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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES
School of Physics and Astronomy

Doctor of Philosophy

Holographic Correlators and Their (Hidden) Symmetries

by Michele Santagata

In this thesis we discuss several aspects of correlators at strong coupling in three different
theories: N' = 4 Super Yang-Mills (SYM) in four dimensions, the D3-D7 system and the
D1-D5 CFT. In the first part we focus on N’ = 4 SYM. After reviewing some background
material, we outline a procedure to compute tree-level o/ corrections to the four-point
function of half-BPS operators, dual - via AdS/CFT - to the scattering of four Kaluza-
Klein modes in AdSs x S°. The results enjoy remarkable features, ultimately ascribed
to a hidden 10d conformal structure governing the dynamics of N’ =4 SYM in the su-
pergravity regime. The method, that relies on the understanding of certain patterns in
the CFT data at large IV, also fixes uniquely a particular class of anomalous dimensions
associated to long double-trace operators exchanged. These anomalous dimensions are
the zeros of a characteristic polynomial which enjoys a lot of very intriguing properties
which we describe in detail. In the second part of the thesis we explore two other confor-
mal field theories: the D3-D7 system, described by a certain 4d N/ = 2 superconformal
field theory and the D1-D5 CFT, which is a 2d N/ = (4, 4) superconformal field theory.
We show that the extreme simplicity of the tree-level dynamics in these theories - due to
8d and 6d hidden conformal symmetries - allows to define generalised Mellin transforms
which make manifest many properties of the associated AdS amplitudes, such as the
large p limit, and - in the case of the D3-D7 CFT - Bern-Carrasco-Johannson (BCJ)
and double-copy relations. We then compute the anomalous dimensions of the long-
double trace operators exchanged, and show that, like in N' =4 SYM, they are simple
rational function of their quantum numbers and manifest a residual degeneracy, as a
consequence of the hidden symmetries. Lastly, we show that many of the formulae we
recalled /derived in this thesis can be nicely assembled into compact expressions which

interpolate between different theories.
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Chapter 1

Introduction

Scattering amplitudes are among the most intriguing objects in Quantum Field The-
ories’ (QFTs). They provide us with theoretical data which are then compared with
experiments. Yet, they are a powerful playground for our understanding of QFTs; they
very often reveal unexpected simplicity and hidden structures which are not manifest
in the usual Feynman diagrammatic approach. This is ultimately due to the fact that
scattering amplitudes, unlike some other quantities, are gauge-independent objects. A
classic example is the celebrated Parke-Taylor formula [7-9], which provides the tree-
level n-point Maximally Helicity Violating (MHV) amplitude of gluons in Yang-Mills
(YM) theory. In the spinor-helicity formalism, it reads

ij)4
ApIT . i nt) = <12><2<3*>7?”<n1>. (1.0.1)

There is no need to introduce the notation used in (1.0.1), because the point being made
is as simple as this: the beauty and the compactness of the formula is surprising when
compared to the huge number of Feynman diagrams - which grow factorially with the

number of external states n - contributing to the process.

As another example, consider the four-point amplitude of gravitons in general relativity:

(12)7[12] (12)4[34]*

Mi[17278 ] = e o O BT~ stu

(1.0.2)
where s, t, u are the Mandelstam variables. Again, despite a very bad-looking non-linear
Lagrangian, the end result is just (1.0.2). These two significant examples capture the
core idea of the amplitude program: one tries to focus on the full amplitude, rather than
on objects which depend on field redefinitions or gauge choices such as Lagrangians and
Feynman diagrams. In short, we can say that the modern amplitude perspective tries

to address two (related) tasks:

!See [6] for a recent review on the subject.
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1. find a framework where the simplicity is manifest. In the case of the MHV ampli-

tude (1.0.1) this is the spinor-helicity formalism;

2. understand the reasons behind the simplicity, as the existence of symmetries. The
compactness of the Parke-Taylor formula, for example, can be understood with
the fact that it has support on the simplest curve (a straight line) in twistor space
[10].

The study of scattering amplitudes has led to remarkable achievements in our under-
standing of gravity, gauge theories and their connection. In fact, while so different-
looking - at least at the level of the Lagrangian - Einstein and Yang-Mills amplitudes

are intimately related. Continuing with the two examples above, it is easy to show that
My[17273T4%] = sAy[17273T47)A4[17 274737, (1.0.3)
Here, Ay is the four-gluon MHV amplitude, i.e. (1.0.1) with n = 4:

3 2 2
Ay17273T41] = (23><<1?i>><41> = <12>8£34] , (1.0.4)

where in the second equality we made manifest the Mandelstam variable dependence.
Equation (1.0.3) is the simplest of the so-called Kawai-Lewellen-Tye (KLT) relations,
which were originally discovered in the context of string theory [11]. Together with
the closely-related Bern-Carrasco-Johannson (BCJ), color-kinematic (CK) duality and
double-copy constructions [12], they seem to support the beautiful idea that there is
an underlying common framework for gravity and Yang-Mills theories, such as string

theory. These relations are often summarised with the statement
gravity ~ Yang-Mills x Yang-Mills, (1.0.5)

i.e. gravity amplitudes are obtained by ”squaring” Yang-Mills amplitudes. Despite -
beyond tree-level [13—-16] - a general proof for these relations is still lacking, there are by
now explicit double-copy constructions for a wide class of theories (see e.g. [17] for an
extensive review on the subject). Needless to say, the hope is that all of these properties
will, one day, shed light on some of the most challenging and beautiful questions of

theoretical physics:

what are the UV completions of quantum gravity?

And how are they related to string theory?

History has already taught us that amplitudes can certainly play a primary role in ad-
dressing these questions. In fact, the birth of string theory itself is exemplary from
this point of view. In the mid-1960s, Veneziano constructed a four-point scattering am-

plitude to model certain features observed in hadron resonances. For various reasons,
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the model did not work. A decade later, in 1974, Schwarz and Scherk, and indepen-
dently Yoneya, realised that the model was capable of describing spin-1 as well as spin-2
massless particles. They then proposed that string theory should be considered as a
theory of all interactions, at a more microscopic level, rather than a model for strong
interactions. Their idea was furthermore supported by the fact that the Veneziano (and
its Virasoro-Shapiro cousin) amplitude enjoyed a number of properties, such as Regge
trajectories and suppression of high-energy modes, which could in principle soften the

bad ultraviolet behaviour of gravity.

It should be noted, however, that while many of these relations have been studied
in flat space, much less is known in curved backgrounds, mainly because of the high
complexity of performing such computations in curved spaces. This is nevertheless a
very important subject, due to its connection to very active areas of modern physics like
cosmology and black holes, where curvature effects are expected to become dominant.
The simplest curved background where seeking and exploring new properties, is perhaps
the Anti-De-Sitter (AdS) space. In fact, with the groundbreaking discovery of AdS/CFT
correspondence [18-20], there is now a wealth of new tools to explore questions about

quantum gravity in AdS.

The AdS/CFT correspondence states the equivalence between two a priori different

theories:

e a theory of gravity in AdS in d + 1 dimensions;

e a conformal field theory (CFT) in d dimensions living on the boundary, with no

gravity.

The duality establishes an equivalence between the dynamics of these two theories and,
quite surprisingly, reveals that gravity dynamics is captured by a quantum field theory in
one dimension lower. Crucially, the correspondence maps scattering of states in AdS to
CF'T correlation functions, therefore the problem of computing scattering amplitudes in
AdS can be turned into a computation of CFT correlators for which we have, in principle,
more control. In fact, the rapid advancing of new CFT tools, and in particular of the
bootstrap program, has led to stunning achievements in the computation of these so-
called holographic correlators. The best studied example is undoubtedly the duality
between IIB string theory in AdSs x S% and A/ = 4 Super Yang-Mills (SYM), for which
explicit results are now available at tree [21-32] and loop level [33-43] in supergravity
as well as for tree [1, 3, 44-51] and loop [52, 53] string corrections?.

In particular, all four-point functions of arbitrary (Kaluza-Klein) KK modes are now

completely known at tree-level in supergravity. They were computed for the first time

See [54, 55] for an up-to-date review on the state of the art of this program.
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in [26, 27], with the help of a bootstrap approach in Mellin space. In the notation of
[32], the amplitude reads

1
+ Dt +1D)(u+1)

MguGra = s (1.0.6)
We will say more about notation and the many intriguing properties of this formula
in the main body of the thesis. For now, let us just point out that tasks 1. and 2. we

mentioned earlier have, in this case, been (perhaps partially?) addressed. In fact,

1. the amplitude admits a very compact representation in the large p formalism which
has also the advantage of making explicit the so-called large p limit. This a refine-
ment of the Mellin space formalism [56-59] which was already known to capture

many features of the AdS dynamics;

2. the extreme simplicity of the correlator is due to the existence of an hidden 10d
conformal symmetry [31], that controls the tree-level dynamics in supergravity.
In particular, it allows the repackaging of all KK correlators into a single object
(1.0.6).

Importantly, the hidden symmetry also provides an explanation for the observed simplic-
ity in the spectrum of anomalous dimensions of the double-trace operators exchanged
in the OPE at large N, which were computed in [33, 37].

Away from the supergravity limit, there is evidence that the hidden symmetry is broken
[3, 50]. Nevertheless, its breaking still plays a crucial role in constraining the dynam-
ics of four-point scattering beyond supergravity [3]. Supergravity and tree-level string
corrections to four-point correlation functions of KK modes in AdS5 x S° are the main
subject of the first part of the thesis.

The development of the bootstrap program has led to very important results also in other
theories, such as the maximally supersymmetric backgrounds AdS, x S7 and AdS7 x S*
[60, 61] as well as in theories with less supersymmetry such as AdSs x S? [62], AdS3 x 5>
[4, 63-66] and AdSs x S [5, 67-70]. These last three theories, namely AdSs x S,
AdSs x S and AdS3 x S2, enjoy hidden conformal symmetries at tree level analogous
to that found in N' = 4. The second part of the thesis will be devoted to exploring the

tree-level dynamics of the latter two theories.

The AdSs x S? background arises as the low-energy limit of the so-called D3-D7 system
and is dual to a certain 4d N = 2 SCFT. The four-point function of half-BPS operators
in the dual 4d N' = 2 theory computes the scattering of supergluons in AdSs x S3.
Because of the hidden conformal symmetry, this system is an ideal, yet non-trivial,
place for seeking AdS analogs of double-copy, colour-kinematic and BCJ relations. In
fact, it turns out that such relations do hold in this background, at least for four-point

functions, in a way strikingly similar to flat space [5, 68].
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The AdS; x S3 background is dual to the so-called D1-D5 CFT, which is a 2d N = (4,4)
SCFT. The dual CFT, being two-dimensional, appears to be much more tractable than
higher dimensional counterparts, therefore it is an ideal playground to test and, perhaps,
derive the AdS/CFT correspondence [71]. Moreover, the theory has been the subject of
much exploration at weak coupling in supergravity/strong coupling in the CFT [4, 63—
66], particularly in the context of black hole physics and of the microstate program [72].
Interestingly, it has been found that there exists a family of pure CFT states dual to
smooth horizonless supergravity solutions in the bulk [73-79], that suggest a possible

resolution of the Hawking paradox [80, 81].

In the supergravity regime, the spectrum after KK reduction onto S3, consists of two
different multiplets. The tensor multiplet sector enjoys an hidden 6d conformal symme-
try [64] and, as a consequence of this, the four-point function of half-BPS operators in
the dual SCFT at strong coupling can be written, analogously to N' = 4, in terms of a

single Mellin amplitude.

Outline of the thesis

We will give a slightly more detailed overview at the beginning of each chapter; here we

present a very brief outline of the thesis.

The thesis is divided in two parts. In part I we discuss various aspects of four-point
correlators of half-BPS operators in N' = 4 SYM at strong coupling, dual to the scat-
tering of four KK modes in AdSs x S°. In chapter 2, we start by reviewing some well
known facts about A/ = 4 and their correlation functions. Then, in chapter 3, we review
some basics of AdS/CFT, with a particular emphasis on the archetypal example of du-
ality between N = 4 and IIB string theory on AdSs x S°. In chapter 4 we discuss the
supergravity correlator in AdSs x S° in more detail, and introduce the so-called large
p formalism [32]. The large p formalism turns out to be very useful also for tree-level
string corrections. These are the subjects of chapter 5. There, we present the results for
tree-level string correlators obtained via a bootstrap approach developed in [1, 3], which
we will explain in great detail in chapter 7. In order to better understand that, we first
need to review (chapter 6) the supergravity spectrum and in particular the computation

of anomalous dimensions, first done in [33, 37].

Part II is devoted to the study of four-point functions of half-BPS operators in AdSs x S°
and AdSs x S3 backgrounds. In chapter 8, we recall some facts about the AdSs x S3
setup. We adapt the large p formalism of [32] to the AdSs x S3 case, and define a suitable
Mellin transform which has the advantage of making manifest many properties of the
amplitude. In chapter 9 we review BCJ and double copy constructions in flat space

amplitudes and then, after presenting the tree-level correlators in the large p formalism,
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we show that analogous relations hold in AdS5 x S2. In chapter 10 we study the double-
trace spectrum of the theory and compute all leading order anomalous dimensions. The
results are reminiscent of the ones found in AN/ = 4, confirming once again that the

hidden symmetry plays a prominent role in constraining these CFT data.

Next, we move to the D1-D5 CFT, which is a 2d N' = (4,4) SCFT dual to string theory
on AdSs; x S3. By following the same structure as the other setups, we first recall
(chapter 11) some basics of the theory. Then, following [4], we define an AdS3 x S°
Mellin transform which makes manifest the hidden 6d conformal symmetry enjoyed by
these correlators. We then investigate the double-trace spectrum of the theory at large
N. To do so, we first compute the relevant long superconformal blocks and then find

the anomalous dimensions. This is explained in chapter 12.

In chapter 13 we present some general (and intriguing) formulae which interpolate be-
tween these three cases. In the last section we discuss some possible string corrections

to AdSs x S% and AdSs x S3 amplitudes and the associated string-corrected spectrum.

Finally, we draw some conclusions, by giving an overview of the thesis and discussing

some possible future works.



Part 1

N =4 SYM at strong coupling






Prologue I

We begin the journey with A/ = 4 SYM, the most supersymmetric gauge theory in four
dimensions. The theory has been subject of a considerable amount of work in the past
several years, both at weak [82-100] as well as strong coupling [1, 3, 21-34, 37-50, 52, 53]

in the gauge parameter.

Surprisingly, N/ = 4 SYM appears to be, in the so-called planar limit, integrable -
a feature which is usually confined to two-dimensional models®. The many hints of
simplicity make the theory an ideal model for understanding properties shared by some

more phenomenologically relevant cousins, such as QCD.

N = 4 SYM is a very useful theoretical laboratory not only for testing our understanding
of quantum field theories, but also for quantum gravity. In fact, as mentioned in the
introduction, it is dual to IIB superstring theory on AdS;5 x S® [18-20]. In particular, the
strong coupling regime of N = 4 SYM maps to the weakly-coupled regime of superstring
theory, therefore, together with AdS/CFT, it provides us a very concrete way to explore

various aspects of quantum gravity.

It is the purpose of this first part to go through some recent advances in the computation
of four-point functions of half-BPS operators in A/ = 4 at strong coupling. We will
discuss a recently proposed bootstrap method [1, 3] to compute tree-level correlators
at any order in o/, dual to the (low-energy expansion of) Virasoro-Shapiro amplitude
in AdSs x S°. The method relies on the understanding of a pattern on the structure
of the anomalous dimensions of the operators exchanged in the OPE at leading order.
Reassuringly, the amplitudes obtained in this way precisely match with those of [50]
where a different method is used. The results indicate that a magic hidden structure,

yet to be fully understood, controls these observables.

3See [101] for a review on AdS/CFT integrability.
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Chapter 2

Basic facts about N = 4 SYM

In this chapter we review some well known facts about N/ = 4 SYM. We begin by recalling
a few properties of the theory; we then introduce the notion of of superconformal primary
operators and, in particular, the half-BPS primary operators (section 2.1). In section 2.2
we discuss two-point, three-point and four-point functions of these operators. Finally,
in section 2.3, we introduce the important concept of the operator product expansion
(OPE) and the related superconformal blocks.

N = 4 SYM has 16 real supercharges, which is the maximum allowed number in four
dimensions if we do not want to include gravity. On top of the gauge group, which we will
take to be SU(N), the theory is invariant under the superconformal group! PSU(2,2[4).
The statement holds not only at classical level, but also at quantum level - due to the
vanishing of the S function. The superconformal algebra consists of bosonic generators,
that span the so(2,4) x su(4)r algebra, where the first factor is the conformal algebra and
the second is the R-symmetry algebra, as well as fermionic generators. The conformal
algebra is spanned by the usual Poincare generators P, M,,,, the dilation generator A
and the special conformal generators K,,. The fermionic generators on the other hand,
consist of the supercharges @, Q4; and the special fermionic generators S%, Ss;. Both
Q@ and S transform in the fundamental representation of SU(4)g, i = 1,...4 and in the
(2,0) (or (0,3)) representation of the Lorentz group. We will refrain from writing all
commutation relations explicitly. Let us just recall a few of them, involving the dilation

operator A. We have

A, P,] = P, A K, =—-K,, (2.0.1)
as well as . .
A, Qi) = 5Qu A, Sk = ~5 Sk (2.0.2)

!These are the "obvious” symmetries of A" = 4 SYM; it turns out that /' =4 SYM also enjoys dual
superconformal symmetry [102] which lifts the superconformal group to a Yangian [103].

11
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These commutation relations will come back in the next section when we will introduce

the concept of (super)conformal primary operator.

Maximal supersymmetry repackages all fields in one self-CPT conjugate multiplet, trans-
forming in the adjoint of the SU(N) gauge group, with 16 on-shell degrees of freedom
so divided:

e aspin 1 gauge field A, singlet under SU(4)p;

e 4 fermion fields v*, living in the fundamental of SU(4)g;

e 6 scalars ¢® transforming in the adjoint of SU(4)g.

2.1 Superconformal primary operators

It is helpful to work in a basis in which the dilation operator acting on operators at the
origin is diagonalised, i.e.
[A, 0(0)] = A O(0) (2.1.3)

where O(0) is a generic operator. Now, note that by virtue of (2.0.2) and (2.1.3), we

can write
4,155,000 = [A,511,00)] + [85.14,00)] = (A 3 ) 82.00). (210

therefore, the superconformal generator S?, lowers the dimension by 1/2. An analogous
statement obviously also holds for Si;. Since in physically sensible theories the dimension

of operators is bounded from below, there must exist an operator such that
[Sé, Oprim] =0, [S@i, Oprim] =0. (2.1.5)

Oprim is called superconformal primary operator (SCPO) and its superconformal descen-
dants are obtained by acting with the operators Q%, Q4. Note that @, Q increases the
dimension by %.2 The superconformal multiplet is the multiplet obtained starting from

the lowest operator and acting with all possible Q, Q’s.

Analogously, one can define a conformal primary operator (CPO) by requiring that is
annihilated by the conformal generator K ,f)’ . A SCPO is also a CPO but the viceversa
is of course not true. The full conformal multiplet is then obtained by acting on the

SCPOs with the translation generator P,.

SCPOs can satisfy shortening conditions, i.e. they can commute with some of the super-

charges so that the resulting multiplet is shorter. The classification of superconformal

2In the case of an operator transforming non trivially under R-symmetry we refer, as is common in
this context, to the SCPO as the whole set of primaries forming the given R-symmetry representation.
3Note that, by virtue of (2.0.1), K, lowers the dimension by 1.
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Operator #Q SU(4)r A

1/2BPS 8 [0, p, 0] D

1/4BPS 4 g,p,q] p+2q
1/8BPS 2 [g,p,q+2r] p+2q+3r
long 0 any unprotected

Table 2.1: Different supermultiplets in N = 4.

multiplets in N' = 4 SYM has been extensively studied in the past two decades, see
e.g. [104-107]. There are four different types of multiplets classified according to their
length®. In table (2.1) we briefly summarise the different types of multiplets, highligthing

the number of charges that leave the primary invariant and their SU (4)R representation.

As usual, we specify the R-symmetry representation via its Dynkin labels, which in the

case of SU(4) are three and denoted by [a1, az, as].

BPS operators are very special: their dimension is unrenormalised or, in other words,
they are protected from quantum corrections. This is not true for long operators, which

indeed acquire an anomalous dimension.

A primary role in AdS/CFT (and in this thesis) is played by half-BPS operators. The
simplest half-BPS are the so-called single-trace operators and can be written in terms
of the scalar field ¢ as

O = sTr(plh ... g }) (2.1.6)

where sTr denotes the symmetrised trace over the gauge algebra and the curly brackets
stand for the traceless part of the tensor. They have (protected) scaling dimension p
and live in the [0, p, 0] representation of SU(4)r. An equivalent but very useful way to

keep track of the R-symmetry is to introduce null vectors ¥/,

Op(2,y) = iy -+ i, Te(@™ ... ¢™), 7.7 = 0. (2.1.7)

In this way, an half-BPS operator is generically specified by the spacetime coordinate x
and the SU(4) coordinate y. From now on, we will suppress the dependence on (z,y)

when this does not create confusion and write O,(z,y) = O,.

We can also build half-BPS multi-trace operators by taking product of single-trace op-

erators of the form

Opl,---,pn = Opl . e OP”‘[OJ),O]’ p = pl + .. .pn7 (218)

and projecting onto the [0, p, 0] representation.

4Strictly speaking the multiplets are 5 because there is the identity, which is annihilated by all
supercharges and is obviously the only operator in its multiplet.
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Certainly not all multi-trace operators are half-BPS. One famous example are the long

double-trace operators of the schematic form
Op0" 0y, -+ '(%}tha,b,a]’ (2.1.9)

where the curly brackets mean that the operator is projected onto a symmetric traceless
representation with spin [ and classical dimension Agee = p+¢q+2n+1. These operators
are SCPOs of long multiplets; they are particularly relevant in this context since it can be
shown that, in CFTs which admit a large N expansion®, these are actually the only long
operators exchanged in the OPE of two half-BPS operators at large N [58]. Although
these operators are unprotected, they only acquire an anomalous dimension at order
1/N?, because interactions are suppressed at large N. These anomalous dimensions are
an important piece of the bootstrap program, as we will see more in detail later on. Let

us now discuss some properties of the correlation function of half-BPS operators.

2.2 Kinematics of four-Point functions

From now on, we will focus on correlation functions of scalar operators; analogous state-
ments are available for operators with non-trivial spin structure. (Super)conformal sym-
metry heavily constrains correlation functions. In particular two-point functions are
completely fixed, up to a normalisation which can be reabsorbed into the redefinition of
the field. We have,

2
Y
(O, (@1,91)Opa (¥2,92)) = COpr gy, g12= 3 (2.2.10)

12
where x%z = (21 —2)%, y%Q = (y1 —y2)? = y1-y2. For future convenience, in A’ = 4 SYM
we will choose the normalisation® to be C' = p%. Note that the power of x12 is fixed by

requiring that (2.2.10) satisfies the Ward identity associated to dilation symmetry:

(Opy (21, 91) Oy (w2, 92)) = X™PH(Op, (2, 41) Opy (2, 12)) (2.2.11)

with 2) = Az;. An analogous statement also holds for the internal coordinates y.

Similarly, for three-point functions we have

p1+p2—p3  p2+p3—p1
3

(Op, (71, Y1) Opy (w2, y2) Opg (3, y3)) = C123 913 95 gy (2.2.12)

where C123 is an overall constant. Two-point and three-point functions of BPS operators

are special. In fact, not only they are completely fixed by conformal symmetry, but they

SWe refer to chapter 3 for the definition of large N expansion.

5In fact, a more natural normalisation for operators dual to single particle states would be C' = pi N
where N is the rank of the gauge group. We will come back to this in the next chapter, when we will
discuss the single particle operators.
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take the same form as their free theory value, i.e. they are coupling-independent.

The situation starts to be different for four-point functions, which have non-trivial dy-

namics. As is common in this context, let us define spacetime and internal cross-ratios

via
2 .2 2 .2
1o LTI
;2 34:U:xi, 54 33:‘/:(1—1’)(1—%),
L1394 L1324
2.2 2.2
Y12y o _ Y14Y ~ _
2 =y, WE_§—(1-y1-g).
Y13Y24 Y13Y24

For future convenience, we also defined the variables x, Z, y,y which can be viewed as
of square roots of cross ratios and should not be confused with spacetime and internal
coordinates x;,y;. It is easy to show that the Ward identities for bosonic generators
imply that we can always extract a prefactor from four-point functions such that the

remaining function only depends on U, V,U, V. In fact, we can write:
(0p, 0p, Opy Opy) = P{91}]G5(U, V, U, V) (2.2.13)

where in our conventions the prefactor P is

2
y.4
Pl{gii}] = gisarighi (913924)™,  g9ij = ;2] (2.2.14)
1]
where
1 1 1
ks = 5(})1 +p2—p3s—pa), k= 5(1)1 +ps—p2—p3), ku= §(p2+p4—1)1 —p3),

(2.2.15)
and we have introduced the shorthand 7 = (p1, p2, p3, p4) to specify the charge depen-
dence. Without loss of generality, from now on we will assume py — p3 > ps — p1 > 0.

Note that Gz is now invariant under dilations with the conformal weight entirely carried

by Pl{gij}]-

We can further constrain the function Gy, by solving the Ward identities for the fermionic

generators’ [108]. The solution takes the following form:
gﬁ = gﬁ,free + gﬁ,dynamical (2216)

where G ¢ree is independent of the coupling and G aynamica1, Which encodes all the non-

trivial dynamics of the theory, factorises into

gﬁ,dynamical =7 Aﬁ' (2217)

"Note that similar statements also hold for other SCFTs, as we will see in the second part of the
thesis.
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where
T=(o—y)(E—y)e—5)E—7) (2.2.18)

is the so-called Intriligator factor and we have temporarily suppressed the dependence on
U,V,U,V. Equation (2.2.16) is often referred to as partial non-renormalisation® [109].
The function AU, V, U,V) - and its Mellin transform which will be defined later on -
is the main protagonist of the next chapters. It is a function of cross-ratios as well as
external charges. Moreover, note that A; has reduced degree in y,y compared to the

original correlator.

2.3 OPE and superconformal blocks

An important tool of (S)CFTs is the so-called operator product expansion (OPE). This
allows to write the product of two operators as a sum over primaries. In the case of
N = 4 the OPE of two half-BPS operators reads,
p1tp2—A )
Opy (21)Opy (w2) =D 915 2 Cra0K(w12,82) O (w2) (2.3.19)
o

where the sum runs over all superconformal primary operators. Here, K is a differential
operator that captures the contribution of all descendants of the super primary O and
C120 is the coeflicient of the three-point function (O,, O,,0a), defined by (2.2.12). To
see this, just multiply both sides of (2.3.19) by Oa and then take the correlation function
in both sides.

An important consequence of the OPE is that it allows to reduce an n-point function
to a sum of products of three-point functions. For example, in the case of a four-point

function, we can write

(Op, (1) Op, (#2) Oy (€3) Opy (w4)) = Y C5 7Sy, Cpz =Y _ C120,Ca10;.

(2.3.20)
where we have used the shorthand 7 = (7,1, R) to specify the quantum labels of the
operator. Here, 7 = A — [ is the so-called twist and R stands for any R-symmetry
representation belonging to ([0, p1,0] ® [0, p2,0]) N ([0, ps,0] ® [0, p4,0]). The possible
R-symmetry representations exchanged in ([0, p1,0] ® [0, p2,0]) are always of the form
[a,b,a] and they run over a set which depends on the charges as well as the type of
multiplet exchanged. We also introduced a sum over ¢ because in principle there can be
different operators with the same scaling dimension A (or, equivalently, same twist 7).

This is in fact exactly what happens to the spectrum of long double-trace operators in

8Note that this only states that the interacting piece necessarily factors out I, but it does not prevent
(some part of) free theory to factor out an I as well.
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M2

M1

Figure 2.1: A permitted Young diagram for N' = 4 reps. The length of the rows satisfies
Ai < 2 with 4 > 3. In this example the diagram is associated to a long operator with
Al = 10,)\2 :8,/L1 :2,p2 :3.

N =4 SYM at large N. We will come back to this in the next chapters when we will

discuss the operator mixing.

The contribution from all superconformal descendants is captured by the functions S =
which are known as superconformal blocks. There has been a lot of extensive work in
the computation of superconformal blocks in different dimensions with different number
of supercharges, by using various approaches [104, 105, 107, 110-115]. In this thesis
we will need the superconformal blocks of four point of half-BPS operators in three
theories, namely N' = 4 in four dimensions, N' = 2 in four dimensions and N' = (4,4)
in two dimensions. We will borrow them from [107], whose formalism is valid for all
theories with SU (m, m|2n) symmetry group and makes use of a group-theoretic approach
and has the advantage of dealing with all different representations (short, semi-short,
long) in a uniform way”. Let us focus on the N = 4 blocks for now, leaving the
discussion for the other two theories to the second part of the thesis. In this formalism,
an N = 4 superconformal primary operator O, , is labelled by a number ~ and a finite
dimensional representation of GL(2|2), where the latter is defined by a Young diagram
A = (A1...,Ay) where \; represents the length of the row i. These Young diagrams
cannot have an arbitrary shape; they are restricted to fit into hook shapes, i.e. they
can have at most two rows with length greater than 2 and at most two columns with
height greater than 2. In particular, there are two types of representations: atypical,
which correspond to multiplets satisfying shortening conditions, and typical, which are
associated to long multiplets. We will mainly be interested in the latter. A typical Young
diagram is shown in figure 2.1. The associated long superblocks are specified by four
quantum labels; the length of the first two rows, A1, Ao, which identify the conformal
representation, and the number of rows with length 1 and 2, labelled by u; and e,

respectively, which instead specify the R-symmetry representation. The translation

9Recently, Aprile and Heslop have generalised this method and have computed the superconformal
blocks for scalar correlators in many dimensions, even and odd, with different number of supercharges
[115].
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multiplet GL(2,2) rep T l SU(4)r rep

1/2 BPS  [0] ¥ 0 [0,7,0]

1/4 BPS  [1#] gl 0 (17 — 20, 1]

1/8 BPS [\ 1#], A>2 ~ A—2 [,u'y—2,u—2u]

long [)\1, Ag, 111 2‘“2] Ao >2 42 —4 A1 — Ao [ —2u1 —2u3 — 4 Nl}

Table 2.2: Translation between superconformal reps and superfields [107]. Here, pu1 and po
label the number of columns with length 1 and 2, respectively.

between these and the more common N = 4 quantum labels 7,1,b,a is given in table
2.2. The long blocks are the simplest among the superconformal blocks, they do not
depend on ~ and take the following fully factorised form:

I]—F = P[{gm}] (Z) Zg771($,f) Hb,a(@ﬁﬂ) (2321)

where P[{g;;}] and Z were defined around (2.2.16) and

_ (—1)! _ _
i OO - FLL 0T L0
_ 1 _ _ _ _ _ _
Hb,a(ya y) m |:]:ga1(y)fgl(y) — ]'—gal(y)}—gl(y):| . (2.3‘22)
Here,
Fif(z) = 2" Fy [hF B2, h 5 283,21 (2) (2.3.23)

and oF] is the standard hypergeometric function. We have used the symbol Lz to
highlight that they capture long (unprotected) representations. For future convenience,

let us also define another set of labels A related to 7 via

h:%+l+2, B:g+1, j=—2—a-1, 52—% (2.3.24)

This set of labels will be very helpful when we will discuss the other two theories.

Note that the H;, are nothing but SO(6) ~ SU(4) spherical harmonics; they can also
be written in terms of Jacobi polynomials. We can think of the decomposition of the
correlator under the R-symmetry (or ”internal”) blocks as a linear change of basis from
the ”monomial” basis (i.e. U, V) to the spherical harmonics basis. In fact, (2.3.22), for
any given choice of charges, is just a polynomial in U, V. For long multiplets, the sum in
(2.3.20) runs over a certain set of representations [a, b, a], which depends on the charges

p. In particular, the values of a run over the following set:

0<ac<ky
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where :
min(py + pa, p3 + pa) — paz — 4 (2.3.25)

2

is the ‘degree of extremality’ and p43 = ps — p3. For each value of a, b runs over the set

Kﬁ:

b —
< 27PB (ki a). (2.3.26)

0
- 2

Note that the spherical harmonics Y; , automatically vanish when a, b are not in the set

(2.3.25),(2.3.26).






Chapter 3

AdSs x S? & N =4 SYM

The AdS/CFT correspondence, originally proposed by Maldacena in 1998 [18], is a
duality between two a priori unrelated theories. On one side, we have a theory of
gravity in d + 1 dimensions in a space with an AdS factor; on the other side we have a
CFT in d dimensions living on the (conformal) boundary of AdS with no spin-2 states.
The correspondence states that the full dynamics - correlation functions, states, etc. - of
these two theories are equivalent; thus - amazingly - gravity dynamics is captured from
a theory in one dimension lower. In fact, the AdS/CFT provides a concrete realisation
of the so-called holographic principle, which made its first appearance in the context
of black hole physics. Bekenstein [116, 117] observed that the entropy of a black-hole
scales with its area rather than the volume, as is usual in thermodynamics. This led to
the idea that in gravity systems the information stored in a certain volume V' is encoded
on its boundary surface A. Then, in the nineties, inspired by 't Hooft [118] and Thorn
[119], Susskind introduced the concept for the first time in string theory [120].

AdS/CFT, besides its intrinsic relevance in theoretical physics, is by now a firmly es-
tablished tool used to investigate corners of theories particularly challenging, both from
gravity and gauge theory side. In this first part of the thesis we focus on the archetypal
example of AdS/CFT, i.e. the duality between

e type IIB string theory on AdSs x S® with both factors having the same radius R
and N units of F5 flux on S%;

e N =4 SYM in 4 dimensions with gauge group SU(N) in its unbroken phase,

with the parameters identified in the following way:

2
o = QYM’ R* = 4rg;Na'?. (3.0.1)
47
Here, g5 is the string coupling and o is the Regge slope. Note also the symmetry
matching on both sides: the SU(4) ~ SO(6) R-symmetry group is realised in the gravity

21
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side as isometry group of the sphere while the conformal group SO(2,4) is the isometry
group of the AdS factor.

In the second part of the thesis we will discuss two other examples, namely the D3-D7
and the D1-D5 systems which are dual to certain 4d N’ = 2 and 2d N' = (4,4) SCFTs,

respectively.

The remainder of this chapter is organised as follows. In section 3.1 we introduce a
very important and useful limit to explore the correspondence, namely the 't Hooft
limit. In section 3.2, we briefly sketch how the duality arises naturally from a string
theory perspective, loosely following refs [121, 122]. We end the chapter by providing
the definition of single particle operators, i.e. operators dual to single particle states in

the bulk, and highlighting some of their properties.

3.1 The ’t Hooft limit

The AdS/CFT correspondence is a strong-weak coupling duality, in the sense that when
one side is at weak-coupling, the other is at strong-coupling. For this reason, it is hard
to work with it in its full form. Despite the conjecture is supposed to hold for all values
of its parameters, in practice, it is very convenient and, very often, necessary, to take
some limits. One very important limit which we will use throughout this thesis is the
so-called 't Hooft limit, originally proposed by 't Hooft to understand some features of

the strong interactions [123]. First, let us define the 't Hooft parameter via
A = gy (3.1.2)

Now, the 't Hooft limit is defined as the limit

N — o0, A fixed.

In the field theory side this limit is well defined and corresponds to a topological ex-
pansion of Feynman diagrams. It is also known as planar limit, the reason being that
in this regime only Feynman diagrams which can be drawn on a plane without crossing
lines survive. In the gravity side, upon taking A\ — oo, we approach the supergravity
limit. The 1/N expansion then becomes a loop expansion in supergravity. On the other
hand, the expansion in 1/ corresponds to consider string corrections. In table 3.1 we

summarise the different regimes for N' = 4 and IIB string theory on AdSs x S°.

All observables - including correlation functions - inherit double-expansion in 1/N and
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N =4 SYM type IIB string theory on AdSs x S°
all N, A full quantum type IIB string theory
N — 00, A fixed classical IIB string theory

N — 00, A = 00 type IIB supergravity on AdSs x S°

N — o0, 1/ expansion  type IIB supergravity, o’ corrections
N — o0, 1/N expansion type IIB supergravity, loop (gs) correction

Table 3.1: Different regimes in A/ = 4 and their supergravity /string theory interpretation.

o/. In particular, in the case of the four-point function of half-BPS operators we have

1
g :gfree,disc + mgfree,conn"i_

1 1
+ 52 (Gsucra + Goo'® + Gaa'® + G5a%) + N (Gsucraa + ®Gog + /°Go ) + - -
(3.1.3)

where the leading N® contribution is the disconnected piece, 1/N? is the tree-level
contribution, 1/N* the one-loop, and so on. Note that from a CFT perspective we
have two 1/N? contributions at o/ = 0, namely a connected free theory and a genuine
interacting term. On the other hand, in supergravity there is no such a distinction and
the tree-level SUGRA amplitude is more properly the sum of both 1/N? contributions.
In fact, as we will see, Gsugra contains poles corresponding to heavy string states which
decouple in the supergravity limit; these poles correctly cancel against those present in
Gtree,conn [37]-

The tree-level contribution corresponds to the AdSs x S° completion of the well known
(o expansion of the) Virasoro-Shapiro (VS) amplitude, i.e. the tree-level scattering of

four closed strings. We will come back to this later on.

3.2 An open-closed string duality

As we mentioned already, the AdS/CFT correspondence arises quite naturally in the
context of string theory, and in particular in D-brane physics. D-branes can be viewed
either as higher-dimensional objects on which open strings end (open string perspective)
or solitonic solutions of (the low energy limit of) superstring theory (closed string per-
spective). The validity of both perspectives depends on the coupling: the open string
perspective can be trusted at small values of the coupling, viceversa for the closed string

perspective.
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3.2.1 Open string perspective

Consider type IIB string theory in flat 10d Minkowski background and add a stack of
N D3-branes, say along the 0123 directions.

01 2 3 45 6 7 8 9

D3 o o e o - - - - - -

In the perturbative limit, gs/N < 1, there are two types of excitations, open string
excitations, which are excitations of the D3-branes, and closed string excitations which
are instead excitations of the full 10d spacetime. In the low energy limit o/ — 0,
open and closed strings decouple. Closed strings are insensitive to the D-branes and
propagate in the full 10d spacetime. On the other hand, open strings give rise to a 4d
N = 4 supermultiplet built out of the 16 supercharges preserved by this configuration
of branes. Moreover, the N/ = 4 multiplet is valued in the adjoint of an U(NN) gauge
group. The dynamics is therefore described by

IIB supergravity in flat 10d & N = 4 SYM with gauge group U(N)

provided that we identify g%,M = 4mgs.

3.2.2 Type IIB supergravity and Kaluza-Klein reduction

Let us now take the closed string perspective - that can be trusted at strong coupling, i.e.
gsIN > 1 - and sketch how the AdSs x S° solution emerges from type IIB supergravity.
Type IIB supergravity has a solution in which the metric takes the following form [124]
2 1 W v a., b R4
dsty = Wnlﬂ,dw dz¥ + \/H(y)dapdydy’, H(y)=1+ pe (3.2.4)
Yy
with r = /y%y?%. Here y = 0,...,3 are Minkowski coordinates and a = 6, ..., 10 label
the transverse coordinates. String theory tells us that the solution describes a stack of
N D3-branes located at the origin of the spacetime; this fixes the constant R - which

remains undetermined in supergravity - to be
R* = 4mg,No'?. (3.2.5)

We can see that there are two different regions, depending on r. For large r, (3.2.4)
asymptotes to a flat 10d metric. On the other hand, near the so-called throat, i.e. the
region r — 0, the metric asymptotes to an AdSs x S° metric

2 2

R
ds%o‘ datdz” + T—er2 + R%d0Z. (3.2.6)

r
r—0 ﬁn/'“j



Chapter 3 AdSs x S° <+ N =4 SYM 25

Now, in the limit o/ — 0, these two regions decouple and we have that the dynamics of

closed strings is described by:
IIB supergravity in 10d flat @ IIB supergravity on AdSs x S°

Now, since the two perspectives - open and closed - should be equivalent descriptions
of the same physics, Maldacena conjectured that IIB supergravity on AdSs x S° and
N =4 SYM in 4d with gauge group SU(N) are duals of each other!.

A useful approach to study fluctuations of the supergravity fields about the AdSs x S°
solution is the Kaluza-Klein reduction. In short, one expands the supergravity fields in

SO(6) spherical harmonics such that each component is a field on AdSs. Schematically,
¢~ kY (3.2.7)
k

where ¢y, lives on AdSs. By looking at the linearised equations of motion, it turns
out that - amazingly - there is a one-to-one correspondence between the KK modes ¢y
and the half-BPS spectrum of A/ = 4 with mass of the field and dimension of the dual

operators related by
A =2+ V4+m2R2 (3.2.8)

In particular, the scalar contained in the multiplet of the graviton corresponds to the half-
BPS operator Os we introduced in the previous chapter, that, among its descendants,

contains the stress-energy tensor of N' = 4.

The precise form of the field-operator map requires some care because it involves a
procedure of renormalisation. The upshot of this construction is that the supergravity
action is (related to) the generating functional for connected Green’s function of gauge

invariant operators via

<exp ( / ddxgbo(:v)O(a:)) >CFT _ ~Ssuanaléo) (3.2.9)

where Ssugra[¢o] is the supergravity action, and the boundary field ¢¢ is obtained by
”pushing” the supergravity field ¢ on the boundary, acting as a source for the operator
©. This is the "weak form” of the correspondence. In the ”strong form” e~W[#0l gets

replaced by the string partition function, Zging. In the saddle point approximation,

— S
Zstring ~ € sucraléo]

Note that in the open string perspective the gauge group is actually U(N); however, the overall
U(1) does not propagate into the bulk.
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3.3 Single-particle operators

As we recalled, the AdS/CFT correspondence maps supergravity states to gauge in-
variant operators in the CFT. However, there is a subtlety to consider in the mapping
between single-particle supergravity states and their dual gauge theory operators. In
fact, while it is true that single-particle operators are protected half-BPS operators, the
space of half-BPS operators of given charge is degenerate, and only in the planar limit can
the single-particle operators be identified with the single-trace half-BPS operators. This
identification was indeed known to receive 1/N suppressed contributions from multi-
trace admixtures? already several years ago [125, 126] and the first order double-trace
corrections have been worked out recently directly from supergravity [29, 30]. A non-
perturbative, deceptively simple, definition of ”single-particle operators”, i.e. operators

dual to single particle states in AdS, has been given in [37]:

single-particle operators (SPOs) are half-BPS operators which have vanishing two-

point functions with all multi-trace operators.

In fact, in a natural basis of scattering states, multi-particle states should be orthogonal
to single-particle ones. For the purpose of this thesis, the difference between single-
particle and single-trace operators is mostly irrelevant, since we will work in the planar
limit. It is interesting however to recall a few properties of the SPOs and we will do so in
the remainder of the section. We will follow [2], where we obtained general formulae for
the SPOs as well as some of their correlation functions in free theory®. The interested

reader might want to look at that paper for more details.

Let us thus define the trace basis as the basis built out of the single-trace operators, i.e.

7;7(337 y) =Yy Yip Tr(¢il s ¢ip)7 ?j?j: 0, (3310)

and their multi-trace admixtures

7;31,---71% = 7;71 U 7;%‘[07]970]7 p=p1+-Dn. (3311)

Note that we are here denoting the half-BPS operators in the trace basis by 7T, while
in the previous chapter they were indicated by O. Instead, we will now use the symbol
O to refer to a single-particle operator, defined below. In the rest of the thesis the
distinction between the two will not really matter and we will identify 7 ~ O, unless

stated otherwise.
It is easy to check, by just performing Wick contractions, that

(Tp(x1,91) Tpr....pn (T2, y2)) # 0. (3.3.12)

2These admixtures are half-BPS and are of the form (2.1.8).
3A similar analysis of mixing in AdSs x S® has been carried out recently in [127].
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On the other hand, a single-particle operator is an operator O, = 7, + - - -, where - --

refers to multi-trace admixtures, such that

(Op(x1,y1)Tpr....pn (T2, y2)) = 0. (3.3.13)
This immediately implies

(Op(21,y1)Ops....pn (T2, 12)) = 0. (3.3.14)

Let us now show a couple of explicit examples. With the gauge group taken to be
SU(N), we have T; = 0, therefore

Oy=Ts, O3=T. (3.3.15)

The first non-trivial cases arise when p = 4,5. By performing Wick contractions and

using the orthogonality condition (3.3.13), we get:

2N2_3
Oy=Ti— N(NQH)TQ,Q, (3.3.16)
N2 _—2
=T —5— " Tos. 3.1
05 7?5 5N(N2+5)75,3 (33 7)

In [2] we were able to prove, through group theory techniques, a general formula which

resolves the expansion of the SPOs in terms of multi-traces. Here we just quote the

result:
Op(x) = Z Cq1,...,quq1,...,qm(~’U) (3.3.18)
{q1--gm}tp
_ log1..qmll Z (—DIFY(N +1 - P)p—s(s)(N + D —2(s))ss)

aedm = 0 1) (N)p—(N+1—-p),

s€P({q1,,qm})
The group theory data consists of P({q1,...,qn}), the powerset* of the traces T4,..
then |s| is the cardinality of s and X(s) = ),

conjugacy classes of a permutation o € S,, where S, is the symmetric group, with length

~5qm

s;. Finally, |[0g,.q..]| is the size of the
cycles ¢ ... ¢qn. For example, in the case of O4, we only need to consider the partition

22. The powerset is P({2,2}) = {{}, {2}, {2}, {2, 2}}, the size of the conjugacy class is
|[o22]| = 3. The sum over the four partitions precisely gives® (3.3.16).

Let us now briefly discuss some properties of correlators of SPOs in free theory. We

“We remind that the powerset of a set S is the set of all subsets of S, including the empty set and
the set S itself.
SFor each of the four partitions, X(s) takes the values 0,2, 2, 4 respectively.
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start with two-point functions. It is possible to show that®:
(Op(21)Op(x2)) = Rp gy (3.3.19)
where R, takes the form

1 1 -1
R,=p*(p—1 - ) 3.3.20
p =D N, T (3:3.20)

Note that in the large N limit we have R, ~ pNP?; however, for convenience, from
next chapter on, we will renormalise the operators such that (Op(z1)Op(z2)) = % gly, as

mentioned already around (2.2.10).

An important point about two-point functions of single particle operators is that they
automatically vanish when the charge of the operators exceed the number of colours,
i.e. p > N. This should be compared with the trace basis where instead the single-
trace operators, for p > NN, become linear combinations of multi-trace operators. This
also provides an intuitive reason on why single particle operators vanish: for p > N
all operators are multi-trace therefore, since by definition the single-particle operators
are orthogonal to all operators, they must vanish. This property of the operators dual
to single-particle states has long been expected from AdS/CFT and follows from the
string exclusion principle [129]. As the angular momentum of the gravitons increases
they become less and less pointlike, eventually growing into giant gravitons, D3-branes
wrapping an S® C S° [130] which can not grow bigger than the size of the S° sphere.
In [131] (sub)-determinant half-BPS operators were defined as duals to these predicted
sphere giants and shortly later the Schur polynomial basis of half-BPS operators was
defined and the sphere giant gravitons associated with the completely antisymmetric
(single column Young tableau) Schur polynomials [132]. We find that at large N, the
single-particle operators with charge close to N indeed approach these (sub)-determinant

operators.

Let us now discuss higher-point functions. Consider the free theory correlator
(Op(2)O4, (2) - - - Og,, (1)), (3.3.21)

and, without loss of generality, let p be the largest charge. In [2] we prove that”

n—1
<Z @ p) . (3.3.22)

=1

N |

(Op(@)0p(2) -+ Oy () =0,  k<n-3, k=

For example, we have

(02050504) = (030,0,04) = 0. (3.3.23)

5This formula was already given in [128], albeit without explicit physical description as single particle
operators.
"Note that when k < 0 the correlator vanishes for R-symmetry rules.
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Figure 3.1: An example of vanishing ”m-shape” diagram with a propagator structure

993729137291 ¢35, Here p = g2 + g3 + q4 — 4; note that there are no propagators between

q3 and qa.

The first non-zero correlators are therefore those with & = n — 2. In [2], we found a
general formula for this class of correlators for any n. We will just quote a couple of

examples. Three-point functions read

(Op(@1)Og, (22) Oy (w3)) = a2a3 Ry x g3 g15 " 23, P=a@+qg—2 (33.24)

As last example, let us consider four-point functions with & = 2. An example of a
correlator belonging to this class is (02020205). In the next chapters we will see these
correlators have the feature that the SCPOs in the long sector have a single SU(4)r

representation. We have®

-2 qz—1 qu—1
(0p0g,0430y,) = q2q3q4 1) ¥ ((Q2 - 1)9(115 Q% 9113 923924+

—1 -2 —1 —1 —1 -2
(g5 — 1)gl B 2B g 4 (g — 1)gTa g g 924934),

(3.3.25)

where here p = q1 + g2 + g3 — 4. In particular, note that propagator structures like
927298 2% g2 are absent. In fact, this is the original motivation why single-particle
operators were introduced; these ”7w-shape diagrams” are absent in supergravity while
they do mot vanish in CFT if one considers single-trace rather than single-particle oper-

ators. An example of this diagram is given in figure 3.1.

8To be precise, this is just the connected part of the correlator. The disconnected part, when exists,
is given by products of two-point functions.






Chapter 4

Large p formalism and the

supergravity correlator

Now that we have reviewed the necessary material, we are ready to discuss the four-
point function of half-BPS operators at strong coupling in the CFT. Let us remind again
that the correlator can be split in two pieces: a free-theory contribution, independent
of the coupling, and an interacting term, which carries all the non-trivial dynamical

information':
g = gfree + gdynamical' (401)

In particular, the free-theory term contains a disconnected and a (suppressed) connected
term: )
Grree = gfree,disc + ﬁgfree,conn- (402)

Superconformal symmetry forces Ggynamical to take the form

gdynamical =TIA (403)

with
I=(z-y)-—y(z—-y)(@—9). (4.0.4)

The "reduced” correlator A admits a double expansion: a (loop) 1/N expansion

1 1
A - mAtree + mAl_l, (405)

'We will omit the subscript § when possible, to avoid cluttering the notation.

31
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as well as an o/ expansion.? In this thesis we will be interested in the tree-level amplitude,

whose expansion we parametrise in the following way?:
Atree = (Asucra + Aoa” + Aga”® + Aza’®) + - . (4.0.6)

In this chapter we will focus on the supergravity term, namely Asygra. The problem
of computing supergravity correlators has been attacked in various ways in the last two
decades. The first computations of this sort were performed directly in supergravity.
This approach involves the evaluation of Witten diagrams whose vertices are encoded in
the AdSs effective action obtained by KK reducting IIB supergravity on S° and it was
carried out for a number of different cases [21-25]. The procedure, however, becomes
cumbersome and, in practice, is very difficult to go beyond low-charge cases. Despite
the complexity of the computation, in all cases it was found that the amplitude could be
written in terms of a restricted set of functions, the so-called D functions, hinting that
a general formula for all charges was possible. In fact, several years later, Rastelli and
Zhou, by using a bootstrap approach in Mellin space, conjecture a very elegant formula
valid for arbitrary KK modes [26, 27], which agrees with all previous computations and

has also been checked in new cases [28-30)].

We now understand that the extreme simplicity of the result is a consequence of an
hidden 10d conformal symmetry [31], that allows to repackage all correlators in a single
10d object. This becomes evident in the large p formalism of Aprile and Vieira [32],
which has also the advantage of making the so-called large p limit manifest, as we will

see.

The rest of the chapter is organised as follows. In section 4.1 we introduce the AdSs x S°
Mellin transform, which, as we will see, turns out to be very useful also in the construc-
tion of tree-level string amplitudes. Then, in section 4.2 we present the supergravity

correlator and discuss the consequences of the hidden conformal symmetry.

4.1 AdSs x S° Mellin transform and large p limit

A very natural language to represent holographic correlators is the Mellin formalism,
initiated in [56, 57] and further developed in [58, 59]. The Mellin transform plays, in
the context of holographic correlators, the same role the Fourier transform plays in flat
space scattering amplitudes. For example, contact interactions map to polynomial Mellin
amplitudes. In particular, a contact Witten diagram with 2/ number of derivatives will

give rise to a polynomial of degree [ in the Mellin variables. In position space, these

?We remind that o’ ~ )\7%, therefore the low-energy o expansion corresponds to the strong coupling
expansion in the 't Hooft coupling.

3The absence of o', /% terms will become clear in the next chapter when we will discuss the flat
space limit.
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p1 Y2

b2 p3

Figure 4.1: A contact AdS Witten diagram which gives rise to a polynomial Mellin amplitude.
The degree of the polynomial depends on the number of derivatives hitting the vertex.

correspond to a finite sum of D function*. The latter are derivatives of the box integral

D1111 which admits the following representation in position space:

Dun(U,V) = (4.1.7)

2Lig(x) — 2Lia(Z) + log(zZ) (_log(l — ) —log(1 — j»))

While the many benefits of employing the Mellin transform in AdS correlators were
already known since the pioneering work by Mack and Penedones, a recent paper [32]
pointed out that, at least for ' = 4, the Mellin transform can be extended to the sphere,

such that the large p limit - which we are going to define in a moment - is made manifest.
Following [32], let us thus define the AdSs x S® Mellin trasform of the reduced correlator
A via

AUV, U, V) = fdsdtz USVIT* V! x Tg x My (4.1.8)

where the kernel I'g is factorised into AdSs x S°, and reads

_ T[—s][—t]T[—u]T[—s + ks JT[—t + k]T[—u + Ky (419)
O T+ 3T+ O 4+ @[l 4 5 + ks]T[1 + £ + ke T[1 + @ + k] o

where
S+t4+u=—p3—2, §4+1t4+0=p3—2, (4.1.10)

and we recall that

:p1+p2—p3—p4 kt:p1+p4—p2—p3

p2 +p4—Pp1— D3
2 ’ 2 : - '

ks
(4.1.11)

A number of comments are in order.

e Firstly, the Mellin amplitude My is, in principle, a function of AdSs variables s, t,

4To be precise, they are proportional to D functions, where the proportionality coefficient carries the
conformal weight, see e.g. [21] for more details on D functions.
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S5 variables 3, as well as charges P’

e the contour integral in s and ¢ is a standard Mellin-Barnes contour, separating
left from right poles in the complex planes s and ¢. This is the ”original” Mellin

transform;

e note that the sum (11.3.11) is restricted to the triangle 7= { 3 > — min(0, ks), >
—min(0, k), > —min(0, ky,)} due to the I' function in the denominator of I'g,.
In fact, since in our conventions py — p3 > p2 — p1 > 0, the domain is really the
triangle 7= { § > —min(0, —k) ; £, > 0};

e in [32], the authors show that the sum can also be written as a double integral.
This is useful because, in the limit of large charges p, the integral localises on a
classical saddle point. The computation matches that of four geodesics shooting
from the boundary and meeting in a common bulk point at which the particles

scatter as they were in flat space. At the saddle point, the ”bold-face” variables
s=s+38, t=t+t¢, u=u+u, s+t+u=—4 (4.1.12)

become proportional to the flat space Mandelstam variables. In this large p limit,
as we are going to see, M approaches the flat S-matrix as a function of bold-face

variables.

4.2 Four-graviton scattering in supergravity

We can now present the supergravity correlator, first computed by Rastelli and Zhou

[26, 27]. In the large p formalism, it takes a surprisingly simple form [32],

1
s+ 1)(t+1)(u+t1)

MsuGrag = ( (4.2.13)
where the bold-face variables are defined in (4.1.12). The compactness of the result
demands and deserves some more explanation, which we are going to give in a moment.
First, note the presence of single poles at the location s = —1, etc. These have a very
simple interpretation. As we mentioned already, they are needed to cancel unwanted
string states which decouple in the SUGRA limit. In fact, the same poles are present in
connected free theory which is of order 1/N?; the sum of both terms, which is the actual
tree-level supergravity amplitude, is free of such poles. Historically, this has been used
to fix the overall normalisation of Mguygra g [37], which we now understand as being
part of a generalised AdSs x S® Mellin kernel. Crucially, in order for these cancellation
to occur, the external operators have to be the single-particle operators and not the

single-trace operators [37].

Let us now consider the limit when all variables are taken to be large. This is formally
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achieved by rescaling all variables by a common factor, say p, and then taking the limit

as p goes to infinity:

~ 1
. 3 . ~ ) _
Jim (p Mp(ps,pt,p&pt,pt,ppz)) tu (4.2.14)

i.e. as we anticipated before, the correlator approaches the well known supergravity
amplitude® in flat 10d, as a function of bold-face variables. The large p limit is a
generalisation of the flat space limit proposed by Penedones [58], in the sense that now
both AdS and S variables are taken to be large. We will come back to this in the next

chapter, when we will discuss the flat space limit in more detail.

Let us have a closer look to Mj;. Away from large p, nothing would prevent the correlator
from depending on all variables. In fact, notice that it only depends s,t - rather than
s, § separately - not just at large p. This is nothing but a consequence of a surprising
hidden 10d conformal symmetry which was discovered by Caron-Huot and Trinh [31].
As explained in that paper, all AdSs x S° tree level correlators Az(U,V, U, f/) in position
space can be obtained by Taylor expanding a generating function G, which corresponds
to a 10d version of the 2222 correlator, namely G(Uig, Vio) = Uty Aaze2(Uto, Vio), where
Ui and Vig are now 10d cross ratios, rather than AdSs x S° cross ratios. A nice way
to represent this expansion is to use operators ﬁﬁ such that, directly on AdSs x S°, we
have

AUV, U, V) = ﬁﬁ [U4A2222(U, V). (4.2.15)

These operators were found explicitly in [32],

~\5 s~
~ 1 U V) 5(0,0,0) A (ks et kw)
A WZ (U) (V) Dy P (4.2.16)
5t
where

ﬁ(a,b,c) - (UaU —-3—-5— a)§+a (VaV + 1-— f— b)f—l—b (UaU + Va\/)ﬁ—l—c

730 (—)e(3 + a)! (D) +0)! CE] (4.2.17)

and (---); is the Pochhammer symbol. Let us prove that (4.2.15) gives indeed the right
Mellin amplitude (4.2.13). To see this, first note that

1
(s+1)(t+1)(u+1)

Aggor = ]f dsdt USV'UP VT x T[—s]*T[—1]°T[—u)? x (4.2.18)

In particular, 5 =t = @ = 0 and the S° kernel in this case is just 1. Let us now consider

the action of the operator on the spacetime dependent part, ﬁﬁ[U sT4Y1 and focus on

®More precisely, it only captures the Mandelstam dependence of the IIB supergravity amplitude. The
IIB supergravity amplitude is ﬁ x50 where §119 is a ” fermionic delta function” due to supersymmetry,
that captures all the different components in the multiplet.
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a given propagator structure (i.e. fixed §,t). We have

(8+1—§)§(8+1—§—k‘5)g+ks

Ds(p[U*v] =

3! (—1)ks (5 + ks)!
N - (4.2.19)
(t+ 1~— Hi(t+1- tN_ k) isk, « (s+t+4d)a(s+t+4atk, syttt
t! (—1)ke(t + Ky )! al (@ + ky)!

The denominator can be immediately recognised as the S° kernel in I'g for Az We
therefore just need to deal with the numerator. For the part dependent on s-type
variables (i.e. s, §, ky) we have:

I'(s+1) I'(s+1)

1—8)s(s+1—5—ky)arp, = ~ E _
(s+ 8sls + ° Jsth. M(s+1-8)T(s+1—35—ks)

(4.2.20)

1
= I'(—s+8I'(—s+5+k
where in the last line we have used a consequence of Euler’s reflection identity. The ¢-type
dependent part works exactly in the same way. Finally, for the u-type part (remember
for Agggo we have s +t 4+ u = —4):

I'(—u+a)T(—u+ 0+ ky)

(—w)a(—watk, = =
+ ['(—u) I(—u) (4.2.21)
) 2.
= e )2F(—u +a)l(—u+a+ ky).
Now, notice that
—u+t=s5+t+p3+2—5—1, (4.2.22)

therefore the p3 in @ uplifts the u of A2292 to the u of Ay which satisfies the on-shell
constraint s 4+t 4+ u = —p3 — 2. Restoring back I'y and shifting s — s + 5, t — t + 1 we
finally get the amplitude (4.2.13) accompanied by the correct kernel (4.1.9).

To summarise, we have shown that the action of (4.2.16) on the Mellin transform pro-
vides the ”covariantisation” of Magss, in the sense that the correlator with generic

charges is obtained via
M = Mazaa(s, ,u), (4.2.23)

with the kernel of gamma functions I'g in the Mellin transform given by (4.1.9). In
other words, the amplitude for general charges is obtained from Mag9o by replacing® s, ¢
with s, t. In the next chapter we will see that this is no longer true when considering o’
corrections to the SUGRA amplitude. In this sense, o’ corrections explicitly break the

hidden conformal symmetry.

The simplicity of (4.2.13) allows us, once again, to appreciate the spirit behind the
amplitude program. The observables seem to be much more natural objects, and unveil

structures which are often hidden in lagrangians, especially when the latter are, at first

SNote that, for Maga22, § = t= 0, therefore s,t = s, t
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glance, very complicated.






Chapter 5

The Virasoro-Shapiro amplitude
in AdSx X Ok

So far, we have discussed the SUGRA term, which arises in the strict ’t Hooft limit
with the coupling A taken to be infinity. As we reviewed, the AdS/CFT correspondence
tells us that A corrections correspond to add o’ corrections to the SUGRA amplitude.
In particular, in the case of ' = 4, this expansion reproduces the AdSs x S analogue
of the well-known Virasoro-Shapiro (VS) amplitude in flat space, i.e. the scattering
of four-closed strings in IIB string theory. We will refer to it as the Virasoro-Shapiro
amplitude in AdSs x S°.

On general grounds, we expect o’ corrections to be polynomial of a certain degree at
each order in all its variables. In fact, all poles corresponding to massive string states
disappear since massive modes get an infinite mass and decouple in the low-energy
limit. From an effective field theory perspective, we can imagine these polynomial as
arising from higher curvature corrections D?"R* to the type IIB supergravity action
with vertices containing an increasing number of derivatives. In complete analogy with
the momentum transform in flat space, we expect the term D>"R?* to give rise to a
polynomial of mazimum degree n in the AdSs x S° Mellin variables. In fact, one
extra layer of complication of AdS string amplitudes is that, unlike their flat space
counterparts, they are mot homogeneous polynomial of fixed degree at each order in
the expansion, rather they come with a whole tower of lower degree polynomials, which

come from terms in 10 dimensions with legs on S°.

The problem of computing string corrections has been attacked in various ways, with
the help of flat space limit techniques [44, 45], localisation [46-49, 51, 133], bootstrap
[1, 3] and effective field theory approaches [50]. However, until [1], no results were known
for general charges, except for the a3 amplitude which, as we will review, is completely
fixed by flat space limit [45]. In that paper we addressed the problem for the first time

at the order o/®>. We made an ansatz for the amplitude which we were then able to fix
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with a bootstrap approach which relied on some observed patterns in the anomalous
dimensions. We will explain this in detail in the next chapters. Quite nicely, Aprile
and Vieira showed that the result - originally written in the spherical harmonics basis
- admits a very compact representation in the large p formalism [32]. We then took
advantage of the formalism to upgrade our method and bootstrap higher o/ corrections
[3]. Reassuringly, we found that the results are consistent with those of [50], where a

different approach, based on some generalised Witten diagrams, was used.

Before presenting the method and the results, it is useful to recall some properties of the
VS amplitude in flat space and we do so in section 5.1. This is a natural starting point
since, as we mentioned already, there is a close relation between scattering amplitudes in
flat space and AdS. Then, in section 5.2 we describe the general ansatz dictated by the
large p limit; in section 5.4 we present the bootstrap results, postponing the discussion
on the method we used to fix the ansatz to chapter 7. We conclude the chapter by
sketching the main idea of the effective field theory approach of [50], with which we find

perfect agreement. This will help us to gain some new intuition on our results.

5.1 VS in flat space and the flat space limit

The Virasoro-Shapiro amplitude is the tree-level four-point amplitude of type IIB string
theory in a flat background. As mentioned in the introduction, the formula encodes a
lot of features which, since the dawn of string theory, suggested string theory could be
a good candidate for a theory of quantum gravity. The amplitude is the product of a
kinematical factor, which takes into account polarisation information, and a dynamical
factor, function of Mandelstam variables. With a slight abuse of language, we will refer

to the latter as the Virasoro-Shapiro amplitude. This takes a very simple form'

[(—d/s)I'(—a't)T'(—a'u)

Vﬂat - _04,3 .
M1+ os)I'(1+ o/t)I(1 + a'u)

(5.1.1)

where the Mandelstam variables satisfy s+t+wu = 0. There are a number of things worth
noticing. First, the amplitude contains a (infinite) sequence of poles that correspond to
the (infinite) tower of massive modes going on shell. These massive particles decouple in
the low-energy limit, and, as a consequence of this, the poles disappear when we perform

an o expansion about zero:

Viat = VsuGra + Y _ Voo™t =
n (5.1.2)

1
-+ 320+ P (8% F 12+ u?) + 028 stu+ T Gttt Fut) + -

1For convenience, we have also rescaled o by a factor of 4 with respect to the actual amplitude.
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Note that the amplitude only contains odd zetas. In fact, (5.1.1) can be written - within

a certain radius of convergence - as an exponential:

1 20041 ant1, 20+l | 2041 2n+1
Viat = oty P [Z mr1” (s +t +u)]. (5.1.3)

Note also that the amplitude is, at given order in o’, an homogenous polynomial in the

Mandelstam variables.

In AdS, we expect the above flat space VS to be related to the reduced Mellin amplitude
defined via the integral transform (4.1.8). This reduced amplitude inherits from the

correlator an o expansion which we parametrise in the following way

M = Msucra + ZMna'"H (5.1.4)

where Mgyugra is the supergravity amplitude (4.2.13).

M, is a non-homogeneous polynomial of all its variables, and we expect it to be captured

by the following ansatz

n—1

M, = Z(E = DeraMy g+ (3 = Dnys My p(s, t,u) (5.1.5)
=0

where ¥ = (p1+pa+ps+ps) and we remind that (- - - ), denotes the Pochhammer symbol
(or rising factorial). Here, M,,; are polynomials of degree I < n in s, t, subleading with
respect to M,, ,, and we will deal with them in the next section. For now, let us notice
that the leading power in M,,, denoted by M, ,, is fixed by the flat space limit, i.e.
M, = Vy. In fact, by incorporating the large p limit with the Penedones flat space
limit [58], we get the following relation between flat and AdSs x S5 Virasoro-Shapiro
amplitude:
1 > —a  1+3

Mn’leading = F(E—l)/o da e = Vy(as,at) = (X — 1)p43 Va(s, t,u)  (5.1.6)

where V), is defined by (5.1.2). This also justifies the presence of (¥ — 1),43 in the

ansatz?. For example, at o/ we have [45)],
Mo =(E—-1)sMopo= (X —-1)3V =2(X —1)3(3. (5.1.7)

Note that in this case the flat space limit reproduces the full answer because there is no

room left for lower degree polynomials. At a/®> we have

Mo = (8 —1)sMag+--- = (8 —1)5¢(s* +t2 +u?) +--- (5.1.8)

2 A priori, there is no obvious reason why lower degree coefficients should be accompanied by similar
Pochhammers. However, their appearance is in perfect agreement with bootstrap and localisation results.
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where --- refers to terms of lower degree in s, t,3,¢,p which are not fixed by the flat

space limit.

5.2 A novel large p stratification

The general idea is to start with an ansatz dictated by the large p limit and bootstrapping
it by imposing crossing symmetry and a special requirement on the number of operators
exchanged in the OPE, based on a certain 10d spin, which we will define later on. In
this chapter we will focus on the construction of the ansatz and the explicit results, by
postponing the discussion on the procedure used to fix the ansatz to the next chapters
because this will require introducing various details of the double-trace spectrum of

N =4 at strong coupling.

As mentioned in the previous section, we expect to accommodate the AdSs x S° version

of the VS amplitude in the polynomial ansatz,

n—1

Mn = Z(E - 1)€+3Mn,l + (E - 1)n+3 Mn,n(sa ta u) (5'2'9)
£=0

where M,,; are polynomial coefficient functions to be determined and the subscript n
stands for the amplitude at the order o/™*3. The ansatz starts with M, n, that, as we

explained before, is fixed by the flat space VS amplitude.

Now, in the large p limit both Mellin variables and charges scale in the same way, say
with p. Thus the large p limit of M,, is (¥ — 1),,43M,, », by construction, and enjoys a
10d symmetry, precisely because it depends on bold-face variables only. The completion
of it in AdSs x S® has more structures, which are parametrised by the strata M, and
are in general different from zero. As we will see, these in general do not just depend

on bold-variables. Thus we can already anticipate that

o/ corrections break the hidden 10d conformal symmetry.

Let us now deal with M,,;. A first bound on this polynomial comes from the large p

limit. Note that the leading term in (X — 1),43M,,, scales like p>**3, thus the next-

2n+3—1

to-leading term should scale at most as p in order not to conflict with the large

p limit. However, a posteriori, we observe that the various M,,; satisfy a more strict
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limit. The scaling behaviour of each term is given in the table below.

Moy | p?
My | pt P (5.2.10)
My | p° p® pT

P pt p® P

M3

We will call this feature large p stratification.

Given the above scaling properties, we can then define M,, ¢ in the following way:

Mo(s,t,u, 5,1, p) is a crossing symmetric polynomial in all its variables, of

maximum degree n, such that only monomials of degree £ in s, t and u appear.

Therefore M,, ¢ is not an homogeneous polynomial, but of course can be written recur-

sively,
spcm(/\/ln’g) = span(Hm(gm_g) ) Mn—l,ﬁ) (5.2.11)

by isolating each time a new homogeneous polynomial. In fact,

Hn7(@7n,g)(s,t, u, 5,t,p) is a crossing symmetric polynomial in all its variables, of

fixed degree n, such that only monomials of degree £ in s, t and u appear.

Consequently, H, (¢, has degree n — £ in all other variables s, t, and p1papspa.

For what we just said, M,, ¢, can be parametrised as following

Mn,Z = Z Clg;nd)1d2 (5’ E,]?) Sdltd2 (5212)
0<d1+d2<t

where ngl 4, are polynomials in the remaining variables. Note that, even though M
is by definition a polynomial of fixed degree in s, t, u, in the sum we do need to include
all lower powers d; 4+ do < £. The reason is that a crossing symmetric polynomial will
depend on s, t, and u = —s — t — 4, thus any power of u brings down lower powers of
s and t in the stratum. This introduces a subtlety in the construction of an ansatz for
M, 0. In fact, while M,, , can always be decomposed as in (5.2.12), the converse is not
true, in the sense that given a generic polynomial as in the r.h.s. of (5.2.12), this in
general does not contain only M, ,; but also polynomials of lower degree in s,t,u. In
appendix A we give some more detail on how to read off M,, , starting from a generic

polynomial ansatz.
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Let us now parametrise the polynomial Cyd)l d2(§,t~,ﬁ). Large p stratification and the

fact that s¥1t% has maximum degree [ imply
. n) (=7 " =0
plgglo Cy.dya,(5,t,D) P , (5.2.13)
and we can therefore write

n ~01 70
Cé Cgldg Z é (3 do,6189 (p) 51t (5.2.14)
0<61+02<(n—¢)

where finally cglc)ll dy.615, 18 @ polynomial in py, p2, p3, p4 of max degree (n—40)— 01— da.

With the information about C’én) at hand, we can now bootstrap the correlator. We
will directly start from the sharper ansatz dictated by the large p stratification. Let us
however stress that is not necessary. Had we started from a wider ansatz, for example
without imposing large p stratification, we would have arrived to the same conclusions

after applying all the bootstrap constraints, see also section 5.3.

Let us first deal with crossing symmetry. This is a statement about the full correlator

and in particular about the equality

(Op, (%01 ) Opy (%05 ) Ops (%03 ) Opy (%64)) = (Opal (Xl)opag (X2)Opa3 (XS)Opo4 (x4)), (5.2.15)

where x is a shorthand for the pair (z,y), with = being the spacetime coordinate and y
the internal. The possible permutations ¢ are six. Considering the Mellin transform of

the correlator, we then deduce what relations the Mellin amplitude satisfies

S anpl)p37p4) M(87t7 gaf;pl)p27p37p4))
t,s 7 p17p47p37p2) M(Sat7 gvf;p17p27p37p4)7
u, fL p47p27p37p1) == M(S,t,§,£;p1,p2,p3,p4), (5 9 16)

(s,u

(t,

(

(S,U— us 8, U+ ki p1,p2, pa, p3) = M(s,t,8, 15 p1,p2, 03, pa),

(t— — kg, t + k¢, 8+ ks; p3, p2, p1,pa) = M(s,t, 5,8 p1,p2, p3, pa),
(

iiiiii

u — k'Lwt u+kU7t P1, p37p27p4) M(S7t7 §7t~;p17p27p37p4)'

The best we can do at this point is to make crossing symmetry manifest by identifying
variables such that the transformations above act in a ‘block diagonal’ form. The large

p limit suggests first to pick s, t, u and we will accompany this with another set. In total
s =545, t=t+t, s+t+u=—4,

§ = ko + 23, t =k + 2t S+t+u=%—4, (5.2.17)

__ p1+p2—p3—p4 __ p1t+pa—p2—p3 __ p2+pa—p3— __ p1tp2+p3+pa
k, =2 p2p Pa - f =P p2p ps g =P p2p PL oy = P p2’p 2%
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In these variables, crossing becomes

M(s,u,t,8, @, t, +ks, +ku, +k;, 2) = M(s,t,u,8,t, 0, ks, by, by, 2)
M(t,s,u,t,8, @, +kg, +ks, +hy, X) = M(s,t,u,8,t, 0, ks, kr, by, 2)
M(u,t,s, 0, t, s s hu, +ke, ks, X) = M(s, t,u, st Q, kg, ki, by, ) (5.2.18)
M(s,u,t, 8,0, t, +kg, —ky, —ki, ) = M(s,t,u,8,t, 0, kg, ky, ky, 2)
M(t,s,u,t,8, 0, —ks, —ks, +ky, X) = M(s,t,u,8,t, 0, ks, kt, by, 2)
M(u,t,s, 0, t,8, —ky, +ki, —ks, ¥) = M(s,t,u,8,t, 1, ks, kt, by, 2)

Each set of three transforms in the same way, modulo +1 signs. ¥ is obviously singlet.
To summarise, the combination of crossing symmetry and large p stratification provides
us with the initial ansatz for the VS amplitude in AdSs x .S°. The results are summarised

by the formula

n—1
D (B=1)egs Mue(s, 6,08, 8, @, kg, by, by, B)+(E—1)np3 MS (s, t,1) (5.2.19)
=0

Mn:

where recursively we get

span(/\/lmg) = span(?—[m(g,n_g) , Mn_l,g). (5.2.20)

Here, H,, (¢n—r)(s,t,u, §,t,1, ks, k¢, ky, X) is an homogeneous polynomial of degree n

such that only monomials of degree £ in s, t and u appear. Note that

H ,(en— g)(StLléE k kt,ku,E)

with 0 <[ < n is the new genuine contribution at the order o/™*3. The construction of
all possible terms which can contribute to the amplitude is quite interesting. In appendix
A we describe the method we used. A counting of initial parameters is given in the table

below. The notation |H| stands for the number of crossing invariant terms.

o3 o/ of5 o/ o7 o8 o9
[Ho,00 =1 | Hionl =1 [Hao2! =3 | [Hs 03] =6 | [Haou! =11 | [Hs 05 =18 | [He 0,6 = 32
[Hia,0) =0 | [Hoanl =1 | [Haanl =3 | [Haazl =6 | [Hsaml =14 | [He 5] =26
[Ho20) =1 | [Hanl =2 | Hael =6 | [Hs s =12 | [He a4 =25
[Ha@ol =1 [Ha@nl =2 | Hs2l =6 | [Hepsl =14
Haaol =1 | Hs@nl=3 | [Heuzl=9
[Hs 0l =1 | [Heinl=3
Me6,6,0)| =2

(5.2.21)
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As an example, Hy (g 2) is spanned by all crossing symmetric terms of degree 0 in s,t,u

and degree 2 in all other variables:
span(Ha (0,2)) = {8 +t% + 0% K2+ k7 + k2, 22}, (5.2.22)

Note that crossing symmetry forbids terms like kss + crossing. The ansatz for M, ,
is obtained from the recursion in (5.2.20), so that the total number of terms is given by

summing along the rows, from right to left.

Moreover, notice that inside a given H,, (s ,—¢) We can add another level, which is the one
given by terms of the form (X% x crossing invariants), where usually the latter already

appeared at previous orders. For example,
span( Mz 21)) = {8+ t’t+v*a, ¥ x (s* +t* +u’) }. (5.2.23)

Terms of the form (X7 x crossing invariants) are the first instance of the more general
class of terms of the form (crossing invariant) x (crossing invariant). In the case above

one of the two is simply a power of X.

The next step is to impose constraints on the free parameters in our initial ansatz, at
each order in the o/ expansion. This is done essentially by imposing a bound on the
spectrum of two-particle operators visible by M,,. We will explain what we mean by
this in chapter 7. For the moment, let us just point out that there will be an infinite
number of constraints - which we will refer to as rank constraints, for reasons we will
explain later on - but finitely many parameters in our ansatz. The outcome will be
our proposal for the VS amplitude in AdS5 x S° up to certain ambiguities, at its first
stage. For example, we will see that we will not be able to fix the ambiguity of adding
previous amplitudes Mjy<,_1 to our result for M,,, within the bootstrap. Nevertheless,
the problem of finding certain CFT data in what we call the "edge” is fully determined
at each order in o/, therefore for each new amplitude that we bootstrap, we can extract
novel CFT data out of it, and feed these new data into the OPE relations governing the
amplitudes at higher orders, thus reducing the number of free parameters at the first

stage.

5.3 Intermezzo: from the spherical harmonics basis to the

large p formalism

Before presenting the results in the large p formalism, we open here a small digression
on the way we computed the o/ amplitude in [1]. As we mentioned at the beginning
of the chapter, we originally bootstrapped an ansatz in the spherical harmonics basis.
We remind that this is related to U, V by a linear change of basis, see (2.3.22) where we

write Yy, in terms of y,§ or, equivalently, U,V. In the spherical harmonics basis, the
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amplitude becomes a function of (s,t,b,a,p), rather than (s,t,3,%,5). The method we
used to bootstrap the ansatz is based on the same idea we used in [3] which we are going
to describe in the next chapters. The main difference is that the ansatz we proposed in
the spherical harmonics basis was much wider, because we did not input any information
about large p limit and stratification. Reassuringly, the solution obtained in this way
was then shown to respect the large p limit [32]. The understanding of the large p limit
then allowed us to bootstrap higher order corrections starting from a much more strict
ansatz, as explained in the previous section. In the next section we will present all the

results directly in the large p formalism.

5.4 Explicit results and remarkable simplifications

We are now ready to present the results for the first few orders in /. Let us stress
again that there will be ambiguities showing up in the results, i.e. coefficients not fixed
by the bootstrap. To fix the ambiguities we will need additional input. One source of
such information is the relation between the integrated correlators and derivatives of
the partition function w.r.t. deformations of N' =4 SYM on the sphere, computed by
supersymmetric localisation [46, 47]. Some ambiguities can be fixed with the currently

available data, and our formalism will make more transparent how these contribute.

Let us start with the o/® amplitude. As we mentioned already, at this order, the flat

space limit fully fixes the amplitude which reads

Mo = 2(Z — 1)3C3. (5.4.24)

At o/* the flat space contribution vanishes but we do find a non zero ansatz in AdSs x S°,
i.e.

My = (E — 1)3(2’1 + ZQZ) (5425)

These constants are set to zero by localisation [46]. Independently, the rank constraints 3

will also set to zero the term X X z5.

The first non-trivial amplitude is at o’>. We have
May= (2 —1)3Mag+ (8 —1)aMaq + (X — 1)5¢ x (82 + t7 + u?) (5.4.26)
with the strata given by

MQ 0= Z37122 -+ 2372(]{3 + kt2 =+ kg) -+ 2373 (52 =+ E2 + ﬁz) —+ 23,42 -+ 2375 (5427)

)

M2 1= 24’1 (Sé+t£ +uﬁ) .

)

3We refer to chapters 6 and 7 for what we precisely mean by rank constraints.
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The rank constraints imply
2'4’1 = _5, Z3’3 = 5, 2372 - 2371 - 11, 2374 - O (5428)

Note that there are two free parameters, z3 5, which is a constant as the amplitude at
a’3, and the other, say 23,1, that goes with the combination Y2+ k2 +k? + k2. They can
be fixed with the help of localisation [46-49, 51, 133], and we get

231 = —%, 235 = % . (5.4.29)
The parametrisation of the VS amplitude at o/ is

Mz =(E—-1)sM3o+ (E—1)aM31+ (X —1)sM3z2+ (X —1)6 X %(:g <83 +t3 + u3)
(5.4.30)

with the lower strata given by

Mszo =251 (s2§ +t%t + u2f1) + (52 +t2 + u2) (X252 + 253) (5.4.31)

)

Mz =241 (s8° + 687 + ud®) + 242 (kZs + k7t + kju) + (D243 + 24,4) (S8 + t& + un)

)

Mag =231(8° + 5+ 0°) + 230 (k28 + kft + k20) + 23357 + 234 (k2 + k7 + k)2

+ Z:(g?gks ki ky + (23752 + 23’9) (§2 + t2 + flg) + 237722 + 23,8(]6? + k‘? + ki) + 223,10 + 23,11-

(5.4.32)

From left to right we first wrote the terms corresponding to the homogeneous polynomial
H3,(¢,3—¢) and then the terms coming from previous orders, which in this case are simple

to recognise.

The rank constraints impose

251 = —6, 252 = 4,
Zyq = +15, Zy9 = —% — 3%2’3710, Zy3 = —% + %623,107 Ry4 = _% - 525,3 - é237107
237 =—10, 23, = %4 + %2’3,10, Z33 = —32+ %23,107 234 = _% - 3%237107

235 =92 — D310, 237 =—2 — 1+2310 + 238 — 1123,

239 = 3 + %23,10 +5253, 236 =0.
(5.4.33)

The four free parameters are: 2311 and z3g, i.e. the ambiguities we also found at order
o', then 25,3, i.e. the ambiguity corresponding to a shift by the same amplitude as Vs,

and finally 23 .

At this point we can use the OPE once more by considering what information at o/

comes from the amplitude at o’®, in particular from the solution of the partial degeneracy
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of operators at m* = 2. We explain the details of this procedure in section 7.2.2. Re-
markably, the new constraints we obtain in this way are automatically satisfied, therefore

we are left with four genuine bootstrap ambiguities.

By imposing on our bootstrapped amplitude consistency with the results from super-
symmetric localisation for (02020,0,) and (02020203), see e.g. [46], we obtain three

additional equations

41
238 = 3 — 123,10, z311 =0, 253 = —2, (5.4.34)

leaving us finally with only one free parameter, z319. In contrast to order o', here

localisation is not yet sufficient to fix the full amplitude.

Remarkable simplicity: a generalised flat space limit

The results for (o/)"®9 can be presented as above, and we do so in an ancillary file.
Here, we will observe a further structure in the pattern of the coefficients leading to
remarkable simplicity. For example, returning to My given in (5.4.26)-(5.4.29), if we
expand in terms of the original AdSs x S° Mellin variables s,¢,u and 3, %, % we observe
the terms of the form s'5® with a + [ = 2 have coefficients

(X—-1- a)aHH(aJlll)!slga. (5.4.35)
Note that these coefficients arise from different strata in My thus they are non trivial. A
similar pattern is observed at higher orders for the terms with a4[ = n. This observation
suggests a rescaling of the variables according to an integral transform which generalises
the one used by Penedones in [58]. The integral transform we have in mind is

7: [ee)

My, = o J, da/cdﬁ e P B)IE AL, (o, B) (5.4.36)

where C is the Hankel contour. Here M, is given by our bootstrap results, and M,, is

a simplified amplitude, defined in terms of the following variables,

»>
Il

S

(5.4.37)

NI—= NI

—5ks+1,
+5ks+1

¢
Il
VoR]

and similarly for ¢-type and u-type variables. The integral transform (5.4.36) provides '
functions, direct and inverse, and produces the Pochhammer in (5.4.35) for the relevant
terms. Quite remarkably, all terms s'3% in M with a +1 = n then recombine into
the binomial expansion of powers of the combinations S,7T, U, while the combinations

5‘, T, U only arise from terms with a + 1 < n.

4We thank Shai Chester for sharing these results at orders o’%, obtained using the methods described
in [46].
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Let us quote the results for the Mn For completeness, Mo = 2(3 and Ml = 0. We will

split the amplitude as a particular contributions plus a choice of ambiguities. At order

5

o we have

My = Cs [./\;lgtic + ./\;lgmb] (5.4.38)

with the remaining free parameters (after the rank constraints have been imposed) in

the second term. The two terms are given explicitly by
MBUC = 82 L T2 L U2 4352 ME™ = by Iy + by (5.4.39)

where Iy = k2 + k7 + k2 + X2 = >_,p?. Localisation fixes by = —2 and by = 471. As we

mentioned above, constraints from localisation at this order fully fix the amplitude.

At order /% we have

i o MEHC = 2(83 1 T3 4 U3 — 25 (%2 — 4))
My = (G [ME+ ME™PT, ) - o (5.4.40)
M%mb = blMgm T4 bg./\/lg b3y + by

where the new ambiguous contribution is
M = §(28 4+ k) + T2T + k) + UQRU + k2) + (12 — k2 — Kk} — k2).  (5.4.41)
In this case the constraints from localisation quoted in (5.4.34) become

by =-3—-k, by=2k, b3=—2k, by=28k, (5.4.42)

for some free parameter k.

At order o/ we have My = ¢z [ME™ + M§™P] with

MPC — Gt T LUt 4+ 8(S2 4+ T+ UDE? 4+ 9(SS + TT + UU)S
—L(SK2+Tki + Uk2) — 1S[2(1r — 16) — 6kskyky — 565%] . (5.4.43)

and ten ambiguities in total,

MEEP = by M 4 by M2 4 by ME™P 4 by L MBS + b5 (1)
+ b MET 4 by ME™ 4 bg MEYC 1 bg Ty + by - (5.4.44)

Those in the first line above are either products of terms from previous orders or given
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by

— S(2(SK? + T + UK) + 3khok) + 52 (31> — 252 +8)
MED2 2 g kS 12k, S + D

M3 — (k2 4 98)2 4 (k2 4 2T)% + (k2 4 20)? 4+ 2852 + 2(k2 + k2 + k2)2? — 54,
(5.4.45)

At order o® we just quote the full result in the form,

Ms = $(3C5 [[S5 +159°5% + 258785 — 5SS5(k2 4+ £°) — 2Ski — 2Sk2%? + 3SKIS + 2k(%
+ 2253 — 5K2E + (t-type ) + (u-type)| — X(3251 — 13552 + 88)
+16 ambiguities} . (5.4.46)

The 16 ambiguities for this case can be found in the ancillary file.

The ambiguities at (/)78 can be further constrained by using the OPE and the data
extracted from the amplitude at o/®, as we tried to do with o/® where it turned out
the extra constraints were automatically satisfied. In section 7.2.2 we will find a new

constraint at o/ and two new constraints at o’®.

The simplicity of the rescaled amplitudes is quite remarkable, with M,, simply given by
the corresponding term in the Virasoro-Shapiro amplitude in terms of S, T, U plus terms
of lower order in S, T, U, S, T,U. Nicely, this continues to hold even at order o/® where

there are two distinct contributions coming with different combinations of zeta values,
Me = Co(S®+ T8+ U®) — £ (7¢ —4G)(SP + T + U?)? + ... (5.4.47)

where the dots refer to terms of lower degree. These relations are strongly suggestive of
an even more restrictive relation of the Mellin amplitudes to the flat space amplitudes,
enhancing that of [32] which itself enhanced that of [58] in the case of AdS5 x S°. In the

next section we summarise the different types of flat space limits and their connections.

Finally, let us observe that the rescaled amplitudes exhibit properties under an interest-

ing Z transformation which exchanges AdSs and S° quantities,
{8, T,U} < {-8,-T,-U}, {S,T,U} < {S,T,U},  pi< —pi. (5.4.48)

At each order the term ME™ is even/odd under the transformation depending on
whether n is even or odd. Each ambiguity also has a definite parity under the transfor-
mation. If one insists that at each order ambiguities of the opposite parity compared

to MEY are ruled out, then we find that the remaining parameter k in eq. (5.4.42)
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vanishes and that imposing the possible symmetry is simultaneously consistent with the
three conditions from localisation. A similar statement also holds at order o/* where the
constant contribution removed by localisation is also of odd parity.” In a similar way

the symmetry would also imply bg = by = 0 in (5.4.44).

5.5 Towards a more general flat space limit

We conclude this chapter by sketching an alternative method, based on an effective
field theory approach [50], which leads to the exact same solution we found with our
bootstrap method. This approach will help us to gain intuition on the nature of the
ambiguities. The idea is to use generalised AdSsxS° Witten diagrams, where the vertices
are obtained by a certain action built in the following way. Note that, excluding the
supergravity term, the polynomials in the VS amplitude (5.1.2) can be seen as arising
from an effective potential with an infinite number of contact terms with increasing

number of derivatives:
V = %2{30{/3¢4 + %CBa'S(@Mgﬁ@“gzs)? + é2<§a16(8uay¢a‘u3”¢)(8p¢8p¢) 4+ (5.5.49)

The idea of [50] is to uplift this potential to an AdS5 x S background with the partial
derivatives replaced by suitable AdSs x S° ones. Now, the point is that the uplift is not
unique for two reasons: first, the derivatives no longer commute and moreover there are
terms involving lower number of derivatives, compensated by the AdS radius which no

longer vanish. At the first few orders we have:

V =g Aaet + Ja BTGV + (79,0007 ) +
! (5.5.50)

+ %0/6 <D(vuvy¢Vf‘VV¢)(vp¢vp¢) + E(VQVMVV¢V“V”¢)¢2> 4o

A similar conclusion has been reached by the author of [50].
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where

[\

/

o a
A:2C3+A1R2+A2< + -

o o 2
B:C5+B1RQ+B2< 2) + -

/ I\ 2
C=Co+ 01% O <O‘> T (5.5.51)

o o 2
D:2C§+D1ﬁ+D2 > SEE

o o2
E:Eo—i-El?—FEQ R + -
Note these are precisely the two different types of ambiguities we also encountered in our
ansatz. For example, A and Cj are the ambiguities of the o> amplitude and correspond

to (linear combination of) 231 and 235 in (5.4.26).

Let us end the chapter by commenting on relation between the different types of flat
space limits we encountered in this thesis. These are shown pictorially in figure 5.1. The
innermost circle is the "improved” Penedones flat space limit, where the Mellin variables
have been replaced by bold-face variables s, t, u, see (5.1.6). There is evidence that this
limit arises as a particular case of the double integral (5.4.36), or, in other words, the
AdS amplitude always contains a sub-amplitude given by the flat space VS written as a
function of the S, T, U variables (5.4.37). In [50], the authors conjecture a more general
notion of flat space limit, which includes as a particular case all the flat space limits we
discussed, and corresponds to replacing partial derivatives with covariant ones. As we
mentioned before, this precisely matches the full sub-amplitude fixed by the bootstrap.
Unfortunately, a closed formula for this sub-amplitude is still missing. In the outermost
circle we have the full AdS Virasoro-Shapiro amplitude, which is the sum of the sub-
amplitude and all the ambiguities. The latter are genuine AdS terms which do not have

a counterpart in flat space, because they vanish in the flat space limit.
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Penedones-+large p

VS in flat space

Figure 5.1: The relation between different flat space limits. Note that the flat space VS -
represented by a blue circle - is of the same size as the 9, — V, circle, meaning that they
should contain the same information. On the other hand, the full VS in AdS contains some
information which is not inherited from flat space; in the bootstrap this manifests in the
form of ambiguities, which can only by fixed with other methods, such as supersymmetric
localisation.



Chapter 6

The double-trace spectrum in

supergravity

As mentioned in previous chapters, our bootstrap algorithm exploits certain properties
of the OPE and, in particular, of the spectrum of double-trace operators. In order to
explain the method, we therefore need to recall a few properties of the spectrum. In
this chapter we begin with the double-trace spectrum in the supergravity limit, first
analysed in [33, 37]. In section 6.1 we derive the unmixing equations, valid at any order
in o/, and cast them in a form that allows to turn the unmixing problem in an eigenvalue
problem [33, 37]. In section 6.2 we discuss the formula for the block coefficients of the
unprotected part in disconnected free theory [31, 37], and rewrite it in a form which
makes manifest the connection between different theories, as we will see in the second
part of the thesis. In section 6.3 we show the solution of the ”unmixing problem”, i.e.
the splitting of the dimensions of certain double-trace operators which are degenerate
in free theory. Remarkably, the anomalous dimensions responsible for the splitting turn
out to be very simple. We conclude the chapter by commenting on the relation between
anomalous dimensions and the hidden conformal symmetry, which was, in fact, one of
the first hints of the existence of the symmetry [31]. The discussion will also provide
an heuristic argument for the assumption we are going to make on the string-corrected

spectrum in the next chapter.

At leading order in the large N expansion only long two-particle multiplets receive an
anomalous dimension in the interacting theory; these are precisely the operators respon-
sible for the sequence of poles in s, ¢, u captured by I'g. The corresponding primaries in

the free theory have the schematic form
Opg = OpalD%(Tipiq)Om (p<aq) (6.0.1)

For given quantum numbers 7 = (7,1, [aba]), many of these operators are degenerate.
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Their number is equal to the pairs (pq) filling in a rectangle [37]

=1 2 = 0,...,(t—2
Rz :=<%(p,q): b Z.+a+ r for R ) (6.0.2)
g=i+a+24+b—r r=0,...,(p—1)
where
b+2
-b T2 a+1 even,
t= (r )—a ; W= ] (6.0.3)
2 |51 ] @+ 1 odd.

This rectangle Rz consists of d = u(t — 1) allowed lattice points and, for reasons which
will be clear when we discuss the unmixing, is depicted with 45° orientation in the (p, q)

plane, as shown in the figure below.

q D P
L, / =(a+2,a+b+2);

A
p c
B=(a+14+p,a+b+3—p);
C=(a+p+t—1,a+b+1+t—p);
A
D=(a+t,a+b+1t);
"B

(6.0.4)

Note that, for some values of the quantum numbers, the rectangle R= can degenerate
to a line. When p = 1 the rectangle collapses to a line with +45° orientation; when
T =2a+ b+ 4, with © > 1, which corresponds to the first available twist for the rep
[aba], the rectangle also collapses to a line, this time with —45° orientation. Then, as

the twist increases the rectangle opens up in the plane.

6.1 Unmixing equations in supergravity

Free theory long operators Op, mix when interactions are turned on. Let us denote
the true two-particle operators in the interacting theory, i.e. the eigenstates with well-
defined scaling dimensions, by KCp,. As shown in [33, 37], the mixing problem can be
turned into an eigenvalue problem in the following way. First arrange a (d x d) matrix
of correlators (Op, Op,| and |0y, Op,) with both (p1p2) and (psps) ranging over the same
R»>. Then, define the matrices Lz from the long sector of disconnected free theory and

M:z(') from the leading log U discontinuity at tree level (including all o’ corrections),

O(NO) : <Op1 Op20p30p4>

= Y- L-L-
disc, long ZT T

v > Mx(a/)Lz

(6.1.5)
O(N7?): (Op, Op, Opy Op,)

lo
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where L are the long blocks defined in (2.3.21). Notice that Lz is always diagonal,
because disconnected free theory only exists when the charges of the external operators
are pairwise equal. We stress once again that Lz and Mz are known coefficients once
disconnected and the tree-level correlators are known. Now, it is not difficult to see that
we can relate, via the OPE, Lz, M to the CFT data, i.e. three-point functions and

anomalous dimensions. In fact, the following equations hold:
Cz(a/)CL(d/) = Lz, Cx(a/mz(a/)CL(a)) = Mz(d) (6.1.6)

where C,q) (55) 18 @ (d X d) matrix of three-point functions (O,0,K;s5) and n is a diagonal

matrix encoding the anomalous dimensions of the eigenstates K,

2 1
qu =7+ l + m’r]pq(o/) —+ 0] <]V4> . (617)

Note that if there was no mixing, there would have been one-to-one correspondence
between coefficients and OPE data. Instead, because there is mixing, for any given set

of quantum numbers 7 we have two sets of matriz equations’.

Our notation for the o/ expansion will be
=09 +an® +a0 +. .., Cc=CO4+a%CO +a°CO 4+ ... (6.1.8)

In this chapter we deal with the supergravity CFT data, for which the equations (6.1.6)
reduce to [37],

= I, c(o)n;(O)C(O)T =N (6.1.9)

il T T
where we have defined

1
2, (6.1.10)

In the case of Lz a general formula can be found, and we will show it in the next section.

A closed formula for N(;O) appears instead to be more challenging. This is however
(0)

not necessary: one can directly focus on the eigenvalues of the matrix IN.”, which are
the supergravity anomalous dimensions and compute them the for various quantum
numbers. These can fitted quite easily and they have a remarkably simple form, as we

will see.

Tn the case of no mixing, the matrix is 1 x 1.
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‘
, :

Figure 6.1: The three disconnected diagrams. Note that the identity (first diagram) and the
t-channel (third diagram) only exist when p = q.

6.2 Long disconnected free theory in N = 4

Let us start with SCPW decomposition of the long sector of disconnected free theory.
It is easy to see that the only correlators with non-zero disconnected diagrams are
those with pairwise equal charges? and their spacetime dependence can be computed by

performing simple Wick contractions. We have

<C)plc)pzc)p369p4>

1
== <5pq 912931 + 913954 +0pg 914953 ) (6.2.11)
disc prq SN—— S——

u-channel t-channel

Now, following [108], one first extracts the unprotected contribution and then decom-
pose it in long superblocks. Obviously, no long operators are exchanged in the identity,
therefore the identity does not contribute to the long decomposition. The block decom-

position reads
(Op, Opy Op; Op,)

disc, long

=> Ll (6.2.12)
7—_’

where Lz are the long superblocks defined in (2.3.21). By performing the expansion
for various cases, it is not difficult to find an explicit formula for the block coefficients.

[31, 37]. In our notation it reads

_1\a+l
MAhABBijé : (6.2.13)
pq

Lr=—

For future convenience, we have defined the functions A and B,

(6.2.14)

4, _T(h+ B)T(h = BT (h + i)
['(2h — 1)['(h — 2£9) ’
(2 — 2§) 1
P(L—j+ PP =5 = 250 D(P5t + 5 — 1D (P5E — )

B; =

2We remind that with our conventions ps — ps > pa — p1 > 0, therefore the only allowed correlators
are those with ¢ > p.
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as well as o:

sW ()
h,h, h,h,j ) ]
0= 5(5] @ 5514;)1 ij 5;(12])5,(13 5;(1?J)-=(h—y)(h+g—1), (6.2.15)
h,h.j.j h,h,j

where we remind that

T - T b - b
. 9, h=_-41 = —a—1 = 2.16
h 5 +14+2, h 5 + 1, J 5 a , J 5 (6 )
To simplify the notation, from now on we will write 5 =5@W and W . =5@. We

h,h.j,j hih.j.3
will later see that these polynomials are very natural and will make an appearance also

in other theories.

A fundamental observation came from [31]. There, it was noticed that §®) = §®*§* is
the eigenvalue of a certain Casimir operator acting on the blocks. In fact, note that the

functions ]-'ff defined in (2.3.23) satisfy the following equality,
DEFE(z)=h(h—1)F;(z) (6.2.17)
where DI is [134]
Df = 3:2836(1 — )0y = (p12 +p34):c28m — P12P34 L. (6.2.18)

With the help of the above eigenvalue equation, it is immediate to check that

P43 ~ P43
( U1+ ( _g) 17 2 ngHb a)
P43
— 5059 (2 - DU (y - )T 3 GriMea) (6.2.19)
where Dg is given by
Dg = DyDy, D4:(DI—D;)(D;{—D;), @4:(D;—D§)(D;—D§).
(6.2.20)

In the next section we will see that §®) is nothing but the numerator of the anomalous
dimensions. The presence of 68 suggests that the hidden symmetry in free theory is
realised not on the correlator of the O, but on a correlator of superconformal descendants
of O,, obtained by action of the Casimir. A more detailed discussion can be found in
[31] and in [62] for the AdSy x S? background, where the logic is exactly the same.
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mi,, =p—a—1 (6.3.23)

m[Kpqg]

Figure 6.2: The level-splitting label m, counting the distance on the p axis from a + 2. It will
acquire a particular meaning in the next chapter when we will discuss the string-corrected
spectrum.

6.3 Anomalous dimension and residual degeneracy

We will refrain from writing down explicit examples, which can be found in [33], and just
present the general formulae®. As we mentioned, the idea is to compute the eigenvalues
of the matrix N(TP)

find that the anomalous dimensions are given by a very simple formula:

for different values of the quantum numbers 7. In [37], the authors

5®)
0) — _9
iy = - (6.3.21)
b (lfaJrgp,Qf%M)G

where we repeat here for convenience the definition of §®),

6 =65 1 70hs = (= D=+ D= ) (Rt =) (=) (Bt = D)(h= ) (o] = 1),

(6.3.22)
The first thing to note is that the anomalous dimensions are all rationals. Let us stress
again that these are eigenvalues of d x d matrices, therefore the result is highly non-trivial
and strongly suggesting of the existence of an hidden structure, which is, in fact, the 10d
conformal symmetry [31]. Moreover, they only depend on p, rather than the pair (pq),
so all operators in Rz with the same value of p but varying ¢ have the same anomalous
dimension. In other words, operators on the same vertical line in the rectangle remain

degenerate in supergravity. This brings to the conclusion that

the resolution of the operator mixing in tree-level supergravity is only partial!

To help visualising the partial degeneracy, let us introduce the level-splitting label m
of an operator K, in Rz, which measures the distance on the p axis from the value
pa = a + 2, as shown in figure 6.2. For each anomalous dimension labelled by m, the

partial degeneracy is counted by the number of points on the ¢ axis. The left most corner

3We will go through some examples for specific quantum numbers in the second part of the thesis for
the other two theories we consider, where the logic is very similar.
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of the rectangle A = (pa,qa) corresponds to the most negative anomalous dimension.
The partial degeneracy is bounded by the parameter p introduced in (6.0.3), but notice

that the level-splitting label m and the parameter p are not the same.

Because of the residual degeneracy, the eigenvalue problem on R>® Rz is well-posed, but

the leading order three-point functions are not uniquely fixed, since these are determined
(0)

by the columns of c.” which, we recall, are the eigenvectors of N(;O). If the anomalous
dimension is degenerate, only a certain hyperplane is singled out, whose dimension is
given by the partial degeneracy of n(m). If the anomalous dimension is non degenerate,
this dimension is unity and a unique vector is singled out. In any case we can fix a basis

of eigenvectors and provide an orthogonal decomposition of RY,
Vi ®Vep®... =R (6.3.24)

where V. span the hyperplane labelled by 79 (m). Obviously d = u(t — 1) counts the

total number of operators, as explained around (6.0.3).

We end the chapter by commenting on the relation between the form of the CFT data
and the hidden 10d conformal symmetry. In [31], it was recognised that the denominator
of the anomalous dimensions resembles a quantity which can be computed in flat space.
In particular, they noticed that the coefficients of the partial wave expansion® of the
2 — 2 scattering of axi-dilatons in IIB supergravity goes like ~ 1/(l + 1)g where [ is the
flat 10d spin. This led the authors to conjecture that the quantity

ho=l+a+2m— HEDT (6.3.25)

present in the denominator of (6.3.21), behaves as an effective 10d spin. Here, m =
p — a — 1 is the level-splitting label we introduced earlier. Then, they ascribed the
reason of this similarity to the existence of a 10d conformal symmetry governing the
supergravity dynamics. The similarity between these two quantities can be intuitively
explained as follows: in the flat space limit, the correlator reproduces the flat amplitude
and the conformal blocks reduce to Gegenbauer polynomials. As a consequence, the
coefficient of the block expansion - which are the anomalous dimensions - should also be

related to the coefficients of partial wave expansion.

In the next chapter we will see that [1g also plays a crucial role in string theory, since it

dictates which operators are turned on at a given order.

“The partial waves can be written in terms of Gegenbauer polynomials, see e.g. [135].






Chapter 7

The double-trace spectrum in

string theory

We have seen that the unmixing in supergravity does not completely lift the free-theory
degeneracy, rather it leaves a residual degeneracy which is nicely depicted with a 45°
rotated rectangle in the (p,q) plane. A natural question to ask is whether the residual
degeneracy is lifted when adding o/ corrections. In this chapter we show that an affir-
mative answer is indeed consistent with the (infinite) bootstrap equations given by the
OPE. This, on one side, allows to fix the coefficients in the ansatz we described in chap-
ter 5 and, on the other side completely fixes a certain class of anomalous dimensions.
These are specified by a certain characteristic polynomial, which, as we will see, has a

lot of very peculiar features.

The chapter is organised as follows. In section 7.1 we present the main conjecture; then,
in section 7.2, we discuss the relevant o/-corrected OPE equations . In section 7.3 we
present the simplest anomalous dimensions, i.e. those associated to the so-called rank=1
problem. This will be a useful starting point to discuss the more general eigenvalue prob-
lem, detailed in section 7.4. We will find that the solution, unlike supergravity, cannot be
written in terms of radicals, therefore we will necessarily need to focus on the associated
characteristic polynomial, rather than its zeros, i.e. the anomalous dimensions. Finally,

in section 7.5, we list a number of properties enjoyed by the characteristic polynomial.

7.1 A bound on Iy

The general idea behind our bootstrap approach is that, by imposing a bound on the
effective 10d spin, we can fix the coefficients of the ansatz, up to a certain number of

ambiguities. As we anticipated already, this requirement will give an infinite number of
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D

—

=0 Vm>m*

a/n+3

=0 Vm>m*

a/n+3

(Op; Op; IK (1))

m*

Figure 7.1: The rectangle Rz of operators K,, which are degenerate at leading order.
The lifting in supergravity is only partial with the anomalous dimension depending
only on the column. At the order o/™*3 the operators in the grey area turn out to be
uncorrected.

constraints' for a finite number of free parameters, therefore the fact that the conjecture
is not ruled out is quite reassuring. The main conjecture is that operators turned on at

the order o/(3) are those for which their labels satisfy the following inequality

lip < n, Q™3 n € 2N (7.1.1)

where, for convenience of the reader, we repeat here the definition of l1¢:

ho=l+a+2m— B0 g (7.1.2)

We can also turn the inequality (7.1.2) into an inequality for level splitting label m =
p—a—1:

m < m*, m* = +1, n € N even. (7.1.3)

The conjecture essentially states that

=0, vYm > m?*;

Oé/n+3

1. n(m)

2. <Opiopj "C(m)>

=0, Ym > m*

a/n+3

i.e. that there is a class of anomalous dimensions and three point functions which is
zero. This can be translated into concrete equations for OPE coefficients, and we are

going to do so in the next section.

The inequality on /;p can be somewhat justified following the logic of [31] for the super-

gravity case which we recalled at the end of the previous chapter. In fact, in flat space,

1This is because the number of equations vary with 7, b which are unbounded.
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the partial wave decomposition of any given term in the o/ expansion of the Virasoro-
Shapiro amplitude (and of polynomials in general) is bounded in spin. In particular,
a polynomial of degree n in the Mandelstam variable ¢ contributes up to spin n in the
partial wave decomposition. Now, since conformal blocks reduce to partial waves in the
flat space limit, then (7.1.1) is, in a sense, the statement that l;p cannot exceed the

highest possible spin in flat space, i.e. l?gt =n.

In figure (7.1) we describe the situation pictorially. The anomalous dimensions of the
operators in the grey area are zero. Moreover we will see that the ambiguities we
described in chapter 5, only affect the anomalous dimensions with labels satisfying {19 <
n, while operators for which {19 = n do not suffer ambiguities. This is in agreement with
the intuitive picture offered by the effective field theory approach of [50]: there is a sub-
amplitude in the AdS5x S® Virasoro-Shapiro amplitude which directly descends from flat
space. On the other hand, there are some other terms which instead capture curvature
effects and are insensitive to the bootstrap. Note that we have specified n € 2N, the

reason being that for odd n, a crossing symmetric polynomial goes like
st U~ st (7.1.4)

therefore for odd n the flat spin is n — 1. A more precise argument is given in appendix

C. Thus, for general n the inequality updates to

1—(-1)"
lig <n— (2) @Qa/" 13, n € 2N. (7.1.5)

At this point, we should note that the spin appearing at odd n already appeared at the
previous order. As a consequence of this, we expect that the spectrum of double-trace

operators at odd n will contain ambiguities for all values of lg.

The inequality above implies that we will get average CF'T data stratified as
at+l=nn—1,n-2,...0 (7.1.6)

For each value of a + [ we then read off the bound m < m* where

a+l:‘n‘n—1‘n—2‘n—3‘...
(7.1.7)

w1 2 [ 2

7.2 Unmixing equations at stringy level

Let us now translate the discussion we had so far into formulae by considering the OPE.

The OPE will be referred to an orthonormal basis in supergravity, as in (6.3.24), for



66 Chapter 7 The double-trace spectrum in string theory

which we have the relation

span( columns of c(o)) o~ [Wﬁl,\/;ﬂ, . (7.2.8)

=
7

The most general constraints from the OPE are discussed in appendix B. The ones we

need in this section can be written as the following matrix equation,

VI, <c<0>n<"+3)c(°>T L DEBINO 4 N(O)D("+3)T)V;’m, — VL NOv,

Vm > 1, vm' > m*, (7.2.9)
where
D® = L3 (C(’“)C(O)T) L7 =L 3Cc®cOT (7.2.10)
and
_1 _1 _1
W =r2cl, NI om0z, (7.2.11)

The matrix of rotated three-point couplings D(+3) has a block structure depicted below,
Ve oo Vame Vamer oo
Vz1
(D£n+3)> _ O WF,m*
T mm/ V?7m*+1
(7.2.12)

The block structure of D goes together with the obvious diagonal structure of the matrix

of anomalous dimensions 1. Moreover

1. in the subspaces Vi ;51 ® Vz s both D™+3) and n("*+3) vanish under the as-

sumption that the operators K, z with m > m* are decoupled at that order;

(n+3)

2. in the subspace Vz < @ Vi e, D is anti-symmetric (green part).

We prove this latter statement in appendix B, where we also address the content of the

red part, which is not important in the discussion.

Combining the information from the OPE on the Lh.s. of (7.2.9) with the r.h.s. de-
termined from the superblock decomposition of M, we find, in correspondence of the

previous items,
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1. the rank constraints,

VE NEve =0, vl >t Ym > (7.2.13)
2. the level splitting problem, written as the eigenvalue problem of

ECH) = (VTTJ Ny J>”, Vi1 € Ve, (7.2.14)
The matrix E~ . is a square matrix of dimension dim(\/;ym*)? As explained in more
detail in appendix B, its eigenvalues are the new corrections to the tree level anomalous

dimensions of the operators K, », with level splitting label m*,

= eigenvalues[E, . -] (7.2.15)

\T

V‘T‘,m*

and will provide the lift of the partial degeneracy of tree level supergravity. This is
always a zeta-odd valued function, i.e. ~ (,430/"3. The eigenvectors of E single out
particular directions on the hyperplane Vz,,«, and the full three point functions are

given by

= Vi, - eigenvectors[E, . - | (7.2.16)

where the eigenvectors are taken to be orthonormal. In this way the computation of

the matrix ¢() is complete, and the spectrum of operators at genus zero is fully unmixed.

Finally, let us point out a consequence of the relation a + 1 ~ n — m*. The value of n
here sets the order of the o/ expansion, therefore, an operator with fixed level-splitting
label m*, in a given SU(4)gr channel [aba], but varying spin [, receive for the first time
a correction to its supergravity anomalous dimension at order ~ o/™ Tt To study
operators with large spin [ in the same Rz we then have to look at high orders in

perturbation theory. We therefore conclude that

the level splitting problem is not a problem of fixed order in the o/ expansion.

Before entering the details of how we impose the constraints (7.2.13), let us discuss some

simple cases to let the reader familiarise with our various statements.

7.2.1 Rank formula

It is nice to understand the rank constraints in (7.2.13) as a sort of exclusion plot, i.e.

we know how many eigenvectors of tree level supergravity are in the kernel of N(™+3),

2Given m* and a + [ we will avoid the label (n + 3) from now on, since n follows from (7.1.3).
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at given order in o/, therefore we know that the ones not in the kernel give us the rank.
To fix ideas consider a generic rectangle R-. The table below shows for the first few
orders in the o/ expansion, and varying values of a + [, the expected rank of N("13) and

the position of the edge m*,

aBla+l=0 rank = 1 m*=1
a®|a+1=2,1|rank=1 m* =

a+1=0 rank =3=1+2 m* =2 (7.2.17)
" la+1=4,3|rank =1 m* =

a+l=2,1|rank=3=1+2 m* =

a+l1=0 rank=6=1+2+3|m*=

Let us start by discussing the rank= 1 problem, that is when a +1 =n,n — 1. This is a
special case since we are not actually unmixing any residual degeneracy. In fact, there
is only one operator for any Rz corresponding to the operator labelled by the left most
corner, which we defined by A, i.e. the one highlighted in red in figure (7.2.18).

q D
L /4

p N C

A@® (7.2.18)

When a + 1 =n — 2,n — 3 operators with level splitting label m = 2 are visible and Nz
has rank= 3. The three operators in question are simply the ones labelled by A and the
pair A+ (1,1) and A+ (1, —1). In figure (7.2.19), the pair is encircled in blue.

q D
L /4

p - C

. ‘g

(7.2.19)

Note that A receives the first correction to its anomalous dimension from the rank = 1

problem, therefore, the rank= 3 problem will add a second correction to A, which we will
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not study. As we mentioned already, this correction depends on ambiguities which are
not fixed within the bootstrap. Instead, operators labelled by A+ (1,1) and A+ (1, —1),
receive a string correction for the first time and are fully fixed by the bootstrap. The
reasoning for the rank= 6 example at a+1 = n—4,n—>5 is very similar, and we conclude
that this is responsible for lifting the SUGRA degeneracy among A+(2,2), A+(2,0) and
A+ (2,—2), i.e. the ones with level splitting label m = 3. Analogously to the previous
case, the rank= 6 problem will add another correction to A, A+ (1,1) and A + (1,—1)

but these will suffer ambiguities.

In our table above we assumed a large rectangle R> to start with, therefore for small
values of m we only explored operators labelled by points in between A and B. The
level splitting for operators lying on the right of B takes place for values of n and a + 1
as in (7.1.3), but one has to pay attention to the actual numerical value of the rank.

Graphically there are two situations,

D D %

and the general formula is
rank N=| = #{(p,q) with 24+ a<p<a+m"+1} (7.2.20)
m*

where the r.h.s. is simply counting the points in Rz of the form (p, ¢) with p < a+m*+1.

7.2.2 Tailoring the bootstrap program

Our bootstrap algorithm begins by taking a crossing invariant ansatz for M,,, i.e. the one
(n+3)

we built in section 5, and computing the matrices N.""™, as function of the parameters

in the ansatz. Then, we impose the rank constraints

initial ansatz

v NUFy. =, ¥m' >m*, ¥Ym>1

hY
T,m T ’

(7.2.21)

Notice that a necessary intermediate step here is to compute a basis of orthonormal

(0)

eigenvectors of the supergravity matrix N.7, which we borrow from [37]. Equations
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(7.2.21) are linear in the parameters 2 of the ansatz and can be rearranged as a linear
system of the form £- 2’ = f, where on the r.h.s. we have put the covariantised flat space
contribution, which is known. We repeat our procedure for many rectangles Rz until
the solution of the linear system saturates. A convenient way to do so is to consider
first a selection of quantum numbers 7 and [aba] with a + [ = n, then add the results
from another selection of quantum numbers 7 and [aba] with a +1 = n — 1, and keep
going until a + { = 0. In principle we can take infinite values of 7 and b. In practise we
have taken finitely many for each [aba], and we have seen the system saturates after a

few values.

In the table below we summarise how many independent conditions are imposed from

the rank constraints,

initial ansatz | rank constraints
Mo 6 4
Ms 18 14 (7.2.22)
My 44 34
Ms 98 82

The number of initial parameters is the one counted by using the table in (5.2.21), where
M, is assumed. As n increases the number of new crossing invariants H,, (¢,,,—¢) grows
as well, and moreover, more spin structures are turned on, as it is the case in flat space
(see discussion in appendix C). The first case in which more than one spin structure is
turned on in flat space is at o', i.e. the spin six contribution (s® +t%+ u%) and the spin

four (s® + t3 4+ u®)? contribution. In this case there are two different problems,

‘ initial ansatz ‘ rank constraints

M, spin—6 208(—17) 176 (7.2.23)

M spin—=4 208(—17) 176
where for computational simplicity we also fixed a particular gauge.? In both cases we
have found the same number of constraints, as shown in the ancillary file.

Notice that since Vg is the completion of two spin structures, rather than one, the number
of new crossing invariants in Vg essentially doubles compared to Vs, see the counting in
table (5.2.21).

In some cases we can exploit the OPE even further, especially if we can set something to

3With the word gauge here we mean the freedom to set some parameters to zero without changing
the anomalous dimensions on the edge of the rectangle. In particular, we set span(Hz,1,0) to zero and
we only kept the terms with no ¥ in span(Hs) and set to zero the others. In total we used a gauge with
17 parameters set to zero, as given in the ancillary file.
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zero. For example, at (/)% we can look at the subspace of operators with a+1 = 0 and
m = 2, consisting of two degenerate operators at tree level in SUGRA. These operators

were at the edge of the o/° contribution, thus the amplitude My unmixes them and

(0)

returns well defined three-point coupling in the c..” matrix, let’s say [cl(.i)m]ﬂo,[()bo],mﬂ

orthonormal. From the OPE follows that

0= [[cg())]T(c(m,,(k)c(mT L DONO N<o>D<k>T) [cg))]] . k=67
7,0,[060],m=2

because both D) and D are just anti-symmetric at this order. Therefore,

0= [[cgm]T N(k) [c;°>]] . vYnb k=6,T. (7.2.25)
7,0,[060],m=2

This is a new condition in addition to the rank constraints, which we expect to saturate
for all values of b and 7. For o/® we find that no independent constraint is added, while
at o/” we find a new relation among free parameters. This is reasonable because the
operators we are using here are strictly below the edge of /7, but not for a/6. At order
a’® we find two more constraints, and we checked instead that some of the new data
from unmixing operators at the edge of /7 is automatically implemented, similarly to

the behaviour between o/® and o/®>. We have attached the results in the ancillary file.

7.2.3 Ambiguity-free CFT data at the edge

We already anticipated that the CFT data at the edge are uniquely fixed. We conclude

this section by commenting on this very important feature of this bootstrap program.

The reformulation of the rank constraints as a linear system £ - 2 = f, where f comes
solely from the flat space contribution, explains how M, ,, propagates into M,,. If f is
determined uniquely, the solution consists of a particular one, supplemented by ker(.
The particular solution, which depends both on £ and f, is the most interesting part
for the CF'T data, because it uniquely identifies the level splitting matrix

g (V;:Q S NOH J>I . Ver € Vi (7.2.26)

7,m*
b}

For concreteness, consider again the amplitude at o,
Mo = (2= 1)3Mag+ (X — )42y, (s8 4+ tt +ut) + (S — 1)5(s> + t> + u?), (7.2.27)

Moo = 23157 + 235 (K + ki + k3) + 233 (3 + 87 +0%) + 2345 + 235

)
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The rank constraints give four relations for six coefficients, namely
2'4’1 = _5, Z3’3 = 5, 2372 - 2371 - 11, 2374 - O (7228)

It turns out that, even though IN.. still depends on free parameters, when we project on
Vi m= they cancel out. It is simple to confirm with computer algebra that both ES% at
a+1 =0, and the CFT data at m* = 1 with a + 1 = 2,1, do not depend on the two

remaining free parameters, despite the fact that the amplitude at this point still does.

In general, f can be ambiguously or unambiguously determined depending on the 10d

spin of the flat term. We have two cases:

e n even with leading 10d spin;

e 1 odd or more generally sub-leading 10d spins, that is any contribution in the flat

space amplitude given by products of amplitudes at previous orders.

In the first case, f is unambiguous and the CF'T data at the edge m = m* are completely
determined; in the second case f does depend on ambiguities contributing to the same
10d spin, meaning that f is ambiguous. A nice example is o’ which contains both
s6 4+ % + u® and (stu)?. The first one has l19 = 6, and it is the first time that this
value appears in the o expansion, while the second one has l;g = 4, so it will mix
with s* + t* + u* present in the ansatz. The CFT data at the edge of o is the one
corresponding to l19 = 6, for which the term f is uniquely determined by s® + t6 + u®.
In fact, we experimentally checked that if we introduce a parameter ¢ to deform the spin
six problem as s% + t® + uf + ¢(stu)?, the CFT data at the edge is independent of q.

Summarising, we believe that the uniqueness of the CFT data at the edge at m =
m™* strongly suggests that there is a preferred sub-amplitude that corresponds to the

covariantisation of the flat effective action [50].

7.3 All rank= 1 anomalous dimensions

Before exploring the general level-splitting problem, we study in isolation the case of
rank= 1 at a+I = n,n—1, because it can be solved independently at all orders in o’. This
will help us to explore various properties of the m* = 1 anomalous dimensions w.r.t. the
quantum numbers 7 which we will then use to analyse the more general characteristic
polynomial when m* > 1 in the next section.

(n+3)

7

We remind that when the matrix N

corner of Rz, encircled in red in the figure below, gets a correction to its CF'T data, i.e.

has rank= 1 only the operator on the left most
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m=m"=1.
q D

P = C’
A® (7.3.29)

In this case the only quantity to compute is the anomalous dimension, since the correc-
tion to the three-point function is a vanishing one-by-one anti-symmetric matrix. The
first set of m* = 1 anomalous dimensions are found for a + [ = n even, in the following
channels

"3 n=0,2,4..., [abal, (7.3.30)

Now, we just look at the eigenvalues of the level splitting matrix E;nntf) defined in
(7.2.26) for various labels 7,1, a,b with a + 1 = n and fit the data. The eigenvalues are
all zero, except for one, that corresponds to the anomalous dimension in the left-most
corner. Remarkably, the resulting anomalous dimensions have a very simple form, given

by

nl(n + 4)! T b4+2a+2 T b+42
f 9 (g T s®) (22T AT A -+ —= : 7.3.31
nT X e (2n +8)! 2 2 n+3 \2 e n+3 ( )

The second set of m* = 1 anomalous dimensions are found for a +1 =n — 1 odd in the

following channels,

a= n—1, n—2,

"3 n=24..., [aba] ;
l= 0, 1,

(7.3.32)

In this case, we find that the anomalous dimensions fit with the following polynomial

(T +20+4) —b(b+ 2a +4)
4

Ny = —Frn X (7.3.33)

where we defined

! 4)! b+2 2 b+2
Frp =42 ¥ QH?)M s® (T _ broa+2 T + btz . (7.3.34)
7 (2n +8)! 2 2 ati+3 \2 2 Jatits

We conclude the section with some observations which will be useful for the more general

case m* # 1:

e notice that for both a+1 = n and a+1 = n—1, the total degree in twist of n* is un-
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changed. The —1 lost in Fz,, in the odd case is regained by the T(THZH);b(bHaH)

contribution. This polynomial is more compactly T — B, where

T=lr(r+20+4), B=2ibb+2a+4) (7.3.35)

e the anomalous dimension are odd under the symmetry T <> B and [ + a;

e both anomalous dimensions in (7.3.31) and (7.3.33) are negative definite for phys-
ical values of 7, and for given value of n can be written solely in terms of T and
B, a and I;

e Upon factoring out F, we find unity when a + 1 = n even, and T' — B when
a+ 1 =mn—1 odd. Notice that if we assume T is present, then we know that
B is also present because the flat space amplitude cannot distinguish 7 from b,
and a from [, thus they have to appear on equal footing at leading order. This
is equivalent to saying that the flat space Mellin amplitude only depends on one
set of variables (namely, the S, T, U variables defined in (5.4.37)). We infer in this
way that the flat space limit is implemented at the level of CFT data as the limit

in which T and B scale in the same way and are large.

After this warm-up, we can now study the general splitting of degenerate long two-

particle operators at tree level in supergravity.

7.4 Level splitting and the characteristic polynomial

Following the discussion for the case m* = 1 of the previous section, it will be convenient

to define a rescaled anomalous dimension:
= Frn Mrm- (7.4.36)

The factor F is precisely the one in (7.3.34),

! 4)! b+ 2 2 b+2
Fan = 42 % Cuyg i+ ! 5 <T _ a+> (T N +> ,
a+1+3 a+1+3

(2n + 8)! 2 2 2 2
(7.4.37)
The information about the new anomalous dimensions is carried by the characteristic
polynomial
proo— " et [E. ot o1 7.4.38
7omo m et[ 7,m n?,m ] ( cE. )
(]: F,n)

The simplest observation we can make about 1* has to do with the flat space contribution

in the capital variables S, T, U, which is blind to the level splitting. We can access this
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limit by taking the twist 7 to be large in the anomalous dimensions, then we expect the
polynomial to covariantise?, and collapse in such a way that all roots are equal,

* ~ n—a—1\"
Prw = (+@-By )" 4 (7.4.39)

with the variables 7" and B as in (7.3.35).

We know the exponent of the term (7" — B) after comparing 7 with the anomalous
dimension for the rank= 1 problem. This is simply Fz,, with a +1 = n, i.e. the formula
we gave in (7.3.31). When we increase the values of m* > 1, equivalently we decrease
the value of a + [ w.r.t. n, the mismatch in powers of T is precisely n — a — . The flat
space limit (7.4.39) tells us what is the maximum degree in T and B of the coefficients

in 77 of the characteristic polynomial
Py = 0"+ EKni(T,B,a, )™ " + ...+ Kpu(T, B, a,l)
deglKm;] < jx <2m —241a1- (—1)““)) . (7.4.40)

In the next section we are going to study the case m* = 2, for which there are only
two coefficients, namely K5 ; with j = 1,2. Since this case is associated to a degree 2
polynomial, we can actually focus on its roots, and look for some more properties. This
will help us to deal with the more general m* > 3 case where we can only investigate
properties of the coefficients K;(T, B, a,l) w.r.t. the quantum numbers. We will do so

in section 7.5.

7.4.1 m* = 2 operators at all orders in o’

We now discuss the level splitting of m* = 2 operators with a4+ = n — 2 even first, and
then a +1 = n— 3 odd. Given the simplicity of the degree two characteristic polynomial

in these cases, we will be able to include explicitly all orders in o/.

15,7,9

We start with a +1 = n — 2. By using our result at « we gathered data for

a+1=0,2,4, respectively. Let us quote an example for concreteness,

_ 8070480000 118800000187
7 7

E;—121=0,j040] = (7.4.41)

118800000187 _ 8624880000
7 7

Even though the numbers look (very) nasty, we will see that the function is in fact very
simple. The quantum numbers b and 7 are arbitrary in principle, subject only to the
bound 7 > b+ 2a + 4, thus as done for the case m* = 1, we first fitted the characteristic
polynomial as functions of 7" and B, keeping a+! fixed. Collecting all pairs (a,!) we then

4With covariantisation here we mean the observed property that the 7' dependence upgrades to a
T, B dependence.
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looked at the dependence on a and [. For m* = 2 we had the bonus of looking directly
to the roots, rather than the individual coefficients of the characteristic polynomial.

This was fruitful because suggested the following representation of the characteristic

polynomial,
2o = (147 + (047721 + 720 (7.4.42)
where
oy = £ +3) (3(21 +5)+ (2a+5)T — (a+2)(I + 2)) (7.4.43)
’ 2n+5 ’
(n+2)%(n +3)?
= BT A4.44
0=t (7.4.44)
and the shift is
r=(T—B?+B2+1)+ (2+a)T. (7.4.45)

By construction, the square root responsible for splitting the anomalous dimensions does

not depend on r, and is quite simple i(’y%l - 47270)%.

Let us now switch to the explicit form,

Piy =1+ Ko1(T,B,a,1)ij + K25(T, B, a,l) (7.4.46)
and look for additional properties. The first observation is that

Ky ;(T,B,a,l) = Ko ;(B,T,l,a), ji=12 (7.4.47)

and in fact the rescaled anomalous dimension 7 is even under the symmetry.

The second observation is about the covariantised flat space limit in 7" and B. This
is manifest in the parametrisation (7.4.42), and to see it scale n — ¢2n and (B,T) —
€(B,T), and take the limit € large. At leading order,

Zo(€40€B,eT)| | = (7 + (T = B)?) (7.4.48)
where the term (T — B) comes just from the shift by r. This collapsed polynomial has
indeed two equal roots, as we anticipated already in (7.4.39). A nice experiment is to go
beyond the leading term, and see how the anomalous dimensions split, since we know

they will split. The € expansion reads,

n2+3n+1

T (T(2a+5)+(2l+5)B)] +...

- . 1.
;’,2(62777 EB, GT) = 64 [n?‘lat - Enflat |:T + B+

(7.4.49)
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where 71t = 74 (T'— B)?. Remarkably, keeping the first correction we find the solutions

1
O™, =0 5 it == [T +B+.. } (7.4.50)

We learn from this formula that as we move away from flat space, the degeneracy is
lifted sequentially, one of the two roots is still at the flat space locus, while the other is
shifted.

Our next observation has to do with a factorisation in the coefficient K 2, which is not
manifest in (7.4.42), but it becomes apparent in (7.4.46) upon replacing n = a + [ + 2.
Very nicely we find

KQ’Q(B, T, a, l) =

TEb T+b+a+l+4 T=b o T_b+l+2 Kyo(T, B, a,l)
2 2 2 2 ’
(7.4.51)

for a non factorisable Ko such that deg[Ks 2] < 2, as expected from (7.4.40).

This factorisation can be interpreted in the following way. Note that K32 above vanishes
precisely at 7 = b+ 2a 4+ 4, which is the minimum value of 7 for a two-particle operator.
Let us recall now that at the minimum twist, the rectangle collapses to a single line with
—45° orientation and there is no residual degeneracy in this case (see chapter 6). The

partial degeneracy for m* = 2 will start showing up at 7 = b+ 2a + 6. For example,

A A

m 040] 040]

@)
()

(7.4.52)
When there is no degeneracy, the two particle operator with label m* = 2 is already
identified by the SUGRA eigenvalue problem, therefore the o’ correction is linear and
is obtained by the following direct computation,

7.4.53
r=b42a+4 ™ T2 proatd’ ( )

where Vy 9,442 consists of a single eigenvector. Let us emphasise that there is no 2 x 2
level splitting matrix corresponding to this case. Remarkably what we find by looking

at the characteristic polynomial, and forcing 7 = b + 2a + 4 is

Pza =177 (7 + 2,1 + 27) (7.4.54)

T=b+2a+4 T=b+2a+4 '
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Thus, one root of the polynomial goes to zero, and upon inspection the other root
precisely coincides with the rescaled anomalous dimension from (7.4.53)! We interpret
the above phenomenon as follows. Because the characteristic polynomial is analytic in
the quantum numbers, we can think of its roots as the anomalous dimensions of two
analytically continued operators. The reduction in (7.4.54) shows the decoupling of one
of the two operators, when physically only one operator exists in the theory. A priori
there would be no reason to expect the non zero root to correctly reproduce the rescaled
anomalous dimension of the physical operator, since there is really no 2 x 2 level splitting
matrix at 7 = b+ 2a + 4. Quite surprisingly we find that it does, here and in all other

examples that we will check.

The case a + 1 = n — 3, generalises in a simple way the previous case. We will focus

mainly on the characteristic polynomial, which we can write as
o = (+ r)?+ (7 + 7)Y21 + V2,0 (7.4.55)
in terms of a new shift

r= (T B+ (T —B)(BBI+7) + Ba+7)T)+ (a—1)(BI+2)+ (a+2)T)

(7.4.56)

and new coefficients

Yo1 = —W(T ~B) (B(2l YT+ (2a+ )T — 3al — T(a+1) — 16) (7.4.57)
0 = 40 ;fi”; (1 — By (3BT~ B(+2) - (a+2)T). (7.4.58)

The shift by r makes manifest the flat space limit, which this times goes with
*( 3~ ~ 2 ~ ~ 3
P (6 n, €T, EB)Lﬁ = (nflat) ; Nflat = 1 + (T - B) (7459)

The power of (T'— B) is one more compared to a +1 = n — 2 even. In general T' > B
therefore there is no ambiguity with odd powers. This odd power remind us that in this
case the rescaled anomalous dimension 7 is odd under symmetry 7' <+ B and a ¢ [,

which implies on the polynomial
Ky ;(T,B,a,l) = (- K2;(B,T,l,a), j=1,2 (7.4.60)

As in the previous case, the splitting of the anomalous dimensions away from 7 =
0 is sequential, and the rank reduction at the minimum twist decouples one of the
two analytically continued operators, and reproduces the anomalous dimension of the

physical operator.
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7.4.2 Unmixed three-point couplings

The three point couplings of the newly identified two-particle operators are given by the

columns of the c2 matrix, as explained around (7.2.16), namely

CS?O) = Vz, - eigenvectors[E, - | (7.4.61)
Vi o

where the eigenvectors are taken to be orthonormal. This formula simply means that
the three point couplings are given by taking an orthonormal basis for Vz,, from the
SUGRA eigenvalue problem, then solve the stringy eigenvalue problem in that basis,

and use the stringy eigenvectors to fix the residual freedom on \/;72.5

The general form of the three-point couplings is

T
T2
cln(cg’)> = . Tsz = Table| ..., {i,1,t — 1}
T
L _ (7.4.62)
We will now label the new three-point couplings at m* = 2 with + signs,
S PPy T PR R P
o U - Y (B 43 =B, T
(7.4.63)
(52" +142); =1
1 a4+ 1+5) o
Nrg = (QT_ba o 2<B<pu-1
(T=Darr (32 —a—2)sa4p b b
(P Hn—DF—p+l+3); B=p
where

~ 2
~ , _ ) ~ Pso(T, I ,
’7';; = Table [0’/371' (Pt a+i+2)(5—i— a)l+1<77/371(T, I+ 52()> , {i,1,t—1}
Y21~ 42,0
(7.4.64)
with 02 =1 and Ps polynomials in the variables T" and I = i(i + b+ 2a + 2), containing

®Differently from the characteristic polynomial, which is computable for any m*, the computation
of (7.4.61) requires knowledge of the roots. Thus, the three-point couplings will remain somewhat
implicit/numerical in the general case m™ > 3.
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non factorisable pieces in most of the cases.

The general form of the polynomials 75571 and 755’2 is of course complicated. Ultimately,
they come from combining two eigenvalue problems, because of the very definition of
¢ in (7.4.61). For example, in the SU(4)g channel [040] and I = 0 we find

440(—270(9 + I)2 + 3(9 + I)(103 + 7I)T — 2(89 + 9I)T? + 5T%)
Pp1=| 88T(—27(505+ I(130 4 91)) 4 12(609 + I (158 + 111))T — 16(62 + 9I)T? + 4073) | ,
132(=72(5+ I)?2 + (54 I)(323 + 55I)T — 6(53 + 91)T? + 1573)
(7.4.65)

1760(—9720(9 + I)% 4 54(9 + I)(161 + 9I)T — 3(3539 + I(550 + 191))T2 + 2(427 + 451 T3 — 25T*)
Ppgo=| —352T(972(305 + I(50 + I)) + 27(—3379 + I(—246 + 291))T + 12(2755 + 1(674 + 531))T> — 16(292 + 451)T> 4 200T*)
528(2592(5 + )2 — 36(5 + I)(313 + 531)T — (4147 + 1(1654 + 2111))T? + 6(247 + 451)T3 — 75T4)

Rather than looking for a general formula, in the following it will be more illuminating to
discuss features of the three-point couplings related to the flat space limit and the rank

reduction, by making a parallel with the discussion about the characteristic polynomial.

In (7.4.65), the degree in T of 73/3,2 is one power higher than 75/3,1, but what enters the
three-point couplings is the combination 755,2 X (72271 — 472,0)%. The square root precisely

lowers the degree by one in the regime of large 7. In fact, 6

+22007° — (78320 + 79201)T2 + O(T) |
lim Pgq1 — | +35207* — (87296 + 126721)T° + O(T?) | ,

T>1
+19807% — (41976 + 71281)T* + O(T) |

(7.4.66)
—22007% + (78320 + 79201)T2 + O(T) |

—35207* + (87296 4 126721)T°3 + O(T?)
—1980T® + (41976 4 71281)T? + O(T) |

, P
lim B2 —
T>1 4,/(36 + 5T)2 — 2887

When we add/subtract (7.4.66) to build 7+ we find that in the flat space limit 7;;

vanishes at leading and subleading order, while 7/'5_7? survives.

Next we would like to see what happens when we go to the minimum twist.” Reconsider

5Notice that our normalisation A extracts a factor that we understood to be present always, for the
first and the last block, i.e. § = 1, u, otherwise all components of P will scale the same.
"We thank Pedro Vieira for motivating this investigation.
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our previous picture, which was suited for the example we are illustrating here.

A A

m 040] (040]

@)
()]

Y
A\

(7.4.67)
For the characteristic polynomial at the minimum twist we understood the appearance
of a vanishing root (out of two) as a form of decoupling of one of the two analytically
continued operators. For the three-point couplings we expect something different to

happen. Continuing with our example (7.4.65), we find

102960(—1 + i)%(7 + )2 5 —102960(—1 + 9)%(7 + i)?

g 2
Ps1 = | 6177600(—1 + ©)2(7 + )2 5, = | —6177600(—1 + )%(7 + 1)>
5 ( A (36 + 5T)2 — 288T ( )
T=8 164736(—1 +14)(7 + )2 T

= —164736(—1 +4)%(7 + i)?
(7.4.68)
Both polynomials vanish independently and we conclude that the two analytically con-

tinued operators decouple®.

To understand the physics of the three-point decoupling, let us start again, this time
from a simpler case, i.e. [020] even spin, u = 2. Varying the twist we would find the

following picture

A A A

|

Iy

N
N

(7.4.69)
The red circle is pinning the operator which together with /C,,«— is a singlet eigenvector
of the SUGRA eigenvalue problem. This operator has its own analytic trajectory and
the arrow indicates that the three-point coupling goes analytically in twist, from right
to left. When we move from 7 = 8 to 7 = 6 the red colored operator takes the place of
an m* = 2 operator, but already in SUGRA it is not the analytic continuation of the
pair of degenerate operators, which therefore has to decouple. Again, when ¢ = 1 the
three-point couplings vanish at the minimum twist. The example in (7.4.67) is more
complicated, since it comes with p = 3 to begin with, but the fate of the pair at m* = 2

pair at the minimum twist is the same.”

8Remember that only the 4 = 1 component exists at the minimum twist.
°In (7.4.67) the operator in the middle at 7 = 8 will come from the reduction of the m* = 3 operators.
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The three-point decoupling is thus stronger compared to the decoupling in the char-
acteristic polynomial, which in this sense is quite smart because it retains information

about all physical operators.

7.5 General properties of the characteristic polynomial

The characteristic polynomial PZ% = associated to the level splitting problem is a novel

m

and very intriguing object. This is defined by

P;,m = (_idet [E'F,m B n;,ml] ’

(Frr)m = Frn N7m (7.5.70)

with the level splitting matrix defined in (7.2.14) and the normalisation F introduced in
(7.3.34). This object nicely packages the CFT data from the AdSs x S° VS amplitude
which lifts the partial degeneracy of the SUGRA anomalous dimensions.

Analyticity of P% = w.r.t. T, B, a,l might be obvious for m* = 2, since the level splitting

matrix is just 2 x 2. However, this is not so intuitive in more complicated cases as

6945359904 48965850432 69 690690
- 499 499 V 41735 —1524096 \/ 4165153
EF — 48965850432 69 337620067080624 33255693072 2002
= = ez 7.5.71
f_, 499 41735 20825765 8347 499 U
76| =14

1=2,[040] 690690 33255693072 /2002 183139846560
—1524096/ 1765753 8347 499 - 8347

and the characteristic polynomial will certainly not be analytic if the square roots remain

in the final result. For general m* there is a short computation we can do to actually

see what determines the analytic properties of P* and it uses the known formula,'®

[ trE  j—-1 0 |
trE? trE -2 0
() : L im NS K mmed
K; = S det v Pra=1 +ZKm,J77 :
J: . . j=1
1
trE/ trE/Y .. ... trE
(7.5.72)

The analytic properties of K, ;(T,B,a,l) then follow from those of tr E*. Let us
consider k = 1, since the general case will be analogous. From the definition of the level

splitting matrix in (7.2.14), we find

[ SIS

_1 —
tr Eﬁm =tr |M:> LF 2 PﬁmL77

] , Pz, = (Zvlv?> (7.5.73)
I=1

1<i,j<p(t—1)

0For example, see https://en.wikipedia.org/wiki/Characteristic_polynomial.
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where P, is the projector onto the hyperplane Vz,, spanned by the vectors v;. Analyt-
icity of tr Ez,, will hold if both M and the combination involving Pz, are analytic.!!
By definition M= collects the superblock decomposition of the VS amplitude on R>® R,
thus is analytic in ¥ when the superblock decomposition is analytic. Now, notice that
the combination involving Pz, is also analytic if the ‘square’ of three-point couplings

is. Indeed we can rewrite it as

_1 _1
(L? *PrmLy 2) _— (Lf*l) g
1] 1

Emj (C(;O)) " (CQO)T) Ij] (L; l)jj (7.5.74)

1
since span (v 1) ~ span( (LF 2 C;O))Z. I) , up to unitary transformations on the hyperplane.

The domain of definition of P}, (T, B, a,l) is the physical domain of existence of the level

splitting matrix E,, 7,

b>2m—2 if a1 even
T>b+2a+4+2(m—1), (7.5.75)
b>2m—1 if a4+ odd

In relation to this, analyticity in 7 is now quite important because allows us to think
about the roots of the characteristic polynomial as the stringy anomalous dimensions of
analytically continued two-particle operators, outside the physical domain of definition.
In this sense our experiments on the m* = 2 problem had two amazing outcomes.
Firstly, we learned that the new anomalous dimensions start splitting sequentially as we
move away from the flat space limit. Secondly, we learned that as the space of physical
operators reduces, the characteristic polynomial reduces as well, factorising a zero root
each time. Already for m* = 2 we saw that the non vanishing root carries the correct
information about the physical spectrum of operators, which is not an obvious feature.
We will refer to this process as ‘rank reduction’. This phenomenon is quite beautiful

and yet to be fully understood.

We will now generalise both the sequential splitting and the rank reduction for arbitrary
m > 2, and we will demonstrate that they hold for the case m* = 3,4, i.e. the first cases

for which the roots of P* are not explicit. It will be convenient to use the notation

Kpj = ), T° (KmJ(GJ))x BY (7.5.76)
0<x,y<deg v

where K, ; is a deg x deg matrix. Recall deg[Kp, ;] < j x (2m —2+ (1 — (—=1)21)).

We computed Py,_5 4 as function of 7" and B without imposing any constraint to start
with. The results are attached in an ancillary file. Then, we checked that both the

sequential splitting and the rank reduction hold. Thus, we repeated the computation

" The difference w.r.t. the SUGRA eigenvalue problem is the projector Pz ,, i.e. in SUGRA we would
find the resolution of the identity, rather than the sum from 1 to m. In fact, the SUGRA anomalous
dimensions at tree level are also the eigenvalues of ML ™!, as shown in [38].
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Figure 7.2: The different constraints on the coefficients of the characteristic polynomial.

the other way round. What happens on K,, ; is quite instructive, and is depicted in
figure 7.2. The flat space limit determines the entries on the diagonal. Then, constraints
from the sequential splitting impose relations spreading on the other diagonals in red.
Constraints from rank reduction instead impose relations spreading from the left top
corner in blue. The rest of K,, ; can only be determined by looking at the characteristic

polynomial from the actual computation of the VS amplitude.

We find that the symmetry T <+ B and a <> [ holds beyond the flat space approximation,

and in fact, it relates K to its transposed with swapped parameters,
T
Kinj(a,l) = [Km,j(la a)} a+1 even, (7.5.77)
A T
K j(a,l) = [(_)]Km,j(la a)} a+ 1 odd. (7.5.78)

Considering that the level splitting problem is uniquely determined within our boot-
strap program, and assuming that we have been able to isolate a sub-amplitude inside
the full VS amplitude in AdSs x S°, responsible just for the level splitting problem,
then we infer from (7.5.77) that this subamplitude will have a non trivial duality in its
Mellin representation reflecting the symmetry above. Moreover this duality will be non
perturbative, since the level splitting problem is not a problem at fixed order in the o’
expansion. In fact, for fixed o/, a and [ are fixed, therefore the duality, which exchanges

a with [, becomes invisible.
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7.5.1 Sequential splitting away from flat space

The flat space limit formalises as follows

P2 ("N, €T, eB) " (7.5.79)

~ (4 - By

em(n—a—1)

Then, the expansion away from the flat space limit is an expansion in the shifted anoma-
lous dimension

Ntat = 7 + (T — B)" L, (7.5.80)

The sequential splitting is now the statement that the roots of the characteristic poly-
nomial move away from the degenerate locus 77, = 0 one by one, sequentially for each

extra term we keep in the e expansion. This means that P is such that
Pz (€77, €T, eB) = em—D) (7.5.81)

1 _ 5 1 _ N
(Nfiat)™ + - (Mf1at)™ " C1(7, B, T) + ) (Nf1at)™ % Co(it, B,T) + . ..

with generic C;. The dependence on a and [ is understood.

If we consider an ansatz for the coefficients K,, j, we know the degree w.r.t. to B and
T, given in (7.5.76), and then we know the diagonal entries of the K, j>1, since these
are determined by the flat space limit. The flat space limit is a universal constraint
for any K,, j>1, but is the only constraint for K,, 1. The sequential splitting takes
K,,1 as an input and moves forward. At the first step we find that the diagonal of
K, 2, which is next-to-the-flat space limit, is determined by K,, 1. Then, we find that
the next-to- and next-to-next-to-the-flat space diagonals of K,, 3 depend on K, 1, and
K, j=1,2, respectively, and so on so forth. The flow according to which the constraints
move sequentially away from flat space, as we look to coefficients Kj~1, is represented

by the shadowing in red in figure 7.2.

7.5.2 Rank reduction and multiple zeros

12 Consider a

The rank reduction is better phrased using the concept of ‘filtration’.
rectangle R, |4, for fixed values of | and [aba] and varying twist. The minimum
available twist is Ty = b4 2a + 4, but otherwise 7 can grow unbounded. Then, the

sequence

Rb+2a+4,l,[aba] C Rb+2a+6,l,[aba] C Rb+2a+8,l,[aba] cC ... (7582)

is a filtration. Graphically,

2Filtration is the name for a sequence of sets {S;}icn labelled by an integer, such that S; C Siy1.
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6 6 6 > 6 Va
T=28 7=10 T=12 T=14
2 ¥ 9 9 ¥ 9 g

Consider now a value of the level splitting label in the filtration, say m. The figure
above has m = 3. By varying the twist, the number of physical operators with that
m varies: it goes from m operators in the domain (7.5.75) for generic twist, down to
a single physical operator at the minimum twist 7 = b + 2a + 4. In particular, we
are always outside the domain of definition of the characteristic polynomial as long as
b+2a+4<7<b+2a+4+2(m—1).

Following on what happens at m* = 2, we should find that as decrease the twist below

the domain of definition the coefficients of the characteristic polynomial vanish in such

a way to factor a zero root each time. The pattern is'3

Kpm =0 Q@ t=2......... m
Kpm1=0 @ t=2 ... m—1

Kmm-2=0 @ t=2...m—2 (7.5.83)

Kpn2=0 @ t=2

which is solved by
Km;(T,B,a,l) =Rz x Ky j(T, B, a,l) (7.5.84)

where
Riz= (2 —j+2); (e +at+l+4); 155 —a—j)j (T2 +1+2);-1 (7.5.85)

and K is a polynomial of reduced degree. The prefactor is the unique polynomial in B
and T of minimal degree which vanishes at the locus (7.5.83). In practise, the character-
istic polynomial P;,m always has m roots, and since it is analytic we think of these roots
as describing the anomalous dimensions of m analytically continued operators. But as
the rank of N> reduces, the number of physical operators changes. This is the picture
given by the filtration. By experiment, analytically continued operators which do not
correspond to physical operators localises on the vanishing roots.'* Considering that
the bulk interpretation of the level splitting is the formation of energetically favourable

bound states, exchanged in the S-matrix, we infer the bound 77 < 0. This would explain

13We remind that ¢ = %’b —a.

4This actually suggests that an alternative definition of this characteristic polynomial might exists
such that it always lives on the space of m x m matrices.
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the degeneration of the roots onto n = 0, that we see experimentally.

We have attached in an ancillary file the characteristic polynomials for m* = 3 and
a+1=0,1,2, and the characteristic polynomial for m* = 4 and a + 1 = 0. Looking
at the results we can see that there are in fact multiple factorisations compared to the
ones justified by the rank reduction, summarised by equation (7.5.84). In practise, we
find the pattern

Kp—22 =Ry 7 X Kas
Kp—32=Rozx K3y ; Kp_33=R3-Ro>x K33
Km—12=Rozx K1 ; Kp13=RgRo7x K43 ; Kmosa=RysR3-Rorx K4
(7.5.86)
In other words, the various R,, ; appear multiple times, giving extra multiplicity to the

individual factors in (7.5.84), and the K, ;(B, T, a,1) have reduced degree compared to
Ky j.

7.5.3 Low b factorisation

Let us now investigate how the characteristic polynomial behaves when we vary the label
b of the [aba] rep, keeping the level splitting label fixed. Consider for example the fate of

the operators at m* = 2 across various SU(4)gr channels, depicted in the figure below.

Qo

=2}

060 040] 020] 000]

S
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This figure wants to show that a physical pair of operators with level splitting label
m* = 2 exists for any [000] with b > 2 and 7 > b + 2a + 6, but when we go to [000] or
[010] we find only one physical operator. For clarity, let us remark that P*(T, B, a,l)
is defined in the domain (7.5.75) and here we are discussing what happens outside that

domain, as it was the case for the rank reduction in twist, but this time in the b direction.

Consider then the characteristic polynomial given in (7.4.42), and check what happens
in the case of the figure. From right to left the significative cases are [000] and [020].
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The result is included in the general formula

[a0a] n=a+1+2 (7.5.87)

P* — (77 + T(T+21+4)(8+fg+4’7’+2l7’+T2)) (77 + (T—2a—4)4(2n+4+7') (T + 3a732n7;rfngn2 )) '

Thus, amazingly, the characteristic polynomial factorises and, upon inspection, the n-
dependent root coincides with the anomalous dimension of the physical operator at
T =b+2a+ 6.1 Similarly,

[ala] n=a+1+2 (7.5.88)

pr— (77 n (771)(T+1)(Tgl+3)(T+2z+5)) <ﬁ n (T72a75i(62n+5+7) (T + 12420t )) _

Notice the appearance of a fully factorised root, and recall now that it is b = 1, rather
than b = 0, the first value of b to lie outside the definition domain of the characteristic
polynomial. From [020] upward we will find two physical roots with square root splitting,

as shown in section 7.4.1.

Consider also the characteristic polynomial given in (7.4.55). Again we find

[a2a] n=a+1+3 (7.5.89)

x _ [~ | (=2)7(742)(7+21+2) (74+21+4) (7+21+6) ~ | (1—2a—6)(2n+4+7) 2 22+42a+12n+an+n? (n+3)(2—4a—a?+5n+an)
Pt = (77 + 64 ) (77 + 1 (T - Conts T 2n+5 )) :

Again the n-dependent root coincides with the physical anomalous dimensions of the
operator at the minimum twist. Even more interestingly, the value b = 2 is the first
value of b to lie outside the domain of definition of the characteristic polynomial, and

again we find a fully factorise root.

The pattern of factorised non physical roots continues for m* = 3,4, in particular,

P’:L[aba] P :(ﬁ + (TT+1 —m+ 1)2m,2(77+1 +1l—m+ 3)2m,2) ( .. ) a+ 1 even,
(7.5.90)
Piaral|,_, =1+ G =m+ Damos(G+1=m+3)oma) () a+1 odd.

The transition in b is thus different compared to the rank reduction in the twist 7. It in-
volves remarkable factorisations of the characteristic polynomial, but brings some of the
analytically continued operators to a non physical sheet. Nevertheless, all physical roots
are correctly captured, and we verified this statement for all characteristic polynomials

in the ancillary file attached.

Finally, consider combining the transition in b and the reduction in 7. Take first a

15This is the first value of the twist for an m* = 2 two-particle operator with a +1 =n — 2.
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P (T,B,a,l) and vary b to a value such that m® analytically continued operators do
not belong to the physical sheet, while m — m¢ instead remain. At this point the
characteristic polynomial factorises a polynomial of degree m¢, which we discard, and
an m — m¢ polynomial on the physical sheet remains. We can now reduce the latter in
7, and ask whether the rank reduction works in the same way as for the generic case.

For all the examples we have, it works!






Epilogue I

In this first part of the thesis we have analysed some aspects of N' =4 SYM at strong
coupling. We saw that the dynamics in the supergravity limit is very simple as a conse-
quence of a surprising accidental 10d conformal symmetry [31], which allows to to write

all four-point KK correlators in terms of a single 10d object

1
+ 1)t +1)(u+1)

Msugra = s s+t4+u=—-4 (7.5.91)
where s, t, u are the bold-face variables introduced in [32]. The hidden symmetry is nicely
reflected in the structure of the anomalous dimensions of the long-double trace operators
exchanged at large N, which are all rationals and manifest a residual degeneracy [37]:
0 _ _o_ 0 1+ (=D

lo=l4+a+2m—

S S 1 7.5.92
Tpa (o +1)e 2 ( )

where m = p — a — 1 is the level splitting label.

We then moved away from the supergravity limit by considering the o’ deformation of
the theory and outlined a method, based on [1, 3], to compute the amplitude (up to a
certain number of ambiguities) at any order in o’. The procedure allowed us to fix, on
one side, the amplitude, and on the other side, a certain class of anomalous dimensions,
which live at the edge of the rectangle R-. From explicit results, we observed that the
correlators manifest additional simplicity. Interestingly, we found that the amplitudes
are best written in terms of a pre-amplitude, defined via (5.4.36). As an example, the
5

o’® amplitude reads

My =82+ T* 4+ U? + 352 4+ b1 (3,p7) + ba (7.5.93)

where b; and by are fixed by localisation. Let us emphasize once again that the result
is valid for arbitrary KK modes. Remarkably, in the S,T,U variables, the amplitude
closely resembles its flat space cousin, suggesting the existence of a more general version
of flat space limit, which generalises the one introduced by Penedones [58]. Ultimately,
we expect this flat space limit to be a simplified version of a more general flat space
limit, obtained by replacing partial with covariant derivatives in a 10d effective action

[50]. We have summarised the different notions of flat space limit and their relations

91
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figure 5.1.

We then studied the properties of the anomalous dimensions of operators that saturate
the 10d bound - which are the ones that are completely fixed by the bootstrap - and their
associated characteristic polynomial. To quote an example, the anomalous dimensions

of operators with m = 2 are the zeros of the following characteristic polynomial

%o = (4 7)%+ ([ +7)721 + 120, (7.5.94)
with
o1 = —W<B(2l+5) + (204 5)T — (a+2)(l+2)) (7.5.95)
' 2n+5 ’
(n+2)%(n + 3)2
_ BT 7.5.96
P20 =+ ; ( )
and
r=(T—-B)*+BQ2+1)+(2+a)T. (7.5.97)

Interestingly, these results interpolate between different orders'® in o/. This means that

the characteristic polynomial is intrinsically a non-perturbative object.

The structure of the characteristic polynomial is quite fascinating and satisfies different
properties, such as flat space limit, a Zy duality which swaps B,a with T,[, rank-
reduction and low b factorisation, strongly suggesting of the existence of an integrable
structure behind it. Crucially, the characteristic polynomial seems to be 1-to-1 with
the (complete) generalised flat space limit of the Virasoro-Shapiro amplitude. As an
example, we saw that the top powers in s, s, etc rearrange themselves and combine into
S,T,U variables. In the characteristic polynomial this property reflects into the fact
that the variables b, a, 7, reorganise in such a way that the top power only depends on
the combination T'— B. We believe that unveiling all of its properties will help to shed
light not only on the VS amplitude in AdSs x S°, but, perhaps, also on the relation
between AdS and flat space scattering amplitudes. We hope to report on this in the

future.

16This is because, in order to access different values of a and I, we necessarily need to go cross different
orders in o/, as we can see from formula (7.1.3).
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D1-D5 and D3-D7 systems
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Prologue 11

In this second part of the thesis we will focus on two other theories, namely AdSs x S®
and AdSs x S5.

As mentioned in the introduction, the AdSsx S® background arises in two different string
theory setups. In both setups, the boundary theory is a 4d N' = 2 SCFT with flavour
group Gr. On the other hand, the AdSs x S3 background arises as the low-energy limit
of the D1-D5 system. This is described by a 2d N' = (4,4) SCFT dual to string theory
on AdSs x S% x M, where M is either K3 or T%.

The strong-coupling tree-level dynamics of certain subsectors of these theories appears
to be quite simple, as a consequence of hidden conformal symmetries, analogous to that
of N'= 4 SYM. In particular, the gluon sector in AdSs x S3 enjoys an 8d conformal
symmetry [67]. Similarly, AdS3x S3 correlators enjoy an 6d hidden conformal symmetry;
this feature was first observed in the tensor multiplet subsector [64] - which is the one

we will focus on in this thesis - and it was then generalised to all sectors [66].

In this second part of the thesis we proceed in direct parallel with N = 4 SYM. Following
[3, 5], we first introduce AdSs x S% and AdS3 x S3 generalised Mellin transforms, that
make manifest the large p limit. This is a quite useful representation, because it makes
manifest many properties of these amplitudes. Then, we study the double-trace spec-
trum of both theories, giving explicit formulas for the coefficients of the disconnected
part of free theory and the leading order anomalous dimensions. These very much re-
semble the analogous quantities in N/ = 4 SYM and, in particular, manifest a residual

degeneracy, as a consequence of the hidden conformal symmetries.

In the last chapter of the thesis we present some remarkable formulae which interpolate
between the different backgrounds. In particular, we present a novel formula for the block
decomposition of all free theory diagrams in all theories with SU(m,m|2n) symmetry.
Finally, we close the stage with a more speculative section on possible o/ corrections,
along the lines of what was done in V' =4 SYM.
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Chapter 8

Supergluons in AdSs x S3

We start this second part with AdSs x S? and, in particular, we analyse the four-point
function of half-BPS operators at large N in a certain 4d N' = 2 SCFT, dual to the tree-
level scattering of four supergluons in AdSs x S3. In this chapter we briefly describe the
set-up (section 8.1). Then, inspired by the N’ =4 SYM case, we propose an AdS5 x S°
Mellin transform, which, as we will see, it has the advantage of making manifest many

properties of the amplitude (section 8.2).

8.1 The set-up

The AdSs5 x S3 background arises in two basic stringy setups. One can either consider a
stack of N D3-branes probing F-theory 7-brane singularities or a stack of Np D7-branes
wrapping an AdSs x S® subspace in the AdS5 x S° geometry of a stack of N D3-branes.
For concreteness, we will focus on the latter. We consider a stack of N D3-branes

embedded into the world volume of Np D7-branes, as shown in the table below.

01 2 3 45 6 7 8 9

The configuration breaks 8 out of the 16 supercharges of N' = 4 SYM. Moreover, the
SO(6) isometry group is broken to SO(4) x SO(2) ~ SU(2)r x SU(2)1, x SO(2). Here,
SO(4) rotates the 5678 directions along the D7-branes, SO(2) rotates the 89 directions
orthogonal to the D7. In the large NV limit, the dynamics of the strings stretching between
D7-branes decouples from the rest, therefore the corresponding low-energy theory has
the usual A/ = 4 supermultiplet - generated by strings with both ends on the D3-branes
- and N = 2 supermultiplets - which are generated by strings stretching between D3-
and D7-branes [136]. The /8 function of the theory, 8 ~ N2AE ooes to zero in the large
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N limit, for fixed 't Hooft coupling and Ng small, therefore in this limit, the theory
is conformal. To summarise, the low energy theory of this brane set-up is a 4d N' = 2
CFT with flavour group Gr'. Note that, in the CFT, SU(2)g is realised as R-symmetry
group, SU(2) becomes part of the flavour group?.

We are interested in the dynamics of supergluons in AdS. These correspond to an N' =1
vector multiplet which transforms in the adjoint of Gr. Upon reducing on the sphere,
it provides an infinite tower of Kaluza-Klein modes organised in different multiplets. In
the dual CFT, the super primaries of these multiplets are half-BPS scalar operators of
the form (’){;ala?map @102:-9p-2  fore [ is the colour index, p is the scaling dimension of
the operator, ai,...,a, are symmetrised SU(2)r R-symmetry indices and similarly a;
are indices of the additional SU(2), flavour group. Note that these operators have spin
£ under SU(2)g and spin § — 1 under SU(2). Similarly to ' = 4, it is convenient to
contract the indices with auxiliary bosonic two-component vectors 1 and 7 to keep track
of the SU(2)g x SU(2), indices:

O = @ @1tttz o Ty Ty - (8.1.1)

We will denote the amplitude of supergluons by
NI2I3T N
G (g, i, i) = (O O2 08 O, (8.1.2)

A crucial point is that, the strength of the self-gluon coupling is larger than the coupling
of gluons to gravitons [67]. In light of this, one can perform an expansion in 1/N in
which the graviton-exchange is 1/N suppressed. Schematically, we have

1 1
G{112[3I4 — G11121314 7GI112[3I4 7G11121314 . 8.1.3
p + N + N + ( )

disc,p’ tree-gluon,p tree-graviton,p’

Much like the A = 4 case we discussed in the first part, the ‘disconnected’ term is a sum
over products of two-point functions and takes the form of (generalised) free theory.
In terms of OPE data it contains the leading order contributions to the three-point
functions of the external operators with exchanged two-particle operators. We will refer

Iial3ly . ) .
to Gtree-gluon,;ﬁ as the ‘tree-level’ amplitude.

8.2 AdSs; x S3 Mellin transform

Let us deal with superconformal symmetry. We will skip the details, since the logic is

very similar to the N' = 4 case discussed in the first part. Following the definitions given

n this set-up the group is actually U(Nr) but we will keep it generic because it is irrelevant for the
details considered in this thesis.

2The remaining SO(2) factor does not play any role here because the half-BPS operators we will
consider in this thesis are chargeless under this symmetry.
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there, we analogously define?

2
Yi;
2
ij

gij = (8.2.4)

8

where yZQJ = (nm;)(Mim;) with (min;) = mianjpe®® and similarly (7;7;) = ﬁm’ﬂ;eag. As
usual, the cross cross-ratios are defined via

2 .2 2 .2
Ti,T T4,
1225 U =2z, W2 _y=(1-2)(1-2),
Ti3Lo4 Li3To4
2.2 2.2
Y12y o _ Y14Y -~ _
LU =y, Wy (1)1 -p).
Y13Y%a Y13Y24

Note that in this case we can write the y,y variables in terms of the n and 7 variables

* (m1n2) (n314) (M1772) (11374)

Y s (nama) V= (mns)(M2ma) (8.2.5)

(mns)(nama)’
The correlator can be split into a protected and an unprotected sector, each separately

respecting crossing symmetry;,
Gtree—gluon,ﬁ = GO,p‘ + PIAI;. (8.2.6)

The term Gg 5 contains all contributions due to protected multiplets? at this order in
1/N. The second term contains all the logarithmic terms which arise due to two-particle
operators receiving anomalous dimensions. Thanks to bosonic and fermionic symmetries,

we can factor out P and Z which in this case are given by

ks ki Ky
915914924 (913924)p3

P= st , I=(x—-y)(z—1y), (8.2.7)
(M73)? (T27a)?
where we remind that
_ P1+DP2—p3—pa D1+ Ppa—Dp2—p3 _ P2+ Ppa—Dp3—p1
k;s — ) ) kt — 92 ) k;u — ) .

(8.2.8)

A few comments are in order:

e note that Z has degree two in y but no dependence on g. In fact, Z is fixed by
superconformal symmetry, therefore it can only depend on R-symmetry variables
(y) as well as spacetime variables z, Z, while 7 is a flavour variable; in NV = 4 the

analogous factor® is instead a function of both y, 9, cf. (2.2.18);

e since Giree-gluon,7 1 a polynomial whose degree in ¢ is two units lower than the

3To make direct parallel with the A/ = 4 case, we will use the same symbols we used for N = 4
quantities, even though their definition is now different.

4We stress again that the theorem only says that all contributions due to protected multiplets are
contained in G 5 but this does not mean that Gy 5 cannot contain contributions coming from unprotected
multiplets. In fact, we already know that generalised free theory does contain such contributions.

5We stress again that the definition of y,§ variables is different in both theories.
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degree in y, once we extract the factor Z, the remaining function Ag?lﬂ?’]“ has the

same degree in y, ¥;

e this last observation is very important because it guarantees that, if .A]I;IZISI‘* is

symmetric under y,y exchange, which is the case for the amplitude we consider
in this paper, it can be written as a function of U,V as well as U and V and
the charges p. This is crucial because it allows us to define an AdSs x S® Mellin

transform, by adapting the large p formalism to this set up.

We are now ready to define the AdSs x S? Mellin transform M via
AL TaIsls = 7{ dsdt » " UV'U V' T MU (8.2.9)
5t

where /\/11171[2[314 = M§121314 (s,t,5,t). Asin N' = 4 SYM, the kernel I'g is factorised
into AdS5 and S® contributions and takes the form I'g =T[4, with

[[—s]l[=s + ks]

r, = 8.2.10
T[4BT + 5 + k] ( )

and I'y, I'y, defined similarly. This time the Mellin variables obey the relations
s+t+u=-p3—1, S§+t+u=p3—2, (8.2.11)

which may be used to eliminate u and @. Note also that, like in NV = 4, the gamma

functions in the denominator automatically restrict the sum over 3, £ to the triangle
T = {5 > max(0, —ks), t,7 >0} . (8.2.12)

The contour integral in s and ¢ requires a little care and we will return to this point in the
next chapter when we will introduce the colour-ordered amplitude. The double integral
(8.2.9), when combined with the amplitude My given in the next section, precisely

coincides with the result given in [67].

In the next chapter we will see that, at large p, the AdSs x S Mellin amplitude, ap-
proaches the flat space S-matrix with the Mandelstam variables replaced by the bold-face
variables

s=s+35 t=t+t, u=u+d, s+t+u=-3. (8.2.13)

Note that, unlike N' = 4 SYM, the bold-face variables sum to —3 rather than —4.
This will be crucial in order for the integrand M 512[3[4 to satisfy BCJ and double-copy

relations incorporating all Kaluza-Klein modes.



Chapter 9

BCJ and CK duality at tree-level

As we mentioned in the introduction, flat space scattering amplitudes of gluons and
gravitons are known to satisfy a number of relations, such as colour-kinematic and the
associated double-copy, suggesting an underlying common structure shared by Yang-
Mills and gravity theories. Intuitively, one would expect that these features are intrinsic
properties of these interactions and therefore should persist also in curved backgrounds.
In this chapter we show that, at least in AdS5 x S3, four-point functions of supergluons
do satisfy these properties in a way surprisingly similar to flat space. Before doing that,

it is useful to quickly review the story in flat space.

9.1 BCJ and CK in flat space

This section is devoted to review some properties of four-gluon amplitudes in flat space.
The full tree-level n-point amplitude can be written in terms of the so-called colour-

ordered amplitudes as follows

Alladn Z T (7T ... T) A(L,2,...,n) (9.1.1)
P(2,...,n)
where the sum is over all permutations of points 2,...,n and A(1,2...,n) are the colour-

ordered amplitudes®. This is called ”trace basis”. The trace basis is overcomplete: the
(n—1)! colour-ordered amplitudes in (9.1.1) are not all linearly independent and satisfy
various relations. In particular, an n-point function satisfies cyclicity, which in (9.1.1)
has already been used to fix the first entry, reflection, Kleiss-Kuijf relations and the U(1)

decoupling identity that reduce? the number of independent colour-ordered amplitudes

Note that one can use the ciclicity of the trace to fix the first entry so that the permutation is over
n — 1 points.

2In fact, it is possible to write down the amplitude in a non-redundant basis, known as DDM basis,
in which only the independent (n — 2)! colour-ordered amplitudes show up [137, 138].
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to (n—2)!. These last two relations coincide for a four-point function and take the form

A(1,2,3,4) + A(1,2,4,3) + A(1,3,2,4) = 0. (9.1.2)

Bern, Carrasco and Johannson [12] noticed that colour-ordered amplitudes satisfy fur-
ther relations, known as BCJ relations, that reduce the number of independent colour-
ordered amplitudes to (n — 3)!. In the case of four-point functions the BCJ relations

read

tA(1,2,3,4) = uA(1,3,4,2),

sA(1,2,3,4) = uA(1,4,2,3),

tA(1,4,2,3) = s A(1,3,4,2), (9.1.3)
where here s, ¢, u are the usual Mandelstam variables. Importantly, the existence of these

relations allows to rewrite the full colour-dressed amplitude in another representation,

often dubbed ”colour basis”:

NsCs ¢t Enen
+ +

ARTlsls — (9.1.4)

S t U

where ¢, = fhfels flslsla - fhilals gre the structure constants, and ¢, ¢, defined similarly.
On the other hand, ng, n¢,n, are kinematic factors and are functions of polarisations

and Mandelstam variables. Note that, by virtue of the Jacobi identity, the ¢; satisfy:
cs + ¢ +cy =0. (9.1.5)
Now, it can be shown that n; satisfy an analogous relation
ng + Ny + Ny = 0. (9.1.6)

The pair of equations (9.1.5), (9.1.6) is a manifestation of the so-called colour-kinematic
duality. Let us now prove that (9.1.6) does imply BCJ relations among colour-ordered

amplitudes. To see this, we need to switch to the trace basis via

cs =Tr (Th TRl + Tr (ThTHTBT2) — Ty (ThTRTHTS) — Tr (Th T THTR)

¢ =Tr (THTHTRTS) + Tr (ThTBTRT™) — Te (ThTHTBTR) — Ty (ThTRTHT!Y) |

cy =Tr (THTHTITR) + Tr (ThTRTHT) — T (ThTBTRT!Y) — Tr (Th T TRT) .
(9.1.7)

Now, plugging (9.1.7) into (9.1.4), we can write a relation between colour factors and

) <ns> (9.1.8)

colour ordered amplitudes:
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where we have used n, = —n; — ng. The determinant of this matrix® is proportional to
s+t +u = 0, therefore the matrix is rank one and cannot be inverted. This means that
the colour-ordered amplitudes must satisfy some linear relations, which in fact are just
the BCJ relations.

Surprises do not finish here. Bern, Carrasco and Johannsson also noticed that if we

replace colour with kinematic factors in (9.1.4), i.e.

2 2 2
M:% %+%, (9.1.9)

we get the scattering of four gravitons! Thus, in this sense, gravity=(Yang-Mills)?.

As an example, let us check the above properties with the simple MHV amplitude

mentioned in the introduction. We have

(12)%[34]?

A[17273T4%] = r—
S

(9.1.10)
and the other colour-ordered amplitudes related to it by crossing. The spinor brackets
in the numerator carry helicity information and can be though of ”square roots” of the
Mandelstam variables, and s,t are the Mandelstam variables. In the trace-basis the

kinematic factors are

Y
| =
\
~_

7N\

ny =(12)2[34]%

S
[
S eV O O
~_

(9.1.11)

Wl Wl Wl

7 N\
"

and one can easily check that they satisfy (9.1.6). Finally, replacing colour with kine-
matic, we get

(12)4[34]* 2 N n;  n

M[17273%4%] = - + (9.1.12)
u

stu s t
where M[17273%47] is the four-graviton MHV amplitude in Einstein theory.

In the introduction we mentioned another double-copy procedure, namely the one re-
alised through KLT relations. By switching to the trace basis and using the BCJ relations

above we can easily verify that at tree-level KLT and the BCJ relations are equivalent.

The double-copy is by now a well-established method to construct amplitudes in theories
using as input other, simpler, theories. It has been shown to hold in a wide class of
theories, both at tree and loop level, see e.g. [17, 140] for the state of the art of this

program.

Having recalled the main features of double-copy and BCJ relations in flat space, we are

3This matrix was introduced in [139] and dubbed propagator matrix.
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now ready to switch to AdSs x S2, where we are going to show that analogous relations
hold. Perhaps with no much surprise, the space in which they manifest their simplicity

is the generalised Mellin space we introduced in the previous chapter.

9.2 BCJ and CK in AdS; x S3

Let us consider the field theory amplitude computed in [67]. In the large p formalism

we introduced in chapter 8 takes the following very simple form

ngc nc; NyCy
Mbllsls — 257 , 9.2.13
p s+1 + t+1 + u+1 ( )
where we remind that s +t + u = —3. Here we have
_ 1 1 1 _ o plhIoJ pl3lyJ
ns—3<t+1 u+1>7 Cs—f f ,
1 1 1 _ p 4 Lo IsJ
nt_3<u+1 s+1>’ =1 ! ’
1 1 1
M= (s+1 T +1> ey = [T R (9.2.14)

The large p limit ensures that the amplitude reduces to the associated flat amplitude,
which in this case is the N/ = 1 four-point amplitude in 8d, which is roughly given by
equation (9.1.10) with the helicity factors (12)2?(34)2 replaced by some fermionic delta
function that carries the helicity dependence of the full N' = 1 supermultiplet. It is
immediate to see that in the limit of large p, (9.2.14) reduces to (the kinematic part of)
(9.1.11), with the Mandelstam replaced by the bold-font variables.

In the first part of the thesis we saw that the reason why the A/ = 4 supergravity corre-
lator does not depend on s, §, . .. separately is due to the an accidental hidden symmetry.
The same mechanism holds here: in fact, we can promote the correlator MQQ%I?’[‘* to
a generating function for correlators with arbitrary charges p. Then, ./\/111?1[21314 follows

from ‘covariantising’ M£12§2‘213 L,

8d-symm

I 12131y IiIal3ly I 12131y
My " (s, 1) Mp‘ = Mayss (s, t).

In this case, the differential operator reads
ALTsTs — D18 Ao | (9.2.15)

where

0,0 0)§(k57ﬁ't7ku)

~\S ~\1
R U v\ ~
_ _SZ v v (
st

: (9.2.16)

5t TPt
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and

ﬁ(a’b c) . (UaU —2—-5— a)§+a (V@v + 1-— E— b)erb (U@U + Vav){th

p,§,é - (_)a(g + CL)' (_)b(f-i‘ b)' (ﬂ T C)' (9217)

We will skip the proof that the operator generates the correct amplitude for all Kaluza-
Klein modes, because is essentially the same as the N' = 4 case we recalled in the first

part.

Let us now have a closer look to the amplitude. From its form, it is clear that all
relations obeyed by the flat amplitude will obviously hold here. In fact our variables
obey s +t + u = —3. Therefore the Mellin amplitude M is literally the same function
as the flat space amplitude with the Mandelstam variables s, ¢, u replaced by the shifted
bold face variables (s + 1), (t + 1), (u+ 1). We stress again that it is not trivial that
this holds; for example, as we saw, the on-shell relation in AdSs x S® iss+t+u = —4.

As an example of the properties obeyed by M we have that

ng+ng+n, =0,

cs+c+cy, =0, (9.2.18)

which gives an AdS version of the colour-kinematic duality, which was already observed
in [68]. Note that (9.2.18) captures this duality for all Kaluza-Klein modes. We saw
in the previous section that this duality is intimately connected with the BCJ relations
between colour-ordered amplitudes. Using the change of basis (9.1.7), we can read off

the colour-ordered amplitudes

My(1,2,3,4) = My(1,4,3,2) = Srfl - trjr—tl
M(1,2,4,3) = My(1,3,4,2) = u‘:‘l - S’i—l
My(1,3,2,4) = My(1,4,2,3) = trrl - ur:‘l . (9.2.19)
which in fact satisfy a U(1) decoupling identity
Mp(1,2,3,4) + Mx(1,2,4,3) + M5(1,3,2,4) =0 (9.2.20)
as well as BCJ relations
(t+1)Mp(1,2,3,4) = (u+ 1)Mp(1,3,4,2),
(s+1)Mp(1,2,3,4) = (u+1)Mp(1,4,2,3),
(t+1)Mp(1,4,2,3) = (s +1) My(1,3,4,2), (9.2.21)
where we used the on-shell relation s +t +u = —3. We stress again that the relations

(9.2.21) capture the appearance of BCJ relations in AdS for all Kaluza-Klein modes.

Such relations are manifest at level of the reduced Mellin amplitude while they do not
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hold, at least directly, for the full Mellin amplitude [70]. It is an interesting open question
how such relations might extend to higher point amplitudes in AdS and what the role
of a reduced Mellin amplitude might be in this regard.

Having introduced the colour-ordered amplitudes, let us return to the issue of the contour
in the Mellin integral (8.2.9). It should be noted that the presence of poles at s = —1,
t = —1 and u = —1 is potentially a problem for the contour of integration. In fact,
since s + t + u = —3, the simultaneous presence of these poles leaves no region in the
real s,t plane for the contour to pass through, while separating left moving and right
moving sequences of poles in the Mellin integrand. Thus the same property which leads
to the direct analogy with the flat space amplitudes also leads to a subtlety in returning
to position space from Mellin space. For the colour ordered amplitudes, one does not
have all three poles present simultaneously. Thus we propose that the correct definition
for the contour is tied to the colour-ordering and we define analogously a colour-ordered

correlator,

A(1,2,3,4)= — ?{dsdtfdgdfmvtﬁgf/frma, 2,3,4),

The contour can now be taken to lie slightly below s = —1 and t = —1. Note then that
this introduces a subtlety in interpreting the BCJ relations (9.2.21) back in position
space, since the left and right hand sides of these equations are to be integrated over

slightly different contours.

To conclude, note that an AdS version of the double-copy prescription also holds [68].
In the large p formalism this becomes completely manifest. In fact, by replacing colour

with kinematic factors we get

2 2 2

I IoI314 ng ng ng
1
= x MIS;UGRA.

s+D(t+1)(u+1)

This is nothing but the SUGRA amplitude (4.2.13) upon reinterpreting s,t,u as the
N = 4 variables, i.e. subject to the constraint u = —s —t — 4. We should however point
out that the Mellin variables satisfy a different on-shell constraints, thus the double
copy construction seems to be, strictly speaking, slightly different from its flat space

counterpart.



Chapter 10

The double-trace spectrum of

super gluons

With the amplitude in our hand, we are now ready to study the double-trace spectrum
in this theory. Similarly to N' = 4, we expect the anomalous dimensions to be rational

functions of the quantum numbers, and in particular of the form

)
l8d+1

U (10.0.1)

where § is a certain rational function of twist and other quantum numbers, and lgg is an
"effective” 8d spin. An explicit computation will confirm the guess. To see this, all we
need is the superconformal block decomposition of disconnected generalised free theory

and that of the log U discontinuity of the tree-level correlator.

The chapter is organised as follows. In section 10.1 we give an explicit form for the long
superconformal blocks, following the approach of [107]. Then, in section 10.2 we compute
the long disconnected free theory matrix. Finally, in section 10.3 we unmix the spectrum
of long double trace operators by computing all the anomalous dimensions at order 1/N.
One important difference between this theory and A = 4 SYM is that, on top of the
above mentioned usual technology, we also have to deal with the non-trivial flavour
structure of the amplitude. However, since this just amounts to considering certain
symmetric or antisymmetric combinations built out of the correlator, we postpone the
discussion on flavour structures to the end of the chapter. A more detailed discussion

can be found in [69].

10.1 Superconformal blocks in AdS5 X S3

Let us briefly review the superconformal block technology needed in this chapter. We

will only be interested in the long superconformal blocks which can be found in [107]. A
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A1

A2

M1

Figure 10.1: An allowed Young diagram for A/ = 2 reps. In this case we have \; < 1 with
i > 3. In this example the diagram is associated to a long operator with A1 = 9, A2 = 6,

,u1:4.

typical Young diagram associated to an A/ = 2 long rep has two rows and one column, as
shown in figure 10.1. We should however note that the column only captures the SU(2)r
dependence, that is the R-symmetry group of the 4d N' = 2 theory. To deal with the
SU(2) 1, flavour factor, all we need to do is to multiply the A/ = 2 long blocks by another
SU(2) spherical harmonics, or in the language of Young diagrams, long representations
will be accompanied by a further one-column Young diagram. To summarise, a generic
rep is specified by four quantum numbers which are in correspondence with the two

Young diagrams quantum number!. All in all

U p3
e =Pla =)@ =07 Geal 2 Haalr ). (10.1.2)
where
Orilaa) = — (| @FH@) - FE@FE,, (),
) ([E . ﬂ_ﬂ‘)Up43 §+1+l 5 3 §+1+l
1
/Hb,a(yvg) = D43 ‘/T_.ib (y)fib(g)a (10'1'3)
U2 ~—37@ 2
with
Fif(z) = "o Fy [hF B2, h 5 242 21] (). (10.1.4)

Here, G, (x,z) are the standard 4d conformal blocks (up to a shift by 2 in the twist 7)
and Hy, 4 (y, y) are the internal blocks. Note that the latter are the product of two SU(2)
spherical harmonics, one corresponding to the R-symmetry group SU(2)g and the other
corresponding to the flavour group SU(2)r. Finally, 7,1 are, respectively, twist and spin,
and b, a label the different representation of SO(4) ~ SU(2)gr x SU(2)r. This way of
labelling the internal representations is useful because, as we saw in the first part of the

thesis, b, a can be viewed as the analogues of twist and spin on the sphere, respectively.

In principle it could depend on another number ~, which however drops out from the long blocks,
as it was the case also for N’ = 4



Chapter 10 The double-trace spectrum of super gluons 109

Asin N =4 SYM, it is useful to introduce h labels through

h:%+1+l, E:%, j:—g—a, j:—g. (10.1.5)
Note that the dictionary between h and 7 labels differs from the one we introduced
in N' = 4 SYM, c.f. (6.2.16). Moreover, note that j,j are nothing but the two spins
labelling the SU(2) representation 2.

It is also important to remark that the internal blocks are not invariant under y < ¥y
exchange. This is a consequence of the fact that the two SU(2) have a different nature:
one is the R-symmetry group, the other is a flavour group. This means that, unlike?
N = 4 SYM, the decomposition is extended to spherical harmonics with label a < 0
or, in other words, in the OPE of two half BPS operators there are more representation
exchanged. More specifically, for given charges p;, we decompose a function in spherical

harmonics labelled by [ab] with values of a run over the following set:
—Rjg <a< Kp

where, as in N = 4,
- s — 4
o min(p; + p2,p32—|— pa) — P13 (10.1.6)

is the ‘degree of extremality’ and ps3 = ps — p3. For each value of a, b runs over

b — p43

min(a,0) < 5

< (ky — @ + min(a, 0)). (10.1.7)

10.2 Long disconnected free theory

We are now ready to study the superblock decomposition of disconnected free theory.

Wick contractions give

Gl _shiishlis %
isc,papq (M72)?(7374)*
+ 511]351214M
(M3)*(N204)?
u-channel
+ 5111451213510(1% . (10.2.8)
(1174)%(7273)*

t-channel

Now, due to the non-trivial colour structure of the amplitude, only representations with

a definite parity under ¢ <+ u exchange enter the OPE. In practice, we need to decompose

2In fact, strictly speaking, the spins are really —j, —j because j, j are negative definite.
3In fact, we can anticipate that also in AdS3 x S® the sum is restricted to reps with a > 0.



110 Chapter 10 The double-trace spectrum of super gluons

the following combinations of diagrams

P D P D
G g, —Juads T3 (10.2.9)
oran (M) (M273)? ~ (M1773)* (72774)?
The block decomposition of the unprotected part reads
+ _ +
o papalions = O L2 L, (10.2.10)

where Lz are the long superblocks. The coefficients take a form very similar to the
N = 4 ones,
1+ (—1)%H5,,
(p—1(g—1)

In this case the A and B factors are given by

LE = ApA;B;B;6 . (10.2.11)

T(h + 2=\ (h — P2\ (h + PE2
Ap = (Bt 5 I z) (+ il ), (10.2.12)
I'(2h —1)I'(h — B2 4+ 1)
T'(2 - 27) 1
B = BT~ = ) DB 1~ DI =)
J 2 J 2 2 J )I( 2 7)
while § is given by
o) — 6t
§=—0 8 =(h—j)h+j-1) (10.2.13)
525 g
hv] h,j
and we remind that
T — T b _ b
h=—-+4+1+1, h=- ) = —— — | = ——. 10.2.14
2+ + (, 5 J 5 a, j 5 (10 )

It is worth pointing out the different ways the two internal SU(2) factors enter the
coefficients. On the one hand, SU(2),, only comes in through the function B;. On the

other hand, the decomposition under the R-symmetry group SU(2)g produces also the
(2) 5(2)
h,j"h,j
SYM suggests that this object is the eigenvalue of a Casimir operator operator acting

function d and, in particular the combination § . The strong similarity with NV = 4

on the blocks, and therefore it cannot depend on flavour labels. In fact,

D4 (UT [}2 2 (x - x)QT,le,a)
P43 ~ ., P43
= 5;(12])5223 (U2 0% 2 (¢~ 2)GriHya) - (10.2.15)
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where DI is [134],
DE = 220,(1 — x)0; + (p12 + p34)2%0s — Prapaa . (10.2.16)

Note that .7-"3._(3]) is a spectator in (10.2.15). Once again, this is because SU(2)y, is not

part of the superconformal algebra.

10.3 Anomalous dimensions and residual degeneracy

The main difference with the N' = 4 case is that here double-trace operators have a
flavour structure. Because of this, there will be two types of anomalous dimensions,

those of operators exchanged in symmetric or antisymmetric channels.

At large N, the operators acquiring anomalous dimensions are of the schematic form,
+ + I gl i (1—p—q) I
OF =Pf, Ohg'0eP=0 0 (10.3.17)

where P;; is an appropriate projector that projects onto symmetric or antisymmetric
representations of the gauge group exchanged in the OPE. For any given quantum num-
bers 7 = (7,b,1,a), the number of operators exchanged in the OPE can be represented

with the number of pairs (pq) filling our favourite rectangle. In this case we have

Rz := {(p, q): (10.3.18)

p=i+al+1+r i=1,...,(t—1)
g=i+a+1+b—1r" r=0,...,(p—1)

and the rectangle R is spanned by the d = pu(t — 1) allowed lattice points where

b+a—|al+2
(r—b) (a+la) | [TTE] atleven,
2 2 O H=

t

| Preclaltl | g 47 odd.

Figure 10.2 shows an example with u = 4,¢ = 9. Note the appearance of absolute values
for a. This is a consequence of the fact the the theory is not symmetric under y < y

exchange, as it was the case for N’ =4 SYM.

Let us now consider the OPE at genus zero. Analogously to what we did in the first

part, we need to consider the d x d matrix of correlators [33],

1 _
5p1p35p2p4G$SC,ﬁ‘long + NP(IL’ —y)(T — y)Af,E (10.3.19)

with the pairs (p1,p2) and (ps,ps) running over the same Rz. Here, we denote by .A;E
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A= (la|+2,a+b+2)
B=(la|+14+pa+b+3—p)
C=(la|+p+t—Tliatb+1+t—p)
D= (la|+t,a+b+t)

Figure 10.2: A rectangle of degenerate operators for AdSs x S® with yu=4,t=9.

the inverse Mellin transform of the following Mellin amplitudes?,

M =2(M;(1,2,3,4) £ My(1,3,4,2))

1 1 1
=2 + . 10.3.2
s+1(t+1 u+1) (10.3.20)

The OPE equations then read
+tT +
C-Cz =Lz,

Cintct’ =Mt (10.3.21)

Here, qu is a (diagonal) matrix of CPW coefficients of disconnected free theory defined
by (10.2.10), while Mjf is a matrix of CPW coefficients of the log U discontinuity of A;f

P(x = y)(T = ) AT |y v = D MzLr. (10.3.22)

Note that there here we have two sets of equations, in correspondence with symmetric
and antisymmetric channels. Finally, ni is a diagonal matrix of anomalous dimensions
and ij = (0,0,K%) is a matrix of three-point functions with two half-BPS and one
double-trace operator. Here, we denote with K the true two-particle operator in in-
teracting theory, that differs by (’);[q, precisely because there is mixing. Note that, since
Ag.[ can be written as a function of U and V, the SU(2), x SU(2) g representations con-
tributing to M? can be reorganised into SO(4) representations, while this is not possible
for the disconnected contribution L?E that is not symmetric under y <> 3 exchange. This
will have precise implication on the symmetry properties of the corresponding CFT data,

as we will see.

4The factor of 2 is a convention but the choice is really arbitrary because the overall constant depends
on the gauge group Gr and the representation exchanged.
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10.3.1 Some unmixing examples

The anomalous dimensions are the eigenvalues of the matrix Mz (Ljﬁ)fl. Following the
procedure outlined in the first part for N' = 4, we will first compute the matrix for many
quantum numbers and then try to spot a pattern. Before giving the general formula,
it is instructive to go through some explicit examples. For concreteness, we will focus
on the symmetric representations only, the computation for the antisymmetric being
equivalent. We begin with the easier representation, [00], i.e. the singlet. At twist 4,
there is only one long operator for any [, therefore there is no actual unmixing to do.

For the first few spins® we get

2 2
+ _ + _
L 4000 = 3 M i=0,00) = 3
9 2
+ _ + _
LT:4,Z:2,[00] 35’ MT:4,1:2,[00] - 35’ (10.3.23)
L+ _ 10 + b
T=4,1=4,[00] 231’ T7=4,1=4,[00] 231°

By computing the matrices for many spins we find that the corresponding anomalous

dimensions follow the pattern

4

- Eigenvalues[M;(Lf)il] = _m

7

+
7722‘724717[00} (10.3.24)
where the subscript in 17;5 refers to the pair pq which labels the double-trace operator
exchanged. Note that in this case the rectangle degenerates to a segment whose length

depends on the twist.

Let us now show a less trivial case, where the unmixing matrix isnot 1x1. At 7 =6,1 =0

we have

U=
(S}

1
- - 0
M = + _[10
T=6,1=0,[00] — ( 2 _11> ) LT:671:07[00] = (O 1) (10.3.25)
5 10 4

which gives the following anomalous dimensions

(77;2,7];})”7_:6’07[00] = Eigenvalues[M;r(L;)*l} == (—6, —> ) (10.3.26)

As another example, consider the channel [02]. In this case there is already mixing at
lowest available twist, i.e. 7 = 6. The correlators we need to consider are Asgo4, A3333,
Asszo4. We get

3
- = 0
Mi_:G,l:O,[Oﬂ = ( 8 _14> ) Lj:G,l:O,[O2] = <(5) 9> (10.3.27)
5 5 5

5Note that, by crossing symmetry, in the singlet only even spins can be exchanged. For the antisym-
metric amplitude we have the opposite, i.e. only odd spins can be exchanged.

[Sy{[e
oo
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which gives
+ ' T | 10 2
(7724,7]33)’T:670’[02] = Eigenvalues[M> (Ll) '] = —3°75) (10.3.28)

Note that also in this case the rectangle collapses to a line, like in the figure below.

A

2 (10.3.29)

As a last example, let us show a case when there is degeneracy, for example in the [02]

channel at 7 = 8. This time the matrices are 4 x 4,

16 8 8 12 4
—2n 7 A T 0
8 _129 12 _22 0 3 0
M+ _ 7 56 7 7 L+ _ 8
7=8,1=0,[02] 8 12 712 104 |- 7=8,1=0,[02] 0 0 2 ol
7 7 35 35 35
12 —22 104 228 8
-7 7 3 T3 0 0 0 3
(10.3.30)
and we get
. _ 3
(77;17 W?Ba 77;:’)’ 77221) ’7':8,0,[02] = Elgenvalues[M;'(Lj;) 1] == <_15’ _17 _17 _ﬂ .
(10.3.31)

Note that two anomalous dimensions are equal, i.e. operators with the same p remain
degenerate at this order in 1/N. The figure below shows the rectangle for this case; the

operators that remain degenerate are circled in blue.

A

2 (10.3.32)
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10.3.2 All anomalous dimensions in AdS5 x S3

By computing the matrices for various quantum numbers, we find that the corresponding

anomalous dimensions follow the pattern

5250
+ Jh,j
S = 10.3.33
777' N (lg:d + 1)4 ( )

where lgg is

1 ¥ (_1)a+l
2

and can be interpreted as a sort of effective 8d spin. As in N’ = 4 SYM, the definition

is suggested by the partial wave decomposition of the flat amplitude in 8d [31].

lg=1+2(p—2)+ — lal, (10.3.34)

Note that, as we anticipated, (10.3.33) only depends on p, not ¢, or in other words,
operators on the same vertical line in the rectangle will acquire the same anomalous
dimensions. We stress once again that these are the anomalous dimensions associated
to the double-trace operators exchanged in the amplitudes ./\/l;i:: the gauge group enters
the anomalous dimensions only through an overall constant which does not play any

significant role in the computation.

Another peculiar feature of these anomalous dimensions is that the denominator only
depends on the absolute value of |j—j| = |a|]. This is because, in a sense, the denominator
directly descends from the amplitude, which is symmetric under y <> § exchange. On the
other hand, the numerator only depends on one label, j, and breaks the j,j symmetry.
This was not case for N' = 4 SYM, where the theory is invariant under y <> 7 at all

orders.

As a comparison, in N' =4 SYM the anomalous dimensions are given by (6.3.21) which
we recall here for convenience,
9 s@Ws@)

S B A 10.3.35
7 N2 (lipqa + 1)6 ( )

where

(4) @) — 52)5(2)5(2) 5(2)
5h,ﬁ,j,j‘5h,h,j,j = 5h,j571,35h,j5;;,j- (10.3.36)

We can see that the numerator is doubled with respect to the AdSs x S3 case, as a conse-
quence of the fact that supersymmetry is also doubled. Finally, it is worth pointing out
that the object 5}523 appearing ubiquitously is, perhaps with no much surprise, nothing
but the anomalous dimension of the two-derivative sector in AdSy x S? [62).

We conclude the chapter by commenting on the flavour structure of the correlator. One
way to deal with it is to decompose ¢, u channel flavour structures (of both disconnected
and tree-level correlators) in a basis of representations appearing in the tensor product of

two adjoint representations in the s channel. We then read off the coefficients associated
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to each flavour structure which are of the form

G£1121314 o G{1I21314 + G£1121314 a € symm
G£11213I4 o G{1121314 o G£1121314 a € anti

where a runs over all symmetric (antisymmetric) representations in adj ® adj with
the proportionality coefficient depending on the specific group as well as the exchanged
representation. Examples of such coefficients are given in [69]. The unmixing procedure
can then be consistently carried for each a separately. For the symmetric (antisymmetric)
representations the relevant double-trace operators exchanged are of the type (’);q ((’)Ijq)
with the respective anomalous dimensions proportional to an (n=~). Actually, it turns

out that the only antisymmetric representation exchanged is the adjoint itself.



Chapter 11

The D1-D5 system

The last theory we examine in this thesis is the tensor multiplet sector in the so-called
D1-D5 CFT. This is a 2d N = (4,4) SCFT dual to string theory on AdS3 x S% x M,
where M is either K3 or T%. In [64], it was conjectured that the four-point function
of the tensor multiplet sector of the theory enjoys an hidden 6d conformal symmetry.
Despite a formal proof is lacking, the results are consistent with computations obtained
with other independent methods [63-65]. From the lesson learned in N = 4 SYM, we
expect the correlator to depend on suitable bold-face variables only. This will in fact be

the case.

The rest of the chapter is organised as follows. We start by reviewing the AdSs x S3
solution of IIB supergravity; in section 11.2 we discuss kinematics of four-point functions
in the D1-D5 CFT. Then, in section 11.3 we present the four-point function of tensor

multiplets written in the large p formalism.

11.1 Generalities

Consider type IIB string theory on R x S x M, where we take the directions 1234
to be flat, and M is either K3 or T*. Consider now a stack of N; D1-branes and Nj
D5-branes, with the D1 wrapping S' and the D5 wrapping S' x M as shown in the
table below.

01 2 3 4 5 6 7 8 9

At low energies, and when the size of M is small compared to S', the system is described
by a 2d N = (4,4) SCFT. On the other hand, when N = Ny N5 > 1, the near horizon

117
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limit of the supergravity solution corresponding to this system is AdS3 x S3 x M. A
compactification on M gives rise to 6d (2,0) SUGRA on AdSs x S coupled to n tensor
multiplets!. This led Maldacena [18] to conjecture that 6d (2,0) SUGRA on AdSs x S3
coupled to n tensor multiplets is dual to a 2d N' = (4,4) SCFT.

The spectrum after Kaluza-Klein reduction on S? consists of two infinite towers of Kaluza
Klein modes, one associated to the graviton and one to the tensor multiplet. We will
focus on the latter. The dual operators of the tensor multiplet are half-BPS operators
which carry a flavour index as well as SO(4) ~ SU(2)1, x SU(2)r R-symmetry indices.
As done previously, let us deal with the R-symmetry indices by contracting them with
null vectors, by defining

T;a1a2...ap;G18z...p

Ol(z,2,1,7) = O Nay - - TayTay - - - Ta, - (11.1.1)

These operators transform under the (£, £) representation of the R-symmetry group and

r
: ‘on (B P
have (protected) conformal dimension (%, §).

Notice that, since the CFT is 2-dimensional, coordinates split into holomorphic (z,7)

and antiholomorphic (z,7) components.
We will denote the four point function of these half-BPS operators by
LIaIzls _ yndy pyla Iz ]
gﬁl olsly _ <Opiop20pgopi>' (11.1.2)
This four-point function contains a disconnected as well as a tree-level contribution

G[];I?I?’Ll — GI1I21314 + iG11121314 4. (11_1'3)

disc,p’ N tree-tensor,p’

In the next section we focus on the tree-level contribution.

11.2 Kinematics in AdS; x S3

Let us first deal with the kinematics. We define the propagator via

gij = 2 (11.2.4)

1To be precise, cancellation of anomalies implies n = 5 for M = T* and n = 21 for M = K3, but we
will keep it generic because it does not play any role in the computations we consider in this thesis.
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where zfj = (z — 2j)(Z — Zj), yfj = (min;)(min;) with (7in;) = nian;pe?® and similarly

(ninj) = ﬁiaﬁjgeai’. Then, the cross-ratios are defined via

ek A5y (1)),
L13%24 213%24

2.2 2.2
Y12Y34 :U:yy, Y14Y23 -V = (1—y)(1—:U).

2 .2 2 .2
Y13Y24 Y13Y24

Note that both spacetime and internal cross ratios naturally split into an holomorphic

and an antiholomorphic part. In fact, we have

_ (21 — 2z2)(23 — Z4) o (21 — 52)(53 —Z)

xr = (21 — 23) (22 — 21) = i) (e 5) (11.2.5)
_ (mm2){nsna) () (Msa)

YT )T YT ) () (11.2.6)

The Ward identities imply that we can break the correlator into a protected and an

unprotected sector, each separately respecting crossing symmetryQ,
Gtree—tensor,ﬁ = GO,ﬁ + PIA;}‘ (1127)

where we remind that the term G 7 contains all contributions due to protected multiplets
at this order in 1/N, while the second term contains the logarithmic discontinuities which
arise due to two-particle operators receiving anomalous dimensions. The factors P and

T in the case of AdS3 x S3 are given by

P = gisotiosi (g13924)™, T=(z—y)(T—7), (11.2.8)
where, as usual,

_ P1+DP2—p3—pa kt_p1+p4—p2—p3 k _ D2+ Pp1—Dp3—p1
= = v = )

k
5 2 ’ 2 ’ 2

(11.2.9)

At this point, we should note one important difference with respect to the theories
we discussed previously. In this 2d CFT, the correlator is only invariant under the
simultaneous exchange (z,y) <> (Z,y). Therefore, expressing the correlator in terms
of cross ratios is in general ambiguous, due to the presence of square roots. We can

however define a symmetric and an antisymmetric part in the following way,

<t

Ay = AGU V.U V) + (x = 2)(y = 9 AU, V.U, V) (11.2.10)

P

where the factor (z — Z)(y — g) should not be confused with Z and is necessary in order

for Af} to be antisymmetric under = <> Z (and y <> §) exchange.

*We will sometimes drop the flavour indices I; to simplify the notation.
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Explicit computations [64, 65] have shown that Aﬁl is zero for different values of the
charges. However, a proof that this is true for all charges is still lacking. Importantly, in
the next section we will see that if the correlators enjoy an hidden conformal symmetry,
then Af;»(U ,V,U, V) is necessarily zero.

It is now time to define an AdS3 x S Mellin representation for .A;;S;.

11.3 Four-point function of tensor multiplets

In [64], the authors conjecture that the tree-level dynamics of these tensor multiplets
is controlled by a 6d hidden symmetry. Therefore, we expect the correlator to admit
a generalised Mellin representation, such that the associated Mellin amplitude depends
on bold-face variables only. In fact, it is easy to show that the following representation
for Ag is consistent with the results of [64, 65]:

P

A8 = _j[dsdt ST UV (Tax My(s, 5,...)), (11.3.11)

[[-s]l[—s+ k] D[]0t +k]  T[-ul[~u+ k)
DL+ 81484 ks] T[1+T[1 + £+ k] T[L+ @)Ll + @+ ky)

Iy= (11.3.12)

Again, the sum (11.3.11) is restricted to the triangle § > —min(0, k), t > —min(0, k;),

@ > —min(0, k) due to the I" function in the denominator of I'g.
In this formalism, the correlator takes the following very compact form
512534 614523 513524

_ 11.3.13
M=-o7 377 T ur ( )

where the 6% = §%ili are the n dimensional Kronecker deltas referred to the flavour
indices I. It is easy to see that M manifestly respects the large p limit. In fact, the
four-point scattering of tensor multiplets of 6d (2,0) supergravity in flat space reads

[141]):
512534 514523 513524
Afiat = P + (11.3.14)

t U

where s,t,u are the Mandelstam variables. At large p, M approaches A with the
Mandelstam replaced by the bold-face variables.

What about .Af)l? Note that the correlator A1111 only contains® A7;;;. Now, as we saw
already in AdSsx S® and AdSs x S2, thanks to the hidden symmetry, we can promote the
correlator with lowest charges to a generating function. This means that if we assume

the existence of the hidden symmetry, then .Af; is necessarily zero because it is generated

3In fact, A1111 is a degree zero polynomial in y, 7 and therefore there is no room for A%;1; since by
construction is always accompanied by the prefactor (x — Z)(y — ).
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from Aj111 which has Afj;; = 0. In this case, the differential operator that generates

all Kaluza-Klein amplitudes is given by

AII;IQISM — ﬁﬁ[U2A£12£221314:| (11.3.15)
where B
U s f/ t
N -2 /\(0,0,0) A(ks’ktvku)
5=U Z<U> (V) s D (11.3.16)
5,
and

ﬁ(a,b,c) o (UaU —1—-5— a)§+a (Vav +1- t— b)£+b (UaU + VaV)fH—c

P35,k (_)a(g 4 a)[ (_)b(f‘i‘ b)' (ﬂ T C)' (11317)

The proof that this operator generates the correct tree-amplitude for all KK modes is

analogous to the one we showed for the N’ = 4 case and we will skip it.






Chapter 12

The double-trace spectrum in

AdSs x S3

With the correlator in our hand, we can now attack the mixing problem in AdSs x S3 in
the supergravity limit. Before doing that, we need the long superblocks for this theory,
which can be straightforwardly computed using the method of [107]. We recall them in
section 12.1; for the explicit construction we refer to the appendix D and to [4]. Then,
in section 12.2, after warming up with some explicit examples, we provide the general

unmixing formulas for AdS3 x S3.

12.1 N = (4,4) superconformal symmetry and long su-
perblocks

Our goal is to study the double-trace spectrum at large N. As we saw, a necessary
ingredient are the long superblocks, which capture the contribution from all unprotected

operators.

The dual conformal field theory of this system has N/ = (4, 4) superconformal symmetry
in 2d, and the relevant superconformal blocks belong to the product (1, 1)xm, where
the notation (1,1) refers to superconformal blocks of SU(1,1|2), which we can borrow
from [107]. These superconformal blocks are labelled by a Young diagram A = [\, 1#]
with at most one row and one column, of length A and p + 1 respectively, as shown in
figure 12.1. Then, the blocks of the (4,4) theory are obtained by taking the product
of two such diagrams. We refer to the appendix for the explicit construction of these
blocks. Here we just give the result for the long superblocks needed in this chapter. The
long blocks are labelled by four quantum numbers, two for the conformal representations

and two for the internal. As for the correlator (11.2.10), they can be decomposed into a
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A1

M1

Figure 12.1: An allowed Young diagram for SU(1,1|1) long reps.

symmetric and an antisymmetric part:
_1S = A\ A
Lr=0L2+ (z —2)(y — y)L%. (12.1.1)

We just need I]_i, since, as we recalled, .Af; happens to be zero for these correlators. In

our notation, I]_g reads

U p3
I]_a,f: =Pz —y)(z—vy) <U> Gri(x, 2)Hpa(y,9), (12.1.2)
with
Goier) = — (71 @F @+ @, @)
2(1 I 61,0)(] 5’43 §+1+l §+1 §+1 §+1+l
Hoalv.5) = g (7 WP, @ L, 0F, @), (213)
214 040)U ™ 2 T2 2 2 T2
where we remind that
Fif(z) = a"oFy [hF B2, h ¥ 222 21] (). (12.1.4)
In common with the other theories, let us also introduce the h labels via
T - T b - b
=—+1 =—+41 ) = —— — ) = ——. 12.1.
h2++l,h2+,j 5% J 5 ( 5)

Note that j,j are nothing but (minus) the spins of the SU(2); x SU(2)gr R-symmetry

representations.

A nice surprise, perhaps expect from the fact that SU(1,1|2) x SU(1, 1|2) might contain
an SU(2,2|4) factor, comes from [I_ﬁi, which coincides with the long superconformal
blocks of N =4 SYM, equation (2.3.21). In appendix D we show this explicitly.
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12.2 Unmixing the double-trace spectrum in AdS; x S3

Simiarly to AdSs x S3, we need to split the correlator in irreducible representation of
the flavour group, as explained for example in [142, 143]. The unmixing will then be
carried for each structure separately. In this case we have three channels, the singlet, [,
the symmetric, 4+, and the antisymmetric channel, —. Let us then rewrite the correlator

according to the irreducible representation of the flavour group:

Mﬁ: M%ing(512(534+./\/l; <513524 + 614523 _ 721(512534) +ij (514523 + 613524) (1226)

where
; 1 1 1 1
MERE = — ,
p n t—|—1+u—i—1 s+1
1 1 1
+
= |— 12.2.7
M; 2[t+1+u+1]’ ( )
_ 1 1 1
My 2[t+1_u+1]’

and analogously for the disconnected correlator.

We will focus on M;, since these are closed sectors. In fact, the unmixing in the singlet
channel would require other correlators in the 6d (2,0) supergravity, namely the ones
involving the graviton, which has the same quantum numbers as those of the tensor

multiplet and can in principle mix with it'.

The two-particle operators we want to study are long operators exchanged in /\/l;?.
+ + I gl s (1—p—q) (]
Or =Pt 00 PI ok (12.2.8)

where IP?E1 1, brojects onto a given flavour representation. For given SO(2,2) quantum
numbers 7,1, and SO(4) representation B = [ab], the number of degenerate states is

organised into the usual rectangle,

p=ita+r i=1,...,t-1) } (12.29)

g=i+a+b—r r=0,...,(p—1)

Rz = {(p, q):

that consists of d = u(t — 1) allowed lattice points where now

We will skip the details because the machinery is completely analogous to the other

!These correlators have been recently studied in [66].
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q D «
P o
e,
A A=(a+1,a+b+1)
B=(a+pa+b+2—p)
C=(a+p+t—1la+b+1+t—p)
‘B~ D=(a+t,a+b+t)

Figure 12.2: A typical rectangle in AdS3 x S3.
cases we analysed. In short, per each channel, we need the two sets of matrix equations:

e the order ~ N equation
cict’ —1f, (12.2.10)

where L? is the block decomposition of long disconnected free theory and C? is
the matrix of three-point couplings. ij is obviously diagonal since only correlators

with pairwise equal charges have a non-zero contribution;

e the order ~ N~! equation
Cinfct’ =M (12.2.11)

where n? is diagonal and M? comes from the decomposition of the log U part of

+
M.

At this point, normalising (M?)‘1 with (L?)‘1 from the right yields the unmizing

matriz whose eigenvalues are the anomalous dimensions.

12.2.1 Unmixing examples

Before presenting the general formulae, let us give some explicit examples. We will dis-
cuss the symmetric flavor channel +, the antisymmetric — being completely analogous.
The simplest representation we can study is R = [00]. The first case we can look at is
the unique two-particle operator? at 7 = 2 and even spin [ = 0,2, ...2N. This case has

no mixing

_ 2 12
Lj:z,z,[oo] = (20+2)1» M:-r:zl,[oo] - _2(2z+2)!'

2Note that the lowest available twist in this theory is 7 = 2 and not 7 = 4 as it was the case for
AdSs x S° and AdSs x S2. This is because here the lowest half-BPS operator has 7 = 1.
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The anomalous dimension are therefore

an:Zl’[OO] = Eigenvalues[MZ (L1) '] = -2, (12.2.12)

Note that, unlike the other theories we discussed, at the lowest available twist, the
anomalous dimensions are constant and do not depend on the spin. This feature has

also been observed recently in [144].

The first mixing problem is at 7 = 4, where we find two even spin operators. The

corresponding data is

Lt _ 12 1 0
TALI00 S CEAT g L 1)1+ 4)
(12.2.13)
+ _ o2 +1 -1
MT:4,1,[00] - 2(2l+4)! -1 i(m + 51 +1?)

which gives

[+2 [+3

—6——,—6—— ). (12.2.14
l+4’ l+1> ( )

(11594100 = Engenvatues M (L) ) = (

We remind that the rep [00] is special in the sense that the rectangle R, g is simply a

line whose length is controlled by 7, and all anomalous dimensions are labelled uniquely.

Next, let us consider the rep R = [10]. This is analogous to [00], but for the fact that
only odd spins contribute [ = 1,3,...,2N 4+ 1. The first case is at 7 = 4 with one

operator,
LYy = (o X 15(24+ 250+ 50 (12.2.15)
M;r:4,l,[10] = _2% x(+1)(1+4) -
and we get

" . PN (S (R
7722‘7:4,1,[10] = Eigenvalues[MI(Ll) "] = —24m. (12.2.16)

Analogously, at 7 = 6 we have two operators, and therefore the unmixing matrix is 2 x 2.

We close the list of examples by illustrating a mixing problem with partial degeneracy.
The simplest case of partial degeneracy appears in R = [02], even spins | = 0,2,...2N
and 7 = 6, which is the second available twist in the [02] rep?; the rectangle R:—6.1,[02)
in this case consists of four points. The CFT data we are interested in to see the partial

degeneracy is

LE3)II44) . (2(44) 3(+D)(I+4)(1+6) 3(143) (1+1)(1+3)(1+6
Lj:ﬁ,l,[OZ] = (2(2)l-(‘r6)!) Dlag( (15 ), X )(160)( }, (5 1, )(10)( ))? (12.2.17)

3This rep also allows for odd spins, but there is no degeneracy for odd spins, so it is not conceptually
different from the cases we showed already.
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and
2(15+4L%) 234412 ] -8
3(—1+2L) 2(—1+2L) , ,
2344L°2 1715+40L%4-48L 55+4L
Mt I R e s s s U e e s 7 ) -8 ¥ i
=6,1,[02] | L? 2(74+4L
. - (2 +6)! 8 -8 SIF-SL - (1+2L )
_8 55+4L2 _ 2(7T+4L2)  265—40L%4+16L4
8 1+2L 8(1+2L)
(12.2.18)
that gives
+ . =17 (145) (1+2)(I45) (+2)(1+5) (1+2)
Mr—_6,,j02) = Eigenvalues[MZ(LZ)™ '] = —10 ( 1 (43)(1+4) * (I13)(1+4) (l+6)> ;

(12.2.19)
where we have defined L =1 + % for convenience. The figure below shows the rectangle

for this case.
A

T=26
lab] = [02]

2 (12.2.20)

The leftmost root is indexed, in R;_g; 09, by the leftmost corner at (pg) = (13), then
the two (degenerate) middle ones are indexed by (pq) = (24), (22), and the rightmost by
the rightmost corner at (pg) = (33).

Finally, when we consider the antisymmetric sector, what happens is that for given R
even and odd spin sectors are exchanged, but otherwise the mixing problem is the same.

For example, the singlet in this case only exists for odd spins, and so on.

We are now ready to present the general formulae for the mixing problem in this theory.

12.2.2 General formulae for AdS; x S3

With the same procedure outlined in the previous chapters for AdSs x S® and AdSs x S3,
we can easily spot a formula for the coefficients of the long part of disconnected free
theory. In this case, it takes the following form

1+ (—1)2t§

LE— _ P90, A4 B, B30, (12.2.21)
Pq

7



Chapter 12 The double-trace spectrum in AdSs x S® 129
with
T(h+ 29T (h — 5T (h + B4
Ah_( 5 2)++ 2), (12.2.22)
L'(2h — 1)I'(h — 51)
I'(2—2) 1
DT+ O - - B (B 4 j - DB — )
and § this time is given by
i+ O 4) ) 5(2)
hhjg '+ ChhRjLj 1) _ (2.2 2) . .
0 (4) 5(4) ) 5h,ﬁ,j,j - 5h,j6}3,5’ 5h,j - (h - ])(h +J - 1)7 (12223)
h,h,5,7 h,h,j.j

with the /4 labels related to 7 labels via (12.1.5).

Next, we move to the anomalous dimensions. By performing the computation for many

cases, we find that they follow the pattern

( ) 5@ 1
+ hhgg hh.d
ne = I (12.2.24)
52 }L 5}12 (lgg +1)2
where lgq is
1 -1 a+l
létd—l-i-Q(p— 1)+L —a. (12.2.25)

2

We end the chapter with a few comments.

e Firstly, as it was the case for the other theories, the anomalous dimensions only

depend on one label. This results in a residual degeneracy;

secondly, following [31], the partial wave decomposition of the flat 6d (2,0) ampli-
tude suggests that lgg should be interpreted as a 6d spin;

comparing the anomalous dimensions of the three theories, we see that AdSs x S°
and AdSs x S% amplitudes are special in the sense that the numerator of §, which
shows up in disconnected free theory, simplifies in the computation and it does
not appear in the anomalous dimensions. This cancellation is non-trivial, and, in

fact, in AdS3 x 52 this does not happen and the anomalous dimensions come with

(4) (4)
h,h.j ,j+5hh, 7.3

behind this cancellation mechanism.

the denominator § It would be interesting to understand the reason

Finally, note that the large spin behaviour goes like —1/1°. In AdSs x S? is —1/I1,
while in AdSs x S® is —1/I.






Chapter 13

Final act: hidden symmetry

across dimensions

In this last chapter we would like to show that many of the results we presented in
this thesis can be nicely gathered in compact formulae which go across the different
backgrounds. Let us introduce two parameters, 61,602, that parametrise the various
AdSp, +1 x S%F! backgrounds.

For future convenience, it will be useful to introduce the combinations

(13.0.1)

Note that 0 is the free scaling dimension of a scalar field! in 20+2 spacetime dimensions.

The chapter is organised as follows. In section 13.1 we present the general formulae
for disconnected free theory. Then, in section 13.2, we explore the tree-level dynamics
of all three theories. Finally, we end the chapter with a more speculative section on
higher derivative corrections to tree-level amplitudes. These will be responsible of the
breaking of the residual degeneracy in the anomalous dimensions. In particular, we are
able to give general formulae for the associated characteristic polynomials which nicely

interpolate between the different theories.

13.1 Disconnected free theory across dimensions

Formulae (6.2.13), (10.2.11), (12.2.21) nicely fit into the following expression

14+ (—1)etl
Lt = —U%IAhAthBj §(002), (13.1.2)

I The axi-dilaton!

131
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with
T(h+25ZDT(h — EDD(h+ 222 — ¢
A Ut w LA Hﬁﬁg ). (13.1.3)
T(2h — 1)T'(h — 222 — §)
(2 — 2§) 1
B] — _ _ + -+ Y
D(1—j+259r1—j- 5T+ — )I(EE — j)
and
5@ 4 5@
(2,2)
) S50 AdSs x S3,
5@ _ 54
(44) _ 5
) = @5 AdS5 x S5°,
(2)502
oW — W hi AdSs x S3. (13.1.4)
5@ _ 5@
h,j h,j

where 6@ = 5}(?;5% and 6@ = 5}(123).5%23). . Here, the general dictionary interpolating

between the different theories reads

0 _ )
h=Tt% =Ty,

2 2 (13.1.5)
. b+ 0, - b
Jj=- —at+l,  J=-3

Note that in A/ =4 SYM only Lqi' is physical, since there is no antisymmetric sector.

We can now appreciate how the formulae written in h labels manifest a sort of univer-
sality, in the sense that in this basis the 61, 62, parameters drop out in many coeflicients.
In fact, the existence of such formulae for disconnected graphs interpolating between
different theories turns out to be a particular case of a more general formula for all
free-theory diagrams in different theories which can be proved through a Cauchy iden-
tity [107, 115]. An explicit formula was however still missing in the literature and the

purpose of the last part of this section is to fill the gap.

The general idea is that superconformal blocks in generalised analytic superspace with
SU (m, m|2n) supersymmetry manifest a universal structure. In particular, as explained
in [107], we can use SU(m,m|0) = SU(m,m) bosonic blocks to compute the coefficients

of any free-theory diagram in any theory with SU(m,m|2n) symmetry.

A typical representation for these bosonic blocks is specified by a number, v and a Young
diagram A = [A1,... \,,] with at most m rows, as in figure 13.1. Let us thus define A,’j’g]

to be the coefficients in the superblock expansion of the generic diagram contributing to
(Op, 0y, 0y, Oy, ), as in figure 13.2. In this notation the four point correlator has charges

1, P2, P3, P4, Where they are labelled starting from the lower left corner and continuing
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A2

A6

A7

Figure 13.1: A generic SU(m,m) rep.

Op, k Ops
Q/
X
2
N
£
k,m
t—m rem | =% ATRS, . (13.1.6)
& (Al
7/
\<<\I
Op, P +k Op,

Figure 13.2: The superblock decomposition of a generic free-theory diagram.

clock-wise. Moreover, ¢ is defined via ps = p1 + p2 + p3 — 2t and
p =p —t, qd =ps—t. (13.1.7)

The labels on the lines in the diagram in eq. (13.2) denote the powers of the corre-
sponding propagators. Having fixed the external charges (and hence t) we find that the

diagram in eq. (13.2) has non-zero coefficients for Young tableaux with up to m rows.

As shown in [107], the coefficients Ai’& obey the following equation in terms of bosonic
blocks,

1 k
k,m afy[A1,A2,.sAm] _
Z A%[)\h)\%n-,AM]F o (1'17--'7'%'771) B <(]— —(171) (1—113m)>

A12..2Am o
(13.1.8)
where m is the number of possible rows of the associated Young tableau, v is the number

of propagators going from (O, , Op,) to (Op,, Op,), and k is the number of propagators
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connecting Op, and Op,. The parameters «, § and v are determined as follows,

a=py—t+m=q¢ +m
p=m (13.1.9)
y=p1+ps—2t+2m=p +q +2m.

The bosonised m-row conformal blocks are given by:

det | TR (N A+ 1A £ L= B 2N+ 2= 2 i) |
SLysm

Byl

det (x;n_j )
1<i,j<m
(13.1.10)
and, moreover, for us m = [ which means the size of the matrix is determined by the
charges in the correlation function and the number of propagators going across in the

diagram under consideration. k, for a given value of m = 3, stays in the range:
0<k<m. (13.1.11)
The coefficients A depend on ¢',p’, 8,k and the 3 variables A1, ---,A3. By performing

the computation for many cases we find that the coefficients are given by the following

compact formula

Bk
p'.q kB _ L
A[>\1A27---7)\/3] - [H B-—k-=D¢+1- 1)!] [

=1

k 1 B
=Dy +1— 1)!] Lgl Xl]

=1

(13.1.12)

[[i—i+B+p)!

1€SK

[H (=DM —i+B+q)!

ie?k

<y [
spc{t,..6y L i<j i<j
Za]ESk‘ Z,]GSk

Here we have introduced the notation

Ni—i+B+p +q)!
2N —2i+28+p +¢) (13.1.13)
Yii=Ni—= A —i+)Ni+N—i—ji+28+1+p +).

X; =

The sum in (13.1.12) runs over subsets Sy of {1,...,3} of size k. The complement of
Sy in {1,..., B} is denoted by Sj.

We remark once again that this formula gives the block-decomposition of all free-theory

diagrams for all theories with SU(m, m|2n) symmetry.

For example, starting from (13.1.12), let us explicitly see how to reproduce the known
formulae for disconnected free-theory in the three theories we considered in this thesis.

To start with, note that, as it stands, the formula is bosonic, in the sense that is associ-
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ated to a Young tableau with rows of length A1, ... \,;, with no restriction on the length

2

of each row”. However, the length of the rows depends on the theory: for example in

N =4 SYM we can have at most two rows with length greater than 2.

There are only two types of disconnected diagrams?, and they are present only in cor-
relators with pairwise equal charges. For concreteness we will focus on the u-channel
of correlators with all equal charges, the t-channel being completely equivalent. Let us
begin with A/ = 4 SYM.

13.1.1 Disconnected free theory in AdSs x S®

In N =4 SYM we have that \; < 2 with ¢ > 3. The u-channel diagram of (0,0,0,0,)

has t = p,p’ = ¢’ = k = 0. Moreover, we remind that

A127;7+l+2, do =TT 42 (13.1.14)
The lowest possible charge is p = 2 for which we have 3 = 3 = 2. By plugging this in

(13.1.12), we precisely get the u-channel of (6.2.13). Analogously, for p =3 (3 = = 3),
we have three rows, with the third row running over the range A3 = 0,1,2. These
three values are in correspondence with the three SU(4) representations exchanged in
(03050303). By plugging these values in (6.2.13) we again get the u-channel of (6.2.13)
for the representations [000] (A3 = 2), [101] (A3 = 1), [000] (A3 = 0).

13.1.2 Disconnected free theory in AdSs x S3

Let us now briefly discuss AdSs x S3. Here we expect to reproduce only the dependence
on the superconformal variables, i.e. the h,h,j dependence in (10.2.11), but not the j
dependence. This is because, as we stressed in various occasions, j is a flavour variable
and comes from the decomposition under SU(2), spherical harmonics which are not part
of the 4d N' = 2 superalgebra. To check that (13.1.12) gives indeed the right coefficients,
we just need to remember that in this case Young tableau can have at most one column,
therefore \; < 1 with ¢ > 3, and [107]

T
2

Y41, A= T;7+1. (13.1.15)

A=

Upon inspection, we see that (13.1.12) and (10.2.11) coincide up to an overall normali-

sation, as far as the h, h,j dependence is concerned.

2There is of course the usual condition for the Young tableau, i.e. A1 > ... > Ap,.
3There are really three, the other one being the identity.
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13.1.3 Disconnected free theory in AdSs; x S3

Finally, let us see how to recover AdSs x S3. The blocks of this theory belong to the
product (1,1)x (1,1), where (1,1) refers to superconformal blocks of SU(1,1|2). We
therefore need to consider the long block decomposition of (1,1). This is captured by
(13.1.12) upon taking \; < 1 with i > 2.% Re-fitting formula (13.1.12), we find, up to

an overall normalisation

Li: — AyB; s (13.1.16)
with 1
s — 1 (13.1.17)
6\
h.j
Analogously m gives
L?‘—E — A;B; s (13.1.18)
with 1
an_ L
5 T (13.1.19)
h,j

Taking the product of the two we obtain the (1,1)x (1,1) free-theory. Now, to get to
the AdSs x S ones, we need to symmetrise® in j «+ j. Noting that

o st
L S N TN A NN (13.1.20)
RIS A LA 1 B 10 R
h’] h,] hv] h7.] hvhvjzj h7h7]7]

we get (12.2.21).

Lastly, note that, as it was the case for the long blocks themselves, the antisymmetri-
sation exactly reproduces (6.2.13). In fact, from these explicit computations we can see

that N/ =4 and N = 2 coefficients can be written as 2 x 2 determinants.

13.2 Hidden symmetry at tree-level: the general formula

Let us now take one step forward in the 1/N expansion and look at tree-level correlators.
The hidden conformal symmetry at tree level implies that all correlators are obtained
by acting with certain operators on a seed function. This seed takes the same form
as the correlator for minimal charges, Ay, ¢, 9, 9, » Which is singlet under the sphere,
and the role of the aforementioned operat(Q)rs2 152 t%) add charge in order to generate Aj.

The purpose of this section is to show that all tree-level correlators are captured by a

“In fact, the long representations in this theory are labelled by a diagram with at most one row and
one column.

®We remind that we are only interested in the symmetric sector of (11.2.10), because the antisym-
metric is zero.
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compact formula which depends on the two parameters 61, 65. The general seed is

Ao, 0, 0,0 (13.2.21)

016001 0, = jl{dsdtUSVtUSVt x T[—s]’T[—t]*T'[—u)? x My
2 2 2 2

0161 0161
222 2

where s+t+u = —0 and M 71 depends on the theory and the channel we consider.

01 01 01
2 2 2
Now, note that the followm Mellin amplitude
1 1 1
M = + 13.2.22
Baon =G5, (%) (132.22)

where (---); is the Pochhammer symbol, straightforwardly reproduces symmetric and
antisymmetric sectors of AdSs x S% and AdS5 x S3 for 6 = 2,3. Moreover, plugging in
6 = 4 in the symmetric amplitude, it yields

1 1 1 1
= + = : s+t+u=—4, (13.2.23
(s+1)9 <t+1 u+1) (s+1)(t+1)(u+1) ( )

which is the N' = 4 amplitude. Note that the formula, as it stands, also predicts the
existence of an odd sector for § = 4, which is not realised in A" = 4 SYM. There might

however exist another theory with 6 = 4 where both sectors are physical.

Finally, the amplitude A for general p is generated via the differential operator,

Aﬁ:ﬁﬁ[UéAgﬁ?ﬁd (13.2.24)
2 2 2 2
where .
[7 S ‘7 t
S b 5(0,0,0) 73 (ks kit ku)
s=U">" <U> (V> DD (13.2.25)
5t
and

~(a,byc) Uy +1—0—35—a)sra (VO +1—1 =)y (Udy + Vv )are
D2 = — = =
D,8t (—=)*(§+ a)! (—)b(t+b)! (4 c)!

(13.2.26)

We recall that at the level of the Mellin amplitude, this just amounts to replacing the

Mellin variables s, t,u with the bold-face variables, thus:

1 1 1
+
L + 13.2.27
M; (s+1);, <t+1 u+1> ( )

~

withs+t+u= —60.

We conclude the section by mentioning one more property of these correlators. Because

of the hidden symmetry, Ay, 9, 9, 9, can be interpreted as the four-point correlator

01 01 61 61
27222
of a scalar of dimension # in 20 + 2 dimensions. This suggests that the correlator

should then have a natural decomposition not only in long superconformal blocks for
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the corresponding SCFTs, but also in SO(Z@ + 2,2) conformal blocks at the unitarity
bound, as shown in [31] for A/ = 4. Inspired by that result, we find that this is indeed

true for all theories with hidden symmetries with the decomposition given by

OT[C+ 01> oF[0+ 0,0+ 6,20 +20,P
Agooo| =2, S - } (13.2.28)
2222,y ¢ I'[2¢0 + 260 — 1] U
where 9 F1[0 + ¢,...] is a single normalised block in which we understand the oF} as a

power series with the replacement 2" — Py iy (7,7;0), and P(;0) being the two-

variables Jack polynomial. A compact way of writing this polynomial is

0) Povro (@, 7;:0) 0)i(O)k—5 ik—2;
(0)k Do+ e sz()(]/;—),l;');e(k 2)¢ (13.2.29)

! 0 1l
! U = !

where z = e~?1® as in [145, 146] and k = £ + n.

The point here is that the SO(260 + 2,2) decomposition in (13.2.28) only runs over a

single sum.

13.3 The general breaking of residual degeneracy

This last section will be more speculative. Guided by N' = 4, we will seek for some
tree-level higher derivative corrections to supergravity /Yang-Mills amplitudes and see
whether they present some common features, such as splitting of residual degeneracy
in the anomalous dimensions and so on. As the title of the section suggests, this will
indeed be the case. By analogy with N = 4, we will denote the coupling parameter o/,

even though we do not know whether these have anything to do with string corrections.

As we reviewed in the first part, in N' = 4 these corrections correspond to the o’ expan-
sion of the VS amplitude in AdS5 x S°. In particular, the structure of these amplitudes
is such that it sequentially breaks the degeneracy of the supergravity anomalous dimen-
sions and uniquely fixes the three-point functions. Moreover, despite the presence of
ambiguities, the problem of computing the anomalous dimensions at the edge of the
rectangle turns out to be well posed and independent of any of the ambiguities. This is
due to the existence of a preferred sub-amplitude in the VS amplitude directly related
to its flat space counterpart. In fact, in the language of [50], this amplitude is obtained
by replacing partial derivative with suitable AdS x S ones in an effective action in 10d,

by ignoring the ordering of the derivatives.

We now want to point out that the situation in AdSs x S® and AdSs x S? is perfectly
analogous, in the sense that it is possible to build polynomial amplitudes at each order

in o/ such that they break the residual degeneracy as in N' = 4. A way to see this is to
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use the bootstrap approach we outlined in the first part of the thesis®.

We will parametrise these o/ deformations by

M= My, + Y My ™01, (13.3.30)

where My, is the field theory/supergravity contribution and M,, are polynomial Mellin

amplitudes of degree n to be determined.

Note that, since some of the correlators have a flavour structure, we will have to consider
two different level splitting problems, one for symmetric and another for antisymmetric
amplitudes’. In fact, as far as the level-splitting problem is concerned, what we really
need to compute is just the AdS completion of the flat space terms " + u"*. The reason
is that, remembering the discussion in section (7.1), we expect that the anomalous
dimensions that do not suffer ambiguities are those for which the higher-dimensional
spin of the corresponding double-trace operators saturates the flat space bound. The
latter is just m for a polynomial of degree n in t. This is best understood with an
example. In N’ = 4 the /> amplitude is (5.4.39):

MBUC = (8% 4 32) 4+ (T2 + ¥2) + (U? + 32) (13.3.31)

However, an explicit computation shows that the resulting anomalous dimensions at the

edge are the same as if we performed the unmixing with the amplitude
(T2 4+ 3% + (U + 2% =T? + U? 252 (13.3.32)

This is because (S? + %2) happens to be subleading in 10d spin (in this case it has
lip = 0). The idea is therefore to make an ansatz in t—type variables only (i.e. t, £, ¢
and ¥ which is singlet under swapping ¢ <> wu), symmetrise (and antisymmetrise) in
t <» u and then solve analogous OPE equations to those in section 7.2, with the only
difference that the now that there are two sets of equations, one for symmetric and
another for antisymmetric amplitudes. Since the computation is the same as N' = 4 we

will skipe all the details and just quote the results.

These are conveniently represented in (a suitable generalisation of) the formalism we
introduced in (5.4.36), which has the role of absorbing some Pochhammers appearing in

the amplitude. Let us thus define

7

M, = 27r/o da/cdﬁ el IS F N N (0,8) (13.3.33)

50ne could equivalently use a straightforward generalisation of the effective field theory approach of
[50], arriving at the same result.

"As before, this will implicitly define an antisymmetric sector for A/ = 4 which however does not
exist,.
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where C is the Hankel contour and M,, is a simplified amplitude, defined in terms of the

variables

>
I

s—sks+ 1,
S=as—B5 S=as+ss, (13.3.34)
+5ks +1,

[VaRe

I

W
NI— N

and similarly for ¢- and u-type. We remind that, for polynomial amplitudes, such as
those we will be considering here, the integrals just provide gamma functions, direct and

inverse.

We can now present the results at the first few orders. The N = 4 results can be found

in chapter 5, we will therefore here just show the amplitudes for the other two theories.

Since we do not know what the UV completion of these theories is, we cannot fix the
overall normalisation of the amplitudes, which is usually obtained by taking the flat
space limit and matching with the corresponding flat space amplitude. We will then
make an arbitrary choice such that it matches with the A/ = 4 normalisation when
0, = 05 = 4, for which the overall coefficients are in fact fixed by the flat space VS
amplitude®.

13.3.1 AdS?® x S? higher derivative corrections

The degree zero amplitude is just

Mo = 2%, (13.3.35)
therefore
Mo =2. (13.3.36)
Note that here obviously there is only the symmetric amplitude. The degree-1 ampli-
tudes are
IMI =T+ U — 2%, (13.3.37)
IMy =T —U. (13.3.38)

Let us we stress again that these results are ambiguous in the sense that there is an
infinite family of amplitudes satisfying the rank constraints. For example, in this specific
case we could add a constant term to the symmetric amplitude without changing the
anomalous dimensions on the edge. The antisymmetric amplitude at this order is instead

unambiguously fixed.

8We will however drop the (3 coefficient present in N = 4.
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The degree two amplitude reads

- L 2 2
My = (T -2+ (U -%)2-2 (T + U) - <C2t + 62“) , (13.3.39)
- L 2 2
My = (T -2~ (U-%)2-2 (T - U) - <2t - 2“) (13.3.40)
13.3.2 AdS® x S3 higher derivative corrections
Next, let us move to AdS® x S3. In this case the degree zero amplitude is
Mo = 2(X — 2)a, (13.3.41)
and, once again,
Mo =2. (13.3.42)
Obviously, also here the antisymmetric amplitude is zero.
The symmetric and antisymmetric amplitudes of degree 1 are
IMT =T+ U + 3%, (13.3.43)
IMy =T —U. (13.3.44)

To conclude, the degree 2 amplitudes in this case read

- 312 3 - .
2M+:T2+U2—Z(T+U)+7+3(T+U)—1(c§+ci)—2(T+U)—3E,

(13.3.45)

My =T? ~U? - (T - U)+3(T - U) — Z(cf — ) —2(T-0) (13.3.46)

We are now going to see that these amplitudes generate very similar characteristic

polynomials to those we found in N = 4.

13.3.3 Anomalous dimensions on the edge for all theories

Before presenting the results, we need to refine and generalise the conjecture on the
bound for the effective (20 +2) spin. Thus, let us first define the effective (20 4 2)d spin

1+ (_1)a+l

+ _ _ _
l(2é+2)d =1+ |a| +2m 5 1 (13.3.47)
where, as usual, m measures the distance on the p axis:
02
m=p—la|+1——= (13.3.48)

2
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Note that in AdSs x .S3 and AdS5 x S® only a > 0 representations exist, therefore |a| = a.
Moreover, the dependence on 3 in m can be somewhat justified by remembering that
the lowest half-BPS in AdSs; x S3 has 7 = 1 while in the other two cases has 7 = 2.

The amplitudes we mentioned before are such that the operators exchanged satisfy the
following inequality

+ +
Logana <7 (13.3.49)

and nT is the exponent of the highest power in t in the amplitudes at the order o/m+0-1

in M. Tt is easy to see that this is equal to
1F (-1
nt T (=1

=n— (13.3.50)

As done in N' =4, it is useful to turn (13.3.49) into an inequality for m

nF — |a| — 1 — FEDT

m < 5 2 1. (13.3.51)

We are now ready to present the general formulas for the anomalous dimensions on
the edge. Generalising the discussion of section (7.1), we can say that the anomalous

dimensions which do not suffer ambiguities are those for which m satisfies

n— |a| -1 — FELT

m=m*= 5 2 1, (13.3.52)

where it is understood that in (13.3.50) we need to take n even (odd) for the symmetric

(antisymmetric) amplitude.

Let us start from the operators exchanged in the symmetric amplitude. As usual, we
will classify the anomalous dimensions according to their value of |a| + [, which tells us

which edge-operators acquire anomalous dimension, as shown in the picture below.

q

e la] +1=mn,n—1; m=1
la| +1=n—2,n—3; m =2

Nem = Frn D2m (13.3.53)
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where
]:T,l,[aba],n =
on] (n+ 0)! 50102 (Tba |a| 91+2) <T+b+a ]a|+22é)
(2(n +0))! 2 |a|+1+0-1 2 |a|+1+0-1
(13.3.54)
where 6(?1:92) is the rational function present in the o/ = 0 anomalous dimensions i.e.
sW 5@
5(2,2) — hih,g,j " h,h,jg,j , AdS; x 537
RIS A
h,h,j3,7 h,h,j,j
(44) _ 54 <(4) 5
) = 5h,ﬁ,j,j5h,/€,j,j’ AdSs x S°,
2) o(2
542 — 5,(135}(13 AdSs x S3. (13.3.55)

The simplest case is when |a| 4+ = n, for which only one anomalous dimensions is turned
on and we find
) =1 (13.3.56)

Analogously, for a +1=n — 1 (even n, therefore a + [ is odd) we have

i =B-T (13.3.57)

where

T = l(r —20)(1 + 21 + 63),
1 (13.3.58)
B = Z<b+ a—la|)(b+ a+ |a| + 262).

The splitting starts at |a| +1 = n — 2. We find convenient to define the following

quantities
0
lo, =1+ 51 (13.3.59)
0
ag, = |a| + 52 (13.3.60)

The characteristic polynomial for |a| +1 = n — 2 the admits the following representation

2o = (1 +7) + (741721 + 720 (13.3.61)
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where
npq =~ z(; _2:(97; jg -V ((2191 +1)B + (2a9, + )T — zgl%), (13.3.62)
2,0 = + (n+6- 2)2(31 0+ 1)2BT (13.3.63)
2(n+6) -3
and the shift is
r = (T — B)? + Bly, + Tay,. (13.3.64)

Finally, the characteristic polynomial for a + 1 = n — 3 reads
o= (1+ )2+ (74 7)72,1 + 72,0, (13.3.65)

where this time

_(n+0-2(n+6-1)
V2,1 = 2t ) 3 (B-T) (13.3.66)

(20, + )T + (219, +1)B = 3(ag, + 1)(Ig, +1) +2(n + ) - 3)
(n460—2)>%n+0+1)?2

- _ ¥ B —T)*(Tag, + Bly, — 3BT 13.3.67
Y2,0 2n 1 0) 3 ( )" (T'ag, o ) ( )

and the shift is

r= (T - B)*+ (T — B) ((3ag, + 1)T + (3lg, + 1)B) + (ag, — lp,) (Blg, + Tag,).
(13.3.68)

For what concerns the antisymmetric amplitude, we have checked that all formulae are
the same with the only difference that now the operators will be turned on for first time
only for odd n. For example, for n = 1 the only anomalous dimensions turned on are
the ones in left-most corner. The relevant formula in this case is therefore (13.3.56)
and includes the two cases |a| = 1,1l = 0 and a = 0,/ = 1. Then, for n = 3, the new
anomalous dimensions turned on will be the ones with labels |a| = 3,1 =0, a = 0,1 = 3,
la| = 2,1 =1, |a|] = 1,1 = 2 which are captured by (13.3.56), |a| =2,l=0,a =0,l =2,
la| = 1,1 = 1, captured by (13.3.57), |a| = 1,1 = 0, a = 0,1 = 1 captured by (13.3.61),
(13.3.62), (13.3.64) and finally a = 0,1 = 0 captured by (13.3.65), (13.3.66), (13.3.3).

Lastly, let us also point that the features we observed in A/ = 4 nicely generalise for
all values of 61,65. In particular, suitable generalisation of rank-reduction and low b
factorisation hold. Finally, note that the Z; symmetry present in the A/ = 4 anomalous

dimensions that exchanges (B, a) <> (T,1) upgrades to a (B, ag,) <> (T,lp,) symmetry.
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In this second part of the thesis we have discussed several aspects of holographic corre-
lators in AdSs x S3 and AdS3 x S3 backgrounds.

In particular, in the first three chapters, we focused on the four-point function of su-
pergluons in AdSs x S2, which in [67] was shown to enjoy an accidental 8d conformal
symmetry. This suggested the existence of a generalised Mellin amplitude, along the
line of that introduced by Vieira and Aprile for N' = 4 [32], which should manifestly
respect the large p limit. In this formalism the correlator takes a very simple form; for

example, the colour-ordered amplitude Mjz(1,2,3,4) is given by

1

Mp(1,2,3,4) = m,

s+t+u=-3. (13.3.69)
Interestingly, we found that this generalised Mellin amplitudes satisfies a number of other
properties, such as U(1) decoupling identity, BCJ and double-copy relations analogous

to flat space. As an example, we have
(t+1)Mp(1,2,3,4) = (u+ 1)Mz(1,3,4,2). (13.3.70)

The important point is that, as a consequence of the hidden symmetry, these relations
turn out to be the same for all Kaluza-Klein modes. Differential representations of BCJ
relations have been observed recently in AdS boundary correlators in [147, 148]. In the
special case of the AdSs x S3 background we can see that, quite nicely, they also admit

a generalised Mellin space version.

The knowledge of the correlator allowed us to compute all leading order anomalous
dimensions, which turn out to have the same structure as the N' = 4 ones:
(2) 5(2)
5h,j5/3,j

e QN X 3 R

2 1 (-
N (I, + 1)

—— —lal, (13.3.71)

where the superscript + refers to operators exchanged in symmetric and antisymmetric
amplitudes. Anomalous dimensions and three-point functions are an important part of
the bootstrap program, and can be used to compute higher-loop correlators for arbitrary
KK modes, beyond the lowest charge correlator [69], as done in [33, 35, 36, 38] for the
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N = 4 case. Because of the many similarities that this theory shares with A" = 4, we
expect loop corrections to follow similar patterns. This would ultimately allow to further
investigate the structure of gluon amplitudes in AdS. In particular, we know that, in flat
space, BCJ and double-copy relations at loop level work at the level of certain integrands;

it would be interesting to see if and how this modifies when we consider (super)gluons
in AdS.

The other theory we discussed is the D1-D5 CFT. This particular 2d CFT has various
tractable corners (see for example [71, 149-152]), and most notably, the weak coupling
regime has a (worldsheet) WZW description. However, the 2d theory at the boundary
of AdSs x S with pure RR flux, whose four-point correlators we discussed in this thesis,
is strongly coupled. The bootstrap approach is therefore quite natural in this case, since
it does not rely on having a weakly coupled Lagrangian description. The many clues of
simplicity that we have encountered encourage the idea that the bootstrap program can
tackle quantitatively this strongly coupled regime, offering new dynamical insights. The
simplicity - ultimately due to an hidden 6d conformal symmetry [64, 66] - is captured
on the one side by the amplitude which can be nicely written as
§12534 514523 513524

= t = -2 13.3.72
M P + o] + R s+t+u , (13.3.72)

and on the other side by the anomalous dimensions, given by

5@

h,h.j, 0
)
h.j

2 1

(lg:d + 1)27

1 -1 a+l
£ = 1+2(p— 1)+:F(2)—a. (13.3.73)

59
i: Jj h,h,j,j
T Vet %;
In the last chapter we have shown that many of the formulae we found can be regrouped
into compact expressions that cross through the different theories. We saw that the coef-
ficients of the block decomposition of long disconnected free theory of the three theories
can all be written in a similar fashion. In fact, they turn out to be particular cases of
the general formula (13.1.12) that captures all free theory-diagrams in all theories with
SU(m,m|2n) symmetry. We find very non-trivial the existence of such a formula. We
then considered the tree-level scattering and noticed that all tree-level AdSp, 11 x S§+1

correlators can be gathered in the single formula

1 1 1 .
+
./\/lp CESI <t+1 u+1>’ s+t+u ) (13.3.74)

with 6 = @. We find very remarkable the existence of such a formula. It would
be interesting to see whether there are other values of the parameters 61,60 for which

(13.2.27) acquires a physical meaning.

Finally, inspired by /' = 4 SYM, we showed that one can compute higher derivative
corrections for both AdSs x S% and AdS3 x S3 theories. These higher derivative cor-
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rections are such that they break the residual degeneracy in the anomalous dimensions.
The breaking is controlled by a characteristic polynomial and takes a similar form for all
three theories and we found evidence that it is possible to write down simple formulae
for these polynomials that interpolate between the three different cases. As an example,

the general rank-1 problem for all theories is simply given by (13.3.56), (13.3.57).

We should however warn that, despite the existence of this formulae, it is unclear whether
these higher derivative corrections do represent some physical UV completion (string?)
of the theory, like in A = 4 SYM. It is tempting to say, for example, that higher deriva-
tive corrections in AdSs x S? correspond to the low energy expansion of a certain AdS
completion of the flat space Veneziano amplitude, i.e. the scattering of four open strings.
This would help to understand how the known KLT and world-sheet monodromy? re-
lations, obeyed by the analogous flat space amplitudes, generalise to AdS. We hope to

report on this in the future.

9These are the stringy versions of double-copy and BCJ relations, respectively.






Appendix A

Ansatz for the VS amplitude:

iterative scheme

As stated in chapter 5, we expect to stratify the VS amplitude and accommodate each

stratum in the ansatz

Spy = Z KéfjldQ(é,ﬂplmpsm) sditd> (A.0.1)
0<d1+d2<?

(n)  _ (n) 0170
Kf; dide — Z kf; d1d2,0102 (p1p2p3p4) ST
0<61+02<(n—£)

at given order n in the (a/)"*3 expansion.

There are nonetheless two issues. Firstly, as we mentioned already, (A.0.1) will contain
the new stratum M,, ; we were looking for, but also pieces of the amplitude at previ-
ous orders < n, which we have to discard by hand. This is inevitable because of the
inequalities in the sums, which allow to take into account powers of u and @ correctly,
but introduce much more freedom than the one really contained in a stratum. Secondly,
the crossing symmetric version of Sy, ¢ is still written in the variables s, t, 3,t, Di=1,2,3.4
and we want to make crossing symmetry manifest. Therefore, we rewrite it in terms of
crossing invariant combinations built out of s,t,u, §,t, @ and ¢, ¢;, ¢y, 2, in practise by
making a second ansatz and checking that we can map free parameters with an invertible

matrix.

To fix ideas consider the case n = 3 and ¢ = 2. After imposing crossing and rewriting
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the solution in terms of crossing invariant combinations, we find

Mp=32

Sn=32 = H3,2,1) T Mn=24=2 + Sp=2=1 (A.0.2)
Hyes 2.1) = V) (%8 + t%t + u?d) + aP(s? + t2 + u?)X

./\/ln:2’2 = a(3) (82 + t2 + u2)

In (A.0.2), M;,—32 is the stratum we are looking for, and it comes with two contributions,

My—22 and the polynomial Hy, y1—r), where

H,(e,n—) is defined to be a crossing symmetric polynomial in all its variables, of

degree n, such that only monomials of degree £ in s, t and u appear.

Notice that H, on—r) s homogeneous and that its contribution is genuinely the new
contribution in M,, 4. In (A.0.2) in fact, Ma 2 is known from (/).

Summarising
Snit polynomial of maz degree ¢ in s and max degree n in the large p limit
Mo polynomial of fized degree ¢ in s and maz degree n in the large p limit

Hy,(¢n—ey Polynomial of fized degree £ in s and fized degree n in the large p limit

The idea is the following: assume S,,_1 ¢ (the crossing symmetric version of it) is known
for £ =0,...n—1, then

Maye

Sn,ﬁ = Hn,(Z,n—Z) + Mn—l,K + Sn—lj—l (A03)

This is because S, ¢ by definition has maximum degree £ in s, t, u and maximum degree
n — ¢ in §,t,%. Therefore, once we extract off M, ¢ the remaining polynomial must
have maximum degree ¢ — 1 in s, t, u and maximum degree n — ¢ =(n—1) — ({ — 1) in
§,t, 1, which is by definition S,,—1 s—1. Note that the only new contribution is Mo, (t,n—0)-
Notice also that S, 0 is not contaminated by previous orders, and always returns the

corresponding stratum.

The amplitudes M,, ,, are known from covariantising the flat VS amplitude, thus we
do not need to construct them. The beginning of the recursion is peculiar due to the
Mandelstam-type constraints on the Mellin variables, which give H,_1 10) = 0 and
M1 =0. Then, at (o/)® we find

S2.1 = Ho1,1) + (M1 =0)+S10 — Moy =My 1) = a1 (s8+ tt + un)

and Sp—20 = Mag = 7—[2’(072) + M. For the case of (0/)6 all terms contribute in the
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recursion,
M3 2 Ms
—_—~ —_——~
S32=Hsz 21) + M22+821, 831 = Hsz 1,2) T M21+S20 (A.0.4)

and ﬁnally 3370 = Mg,o == 7‘[37(073) + MZ,O-

Let us highlight some patterns which we tested up to (a’)?. When we construct Ho,(t,n—0)
we begin with s x P (5,1, 1, cs, ct, ¢y, B) crossing symmetrised. The overall homogeneous
scaling has to be n, therefore the polynomial P can have the structure

e monomials of the form (§%¢% 4 crossing) with di +dy = n — ¥,

e monomials of the form (5% ¢% 4 crossing) x T, 4,4, (8,t, 0, cs, ¢, Cy, )
with Z,,_ g, _q,, invariant under crossing. Then, we can also have a structure like
e products of invariants under crossing of the form J4(s, t,u,§,t, 0, cs, ¢, ¢y)-

Typically these invariants are found from the amplitudes at previous orders.

For M, 1 we cannot have products of invariants, because Jy—;(s,t,u) =s+t+u = —4.
This feature of M,, 1 offers a starting point for the analysis of the various strata. For

example, at n = 6 the crossing invariant ansatz for Hg (1 5y is the symmetrisation of
s'® {8°,...,8¢}} ® {1}
sl {s%....c} ® {3}
sl@ {8%...,8¢2} ® {22, (Z+c+c2),(3+t2+a))
s'® {82, ¢c? ® {Z3,3(c2+F+2), ey, (8 + 13 +03), (5¢2 +tcf + uc)}
st® {3,¢s} ® {4,322+ +2),(R+cE+c2)2 (et +cf+ch), Seseren}
The case M,, 5 is the first case in which we can have an invariant in the boldfont variables,
ie. s?+t2+4 u? For M, ¢>3 there is a similar story. Novelties in general come from

the possibility of adding products of invariants. The basis up to (o/)? is given in the

ancillary file calHbasis.






Appendix B

OPE equations

Let us recall that the OPE at genus zero gives the following o’-dependent constraints
Cr(o)CL(a') =Lz,  Cx(a')nz(a/)CL(a)) = Mz(d), (B.0.1)

where Mz(') is the CPW of the logu discontinuity of the VS amplitude, while Lz is

the CPW from disconnected free theory, in the long sector. The o’ expansion reads

n= 19+ o590 4

C=CO4+a83C® +a°CO) 4 ... (B.0.2)

Inserting this in the OPE we will find a tower of relations, of which the first one obviously

coincides with the supergravity eigenvalue problem. At order (o/)"*3 we find

(C(n+3)c(0)T n C(O)c(n+3)T> + Y chickIT =g (B.0.3)

k1+ka=n+3
k1#n+3

(C(0>n(”+3>C<0>T+C(”+3>n<°)c(0)7’ i C(U)n<0>c<"+3)7’) + 3 Ckpka) gka)T — \g(n+3)
k1+ko+kz=n+3
ko#n+3
(B.0.4)
where we isolated the first term to emphasize that C(™*3) is new at this order, while the
other matrices in the sum already featured at previous orders (when existing). Actually

the sum is over distinct permutations.

We will now rewrite the two equations in (B.0.3)-(B.0.4) by going to the eigenvector
_1
basis c(FO) =L." C(TP), and using the resolution of the identity

cOT=1c® =1 (B.0.5)

to split matrix products of three point functions and anomalous dimensions correspond-
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ing to different orders. To do so it is convenient to introduce the matrix

D® =13 (C(’“)C(O)T) L2 =L 3C®cOT (B.0.6)
and rewrite both as
(D(n+3) + D(n+3)T) T Z D*ODEIT _ (B.0.7)
k1+ko=n+3
k17#n+3

(c(0>n(”+3>c<0>T+D<“+3>N<0> + N(O)D(n+3)T> + Y D k1) [C(O)n(k2)c(0)T] Dk)T — N(+3)

ki1+ko+kz=n+3
k1,k2,k3#n+3

(B.0.8)
where ) )
(n+3) _ 1 —sas(n+3)y —3
N =L.?M."""L.? (B.0.9)
and N(© N®+3) are by construction symmetric.
The matrix D) has a block structure depicted below,
Wﬁl ... Wim* Wﬁm*ﬂ e
Yz
+3 ;
(D;” )) =
mm v?,m*—l—l
(B.0.10)

The symmetric part of D, contained in the red block, is fully determined by previous
orders,
(D9 4 DOIT) — S DD, (B.0.11)

k1+ko=n+3
k1 #n+3

The anomalous dimensions 7("*3) and the antisymmetric part of D) are determined
by the other equation, therefore by N("+3) on the r.h.s. and > D (k1) [C(O)’I’](kQ)C(O)T D*s)T
Note that, when m = m* (or m’ = m*), the second term in (B.0.7) vanishes' and there-
fore D("*3) is antisymmetric. Moreover, it is not difficult to see that when we sandwich
(B.0.8) between two vectors belonging to Vz ,,«, the only term that survives in the Lh.s.

is cOn(+3)c(OT - As a consequence, the eigenvalues of the level-splitting matrix (7.2.14)

(k)

! is zero

!This is because, at m = m* (remember that, at fixed a,l, m* is fixed once n is fixed), D
if k<n+3.
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give the anomalous dimensions 7,,x.






Appendix C

Spin structures in the VS

amplitude

In this appendix we would like to give a formula for the 10d spin of all structures
appearing in the VS amplitude. The value of the 10d spin of a monomial in s,t,u
contributing to the o/ expansion of the VS amplitude is counted by its power in ¢, with
the constraint on v implemented. From its exponential form,, we can immediately see
that the projection of the VS amplitude onto the term (,, - -- (s, can be parametrised
in the following way

WViat x % (af)2oi=1 7 op=8"+t"+u". (C.0.1)

CnyCnp

Moreover, o,, decomposes as [153]
(p+q—1)! ro9\P r03\4
In Zﬁ plq! < 2 ) ( 3 > ’ (€.0.2)

with
o9 = §2 + 12 4+ u?, o3 = s>+ t3 + . (C.0.3)

Note that both oo and o3 have spin 2 therefore o,, has always even spin by default.

We now want to find a formula for the 10d spin of (C.0.1). A term (02)P(o3)? in (C.0.2)
counts 2p + 2g = n — q. We have a sum in (C.0.2) and therefore various possible
(02)P(03)?, i.e. monomials in s, ¢, u. Consider first the the contribution of maximum 10d
spin, which is obtained for the minimal ¢ in the sum. This is given by terms containing
single (s The equation 2p+3q = n is solved by ¢ = 1, p = (n—3)/2. Taking into account

the denominator stu, we find that the spin is n — 3 The result can be easily generalised
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to products of single (s. We have

'
ljp of the (p, ---(p, contribution < —2 4 Z(nz -1) (C.0.4)
i=1

where the —2 comes from the denominator stu = %03.

Lastly, let us consider the more general case in which o,, decompose in various (02)P(03)?
terms. The spin of each term is still counted by 2p 4+ 2g = n — ¢, thus the value of ¢

parametrises the various terms. To fix ideas consider

s+ 19+

=Gy x (36 6 b — #(stu)2> (C.0.5)

Co X

In this case we find two spin structure, s® + 5 +u5 with 10d spin 6 and (stu)? with 10d
spin 4. The latter is the same contribution as (5. In order to generalise our previous
formula we need, together with the information about the (,,, also the values of ¢; we

are looking at. Thus,

T T
contribution = —2 + an - Z qi (C.0.6)

i=1 =1

lip of the C’m s Cnr
{CILW(IT}

where ) ;_; ¢; moves in steps of 2 in the range

rgiqi Sr—i—é {Zr:nZJ . (C.0.7)
i=1 i=1

In this way we span over all the different spins present in the VS amplitude at given

order in /.



Appendix D

Construction of long blocks for

AdSs x S3

In this appendix we review the construction of the long superconformal blocks for AdSs x
S3.

Let us first introduce the (1, 1) superconformal blocks. An exchanged (1, 1) represen-
tation is specified by a Young diagram A = (A, 1#) with one row and one column as in
figure 12.1, together with a parameter y. The latter plays an important role for short
representations. However, since we will be mainly interested in long representation, it

will not be essential in our discussion. The (1, 1) superconformal blocks are

( P1tp2 P3+P4 914 = ;p2 914 p4;p3 €T %
B ax\ﬁ) =012° 934° [] [} (> F(Ct\ﬁ)
Ta 924 913 y) 7=
prefactor, (D.O.l)
where a = max(T=22, 2=P43) and § = min(112, 1043
B
Yy
E\3D = 5A,o(l,> + (z — y)Hx(z,y) (D.0.2)
and the dependence on A enter through
-1 g —&,—0,
Zfzo h(j\ﬁ R (fﬁ)hg\ﬁ 4 (y) A=0
Hy = (D.0.3)
(_)uhg\a,ﬁﬁ) (x)hf;rlﬁﬁﬁv) (y) otherwise

with hg\a’b’c)(z) =229 (A a, A+ 5,20 + ¢ 2).

A basis for the N' = (4,4) superconformal blocks is obtained by taking products of such
159
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F. On the real slice, we will distinguish among,

Bg(z,y)Bs (7, 7) half-BPS
BA(%:U)B@(@,@) + c.c. ShOI't (D04)
By, (z,y) By, (Z,7) + c.c long

In each of these cases the result always fits into the form
B=C+ |(@—-y)S(@.y) + ce| + (@ - y)@ - 9)L,2,9,9) (D.0.5)

where C is a constant, while S and L are the single- and two- variables contributions,
respectively. Note that (D.0.5) automatically satisfies the A" = (4,4) Ward Identity,

[(ax + ay)B} —0 [(aa-; + ag)B} —0 (D.0.6)

=y =y

for any C,S and L.

Long superconformal blocks factorise into their bosonic components, i.e. conformal and
internal. To see this, take (D.0.4) and change basis by considering linear combinations
of the form

3 (Bpy1m1 By ime) By 12 B 1m)) + c.c. (D.0.7)

This change of basis leads to the general decomposition

where £5# will now have a clear relation with bosonic blocks, since they are symmetric
in 2,z and y, §, and therefore writable as function of U,V and U,V. Note that the
most general form of a NV = (4,4) correlator, for four half-BPS external particles, is
necessarily given by G in (D.0.5), with the splitting of H as in (D.0.8). The dynamical

correlator in (11.1.2) thus admits two types of kinematics,

kinematics™ = prefactor x (z —y)(Z —7)
P3+p4a (D.O.g)

kinematics™ = (z — 7)(y — §) X kinematics™

Thus, the structure of the long blocks is consistent with that of the correlator (11.2.10).
In order to perform the block expansion, we actually only need £° because the interacting

antisymmmetric part of these correlators seems to be absent [63-66].

At this point, from (D.0.1)-(D.0.3) we find

ﬁlong,S —

2

_ +pi2,+ _ —p12,— _
(Y (e B g D) BT () (D.0.10)

U U

xTxT
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with the bosonic (and normalised) block [112]

ab ab
zhlfl’Z’o)(z) zhig’Q’o)(z) + c.c.

2(1 4 dppez)

B0 (2, 7) =

(eb) (D.0.11)

These are nothing but the blocks® (12.1.2), upon replacing the labels of the Young
diagrams with the SO(2,2) x SO(4) quantum numbers via

I+3=3+X , I=X—-X2>0
(D.0.12)
SH1=3-m , a=m—p >0

Note that, as we anticipated £°"%° does not depend on v anymore.

Lastly, let us point out that the combination of hypergeometrics £°"¢# has bosonic

quantum numbers identified as

l—i-%:%—i-)\g , l+1=X1—X2>0
(D.0.13)
S4l=3-m , atl=p—p2>0

where this time g1 — pe > 1, by antisymmetry. This is precisely the same combination
of hypergeometrics showing up in the long sector of N' = 4 SYM [107], c¢f. formula
(2.3.21). In the latter, Young diagrams for long representations have two rows and two
columns and the translation between these and the quantum label 7 is given by table
2.2. However, it is simple to see that the arguments of the 9 F; coincide. Thus the set
of £lone:4 is spanned by the same bosonic blocks that appear in N' =4 SYM in 4d.

'To be precise we have (z — y)(Z — )£ ° = 1.2,
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