A physics-based hardening law for single phase metals under uniaxial tension
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Abstract
Under the framework of the Kocks-Mecking-Estrin model, it is possible to develop a simple exponential strain hardening (ESH) model by introducing a microstructure-type parameter to quantitively reflect the effects of yield strength on the subsequent strain-hardening process. The relevant parameters indicating the respective effect of the composition (or dislocation annihilation distance) and the microstructure type (or strengthening technology) are comprehensively analyzed. The application scope of the model is then briefly discussed and several significant advantages are enumerated including the clear derivation processes, the explicit physical meaning of the various parameters and the high fitting accuracy. Finally, the ESH model is verified extensively by systematic tensile tests on six groups of Cu-Al alloys having many different microstructural states. In addition, significant quantitative revelations of strength and uniform elongation for ductile metals are elaborated in the following manuscript. The present ESH model is of significant theoretical value in providing a detailed understanding of the tensile performance of metallic materials. 
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1. Introduction
As basic mechanical properties for structural materials, the tensile properties highly affect other mechanical properties, such as hardness [1, 2], toughness [3] and the fatigue properties [4-6]. Therefore, quantitively revealing the tensile properties of metals is of significant importance both for engineering application and scientific understanding. According to the Considère criterion, the strain hardening is a bridge connecting the microscopic deformation mechanisms and the macroscopic mechanical properties [7]. Therefore, many investigations have been carried out on the strain-hardening behaviors of different metals [7-36].
Among this extensive research, two general types of metallic materials are involved in the form of either single crystals or polycrystals. The research on the strain hardening of single crystals is relatively sufficient and includes the lattice types [7-13], plastic deformation mechanisms [14-17] and also the effects of temperature and strain rate [7, 18, 19]. In practice, the most important progress will be a five-stage strain-hardening theory that correlates closely with the microscopic mechanisms [2, 7, 14, 37-41]. There are also many relevant studies on the strain hardening of polycrystals, involving different metals and deformation mechanisms [16, 17, 20-33]. However, the majority of these studies focus primarily on revealing the effect of different deformation mechanisms on the strain hardening qualitatively [16, 17, 30-33] and only a limited number of studies focus particularly on the general hardening law based on the microscopic deformation mechanisms [25, 34-36]. 
In view of the engineering requirements, some empirical hardening laws were proposed and popularly used by engineers, such as several different types of power law functions as proposed by Hollomon, Luduwik, Swift and Romberg-Osgood, the hyperbolic tangential function proposed by Prager, the exponential function proposed by Voce, etc. [2, 7, 42-44]. However, due to the lack of a correlation with the microscopic mechanisms, the physical meaning of the relevant parameters in these various functions is not well delineated [2, 7, 42-44]. Therefore, quantitative relationships between the microstructures and tensile properties can not easily be developed based on these empirical functions [42, 43]. 
After systematically studying the strain hardening of pure face-centred cubic (FCC) metals, Kocks et al. [7, 8] developed a strain-hardening model based on some salient fundamental features and with a dislocation theoretical basis, and this was successful in explaining the effects of temperature and strain rate on the strain-hardening behavior for several common FCC metals such as Cu, Al and stainless steel. By considering the interaction between twinning and dislocations, some researchers developed quantitative work-hardening models explaining the high strength and good uniform elongation of twinning-induced plasticity (TWIP) steels [16, 45, 46]. However, these models also provide no indication of the effect of the original microstructure on the strain hardening and tensile properties so that again the quantitative relationships among the tensile properties of metallic materials, such as the yield strength (YS), ultimate tensile strength (UTS) and uniform elongation, are absent [7, 8, 25, 34-36]. 
Based on the above brief review, the aim of the present study was 1) to derive a strain-hardening model that relates closely to the microstructural parameters based on the relevant dislocation theories and microscopic deformation mechanisms and 2) to develop quantitative relationships among composition, microstructure, and tensile properties by taking single-phase Cu-Al alloys as typical examples. Based on the model, some classical problems will be quantitively revealed in a following manuscript [47] such as the trade-off relationship between the strength and uniform elongation and the synchronous improvement of strength and plasticity (SISP). In the present report, the theoretical derivations and the relevant discussions and verification of the model will be presented.
[bookmark: OLE_LINK3]2. Theoretical derivations
Previous studies have raised very mature models for dislocation multiplication and annihilation [37, 38, 48, 49]. In addition, the relationship between stress and strain in the exponential form under simple loading conditions was also proposed as early as 1953 by Voce [44] and later developed by Kocks et al. [7]. We will refer to these studies and rewrite the Kocks-Mecking-Estrin hardening model with some detailed amendments. In addition, the quantitative effect of the original microstructure or YS will be considered. As this model derives an exponential stress-strain relation, it is reasonably named the exponential strain hardening (ESH) model. The detailed derivation process goes in Section S1 of the Supplementary material and the results are displayed as follows.
i. Dislocation form: 
The dislocation form of the ESH model is described by Eq.1, and the detailed derivation process is displayed in Section S1.1 of the Supplementary material. For a single phase material under uniaxial tension, the relationship between the normal flow stress contributed by dislocation storage only () and the accumulated plastic strain (ε) can be expressed as:
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where the expressions for the parameters n, σρs and σρr are given as follows:
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where M is the Taylor factor, b is the Burgers vector, α is a constant and μ is the shear modulus; ye = my represent the effective annihilation distance, therein m is the proportion of the forest dislocations having an opposite sign to the glide dislocations, y is the dislocation annihilation distance; p is designated as the “pinning ratio” representing the transformation ratio of glide dislocations to the forest dislocations. 
In the above relationships, σρy represents the YS contributed by the existing dislocations, and therefore can be called the “dislocation contributing YS”, σρs is the “dislocation saturation strength” because it indicates a limiting flow stress when ε approaches infinite, σρr can be called the “dislocation residual strength” that reflects the strain-hardening capacity quantitively and n is designated the “strain-hardening exponent”.
ii. General form (abbreviated): 
Eq. (1) reflects an ideal case that only accumulating dislocations contribute to yield stress. However, in real situations, defects other than dislocations also contribute to the flow stress. Therefore, with σi representing the contribution of other defects, the YS (σy) includes two parts: σρy and σi, so that
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Combining Eqs. (1) and (5), the general function of the ESH model may be obtained in an abbreviated form:

,				    					         	    		(6)

.		      					           			   (7)
and the physical meanings of the parameters σr and n are the same as those in the dislocation function (Eq. (1)) so that σr can also be expressed as:

,				    		                				(8)
and the relationship between σs and σρs can be expressed as: 

,						                   			(9)
The detailed derivation process and related discussion are shown in Section S1.2 of the Supplementary material. This abbreviated general function (Eq. (6)) also contains three basic parameters: 1) the saturation strength (σs) that reflects the limiting strength; 2) the residual strength (σr) that quantitively reflects the strain-hardening capacity; and 3) the strain-hardening exponent (n) that reflects the speed of the strain-hardening process.
iii. General form (expansion): 
[bookmark: _Hlk87180560]Let η represent the non-dislocation contributing proportion of YS, expressed as: 
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then the third function form of the ESH model is obtained:

,		           			(11)
from which the relationship between the saturated or residual strength and the YS can be expressed as:
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and the detailed derivation process and related discussion are displayed in Section S1.2 of the Supplementary material.
Thus, the basic forms of the present ESH model have been derived, which contains three forms: the dislocation form (Eq. (1)), the abbreviated and expanded general form, Eq. (6) and (Eq. (11). Despite the different forms, the core is the same, and is based on the Kocks-Mecking hardening law. The dislocation form is proper for studying the strain-hardening process, the abbreviated general form is convenient for fitting the actual tensile stress-strain curves and the expanded general form is suitable for investigating the effect of microstructure. 
3. Discussion of the ESH model
3.1 Overall comments
Eq. (11) contains four parameters, σρs, n, η and σy, and among them, the former two are sensitive to the composition as indicated by their expressions (Eqs. (2) and (3)) and therefore they can be classified as composition parameters whereas the latter two are sensitive to the microstructure and can be ranked as microstructural parameters. For these two microstructural parameters, σy is more sensitive to the defect density in the microstructure, such as dislocation density and GB density/grain size; while η is more sensitive to the defect types. For example, pre-stretching will introduce a high density of dislocations while rolling/annealing will generate equilibrium GBs [50-53]. Therefore, η can be used to reflect the strengthening effect induced by different processing technologies which will be briefly discussed as follows.
3.2 Microstructure-type parameter η
[bookmark: _Hlk96087866]For a given material composition with single phase and moderate grain size wherein strain hardening mainly comes from dislocation storage due to short range interactions and strong grain boundary effect, strain gradients or GNDs and second phase hardening do not exist, σρs and n are assumed to be constant during microstructure strengthening, as will be verified in Section 4. In this case, the stress-strain hardening (CSS) curve in Fig. S2 should have the same shape for different microstructures. In addition, it is also interesting to find from the experimental results in Section 4 that, for a certain strengthening technology, η basically remains unchanged with the change of σy and even the composition. In this case, based on Eqs. (12) and (13), with a change of YS (Δσy), the change of saturation strength (Δσs) and residual strength (Δσr) can be respectively expressed as:

,				                     			(14)
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According to the exponential form of Eq. (6), the change in σs means moving the CSS curve vertically while the change in σr means moving the CSS horizontally. Accordingly, their ratio (Δσs/Δσr) determines the moving direction θ, defined as the angle between the moving direction and the strain axis, and the value of θ can be expressed by combining Eqs. (14) and (15): 

,				                			(16)
as illustrated by Fig. 1.
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Fig.1 Illustration of the three typical strengthening effects, A: pretension strengthening; B: ideal strengthening; C: general strengthening.
Fig. 1 also illustrates the effect of three typical strengthening types on the tensile stress-strain curves (CSS curves) which also correspond respectively to the three cases in Fig. S3. For strengthening type A when ηand θ=0º, the strengthening effect is totally contributed by the equivalent dislocations according to Eq. (10), where Δσy = Δσρy so that the saturation strength σs remains unchanged and the improving YS is totally at the cost of the strain-hardening capacity σr. For strengthening type B when η and θ=90º, equivalent dislocations give no contribution to the strengthening effect so that Δσρy = 0, and the saturation strength σs increases completely with the same degree of YS σy. Finally type C has an intermediate condition and effect so that 0 < η < 1 and 0º＜θ＜90º. Comparing the three strengthening types, η = 1 represents the ideal case which shows the best strengthening effect while η = 0 is the worst case which does not improve the true UTS and 0 < η < 1 is intermediate which represents the true situation. Therefore, the parameter η can be conveniently designated as the “strengthening quality index” that reflects the enhancing rate of the saturation strength σs or the loss rate of the hardening capacity σr during strengthening by certain technologies. 
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Fig. 2 Illustration of the linear relationship between σy and σs/σr for a certain strengthening technology with slopes of  and -1, respectively. 
Therefore, η has three different meanings but all are similar: the non-dislocation contributing proportion of YS, the microstructural type parameter and the strengthening quality index. Given this importance, we present a simple experimental method for acquiring the value of η. According to Eqs. (12) and (13), for certain microstructure types the relationship of σy - σs and σy - σr are both linear with slopes of η and η-1 and value ranges of 0~1 and -1~0, respectively, as illustrated in Fig. 2. Therefore, the value of η for materials made by a certain technology can be determined by linearly fitting the experimental results of σy-σs or σy-σr, which is used to obtain the η value of Cu-Al alloys in Section 4. 
3.3 Parameters Θy and ΘII
After taking differentiation of both sides of Eq. (11) by ε, the strain-hardening rate (Θ) can be conveniently expressed as:

.			               			(17)
Letting ε = 0, the expression for the Θ value of the yield point (Θy) is given by:

.			                 				(18)
According to Eq. (18), letting σy approach to zero indicates a state where no pre-stored defects exist so that there is no dislocation annihilation and there is only dislocation multiplication so that Θy reaches its highest value. This corresponds to the linear hardening process (stage II) of a single crystal when Θ remains constant with a very high value [7, 8, 37] entitled as the “stage II hardening rate”, ΘII. Therefore, the value of ΘII can be acquired here based on Eqs. (3) and (18) by letting σy = 0:

.				              		    		(19)
According to Eq. (19), ΘII is only affected by the pinning ratio p and μ. Based on the definition of p, for certain material systems, it should change little with composition. Therefore, if μ also changes little with composition for certain material systems, ΘII should be a constant which is consistent with the characteristic of the stage II hardening rate [8]. In fact, experimental results for Cu and five groups of Cu-Al alloys having similar shear modulus but with many different microstructures reveal in Section 4 that ΘII is basically constant for the Cu-Al alloy system with different Al contents. Therefore, ΘII should be described as a material system constant. 
Furthermore, combining Eqs. (18) and (19) and giving ω the following expression:

,						                  			(20)
which leads to a simplified expression of Θy, 

,				                 				(21)
in which ω reflects a decreasing rate of strain-hardening rate because of strengthening and an increase of YS, entitled as the hardening losing rate as illustrated by Fig. 3. As η has values from 0 to 1, ω has values from 0 to n, and considering that n > 0, ω is always larger than zero which indicates that with increasing YS so Θy decreases monotonously. This should be the intrinsic reason for the trade-off relationship between strength and elongation of metallic materials.
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Fig. 3 Linear relationship between Θy and σy for certain composition and technology, with a slope of the hardening losing rate (ω).
Thus, the basic form of the present ESH model has been derived and the relevant parameters discussed. These relevant parameters can be classified into three different types. 1) Composition parameters: ΘII, n and independent σρs (σρs = ΘII/n). According to the expression of σρs, n and ΘII, these are mainly influenced by the composition for simple single phase material, such the system of Cu-Al alloy. 2) Technology or microstructure-type parameters: η and independent ω (ω = n(1-η)). During strengthening by a certain technology, if the proportion of different defects remains approximately the same, the microstructure type can be assumed to remain the same. In this case, η and ω are also basically constants. 3) Initial defect density parameters: σy and independent Θy. The value of σy relates strongly to the initial defect density and this differs from the microstructure type since different microstructure types may produce the same σy. 
3.4 Application scope of the ESH model
Firstly, the model is only suitable for simple loading conditions, such as uniaxial tension and uniaxial compression with moderate accumulated strain, and it cannot be applied to complex loading modes, such as non-proportional loadings, loading reversals, change of loading path, etc. 
Secondly, as the derivation process of the ESH model is based on the isotropic short-range interactions between dislocations, the model should be applied only to the deformation process dominated by the multiplication and annihilation process caused by dislocations only. For the strain hardening processes related strongly to the kinematic hardening [54-56], such as back stress [57-59], GND or strain gradients [56, 60-63], second phases [64, 65] inside the microstructure, etc, they are beyond the application scope of the ESH model. Many previous studies considered very deeply about these various complex effects [54-62, 65-71], while our model only considers one of the important aspects of the work hardening. Therefore, the single phase Cu-Al alloy with moderate grain size selected in Section 4 is suitable to demonstrate the very robust nature and reveal several regularities regarding the values of the parameters. 
Thirdly, another important assumption when deriving the ESH model is that n and σρs should not change significantly with microstructure and stress during deformation, which means the dislocation annihilation distance y and pinning ratio p are necessary to remain unchanged with microstructure and stress. These are good assumptions and can be applied for some simple cases where dislocation short-range interactions dominate the hardening process, such as some single phase metals with moderate grain size, as verified in Section 4 by the Cu-Al alloy system. However, the ESH model may not be applicable to the metals with strong grain boundary effect [72-75], i.e. ultrafine and nano grained metals, where those prerequisites are no longer vaklid.
Fourthly, the rate sensitivity that results from the thermally activated mechanisms acts as an extra source of the stabilization of the necking process [7, 56, 76], which is an important element that is also not taken into account in this ESH model. Thermally activated recovery mechanisms (depinning, annihilation, etc) are slow at room temperature for many metallic alloys, but they are sometimes significant especially in the small grain size and high stress regime [73, 75, 77, 78]. For these cases, the ESH model may have a major deficiency.
[bookmark: _Hlk96089201]As for the effects of temperature (T) and strain rate (), which should be considered for a complete strain-hardening model, these effects have not been sufficiently involved because this work focuses mainly on the effect of YS. However, it should be noted that the effects of T and  on the strain hardening of FCC metals were fully studied by Kocks et al. [7, 8] so that, based on these earlier studies, the influences of T and  on strain hardening are briefly discussed in Section S2 of the Supplementary material. 
Except for the above unsuitable cases, the model should be applicable to the inhomogeneous microstructures and dislocation distributions although the derivation is based essentially on uniform structures; this application is elaborated in detail in Section S3 of the Supplementary material. 
4. Verification of the ESH model
Although there are many experimental results on the tensile stress-strain curves of different metals and microstructures [27-29, 31-34, 79-103], they generally lack systematic and consistent experimental conditions so that it is difficult to verify the model using these extensive data. In order to better design the experiment, it should not only reveal the influence of the composition parameter n but also that of the microstructure parameter . Therefore, we have selected single-phase FCC Cu-Al alloys to adjust the dislocation annihilation distances by changing the Al content [104-107] and adjusting the microstructure by changing the annealing temperature after severe cold rolling. Full details of the experimental procedures and microstructure characterization results are given in Section S4 of the Supplementary material. 
4.1 Verification of the exponential hardening model
The tensile engineering stress-strain curves for six groups of metals with various microstructures are shown in Fig. 4. At first glance, the tensile engineering stress-strain curves show very similar curve shapes for each metal. Thus, the series of stress-strain curves seem to be a result of direct shifts of one curve with different upward/downward and leftward/rightward displacements. Accordingly, this readily implies the existence of the CSS curve as proposed in Section 3.2. 
In addition, the details of the yield behavior are not the same for different metals or even for the same metal with different YS, for example Cu-5Al and Cu-8Al alloys show different yield behaviors among the respective series of tensile stress-strain curves. Fortunately, these different yield behaviors should be correlated with the original microstructure but this seems not to affect the subsequent hardening processes and the CSS curves, thereby indicating that strain hardening is an intrinsic process dominated by the interactions between dislocations. However, in the process of curve fitting to acquire the values of the relevant parameters, this difference should be considered. Several yield characteristics and their fitting methods are identified in Section S5 of the Supplementary material.
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Fig. 4 Tensile engineering stress-strain curves for Cu and Cu-Al alloys with various microstructures.
For example, Fig. 5 demonstrates the fitting effect of the tensile true stress-strain curves of Cu-2.5Al and Cu-11Al alloys. Generally, the exponential function can well fit the uniform plastic section of the true stress-strain curves for Cu-Al alloys with different Al content and YS, thereby confirming the validity of the exponential function for Cu-Al alloys.
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Fig. 5 Fitting effect demonstration of tensile true stress-strain curves for two typical Cu-Al alloys with various YS, showing a high fitting accuracy for the two alloys.
To further systematically verify the exponential relationship, we evaluated the fitting accuracy of the hundreds of stress-strain curves and all the results are shown in Fig. 6. The UTS data acquired by the fitting curves are almost the same as the experimental ones (Fig. 6(a)), and the differences in uniform elongation (UE) are also very small and within 4% error band (Fig. 6(b)). The reason that the difference of the UE is larger than the UTS is that the necking point has a strong effect on the strain but a weak effect on the stress. Nevertheless, the overall consistency of the UTS and UE verify that it is reasonable to use an exponential function to describe the uniform deformation part of Cu-Al alloys with different microstructures.
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Fig. 6 Comparisons of the UTS (a) and UE (b) between the experimental values and calculated values from the fitting parameters for hundreds of Cu-Al microstructures, showing a high consistency for both UTS and UE. 
4.2 Verification of the parameters 
In addition to the above verification of the function form, evaluations of the parameter values are also very important for comprehensively verifying the ESH model. Thus, if the parameters have indicated the correct physical meanings, the changes in the parameter values should correspond to those in the compositions and microstructures. As concluded above, there are three kinds of parameters in the ESH model. 1) Composition parameters: n, ΘII and independent σρs, 2) Technical or microstructure type parameters: η and independent ω (ω = n(1-η)), and 3) Initial defect density parameters: σy and independent Θy (Θy = ΘII-ωσy).
4.2.1 The strain hardening exponent, n 
According to the expression for the strain-hardening exponent n (Eq. (2)), it is a function of the equivalent annihilation distance of dislocations (ye), the Taylor factor (M) and the Burgers vector (b). Therefore, for certain material systems, n is solely controlled by ye, which is mainly affected by the degree of difficulty for dislocation cross-slip. After fitting the tensile stress-strain curves, the values of n for the hundreds of microstructures of the six groups of metals were formulated with respect to the YS, as shown in Fig.7. This also shows the value of the equivalent annihilation distance (ye) on the other vertical axis according to the relationship between n and ye, with M = 3.06 and b = 0.2556 nm for Cu-Al alloys. From Fig. 7, an obvious feature can be quickly noticed. For each of the six groups of metals, the hardening exponent (n) nearly remains the same even though the YS changes to a large extent. For example, for Cu with σy = 54~288 MPa, n = 4.96~5.32; for Cu-5Al with σy = 80~440 MPa, n = 3.85~3.95; and for Cu-11Al with σy = 105~620 MPa, n = 1.96~2.14. This proves that for Cu-Al alloys with different microstructures n has a characteristic value for a specific composition. This means that the CSS curve exists for certain material compositions, as proposed in Section 3.2. 
For Cu-15Al, the value of n shows an abnormal trend relative to the other five groups of metals, which may be owing to the great transformation of the deformation mechanism through the appearance of stacking faults (SFs) and micro-scale deformation twins (DTs). Although the SFs and DTs will cause a dynamic Hall-Petch effect [106, 108, 109] which should reduce the value of n, our previous studies found that for Cu-15Al, and when the grain size is very small, the DTs will be inhibited during plastic deformation [110] which in turn lowers the strain-hardening rate and increases the value of n. Therefore, for Cu-15Al, as for revealing the intrinsic effect of stacking fault energy (SFE) on n, the coarse-grained (CG) microstructure may be more representative. In view of this, we made an amendment on n for Cu-15Al based on the value of CG and for objectivity all of the other relevant parameters for Cu-15Al (such as the above-mentioned UE and UTS, and the following σρs, η, Θy, etc.) were all calculated based on these amended values. 
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Fig. 7 Values of hardening exponent n and equivalent annihilation distance ye with respect to YS for the Cu and five groups of Cu-Al alloys with hundreds of microstructures, thereby verifying that n nearly remains the same for each metal.
Except for the invariable n for each metal, another obvious feature can be observed from Fig. 7. That is for Cu-Al alloys the average value of n decreases monotonously with an increase in the Al content. This is consistent with the physical meaning of n: for Cu and single-phase Cu-Al alloys, so that with increasing Al content the SFE decreases monotonously as illustrated by Fig. S8 in the Supplementary material. Therefore, n is determined by the effective annihilation distance of dislocations, which is strongly affected by the SFE since a high SFE leads to easy cross-slip and therefore long annihilation distances [111]. This leads to a monotonous relationship between n and the Al content which reflects the compositional effect on the strain-hardening behavior. 
4.2.2 Microstructure type parameter, η
According to the expressions for η (Eq. (10)), it represents the increasing velocity of σs or the decreasing velocity of σr when increasing the YS (σy) through microstructure strengthening. Therefore, the data of σs and σr acquired from curve fitting are plotted versus YS for the six groups of metals, as shown in Figs. 8(a) and 8(b), respectively. It is significant to find that both σs and σr remain a very good linear relationship with YS for the six groups of metals. Furthermore, the slopes of these lines, representing η, are basically the same with η~0.16 except for Cu and Cu-8Al. Combining with the similar microstructure characteristics of the Cu-Al alloys, the viewpoint that η is mainly correlated to the microstructure or defects type rather than to the microstructural state is well proven. As for the two exceptions, η = 0.09 for Cu and η = 0.44 for Cu-8Al, it can also be explained when further considering their characteristics in the microstructure. For Cu, the recrystallization of fine grains (FG) is not complete relative to others (as indicated by Figs. S13(a) and S14(b) in the Supplementary material) and for Cu-8Al the grain size distribution shows a unique bimodal feature (as illustrated by Figs. S13(c) and S14(d) in Supplementary material). Therefore, η can be designated a technical or microstructure type constant which is insensitive to YS (affected strongly by the overall defects density) and even the composition.
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Fig. 8 Values of saturation strength σs and residual strength σr versus YS for the Cu and Cu-Al alloys, which shows that both σs and σr have very good linear relationships with YS and the slopes are basically the same for the Cu and five groups of metals.

Except for η, Fig. 8 also shows the values of the dislocation saturation strength (σρs) of the six groups of metals, which are the intersections of the inclined lines with the vertical axis. According to Eq. (19)：, which indicates that σρs is mainly affected by n and the pinning ratio (p) or initial hardening rate (ΘII). As p or ΘII is a constant for certain material systems, as further discussed in the following section, σρs is mainly determined by n. Therefore, σρs increases monotonously with the decrease of n or the increase of the Al content. 
4.2.3 Initial hardening rate, ΘII 
According to the definition of ΘII, it corresponds to the linear hardening process, also called the Stage II hardening process, of a single crystal when Θ remains a constant at its highest value. According to Eq. (21), ΘII equals the value of the yield hardening rate (Θy) at σy = 0. Therefore, the Θy data of the six groups of metals derived from the curve fitting are plotted versus σy and the results are shown in Fig. 9.
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Fig. 9 Values of yield hardening rate y and pinning ratio p with respect to YS for the Cu and five groups of Cu-Al alloys, showing very good linear relationships between Θy and σy, and a very similar ΘII value.
Firstly, there exist very good linear relationships between Θy and σy with slopes of ω which is a corresponding result for the constant η in Fig. 9 for each metal. There exists a simple relationship between η and ω, where ω = n(1-η) as defined in Eq. (20). In addition, when extrapolating the straight lines to σy = 0, the value of ΘII can be acquired as marked in Fig. 9. It is interesting to find that except for Cu-8Al, the other five metals share a very similar ΘII,  2000 MPa corresponding to a pinning ratio of p~3.6% with α = 0.25, μ = 47GPa and M = 3.06. This indicates that, as a reflection of the initial dislocation multiplication process, ΘII is not affected by the composition or SFE that mainly affects the dislocation annihilation process.
According to an earlier investigation [8], for FCC single crystals the strain-hardening rate of stage II is only related to orientation and it is insensitive to temperature, strain rate or even the composition, and the value of dτ/d is about μ/300~μ/100 for different FCC metals having different orientations. In the present study, the ΘII value of the free texture polycrystalline Cu-Al alloys can be regarded as average values of the single crystals. Therefore, ΘII should be in the same range. According to the transformation between the hardening rate of the shear stress-strain and normal stress-strain: 

,				                  				(22)
where dτ/d of μ/300~μ/100 is transformed to 1.4~4.4 GPa of ΘII for Cu-Al alloys, which includes the present values of 2 GPa. Therefore, the same ΘII for the different Cu-Al alloys may be due to similar multiplication mechanisms which are determined mainly by the lattice structure rather than by the composition or SFE. The unique phenomenon of Cu-8Al may be owing to its unique bimodal feature in grain size distribution as illustrated above.
The above discussions on the parameters verify that there generally exist certain regularities for the relevant parameters, as proposed during the derivation process of the model. Firstly, both the stable n for each metal with different YS and its variation tendency with the Al content certify that n can rightly reflect the essence of the dislocation annihilation process. Then, the existence of similar η for similar microstructure types but different compositions and YS confirms the validity and applicability of this newly proposed microstructure type parameter. Finally, the basically identical ΘII for different Cu-Al alloys reveals the general uniformity of the dislocation multiplication mechanism for metals having similar lattice structures.  
4.3 Advantages compared to other models
At present, the most popular models for the tensile stress-strain curves of polycrystalline materials contain two functional forms: one is the power-law function represented by the Hollomon and Ludwik equation [42, 43], and the other is the exponential function first proposed by Voce [44] and then developed by Kocks [7, 8]. Therefore, the following comparisons mainly focus on these two models.
Firstly, compared with the power-law functions, the exponential equation accords better with most of the tensile stress-strain curves. Specifically, the saturation of flow stress during tension or compression universally exists for different metals. To reveal the deformation saturation phenomenon of metals under uniaxial loading, we carried out compression tests on a typical coarse-grained Ni and two aging states 2024 Al alloys. Fig. 10 shows the joint compressive true stress-strain curves of the two metals, in which the joint points were marked out. After two times of compression, the curves all show an obvious saturation trend. If using the two kinds of functions to fit the curves, it is readily apparent that there is a very high coincidence between the exponential fitting curves and the actual curves whereas the power-law fitting curves show serious error for all three compressive stress-strain curves as shown by the dotted lines in Fig. 10. Nevertheless, the power law function has a deep foundation in the field of material mechanics and is easily translated for any hardening law, which sometimes is also used frequently to develop the hardening and fracture mechanics model [112-116].
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Fig.10 Comparison on the fitness of the power and exponential fitting with respect to the experimental curves acquired from twice compression tests for (a) coarse-grained Ni and (b) 2024 Al alloys, which reveal that the exponential function gives much better fitting accuracy than the power function for the whole strain range of both alloys.
Furthermore, relative to the power-law function, the exponential equation shows better self-consistency in describing the pretension experiment than the conventional power-law function. For the exponential equation, the functional form of the original tensile curve is described by Eq. (6) and the pretension curves can be described as:

,			             		(23)

in which . Eq. (23) has the same form as Eq. (6). Besides, the parameters σs and n that are essentially not affected by the pretension and the change in the parameter σr has definite physical meaning as indicated in Fig. 11. However, for the empirical power-law equation, such as the Ludwik equation [42]:

,					                  			(24)
And the pretension curve will give a different equation of the form

,					               		(25)
or different parameter values (σ01, K1 and n1) that again have no physical meanings.  Therefore, the exponential equation has fundamentally a more clear derivation process, a more definite physical meaning and a higher fitting accuracy compared to the power-law relation. 
[image: ] 
Fig. 11 Examination of self-consistency for the power and exponential equations, which indicates that only the exponential equation can satisfy the consistency of the form after pretension.
Relative to the exponential hardening form proposed by Voce [44] and later developed by Kocks [7, 8], by further emphasizing the influence of YS and microstructure, the effect of the microstructure type and strengthening technology were further revealed so that the quantitative relationship among the tensile properties (such as YS, UTS and UE) for different processing technologies are established and accordingly the tensile stress-strain curves can be finally predicted. The relevant achievements will be described in detail in a later report [47] which will make a significant quantitative revelation of strengths and uniform elongation using the present ESH model. 
5. Conclusions 
i) A dislocation annihilation model with clear physical meaning and a microstructural parameter, termed a strengthening quality index (η), is considered. Using this approach and based on the Kocks-Mecking-Estrin model, we developed an exponential hardening (ESH) model for single phase metallic materials under uniaxial tension. It is demonstrated that, compared with other models, this model has a clearer physical meaning and also can quantitatively reflect the influence of material composition and microstructure type.
ii) Systematic tensile experiments were carried out on six groups of Cu and Cu-Al alloys with more than one hundred different microstructures. It is shown that the fitting accuracy of the tensile stress-strain curves and the UTS and UE data, and also the changing trends of the relevant componential and microstructural parameters, all provide a clear verification of the validity of the ESH model. This model is scientifically reasonable in describing the intrinsic strain-hardening behaviors of simple metals with a deformation mechanism that is dominated by dislocation activities.
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