00088Ns/m.

6. Conclusions

Based on d’Alembert’s method and a reflected wave superposition method, the
exact solution for a finite traveling string with initial conditions in any cycle can be
obtained. As a kind of nonclassical boundary, dashpot boundary is considered. The
boundary reflection law is essential and provides an understanding of how waves are
reflected by the boundaries. As a result, research into identifying an optimal value of
the boundary damping provides a basis for active vibration control of axially traveling
materials with dissipative boundaries.

For the greatest vibration attenuation, this study shows that having a higher level of
viscous damping at the corresponding boundary is not necessarily any better. There is
an optimal value for the boundary damping, which is system dependent, after the first
cycle. This was identified by numerical simulations of either the displacement
response or energy. In the form of traveling waves, the energy ratio of the
left-propagating wave to the right-propagating wave goes back to the original value
cyclically after an integer number of cycles. For the system, the gradient of energy has
a clear physical interpretation as it relates the gradient of the vibrational energy with
the rate of work (power) done by forces at the two boundaries.
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Appendix A: Derivation of the governing equation of motion and boundary conditions
An axially traveling string with two boundaries is a system of changing. The
modified Hamilton’s principle for system of changing material is ([20, 24])
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5]2 (E,—E,)dt— jttj (pv(u, +vu,)u) IS dt + ft F,ou(l;, t)dt=0 (AL)

where Ey is the Kinetic energy, E, is the potential energy and F, =-nu(lo, t) is the
damping force.
The expressions of E, and E, can be obtained by [9] as follows.

|
Ek:%_f (f)’p(v2 +(u, +vu,)*)dx (A2)

1l
Ep_EJSPuXde (A3)
Eq. (A1) issimplified as follows.
t,el, 1 t, ol t,ely 1
5Itjj Szputzdxdt +5J.tij. Spvutuxdxdt+§jtjj85(pv2 —P)u,*dxdt ~
_.[tti(pv(uI +vu, )ou) I(;dt—J.EnuI (I, t)du(l,, t)dt=0

Appling integration by parts to the first four terms of the left side of Eq. (A4), yields

| t t
J.Spulﬁu tj _jtj pu, Sudtdx (A5)

l, t, ot
IO 2pvudu L —jt12pvux15udtdx (AB)

t I I
j tj (pv2 —P)u,su 8 - j S(pvz ~P)u,, Sudxdt (A7)

It t I

—%pV(Su 8 tj—J'tipvqu(Su Sdt (A8)

Assuming éu=0 for t=t; and t=t,, and substituting Egs. (A5)-(A8) to Eq. (A4), yields

l ¢t t |
| 8 | tj - plu, +2vu, + (v _%)uxx]5udtdx +| tj [-Pu,su 8 —nu, (I, t)su(ly, t)ldt (A9)

Since the variation du is arbitrary, Eq. (A9) can be satisfied only when the individual
terms of Eq. (A9) are equal to zero

U, +2vu,, + (V2 —E)UXXZO (A10)
Yo
—Pu,éu I(‘;—ryut (l,.t)du(l,,t)=0 (Al1l1)
So the dashpot boundary condition obtained from (Al1l) in Fig. 1is
Uut(IO't):_Pux(IO't) (A12)

and Eqg. (A10) is the governing equation of motion.
When 7=0 Ns/m, the boundary condition of the right boundary becomes the free
boundary: ux(lo, t)=0.

Appendix B: Fixed_mass-dashpot-spring boundaries case
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u(x,f)

Fig. 13 Traveling string with fixed mass-dashpot-spring boundaries.
The mass-dashpot-spring boundary condition in Fig. 13 is
mu, (I,,t) +ku(l,, t) +nu, (1,,t) + Pu, (I,,t) (B1)
where Kk is the stiffness of the spring, and m is the mass at the right boundary. The
boundary reflection relationship of the right hand boundary is

G"(s) +2a5G'(S) + &°G(s) = R(s) (B2)
a— 2 — — —_ —
where  R(s) = Fr(2hVeSy Ve y i@ VeSy e —Py 20l TSy K e
v, v, v, my, , my,
a= kz S M*P The complex boundary conditions lead to a more complex
my, 2v,+/mk

recursive process. Therefore, the recursive formulas for the mass-dashpot-spring
boundary reflected waves are given here only instead of response results, and the
process of response calculation can be referred to the case of fixed_dashpot
boundaries in the main text.

Assume that

a(-B+~B*-1) ,p>1

aff B=1 (B3)
a(-p+if1-p%) B <1

Following results are for the case of 5 # 1.

S
.[|0+v. (1T (eNZ(H) —ent )R (x)dx

H=

G,"(s) = +C.e" +C, e (B4)
Hy, =y
; V.2 o 2cl -V xy nv, P _, 2cly-v,x,  k _, 2cl,—v,x
Here, R"(x)=--—F"(— )+ —FR"(— ) -—FR'(— )
VI V| mv| V| mV| VI

_ G (v (n-1T) - 15,G," (I +v, (n—1)T)
{ G," (I, +V, (N-1T) = G," (I, +v, (n-1)T) gl D

G," (I, +v,(n-D)T)=G," (I, +v,(n-1)T) C - G (I, +v,(n=-1T)— 1 G," (I, +v,(n-1)T)
4 el‘z('o*W(n*l)T) (qu _M)

C3

J'S (euz(H) _e/ﬁ(H))R "(x)dx

n lo Vi (ta +(n-1)T) 2 145 1S

G,)"(s) = _— +C,e +C,e (B5)
2 1
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Here, R,"(x)=--—F"(——
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v, ) my? ° ( v, )
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)+77vr Fn(

2 2
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Following results are for the case of f=1.
k
H=—Q=— 2 (B6)
my,
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