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The turbulent wakes generated by a rotor interacting with outlet guide vanes (OGVs) is one

of the dominant broadband noise sources in a turbofan engine. An accurate representation of

the rotor wake turbulence is therefore important for the reliable prediction of the rotor-OGV

interaction noise. This paper presents a turbulence synthesismethodbased on a spectral Proper

Orthogonal Decomposition (POD) representation of the turbulent wake that aims to reproduce

the desired velocity cross-spectrum along the OGV leading edges where noise is emitted due to

turbulence-OGVs interaction. The method is first developed in the frequency domain based on

a superposition of vortical modes with the appropriate amplitudes. Fourier modes and POD

modes are proposed to represent the two-point velocity spectrum. The POD modes will be

shown to be highly efficient in reconstructing the flow field near the tip region where a large-

scale coherent structure is present. An extension of the POD synthetic turbulence method to

the time domain is also presented by means of a white noise filtering technique to allow the

generation of time varying velocity signals with the desired cross spectral characteristics. The

results show that both the one- and two-point statistics can be closely reproduced. The proposed

frequency-domain POD synthetic turbulence method for fan broadband noise prediction for

a realistic fan-OGV configuration is illustrated by the use of a frequency-domain linearised

Navier-Stokes solver to predict the sound power radiation due to each vortical mode. Overall

sound power levels at a number of discrete frequencies are predicted and compared against

measured noise data. Agreement is found to be within the uncertainty of the noise sound power

measurement.
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� = acoustic intensity

: = turbulence kinetic energy or Tayler and Sofrin scatter index

;\ (l), ;A (l) = length scale spectrum in the \−, A−direction

!F = wake width

< = incident vortical mode order in the azimuthal direction

= = incident vortical mode order in the radial direction

? = acoustic pressure field

'() = correlation function

( = surface area

(() = auto spectrum

C = time

DG , D\ , DA = velocity disturbance in the G−, \− and A−direction

D= = upwash velocity component

*G ,*\ ,*A = mean velocity in the G−, \− and A−direction

*2 = convection velocity

+ = number of outlet guide vanes

, = sound power

G, \, A = cylindrical coordinates in the annular duct

U, V = axial, azimuthal wavenumber of incident vortical disturbance

W = coherence function

X() = Dirac delta function

X8 9 = Kronecker delta

[ = radiation efficiency

_<= = eigenvalue of cross spectral matrix �<

Λ = integral length scale

` = scattered acoustic mode order in the azimuthal direction

a = scattered acoustic mode order in the radial direction

d0 = density

d = correlation coefficient

g2 = integral time scale

q<= = vortical modal function of order (<, =)

k<=,`a = acoustic modal function of order (`, a) associated with the incident vortical mode (<, =)
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l = angular frequency

Superscripts

∗ = complex conjugate

± = upstream/downstream propagating acoustic waves

ˆ = modal amplitude

¯ = spatial average

I. Introduction

The broadband noise due to the interaction between the turbulence in the wake from the rotor with the downstream

Outlet Guide Vanes (OGV) is one of the major components of noise from an aircraft engine, especially at approach

conditions. Broadband fan noise has been studied extensively, theoretically and experimentally as well using numerical

Computational Fluid Dynamic prediction methods. Current analytical methods are nearly all restricted to simple

idealised geometries, such as flat plates at zero-incidence situated within highly idealised mean flow profiles [1–5]. A

number of highly detailed noise and flow measurements have also been made on engines but these are usually done at

laboratory-scale where the flow conditions do not precisely match those in a full-scale engine [6, 7]. A comprehensive

study regarding the impact of different assumptions made in the analytical models on noise predictions can be found in

[8].

A. Critical comparison of CFD-based methods for fan broadband noise predictions

Numerical simulations have also been attempted mainly based on hybrid approaches that separate the computation

of the sound sources from the propagation.

1. LES/LBM with acoustic analogy

This approach emphasises on a direct computation of the sound sources through high-fidelity unsteady simulations,

such as Large Eddy Simulation (LES), Improved Delayed Detached Eddy Simulation (IDDES, a hybrid RANS-LES

method) or Lattice Boltzmann Method (LBM), and the sound propagation to far-field is given by a Green’s function

using acoustic analogy. The use of high-fidelity numerical simulations allows to resolve turbulence scales over a wide

frequency range as long as the mesh is sufficiently fine. This helps to improve broadband noise prediction accuracy, but

results in high computational cost.

Only few CFD studies have performed high-fidelity simulations to solve the fan/OGV system and analyse the fan

broadband noise [9–15]. Table. 1 shows the computational configuration and cost in these simulations. The CPU time

corresponds to the wall clock time multiplied by the number of CPUs used. Only Suzuki et al. [10] and Casalino et al.

[14] used a computational domain covering full stage (22 fan blades and 54 OGVs over the whole azimuthal direction)
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with nacelle geometry included. Comparing Casalino et al. [14] and Arroyo et al. [12], it is clear that the LBM-based

method is much more time efficient, although the CPU performance in the two studies are different.

Table 1 Computational configuration and cost in high-fidelity simulations for fan broadband noise prediction

Engine CFD method CFD domain
Cells CPU time

(in million) (in hour)

Suzuki et al. [10] NASA SDT IDDES full annular 140
Casalino et al. [14]

NASA SDT LBM full annular 136
60,480

(fine mesh) for 10 revolutions

Arroyo et al. [12] NASA SDT
wall-modelled

1/11 annular 75
1,080,000

LES for 13 revolutions
Kholodov

NASA SDT
wall-modelled 1/22 annular

62
and Moreau [13] LES (fan only)

Lewis et al. [11] ACAT1
wall-modelled

1/20 annular 95
LES

A significant challenge associated with this hybrid method is that the Green’s function is only known for canonical

cases assuming free-field, uniform flow, annular cylindrical ducts. The extension to slowly varying ducts, lined ducts,

mean swirling flows is possible but complex. Neglecting their effects in the wave propagation might have an impact on

the accuracy of the method. Lewis et al. [11] and Arroyo et al. [12] conducted comparisons of two acoustic analogies,

the Ffowcs Williams-Hawkings (FW-H) free field analogy and the Goldstein’s duct analogy, by coupling with LES. They

found that one based on Goldstein’s analogy gives better prediction since it allows to include the duct propagation effect.

Instead of using the OGV’s surface as the source integration surface, as those done in [11, 12], Suzuki et al. [10]

and Casalino et al. [14] applied permeable FW-H surfaces outside the duct enclosing the nacelle. This avoids the need

of a tailored Green’s function to take account of the duct propagation effect, but it requires the grid resolution to be

sufficiently fine in the whole computational domain to propagate the sound waves to the FW-H integration surface,

which will lead to a significant increase in the computational cost. In addition, particular attention has to be paid to the

design of the permeable FW-H surfaces to avoid the generation of spurious noise due to vortical disturbance exiting the

downstream end of the surface.

2. LEE/LNS with synthetic turbulence model

Another approach based on the Linearised Euler (LEE) or Navier-Stokes (LNS) equations coupled with a synthetic

turbulence inflow can also be considered, which is the focus of the present paper. In this approach, a turbulent field is

synthesised based on statistical properties obtained from CFD method and injected as source term to the LEE/LNS.

The problem is therefore simplified to the study of the noise due to the vorticity-leading edge interaction; the noise

generation and propagation can be obtained from the solutions of the LEE/LNS equations. By injecting the synthetic

turbulence through inlet, the LEE/LNS computational domain can be reduced to include the stators only, which helps to
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reduce the computational cost.

A number of studies have modelled leading-edge noise generation and propagation by solving the linearised equations

in frequency domain [16–18] or in time domain [19–22]. The frequency domain method has shown to be efficient in

predicting the tonal noise and is also possible to be applied to analyse the broadband noise at discrete frequencies. The

time domain method has the advantage that the continuous noise spectrum can be predicted within a single simulation,

but tends to be more prone to numerical instability for 3D simulations [23, 24].

An accurate representation of the wake turbulence is essential for the accurate interaction noise predictions, and

therefore, the choice of a synthetic turbulence method might have an impact on the prediction accuracy. The synthetic

turbulence methods used in CAA solvers include the Fourier-mode based methods, the Random Particle Mesh (RPM)

method, and the Synthetic Eddy Method (SEM). The advantages and disadvantages of different synthetic methods are

summarised in Table 2 which also includes the mesh requirement. The references shown in Table 2 are focused on the

application in aeroacoustic fields. In addition to these synthetic methods, it is also possible to obtain turbulence data

through a high-fidelity simulation, e.g. LES or LBM, which is also included in Table 2 for comparison. A more detailed

introduction of each synthetic turbulence method is provided in the subsequent section.

Most existing studies for turbulence synthesis have been conducted with the assumption of homogeneous flows,

which are not well suited to represent the turbulence generated within the rotor wake which exhibits strong span-wise

inhomogeneity. In this paper, a Proper Orthogonal Decomposition (POD) based synthetic turbulence method is

investigated for the representation of inhomogeneous turbulence. The advantages of the POD method over the Fourier

method for inhomogeneous turbulent flows have been shown by Glegg and Devenport [25] who described the use of POD

in solving the problem of turbulent flow interaction with rigid surfaces. The present paper is essentially an extension of

paper [25] by coupling the POD-based synthetic turbulence method with a frequency domain LNS solver to predict the

turbulence-OGV interaction noise in a hard walled duct containing the sheared and swirling flows encountered in the

engine interstage. This paper also includes an extension of this POD-based method to time domain, which is expected

to be useful for turbulence synthesis in the time domain Euler solver.

B. Synthetic turbulence methods

1. Fourier-mode based method

The Fourier-mode based method for turbulence synthesis was first introduced by Kraichnan [26] to study the

diffusion of fluid particles where the synthetic turbulent velocity field was constructed through a discrete sum of Fourier

modes with randomly chosen amplitudes, wavenumbers and phase. This approach was further developed by Karweit et

al. [27] and Bechara et al. [28] for Computational Aeroacoustics (CAA) application in relation to jet noise modelling,

which is known as stochastic noise generation and radiation (SNGR) approach. In [27, 28], the velocity amplitude at

each wavenumber was specified from the prescribed energy spectrum. In [28], Bechara et al. also introduced temporal
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Table 2 Comparison of different turbulence generation methods.

Method Governing Mesh Turbulence
equation requirements resolving Advantages Disadvantages References

LBM BGK Boltzmann
equation

15 points per acous-
tic wavelength [14]

Yes Unifiedmethod includes both
wake turbulence and noise
prediction

High cost but more efficient
than LES

Casalino et al. [14],
Grace et al. [32]

Fourier
method

Coupled with CAA
solver

10 points per wave-
length [21]

No Explicitly reproducing the
desired spectrum; easy to
achieve divergence-free

Not efficient to represent the
cross-spectral matrix for in-
homogeneous flows

Polascek et al. [21],
Chaitanya et al. [30],
Blazquez and Corral
[31]

RPM Coupled with CAA
solver

11 points per eddy
radius [33]

No Explicitly reproducing the de-
sired correlations; easy to in-
corporate source convection
at locally varying speed

Limited work on inhomoge-
neous flows

Ewert [34], Dieste
and Gabard [19],
Kissner and Guérin
[23], Gea-Aguilera et
al. [33], Wohlbrandt
et al. [20]

SEM Coupled with CAA
solver

10 points per eddy
radius [35]

No Efficient and easy to imple-
ment

Complicated to choose the
location and the size of an
individual eddy

Jarrin et al. [36],
Sescu and Hixon [37],
Kim and Haeri [35]

POD Coupled with CAA
solver

No Capable of identifying large-
scale coherent structures;
most efficient in representing
inhomogeneous flows

Large number of PODmodes
to represent small scale tur-
bulence

None
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correlation into the synthesized turbulence field through filtering the random time series using a Gaussian filter in the

frequency domain. Another method to include the time dependence into the turbulence statistics was proposed by Bailly

and Juvé [29] by introducing a constant convection velocity in the formulation similar to that due to Kraichnan. In the

SNGR, the divergence-free constraint (for incompressible flow) can be readily imposed by expressing the amplitude

vectors as the cross product of randomly chosen vectors with the wavenumber vectors. This method is therefore highly

suitable for use in CAA applications as the divergence-free constraint is important to avoid the generation of acoustic

waves as part of the synthetic turbulence generation. Previously, Chaitanya et al. [30] demonstrated the prediction

of turbulence-cascade interaction noise in 2D using a Fourier mode decomposition of the incoming turbulence. No

span-wise correlation effects were therefore included in the 2D approach. This 2D calculation is then applied to a

number of ‘strips’ across the span of the OGV whose width is greater than turbulence integral length scale. The total

sound power is then computed from the sum of powers from each strip. A significant deficiency with this approach

is that the correct two-point statistics along the span are absent, which are known to cause an increase in predicted

noise at low frequencies, with relatively small difference at higher frequencies [4] (greater than BPF). A high sensitivity

of the noise results to the number of strips has been reported by Blázquez-Navarro and Corral [31] who combined

the strip-based approach with a frequency domain LNS solver to investigate the fan blockage effect on the upstream

transmission of turbulence-OGV interaction noise.

2. Random particle mesh method

Another widely used stochastic approach for generating synthetic turbulence is the digital filter method whose aim is

to filter random signals to reproduce the spatial and temporal correlations of the turbulent field. The filter function can

be specified based on a given correlation function. An early attempt using the filter-based technique can be found in

Klein et al. [38] for generating inflow turbulence in LES simulations of turbulent jet flows.

A significant extension of the filter-based technique for CAA applications was made by Ewert [34], now known as

the RPM method. In the RPM, a fluctuating stream function is generated through spatially filtering a white noise field

and the convection property is introduced by solving the convection equations of the white noise field. This approach

allows the inclusion of both frozen turbulence and evolving turbulence. By expressing the velocity fluctuations in

terms of a stream function, the RPM approach allows the generation of strictly divergence-free flow fields. Ewert et al.

[39] applied this approach to study a variety of aeroacoustic problems, including trailing-edge noise, slat noise and jet

noise. Kissner and Guérin [23] investigated fan broadband noise by coupling the RPM method with 3D PErturbed

Nonconservative nonlinear Euler equations.

The filter function used in [34, 39] is Gaussian which has been shown to be efficient for multi-dimensional problem

and can closely approximate the correlations for the case of homogeneous turbulence. Dieste and Gabard [19] used

the RPM with non-Gaussian filters in order to generate different idealised energy spectra, such as Liepmann and Von
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Kármán spectra. They also investigated the effect of frozen turbulence and evolving turbulence and found that the results

are similar in these two cases. Other filter functions, based on superposition of Gaussian filters with different length

scales and amplitudes, have been investigated in [40, 41].

3. Synthetic eddy method

Another method used in fan broadband noise predictions is the SEM proposed by Jarrin et al. [36] based on

the assumption that turbulence can be considered as a superposition of randomly distributed eddies. The eddies are

injected through inlet boundary and are assumed to be convected with the mean flow using Taylor’s frozen turbulence

hypothesis. Proper choice of shape functions to represent the eddies is important for reproducing the spatial and

temporal correlations in the SEM. The shape functions can be either a Gaussian, a Mexican hat wavelet, a Morlet mother

wavelet, or a combination of them. Based on the SEM method, Sescu and Hixon [37] developed a low-noise synthetic

turbulent inflow condition for aeroacoustic calculations. To ensure a clean aeroacoustic environment, they imposed two

constraints on the synthetic flow field. One is the divergence-free condition which was achieved by means of a vector

potential and the other is to ensure the shape functions satisfy the convection equations. Kim and Haeri [35] applied the

low-noise model of Sescu and Hixon to a three-dimensional (3D) simulation of aerofoil-turbulence interaction noise. In

order to reproduce Von Kármán velocity spectra, Kim and Haeri [35] introduced 15 constraint parameters to control and

optimise the overall distribution of random eddies. Gea-Aguilera et al. [33] developed an advanced digital filter method

by making use of the favourable aspects of the RPM and SEM methods. The energy spectrum can be obtained by

superposition of Gaussian filters with different amplitudes and length scales. This approach has shown good results in

2D computation of turbulence-cascade interaction noise by coupling with a time-domain LEE solver [42]. An extension

of this approach to account for anisotropic turbulence effect can be found in [43].

4. POD method

Procedures based on Proper Orthogonal Decomposition of the turbulent flow can also be applied to synthesise

turbulent fields once the two-point velocity statistics are available. Only few studies have been performed using this

approach and they are limited to incompressible flows. Perret et al. [44] presented an inflow turbulence generation

method by interpolating and extrapolating experimental data onto numerical method based on the use of POD in the

time domain. It should be noted that the POD method used in their study, referred to as snapshot POD, only generates

spatial modes and the modal coefficients do not contain temporal correlation information. However, the present study

employs a spectral POD method, specifically the POD decomposition of the two-point velocity cross spectral matrix at

discrete frequencies, which has been shown in [45] to be able to describe space-time evolution of coherent structures.

This paper presents a theoretical framework for predicting fan broadband interaction noise based on a proper

orthogonal decomposition of the circumferentially-averaged rotor wake two-point turbulence velocity statistics. These
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two-points velocity statistics in the direction normal to the blade provides a complete description of the rotor wake

turbulence necessary for fan broadband noise calculations [46].

This paper is organized as follows: Section II describes different modal basis functions (Fourier modes and

POD modes) for synthesising the two point statistics of the rotor wake turbulence at any arbitrary frequency. The

frequency-domain POD method is then extended in Section III to the time domain. In Section IV validation of the

method is illustrated in the frequency domain through the reconstruction of a ‘target’ velocity cross-spectrum based on

the turbulence characteristics obtained from RANS solutions. In Section V the reconstruction efficiency and accuracy are

investigated for the POD and Fourier modes. Section V also includes the assessment of the time domain reconstruction

for the one- and two-point statistics. In Section VI the proposed frequency-domain POD method is then applied to

predict the fan broadband interaction noise measured in a model-scale transonic fan rig. Finally the critique of the POD

method for fan broadband noise prediction are summarised in Section VII.

II. Frequency-domain turbulence synthesis method
Turbulence generated within the rotor wake convects from the spinning rotor along a helical path towards the OGV,

which then scatters into noise at their leading edges. The turbulence in the wake can be generally regarded as frozen

along this helical path. It has been shown that the time-averaged (over many shaft rotations) noise spectrum can be

related to the time-averaged velocity cross-spectrum in the stationary reference frame [1]. In this reference frame the

two-point velocity statistics are cyclo-stationary, i.e., they vary periodically at the blade passing frequency.

Consider the frequency spectrum D(A, \, l) of the turbulent velocity component normal to the OGV leading edge

over the A-\ plane of the OGV leading edge (where A and \ are respectively in the radial and azimuthal direction). Note

that the Fourier transform with respect to time needed to obtain D(A, \, l) from the instantaneous velocity D(A, \, C) must

be taken over a time much longer than the period of rotation of the rotor. The instantaneous velocity must be periodic in

the azimuthal \ direction and therefore D(A, \, l) can be decomposed into its azimuthal modal components D< (A, l),

D(A, \, l) =
∞∑
<

D< (A, l)48<\ . (1)

Fan broadband noise at any particular frequency is completely determined by the velocity cross-spectrum � of the

upwash velocity D between any two locations (A, \) and (A ′, \ ′) defined by:

� (A, \, A ′, \ ′, l) = lim
)→∞

1
)
� [D(A, \, l)D∗ (A ′, \ ′, l)], (2)

where the operator � [] denotes the expectation or ensemble average.
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Substituting \ ′ = \ − Δ\ and Eq. 1 into Eq. 2 gives

� (A, \, A ′, \ ′, l) = lim
)→∞

{
1
)

∞∑
<

∞∑
<′
�

[
D< (A, l)D∗<′ (A ′, l)

]
48 (<−<

′) \48<
′Δ\

}
. (3)

Since D(A, \, l) represents the averaged velocity spectrum over many rotations, the velocity cross-spectrum

� (A, \, A ′, \ ′, l) must be homogeneous in the \−direction and hence independent of \. This condition applied to Eq. 3

suggests that < = <′, which yields the cross-spectrum in the \−direction as only a function of Δ\ = \ − \ ′, i.e.,

� (A, A ′,Δ\, l) =
∞∑

<=−∞
�< (A, A ′, l)48<Δ\ , (4)

where �< is the radial cross-spectrum associated with the <th azimuthal mode,

�< (A, A ′, l) = lim
)→∞

{
1
)
�

[
D< (A, l)D∗< (A ′, l)

]}
. (5)

Each azimuthal modal velocity component D< (A, l) in Eq. 5 can be expressed as a sum of radial vortical modes

q<= (A, l) of amplitude D̂<= (l) of the form,

D< (A, l) =
∞∑
=

D̂<= (l)q<= (A, l), (6)

where q<= (A, l) are arbitrary mode shape functions. Different choices of mode functions, such as POD modes and

Fourier modes, are discussed below. However, in this paper we mainly focus on POD modes by virtue of providing the

most efficient representation of the cross-spectrum for inhomogeneous flows [25].

In practice the modal sum of Eq. 6 is approximated by a finite sum of # radial modes, which at each azimuthal

mode order < and each frequency l, can then be expressed in the matrix form,

u< = �<û<, (7)

where u< is a vector of velocities at ! discrete radial positions,

u< = [D< (A1, l) D< (A2, l) D< (A3, l) · · · D< (A! , l)]T , (8)

and û< is a vector of mode amplitudes up to radial mode order # ,

û< = [D̂<1 (l) D̂<2 (l) D̂<3 (l) · · · D̂<# (l)]T , (9)

and �< is a matrix whose columns are the mode shape functions at a given frequency l,
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�< =



| | |

q<1 (A, l) q<2 (A, l) · · · q<# (A, l)

| | |


. (10)

Substituting Eq. 6 into Eq. 5, the radial cross-spectrum �< can be expressed in the matrix form,

C< = �<Ĉ<�H
<, (11)

where the subscript H denotes the Hermitian transpose. The cross-spectral amplitude matrix is given by,

Ĉ< = lim
)→∞

{
1
)
�

[
û<ûH

<

]}
. (12)

Our objective now is to determine the cross-spectral amplitude matrix Ĉ< associated with the choice of mode

functions �< at each azimuthal mode order < and frequency l that provides the least squares fit to the target

cross-spectral matrix C<.

A. Different choices of mode functions

1. POD modes

Proper Orthogonal Decomposition provides the set of basis functions or modes that best represents, in a least squares

sense, a given flow field (e.g. velocity) with the least number of modes. The POD was introduced in the context of

turbulence by Lumley [47] and has been widely used as a technique to extract coherent structures from turbulent flow

fields. There are a number of variants of POD. A spectral POD method [48] is applied in the present study as it is

capable of describing space-time evolution of coherent structures.

At a single frequency the optimal set of POD modes in Eq. 7 is obtained by maximising the averaged projection of

the velocity vector u< onto the mode function �<, i.e.,

argmax
�<

�
[
| (u<,�<) |2

]
‖�<‖2

. (13)

A necessary condition for Eq. 13 to be valid is that �< is the eigenfunctions of the cross-spectrum C<,

C<�< = �<�<, (14)

where the columns of �< represent the POD modes at ! discrete radial locations (Here since C< is a square

matrix, so the number of modes is equal to the number of radial locations), and where �< is the diagonal matrix
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of corresponding eigenvalues. The eigenmodes, or POD modes, are normally ranked according to their eigenvalues,

_1 ≥ _2 ≥ · · · ≥ 0. The number of modes that are needed for the spectral reconstruction will be assessed in Section V.A

where the use of POD modes to identify the large-scale coherent structures are also investigated.

Since the cross-spectral matrix C< is Hermitian, it can be shown that the eigenvalues are real and the eigenvectors

are mutually orthogonal, i.e., �
[
�<�H

<

]
= I, so that,

C< = �<�<�
H
<. (15)

Comparing Eq. 15 with Eq. 11 suggests that the eigenvalue matrix corresponds to the cross-spectral amplitude

matrix, Ĉ< = �<, which can be expanded as,

�
[
D̂<= (l)D̂∗<=′ (l)

]
= X==′_<= (l). (16)

The above result implies that the modal amplitudes D̂<= are uncorrelated between different radial modes within

the same azimuthal mode and frequency. This property will be shown below to be useful as means of simplifying the

calculation of total radiated sound power.

2. Fourier modes

The radial mode functions q<= in Eq. 6 may also be expressed in terms of Fourier modes,

q<= (A, l) = 48:AA , (17)

where the =th radial wavenumber component is given by :A = 2c=
AC−Aℎ in which AC and Aℎ indicate the radius at the tip

and hub respectively.

For homogeneous flows, in which the two-point correlation is only a function of the separation distance � (A, A ′) =

� (A − A ′), the Fourier modes correspond exactly to the eigenmodes of the cross-spectral matrix C<, while the

cross-spectral amplitude matrix corresponds to the eigenvalue matrix as shown in Eq. 16. The proof of this identity can

be found in [49]. This paper focuses on the turbulence generated within the rotor wake which exhibits strong span-wise

inhomogeneity. In such cases the Fourier modes are no longer the eigenmodes of C< and the mode amplitudes û< in

Eq. 7 that minimises � defined by,

� = ‖u< −�<û<‖2 . (18)

This condition is equivalent to projecting the velocity vector u< onto the mode function �<. The vector of mode

amplitudes that gives the least error � , i.e. m�
mû< = 0 is given by [50],

12



û< = �+<u<, (19)

where �+< = (�H
<�<)−1�H

< is the pseudo inverse of �<.

The optimum cross-spectral matrix of mode amplitudes Ĉ< in Eq. 12 may therefore be written as,

Ĉ< = �+<C<�+H< . (20)

Note that Ĉ< obtained from the above result is no longer a diagonal matrix, unlike that in Eq. 16 for POD modes, as

the Fourier modes are not, in general, the eigenmodes of the cross-spectrum C< for inhomogeneous flows.

III. Synthetic turbulence method extended to the time domain
The frequency-domain POD method described above is now extended to synthesise the velocity signals in the time

domain by making use of a filter-based method. The objective now is to synthesis the time domain velocity signals

at every point over the A − \ plane D(A, \, C) that has the desired two-point cross-spectrum of Eq. 2. The two-point

cross-spectrum is modelled in this study using turbulent characteristics obtained from RANS. The details will be

introduced in Section IV.

In general the time varying turbulence velocity signals D(A, \, C) distributed over the cross section of the duct, are

generated by filtering a white noise fields G(A ′, \ ′, C) and may be expressed as [34, 39],

D(A, \, C) =
∫ ∫ ∫

� (A, A ′, \ − \ ′, C − C ′)G(A ′, \ ′, C ′)3A ′3\ ′3C ′, (21)

where� (A, A ′, \ − \ ′, C − C ′) defines a 3D filter which contains both spatial and temporal correlation information. The

white noise fields have the statistical properties: � [G(A ′, \ ′, C ′)] = 0 and � [G(A ′, \ ′, C ′)G(A ′ + ΔA ′, \ ′ + Δ\ ′ + ΔC ′)] =

X(ΔA ′)X(Δ\ ′)X(ΔC ′). The filter is expressed as a function of the separation distance in the \-direction and in time since

the rotor wake turbulence is periodic in \ and C. However, the turbulence is inhomogeneous in the A-direction (as shown

later), the filter is therefore expressed in the form � (A, A ′, \ − \ ′, C − C ′) to represent the variation as a function of the

input at A ′. The expression in Eq. 21 is similar to the RPM [34], but the temporal correlation is controlled by the filter

�, instead of solving a convection equation for the white noise field to impose the correct temporal correlation function.

Furthermore, in the RPM method, the quantity generated from the convolution is a stream function and the fluctuating

velocity can be expressed in terms of the stream function to satisfy the divergence-free constraint. In the present study,

the divergence-free constraint is considered only in the frequency domain which is described in Appendix A.

Noting that the Fourier transform of the convolution of two functions is the product of their transforms, Eq. 21 can
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then be written in terms of its Fourier transform pair with respect to \ and C,

D< (A, l) =
∫

�< (A, A ′, l)G< (A ′, l)3A ′. (22)

In the numerical implementation of the filter the continuous integral equation (22) can be approximated through a

finite sum [34],

D< (A, l) =
#∑
=

�<= (A, l)G<= (l). (23)

Eq. 23 can be interpreted as # source elements located at discrete radial points A= contributing to the resulting velocity

field. Here �<= (A, l) = �< (A, A=, l) and G<= (l) = Ḡ< (A=, l)ΔA= where Ḡ< (A=, l) = 1
ΔA

∫
G< (A=, l)3A= is the

average of the white noise field over ΔA=.

Substituting Eq. 23 into Eq. 5 gives,

�< (A, A ′, l) = lim
)→∞

{
1
)

∑
=

∑
=′
�<= (A, l)�∗<=′ (A ′, l)�

[
G<= (l)G∗<=′ (l)

]}
. (24)

Since G is a white noise signal,

lim
)→∞

{
1
)
�

[
G<= (l)G∗<=′ (l)

]}
= f2

<=

∫ ∫
X(A= − A=′)3A=3A=′ =


0, if = ≠ =′

f2
<=ΔA=, if = = =′

 , (25)

where f2
<= is the mean square velocity per unit frequency in the span element ΔA=.

Thus, Eq. 24 becomes,

�< (A, A ′, l) =
∑
=

ΔA=f
2
<=�<= (A, l)�∗<= (A ′, l). (26)

From Eq. 5 and Eq. 6, we have

�< (A, A ′, l) = lim
)→∞

{
1
)

∑
=′

∑
=

�
[
D̂<= (l)D̂∗<=′ (l)

]
q<= (A, l)q∗<=′ (A ′, l)

}
. (27)

Equating Eq. 26 and Eq. 27 for �< and using the property Eq. 16 for the POD modes,

�<= (A, l) =
√
_<= (l)

f<=
√
ΔA=

q<= (A, l). (28)

This result provides an explicit relationship between the time-domain filter and the POD modes. The modal shape

q<= corresponding to the filter shape while the filter strength is controlled by the modal ‘energy’ _<=. It is worth

mentioning that for the Fourier method (and the flow is inhomogeneous) or the RPM method using Gaussian filter, the
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double sum in Eq. 27 must hold and the amplitude of the filter cannot be directly obtained as in Eq. 28. This has been

shown in Gea-Aguilera et al. [33] where the amplitudes were determined through an optimisation process. The random

velocity field can be synthesised by,

D(A, \, C) =
#∑
=

IFFT {�<= (A, l)G<= (l)} . (29)

where IFFT indicates 2D inverse Fourier transform with respect to < and l. The above expression is equivalent

to
∑#
= � (A, A=, \, C) ∗ G(A=, \, C) where ∗ denotes 2D convolution operation with respect to \ and C. Note that

this method of generating the time domain velocity signals is preferred to pure convolution in the time domain

D(A, \, C) = �= (A, \, C) ∗ G= (\, C) since convolution methods obtained using the DFT assume circular convolution which

leads to spurious peaks in the frequency spectrum D(A, \, l).

IV. Modelling of velocity cross-spectra of rotor wake
In this section we outline how the target velocity cross-spectrum used to validate the synthetic turbulence method

may be estimated from the RANS solutions of the flow field over the OGV leading edge plane. However, we emphasise

that more accurate cross-spectrum are generally required for accurate fan broadband noise calculations obtained from

either from Hot-wire measurements or high fidelity time-resolved CFD such as LES [9–13] or LBM [14, 32].

A. RANS modelling of turbulence characteristics

RANS simulations are performed on the AneCom AeroTest Rotor1 (ACAT1) fan at approach condition. The ACAT1

fan has 20 rotor blades and 44 vanes. The RANS solver used in the present study is the Rolls-Royce plc code, HYDRA.

The computational domain is limited to a single passage including fan, OGV and ESS blades as shown in Fig. 1. A

mixing plane is used at the interface between the rotating fan and the fixed OGV domain to exchange of the steady flow

data. The turbulence model applied is the : − l SST model [51]. For brevity, the detailed grid configurations are not

described here, which can be found in [52].

The turbulence characteristics are extracted at the plane aligned with the leading edge of the OGV as highlighted in

Fig. 1. The contour plots of the axial mean velocity and the turbulence intensity downstream of the rotor are shown in

Fig 2(a) and (b) respectively. The turbulence intensity is obtained from
√

2:
3(*2

G+*2
\
) where : is the turbulence kinetic

energy (TKE) and *G and *\ are the axial and azimuthal mean velocity components, respectively. A secondary tip

flow is clearly observed in Fig. 2. This feature will be shown to be important in the turbulence synthesis procedure.

The turbulence characteristics in terms of the turbulence length scale and the circumferentially averaged turbulence

intensity along the radius are shown in Fig. 3. The turbulence integral length-scale Λ is computed from the wake width

as suggested by Jurdic et al. [53]: Λ = 0.21!F , where !F is the wake width defined as the width at half the maximum
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Fig. 1 Computational domain with the extraction plane highlighted.

velocity deficit. This finding is in close agreement with the classical results from Ganz et al. [6]. A comparison study of

the length scale estimated using Jurdic’s method with that from other definition methods as well as measurements can

be found in [54]. The radial locations are normalised by the distance 0 between the tip and hub radii, with A/0 = 1

corresponding to the tip and A/0 = 0 the hub. These two quantities are found to vary dramatically near the tip, indicating

strong span-wise inhomogeneity.

(a) (b)

Fig. 2 (a) Mean axial velocity (m/s) and (b) turbulence intensity (%) contours at the extracted plane.

B. Target velocity cross-spectra

The turbulence characteristics extracted from the RANS solution in the above section are now used to construct

the cross-spectrum of the upwash velocity component between all points along the OGV leading edge. Assuming

homogeneity in the \−direction and statistical stationarity in time, the cross-spectrum can be expressed as a function of

Δ\ as shown in Eq. 3 and 4.

The turbulence statistics of turbulence intensities and length scales were found to vary considerably along the
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(a) (b)

Fig. 3 Variations of circumferentially averaged (a) turbulence length scale and (b) turbulence intensity with
radius.

span, especially near the tip (shown in Fig. 3). The radial variations in these statistical quantities are included

when determining the turbulent energy and length scale spectra. For simplicity, we assume that the turbulence in the

A−direction is locally homogeneous and the cross-spectrum with radial separation distance follows a Gaussian function.

The velocity cross-spectrum between two locations (A, \) and (A ′, \ ′) may be expressed as,

� (A, A ′,Δ\, l) =
√
((A, l)((A ′, l)W(;\ (l), ;A (l), A − A ′, A (Δ\)), (30)

where ( is the auto-spectrum of the turbulent fluctuations which can be expressed as a von Kármán or Liepmann

spectrum and W is the coherence function, which we assume is of the form of a Gaussian function given by,

W(;\ (l), ;A (l), A − A ′, A (Δ\)) = 4−
A−A′
;A (l) 4

− A (Δ\ )
;\ (l) , (31)

where ;A (l) and ;\ (l) are the length-scale spectrum in the radial and azimuthal directions, respectively, which can

be determined from von Kármán or Liepmann spectrum as shown in [1]. However, for simplicity, we assume local

isotropy and hence ;A (l) = ;\ (l).

Taking the Fourier transform of Eq. 30 with respect to Δ\, we obtain the radial cross-spectrum associated with the

<th azimuthal mode,

�< (A, A ′, l) =
1

2c

∫ ∞

−∞
� (A, A ′,Δ\, l)4−8<Δ\3Δ\. (32)

The velocity cross-spectral matrices obtained through Eq. 30−32 using von Kármán spectrum for < = 0

(corresponding to the circumferentially average) and 40 at three representative frequencies 400, 2000 and 4000 Hz

are shown in Fig. 4. The results are normalised by the maximum value of the spectral matrix. Little variations are

found between < = 0 and 40 except that the small-scale structures near the hub (A/0 = 0) seem to be more significant
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for < = 40. A large-scale coherent structure is clearly observed near the tip (A/0 = 1) at 5 = 400 Hz, indicative of a

separated secondary tip flow that has been identified in Fig. 3. As the frequency increases the flow structures become

smaller and tend to become evenly spread across the radius. This phenomenon is explained by the combined effect of

the energy cross-spectrum and the coherence function which are shown in Fig. 5. As the locations move from near the

tip (A/0 = 1 and 0.98) to near the centre (A/0 = 0.7 and 0.68), the energy level increases at frequencies above 1000 Hz

and decreases below 1000 Hz. A similar trend is also found for the coherence variation. The frequency of the coherence

peak increase from about 400 Hz to 2000 Hz as the locations move from A/0 = 1 and 0.98 to A/0 = 0.7 and 0.68, with a

slight decrease in the peak coherence value from 0.9 to 0.8.

(a) (b) (c)

(d) (e) (f)

Fig. 4 Actual velocity cross-spectral matrix for (a) m = 0 and f = 400 Hz, (b) m = 0 and f = 2000 Hz, (c) m = 0
and f = 4000 Hz, (d) m = 40 and f = 400 Hz, (e) m = 40 and f = 2000 Hz, (f) m = 40 and f = 4000 Hz.

V. Reconstruction results

A. Frequency domain

In this section, both the POD modes and Fourier modes are investigated for their accuracy in reconstructing the

target velocity cross-spectra in the frequency domain. A detailed analysis of the reconstruction efficiency is conducted

for the POD modes. The reconstruction effectiveness of the Fourier modes is also assessed and compared with that of

the POD modes.
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(a) (b)

Fig. 5 (a) Energy cross-spectra and (b) coherence functions between radial points at ( ) r/a = 1 and 0.98
and ( ) r/a = 0.7 and 0.68.

1. POD modes

The ’energy’ contained within each POD mode is represented by its eigenvalue, as indicated in Eq. 16, with the

most energetic modes having the largest eigenvalues. The eigenvalue frequency spectra for different radial POD modes

from 1 to 10 at the azimuthal mode order < = 0 are shown in Fig. 6(a). The first mode is seen to be the most energetic,

particularly around 400 Hz, which can be explained by the presence of a large-scale coherent structure near the tip at

this frequency (see Fig. 4(a)). At higher frequencies above 2000 Hz, smaller scale structures are observed, and thus the

dominance of the first POD mode become less significant. The ‘energy’ contained in each POD mode as a fraction of

the total ‘energy’ is shown in Fig. 6(b). The total energy, _total, is calculated by the incoherent sum over all eigenvalues.

The first mode is found to contain about 57% of the total energy at 400 Hz, and this percentage reduces to about 11% at

4000 Hz.

Figure. 7 shows the energy spectra of the first three POD modes for the azimuthal mode orders < = 0, 20, 40 and 60.

The eigenvalues are found to decrease slowly with < with negligible variations at frequencies above 2000 Hz. The

eigenvalue distributions over < at 400 and 2000 Hz are shown in Fig. 8. Within each < mode, the contributions of

the first four POD modes are presented. The dominance of the first POD mode is seen for different < although this

dominance is less significant at higher < values. The variations of _<= with < can be seen to follow a Gaussian shape.

This is simply a consequence of assuming a Gaussian coherence in the \-direction (Eq. 31). In addition, the eigenvalues

appear to decrease more slowly with < at 2000 Hz. This could be explained by the smaller length scale used at this

frequency, as shown in Fig. 9 where the length-scale spectra were obtained from the von Kármán spectrum as in [1].

The fraction of the total energy reconstructed based on different numbers of POD modes is shown in Fig 10. Results

are presented in terms of the ratio of truncated modal energy to the total energy as a function of frequency. Different

azimuthal mode orders < = 0, 20, 40 and 60 are investigated. The efficiency of energy recovery is found to be highly
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(a) (b)

Fig. 6 (a) Eigenvalue spectra as a function of frequency for the first 10 PODmodes at m = 0; (b) relative energy
of each POD mode in percentage of the total energy for m = 0 at frequencies: ( ◦) 400 Hz, ( +) 2000 Hz
and ( 4) 4000 Hz..

Fig. 7 Eigenvalue spectra of the first three PODmodes for different m: ( ) m = 0, ( ) m = 20, ( ) m = 40
and ( ) m = 60.

dependent on frequency. Using the first 10 POD modes is able to recover nearly 80% of the total energy at frequencies

around 400 Hz, but less than 50% is recovered above 4000 Hz. However, we emphasise that that some vortical modes

are more efficient in radiating sound power than others. The radiation efficiency of the modes will be addressed in

Section VI. Also shown in Fig. 10 is that varying the azimuthal mode order has only slight effect on energy recovery,

especially when more than 10 POD modes are used.

Fig. 11 shows the modal contributions of the POD mode 1, 2, 3 and 10 to the cross-spectral matrix at < = 0 and

frequencies 400, 2000 and 4000 Hz. The individual contribution is plotted by calculating the cross-spectrum using a

single POD mode. For example, for mode = = 1, this is expressed as,

�1 (A, A ′, l) = _1 (l)q1 (A, l)q∗1 (A
′, l). (33)
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(a) (b)

Fig. 8 Eigenvalue spectrum as a function of azimuthal mode order at (a) f = 400 Hz and (b) 2000 Hz. The four
bars at each m indicates the eigenvalues of the first four POD modes n = 1, 2, 3 and 4.

Fig. 9 Length-scale spectrum at various radial locations.

Figure 11 indicates that the lowest order modes are mostly responsible for reconstructing the large-scale coherent

structure near the tip (A/0 = 1), while higher order modes tend to be more spread across the radius to synthesise small

scale structures away from the tip.

The reconstruction of the cross-spectral matrix based on different number of POD modes, # = 10, 40 and 70, at

400, 2000 and 4000 Hz are shown in Fig. 12. The actual cross-spectral matrices constructed using Eq. 30−32 are

also presented for comparison. The first 10 modes are seen to capture the main feature at 400 Hz, i.e. the large-scale

coherent structure near the tip, but are less satisfactory at 2000 and 4000 Hz. The reconstruction is much improved by

increasing the number of modes from 20 to 40. When 70 modes are used, even the small scale details near the hub can

be well captured.

The reconstructed velocity power spectral density (PSD) and cross-spectral density (CSD) based on 10, 40 and 70

POD modes are compared with the actual spectra in Fig. 13 to assess the reconstruction effectiveness over the whole
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Fig. 10 Ratio of the truncated modal energy to the total energy as a function of frequency. N indicates the
number of POD modes used to obtain the truncated energy. ( ) m = 0, ( ) m = 20, ( ) m = 40, ( )
m = 60.

Fig. 11 Real part of cross-spectral matrix of POD mode 1, 2, 3 and 10 at m = 0 for different frequencies 400,
2000 and 4000 Hz.

frequency range. The results are presented at different radial locations. It is seen that the spectrum can be well recovered

by using only the first 10 modes at locations near the tip (Fig. 13(a, d)) due to the presence of a large-scale coherent

structure. For the locations closer to the hub (Fig. 13(b, c, e, f)), where smaller scale structures are dominant, many

more modes are needed for a good reconstruction over most of the frequency range.
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Fig. 12 Cross-spectral matrix reconstruction at m = 0 and different frequencies 400, 2000 and 4000 Hz based
on different number of POD modes, N = 10, 40 and 70.

(a) (b) (c)

(d) (e) (f)

Fig. 13 Spectral POD reconstruction of PSD at (a) r/a = 1, (b) r/a = 0.7 and (c) r/a = 0.4, and CSD between
(d) r/a = 1 and 0.98, (e) r/a = 0.7 and 0.68 and (f) r/a = 0.4 and 0.38. ( ) N = 10, ( ) N = 40, ( ) N = 70,
( ) Actual.
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2. Fourier modes

In this section Fourier modes are used to reconstruct the radial cross-spectrum �< (A, A ′, l) through Eq. 11 by

multiplying with the mode amplitude matrix �̂< estimated from Eq. 20. A typical Fourier mode shape for the 10th

radial mode is shown in Fig. 14. The POD mode shape at the same mode order is also shown for comparison. Note that

the two modes have been normalised such that the integral over the area of the cross-section of the duct is unity,

�2
<=

∫ 2c

0

∫ AC

Aℎ

q<= (A, l)q∗<= (A, l)A3A3\ = 1, (34)

where �<= is the normalisation factor, which needs to be applied to the mode amplitude to normalise to unity the

energy content within the corresponding mode.

Compared with the Fourier mode, which is evenly distributed along the radius, the POD mode is found to be more

concentrated near the tip. In addition, the Fourier mode is independent of frequency, while the POD mode tends to

spread towards the hub with increasing frequency as shown in Fig. 11.

(a) (b)

Fig. 14 (a) Fourier and (b) POD mode shape for n = 10 at 2000 Hz.

The reconstructed cross-spectral matrices obtained using the Fourier modes are compared with the actual result in

Fig. 15 at < = 0 and 2000 Hz. The reconstructed results are based on # = 11, 41 and 71 modes with = from − #−1
2

to #−1
2 due to the symmetry of the Fourier decomposition. Compared with the POD-based reconstruction (see Fig.

12), the Fourier one shows more significant reconstruction errors when only 11 modes are used, especially for 400

Hz. Better agreement with the actual matrix is obtained by increasing the number of Fourier modes # from 11 to 41.

However, further increasing # to 71 or more, the reconstructed matrices are found to be significantly contaminated by

errors arising from the aliasing effects, while the POD method always behaves well. This observation suggests that the

POD modes are more efficient and effective for the cross-spectral matrix reconstruction when the flow exhibits strong

inhomogeneity.
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Fig. 15 Cross-spectral matrix reconstruction at m = 0 and different frequencies 400, 2000 and 4000 Hz based
on different number of Fourier modes, N = 11, 41 and 71.

B. Time domain

We now investigate the use of POD modes for computing time domain velocity signals with the desired target

cross-spectral velocity matrix. The turbulence velocity signals are then synthesised by filtering white noise signals in

space and time using Eq. 29. The white noise signals are generated from a normal distribution with zero mean and and

unit variance. The statistic convergence has been confirmed by comparing the spectra obtained from different number of

samples for the white noise signal, 16k, 160k and 1600k, which showed little differences between 160k and 1600k.

For simplicity, we only consider 1D turbulence synthesis in the radial direction and the subscript < is omitted. In

this section, the reconstruction accuracy of the one- and two-point statistics is assessed. Comparisons are carried out

between the actual spectra with those synthesised using time domain signals.

The synthesised auto and cross-correlation coefficients are compared with the actual results in Fig. 16. The

coefficients are presented as a function of the time delay normalised by g2 which is the radially averaged time scale.

When the Taylor hypothesis is applied g2 is simply obtained as,

g2 =
Λ

*2
, (35)

where the overline indicates radial averaging and the mean axial velocity*G is regarded as the convection velocity

*2 = *G . The values of Λ and*G were estimated from the RANS solution as a function radius, as shown in Section
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IV.A.

Fig. 16(a) shows the autocorrelation coefficient, which is defined as,

d(A, A, g) = '(A, A, g)
'(A, A, g = 0) , (36)

where '(A, A, g) is the autocorrelation function. The actual target autocorrelation function can be derived from the

actual PSD � (A, A, l),

'actual (A, A, g) =
∫ ∞

−∞
� (A, A, l)4 9lg3l. (37)

Using the synthesised signal D(A, C), the synthesised autocorrelation function is given by,

'syn (A, A, g) = � [D(A, C)D(A, C + g)] . (38)

The cross-correlation coefficient shown in Fig. 16(b) is defined as,

d(A, A ′, g) = '(A, A ′, g)√
'(A, A, g = 0)'(A ′, A ′, g = 0)

, (39)

and the actual and synthesised cross-correlations are

'actual (A, A ′, g) =
∫ ∞

−∞
� (A, A ′, l)48lg3l, (40)

'syn (A, A ′, g) = � [D(A, C)D(A ′, C + g)] . (41)

In Fig. 16, the autocorrelation functions are plotted for A/0 = 0.2, 0.4, 0.6, 0.8 and 1, and the cross-correlations are

between these points and their adjacent points with a separation distance of ΔA/0 = 0.02. Both the synthesised auto and

cross correlation functions are in excellent agreement with the actual correlation functions although slight deviations are

observed when the coefficients decrease to low values. Figure. 16 also shows that the flow is inhomogeneous in the

radial direction. For homogeneous flows, the averaged correlation curves are expected to be identical along the radius.

However, both the auto and cross correlations in Fig. 16 are seen to be dependent on the locations as they decrease

quicker towards the hub, clearly indicating significant levels of inhomogeneity.

Taking the Fourier transform of the synthesised auto (Eq. 38) and cross (Eq. 41) correlations with respect to

time gives the synthesised PSD and CSD, respectively. Comparison of the synthesised and actual cross-spectral

matrix at three representative frequencies 400, 2000 and 4000 Hz are shown in Fig. 17. The synthesised spectra were

estimated based on Welch’s method using a Hanning window with segmental averaging applied over 100 segments

(50% overlapped) of a sample length 10s, giving a frequency resolution of 10 Hz. The synthesised spectral matrices are
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(a) (b)

Fig. 16 Autocorrelation (a) and cross-correlation (b) coefficient as a function of normalized time lag gn = g/gc:
( ) actual, ( ) synthesised. The two points used for calculating cross-correlation have a separation distance
�r/a = 0.02.

seen to closely agree with the actual results despite the presence of small level of random noise, but whose amplitude

is 10 times smaller than that along the diagonal A = A ′ which can be reduced further by taking more averages in the

spectral estimate. Further comparison for the spectrum over the whole frequency range is shown in Fig. 18. It is seen

that the desired PSD and CSD spectra can be well reproduced by the synthesised signals for both locations.

VI. Application to fan/OGV interaction broadband noise
The proposed frequency-domain synthetic turbulence method is now coupled to a 3D frequency-domain LNS solver

to predict the broadband noise due to the rotor-stator interaction for a realistic scale-model fan/OGV rig.

A. Computational setup and post-processing

The LNS solver used in the present study is the Rolls-Royce plc code, HYDRA, in which the linearised equations

are solved using efficient second-order edge-based discretisation on unstructured hybrid grids [55, 56]. A 5-step

Runge-Kutta algorithm, with an element collapsing multi-grid accelerator algorithm is used iteratively to converge to a

steady state solution. The investigated case is ACAT1 fan at approach condition for which the noise measurement data

are available in [7, 54, 57].

The acoustic calculations are performed on the OGV domain (see Fig.1). Considering the rotational periodicity

of the flow, the domain can be reduced to a single vane passage with periodic boundary conditions applied in the

circumferential direction. The periodic angle of the flow passage is determined by the inter-blade phase angle, i.e.

2c</+ where + = 44 is the OGV number in the present study. The vortical modal solutions obtained through the POD

method as shown in Section II.A.1 are injected as input into the domain through the inlet boundary. It must be ensured

that the injected modes are divergence-free to avoid the generation of spurious acoustic waves. The divergence-free
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Fig. 17 Comparison of the synthesised and actual cross-spectral matrix at different frequencies 400, 2000 and
4000 Hz.

constraint can be easily imposed in the frequency domain by taking the inner product of the wavenumber and amplitude

vectors to be zero, as shown in in Appendix A. Non-reflecting boundary conditions based on an eigenmode analysis of

the unsteady flow field are applied at the inlet and outlet boundaries in order to minimize spurious reflections from the

boundaries [58, 59]. Both the upstream and downstream mesh were expanded to achieve a pseudo-sponge layer to limit

artificial reflection at the inlet and outlet boundaries.

The calculated unsteady solutions are post-processed to identify upstream and downstream acoustic waves using a

wave-splitting technique [60] based on an eigenmode analysis. The eigen-solutions of the linearised equations involve

three types of modes: acoustic, vortical and entropy modes. For uniform flows, the different types of modes are

uncoupled. The acoustic modes are identified as those having significant pressure perturbations.
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(a) (b)

(c) (d)

Fig. 18 Comparison of ( ) the synthesised and ( ) actual PSD at (a) r/a = 1 and (c) r/a = 0.7 and CSD
between (a) r/a = 1 and 0.98 and (b) r/a = 0.7 and 0.68.

B. Radiated sound power

We now derive an expression for the radiated sound power generated by the impingement of the injected vortical

disturbances onto the OGVs. Introducing a single vortical mode of order (<, =) with amplitude D̂<= (l) into the

computational domain produces a number of acoustic modal solutions [17, 60] i.e.,

?<= (G, A, \, l) = D̂<= (l)
∑̀
a

?̂<=,`a (l)k<=,`a (A)48`\48:`a G . (42)

where ?<= (G, A, \, l) is the pressure field due to the incident vortical mode (<, =), k<=,`a (A) is the acoustic modal

function (eigen-solution of the linearised equations) of order (`, a) associated with the incident vortical mode (<, =)

and ?̂<=,`a (l) is the corresponding modal pressure amplitude.

The acoustic pressure ?< (G, A, \, l) due to all vortical modes = simultaneously associated with a single value of <

is therefore,
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?< (G, A, \, l) =
∑
=

D̂<= (l)
∑̀
a

?̂<=,`a (l)k<=,`a (A)48`\48:`a G , (43)

while the axial acoustic particle velocity associated with the vortical mode < is,

D< (G, A, \, l) =
∑
=

D̂<= (l)
∑̀
a

D̂<=,`a (l)k<=,`a (A)48`\48:`a G , (44)

where D̂<=,`a (l) is the particle velocity amplitude of the acoustic mode (`, a) due to the incident vortical mode

(<, =).

At a single frequency the sound intensity due to all incident vortical modes associated with < is given by (assuming

no swirl)

�±< (G, A, \, l) =
1
2
Re

{
?<D

±∗
< + d0*GD

±
<D
±∗
< +

*G ?<?
∗
<

d02
2
0
+ *

2
G

22
0
?∗<D

±
<

}
, (45)

where d0 is the mean density, 20 is the speed of sound, and the subscript ± indicates upstream propagating (+) and

downstream propagating (−) acoustic waves.

Substituting Eq. 43 and 44 for ?< and D<, and taking the average of D̂<=D̂∗<=, the first term on the right hand side of

Eq. 45 is written as,

1
2
Re

{∑
=

∑
=′
�

[
D̂<= (l)D̂∗<=′ (l)

] ∑̀
a

∑̀
′a′
?̂<=,`a (l)D̂±∗<=′,`′a′ (l)k<=,`a (A)k∗<=′,`′a′ (A)48 (`−`

′) \48 (:`a−:`′a′ )G

}
,

(46)

where �
[
D̂<= (l)D̂∗<=′ (l)

]
represents the average modal energy of vortical modes for which the estimation procedure

associated with the choice of modal functions is described in Section II. When vortical modes are represented by the

POD modes it is shown in Eq. 16 that the amplitudes of different modes (= ≠ =′) are uncorrelated, and Eq. 46 becomes

1
2
Re

{∑
=

_<= (l)
∑̀
a

∑̀
′a′
?̂<=,`a (l)D̂±∗<=,`′a′ (l)k<=,`a (A)k∗<=,`′a′ (A)48 (`−`

′) \48 (:`a−:`′a′ )G

}
. (47)

For a hard-walled duct the sound power,< is obtained by integrating the axial acoustic intensity over the duct cross

section,

,±< =

∫ AC

Aℎ

∫ 2c

0
�±< (G, A, \, l)A3A3\. (48)

The acoustic modes are assumed to be normalised and orthogonal, such that,
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∫ AC

Aℎ

k`a (A)k`′a′ (A)A3A
∫ 2c

0
48 (`−`

′) \3\48 (:`a−:`′a′ )G = 2cX``′Xaa′X:`a:`′a′ , (49)

Note that for a non-uniform swirling mean flow, the eigenfunctions k`a (A) are no longer orthogonal. In that case,

interference occurs between different radial modes (a ≠ a′), giving rise to non-zero value of the exponential term in Eq.

47 and the sound power varies with G [60, 61]. Nevertheless, in this study we focus on the noise downstream of the

OGV where the flow field is relatively uniform and the assumption of orthogonality remains valid [60].

Substituting Eq. 45 into Eq. 48 and using Eq. 49, we have

,±< (l) = cRe
{∑
=

_<= (l)
∑̀
a

?̂<=,`a (l)D̂±∗<=,`a (l) + d0*G D̂
±
<=,`a (l)D̂±∗<=,`a (l)

+ *G

d02
2
0
?̂<=,`a (l) ?̂∗<=,`a (l) +

*2
G

22
0
?̂∗<=,`a (l)D̂±<=,`a (l)

}
. (50)

Note that in this prediction a single average value of*G is used rather than the radial profile.

The total sound power at a single frequency,± (l) can therefore be simply obtained as an incoherent sum of the

sound power per mode,<=,`a ,

,± (l) =
∑
<=

_<= (l)
∑̀
a

,±<=,`a (l). (51)

Note that the above expression only applies when the turbulent field is expressed in terms of the POD modes. If using

the Fourier modes, the total sound power can not be simply obtained as the incoherent sum of individual modal powers,

as now the cross-terms (= ≠ =′) of the vortical modal amplitude matrix (Eq. 20) are non-zero and the contributions

from those cross-terms have to be taken into account.

C. Mesh sensitivity study

A mesh sensitivity study is conducted for = = 10 at < = 40 and 2BPF (corresponding to 2447 Hz) to ensure a

sufficient grid solution to resolve the shortest wavelengths of the incident vortical modes or radiated acoustic cut-on

modes. Table 3 provides a summary of the grid resolutions and computation time used for each grid case, where

#A , #\ and #G indicate the number of grid points used in the radial, circumferential and axial directions respectively

and the total grid numbers for the coarse, medium and fine cases are 4, 7 and 12 millions respectively. Note that the

computational time shown in Table. 3 is for a single input mode at a single frequency. A close-up view of the mesh with

medium resolution is shown in Fig. 19.

The sensitivity of noise results to the grid refinement is assessed in Fig. 20 which shows the sound power levels

(PWLs) of the upstream and downstream propagating wave components at different axial locations. The OGV is located
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Table 3 Grid parameters and computational time.

Upstream Downstream
Case #A #\ #G #G Cells Computational time

Coarse 86 80 155 185 4M 16 processors 12 hours
Medium 107 104 155 258 7M 64 processors 7 hours
Fine 136 140 178 360 12M 224 processors 8 hours

Fig. 19 Grid configuration for acoustic computation.

between G = −2.59 m and −2.54 m with G < −2.59 m indicating the upstream of OGV and G > −2.53 m the downstream.

The scattered azimuthal acoustic mode orders due to the turbulence-cascade interaction can be calculated using the

Tyler-Sofrin expression, < + :+ , where : in this expression is the scattering index. Within each value of < + :+ , there

are a number of radial acoustic modes generated which can be identified as cut-on or cut-off depending on whether the

imaginary parts of the mode axial wavenumbers (corresponding to the eigenvalues of the linearised equations) equal

to zero or not. Different scattering indices at : = −2,−1, 0, 1 corresponding to < + :+ = −48,−4, 40 and 84 have

been examined, only < + :+ = −4 is found to have radial cut-on acoustic modes. The PWLs shown in Fig. 20 are for

< + :+ = −4 where there were 6 radial cut-on acoustic modes identified with 3 propagating modes downstream and 3

upstream propagating modes.

Downstream of the OGV, the PWL of the downstream propagating modes are found to be about 20 dB higher than

those of the upstream modes, thereby demonstrating the effectiveness of the non-reflecting boundary condition at the

outlet boundary. The non-reflecting boundary condition also works well at the inlet boundary although the mean flow

upstream of the OGV is non-uniform with swirl which might introduce difficulties for the wave-splitting at the inlet

boundary. The much lower level of the downstream propagating wave at upstream of the OGV also implies that the

divergence-free condition is effectively applied. In addition, at < + :+ = −4 the PWLs of the cut-on modes remain

constant across different axial locations which is as expected, since the sound power expression shown in Eq. 50 is a
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function of l only. The constant PWLs at upstream of the OGV, where swirling flow is present, also confirms that the

contributions of the interference terms (a ≠ a′ in Eq. 47) arising from the swirling effect to the total radiated sound

power are negligible for the case under consideration. Figure 20 shows that refining the grid has negligible effect on the

PWLs of the cut-on modes, suggesting that even the coarse grid resolution used in this study is sufficient for resolving the

acoustic cut-on modes. This may be due to the fact that these cut-on modes are of low azimuthal and radial mode order.

Fig. 20 Upstream -o and downstream –+ propagating waves at upstream and downstream of the OGV obtained
using the POD mode input. The colour saturation from light to dark represents the mesh from coarse to fine.

D. Noise results

The real parts of the predicted axial velocity and pressure perturbations are plotted in Fig. 21 at the inlet and along a

G − \ plane at the mid-radius over a full annular. The velocity perturbations at the inlet are seen to be concentrated close

to the tip and no variation is observed at the hub, which are consistent with the POD mode shape shown in Fig. 14(b).

The dominant acoustic cut-on mode corresponding to the interaction mode order < + :+ = −4 is clearly identified in the

pressure perturbation plot shown in Fig. 21(b) and a dipole source response is seen at the leading edge of the OGV.

It has been shown in Fig. 12 and 13 that to achieve a good reconstruction accuracy in the radial direction, at least

40 radial modes are required at 2000 Hz and even more at 4000 Hz. In the azimuthal direction, the eigenvalues were

found to decrease slowly over < (Fig. 8), suggesting that many more modes may be needed for this direction. It is not

feasible to perform acoustic computation for all these radial and azimuthal modes due to the expensive computational

cost, so we need to determine how many radial and azimuthal modes are sufficient to provide a converged acoustic

solution, which is illustrated in Fig. 22. Fig. 22(a) and (b) show the variations of the PWL with the incident radial

and azimuthal modes = and < respectively. Here the PWL indicates the total sound power due to the contributions of

all cut-on acoustic modes for a single incident vortical mode (<, =), represented by _<=
∑
`a,

±
<=,`a (l) in Eq. 51.

Fig. 22(c) and (d) show the cumulative PWLs which are obtained by taking the incoherent sum over = = 1 to # for

radial modes and over < = 2 to " for azimuthal modes. Results in Fig. 22(a,c) correspond to a single azimuthal mode
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(a) (b)

Fig. 21 Real part of the axial velocity (a) and pressure (b) perturbations obtained using the POD mode input
at n = 10,m = 40 and 2BPF

< = 40 at 2BPF. From Fig. 22(a), it is seen that above = = 4, the PWL decrease considerably with higher incident radial

mode orders for both the upstream and downstream propagating waves. This is consistent with the findings by Atassi et

al. [17] that higher order vortical modes are less efficient in scattering into the propagating low order acoustic modes.

The cumulative PWLs (Fig. 22(b)) converge approximately at = = 8, with recognizing 1 dB difference with the level

obtained based on 20 modes. The convergence with = was also assessed for other <, which showed similar trends.

Fig. 22(b) shows that the periodicity property in < observed for the 2D turbulence-cascade interaction noise case in

[30] is also valid for this 3D case, where the interblade phase angle 2c</+ is important for determining radiation. For

both the upstream and downstream propagating waves, the PWLs are seen periodic over incident azimuthal mode order

< with a period + = 44. The difference in the cummulative PWL (Fig. 22(d)) between " = 44 and 82 is 1.2 dB.

The predicted PWL for downstream propagating waves at various frequencies are compared with the measured data

from [7, 54, 57] in Fig. 23 where the LES results of Lewis et al. [11] are also included. According to the convergence

of the cumulative PWLs obtained from Fig. 22, for each azimuthal vortical mode there are 8 radial vortical modes

computed and there are 21 azimuthal vortical modes computed in total from < = 2 to 44 with Δ< = 2 for each frequency.

The sound power was measured in [7] from a modal breakdown of the noise in the bypass duct, from which the modal

pressure amplitudes, and hence sound power contribution, of the dominant modes were determined. The main source of

error arises from the presence of flow noise at the duct-wall microphones and aliasing effects of unresolved modes

due to insufficient numbers of microphones. We would estimate the error / uncertainty of the spectral sound power

estimate as being between 1 and 2 dB. Our prediction provides good agreement with the measurement at various

frequencies. The maximum difference is 3.6 dB at 1BPF (corresponding to 1220 Hz) which is well within the range of

the LES predictions [11] as well as the analytical predictions in [54] which were found to be generally 4-10 dB below
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the measurement at frequencies below about 5000 Hz.

(a) (b)

(c) (d)

Fig. 22 (a) Variations of PWLs at m = 40 with incident radial vortical modes; (b) variations of PWLs at n = 4
with incident azimuthal vortical modes; (c) cumulative PWLs over different numbers of incident radial modes;
(d) cumulative PWLs over different numbers of incident azimuthal modes. o, upstream propagating wave;

+, downstream propagating wave.

Fig. 23 Comparisons of the predicted PWLs at various frequencies with the measurements [7, 54, 57] and the
LES results of Lewis et al. [11] based on FW-H and Goldstein’s analogies.
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E. Modal radiation efficiency

The radiation efficiency of a single mode, referred to as the modal radiation efficiency, is investigated in this section.

The radiation efficiency is defined as the ratio of the radiated sound power, of a given structure to that produced by an

ideal case of a piston of the same surface area vibrating with the same mean-square velocity and producing plane waves,

which can be written as:

[ =
,

d02(� [E2]
(52)

where ( is the surface area and � [E2] is the spatially-averaged mean-square vibration velocity normal to the surface.

Both, and � [E2] are functions of frequency. The denominator in Eq. 52 represents the sound power that would be

radiated by the ideal case. The above expression is to assess the total sound power – the summation over all vibration

modes. It is also possible to determine the radiation efficiency for each single mode. In this study, the vortical modes

resembles the vibration modes and our aim is to assess how efficient each vortical mode is in radiating sound power.

The modal radiation efficiency may therefore be expressed as:

[ =
,±<= (l)

d02(� [|D<= (l) |2]
(53)

where,±<= (l) indicates the sound power radiated due to a single incident vortical mode (<, =), represented by

_<=
∑
`a,

±
<=,`a (l) in Eq. 51, � [|D<= (l) |2] is the spatially-averaged mean-square velocity of the vortical mode

(<, =), which corresponds to _<= (l) according to Eq. 16 and ( is the area of the duct cross-section.

The modal radiation efficiency is plotted as a function of azimuthal vortical mode order in Fig. 24 for different

radial modes = = 1, 3, 5 and 7 at various frequencies, 2BPF, 3BPF, 4BPF and 5BPF. The results are for the downstream

propagating waves. It is seen that the radiation efficiency decreases significantly between < = 20 and 24 for 2BPF as no

acoustic cut-on modes were identified. For 4BPF and 5BPF, all azimuthal orders show at least one cut-on mode, and

the radiation is less efficient at 5BPF. The radiation efficiency is also found to vary with the incident radial order =,

particularly at < close to the cut-off modes, suggesting that the radial variation of the incident vortical mode also has an

effect on the scattered acoustic mode propagation. It is interesting to note that the first incident radial mode = = 1 is

always less efficient than other radial orders at about < > 26 for different frequencies. The reason is not yet clear. The

much lower radiation efficiency at = = 1 for all < at 5BPF may be explained by the fact that at this frequency, the radial

variation of the first vortical mode only occurs in an extremely small region near the tip, similar to the pattern shown in

Fig. 11 for 4000 Hz.
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(a) (b)

(c) (d)

Fig. 24 Radiation efficiency as a function of incident azimuthal mode order for different radial mode order =
at (a) 2BPF, (b) 3BPF, (c) 4BPF and (d) 5BPF.

VII. Critique of the POD method for fan broadband noise prediction
A novel feature of this study is the use of the POD-based synthetic turbulence method for fan broadband noise

prediction. The advantages of this POD method are fourfold. First, the POD modes provide the most efficient and

accurate representation of the cross-spectral matrix for inhomogeneous flows. The efficiency has been investigated

in Fig. 10 which shows that only the leading 10 POD modes are able to capture nearly 80% of the total energy at

frequencies around 400 Hz where a large-scale coherent structure is present. It is also shown in Section V.A that both

the cross-spectral matrices at various frequencies (see Fig. 12) and the cross-spectra at various locations (see Fig. 13)

can be accurately reconstructed using the POD modes, although the reconstruction efficiency reduces at high frequencies

where the small-scale structures are dominant. Second, the dominant large-scale coherent structure near the tip can be

well identified by the leading POD modes, as seen in Fig. 12 at 400 Hz. Furthermore, by making use of the property

that the amplitudes of different POD modes are uncorrelated (see Eq. 16), the total sound power calculation can be

simplified as an incoherent sum of the sound power per mode (Eq. 51). If using the Fourier modes or other types of
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modes, such as the normal modes of LEE, there will be non-zero off diagonal entries in the modal amplitude matrix (Eq.

20), so the contributions due to the coupling of different modes to the total sound power have to be considered (since Eq.

46 cannot be simplified to Eq. 47). However, it should be mentioned that when the flow is homogeneous, the Fourier

modes are equivalent to the POD modes and the total sound power calculation is exactly the same as in Eq. 51. Lastly,

the POD method is expected to be more efficient than the Fourier method also in acoustic computation. This is because

the POD is able to capture the dominant vortical modes with the largest amplitudes, thus a smaller number of input

modes may be needed to get a converged acoustic solution than using the Fourier modes. This is particularly important

for the frequency domain computation.

Nevertheless, this method has some limitations. The PODmodes are found to be inefficient in spectral reconstruction

at high frequencies where the small-scale structures are dominant. In addition, for homogeneous flows, the POD modes

reduce to the Fourier modes and a large number of modes might be needed for the spectral reconstruction as well as the

acoustic computation.

VIII. Conclusion
This paper proposed a synthetic turbulence method aiming to reproduce the desired velocity cross-spectrum over the

OGV leading edge for the use in the fan/OGV interaction broadband noise prediction. The method was developed first

in frequency domain based on a superposition of vortical modes with the appropriate amplitudes. Two different modal

approaches, POD modes and Fourier modes, have been proposed and the POD method was investigated in detail in this

paper.

Through the analysis in frequency domain, it was found that the spectral reconstruction efficiency of the POD modes

is closely related to the existence of localised coherent structures. At the spectral peak frequency around 400 Hz where

a large-scale coherent structure was observed near the tip, the first POD mode was found to contain more than 50% of

the total kinetic energy and a good reconstruction was achieved by using the few leading modes. The dominance of the

first mode becomes weak at high frequencies where small scales become dominant and much more modes are therefore

needed for the reconstruction. It was also found that varying the azimuthal mode has only small effects on the energy

recovery. The Fourier modes were also investigated and found to be less efficient than the POD modes in the spectral

reconstruction as more significant reconstruction error was observed when only using the few leading modes. These

findings clearly show that the POD method is the most efficient and accurate in the representation of inhomogeneous

turbulence, especially when large-scale coherent structures are present.

The POD method was then extended to time domain through a white noise filtering process to allow for the potential

application in generating synthetic turbulence in the time domain CAA solver, for example time domain Euler solver,

LES or LBM. For the reconstruction in time domain, both the one- and two-point statistics were well reproduced using

the synthesised velocity signals obtained from the POD modes. The synthesised PSD and CSD showed a good match
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with the actual results in terms of both the spectral shape and levels.

The proposed frequency-domain POD synthetic turbulence method was validated by coupling to a frequency-domain

LNS solver for the broadband noise prediction on ACAT1 fan at approach condition. By making use of the property

that amplitudes of different POD modes are uncorrelated, the total sound power calculation has been simplified as an

incoherent sum of the sound power per mode. Good agreement is obtained between the predicted sound power levels

and the measured ones at various frequencies, with a maximum difference of 3.6 dB observed at 1BPF.

Appendix A. Imposing the divergence-free constraint in frequency domain
A schematic of rotor-OGV diagram with velocity triangles is shown in Fig. 25. The desired cross-spectral matrix

�< is for the upwash velocity fluctuation normal to the chord, which can be expressed in terms of the azimuthal and

axial fluctuation components, D\ and DG respectively, as,

D= =
−DG*\ + D\*G

*B
, (54)

where D= now refers to the normal component of velocity and where*\ and*G are the mean azimuthal and axial

velocity components respectively, and*B =
√
*2
\
+*2

G is the mean velocity component along the streamlines, which

are assumed to be fully aligned with the chord.

Fig. 25 Velocity diagram and upwash velocity fluctuation D= (normal to the streamlines*B).

The divergence-free constraint for incompressible flows can be imposed in the frequency domain by setting the inner

product of the wavenumber and amplitude vectors to zero (i.e. they are orthogonal),
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∇ · u = UDG + VD\ = 0, (55)

where U and V are the wavenumbers of the perturbation quantities in the axial and azimuthal directions respectively.

For <th azimuthal mode order, V = </A. Using the dispersion relation derived in [62] for vortical waves, we obtain

U = l
*G
− <*\
A*G

.

Following the work of Atassi et al. [17] the velocity components (DG , DA , D\ ) of the vortical modes can be deduced

from the normal component D=. Using Eq. 54 and 55,

DG = −
<D=*B

UA*G + <*\
, (56)

D\ = −
UAD=*B

UA*G + <*\
. (57)

Note that by way of an approximation, we have only imposed the divergence-free constraint in the G − \ plane since

we understand that the DA does not contribute to the noise. An assumption of DA = 0 is usually made in the literature for

fan broadband noise prediction, for example in [17]. A similar approximation was also made by Goldstein [63] in the

analysis of loading noise.
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