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ABSTRACT: In classical general relativity described by Einstein-Hilbert gravity, black
holes behave as thermodynamic objects. In particular, the laws of black hole mechanics
can be interpreted as laws of thermodynamics. The first law of black hole mechanics
extends to higher derivative theories via the Noether charge construction of Wald. One
also expects the statement of the second law, which in Einstein-Hilbert theory owes
to Hawking’s area theorem, to extend to higher derivative theories. To argue for this
however one needs a notion of entropy for dynamical black holes, which the Noether
charge construction does not provide. We propose such an entropy function for the
family of Lovelock theories, treating the higher derivative terms as perturbations to the
Einstein-Hilbert theory. Working around a dynamical black hole solution, and making
no assumptions about the amplitude of departure from equilibrium, we construct a
candidate entropy functional valid to all orders in the low energy effective field theory.
This entropy functional satisfies a second law, modulo a certain subtle boundary term,
which deserves further investigation in non-spherically symmetric situations.
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1 Introduction

On general grounds, upon taking the low energy limit of any UV complete quantum
theory of gravity, we expect to generate higher derivative corrections to the leading
two-derivative Einstein-Hilbert action with matter:

1 /ddx\/__g (R_l"cmatter) . (11)
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The precise form of the higher derivative corrections depend on the nature of the UV
completion. While it is expected that string theory provides the desired UV complete
description, we do not yet know how these are organized. Therefore, it is in principle
useful, if using general principles, we could constrain the space of admissible low energy
theories. This strategy has previously been employed with some success both in non-
gravitational [1], and gravitational [2] settings.

The second law of thermodynamics is one such principle that we can test on low
energy solutions of gravity. As is well known, black holes are thermodynamic objects
[3-6]. We can associate extensive parameters, such as energy, and other conserved
charges, in terms of asymptotic data, while intensive parameters such as temperature
and chemical potential refer to properties of the horizon. In the Einstein-Hilbert theory
Eq. (1.1) we associate a notion of entropy, given by the area of the event horizon.
Thanks to Hawking’s famous area theorem, which states that the horizon area is non-
decreasing in any physical process (for matter satisfying suitable energy conditions),
this notion of entropy satisfies the second law of thermodynamics (see e.g., [7]).

A natural question then is how does this picture extend to higher derivative the-
ories. This question is especially salient since a study of higher derivative black hole
dynamics in the non-linear regime could help us constrain such terms via gravitational
wave observations. Thus, the question of whether higher derivative black holes are sen-
sible endpoints of dynamics in a second law sense is an interesting question to answer.
The question of extending black hole thermodynamics to higher derivative gravity was
first tackled by various people more than two decades ago, and culminated in a beauti-
ful application of the Noether procedure in the covariant phase space formalism [8, 9].
In particular, Wald argued that for stationary black hole solutions of higher derivative
gravity theories, the entropy is a Noether charge associated with time translations along
the horizon generating Killing field. This Wald entropy was constructed to explicitly
satisfy the first law of thermodynamics, which being an equilibrium statement, can be
understood in the stationary solution.

An open question since then has been whether there is a notion of second law
of black hole mechanics in higher derivative gravity. This question was addressed in



various guises over the years, [9-17]. We will say more about these works below, but
first let us appreciate the issues involved.

The second law involves dynamics. In its crudest version it says that, in a physical
process in which a system evolves from one equilibrium configuration to another, the
total entropy must increase. Whilst this is a non-local statement, comparing only the
initial and final configurations, one can ensure this by simply exhibiting a function of
the system variables, the entropy function, which is monotone under time evolution,
and reduces in equilibrium to the familiar notion of entropy. These requirements, per
se, seem quite unrestrictive, for we make no demand of uniqueness.

Constructing an entropy function in a higher derivative theory will convince us of
the validity of the second law. On the contrary, if we can show that no such entropy
function exists, then we would be forced to conclude that the higher derivative theory
is physically unacceptable.! All told, we wish to basically examine whether dynami-
cal black holes in higher derivative theories can indeed be viewed as thermodynamic
objects.

In gravity, a configuration in thermal equilibrium, translates to geometry with a
Killing horizon. Recall that the event horizon is a null surface, ruled by null geodesics.
The equilibrium configuration is one where the null generators are along a Killing di-
rection. In Einstein-Hilbert theory Eq. (1.1), the area of the horizon provides a suitable
entropy function, thanks to the aforementioned area increase theorem. Assuming the
existence of a Killing horizon, Wald derived the Wald entropy function [8, 9], which
gives us a notion of equilibrium entropy in higher derivative theories. We then need to
find its extension to the dynamical setting, satisfying the desired monotonicity condi-
tions.

Let us try to organize the discussion in a useful manner. Firstly, higher derivative
terms come with characteristic length scales (to soak up dimensions). Let us assume
that these are all calibrated against a single ‘string’ scale ¢, so that we have a bunch
of dimensionless couplings, collectively denoted as a, which parametrize the higher
derivative theory. We pick a stationary black hole in this theory, which will determine
the initial equilibrium configuration. To study the second law, we should now be
perturbing away from equilibrium, which itself can be parametrized by a) the amplitude,
a, of the departure from equilibrium, and b) the characteristic frequency, w, of the

I We do not wish to suggest that the existence of the entropy function is the most stringent condition
one could impose. Demanding causality and unitarity may imply stronger constraints, which may rule
out a vaster swathe of the higher derivative landscape. It is nevertheless interesting to ask if the
entropy function itself serves to give us interesting constraints on the admissible higher derivative
terms.



disturbance.? A putative entropy function should, at the very least, carry information

about these three parameters. The following summarizes what is known to date:

The Wald entropy can be constructed for arbitrary o with a = 0.

In [10, 12] the authors construct entropy functions for theories where the higher
derivative Lagrangian is written solely in terms of the Ricci scalar (the so-called
f(R) theories), for a finite range of «, and arbitrary a and w.

In recent years, [13] first constructed an entropy functional that was valid for
higher derivative interactions of the Lovelock form (see below) for small ampli-

tude departures from equilibrium a < 1. This was generalized subsequently to
f(Lovelock) theories in [14].

These constructions were further examined in [15] who showed that by fixing
various ambiguities associated with foliations of the event horizon, one could
construct an entropy function for four-derivative theories of gravity (in spherically
symmetric situations). Again the range of validity was a < 1.

In a more interesting development, [16] showed that for any higher derivative
theory of gravity, a particular correction to the Wald functional due to [18-20],
which construct functions for computing entanglement entropy in the holographic
context, provides an entropy function to linear order in amplitudes a < 1.

While, there is no explicit discussion in the literature, the explicit construction
of an entropy current [21] in the fluid/gravity correspondence [22, 23], is strongly
suggestive of an entropy function in higher derivative gravity perturbatively in the
couplings and the frequency, o < 1, wfly < 1, but valid for arbitrary amplitudes.?

In this note, we shall construct entropy function for the Lovelock family of higher

derivative Lagrangians. We will work perturbatively in higher derivative interactions,

treating, as one should, the corrections to Einstein-Hilbert theory in a gradient expan-

sion.

The effective small parameter governing our perturbation theory is going to be

w £ which is dimensionless. We however will make no assumption about the amplitude

2 We assume for the moment that the frequency scale is commensurate with spatial momenta in
the case of non-compactly generated horizons.

3 In the hydrodynamic regime, the transport coefficients become unphysical, e.g., the shear viscosity
goes negative, for finite values of the higher derivative coupling [24]. A negative value of viscosity leads
to entropy destruction, but this constraint, one must remark, is far weaker than demanding that the
theory respect causality, either in the effective field theory sense [24], or from a fundamental perspective

2].



a of the perturbation away from equilibrium. In fact, we allow arbitrary time evolution
away from equilibrium; our only proviso is that this time evolution be sensibly captured
by the low energy effective field theory. In geometric terms, we will allow fluctuations
of the black hole horizon which, at the horizon scale, are small enough, so that the
leading Einstein-Hilbert term dominates over the higher derivative terms.

Despite the two-derivative theory dominating on the horizon scale, we will need to
modify the entropy to respect the second law. This follows because, while the leading
area contribution is per se large, it remains possible that under evolution, the area
variation is anomalously small. This can then be overwhelmed by the higher derivative
O(wls) contributions, spoiling the monotonicity of the entropy. To ensure that this
does not happen we will need to shift the entropy function away from the Wald form
with suitable corrections.

The outline of this paper is as follows. We begin in §1.1 with a basic statement of the
problem we study, and a complete summary of our results. We will then describe in §3
a construction of an all-order entropy function for Gauss-Bonnet theory. Our analysis
will give an entropy function with monotonicity properties in spherically symmetric
configurations, but we note an interesting obstruction (in the form of a total derivative),
which precludes us form making a general statement. We elaborate on this in the course
of our discussion. We then show in §4 how to extend the construction to higher Lovelock
terms, once again encountering a total derivative term. The final result for an arbitrary
combination of Lovelock terms can be compactly packaged in terms of a variations of
the gravitational Lagrangian with respect to the curvatures, see Eq. (1.7). In general,
as long as the total derivative obstruction term? is negative definite (or vanishes as in
spherical symmetry), we have our desired entropy function. Finally, in §5 we comment
on potential generalizations and open issues. The various appendices collect some useful
technical information relating to the computations.

1.1 Statement of the problem

Let us first define the problem we tackle more precisely. We consider higher derivative
corrections to Eq. (1.1). Schematically, suppressing all indices, these corrections will be
of the form oy, /% D* R. (, here is the length scale at which higher derivative corrections
appear. Rather than focusing on all possible corrections of this form, we will restrict

4 This term also can be expressed in terms of the variation of the Lagrangian with respect to
curvatures, multiplying a certain tensor built out of the extrinsic curvatures, cf., Eq. (4.26).



attention to the family of Lovelock theories, whose action can be written as:’

1 (o]
[=— / d%z /=g <R+ > 2L, + Ematm>
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L,, = §HvLimvm Rmmglm Rﬁmu om
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(1.2)

We have written the Lovelock action in terms of the generalized Kronecker symbol
OB B o 6 In particular, the first non-trivial contribution at the four-derivative order

101 PmOm *

is given by the Gauss-Bonnet theory
Lo=Lop = R* — 4R, R"™ + Ras R, (1.3)

The matter Lagrangian L, Will play a peripheral role in our analysis. The only
assumption we make is that the matter we include satisfies the null energy condition
(NEC), Tpeer k#k” > 0 for any null k*. For the initial part of the paper we will
explain the construction in the case of the Gauss-Bonnet theory §3, and only thence
generalize to the Lovelock case §4.

As we are interested in analyzing black hole geometries we will assume that we
have been handed a solution to a spacetime metric g, which has a regular horizon.
We pick a coordinate chart for this geometry which manifests regularity at the horizon

(similar to the ingoing Eddington-Finkelstein chart), and parameterize the metric as’

ds® = 2dv dr — f(r,v,x) dv® + 2ka(r,v,x) dv dz? + hap(r,v,x) de?dz® . (1.4)

The null hypersurface of the horizon H* is the locus » = 0 where several of these
functions vanish, e.g.,

f(r,v,x)‘7# = /’{;A(r,v,x)‘?{+ = 8Tf(7‘,v,x)‘7# =0. (1.5)

In §2.1 we shall see that such a coordinate choice is always possible if the spacetime
contains a null hypersurface. From Eq. (1.4) it follows that the horizon is at r = 0,
with 0, being the affinely parametrized null generators of the horizon. This choice is
quite natural from the fluid/gravity intuition (it was also previously employed in [16]).
Spatial sections of the horizon at constant v slices are denoted as 3.

5 To keep the expressions readable we have chosen to work in natural entropy units by setting
G%) = i. Thus an overall dimensionful dependence on the Planck scale is suppressed in our analysis,
which however, can be restored easily if desired.

6 ghikztm s the determinant of an m x m matrix whose (ij)™" element is given by o, Hence

Shlaibmam is completely antisymmetric both in all its upper and lower indices.
7 We thank Shiraz Minwalla for numerous discussions on the structure of the entropy function, and

setting up useful coordinate charts to construct candidate functions.



Our goal is to construct an entropy function, Siyia, in terms of the derivatives of
metric components evaluated on the horizon, subject to the following conditions:

e Condition 1 (C1): 0,Sietal = 0: on every black hole solution captured by metric
of the form Eq. (1.4), and for every finite value of v.

e Condition 2 (C2): Siota reduces to Wald entropy Swaiq in equilibrium (whence
0, is a Killing vector).

As indicated our analysis will be carried out in a gradient expansion, with the
perturbation parameter being w ¢, consistent with the rules of effective field theory. ¢
is some UV (string) scale where the higher derivative corrections start to dominate.

1.2 Summary of results

We record here the final results of our analysis for quick reference. We find a param-
eterization of our entropy functional in terms of a scalar function evaluated on spatial
sections of the future horizon, denoted s. To wit,

Stotal = / dd_2$ \/ﬁ (1 +5> . (16)
Our parameterization is such that the equilibrium contribution from the Wald analysis
is subsumed into s. In particular, s = Swaq + Scor, Where s.,, denotes the correction
terms we add which involve a series of gradient corrections suppressed by (,w, as will
be made more explicit below.® We will derive the following results:

1. The general answer for the entropy function to all orders in /4w for Lovelock
theories can be expressed as (Syoa = 1+ 6)

5£grav
6varr

Stotal =

2
Kiiﬁﬁi)]

(1.7)
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R—R

Lgray is the purely geometric part of the action comprising only of the metric
contributions. The replacement rule R — R indicates that once we vary the
Lagrangian, we replace all the curvature tensors of the spacetime with those
intrinsic to the hypersurface 3, (see Eq. (1.10) below).

8 While this is still a gradient expansion, it is valid as long as the low energy effective field theory
makes sense. It differs from the fluid/gravity regime in that the frequencies are only constrained to
be smaller than the UV scale set by /5 and not an IR scale like temperature, which is set by local
thermal equilibrium.



The coefficients k,, are some arbitrary O(1) constants satisfying the following
recursive inequalities’

2
A, =25, Z"—l <0, forn=-2-1,0,---.
n—2 . (1.8)
initial condition : k_o = —3 K1 = —2

By construction, it satisfies C2. Furthermore, for SO(d — 1) spherically symmet-
ric, time dependent geometries, it also satisfies C1.

2. In general Eq. (1.7) is an entropy function satisfying C1, provided a particular
total derivative term (see Eq. (4.26)), which we call the obstruction term can be
bounded to be negative semidefinite. We find that the obstruction vanishes for
spherically symmetric configurations but have not been able to gain control of
this term efficiently.

3. The first term in Eq. (1.7) is just the Dong-Camps (or Jacobson-Myers functional)
appearing in the holographic entanglement entropy computations, see [18-20].
This owes to our replacement of the spacetime curvatures by the intrinsic ones on
the codimension-2 hypersurface.'® As noted earlier, [16] has earlier demonstrated
that this functional serves to uphold the second law to linear order in amplitudes,
in arbitrary higher derivative theories. Thus to leading order in the expansion
our result is consistent with [16].

4. More generally, the structure of Dong functional also has contributions that re-
semble the second term of Eq. (1.7). They involve two variations of the La-
grangian with respect to the curvature, contracted with the extrinsic curvatures.
However, despite superficial similarities, there are some subtle differences, espe-
cially in the index structure of correction term (and, in particular, the fact that
we organize it in the form of a negative semidefinite quadratic form). Neverthe-
less, given the result of [16], it is interesting to further consider whether one can
find another entropy function based on the Dong functional.

5. To exemplify the answer, we can restrict to Gauss-Bonnet theory, where we pro-
vide an explicit expression for sy to all orders in f,w. Explicitly, our solution

9 A particular solution is provided by auxiliary parameters A_, = %, A 3= —%, so that A_, =
—4, A, = —1 for n # —1 which leads to the values of the parameters k,, being: k_o = —%, K_1 =
-2, ki, = —1 for n > 0 (and k_3 = —1 for consistency).

10" As noted first by [10] this also works for the stationary black holes where the extrinsic curvatures
vanish on the bifurcation surface of the horizon.



reads!!
D - " an A on B
G2 = 2ap £§ 5164‘1131 RClz‘h 1B1 + Z Kn €§ av (bz(o))B 8@ (h2(0))A (1’9>
n=0
This is written in terms of data on the surface ¥, (see §1.3 for a summary of our

notation):

Rapcp = intrinsic Riemann tensor on 3, (associated with hag),
A AA1Ay B 7B
(020 = 2 2 0 i? KX Ky (1.10)
1 — 1
’CAB = §avh'AB|r:0a ’CAB - §arhAB|r:0

The first term in Eq. (1.9) agrees with the expression for Wald entropy in the
Gauss-Bonnet theory in equilibrium.

6. When the evolution breaks SO(d — 1) spherical symmetry, we find that Sy, still
satisfies C1 to all order in Z,w, provided the following total derivative term can
be bounded to be negative semidefinite:

hAB

(0%85)v = 4o 12 V4V | KKAP — KAKPC — —

5 (K* = KepK@P) | (1.11)

Here V 4 is the covariant derivative with respect to the spatial metric hyp on
¥, and K = K&. Curiously, this obstruction term only appears to enter at the
leading order in the gradient expansion O(w /;).'?

1.3 Notation
e Spacetime indices: Lowercase Greek {a, 3, -+, p,v, -+ }.
e Spacetime metric: g, and spacetime covariant derivative D,.
e Indicies on co-dimension two surfaces: Uppercase Latin {A, B, --- }.
e Horizon generator: t#, t*t, = 0. We fix t* = (8%)“, and abbreviate to 0,.

e Normalizer of horizon generator n*, n*n, = 0 and n#t, = 1. We fix n* = (%)“,
and abbreviate to 0,.

11 For the most part we will work in a coordinate space representation where 0, will play the role
of the frequency w.

12 Tt is also worth remarking that the term is quadratic in the amplitude away from equilibrium,
and thus is invisible to the earlier linearized analysis, e.g., [16]. We are also agnostic to the particular
black hole background about which we perturb in contrast to the discussion of [14, 17].



e Horizon tangent space generated by ey = (8%4)” and abbreviated to dy.
e Intrinsic metric on the horizon h4p and associated covariant derivative V4
e Extrinsic curvatures of the horizon:
ICBV_MDtV KBV_MDV AV_uDV 1.12
Afp = € Ul ACB = €y, woey=n yun (1.12)

Note that K 4p vanishes in equilibrium. For the Lovelock theories we do not find

a role for the Hajicek one-form w.

2 Set-up and strategy

We begin with a general discussion of coordinate choices adapted to a black hole space-
time with a regular event horizon. Specifically, we aim to establish our choice of the
metric Eq. (1.4) as the most general form admissible. We then explain the strategy we
employ, in abstract, for the construction of an entropy function.

2.1 Horizon adapted coordinates

Our interest is in dynamical black hole spacetimes, which admit a regular event hori-
zon. The horizon is a distinguished codimension-1 null hyperspace, H*, which is the
boundary of the casual past of future null infinity. Being the boundary of a casual
set, it is null, and is ruled by null geodesics. Our interest is when this hypersurface is
dynamical, evolving non-trivially under dynamics governed by the action Eq. (1.2).

We first choose coordinates, so that H ™ lies on a constant coordinate locus, w.l.o.g.,
say r = 0. The null generators of the horizon will be taken to be the vector field
t* = (0,)*. This in turn implies that 0, is normal to every tangent vector field on
the horizon, including 9, itself. We choose the coordinate v such that it is the affine
parameter along these null generators. Then constant v slices on the horizon are a
(d — 2) dimensional spatial manifold, denoted ¥,. On this spacetime codimension-2
hypersurface we choose (d — 2) vector fields e} = (04)" to span the tangent space.
Integral curves for 4 give us the spatial coordinates z* along ¥,. The vectors 04 are
orthogonal to 9,, so the metric on H™ takes the following degenerate form, appropriate
for a null hypersurface:

ds® |+ = €} e hap datda” = hap(v,x) da’da” (2.1)

Now that we have the geometry of the future event horizon, we can construct the
spacetime metric in its vicinity. To define the coordinate r, we construct a congruence
of null geodesics piercing through H™, at an angle fixed by the choices of the inner

— 10 —



products between the vector field n* = (0,)" and the tangent vectors of the horizon,
(i.e., 0, and 04). We make the following choice:

n't, = (0, 0y) e 1, nuey = (0,,04) e 0 (2.2)
With this choice, the spacetime metric g, in the vicinity of the horizon takes the form:
ds®* =25 (r,v,x) dvdr 4+ 2 Ja(r,v,x) dr de* — f(r,v,x) dv*
+ 2k (7, v,%x) dvdz? + hap(r,v,x) detdz?
j(r,v,x)‘qﬁzl, JA(’F,U,X)‘HJr:f(T,U,X)}?_HI]{ZA(’F,U,X)‘H+:0. (2.3)

By construction we have chosen 0, to be a null vector in Eq. (2.3). Further imposing
that null geodesics along 0, be affinely parametrized, demands that the r derivative of
j(r,v,x) and Ja(r,v,x) vanish everywhere, implying

j(’f’,U,X) = ]-a JA(TaU>X) =0. (24)

Finally, we make the choice that v be the affine parameter along the null geodesics with
tangent 0,. Consequently, we set 0, f(r,v,x)|y+ = 0. Upon imposing all these choices,
we arrive at the metric as described earlier in Eq. (1.4), which we summarize here for

convenience:
ds® = 2dv dr — f{r,v,x)dv? + 2ka(r,v,3) dv do’ + hap(r v x)dotda®,
F(r = 0,0,%) = ka(r = 0,v,%) = 9, f(r = 0,0,%) = 0. |

The detailed steps leading to the above constraints are given in Appendix A.

2.2 Strategy of the proof

As it has been already mentioned in §1.1, we would like to prove the existence of an
entropy function satisfying

OSotal
ov 20,
for all finite v. While this a-priori only requires that we present a quantity which can
be evaluated on different ¥, slices, we are going assume this is in turn defined in terms
of a local density function ©.'* We write:

OBral _ / A2 Vhe. (2.6)
Xy

v

13 We might actually have desired the existence of local entropy current, a much stronger require-
ment, based on the fluid/gravity intuition. The dual of the entropy current would be a (d — 2)-form
which we could have integrated over arbitrary slices of the horizon, without a-priori picking a foliation
as we have done. See §5 for further comments.

— 11 -



In Einstein-Hilbert theory © is the the expansion of the null congruence along 0,,.

At this point, we simply need to show © > 0. However, in analogy with the proof of
the area increase theorem in Einstein-Hilbert theory, we are going to follow a different
strategy. Rather than bound ©, we are going to show that within the validity of our
higher derivative perturbation scheme, we have

8,0 <0, (2.7)

up to the required order in derivative expansion. Thus © is a monotonically decreasing
function of the horizon time, v. Further, assuming that in the future the spacetime
approaches an equilibrium configuration, and hence © vanishes, i.e.,
lim ©(v) — 0, (2.8)
vV—00
we shall conclude that © is positive at every finite v. Thence Eq. (2.6) implies that the
rate of change of total entropy, 0,S0ta1, is monotone non-decreasing. We therefore can
conclude that Si,, increases with time.
Let us recall how this strategy works in Einstein-Hilbert theory Eq. (1.1) to prove
the area theorem. Firstly, one constructs Sioiar = fzy d?*2x v/h and obtains therefrom
0log Area(X,
®Einstein == ICQ = & ov ( ) )

1 1
’CAB = ituDNh’AB = §athB .

(2.9)

Note that K4p is the Lie drag of the horizon spatial metric along the null generators
and therefore it vanishes in equilibrium.*

From here it is a simple geometric computation to show that the rate of change of
© is given by (see e.g., [26])

AB
8v@Einstein - _]CAB]C - va )

1 2.10
= —’C(AB)IC(AB> - m ’C2 - va ) ( )

14 An equilibrium black hole is a stationary solution. By virtue of stationarity, a compactly generated
horizon is also a Killing horizon, generated by a Killing vector field, ¢*. Furthermore, this field has a
vanishing locus on a spacetime codimension-2 surface, the bifurcation surface which lies on the horizon.
This has the advantage that we can evaluate various quantities on the bifurcation surface and then
Lie drag them along t#, which leaves them unchanged everywhere else on slices of H . We should also
hasten to add that stationarity alone does not imply that the horizon is Killing when the horizon is
non-compact, as exemplified by black funnel solutions (see [25] for a review and references). This will
not bother us since we start from an equilibrium configuration where the horizon will be stationary
and Killing, even if non-compactly generated.

- 12 —



where R,, = R,,(0,)"(0,)". All indices are raised and lowered with the metric hap
on ¥, which is defined in Eq. (2.1). The reader will recognize this to be the fa-
mous Raychaudhuri equation; we have split the extrinsic curvature tensor K45 into a
symmetric-traceless shear Kap), and a scalar expansion K, via:

1
ICABEIC(AB>+ﬂhABIC- (2.11)
Up to now we have not made use of the actual dynamical equations of motion.
Using Einstein’s equations, we can express the result in terms of the matter energy-

momentum tensor:

ij - _ \/1__9 5 (\/ _(éi]fumatter) ) (212)
av@Einstein - _’CAB’CAB - Tvva (213)

where we accounted for g,,|y+ = 0. We will assume that the matter is sensible, and
in particular, the energy-momentum tensor satisfies the null energy condition (NEC),

Viz.,

Tw€he” 20, for gug'¢"=0 = T, =>0. (2.14)

With the assumption of the null energy condition, we can immediate see that
0O pinstein = —Kap KB —T,, <0, (assuming NEC) (2.15)

which is the result we seek. This then implies the area theorem as detailed above.

The obvious obstacle in extending this result to higher derivative theories lies in
exchanging R,,, via the equations of motion, with the energy momentum tensor. In
general Eq. (2.15) will have higher order terms proportional to «, the coupling constants
of the higher derivative action (and we have to also correct for the equilibrium entropy).

At this point, the reader might be lulled into thinking that since we are working
in wl, perturbation theory, so as long as the leading terms contained in the r.h.s. of
Eq. (2.15) are non-zero, the higher derivative corrections should be irrelevant. Naively,
the argument goes, that lower order terms in perturbation theory should continue to
dominate. However, this logic is fallacious, for it can happen that under the course of
evolution, the r.h.s. of Eq. (2.15) can become of O(w?¢?), or worse still, vanish. Recall
that ICap vanishes in equilibrium, so it is at least of O(w/y), but it could indeed be
smaller, depending on the particularities of the evolution.

A simple illustration of this scenario is provided by linear (in amplitude a) depar-
tures from equilibrium. Then the r.h.s. of Eq. (2.15) is O(a?), but higher derivative
terms can, and do, contribute at linear order O(a). In fact, demanding that such

— 13 —



linear terms vanish, fixes some ambiguities in the Wald functional, called the JKM
ambiguities after [11], as has been described in [14-16].1°

Working then to quadratic order in a, we also have contributions from the r.h.s. of
Eq. (2.15) and this generically dominates over all higher derivative corrections. How-
ever, there are still exceptions, for in course of evolution, at a given point of time K4z
can become of order O (awly), but its derivatives remain unsuppressed. To exemplify
the situation, consider a hypothetical case where for Wald entropy (with appropriate
corrections to handle the terms linear in a), we find

0,Owaa = " WP Ky (Kap + al 8,0,Ka5) = T

In the above equation, the O(al?) correction term can dominate over the original K45
term, if at a given point of time and in its neighborhood, K5 ~ O(al?) 8,0,K 45.
Such a situation is not forbidden from appearing under evolution, and could clearly
overwhelm the leading order Einstein-Hilbert contribution.

Our goal is to find a way to handle such situations. We need to correct the Wald
entropy so that situations as those sketched above, do not pertain. The strategy will
be to add the minimal set of corrections necessary so that the net contribution of all
terms ensures non-negative definite entropy production. We will do this by suitably
combining the correction terms and contributions from the Wald entropy, so that 0,0
can be expressed as a sum of perfect squares with an overall negative sign.'6

Before getting into the details, let us record a few salient points of our method:

1. Our construction will be perturbative in w/,, which is a natural parameter for
the gradient expansion. We make no assumption about the amplitude of the time
dependent perturbation. It therefore is not an expansion around any given static
or stationary background solution of the full higher derivative theory. Conse-
quently, there is no way that the form of our corrections, or their coefficients,
could depend on any details of a particular background solution.

2. Note that what we really want to prove is just 9,Siota1 > 0. The strategy we
are employing in fact demands something much stronger. In a nutshell, we are
demanding

o 0?Siotal < 0 or 0, Sieta to be monotonically decreasing

15 In particular, [16] demonstrates how one can always ensure the absence of such linear entropy
production contributions by working with the Wald-Dong functional.

16 This strategy, as the astute reader might appreciate, precisely follows the logic for construction
of an entropy current in hydrodynamics, cf., [21].
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e Assuming 0,Siota vanishes as v — oo, this implies that 0,Siota i positive
for all finite v.

3. While this proof-method is standard (owing, in part, to the way the area theorem
is proved), we must nevertheless admit that our inability to find such a function
is by no means a counter-example to an entropy increase theorem. After all, it is
possible for a function to be positive definite, but still not monotonically decreas-
ing. In other words, although the monotone decrease of 0,Sia is a sufficient
condition for entropy increase, it is definitely not a necessary one. This fact is
a bit frustrating since it precludes us from making strong statements about the
nature of low energy effective field theory. We cannot rule out a class of higher
derivative terms, and thus place constraints on the low energy limits of quantum
gravity, just on the basis that our proof-method fails to construct an entropy
function for them.

3 Analysis for Gauss-Bonnet theory
We will begin our discussion with the Gauss-Bonnet theory,

1
[ = E /ddllf vV —g (R + [6D) Ei £2 + ﬁmatter) s
Ly = R® — 4R, R"™ + R0 = spiniere g, o

pP1O1p202

(3.1)

p2 02
V1 R K2 ot

The generalized Kronecker symbol is defined in §1.2 (below Eq. (1.9)), and its use will
help us to generalize easily to Lovelock gravity in §4.

As explained in §1, we would like to construct an expression for total entropy
Siotal sSuch that in equilibrium it reduces to Wald entropy, Swaa, and once we move
away from equilibrium the inequality Eq. (2.7) is satisfied. We work in the coordinate
system described in §2.1. This will suffice to illustrate the general ideas, though we
could equally phrase the computation in a more natural geometric language (as will be
clear from the final answer).

We will separate the discussion into two parts. Firstly, in §3.1, we shall compute the
Wald entropy for Gauss-Bonnet action and we shall see that it does not satisfy Eq. (2.7)
once we depart from equilibrium. From this analysis, we shall conclude that we need to
correct the Wald entropy. Then in the second part, in §3.2, we shall give our proposal
for the correction, and show how, in the course of time evolution, the corrected entropy
function does satisfy the inequality Eq. (2.7), provided a very particular total derivative
term vanishes. We will then explain the circumstances in which this obstruction term
does not pose a problem and the lessons to be gleaned from it.
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3.1 Part I: Time variation of Wald entropy

Let us first compute the time derivative of Wald entropy along spatial sections of the
horizon, assuming that the black hole is dynamical (i.e., 0, is not a Killing vector). The
expression for the equilibrium Wald entropy follows from Eq. (3.1), using the technique
of [8, 9]. This reads:

SWald = / dd_2$ \/ﬁ (1 + Qo £§ 52,Cq) . (32)
For the Gauss-Bonnet theory this evaluates to (see e.g., [10])
S9.0q = 25é11§1 R01A1D1B1 equilirium 25@1131 RclAlDlBl- (33)

In the above equation, all the Riemann tensors are projected on the spatial sections
YJ,. For stationary solutions, the projection will result in the intrinsic Riemann tensor
of 3,'7, and therefore the second equality follows.

We recall that in equilibrium, 0, is a Killing vector field, which guarantees that
motion between two slices ¥, and ¥,/ is achieved by Lie drag along a symmetry direc-
tion, which results in no changes. Let us now turn to the case where 9, is no longer
a Killing vector. The second equality of Eq. (3.3) does not hold anymore and there is
always an ambiguity of how to lift the equilibrium Wald entropy to the non-equilibrium
situation [11].

However, s is only the starting point of our construction. In a time-dependent
situation we anyway have to add some corrections to 9 .q; these corrections will neces-
sarily vanish in equilibrium. While the form of the correction depends on the starting
point, it is clear that we can w.l.o.g. start with Eq. (3.3). Having obtained a correction
from this particular starting point, we can always finesse the end result, to begin from a
different initial guess for the entropy. As explained in §1.2, we are therefore effectively
starting with the Dong functional, which we know satisfies the second law to linear
order in amplitudes, thanks to the result of [16].

With this in mind, let us assume, as our ansatz, that s;., is given by the last
expression of Eq. (3.3) even outside equilibrium, i.e., in 894, all the Riemann tensors
will be intrinsic:

— A1By o1 D
52,0(}1 g 2 6ch1 R Al By - (3.4)

Following Eq. (2.6), we define the equilibrium value of © through the temporal deriva-
tive of the Wald entropy:

aSWald _ / dd_2$ \/% ®eq ) (35>
ov s,

17 Tt is important to distinguish between an intrinsic quantity, denoted by an italicized symbol like
Ra,Bycy D, , and the non-intrinsic R4, g, ¢, p, which depends on the full spacetime data.
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The explicit expression for ©,, for the present case takes the form
2 2 [ 952eq \ (-aB
@270(1 =K (1 + o gs 5270(1) -2 (&%) 68 —— | K . (36)

where K 4p is defined in Eq. (2.9), and indices are raised /lowered by h g, since we view
all data as being defined on .
Next we compute

0
8hAB

The second term on the r.h.s is a total derivative. As long as the horizon is compactly

D1 F
852’0(;1 o AlBl 8}7/ 101
OhAB o C1Dy OhAB

R A g, + 200100 kPP (R 4 miBy) - (3.7)

generated, i.e., spatial sections >, are compact, we can safely discard this term. For
non-compactly generated horizons (e.g., planar AdS black holes) we should impose a
suitable fall-off condition along the spatial directions. In any event, dropping this term,
we find that we can write:

Oeq = K+ 20 0 K§ 485 RO, (3.8)

Taking another time derivative we finally arrive at:

D Dy

_ 2 C (AA1 By Cq 1 2 C (AA1By Ch
81;@270(1 — 8U]C +ga2 es avICA 5cch1 R Al B1J+ga2 68 ]CA 6001D1 avR Al BL

Term 1 Term 2 Term 3

(3.9)

We will now explicitly evaluate each of the three terms on the r.h.s of Eq. (3.9).

The reader is directed to Appendix C for further details of this calculation (and also
for the intermediate steps leading to Eq. (3.9) itself). We find

oKy
Term 1 = —K*PKap — Too — 202 2 571 222 ( 2y ICAchCch> R4,

v
+ Aoy 02 572202 Va4, KN VK (3.10a)
Term 2 = 20y 02 602252 9,0 R 0,7, (3.10b)
Term 3 = —d ap 02 67} 2202 [KRKP PR gy py, + VA KR VP2 KS ] 4+ VX2
(3.10¢)

where we introduce the obstruction term:
XA =40, 258l KWK (3.11)

We will explain the issues with this term at the end of our analysis which should
clarify its implications. It is worth remarking that the first term has been manipulated
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using the equations of motion of the Gauss-Bonnet theory. We, in particular, need to
make use of the component of the equation projected onto H™ (the vuv-component), see
Eq. (C.11).

Adding up the three terms we obtain

8,,@270(1 = —ICABKAB — T + VAXA

D2 D2

2 ¢A1A2Bs Dy Co Cy D2 D1C pCy
- 2 % 68 5D102D2 {8U]CA1 |:R Az B o R Az B2:| + ]CAICV]C R Az B

— 2 KPR AQFQBZ} . (3.12)

The last term on the r.h.s of Eq. (3.12) can be further simplified using the following
geometric identity

A1A2Bo Co Do
6D1 Co Do |:R Az

D 17D2 40y sA1A
B~ ROu Tp] = 2K K3 0pie20: . (3.13)
In writing this expression we have introduced the second extrinsic curvature of the
codimension-2 surface ¥, this time along the normal n* = (9,)" (the first, Kap, was
defined earlier in Eq. (2.9)) ):

— 1 1
ICAB == inuDﬂhAB = §8ThAB (314)

We give a detailed derivation of Eq. (3.13) in Appendix B. There we also list the
curvature tensors (evaluated on the horizon) for the metric coordinatized as in Eq. (1.4).

Finally, when all the dust settles, we find that Eq. (3.12) can be written in the
following form

0uO2.eq = =K PKap — Ty + VaX*
L1 O

2 ¢A1A2Bg D,C pCs Do 2 ¢A1A3Bo D1 4~ Do FoCo
—2 [6%) gs 6D102D2 ICAlCIC R Az By T 40&2 gs 5D102D2 ICAllC R AQFQBi
L2
2 ¢A1A2Bo —=D> Co D1
j_4 Oég 68 6D102D2 ICA2ICB2 av]CAL (3-15)
L3

We now want to show that the r.h.s. of Eq. (3.15) is negative semidefinite. Let us
analyze this expression term-wise to get some intuition. The first term being a perfect
square is negative semidefinite owing to the explicit sign. So is the second term, once
we assume the NEC Eq. (2.14). This is indeed unsurprising, since these two terms are
the only ones that show up in the proof of the area theorem, cf., §2.2. The remaining

— 18 —



four terms in the second and third lines are of order O(£?), and naively, each of them
could have either sign. The obstruction term (O), we set aside for now.

Let us unpack the O(¢%) terms. We will first show that the terms in the second line
of Eq. (3.15) are always negligible compared to those in the first line. To appreciate
this, consider grouping the terms, to write the first two lines as

L1+ L2 = —Kp,p,K0,0, [hPlthP2Q2 + ay gg MP1Q1P2Q2] —T,,
MA@ = 20550, (5’21 BOPIRQ RE P 2 50 R hDQQlRCQAQ@BZ) |

(3.16)

The r.h.s. of Eq. (3.16) can be viewed as a quadratic form built out of h,p and
the curvature tensor ,defined on the d?-dimensional space of two-tensors Kap. Let us
pass to a coordinate gauge where hap = d4p, so that the quadratic form in question
is a combination of the identity and another symmetric matrix M. A further linear
orthogonal basis transformation brings M to its diagonal form diag{)é&l), e ,)\S\‘f)},
without affecting the identity part. In sum, by a bit of linear algebra we can diagonalize
the quadratic form, whose components then behave as:

L+ay 2N\, k=1,2,---d%.

While generically A5, are all of O(1), but the pre-multiplicative factor of £2 suppresses
them, in our gradient expansion. This ensures that the quadratic form is close to
the identity in this basis, and hence, we conclude that the second term (L2) remains
sub-dominant to the leading piece (L1).

This then leaves us with the term L3. While it is also generally suppressed, being
as it is of O(¢?%), it differs from the terms in L1, by involving an explicit factor of 9,KCE.
This is dangerous; there are configurations where K% gets anomalously small locally,
without a compensating suppression of 9,KCE. It is even possible that this term ends up
dominating with the wrong sign, leading to non-monotone decrease of Siya. In other
words, the problematic regime is one where locally

B2 2 ¢A1A9Bs D2 D1
]CCQ ~ Qg 68 5D102D2 ]CAQ avICAl ’

3.17
o, Kok ~ Ly SAAE - (KDTPKE) 10

Should this come to pass, then L3 could potentially dominate over L1 in Eq. (3.15) and
change the overall sign of the expression. This would lead to a violation of Eq. (2.7).
To ensure positivity in such situations we need to correct Swaq, which we do by adding
a correction term S,,.

— 19 —



The contributions to S.,, will be engineered to be such that terms of the form
L3, as well as, potential non-negligible contributions form S, itself, combine with L1
of Eq. (3.15), to produce a sum of squares with a negative semidefinite coefficient.
Furthermore, it will be required to vanish for a stationary geometry, so that each term
in Scor, by construction, will have at least one 0,.

A couple of comments about our strategy for determining S, are in order:

1. We make no claim regarding the uniqueness of S.,,. While we have found a
particular choice, based on its efficacy in generating all order corrections (in as),
other choices are possible. Indeed, as presaged in §1 there is no requirement for
the entropy function to be unique.

2. Our construction has an obstruction in the form of the total derivative term in
Eq. (3.15) (labeled as O). We have not been able to bound this term, so we can
make a statement in the circumstances where this term vanishes. We will say
more about this in due course (see also §5).

3. We will also see some curious similarities between the analysis herein and that in
hydrodynamics [27-29]. This is despite the perturbative scheme being different,
as well as, the fact that one deals with a local entropy current instead of the total
entropy in the latter context.

3.2 Part II: Temporal gradient corrections to Wald entropy

We now turn to the determination of S, for the Gauss-Bonnet theory. The final result
has already been quoted in Eq. (1.9), which we rewrite here for convenience:

Stotal - SWald + Scor
SWald = / dd_2ll§' \/E (1 + Eg 52,eq) y  S2eq = 2 6@;31 RClAlDlBl (3 18)

Scor - / dd_zx \/E 52.cory  92,cor — Z Kn @n 83 (bg((]))g 83 (hz((]))i .
n=0

v

We have written the correction terms in a gradient expansion, where the perturbation
parameter is £,0, as explained earlier. The tensors (f)Q(O))g are defined below. The
coefficients &, are taken to be O(1) numbers. Our task to infer whether a suitable
choice of these can be made to render 9,0 < 0.
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In the process, we have introduced some notation which we will adhere to in the
future to keep the expressions from getting cluttered. We define:

B
(bz(—l))A = E% ICE
A —B
(ha0)) 5 = 02 €2 0512 KoL Ky (3.19)
A n A
(b2(n))B =0, (b2(0))B :
Recalling that K4 has an explicit v-derivative Eq. (2.9), it is O(w), as is Kap in the
gradient counting. By suitably suppling powers of £, we have ensured that (bz(n)) has
mass dimension n. This uniform notation is useful in the perturbation scheme, since

o (bz(n)) is a term that contributes at n'® order in our gradient perturbation theory.
Indeed, note that we can write:

- 2n 2 2 A B
Sp00 = ) Fn 3 (0a) s (ha)” = (0aw) 5 (Do) 4 - (3.20)
n=0
With these definitions in place, we are ready to do the computation. We need

0= @2,eq + @2,cor ) @2,Cor = %av (\/ﬁ 52,c0r) (321)

In Eq. (3.8) and Eq. (3.15) we already have the contributions to O3, and 0,03,
respectively. All that remains is obtaining similar expressions for s ., and its time
derivative. At an abstract level this is easy, for by explicit differentiation:

81)@2,001" - 52,001" 8U]C + ]C a1}52,001“ + a552,Cor . (322)

Using our ansatz for s, in Eq. (3.18), each term in Eq. (3.22) can be separately
computed

B

K 81152,cor =2K Z Rn g?” (bz(n—l—l))g (bz(n))A
n=0
52 cor av’C - avlcg Z Rn @n (bg(n))2 (323)

n=0

0352000 = 2 Z Fin 03" { (62(714-1))2 + (bz(n))g (b2("+2))§ } :
n=0
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Putting together the contributions to Eq. (3.23) and Eq. (3.15) we finally obtain
an expression for 0,0:

@ = —ICABICAB — T + VAXA

dv
— 407 (h,0) e (han)'y, + 47062 (h,0)° (3.24)

#3200 () + () (i)} + 0.0
n=0

where

(0yO)neg = —4 70 £52 (By0))” — 22 £2 5gié§g§{KAlc’Cch RC2A2D232

+2KﬂKmBR@MB&—2K%K%&K%}

o ) (3.25)
+ 8vng Z KRn, 6?” (bz(n))

n=0

o0 " A
+2K Z%nff (han41)) 5 Uk(m)i

n=0

Various simple algebraic manipulations have been performed in the process of get-
ting to Eq. (3.24). Firstly, we simplified the L3 term of Eq. (3.15) using the identity

L3 = dal? (OKR!) S0 KK

() KS - dea B oS EE KR KGORS.
We then supplied and removed a term proportional to £y in the expression. One part
we have left explicit in Eq. (3.24), and the other part we subsumed into (9,0 )pe. This
will be helpful to write the final expression in a neat form.

Let us understand some of the structure here, especially the rationale for intro-
ducing (0,0)nee. We claim these are terms that can be neglected in our analysis as
they will never dominate in the (wl;) perturbation theory over terms that we explicitly
retain in Eq. (3.24). The rationale for dropping these is as follows:

1. All terms in the first two lines of Eq. (3.25) have at least two powers of Kap

multiplying other tensors. As such, they are negligible compared to the leading
JCapKAB for reasons elaborated in §3.1, and so can safely be dropped.
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2. The terms in the third line proportional to 9,/C are controlled as follows. Let us
contrast them against the term proportional to (bQ(nH))z in Eq. (3.24). Juxta-
posing these two terms together we would have a contribution

oo

e 2 2
> (2Kt 4 K 20.K) (Ba)” + K0 0K (By))” - (3.27)
n=1
In the infinite sum, each term is dominated by the k,,_; term which is the one we
have retained. The isolated piece involving kg 0,K (bz(o))z has again two powers
of K& in the tensor (bz(o)), and therefore is negligible in our expansion scheme.
3. The terms in the last line which contain X (52(n+1))2 (f)2(n))§ need more care,
but they too can in the end be neglected. To appreciate this let us contrast them
against the first term, —K 45 K42, Isolating just these two terms we have the
sub-expression 77 of Eq. (3.24)

K =683 w2 (0,0051)5 (bam)s

n=0

T, = —K5 (3.28)

It is then is clear that a term in the infinite sum will dominate only when the
leading K& becomes of order one of the term in the parenthesis. At this point we
can combine them and learn that

K~ 0 i 02 (Dy0001)) 5 (D)) 0

5 (3.29)
= T\ ~ k2L ((bz(n+1))2 (%("))g)

However, now this term is subdominant to the (h2(n))2 term which we have re-
tained, and thus may be safely neglected.

The remaining terms which we have left explicit in Eq. (3.24) are all the ones which
we should examine closely. While some are naively suppressed in powers of w/,, they
have the potential to reverse the sign of the entropy production by dominating over the
leading order terms. Let us collect these terms into a useful form, which will enable us
to bring them to a sum of perfect squares. Let us use Eq. (3.19) to write the leading
Kap KAB contribution in terms of (bz(_l)). Dropping (0,0 )nes We have the temporal
variation of entropy production being given now by

@
dv
B

+ 4 ko 65_2 (hg(O))2 +2 Z Rn—1 gzn_2 (b2(n))2 +2 Z Kn gin (b2(n))2 (bz(n+2))A
n=1 n=0

_ A _ A
= Ty + VX — 07 (b)) (Bai=n) s =462 (B,0) 5 (Ba(=1) 2
(3.30)
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Furthermore, introduce
K_g = — =, Ko = —1, K_1 = —2. (331)

After a bit more manipulation it is possible to cast the final expression for 0,0 as

© TVt
dv N (3.32)
J =2 Z ein—2 |:fin_1 (bQ(n))z + Kn €§ (bz(n))i (h2(”+2))2:| :

n=—1

We have now successfully isolated the contributions of the (b,(,)) into J defined above.
Importantly, in obtaining Eq. (3.32), we have succeeded in getting a quadratic polyno-
mial in the tensor(bz(n))i. The quadratic form is given by a matrix, M, which matrix
is band-diagonal in its coefficients, since we have links between (f)2(n)) and (f)2(n+2)) at
most (and n > —1). We have

e the diagonal entries of M given by the first term on the r.h.s of 7 in Eq. (3.32),

Viz., 2 Kp_1 02772,

e the off-diagonal entries of M are in the second term on the r.h.s of 7 in Eq. (3.32),
viz., 2k, 2", forn = —1,0,1,2,- - -.

The matrix M can thus be explicitly constructed

2k o0t 0 Kk lZ2 0 0 0 0
0  2k_1072 0 Kk 0 0 0
K,1€;2 0 2K0 0 ngz 0 0
0 Yo 0 2%16? 0 52621 0 e
M= 0 0 Kil2 0 2mplt 0 ksl - | (3.33)
0 0 0 molt 0 2k3l® 0
0 0 0 0 k3l 0

As long as we can exhibit a choice of k, such that the matrix M is a negative
definite quadratic form, and thus J < 0, we can declare victory. This can be done by
suitably grouping terms as follows:

2

J=> A {(%(nﬂ)) + K;:l (5 (Byns3) (3.34)
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where A, is defined through a pair of continued fractions®®

Kop—1
Agp = 2 ng — P 2 y
2Kop—2 — T
v 2h2p—a— 2
#HHH——
2k0— '/:1
, v (3.35)
Fop—2
Agp1 = 2Kgp1 — - K2,
2h2p-3 — SYS— S :
At
21@172%7L1
It is also useful to note that they satisfy recursion relations
(2
A, =2k, — 2L forn=-2-1,0,--. (3.36)
An—2
Therefore, the constraints we need are obtained demanding that
A, <0, forn > —2. (3.37)

These will suffice to ensure that J < 0. Furthermore, once we assume the NEC to
guarantee T, > 0, we see that 0,0 in Eq. (3.32) is negative semidefinite, modulo the
total derivative term V,4X“. As long as we can control this term, we have achieved
our stated goal of constructing a suitable entropy function for Gauss-Bonnet theory.

The total derivative term, which is our obstruction from giving a clean proof, can
be re-expressed as follows:

VXA =V, VY48

3.38
VAP = 2.0y 12 [2KKAP — 2KAKPC — hAP ((KG)? — Kepk©P)] 23

As long as we can control this total derivative term, we have managed to construct an
entropy function for Gauss-Bonnet gravity.

We require this obstruction term, V4 X4, to be negative semidefinite. An easy way
to achieve this is to in fact make it vanish. This happens, for instance, if we consider
SO(d—1) spherically symmetric solutions, where time evolution preserves the spherical
symmetry. Owing then to the spatial symmetry, the geometric structures on ¥, are
constrained. In particular, Y p < hap and thus the gradient term vanishes.

More generally, for compact horizon topology, with shear-free null generators,
K(apy = 0, we can infer that vanishing of V 4 X in Eq. (3.38), is equivalent to demand-
ing that K? be a harmonic function on ¥,. Since all harmonic functions on compact

18We would like to thank Dileep Jatkar for useful discussions about this point.
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spaces are constants, it then follows that as long as the horizon is generated by shear-
free generators t* with constant expansion, we would have an entropy function, since
Vx4 =0.

We find it curious that the term of interest X“ appears exactly only at the linear
order in the gradient expansion. It would be interesting to characterize the solution
space to VX4 < 0 more generally, a task we leave for future investigation.

4 Higher order Lovelock terms

Having explained how to construct an entropy function for Gauss-Bonnet gravity in
some detail, we now turn to higher order Lovelock terms. The action for these theories
is given by

Im = % / V=4 [R + fgm_z 'Cm + 'Cmatter}

L, = 5M1V1---umume1molyl . ,Rpmu om

P1O1 " PmOm m Vm *

(4.1)

where §h11bmim the generalized Kronecker symbol, is defined below Eq. (1.9). While
83 focuses on m = 2, we now explain how to extend these considerations for m > 2. We
will first work out the story for a single Lovelock term and then consider the general
theory Eq. (4.19).

Modulo some additional tensor structures, this will work in a very similar vein, so
our discussion will be brief.

4.1 Part I: Time variation of Wald entropy

The Wald entropy function for Lovelock theories of gravity evaluates to

(m) _ d—2 2m—2
. (4.2)
_ AlBl“‘Amlemfl Cl D1 C —1 D —1
5m70q - m(SC1D1~~'Cm71Dm,1 R Ay Byttt R " Am—1 " Bm—1

Defining ©,, o through the derivative of S\(i\rfgd as in Eq. (3.5), we find after a simple

series of manipulations

0s
o 2m—2 2m—2 m,eq AB
Omeq = K(1 4+ am 6" " 810q) — 2 U5 ( SHAD K
_ 2m—2 C AAlBl"'Amlemfl Cl D1 Cmfl Dmfl
— K+ may, M2 KG AN An B (RO, Dy ROme, - Doy )

(4.3)

As in §3.1 we will take this result which is written in terms of the intrinsic data on
Y, as our seed ansatz for the entropy function. This functional will satisfy the second

— 26 —



law to linear order in amplitudes [16]. We now wish to find corrections to it, so as to
have a second law for arbitrary amplitude departure away from equilibrium within the
remit of effective field theory.

In the following we will make use of some abbreviations to declutter notation. In
particular, let us introduce the shortcuts!®

m—1 A — AAlBl“‘Amlemfl Cl D1 C —1 D —1
(R )C = 5CCID1"'Cm71D7n71 (R Ax Bl'”R A " Bmfl) )

m—1

(Rm—Q)AAlBl — 6AA1B1“‘Am71Bm71 (RCQA D2B . _RcmflA Dmle ) (4 4)
- 2 2 m—1 m—1 ’ .

Cchl = Cchl"'Cmlemfl
m—3\AA1B1A2B2 __ cAA1B1Am—_1Bm—1 Cs D3 Cm—1 Dpm—1
(R )CC1D1C'2D2 — YCC1D1+-Crm—1 D1 (R Az Bzt R Am—1 Bmfl) :

Using this shorthand notation, we can take one more derivative of Eq. (4.3):

av@m,eq = 0,k +may, fzm_2 avlcg (Rm—l)g

/

Term 1 Te;r; 2

4.5
+m(m — 1) am 272 KG (0,RC 4,71 p,) (R72) 00! (4.5)

CClDL :

Term 3

The there different terms can again be simplified in pretty much the same fashion
as before. We have:

Term 1 = —K 0 K¢ — T,y + a, 272 €M (4.6a)
Term 2 = m a,, (272 9,5 (R™1)7 (4.6b)
Term 3 = —2m(m — 1) oy, (2772 [(V4,KG) (V7K + KS KPR 4,5, ]
m— AA1B1 it
X (RM2) 0+ VaXih (4.6¢)

We have made several simplifications in writing the final form of these terms. For
one, in the first term we have used the temporal components of the Lovelock equations
of motion (see Appendix D for details). This reads:*

O (2E0) = — a, (212 (Rm—2)g‘gjf;§
x [(8,KG + KL KG) R 4P, —2(m— 1) (Va,K5) (VPIEG)]

(4.7)

19" As one might expect since the Lovelock terms comprise of Euler forms in even dimensions this
notation should be naturally suggestive of the differential form structure in terms of the curvature
2-form.

20 By writing the equations of motion in this form, we are assuming m > 3. If m = 2, we can revert
back to the Gauss-Bonnet case, which only differs in that the product of curvatures in the first line of
Eq. (4.7) is not present.
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The tensors like (Rm_2)éé£1 are defined as in Eq. (4.4), but with the projected cur-
vature tensor, R pcp, instead of the intrinsic one, Rapcp.

For another, to evaluate the third term, we employ a strategy analogous to the
discussion around Eq. (3.10c). This leads to the total derivative piece, where the
vector field )?(‘21) now has the expression:

vAL 2m—2 3~C Dy 4-C m—2\AALB

X =2m(m —1) a, (5772 K5 (VPKE) (R™7?) ey - (4.8)
Again, this total derivative term will be an obstruction to our proof aiming at giving a
clean result for an entropy function.

Adding up the contributions from the three terms given above, we find in total

B =T =g K 9. =, 2 {05 [ = (R

= 2(m = 1) (Va,KS) (VPG [(R™2) oo = (R™ )|

CC1D1 Cchl

o AALB
+ KL K [5558 R 4, Prp, (R 2)CCID11

+2(m — 1) 6505 R 4,75, (Rm—z)ggigi } } . (4.9)
We can further simplify this expression, we first note that the last two terms contain
explicit factors of two extrinsic curvature tensors, and therefore remain suppressed
relative to the leading KacK4¢ term (see the discussion around Eq. (3.16)). This
leaves us with simplifying the two terms in the first two lines which involve differences
of powers of the projected and intrinsic curvature tensors. We expand them using
standard geometric identities in terms of extrinsic curvatures and then argue that all
but the leading term are irrelevant. Explicitly,

(R o = (R™ e

_ AA1B1--Am—1Bm-1 Ch D1y Crm—1 Dp—1
- 5001D1“'Cm71Dm71 |:R Aq Byt R " Am—1 " Bm—1

C D Cr— Dy —
_R 1A1 lBl.'.R 1Am71 1Bm71j|

_ D1 Cy ¢AA1ByApm—1Bm—1 Ca Do Cin—1 Dp—1
- _2(m - 1) ICAl ICBl 6001D1---C7,L,1Dm,1 R A2 By " R " Amfl " B

+ O(KapKep)?
— —2(m—1)K, K (R™?)

1

m—1

AA1 By

CCLD; + O(EABICCD)2 . (410)

Using this formula (and a similar one for the term involving m — 2 powers of curvature)
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we can bring Eq. (4.9) to the form:

8U(am,oq = _Tvv - lCAC lCAC + VA)’E(‘?n)

+2m(m — 1) oy, (2772 (R ST
{00 TG RO, P, — 2(m — 2) (V.4,K5) (VK K K5 )
+ O (o 2" ) - (4.11)

Here, we discarded higher order terms which are at least of the order indicated as they
are always suppressed compared to the bare —K4KA¢ contribution, which is negative
semidefinite.

Finally, we can rewrite the second term in the curly bracket in Eq. (4.11) as a total
derivative by observing that

(R™) e { (T4 KS) (VPG A2 K5 |

1 m—3\AAIB1A2Bs O oDy 1-Ci\ D2 1-Co , (4.12)
- 5 VAl{ (R )CchICZDZ ’CA (V 1’CB1)’CA2 ’CBQ} + O(’CAC') )

This means we can ignore it in the analysis at the expense of amending our ob-
struction from X(‘fn) — X(‘gl). All told, we find that Eq. (4.11) can be simplified to

av(—)m,eq - _Tvv - ICAC ’CAC + VAX(I?n)

+2m(m — 1) ay, £2™2 (Rm‘Q)égigi {3@;@2 K IC%} (4.13)
where the total derivative term now reads
X(ﬁ;) =2m(m—1)a,, ("2
(R K (V) (RO~ - 2R kg)

In this boundary term, the piece proportional to (m — 2) is new compared to the
Gauss-Bonnet analysis and has resulted from Eq. (4.12).

4.2 Part II: Temporal gradient corrections to Wald entropy

In writing the final expression for 0,0, in Eq. (4.13), we have already discarded
terms which are subleading relative to the leading contribution —K 4oK4¢ (which is
manifestly negative semidefinite). However, as discussed at length earlier; this term
can be overwhelmed by the contribution from the second line of Eq. (4.13). Therefore
as in §3.2 we are going to add corrections to the Wald entropy to construct an entropy
function.
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Our candidate entropy function is given as:

Stotal - SWald + Scor - / dd_2x \/ﬁ |: (1 + Qm egm_2 5m,Oq) + 5m,cor

v

AlBl‘ Am le 1 Cl D1 Cm—l Dmfl
Smeq = M Oci i 1D R L RYM T AL Bt s (4.15)

2n B
Sm,cor = Z Kn £ m(n (bm("))
where once again we introduce some shorthand notation with

(B,)p = K2,
|

(5.,0) 0 = 3m(m = 1) an 272 KG Kyl (R™)
(B,m) = 22 (B,00)) s -

Our task is to determine k,, so as to ensure that the resulting entropy function has the
right monotonicity properties.

AA1 By

COLDy (4.16)

Given this expression, we compute the temporal derivatives of s,, .., and combine
it with the result in Eq. (4.13) to obtain the answer for @™ = Om.eq + Om.cor- We will
already write this in a compact form for further analysis:

0,0 = =T, — Kac K7 + VX3,
— 402 (0,0) 0 (0,0) s + 47067 (5,,0)

+Z {2 (B00) " (0,0) 5 (i) | (117

L3k, fzn{zfc (0,005 () + K (8,0 }
n=0

The first term in the second line stems from rewriting Eq. (4.13) up to terms of
order O(a, K3 (wls)P) for some p > 0 (c.f. the similar discussion around Eq. (3.26)).
We have again included a subleading term (proportional to &g) to put the final answer in
a useful form. The terms in the last line may be ignored within our gradient expansion;
the arguments for these is exactly as in the Gauss-Bonnet case, so we won't repeat
ourselves here. All told, we can write the final expression in a compact form:

av@(m) = _Tvv +J + VAX(I;:%)

T =23 2 kat (0,00) 4 50 £ (0,0)5 (B2 |

n=-—1

(4.18)
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Note that we have set specific values k_o = —%, k_1 = —2 and Ky = —1 to bring the
expression into the structure of a well-defined quadratic form.

At this point we are done. Structurally, Eq. (4.18) is identical to the analogous
expression obtained for the Gauss-Bonnet theory, so the very same argument given in
§3.2 will suffice to demonstrate that the result is negative semidefinite.

Of course, we still have to tackle the boundary term involving the vector X(‘fn )
which is given in Eq. (4.14). Once again the comments made at the end of §3 continue
to apply, owing to the occurrence of the K§ V7 IK% in the expression for X(j‘n) (with
appropriate contractions). We however do not discern as yet a structure which ensures
that this boundary contribution also remains negative, thereby preventing us from

presenting a clean entropy function.

4.3 Generalizations: Sums of Lovelock theories

If we view higher derivative theories of gravity as toy models for the subleading effects
in a UV complete theory of quantum gravity, it is natural to consider not just isolated
Lovelock terms for a given m. In this section we will argue that our analysis for isolated
Lovelock terms can be generalized to this case with only minor modifications. The main
insight will be a formula for the entropy functional in terms of the Lagrangian.

Let us consider an arbitrary Lovelock combination of the form

1
I = E /ddvx vV —4g (ﬁgrav + £matter)

Loray = R+ Z A 7 L (4.19)

m=2

P1O1 " PmOTm M1 V1 m Um *

[ee]
=R+ E . g?m—2 SravLimlm QP 01 L RPmOm
m=2

We start with the observation that the objects appearing in the proposed Lovelock
entropy functional Eq. (4.15) can be written in terms of derivatives of the corresponding
Lagrangian:

0L,
5varr

_ 2m—2 AlBl“‘Amlemfl Cl D1 Cmfl Dmfl
= M &y fs 601D1---C7,L,1Dm,1 R A B R A Bm—_1 - (420)

m—1

Define also the general expression for (bm(o)) which is our basic building block:

a1 9m—2 0% Lgrav
(0n0)5 = =3 onl"™ ™ Spr o SRy

KS K, (4.21)
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We can use this observation to suggest a natural entropy functional for theories
which involve several Lovelock terms:

Stotal = / {1 + Z €2m 2 £ r
v R—R

1 5L
+ K |02 Oy —amﬁgm_Q -

fciiﬁii)

BlR>R
(4.22)

In this expression, we recognize the first line as Wald entropy. Since our analysis in §4
was linear in its use of the equations of motion, we would expect that the Wald entropy
term in the first line (which is linear in L£,,) is reasonable. The second line provides
the corrections in our perturbative framework, now expressed directly in terms of the

2
KK )|
R—R

(4.23)

Lagrangian. More succinctly, we can rewrite Eq. (4.22) as

& 2
Stotal _ / \/ﬁ { 5£grav + Z |:£nan ( 0 £grav
v =0

OR | 2 6RA 4,01, 6RY

This equation should be viewed as the most compact and general result in our analysis.

Let us now understand more explicitly why Siota as defined in Eq. (4.23) satisfies
the second law. By superposing Lovelock terms from our previous analysis, we find
that Eq. (4.23) leads to the following:

0,0 = —Tp — KAKS + VaX 2
- 4@ B 6y (Drrn(=1))  + 40 (D)
3 A 22 (B00)” F Bran) 5 (Bt | (4.24)
=
3 (2K () () 0K (5)” )
+ O:(Oa Kic(@l)),

where p > 0. We define here the tensors:

Brn(-0) e = 2KE . (Baoz) e = D (0 - (4.25)

m=2
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The boundary term can also be understood in terms of the Lagrangian:

AA1B1A2Bs
CC1D1C2D>

xh o i 2m(m — 1)ag, (2772 (R™3) kS (VP Kg)
m=2

x (RC2 1222, — (m—2) K2 K2 )

_ [ 62 Loran 83 Lgrav KB (VDlngl)

—Ds ._.C
— IC IC 2
5RAA101'U 5R’L}Bl D1 B 6RAA101’U 5R'UB1 DlB 6RC2A2 2 Bs Ao B>

R—R
(4.26)

As far as the second law is concerned, it is immediately clear that the expression
Eq. (4.24) can be assembled into a sum of squares with negative coefficients (up to
negligible terms) in exactly the same way as we did in the case of a single Gauss-
Bonnet or Lovelock term. The only difference lies in the more complicated building
blocks Eq. (4.25).

With regard to the obstruction term, one notes a general pattern, but it has not
yet proven illuminating to see a useful bound. What remains clear is that one should
perhaps try to control the tensor K& (VDlngi) on Y,. Modulo this issue, we have
exhibited as before, a general entropy function for an arbitrary Lovelock theory.

5 Discussion

We have constructed one entropy function for Lovelock theories of gravity. This entropy
function by construction always increases under every such time evolutions where the
horizon remains spherically symmetric.

It is possible to drop the assumption of spherical symmetry, provided we can control
the total derivative obstruction term, requiring it to be negative semidefinite. While we
do not, as yet, have the general solution to this constraint, we think it is plausible that
one can indeed construct such an entropy function. We now turn to describing a few
subtleties regarding our construction, and also sketch out some potential extensions of
the analysis herein.

Metric redefinition: If we take low energy limit of any UV complete theory of
gravity, the classical action will generically have higher derivative corrections to all
orders in the £, expansion. Asis well known there exists a freedom of metric redefinition
by terms of order O(¢2), n > 0, which will rearrange the form of the action. For
example, we know that by a metric redefinition of the form

G = G = G + £§ (alR,uu +a R g;w)
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we can transform any four derivative pure gravity action to Gauss-Bonnet. This, in
turn, implies that in a gravity action, where terms of all order in O(¢?) are allowed,
at four-derivative order there could at most be one free coefficient which is of physi-
cal significance; the remaining two could always be absorbed in an appropriate field
redefinition (in the absence of matter).?!

The situation is less clear at higher orders in /,; at six-derivative order it appears
that by field redefinitions one can reduce the number of independent data to two func-
tional forms. One of these is the Lovelock term L3, but the other is a quasi-topological
form involving a different index contraction of curvatures [30-32]. It is clear from this
analysis that with increasing derivative order, more tensor structures are possible (see
[33] for related comments). So within effective field theory, we should a-priori allow
other possible forms of the gravitational interactions, differing from the Lovelock terms
considered herein.

Now, under an arbitrary metric redefinition, a null hypersurface embedded in a
dynamical spacetime might not remain null. Our analysis heavily used the fact that
the horizon is a null surface throughout the time evolution. In other words, we have
chosen to fix our field redefinitions so as to ensure that the metric which appears in
the action is the very same one that imposes the causal structure on the spacetime.
We require the horizon to be a null hypersurface with respect to this choice. It is an
interesting open question, as to how to properly assign an entropy functional to an ac-
tion, without a-priori fixing a field redefinition frame. Such a viewpoint would be really
useful in ascertaining an entropy function for arbitrary higher derivative interactions,
an ambitious task whose surface we have barely scratched.

Coordinate choice: Throughout our analysis we have chosen a very special gauge
adapted to the horizon. The spacetime is foliated by constant r slices such that the
event horizon is at r = 0. But our choice does not fix the coordinate transformation
freedom completely. For example, a simple constant scaling (see [16]) of v — 0 = A v
1, coupled with a change f(r,v) — f(f, 0) = @ keeps the form of the
metric invariant (see Eq. (1.4)). In particular, since f(r = 0,v) = 0, on horizon one

and r =7 =

does not even need to change any of the metric components and the metric is exactly
invariant at » = 0. However, the corrected entropy density, though defined only on the
horizon, is not automatically invariant under this transformation unless we also scale
the k,’s appropriately.

21 However, this metric-redefinition freedom does not exist, if we demand that our gravity action
truncates at four-derivative order which, one suspects, does not give rise to a consistent quantum
theory [2].
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It would be interesting to classify all such transformations that keep the form of the
metric invariant and to see how the formula of 0,0 changes as we change the foliation
of the spacetime.

Another potential drawback is that we have had to pick a particular foliation of the
horizon, with leaves given by >, and thence construct a scalar function on these leaves.
A more covariant procedure, suggested by the fluid /gravity analogy, would have been
to construct directly a spacetime codimension-2 form, which could then be integrated
on any arbitrary spatial section of H*. Rather curiously, we were unable to construct
such an entropy-form (whose dual would be the entropy current). While we do not
have a formal no-go result, indications are that such a covariant object does not exist,
a fact that we find rather surprising.??

Total derivative terms: We have seen that if we depart from spherical symmetry,
then for Lovelock theories our entropy function works provided a very particular term,
which is of the form of a total derivative, is either vanishing or always non-negative.
Note that though we have assumed that our horizon is a compact hypersurface and we
are concerned only with the total entropy, this particular total derivative term cannot be
removed since it appears in the v derivative of the integrand of 0,Sia1 (see Eq. (3.15)).
Note also that this particular term occurs at the same order in the gradient expansion
where the higher derivative terms first start contributing to the rate of entropy change.

It would be very interesting to know whether this term has any physical significance
and says something important about the theories of gravity. It is also possible that
by doing some re-adjustment in our construction we could absorb this term also in a
sum of full square pieces. Perhaps some redefinition in the foliation of the spacetime
(as mentioned in the previous paragraph) along with the addition of another infinite
series in the expression of entropy will suffice to construct a function with a negative
semidefinite second derivative.

Other possible methods: Another possibility is that instead of proving 0,0 < 0,
we could try to prove 0,(Z0) < 0 with Z being a positive function. As we review in
Appendix E, the standard proof of second law in f(R) theories by [12] proceeds exactly
by this method. More generally, while we have found an obstruction to proving second
law using usual Raychaudhuri equation, our work does not preclude that there might
be some other way of proving second law. We hope our work will be a stepping stone
and an inspiration for an eventual proof.

22 For instance, using the fluid/gravity map in asymptotically AdS spacetimes [23], we could have
pushed forward the entropy current onto the horizon. We thank Shiraz Minwalla for numerous dis-
cussions regarding this issue.
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Future directions: Other future directions include to examine our results in the
regime of fluid/gravity [23], or in the context of large D black holes dual to membrane
dynamics [34]. In particular, it would be interesting to examine the total derivative
obstruction term in these contexts to see whether we can actually use it to engineer
entropy destruction in generic solutions. We leave these studies for future work.
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A Coordinate choice and near-horizon metric

We argue here that the metric used in the main text Eq. (2.5) is the most general such,
justifying the statements made in §2.1.

Let us w.l.o.g. start with the metric in Eq. (2.3). In writing this we have only as-
sumed that we have a spacetime codimension-1 null hypersurface, foliated by spacetime
codimension-2 slices 3, whose null normals are t* and n* coordinatized as explained
earlier. The inverse metric components are

T Ll AT R
e N N N
g == (gTT 4 gEY) g = — (T gk
g8 = hAB 4 g AP 4 g EARD 4+ g (AP + kA TP)

(A1)

where A = [j — (J - k)]*=J2(f+k?) and h*P is the inverse metric on ¥,. All indices are
raised /lowered as everywhere else in the text with the metric hap, e.g., JA = hAB Jg.
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Also, we have used the following definitions
J-k=h"BIuks, J*=h"BJuJg, k? = hPhakp. (A.2)

Consider the vector 8, = n#d,, such that n” = 1, n*ni* = 0. In order to make it
an affinely parametrized null generator we need to impose

n'Dyn’ =0, (A.3)

which is evaluated to be

nV,n" =17 =¢"0,J(r,v,x) + gT’AE?TJA(r, v,X),
n'V,n' =17, = g0, J(r,v,x)+ g”AﬁrJA(r, v,X), (A.4)
n“VunA = Ffr = gA”&J(r,v,x) + gAB&JB(r,v,x).

Using Eq. (A.4) and the expressions of inverse metric as given in Eq. (A.1) it is easy
to verify that
JATT 4+ kA TY 4+ T4 = w280, Jp(r,v,x) =0 (A.5)

which immediately reduces to the condition
OpJp(r,v,x) =0. (A.6)
Plugging this back in Eq. (A.4) it is straightforward to obtain
0.j(r,v,x) = 0. (A7)

From Eq. (A.6) and Eq. (A.7) it follows that j(r,v,x) and Ja(r,v,z) are actually
independent of r and functions of v and z4 alone.

j(T’, U, X) = ¢(Ua X)

Ja(r,v,x) = ®4(v,x) (4.8)

Now the third line of Eq. (2.3) specifies the angle at which the 0, geodesics are
piercing through the horizon (r = 0), and thereby sets the initial condition Eq. (A.8).
It simply implies that

o(v,x) =j(r=0,v,%x) =1, for all {v,x}

(A.9)
Dy(v,x) = Ja(r =0,v,x) =0, forall {v,x}

This is the statement of Eq. (2.4).
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Before we move to discussing the constraint that follows from demanding the other
null vector 9, = t#9, (with t* = 1 and t" = t* = 0), let us write the metric incorporating
the constraints in Eq. (2.4),

ds* = 2dv dr — f(r,v,2)dv® + 2k(r, v, 2)dvdz® + hap(r, v, 2)dz?dx?

(A.10)
such that f(r=0,v,2) =0, ka(r =0,v,2) =0.

The fact that #* is an affinely parametrized null generator requires that t*D,t” = 0,
when evaluated on the horizon. This condition reduces to

1
o (A.11)

Therefore, demanding that 0, is an affinely parametrized null generator on the horizon
leads us to the constraint that 9, f|,—o = 0. Hence, we have now justified our claims in
§2.1.

B Curvature tensors for stationary metric

In this appendix we will first work out the curvature tensors for the metric Eq. (A.10).
Its inverse is easily obtained:

gTT:f+k2, grU:L grA:_kA7

B.1
gvv _ O, gvA — 07 gAB _ hAB, ( )

with

WA = (WY ap, k4= h*Pkp, k* = h*"Phakp.
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The Christoffel symbols are also easily computed to be:

=0, 1I7,=0

. 1 kA .1 1
er = _iarf - TarkAa FAT = §arkA - §]€BarhAB
I = 507+ 90, = 307 — 1 (ks + 301 )

. 1 1
np = —kol9p — §(f + k)0, hap + B (Oakp + Opka — Oyl a)

v 1 v 1 v 1
Iy, = iarfa Loa= _§aTkA7 AB = _587‘}”‘3 (B.2)
1 1
Ffv = §hAB(9,,kB, P?B == ihACathC’
A kA AB 1
Lo = =5 0nf + 0% ( Oukp + 50
k‘A

where fgc is the Christoffel symbol for the spatial metric hp.

Before we proceed let us record some more notation:
Orhap =2Kap, Ovhap=2Kap, Oka=2wa, O.f=2T. (B.3)
Let us also use Eq. (1.5) to record the non-zero Christoffel symbols on the horizon H*

Fgr‘}pL

r
= w4, 1—‘AB‘ v

= —wa, FUAB’ = —Kas
" Lo jj (B.4)
:ICBv FBCL_H:FBC'

J— v
e —Kap, Ty

= ICB ) FvB

A _ A A
Frv =w, FT’B 2+

H+

H+

Using these we find the non-zero components of the Riemann curvature tensor to be
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given by the following:
1
Rrvrv - 587?./: + w2

Ropen = —0rwa + wPKap
Roypa = —0ywa — w"Kap
Rearp = —0,Kap + Kacky
Roavs = —0,Kap + Vpwa — wawp + KpcK§ (B.5)
Roavs = —0,Kap + KacK§
Rapwc = VeKac — VaKpe
Raprc = (Vg —wp)Kac — (Va —wa)Kpe
Rapep = Rapep + KacKpp + KacKpp — KapKpe — KapKpe
where V 4 is the covariant derivative with respect to the metric hyp. Furthermore, the
Ricci tensor evaluated at the horizon takes the form:
R, = -0,k —Kask"

1 _
R, = 583 f—0,K—KapKAP 4+ V4wy

RrA = 8va +E§WB + (VB - WB)KE — (VA — wA)E
Ry = —0,K — KapKAB
RvA = —ava + ICEWB + VB’CE — VA’C
Rap = Rap — 20,Kap + (Vpwa + Vawp — 2wawp)
+ Q(KAC']C% + KBc]Ci) — KICAB — ]CKAB
Note that the trace of K45 and Kap are denoted as K and IC, respectively K =
Kah?B, K =Kagh?B.
Derivation of Eq. (3.13): With the expressions for the curvature tensors, as in
Eq. (B.5), at our disposal we shall now give the procedure to derive Eq. (3.13). To this
end let us focus on the last equation in the set of Eq. (B.5) and rewrite it in terms of
the codimension-2 Gauss-Coddazi equation:
RClAlDlgl o RClAlDlgl _ KA131IC01D1 + ICA181K01D1 . KA]?I/C% _ Kgi/Cfll . (B?)
From Eq. (B.7) it is straightforward to conclude that

6A1AQBQ RCQ Ay Do

Cy D2 _ A1 A3Ba37D2 4~
D1C2D> By R Az By | _25D102D2’CA2 ]CBQ ) (B8>

where 53%;52 is the now familiar generalized Kronecker symbol (see §1.2). This then
leads to the expression Eq. (3.13) which we used in the text.

— 40 —



C Computational details: Gauss-Bonnet theory

In this appendix we shall fill in some of the intermediate steps for the calculations
described in §3.

C.1 Derivation of O ¢q

We start with Swaq as given in Eq. (3.2) and then compute

8USWald = &, |:/ dd_2£lf \/E (1 + v ff 52,eq)]

_ / 442 (1 + 0 02 89.0) + 02 €2 D,52.00] (C.1)

v

059.¢
= / dd_zg; |]C(1 + Qo €§ 5270(1) — 209 €§ (5}121‘;;) ]CAB:| )

and hence from Eq. (2.6) we get

552,43
Using the expression of $9., from Eq. (3.4), and the variational identity Eq. (3.7), we
arrive at
852’0 Ay 8hD1[51 C A . D
8}1‘4; B 250151 OhAB A1D~1B1 - _63011511 R¢ Ay 1B1hAD’ (CB)

In writing this expression we have dropped the total derivative term where we vary the
curvature tensor. This last equality has been simplified using the following relations:

OnPrDr D1 <D AALB A <AL B A AB A AB
ThAB = 5A15317 50011D1 = 505011D1 - 501501&1 + 5D1501011 . (0'4)

Finally, using Eq. (C.3) back in Eq. (C.2) we derive Eq. (3.8).

C.2 Gauss-Bonnet equation of motion

Let us now turn to the equation of motion for Gauss-Bonnet gravity. The action for
the Gauss-Bonnet theory is given in Eq. (3.1). Varying the action with respect to the
spacetime metric g,,, we get the equations of motion

1
R,uu - ig;wR + g eig;w = T;w ) (C5)
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where the matter stress tensor was defined in Eq. (2.12). We have included the contri-
bution of the Gauss-Bonnet term in &£, separately since it occurs at higher orders in
our gradient expansion. This term is evaluated as follows:
5£2 Guv
=2 Sy
a dgHv 2
|:5}:{p_1'u10‘1/1gom1

= QHHIVIK2V2
ogHv

pP101p202

:| Rp2ﬂ2021/2 - %EQ

orer, oI a o v
= 200102 {Rmm(wdj)l + g7 (Da 59#;111 -D, 5g’:;j ) }Rmuz T %52.
(C.6)

In Eq. (C.6) the part that involves the variation of the Christoffel symbols can be
manipulated to be written as total derivatives and hence will not appear in the equations
of motion. We shall now demonstrate this explicitly

Shvipere 001 (Da5FP1 — D T~ )Rﬁzmaz

P1O1P202 9 pivi Vit o 1%

= ot 0" (DudThha) B,

= gz gooigper (D, R, ) (C.7)
= ks [D,, 677 — DagR: + D7ogf] (Do R,

= =01 oy [D7 g ] (Do R%,,7,,)

Note that in the second equality we have discarded a total derivative term, and in the
third equality we have used the relation

pia

oo 1 1 o 1 o1 o
geororn = ) [Dmégpl ' — DM4gt + D7 gl } (C.8)

We can use the Bianchi identity to show that Dy, Rl MJZ}W] vanishes:

o2] o o2]
D[VlR[pzm i va] — —Dy, (R[P2 Z}Vwﬂ + R[pzl/wﬂ 2 )
[p o2] [p2 2] (C.9>
= —Dy, <R * Vo] ) = —Dp, ", v] — 0.
Therefore we conclude that
a 2N 01% « o g
N c1o

__ _ — souvip2er2 [ P1 o1
o 255P101P202 R M1

p2 02
R 12 ]/2:| °

v
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In the last line we have used the fact that 04117272 is a determinant and therefore could

be expanded in terms of cofactors as written below

pivip2ve . SH1 SV1p2V2 _ SH1 SV1H2V2 p1 SVip2eve o SH1 SV1H2V2
5P101P202 - 6ﬁ1 601[’202 501 5P1P202 + 5[’2 5P10102 502 5P101P2'

Projecting onto the horizon H™ in the geometry Eq. (1.4), we obtain the temporal
component that we need:

gvv = 2(Rva - 2RvaR3 - QRQBRUQ”UB + RvaﬁpRvaﬁp)
(C.11)

_ A1A2Bs
= —2 5D102D2

drci
( d:l T KAlC]CDIC) R02A2D2Bg - 2VA2]C114)11 VDzIng

This form of the equation has been used in §3 to simplify Term 1 in Eq. (3.9).

C.3 Simplifying Wald entropy change

We provide some details regarding the derivation of Eq. (3.10c). We are looking at the
third term in Eq. (3.9), labeled Term 3, which is of the form 2a, (2 Kidéé£1 &,RClAlDlBl.
In order to proceed we need to calculate derivative of the intrinsic Riemann tensor
RO, P 5, With respect to v

8@7201 [AlDlBl] = —hCDlv[B1avFihC' - 2R01 [AlDBl}IClD)l

— C1Dq Dy 3~C1 _ C11-~D1 . o) D Dy (012)
= =V, (Va K + VPIKS = VAKST) — 2R 4, kB

Using Eq. (C.12) and the property of 581251151 that it is antisymmetric in both in its

upper and lower indices, it is easy to obtain

C cAA B, c, D1 A1 A9 Bo D1 Ds 1~Ca
KA6001D1 aUR Ay By 2 6D1CQD2VA2 (’CAlV ICBQ) (C 13)
o A1A2Bo D D2D~2 Co Dix7Ds3 1~C2 :
2 opdbn KRR S+ VKRV PKg:]

The first term in Eq. (C.13) is a total derivative. However, it plays a crucial role as an
obstruction to our analysis being complete and we can not ignore it. The remaining
terms are described in the text following Eq. (3.10c).

D Equations of motion in Lovelock theories

We present a quick derivation of the equations of motion in Lovelock theories described
by the action Eq. (4.1). Since the derivation is almost identical to the Gauss-Bonnet
case (see §C.2), we will be very brief.
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Consider the contribution to the gravitation equations of motion from a particu-
lar Lovelock term. By varying the action m'™ Lovelock Lagrangian £,,, we find the
following:

(m) _ OLm _ G

— Ly,
pv dghv 2
ore, Y
_ m5511511525: Rplm(ul/léu)l + gaUl <Daﬁ - Du1 59!;1,/ ) :| (Dl)
% RP2“2‘72V2 e Rﬁmumgm — %Ema

Vm, 2
where the factor m comes from the variation of a product of m Riemann tensors. As

before, the part involving variations of Christoffel symbols is zero (up to total derivative
terms, which do not contribute):

SHavipmVm gOéUl (Daél—‘pl —D.Tm )Rp2u202

.. Pm Om
2 R Hm

P1O1 " PmOm Hivi Vit o v Vm
_ (m B 1)5511;11:::5252 |:D0'1 5951] (DV1 szmazuz)RpsuSJaVB .. .Rpmumamym (D.Q)
=0.
where we used the Bianchi identity, Eq. (C.9). Therefore the equations of motion take
the form
5
(B0 = R R R =L

(D.3)

P101PmOTm P1O1 " PmOTm Um

5 1
_ o §01 SHIV1IHmVm _ — SO SHU1V1HUmVm P1 g1 .. Pm Om
= (méaléﬁ ) 5 5 0 R, RO
1

_ _ = amul---umum[ pPL 01 PRPm  Om }
2 Bp1o1-pmom R H1 1y R Hm Umd °

From here, one can evaluate the temporal component Sévm) to obtain Eq. (4.7).

E Analysis for f(R) theory

In this appendix, we review the proof of second law for f(R) theories given by [12] in
our notation. In Gauss-Bonnet and Lovelock theory to prove that © > 0, what we have
attempted to show is the following

av@‘l'gvv S 0

E.1
where the equation of motion: &, — 7, =0 (E1)

However for our purpose proving the following inequality would have been enough

0,(710) + ZoE40y <0, (E.2)

— 44 —



where Z; and Z, are any two functions that are strictly positive within the validity
regime of our approximation. The proof of ‘Wald entropy increase’ in [12] could be
recast in this language with a certain choice of Z; and Zs.

For the case of f(R) theories, the Lagrangian is of the form

1

I = E/ddx\/—g f(R) (E.3)

From this, it can be shown that, see [12],
SWald = / dd_2ZL’ \/ﬁ f’(R) . (E4)

p

By taking one more derivative, we find
— 1 / _ / /

0= 70 VRS(R)] =K f/(R) + 0, (R). (E.5)

In such theories the (vv) component of the equation of motion takes the following form:

Ew = ['(R)R,, — O*f'(R)

_ - @%f’(R)}
- ) |- 2 -
= ['(R) | Ry — 82 log[f'(R)] — (3}{(’;1?)
Now define 7, = Z, = ﬁ and substitute in the LHS of equation Eq. (E.2):
@ g’l)’l)
o (7im) * 7
1 2
= 0+ aRlouly () + | Ry~ ol ()] - ()
Ouf(R)\? (E.7)
— R, +0,K - < Y )
- d.f'(R)\*
= —ICAB/CAB—< 7 (R) ) <0.

Here in the second line we have used equations Eq. (E.5) and Eq. (E.6). In the final
step we have used the fact that

R, = —0,K — KapK*?

Horizon

Now in our case, f/(R) = 1+ O(w?¢?). Hence both Z; and Z, are strictly positive.
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