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Effect of the twist operator in the D1D5 CFT
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Abstract

The D1D5 CFT has been very useful in the study of black holes. The interaction
in this theory involves a twist operator, which links together different copies of
a free CFT. For the bosonic fields, we examine the action of this twist when it
links together CF'T copies with winding numbers M and N to produce a copy with
winding M + N. Starting with the vacuum state generates a squeezed state, which
we compute. Starting with an initial excitation on one of the copies gives a linear
combination of excitations on the final state, which we also compute. These results
generalize earlier computations where these quantities were computed for the special
case M = N = 1. Our results should help in understanding the thermalization
process in the D1D5 CF'T, which gives the dual of black hole formation in the bulk.
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1 Introduction

String theory has had remarkable success in explaining the quantum physics of black holes.
A very useful example has been the D1D5 system - a bound state of Ny D1 branes and
N5 D5 branes. This bound state and its excitations give a dual description of black holes
in 441 noncompact dimensions [1, 2].

The dynamics of the D1D5 bound state is given by a 1+1 dimensional CFT. The moduli
space of couplings is believed to have a an ‘orbifold point’, where the theory is essentially
free [3]. At this point the CFT is described by a symmetric product of N3Ny copies of a
free CFT, where each copy contains 4 bosons and 4 fermions. Since the different copies
are symmetrized, the operator content includes twist operators. A twist operator o,, takes
n different copies of the CF'T and links them into a single copy living on a circle that is n
times longer. We call any such linked set of copies a ‘component string’.

The ‘free’ theory at the orbifold point has been surprisingly successful in reproduc-
ing many aspects of black hole physics. The free CFT yields exact agreement with the
properties of near-extremal black holes; for example the entropy and greybody factors are
reproduced exactly [1, 4].

However, the full dynamics of black holes is not given by the CFT at the orbifold
point; we have to deform away from this ‘free’ theory by an operator which corresponds to
turning on the coupling constant of the orbifold theory. In particular the process of black
hole formation is described in the CF'T by the thermalization of an initially non-thermal
state; such a process requires nontrivial interactions in the CFT.

The deformation operator describing these interactions has the form of a twist operator
05, dressed with a supercharge: O ~ G_ 109, The effect of the twist is depicted in Fig. 1.
Before the interaction, we have component strings, with windings M, N. The interaction
links these component strings together, generating a component string with winding M +
N1

In this paper we study the effects of this interaction. We carry out the following
computations:

(a) Firstly, we start with the vacuum state |[0))|0®)) on the initial component strings
in Fig. 1. We apply the twist operator o5 at a point wy. This generates a component string
with winding M + N, but this component string will not be in its vacuum state [0). As
argued in [5], the starting vacuum state gets converted into a state on the final component
string with the schematic form

0D 0@) = ) ~ eZk,mﬁawmqm (1.1)

'In the present paper we focus on the process of two component strings joining together. If the twist
operator acts on two strands of the same component string, then it will decompose the component string
into two parts. The computations for this case can be done in a similar manner to the computations
presented here.
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Figure 1: The cylinder with coordinate w. The state before the twist has component strings
with windings M, N. The twist operator o9 links these into a single component string of winding
M+ N.

where ay are the oscillator modes of a free scalar field. In [5] the coefficients v/ were
computed, for both bosonic and fermionic excitations, for the case where the initial com-
ponent strings had windings M = N = 1. In the present paper we will restrict attention
to bosons, but find the 5 for arbitrary M, N.

(b) Secondly, we start with an initial excitation o' on one of the component strings
before the twist; here i = 1,2 labels which component string we excite. After the twist,
this excitation gets converted to a linear combination of excitations above the state |x),

@ 10y 0@y — me a_ply), =12 (1.2)

on the final component string of length M + N. The coefficients fr]ilii) were found for
M = N = 1in [6]. In the present paper, again restricting to bosonic fields, we find these
coefficients for general M, N.

(c) The physics of the black hole is captured by taking NyNs; > 1. In this limit,
component strings will typically have windings M > 1, and the excitations «_,, on the
component strings will typically have have a wavelength that is much shorter than the
length of the component string. Thus we will be interested in a ‘continuum limit” where
the excitations have m > 1; such excitations are not sensitive to the infra-red cutoff scale
set by the length of the component string. We find the continuum limit approximations

to the expressions for 77, fg,(f).

The computation of v5, f,f,ii) for general M, N is somewhat more involved than the



computation for M = N = 1, for the following reason. For M = N = 1 there are two twist
operators: the interaction o, and a twist oy required to generate the component string of
length 2 in the final state. For general M, N, there are four twists: twists oy, on for the
initial component strings, the interaction o9, and a twist oy;. at infinity for the final
component string.

The expressions for 2, fﬁg) turn out to have a nice structure given in terms of gamma
functions. The continuum limit expressions are simpler, and may be of more use in un-

derstanding the thermalization problem.

Several other directions have been studied with the twist operator. In [7] intertwining
relations were derived for operators before and after the twist. The effect of the twist on
entanglement entropy was studied in [8]. Twist-nontwist correlators were computed in [9],
and operator mixing was studied in [10]. For other related work, see [11]. Our line of
enquiry complements the fuzzball program; for early work, see [12], for reviews see [13]
and for recent work, see e.g. [14, 15].

This paper is organized as follows. In Section 2 we introduce the D1D5 CFT and
discuss the nature of the twist interaction. In Section 3 we compute the effect of the twist
on the vacuum state and in Section 4 we compute the effect of the twist on a state with
an initial excitation. In Section 5 we obtain the continuum limit approximations to these
quantities. In Section 6 we discuss our results.

2 The D1D5 CFT at the orbifold point

In this section we summarize some properties of the D1D5 CF'T at the orbifold point and
the deformation operator that we will use to perturb away from the orbifold point. For
more details, see [5].

2.1 The D1D5 CFT

Consider type IIB string theory, compactified as
Mg71 — M471 X Sl X T4. (21)

Wrap N; D1 branes on S!, and N5 D5 branes on S x 7. The bound state of these branes
is described by a field theory. We think of the S! as being large compared to the T, so
that at low energies we look for excitations only in the direction S*. This low energy limit
gives a conformal field theory (CFT) on the circle S*.

We can vary the moduli of string theory (the string coupling g, the shape and size of
the torus, the values of flat connections for gauge fields etc.). These changes move us to
different points in the moduli space of the CFT. It has been conjectured that we can move



to a point called the ‘orbifold point’ where the CFT is particularly simple [3]. At this
orbifold point the CFT is a 141 dimensional sigma model. We will work in the Euclidean
theory, where the base space is a cylinder spanned by the coordinates

T,0: 0<o0<2m, —00<T<00 (2.2)
The target space of the sigma model is the symmetrized product of N; N5 copies of T4,
(T3)™ /Sy v, (2.3)

with each copy of T? giving 4 bosonic excitations X!, X2, X3 X* It also gives 4 fermionic
excitations, which we call ¢!, 92,43, ¥* for the left movers, and ¢!, ¢, ¢?, ¢* for the right
movers. The central charge of the theory with fields X% +*, i = 1...4is ¢ = 6. The total
central charge of the entire system is thus 6Ny Ns.

We will not consider the fermions in this paper; we hope to present their dynamics
elsewhere. The bosons can be grouped into a matrix

1 1 [ Xs4iXy Xy —iXo
Xaa= ﬁX’U" NG (Xl +iXy —X3+iX, (24)
where 0; = 01, 09, 03,il. The 2-point functions are
1
< 8XAA(Z)8XBB(/LU) > = mEABEA'B . (25)
In [5] it was noted that we can write the deformation operator as
Ouston) = [ [ wGiw)] 5 [ duciy@)]of(w) (26)
o (wn) = | — wG (w — wi (W) |0 w .
O D oi Jo, B 2 0

Since we do not consider fermions in the present paper, we ignore the spins on the twist
operator and also the action of the supercharge G. That is, for the purposes of our
computations, the deformation operator will be simply 5. Throughout the paper we shall
write expressions for left-movers only; analogous expressions hold for right-movers.

2.2 Nature of the twist interaction

To understand the effect of such a twist g9, consider a discretization of a 14+1 dimensional
bosonic free field X. We can model this field by a collection of point masses joined by
springs. This gives a set of coupled harmonic oscillators, and the oscillation amplitude of
the masses then gives the field X (7, 0). Consider such a collection of point masses on two
different circles, and let the state in each case be the ground state of the coupled oscillators
(Fig. 2(a)). At time 7y and position oy, we insert a twist oo. The effect of this twist is to
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Figure 2: (a) The scalar field on the component strings modeled by point masses joined by springs.
(b) The twist operator o9 changes the springs so that the masses are linked in a different way.

connect the masses with a different set of springs, so that the masses make a single chain
of longer length (Fig. 2(b)).

To see what we might expect of such an interaction, consider a single harmonic os-
cillator, which starts in its ground state. The Hamiltonian can be expressed in terms of
annihilation and creation operators a, a', and the ground state |0), is given by a|0), = 0.
At time 7 = 79, imagine changing the spring constant to a different value. The wave-
function does not change at this instant, and the Lagrangian remains quadratic. But the
ground state with this new spring constant is a different state |0),, and the operator a can
be expressed as a linear combination of the new annihilation and creation operators I;, bi:

a=ab+ 3bf (2.7)
The wavefunction after this change of coupling can be reexpressed as
10}, = Ce=27"|), (2.8)

where v = o' and C'is a constant. If we had a single initial excitation before the twist,
it will give a single excitation after the twist, but with a nontrivial coefficient? f

a0y, = £ bt Ce 2'%|0), . (2.9)

Now let us return to the CFT. Regarding the scalar field on the component strings
as a set of coupled harmonic oscillators, we note that the twist interaction changes the
coupling matrix between the oscillators but not the wavefunction itself. Thus the effect
of the twist is captured by reexpressing the state before the twist in terms of the natural
oscillators after the twist,

2r(M+N)
Qpip = % / 8wXAA(w)eﬁwdw. (2.10)
a=0
In analogy to (2.8) the state after the twist will then have the form
X) = oa(wo)|0™) @ [0@)
C'(wp ) eXk21.021 T (~ 0t k@ i ket 1)) (2.11)




The index structure on the « oscillators is arranged to obtain a singlet under the group of
rotations in the 7. This is explained in detail in [5], where we also fix the normalization
C'(wp) to unity after we include the fermions [5]. Since we do not consider fermions in this
paper, we do not seek to determine C(wy); our goal is to find the v/ (wyg).

An initial excitation on one of the component strings will transform to a linear com-
bination of excitations on the final component string above the state |x). Analogous to
(2.9), we will have

os(wo)ay;  10)V @10)) =

B(i) : VB (o, o _pto_ o o
E fn iy 2w/ 21,021 Vi (SO @ O s )| () (2.12)
k>1

where ¢ = 1, 2 for the initial component strings with windings M, N respectively. We will
find the fg,(j).

3 Effect of the twist operator on the vacuum state

Consider the process depicted in Fig. 1. We insert the twist operator o, at a location
Wy = Ty + ’iO’o (31)

The twist operator changes the Lagrangian of the theory from one free Lagrangian (that
describes free CFTs on circles of length 2rM and 27N) to another free Lagrangian (that
for a free CFT on a circle of length 27(M + N)). As explained in [5], in this situation the
vacuum state of the initial theory does not go over to the vacuum of the new theory. But
the excitations must take the special form of a Gaussian (2.11), so our goal is to find the
coefficients v/.

The steps we follow are analogous to those in [5]. We first map the cylinder w to the
complex plane through z = e*. The CFT field X will be multivalued in the z plane, due
to the presence of twist operators. The initial component strings with windings M, N are
created by twist operators oy, 0. The interaction is another twist operator 3. The point
at infinity has a twist of order M + N corresponding to the component string in the final
state.

To handle the twist operators, we go to a covering space t where X is single valued.
The twist operators become simple punctures in the ¢ plane, with no insertions at these
punctures. We can therefore trivially close these punctures. The nontrivial physics is now
encoded in the definition of oscillator modes on the ¢ plane — the creation operators on
the cylinder are linear combinations of creation and annihilation operators on the ¢ plane.
Performing appropriate Wick contractions, we obtain the v5. Finally, we change notation
to a form that will be more useful in the situation where k& > 1,1 > 1.



3.1 Modes on the cylinder w

Let us begin by defining operator modes on the cylinder. Below the twist insertion (7 < 79)

we have modes O‘,(axl,)a'xm on the component string of winding M and modes O‘f,)ain on the
component string of winding N:
1 2w M
o _ 1) ™y
Cpim = 5 / 0 X, (w)err™ dw (3.2)
o=0
1 2TIN
@ _ (2) o
Cpin = 5 / 0w X, (w)endw (3.3)
o=0
From (2.5), we find that the commutation relations are
(i) G 1 _ 5 3.4
[OZAAm’aBB,n] = T€ABC4p0 "MOmin,0 (3.4)

Above this twist insertion (7 > 79) we have a single component string of winding
M + N. The modes are

2m(M+N)
1
o=0
The commutation relations are
[aAA,ka aBB,l] = —€aB€ip K Ok10 - (3.6)

3.2 Modes on the z plane

We wish to go to a covering space where the field X , ; will be single valued. As a prepara-
tory step, it is convenient to map the cylinder with coordinate w to the plane with coor-
dinate z,

z=e" (3.7)

Under this map the operator modes change as follows. Before the insertion of the twist
(|z| < €™) we have, using a contour circling z = 0

2 M
e 1 W (),
Cpim ™ 5 / 0.X ()20 dz (3.8)

arg(z)=0



2n N

2) 1 @0
Cpin ™ 5 / 0.X i (2)zndz (3.9)

arg(z)=0
After the twist (]z| > ™) we have, using a contour circling z = co

2w (M+N)

1 .
Ypip — o / azXAA(Z)ZﬁdZ : (3.10)
arg(z)=0

3.3 Modes on the covering space t

We now proceed to the covering space ¢t where X, ; will be single-valued. Consider the
map
z=t"(t —a)™ (3.11)

The various operator insertions map as follows:

(i) The initial component strings were at w — —oo on the cylinder, which corresponds
to z = 0 on the z plane. In the ¢ plane, the component string of winding M maps to t = 0,
while the component string with winding N maps to t = a.

(ii) The final component string state is at w — oo on the cylinder, which corresponds
to z = co. This maps to t = oc.

(iii) The twist operator oy is at wy on the cylinder, which corresponds to €“° on the z
plane. To find its location on the covering space t, we note that % should vanish at the
location of every twist, since these are ramification points of map (3.11) to the covering
space. We find that apart from the ramification points at ¢t = 0, a, co, the function % also

vanishes at

alM
t= VLN (3.12)
which corresponds to the following value of z:
MMNN
zZ0 = CLM+NW(—1)N . (313)

To solve for a, we must specify how to deal with the fractional exponent. We do this by

choosing
MMNN ,
_ _M+N inN
SR GV SIS (3:14)

which determines the quantity a in terms of zy = ", as

1

) T (M 4+ N). (3.15)

20

MMNN

. N
= ¢ AW (



Now let us consider the modes in the t plane. Before the twist we have

3

1 n
Ozi&’m — o % dt 8tXAA(t) (tM(t - a)N) M
t=0
) 1 ) (M N\ R
Cpin = 5 dt 0, X 44 (t) (tY (t — a)")

t=a

After the twist we have

1 k

t=o00

We also define mode operators that are natural to the ¢ plane, as follows:

i 1 .
G i = 5 7{ dt DX (1)t

t=0

The commutation relations are

[O‘AA,m aBB,l] = —€AB€ip Kk Okt

3.4 Method for finding the
Let us consider the amplitude

A = (0loz(w)|0)V @ ]0)®
— C(w0)<0|62k21,l21713[—Ol++,fk0¢77,fl+0lf+,fk0¢+—,—l}|O>

= C(wo)

where we assume that the vacuum is normalized as (0[/0) = 1.

We compare this to the amplitude

A = (0l(arp,0-, )oa(wn) ) @10}

= —C(wo) klyg (0]0) = —C(wo) ki

Thus we see that
5 1A

Vit _HZ :

L e

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

To compute A; we map the cylinder w to the plane z and then to the cover ¢. In this
cover the locations of the twist operators are just punctures with no insertions. Thus these

10



punctures can be closed, making the ¢ space just a sphere. Closing the punctures involves
normalization factors, so we write

Ap = (0]o2(wp)|0)H @ [0)2 = D(z) +(0[0), (3.24)

Factors like D(zy) were computed in [16], but here we do not need to compute D(zy) since
it will cancel in the ratio A/ A;. We have

As = (0] (a++,la__,k)az(wo)|o><l> ©10)? = D(z0) 4(0] (aﬁrﬂa'_ _,k) 10); (3.25)

where the primes on the operators on the RHS signify the fact that these operators arise
from the unprimed operators by the various maps leading to the ¢ plane description. Thus
we have
B _ié B _l t<0|<ai|-+710/——7k)‘0>t
T TRA T K ,(0]0Y,

(3.26)

3.5 Computing the 75
The operators o’ are given by contour integrals at large ¢:
0] (e 0 ) 10): =

01 (55 a0 ) (80— )7 ) (50X () (12 = @) 7 o)

(3.27)
with [t;| > |ta]. We have?
o
(ti‘/[(tl _ a)N) MIN _ tll(l — atl—l)leN = tll Z e Co(—a)Pt;? = Z %Cp(_a)ptll—p
p=>0 p>0
(3.28)
_k
(té\/f(t2 _ a)N) M+N — t’;(l - atz—l)zﬁ\rzv = t’; ey Cy(—a)ity? = Z %Cq(—a)qt’;_q
q>0 q>0
(3.29)
Thus
1 L _IN ~
% dtlatX++ (tl) (tjlw (tl — a)N) MEN = Z NII‘JEN Cp(—a)pa-}-—l—,l—p
p=>0
1 K
oo [A0X -~ (t2) (13 (12 —a)V) Y = SO (~a)a ey (3.30)
q=>0

3The symbol "C,, is the binomial coefficient, also written <7:Lz)

11



We then find

1 LN kN (0]as 1 g—p O k—q|0);
B __ +q t ++,l—p k—q
Yo . E E M+NCp M+N Cq(_a)p (3.31)
& p=0 ¢=0 t<0‘0>t

Using the commutation relations (3.20) we get

k—qg=—-(—-p) = q=(k+1)—p (3.32)
This gives
—a)kt! N kN
f}/g = ( k,)l Z M+NCP M+N C(k+l)—p (l —p) (333)
p=>0

Note that in order to give a non-zero contribution, a4 ;_, needs to be an annihilation
operator, so we require p < [. Thus we have

(—a)k+

it = kl Z Ringet %C(kﬂ)—p (l—p) (3.34)
p=0
Evaluating this sum gives
B = ()™ sin[7A% ] sin[24] MN | D[ D[] D[ ML P AL
' n? (M +N)2(k+1) T[] T[]
(3.35)

3.6 Expressing 72 in final form

It will be convenient to write the expression for 7{ in a slightly different notation. We
make the following changes:

(i) We can replace the parameter a by the variable zy = e*° through (3.15).

(ii) In addressing the continuum limit it is useful to use fractional mode numbers

defined as
k , [

"TM+N T T M+N
The parameters s, s’ directly give the physical wavenumbers of the modes on the cylinder
with coordinate w. When using s, s’ in place of k, [, we will write

(3.36)

Voo = Vo (3.37)
(iii) We define the useful shorthand notation

1 —e2miMs — (3.38)

12



Note that
TME
M+ N

LC1)Vop,. (3.30)

(—1)" sin| 5

] _ (_1)(M+N)s Sin(ﬂ‘MS) _ %(_I)Ns(l _ e2m’Ms) _

With these changes of notation we find

1w ety MN (M NMENNT DMSIE[NS] D[Ms|C[Ns

4720 548 (M + N)3 MMNN T[(M + N)s] T[(M + N)s']
(3.40)

~B
Vst =

3.7 The case M =N =1

In [5] the 7B, were computed for the case M = N = 1. Let us check that our general
result reduces to the result in [5] for these parameters.

Our general expression for 75, is given in (3.40). For M = N = 1 we have

1

223—5 1
I[(M+ N)s| =T2s] = =T [s]T[s + =] (3.41)
(2m)2 2
Substituting in (3.40) we get
s+s’ /
Sl — Uls] TS (3.42)

2n(s+ ') T[s + 3] T'[s' + 3]

which agrees with the result in [5].

4 Effect of the twist operator on an initial excitation

We now turn to the case where one of the initial component strings has an oscillator

excitation. We denote this excitation by oz(Alz-1 o for the component string with winding

M and by afii _,, for the component string with winding N. We write

os(wo)a'ys | 10)V ®1]0)® =
N FEY gy Bzl Can e e e 0|0)(4.)
E>1

os(wo)ayy 1)V ®1]0)® =

B(2) S VB (—a, ., 0 _pta_, o, _y)
E fmk OéAA’_k ek >1,0>1 Vit +4,—k/ 1 +,—k Xl |0> (4_2)
k>1

In this section we find the functions fg,(f).

13



4.1 Method for finding the >’

Analogously to the computation of 7%, let us consider the amplitude

Az = <0|a——k02(wo)a++ |0 @ 0)®

= Clwo) Y FED (Olame, oupp g eZwz1rz o o vt s 0|
>1

= wo Z fml 5kz
>1

= —C(wo) k f52 (4.3)

In the second step above, we note that there is also a contribution when a__  contracts
with the terms in the exponential, but this contribution consists of a;y _x with &' > 0.
Such oscillators annihilate the vacuum (0|, and so this contribution in fact vanishes.

Thus we see that A
B 3
o) = e (4.4)

We have
As = (0], oa(we)al) _|0)V @ |0)® = D(z) (0]a’__ ') |0y, (45)

Thus we obtain o
fB(l) — _lé — _l t<0|a/——7ka++,—m|0>t
kAL k (0]0),

(4.6)

4.2 Computing fﬂ]j,il)

Let us now carry out the details of the computation we outlined above.

The operator o’ _; is applied at w = oo, and is thus given in the ¢ plane by a contour
at large t. The operator o/ﬁz,_m on the other hand is applied at w = —o0 to the component
string with winding M, and is thus given in the ¢ plane by a contour around ¢t = 0. Thus
we get

k

(Ol @10 =01 (5 [ dnaX—(t) (1 - )7 )

t1=00
1 —m
X (% / dt20, X1 (t2) (8 (t2 — a)™) ™ >|O>t S A
ta=0
Since t; is large, we expand as
k
(61 (01— a)) ™5 = " 5w Gy (—a) 1 (4.8)

14



Thus we find o
O/AA,k - Z TN Cp (=) gy - (4.9)

p'>0

Next, since ty ~ 0 we expand as

m mN t 2 mN
M

('t —a)N) ™™ = ™ty —a)" WM =t;"(—a) (1—3)

= ()WY WG (—a) =3 TG (e g

p=>0 p>0

(4.10)

Thus we find

1 _mN mN
a;(uz,—mzz Oy (=a)™ P G, (4.11)

p=>0

Since &, 4, ,,|0): = 0 for p—m > 0, we get a contribution only from p < m in the above
sum. Thus we have

m—1

1 _mN _mN _
aﬁﬁv_m =Y WG (—a) W P Ay, (4.12)

p=0

Using these expansions, we obtain

<0|a’ 0 o)

= Z Z R Cp MﬁkN Cp/ (— ) Eamard <O| &——,k—p’ 6‘++,p—m ‘O>t
p=0 p’>0
m—1 Nk
mN ’
= Z e Cp mcp, (_a>—7—p+p (p/ — ]f)(sk_pr_;,_p_m,o t<0|0>t
=0 p'>0
m—1
— (—a)"“w =5 G TN Gl (p — m) 1(0]0),
p=max(m—£k,0)
m . _( m m
_ _(_1) kSIH(ﬂ-Mj\f_kN) (_a>k Mﬂ\m F[(M—ij_\é\[) ] F[MA—TI—kN]F[MAf—IfN] t<0|0>t
(M + N) MiN — F[m]F[%] [[k]
(4.13)
and using (4.6), we obtain
m o _ m m
oy _ SV sin(ray) (—a)t T DA DR ] (4.14)
mk (M + N) iy — & DlmT[52] I'[k]



Note that in the above expression, when we have

k m

= 4.1
M+N M’ (4.15)
both numerator and denominator vanish, since
MFk
sin(WM n N) = sin(mm) = 0. (4.16)

Since the above expression for fﬁ,il) is indeterminate in this situation, we return to the
sum in the third line of (4.13), and take parameter values

m=Mc, k=(M+ N)c. (4.17)
Here ¢ = % where j is a positive integer and Y = ged(M, N). Then we have
i m—1
(Ol ) 0y = (—a)” A YT TG, N Crgp(p — m)
p=max(m—k,0)

m—1

= Y NC,NCyesp(p — Me). (4.18)
p=0

We note that since Nc¢ is a positive integer,
NeCNesp =0, p>0 (4.19)
Thus only the p = 0 term survives in the above sum, and we get
H{0ja’_ o) 10y, = —Mc (4.20)

Thus I I I
By _ 2 - 1.21
Tk = T QI e T MA N (4.21)

So for this special case, we write

B(1) M

fmk; ‘Mler:% = M+N . (422)

Using the gamma function identity (3.41), one can check that the results (4.14), (4.22)
agree with the corresponding expression obtained in [6] for the case M = N = 1.
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4.3 Expressing fﬁ,ﬁl) in final form
We make the same changes of notation that we did for the ~} :

(i) We replace a by z.

(ii) We use fractional modes

m k
= — = : 4.2
T T MAN (4.23)
When expressing our result using ¢ and s in place of m and k, we will write
5 .
FOD - fEQ) (4.24)
(iii) We again use the shorthand u, = (1 — €>™M#). In doing this we note that
(~1)"sin(m =) = (=1)"sin(xMs) = %e—mws—q)u — e2miMs). (4.25)
With these changes of notation we get, for s # ¢,
oy et L (M NMENNETUTM + N)g) DIMJTN
e o™ s—q (M+N) MMNN ['[Mq|I'[Ngq] T[(M + N)s]
(4.26)
and for s = ¢ we have
< M
B(1) _
as lq=s VN (4.27)

4.4 Computing fﬁ,ﬁm

The expression for fg,(f) can be obtained by a similar computation. There are only a few
changes, which we mention here. In place of (4.7) we have

1 k
t<0|a/——,kaii(-2-2,—m‘0>t = t<0‘ <§ / dtlatX__(t1> (ti‘l(tl — CL)N) M+N )

< (5 [ da0Xest) @i -0™) ¥ Yo (@2s)

to=a

The power 7; has been replaced by %, and the 5 contour is now around ¢ = a instead of
around t, = 0. We define a shifted coordinate in the ¢ plane

'=t—a (4.29)
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which gives
1 k
000! a0 =01 (5[ o) (1 + ) )
t) =00
1 / / ' N g1 M
X (g dt2atX++(t2) <t2 (t2 —+ a,) )

=0

X ) 0Y, . (4.30)

This expression is the same as (4.7) with the replacements

M—-N N—=M a——a. (4.31)
Thus ff,gz) can be obtained from (4.26) with the above replacements. For Mﬁ ~ 7 % this
gives:
m o _(M4+N)m m
fBI(c2) _ (—1) Sln(ﬂMA—fl—kN) A P[(MJ;VN) ] F[M]\ikN]F[MAﬁV] (4.32)
" T(M+N) s — % TmT[AR2] I[k]
and we have the special case
B(2) _ _N
for =2 = TN (4.33)
We can again use fractional modes

N T M+N

When expressing our result using r and s in place of m and k, we will write

e (4.35)
We then have for r # s:
e _ e s 1 (M4 N)MENNTTI LM 4 Nr] T[MS]T[N]
21 s—r (M+N) MMNN I[Mr|C[Nr] T[(M + N)s]
(4.36)
while for r = s: It
FEO) = . 4.
rs |7"—5 M‘I—N ( 37)
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4.5 Summarizing the result for quz(l) , fm@

For convenient reference, we record the result for fﬁ(l), f,ﬁ(z) for general M, N:

M g=s
B(l o M+N

fos O =4 i smams 1 (@MY ETD D N)g) T{MSITNS] £ (4.38)
2770 s—q (M+N) \ MMNN T[MqT[Nq] T[(M+N)s| q
N

N r=s

B(2) = M+.N M4nN (5—T) (439)

rs i . s—T ,us 1 (M+N) T[(M+N)r] T'[Ms]I'[Ns]
2770 r (M+N) \~ MMNN T[M+]T[N7] T[(M+N)s) rzs

5 The continuum limit

While we have obtained the exact expressions for v5, B(l) B3 , the nature of the physics
implied by these expressions may not be 1mmed1ately clear because the expressions look
somewhat involved. We will comment on the structure of these expressions in the discus-
sion section below. But first we note that these expressions simplify considerably in the
limit where the arguments ¢, r, s are much larger than unity. We call the resulting approx-
imation the ‘continuum limit’, since large mode numbers correspond to short wavelengths,
and at short wavelength the physics is not sensitive to the finite length of the component
string. Thus the expressions in this continuum limit describe the results obtained in the
limit of infinite component strings. Such expressions are useful for the following reason.
When the D1D5 system is used to describe a black hole, then the total winding N; N5 of
the component strings is very large, and so one expects the individual component strings
to have large winding as well. Having long component strings (M, N much larger than
unity) is approximately equivalent to holding M, N fixed and taking ¢, r, s large.

5.1 Continuum limit for the ”y,fl

Let us start by looking at 5. We have the exact expression

b _ L e MN (M NPV TSN TSNS
s 472 7% 545" (M + N)3 MMNN L[(M + N)s] T[(M+ N)s'|
(5.1)
We wish to find an approximation for this expression when
s>1, §>1 (5.2)
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We have the basic identity, for positive integer K:

1 2 K—-1 _
Tz + 20+ 2] Tlo + =] = (2m)" T K2 K*T[K ] (5.3)
Using this identity, we get
1 1 M—-1
I[Ms] = (QW)%M%—MSF[S]F[SjLM]"'F[s+ i ] (5.4)
1 1 N —1
['[Ns|] = I'[s|l —...T —_—
Vo) = e Pl + ] Tl = (5.5)
1 1 M+ N -1
['[(M+N)s| = T .
We have, for s > 1, z < s
['[s + ]
~ 57 5.7
ITs s (5.7)
which gives
[[s + 2] =~ T'[s]s" (5.8)
We use the above approximations in the expression
[[Ms|T|N
L[(M + N)sj

There are an equal number of factors I'[s] at the numerator and denominator, so they
cancel out. We can now collect the powers of s. In the numerator we have the power

Lz Moy (b2, Nl MAN-2 (5.10)
A AT Ftw )= s .

In the denominator we have the power

L, 2 NtM-1_(M4+N-1) (5.11)
N+M N+M '~~~ N+M 2 ‘
Thus overall we get
I'Ms|T'|N MM NN * IM+ N
D[Ms|T[Ns] emz(— ) | M+ N 1 (5.12)
[[(M + N)s] (M + N)M+N MN

Similarly, we get
DM T[N MMNN N [MIN s
DIMSINS oy (S MENy JM AN oy (5.13)
I'[(M + N)s'| (M + N)M+N MN

Using these approximations in (5.1), we find

NI

f~yB =~ i# e fsprs 1
ST (M N2 sg s+ s

(5.14)

20



5.2 Continuum limit for the qu;(i)

Let us also obtain the continuum limit for the qu;(i). We have the exact expression

o = et ] CM+NWWU“%PWW+NMIMMWWﬂ
e o™ s—q(M+N) MMNN [[Mq]T[Ng] T[(M + N)s]
(5.15)

We have, from (5.12)

CIMSIONS] o
T[(M + N)s]

DM+ N)g] o oa( MYNY N [ MN
v = 0 () Ve (5.7

Thus we obtain

S

D=
D=

( MEN )s MR (5.16)

(M + N)M+N MN

Similarly,

o) o L L e, 41 5.18
Jas 27r(]\4—|—N)Z0 'us\/;s—q' (5.18)
Similarly, for f,ﬁ(z) we obtain
FB(2) ~ I - r 1 5.19
" 27T(M+N)ZO 'us\/?s—r’ (5.19)

6 Discussion

We have considered the effect of the twist operator g, when it links together component
strings of windings M, N into a single component string of length M + N. We have found
the final state in the case where the initial state on the component strings was the vacuum
10)1 ©|0)® and also in the case where one of the strings had an initial excitation o'”)

While we have discussed this problem in the context of the D1D5 CFT, we note that this
is a problem that could arise in other areas of physics. Each component string describes a
free field theory on a circle, and the twist interaction joins these circles. In this process the
vacuum state of the initial field theory goes over to a ‘squeezed state’ of the final theory;
the coefficients v, describe this squeezed state.

It is interesting to analyze the structure of the results that we have found. Consider
the expression for 42 given in (3.35). This contains a factor

B (6.1)
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which vanishes when either of the integers k, [ is zero or negative. From (2.11) we see that
this implies that the v5 will multiply only creation operators. Similarly, in the expression

(4.14) for fﬁlil) we have the factor
1 1
—_— 6.2
] T 02
which vanishes when either of the integers m or k is zero or negative. Thus the function
ff,gl) vanishes unless we have creation operators in the initial state, and it yields only

creation operators in the final state.

A second observation is that the expression for 72, almost separates into a product of
terms corresponding to s and s’. Only the term — fails to separate in this manner. The

sts’
part corresponding to s contains the beta function % and the part for s’ contains
the beta function %

Similarly, ff;(i) almost separates into a product of terms corresponding to ¢ and s.

Only the term ﬁ fails to separate. The part for s has the beta function %, and
P[(M+N)q]

the part for ¢ has the reciprocal of the beta function TN The appearance of the
reciprocal here may be attributed to the fact that the index ¢ corresponds to an operator
in the initial state while the index s appears in the final state. (In the case of 7/, both
operators appear in the final state.) In particular, the appearance of the reciprocal of the
beta function ensures that we get the I' functions in the form (6.2) required to ensure that

only creation operators are involved in the effect of ff,(f).

We have considered only bosonic excitations in this paper. A similar analysis can
be done for the fermionic excitations, and the supercharge G~ in (2.6) should then be
applied to the overall state for bosons and fermions. These steps were carried out for the
case M = N = 1 in [5, 6]; for the case of general M, N we hope to present the results
elsewhere.

The expressions for 72, ffg(i) simplify considerably in the continuum limit. This limit
may be more useful for obtaining the qualitative dynamics of thermalization, which is
expected to be dual to the process of black hole formation. It would therefore be helpful
to have a way of obtaining the continuum limit expressions directly, without having to
obtain the exact expressions first. We hope to return to this issue elsewhere.

In general, it is hoped that by putting together knowledge of the fuzzball construction
(which gives the gravity description of individual black hole microstates) and dynamical
processes in the interacting CFT (which include black hole formation), we will arrive at a
deeper understanding of black hole dynamics.

22



Acknowledgements

We thank Steve Avery, Borun Chowdhury, Amanda Peet and Ida Zadeh for discussions
on various aspects of the twist interaction. The work is supported in part by DOE grant
DE-FG02-91ER-40690.

References

1]
2]

[4]

[5]
[6]

[7]

A. Strominger and C. Vafa, Phys. Lett. B 379, 99 (1996) [arXiv:hep-th/9601029].

J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38,
1113 (1999)] [arXiv:hep-th/9711200]; E. Witten, Adv. Theor. Math. Phys. 2, 253
(1998) [arXiv:hep-th/9802150]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov,
Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109)].

G. E. Arutyunov and S. A. Frolov, Theor. Math. Phys. 114, 43 (1998) [arXiv:hep-
th/9708129]; G. E. Arutyunov and S. A. Frolov, Nucl. Phys. B 524, 159 (1998)
[arXiv:hep-th/9712061]; J. de Boer, Nucl. Phys. B 548, 139 (1999) [arXiv:hep-
th/9806104]; R. Dijkgraaf, Nucl. Phys. B 543, 545 (1999) [arXiv:hep-th/9810210];
N. Seiberg and E. Witten, JHEP 9904, 017 (1999) [arXiv:hep-th/9903224]; F. Larsen
and E. J. Martinec, JHEP 9906, 019 (1999) [arXiv:hep-th/9905064]; J. R. David,
G. Mandal and S. R. Wadia, Nucl. Phys. B 564, 103 (2000) [arXiv:hep-th/9907075];
A. Jevicki, M. Mihailescu and S. Ramgoolam, Nucl. Phys. B 577, 47 (2000)
[arXiv:hep-th/9907144]; O. Lunin and S. D. Mathur, Nucl. Phys. B 642, 91
(2002) [hep-th/0206107]. J. Gomis, L. Motl and A. Strominger, JHEP 0211, 016
(2002) [arXiv:hep-th/0206166]; E. Gava and K. S. Narain, JHEP 0212, 023 (2002)
[arXiv:hep-th/0208081].

C. G. Callan and J. M. Maldacena, Nucl. Phys. B 472, 591 (1996) [arXiv:hep-
th/9602043]; A. Dhar, G. Mandal and S. R. Wadia, Phys. Lett. B 388, 51 (1996)
[arXiv:hep-th/9605234]. S. R. Das and S. D. Mathur, Nucl. Phys. B 478, 561 (1996)
[arXiv:hep-th/9606185]; J. M. Maldacena and A. Strominger, Phys. Rev. D 55, 861
(1997) [arXiv:hep-th/9609026].

S. G. Avery, B. D. Chowdhury and S. D. Mathur, arXiv:1002.3132 [hep-th].

S. G. Avery, B. D. Chowdhury and S. D. Mathur, JHEP 1006, 032 (2010)
[arXiv:1003.2746 [hep-th]].

S. G. Avery and B. D. Chowdhury, JHEP 1105, 025 (2011) [arXiv:1007.2202 [hep-th]].

23



8]

[9]

[10]

[11]

[13]

[14]

C. T. Asplund and S. G. Avery, Phys. Rev. D 84, 124053 (2011) [arXiv:1108.2510
[hep-th]].

B. A. Burrington, A. W. Peet and 1. G. Zadeh, Phys. Rev. D 87, no. 10, 106008
(2013) [arXiv:1211.6689 [hep-th]].

B. A. Burrington, A. W. Peet and I. G. Zadeh, Phys. Rev. D 87, 106001 (2013)
[arXiv:1211.6699 [hep-th]].

A. Pakman, L. Rastelli and S. S. Razamat, JHEP 0910, 034 (2009) [arXiv:0905.3448
[hep-th]]; A. Pakman, L. Rastelli and S. S. Razamat, Phys. Rev. D 80, 086009
(2009) [arXiv:0905.3451 [hep-th]]; A. Pakman, L. Rastelli and S. S. Razamat,
arXiv:0912.0959 [hep-th].

O. Lunin and S. D. Mathur, Nucl. Phys. B 623, 342 (2002) [arXiv:hep-th/0109154].
O. Lunin and S. D. Mathur, Phys. Rev. Lett. 88, 211303 (2002) [arXiv:hep-
th/0202072]; O. Lunin, J. M. Maldacena and L. Maoz, arXiv:hep-th/0212210;
S. D. Mathur, A. Saxena and Y. K. Srivastava, Nucl. Phys. B 680, 415 (2004) [hep-
th/0311092]. O. Lunin, JHEP 0404, 054 (2004) [arXiv:hep-th/0404006]; S. Giusto,
S. D. Mathur and A. Saxena, Nucl. Phys. B 710, 425 (2005) [arXiv:hep-th/0406103];
I. Bena and N. P. Warner, Adv. Theor. Math. Phys. 9, 667 (2005) [hep-th/0408106].
V. Balasubramanian, E. G. Gimon and T. S. Levi, JHEP 0801, 056 (2008) [hep-
£h/0606118).

S. D. Mathur, Fortsch. Phys. 53, 793 (2005) [hep-th/0502050]; K. Skenderis and
M. Taylor, Phys. Rept. 467, 117 (2008) [arXiv:0804.0552 [hep-th]]; V. Balasubrama-
nian, J. de Boer, S. El-Showk and I. Messamah, Class. Quant. Grav. 25, 214004 (2008)
[arXiv:0811.0263 [hep-th]]. B. D. Chowdhury and A. Virmani, arXiv:1001.1444 [hep-
th]. S. D. Mathur, Annals Phys. 327, 2760 (2012) [arXiv:1205.0776 [hep-th]]. I. Bena
and N. P. Warner, arXiv:1311.4538 [hep-th].

I. Bena, J. de Boer, M. Shigemori and N. P. Warner, JHEP 1110, 116 (2011)
[arXiv:1107.2650 [hep-th]]. I. Bena, S. Giusto, M. Shigemori and N. P. Warner, JHEP
1203, 084 (2012) [arXiv:1110.2781 [hep-th]]. G. W. Gibbons and N. P. Warner, Class.
Quantum Grav. 31, 025016 (2014) [arXiv:1305.0957 [hep-th]].

S. Giusto, R. Russo and D. Turton, JHEP 1111, 062 (2011) [arXiv:1108.6331 [hep-
th]; O. Lunin, S. D. Mathur and D. Turton, Nucl. Phys. B 868, 383 (2013)
[arXiv:1208.1770 [hep-th]]. S. D. Mathur and D. Turton, JHEP 1404, 072 (2014)
[arXiv:1310.1354 [hep-th]]. I. Bena, S. F. Ross and N. P. Warner, arXiv:1312.3635
[hep-th].

24



[16] O. Lunin and S. D. Mathur, Commun. Math. Phys. 219, 399 (2001) [arXiv:hep-
th/0006196]; O. Lunin and S. D. Mathur, Commun. Math. Phys. 227, 385 (2002)
[arXiv:hep-th/0103169].

25



	1 Introduction
	2 The D1D5 CFT at the orbifold point
	2.1 The D1D5 CFT
	2.2 Nature of the twist interaction

	3 Effect of the twist operator on the vacuum state
	3.1 Modes on the cylinder w
	3.2 Modes on the z plane
	3.3 Modes on the covering space t
	3.4 Method for finding the Bkl
	3.5 Computing the Bkl
	3.6 Expressing Bkl in final form
	3.7 The case M=N=1

	4 Effect of the twist operator on an initial excitation
	4.1 Method for finding the fB(i)mk
	4.2 Computing fB(1)mk
	4.3 Expressing fB(1)mk in final form
	4.4 Computing fB(2)mk
	4.5  Summarizing the result for B(1)qs, B(2)rs

	5 The continuum limit
	5.1 Continuum limit for the Bkl
	5.2 Continuum limit for the fB(i)qs

	6 Discussion

