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Abstract 

This study proposes a multi-frequency response piecewise-linear piezoelectric vibration 

energy harvester (MFRPLP-VEH) by combining the linear multi-frequency resonance and 

nonlinear vibration bandwidth broadening methods to improve the working frequency 

bandwidth and environmental robustness of the piezoelectric vibration energy harvester. A 

theoretical model is established based on the electromechanical coupling and the dynamic 

response of the MFRPLP-VEH. The energy harvesting performance and broadening width 

efficiency of the MFRPLP-VEH were obtained through an experimental verification platform. 

An error rate of 5% is observed between the numerical results of the theoretical model and the 

experiment results. Furthermore, the operating frequency range is widened by 67.8% at an 

external excitation acceleration of 10 m/s2. The energy generated by the MFRPLP-VEH is 194% 

of the energy generated by its linear counterpart under the same excitation conditions. The 

numerical and experimental results verify the accuracy of the theoretical model and the 

broadband working frequency range of the MFRPLP-VEH. 

Keywords: Piezoelectric energy harvesting; Electromechanical coupling; Broadband; 

Nonlinear; Multi-frequency 

1. Introduction 

Given the increasing applications of low-power consumption sensor networks, reliable 

energy supply technologies have become a research focus. Chemical batteries, however, have 
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limited service life, high replacement, and maintenance costs, and are not environmentally 

friendly. Therefore, there is an urgent need for developing new energy sources that exhibit long 

service life, compact size, are light weight, and environmental friendly to compensate for the 

shortcomings of traditional chemical batteries. An alternative energy solution is by converting 

energy sources such as kinetic energy, thermal energy, light energy, and wind energy collected 

from the ambient environment into electric energy [1-4]. Therefore, different energy harvesters 

were designed and tested [5-9]. For example, a piezoelectric vibration energy harvester can 

power low-energy consumption devices and sensors by converting vibration energy into 

electricity [10–15]. However, because the natural vibration excitations have relatively low 

frequency and intensity, the harvester is usually designed to magnify the amplitude [16, 17], 

speed [18], and frequency [19–21]. Furthermore, the output power is highly dependent on the 

resonance of the harvester exhibiting external excitation, which is not always constant [22]. 

Therefore, researchers have proposed multiple designs of energy harvesters to broaden the 

working frequency range of the piezoelectric vibration energy harvester through theories and 

experiments [23–25]. The existing methods used to broaden the frequency range of the 

harvester can be divided into two categories: 

One is the linear multi-frequency resonance method, wherein a harvester is designed to have 

multiple resonant frequencies within the frequency range of the vibration source and generates 

multiple resonant peaks [26–28]. Ferrari et al. [29] proposed a piezoelectric vibrational energy 

harvester with three cantilever beams arranged in an array structure. The cantilever beams 

exhibit their own resonant frequency due to their different structures. Once the external 

vibration source is close to either of the three resonant frequencies, the corresponding Beam 

Can significantly increase the output power. Dhote et al. [30] designed a harvester using 

multiple multi-mode cantilever beams in the same plane. The cantilever beams exhibited multi-

mode characteristics and generated multi-step resonant frequencies to achieve a broadband 

frequency range. Results showed that due to the linear multi-frequency resonance, the different 

vibration units effectively expanded the working frequency range by accumulating the working 

frequency band. Recently, a global device optimization procedure was proposed for an energy 

harvester comprising an array of beams. While the proposed design was used to increase the 
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power density and not the bandwidth, it proved to be effective and resulted in a remarkable 0.3 

W power output for the gravity-based device [31]. However, the working frequency band was 

limited around the resonant frequency because the harvester was still linear. Moreover, the 

working frequency range of a single vibration unit remained unchanged, which increased the 

volume of the harvester and decreased the output power density. 

The second method is the nonlinear frequency-broadening method. Compared with linear 

harvester, elaborately introduced nonlinearity, such as structural design [32, 33], magnetic force 

[34, 35] and other methods [36], could increase the operation bandwidth of the energy harvester, 

which is conducive to energy harvesting. Li et al. [37] investigated a nonlinear X-shaped 

piezoelectric energy harvester with horizontal and vertical installation configurations, which 

can achieve tunable bandwidth harvesting by adjusting its structural parameters. Internal 

resonance is explored to enhance vibration-based energy harvesting by Chen et al [38]. Under 

the influence of internal resonances, the amplitude-frequency response curves have two peaks 

bending to the left and right respectively. As the results, the internal resonance design produces 

more power than other designs especially under the Gaussian white noise and the exponentially 

correlated noise. Lu et al. [39] designed a bistable piezo-composite plate for both vibration 

isolation and energy harvesting, predicted analytically the hardening nonlinearity bending of 

the amplitude–frequency response curves. The results show that the bistable piezo-composite 

plate improves the feasibility and effectiveness of the integrated design. Magnetic forces have 

also been used to broaden the frequency to enhance energy harvesting devices [40 – 43]. Zhou 

et al. [44] presented an impact-induced method for nonlinear energy harvesters to obtain high-

energy orbits over a wide frequency range under low excitation levels. Results showed that the 

working bandwidth significantly enhanced the energy-harvesting performance under low 

excitation levels. Dai et al. [45] studied nonlinear modeling and dynamic analysis of cantilever 

microbeams and explored the effect of the size of material microstructures on the energy 

harvesting performance. The frequency response curve exhibited clear softening-type behavior 

under harmonic excitations. In addition, collisional piecewise nonlinearity is also an effective 

means to improve the performance of the harvester [46, 47]. A piecewise linear design was used 

to broaden the working frequency range of the energy harvester through collisions between the 
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vibration components and the limiter, which changes the equivalent stiffness of the harvester to 

attain the effect of nonlinear characteristics [48, 49]. Peng et al. [50] introduced the impact 

frequency-up conversion effect into stacked piezoelectric energy harvester structures. 

Compared to the control group without truncation, the average power is enhanced by over 177 

times and the matched resistance is significantly reduced from over 5 kΩ to 73.10 Ω. Soliman 

et al. [51] proposed a piecewise-linear magnetic-electric vibration energy harvester by placing 

a stopper within the vibration range of the cantilever beam. When the amplitude of the 

piezoelectric cantilever beam is greater than the clearance, a collision occurs between the beam 

and the retaining block, which changes the equivalent stiffness of the beam in the piecewise 

linear mode. As a result, the overall performance of the energy harvester was nonlinear. 

Furthermore, results showed that the piecewise linear method could effectively broaden the 

operating frequency of the harvester. The above methods can successfully broaden the working 

frequency range of harvesters and improve the energy harvesting efficiency. 

This study proposes the multi-frequency response piecewise-linear piezoelectric vibration 

energy harvester (MFRPLP-VEH) by combining the linear multi-frequency resonance method 

and the nonlinear frequency broadening method to further enhance the performance of the 

piezoelectric vibration energy harvester and its environmental robustness. The three cantilever 

beams of the MFRPLP-VEH are active and colliding beams, whose coupling effect exhibits 

nonlinear characteristics. Then a theoretical model is established based on the 

electromechanical coupling and the dynamic response of the MFRPLP-VEH. All the outputs 

of the collision beams are carefully considered and modeled. In order to validate the broadband 

performance and energy harvesting efficiency of the proposed MFRPLP-VEH, an experimental 

setup is developed. This design expands the working frequency band of the vibration energy 

harvester and makes it possible to have a continuous and stable output. 

2. Modeling 

As shown in Figure 1, the proposed MFRPLP-VEH comprises a base structure and three 

piezoelectric cantilever beams with adjacent resonant frequencies. Each piezoelectric beam is 

fabricated using piezoelectric patches and structural alloy steel for the substrate layer having 

the same dimension parameters. The tip masses are different owing to the different resonant 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

5 

 

frequencies of the cantilever beams. Table 1 summarizes the dimensions and material 

parameters of the piezoelectric cantilever beams. 

 

Figure 1 The proposed MFRPLP-VEH. 

 

Table 1 Parameters of the cantilever piezoelectric beams. 

Parameter Value 

Beam length  100 mm 

Beam width  12 mm 

Beam thickness  0.2 mm 

Beam density  7900 kg/m3 

Young’s modulus of the beam  120 Gpa 

The tip mass of Beam A 0.5 gram  

The tip mass of Beam B 0 gram 

The tip mass of Beam C 0.3 gram 

PZT length  30 mm 

PZT width  10 mm 

PZT thickness  0.4 mm 

PZT density  7600 kg/m3 

Piezoelectric capacitance  26.5 nF 

Piezoelectric constant  150×10-12 m/V 

Permittivity of the PZT 1800 

Young’s modulus of the PZT  80 Gpa 

The vibration exciter drives the cantilever beam to vibrate vertically to generate a bending 

moment, and the piezoelectric patches convert the mechanical vibration energy into electricity. 
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Once the relative displacement of the two piezoelectric beams is greater than the gap, the beams 

collide. During periodic motion, the collision causes the stiffness to be nonlinear. The three 

double-crystal piezoelectric beams are denoted as beams A, B, and C, from top to bottom, and 

have resonant frequencies of fA<fC<fB, respectively. When the frequency sweeps from low to 

high, Beam A resonates first. When the amplitude of vibration exceeds gap d1 between beams 

A and B, they begin to collide. As the excitation frequencies increase, Beam A breaks out of 

resonance, and its amplitude gradually decreases with no collision. The amplitude of Beam C 

gradually increases, and it begins to resonate. When the amplitude of vibration exceeds gap d2 

between beams B and C, they begin to collide. As the excitation frequencies increase further, 

Beam C breaks out of resonance while Beam B continues to resonate and collide with the other 

two beams. 

Giving that the dynamic behavior of mechanical collisions is very complex, the exact results 

of the vibration response are rarely obtained. Therefore, a variety of average or approximate 

methods have been developed to give the nonlinear solution [52, 53]. The MFRPLP-VEH is 

theoretically analyzed by combining the equivalent spring-mass-damping model with 

piecewise linear springs. Furthermore, to analyze the energy harvesting performance of each 

beam individually, the damping of the resonant beam is considered, whereas the damping of 

the non-resonant beams is disregarded [54]. Then, modeling analysis was performed for beams 

A, B, and C. Figure 2 shows the schematic model of the MFRPLP-VEH. 

 
Figure 2 Schematic model of the MFRPLP-VEH. 

As shown in Figure 2, subscripts 1, 2 and 3 refer to beams A, B, and C, respectively. We 

consider the collision of any two beams for analysis. m1 is the equivalent vibration mass. k1 is 

the equivalent stiffness, and c1 is the equivalent damping of the resonant beam. m2 (m3), k2 (k3), 
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and c2(c3) are the equivalent mass, stiffness, and damping of the impact beams, respectively. 

PZTs (1-2-3) are piezoceramics bonded to beams A, B, and C, respectively. u0(t) and u1(t) 

represent the external excitation and displacement of the resonant beam, respectively. The 

motion of the resonant beam can be classified into free vibration motion and collision motion. 

The stiffness and damping of the resonant beam remain unchanged when the relative 

displacement u1-u0 is smaller than the clearance d and change when the two cantilever beams 

collide. Note that the collision time is kept short for the convenience of the theoretical modeling 

and analysis [55, 56] and the pre-impact momentums of the beams are small. Furthermore, the 

speed of the two beams after the collision is assumed to be the same, and the collision beams 

obey the conservation law of momentum. In other words, the collision is completely inelastic. 

Based on these assumptions, the stiffness and damping of the two beams would be connected 

in parallel. The corresponding nonlinear motion equation is given as: 

 0 1 1 p( ) ( , )+ 0m y y c y k y f y y F      (1) 

Herein, y0=u0(t)=Ucos(ωt), where U and ω represent the excitation amplitude and excitation 

frequency, respectively. ( , )f y y  in Eq. (1) represents the nonlinear term of the MFRPLP-VEH 

and is given as: 

1 1( )       ( )
( , )

0 ( )

c y k y d y d
f y y

y d

  
 


 

Because the mechanical model ignores the electromechanical coupling, a significant error 

was observed between the theoretical derivation and experimental results. Therefore, 

piezoelectric damping caused by the external load could improve the model accuracy. 

  
Figure 3 Equivalent circuit of a piezoelectric beam (with two piezoelectric patches connected in 

parallel). 

  Iup(t) and Idown(t) are the two piezoelectric patches pasted on both sides of the piezoelectric 

beam. Figure 3 shows the bimorph equivalent circuit. The total equivalent capacitance Cp and 
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current I(t) (sum of Iup and Idown) of the bimorph piezoelectric cantilever beam are given as: 

 p p p

p

p2

L W
C

T


  (2) 

 ( )I t y   (3) 

According to Kirchhoff’s law, the governing equation of the circuit is obtained as: 

 
p /C v v R y    (4) 

where Lp, Wp, and Tp in Equation (2) represent the length, width, and thickness of the 

piezoelectric patch, respectively, and  p is the dielectric constant of the piezoelectric material. 

In Equation (4),  is the electromechanical coupling coefficient, and v is the open-circuit 

voltage at both ends of the piezoelectric patch. 

Therefore, the nonlinear governing equations are given as: 

 
0 1 1 p

p

( ) ( , )+ 0

/

m y y c y k y f y y F

C v v R y

    


  
 (5) 

3. Dynamic analysis 

The nonlinear differential equation of the MFRPLP-VEH has been described in the previous 

section. Furthermore, the asymptotic method (average method) is adopted to solve the set of 

coupled equations of motion. To better understand the theoretical model, we derive the 

following equation from Equation (5): 

 

 
 

   

1 1
0

1
,

1
0

p p

V tc k
y y f y y y y

m m m m

V t V t y
RC C


     




   


 (6) 

The left side of the first equation is the external excitation term, where 0y , mechanical 

damping, 1c
y

m
, piezoelectric damping term, and  ,f y y  is the nonlinear term. In the 

occurrence of a nonlinear vibration collision, the terms on the left have less influence on the 

vibration response than the linear terms on the right, which can be temporarily ignored. 

Therefore, a new parameter Bp is introduced, which represents the sum of the four terms on the 

left, and  is used as the prefix to indicate an infinitesimal quantity. Therefore, Equation (6) can 

be further simplified as:  
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   

p 1

2 3 0

B y x y

V t x y x V t

   


  

 (7) 

where the newly introduced parameters x1, x2, x3 are given as: 

 1
1 2 3

p p

1
, ,  k

x x x
m C RC


   , (8) 

 and Bp is given as: 

    1
p 0

1
+ + , +

c
B y y f y y V t

m m m


  (9) 

After introducing Bp, Equation (6) can be further simplified to solve the collision energy 

harvesting motion, as 

 
   

1

2 3

0

0

y x y

V t x y x V t

 


  
 (10) 

By solving Equation (10), we obtain the solution of Equation (5) as: 

  
2

2 2 3

2 2 2 2

3 3

1

cos

sin

cos sin

n

n n

n n

n

y D

y D

x x x
V t D

x x

t

x



 

 
 

 

  



 


 


 
   

  
  

 

 (11) 

where D is the amplitude of the system displacement y, θ is the phase angle of y, ωn corresponds 

to the natural frequency of the linear system, and φ is the phase difference between θ and the 

phase angle of the external excitation. The nonlinear part of the MFRPLP-VEH can be solved 

by eliminating the infinitesimal quantity  after the linear system solution is obtained. 

The displacement amplitude D is given as: 

 

    

2

0

2
2 2 2 24

A
D

D D



   



 

 (12) 

The phase difference   is given as: 

 
 

1

2 2

2 ( )
tan

D

D

 


 


 

  
  

 (13) 

The coefficient δ(D) of the nonlinear amplitude function is given as: 

  
 

2 31 2

2 2

3
2 22

n

x xc c
D G

m mm x





  


 (14) 
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The equivalent natural frequency λ (D) of the MFRPLP-VEH is given as: 

  
 

2 2

2 2

3
22

n

n

n

n

x k
D G

mm x


 




  


 (15) 

To plot the amplitude-frequency curve, ω is derived from Equation (12) as: 

 
         

2
2 2 2 2 2 4

2

2 2 1

1

D D h D

h

    


    



 (16) 

where  is the displacement amplitude ratio between the external excitation and the 

MFRPLP-VEH. 

When continuous amplitude D is known, δ(D) and λ(D) can be calculated by substituting 

Equations (14) and (15) in Equation (16) to obtain the corresponding value of ω. According to 

Equation (11), the relationship between the output voltage and displacement of the energy 

collection system can be deduced as: 

 

2

2 2

3

1 1

n

n

x
V D

x





  




 

 (17) 

where the phase difference φ1 is given as: 

 
1 3

1 tan
n

x




  (18) 

To obtain the relationship between the output voltage V and external excitation frequency ω, 

we set 
2 2

3

2

+n

n

x

x





 and substitute Equation (17) into Equation (16) as: 

 

       
2

2
2 2 2 2 40

2

0

2 2 1

1

n n

A
D D D

V

A

V

    






  
          


 

  
 

  (19) 

The piezoelectric patches are considered as a current source containing internal resistance: 

 
p

p

1

2
R

fC
   (20) 

Therefore, the output power of the MFRPLP-VEH can be obtained as: 

0 /h A D
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2

2

p( )

V R
P

R R



 (21) 

Beam A is used as an example to explain the working principle of the collision. As shown in 

Figure 4, the simulation was carried out using Equation (19), and the parameters are listed in 

Table 1.  

 

Figure 4 Voltage-frequency characteristic curve of Beam A (at excitation acceleration of 10 m/s2). 

The collision clearance between beams A and B was set to 5 mm. As the excitation frequency 

gradually increased, the output voltage of Beam A increased from point a to point b. When the 

excitation frequency reaches point b, the relative displacements of beams A and B become 

larger than the clearance d, and a collision occurs. As a result, the voltage amplitude-frequency 

curve of Beam A starts to deflate from point b to point d and is no longer the same as that of 

the original linear system (solid line). On reaching point d, the amplitude drops directly from 

point d to the corresponding amplitude of the linear system at point e. The amplitude continues 

to decline along the linear amplitude-frequency curve. 

Similarly, we can obtain the voltage amplitude-frequency curve based on the simulations of 

the voltage amplitude-frequency curve when the three beams collide with each other in turns, 

as shown in Figure 5. For example, when Beam B starts to resonate at approximately 40 Hz, it 

collides with beams A and C considering the clearances are the same. Both the resonant and 

collision beams generate electricity. The effective working bandwidth can be broadened 

significantly to enhance the vibration energy under a large bandwidth variation. 
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Figure 5 Numerical voltage amplitude-frequency curves of the MFRPLP-VEH and the linear 

piezoelectric beam array. 

4. Experiments and discussion 

To verify the three-dimensional model structure of the MFRPLP-VEH, three bimorph 

cantilever beams with adjacent resonant frequencies are fabricated, as shown in Figure 6. Two 

piezoelectric patches are bonded in a parallel connection in the opposite polarization directions. 

The parameters of the fabricated MFRPLP-VEH are listed in Table 1.  

 
Figure 6 The MFRPLP-VEH in experiment. 

  Figure 7 shows the experimental setup, which is comprised an arbitrary function generator 

(Tektronix-AFG1062), power amplifier (YE5874A), shaker (JZK-50), digital oscilloscope 

(Rohde & Schwarz RTB2004), laser vibrometer (Keyence LK-GD500), and a noise current 

preamplifier (SR570-Low). A frequency-swept signal is generated by the function generator to 

control the power amplifier, which in turn is connected to the shaker. An accelerometer is used 

to monitor the output acceleration. The current and voltage of the MFRPLP-VEH are measured 

using a current amplifier and an oscilloscope.  
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(a) 

 

(b) 

Figure 7 (a) Experimental setup; (b) flow diagram with experimental devices. 

4.1 Output and bandwidth broadening experiment 

First, the voltages of the piezoelectric beams are recorded by exciting the beams individually 

under a constant acceleration of 10 m/s2 (frequency sweeping from 20 Hz to 50 Hz, sweeping 

time of 200 s), as shown in Figure 8. As the excitation acceleration remained unchanged, the 

peak value of the voltage decreased, and the frequency increased. The free vibration mode 

measurements are in good agreement with the simulations shown in Figure 5. The resonant 

frequencies of beams A, B, and C in experiment are calculated as 28.9, 33.6, and 38.6 Hz, 

respectively.  
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Figure 8 Individual tests (non-collision) of the frequency-swept voltage response curves of each beam 

under a constant acceleration of 10 m/s2 (frequency sweeping from 20 Hz to 50 Hz, sweeping time of 

200 s). 

Impedance matching is performed for each piezoelectric beam at their corresponding resonant 

frequencies. The output voltage and output power curves, along with the external load impedance, 

can be obtained, as shown in Figure 9. 

  
Figure 9 Non-collision output voltage and power curve versus the external load impedance of the 

MFRPLP-VEH. 

As shown in Figure 9, as the external load impedance increases, the output voltage gradually 

increases until it converges with the open-circuit voltage of the harvester. Simultaneously, the 

maximum output power of each piezoelectric beam increases as the external load impedance 

increases. When the external load impedance reaches a peak value, the maximum output power 

decreases gradually. Then, we conducted the frequency-swept collision experiments at 8 m/s2, 
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10 m/s2, 12 m/s2, and 14 m/s2 with the same frequency-swept setting. The experimental results 

are shown in Figure 10. 

 

(a) 8 m/s2                           (b) 10 m/s2 

  

(c) 12 m/s2                            (d) 14 m/s2 

Figure 10 The frequency-swept voltage response curve of MFRPLP-VEH under different acceleration 

excitations (the frequency sweeping from 20 Hz to 50 Hz, the sweeping time of 200s). 

The numerical and experimental results are compared to verify the theoretical model. Figure 

11 shows the experimental results of the MFRPLP-VEH under excitation accelerations of 8 

m/s2 and 12 m/s2. It is observed that the theoretical model could effectively predict the 

experimental working frequency range of the MFRPLP-VEH. However, as the equivalent mass 

of Beam B being smaller than the others, when it is used as the drive beam, 20% error can be 

observed, especially in the output of beams A and C. 
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(a)                                (b) 

Figure 11 Comparison of the numerical and experimental results. (a) 8 m/s2 and (b) 10 m/s2. 

The output voltage and output power can be used to evaluate the energy harvesting efficiency 

of the MFRPLP-VEH. A constant 25 μW source supply is usually used for low-powered 

wireless sensors (Zigbee, Bluetooth, etc). Therefore, a 5 V peak voltage is set as the threshold 

value for the effective working voltage while considering the energy loss and diode voltage 

drop. In this study, we use an output power of 25 μW to restrict the frequency range of the 

harvester, which is calculated based on the experimental data of the collision and non-collision 

vibrations with a constant acceleration of 10 m/s2, as shown in Figure 12.  

  
Figure 12 Comparison of the output power achieved in collision and no-collision modes (at a constant 

acceleration of 10 m/s2). 

Simulations are conducted using the proposed numerical model under the same excitation 

conditions. The effective working frequency range of beams A, B, and C are expanded from 

29.2–30.7 Hz to 29.2–32.4 Hz, 33.7–35.2 Hz to 38.3–40.4 Hz, and 38.3–39.6 Hz to 33.7–36.1 

Hz, respectively. Furthermore, the effective working frequency range of beams A, B, and C is 

expanded from 27.57–29.35 Hz to 26.64–30.96 Hz, 37.76–39.56 Hz to 38.31–40.91 Hz, and 

32.26–34.2 Hz to 32.17–35.54 Hz, respectively. Table 2 shows a comparison of the bandwidth 

broadening effect of beams A, B, and C. 
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Table 2 Comparative analysis of the numerical and experimental results of the bandwidth broadening 

effect of the MFRPLP-VEH. 

 Beam A Beam B Beam C Total 

Simulations broadening 

bandwidth (Hz) 
1.5→3.2 1.5→2.4 1.3→2.1 4.3→7.1 

Experiment broadening 

bandwidth (Hz) 
1.78→3.32 1.94→3.37 1.8→2.6 5.52→9.26 

As seen in Table 2, the total working frequency range of the MFRPLP-VEH is calculated as 

67.8% in the experiment, indicating that the MFRPLP-VEH exhibits an improved broadband 

effect compared to the linear model. Moreover, the open-circuit voltages of beams A, B, and C 

measured at the resonant frequency clearly showed high-frequency components, as depicted in 

Figure 13. These high-frequency vibrations can be potentially harvested, with some of them 

having large variation levels. 

 

Figure 13 Open-circuit voltage of beams A, B, and C at the resonant frequency of Beam A. 

4.2 Comparison of the capacitance charging  

To further analyze the energy harvester efficiency of the MFRPLP-VEH, we conduct 

capacitive charging experiments for the MFRPLP-VEH and the linear model using frequency-

swept excitation. The excitation conditions are kept the same as before. The piezoelectric beam 

is first connected to the interface circuit for rectification. Then, the three rectified circuits of the 

piezoelectric beams are connected in parallel to both ends of the capacitor. Figure 14 shows the 

circuit connection. 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

18 

 

  

Figure 14 The capacitor charging circuit connection. 

The linear piezoelectric beam array on the same plane and the MFRPLP-VEH are excited 

under the same excitation conditions (frequency sweeping from 20 Hz to 50 Hz, a constant 

acceleration amplitude of 10 m/s2, a sweeping time of 200 s) and connected to the same circuit 

(The energy output of both is the sum of the three beams). The electric field energy stored in 

the two capacitors (Cr = 470 µF) is collected and calculated, as shown in Figure 15. In the initial 

phase of the frequency-swept excitation, the energy collected by the MFRPLP-VEH is roughly 

the same as that collected by the linear piezoelectric beam array. However, when the 

piezoelectric beams collide with each other, the MFRPLP-VEH collects much more electricity 

compared to the linear piezoelectric beam array. During the charging process of 200 s, the 

harvested energy of the MFRPLP-VEH and the linear piezoelectric beam array are calculated 

as 1.39 mJ and 0.71 mJ, respectively. Owing to the impact of high-frequency components and 

widening of the working frequency band, a multi-frequency response piecewise linear 

cantilever beam can potentially increase the generating capacity by 194% under the same 

excitation conditions.  

  
Figure 15 Comparison of the MFRPLP-VEH and the linear piezoelectric beam array in capacitance 

charging. 

5. Conclusion 

This study proposed a piecewise linear vibration energy harvester with a multi-frequency 

response to solve the issue of narrow working bandwidth and low efficiency in traditional 
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piezoelectric vibrational energy harvesters. The theoretical model for the proposed harvester 

was established based on factors such as electromechanical coupling and dynamic analysis, and 

its accuracy was verified experimentally. The proposed harvester has three resonance intervals, 

and each achieves a broadband effect through collision. As a result, the output power density 

and working frequency range are significantly enhanced. In detail, the energy generated by the 

MFRPLP-VEH is 194% of the energy generated by its linear counterpart under the same 

excitation conditions. However, future studies will concentrate on the optimization design of 

the harvester in a wider bandwidth and nonlinear collision modeling. We believe that the results 

of this study can provide meaningful guidance for designing broadband vibration energy 

harvesters. 
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Abstract 

This study proposes a multi-frequency response piecewise-linear piezoelectric vibration 

energy harvester (MFRPLP-VEH) by combining the linear multi-frequency resonance and 

nonlinear vibration bandwidth broadening methods to improve the working frequency 

bandwidth and environmental robustness of the piezoelectric vibration energy harvester. A 

theoretical model is established based on the electromechanical coupling and the dynamic 

response of the MFRPLP-VEH. The energy harvesting performance and broadening width 

efficiency of the MFRPLP-VEH were obtained through an experimental verification platform. 

An error rate of 5% is observed between the numerical results of the theoretical model and the 

experiment results. Furthermore, the operating frequency range is widened by 67.8% at an 

external excitation acceleration of 10 m/s2. The energy generated by the MFRPLP-VEH is 194% 

of the energy generated by its linear counterpart under the same excitation conditions. The 

numerical and experimental results verify the accuracy of the theoretical model and the 

broadband working frequency range of the MFRPLP-VEH. 

Keywords: Piezoelectric energy harvesting; Electromechanical coupling; Broadband; 

Nonlinear; Multi-frequency 

1. Introduction 

Given the increasing applications of low-power consumption sensor networks, reliable 

energy supply technologies have become a research focus. Chemical batteries, however, have 

REVISED Manuscript (marked or highlighted)
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limited service life, high replacement, and maintenance costs, and are not environmentally 

friendly. Therefore, there is an urgent need for developing new energy sources that exhibit long 

service life, compact size, are light weight, and environmental friendly to compensate for the 

shortcomings of traditional chemical batteries. An alternative energy solution is by converting 

energy sources such as kinetic energy, thermal energy, light energy, and wind energy collected 

from the ambient environment into electric energy [1-4]. Therefore, different energy harvesters 

were designed and tested [5-9]. For example, a piezoelectric vibration energy harvester can 

power low-energy consumption devices and sensors by converting vibration energy into 

electricity [10–15]. However, because the natural vibration excitations have relatively low 

frequency and intensity, the harvester is usually designed to magnify the amplitude [16, 17], 

speed [18], and frequency [19–21]. Furthermore, the output power is highly dependent on the 

resonance of the harvester exhibiting external excitation, which is not always constant [22]. 

Therefore, researchers have proposed multiple designs of energy harvesters to broaden the 

working frequency range of the piezoelectric vibration energy harvester through theories and 

experiments [23–25]. The existing methods used to broaden the frequency range of the 

harvester can be divided into two categories: 

One is the linear multi-frequency resonance method, wherein a harvester is designed to have 

multiple resonant frequencies within the frequency range of the vibration source and generates 

multiple resonant peaks [26–28]. Ferrari et al. [29] proposed a piezoelectric vibrational energy 

harvester with three cantilever beams arranged in an array structure. The cantilever beams 

exhibit their own resonant frequency due to their different structures. Once the external 

vibration source is close to either of the three resonant frequencies, the corresponding Beam 

Can significantly increase the output power. Dhote et al. [30] designed a harvester using 

multiple multi-mode cantilever beams in the same plane. The cantilever beams exhibited multi-

mode characteristics and generated multi-step resonant frequencies to achieve a broadband 

frequency range. Results showed that due to the linear multi-frequency resonance, the different 

vibration units effectively expanded the working frequency range by accumulating the working 

frequency band. Recently, a global device optimization procedure was proposed for an energy 

harvester comprising an array of beams. While the proposed design was used to increase the 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

3 

 

power density and not the bandwidth, it proved to be effective and resulted in a remarkable 0.3 

W power output for the gravity-based device [31]. However, the working frequency band was 

limited around the resonant frequency because the harvester was still linear. Moreover, the 

working frequency range of a single vibration unit remained unchanged, which increased the 

volume of the harvester and decreased the output power density. 

The second method is the nonlinear frequency-broadening method. Compared with linear 

harvester, elaborately introduced nonlinearity, such as structural design [32, 33], magnetic force 

[34, 35] and other methods [36], could increase the operation bandwidth of the energy harvester, 

which is conducive to energy harvesting. Li et al. [37] investigated a nonlinear X-shaped 

piezoelectric energy harvester with horizontal and vertical installation configurations, which 

can achieve tunable bandwidth harvesting by adjusting its structural parameters. Internal 

resonance is explored to enhance vibration-based energy harvesting by Chen et al [38]. Under 

the influence of internal resonances, the amplitude-frequency response curves have two peaks 

bending to the left and right respectively. As the results, the internal resonance design produces 

more power than other designs especially under the Gaussian white noise and the exponentially 

correlated noise. Lu et al. [39] designed a bistable piezo-composite plate for both vibration 

isolation and energy harvesting, predicted analytically the hardening nonlinearity bending of 

the amplitude–frequency response curves. The results show that the bistable piezo-composite 

plate improves the feasibility and effectiveness of the integrated design. Magnetic forces have 

also been used to broaden the frequency to enhance energy harvesting devices [40 – 43]. Zhou 

et al. [44] presented an impact-induced method for nonlinear energy harvesters to obtain high-

energy orbits over a wide frequency range under low excitation levels. Results showed that the 

working bandwidth significantly enhanced the energy-harvesting performance under low 

excitation levels. Dai et al. [45] studied nonlinear modeling and dynamic analysis of cantilever 

microbeams and explored the effect of the size of material microstructures on the energy 

harvesting performance. The frequency response curve exhibited clear softening-type behavior 

under harmonic excitations. In addition, collisional piecewise nonlinearity is also an effective 

means to improve the performance of the harvester [46, 47]. A piecewise linear design was used 

to broaden the working frequency range of the energy harvester through collisions between the 
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vibration components and the limiter, which changes the equivalent stiffness of the harvester to 

attain the effect of nonlinear characteristics [48, 49]. Peng et al. [50] introduced the impact 

frequency-up conversion effect into stacked piezoelectric energy harvester structures. 

Compared to the control group without truncation, the average power is enhanced by over 177 

times and the matched resistance is significantly reduced from over 5 kΩ to 73.10 Ω. Soliman 

et al. [51] proposed a piecewise-linear magnetic-electric vibration energy harvester by placing 

a stopper within the vibration range of the cantilever beam. When the amplitude of the 

piezoelectric cantilever beam is greater than the clearance, a collision occurs between the beam 

and the retaining block, which changes the equivalent stiffness of the beam in the piecewise 

linear mode. As a result, the overall performance of the energy harvester was nonlinear. 

Furthermore, results showed that the piecewise linear method could effectively broaden the 

operating frequency of the harvester. The above methods can successfully broaden the working 

frequency range of harvesters and improve the energy harvesting efficiency. 

This study proposes the multi-frequency response piecewise-linear piezoelectric vibration 

energy harvester (MFRPLP-VEH) by combining the linear multi-frequency resonance method 

and the nonlinear frequency broadening method to further enhance the performance of the 

piezoelectric vibration energy harvester and its environmental robustness. The three cantilever 

beams of the MFRPLP-VEH are active and colliding beams, whose coupling effect exhibits 

nonlinear characteristics. Then a theoretical model is established based on the 

electromechanical coupling and the dynamic response of the MFRPLP-VEH. All the outputs 

of the collision beams are carefully considered and modeled. In order to validate the broadband 

performance and energy harvesting efficiency of the proposed MFRPLP-VEH, an experimental 

setup is developed. This design expands the working frequency band of the vibration energy 

harvester and makes it possible to have a continuous and stable output. 

2. Modeling 

As shown in Figure 1, the proposed MFRPLP-VEH comprises a base structure and three 

piezoelectric cantilever beams with adjacent resonant frequencies. Each piezoelectric beam is 

fabricated using piezoelectric patches and structural alloy steel for the substrate layer having 

the same dimension parameters. The tip masses are different owing to the different resonant 
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frequencies of the cantilever beams. Table 1 summarizes the dimensions and material 

parameters of the piezoelectric cantilever beams. 

 

Figure 1 The proposed MFRPLP-VEH. 

 

Table 1 Parameters of the cantilever piezoelectric beams. 

Parameter Value 

Beam length  100 mm 

Beam width  12 mm 

Beam thickness  0.2 mm 

Beam density  7900 kg/m3 

Young’s modulus of the beam  120 Gpa 

The tip mass of Beam A 0.5 gram  

The tip mass of Beam B 0 gram 

The tip mass of Beam C 0.3 gram 

PZT length  30 mm 

PZT width  10 mm 

PZT thickness  0.4 mm 

PZT density  7600 kg/m3 

Piezoelectric capacitance  26.5 nF 

Piezoelectric constant  150×10-12 m/V 

Permittivity of the PZT 1800 

Young’s modulus of the PZT  80 Gpa 

The vibration exciter drives the cantilever beam to vibrate vertically to generate a bending 

moment, and the piezoelectric patches convert the mechanical vibration energy into electricity. 
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Once the relative displacement of the two piezoelectric beams is greater than the gap, the beams 

collide. During periodic motion, the collision causes the stiffness to be nonlinear. The three 

double-crystal piezoelectric beams are denoted as beams A, B, and C, from top to bottom, and 

have resonant frequencies of fA<fC<fB, respectively. When the frequency sweeps from low to 

high, Beam A resonates first. When the amplitude of vibration exceeds gap d1 between beams 

A and B, they begin to collide. As the excitation frequencies increase, Beam A breaks out of 

resonance, and its amplitude gradually decreases with no collision. The amplitude of Beam C 

gradually increases, and it begins to resonate. When the amplitude of vibration exceeds gap d2 

between beams B and C, they begin to collide. As the excitation frequencies increase further, 

Beam C breaks out of resonance while Beam B continues to resonate and collide with the other 

two beams. 

Giving that the dynamic behavior of mechanical collisions is very complex, the exact results 

of the vibration response are rarely obtained. Therefore, a variety of average or approximate 

methods have been developed to give the nonlinear solution [52, 53]. The MFRPLP-VEH is 

theoretically analyzed by combining the equivalent spring-mass-damping model with 

piecewise linear springs. Furthermore, to analyze the energy harvesting performance of each 

beam individually, the damping of the resonant beam is considered, whereas the damping of 

the non-resonant beams is disregarded [54]. Then, modeling analysis was performed for beams 

A, B, and C. Figure 2 shows the schematic model of the MFRPLP-VEH. 

 
Figure 2 Schematic model of the MFRPLP-VEH. 

As shown in Figure 2, subscripts 1, 2 and 3 refer to beams A, B, and C, respectively. We 

consider the collision of any two beams for analysis. m1 is the equivalent vibration mass. k1 is 

the equivalent stiffness, and c1 is the equivalent damping of the resonant beam. m2 (m3), k2 (k3), 
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and c2(c3) are the equivalent mass, stiffness, and damping of the impact beams, respectively. 

PZTs (1-2-3) are piezoceramics bonded to beams A, B, and C, respectively. u0(t) and u1(t) 

represent the external excitation and displacement of the resonant beam, respectively. The 

motion of the resonant beam can be classified into free vibration motion and collision motion. 

The stiffness and damping of the resonant beam remain unchanged when the relative 

displacement u1-u0 is smaller than the clearance d and change when the two cantilever beams 

collide. Note that the collision time is kept short for the convenience of the theoretical modeling 

and analysis [55, 56] and the pre-impact momentums of the beams are small. Furthermore, the 

speed of the two beams after the collision is assumed to be the same, and the collision beams 

obey the conservation law of momentum. In other words, the collision is completely inelastic. 

Based on these assumptions, the stiffness and damping of the two beams would be connected 

in parallel. The corresponding nonlinear motion equation is given as: 

 0 1 1 p( ) ( , )+ 0m y y c y k y f y y F      (1) 

Herein, y0=u0(t)=Ucos(ωt), where U and ω represent the excitation amplitude and excitation 

frequency, respectively. ( , )f y y  in Eq. (1) represents the nonlinear term of the MFRPLP-VEH 

and is given as: 

1 1( )       ( )
( , )

0 ( )

c y k y d y d
f y y

y d

  
 


 

Because the mechanical model ignores the electromechanical coupling, a significant error 

was observed between the theoretical derivation and experimental results. Therefore, 

piezoelectric damping caused by the external load could improve the model accuracy. 

  
Figure 3 Equivalent circuit of a piezoelectric beam (with two piezoelectric patches connected in 

parallel). 

  Iup(t) and Idown(t) are the two piezoelectric patches pasted on both sides of the piezoelectric 

beam. Figure 3 shows the bimorph equivalent circuit. The total equivalent capacitance Cp and 
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current I(t) (sum of Iup and Idown) of the bimorph piezoelectric cantilever beam are given as: 

 p p p

p

p2

L W
C

T


  (2) 

 ( )I t y   (3) 

According to Kirchhoff’s law, the governing equation of the circuit is obtained as: 

 
p /C v v R y    (4) 

where Lp, Wp, and Tp in Equation (2) represent the length, width, and thickness of the 

piezoelectric patch, respectively, and  p is the dielectric constant of the piezoelectric material. 

In Equation (4),  is the electromechanical coupling coefficient, and v is the open-circuit 

voltage at both ends of the piezoelectric patch. 

Therefore, the nonlinear governing equations are given as: 

 
0 1 1 p

p

( ) ( , )+ 0

/

m y y c y k y f y y F

C v v R y

    


  
 (5) 

3. Dynamic analysis 

The nonlinear differential equation of the MFRPLP-VEH has been described in the previous 

section. Furthermore, the asymptotic method (average method) is adopted to solve the set of 

coupled equations of motion. To better understand the theoretical model, we derive the 

following equation from Equation (5): 

 

 
 

   

1 1
0

1
,

1
0

p p

V tc k
y y f y y y y

m m m m

V t V t y
RC C


     




   


 (6) 

The left side of the first equation is the external excitation term, where 0y , mechanical 

damping, 1c
y

m
, piezoelectric damping term, and  ,f y y  is the nonlinear term. In the 

occurrence of a nonlinear vibration collision, the terms on the left have less influence on the 

vibration response than the linear terms on the right, which can be temporarily ignored. 

Therefore, a new parameter Bp is introduced, which represents the sum of the four terms on the 

left, and  is used as the prefix to indicate an infinitesimal quantity. Therefore, Equation (6) can 

be further simplified as:  
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   

p 1

2 3 0

B y x y

V t x y x V t

   


  

 (7) 

where the newly introduced parameters x1, x2, x3 are given as: 

 1
1 2 3

p p

1
, ,  k

x x x
m C RC


   , (8) 

 and Bp is given as: 

    1
p 0

1
+ + , +

c
B y y f y y V t

m m m


  (9) 

After introducing Bp, Equation (6) can be further simplified to solve the collision energy 

harvesting motion, as 

 
   

1

2 3

0

0

y x y

V t x y x V t

 


  
 (10) 

By solving Equation (10), we obtain the solution of Equation (5) as: 

  
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y D
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x
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 
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 

  


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

 


 
   

  
  

 

 (11) 

where D is the amplitude of the system displacement y, θ is the phase angle of y, ωn corresponds 

to the natural frequency of the linear system, and φ is the phase difference between θ and the 

phase angle of the external excitation. The nonlinear part of the MFRPLP-VEH can be solved 

by eliminating the infinitesimal quantity  after the linear system solution is obtained. 

The displacement amplitude D is given as: 

 

    

2

0

2
2 2 2 24

A
D

D D



   



 

 (12) 

The phase difference   is given as: 
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1

2 2

2 ( )
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D
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

 


 
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  

 (13) 

The coefficient δ(D) of the nonlinear amplitude function is given as: 
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The equivalent natural frequency λ (D) of the MFRPLP-VEH is given as: 

  
 

2 2

2 2

3
22

n

n

n

n

x k
D G

mm x


 
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
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
 (15) 

To plot the amplitude-frequency curve, ω is derived from Equation (12) as: 

 
         

2
2 2 2 2 2 4

2

2 2 1

1

D D h D

h

    


    



 (16) 

where  is the displacement amplitude ratio between the external excitation and the 

MFRPLP-VEH. 

When continuous amplitude D is known, δ(D) and λ(D) can be calculated by substituting 

Equations (14) and (15) in Equation (16) to obtain the corresponding value of ω. According to 

Equation (11), the relationship between the output voltage and displacement of the energy 

collection system can be deduced as: 

 

2

2 2

3

1 1

n

n

x
V D

x





  




 

 (17) 

where the phase difference φ1 is given as: 

 
1 3

1 tan
n

x




  (18) 

To obtain the relationship between the output voltage V and external excitation frequency ω, 

we set 
2 2

3

2

+n

n

x

x





 and substitute Equation (17) into Equation (16) as: 

 

       
2

2
2 2 2 2 40

2

0

2 2 1

1

n n

A
D D D

V

A

V

    






  
          
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 

  
 

  (19) 

The piezoelectric patches are considered as a current source containing internal resistance: 

 
p

p

1

2
R

fC
   (20) 

Therefore, the output power of the MFRPLP-VEH can be obtained as: 
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2

2

p( )

V R
P

R R



 (21) 

Beam A is used as an example to explain the working principle of the collision. As shown in 

Figure 4, the simulation was carried out using Equation (19), and the parameters are listed in 

Table 1.  

 

Figure 4 Voltage-frequency characteristic curve of Beam A (at excitation acceleration of 10 m/s2). 

The collision clearance between beams A and B was set to 5 mm. As the excitation frequency 

gradually increased, the output voltage of Beam A increased from point a to point b. When the 

excitation frequency reaches point b, the relative displacements of beams A and B become 

larger than the clearance d, and a collision occurs. As a result, the voltage amplitude-frequency 

curve of Beam A starts to deflate from point b to point d and is no longer the same as that of 

the original linear system (solid line). On reaching point d, the amplitude drops directly from 

point d to the corresponding amplitude of the linear system at point e. The amplitude continues 

to decline along the linear amplitude-frequency curve. 

Similarly, we can obtain the voltage amplitude-frequency curve based on the simulations of 

the voltage amplitude-frequency curve when the three beams collide with each other in turns, 

as shown in Figure 5. For example, when Beam B starts to resonate at approximately 40 Hz, it 

collides with beams A and C considering the clearances are the same. Both the resonant and 

collision beams generate electricity. The effective working bandwidth can be broadened 

significantly to enhance the vibration energy under a large bandwidth variation. 
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Figure 5 Numerical voltage amplitude-frequency curves of the MFRPLP-VEH and the linear 

piezoelectric beam array. 

4. Experiments and discussion 

To verify the three-dimensional model structure of the MFRPLP-VEH, three bimorph 

cantilever beams with adjacent resonant frequencies are fabricated, as shown in Figure 6. Two 

piezoelectric patches are bonded in a parallel connection in the opposite polarization directions. 

The parameters of the fabricated MFRPLP-VEH are listed in Table 1.  

 
Figure 6 The MFRPLP-VEH in experiment. 

  Figure 7 shows the experimental setup, which is comprised an arbitrary function generator 

(Tektronix-AFG1062), power amplifier (YE5874A), shaker (JZK-50), digital oscilloscope 

(Rohde & Schwarz RTB2004), laser vibrometer (Keyence LK-GD500), and a noise current 

preamplifier (SR570-Low). A frequency-swept signal is generated by the function generator to 

control the power amplifier, which in turn is connected to the shaker. An accelerometer is used 

to monitor the output acceleration. The current and voltage of the MFRPLP-VEH are measured 

using a current amplifier and an oscilloscope.  
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(a) 

 

(b) 

Figure 7 (a) Experimental setup; (b) flow diagram with experimental devices. 

4.1 Output and bandwidth broadening experiment 

First, the voltages of the piezoelectric beams are recorded by exciting the beams individually 

under a constant acceleration of 10 m/s2 (frequency sweeping from 20 Hz to 50 Hz, sweeping 

time of 200 s), as shown in Figure 8. As the excitation acceleration remained unchanged, the 

peak value of the voltage decreased, and the frequency increased. The free vibration mode 

measurements are in good agreement with the simulations shown in Figure 5. The resonant 

frequencies of beams A, B, and C in experiment are calculated as 28.9, 33.6, and 38.6 Hz, 

respectively.  
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Figure 8 Individual tests (non-collision) of the frequency-swept voltage response curves of each beam 

under a constant acceleration of 10 m/s2 (frequency sweeping from 20 Hz to 50 Hz, sweeping time of 

200 s). 

Impedance matching is performed for each piezoelectric beam at their corresponding resonant 

frequencies. The output voltage and output power curves, along with the external load impedance, 

can be obtained, as shown in Figure 9. 

  
Figure 9 Non-collision output voltage and power curve versus the external load impedance of the 

MFRPLP-VEH. 

As shown in Figure 9, as the external load impedance increases, the output voltage gradually 

increases until it converges with the open-circuit voltage of the harvester. Simultaneously, the 

maximum output power of each piezoelectric beam increases as the external load impedance 

increases. When the external load impedance reaches a peak value, the maximum output power 

decreases gradually. Then, we conducted the frequency-swept collision experiments at 8 m/s2, 
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10 m/s2, 12 m/s2, and 14 m/s2 with the same frequency-swept setting. The experimental results 

are shown in Figure 10. 

 

(a) 8 m/s2                           (b) 10 m/s2 

  

(c) 12 m/s2                            (d) 14 m/s2 

Figure 10 The frequency-swept voltage response curve of MFRPLP-VEH under different acceleration 

excitations (the frequency sweeping from 20 Hz to 50 Hz, the sweeping time of 200s). 

The numerical and experimental results are compared to verify the theoretical model. Figure 

11 shows the experimental results of the MFRPLP-VEH under excitation accelerations of 8 

m/s2 and 12 m/s2. It is observed that the theoretical model could effectively predict the 

experimental working frequency range of the MFRPLP-VEH. However, as the equivalent mass 

of Beam B being smaller than the others, when it is used as the drive beam, 20% error can be 

observed, especially in the output of beams A and C. 
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(a)                                (b) 

Figure 11 Comparison of the numerical and experimental results. (a) 8 m/s2 and (b) 10 m/s2. 

The output voltage and output power can be used to evaluate the energy harvesting efficiency 

of the MFRPLP-VEH. A constant 25 μW source supply is usually used for low-powered 

wireless sensors (Zigbee, Bluetooth, etc). Therefore, a 5 V peak voltage is set as the threshold 

value for the effective working voltage while considering the energy loss and diode voltage 

drop. In this study, we use an output power of 25 μW to restrict the frequency range of the 

harvester, which is calculated based on the experimental data of the collision and non-collision 

vibrations with a constant acceleration of 10 m/s2, as shown in Figure 12.  

  
Figure 12 Comparison of the output power achieved in collision and no-collision modes (at a constant 

acceleration of 10 m/s2). 

Simulations are conducted using the proposed numerical model under the same excitation 

conditions. The effective working frequency range of beams A, B, and C are expanded from 

29.2–30.7 Hz to 29.2–32.4 Hz, 33.7–35.2 Hz to 38.3–40.4 Hz, and 38.3–39.6 Hz to 33.7–36.1 

Hz, respectively. Furthermore, the effective working frequency range of beams A, B, and C is 

expanded from 27.57–29.35 Hz to 26.64–30.96 Hz, 37.76–39.56 Hz to 38.31–40.91 Hz, and 

32.26–34.2 Hz to 32.17–35.54 Hz, respectively. Table 2 shows a comparison of the bandwidth 

broadening effect of beams A, B, and C. 
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Table 2 Comparative analysis of the numerical and experimental results of the bandwidth broadening 

effect of the MFRPLP-VEH. 

 Beam A Beam B Beam C Total 

Simulations broadening 

bandwidth (Hz) 
1.5→3.2 1.5→2.4 1.3→2.1 4.3→7.1 

Experiment broadening 

bandwidth (Hz) 
1.78→3.32 1.94→3.37 1.8→2.6 5.52→9.26 

As seen in Table 2, the total working frequency range of the MFRPLP-VEH is calculated as 

67.8% in the experiment, indicating that the MFRPLP-VEH exhibits an improved broadband 

effect compared to the linear model. Moreover, the open-circuit voltages of beams A, B, and C 

measured at the resonant frequency clearly showed high-frequency components, as depicted in 

Figure 13. These high-frequency vibrations can be potentially harvested, with some of them 

having large variation levels. 

 

Figure 13 Open-circuit voltage of beams A, B, and C at the resonant frequency of Beam A. 

4.2 Comparison of the capacitance charging  

To further analyze the energy harvester efficiency of the MFRPLP-VEH, we conduct 

capacitive charging experiments for the MFRPLP-VEH and the linear model using frequency-

swept excitation. The excitation conditions are kept the same as before. The piezoelectric beam 

is first connected to the interface circuit for rectification. Then, the three rectified circuits of the 

piezoelectric beams are connected in parallel to both ends of the capacitor. Figure 14 shows the 

circuit connection. 
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Figure 14 The capacitor charging circuit connection. 

The linear piezoelectric beam array on the same plane and the MFRPLP-VEH are excited 

under the same excitation conditions (frequency sweeping from 20 Hz to 50 Hz, a constant 

acceleration amplitude of 10 m/s2, a sweeping time of 200 s) and connected to the same circuit 

(The energy output of both is the sum of the three beams). The electric field energy stored in 

the two capacitors (Cr = 470 µF) is collected and calculated, as shown in Figure 15. In the initial 

phase of the frequency-swept excitation, the energy collected by the MFRPLP-VEH is roughly 

the same as that collected by the linear piezoelectric beam array. However, when the 

piezoelectric beams collide with each other, the MFRPLP-VEH collects much more electricity 

compared to the linear piezoelectric beam array. During the charging process of 200 s, the 

harvested energy of the MFRPLP-VEH and the linear piezoelectric beam array are calculated 

as 1.39 mJ and 0.71 mJ, respectively. Owing to the impact of high-frequency components and 

widening of the working frequency band, a multi-frequency response piecewise linear 

cantilever beam can potentially increase the generating capacity by 194% under the same 

excitation conditions.  

  
Figure 15 Comparison of the MFRPLP-VEH and the linear piezoelectric beam array in capacitance 

charging. 

5. Conclusion 

This study proposed a piecewise linear vibration energy harvester with a multi-frequency 

response to solve the issue of narrow working bandwidth and low efficiency in traditional 
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piezoelectric vibrational energy harvesters. The theoretical model for the proposed harvester 

was established based on factors such as electromechanical coupling and dynamic analysis, and 

its accuracy was verified experimentally. The proposed harvester has three resonance intervals, 

and each achieves a broadband effect through collision. As a result, the output power density 

and working frequency range are significantly enhanced. In detail, the energy generated by the 

MFRPLP-VEH is 194% of the energy generated by its linear counterpart under the same 

excitation conditions. However, future studies will concentrate on the optimization design of 

the harvester in a wider bandwidth and nonlinear collision modeling. We believe that the results 

of this study can provide meaningful guidance for designing broadband vibration energy 

harvesters. 
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