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A B S T R A C T

This paper proposes an accurate three-dimensional framework for elastic and viscoelastic free
vibration investigation of in-plane functionally graded (IPFG) orthotropic rectangular plates
integrated with piezoelectric sensory layers. The developed analytical framework is capable of
considering layer-wise unidirectional linear functional gradation in both stiffness and density
of the orthotropic composite layers. 3D piezoelasticity-based governing equations of motion are
formulated in mixed form by employing Hamilton’s principle, and further solved analytically
for Levy-type support conditions using the power-series-based extended Kantorovich method
(EKM) jointly with Fourier series. The displacements, stresses, and electrical variables (electric
field and electric potential) are solved as the primary variables that ensure the point-wise
interlayer continuity and electro-mechanical support conditions. The viscoelastic property of
the orthotropic interlayer is defined by employing Biot model, which is similar to the standard
linear viscoelastic model. The correctness and efficacy of the present mathematical model are
established by comparing the present numerical results with published literature and 3D finite
element results, obtained by utilizing user material subroutine in the commercial FE software
ABAQUS. An extensive numerical study is performed for various configurations and thickness
ratios to investigate the influences of in-plane gradation, viscoelasticity and their coupled effects
on the free-vibration response of hybrid laminated plates. It is found that in-plane gradation of
stiffness and density remarkably alters the flexural frequencies and corresponding mode shapes
of the hybrid intelligent rectangular plates. The flexural frequencies and stresses in the plate can
be modified by selecting suitable grading indexes. Another interesting observation is that the in-
plane gradation shows a considerably less effect on the electrical response of piezoelectric layers,
which can play a vital role in the design of sensors and actuators for dynamic applications.
Further, the numerical study demonstrates a potential time-dependent structural behaviour
based on the present viscoelastic modelling. The consideration of viscoelasticity could be
crucial for analysing the mechanical behaviour of a wide range of polymer composites more
realistically and for prospective temporal programming in smart structural systems by exploiting
the viscoelastic effect. Although the present analytical solution has been proposed for the free-
vibration investigation of smart in-plane functionally graded (IPFG) viscoelastic plates, it can
also be utilized directly to analyze the symmetric and asymmetric laminated piezoelectric smart
plates with constant properties.
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1. Introduction

In the past decade, functionally graded materials have been widely explored for several engineering applications in the aerospace,
ivil, mechanical, and biomedical fields due to their superior mechanical and thermal properties [1]. Such materials give freedom
o the designers for tailoring the mechanical properties of structures like stiffness, density, and thermal resistance along particular
irections according to the operational requirements. This is achieved by introducing gradation in the material properties along that
articular direction. However, it makes the computational analysis of such structures more complicated because their governing
quations involve some variable coefficients, which are the functions of coordinate along which the gradation is considered (unlike
onventional isotropic and composite plates). Hence, the structural problem of functionally graded structure cannot be solved by
sing the traditional methods proposed for the conventional structural problems [2]. Hence, more efficient and dedicated solution
pproaches are required for the accurate determination of structural behaviour of functionally graded structures under dynamic and
tatic conditions, which is a prime focus of the present work.

A significant number of mathematical models have been developed for bending, fracture and natural frequency investigation of
unctionally graded beams, rectangular plates, and shell structures. An extensive review of the work related to functionally graded
tructures, presented by Byrd [3], Wu et al. [4] and Swaminathan et al. [5], suggests that in most of the studies through-thickness
radation of properties is considered following deterministic and stochastic frameworks [6–10]. However, over the last few years, the
ocus is getting diverted towards the in-plane and multidirectional functionally graded structures because it gives more freedom to
ontrol the material properties of thin structures for meeting application-specific demands, such as specific stiffness, strength, impact
nd thermal resistance, high fatigue strength, corrosion resistance, and acoustic properties [4]. In this context, Leissa and Martin [11]
robed the buckling and natural frequency response of thin rectangular composite plates having in-plane graded properties and
roved that desired buckling load and fundamental frequencies can be obtained effectively by controlling the gradation parameters
f material along an in-plane direction.

Most of the analytical solutions for in-plane graded or multidirectional functionally graded plates published in the literature are
ased on two-dimensional (2D) theories of plates. For example, Tomar et al. [12] developed classical plate theory based 2D analytical
olution for natural frequency investigation of isotropic functionally graded panels (length of the plate along is considered infinite
long 𝑦-direction) employing Frobenius series. In this work, elastic modulus and density of the flat panel are taken exponentially
raded along the axial (𝑥) direction. Fares and Zenkour [13] have employed higher-order plate theory (HPT), first-order plate

theory (FPT), and classical plate theory (CPT) to develop 2D analytical solutions for natural frequency and buckling investigation of
multidirectional functionally graded orthotropic rectangular plates. They found that the index of gradation significantly affects the
buckling and free vibration response of plate. Fourier series approach along with particular integration method has been utilized
by Liu et al. [14] to solve the variable coefficient ordinary differential equation and they obtained classical plate theory (CPT)
based solution for natural frequency analysis of in-plane functionally graded rectangular plates under Levy-type support condition.
In their paper, they concluded that the desired natural frequencies can be attained by adjusting grading indexes. Yu et al. [15]
have used the Whittaker technique for solving the fourth-order variable coefficients governing equation to obtain an analytical
solution for flexural analysis of the thin in-plane graded isotropic plates of rectangular shape subjected to Levy-type end conditions.
Recently, Amirpour et al. [16] provided HSDT-based analytical solutions for flexural investigation of in-plane functionally graded
isotropic rectangular plates. In the literature, mostly 2D analytical solutions have been presented so far that belong to specific
type of mechanical end conditions, like simply-supported or Levy-type support conditions. The governing equations involved in
analysis are higher-order ODEs that have variable coefficients and to solve them in analytically for arbitrary boundary conditions is
computationally difficult. Thus, some researchers employed numerical approaches to obtain reliable approximate two-dimensional
solutions for in-plane multidirectional gradation in rectangular plates. Numerical solutions for non-classical boundary conditions
are developed using the higher-order shear deformation theory [17–19] and the classical plate theories (CPT) [20–25]. Recently,
Xue et al. [26] reported an isogeometric numerical solution for natural frequency investigation of IPFG plates by utilizing a refined
plate theory and also extended this solution to obtain a FSDT-based numerical solution for modal investigation of circular, square,
and rectangular porous FGM plates having porosity gradation along the in-plane and thickness directions. Utilizing Rayleigh–Ritz
and Bolotin’s method, Loja and Barbosa [27] proposed a 2D numerical solution based on classical plate theory for natural frequency
and dynamic instability investigation of in-plane functionally graded thin plates.

Although it is found that the higher-order theory-based 2D solutions are adequate and reliable in obtaining the global response of
thinner orthotropic plates, the accuracy of 2D solutions significantly reduces as the plate becomes thicker [28] and 2D theory-based
results are not reliable for higher modes [28]. In 3D elasticity solutions, no pre-assumptions are adopted in the distribution of
deformations and stresses. Both stresses and strains are solved as primary variables. Hence, the 3D solution of plates achieves high
accuracy and is always preferred for bench-marking purposes, including accurate prediction of stresses near edges (the variation
of stresses in the vicinity of edges is highly non-linear). In this direction, Lü et al. [29] reported a 3D semi-analytical solution for
multidirectional graded Levy-type plate by using differential quadrature method based state-space approach (SSDQM). The stiffness
of the rectangular plate was assumed exponentially graded along the axial (𝑥) and thickness (𝑧) directions. This analysis shows that
the behaviour of rectangular plates is affected more by axial stiffness variation than through-thickness stiffness variation. Singh
and Kumari developed a power series-based extended Kantorovich elasticity analytical approach for flexural analysis of in-plane
functionally graded composite beams [30–33], panels [34,35], and rectangular plates [36]. Using a similar approach, Ravindran
and Bhaskar [37] developed a 3D analytical approach for flexural analysis of IPFG simply-supported plates subjected to sinusoidal
loading. They extended this approach further [38] for flexural analysis of simply-supported isotropic sandwich plates integrated
2

with in-plane graded composite face sheets. Zhang et al. [39] have employed the scaled boundary finite element method (SBFEM)
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to obtain a 3D semi-analytical solution for the flexural investigation of in-plane functionally graded (IPFG) isotropic rectangular
plates. Singh and Kumari [40] recently presented a 3D analytical model for natural frequency modal analysis of orthotropic IPFG
rectangular plates.

Some researchers have also explored pure numerical approaches to analyze the IPFG plates under static and dynamic conditions.
he graded finite element-based numerical technique has been developed by Asemi et al. [41] for flexural investigation of
idirectional functionally graded plates. Xiang et al. [42] utilized this recently developed scaled boundary finite element method to
btain a 3D solution for buckling and natural frequency of the IPFG isotropic rectangular plates subjected to Navier and all-around
lamped supports. The Chebyshev spectral approach has been utilized by Huang et al. [43] to obtain a numerical solution for static
lexural and natural frequency analysis of orthotropic IPFG rectangular plates subjected to general support conditions.

Piezoelectric materials are getting increasingly employed in active response control and sensing applications as actuators and
ensors due to their inherent property of producing a voltage in response to deformation and vice-versa [44–48]. When composite
nd FGM structures are integrated with piezoelectric sensors and actuators, their behaviours become very complex due to electro-
echanical coupling [49]. Due to weak coupling between elastic and electric parameters, the electrical response of active smart

ayers is very sensitive to internal or external factors such as internal imperfection or defects, external loading, etc. Moreover,
hen smart materials are used with FGM structure, the gradation of properties makes its response even more complex. Hence,
fficient and reliable solutions are required to analyze the smart functionally graded structures accurately. A thorough review of the
iterature on functionally graded smart plates reveals that the through-thickness gradation of properties is commonly considered [50–
4]. Only a few papers have been reported for in-plane functionally graded (IFGP) smart structures. Zhang et al. [55] utilized
he precise integration method (PIM) in conjunction with the scaled boundary finite element method (SBFEM) to develop a semi-
nalytical model for static flexural investigation of magneto-electro-elastic IPFG plates. Later they extended this model to develop
semi-analytical framework for bending analysis of the in-plane and multidirectional graded piezoelectric plates [56] and also to

atural frequency analysis of magneto-electro-elastic IPFG rectangular plates [57]. In all these solutions, only elastic displacements
long the 𝑥, 𝑦 and 𝑧-coordinates, magnetic potential and electric voltage are solved as the primary independent variables. To the
est knowledge of the authors, no 3D analytical study has been presented to date for natural frequency investigation of in-plane
unctionally graded (IPFG) rectangular plates integrated with piezoelectric smart layers. Based on the extensive literature review, it
s observed that benchmark 3D piezo-elasticity based analytical solutions are essential for in-plane functionally graded (IPFG) smart
lates, which can serve as an accurate reference for future developments. Thus, this research work is carried out to fill this gap by
roviding a benchmark 3D mathematical model for IPFG plates.

Nowadays viscoelastic materials are widely used in vibration attenuation. Moreover, many of the polymers used in composites
ctually show a visco-elastic behaviour in their operational temperature regime. Besides accurate analysis of such structural systems,
ime-dependent viscoelastic behaviour can further be exploited for programming mechanical responses in smart structural systems.
owever, only a few works are reported for viscoelastic analysis with the coexistence of gradation and piezoelasticity. Zhang and
heng [58] explored application of the Biot approach in analyzing the dynamic behaviour of viscoelastic composite structures.
u and Wang [59] studied the effect of viscoelasticity on free vibration behaviour and transverse stresses with the help of Reddy’s

ayerwise theory and showed that transverse stresses in the viscoelastic layer are the main factor that leads to delamination in lower
odes. Mao et al. [60] studied the creep buckling and post-buckling behaviour of layered viscoelastic piezoelectric plates graded

long thickness direction. Zenkour [61] studied the bending behaviour of elastic/ viscoelastic exponentially graded composite (EGC)
ectangular sandwich plates using Illyushin’s approximation methods. Wang et al. [62] used Kelvin–Voigt model for viscoelastic
tability investigation of composite rectangular plates integrated with a smart piezoelectric layer and under a follower force.
libeigloo [63] developed a 3D state-space model to study the effect of viscoelastic inter-layers on flexural and vibration response of
imply-supported layered composite plates. Wu et al. [64] proposed a 3D elasticity-based analytical method for flexural investigation
f simply supported layered plates having viscoelastic interlayers. Recently, Wang et al. [65] presented a 3D analytical model
o investigate the time-dependent flexural response of exponential functionally graded laminated rectangular plates bonded by
iscoelastic adhesive inter-layers. Apart from that, the application of viscoelastic layers in vibration damping is significantly explored
n many recent studies [66–70].

Sun et al. [71] developed an inverse approach for calculating the frequency-dependent mechanical properties of viscoelastic
edium using measured frequency response functions (FRFs). Grosso et al. [72] developed an experimental identification technique

or calculating equivalent viscoelastic parameters of the model for layered thin-walled structures from the vibration data.
Based on the discussions presented in the preceding paragraphs, it becomes evident that development of an accurate 3D analytical

olution approach for graded piezoelectric composites including the effect of viscoelasticity would have a wide range of impacts
or analyzing and designing smart structural systems. In this article, we aim to propose an accurate 3D analytical framework for
iscoelastic natural frequency investigation of in-plane functionally graded (IPFG) orthotropic rectangular plates integrated with
iezoelectric layers [Advantages of the proposed mathematical model compared to others are listed in Remark 1, Appendix G (refer
o the Supplementary material)]. Although the present analytical model is developed for the analysis of smart IPFG viscoelastic
lates, it is also directly applicable for the investigation of laminated piezoelectric rectangular elastic and viscoelastic plates without
ny gradation. The present paper is organized chronologically in six sections as follows; the mathematical formulation of the 3D
overning equations using the piezo-elasticity-based Hamilton’s principle is explained in Section 2. In Section 3, the viscoelastic
athematical model is developed for obtaining effective viscoelastic properties of the viscoelastic layer in time domain. In Section 4,

he extended Kantorovoch method together with the power series and Fourier series method is used to attain a solution in the
pproximated analytical form. Section 5 is dedicated to validation and numerical investigation. In section Section 5.1, numerical
esults are presented for elastic case and Section 5.2 is dedicated to viscoelastic analysis. Finally, the conclusions and interesting
3

indings of the present study are summarized in the Section 6.
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Fig. 1. Geometry of smart in-plane functionally graded (IPFG) plates.

2. 3D piezo-elasticity based formulation for modal analysis of hybrid FGM plates

A laminated in-plane functionally graded (IPFG) hybrid rectangular plate (𝑥 ∈ (0, 𝑎), 𝑧 = −ℎ∕2, ℎ∕2, 𝑦 ∈ (0, 𝑏)) integrated with
piezoelectric layers, as demonstrated in Fig. 1, is taken into consideration for the present numerical study. In such type of plates, the
in-plane gradation of material properties in the elastic layers is helpful to control flexural frequency response of plate and at the same
time piezoelectric layers act as sensor to sense the behaviour of plate under different gradation cases. The considered rectangular
functionally graded plate consists of total 𝐿 number of orthotropic IPFG layers and 𝜉1 (= 𝑥∕𝑎), 𝜁 (𝑘) = (𝑧−𝑧𝑘−1)∕𝑡(𝑘) and 𝜉2 (= 𝑦∕𝑏) are
non-dimensionalized layer parameter defined for 𝑥, 𝑧 (thickness) and 𝑦-direction, respectively. Here the non-dimensional parameters
𝜉1 and 𝜉2 are defined as global parameters which are valid for all layers. But 𝜁 (𝑘) is local thickness parameter of layer defined for
each 𝑘th layer and 𝑡(𝑘) denotes the thickness of that 𝑘th layer, and 𝑧𝑘 represents thickness coordinate parameter for the upper layer
surface of that 𝑘th layer. These superscripts of layers may be excluded in the further mathematical expressions unless absolutely
needed for better clarity.

The strain–displacement and the electrical field-potential relations for the 3D rectangular hybrid plate can be written as,

⎡

⎢
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⎣
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(1)

In these expressions 𝜀𝑖 represents normal strains and 𝛾𝑖𝑗 represents shear strains of the plate, wherein 𝑤, 𝑣 and 𝑢 denote the
displacement along 𝑧, 𝑦 and 𝑥 directions, respectively. Similarly, electric fields along 𝑥, 𝑦 and 𝑧 directions are designated by 𝐸𝑥, 𝐸𝑦
and 𝐸𝑧, respectively. 𝜙̄ denotes electric potential in the piezo-electric layer.

The 3D piezo-elasticity based linear constitutive equations for an orthotropic smart layer can be expressed as

𝜀𝑥 = 𝑠11𝜎𝑥 + 𝑠12𝜎𝑦 + 𝑠13𝜎𝑧 + 𝑑31𝐸𝑧

𝜀𝑦 = 𝑠12𝜎𝑥 + 𝑠22𝜎𝑦 + 𝑠23𝜎𝑧 + 𝑑32𝐸𝑧

𝜀𝑧 = 𝑠13𝜎𝑥 + 𝑠23𝜎𝑦 + 𝑠33𝜎𝑧 + 𝑑33𝐸𝑧 (2)
𝛾𝑦𝑧 = 𝑠44𝜏𝑦𝑧 + 𝑑24𝐸𝑦

𝛾𝑧𝑥 = 𝑠55𝜏𝑧𝑥 + 𝑑15𝐸𝑥

𝛾𝑥𝑦 = 𝑠66𝜏𝑥𝑦
𝐷𝑥 = 𝑑15𝜏𝑧𝑥 + 𝜖11𝐸𝑥

𝐷𝑦 = 𝑑24𝜏𝑦𝑧 + 𝜖22𝐸𝑦 (3)
𝐷𝑧 = 𝑑31𝜎𝑥 + 𝑑32𝜎𝑦 + 𝑑33𝜎𝑧 + 𝜖33𝐸𝑧

In above expressions, 𝐷𝑖, 𝜎𝑖 and 𝜏𝑖𝑗 are the electric displacement, normal stress and shear stress components, respectively. The
piezoelectric strain constants 𝑑𝑖𝑗 , dielectric permittivities 𝜖𝑖𝑗 (at constant stress field) and elastic compliances 𝑠𝑖𝑗 are given in
Appendix A of the supplementary material.

The expression of 𝐸𝑥, 𝐸𝑦 and 𝐸𝑧 in terms of 𝐷𝑥, 𝐷𝑦 and 𝐷𝑧 can be obtained from Eq. (3). After putting these expressions of 𝐸𝑥,
𝐸𝑦 and 𝐸𝑧 into Eq. (2), we obtain

𝜀𝑥 = 𝑠̄11𝜎𝑥 + 𝑠̄12𝜎𝑦 + 𝑠̄13𝜎𝑧 + 𝑑31𝐷𝑧, 𝜀𝑦 = 𝑠̄12𝜎𝑥 + 𝑠̄22𝜎𝑦 + 𝑠̄23𝜎𝑧 + 𝑑32𝐷𝑧

𝜀 = 𝑠̄ 𝜎 + 𝑠̄ 𝜎 + 𝑠̄ 𝜎 + 𝑑 𝐷 , 𝐸 = −𝑑 𝜎 − 𝑑 𝜎 − 𝑑 𝜎 + 𝜖 𝐷 (4)
4
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𝛾𝑦𝑧 = 𝑠̄44𝜏𝑦𝑧 + 𝑑24𝐷𝑦, 𝛾𝑧𝑥 = 𝑠̄55𝜏𝑧𝑥 + 𝑑15𝐷𝑥, 𝐸𝑥 = 𝜖11𝐷𝑥 − 𝑑15𝜏𝑧𝑥 𝐸𝑦 = 𝜖22𝐷𝑦 − 𝑑24𝜏𝑦𝑧

where

𝜖33 = 1∕𝜖33, 𝑠̄𝑖𝑗 = 𝑠𝑖𝑗 − 𝑑3𝑖𝑑3𝑗 , 𝑑3𝑖 = 𝑑3𝑖∕𝜖33, for (𝑖, 𝑗) = 1, 2, 3

𝑠̄44 = 𝑠44 − 𝑑24𝑑24, 𝑠̄55 = 𝑠55 − 𝑑15𝑑15, 𝑠̄66 = 𝑠66
𝜖11 = 1∕𝜖11, 𝜖22 = 1∕𝜖22, 𝑑24 = 𝑑24∕𝜖22, 𝑑15 = 𝑑15∕𝜖11.

These constitutive equations are valid for piezoelectric elastic layers having constant material properties.
For in-plane functionally graded layers, the elastic compliances and density of particular layer are considered to vary continuously

and linearly along the (𝑥) coordinate of the plate as [40,73]

𝜌𝑚(𝜉1) = 𝜌(1 + 𝛿𝑝 𝜉1) = 𝜌 + 𝜌̂

𝑠̄𝑚1𝑗 (𝜉1) = 𝑠̄1𝑗 (1 + 𝛿1𝜉1) = 𝑠̄1𝑗 + 𝑠̂1𝑗 for 𝑗 = 1, 2, 3; (5)
𝑠̄𝑚55(𝜉1) = 𝑠̄55(1 + 𝛿2𝜉1) = 𝑠̄55 + 𝑠̂55; 𝑠̄𝑚66 = 𝑠̄66(1 + 𝛿2𝜉1) = 𝑠̄66 + 𝑠̂66

Here 𝛿𝑝 denotes gradation index for density, 𝛿1 and 𝛿2 denote gradation indexes correspond to Young’s and shear modulus,
respectively. These gradation parameters (𝛿𝑝, 𝛿1 and 𝛿2) can have any positive and negative numerical value. This type of gradation
is considered to provide flexibility to present mathematical model in considering different kind of variation in material properties.
Therefore, the present mathematical model can be used for graded cases in which variation of material properties is introduced
intentionally to achieve specific structural behaviour. Additionally, this formulation can also be used for degradation cases in which
elastic properties of some specific layers may deteriorate due to dispersion of moisture or some chemicals such as hydrogen or due
to periodic exposure to heat etc. Therefore, for in-plane functionally graded layers, Eq. (4) are modified and can be expressed as,

𝜀𝑥 = (𝑠̄11 + 𝑠̂11)𝜎𝑥 + (𝑠̄12 + 𝑠̂12)𝜎𝑦 + (𝑠̄13 + 𝑠̂13)𝜎𝑧 + 𝑑31𝐷𝑧

𝜀𝑦 = (𝑠̄12 + 𝑠̂12)𝜎𝑥 + 𝑠̄22𝜎𝑦 + 𝑠̄23𝜎𝑧 + 𝑑32𝐷𝑧

𝜀𝑧 = (𝑠̄13 + 𝑠̂13)𝜎𝑥 + 𝑠̄23𝜎𝑦 + 𝑠̄33𝜎𝑧 + 𝑑33𝐷𝑧

𝐸𝑧 = −𝑑31𝜎𝑥 − 𝑑32𝜎𝑦 − 𝑑33𝜎𝑧 + 𝜖33𝐷𝑧 (6)
𝛾𝑦𝑧 = (𝑠̄44 + 𝑠̂44)𝜏𝑦𝑧 + 𝑑24𝐷𝑦, 𝛾𝑧𝑥 = (𝑠̄55 + 𝑠̂55)𝜏𝑧𝑥 + 𝑑15𝐷𝑥

𝐸𝑥 = 𝜖11𝐷𝑥 − 𝑑15𝜏𝑧𝑥 𝐸𝑦 = 𝜖22𝐷𝑦 − 𝑑24𝜏𝑦𝑧

A 3D piezo-elasticity based extended Hamilton’s principle in a mixed form, without any type of charge source and body force, can
be expressed as,

∫𝑡 ∫𝑉
[(𝜎𝑖𝑗,𝑗 − 𝜌𝑢̈𝑖)𝛿𝑢𝑖 + (𝜀𝑖𝑗 − 0.5(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖))𝛿𝜎𝑖𝑗 +𝐷𝑖,𝑖𝛿𝜙 − (𝐸𝑖 + 𝜙,𝑖)𝛿𝐷𝑖]d𝑉 d𝑡 = 0, (7)

where 𝑉 is the volume (𝑎×𝑏×ℎ) of the three-dimensional plate under consideration and 𝑖 = 1, 2, 3 represent the 𝑥, 𝑦, 𝑧 coordinate,
respectively. Hence, 𝑢1 = 𝑢, 𝑢2 = 𝑣, 𝑢3 = 𝑤, 𝜀1 = 𝜀𝑥, 𝜀2 = 𝜀𝑦, 𝜀3 = 𝜀𝑧, 𝜀12 = 𝛾𝑥𝑦, 𝜀23 = 𝛾𝑦𝑧, 𝜀31 = 𝛾𝑧𝑥, 𝜎1 = 𝜎𝑥, 𝜎2 = 𝜎𝑦, 𝜎3 = 𝜎𝑧,
𝜎12 = 𝜏𝑥𝑦, 𝜎23 = 𝜏𝑦𝑧, 𝜎31 = 𝜏𝑧𝑥, 𝐸1 = 𝐸𝑥, 𝐸2 = 𝐸𝑦, 𝐸3 = 𝐸𝑧, 𝐷1 = 𝐷𝑥, 𝐷2 = 𝐷𝑦 and 𝐷3 = 𝐷𝑧. Substituting the expressions of the
electric components and strains from Eqs. (6) and (1) into Eq. (7) yields

∫𝑡 ∫𝑎 ∫𝑏 ∫ℎ
[𝛿𝑢{𝜏𝑥𝑧,𝑧 + 𝜎𝑥,𝑥 + 𝜏𝑥𝑦,𝑦 − (𝜌 + 𝜌̂)𝑢̈} + 𝛿𝑣{𝜏𝑦𝑧,𝑧 + 𝜏𝑥𝑦,𝑥 + 𝜎𝑦,𝑦 − (𝜌 + 𝜌̂)𝑣̈} + 𝛿𝑤{𝜎𝑧,𝑧 + 𝜏𝑧𝑥,𝑥

+ 𝜏𝑦𝑧,𝑦 − (𝜌 + 𝜌̂)𝑤̈} + 𝛿𝜙(𝐷𝑥,𝑥 +𝐷𝑦,𝑦 +𝐷𝑧,𝑧) + 𝛿𝜎𝑥{(𝑠̄11 + 𝑠̂11)𝜎𝑥 + (𝑠̄12 + 𝑠̂12)𝜎𝑦 + (𝑠̄13 + 𝑠̂13)𝜎𝑧
+ 𝑑31𝐷𝑧 − 𝑢,𝑥} + 𝛿𝜎𝑦{(𝑠̄12 + 𝑠̂12)𝜎𝑥 + 𝑠̄22𝜎𝑦 + 𝑠̄23𝜎𝑧 + 𝑑32𝐷𝑧 − 𝑣,𝑦} − 𝛿𝜎𝑧{𝑤,𝑧 − (𝑠̄13 + 𝑠̂13)𝜎𝑥 (8)
− 𝑠̄23𝜎𝑦 − 𝑠̄33𝜎𝑧 − 𝑑33𝐷𝑧} − 𝛿𝜏𝑦𝑧(𝑣,𝑧 +𝑤,𝑦 − 𝑠̄44𝜏𝑦𝑧 − 𝑑24𝐷𝑦) − 𝛿𝜏𝑧𝑥{𝑢,𝑧 +𝑤,𝑥 − (𝑠̄55 + 𝑠̂55)𝜏𝑧𝑥
− 𝑑15𝐷𝑥} + 𝛿𝜏𝑥𝑦{(𝑠̄66 + 𝑠̂66)𝜏𝑥𝑦 − 𝑣,𝑥 − 𝑢,𝑦} − 𝛿𝐷𝑥(𝜙,𝑥 + 𝜖11𝐷𝑥 − 𝑑15𝜏𝑧𝑥) − 𝛿𝐷𝑦(𝜙,𝑦 + 𝜖22𝐷𝑦

− 𝑑24𝜏𝑦𝑧) − 𝛿𝐷𝑧(𝜙,𝑧 − 𝑑31𝜎𝑥 − 𝑑32𝜎𝑦 − 𝑑33𝜎𝑧 + 𝜖33𝐷𝑧)]d𝑧d𝑦d𝑥d𝑡 = 0, ∀ 𝛿𝑢𝑖, 𝛿𝜙, 𝛿𝜎𝑖, 𝛿𝜏𝑖𝑗 , 𝛿𝐷𝑖

The exterior surfaces of the plate (bottom-most and top-most surface) are shear traction free. Therefore, the boundary conditions of
exterior surface at 𝑧 = ±ℎ∕2 can be expressed as,

at 𝑧 = ±ℎ∕2 ∶ 𝜏𝑦𝑧 = 0, 𝜏𝑧𝑥 = 0, 𝜎𝑧 = 0 (9)

If top or bottom surface is subjected to close-circuit (CC) condition then 𝜙 is prescribed. For open circuit condition 𝐷𝑧 is prescribed.
Therefore, for close-circuit surface 𝜙(𝑥, 𝑦) = 0 and for open-circuit surface 𝐷𝑧(𝑥, 𝑦) = 0. For multilayered FGM plates, perfect bonding
is assumed between different functionally graded layers. Therefore, following continuity condition is satisfied at each internal surface
between 𝑘th and (𝑘 + 1)th layers

[(𝑢, 𝑣, 𝑤, 𝜙, 𝐷𝑧, 𝜎𝑧, 𝜏𝑦𝑧, 𝜏𝑧𝑥)|𝜁=1](𝑘) = [(𝑢, 𝑣, 𝑤, 𝜙, 𝐷𝑧, 𝜎𝑧, 𝜏𝑦𝑧, 𝜏𝑧𝑥)|𝜁=0](𝑘+1) for 𝑘 = 1,… , 𝐿 − 1 (10)

In the present mathematical model, interfaces of smart piezoelectric layers with IPFG elastic substrate are considered as grounded
5

(𝜙 = 0) for better sensing. Note that when the interfaces between the piezoelectric layers and the elastic substrate are made grounded,
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the maximum potential difference will appear on top of the piezoelectric layer on the application of force. This is easier to evaluate
accurately and effectively, which makes sensing better by easing the potential evaluation. Therefore, 𝐷𝑧 becomes discontinuous at
these interfaces. Subsequently, the continuity condition given in Eq. (10) is changed to [𝜙|𝜁=1]

(𝑛𝑞 ) = 0 𝑖.𝑒. 𝑞 = 1,… , 𝐿𝑎, where 𝐿𝑎
xpresses the piezo-elastic layer interface where actuation electric voltage/potential is prescribed.

The present investigation is for Levy-type boundary conditions, hence the two opposite ends of the IPFG laminate smart
late along 𝑦-direction (at 𝑦 = 0 and 𝑦 = 𝑏) are always considered under simply-supported and close-circuit conditions. Thus,
𝑦 = 𝑤 = 𝑢 = 0 at 𝑦 = 0 and 𝑏 for all 𝑥, 𝑧 of that plane. The other two opposite edges of hybrid FGM plate can have any type
f mechanical and electrical support conditions. The mechanical support conditions at the edges 𝜉1 = 0 and 1 can be clamped
𝑤 = 𝑢 = 𝑣 = 0), free (𝜎𝑥 = 𝜏𝑥𝑧 = 𝜏𝑥𝑦 = 0) or simply-supported (𝜎𝑥 = 𝑤 = 𝑣 = 0) at each point of corresponding 𝑦− 𝑧 plane. The ends
f piezo-electric layers can have closed circuit (CC) condition (𝜙 = 0) or open circuit (OC) condition (𝐷𝑥 = 0).

. Formulation for viscoelastic analysis

First classical elasticity analysis is performed in which instantaneous stresses within a material are considered only function
f instantaneous strains, as presented in the preceding section. Now to implement viscoelasticity of material in the analysis,
nstantaneous stresses are assumed as a function of strains history by employing linear viscoelastic model. In a simplified linear
iscoelastic mathematical model, the stress 𝜎(𝑡) at any point within the structure is a function of time and can be written in the
orm of convolution integral on the kernel function [74] as

𝜎𝑡(𝑡) = 𝑔𝑡(𝑡)⊛ 𝜀(𝑡) (11)

n above equation, 𝑡 ∈ R+ is the dimensionless time parameter, 𝜎(𝑡) and 𝜀(𝑡) are representing time-dependent stress and strain,
espectively. Here, it is assumed that the strain is zero for negative times. Hence, the initial strain is 𝜀𝑡 = 0 for 𝑡 < 0 and 𝑔𝑡 is the
ernel or memory function. Causality requirements enforce 𝑔𝑡 to be a causal function 𝑖.𝑒. , it vanishes for 𝑡 < 0; 𝑔𝑡(𝑡) = 0,∀𝑡 < 0. This
pproach of deriving time-dependent stress equations in the context of linear viscoelasticity is known as the hereditary approach,
hich gives greater freedom in constructing viscoelastic models as compared to the differential approach that only relies on the

oncepts of certain springs and dashpots combinations. Hence, time-dependent stress–strain relationship of Eq. (11) can directly be
sed for dynamic investigation of a solid viscoelastic body. Such as, in case of its implementation to uniform bar, Eq. (11) must
e multiplied by its cross-section area which give the displacement and force rate (or velocity). In Eq. (11), 𝑔𝑡(𝑡) is also known as

relaxation function’, ‘after-effect function’ or ‘hereditary function’ in the context of different fields. Generally for the simplicity, the
ernel function (𝑔𝑡(𝑡)) is usually described in the frequency domain which is also known as Laplace domain form. Hence, Laplace
ransformation of Eq. (11) converts it into frequency domain which can be expressed as

𝜎𝑠(𝑠𝐿) = 𝑠𝐿𝐺̄𝑠(𝑠𝐿)𝜀𝑠(𝑠𝐿) (12)

ere 𝑠𝐿 ∈ C represents complex Laplace domain parameter. The parameters 𝜎𝑠(𝑠𝐿), 𝐺̄𝑠(𝑠𝐿) and 𝜀𝑠(𝑠𝐿) are representing the
orresponding Laplace transformation of 𝜎𝑡(𝑡), 𝑔𝑡(𝑡) and 𝜀𝑡(𝑡). The kernel function 𝑔𝑡(𝑡) can be constructed by two generally used
ethods one is approximation based mathematical approach and the other is general mathematical approach.

.1. Construction of the kernel function using approximation based mathematical approach

In the approximation based mathematical approach, different combinations of springs and dashpots are used to obtain kernel
unction for viscoelastic constitutive relationship. Though a variety of springs and dashpots based models can be constructed
y considering different arrangements, but for viscoelastic analysis of solid body generally four models [75,76] are used which
re known as Maxwell viscoelastic model, Voigt viscoelastic model, Standard linear viscoelastic model and Generalized Maxwell
iscoelastic model, as shown in Fig. 2. Here, Dirac delta function 𝛿(𝑡) and unit step function U(𝑡) are defined as below

U(𝑡) = 1 if 𝑡 ≥ 0, and 0 if 𝑡 < 0. (13)
𝛿(𝑡)⊛ 𝑓𝑡(𝑡) = 𝑓𝑡(𝑡) (14)

ere, 𝛿(𝑡) represents the Dirac delta function and 𝑓𝑡(𝑡) continuous generalized function. Dirac’s delta 𝛿(𝑡) distribution represents the
nit impulse function which is a generalized function or distribution over the real numbers [77,78]. Based on these assumptions,
he viscoelastic kernel function (𝑔𝑡(𝑡)) for the four models can be expressed [74–76] as

∙ Maxwell viscoelastic model:

𝑔𝑡(𝑡) = 𝜇𝑒−(𝜇∕𝜂)𝑡U(𝑡) (15)

∙ Voigt viscoelastic model:

𝑔𝑡(𝑡) = 𝜂𝛿(𝑡) + 𝜇U(𝑡) (16)

∙ Standard linear model:

𝑔𝑡(𝑡) = 𝐸𝑅

[

1 − (1 −
𝜏𝜎 )𝑒−𝑡∕𝜏𝜀̄𝑠

]

U(𝑡) (17)
6

𝜏𝜀̄𝑠
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Fig. 2. Representation of viscoelastic materials models using springs and dashpots arrangement.

∙ Generalized Maxwell viscoelastic model:

𝑔𝑡(𝑡) =

[ 𝑛
∑

𝑗=1
𝜇𝑗𝑒

−(𝜇𝑗∕𝜂𝑗 )𝑡

]

U(𝑡) (18)

This models is also called as the Prony series viscoelastic model.

These functions are obtained by assuming the equilibrium of different forces coming from stretching of the dashpots and springs as
given in Fig. 2. In these functions, 𝑡 is time, 𝜎(𝑡) is stress, 𝜀(𝑡) is strain of system, 𝜂 is viscosity parameter of material represented by
a purely viscous damper in the dashpots–springs system, 𝜇 is elastic stiffness parameter of material represented by a purely elastic
spring in the dashpots–springs system, 𝜏 denotes relaxation time constant and 𝐸𝑅 represents relaxation modulus.

3.2. Mathematical depiction of the kernel function in the frequency domain

The kernel function 𝑔𝑡(𝑡) in Eq. (12) can also be represented in the frequency (𝜔𝑠) state. It is a complex function which can be
denoted as,

𝐺̄𝑠(𝜔𝑠) = 𝐺̄𝑠(𝜄𝜔𝑠) = 𝐺𝑠(𝜔𝑠) (19)

Here 𝜔𝑠 ∈ R+ represents the frequency of Laplace domain signal. The complex function 𝐺𝑠(𝜔𝑠) can be split into real and imaginary
part and can be also represented in term of amplitude and phase angle as,

′ ′′ 𝜄𝜙𝑠(𝜔𝑠)
7

𝐺𝑠(𝜔𝑠) = 𝐺𝑠(𝜔𝑠) + 𝜄𝐺𝑠 (𝜔𝑠) = |𝐺𝑠(𝜔𝑠)|𝑒 (20)
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Table 1
Representation of complex elasticity modulus for different viscoelastic
material models in the Laplace or frequency domain.

Viscoelastic model Complex elasticity modules

Biot model [82] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0 +
∑𝑛

𝑘=1
𝑎𝑘 𝜄𝜔𝑠

𝜄𝜔𝑠+𝑏𝑘
Fractional derivative [83] 𝐺𝑠(𝜔𝑠) =

𝐺𝑠 0+𝐺𝑠∞ (𝜄𝜔𝑠𝜏)𝛽

1+(𝜄𝜔𝑠𝜏)𝛽

ADF [84] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0

[

1 +
∑𝑛

𝑘=1 𝛥𝑘
𝜔2
𝑠+𝜄𝜔𝑠𝛺𝑠 𝑘

𝜔2
𝑠+𝛺𝑠

2
𝑘

]

GHM [85] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0

[

1 +
∑

𝑘 𝛼𝑘
−𝜔2

𝑠+2𝜄𝜉𝑘𝜔𝑠 𝑘𝜔𝑠

−𝜔2
𝑠+2𝜄𝜉𝑘𝜔𝑠 𝑘𝜔𝑠+𝜔𝑠

2
𝑘

]

Step-function [86] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0

[

1 + 𝜂 1−𝑒−𝜔𝑠 𝑡0
𝜔𝑠 𝑡0

]

Half cosine model [86] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0

[

1 + 𝜂 1+2(𝜔𝑠 𝑡0∕𝜋)2−𝑒−𝜔𝑠 𝑡0
1+2(𝜔𝑠 𝑡0∕𝜋)2

]

Gaussian model [87] 𝐺𝑠(𝜔𝑠) = 𝐺𝑠0

[

1 + 𝜂 𝑒𝜔2
𝑠∕4𝜇

{

1 − erf
(

𝜄𝜔𝑠

2
√

𝜇

)}]

Real part 𝐺′
𝑠(𝜔𝑠) is known as storage moduli and imaginary part 𝐺′′

𝑠 (𝜔𝑠) is known as loss moduli. The kernel function has one
main restriction, which comes from the relationship between cause and effect that the reaction of the structure depends upon its
loading history. The output of a function at any time depends on past and present values of input which is known as causality
condition and causal system. A causal system (also known as a physical or non-anticipative system) is a system where the output
depends on past and current inputs but not future inputs—i.e., the output 𝑦(𝑡0) depends only on the input 𝑥(𝑡) for values of 𝑡 ≤ 𝑡0 [78].
Therefore, according to the causality condition, the structure’s reaction should depend upon its loading history. Further, the Kramers–
Kronigrelation [78] defines the mathematical correlation between the imaginary and real parts of the complex elasticity modulus
(complex modulus) [70,78]. Kramers–Kroniginterrelations show that the imaginary and real parts of complex elasticity modulus
must be linked by a Hilbert transform duo and it could be written mathematically as

𝐺′
𝑠(𝜔𝑠) = 𝐺𝑠∞ + 2

𝜋 ∫

∞

0

𝑢𝐺′′
𝑠 (𝑢𝑠)

𝜔2
𝑠 − 𝑢2𝑠

d𝑢𝑠 (21)

𝐺′′
𝑠 (𝜔𝑠) =

2𝜔𝑠
𝜋 ∫

∞

0

𝐺′
𝑠(𝑢𝑠)

𝑢2𝑠 − 𝜔2
𝑠

d𝑢𝑠 (22)

here 𝐺𝑠∞ = 𝐺𝑠(𝜔𝑠 → ∞) ∈ R represents unrelaxed modulus. The integral in the Eqs. (21) and (22) is evaluated in Cauchy’s
rincipal value sense near the singularity [78–80]. The behaviour of visco-elastic material in the present case is considered to
orrespond to various spring dashpot combinations. Therefore, the reference signal has come from the corresponding spring–dashpot
scillator, where the real and imaginary parts bear the meaning according to the conventional signal processing literature [70,78].
he equivalent relationships which is linking the modulus |𝐺′

𝑠(𝜔𝑠)| and the phase 𝜙𝑠(𝜔𝑠) of 𝐺𝑠(𝜔𝑠) can be expressed as [Remark 4
nd 5, Appendix G (refer to the Supplementary material)],

ln |𝐺′
𝑠(𝜔𝑠)| = ln |𝐺𝑠∞| + 2

𝜋 ∫

∞

0

𝑢𝑠𝜙𝑠(𝑢𝑠)
𝜔2
𝑠 − 𝑢2𝑠

d𝑢𝑠 (23)

𝜙𝑠(𝜔𝑠) =
2𝜔𝑠
𝜋 ∫

∞

0

ln |𝐺𝑠(𝑢𝑠)|
𝑢2𝑠 − 𝜔2

𝑠
d𝑢𝑠 (24)

t is worth mentioning that the approximation based principle described above to drive complex elasticity modulus automatically
atisfy these conditions. However, other functions are also there which can also satisfy these conditions. The determination of 𝐺𝑠(𝜔𝑠),
hich satisfy these conditions, through experimental measurements is also possible [78,81]. The most commonly used functions in

iterature are listed in Table 1.

.3. Effective material properties of viscoelastic layers in the laminated plate

In this paper, it is considered that each Young’s moduli 𝐸𝑖 (𝐸1, 𝐸2, 𝐸3) and each shear moduli 𝐺𝑖𝑗 (𝐺12, 𝐺13, 𝐺23) of viscoelastic
layer is modelled using viscoelastic properties. The Biot model (mentioned in Table 1) with only one term has been used for
computational simplicity. Hence, complex elastic and shear modulus in frequency domain [74] can be expressed as

𝐸𝑖(𝜔𝑠) = (𝐸𝑠)𝑖

(

1 + 𝜀̄𝑠
𝜄𝜔𝑠

𝜇 + 𝜄𝜔𝑠

)

(25)

𝐺𝑖𝑗 (𝜔𝑠) = (𝐺𝑠)𝑖𝑗

(

1 + 𝜀̄𝑠
𝜄𝜔𝑠

𝜇 + 𝜄𝜔𝑠

)

(26)

where 𝐸𝑖 represents the elastic modulus of the orthotropic layers considering viscoelasticity and (𝐸𝑠)𝑖 represents the elastic modulus
in absence of viscoelasticity. Similarly, 𝐺𝑖𝑗 represents the shear modulus of the orthotropic layers when viscoelasticity is considered
and (𝐺𝑠)𝑖𝑗 represents the shear modulus in absence of viscoelasticity. In these expressions, 𝜇 is the relaxation parameter and 𝜀̄𝑠
8

represents a constant defining the ‘strength’ of viscosity. The amplitude of complex elastic moduli and shear moduli [74] is given
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T

by

|𝐸𝑖(𝜔𝑠)| = 𝐸𝑠𝑖

√

√

√

√

𝜇2 + 𝜔2
𝑠
(

1 + 𝜀̄𝑠
)2

𝜇2 + 𝜔2
𝑠

(27)

|𝐺𝑖𝑗 (𝜔𝑠)| = 𝐺𝑠𝑖𝑗

√

√

√

√

𝜇2 + 𝜔2
𝑠
(

1 + 𝜀̄𝑠
)2

𝜇2 + 𝜔2
𝑠

(28)

he phase (𝜙𝑠) [74] of these complex elastic moduli and shear moduli are given by

𝜙𝑠
(

𝐸𝑖(𝜔𝑠)
)

= 𝜙𝑠
(

𝐺𝑖𝑗 (𝜔𝑠)
)

= tan−1
(

𝜇𝜀̄𝑠𝜔𝑠

𝜇2 + 𝜔2
𝑠 (1 + 𝜀̄𝑠)

)

(29)

The complex elastic and shear moduli have the various limiting properties which are providing critical insights for various special
cases. These limiting properties are listed in Appendix B (refer to the Supplementary material).

3.3.1. Numerical transformation of frequency domain into the time domain
The objective of the present paper is to present the time-dependent viscoelastic behaviour. Therefore, once the Frequency

(Laplace) domain solutions are obtained using the viscoelastic correspondence principle, as described in the preceding subsection,
they are inverted back into the time domain. The Inversion of frequency domain data into the time-domain is performed by
employing the computationally efficient inverse Fourier transform (IFFT) [88,89]. The physical interpretation of time signal into
the Fourier transform can be expressed as

𝐸𝑖(𝑡) = 1
2𝜋 ∫

∞

−∞
𝐸𝑖(𝜔𝑠)𝑒𝜄𝜔𝑠𝑡d𝜔 = ∫

∞

−∞
𝐸𝑖(2𝜋𝑓𝑠)𝑒2𝜋𝜄𝑓𝑠𝑡d𝑓𝑠 (30)

𝐺𝑖𝑗 (𝑡) = 1
2𝜋 ∫

∞

−∞
𝐺𝑖𝑗 (𝜔𝑠)𝑒𝜄𝜔𝑠𝑡d𝜔 = ∫

∞

−∞
𝐺𝑖𝑗 (2𝜋𝑓𝑠)𝑒2𝜋𝜄𝑓𝑠𝑡d𝑓𝑠 (31)

Here, 𝐸𝑖(𝑡) and 𝐺𝑖𝑗 (𝑡) represent relaxation elastic and shear moduli for composite orthotropic layers. The physical interpretation
of an equation indicates the act of establishing the relation between the physical quantities in the equation by expecting how the
system will behave at extreme or normal conditions. It can involve some approximations of the equation. The main characteristics of
materials with viscoelasticity are used to describe the stress relaxation of materials with time (𝑡). The efficient determination of 𝐸𝑖(𝑡)
and 𝐺𝑖𝑗 (𝑡) must accurately simulate the viscoelastic deformation and stress relaxation in the material. Since in the inversion, discrete
numerical data of frequency domain is used rather than a continuous expression for computation convenience, the continuous inverse
Fourier transform can be expressed by its discrete counterpart as,

𝐸𝑖(𝑡) =
∞
∑

𝑛=−∞
𝐶𝐸
𝑛 𝑒𝜄2𝜋𝑛𝑡 and 𝐺𝑖𝑗 (𝑡) =

∞
∑

𝑛=−∞
𝐶𝐺
𝑛 𝑒

𝜄2𝜋𝑛𝑡 (32)

where coefficients 𝐶𝐸
𝑛 and 𝐶𝐺

𝑛 are given by,

𝐶𝐸
𝑛 = |𝐸𝑖(𝜔𝑠𝑛 )| 𝑒

𝜄𝜙
(

𝐸(𝜔𝑠𝑛 )
)

(33)

𝐶𝐺
𝑛 = |𝐺𝑖𝑗 (𝜔𝑠𝑛 )| 𝑒

𝜄𝜙
(

𝐺(𝜔𝑠𝑛 )
)

(34)

It shows that whether the signal is periodic or not, its time waveform can be represented in the form of amplitude |𝐸(𝜔𝑠𝑛 )| and phase
𝜙
(

𝐸(𝜔𝑠𝑛 )
)

. For more information on the relationships between the continuous and discrete Fourier transform, one can refer to [90].
While inverting the frequency domain data into the time domain, all values (higher to lowest) of the parameter 𝜔𝑠 are considered.
So the time domain signal shows oscillation at each time step and to smoothen this time signal Savitzky–Golay smoothing algorithm
is used here.

4. EKM-Fourier series based analytical solution approach

In the present mathematical model both mechanical and electrical variables are considered as primary variables. Thus, the
mechanical displacements variables (𝑢, 𝑣, 𝑤), electrical variables (𝜙, 𝐷𝑥, 𝐷𝑦 and 𝐷𝑧) and the stresses variables (𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑥𝑦, 𝜏𝑦𝑧,
𝜏𝑧𝑥) are functions of 𝜉1, 𝜉2, and 𝜁 , and solved as primary variables using combination of extended Kantorovich method and Fourier
series approach, as further explained in this section.

To obtain the solution for 𝑦-direction, Fourier series approach is utilized and solution is assumed in form of Fourier series in such
a manner that it satisfies simply-supported end conditions (𝜎𝑦 = 𝑤 = 𝑢 = 0 at edges 𝜉2 = 0, 1) of 𝑦 direction [Remark 3: Appendix G
(supplementary material)],

[

𝑢, 𝑤, 𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑧𝑥, 𝜙, 𝐷𝑥, 𝐷𝑧
]

=
𝑀𝑦
∑

𝑚=1

[

(𝑢, 𝑤, 𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑧𝑥, 𝜙, 𝐷𝑥, 𝐷𝑧)𝑚 cos𝜔𝑡
]

sin𝑚𝜋𝜉2

[

𝑣, 𝜏𝑦𝑧, 𝜏𝑥𝑦, 𝐷𝑦
]

=
𝑀𝑦
∑

[

(𝑣, 𝜏𝑦𝑧, 𝜏𝑥𝑦, 𝐷𝑦)𝑚 cos𝜔𝑡
]

cos𝑚𝜋𝜉2 (35)
9

𝑚=1
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where 𝑀𝑦 represents the number of term in Fourier series and ( )𝑚 denotes the 𝑚th term of Fourier series, and it is the function
of 𝜉1 and 𝜁 . The truncated Fourier series is used where truncation of series (no. of terms in Fourier series) is corresponding to the
flexural vibration mode of 𝑦-directions. A rectangular plate can have infinite flexural vibration modes along any direction. Hence,
for general case 𝑀𝑦 → ∞. However, as in engineering application, the interest is over finite number of fundamental modes, the
series has usually finite number of terms depending on the vibration modes of interest. Further, we substitute these Fourier series
assumption, given in Eq. (35), into the extended Hamilton’s principle expressed in Eq. (8). It transforms Eq. (8) into the following
form, due to the orthogonality of cosine and sine functions,

∫𝑡 ∫𝑎 ∫ℎ
[𝛿𝑢𝑚{𝜏𝑥𝑧𝑚,𝑧 + 𝜎𝑥𝑚,𝑥 − 𝑚̄𝜏𝑥𝑦𝑚 − (𝜌 + 𝜌̂)𝜔2𝑢𝑚} + 𝛿𝑣𝑚(𝜏𝑦𝑧𝑚,𝑧 + 𝜏𝑥𝑦𝑚,𝑥 + 𝑚̄𝜎𝑦𝑚 − (𝜌 + 𝜌̂)𝜔2𝑣𝑚)

+ 𝛿𝑤𝑚{𝜎𝑧𝑚,𝑧 + 𝜏𝑧𝑥𝑚,𝑥 − 𝑚̄𝜏𝑦𝑧𝑚 − (𝜌 + 𝜌̂)𝜔2𝑤𝑚} + 𝛿𝜙𝑚(𝐷𝑥𝑚,𝑥 − 𝑚̄𝐷𝑦𝑚 +𝐷𝑧𝑚,𝑧) + 𝛿𝜎𝑥𝑚 ((𝑠̄11 + 𝑠̂11)𝜎𝑥𝑚
+ (𝑠̄12 + 𝑠̂12)𝜎𝑦𝑚 + (𝑠̄13 + 𝑠̂13)𝜎𝑧𝑚 + 𝑑31𝐷𝑧𝑚 − 𝑢𝑚,𝑥) + 𝛿𝜎𝑦𝑚 (̄(𝑠̄12 + 𝑠̂12)𝜎𝑥𝑚 + 𝑠̄22𝜎𝑦𝑚 + 𝑠̄23𝜎𝑧𝑚 + 𝑑32𝐷𝑧𝑚

+ 𝑚̄𝑣𝑚) − 𝛿𝜎𝑧𝑚 (𝑤𝑚,𝑧 − (𝑠̄13 + 𝑠̂13)𝜎𝑥𝑚 − 𝑠̄23𝜎𝑦𝑚 − 𝑠̄33𝜎𝑧𝑚 − 𝑑33𝐷𝑧𝑚 ) − 𝛿𝜏𝑦𝑧𝑚 (𝑣𝑚,𝑧 + 𝑚̄𝑤𝑚 − 𝑠̄44𝜏𝑦𝑧𝑚
− 𝑑24𝐷𝑦𝑚 ) − 𝛿𝜏𝑧𝑥𝑚 (𝑢𝑚,𝑧 +𝑤𝑚,𝑥 − (𝑠̄55 + 𝑠̂55)𝜏𝑧𝑥𝑚 − 𝑑15𝐷𝑥𝑚 ) + 𝛿𝜏𝑥𝑦𝑚 ((𝑠66 + 𝑠̂66)𝜏𝑥𝑦𝑚 − 𝑣𝑚,𝑥 − 𝑚̄𝑢𝑚)

− 𝛿𝐷𝑥𝑚 (𝜙𝑚,𝑥 + 𝜖11𝐷𝑥𝑚 − 𝑑15𝜏𝑧𝑥𝑚 ) − 𝛿𝐷𝑦𝑚 (𝑚̄𝜙𝑚 + 𝜖22𝐷𝑦𝑚 − 𝑑24𝜏𝑦𝑧𝑚 ) − 𝛿𝐷𝑧𝑚 (𝜙𝑚,𝑧 − 𝑑31𝜎𝑥𝑚 − 𝑑32𝜎𝑦𝑚
− 𝑑33𝜎𝑧𝑚 + 𝜖33𝐷𝑧𝑚 )]d𝑧d𝑥d𝑡 = 0, ∀ 𝛿𝑢𝑖𝑚 , 𝛿𝜙𝑚, 𝛿𝜎𝑖𝑚 , 𝛿𝜏𝑖𝑗𝑚 , 𝛿𝐷𝑖𝑚 where 𝑚̄ = 𝑚𝜋∕𝑏 (36)

he above expression appears for every Fourier term. Now dependency of each variable is reduced and all primary field variables,
=

[

𝑢𝑚 𝑣𝑚 𝑤𝑚 𝜎𝑥𝑚 𝜎𝑦𝑚 𝜎𝑧𝑚 𝜏𝑥𝑦𝑚 𝜏𝑦𝑧𝑚 𝜏𝑧𝑥𝑚 𝜙𝑚 𝐷𝑥𝑚 𝐷𝑦𝑚 𝐷𝑧𝑚

]T are function of 𝜉1 (𝑥-coordinate) and 𝜁
thickness coordinate) only. The solution along these two-directions (for 𝑥 and 𝑧- direction) is obtained further by employing recently
eveloped the multi-term extended Kantorovich method [30,34,36,40,73,91]. The solution of 𝑋𝑙, 𝑙th variable 𝐗, is assumed as the
ummation of 𝑛 terms series containing products of two separable unknown functions 𝑔𝑖𝑙(𝜁 ) and 𝑓 𝑖

𝑙 (𝜉1). Thus, the solution of each
𝑙 variable can be expressed for the 𝑘th layer as,

𝑋𝑙𝑚 (𝜉1, 𝜁) =
𝑛
∑

𝑖=1
𝑓 𝑖
𝑙𝑚
(𝜉1)𝑔𝑖𝑙𝑚 (𝜁 ) for 𝑙 = 1, 2,… , 13 (37)

ere, 𝑓 𝑖
𝑙 (𝜉1) acts as global variable and is valid for all layers, while 𝑔𝑖𝑙(𝜁 ) acts as local variable which is valid separately for every

ocal 𝑘th layer. In the next sections, subscript ‘𝑚’ is dropped from the mathematical expressions of 𝑓 𝑖
𝑙𝑚

and 𝑔𝑖𝑙𝑚 for convenience. Now,
he solutions for unknown functions 𝑔𝑖𝑙(𝜁 ) and 𝑓 𝑖

𝑙 (𝜉1) are obtained in two iterative steps.

.1. First iterative step—solving functions 𝑔𝑖𝑙(𝜁 )

In this iteration step, thickness function 𝑔𝑖𝑙(𝜁 ) is solved. To start the first iteration step, 𝑓 𝑖
𝑙 (𝜉1) is assumed in sine and cosine form.

n present EKM approach, the assumed initial functions need not satisfy any natural and essential boundary condition and it can
e chosen arbitrarily. But for better convergence and to reduce the number of iteration for accurate solution, the 𝑓 𝑖

𝑙 (𝜉1) function is
ssumed corresponding to simply-supported boundary conditions of edges 𝜉1 = 0 and 1. Hence, the initial functions 𝑓 𝑖

𝑙 (𝜉1) to the
tart the first step of iteration 1 can be assumed as 𝑓 𝑖

1(𝜉1) = 𝑓 𝑖
7(𝜉1) = 𝑓 𝑖

9(𝜉1) = 𝑓 𝑖
11(𝜉1) = cos 𝑖𝜋𝜉1; 𝑓 𝑖

2(𝜉1) = 𝑓 𝑖
3(𝜉1) = 𝑓 𝑖

4(𝜉1) = 𝑓 𝑖
5(𝜉1) =

𝑖
6(𝜉1) = 𝑓 𝑖

8(𝜉1) = 𝑓 𝑖
12(𝜉1) = 𝑓 𝑖

13(𝜉1) = sin 𝑖𝜋𝜉1. Here, 𝑓1(𝜉1), 𝑓2(𝜉1), 𝑓3(𝜉1), 𝑓4(𝜉1), 𝑓5(𝜉1), 𝑓6(𝜉1), 𝑓7(𝜉1), 𝑓8(𝜉1), 𝑓9(𝜉1), 𝑓10(𝜉1), 𝑓11(𝜉1),
𝑓12(𝜉1) and 𝑓13(𝜉1) denote in-plane function for 𝑢, 𝑣, 𝑤, 𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑥𝑦, 𝜏𝑦𝑧, 𝜏𝑧𝑥, 𝜙, 𝐷𝑥, 𝐷𝑦 and 𝐷𝑧, respectively. Now functions 𝑔𝑖𝑙(𝜁 )
have to be solved in this iteration step, for which variation 𝛿𝑋𝑙 can be expressed as,

𝛿𝑋𝑙(𝜉1, 𝜁) =
𝑛
∑

𝑖=1
𝑓 𝑖
𝑙 (𝜉1)𝛿𝑔

𝑖
𝑙 , 𝑙 = 1, 2,… , 13 (38)

The functions 𝑔𝑖𝑙(𝜁 ) can be divided into two parts 𝐆̄ and 𝐆̂. Here 𝐆̄ column vector is of dimension 8𝑛 and has the specific independent
variables that comes in the interface condition, and mechanical/electrical boundary conditions at exterior surfaces (top and bottom)
of hybrid FGM plate. The other 𝐆̂ column vector is of size 5𝑛 and has the other left over dependent variables,

𝐆̄ =
[

𝑔11 … 𝑔𝑛1 𝑔12 … 𝑔𝑛2 𝑔13 … 𝑔𝑛3 𝑔16 … 𝑔𝑛6 𝑔18 … 𝑔𝑛8 𝑔19 … 𝑔𝑛9 𝑔110 … 𝑔𝑛10 𝑔113 … 𝑔𝑛13
]T

𝐆̂ =
[

𝑔14 … 𝑔𝑛4 𝑔15 … 𝑔𝑛5 𝑔17 … 𝑔𝑛7 𝑔𝑛11 … 𝑔𝑛11 𝑔𝑛12 … 𝑔𝑛12
]T (39)

Now assumed solution Eq. (37), and its variational part Eq. (38) are substituted into Eq. (36). However, variations in 𝛿𝑔𝑖𝑙 functions
are arbitrary, hence the coefficients of 𝛿𝑔𝑖𝑙 should be equal to zero individually according to fundamental lemma of variational
principles. It leads to the following set of 8𝑛 first-order coupled ODEs and 5𝑛 coupled linear-algebraic equations for every layer,

𝐌𝐆̄,𝜁 = 𝐀̄𝐦(𝜔)𝐆̄ + 𝐀̂𝐦𝐆̂ (40)

𝐊𝐦𝐆̂ = 𝐀̃𝐦𝐆̄ (41)

Here, 𝐌8𝑛×8𝑛, 𝐀̄8𝑛×8𝑛, 𝐀̂8𝑛×5𝑛, 𝐊5𝑛×5𝑛, and 𝐀̃5𝑛×8𝑛 are coefficient matrices, wherein 𝐀̄𝐦 = 𝐀̄ + 𝐀̄𝐯; 𝐀̂𝐦 = 𝐀̂ + 𝐀̂𝐯; 𝐊𝐦 = 𝐊 + 𝐊𝐯; 𝐀̃𝐦 =
𝐀̃ + 𝐀̃𝐯. The non-zero elements of coefficient matrices of Eqs. (40) and (41) (𝐌, 𝐀̄, 𝐀̄𝐯, 𝐀̂, 𝐀̂𝐯, 𝐊𝐦, 𝐀̃, 𝐀̃𝐯) are listed in Appendix C
(refer to the supplementary material). Since the functions 𝑓 𝑖 are presumed for first starting iteration, the coefficient elements of
10
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Eqs. (40) and (41) could be solved in closed-form by performing integration along 𝑥-direction. Hence, coefficients of Eq. (40) and
Eq. (41) are now known. The substitution of 𝐆̂ from Eq. (41) into Eq. (40), transforms Eq. (40) to the following form,

𝐆̄,𝜻 = 𝐀(𝝎)𝐆̄, Here, 𝐀 = 𝐌−1[𝐀̄𝐦 + 𝐀̂𝐦𝐊𝐦−1𝐀̃𝐦] (42)

bove Eq. (42) is a set of 8𝑛 first-order coupled ODEs with constant coefficients and this system of ODEs can be solved analytically
y following solution approach suggested by Kumari and Behera [92] which is further explained in Appendix D (refer to the
upplementary material).

.2. Second iterative step—solving functions 𝑓 𝑖
𝑙 (𝜉1)

In the first iterative step, 𝑔𝑖𝑙(𝜁 ) functions are obtained in closed-form. Now, in the second iteration these obtained 𝑔𝑖𝑙(𝜁 ) functions
are used to obtain 𝑓 𝑖

𝑙 functions, which are assumed as unknown in this iteration. Therefore, variation is assumed in 𝑔𝑖𝑙 functions and
hence 𝛿𝐗𝐥 can be expressed as,

𝛿𝑋𝑙(𝜉1, 𝜁) =
𝑛
∑

𝑖=1
𝑔𝑖𝑙(𝜁 )𝛿𝑓

𝑖
𝑙 for 𝑙 = 1, 2,… , 13 (43)

Similar to first iteration, the in-plane functions 𝑓 𝑖
𝑙 (𝜉1) can also be split-up into two column vectors 𝐅̂ and 𝐅̄. Here, 𝐅̄ contains the

specific independent variables that appear in the mechanical and electrical boundary conditions along 𝑥-directions at 𝜉1 = 0 and 1.
he 𝐅̂ column vector contains the remaining dependent variables. Hence,

𝐅̄ =
[

𝑓 1
1 … 𝑓 𝑛

1 𝑓 1
2 … 𝑓 𝑛

2 𝑓 1
3 … 𝑓 𝑛

3 𝑓 1
4 … 𝑓 𝑛

4 𝑓 1
7 … 𝑓 𝑛

7 𝑓 1
9 … 𝑓 𝑛

9 𝑓 1
10 … 𝑓 𝑛

10 𝑓 1
11 … 𝑓 𝑛

11
]T

𝐅̂ =
[

𝑓 1
5 … 𝑓 𝑛

5 𝑓 1
6 … 𝑓 𝑛

6 𝑓 1
8 … 𝑓 𝑛

8 𝑓 1
12 … 𝑓 𝑛

12 𝑓 1
13 … 𝑓 𝑛

13
]T (44)

Substituting Eq. (43) and Eq. (37) in Eq. (36), and equating the coefficient of 𝛿𝑓 𝑖
𝑙 to zero individually, lead to a set of differential–

algebraic equations as,

𝐍𝐅̄,𝝃𝟏 = {𝐁̄(𝝎) + 𝝃𝟏𝐁̄𝐯(𝝎)}𝐅̄ + (𝐁̂ + 𝝃𝟏𝐁̂𝐯)𝐅̂ (45)

𝐋𝐅̂ = (𝐁̃ + 𝝃𝟏𝐁̃𝐯)𝐅̄ (46)

where 𝐍8𝑛×8𝑛, 𝐁̄8𝑛×8𝑛, 𝐁̄𝐯
8𝑛×8𝑛, 𝐁̂8𝑛×5𝑛, 𝐁̂𝐯

8𝑛×5𝑛, 𝐋5𝑛×5𝑛, 𝐁̃5𝑛×8𝑛 and 𝐁̃𝐯
5𝑛×8𝑛 are coefficient matrices and all non-zero elements of these

matrices are listed in Appendix E (refer to the supplementary material). However, 𝑔𝑖𝑙(𝜁 ) are already known in closed-form from
previous iteration, hence all elements of the coefficient matrices can also be solved exactly in closed form by executing integration
over 𝜁 direction on the known 𝑔𝑖𝑙 functions. Then, substitution of algebraic Eq. (46) into Eq. (45) leads to,

𝐅̄,𝝃𝟏 = {𝐁𝟎(𝜔) + 𝜉1𝐁𝟏(𝜔) + 𝜉21𝐁𝟐}𝐅̄ (47)

Here 𝐁𝟎 = 𝐍−𝟏(𝐁̄ + 𝐁̂𝐋−𝟏𝐁̃), 𝐁𝟐 = 𝐍−𝟏(𝐁̂𝐯𝐋−𝟏𝐁̃𝐯), 𝐁𝟏 = 𝐍−𝟏(𝐁̄𝐯 + 𝐁̂𝐋−𝟏𝐁̃𝐯 + 𝐁̂𝐯𝐋−𝟏𝐁̃). The above Eq. (47) represents coupled system
of first-order differential equations (8𝑛) having variable coefficients which are function of 𝜉1. This couple system ODEs cannot be
solved exactly using traditional approaches. Therefore, solution of Eq. (47) has been obtained by utilizing a modified power series
approach recently developed by Singh and Kumari et al. [40,73], which is explained in Appendix F (Supplementary material). After
obtaining 𝐅̄ functions in closed-form, further they have been used to obtain the 𝐅̂ functions using Eq. (46). In this way second
iterative step is completed which gives solution along in-plane (𝑥) direction. These two iteration steps, first for thickness functions
𝑔𝑖𝑙 which is explained in (Section 4.1), and second for 𝑓 𝑖

𝑙 functions which is explained in (Section 4.2), complete one iteration. After
one iteration these 𝑔𝑖𝑙 and 𝑓 𝑖

𝑙 are known and then, it has been used for obtaining final solution based on Eqs. (35) and Eq. (37).
These two iterative steps can be continued to get the final converged solution depending on the required level of accuracy.

5. Numerical results and discussion

This section presents numerical results concerning validation of the proposed analytical framework first, followed by in-depth
elastic and viscoelastic analyses.

5.1. Elastic analysis

5.1.1. Hybrid piezoelectric rectangular plates of constant stiffness and density
The developed mathematical model is validated first by comparing the present results with previously published results in the

literature to establish and demonstrate the accuracy of the proposed analytical solution approach. In the following subsections,
the effect of in-plane graded elastic properties on natural frequencies and mode shapes of intelligent FGM plates is investigated
extensively. New benchmark results are presented for various gradation cases by considering different configurations and thickness
ratios (𝑆 = 𝑎∕ℎ) under different electrical and mechanical boundary conditions. The material properties [93] used in this study are
tabulated in Table 2.

Various configurations of smart plates, as shown in Fig. 3, are taken into consideration for the current numerical study. The
obtained results for natural frequencies are expressed in non-dimensionalized form using 𝜔∗ = 𝜔𝑎𝑆

√

𝜌 ∕𝑌 . Where 𝑌 = 6.9 GPa for
11
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Table 2
Material constants [93].

Material 𝑌1 𝑌2 𝑌3 𝐺23 𝐺13 𝐺12 𝜈12 𝜈13 𝜈23 𝜌

Mat. 1 6.9 6.9 6.9 1.38 1.38 1.38 0.25 0.25 0.25 1578
Mat. 2 224.25 6.9 6.9 1.38 56.58 56.58 0.25 0.25 0.25 1578
Mat. 3 172.5 6.9 6.9 1.38 3.45 3.45 0.25 0.25 0.25 1578
Mat. 4 (Gr/Ep) 181.0 10.3 10.3 2.87 7.17 7.17 0.28 0.28 0.33 1578
Mat. 5 (Face) 131.1 6.9 6.9 2.3322 3.588 3.588 0.32 0.32 0.49 1000
Mat. 6 (Core) 0.0002208 0.0002208 2.76 0.4554 0.5451 0.01656 0.99 3×10−5 3×10−5 70
PZT-5A 61.0 61.0 53.2 21.1 21.1 22.6 0.35 0.38 0.38 7600

Material 𝑑31 𝑑32 𝑑33 𝑑24 𝑑15 𝜂11 𝜂22 𝜂33
PZT-5A −171 −171 374 584 584 15.3 15.3 15.0

Units: density (𝜌) in Kg/m3; Young’s moduli 𝑌𝑖 in GPa and shear moduli 𝐺𝑖𝑗 in GPa; electric permittivities 𝜂𝑖𝑗 in nF/m;
piezoelectric strain coefficients 𝑑𝑖𝑗 in pm/V; where 𝑑0 = 𝑑33 pm/V.

Table 3
Comparison of first six lowest flexural frequencies for all-around simply supported (SSSS) single-layered square
smart piezoelectric plates under closed circuit (CC) condition (𝜙(𝑥, 𝑦,±ℎ∕2) = 0 and open circuit (OC) condition
(𝐷𝑧(𝑥, 𝑦,±ℎ∕2) = 0).

Closed circuit Open circuit

Present 3D Analytical [92] 3D Exact [94] Present 3D Analytical [92] 3D Exact [94]

96929.9 96929.9 96929.9 98233.0 98231.7 98231.7
194254.8 194254.8 194255.0 194254.8 194254.8 194255.0

𝑆 = 4 327662.5 327662.5 327663.0 355170.5 355110.0 355110.0
538884.4 538884.4 538885.0 538884.4 538884.4 538885.0
609187.1 609185.3 609186.0 690984.2 690766.8 690767.0
958929.5 958922.4 958922.0 960118.1 960103.9 960103.0

713025.6 713062.7 713061.0 724559.2 724602.0 724602.0
777020.5 777020.5 777021.0 777020.5 777020.5 777021.0

𝑆 = 1 889887.0 889901.3 889902.0 912882.9 912911.4 912912.0
925431.5 925431.5 925431.0 925431.5 925431.5 925431.0
1243806.5 1243817.9 1243819.0 1270594.7 1270594.7 1270594.0
1270594.7 1270594.7 1270594.0 1293476.5 1293505.0 1293504.0

hybrid smart plate (b) and (c), and 𝑌0 = 10.3 GPa for all other hybrid smart plates and in-plane functionally graded (IPFG) plates.
imilarly, 𝜌0 = 1000 Kg/m3 for hybrid smart plate (c), and 𝜌0 = 1578 Kg/m3 for all other hybrid smart plates and inplane IPFG

plates. Similarly, non-dimensionalized values of modal displacements, electrical state variables and stresses are plotted in graphical
figures, and the following expression is used for the non-dimensionalization of results.

(𝑤̄, 𝑣̄, 𝑢̄) = (𝑤, 𝑣, 𝑢)∕max (𝑤, 𝑣, 𝑢); (𝜎̄𝑖, 𝜏𝑖𝑗 ) = (𝜎𝑖, 𝜏𝑖𝑗 )ℎ𝑆∕( 𝑌0 max (𝑤, 𝑢))

𝜙̄ = 𝜙𝑑0∕max(𝑤, 𝑢) 𝐷̄𝑖 = 𝐷𝑖 ℎ𝑆∕(𝑑0 𝑌0 max(𝑤, 𝑢))

𝑤̄, 𝑣̄, 𝑢̄ denotes the non-dimensionalized displacement in 𝑧, 𝑦, and 𝑥 directions. Normalized normal stresses and shear stresses
are denoted by 𝜎̄𝑖 and 𝜏𝑖𝑗 , respectively. Similarly, 𝜙̄ expresses non-dimensionalized electric potential, and normalized electric
displacements are expressed by 𝐷̄𝑖. Here 𝑆(= 𝑎∕ℎ) expresses the span-to-thickness ratio of FGM plate and max(𝑤, 𝑣, 𝑢) denotes
the largest value of displacement 𝑤, 𝑣 and 𝑢 along the thickness of FGM plate for that flexural mode. The length of all FGM and
composite plates are taken equal to unity (𝑎 = 1) for all cases and thickness of rectangular plate is assumed according to span to
thickness ratio (𝑆 = 𝑎∕ℎ) of the plates. For 𝑆 = 5, 10, 20 the values of ℎ are 0.2, 0.1, 0.05, respectively. Similarly, 𝑠(= ℎ∕𝑎) expresses
the thickness-to-span ratio. The rectangular plates are named corresponding to their mechanical support conditions at the ends. For
example, CFSS designation of plate indicates that plate is clamped (C) at 𝜉1 = 0 and free (𝐹 ) at 𝜉1 = 1, and simply-supported at
𝜉2 = 0 and 𝜉2 = 1.

Here the present EKM-Fourier series technique of solution is validated by comparing the results with previously reported
numerical results for constant property cases without any type of gradation. First, the present results are validated for an orthotropic
single-layered piezoelectric rectangular plate subjected to a simply-supported boundary condition and it has poling [Remark 2:
Appendix G (supplementary material)] along the 𝑧-direction. Results are compared with the 3D exact result of Heyliger and
Saravanos [94], which was obtained by employing the Fourier series approach through which the solution of the ordinary differential
equations can be obtained in the exact closed form (therefore, referred as the exact solution approach in literature), and 3D elasticity-
based analytical results of Susanata and Kumari [92]. In Table 3, the results are compared for two-type of electrical arrangements,
(i) Single-layered PZT-5 A plate subjected to closed-circuit (CC) condition at top and bottom surface (𝜙(𝑥, 𝑦,±ℎ∕2) = 0), (ii) Single-
layered PZT-5 A plate subjected to Open-circuit (OC) condition at top and bottom surface (𝐷𝑧(𝑥, 𝑦,±ℎ∕2) = 0). Results are compared
for thick plates having thickness ratio 𝑆 = 4 and 𝑆 = 1 (Cubical-plate). It is noted that the current power series-based EKM solution
12

is accurate in predicting natural frequencies of single-layered smart piezoelectric plate, and all results are in good agreement.
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Fig. 3. Configurations of smart IPFG rectangular plates considered for the present numerical study.

Table 4
Comparison of natural frequencies (𝜔∗ = 𝜔𝑎𝑆

√

𝜌0∕𝑌0) of hybrid smart plate (b), intelligent sandwich plate (c), composite smart plate (d)
and (e) with different 𝑆 values and electrical condition as 𝜙(𝑥, 𝑦,−ℎ∕2) = 0 and 𝐷𝑧(𝑥, 𝑦, ℎ∕2) = 0.

Smart plate (b) Smart plate (c) Smart plate (d) Smart plate (e)

𝑆 Present 3D Exact [93] Present 3D Exact [93] Present 3D Exact [93] Present 3D Exact [93]

5 7.4148 7.4148 4.5233 4.5277 7.1810 7.1810 7.1809 7.1809
𝜔∗
11 10 10.0342 10.0342 7.3390 7.3390 9.3686 9.3686 9.2795 9.2795

20 11.4178 11.4178 9.7440 9.7440 10.4327 10.4327 10.2231 10.2231

5 14.7140 14.7140 7.8958 7.8958 13.5944 13.5944 13.6391 13.6391
𝜔∗
21 10 22.3965 22.3965 13.8801 13.8801 21.2357 21.2357 20.4789 20.4779

20 29.0240 29.0240 21.3567 21.3567 27.8333 27.8333 25.2664 25.2664

5 23.6208 23.6208 11.9501 11.9501 20.9313 20.9313 21.0482 21.0482
𝜔∗
31 10 37.7411 37.7411 21.2309 21.2357 35.0186 35.0186 34.5431 34.5431

20 53.5800 53.5800 35.6934 35.6934 51.6591 51.6591 47.5942 47.5942

5 18.6431 18.6431 10.2915 10.2915 18.3672 18.3672 18.2319 18.2319
𝜔∗
22 10 29.6593 29.6593 18.0932 18.0103 28.7240 28.7240 28.7234 28.7234

20 40.1367 40.1367 29.3559 29.3559 37.4744 37.4744 37.1180 37.1180

5 30.7853 30.7853 16.9820 16.9820 29.7901 29.7901 29.4727 29.4727
𝜔∗
33 10 51.5468 51.5468 29.2571 29.2571 50.7313 50.7313 50.5764 50.5764

20 77.4823 77.4823 50.7073 50.7073 73.8647 73.8647 73.6951 73.6951

After establishing the accuracy of the present mathematical model for single-layered piezoelectric smart plate (a), the results are
obtained for laminated piezoelectric plates (b), (c), (d), and (e) of different configurations, as shown in Fig. 3. All the laminated
hybrid plates are integrated with two PZT-5 A plies at the bottom and top to their elastic substrate. The thickness of both top
13
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and bottom piezoelectric layers is 0.1ℎ and it has poling along with the thickness (𝑧-direction). The surfaces of piezoelectric layers
ith the elastic substrate are considered grounded (𝜙 = 0). The elastic substrate of plate (b) has six laminae with orientation 𝜃𝑘 as
0◦∕0◦∕90◦∕0◦∕0◦∕0◦ ] with thickness 0.08ℎ/0.12ℎ/0.2ℎ/ 0.2ℎ/0.12ℎ/0.08ℎ of material 1/3/2/2/3/1, as shown in Fig. 3. The elastic
ubstrate of the plate (c) is a five-layer sandwich substrate with two faces [0◦∕90◦ ] of Material 5 and a soft-core [0◦ ] of Material 6.

Overall orientation of substrate is [0◦∕90◦∕0◦∕90◦∕0◦ ] of thicknesses 0.04ℎ/0.04ℎ/0.64ℎ/0.04ℎ/0.04ℎ and material 5/5/6/5/5, as
hown in Fig. 3. The elastic substrate of the plate (d) and (e) has a 4-ply composite laminate of graphite-epoxy Mat.4, and each
ly is of equal thickness 0.2ℎ. Plate (d) has symmetric substrate with lay-up [0◦∕90◦∕90◦∕0◦ ] and the of plate (e) has antisymmetric

substrate with lay-up [90◦∕0◦∕90◦∕0◦ ], as shown in Fig. 3. The all above mentioned stacking sequences are from the base layer to top
layer for all plates, as shown in Fig. 3. The dimensionless flexural frequencies are tabulated in Table 4 for plates (b), (c), (d) and (e)
with the upper surface grounded (𝜙(𝑥, 𝑦, ℎ∕2) = 0) and the bottommost surface subjected to open-circuit conditions (𝐷𝑧(𝑥, 𝑦,±−ℎ∕2)
= 0. The flexural frequencies are listed for different span to thickness ratio, 𝑆 = 5,10, 20, and for different mode, (m, n) = (1, 1),
(2, 1), (2, 2), (3, 1), (3, 3). The present numerical results for hybrid smart plates (b), (c), (d) and (e) are compared with the 3D
exact results presented by Kapuria and Achary [93], which is also based on the Fourier series approach, known as an exact solution.
It is noted that the current power-series EKM model is very much accurate in predicting flexural frequencies for symmetric and
antisymmetric laminated/sandwich piezoelectric smart plates. All numerical results are in excellent agreement with the 3D exact
results of [93]. The current model is highly efficient and accurate, and moreover, accuracy is not affected much by thickness to
span ratio 𝑆 and inhomogeneity in configurations.

After demonstrating the validation for simply-supported smart piezoelectric plates, the validation is carried out for piezo-
laminated smart rectangular plates subjected to arbitrary support conditions. The numerical results obtained from the present power
series-based EKM model are compared with the result presented by Susanta and Kumari [92] which are obtained using 3D exact
EKM. Table S1 (in the supplementary material) shows the comparison of the first ten lowest natural bending frequencies for thick (𝑆
= 5) and moderately thick (𝑆 = 10) hybrid smart plates (d) under different mechanical support conditions such as SSSS, CSSS, CCSS,
CFSS, and FFSS. Excellent agreement is observed for all the cases. It demonstrates that the present power-series approach is efficient,
yet accurate in solving coupled system of ODEs for dynamic cases. It is worth noting that one term (𝑛 = 1) based EKM solution is
enough to predict the natural frequencies of the piezoelectric plate accurately. It is also worth mentioning that the present power
series-based EKM solution is equally accurate for predicting the natural frequencies of the thick and thin hybrid piezoelectric plates
subjected to open or closed-circuit conditions. The effects of electrical circuit conditions are very less on flexural frequencies of the
plate due to weak electro-mechanical coupling, but these tiny effects play a vital role in precise control and sensory applications.
It is observed that the present mathematical model is very accurate and precise in predicting these small effects, as illustrated in
Table 3, 4 and S1 (Supplementary material).

5.1.2. Hybrid piezoelectric rectangular plates with variable stiffness and density
After demonstrating the accuracy and efficacy of the current 3D mathematical model for constant stiffness piezoelectric plates,

the numerical study is extended to the analysis of functionally graded smart piezo-plates in this section. Two types of smart FGM
plates are taken into consideration for the numerical study, (i) IPFG Plate (a): In-plane functionally graded rectangular substrate
integrated with a single piezoelectric layer at the top; and (ii) IPFG Plate (b): In-plane functionally graded rectangular substrate
integrated with the piezoelectric layer at bottom and top, as shown in Fig. 3. The thickness of PZT-5 A layers is 0.1 h for both
type of IPFG plates. To study the effect of in-plane stiffness variation on dynamic behaviour of smart plates, three types of stiffness
and density gradation cases are considered for the elastic layers, Case (1): 𝛿1 = 𝛿2 = 𝛿𝑝 = 0.5; Case (2): 𝛿1 = 𝛿2 = 𝛿𝑝 = 1.0; and

ase (3): 𝛿1 = 2.0, 𝛿2 = 1.0, 𝛿𝑝 = 1.5 along with homogenous plate (constant properties) case (Constant: 𝛿1 = 𝛿2 = 𝛿𝑝 = 0.0).
he numerical results for homogenous (constant) property case are also presented along with graded density and stiffness cases
o access the influence of in-plane variation of stiffness and density on the flexural frequencies and electro-mechanical behaviour
f IPFG plates. Only converged results are tabulated here, which are obtained by taking 𝑛 = 1, iter.1 for SSSS smart plate and 𝑛
1, iter.2 for all other types of support conditions. The convergence study of the present EKM approach is presented in Table

2 (supplementary material). In subsequent sections, three-dimensional finite element (3D FE) results, obtained using commercial
inite element analysis (FEA) software ABAQUS, are also listed along with present EKM results for validation purposes because no
ther analytical and semi-analytical solution exists in literature for free-vibration of variable-stiffness piezoelectric plates. For 3D
E analysis, user material subroutine (UMAT) is developed to implement the in-plane gradation of stiffness and density in the finite
lement model and then converged FE results are obtained by using a discretization of 50 (length) × 50 (width) × 18 (thickness). For
omparison and bench-marking purposes, the numerical results are tabulated for various type of electrical and mechanical supports
nder different thickness ratios.

.1.2.1. IPFG plate (a): In-plane functionally graded rectangular elastic substrate integrated with piezoelectric layer at top. An in-plane
unctionally graded plate (a) integrated with a smart piezoelectric (PZT-5 A) layer of thickness 0.1 h at the top, as shown in Fig. 3,
s taken into consideration for numerical study in this section. The stiffness and density of the elastic composite layer are assumed to
ary linearly along the axial (𝑥) direction where the elastic and electrical properties of the piezoelectric layer are assumed constant.
he side edges and top/bottom surface of the active piezoelectric layer are considered under close-circuit conditions. First five lowest
imensionless fundamental flexural frequencies (𝜔∗ = 𝜔𝑎𝑆

√

𝜌0∕𝐸0, here 𝐸0 = 10.3 GPa, 𝜌 = 1578 kg/m3) are tabulated for 𝑚 = 1,
2 and 3 considering moderately thick (𝑆 = 10) hybrid plate (a) under different mechanical support conditions. Results are listed for
three gradation cases, 𝑖.𝑒. Case (1), Case (2), and Case (3), along with homogeneous plate (constant properties case) to investigate
14

the influence of in-plane variation of stiffness and density gradation on flexural frequencies. Tables 5 and 6 contain benchmark
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Table 5
Influence of in-plane gradation of density and stiffness on natural flexural frequencies (𝜔∗ = 𝜔𝑎𝑆

√

𝜌0∕𝐸0) of
moderately thick (𝑆 = 10) IPFG smart piezoelectric plate (a) subjected to CCSS boundary conditions.

Constant Case (1) Case (2) Case (3)

𝜔∗
𝑛𝑚 Present 3D FE Present 3D FE Present 3D FE Present 3D FE

𝜔∗
11 15.390 15.489 12.978 13.099 10.422 11.403 10.095 10.350

𝜔∗
21 32.424 32.719 27.264 27.542 23.591 23.878 21.609 21.893

𝜔∗
31 52.017 52.585 43.763 44.260 37.874 38.348 34.936 35.382

𝜔∗
41 72.422 73.239 61.041 61.726 52.846 53.473 49.052 49.639

𝜔∗
51 93.019 94.057 78.703 79.483 68.166 68.903 63.588 64.264

𝜔∗
12 20.029 20.023 17.665 17.506 15.970 15.662 14.164 14.509

𝜔∗
22 35.752 36.000 30.489 30.724 26.716 26.962 24.711 24.960

𝜔∗
32 54.645 55.158 46.296 46.747 39.490 40.746 37.382 37.790

𝜔∗
42 74.610 75.381 63.149 63.795 54.871 55.465 51.079 51.638

𝜔∗
52 95.377 95.847 80.406 81.241 69.845 70.600 65.259 65.964

𝜔∗
13 29.065 29.224 26.133 26.275 23.841 23.977 22.276 22.407

𝜔∗
23 42.431 42.632 37.002 37.192 33.040 33.245 30.848 31.059

𝜔∗
33 59.759 60.187 51.322 51.697 45.232 45.596 42.201 42.549

𝜔∗
43 78.119 79.416 67.225 67.796 58.623 59.397 55.013 55.509

𝜔∗
53 98.246 99.174 83.813 84.573 73.198 73.890 68.556 69.203

Table 6
Effect of in-plane gradation (density and stiffness) on natural flexural frequencies (𝜔∗ = 𝜔𝑎𝑆

√

𝜌0∕𝐸0) of
moderately thick (𝑆 = 10) IPFG piezoelectric plate (a) for CFSS boundary condition.

Constant Case (1) Case (2) Case (3)

𝜔∗
𝑛𝑚 Present 3D FE Present 3D FE Present 3D FE Present 3D FE

𝜔∗
11 5.199 5.226 4.489 4.507 3.984 3.996 3.628 3.636

𝜔∗
21 17.306 17.377 14.866 14.923 13.066 13.123 11.704 11.771

𝜔∗
31 36.543 36.966 31.267 31.051 27.376 27.375 24.764 24.805

𝜔∗
41 57.271 57.494 48.841 48.985 42.615 42.763 39.103 39.256

𝜔∗
51 78.411 79.372 66.622 67.341 58.109 58.554 53.830 54.201

𝜔∗
12 12.914 13.029 11.399 11.515 10.301 10.403 9.511 9.597

𝜔∗
22 22.869 22.936 20.014 20.070 17.911 17.963 16.487 16.547

𝜔∗
32 40.273 40.530 34.747 34.910 30.670 30.801 28.111 28.243

𝜔∗
42 60.118 60.462 51.512 51.754 45.147 45.352 41.665 41.872

𝜔∗
52 80.222 80.476 68.800 69.392 60.139 60.617 55.880 56.282

𝜔∗
13 24.382 24.537 21.685 21.830 19.712 19.790 18.148 18.263

𝜔∗
23 32.236 32.333 28.777 28.860 26.182 26.256 24.423 24.500

𝜔∗
33 47.100 47.317 41.240 41.383 36.893 37.008 34.248 34.362

𝜔∗
43 65.348 65.809 56.543 56.813 50.004 50.202 46.476 46.658

𝜔∗
53 84.524 85.722 72.866 73.438 64.089 64.454 59.784 60.086

results for CCSS and CFSS support conditions, respectively. Subsequently, the results are for SSSS, CSSS, SFSS, and FFSS support
conditions are tabulated in Table S3, S4, S5 and S6 (refer to the supplementary material), respectively. The fundamental flexural
frequencies for the in-plane graded hybrid plate are presented for the first time in this paper. As the gradation index for elastic
properties and density increases, the natural frequencies decrease remarkably under all the support conditions. The quantitative
effect of in-plane variation of density and stiffness on flexural frequencies of hybrid rectangular plate primarily depends on the
mechanical support conditions of the IPFG plate. Percentage decrement in flexural frequencies due to the in-plane variation of
properties are plotted in Figs. S1, S2 and S3 of the supplementary material. An interesting observation is that the extent of the
effect of gradation on lower natural frequencies for 𝑚 = 1, 2, and 3 significantly depends upon the type of support conditions. On
the other hand, the influence of gradation on higher mode natural flexural frequencies (for 𝑚 = 1, 2, and 3) shows independence
from mechanical support conditions. The percentage change in higher mode natural flexural frequencies is nearly the same for all
support conditions. This observation is physically relevant considering the fact that higher flexural vibration modes are more local
in nature. For all hybrid plated, except FFSS plate, nearly 10 to 15% decrement is noted in the lowest five flexural frequencies (𝑚
= 1,2, and 3) for Case (1) compared to the constant property case. For Case (2) and Case (3), the percentage decrease in flexural
frequencies are 16 to 27% and 22 to 34% for Case (3), respectively. For the FFSS hybrid plate, these decrements are 7%–14% for
Case (1), 12%–26% for Case (2), and 15%–33% for Case (2). All results reported in this section have been computed by taking 𝑛 =
1, iteration 1 for SSSS support conditions and 𝑛 = 1, iteration 2 for other support conditions.

After studying the influence of in-plane gradation of stiffness and density on the natural flexural frequencies of the hybrid smart
plate, the numerical investigation is extended to access the impact of in-plane gradation on mode shapes of the hybrid plate. The
flexural 3D mode shapes associated with the lowest five natural frequencies are plotted for different types of support conditions
under constant properties case and gradation Case 1. The 3D mode shapes for the SSSS hybrid IPFG plate are displayed for constant
property case and gradation Case 1 in Figs. S4 and S5, respectively. Similarly, the 3D mode shapes for the CSSS hybrid IPFG plate
15
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d

Fig. 4. Influence of in-plane variation of density and stiffness on axial variations of displacements and stresses for first flexural vibration mode (Mode-1) of the
moderately thick (𝑆 = 10) IPFG smart plate (a) subjected to SSSS boundary condition.

are displayed for homogenous case (constant property case) and gradation Case 1 in Figs. S6 and S7. Figs. S8 and S9 contain 3D
mode shapes for the CCSS hybrid IPFG plate for constant property case and gradation case 1, respectively. Similarly, the 3D mode
shapes for other boundary conditions are also plotted to investigate the influence of gradation in detail. In Figs. S10 and S11 results
are plotted for CFSS plates. Mode shapes of SFSS and FFSS hybrid plates are given in Figs. S12, S13, S14 and S15 for constant
property case and gradation Case (1). The Figs. S6–S15 are given in supplementary material. It is worth mentioning that all flexural
mode shapes are impacted significantly by the in-plane gradation of stiffness and density. Another interesting observation is that
the mode shape of the FFSS plate is affected more as compared to other support conditions.

Further, the influence of axial gradation of stiffness and density is also investigated on the longitudinal variation of flexural
deflection (𝑤̄, 𝑣̄, 𝑢̄) and stresses (𝜎̄𝑥, 𝜎̄𝑦, 𝜏𝑥𝑦, 𝜏𝑦𝑧, 𝜏𝑥𝑧) in the hybrid FGM plate. In Figs. 4 and 5 longitudinal variation of stresses and
isplacements are plotted for the first flexural vibration mode of moderately thick (𝑆 = 10) smart hybrid plate (a) subjected to SSSS

and CFSS support conditions, respectively. Subsequently, the longitudinal variation of stresses and displacements are also plotted
for CSSS, CCSS, and SFSS hybrid FGM plate in Figs. S16, S17, and S18 (supplementary material), respectively. In these figures, the
results are plotted for all gradation cases along with the constant property case. It is found that the longitudinal variation of stresses
in smart FGM plates is impacted significantly due to in-plane gradation, whereas displacement of the IPFG plates is least affected.
The effect on stresses 𝜎̄𝑥, 𝜏𝑥𝑦, and 𝜏𝑥𝑧 are more as compared to other stresses. It is worth mentioning that the extent of the effect
of gradation on displacement and stresses majorally depends on mechanical support conditions of the hybrid plate. An interesting
observation is that the intelligent IPFG plate is more sensitive to the in-plane variation of density and elastic properties when subject
to free edge boundary conditions such as CFSS and SFSS plates. The relative influence of gradation is most when the IPFG plates
16

are subjected to the free-free boundary conditions. The effect is least when the hybrid piezoelectric plate is subjected to clamped
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Fig. 5. Influence of in-plane variation of density and stiffness on axial variations of displacements and stresses for first flexural vibration mode (Mode-1) of the
oderately thick (𝑆 = 10) IPFG smart plate (a) subjected to CFSS boundary condition.

oundary conditions. It reveals that the natural flexural vibration behaviour of the plate under in-plane gradation mainly depends
pon the mechanical end conditions of the plate.

Further, to access the effect of in-plane gradation of stiffness and density on sensory behaviour of piezoelectric layers, the
ongitudinal variation of the electric variable (𝐷̄𝑥, 𝐷̄𝑦, 𝐷̄𝑧 and 𝜙) are plotted for SSSS and CFSS hybrid smart plate in Figs. 6 and 7,
espectively. Similarly results are also plotted for CSSS and SFSS hybrid smart plate in Figs. S19 and S20, respectively (supplementary
aterial). It is found that the variation of electrical variables in the piezoelectric sensor layer is not affected much by longitudinal

radation of material properties in the elastic composite layers. A small effect of in-plane variation of density and stiffness is observed
n electric field 𝐷̄𝑧 and electric potential (𝜙) under SSSS and CSSS support conditions. It is worth noting that the natural flexural
requencies and their corresponding mode shapes are affected remarkably by the axial gradation of properties in the elastic layer,
hereas the response of the sensory layer remains almost identical or affected by a very small amount. This interesting observation
f the present study can play a significant role in the design of piezoelectric sensors and actuators for vibration control applications.

.1.2.2. IPFG plate (b): In-plane functionally graded rectangular elastic substrate integrated with two piezoelectric layers at top and bottom.
n this section, the longitudinal graded rectangular plate (b) which is integrated with the piezoelectric layers (PZT-5 A) at the
ottom and top, as shown in Fig. 3, is investigated. The stiffness and density of the composite elastic layer are considered to
ary continuously and linearly along the 𝑥-direction, whereas the material properties of the PZT layers are assumed constant. The
ide edges of the smart PZT-5 A layers are grounded (𝜙(𝑦, 𝑧) = 0 at 𝑥 = 0, 𝑎). In Table 7 lowest ten natural flexural frequencies
𝜔∗ = 𝜔ℎ

√

𝜌0∕𝐸0, where 𝜌 = 1578 kg/m3, 𝐸0 = 10.3 GPa) are presented for moderately thick (𝑆 = 10) hybrid IPFG plate (b)
subjected to various mechanical edge conditions such as SSSS, CSSS, CCSS, CFSS, SFSS and FFSS. Subsequently, the results for
17



Mechanical Systems and Signal Processing 184 (2023) 109636A. Singh et al.

n
c
T
m

l
(

Fig. 6. Influence of in-plane variation of density and stiffness on axial variations of electric variables for first flexural vibration mode (Mode-1) of the moderately
thick (𝑆 = 10) IPFG smart plate (a) subjected to SSSS boundary condition.

Fig. 7. Influence of in-plane variation of density and stiffness on axial variations of electric variables for first flexural vibration mode (Mode-1) of the moderately
thick (𝑆 = 10) IPFG smart plate (a) with CFSS boundary condition.

thick (𝑆 = 5) hybrid IPFG plate (b) are tabulated in Table S7 (refer to the supplementary material), respectively. The benchmark
umerical results are tabulated for three gradation cases (Case 1, Case 2, Case 3) along with the homogeneous (constant property)
ase. Significant effect of in-plane variation of density and stiffness is noted on the natural flexural frequencies of IPFG plates.
he natural flexural frequencies show significant decrement as the gradation index increases. The extent of the gradation influence
ainly relies on mechanical edge conditions of the hybrid IPFG plate.

Further, to assess the effect of in-plane gradation of stiffness and density on sensory behaviour of piezoelectric layers, the
ongitudinal variation of the electric variable (𝐷̄𝑥, 𝐷̄𝑦, 𝐷̄𝑧 and 𝜙) are plotted for SSSS, CSSS and SFSS hybrid smart IPFG plate
b) in Figs. S21, S22 and S23, respectively (supplementary material). It is found that the variation of electrical fields (𝐷̄𝑥, 𝐷̄𝑦, 𝐷̄𝑧)

and potential (𝜙) in the piezoelectric sensor layer is not affected much by longitudinal gradation of material properties in the elastic
composite layers. It is worth noting that the natural flexural frequencies are affected remarkably by such axial gradation, whereas the
electrical response of the piezoelectric layers remains almost unaffected irrespective of configuration. This would have favourable
18

design implications concerning sensor placements for vibration control and health monitoring applications.
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Table 7
Influence of in-plane gradation of density and stiffness on lowest ten natural flexural frequencies (𝜔∗ = 𝜔𝑎𝑆

√

𝜌0∕𝐸0) of moderately
thick (𝑆 = 10, 𝑡𝑝 = 0.1 h) IPFG smart plate (b) subjected to open–circuit conditions at top and closed-circuit bottom surface.

1 2 3 4 5 6 7 8 9 10

𝜔∗
11 𝜔∗

12 𝜔∗
21 𝜔∗

13 𝜔∗
22 𝜔∗

23 𝜔∗
14 𝜔∗

31 𝜔∗
32 𝜔∗

24
Constant 9.673 18.145 24.673 29.816 30.493 39.573 42.621 42.815 47.909 50.502

SSSS Case 1 8.715 16.869 21.633 27.971 27.381 36.243 40.093 37.233 41.514 46.816
Case 2 7.951 15.791 19.322 26.353 24.968 33.602 37.797 33.030 37.283 43.834
Case 3 7.288 14.935 17.706 25.051 23.410 31.896 35.909 30.727 35.045 41.824

𝜔∗
11 𝜔∗

12 𝜔∗
21 𝜔∗

13 𝜔∗
22 𝜔∗

23 𝜔∗
14 𝜔∗

31 𝜔∗
32 𝜔∗

24
Constant 11.613 19.029 26.603 30.229 31.850 40.448 42.845 44.059 48.109 51.073

CSSS Case 1 10.392 17.564 23.430 28.250 28.593 36.983 40.214 38.526 42.550 47.266
Case 2 9.419 16.345 20.983 26.542 26.041 34.213 37.861 34.321 38.292 44.171
Case 3 8.649 15.423 19.358 25.201 24.441 32.456 35.952 32.054 36.055 42.108

𝜔∗
11 𝜔∗

12 𝜔∗
21 𝜔∗

13 𝜔∗
22 𝜔∗

23 𝜔∗
14 𝜔∗

31 𝜔∗
32 𝜔∗

24
Constant 13.747 20.063 28.338 30.229 33.152 40.448 43.094 45.232 49.083 51.655

CCSS Case 1 12.083 18.350 24.608 28.250 29.419 36.983 40.417 39.218 43.092 47.584
Case 2 10.809 16.958 21.840 26.542 26.599 34.213 38.019 34.777 38.626 44.347
Case 3 9.999 16.040 20.341 25.201 25.068 32.456 36.128 32.613 36.464 42.301

𝜔∗
11 𝜔∗

12 𝜔∗
21 𝜔∗

22 𝜔∗
13 𝜔∗

31 𝜔∗
23 𝜔∗

32 𝜔∗
13 𝜔∗

33
Constant 5.369 14.536 15.533 22.666 26.832 31.731 33.179 36.870 40.118 45.047

CFSS Case 1 4.873 13.340 13.948 20.792 24.677 28.186 30.840 33.213 36.904 41.151
Case 2 4.480 12.380 12.682 19.265 22.922 25.408 28.904 30.310 34.257 38.014
Case 3 4.194 11.631 11.665 18.149 21.514 23.499 27.461 28.456 32.122 36.050

𝜔∗
11 𝜔∗

21 𝜔∗
12 𝜔∗

22 𝜔∗
13 𝜔∗

31 𝜔∗
23 𝜔∗

32 𝜔∗
14 𝜔∗

33
Constant 4.684 13.549 14.353 21.532 26.762 29.949 32.558 35.615 40.083 44.207

SFSS Case 1 4.294 12.181 13.212 19.841 24.642 26.467 30.361 32.033 36.894 40.386
Case 2 3.982 11.098 12.287 18.463 22.904 23.779 28.542 29.223 34.253 37.341
Case 3 3.749 10.168 11.552 17.417 21.502 21.882 27.152 27.405 32.120 35.420

𝜔∗
11 𝜔∗

21 𝜔∗
12 𝜔∗

22 𝜔∗
31 𝜔∗

32 𝜔∗
13 𝜔∗

23 𝜔∗
41 𝜔∗

33
Constant 3.866 6.377 13.568 16.031 18.075 25.773 26.102 28.103 35.343 36.248

FFSS Case 1 3.657 5.991 12.795 15.180 16.182 23.643 24.464 26.820 31.090 33.683
Case 2 3.471 5.680 12.049 14.553 14.739 21.956 22.841 25.931 27.863 31.630
Case 3 3.310 5.480 11.389 14.111 13.541 20.763 21.468 25.187 25.850 30.253

Fig. 8. Geometry of the smart in-plane functionally graded (IPFG) viscoelastic plates.

To study the effect of electrical edge conditions on the behaviour of the hybrid plate with in-plane gradation, thick (𝑆 = 5) hybrid
plate (b) is investigated in Table S7 (supplementary material) for closed-closed circuit condition (𝜙(𝑥, 𝑦,±ℎ∕2) = 0), and closed-open
circuit condition ((𝜙(𝑥, 𝑦,−ℎ∕2) = 0 and 𝐷𝑧(𝑥, 𝑦, ℎ∕2) = 0). The lowest six dimensionless natural flexural frequencies are listed in
Table S5 for smart IPFG plate (b) under open-circuit condition at the topmost surface and closed-circuit condition at the bottommost
surface. The benchmarks numerical results are listed for different types of hybrid plate boundary conditions such as SSSS, CSSS,
CCSS, CFSS, SFSS, and FFSS. It is noticed that the influence of gradation on natural flexural frequencies is unchanged by the type
of electric circuit conditions at the bottom and top surface of the plate. Under both types of electrical arrangements, the hybrid
plate shows a similar decrement in flexural frequencies due to the in-plane variation. However, the natural frequencies of hybrid
FGM plate under open-circuit conditions are slightly higher than plate subjected to closed-closed circuit conditions. It shows that
the effect of electrical circuit condition is very week for the FGM hybrid plates. It is observed that the present power series-based
EKM methodology can accurately determine these small effects for smart hybrid IPFG plates, which is important for precise control
applications. Moreover, It is worth mentioning that these numerical results can act as benchmark to develop accurate numerical
solutions for natural frequency based applications of hybrid IPFG plates. Note that the results for mode shapes, displacements,
stress and strain components for various vibration modes can be readily obtained using the proposed framework, as presented in
the preceding sub-section.
19
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Fig. 9. Effect of viscoelasticity on the first five lowest natural frequencies of three-layered moderately thick (𝑆 = 10) viscoelastic smart plate (a) without graded
properties. The time-dependent variation of first five lowest natural frequencies is plotted in non-dimensionalized form for different boundary conditions such as
SSSS, CSSS, CCSS, CFSS. The non-dimensionalization is performed by dividing the natural frequencies of viscoelastic plate by the corresponding natural frequency
of elastic plate given in Table 7.

5.2. Viscoelastic analysis of smart hybrid IPFG plates

After performing the extensive elastic analysis, the present EKM based mathematical model has been extended for viscoelastic
analysis of in-plane functionally graded (IPFG) smart viscoelastic plates. The effect of viscoelasticity on the dynamic behaviours of
rectangular IPFG plate is studied in detail. For that two types of configurations are considered as shown in Fig. 8.

In the viscoelastic analysis, the modulus amplitudes indicate the strength of the frequency (𝜔𝑠) domain signal, whereas the phase
angle (𝜙𝑠) of the signal shows the alignment of frequency components in time. The variation of viscoelastic moduli amplitude and
phase angle (𝜙𝑠) with respect to frequency are plotted in Fig. S24 (supplementary material). The variation is plotted by considering
viscoelastic parameters as 𝜇 = (𝜔𝑠)𝑚𝑎𝑥∕1.4 and 𝜖 = 0.2 for obtaining the numerical results. The amplitude of elastic and shear
moduli increases as the frequency (𝜔𝑠) increases until its limiting values as defined in Appendix B (supplementary material). The
value of all three elastic and shear moduli at very low frequency (i.e., 𝜔𝑠 → 0) are equal to the classical elastic and shear moduli
of elastic case. A similar trend of viscoelastic material properties is also observed for irregular honeycombs in frequency domain
by Mukhopadhyay et al. [74] and for strand-based composite materials in the time domain by Malekmohammadi et al. [95]. The
variation of phase angle (𝜙𝑠) corresponding to all three elastic and shear moduli in frequency (𝜔𝑠) domain is also plotted in Fig. S18
(Supplementary material). The phase angle achieves the peak value for a certain critical frequency, which can be calculated easily
using Eq. (29). This variation of phase angle (𝜙𝑠) is explained by the Biot model which is similar to the linear standard viscoelastic
model given in Fig. 2. In the Biot model, material behaviour is pure elastic at very low and very high frequencies, and the viscous
effect is maximum at certain critical frequencies (𝜔𝑠). The phase angles (𝜙𝑠) variation corresponding to Young’s moduli and shear
moduli are same for all cases, unlike the amplitude of elastic and shear moduli. It is worth noting that the phase angles are not
dependent on the material’s elastic properties and their values corresponding to different Young’s moduli and shear modulus remain
unchanged, unlike amplitude of elastic and shear moduli.

After obtaining the variation of amplitude and phase angle of elastic and shear moduli in frequency (𝜔𝑠) domain, it has
been transformed to the time domain (𝑡) using discrete inverse Fourier series transformation (IFFT) technique, as explained in
Section 3.3.1. Fig. S25 (supplementary material) shows the variation of elastic and shear moduli in the time domain. All three
elastic and shear moduli values at 𝑡 → 0 are almost equal to classical elastic and shear moduli without viscoelasticity effect. As time
increases, the value of elastic and shear moduli relaxes and becomes constant after a certain time. A similar trend of elastic and shear
moduli in the time-domain has also been reported by Endo and Pereira [96] for an orthotropic viscoelastic material. Furthermore,
they also validated their Prony series computational model with experimental data obtained by the creep Test of material. A similar
trend of time-dependent Young’s modulus for isotropic material has also been observed by Jalocha [97] using a generalized Maxwell
model.

In the next stage, the time-dependent variation of Young’s moduli and shear moduli is utilized to obtain the time-dependent
20

natural flexural frequency response of viscoelastic smart plates (a) and (b), as shown in Fig. 8. It is considered that the bottom
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Fig. 10. Effect of viscoelasticity on the in-plane stress 𝜎̄𝑥, transverse stress 𝜎̄𝑧𝑥, electric field 𝐷̄𝑧 and electric potential 𝜙̄ of three-layered moderately thick (𝑆 =
10) viscoelastic smart plate (a) with non-graded and graded properties. The time-dependent variation of in-plane stress 𝜎̄𝑥, transverse stress 𝜎̄𝑧𝑥, electric field 𝐷̄𝑧
and electric potential 𝜙̄ is plotted in non-dimensionalized form for first vibration mode under SSSS boundary condition. The non-dimensionalized initial values
of in-plane stress (𝜎̄𝑥)0 = −5.8047, transverse stress (𝜎̄𝑧𝑥)0 = 0.53780, electric field (𝐷̄𝑧)0 = 3.1374 and electric potential (𝜙̄)0 = −2.3274 ×10−3 for non-viscous
on-graded case are used for further normalization of the viscoelastic case.

urface of the IPFG viscoelastic smart plate is subjected to closed-circuit condition 𝑖.𝑒. 𝜙(𝑥, 𝑦,−ℎ∕2) = 0, and the top surface is under
pen circuit condition 𝑖.𝑒. 𝐷𝑧(𝑥, 𝑦, ℎ∕2) = 0. First, the effect of viscoelasticity on natural frequencies is studied for smart viscous
late (a) (plate without in-plane gradation) subjected to different mechanical boundary conditions. Fig. 9 shows the influence of
iscoelasticity on the first five lowest natural frequencies of three-layered moderately thick (𝑆 = 10) viscoelastic smart plate (a)
ithout graded properties.

The time-dependent variation of the first five lowest natural frequencies is plotted in non-dimensionalized form for different
oundary conditions such as SSSS, CSSS, CCSS, CFSS. The non-dimensionalization is performed by dividing the flexural frequencies
f the viscoelastic plate by the corresponding flexural frequency of elastic plate given in Table 7. It is observed that the viscoelastic
ayer acts as a damper. Due to viscoelastic behaviour of the composite layer, the natural frequencies of the smart hybrid plate are
ecreased with increasing time. It is worth noting that the natural frequencies decrease gradually with time, unlike viscoelastic
roperties, which decrease fast with the increase in time. The viscoelastic effect on lower vibration modes is more influenced by
echanical boundary conditions of the plates. The effect of viscoelasticity on higher mode natural frequencies is almost similar
nder all support conditions.

Fig. S26 (supplementary material) shows the effect of viscoelasticity on the first natural flexural frequencies of three-layered
oderately thick (𝑆 = 10) inhomogeneous viscoelastic smart plate (b) having graded properties. The time-dependent variation of
atural frequencies is plotted in non-dimensionalized form for different gradation cases under different edge conditions such as SSSS,
SSS, CCSS, CFSS. The non-dimensionalization is done by dividing the flexural frequencies of the viscoelastic plate by the flexural

requencies of the elastic plate without any gradation given in Table 7. It is found that the trend of viscoelastic effect on natural
requency is not affected much by inhomogeneity in composite layers, albeit the numerical values become different. For different
radation cases, the natural frequencies of the plate decrease with time in a similar pattern under all mechanical support conditions.
ig. 10 shows the influence of viscoelasticity on the in-plane stress 𝜎̄𝑥, transverse stress 𝜎̄𝑧𝑥, electric field 𝐷̄𝑧 and electric potential 𝜙̄
f three-layered moderately thick (𝑆 = 10) viscoelastic smart plate (a) with non-graded and graded properties. The time-dependent
ariation of in-plane stress 𝜎̄𝑥, transverse stress 𝜎̄𝑧𝑥, electric field 𝐷̄𝑧 and electric potential 𝜙̄ is plotted in non-dimensionalized form
or first vibration mode under SSSS boundary condition. The non-dimensionalized initial values of in-plane stress (𝜎̄𝑥)0 = −5.8047,

transverse stress (𝜎̄𝑧𝑥)0 = 0.53780, electric field (𝐷̄𝑧)0 = 3.1374 and electric potential (𝜙̄)0 = −2.3274 ×10−3 for non-viscous non-
graded case are used for further scaling of the viscoelastic case. It is observed that the stresses in the plate decrease fast with the
increase in time and become constant after a certain value of time. Similar trend in time-dependent behaviour of stresses are observed
under the gradation of properties and for the non-graded case, albeit with a difference in numerical values. The time-dependent
behaviour of stresses is similar to time-dependent behaviours of viscoelastic properties like in Young’s and shear moduli. However,
electrical potential (𝜙̄) and electric field decrease (𝐷̄𝑧) gradually as time increases under both graded and non-graded case. It is
also noted that the effect of gradation in elastic properties on electrical potential (𝜙̄) and electric field (𝐷̄ ) initially is very less but
21

𝑧



Mechanical Systems and Signal Processing 184 (2023) 109636A. Singh et al.

i
n
s
c
s
t
e
f

o
g
p
w
t
o

increases significantly as time grows. This shows that the gradation of material properties in the presence of viscoelasticity alters the
electric response of piezoelectric layers to a significant extent. In general, the numerical study considering viscoelastic behaviour
demonstrates a potential time-dependent structural behaviour, which could be crucial for analysing the mechanical behaviour of a
wide range of polymer composites accurately and prospective time-dependent programming in smart structural systems.

6. Conclusions and perspective

The influence of in-plane gradation of stiffness and density on the free-vibration response of hybrid piezoelectric Levy-type plate
s investigated by developing an accurate analytical solution. Further, the coupled effect of viscoelasticity and gradation on the
atural frequency response of the IPFG smart viscoelastic plates is studied. The displacement, stresses, and electrical variables are
olved as the primary variable by developing Hamilton’s principle-based mixed formulation. A power series approach is used in
onjunction with the extended Kantorovich method and Fourier series to obtain the closed-form analytical solution for Levy-type
upport condition. Biot model, which corresponds to a standard linear viscoelastic model, is coupled with the analytical framework
o implement the viscoelasticity of composite layers in the analysis. Although the present analytical solution is developed for the
lastic and viscoelastic analysis of smart in-plane functionally graded rectangular plates, it is also directly applicable for the natural
requency analysis of the symmetric and asymmetric laminated piezoelectric viscoelastic/elastic plates of constant properties.

An extensive numerical study is performed to assess the effect of in-plane gradation and viscoelasticity of material properties
n natural frequencies and mode shapes of hybrid FGM plates. The benchmark numerical results are tabulated for various
radation cases and configurations under different electrical and mechanical support conditions. Numerical results for homogenous
iezoelectric elastic/viscoelastic plates are also reported as a special case of the present study. The current results are validated
ith the results available in the open literature and 3D FE results by performing separate numerical simulations. It is found that

he present EKM-power series analytical model is very efficient and accurate in depicting the flexural frequencies and mode shapes
f the hybrid FGM viscoelastic and elastic plates. Some of the most significant outcomes of this study are listed below.

∙ The in-plane gradation of stiffness and density in the elastic layers significantly alters the flexural frequencies of the hybrid
intelligent plate. As material properties variation indexes increase, the flexural frequencies of the smart plate decrease
remarkably. When the gradation indexes become doubled (from 0.5 to 1), the percentage decrement in natural frequencies
is almost raised by 1.5 times. The effect of gradation on free vibration response significantly depends upon the type of
mechanical support conditions.

∙ The influence of gradation in lower mode natural frequencies specifically depends on mechanical support conditions of the
hybrid plate. Further, percentage decrement in first and lower mode natural frequencies is different for different support
conditions, while the effect of gradation in higher mode frequencies shows less sensitivity to support conditions. The
decrement in higher mode natural frequencies almost remains the same for all boundary conditions. Another interesting
finding is that the influence of in-plane gradation on flexural frequencies is not affected much by the electrical circuit
conditions of piezoelectric layers.

∙ The mode shapes of the IPFG smart plate are affected significantly due to in-plane variation of stiffness and density. The
symmetric mode shapes of the plate can be made asymmetrical by introducing appropriate gradation.

∙ The stresses in the smart FGM plates are influenced remarkably by in-plane variation of material properties. It is found that
as the gradation index increases, the stresses in the IPFG smart plate decrease. But displacements, electric field, and electrical
potential are not significantly affected by the gradation of stiffness and density.

∙ Though the in-plane gradation of stiffness and density significantly affects the flexural frequencies of the smart hybrid plate,
their effect on the electric voltage of the piezoelectric layer is considerably less. This observation can play a significant role
in the design of sensors or actuators for vibration control applications.

∙ The current investigation shows that the desired electromechanical responses of hybrid IPFG plate can be obtained by
controlling the in-plane variation of material properties in the elastic layers. Based on the proposed efficient and accurate
numerical framework, further studies can be undertaken to simultaneously optimize multiple electrical and mechanical
response parameters of interest in an expanded design space of layer-wise gradation parameters, material and geometric
properties.

∙ For viscoelastic smart plates, the natural frequencies decrease gradually with time, whereas stresses in plate decrease
fast and become constant after a critical time period. The decrement in electric response (in electric field and electric
voltage) of the smart plate is also gradual. It is observed that the gradation of material properties in the presence of
viscoelasticity significantly alters the electric response of piezoelectric layers. The presented numerical results demonstrate
a great potential of the proposed viscoelastic analysis in the time domain for programming electromechanical responses of
composite structures.

∙ Due to the consideration of viscoelastic effect, the natural frequencies decrease with time. The physical meaning of this
variation is that the damping properties of viscoelastic layers diminish vibrational properties, while the damping behaviour
mainly depends upon the type of boundary conditions. It is worth noting that the natural frequencies decrease gradually with
time, unlike viscoelastic properties, which decrease fast with the increase in time. The viscoelastic effect on lower vibration
modes is more influenced by mechanical boundary conditions of the plates. The effect of viscoelasticity on higher mode
22

natural frequencies is almost similar under all support conditions.
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The numerical study demonstrates a potential time-dependent electromechanical behaviour based on the present viscoelastic
modelling coupled with in-plane gradation, which could be crucial for analysing the structural behaviour of a wide range of
‘intelligent’ polymer composites accurately and prospective temporal programming in smart structural systems. The analytical results
provided in this paper will serve as benchmarks to validate numerical algorithms in applications of natural frequency analysis for
elastic/viscoelastic piezoelectric plates with or without gradation. Furthermore, the present analytical solution approach can also be
extended to obtain analytical solutions for bending and free vibration analysis of multi-directional functionally graded smart plates.
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