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Abstract
Infinite analogues of the Paley graphs are constructed, based on uncountably many
infinite but locally finite fields. Weil’s estimate for character sums shows that they
are all isomorphic to the random or universal graph of Erdds, Rényi and Rado.
Automorphism groups and connections with model theory are considered.
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1 Introduction

In 1963 Erdds and Rényi [12] described two constructions of graphs which have subse-
quently become well-known and well-understood parts of the landscape of graph theory.
One construction gave a countably infinite family of finite graphs, defined deterministically,
which later became known as the Paley graphs P(q). The other gave a single countably
infinite graph R (or more precisely an uncountable family of mutually isomorphic count-
ably infinite graphs), defined randomly and later variously named after Erdés, Rényi and
Rado, who gave an alternative construction in [19] the following year. It is perhaps sur-
prising that in the following half-century and more, a strong connection between these
very different graphs seems to have received little notice, except in the world of model
theory (see [16, Examples 1.3.6 and 1.8.3]), though there are hints to be found in papers
such as [I, 2]. Perhaps this lacuna is less surprising when one realises that an essential
ingredient in this connection comes from algebraic geometry, namely Weil’s estimate for
character-sums, used in his proof of the Riemann hypothesis for curves over finite fields.
The first aim of this paper is give a more combinatorial explanation of this connection
by constructing, for each odd prime p, infinite analogues of the Paley graphs, defined over
uncountably many locally finite fields of characteristic p, and its second aim is to show that
these graphs are all isomorphic to R. The finite and infinite Paley graphs are described in
g2l and §3] and R is described in §4l The isomorphism is proved in §5], with remarks on the
proof in §6. The automorphism groups of these finite and infinite graphs are compared in
J7 and the construction and the isomorphism with R are extended in §8 to the generalised
Paley graphs introduced by Lim and Praeger in [I5]. The paper [12] is revisited in §0l
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2 The Paley graphs and their inclusions

For each prime power ¢ = p® = 1 mod (4) the Paley graph P(q) has as its vertex set the
field IF, of ¢ elements, with vertices x and y adjacent if and only if x — y is a quadratic
residue (non-zero square) in . It is an undirected strongly regular graph with parameters
v = ¢ (the number of vertices), k = (¢ — 1)/2 (their common valency), A = (¢ — 5)/4 and
i = (¢g—1)/4 (the number of common neighbours of two adjacent or non-adjacent vertices).
See [3] for further basic properties of the Paley graphs.

These graphs were introduced, not (as is often asserted) by Paley [I§] in 1933, but
in the case e = 1 in 1962 by Sachs [20], as examples of self-complementary graphs, and
in the general case e > 1 in 1963 by Erdés and Rényi [12, §1], as part of their study of
asymmetric graphs. Neither paper attached a name to these graphs; they appear to have
been named around 1970, no doubt by analogy with Paley designs (see [10]) which, like
the orthogonal matrices constructed by Paley in [18], are based on properties of quadratic
residues in finite fields. See [14] for a discussion of the history of these graphs.

A finite field F, is a subfield of F, if and only if ¢’ is a power ¢° of ¢, in which case
the subfield is unique, consisting of the solutions of the equation z¢ = x. In this case, if
g =1 mod (4) then ¢ = 1 mod (4), so we have Paley graphs P(q) and P(q’). Clearly each
quadratic residue in F, is also a quadratic residue in F,/, so P(q) is a subgraph of P(¢’). If
e is even then every element of IF, has a square root in F, (in fact, in the quadratic subfield
F, C Fy) so the subgraph of P(¢') induced by P(q) is a complete graph K,. However, if
e is odd then an element of [F, has a square root in F, if and only if it has one in F,, so
the induced subgraph is simply P(q), that is, P(q) is a full subgraph of P(¢).

3 Infinite Paley graphs

Let E be any set of odd integers which is closed under taking divisors and least common
multiples. For any prime p = 1 mod (4) let

FPE = U Fpe,
eckE

the direct limit of the direct system of fields [F,. for e € E' and inclusions between them.
This is a field, infinite if and only if F is, and locally finite in the sense that each finite
subset is contained in a finite subfield. The finite subfields of IF,r are just the fields [F.
for e € E, so distinct sets £ determine distinct (and non-isomorphic) fields F,z. There are
uncountably many sets E satisfying the above conditions (consider, for example, the set
of integers e whose prime factors all belong to a given set of odd primes), so for each p we
obtain uncountably many non-isomorphic fields F .

Now let us define
Pp®) = Pp).

ecl
the direct limit of the Paley graphs P(p), e € E, with respect to the embeddings described
above. By our earlier remarks, each P(p°) is a full subgraph of P(p¥). If E is finite then
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E is just the set of all divisors of [ := lem(E), so that P(p¥) is just another Paley graph
P(p'). We will therefore assume from now on that E is infinite, in which case we will
call P(p?) an infinite Paley graph (see [16, Example 1.8.3] for a similar construction by
Macpherson and Steinhorn, though the exponents e = 2° used there should be replaced
with odd integers). In the same way one can construct infinite Paley graphs P(p*£) for
primes p = —1 mod (4) as unions of Paley subgraphs P(p?*) where e is odd.

Despite the fact that they are constructed from uncountably many mutually non-
isomorphic fields, these infinite Paley graphs P(p¥) and P(p?%) are all isomorphic to each
other. In fact, we shall prove:

Theorem 3.1 Each infinite Paley graph P(p"?) for r = 1,2 is isomorphic to the random
graph R.

4 The countable random graph

The countable random graph, or universal graph R was introduced by Erdds and Rényi [12]
§3] in 1963 and Rado [19] in 1964. For details of its properties, see [5, 6, [7] or [II]
Section 9.6]. Theorem Bl should not be as surprising as it might at first appear, since in
a sense we shall now explain ‘almost all’ countably infinite graphs are isomorphic to R.

Erdés and Rényi showed that if a graph I' has a countably infinite vertex set, and its
edges are chosen randomly, then with probability 1 it has the following property U: given
any two disjoint finite sets A and B of vertices of I, there is a vertex which is a neighbour
of each vertex in A and a non-neighbour of each vertex in B. They used this to show that I"
has a non-identity automorphism with probability 1 (by contrast with the finite case, where
a random graph of order n has trivial automorphism group with probability approaching 0
as n — o00). In fact, a similar argument shows that any two countably infinite graphs with
property U are isomorphic: one can construct an isomorphism between them by using U
to extend, by a back-and-forth argument, one vertex at a time, any isomorphism between
finite induced subgraphs, such as a single vertex in each of them. (See, for example, [I7,
Theorem 2.4.2], which in the language of model theory shows that the theory of graphs
with property U is satisfiable and Ng-categorical, and hence complete and decidable.) Thus
any two graphs I' constructed randomly as above are isomorphic with probability 1.

As a model of R one can therefore take any countably infinite graph with property U.
For instance, Rado [19] constructed a ‘universal graph’, in which every countable graph
is embedded as an induced subgraph, by using the vertex set V' = N (including 0), with
vertices x < y adjacent if and only if 2* appears in the binary representation of y as a sum
of distinct powers of 2; this easily implies property U.

The following well-known alternative model of R imitates the construction of the
(finite) Paley graphs. Let the vertex set V' be the (countably infinite) set of all primes
p = 1 mod (4), and define distinct vertices p and ¢ to be adjacent if and only if ¢ is a
quadratic residue mod (p), that is, the Legendre symbol ( %) = 1. By quadratic reciprocity,
q

which states that (2)(%) = 1 for primes p, ¢ = 1 mod (4), this is a symmetric relation, so it



defines an undirected graph. To show that this graph has property U, given disjoint finite
subsets A and B of V| for each prime a € A choose an integer n, which is a quadratic residue
mod (a), and for each prime b € B choose an integer n, which is a non-residue mod (b). By
the Chinese Remainder Theorem, the simultaneous congruences n = 1 mod (4) and n = n.
mod (c) for all c € C':= AU B have a unique solution n mod (d) where d = 4[] .. ¢, and
by a theorem of Dirichlet this congruence class contains a prime (infinitely many, in fact).
This gives a vertex in V adjacent to all the vertices a € A and to none of the vertices
b € B, as required.

5 Proof of Theorem [3.1]

In order to prove Theorem [B.] it is sufficient to prove that the infinite Paley graphs all
have property U. To do this we will show that, given any two disjoint finite sets A and B
of elements of a finite field F, (¢ odd), for all sufficiently large e there is an element = € F
such that x — a is a quadratic residue in Fge for all @ € A and x — b is a non-residue in Fe
for all b € B.

We will adapt an argument used by Blass, Exoo and Harary [I] to obtain a similar
result concerning the family of Paley graphs P(p) for primes p = 1 mod (4). Given such
subsets A and B of Fy, let S be the set of all x € Fye satisfying the above condition. Let
C:=AUB,let n =|C|, and let x : F,e — C be the quadratic residue character of F,
defined by x(z) = 1, —1 or 0 as x is a quadratic residue, a non-residue or 0. Note that

x(zy) = x(x)x(y) for all z,y € Fe.
For each x € Fe \ C' we have

[T +x@—a). [T = x(@-b) =

acA beB

{W ifz €8,

0  otherwise.
It follows that S is non-empty if and only if

si=) (Hu +x(z—a). [T - x(z - b))) > 0.

2gC \a€A beB
Summing over all of Fe instead, let us define
te= > (Hu +x(@—a). [J - x(z - b))) .
z€Fze \a€A beB

Expanding the product on the right-hand side, we have

b= 1+ > xz—a) =Y > xle—b)+-,



where the first term is ¢¢ and the second and third are 0. To aid our consideration of the

remaining terms, let us write C' = {¢y,...,¢,}. Then it follows from the above that
t=g 1<) D x(r—c)x@—co)l+-+[) D xla—cy)xl@ =)+
x 11<i2 T <<t
where iy,...,ix € {1,...,n} in each case. Weil’s estimate [23] for character sums implies
that
> x@ =) x(@—e,) = 0(?) as e oo @)
for each such k-tuple (i1,...,7) (see Remark 1 for further explanation), so it follows

immediately that
It —q°| = O(¢’*) as e — oo.

Now

zeC \a€A beB

t—s=> (H(l +x(z —a). [J(1 = x(z - b)))

depends only on the sets A and B, and not on e, so we have s > 0 for all sufficiently large
e, as required.

6 Remarks on the proof

1. Weil proved in [23] that if x is a multiplicative character of order d of a finite field F,
(one whose values are the dth roots of 1 in C), and f(x) is a polynomial of degree k over
IF, not of the form cg(x)? for any ¢ € F, and g(x) € F,[z], then

> x(f@)] < (k=1)va. (3)

z€lF,

(See |21} p. 53], for example.) Replacing ¢ with ¢¢, taking x to be the quadratic residue
character, which has degree d = 2, and taking f(z) = (x — ¢;,) - - (z — ¢;,,) we obtain the
estimate (2)) used above.

2. The argument used to prove Theorem [B.1in fact shows that

e

|S|:2%~;1—n as e — 00, n fixed,

which is what one would expect for Paley graphs on heuristic grounds, regarding adjacency
or non-adjacency of vertices as independent events with equiprobable outcomes. Bollobas
and Thomason [2] have given a more precise estimate, equivalent in our notation to

qe 1 1-n\ e/2 n
P B -
11— L) < Sn =2+ 272 4.



3. In [I] Blass, Exoo and Harary, working with the Paley graphs P(p) for primes p = 1
mod (4), needed to show that given any integer n > 1, if p is sufficiently large then for any
disjoint n-element sets A and B of vertices of P(p) there is a vertex x adjacent to every
a € A and to no b € B. Their argument (based on one for tournaments by Graham and
Spencer [13]) was similar to that used in §0l except that in place of Weil’s character sum
estimate for fields F, they used one by Burgess [4], that if p is prime and cy,..., ¢ are
distinct elements of I, then

3 e —a) . x| < (= 1)y

z€lFy,

where x is the quadratic residue character (Legendre symbol) mod (p).

4. For prime powers ¢ = —1 mod (4) the construction in §2] yields the Paley tournament
T(q), a complete graph K, with directed edges, and the construction in §3] yields, for each
prime p = —1 mod (4) and infinite set E satisfying the conditions given there, an infinite
Paley tournament 7'(p¥). Again, there are uncountably many of these objects, but a slight
adaptation of the preceding arguments shows that they are all isomorphic to the countable
random tournament; a model of this can be obtained by applying the construction in ¢l
to primes p,q = —1 mod (4), where quadratic reciprocity now gives (g)(%) =—1.

5. Peter Cameron [8] has suggested a more general construction using ultraproducts of
finite fields, rather than direct limits, together with Los’s Theorem, to approximate the
random graph (see also [16], Example 1.3.6], based on asymptotic classes and ultraprod-
ucts); this has the advantage of allowing finite fields of different characteristics to be used,
thus yielding fields of characteristic 0.

7 Automorphism groups

It follows from a theorem of Carlitz [9] that the automorphism group Aut P(q) of P(q) is
the subgroup AAL;(q) of index 2 in AI'L;(q) consisting of the transformations

t—at”+b (a,b€F, x(a) =1, v € GalF,)

of the vertex set F,, where GallF, is the Galois group or automorphism group of F,, a
cyclic group of order log, ¢ generated by the Frobenius automorphism ¢ +— *. The affine
transformations (those elements with 7 = 1) and the translations (those with v = 1 and
a = 1) form normal subgroups AH L,(q) (‘H’ for ‘half’) and T;(q) of AAL;(q) with

and the abelian quotients in this series show that AAL;(q) is solvable, of derived length
at most 3.



One might hope that the automorphism group of P(p™?) for r = 1 or 2 would have
a similar structure. Clearly it contains the subgroup AAL;(p™F) of index 2 in AT'L,(p"F)
consisting of the transformations

t—=at”+b (a,beFy e, x(a)=1,v¢€ GalF,=r).

Here GallF,-z is not the direct limit of the groups GalF,- for e € E, but their inverse
limit: this can be identified with the (uncountable) subgroup of the cartesian product
[I.cr GalF,e consisting of those elements whose coordinates 7, € GalF,r. are consistent
with the restriction mappings GalF,.; — GalF,- induced by inclusions Fjr. C IF,-s for e
dividing f € E.

As in the finite case, this group AAL;(p"F) is solvable, of derived length 3. However,
the facts that P(p"?) = R and that Aut R acts transitively on isomorphism classes of finite
induced subgraphs of R (by the back-and-forth argument used in §4l) destroy any hope that
this subgroup might be the whole of Aut P(p"F). Indeed, far from being solvable, Aut R
has been shown by Truss [22] to be a simple group, and to contain a subgroup isomorphic
to the symmetric group on a countably infinite set.

8 Generalised Paley graphs

In 2009 Lim and Praeger [15] introduced generalised Paley graphs Py(q), where ¢ is a prime
power p¢ and d divides ¢ — 1 (for convenience, we have changed their notation). Again the
vertex set is F,, but now vertices x and y are adjacent if and only if 2 — y is contained in
the unique subgroup D of index d in the multiplicative group [}, consisting of the non-zero
dth powers. To give an undirected graph we assume that if ¢ is odd then the order (¢—1)/d
of D is even. For example, taking d = 2 gives the Paley graphs P(q) = Py(q).

The construction in §3] carries through in the obvious way to give infinite generalised
Paley graphs P;(p™®) where r is the multiplicative order of the prime p mod (2d) (or
mod (d) if p = 2), except that we now need E to consist of integers e coprime to d.
The proof of Theorem [B.1] also carries through, provided we take y to be a multiplicative
character of IF . of degree d (equivalently with kernel D), and replace the factor 1+ x(z—a)
in equation (Il) with

d—1
L+ x(z—a)+x(z—a)+-+ xz— )" = [[(x(z - a) — o)
7j=1

where w is a primitive dth root of 1 in C; again we can apply Weil’s estimate, now in the
more general form (B) given in Remark 1, to show that Py(p"®) = R.

The remarks in g7 about automorphism groups also apply here, though it should be
noted that, as shown in [15], there are examples where d does not divide p—1 and Aut Py(q)
is significantly larger than the obvious analogue of AAL;(q).



9 Symmetry versus asymmetry

The main aim of Erdés and Rényi in [I2] was to consider, in the contexts of finite and
countably infinite graphs, the balance between symmetric and asymmetric graphs, those
with and without a non-identity automorphism. Most of the paper concerns finite graphs,
and here they proved, in a very precise sense, that not only are most graphs asymmetric, but
in fact they are on average a long way from being symmetric. For a finite graph G = (V| E)
they defined A(G) to be the least number of edge-changes (insertions or deletions) required
to convert GG into a symmetric graph on V. We may identify G with its edge set E, regarded
as an element of the power set P(V®) = (Fy)V® of the set V@ of 2-element subsets of V;
the Hamming distance between two graphs (V, E) and (V, E’), with respect to the basis
consisting of the graphs with one edge, is |[E @ E’| where @ denotes symmetric difference,
so A(G) is the distance from G to the nearest symmetric graph on V.

For distinct vertices u and v in G Erdos and Rényi defined A, to be the number of
vertices w # u,v adjacent to just one of u and v. By making A,, edge-changes one can
give u and v the same neighbours, allowing an automorphism transposing them and fixing
all other vertices, so

A(G) < m?ién Ay

By a simple counting argument they showed that if G' has order n then

m;nAuv <= 1J= (4)
so that )
n —
AG) < | ]

They then showed that ‘most’ graphs G of order n have A(G) close to |(n — 1)/2], so
that they are very far from being symmetric. As an aside they defined a A-graph to be
one achieving equality in (4]), and noted that the graphs P(q) have this property: indeed,
Ay = (¢ —1)/2 for all pairs u # v in P(q). Of course, these graphs are exceptional from
this point of view, in that they satisfy A(P(q)) = 0.

By contrast, Erdos and Rényi showed in the last part of their paper that ‘most’
countably infinite graphs are symmetric. Indeed, it follows from their construction of R
and the alternative one due to Rado [19] that most such graphs are isomorphic to R and
are therefore highly symmetric: for example, Aut R acts transitively on finite induced
subgraphs, and hence has rank 3 on the vertices. In fact, one can show that this group is
uncountable, for instance by choosing a prime p = 1 mod (4) and taking £ = {¢" | n > 1}
in §3] for some odd prime ¢, so that by our remarks in §7] Aut R contains a copy of

Gal P(p¥) = lim Gal P(p?") 2 lim Z/q"Z = 7Z,,,
— —
the uncountable group of g-adic integers.
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