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Gravitational-wave astronomy has been a burgeoning field of research since the first
detection of a merging black hole binary in 2015 [3]. As gravitational-wave detector
sensitivity improves, our models must keep pace. The planned space-based detector
LISA will be sensitive to new gravitational wave sources, such as extreme-mass-ratio
inspirals (EMRIs). Precise extraction of EMRI parameters from LISA data will require
highly accurate waveform templates. These templates need models which include,
among other things, the dissipative piece of the second-order self-force in Kerr. This
thesis formulates methods to help calculate the second-order self-force in Kerr.

In the first part of the thesis, I develop a general framework for second-order
calculations by deriving a new form of the second-order Teukolsky equation. I show
that the source of this equation is well defined (in a highly regular gauge [151, 185])
for second-order self-force calculations. Additionally, I present methods for
calculating second-order gauge-invariants. I produce an algebraic method for
calculating a gauge-invariant. I also provide a formalism for calculating a
gauge-invariant associated with the Bondi-Sachs gauge (with a fixed BMS frame). The
asymptotically flat property of the Bondi-Sachs gauge is shown to circumvent
infrared divergences that arise in generic second-order calculations.

Next, I calculate a general formula for the second-order source, decomposed into
spherical harmonics, in Schwarzschild. Using this formula, I help to implement a
framework for quasi-circular inspirals in Schwarzschild. I transform the source to a
near-Bondi-Sachs gauge, increasing the asymptotic falloff by two orders in r. My
collaborator Ben Leather integrates the resulting source. From the resulting quantity,
we will extract fluxes and evolve inspirals to first post-adiabatic accuracy.

In the final part, I take a step toward implementation in Kerr by developing a new
method of constructing a more regular first-order perturbation [183]. To help
formulate this method, I implement Green-Hollands-Zimmerman metric

construction [86] for a stationary point-mass in flat spacetime.
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t/ 7, 9/ ¢
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Geroch—-Held-Penrose
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Bondi-Sachs coordinates
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coordinate of point on the worldline
compact object radial Boyer-Lindquist coordinate
radial distance from the worldline

(n — 1)-th post-linear operation
Newman-Penrose tetrad
Newman-Penrose derivatives
Geroch-Held-Penrose derivatives

spin and boost weights

GHP weights

azimuthal and magnetic harmonic numbers
exact metric

background metric

n-th-order metric perturbation
first-order metric perturbation

covariant derivative (associated with g,)
partial derivative

Lie derivative

of order a
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XXii DEFINITIONS AND ABBREVIATIONS
Os spin-s Teukolsky operator
Ss spin-s Teukolsky source operator
Ts spin-s Teukolsky field scalar operator
E or Gy, linearised Einstein operator
t adjoint
U mass of the compact object
M mass of the supermassive black hole
a spin parameter of the supermassive black hole
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a coefficient in terms of ¢ and n



Preamble

This preamble endeavours to summarise my thesis for a non-expert audience
(physics/applied mathematics undergraduates and well-informed members of the
public).

The last century has shown General Relativity to be outstandingly successful at
describing gravity. It has survived every physical measurement that experimentalists
and astronomers have devised to test it. Improving on such tests will require probing
more extreme regimes of spacetime curvature to assess whether and where General

Relativity breaks down.

A new era for testing General Relativity began in 2015 when LIGO made the first
detection of gravitational waves [3]. Gravitational waves propagate outward at the
speed of light, expanding and contracting space and time as they pass. Einstein
predicted their existence due to General Relativity in 1916 [66]. The gravitational
waves LIGO first detected were produced billions of years ago by a merging binary
black hole system. The detection marked the dawn of a new era for astronomy in two

senses:

¢ the first detection of a whole new class of radiation with which to observe the

universe,

¢ the first direct observation of black holes.

As gravitational wave signals are weak, they are usually hidden beneath detector
noise. Extracting the wave signal from detector data requires matched filtering
techniques. matched filtering matches signals in the data to waveform templates. This

technique relies on using a bank of waveform templates from accurate source models.

Since 2015, there have been dozens of binary black hole detections (and a handful of
black hole-neutron star binaries and neutron star binaries) by the
LIGO/VIRGO/KAGRA collaboration. These detections have been rich in
astrophysical information and produced constraints on alternative theories of gravity.
Testing General Relativity further with gravitational wave astronomy will be possible

as detectors increase in sensitivity. However, this will require more precise models of
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the systems that produce gravitational waves. Improving the precision of binary
models in General Relativity is the subject of this thesis.

Before I discuss the type of model I have improved, allow me to explain why I chose
to pursue a Ph.D. as a relativist: General Relativity is undoubtedly a beautiful theory,
birthed out of the simple notion that gravity is fundamentally a manifestation of the
curvature of space and time. As the Einstein field equations (EFE) have proven
challenging to solve, there is still much to learn and achieve. Lastly, the interaction of
General Relativity with observations has just begun, and the next few decades of
gravitational wave research have the potential to become a golden age in physics.

Techniques for modelling systems that emit gravitational waves have been of
mathematical interest for over half a century. They have recently risen to prominence
due to the first detection of gravitational waves. Modelling gravitational wave sources
is not a simple task as the equations governing General Relativity, the EFE, are
challenging to solve. The Schwarzschild and Kerr solutions are two of the most
astrophysically relevant exact solutions to the EFE. These solutions describe stationary
black holes; however, being stationary, they do not emit gravitational waves. To model
gravitational waves-emitting systems, one must resort to solving the EFE

numerically [17] or finding approximate solutions using techniques like perturbation
theory [142]. This thesis concentrates on black hole perturbation theory which
calculates small perturbations to the Schwarzschild or Kerr solutions to build

approximate solutions to the EFE (which emit gravitational waves).

Models alone are insufficient to test physics; we also need observations to test them
against. One of the next logical steps in gravitational wave astronomy is building a
space-based interferometer. Current plans are for the Laser Interferometer Space
Antenna (LISA) to be launched in 2034 [58]; China is also planning two space-based
detectors [103, 165]. LISA will detect gravitational waves signals in the mHz
frequency band (a significantly lower frequency than LIGO), opening up the
possibility of detecting new types of gravitational waves sources. The primary
application of the work in this thesis will be modelling a key source for LISA,
extreme-mass-ratio inspirals (EMRIs). EMRIs occur when a compact stellar-mass object

(such as a black hole or neutron star) slowly inspirals into a supermassive black hole.

The evolution of an EMRI from bound orbit to merger is driven by the emission of
gravitational waves carrying energy and angular momentum away from the system.
The perturbation caused by the presence of the inspiraling object produces these
waves. The energy and angular momentum carried away by the waves correspond to
the work done (by a force) on the inspiralling object. This force, effectively generated
by the presence of the inspiraling object, acts on the object itself. Hence, the effect is
known as gravitational self-force. As the self-force is a small effect, it can be calculated
with high accuracy using black hole perturbation theory.



DEFINITIONS AND ABBREVIATIONS

EMRISs offer excellent testing grounds for General Relativity. The compact object
spends a long time (~ 2 years) near the supermassive black hole. In this region, the
spacetime curvature is stronger (known as strong-field) than the regimes in which we
usually test General Relativity (e.g., the solar system). Additionally, the compact
object achieves relativistic velocities (~ 0.3c) during an inspiral. Moreover, EMRIs are
detectable for O(10°) space-filling orbits before the inspiraling object plunges into the
supermassive black hole. Hence, LISA observations of EMRIs will be excellent maps
of the spacetime around a supermassive black hole. For a review of the possible tests
of General Relativity and astrophysics that can be performed with EMRISs, see Refs.
[27, 18, 14]. To summarize, EMRISs are expected to be sensitive to violations of the
no-hair theorem, extra degrees of freedom beyond General Relativity, dark matter, and

astrophysical effects.

Precise extraction of an EMRI’s parameters from LISA measurements will require
highly accurate waveform models. These models must be calculated to what is known
as post-adiabatic order [69] accuracy. This high accuracy requirement can be understood
by considering that an EMRI will typically be in the LISA frequency band for
hundreds of thousands of orbits. Hence, even a small error in modelling a single orbit
will cause the accumulation of a significant error throughout the whole inspiral. These
highly accurate models require, amongst other things, contributions from the

second-perturbative-order self-force [69].

This thesis presents methods to help calculate the second-order self-force. Recently,
the first second-order self-force results have been published [156, 195, 194]. However,
these results specialize to a Schwarzschild black hole (which has no spin).
Astrophysical supermassive black holes are expected to have significant spin. Hence,
astrophysically accurate self-force models need to be for a Kerr black hole. Here, I
develop new second-order methods, applicable for self-force calculations in Kerr. I
derive an equation for calculating a second-order quantity in Kerr, from which the
self-force can likely be extracted. I also help solve this equation in Schwarzschild and
will soon calculate the second-order self-force (and compare the results with

Ref. [195]).






Chapter 1

Introduction

In this chapter, I review the astrophysical motivation for this work: producing
high-accuracy waveform models of compact binaries for data analysis of gravitational
detector observations. I then provide introductory material on the mathematical tools
I will build on in later chapters. The premise is to motivate second-order self-force
calculations clearly and include the necessary groundwork for the reader to follow the

subsequent chapters.

1.1 Conventions

In this work, I use geometrical units where ¢ = G = 1.  use a metric signature
(—, 4,4, +) unless stated otherwise.

The index notation applies as follows:

¢ Lowercase Latin indices are abstract indices [191].

* Lowercase Greek indices are 4D tensor component indices (e.g., = {0,1,2,3}).

Capital Latin indices denote 2D components of tensors on the unit sphere (e.g.,
B € {2,3}).

* Lowercase Latin indices in square brackets are tetrad indices (e.g.,
la] = {[1], 2], [3], [4]})-
Subscript or superscript numbers in round parentheses are labels representing the

order of the perturbation.

Generally, I am discussing vector and tensor fields but will drop the word fields for

conciseness.



6 Introduction

1.2 Gravitational-wave astronomy: state of play

Gravitational waves were predicted by Einstein using his theory of General Relativity
in 1916 [67]. Almost a century later, in 2015, the LIGO collaboration made the first
detection of gravitational waves [3]. The source of the signal LIGO detected was
produced around a billion years ago when a black hole binary merged. The two black
holes were initially of around 36 and 29 solar masses. During the inspiral and merger,
about three solar masses of energy were emitted in gravitational waves. The peak
power (for a few milliseconds) was greater than the electromagnetic luminosity of all
the stars in the universe combined. Still, detecting this signal was an astounding feat
as these waves changed the length of LIGO’s four-kilometre detector arms by only a

thousandth of a proton’s width.

Over the last seven years, more gravitational wave detections of binary systems have
steadily been made by the LIGO/VIRGO/KAGRA collaboration [5]. Fig. 1.1 [76] gives
a visual representation of the detections made as of November 7, 2021. Achieving the
incredible precision required to detect the gravitational waves produced by these
binaries has been a scientific endeavour on three fronts: technology, data science, and
modelling. Building the high precision detectors was a technological challenge.
However, the signals measured by these detectors are (usually) hidden under the
detector noise. Hence, extracting precision measurements from the detector’s data
requires using matched filtering with accurate waveform templates (of the source that
produced the signal). The modelling community produces these waveform templates.

Fig. 1.1 [76] shows the range of binaries detected to date. Most detections have been
black hole binaries; additionally, a few are neutron star-black hole binary and neutron
star binary detections have been made. However, the range of sources is limited by
the sensitivity of LIGO/VIRGO/KAGRA. Binaries with a black hole of mass > 200
solar masses produce gravitational waves with a frequency outside the sensitive
region of the LIGO/VIRGO/KAGRA frequency band.

The grey arrows in Fig. 1.1 [76] represent the difference in masses of the two objects in
the binary. Currently, the smallest mass ratio of a published LIGO/VIRGO/KAGRA
detection is around 0.04 [6]. Detecting smaller mass ratios is limited by the frequency
bandwidth of the LIGO/VIRGO/KAGRA detectors (as small mass ratio require the
primary object to have significant mass, which results in lower frequency gravitational
waves outside LIGO/VIRGO/KAGRA sensitivity bandwidth) and the modelling

capabilities used to make the waveform templates.



1.3. Extreme-mass-ratio inspirals
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FIGURE 1.1: The stellar graveyard: black holes and neutron stars detected using elec-
tromagnetic and gravitational wave signals. This includes the binaries detected by
LIGO/VIRGO/KAGRA as of November 7, 2021.[76]

1.3 Extreme-mass-ratio inspirals

Evidence shows that at the centre of each galaxy lies a supermassive black hole [161],
with masses reaching up to 10°Mg. Supermassive black holes were first indirectly
observed half a century ago [196] by examining orbits of stars near the galactic center,
and their existence astounded astronomers. In 2019 the Event Horizon Telescope
collaboration published the first image of a supermassive black hole [54] (see Fig. 1.2),
showing a ring generated by a hot, luminous accretion disk with a supermassive black
hole at its centre. In 2022, the Event Horizon Telescope collaboration also published an
image of Sagittarius A* [9]. The origin and evolution of supermassive black holes are
still relatively unknown. They are expected to have a close connection to the origin
and evolution of galaxies [161], and galactic centres are the only place where they
have been found.

Supermassive black hole are not alone in galactic centres; a busy neighbourhood of
orbiting stars surrounds them. Still, these stars rarely encroach close enough to merge
with the supermassive black hole. Hence, when a stellar-mass object is captured into a
sufficiently closely bound orbit around the supermassive black hole (e.g., see Fig. 1.3),
the pair become effectively isolated from their surroundings. Such a binary system
eventually is called an extreme-mass-ratio inspiral (EMRI).

General Relativity effects cause the dissipation of energy and angular momentum
away from the system. Hence, the orbit of the compact object is not stable. Over the
timescale years, the compact object evolves through progressively tighter bound orbits
until it eventually plunges into its enormous neighbour’s event horizon. The
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FIGURE 1.2: The first image of a supermassive black hole. Produced by the Event
Horizon Telescope collaboration using radio telescope observations of the supermas-
sive black hole M87* [54].

inspiralling object must be compact to prevent tidal forces from ripping it apart as it

travels closer to the supermassive black hole before reaching the merger.

EMRISs are characterised by their mass ratio,

e = % (1.1)
where y is the mass of the stellar-mass compact object and M is the mass of the
supermassive black hole. EMRISs are described as extreme due to the smallness of the
mass ratio (107> > & > 1078). They differ from the comparable mass binaries
(1 2 & 2 10~1) which LIGO has detected [3]. A third class of binaries are intermediate
mass-ratio inspirals (IMRIs) (1072 > £ > 107%); these systems can occur when a
stellar-mass object inspirals into an intermediate-mass black hole, or an
intermediate-mass black hole inspirals into an supermassive black hole. Excitingly,
improvements to ground-based gravitational-wave detectors will make
LIGO/VIRGO/KAGRA more sensitive to IMRIs in future observation runs [11]. There
is a further class of binaries, so-called extremely-large mass-ratio inspirals (¢ < 1078) [12].

In EMRISs, spacetime is strongly curved, and the velocities are highly relativistic.
Hence, even high-order post-Newtonian approximations do not achieve the required
accuracy to model full inspirals [23]. An added complication is that astrophysical
supermassive black holes are expected to have significant spin. The spacetime
surrounding such black holes is described by the Kerr metric [97]. Bound orbits
(geodesics) of Kerr spacetime are significantly more complicated than in the
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FIGURE 1.3: Examples of bound geodesics (blue lines) of a Kerr black hole. The orbit

on the left is a typical geodesic, having three frequencies and being space filling (within

a torus outlined in black). The orbit on the right is a 3 : 2 (r-0) resonant orbit. Note

how resonant orbits are non-space filling, which impacts orbital evolution. Picture
taken from Ref. [23]

non-spinning black hole spacetime (Schwarzschild): in Kerr, to describe a generic orbit
requires the knowledge of its radial, polar, and azimuthal frequencies [48]. The three
fundamental frequencies correspond to three conserved quantities of Kerr geodesics:

energy, angular momentum, and the Carter constant [46]".

Kerr is stationary and axially symmetric; i.e., the Kerr metric g,, has two “Killing
vectors” ¢ and Ej which satisfy Lzg, = 0. Hence, the orbital energy and angular
momentum of Kerr geodesics are well-defined conserved quantities. The Carter
constant is a manifestation of the Kerr metric admitting a Killing tensor. The existence
of three fundamental frequencies reflects that not all Kerr geodesics exist on a single
plane; Kerr geodesics are generally space-filling in three dimensions, as illustrated by

Fig. 1.3.

Over a sufficiently short timescale, a Kerr geodesic will approximate an EMRI orbit
reasonably well. This is due to the curvature of the spacetime being dominated by the
presence of the supermassive black hole. However, unlike a test particle on a Kerr
geodesic, the mass of the compact object causes EMRISs to emit gravitational radiation.
The radiation dissipates either infinitely away from the system (to future null infinity,
Z%) or into the supermassive black hole horizon (affecting the supermassive black
hole’s mass and spin). The loss of orbital energy and angular momentum results in an
error growing with time if one assumes the compact object remains on a single Kerr
geodesic. Instead, one can (roughly) consider the compact object to sit on a series of
Kerr geodesics, corresponding to orbital constants that slowly evolve with time. The

1 As three fundamental frequencies are present, resonant orbits are significantly more likely to occur.
r — 0 resonances (which are possible in Kerr) have the strongest impact on orbital evolution, see Fig. 1.3.
Hence, resonance contributions are significant when modelling EMRIs. The problem of resonances [70, 29]
is not addressed in this thesis; please see Refs. [186, 130] for the current progress.
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evolution of two Kerr geodesic constants (the orbital energy and angular momentum)
clearly corresponds to the energy and angular momentum dissipated away from the
system and into the supermassive black hole. However, the evolution of the Carter
constant is related to the emitted waves in a less obvious way (as I shall discuss in
Sec. 1.7.4).

1.4 LISA and detecting EMRIs

The progression of telescope sensitivity to new bandwidths of the electromagnetic
spectrum uncovered unseen sources of electromagnetic radiation. Similarly, new
gravitational wave detectors, sensitive to different bandwidths of gravitational wave
frequencies, will allow us to observe yet unseen gravitational wave sources. The LISA

mission plans to observe unexplored gravitational wave frequency regimes.

Like LIGO, LISA will be a laser interferometer instrument designed to detect
gravitational waves [58]. However, it will be housed in outer space rather than on
Earth. LISA will consist of three satellites suspended in a Lagrange point (of the
Earth-Sun binary system) trailing the Earth’s solar orbit by 50 million km [16]. China
is also planning two space-based detectors, TianQin [103] and Taiji [165].

Being situated in space brings many advantages. The lasers must travel in a vacuum
to avoid atmospheric noise; LIGO requires large vacuum tubes with cutting-edge
technology to produce the best possible vacuum [2] (whilst minimising thermal noise
from any equipment). For LISA, the near-vacuum of space is a convenient medium to
house a laser interferometer. With no need for tubes connecting the interferometer
arms, LISA will be O(10°) times longer than LIGO, with an arm length of 2.5 x 10°
km. This will help LISA reach peak sensitivity in the mHz band, a much lower
frequency than LIGO is sensitive to (as illustrated in Fig. 1.4 [44]). These
lower-frequency gravitational waves are undetectable on earth due to seismic noise,
another problem which LISA avoids by being in space. Within LISA’s frequency band
sit EMRIs with a mass ratio (€) of 107> to 10~7 (amongst other binary signals and
gravitational waves from the early universe) [58].

LISA is expected to be sensitive to EMRI signals out to a redshift of z ~ 4 [56]. While
LISA will be in the range of a large population of supermassive black holes, the
expected capture rate of compact stellar remnants into an EMRI system is low.
Current estimates expect tens to hundreds of detectable EMRIs over the LISA mission
lifetime [75].

When LISA begins to detect EMRISs, it will allow us to study the astrophysics of
galactic centres and supermassive black holes to impressive precision. It is predicted
that measurements of the mass and spin of the supermassive black hole can be
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FIGURE 1.4: The sensitivity curves of a selection of planned and operating gravita-

tional wave detectors (IPTA is International Pulsar Timing Array, CE is Cosmic Ex-

plorer, and ET is Einstein Telescope) and the sources they will be sensitive to. Pro-
duced using Ref. [44].

extracted from EMRI signals to a precision of 1 part in 10* [23]. Data will also be
collected on the so-called stellar relics present near the centres of galaxies.
Astronomers will observe the zoo of compact objects inspiraling into supermassive
black holes. Eventually, data analysts will be able to construct a mass distribution of
these compact objects. LISA will also be sensitive to IMRIs where an
intermediate-mass black hole (100M, — 10*M,,) inspirals into a supermassive black
holes. Hence, LISA could then test whether intermediate-mass black holes exist near

galactic cores [58].

In addition, EMRI detections will be used to measure the universe’s rate of expansion.
EMRIs are potential standard sirens (the gravitational wave version of standard
candles) as their detection can be used to measure distance [91]. There are currently
two disagreeing measurements for the expansion of the universe (the Hubble
constant) using electromagnetic radiation measurements [162]. EMRIs and other

standard sirens could provide measurements to help resolve this tension.

EMRIs also offer a groundbreaking opportunity to test General Relativity. Measuring
EMRI signals in LISA data to the planned precision would constrain General
Relativity to one or more orders of magnitude higher than any other planned
experiment [13]. As an EMRI is detectable over the timescale of O(1) year, and Kerr
geodesics are space-filling, their signal allows us to produce a detailed map of the
spacetime. This makes EMRIs an excellent laboratory to test the Kerr hypothesis (i.e.,
testing the no-hair theorem). Ref. [27] gives a review of the astrophysical and General
Relativity effects to which LISA will be sensitive, highlighting how precise parameter
extraction from EMRIs is a crucial component of LISA science.
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However, EMRI signals will be dominated not only by LISA’s instrumental noise [23],
but by other types of astrophysical gravitational-wave signals, supermassive black
hole binaries [27]. Matched filtering is necessary to extract EMRI signals. It is expected
that detecting an EMRI within LISA data will only require so-called Kludge models
[52]. These models do not describe the precise physics which drive the motion of
EMRISs, but are quick to calculate and are probably sufficiently accurate to detect most
EMRI signals. However, measuring an EMRI requires higher precision than detecting
an EMRI. Waveform models must be highly accurate for precise parameter extraction,
with significantly less than 1 radian orbital error throughout the whole inspiral.

Kludge models are unable to achieve this level of accuracy.

1.5 Modelling EMRIs

Modeling EMRIs presents some distinct challenges as compared to modelling the
comparable-mass binary mergers observed by LIGO [23]. The numerical relativity
techniques utilised for comparable-mass binaries are not suitable for EMRIs because
an EMRI is a system of such contrasting length scales. Post-Minkowski methods are
not appropriate due to the strong field nature of EMRIs. Post-Newtonian methods
suffer a double shortfall because they take both a weak-field and small-velocity limit.
In contrast, the later stages of EMRIs are in the strong field and involve relativistic
velocities. The strengths and limitations of these methods when modelling
comparable-mass binaries and EMRIs are represented in Fig. 1.5. Additionally,
effective one-body theory [43] combines the knowledge of all these theories to model
binaries for all mass ratios and separations. As effective one-body theory is currently
calibrated with Numerical Relativity data, it is most accurate and reliable in the
comparable-mass regime.

The disparate mass scales in EMRIs provide a practical solution for modelling their
spacetimes: perturbatively expanding the metric in powers of the mass ratio €. In
EMRISs, the background spacetime is Kerr, and the presence of the compact object
produces perturbations. These perturbations, in turn, affect the compact object’s
motion. One can consider the deviation of the motion of the compact object away
from a Kerr geodesic as the result of a force generated by the object’s own
gravitational field. Hence, this modelling method is known as self-force theory.

Before jumping into the details of self-force theory and black hole perturbation theory,
I conclude this section with an argument on why calculating the dissipative piece of
the second-order self-force is necessary for precise EMRI measurements.
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FIGURE 1.5: Visual representation of the regions of applicability for black hole binary
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Taken from [21].

1.5.1 Why the second-order gravitational self-force is required

The self-force per unit mass (F¢;) the compact object experiences can be expanded in
orders of the mass ratio,

Fép = eFfyy + €2 Ff) + O(). (1.2)

The effect of the self-force on the motion of the inspiraling object is described by the
object’s equation of motion,

W'Vyu' = a® = (eFf + EFy)) + O(), (1.3)

where u* is the four-velocity of the compact object and V' is the covariant derivative.
Hence, due to the self-force, the compact object does not remain on a geodesic of Kerr
spacetime.

Methods for calculating F{l) have been the subject of a great amount of research over
the past few decades and are now at a mature stage. F(“l) can now be calculated for
generic orbits in Kerr [114]. However, precise parameter extraction will require
models which account for the dissipative piece of Fo [69]. Here, I give a brief scaling
argument for why this is necessary:

To begin the scaling argument, I show the long timescale (t) of an EMRI is O(1). This
can be understood by comparing the orbital energy with how quickly energy is
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dissipated from the system through gravitational waves. The rate of energy
dissipation scales as £ = ‘;—If ~ hg})z ~ g2 [15]. The orbital energy of the compact object

iszy.Astw%and%NeﬁzN%;therefore,tN%.

The error in the position (6z*) is related to the error in the acceleration (da#) associated

with the self-force on the long timescale of the whole inspiral [145],
ozt ~ 1ot ~ Lsal. (1.4)

For 6z" to be small, da! = 0(83 ) is necessary. Hence, the equation of motion (a#) must
be calculated through to second order to achieve an accurate model over an entire
EMRI. That is the second-order self-force is required.

The self-force can be separated into a conservative piece (which conserves the orbital
energy of the system over an averaged orbit) and a dissipative piece (which radiates
orbital energy away from the system). Hinderer and Flanagan [69], through a more
rigorous argument, describe why only the dissipative second-order self-force effects
are required. To summarise, their key result is the following: the (radial, polar, and

azimuthal) phases of the inspiral (¢;), over long time scales, have the expansion
1
#ilt,e) = ¢! (be) + ol (o) + OCe), (15)

where (,bl.{o} is dependent on dissipative first-order self-force and 4)17{1} (t,¢) is dependent
on the complete first-order self-force and the dissipative second-order self-force [69].
Hence, to calculate ¢;(t, ¢) through order €° the dissipative piece of the second-order
self-force must be calculated. Calculations including 4)1.{0} are know as adiabatic
accuracy, and calculations including up to and including gbi{l} are known as first-post

adiabatic accuracy (the numbers in curly brackets denote the post adiabatic order).

Fig. 1.6 shows a numerical approximation of the regimes where various modelling
methods are accurate. The data is produced by fitting Eq. (1.5) to Numerical Relativity
waveforms, and then assessing how large an error would accumulate if only the first
two terms are included. The Numerical Relativity waveforms are for quasi-circular
orbits in Schwarzschild and provides evidence that first-post adiabatic waveforms
have good accuracy in the ~ 1 : 10 mass ratio regime. This estimate has been shown to
hold for first-post adiabatic waveforms for quasi-circular orbits in Schwarzschild in
Refs. [156, 195, 194]. This plot (and the results in Refs. [156, 195, 194]) clarify the

prediction of the regimes where methods are valid represented in Fig. 1.5.

1.6 Black hole perturbation theory and gravitational self-force

In this section, I review the key methods of self-force modelling. I describe a
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FIGURE 1.6: Estimates for the regions of applicability for black hole binary modeling
techniques. In red onesees that first-post adiabatic models perform well even in the
large mass-ratio regime. Taken from Ref. [188].

framework for black hole perturbation theory and summarise some first-order
self-force methods, focusing on which methods need to be extended to second order. I
then survey the current state of second-order self-force calculations and review the

Newman-Penrose formalism and Teukolsky equation.

1.6.1 Black hole perturbation theory framework

In General Relativity, metrics of physical spacetime are solutions to the EFE,
Guap [gub] = 87Ty, (1-6)

where G, is the Einstein tensor, g, is the metric, and Ty, is the stress-energy tensor. It
is challenging to find physically interesting exact solutions to Eq. (1.6) as G is
infinitely non-linear in its argument (g,;). Also, as a tensor equation, Eq. (1.6) is
equivalent to 10 real scalar equations (6 of which are independent and 4 are
constraints corresponding to V?G,;, = 0). There are known analytical solutions to the
EFE, and the astrophysically relevant black hole solutions are Schwarzschild and Kerr
black holes. Finding these solutions relied on their temporal and axial symmetry. As
these solutions are stationary, they do not emit gravitational waves. Finding exact
solutions allowing for gravitational radiation is not feasible analytically. The desire for
calculating solutions which admit gravitational waves led to Numerical Relativity, a

method for solving Eq. (1.6) numerically. However, numerical solutions are
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computationally expensive and a numerical error is introduced. Approximate
solutions can also produce models of interesting physical phenomena and be
compared to measurements (to a given precision that the approximation is valid).
Perturbation theory can be used to find approximate solutions to Eq. (1.6) which emit

gravitational waves.

Perturbative expansions involves approximating a quantity, such as a tensor
Aa]mambl“'b", with a series expansion (in terms of orders of a parameter A). For example,

A blmbn — Ag?.)"amb]---bn +/\Agi)"ambl-.-bn + AZAgf)amblbn + (17)

a...am

For this series to approximate Aa]mambl“'b” accurately, it requires |A| < 1. Therefore,
each successive order in the expansion will be smaller than the previous. The
disparate mass scales in an EMRI system make the mass ratio, ¢, an ideal expansion
parameter for self-force calculations. As the mass ratio for an EMRI is O(107°-10~7),
even a perturbative expansion truncated at second order provides an accurate

approximation.

The principal object in tensor geometry is the metric (g,;). A perturbative expansion of

the metric is (conventionally) written as

g = 8 +enl) 4 2n? gy (1.8)
Here, gig) is the background metric and hgz) are the nth-order metric perturbations.
gflg) is a solution to the EFE (Eq. (1.6)) and plays a special role in perturbative

calculations as it is used for the raising and lowering of indices. Following
©0)
b

b 1S also associated to the covariant derivative V, (i.e.,

convention [191], g

% g(g) = gt(zg)"c = 0). For this work I shall use the Kerr metric for &(12) (unless I specify

a
otherwise). For visual elegance, I simplify my notation, writing Eq. (1.8) as

g =0+ 412 +0(E) as)

a

(n)

where the metric perturbations /,,” have absorbed their corresponding power of the

expansion parameter (¢"). Throughout this work, (1) superscripts or subscripts on

(0)

tensors indicate that they are O(¢"). The superscript (0) on g ag is often dropped for

succinctness.

Note, by enforcing g*’g;,. = 67 it is straight forward to show that the the contravariant

metric takes the form,

a a a a 1 a
8" = go) — h{i) + {5 by — his) + O(E). (1.10)

Just as I have expanded tensors in orders of ¢, one can expand the infinitely non-linear

behaviour of G, as a series of tensors 6" G,;. Achieving a explicit expansion for the
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non-linear nature of G, requires an explicit background metric which satisfies the EFE
G — 87Ty 111
ub[gab] T ab 7 ( . )

In this thesis, I assume g,; satisfies the vacuum EFE (that is, Tég ) = 0). Kerr spacetime
satisfies this assumption. The EFE can then be expressed in orders of how many (1)
arguments it takes [191],

Gap [xab] = 5Gah[xab] + 52Gab [xab/ xab] + (53Gab [xab/ Xab, xab] + ... (1.12)
where 6"A = %%A [gég) + Ahab} |A—o for any tensor A and x,, is some two-tensor.
Note, the form of 6" G,;, depends on the background metric g,; but, as g,, generally
remains fixed during a perturbative analysis, my notation does not explicitly write
5"Gyp as explicit functions of g,p. G,y is called the linearised Einstein tensor, 6*Gg, the

quadratic Einstein tensor, and so on.

I now express the left hand side of Eq. (1.6) using the expansions in Eq. (1.12) and
Eq. (1.9), this gives

{ @]
+ %G8 + 1)+ 1Y 4 n

a a

Gab [gab] :‘SGab [g((l:) + hp(z? + h(

a a

PR PN (1.13)

To express the right hand side of Eq. (1.6) the stress-energy tensor can be expanded in
orders of €. Eq. (1.6) therefore reads as
0Gu[hy)] +8Guwh}] + 8Gulhy) 1)) = 8(T) + TD) + O(), (1.14)

where I have used that gflg) satisfies the vacuum EFE (that is, 6" G,p[g,] = 0 and
0) _

T — ).
b

a

Eq. (1.14) can be solved to a given O(e") by re-expressing it as a series of n equations
in ascending orders of ¢:

G [n)] =8rT) (1.15)
5Gu[BD] =8nT?) — 52G [n1Y), n)) (1.16)
5Guh] =... (1.17)

Hence, first-order perturbation theory involves finding a metric perturbation hi?

which satisfies Eq. (1.15). Extending to second order boils down to finding a hfli)
satisfying Eq. (1.16) (for a hfzé) which satisfies Eq. (1.15)).

To understand the equations needed to be solved in black hole perturbation theory, I
will express 6Ggp [,p] and 62Ggp [y, hap) in terms of k. The Einstein tensor is the
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trace-reverse of the Ricci tensor, G, = R, (an over-line represents a trace reversal; i.e.,
Ry = Ry — %gahR, where R is the Ricci scalar R = g®R,;). Hence, the linearised

Einstein and quadratic Einstein tensors are

1
0Gap =0 |:Rab - zgabR:|
=R~ 38R, (1.18)
1
‘SZGab =5 [Rab - ZgabR:|

1
= Rap — 5 (oo (8°"6°Rat = 21'6R 1) +2hg0Ra ), (119)

where [ have used that Rgg) = 0 (as Kerr is vacuum)?. R, and 6R,;, can be expressed
as [152, 110]

1 :
ORapllta) =5 (2 (pye =il = W) (1.20)
1 1 ,
(SzRab[hab] :E (th (hab;cd + Nedap — ZhC(u;b)d) + <2hdd;c - hcd;d> <2hc(a;b) o hal;C)
. 1
+ haC’dhb[c;d] + zth;ath;b> ’ (1.21)

in a vacuum background spacetime. By combining Eq. (1.18) and Eq. (1.20) one finds

an expression for the linearised Einstein tensor in terms of h,,.

The complexity of 6" G,;, increases significantly as one extends to higher orders in 7.
Nevertheless, Egs. (1.15), (1.16), and (1.17) show that every order of metric
perturbation can be calculated by solving the linear EFE with a source containing the
lower-order metric perturbations. That is, the hierarchical structure of Egs. (1.15),
(1.16) and (1.17) places the increase in complexity into the source term (on the right
hand side). Because 6Gg is a linear operator, solving for a metric perturbation is much
more straightforward than solving the full EFE (Eq. (1.6)) for the full metric.

In a Kerr background spacetime, solving the linearised EFE is still challenging as it
reduces to a non-separable set of coupled PDEs. Solving Eq. (1.15) directly is possible
with numerical techniques [136]; however, these methods are generally slow due to
the disparate length scales and long inspiral timescales of EMRIs. In Secs. 1.7.3 and
1.8, I will review the commonly used method to indirectly solve the linearised EFE in
Kerr by using the Teukolsky equation and CCK metric reconstruction.

2Similarly, for self-force calculations 6R .4 hM] = 0 away from the worldline 7.
y ab y
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1.6.2 Gauge freedom and perturbation theory

Before discussing self-force theory, I review the role of gauge freedom in General
Relativity and perturbation theory. Here, I discuss how gauge freedom manifests itself

in General Relativity and subsequently at each order in perturbation theory.

General Relativity admits four gauge degrees of freedom. These freedoms correspond
to diffeomorphisms on the spacetime manifold (in the so-called active view [148]).
Alternatively, one can consider them as the freedom to choose a coordinate system (in
the so-called passive view [148]).

The freedoms are permissible due to the EFEs, Eq. (1.6), being underdetermined [191].
There are ten EFEs (1.6), which admit four constraint equations (V*G,, = 0), leaving
six evolution equations; whereas a generic metric, g,;,, has ten independent
components. Hence, the system is underdetermined. The four degrees of freedom in
the metric left unconstrained by the EFE are gauge freedoms.

Additionally, General Relativity is locally Lorentz-invariant. That is, the theory is
covariant under the three boosts and three spatial rotations of local Lorentz
frames [48].

(g) is

When one solves the field equations perturbatively, the background metric g,

generally associated with a specific gauge. I refer to the gauge of the background
spacetime as the choice in coordinates. Each nth-order perturbation is accompanied
by a further four infinitesimal gauge degrees of freedom. The term infinitesimal

denotes that these are O(¢") gauge freedoms of hfl';)

. As ¢ is small, the infinitesimal
gauge freedoms are near identity transforms of the background coordinates [148]. For
succinctness, I refer to the infinitesimal gauge as simply the gauge (as is common in
self-force literature). Methods for calculating the metric perturbations are often
associated with particular gauge choices. These gauges may not be fully specified
(e.g., the Lorenz gauge, which I will define in Sec. 4.1.1, has some residual gauge

freedom).

The number of gauge freedoms, and complexity of gauge transformations, become
more involved the higher the order of the perturbation. This can be seen by examining

how each metric perturbation transforms under gauge transformations [148],

a a a

1 1 0
hy = by + Ly gy (1.22)

W, 1. ~ (0
o + 5Lz Lo S (1.23)

@ @, L0,
My = hgy + Lz S Lz, b

a a

hffh’) — e,

where 5(1) and 5(2) are the first- and second-order gauge vectors respectively.
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One must also consider the limitations of individual gauges and the desire to calculate
measurable quantities easily. The extensivity of gauge freedom in General Relativity
accommodates gauges that obscure the physical geometry in certain regimes. For
example, using Schwarzschild coordinates to describe the Schwarzschild black hole
introduces coordinate singularities at the black hole horizon. As the coordinate
singularities are confined to a particular region, Schwarzschild coordinates can be
used to study physics away from the horizon. However, at the horizon, the singular
nature of the coordinates may obscure physical phenomena, such as a particle passing
through the horizon. Therefore, one must use a different gauge to probe the physical
geometry at the horizon. This example illustrates the meaning of describing a gauge
as bad; that is, a gauge that obscures the physical geometry in a region one is interested
in studying. Bad choices of gauge is a problem that occurs regularly in generic
self-force calculations. If a gauge is well behaved in a region of interest, then it is said
to be good. In this thesis I commonly tailor second-order self-force calculations to be

working in a good gauge.

1.6.2.1 Future null infinity and asymptotically flat gauges

Here, I review the definition of future null infinity (.# ), explaining what I mean by a
good gauge there, and discuss why such gauges are said to be asymptotically flat.

Examining future null infinity poses a challenge as physical spacetimes are
unbounded. To overcome this difficulty, one can use Penrose compactification [137].
That is, use a conformal transformation to produce a bounded, nonphysical metric,
which contains a region representing asymptotic infinity of the physical spacetime
[191, 107]. The region, known as conformal infinity, can span all asymptotic endpoints
of the physical spacetime. A section of the asymptotic boundary of interest for
gravitational-wave emitting systems is .#*, the surface of endpoints of outgoing null
geodesics (where energy and angular momentum are dissipated to). It is also
convenient to probe .# " using a retarded time coordinate (1) [140], reaching .#* by
taking r — oo whilst constraining u = constant.

The form of the metric at .# ™ establishes whether the gauge is good there. If all
curvature terms appear at orders in r below that of Minkowski (flat spacetime), then
the gauge is said to be good at .# ™. This is equivalent to saying the gauge is
“asymptotically flat” as the spacetime asymptotes to flat spacetime. Repeating this

definition explicitly, first consider the metric of flat spacetime, the Minkowski metric

-1 0 0 0
0 1 0 0
M _
g‘UV - 0 0 7’2 0 ’ (124:)
0 0 0 r?sin[f]
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expressed in inertial polar coordinates. Hence, for a gauge to be asymptotically flat the

metric must satisfy

o) o) o) o@)

_| o) o) o) o0
88 = o) o) ol o) | (1.25)

o) o) o) o)

(in similar coordinates), and derivatives of g,, with respect to r (at fixed u) decay one

order more rapidly with r. Often, one talks about the metric perturbation being

asymptotically flat. This means h;(ﬁ,) satisfies

o1 o(h) o) o)

w | o) oY) o) o)

W 0wy or) o) o) | (120
o@) 0(°) o) o)

and the derivative of 1, with respect to r (at fixed u) decays at least one order more
rapidly with r.

1.6.3 First-order self-force methods

I now turn my attention to self-force. Here, I cover some of the essential methods for
calculating first-order self-force.

1.6.3.1 Matched asymptotic expansions

In Sec. 1.6, I outlined how EMRIs are modelled using black hole perturbation theory
where the expansion parameter, ¢, is the mass ratio and the background spacetime is
the Kerr spacetime of the supermassive black hole. This model, known as the outer
expansion, is applicable in regions where the presence of the supermassive black hole
dominates the curvature of the spacetime. However, in a region significantly close to
the compact object, r ~ u (where r is the distance from the compact object) [146], the
curvature generated by the presence of the compact object dominates. Hence, the
outer expansion breaks down (the outer expansion is only valid for r > y).

In the region where spacetime curvature is dominated by the presence of the compact
object, known as the inner region, a new perturbative expansion is required. An
appropriate background spacetime for the so-called inner expansion is the metric of the
compact object. In this thesis, I assume the compact object is a non-spinning and
described by the Schwarzschild metric outside the object (but the methods here also
extend to a spinning compact object [193, 112]).



22 Introduction

Crucially, the same expansion parameter, ¢, is used in the inner expansion as used in
the outer expansion. This allows for matching the two asymptotic expansions in the
region where they meet (the buffer region).

For the inner expansion, : is held fixed while the expansion is calculated in orders of «.
The resulting metric expansion is

g = 8o+ HY + HS + O(), (1.27)

a

where H (Z) are the nth-order metric perturbations (which are produced by the

’ 0)

presence of the supermassive black hole) and gfho is the metric of the compact object

in isolation (Schwarzschild metric with mass u). This expansion is valid in the region
r~ U

The region y < r < M, known as the buffer region, seemingly lies outside the
domains of validity of both expansions [23]. However, one can assume the matching
condition; that is, when re-expanding each expansion into the buffer region, the two
expansions must agree term by term in powers of r and ¢ (since they both are
expansions of the same metric [147]). The form of the metric in the buffer region also
provides information on the multipole moments of the compact object it surrounds as
the buffer region effectively lies at asymptotic infinity in the local spacetime of the
compact object [147]. One concludes that at distances p < r (in the outer region), the

only significant properties of the compact object are its multipole moments.

Matched asymptotic expansions have been used to derive definitions of the
stress-energy tensor of the compact object in the outer expansion. For the case of the
compact object being a Schwarzschild black hole, the stress-energy tensor is a point
mass (Eq. (1.31)). Matched asymptotic expansions have also been used to derive

equations of motion for the compact object.

1.6.3.2 The MiSaTaQuWa equation

A significant stride forward into first-order self-force was made in 1997 by Mino,
Sasaki and Tanaka [197] and Quinn and Wald [159]; they each derived a first-order
equation of motion for the compact object in terms of the first-order metric
perturbation. This is equivalent to providing an equation for the first-order self-force.
The equation of motion, known as the MiSaTaQuWa equation, can be written as [147]

1 . .
at = ubu”;b = —EP”b(2hl(72dtml - hg;?;ml)ucud + O(&?), (1.28)

where a“ is the acceleration (away from geodesic motion) of the compact object, u* is

the four-velocity of the compact object, and P = g% + u*u®. hg?taﬂ is the piece of hii)
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that has propagated from points in the past of the compact object’s worldline, y (with
coordinates z#).

1.6.3.3 The split into the regular and singular fields

As seen in the MiSaTaQuWa equation, Eq. (1.28), the motion of the compact object
does not depend on the entire metric perturbation hfli). Detweiler and Whiting [59, 62]
showed that there is an alternative method to split hﬁ) (which is consistent with the
MiSaTaQuWa equation). This new split stemmed from a fundamental question which

initiated self-force research: what part of an object’s field affects its motion?

In electromagnetic theory, the importance of properly handling the self-field has long
been apparent. Radiation reaction is a clear manifestation of an object interacting with
its own field. That is, when a charged particle experiences a jerk (change in
acceleration) in a vacuum, it spontaneously emits electromagnetic radiation. The
radiation must derive from an interaction; hence, the jerked charge has interacted with
its own field. However, it is not immediately clear how to describe this interaction as
charged particles produce a singular electrostatic field at their position. Directly
calculating a force with a singular field would result in a singular self-interaction.
Theorists explained how a particle could interact with its own field by splitting the
field into a regular and singular piece, and proving that the object does not interact
with the singular piece [63]. The self-interaction with the regular part of the field
results in a regular self-force. Similarly, in General Relativity, one must consider which
(regular) part of the field an object interacts with and what singular part it does not
[23].

The regular part of the field can be described as part of an effective external field
which the object moves through. The effectively external metric compromises the
background metric and a regular piece of the metric perturbation. Detweiler and

Whiting applied this concept to the gravitational self-force problem by splitting the
(s

metric perturbation into a regular (hg)R) and self-field (i,,",

or singular) piece [59, 62],

1 1)S 1)R
) = n(® + nl)", (1.29)

a a

Where (SG[hS)S] = SNTH(; ) and & G[hfzi)R} = 0 [147]. To make the choice in split unique

constraints are required: i ué s depends only on the instantaneous state and position of
(DR
ab

split allows one to define an effective metric,

the particleand k" is causal, depending only on the particle’s causal past [62]. The

G = 8\ +HG)" (1.30)

It has been shown that the compact object moves as a test particle in (on a geodesic of)
3, the effective metric, to first-order [197, 60, 62]. That is, Eq. (1.28) is equivalent to
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the geodesic equation in §_,. However, in practice, one calculates the self-force, with
Eq. (1.28) (replacing hgj)tml with hgi)R), that the compact object experiences as it moves
through the background metric (gc(zg)). The particular choice of the regular and
singular piece is a useful degree of freedom in self-force, subject to constraints that
g = 8nTY) and YR = 0.

1.6.3.4 The perturbed stress-energy tensor

Matched asymptotic expansions demonstrate that the appropriate stress-energy tensor
is a point-mass for a compact object that produces a Schwarzschild metric when in

isolation in its exterior. The point-mass stress-energy tensor is

T = / ubs* (x (1.31)
where T is proper time (in the background spacetime), u* = dz! /dt is the
four-velocity of the compact object, and 6*(x,z) = 54("7\/_;;).

The second-order stress-energy tensor was first conjectured by Detweiler [61] as
T”b =3 / uu® Cd —u ud)hgtli)RcS‘*(x,z)dT, (1.32)

and has recently been shown to hold in the highly regular and Lorenz gauge by
Ref. [185].

1.6.3.5 Puncture schemes

The singular nature of the stress-energy tensor relates to the singular behaviour in the
metric perturbation on the worldline (hg’;)s). Singularities can make equations
ill-defined, cause integrals not to converge, or cause numerical calculations to be very
slow. One method of handling singularities is subtracting singular behaviour away. To
do so, one can derive a puncture analytically, which approximates the singular
behaviour.

Here I will briefly describe using a puncture schemes to account for the singular
behaviour in the stress-energy tensor through second-order. For a more detailed
description see [23, 147]. The singular behaviour of hfﬂl]) results from the stress-energy
tensor, Ta(; ) For hgi), the singular behaviour derives from both hg? and Tﬁ). The field

equations for the puncture scheme can be formulated by extending the field-equations
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away from the worldline

5G] =0 v x* & 7, (1.33)
f,)] =—5°Gp [hfj,),hﬁ)] Vx* ¢y, (1.34)
5Gau[h] =..., (1.35)

Instead of using the singular stress-energy tensor on the worldline, one can introduce

(n)

a singular puncture which approximates 1, ° Sucha puncture can be calculated

analytically in an expansion in orders of r, and attenuated to zero outside of some

finite region containing the worldline. I label the puncture hc(lz)P, with th)P ~ hc(lz)s.
hgz)P can be found by truncating the extension of the outer expansion of hgz)s at some

finite order of r. One can then define a “residual” field, hgz)R = h(gz) — hlgz)P, which

approximates the regular field h%m ~ th)R.

(n)

If héz)P approximates /1, *toa sufficiently high order in r, then the Taylor expansion

of hflzm and hgz)R can be made to be identical to any finite order [23]. hg?R can
therefore be used in place of hg}) il in the MiSaTaQuWa equation, Eq. (1.28), to

calculate the first-order self-force.

Using punctures, one can rewrite the field equations (Egs. (1.15) and (1.16)) to solve
for the residual field as

5G] = — 3G lh)", (1.36)
0Gu[hy ] = — PGyl hy)1 = 6Gu[nG)”) (1.37)

Egs. (1.36) and (1.37) are smooth on the particle, making them well defined as a
distribution and straightforward to solve numerically. Egs. (1.36) and (1.37) have been
defined by treating the derivatives as ordinary derivatives. If one treats the

derivatives as distributional, one obtains

G [h) %) =T — 6G,, [)7), (1.38)

a

ab
6Gu[h)®] =T — Gy, 1)) — 6Guh7), (1.39)

where the stress-energy perturbations (defined in Sec. 1.6.3.4) will cancel with the

distributional behaviour in 6G,, [th)P]. However, to make Eq. (1.39) well defined, one

(1) M @

must work in a gauge where §2G,;[h o hyy' ] and Tag are well defined (such as the

highly regular gauge and Lorenz gauge [185]).

Alternatively to using a puncture scheme, one could work in a highly regular gauge
where Eq. (1.16) is well defined and integrable. Ref. [185] also showed (52Gah[h(i) h(l)]

ab ’""ab
is well defined as a distribution in the Lorenz gauge using the definition of the

puncture 5Gg, (hg;) 73).
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1.6.3.6 The self-consistent and Gralla-Wald approximations

(1)

So far, I have discussed how to calculate the self-force from /. Nevertheless, to
model an EMRI, one must evolve the worldline of the compact object under the
influence of this force. The metric perturbation and worldline are interconnected. The
metric perturbation depends on the position of the compact object, and the worldline
depends on the self-force and, therefore, the metric perturbation. Two standard
approximations for the worldline’s evolution are the self-consistent approximation
and the Gralla-Wald approximation. I will summarise both approximations here (for a
detailed review, see [147]) and comment on their suitability for full EMRI calculations.
In the following section, I summarise the most promising evolution approximation for

modelling EMRIs, the two-timescale approximation.

The Gralla-Wald approximation: In the Gralla-Wald approximation the worldline
(7) is expanded in orders of ¢ [85],

=Y) Y1) T V@) T (1.40)
z"(s, e) ’;0 (s) + zt‘ )( s,€) + lez) (s,€) + ..., (1.41)

where 7y (q) is the zeroth-order worldline (a geodesic of the background spacetime),
(1) can be considered as the first-order deviation from the zeroth-order worldline

(Y(0)) and so on.

As the metric perturbations arise from the presence of the compact object, they have a
dependence on the objects’ position (z#(s, €)) and velocity (z#(s,€) = %), where s is a
generic time variable. That is, in the Gralla-Wald approximation, the metrlc is

expressed as [147]

gyv(x, E;Z Z g],u/ + Z th x 8 Z ) Z?nil),Z(O),...,Z(n_l)). (1-42)

n>0

The issue with this approximation is that over the large time scales on which EMRI
inspirals occur, the deviation vectors zt‘n) (s,€) (for n > 1) grow at least quadratically
with time, meaning this approximation breaks down well before modelling a whole
EMRI inspiral. This breakdown is apparent when you consider that the initial

geodesic, 7 (p), is an inappropriate approximation for the late inspiral geodesics.

The self-consistent approximation: In the self-consistent approximation, to avoid
growing errors, one does not expand the worldline, leaving it exact. It is known as an
accelerated worldline, as it is not a geodesic in the background spacetime. The exact
worldline is labelled 7, with coordinates z,. In the self-consistent approximation, the
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metric expansion can be written as

guw (X’ &z2f,2;) = g,&?,)(x“) + E z—:”h%)(x”;zg,zg). (1.43)

n>0

(n)

Note, in this approximation the ¢ dependence of the coefficients /1,;’ comes only

through z? and z{.

The approximation’s self-consistency comes from the process that at each time-step z{
must being calculated simultaneously with h,(ﬁ) (x7; z¢, 22). The MiSaTaQuWa equation
was first derived in the first-order self-consistent approximation. More recently,

Pound [144] extended the self-consistent expansion to second order with a systematic

method that could be taken to any order.

The self-consistent approximation is more appropriate for modelling systems that
evolve through a worldline that eventually changes significantly from the initial
geodesic. However, the expansion does not capitalise on the slow evolution of an
EMRI inspiral [23], which effectively makes each EMRI orbit approximately geodesic
on the orbital time scale [119].

1.6.3.7 The two-timescale approximation

The two-timescale expansion takes advantage of the near periodicity of EMRI
inspirals whilst evolving the orbit without accumulating growing errors [98].
Quantities, such as the metric perturbation, are expressed in terms of both a slow-time
(£, which evolves at the speed of the whole inspiral) and fast times (the three orbital
phases ¢;). The slow timescale is related to the radiation reaction time, t,, ~ %[119] ;
hence, the slow timescale on which the orbit evolves due to radiation reaction is

I ~ et [69]. Here I overview how the two-timescale approximation is implemented for
generic orbits in Kerr [154, 119].

Before describing the two-timescale approximation I first introduce the
frequency-domain approach (which will have some similarities). The dependence on
the fast timescale can be expressed using the three orbital frequencies,

Q; == {0y, O, Oy } [154, 119]. This results in a leading order metric perturbation of
the form

hz(zi) — Z hiz)/wm,m (xi)e—i(pQ,+qQQ+mQ¢)t, (1.44)
p.gm

where w gm = pQr + qQp + mQy and x* := {r, 0, ¢}. Eq. (1.44) is a time Fourier series
of the metric perturbation and is used in the self-force frequency-domain
approach [26]. The two-timescale approach appears similar to the frequency-domain

approach at leading order; however, to express the fast time dependency at higher
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orders requires replacing the t dependency (in Eq. (1.44)) with ¢ dependent orbital
phases ¢;. The three phases are defined as [119]

Pi = / Qydt, (1.45)

where (); now depend on the slow time f. The phases are called “fast times” as they
evolve on the orbital timescale. In the two-timescale approach the metric

perturbations are expressed as

hsz) _ Z hc(l’;)rwp,q/m (, xi>efi(P<0r+q<Pa+m<P¢). (1.46)
p.q,m

Eq. (1.46) is a discrete Fourier series in terms of the phases. Eq. (1.46) differs from the
conventional frequency domain approach (Eq. (1.44)) as t does not appear explicitly

and the frequencies ();) and h;’?,)’wz”q’m (7, x') evolve on the slow timescale.

Putting Eq. (1.46) into the first- and second-order linearised EFE splits the equations
into frequency-domain like equations for h,(ﬁ)’w”"”m (7, x') for fixed , and evolution
equations for hg,l,)’w” " (F,x') and Q); as functions of f [119]. The first-order linearised
EFE in the two-timescale approximation is in a similar form to the first-order
frequency-domain approach. Whereas, the two timescale approximation introduces
slow time derivative terms to the right hand side of the second-order linearised EFE.
Once these terms are included, the second-order linearised EFE can be solved similarly
to the frequency-domain method. In Sec. 4.1.2, I describe how the two-timescale
approximation is implemented for quasi-circular orbits in Schwarzschild (which

illustrates how slow-time derivative terms appear in the general case).

1.6.4 Second-order self-force: state of play

I return to the desire to calculate the dissipative piece of second-order self-force (to
produce accurate EMRI inspiral models). Before reviewing the current state of the art
in second-order self-force results, I briefly review the progress in calculating

second-order perturbations in gravity outside of self-force research.

The general formalism for perturbations to generic background spacetimes has been
developed [180, 182, 42, 173]. There has been a significant scheme of work on
second-order calculations in cosmology [125, 111, 7, 181, 128, 139, 184, 30]. And there
have also been calculations on the second-order perturbations to Schwarzschild
spacetime relevant to collapsing stars [39, 40, 41]. There has also been progress for
second-order calculations restricted to vacuum perturbations

[141, 80, 79, 81, 132, 92, 129, 198]. Tangentially, there has also been a success in
formulating the post-Minkowski expansion to the nth-order [35, 34, 142], with a recent
resurgence of interest in scattering orbits [57]. Post-Newtonian methods have also
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been taken to a very high order [142, 32, 49]. Finally, there has been recent success in
calculating quasinormal modes to second-order [102, 163] using a form of the
second-order Teukolsky equation [45] (which I will discuss in Chap. 2).

The majority of self-force research has concerned developing and implementing
first-order methods, delivering important results and methods that will be used to
help model EMRISs. First-post adiabatic models require the full first-order self-force.
However, first-post adiabatic models also require the dissipative piece of the
second-order self-force [69]. Second-order self-force methods had been largely left
unexplored until the last decade. Preliminary work on the second-order calculations
began in 2006 by Rosenthal [164]. Ref. [61] also presents work on the subject.
Rigorous, complete results emerged in 2012, with the derivation of the second-order
equations of motion (an extension of the MiSaTaQuWa equation to second-order),
independently derived by Pound [146] and Gralla [84], using the self-consistent and
Gralla-Wald approximations respectively. These two derivations produce comparable
results, but a detailed analysis of their equivalence has not yet been produced. In

Ref. [146] the second-order equation of motion is given as
1
a" = ubul, = —EpﬂC(gEO)d — W) (215, — hiutut + O(E), (1.47)

where P = ¢(0ab 4 32t and K% = hgim + hfj}m. Eq. (1.47) is equivalent to the
geodesic motion in gfzg) + hX. In Ref. [146] Pound showed Eq. (1.47) is valid in any

gauges smoothly related to the Lorenz gauge, and in Ref. [150] Pound showed the
validity extends to the highly regular class of gauges.

Eq. (1.47) is only consistent if the compact object is spherical and non-spinning.
Realistic post adiabatic models will require an equation of motion that includes the
spin and quadrupole moments of the compact object [23]. Attempting such a
derivation might lead to the issue of having more than one acceptable definition for
the centre of mass of the compact object.

A toy model implementation of second-order calculations was made in Ref. [101],
where some fictitious second-order modes were calculated (sourced by a handful of
hg? modes) in the limited case of a head-on collision in a Schwarzschild background.
Recently, more realistic second-order calculations were made, modelling EMRIs for
quasi-circular orbits in Schwarzschild [156, 194, 195]. Precisely, the binding energy of
an EMRI was calculated to second order [156], followed by the energy flux [194], and
finally, waveforms were produced [195]. This breakthrough in second-order self-force
calculations took the best part of a decade to implement. However, astrophysically
realistic EMRI models will require a Kerr background (as supermassive black holes
are expected to have spin), so much work is needed.
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Ref. [195] shows compelling evidence that first-post adiabatic waveforms are accurate
well outside of the EMRI regime. The first-post adiabatic models in Ref. [195] show
good agreement with Numerical Relativity waveforms for mass-ratio as large as 1/10
(up to two orbits before the merger). This is encouraging news in the endeavour for
modelling IMRIs. Also, the first-post adiabatic waveforms take just seconds to
generate (and will be orders of magnitude faster once the code is converted from
Mathematica to C++) as the self-force data has been precomputed. Hence, the
waveform modelling calculations only need to call the self-force data to produce
waveforms. Numerical Relativity techniques cannot match this speed, a typical
Numerical Relativity binary simulation takes days to months to compute a waveform.
Additionally, first-post adiabatic waveform modelling can be achieved whilst leaving
the mass-ratio as a free parameter (see the 1PAT2 and 1PAF1 models in Ref. [195]). The
mass-ratio agnostic models do compromise on accuracy but could be used to speed up

data analysis.

1.7 The Newman-Penrose formalism and the Teukolsky

equation

Introductory courses to General Relativity generally introduce the theory using tensor
tields (such as the Riemann and Einstein tensors) and Christoffel symbols.
Alternatively, one can re-express geometric quantities as a school of scalar fields. This
can be achieved by defining a set of four basis vectors and contracting each tensor
index with said basis vectors. Choosing the set of basis vectors to be orthonormal,
with two real and two complex vectors, turns out to be particularly useful for

expressing and calculating perturbed quantities in Kerr spacetime [191].

1.7.1 The Newman-Penrose formalism

The Newman-Penrose (NP) formalism [131] constructs a basis spanning 3 + 1

spacetime using null vectors. A null vector (k%) satisfies
gukk? = 0. (1.48)

Note, here I have defined the null vector relative to the background metric g,;; k” is
therefore a background quantity. While the definitions in this section can be promoted
to the full spacetime metric g,;,, the NP formalism generally makes definitions using
the background metric. Perturbed NP quantities are then defined using the
background NP quantities and the metric perturbations. Hence, a null vector in the

full spacetime k* = k* + k‘(ll) + k”(lz) + ..., where k”(ll) is a function of hg) and the
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background NP quantities, and k‘(lz) is a function of hg?z, hg), and the background NP
quantities.

The NP basis vectors are labeled e‘fu] = {e’[l”, e‘[’z}, e”[’:ﬂ, e‘[’éﬂ} :={1%,n", m",im"} (where
indices in square brackets are tetrad indices) and are collectively referred to as a tetrad
(or tetrad legs). The vectors have the chosen properties that [* and n® are real and m* is
complex. Over-bars (71”) denote a complex conjugate. Conventionally, using a positive

metric signature, the orthonormal relationship of the tetrad takes the form
“n, = -1, m"m, =1, (1.49)

where all other combinations of contracted tetrad vectors = 0 3. This implies the
existence of a fundamental matrix, 7 = gabe’fa] efb}, for raising and lowering tetrad
indices, which takes the form,

Na)jp) = (1.50)

|

—_
_ o O O
o = O O

Hence, el = {ell7,el2la eBla oldla} .= £ po 12 m°, m?}.

Similarly, g, = e,[f] el[jb]iy[a] [b] [131]; that is,
Sap = —2l(anb) + ZM(aﬁ/lb), (1.51)

where curved brackets denote symmetrisation.

1.7.1.1 Ricci rotation coefficients

Instead of using Christoffel symbols to describe the metric connection, the NP
formalism uses Ricci rotation coefficients [191],

_ Lk j
Vielalle) = €[e)Clalki®fp)- (1.52)

By expressing the covariant derivative using the tetrad partial derivative (D) and the
connection (I'), one obtains

el[‘c}e[a]k;ieltb] = el[cc]ez['b] (Die[a]k + ffke[a]j) (1.53)

3Olriginally [131], the NP formalism was formulated with the metric having a negative signature, where
I"n; = 1 and m"im, = —1. However, as current convention for modern research in General Relativity is
largely with a positive metric signature, I work with the positive signature convention (with NP conven-
tions consistent with Ref. [118]).
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Using the definition of the tetrad partial derivatives (D;e[,; = 0), one finds

Yieliap] = €€l Tikelaly (1.54)

That is, Ricci rotation coefficients are the metric connection (of the tetrad basis)
contracted with tetrad vectors. Note, as the tetrad basis is non-holonomic (Ee‘[‘c] el[’ d # 0)
and null, the Ricci rotation coefficients have different symmetry properties to the
Christoffel symbols (the connection coefficients for holonomic/coordinate

bases) [121]. Specifically, whereas Christoffel symbols are symmetric in the second

two indices, Ricci rotation coefficients are antisymmetric in the first two indices:

Yiella)b] = ~Vlal[c][b]- (1.55)

Eq. (1.55) can be derived from 74y, = (e[a]de‘[ib});c = 0[48].

1.7.1.2 Spin coefficients

The (non-trivially zero by Eq. (1.55)) tetrad components of the Ricci-rotation

coefficients are conventionally represented using 12 complex scalars:

K="TpEnpy T= TYEINRE T = YRRy P = TR
=Y V= YRR E = Y EEe A = Y 2

€ =

YR YA y—— Y22 T VB4R

2 T 2
g = A ;7[3][41[3], 4 T2 ;7[3][41[41 L (156)

known as spin coefficients. Note, €, 7y, B, and « contain two Ricci-rotation coefficients
because one of their Ricci-rotation coefficients is purely real, whilst the other is purely
complex. For example, by using the complex conjugate operation,

{l = 1Ln—=nm—imimn—m}{[1] = [1],12] = [2],[3] — [4],[4] — [3]}).- Hence, for
€ Yl = Y = MYy = 0and

Yl = Yapln = —Y34) = Re[v)p)] = 0. Therefore, the sum of these two
Ricci rotation coefficients gives a single complex scalar (e).

I write the covariant derivative contracted with a tetrad vector as

e?b]vaﬂ = Mp)s (1.57)
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Alternatively, the tetrad components of the covariant derivative is written as

Dy = np) :==1"Van, Ay =1 :=n"Vay,
on = ) = miV,, 317 =g = m*V . (1.58)

1.7.1.3 Ricci and Weyl curvature scalars

Another key curvature quantity in differential geometry is the Riemann tensor, which
can be split into the Ricci tensor and Weyl tensor. The Ricci tensor is the trace piece of

the Riemann tensor,
Ryp =R - (1.59)

In general, the Ricci tensor is related to the stress-energy tensor via the EFE, Eq. (1.6);
therefore, the Ricci tensor represents non-vacuum curvature.

The Weyl tensor (C,pq4) is defined as the trace-free part of the Riemann tensor (i.e., the
non-Ricci piece) and represents the vacuum curvature. Explicitly, it is expressed as

1
Cabed =Rapea — 5 (gacRbd - gbcRad - gadec + gbdRac)
1
+ £ (8acBod — Baagbe)R- (1.60)

In the NP formalism one contracts the Weyl tensor with the various tetrad legs. The
ten degrees of freedom of the Weyl tensor can be expressed as five complex scalars

(known as Weyl scalars),

Yo =Cpupa)1)(3)- (L.61)
Y1 =Crpjn)- (1.62)
P2 =Cpjjg)a ) (1.63)
3 =Cpjp2)4i2)- (1.64)
s =Cpjja)2)4- (1.65)

One can similarly express the Ricci tensor as a set of four real scalars and three
complex scalars labeled ®;; [48]. However, for the purpose of understanding their
physical significance, I instead replace components of the Ricci tensor with tetrad
components of the stress-energy tensor. The EFE informs us that R, = 87T,
except Rjjjp) = 87T (34 and Rygjjq) = 87T[yy) (as 87Ty is the trace-reverse of Ry,
using the EFE).
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1.7.1.4 The Ricci and Bianchi identities in the NP formalism

The usefulness of the NP formalism becomes apparent when the Riemann tensor and
Bianchi identities are expressed using the NP scalars. Similarly to how the Riemann
tensor can be constructed from Christoffel symbols, it can also be expressed in terms
of spin coefficients, as follows. As a preliminary step, I express the Riemann tensors
using Ricci rotation coefficients by contracting the Riemann tensor with the tetrad

basis vectors,

a b ¢ d o N
€(1€[6] €[] €la) Raved = Rajpl[clid] = — Vlal[b)(el,[a] T Vialt][c],Id) (1.66)
[£] [£]
+ Y Vg @~ Y () (1.67)
[f] [f]
T YAV [~ VA V] (o (1.68)

Deriving this relation uses the Ricci identity (Rabcde[[la] = €lalbc:d — €lajbidic) [48]. One can
then choose particular tetrad vectors for [a], [b], [c] and [d] in Eq. (1.66); e.g.,

Ryjpipyp = (D—p—p—3e+é)c— (6 — 1+ 7 —&—3p)x. (1.69)

This form of the Riemann tensor is useful when equated with the Riemann tensor
deconstructed into its Ricci and Weyl tensor parts. In vacuum,

Ruyenp = Coysime = Yo (1.70)
Hence, Eq. (1.69) can be written as the equality
Ppo=(D—p—p—3e+é)o—(0—1+7T—&—3B)k. (1.71)

There are 36 linearly independent equalities one can derive from the Riemann tensor,
these are called Ricci identities. One can also express tetrad parallel derivatives acting
on the Riemann tensor (e.g., Rjyp)()(4]|(s)) I terms of NP spin coefficients. Hence, one
can also express the Bianchi identities, R{yp)([)ja](f]} = O (Where the enclosed curly
bracket represent antisymmetrisation), in NP form, of which there are 20 independent

equations. See Ref. [48] for a full list of the Ricci and Bianchi identities in NP form.

1.7.1.5 Infinitesimal tetrad rotations

In the NP formalism, the choice of tetrad accounts for 6 degrees of freedom. These
freedoms are associated with the three local boosts and three local spatial rotations of
the tetrad [48] (as General Relativity is a locally Lorentz-invariant theory). In the
context of tetrad transformations, one refers to all six of these local Lorentz
transformations as tetrad rotations, and the choice of the tetrad is known as the tetrad
frame.
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As one moves to a perturbation set-up, the tetrad frame grows in complexity.
Similarly to how introducing perturbations introduces (infinitesimal) gauge degrees of
freedom, perturbations also introduce infinitesimal tetrad rotation degrees of freedom.
Keeping track of the tetrad frame and infinitesimal tetrad frame can be challenging, so
it is essential to be precise with one’s language when referring to the tetrad frame.

1.7.1.6 The Petrov type D nature of Kerr spacetime

The NP formalism is very convenient for describing spacetimes with coinciding
principle null vectors. Principle null vectors (k%) satisfy [191]

by.c _
KKk (o Cappegaky = O. (1.72)

Generally, spacetimes have four principle null vectors. Whether a spacetime’s
principle null vectors coincide or not characterises their so-called Petrov type [48].

Kerr spacetime is Petrov type D as it has two principle null vectors (two pairs of
principle null vectors which coincide). The tetrad can be chosen such that [* and n” are
tangent to the principle null directions (I and n“ then represent the outgoing and
ingoing null geodesics from the black hole, respectively). Choosing such a tetrad basis
(in a Petrov type D background spacetime) causes four of the Weyl scalars and 4 of the
NP spin coefficients to vanish [48],

Po=0,1 =093 =0,94 =0, (1.73)
k=0,A=0,v=0,0=0. (1.74)

€ can also be made to vanish by using the remaining tetrad rotation degree of freedom
(that is, choosing a Kinnersley tetrad) [99]. This choice, however, destroys the
symmetry between n* and [”. To maintain this symmetry, one can use the Carter tetrad
[47] (with € # 0).

Note, « = 0,A = 0,v = 0,0 = 0 is equivalent to I and n* being shear free [48]. The
Goldberg-Sachs theorem [82] states that these conditions are also equivalent to the
spacetime being of Petrov type D [48]. In this work, I am interested in the Kerr metric,
which is Petrov type D. I will always use principle-null direction aligned tetrads, so
throughout the remainder of this thesis, the simplifications in Eq. (1.73) will generally

be made without comment.

1.7.2 The GHP formalism

Shortly after the NP formalism became popular, Geroch, Held and Penrose (GHP)
made a significant simplification to the method in Petrov type D spacetimes [77]. This
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simplification relies on symmetries of NP formalism while choosing two null vectors
to align with the principle null directions. Two degrees of tetrad rotation freedom
remain while constraining [ and n” to point in the principle null directions. These
freedoms can be associated with two constants (spin s and boost b weight) for (most)
NP quantities. The {b, s} weights of the tetrad vectors are, {1,0}, {—1,0},{0,1} and
{0, —1} for 7, n*, m" and m" respectively.

Additionally, there is a freedom to interchange [“ and n“, for which GHP introduced a
prime notation. Hence, half of the NP spin coefficients can be related to the other half
by the prime notation,

Ki=-v,0=-A 0 =—-utv=-mnp=—a¢:=—. (1.75)
Introducing a spin and boost weight highlights that four of the NP spin coefficients do
not have a well defined spin and boost weight (¢, €/, B, and p/, the four spin
coefficients which consist of two Ricci rotation coefficients each). Additionally, the NP
derivatives do not have a well defined spin and boost weight. Instead, these quantities
can be combined to produce the GHP derivatives (which have well-defined spin and
boost weights),

by = (D — pe — qé)y, P'y = (A + pe' +q&)y,
3 = (6—pB+aqB)y, n=G+pp —aqB)m, (1.76)

where p and ¢ are GHP weights of the generic tensor 17 with spin-weight s = 3(p — q)
and boost-weight b = 1(p + q).

The {p, g} weights of the tetrad vectors are {1,1},{—1,—1},{1,—1} and {—1,1} for
17, n", m* and " respectively (and for P, P/, 8 and &' respectively). The product of a
scalar of type {p, g} with a scalar of type {r,s} is a scalar of type {p +r,q + s}. For
most of this thesis I work in the NP formalism, but in some sections the GHP

formalism will prove more useful.

1.7.3 The Teukolsky equation

At first appearance, the NP equations, the Ricci and Bianchi identities in NP form
(e.g., Eq. (1.71)), may look quite cumbersome. Manipulating such equations by hand is
a challenging task, and it is quite hard to believe that someone could find a useful
equation from this swamp of NP spin coefficients, yet that is precisely what Teukolsky
achieved. In the context of perturbation theory in Kerr, the Teukolsky equation is of
primary importance, as it is a separable hyperbolic differential equation for a quantity

containing the gauge-invariant content of the metric perturbation. Here I will present
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a brief outline of how the Teukolsky equation was derived. See Refs. [178, 48] for
complete derivations.

Deriving the Teukolsky equation involves manipulating a selection of perturbed
Bianchi and Ricci identities. For example, perturbing Eq. (1.71) gives

D) _ (p® _ 1) _ 51 3.0 4 g0 _ (50) _ (1) 4 7(1) _ z(1) _381)),(0)
¥ ( o P 3eW + e (6 + B
DO _ 50 _ 50) _3.00) 1 200y, (1) _ (50) _ £(0) 1 7(0) _ z(0) _35(0)),(1)
+( 0 p 3¢V + e (6 + ™)
(1.77)

I rewrite Eq. (1.77) whilst making the simplifications of working in Petrov type D and
omitting (0) labels for succinctness (they will generally be omitted in the rest of this

thesis), this gives
pV=(D-p-p-3e+e)eV - (G-1+7—a-3p)x0. (1.78)
One can combine certain perturbed Bianchi and Ricci identities in NP form [48] (using

either Petrov type D Eq. (1.73) or Petrov Type-II simplifications) to eliminate all

first-order perturbed quantities except for gbil) (and T[(al])[b] which is assumed to be

known). This results in the Teukolsky equation,

[(A+3y—7+4u+p)(D+4e—p)—
(5—T+PB+3a+4m)(6 —T+4B) — 3]yl = T, (1.79)

where Ty is
Ty: = Sy8nT)]
— 47 [Elff’) [(ZS — 22 +20)T\) — (A+2y — 29 + ﬁ)TSﬁﬂ
+aY [(A Foy 2T — (-2 +2B+ th)T,Eﬂ ] , (1.80)

where HA(LO) :=A+3y—y+4u+ptand Eléo) =0 — T+ B+3a+4m. Sy is known as the

spin —2 Teukolsky source operator. In Type-D spacetimes, there is a similar spin +2
equation for 1y, which can be derived by taking the GHP prime operation (I — n*
and m®* — m*®) [77].

In a concise notation, I write Eq. (1.79) as
sV = 8,871, (1.81)

which defines the spin —2 Teukolsky operator (Oy).
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The Teukolsky equation has two remarkable properties. Firstly, as I mentioned, 1,0&”
decouples from the other (unknown) first-order quantities. Secondly, the Teukolsky
equation is separable. Eq. (1.81), in Boyer-Lindquist (BL) coordinates (and using the
Kinnersley tetrad [99]%), can be written in terms of the spin —2 master Teukolsky
equation (where 4 denotes the master Teukolsky operator, for spin —2) [177],

Oulo*yi)) = —Zp4S,[87TY,], (1.82)

where & = 2 + 4% cos?[6]. By using a Fourier transform (where the t and ¢
dependencies become trivial as Kerr is stationary and axially symmetric), the master
Teukolsky operator is separable into a radial ODE and an angular (8) ODE [177]. The
angular part of the master Teukolsky equation has an eigenbasis of solutions, the
spin-weighted spheroidal harmonics [177] (which reduce to spin-weighted spherical

harmonics when a = 0).

A desirable characteristic for quantities is gauge (and local Lorentz frame) invariance,
allowing for a simple comparison of results. lpil) is gauge (and infinitesimal tetrad
rotation invariant) [48] because lpio) =0 (and tpéo) = 0) in a principle-null-direction
aligned tetrad. 1/}&1) also contains all the information about the vacuum piece of the
metric perturbation [190] (up to perturbations towards other Kerr solutions). 1[]&1)
includes the gravitational waves being emitted to Z* [178, 45] and into the Kerr black

hole horizon.

1.7.4 Balance laws

Obtaining the full first-order self-force requires calculating the first-order metric
perturbation (hﬁ(l? )- However, the dissipative piece of the first-order self-force can be
obtained from I,Dil) directly. This is useful as adiabatic EMRI models only require the
dissipative piece of the first-order self-force.

From 1,b£1), one can extract the gravitational wave fluxes being dissipated out to Z"and
into the supermassive black hole horizon. At Z"the formula for the power per unit
solid angle is [178]

d’E r?

TS SN
Jiaq = Am e 9 - (1.83)

Using Eq. (1.83) and balance laws, one can calculate the corresponding change in
orbital energy. Similar equations hold at the horizon and for the angular momentum

dissipation [87]. Calculating the change in the Carter constant is more involved, but it

“There exists a separable master Teukolsky equation for all principle-null-direction aligned tetrads. For
the Carter tetrad Eq. (1.82) changes only by replacing p*41[)£1) — p*ZAlpil) and p*4Tt§;) — p*ZATIEbl) [154],
where A = 2 — 2Mr + a?
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can also be extracted from I,Dil) [134, 68]. The change in the energy, angular
momentum, and Carter constant is equivalent to the dissipative piece of the first-order
self-force. From the evolution of the three constants of geodesic motion, one can
calculate the evolution of the fundamental frequencies of the orbit (similarly to the
two-timescale approximation) to adiabatic accuracy.

A similar shortcut may hold at second order. This would streamline post adiabatic
EMRI models as only the dissipative piece of the second-order self-force is required
(as well as the full first-order self-force). Concerning energy and angular momentum,
the second-order gravitational wave fluxes can be calculated from l[Jf). Hence, to
calculate the dissipative piece of the second-order self-force, one only needs to provide
second-order flux balance laws. Recent, currently unpublished work [123], has
produced second-order flux balance laws for the energy and angular momentum, but

they are not yet in a form practical for application.

Additionally, a method for extracting the second-order evolution of the Carter
constant from gbiz) will be necessary. This will require extending the methods in
Refs. [134, 68] to second-order. Alternatively, one could derive a Carter constant
balance law at first order and extend it to second-order. Assuming these efforts are
successful, the dissipative piece of the second-order self-force will be calculable from

2
i

1.8 CCK metric reconstruction.

Calculating tpgl) is useful for obtaining the first-order gravitational waves and the
dissipative piece of the self-force, but calculating the conservative self-force requires
(1)

the complete metric perturbation. Also, as h ai is an input in Eq. (1.16), one needs the

tirst-order metric perturbation to source second-order calculations.

In the past decade, the first-order self-force in Kerr has been obtained [114] by
calculating the metric perturbation using the Chrzanowski, Cohen, and Kegeles (CCK)

(2) from lpil)

procedure of metric reconstruction [50, 53, 94]. This method reconstructs /1,

(or 1[)61) ) using a Hertz potential as an intermediary step. Wald [190] succinctly
described the CCK metric reconstruction in a way that makes clear how it stems from
the Teukolsky equation and the linearised EFE. Here, I summarise Wald’s description.

To express the Wald identity, first I define the operator which takes one from hl(l?

g as T4,

to

Talny) ] =iV (1.84)
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Hence, using the definition of &, the linearised EFE operator (equivalent to 6G,;, in
Eq. (1.15)), the (spin —2) Teukolsky equation, Eq. (1.79), can be expressed as

047:1[hab] = 845[hab]- (185)

As hg;, can be an arbitrary symmetric rank 2 tensor in Eq. (1.85), Eq. (1.85) is an

operator identity
O4Ts = S4€, (1.86)

known as the spin —2 Wald identity [190]. A prime operation gives the spin +2 Wald
identity,

OoTo = So€, (1.87)

where [ have used Oy = O}, To = 7/, and Sy = S;. Note, £ is unaffected by the prime

operation.
The key step in CCK metric reconstruction is to utilise the adjoint of the Wald identity,
TS0y = ES], (1.88)

Where £ = £t and O] = Oy has been used [190]. Suppose there exists a Hertz
potential, ®, which satisfies Op[P] = 0; then, acting Eq. (1.88) on ® gives

£SI[®] = 0. (1.89)

Hence, S I [®] satisfies the vacuum linearised EFE. Therefore, one can obtain a real

metric perturbation (hp) from @,
iy = Re[SI[®]] - (1.90)

Crucially this proof only holds in vacuum (as Eq. (1.89) is homogeneous).

Calculating a vacuum metric perturbation in this way requires a Hertz potential. To
find an appropriate Hertz potential, one can use T4[/t,;] = 1/)&” . Assuming 1[1&1) is
known (calculated from the Eq. (1.81)), one can solve the fourth-order differential

equation
TalRe[Si[@]]] = pV 1.91
4[Reloy Yy, (1.91)
for ®. Similarly, one can calculate ® from lp(()l) using

T4 [Re[S}[@]]] = V. (1.92)
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By using the GHP prime operation, one can produce an analogous spin +2 CCK
procedure, where the metric is calculated from a Hertz potential satisfying O4[®] = 0
and fi;, = Re[SF[®]] -

The CCK procedure may seem like a circuitous method for finding a solution to the
linearised EFE. However, all the equations involved are separable, whereas the
linearised EFE in Kerr are non-separable. Hence, CCK metric reconstruction is less
numerically expensive. This method has already been successfully used for first-order
self-force calculations in Kerr [114]. However, the vacuum condition makes it
inconsistent at second order. In Chap. 5, I discuss the extension of CCK metric

reconstruction to non-vacuum and second order[86].

1.8.1 The radiation gauges

The CCK procedure yields a metric perturbation in a radiation gauge. I will analyse
the metric perturbation produced by the spin +2 form of CCK metric reconstruction
to describe the radiation gauge. For this, I require the explicit form of St[®],

(S§®)as =5 |~ Laly(d — 7) (3 + 31) — mamy (P — ) (P + 3p)

+ lgmpy {(P—p+p)(3+37) + (3 -7+ 7)(P + 3p)}} . (1.93)
As (S} @), has no 1, components, the metric perturbation satisfies [118]
hpl® = 0; (1.94)

this gauge is known as the outgoing radiation gauge as conventionally /* is aligned
with the outgoing principal null direction. For spin —2 CCK metric reconstruction, the
resulting metric is in the ingoing radiation gauge, hn® = 0.

Price, Shankar, and Whiting [158] showed that any metric perturbation (satisfying the
linearised EFE) can be transformed into the radiation gauge by using gauge degrees of
freedom. However, by again analysing the form of Eq. (1.93), one can clearly see there
is a further condition on the spin 42 (and spin —2) CCK metric perturbation:

hym®imt = 0. (1.95)

In the context of the radiation gauge, where h;,, = 0 by definition, Eq. (1.95) is
equivalent to the trace-free condition, g"’h,;, = 0.

Satisfying Egs. (1.95) and (1.95) for a generic non-vacuum metric perturbations
cannot, in general, be achieved with a gauge transformation [158]. A trace-free
radiation gauge metric perturbation satisfies &£; = 0 (see appendix A of Ref. [86]);

hence, the stress-energy tensor must satisfy T;; = 0. Therefore, the existence of a
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trace-free radiation gauge metric perturbation cannot be achieved with gauge
constraints alone; physical constraints on the stress-energy are also required. This
property is consistent with CCK metric reconstruction being derived under the
restriction of the perturbation being vacuum.

The vacuum condition may seem stringent. However, first-order self-force
calculations nearly satisfy this condition. The source (1) is vacuum everywhere
except on the worldline. Hence, CCK metric reconstruction can be used everywhere
off the worldline consistently. One can extend CCK metric reconstruction to include
the worldline, but the resulting metric perturbation does not satisfy the linearised EFE
on the worldline. The resulting metric perturbation must be “completed”, as I
describe in Sec 1.8.2.

In the presence of the particle, the radiation gauge suffers from pathological (gauge)
singularities. These can come in four forms. The first three are string-like singularities,
either emanating from the worldline of the particle out to infinity, from the worldline
to the supermassive black hole horizon, or both (see Fig. 1.7). The final, most useful
form restricts the singularity to a sphere (of constant BL radius) that intersects the
particle at each instant. Pound, Merlin, and Barack [116] formulated the no-string
radiation gauge to calculate the first-order self-force. They built the no-string solution
by effectively gluing together the smooth halves of two half-string gauges. This
process introduces a step function and delta function (with an unknown coefficient)
on the surface where the two gauges meet. However, one can still calculate the
tirst-order self-force by taking limits from both sides of the sphere. The radiation
no-string gauge were first used by Refs. [95, 96, 170, 171] for self-force calculations.
Building on this approach, the first-order self-force for generic orbits in Kerr has been
calculated by van de Meent and Shah [115, 113, 114]). In Ref. [115] the self-force results
were used to calculate some unknown high order Post-Newtonian terms.

As products of the first-order metric perturbation source second-order calculations,
the gauge singularities that arises in CCK metric reconstruction are problematic.
Products of radiation gauge singularities cause second-order equations to have
ill-defined sources. This major obstacle for second-order calculations is addressed in
Chap. 5.

1.8.2 Metric reconstruction completion piece

Initially, one may question how a perturbed Weyl scalar could contain sufficient
information to reconstruct an entire metric. Wald’s theorem [189] states that 1}1&1) (1,0(()1))
contains all the information in vacuum metric perturbations apart from mass and
angular momentum perturbations. Consequently, CCK metric reconstruction recovers

the entire metric perturbation, up to the mass and spin contributions. The mass and
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gauge gauge gauge

FIGURE 1.7: The various types of pathological singularities in the metric perturbations

produced from CCK metric reconstruction with a point particle source. All these so-

lutions are in the trace-free radiation gauge and do not satisfy the EFE on the particle.
Image courtesy of Adam Pound.

spin in the metric perturbation does not contribute to gbil), corresponding to 74 having

a kernel.

The mass and spin perturbations are known as the completion piece. For globally
vacuum perturbations, the completion piece can be absorbed into the background
mass and spin parameters. Self-force perturbations are non-vacuum on the particle,
this effectively divides the spacetime into two vacuum regions (similarly to the
no-string gauge in Fig. 1.7), with different completion pieces in each region. One must
determine the relative difference between these two regions’ mass and angular
momentum content. Merlin et al. [118] developed a method for calculating the
completion piece by constructing gauge-invariant fields using the complete metric
perturbation. Imposing continuity off the particle (for these gauge-invariant fields)
constrained the mass and angular-momentum degrees of freedom, producing the
metric perturbation completion piece. Ref. [115] also provided a method for
calculating the completion piece. The completion piece is necessary to obtain a

solution to the EFE on the particles radius.

Additionally, there is a “gauge completion piece” [187]. This piece is required to
ensure that the coordinate frequencies have the same meaning on either side of the
no-string solution [104, 169, 31, 183]. The gauge completion piece is calculated by
imposing continuity of certain metric components at r = r, [104]. In Cap. 5, [ give a
simpler method, with a more physical motivation, for calculating the gauge

completion piece (and completion piece).

Nevertheless, their remains a missing radial delta function in the no-string solution (to
completely satisfy the EFE). In Chap. 5 I show how the missing radial delta function
can be obtained using Ref. [86].
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1.9 Goals and summary of this thesis

A key ingredient in achieving LISA science goals is calculating the dissipative piece of
second-order self-force in Kerr. In the following chapters, I formulate methods to help
accomplish this, and I implement some of them in the simpler case of a Schwarzschild
background. The second-order methods are derived mainly from the extension of
tirst-order methods I have reviewed in this chapter. Whilst this work does not
encompass a complete formulation for calculating the second-order self-force in Kerr,
the methods provided show key progress and will likely perform crucial roles in
future efforts.

In Chap. 2, I analyse the second-order Teukolsky equation. I review the known
extension of the Teukolsky equation to second order [45], and discuss why it does not
appear to have a source that is well defined as a distribution for self-force calculations
(in a region containing the worldline). I then derive a new form of the second-order
Teukolsky equation and show its source to be integrable for self-force calculations (in
a highly regular gauge [151]). This new second-order Teukolsky equation solves for a
quantity similar to 1,bi2), which can be used as a starting point for second-order metric
reconstruction [86]. Alternatively, if it can be shown that the evolution of the Carter
constant can be extracted from lpf) (Sec. 1.7.4), the dissipative piece of the
second-order self-force could be extracted directly from 1/}9. I round this chapter off
by deriving a quadratic Wald identity.

In Chap. 3, I present methods for calculating second-order gauge invariants. I
formalise practical methods for gauge fixing at first order. Using the valuable property
that 1/19 transforms more simply than a generic second-order quantity, I develop
techniques for constructing second-order gauge-invariant quantities using first-order
gauge-fixing schemes. Further, I discuss how gauge invariants will be helpful for
EMRI calculations when they are associated with a good gauge. I provide a method for
gauge fixing to the Bondi-Sachs gauge and formulate a gauge-invariant®
asymptotically flat quantity by producing an algorithm to fix the BMS frame. By
working with these quantities that respect the spacetime’s physical asymptotic
flatness, this procedure entirely sidesteps one of the major hurdles in second-order

self-force calculations, infrared divergences [149].

Chap. 4 describes my role in a collaboration solving the second-order Teukolsky
equation in Schwarzschild for quasi-circular orbits. I present my key contributions,
summarise the full calculation, and discuss the significance of this work in the field of
self-force and gravitational wave science. I derive a general formula for calculating the

modes of the second-order Teukolsky source from the first-order metric perturbation

5The quantity is gauge invariant up to gauge transformations along the Killing vectors of Kerr space-
time. The remaining gauge freedoms will be constrained using the transformation of the first-order stress-
energy tensor in future work.
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in Schwarzschild. I then present the second-order Teukolsky source calculated from a
Lorenz gauge metric perturbation for quasi-circular orbits in Schwarzschild. I show
how the convergence of the source near Z* can be improved by transforming towards
the Bondi-Sachs gauge. This improved convergence makes our method for solving
the radial Teukolsky equation viable with trivial boundary conditions (using
hyperboloidal slicing and spectral methods [106]). I also describe the mode
decompositions I have calculated for the slow-time-derivative piece of the source and
the correction to the puncture near the worldline. Finally, I summarise the remaining
pieces of the source that need including; once complete we will be able to calculate

fluxes, evolve inspirals and generate waveforms to first-post adiabatic accuracy.

In Chap. 5, I discuss the recent extension of CCK metric reconstruction to non-vacuum
perturbations [86] by Greens, Hollands, and Zimmerman (GHZ). I comment on

Ref. [86]’s prospect for helping second-order self-force calculations. I also summarise
my paper (with collaborators) [183] which formalises how to best implement GHZ for
self-force calculations. I present my major contribution to this work, implementing
GHZ at first order for a stationary perturbation in flat spacetime. This analysis gave
useful insights into implementing the method for non-stationary point mass in Kerr. It
also helped us to formalise a method for calculating a regular metric perturbation

using gauge transforms and a puncture scheme.

Finally, in Chap. 6, I conclude this thesis, summarising the significant results and their
effect on second-order self-force modelling. I also describe future avenues for progress

and exploration in second-order self-force.
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Chapter 2

Second-Order Teukolsky Equations

2.1 Introduction

The most direct method to perform second-order black hole perturbation theory is
(2)
b

e However, in Kerr,

solving the second-order linearised EFE, Eq. (1.16), for h
Eq. (1.16) is a set of ten non-separable equations (similarly to the first-order linearised
EFE equation, Eq. (1.15), as discussed in the previous chapter). Solving non-separable
PDEs directly for hii) is computationally expensive. Methods are being developed to
integrate such r-0 (the t and ¢ dependencies separate trivially due to the symmetries
of the Kerr black hole) PDEs in the self-force problem. Recently, results have been
obtained for a scalar charge on a circular orbit around a Kerr black hole at first order

by solving the r-6 PDE numerically [136].

Alternatively, a natural approach to second-order calculations is extending the
separable first-order methods in Kerr. The Teukolsky equation (Eq. (1.79)) seems the
auspicious route forward, as it solves for a single variable and is separable into ODEs.
Their are two different extensions of the Teukolsky equation at second order: one by
Campanelli and Lousto [45], and one to be published in my work [174]. The second
case also appeared implicitly in the non-linear metric reconstruction formalism of
Ref. [86], which I refer to as GHZ metric reconstruction).

This chapter is split into three sections. In the first, I review the second-order
Teukolsky equation derived by Campanelli and Lousto [45] (providing minor
corrections to their expressions for the perturbed spin coefficients [102]). I also discuss
why its form is not integrable for general second-order self-force calculations. In the
second section, I present my derivation of the new form of the second-order Teukolsky
equation [174], which I show, in principle, has a well-defined source for self-force
calculations. In the final section, I derive a quadratic Wald identity by combining the
two second-order Teukolsky equations. The work in this chapter will be published in
Ref. [174] in the near future.



48 Second-Order Teukolsky Equations

2.2 The Campanelli-Lousto-Teukolsky equation

2.2.1 Overview

Campanelli and Lousto [45] successfully extended the Teukolsky equation to second
order in 1999. As described in Sec. 1.7.3, Teukolsky derived his eponymous equation
by manipulating certain first order perturbed Ricci and Bianchi identities within the
NP formalism. Campanelli and Lousto repeated this procedure up to any given order
(n) by using analogous manipulations. Crucially, they move all quantities of an order
less than n to the right-hand side (RHS), treating them as source terms. This produces
an nth-order Teukolsky equation,

O] = SW b, p Y B R st T g b

ab "7 ""ab 7 ab 7t rTab 7 tab 7t ab ]

2.1)

As the same operator, Oy, appears on the left-hand side as in the first order Teukolsky
equation (Eq. (1.81)) the Campanelli-Lousto-Teukolsky equation is separable. The
equation is for a quantity (lpfln)) which contains all the information about the
second-order gravitational waves [45].

The Campanelli-Lousto-Teukolsky source terms are given by

S by 8 1= (03
p=1

— 3D +4e — )P | — @7 (8 + 4+ 29) ) = B0 (5 + de -+ 20) ) |l

13 [aéo)y(n*p) _ aﬁo)/\(ﬂ*p)} P 13 [(,}géo) —3m) =Py — (@ — 3ﬂ)(np)/\(p)]> ,

(2.2)
(note, S ig)L is a non-linear operator) and
ST, W, n), ) = 4 ! Y <Ei§°) (3 =27+ 20) 7T
p=1
— (A 2y =27+ )" PTR] 3 (At 2y +20)" VT
(- f+2B+2a)<"—P>T,§Z>D . (2.3)

I present here some minor corrections to Ref. [45]: the sum in Eq. (2.6) runs to n
(rather than to n — 1), and corrected expressions for the perturbed spin coefficients
(x), ¢, ..) are given in Appendix A.
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For clarity, and to analyse the behaviour of the source, I explicitly express the

second-order Campanelli-Lousto-Teukolsky equation as

04y = SR ), n) 1+ sP T, T L)), (2.4)

where
Siculhg ) =
([5150)(5 +4p — T)(l) _ Elio)(D 1 de — p)(l):| lpil)—
[ + 4 +29)® 25 44+ 200 0] ylV)

+3 [&_Sf’)v(” - Ezf[’)MU] PV 43 [(513 —3m) Wy — (3, — 3;4)(1))\(1)]>, (2.5)

and

SPITY, T, 1)) =

2
y (Ziflo) [(5 — 214 20) DTV (At 2y — 25+ p)@*P)TéﬁQZ}

p=1
>] . (2.6)

To understand how &, i”) relates to the Teukolsky source operator S, in (1.79), one can

observe how S iz) naturally splits up into Sy-like pieces. To show this, I define

47

+a? [(A 29 +20) &P TP (5 — 7 4 2B +2a)2) T,Sﬁ)}

ST, n})] == (Elflo) (327 +20) VT — (A+27 - 27+ )T

+a? [(A +2y+20) 0TV (5 -2+ 28+ 2a)(1>T,S})D, 2.7)

1
ab
tirst-order quantities (due to the dependence on hg? ). I can now write Eq. (2.6) as

which is identical to Sy [T( )] except some of the zeroth-order quantities are now

SPNTY, T h)1 = Si TP + 34T 151, (2.8)

Note, in the first-order Teukolsky equation (Eq. (1.79)) S4 acts on T(;) ; in the

a
second-order Campanelli-Lousto-Teukolsky equation, Sy acts on Tu(g ),
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Ref. [45] also noted how tpf) contains both a linear-in-hfé) piece and a

(1)

quadratic-in-h a}) piece; that is,

2 2 1
92 = Talh) + Ppalnly) n)
= ¥i7 +vig, (2.9)

where 4’4(128 = ﬁ[h{g?] and IP‘% = 6%y [hgj),hg) ]. Eq. (2.9) defines the quadratic Weyl
scalar operator 4?1y which I give in terms of NP quantities in a Mathematica notebook
in the supplementary materials (to derive this expression I used the perturbed tetrad
defined in App. A).

2.2.2 Utility in self-force calculations

For Eq. (2.4) to be solvable, its source must be well defined. The solution to Eq. (2.4)
can always be written as a four-dimensional integral of the source against a Green’s
function. But, for the solution to exist, Si?L [hl(l?, hgé)] must be well defined as a

distribution, such that its integral against a Green’s function is well defined. Here { |

show, that for generic second-order self-force calculations, the singular nature of & ai

and T(; ) hear the worldline (77) causes the source to be ill-defined.

a
S,), hg?] is not locally integrable

(if it were locally integrable it would be well defined). In self-force, near the worldline,

As a preliminary investigation, I first show that S ié)L [h

generally, hgé) ~ 1 (where again r is the proper spatial distance from +y). The
second-order Campanelli-Lousto source, S, AE?L [hgj), hﬁ?] in Eq. (2.5), is a complicated
fourth-order differential operator, quadratic in hg . Hence, one can expect its most

singular scaling to be

Sin ) nl)1 ~ @015 @:0.1)
~r 0, (2.10)

Next, I check if S i?L [h(l) hg,lj)] is locally integrable by attempting to integrate within a

ab ’

small region near the worldline (r < R),

R
/0 S2 ) 240 2.11)
R 4R
—6,2 _ o
/0 r rdﬂ_[ 31.3]0. 2.12)

Clearly — % evaluated at r = 0 is not defined; hence, S ZE?L [hg)) , ht(l?] is not locally

integrable. This suggests Eq. (2.4) may not be well defined as a distribution on any

domain that includes r = 0.



2.2. The Campanelli-Lousto-Teukolsky equation

A lack of local integrability is not sufficient to show S i?L [hfz?, hg?] is ill-defined. It
could still be well defined as a distribution if it could be expressed as a linear operator
acting on a well-defined distribution. However, S i?L [ht(l?, hg?] is expressed as a
quadratic operator acting on a singular distribution in Ref. [45], and hence, appears to
be not well defined. Terms may cancel, leaving a well-defined source (in certain
gauges), but this seems unlikely and challenging to prove due to the source being

highly convoluted and involving a quadratic operator.

There is an even more problematic part of the source, Sy [T;; ) , hg},)], which is ill defined
1) 1)

as Ta(; ) and hfz? are both singular on 7. Ta; contains a Dirac delta function, and h ai
behaves as ~ % Hence, the general form of S’4[Ta(; ), hfj})] is a differential operator
acting on mzﬁ (x' — x;,) (where x; is the spatial position of the worldline) near 7.
The quantity m(ﬁ (x' — x;) is manifestly ill-defined. Hence, this piece of the source
is very problematic, and it seems unlikely to be ameliorated by a gauge transform.

The remaining part of the source, Sy [Ta(g )], is well defined in specific gauges. Ss [Tu(g )]

can be shown to be well defined as a distribution as S is a smooth linear operator and
Ref. [185] has shown that in a highly regular gauge (and any gauge smoothly related
to the Lorenz gauge) Tég) is well defined as a distribution. Hence, S, [Ta(g)] is well

defined as a distribution in such gauges.

The issue of an ill-defined source is not exclusive to self-force. It can appear for any
second-order black hole perturbation theory calculation where there exists a point (or

set of points) where hfli)

is singular. In Sec 2.3, I derive a second-order Teukolsky
equation with a source that is well defined as a distribution for any problem in which
3Gy [hii), hg))] and Tu(g) is well defined (which includes the self-force problem in a

highly regular gauge [185]).

Alternatively, one could avoid the problem of an ill-defined source by implementing a
Y P y mp &
puncture scheme (see Sec. 1.6.3.5). To describe such a puncture scheme, I first consider
points close to but off the worldline. This region is vacuum, with Tg(;) =0and

Tg) = 0. To isolate the regular piece of lpf), I introduce a puncture and residual split
for hi})) and hfj). That is, hfli) = hgj) R4 hg}) 7 and hﬁ) = hgim + hgiw. The puncture
pieces htg)P and hgzb)P contain the singular behaviour and can be calculated
analytically [153]. I can define 1/Jf) P as

HP (1R DR ()P

(b) ’hp(lb) ] +52¢4[h1§b) h( ) ]

a ’ab

2)P )P 1P 1P
P27 = TP 1 Py [n')” BT+ S paln

a

=7+ (2.13)
Now one can solve Eq. (2.4) directly for the residual piece ¢£2)R, using

O[pPR) = 82 0 B+ ST 4+ 34T, 1V - 0[PP, (2.14)

ab ’""a a
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This equality can be extended down to the worldline such that one can solve for a

tpf)R valid for any point in spacetime. The singular behaviour in quQ)P will cancel
with the singular behaviour in S i?L [hgj), hlglb)], Sy [Ttg)], and S, [Ta(; ), hglb)] making the

expression well defined distributionally.

2.2.3 Infinitesimal tetrad-rotation and gauge dependence of ybiz)

Note, tpf) (unlike 1/]&1)) is not infinitesimal tetrad rotation invariant. This can be seen
from the form of an infinitesimal tetrad rotation of type I, under which l/)iz)
transforms as [48]

P = 1 days + 6aPp, + O(), (2.15)

where a is a complex function and a = O(¢). Given that 13 and ¢, are also given as an

expansion in g, one can write,

vi =0 +aa(l” + i) +6ayy” + O() 216)
=y +4ap) + 624" + O(), (2.17)

where I have used 1,b§0) = 0 in a Petrov type D background (with the tetrad basis
vectors [” and n” aligned with the principle null directions). As l[Jél) and 1/J§O) are
non-zero, lpf) is not infinitesimal tetrad rotation invariant. Campanelli and Lousto
[45] give a method for constructing a infinitesimal tetrad rotation invariant quantity
from l/’f)'

Similarly, unlike 1p£1) , I/Jf) is not (infinitesimal) gauge invariant. l/)iz) transforms under

a second-order gauge transformation (defined by the gauge vector ¢* = 5?1) + C‘(’Z)) as

2 _ @ e ) a0 A (0)
Yo =y Ly e 5L La e+ L by (2.18)
=9+ Lz vy, (2.19)

where I have used lpio) = 0 in a Petrov type D background (again with the tetrad basis
null vectors [ and n® aligned with the principle null directions). This second-order
gauge transform is significantly simpler than an arbitrary second-order quantity

transformation, especially since there is no ¢,  dependence. This is a property which I

will take advantage of in Chap. 3). However, as ggl) appears in Eq. (2.19), 1/)512) is not
gauge invariant. Campanelli and Lousto [45] also gave a method for constructing an
gauge-invariant quantity from gbiz) ; however, their method involves solving PDEs, so

it is not ideal for practical application.
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2.3 The reduced second-order Teukolsky equation

2.3.1 Overview

Here I present a new form of the second-order Teukolsky equation. For want of a
better name, I shall call it the reduced second-order Teukolsky equation, to differentiate it
from the Campanelli-Lousto-Teukolsky Eq. (2.4). The reasoning for this name is that
it solves for a field variable that is purely dependent on hgzb) (i.e., the field variable has
no direct dependence on hg? ).

Like the Campanelli-Lousto-Teukolsky equation, Eq. (2.4), the reduced second-order
Teukolsky equation is separable; but, dissimilarly, it solves for a naturally infinitesimal
tetrad rotation invariant quantity. The significant advantage of the reduced
second-order Teukolsky equation is that its source is well defined as a distribution for
self-force calculations in a highly regular gauge [151] (as I will show in Sec. 2.3.2) and

hence is solvable without requiring a puncture scheme.

The derivation of the reduced second-order Teukolsky equation is straightforward
and can be trivially extended to any order. I begin with Wald’s operator identity [190],
Eq. (1.86). Applying this identity to h(i), one obtains

a

OsTilh®?] = S:En2),
= O4[p\)] = ST — 52GIHS), hL)]], (2.20)

ab ’
the reduced second-order Teukolsky equation, where lpﬁ) = ﬂ[hfé)] (see Eq. (2.9))
and I have used Eq. (1.16).

Similarly to Eq. (2.4), the operator on the LHS of Eq. (2.20) is the Teukolsky operator.
However, the Teukolsky operator is acting not on the complete 1/)9 , but only on 1[1&?
(the linear piece of wiz)/ see Eq. (2.9)). No information is lost about ht(li) by solving for

lpﬁ) rather than lpf) , as they contain identical hﬁ) content. Subsequently, given that

hg) is known, one can easily construct l[)f) from 1/)&? using Eq. (2.9), if required. In
many gravitational wave contexts this will likely be unnecessary due to the leading
order asymptotic behaviour (as r — oo, where r is the global radial coordinate) of I/Jf)
and 1/J4(é) being identical in asymptotically flat gauges. As lp‘% is quadratic in hfzé),
(1)

assuming h ai is in an asymptotically gauge, then 1/)&‘8 must be O4(r~2); hence,

p? =y +0(2).

The existence of the reduced second-order Teukolsky equation is implicit in the
non-linear metric reconstruction of Ref. [86] (which I will review in Chap. 5). It was
derived independently by myself and presented at GR22 in July 2019 [176], and will
be explicitly presented in the literature in my paper Ref. [174]. Next, I discuss the
infinitesimal tetrad rotation invariant nature of ¢, and its gauge dependence.
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Following that, I analyse the advantages of Eq. (2.20) compared to Eq. (2.4), showing
its source is well defined in a highly regular gauge.

2.3.2 Enhanced utility in self-force calculations

The important difference between Eq. (2.4) and Eq. (2.20) is the form of their

respective sources. As discussed in Sec. 2.2.2, due to the singular behaviour of hfli)
(and Ta(; ) ) on 7, the source in Eq. (2.4) is not, in general, well defined for self-force
calculations. Now I shall show that the source of Eq. (2.20) is distributionally well

defined in a highly regular gauge.

First note, the Teukolsky source operator Sy (Eq. (1.80)), which appears on the RHS of
Eq. (2.20), is linear. Using distribution theory [74] one can prove that
Su [Ta(g ) _ §2G[h£i), hfz?]] is well defined as a distribution if Ta(g ) and (52G[h27), hii)] are

both well defined as distributions (as Sy is linear and a linear operator acting on a well
defined distribution is well defined [74],).

First, [ analyse if 6°G [hfli), hii)] is well defined in a self-force context. In a generic
gauge 62G[hap, hap) ~ % and not well defined as a distribution. Ref. [151, 185] show
that in the highly regular gauge 62G,; [hgi), hfli)] is well defined. Pound [151] showed,
in a highly regular gauge, the most problematic part of §2G,;, behaves as,

52 Gap[3R5, RS ~ = (2.21)

near 7 where h!IRS is the singular part of the metric perturbation in the highly regular
gauge. Such a function is locally integrable, the r? factor in ,/det(g,,) in Eq. (2.11)
makes the integral non-singular. That is, Pound [151] showed 5G [hbe, hij] is well

defined as a distribution; hence, S, [(52G[h£{7R, hﬁR]] ) is well defined as distribution.

There is, however, the issue of obtaining hbe. Current first-order self-force
calculations for generic orbits in Kerr [114] use CCK metric reconstruction [50], which
puts the metric perturbation in the no-string radiation gauge. This results in hgi)
containing a delta function (with an unknown coefficient) and jump singularities on
the sphere containing the worldline. Chapter 5 discusses ameliorating these
singularities. Additionally, a method for performing a local gauge transformation

from the Lorenz gauge to a highly regular gauge is given in Sec. 3.7.

Ref. [185] has shown that Ttgs) is also well defined as a distribution in a highly regular

gauge (and gauges smoothly related to the Lorenz gauge). Hence, in a highly regular
gauge (and gauges smoothly related to the Lorenz gauge) Eq. (2.20) has a well-defined

source and is solvable without requiring a puncture scheme.
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Whilst a puncture scheme may not be necessary to solve Eq. (2.20), it could still be
implemented to provide some advantages. A punctured source is less singular,
making the equation easier and faster to solve numerically. Also, a puncture scheme
equation will solve directly for a residual field. To calculate the full self-force residual
(or regular) fields are necessary. However, the dissipative piece of the second-order
self-force can likely be extracted from wiZL) or its residual field (once appropriate flux
balance laws are derived). The disadvantage of a puncture scheme is it is challenging

and time consuming to implement.

Next, I summarise how to implement a puncture scheme with Eq. (2.20). First note, off
the worldline () spacetime is vacuum,; in this region Eq. (2.20) reduces to
Oulyiy)) = S~ Gy /1] vt ¢ .
The goal of a puncture scheme is to approximate the regular metric perturbation on vy
without introducing non-distributional singularities. Implementing a puncture
scheme (see Sec. 1.6.3.5) defines
2 _ @R, P
hy =hy ™ +h, (2.22)

where hffb)n is the residual field and ht(zzb)P the puncture field. The residual field

satisfies the second-order EFE equation
e =~ 1)) - mG)"). (2.23)

Returning to my derivation of the reduced second-order Teukolsky equation (Eq.
(2.20)), instead of applying the Wald operator identity (1.86) to hg) , one can apply it to
h,ﬁm, giving

OsTalhPR) = S,6[n27),
=049 = S - 26, 1)) - e,

ab ’
= 049" = Sa[ — PG[R), 1)1 — O3] v . (2.24)

ab ’""a

By the definition of the puncture, the source of Eq. (2.24) is well defined as a
R

distribution (in any gauge); i.e., one can solve for a well defined tpﬁ) .
Far away from the worldline, 1/)&? = wiZL)R. That is, the second-order gravitational
waves being dissipated away from the system are also contained in wizL)R' Hence, if
appropriate balance laws are derived, one expects that the dissipative piece of the
second-order self-force could be extracted from wizL)R directly. This could be used to
produce waveforms at first post-adiabatic accuracy. As discussed in Sec. 1.7.4, work

on deriving balance laws has already begun. If balance laws are unobtainable, one
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could instead use tpﬁ) as a vital first step in second-order metric reconstruction, as I
discuss in Chap. 5.

2.3.3 The infinitesimal tetrad-rotation invariance and gauge dependence of

2
Yar

Solving the reduced second-order Teukolsky equation for 1/)&? offers the advantage
that qjﬁ) is infinitesimal tetrad rotation invariant, unlike 1pf). This can be proved by

tirst noting that 1/14(11) is infinitesimal tetrad rotation invariant [48] and 1/)&” =T [hg]) ]

1)

Since h ui has no tetrad dependencies, 7, must also be infinitesimal tetrad rotation

7

(2)
b

invariant. Hence, 1/)&73 = ﬂ[hg]) ] is also infinitesimal tetrad rotation invariant (as /,

similarly, has no tetrad dependence). The infinitesimal tetrad dependence of lpf)
comes solely in l/JiZQ). To derive the expression for 1/)&2 in the supplementary material I
used the perturbed tetrad defined in App. A.

The property of infinitesimal tetrad rotation invariance is beneficial because it is
equivalent to local Lorentz frame invariance [48], allowing for a straightforward

comparison of results and a freedom to choose an advantageous tetrad.

An adverse property of gbﬁ), like 1,b£2), is its (infinitesimal) gauge dependence (unlike
lpil), which is gauge independent). Here, I analyse the precise gauge dependence of
1/J£2L), showing that (like gbiz)) its gauge dependence is significantly simpler than a
generic second-order scalar. This will lead us naturally onto Chapter 3, where I will
use this simplification to construct a gauge-independent version of 1pf12L) (via gauge
fixing).

Using the definition of a gauge transformation in Sec. 1.6.2, and denoting quantities in

the new gauge with a prime, one finds that lPiZL) transforms as

2 2
Y& = T2
_ 2) w1
= ‘M[hgb + Ec}fz)gab + ﬁgfl)hab) + Eﬁg@)ﬁg&ﬂab]

2 1 1
=yl + ﬁ[ﬁégwhib) +5Le Lo, Savl: (2.25)

Here, I have used ﬁ[ﬁ%) 2ab] = 0 (equivalent to %il) being gauge invariant [48]).
Hence, no second-order gauge vector appears in this second-order gauge
transformation for le(fL)- That is, gbﬁ) is invariant under a second-order gauge
transformation. This is a significant simplification to the gauge transformation; but,

lpﬁ) is still gauge dependent due to the presence of C?l) in Eq. (2.25).
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2.4 The quadratic Wald identity

To finish the analysis of second-order Teukolsky equations, I show that the existence
of two distinct second-order Teukolsky equations implies the existence of a quadratic
Wald identity. Here I derive a quadratic Wald identity and discuss its relevance in

second-order calculations.

The derivation begins from the second-order Campanelli-Lousto-Teukolsky equation

(Eq. (2.4)), which I can express as
Oulgi?)] + Oslwig) = Sicply i)+ SaT) + SulT 1)1 226)

where I have used Eqgs (2.8) & (2.9). I can replace O[l,bﬁ)] using the reduced
second-order Teukolsky equation (Eq. (2.20)), giving

Si[T — 2G[h), h)1] + Oslyin] = S\, 0 1)) + Sal TS + a1, 1))
(2.27)

Moving (SZG[hg,), hg’) ] to the right hand side, and cancelling the Sy [Tég)] terms gives
1
Oslyig) = Sl Gl iy 1] + S gy iy )+ SulTy) ) @29

This is nearly an operator identity except for the Té; ) input. Tu(; ) can be replaced using

the linearised Einstein field equation, £ [hgl)]ab = Ta(; ), Therefore, I can define
S h(l) h(l)
4[ ab 7 ""ab ] as

Salny) ny)) = SalE ), 1)) = SulT) ). (2.29)
Inputting Eq. (2.29) into Eq. (2.28), noting 1/J4Q = 1p4Q[ ab)’ h(l)], gives a quadratic
operator identity
(Oupid) ) 1)1 = (Si[0G] + 838 + 8a) [y gy 2.30)
That is,
2 2 o
Ospi?) = S4[0°G] + Sy + . (2.31)

I name Eq. (2.31) the quadratic Wald identity due to its similarities with the (linear) Wald
identity, Eq. (1.86). Eq. (2.31) is far less elegant than the Wald identity, which suggests
it will be less useful for perturbative calculations. To understand the implications of
Eq. (2.31) on non-linear perturbation theory, SAE?L and S need to be studied further.
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Naively, one might have expected the Wald identity to extend to a quadratic form as
(2) _ 2
Osthy = Sa [0°G]. (2.32)

But it seems unlikely this would hold as Eq. (2.31) informs one that this requires

84(?L + 84 = 0. The cancellations between S i?L and S4 have not yet been studied, but
if S zE?L + &4 = 0 this would have huge implications on the
Campanelli-Lousto-Teukolsky equation, which would become

Oulpl?] = SUTY), (2.33)

(1)

. . . . 1
which seems unlikely as generic second-order calculations are sourced by /.
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Chapter 3
Gauge Fixing

In second-order perturbation theory, finding a gauge-invariant quantity is more
challenging than at first order. Gauge-invariants help compare results. They can also
help avoid problems that come from poor gauge choices and give straightforward
access to physical and geometrical information. Poor gauge choices can cause severe
problems in the self-force problem, such as increased singular behaviour on the
worldline and infrared divergences near Z*and the horizon. A gauge-invariant can
exhibit undesirable behaviour as well, meaning it is insufficient to simply find a

generic gauge-invariant.

In this chapter, I develop methods for calculating gauge-invariants that are equal to
l[JfL) in fixed gauges. These invariants satisfy the reduced second-order Teukolsky
equation. I consider several such invariants. Ultimately, by choosing fixed gauges that
reflect the geometry of the perturbed spacetime (specifically, the null structure and
asymptotic structure), I ensure that the invariants have clear geometrical meaning and
manifestly represent the second-order waveform. The work in this chapter was
completed in collaboration with Jordan Moxon and will be published in Ref. [174]
shortly.

3.1 Gauge fixing second-order curvature scalars

As described in the previous chapter, should practical balance laws be derived,

Eq. (2.20) can be used to calculate the dissipative piece of the second-order self
self-force. However, wﬁ) is gauge dependent, meaning a poor choice in gauge may
obscure the gravitational wave (and therefore the dissipative piece of the second-order

self self-force) content in 1,04(&).

To avoid this issue, one can design a quantity l/lel(LZ) [hg,lj)] that, no matter which gauge

hg? is in, always takes the value 1}]&28 would have in some specific well-behaved



60 Gauge Fixing

gauge. This method for calculating a gauge-invariant is equivalent to gauge
fixing [108]. Using gauge fixing to construct a gauge-invariant at second order has
been utilised before in cosmology modelling [126, 127, 128]. As C?z) does not appear in

the gauge transformation equation of 1[J£ZL) , it is much simpler to implement a gauge
fixing algorithm. Only the first-order gauge requires fixing to calculate a (gauge-fixed)
gauge-invariant 1/)11(5).

(1)

I re-express Eq. (2.25), writing C‘(’l) as a function of /1,

D)) = TG+ Ta[Ly o b+ 5L oL g B

&ty )1 o I e I
I define the first-order gauge vector (@?1) [hgi)]) such that it takes one from any

tirst-order gauge to a specific, fully specified first-order gauge (labelled with a prime).
C‘(ll) can be calculated from hgé) through

ny = hl) + Lec, Sabs (3.2)

/(1)

where 1, ” takes a fully specified, predetermined form.

Eq. (3.2) cannot fully specify Cfl) as g,p admits Killing vectors. That is, the time and
azimuthal Killing vectors of Kerr spacetime satisfy ﬁ%) 8av = 0. To remove the Killing
vector degrees of freedom from Cfl) one can use the gauge transformation of the stress
energy tensor

Ty =T + Lo TY). (3.3)

(0)

Assuming T ,” does not admit the same Killing vectors as the background metric

Eq. (3.3) can be used to constrain the Killing vector content in §C from T (assummg

Tugl) is predetermined).

The resulting l/J4L [ ab) ] in Eq. (3.1) will be, by definition, gauge invariant if the gauge
conditions uniquely specify Sy That is, identical results are acquired regardless of
which gauge the calculation is made in (if g’f‘(‘l) is fully specified).

Ref. [45] sketched gauge fixing methods for wiz) and the
Campanelli-Lousto-Teukolsky equation (Eq. (2.4)). Here, I show how gauge fixing is
implemented for l[Jﬁ) and the reduced second-order Teukolsky equation (Eq. (2.20)).
For the rest of this chapter, as I am only working with first-order gauge

(1)

transformations, I drop the superscript (1) on k,,’ and é"(ll), instead writing h,;, and ¢*.

By implementing a gauge transform of the inputs for Eq. (2.20), one can calculate lpﬁ)
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in the fixed gauge (1,02(5)) using

Oulpi)] = Sy [T;f) — 6°Glhyy, hiy]]
= 84| TG) + Loy — PG (hay + Loega), (has + Leega)] | (3:4)

a
Hence, calculating 1,041(5) requires knowledge of both /,;, and ¢°. I want to construct a
method such that ¢ can be calculated from h,;, (in any gauge) and is associated with a
specific final gauge (with no residual gauge freedom). Ideally, the final gauge should
be good. In the context of EMRISs, I will discuss what properties make a gauge good in

specific regions of spacetime (in Sec. 3.2).

I present multiple methods for calculating a uniquely determined ¢¢[h,]. I give a
method to compute ¢¢ algebraically from first-order quantities, but the resulting final
gauge is not asymptotically flat. Following that, I present a method for calculating the
gauge vector into the Bondi-Sachs gauge (an asymptotically flat gauge) by solving
ODEs along out-going null rays. To fully fix the Bondi-Sachs gauge, I also provide a
method for fixing the BMS frame. These methods can be implemented to calculate a
l[J:L(Lz) associated with a fully fixed asymptotically flat gauge. The resulting IP:L(LZ) is an
invariant measure of the second-order radiation along the outgoing null rays of the

physical, perturbed spacetime.

3.2 Good gauge fixing for an EMRI

Gauge fixing to any fully fixed gauge helps compare results. However, problems may
have multiple physically significant regions where gauge-invariants associated with
good gauges (see Sec. 1.6.2) would be advantageous. For an EMRI, three physically
significant regions are evident: near the worldline () of the inspiralling object, the
future horizon of the supermassive black hole (%), and future null infinity (.# ).
These three regions (and the required well-behaved gauges) are illustrated in Fig. 3.1.

The significance of the region near the compact object is the singularity on the
worldline; a highly regular gauge reduces the singular behaviour and makes the
source of Eq. (3.4) well defined. H* and Z* share their reasoning for significance:
gravitational waves (i.e., energy and angular momentum) are emitted into both these
regions. Hence, extracting the energy and angular momentum dissipated into these
regions is aided by using a good gauge there (known as horizon regular or asymptotically
flat gauges respectively). In this thesis, I am primarily interested in transformations to
a good gauge at .# *. In Sec. 3.6, I present a method to transform into the Bondi-Sachs
gauge (an asymptotically flat gauge, adapted to the null structure at . ™).



62 Gauge Fixing

Horizon
Regular
Gauge

Asymptotically
Flat Gauge

Highly
Regular
Gauge

FIGURE 3.1: A Penrose diagram depicting an EMRI (and the gauges designed to

help model an ERMI). v is the worldline of the inspiraling object; it is surrounded by

a highly regular gauge (to make second-order equations integrable). The black wave

lines emanating from 7 to the future supermassive black hole horizon (%) and future

null-infinity (ZT) represent gravitational waves emitted to these regions. Each region

is partnered with a well-behaved gauge there: horizon regular and asymptotically flat
gauges, respectively.

3.3 Asymptotically regular gauge vectors

Before formulating methods to calculate ¢, I develop a method for assessing whether
a given ¢” takes one from one asymptotically flat gauge to another. I do this by
assuming the initial and final gauges are asymptotically flat and use this assumption
to constrain the form of . To begin, note that the metric perturbation transforms as

Ahgp = Lecgab = T abe +28° (,8b)c » (3.5)

where Ahgy ==l — hgp,. I constrain 1/, and g, to be asymptotically flat; i.e., they
must both be consistent with Eq. (1.26) near .# *. I can now derive the expected
asymptotic behaviour of ¢*. For example, examining the Ah; component, one finds

Ahyt = € Git,e + 28 18tc
=& iy + éggtt,e + zét,tgtt + Zé(lftgtcp
= O0(r ) =g'0( ) + 0 ) +5'0(r") + o (r ™), (36)

Where I have inputted the Kerr metric in BL coordinate for g,;, and assumed

%" = O(").

From Eq. (3.6) one can conclude that if & = O(r!), & = O(r?), & = O(r 1),
&? = O(rY) and the initial gauge is asymptotically flat, then the component ki in the
final gauge is also asymptotically flat. This is a strong constraint because there could
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be gauge transformation where the components of {# do not satisfy these conditions
but, due to cancellations in Eq. (3.6), hy is asymptotically flat in the final gauge.

If one repeats this analysis for the other components of Ah,,, one finds the constraints
presented in Table 3.1. Underlined in Table 3.1 are the strongest constraints:
=001, =01, =02 and ¢ = O(r2). Therefore, if a gauge vector
satisfies these constraints (in BL coordinates with a Kerr background spacetime), and
one starts in an asymptotically flat gauge, then all the metric perturbation components
in the final gauge are asymptotically flat; that is, the final gauge is asymptotically flat.

Ahy | & =001, & =00, =0@r?) and & = O()

Ahy, g=00 ") =00r"and & = 0(0)

Ahyg &y = O0), e = O(r?) and qug = O(rh)

Al | E=0(0), ¢ =0(?),8 = O(r') and ¢ = O(r2)

Ah,, &, = O(r~Y)and &% = O(r!)

Al g =0(1"), 8 =02

Ahyy ¢, =0("), ¢ =0 and &', = 0(r?)
Ahgo & =00),8%=00")

Aty ¢y=00), 8 =00), ¢ =00

Ahgy | &' =00, & =0("),2 =0 1) and ¢ = O(r 1)

TABLE 3.1: Constraints on the leading, large-r form of components of the gauge vector

at 77, calculated using the assumption that the gauge vector transforms from one

asymptotically flat gauges to another (with a Kerr background in BL coordinates). The
strongest constraints are underlined.

An interesting conclusion derivable from the constraints ¢ = O(r~1), & = O(r 1),

g% = O(r~2) and ¢? = O(r2) is that the leading order expansion (in r at Z*) of l/)iz) is
invariant under such gauge transformations. This can be shown by considering
spacetimes emitting gravitational waves in asymptotically flat gauges are expected to
have 1/)&2) = O(r!) (using the peeling theorem [191]). Further, I analyse the
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transformation of 1/)22) under ¢* obeying the constraints above:

9P =9 Lyl + Lz, o+ Lecep
=957+ Layy”
=y + 2y
=y + 0, (3.7)

where I have used 1pi°) = 0 (as Kerr is Petrov type D [48]) and l/)fll) = O(r~1). Hence, I
can conclude from Eq. (3.7) that the leading-order large-r behaviour is invariant under
such transformations. This suggests the leading-order behaviour of 1[]9 is invariant in
all asymptotically flat gauges, but the proof is incomplete because the constraints on
&% are strong. Still, this proof aligns with my expectations as the ~ ! piece of 1/;9
should contain only gravitational waves in asymptotically flat gauges. As
gravitational waves are measurable they should be gauge independent (up to the
subtlety of the BMS frame which I discuss in Sec. 3.6.2).

3.4 “Constrained metric components” gauges

By reversing the analysis in Sec. 3.3, one could calculate the gauge vector components
by constraining metric perturbation in the final gauge to have specific component
values. A fully constrained gauge (and associated gauge vector) would require
constraints on four independent metric perturbation components (as there are four
gauge freedoms). This section discusses how to calculate such a gauge vector. The
resulting gauge vector corresponds to an asymptotically flat final gauge (if the initial
gauge is asymptotically flat) but involves solving a coupled set of linear PDEs. Solving
PDEs numerically is inefficient and the method does not address specifying a unique
solution. In the following section, I build on this method, finding a gauge vector that
can be calculated algebraically (in the frequency domain); however, this method

results in a non-asymptotically flat gauge.

Here, I assume one works in the frequency domain (i.e., any tensor can be written as
o e!(m¢=wh)) This makes the t and ¢ derivatives trivial.

First, I examine how the components hy, htp, and hyp transform:
Wy = hy + & Qo + g — 20wl gy — 2iw? g, (3.8)

hi/f¢ = hip + &' & + Cegt(p,e — iwe gpr — 1we?gpp + imE g + im&? g1y, (3.9)
My = hpp + & Sppr + E8pp0 + 2imE' ggr + 2imE? gy, (3.10)
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these are algebraic equations as all the remaining derivatives act on the background
metric. These equations can be used to solve for ¢* algebraically, assuming /g is
known and hj,, h;(p and hqu, are being set to specific functions (in order to constrain the
gauge). However, there are four unknowns (in ¢¥#) and only three equations to solve;
hence, the solution for ¢# will be under-constrained.

For a fully constrained ¢* a fourth equation is required. Unfortunately, the remaining
metric perturbation components transformations result in either ODEs or PDEs for ¢¥,
making them more challenging to solve. For example, one of the simplest remaining

component transformations is that of fgg,

hoo = heo + & Qoo + & Q000 + 259,9899- (3.11)

Similarly, assuming hgg is known, and h;, is being constrained, one can now solve
simultaneously Egs. (3.8), (3.9), (3.10) and (3.11) for a unique ¢ (up to a § independent
integration constant). Finding ¢# now involves solving a linear ODE ({:,%) numerically
(with appropriate boundary conditions). However, the resulting final gauge is not
asymptotically flat (as I show next).

If one were to specify the form of hy,, hj,, hys and hy,, in order to make the final gauge
asymptotically flat, naively, according to Eq. (1.26), one would choose: 1}, = O(r~1),
iy = O(r%), hyy = O(r!) and hgg = O(r'). However, these constraints do not
constrain the other metric perturbation components to be asymptotically-flat. From
Table. 3.1, one sees the strongest constraints on &, ¢, %, and & come from Ahy, Ahy,
Ahyg, and Ahyy respectively. By constraining hj, and hi, in the calculation for ¢*, I can
expect & = O(r~1) and &% = O(r~2), which is sufficiently asymptotically-flat.
However, the strongest constraints on & and &% by constraining 5, hEP, h8,, and h£4,
are ¢ = O(r%) and &% = O(r!), these are not sufficient fall offs for the final gauge to
be asymptotically flat (as & = O(r~1) and ¢ = O(r2) is required, see Table. 3.1).
Hence, it appears that this method does not necessarily result in an asymptotically flat
gauge. Of course,as & = O(r 1), & = O(r 1), &% = O(r=2) and & = O(r2) are
sufficient but not necessary conditions for the final gauge to be asymptotically-flat, it
is possible that due to some terms cancelling the final gauge may be
asymptotically-flat, but this could only be tested by explicitly calculating the metric
perturbation in the final gauge.

If one were to repeat the above method for calculating ¢*, instead using the
transformations of the components hy, hy,, hig and hyy, which provide the strongest
constraints in Table 3.1, then one can expect the resulting gauge to be asymptotically
flat (providing the initial gauge and the constraints on hy, hj,, hiy and hy, are
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asymptotically flat). /i, and g transform as

tr = hy — iwZ g + Ct,rgtt + qurgt(p, (3.12)
hig = hig — iwZ®geo + Ct,ggtt + C%gup. (3.13)

Clearly, this choice makes the equations to solve for ¢* much more challenging. The
previous components were chosen to minimise the number of r and 6 derivatives
acting on ¢* (to just one). Here, Egs. (3.12) and (3.13) have a total of four (r or 6)
derivatives acting on ¢*. Hence, solving Egs. (3.8), (3.9), (3.12) and (3.13)
simultaneously results in a coupled system of two linear PDEs (and two coupled
algebraic equations). I have been unable to simplify the coupled PDEs; hence,
strenuous numerical methods would be required. The practical limitations of this
method motivated me to devise alternative schemes for finding a gauge vector to a
specific gauge. In the next subsection, I produce a method to algebraically calculate a
(non-asymptotically flat) gauge vector. In Sec. 3.6 I present a method for calculating
the gauge vector to the Bondi-Sachs gauge (which is asymptotically flat), which only
involves solving ODEs along out-going null rays.

3.5 Chandrasekhar-like gauges

Chandrasekhar introduced the concept of using a gauge transform to set 1p§1) = 0 [48].
This choice was designed to separate certain Bianchi identities. Here, however, I am
not motivated by these simplifications. Instead, I am motivated by how such a gauge
conditions can be used to calculate a fully constrained gauge vector (complementing
the methods in Sec. 3.4).

The Chandrasekhar gauge has been used before for similar motivations. Ref. [187]
used it to help calculate the periapsis advance. Also, Ref. [117] used the
Chandrasekhar class of gauges to construct first-order gauge-invariants. For
constructing a second-order gauge-invariant, I require a first-order gauge that is fully
constrained. Additional constraints are required since the Chandrasekhar gauge is not
fully constrained (fixing only two of the four gauge freedoms, as I shall show). Here, I
combine the Chandrasekhar gauge with constraints on certain metric perturbation
components to produce simultaneous equations for ¢*. These equations can be solved

algebraically and result in a fully constrained final gauge.

Again, the Chandrasekhar gauge condition is 1/1;(1) = 0, where 1/1;(1) = lpél) + L’Elpéo) .
Here I discuss a more general class of gauges, where 1, is replaced with any generic
scalar, ¢, for which ¢(©) # 0.
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First, I observe how 1p(1) transforms,

lp/(l) — l[J(l) + (';H#J(,?)- (3.14)

Specialising to a Kerr background, 1[J(3) = IIJ(/(()P) = 0 (as the spacetime is stationary and

axially symmetric). Hence,
PO = p 4 arpl® 4 g%fg), (3.15)

If (1) is complex then one can write a second, independent equation by taking the

complex conjugate (noting ¢* is real),

PO =0 1 pO 4 B, (3.16)
where over-bars denote the complex conjugate.

Assuming (1) is known and ¢’(!) is being constrained (to a chosen function in the
resulting gauge), then Eq. (3.15) and Eq. (3.16) can be solved simultaneously for ¢"

and ¢&?, giving
700
¢ = G , (3.17)
¢(0) _ % (0)
7 l/’,e
(3.18)
_ 70
, Alp(l) _ %Al[) 1)
S T (3.15)
Yo — o

where Ap(1) = /(1) — (). These equalities are defined for any complex scalar that is
perturbatively well defined and whose background value has both an r and 6

derivative which are non-zero (and at least one of which is complex).

This method for constraining & and &? is possible because the Kerr metric is a function
of r and 6. Due to the time and axial symmetry of Kerr spacetime, I cannot constrain &’
and ¢? using this method. To constrain ¢ and ¢? I can return to the transformations of
the metric perturbation components (Sec. 3.4). Analysing which components can be
solved algebraically for &' and &? tells us Eq. (3.8) and (3.9) are suitable. Additionally,
from Table 3.1, I know that Ahy; and Ah; produce the strongest constraints on &t and
&%, so these equations are ideal choices to attempt to achieve a final asymptotically flat
gauge. However, the Chandrasekhar like gauge constraints seemingly result in a final

gauge that is generally not asymptotically flat (as I show Sec. 3.5.1).
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Eq. (3.8) and (3.9) solved simultaneously for ¢’ and ¢? give

Ahy, Sto,r 0 8tp,0
—Ahy + ijm + gr <gtt,1’ - g¢4f_f'l> + g Stt,0 — gL@ﬁ)_m

Sty W w w

t 8tp 8t 8ty
= - - , 3.20
¢ iw (gt + Srg) — MGyt (3.20)
—Ahyg + (% — ) Al + & (gegr — (% — 2)8ur) +8° (8190 — (% ~ )8

zcug¢¢ — ngt‘f’ — 1(% — %)wgtq,

(3.21)

Note that these equations are not defined for stationary, axially symmetric modes
(m = w = 0). I can insert & and &’ calculated from Egs. (3.17) and (3.19) into Egs.
(3.20) and (3.21). This results in algebraic equations for a fully constrained gauge
vector.

o is an appropriate choice of scalar ¢: on a Kerr background it takes the form
(0)

Py = — “_TN(I)S[W in BL coordinates coordinates [48], which is complex and has
complex, non-zero r and 6 derivatives. I note, the NP spin coefficients p, B, 7T, T, p, 7y
and « (also € when not specifying to a Kinnersly tetrad) also obey these properties.
That is, there are many choices of gauges with which one can use this method, each
using a different scalar quantity; I call this class of gauges Chandrasekhar-like.
However, 1, has an additional benefit, making it the preferred scalar for gauge fixing.
In Petrov type-D spacetime (with a principal null direction aligned background
tetrad) 1,051) is infinitesimal tetrad rotation invariant [48]. If one uses a
non-infinitesimal tetrad rotation invariant scalar for gauge fixing, then the gauge will
only be fixed for identical tetrads. Therefore, ¢ := 1, is the ideal choice for gauge

fixing (unless one concurrently uses a technique for tetrad fixing at first order [45]).

There is also unbounded freedom in choosing the form the scalar field takes in the
final gauge (1'(")). One might wish to exploit this freedom to calculate a gauge vector
such that the final gauge is asymptotically flat. However, in general,
Chandrasekhar-like gauges appear non-asymptotically flat for whatever choice of
scalar and function the perturbed scalar takes in the final gauge (unless the perturbed

scalar possesses a very unusual property), as I show in the next section.

3.5.1 The asymptotic irregularity of Chandrasekhar-like gauges

I shall analyse what form & and ¢? take when transforming to a Chandrasekhar-like
gauge, and compare to Table 3.1, providing evidence that the final gauge is not, in
general, asymptotically flat.
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7,(0)
Examining Eq. (3.17), taking % = O(1Y), this gives
0

Al])(l) _ Al[J(l)
o200 a0y
Pl —

=y = o(w(o)) (3.22)

where, in the second line I have assumed ¢" = O(r~!) to achieve an asymptotically
flat gauge transformation (see Sec. 3.3). Also, I have assumed y'(!) falls off quickly (as
one is free to choose 1'(1)). Eq. (3.22) appears to hold an impossible constraint: it
would be challenging for the first-order perturbation of a scalar to behave a factor of
2 orders less than its zeroth-order form near Z+. From this, I can conclude that
generally Chandrasekhar-like gauges are non-asymptotically flat (regardless of what
form one chooses 1’1 to take in the final gauge). This analysis produces similar
results when analysing Eq. (3.19). Of course, there will exist choices for (") which
result in an asymptotically flat final gauge; however, there is no obvious way to

predetermine an appropriate 1/]’(1).

Whilst generic Chandrasekhar-like gauges are non-asymptotically flat, the algebraic
nature of finding its gauge vector makes it an excellent tool for comparing results.
Inputting the gauge vector into Eq. (3.1) results in a gauge invariant 1/&/1(5) up to gauge

transformations along the Killing vectors of Kerr spacetime.

3.6 The Bondi-Sachs gauge and fixing the BMS frame

So far, I have presented methods with limited success for calculating gauge vectors to
fixed asymptotically flat gauges. My only applicable method involves solving coupled
PDEs which is impractical for application. I will now present a method for calculating
the gauge vector to the Bondi-Sachs gauge (an asymptotically flat gauge), which
involves solving ODEs along out-going null-rays. Following this, to achieve a
gauge-invariant lpﬁ), I produce a method for fixing the Bondi-Metzner-Sachs (BMS)
frame at Z" (the remaining freedom in the Bondi-Sachs gauge). First, I outline basic
introductions to the Bondi-Sachs formalism, BMS transformations, and vector

spherical harmonics to familiarise the reader and present my notation.
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3.6.1 The Bondi-Sachs formalism

A well-studied asymptotically flat gauge is that of the Bondi-Sachs formalism. The
Bondi-Sachs gauge was designed specifically to analyse gravitational radiation at Z*
[107], constructing spacetime out of successive out-going null hypersurfaces. Le.,
working in Bondi-Sachs coordinates 2 = (u, 7, #) (where 4 = (8, $)), the null
hypersurfaces are of constant . Additionally, the angular coordinates are chosen such
that out-going null geodesics are of constant /' (as well as constant u). 7 is therefore a
parameter on the null geodesics and is chosen such that (near Z) the surface element
on a two-surface of constant u and 7 is identical to the surface element on a
geometrical sphere of radius 7 [33, 71]. These four gauge conditions can be written as
g =0,g"t =0 (or gy = gia = 0) and 9; det[f4p] = 0 (Where f4p is the angular
metric, per unit 7%, on surfaces of constant u and #) for a totally generic asymptotically
flat metric g,;. Asymptotic flatness requirements [191] also require the leading-order
large-7 behaviour of f4p to be g4p, the unit 2-sphere metric [71].

Applying these gauge conditions, a metric in the Bondi-Sachs gauge takes the form
g.pdxtdzt = —%ezﬁduz —2ePdudp + 2 fap(di? — Udu)(d® — UBdu),  (3.23)

where V, B, U4 and fap are all functions of (u, 7, J?A). The functions V, B, U4 and faB
have six degrees of freedom (accounting for the gauge condition which restricts the
freedom of f4p and that f4p is symmetric). They accommodate the six physical
degrees of freedom of General Relativity, whilst the Bondi-Sachs gauge conditions

constrain all four gauge degrees of freedom (up to the BMS transformations, see
Sec. 3.6.2).

For physical solutions, one must also enforce that the metric satisfies the EFE (Eq.
(1.6)). For a stress-energy tensor with an appropriate fall off, the EFE constrains the

fall off at large r of the metric functions to be [71]

V= 2Mp ¥ +03G2), B=0@F2)

C o
fap = 4qap + ?B +0(772),

_DBC,z 17 2 1
A _ ap L 204 14 BC
e +?3[ 3N T 1gP  (CocCT)
1
+ ECABDCCBC] O, (3.24)

where D 4 is the covariant derivative corresponding to 45, Mp is the Bondi mass
aspect, and N4 is the angular momentum aspect. C4p is related to the the Bondi News
tensor (N4p := 9,Cap), which contains the information about the gravitational waves
emitted to Z". Z relates to the BMS frame (as I will show in Sec. 3.6.7).
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3.6.2 The BMS symmetry group

Whilst most of the gauge freedom of General Relativity is constrained by working in
the Bondi-Sachs gauge, there is still residual freedom left corresponding to the choice
of coordinates on Z*. Z7 is preserved under diffeomorphisms of the BMS symmetry
group [107] and these transformations affect the form of the metric. The BMS group
contains not only the Poincare symmetry group of flat spacetime, but also an
infinite-dimensional subgroup known as supertranslations'. Here, I give a brief
overview of the BMS transformation. For more detailed, recent explanations please
see Refs. [71, 107, 55]. Alternatively, one can study the original work of Bondi, Van de
Burg and Metzner [36] and Sachs [167, 166].

The BMS symmetry group becomes apparent through examining the freedom within
the Bondi-Sachs gauge at Z+. That is, analysing which transformations preserve both
the Bondi—Sachs gauge conditions (g = gr4 = 0 and 9, det[f45] = 0) and the
asymptotic fall offs of the Bondi-Sachs metric functions (Eq. (3.24)). Naively (as
physicists originally supposed [166]), one may expect Z* to have identical symmetries
in General Relativity as in Special Relativity. The motivation behind this expectation is
asymptotically flat spacetimes asymptote to Minkowski spacetime near Z. However,
as Refs. [36, 167, 166] found, the symmetries of Z* in General Relativity has a more
novel structure than Special Relativity.

The symmetries of Z"in Special Relativity are the global symmetries of the Minkowski
spacetime. The symmetries of Z*in General Relativity are the asymptotic symmetries
of asymptotically flat spacetimes in General Relativity. After a full analysis of the
symmetries of Z7, the transformation vector (E) does take similar forms in both
General Relativity and Special Relativity [166],

Z= [a(ef‘) + %uDAYA(GB)] du + YA(05)0,, (3.25)
where Y4 (0B) satisfies

2D(4Yp) — DcYSqa5 =0, (3.26)
and has the general solution

Y4 = D4 — e*BDgx, (3.27)

where x and « are ¢ = 1 spherical harmonics [71] (accounting for the three rotational
and three boost degrees of freedom). However, there is a crucial difference between
the Special Relativity and General Relativity transformation vectors. This manifests

IThere are extensions of the BMS symmetry group which include an additional infinite-dimensional
subgroup, known as superrotations [28]. 1 omit superrotations in my analysis as they involve singular
coordinates which I do not expect to occur in the perturbative calculation I am considering
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itself in the form of «(6*). In Special Relativity «(6") is constrained to be a linear
combination of the I € {0,1} spherical harmonics (corresponding to the time and
three spatial translations). In General Relativity, (6) can be any linear combination
of twice differentiable functions of 84 [166] (i.e., a linear combination of spherical
harmonics). This coined the term supertranslations, an infinite subgroup of the BMS
group corresponding to the infinite freedom to choose a(64) (which includes the

ordinary time and spatial translations).

3.6.3 Vector spherical harmonics

During my analysis of the BMS frame in perturbation theory, I shall find it useful to
decompose vectors on the unit 2-sphere into vector spherical harmonics. I follow the
conventions (but not the notation) of Martel and Poisson [109]. Vector spherical
harmonics come in two types, even (Z") and odd (X}") parity, defined for I > 1.

Vector harmonics are related to spherical harmonics (Y},,,),

Zl" = DaYi,
X' = —e " DpYiy, (3.28)

where € 4p is Levi—Civita tensor on the unit two-sphere [140].

3.6.4 Gauge fixing to the Bondi-Sachs gauge

Here, I give a method for calculating the gauge vector (&) which takes the metric
perturbation into the (infinitesimal) Bondi-Sachs gauge from any initial gauge. The
gauge vector is calculated by solving an explicit, hierarchical set of ODEs, written in
NP form. The resulting metric perturbation fgp (rap = hop + 2V (,8p)) is in the
Bondi-Sachs gauge and hence is asymptotically flat and fully gauge fixed up to the
BMS freedoms (which I fix in Sec. 3.6.7). I assume that gig) is the Kerr metric.

This scheme requires a tetrad where [ is radial, and m* is angular in some
coordinates. For example, the Carter and Kinnersley tetrads obey these conditions in
Bondi-Sachs coordinates. Such a tetrad allows one to express the Bondi-Sachs
infinitesimal gauge conditions as hy = hyy = s = 0. The conditions fi; = fy,, = 0
are trivial to derive by contracting /* and m” with the metric perturbation of the form
Eq. (3.23). fty;m = 0 derives from Jacobi’s formula [140, 143] and 9, det[f45] = 0.

Note that these infinitesimal gauge conditions are coordinate invariant. I, again, use
the Petrov type D simplifications in this section.
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I introduce the decomposition of the gauge vector ¢* into its null tetrad components,
" = =1 = n*Cy + m G+ . (3.29)

Using the constraints of the Bondi-Sachs infinitesimal gauge I solve for each

component of the gauge vector.

The conditions f;; = iy, = 0 simplify to a hierarchical pair of radial ordinary

differential equations in NP form,

2DE —2(e +&)& = —hy (3.30)
D&y + (—€+&+p)Cm = —hpy — 08 + (B+ &+ 7). (3.31)

Egs. (3.31) and (3.29) determine the components ¢; and ¢, up to integration constants
which correspond to choosing ¢; and &, on a single r = constant surface (a convenient
choice of surface is Z).

The angular trace free condition (fzmm = 0) expressed in NP form results in an
algebraic equation for ¢,

(0 +0)8n = —hwm + (1 + )61 + (& = B)om + (& — B) i — 6Cm — 6Cm- (3.32)

The u dependence of &; and ¢, (at ZT) is constrained by the asymptotic falloff
conditions lim, e /1, = 0 and lim, e fzu 4 = 0, written in tetrad form as
hiy|z+ = hum|z+ = 0. These conditions result in simple ODEs along future null infinity

(further constraining ¢; and (),

(AG — (v +7)8D)|z+ = (—hiw — D& — (€ +€)&n + (71— T) G + (7T — T)in) 7+,
(3.33a)

(A + (Y =7 = W)em)|z+ = (—hum — 68 — (B+ &+ T)Cn) |7+ (3.33b)

This (and Eq. (3.31)) fixes the remaining freedom of ¢; and ¢,,, up to choosing a (u
independent) ~ r¥ piece of & and (1 independent) ~ r! piece of &, on a single sphere
at constant u (at Z"). When working in the frequency domain, the above equations
constrain the oscillatory part of the gauge vector, and the zero frequency contribution
remains unfixed (corresponding to initial data).

I must also apply the condition hiag — 0at Z". This constrains the trace-free piece of
J145. The condition can be expressed as o |7+ = 0 and results in the ODE (assuming
the ¢ dependence of ¢” and h,;, can be written as eime)

2(08m + (& = B)Cm)|z+ = (—hmm)|z+- (3.34)
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Eq. (3.34) is only applied at a single ug because the only remaining freedom in ¢, is on
a single surface of Z*at a single 1. This completes the collection of infinitesimal
gauge conditions. The remaining freedom to set the (1 independent) r” piece of ¢; and
(1 independent) rl piece of {,, at a single cut of ZT, corresponds to the BMS freedoms

as I will show in Sec. 3.6.7.

It is worth emphasising that this method uses a tetrad which has particular properties
when expressed in Bondi-Sachs coordinates, but one does not have to use
Bondi-Sachs coordinates when solving the above equations because the NP formalism
is coordinate covariant. In Appendix B I give a similar derivation that was completed

in Bondi-Sachs coordinates and motivated finding this covariant method.

3.6.5 Gauge fixing to the radiation gauge

At this point, I note the similarities between the (infinitesimal) Bondi-Sachs gauge and
the radiation gauge. The difference being, the Bondi-Sachs gauge imposes h;,; = 0
whereas the radiation gauge imposes h;,, = 0 instead (both gauges impose

hy = hy = 0).

Therefore, it is straightforward to alter the infinitesimal gauge transformation in
Sec. 3.6.4 to give a transformation to the radiation infinitesimal gauge. One simply
solves Egs. (3.30) and (3.31) for ¢; and ¢, followed by

D&y + (e +&)6n = —hyy — NG+ (v +7)& + (T = T)Cm + (T — T) 8y (3.35)

for ¢,,. The resulting gauge vector will take one to the radiation infinitesimal gauge.

3.6.6 Kerr in Bondi-Sachs form and its associated BMS frame

The BMS symmetries are not unique to the Bondi-Sachs gauge. All generic
asymptotically flat gauges transform under the BMS group (as the group corresponds
to deformations of Z). However, here, I analyse the BMS symmetries of
perturbations to Kerr through the lens of Bondi-Sachs coordinates. Before I discuss
the BMS frame of a perturbed Kerr metric, I analyse the form of the Kerr metric in the
Bondi-Sachs gauge and its associated BMS frame. This analysis will provide useful
expressions relating the Bondi-Sachs coordinates to BL coordinates in Kerr (which I
will use in Sec. 3.6.7). It will inform me which BMS transformations (and their
infinitesimal counterparts) affect the form of the Kerr metric and which symmetries

are intrinsic to Kerr spacetime.

Multiple works have already expressed Kerr in Bondi-Sachs form. I comment on them

here: Fletcher [73] expresses the Kerr metric in generalized Bondi-Sachs form (where
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the angular metric gauge condition is not imposed). Bishop and Venter [33] express an
analytical form for the Kerr metric in Bondi-Sachs form. However, their expression for
their metric is highly non-trivial, containing integrals which must be evaluated
numerically. There also appear to be errors in Egs. (35) and (36) of Ref. [33], which
become apparent upon evaluating their respective asymptotic limits (one would
expect ji; = 1+ O(?7!) and j; = O(?71), but evaluating their expression gives

ji1 =14 O(7!) and j1 = O(#*) respectively). Finally, Bai et al. [19] calculate an
asymptotic expansion for the Kerr metric in the BS gauge. Whilst the expansion is
incomplete (but can be evaluated to an arbitrarily high order iteratively), their results

are to a sufficiently high order for my analysis of the Kerr BMS frame.

The expansion for the Kerr metric in BS coordinates {u, 7, 0, (f)} in Ref. [19] is not
uniform in the order in 7 (beyond Minkowski). Here, I restate their expansion up to a
consistent order:

2 2101 _ «in2[A
ds? = —<1 _2M + Ma”(2 cos [2] ik [9]))du2 — 2dud?
P

PN

2 i [ h L2719 2 229
| 6Ma sujz[@J coslf] , & ‘Wdud¢ n (¢z _ MﬂsrmWJ> e
5
2 i D
+ (?2 sin?[] + W)d@z +OGM Y, (3.36)

where O(#M~4) denotes that all additional terms are 4-th order in 7 post Minkowski.
Note, Bai et al. [19] listed the dud¢ term as having an O(r_z) error. I have checked,
using the coordinate transformations as given in Bai, that the (’)(1’*2) term vanishes,

M—4)

leaving an O(r~3) = O(r error, consistent with the other components.

The coordinate transform in Ref. [19] from the Bondi—Sachs coordinates
(corresponding to the metric Eq. (3.36)) to BL coordinates {t,7,6, ¢} is

4M? — 4% sin?[0)]

u=t+r+2Mlog [ﬁ} —

;
4M3 — Ma? _
- Ol %),
. a%sin?[f]  a®>Msin?[f] 5
e +00™),
A a? cos[0] sin[6] _4
Ma 4M?%a

b=¢+ Tt Tt O ™). (3.37)
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And the coordinate transformation from BL to these Bondi-Sachs coordinates is

3 4M?
t=u—7—2Mlog [2;\4] +=
4M? — Ma? + 3 Ma?sin® [6
+ = U +0O(#73),
2 2 9 M 2 2 é
L, smAH a*sin” [6] )
2 272
0—0_ a% cos [;A]zsin 6] oG,
r
. M 4M?
p=4— 5 — 5 TO0G. (3.38)

Eq. (3.36) is not a unique form of the Kerr metric in the Bondi-Sachs gauge. It is

transformable under the BMS freedoms.

From Eq. (3.36), it is clear that the Bondi-Sachs metric quantities (Eq. (3.24)) take the

form
Cap =0, Mg = M, N4 = {0, -3Ma}, (3.39)

in Kerr in this BMS frame. Another conclusion one can take from Eq. (3.36) is how
similar it is to the Kerr metric in BL coordinates: the Bondi mass aspect is simply the
Kerr mass and the angular momentum is (similarly to BL form) purely associated with
the azimuthal coordinate in this BMS frame. Also, as Kerr is stationary, no
gravitational waves are emitted from the system; hence, C4p must be independent of
u. As Cyp = 0, the u independence holds and C4p is as simple as possible (making
this form preferable).

As I am concerned with BMS frame fixing, it is necessary to ask whether there are
residual BMS freedoms associated with Eq. (3.36); i.e., is the BMS frame fully fixed by
this expression for the metric. The answer presents itself by considering the
symmetries of Kerr spacetime: time and azimuthal symmetry. Time translations and
azimuthal rotations are BMS transformations which leave the form of Eq. (3.36)
invariant. Therefore, the frame is not fully fixed by the form of the metric. Later, I shall
prove that the other BMS degrees of freedom (two further rotations, three Lorentz
boosts, and the supertranslations) are fully constrained by the form of the Kerr metric
in Eq. (3.36). I achieve this by proving that their respective infinitesimal

transformations leave Eq. (3.36) non-invariant.

3.6.7 Fixing the BMS frame at first order

I now turn my attention to the BMS frame of a perturbation to Kerr in the infinitesimal
Bondi-Sachs gauge (fzab, as calculated in Sec. 3.6). Le., the infinitesimal BMS frame of
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the Bondi-Sachs infinitesimal gauge. The BMS freedoms correspond to the remaining
gauge freedoms within the family of Bondi-Sachs gauges. If one fully fixes the BMS
frame in a Bondi-Sachs gauge, one has a fully constrained the gauge.

The infinitesimal BMS frame fixing method I present is derived using similar methods
to how I fixed the infinitesimal gauge freedoms in earlier sections. I define a gauge
vector ¢ (consistent with BMS vector form, Eq. (3.25)) such that fz;b = hgp + E%) Sab

transforms to a fully specified infinitesimal gauge (fl;b). For now, I assume the
background metric and Bondi-Sachs coordinates are consistent with the Bai et al.
Bondi-Sachs form [19] (discussed in the previous section). However, later, I convert
my resulting method to NP form, making it covariant. In this subsection, I use the
definitions and conventions given for BMS transformations in Sec. 3.6.2 and vector

spherical harmonics in Sec. 3.6.3.

In order to analyse the form of fz;(bl), one can express fz;(bl) near Z" in orders of 7. As1
do not want to analyse the metric perturbation directly at Z* (because this would
require a conformal transformation), instead I will analyse the form near Z*. Hence, I
need to extend ¢ (Eq. (3.25)) into the interior of the spacetime; Ref. [71] provides such

an expression in Bondi-Sachs coordinates,

2 1 1 =
= f(l)a” + [Y(?) - ;DAf(l) + ?CE%I)SDB](@) +0O(? 3,82)] 04
1. 1 1 1 B
_ |:§ DAY(I?) — EDZf(l) - EU{(X))DAJC(U + EDA(DBf(l)CE%?) + O(?’ 2/82):|a?/

(3.40)

where f(1) 1= a() (64) + uD AYé) (68). Using the Bondi-Sachs Kerr metric given by
Bai et al. [19], I can make the simplifications C;,?/) =0 and Uff) = 0 (see Eq. (3.36)).
Hence, Eq. (3.40) simplifies to

i A 14 53 1 A1 52
‘: = f(l)au + [Y@) - ;D f(l) + O(” )} da — [* DAY(l) - ED f(l) + 0(7’ )] ;.

2
(3.41)

This is still a complicated gauge vector, with multiple types of BMS transformations
affecting each component. To associate h;(hl) to a specific infinitesimal BMS frame, I
must separate these degrees of freedom. This can be achieved by finding quantities
which transforms in such a way as to isolate each transformation, allowing each

degree of freedom to be fixed individually. To find conveniently transforming
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quantities, I begin by examining how the T component transforms,

Ai:luu = gcguu,c + ZCC,uguc
= ‘:?gull,f’ + zgu,uguu + 2(:?,uguf’ + zglilugllA

3M M . DA G U o
= TDAY{}) + 7 (Za(o) sin’[B]D? DY) — DPay) — EDZDAY@‘)) +O(7).
(3.42)
By isolating each order in 7 of Ah,,,, one finds
3M
AMD = TDAY{}), (3.43)
(1) 1 2 Mu _, A (0) win27A1 A
AZVY) = —= IMD ) + TD DAY(l) —2Ma"V sin”[0] D DAY(U}, (3.44)
?

where AM() = Mgl) — Mg) and AZ = 7'V — 71 (and Mp and Z are defined in
Eq. (3.23)). Note, Eq. (3.43) is identical to Eq. (2.18a) in Ref. [71] when C (g)

) =0is

imposed.

Immediately one sees Eq. (3.43) isolates the boosts, in Egs. (3.25) and (3.27), from the
other BMS transformations as DAY(’?) = DADA)((l) (i.e., D4eBDpx = 0). Also, by

fixing the boost frame using Eq. (3.43), one can isolate the supertranslations («(;)) in
Eq. (3.44). To fix the boost frame I express Y(“ll) in terms of modes. Eq. (3.27) becomes

+1
Yé‘) - Z DADAXSIIEY&H! - €ABljBKl,mYK,m- (345)

m=—1

Similarly, one can express a(!), AM(), and AZ() in terms of spherical harmonics.

Eq. (3.43) can now be rearranged to give an equation for X(l)

1,m
2aMVy,
D2 (UY — 1,m A
Xl/m 1m 3M 7
1)
AM
(1) — 1m 4

= Xl,m 3M ’ (3 6)

where in the second line I have used that D? is the Laplacian on the unit two-sphere;
i.e., DZYg’m = —E(E + 1)Y€,m-

By using Eq. (3.46), Eq. (3.44) can be rearranged to solve for Déérl“? in terms of AZ&? and

AMY

1m”

Wm_ 2 o 4am @) W)
“ia = M 1) a1 1) 0 e T 3 MMiae (3.47)

Where I have again used that D? is the unit two-sphere Laplacian. I have solved for

xgln)l and zxéllz (for £ > 1) algebraically in terms of AM&% and AZ&). One is therefore free
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to choose Mi(l) and Z'(M) as they are purely BMS frame dependent. For simplicity, one

can choose Mg(l) =0and Z’M =0 (ie., AMY = — MW and AZSH? = _Zé,lnz)' These

,m 1,m 1,m
choices, respectively, put the coordinate system into the center of momentum frame

and set the position of the origin to the center of mass of the first-order perturbation.

The remaining BMS transformations are the time translation (o) and the three
rotations (x1,4). I expect to be unable to constrain xgg and 1 o using the metric
perturbation as they correspond to the time and axial symmetry of Kerr spacetime
respectively. Alternatively, these freedoms could be fixed using the transformation of
the first-order stress-energy tensor, Eq. (3.3). The other rotations, as I will show, can be
constrained by fixing the form of Nl(ql). The transformation of NS) is given in Eq.
(2.18c) of Ref. [71] (and can be also derived from the transformation of 1,4 expanded

in r). Setting C (2) = 0and Ug)) = 0 in that equation gives

a

ANGY) = 3MOD, ) + Ly, N+ DY N 349

I can isolate the BMS rotations by splitting the Lie derivative into the even and odd
piece, Y(j) = Y{j,, +Y{}), (where Y{j, corresponds to the rotations), equivalently to Eq.
(3.27). Rearranging Eq. (3.48) for ﬁ?a)a NIE‘O) (as Y(‘?)g has already been fixed by fixing
) gives

)C?(l) N1(40) — AN1(41) - 3MDAf(1) . E?(l)eNg)) - DBY(I?)NI(QO) (349)

This equation simplifies significantly when implementing a vector spherical harmonic
decomposition [88, 172]. Noting Nl(qo) = {0, —3Masin?[f]} « X1°, Y“})e 5 me and

(
Y(“})D o« Xfm, one finds

Ly, N§ o X5 (3.50)
Ly, Ny o X5, X5 (3.51)
Dafq) & Z4% (3.52)
DyY{h Ny o Z, X5, X5 3:59)
AN'Y o 5, xm. (3.54)

Here, I have used Eq. (3.28) to replace the vector harmonics with spherical harmonics,
converted the Lie and covariant derivatives to partial derivatives, explicitly evaluated
the angular derivatives, and then compared the resulting spherical harmonic

expression with Eq. (3.28) to deduce the vector harmonic content. As E’?(l) Nf(lo) is

purely Xi"il, and the only other term which contains X}fl elements is ANI(;), one



80 Gauge Fixing

finds the equality
Ly 1 N = AN = ANC xEE, (3.55)
(1)ol,%1 . 1,41 . (1) .
where AN, is the X;~ piece of AN, ’. As expected due to axial symmetry of

Kerr, 17%5) )o does not contribute. By evaluating the Lie derivative (using
Y(“})O = —¢4BD BKg,er Y1 n), defining N such that Nl(qo) =N X}L\’O and decomposing into

vector spherical harmonics, one finds
3 )
24/ oK) L NIXG = ANG X (3.56)

Noting that N = 2v/37tMa (from Eq. (3.36)), I can now solve for Kgil, giving

‘ 1
(1) IAN(Sl,)il

M — Tl 3.57
Ll 3v2Ma (3:57)

That is, one can fix the BMS frame with respect to the rotations about the x- and y-axes
(corresponding to Kilil). Again, for simplicity, one can chose N;gl)il = 0, resulting in
AN ﬁ) 1= —N, 0(}) 1~ This choice can be understood as aligning the angular momentum

of the first-order perturbation along the z-axis.

In summary, one can solve for the gauge vector to a maximally fixed BMS frame by
solving Egs. (3.47), (3.46) and (3.57) for "‘1(812)1,1“' Xgln)l and Kg,lj)ﬂ respectively. The gauge

vector Eq. (3.41) can be expressed as

2 1
&= foydu + (DAL = e D)) Y — 5D )+ O( )] 04

1, 1 A_
— |5PDA(D ) — e D)1 — 5D ) + OG0, (358)
with
m/pA 1
fay = Y@ + EuDA(DAX&{ — "B Dpr )Y . (3.59)

Egs. (3.57), (3.46) and (3.47) fully fixes the infinitesimal supertranslation frame, the
infinitesimal boost frame, and two of the infinitesimal rotation frames to first order.
However, it leaves ag g and «; o (the time translation and rotation around the z-axis
respectively) unconstrained. These freedoms could be fixed using Eq. (3.3). For a
self-force calculation, this would be equivalent to fixing the infinitesimal position of
the compact object at a given infinitesimal time, whilst remaining consistent with the
BMS frame fixing. This method is consistent for a Kerr background and any
background satisfying C,(ft)a =0and Nl(qo) =N Xllq’o.
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3.6.8 Implementing BMS fixing in the Bondi-Sachs fixing method

The infinitesimal BMS fixing scheme described in Section 3.6.7 can be used to provide
boundary conditions for the Bondi-Sachs infinitesimal gauge fixing method in

Sec. 3.6. The resulting gauge vector calculation has no residual freedom (up to a time
translation and axial rotation), resulting in a fully fixed infinitesimal gauge. That is, an

infinitesimal Bondi-Sachs gauge with a fully fixed infinitesimal BMS frame.

The remaining freedom in the gauge vector calculation in Sec. 3.6.4 is in

Egs. (3.33a) and (3.33b). There remains the freedom to choose the (u independent) ~ #°
piece of &; on a single cut on Z* (which I label ¢| 7+ # ,0) and the freedom to choose
the ¢ = 1 (u independent) ~ r! piece of &,, on a single cut on Z*(which I label

gt |7+ 30 ,0). Implementing the BMS frame fixing method to apply boundary
conditions gives (in Bondi-Sachs coordinates)

1
Cl‘z+,¢ W = —A(txéll,zYé'm + EMDAYA)/

=}
~

=}

_ # ,
=1 7+ 5 —ﬁ(yg +iY?), (3.60)

, 10

with Y(/}) =yl XSIZDAYM — k1,6 BDgY; 5 and A is a factor corresponding to the
choice of tetrad (in the Carter tetrad A = 1 and in the Kinnersley tetrad A = %). I
have used that I¥ = {0, 4,0,0} + O(r~!) and m* = ﬁ{O, 0,1, m} +O(r2)in
Bondi-Sachs coordinates.

The strength of the tetrad transform method is its coordinate covariance.
Transforming between coordinate schemes is straightforward as ¢ "'and & are scalars.
Also Eq. (3.60) only constrains the leading-order 7 dependency, plus retarded BL
coordinates (with u — t + r) are equivalent to Bondi-Sachs coordinates to leading
order in 7 in Kerr (see Eq. (3.37)). Hence, Eq. (3.60) is the same in retarded BL

coordinates and BS coordinates.

I now have expressions for the boundary conditions in the infinitesimal Bondi-Sachs

gauge fixing method in BL coordinates. The required inputs are txgl i )(51'2 and Kilil.

Currently the explicit expressions for (Xé1>)1,m’ x%l,,)l and K&)ﬂ (Egs. (3.47), (3.46) and
(3.57)) require working in BS coordinates. I will now show how “él>)1,m' X%ln)l and Kgllj:l
can be obtained from BL coordinate metric perturbation. Again, this is
straightforward as the Bondi-Sachs coordinates are equivalent to retarded BL

coordinates to leading order in r in Kerr.

zxgl o )(glnz and K;lj)ﬂ are obtained from AM™M, AZ(1) and ANI(AD in Egs. (3.47), (3.46)
and (3.57). As AM(1) = Mgl) - Mg), finding AM(!) requires choosing Mgl); an
obvious choice in self-force calculations is Mg(l) = u (for quasi-normal mode

calculations, there is no additional mass in the system, making the obvious choice
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Mgl) = 0). Similarly, choosing Z'(1) = 0 (placing the first-order center of mass at the
origin) and Né(l) = 0 (aligning the angular momentum with the z-axis) are obvious

choices.

Additionally, to obtain AM® AZ(M) and ANI(:) one needs M, Z(1) and Ngl). Such
functions are acquired from the components of the metric perturbation in Bondi-Sachs
coordinates, specifically, the components fz,(llu)BS and flﬂBs (the superscript BS denotes
a quantity expressed in Bondi-Sachs coordinates), see Eq. (3.24). As I want to relate
these quantities to a metric perturbation in BL coordinates, I transform the
components using the BL to Bondi-Sachs coordinate transform in Bai et al. [19]

(Eq. (8.37)). This informs us that

7 7 ( -

huu = htt + 0(1’ 3)/

b =™ 02, (3.61)
where ﬁ;lv)BL is the metric perturbation in the infinitesimal Bondi-Sachs gauge

expressed in BL coordinates. Therefore,

(1) (1)
~(1)BL M Z _
(1)BL
A 2N
hSA)BL — uz(ql)BL . éqr + O(r—Z); (362)

that is, MO = MI(;L), 71 = ZgL) and Nl(ql) = NS)BL. Hence, I can write Egs. (3.47),

(3.46) and (3.57) as
“(1) _ 2 n 4iam
bm = ME(£+1) "BLbm  3MU(£+1)
1
(1) _ _AMI(S'L)l,m
Al 3M

G
OB - ZANBL) 01,41
L= 3v2Ma

(1) u 1)
AMpr1m — mAMBLl,m’

(3.63)
(3.64)

These are the required inputs for Eq. (3.60) in BL coordinates.

This completes my formalism for transforming to an infinitesimal Bondi-Sachs gauge
with a fully fixed infinitesimal BMS frame. The methods in Secs. 3.6.4, 3.6.7, and 3.6.8
combine to produce a practical way of calculating a gauge vector (). This gauge
vector can be inputted into Eq. (3.4) to solve for a fully fixed asymptotically flat
infinitesimal gauge-invariant quantity (up to time translations and z-axis rotations).
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3.6.9 Demonstrating gauge invariance up to Killing symmetries

In this section, I demonstrate that the Bondi-Sachs gauge fixing method with BMS
frame fixing, and Chandrasekhar-like gauge fixing, produces a gauge invariant 1/]2&2)
up to the Killing symmetries of Kerr spacetime. To achieve this I examine how w:l(f)
transforms under a generic gauge transformation associated to the gauge vector

g ?1) [37]. Quantities in this new gauge will be labelled with a tilde.

Under such a gauge transform, the metric perturbations transform as
1 7 (1) 1 0
hy = hay = hy) + ﬁggl>g§b) (3.65)
2) ;@ _ e (©) 1, 1 (0)
Wy =y =h) + Loty 8ar + Logyhay + 5Le, Lat, 8 (3.66)

Using the scheme in Sec. 3.6 with the boundary conditions in Eq. (3.60) and (3.63) one
can calculate the vector C‘(Zl) in the new gauge, 6?1)- It can be shown that C?l) in the new

gauge is
Sty — &y = ¢fy — &0y + By (3.67)
where E‘(’l) is the part of { L(’l) that is tangent to the Killing vectors of Kerr spacetime.

Next, I want to assess the form of lpr(Lz) in the new gauge. By gauge transforming
Eq. (3.1) to the new gauge, gb:L(LZ) transforms as

1y 1 0
i — P = |:hﬁ(lb) + Ly, 85(11;) + L, ht(zb) + *ﬁCC Ly &(zb)
(1) (0)
+ {ﬁ(% St +Eh) (hab + L5 8 ) + ﬁ( =t 20 £~y 2ty ) Sab
(3.68)
Expanding L’( g hE) = L’g?l) - ‘CC?n + ﬁggl), using ﬁEfl)gﬂb =0,and
Ta[Lxcgap] =0 (for any vector X¢), one finds some terms cancel, giving
1
1'/]4L - 7:1[ ab + ﬁgc hng) + 7£§f1)£§f1)gﬂb
+5 (e £ 0 — £ L, )
1
+ Lz hy) + ~Lar, L gub] (3.69)

The second line in Eq. (3.69) is equal to 374 [E[gc/gd]e gub} = 0, where I have used the
property of the Lie derivative that ‘Cﬁfl)ﬁ%) Sab — ﬁ%)ﬁ% Sab = ﬁ[gclgd}c [157] and
Ta[Lx<gqap] = 0 (for any vector X°). Hence, noting that the top line in Eq. (3.69) is equal
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AR

~1(2) _ 7(2) (1 1
1P4L) — 1704([4 + T £Ef1)h b) + EEE&)E%)&’”} . (3.70)

a

Note, { ?1) does not appear in Eq. (3.3) except in its contribution to E?l) (its Killing

vector content). Therefore, I have shown that QUZI(LZ) is gauge invariant up to gauge
transformations along the Killing vectors of Kerr spacetime.

By fixing the Killing vector freedom using Eq. (3.3), the resulting §’(11) will transform as
{,”(11) — 6’?1) = é"(ll) — é‘(ll) and Eq. (3.69) will become %(Lz ) = l[Jfl(Lz) . That is, this analysis
shows that once I have fixed the Killing vector freedom using Eq. (3.3), l[]:l(Lz) will be

completely gauge invariant for the Bondi-Sachs gauge with BMS fixing scheme and
the Chandrasekhar-like gauge fixing scheme.

3.6.10 Asymptotic behaviour of the reduced second-order Teukolsky
source in the Bondi-Sachs gauge

To complete my analysis on how the Bondi-Sachs gauge will aid second-order
calculations, I analyse the form of the reduced second-order Teukolsky source in the
Bondi-Sachs gauge near 7. I am interested in the leading-order-in-r falloff to
determine the behaviour of the retarded solution of the reduced second-order
Teukolsky equation (defined as an integral against the retarded Green’s function). In
summary, I show that source in the Bondi-Sachs gauge converges two orders in r
faster than the source in a generic gauge. I also show how the leading-order piece of
l[)ﬁ), which contains the gravitational waves being emitted to Z*, manifestly behaves
as a gravitational wave (in the sense of being a homogeneous perturbation of flat

spacetime) in the Bondi-Sachs gauge.

In order to achieve a separable reduced second-order Teukolsky equation, one must
express the equation in master Teukolsky form (similarly to Eq. (1.82)). In the
Kinnersley tetrad, it takes the form
Oy [p~*9i7 | = 207841 — 82Guy 1) 1], (3.71)
~ 158, [52@,;, [hﬁ?,hﬁ?” ) (3.72)

where in the second line I have expressed the leading-order asymptotic behaviour
near Z* (using that Ta(;) = 0 away from the worldline, p ~ 1, and £ ~ r2).

In a generic gauge, asymptotically flat gauge the leading-order asymptotic behaviour

of 52G, [hg?,hg})} ~ r~2[152, 185]. This can be shown from hilﬁ) ~ M in an
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1)

asymptotically flat gauge, noting that u derivatives of , 8 also behave as ~ r

Gy [y, 1| ~ .0 n .

-1 and

As S, contains terms which behave as ~ 9, Sy [52Gab [hgl), hg})H ~ r~2. Hence, the

source of the master Teukolsky equation (Eq. (3.71)) behaves as ~ 7.

As Oy ~ 12(—02 +02),and p~* ~ r*, sourcing the master Teukolsky equation with

~ r is equivalent to sourcing ¢4L at O(r=2),

O, [p—‘*lpﬁ)} ~rt s (242 ~ 2 (3.73)

1°g " terms

This is problematic as the solution to this equation will contain lpﬁ)
caused by the source. Additionally, the retarded greens function integral may not
converge [149]. The divergence makes determining the correct boundary conditions
highly non-trivial. This is known as the infrared divergence problem in

self-force [149]. In Refs. [156, 194, 195], to calculate the boundary conditions a

time-domain post-Minkowski solution at large » was used (similarly to Ref. [149]).

. . . 1 . . (2) .

In a physically motivated gauge, I conjecture that the ~ ; behaviour in ¢, is
source-free. My reasoning, according to the Peeling theorem [138], the leading-order
behaviour of l/JfL) will appear at O(r~!), which is where the gravitational waves
appear. Gravitational waves are vacuum solutions. Hence, the order in » where
gravitational waves appear should be source free. A source present at Sy = O(r2)

. e . (2) . : .
will obscure the gravitational waves in 1,;’ in a generic gauge, making it more

challenging to extract the gravitational wave information.

Next, I show how working in the Bondi-Sachs gauge (a “physically motivated”
gauge) avoids the infrared divergence problem. I show that in the Bondi-Sachs gauge
the source is more regular, behaving as Sy = O(r~*) (and sourcing (—92 + 83)%(&) at
O(r~*), meaning gravitational waves alone appear in the ~ r~! piece of 1/J£2L) )-

I begin by analysing the behaviour of S4 in GHP form,

Sul62Gu] = 5 (8 =7~ 47) (B = 20') G — (3 — T) G

\"N\

5 (P —4p—p) ((8' 27 6*Gun — (P' = p') 8*Gyum) - (3.74)

Note, only 5% Giin, 062G and 82G,yy appear in the source. Also, the time derivatives in
b’ ~ 9, contribute to the leading-order behaviour, while all other terms contribute a
factor of at-least r 1. That is, the source behaves as,

S4[0°Gyp) ~ *Gi + (3.75)

52Gnﬁ1 52Gnn
y T2
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I now want to find what gauge conditions produce a maximally regular S [6°G]. In
an asymptotically flat gauge 6>G,; behaves as O(r~2). Hence, from Eq. (3.75), one can

expect Sy [62Gyp| ~ r~* at best, in a well behaved gauge. To achieve Sy [6°Gyp| ~ 77*
requires
G ~ 172, 8 G ~ 172,
82 G ~ 12, (3.76)

This fall off can be understood by analysing the order at which one expects

gravitational radiation to arise in 6°G [hg,), hgi)} . This is achieved by comparing
e [hbg), hfzﬂ to a stress-energy tensor containing gravitational waves. Energy
dissipated by gravitational waves appears at O(r~2) and is transmitted along the
outgoing null direction [/? near Z; hence, energy dissipated will appear at leading
order in the §2G,,,, [hb%), hgi)} component. The angular momentum carried by
gravitational waves will appear at O(r~2), and will appear (at leading order) in

Gum {h(l) h(?] but not G [h(l) h(ﬂ . Hence, in a well-behaved gauge, I expect

ab’""a ab’a
Gim [hg),hgi)} behaves at O(r™*).

h(l) h(l)

By analysing the form of §2G,;, [ cd Mg } , one can derive the necessary gauge
conditions on h,;, to obtain the appropriate falloffs in Eq. (3.76). The results of the
analysis is that the first-order metric perturbation being asymptotically flat (hg?
satisfies Eq. (1.26)) is insufficient to ensure Eq. (3.76) holds. Additional constraints are
required: 1y, ~ hyy ~ hym ~ O(r=2) and hy; ~ O(r~3). To derive these constraints, I
analysed the form of 62Gy;, as a large r expansion in Mathematica; here, I will sketch

the argument.

First, note as the trace piece of 52G does not appear in S16*G,, and the first-order
perturbation is vacuum away from the worldline; hence, S4[62G,p] = S4[6*R ] (see
Eq. (1.19)). Therefore, analysing the fall off of Ry [hg), hé})] is sufficient. I express
the quadratic Ricci tensor, Eq. (1.21), as [153]

1.-ca 1 1...
(52Rab [htgi)/hii)] = —Ehc ;d<2hC(a;b) - hgb;c) + Zth;ahcd;b + Ehc b,d(hca;d o hda;c)
1
- Eth(th(a;b)d — Napsea — hedan), (3.77)

where a bar denotes the trace reverse (/1 := hyp, — % gflg) g(O)Cd) and on the right hand

side I have dropped the (1) superscript on the metric perturbation for legibility.

To determine the leading-order behaviour of Ry, 1 analyse the fall off of 11y, hy,
and hy,,,s in the Bondi-Sachs gauge. The first is simply h,, ~ M Next,
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expressing the covariant derivative in NP form,

~ ahv[l/: 0, q>] l'y + 0(772), (378)

This follows from noting D ~ 9, + O(r~1), A ~ 9, + 9,0(r 1), and § ~ 9, +3,0(r!)
and all the spin coefficients behave as O(r~1) [154]. Hence, the A derivative is leading

order in 7.

Similarly, a double covariant derivative can be written as

Using Egs. (3.78) & (3.79) it is straightforward (but tedious) to show that 62Gy,, ~ 72,
2Gum ~ r~3and 8°G ~ =2 if by ~ hyy ~ By ~ O(r=2) and by ~ O(r3).

By taking this analysis to a further order in r, it is possible to show 6*Gs ~ 4 if
iy ~ hiyy ~ hyn ~ O(r=2) and hyy ~ O(r~3). That is, in the Bondi-Sachs gauge
S4[6*Gap[hap, hap)] ~ r—*, sourcing (—9% + af)wﬁ) at O(r~*) (that is, only the
gravitational waves appear in lpﬁ) at ~ r~1). Crucially, the resulting source is not
plagued by the infrared divergence problem that appears in generic second-order

self-force calculations.

3.7 Highly regular gauge fixing

In this final section on gauge fixing, I present a method for deriving a local gauge
transform to a highly reqular gauge. Such a gauge transform reduces the singular
nature of the source near the worldline in second-order self-force calculations, making
the source of Eq. (2.20) well defined as a distribution (see Sec. 2.3.2). Here, I limit
myself to a method for calculating the gauge vector (¢*(x), at position x, with
coordinates x*) which takes one from the Lorenz gauge (a commonly used gauge in
self-force calculations) to the highly regular gauge, near the worldline. The highly
regular gauge condition is

hiRka =0, (3.80)

where iR is the metric perturbation in the highly regular gauge, and k is the set of
null vectors corresponding to the set of future-directed null geodesics  emanating
from the worldline (i.e., the object’s future light cone). For each point (x*) near -y there
is a unique geodesic (Bx#, which is a member of ) connecting the point to y. I show in
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Appendix C that I can approximate k near -y as

P?, Ax?

4
AV Pchchxd

x' is the coordinate of the point where B, intercepts vy, u” is

K= Kk =+ O(A). (3.81)

where Ax¥ = x¥ — x",
again the four-velocity of 7y (at x", Py, = gap + Ui, (the projection operator that
projects onto the plane orthogonal to 1*) and A is spatial distance from the worldline.

From Eq. (3.80), a gauge transformation from the Lorenz gauge to a highly regular
gauge satisfies

(hk, + Laogan)k* =0, (3.82)

which I solve to find ¢” given the initial metric perturbation is in the Lorenz gauge
(hL,). To do so requires a form for the metric perturbation in the Lorenz gauge (at
point x#). An expansion near the worldline (A) for h[fb is given in Ref. [143],

2
hgy %] = py(gab + 2uqup) + O(A?), (3.83)

where p := /P, AxFAx" = O(A).

The full derivation for {,(x) is given in Appendix C. Here, I state the result for solving
Eq. (3.82) for ,(x") as an expansion in distance from the worldline,

L ARb
Ea(x) = —2pity log[p] + Ya + APgbg +0(1), (3.84)

where % is the point on 7y with the same BL time coordinate as x, 7, is the four velocity
of the worldline at %, AX" = x¥ — 1", p := /P, AZ'ARY, Py = 8 — Datly, Yy is an
arbitrary set of four constants, and A is an arbitrary constant. For simplicity, one can
freely set Y, = 0, and A = 0, which gives

Ca = —2uilglog[p] + O(A). (3.85)

This method transforms into a useful gauge for second-order self-force calculations
(making the source of Eq. (2.20) well defined as a distribution on 7). This formalism is
the first step towards a highly regular gauge fixing scheme. To achieve such a scheme,
constraining the remaining degrees of freedom, similarly to how I constrained the
BMS freedoms in Sec. 3.6.7 in the Bondi-Sachs gauge will be necessary. I leave this

extension to future work.
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Chapter 4

Solving the Reduced Second-Order
Teukolsky Equation in
Schwarzschild

After finding the reduced second-order Teukolsky equation, Eq. (2.20), a natural
progression is solving the equation. A collaboration has been formed to solve

Eq. (2.20) for quasi-circular orbits in Schwarzschild. This project is a simplification of
the ultimate generic orbit in Kerr goal. Nevertheless, as this will be the first time the
reduced second-order Teukolsky equation will be solved, it will produce novel results
and help develop the best methods for implementing further calculations. The
collaboration contains Leanne Durkan, Ben Leather, Adam Pound, Sam Upton, Niels
Warburton, and Barry Wardell.

We solve Eq. (2.20) for tpﬁ) for a point-mass on a quasi-circular orbit in Schwarzschild.
Note, this is the reduced second-order Teukolsky equation with no gauge fixing, so
the resulting gbizL) is not gauge independent. Nevertheless, energy and angular
momentum fluxes radiated by a given orbit can be extracted from l[JfL). We can use the
two-timescale expansion (see Sec. 1.6.3.7) to evolve an inspiral through successively
smaller orbits. This evolution will produce waveforms for quasi-circular inspirals in

Schwarzschild to first-post adiabatic accuracy.

The project promises exciting results as we will compare the waveforms against the
recent results of Ref. [195]. A successful comparison will be an important consistency
check, as waveforms from Ref. [195] could be used for LIGO data analysis shortly.
Additionally, solving the reduced second-order Teukolsky equation has three
advantages to the methods used in Ref. [195]: only one complex scalar is solved for
(rather than ten metric perturbation components), it is easier to extend to eccentric
orbits, and most importantly, it naturally extends to Kerr.
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In the next section, I summarise the calculation. The following sections present my
contribution, including the form of the complete source (up to two pieces which will
be added shortly). I also derive source coupling formulas which can be used for any
second-order calculations in Schwarzschild (in the Carter tetrad). The formulas’
applicability is not limited to self-force calculations and will be published in Ref. [175]
shortly. The formulas express each mode of the second-order source as a sum of
products of first-order modes. To finish the chapter I outline the final steps that are
required to solve the reduced second-order Teukolsky equation, obtain fluxes, and

waveforms.

4.1 Summarising the calculation

4.1.1 Tailoring the calculation to the Lorenz gauge

Solving the reduced second-order Teukolsky equation requires a well behaved
(1)

tirst-order metric perturbation (hg?) as an input. h ui in the Lorentz gauge is regular
(except on the worldline, which can be handled with a puncture scheme, see

Sec. 4.1.3). Calculating the Lorentz gauge first-order metric perturbation is
straightforward in Schwarzschild [192] as the Einstein field equations are separable in
the Lorenz gauge. Niels Warburton supplies retarded Lorenz gauge hfli) data to the

collaboration (as used in Refs [195, 194, 156]).

Throughout the implementation of the reduced second-order Teukolsky equation
calculation we have, in places, used existing data and architecture from

Refs. [195, 194, 156]. This is because second-order self-force calculations are incredibly
time consuming. Refs [195, 194, 156] worked for the majority of a decade on their
project before publishing results. With LISA fast approaching, we do not have the
luxury of time, so leveraging previous work is necessary to obtain timely results.
Nevertheless, the implementation described here does make many significant
divergences to the methods in Refs [195, 194, 156], and the new methods show
significant progress, as I shall highlight in this chapter.

To tailor our calculation to the Lorenz gauge, I will re-express the linearised EFE

(Eq. (1.15)). The Lorenz gauge condition is
Z[h)) .= Vi) =o. (4.1)

where, over-bars denote a trace reverse (e.g., fzg? = hg’) — % Sab nghSi) ). In this

calculation instead of applying Eq. (4.1), we apply

Za [hgl) + hg? +..] = Vb(fz(,lg) + fzgy) + ...) = 0; that is, the total perturbation satisfies

a

the Lorenz gauge condition (I will clarify this distinction in Egs. (4.26) and (4.27)).
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One can rewrite the linearised Einstein field equation (Eq. (1.15)) in a convenient form

1
5Gau[hy)] = —5Euslty) + ViuZu ), (42)

where
Ep[h})] = ORY) + 2R, 7R, (4.3)
and 0 := ¢V, V, (the d’Alembertian operator).

In Lorenz-gauge calculations, solving a gauge-damped linearised operator is more
practical numerically because it partially decouples the field equations [22]. The gauge
damped E,p, reads

o 4M .

Egp := Eqp — th(aZb)/ (4.4)
where t, := 9d,t and

Zo=1(2,,2Z,,Z9,Zy), (4.5)

in BL coordinates (f,7,6,¢). The linearised Einstein field equation is therefore written
as

1. 2M ., . =
5Gﬂb = _EEub - th(aZb) + V(aZb). (4:.6)

4.1.2 Implementing a two-timescale approximation

In order to evolve an inspiral to first-post-adiabatic accuracy, a two timescale
approximation is implemented [69, 119, 154] (see Sec. 1.6.3.7). The field equations are
re-expressed in a two-timescale expansion. First, the metric perturbation needs to be
expressed as dependent on the two timescales. Note, I have previously been
(1)

expressing h ai as implicitly dependent on the coordinates x* = {t,7,0,¢}. I select a

time-foliation function
s =s[t,r] =t —k[r"]. 4.7)

where k[r*] is an arbitrary function of r* = r + 2MIn | 53; — 1. In the hyperboloidal
method, s is chosen such that it asymptotes to advanced time, v, at the horizon and
retarded time, u, at infinity. This greatly improves the behaviour of the
slow-time-derivative terms in the field equations. An additional advantage is that the
boundary conditions become trivial in a sufficiently regular gauge (like the
Bondi-Sachs gauge, see Sec. 4.2.5.1) because the resulting source is sufficiently smooth
at the boundaries; the field equations themselves automatically impose boundary
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conditions [106]. We specifically adopt the height function k from Ref. [106], referred
to as the "minimal gauge", and transform to a compact radial coordinate o = 2.
However, in this chapter I use BL coordinates (k(r*) = 0, s = t, and I use r rather than
0) as the first-order data used as input is provided in these coordinates. The resulting
reduced second-order Teukolsky source is then transformed to compactified
hyperboloidal coordinates prior to solving the equation. s is also referred to as the
so-called fast-time (on which the orbital phases evolve) and 5§ = es will be the slow-time

(on which the frequencies of the inspiral evolve).

(n)

Rather than expressing h a’; (n)

explicitly in terms of s and 5, a’; is expressed in terms of
the orbital phase ¢, = ¢, (es, €) and orbital frequency Q) = Q) (es, €) := dﬂ%. There is
further expressed dependence of hfzz) on

e0My = edMa(es, €) = {edM(es, €),e0](es, €) }, corrections to the central black hole’s
mass and spin (with an overall factor of ¢ pulled out to make éM,4 order unity). That

is [154],

hb(ljllJ) = hg(li) [xi’ (PPI Q/ 5MA]/ (48)
ny) =X, ¢, 0,6M4), (4.9)

where x' := {r,0,¢}. In contrast to Sec. 1.6.3.7 and Eq. (1.46), where I write the
amplitudes as functions of the slow time  explicitly, in Eq. (4.8) I have written the
amplitudes as functions of ) and §M 4, which are themselves functions of the slow
time 5. Explicitly, the slow and fast time dependence appears as

op(5,6) = e 1ol (3) + iV (3) + O(e), (4.10)
OG,e) = O E) + 0 3) + O(?), (4.11)
SMa(5,6) = MY (5) + O(e), (4.12)

where Q") = d‘l’;n} /ds and number labels in curly brackets again denote the
post-adiabatic order at which the quantity enters [154, 119].

The expansions in Egs. (4.10), (4.11), and (4.12) in powers of ¢ at fixed slow time are
only used at the waveform-generation stage [154]. Whilst modeling the inspiral
evolution ¢p, O, and dM 4 are treated as independent coordinates of the orbital
phase-space. The rates of change of these quantities (expanded in powers of ¢) at fixed

phase-space coordinate values are
¢, =Q, (4.13)

O = eF(Q) + 2N (Q,6M4) + O(), (4.14)
SMy = eFS(Q) + O(e?), (4.15)
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where a dot denotes d/ds and Fi{"} (Q)) are nth-post adiabatic-order self-force
coefficients.

The two-timescale coordinates result in a two-timescale partial derivative using the

chain rule,

. d d¢, o dJ; o
_ i Y 1P 7 !
axn  Caged T < ds o, T s BJZ') ’ (4.16)
where ef;é = g;‘i, Sa 1= 048, and J; := (Q),6M,). This implies the covariant derivative

expressed in the two-timescale formalism is

d .
0 o (r2 00

Ve = gy ds g, ' ds 97,

) + Christoffel terms. (4.17)

As the coordinates depend on ¢, the covariant derivative is no longer a purely O(°)

quantity. It can be expressed as a series expansion in ¢,

Ve =V + vV +0(). (4.18)
The zeroth-order covariant derivative is

;0

0 _ i 9 9 ,
Vo =e " + saﬂa% + Christoffel terms. (4.19)

The first-order covariant derivative is
1 _ .. 3
Vi’ = €s,0y, (4.20)

where 9y is a directional derivative in the parameter space,

9 _ L9 , 1 O
o~ foga T g, (4.21)

év = Vi
and V; = (F({)O}, Flgl}) is the leading-order “velocity through parameter space.” I will
refer to dy as a slow-time derivative as it only contributes over the long timescale of
the inspiral. It is useful to count and collect slow-time derivatives. Hence, I re-write
the covariant derivative to count powers of ¢ that come from the slow-time

derivatives, labeling with numbers in angular brackets,
Vo=V 4+ v+ 0(2); (4.22)

note, vin =y, Substituting the two-timescale metric perturbation expansion
(Eq. (4.8)) into the first- and second-order linearised EFE (Eq. (1.15) and (1.16)), plus
expressing the covariant derivative as the expansion in Eq. (4.22) (using the chain



94 The Source in Schwarzschild

rule), results in

5G] = 8nTly, (4.23)
sGA) = 87T — 520 Y 1V — 560 V). (4.24)

Note, Eq. (4.23) is unchanged by the two timescale approximation except derivatives
with respect to time have been replaced with ¢, derivatives. However, Eq. (4.24)
contains an additional term involving slow-time derivatives of the first-order metric

perturbation @y hglb) ).

In a Teukolsky formalism, one does not solve the linearised EFE directly. Instead,
implementing a two-timescale formalism in the reduced second-order Teukolsky
equation, Eq. (2.20) becomes
0)p,p,(2 0 2 0)pp,(1) 1 (1 1) (1
O[] = 80 (87T — 2G5 ) 1)) - oGy (]| =5 @25)

a cd ’ "¢

Here, I have defined S, the source of the reduced second-order Teukolsky equation in
(1)

a two-timescale formalism. To see how §Vh ulb
Sec.4.2.6.

appears in Eq (4.25) explicitly, see

Using the expansion in Eq. (4.22), the Lorenz gauge condition,

Z,hY) + 1% 4 ] = VPh,, = 0, becomes
z ) = Vi i) =0, (4.26)
and
ZV )+ 20 ) = iRy + ViR =o. (427)

The radial position of the particle in the two-timescale approximation for

quasi-circular inspirals is given by
rp = 1o[Q 4+ er1[Q, 6Ma] + O(€?), (4.28)

where 7[Q)] = M(MQ)~2/3,

4.1.3 Effective source and puncture scheme

Ref. [185] showed Taf) and (52G[h2)), hii)] are well defined in a highly regular gauge.
Implementation of a gauge transform to the highly regular gauge (using Eq. (3.85)) is
currently being worked on by Sam Upton. The resulting source to the reduced
second-order Teukolsky equation will be well defined. Until the gauge transformation

is ready, our current approach is using a puncture scheme to produce a well-defined
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and regular reduced second-order Teukolsky equation source in the Lorenz gauge. A
(sufficiently high order) puncture scheme removes the singular behaviour in Ttgg ) and
5%G [hl(zi) , hg? ], producing a well-defined equation solving for a residual field which
approximates the regular field.

Additionally, there is the issue of obtaining 532G [hgi), hii)] from modes of h(i) near the

a
particle. As a sum of input £ modes §°G [hi?, hﬁ)] does not converge on the worldline,

and converges slowly near the worldline (when the retarded solution hg,)

modes are
used as input). To overcome this issue Ref. [120] formalised an effective source
approach which calculates the modes of 52G [h((li), hii)] using the split of h(gi) into a4D
puncture, the corresponding modes of the 4D puncture, and the residual field. In
Refs. [195, 194, 156] the effective source approach has been utilised and we build on

their effective source for our reduced second-order Teukolsky equation calculation.

We require a puncture for the second-order metric perturbation of a point particle
(2)
b

. P We then construct the puncture for the linearised

stress-energy tensor, h
second-order fourth Weyl scalar using

P27 = TOOP), (4.29)

The puncture for the reduced second-order Teukolsky equation is, therefore,
0 [¢i2L)P]. That is, the effective source for the residual field (yp>?) is

O PR =5 - 0 1pd"). (4.30)

Equivalently, one can introduce the puncture into the right-hand side of Eq. (4.25),
giving
O il "1 = 8787 = e, (431)

where S.¢ is the effective source and

2)eff 2 0)pp,(1) (1 1) (1 0)py,(2)P
8T = 8nT) — 2G5 [nY, nY] — G (h1)] — oG5 (n7). (4.32)
Note, Téi) is only supported on the worldline and its singular distributional behaviour
cancels with the puncture. Additionally, the effective stress-energy, Téi)eff, contains the
modes of (52G§2> [hgi), hgl)] which have been calculated for Refs. [195, 194, 156] using
the method described in Ref. [120].

Sufficiently far away from the worldline, the puncture scheme is unnecessary, and the
reduced second-order Teukolsky equation reduces to

O ) = 80 [~2GH 1 1)1 = 665 1] = Suae. (433)

cd ’ e
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In practice, we solve Eq. (4.32) in a finite world-tube around the particle. The
world-tube is the region ro — d < r < ry + d where d is some finite length smaller than
ro. Outside of the world-tube Eq. (4.33) is solved. Across the boundaries of the
world-tube we impose the matching conditions gbﬁ) = tl)ﬁm + gbiZL)P and

oy = 0,9 +a.y)”

4.1.3.1 Converting the known effective source

Calculating 62 Géb> [hg d), hsi)] in the effective source is a numerically strenuous task and
the current bottleneck for second-order calculations. Our collaboration chose to
leverage an existing effective source to help solve the reduced second-order Teukolsky
equation. Refs. [195, 194, 156] have provided the effective source they use to solve the
linearised EFE in the Lorenz gauge. However, T( Jeff (Eq. (4.32)) differs from the
effective source used in Refs. [195, 194, 156], so our collaboration also adds a

correction piece.

Refs. [195, 194, 156] have obtained an effective source of the form

1671 = —16n TR + 282G WD, 1) — B (n] — B @P). @43)
Hence,
S = S© >[8 Tflb)eff} 4+ 80 >[8 AT )eﬂ (4.35)
where AT( Jeff . — Ta(;)eff — Tfi)Eff. If hfli) is in the Lorenz gauge, then

ff 0) (1) p. (1 0) (0 2M 1 < (0) 1 (2)P
AT = =020 - v 2 G+ St (2 )+ 2 D7) @36)
Eq. (4.36) would identically vanish if the puncture identically satisfied the
second-order Lorenz gauge condition Eq. (4.27). However, since the puncture does not
satisfy that equation (except to some order in a local expansion around the particle),

(2)effi| (2)eff

there is no obvious reason for S(©) [ATab to vanish. Hence, AT, is calculated and

added to Ta(g et in Eq. (4.35) to obtain S (the effective source inside the world-tube).

4.1.4 Solving the reduced second-order Teukolsky equation with the
hyperboloidal method

The reduced second-order Teukolsky equation is solved using a hyperboloidal
method [106, 105] by Ben Leather. This method transforms to conformal coordinates
on hyperboloidal slices that foliate the spacetime. One advantage of this approach is
the boundary conditions can be made trivial in sufficiently regular gauges (as the only
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(Leather)

A

[Solve Ogbiz) = S]

Transform Sy, onto hyperbolic slicing
(Leather)

S[a; h V] S[Tefr i
t Im Calculate S, <~— (Refs. [195, 194, 156],
(Durkan) Leather)
yy T
A

Transform to
near-Bondi-Sachs Gauge
(Spiers)

AT, ?
(Spiers, Leather, Durkan,
Refs. [195, 194, 156])

ab’""a

(Spiers)

s[2G ) h%m]

FIGURE 4.1: The stages of solving the reduced second-order Teukolsky equation. In
brackets the names of who is responsible for most of that piece of the calculation is
shown.

boundary conditions is radiation emanating from future null infinity and out of the
horizon, both of which can be set to zero). The coordinates also put the event horizon
and Z*at finite coordinate values, making integrating over the whole domain possible
and efficient. Finally, a multi-domain spectral method is used with analytic mesh
refinement to find a solution in the hyperboloidal coordinates. From the solution Ben
Leather obtains 1,[5&28 and will calculate the energy flux for each orbit of radius 7.
Using energy fluxes on a grid of r, values we will be able to evolve inspirals and
generate waveforms.

4.1.5 My role: calculating the source

From the preceding sections, it is clear that solving the reduced second-order
Teukolsky equation for quasi-circular orbits in Schwarzschild is a calculation of many
parts. In Fig. 4.1, I summarise the various pieces of the calculation and how they fit
together in a flow-chart. In the remainder of this section, I summarise my role in the

collaboration. In the following section, I present the details of the calculations I made.

My role in this project is calculating various parts of Sc and Syac. Specifically, I derive

a

S {5 GS) [hsj)]} and ATQ% J*ff in BL coordinates. For S{) [52G1§2> [h(l) h(;)]] I also

a (spin-weighted spherical harmonic) mode decomposition for S [(52G<2> [hgl), hg}i)ﬂ ,

cd 7 e
numerically compute data using retarded Lorenz gauge first-order metric

perturbation data provided by Niels Warburton as input.
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Additionally, I implemented a gauge transformation to near the Bondi-Sachs gauge
near Z" (but do not fully fix the gauge). This gauge transformation improves the
convergence of the source by two orders in r near Z*. Implementing the near
Bondi-Sachs transform requires calculating the gauge vector ¢* using the analysis in
Sec. 3.6. Additionally, I produce formulas for the gauge transformation of the slow
time derivative of the metric perturbation. Also, as the gauge transformation is
implemented at a single r value (at the outer world-tube boundary), a gauge jump in
l[)ﬁ) occurs. I provide mode decomposition formulas for the jump in leL) due to the

gauge transformation.

4.2 Calculating the source to the reduced second-order

Teukolsky equation

In this section I calculate various parts of the source to the second-order Teukolsky
equation. Note, Secs. 4.2.1 and 4.2.3 are applicable for general perturbation in
Schwarzschild (in the Carter tetrad). Additionally to working in Schwarzschild in the
Carter tetrad, Secs. 4.2.2,4.2.5 and 4.2.7 specialise to the Lorenz gauge and Secs. 4.2.6
and 4.2.7 specialise to quasi-circular orbits. From this point I will often drop the

1)

superscript (1) on & ai for succinctness.

4.21 Mode decomposing the source in coordinate form

Obtaining an expression for a mode decomposition of the reduced second-order
Teukolsky source (in a coordinate form) involves delicately converting from the GHP
formalism into coordinates. It is crucial to maintain the spin-weight property of the
GHP quantities, as they are naturally expressed in terms of spin-weighted spherical
harmonics (the homogeneous solutions of the angular Teukolsky equation in
Schwarzschild). Here, I outline the main steps in calculating a mode decomposed
source in coordinate form and discuss how I have improved the compactness of the
final expression. I begin by decomposing S©) {—62 G§2> [hsi), hsi)]} as it is the largest
part of the source (note, for here on out I drop (0) labels).

The most prominent obstacle in decomposing the source of the reduced second-order
Teukolsky equation is the sheer size of the expression. In GHP form S4 can be written
in two lines, Eq. (3.74) [154]. Similarly, I need to express 532G, Eq. (1.19), in GHP form.
Each component of 6>G,; in GHP form takes up a page in Latex, so I have not
produced them here. Instead, I have included them in the supporting materials
accompanying this thesis and will publicly release the expressions as a Mathematica
package in the Black Hole Perturbation Toolkit [1] (which will accompany my paper in
preparation [175].
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Combining the GHP expressions for 6>G,;, and S; results in an expression for
84[6%Gp) which is monstrous in length. It contains up to four GHP derivatives and is
quadratic in hﬁ) (containing ten independent components). Even when simplifying to
a Schwarzschild background (i.e., all the spin-coefficients and ¥, are real and

T =7’ = 0) 84[6°G,p) has ~ 1700 terms in GHP form. Mode decomposing S4[6?G ]
and converting it to coordinates form is only possible by creating a computer

algorithm to automate the procedure.

To describe my algorithm to convert each term in S4[6%G,] to a mode decomposed
coordinate form, I select a single term in S4[62Gy),

S6°Gap ) 13 1) = O B s+ ., (4.37)

to be used as an example. In the following paragraphs, I apply each step of the
algorithm to the term in Eq. (4.37), to finally express it in a mode decomposed form:

[ee]

84 [52Gub I:hg(li)l hf,?“ = Z Rf,m [7", t] 72Yl,m [91 (P]/ (438)
1=2,m

in BL coordinates. Additionally, I will express the time dependence as

Rynlr, t] = Ryy[rle . The resulting expression can be converted to the two-timescale
framework by converting emiwt _y p=ilkgrtmes) followed by w — kQ); +mQy

(¢ = Oy = 0 for quasi-circular orbits). The resulting expression consists of a
separation of variables which is consistent with the separable master Teukolsky
equation (Eq. 1.82) in Schwarzschild. By using a spin-weighted spherical harmonic

mode decomposition in Eq. (4.38) the angular Teukolsky equation will be solved.

To begin the conversion from GHP to coordinate form, I need to choose a tetrad basis.
I choose the Carter tetrad basis to maintain as much symmetry as possible in the
tetrad. In BL coordinates, in Schwarzschild, the spin-coefficients in the Carter tetrad
take the form [154]

1
p:—p,:—; g, T:TIZO
, cot(h) , M
=g = , —e = 4.39
p=p 2V/2r 212\ /2f (4.39)
where f =1 — 24 Twill also use ¥, = —TM?, in Schwarzschild (which is invariant

between principle null direction aligned tetrads).

Starting with S4[62G,p] in GHP notation provides the benefit that in Schwarzschild the
GHP derivative & and &' behave (for any principle-null direction aligned tetrad) as
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re-scaled spin-raising /lowering operators [154],

d= fr (9 +icsc(B)dy —scot()) = \éyé,
o = \fr (99 —icsc(0)dgy — scot(f)) = Wél (4.40)

Here &' and &' are the spin-raising/lowering operators of the spm—welghted spherical
harmonics (sYy4[0, ¢]) [83] and s is the spin-weight of the object dord is acting on.
Equivalently,

& = (sin(0)) % (dp + i csc(8)dy) (sin(0))°. (4.41)

From Eq. (4.41) one sees that whilst § contains purely angular derivatives, for an 7
which is angular independent, 37 = 0 only if 77 has s = 0. Nevertheless, an object with
no angular dependence is naturally expressed as an ¢ = 0, s = 0 spin-weighted
spherical harmonic (rather that any other s-weighted spherical harmonic). Note, all
my definitions for d differ by a factor of —1 from the conventional definitions in

Ref. [83].

Asdand & are spin raising and lowering operators respectively, when they act on
spin-weighted spherical harmonics they raise and lower the spin as follows [83],

8 SYZ,m = - \/(l - S)(l +s+ 1) S+1Y€,m1 (442)
8 Yim=\/(I+5)(1 =5 +1) s 1Vsm, (4.43)
88 Yim=—(—-s)I+s+1)Ypn (4.44)

Spin-weighted spherical harmonics also have a useful relation with their complex

conjugate,

Yim= (17" 5 . (4.45)

P and P’ contain no angular derivatives in Schwarzschild. Hence, by expressing any
angular dependent quantities in S4[62G,] (including the tetrad components of hg’)) in
terms of spin-weighted spherical harmonics, one can avoid explicitly evaluating any 6
and ¢ derivatives, instead using the relations in Eqs. (4.42), (4.43) and (4.44) between
spin-weighted spherical harmonics.

While P and P’ are boost raising and lowering operators, there is no known
orthogonal basis for boost-weighted functions. Hence, the ¢t and r derivatives appear
explicitly in my final coordinate expression. To express these derivatives it is simplest
to initially convert the GHP derivatives, P and P’, to the NP derivatives, D and A
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(using Eq. (1.76)). This intermediary step effectively implements a half-GHP-half-NP
formalism, with the derivatives D, A, d, and &’ present.

One must take care when implementing half-GHP-half-NP because the NP formalism
part introduces quantities (¢, €/, D, and d) which do not have a well-defined spin- and
boost-weights. This can be problematic as the GHP derivatives, Eq. (1.76) (and the
spin raising /lowering operators 0 and 6/) must act on quantities with well-defined
spin/boost weights (to be well defined). This problem can be avoided as it is possible
to convert to half-GHP-half-NP whilst maintaining that the GHP operators only act on
well-defined spin- and boost-weight quantities. This is achieved in two steps. Firstly,
one applies the GHP commutation relations [77] such that no & or &' acts on a P and
P’. For example, applying the appropriate commutation rule [77] twice on Eq. (4.37)

results in

ghnmpé/P’P/hmm = ghnmp (P'P/ + 0> —20'P' — (P/p/)) O hyrn- (4.46)

I can now convert each P and P’ into NP form (without 8 acting on quantities with an
ill-defined spin/boost-weight) using Eq. (1.76). The second critical step is to convert
the outermost derivative first to prevent any P or P’ acting on a quantity that does not
have well-defined spin/boost weights. For example,

hnmp,p/a/hmm :hnmp(Ap/ — 2€/p/)6/hmm (447)
=hpinp (AN — 26" NS hyim, (4.48)

where [ have used & = €.

Before converting D and A to coordinate form, I implement a mode decomposition for
1) 5

ab’ "a
perturbations, such as one puncture and one regular field, so there must be a

the inputs (h }7)). Note, it is valid to input two different first-order metric

distinction between the two inputs. I chose the distinction to be present in the choice
of £ and m labels. As each term in S[6°G [hfz?, hi?]] is quadratic in hg? (and its
derivatives) I replace one h, ;) with hf;]’rﬁ)l]sl Yy, m, and the other ;) with hfj]’l[’;f]SZngZ.
That is,

N DD By = i i Byt ™ 1Yy n AN BP0 (4.49)
lH=1m lr=1,my
Each h%’[';] is a function of r and t. As Eq. (4.49) contains GHP derivatives, the spin and
boost weights of the quantities hfﬁ’[b} and Yy, must be defined. As hy; (of
spin-weight x and boost weight y) is decomposed into ,Y;, and hﬁ;]“[b], 1Y has
spin-weight x and boost weight 0 and hﬁﬁ[b} has boost weight y and spin-weight 0. The

spin and boost weights of i, ;] are calculated from the tetrad vectors corresponding
to [a][b] (e.g., hjyj3 has b = 1,5 = 1, see Sec. 1.7.2).
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As 0 contains purely angular derivatives, and h%’[rg} only depends on r and t (and has
s =0)

Fo i

oy = 0. (4.50)

Hence, each 8 only acts on spin-weighted spherical harmonics. Using

Egs. (4.40), (4.42), (4.43), and (4.44) one can replace each 9 acting on spin-weighted
spherical harmonics with a factor of ﬁ (multiplied a coefficient dependent of /) and a
different spin-weighted spherical harmonic!. E.g.,

0y (ﬁz + 1)
V2r

—{1,m 11,0, —/{, 0,
Mo 171Y€1,m1AA6 hnfrzr?ZOYZZ,mz =Ny mlflyﬁl,mAAhnfr:le ~1Yt (4.51)

The next step is to express the NP derivatives in terms of coordinates. D and A

convert to coordinate form in the Carter basis (in BL coordinates) straightforwardly,

_ 1 f _ 1 _\ﬁ
D_\/278t+ S0, A_\/ﬁat - (4.52)

As hg) is assumed to be decomposed into Fourier time-frequency modes, the time

dependence of each mode is expressed as
™ o e, (4.53)

this makes the time derivatives trivial. Converting D and A to coordinate form results

in
—{1,m Uy m EZ(EZ + 1)
hnﬁ’ll 1*1Y€1,m1AAhH$ﬁ12T ,1Y£2,m2 =
R NN (P E ) _ ) Y
— ’ wo (iM + r“wy)h 22
D i i
— F((M+2irwa)hay~22™  + frihg,20m ) ) 1Yty m,- (4.54)

where the , r subscripts denote a partial derivative with respect to r. The resulting
expression for the source are functions of s, Yy, n,s, Y, n,- However, to separate the
Teukolsky equation, the angular dependence of the source must be expressed as single
modes of _,Y,,. To achieve this, I re-express two spin-weight spherical harmonics as a

INote, the factor of —— which comes with the conversion of O to O has zero spin- and boost-weight.

V2r
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2

single spin-(—2)-weight spherical harmonics* using

o0 (o)
_ fm,—2
51 Yél/ml 52 YézfmZ - Z 2 C€1/m1,51,€2,m2,52 _ZYé'm' (4.55)

ly=s1,m la=52,mp

/,m,s . .
where 70, o, 1s the integral

{,m,s . Y,
CE o tammss = P s Vemss Yomes Yo (4.56)

These integrals can be evaluated algebraically using 3j symbols [89, 172] (as spin
weighted spherical harmonics are related to Wigner-D matrices) through

E g/ E// € g/ E//

Céms _ (_1)m+s (ZE + 1)(2£’ + 1)(2£// + 1)
élm/s/é//m//sll 47_(
s —s =5 -m m' m”
(4.57)
Hence, Cﬁfxfl 1o, Admits the following symmetry,
{m, _ lm,
41,m51,51,42,m2,52 B sz,msz,sz,&,mbsﬂ (4.58)

which can be used to simplify the S4[6?G,;] expression. To achieve maximal
cancellations, I chose to apply Eq. (4.58) to each term in S4[6°G,;] such that s; > s,,
followed by a relabeling of everything in that term with

by — by, ¥y — f1,m; — mp,my — my. For example,

Lh+1) m,—2 o bl + 1) (m—2
\/(£2 — 1) (£2 T 2) l1,my,—2,0p,m),t \/(gl — 1) (f] ¥ 2) {1,mq,t,0r,my,—2°

(4.59)

As I'have labelled the two inputs distinctly, I must also compute the symmetrisation of
the entire expression; that is,
/1,m m 1 m /> m m

S[8Glgy ™, iy ™) = o (S[8G ™™, Wiy ™) + SIGhG ™, Iy ™). (4.60)
The result is a maximally simplified mode decomposition of the source Ss[62G,] in BL
coordinates (for the Carter tetrad). This decomposition technique produces formulas
that are consistent for any type of perturbation in Schwarzschild. I will be releasing
the decomposition formulas for 6°G,, [hgi), hfl?] on the Black Hole Perturbation Theory

toolkit [1] shortly and include them in the supporting materials of this thesis.

2The two spin-weight spherical harmonics can always be expressed as a spin-(—2)-weight spherical
harmonics because s; + s, = —2 as the source is spin-(—2)-weight (this can be used as a consistency
check).
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4.2.2 Calculating radial derivatives of the metric perturbation analytically
in the Lorenz gauge

The expression for Ss[02G,y| requires up to four radial derivatives of 1. One could
calculate the radial derivative numerically; however, numerical derivatives introduce
a numerical error and are inefficient. Therefore, it is preferable to calculate the radial
derivatives analytically. One can leverage the metric perturbation being a solution to
the linearised EFE (Eq. (1.18)) to calculate the second- and higher-order radial
derivatives in terms of the first-order derivatives.

To relate the second-order r derivatives to first-order r derivatives requires a
coordinate form mode decomposition of the linearised EFE. This can be achieved
using the algorithm in Sec. 4.2.1 starting with the linearised EFE in GHP form (which
is also given in the supplementary materials [175]).

There are ten components of the second-order radial derivatives of the metric
perturbation, and the linearised EFE contains only six linearly independent equations.
To achieve linearly independent equations for each h(; ) ,, component, one must
apply additional restrictions. These restrictions account for the gauge freedom in the
linearised EFE. The h,;, inputs I use are in the Lorenz gauge (i.e., fzab; = 0). Applying
this condition to the linearised EFE results in ten linearly independent equations for
the second-order radial derivative of the first-order metric perturbation. Solving these
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equations for hyp) -, gives

hfl“;r = 27 (hllgl (22 + (2M + irfw;)? —I—fr(4M+r(y€11)2))
— 2f P (f2 (=™ 4 By )+ 2T+ My S+ f (R,
a1ty 1)) ), (4.61)
hf%mrr _ _f2r3 (r wlh O,m +fa/z (i Om g lm g G b ml)yfll
(g — 20, B Ry OB D B 20y, ) (g (AM
- r(;/ll)z)  2(2My 0™ 4 PP T Mrhl/l'ml,l))), (4.62)
by = 7o (1™ (P (M i+ fr(—aM o+ r(u1 )
PP (=l By Ry — By 08 )
20Ty ™ Mgy, ™ 1) 4 2 (B V™ 4 rhy, ™ 1)) ) (4.63)
W, = f214 (h,mél (2277 4+ (2M — ir*w: ) + fr(4M + r(u11)?))
= 2P (Y2 (I — Iy )+ 2 Ty O My O ) 4 (I
Py VB 1l 1 1))), (4.64)
T = Jm(hnmgl”“l (2f71% + (M — ir*w1)* + fr(—4M + r(u"1)%))
PP (= hy O By OB By P 8 )
2P T ™™ 4 My ™™ 1) 4 2 (™ + Pl V™ 1)) ) (4.65)
W = _f21r2 (rzw% LA 2y m b o Ry
— £ (™ (112)2 = 2(P Ty ™ + Mhmm‘*hml,l))>, (4.66)
- _f21r3 (r Pl 4 F 2y Oy Oy O by
+ 21 (g™ — 207, Ry — 2R 20 1)+ f (AMB, ™
- ® (4M = 1 (11)2) + 20 (P Ty, ™+ M 1)) ), (4.67)

where u, = /(I — n)(I+n +1). By taking a further r derivative and using these
relations iteratively, one can calculate an arbitrarily high number of radial derivatives

on hp in terms of only hy and k) -

4.2.3 Converting from the Barack-Lousto-Sago basis to the Carter basis

An additional layer of complexity to this calculation is the /i, I use as input is in the
Barack-Lousto-Sago basis [24, 25]. This is due to h,;, being calculated by directly
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solving the linearised EFE in the Lorenz gauge. To simplify this calculation [24, 25], a
Barack-Lousto-Sago basis of modes was chosen, h%’m (where the i label denotes the
Barack-Lousto-Sago mode and runs from one to ten). However, such a basis is not
designed for calculations using the Teukolsky formalism. As a preliminary step, I

convert the input data, hfz’é’m, into the Carter tetrad modes using [154]°

tn 1 (iem | gom
e =5 - <h th ) (4.68)
/,m 1 /,m
him = E(h3 ) (4.69)
—1
hé,m _ h4€,m + h5ﬁ,m — hSE,m 4 h%,m 4.70
Im 47,\/?‘1/[41( ( )) ( )
fm __ 1 4/,m 5¢,m :01,80,m 9¢m
nm = W(h + I (R 4 ot ) (4.71)
1 1
bm & (1pWm _ 12lm\ * (13 14m __ 12¢m
hE = 5 (h h ) 27 (h h ) (4.72)
-1
hé,m — h4€,m . h5€,m o h8€,m _ h%,m 4.73
= : ) 47
hf[:% _ 1 <h4€,m - h5€,m + i(hSE,m . h%,m)) (474)
dr\/futs
1 ot
pim — _ (h%,m _ 106 ) (4.75)
m 1 m
i = o (h“' ) (4.76)
pie — mlgz (17 — i), (4.77)
(4.78)

4.2.4 Results: the source for quasi-circular orbits in the Lorenz gauge

To improve efficiency, I convert the formulas for calculating the mode decomposed
S46%G[hgap, hyp) in coordinate form into a C++ code. Efficiency is important for this
calculation because to evolve inspirals requires data on lpflzL) for a set of ro (from the
initial geodesic to rp = 2M at merger). Also, the input data is large, containing up to

¢ = 50 modes for ten components of h, (i.e., there are up to O(10%) input modes), and
handling this much data in mathematica can cause it to crash. The C++ code allows

me to quickly calculate S462G [hyp, hyp) for a given ro.

To calculate the source, I inputted retarded Lorentz gauge h,;, data provided by Niels
Warburton. To display the behaviour of the source, I present the dominant
¢ =2,m = 2mode of Ss[hyp, hyp), with 7o = 9M, in Fig. 4.2. This mode was calculated

with input modes up to £,y = 10 input modes.

SHere, 1 reproduce Eq. (118) in Ref. [154], which I independently checked before Ref. [154] was pub-
lished.
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10-° 0.01 10 104
r-2M

FIGURE 4.2: The ¢ = 2,m = 2 mode of S4[62G[hap, hyp]] (part of the source to the

reduced second-order Teukolsky equation) for ry = 9M in the Carter tetrad and BL

coordinates. This source has been calculated using up to £,y = 10 input modes of the

retarded Lorenz gauge first-order metric perturbation data (provided by Niels War-
burton).

In Sec. 3.6.10, I predicted that the behaviour of the reduced second-order Teukolsky

2 near Z*in a generic gauge. As can be seen on the right-hand

source would be ~ 7~
side of Fig. 4.2, S4[6*G[hap, hap]] ~ r~2 in agreement with my prediction. All the other

Lorenz gauge reduced second-order Teukolsky source modes also behave as O(r~2).

Near the horizon, the source modes behave as ~ f1 (this can be seen on the left-hand
side of Fig. 4.2). There is some divergent behaviour for r — 2M < 10~%M; this is due to
a numerical error not cancelling equivalent terms, a problem that was encountered
and well understood in the Lorenz gauge second-order calculation in

Refs. [195, 194, 156]. The Carter tetrad being singular at the horizon may be
exacerbating this problem. Using a horizon regular tetrad, such as the
Hartle-Hawking null tetrad [179], near the horizon may help ameliorate the problem.
Close to the horizon we use a near-horizon expansion of G [hS]), hg?] (inherited from
the Lorenz-gauge second-order calculations in Refs. [195, 194, 156]), which analytically

cancels the spurious divergence near the horizon.

Fig. 4.3 shows how the source converges for an increased number of ¢, input modes.
Note that the convergence is good everywhere except near the worldline (r = 10M),
where there is no convergence. Fig. 4.4 shows the convergence near the worldline for
increasing ,,,, (the number of input modes). One can see that the source diverges on
the worldline, and it appears there is no convergence very close to the worldline. The
convergence off the worldline is actually exponential. However, for small ¢,,,,, near
the worldline, the behaviour is dominated by a power law divergence (as shown in
Fig. 4.3). For sufficiently large ¢,,,, the exponential convergence will dominate.
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FIGURE 4.3: Convergence test of the / = 2,m = 2 mode of S4[6?G[h,p, hp]] for rg = 10.

The hﬁ) input modes are retarder Lorenz gauge solutions. The multiple curves show

how the source converges for higher ¢, (the maximum number of input modes).

The source converges rapidly near the horizon (at r = 2M), quickly reaching machine

precision except for |S1p — Ss|. Similarly, the source converges quickly near Z ™ (right-

hand side of the plot). However, near the point-mass (at r = 10M) the source con-
verges slowly, and at ¥ = 10M the source diverges.

Convergence
1074 ¢ : 2
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FIGURE 4.4: Convergence test of the / = 2,m = 2 mode of S4[6°G[hyp, hp]] near the

point-mass (at 7y = 10). The hg? input modes are retarder Lorenz gauge solutions.

The multiple plots show how the source converges for higher /;;,x (the maximum

number of input modes) near the point-mass. The lines of best fit have been applied

by inspection. The source diverges on the particle and does not converge quickly until
at least 2M from the particle (for small I,y ).

The poor convergence is expected [120]; hence, near the worldline, we use an effective
source imported from Refs. [156, 195, 194], which overcame the slow convergence
using the strategy mentioned in Sec. 4.1.3. Away from the worldline at r = 12M, the
source converges quickly for an increased number of input modes.

The source I have calculated is consistent with the source calculated by my
collaborator Barry Wardell (see Fig. 4.5). He calculates the source using 5’R,;, data
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Radial Derivative points

B 10 E 20
1000 - .
o
o~ 1r A )
B | - :
|| = 0.001F .
< [
O (/J 1076 |- -
B
9l \ N —_
1079 £ ]
*12 | | | X |
10
1072 0.01 10 104

r-2M

FIGURE 4.5: Fractional disagreement in the / = 2,m = 2 mode of S;[02G[hap, hyp]
(for rg = 10 in the Carter tetrad in BL coordinates). One calculation of the source
(consistent with Fig. 4.2) has been calculated using up to ¢ = 50 input modes of the
retarded Lorenz gauge first-order metric perturbation (provided by Niels Warburton).
The other source has been calculated from the §°R,;, data used in Ref. [194] (with
derivatives taken numerically). The blue curve uses a ten-point numerical deriva-
tive, whereas the orange plot uses a twenty-point numerical derivative; hence, the
plot shows the calculations converge. The reason for disagreement near the horizon
is that the radial grid is sparse; hence, the numerical derivatives are inaccurate. Simi-
larly, there is disagreement on the particle (at r = 7.4) as there is a jump discontinuity
there.

used in Refs. [156, 195, 194]. Wardell acts with S (Eq. 1.80) on 0?R,, and calculates the
radial derivatives numerically. As can be seen in Fig. 4.5, the agreement between our
results improves as the number of points Wardell uses in his numerical derivative
increases. The disagreement near the horizon is due to Wardell’s source behaving
poorly near the horizon as the radial grid becomes sparse there, making the numerical

derivatives inaccurate.

4.2.5 Transformation to the Bondi-Sachs gauge

To increase the convergence of the source near Z*, [ implement a gauge
transformation to the Bondi-Sachs gauge. To calculate the gauge transformation I use
the procedure described in Sec. 3.6. However, to improve the behaviour of the source
by two orders in r near Z* (the maximum possible), it is not necessary to fully
transform to the Bondi-Sachs gauge. Instead, it is sufficient to transform to a gauge
where the leading (and next-to-leading for h;;) order fall-off of the metric perturbation
components is equivalent to the fall-off in the Bondi-Sachs gauge. This also means I

do not fully fix the gauge and the resulting ¢£2L) is not gauge independent.
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This can be seen by computing a series expansion of the source S[62Ggp [p, Hap]] in
orders of r for a generic asymptotically flat gauge metric perturbation (h,, = O(r~1)).
The source behaves as

S4[6%Gap[hav, hav]] <(huihium + hiy,)
+ ((hll + hpy + B + hypy + hlm)hmm + (hll + hlm)h”ﬁl + (hl” + P
+ hlm)hlm) + 0(7_4)' (4.79)

As hy, = O(r71), the leading-order behaviour in a generic gauge is

84[6%G,p] = O(r~2), consistent with Sec. 3.6.10. From Eq. (4.79), one can deduce that
achieving S4[62G,p] = O(r~*) requires hj; = O(r~3) and

hiy = hiy = i = hym = O(r~2) (assuming the other components are O(r~1)). Le., it
is not necessary to transform the whole metric perturbation to the Bondi-Sachs gauge
to achieve 84[62G,p] = O(r~*), only the leading order (and next to leading order for
hyy) in r pieces need to be transformed to Bondi-Sachs form. I call any gauge satisfying
hy = O(r=3) and hy, = hyy = hyy = hym = O(r~2) (and the remaining components
are O(r~1)) near-Bondi-Sachs.

The Lorenz gauge is not near-Bondi-Sachs. To see this, I will split the Lorenz gauge
metric perturbation intom = 0 and m # 0 pieces, the stationary and non-stationary
modes, respectively. This split is useful for quasi-circular orbits because the fast-time
dependence is purely e "¢». That is, fast-time derivatives annihilate the metric
perturbation in the stationary sector, whereas they do not in the non-stationary sector.

Form = 0, the Lorenz gauge applies restrictions on the form of the metric
perturbation, h,, = O(r"~1) [8]. Hence, for £ > 1 (m = 0) the Lorenz gauge satisfies the
near-Bondi-Sachs gauge conditions. Similarly, for £ = 1, h;;, = O(r~2), and by
inspection (of Niels Warburton'’s h,; data) h; = O(r~3), so the £ = 1 (m = 0) sector is
also near-Bondi-Sachs. The only non-near-Bondi-Sachs stationary behaviour is in the

¢ =0mode, as hj; = O(r 1),

The ¢ = 0 mode is the simplest to transform (as ¢, = 0). I calculate the /{ =0,m =0
gauge vector next using the analysis in Sec. 3.6 expanded to the required order in r.

To solve for the gauge vector I express Eq. (3.30) in coordinate form, expanded as a

series in r (in Schwarzschild),

eiwr* hlll/r eiwr* hlll/r2

va(a-ae - Ha o) = - (4.80)

r 72
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Here I have also expanded the metric perturbation in orders of r in u-slicing (and
converted to t-slicing; that is,

‘ hl/r hl/rz
hy = efzcuu( ) + 1;2 ) + 0(1,73) (4.81)
' eiwr*hl/r elwr® ],ll/r2
=i L ) 4 06 Y) (482)

r
(logarithmic terms could also appear in h,, but to the order in r required they do not

appear in the Lorenz gauge h,;,). I use an ansatz for ¢,

1/r ln(r)/r1
- (?1 n(r)
r r

& = (’ﬁn(’) In(r) + g +0(r ). (4.83)

Inputting Eq. (4.83) into Eq. (4.80), and solving for each power of r (and In(r)) gives

iwrt1,1/r
In(r) e hy

- _ , 4.84
gl \/E ( )
s MEIY” s

1 \ﬁ ’

. * 1/ 2 . * 1/

Cll/f _ elwr h” r 2 Melwr hll r (4‘86)

2 T

The next equation to solve is Eq. (3.33a) for ¢,. Eq. (3.33a) expanded in a series of r (in
Schwarzschild) takes the form

iwr*y,1/r
V20,8 — ar(éif; ) + ﬁ]\fa“gl ~ ¢ rhln +0(r ). (4.87)

Asm = 0, and time derivatives are « m (in the two-timescale framework) the time
derivatives annihilate the gauge vector and metric perturbation. Hence, solving

Eq. (4.87) for &, (noting h!/" = 0 for £ = 0 in the Lorenz gauge) gives

In
Gi=&+c+0(r ), (4.88)

where ¢ is a constant.

The final equation to solve in this sector is Eq. (3.32). Simplifying to £ = 0, in
Schwarzschild, in coordinate form, in a large  expansion, Eq. (3.32) is

_ iwr*p1/r
vald : oy _ _% +O(r2). (4.89)

Solving for ¢, gives

En =&+ T+ OF?), (4.90)
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which is consistent with Eq. (4.88) with ¢ = ¢'“" "hl/T. This determines the gauge
vector in the / = 0, m = 0 sector. The gauge vector to take one from the Lorenz gauge
to the near-Bondi-Sachs gauge (for £ = 0, m = 0) is

o {17 hy” +2MRYT M/ In(r)
Cl — plwr <_ i I'I(T) + 1 1l + 1 , (491)
V2 V2r V2r
r r 1’2 r r
En = & (hlnfm Iy o T 2MIT | MB InG) (4.92)
! V2 V2 V2r V2r ' '

Next, I calculate the gauge vector for the m # 0 sector. In the Lorenz gauge, for
quasi-circular orbits, for m # 0, the metric perturbation behaves as hj; = (’)(rfz),

by, = O(r™1), by = O(r72) and hys = O(r~2) (the remaining components are
O(r~1)). Hence, to transform to the near-Bondi-Sachs gauge I only need to eliminate

the hj; ~ r—2 and h;,, ~ r~! behaviour with a gauge transformation.

In the m # 0 sector, Eq. 4.80 is unchanged except hlll/ " = 0. Hence, the constraints on

the ansatz for ¢; in Eq. (4.84) become

g —o, (4.93)

g’ — o, (4.94)
iwr*hl/i’z

L (4.95)

V2

Eq. (4.87) is also equivalent in the m # 0 sector; however, the u derivatives now

contribute. Hence, inputting Eq. (4.93) for ¢;, Eq. (4.87) becomes

eiwr*hl/V 1/r
9,&n = fl — 2z'wlT +0(r ). (4.96)

By analysing the retarded Lorenz gauge leading-order-in-r data provided by Niels
hl/ 2

Warburton, I noted hlln/ "= +2iw”ﬁ. Hence, using Eq. (4.93), Eq. (4.88) becomes

0,8 = O(r ). (4.97)
Therefore,
&n=Cp+0(r ), (4.98)
where ¢, is a constant.

The next equation I solve is for the hj, = O(r~?) component. I simplify Eq. (3.31) to
Schwarzschild and compute an expansion in 7, giving

(r=M)3&m &w  O& .
T2 \@+ ﬁr—O(r ), (4.99)
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where I have used h;,, = O(r~2) and dis given in Eq. (4.40). Expanding ¢; and ¢, in
spin-weighted spherical harmonics, and applying the identity Eq. (4.42), results in

1/r1
ﬂélgl/r "

= (=M -G+ O, (4.100)

where I have also multiplied by /2r. Integrating Eq. (4.100), the solution to this
equation is

—V é“r

[ + 1 4+ O ). (4.101)

" is a constant that I set to zero (as this term would produce non-asymptotically flat
m p ymp y

behaviour in the other metric perturbation components).

The final equation I need to satisfy to eliminate the non-near-Bondi-Sachs behaviour

2

is the h},,;, ~ r~* component. Expressing Eq. (3.32) as an expansion in r in

Schwarzschild gives

gmé‘;{m + 6 ‘:m \/E(‘:l + én)
V2r r

where I have used hy,; = O(r2) (in the Lorenz gauge for m # 0). Inputting
Egs. (4.93), (4.98), and (4.101) for ¢;, ¢y, and &, respectively gives

=0(r?), (4.102)

&y =0. (4.103)

In summary, the m # 0 gauge vector takes the form

zwr hl/rzé m

Yim
EZOm \f o

o

Cn =

. —H
= Yy n- 4.104
Cm ezm 2 1Yy, ( )
To calculate the gauge vector in Egs. (4.91) and (4.104), I use data on the coefficients of
the r expansion of the components of &, ;. These coefficients are provided by Niels
Warburton. With the gauge vector and h,;, in hand, it is straightforward to compute
the near-Bondi-Sachs metric perturbation using k), = hap, + Lzcgap-
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FIGURE 4.6: The ¢/ = 2,m = 2 mode of S4[6°G[hyp, hap)] (the source to the reduced
second-order Teukolsky equation) for rp = 9M in the Carter tetrad and BL coordi-
nates. This source has been calculated using up to £;;,x = 10 input modes of /,. The
blue line is calculated from retarded Lorenz gauge first-order metric perturbation data

(provided by Niels Warburton). The green line is Lorenz gauge until ¥ = 100M, where
it transforms to the near-Bondi-Sachs gauge.

4.2.5.1 Results: The source for quasi-circular orbits including the

near-Bondi-Sachs gauge transform

I implement the near-Bondi-Sachs gauge transformation in my C++ code calculating
S4[62Guplhap, hap)]- This allows me to quickly produce source data in the
near-Bondi-Sachs gauge near Z+. Fig. 4.6 shows the source where the plot is in the
Lorenz gauge on the left side of r = 100M. On the right side of r = 100M the line in
blue remains in the Lorenz gauge, and the green line is transformed to the
near-Bondi-Sachs gauge. The near-Bondi-Sachs gauge source converges two orders in

r faster than the Lorenz gauge source (as expected).

In practice, I calculate the near-Bondi-Sachs gauge transformation from the
world-tube boundary (1o + 2M). I then pass this source data to Ben Leather to solve
the radial reduced second-order Teukolsky equation. The gauge transform makes the
source regular at 7", allowing Ben Leather to solve for 1/J£2L) using spectral methods
without explicitly finding and imposing boundary conditions.

4.2.6 Slow time derivative source decomposition

As a two-timescale approximation is being implemented, there are slow-time
derivative contributions to the reduced second-order Teukolsky source, S;[d G[g) [hgl)]]
in Eq. (4.33). In this section I decompose Sy [5G§ll,> [hé}i)]] into modes in BL coordinates
(for the Carter tetrad).
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1

In practice, S4(0G,, [hsi)]] can be written as two operators, one acting on the slow-time
derivative of h,, (see Eq. (4.20)) and the other on the product of the rate of F({)O} (see
Eq. (4.14)) and 1Y), That s,

Sy6G Y1) = x[@pnY) + Y[ RY). (4.105)

a

1)

Using Eq. (4.2), 6 G;? [h ali | can be written as

0GYy 1Y) = —=EY lhed) + V0 2 Ihea) + V() 2 [hea). (4.106)

a cd

Using Eqs.(4.3), (4.19), (4.20), and (4.14), ES}) [fe4] can be written as

Efy Iy = mpg);}lg‘? + 26V b, (4.107)
where m corresponds to the mode of h,;,. Similarly, using Eq. (4.1), (4.19), and (4.20),
v ZO T = 1,8, 70 h)], (4.108)
and
ZM Y] = €5 . (4.109)

Hence, inserting Eqs.(4.107), (4.108), and (4.109) into Eq. (4.106) gives

apay  —1 (mEORY O3 7 L7 3o T
5Gab [hcd] = - f + 2tV dphgy | + +V(u tcayhb)c + t(uayv<0)hb)c.

(4.110)
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I then act S\ on 5G< ) [h( )] and decompose into modes. For the Carter tetrad in BL
coordinates this gives

imF({lo}
8rif(r)?
+ 4r2f(r)2) hag™ 4 2r f(r)V2(=3M + ir*w + 31 f (r) ) haa" ™2 + 2 £ (1) (hzf T

S [5Gﬁ> [1m)] bn <(8M2 — 6iMr*w — r*w? + (—8Mr + 6ir’w) f(r)

+ Zi’f( )1/2 €2h24€’m,r -+ 2(—2M + ii’zw)fl44l’m,r + Vf(?’) (6}_1445’111,;’ + 1’}_144€’m,r,r))>

1 = -
MG <(3M ir2w) f ()22 (M + i) 3y ™ + 3(M — ir’w)dyln )

+ 2rw(8iM? 4 6Mr?w — ir*w?)dyha ™ + rf (r)3 2uls (—4ir*wdyhy ™

— ()20 hos"™ 4+ AM3yhpy "™ + 14ir*wdyhpy ™ + r(u'3) 20y ips™™ — 2irwdyhyy ™™,
— &Mroylins™ , + 4ir’wdylias™ ) + 4r2 £ (r)? (20pTas™™ + royhas™ ;)

— f(r) (ryglygz(ir2w§yl_112£’m + (2M — ir2w) Syl "™ — Fyphzs™™)) + (4(4M>
+2iMr?w + 3r*w?) + (2Mr — irtw) (u'3)?) yhas™ + 4r3w (2iM + rzw)?)yfmg'm,r)
+ 2 (r) 2t 2(— — 43yl 4 143y hog ™ + r(—4dyhys"™ , + 83phas ™, — rdyh™
+ royhos 'm,r,r)) +7f(r)? <2(4M + 6ir’w + r(yfg)z)gyfmg"“ —rufiuty (—431;}_1225"“

+ 45);}_134(’!“ + V(gyhlzg'm,r — éyflzz[’mlr —+ 51;}_1346’"11)) + T(SM + 12ir?w

+r(p's)?)dyhas™ + 2ir460§vfl44€’m,r,r>) : 4.111)

Note, the natural split into a §sz[a] "™ piece and a F({)O}fz[a] [v] Piece.

The dissipative piece of the self force only depends on the fluxes in hfv) ; that is, only

the m # 0 modes are required. Hence, Fjll} can be omitted from V; because éM4 only

contributes to the m = 0 mode of h;(}v) . Therefore,

dy — F a; (4.112)

Instead of calculating % directly, one can calculate ¢ derivatives and use the relation

3 arp 9
1
where 2 = —igg .

The data for Broﬁ[a] [t] ‘m is calculated by Leanne Durkan [65] and 1—"({20} is calculated
using Ref. [1]. I give Eq. (4.111) to Ben Leather who will add this contribution for the
source before solving for wizL)g’m.
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Currently, the slow-time derivative contribution to the source is exhibiting singular

1

behaviour near the horizon. This is due to S4[6G ai [hé;)]] being computed on t-slicing.

I will re-derive these formulas on s-slicing where the singular will not appear.

4.2.7 Slow time derivative contribution of the Bondi-Sachs gauge
transformation

Syl G;? [hsi) ]] is also affected by the near-Bondi-Sachs gauge transform. To account
for this contribution, I provide mode decomposed formulas for the correction due to
the near-Bondi-Sachs gauge transformation, derived as follows.

In the region where the near-Bondi-Sachs transform is applied, the slow

time-derivative of the metric perturbation is transformed as
Iyhly = dyhap + Oy L Sap- (4.114)

Hence, the contribution to the slow time derivative due to the near-Bondi—Sachs
gauge transform is 51; Lz gqp- Again, one can use the argument that only the m # 0
modes are required to calculate the dissipative piece of the second-order self-force.
Hence, the only part of the near-Bondi-Sachs gauge transformation that I need to
consider is Eq. (4.104).

{,m

Using Eq. (4.112), I am interested in the ) partial derivative of (Lsga),, - Note, the

only pieces of ¢¢ (for m # 0) which are functions of () are w and hlll/ rlm, Hence,
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calculating the () derivative of the gauge transformation is trivial,

tn €T (M=) (E)thll/rzé’m + ih}/’”’mr*anw)
(aQ'CC”gﬂb)ll = F17243

{,m
(aoﬁécg”b)ln -
pir” (( 3M + 7 — 2ir w)thl/’ bm hl/’ “‘( 2ir? + (=3iM +ir + 2r2w)r*)anw>

21723
(00 Leg b)&m e (14 1)t 1(80hlll/r2€’m + ih}/’szmr*agw)
coab) 1 272
fm
(agﬁgcgub)nn = 0
(agﬁércgab)i':l =

eyt ((ZM — 7+ irZw)th}/fszm + ihlll/rzg’m <r2 + (2M —r+ ir%u)r*) BQw>

2f1/2r3
2 m . 2,111 "
(90 Lesgar) = e (') (@aly/ """ + iy ragw)
e 22
o 2lm 1/r%m *
tm €T (2FY2 = (u")?) (aky/ " + ity g w
(ofesalon = ( 2 ) (4.115)

These formulas are given to Ben Leather, who accounts for this contribution (using
Egs. (4.114), (4.112) and (4.113)) using the 9,,h,, data provided by Leanne Durkan
(noting, dqw is trivial).

4.2.8 The Bondi-Sachs gauge jump

In Fig. 4.6, the green line shows a jump discontinuity at r = 100M. The discontinuity
is due to the data on the left-hand side being in the Lorenz gauge, and on the
right-hand side being in the near-Bondi-Sachs gauge. One must account for this jump
before integrating over the source. In this section I derive a formula for the jump in
lpﬁ), which can then be used as a junction condition when solving the field equation.

In the new gauge, gbi%) depends on the metric perturbation through
2)r
P =T [ } 70 [ + L8 oy + ﬁé)ﬁéjgab +Lfy gab} 4.116)
That is, the gauge jump (A¢i2L)/) is given by
1
s = T (£, + L L8 gan + L gu)- 4.117)

I express each piece of the jump as a mode-decomposition in BL coordinates (in the
Carter tetrad) for the gauge vector in Eq. (4.104). The expression for
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774<O> [Eé?>hgh + %ﬁé‘? Eé(;) gab] is too long to be presented here, but is given in a

Mathematica booklet in the supporting material of this thesis. The m # 0 piece of the

slow-time derivative contribution is given by

icor* L L
O _ e wor2)a, L/
(e, - oA (s
R (i 4 2(iM + wrz)r*)arow), (4.118)
where hlll/ "*(m has been evaluated in u-slicing (the full expression is still in ¢-slicing

because of the factor of ™).

I calculate Awﬁ) at the outer world-tube boundary using the gauge vector that takes
one from the Lorenz gauge to the near-Bondi-Sachs gauge. I have implemented this
calculation in my C++ code and pass the results to Ben Leather, who uses them to

account for the jump discontinuity in 1/)558.

4.2.9 Decomposing the correction to the effective source

So far, all the contributions to the source I have presented have been for outside the
world-tube (or on the world-tube boundary). My final contribution to calculating the

source to the reduced second-order Teukolsky equation is inside the world-tube.

Inside the world-tube, the source of the reduced second-order Teukolsky equation is
given by Eq. (4.35). The majority of the source is given by S acting on Tﬁ)eﬁ. T(i) ef

a

is provided by the effective source scheme used in Refs. [195, 194, 156]. The effect of

(2)eff
ab

S actingon T is calculated numerically by Barry Wardell (using the same code

which has been compared to my results in Fig. 4.5).

The additional piece of the source in the world-tube is S'% [8 A Tu(g )eff] (where ATa(b2 Jeft

is given in Eq. (4.36)). To calculate this contribution we use Barry Wardell’s code to act
with S on AT;g)eﬁ
requires the input to be in the Barack-Lousto-Sago mode basis (see Sec. 4.2.3),

provide a mode decomposition formula for ATéE)eH in this basis.

. To do so requires a formula for ATu(g)eff. As Barry Wardell’s code

I calculate the mode decomposition of ATa(g)eff from Eq. (4.36) using

Egs. (4.5) and (4.109). I present ATa(g o i two parts, the first (AT(lzé)"e”ff ) acts on
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b

slow-time derivatives of the first-order metric perturbation @Oyh od

n i‘m = - /,m
AT gfesa V™ = = 2 <<8M +8FM + 27 )R + 2if P (wdyh
+ flwdph™™ + o™ ))), (4.119)
ATEfeal ™) = = 10 <(8M+2fr) B (8M + 2irPw) 3y + f((4M
F2fr)ai ™ — 2P (B + fOVE ))), (4.120)
. 28 hZEm_a h4€m
30m tm 20y Y
AT iialOVH"] = 2fr ’ 121
14,m 3¢m .2 \R 74lm
n v P22 4 fBLE) — (2M + irw) 3y
ATHR [Bynite) = S 27 , (4.122)
= 74/m 2¢,m 740,m
St im (4M +4fr)ayvh™ " = 2r((u'3)20p0" " + frovh™" )
. 1 - /m
AT{mea [Bvh "] = /372 (( 8M +4fM +22r)dyl*" — 2ifr? (wdyh'"
+ flwdph™™ — '5%”’“‘,))), (4.124)
44,m
7¢m im  (1'3)20v0
AT e aalovh'™] = 2 (4.125)
. = 78/m
80m iw  (2M+ir?w)oyh
N (4129
' = =8/m . 2% 78(m
DT Byhitn) — —REAIO Z 2OV, 4127)
' ) 8(,m
ATIOR (3, pita] ('3)20y0"" (4.128)

(2)effA

2fr
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The second part (ATIErn ofp) acts on the second-order puncture (hlf )

1om it m 1 14,m ~50,m
AT e [hl(z) | = Ter <41Mrwh 2p + f((4M — rPw )h( 2)p — 4Mh)p
=10,m 14,m 3¢m

—|—4Mr(za)h( )p+h() 1) + f2(2Mhy,
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The total AT(lzg)’Zff is
14,m 14,m 14,m
ATl = AT+ AT (4.131)

I give these expressions to Ben Leather, who uses Barry Wardell’s code to calculate
S [AT( )Eff] The input dyhi® is provided by Leanne Durkan. 1'% i ) is provided by the
data used in the calculation in Refs. [195, 194, 156].

This completes the source calculation in the world-tube. Except, there are some delta
functions on the particle which we have missed. These arise due to the derivatives in
Sy acting on C? content in 6*G[h)}, h%]. We are currently calculating this contribution

and will add it to the source shortly.
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4.3 Current status of the source to the reduced second-order
Teukolsky equation

I'have described and derived many parts of the source to the reduced second-order
Teukolsky equation. These pieces need to be put together and transformed to
hyperboloidal coordinates in order for Ben Leather to solve for lpﬁ)g’m using spectral
methods [105, 106].

Fig. 4.7 shows the parts of the source currently working in hyperboloidal coordinates.
Outside of the world-tube (¢— < o < ) the source is calculated using the mode
decomposition formula derived in Sec. 4.2.1. Also, a transformation to the
near-Bondi- Sachs gauge has been implemented on the left-hand side of Fig. 4.7. Note
that the source converges due to this gauge transformation. Inside the world-tube, the
effective source [120] from Refs. [195, 194, 156] has been used, plus the correction to

the effective source given in Sec. 4.2.9.

There is, however, a distributional piece that we have not yet accounted for in the
effective source. Formulas have been derived for this piece and will be added shortly.
Finally, the slow-time derivative contribution needs to be added. The slow-time
derivative contribution currently contains divergent behaviour near the horizon. This
is due to my formulas being derived on t-slicing. I will re-derive the formulas for the
slow-time derivative contribution on s-slicing and this will remove the divergent

behaviour.

With the complete source to the reduced second-order Teukolsky equation, Ben
Leather will account for the jumps on the world-tube boundaries caused by switching
to the effective source and the gauge transformation to the Bondi-Sachs gauge (given
in Sec. 4.2.8). He will then solve for 1}J§2L)€’m using spectral methods. We will then
extract the energy flux from lpﬁ)g’m and compare the results to Ref. [195]. Once we
have completed this procedure on a grid of 7y values we can generate
tirst-post-adiabatic waveforms. In the near future, waveforms like these will be used
to help inform models used to detect IMRIs in LIGO/Virgo/KAGRA data analysis.
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FIGURE 4.7: A plot of the / = 2, m = 2 mode of the source in hyperboloidal slicing. The

Bondi-Sachs gauge has been implemented near future null infinity (the left-hand side

of the plot), causing the source to converge. Inside the world-tube, o~ < ¢ < oy, the

effective source (from Refs. [120, 195, 194, 156]) has been used. Note how the source

is regular on the worldline. Two pieces are missing from this source, a distributional

piece on the worldline and a slow-time derivative contribution. Plot courtesy of Ben
Leather.
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Chapter 5

GHZ Metric Reconstruction and
Self-Force Calculations

Recently, Green, Hollands, and Zimmerman (GHZ) [86] presented a method for
calculating non-vacuum metric perturbations in Kerr; here, I shall call this procedure
GHZ metric reconstruction. This publication was a momentous step forward in black
hole perturbation theory as it provided a method for calculating non-linear metric

perturbations in Kerr.

Here, I summarise how GHZ extended CCK metric reconstruction to non-vacuum
perturbations and discuss this method’s potential for extending self-force calculations
to second order. Following, in Sec. 5.2, I implement GHZ metric reconstruction for a
perturbation produced by a stationary point mass in a flat background spacetime. The
toy model provided crucial insights used to formulate a metric reconstruction scheme
for self-force calculations. This scheme can calculate a sufficiently regular first-order
metric perturbation to source second-order self-force calculations [183]. This work
was completed in collaboration with V. Toomani, P. Zimmerman, S. Hollands, A.
Pound, and S. Green, and forms part of our paper Ref. [183].

51 A summary of GHZ metric reconstruction

GHZ showed that any metric perturbation to a Kerr background spacetime can be

written as
W) = X + 8 + Re[SI®lop, (5.1)

where x, is known as a corrector tensor, §,, := & g%(s)’”(s) |s=0 (a perturbation to
another metric in the Kerr family), and & is, again, a Hertz potential. Eq. (5.1) is in an
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outgoing radiation gauge (hi’;)l” = 0), a key property in the derivation of this method.
Note, as discussed in Sec. 1.8.1, any metric perturbation can be put into the outgoing
radiation gauge [158].

The GHZ method built on CCK metric reconstruction (see Sec. 1.8). The Re [Sg D)
piece of Eq. (5.1) is equivalent to CCK metric reconstruction. CCK showed that their
method was consistent in vacuum. GHZ showed that CCK metric reconstruction can
be made consistent for non-vacuum perturbations with the inclusion of a corrector

tensor (x,p).

As a preliminary step, before describing how GHZ extended CCK metric
reconstruction to non-vacuum, first I note, CCK metric reconstruction produces a
metric perturbation in the trace-free radiation gauge (h;, = hum = 0, see Sec. 1.8.1).
Price, Shankar, and Whiting [158] showed that any metric perturbation of a Petrov
type II (and type D) background spacetime, where Tl(ll) = 0, can be expressed in a
trace-free radiation gauge. However, this is not sufficient to show CCK metric

reconstruction holds for any perturbation with Tl(ll) = 0.

To describe how GHZ showed (in Kerr) that the validity of CCK metric reconstruction
extends beyond vacuum perturbations, I will outline their proof in reverse order of
how they present it in their paper. Firstly, GHZ showed CCK metric reconstruction
alone extends beyond vacuum perturbations. For a perturbation with a smooth source
of compact support, if the condition on the stress-energy tensor Tl(al) = 0 is satisfied,
the metric perturbation can be written as h,;, = Re[S(;r ®],; (up to perturbations to
another Kerr solution).

I will now outline how GHZ showed h,, = Re[S{®],, when Tl(al) = 0. First note,

Tl(ll) = 0; therefore, according to Ref. [158], a trace-free radiation metric perturbation
exists. The CCK metric perturbation (h,;, = Re [Sg ®|,p) trivially satisfies the trace-free
radiation gauge condition as S} Ila] = Sdmm = 0 (see. Eq. (1.93)). The remaining
components of the trace-free radiation gauge metric perturbation are the nn, nm and
mm components (and their complex conjugates). GHZ showed that any trace-free
radiation gauge metric perturbation satisfying & [h,p];m = 0 and E[hgp);,, = 0 can be
written as h,, = Re[SI®],,! up to gauge?. By analysing each non-trivial component,
hun, hum, and hyy, (and their complex conjugates) GHZ showed there exists a @ such
that ., = Re[S{®],p (up to gauge).

A keen reader will have noticed £ [Sg D|,ym = 0.

This proof uses (£S{ @), = (ES{®);, = 0 for any @, which is trivial when considering 7,fOf = £S5
and 7;f = 7,' = 0 by definition.

2The proof also uses the residual freedom in the trace free radiation gauge. The resulting gauge also
appears to be not unique, there exists a residual gauge vector {* = —{;1? (using Held’s notation [90]
where the superscript circle denotes that such a quantity is annihilated by P). This can concluded from (j,
not appearing in Eq (77) of Ref. [86].



5.1. A summary of GHZ metric reconstruction

This can be seen by considering 7,FO{ = £S} and 7 um = 0 by definition [154].
Hence, T,S}% = 0. This may seem problematic for GHZ metric reconstruction because it
does not explicitly state the assumption T,(nl,-zl = 0 for CCK metric reconstruction to be
consistent. However, this condition holds due to the other assumptions for which
CCK metric reconstruction is consistent; that is, T,(nl,-zl = 0 for any Ta(;) which satisfies
veTl) — 0and TV = 0[183].

GHZ also showed that ® relates to 14 through the conventional CCK metric
reconstruction equation (Eq. (1.91)). A crucial difference to the CCK metric
reconstruction is @ satisfies OP = 5 (rather than O® = 0 in the vacuum case). 7 is a
complex scalar that can be calculated from the stress energy tensor Ty, as I will
describe shortly. Hence, it is possible to construct a metric without calculating 14
directly.

The second leap forward made by GHZ [86] was extending metric reconstruction to
include perturbations which do not satisfy Tl(ul) = 0. They achieved this by
introducing a so-called corrector tensor (x,;) to handle the Tj, # 0 part of the source.
By using the ansatz,

Xgp = 2m(aﬁ1b)xmm — ZZ(an‘qb)xnm — ZZ(amb)xnm + LalaXun, (5.2)

they showed x,;, could be calculated by solving three hierarchical ODEs aligned with
outgoing null rays. The three hierarchical ODEs are obtained by contracting I, m” and

n“, respectively, with
Elxealla = Tia- (5.3)
The ODEs are given in Egs. (56), (57) and (58) of Ref. [86]; for example,
(P(P—p—p)+20p) xmn = Ty, (5.4)

where the thorns simplify to radial derivatives in the Kinnersley tetrad in
Kerr-Newman coordinates (see Appendix B of Ref. [86]).

Having calculated x,, one can find an effective metric perturbation, By = hap — Xgp,

which satisfies

g[hcd]la = Tab = Tap — Exgp. (5.5)

AsT;,, =0 (by the definition of x,), h, can be found using CCK metric reconstruction
using the appropriate Hertz potential. The Hertz potential can be calculated from the

CCK inversion relation,

—ip‘*@ = ¢q. (5.6)
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The CCK metric reconstruction inversion relation is consistent in T;, = 0 because
Tolxas] = 0 (by the ansatz used for x,;).

Alternatively, one can calculate the Hertz potential from 7. Having calculated x,;, one
can calculate 1 using

Re[T/+77]ab = Tab - 5[xcd]ab- (57)

For example, taking the /mm component of Eq. (5.7) gives

1
1 (P =0) (P =p)1 = T — Exealmm, (5.8)
which can be solved for 7. From 1 one can calculate the Hertz potential using

0P =1. (5.9)

hap is then given by
i, = Re[S{P]ap. (5.10)

The full metric perturbation is 1, = B,y + x,p, and satisfies the non-vacuum linearised
Einstein field equation in Kerr (for a smooth source of compact support). The final
piece to add to the metric perturbation is ¢ ,, a vacuum perturbation to another Kerr
solution (known as the completion piece, see Sec. 1.8.2), which can be calculated using
techniques developed in Ref. [117]. ¢, is actually redundant in GHZ metric

reconstruction as x,, contains this piece of the perturbation, as I show in Sec. 5.2.

5.1.1 Discussion: prospect for using GHZ metric reconstruction for
self-force calculations

When Ref. [86] was first published, an open question was how it could be utilized to
help self-force calculations. One problem facing self-force is obtaining a sufficiently
regular first-order metric perturbation to source second-order calculations. Can GHZ

metric reconstruction be utilized to find a sufficiently regular metric perturbation?

As discussed in Sec. 1.8.1, CCK metric reconstruction in the self-force problem
produces string singularities emanating from the particle (to either the horizon, out to
asymptotic infinity, or both), or singularities on a sphere containing the particle, see
Fig. 3.1. Second-order calculations are sourced by quadratic operators acting on the
first-order metric perturbation. When inputting the CCK metric perturbation, the
resulting second-order source contains products of delta functions, which are not well
defined.



5.1. A summary of GHZ metric reconstruction

GHZ is similar to CCK metric reconstruction, but can the additional information it
offers help to regularise the metric perturbation? Off the particle, CCK metric
reconstruction can recover the whole metric perturbation as the perturbation is
vacuum. However, on the sphere containing the particle CCK metric reconstruction
breaks down (as the perturbation is non-vacuum). Hence, CCK metric reconstruction
cannot recover the entire metric perturbation on this sphere. In practice, in the CCK
no-string solution there is missing the radial delta function coefficient on the

sphere [155]. Our collaboration conjectured, by using GHZ metric reconstruction,
these coefficients could be calculated. In Sec. 5.2 I show how GHZ recovers the whole

metric perturbation for the flat spacetime example.

Our collaboration also conjectured that it would be easier to regularise the metric
perturbation with the whole metric perturbation. In Sec. 5.3, I summarise the
punctured shadowless gauge formalism. This formalism uses GHZ metric
reconstruction, gauge transformations, and a puncture scheme to ameliorate
singularities in the radiation gauge. When implemented, the resulting metric
perturbation will be sufficiently regular to source second-order calculations. The
formalism would not be possible without obtaining the whole metric perturbation
with GHZ metric reconstruction. Implementation of this formalism in Kerr is in the

planning stages.

There is another possible utility in GHZ metric reconstruction for self-force
calculations: calculating hfj}). Eq. (5.1) can be used to calculate a metric perturbation to
any perturbative order (given the source is constructed from the lower order metric
perturbations). Ref. [86] does discuss how the current proof is limited to a source of
compact support whereas perturbations beyond the linear order are sourced by all
preceding perturbations, so are non-compact. However, this seems to be an overly
conservative constraint. Ref. [86] states that they expect this issue can be overcome

and will be addressed in a forthcoming paper.

GHZ metric reconstruction is not the only hope for second-order calculations. Ref. [10]
provides identities for linearised gravity in Kerr which can be used for non-vacuum
metric reconstruction. This method has been used in combination with a gauge
transformation to the Lorenz gauge to produce a Lorenz gauge metric reconstruction
technique [64].

5.1.2 The reduced second-order Teukolsky equation and GHZ metric
reconstruction

The reduced second-order Teukolsky equation appears implicitly in GHZ metric
reconstruction [86]. There are multiple routes to implementing second-order GHZ

metric reconstruction, and one involves solving the reduced second-order Teukolsky
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equation, Eq. (2.20). As discussed in section 5 of Ref. [86], T,, = Ta(g) — 52G[h£?] at

second order (though they omit Ta(s)

, which must be included for self-force
calculations). Hence, Eq. (98) in Ref. [86] becomes the spin +2 reduced second-order
Teukolsky equation. That is, the second-order form of Eq. (98) in Ref. [86] solves for
1/1(()2L). This distinction, that only the linear piece of the Weyl scalar is solved for (and the
existence of the reduced-nth-order Teukolsky equation), is not stated explicitly in

Ref. [86], but is an implicit result of their method.

Returning to the goal of calculating first-post-adiabatic EMRI models, full
second-order GHZ metric reconstruction may be unnecessary. Calculating lpr) (or
tp(()zL)) may be sufficient, as only the dissipative second-order self-force is required. As
tpﬁ) contains the information of the gravitational waves being dissipated away from
the system, it is reasonable to expect the dissipative second-order self-force could be
extracted from zpﬁ). However, (as discussed in Sec. 1.7.4) this will require balance laws
(in a usable form) relating the orbital energy, angular momentum, and Carter constant
to the emitted gravitational wave fluxes. Hence, for EMRI models calculating hfj}) (and

therefore second-order GHZ metric reconstruction) may be unnecessary.

An advantage of only solving the reduced second-order Teukolsky equation (Eq.
(2.20)) is that it involves solving fewer differential equations numerically (and hence is
faster) than full GHZ metric reconstruction. Looking away from the motivation of
modelling EMRIs, calculating the second-order metric perturbation will have other
benefits in self-force. Information about the conservative second-order self-force will
allow comparison with high-order post-Newtonian and post-Minkowski terms and
help calibrate effective one-body theory [57]. In these cases implementing GHZ metric
reconstruction at second order would be advantageous, as it can be used to calculate
both the dissipative and conservative second(—order self-force. Also, for third- and

2)
ab

higher-order calculations obtaining the full /1 ;" will be required.

5.2 GHZ metric reconstruction for a toy model

Here I implement first-order GHZ metric reconstruction for a perturbation produced
by a stationary point mass in a flat background spacetime. Throughout, I compare the
results to Ref. [155] (which solved the same problem with CCK metric reconstruction)

and discuss the new information provided by GHZ metric reconstruction.

5.2.1 GHP quantities in flat spacetime for a stationary point mass
perturbation

Before I begin constructing a metric perturbation in flat spacetime, I first give an
overview of the GHP formalism (see Sec. 5.1) in flat spacetime. I also summarise the
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stress-energy tensor produced by a stationary point-mass perturbation. Note, for this
chapter only, I work in the (+ — ——) signature and absorb a factor of 87 into the

stress-energy tensor and mass of the compact object,
8Ty — Top, 8t — 1, (5.11)

as to be consistent with Refs. [86, 183].

Here, I work in retarded time coordinates, {u,r,0,¢} (u := t — r in flat space), and in
the Kinnersley tetrad. In flat spacetime, the Kinnersley tetrad expressed in retarded

time coordinates is

1 1
"=(0,1,0,0),n" =(1,-5,0,0), m" = —(0,0,1,isin[6]). 5.12
(01,0,0) 1% = (1,~5,0,0), m* = o). 612

In this tetrad and coordinate scheme, the zeroth-order GHP spin coefficients take the

form

K:K,:(T:(T/IGZ

m\

=71=7=0 (5.13)
1 ,  cot[f]
P o p=F 2V2r

(5.14)

As no curvature is present in flat spacetime, the zeroth-order Weyl scalars are zero,

Yo=91 =192 =193 =11 =0. (5.15)

The GHP derivative operators, assuming a stationary perturbation (i.e., all ¢

derivatives are zero), are given as

b =13, =9, ﬁ:n%y=—§n

3= mhd, —sp=——05, 3zﬂﬂ®y+sﬁ:\éyg, (5.16)

where 8 and 8’ are spin raising and spin lowering operators acting on a spin-weight s
object defined in Eq. (4.41). The spin raising/lowering operators obey the relations of
Egs. (4.42), (4.43), and (4.44) when acting on spin-weighted spherical harmonics. I will
also use the complex conjugate relation for spin-weighted spherical harmonics given
by Eq. (4.45).

I will use the stress-energy of point mass perturbation (of mass ), given by,

Tf‘f) = TP :yu“u5(53[5€ — Xp]

=Lk — %), (5.17)
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where the four-velocity u* = 4 (5g is the Kronecker delta function) as the particle is
stationary.

I will use the boundary conditions that x,, = 0 and 7 = 0 for r < r}, as to generate a
half-string solution (one could alternatively set x,;, = 0 and 7 = 0 for r > r, to
generate another half-string solution).

5.2.2 Calculating the corrector tensor x,

The first step in GHZ metric reconstruction is calculating the corrector tensor x,;, using
the ansatz

Xagp = Zm(uﬁzb)xm,—n — Zl(uﬁ’lb)xnm — ZZ(amb)xn,—n + Lilpx . (5.18)

Following GHZ's prescribed method, I calculating each component of x,, in an

iterative manner.

5.2.2.1 Calculating x5

I begin by solving Eq. (56) in Ref. [86] for x,. In flat spacetime this can be written as

= (2 + 20, vun = 800" — 6151 — 1], (5.19)
P

where I have inputted Eq. (5.17) for the stress-energy tensor. This equation can be
solved for x,,z, giving

r—r

X = L O[r — r,]8%[0" — 6] + g +b, (5.20)

7’7"p

where O[r — r,] is a Heaviside function and a and b are functions independent of 7.
Imposing the boundary condition that x,, = 0 for r < r, resultsina = b = 0. This
gives

r—r

X = p——L0O[r —1,]82[04 — 6']. (5.21)

Tp
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5.2.2.2 Calculating x,,
Next, I turn my attention to calculating x,,,. I need to solve Eq. (57) in Ref. [86],

(P(P —20) +2p(p = ) Xum = Tim — %(<P+p—p)(6+f’ — 7)) +27' (P —2p)
— (0 —T1—T)p+207) X (5.22)

N[ =

In a stationary flat spacetime, inputting T, = 0 and Eq. (5.21) for x,,, this simplifies
to

2. 2 A =
<a§ +20, - r)xnm __ ﬁ”rr 862(6% — 641 ar<r r”’@[r - rp]>. (5.23)
p

Solving for x;,, gives

—7.)2 2 2
Xy = K (r—rp)“(r+ rp)@[r — 7] d6%[04 — 9;“] +ar + r%’ (5.24)

V2 672 r%,

where a and b are independent of . Again, imposing the boundary condition x,, = 0

for r < r, gives a = b = 0. Additionally, I calculate a mode decomposition. A mode
decomposition of the angular Dirac delta function is

5204 —07] = é[o; Y u[67] Youl6]. (5.25)
=0,m

Inputting this into Eq. (5.24) results in (with a = b = 0)

& (r—rp)2(r +2rp) -
Xy = g; f‘@ P6r2r% P2@r — rp]\ /(£ +1)Y 1al02] 1 Y0a (0], (5.26)
=1,m

where the sum runs from ¢ = 1 because spin weighted spherical harmonics exist for

¢ > |s| (the m sum always runs from —/ to ¢, but I omit this label for brevity).

5.2.2.3 Calculating x,,

Finally, I turn my attention to calculating x,,,. Eq. (58) in Ref. [86] is

—_

2 (0P~ p) (P~ p))3wn = Ty — 5 (@ + 7~ D)@+ 7)

2
+ (03—t =TT +77) — (P2 +P2) + (P —20")p+ (P —2p)p" + p(3P' —2p')
((P—2p)(3'—17)

+(T'+1)(P+p) =200 =)o = 2TP)xtum — 5 (P —2p)(d—7) + (¥ +7)(P +p)
—2(0—7")p — 27P) xps. (5.27)

+

+p' (3P —2p) — 2D'P + 2pp" + 28/ (T) — TT) X —

N[ —

N[ =
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For a stationary perturbation in flat spacetime, this simplifies to
2 1 ;/l 2rnA A 1 &l g 2 4 2
r|:ar+r:| xnn:—gé[r—rp](s [9 —GP]+ rfzéé—i_arﬁ_;ar‘i_ﬁ Xmin
L1,
V2 r r?
Inputting Egs. (5.24) and (5.21) for x;,;, and x5 respectively, one can solve for x;;,
giving

} (é’xnm 4 8xnm) : (5.28)

p(r— rp)
Ity

. u(r — 7’p)3
X == 6r2r?-,

ala a
Ofr —r,]8 3576 — 6/ + ®[r —r,)0%[04 — 6] + —

(5.29)

where 4 is independent of r. Again, [ apply the boundary condition x,, = 0 for r < r;
hence, a2 = 0. Decomposing Eq. (5.29) gives

- (r—rp)° (r—rp) v [gA A

5.2.3 The metric reconstruction source

I have calculated the corrector tensor x,;, which accounts for the Tj, piece of the
source. Therefore, I can now calculate the CCK metric reconstruction piece using a
Hertz potential. Instead of calculating a Weyl scalar to source the Hertz potential, I
will instead use 1 (see Sec. 5.1), which, as described by Ref. [86], can be calculated in a
multitude of ways (of which I will use two to provide a consistency check).

5.2.3.1 Calculating

The most direct method of calculating 7 is by solving Eq. (99a) of Ref. [86],

1
-1 (P> —4(p +p)P +120p) P?7 = Ty, (5.31)

where Ty is the source to the spin 2 Teukolsky equation, O (y) = Tp. That is,

To := So[Tap) =(8 — 7' — 47) (P — 20) Ty — (8 — ') T
+(P—p—40)(0—28)Ti— (P = P)Tyn).  (532)
Note, Ty can be calculated from T, or Ty := Topy — Exgp as So[Exap] = O (this can be

seen more clearly from 7g[x,;] = 0 and using Oy7y = Sp€). This is an important
conclusion because it means that the GHZ Hertz potential is identical to the CCK
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Hertz potential (if you assume CCK is consistent in non-vacuum) as used by Ori in

Ref. [135]. Hence, one can use the results of Ref. [135] for the Hertz potential in Kerr.

Using the stationary point particle stress-energy, Eq. (5.17), Ty simplifies to

Olr —rp) 42
Ty = —”[Zr%”]é (626" — 62]). (5.33)

Simplifying Eq. (5.31) to flat spacetime and inputting the flat space Tj, gives

1 8 12 5., _ ué[r —ry 52
_1(83 + ;af - ?83)17 = —T”é (6264 — 6,1]]. (5.34)
P
This can be solved for 7, giving
_ C D ulr—r) 8200A _ gA
;7:A+Br—|—r+rz+3r2pr2®[r—rp]<65[9 —ep]). (5.35)

[ use a familiar boundary condition that 7 = 0 for r < r}; this sets
A = B =C =D = 0. Applying the complex conjugate operation gives
3

N = ‘u(;;%:;)@[r — 1) <6/252[9A - 9;?])' (5.36)

As a consistency check, I calculate 77 from Eq. (5.8) [86]. This gives

1 _ , , _
1 P=0)(P—p)1 = Tan = (P —p)(@ =7) = (&' =T =)o — (P +p)
+ (P —p+0))xum — (P —20)0" + (T4 ) + (T — 7)) X
(5.37)
In stationary flat space (with T = 0) this simplifies to
1 2 1 1
107+ 20 = — (20, + ) xum. (5.38)
Inputting the complex-conjugate of Eq. (5.24) for x,,5, and solving for 7, gives
b (=) 82 90A _ A
17—a—|—r—|—3r2pr2®[r—rp]<6 (0" - 6;]). (5.39)

Where again, I have use the boundary condition 7 = 0 for r < r, which setsa = b = 0.
This 7 is identical to Eq. (5.36).
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To calculate the Hertz potential from 7, I require a mode decomposition. Using
Eq. (4.43) gives
) 3

Z 37,2,,2 rplA2 Youl05] 2Yea[67], (5.40)

where A, := %ﬁf;’;g:

5.2.3.2 Calculating the Hertz potential

The next step is calculating the Hertz potential using Eq (86) in Ref. [86]. That is, I
need to solve a sourced Teukolsky equation for the Hertz potential (),

O4(P@) =1, (5.41)
where O, takes the form
Oy (@) =2((P' — p") (P +3p) — (8" = T')(8+37) — 3¢ @
—2( - %a& + %ar _3d)e, (5.42)
where, on the second line I have simplified to flat spacetime.

Initially, this does not appear to be a radial ODE, due to the presence of the d and &
derivatives. However, in flat spacetime it simplifies greatly by expanding @ in spin
—2 (as the Hertz potential is a solution to the spin —2 Teukolsky equation)
spin-weighted spherical harmonics, ® = Y3 @y, —2Yya[07]. Hence,

1 474
—3'3d = _ﬁé oo
= Z fmz 266 Yé,m[eA]
{=2,m
= (+2)(¢—1
Z q’&m(z)r(z) 2Ye,m[9A], (5.43)

4

Il
N

m

where @, is a function of r. Here, I have used the fact that 88 is the Laplace operator
on the unit 2-sphere [83], see Eq. (4.44).
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I can input the new form for ~-0'd3d (Eq. (5.43)) into Eq. (5.41), along with the mode
decomposition of 7 (Eq. (5.40)). This gives

i <2< — %a% + %ar + <2)(2)> cI>g,m) oYy a6

(=2,m
> p(r—rp)?
:g_; Wﬂp@[ — A2 Yia[05] —2Y0u[67]. (5.44)

This is a radial ODE which can be solved for each mode of ®. The general solution is

P<rr = Z (Aﬁ,m1’€+2 + Bﬁlmrlfl) 72Y€’m[9A], (545)
(=2,m
- 042 ¢
>rp 042 1-1 _ r 2 "y
o _e:;m At Buar ™ 20+ DA bt @O A
+ Ao r o Lt
23D r2)2 Wi+, )
p
3(0— 1)(€_|_2))) Yfm[e ] ngm[O I (5.46)

where "< and ®"="7 are defined as ® for r < r, and r > r, respectively. Assuming
regularity at the origin for Eq. (5.45) sets By, = O To eliminate the most divergent
term in Eq. (5.46) as r — oo, I choose Ay, = (2£+1)A2 L Y/m[G ]. I can justify these
boundary conditions as they produce the same results as solving for ® by integration
of its source against the retarded Green’s function. Hence, Egs. (5.45) and (5.46)

simplify to
00 2]4 r€+2
P = Y m 0 oY 04], 5.47
4 3
2 "p r
r>r,
o= _122 V((2€+1))L rt= 1+/\2(3(€—1)(€+2)r%

1’2 r Vp

T, T 3(-1)(0+2)

)) Yial0)] 2Yeal6?]  (548)

Here, one sees the structure of the Hertz potential splits into Coulombic terms (which

are o r‘ or < r~!) and polynomial in r terms. Egs. (5.47) and (5.48) are consistent with

the Hertz potential derived in Ref. [155].
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5.2.4 The CCK metric reconstruction piece

Now I use the standard CCK metric reconstruction formula /"% = Re[S{®] to

calculate part of the metric perturbation. Sg is defined as [86]

831@lap =~ 1aly (0~ 1) (8 +37) — mamy (P — ) (P + 30)

1y {(P—p+p)(d+37) + (D —T+T) (P + 3p)})q>. (5.49)

Simplifying to flat space gives

1 Laly 5 4 1 3 1 2\«
Re[S Pl =5 < — L8 — mamy (3, + ) (@~ 2) + l(amb)\@<;8r - r2)6><1> teo
(5.50)
where c.c. denotes the complex conjugate. From Eq. (5.50), one can write
hree = —ﬁ (88@ + 8’6’@), (5.51)
1 2
Wiy = =5 (a% - ;ar) @, (5.52)
V201, 24
rec _ _ V™= _ =
e = = (rar 72)6@ (5.53)

To calculate the full metric perturbation (up to gauge) one simply has to add the

corrector tensor,
hy = Z%C + Xgp- (5.54)

Using the r < r, and r > r, split for ®, I shall calculate the r < r, and r > r, parts of
hls separately (labelled 1’5~ and h’5*> respectively). The r = r,, part of h’¢* will be
calculated in Sec. 5.2.4.5 (which is non-trivial due to the Heaviside function in ® at

r=r1p).

5.2.4.1 Calculating /¢ and h,,

First, I calculate h5< from Eq. (5.51) by inputting Eq. (5.47) for ®. This gives

o0 l

r - NN =
W= L~ 5 " e (88Y al0] —2Yia[0"] +8'8Yeal607] -2V 1a[07]).
(=2,m p

(5.55)



5.2. GHZ metric reconstruction for a toy model

Using the definition Eq. (4.45), I can write

Youl0)] 2Yeaul04] = (1)1, [0, 1(=1)" "2 2Y;, _[6%]

=Y, n05] 2Y1,—m[67]. (5.56)
Hence,
66?E,m[ep ] ZYlm[ ] 6 6 Yfm[ ] ZYE,m[GA]
= A2Y u[0)] Yy[67]. (5.57)

After using a change of labels —m — m (only where the —m labels occur), Eq. (5.55)
simplifies to

oo}

W= Y~ s Mwm[eﬂ Yial6%]. (5.58)
{=2,m

Note, for r < r, x4, = 0; therefore,

< __ p,rec<
hﬂﬂ - hﬂﬂ
(o)

— n o A A
_égm 2£+1rg+1Y€m[9 ]Yém[g ] (559)

Using that the complex and angular part of ®"~"» and ®"<"» take the same form,
taking Eq. (5.51) and input Eq. (5.48) for ®, I can use the same arguments to calculate
hitc>, finding

nn 7

hrec>_ i 1 / +£<€_|_1) 3—7"2
e = e T 2Ty i 61,17

=D+ D) | ral6f] Yl (5:60

Ty

Adding the corrector tensor to calculate the full metric perturbation gives

> rec>
hiw = My ™ =+ Xnn

oy (T C=1\e a1y, oA
n Z—O,mﬂ< Tty +£(€+1) 67,21,% )Yé,m[ep] Yf,m[g ]
t 33
+f§m{ ”(%H f+1“(”1>6772

—(L=1)(¢+2) rz;r;p) }y&m[eg}] Yiu[07]. (5.61)
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The polynomial in r terms cancel (apart from the ¢ = {0,1} terms), giving

1 )P\ =
Z “I/l( rr, (£+1)(61,7,)>Y€,m[0;74] Yﬁ,m[eA]

(=0,m p
o0 f

+/; T p Y 0 ul07] Yiu[04]. (5.62)
=2,m

5.2.4.2 Calculating /%% and h,
Now I calculate K55 using Eq. (5.52), inputting Eq. (5.47) for ®, which gives

rec - ;4(6—1—2)(6—1)
hmﬁf:e; @ n, rﬁ y[m[e] Yy a[04]. (5.63)

Again, as xg, = 0 forr <y,
< I rec<
hgm = Mam

- R U Ve )
‘gm @0+ 1A Yiu[0)] —2Y0u[07]. (5.64)

Putting Eq. (5.48) into Eq. (5.52) gives

e _ i _V<(£+2)(z_1) r . (€+2)(£;1)rr_r:p>w’m[9§] Y, [04].

Py (204+1)A, rtl 0(0+1
(5.65)
As Xmim — 0,
hZo —hree>
= (=1 =D g s A
- L < @0+ 1A, i ) m, ) Yelf] 2Yeal7:
(5.66)
5.2.4.3 Calculating /)7, and hy,;
Using Eq. (5.53) and inputting Eq. (5.47) for ® gives
rec< __ - _ ‘M\ﬁ s A A
> ! rt —
= Z ‘u\f I+1 Yf,m [9;74] *1Y€,m[9A]/ (567)
1oom2(20+ 1)\ Ll + 1)1y
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where [ have used Eq. (4.42). Again, as x,, = 0 forr <),

h<7 :hr69<
_ ¥ V2l rt
S 2020+ 1)/ 00+ 1) 1yt

Inputting Eq. (5.48) into Eq. (5.52), and again using Eq. (4.42), gives

Yial0)] 1Y5al60]- (5.68)

pree> i \ﬁ,u < —2(£ + 1) Vf; r 4 21’% B 1 >
T e N\ D) ()2 T T 3= 2)7 T+
(£+2)(€ =1)A2 Ya[05] 1Yeal604). (5.69)

Calculating the full metric perturbation by adding the corrector tensor gives
W =Hps” + Xum
(r —1p)%(r +2rp) -
iV M 1) Yoo 1 Yal0

1 (r—rp)z(r—i—er)
6r21’p

Yim[0,] —1Y1,m[67]
m=—1
N i —\/§y< (0 +1) o1

2 \@4+1)/2(0+1)r L Jl+1)

1\ _
) Y, al62] 1Y,al0%],
(=2,m

(5.70)

where I have used Eq. (5.26) to input x, (and most of the polynomial terms have
cancelled, apart from the ¢ = {0, 1} terms).

5.2.4.4 Calculating 1,

The CCK metric reconstruction does not contribute to #,,;. That is,

Hence, using Eq. (5.21),
hﬂ<’lﬁ’l = 0,
L -l Y Y 5.72
mm = K [ p]' (5.72)
p

5.2.4.5 Calculating /" on the spherer =1,

In the analysis above I have ignored 1 at r = r,, (which Ilabel 1’ " '*) as to make
y & ab P ab
the equations more easy to handle. Now I will calculate 1’5" at r = r,. CCK metric
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reconstruction involves taking radial derivatives of ®. As the expression for ® is
currently split up into &< for r < r, and ®~ for r > r,, I cannot directly calculate the
radial derivative of ® at r = r, until I re-express ® in a manner which is consistent at

r = rp. By combining Egs. (5.47) and (5.48) using Heaviside functions, I can write

0 p+2 ) pl+2 2 rf;
:gz " 23+1)A2r6+1 +®[r_rp]<(2€+1))\z A T 2 DA

1’3 72 r
i A2<3(€ —D)(+2)3  (l+TDr, T
_3(5—1r)p(£+2)>>> Yial0y] -2Yea[0%): (5.73)

I shall label the radial function inside the large circular brackets in Eq. (5.73) as F(r)
(the radial coefficient of the Heaviside function). F(r) can provide an extra
contribution to ® at r = r, when the radial derivative acts on the Heaviside function.

Note, in Eq. (5.51) there are no radial derivatives, so there are no additional terms in
W atr = ry. Thatis, by, " = WS> (r = rp).

For hiff, in Eq. (5.53) there is one radial derivative acting on ®. Acting with a radial
derivative on the Heaviside function in Eq. (5.73) contributes [r — 1] F(r)|,=r,-
However, as F(r,) = 0, 8[r — r,]F(r)|;=r, = 0. Hence, there are no additional terms in
hy5 atr = rp. That is, hnZf =T hy” (r = rp). Note, I is discontinuous at ¥ = .

Finally, for hj;7;,, Eq. (5.52) contains a two radial derivatives acting on ®. The single

derivatives do not contribute using the same argument as for i, /. When the
double radial derivative acts on the Heaviside function twice, the F( rp) = ( coefficient,
again, results in no contribution. I next investigate the final possible contribution,

when one radial derivative acts on the Heaviside function and one acts on F(r). As

20042) 41 2(1—1) ﬁ
(2£+1))L2r (254—1)}\2 4

arP(”)’r:rp = -

A r? 2 N 1 |
NE-1)(+2)2 0+, Le+1))" "
0, (5.74)
this term also does not contribute. Thatis, i, " = W (r = rp). Therefore, it is

consistent to write the 1’9~ and h_, I calculated in the previous subsection as h;ebcz and

hfb respectively (as they are both consistent at r = 7).
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5.2.5 A summary of the half-string metric perturbation

I have calculated the half-string metric perturbation using the GHZ metric
reconstruction formula,

hay = iy + Xap, (5.75)

in flat spacetime for a stationary point mass perturbation. Here is a summary of the
results:

First I note, as x,;, = 0 for r < rp, by = h'‘<; that is,

ab 7/
he, = i ok [04] Y,a[67] (5.76)
nn — 5 2£+1ng+1 LmYp {,m ’ .
R u+e-1) oy A
hi%rﬂ - 5 - (2£+1)/\2 T’Il;—H Yf,m[ep] —ZYZ,m[Q ]/ (5.77)
2 u(l4+2)(e-1) o A
= L = i) 1 Yeallp] 2Yeal07), (5.78)
=Z,m
= V2l rt —
WS =y — s Y, 1041 1Y, [04], 5.79
" gm 220+ 1)\ Il +1)r5 " 6] 1Yeal67] 679)
ad V21 rt _
hs, = s Y, 104 1Y, [0, 5.80
" z§mz<ze+1) o el 580

All other components of h,;, equal zero for r < r,. The solution for h,;, in Eq. (5.80) is
manifestly smooth for r < r, because the factors of (r/ rp)g ensures the sum converges
exponentially with £.
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For r > r, the metric perturbation takes the form

1 3
> r—"7p (r=71p)°\o a4 A
hnn _ézg:mﬂ( "y +£(£+1) 61’27’% )Yf,m[ep] Yﬁ,m[e ]
00 E
Y, A
. Y, Y, .81
+€§m2£+1r [9 ] é,m[e ]r (58 )
& (+2)(6—1) 15 L+2)(l—1)7 =7, <
I’l?—: _ ( |4 |4 YmGA,YmQA,
i Zi;m ”( (20+1)A, 1t 1), ) Valfr] 2Yeald]
(5.82)
N G G VR AN (A T, A
o = L < R0+1)A; i [+, ) Vealf]2¥eal)
(5.83)
r—1,)2(r+2r,)—
h%— — Z y( p6>rz(r p)Yl,m[g;?] 7]Y],m|:9A]
m=-—1 p
0 y4
+ Z _\/EV( <€+1) rP 1 > QA] ,1ng[9A]
S 2 N+ el+ ) T i)
(5.84)
1 (r—rp)2(r+2ry) =
=), —H p6r7-r P21, m[05] —1 Y m[6%]
m=— p
\fﬂ< (£+1) "y 1 1> A A
+ — = YynlO0)| 1Yenl07],
Em 2 \ Q)i nrt i) el el
(5.85)
B2 =p——L52[6% — 6], (5.86)

'ty
All other components of h,;, equal zero for r > r,,.

The form of the metric perturbation for r > r, splits into three pieces: Coulombic
terms which fall off as (r,/r)" at large r (and as such, converge exponentially quickly
asr < rp); mass and dipole moment terms which contribute the ¢ < 2 terms; and
polynomial in r terms (e.g., k= = - " Thrg2ip4 — 9;,4]). The polynomial in » terms give
the solution its string like nature. As the polynomial in r do not converge as a series
for large /, except as distributions (see Appendix D of Ref. [183]), these terms are
problematic. Similarly, the metric perturbation is singular in the /., component as it
contains an angular delta function for r > r,. Hence, such a metric perturbation is said
to be in a half-string radiation gauge.

The ¢ < 2 terms are equivalent to ¢,,, which appears in Eq. (5.1). However, the ¢/ < 2
terms have been contributed directly from the corrector tensor (x,). Thatis, ¢, in
Eq. (6.1) is redundant (and this property extends to Kerr [183]).
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5.2.6 The no-string gauge solution

To isolate the singular nature of the metric perturbation to a finite surface, one can
transform to a no-string radiation gauge. This involves using a gauge transform to
eliminate the string singularities emanating from r, out to future null infinity. One
finds that it is possible to gauge away the singular terms proportional to polynomials

! cannot be gauged away) for ¢ > 2. However, the

in 7 (i.e., the Coulombic ~ r
resulting transformation introduces a sphere of singularities with radius r,. I compute
this gauge transform and compare the results with Ref. [155]. Ref. [155] derived the
no-string solution using two alternative methods. Firstly, by constructing the solution
out of the two regular halves of two half-string solutions (plus adding a completion

¢ < 2 piece). Secondly, by transforming directly to the no-string gauge from the

Lorenz gauge solution (locally near the particle).

To gauge away the half-string singularities I use the gauge transformation equation,
hlab = hap + ﬁg’gub = hgp + 2Cf(agb)c- (5.87)

By solving for ¢, such that the string singularities are gauged away, one finds that all

the (¢ > 2) polynomial string terms can be eliminated using the gauge vector

Z )Y 102 You[604], (5.88)
=2,m

2 — 1Y 1u[607'] Yeu[67], (5.89)
5, 20(0+1) + 1

Z 26 g i 1) ! ;prpe)[r - rp]?f,m[g;;‘] 1Y£,m[0A]- (590)

{=2,m
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Acting with this gauge transformation on the metric perturbation in Sec. 5.2.4.5 results

in a no-string gauge solution, #/,, of the form

[ Y. [pA A
5[ — 1] Y 1al0%] Yea[64], (5.91)
é;mwﬂ) [r = )Y 010, Yenu[64)
I =0, (5.92)
im =0, (5.93)
1 r—r (r—rp)? -
I P p _ . [pA A
I, _z_%;mH( TG )OI = 1, Y1al67] Yial6%)+
ad 1 rt T’f;
ﬂ:;m “<2£+1( Ol =)+ el —r,))
1 _ v A A
el rp]>yglm[9p] Y,ul6%], (5.94)
1 (r—rp)?(r+2rp) —
/- :m; —u 6r2r%, Ofr —rp]Y1,m [0;,4] Y04+
) l
,u\f ( Iyt (£+1)rp ) A A
Oy — |+ — PO — )] )| Y0, [64] 1Y, [67],
p§m2<2£—|—1) 5(6—1—1) 41 [P ] B [ P] L, [ p] 11y, [ ]

(5.95)
1
Z I3 rrrp@)r_rp]yfm[g ]Yﬁ,m[GA] (5.96)
{=0,m
© (C+2)(t=1)( r
B ; 2£+1 ((0+1) <r;§+1®[7”_r]
€
+ gL@[ ])Yz,m[e;;‘] 2y [04]. (5.97)

The no-string metric perturbation can also be written as the sum of three pieces.

Firstly, a Coulombic piece, /'S (which is invariant between the half-string and no
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: P C _ 1,C
string solution; i.e., hy, = hy;),

hi = hyp =0, (5.98)
hf, = iy =0, (5.99)
hfy = his, =0, (5.100)
00 Y4
hc — h/c — — # i@ _ i@ _ ? eA Y GA
nn — "nn — Z M 20 +1 rg_._l [rp 1’] + pl+1 [7’ rP] é,m[ p] Z,m[ ]/
(=2,m p
(5.101)
> 2 Ir!
WS, = hS, = 12 ( Olr, —r
nm nm ézzz}m 2(2£+1) f(g—i-l) Tf}+1 [ p ]
L+ 1)rt _
41 Folr - rp]) Yiul6)]1Y0al07], (5.102)
hum = o =0 (5.103)
c _ . _ v —p (+2)(t—1)( r B
o =l = L aer )\ D)\l
rg _
+ rg%(@[r - Vp]) Y0 a[05] 200 [0%). (5.104)

Secondly, a £ > 2 “polynomial” piece h;l;,fzzl

=2 = Kgm ﬁé [ — )Y 0al07] Yeu[64], (5.105)
=% =0, (5.106)
hp! =% =0, (5.107)
=2 = /g:;m %(Z’rl)&[r — 1V al02] Yiul6%], (5.108)
nhi=2 —, (5.109)
I =0, (5.110)
nht=2 —q, (5.111)

This piece is confined to delta functions on the surface of a sphere radius r = rp, and
as such, is not a polynomial in r; however, it arose from the polynomial piece in the
half-string gauge, so I call it the £ > 2 “polynomial” piece. Note, the surface of the
sphere is not in the radiation gauge as hﬁj 422 £ . Finally, thereisa ¢ = {0,1}
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polynomial piece, h;I;’kz, that takes the form

= =0, (5.112)
nP<2 =, (5.113)
nP=2 =, (5.114)
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The full no-string metric perturbation, Eq. (5.91), is given by
W, =HhS+ h;l;,ézz + hg;’kz. This solution is equivalent to the solution given in
Ref. [155].

5.2.6.1 The no-string ¢ < 2 piece

Whilst I have successful gauged away the singular string extending out to Z™, there
remains non-asymptotically flat behaviour in the ¢ < 2 piece of the metric
perturbation (Egs. (5.112) to (5.118)). The ~ 10 behaviour in the nn, nm and mm
components and the ~ 7! behaviour in the nn and nm components are
non-asymptotically flat. In this section, I eliminate this poor behaviour with a gauge
transform.

Whilst the non-asymptotically flat behaviour must be pure gauge, not all the £ < 2
sector is pure gauge. There is physical information in the £/ < 2 modes of the metric
perturbation: a mass perturbation and a dipole moment caused by the centre of mass
not being at the origin. These contributions are asymptotically flat, so I will not
attempt to gauge away the entire / < 2 metric perturbation. I restrict the gauge
transform to remaining in the radiation gauge (except on the sphere of radius r,
centred on the origin). It will also become apparent that the asymptotically flat £ < 2
piece of the metric perturbation is the so-called “completion piece” [155] and the
gauge transformation to eliminate the non-asymptotically flat / < 2 piece is the
so-called “gauge completion piece” [187].

Next, I eliminate the remaining non-asymptotically flat terms with a gauge transform.
As I show, this requires an additional degree of care compared to the gauge transforms
used in the ¢ > 2 sector. The gauge vector required has linear and quadratic
dependencies on time. I shall derive the gauge vector for ¢ = 0 and ¢ = 1 separately.



5.2. GHZ metric reconstruction for a toy model

In the ¢ = 0 sector, attempting to eliminate the ~ 9 and ~ r! behaviour in Eq. (5.115)
with a gauge transform results in a hierarchical list of equations for the gauge vector,

p érf’l - ﬁnol (5119&)

1
& = "2 (Xmim +208n), (5.119b)

where I have used that h,;, = x, in the £ < 2 sector. Solving these equations gives

vV A
(&1)oo = —Mu, (5.120a)
2rp
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Similarly, for the ¢ = 1 sector, one solves the hierarchical equations

P'Zy = —3xun, (5.121a)
(0 +0)em = — (xum + &), (5.121b)
1
g = T (xmm + 2Re[d&7] + 208,), (5.121c)
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the u dependence of the gauge vector is required to eliminate the non-asymptotically
flat behaviour in the metric perturbation. As I do not want to include a u dependence
in the resulting metric perturbation, these parts of the gauge vector do not have a
Heaviside function coefficient. That is, I extend the contribution to the metric
perturbation from the u dependent gauge vector down to the origin. The resulting
terms in the metric perturbation are regular at the origin, so this extension is

permissible. The resulting no-string metric perturbation is

Ty = hS, + iy 8 — 1) + i (5.123)
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The requirements that the metric perturbation is regular at the origin, asymptotically
flat at Z*, and contains no linear or quadratic u dependencies produces a gauge
transformation that is the so-called “gauge completion piece”. This method for
including the gauge completion piece is simpler than previously used methods and is
derived from more physical motivations. Previously, the gauge completion piece has
been determined by imposing the continuity of certain metric components at

r =r,[104,169, 31, 183].

The gauge-invariant completion piece has also been included by the inclusion of the
corrector tensor. The % behaviour (for r > ;) in W%t in Eq. (5.125) is a perturbation
towards a Schwarzschild solution, the completion piece one expects from a stationary
point mass perturbation. The O(r~?2) behaviour (for r > r,) in hﬁ;o’l is the result of a
change in the centre of mass of the system away from the origin. In Kerr or
Schwarzschild, the change in the centre of mass is pure gauge due to the non-zero

mass of the background spacetime.

5.3 Extension to Kerr and regularisation: the punctured

shadowless gauge

The motivation for the flat space toy model was to check if the GHZ procedure is
consistent with previous self-force results, understand how it differs from CCK metric

reconstruction, and recognize how to best attempt GHZ metric reconstruction in Kerr.



5.3.  Extension to Kerr and regularisation: the punctured shadowless gauge

In Ref. [183], I (with collaborators) presented the flat-spacetime implementation of
GHZ metric reconstruction. We then used the experience gained in flat spacetime to
streamline the application of GHZ metric reconstruction in Kerr. Finally, we produced
a formalism for calculating a regular first-order metric perturbation for the self-force
problem in Kerr by combining GHZ metric reconstruction, gauge transformations,
and a puncture scheme. Here, I summarise the construction of this formalism,
pointing out how the flat space toy model informed its formation.

As noted in Sec. 5.2.3.1, part of the GHZ metric reconstruction calculation in Kerr is
already in the literature. Ref. [135] calculates a Hertz potential which is consistent with
the CCK piece of GHZ metric reconstruction. The original motivation for Ref. [135]
was to achieve metric reconstruction in non-vacuum, but the metric perturbation it
produces does not satisfy the linearised EFE. GHZ metric reconstruction provides the

missing piece (the corrector tensor) to satisfy the linearised EFE.

Ref. [183] streamlines the GHZ approach by using the Held formalism [90]. The Held
formalism allows the equations in GHZ metric reconstruction to be expressed in a
series expansion of p (to positive and negative powers). The expansion allows many
equations to be solved for each power in p separately. This reduces GHZ metric

reconstruction to finding a finite set of p-independent quantities (A;).

The direct application of GHZ metric reconstruction in Ref. [86] for a point-particle
source puts one in the half-string radiation gauge. Ref. [183] reformulates GHZ metric
reconstruction such that it results in a no-string radiation gauge. Our reformulation of
GHZ metric reconstruction to include the gauge transformation automatically is
straightforward as the gauge vector that takes one from the half-string radiation
gauge to the no-string radiation gauge can be written in terms of A;. As the flat space
example illustrates, GHZ metric reconstruction recovers the full metric perturbation in
the half- and no-string gauge. This includes coefficients of delta functions on the
sphere containing the particle which are not recovered with CCK metric

reconstruction.

The completion piece and gauge completion piece arise naturally (in x,;) in the Kerr
calculation as they did in flat space. By transforming the GHZ metric reconstruction to
the no-string gauge while requiring that the solution is regular at the horizon,
asymptotically flat at Z, and contains no linear or quadratic u dependencies, the
completion piece and gauge completion piece are spontaneously included in the

solution.

Ref. [183] then generalizes the point particle no-string gauge solution to an extended
source shadowless gauge solution. When applying GHZ metric reconstruction to an
extended source, a shadow emanates out to Z, similarly to the string singularity in
the half-string gauge. The half-shadow gauge solution is similarly problematic for a

singular source as it requires many ¢-modes to resolve and is not asymptotically flat.
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One can treat the half-shadow gauge similarly to the half-string gauge; that is, one can
transform to a shadowless gauge (akin to a no-string gauge). The shadowless gauge
contains a spherical shell region (containing the extended source), which can be a
non-vacuum solution, akin to the spherical singular region in the no-string gauge.
Our metric construction formalism in the shadowless gauge can be applied to any

spatially compact source.

Due to the singular nature of the point particle, applying the shadowless gauge
directly to the self-force problem recovers the no-string solution used previously in
the literature (and calculated in the flat spacetime toy model in Sec. 5.2.6). To produce
a formalism for calculating a sufficiently regular first-order metric perturbation for
second-order self-force calculations, Ref. [183] formulates a puncture scheme within
the shadowless gauge. In essence, this formalism puts the puncture into a sufficiently
regular gauge that one can solve for the residual field using our shadowless metric
reconstruction formalism. Putting the most singular part of the field (the puncture) in
a more regular gauge prevents the strong singularities that extend off the particle.
This is achieved by taking the puncture to sufficiently high orders in r, such that the
singular nature of the point particle is removed from the calculation (see Sec. 1.6.3.5).
Hence, applying the shadowless gauge to the punctured self-force problem produces a
regular (residual) metric perturbation. There are plans to implement the punctured
shadowless gauge as part of the plan to produce the first second-order self-force
calculations in Kerr.

The primary motivation for developing this metric reconstruction scheme was to
calculate a sufficiently regular metric perturbation to source second-order calculations.
This work has other advantages and applications. As the formalism can handle
extended sources, it could be used for eccentric orbits without relying on the method
of extended homogeneous solutions [114]. The formalism also obtains the regular

metric perturbation directly, so there is no requirement for further regularisation [114].
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Chapter 6

Conclusions

Second-order black hole perturbation theory is an emerging field of research with
recent successes. Self-force waveform models to first-post-adiabatic accuracy have
recently produced exciting results in Schwarzschild [156, 195, 194]. The resulting
waveforms show remarkable agreement with Numerical Relativity waveforms even
in the € ~ 5 regime. The dissipative piece of the second-order self-force is a crucial

contribution to these results.

A significant motivation for first-post-adiabatic modelling [69] is the observation of
EMRIs (and IMRIs). For these systems, the spin of the massive black hole is expected
to be significant [38, 160]. Hence, calculations in a Kerr background are required.
Generic (eccentric and inclined orbit) EMRI waveform templates to first-post-adiabatic
accuracy will enable precise parameter extraction from LISA measurements. For data
analysis, it is not only necessary to be able to compute first-post-adiabatic waveforms
but to do so efficiently. That is, for LISA science, efficient dissipative second-order

self-force calculations (for generic orbits in Kerr) are necessary.

The current method of calculating the second-order self-force (used in

Refs. [156, 195, 194]) relies on the separability of the EFE in Schwarzschild (in the
Lorenz gauge). In Kerr, the EFE are non-separable. Hence, a new, efficient method of
calculating the second-order self-force is required that applies to Kerr. This thesis has
extended some black hole perturbation theory methods to second order in Kerr and

implemented a selection of these methods in Schwarzschild.

At first order in Kerr, the non-separability of the EFE has been avoided by solving the
Teukolsky equation [177, 178]. The Teukolsky equation is a separable PDE for a
curvature scalar (lpil)). An extension of the Teukolsky equation to second order exists
in the literature [45], which I call the Campanelli-Lousto-Teukolsky equation. The

! Additional first-post adiabatic contributions, such as the secondary spin and resonances are also nec-
essary, but these effects are beyond the scope of this thesis.
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Campanelli-Lousto-Teukolsky equation is a PDE for a second-order vacuum
curvature scalar lpfl2). In Sec. 2.2.2 I show that, in general, the source to this equation is
not well defined in the second-order self-force problem (unless a puncture scheme is
used). In summary, products of the first-order metric perturbation and first-order
stress-energy tensor appear in the source. In the self-force problem, the first-order
metric perturbation is singular, and the first-order stress-energy contains a Dirac delta
function on the worldline. Hence, their product (and the source) is not well defined as
a distribution. This problem could be avoided using a puncture scheme. But, using
the Campanelli-Lousto-Teukolsky equation for second-order metric reconstruction
will be less straightforward as the equation does not appear naturally in the GHZ

metric reconstruction scheme [86].

I found an alternative extension of the Teukolsky equation to second order (see,

Sec. 2.3), which I call the reduced second-order Teukolsky equation. This equation is
distinct from the Campanelli-Lousto-Teukolsky equation, solving for lpﬁ), a quantity
purely dependent on hfj}). The reduced second-order Teukolsky equation is derived by
applying the Wald identity [190] on hgi). The equation also appears implicitly in GHZ
metric reconstruction [86]’s extension to non-linear orders. Importantly, in Sec. 2.3.2 1
show that the source of the reduced second-order Teukolsky equation is well defined
for self-force calculations in a highly regular gauge [151, 185]. I also show that leL) is

infinitesimal tetrad rotation invariant, unlike 1pi2).

The existence of a well-defined separable second-order equation in the self-force
problem in Kerr is a significant advancement in the prospect of calculating generic
EMRI waveform templates for LISA. Similarly, the reduced second-order Teukolsky
equation could be employed to help produce first-post-adiabatic IMRI (and € ~ 15
binary) models for black holes with spin. These systems are beginning to be
observable with ground-based gravitational-wave detectors [11, 4]. They are also

significant sources for future ground and space-based detectors.

The reduced second-order Teukolsky equation also has utility for investigating
second-order quasi-normal mode calculations in Kerr [102]. Numerical Relativity
ringdown calculations have been shown to be well modelled using linear black hole
perturbation theory [78, 93]. This interesting phenomenon may be due to most of the
non-linear behaviour being hidden behind the event-horizon of the merged black
hole [133]. As gravitational wave detectors improve [20], second-order quasi-normal
mode contributions will likely become detectable [168]. Non-linear quasi-normal
modes of black holes is already an area of active research [102, 163, 168].

In Chapter 3, I amended the adverse property that gbizL) (like lpiz)) is not gauge
. . . . . . . . 1(2) .
invariant. I achieve this by constructing a gauge-invariant version (y,; ’) using

first-order gauge fixing. Re-expressing the reduced second-order Teukolsky equation



in a gauge fixed form, Eq. (3.4), solves for ll’:;(LZ) directly. I presented two practical
methods for first-order gauge fixing to calculate the required inputs for Eq. (3.4).

The first gauge-fixing scheme fixes to the “fully constrained Chandrasekhar-like”
algebraically. Sec. 3.5 gives a method for calculating the gauge vector to the “fully
constrained Chandrasekhar-like” class of gauges from any gauge. The gauge vector is
solved for algebraically. I also found that the “fully constrained Chandrasekhar-like” class
of gauges are generally not asymptotically flat.

The second gauge-fixing method fixes to an asymptotically flat gauge but requires
solving ODEs. Sec. 3.6 gives a method for calculating the gauge vector to the
Bondi-Sachs gauge (from a generic gauge). To constrain the residual gauge freedom
of the Bondi-Sachs gauge (the BMS freedoms), I gave a method for constraining the
BMS freedoms for perturbations to Kerr (in Sec. 3.6.6). These methods can be used in
Eq. (3.4) to solve for an asymptotically flat second-order gauge-invariant IIJ:L(LZ). The
asymptotically flat nature of the Bondi-Sachs gauge is useful for avoiding infrared
divergences near Z", which arise from the slow falloff of second-order sources in
generic gauges [156].

Both gauge fixing schemes fully fix the gauge up to residual gauge freedom along the
Killing vectors of Kerr spacetime. Hence, t/J:L(LZ) is gauge invariant up to these Killing
symmetries. I plan to constrain the remaining degrees of freedom using the gauge
transformation of the first-order stress-energy tensor, Eq. (3.3).

I also gave a method for calculating a local gauge transform to a highly regular gauge
(from the Lorenz gauge) near the worldline (Sec. 3.7) in Fermi—-Walker coordinates.
This gauge transformation is necessary to make the source of the reduced
second-order Teukolsky equation well defined. The method needs to be converted to
practical coordinates for implementation (work currently being carried out by Sam
Upton).

A collaboration is being set up to implement the techniques in Chaps. 2 and 3 in Kerr.
However, new insights and progress can be made by implementing these techniques
in Schwarzschild in preparation for Kerr. My current collaboration with Ben Leather,
Leanne Durkan, Sam Upton, Barry Wardell, Niels Warburton, and Adam Pound is
solving the reduced second-order Teukolsky equation for quasi-circular orbits in
Schwarzschild.

My role in this calculation is producing various formulas for the reduced second-order
Teukolsky source and the source data that can be integrated numerically. My leading

contribution is calculating a mode decomposition of S[6*G [hl(zi), hg?]] The

decomposition is valid for any perturbation to Schwarzschild (in the Carter tetrad),

even outside of the self-force context. I first express S [52G[h§?, hg?]] in GHP form. I

then used the Carter tetrad [46] to convert S [(52G[h§i), hgi)]] to BL coordinates. I



156 Conclusions

express all the angular dependence in S [(52G[h$,), hfl?]] using spin-weighted spherical

harmonics, the eigenbasis of the master Teukolsky equation in Schwarzschild. Using
this formula, I calculate the source data (see Fig. 4.2) using retarded Lorenz gauge hfﬂlj)
data from Niels Warburton, which allows one to solve the radial Teukolsky equation
for 1,051?. That is, I give the source data to Ben Leather, who numerically solves the

radial Teukolsky equation for each ¢,m mode lpﬁ)é’m.

The retarded Lorenz gauge source contains a slow fall-off near Z*, which results in an
infrared divergence in the retarded solution. To ameliorate this divergence, I applied
the methods in Sec. 3.6.4 to transform to the Bondi-Sachs gauge. Upon analysis of the
source, it is clear that a complete transformation to the Bondi-Sachs gauge is
unnecessary to reduce the divergence by two orders in r. Instead, it is only necessary
to transform the leading-order in r (and next-to-leading-order for hl(l1 )) behaviour of
iy

gauge. I calculated the gauge transformation and found the source does converge two

such that, it is equivalent to the leading order behaviour in the Bondi-Sachs

orders in r faster, eliminating the infrared divergence (see Fig. 4.6). This convergence
allows Ben Leather to solve the radial Teukolsky equation with simple boundary
conditions (outgoing radiation at Z"and ingoing radiation at the horizon).

There are additional parts to the source of the reduced second-order Teukolsky
equation. To achieve first-post adiabatic accuracy, a two-timescale approximation is
implemented. Hence, there is a slow-time derivative contribution to the source at
second-order (6 Gé? [hsi)]). I calculated a formula for S[6G) [avhg)]]. The slow-time
derivative data (avhfj) ) is provided by Leanne Durkan. Additionally, as I have
implemented a transformation to the near Bondi-Sachs gauge, this needs to be

(1)

accounted for in dyh ai (1)

. I provide Leanne with formulas for the correction to dyh ui
due to the near Bondi-Sachs transformation.

The sum for each (¢,m) mode of S[5°G [hg,), h{(li)]] does not converge near the worldline
for increased number of ¢,,,, input modes (of hfz?)- Additionally, there is singular
behaviour in S[6°G [hé? , hgi)]] and Ta(lf) that makes the source of the reduced
second-order Teukolsky equation singular. An effective source (with a puncture
scheme) is used to avoid these divergences. That is, in a world-tube containing the
worldline we solve Eq. (4.32), rather than Eq. (4.33). This requires an effective source
(Seff)- It is possible to construct Se from the effective source used in

Refs. [156, 195, 194]. However, a correction term, Eq. (4.36), is required. I provide
formulas for a mode decomposition of Eq. (4.36). The correction requires inputs for

hE?P (provided by the calculation in Refs. [156, 195, 194]) and avhg).

My final contribution to this collaborative effort is the jump in lpr) due to the
near-Bondi-Sachs gauge transformation. I implement the near-Bondi-Sachs
transformation on the Z side of the world-tube. Hence, the source (and 1/7&28) is
discontinuous at this side of the world-tube boundary. To account for this



discontinuity, I calculate data on the jump in I,Dﬁ) due to the gauge transform
(including contributions from the gauge transformation of the slow-time derivatives).
Ben Leather then includes this jump as a junction condition when solving the radial
Teukolsky equation for wizL).

In Sec. 4.3, I presented the working parts of the source to the reduced second-order
Teukolsky equation. There remains a missing distributional piece on the worldline,
which will be added shortly. Also, the slow-time derivative contribution needs to be
added, which is currently exhibiting unexpected singular behaviour at the horizon.
The singular behaviour is due to the slow-time derivatives contribution being
calculated on t-slicing. I will re-derive the formulas in Sec. 4.2.6 on s-slicing and this
will avoid the singular behaviour at the horizon.

After obtaining the full source, Ben Leather will solve the radial Teukolsky equation
for wi%). To do so, Leather transforms to hyperboloidal slicing with a compactified
radial coordinate. Leather will then use spectral methods with analytic mesh
refinement to solve for gbizL) [106, 105]. From I,Dﬁ), our collaboration will extract energy
fluxes for quasi-circular orbits in Schwarzschild. Accurate flux data on a dense grid of
ro values will allow us to generate waveforms to first-post-adiabatic accuracy. These
waveforms will be compared with Refs. [156, 195, 194] (which will soon be used to
help inform models used for LIGO data analysis).

There are many advantages to our reduced second-order Teukolsky calculation
compared to the methods used in Refs. [156, 195, 194]. Firstly, the equation solved is
simpler. The Teukolsky equation solves for one complex scalar. Whereas the linearised
EFE solved in Refs. [156, 195, 194] are ten real equations, six of which are evolution,
four of which are constraints. Hence, solving the reduced second-order Teukolsky is
more efficient. Additionally, solving a single equation will simplify the extension to
eccentric orbits. The most important advantage is that the reduced second-order

Teukolsky calculation is extendable to Kerr.

Our calculation in Schwarzschild shows encouraging progress, but for realistic EMRI
models calculations must be in Kerr. Plans to implement a reduced second-order
Teukolsky calculation in Kerr have begun. An initial hurdle to this implementation is
obtaining a sufficiently regular first-order metric perturbation to construct a
well-defined second-order source. The metric perturbation used to calculate
tirst-order self-force effects in Kerr contains gauge singularities on a sphere containing
the compact object. Inputting these singularities into the quadratic source operator
produces an ill-defined source. In Ref. [183] I (with collaborators) produced a
formalism for calculating a regular first-order metric perturbation. This formalism
combines GHZ metric reconstruction [86], a shadowless gauge (similar to the
no-string gauge but with an extended source), and a puncture scheme. I give a

summary of GHZ metric reconstruction and the regularisation formalism in Sec 5.1.
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My contribution to Ref. [183] was computing the first implementation of GHZ metric
reconstruction. To have maximum analytical control, the implementation was made
for a stationary point-mass perturbation in flat spacetime. This implementation gave
valuable insights into how GHZ compares to CCK metric reconstruction. During the
implementation, we realised that the Hertz potential in GHZ already exists in the
literature. That is, one can use the results of Ref. [135] for the Hertz potential (in Kerr).
Implementing a transformation to the no-string gauge in the flat spacetime model also
revealed that the perturbation to another Kerr solution is contained in the corrector
tensor. Similarly, the gauge completion piece can be included by gauge transforming
the no-string solution such that the final solution is asymptotically flat, regular at the
origin (or horizon), and ensuring the metric perturbation contains no linear or
quadratic growth in time. This method includes the completion piece in a more direct
manner and provides a simpler, more physically motivated method for including the
gauge completion piece than previous calculations [187, 104, 169, 31, 183]. Finally, I
compared the flat spacetime string and no-string radiation gauge metric perturbations
obtained using GHZ and found them to be consistent with Ref. [155] (which used
CCK metric reconstruction). The flat spacetime model helped us understand how to
efficiently implement GHZ metric reconstruction and formulate ideas for the

regularisation scheme in Kerr.

6.1 Comments on future work

There are many projects and routes for progress in second-order self-force. An
obvious improvement to the quasi-circular orbit waveform in Schwarzschild is the
extension to eccentric orbits. Ref. [100] contains an effective-source approach which is
designed to handle eccentric orbits for second-order equations like the reduced
second-order Teukolsky equation. Implementing this method would produce the
primary first-post adiabatic waveforms for eccentric orbits. It is expected that adding
eccentricity will produce waveforms carrying more information [122], allowing tighter

constraints on EMRI parameter measurements.

Adding the secondary spin is another method for making the waveforms more
astrophysically realistic. Waveforms for quasi-circular orbits in Schwarzschild with
the spinning secondary contribution have recently been published [112]. It would be
straightforward to add this analysis to the reduced second-order Teukolsky scheme.

The next frontier of second-order self-force and first-post-adiabatic waveforms is Kerr.
The methods developed in this thesis will provide a roadmap to the first second-order
calculation in Kerr. Unforeseen problems may appear, but the consensus of our
collaboration is that a quasi-circular evolution is feasible in the next few years. One

foreseen problem is separating the source of the Teukolsky equation in Kerr; to solve
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the reduced second-order Teukolsky equation in a separable manner its source must
be decomposed into spin-weighted spheroidal harmonics [177]. This problem is
highly non-trivial as spin-weighted spheroidal harmonics are not known in a closed
form and background quantities in Kerr mix the angular and radial coordinate.

Another challenge to second-order calculations in Kerr is obtaining the effective
source near the worldline efficiently. There are currently methods for calculating the
second-order effective source which are extendable to Kerr [153, 120]. These methods
have been implemented in Schwarzschild [156, 195, 194] and used in the second-order
calculation in Chap. 4 in Schwarzschild. However, this method is very inefficient and
a bottleneck to calculations in Schwarzschild. In Kerr, the problem will be worse.
Using current methods, calculating the effective source for generic orbits in Kerr is
unfeasible with current technology on the time frame of LISA’s planned launch. New
methods, significant efficiency savings and exponential growth in computing
resources might be required. Nevertheless, the current methods will be capable of
calculating the effective source and completing a second-order calculation for

quasi-circular orbits in Kerr in the next couple of years.

One method of ameliorating the singularity on the worldline is transforming to a
highly regular gauge. My colleague Sam Upton has begun implementing the
transformation from the Lorenz gauge to the highly regular gauge. He is converting
the Fermi-Walker expression in Eq. (3.85) in Schwarzschild for quasi-circular orbits to
BL coordinates and decomposing into modes (spin-weighted spherical harmonics). It
has turned out to be a challenging calculation; however, we expect to be able to
implement it in the reduced second-order Teukolsky equation scheme soon. This will
reduce the singular nature of the source and make it well defined as a distribution
without using a puncture scheme. However, using a puncture scheme in conjunction
with the highly regular gauge will still be advantageous because it will make the

source (and solution) converge faster for higher ;4.

Additionally, one may want to calculate gauge invariants associated to the highly
regular gauge. The highly regular gauge transform given in Eq. (3.85) is not fully fixed
and requires that one starts in the Lorenz gauge. One could attempt to fully fix the
highly regular gauge similarly to how I fixed the BMS freedoms in the Bondi-Sachs
gauge (in Sec. 3.6.7). One would also need to extend the method for calculating the
gauge vector to the highly regular gauge such that one can start in any initial gauge.
The resulting gauge fixing scheme could be used with Eq. (3.1) to calculate a gauge
invariant ¢:L(L2) associated with the highly regular gauge. An additional problem with
the highly regular gauge vector in Eq. (3.85) is that it only calculates the gauge
transform from the Lorenz gauge to the highly regular gauge. To implement a gauge
transform to the highly regular gauge from the metric perturbation obtained by the
formalism described in Sec. 5.3 [183] will require a gauge vector from the shadowless
gauge to a highly regular gauge.
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A further region where gauge fixing to a good gauge is desirable is near the horizon.
Such gauges are called horizon regular. To produce a formalism for finding such a
gauge vector, one could repeat the analysis used to find a gauge transformation to the
Bondi-Sachs like gauge but near the horizon (similarly to Sec. 3.6). Additionally, one
would likely want to fix additional freedoms relating to isometries of the horizon (like
the BMS freedoms near Z).

Balance laws have been used to evolve the quasi-circular inspiral from the fluxes
extracted at ZTand H " in Schwarzschild [156, 195, 194]. However, in Kerr,
second-order balance laws are not readily available for generic orbits. There has been
progress in deriving second-order balance laws for the energy and
angular-momentum fluxes, but they are not yet in a practical form [123]. The
evolution of the Carter constant at second order is an open problem. The Carter
constant evolution is more challenging as there is not strictly a balance law at first
order (the averaged rate of change of the Carter constant is expressed in terms of the
amplitudes of 1,04&1) at the horizon and Z*, but unlike E and L, it also involves
quantities at the particle [134, 68]). Nevertheless, deriving practical balance laws at
second-order will lead to faster calculations.

Rather than using balance laws, it is possible to calculate the second-order self-force
using the metric perturbation at the particle. However, this will require second-order
metric reconstruction. GHZ metric reconstruction [86] is applicable at second order.
Nevertheless, implementing second-order GHZ metric reconstruction will be a
significant project and less efficient than directly calculating fluxes from 1/]&?.
However, calculating the conservative self-force will benefit synergies with
post-Newtonian theory, post-Minkowskian theory, and the effective one-body
formalism.

Another effect that becomes significant for generic inspirals in Kerr is

resonances [70, 29, 186]. Modelling resonances is an open problem, but there has been
progress on methods which could be used in the gravitational case in Kerr [130]. One
issue with modelling resonances is that the two-timescale approximation breaks
down. Another area where the two-timescale approximation breaks down is the
transition to plunge, plunge, and quasi-normal mode ringdown. These parts of the
waveform need to be modelled and then attached (using a matching scheme) to the

end of the two-timescale waveform to achieve a complete binary merger waveform.

One of the primary goals of LISA is to test General Relativity and the Standard Model
of particle physics. To do so, waveform templates in General Relativity alone are not
sufficient. Waveform templates for alternative theories of gravity and beyond the
Standard Model will be required. One can then use data analysis with LISA
measurements to assess which theory best matches observations. Maximising the

precision of potential measurements will require the waveforms in alternative theories
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to achieve first-post-adiabatic in accuracy. Calculating such waveforms will be a
massive task. The formulation of first-post-adiabatic methods and implementation of
self-force methods in alternate theories [199] will be required. Nevertheless, the
two-timescale framework in black hole perturbation theory is built to add small
perturbations to our models. Hence, it should be possible to introduce small
deviations from General Relativity (the regime of alternative theories that has not yet
been constrained) into the two-timescale framework. However, the scope and breadth
of alternative theories of gravity, plus the challenging nature of self-force calculations
in general, will make producing accurate waveforms in alternative theories of gravity
and beyond the Standard Model a mighty task.
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Appendix A

Perturbing NP Quantities

In this appendix, I define the perturbed NP quantities (spin coefficients and Weyl
scalars) using the method prescribed by Chrzanowski [51]. This method begins by
finding a perturbed tetrad. I then use this tetrad to calculate the perturbed NP
quantities. I compare the perturbed NP quantities to Campanelli and Lousto’s

results [45], finding discrepancies. The results in this appendix were calculated in
collaboration with Jordan Moxon [72] and independently checked with Beatrice Bonga
and Nicholas P. Loutrel [102].

A.1 Calculating the perturbed tetrad and their parallel

derivatives

Before discussing Chrzanowski’s method [51], I first note that his results stem from a
metric with a negative signature. Here I adapt his results to be consistent with a
positive metric signature. Also, in this appendix, I write the perturbation operator (4
in Eq. (1.15)) as D as to not confuse it with the NP derivative 6.

Ref. [51] begins by defining a perturbed tetrad in total generality [51],

D[] = l,(}) = gl + un, + Rmy + Rin,
Dln,| = ng,l) = sl, + tny, + Um,, + Uin,
Dimy] = m\) = VI, + Wn,, + Xm, + Y, (A1)

where the lower-case Latin letters (without indices) are real functions and the

upper-case Latin letters are complex functions. The goal of this calculation is to
1

determine these functions in terms of the metric perturbation h ai .
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Following Ref. [51], by using the infinitesimal tetrad rotations and relabelling, I can
simplify Eq. (A.1), giving

ZP(}) = any

n;l) = bl +cny,

m\) = DI, + Eny, + fm, + G, (A2)

The metric perturbation can be defined as

'D(g’/w) = 'D(—ZZ(MHV) + ZM(Hﬁ’Zv)) (A.3)
= Iy = =210, =210l + 2m) i) + 2m ). (A4)

By contracting Eq. (A.3) with every combination of tetrad vectors one finds the
functions (a,b,c, D, E, f, G) in Eq. (A.2) in terms of hi?‘ The resulting perturbed tetrad
is
(1 _ M
e = —hy "y

”1(41) = —%h,(ﬁq)ly - hg)”u

1 1
) = B = {3+ S+ 3 A9

So far, the only difference from the perturbed tetrad in Ref. [51] is due to the signature
of the metric. Next, Chrzanowski uses gauge transformations to simplify Eq. (A.5);
here, I choose to preserve the gauge degrees of freedom.

Chrzanowski’s next paragraph alludes to the ability to repeat the above analysis with
raised indices using a simple rule. He states

“Since the contravariant components of the perturbed metric satisfy
g =g h%, the contravariant components of the perturbed tetrad
vectors are opposite in sign to the covariant components, e.g.,
nWn = —g””nf,l) so that AV = —%h;ln)D.”

That is, to raise the indices, all that is required is a sign change. The reasoning for this
statement may not be obvious. Conventionally, raising the index of a perturbation

could be construed as having two possible meanings:

JOn — g<o>wly> (A.6)
or
D) = g1y = (¢ — i) (" + 1) + O() (A7)

= 1MWK _ 4 O(e2). (A.8)
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Eq. (A.6) is simply the index of the one-form 151) being raised by the background

metric. Eq. (A.7) is the first-order perturbation of the tetrad basis vector /¥. Note that
these two definitions are distinct, but also neither satisfy /() = — g””lsl) in

Chrzanowski’s statement.

(1)

However, the statement [(V# = —¢’I}") is consistent if one repeats the analysis of
Egs. (A.1) to (A.5) with all the indices up. This is shown by first noting that as
g = g hé’lv), Eq. (A.10) becomes

D(g") = D(—21"n") + 2m ¥ (A9)

= —hft = =21l 0" =210} ot )+ 2m ) (A.10)
The method is nearly identical and hence the analysis produces contravariant
components of the perturbed tetrad vectors which are opposite in sign to the covariant
components of my initial analysis (Eq. (A.5)). There is, however, one subtlety: the
infinitesimal tetrad transformations in Eq. (A.2) are different when simplifying the
perturbed contravariant basis vectors to when one is simplifying the perturbed
covariant basis vectors. This can be seen by noting that if l,(}) = —hl(ll )ny, then the

corresponding perturbed contravariant basis vector takes the form

D(I") = D(g"1y) (A11)
= g0y — 1L (A.12)
=~ — ) (A.13)
+ Tyt (A.14)

Here one finds that / ?1) # — g(o)w’lél). However, by using infinitesimal tetrad
transformations, one finds D(l,,) = —hl(l1 Vi — h?ll) can be transformed into

D(l,) = hl(l1 Int, Hence, in Ref. [51] the perturbed tetrad with indices up is a different
tetrad to the perturbed tetrad with indices down. Nevertheless, either tetrad is valid.

The next step in the Chrzanowski method [51] is to use the expressions for the
perturbed tetrad contravariant vectors to express the perturbed parallel derivatives

(Eq. (158)),

D = %hf})A (A.15)
A = %hg) D+hVA (A.16)
50 = WD + A — %h,ﬁ};cs - %h,ﬁ}%éy. (A17)

Note that these equations are only consistent when acting on scalars. This is because
when a tetrad parallel derivative (Eq. (1.58)) acts on a tensor of a higher rank, the
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perturbation of the connection (spin coefficients) contributes, and Eqgs. (A.15), (A.16),
and (A.17) no longer hold.

A.1.1 Calculating the perturbed NP quantities

Now that I have equations for the perturbations of the contravariant tetrad legs and
their parallel derivatives, I can attempt to derive the perturbations of the NP scalars.
To calculate the perturbed NP spin coefficients, I perturb the NP commutation
relations [48]

AD — DA =(y+9)D+ (e +&)A— (m+7)d — (T+7)9, (A.18)
8D — Dé =@+B—7m1)D+xA—(p+e—¢€)5—09, (A.19)
SN — NS =D+ (t—a—B)A+ (p—r+7)5+ A9, (A.20)
56 — 60 =(—p+p)D+ (—p+p)A+ (a —B)d + (—a + B)o. (A.21)

After perturbing these equations, I can input the definitions for the perturbed parallel
derivatives, Eq. (A.17). By using the zeroth-order commutation relations, one can
obtain equations for the twelve NP spin coefficients (in Petrov type-D spacetimes) by
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reading off the coefficients for each zeroth-order tetrad parallel derivatives. This gives

K = —xhl) — Lenll) — 1znib), — (D — 26— p)hfl) + onf)

In Iim
— @+ —jr— 3oy, (A-22)
o = —13nD —(AD —e e+ Lo — 1p)hih, — (— — )RV, (A23)
v = AR — (=& =2y — ki +vhl)) — vkl — Lonl)
—(w+p—Lr—Le4 15y, (A24)
MY = Mrpy) — (<3 =+ dpe = 3y, — 300 — (7= Dl (A25)
_ 1 _ 1 1
PO = === 3y, = (23A+ S = S — (<36 = p = S0y
— (354 B — 7 — 30kl + Lol — o) — Lonly), (A.26)
1 _71 (1 1 < 1 ~ 1
otV = Thiyy — &hins — Tuhiy) — (3 — = Frohf,) — (3o — 3p)hy)
—(AD+1p—1p)hl) — (~Ls+a—Lla—o)h), (A.27)

— 1 1 _ _ _ 1
~ (30— 30Vt + Gk — i — (304 ba — {7 — )b
— (35 —la—3n—1o)nl), (A.28)
_ — 1 1 _1 (1
7V = IRl — (—1a+5 = LphY) — (1D — e+ Lo)hh) — Lonlh)
+1enl) — (354 Lo+ LoD 4 Lenll) (A.29)
W = 1A — (AA =y + LonY) + Lanl + Lanll,
— (iD+e—Lp)hi) + Lonll) — (=16 — 1a —1omlV, (A.30)
_1 (1 1 _ _ 1 1
all) = —§&hi! + JAG) — (<18 — o+ 37+ 3 — dR)hyy) — vy
— 1 _ — -
— (3D~ ke~ Yo — Jp)nin, — Joml — (~}o+ b — fx— boyn),
— (30— — %T)hl(;) —($0+3a—im— }If)h,(q}%, (A.31)
BY = —fxhin) — Py — (=18 = §v = i — dp)hy,) — fohy)
~ — 1 1 — 1
— (3D — e+ e+ Lo — 1p)hins + S0ty — (36 — 17— Jo)hy)
— (=10 + 3B — 47— [l — (18 + 3B — §r = [l (A32)
1 31.(1 — 1 _ 1 1 _1 (1
) = {A MG — $AG — (b = 5Py — (v + A= dny) + fuily) — o)



168 Appendix: Perturbing NP Quantities

The perturbed Weyl scalars can be calculated by perturbing the Ricci identities (e.g.,
for o I use Eq. (1.71)). This gives

¥ = (—3eM e — p) — pM)o 4 (~3e + & — p— p)olV
+xW(@+38— 7+ 1) +rx(@V + 30 — 7 4 )
Dk + Do — bV Ak + Lnk Ao + 1h,(1n15;< sk + Lhh3x, (A.34)

¥ = kO ) () 4 ) e @ - 7)o@ —2) + pOE - p)
+ (M —pMy + (—aV — 7o + (—a — 1))
+ DY —haDe + LnVAp — 1) Ae + Lhl)se — 6e™ + 1ninde,  (A35)

Fy) = JEWnten® eV (v 20 — ) + ey + 4 25 — )
+2cMv 4+ 20V + 2V + @ +aW(a - 7) — 7V — 7r)
+ (Y +uW)o+ pup® + 9y W(e —p) — uWp +y(2eM +
—up™ —2AW g — 220M 4 (—a® — 7 D)7 4 a(a® — 2[3(1) — 71 _ ()
— 2t 4+ BOB =27 — 2) + B(—2aD) + BV — 2721 — 2
hﬁmlm + han,B 1n3)De + Dy 4+ Du® — 1) D — b Aa
Wag—nVae — ae® + 1nVay + LnDAp - nl) an
+ 2]’1,(1")1(506 5a<1> 10 58+ 1) om — 67 + Lkl da
—1nD36 + 580 + 1n)5n), (A.36)

¥ = (G - 1) +a(r® - ) 400 >(e+p) +v(e® +p1) +A0(—p— 1)
)+ (B =)+ (" —2M) — Jhio! Da+ Dy
—h) Ax — 2aD + BY Ay — Ll 6y — 115y + 3y, (A37)

— %h%ﬁv + v, (A.38)

The equations for the perturbed NP spin coefficients and Weyl scalars (Egs. (A.22)

to (A.38)) are consistent with Refs. [72] and [102] (and have also been checked against
the unpublished results of Béatrice Bonga). The perturbed NP spin coefficients

(Eq. (A.33)) include some minor corrections to Ref. [45].
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Appendix B

Transformation to a Bondi-Sachs
Gauge in Coordinate Form

Here I give a method for calculating the gauge vector ¢* which takes one from any
gauge to the Bondi-Sachs gauge. The calculation for ¢ reduces to solving a
hierarchical set of ODEs along outgoing radial null rays. The resulting metric
perturbation, Bap = hap + 2V (,Gp), is fully gauge fixed up to the BMS freedoms (which
I fix in Sec. 3.6.7). The results in this appendix were obtained by Jordan Moxon (and
will be published in Ref. [174]) and reproduced here to provide context for the
Bond-Sachs gauge fixing method in NP form in Sec. 3.6.

(0)
b

[ assume that g,

is expressed in a Bondi-Sachs gauge, which I review in Sec. 3.6.6 for

Kerr spacetimes.

To derive equations for ¢* from the Bondi-Sachs gauge conditions, I work with the
index-up version of the metric. The perturbative expansion of the index-up metric
takes the form

g = g‘(zg) - h‘ﬁ’) +O(&?), (B.1)

and the index-up Bondi-Sachs metric (the inverse of Eq. (3.23)) has components

0 —e 2P 04

()= | —e 2 IV Al (B2)

Oh —e2BB 1772fAB
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I write the decomposition of the gauge vector into ¢*, " and &4 pieces as

“=1,l. (B.3)

The gauge conditions /" = 0 and P =0 simplify to a hierarchical pair of radial

ordinary differential equations,

9;a = —e*Pnt, (B.4a)

0;ct = —ePPUAR™ 4 éeZﬁhABBBa + KA, (B.4b)
r

The equations (B.4) determine the gauge components a and ¢ up to an integration
constant which corresponds to choosing 2 and ¢ on a single r = constant surface. I

choose this surface tobe Z™.

The u dependence of 2 and c? (at Z%) is constrained by the asymptotic falloff

.. . ~ . ~PA . .
conditions lim, _s« " =0and lim; e ' = 0. These produce the evolution equations

dualz+ = —h"™|z+, (B.5a)
duc?zr = —h|7+. (B.5b)

The RHS of these equations is zero if the original gauge is asymptotically flat. This
fixes the remaining freedom of a and ¢ at Z*, up to choosing an initial 2 and ¢ on a
single sphere at constant u (at Z*). When working in the frequency domain, the above
equations constrain the oscillatory part of the gauge vector, and the zero frequency
contribution remains unfixed (corresponding to the initial data).

I must also apply the condition i*" — 0at Z*. This constraint will be used to
constrain the traceless part of i (the trace piece is constrained by Eq. (B.7)). This

condition can be expressed as
1
(DAcP — EQABDCCC)|I+ = (h"? — g™ hp®)|1+. (B.6)

Eq. (B.6) fixes the initial data of ¢! up to a £ = 1 vector harmonic contribution. Eq.
(B.6) must hold over the entirety of Z+. This may appear problematic when
simultaneously imposing the evolution condition (B.5). However, Ref. [124]
demonstrated that /""" — 0 at Z+ is ensured by consistency with the EFE (provided it
is successfully imposed for a single initial hypersurface). In the frequency domain,



this is equivalent to the nonzero frequency conditions being imposed by the EFE
(provided the zero frequency part is in the Bondi-Sachs gauge). The remaining
freedom is choosing a on a sphere of constant u at Z*, and the vector harmonic ¢ = 1

piece of c. These freedoms both correspond to the perturbative BMS freedoms.

. . . . . ~AB . .
Finally, imposing the gauge condition condition g4k~ = 0 (equivalent to ensuring r
is the areal coordinate of the perturbed metric) constrains the remaining gauge vector

component (b). This results in
02673

I U hzp05c®. (B.7)

7
b= =Dy —
4 A¢

As this equation is algebraic (given ¢/ is known), it determines b entirely. Note, the
condition that i’ — 0 at Zis satisfied by consistency with the EFE when the above

conditions are also satisfied.

Hence, by solving this hierarchical differential equation, one can calculate the gauge
vector ¢ to the Bondi-Sachs gauge. In summary, and in a practical order for

calculating a, b, and c:
1. Choose initial data for a on a single cut of Z, then determine initial data for ¢ on
that same cut using Eq. (B.6).
2. Use Eq. (B.5) to calculate 2 and ¢ on the whole of Z+.

3. Use Eq. (B.4) to extend 4, then ¢/ into the spacetime, on each hypersurface,

given their values at 7.

4. Use Eq. (B.7) to calculate b given a and ¢ on each hypersurface.

To fully constrain the gauge, one can derive the initial data using the BMS frame fixing
method in Sec. 3.6.7.
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Appendix C

Deriving the Local Gauge Transform
to a Highly Regular Gauge

Here, I present the full derivation of the gauge vector (%) which takes one from the
Lorenz gauge to a highly regular gauge near the worldline (as summarised in Sec.

3.7). I shall write ¢?[x*] (at point x with coordinates x*) as a function of the difference
in coordinates from a point on the worldline (x’ with coordinates xV’) to x,

AxF[xM] = x# — x*. 1 and x* are connected by a future-directed null geodesic B« (on
the background spacetime). For each x/ there is a unique B« that connects to the
worldline. Hence, for each x* there is a unique x* and Ax*.

As1am interested in calculating ¢?[x"] near v, I will express ¢”[x*] as an expansion in
the distance from the worldline. First, I must define the distance from the worldline.
As Ax! is the difference between two points on a null geodesic, to zeroth-order, it is a
null vector; hence, Ax* is null in length. However, one can isolate the spatial part of
Axt, which I denote as A. A will be an appropriate measure for distance from the
worldline. Later I shall derive a precise way of extracting the spatial piece of Ax¥,
defining A. But for now, I use A only to denote the order of expansion. I intend to
define &% [x#] to O(A?) as this should be sufficient for eliminating the most singular

term in hg? on the worldline.

To calculate the gauge vector to a highly regular gauge, I first must analyse what
makes a gauge highly regular. The highly regular gauge condition is

hiRK = 0. (C.1)

Where hfiR is the metric perturbation in the highly regular gauge and k” is the set of
null vectors corresponding to the set of future-directed null geodesics, B, emanating
from the worldline (i.e., the compact object’s future directed light cone, see Fig. C.1).
Note that B« is a member of the set . Therefore, a gauge transform from a generic
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FIGURE C.1: A light-cone extending from the retarded position of the compact ob-

ject, x# (on the geodesic ), with a retarded time t,.;. The null vectors tangent to the
generators of the light cone are labeled k?. The green rectangular plane represents the

spacelike hyperspace (X) orthogonal to the objects four-velocity () containing x’, on

which each point x? can be projected (see the green dashed line which is tangent to the

green spacelike hyperspace, the red dashed line is tangent to u#). Similarly, the null
vector k% can be projected onto the spacelike hyperspace.

gauge into a highly regular gauge is given by
(hab + ﬁgaggb)ku =0. (CZ)

I wish to find the gauge vector ¢?, specializing to the case that the initial metric
perturbation is in the Lorenz gauge. To achieve this, first, | must express the set of null

vectors k? as an expansion in the distance from the worldline A.

C.1 Expanding k in orders of distance from the worldline

Here I set out a method for defining an expansion for k* in order of distance from 7,
up to O(AY). Expressly, given a point x in the neighbourhood of 7, I will derive an
equation for k” written as a function of x* and u*[x'] (the four-velocity of -y). I shall
achieve this by splitting k” into a timelike piece, tangent to u”, and a spacelike piece,
orthogonal to u”. Note that all quantities with primed indices are evaluated at x’, and

those with indices without a prime are evaluated at x.

k* is defined as the null vector (see Fig. C.1) associated with the unique null geodesic

connecting point x to x’. However, during this derivation, I relax this definition as I
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only require calculating k* up to O(A%). Many of these simplifications would have to

be reconsidered if one were to attempt a higher-order expansion.

First, I split k? locally into a timelike piece and a spacelike piece using Fermi-Walker
coordinates (which, at leading order, are indistinguishable from Fermi normal
coordinates). This method is consistent with any global coordinate scheme as I shall
construct a local basis defined with respect to the global coordinate system. Fermi
normal coordinates are constructed from an orthonormal basis that is parallel
propagated along -y [140]. For the timelike basis vector, I use u” (appropriate as y is a
1) ,2) ®)

timelike geodesic). The spacelike basis vectors are labelled ¢; /, ¢, and e;,”” and are
tangent to the hypersurface X (which is orthogonal to u*, see Fig. C.1). To obtain the
basis vectors for all proper times on 7, the basis vectors are parallel transported along
7. Note, as I have not specified the coordinate basis of 1, it is independent of the

global coordinate system. This method allows us to work within X covariantly.

In this basis I can write u? = (1, Oi), where i € {1,2,3}. I can also write k” as

k* = (k%,k'), where T is a time coordinate (on x’ T is the proper time of ), and k¥ and
k' denote the timelike and spacelike part of k* respectively. As k” is a null vector, the
scaling of its components is arbitrary (as long as it remains future directed). Hence, I

can fix k¥ = 1 for simplicity (rescaling k'), making k* = (1,k').

Next, I want to express k' near the point x’ as an expansion in orders of distance from
the worldline. As k® is a null vector, the expansion must satisfy g,,k?k” = 0. In Fermi
coordinates, the metric components on -y reduce to the Minkowski metric [140].

Hence, on v, the null vector condition takes the simple form

Nak"k? =0,
= —1+4;kk =0, (C.3)

where 7, is the Minkowski metric. Therefore, locally (Sijkikj = 1. Thatis, k' is a

spacelike unit three-vector.

The choice of Fermi normal coordinates has naturally partitioned k” into a timelike
piece (kT) and a spacelike piece (k'); however, I wish to represent the split of k” in
terms of four-vectors. On the worldline, the timelike piece is tangent to u”, and the
spacelike piece is orthogonal to u?'. At this point I need to define u? off of the
worldline. This can be achieved by parallel transporting u”. Tuse the bi-tensor of
parallel transport [143], g%, to define u® := gZ,u”/. Therefore, with the inclusion of the
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transport tensor, the tangent piece (k‘ﬁ) to u” is given by

a

= _gac/gbd’“d”dlgcbkc/
= — (8% + O(N) (8% + O)uu” (14, + O(A))K,

= —u”ubncbkc +0(A),

=u"k" +O(A),

=u"+0O(A), (C4)
= (1,0 4+ O(A), (C.5)

where T have used g°, = 6, + O(A) [143] and g, = 745 + O(A). From here on out I
use U’ = 5“C,ucl + O(A). This results in a simple equation for the tangent piece of k” to
u” (Eq. (C.5)).

The orthogonal piece of k* to u” (k) can be obtained by using the projection operator
Py = ap + uquy,. Hence,

k% =Pk
=k —u"+0O(A)
= (0,k') + O(A). (C.6)

From this point, I can drop the specialisation to Fermi-Walker coordinates and
produce equations defined in arbitrary coordinate schemes. I need to express k' as a
function of x* and u”. In Fermi normal coordinates, spacetime is locally flat. Therefore,
to calculate k', I can simplify the definition of k* by noting that in flat spacetime,
geodesics are straight lines. That is, the direction of k* must be equivalent to the
direction of the vector connecting points x and x/, k* o< Ax® := x® — x*. In the
flat-spacetime approximation, one can consider Ax” as a tensorial object; however, in
curved spacetime, conducting covariant calculations requires replacing the role of Ax*
with Synge’s world-function o (x, x") [143]. Note, in flat spacetime one can consider

Ax“ as a bivector as it is evaluated at two points simultaneously (x and x’).

To isolate the piece of Ax? orthogonal u?, I again use the projection operator,
K o P7,AXP 4+ O(M). (C.7)

As k' is required to be a unit vector (see Eq. (C.3)), I must re-normalise for the
magnitude of P* beb. As P?, P,c = Py, this gives
. P?, Axb
kK| = ————=+0(A), (C.8)

\ PCdAxCAxd
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a function for k% in terms of Ax* and P,;. Summing k‘ﬁ and k| gives k*,

P?, Ax®

ey
V/ PeaAxcAxd

K=k K ="+ O). (C.9)

C.2 Approximating x’

I have found an expression for k” (Eq. (C.9)), but I am not finished because Ax* and
u" = gg,ucl are both functions of x". As x’ is defined as the point on ¢ which connects
to x with a unique null geodesic B, calculating x” exactly is challenging. Instead, I will

find a sufficiently accurate approximation by expanding x* in orders of A.

Finding x’ for a given x is a non-trivial problem. To begin, [ approximate x" using %,
the point on 7y with the same coordinate time as point x. I can then expand around % in

orders of A to approximate x’. Tensors evaluated at & have indices with a hat.

First I evaluate if the projection operator (arising in Eq. (C.9)) can be approximated by
setting & = x’. As I am working in approximately flat spacetime, -y is a straight line.
Hence, u” = u® + O(A). Using the transport tensor (g7) [143], I define

2% := glu® = 62u" + O(A). Also, in the flat space approximation g,y = g, + O(A).
Therefore, the projection operator at % is equivalent to the projection operator at x” up
to O(A). That is, B, = Py + O(A).

Next, I must show that Ax® := x* — x% (where x* is the coordinates of %) sufficiently
approximates Ax®. x* and x* both sit on 7; given AT (x* — x* := A7), the difference
between x* and x% is Atu® + O(A?) which is O(A). Hence,

= x" + O(M). (C.10)
Therefore,
Axt = Ax" 4+ O(A). (C.11)

Hence, using Eq. (C.8), all corrections to k; and k| are O(A) when one uses % in place
of x'. Therefore, I can write k? as

K =u + ———u + O(A). (C.12)



178 Appendix: Deriving the Local Gauge Transform to a Highly Regular Gauge

C.3 Obtaining an expansion for ¢*

Returning to Eq. (C.2), by writing the Lie derivative in terms of covariant derivatives,
one obtains

(hap + éc;ugcb + Cc;bgac)k“ =0,
:>(hab + éb;a + Cu;b)kﬂ = 0/ (C.13)

where I have used the fact g5, = 0. With my expansion for k* (Eq. (C.12)) to hand,
and assuming that /i, is known (in the Lorenz gauge), I am now prepared to solve Eq.
(C.13) for ¢".

I shall begin with an ansatz for the form of ¢, as an expansion up to O(A),

Axl;

o= g, [Xa log[o] + Ya + Zﬁgp] +0O(A), (C.14)
=2, =84+ O0(N), (C.15)

with
Ca: = Xaloglp] + Ya + Za;,Apxb, (C.16)

where X;, Y; and Z,; are coefficients independent of A (which are all evaluated at %)
and p := /Py AxtAxd ~ A,

Eq. (C.13) contains the covariant derivative of ¢, only. To find ¢, I act with the

covariant derivative on (C.16), giving

‘:ﬂ;b :gﬁa;bgﬁ + gaagﬁ;br (C17)
= Cap =8 Gap + O(A), (C.18)

where I have used g&a;b = O(A) [143]. Let Eq. (C.18) define ;. Taking the covariant
derivative of Eq. (C.16), one can show ¢, is given by

PAxS, Ax? Axb AXBPMAX@,bef
Ea =X@% + 7 p"’ S +OAY,  (C19)
pz

as the coefficients (such as X;) are evaluated at %, their covariant derivative at x are
suppressed by an O(A!) (i.e., X5 = O(AL)).



C.3. Obtaining an expansion for ¢*

I now find an expression for Axﬁ,b,

Axy = Ax"), — T%.Ax° (C.20)
=Ax", + O(A), (C.21)
=x", —x", + O(A), (C.22)

ox*  oxt
=55~ 55 T OW), (C.23)
=6 +0(A), (C.24)

where I have used g—iz =0, Ax" = O(A) and T, = O(A?). I can now write Eq. (C.19)
as

P 55 Axd s AxPP .o AxS
b2 L 7 [b _ T L oY), (C.25)

a
Cazb :X@CT—F | pe

Before inputting the form for ¢, into Eq. (C.13), I rewrite it as

&b (6268 + 6260 Eapk® = Ioak?, (C.26)
= (6305 + 086 Gank” + O(A) = hagk®, (C.27)

Inputting Eq. (C.19) gives

P ,o5,8x°

o b AxPP6¢ AxS
(6258 4 526%) <X,1p2 +Zy [b -4 7

f

; 7 )k“ + O(A%) = h4k", (C.28)

Contracting the Kronecker delta (which are zeroth-order transportation tensors) and
using Eq. (C.9) for k* gives

(Xdpuanff + X P Ax '\ Zan+ Zug
0 o
AxPP AxS AxPP L AxS 2
B Z 5 Ax Pafo ;Zabe Pdex ) <ua N Pe_Ax?

) + O(A%) = h4k".  (C.29)

My analysis produced some ambiguity on where P is evaluated; but note, that as I
am working in approximately flat spacetime P ; = P, = P,; (any difference is O(A)).
As I am expanding functions at x around their values at % I evaluate P ; at %.

I now need to obtain a form of the RHS of Eq. (C.29) which allows the coefficients (X,
Y, and Z,;) to be derived. To do this, I assume h,j, is in the Lorentz gauge. Therefore,
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the metric perturbation near the worldline takes the form [143]

20 . 2
oy = p”gng(gﬁ@ + 2uzuz) + O(A), (C.30)
2u 0
= ?(gab + 2uuup) + O(AY). (C.31)
Hence,
2 P AR?
hak® :;(gab + 2uup) (u” S * ) + O(AO), (C.32)
Hagk® :25‘ < — g+ Pd”p“) +O(AY). (C.33)

Putting the LHS and RHS of Eq. (C.29) together gives

<XdPa3Ax& + X, P,y Ax + Zin+ Zag
0 P
Z o AXPP oAx] + 7 AXPP AT P ARl 2 Py, Ax"
i db af p3 ab df ><ua+ ax>+0(AO)::l<_ud+ da x>'

(C.34)

A short investigation reveals that the choice X, = —2uu, and Z,, = AP,, (where A is
an arbitrary function independent of A) satisfies the above equation. Therefore, ¢,
takes the form

&0 =8| — 2umalog[p] + Yo + APy | + O(A), (C.35)
. R ARP
Co = —2uiilog[p] + Yo + APy 5 +0(A), (C.36)

where Y, is an arbitrary set of four functions independent of A. For simplicity, one can

freely set Y, = 0, and A = 0, which gives
Ealx) = —2uitzlog[p] + O(A). (C.37)

This gauge vector takes one locally from the Lorenz gauge to a highly regular gauge,
which is useful for second-order SF calculations, such as solving Eq. (2.20). The main
advantage is the source in the highly regular gauge is well defined as a distribution on
the worldline. The source is also more regular than in generic gauges, making
integration easier. However, this gauge vector does not fully fix the gauge, requires
that one starts in the Lorenz gauge, and is only calculated up to leading order in the

distance from the worldline.
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