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Binary neutron star mergers feature some of the most extreme physical conditions known
throughout the universe: densities exceeding that of atomic nuclei, temperatures in
excess of 1011 K, and speeds approaching 0.5 c. Due to these conditions, they provide
an excellent test bed for theoretical physics at the limit of our current understanding,
and beyond. In order to learn about these phenomena through observation we need
to first obtain an idea of what sorts of signals we should be looking for, and then we
need to determine what we can learn from analysing this data. Numerical simulations of
neutron star mergers can give us answers to these questions. However, binary neutron
star mergers pose a significant computational challenge: they involve physics on greatly
differing length scales, and systems of highly non-linear coupled partial differential
equations. In this thesis we present state-of-the-art simulations of binary neutron star
mergers. We cover: the theoretical background of these simulations, the software we
use to perform simulations, analysis and visualisation techniques used for studying
simulations, our work on the extension of the simulations to include new physics, and
results from such simulations.

Through these simulations we explore concepts central to the extraction of information
from multi-messenger observation of binary neutron star mergers, namely the reactions
between protons, neutrons, and electrons in neutron star fluid, the equilibrium they
work to establish, and the bulk viscosity resulting from out-of-equilibrium conditions.
We show these reactions affect not only electromagnetic and neutrino radiation observed
in merger simulations, they need to be implemented to ensure accurate gravitational
waveform templates are produced for third generation detectors. We go on to show that
the notion of equilibrium between species in the fluid is complex, depending on both
local conditions (particularly the temperature of the fluid), and also on the behaviour
of surrounding matter. Finally, we discuss the difficulty in implementing reactions in
simulations, with a view of modelling bulk viscosity. We show that the timescales
involved vary over several orders of magnitude, with the slower behaviour being easily
resolvable in current simulations, and the fast behaviour being far out of reach. An
approach that includes the effects of both resolvable and unresolvable reactions, with
a consistent treatment of the crossover, is therefore needed to properly model bulk
viscosity.
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Chapter 1

Introduction

1.1 Motivation

Binary neutron star mergers provide some of the most impressive fireworks in the

cosmos. Reaching densities inaccessible to terrestrial laboratories and temperatures

of up to several 10s of MeVs they provide a window into physics at the very edge of

our understanding, and indeed beyond. GW170817 [1;2;4] was a significant milestone

in multi-messenger astronomy: for the first time we observed an event not only with

gravitational radiation, we also captured the electromagnetic counterpart, in particular

the short gamma-ray burst associated with the merger, and the kilonova associated with

r-process nucleosynthesis in outflowing matter [43].

The merger of two compact objects is a much studied problem, especially in the case

that the two objects are black holes, but current analytical models break down as the

orbital separation of the two objects approaches a few times their radii1. This means

that in order to study these systems from the late inspiral and beyond, we must model

the problem using numerical methods. The modelling of neutron star mergers still poses

a significant computational challenge [22;111]: as we develop increasingly complex models

that, we hope, more closely reflect reality in order to keep up with evolving detector

technology, we need increasingly sophisticated methods and more computational power

to perform the simulations. Using the results of simulations and observations from future

high-precision gravitational wave observatories like the Einstein Telescope [73;89;106;134],

and the Cosmic Explorer [56;114;133] we hope to understand the behaviour of matter under

the extreme conditions experienced in neutron star mergers.

This thesis is an exploration of the effects of nuclear reactions and the associated

equilibrium on binary neutron star mergers, in particular how these might affect any

1See Dietrich et al. [50] for a recent review of approximants to the inspiral gravitational wave signal.
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detected gravitation wave signals, through the development and performance of state-of-

the-art simulations. This problem lies at the forefront of the field, having implications

for gravitational wave, electromagnetic, and neutrino observations of mergers, and is of

vital importance for our understanding of the nuclear physics probed these events.

1.2 Outline

This thesis is divided into two parts: in part I we discuss the tools necessary to perform

cutting edge simulations of binary neutron star mergers, and our contribution to them,

and in part II we present the results of said simulations, and three publications related

thereto: Hammond et al. [68], Celora et al. [37], and Hammond et al. [69].

The simulation of binary neutron star mergers effectively consists of solving two

problems: the dynamics of the fluid that makes up the stars, and those of the spacetime

it occupies. These two problems are strongly coupled: the fluid influences the curvature

of the spacetime, and this curvature influences the movement of the fluid. In chapters 2

and 3 we will cover the theoretical basis of the dynamics of the spacetime and fluid

respectively. Chapter 4 discusses the method by which initial data is generated, and the

method by which the main piece of software we use, the Einstein Toolkit, evolves the

spacetime and fluid components of simulations. In chapter 5 we discuss the methods by

which the data resulting from a simulation is analysed and visualised, and what we can

expect to learn from this data, and in chapter 6 we discuss the work we are doing to

extend the modelling of the equation of state of the neutron star fluid to more realistic

cases motivated by nuclear and particle physics, and what these more realistic equations

of state can tell us.

In chapter 7 we present the results from simulations based upon the above, giving a

breakdown of the phases of a binary neutron star merger, and discuss effects related

to temperature and composition. In the final chapters we go into detail on how

nuclear reactions can affect the dynamics in a merger. We discuss equilibrium at

zero-temperature in chapter 8, and the effects of deviation therefrom. In chapter 9

we consider how the picture changes as finite temperature effects are included, and

finally in chapter 10 we give a discussion of bulk viscosity.

1.3 Conventions

In this thesis we follow the sign conventions of Misner et al. [94]. We use Greek letters

for spacetime indicies on tensors (and as we always work with cartesian-like grids we use

the letters (t, x, y, z) to make explicit reference to each of the dimensions), and Latin

letters (except t, x, y, z) for spacial indices (which take the values (x, y, z)). In general
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Quantity Expression Value in SI

Length M⊙G
c2

1.476× 103m

Mass M⊙ 1.988× 1030 kg

Time M⊙G
c3

4.924× 10−6 s

Table 1.1: Table of basic units in the c = G = 1 system. Unit conversions are
performed using c = 299792458ms−2, G = 6.674×10−11 m3kg−1s−2, andM⊙ = 1.988×

1030 kg.

we denote vectors using bold and italic font (e.g. v). The units used in simulations are

chosen such that c = G = kB = 1, where values are quoted in multiples of the solar mass

M⊙ (see table 1.1), and the unit of temperature is MeV. In the majority of this work we

will also use these units. It is common, however, in the field of astrophysics to use the

centimetre-gram-second (cgs) system of units along with kilometers where appropriate,

so when we reach chapter 5 we will follow this convention, continuing to use MeV as the

unit of temperature, which will also affect quantities whose units involve temperature,

such as entropy S. The conversion from MeV to K is T [K] ≈ 1.160× 109 T [MeV].
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Part I

Background
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Chapter 2

Numerical Relativity

The Einstein field equations, which describe how matter and energy curve spacetime,

can be written as

Gµν =
8πG

c4
Tµν ,

where Gµν is the Einstein tensor—which we associate with the curvature of spacetime—

and Tµν is the stress energy tensor—which we associate with the matter contained within

said spacetime–assuming the cosmological constant Λ is 0. This equation when written

out fully yields 10 coupled non-linear hyperbolic-elliptic partial differential equations. In

this chapter we discuss how the equations must be reformulated in order to evolve binary

neutron star spacetimes using numerical methods. The standard method for doing this

is using the 3+1 formalism [6].

2.1 3+1 Formalism

The 3+1 formalism is used to split 4-dimensional spacetime into 3 dimensions of space

and 1 of time. This allows us to set our simulation up as an initial value problem,

and evolve the spacial solutions in time. For a more complete discussion of the 3+1

formalism see Alcubierre [6].

2.1.1 Splitting the Metric

We start by considering a general globally hyperbolic spacetime1 with metric gµν . We

can slice this spacetime into a set of spacelike hypersurfaces Σt which we label with a

universal time parameter tk (note that tk does not necessarily coincide with the proper

1There are several definitions of globally hyperbolic, but the important point here is that there are
no closed timelike curves [6].
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t
tk−1

Σk−1

ti

Σk

tk+1

Σk+1

Figure 2.1: Division of spacetime into 3-dimensional spacelike hypersurfaces.

time as measured by an observer) as demonstrated in fig. 2.1. This set of hypersurfaces

is commonly called a foliation.

Suppose we take two adjacent hypersurfaces from a specific foliation Σt and Σt+dt. We

can determine the geometry between the two hypersurfaces through three equations (see

fig. 2.2 for a graphical representation):

− We define proper distances within each hypersurface using

dl2 = γijdx
idxj , (2.1)

where γij is the 3-dimensional spacial metric of each hypersurface.

− We define how proper time τ changes between the two hypersurfaces as measured by

observers moving along the normal to the hypersurfaces (these are known as Eulerian

observers):

dτ = α
(
t, xi

)
dt, (2.2)

where α is called the lapse function.

− Finally, we define the shift vector βi as the relative velocity between Eulerian

observers and lines of constant coordinate position:

xit+dt = xit − βi
(
t, xi

)
dt. (2.3)

From eqs. (2.1) to (2.3) we can read off the metric in terms of the new variables, giving

us

ds2 =
(
−α2 + βiβ

i
)
dt2 + 2βidtdx

i + γijdx
idxj , (2.4)

where we have lowered indices using γij . Equation (2.4) is known as the 3+1 split of the

metric. Note that it is possible to define the quantities α and βi in a more coordinate

independent way (see [6]), but this method provides a better intuition as to their meaning.
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t

t+ dt

α
d
t

normal line

xi

xi

coordinate line

β idt

Figure 2.2: Adjacent spacelike hypersurfaces with definitions of shift vector βi and
lapse function α.

Writing the metric out more explicitly as

gµν =

(
−α2 + βiβ

i βi

βi γij

)
(2.5)

gµν =
1

α2

(
−1 βi

βi α2γij − βiβj

)
, (2.6)

we can see that the 4-dimensional volume element becomes

√
−g = α

√
γ, (2.7)

where g and γ are the determinants of gµν and γij respectively.

We will also require the normal vector nµ to the hypersurface Σt which is given (in co-

and contra-variant form) by

nµ = (−α, 0) (2.8)

nµ =
(
1/α,−βi/α

)
. (2.9)

2.1.2 Measuring curvature

Given a set of hypersurfaces that make up a spacetime foliation, each will possess two

forms of curvature:

− Intrinsic curvature coming from the internal geometry of each hypersurface,

− Extrinsic curvature associated with the embedding of each 3-dimensional

hypersurface into 4-dimensional spacetime.

The intrinsic curvature can be measured using the 3-dimensional Riemann tensor as

given by the spacial metric of a hypersurface γij , whereas the extrinsic curvature
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can be measured using parallel transport of the unit normal vector n within a given

hypersurface.

We start by defining the projection operator onto a hypersurface Pα
β as

Pα
β = δαβ + nαnβ , (2.10)

which allows us to then define the extrinsic curvature Kµν as

Kµν = −Pα
µ ∇αnν

= −1

2
Lnγµν , (2.11)

where we have also given the definition in terms of the Lie derivative of the 4-metric of

a hypersurface γµν , which is defined as

γµν = gµν + nµnν . (2.12)

The Lie derivative LV along a vector field V α gives a measure of how a tensor field

changes when transported along said vector field when compared to an infinitesimal

coordinate change generated by V α. For a general scalar field ϕ this goes like

LV ϕ = V α∂αϕ, (2.13)

for a general vector vµ and covector vµ we have

LV v
µ = V α∂αv

µ − vα∂αV
µ, (2.14)

LV vµ = V α∂αvµ + vα∂µV
α. (2.15)

For a mixed second rank tensor Tµ
ν we have

LV T
µ
ν = V α∂αT

µ
ν − Tα

ν ∂αV
µ + Tµ

α∂νV
α, (2.16)

from which the generalisation to any tensor field is evident. It is also worth noting that

we can also construct the projection operator above using γµν through

γαβ = gαµγβµ

= gαβ + nαnβ

= δαβ + nαnβ

= Pα
β . (2.17)

As n is always normal to the hypersurface, we have for any scalar function ϕ the relation

Lnγµν =
1

ϕ
Lϕnγµν . (2.18)
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By setting ϕ = α, we can manipulate eq. (2.11) to give

Lαnγµν = −2αKµν

= (Lt − Lβ) γµν , (2.19)

where we have also used the relation αn = t− β.

Focusing on the spacial components of the two right hand sides of eq. (2.19) and using

the relation Lt = ∂t (in 3+1 language) we can write

∂tγij = −2αKij +Diβj +Djβi, (2.20)

where we have rewritten Lβ in terms of the spacial components of the projection of the

covariant derivative onto the hypersurface

Dµ = Pα
µ∇α. (2.21)

Equation (2.20) represents the beginnings of a method for solving the Einstein field

equations as an initial value problem given a spacetime represented by gµν : we have an

equation for the evolution of γij , but we also need to determine the evolution of Kij .

To help us with this we obtain some constraints from the contraction and projection of

Einstein field equations with nµ and Pα
β respectively.

2.1.3 Constraining the Einstein field equations

We start by expressing the full 4-dimensional Riemann curvature tensor Rα
βµν in terms

of the intrinsic curvature of the hypersurface as given by the 3-dimensional Riemann

curvature tensor (3)Rα
βµν and the extrinsic curvature of the hypersurface as given by

Kµν . This brings us to the Gauss-Codazzi equations 2, which are given by

P δ
αP

κ
β P

λ
µP

σ
ν Rδκλσ = (3)Rαβµν +KαµKβν −KανKβµ. (2.22)

We also require the projection on the hypersurface of Rα
βµν contracted with the normal

vector, which yields the Codazzi-Mainardi equations

P δ
αP

κ
β P

λ
µn

νRδκλν = DβKαµ −DαKβµ. (2.23)

Next, we note that by twice contracting the 4-dimensional Riemann tensor with the

projection operator we obtain

PαµP βνRαβµν = 2nµnνGµν , (2.24)

2For a full derivation, see Wald [139].
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whereas eq. (2.22) implies

PαµP βνRαβµν = (3)R+K2 −KµνK
µν . (2.25)

Equations (2.24) and (2.25) together with the Einstein field equations and the definition

of the local energy density3 as measured by Eulerian observers E = nµnνTµν gives us

(3)R+K2 −KµνK
µν = 16πE, (2.26)

which is known as the energy (or Hamiltonian) constraint. Note that there are no time

derivatives in eq. (2.26), it is a constraint on the local energy density that must be

satisfied at all times.

If we instead take the mixed contraction of the Einstein tensor with the hypersurface

projection and the normal vector, we obtain

PαµnνGµν = PαµnνRµν , (2.27)

which together with eq. (2.23) implies

γαµnνGµν = DαK −DµK
αµ. (2.28)

Utilising eq. (2.28) along with the Einstein field equations we obtain

Dµ (K
αµ − γαµK) = 8πSα, (2.29)

where we have defined Sα = −PαµnνTµν which corresponds to the momentum density

as measured by Eulerian observers4. These 3 equations (the index α is free to take any

of the 4 values α ∈ (t, x, y, z), but the t component is trivial), which again contain no

time derivatives, are known as the momentum constraints.

By moving into a coordinate system adapted to our foliation of spacetime, we obtain

the final form of our 4 constraints:

(3)R+K2 −KijK
ij = 16πE, (2.30)

Dj

(
Kij − γijK

)
= 8πSi, (2.31)

where the definition of E does not change, and Si = −P iµnνTµν . It is also important

to notice that while these constraints contain no time derivatives, they also have no

dependence on the relationship between hypersurfaces (neither α nor βi appear in

either), so they must be satisfied on each hypersurface.

3Not to be confused with either the rest mass density ρ or the total energy density e in the fluid
frame.

4Not to be confused with the rest mass density current Jα.
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We also have a choice as to whether we impose these constraints on the simulation, or

calculate the degree to which they are violated as the simulation progresses. This is the

question of constrained versus free evolution. However, our choices are rather limited:

it is difficult to obtain a system of equations for constrained evolution without taking

advantage of high degrees of spacial symmetry (e.g. spherical symmetry, which will not

be generally possible for neutron star mergers) [6;115], the mathematical properties of such

a system are difficult to analyse (e.g. well-posedness) [6;115], and as the constraints will

involve the solution of elliptical equations [6;18;115] they will be computationally expensive.

Hence, we focus on freely-evolved systems.

The final note we make in this section is that given the 12 independent quantities

contained in γij and Kij , the constraints imply that these cannot all be specified freely,

hence the initial data must also satisfy these constraints in order for the evolution to be

valid.

2.1.4 The ADM equations

From eqs. (2.30) and (2.31) we have 4 of the 10 independent equations contained within

the Einstein field equations, the other 6 are contained in the time-evolution of Kij . The

next relation we need is the Riemann curvature tensor twice contracted with the normal

vector and projected onto the hypersurfaces, which is given by

P δ
µP

κ
ν n

λnσRδκλσ = LnKµν +KµλK
λ
ν +

1

α
DµDνα, (2.32)

which, together with eq. (2.22) and the Einstein field equations, can be used to show

LtKµν − LβKµν = −DµDνα+ α
(
(3)Rµν +KKµν − 2KµλK

λ
ν

)
+ 4πα (γµν (S − E)− 2Sµν) , (2.33)

where we have defined Sµν = Pα
µ P

β
ν Tαβ (and S = Sµ

µ) which corresponds to the stress-

energy tensor as measured by an Eulerian observer. By concentrating on spacial indices

and identifying Lt with ∂t, we arrive at a set of evolution equations for Kij , given by

∂tKij = LβKij −DiDjα+ α
(
(3)Rij +KKij − 2KikK

k
j

)
+ 4πα (γij (S − E)− 2Sij) , (2.34)

which are known as the Arnowitt-Deser-Misner (ADM) equations. The ADM equations

give us the final 6 independent equations in the Einstein field equations, allowing us to

pose the Einstein field equations as an initial value problem.

There is, however, a problem: using the ADM equations directly to evolve a spacetime

is numerically unstable [27]. There are a number of solutions to this problem (we discuss
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another formulation, CCZ4, in section 4.4, see also discussions in Alcubierre [6] and

Rezzolla and Zanotti [115]) so we will focus here on one in particular: the BSSNOK (or

BSSN) formulation, based on the work of Nakamura, Oohara, and Kojima [98] and built

upon by Shibata and Nakamura [125], and Baumgarte and Shapiro [27], the principle idea

being to introduce a conformal factor and evolve this and the trace of the extrinsic

curvature K separately.

2.2 BSSN

To derive the BSSN formulation, we start by introducing a conformal factor ψ by

rescaling the spacial metric of the hypersurfaces

γ̃ij = ψ−4γij , (2.35)

where γ̃ij is the conformal metric, and the value of ψ is free to evolve in time. There are

a number of different ways of choosing a value for ψ, but a particularly helpful choice is

one such that γ̃ij has unitary determinant, giving

ψ4 = γ1/3 → ψ = γ1/12, (2.36)

where γ is the determinant of the non-conformal metric. Using eq. (2.20) and the

substitution ψ = exp(ϕ), we can write down an evolution equation for ϕ

∂tϕ = −1

6

(
αK − ∂iβ

i
)
+ βi∂iϕ. (2.37)

Another ingredient in the BSSN formulation is the separation of the extrinsic curvature

into a trace-free part Aij to be evolved separately from the trace K. This trace free part

is given by

Aij = Kij −
1

3
γijK, (2.38)

which we conformally rescale to give

Ãij = e−4ϕAij . (2.39)

Finally, we introduce the conformal connection functions Γ̃i which are defined as the

contraction of the lower two indices of the Christoffel symbols associated with the

conformally rescaled metric

Γ̃i = γ̃jkΓ̃
i
jk

= −∂j γ̃ij ,
(2.40)
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where the second line comes from the definition of the Christoffel symbols of a metric

with determinant 1 (which is how we have constructed γ̃ij).

Now we have defined all of the new variables we require, we can start to re-write the

ADM equations in terms of these new variables. We already have an evolution equation

for ϕ in eq. (2.37), and we can use eq. (2.34) and the definition d/dt := ∂t −Lβ to write

evolution equations for γ̃ij , Ãij , and K:

d

dt
γ̃ij = −2αÃij , (2.41)

d

dt
Ãij = {−DiDjα+ αRij + 4πα [γij (S − E)− 2Sij ]}TF

+α
(
KÃij − 2ÃikÃ

k
j

)
, (2.42)

d

dt
K = −DiD

iα+ α

(
ÃijÃ

ij +
1

3
K2

)
+ 4πα (E + S) , (2.43)

where {...}TF denotes the trace-free part of the enclosed expression. We can obtain the

evolution of the conformal connection functions from eqs. (2.20), (2.31) and (2.40). This

gives us

d

dt
Γ̃i = γ̃jk∂j∂kβ

i +
1

3
γ̃ij∂j∂kβ

k − 2Ãij∂jα

+ 2α

(
Γ̃i
jkÃ

jk + 6Ãij∂jϕ− 2

3
γ̃ij∂jK − 8πS̃i

)
, (2.44)

where we have defined S̃i = e4ϕSi. Thus our final system of equations for spacetime

evolution is given by eqs. (2.37) and (2.41) to (2.44).

The difference in stability between BSSN and ADM can be explained by studying the

well-posedness of the two formulations: the ADM formulation is only weakly hyperbolic,

hence it is ill-posed, whereas the BSSN formulation is strongly hyperbolic, and thus well-

posed [28]. A complete discussion on the differing notions of hyperbolicity in this context

can be found in Baumgarte and Shapiro [28], however the key result here is that while

both strongly- and weakly-hyperbolic systems can be cast as initial value problems, only

for strongly-hyperbolic systems can it be guaranteed that the solutions grow less rapidly

than exponentially, meaning the solution will depend smoothly on the initial data, hence

well-posed.

2.3 Gauge Freedom

With the system of equations above, we still have the freedom to decide on a set of

gauge conditions. Namely, on each hypersurface we need to specify a slicing condition

through the lapse function α, and a spacial shift condition through the shift vector βi.
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The choice of gauge conditions has no impact on observable quantities, but can, if done

poorly, lead to disastrous numerical results [6;35;128].

Here we will cover the commonly used “1+log” slicing condition, and the “Gamma-

driver” spacial slicing condition, following Rezzolla and Zanotti [115]. For a detailed

discussion of gauge choices see Alcubierre [6] and Baumgarte and Shapiro [27].

A set of optimal gauge conditions for a simulation should be formulated such that:

− singularities present in the spacetime are avoided,

− coordinate distortions caused by large spacial curvatures are reduced,

− the gauge is prescribed in the least computationally expensive manner (preferably

through an algebraic expression or as the solution to a set of simple evolution equations).

2.3.1 Slicing condition

The first point, often referred to as the singularity-avoiding slicing condition, is satisfied

by ensuring that α, and hence the speed of proper time evolution, is small in the

vicinity of any present singularity. This condition can be imposed by requiring that

the coordinate volume elements associated with Eulerian observers are both maximal,

and do not change with time, i.e. K = ∂tK = 0, which is known as the maximal slicing

condition. Using the ADM equations and the Hamiltonian constraint (eq. (2.30)) it can

be shown that the maximal slicing condition can be recast as

D2α = α
(
KijK

ij + 4π (E + S)
)
, (2.45)

where D2 = γij∂i∂j is the Laplacian associated with the 3-metric γij . This elliptical

equation must be solved on every spacial hypersurface Σt, which is very computationally

costly for 3+1-dimensional numerical spacetimes. Many authors (see Alcubierre [6] for a

historical account) have attempted to imitate the properties of maximal slicing condition

with computationally cheaper methods, with the hyperbolic Bona-Massó family of

slicing conditions [31] becoming the most prevalent. This family of conditions can be

written generally as

∂tα− βk∂kα = −f(α)α2 (K −K0) , (2.46)

where f(α) > 0 is a general function that distinguishes between the members of the

family, and K0 = K(t = 0) is the initial trace of the extrinsic curvature. The “1+log”

slicing condition emerges by setting f(α) = q/α for a positive integer q, which leads to

the solution

α = g(xi) + ln(γq/2), (2.47)

where g(xi) is a positive, time-independent, but otherwise arbitrary function of spacial

position. This slicing condition mimics the behaviour of the maximal slicing condition
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well [19], and has been shown to be robust in both isolated and binary neutron star

simulations [24;142].

2.3.2 Shift condition

In order to satisfy the second point, we must lay out the spacial coordinates in such

a way that changes in size and shape are minimised when moving from one spacial

hypersurface to the next. We can measure these distortions through the metric strain

tensor along the time direction t, Θij , defined as [128]

Θij =
1

2
Ltγij

=
1

2
(αLn + Lβ) γij

= −αKij +
1

2
Lβγij . (2.48)

Integrating ΘijΘ
ij over a spacial slice and minimising the variation by setting DjΘ

ij = 0

leads to the minimal-strain shift condition :

D2βi +DiDjβ
j +Ri

jβ
j = 2Dj

(
αKij

)
. (2.49)

Equation (2.49) represents three elliptical equations which must be solved on every

spacial hypersurface Σt, which, as with the maximal slicing condition, is too

computationally expensive. We could also try minimising the variation of the metric

distortion tensor, Σij (not to be confused with the spacial hypersurfaces Σt of a foliation),

which measures the shape of the coordinate volume elements independently from their

size, and is defined as

Σij = Θij −
1

3
γijΘklγ

kl

=
1

2
γ1/3Ltγ̃ij , (2.50)

where γ̃ij = γ−1/3γij is the conformal metric. Integrating ΣijΣ
ij over a given

hypersurface and setting DjΣ
ij = 0 gives the minimal-distortion shift condition :

D2βi +
1

3
DiDjβ

j +Ri
jβ

j = 2Dj

(
αAij

)
, (2.51)

which, similar to eq. (2.49), represents three elliptical equations to be solved over every

spacial hypersurface, and is thus unfeasible to implement.

As was the case for the slicing condition, hyperbolic expressions that mimic the desirable

behaviour of these elliptical equations have become the norm, principally the Gamma-

driver shift condition proposed by Alcubierre et al. [7]. The “Gamma-driver” name comes

from that fact that the conformal connection functions Γ̃i are driven such that they
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are approximately constant in time, approximating the Gamma-freezing shift condition

∂tΓ̃
i = 0, which can be shown to be closely related to the minimal-distortion shift

condition (eq. (2.51)) [115]. The evolution of βi is typically given by the evolution

equations (due to Alcubierre et al. [8])

∂tβ
i − βj∂jβ

i =
3

4
Bi, (2.52)

∂tB
i − βj∂jB

i = ∂tΓ̃
i − βj∂jΓ̃

i − ηBi, (2.53)

where Bi are auxiliary variables, and η is a damping coefficient used to suppress strong

oscillations in βi where there is significant and rapid variation in the gauges and is on

the order of 1/M for a binary system with total mass M [116].

Hence, through eqs. (2.47), (2.52) and (2.53), we have a set of gauge conditions that

satisfy the three requirements laid out above.
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Chapter 3

Numerical Relativistic

Hydrodynamics

In chapter 2 we discussed the system of equations that will be used to evolve the

spacetime in our simulation. However this discussion took place under the assumption

that the stress-energy tensor Tµν was known. This tensor pertains to the fluid part of

our simulation, and in this section we will discuss the formulation used to describe said

fluid. A full discussion of the ideas presented in this section can be found in Rezzolla

and Zanotti [115].

3.1 Perfect Fluid

Neutron stars are formed in supernovae by the core collapse of large stars (M ≥ 8M⊙) at

the end of their lifetime, and were first theorised to exist by Baade and Zwicky [21] in 1934,

but it was not until 1967 that their existence was confirmed by observation [72]. They

are compact objects with mass ∼ 1− 2M⊙ and radius ∼ 10− 15 km [49;93;117]. To model

matter under such conditions we use a relativistic perfect fluid. As an idealised model, a

perfect fluid neglects a number of physical phenomena, principally: anisotropic pressure,

shear stresses, viscosity, and heat conduction, although it is possible to implement some

of these effects through other means (see for example section 3.4, chapters 8 to 10). The

advantage of using such a fluid is that they can be completely described through a rest

frame density and (isotropic) pressure.

In order to build a general stress-energy tensor for a perfect fluid, we begin by looking

at the construction of Tµν and the rest mass density current Jµ from fluid variables in

contravariant form. We start by considering these tensors in the fluid rest frame (using

a hat, ,̂ on indices to make clear this explicit choice), and from there we can generalise

to any frame.
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We first look at J µ̂. Since the frame moves along with the fluid, the ı̂ components should

all be 0, and the t̂ component should be the rest mass density ρ, giving us

J µ̂ = (ρ, 0, 0, 0) . (3.1)

Similarly, in this choice of frame, the components of T µ̂ν̂ are defined as the flux of the

µ̂-momentum in the ν̂-direction, taking the form

T t̂t̂ = e,

T t̂̂ı = T ı̂t̂ = T ı̂ȷ̂ = 0, for ı̂ ̸= ȷ̂,

T ı̂ȷ̂ = p, for ı̂ = ȷ̂, (3.2)

where p is the isotropic fluid pressure, and e is the total energy density of the fluid, and

is itself defined as

e = ρ (1 + ϵ) , (3.3)

where ϵ is the specific internal energy.

The equation of state of a fluid gives the relation between the microphysical behaviour

of the fluid and the macrophysical hydrodynamic variables. In simulations it is used to

remove the need to compute quantities such as p from a microphysical viewpoint and

instead use quantities such as ρ and ϵ. The equation of state of neutron star matter is

currently unknown, and as such there are a number of forms of equations of state used

in simulations, which we will discuss in more detail in chapter 6.

We now rewrite the tensor components given in eqs. (3.1) and (3.2) in terms of the fluid

4-velocity in the comoving frame uµ̂ = (1, 0, 0, 0) as

J µ̂ = ρuµ̂, (3.4)

T µ̂ν̂ = euµ̂uν̂ + p
(
ηµ̂ν̂ + uµ̂uν̂

)
, (3.5)

which generalise by the principle of covariance to give us

Jµ = ρuµ, (3.6)

Tµν = euµuν + p (gµν + uµuν)

= (e+ p)uµuν + pgµν . (3.7)

A schematic representation of the information contained in Tµν can be found in fig. 3.1.
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Tµν =


T tt T tx T ty T tz

T xt T xx T xy T xz

T yt T yx T yy T yz

T zt T zx T zy T zz


Figure 3.1: Schematic representation of the components of the fluid stress energy
tensor Tµν as measured by a co-moving observer their local rest frame. Regions are

highlighted as follows: T tt is the energy density of the fluid, T ti is the energy-flux in

the i-th direction, T it is the i-th momentum density, T ij with i = j is the isotropic

pressure, and T ij with i ̸= j is the flux of the i-th momentum in the j-th direction.

3.2 Relativistic Euler Equations

In order to develop a set of evolution equations for our fluid we start by looking at the

conservation laws for rest mass and energy-momentum. The conservation of energy-

momentum is given by

∇µT
µν = 0, (3.8)

and the conservation of rest mass1 is given by

∇µ (ρu
µ) = 0. (3.9)

We can split the conservation of energy-momentum equation into separate energy and

momentum conservation equations by taking the projection of eq. (3.8) along uµ and

orthogonal to it. We first introduce the projection operator2 orthogonal to the fluid flow

⊥µ
ν as

⊥µ
ν = δµν + uµuν . (3.10)

Taking ⊥µ
ν and operating on eq. (3.8) we obtain

⊥ν
α∇µT

µα = uµ∇µuν +
1

ρh
⊥µ

ν∇µp = 0, (3.11)

where we have introduced the specific enthalpy h = 1 + ϵ+ p/ρ.

These equations represent the Euler equations in relativity. We can identify the first

term on the right hand side of eq. (3.11) with the acceleration of the fluid aν = uµ∇µuν

and recast the relation as

ρhaµ = −⊥µν∇νp, (3.12)

1Assuming the fluid is composed of baryons with rest mass mb and number density nb = ρ/mb,
eq. (3.9) equivalently gives us conservation of baryon number.

2Not to be confused with the projection on to each hypersurface Pµ
ν = γµ

ν = δµν + nµnν .
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which can be interpreted in a similar way to Newton’s second law of motion, where

the force is given by the pressure gradient, and the inertial mass is identified with the

enthalpy density ρh.

By taking the projection of eq. (3.8) along uµ and using eq. (3.9), we obtain the

expression

uµ∇µe− huµ∇µρ = 0, (3.13)

which is a relativistic expression for the conservation of energy in the fluid.

3.3 Valencia Formulation

Now that we have a relativistic analogue of the conservation equations for a perfect fluid,

we can begin to formulate these in a manner adapted to both numerical calculations, and

our 3+1 description of spacetime. Early work on numerical simulations of relativistic

hydrodynamic fluids in curved spacetimes was carried out by Wilson in the 1970s (see

Wilson and Mathews [140] for a full account), but it was not until the work of Mart́ı

et al. [91] in the early 1990s that a conservative form of the equations above was derived,

with the so-called Valencia formulation arriving in 1997 [26]. Being in a conservative

form allows a number of highly developed methods and codes written for Newtonian

fluids to be easily adapted to the relativistic versions of the equations.

We start by expanding eq. (3.9) using the identity for the divergence of a generic 4-vector

wµ

∇µw
µ =

1√
−g
[
∂t
(√

−gwt
)
+ ∂i

(√
−gwi

)]
, (3.14)

to give us
1√
−g
[
∂t
(√

−gρut
)
+ ∂i

(√
−gρui

)]
= 0. (3.15)

We also define the Eulerian 3-velocity of the fluid vi as the velocity of the fluid as

measured by an observer moving orthogonal to spacial hypersurfaces with 4-velocity nµ,

which is given by

vi =
1

W
ui +

1

α
βi,

vt = 0, (3.16)

where we have used W to denote the Lorentz factor of the fluid given by

W = αut

=
1√

1− vivi
. (3.17)
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Returning to eq. (3.15), we can define the conserved mass density D (not to be confused

with any derivative notation) as

D = ραut = ρW, (3.18)

which we can then substitute back into eq. (3.15) and make use of eq. (3.16). This gives

us

∂t (
√
γD) + ∂i

[√
γD

(
αvi − βi

)]
= 0, (3.19)

which expresses the conservation of rest mass in terms of fluid variables and 3+1

quantities only.

Before we expand eq. (3.8), we will first decompose Tµν into components as measured

by Eulerian observers moving along nµ (cf. section 2.1), giving us three parts:

− The full projection along nµ:

nαnβT
αβ = E, (3.20)

− The parallel-transverse component using projections along both nµ and γµν :

γµαnβT
αβ = −Sµ, (3.21)

− The full projection orthogonal to nµ using γµν :

γµαγ
ν
βT

αβ = Sµν . (3.22)

We can then use eqs. (3.20) to (3.22) to re-write eq. (3.7) as

Tµν = Enµnν + Sµnν + Sνnµ + Sµν . (3.23)

Note also that we can re-write uµ and gµν as

uµ =W (nµ + vµ) , (3.24)

gµν = γµν − nµnν , (3.25)

and that we can also re-write eq. (3.7) as

Tµν = ρhW 2 (nµ + vµ) (nν + vν) + p (γµν − nµnν) . (3.26)



24 Chapter 3. Numerical Relativistic Hydrodynamics

We can then compare terms between eq. (3.23) and eq. (3.26) and write the following

expressions:

E = ρhW 2 − p, (3.27)

Sµ = ρhW 2vµ, (3.28)

Sµν = ρhW 2vµvν + pγµν . (3.29)

Using the identity

∇µC
µν = gνλ

[
1√
−g

∂µ
(√

−gCµ
λ

)
− 1

2
Cαβ∂λgαβ

]
, (3.30)

where Cµν is a generic symmetric rank-2 tensor, we can expand eq. (3.8) to give

1√
−g

∂µ
(√

−gTµ
ν

)
=

1

2
Tµλ∂νgνλ, (3.31)

into which we can substitute the decomposed expression for Tµν as given in eq. (3.23)

to yield

∂t (
√
γSj) + ∂i

[√
γ
(
αSi

j − βiSj
)]

=

√
−g
2

Tµν∂jgµν , (3.32)

where we have restricted our free index to spacial components only.

Finally we obtain an expression for E by taking the contraction of eq. (3.8) with nν

which gives us

∇µ (T
µνnν)− Tµν∇µnν = 0, (3.33)

and substituting this into eq. (3.23) to give

∂t (
√
γE) + ∂i

[√
γ
(
αSi − βiE

)]
= −

√
−gTµν∇µnν . (3.34)

The terms on the right hand sides of eqs. (3.32) and (3.34) are referred to as source

terms where it is notable that they do not contain differential operators acting on

fluid variables. We can re-write these source terms to more explicitly highlight their

dependence on 3+1 variables as

√
−g
2

Tµν∂jgµν =
√
γ

(
1

2
αSik∂jγik + Si∂jβ

i − E∂jα

)
, (3.35)

−
√
−gTµν∇µnν =

√
γ
(
αSijKij − Sj∂jα

)
. (3.36)

Before we write down the full system of equations, it is useful to note that since linear

combinations of the conserved variables are still solutions to the equations in conserved

form, it is common to use τ = E − D instead of E itself in simulations as τ has more

desirable numerical characteristics [115], as for small v (W → 1) and T (e→ ρ) the total
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energy is dominated by the self energy, leading to E ≃ D. The corresponding flux term

(the part operated on by ∂i in eq. (3.34)) is given by

α
(
Si − viD

)
− βiτ, (3.37)

and the source term remains the same.

We can tidy up these expressions and cast them in a more compact form as

∂t (
√
γU) + ∂i

(√
γFi

)
=

√
γS, (3.38)

where we have defined the vector of conserved variables U, the vector of fluxes Fi and

the vector of sources S. Using eqs. (3.19), (3.27) to (3.29), (3.32) and (3.34) to (3.37)

we obtain expressions for these three vectors as follows

U =

 D

Sj

τ

 =

 ρW

ρhW 2vj

ρhW 2 − p−D

 , (3.39)

Fi =

 αviD − βiD

αSi
j − βiSj

α
(
Si − viD

)
− βiτ

 , (3.40)

S =

 0
1
2αS

ik∂jγik + Si∂jβ
i − E∂jα

αSijKij − Sj∂jα

 . (3.41)

The five components of U can be interpreted as:

− the conserved mass density D,

− the conserved 3-momentum density Sj ,

− and the conserved internal energy density τ .

Thus we have a set of balance laws (conservative equations with source terms) for the

dynamics of the fluid (assuming we also have an equation of state) written in the language

of 3+1. There is, however, still more to the puzzle:

− We have written down the system of equations to be solved, but a method is needed

to do this in an intelligent manner: such methods will be discussed in chapter 4.

− While it is trivial to write the conserved variables U in terms of the primitive fluid

variables, the opposite is not true: a root-finding procedure is needed, which we discuss

in sections 4.5.3 and 6.2.
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3.4 Beyond the Perfect Fluid

As we mentioned at the beginning of this chapter, perfect fluids neglect a number of

physical phenomena, some of which may be of interest to mergers. It is, however, possible

to extend the physics of a perfect fluid to include some of these behaviours, for example

in chapter 10 we discuss some aspects of bulk viscosity. Here we will briefly mention

another aspect, composition, as the evolution of the composition (in the absence of

reactions, see chapters 8 to 10) can be framed as a simple extension to the Valencia

formulation.

As we move towards more realistic equation of state, we will want some measure to keep

track of the composition of the fluid. When considering a locally charge neutral fluid

composed of protons, neutron, and electrons, we should have

nb = nn + np, (3.42)

np = ne, (3.43)

where nx is the number density of species x, and b, n, p, and e refer to baryons, protons,

neutrons and electrons respectively. We can then define the electron fraction Ye as

Ye =
ne
nb

=
np
nb
. (3.44)

In the absence of reactions this fraction will be advected along with the fluid flow (see

section 7.3), which can be achieved by introducing a conserved electron fraction DYe,

which is simply the product of the conserved mass density D and the electron fraction

Ye. Therefore we can expand the system of balance laws above (eqs. (3.39) to (3.41))

to include an additional term related to the composition (which we label here with a

subscript C), which for each of U, Fi, and S will be

UC = DYe = ρWYe (3.45)

F i
C = αviDYe − βiDYe (3.46)

SC = 0 (3.47)

Note that Ye can be trivially calculated from DYe through Ye = DYe/D, so the primitive

recovery schemes we discuss later in sections 4.5.3 and 6.2 are not affected by this

extension to the system.

If in the future we decide to also include other leptons, such as muons, it will be useful

to instead use the charge (referring only to charged baryons) or proton fractions, Yq or

Yp respectively, which follow similar definitions to Ye.
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Chapter 4

The Einstein Toolkit

This chapter is dedicated to a discussion of various aspects of the software suite we use to

perform the binary neutron star mergers we present in part II, the Einstein toolkit [54;87],

while highlighting some of the issues that we needed to address to make those simulations

possible, and others that may impact similar research in the future. The toolkit was

designed with the purpose of being a portable, modular suite of code for evolving large

scale numerical hydrodynamics/spacetime simulations. The Einstein toolkit is built on

the Cactus environment [61], which consists of a flesh that handles the interface between

the thorns that implement the evolution. As part of this modularity, there are a number

of thorns of implementing the many parts of each simulation, however we will discuss

only those that are of physical interest to our research. These are namely:

− Carpet: The main driver thorn,

− MoL: Implements the Method of Lines for time integration,

− ML_BSSN: McLachlan implementation of BSSN based on code generated by Kranc,

− GRHydro: Handles evolution of hydrodynamic variables,

− EOS_Omni: Equation of state interface.

Also worthy of note are ADMBase, TmunuBase, and HydroBase, which provide interfaces

to the spacetime (γij , Kij , α, β
i), stress-energy tensor (Ttt, Tti, Tij), and fluid (ρ,p,ϵ,etc.)

variables respectively.

Before we cover the details of the thorns in more detail, we will first discuss the creation

of initial data.
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4.1 Initial Data

The Einstein toolkit features a number of different methods for the generation of initial

data, and also allows initial data that has been created outside the toolkit to be loaded

in. The simplest form of initial data for binary neutron stars is based on the Tolman-

Oppenheimer-Volkoff (TOV) equation.

4.1.1 TOV solution

The TOV equation [100] describes a spherically symmetric isotropic fluid body in

gravitational equilibrium, and can be written as

dp

dr
= −

(e+ p)
(
m(r) + 4πr3p

)
r (r − 2m(r))

, (4.1)

where m(r) is the (total) mass of fluid enclosed within the radius r calculated through

m(r) =

∫ r

0
4πr′2e(r′)dr′, (4.2)

e(r) is the total mass density of the fluid at a given radius, p(r) is the isotropic pressure

at a given radius, and the equation of state f(e, p) = 0 is known.

A star described by this equation will induce a metric in the surrounding spacetime

given by

ds2 = − exp(ν(r))dt2 +
r

r − 2m(r)
dr2 + r2

(
dθ2 + sin2 θ dϕ2

)
, (4.3)

where ν(r) is calculated from

dν

dr
= −

(
2

p+ e

)
dp

dr
, (4.4)

and the boundary constraints are given by

m(0) = 0,

p(R) = 0,

exp(ν(R)) = 1− 2M

R
, (4.5)

where R is the total radius of the star, and M is the total mass as given by M = m(R)

using eq. (4.2).

To create initial data for a binary neutron star merger, it is possible to construct the

two stars separately using the above equations, then place them in the computational

domain at the desired separation, and set the fluid velocity to give an approximately
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circular orbit (for example using Newtonian mechanics), and possibly add axial spin to

each star.

This method will give initial data that is close to pseudo-equilibrium and will (assuming

the stars are placed far enough apart/tidal interactions are small) not introduce fatal

instabilities. Due to the fact the system is out of equilibrium to begin with, data obtained

at the start of the simulation (especially gravitational wave signals) will not be physical,

and a period of “settling down” is required.

As the stellar configurations obtained using a TOV solver do not take into account

interactions between the two stars, the solution can be considered as a perturbation of

the “true” pseudo-equilibrium solution, with both the fluid and spacetime affected. Once

the simulation is started, and the interaction between the stars begins, these un-physical

perturbations will evolve, spoiling the data in the early part of the simulation, until the

stars have reached a settled state. The so-called “junk” radiation in the spacetime is

propagated away, and the numerical viscosity of the fluid causes those perturbations to

die down. A better method is to relax the out-of-pseudo-equilibrium data before the

simulation is started. Therefore we use the LORENE code, which was developed for

exactly this purpose of allowing an out-of-pseudo-equilibrium set of initial data to be

relaxed closer to pseudo-equilibrium thus reducing the “spoiling” of the early parts of

the simulation.

4.1.2 LORENE

LORENE [63] (standing for Langage Objet pour la RElativité NumériquE) was developed

at the Observatoire de Paris from an earlier FORTRAN code for the purpose of

using spectral methods to create initial data for numerical relativistic simulations [63].

LORENE uses a multi-domain approach: for binary neutron star data, there are three

“origins”, one at the centre of each star, and one at the barycentre. Each stellar origin

has two domains, one that extends from the origin out to the stellar surface, and a

second that extends from the surface out to infinity, and the barycentre origin features

a single domain extending from the origin to infinity.

LORENE works by creating an initial solution in a similar fashion to that described in

section 4.1.1 and then relaxing that solution using full spacetime calculations of both

stars (as opposed to treating each star separately) to create a set of initial data much

closer to the quasi-circular orbits we want. Another useful feature of LORENE is a well

developed equation of state interface, making it easy to produce initial data for many

forms of equation of state. There are codes in LORENE for producing a number of

configurations of compact objects, and also for producing series of similar data without

the need to re-run the entire relaxation routine from scratch.
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There are some features missing from LORENE that may be desirable in future initial

data routines. First, LORENE does not allow arbitrary spins to be imposed on binary

neutron star configurations, nor can differential rotation profiles be applied, only rigidly

rotating stars that are static in either the sidereal or synodic frames are possible, (referred

to as irrotational and co-rotational respectively). Additionally, LORENE requires a 1-

dimensional equation of state (see section 4.6), therefore realistic temperature profiles

(e.g. constant redshifted temperature) cannot be used, however it is possible to construct

a 1-dimensional tabulated equation of state from a 3-dimensional table by, for example,

assuming a constant temperature and beta equilibrium.

4.2 Carpet

Carpet is one of two driver thorns included in the Einstein toolkit, the other being PUGH.

Primarily, it provides the Adaptive Mesh Refinement (AMR), parallelisation, and some

of the IO capabilities of the toolkit.

4.2.1 AMR

The type of adaptive mesh refinement provided by Carpet was first presented by Berger

and Oliger in 1984 [29]. The computational domain consists of several nested grids, each

of which has spacing half that of its parent (see fig. 4.1). Interpolation of the data in the

coarser spaced grids provides data for the edges of the finer grids as they are evolved,

and the finer grids then pass their data back up through the hierarchy onto the coarser

grids they overlap.

The Courant-Friedrichs-Lewy (CFL) condition states that in order to properly evolve a

wave moving across a discrete spacial grid, the time taken for the wave to move between

grid points must be greater than the time between successive iterations. In order to

preserve the CFL condition, each finer grid is evolved twice as often as the level above,

thus the ratio of ∆x/∆t is a constant for all grids.

Additionally, the position and extent of each grid is not fixed: the finer grids can be

made to track the neutron stars though their evolution, and the size of the grids/number

of refined layers can be changed dynamically to adapt to the changing needs to the

simulation. This is what differentiates AMR from Fixed Mesh Refinement. The two

principal advantages to AMR are reduced memory usage, and reduced computation

time without significant loss of accuracy. To demonstrate these, we will consider the

length scales we expect to see in our simulations.

The typical radius of a neutron star is ∼ 8M⊙, and in order to resolve the features of

neutron stars through merger, we want a grid resolution on the order of 10 − 100 times
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Figure 4.1: Nested grid structure of Carpet. Figure shows the x-y plane at z = 0M⊙.
Scale is in units of solar mass M⊙ ≈ 1.48km

smaller than this. We also want to resolve gravitational waves in the simulation, and a

typical lower bound for the gravitational wave frequency is ∼ 150Hz corresponding to

λ ≈ 1500M⊙. A cubic grid with extent ±1500M⊙ in each direction and with a spacing

of 0.15M⊙ would contain ∼ 1013 grid points, and would require RAM on the scale of

multiple 10s of terabytes to store the required simulation variables.

If, on the other hand, we use a grid structure such that each level has the same number

of grid points, but half the length extent, and goes down 8 levels of refinement (9 in

total), using the same total extent as above, and setting the spacing on the smallest grid

to that above, we obtain a much more manageable ∼ 107 grid points.

Also, due to the fact we can double the timestep each level we go up the grid hierarchy,

the total number of grid point evolutions drops by a factor of ∼ 2 × 107 compared to

the näıve grid above. Instead of the computation being dominated by the extent of the

domain and the sample spacing there, in the AMR regime the computation is dominated

by the extent and grid spacing of the finest grid. It should also be noted that there are

computational overheads in the driving of a grid hierarchy such as this, but they are

insignificant compared to the sorts of speedups AMR can provide when compared to a

uniform grid.

This is only an example of the power of AMR, and real simulations may fare better or

worse than this, but it does give a rough idea of typical speedups, and demonstrates

how AMR make these simulations not only faster, but actually feasible (in terms of both

memory consumption and CPU time) in the first place.
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4.2.2 Parallelisation

Carpet provides the ability to subdivide the AMR grid such that the simulation can be

run across a number of MPI processes. A ghost zone is placed around each sub-grid,

the contents of which are either copied from adjacent sub-grids on the same level, or

interpolated from the level above as described above. These are large enough to allow

the process responsible for the sub-grid to perform central spacial differences of the

desired accuracy using only data local to that process.

This way of dividing the work up reduces the inter-process communication, and allows

simulations to be run efficiently across multiple nodes on a supercomputer. Typically,

each physical CPU (containing a number of cores) runs one MPI process, and OMP

is then used by each thorn performing a calculation to make the most of the available

hardware.

While Carpet allows the toolkit to scale well up to ≳ 105 CPU cores [87], the future of

large scale computing lies in GPUs1. The Einstein toolkit is not currently able to take

advantage of GPUs for acceleration, although the in-development CarpetX [123] (which

uses AMReX [143]) driver thorn is intended to replace the current AMR driver in the

future, allowing GPU acceleration.

There are some new and in-development codes that use spectral methods which

are, in principle, more adept to being run on GPUs (due, in part, to a reduction

in the communication required), for example SpEC [79], which is based on the

generalized harmonic formalism [85] using pseudo-spectral methods with adaptive mesh

refinement [131], and SpECTRE [47], which uses discontinuous Galerkin methods (see

Deppe et al. [46] and references therein). Also in development is GR-Athena++ [44], which

uses the task-based parallelism paradigm of Athena++ [130] that has been successfully

used to simulate non-relativistic MHD fluid [64]. Some special-relativistic MHD fluid

simulations have been performed using GPU acceleration (see Wright and Hawke [141]),

but, to our knowledge, no full-scale GR simulations of neutron star mergers have been

performed with GPU-based acceleration.

4.3 Method of Lines

The MoL thorn provides the time integration for the Einstein toolkit through the Method

of Lines. The method of lines is a way of turning PDEs such as those derived in

chapters 2 and 3 into ODEs, which are then evaluated using standard ODE integration

algorithms. The thorn itself provides an interface to other thorns which can register

variables to be evolved/constrained using the method of lines.

14 of the top 5 performing supercomputers worldwide (at the time of writing, see TOP500 [136]) derive
at least some of their performance from GPU-like coprocessor cards.
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The idea behind the method of lines is to discretise the spacial derivatives appearing

in the PDEs, leaving the time derivatives as a set of coupled continuum ODEs [135]. By

doing this, the PDEs are converted into ODEs along the worldline of each grid point.

By decoupling the spacial and temporal derivatives, the method of lines allows a much

greater degree of modularity than would be possible by building an integrator to work

directly on the PDEs.

As an example of the method of lines, let us consider the evolution equation for the

natural logarithm of the conformal scalar, ϕ = lnψ, given in eq. (2.37). Starting with

∂tϕ = −1

6

(
αK − ∂iβ

i
)
+ βi∂iϕ, (4.6)

we must first discretise the spacial coordinates. We can do this by assuming our

variables are sampled on an equally spaced grid (with sample spacing ∆x, and ignoring

boundaries) indexed by integers l,m, n for the three dimensions respectively, so we can

re-write the above as

∂t (ϕ)l,m,n = −1

6

[
(αK)l,m,n − ∂i

(
βi
)
l,m,n

]
+
(
βi
)
l,m,n

∂i (ϕ)l,m,n , (4.7)

where the subscripts (not to be confused with tensor indices) on the brackets are a

shorthand for

(f)l,m,n = (f (t, xl, ym, zn)) . (4.8)

Next, we must replace the spacial derivatives with their discretised counterparts. Choice

of discretisation can vary from one variable to another to adapt to the particular

characteristics of each, however, for simplicity, here we use a second order accurate

central finite difference

∂f(t, x, y, z)

∂x
≈ −f(t, x−∆x, y, z) + f(t, x+∆x, y, z)

2∆x
, (4.9)

or to use the subscript notation above

∂

∂x
(f)l,m,n ≈ 1

2∆x

[
− (f)l−1,m,n + (f)l+1,m,n

]
. (4.10)
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Using eq. (4.10) we can then write eq. (4.7) as

∂t (ϕ)l,m,n = −1

6

[
(αK)l,m,n − 1

2∆x

[
− (βx)l−1,m,n + (βx)l+1,m,n

− (βy)l,m−1,n + (βy)l,m+1,n

− (βz)l,m,n−1 + (βz)l,m,n+1

]]
+

1

2∆x

[
(βx)l,m,n

[
− (ϕ)l−1,m,n + (ϕ)l+1,m,n

]
+ (βy)l,m,n

[
− (ϕ)l,m−1,n + (ϕ)l,m+1,n

]
+ (βz)l,m,n

[
− (ϕ)l,m,n−1 + (ϕ)l,m,n+1

]]
. (4.11)

By removing the spacial partial derivatives, this procedure has left us with a set (l,m, n

can take as many values as there are grid points) of coupled ODEs in t, which are then

evolved by MoL.

Each thorn that relies on MoL for time integration is responsible for the spacial

discretisation of its associated variables, and the calculation of the right hand side of

those variables at a given t. This is important, as, for example, one might want to

discretise the spacetime variables using high-order central differencing, and the fluid

variables using shock capturing methods (see section 4.5), then evolve all variables

together using a high-order explicit Runge-Kutta method. The modularity of MoL makes

this far simpler and more adaptable than writing a PDE solver of the desired form for

the coupled spacetime and fluid equations.

4.4 McLachlan

McLachlan is a collection of thorns providing spacetime evolution using code generated

by Kranc [34;74]. Kranc takes the tensor form of a set of PDEs (in our case, those derived

in section 2.2) and turns them into a Cactus thorn. Using Mathematica to manipulate

the PDEs, Kranc then converts the Mathematica statements into code in either C or

Fortran 90. Kranc also handles the declaration of grid functions, registering of evolved

variables with MoL, and scheduling of function calls in Cactus.

Two different spacetime evolution methods are included in the version of McLachlan that

ships with the Einstein toolkit: BSSN and CCZ4 [16], which are implemented through

the thorns ML_BSSN and ML_CCZ4 respectively. As we discussed in section 2.2, BSSN

is freely evolved, as is CCZ4, however CCZ4 uses a technique known as constraint

dampening. CCZ4 is obtained in a similar fashion to BSSN, but through the addition

of auxiliary variables and mixing with the constraint equations, a system is obtained

such that any constraint violations that appear propagate out of the system [30]. The

CCZ4 equations reduce to the Einstein field equations when these auxiliary variables
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vanish, so by damping them throughout the evolution any constraint violations can

be suppressed [32;66]. While CCZ4 can provide a reduction in the size of constraint

violations of over an order of magnitude [17], there are downsides: A poor choice of

damping parameters can significantly impact the simulation, sometimes leading to over-

damped effects, or even instabilities [16;119].

4.5 GRHydro

GRHydro [97] is one of two main General Relativistic Magnetohydrodynamics (GRMHD)

codes shipped with the Einstein toolkit, the other being IllinoisGRMHD. Based

on the Whisky code [23], GRHydro uses High Resolution Shock Capturing (HRSC)

methods [57;81;90;137] to evolve a fluid described by GRMHD equations, in particular the

Valencia formulation [26] (see also section 3.3 for the system of equations used, without

magnetic fields). The principal advantages of using modern HRSC methods are that:

the non-linear discontinuities that form in hydrodynamics (the shocks) are treated in

such a way that the numerical oscillations (not physical) at shocks known as Gibbs’

phenomena are avoided, a high degree of accuracy (at least second order) is maintained

over most of the computational domain, shocks are sharply resolved, and the solution

converges to the “true” solution as the grid resolution is increased [115].

Modern HRSC methods are based on Godunov methods [60] and still use the same basic

steps to control the evolution of the fluid:

1. Reconstruct variables at cell boundaries

2. Solve Riemann problems

3. Update conserved variables

The time-integration (“update” term) is controlled by MoL (see section 4.3), so here we

describe the reconstruction and Riemann problem steps. In addition, as we require the

primitive variables (ρ, T, vi) to calculate the evolution terms, we must recover them from

the conserved variables (U in section 3.3), a process we describe in section 4.5.3.

4.5.1 Reconstruction

GRHydro breaks the fluid down into a series of cells, each centered on a grid point. In

order to calculate the fluxes between two adjacent cells, it is first necessary to reconstruct

the value of the variables at the cell boundaries. It is important to note that as it is

the reconstructed variables that are used to calculate the fluxes, the method used for

reconstruction must not violate the conservation laws (for this reason, reconstruction
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is typically performed on primitive variables as physicality of the solution is easier to

check), and it should not introduce oscillations.

There are a number of reconstruction methods implemented in the Einstein toolkit,

but we choose to use the enhanced Piecewise Parabolic Method [40] (ePPM) (a variant of

PPM [41]) which compares favourably in terms of performance to the other reconstruction

methods [97], and has a more mature implementation in the toolkit.

The principal concept behind PPM methods is to use a fourth order polynomial

interpolator of the fluid variables, with limiting steps used to constrain the interpolant

such that no spurious extrema are introduced. Both PPM and ePPM reduce to first

order accuracy at shocks, but while PPM also reduces to first order accuracy at smooth

extrema, ePPM does not.

4.5.2 Riemann problems

Once we have values for the fluid variables at the cell boundaries, the next step is to

calculate the fluxes between adjacent cells. This means solving local Riemann problems.

The Einstein toolkit currently features 3 Riemann solvers : Roe, HLLE, and HLLC,

and two methods that solve directly for the fluxes without addressing the Riemann

problem explicitly: Marquina and LLF. Not all of these are compatible with all choices

of simulation setups (e.g. reconstruction method), so we choose to use HLLE which

shows good stability and accuracy (see below), and has good compatibility with other

parts of the toolkit.

Riemann solvers find solutions to flux problems in terms of waves which differentiate

a number of constant states. These waves can represent shocks (all fluid variables

change discontinuously at a boundary), rarefactions (all fluid variables change

continuously), or contact discontinuities (some fluid variables change continuously,

others discontinuously).

The Harten-Lax-vanLeer-Einfeldt (HLLE) solver [52;70] uses a two characteristic wave

approximation to calculate the fluxes across cell boundaries. The two waves are

represented by ξ+ and ξ− where the + and − denote the largest and smallest wave speed

eigenvalues present on each side of the cell boundary. In order to calculate ξ± quickly,

the approximation outlined in Gammie et al. [59] is used. This method introduces extra

diffusion into the simulation, but is shown to overestimate the wavespeeds significantly

only in certain fluid configurations, and even then only by no more than a factor of
√
2 [97],

but this does not affect convergence to a solution in the limit of ∆x→ 0. A comparison

of HLLE and the more accurate Marquina is given in the Appendix of Baiotti et al. [24],

where it is shown that, as long as high-order reconstruction is used (there PPM), the

choice of Riemann problem solver does not significantly impact the simulation.
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4.5.3 Primitive recovery

Once the conservative fluid variables have been updated, it is then necessary to convert

these back to the primitive variables, a process variously called primitive recovery,

conservative-to-primitive, Con2Pri, C2P, et cetera. This is achieved by inverting

eq. (3.39). This is not generally possible analytically, so GRHydro uses a Newton-Raphson

root finding scheme.

The function for which we wish to find the root is

f(pi) = pi − p(ρi, ϵi), (4.12)

where the subscripts denote the root finding iteration from which the values are taken,

and the function p(ρ, ϵ) comes from the EoS.

With a guess for the pressure pi, ρi and ϵi are calculated from the conserved variables,

and the gradient of f(pi) is given by

f ′ = 1− ∂p

∂ρ

∂ρ

∂p
− ∂p

∂ϵ

∂ϵ

∂p
, (4.13)

where ∂p/∂ρ and ∂p/∂ϵ come from the EoS, and ∂ρ/∂p and ∂ϵ/∂p are calculated from

the conserved variables. This gradient is then used to give a new guess for the pressure

pi+1 through

pi+1 = pi −
f(pi)

f ′(pi)
. (4.14)

This iteration procedure is repeated until the residual from the root function is below

some desired accuracy threshold.

Due to the presence of the partial derivative with respect to ϵ in eq. (4.13) this method

is not well suited to tabulated equations of state in the form (ρ, T, Ye). In section 6.2

we discuss the implementation of other primitive recover schemes that are better suited

to such tables, which we have implemented as an extension to GRHydro. Recently the

RePrimAnd [78] recovery scheme has been introduced, and has been used in relativistic

hydrodynamic simulations [75], including neutron star mergers [102]. This scheme is also

designed for tabulated equations of state, and is claimed to always converge to a unique

solution (assuming one exists) [78].

4.6 Equations of State

The final implementation detail we will discuss is the Equation of State interface, which

is provided by EOS_Omni. This thorn provides a number of different equations of state,

both functional and tabulated.
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The basic equations of state in EOS_Omni are Polytropic, Γ-Law, and Hybrid (a

combination of polytropic and Γ-law) equations of state [54]. These equations of state

are expressible in functional form, with a number of parameters used to control their

behaviour. EOS_Omni also provides some realistic equations of state, which we briefly

discuss in section 4.6.2, however the default interface is insufficient for our purposes, so

we developed an extension that we discuss in chapter 6.

4.6.1 Functional equations of state

The polytropic equation of state gives p and ϵ as functions of ρ, with two constants, the

adiabatic index Γ, and the polytropic constant K, defining the specific polytrope. The

relationships are

p(ρ) = KρΓ, (4.15)

ϵ(ρ) =
K

Γ− 1
ρΓ−1. (4.16)

As the polytropic equation of state is purely functional, it is fast to evaluate, and the

conservative-to-primitive routine can be simplified (although this is not done in the

Einstein toolkit). The drawback of this equation of state is that, as p and ϵ are functions

only of ρ, no thermal effects (e.g. shock heating) are possible in simulations using

polytropic equations of state.

The Gamma-Law (or Γ-law) equation of state corresponds to an ideal gas, with adiabatic

index Γ. For this equation of state, p is a function of both ρ and ϵ (which must then be

evolved as a separate variable), specifically

p(ρ, ϵ) = (Γ− 1)ρϵ. (4.17)

As ϵ is evolved separately to ρ, Γ-law equations of state support thermal effects, and

using the ideal gas equations, we can recover T from ϵ through

T = (Γ− 1)mbϵ, (4.18)

where mb is the baryon mass, i.e. ρ = mbnb where nb is the baryon number density.

Initial data for ϵ is typically obtained by using a polytrope, then allowing ϵ to evolve

freely in the simulation.

The Hybrid equation of state consists of N (cold) polytropic phases, with a thermal

ideal gas component. Let (K0,K1, . . . ,KN ,Γ0,Γ1, . . . ,ΓN ) characterise the polytropic

pieces, where (Ki,Γi) is used below the density ρi, and Γth be the adiabatic index of the

thermal component. As we require a differentiable matching from polytrope i to i + 1

at ρi, Ki+1 for i > 0 is determined by K0,Γ0,Γ1, . . . ,Γi + 1. Letting pcold and ϵcold be
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the pressure and specific internal energy of the cold component, and ρ be in the interval

[ρi−1, ρi], we have

pcold(ρ) = Kiρ
Γi , (4.19)

ϵcold(ρ) =
Ki

Γi − 1
ρΓi−1 + ϵi, (4.20)

where ϵi is used to ensure continuity of ϵcold(ρ). The thermal component of p, pth, is

given by

pth(ρ, ϵ) = ρ(Γth − 1)(ϵ− ϵcold(ρ)), (4.21)

and the final pressure p(ρ, ϵ) is given by

p(ρ, ϵ) = pcold(ρ) + pth(ρ, ϵ). (4.22)

In general, simulations using functional equations of state run faster than those using

the tabulated versions described below, but while they are phenomenologically similar

to equations of state derived from microphysics, they necessarily lose some of the more

complex behaviour we expect to see in neutron star matter, and can introduce artefacts

of their own. For more realistic simulations, precalculated tables are used.

4.6.2 Realistic equations of state

Tabluated equations of state are described by a table of values for desired variables,

and are generally between 1- and 3-dimensional. EOS_Omni implements both Cold-

Nuclear+Γ-Law, and Finite-Temperature equations of state. The first of these uses a

1-dimensional table in ρ and a thermal Γ-law, whereas the second uses a 2-dimensional

table, given in (ρ, T ) or (ρ, ϵ) form, to describe the equation of state.

The Cold-Nuclear+Γ-Law equation of state works in a similar fashion to the Hybrid

equations of state described above, with the cold components pcold and ϵcold coming

from a precalculated table in ρ, and a thermal Γ-law component added to simulate

thermal effects:

p(ρ, ϵ) = pcold(ρ) + ρ(Γth − 1)(ϵ− ϵcold(ρ)), (4.23)

where Γth is the adiabatic index of the thermal component.

Given a table describing an equation of state, it is necessary to interpolate within that

table to obtain values of the dependent variables that do not line up with the grid defined

by the table. Care must be taken to ensure that this interpolation is sufficiently smooth

such that spurious shocks do not arise in the simulation owing to inaccurate equation of

state calls.
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As we wish to study composition and temperature dependent effects (see chapters 8

to 10), we require 3-dimensional tables in (ρ, T, Ye), such as those available on

CompOSE [42]. In chapter 6 we present modifications to the toolkit, specifically to

EOS_Omni and GRHydro, that allow us to perform simulations using such tables.
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Chapter 5

Data Processing

In this chapter we discuss the process of analysing simulation data, and creating

visualisations of results. As example data, we use the APR and Γ-law simulations

described in further detail in chapter 7 for fluid and gravitational wave data respectively.

It is natural to divide this section into a discussion focusing on the fluid, and one on

the spacetime, but we will first talk briefly about how we move from the complex

grid structure discussed in section 4.2.1 into a simpler structure more suitable for

visualisation. We note that there are some freely available visualisation packages

designed specifically for the Einstein Toolkit, notably kuibit [33] and PyCactus [76],

however for historical reasons (kuibit was not public when this project began, and

PyCactus is both lacking desired features and written in an outdated language) we

chose to build our own tools.

5.1 Grid Reconstruction

While the AMR grids used by Carpet are good for computational workload, when it

comes to performing analysis and creating visualisations it can be more helpful to have a

uniform grid that covers only a small region of interest. In fig. 5.1 we can see a snapshot

of the grid structure for a binary neutron star merger as produced by the Einstein

toolkit. The domain contains a number of refinement levels, some of which are centered

on the neutron stars, and some at the barycentre of the system (which coincides with

the coordinate origin). Each of these refinement levels is then divided up into a sub-grid

for each CPU used in the simulation (in the case of fig. 5.1, 4 CPUs were used).

We have two methods for taking data from the AMR grids and placing it on a uniform

mesh. The first method is useful for simple 2- or 3- dimensional cartesian slices, and

uses the finest AMR grid available in the region of interest as the basis (origin and grid

spacing) for a receiving grid that spans the entire region of interest with a uniform grid



42 Chapter 5. Data Processing

75 50 25 0 25 50 75
x [M ]

60

40

20

0

20

40

60

y 
[M

]
AMR Grid Structure

Figure 5.1: Carpet AMR grid near the neutron stars, with the black square denoting
the domain of interest. Colours are used on a per refinement level basis, and the extent
of each sub-grid (with ghost zones removed) is shown. This simulation used a rotational
symmetry of π about the z-axis, with only the positive-x region evolved. The repeated
part of the domain is represented by grids surrounded by dashed lines. The locations
of the neutron stars are marked by ×s at their centres, where we define the centre of

the star as the point where ρ is at its maximum.

spacing. We then determine which AMR grids are needed to cover the entire receiving

grid (giving priority to finer grids), and use linear interpolation on all grids other than

the finest to increase the resolution such that it matches that of the receiving grid (using

ghost zones between AMR grids on the same refinement level to bridge the gap between

them). Each point in the receiving grid then takes the data from the finest AMR grid

that covers that location.

For more complicated receiving grids (e.g. a polar slice), once the domain has been

defined and the AMR grids which completely cover it have been chosen, starting from

the coarsest AMR grid and working towards the finest, we build a 3-D polynomial
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interpolator for the data on each AMR grid (including ghost zones), and evaluate the

interpolator at all receiving grid points inside that particular AMR grid. Typically we

only use degree 1 interpolation, as higher orders tend to introduce spurious oscillations

in regions where the gradient of the variable changes quickly (e.g. the density at the

stellar surface).

These methods are defined only for scalar data, so for vector data we perform the

interpolation separately on each component.

5.2 Fluid Variables

Many of the fluid variables evolved in the simulation are of interest for post-processing,

analysis, and visualisation. We will briefly discuss a few of these quantities and how

they are calculated and visualised. In order to detail these processes, we will split the

discussion into sections on scalar and vector quantities. Throughout this section we take

example data from the APR simulation described in chapter 7.

5.2.1 Scalars

Much of the data we plot in later chapters is scalar. In addition to the variables evolved

in the simulation, such as density and temperature, we also require variables that are not

directly evolved by the simulation, but instead can be calculated from the equation of

state. In fig. 5.2 we plot the three equation of state parameters ρ, T, Ye (see chapter 6 for

more detail), and a variable that is not evolved directly but calculable in post-processing

using the equation of state, the neutron chemical potential µn. Additionally, the rest

mass density is show on a log scale in units of the nuclear saturation density ρnuc.

Another interesting quantity is the enthalpy weighted vorticity Ωµν given by

Ωµν = ∂µ(huν)− ∂ν(huµ). (5.1)

This quantity is of interest as, loosely, a non-zero Ωµν implies the presence of a vortex in

the µ-ν plane. In particular, we are interested in the component of Ωµν aligned with the

rotational axis of the neutron star binary, Ωxy, which is a scalar. In terms of value, we

are interested in a range of a few orders of magnitude on both sides of 0, but not values

around 0. Therefore, we use a log-lin-log plot. A log-lin-log plot contains a central linear

region that covers either side of 0, with logarithmic plots extending above and below

(for the lower portion, the sign of the data is swapped before taking the logarithm)

allowing a range of orders of magnitude to be seen with both positive and negative sign.

Figure 5.3 contains a plot of Ωxy as a binary neutron star merges. We can see that there
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is strong positive vorticity (right handed vortex with respect to the positive z-axis) at

the interface of the two stars, and also regions of negative vorticity.

There are, of course, other scalar simulation variables of interest, but the plots here

demonstrate the presentation of scalar fluid data.

5.2.2 Vectors

Next, we will cover the two principal means by which we convey information about vector

fluid variables. Given that we are not studying magnetic fields in our simulations, the

most interesting of these is the fluid velocity.

The most common means of displaying fluid velocity is through quiver diagrams, where

a small number of vector arrow are added to the plot corresponding to the magnitude

and direction of the fluid flow at their base. While it is possible to plot the raw velocity

through a quiver plot, the fast moving fluid at the edge of the stars and in the atmosphere

tend to dominate, but as these regions are several orders of magnitude lower in density

than the cores of the stars, their effect on the overall dynamics of the merger is much

lower. To combat this, instead of plotting just the raw velocity data, we can use a mask

based on the density of the fluid to suppress the velocity in the regions that are not of

interest. Figure 5.4 shows a selection of such plots with densities ρ < 1011g/cm3 ignored.

Another method we have developed is to map variables such as ρ, |v|, and direction to

a colour-space. In fig. 5.5 we use the Hue-Saturation-Value (HSV) colour-space. The

direction in the xy-plane θ of the velocity vector v maps to the hue of the pixel, the

speed |v| maps to saturation, and ρ maps to value. While these plots do not easily allow

reading of quantitative values, they do provide a good qualitative idea of how the fluid

in different areas is moving, and features such as vorticies and differential rotation are

much easier to pick out than with a traditional quiver diagram.

5.3 Spacetime Variables

When looking at the dynamics of the spacetime, the field variables can be plotted in

a similar fashion to the fluid variables we have looked at above. The main feature of

interest that cannot be analysed in such a way is gravitational wave emission. As it

is the longest simulation we have performed (and therefore has the most gravitational

wave data available), in this section we use data from the Γ-law simulation described in

chapter 7.
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5.3.1 Gravitational waves

It is possible to extract the gravitational wave signal from a signal using a retarded-

time integral over the entire domain, for each direction we want to know the signal,

often enough to get a clean time series. This obviously poses an extreme computational

challenge, so we use a method based on the Weyl-scalars Ψ0,...,4, in particular Ψ4.

The Weyl-scalars come from the Newman-Penrose formalism of general relativity. A

full derivation of Ψ4 can be found in [124], but here we quote the result (which differs

from [124] by a sign due to a convention in the thorn that measures Ψ4 in the Einstein

toolkit):

Ψ4 = −ḧ+ + iḧ×, (5.2)

where the +,× denote the two polarisations of gravitational waves. The Einstein toolkit

allows the calculation of the −2 spin-weighted spherical harmonics −2Ylm(θ, ϕ) of Ψ4

over spherical surfaces at chosen distances from the origin. This allows us to pick any

direction from which to measure the gravitational wave signal.

In order to obtain a gravitational wave signal that can be compared to detector

capabilities from the decomposed Ψ4 we must:

1. Integrate Ψ4 twice in time

2. Evaluate −2Ylm(θ, ϕ) for our chosen direction and sum the contributions

3. Extrapolate the amplitude out to a realistic distance

The last two of these are done using this equation for −2Ylm(θ, ϕ):

−2Ylm(θ, ϕ) = (−1)m

√
(l +m)!(l −m)!(2l + 1)

4π(l + 2)!(l − 2)!
sin2l

(
θ

2

)

×
l+2∑
r=0

[(
l + 2

r

)(
l − 2

r −m− 2

)
(−1)l−r+2eimϕ cot2r−m−2

(
θ

2

)]
, (5.3)

and summing the separate components, then using the fact that h+,× will fall off as 1/r

to get a realistic amplitude (a commonly chosen distance is 100Mpc). The double time

integration poses more of an issue.

The problem with numerically integrating Ψ4 twice is that even small amounts of noise

(on the order of numerical roundoff) can spoil the signal due to “wandering”1. Instead,

we use the technique of Fixed-Frequency-Integration (FFI) (see [113] for a comparison of

methods for performing this integration).

1The first integral of a 1-D Gaussian white noise process is Brownian motion, so this wandering is
not unexpected after a second integration.
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The main idea behind FFI is surpressing the noise in low frequencies while performing

the integrations in the frequency domain. The first step is to take the Discrete Fourier

Transform (DFT) F of the times series of Ψ4(t), then using the relation∫∫
Ψ4(t)dt = F−1

(
F (Ψ4(t))

−ω2

)
(5.4)

to perform the integration. The difference with FFI is that instead of the raw frequency

ω, we use a function of the frequency ω∗(ω) in the denominator of eq. (5.4) defined by

ω∗(ω) =

{
ω ω > ω0

ω0 ω ≤ ω0

, (5.5)

where the cutoff frequency ω0 should be lower than any physical gravitational wave

frequency we expect to see in the simulation.

Once we have obtained the time series of the gravitational wave signal in a given

direction, we can study it in both time and frequency domains. Figure 5.6 contains

a number of plots detailing the simulated gravitational wave signal from a pair of 1.2M⊙

neutron stars. The figure shows the signal expected for a detector positioned 100Mpc

away from the merger directly above the orbital plane. Plotted are the two polarisations

of the strain data h+,×, the amplitude envelope (calculated as |h+ + ih×|), and the

instantaneous frequency, along with a spectrogram of the signal.
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Figure 5.2: Plots of several example fluid variables demonstrating scalar plots. Data
was taken from the simulation of two 1.4M⊙ neutron stars, using the APR [5;122]

equation of state. The left column is from the point the stars begin to merge, and
the right plot is from 5ms later. Plotted are the fluid temperature T , electron fraction
Ye, rest mass density ρ divided by nuclear saturation density ρnuc (on a log scale), and

neutron chemical potential µn.
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Figure 5.3: Log-lin-log plot of the xy-vorticity Ωxy. The logarithmic portions of the
plot extend over the intervals Ωxy = ±[1.0×10−2, 1.0×100] km−1, and the plot is linear
for values falling in the range Ωxy = [−0.01, 0.01] km−1. Both stars had initial mass of
1.4M⊙, using the APR [5;122] equation of state. The plot shows the stars around 0.5ms
after they first touch. Contours of ρ/ρnuc are shown in shades of grey at unit intervals

in order of magnitude from 1.0× 10−6 to 1.0× 100.
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Figure 5.4: Quiver plots of the fluid velocity in the orbital plane at 4 times in a
simulation: the first is at the time the stars begin to merge, and the others follow at
0.5ms intervals. The quivers are normalised to c as displayed in the top right-hand
corner of each plot. Also shown are rest mass density ρ contours at unit intervals in
order of magnitude in red from 1.0×1011 to 1.0×1014 g/cm3. Values of velocity where

the density is ρ < 1.0× 1011 gcm−3 are ignored.



50 Chapter 5. Data Processing

40 30 20 10 0 10 20 30 40
x [km]

40

30

20

10

0

10

20

30

40

y
[k

m
]

t= 8.866ms

0

/4

/2

3 /4

3 /4

/2

/4

Direction

0.000 0.125 0.250 0.375 0.500
|v|[c]

6.18 × 106

6.18 × 108

6.18 × 1010

6.18 × 1012

6.18 × 1014

[
g cm

3
]

40 30 20 10 0 10 20 30 40
x [km]

40

30

20

10

0

10

20

30

40

y
[k

m
]

t= 13.831ms

0

/4

/2

3 /4

3 /4

/2

/4

Direction

0.000 0.125 0.250 0.375 0.500
|v|[c]

6.18 × 106

6.18 × 108

6.18 × 1010

6.18 × 1012

6.18 × 1014

[
g cm

3
]

Figure 5.5: Two plots illustrating the velocity and density of the fluid in a simulation
of a pair of 1.4M⊙ neutron stars with the APR [5;122] equation of state. Using the HSV
colour-space, the hue of a pixel denotes the direction in which the fluid is moving at
that point, the saturation denotes the speed of the fluid at that point, and the value
denotes the density. In the top panel the stars are shown as they begin to merge, and
in the bottom panel they are shown after the remnant has been formed but before it

relaxes to a steady state, approximately 5ms later.
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Figure 5.6: Two plots detailing the gravitational wave emission of a pair of 1.2M⊙
neutron stars as they inspiral, merge, and ring-down. The signal was calculated from
measurements on a sphere of radius ∼ 1000 km (700M⊙ in simulation units) centered
on the barycenter of the system. The top panel shows the raw signal in the top half,
and the envelope and instantaneous frequency in the bottom. The bottom panel shows
a spectrogram of the signal using a short-time-fourier-transform to show the evolution

of the signal.
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Chapter 6

Extending Equations of State

The equation of state interface in the Einstein toolkit, EOS_Omni (see section 4.6),

features support for 1- and 2- parameter tabulated equations of state. 1-parameter

equations of state are tabulated only in ρ, and assume the fluid is cold1 and in β-

equilibrium, also known as nuclear statistical equilibrium (see section 8.1 for a discussion

of β-equilibrium as typically defined in the context of equations of state). 2-parameter

equations of state are tabulated by ρ, and typically either T or ϵ, and allow the inclusion

of thermal effects while maintaining the assumption of β-equilibrium. In order to study

both thermal effects, and effects that arise due to violation of β-equilibrium, we wish to

remove this assumption. Therefore, we need to evolve the fluid electron fraction Ye, and

utilise an equation of state that depends on it. GRHydro has the ability to advect Ye, but

we must extend EOS_Omni so that tabulated 3-parameter equations of state can be used

(a library of tabulated equations of state is available online through CompOSE [42]). We

then need to interpolate within the table to obtain the variables required by GRHydro.

In this chapter we present modifications made to EOS_Omni and GRHydro to enable this.

6.1 Tabulated Equations of State

In order to use tabulated equations of state within EOS_Omni, we have developed a means

of generating the code for an n-th order polynomial interpolator in d-dimensions (where

n is odd). We chose to create a general interpolation routine as the order of interpolation

may need to be increased to ensure the results are sufficiently smooth, and in the future

we may need to use a higher number of parameters in the equation of state (to account

for other physics such as magnetic fields, neutrinos, strangeness, etc.).

1It is possible to have a 1-dimensional equation of state with T = T (ρ), however as they are commonly
used with a thermal Γ-law component (see section 4.6.2), they typically assume T = 0.
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6.1.1 Interpolation

To create the general n-th order polynomial interpolator, we begin by looking at the

tabulated values of the variable y, which we denote T y. We assume these values are

given at the vertices of a d-dimensional grid of unit d-cubes, and given a coordinate

vector X of length d with components Xi, the value in the table at that location is

labelled T y(X). We then look at each d-cube individually to construct the interpolator

(each d-cube has a different set of values for the interpolation coefficients, but they are

constructed in the same way).

Assuming we have chosen a d-cube with coordinates X, our interpolator fy(x) will take

the form

fy(x) =
n∑

p1,...,pd=0

ap1,...,pd

d∏
i=1

xpii , (6.1)

where x is a vector of length d whose components are bounded by 0 ≤ xi < 1 that gives

the coordinates at which we are evaluating the interpolator inside the given d-cube, and

ap1,...,pd are the coefficients of the polynomial for that d-cube. It is these coefficients

ap1,...,pd that we must solve for.

For a given d,n, there will be (n+1)d coefficients to solve for. For each d-cube, we have

the value of y given at each corner, of which there are 2d. We can also calculate finite

differences on the table values to obtain derivatives of the variable y with respect to each

direction in the table. Each derivative will give us another 2d values, so (including the

variable itself as the 0th order derivative) the number of derivatives we need to calculate

N at each vertex is

N =

(
n+ 1

2

)d

, (6.2)

in order to solve for the coefficients ap1,...,pd . So as not to over-constrain the system, these

derivatives cannot go higher than order (n−1)/2 in any given direction (Lekien [84] proves

this for 2nd order derivatives for a 3rd order interpolator, but the result generalises to

higher n). The remaining derivative terms are then given by

ml1,...,ld =
∂

(
d∑

i=1
li

)
T y(X)

∂xl11 ...∂x
ld
d

, (6.3)

where 0 ≤ li ≤ (n−1)/2. There will therefore be (n+1)/2 values for each of the derivative

orders li, and as we are working in d dimensions the total number of derivative terms will

be ((n+ 1)/2)d, exactly the number we need to keep the system properly determined.

Now we have the correct number of values to solve for ap1,...,pd , we first need to find the

matrix B that satisfies the equation

m = Ba, (6.4)
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where m is a vector containing the derivative terms ml1,...,ld evaluated at each vertex

of the d-cube which we denote as mk
l1,...,ld

where 1 ≤ k ≤ 2d labels each of the vertices,

and a contains the coefficients ap1,...,pd . To determine the elements of B, we apply the

derivative terms in eq. (6.3) to our ansatz of the interpolator in eq. (6.1) instead of

T y(X) and read off the numerical coefficients that appear in front of ap1,...,pd for each

mk
l1,...,ld

. We then invert the matrix to give B−1, so the coefficients can be written as

a = B−1m. (6.5)

The elements in B−1 are general to each d-cube, so the interpolators for each d-cube

differ only in the values used for m. For some equation of state parameters (namely ρ

and T ) it makes sense to tabulate by the logarithm of the variable, as they vary over

a significant number of orders of magnitude. For such variables we use the logarithms

as the independent variable in the construction of the interpolator. We also use similar

measures for dependent variables that vary over several orders of magnitude:

− We use log10(p) as p is strictly positive and grows like ρ to some power,

− We use asinh(ϵ) as ϵ can be negative, but also grows significantly for large ρ, T .

By making these modifications to the tabulated data, we also reduce oscillation in the

output of the finite order interpolators when the data is exponential-like.

6.1.2 Evaluation

Now that we can interpolate inside the table, when the simulation requires the equation

of state for parameter values Y , we first determine which d-cube in the table contains

the location Y , rescale Y to its location in the unit d-cube we have selected to give y,

and use this in the interpolator for that cube. Once we have evaluated the interpolating

polynomial, we must then take the inverse of any function that was used when tabulating

the data (log10 for p and asinh for ϵ) to obtain the the value of the equation of state at

the given point.

In addition to the raw table values, we also require the derivatives of some of the table

values with respect to the table parameters. As previously, we first determine the correct

d-cube for our given Y and calculate y. We then exploit the polynomial nature of

the interpolating functions to calculate the desired derivative. Looking back at our

interpolator ansatz in eq. (6.1), we can evaluate the sum and product terms for all

parameters except the one we are taking a derivative with respect to, say the j-direction,

which leaves us with

f(y) =

n∑
pj=0

bpjy
pj
j , (6.6)
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where the bpj terms collect the evaluation over the other table parameters yi̸=j for each

power of yj . We can then take the derivative of this polynomial in yj with respect to yj

to give

∂f(y)

∂yj
=

n∑
pj=1

pjbpjy
pj−1
j . (6.7)

We then use
∂f(y)

∂Yj
=
∂yj
∂Yj

∂f(y)

∂yj
=

1

∆Yj

∂f(y)

∂yj
, (6.8)

where ∆Yj is the size of the table cell in the Yj direction.

Where we have used Yj = log10(Xj) as a table parameter instead of Xj itself, we recover

the derivative with respect to Xj by using

∂

∂Xj
=
∂ log10(Xj)

∂Xj

∂

∂ log10(Xj)

=
1

Xj log(10)

∂

∂ log10(Xj)
. (6.9)

Where we have used g(X) = log10(f(X)) as a dependent variable, we recover the

derivative of f(X) with respect to Xj from the derivative of g(X) through

∂f(X)

∂Xj
=
∂f(X)

∂g(X)

∂g(X)

∂Xj

=

(
∂g(X)

∂f(X)

)−1 ∂g(X)

∂Xj

= f(X) log(10)
∂g(X)

∂Xj
. (6.10)

Similarly, when the dependent variable h(X) = asinh(f(X)) is used, we obtain the

derivative of f(X) through

∂f(X)

∂Xj
=

(
∂h(X)

∂f(X)

)−1 ∂h(X)

∂Xj

=
√
f(X)2 + 1

∂h(X)

∂Xj
. (6.11)

6.1.3 Inversion

For some conservative-to-primitive methods, it is necessary to determine T from a given

ϵ (and other known table parameters). Unlike the previous work in this section, for this

step we have developed a method specific to a 3-D table with parameters ρ, T , and Ye,

using 3rd order interpolation.

Given an initial guess for the temperature Tguess and a target ϵ, we locate the table cell

containing (ρ, Tguess, Ye), then evaluate eq. (6.1) in the ρ and Ye directions to obtain a
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cubic polynomial in the T direction

f(t) = at3 + bt2 + ct+ d− ϵ, (6.12)

where 0 ≤ t < 1 is the local T coordinate for that cell. We then solve f(t) = 0

using a standard cubic equation method, discarding any roots outside the interval 0 ≤
troot < 1. If f(t) gives multiple roots inside the interval, the one minimising ∆T =

|T (troot)− Tguess| is used. If either no root is found in the interval, or it is possible that

a root closer to Tguess exists in an adjacent cell, we then check for roots in the cells above

and below the cell containing Tguess.

This process of moving up and down the table in the T direction continues until a root

has been found in the correct interval for a cell, and it is not possible for there to be a

root with smaller ∆T . This signifies that the inversion of ϵ is complete, and T = T (troot)

is returned. If no such root is found in the entire temperature range of the equation of

state used, the method returns unsuccessfully, and either the conservative-to-primitive

solver moves onto a backup method, or the simulation terminates.

6.2 Modifying Con2Prim

The conservative-to-primitive (Con2Prim) method used by GRHydro relies on the

availability of the derivatives ∂p/∂ρ and ∂p/∂ϵ from the equation of state, however,

most 3-parameter equations of state are tabulated by ρ, T , and Ye, with ϵ a function of

these parameters. This means that ∂p/∂ϵ must be calculated through

∂p

∂ϵ
=
∂p

∂T

∂T

∂ϵ
+
∂p

∂ρ

∂ρ

∂ϵ

=
∂p

∂T

(
∂ϵ

∂T

)−1

+
∂p

∂ρ

(
∂ϵ

∂ρ

)−1

, (6.13)

which, when any of the ∂ϵ/∂X terms approaches 0, can explode to infinity, leading to

instability in the Newton-Raphson iteration.

To remedy this, we have implemented two different Con2Prim methods taken from Siegel

et al. [127] which are more suited to equations of state in the form described above, and

a backup method for when these both fail. These methods (which we have named for

the dimensionality and type of solver used, and the chosen variables in which the solver

searches) are:

− 2-D Newton-Raphson in (W,T ),

− 1-D bracketed in x = hW ,

− 1-D bracketed in W with fixed T ,
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where

W =
1√

1− vivi
(6.14)

is the local Lorentz factor of the fluid, T is the fluid temperature, and h = 1 + ϵ + p/ρ

is the specific enthalpy of the fluid.

These methods in particular were chosen to give a balance between performance and

stability [127]. The 2-dimensional Newton-Rapshon method is fast, in terms of both

number and type of equation of state call, the 1-dimensional bracketed method in hW is

guaranteed to converge (assuming a robust temperature inversion procedure, and a set

of conservative variables that correspond to primitives within the range of the equation

of state) [127], and the final method is designed to for use when the conservative variables

correspond to a primitive solution that is out of reach of the table.

6.2.1 2-D Newton-Raphson

This Con2Prim method is based on the 2-D scheme presented by Anton et al. [20],

reformulated in terms more suited to tables parameterised by (ρ, T, Ye)
[127].

Looking back at the definitions of the conserved variables D, Si, τ , and Ye in section 3.3

we have

D = ρW (6.15)

Si = zvi (6.16)

τ = z − p−D (6.17)

DYe = D · Ye (6.18)

where z ≡ ρhW 2, and we also note that

S2 = SiS
i

= z2viv
i

= z2
W 2 − 1

W 2
. (6.19)

Using eqs. (6.17) and (6.19) we can define the two functions

f1(W,T ) = [τ +D − z(W,T ) + p(W,T )]W 2 = 0, (6.20)

f2(W,T ) =
[
z(W,T )2 − S2

]
W 2 − z(W,T )2 = 0, (6.21)
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where z(W,T ) and p(W,T ) are calculated from the equation of state table parameterised

by (ρ, T, Ye) using

ρ(W ) =
D

W
, (6.22)

Ye =
DYe
D

, (6.23)

and

p(W,T ) = p(ρ(W ), T, Ye), (6.24)

ϵ(W,T ) = ϵ(ρ(W ), T, Ye), (6.25)

z(W,T ) = ρ(W )

[
1 + ϵ(W,T ) +

p(W,T )

ρ(W )

]
W 2. (6.26)

We can then use a 2-D Newton-Raphson method in the unknowns (W,T ) to perform

the conservative-to-primitive inversion.

With initial guesses for (W,T ) = (W0, T0), the root-finding iteration will be(
Wn+1

Tn+1

)
=

(
Wn

Tn

)
− JF (Wn, Tn)

−1F (Wn, Tn), (6.27)

where F (W,T ) is given by

F (W,T ) =

(
f1(W,T )

f2(W,T )

)
. (6.28)

The Jacobian is given by

JF (W,T ) =


∂f1
∂W

∂f1
∂T

∂f2
∂W

∂f2
∂T

 , (6.29)

so the four derivatives we need are:

∂f1
∂W

= 2W [τ +D − z(W,T ) + p(W,T )]−D
∂p

∂ρ
−W 2 ∂z

∂W
, (6.30)

∂f1
∂T

=W 2

[
∂p

∂T
− ∂z

∂T

]
, (6.31)

∂f2
∂W

= 2W
[
z(W,T )2 − S2

]
+ 2z(W,T )

[
W 2 − 1

] ∂z
∂W

, (6.32)

∂f2
∂T

= 2z(W,T )
[
W 2 − 1

] ∂z
∂W

, (6.33)
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where the derivatives of z with respect to the equation of state table parameters are

∂z

∂W
= D

[
1 + ϵ(W,T )− ρ(W )

∂ϵ

∂ρ

]
+ 2Wp(W,T )−D

∂p

∂ρ
, (6.34)

∂z

∂T
= DW

∂ϵ

∂T
+W 2 ∂p

∂T
. (6.35)

Note that as we discussed above, all of these derivatives are with respect to table

parameters.

The iteration is continued until both |f1(Wn, Tn)| and |f2(Wn, Tn)| fall below an accuracy

threshold, or n exceeds the maximum allowed number of iterations nmax. If the process

fails to converge before nmax is reached, the first backup Con2Prim method, a bracketed

root find in x = hW , is used.

6.2.2 1-D bracketed in x = hW

This method by Palenzuela et al. [101] solves for x = hW in the bracketed interval

1 + q ≤ x ≤ 2(1 + q), (6.36)

where q = τ/D, and we also define r = S2/D2. The first inequality can be reformulated

as 0 ≤ p, whereas the second inequality can be written as(
2

W 2
− 1

)
p ≤ ρ (1 + ϵ) . (6.37)

We have W ≥ 1 by definition, which gives(
2

W 2
− 1

)
≤ 1, (6.38)

and the dominant energy condition [55], which can be written as

p2 ≤ ρ2 (1 + ϵ)2 . (6.39)

Together, eqs. (6.38) and (6.39) imply eq. (6.37).

The function of x for which we wish to find the root is

f(x) = x− h(x)W (x)

= x−
[
1 + ϵ(x) +

p(x)

ρ(x)

]
W (x). (6.40)
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From the definitions of r and S2, we can obtain

W (x) =

√
1− r

x2
, (6.41)

which also gives us

ρ(x) =
D

W (x)
. (6.42)

We can then use ϵ = h− 1− p/ρ to obtain

ϵ(x) = −1 +
x

W (x)

[
1−W (x)2

]
+W (x) [1 + q] . (6.43)

To calculate p(x), we need to determine T . We do this by inverting the equation of state

function ϵ = ϵ(ρ, T, Ye). Using eq. (6.23) and eq. (6.42) to obtain ρ and Ye respectively,

we then use the method prescribed in section 6.1.3 to invert ϵ(x) for T (x), which we

then use in the equation of state to obtain p(x) = p(ρ(x), T (x), Ye).

To solve for f(x) = 0, we use Dekker’s method [45], which combines the bisection and

secant methods. Given two initial values a0 and b0 (in our case 1+ q and 2(1+ q)), such

that

f(a0) · f(b0) ≤ 0 and |f(a0)| ≥ |f(b0)| , (6.44)

the intermediate value theorem guarantees that there exists a root between a0 and b0 if

f is continuous on [a0, b0]. Each iteration needs three points:

− the current guess bn,

− the contrapoint an, such that f(an) · f(bn) ≤ 0 and |f(an)| ≥ |f(bn)|,

− the previous guess bn−1 (b−1 is set to a0).

From these three points, two values for the next guess are calculated, m by the midpoint

method, and s by the secant method:

m =
an + bn

2
, (6.45)

s = bn − bn − bn−1

f(bn)− f(bn−1)
f(bn). (6.46)

If s lies between an and m, or f(bn) = f(bn−1), the next guess bn+1 = m, otherwise

bn+1 = s. For the contrapoint at the next iteration, we have

an+1 =

an, if f(an) · f(bn+1) ≤ 0

bn, otherwise
(6.47)

guaranteeing that f(an+1) · f(bn+1) ≤ 0. Finally, if an+1 is a better guess than bn+1,

i.e. |f(an+1)| ≤ |f(bn+1)|, then we swap the values. This process is iterated until either
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|f(bn)| falls below a desired accuracy threshold, or n exceeds the maximum allowed

number of iterations nmax.

It is possible that the T inversion step in f(bn+1) fails to find a solution. If this occurs,

we use a search method between an and bn+1, and between bn+1 and bn to find a point

c such that f(c) exists, and either f(c) · f(an) ≤ 0 or f(c) · f(bn) ≤ 0. Assuming

an < bn+1 < bn (with a similar method for the opposite case), and looking at only the

[an, bn+1] interval (with a similar method occurring in parallel for the [bn+1, bn] interval),

we set

ck =
(Bk −Ak)an +Akbn

Bk
, (6.48)

with initial values

A0 = 1, (6.49)

B0 = 2, (6.50)

and attempt to find f(ck). If f(ck) exists and f(ck) · f(an) ≤ 0, then we set bn+1 = ck

and continue with the Dekker root finding. If f(ck) exists but f(ck) · f(an) ≥ 0, then

we set

Ak+1 = 2Ak + 1, (6.51)

Bk+1 = 2Bk, (6.52)

and try ck+1. If f(ck) does not exist, we set

Ak+1 = 2Ak − 1, (6.53)

Bk+1 = 2Bk, (6.54)

and try ck+1. This process is repeated until either a valid ck is found for bn+1, or k

exceeds a chosen kmax, and the Con2Prim method fails. This method of searching is

also used if either f(a0) or f(b0) fail, so a different a0 or b0 can be found, or if both fail,

we search the interval [a0, b0] for any point that succeeds, then use the above method to

find the other bracket.

If the Dekker root find fails either due to n > nmax or k > kmax, then we move onto our

final backup Con2Prim method, a 1-D bracketed method in W , with a fixed T .

6.2.3 1-D bracketed in W

This method is used only when the Dekker method above fails to converge, which

should only be the case when no physical solution for the Con2Prim problem exists.

This typically occurs when the effective temperature of the fluid falls below the lowest

temperature available in the table Tmin. In this case, we assume T = Tmin and solve
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for W . Due to this mismatch in temperatures, we know that the primitives we obtain

will not correspond exactly to the conservatives with which we started, and so we must

decide where we want this error to lie.

We experimented with trying to minimise the total error across the conservatives, but

found this introduced spurious kinetic energy into the simulation. Instead, we do our

best to conserve the 3−momentum density pi = ρWvi = Dvi. As the value of W will

not impact on the direction of pi, we can instead choose to attempt to minimise the

error in p2 = pip
i = D2v2, and because D does not depend on the equation of state we

can safely ignore it. Therefore, we must solve to minimise error in v2.

An expression in only the conserved variables which reduces to v2 for p≪ z is

S2

(τ +D)2
=

z2v2

(z − p)2

= v2
1(

1− p
z

)2 , (6.55)

We can also calculate this quantity from the primitive variables using

v2
1(

1− p
z

)2 =
W 2 − 1

W 2
(
1− p(W )

z(W )

)2 , (6.56)

where p(W ) and z(W ) are calculated from the equation of state. Combining eqs. (6.55)

and (6.56) we obtain

f(W ) = log

 W 2 − 1

W 2
(
1− p(W )

z(W )

)2
− log

(
S2

(τ +D)2

)
, (6.57)

where we have taken the log of each equation in order to improve behaviour far from

f(W ) = 0. We also obtain better behaviour where v2 ≪ 1 ⇒ W ≈ 1 by using w =

log(W − 1), which yields

f(w) = log

 e2w + 2ew

(e2w + 2ew + 1)
(
1− p(w)

z(w)

)2
− log

(
S2

(τ +D)2

)
. (6.58)

W is physically constrained by the lower bound 1 ≤W , which corresponds to −∞ ≤ w.

However the limits of floating point number representation limit meaningful values of

W > 1 to

W = 1 + ϵ, (6.59)
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where ϵ is the machine epsilon (in the case of double precision floating point numbers,

ϵ = 2−52 ≈ 2.22× 10−16), thus giving a lower bound for w of

wmin = log ϵ. (6.60)

We can obtain an upper bound for w by considering the fact that if ρ drops below

an atmosphere density ρatmo, the simulation will consider that point to be part of the

atmosphere and reset all of the fluid variables to pre-defined defaults. This means that

for the point in question w must be such that

D

(1 + ew)
≥ ρatmo, (6.61)

to avoid resetting, which we can rearrange to

wmax = log

(
D

ρatmo
− 1

)
. (6.62)

Using the two bounds for w and the function f(w), we again use Dekker’s method [45]

to solve for w such that f(w) = 0. If we find there is no solution for f(w) = 0 on the

interval wmin ≤ w ≤ wmax, we use a modified objective function g(w), defined by

g(w) =

 e2w + 2ew

(e2w + 2ew + 1)
(
1− p(w)

z(w)

)2
−

(
S2

(τ +D)2

)
, (6.63)

to determine whether there is a solution on the interval −∞ ≤ w ≤ wmin by observing

that

lim
w→−∞

g(w) =

 0

0 + 1

1(
1− p(w)

z(w)

)2
− S2

(τ +D)2
(6.64)

= − S2

(τ +D)2
(6.65)

If we find that g(wmin) × g(−∞) ≤ 0, then we accept W = 1 as the solution. We can

also test for a solution on the interval wmax ≤ w ≤ ∞ by observing that

lim
w→∞

g (∞) = lim
w→∞

 e2w + 2ew

(e2w + 2ew + 1)
×

1− 1

W 2

1
ρ(1+ϵ)

p + 1

−2−
(

S2

(τ +D)2

)
,

(6.66)

where we can immediately see that

lim
w→∞

(
e2w + 2ew

(e2w + 2ew + 1)

)
= 1, (6.67)
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and we can use the dominant energy condition (see eq. (6.39)) to show that

1
ρ(1+ϵ)

p + 1
≤ 1

2
. (6.68)

This leaves us with

lim
w→∞

g(w) =

(
1×

(
1− lim

w→∞

1

2 (1 + ew)2

)−2
)

−
(

S2

(τ +D)2

)
(6.69)

= 1−
(

S2

(τ +D)2

)
. (6.70)

and so if g(wmax) × g(∞) ≤ 0 then the solution is sufficiently large that the point will

be set to atmosphere, and this is accepted as a solution. If both of these tests fail, then

Con2Prim fails, and the simulation is aborted.

Once we have a solution for W , we can use this and Tmin to calculate the values of

the primitives in the same way as with the 2-D Newton-Raphson method above (see

eqs. (6.22) to (6.26)), and as we know the primitive variables obtained will be inconsistent

with the conservative variables with which we started, we calculate the values of the

conserved variables using eqs. (6.15) to (6.18) and use these to replace the old values.
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Part II

Results
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Chapter 7

Simulation Overview

In part I we covered the background and tools needed to perform simulations of binary

neutron star mergers. Now, in this second part, we discuss results from such simulations.

In later chapters we investigate the meaning of equilibrium in neutron star mergers, and

how out-of-equilibrium effects and reactions might impact on the dynamics of a merger.

As we focused our investigation on these effects, particularly in the post-merger phase,

we used simple equal mass initial data configurations, with total mass small enough

to produce a long lived neutron star remnant, and we ignored magnetic fields. First,

however, we give a general overview of what a neutron star merger looks like, and the

information we can extract from simulations using realistic equations of state.

In this chapter we discuss the results of two simulations run using the modifications to

EOS_Omni and GRHydro detailed in chapter 6, and compare them to a simulation run

using a Γ = 2 Γ-law equation of state.

The first simulation we discuss began with initial data created using LORENE [63]

describing two 1.2M⊙ neutron stars with an initial separation of 100 km, with a

Γ = 2,K = 123.6 polytropic equation of state. The initial rotational profile of the

stars was set such that they appear static in a co-rotating frame. The simulation was

evolved using a Γ = 2 Γ-law equation of state.

A second simulation was run using the modifications discussed in chapter 6 using

the Steiner-Fischer-Hempel-x (SFHx) [129] equation of state from the CompOSE [42]

database, and covered the merger of two 1.2M⊙ neutron stars with an initial separation

of 35 km. Initial data was calculated using LORENE with the matter in β-equilibrium

at a temperature of T = 0.5MeV everywhere and, as with the Γ-law simulation, used

a co-rotating rotational profile. This simulation was run with the intention of testing

how robust the modifications are, and to provide a comparison with our own Γ-law

simulation, but was only run for a total of around ∼ 15ms (with the merger occurring

slightly over halfway through), not long enough to provide an interesting gravitational

wave signal. As such, we will focus our discussion on the fluid variables.
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The third simulation used the Schneider-Roberts-Ott (SRO) implementation of the

Akmal-Pandharipande-Ravenhall (APR) [122] equation of state (again from CompOSE),

with initial data calculated using LORENE that described two 1.4M⊙ neutron stars in

β-equilibrium at a temperature of T = 0.02MeV, with 40 km initial separation. Co-

rotating initial data was used in the first two simulations, however, to better represent

close neutron star binaries, we use irrotational initial data for this simulation.

The discussion of these three simulations takes place in three sections: we begin in

section 7.1 with a walk-through of the basic features we expect to see in a neutron star

merger using the Γ-law simulation mentioned above as an example, then in section 7.2

we give a comparison between the matter and temperature distribution in the Γ-law and

SFHx simulations, and lastly in section 7.3 we discuss effects stemming from the fluid

composition in the APR simulation. We then close the chapter with a presentation of

some known issues with current simulations1 in section 7.4.

7.1 The Anatomy of a Merger

A neutron star merger consists of three main phases, each displaying unique features

depending on different physics within the simulation, namely: the Inspiral, the Merger,

and the Post-merger phase, typically called the Ringdown when the remnant is a black

hole.

7.1.1 Inspiral

The inspiral phase of a neutron star merger is characterised by the loss of orbital energy

due to gravitational wave emission. As energy is radiated away, the orbital radius of the

two neutron stars decreases, and the orbital and gravitational wave frequencies increase,

as can be seen in figs. 7.1 and 7.2.

As the two stars approach each other, they become distorted by tidal forces into

elongated shapes, and begin to shed matter as they lose cohesion. We can see these

effects in fig. 7.3. As the orbital separation r gets smaller, the lower density regions

in the stars become more ellipsoidal in appearance, an effect which appears in higher

and higher density contours as the inspiral progresses. We can also see the formation of

spiral arms of matter being ejected behind the stars, which increase in density the closer

the stars become.

1Published as part of Hammond et al. [68].
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Figure 7.1: Plot of the orbital radius r and instantaneous gravitational wave frequency
finst for the merger of two 1.2M⊙ neutron stars, with initial orbital radius of r = 50 km.
The radius curve is not smooth as the centre of the star is measured as the coordinate
point with highest rest mass density which, as it jumps from one discrete point to the
next, along with oscillations of the stellar matter, causes noise in the calculation of r.
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Figure 7.2: Plot of the two gravitational wave strain polarisations h+ and h×, and
the strain envelope ± |h+ − ih×|, as would be measured at a distance of 100Mpc along
the orbital axis from the merger of two 1.2M⊙ neutron stars, with initial orbital radius

of r = 50 km.
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Figure 7.3: Contour plots of the logarithm of rest mass density log10(ρ) for the merger
of two 1.2M⊙ neutron stars, with initial orbital radius of r = 50 km plotted at 5 km

intervals in r.
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7.1.2 Merger

This phase of the merger is dominated by the coming together of the two stars, and

the formation of the post-merger remnant, either a neutron star (as is the case with

this simulation) or a black hole. In fig. 7.4 we can see how the matter transitions from

the two merging stars into the dumbbell-like configuration of the post merger remnant

surrounded by a high density envelope.

This collision also has the effect of heating the matter on the interface of the two

merging stars to significant temperatures, with the peak temperature reached being very

dependent on the equation of state used, in this case reaching ≳ 100MeV. In fig. 7.5

we can see the creation of this high temperature region in the low density interface

between the two stars. As the denser matter moves inwards the high temperature fluid

is squeezed towards the outside of the star, where it expands and cools. In this figure

we can also see the heating that takes place on the leading edge of the spiral arms.

7.1.3 Post-merger

The post-merger remnant is created in a highly perturbed state, oscillating significantly,

leading to the emission of gravitational radiation. As these perturbations are damped

(by the emission of gravitational waves, but possibly by other effects e.g. viscosity), the

amplitude of the radiation falls away over time, leading to the name ringdown (this is

most obvious when a black hole is produced, as the radiation falls away very quickly,

whereas a stable neutron star can continue to radiate gravitational waves for some time,

as we see in fig. 7.6). Figure 7.6 show the gravitational wave strain plotted from the

time it reaches its maximum, tmerger, onwards. The chaotic period of the merger itself

can be seen at the beginning, followed by quasi-periodic oscillations.

The variation in the amplitude envelope of the post-merger gravitational wave signal

is caused by the presence of multiple modes in the oscillation of the fluid, as can be

seen in fig. 7.7, which interfere with each other. In this spectrogram we can see the

growing frequency and amplitude during the inspiral phase, the sharp transition from

the inspiral to the post-merger phase, and the presence of several distinct peaks at

different frequencies in the Power Spectral Density (PSD) during the post-merger. As

expected (see, for example, Takami et al. [132], Dietrich et al. [48]) we see multiple strong

peaks shortly after merger, which are related to the parameters of the system [132].

In fig. 7.8 we can see that from the point of view of rest mass density and temperature,

the remnant in our simulation reaches a steady state 100 − 150ms after the merger

occurs.
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Figure 7.4: Contour plots of the logarithm of rest mass density log10(ρ) for the merger
of two 1.2M⊙ neutron stars, plotted in 0.3ms intervals from tmerger.
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Figure 7.5: Plots of the logarithm of temperature log10(T ) with contours in the
logarithm of rest mass density log10(ρ) for the merger of two 1.2M⊙ neutron stars,

plotted in 0.3ms intervals from tmerger.
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Figure 7.8: Plots of the logarithm of temperature log10(T ) with contours in the
logarithm of rest mass density log10(ρ) for the merger of two 1.2M⊙ neutron stars,

plotted in 25ms intervals from t = tmerger + 50ms.
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7.2 Density and Temperature

7.2.1 Matter distribution

Figure 7.9 plots the rest mass density of the fluid ρ as a multiple of nuclear saturation

density2 ρnuc = mb × 1.6× 1044m−3 ≈ 2.4× 1014 gcm−3, where mb is the baryon mass,

and fig. 7.10 plots log10 ρ. From both of these plots, it is clear that the SFHx equation

of state produces a more compact neutron star for a given mass, with higher central

density. From fig. 7.9 we can also see that the SFHx neutron stars reach a smaller

separation before merging.

Comparing these plots with simulations performed by other groups using realistic

equations of state (for example, Shibata et al. [126] using various cold SLy equations

of state with a thermal Γ-law temperature component, Most et al. [95] using the finite

temperature TNTYST equation of state) we are confident that the modifications we

have implemented (see chapter 6) are working correctly.

7.2.2 Temperature

In fig. 7.11 we see a comparison between the fluid temperature T of the SFHx and Γ-law

neutron star simulations. We can see that the centres of the SFHx neutron stars stay

cold compared to the rest of the matter, and only show significant heating as the fluid

begins to mix in the post-merger phase, whereas the Γ-law neutron stars have hotter

cores, due to the polytropic equation of state used in the creation of initial data for

ϵ which effectively gives a density dependent temperature that increases with density

(which can be seen by combining eqs. (4.16) and (4.18)).

Both simulations show shock heating along the boundary between the two stars as they

collide, with the SFHx merger reaching a peak of ∼ 50MeV, and the Γ-law merger

peaking around ∼ 100MeV. The higher peak temperatures in the Γ-law equation of

state simulation are likely due to the softer equation of state allowing a greater degree

of compression heating to occur as the stars merge.

In the SFHx simulation we can see that, as the remnant begins to form, the shock

heated matter is squeezed to the outside, forming two hotspots in the outer regions of

the remnant neutron star, a feature predicted by Kastaun et al. [77], while the denser

core remains at a low temperature. This feature is likely the result of a lack of mixing

between low and high density regions.

Figure 7.11 also shows the matter being ejected from the merger is at a high temperature,

around 20MeV, which is important for r-process nucleosynthesis, both predicted [51;82]

and observed [104] to take place in binary neutron star mergers.

2The notations ρnuc and ρsat are used interchangeably throughout.



7.2. Density and Temperature 79

40

20

0

20

40
y

[k
m

]

SFHx EoS
t= tmerger 4.0 [ms]

Gamma-Law EoS

40

20

0

20

40

y
[k

m
]

t= tmerger + 0.0 [ms]

40

20

0

20

40

y
[k

m
]

t= tmerger + 4.0 [ms]

25 0 25
x [km]

40

20

0

20

40

y
[k

m
]

25 0 25
x [km]

t= tmerger + 8.0 [ms]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

/
nu

c

Figure 7.9: Plots of the rest mass density ρ as a multiple of nuclear saturation density
ρnuc ≈ 2.04 × 1014 gcm−3 for two 1.2M⊙ + 1.2M⊙ neutron star merger simulations,
one using the SFHx [129] equation of state, and the other using a Γ = 2 Gamma-Law
equation of state. Frames are at 4ms intervals, with the second frame coinciding with

the merger time for each simulation.
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Figure 7.10: Plots of the logarithm of the rest mass density log10 ρ for two 1.2M⊙ +
1.2M⊙ neutron star merger simulations, one using the SFHx [129] equation of state, and
the other using a Γ = 2 Gamma-Law equation of state. Frames are at 4ms intervals,

with the second frame coinciding with the merger time for each simulation.



7.2. Density and Temperature 81

40

20

0

20

40
y

[k
m

]
SFHx EoS

t= tmerger 4.0 [ms]

Gamma-Law EoS

40

20

0

20

40

y
[k

m
]

t= tmerger + 0.0 [ms]

40

20

0

20

40

y
[k

m
]

t= tmerger + 4.0 [ms]

25 0 25
x [km]

40

20

0

20

40

y
[k

m
]

25 0 25
x [km]

t= tmerger + 8.0 [ms]

1.0

0.5

0.0

0.5

1.0

1.5

2.0

lo
g 1

0(
T

[M
eV

])

Figure 7.11: Plots of the logarithm of the fluid temperature log10 T for two 1.2M⊙+
1.2M⊙ neutron star merger simulations, one using the SFHx [129] equation of state, and
the other using a Γ = 2 Gamma-Law equation of state. Frames are at 4ms intervals,

with the second frame coinciding with the merger time for each simulation.
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7.3 Composition

In this section, we will discuss composition dependent effects we can explore using the

data from our APR simulation. The fluid is assumed to consist of a mixture of neutrons,

protons, and electrons, each with their own number density, nn, np, and ne respectively.

The baryon number density nb will simply be the sum of the neutron and proton number

densities. Imposing local charge neutrality we require that np = ne, so we can define

the electron fraction Ye as

Ye =
ne
nb
, (7.1)

which completely determines the composition of the fluid. Ye should then be evolved

through

ua∇aYe =
Γe

nb
, (7.2)

where Γe (not to be confused with the adiabatic index) is the net production rate of

electrons. However, there are issues with the näıve numerical implementation of this.

We will discuss these issues later in chapter 10. For now, we assume that Γe = 0.

Figure 7.12 shows the electron fraction (which has been plotted with a clipped range of

0.0 ≤ Ye ≤ 0.15). Ye reaches ∼ 0.5 (approximately symmetric matter) in the atmosphere

of the simulation, but, as can be seen in the plots, the neutron rich core matter ejected

before and during merger causes Ye in the entire domain close to the merger to drop to

below Ye = 0.1.

7.3.1 Fermi energies

Using the composition information, we can consider the degeneracy of the proton,

neutron, and electron components of the fluid. This information will be useful as we

try to extend the equation of state treatment towards T = 0, as simpler expressions

which ignore either quantum or thermal effects can be used if the components are either

non-degenerate or completely degenerate respectively. To measure this degeneracy, we

look at T/EFx , where EFx is the Fermi energy of species x.

To calculate the Fermi energy of the species, we use the non-relativistic limit for baryons,

and the relativistic limit for electrons. Under the assumption of an ideal gas, the average

thermal kinetic energy EKave is given by

EKave =
3

2
T, (7.3)
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Figure 7.12: Plots of the electron fraction Ye for a simulation of the merger of two
1.4M⊙ neutron stars using the APR [122] equation of state, clipped to the range 0.0 ≤
Ye ≤ 0.15. Frames are at 1.25ms intervals, with the second frame coinciding with the

merger time of the binary.
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where for baryons we have EKave < mb across the entire domain, and for electrons we

have EKave > me. Thus for baryons, the Fermi energy is given by

EFx =
ℏ2
(
3π2nx

)2/3
2m∗

x

, (7.4)

where x is either p for protons or n for neutrons, nx is the number density of species x,

and m∗
x is the effective mass for a particle of species x, and for electrons we use

EFe = ℏ
(
3π2ne

)1/3
. (7.5)

Figures 7.13, 7.14, and 7.15 show T/EFx for x = p, n, e respectively. From these plots

we can see that while the two baryon species are completely non-degenerate (i.e. T ≫
EFx) in the low density atmosphere regions, all species show mixed-degeneracy in the

interesting regions, thus neither the degenerate nor non-degenerate simplifying cases can

be used.

7.3.2 Entropy

Figure 7.16 shows another useful measure of degeneracy: the entropy per baryon S,
given through the equation of state by

S = − 1

nb

∂f

∂T

∣∣∣∣
nb,Ye

, (7.6)

where f is the Helmholtz free energy density. The value of S is physically constrained to

be S ≥ 0, which our simulation does not violate, with smaller values S ≪ 1 indicating

degenerate matter, and large values S ≫ 1 indicating a non-degenerate state. As we

can see, the indication of degeneracy in fig. 7.16 agrees well with figs. 7.13 to 7.15,

again showing a completely non-degenerate state in the atmosphere region, and mixed

degeneracy in the physically relevant regions.

Finally, in fig. 7.17 we plot the regions of the µn-T plane reached by the fluid. From this

plot, we can deduce the qualitative behaviour of the matter in the µn-T phase space.

We can see that as time progresses, the matter becomes less concentrated in phase space

as mixing between the different regions in the remnant occurs, and the remnant reaches

increasing µn as the maximum density increases.
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Figure 7.13: Plots of the ratio of fluid temperature T to proton Fermi energy EFp
,

T/EFp
for a simulation of the merger of two 1.4M⊙ neutron stars using the APR [122]

equation of state. Frames are at 1.25ms intervals, with the second frame coinciding
with the merger time of the binary.
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Figure 7.14: Plots of the ratio of fluid temperature T to neutron Fermi energy EFn
,

T/EFn
for a simulation of the merger of two 1.4M⊙ neutron stars using the APR [122]

equation of state. Frames are at 1.25ms intervals, with the second frame coinciding
with the merger time of the binary.
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Figure 7.15: Plots of the ratio of fluid temperature T to electron Fermi energy EFe
,

T/EFe
for a simulation of the merger of two 1.4M⊙ neutron stars using the APR [122]

equation of state. Frames are at 1.25ms intervals, with the second frame coinciding
with the merger time of the binary.
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two 1.4M⊙ neutron stars using the APR [122] equation of state. Frames are at 1.25ms

intervals, with the second frame coinciding with the merger time of the binary.
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7.4 Known Issues

Studying the results of the three simulations detailed above, there are some issues,

particularly involving the temperature, that are brought to light3.

The entropy results bring out the expectations—the high density core remains cold—

but they highlight an artefact of the simulations (apparent in, for example, the results

of [53;103;105]). The region close to the neutron star surface is artificially hot already from

the early stages of the simulation. This is also apparent from the temperature result

in fig. 7.11. We see that, away from the shock region (where the two stars first touch)

the low density matter near each star’s surface has reached a temperature well above

10MeV. This feature is clearly “unfortunate” as it means that we cannot discuss the

fine print of the thermal physics (for example the point at which the neutron star crust

melts).

The artificially high surface temperature may, perhaps intuitively, be explained in terms

of a numerical shock associated with the transition from the high-density neutron star

interior to the low-density (artificial) atmosphere. Consider any perturbation in the

interior that leads to a wave propagating outwards. As it travels “down” the density

gradient, the speed of sound (and hence the characteristic speed) decreases, meaning that

the perturbation steepens and will eventually lead to a shock. There is an assumption

that this shock takes place before hitting the atmosphere (a relevant toy problem

demonstrating the effect is discussed in [65]), which seems to match the numerical results,

but the subsequent propagation through the atmosphere is certainly artificial. Such a

feature may (to some extent) be unavoidable. One may argue that this is not a major

problem, as the artificial heating is overwhelmed by the entropy generated in the merger

and therefore does not feature prominently in the post-merger dynamics. Pragmatically,

this may be true on average and hence sufficient for gravitational wave emission (which is

determined by the bulk matter dynamics), but may not be true for determining correct

local matter properties (which is needed for e.g. electromagnetic and neutrino emission).

One would also like to be able to distinguish the (fairly large) modelling error due to

this artificial heating from the robust merger physics.

The surface artefact warrants closer scrutiny since the feature may cause problems

for more than the detailed modelling of the neutrino aspects and the associated weak

interactions. In particular, the temperature is required to decide if neutrinos are trapped

(a point we return to in section 9.2). The artificial surface feature may “confuse” any

automated neutrino treatment and hence it would seem important to understand if this

makes a—qualitative or quantitative—difference.

It is also worth noting that there may be a link to the initial data prescription. Our initial

model assumes a uniform temperature, which would not be a realistic representation of

3This section is based on a discussion in Hammond et al. [68].
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a mature neutron star (more likely represented by a uniform redshifted temperature).

The choice is due to the initial data construction within LORENE, which requires a

barotropic model. The immediate alternative to our choice would be to assume a uniform

entropy distribution (see Cipolletta et al. [39] where they compare simulations constant

T and constant S initial conditions), but this does not represent the expected physics

either. Recent work [36] has considered more realistic entropy profiles, but these have

not yet been used in merger simulations.

It is also worth commenting on the temperature of the relatively cold high-density region.

As is evident from the snapshots in figs. 7.11, 7.16 and 7.17, the temperature in the core

of the merger remnant (in the simulations using tabulated equations of state) is at the

level of 5 − 10MeV. This may be a reasonable reflection of the physics but the result

also has to be considered with caveats. As the evolved internal energy τ only depends

weakly on the temperatures, the numerical inversion to extract the temperature may be

associated with significant uncertainties.

We can approximately quantify this by a condition number KA→B which gives, to first

order, the relative error in B given a relative error in A. For the temperature, we assume

an error ∆τ in the energy τ , which induces an error in T as

∆T

T
=

1

T

(
∂τ

∂T

)−1

∆τ

=

[
τ

T

(
∂τ

∂T

)−1
]
∆τ

τ

= Kτ→T
∆τ

τ
. (7.7)

We then compute Kτ→T for a range of densities, velocities, and temperatures (using the

APR equation of state), leading to the results shown in fig. 7.18.

We see that the condition number, indicating the growth in the inevitable numerical

error, is largely insensitive to the density and velocity. It is, however, extremely sensitive

to the temperature and grows rapidly as the temperature decreases. Whilst condition

numbers only give a qualitative, rather than quantitative indication, this suggests that

working directly with the temperature will be prone to large numerical errors. This is

not a feature of all numerical operations converting between conserved and primitive

variables, as the analogous condition number for the densities KD→ρ = 1.

If we want to do (significantly) better, we may have to work with a different set of

variables (e.g. the entropy). This kind of development may be required if we want to

be able to explore astrophysically motivated questions associated with the neutron star

crust and high-density condensates, which come into play at temperatures below about

1MeV. However, as it would either involve a different equation of state parameterisation,
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or dealing with non-conserved fluxes, it is unlikely to be a preferred immediate direction

of travel (see discussion in section 11.2).
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Chapter 8

Cold Beta-Equilibrium

The simplest picture of the composition of neutron star matter is a fluid of neutrons,

protons, and electrons. As the individual pre-merger stars are typically assumed to

be old, we expect that matter to have reached some equilibrium configuration. As

this equilibrium involves the exchange of energetic electrons it is referred to as β-

equilibrium. We will go on to discuss the effects of finite temperature on β-equilibrium in

chapter 9, however we start here by discussing equilibrium in cold neutron star matter.

After covering the definition of this equilibrium, we present, using data from the APR

simulation described in chapter 7, a study of how deviation from it might be detectable

using future gravitational wave observatories1.

8.1 Defining Cold Equilibrium

To study the effects of reactions in simulations, we need to define the equilibrium state of

the matter, and some measure of deviation from that state. So called β-equilibrium (also

referred to as Nuclear Statistical Equilibrium) in cold neutron star matter is primarily

driven by the direct Urca processes [83]

n → p + e− + νe, (8.1)

p + e− → n + νe, (8.2)

and the modified Urca processes

n + n → p + n + e− + νe, (8.3)

n + p → p + p + e− + νe, (8.4)

p + n + e− → n + n + νe, (8.5)

p + p + e− → n + p + νe. (8.6)

1Published in Hammond et al. [69].



94 Chapter 8. Cold Beta-Equilibrium

There are some important things to note here: direct Urca has a significantly higher

rate than modified Urca (by a factor of 104 in cold, core density matter using the

APR equation of state [12]) but is kinematically forbidden below some equation of state

dependent threshold density [12], and as we are dealing with cold matter it is transparent

to neutrinos so they only appear as products in the above reactions. In addition, there

are equivalent versions of all the above reactions involving muons in place of electrons

which we ignore here for simplicity. Finally, as the electrons are relativistic across the

regions of interest (we have µe ≫ T ), positron occupation will be suppressed by a factor

of exp (−µe/T ), so we can safely ignore reactions involving them as well [12] (although

they are important for other related phenomena e.g. setting outflow composition [110]).

In order to obtain an equilibrium relation in the chemical potentials of the form

Ni1µi1 +Ni2µi2 + . . . = Nj1µj1 +Nj2µj2 + . . . , (8.7)

the principle of detailed balance dictates that we need a relation of the form

Ni1Pi1 +Ni2Pi2 + . . .↔ Nj1Pj1 +Nj2Pj2 + . . . , (8.8)

where Pk are the particle species, µk is the chemical potential of species Pk, and Nk are

stoichiometric coefficients representing the balance between products and reactants in a

given reaction.

Unfortunately none of the 6 reactions above (eqs. (8.1) to (8.6)) are the exact inverse

of any other (as stated above they must all include a neutrino as a product) so we

cannot yet write something in the form of eq. (8.8). However, we can adopt the Fermi

surface approximation [12] and assume that the neutrinos are kinematically negligible

(their energy will be on the order of a few times the temperature [67]), and thus ignore

them in the reactions. Therefore we can pair respective electron capture and neutron

decay reactions together to give

n ↔ p + e−, (8.9)

n + n ↔ n + p + e−, (8.10)

n + p ↔ p + p + e−. (8.11)

By eq. (8.7) these all have the equilibrium condition

µn = µp + µe, (8.12)

which dictates the equilibrium matter composition from T = 0 up to temperatures

of around a few hundred keV [12;68]. Finally, we can then measure the deviation from
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chemical equilibrium by defining

µ∆ = µn − µp + µe. (8.13)

To connect this relation with chemical potentials commonly used in microphysics, such as

the baryon, charge, and lepton electron chemical potentials, µb, µq, and µle respectively,

it is possible to break the chemical potential of each species down into parts related to

the quantum numbers of said species. The chemical potential of a species i is defined by

µi =
∂f

∂ni

∣∣∣∣
T,nj for j ̸=i

, (8.14)

where f is the Helmholtz free energy density, and ni is the number density of species

i. We can break the partial derivative into parts (in this example using only quantum

numbers relevant to the reactions in eqs. (8.9) to (8.11)), giving

µi =
dnb
dni

∂f

∂nb
+
dnq
dni

∂f

∂nq
+
dnle
dni

∂f

∂nle
, (8.15)

where we have omitted the variables held constant on each partial derivative for brevity.

The total derivatives in this equation are equal to the baryon number Bi, electric charge

number Qi, and the electron lepton number Le
i respectively, and the partial derivatives

are equal to their respective conjugate chemical potentials. Thus, we can write µi as

µi = Biµb +Qiµq + Le
iµle. (8.16)

For equations of state or interactions that involve other quantum numbers, this

expression can be expanded as required to include those terms.

Using eq. (8.16) we can write the neutron, proton, and electron chemical potentials as

µn = µb, (8.17)

µp = µb + µq, (8.18)

µe = µle − µq. (8.19)

By substituting these into eq. (8.13), we can see that

µ∆ = −µle. (8.20)

8.2 Deviation from Equilibrium

Before we look at the effects of deviation from equilibrium, it is useful to get a handle

on how far from equilibrium the fluid is pushed in the “best case” (no reactions). In
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fig. 8.1 we plot snapshots from the APR simulations discussed in chapter 7. We see

significant deviation from β-equilibrium (µ∆ in the region of 150MeV) in the interface

between the two stars as they collide, and also in the post-merger remnant, following

the hotspots described in section 7.2.2. In addition, we also see that the cores of the

stars have moved to around µ∆ ≈ 20− 30MeV. However, an absence of reactions is not

the only limiting case we can study without implementing the reactions in full.

Above, we assumed that the reaction rate Γe in eq. (7.2) was small compared to

the timescale of the dynamics (effectively freezing the composition). If we assume

the opposite limit, i.e. the reactions are much faster than the dynamics, then each

fluid element will always be in equilibrium. By solving the equation of state for

µ∆(ρ, T, Ye) = 0 at each point in (ρ, T ) we obtain a 2-dimensional table that describes a

fluid always in equilibrium. The remainder of this section is dedicated to a comparison

of two simulations, the “out-of-equilibrium” APR simulation above, and a second using

an equilibriated APR equation of state, calculated using this prescription. We start by

comparing the gravitational wave spectra of the two simulations, then discuss how the

deviation from equilibrium affects the physical properties of the matter, and finally how

this affects the structure of the neutron star. This work has been published in Hammond

et al. [69].

8.2.1 Comparing gravitational wave spectra

In the left panel of fig. 8.2 we compare the spectra of post-merger gravitational wave

output of simulations using reactions in these two limits (fast: µ∆(Ye) = 0 and slow: Γe =

0) alongside the speculative noise curve for the ET-D design of the Einstein Telescope [73].

Although similar in overall shape, the peak frequencies for the two simulations are visibly

different: 2992 ± 8Hz in the slow-limit simulation, and 3050 ± 10Hz in the fast-limit

simulation, giving a difference of ∆f = 58±13Hz. Peak frequencies are calculated using

the method of MacLeod [88], and checked using the method of Quinn [108] (in all cases the

estimate from the second method is within the error bounds of the first).

In addition to the peak frequencies we can also compute the mismatch M, a commonly

used [25;80;86;92] quantity when comparing gravitational wave spectra. To define the

mismatch we start with the waveform overlap, ⟨h1|h2⟩, defined by

⟨h1|h2⟩ = 4

∫ ∞

−∞

h̃1 (f) h̃
∗
2 (f)

Sn (f)
df, (8.21)

where ĥ (f) is the (continuous) Fourier transform of h and ∗ denotes its complex

conjugate, while Sn is the strain sensitivity of a detector as power spectral density.
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Figure 8.1: Plots of the deviation from β-equlibrium µ∆ = µn − (µp + µe) for a
simulation of the merger of two 1.4M⊙ neutron stars using the APR [122] equation of
state. Frames are at 1.25ms intervals, with the second frame coinciding with the merger

time of the binary.
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As the simulation outputs a discretely sampled signal, we discretise eq. (8.21) to obtain

⟨h1|h2⟩ = 4∆f

fmax∑
f=fmin

(
h̃1 (f) h̃

∗
2 (f)

Sn (f)

)
, (8.22)

where the tilde denotes the discrete Fourier transform (taking care to correctly normalise

for consistency with the continuous version), fmax is the maximum resolvable frequency

in the data (typically the Nyquist frequency), fmin is the minimum resolvable frequency

(which for us is either the ω∗ used in the fixed frequency integration, or the filter

frequency), and ∆f is the frequency resolution of the discrete Fourier transform.

The match M (sometimes referred to as the “maximised overlap”) between the two

signals is given by

M =
max (⟨h1|h2⟩)√
⟨h1|h1⟩ ⟨h2|h2⟩

, (8.23)

where the overlap between h1 and h2 should be maximised by time and phase shifting h2

by (tc, ϕc). The mismatch M is then given by one minus the real part of the (maximised)

match, so we obtain

M = 1−ℜ

(
max

(〈
h1|h2ei(ϕc−2πftc)

〉)√
⟨h1|h1⟩ ⟨h2|h2⟩

)
. (8.24)

The mismatch between two spectra is related to the signal-to-noise ratio of the difference

between the two signals ρdiff through [92]

ρ2diff = 2ρ2sigM, (8.25)

where ρsig is the signal-to-noise ratio of a detected signal (not to be confused with the

matter density). A widely used criterion for the two signals to be distinguishable is

ρdiff ≥ 1 [86;107]. It should be noted that this does not relate to the ability to observe

a signal amongst some noise, nor to using a given signal to estimate the specific model

differences. Instead it speaks to whether or not one is able distinguish between one

model and another, knowing that there is a signal present in the data.

For our purposes, we want to know what signal-to-noise ratio is required for us to be

able to distinguish between the two reaction limits, so we rearrange eq. (8.25) to provide

the condition

ρsig ≥ 1√
2M

. (8.26)
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To reiterate, if this condition is satisfied for a given detected signal we should be able to

differentiate between fast- and slow-reaction limit behaviour. We define ρreq = 1/
√
2M

as the smallest signal-to-noise ratio required to satisfy this condition.

For the two spectra in the left panel of fig. 8.2 we find that ρreq = 1.2. As this is lower

than any reasonable threshold to claim a detection, if the post-merger signal is detected

then the effect of the reactions must be taken into account to avoid the introduction of

an unknown systematic error into the parameters extracted from the waveform [69].

As a sanity check, we also performed a simulation with 20% coarser resolution but

otherwise identical to the slow limit simulation, the output of which is plotted (alongside

the original slow-limit results) in the right panel of fig. 8.2. Comparing these results with

the original slow limit simulation we find a mismatch on the order of 1%, and the lower

resolution simulation has a measured peak frequency of 2992 ± 6Hz. The mismatch in

this case is much lower than the mismatch between the fast- and slow-limit simulations,

and the peak frequency extracted from the low resolution simulation is within the error

bounds of the high-resolution simulation, so we are confident that the numerical error

due to the finite resolution of the simulations is much less than the difference driven by

the contrasting physics models in the two cases. There are, of course, other numerical

uncertainties beyond resolution-dependent errors that affect the signals obtained, for

example the (unknown) equation of state of neutron star matter, the issues related to

temperature mentioned in previous chapters, and various modelling errors in both the

spacetime and fluid evolution methods. However, the purpose of these simulations is

to determine whether the difference between the fast- and slow-reaction limits, both

of which are un-physical in their own right, might be significant enough to introduce

systematic errors in waveforms intended for use with future detectors (especially in the

context of parameter extraction by template matching).

8.2.2 Softening of the equation of state

Having established that there is a measurable difference between the gravitational wave

signals in the two reaction limits, it is natural to question what drives this difference.

We start by using a simple model motivated by the results of the simulations to explore

what effect being out of equilibrium has on an isolated star. By constructing two 1-D

equations of state from the full 3-D table, one in- and one out-of-equilibrium, we can see

what effect being out of equilibrium has on the structure of the stars. For the out-of-

equilibrium equation of state we solve the composition for a constant µ∆ = µn−(µp+µe)

throughout the table. This value of the offset need not be wholly representative of the

full simulations, but for the sake of comparison we use the simulation data to inform

our choice. In fig. 8.1 we see the deviation from chemical equilibrium in the two stars

around the time of merger. At 5ms post merger most of the core matter is in the

µ∆ = 20 − 30MeV range (excluding the hotspots), hence we choose µ∆ = 20MeV as
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Figure 8.2: Left panel: Square-root power spectral density plots of the recovered
waveforms from slow- and fast-reaction-limit simulations (blue and orange curves,
respectively). Right panel: The same comparison for the high- and low-resolution
simulations (blue and green curves, respectively), both in the slow reaction limit. Both
panels: Peak frequencies for each curve calculated using the MacLeod method [88]

are shown with dashed lines. The ET-D design sensitivity curve for the Einstein
Telescope [73] is shown in red. The waveforms are normalised to a distance of 40Mpc

and assume the source and detector are perfectly aligned.

the deviation from equilibrium for our out-of-equilibrium equation of state. Finally, we

obtain a 1-D equation of state by choosing a temperature of T = 5MeV.

Using LORENE [63] we first construct a rotating star using the equilibrium equation of

state. We choose the mass of the star such that the central baryon number density is

similar to that found in our simulation (3.5 nsat), giving a total baryon mass for the star

of 1.7M⊙, and an arbitrary rotation frequency of 500Hz (significant, but well below the

Keplerian frequency). This gives us a total angular momentum. We then construct a

rotating star using the out-of-equilibrium equation of state conserving the total baryon

mass and angular momentum from the equilibrium star, giving us a different rotation

frequency.

We find that to conserve angular momentum, the rotation frequency must be reduced

to 496Hz (a fractional difference of ∼ 1%). We repeated this procedure for the

DD2 [71;138], SFHx [129], and SLy4 [38;121] equations of state, and obtained similar results,

with the change in rotation frequency required being of order 1%, and always in the

same direction: out-of-equilibrium stars need a lower frequency to match the angular

momentum of the respective in-equilibrium stars due to an increase in moment of inertia.

This increase is caused by a softening of the equation of state at core densities as the

matter is taken out of equilibrium, creating a flatter density profile, and thus more of

the mass of the star is located further from the axis of rotation.
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Having observed similar effects in several equations of state, one might ask whether this

effect is truly general. We can try to answer this through the adiabatic index

Γ =
∂ ln p

∂ lnnb

∣∣∣∣
S,Ye

=
nb
p

∂p

∂nb

∣∣∣∣
S,Ye

, (8.27)

where S is the specific entropy per baryon. Taylor expanding around equilibrium and

keeping only the first term we obtain

Γ (µ∆) = Γ (0) + µ∆
∂Γ (0)

∂µ∆

∣∣∣∣
S,nb

+O
(
µ2∆
)
, (8.28)

so the change in stiffness when moving out of equilibrium will depend on the sign of the

second term. Focusing first on the derivative, and shifting from µ∆ to Ye we get

∂Γ (0)

∂µ∆

∣∣∣∣
S,nb

=

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
∂Γ

∂Ye

∣∣∣∣
S,nb

(8.29)

where we have dropped the evaluation at µ∆ = 0 for brevity. It is intuitive that in the

vicinity of equilibrium we should have ∂µ∆/∂Ye < 0 (increasing Ye away from equilibrium

means moving to matter with more protons and electrons than the equilibrium fraction,

so µp and µe increase, resulting in a decrease in µ∆), so again we focus on the derivative

of Γ. Substituting in eq. (8.27) we obtain

∂Γ

∂Ye

∣∣∣∣
S,nb

=
∂

∂Ye

∣∣∣∣
S,nb

(
nb
p

)
∂p

∂nb

∣∣∣∣
S,Ye

+
nb
p

∂

∂Ye

∣∣∣∣
S,nb

(
∂p

∂nb

∣∣∣∣
S,Ye

)
(8.30)

=
−nb
p2

∂p

∂Ye

∣∣∣∣
S,nb

∂p

∂nb

∣∣∣∣
S,Ye

+
nb
p

∂

∂nb

∣∣∣∣
S,Ye

(
∂p

∂Ye

∣∣∣∣
S,nb

)
(8.31)

=
−Γ

p

∂p

∂Ye

∣∣∣∣
S,nb

+
nb
p

∂

∂nb

∣∣∣∣
S,Ye

(
∂p

∂Ye

∣∣∣∣
S,nb

)
. (8.32)

We can expand the ∂p/∂Ye term to get

∂p

∂Ye

∣∣∣∣
S,nb

=
∂p

∂Ye

∣∣∣∣
T,nb

− ∂p

∂T

∣∣∣∣
Ye,nb

(
∂S
∂T

∣∣∣∣
Ye,nb

)−1
∂S
∂Ye

∣∣∣∣
T,nb

, (8.33)
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the first part of which becomes

∂p

∂Ye

∣∣∣∣
T,nb

=
∂

∂Ye

∣∣∣∣
T,nb

(
nb

∂f

∂nb

∣∣∣∣
T,Ye

− f

)
(8.34)

= nb
∂

∂nb

∣∣∣∣
T,Ye

(
∂f

∂Ye

∣∣∣∣
T,nb

)
− ∂f

∂Ye

∣∣∣∣
T,nb

(8.35)

= nb
∂

∂nb

∣∣∣∣
T,Ye

(−nbµ∆) + nbµ∆ (8.36)

= −n2b
∂µ∆
∂nb

∣∣∣∣
T,Ye

, (8.37)

where f is the Helmholtz free energy density.

The second part of eq. (8.33) can be manipulated to give

∂p

∂T

∣∣∣∣
Ye,nb

=
∂

∂T

∣∣∣∣
Ye,nb

(
nb

∂f

∂nb

∣∣∣∣
T,Ye

− f

)
(8.38)

= nb
∂

∂nb

∣∣∣∣
T,Ye

(
∂f

∂T

∣∣∣∣
Ye,nb

)
− ∂f

∂T

∣∣∣∣
Ye,nb

(8.39)

= nb
∂

∂nb

∣∣∣∣
T,Ye

(−nbS) + nbS (8.40)

= −n2b
∂S
∂nb

∣∣∣∣
T,Ye

. (8.41)

Finally the fourth term in eq. (8.33) gives

∂S
∂Ye

∣∣∣∣
T,nb

=
∂

∂Ye

∣∣∣∣
T,nb

(
−1

nb

∂f

∂T

∣∣∣∣
Ye,nb

)
(8.42)

=
∂

∂T

∣∣∣∣
Ye,nb

(
−1

nb

∂f

∂Ye

∣∣∣∣
T,nb

)
(8.43)

=
∂µ∆
∂T

∣∣∣∣
Ye,nb

. (8.44)

Bringing these together we obtain

∂p

∂Ye

∣∣∣∣
S,nb

= −n2b
∂µ∆
∂nb

∣∣∣∣
T,Ye

+ n2b
∂S
∂nb

∣∣∣∣
T,Ye

(
∂S
∂T

∣∣∣∣
Ye,nb

)−1
∂µ∆
∂T

∣∣∣∣
Ye,nb

(8.45)

= −n2b
∂µ∆
∂nb

∣∣∣∣
S,Ye

. (8.46)
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Substituting back into eq. (8.32) we get

∂Γ

∂Ye

∣∣∣∣
S,nb

=
Γn2b
p

∂µ∆
∂nb

∣∣∣∣
S,Ye

− nb
p

∂

∂nb

∣∣∣∣
S,Ye

(
n2b

∂µ∆
∂nb

∣∣∣∣
S,Ye

)
(8.47)

=
Γn2b
p

∂µ∆
∂nb

∣∣∣∣
S,Ye

−
2n2b
p

∂µ∆
∂nb

∣∣∣∣
S,Ye

−
n3b
p

∂2µ∆
∂n2b

∣∣∣∣
S,Ye

(8.48)

=
n2b
p

(Γ− 2)
∂µ∆
∂nb

∣∣∣∣
S,Ye

−
n3b
p

∂2µ∆
∂n2b

∣∣∣∣
S,Ye

. (8.49)

In a neutron star merger we can simplistically think of the shift away from equilibrium

as being driven by an adiabatic compression of the matter. We already have the entropy

held constant, and we can think of the compression as a fractional change in nb, so we

want to switch out the derivatives with respect to nb for derivatives with respect to ln nb.

For some general function f(x) this looks like

∂f

∂x
=
∂ lnx

∂x

∂f

∂ lnx
(8.50)

=
∂

∂x
(lnx)

∂f

∂ lnx
(8.51)

=
1

x

∂f

∂ lnx
(8.52)

∂2f

∂x2
=

∂

∂x

(
∂f

∂x

)
(8.53)

=
∂

∂x

(
1

x

∂f

∂ lnx

)
(8.54)

=
1

x

∂

∂x

(
∂f

∂ lnx

)
+

−1

x2
∂f

∂ lnx
(8.55)

=
1

x2

(
∂2f

∂ lnx2
− ∂f

∂ lnx

)
. (8.56)

Using this to convert eq. (8.49) we get

∂Γ

∂Ye

∣∣∣∣
S,nb

=
n2b
p

(Γ− 2)
1

nb

∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

−
n3b
p

1

n2b

(
∂2µ∆
∂ lnn2b

∣∣∣∣
S,Ye

− ∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

)
(8.57)

=
nb
p

(
(Γ− 1)

∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

− ∂2µ∆
∂ lnn2b

∣∣∣∣
S,Ye

)
. (8.58)

Substituting this into eq. (8.28) we obtain

Γ (µ∆) = Γ (0) + µ∆

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
nb
p

(
(Γ− 1)

∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

− ∂2µ∆
∂ lnn2b

∣∣∣∣
S,Ye

)
. (8.59)
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Expanding this we have

Γ (µ∆) = Γ (0) + µ∆

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
nb
p

(Γ− 1)
∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

− µ∆

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
nb
p

∂2µ∆
∂ lnn2b

∣∣∣∣
S,Ye

, (8.60)

so we define

Γ (µ∆) = Γ (0) + ∆Γ1 +∆Γ2, (8.61)

where

∆Γ1 = µ∆

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
nb
p

(Γ− 1)
∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

, (8.62)

∆Γ2 = −µ∆

(
∂µ∆
∂Ye

∣∣∣∣
S,nb

)−1
nb
p

∂2µ∆
∂ lnn2b

∣∣∣∣
S,Ye

. (8.63)

Assuming that µ∆ is driven by an adiabatic compression with constant composition, it

will pick up the same sign as

sgn (µ∆) = sgn

(
∂µ∆
∂nb

∣∣∣∣
S,Ye

)
= sgn

(
∂µ∆
∂ lnnb

∣∣∣∣
S,Ye

)
, (8.64)

so, given Γ > 1 and ∂µ∆/∂Ye < 0, ∆Γ1 will always work to decrease Γ, softening the

equation of state. However, without knowledge of the equation of state, we cannot say

in which direction ∆Γ2 goes, nor can we know which term is dominant.

In order to make progress here, we assume a very simple equation of state: a zero-

temperature Fermi gas of non-interacting, non-relativistic neutrons and protons, and

relativistic electrons. Under this assumption, the chemical potentials of the three species

will take the form

µn ≈ mn + EFn = mn +
(ℏc)2

2mn

(
3π2(1− Ye)

)2/3
e

2
3
lnnb , (8.65)

µp ≈ mp + EFp = mp +
(ℏc)2

2mp

(
3π2Ye

)2/3
e

2
3
lnnb , (8.66)

µe ≈ EFe = ℏc
(
3π2Ye

)1/3
e

1
3
lnnb , (8.67)
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so we will have

∂µ∆
∂ lnnb

≈ 2

3

(
EFn − EFp

)
− 1

3
EFe , (8.68)

∂2µ∆
∂ lnn2b

≈ 4

9

(
EFn − EFp

)
− 1

9
EFe . (8.69)

Comparing eqs. (8.62) and (8.63) and eqs. (8.68) and (8.69), we see that if the baryonic

Fermi energies dominate then |∆Γ1/∆Γ2| ≈ |3(Γ − 1)/2|, and if the electron Fermi

energy dominates then |∆Γ1/∆Γ2| ≈ |3(Γ− 1)|. In the relevant regions (i.e. at densities

of order nsat) the equation of state will be stiff, with Γ ≥ 3 typical, so the ∆Γ1 term

dominates in both cases, and the fluid will soften when moved out of equilibrium. Using

the more realistic BSk density functionals [62] instead of a Fermi gas model we also obtain

a negative sign at the densities of interest.

Having examined some simpler systems to determine a possible source for the frequency

difference presented above, we can also look to see whether the softening effect is visible

in the full merger simulation. The näıve approach would be to measure the moment of

inertia of the whole system in each case. However, after merger the moment of inertia is

dominated by low density matter far from the remnant, so we need some local measure

that we can apply only to the remnant.

8.2.3 Comparing matter distribution

Starting from the Newtonian definition of the moment of inertia for a mass distribution

along the z-axis

Iz(ρ) =

∫∫∫
V
ρ(x, y, z)(x2 + y2)dV (8.70)

we substitute in the proper mass density ρW , and correct the volume element to obtain

Iz =

∫∫∫
V
ρW (x1x1 + x2x2)

√
γd3x. (8.71)

To better see the differences between the remnants we will use a density cutoff to mask

the effects of low density matter at large radius, and to determine a relevant density for

the cutoff we will look at how the contribution to the moment of inertia varies in the x-y

plane of the two stars. To do this we calculate the infinitesimal contribution to the total

moment of inertia of the loop at radius r, I loop(r), then integrate radially outwards (to

obtain Idisc(r)) to find the density at which the difference between the two simulations

settles down.

In fig. 8.3 we see I loop(r) for the in- and out-of-equilibrium simulations 5ms after merger,

the angle averaged density, and the difference between Idisc(r) for the two simulations.
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From this plot we see that the difference between the two moments of inertia has settled

down by ρ ∼ 10−2 − 10−3ρsat. Ignoring densities below this cutoff, we can then apply

eq. (8.71) to the whole domain, the results of which we plot in fig. 8.4. This shows

that when considering only the densities above ρcutoff ∼ 10−2 − 10−3ρsat, the moment

of inertia of the remnant is a few percent higher in the out-of-equilibrium simulation,

which would intuitively lead to a few percent decrease in the frequency at which the

remnant rotates, which is consistent with what we observe in the simulations, as seen in

fig. 8.2.

The simulations here show that the phase of the gravitational wave signal is sufficiently

sensitive to models of weak reactions in next generation gravitational wave observatories

such as the Einstein Telescope. The general impact of reactions on the stiffness of the

effective equation of state and hence their impact on the moment of inertia strongly

suggests the results are broadly independent of the details of the bulk properties. High

accuracy parameter estimation of, for example, the equation of state, via gravitational

waves will therefore require more accuracy in the models of weak reactions, in addition

to the bulk equation of state.
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Figure 8.3: Upper panel: infinitesimal contribution to the total moment of inertia
along the loop at radius r in the x-y plane, I loop(r), (solid lines, left scale), and
angle averaged density at radius r in the x-y plane, ρave, with respect to nuclear
saturation density, ρsat, (dashed lines, right scale) from slow- and fast-reaction-limit
simulations (blue and orange curves respectively) taken 5ms after merger. Lower panel:
difference between I loop(r) for slow- and fast-limit simulations (labelled OoE and NSE
respectively) at each at radius r (solid black line, left scale) and difference between

Idisc(r) for each simulation (dashed red line, right scale).
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Chapter 9

Equilibrium at Finite

Temperature

In the previous chapter we discussed equilibrium at zero temperature. Here, we explore

the effects of relaxing that assumption. We start by summarising the work of [12]

discussing how temperature affects the reactions in neutrino transparent matter. Next,

we move on to conditions where neutrino effects become significant, then we briefly

discuss the effects of reactions beyond the standard Urca processes. Finally, we present

some unpublished work detailing the use of ray tracing to determine regions where

neutrinos might be trapped1.

9.1 Relaxing the Fermi Surface Approximation

As we discussed in section 8.1, when at zero temperature the momenta of the particles

taking part in the reactions are assumed to be at their respective Fermi surfaces [3].

At low densities the Fermi momenta pF of the three involved particles (neglecting the

neutrinos) satisfy the relation

pFn > pFp + pFe . (9.1)

This blocks the direct Urca processes as there is no way to balance the momenta,

requiring the introduction of the spectator nucleon in the modified Urca processes (see

section 8.1). However, as the density increases, pFp + pFe increases faster than pFn , and

some equations of state allow the direct processes to proceed above a threshold density

at which pFn = pFp + pFe
[12]. For cold matter, this condition typically requires a proton

fraction of order 10% (in the case of the APR model we consider here, the direct Urca

threshold is reached at around 5ρnuc, beyond the densities reached in our simulation).

1Sections 9.1 to 9.3 have been published as part of Hammond et al. [68].
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By relaxing the Fermi surface approximation at finite temperature for the direct

processes, one finds that instead of being forbidden, they are Boltzmann suppressed

by a factor depending on the single particle free energy γi, defined by

γi(p) = Ei(p)− µi = Ei(p)− EFi , (9.2)

where p is the particle momentum (not to be confused with pressure). γi(p) therefore

represents the energy difference between a particle on the Fermi surface and a particle

with momentum p. This will result in Boltzmann suppression of the rates of electron

capture and neutron decay by a factor of exp (− |γi| /T ) where each reaction will be

dominated by a particular γi. For neutron decay, the dominant factor is finding a hole

in the electron Fermi sea below pFe by an amount in the region of γe = 20 − 25MeV,

whereas for electron capture the energy mismatch is lessened by the anti-aligning of

the neutrino produced with the resultant neutron, reducing the increase of momentum

needed on the initial proton to around γp = 10 − 15MeV [12]. The upshot of this is

that the reactions are no longer in balance when eq. (8.12) holds. In fact, as the direct

electron capture rate is suppressed to a lesser extent than the neutron decay rate, there

will be a net production of neutrons when the cold equilibrium condition is satisfied. To

account for this, one may introduce a chemical potential offset µδ, such that the fluid

reaches its actual equilibrium when [12]

µn = µp + µe + µδ. (9.3)

The offset is determined by balancing the rates of the Urca processes, again setting

Γec = Γnd but now for a finite temperature. This then allows us to work out the matter

composition assuming that the temperature is held fixed.

Alford et al. [12] (see also the recent discussion in [15]) demonstrate that, for temperatures

of order 10MeV the required offset can be as large as µδ = 20 − 25MeV. We get an

immediate idea of the impact of this, by comparing to the results for µ∆ from fig. 8.1.

Clearly, there are large regions in the simulation where the suggested effect would be

significant, bringing the matter closer to a de facto equilibrium than one might have

expected. The effect becomes less important after the merger as the thermal hotspots

drive outflows and significant regions are driven much further (≳ 100MeV) from the

cold beta-equilibrium.

Using the results for µδ from Alford et al. [12], we may estimate the degree to which the

shift of equilibrium causes the equation of state to soften in equilibriated matter. This

provides a useful insight into the level at which the effect may impact on, for example,

the gravitational-wave signal. In fig. 9.1 we plot the adiabatic index Γ for the APR

equation of state and matter in “cold” equilibrium (µ∆ = 0) as well as matter where

the suggested temperature effects are taken into account (setting µ∆ = µδ and using

the results from figure 4 in [12]). We see that there is a general trend towards lower
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Figure 9.1: Illustrating the impact of the warm equilibrium on the stiffness of the
equation of state. Dashed lines assume the “cold” β-equilibrium, while solid lines use
the “warm” equilibrium prescription with µδ take from Figure 4 in [12]. The results
show that the effect tends to soften the equation of state by up to 5% at densities up
to 2ρnuc, but also that the impact is much less pronounced at higher temperatures.

values of Γ as the temperature increases, and the softening effect due to composition

changes is most pronounced at intermediate temperatures, peaking at around the 5%

level for matter in the 1− 2ρnuc density range. While, at this point, we cannot quantify

the extent to which this degree of softening impacts on observables, like the frequency

of the post-merger oscillations, it is clear that this is a question worth returning to in

future work (which would require an equation of state accounting for the temperature

dependent µδ). Finally, it is worth noting that the softening associated with the warm

equilibrium is much less pronounced at a temperature of 10MeV (and above). This is

likely due to the general softening associated with the thermal pressure, an effect that

is evident in the top panel of fig. 9.1, dominating at higher temperatures.

9.2 Neutrinos

The equilibrium relations given in eqs. (8.12) and (9.3) both assume that the fluid

is transparent to neutrinos, which can then only appear as products in the allowed

reactions. However, at sufficiently high temperatures the neutrino mean free path is

expected to become short enough that they begin to react with the fluid matter at a

meaningful rate, participating in the inverses of the 6 aforementioned Urca reactions.

Now that the processes are allowed to proceed in both directions, it follows from eq. (8.7)

that all 6 pairs of reactions have the equilibrium condition

µn + µνe = µp + µe (9.4)
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where µνe = −µνe is the electron-neutrino chemical potential.

Under these conditions, the relaxation timescale is expected to be (see figure 7 in [9])

of order 10−8 − 10−10 s (faster than any current numerical simulation2 is likely to be

able to resolve, but not out of reach of future simulations). This, for example, leads

to a weakening of the bulk viscosity (an effect we discuss in chapter 10) by several

orders of magnitude [9]. As this has an obvious impact on the matter dynamics—the new

equilibrium that the matter will evolve towards is rather different from the cold and warm

cases—we clearly need to consider the neutrinos. Unfortunately, this is problematic. As

the neutrinos were not included in our simulation (or indeed the equation of state in

the first place!), we cannot directly measure the neutrino chemical potential. We have

to resort to approximations. For example, we get some idea of the likely magnitude of

the neutrino chemical potential by assuming µν ∼ µ∆ and then considering the results

shown in fig. 8.1. Still, if we want to do better then we need to account for the neutrinos

in the matter description. Similarly, we cannot reliably quantify the rate at which the

neutrinos are involved in reactions to determine the regions of the simulation for which

eq. (9.4) is the appropriate statement of β-equilibrium. However, we can estimate these

regions by post-processing (as in [53]) the opacity κ (which is related to the mean free

path ℓ through ℓ = 1/κ).

Given a path λ of length L, the probability of a neutrino being transmitted along that

path is

PT (λ) = exp (−κabL) , (9.5)

where κab is the absorption opacity. Scattering increases the effective length of the path

taken through the fluid by the neutrinos, which we can account for by using the effective

opacity κ∗ given by

κ∗ =
√
κab (κab + κsc) (9.6)

where κsc is the scattering opacity [118].

Hence, we can estimate the regions where neutrino absorption will be significant by

examining the magnitude of κ∗L. In regions where κ∗L ≫ 1, the probability of

transmission is very low, and thus neutrinos are available to partake in reactions, whereas

in the opposite limit they are likely to escape freely. The question then is, what should

we take to be the relevant length scales? Pragmatically, in merger simulations there

are two pertinent length scales: the grid spacing ∆x, which for the simulation under

discussion is ∆x ≈ 400m, and the size of the region containing hot matter rhot, which

here is ∼ 30− 50 km ≈ 100∆x.

2The timestep of a grid with spacing of ∆x = 10m would be on the order of ∆t = 10−8 s
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In regions where κ∗∆x ≫ 1 the neutrinos are unlikely to escape the computational cell

in which they were emitted, so for our purposes they are definitely trapped and available

for reactions. Similarly, in regions where κ∗rhot ≪ 1 =⇒ κ∗∆x≪ 1/100 the neutrinos

are likely to escape the simulation without reacting, and so these regions should evolve

towards the cold/warm equilibrium conditions on some relatively fast timescale. In the

intermediate regime, the neutrinos emitted in one place are not likely to be absorbed

locally (i.e. within the same computational cell), but they are also unlikely to escape

the simulation completely, hence it is difficult to make a definite statement one way

or the other—without directly simulating the neutrinos. These arguments show why

the neutrino treatment is problematic. The logic that the matter is either neutrino

transparent or not is too simplistic to describe the conditions throughout much of the

simulation domain. Nevertheless, as one has to start somewhere, let us consider where

the estimates we have suggested take us.

The opacity of the fluid to neutrinos depends on the equation of state parameters

(ρ, T, Ye), the neutrino energy Eν , and the neutrino species x. We use NuLib [99] to

calculate κ∗ (ρ, T, Ye, Eν , x) for the two most relevant species, the electron neutrino/anti-

neutrino. In order to obtain an estimate for the appropriate neutrino energies, we

assume that there are sufficient neutrinos available to be in chemical equilibrium, and

that those neutrinos will be in thermal equilibrium with the fluid. Endrizzi et al. [53]

have shown that this assumption is good enough to determine equilibrium surfaces,

which depend strongly on the absorption, and thus this approximation should work well

for the qualitative analysis here. The neutrinos then follow an isotropic Fermi-Dirac

distribution

fν (Eν) =

[
exp

(
Eν − µν

T

)
+ 1

]−1

, (9.7)

where µνe = −µνe = µp + µe − µn. We then calculate an energy averaged opacity κ̃∗ for

each species through (as we focus on particle number transport [53])

κ̃∗ (ρ, T, Ye, x) =

∫ ∞

0
fν (Eν)κ∗ (ρ, T, Ye, Eν , x)E

2
νdEν∫ ∞

0
fν (Eν)E

2
νdEν

. (9.8)

The results in fig. 9.2 show that κ̃∗∆x is small in the dense core regions up to merger,

and although some of the core matter in the remnant has been heated enough that

absorption on the scale of grid cells has become significant, there remains a transparent

central region. The hotspots mentioned in chapter 7 show large potential for absorption

of both species of neutrino, as expected. The outflowing matter visible in the +5ms panel

is mostly in the intermediate regime, however it does highlight the difference between

the values of κ̃∗ for the two different neutrino species, with the electron neutrinos being

subjected to a stronger degree of absorption than their antiparticle. Hence we are likely
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Figure 9.2: Energy averaged electron neutrino and anti-neutrino effective opacities
κ̃∗ multiplied by grid cell spacing ∆x = 400m for a simulation of the merger of two
1.4M⊙ neutron stars using the APR equation of state from Schneider et al. [122]. The
left panel coincides with the merger time, and the right panel is 5.0ms post merger.

The neutrino opacities were calculated using NuLib [99].

to see regions where the inverses of the Urca processes are suppressed to different degrees,

further complicating the calculation of the equilibrium condition.

9.3 Equilibriation via Strong Interactions

So far, we considered the electron to be the only negatively charged particle (muons

were ignored for simplicity, but partake in similar reactions to the electrons), meaning

that equilibration relied on the weak interaction. However, the situation may change

as the temperature ramps up. For example, one may argue that we should account for

the presence of thermal pions [58]. A small population of pions could drastically change

the story. At high temperatures neutrons may decay to protons and pions on the strong

interaction timescale (which at 10−23 s is instantaneous for all practical purposes). The

system would then reach an equilibrium where

µn − µp = µπ (9.9)

with the pions subsequently equilibrating with the electrons on the weak interaction

timescale (through pion decay). In the first estimates of this effect, Fore and Reddy [58]

show that pion-equilibriated matter is more proton rich than the weak equilibria we

have discussed. As a result, the equation of state may soften by as much at 10-15%,

which could have a significant impact on the merger dynamics. In addition, the presence

of the thermal pions increases the heat capacity, leading to the matter cooling which

may self-regulate the process. These are interesting ideas, but in order to test them
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merger of two 1.4M⊙ neutron stars using the APR equation of state from [122]. The
left panel coincides with the merger time, and the right panel is 5.0ms post merger.
The results suggest that thermal pions, which may play a role at temperature above

T ≳ 25MeV [58], may impact on a significant fraction of the simulated matter.

with simulations we would need an equation of state that accounts for the thermal

pions. Work in this direction is ongoing, however in the absence of such a model we can

estimate if (and where) the thermal pions are likely to come into play.

Drawing on the estimates from Fore and Reddy [58], which suggest that the effect becomes

significant when T ≳ 25MeV, we may consider the results in fig. 9.3, which shows the

distribution of matter in the µn-T phase space, as indicative. We see that after merger

the outflows from the core lead to a substantial migration of matter to higher chemical

potentials, and the distribution of the matter has shifted to higher temperature, with

most of the matter now above T ≳ 15MeV – the spacial regions where this become

important will be discussed below. Evidently, the temperature reaches the level where

the pions may play a role throughout much of the matter. This suggests that we should

seriously consider the role of the thermal pions, which inevitably involves moving towards

a more complex matter model. Work in this direction is in progress.

As an attempt to summarize the discussion of equilibrium we provide the schematic

illustration in fig. 9.4. The figure identifies regions where the different equilibrium

conditions discussed in this chapter apply in our simulation (at merger and 5ms later).

We distinguish regions with “cold” matter (T < 1MeV) where the condition (8.12)

applies, “warm” (T > 1MeV and κ̃∗rhot < 1, the transparent regime, for both neutrino

species) where we need to account for the imbalance of the nuclear reaction by adding

µδ as in (9.3), a “warm/hot”region which involves matter with T > 1MeV but with

∆x/rhot < κ̃∗∆x < 1 (neither locally trapped, nor transparent) for at least one of the

neutrino species, a “hot” region where κ̃∗∆x > 1 (locally trapped) for both neutrino

species, and finally a “strong” region with matter at T > 25MeV where one might
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Figure 9.4: Schematic of where the different equilibrium conditions discussed in this
chapter are expected to occur in a simulation of the merger of two 1.4M⊙ neutron stars
using the APR equation of state from [122]. Left panel coincides with merger time, and
right panel is 5.0ms post-merger. The conditions on the matter are labelled as follows:
“Cold” denotes matter with T < 1MeV where the standard cold β equilibrium condition
eq. (8.12) is relevant, “Warm” denotes matter with T > 1MeV and κ̃∗rhot < 1 for both
neutrino species where the warm β equilibrium condition in eq. (9.3) is relevant, “Hot”
denotes matter where κ̃∗∆x > 1 for both neutrino species, thus the hot β equilibrium
condition in eq. (9.4) is relevant, “Warm/Hot” denotes matter with T > 1MeV but
with ∆x/rhot < κ̃∗∆x < 1 for at least one of the neutrino species, where we cannot
distinguish cleanly between hot and warm equilibrium, and “Strong” denotes matter

with T > 25MeV where pions may be relevant.

anticipate thermal pions to play a role. As these regions evolve with time, a live

identification of the appropriate local conditions is clearly far from trivial.

9.4 Neutrino Trapping

In section 9.2 we estimated the regions where neutrino interactions would be significant

by comparing the mean free path to some relevant length scale (either the simulation

grid size or the size of the hot region). We could take this a step further and estimate the

regions where neutrinos are trapped, i.e. the region from which any emitted neutrinos

are unlikely to escape to infinity.
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9.4.1 The optical depth

Trapping regions are calculated through the optical depth3 τ [53], which is defined for a

given opacity κ as

τL =

∫
L
κ (x)

√
γijdxidxj , (9.10)

where L denotes the path taken by the neutrino through the fluid, and γij is the local

spacial metric. The quantity τL counts the expected number of interactions associated

with κ that a neutrino will experience as it travels along L. Therefore, neutrinos emitted

from a point x are in a trapped region if τL ≥ 1 where L runs from x to any point from

which the neutrinos escape freely xb.

As there are many paths a neutrino could take through the fluid in order to escape, there

are many values of τ for any given x, but in order to define the trapped regions, we need

a unique value of τ at each point. Therefore, we consider the fact that, while neutrinos

may be produced isotropically, neutrinos that move into more optically dense regions are

more likely to scatter (and thus change direction) than neutrinos that are moving into

optically thinner regions, hence there will be a preferential movement towards regions

with smaller opacities [53]. This means that we can obtain a good estimate for the optical

depth at x by calculating τ for a number of paths, and defining τ (x) as the minimum

of these.

The next step is to define a procedure for sampling the possible paths the neutrinos could

take through the matter, and the boundary from which they can escape. Typically [53]

the six cardinal directions (±x,±y,±z), twelve “face” diagonals (towards the four corners
of the plane perpendicular to each axis), and eight “space” diagonals (from the centre

to the corners of a cube) are used. Symmetries may be available to cut down on the

number of directions to sample. While simple to implement, it is possible that using this

arrangement may introduce biases based on the coordinate system used, and leaves little

room for increasing or decreasing resolution. A better method (“fairer” but significantly

slower) may be to produce an (almost) uniform sampling on the sphere with the desired

number of points, which can be randomly oriented for each spacial sample point.

Finally, with a value for τ (x) calculable at all points, we can define the surface of last

scattering for each neutrino species νn as the surface for which

τdiff (x) = min
{L|L:x→xb}

∫
L
κdiff,νn (x)

√
γijdxidxj = 1, (9.11)

3Not to be confused with the conserved internal energy density from the Valencia formulation.
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and the per species trapping region as the region contained within the surface such that

τeq (x) = min
{L|L:x→xb}

∫
L
κeq,νn (x)

√
γijdxidxj = 1. (9.12)

While this measure is useful when the goal is to determine what the detected neutrino

signal might look like from far away, it is less useful for our purposes. Determining if

neutrino reactions are likely to be significant at a given point is obviously a non-local

problem; neutrinos emitted in one part of the star may be absorbed in another, however

this at best only loosely related to the likelihood of neutrinos to escape to infinity from

that point. Consider the cold, dense core of a neutron star merger remnant surrounded

by a much hotter region (as we saw in the previous section). Neutrinos are unlikely to be

absorbed by the cold matter in the core, as the opacity is driven mainly by temperature,

and only becomes significant above ∼ 10MeV. In contrast, the surrounding matter

is well above this threshold and the neutrinos will be unlikely to penetrate through.

Therefore, by the above measure, neutrinos in the core are considered trapped, but they

will not be able to take part in reactions to any significant degree.

9.4.2 Ray tracing

As a step in the direction of being able to identify those regions where neutrinos play a

significant role, we have performed some basic ray tracing simulations on data taken from

our merger simulations (in particular the APR simulation). We use a single timestep

from the simulation to give data for the opacities, and an approximation of the direct

and modified Urca rates in equilibrium from Alford et al. 2018 [12]. We chose to use the

timeslice that contained the highest temperature out of those available (shortly after

the two stars first touch), and we restricted our domain to the sphere approximately

two stellar diameters in radius (∼ 18 km), centered on the origin of the simulation (the

barycentre of the system).

At each point within the domain we “emit” a number of “rays” (a tunable resolution

parameter), each in its own random direction. Each ray has a number associated with

it that starts off proportional to the calculated emission rate at its origin, which we

consider as the number of neutrinos associated with that ray. As each ray is propagated

(in a straight coordinate line, not a geodesic, and also ignoring any scattering effects)

we calculate how many of its associated neutrinos are absorbed or transmitted, using

eqs. (9.5) and (9.8)4, and update both the number of neutrinos still associated with the

ray, and how many have been absorbed close to each grid point in the fluid. The ray is

allowed to propagate until it leaves the domain.

4These include the effective lengthening of the mean free path through scattering, and the assumption
that the neutrinos are always in thermal equilibrium with the matter. In addition we look only at electron
neutrinos.
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In the following figures we used 100 rays for each point in the fluid. As we do not impose

any symmetries on the neutrinos, we get a good idea of how uniformly the space has been

sampled by how well the symmetries in the fluid data are represented. As this simulation

was devised only as a qualitative check on how “good” our previous estimations were,

we verify this by eye.

In fig. 9.5 we plot each point in space against the number of neutrinos emitted at that

point, and the number of neutrinos absorbed. We then colour each point using the

same conditions as for fig. 9.4 (see caption for details). We see that both for the points

labelled “Hot” and “Strong” the emission and absorption rates are almost unity, which

is indicative of trapping (as would be expected in the hotter regions). We also see that

for the points labelled “Cold” the ratio of absorption to emission peaks at around 10−2,

so we can say in these regions that the neutrino reactions are not significant. The most

interesting features of the plot are the regions where we previously labelled the points

“Warm”, indicating that we would not expect significant rates of neutrino absorption

(i.e. ratios much lower than unity), but in this simulation we see ratios of absorption to

emission of over 102, indicating that those reactions which include neutrinos on the left

hand side (i.e. as an ingredient) are proceeding at a much higher rate than those which

include neutrinos as a product.

Looking at fig. 9.6, where we plot the spacial distribution of the ratio of absorptions to

emissions in the xy-plane, we see that in the cold cores of the stars there are significantly

more emissions than absorptions, as we previously predicted. The hotter regions

surrounding the cores have a ratio close to unity, which suggests that the neutrinos

are locally trapped in these areas, again as predicted above. There are some red areas

(indicating more absorptions than emissions) in the ±10− 18 km range which may not

be trustworthy as they are near boundary of the domain, however, we do also see a

band of red surrounding the cold cores, likely a result of neutrinos emitted in the core

being absorbed by the warm matter that forms the boundary between the hot and cold

matter.

While the results here do not help us make progress in determining which is the correct

equilibrium condition to use at each point live in a merger simulation, they do indicate,

again, that the picture is very complex, and dependent on non-local behaviour. Clearly

the issue of the impact of neutrinos on not only the composition of the fluid, but on

the very definition of equilibrium in a local sense needs further investigation. Correctly

representing these effects in a simulation would require a full reaction network coupled

to a radiation transport scheme that is valid far from thermal and β-equilibrium, which

currently does not exist.
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Figure 9.5: Absorption and emission rates of all points within the ray tracing
simulation. Colours are based on the equilibrium classification in section 9.3. Emission
rates are based upon Alford and Harris [12], and absorption opacities were calculated
with NuLib [99]. Fluid and spacetime data taken from a simulation of two 1.4M⊙ at
the point where the fluid temperature reaches its maximum. 100 rays were traced from

each point, and their directions were randomised.
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Figure 9.6: Ratio of calculated absorption and emission rates resulting from a ray
tracing simulation. Red regions have more absorption, and blue regions vice versa.
Emission rates are based upon Alford and Harris [12], and absorption opacities were
calculated with NuLib [99]. Fluid and spacetime data taken from a simulation of the
merger of two 1.4M⊙ neutron stars at the point where the fluid temperature reaches its
maximum. 100 rays were traced from each point, and their directions were randomised.
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Chapter 10

Bulk Viscosity

Having discussed the equilibrium state of neutron star matter in chapters 8 and 9, we

can begin to discuss effects that emerge from the evolution towards this equilibrium.

In particular we will focus on bulk viscosity [10;13;14]. As is indicated by the simulations

discussed in section 8.1, in the absence of reactions the composition of the matter is

pushed out of equilibrium by the dynamics of the merger. Including reactions would

lead to the equilibriation of this matter on some timescale. Bulk viscosity is often

thought of as a resonant phenomenon [120], which is particularly important when the

dynamical motion of the fluid and the rate of relaxation towards equilibrium occur on

comparable timescales. We start by discussing in which regions of the simulation the

different “standard” prescriptions of bulk viscosity are valid. We go on to discuss the

calculation of the bulk viscous pressure term through coefficients derived for the equation

of state, and how this might be implemented in a simulation, finishing with a discussion

of the issue of timescales1.

10.1 Sub or Suprathermal?

Typical calculations of bulk viscosity are perturbative around equilibrium, and are

formulated as a periodic solution for the dimensionless parameter [13]

ξ =
µ∆
T
. (10.1)

The calculation of the bulk viscosity from ξ (see Alford et al. [13]2 for a detailed

discussion) can be done in three regimes: a general solution and two limiting cases.

First of all, the sub-thermal limit, where ξ ≪ 1, allows an analytic solution, essentially

an expansion in small deviations from equilibrium (where it may be sufficient to include

1Section 10.1 has been published as part of Hammond et al. [68], and sections 10.2 to 10.4 are modified
versions of work published as part of Celora et al. [37].

2Note that Alford et al. [13] use A instead of ξ for µ∆/T .
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only the linear term). Meanwhile, the general solution and the supra-thermal limit,

where ξ ≫ 1, are more complicated as they both require numerical integration of the

periodic solution. Given this understanding, it is interesting to quantify the regions in

the merger simulation where each assumption applies.

As an indication of this, we plot in fig. 10.1 the value of |µ∆| /T (using eq. (8.13)) reached

by the matter in our simulation. As far as we are aware, this is the first time this kind

of information has been extracted from numerical merger data. The results paint a

complex picture. While there are regions in the simulation that remain sub-thermal

(where a low-temperature expansion and a perturbative analysis of bulk viscosity would

suffice) there are also large regions where the matter is in the suprathermal regime. The

upshot is that the analysis of the impact of bulk viscosity in a live simulation would

require a careful on-the-fly identification of these regions.

We can also look at this in the µ∆-T plane, as shown in fig. 10.2. We see that the

majority of the matter reaches the point of merger around µ∆ = 0, but in the remnant

we see that the modal µ∆ shifts to around µ∆ = 40MeV. There is a strong correlation

between T and µ∆, which is perhaps unsurprising as much of the temperature increase

in the simulation is driven by compression heating, and changes in density are also able

to drive changes in µ∆. In the left panel we see that before merger most of the matter is

in the sub-thermal regime, whereas in the right panel most of the matter has crossed the

T = |µ∆| line to enter the supra-thermal region. While most of this matter is at high

temperature, meaning that if reactions were included it would have been quickly driven

to a lower µ∆, we see that there is some matter (corresponding to the inner core of the

remnant) with T ≲ 5MeV and µ∆ ∼ 40MeV, meaning that it may well be necessary to

consider supra-thermal bulk viscosity.

In principle, we could proceed and use the results to estimate the bulk viscosity. There

are, however, a couple of issues that prevent us from taking this step. First, as stated

in previous section, the calculation of µ∆ assumes that the fluid is at T → 0 (we are

measuring the deviation from the cold equilibrium). As T ̸= 0 is required for the

calculation of ξ, we need to consider how the problem changes for finite temperatures.

The second issue we need to acknowledge relates to the fact that the standard bulk

viscosity prescription involves an estimate of the local dynamical timescale. The

estimates from [10] suggest that the bulk viscosity resonance may be relevant for neutrino-

transparent matter, but the outcome depends on the local conditions and the required

information is not easily extracted from a live simulation, at least not in a way that

does not significantly ramp up the computational cost. A more practical approach

would likely involve implementing the relevant reaction network directly, but this is

neither cheap nor easy. While we cannot estimate the observable effect of bulk viscosity

directly, we can make some progress towards estimating under what conditions it might

be relevant.
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Figure 10.1: Bulk viscosity regime parameter |µ∆| /T for the simulation of the merger
of two 1.4M⊙ neutron stars using the APR equation of state from [122]. The left panel
coincides with the merger time, and the right panel is 5.0ms post merger. We see that
there are regions in the simulation that remain sub-thermal (where a low-temperature
expansion and a perturbative analysis of bulk viscosity would suffice), but there are

also large regions where the matter is in the suprathermal regime.

10.2 Bulk Viscous Coefficients

We can reformulate the evolution equation of Ye (eq. (7.2)) in terms of µ∆ (noting

that the exact definition of µ∆ in regards to the different equilibrium conditions noted

previously is unimportant, only that the local equilibrium condition is µ∆ = 0) to obtain3

ua∇aµ∆ =

(
∂µ∆
∂Ye

)
nb,e

Γe

nb
− nbBθ, (10.2)

where

B =

(
∂µ∆
∂nb

)
e,Ye

+
p+ e

nb

(
∂µ∆
∂e

)
nb,Ye

, (10.3)

e is the total energy density, and θ = ∇au
a is the fluid expansion.

Assuming we are working in the sub-thermal regime we can expand the rate around

µ∆ = 0 to give γ = −∂Γe/∂µ∆ (not to be confused with the spacial metric, and following

the sign convention of Alford et al. [13]). Equation (10.2) then becomes

ua∇aµ∆ = −Aµ∆ − nbBθ, (10.4)

3This section is based upon the author’s contribution to Celora et al. [37], in which one will find a
much more complete discussion of the ideas presented here.
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Figure 10.2: Distribution of baryon mass Mb in the µ∆-T plane for a simulation
of the merger of two 1.4M⊙ neutron stars using the APR equation of state from [122],
where µ∆ = µn −µp −µe. The left panel coincides with the merger time, and the right
panel is 5.0ms post merger. The dashed line denotes T = |µ∆|. Matter above this
line therefore has A < 1 and is in the sub-thermal regime, whereas matter below the
line has A > 1 and is in the supra-thermal regime. This distinction is replicated in the
histograms to the side of and below each plot, with blue indicating sub-thermal, and

red indicating supra-thermal.

where we have introduced the (inverse) bulk viscous timescale

A =
γ

nb

(
∂µ∆
∂Ye

)
nb,e

. (10.5)

We can rewrite the pressure as

p = peq +Π, (10.6)

where the superscript eq denotes that the quantity should be calculated with the

equilibrium composition, and the out-of-equilibrium behaviour is moved into Π, which

for our purposes will be the bulk viscous pressure (see Celora et al. [37] for a more

complete discussion as to why Π is the bulk viscous pressure). Following the above

assumptions this term can be expressed as [37]

Π = −n3b

(
∂µ∆
∂Ye

∣∣∣∣
nb,e

)−1

B2f(ω̂), (10.7)

where f(ω̂) describes the resonant behaviour of the bulk viscous effect (the “standard”

resonance curve, see fig. 10.3, is obtained when f(ω̂) = ω̂/(1 + ω̂2)), and ω̂ = ω/A is

the relative frequency of the density oscillations compared to A. Finally we define the
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Figure 10.3: Resonant behaviour of bulk viscosity. ω/A represents the scaled
frequency of the driving oscillation, and the resultant bulk viscous pressure goes like

µ∆/nbB.

maximum relative contribution of bulk viscosity to the pressure

Πmax

p
= −

n3b
2p

(
∂µ∆
∂Ye

∣∣∣∣
nb,e

)−1

B2. (10.8)

Ignoring finite temperature effects [9;11;12;14;15] we can, with an estimate of the rates, then

calculate A, B, and Πmax from the equation of state, allowing us to make some estimate

as to how relevant bulk viscosity is.

10.2.1 Estimating the rates

The final piece of the bulk viscous puzzle is the reaction rate Γe. As stated above we are

working in the sub-thermal regime, and the fluid in our APR simulation never exceeded

the direct Urca threshold, so to calculate Γe we use the out-of-equilibrium expansion

of the modified Urca rates presented in appendix B of Alford and Harris [12]. Γe is the

total rate of electron production, so it is the sum of the two neutron decay reactions

(eqs. (8.3) and (8.4)), minus the two electron capture reactions (eqs. (8.5) and (8.6)),

giving

Γe = ΓmU,nd(n) + ΓmU,nd(p) − ΓmU,ec(n) − ΓmU,ec(p). (10.9)
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The out of equilibrium behaviour is encapsulated as a function of ξ = µ∆/T , given by

F (ξ) = −
(
ξ4 + 10π2ξ2 + 9π4

)
Li3

(
−eξ

)
+ 12ξ

(
ξ2 + 5π2

)
Li4

(
−eξ

)
− 24

(
3ξ2 + 5π2

)
Li5

(
−eξ

)
+ 240ξLi6

(
−eξ

)
− 360Li7

(
−eξ

)
, (10.10)

where Lin is the n-th order polylogarithm, defined by

Lis (z) =

∞∑
k=1

zk

ks
. (10.11)

The electron capture rates are equal to the neutron decay rates with ξ swapped for −ξ.

As we need the derivative of Γe with respect to µ∆, the first step is the take the derivative

of F (ξ) with respect to ξ. All the polylogarithms take the form Lin
(
−eξ

)
so we can use

the definition of Lin to write down

Lin

(
−eξ

)
=

∞∑
k=1

(
−eξ

)k
kn

(10.12)

=
∞∑
k=1

(−1)k ekξ

kn
. (10.13)

Taking the derivative we see that

∂

∂ξ
Lin

(
−eξ

)
=

∞∑
k=1

(−1)k kekξ

kn
(10.14)

=

∞∑
k=1

(−1)k ekξ

kn−1
(10.15)

= Lin−1

(
−eξ

)
. (10.16)

Next, we know that we are expanding around equilibrium, so we only need to evaluate

Lin
(
−eξ

)
at ξ = 0. Using ξ = 0 means that the operand is always −1. Going back to

the definition of Lin we can write down

Lin (−1) =
∞∑
k=1

(−1)k

kn
(10.17)

which we can relate to the Dirichlet eta function

η (n) =

∞∑
k=1

(−1)k−1

kn
(10.18)
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through Lin (−1) = −η (n). We can then move to the Riemann zeta function

ζ (s) =
∞∑
k=1

1

ks
(10.19)

by comparing terms:

η (n) =
1

1n
− 1

2n
+

1

3n
− 1

4n
+

1

5n
− 1

6n
+ . . . , (10.20)

ζ (n) =
1

1n
+

1

2n
+

1

3n
+

1

4n
+

1

5n
+

1

6n
+ . . . , (10.21)

η (n) = ζ (n)− 2

(
1

2n
+

1

4n
+

1

6n
+ . . .

)
(10.22)

= ζ (n)− 2

(
1

2n
1

1n
+

1

2n
1

2n
+

1

2n
1

3n
+ . . .

)
(10.23)

= ζ (n)− 2
1

2n
ζ (n) (10.24)

=
(
1− 21−n

)
ζ (n) . (10.25)

So summing all that up, we have

∂

∂ξ

(
Lin

(
−eξ

))
ξ=0

= Lin−1 (−1) , (10.26)

Lin (−1) = −η (n) (10.27)

−η (n) = −
(
1− 21−n

)
ζ (n) (10.28)

where we can look up the values of ζ(s) that we need (3-7 for F and 2-6 for ∂F/∂ξ):

Li2 (−1) = −
(
1− 2−1

)
ζ (2) = −1

2

π2

6
= −π

2

12
≈ −0.822467, (10.29)

Li3 (−1) = −
(
1− 2−2

)
ζ (3) ≈ −3

4
1.202057 ≈ −0.901543, (10.30)

Li4 (−1) = −
(
1− 2−3

)
ζ (4) = −7

8

π4

90
= −7π4

720
≈ −0.947033, (10.31)

Li5 (−1) = −
(
1− 2−4

)
ζ (5) ≈ −15

16
1.036928 ≈ −0.972120, (10.32)

Li6 (−1) = −
(
1− 2−5

)
ζ (6) = −31

32

π6

945
= − 31π6

30240
≈ −0.985551, (10.33)

Li7 (−1) = −
(
1− 2−6

)
ζ (7) ≈ −63

64
1.008349 ≈ −0.992594. (10.34)

(10.35)

Re-writing F slightly gives

F (ξ) = −
(
ξ4 + 10π2ξ2 + 9π4

)
Li3

(
−eξ

)
+
(
12ξ3 + 60π2ξ

)
Li4

(
−eξ

)
−
(
72ξ2 + 120π2

)
Li5

(
−eξ

)
+ 240ξLi6

(
−eξ

)
− 360Li7

(
−eξ

)
, (10.36)
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so the derivative becomes

∂F

∂ξ
= −

(
ξ4 + 10π2ξ2 + 9π4

)
Li2

(
−eξ

)
−
(
4ξ3 + 20π2ξ

)
Li3

(
−eξ

)
+
(
12ξ3 + 60π2ξ

)
Li3

(
−eξ

)
+
(
36ξ2 + 60π2

)
Li4

(
−eξ

)
−
(
72ξ2 + 120π2

)
Li4

(
−eξ

)
− (144ξ) Li5

(
−eξ

)
+ 240ξLi5

(
−eξ

)
+ 240Li6

(
−eξ

)
− 360Li6

(
−eξ

)
. (10.37)

Collecting terms by polylogarithm order we get

∂F

∂ξ
= −

(
ξ4 + 10π2ξ2 + 9π4

)
Li2

(
−eξ

)
+
(
8ξ3 + 40π2ξ

)
Li3

(
−eξ

)
−
(
36ξ2 + 60π2

)
Li4

(
−eξ

)
+ 96ξLi5

(
−eξ

)
− 120Li6

(
−eξ

)
. (10.38)

We can rewrite the rates given in Alford and Harris [12] as

ΓmU,nd(n) = GmU,nd(n)

(
pFn , pFp , pFe

)
F (ξ)T 7, (10.39)

ΓmU,nd(p) = GmU,nd(p)

(
pFn , pFp , pFe

)
F (ξ)T 7, (10.40)

remembering we can obtain the electron decay rates by changing the sign on ξ, and that

the out of equilibrium behaviour is contained only in the F (ξ) term, so we have collected

the rest into the G terms. These G terms are defined as

GmU,nd(n)

(
pFn , pFp , pFe

)
=

7

64π9
G2g2Af

4
πNN

m3
nmp

m4
π

p4Fn
pFp(

p2Fn
+m2

π

)2ϑn, (10.41)

GmU,nd(p)

(
pFn , pFp , pFe

)
=

1

64π9
G2g2Af

4
πNN

mnm
3
p

m4
π

pFn

(
pFn − pFp

)4((
pFn − pFp

)2
+m2

π

)2ϑp, (10.42)

where G2 = 1.1× 10−22MeV−4, gA = 1.26 and f4πNN ≈ 1. The ϑ terms are given by

ϑn =

1 if pFn > pFp + pFe

1− 3
8
(pFp+pFe−pFn)

2

pFppFe
if pFp + pFe > pFn

, (10.43)

ϑp =



0 if pFn > 3pFp + pFe

(3pFp+pFe−pFn)
2

pFnpFe
if 3pFp + pFe > pFn > 3pFp − pFe

4
3pFp−pFn

pFn
if 3pFp − pFe > pFn > pFp + pFe(

2 + 3
2pFp−pFn

pFe
− 3

(pFp−pFe)
2

pFnpFe

)
if pFp + pFe > pFn

. (10.44)
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We can re-write eq. (10.9) as

Γe (ξ) =
(
GmU,nd(n) +GmU,nd(p)

)
(F (ξ)− F (−ξ))T 7, (10.45)

where we have dropped the dependency of the G terms for brevity. The derivative is

then

∂Γ

∂µ∆

∣∣∣∣
nb,T,µ∆=0

= 2
(
GmU,nd(n) +GmU,nd(p)

)
T 7 ∂F (ξ)

∂µ∆

∣∣∣∣
nb,T,µ∆=0

(10.46)

= 2
(
GmU,nd(n) +GmU,nd(p)

)
T 6 ∂F (ξ)

∂ξ

∣∣∣∣
nb,T,µ∆=0

, (10.47)

where we have used the chain rule, which gives us

∂F (ξ)

∂µ∆

∣∣∣∣
nb,T,µ∆=0

=
∂ξ

∂µ∆

∣∣∣∣
nb,T,µ∆=0

∂F (ξ)

∂ξ

∣∣∣∣
nb,T,µ∆=0

, (10.48)

which, remembering ξ = µ∆/T , is

∂F (ξ)

∂µ∆

∣∣∣∣
nb,T,µ∆=0

=
1

T

∂F (ξ)

∂ξ

∣∣∣∣
nb,T,µ∆=0

, (10.49)

and the result

∂F (−ξ)
∂µ∆

= −∂F (ξ)
∂µ∆

(10.50)

where ξ = 0. Finally the γ we want is −∂Γ/∂µ∆ at µ∆ = 0, which is

γ = −2
(
GmU,nd(n) +GmU,nd(p)

)
T 6

(
3π6

4
+

420π6

720
+

3720π6

30240

)
(10.51)

= −367π6

126

(
GmU,nd(n) +GmU,nd(p)

)
T 6. (10.52)

10.2.2 Estimating the relevance of bulk viscosity

In fig. 10.4 we show A as obtained from the modified Urca rates for the APR equation

of state [122] using the value of γ derived above. Alongside A we also plot contours

at a selection of different frequencies/inverse timescales. The two lower contours

approximately bracket the frequencies relevant for gravitational waves in the post-

merger phase (1− 10 kHz). These contours show that at core densities, the bulk viscous

resonance peak will occur at similar frequencies to the dynamics when the matter is

in the T = 3 − 5MeV range, which agrees well with calculations performed by other

groups [10;14]. The dot-dashed contour shows the approximate timestep that represents

a “good” resolution in current simulations (equivalent to a grid resolution of around

100m), and the dotted line represents a speculative resolution we might hope to meet

within the next decade (order 1m). One should keep in mind that our calculations are
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Figure 10.4: Plot of A for the APR equation of state [122]. The restoring term γ is
calculated assuming the Fermi surface approximation remains valid using rates from
Alford et al. 2018 [12]. Contours are at A = {103, 104, 107, 109}s−1 (solid, dash, dot-

dash, dot).

only valid in the low-T limit, and we should expect shorter timescales to be relevant (at

a given density and temperature) if finite temperature effects are included.

In fig. 10.5 we plot the maximum relative contribution of the bulk viscous pressure

(eq. (10.8)), keeping the contours from fig. 10.4. We see that the upper right (T ≥
3MeV, nb ≥ 10−2nsat) region of the plane provides the most promising conditions for

the relevance of bulk viscosity to the dynamics of the simulation. There are a number

of interesting features in this plot. Vertically on the right hand side, at just above

saturation density, we see the APR phase transition. To the left of this there are two

features at similar densities. The first, which goes up to around ∼ 10MeV and goes off

the bottom of the density scale at around ∼ 0.8MeV we see what is likely an artefact of

the method used to produce the equation of state table (we see similar artefacts on other

similarly produced tables) whereby different calculation methods are used in different

regions of (ρ, T ) space and stitched together. Finally, there is a line that closely follows

the previous artefact before going to the top right of the plot where Πmax/peq drops to

∼ 0. We have not studied this feature in detail, but, speculatively, it may be related to

where ∂µ∆/∂Ye passes through 0, but, again, we have not explored this fully.
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Figure 10.5: The maximum (for each point we assume that ω = A) potential relative
contribution of the bulk viscous approximation Πmax/peq at each point in phase space

using the APR equation of state [122]. Contours are copied from fig. 10.4.

Finally, as A represents the inverse of the timescale of the equilibriation we can use an

independent measure to verify our results based on the mean free path of the neutrinos

calculated in section 9.2. Equation (9.8) gives the opacity of the fluid to neutrinos,

which is related to the mean free path through ℓ = 1/κ. Assuming the neutrinos travel

at c the mean free path then sets a timescale for the equilibriation as τeq = 1/κ̃∗. In

fig. 10.6 we plot this timescale, and (as with fig. 10.5) we also plot the same contours

over Πmax/peq in fig. 10.7.

Comparing these results to figure 10.4 we see that there are some similarities. Both plots

agree that the timescales for T ≲ 1 MeV are too long to be relevant for our purposes,

and they are also similar for most densities in the 1 MeV ≲ T ≲ 10 MeV region.

However, at high temperatures there are qualitative differences. We see the contours

curving upwards much more noticeably here than for A, and the timescales here are also

generally slightly longer. We also note that at very high densities, where nb ≳ nsat, there

is an upwards trend to the contours, and they are also much closer together here than for

the previous calculation. This suggests that an equivalent bulk viscous approximation

will be relevant over less of the phase space when a timescale measure based on neutrino

equilibriation is used compared to the Fermi surface approximation. The quantitative
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Figure 10.6: Plot of the inverse of the neutrino equilibriation timescale 1/τeq.
Contours are at 1/τeq = {103, 104, 107, 109}s−1 (solid, dash, dot-dash, dot).

differences between the timescales shown in the two figures illustrates the uncertainties

in the precise values due to not including all of the physics.

Despite the qualitative differences between the equilibration timescales obtained through

the two different methods, it is encouraging that there are some broad similarities

between the two, particularly the regions of interest at relevant temperatures and

densities.

10.3 Approximating Bulk Viscosity

Here we briefly outline how one might include an approximation of bulk viscosity in

simulations. The low frequency limit of the bulk viscous pressure can be approximated

by (the “Navier-Stokes Approximation”) [37]

Π = − ∂p

∂µ∆

∣∣∣∣
nb,e

nb
A
Bθ. (10.53)
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Figure 10.7: Copy of figure 10.5 with contours from figure 10.6. Colors give the
maximum (for each point we assume that ω = A) potential relative contribution of
the bulk viscous approximation Πmax/peq at each point in phase space using the APR

equation of state [122].

The total pressure is then

p = peq +Π, (10.54)

where peq is the pressure as calculated in equilibrium. As we have shown above, we have

the ability to calculate the terms here (except θ) from the equation of state and the

reaction rates. The expansion, θ, is given by

θ = ∇au
a. (10.55)

Our simulations do not currently measure the time derivatives of variables, but it is

possible to modify them to do this. The only place where is the pressure is used in the

simulation is when moving between the primitive and conserved variables (sections 3.3

and 6.2). It is therefore be possible to modify the pressure (and enthalpy) terms

in eqs. (3.39) to (3.41), and the corresponding terms in the conservative-to-primitive

methods in section 6.2.

The main issue with this method is that, as illustrated in fig. 10.8, the error in the bulk
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Figure 10.8: Navier-Stokes approximation to bulk viscosity (orange, dashed), and
resonant behaviour of bulk viscosity (blue, solid). ω/A represents the scaled frequency
of the driving oscillation, and the resultant bulk viscous pressure goes like µ∆/nbB.

viscous pressure term grows rapidly when the oscillation in the fluid is much faster than

the frequency at the resonant peak. This is especially problematic in turbulent regions

(such as the shearing interface between the two merging stars) where we might expect

turbulent mixing to excite oscillations down to the metre scale or below (although in

practice this will be limited by the grid resolution) as shown by Radice [109].

10.4 Known Issues

As alluded to multiple times in this chapter, an important issue that we face in including

bulk viscosity in simulations is that of timescales. We expect there to be significant

regions throughout the simulation where the equilibriation of the fluid takes place on

a timescale much faster than the timestep of the simulation. This problem will be

exacerbated as we try to include finite temperature effects (such as neutrinos and pions),

as we expect these to decrease the equilibriation timescale significantly. Approximations

to bulk viscosity, such as those discussed in Celora et al. [37], will not capture the full non-

linearity of the effect, so in regions where the reactions are slow enough it is desirable

to evolve the reactions directly (using e.g. eq. (7.2)), and only use an approximation

where the reactions cannot be captured. Another approach could be to use an LES style

method (as is discussed in Celora et al. [37]), however this requires further development.

In addition to such timescale issues, we also expect problems when attempting to include

the same set of reactions through different means, which we call “double counting” (see
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Hammond et al. [68] and Celora et al. [37]). There are (at least) two cases where double

counting may be an issue. First, one can imagine trying to split the reactions into

“slow” (i.e. resolvable by the timestep of the simulation) and “fast” (i.e. faster than

the numerical timestep) parts (see Celora et al. [37] for a full discussion), implementing

the effect of slow reactions through changes to the particle species fractions, and the

effect of the fast reactions through an effective bulk viscous pressure. In this case there

is a coupling between the fast and slow rates (see appendix D3 of Celora et al. [37]),

so one would need to ensure that the effects of the unresolved fast reactions on the

resolvable slow reactions are carefully considered. Second, assume we have a “complete”

implementation of bulk viscosity that takes the above into account, on top of which we

want to include a neutrinos. As the two effects result from the same set of reactions, we

would need to be careful how that neutrino treatment interacts with the reaction rates

or we may implicitly include “extra” bulk viscosity [68].
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Chapter 11

Conclusions

11.1 Summary

In part II of this thesis we presented an exploration of some of the composition-

and temperature-dependent physics that impact upon binary neutron star mergers.

Chapter 8 covered the “standard” definition of β-equilibrium, and the detectability

via gravitational waves (focusing on third generation detectors) of deviation from said

equilibrium, the results of which are published in Hammond et al. [69]. We found that

while the difference between the spectra using the slow- and fast-limits for reactions is

small, it should be detectable by third generation gravitational wave observatories. In

addition, we showed that this difference is due to a softening of the equation of state

when the equilibrium condition is violated, causing the matter distribution within the

star to change, increasing the moment of inertia. We reproduced this effect for isolated

rotating stars using several different equations of state (based on different underlying

models), and showed that this effect may be general for all (reasonable) equations of

state.

In chapter 9 we discussed how the definition of β-equilibrium changes as one starts to

account for thermal effects, as published in Hammond et al. [68]. We began by showing

how the definition at finite temperature derived in Alford and Harris [12] can cause a

softening of the equation of state. We then discussed how the equilibrium will be

dominated by neutrinos when they become trapped, and the difficulties in defining

where this happens due to the non-locality of the effect. Next we mentioned how

at high temperatures (∼ 25MeV) the equilibriation between baryonic species might

be mediated by thermal pions, which drastically decreases the timescale on which the

equilibrium is established. We then applied the conditions for these different equilibria

to our simulation data, demonstrating that they might all be simultaneously relevant

in different regions of merger, complicating the issue of defining the local equilibrium

condition during a merger simulation. Finally we presented some unpublished work



140 Chapter 11. Conclusions

exploring the post processing of simulation data using ray tracing to determine the

regions where neutrino reactions are significant, comparing the results to our previous

estimate.

Chapter 10 features a discussion of bulk viscosity. In section 10.1 we discuss sub- and

supra-thermal deviation from equilibrium as they relate to bulk viscosity, as published

in Hammond et al. [68]. In the remainder of the chapter we present the calculation of the

bulk-viscous coefficients A and B from an equation of state table and a parameterisation

of the Urca reaction rates, as published in Celora et al. [37]. Finally, we talk about some

of the issues related to the inclusion of bulk viscosity/reactions/neutrinos in simulations,

in particular how all three effects are intimately linked, and the problem of having to

deal with timescales that are much faster than the timestep of a simulation.

The simulations discussed in part II are built upon over a century of general relativity

theory, forty years of numerical relativity and relativistic hydrodynamics simulations,

and use a software suite that was first released twelve years ago (although some parts

date back nearly thirty years). In part I we gave a broad overview of the theory that

underpins the simulation of binary neutron star mergers (chapters 2 and 3), discussed

the parts of the Einstein Toolkit (and other codes) that we used in the creation of

our simulations (chapter 4), covered some of the techniques used for the analysis and

visualisation of the data that comes out of the simulations (chapter 5), and finally in

chapter 6 we discussed our own modifications to the code (as published in Hammond

et al. [68]) that allowed us to carry out the simulations we have presented.

11.2 Future Work

The work we have presented naturally leads to one obvious idea for future work:

perform a simulation that directly implements all relevant reactions and includes a full

neutrino treatment. By simulating the reactions and neutrinos using a finite temperature

prescription one would automatically account for all of the physics we explored in

chapters 9 and 10. However optimistic this may be in terms of the computational

power required, there are, unfortunately, other hurdles.

As we mention in section 10.4 there are issues with the timescales at play. We expect

that the equilibriation under the neutrino trapped regime would outpace the currently

available temporal resolution of simulations, and if the equilibriation via pions is to

be taken into account then there is no hope of trying to resolve the reactions in the

traditional way. As we discuss in Celora et al. [37], one way around this might be to

perform simulations using an “LES” like method, where very short, very high temporal

and spacial resolution box simulations are used to inform large scale simulations of the

unresolved behaviour.
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Further, as we briefly mention in section 7.4, there are issues with the temperature in

binary neutron star merger simulations as they currently exist. If we want the initial

data to realistically represent old pairs of neutron stars, we need to access temperatures

in the ∼ 106K (∼ 10−5MeV) range, something that is not possible with currently

available equations of state. Additionally, if we want to study the behaviour of the crust

in simulations we need to get a handle on the heating caused by shocks building up at

the surface of the star. Finally, we expect the cores to remain relatively cold throughout

the merger process. However, as we also show in section 7.4, the conserved quantities

that are evolved in numerical relativistic hydrodynamics simulations are not well suited

to low temperatures as there are issues of error amplification inherent in the system.

Evolving the entropy alongside the current evolved quantities may help, however this

becomes an issue when shocks form as the entropy is not conserved.

In section 10.3 we present an approximation of the bulk viscous pressure that is calculable

with only minor modifications to current code. Bulk viscosity in mergers is an effect that

is being studied by several groups through different methods, with conflicting opinions

as to whether the effect is important (compare Most et al. [96] and Radice et al. [112]),

motivating further study. There are issues with this prescription that we are currently

working on, namely how to deal with the exploding error when the expansion term is

in the high-frequency limit, and how to modify the code so that the required quantities

are available.

Finally, with the aid of colleagues in the nuclear physics community we are in the early

stages of performing a simulation that takes into account the effects of thermal pions

(as discussed in section 9.3). By comparing the results of such a simulation to one that

does not feature such effects—in a similar manner to the work in section 8.2—we hope

to, at least qualitatively, demonstrate whether such pions can have a measurable effect

(with respect to future detectors) on the gravitational wave output of a merger.
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[7] M. Alcubierre, B. Brügmann, D. Pollney, E. Seidel, and R. Takahashi. Black

hole excision for dynamic black holes. Physical Review D, 64(6), Aug. 2001.

doi:10.1103/physrevd.64.061501.
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realistic equations of state in full general relativity. Physical Review D, 71(8),

Apr. 2005. doi:10.1103/physrevd.71.084021.

[127] D. M. Siegel, P. Mösta, D. Desai, and S. Wu. Recovery schemes for primitive

variables in general-relativistic magnetohydrodynamics. The Astrophysical

Journal, 859(1):71, May 2018. doi:10.3847/1538-4357/aabcc5.

https://doi.org/10.1088/0264-9381/27/11/114105
https://doi.org/10.3847/2041-8213/ac0a81
https://doi.org/10.1002/9783527618170
https://doi.org/10.1103/physrevd.89.104033
https://doi.org/10.1007/978-3-319-97616-7_9
https://doi.org/10.1103/physrevc.96.065802
https://doi.org/10.1103/physrevc.100.025803
https://zenodo.org/record/6131529
https://doi.org/10.1142/9692
https://doi.org/10.1103/physrevd.52.5428
https://doi.org/10.1103/physrevd.71.084021
https://doi.org/10.3847/1538-4357/aabcc5


154 REFERENCES

[128] L. Smarr and J. W. York. Kinematical conditions in the construction of spacetime.

Physical Review D, 17(10):2529–2551, May 1978. doi:10.1103/physrevd.17.2529.

[129] A. W. Steiner, M. Hempel, and T. Fischer. Core-collapse supernova equations of

state based on neutron star observations. The Astrophysical Journal, 774(1):17,

Aug. 2013. doi:10.1088/0004-637x/774/1/17.

[130] J. M. Stone et al. Athena++, accessed 2022. URL https://www.athena-astro.app/.
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