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Notations and Acronyms

Here are the most frequently used notations and abbreviations in this dissertation. Note that vectors
of dimension d are treated as d × 1 matrices (column vectors) and as a rule, the argument ω of
random variables is omitted.

P(.) Probability of an event

xt, yn, zk Stochastic processes depending on (continuous or discrete) time

x(t), y(n), z(k) Deterministic processes depending on (continuous or discrete) time

I Identity matrix

x>,X> Transpose of the vector x or matrix X

〈.〉 Expectations value, ensemble average of a random variable

StD(.) Standard deviation of a random variable

t, n, k,m,m1,m2, ... Variables denoting the continuous time t or the discrete times
n, k,m,m1,m2, ...

i, i1, i2, ... Indexes denoting the i-th element xi of a vector x or the i1i2-th ele-
ment Xi1i2 of a matrix X

j, j1, j2, jτ , ... Index used for multiple similar objects or for the j-th element of a
set

PDF Probability Density Function

SDE Stochastic Differential Equation

DDE Delay Differential Equation

SDDE Stochastic Delay Differential Equation

MDBM Multi Dimensional Bisection Method

MC simulation Monte-Carlo simulation
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Chapter 1

Introduction

There are several models in engineering and biology which lead to delay differential equations
(DDE), e.g., the models of machine tool vibrations [2, 79, 94], delayed control loops [99], traffic
dynamics [64], predator-prey systems [97] or neural networks [16]. During the investigation of
such delayed dynamical systems stochastic effects are usually neglected, despite that stochastic
excitations often influence the behaviour of these systems. The noise may appear not only as an
external excitation, but also in the coefficients of the state variables. In case of construction of de-
terministic models that approximate stochastic systems, the usual approach is to consider the mean
values of the measured system parameters that describe the process, while the measured variation
is considered as the unwanted noise of the measurement [29]. This mean-value based approach is
valid for linear systems only, and even in these cases, its result may be misleading regarding the
stationary behaviour. A noise excitation can lead not only to change in stability properties, but it
can also cause a so-called autonomous stochastic resonance or coherence resonance [53, 84].

For example, in manufacturing science, when machine tool vibrations are investigated usually
this deterministic approximation is applied. When dealing with machine tool vibrations two main
categories of vibrations are considered: the so-called chatter and forced vibrations [94]. Chatter is
an instability phenomenon, caused by the time delay due to the surface regeneration effect. During
this instability, self-induced oscillations occur, which can lead to poor surface quality and damage
in the tool. The forced vibrations are the result of the time-varying cutting force, which can occur
due to the changing size and shape of the chip, but can also be caused by high-frequency processes
as chip formation and segmentation, shockwaves in the material, local inhomogeneities in the ma-
terial properties [66, 67], shear plane oscillation, rough surface of the workpiece etc. However,
these high-frequency variations are usually not considered [2, 59] in the constant parameters of
the force characteristics describing the relationship between the chip size and the cutting force.
Since these high speed phenomena are very complex processes, thus in some recent theoretical
works [14, 43, 85] a stochastic noise excitation is used to take the effect of these unmodelled dy-
namics into account. Another example is in vehicular traffic, where the time delay originates from
the drivers’ reaction time, that typically varies stochastically [63], while the additive noise comes
from the other vehicles whose motion the drivers need to respond to. In network control systems,
delays may vary stochastically due to packet drops or capacity drops while in the meantime agents
need to respond to the noisy environment [19, 35, 50, 60, 68–70]. In complex biological networks,
like those within cells, external noise is ubiquitous, while stochastic delays may be used to model
a sequence of reactions [30, 32].

However, if the stochastic effects are also considered, the range of tools used to analyze sta-
bility and stationary solutions is far more limited than the available tools for systems described by
deterministic delay differential equations (DDE’s). For some special, linear stochastic delay dif-
ferential equations (SDDE’s) with constant parameters, stochastic calculus can be utilised to study
first and second moment stability [55]. Another approach is to use small perturbation of a critical
parameter to investigate the stationary properties of the selected solution of the SDDE [14,48]. In
case of small delay, an alternative method is to approximate the system as a non-delayed stochastic
differential equation (SDE) [31]. It is also possible to estimate the stationary probability density
function (sPDF) of the phase angle in the polar-coordinate representation of the SDDE using
Fokker-Planck equation [93]. This approach leads to a nonlinear deterministic system of equa-
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Chapter 1 - Introduction

tions for the dominant characteristic exponent, the average phase angle velocity, and the sPDF of
the phase angle, which can be solved in an iterative way or by using the multidimensional bisec-
tion method [6,7]. There are also methods to decide, if the necessary and sufficient conditions for
exponential and second moment stability are satisfied, by utilizing Lyapunov functionals [57, 74].
However, the above-listed methods have the weaknesses of not only being problem-specific but
usually applicable only for small degree-of-freedom dynamical systems with constant parameters.

The most general method to investigate SDDE’s (including linear SDDE’s with time-periodic
parameters) is to numerically simulate them in the time domain using e.g., the Euler-Maruyama
method [13] or the Milstein method [17, 76] generalised to SDDE’s, and statistically analyze the
calculated trajectories to determine stability and stationary beahviour. These integrated realiza-
tions then can be used to study their mean square (or in a more general case the p-th moment)
to determine moment stability [8, 56] and stationary beahviour. A further application of these
numerically obtained paths is based on data analysis, namely, the topological beahviour of the
high-dimensional point cloud generated from the trajectories is investigated to detect instability
near the boundaries of the stable parameter domain [43, 44]. Since these methods are based on
Monte-Carlo simulations, they require high computational resources to provide the statistically re-
liable results. These methods have the weaknesses of not only being intuitive and problem specific,
but usually applicable only for small degree of freedom dynamical systems.

This dissertation aims to investigate an approach which is able to efficiently characterise the
stability and stationary behaviour of systems with delays subjected to parametric and additive noise
perturbations. In Chapter 2 the basic mathematical concepts and the most important preliminaries
are discussed, which are essential to investigate the stochastic systems with delays, especially in
regards of stability and stationary behaviour. Chapter 3 introduces general and efficient method
based on the semidiscretisation [37], which allows the analysis of stochastic delay differential
equations (SDDEs) and systems with stochastic delays.

Based on this method a simple-to-use open-source package has been implemented in the Ju-
lia [12] programming language, and it has been released under the name of StochasticSemiDis-
cretizationMethod.jl [80]. Then, in Chapter 4 the usage and the convergence properties of the
proposed methods are demonstrated through the analysis of some basic SDDE examples. In Chap-
ter 5 the method is applied to numerically investigate engineering problems. First, the effect of the
noisy cutting force on the dynamics of turning and milling processes is analysed, and it is shown
how the stochastic models are able to predict some measured phenomena, which the deterministic
models cannot explain. Then it is shown, how stochastic packet drops can influence the stability
properties and the stationary behaviour of connected automated vehicles, and how the harmful
effects of these packet losses can be compensated. Finally, in Chapter 6 the theoretical assump-
tions and predictions are compared to measurement results. Here it is proved that the stochastic
component of the cutting force has to be taken into account, furthermore, it is demonstrated how
the new theoretical results can be utilised for chatter detection during a milling operation.
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Chapter 2

Mathematical Preliminaries

Disclaimer

To discuss stochastic differential equations (SDEs), especially stochastic delay differ-
ential equations (SDDEs) some of the fundamental concepts and tools of probability
theory is needed. The goal of this chapter is not to introduce the reader to the subtleties
of measure theory with rigorous definitions and proofs, but to give an intuition of the
concepts necessary to understand the main theoretical contributions of this work. Note
that this chapter is not an integral part of this dissertation, namely, some notation used
in this section may be used in a different context in the following chapters, however, this
chapter is regularly referred during the derivations in the subsequent chapters.

2.1 Basics Concepts from Probability Theory

Probability theory is the branch of mathematics which discusses events and mathematical models
which have random outcomes. If an experiment is conduced (e.g.: rolls with a dice) and the out-
come cannot be predicted, then the outcome can be called as a random event. For every experiment
there exist a set of events Ω from which the outcome can take values (e.g.: the outcome of rolling
with a regular dice is an integer from 1 to 6, so Ω = {1, 2, 3, 4, 5, 6}). However, it is possible
to describe these events not only using discrete values, but also by labelling them using values
from a continuous set (e.g.: Ω = R or even Ω = Rd). These random variables can characterise
e.g. the life expectancy of a product, such as a lightbulb (here Ω = [0,∞)) or a measured length
(Ω = [l1, l2]).

2.1.1 Probability and Expectation

LetX denote a random variable, and restrict Chap. 2 to sets with a finite number of events labelled
with real numbers, namely Ωd = {ωjω : ωjω ∈ R, jω = 1, 2, 3, . . . , NΩ, ω1 < ω2 < . . . < ωNΩ

}
or the infinite set Ωc = R.

The most important way to describe X is the probability of taking a value ω ∈ Ω, where this
probability is denoted by P. If the event space is the discrete Ωd, then this probability takes a finite
value, or weight wjω ∈ [0, 1], namely

P(X = ωjω) = wjω . (2.1.1)

However, if the continuous event space Ωc is considered, then P(X = ω) = 0 for all ω ∈ Ω.
To overcome this, instead of using probability as the fundamental quantity, the probability density
function (PDF) is introduced, namely

f(ω) = P(ω < X < ω + dω) (2.1.2)

which represents the probability of the random variable X being located in the infinitesimal inter-
val [ω, ω + dω]. The other quantity which can be used for handling a random variable X is the
cumulative distribution function (CDF)

F (ω) = P(X ≤ ω) (2.1.3)

3



Chapter 2 - Mathematical Preliminaries

The connection between the two quantities is described by the relations

F (ω) =

∫ ω

−∞
f(ω̂)dω̂ and f(ω) = F ′(ω). (2.1.4)

Furthermore, the CDF is normalised as

lim
ω→∞

F (ω) =

∫ ∞
−∞

f(ω)dω = 1, (2.1.5)

since the total probability of the entire event space has to add up to unity.
To describe discrete random variables with the help of continuous probability density func-

tions, the Dirac delta δ(ω) can be used, namely

f(ω) = wjωδ(ωjω − ω) where ωjω ∈ Ωd, (2.1.6)

and the integral generating the cumulative distribution function reduces to the sum

F (ωjω) =

j∑
j1=1

wjω . (2.1.7)

For example, the PDF of the one dimensional normal (or Gaussian) distribution is

f(ω) =
1

σ
√

2π
e

(ω−µ)2

2σ2 , (2.1.8)

where µ and σ are the parameters of the distribution. If a random variable X is a normally
distributed variable, than it is usually denoted as X ∼ N (µ, σ).

The next important quantity to describe a random variable X is its n-th moment, namely

〈Xn〉 =

∫
Ω
ωnf(ω)dω, (2.1.9)

where the operator 〈.〉 denotes the expectation value or the ensemble average (sometimes denoted
as E (.)). The first moment describes the mean X of the random variable X , while the standard
deviation StD(X) can be calculated using the first and second moments:

X = 〈X〉 , (2.1.10)

X =
〈
X2
〉
, (2.1.11)

StD(X) =

√
〈X2〉 − 〈X〉2 =

√
X −X2, (2.1.12)

where X is also introduced to denote the second moment. For a normally distributed random
variable X ∼ N (µ, σ) these quantities are

〈X〉 = X = µ,
〈
X2
〉

= X = µ2 + σ2, StD(X) = σ. (2.1.13)

So far introduced univariate random behaviour was introduced, but the above described quan-
tities can be generalised straightforwardly to multivariate random numbers. For example, consider
two R-valued random variables X,Y with a PDF

f(x, y) = P(x < X < x+ dx, y < Y < y + dy) (2.1.14)

and cumulative distribution function

F (x, y) =

∫ y

−∞

∫ x

−∞
f(x̂, ŷ)dx̂dŷ. (2.1.15)

4



Chapter 2 - Mathematical Preliminaries

In a multivariate context they are usually called joint PDF and joint CDF, respectively. If these
variables are independent of each other, then the joint PDF can be multiplicatively separated as
f(x, y) = fX(x)fY (y), and with this the joint CDF is

F (x, y) =

∫ y

−∞

∫ x

−∞
fX(x̂)fY (ŷ)dx̂dŷ =∫ x

−∞
fX(x̂)dx̂

∫ y

−∞
fY (ŷ)dŷ = FX(x)FY (y).

(2.1.16)

This causes that the expectation value of the product of these two variablesX and Y are calculated
using multiple integrals, namely

〈XY 〉 =

∫ ∞
−∞

∫ ∞
−∞

xyfX(x)fY (y)dxdy =∫ ∞
−∞

xfX(x)dx

∫ ∞
−∞

yfY (y)dy = 〈X〉 〈Y 〉 = XY

(2.1.17)

If the independent random variables are added, due to the linearity of expectation, the mean and
standard deviation of this sum can be calculated as

〈X + Y 〉 = 〈X〉+ 〈Y 〉 and StD(X + Y ) =

√
StD(X)2 + StD(Y )2. (2.1.18)

When both of these random variables are normally distributed, namely X ∼ N (µX , σX) and
Y ∼ N (µY , σY ), then the sum of these two variables is also normally distributed, namely X +

Y ∼ N
(
µX + µY ,

√
σ2
X + σ2

Y

)
.

However, multiple normally distributed random variables are not necessary independent of
each other. When these random variables are collected in a vector X ∼ N (µX,σX), µX ∈ Rd,
σX ∈ Rd×d, which is called the multivariate or Rd-valued random variable:

X =
(
X1 X2 . . . Xd

)>
, (2.1.19)

and has the multivariate probability distribution function fX : Rd 7→ R, namely

fX(x) =
1

(2π)
d
2
√

det (ΣX)
exp

(
−1

2
(x− µX)>Σ−1

X (x− µX)

)
, (2.1.20)

where ΣX = σ>XσX = Σ>X. Note that in this case the first moment (or the mean) is expressed as
a vector

〈X〉 = µX ∈ Rd, (2.1.21)

while the covariance (calculated with the help of the second moment) is the symmetric matrix

Cov(X,X) =
〈
XX>

〉
− 〈X〉 〈X〉> = ΣX ∈ Rd×d. (2.1.22)

Due to the linearity of expectation, for any affine transformation it holds, that

Y = a + BX (2.1.23)

has a mean
〈Y〉 = a + BµX (2.1.24)

and covariance matrix
Cov(Y,Y) = BΣXB>, (2.1.25)

where a ∈ Rd and B ∈ Rd×d. If d = 1, the scalar version of (2.1.23) is gained, namely

Y = a+BX (2.1.26)

where Y ∼ N (a+BµX , BσX).

5



Chapter 2 - Mathematical Preliminaries

2.1.2 Stochastic Processes

A time dependent random variable Xt is called stochastic process, and in general has a time
dependent PDF fX(t, x) = P(x < Xt < x+ dx). Intuitively, Xt represents a collection of the
process’ observable realizations or trajectories. In this dissertation, to differentiate the stochastic
and deterministic variables, the time dependence is denoted with a subscript t (e.g.: Xt), or using
parentheses (e.g.: A(t)), respectively, as introduced by Arnold [5].

To model the information that is available at a given time point t1 the filtration (Ft)t∈[0,t1] is
used. For a stochastic process the probabilities at time t can be different on the previous history of a
trajectory. This is encapsulated in the concept of the filtration (Ft)t∈[0,t1], which is the continuous
analogue of the conditional probability. Intuitively, if the filtration (Ft)t∈[0,t1] is given, then the
stochastic process Xt has already realised, and all of its previous value, or in other words, its
trajectory is known up to time t1. For example, if the time dependent PDF of a stochastic process
is known, e.g.: Xt ∼ N (µ(t), σ(t)), then its mean and standard deviation are

〈Xt〉 = µ(t) and StD(Xt) = σ(t). (2.1.27)

However, if the filtration (Ft)t∈[0,t1] is given, then〈
Xt|(Ft)t∈[0,t1]

〉
= X(t) and StD

(
Xt|(Ft)t∈[0,t1]

)
= 0 for all t ∈ [0, t1], (2.1.28)

without any regard of the know time-dependent PDF of the process. That is, X(t), t ∈ [0, t1] is
a known and deterministic function of time, since it has already realised in the past and cannot
be changed. Here 〈.|.〉 and StD(.|.) denotes the conditional expectation and standard deviation,
respectively.

An important property of stochastic processes is stationarity, which characterise the time de-
pendence of the PDF of a process; if a stochastic process is stationary, then its PDF does not
change when shifted in time, namely

xt ∼ f(x, t) = f(x, t+ ∆t) ≡ f(x). (2.1.29)

An other important property is ergodicity, which means that the ensemble average of a process
(or other processes derived from the original one) is the same as the time average:∫

Ω
xf(x)dx = lim

T→∞

1

T

∫ t0+T

t0

xtdt. (2.1.30)

Note that, stationary stochastic process is also ergodic, if the variable has the same distribution in
time as its ensemble distribution. One can use this property to approximate the statistical properties
of a stationary process xt from a sufficiently long sample (realization) of the process.

2.1.3 The Wiener Process

Probably the most important stochastic process is the so-called Wiener process Wt, which is the
most widely used process to model stochastic Gaussian white noise excitation, and is the main
stochastic process used in stochastic calculus [5, 61]. The Wiener process is defined to have the
following properties:

• W0 = 0,

• its increments are normally distributed, with variation proportional to the elapsed time,
namely ∆Wt := Wt+∆t −Wt ∼ N

(
0,
√

∆t
)

,

• the increments for non-overlapping time intervals are independent.

6



Chapter 2 - Mathematical Preliminaries

Figure 2.1. Sample trajectories of the Wiener process along with the probability distribution func-
tion (PDF) of the Wiener process at time t = 1.

These properties lead to the following corollaries

〈Wt〉 = 0, (2.1.31)

〈∆Wt∆Wt〉 = ∆t, (2.1.32)

〈∆Wt1∆Wt2〉 = 0 if ∆t < |t1 − t2|, (2.1.33)

〈Wt1Wt2〉 = min (t1, t2). (2.1.34)

Furthermore, in case of a Wt process is realised up to t1, if a t2 > t1 is investigated, its PDF can
be written as (Wt2 |Ft1) ∼ N

(
Wt1 ,

√
t2 − t1

)
, leading to

〈Wt2 |Ft1〉 = W (t1). (2.1.35)

These properties of the Wiener process make it an essential building block when modelling
stochastic noise effects in engineering. First, it was used to model the driving force of the Brown-
ian motion [54], where the motion of a particle excited by random impacts was investigated, since
the Wiener process captures the resultant effect of these large number of high frequency stochastic
impacts.

If one considers the central limit theorem [61], which states, that given X1, X2, . . . , XN R-
valued independent stochastic variables with 〈Xj〉 = 0 and StD(Xj) = 1, j = 1, 2, . . . , N , but
otherwise arbitrarily distributed, the distribution of their sum convergences to a normal distribu-
tions, namely

SN =

N∑
j=1

Xj and lim
N→∞

SN ∼ N
(

0,
√
N
)
. (2.1.36)

During Brownian motion, it can be assumed that the number of random impacts exciting the
particle is proportional to the length of the observed time interval, namelyN ∝ ∆t. The Langevin
equation describing the velocity vt of a one-dimensional Brownian motion has the following form:

mv̇t = −λvt + σΓt, (2.1.37)

where m is the mass of the particle, λ is the viscosity of the medium where the particle is lo-
cated, while σ describes the intensity of the Langevin force Γt, which is the process modelling the
random impacts. Since mathematically Γt is not meaningful, the increment form is used

mdvt = −λvtdt+ σdWt, (2.1.38)

7



Chapter 2 - Mathematical Preliminaries

where

dWt :=

∫ t+dt

t
Γt̂dt̂. (2.1.39)

This integral can be intuitively interpreted, as Γt represents the high frequency discrete random
impacts, which during the time interval [t, t+ dt] accumulate into a normally distributed random
variable dWt with intensity dt, similarly to (2.1.36). Note that Eq. (2.1.38) is a stochastic differ-
ential equation and in order to solve it, one needs to define the stochastic integral.

2.2 Basic Concepts of Stochastic Differential Equations

2.2.1 Stochastic Integrals

There exists two main definitions of the stochastic integral w.r.t. the Wiener process [61]. The first
is the Itô definition: ∫ T

t0

gtdWt = lim
‖∆‖→0

∑
tj∈∆

gtj∆Wtj , (2.2.1)

where ∆ = {t0, t1, . . . , tN = T} is a mesh on [t0, T ], ‖∆‖ = max
j
{tj+1 − tj} and ∆Wtj :=(

Wtj+1 −Wtj

)
. The other definition is the Stratonovich integral:∫ T

t0

gt ◦ dWt = lim
‖∆‖→0

∑
tj∈∆

gtj+1 + gtj
2

∆Wtj . (2.2.2)

In general the two definition produce different results, however if gt = g(t) is a sufficiently smooth
deterministic function, then the two sum (2.2.1) and (2.2.2) defining the integrals converge to the
same solution.

In order to numerically approximate the solution of a realization of the stochastic integral
e.g. the Euler-Maruyama approximation [47] can be used:∫ T

t0

gtdWt ≈
∑
tj∈∆

gtjξj or
∫ T

t0

gt ◦ dWt ≈
∑
tj∈∆

gtj+1 + gtj
2

ξj , (2.2.3)

where ξj ∼ N (0,
√
tj+1 − tj) is a random variable generated at each time step tj .

Despite of an integral being a stochastic integral, the formal solution, such as described
in (2.2.1) or (2.2.2) is still a very important and useful representation. For example, the expectation
value of the product of two Itô integrals can be calculated with the help of the Itô isometry [61] in
case they are integrated w.r.t. the same Wiener process:

〈∫ T

t0

gtdWt

∫ T

t0

htdWt

〉
=

〈
lim
‖∆‖→0

∑
tj∈∆

gtj∆Wtj

∑
tj∈∆

htj∆Wtj

〉 =

= lim
‖∆‖→0

∑
tj1∈∆

∑
tj2∈∆

〈
gtj1htj2 ∆Wtj1

∆Wtj2

〉
= lim
‖∆‖→0

∑
tj∈∆

〈
gtjhtj

〉
(tj+1 − tj)

=

∫ T

t0

〈gtht〉 dt.

(2.2.4)

The Itô isometry can also be used to show, that the Langevin force Γt from Eq. (2.1.37) is
an appropriate representation of the Gaussian white noise excitation used to excite dynamical

8
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systems. The term white noise is used to indicate, that the power that is fed into a dynamical
system by Γt is constant for all frequencies, or in other words the power spectral density of Γt
is constant. The power spectral density gives a good representation of the energy supplied to a
system by a signal:

S(ω) = 〈x̂ωx̂∗ω〉 , (2.2.5)

where x̂ω is the Fourier transform of a signal xt, defined as

x̂ω =
1√
2T

∫ T

−T
e−iωtxtdt. (2.2.6)

In case of the signal being the Langevin force, namely xt = Γt, the integral w.r.t. time t becomes
an integral w.r.t. the Wiener process as in (2.1.39). Then, this stochastic integral is substituted
into (2.2.5) to obtain

S(ω) =
1

2T

〈∫ T

−T
e−iωtdWt

∫ T

−T
eiωtdWt

〉
=

1

2T

∫ T

−T
dt = 1 , (2.2.7)

which is a constant, thus Γt is a white noise.

2.2.2 Stochastic Differential Equation

A stochastic differential equation (SDE) is a class of differential equations in which the right hand
side of the equation has to be integrated w.r.t. one or more stochastic processes. The solution of
these equations are also stochastic processes. In general, multiple types of stochastic processes can
occur in a stochastic differential equation, however, in this dissertation only the Wiener process is
considered, and the SDEs for an Rd-valued stochastic process xt have the form

dxt = a(xt, t)dt+ b(xt, t)dWt, (2.2.8)

where the stochastic effects are considered in the Itô sense. However, if one considers the stochas-
tic effects in the Stratonovich case it can be transformed to an Itô SDE. If the SDE is given in the
Stratonovich sense as

dxt = â(xt, t)dt+ b̂(xt, t) ◦ dWt, (2.2.9)

then the corresponding Itô SDE is (2.2.8) with the transformed coefficient functions [5]

ai(xt, t) = âi(xt, t) +
1

2

d∑
i1=1

∂b̂i(xt, t)

∂xi1
b̂i1(xt, t) and b̂(xt, t) = b(xt, t). (2.2.10)

Note that usually the coefficientfunction a(xt, t) of dt is called drift term, while the coefficient
function b(xt, t) of dWt is called diffusion term.

One of the simplest examples of a linear SDE is the following equation which generates the
one dimensional R-valued xt Ornstein-Uhlenbeck process, which is an SDE with additive noise:

dxt = µxtdt+ σ0dWt, (2.2.11)

and its solution can be expressed as

xt = x0e
µt + σ0

∫ t

0
eµ(t−t̂)dWt̂. (2.2.12)

The Ornstein-Uhlenbeck process has a time dependent normal distribution [5], namely

xt ∼ N
(
x0e

µt,
σ0√
2µ

√
e2µt − 1

)
. (2.2.13)

9
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Figure 2.2. Sample trajectories of the Ornstein-Uhlenbeck process for initial condition x0 = 1.
The shadings labelled by percentages denote the area where the corresponding percentage of the
trajectories are located, furthermore, the darker blue line denotes the mean of the trajectories.

Figure 2.3. Sample trajectories of the geometric Brownian motion process for initial condition
x0 = 1. The shadings labelled by percentages denote the area where the corresponding percentage
of the trajectories are located, furthermore, the darker blue line denotes the mean of the trajectories.

Another example of a linear SDE is the equation of a geometric Brownian motion with multi-
plicative noise, for which

dxt = µxtdt+ σ1xtdWt (2.2.14)

and its solution is given by

xt = x0e

(
µ−σ

2
1
2

)
t+σ1Wt

. (2.2.15)

In Fig 2.2 and 2.3 a small batch of sample realisations is shown for the Ornstein-Uhlenbeck
process (2.2.12) and the geometric Brownian motion process (2.2.15), respectively. Along with
the trajectories, based on Monte-Carlo simulations, some statistical properties of the realizations
are shown, namely the mean, the area where the 68 % and where the 95 % of the trajectories are
located. It can be observed that these areas are symmetric w.r.t. to the mean for the Ornstein-
Uhlenbeck (as its PDF is a time dependent normal distribution (2.2.13)), however, these areas are

10
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asymmetric for the geometric Brownian motion, while the mean is the same for both processes.

2.2.3 Stability of Stochastic Systems

In this section linear stochastic differential equations are considered in the form

dxt = Axtdt+αxtdWt, (2.2.16)

where xt is the Rd-valued stochastic state variable, and A,α ∈ Rd×d are coefficient matrices. For
the solution process xt of Eq. (2.2.16) there exists multiple stability definitions, from which a few
important ones will be discussed in the following paragraphs.

A process is first moment stable, if the mean of the stochastic process is stable, namely

lim
t→∞
〈xt〉 = 0. (2.2.17)

To demonstrate the first moment stability, the mean of the solution process (2.2.15) is investigated,
where d = 1, A = µ and α = σ1, namely

〈xt〉 = x0e
µt, (2.2.18)

which is stable if
µ < 0. (2.2.19)

An other stability definition is the almost surely (a.s.) exponential stability, which is defined by
the constant λ, where

λ =

〈
lim
t→∞

1

t
log ‖xt‖2

〉
. (2.2.20)

and ‖.‖2 denotes the L2 norm. The solution process xt is a.s. exponentially stable if λ < 0, while
it is a.s. exponentially unstable if λ > 0. Considering the solution of (2.2.15) one can determine
the a.s. exponential stability by calculating λ from

λ = µ− σ2
1

2
, (2.2.21)

thus determining the stability criteria as:

µ <
σ2

1

2
. (2.2.22)

The process xt in (2.2.16) is asymptotically mean square stable [5] or second moment stable,
if

lim
t→∞

〈
‖xt‖22

〉
= 0. (2.2.23)

To investigate the asymptotically mean square stability of the geometric Brownian Motion pro-
cess (2.2.15), its second moment has to be considered [5]:〈

x2
t

〉
= x2

0e
(2µ+σ2

1)t. (2.2.24)

From this, the stability criteria for asymptotically mean square stability can be deduced:

µ < −σ
2
1

2
. (2.2.25)

Comparing the stability definitions one can see, that the different approaches to define stability
lead to different results. From (2.2.19) one can see, that the first moment stability does not consider
the stochastic effects when determining the stability of linear systems. From (2.2.22) it can be
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Unstable
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Figure 2.4. a) Parameter regions determined by the different stability definitions b)-f) Sample tra-
jectories for Eq. (2.2.26) with different parameter combinations and initial condition x0 = 1. The
shadings labelled by percentages denote the area where the corresponding percentage of the trajec-
tories are located, furthermore, the darker, thick blue line denotes the mean of the trajectories.
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noted that the almost exponentially sure stability predicts that the noise exciting the system has a
stabilising effect. However, the second moment stability forecasts the opposite, namely that the
noise destabilises system (2.1.37).

To compare the different stability definitions, the original geometric Brownian motion is per-
turbed with an additive noise, namely

dxt = −µxtdt+ (σ1xt + σ0)dWt. (2.2.26)

This addition does not change the stability, however provides a perturbation to better illustrate
the different behaviour for parameters satisfying different stability criteria as shown in Fig. 2.4.
First, consider the case without the additive noise excitation, namely σ0 = 0. If µ = 1, σ1 = 1
(Fig. 2.4a P1), the system (2.2.26) is unstable w.r.t. to all of the stability definitions, and the
trajectories of the system blow up as shown in Fig. 2.4b. In case of µ = 1, σ1 = 2 (Fig. 2.4a
P2) the parameters satisfy the condition of almost sure exponential stability. In Fig. 2.4c it can
be observed, that the individual trajectories (thin lines) of the system decay over time, however
the trajectories have bursts before doing so. If the ensemble average (thick line) of the trajectories
is investigated, then it can be seen that it grows over time, due to these bursts. This stability
definition is suitable to determine if the individual trajectories decay or persist over time. This is
an essential property when investigating systems in population dynamics, where the state variable
can represent for example the population of a bacteria. However, in case of engineering systems,
where the state variable can represent e.g., a displacements or voltages, these occurring bursts can
lead to catastrophic events. To avoid these bursts one has to consider the other stability definitions
as well.

If µ = −1, σ1 = −2 (Fig. 2.4a P3) the parameters are from the first moment stable region.
In this case the mean process is stable (Fig. 2.4d), however, the aforementioned bursts are still
present, but to a lesser extent. This phenomenon is amplified when even a small additive noise
is present (σ0 = 0.1 as in Fig. 2.4e) causing sudden bursts even after a long incubation period
and it is especially undesired for engineering systems. To guarantee that these bursts do not oc-
cur, thus guaranteeing stochastic stability, a set of parameters has to be choosen from the mean
square or second moment stable region, such as µ = −1, σ1 = −1 (Fig. 2.4 P4) [77]. Since this
dissertation considers engineering systems, the second moment stability definition will be used
when investigating the stability of stochastic delay differential equations. Furthermore, in case of
second moment stability defined in (2.2.25), the stationary second moment can be calculated. For
system (2.2.26) this stationary second moment is

lim
t→∞

〈
x2
t

〉
= − σ2

0

2µ+ σ2
1

(2.2.27)

which takes a positive value in case of second moment stability defined in (2.2.25), since the
denominator becomes negative.

2.2.4 White Noise-induced Resonance

Since the white noise process Γt has a constant power spectral density, as shown in (2.2.7), it has
the potential to cause a resonance effect. To demonstrate this, consider the dimensionless equation
of motion of the simple one degree of freedom linear oscillator subjected to white noise excitation:

ẍt + 2ζẋt + xt = σ0Γt, (2.2.28)

where ζ is the damping coefficient and has the first order incremental form

dxt = Aẋt + σdWt, xt =

[
xt
ẋt

]
, A =

[
0 1
−1 −2ζ

]
, σ =

[
0
σ0

]
. (2.2.29)
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The solution of (2.2.29) can be written [5] as

xt = eAtx0 +

∫ t

0
eA(t−t̂)σdWt̂. (2.2.30)

In case of a stable system with moderate damping (0 < ζ � 1) the stationary moments are

lim
t→∞
〈xt〉 = 0, lim

t→∞

〈
xtx
>
t

〉
=

(
σ2

0
4ζ 0

0
σ2

0
4ζ

)
. (2.2.31)

Note that in case of small damping, even if the average tends to zero, there can persist a significant
noisy motion.

This consequence can be derived using a different approach. The oscillator (2.2.29) is often
characterised by using the absolute value of the frequency response function (resonance curve):

R(ω) =
1√

(1− ω2)2 + 4ζ2ω2

. (2.2.32)

The resonance curve R(ω) describes the amplification rate of the mechanical system (2.2.29) for
each frequency ω for a given force excitation. In case of a deterministic harmonic excitation,
resonance occurs if the excitation frequency matches the natural frequency of the system.

Since the white noise Γt excites all the frequencies, the resonant excitation is unavoidable.
The worst case, the maximum of the amplification described by the maximum of the resonance
curve R(ω) is a good measure to investigate the maximal response of the system (2.2.29) given by

max
ω

R(ω) =
1

2ζ
√

1− ζ2
(2.2.33)

at ω =
√

1− 2ζ2, or for 0 < ζ � 1

max
ω

R(ω) ≈ 1

2ζ
(2.2.34)

at ω ≈ 1, thus the noise is inversely proportional to the damping ζ.
Comparing the stationary second moment in (2.2.31) and the maximum amplification near

small ζ values in (2.2.34) it can be seen, that the two quantity increase hyperbolically near the
critical bifurcation parameter value ζ = 0 (see Fig. 2.5). This observation can be utilised, to use
the stationary second moment to qualitatively describe systems near critical parameters. In case
of bifurcation analysis when the system changes from stable to unstable, e.g., in model (2.2.29)
the bifurcation ζ goes through zero, before reaching the unstable zone the second moment of the
vibration tends to infinity. In case of more complex models (e.g. a non-smooth, nonlinear model
of turning in [23]), the bifurcation point of the trivial solution based on the linearised model can
be used only as an approximation.

2.2.5 Stochastic Delay Differential Equations

A stochastic delay differential equation (SDDE) in the Itô sense is when the change of the Rd-
valued of a state xt depends not only on the state xt at current time t, but also on previous values. In
general, these values can continuously cover a time segment via distributed delays, however, in this
dissertation only point delays are considered. The distributed delays can be approximated as point
delays using e.g. shifted Dirac delta distributions [39] or via Clenshaw-Curtis quadrature [96].

SDDEs with a single point delay can be given in the incremental form

dxt = a (xt,xt−τ , t) dt+ b (xt,xt−τ , t) dWt, xt = ϕ(t), t ∈ [−τ, 0] (2.2.35)
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Figure 2.5. Comparison of the stationary second moment and the maximum value of resonance
curve for system (2.2.29).

where a,b : Rd × Rd × R → Rd are smooth functions, τ > 0 is the time delay, xt is the Rd-
valued state variable at time t, xt−τ denotes the delayed state at time t−τ ,Wt is a standard Wiener
process and the initial condition xt = ϕ(t), t ∈ [−τ, 0] is continuous with

〈
‖ϕ(t)‖2L∞

〉
<∞ on

t ∈ [−τ, 0] and F0-measureable [18].

2.2.6 Linearisation of Stochastic Delay Differential Equations

In this dissertation such SDDEs are investgiated, where the noise acts as a perturbation on a deter-
ministic system. When analysing the stochastic stability of the solution of these systems, first the
equilibrium of the underlining deterministic system is determined, then its stability is investigated
in the presence of the stochastic perturbation. To demonstrate the linearisation process consider
the autonomous system

ẋ(t) = a(x(t),x(t− τ)). (2.2.36)

Assume that there exists a trivial solution x∗ (equilibrium state) for Eq. (2.2.36). Without the loss
of generality one can set x∗ ≡ 0 such that a (0,0) = 0. Furthermore, presume that the conditions
are fulfilled which guarantee that the differential equation linearised around the trivial solution x∗

exhibits the same stability properties in the neighborhood of the equilibrium state as the original
nonlinear equation [5, 45]. If there exist the coefficient matrices A, B ∈ Rd×d, such that

|a (ξ,η)−Aξ −Bη| = o (|ξ|+ |η|) , |ξ + η| → 0 (2.2.37)

then the investigation of the stability properties of

ẋ(t) = Ax(t) + Bx(t− τ) (2.2.38)

can be used to prove the local stability of the trivial solution x∗ of the nonlinear DDE (2.2.36).
To analyse the effect of stochastic perturbation on the stability properties, Eq. (2.2.36) is ex-

tended as follows:

dxt = a (xt,xt−τ ) dt+ b (xt,xt−τ ) dWt + σdWt, (2.2.39)

where function b ∈ C1
(
Rd × Rd,Rd

)
has also the property of b (0,0) = 0 and σ ∈ Rd is a

constant vector representing the intensity of the additive noise. In this case xt is a d-dimensional
stochastic process, thus the time dependence is in the subscript. The goal is to investigate whether
the process xt stays in a bounded region of the trivial solution x∗ of Eq. (2.2.36). For this purpose
the definition of the first and the conservative second moment stability is used [5] in the form of

lim
t→∞
|〈xt〉| = 0, lim

t→∞

∣∣∣〈xtx
>
t

〉∣∣∣ ≤ ε, 0 < ε <∞ (2.2.40)
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for all xt = ϕ(t), t ∈ [−τ, 0]. Similarly to a deterministic case, it is assumed that for matrices
α,β ∈ Rd×d, the condition

|b (ξ,η)−αξ − βη| = o (|ξ|+ |η|) , |ξ + η| → 0 (2.2.41)

holds. Then the linear stochastic delay differential equation (SDDE) of the form

dxt = (Axt + Bxt−τ ) dt+ (αxt + βxt−τ + σ) dWt (2.2.42)

can be used to prove moment stability and to approximate the stationary beahviour of the process
defined by the nonlinear SDDE Eq. (2.2.39). An appropriate way to construct the matrices A,B,α
and β is to use the first order Taylor expansion of a (ξ,η) and b (ξ,η) at the fixed point x∗ = 0.

One can generalise the linearisation to periodic nonlinear systems, however, then instead of
an equilibrium point one has to consider a periodic solution with period T and linearise around
this solution. This process leads to periodic coefficient matrices in the linear SDDE used for the
stability analysis.

2.2.7 Numerical Integration of Stochastic Delay Differential Equations

There exist a wide range implementations of numerical methods to integrate DDEs and SDEs [34,
71, 75], however, there does not seem to be any widely used solver for SDDEs. In order to nu-
merically calculate the trajectories of an SDDE (2.2.35) we created the Julia package Stochas-
ticDelayDiffEq.jl [91]. This package allows the use of the large number SDE solver algorithms
implemented in the already existing StochasticDiffEq.jl [71] package. This is achieved by trans-
forming the SDDE (2.2.35) into the SDE

dxt = â (xt, t) dt+ b̂ (xt, t) dWt. (2.2.43)

Since all values xs, s ∈ [−τ, t] are available (even if through interpolation of the approximate
discrete solution) at time t, the functions â and b̂ can be defined by dynamically embedding the
initial funcion ϕ and the already computed (approximated) xt states into the functions â and b̂ as
a time dependent inhomogenity, namely

â(xt, t) = a(xt,φt−τ , t), b̂(xt, t) = b(xt,φt−τ , t), (2.2.44)

where

φt =

{
ϕt t ≤ 0

xt t > 0
. (2.2.45)

This representation is similar to the method of steps [9], however, it allows uninterrupted
integration (with discontinuity handling) and the utilization of the solver algorithms and features
of the already existing SDE ecosystem from StochasticDiffEq.jl [71]. Furthermore the use of this
history function φ allows the integration of more general SDDEs, e.g. with multiple point or with
distributed delays.

For example, if the Euler-Maruyama method is chosen from the package as the integrator
algorithm with time step ∆t = τ/N∆t, where N∆t ∈ N+, the approximation of the value xtn+1 =
x(n+1) ∆t inherently reduces to:

xtn+1 ≈ xtn +a(xn,xn−N∆t
, tn) ∆t+b(xn,xn−N∆t

, tn) ξn
√

∆t, ξn ∼ N (0, 1), (2.2.46)

which is shown to be convergent to the exact solution of (2.2.35) in [13].
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Figure 2.6. Demonstration of the convergence of multiple methods for a(xt, xt−1, t) = xt −
sin(xt−1), b(xt, xt−1, t) = sin(xt) and ϕ(t) = t − 1. The sample trajectories in a) are calculated
with the Euler-Maruyama method using multiple time resolutions ∆t, and with delay τ = 1, while
the trajectories are integrated up to time T = 4. For the convergence plots in b) the `T measure is
used, defined in Eq. (2.2.47).

Some examples are shown in Fig. 2.6, where numerical Monte-Carlo experiments were used
to approximate the convergence of the solution at the final time point T approximated using differ-
ent stochastic differential equation solver methods implemented in StochasticDiffEq.jl [71]. The
analysis is conducted by studying the error measure

`T (∆) =
〈∥∥∥x∆t

T − x∆tref
T

∥∥∥
2

〉
, (2.2.47)

where x∆t is the solution of the SDDE (2.2.35) approximated with time resolution ∆t. To calcu-
late the reference solution the time step ∆tref = 2−15 was used.

Due to its flexibility and its integration to the DifferentialEquations.jl [72] ecosystem, our
StochaticDelayDiffEq.jl [91] package is used for all the Monte-Carlo simulations of SDDEs in
this dissertation.
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Chapter 3

Stochastic Semidiscretisation for Stochastic De-
lay Differential Equations

In this chapter an efficient method is provided to approximate the mean square stability of linear
SDDEs through the analysis of the first and second moment dynamics of a discrete representation
of the system. This method is the stochastic extension of the semidiscretisation method [39],
where the terminology semidiscretisation is used in a similar sense as in case of partial differential
equations [37] that is, only the delayed section of the state variable is discretised, while the time-
derivatives are not. This is a kind of intermediate discretisation as opposed to the full discretisation,
where time derivatives are also approximated, e.g., by finite difference schemes.

In paper [24], the basics of the moment mapping and the stability investigation method are
laid down, but as opposed to the title of that paper, a full discretisation scheme is applied based on
the Euler-Maruyama method. Due to its slow convergence properties and its high computational
demand, it is not optimal for delayed problems especially with multiple state variables. In the
present chapter, the numerical algorithm is derived based on semidiscretisation [37], which has
higher-order convergence properties than the full discretisation based method mentioned above.

The chapter is partitioned into three sections. In Sec. 3.1 the semidiscretisation of linear SD-
DEs with constant coefficient matrices are considered, while in Sec. 3.2 the semidiscretisation
method for linear SDDEs with periodic coefficient matrices are derived. Finally, in Sec. 3.3 it is
shown how semidiscretisation can be utilised to analyse the stability and stationary behaviour of
linear systems with stochastic delays subjected to additive noise.

3.1 Linear Systems with Constant Coefficient Matrices

Consider the linear SDDE (2.2.42) with constant coefficient matrices and constant delay given by

dxt = (Axt + Bxt−τ ) dt+ (αxt + βxt−τ + σ) dWt, (3.1.1)

where A, B, α and β ∈ Rd×d are constant coefficient matrices, while σ ∈ Rd is a constant
coefficient vector and τ ∈ R is a single time delay and xt is the Rd-valued stochastic state variable.

3.1.1 Zeroth-Order Stochastic Semidiscretisation

In order to numerically investigate the stationary solution of the SDDE (3.1.1), the state space
of the continuous functions is reduced to a discrete one (see the sketch in Fig. 3.1). First, the
SDDE (3.1.1) is approximated by considering the delayed term constant for a sufficiently short
period of time ∆t:

dxt =
(
Axt + Bxtn−r

)
dt+

(
αeA(t−tn)xtn + βxtn−r + σ

)
dWt, where t ∈ [tn, tn+1] ,

(3.1.2)
which results in constant external excitation for t ∈ [tn, tn+1), n ∈ N. Note that the discretised
time tn here denotes the incremented time twith the constant ∆t for each n (which is not stochastic
in this case, despite of the subscript notation), resulting tn = n∆t.
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The present multiplicative stochastic term has to be approximated since there exists no explicit
analytic solution for the general linear SDE because the matrices A and α are generally not ex-
changeable (see details in [5]). There are two simple ways to approximate the multiplicative term
at present time: as a constant αxtn , or as if it behaves according to the expected value αeAtxtn of
the non-delayed equation. In Eq. (3.1.2), the latter approach is chosen for being a more accurate
approximation as later detailed in Subsec. 3.1.3.

With the above assumptions, one can transform the SDDE (3.1.1) into the approximating dif-
ference equation given by

xtn+1 = (P + Q) xtn + (R + S) xtn−τ + w , (3.1.3)

where the deterministic coefficient matrices P and R can be calculated explicitly from the deter-
ministic part (the coefficients of dt) of Eq. (3.1.2) according to [39]:

P = eA∆t, R = A−1 (P− I) B . (3.1.4)

Since Eq. (3.1.2) is a linear stochastic differential equation with additive noise, the stochastic co-
efficient matrices Q, S and the stochastic additive vector w originated in the coefficientsα, β, σ
in Eq. (3.1.2) are represented [5] by the following Itô integrals:

Q =

∫ tn+1

tn

eA(tn+1−s)αeAsdWs , S =

∫ tn+1

tn

eA(tn+1−s)βdWs , (3.1.5)

w =

∫ tn+1

tn

eA(tn+1−s)σdWs . (3.1.6)

Although these matrices cannot be calculated in closed form based on these formulas, but their
first and second moments can be evaluated numerically as given in the subsequent subsection.
Here, the time dependence of the stochastic matrices Q and S, and vector w are omitted since
their statistical properties do not change in time (Q := Qn, S := Sn, w := wn). In order
to numerically investigate the stationary solution of the SDDE (3.1.1) the discretised state space
vector yn at time tn = n∆t is introduced (see Fig. 3.1):

yn =
(
x>n∆t x>(n−1)∆t . . . x>(n−r)∆t

)>
, (3.1.7)

with the discretisation resolution ∆t chosen specifically to satisfy r = τ/∆t.
This allows the solution of Eq. (3.1.3) to be written as a discrete stochastic map in the form [87]

yn+1 = (F + G) yn + g , (3.1.8)

where

F =


P 0 · · · 0 R
I 0 . . . 0 0
0 I . . . 0 0
...

...
. . .

...
...

0 0 · · · I 0

 , G =


Q 0 · · · 0 S
0 0 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0

 , g =


w
0
0
...
0

 , (3.1.9)

respectively. Similarly to Q, S and w the time dependence of the matrix G and vector g is omitted
due to their stochastic properties being independent of time. This is due to the renewal property of
the stochastic integrals generating these matrices and vectors, since their properties only depend
on the length of the time intervals of [tn, tn+1) and not on the current value of the discrete time
n. Note that the matrix F is the same as that is already defined according to [39], while G can be
built in a similar way, but its elements are stochastic integrals.
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Discretization

Figure 3.1. Discretisation of the stochastic process, where A : x[tn−τ,tn] 7→ x[tn+dt−τ,tn+dt]

represents the operator which maps the function x forward for an infinitesimal time dt. On the right
side Ā: yn 7→ yn+1 represents the discretised approximation of the operator A, which maps the
discretised function xt stored in y (see Eq. (3.1.7)) at the finite time ∆t forward.

3.1.2 First and Second Moment Dynamics of Stochastic Maps

Since the stochastic map (3.1.8) contains the discrete approximate solution of Eq. (3.1.1) it can be
utilised to approximate its first and second moment dynamics. This approach allows to also study
the first and second moment stability and to give an estimate for the stationary second moment,
which characterise the region where the solutions are located.

First Moment of the Stochastic Map

To approximate the first moment evolution of the SDDE (3.1.1), the expected value operator 〈.〉
is used on the stochastic map (3.1.8). Since F is defined to be deterministic and G describes the
stochastic variations around F, the first moment mapping is simply

y(n+ 1) = Fy(n), (3.1.10)

where y(n) is the first moment vector of the discretised state space, namely:

y(n) := ȳ(n) =
(
〈xn∆t〉> ,

〈
x(n−1)∆t

〉>
, . . . ,

〈
x(n−r)∆t

〉>)>
. (3.1.11)

The stochastic perturbation mapping matrix G defined in Eq. (3.1.9) using (3.1.5) is indepen-
dent of yn, since for any function f(.) the conditional expected value is equal to the expected
value:

〈
f(G)|(Ft)t<n∆t

〉
= 〈f(G)〉. It means, that the stochastic matrix process G does not

depend on the history of the process up to t = n∆t denoted with the filtration (Ft)t<n∆t. This is
due to the fact, that the stochastic integrals are evaluated on the interval (n∆t, (n+ 1)∆t].

The deterministic map (3.1.10) gives the underlying discrete deterministic delayed system of
Eq. (3.1.1). The stability of the trivial solution, the fixed point yst ≡ 0 of the system (3.1.10) can
be characterised by the spectral radius

ρ (F) = max
z
{abs (z) , z ∈ C : det (F− zI) = 0} (3.1.12)

of the mapping matrix F [37, 39]. Note that if the stochastic effects (the coefficients of dWt)
are neglected during modelling, that is, the stochastic components are omitted from the governing
Eq. (3.1.1), one ends up with the same deterministic mapping as Eq. (3.1.10); the stochastic effects
do not influence the mean dynamics of a linear system.

When dealing with the moment stability of a linear SDDE, the second moment dynamics has
to be investigated.
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Second Moment of the Stochastic Map

To investigate the behaviour of the second moment the symmetric second moment matrix can be
defined by

Y(n) :=
〈
yny

>
n

〉
=


Y 11(n) Y 12(n) . . . Y 1,(r+1)d(n)

Y 12(n) Y 22(n) . . . Y 2,(r+1)d(n)
...

...
. . .

...
Y 1,(r+1)d(n) Y 2,(r+1)d(n) . . . Y (r+1)d,(r+1)d(n)

, (3.1.13)

where
Y i1i2(n) = Y i2i1(n) := 〈yn,i1yn,i2〉 . (3.1.14)

To obtain the second moment matrix evolution, the outer product of both sides of the stochastic
map (3.1.8) is taken:

yn+1y
>
n+1 = (F + G)yny

>
n (F + G)> + (F + G)yng

> + gy>n (F + G)> + gg> . (3.1.15)

Utilizing Einstein’s notation along with (3.1.14) and using the properties of the stochastic
integrals [61] generating the elements of G and g, the expected value of the squared map (3.1.15)
can be written in the form

Y i1i2(n+ 1) = (Fi1i4Fi2i3 + 〈Gi1i4Gi2i3〉)Y i3i4(n) + (〈Gi1i3gi2 +Gi2i3gi1〉) yi3(n) + 〈gi1gi2〉 .
(3.1.16)

The expected values in (3.1.16) can be computed using the Itô isometry [61,87], defined in (2.2.1).
Furthermore, instead of the matrix-to-matrix map representation of the second moment map (3.1.16),
the more convenient vector-to-vector map is used. An efficient vector-representation of the inde-
pendent elements of the second moment matrix is

y(n) :=
(
Y 11 (n) , Y 22 (n) , . . . , Y 12 (n) , Y 23 (n) , . . . , Y 1,(r+1)d (n)

)
>, (3.1.17)

where the symmetric elements of the matrix Y(n) are only considered once. Using the above
vector notation, the second moment map (3.1.16) can be written as

y(n+ 1) = Hy(n) + hy(n) + g, (3.1.18)

where the coefficient matrices H, h and vector g are calculated using the rules defined by Eq. (3.1.16).
To show the structure of the deterministic matrix H in Eq. (3.1.18) using the arrangement

of the elements of the second moment matrix y(n) provided in Eqs. (3.1.17), the matrix H is
partitioned into terms originating from matrix F and G:

H = HF + HG. (3.1.19)

Note that, both HF and HG have identical structures, but since G is stochastic, the expectation
value operator has to be used, e.g.: if HF,11 = F 2

11 then HG,11 =
〈
G2

11

〉
.

In the case of F ∈ R3×3 and an R3×3-valued G, HF is the following:

HF =



F 2
11 F 2

12 F 2
13 2F11F12 2F12F13 2F11F13

F 2
21 F 2

22 F 2
23 2F21F22 2F22F23 2F21F23

F 2
31 F 2

32 F 2
33 2F31F32 2F32F33 2F31F33

F11F21 F12F22 F13F23 F11F22 + F12F21 F12F23 + F13F22 F11F23 + F13F21

F21F31 F22F32 F23F33 F21F32 + F22F31 F22F33 + F23F32 F21F33 + F23F31

F11F31 F12F32 F13F33 F11F32 + F12F31 F12F33 + F13F32 F11F33 + F13F31

 .

(3.1.20)

22



Chapter 3 - Stochastic Semidiscretisation for SDDEs

Figure 3.2. The illustration of the structure of the second moment generator matrix H

In Fig. 3.2 the schematic structures of the deterministic, stochastic and second moment map-
ping matrices F, G and H are presented for zeroth-order semidiscretisation with r = 3 (see
Eqs. (3.1.16)-(3.1.18)).

The stability of the second moment process is determined by the spectral radius of H: in case
of ρ (H) > 1, then the second moment of the process defined in Eq. (3.1.1) is unstable, and if
ρ (H) < 1 then it is stable and the process has a bounded stationary solution.

Note that the first moment process ȳ(n) appears in Eq. (3.1.18) as an additive excitation,
independent of Y(n). According to Arnold [5], it can be shown that the second moment might be
stable (ρ (H) < 1) only if the first moment is stable (ρ (F) < 1). Therefore, if the squared process
is stable, then the stationary excitation from the first moment process decays: limn→∞ȳ(n) = 0,
consequently the determination of the matrix h is needed neither for the stability investigation nor
for the calculation of the stationary second moment. The additive term g is a bounded quantity
originating from the stochastic integral of the additive process denoted by σdWt in Eq. (3.1.1),
and the stationary squared process yst can be calculated as

yst = (I−H)−1 g . (3.1.21)

For the calculation of H, h and g, one only needs the expected value of the product of the
integrals in Eqs. (3.1.16)-(3.1.18), which can be approximated, e.g., with the help of Monte-Carlo
(MC) simulations. However, in the subsequent section, a different, more efficient approach is
presented to approximate the expected value of the products of the stochastic coefficients G and
g to be used in the construction of mapping (3.1.18).

Evaluation of the Expected Values

To calculate the second moment mapping matrices H, h and vector g, there are terms originating
in the stochastic matrix G and vector g. The non-zero elements of matrix G can be written as a
stochastic integral of the deterministic functions t 7→ fG,i1i2(t) i1, i2 = 1, 2, . . . , (r+1)d, defined
by

Q =

∫ tn+1

tn

eA(tn+1−t)αeAtdWt+n∆t =:

∫ tn+1

tn

fG,11(t) . . . fG,1d(t)
...

. . .
...

fG,d1(t) . . . fG,dd(t)

 dWt+n∆t,

(3.1.22)

S =

∫ tn+1

tn

eA(tn+1−t)βdWt =:

∫ tn+1

tn

fG,1 rd+1(t) . . . fG,1 rd+d(t)
...

. . .
...

fG,d rd+1(t) . . . fG,d rd+d(t)

 dWt+n∆t ,

(3.1.23)
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and fG,i1i2(t) ≡ 0 where Gi1i2 = 0 in Eq. (3.1.9). The elements of the vector g can be written
similarly by means of

w =

∫ tn+1

tn

eA(t−t)σdWt =:

∫ tn+1

tn

fg,1...
fg,r

 dWt , (3.1.24)

and fg,i(t) ≡ 0 where gi = 0 in Eq. (3.1.9).
The Itô isometry (2.2.4) [61] is used to evaluate the expected value of the products of the

elements of the matrix G and the vector g, as defined in Eq. (3.1.18).

〈Gi1i4Gi2i3〉 =

〈∫ tn+1

tn

fG,i1i4 (t) dWt

∫ tn+1

tn

fG,i2i3 (t) dWt

〉
=

∫ tn+1

tn

fG,i1i4 (t) fG,i2i3 (t) dt ,

(3.1.25)

〈Gi1i3gi2〉 =

〈∫ tn+1

tn

fG,i1i3 (t) dWt

∫ tn+1

tn

fg,i2 (t) dWt

〉
=

∫ tn+1

tn

fG,i1i3 (t) fg,i2 (t) dt ,

(3.1.26)

〈gi1gi2〉 =

〈∫ tn+1

tn

fg,i1 (t) dWt

∫ tn+1

tn

fg,i2 (t) dWt

〉
=

∫ tn+1

tn

fg,i1 (t) fg,i2 (t) dt . (3.1.27)

During the numerical construction of the mapping matrix H in Eq. (3.1.16), the elements of
G are not calculated directly; only the arguments of the integrals in Eq. (3.1.25)-(3.1.27) are com-
puted at discrete points in the time intervals evaluated by an integration scheme (e.g.: trapezoidal
or a quadrature). These are stored in a vectorised form, and during the second moment matrix
calculation, they are multiplied with each other (according the definition in Eq. (3.1.16)), then
weighted and summed according to the chosen integration scheme. This calculation has been
implemented and used in my Julia package StochasticSemidiscretisationMethod.jl.

3.1.3 Improving the Accuracy of the Semidiscretisation in the Presence of Multi-
plicative Noise

To increase the accuracy of the discretisation in the presence of a multiplicative noise on the
present state xt, the multiplicative term is approximated to behave according to the expected value
αeAtxtn in Eq. (3.1.2) (as if B = 0). To demonstrate the improvement in terms of accuracy, first
consider the following linear SDE:

dxt = Axtdt+αxtdWt. (3.1.28)

In the general d dimensional case, it has no explicit solution [5]. In order to construct an ana-
lytical solution that improves the accuracy of our numerical method, the state vector xt in the
multiplicative term αxtdWt is approximated by its expected value 〈xt〉, namely

〈dxt〉 = A 〈xt〉dt ⇒ 〈xt〉 = eAtxt0 . (3.1.29)

This expectation value is substituted back into the multiplicative term xt in (3.1.28) transforming
it into an additive term. The solution then can be expressed in a closed form for the approximated
linear SDE by

dxt = Axtdt+αeAtxt0dWt ⇒ xt0+∆t = eA∆t

(
I +

∫ t0+∆t

t0

e−AsαeAsdWs

)
xt0 ,

(3.1.30)
where t ∈ [t0, t0 + ∆t).
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To demonstrate the advantage of this approximation of second moment compared to the con-
stant approximation, the following scalar example is used:

dxt = Axtdt+ αxtdWt, (3.1.31)

which has the following exact solution [5, 61] for one discretisation time step going from t0 to
t0 + ∆t:

xt0+∆t = xt0exp

((
A− α2

2

)
∆t+ α (Wt0+∆t −Wt0)

)
, (3.1.32)

from which the first and second moments are [5, 61]:

〈xt0+∆t〉 = 〈xt0〉 eA∆t, (3.1.33)

〈xt0+∆txt0+∆t〉 = 〈xt0xt0〉 e2A∆t+α2∆t. (3.1.34)

When the approximation of Eq. (3.1.31) is considered without the first moment correction in the
multiplicative term, the approximation yields

dx̃t = Ax̃tdt+ αx̃t0dWt where t ∈ [t0, t0 + ∆t) , (3.1.35)

which has the following solution, first and second moment evolutions:

x̃t0+∆t = x̃t0e
A∆t

(
1 +

∫ t0+∆t

t0

e−AtαdWt

)
, (3.1.36)

〈x̃t0+∆t〉 = 〈x̃t0〉 eA∆t, (3.1.37)

〈x̃t0+∆tx̃t0+∆t〉 = 〈x̃t0 x̃t0〉

(
e2A∆t +

α2
(
e2A∆t − 1

)
2A

)
, (3.1.38)

respectively. When the first moment correction is applied in the approximation, the following SDE
is obtained:

dx̄t = Ax̄tdt+ αx̄te
AsdWt where t ∈ [t, t0 + ∆t) , (3.1.39)

and the corresponding solution, first and second moment evolutions are

x̄t0+∆t = x̄t0e
A∆t

(
1 +

∫ t0+∆t

t0

e−AtαeAtdWt

)
, (3.1.40)

〈x̄t0+∆t〉 = 〈x̄t0〉 eA∆t, (3.1.41)

〈x̄t0+∆tx̄t0+∆t〉 = 〈x̄t0 x̄t0〉 e2A∆t
(
1 + α2∆t

)
. (3.1.42)

Note that the first moment of both approximations provide the analytical solution. To compare
the quality of the different approximations, the Taylor series of the second moments w.r.t. ∆t are
used. For the exact solution (3.1.34) it is

〈xt0+∆txt0+∆t〉 = 〈xt0xt0〉
(

1 +
(
2A+ α2

)
∆t+

(
2A2 + 2Aα2 +

α4

2

)
∆t2

)
+O

(
∆t3

)
,

(3.1.43)
while for the non-corrected approximating solution (3.1.38) it reduces to

〈x̃t0+∆tx̃t0+∆t〉 = 〈x̃t0 x̃t0〉
(
1 +

(
2A+ α2

)
∆t+

(
2A2 +Aα2

)
∆t2

)
+O

(
∆t3

)
, (3.1.44)
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and for the corrected approximating solution (3.1.42) it reads as

〈x̄t0+∆tx̄t0+∆t〉 = 〈x̄t0 x̄t0〉
(
1 +

(
2A+ α2

)
∆t+

(
2A2 + 2Aα2

)
∆t2

)
+O

(
∆t3

)
. (3.1.45)

From the error of the non-corrected approximation

〈xt0+∆txt0+∆t〉 − 〈x̃t0+∆tx̃t0+∆t〉 =

(
Aα2 +

1

2
α4

)
〈xt0xt0〉∆t2 +O

(
∆t3

)
. (3.1.46)

and from the error of the first moment corrected approximation

〈xt0+∆txt0+∆t〉 − 〈x̄t0+∆tx̄t0+∆t〉 =
1

2
α4 〈xt0xt0〉∆t2 +O

(
∆t3

)
, (3.1.47)

it can be seen, that the two methods have the same order in ∆t. Ideally the second-order should
match with the analytical, but to date we havent found such a correction. However, in case when
the noise is used only as a perturbation, the multiplicative term α is typically at least an order of
magnitude smaller than the term A, so the error of the corrected approximation in α is at least
two order of magnitude smaller. Note that this extension has negligible effect on the computa-
tional time of the numerically determined integrals in Eq. (3.1.25). The beneficial effect of this
approximation is further illustrated through numerical experiments in Sec. 4.2.

3.1.4 Higher-Order Semidiscretisation

To further improve the accuracy of the approximation of the mapping, Lagrange polynomials are
used to approximate the delayed term [39]. The definition of the mapping matrices F and G are not
limited to the zeroth-order semidiscretisation, but can also be built using this higher-order semidis-
cretisation. Note that the term “higher-order” refers to the order of the Lagrange polynomial used
to approximate the delayed terms: during zeroth-order semidiscretisation a constant is used, when
applying first-order semidiscretisation a linear approximation is fit, during the second-order ap-
proximation a parabola is applied, etc. This leads to additional terms in both the deterministic and
the stochastic mapping matrices. In this case the delay resolution r is calculated by

r =
⌊ τ

∆t
+
q

2

⌋
, (3.1.48)

where b.c denotes the floor operation, q is the order of the Lagrange polynomial

L
(q)
t =

q∑
j1=0

L(q,j1)(t)xt−(n−r+j1)∆t , (3.1.49)

and

L(q,j1)(t) =

 q∏
j2=0,j2 6=j1

t− τ − (n+ j2 − r)∆t
(j1 − j2) ∆t

, where t ∈ [tn, tn+1) . (3.1.50)

Using this, the approximation of Eq. 3.1.1 leads to

dxt =
(
Axt + B L

(q)
t

)
dt+

(
αeAsxtn + βL

(q)
t + σ

)
dWt, where t ∈ [tn, tn+1) ,

(3.1.51)
with the discretised form

xt+∆t = (P + Q) xt +

q∑
j=0

(Rj + Sj) xt−τ+k∆t + w . (3.1.52)
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Example: first-order Semidiscretisation

In case of choosing q = 1, one approximates the delayed terms with a first-order polynomial. In
terms of discretisation matrices, this leads to the following deterministic matrices:

P = eA∆t, (3.1.53)

R0 =

(
A−1 +

1

∆t

(
A−2 − (τ − (r − 1)∆t) A−1

) (
I− eA∆t

))
B, (3.1.54)

R1 =

(
−A−1 +

1

∆t

(
−A−2 + (τ − r∆t) A−1

) (
I− eA∆t

))
B, (3.1.55)

stochastic matrices

Q =

∫ tn+1

tn

eA(tn+1−t)αeAtdWt, (3.1.56)

S0 =

∫ tn+1

tn

eA(tn+1−t)L
(1,0)
t (t)βdWt, (3.1.57)

S1 =

∫ tn+1

tn

eA(tn+1−t)L
(1,1)
t (t)βdWt, (3.1.58)

and stochastic additive vector

w =

∫ tn+1

tn

eA(tn+1−t)σdWt. (3.1.59)

The discretisation matrices and stochastic additive vector in Eq. (3.1.8) assume a similar structure
to (3.1.9), namely:

F =


P 0 · · · R1 R0

I 0 . . . 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0

 , G =


Q 0 · · · S1 S0

0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0

 , g =


w
0
...
0

 .

(3.1.60)

3.1.5 Generalisation for Multiple Delays and Independent Noise Sources

To apply the semidiscretisation method for multiple delays and independent white-noise sources
one has to use the form:

dxt =

Axt +

Nτ∑
jτ=1

Bjτxt−τjτ

 dt+

NW∑
jW=1

σjW +αjWxt +

Nτ∑
jτ=1

βjτ ,jWxt−τjτ

 dWjW ,t,

(3.1.61)
where τjτ , jτ = 1, . . . , Nτ are the time delays, Nτ ∈ N+ is the number of time delays, and
without the loss of generality, assume that τ1 < τ2 < . . . < τNτ . Furthermore, jW ∈ N+ is
the number of independent noise sources and WjW ,t, jW = 1, . . . , NW are the Wiener processes
to model the Gaussian white noises, that is, E (dWiW ,t1dWjW ,t2) = dt δiW jW 1(t1 = t2) with
δiW jW standing for the Kronecker symbol. The system in Eq. (3.1.61) can be transformed into the
following mapping:

yn+1 =

F +

NW∑
jW=1

GjW

yn +

NW∑
jW=1

gjW , (3.1.62)
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where F is the deterministic mapping matrix while GjW , gjW are the stochastic mapping matrices
and additive noise vectors, respectively, each corresponding to the jW -th noise source. To inves-
tigate the first moment stability, one should investigate the spectral radius of F as described in
Eq. (3.1.10). The second moment stability is investigated with the mapping:

Y i1i2(n+ 1) =

Fi1i4Fi2i3 +

NW∑
jW=1

〈GjW ,i1i4GjW ,i2i3〉

Y i3i4(n)

+

NW∑
jW=1

(〈GjW ,i1i3gjW ,i2 +GjW ,i2i3gjW ,,i1〉) yi3(n) +

NW∑
jW=1

gjW ,i1gjW ,i2

(3.1.63)

that is the generalised form of Eq. (3.1.16). In this case, however, the semidiscretisation method
requires the introduction of different delay resolutions

rjτ =
⌊τjτ

∆t
+
q

2

⌋
(3.1.64)

for each time delay, where q is the order of the Lagrange polynomial (3.1.49). The dimension
(r + 1)d of the generalised mapping (3.1.62) is determined by r = max

jτ
{rjτ } = rNτ .

3.2 Linear Systems with Periodic Coefficient Matrices and Delays

In the previous section a numerical method was derived, which allows to efficiently investigate the
second moment stability of linear SDDEs with constant coefficients. However, in many cases, such
as modelling milling processes or linearising a nonlinear SDDE around a periodic solution, these
coefficients become periodic. To conduct second moment stability analysis on such systems, the
stochastic semidiscretisation method needs to be generalised to periodic systems. First, consider
the linear periodic stochastic delay differential equations (SDDE) in the incremental form:

dxt =
(
A(t)xt + B(t)xt−τ(t) + c(t)

)
dt+

(
α(t)xt + β(t)xt−τ(t) + σ(t)

)
dWt, (3.2.1)

where t 7→ xt is the Rd-valued state variable. A(t), B(t), α(t) and β(t) ∈ Rd×d are periodic
coefficient matrices, while c(t) and σ(t) ∈ Rd are periodic vectors and τ(t) ∈ R is a periodic
time delay, all with period T .

3.2.1 Zeroth-order Stochastic Semidiscretisation

In order to numerically investigate the stationary solution of the SDDE (3.2.1), the state space
of the continuous functions is reduced to a discrete one (see the sketch in Fig. 3.3). First, the
SDDE (3.2.1) is approximated by considering the delayed term constant for a sufficiently short
period of time ∆t:

xt−τ(t) ≈ xtn−r(n)
, t ∈ [tn, tn+1] , (3.2.2)

where

τ̄(n) =
1

∆t

∫ tn+1

tn

τ(t)dt and r(n) =

⌊
τ̄(n)

∆t

⌋
, (3.2.3)

and n = 0, 1, 2, . . . similarly as done in [87]. Similarly to the previous section, the discretised
time tn here denotes the incremented time t with the constant ∆t for each n, resulting tn = n∆t.
However, in this case the time step ∆t is chosen to satisfy T = p∆t, where p ∈ N+ is the period
resolution. The next step is to consider the time average of the periodic coefficient matrix A(t) of
the original SDDE (3.2.1) for each discretisation interval t ∈ [tn, tn+1]:

Ā(n) =
1

∆t

∫ tn+1

tn

A(t)dt, (3.2.4)
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so Ā(n) (along with τ̄(n)) is constant for each interval [tn, tn+1]. The multiplicative present
state in the diffusion term is again approximated, since there exists no explicit analytic solution
for the general linear SDE. Moreover, the approximation of the multiplicative diffusion term at
the present time is again considered to behave similarly to the expected value of the non-delayed
equation, as it is more accurate than a simple constant approximation (as shown in Sec. 3.1.3 [87]).
However, opposed to [39] the coefficient B(t) of the delayed term xt−τ(t) is not approximated in
the drift term, neither is β(t) in the diffusion term. This approach results in the linear SDE

dxt =
(
Ā(n)xt + B(t)xtn−r(n)

+ c(t)
)

dt+(
α(t)eĀ(n)(t−tn)xtn + β(t)xtn−r(n)

+ σ(t)
)

dWt, t ∈ [tn, tn+1] .
(3.2.5)

Again the delay and the noise from the original SDDE (3.2.1) are discretised to behave as an ex-
ternal excitations, dependent only on the states xtn and xtn−r(n)

at the beginning of these intervals.
This way the solution of the linear SDE (3.2.5) can be written explicitly for the end of each time
interval [tn, tn+1] as:

xtn+1 = (P(n) + Qn) xtn + (R(n) + Sn) xtn−r(n)
+ (v(n) +wn) , (3.2.6)

where

P(n) = eĀ(n)∆t , Qn =

∫ tn+1

tn

eĀ(n)(tn+1−t)α(t)eĀ(n)(t−tn)dWt , (3.2.7)

R(n) =

∫ tn+1

tn

eĀ(n)(tn+1−t)B(t)dt , Sn =

∫ tn+1

tn

eĀ(n)(tn+1−t)β(t)dWt , (3.2.8)

v(n) =

∫ tn+1

tn

eĀ(n)(tn+1−t)c(t)dt , wn =

∫ tn+1

tn

eĀ(n)(tn+1−t)σ(t)dWt . (3.2.9)

Discretisation

Figure 3.3. Discretisation of the stochastic process, where A : x[tn−τ,tn] 7→ x[tn+T−τ,tn+T ]

represents the operator which maps the function xt forward by a principal period T . On the right
side Ā : yn 7→ yn+p represents the discretised approximation of the operator A, which maps the
discretised function xt stored in the vector y) with the same time period T .

In order to numerically investigate the stationary solution of the SDDE (3.2.1) the discretised
state space vector yn at time tn = n∆t is used as introduced in (3.1.7). However this time the
mapping has to be applied for multiple time steps to cover a whole time-period (see Fig. 3.3) as it
is needed in the Floquet theory to investigate stability [37, 39]. The solution of Eq. (3.2.6) is now
written as a stochastic mapping with time dependent coefficients [83, 87]

yn+1 = (F(n) + Gn) yn + (f(n) + gn) , (3.2.10)
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where

F(n) =

1 2 ··· r(n)+1 ··· r r+1


P(n) 0 · · · R(n) · · · 0 0
I 0 . . . 0 · · · 0 0
...

...
. . . . . . · · · . . .

...
0 0 · · · · · · · · · I 0

, (3.2.11)

Gn =

1 2 ··· r(n)+1 ··· r r+1


Qn 0 · · · Sn · · · 0 0
0 0 . . . 0 · · · 0 0
...

...
. . . . . . · · · . . .

...
0 0 · · · · · · · · · 0 0

, (3.2.12)

while

f(n) =
(
v(n)> 0> . . . 0>

)>
, gn =

(
w>n 0> . . . 0>

)>
. (3.2.13)

Due to the periodic nature of the coefficients in Eq. (3.2.1) the deterministic part of map-
ping (3.2.10) itself is also periodic with the discrete period p:

F(n) = F(n+ p) and f(n) = f(n+ p), (3.2.14)

while the stochastic coefficients Gn and gn are periodic in distribution:

Gn
dist
= Gn+p and gn

dist
= gn+p. (3.2.15)

This originates from their periodic statistical properties, since their elements are constructed by
stochastic integrals containing the periodic functions α(t), β(t) and σ(t).

To obtain a stochastic mapping for a whole time period T , a whole mapping period p has to
be considered by substituting Eq. (3.2.10) for p steps. This leads to the one-period map

yn+p =


x
p−1∏
m=0

(F (n+m) + Gn+m)

yn +

p−1∑
m=0

(
f red
n+m + gred

n+m

)
, (3.2.16)

interpreted as an identity matrix I. The symbol x is used to emphasise, that the matrices in the
products are multiplied from the left as the index increases, e.g.,

x
3∏
i=1

Ai = A3A2A1. (3.2.17)

The reduced additive vectors f red
n+m and gred

n+m are defined as

f red
n+m =


x
p−1∏

m0=m+1

(F(n+m0) + Gn+m0)

 f(n+m), (3.2.18)

gred
n+m =


x
p−1∏

m0=m+1

(F(n+m0) + Gn+m0)

gn+m. (3.2.19)
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Note that the one-period map (3.2.16) has constant deterministic and independent and identi-
cally distributed stochastic coefficient matrices and additive vectors, furthermore, f red

n+m becomes
stochastic. In case ofm = p−2 the products in Eqs. (3.2.18) and (3.2.19) become empty products
(since m0 cannot take values), thus the product results in the indentity matrix I.

There are multiple ways to utilise the stochastic one-period map (3.2.16). Since the elements
of the coefficient matrices are defined using stochastic Itô integrals, their joint distribution can
be determined, using the fact that they form a multivariate normal distribution with zero mean
and computable covariance matrix. Then this joint distribution can be used to generate random
matrices for direct simulation of the trajectories or to calculate e.g. the expected value of different
quantities determined with the help of these coefficient matrices and vectors. However, in this
section they are only used to obtain the maps describing the first and second moment dynamics,
then the stability and the fixed points of these mappings are investigated.

3.2.2 First and Second Moment Dynamics of Periodic Stochastic Maps

Since the one-period map (3.2.16) contains the discrete approximate solution of Eq. (3.2.1) it
can be utilised for an approximate moment stability investigation. To give a sufficient condition
for stochastic stability of linear stochastic differential equations, the first and second moment are
studied [5]. Furthermore, the fixed point of the moment mappings are used to approximate the
stationary first and second moment of the process defined by (3.2.1), which characterise the region
where the solutions are located.

First Moment of the One-period Map

To investigate the behaviour of the first and second moment of the approximating one-period
map (3.2.16) the expected value operator 〈.〉 is used. It is important to emphasise, that 〈.〉 refers to
the ensemble average of a process in contrast with the time average, such as in Eqs. (3.2.4)-(3.2.3).
The first moment map over a discrete period p can be obtained for y(n) by taking the expected
value of the stochastic one-period map (3.2.16):

y(n+ p) = F(n,p)y(n) + f (n,p), (3.2.20)

where

F(n,p) =

x
p−1∏
m=0

F(n+m), (3.2.21)

f (n,p) =

p−1∑
m1=0


x
p−1∏

m2=m1+1

F(n+m2)

 f(n+m1). (3.2.22)

Note that the matrix Gn+m and vector gn+m are not present in Eqs. (3.2.20)-(3.2.22). Since
the elements of the matrix Gn+m and vector gn+m are constructed using stochastic Itô integrals
on the interval [tn+m, tn+m+1], they are independent of the values in yn, which contains the states
up to tn as well as from the Itô integrals on other intervals contained in Gn+m0 and gn+m0 :

〈Gn〉 = 0, 〈gn〉 = 0, for all n, (3.2.23)

〈Gn+myn〉 = 〈Gn+m〉 〈yn〉 = 0, for all m ≥ 0, (3.2.24)

〈Gn+mGn〉 = 〈Gn+m〉 〈Gn〉 = 0, for all m 6= 0, (3.2.25)

〈Gn+m1gn+m2〉 = 〈Gn+m1〉 〈gn+m2〉 = 0, for all m1 6= m2. (3.2.26)
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Another approach to obtain the first moment mapping (3.2.20) is to take the expected value of
a single mapping step described in Eq. (3.2.10), and then applying the resultant deterministic
mapping over a discrete period p. This results in the same mapping as in Eq. (3.2.20) due to the
linear nature of both the original stochastic mapping and the underlying SDDE (3.2.1). Note that
the mapping matrix F(n,p) is the approximation of the monodromy matrix (or principal matrix of
Floquet transition matrix) Φ(tn, T ) as in [37,39] for the first moment of SDDE (3.2.1), for which
the convergence properties are analyzed [41].

The first moment stability is characterised by the spectral radius (maximum magnitude of the
eigenvalues) of the mapping matrix F(n,p); if ρ

(
F(n,p)

)
< 1 the mapping is first moment stable,

if ρ
(
F(n,p)

)
> 1 it is first moment unstable. Furthermore, if the mapping (3.2.20) is stable, the

periodic stationary first moment (yst(n) = yst(n+ p)) can be obtained by

yst(n) =
(
I− F(n,p)

)−1
f (n,p), (3.2.27)

which is the discrete approximation of the stationary periodic mean solution, on which the stochas-
tic motion is superimposed. Note that due to linearity, if the stochastic effects in Eq. (3.2.1) (the
coefficients of dWt) are neglected, then the beahviour and stability properties of the obtained
deterministic system is identical to the beahviour of the above described first moment.

To study the effects of stochastic perturbations on the stability of the system (3.2.5), the second
moment stability has to be considered.

Second Moment of the one-period map

To investigate the behaviour of the second moment the symmetric second moment matrix can be
used again, defined by (3.1.13) and (3.1.14). To investigate the second moment matrix evolution,
the outer product of both sides of the stochastic mapping (3.2.10) is taken

yn+1y
>
n+1 = (F(n) + Gn)yny

>
n (F(n) + Gn)>

+ (F(n) + Gn)yn(f(n) + gn)> + (f(n) + gn)y>n (F(n) + Gn)>

+ (f(n) + gn)(f(n) + gn)> ,

(3.2.28)

similarly to (3.1.15) Performing the multiplications in (3.2.28) and using the properties of the
stochastic integrals [61] generating the elements of Gn and gn, the expected value of the squared
process mapping can be written, utilizing Einstein’s notation along with (3.1.14), in the form [87]

Y i1i2(n+ 1) = (Fi1i4(n)Fi2i3(n) + 〈Gn,i1i4Gn,i2i3〉)Y i3i4(n)

+ ((Fi1i3(n)fi2(n) + Fi2i3(n)fi1(n)) + 〈Gn,i1i3gn,i2 +Gn,i2i3gn,i1〉) yi3(n)

+ (fi1(n)fi2(n) + 〈gn,i1gn,i2〉) .
(3.2.29)

The expected values in (3.2.29) can be computed using the Itô isometry [61, 87] as discussed in
Sec. 3.1.2. Similarly to (3.1.18), instead of the matrix-to-matrix mapping representation of the
second moment mapping (3.2.29), the more convenient vector-to-vector mapping is used, utiliz-
ing the efficient vector-representation of the independent elements of the second moment matrix
defined in (3.1.17). Using the vector notation, the second moment mapping (3.2.29) can be written
as

y(n+ 1) = H(n)y(n) + h(n)y(n) +
(
f(n) + g(n)

)
, (3.2.30)

where the coefficient matrices H(n), h(n) and vectors f(n) and g(n) are calculated using the
rules defined by Eq. (3.2.29), similarly as for (3.1.18) in the case of constant coefficients. Due
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to the independence of the discrete time intervals, the periodic second moment mapping can be
derived from Eq. (3.2.30) as

y(n+ p) = H(n,p)y(n) + hȳ(n,p) + fg(n,p), (3.2.31)

where

H(n,p) =

x
p−1∏
m=0

H(n+m), (3.2.32)

hȳ(n,p) =

p−1∑
m1=0


x
p−1∏

m2=m1+1

H(n+m2)

h(n+m1)ȳ(n+m1), (3.2.33)

fg(n,p) =

p−1∑
m1=0


x
p−1∏

m2=m1+1

H(n+m2)

(f(n+m1) + g(n+m1)
)
. (3.2.34)

Similarly to the first moment mapping, the matrix H(n,p) behaves as a monodromy matrix Φ(tn, T )
for the second moment process, therefore, the stability of the second moment process can be in-
vestigated using the spectral radius ρ(H(n,p)): if ρ(H(n,p)) > 1 then the mapping is unstable, if
ρ(H(n,p)) < 1 then it is stable and and has a bounded stationary solution. This periodic stationary
second moment vector

(
yst(n) = yst(n+ p)

)
can be determined as

yst(n) =
(
I−H(n,p)

)−1 (
hȳ

(n,p)
st + fg(n,p)

)
, (3.2.35)

where

hȳ
(n,p)
st =

p−1∑
m1=0


x
p−1∏

m2=m1+1

H(n+m2)

h(n+m1)ȳst(n+m1). (3.2.36)

Note that the first moment process y(n) has to be stable
(
ρ(F(n,p)) < 1

)
, in order to have

a bounded stationary first moment yst(n), which is necessary for the existence of a stationary
second moment yst(n). However, the condition ρ(H(n,p)) < 1 for the stability of the second
moment process y(n) already implies that the first moment is stable and ρ(F(n,p)) < 1 is satisfied.
In case of a sufficently small ∆t (leading to a sufficiently large period resolution p and delay
resolution r), the stability of the first two moments of the discretised form of Eq. (3.2.1) provides
enough information to decide if it has a stationary solution, and the continuous process xt stays
in a bounded region of the stationary mean approximated by yst(n). Note that for determining
stochastic stability the investigation of higher-order moment stability is not necessary, since it
does not provide any additional information despite of the complexity of its calculation.

Note that when creating the approximating SDE such as (3.2.5), instead of using only a con-
stant xtn−r(n)

, the Lagrange-polynomials can be utilised [39,87] (as described in 3.2.3) to approx-
imate the delayed state more accurately. This leads to a potentially higher-order convergence for
the spectral radii of the moment mapping matrices F(n,p), H(n,p) and the stationary first and sec-
ond moments yst(n), yst(n). The use of semidiscretisation method with higher-order polynomials
results in the same mapping as in (3.2.10), only the elements of the mapping matrices F(n), Gn

are changed. This approach leads to the same stochastic and moment mappings as described in
Eqs. (3.2.10)-(3.2.36). The details of the generation of the individual mapping matrices and their
convergence properties are described in Sec. 3.1 and in [87].
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3.2.3 Higher-order Semidiscretisation

To improve the accuracy and convergence of the approximation of the stochastic mapping (3.2.10),
q-th order Lagrange polynomials are utilised [39, 87]. The term higher-order again refers to the
order of the Lagrange polynomial used to approximate the delayed terms. This leads to additional
terms in both the deterministic and the stochastic mapping matrices. Here, the time dependent
delay resolution r is corrected with the order q of the Lagrange polynomial as

r(n) =

⌊
τ(n)

∆t
+
q

2

⌋
, r = max

n∈{0,1,...,p−1}
r(n). (3.2.37)

In this case, the Lagrange polynomial is used to approximate the delay terms, and has the following
form:

L
(q)
t =

q∑
j1=0

L(q,j1)(t)xt−(n−r(n)+j1)∆t , (3.2.38)

and

L(q,j1)(t) =

 q∏
j2=0,j2 6=j1

t− τ̄(n)− (n+ j2 − r(n))∆t

(j1 − j2) ∆t

 where t ∈ [tn, tn+1) . (3.2.39)

Using this, the approximation of Eq. (3.2.1) leads to

dxt =
(
Ā(n)xt + B(t) L

(q)
t + c(t)

)
dt

+
(
α(t)eĀ(n)txtn + β(t) L

(q)
t + σ(t)

)
dWt,

where t ∈ [tn, tn+1) ,

(3.2.40)

with the discretised form

xtn+1 = (P(n) + Q(n)) xtn + v(n)

+

q∑
k=0

(Rk(n) + Sk(n)) xtn−r(n)+k
+ w(n) .

(3.2.41)

The discretised mapping matrices F(n) and Gn will have the structure

F(n) =

1 2 ··· r(n)+q+1 ··· r(n)+1 ··· r r+1


P(n) 0 · · · Rq(n) · · · R0(n) · · · 0 0
I 0 · · · · · · · · · 0 · · · 0 0
...

...
. . . . . . . . . . . . · · ·

...
...

0 0 · · · · · · · · · · · · · · · I 0

, (3.2.42)

Gn =

1 2 ··· r(n)+q+1 ··· r(n)+1 ··· r r+1


Qn 0 · · · Sq,n · · · S0,nj,n · · · 0 0
0 0 · · · · · · · · · 0 · · · 0 0
...

...
. . . . . . . . . . . . · · ·

...
...

0 0 · · · · · · · · · · · · · · · 0 0

, (3.2.43)

where

Rj,n =

∫ tn+1

tn

eĀ(n)(tn+1−t)L
(q,j)
t B(t)dt, j = 0, 1, . . . , q, (3.2.44)

Sj,n =

∫ tn+1

tn

eĀ(n)(tn+1−t)L
(q,j)
t β(t)dWt , j = 0, 1, . . . , q. (3.2.45)
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3.2.4 Generalisation for Multiple Delays and Independent Noise Sources

To apply the semidiscretisation method for multiple delays and independent white-noise sources
one has to use the form:

dxt =

A(t)xt +

Nτ∑
jτ=1

Bjτ (t)xt−τjτ (t) + c(t)

 dt

+

NW∑
jW=1

αjW (t)xt +

Nτ∑
jτ=1

βjτ ,jW (t)xt−τjτ + σjW (t)

 dWjW ,t,

(3.2.46)

where τjτ , jτ = 1, . . . , Nτ are the time delays, Nτ ∈ N+ is the number of time delays. Fur-
thermore, jW ∈ N+ is the number of noise sources and WjW ,t, jW = 1, . . . , NW are the Wiener
processes to model the Gaussian white noises, that is, E (dWiW ,t1dWjW ,t2) = dt δiW jW 1(t1 = t2)
with δiW jW standing for the Kronecker symbol. The system in Eq. (3.2.46) can be transformed
into the following mapping:

yn+1 =

F(n) +

NW∑
jW=1

GjW ,n

yn +

f(n) +

NW∑
jW=1

gjW ,n

, (3.2.47)

where F(n), f(n)is the deterministic mapping matrix and additive vector while GjW ,n, gjW ,n are
the stochastic mapping matrices and additive noise vectors, respectively, each corresponding to the
jW -th noise source. To investigate the first moment stability, one should investigate the spectral
radius of Fn...p as described in Eq. (3.2.20). The second moment stability is investigated with the
mapping:

Y i1i2(n+ 1) =

Fi1i4(n)Fi2i3(n) +

NW∑
jW=1

〈GjW ,n,i1i4GjW ,n,i2i3〉

Y i3i4(n)

+ (Fi1i3(n)fi2(n) + Fi2i3(n)fi1(n)) yi3(n)

+

NW∑
jW=1

〈GjW ,n,i1i3gjW ,n,i2 +GjW ,n,i2i3gjW ,n,i1〉 yi3(n)

+

fi1(n)fi2(n) +

NW∑
jW=1

〈gjW ,n,i1gjW ,n,i2〉

 .

(3.2.48)

that is the generalised form of Eq. (3.2.29). In this case, however, the semidiscretisation method
requires the introduction of different delay resolutions for each time delay given by

rjτ (n) =

⌊
τ jτ (n)

∆t
+
q

2

⌋
, (3.2.49)

where q is the order of the Lagrange polynomial (3.2.38). The dimension (r + 1)d of the gener-
alised mapping (3.2.47) is determined by

r = max
n∈{0,1,...,p−1}

(
max
jτ
{rjτ (n)}

)
. (3.2.50)

3.3 Linear Systems with Stochastic Delays and Additive Noise

In the previous sections such SDDEs were explored, where the stochasticity was in the coefficients
of the state variables, however the delay was considered deterministic. However there are systems,
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where the delay can vary stochastically, e.g., wirelessly connected control systems, where infor-
mation packet losses can occur. Therefore, in this section linear systems with stochastic delay and
additive noise are considered in the special form :

dxt =
(
Axt + Bxt−τ0 + Bsxt−τs,t + (τ s − τs,t)στ

)
dt+ σdWt, (3.3.1)

where t is the time, x is the Rd-valued state vector, τ0 and τs,t represent the constant and the
stochastically varying delays, respectively, A,B,Bs ∈ Rd×d are the coefficient matrices and
σ, στ ∈ Rd are the intensity vectors of the Wiener process and delay induced noise processes, re-
spectively. The Wiener process models the usual Gaussian white noise excitation, while the delay
induced noise process is significant when analysing systems, that model e.g., traffic dynamics [92]
as shown later in Sec. 5.4.

The delay process τs,t is considered to have piecewise constant trajectories. In particular, the
delay is assumed to stay constant for a holding time Tτ before potentially taking on a new value
from a finite set {τ1, τ2, . . . , τJτ }, such that τ1 < τ2 < . . . < τJτ ; see Fig. 3.4 for a sample
realization of this process.

Note that this sorting constraint is not valid for τ0. The delays are assumed to be independent

Figure 3.4. A sample realization of the delay process τs,t.

and identically distributed (IID) across the holding intervals. The probabilities of the delays can
be described as

P(τs,t = τjτ ) = wjτ , τjτ ∈ {τ1, τ2, . . . , τJτ } , (3.3.2)

while remaining constant for each interval t ∈ (kTτ , (k + 1)Tτ ]. Note that the delay induced noise
(τ s − τs,t)στ ) is normalised to have zero mean with the help of the ensemble average of the delay
process, namely

τ s = 〈τs,t〉 =

Jτ∑
jτ=1

wjτ τjτ . (3.3.3)

3.3.1 Zeroth-Order Semidiscretisation

In order to numerically investigate the stability and stationary solution of the delayed system in
Eq. (3.3.1), the continuous time dynamics can be approximated by a discrete one. System (3.3.1)
is discretised using zeroth-order semidiscretisation [39, 73], however it can be done by utilising
higher-order semidiscretisation similarly as shown in Subsec. 3.1.4.

The approximating SDE of Equation (3.3.1) can be written as:

dxt ≈
(
Axt + Bxtn−r0 + Bsxtn−rs,n + (τ s − τs,t)στ

)
dt+σdWt, t ∈ [tn, tn+1) (3.3.4)

where n ∈ N counts the time step up to tn = n∆t under the time resolution ∆t = Tτ/`; see Fig.
3.5.

Note that is ` is chosen such that ∆t < τjτ , jτ = 1, . . . , Jτ . The discretised delay is given by

r0 =
⌊ τ0

∆t

⌋
and rs,n =

⌊τs,n∆t

∆t

⌋
, (3.3.5)
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Figure 3.5. Sketch of the time discretisation used for the construction of the stochastic map. The
discrete time n ∈ N denotes the n-th time step taken with ∆t, k ∈ N denotes the k-th holding
interval, while m = 0, 1, . . . ,m denotes the time step m taken with ∆t relative to the beginning of
each holding interval.

while rs,n follows a similar stochastic process as τs,n∆t, that is,

P (rs,n = rjτ ) = P(τs,tn = τjτ ) = wjτ , (3.3.6)

where rjτ =
⌊ τjτ

∆t

⌋
, jτ = 1, . . . , Jτ ; cf. (3.3.2). The differential equation (3.3.4) can be solved

analytically for one period of length ∆t:

xtn+1 = Pxtn + Rxtn−τ0 + Rsxtn−τs,tn + wτ,n + w, (3.3.7)

where P, R and w are computed according to Eqs. (3.1.4) and (3.1.6), respectively. The coef-
ficient matrix Rs of the stochastically delayed term xt−τs,tn and the additive disturbance vector
wτ,n originating from the delay induced excitation can be calculated as

Rs =

∫ tn+1

tn

eA(tn−t)Bsdt = A−1 (P− I) Bs, (3.3.8)

wτ,n =

∫ tn+1

tn

eA(tn−t)(τ s − τs,t)στdt = A−1 (P− I)στ (τ s − τs,n), (3.3.9)

since τs,n stays constant on the ∆t long interval [tn, tn+1). By utilizing the augmented vector yn
defined in (3.1.7), the system (3.3.7) can be written in the compact form

yn = (F + Fs,n)yn + (gτ,n + g), (3.3.10)

where F and g are given by (3.1.9), while

Fs,n =

1 2 ··· rs,n+1 ··· r r+1


0 0 · · · Rs,n · · · 0 0
0 0 · · · 0 · · · 0 0
...

... · · · . . . · · · . . .
...

0 0 · · · · · · · · · 0 0

, gτ,n =


wτ,n

0
...
0

 . (3.3.11)

where the size r is defined as
r = max {rJτ , r0}. (3.3.12)

Note that the in (3.3.11) the block matrix Rs,n is in the (rs,n + 1)th block-column of matrix
Fs,n. In other words, the position of the block matrix Rs,n in the first block-row of Fs,n depends
on the instantaneous value of the delay, that is, τs,n = τjτ in the time interval (kT, (k + 1)Tτ ],
then rs,n = rjτ . In this case, Fs,n can be substituted by Fjτ , namely

Fjτ = 〈Fs,n|τs,tn = τjτ 〉 (3.3.13)
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and, based on (3.3.6), Fs,n is IID and follows the probability distribution

P (Fs,n = Fjτ ) = P(τs,tn = τj) = wjτ . (3.3.14)

Note that the delay value τs,n does not change during one holding period Tτ = `∆t; see
Fig. 3.4. Therefore, defining the state vector

zk = yk` , k = 0, 1, 2, . . . (3.3.15)

for each holding period and applying (3.3.10) iteratively, the system dynamics can be written as

zk+1 = Kkzk + lk (3.3.16)

where

Kk = (F + Fs,k`)
` , (3.3.17)

lk = (lW,k + lτ,k), (3.3.18)

lW,k =

`−1∑
m=0

(F + Fs,k`)
`−1−mg, (3.3.19)

lτ,k =
`−1∑
m=0

(F + Fs,k`)
`−1−mgτ,k`+m = F̂kgτ,k` . (3.3.20)

where

F̂k :=

`−1∑
m=0

(F + Fs,k`)
`−1−m. (3.3.21)

To calculate the mapping matrix Kk and additive vectors lτ,k and lW,k one needs the only the value
of Fs,k` and gτ,k` at the beginning at each holding interval, namely

Fs,k`+m = Fs,k`, gτ,k`+m = gτ,k`, m ∈ [0, `) , (3.3.22)

and from this it follows, that

P
(
Kk = (F + Fjτ )`

)
= P (Fs,n = Fjτ ) = P(τs,t = τjτ ) = wjτ . (3.3.23)

It is important to Note that even if it is not denoted in (3.3.19), the additive vector g originating
from the Wiener process is different for every m = 0, 1, 2, . . . , `−1, as emphasised when g is de-
fined in Eq. (3.1.9), thus the same simplification for lW,k cannot be used as for lτ,k). However, this
is not true for gτ,k`+m, since the vector wτ,n generatiting gτ,k`+m has time dependent probability,
which depends on the current value of k, namely

P
(
wτ,n = A−1 (P− I)στ (τ s − τi) | τs,tk` = τj , n ∈ [k`, (k + 1)`)

)
= δij , (3.3.24)

where δij = 1(i = j) is the Kronecker delta.

3.3.2 First and Second Moment Dynamics over a Holding Period

First Moment of the Mapping over a Holding Period

When considering the mean dynamics of (3.3.16) it reduces to

z(k + 1) = Kz(k) + l̄τ , (3.3.25)
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where z(k) := 〈zk〉, K := 〈K〉 and l̄τ := 〈lk〉 = 〈lW,k + lτ,k〉 = 〈lτ 〉. Since lW,k is generated by
stochastic Itô integrals its expectation value is zero. However, the computation of these expectation
values differ from the case, when the stochasticity in the coefficient matrices and the additive
vectors were originating from a Wiener process. The value of the coefficient matrix Kk only
depends on the delay τs,t in the interval (kTτ , (k + 1)Tτ ] while lk, depends both on the delay in
the interval (kTτ , (k+1)Tτ ] and the Wiener processWt. The process τs,t takes values at beginning
at each holding interval at time t = kTτ independent of the previous holding interval, thus Kk is
independent of zk and their expectation can be calculated separately, leading to

K = 〈Kk〉 =

Jτ∑
jτ=1

P(τs,t = τjτ ) 〈Kk|τs,tk` = τjτ 〉 =

Jτ∑
j=1

wjτ (F + Fjτ )`. (3.3.26)

The mean of the additive term lτ,k can be calculated as

l̄τ =

〈
`−1∑
m=0

(F + Fs,k`)
`−1−mgτ,k`+m

〉

=

Jτ∑
jτ=1

wjτ

(
`−1∑
m=0

(F + Fjτ )`−1−m

)
〈gτ,k`|τs,tk` = τjτ 〉 ,

(3.3.27)

where

〈gτ,k`|τs,tk` = τjτ 〉 =


A−1 (P− I)στ (τ s − τjτ )

0
...
0

 . (3.3.28)

Since g is independent of the coefficient matrices F and Fs,k` and has zero mean, namely 〈g〉 = 0,
it does not affect the mean dynamics. From Eq. (3.3.25) it can be concluded, that the mean zk
converges to

zst =
(
I−K

)−1
l̄τ (3.3.29)

as k →∞, if and only if the process (3.3.1) is first moment stable, namely

ρ
(
K
)
< 1. (3.3.30)

Second Moment of the Mapping over a Holding Period

To derive the second moment evolution, the dynamics of the squared process is investigated,
namely

zk+1z
>
k+1 = Kkzkz

>
k K>k +Kkzk(lτ,k + lW,k)

>+

(lτ,k + lW,k)z
>
k K>k + (lτ,k + lW,k)(lτ,k + lW,k)

>.
(3.3.31)

Performing the multiplications in (3.3.31) and using Einstein’s notation, the second moment map
can be given as

Zi1i2(k + 1) = 〈Kk,i1i4Kk,i2i3〉Zi3i4(k)

+ (〈Kk,i1i4 lτ,k,i2 +Kk,i2i4 lτ,k,i1〉) zi4(k)

+ (〈lτ,k,i1 lτ,k,i2〉+ 〈lW,k,i1 lW,k,i2〉) ,
(3.3.32)
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where Zi1i2(k) = Y i1i2(k`). The expected values in this equation can be calculated with

〈Kk,i1i4Kk,i2i3〉 =

Jτ∑
jτ=1

wjτ 〈Kk,i1i4Kk,i2i3 |τs,tk` = τjτ 〉 , (3.3.33)

〈Kk,i1i3 lτ,k,i2〉 =

Jτ∑
jτ=1

wjτ 〈Kk,i1i3 lτ,k,i2 |τs,tk` = τjτ 〉 , (3.3.34)

〈lτ,k,i1 lτ,k,i2〉 =

Jτ∑
jτ=1

wjτ 〈lτ,k,i1 lτ,k,i2 |τs,tk` = τjτ 〉 . (3.3.35)

All the expectation values containing first-order terms from the additive vector lW,k disappear,
since lW,k contains integrals with respect to the Wiener process and they are all have zero mean.
However, expectations containing second-order terms from lW,k lead to composite expected val-
ues, and one has to consider both the expectation w.r.t. the stochastic time-delay and the expecta-
tion of Itô integrals as it can be derived from (3.3.19):

〈lW,k,i1 lW,k,i2〉 =
〈
F̂k,i1i4F̂k,i2i3

〉
〈gi3gi4〉

=

 Jτ∑
jτ=1

wjτ

〈
F̂k,i1i4F̂k,i2i3 |τs,tk` = τjτ

〉 〈gi3gi4〉 . (3.3.36)

Here a major simplification was used: despite g depends on the discrete time n, its distribution,
hence its second moment gg> does not. This allows one to factor out gg> and use the matrix F̂
defined in (3.3.21) for the second moment calculation of lW , similarly to the definition and the
second moment calculation of lτ,k.

Using the notation z(k) = y(k`) the second moment evolution can be given in the vector-to-
vector map form as

z(k + 1) = Kz(k) + kz(k) +
(̄̄
lτ +¯̄lW

)
, (3.3.37)

similarly to (3.2.28) or (3.1.15). To determine if the second moment stability of (3.3.37) one has
to investigate if ρ

(
K
)
< 1 holds, and if the squared process is stable it converges to the fixed

point

zst =
(
I−K

)−1(
kzst +

(̄̄
lτ +¯̄lW

))
, as k →∞, (3.3.38)

approximating the stationary second moment of (3.3.1).
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Numerical Case Studies

In the previous chapter the construction of the stochastic semidiscretisation method has been
given to investigate the stationary behaviour of the linear SDDEs defined in Eqs. (3.1.1), (3.2.1)
and (3.3.1). In the following sections, the convergence properties of the described method are
investigated numerically for different simple SDDEs. In Sec. 4.1 a scalar first order delayed equa-
tion, the stochastic Hayes equation is investigated for which an analytic solution exists, thus it
can be tested, that the results gained by the discrete mapping converge to this exact solution. In
Sec. 4.2 the second order problem, the stochastic delay oscillator is investigated. In case of this ex-
ample, the advantages of the semidiscretisation method are emphasised, namely the convergence
of both the spectral radius and the stationary solution are compared to the full-discretisation. Next,
in Sec. 4.3 the stochastic delayed Mathieu equation is analysed, which is a second order periodic
problem. For this equation it can be demonstrated, how the method can be utilised to approxi-
mate the stability and characterise the stationary solution of periodic systems. Finally, in Sec. 4.4
a scalar system with stochastic delays is investigated, and it is shown, that such system produce
periodic stationary behaviour even if the system is subjected to white noise.

4.1 Stochastic Hayes Equation

The Hayes equation is one of the simplest scalar examples to investigate the behaviour of DDEs [49,
78]. In this case its stochastic version is used, namely:

dxt = Axtdt+ βxt−1dWt + σdWt , (4.1.1)

with initial condition:
xt = φt , t ∈ [−1, 0] , (4.1.2)

where A, β, σ ∈ R. Note that the delay can be chosen to be 1 without loss of generality.

4.1.1 Analytical Solution

The stability properties of Eq. (4.1.1) can be determined analytically. The solution of Eq. (4.1.1)
can be written in the following form [55]:

xt = eAtx0 +

∫ t

0

(
eA(t−t̂)βxt̂−1 + eA(t−t̂)σ

)
dWt̂. (4.1.3)

The mean dynamics is
〈xt〉 = eAtx0 , (4.1.4)

which converges to 0 if the proportional parameter A < 0. This means that the system is first
moment stable:

lim
t→∞
〈xt〉 = lim

t→∞
〈xt−1〉 = 0. (4.1.5)

Still, it is necessary to further investigate the stationary behaviour of the process in Eq. (4.1.1);
the second moment M(t) = 〈xtxt〉 of the solution (4.1.3) needs to be evaluated using the Itô
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isometry [61]:

M(t) = e2AtM0 +
σ2

2A

(
e2At − 1

)
+

∫ t

0

(
β2e2A(t−t̂)M(t̂− 1) + 2e2A(t−t̂)σβ

〈
xt̂−1

〉)
dt̂ .

(4.1.6)
A large enough time instant t0 is chosen to have e2At0 → 0, 〈xt−1〉 → 0, so the solution converged
to the stationary second moment Mst = limt→∞M(t). If 0� t0 � t then

Mst = − σ
2

2A
+

∫ t

t0

β2e2A(t−t̂)dt̂Mst, (4.1.7)

from which

Mst = − σ2

2A+ β2
. (4.1.8)

Since Mst has to be non-negative and σ2 is always positive, the second moment is stable only if:

A < −β
2

2
, (4.1.9)

which is a stricter condition than the A < 0 for the first moment stability in Eq. (4.1.5).
Note that these analytical results and also the decay rate of the transient part can be calcu-

lated by means of Itô’s lemma [5, 61], too. The squared process of the stochastic Hayes equation
Eq. (4.1.1) assumes the form:

dx2
t =

(
2Ax2

t + β2x2
t−1 + σ2 + 2βσxt−1

)
dt+ (βxt−1 + σ) dWt . (4.1.10)

Taking the expected value of the squared process Eq. (4.1.10) and transforming the resulting in-
crement equation into differential form lead to the following deterministic DDE:

Ṁ(t) = 2AM(t) + β2M(t− 1) + 2βσ 〈xt−1〉+ σ2. (4.1.11)

Note that after the substitution of Eq. (4.1.5) into Eq. (4.1.11), the calculated stationary solu-
tion is equivalent to the result described in Eq. (4.1.8). Furthermore, it is possible to determine the
characteristic exponents of the perturbed second moment M̃(t) = M(t)−Mst and the following
homogeneous DDE [78] is obtained:

˙̃M(t) = 2AM̃t + β2M̃(t− 1). (4.1.12)

Using the exponential trial solution
M̃(t) = ceλt, (4.1.13)

one arrives at the following characteristic equation:

λ− 2A− β2e−λ = 0. (4.1.14)

The characteristic exponent λ can be partitioned as λ = γ + iω, γ, ω ∈ R, where γ and ω are
related to the decay rate and to the angular frequency of the transient second moment, respectively.
To determine the stability boundaries, one has to substitute γ = 0 into Eq. (4.1.14), and separate
the real and complex terms, and find the roots of the corresponding implicit equations [78]:

2A+ β2 cosω = 0, (4.1.15)

ω + β2 sinω = 0. (4.1.16)
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The analytic solution of Eqs. (4.1.15)-(4.1.16) are the following parametric curves in case of Hopf
bifurcation (ω 6= 0):

A =
ω

2 tan (ω)
, β = ±

√
− ω

sin (ω)
, ω ∈ [(2k − 1)π, 2kπ) , k ∈ Z , (4.1.17)

while in case of fold bifurcation (ω = 0) it gives

A = −β
2

2
. (4.1.18)

Figure 4.1. Stable area (gray) and the bifurcation curves defined by Eqs. (4.1.15)-(4.1.18)

Fig. 4.1 presents the critical parameter lines defined by Eq. (4.1.17)-(4.1.18). Note that the
stability boundary is defined by a fold-type bifurcation only (denoted by the shaded region). As-
suming that the characteristic root is real (ω = 0), it is possible to write γ as the function of A and
β:

γ = 2A+W0

(
β2e−2A

)
, (4.1.19)

which characterises the decay rate [100] of the second moment process M(t). In this formula, W0

is the main branch of the LambertW function [1], which is by definition the functionW (z) which
satisfies W (z)eW (z) = z.

4.1.2 Testing the Monte-Carlo Simulations of the Stochastic Hayes Equation

The above described results are compared to numerical simulations. In Fig. 4.2, the first- and
second moment evolutions are obtained by the deterministic equations Eqs. (4.1.4) and (4.1.11),
and these are compared to the statistical evaluation of MC simulations, where the expected value
and the standard deviation of the trajectories are presented on the basis of 104 realisations of the
SDDE (4.1.1) calculated by using the Euler-Maruyama from StochasticDelayDiffEq.jl [91]. To
validate the results obtained through the Monte-Carlo simulations, the DDE (4.1.11) was also
numerically integrated using the Tsitouras 5/4 Runge-Kutta method from the Julia package Dif-
ferentialEquations.jl [72]. In Fig. 4.2 it can be seen, that the deterministic solution matches well
to the mean values and deviations of the MC simulations. Note that the analytic method gives
almost everywhere smooth curves for the moment evolutions, while the MC simulations give only
somewhat noisy curves and with orders of magnitude higher computation time, due to the large
but finite number of realisations used for the MC simulations.

This shows, that the MC simulations can be used for validation purposes, and the 104 – 105

number of trajectories are enough to approximate the moment solutions. However the results
gained through the MC calculations are “noisy”, due to the finite number of trajectories used for
the averaging to obtain the first and second moments.

43



Chapter 4 - Numerical Case Studies

Figure 4.2. The first moment (green curve) and its envelopes (red curves) calculated by means of
Eqs. (4.1.4) and (4.1.11), respectively, are compared to the statistical evaluation of MC simulations:
the dark thick blue line represents the mean and the thin blue lines and the light blue areas represents
the standard deviation of 104 realisations. Panel (a) shows a stable case (A = −6, β = 2, denoted
by parameter point "S" in the stability chart of Fig 4.1). Panel (b) shows a second moment unstable
case (A = −6, β = 4, denoted with point "U" in Fig 4.1). x̄(t) = 〈xt〉, σx(t) =

√
M(t)− x̄(t)2

and initial function φt ≡ 3, t ∈ [−1, 0]. The gray trajectories show one selected realisation in the
MC simulation.

4.1.3 Zeroth-order Semidiscretisation of the Stochastic Hayes Equation

To illustrate the construction of the second moment mapping defined in Eq. (3.1.16), the Y11 ele-
ment of the second moment mapping of the stochastic Hayes equation is given using two separate
approach. First the original stochastic Hayes equation from Eq. (4.1.1)) is considered:

dxt = Axtdt+ βxt−1dWt + σdWt . (4.1.20)

Its zeroth-order semidiscretised form similar to Eq. (3.1.1) is

dxt = Axtdt+ βxtn−rdWt + σdWt where t ∈ [tn, tn+1∆t] (4.1.21)

The calculated stochastic mapping matrices and vector using Eqs. (3.1.4), (3.1.5), (3.1.6) and (3.1.9):

F =


F11 0 · · · 0
1 0 · · · 0

0
. . .

...
0 · · · 1 0

 , G =


0 0 · · · G1,r+1

0 0 · · · 0

0
. . .

...
0 · · · 0

 , g =


g1

0
...
0

 , (4.1.22)

where

F11 = eA∆t, G1,r+1 = β

∫ tn+1

tn

eA(tn+1−s)dWs, g1 = σ

∫ tn+1

tn

eA(tn+1−t)dWt .

(4.1.23)
The elements of the second moment matrix which will be used are the following:

〈xtn−1〉 := ȳr+1(n), 〈xtnxtn〉 := Y 11(n),
〈
xtn−rxtn−r

〉
:= Y r+1,r+1(n) (4.1.24)

Approximating the moment evolution using the semidiscretisation matrices in (3.1.18) and the
stepping definitions from Eq. (3.1.16) lead to the mapping for Y 11(n+ 1):

Y 11(n+ 1) = F 2
11Y 11(n) +G2

1,r+1Y r+1,r+1(n) + 2G1,r+1g1

〈
xtn−r

〉
+ g2

1 . (4.1.25)
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Substituting the matrix elements from Eq. (4.1.22) into Eq. (4.1.25) and the Ito integral is per-
formed as in Eqs. (3.1.25)-(3.1.27) leads to the mapping

Y 11(n+ 1) = e2A∆tY 11(n) +
β2
(
e2A∆t − 1

)
2A

Y r+1,r+1(n)

+
βσ
(
e2A∆t − 1

)
A

〈
x(n∆t−p)∆t

〉
+
σ2
(
e2A∆t − 1

)
2A

.

(4.1.26)

To show the correctness of this result a second approach is used; the zeroth-order deterministic
semidiscretization [39] is applied to the analytically derived second moment equation Eq. (4.1.13):

Ṁ(t) = 2AM(t) + β2M(t− 1) + 2βσ 〈xt−1〉+ σ2, (4.1.27)

yielding:

Ṁ(t) ≈ 2AM(t) + β2M (tn−r) + 2βσ
〈
xtn−r

〉
+ σ2 where t ∈ [tn, tn+1] . (4.1.28)

Solving the above linear differential equation on the time interval t ∈ [tn, tn+1] leads to:

M (tn+1) = e2A∆tM (tn) +
β2
(
e2A∆t − 1

)
2A

M (tn−r)

+
βσ
(
e2A∆t − 1

)
A

〈
x(n∆t−p)∆t

〉
+
σ2
(
e2A∆t − 1

)
2A

(4.1.29)

which gives the same result as Eq. (4.1.26) since

M(tn) := Y 11(n), M(tn−r) := Y r+1,r+1(n) . (4.1.30)

thus the semidiscretisation of the second moment equation is equivalent to the second moment of
the stochastic semidiscretisation (4.1.1).

4.1.4 Convergence of the Stochastic Semidiscretisation

When the semidiscretisation method is applied, the mapping described in Eq. (3.1.16) is con-
structed numerically. With the help of Eqs. (4.1.8), (4.1.18) and (4.1.19), the convergence of the
stochastic semidiscretisation method is investigated by means of the spectral radius of the second
moment mapping matrix H, the stationary second moment and also the stability chart. Since there
is no deterministic delayed term in the stochastic Hayes equation (4.1.1), the convergence of the
spectral radius of the first moment is not analysed here (for details see in [39]); in this case the
semidiscretisation method provides the analytic solution, while the full-discretisation converges
only in first order.

A properly chosen discretisation has to satisfy the following criterion:

lim
r→∞

ρ (H)r = eγτ . (4.1.31)

The expression eγτ describes the change of the amplitude in one delay period, while the spectral
radius ρ (H) only characterises it within the numerical timestep ∆t = 1/r. To compare them, one
has to use the r-th power of the spectral radius. To characterise the convergence of the method,
the relative error

δρ,2(r) =
|eγτ − ρ (H)r|

eγτ
(4.1.32)

between the numerical result and the analytic solution is used. The semidiscretisation method is
also compared to the full-discretisation method. The computation of the full-discretisated mapping
matrices can be computed by adjusting the elements of the matrices in (4.1.23), namely: F11,full =
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Figure 4.3. Relative error of the spectral radius of (a) the second moment mapping matrix and (b)
the stationary second momentf as a function of the delay resolution r, for the stochastic Hayes equa-
tion Eq. (4.1.1) for different order q of semidiscretisation and the full-discretisation method [24].
The numerical parameters are A = −6, β = 2, σ = 1, eγτ ≈ 0.3640 and Mst = 0.125. The
order q refers to the order of the Lagrange polynomial used to approximate the delayed terms. The
numerical values of the convergence rates are given in Tab. 4.1

.

(1 +A)∆t, G1,r+1,full = β (Wtn+1 − Wtn) and g1 = σ (Wtn+1 − Wtn), and then computing
the first and second moment mapping matrices needed for the computation of stability and the
steady-state second moment.

Fig. 4.3a shows that the convergence rate of the full-discretisation method [24] and the pro-
posed semidiscretisation methods of different order are the same w.r.t. r, and the errors δρ,2(r)
differ only in a constant multiplier. In this scalar case, the semidiscretisation method provides
an order of magnitude more accurate approximation than the full-discretisation method. This is
important, since the number of elements of the second moment mapping matrix H is proportional
to r4, and the zeroth-order semidiscretisation method achieves 1 % accuracy at r = 50, while the
full-discretisation method cannot achieve this even with r = 250.

To investigate the convergence of the stationary second moment matrix, the following relative
error is defined:

δst(r) =

∣∣∣Mst − Y st,11

∣∣∣
Mst

. (4.1.33)

Note that in this scalar case, all the diagonal elements of the second moment matrix Y(n) in the
stationary solution Yst are the same. Therefore in Eq. (4.1.33), only the first element Y st,11 =
limt→∞ 〈xtxt〉 of the stationary second moment vector yst from Eq. (3.1.21) is compared to the
analytic solution Mst (Eq. (4.1.8)).

In Fig. 4.3b, the better convergence of the stochastic semidiscretisation method can be ob-
served again. The different order methods show a slightly smaller error, although the rate of
convergence is almost the same. Furthermore, the relative error for the spectral radius and the
stationary second moment show similar tendency.

In Fig. 4.4, the numerically calculated stability boundaries, defined by the spectral radius
ρ(H) of the discretised system, are compared to the stability boundary determined analytically
from Eq. (4.1.18). The stability boundary ρ (H) = 1 of the discretised system is determined with
the help of the multi-dimensional bisection method (MDBM) [7]. It can be seen, that the smaller
A in the discrete system is, the worse the approximation of the analytic stability chart is, so in the
general case, the use of higher-order method is useful to reach a certain desired accuracy.

At the moment, we could not find a mathematical explanation for the extremely good conver-
gence of the zeroth-order semidiscretisation compared to the higher-order ones. This might be due
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Figure 4.4. Convergence of the stability chart (upper panel) and the stationary second mo-
ment (lower panel) using (a) full-discretisation (b) zeroth-order semidiscretisation (c) second-order
semidiscretisation. The order q refers to the order of the Lagrange polynomial used to approximate
the delayed terms. The vertical dashed lines in the stability charts represent the paramater A = −6
along which the stationary second moments were calculated

to the special simple mathematical form of the Hayes equation. This is the reason why the method
is tested on a more general problem in the next section.

4.2 Stochastic Delayed Oscillator

The stochastic delayed oscillator of the form

ẋt = vt (4.2.1)

v̇t + 2ζvt +Axt = Bxt−2π + (αxt + βxt−2π + σ)Γt (4.2.2)

is an essential mathematical model in many engineering problems like machine tool vibrations [53,
84]. This can be transformed into Eq. (3.1.1) with τ = 2π and

xt =

(
xt
vt

)
, A =

(
0 1
−A −2ζ

)
, B =

(
0 0
B 0

)
,

α =

(
0 0
α 0

)
, β =

(
0 0
β 0

)
, σ =

(
0
σ

)
.

(4.2.3)

In this multidimensional case, the explicit solution like Eq. (4.1.3) for the Hayes equation is not
available [5]. In Fig. 4.5 two examples are shown for the evolution of the first and second moments
together with an individual realisation of the process in Eq. (4.2.1)-(4.2.3). The cases of stable and
unstable second moments show good agreement between the statistical analysis of independent
MC simulations and the spectral radius and the stationary solution computed with the stochastic
semidiscretisation.

For comparison, the reference values of the stationary second moment yst and the spectral radii
of the first moment mapping matrix F and second moment mapping matrix H are calculated using
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Figure 4.5. First moment stable processes are shown for stable second moment in panel (a) and for
unstable second moment in panel (b). The gray lines represent typical realisations of the process.
The thick blue lines show the mean, while the thin blue lines and light blue areas show the standard
deviation of 104 realisations obtained by MC simulations. The red lines in panel (a) represent the
stable stationary second moment calculated with stochastic semidiscretisation.

the 10th-order semidiscretisation method with as high resolution r as our computational capacity
allowed:

ρref
1 = ρ (Fr=200)200 , (4.2.4)

ρref
2 = ρ (Hr=200)200 , (4.2.5)

yref
st = (I−Hr=130)−1 cr=130 . (4.2.6)

Selecting these reference values, the relative errors δ are defined as a function of the resolution
parameter r:

δρ,1(r) =

∣∣ρref
1 − ρ (F)r

∣∣
(ρref

1 )
, (4.2.7)

δρ,2(r) =

∣∣ρref
2 − ρ (H)r

∣∣
(ρref

2 )
, (4.2.8)

δst(r) =

∣∣∣Y ref
st,11 − Y st,11

∣∣∣
Y ref

st,11

, (4.2.9)

where Y ref
st,11 is the first element of yref

st defined in (4.2.6).
In Figs. 4.6, 4.7 and 4.8, the convergence properties of the spectral radii of the first and the

second moment mapping matrices and similarly, those of the stationary second moment can be
observed, respectively.

The convergence rate cr is calculated by fitting of

δ(r) = Kr−cr (4.2.10)

for r > 50 onto the error functions showed in Figs. 4.6, 4.7 and 4.8. The corresponding numerical
values of cr are given in Tab. 4.1.
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Figure 4.6. Relative error of the spectral radius of the first moment matrix F for the delayed os-
cillator using the numerical parameters A = 1, B = 0.1. The order q refers to the order of the
Lagrange polynomial used to approximate the delayed terms. See the approximated convergence
rates in Tab. 4.1

Figure 4.7. Relative error of the spectral radius of the second moment matrix H for the delayed os-
cillator (4.2.3) with numerical parameters A = 1.0, B = 0.1, β = 0.1 and stochastic proportional
coefficient (a) α = 0 and (b) α = 0.1. The order q refers to the order of the Lagrange polynomial
used to approximate the delayed terms. The gray lines correspond to the results obtained without
the correction term presented in Sec. 3.1.3. Note that the uncorrected zeroth-order semidiscretisa-
tion (q = 0) only differs in a constant multiplier (∼ 10×) from the corrected one, while the lines
corresponding uncorrected higher-order (q ≥ 1) semidiscretisation cluster around the corrected
zeroth-order result. The corresponding convergence rates are given numerically in Tab. 4.1

It can be seen in Fig. 4.6, that the first moment’s spectral radius behaves as expected [39]:
the increase of both the interpolation order of the delayed states and the resolution parameter r
decreases the error δρ,1; the convergence rate cr increases by 1 as the interpolation order increases
by 1. The spectral radius of the second moment mapping matrix behaves similarly as it can be
observed in Fig. 4.7 for two different cases. In case of no multiplicative noise at the actual time t
(that is for α = 0 in Fig. 4.7a), the 1-by-1 increase of the interpolation order leads to the increase
of the convergence rate only by 1 (instead of 2) due to the magnitude

√
dt property of the Wiener

process [47]. However, it can be concluded from Fig. 4.7b that the convergence of the spectral
radius of the second moment is limited for α 6= 0 due to the error introduced by the multiplicative
noise term αeAtxtndWt (as discussed in Sec. 3.1.3). In this case, the use of a maximum second
order interpolation of the delayed terms is suggested, since the increase in calculation time is not
accompanied by significant improvement in accuracy.

In Fig. 4.8, the convergence of the stationary second moment Mst,11 = limt→∞
〈
x2
t

〉
can be

seen. One can observe that the results gained with the full-discretisation method are divergent for
r . 35 − 38 (see the dashed blue line). Here, ρ (H) > 1 implies that Eq. (3.1.21) does not hold
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Figure 4.8. Relative error of the spectral radius of the stationary second moment Mst,11 for the
delay oscillator (4.2.3) with numerical parameters A = 1.0, B = 0.1, β = 0.1 and stochastic
proportional coefficient (a) α = 0 and (b) α = 0.1. The dashed line refers to an invalid (negative)
stationary solution. The gray lines correspond to the results obtained without the correction term
presented in Sec. 3.1.3. Note that the uncorrected zeroth-order semidiscretisation (q = 0) does
not differ from the corrected one, while the lines corresponding uncorrected higher-order (q ≥ 1)
semidiscretisation does not increase in convergence order compared to the zeroth-order, and only
differs from it in a constant multiplier. The order q refers to the order of the Lagrange polynomial
used to approximate the delayed terms. The corresponding convergence rates are given numerically
in Tab. 4.1

any more because it can lead to a negative second moment:

lim
n→∞

〈
y2
n−m,i

〉
< 0, for all m = 0, 1, 2 . . . r and i = 1, 2, ..., (r + 1)d, (4.2.11)

meaning that there exists no stationary distribution of the unstable approximation. The fast con-
vergence is especially important near the stability boundaries; this is crucial if the original system
is stable but the low resolution approximate mapping is still unstable, like in the case explained
above for full-discretisation. Consequently, the calculated (invalid) stationary second moment of
the approximation first converges to −∞ as the resolution r is increased, leading to a seemingly
ill-working numerical method. However, the expected convergence rate can be reached in these
cases for very large and computationally costly discretisation resolution r.

Test case Quantity Fig. FD
n-th order SSD

0 1 2 3 4 5

Stochastic Hayes
δρ,2(r) 4.3a 1.03 1.02 0.97 1.00 1.00 1.00 1.00
δst(r) 4.3b 1.08 2.00 0.97 1.01 0.99 1.00 1.00

Delayed oscillator

δρ,1(r) 4.6 1.18 1.02 2.00 3.06 4.00 5.08 6.00
δρ,2(r), α = 0.0 4.7a 1.28 1.01 2.00 3.06 3.95 5.23 5.71
δst(r), α = 0.0 4.8a - 0.99 2.00 3.02 3.42 3.14 3.01
δρ,2(r), α = 0.1 4.7b 1.28 1.02 2.01 2.59 2.38 2.32 2.32
δst(r), α = 0.1 4.8b - 0.99 2.04 2.99 2.97 2.95 2.95

Table 4.1. Convergence rate cr of the different discretisation methods, by fitting δ(r) = Kr−cr

function for resolution parameter r > 50 (FD – full-discretisation method, SSD – stochastic
semidiscretisation method)

4.3 Stochastic Delayed Mathieu Equation

In this section the moment stability and stationary moments of the stochastic delayed Mathieu
equation is investigated, which contains multiplicative noise in both the present and past position
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and present velocity along with a constant additive term. Consider the stochastic delay differential
equation in the Itô sense:

ẍt + a1(1 + α1Γt)ẋt + (δ + ε cos (ωt)) (1 + α0Γt)xt

= b0(1 + β0Γt)xt−2π + σΓt,
(4.3.1)

where the principal period is T = 2π/ω, while the delay τ(t) ≡ 2π can be set without the loss of
generality. The Gaussian white noise process is described with the help of the Langevin force Γt.
The first order incremental form of the stochastic delayed Mathieu equation (4.3.1) can be written
as

dxt = (A(t)xt + B(t)xt−2π) dt+ (α(t)xt + β(t)xt−2π + σ) dWt, (4.3.2)

where

A(t) =

(
0 1

−(δ + ε cos (ωt)) −a1

)
, B(t) ≡

(
0 0
b0 0

)
, (4.3.3)

α(t) =

(
0 0

−α0(δ + ε cos (ωt)) −α1a1

)
, β(t) = β0B(t), σ =

(
0
σ

)
. (4.3.4)

To reduce the number of the parameters during the moment stability investigation the values of
α1, α0, β0 are set to a common value σ0:

α1 ≡ α0 ≡ β0 ≡ σ0 . (4.3.5)

To conduct numerical experiments to investigate the convergence properties of the approxima-
tion of the stability properties, the error measure δpρ,2(p̂) is introduced:

δpρ,2(p̂) =

∣∣∣∣∣ρ
(
H(n,p)|p=p̂

)
− ρ
(
H(n,p)|p=pref

)
ρ
(
H(n,p)|p=pref

) ∣∣∣∣∣ . (4.3.6)

In Figure 4.9 the convergence rate and some computational properties of the spectral radius
ρ
(
H(n,p)

)
is shown through the error measure δpρ,2(p̂) for the numerical parameters a1 = 0.2, δ =

3.25, b0 = −0.2, σ0 = 0.2, ω = 0.5, ε = 2, σ0 = 0.2 and for different q Lagrange polynomial
orders. The reference solution ρ

(
H(n,p)

)
is calculated with period resolution pref = 200 and

q = 7th order Lagrange polynomial was used to approximate the delay term. In Figure 4.9a
the error measure δpρ,2(p̂) is shown. To give an approximation of the convergence of δpρ,2(p̂),
black lines are given with slopes corresponding to 1st, 2nd and 3rd order convergences. It can
be observed, that the results computed with q = 0th order converge approximately with order 1,
the results obtained using q = 1st, 2nd and 3rd order semidiscretization converge approximately
with order 2, while the results computed with q = 4th and 5th order semidiscretization converge
approximately with order 3 to the reference solution.

Furthermore, to benchmark the computational costs of the spectral radius calculation 50 sam-
ple calculations were conducted for each p and q parameter pairs and the required computational
time, and the memory usage was recorded for every sample. During a benchmark sample, the
whole process of the construction of the deterministic and stochastic mapping matrices, the mul-
tiplications over a mapping period, and the largest eigenvalue computation was included. The
benchmarks were conducted on a workstation computer with dual Intel Xeon Gold 6154 proces-
sors and 192 GB RAM. In Figure 4.9b, the error measure δpρ,2(p̂) is shown with respect to the
median of the computation time. It can be observed that if the Lagrange polynomial order q of
the semidiscretization is increased, significantly higher accuracy can be achieved for the same
computational time. In Figure 4.9c and d, the relative time and memory required for the cal-
culations are shown, where the reference median computation time is 808.094 µs and reference
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Figure 4.9. Convergence properties of the spectral radius ρ(H)with numerical parameters a1 =
0.2, δ = 3.25, b0 = −0.2, σ0 = 0.2, ω = 0.5, ε = 2, σ0 = 0.2: relative error `ρ of the spectral
radius with respect to the a) period resolution p and b) the computational time needed, where the
reference spectral radius is obtained using semidiscretization with q = 7 and pref = 200. In panels
c) and d) the relative computation time and memory usage is shown, respectively, with reference
median computation time 808.094 µs and reference median memory requirement 808.59 KiB. These
values correspond to q = 0 and p = 10

.

median memory requirement is 808.59 KiB, which occurs at p = 10 and q = 0. Here it can
be seen that the additional computation required by the higher q order semidiscretization is only
significant for small p period resolutions. However, for large period resolutions p the eigenvalue
computation of the sparse matrix describing H(n,p) is the dominant source of the computational
cost. Since the complexity of the eigenvalue decomposition for a matrix A ∈ Rn×n is approx-
imately O(n2.376) [20, 65], and the size nH of matrix H(n,p) ∈ RnH×nH can be calculated as
nH =

∑p
i=1 i = (p2 + p)/2, thus the complexity of the spectral radius calculation becomes

O(p4.752). In Figures 4.9c and d, this complexity can be observed in both the computational time
and the memory usage for all Lagrange polynomial order q.

In Figure 4.10 the convergence of the second moment stability chart is shown for the semidis-
cretisation for different period resolutions p and Lagrange polynomial order q with parameters
a1 = 0.1, ω = 1, ε = 1, σ0 = 0.275. Since in this example the principal period T = 2π/ω is
equal to the time delay τ = 2π (the frequency of the periodic term ω = 1), for Lagrange poly-
nomial order q = 0 and q = 1 the delay resolution r and period resolution p are equal, namely
r = bτ/∆t+ q/2c = p. The diagrams were constructed using MDBM [7] with an initial 25× 16
grid for the parameters δ and b0, respectively, followed by 5 halving iterations (the final grid is of
size 800 × 512). As the analytical stability boundaries for this particular periodic SDDE are not
known, a reference stability chart is created for the convergence analysis with p = 80, q = 7. The
figure shows how the boundaries for the different approximations approach the reference bound-
aries denoted with the dashed black lines. It can be seen that the stability curves obtained with
higher q values converge significantly better than q = 0 even for small period resolution p.

In Figure 4.11 second moment stability charts for different parameter combinations are shown.
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Figure 4.10. Convergence of the second moment stability boundary with parameters a1 = 0.1, ω =
1, ε = 1, σ0 = 0.275. The reference stability boundary is denoted with the dashed black lines,
obtained using a semidiscretisation with q = 7 and p = 80.

During the calculations of these diagrams a fifth order (q = 5) Lagrange polynomial was used
to approximate the delay state during semidiscretisation along with a sufficiently large period
resolution p = 80. Similarly to Figure 4.10 the stability boundaries were found using MDBM [7]
with an initial 25 × 16 grid for the parameter plane (δ, b0) followed by 5 halving iterations. It is
important to emphasise that for cases where the time delay τ does not equal to the principal period
T , the period resolution p does not equal to the delay resolution r, even in cases q = 0 and 1. It
can be observed, that in the undamped (a1 = 0) and deterministic cases (first row, blue lines for
σ0 = 0) the stability regions have a special structure, namely there are stable islands bounded
by straight lines [37]. As the intensity of the stochastic terms are increased, these islands are
decreasing, first only slowly near the corners, then the stable regions completely disappear in an
accelerating manner. However, if damping is added (a1 = 0.2) these island are joined and the
system described by (4.3.1) becomes much more robust against the noise. For the cases in which
the ratio τ/T is not an integer (e.g. in the last row where τ/T = 0.5), due to the interaction
of the time-delayed term and the parametric excitation the stability charts become complex and
intricate, which gets simplified as the increasing noise intensity decreases the significance of this
interaction.

Note that these second moment stability boundaries are robust, meaning if there is no additive
noise (σ = 0) exciting the system (4.3.1), then it gives only a sufficient condition for stochastic
stability (the process can be stable outside of the calculated stable domain). However, if one has to
consider additive noise (σ 6= 0), then the parameters taken from the stable region calculated with
this approach guarantees that the trajectories describing the solution will stay in a finitely bounded
region and there exist a stationary second moment.

Next the stationary periodic second moment determined using Eq. (3.2.35) derived from the
stochastic semidiscretisation method and it is compared to results obtained with statistical eval-
uation of direct Monte-Carlo simulations of (4.3.1). The comparisons were conducted using the
parameters a1 = 0.2, ε = 2, δ = 3.25, b0 = −0.2, σ0 = 0.2, additive noise intensity σ = 1
and three different parametric excitation frequencies: ω = 2, 1 and 0.5 (denoted by black ×-s
in Fig 4.11). The Monte-Carlo simulations were conducted using the Euler-Maruyama method
for SDDE-s with time step relative to the principal period of the system ∆tMC = T/2000 =
2π/2000ω with the StochasticDelayDiffEq.jl. The system (4.3.1) was integrated for 600 periods,
while 80 individual trajectories were calculated. To ensure that the initial conditions are not influ-
encing the results, the first 100 periods were dropped from each trajectory, leaving 500 × 80 =
40000 periods altogether, providing statistically sufficient number of periods to average over.

The comparison is shown in Fig. 4.12: since the stationary first moment is zero (no additive
determinist excitation is present) the convergence of the stationary periodic standard deviation is
presented only. Furthermore, a more compact notation is introduced for the periodic stationary
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Figure 4.11. Second moment stability charts for Eq. (4.3.1) for different values of ε, ω and a1. The
period resolution is p = 80 and the delayed state is approximated with a q = 5 order polynomial for
all cases.
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standard deviation:

StDst
x (s) = lim

k→∞
StD(xkT+s) where s ∈ [−T, 0]. (4.3.7)

In the figure the red ×-s denote the reference solution obtained via Monte-Carlo simulations,
plotted with time density being ∆tMC

plot = T/20. The convergence w.r.t. the period resolution p and
w.r.t. the order of the Lagrange polynomial approximating the delay state q is shown in the left
and right columns, respectively. When the convergence w.r.t. the period resolution p is shown, the
polynomial order is fixed to q = 0, while when the convergence is investigated w.r.t. the order q
the resolution is fixed to p = 20. In the left column it can be seen, that the zeroth-order stochastic
semidiscretisation method converges to the reference solution even for smaller period resolutions
(p = 20), but the accuracy can be further improved if higher-order stochastic semidiscretisations
are applied as it can be seen in the right column.

Next, to further demonstrate the convergence of the introduced stochastic semidiscretisation
method the mean-square error of the stationary second moment compared to a reference solution
is investigated, namely

l2(p) =

√√√√1

p

∑
tn∈∆(p)

(
StDst

x,p(tn)− StDst
x,ref(tn)

)2
, (4.3.8)

where ∆(p) = {−T, . . . ,−2T/p,−T/p}.
In Fig. 4.13a-c the `2(p) error is shown for period resolutions p = 2, 4, 8, . . . , 128 and for

q = 0, 1, . . . , 5. The reference periodic stationary standard deviation was computed using a higher-
order semidiscretization with q = 7 and p = 256.

To give an approximation of the convergence of the `2 error in the presented p-range black
lines are given with slopes corresponding to 1st, 2nd order convergences. It can be observed that
the results computed with q = 0th order converge approximately with order 1, the results ob-
tained using higher-order semidiscretization converge approximately with order 2 to the reference
solution. One reason for the limited convergence rate can be caused by the averaged constant
Ā(n) term in the approximating SDE (3.2.5), as similar beahviour is shown for the deterministic
semidiscretization in [41]. Another factor is the approximation of the multiplicative present state,
which lowers the convergence rate that can be achieved even for one mapping step, as shown
in [87].

Furthermore, to analyse the performance of the method to determine the stationary second
moment, 50 samples of benchmark runs were conducted for each point of p and q of the stationary
second moment calculation, where the required computational time and the memory usage was
recorded for every sample. During a benchmark run, the whole process of the construction of
the deterministic and stochastic mapping matrices and vectors, the multiplications over a mapping
period, and the LU decomposition needed to solve equation (3.2.36) is included. In Figure 4.13d
and e the relative time and memory required for the calculations are shown, where the reference
median computation time is 0.328 ms, and reference median memory requirement is 403.95 KiB,
which occurs at p = 10 and q = 0. Here it can be seen that for large period resolutions p the
matrix operations are the dominant source of the computational costs, similarly as in the case of
the spectral radius calculations, demonstrated in Figure 4.9c-d. Based on [22] the complexity of
the LU decomposition on a parallel processor is between O(n2) and O(n3) for a problem of size
n, so in our case it should be between O(p4) and O(p6). The trends observable in Fig 4.13d and
e coincide with this prediction. The additional computation requirements by the higher q order
semidiscretization are not significant even for small p period resolutions.

Note that for higher p values, the computation of stationary quantities is challenging due to
the high memory demand of the stochastic semidiscretization method

(
∼ p4

)
[87].
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Figure 4.12. Comparison of the stationary periodic standard deviations obtained with the stochastic
semidiscretisation method (denoted by lines) with the results obtained through Monte-Carlo simula-
tions (denoted by the red×-s). The stationary standard deviations are calculated for different values
of ω and for a1 = 0.2, δ = 3.25, b0 = −0.2, σ0 = 0.2 and ε = 2 (black ×-s in Fig 4.11).

To compare the performance of the stochastic semidiscretization method to the Monte-Carlo
simulations, the computational time required for the Monte-Carlo simulations was also measured,
and compared to the median computational time requirements of the stochastic semidiscretiza-
tion method. In Figure 4.14 the `2 error measure is shown with respect to the computational
time for the stochastic semidiscretization method and for the Monte-Carlo simulations with dif-
ferent number of averaged periods, denoted with the numbers on the black lines and different time
size ∆tMC ∈ {T/28, T/29, . . . , T/214}. The reference solution was calculated with stochastic
semidiscretization with q = 7 and p = 256. In this figure, it can be observed that the error in the
Monte-Carlo simulation is slightly influenced by the number of the averaged periods, however,
the effect of the time step ∆MC of the Euler-Maruyama method is the dominant factor. More
importantly, it is also apparent that stochastic semidiscretization can provide the same accuracy
as the Monte-Carlo simulations orders of magnitudes faster; e.g., the stochastic semidiscretization
can lead to `2 = 10−3 error using 4 magnitudes less computational resource then the applied
Monte-Carlo method.
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Figure 4.13. Panels a)-c) show the `2(p) error defined by (4.3.8) computed utilising the stationary
second moment of the stochastic delayed Mathieu equation (4.3.1) with numerical parameters a1 =
0.2, δ = 3.25, b0 = −0.2, σ0 = 0.2, ε = 2 and σ = 1 (black ×-s in Fig 4.11) and reference
solution computed using q = 7 and p = 256. Panels d) and e) show the median relative computation
time and median memory usage of the computations, respectively, based on 50 benchmarking runs
for each point. The reference median computation time is 0.328 ms, while the reference median
memory requirement for the calculations is 403.95 KiB. These values correspond to q = 0 and
p = 2.

Figure 4.14. The `2 error defined by (4.3.8) for the stochastic delayed Mathieu equation with
numerical parameters a1 = 0.2, δ = 3.25, b0 = −0.2, σ0 = 0.2, ε = 2 and σ = 1 (black ×-
s in Fig 4.11) with respect to the required median computation time. The reference solution was
computed using the stochastic semidiscretization method with q = 7 and p = 256. The results are
compared to the the Monte-Carlo simulations denoted with black lines. The numbers on the black
lines are corresponding to the number of the averaged periods used when statisticially evaluating
the Monte-Carlo simulations
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4.4 Hayes Equation with Stochastic Delays

To illustrate the dynamics and stability analysis of the mean and the second moment established in
Sec. 3.3 the scalar Hayes equation with stochastic delays is considered. Assuming additive noise
that is the sum of a Gaussian noise and a delay induced noise

dxt =
(
axt + bxt−τs,t + στ (τs,t − τ s)

)
dt+ σdWt, (4.4.1)

is obtained, where a, b, στ , σ ∈ R. The delay τ(t) is assumed to take one of the values τ1 = 0.2,
τ2 = 0.3, or τ3 = 0.4 at each holding period with equal probability wjτ = 1/3, jτ = 1, 2, 3

resulting the mean delay τ̄s =
∑Jτ=3

jτ=1 wjτjτ = 0.3.
To investigate the stability properties and the stationary first and second moments of (4.4.1)

the systems (3.3.25) and (3.3.31) are constructed. The condition ρ
(
K
)
< 1 is used to calculate

mean stability while ρ
(
K
)
< 1 is required for second moment stability. The stationary mean and

second moment are given in (3.3.29) and (3.3.38).
The stochastic mapping matrices using Eqs. (3.1.4), (3.1.9) and (3.3.11) are calculated as:

F =


ea∆t 0 · · · 0

1 0 · · · 0

0
. . .

...
0 · · · 1 0

 , Fs,n =

1 2 ··· rs,n+1 ··· r+1


0 0 · · · b
a

(
ea∆t − 1

)
· · · 0

0 0 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 0

, (4.4.2)

where rs,n = bτs,tn/∆tc and r = rJτ = bτJτ /∆tc; cf.(3.3.5) and (3.3.12). From (3.3.9)
and (3.1.6) the stochastic mapping vectors are

g =


∫ tn+1

tn
ea(∆t−t)σdWt

0
...
0

 , gτ,n =


στ
a

(
ea∆t − 1

)
(τs,tn − τ s)

0
...
0

 . (4.4.3)

Given the terms in (4.4.2)-(4.4.3), to use condition for the stability of the first moment ρ
(
K
)
<

1 one can obtain K from (3.3.17) and (3.3.26), and to use condition for the stability of the sec-
ond moment ρ

(
K
)
< 1 one can obtain K from (3.3.33). For the stationary mean zst and

second moment zst in (3.3.29) and (3.3.38), one can obtain l̄τ from (3.3.27) and k, ¯̄lτ and ¯̄lW
from (3.3.34), (3.3.35), and (3.3.36).

To generate the results below the time step ∆t = 0.01 is used. This is sufficiently small to
approximate well the stability boundaries of this example (see also the discussion in [30] where
this example is taken from).

The left panel in Fig. 4.15 shows the stability boundaries in the (a, b) parameter space for
holding times Tτ = 0.1, 0.3, 0.5, and 1 as indicated by color. Notice that the holding time values
are chosen such that they span a relatively large range with respect to the delay values, i.e., Tτ =
0.1 is smaller than all the delays, Tτ = 0.3 is the mean delay, and Tτ = 0.5 and 1 are larger than
all the delays. Dashed lines indicate mean stability boundaries while solid lines bound the second
moment stability regions. That is, on the left side of the dashed lines the mean converges to the
stationary solution (3.3.29) while on the right side is diverges to infinity. Similarly, on the left side
of the solid lines the second moment converges to the stationary solution 3.3.38 and it diverges on
the right side of these boundaries.
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Figure 4.15. (Left) Mean (dashed) and second moment (solid) stability boundaries for the Hayes
equation (4.4.1) for different values of the holding time Tτ as indicated by color. The charts were
determined using ∆t = 0.01 and using MDBM [7]. (Right) Numerical simulation results for points
A,B,C when Tτ = 1 with the mean and standard deviations highlighted.

Figure 4.16. a) Stationary standard deviation over a holding period Tτ for the Hayes equa-
tion (4.4.1) with parameters a = −1, b = −4.5 and white noise excitation (στ = 0, σ = 1).
b) The maximum values of the stationary standard deviation over a holding time along the dashed-
dotted line in Fig. 4.15. The continuous line denotes results obtained with semidiscretisation while
the ×-s are obtained by MC simulations.

The right panel in Fig. 4.15 shows three different moment realizations to demonstrate the three
types of stability states: moment stable (case A), first moment stable – second moment unstable
(case B), and moment unstable (case C). In order to illustrate the behaviour of the dynamical
system (4.4.1) in the different parameter domains the ensemble standard deviation StD(xt) is
used. It can be observed, that when the system (4.4.1) is moment stable (case A), then both the
first and second moments converge. However, as the parameters are moved towards the unstable
areas first the second moment diverges (case B), then the first moment also loses stability (case C).

Next, to validate the result obtained with semidiscretisation the stationary mean and standard
deviation are calculated utilizing (3.3.38) with time resolution ∆t = 0.01, and the results are
compared with statistical evaluations of the mean and second moment obtained by MC simulations
of system (4.4.1). For these simulations, the Euler-Maruyama method is used with a time step
δt = 0.001.
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Figure 4.17. a) Stationary mean and b) standard deviation over a holding period Tτ for the Hayes
equation (4.4.1) with parameters a = −1, b = −4.5 and delay excitation (στ = 1, σ = 0).
Maximum values of c) the mean and d) the stationary standard deviation along the dashed-dotted
line in Fig. 4.15. The continuous line denotes results obtained with semidiscretisation while the×-s
denote the results obtained by MC simulations.

Figure 4.18. Maxima of the a) stationary mean and b) standard deviation over a holding period
Tτ for the Hayes equation (4.4.1) with parameters a = −1, b = −4.5 and different Tτ holding
times for delay excitation (στ = 1, σ = 0). The continuous line denotes results obtained with
semidiscretisation while the ×-s denote the results obtained by MC simulations. Note that first
moment is zero for Tτ < τ1.

In Fig. 4.16(a) the stationary standard deviations are shown over as a function of time for
different holding times when the additive noise is purely due to the white noise excitation, i.e.,
στ = 0 and σ = 1 in (4.4.1). The results are shown up to s = 1 for all holding times, that
is, the augmented vector (3.1.7) includes the time history up to the largest holding time Tτ = 1.
The results of the semidiscretisation (solid lines) are compared with the results obtained by MC
simulations (×-s). Notice that the stationary standard deviation gained by both methods show
periodic variation with period Tτ due to the periodic switching of the delay process τs,t, even
though the additive noise gives no periodic excitation [21].

In Fig. 4.16(b) we show the maximum value of the stationary standard deviation within a
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holding interval while setting a = −1 and varying b within [−6.5, 1]; see the vertical dashed-
dotted line in the stability chart in Fig. 4.15. As the parameters of the system approach the stability
boundary, the effect of the noise on the stationary standard deviation is magnified, leading to
the so-called stochastic coherence resonance; see [14, 53, 84]. Note that the stationary mean is
constantly zero for any holding time Tτ . This is due to the fact that the white noise excitation is
independent of the random delay fluctuations. This can also be verified by observing that lτ,k ≡ 0
in (3.3.25) and l̄τ ≡ 0 in (3.3.29), because gτ,n ≡ 0 in (3.3.11) due to στ = 0.

In Fig. 4.17(a)-(b) the stationary mean and standard deviation are shown as function of time
over a holding time interval for the delay induced noise scenario (στ = 1 and σ = 0 in (4.4.1)).
Notice that since the delay τs,t switches at every kTτ , the stationary beahviour shows a periodic
beahviour with period Tτ . This can be observed in both the stationary mean and standard de-
viation. In Fig. 4.17(c)-(d) the maximum value of the stationary mean and standard deviation
over a holding interval are depicted for the delay induced noise case when considering parameters
a = −1, b ∈ [−6.5, 1]. In Fig. 4.17(d) the stochastic resonance can be observed again for the
parameters in the vicinity of the stability boundaries. Meanwhile a stability loss can be observed
for the stationary first moment in Fig. 4.17(c) near b = 1 (upper stability boundary) only.

In Fig. 4.18 the maxima of the stationary moments are shown as a function of the holding time
Tτ . In Fig. 4.18(a) it can be observed, that if the holding time Tτ is larger than the smallest delay
value τ1, the stationary mean is not zero any more. In particular, examining l̄τ in (3.3.27) one can
see that for Tτ > τ1 the quantity l̄τ is non-zero yielding non-zero stationary mean, even though
the excitation term στ (τs,t − τ̄s) has a zero expected value. The stationary standard deviation
does not show any special behaviour with respect to the holding time Tτ around the smallest
delay value τ1, however it decreases as Tτ increases. This can be due to the reason, that as Tτ
takes greater values, the delay induced noise causes resonance-like phenomenon. However, if Tτ
is further increased, the same time delay is held for longer time allowing the variations around
the temporary equilibrium state to settle before the next additive time delay induced switching in
στ (τs,t − τ̄s) perturbs system (4.4.1) again.

Notice that the MC simulations approximate the results obtained via semidiscretisation well.
However, the latter approach only requires a few matrix multiplications and solving a system of
linear equations, which are orders of magnitudes faster than calculating thousands of realizations
and statistically evaluating them. This suggests that the proposed method is a very efficient tool to
investigate the beahviour of such systems, especially for higher dimensional state variables.
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Chapter 5

Engineering Applications

In this chapter some engineering applications are given, which rely on the analysis of stochastic
delay differential equations. The examples in Secs. 5.1, 5.2 and 5.3 are discussing the effect of
stochastic cutting force (see the typically measured force signal in Fig. 6.2) on the stability and
stationary behaviour of cutting processes such as turning and milling. These sections show, how in
the field of machine tool vibrations the stochastic perturbation on the cutting force can lead to large
amplitude vibrations, which can be falsely identified as the self excited oscillation called chatter.
However, it is also shown, how the robustness of a turning operation against white noise excitation
can be made worse by increasing the stable parameter region. Furthermore, it is discussed, how
the noise-induced resonance can be utilised, to predict chatter before it forms.

Figure 5.1. Examples of force signal components and the corresponding probability density func-
tions (PDFs) measured during a turning operation.

Finally, Sec. 5.4 investigates how stochastic effects influence a connected control system,
namely a scenario is analysed when a connected automated vehicle (CAV) follows a connected hu-
man driven vehicle (CHV). The CHV measures its position and velocity and broadcasts it through
wireless communication, while the CAV listens and adjusts its velocity correspondingly. However,
during this communication packet losses can occur, which are modelled as stochastic time delays
in the corresponding delay differential equation.

The chapter is organised the following way. In Sec. 5.1 the effect of stochastic perturbation
of the deterministic turning models are investigated through the stability and stationary moment
analysis of turning models. In Sec. 5.2 it is investigated, how spindle variation affects surface
roughness in presence of a noisy cutting force. In Sec. 5.3 the difficulties of chatter detection
during milling is accurately explained through the stochastic model of milling, and a possible
measure is given to quantify chatter. In Sec. 5.4 a topic related to control theory is discussed,
namely the effects of stochastic packet losses on a connected automated vehicle control.

5.1 Stochastic Model of Turning

To demonstrate the effect of the stochastic cutting force on the dynamics of cutting processes [84],
the simple one degree of freedom regenerative model of orthogonal turning is used [94, 95]:

z̈t + 2ζωnżt + ω2
nzt =

1

m
Ft. (5.1.1)
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In this model, the cutting tool is considered as a linear oscillator with natural frequency ωn =√
k/m and damping coefficient ζ = c/m, where m, k and c are the modal mass, stiffness and the

viscous damping, respectively.

Figure 5.2. Mechanical model of orthogonal turning

This oscillator is excited by the stochastic cutting force Ft which can be partitioned into a
deterministic mean cutting force Fm and a stochastic force perturbation Fσ, namely

Ft = Fm(ht) + Fσ,t (5.1.2)

The deterministic mean cutting force Fm depends on the chip thickness h, which is described
by the surface regeneration effect, calculated using the actual and a delayed tool position [78]:

ht = h0 + zt−τ − zt, (5.1.3)

where h0 is the nominal chip thickness. The delay τ is corresponds to the the spindle speed of the
workpiece, namely τ = Ω/2π, where Ω is the spindle’s angular frequency.

To analyse the small amplitude vibration around the stationary position of the tool, it is as-
sumed, that the mean cutting force Fm depends on the chip thickness h according to the widely
used deterministic shifted linear cutting force model [2, 40, 41, 94, 95]:

Fm(ht) = Kz (h∗ + ht) , (5.1.4)

where Kz is the resultant cutting force coefficient, which includes the average effects of the mate-
rial properties as well as the chip width w, while h∗ is the shift parameter. Based on preliminary
measurements (see Chap. 6 and [27, 85]) it is assumed, that the stochastic cutting force perturba-
tion Fσ is a Gaussian white noise process and its intensity is proportional to the mean cutting force
with ration σ0, namely

Fσ,t = σ0Fm(ht)Γt. (5.1.5)

With these assumptions, the stochastic cutting force is described as:

Ft = Kz (h∗ + ht) (1 + σ0Γt). (5.1.6)

Substituting Eqs. (5.1.3) and (5.1.6) into (5.1.1) leads to

z̈t + 2ζωnżt + ω2
nzt

= H(h∗ + h0 + zt−τ − zt)
+ σ0H(h∗ + h0 + zt−τ − zt)Γt,

(5.1.7)

where H = Kz/m. To investigate the stochastic perturbation of the mean stationary solution
〈zst〉 =

(
H/ω2

n

)
(h∗ + h0) a stochastic perturbation process xt is introduced:

zt = 〈zst〉+ (h∗ + h0)xt. (5.1.8)
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Note that xt has zero mean 〈xt〉 = 0. This xt process describes the motion of the tool around its
stationary solution and is normalised with the shifted-nominal chip thickness. Substituting (5.1.8)
into (5.1.7) leads to

ẍt + 2ζωnẋt + ω2
nxt

= H(xt−τ − xt)
+ σ0H(1 + xt−τ − xt)Γt.

(5.1.9)

This perturbation equation can be rewritten into the usual representation of a stochastic differential
equation, the first order incremental form [5, 61] as in Sec. 3.1:

dxt = (Axt + Bxt−τ ) dt

+ (αxt + βxt−τ + σ) dWt,
(5.1.10)

where

xt =

(
xt
ẋt

)
, A =

(
0 1

−
(
ω2

n +H
)
−2ζωn

)
, B =

(
0 0
H 0

)
,

α =

(
0 0

−σ0H 0

)
, β =

(
0 0

σ0H 0

)
, σ =

(
0

σ0H

)
.

(5.1.11)

In Fig. 5.3a the stability chart is shown, where the unstable and stable areas are denoted with
white and blue colors, respectively. The calculations where conducted using the damping ζ =
0.1 and as an overestimation of the stochastic effects σ0 = 0.1 (which corresponds to a 10 %
multiplicative noise intensity compared to the mean cutting force). To see effect of the noise
originating from the cutting force, the stability boundary for the deterministic case is plotted with
dashed line based on the analytical solution presented in [78].

When comparing the stability boundaries gained with the stochastic and deterministic models,
it can be observed, that the change in stability is insignificant, the deterministic model is sufficient
for the stability calculations. However, if one considers the stationary vibrations caused by the
small stochastic cutting force, the noise intensity in the vibrations can be amplified. This can
dramatically increase the surface roughness, since this vibration is directly copied onto the surface,
and it can lead to additional loads on the tool.

To characterise the intensity of these stochastic vibrations, the stationary standard deviation of
the displacement perturbation xt is defined:

σx,st := lim
t→∞

StD
(
x2
t

)
. (5.1.12)

By defining a limit (e.g.: based on a prescribed surface quality requirement), the stationary
second moment chart can be given by the contour lines of (5.1.12). In Fig. 5.3a, two contours are
given for 15 and 30 times dimensionless noise amplification, namely σx,st/

(
σ0Hω

2
n

)
= 15 and 30.

The darker blue areas correspond to the parameter regions, where the noise amplification is lim-
ited by these values. Although the stability limit (both the deterministic and stochastic) provides
stability pockets with optimal and high material removal rates, these optimums cannot be utilised,
due to the large stationary stochastic vibrations.

In Fig. 5.3b the stationary second moment is illustrated along the parameter line H/ω2
n = 0.3.

These vibrations are extremely amplified near the stability borders; this phenomena is called the
stochastic coherence resonance [52]. Note that these theoretical predictions are only valid for small
amplitude vibrations, due to the unmodelled nonlinear nature of the cutting force characteristics [2]
and the fly-over effect [23]. If in the stable parameter region the vibrations reach a sufficiently large
stationary second moment (and therefore large amplitudes), the chatter vibration can occur before
the machining would lose the stability predicted with the help of deterministic linear models. This
means, that the measurable stability boundaries are potentially shifted towards smaller chip widths
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Figure 5.3. a) Second moment stability chart (blue area) along with stationary second moment
limiting charts (darker blue areas) with parameter σ0 = 0.1, compared to the deterministic stability
borders. b) Noise magnification in the stationary solution along H/ω2

n = 0.3. There are three small
figures inside illustrating how the first moment decays (dark blue) while the standard deviation of
the vibrations persist (light blue) for different spindle speeds Ω based on MC simulations.

by the stochastic nature of the cutting force. In Fig. 5.3b it can be seen, that as the spindle speed Ω
is chosen from the immediate proximity of the stability boundary the effect of the stochastic noise
is significantly magnified even though, the intensity of the noise stays constant. This phenomenon
can be due to the fact, that the white noise excites through the whole frequency spectrum, and
the characteristic damping of the dynamical system representing the turning process decreases,
reaching zero at the stability boundary. This means, that even if the presence of the additive
stochastic effect is small, it can cause significant vibrations due to the noise-induced resonance,
despite of the system being asymptotically stable.

5.2 Stochastic Model of Turning with Spindle Speed Variation

To further demonstrate the application of the periodic stochastic semidiscretisation to a practical
problem, the stability and stationary behaviour of a turning operation is investigated. To improve
the stability properties of the cutting process, that is to increase the domain from where stable ma-
chining parameters can be selected and the chatter [94] phenomena can be avoided, one possibility
is to vary the spindle speed in a sinusoidal manner [38]. Similarly to Sec. 5.1, the usual mechan-
ical model of the turning process [94] is shown in Fig. 5.4, while the corresponding governing
deterministic equation of motion describing the dynamics is

mz̈(t) + cż(t) + kz(t) = F (t). (5.2.1)

In this analysis a nonlinear mean cutting force model is assumed as in [23], namely

F (t) = Kzw h
qc(t) where h(t) = h0(t) + z(t− τ(t))− z(t). (5.2.2)

The system (5.2.1) models the cutting tool as a linear oscillator, which is excited by the cutting
force F (t) described in by the cutting force characteristics in Eq. (5.2.2) [23]. In Eq. (5.2.1)
the parameters m, c and k denote the modal mass, damping and stiffness of the cutting tool,
respectively, while in Eq. (5.2.2) Kz and qc are parameters of the cutting force model, w is the
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chip width, h(t) is the time varying chip thickness. In case of constant feed velocity vf (see
Fig. 5.4) and time periodic spindle speed Ω(t) the nominal chip thickness h0(t) becomes also
time periodic. The time delay τ(t) originates from the regenerative nature of turning, namely the
position of the tool is copied to the machined surface during vibration, and it effects the cutting
force one revolution later through the chip thickness. The time dependence of the delay τ(t) comes
from the variable spindle speed described by:

Ω(t) = Ω0 + Ω1 cos (ωτ t) , where ωτ = RVF · Ω0 (5.2.3)

and the parameter RVF is the ratio of the modulation frequency ωτ and the mean spindle speed
Ω0. In [39] it is shown, that the corresponding time delay τ(t) can be approximated as

τ(t) ≈ τ0 + τ1 cos (ωτ t) , where τ0 =
2π

Ω0
and τ1 = τ0 · RVA. (5.2.4)

Here the notation RVA := Ω1/Ω0 represents the ratio of the amplitude Ω1 and the mean value Ω0.
Due to the varying spindle speed the nominal chip thickness h0(t) varies in time, and it can be
described with the help of the feed rate vf and the varying time delay τ(t):

h0(t) = vfτ(t), (5.2.5)

leading to
F (t) = Kzw (vfτ(t) + z(t− τ(t))− z(t))q . (5.2.6)

Linearizing the cutting force around z(t − τ(t)) − z(t) = 0 and dividing by the modal mass m
gives

1

m
F (t) ≈ ω2

n

(
H1

(
τ(t)

τ0

)qc−1

(z(t− τ(t))− z(t)) +H0

(
τ(t)

τ0

)q)
, (5.2.7)

where

H1 =
Kzw q

mω2
n

(vfτ0)qc−1 , H0 =
Kzw

mω2
n

(vfτ0)q =
H1

qc
vfτ0 (5.2.8)

and ωn =
√
k/m is the natural frequency.

To approximate the stochastic and high frequency effects in the cutting force [85], such as chip
fragmentation, shock-waves and inhomogeneous material properties, a Gaussian white noise with
relative intensity σ0 is introduced through the cutting force coefficient by replacing the constant
cutting force coefficient Kz with the time dependent

Kz,t := Kz (1 + σ0Γt) , (5.2.9)

Figure 5.4. One degree of freedom mechanical model of orthogonal turning with periodic (sinu-
soidal) spindle speed variation
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which leads to the same partitioning in the cutting force as introduced in (5.1.2). When substituting
it into the linearised cutting force model (5.2.7) the equation of motion (5.2.1) becomes a SDDE:

z̈t + 2ζωnżt + ω2
nzt =

= ω2
n

(
H1

(
τ(t)

τ0

)qc−1

(zt−τ(t) − zt) +H0

(
τ(t)

τ0

)q)

+ σ0ω
2
n

(
H1

(
τ(t)

τ0

)qc−1

(zt−τ(t) − zt) +H0

(
τ(t)

τ0

)q)
Γt,

(5.2.10)

where ζ = c/(2mωn) is the damping coefficient.
To reduce the parameters of the system the dimensionless time t̂ = ωnt and displacement

xt̂ = zt̂/vfτ0 are introduced. Substituting these dimensionless variables into Eq. (5.2.10) leads to

x′′
t̂

+ 2ζx′
t̂
+ xt̂ =

=

(
H1

(
τ̂(t̂)

τ̂0

)qc−1

(xt̂−τ̂(t̂) − xt̂) +
H1

qc

(
τ̂(t̂)

τ̂0

)q)

+ σ̂0

(
H1

(
τ̂(t̂)

τ̂0

)qc−1

(xt̂−τ̂(t̂) − xt̂) +
H1

qc

(
τ̂(t̂)

τ̂0

)q)
Γt̂,

(5.2.11)

where

τ̂(t) = τ̂0

(
1 + RVA cos

(
RVF Ω̂0 t̂

))
, with Ω̂0 =

Ω0

ωn
, τ̂0 = ωnτ0 (5.2.12)

and �′ denotes the derivative w.r.t. the dimensionless time t̂. Furthermore the coefficent σ̂0 :=
σ0/ω

5/2
n is the relative intensity of the rescaled Gaussian white noise process Γt̂. For the dimen-

sionless equation of motion (5.2.11) the coefficient matrices of the first order form (3.2.1) are
given by:

A(t̂) =

(
0 1

−1−H1

(
τ̂(t̂)
τ̂0

)qc−1
−2ζ

)
, (5.2.13)

B(t̂) =

(
0 0

H1

(
τ̂(t̂)
τ̂0

)qc−1
0

)
, c(t̂) =

(
0

H1
qc

(
τ̂(t̂)
τ̂0

)qc) , (5.2.14)

α(t̂) =

(
0 0

−σ̂0H1

(
τ̂(t̂)
τ̂0

)qc−1
0

)
, (5.2.15)

β(t̂) = σ̂0B(t̂), σ(t̂) = σ̂0c(t̂), (5.2.16)

and the state space vector is
xt̂ =

[
xt̂, x

′
t̂

]>
. (5.2.17)

To apply the dimensionless parameters in the Eq. (5.2.11) to investigate the effect of the spindle
speed variation on the stability and the surface quality, a small number of realistic machining
parameters are introduced to connect the mathematical model to the application. First, the damping
ratio was set to ζ = 0.02, then a cutting force model, the three-quarter rule is used, with qc =
3/4 [94]. Furthermore, it is a safe assumption to consider the noise intensity in the cutting force
coefficient to be σ̂0 = 0.1. Another important parameter is the mean nominal chip thickness
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h̄0 = vfτ0, since this scales the dimensionless tool position xt̂. In this analysis a realistic value,
h̄0 = 100µm is used.

To guarantee acceptable surface quality, the roughness profile parameter Ra is the commonly
used metric, which describes the arithmetic mean value of the magnitude of the measured sur-
face profile ordinates [58]. However, this value cannot be directly calculated using the theorem
described in this paper, so the roughness parameter Rq is used, which refers to the root mean
square of the surface profile ordinates. For a roughing operation it could be sufficient to select
Rq 13.75, referring to the standard deviation of the surface roughness profile peaks being at max-
imum 13.75µm, which approximately corresponds to a Ra 12.5 value [42]. If h0 = 100µm is
chosen, then the Rq 13.75 translates to

max
s∈[−T̂ ,0]

StDst
x (s) = 0.1375 where T̂ =

2π

RVF Ω̂0

=
τ̂0

RVF
, (5.2.18)

while StDst
x (s) is defined in (4.3.7).

To evaluate (5.2.18) one needs to calculate both the stationary first and second moments. How-
ever, the variation of the first moment is only considered in the stationary standard deviation, and
is not considered separately, since it does not describe surface quality, only the final exact shape
of the resulting workpiece, which is not investigated in this study.

In Fig. 5.5 the second moment stability and the surface quality charts (where the stationary
second moment is limited by the condition of Rq 13.75) are shown for modulation frequencies
RVF = ωτ/Ω1 = 0.5 and 0.1, while the corresponding curves for the constant spindle speed turn-
ing are given with the dashed lines. The diagrams were determined using q = 5 order stochastic
semidiscretisation with period resolution p = 50 for all cases. The boundaries were found using
a MDBM with an initial 21 × 11 grid for the parameter plane of the dimensionless spindle speed
Ω̂0 and the dimensionless effective cutting force coefficient H1 followed by 4 halving iteration,
resulting in a final grid of 336× 176.
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Figure 5.5. Second moment stability and Rq 13.75 limiting charts for turning process with sinu-
soidal spindle speed modulation with RVA = Ω1/Ω0 = 0.1. The dashed lines indicate the corre-
sponding boundaries associated with constant spindle speed turning. Under the curves denoted with
ρ(H) = 1 and Rq 13.75 the process is second moment stable and the maximum of the stationary
standard deviation is smaller then the limit 13.75µm, respectively.

From this analysis it can be deduced, that the application of spindle speed variation with a
relatively fast modulation frequency RVF = 0.5 (left panel of Fig. 5.5) significantly increases the
stable parameter domain even for the high-speed range. This stabilizing effect is more pronounced
for lower spindle speeds, where the “stability pockets” merge creating a domain robust against
uncertainty in the mean spindle speed Ω0. This second moment stability chart is almost identical
to the traditional (deterministic) stability chart [39, 84], due to the relatively small noise intensity.
This effect can also be observed in Fig. 4.11. The surface quality chart behaves similarly, the
Rq 13.75 limiting curve follows the change of the stability chart for lower spindle speeds, however,
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higher speeds, the application of spindle speed variation with RVF = 0.5 does not provide any
advantage.

For a more realistic frequency ratio RVF = 0.1 the improvement in stability is only significant
in the lower spindle speed domains, as it can be observed on the right panel of Fig. 5.5. However, if
the surface quality is also considered, the effect is not so obviously positive. Although the bottom
of the “instability lobes” rise, causing increased robustness, the peak of the “spikes”, inside which
the preferable high material removal rates can be achieved, become significantly lower.

5.3 Stochastic Model of Milling

Another problem which leads to periodic delay differential equations is the mechanical modelling
of milling. It is essential also in case of milling operations to design the machining process care-
fully, so the regenerative chatter does not occur during the material removal process. To ensure a
stable machining while increasing the material removal rate, there are endeavours to utilise auto-
matic chatter detection during machining, however the quantification of chatter is in most practical
cases is still based on empirical expertise [4, 25, 51].

The deterministic models used for the mathematical modelling of milling operations provide
capable methods to predict parameter regions where chatter can be avoided, and are used to design
tool edge geometries which increase productivity, however, there are some phenomena that they
cannot explain. One such phenomena is the rise of chatter peaks in the FFT of the measured
stationary vibration signal, which is not connected to the excitation frequencies, and these even
occur in stable parameter domains, which is not present in any deterministic model. In this section
a mathematically well established explanation is given to this phenomenon, and some remarks are
made, how noise-induced resonance can be utilised in machine tool chatter detection.

Figure 5.6. One degree of freedom mechanical model of milling

First the usual mechanical model of milling is briefly given, based on [46]. The governing
deterministic equation of motion describing the dynamics of mechanical model shown in Fig. 5.6
is

mz̈(t) + cż(t) + kz(t) = −Fz(t), (5.3.1)

where Fz(t) denotes the deterministic cutting force component in the z direction, while m, c and
k are the modal mass, damping and stiffness, respectively. In [46] the cutting force is given with
the help of the linear cutting force model as

Fz(t) = ap

N∑
j=1

(−Ktan sinϕj(t) +Krad cosϕj(t))gj(t)hj(t), (5.3.2)

where ap is the axial depth of cut, Ktan and Krad are the tangential and radial cutting force
coefficients, respectively, φj is the angular position of the tooth j. The chip thickness hj(t) at
tooth j can be approximated as

hj(t) ≈ fz sinϕj(t) + (z(t)− z(t− τ)) cosϕj(t), (5.3.3)
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where fz = vfτ is the feed per tooth in the feed direction and τ = 2π/(NΩ), while N is the
number of teeth. The screen function gj(t) shows whether the tool cuts into the material and can
be given as

gj(t) =

{
1, if ϕen < (ϕj(t) mod 2π) < ϕex,
0, otherwise,

(5.3.4)

where ϕen denotes the angular position where the tooth enters into the material, while ϕex is where
the tooth leaves the workpiece. Similarly to (5.2.9), the stochastic cutting force coefficients are
introduced as

Ktan,t = Ktan(1 + σ0Γt) and Krad,t = Krad(1 + σ0Γt). (5.3.5)

The cutting force with the introduced stochastic coefficients reduces to

Fz,t =− ap
N∑
j=1

(−Ktan sinϕj(t) +Krad cosϕj(t))gj(t)hj,t

− apσ0

N∑
j=1

(−Ktan sinϕj(t) +Krad cosϕj(t))gj(t)hj,tΓj,t

(5.3.6)

Note that the chip thickness hj,t becomes also stochastic and there are multiple independent
stochastic noises Γj,t driving this equation, corresponding to each tooth. The SDDE describing
the motion of the milling process is

mz̈t + cżt + kzt =− ap
N∑
j=1

(−Ktan sinϕj(t) +Krad cosϕj(t))gj(t)hj,t

− apσ0

N∑
j=1

(−Ktan sinϕj(t) +Krad cosϕj(t))gj(t)hj,tΓj,t.

(5.3.7)

The solution of (5.3.1) with the stochastic cutting force defined in (5.3.6) can be partitioned into a
dimensionless periodic deterministic xp(t) and into a dimensionless stochastic xtcomponent as

zt = fz (xp(t) + xt), (5.3.8)

where xp(t) = xp(t − τ) and 〈xt〉 = 0. Furthermore, one can introduce the dimensionless time
t̂ = ωnt, where ωn = k/m is the natural frequency. Substituting (5.3.3) and (5.3.8) into (5.3.7)
leads to the dimensionless equation of motion(

x′′p
(
t̂
)

+ ζx′p
(
t̂
)

+ xp

(
t̂
))

+
(
x′′
t̂

+ ζx′
t̂
+ xt̂

)
=

−H
(
Gs

(
t̂
)

+Gc

(
t̂
)
(xt̂ + xt̂−τ̂ )

)
−

N∑
j=1

σ̂H
(
Gs,j

(
t̂
)

+Gc,j

(
t̂
)
(xt̂ + xt̂−τ̂ )

)
Γj,t,

(5.3.9)

where 2ζωn = c/m, τ̂ = 2π/
(
N Ω̂

)
, Ω̂ = Ω/ωn, H = apKtan/

(
mω2

n

)
and σ̂ =

√
ωnσ0 due to

the rescaling properties of the Wiener process [61]:

Γt =
√
ωnΓt̂ and dWt =

1
√
ωn

dWt̂. (5.3.10)

The periodic coefficients can be expressed asGc

(
t̂
)

=
∑N

j=1Gc,j

(
t̂
)
, Gs

(
t̂
)

=
∑N

j=1Gs,j

(
t̂
)

and

Gc,j

(
t̂
)

=
(
− sinϕj(t̂) + r cosϕj(t̂)

)
cosϕj(t̂)gj(t̂), (5.3.11)

Gs,j

(
t̂
)

=
(
− sinϕj(t̂) + r cosϕj(t̂)

)
sinφj(t̂)gj(t̂), (5.3.12)
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where r = Krad/Ktan. Assuming constant spindle speed, the angular positions ϕj
(
t̂
)

can be
written as

ϕj(t̂) = Ω̂t̂− (j − 1)
2π

N
. (5.3.13)

The differential equation for the deterministic periodic solution xp

(
t̂
)

can be obtained by taking
the expectation value of Eq. (5.3.9). The first order incremental form of the resulting equation is

dxp

(
t̂
)

=
(
A0xp

(
t̂
)

+ c
(
t̂
))

dt̂, (5.3.14)

where

dxp

(
t̂
)

=

(
xp

(
t̂
)

x′p
(
t̂
)) , A0 =

(
0 1
−1 −2ζ

)
, c

(
t̂
)

=

(
0

−HGs(t̂)

)
. (5.3.15)

Subtracting (5.3.14) from (5.3.9) the equation of motion for the stochastic perturbation xt can be
obtained in the first order form

dxt̂ =
(
A
(
t̂
)
xt̂ + B

(
t̂
)
xt̂−τ̂

)
dt̂

+
N∑
j=1

(
αj
(
t̂
)
xt̂ + βj

(
t̂
)
xt̂−τ̂ + σj

(
t̂
))

dWj,t̂ ,
(5.3.16)

where

dxt̂ =

(
xt̂
x′
t̂

)
, A

(
t̂
)

= A0 +

(
0 0

−HGc

(
t̂
)

0

)
, B

(
t̂
)

=

(
0 0

HGc

(
t̂
)

0

)
,

αj
(
t̂
)

=

(
0 0

−σ̂HGc,j

(
t̂
)

0

)
, βj

(
t̂
)

=

(
0 0

σ̂HGc,j

(
t̂
)

0

)
, σj

(
t̂
)

=

(
0

−σ̂HGs,j

(
t̂
)).
(5.3.17)

To investigate the behaviour of milling subjected to stochastic cutting force excitation, one
needs (5.3.14) to determine the stationary deterministic periodic first moment xp(t̂), while (5.3.16)
allows the first and second moment stability investigation of this periodic solution and the calcu-
lation of the stationary periodic second moment of the process xt̂. The deterministic periodic first
moment xp(t̂) can be utilised to qualify the stationary mean behaviour: the peak-to-peak (P2P)
amplitude of xp(t̂) is used for this purpose, namely,

P2P
(
xp

(
t̂
))

= max
t∈[0,T ]

(
xp

(
t̂
))
− min
t∈[0,T ]

(
xp

(
t̂
))
. (5.3.18)

To investigate the noise-induced resonance near the stability borders, the maximum and the time
average of the stationary standard deviation is used,

max
t∈[0,T ]

StDst
x (t) and mean

t∈[0,T ]
StDst

x (t), (5.3.19)

respectively. These indicators can be directly computed with the stochastic semidiscretisation
method.

However, during measurements the chatter peaks are analysed in the measured Fourier spec-
trum. To determine the theoretical counterpart of this Fourier spectrum, Eq. (5.3.9) is utilised to
calculate realisations of the milling process. Then, the stationary section of the trajectory (after the
transient vibrations decayed, which is assumed to surely happen after 5000 natural period 2π/ωn)
are decomposed into the deterministic periodic solution xp

(
t̂
)

and into the stochastic perturbation
xt̂. To investigate the noise-induced resonance, the Fourier transform of the stochastic perturbation
xt̂ is investigated in the stationary section, namely

`peak = max
ω
|FFT(xt̂)|. (5.3.20)
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The draft of this decomposition is illustrated in Fig. 5.7. In Fig. 5.7a) the original stationary
trajectory is shown, while b) and c) show the periodic deterministic and the stationary stochastic
perturbation components, respectively. Along with the trajectories, the magnitude of the Fourier
transform of the stationary trajectory zt and the decomposed trajectories fzxp(t̂) and fzxt̂ is shown
in Fig. 5.7d)-e). As during a real measurement, when taking the Fourier transform of zt peaks can
be observed at the excitation frequency and its higher harmonics and an additional peak at the
chatter frequency (around the natural frequency ωn. When analysing the Fourier transform of the
decomposed vibrations the peaks at the excitation frequencies appear only in the deterministic
periodic component. However, in the Fourier transform of the stochastic component xt of the
simulated trajectory it can be observed, that the well defined peak at the natural frequency ωn is
present, while there is no peak at the excitation frequencies. This can only be due to the noise-
induced resonance.

To investigate the effect of machining parameters on the indicators described in (5.3.18),
(5.3.19) and (5.3.20) a numerical analysis was conducted. For this analysis of the stochastic
model of milling some numerical parameters were chosen, based on [46]. The modal parameters
were identified through impact modal tests, the modal mass, damping and natural frequency are
m = 2.701 kg, ζ = 0.71 % and ωn = 259.96 Hz, respectively. The milling operation is assumed
to be conducted with a straight-edged two-flooted tool (N = 2) with diameter D = 16 mm
and with a feed per tooth fz = 0.1 mm. In this case study down-milling operation is con-
sidered with radial immersion ae = 2 mm, which results in ϕen = 138.6◦ and ϕex = 180◦.
Finally, the cutting force characteristic was determined for this configuration through a series of
cutting test at the Department of Applied Mechanics (Budapest University of Technology and
Economics), and the radial and tangential cutting force coefficients are Krad = 0.175 · 109 N/m2

and Ktan = 1.095 · 109 N/m2, respectively, resulting in r = 0.16, as defined in (5.3.11). The
intensity of the noise component in the cutting force is assumed as small as σ0 = 0.5 %. Dur-
ing semidiscretisation the period resolution p = 50 and the Lagrange polynomial order q = 3
was chosen, while the trajectories for the analysis of the Fourier spectra were calculated using
the stabilised SROCK [71] method (through the StochasticDelayDiffEq.jl package) with time step
δt = 10−3 · 2π/ωn ≈ 3.847 · 10−6 s.

Since the noise has a very low intensity in the cutting force, it has no significant effect on
the stability of milling (as in Secs. 5.1 and 5.2), thus the semidiscretised first and second mo-
ment (3.2.20) both can be used to determine stability on the parameter region ap ∈ [0, 4 mm] and
Ω ∈ [1000 rpm, 10000 rpm], as shown in Fig. 5.8. To analyse the P2P of the stationary periodic
first and maximum and mean values of the second moments, the fix point (3.2.27) of the first mo-
ment map (3.2.20) and the fix point (3.2.35) of the second moment map (3.2.31) was used, and
the axial depth of cut was fixed for ap = 2 mm and the analysis was conducted on spindle speed
interval Ω ∈ [4800 rpm, 8600 rpm].

First, the behaviour of the FRF peak `peak is investigated as the stability boundary Ω =
8457 rpm is approached. In Fig. (5.9) the growth of this peak is illustrated: the peaks of the
deterministic component slightly decrease, while peak of the stochastic component increases sig-
nificantly. It shows, that the noise-induced resonance is amplified near the border of the stable
milling parameters, since the characteristic damping becomes 0 when losing stability, similarly as
it has been illustrated in Subsec. 2.2.4.

These amplitude changes are plotted for the spindle speed range Ω ∈ [4800 rpm, 8600 rpm]
in Figs. 5.10b and c. To compare the results of the stochastic semi discretisation and the MC simu-
lations, the P2P of the stationary deterministic periodic first moment xp(t̂), the peak heights `peak

and the mean and maximum values of the stationary standard deviation of the noise perturbation
xt̂ are plotted together in Fig. 5.10. Note that P2P of the stationary first moment in Fig. 5.10b
do not show any particular behaviour near the stability borders, only its magnitude grows at the
resonant spindle speed Ω = ωn/N . The peak heights `peak in the Fourier spectrum of the stochas-
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tic perturbation xt blow up near the stability borders as shown in Fig. 5.10c. Furthermore, both
the maximum and the mean of the stationary standard deviation StD(xt) in Fig. 5.10d blow up
near the stability borders, due to noise-induced resonance, similarly to the peak height `peak. Note
that only the maximum value can be used to detect deterministic resonance, the mean standard
deviation is insensitive to it.

Note that the square root of the peaks `peak is shown for eyeballing purposes, and to allow the
direct comparison with the standard deviations.

Based on the results described in this section, the measurement difficulties in the chatter detec-
tion close to the stability boundary can be explained and predicted. It is shown that by filtering the
noisy components from the measured signal important information is eliminated, since based on
deterministic values e.g., the averaged P2P values, the forthcoming chatter cannot be predicted and
detected. While utilising the stochastic effects, a model based quantification of chatter prediction
is possible.
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Figure 5.7. Draft of the trajectory decomposition of the stationary trajectories: a) the entire stochas-
tic signal, b) deterministic periodic component, c) stationary stochastic component. In panels d) the
Fourier spectrum of the simulated trajectory and the decomposed trajectories can be seen.

Figure 5.8. First moment stability chart of a milling operation. The shaded area denotes the stable
parameter region
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Figure 5.9. Examples of the Fourier transforms of the decomposed stationary trajectories. The blue
peaks denote the Fourier transforms of the periodic deterministic solution, while the orange peaks
denotes the Fourier transforms of the noise perturbation. For each Fourier transforms the draft of the
simulated trajectory is given in green, while the orange trajectory denotes the the noise perturbation
component of the trajectory. The spindle speed Ω in each panel correspond to Fig. 5.10.
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Figure 5.10. Stability analysis of a milling operation. Panel a) shows the first moment stability
chart, where the shaded area denotes the stable parameters, panel b) shows the P2P values of the
deterministic periodic solution, panel c) shows the standard deviation of the stochastic perturbation,
while panel d) illustrates the behaviour of the peak height `peak of the Fourier spectrum of the
stochastic perturbation xt. The black ×-s denote the results corresponding to the spindle speeds Ω
used for Fig 5.9.
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5.4 Stochastic Effects in Connected Vehicle Systems

In this section the influence of stochastic time delay and addtive noise on connected vehicle sys-
tems is considered. In particular, the focus is on the longitudinal dynamics of a connected au-
tomated vehicle (CAV) following a connected human driven vehicle (CHV) that broadcasts its
position data (measured e.g.: with GPS) and speed via wireless vehicle-to-vehicle (V2V) commu-
nication. When receiving the packets the CAV can respond to the motion of the CHV by adjusting
the throttle or applying the brakes. This is referred as connected cruise control and the effects of
time delays in such systems have been investigated both theoretically and experimentally [28,62].

There are two sources of delay in the this example. On one hand, the actuator delay of the CAV
is typically constant and in the range of 0.3-0.6 seconds. On the other hand, the communication
delay is in the range of 0.1-0.3 sec and this changes stochastically based on the random nature of
packet scheduling algorithms and the packet drops in wireless communication.

The stochastically delayed differential equation describing the motion of the CAV can be writ-
ten as in [33]:

ṡt = vt,

v̇t = α
(
V
(
sh,t−τh,t − st−τt − l

)
− vt−τt

)
+

+ β
(
vh,t−τh,t − vt−τt

)
.

(5.4.1)

Here the dot stands for differentiation with respect to time t, s and sh denote the positions of the
rear bumpers of the CAV and the CHV ahead while v and vh denote their velocities, respectively;
see Fig. 5.11(a). The length of the CAV is denoted with l and the headway is defined by

h = sh − s− l . (5.4.2)

Figure 5.11. Connected car-following example: a) Sketch of a connected automated vehicle fol-
lowing a connected human-driven vehicle and b) the range policy (5.4.3).

In (5.4.1), the gains α and β are used to correct velocity errors, τ represents the actuator delay
of the CAV, while τh incorporates the communication delay as well as the actuator delay. The effect
of the packet losses are modelled as stochastically switching delays, that is τh ∈ {τ1, . . . , τJτ }with
probabilites wj , j = 1, . . . , Jτ and with holding time Tτ , which is related to the communication
frequency. Note, that this is only a continuous approximation of the real delay process. This
approach allows the analysis of the stability and stationary behaviour of the CAV model with the
tools established in Secs. 3.3 and 4.4.

The desired velocity is determined by the nonlinear range policy function

V (h) =


0 if h ≤ hst ,

κ (h− hstop) if hstop < h < hgo ,

vmax if h ≥ hgo ,

(5.4.3)

shown in Fig. 5.11(b), where κ = vmax/(hgo − hstop). That is, the desired velocity is zero for
small headways (h ≤ hst and equal to the speed limit vmax for large headways (h ≥ hgo). Between
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these, the desired velocity increases with the headway linearly, with gradient κ. Note that when
hstop = 0, the quantity 1/κ is often referred to as the time headway.

In a steady state traffic flow with average velocity v∗ and vehicle starting positions sh∗ and
s∗ the CHV’s velocity is assumed to have the expectation value 〈v1(t)〉 = v∗ which allows to
partition its position and velocity as(

sh,t

vh,t

)
=

(
v∗

0

)
t+

(
s∗h
v∗

)
+

(
xhs,t

xhv,t

)
. (5.4.4)

To describe the sum of the measurement error and the perturbation of the motion of the lead
vehicle, xh := (xhs, xhv)

> is defined, that is, 〈x1〉 = 0. In the case of the CAV the same
partitioning leads to (

st
vt

)
=

(
v∗

0

)
t+

(
s∗

v∗

)
+

(
xs,t
xv,t

)
, (5.4.5)

where the vector x := (xs, xv)
> collects the position and velocity perturbations of the CAV. Note

that for connected cars the holding time is always smaller than the minimum time delay of the
system, that is Tτ < τ1, leading to 〈xt〉 = 0 (see Fig. 4.18).

Substituting the definitions of the positions and the velocities of the vehicles from (5.4.4)
and (5.4.5) into (5.4.1), using the range policy (5.4.3), and taking the expected value of the result-
ing equation, the stationary average headway distance can be determined:

lim
t→∞
〈ht〉 = lim

t→∞
〈sh,t − st − l〉 = s∗h − s∗ − l = V −1(v∗) + (τ̄h − τ̄) v∗. (5.4.6)

Here τ̄ and τ̄h denote the average values of the delays and V −1 is only unique for 0 < v∗ < vmax;
cf. (5.4.3). This shows that the average mismatch between the delays may result in an (undesired)
increase of the stationary headway.

To characterise the quality of the CAV control in case of a dense, but continuously flowing traf-
fic scenario (hstop < h(t) < hgo), the dynamics describing the perturbation on the middle linear
section of the range policy V (h), namely the linear system

ẋt = Axt + Bxt−τt + Bhxh,t−τh,t − ((τt − τ̄)B + (τh,t − τ̄h)Bh)v∗ (5.4.7)

has to be investigated, where

A =

(
0 1
0 0

)
, B =

(
0 0
−ακ −(α+ β)

)
, Bh =

(
0 0
ακ β

)
, v∗ =

(
v∗

0

)
. (5.4.8)

Note that in (5.4.7) the terms containing xh,t−τh,t and v∗ act as excitations on the system. Further-
more, it is assumed, that the perturbation x is small and will not produce such motions, that cause
the headway h to leave the interval [hstop, hgo].

5.4.1 Effect of Delay Matching on Connected Cruise Control

It was shown in Eq. (5.4.6) that a mismatch between the delays τ and τh results in a shift from the
desired stationary solution. Since the packets sent via V2V communication are time stamped one
may add some delay to the actuation delay τ so it matches τh. This means that the CAV uses its
own position and velocity (not affected by the packet loss) which was obtained at the time when
the state of the CHV was measured. Here we utilise the analytical techniques established above to
evaluate the performance of the CAV when we apply vs. do not apply such delay matching.

In case of delay matching the controller sets

τt = τh,t, (5.4.9)
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and, since v∗ is in the nullspace of the sum B + Bh, the linear system (5.4.7) simplifies to

ẋt = Axt + Bxt−τh,t + Bhxh,t−τh,t . (5.4.10)

In case of no delay matching the actuation delay is left constant, that is,

τt ≡ τ = τ̄ (5.4.11)

and (5.4.7) becomes

ẋt = Axt + Bxt−τ + Bhxh,t−τh,t −Bhv∗ · (τh,t − τ̄h), (5.4.12)

with no stochasticity in the delay τ . The Eqs. (5.4.10) and (5.4.12) are compatible with the form
given in (3.3.1).

Figure 5.12. Performance of connected cruise control without added noise. a) Second moment sta-
bility charts with the stable parameter domains shaded. The lines with the numbers denote contours
of stationary standard deviations of xv(t). b) and c): The results of Monte Carlo simulations con-
ducted for gain parameters α = 0.4 and β = 0.5 (marked as P on the stability chart) the mean and
the standard deviation are highlighted by the coloured lines and a sample realisation with gray line.
The red lines represent the stable stationary second moment calculated with semidiscretisation.

Figure 5.13. Performance of connected cruise control with added white noise. The same notations
are used as in Fig. 5.12.

For simplicity the case when the leading vehicle is moving with a constant speed is considered,
that is, xh,t ≡ 0. In this case (5.4.10) has no additive noise while (5.4.12) is only excited by the
delay noise. When presenting the results we use the realistic parameters κ = 0.6 1/s, stationary
velocity v∗ = 20 m/s, actuation delay τ = 0.5 s and holding time Tτ = 0.1 s. It is also
assumed that the stochastic delay τh,t can take values from the set τh,t ∈ {0.55 s, 0.65 s, 0.75 s}
with probabilities wi ∈ {0.25, 0.5, 0.25}, respectively.
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The stability charts are plotted in the plane of the control gains α and β in Fig. 5.12a by
utilizing ρ

(
K
)
< 1. Notice that the stability domain is smaller for the case with delay matching

due to the fact that τ is increased in this case. However, since there is no added noise in this case we
obtain limt→∞ x

2
s = 0 and limt→∞ x

2
v = 0 for the stationary second moments. This is illustrated

by the numerical simulation in Fig. 5.12b corresponding to point P located at (α, β) = (0.4, 0.5)
in the stability chart. The simulated trajectories (grey curve) approach zero quickly bringing the
mean (thick green curve) and the standard deviation (thin green curve) to zero too.

When no delay matching is used, the stable domain is larger but, due to the delay induced noise
added to the system, the stationary second moment is not zero. The contours of the stationary
second moment of the velocity perturbation limt→∞ x

2
v are calculated using (3.3.38) are shown in

Fig. 5.12a. The numerical simulations in Fig. 5.12c illustrate the dynamics for point P marked in
the stability chart. The sample trajectory (grey curve) shows that the velocity of the CAV keeps
changing in time so that the mean (thick blue curve) approaches zero while the standard deviation
approaches the constant value calculated using stochastic semidiscretisation.

Remark that while delay matching reduces the size of the stability domain one may still have a
large range of gain parameters to choose from. In particular, in the experimentally realistic range
of α ∈ [0, 1], β ∈ [0, 1] stability is still ensured. Furthermore, the delay matching eliminates the
unwanted stationary oscillations that lead to "jerky ride", which typically has a negative effect on
driver comfort and energy consumption. Note that in case of no delay matching the delay induced
noise is magnified to an extent, where Eq. (5.4.7) is not valid anymore (the range policy V (h)
can saturate). However, in terms of control design these parameter regions should be avoided and
instead of the stability boundary, to limit the amplitude of the perturbation x, the stationary second
moment contours should be considered when choosing control parameters for the CAV.

The positive effects of delay matching can also be observed when the CHV ahead varies its
velocity slowly (that is typical in real traffic situations) [10]. In order to evaluate the effects for
more severe motion perturbations, the perturbation dynamics of the CHV is modelled using white
noise, that is,

xh,t−τh,t := (Γ1,t, Γ2,t)
>. (5.4.13)

where Γ1,t and Γ2,t are uncorrelated Gaussian white noise. This is indeed an overestimation of
the severity of perturbations but provides a way to compare the behaviour with and without delay
matching. This leads to a noise excitation from 3 different noise sources in (3.3.1) with intensities

(σ1,σ2) := Bh, στ =

{
0, in case of delay matching

Bhv∗, in case of no delay matching
(5.4.14)

where σ1 and σ2 are the noise intensity vectors of the Gaussian white noise processes Γ1,t and
Γ2,t, respectively. The effect of multiple additive Gaussian white noise processes can be taken into
account similarly as described in Sec. 3.1.5 or 3.2.4

The results are summarised in Fig. 5.13 where panel (a) depicts the stability charts. The sta-
bility boundaries are identical to those in Fig. 5.12a as these are still obtained by ρ

(
K
)
< 1 while

the contours for the stationary second moment of the velocity perturbation calculated by (3.3.38)
change due to the added white noise. Notice that the contours obtained for the delay matching
case are quite similar to those obtained without delayed matching for small gain values, including
the experimentally realistic range α ∈ [0, 1], β ∈ [0, 1]. For point P at (α, β) = (0.4, 0.5) this
behaviour is also illustrated by the numerical simulations shown in panels (b) and (c). This means
that when responding to severe perturbations using delay matching neither improves nor degrades
the performance of the CAV.

Note that the stationary second moment analysis presented in Fig. 5.13 again corresponds to
the linear system only, where hstop < h < hgo. Close to the stability boundary where noise-
induced resonance can be observed, the large amplitudes of the perturbation x can be saturated
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due to the nonlinear range policy V (h). However, this effect is not considered in this study, and
this parameter region should be avoided during control design.
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Chapter 6

Experimental results

In the previous chapter the variations of the cutting force was modelled with the help of white
noise processes. The main goal of the measurements conducted in this chapter is to show, that
from modelling perspective it is a sufficient approximation to use a Gaussian random process to
model the effects of high frequency phenomena in the cutting force.

6.1 Stochastic Cutting Force Model

In this section the magnitude of the noise relative to the mean cutting force is estimated through
a series of measurements. The measurement layout is shown in Fig. 6.1. The measurement was
conducted on an NCT EmR-610Ms milling machine, where the workpiece was clamped into the
spindle, and the tool was fixed on the table. The cutting force was measured with a Kistler Dy-
namometer 9129AA and the data were acquired using a 5080A charge amplifier and two NI-9234
Input Modules in a NI cDAQ-9178 Chassis at 51200 Hz sampling rate.

Figure 6.1. The schematic figure a) and the experimental setup b) for the cutting force tests.

During the measurements all three direction was measured: the main cutting force Fmain (x
direction in Fig. 6.1), Ffeed (z direction in Fig. 6.1) and Fpassive (y direction in Fig. 6.1). The main
and the feed cutting force components are assumed to be generated by the same stochastic process
Γt with the same relative intensity, namely

Fj,t = F̄j(1 + σFΓt) where j = main, feed, (6.1.1)

where Γt is an unknown noise process with 〈Γt〉 = 0 and StD(Γt) = 1. Note that both F̄j and
σF can depend on the cutting parameters, e.g.,chip width, chip thickness, cutting velocity or the
rake angle of the tool. The mean component F̄j is usually described by a deterministic cutting
force model e.g., as presented in [3,23]. In this section no cutting force model will be fitted on the
measured cutting force, only the relation between the mean cutting force F̄j and the relative noise
intensity σF is investigated.

The analysed cutting tests were performed on an AL 2024-T351 tube with 16 mm diameter
and 1.5 mm wall thickness as the workpiece, and the cutting was conducted with a custom made
tool with 5◦ rake angle and (∼ 10◦) clearance angle. The chip thickness h was varied between 0.2
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mm and 0.0005 mm with exponentially decreasing and increasing steps. The orthogonal turning
layout allowed to realise the prescribed chip thickness with high precision, even for the small chip
thicknesses. This is due to the workpiece having high stiffness in the feed direction, and the chip
thickness was controlled by adjusting the feed rate and the spindle speed.

A single force section was measured for around 1–2 s at a sampling rate 51200 Hz and there
was a 0.1 s pause after every step to separate the signal sections while avoiding the cooling of the
cutting tool. Due to the fast-varying, stationary and ergodic characteristic of the cutting force, the
time length 1–2 s of the measurements were sufficient to determine the parameters of the stochastic
cutting force. A typical measured signal with the usually occurring force distributions is shown
in Fig. 6.2. During the measurements different cutting velocities vc = 50 m/min, 100 m/min,
175 m/min, 250 m/min, 300 m/min, and rake angles αr = 5◦, 10◦, 15◦, 30◦, 35◦, 40◦ were
applied while the relief angle was 10◦ for each tool. The tool edge radius was measured using
a microscope for each tool, and all of them were found to be smaller than 35 µm. The initial
fast wearing of the tools had already taken place before starting the experiments of this work
(and measuring the edge radii), and no noticeable toolwear was found during the cutting force
measurements.

Figure 6.2. Example of a measured force signal for exponentially decreasing chip thicknesses h
with the usually occurring force distributions (blue: considered as Gaussian, red: not considered as
Gaussian) with parameters vc = 250 m/min.

Due to the measurement setup, not only the stochastic effects are contained in the variation
of the cutting force. There is a slow change due to the heating of the cutting tool and the work-
piece, and a periodic component corresponding to the spindle rotation. To compensate the thermal
effects, an exponentially decreasing function θ(t) is used:

θ(t) = a+ b exp(ct), (6.1.2)

where a, b and c < 0 are fitted parameters, using the measured time signal Fmeas,j,t where j refers
to the cutting force component (j ∈ {mean, feed}). The thermal compensated force signal is
calculated as follows:

Fθ,j,t = Fmeas,j,t
a

θ(t)
, (6.1.3)

where Fθ,j,t denotes the thermal compensated force signal. Fig. 6.3 shows the effect of this com-
pensation for a single measurement point.

Next, the Fourier transformation is applied to the thermal compensated force signal Fθ,j,t,
denoted with F̂θ,j,ω. In |F̂θ,j,ω| there are peaks at the frequencies corresponding to the spindle
speed and its multiples (see Fig. 6.4). This originates form the inhomogeneous wall thickness and
the eccentricity of the workpiece. To eliminate these effects on |F̂θ,j,ω| of the measured signal, a
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Figure 6.3. The effect of the thermal compensation (example)

filter similar to the so-called Comb-filter is applied:

Hc(ω) =
1

2
abs(1− exp

(
i
ω

Ω

)
), (6.1.4)

where Ω is the spindle speed. Using the product of the Fourier spectrum |F̂θ,j,ω| and the Comb-
filter Hc(f), the Fourier spectrum |F̂comb,j,ω| is gained:

|F̂j,ω| = |F̂θ,j,ω|Hc(ω). (6.1.5)

|F̂j,ω| represents the Fourier spectra of the variation of the measured cutting force originating from
the high frequency deterministic and stochastic effects. With the combination of the original phase

Figure 6.4. The effect of the comb filter on the Fourier spectrum

angle ang(F̂θ,j,ω) and the Fourier spectrum of the comb filtered |F̂j,ω| the stochastic cutting force
Fj,t is reconstructed using inverse Fourier transformation.

Taking the time average and the standard deviation of each measured and processed force
signal Fj,t one gains

〈Fj,t〉 = F̄j and StD(Fj,t) = σF F̄j , j ∈ {mean, feed}. (6.1.6)

Next, the noise process Γt is assumed to behave according an Ornstein-Uhlenbeck process,
which is a first order filtered noise:

dΓt = −µ1Γtdt+
√

2µ1dWt. (6.1.7)

Comparing (6.1.7) to (2.2.26) it can be concluded, that when substituting the parameters of the
drift and diffusion terms to the stationary second moment (2.2.27) one obtains limt→∞

〈
Γ 2
t

〉
= 1,

thus the stationary deviation StD(Γt) = 1. This means, that the process Γt generated by (6.1.7)
can be used as the noise process to model the stochastic variations of the cutting force Fj,t. With
this approach all the information of the mean and relative noise intensity is contained in F̄j and
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σF , respectively, while the nature of the noise process can be described with one single parameter
µ1. This parameter can be determined by fitting the power spectral density (2.2.5) [98]

Sγ(ω) =
2µ1

µ2
1 + ω2

(6.1.8)

to the power spectral density (PSD) Smeas
γ,ω of the measured noise process γmeas

j,t which is

Smeas
γ,ω := γ̂meas

j,ω γ̂meas ∗
j,ω , (6.1.9)

where

γmeas
j,t :=

Fj,t − F̄j
σF F̄j

, (6.1.10)

and

γ̂meas
j,ω =

1√
T

∫ T

0
e−iωtγmeas

j,t dt, (6.1.11)

where T is the length of the measurement Fj,t.
The force signals Γmeas

j,t were categorised by their distribution, whether the force perturba-
tions can be considered as a Gaussian noise or not. This is necessary to check that the assumption
that the behaviour of the process Γmeas

j,t can be approximated by Ornstein-Uhlenbeck process is
even possible, since that is a Gaussian process. This was done by visual inspection of the force
distributions for each signal, since a hypothesis test would have been to restrictive: a distribution
can qualify as a Gaussian distribution from an engineering point of view while not satisfying the
conditions of a normality test. In Fig. 6.5, the usually occurring distributions are compared to the
probability density function of the standard normal distribution, along with a label, if it is consid-
ered as a normally distributed noise or not. In Fig. 6.5a a typical normally distributed force signal
can be seen. However, in Fig. 6.5b, the distribution is not perfectly Gaussian, but in practice this
is still an acceptable approximation from an engineering point of view. In Fig. 6.5c and 6.5d, the
nonlinear nature of the force characteristics or some deterministic resonance phenomena distorts
the probability density function in a way, that it loses its Gaussian form.
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h =  0.0015 mm
vc = 250 m/min

h =  0.1 mm
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Figure 6.5. The usually occurring standardised distributions among the measured signals: G denotes
distributions considered as Gaussian while NG denotes distributions that were not considered as
Gaussian. The red lines represent the reference probability density function of the standard normal
distribution.

However, if one wants to use the stochastic cutting force for example, to see how it affects the
stability and stationary behaviour of machining processes, the filtered noise approach leads to a
nonlinear system, for which the stochastic semidiscretisation introduced in Chap. 3 cannot be used.
To overcome this, one may use an approximating white noise process Γt. Since, the white noise
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Figure 6.6. Power spectral density of the measured noise process γmeas
t along with the PSDs of the

fitted Ornstein-Uhlenbeck and the fitted white noise processes

has 〈Γt1Γt2〉 = δ(t1 − t2), where δ(.) represents the Dirac-delta, the previously determined noise
intensity σF F̄j cannot be used for the intensity of the white noise Γt, thus a σ0F̄j is introduced.
This intensity σ0 of the white noise process Γt is calculated with the help of the PSD of the
stochastic process Γt. Since the PSD of the first order filter does not change significantly up to its
cutoff frequency µ1, the intensity σ0 is calculated with the help of the maximum of the fitted PSD
at ω = 0, namely

σ2
0 = σ2

FSγ(0) =
2σ2

F

µ1
, (6.1.12)

thus leading to

σ0 =

√
2

√
µ1
σF . (6.1.13)

An example comparison of the PSDs of the measured noise process, the fitted Ornstein-Uhlenbeck
process (6.1.7) and the white noise processes is shown in Fig. 6.6.

In Fig. 6.7 the above described measured quantities F̄j , σF , µ1 and σ0 are shown as a function
of the chip width h for different cutting velocities vc. The mean measured cutting force F̄j (both
the feed and main force components) follow the usual deterministic cutting force characteristics
w.r.t. the chip thickness h [3], as it is shown in Fig. 6.7a. In addition, it can be also seen in Fig. 6.7b,
that the relative intensity σF of the noise process Γt, relative to the mean, tends to a constant value
independent from the cutting velocity vc for chip thicknesses above h = 0.025−0.1 mm. In this
range all the signals produced Gaussian distribution for all cutting velocities vc ≥ 100 m/min.
This means, that for conventional chip thicknesses this noise can be considered as a multiplicative
noise with relative intensity σF ≈ 5 %. This multiplicative nature shows, that the noise is present
in the cutting force and it is not related to measurement errors. In Fig. 6.7c the cutoff frequency µ1

of the Ornstein-Uhlenbeck process can be seen, while Fig. 6.7d shows the behaviour of the relative
white noise intensity σ0. A general observation is, that the parameter µ1 increases with the cutting
velocity vc, and during the fitting it is capped at µ1 = 3.5 kHz = 2π × 3500 rad/s, which is the
natural frequency of the dynamometer Kistler 9129AA. This capping is denoted with the black
dashed line in Fig. 6.7 b). Furthermore, the parameter µ1 is significantly higher than the usual
natural frequency of the mechanical system excited by the noise Γt, thus the white noise approach
is a proper approximation. The relative white noise intensity σ0 tends to a constant value as well
for larger chip thicknesses, however, this value is considerably smaller than σF . Nonetheless,
considering σ0 = 0.1−1 % is a safe assumption w.r.t. to stability and stationary second moment,
even though it might be a slight overestimation of the actual intensity.

Note that even though the parameters for the main and the feed cutting forces (left and right
columns of Fig. 6.7) were calculated independently, they show almost the same numerical values
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for σF , µ1 and σ0. Thus the simplification, that the same noise process generates both cutting
force components is adequate.

It can be concluded, that the modelling of deterministic and stochastic high frequency phe-
nomena in the cutting forces can be approximated by a Gaussian noise process, which is a math-
ematically concise and efficient approach, especially compared to finite element methods [11].
For large chip thickness, the distribution of the measured force is Gaussian: a Gaussian stochastic
process is superimposed on the mean force. Furthermore, in Fig. 6.7b, it can be observed that the
intensity σF of the noise process Γt, as well as the equivalent white noise intensity σ0 tends to a
constant value above h ≈ 0.025 mm. Thus for conventional chip thicknesses the noise component
of the cutting force can be considered as a multiplicative noise σF F̄jΓt during e.g. Monte-Carlo
simulations, or as a white noise σ0F̄jΓt for calculations like the stochastic semidiscretisation.
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c)

d)

Figure 6.7. a) The average cutting force, b) the relative cutting force noise intensity c) the cutoff
frequency of the approximating Ornstein-Uhlenbeck process (capping due to the natural frequency
of the dynamometer denoted with dashed black line) and d) the relative equivalent white noise
intensity. In the gray areas the stochastic cutting force model based on the proposed filtered noise
processes is not valid, due to the effect of the tool edge radius.
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6.2 Stochastic Effects during Chatter Detection during Milling

In this section it is experimentally investigated, how the theoretical results in Sec. 5.3 translate into
practice. Namely, how well the stochastic milling model can describe the qualitative behaviour of
the milling process. The stationary second moment of the measured displacements as well as the
peak growth of the Fourier spectrum of the measured signal is investigated as the spindle speed Ω
of the milling is varied.

Figure 6.8. The schematic figure a) and the experimental setup b) for milling with single-degree-
of-freedom experimental setup as presented in [46].

For the measurements, the same experimental setup is applied, as in [46] (see Fig. 6.8). During
the measurements the milled workpiece is clamped onto a specially prepared flexure, that was
designed to be flexible only in one direction, thus it can mimic the dynamics of a single-degree-
of-freedom system. The milling tool is considered to be rigid, because it is significantly more
stiff, than the flexible direction of this flexure. The feed direction of the milling is chosen to be
perpendicular to z (as shown in Fig. 6.8), leading to the same setup that’s dynamics is described
by Eq. (5.3.7) in Sec. 5.3. Note that in [46] it is thoroughly demonstrated, that the deterministic
part of this mechanical model is capable of capturing the stability properties.

During the analysis of the vibrations, no external perturbations were applied on the system,
only the vibrations of the workpiece (caused by the milling force) were measured by means of
a piezoelectric accelerometer. To analyse the displacement signal, the measured acceleration is
integrated in frequency domain and an appropriate high-pass filter was used. Furthermore, from
the measured signal, only the section is used, where the radial immersion, thus the entering and
exiting angles ϕen and ϕex are constant, and the transient vibrations have decayed.

After the integration, the measured displacement zt is decomposed into a deterministic fzxp(t)
and into a stochastic fzxt component. To obtain the deterministic component fzxp(t), the tooth
passing frequency ωtp has to be accurately determined, since the periodic averaging has to be
conducted w.r.t. its period Ttp = 2π/ωtp. In the ideal case the tooth passing frequency could be
determined from the nominal spindle speed Ω of the tool as

ωtp = NΩ. (6.2.1)

However, in practice this frequency is not accurate enough, since there is a small deviation (∼
0.1 %) between the prescribed Ω and the realised Ω̃ spindle speeds. The actual spindle speed Ω̃
is determined using the same approach as in [46]. Since the cutting force exciting the workpiece
is not a smooth function, the Fourier spectrum of the corresponding periodic forced vibrations
contains the peaks at the tooth passing frequency ωtp and at its integer multiplies. The nominal
spindle speed is used as an initial guess to initiate the calculation of the realised spindle speed
Ω̃, which is determined by detecting the 50th higher harmonic of the tooth passing frequency ωtp.
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With this approach, the realised spindle speed Ω̃ (and therefore the corresponding ωtp) is obtained
accurately enough to allow the calculation of the periodic solution fzxp(t) and the periodic stan-
dard deviation StD(fzxt) through periodic averaging and periodic standard deviation calculation,
respectively, where the stochastic perturbation fzxt is obtained by

fzxt = zt − fzxp(t). (6.2.2)

The stochastic perturbation can be used to predict noise-induced resonance through the calculation
of the maximum and mean of periodic standard deviation of fzxt. Another approach is to take its
Fourier spectrum |x̂ω| and determine its maximum peak height `peak near ω = ωn, where ωn is
the natural frequency of the workpiece-flexure composition. According to the theoretical results in
Sec. 5.3, as the border of the stable parameter region is approached, the above described quantities
increase hyperbolically.

The chatter detection strategy described above is applied to a similar case study as in Sec. 5.3,
where the axial depth of cut is fixed to ap = 2 mm, while the spindle speed is varied in the
range Ω ∈ [4500 rpm, 8218 rpm] with average steps of 100 rpm and near the stability borders
with extremely small steps 2−5 rpm. The modal parameters, the cutting force characteristics are
presented in Sec. 5.3. The milling operations are conducted with a two-flooted tool (N = 2) with
diameter D = 16 mm, helix angle β = 30◦, and the feed per tooth was chosen as fz = 0.1 mm.
Furthermore, these down-milling tests were conducted along a straight path, with radial immersion
ae = 2 mm, which results in ϕen ≈ 138.6◦ and ϕex = 180◦. The parameters of the calculations in
Sec. 5.3 are chosen to be similar to these measurements, thus a direct qualitative comparison can
be made with the theoretical results obtained there. Note that the effect of the helix angle β = 30◦

is negligible due to the small axial immersion ap.
The measurements were carried out on an NCT EmR-610Ms milling machine, where the

workpiece was clamped onto the flexible flexure. The vibrations were acquired with PCB 352C23
type acceleration sensor and the vibration data was collected with a NI-9234 Input Module in a NI
cDAQ-9178 Chassis at 51200 Hz sampling rate.

In Fig. 6.9 some properties of the measured signal is shown, namely the peak-to-peak value
P2P(fzxp(t)) of the mean periodic displacement fzxp(t), the fz`peak of the FFT of stochas-
tic signal fzxt and the maximum and mean values of the standard deviation StD(fzxt), respec-
tively. These properties of the measured signals show similarity to the theoretical results shown
in Sec. 5.3. The peak-to-peak value P2P(fzxp(t)) does not show any particular behaviour near
the stability borders and its magnitude grows at the resonant spindle speed Ω = ωn/N , which is
expected, also based on the deterministic models. However, in contrast to the theoretical results,
there are increased P2P(fzxp(t)) values around ∼ 5300−5500 rpm, which corresponds to a flip
bifurcation predicted by theoretical models at that spindle speed [36]. Since there is a period dou-
bling effect, this can be due to measurement inaccuracies, such as the run-out of the tool and the
varying spindle speed. Due to spindle speed not being perfectly constant during a milling opera-
tion and even a small variation of spindle speed makes it impossible to perfectly decompose the
measured signal into a mean periodic and into a stochastic component.

The peak heights `peak in the Fourier spectrum of the stochastic component xt blow up at
all the stability borders as predicted in the theory. Discrepancies at the resonant spindle speed
might be due to the above mentioned measurement problems, which cause a small portion of the
deterministic component still being present in the stochastic component xt, and this leads to the
increase in the peak height `peak. Note that this increase is only relatively large, since in absolute
value it is only a 4−5 µm (compared to the mean’s peak height which is ∼ 350 µm). Some
examples for the growth of the fz`peak at the stability borders is shown in Fig. 6.10, where the
measured signal and its FFT is presented.

Furthermore, both the maximum and the mean of the stationary standard deviation StD(xt) in
Fig. 5.10c-d blow up at all the stability borders, due to the noise-induced resonance, similarly to
the peak height `peak.
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As for the standard deviations, the difference between the maximum and the mean is only
approximately a multiplier, but they show the same behaviour, while the theoretical results predict
a slight difference at the resonant spindle speed. This can be also the consequence of the vary-
ing spindle speed, since during the averaging, the effects causing the different behaviour in the
maximum and mean of the StD(fzxt) are mitigated by this small variation of the spindle speed.
Nonetheless, the standard deviation StD(fzxt) is a good chatter indicators, since it does not pro-
duce a false positive result and show the same type of behaviour near the stability borders, as
predicted by the theory.

However, the measurement of such a small standard deviation is challenging during a real
practical scenario, due to the measurement is being overloaded by noise related to the measure-
ment, while the fz`peak can be still well tracked, thus the state-of-the-art approaches are based on
this quantity.

As a summary, the stochastic analysis of the milling process can provide a qualitative descrip-
tion of the noise component in the stable domain, which can be utilised to detect the emerging
chatter. For quantitative comparison, the intensity of the noise process as well as the other pa-
rameter of the model can be tuned. However, the intensity σ0 should be decreased in the theo-
retical model (5.3.7) to fit the calculated peak values `peak and standard deviations StD(fzxt) to
their measured counterparts, while based on the visual inspection of the time signals presented
in Fig. 6.11 this intensity σ0 should be increased, relative to the measured intensity presented in
Sec. 6.1. Furthermore, near the stability borders, due to the noise-induced resonance, the theo-
retical model is really sensitive [15, 53] to a slight change of the model, e.g., including a varying
spindle speed, the run-out the tool, the effect of the helical edge geometry and the fly-overs even
at small amplitude vibrations.
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Figure 6.9. Measured quantities during the milling operation. Panel a) shows the P2P values of the
mean periodic solution, panel b) illustrates the behaviour of the peak height fz`peak of the Fourier
spectrum of the stochastic component fzxt while panel c) and d) shows the maximum and mean
values of the standard deviation of the stochastic component of the vibrations, respectively.

Figure 6.10. Examples of the Fourier transforms of the decomposed measured vibrations. The blue
peaks denote the Fourier transforms of the periodic deterministic solution, while the orange peaks
denote the Fourier transforms of the noise perturbation. For each Fourier transforms the measured
displacement is given in green, the stochastic component is shown with the orange trajectory. The
spindle speed Ω in each panel correspond to the nominal spindle speed
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Figure 6.11. Comparison of the a) measured signal at Ω = 4600 rpm with simulated signals b)-d)
with parameters used in Sec. 5.3 at Ω = 5100 rpm (both spindle speed is in the domain of stable
milling, and ∼ 100 rpm from the stability border.
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Main Results

There are several models in engineering and biology which lead to delay differential equations
(DDE), e.g., the models of machine tool vibrations [2, 79, 94], delayed control loops [99], traffic
dynamics [64], predator-prey systems [97] or neural networks [16]. During the investigation of
such delayed dynamical systems stochastic effects are usually neglected, despite that stochastic
excitations often influence the behaviour of these systems. The noise may appear not only as an
external excitation, but also in the coefficients of the state variables. In case of construction of de-
terministic models that approximate stochastic systems, the usual approach is to consider the mean
values of the measured system parameters that describe the process, while the measured variation
is considered as the unwanted noise of the measurement [29]. This mean-value based approach is
valid for linear systems only, and even in these cases, its result may be misleading regarding the
steady-state behaviour. A noise excitation can lead not only to change in stability properties, but
it can also cause a so-called autonomous stochastic resonance or coherence resonance [53, 84].

For example, in manufacturing science, when machine tool vibrations are investigated usually
this deterministic approximation is applied. When dealing with machine tool vibrations two main
categories of vibrations are considered: the so-called chatter and forced vibrations [94]. Chatter is
an instability phenomenon, caused by the time delay due to the surface regeneration effect. During
this instability, self-induced oscillations occur, which can lead to poor surface quality and damage
in the tool. The forced vibrations are the result of the time-varying cutting force, which can occur
due to the changing size and shape of the chip, but can also be caused by high-frequency processes
as chip formation and segmentation, shockwaves in the material, local inhomogeneities in the
material properties [66, 67], shear plane oscillation, rough surface of the workpiece etc. However,
these high-frequency variations are usually not considered [2, 59] in the constant parameters of
the force characteristics describing the relationship between the chip size and the cutting force.
Since these high speed phenomena are very complex processes, thus in some recent theoretical
works [14, 43, 85] a stochastic noise excitation is used to take the effect of these unmodelled
dynamics into account.

Another example is in vehicular traffic, where the time delay originates from the drivers’
reaction time, that typically varies stochastically [63], while the additive noise comes from the
other vehicles whose motion the drivers need to respond to. In network control systems, delays
may vary stochastically due to packet drops or capacity drops while in the meantime agents need
to respond to the noisy environment [19, 35, 50, 60, 68–70]. In complex biological networks, like
those within cells, external noise is ubiquitous, while stochastic delays may be used to model a
sequence of reactions [30, 32].

This dissertation aims to investigate an approach which is able to efficiently characterise the
stability and steady-state behaviour of systems with delays subjected to parametric and additive
noise perturbations. For this purpose this dissertation discusses the first and second moment sta-
bility and the steady-state first and second moment of linear stochastic delay differential equations
(SDDEs). After a brief and gentle introduction to the core mathematical tools in Chapter 2, the
stochastic semidiscretisation was constructed in Chapter 3 for periodic linear SDDEs. Next, the
stochastic maps derived with the stochastic semidiscretisation were used to construct the first and
second moment maps. These moment maps then were utilised to investigate the first and second
moment stability of the original SDDE, as well as the steady-state first and second moments were

95



Chapter 7 - Main Results

approximated, allowing the prediction of the white noise-induced resonance. Furthermore, the
semidiscretisation of delay differential equations (DDEs) with stochastic delay was generalised
to allow the steady-state first and second moment analysis of these systems subjected to noise
excitation.

In Chapter 4 the convergence of the stochastic semidiscretisation was investigated through
numerical case studies (stochastic Hayes equation, stochastic delay oscillator, stochastic delayed
Mathieu equation, Hayes equation with stochastic delays). Furthermore, it was shown that SDDEs
with periodic coefficients and delays, as well as DDEs with stochastic delays have periodic steady-
state first and second moments. Chapter 5 discusses the application of the method to engineering
problems, namely the effect of the noisy cutting force on the dynamics of turning and milling. It
was shown, that the noise in the cutting force can cause large amplitude vibrations during machin-
ing processes even before the cutting process looses stability, and that the spindle speed variation
during turning can negatively influence the turning’s robustness against noise-induced resonance,
even though the stability properties are improved. Furthermore, it was shown how the statistical
properties of the vibrations in the stable parameter domain, such as the standard deviation of the
measured displacement, can be used to predict the formation of chatter during a machining op-
eration. In the last section of this chapter it is also shown, that how stochastic packet drops can
influence the stability properties and the steady-state behaviour of connected automated vehicles.
Moreover, it was demonstrated how the harmful effects of these packet losses can be eliminated at
the cost of a minor deterioration in the size of the stable parameter domain.

In Chapter 6 the theoretical assumptions and predictions are compared to measurement results.
First, it is proved that there is a significant stochastic component of the cutting force through a set
of cutting force measurements, furthermore, the equivalent white noise intensity of this noise com-
ponent is determined. Finally, it is investigated, how the quantities studied during the theoretical
analysis of milling processes compare to measurements. It is demonstrated through an experiment
on a specially prepared milling setup, that the stochastic model of milling is capable of capturing
the behaviour of the quantities which predict the formulation of chatter.
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Main Result 1

Thesis statement 1: Stochastic delay differential equations as stochastic differ-
ential equations for numerical integration

Consider stochastic delay differential equations (SDDE) with a single point delay given in the
incremental form

dxt = a (xt,xt−τ , t) dt+ b (xt,xt−τ , t) dWt,

xt = ϕ(t), t ∈ [−τ, 0],
(R1.1)

where a,b : Rd × Rd × R → Rd are smooth functions, τ > 0 is the time delay, xt is
the Rd-valued state variable at time t, xt−τ denotes the delayed state at time t − τ , Wt is a
standard Wiener process and the initial condition xt = ϕ(t), t ∈ [−τ, 0] is continuous with〈
‖ϕ(t)‖2L∞

〉
<∞ on t ∈ [−τ, 0] and F0-measureable.

SDDE (R1.1) can be numerically integrated by transforming it into the stochastic differ-
ential equation (SDE) of the form

dxt = â (xt, t) dt+ b̂ (xt, t) dWt.

Since at time t all values xs, s ∈ [−τ, t] are available (e.g., it can be approximated by the
interpolation of the approximate discrete solution), the functions â and b̂ can be defined by
dynamically embedding the initial function ϕ and the already computed (approximated) xt
states into the functions a and b as a time dependent inhomogenity, namely

â(xt, t) = a(xt,φt−τ , t), b̂(xt, t) = b(xt,φt−τ , t),

where the history embedding function is

φt =

{
ϕt t ≤ 0

xt t > 0
.

This representation (with discontinuity handling originating from the intial state) allows un-
interrupted numerical integration and the utilization of the solver algorithms and features of
already existing SDE ecosystems.

To implement this approach the StochasticDelayDiffEq.jl package is created for the Julia pro-
gramming language, and made available in its package ecosystem. The package can be used for
the numerical simulations of stochastic delay differential equations, by being able to utilise a wide
range of stochastic integrators from the StochasticDiffEq.jl package, e.g., the Euler-Maruyama
method, the implicit Runge-Kutta Milstein method, or even stabilised SROCK methods. Fur-
thermore, the package can use the features of the DifferentialEquations.jl ecosystem, such as the
built-in Monte-Carlo simulation interface.

Corresponding sections:
• Sec. 2.2.5
• Sec. 2.2.7

Corresponding publications:
• Software

StochasticDelayDiffEq.jl
SciML, github.com/SciML/StochasticDelayDiffEq.jl

97

github.com/SciML/StochasticDelayDiffEq.jl


Chapter 7 - Main Results

Main Result 2

Thesis statement 2: Stochastic Semidiscretization Method

Consider the periodic linear stochastic delay-differential equation of the form

dxt =
(
A(t)xt + B(t)xt−τ(t) + c(t)

)
dt

+
(
α(t)xt + β(t)xt−τ(t) + σ(t)

)
dWt,

(R2.1)

where xt is the Rd-valued state variable at time t, xt−τ(t) denotes the delayed state at time
t−τ(t),Wt is a standard Wiener process and A(t), B(t), α(t), β(t) ∈ Rd×d are T -periodic
coefficient matrices, c(t), σ(t) ∈ Rd are T -periodic additive vectors and τ(t) > 0, t ∈
[0, T ] is the T -periodic time delay. Stochastic semidiscretization of (R2.1) gives the (r + 1)d
dimensional periodic stochastic map of the form

yn+1 = (F(n) + Gn) yn + (f(n) + gn) , (R2.2)

where r is the delay resolution. The second moment stability and the steady-state first and
second moments of (R2.1) can be approximated by the moment mappings of (R2.2).

To estimate the first moment stability and the steady-state first moment, the stability and
the fixed point of the first moment map

y(n+ p) = F(n,p)y(n) + f (n,p),

has to be considered, where p is the discrete time period.
To estimate the second moment stability and the steady-state second moment, the stability

and the fixed point of the second moment map

y(n+ p) = H(n,p)y(n) + hȳ(n,p) + fg(n,p)

has to be considered.
The convergence rate of the approximation can be increased if a q-th order Lagrange

polynomial is fitted on the delayed state during the stochastic semidiscretisation. When ap-
proximating the stability and stationary moments the stochastic semidiscretisation has orders
of magnitudes faster convergence rate compared to the full discretisation method or to Monte-
Carlo simulations.

Corresponding sections:
• Secs. 3.1-3.2
• Secs. 4.1-4.3

Corresponding publications:
• Journal Papers

[83] H. T. Sykora, D. Bachrathy. Stochastic Semidiscretization Method: Second Moment
Stability Analysis of Linear Stochastic Periodic Dynamical Systems with Delays. Ap-
plied Mathematical Modelling, 88:933 – 950, 2020. ISSN 0307-904X

[87] H. T. Sykora, D. Bachrathy, and G. Stepan. Stochastic semi-discretization for linear
stochastic delay differential equations. International Journal for Numerical Methods
in Engineering, 119(9):879–898, 2019

• Conference Papers
[81] Sykora Henrik, Bachrathy Dániel, A fehér zaj hatása lineáris, késleltetett, PD szabá-

lyozás stabilitási tulajdonságaira, XXVI. Nemzetközi Gépészeti Konferencia (OGÉT)
(Marosvásárhely, 2018.04.26-29.)
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• Conference Talks
[86] Sykora Henrik T, Bachrathy D., Stépán G. Lineáris sztochasztikus késleltetett rendsz-

erek szemi-diszkretizációja, XIII. Magyar Mechanikai Konferencia (XIII. MaMeK) -
Miskolc, Magyarország, 2019

[88] Henrik T Sykora, Dániel Bachrathy, Gábor Stépán, Stochastic Semi-Discretization
for Stochastic Systems With Delay, SIAM Conference on Applications of Dynamical
Systems (DS19) - Minisymposium: When Stochasticity Meets Delay: Rendezvous in
Infinite Dimension, Snowbird, USA, 2019

• Conference Poster
[82] Henrik T Sykora, Dániel Bachrathy, An effective method to investigate stochastic de-

layed systems in Julia, JuliaCon Poster session, London, UK, 2018.08.07-11.
[89] H. T Sykora, G. Fodor, D. Hajdu, D. Bachrathy, Solving Periodic Stochastic Prob-

lems with Delays with the Help of Julia, JuliaCon Poster session, Baltimore, US,
2019.07.22-26.

• Software
StochasticSemiDiscretizationMethod.jl
github.com/HTSykora/StochasticSemiDiscretizationMethod.jl
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Main Result 3

Thesis statement 3a: Approximation of the steady-state first and second mo-
ments of stochastically delayed systems with additive noise

Consider the linear delay differential equaiton with stochastic delays and additive noise in the
form

dxt =
(
Axt + Bxt−τ0 + Bsxt−τs,t

)
dt

+ (τ s − τs,t)στdt+ σdWt,
(R3.1)

where xt is the Rd-valued state variable at time t, xt−τ0 and xt−τs(t) denotes the delayed state
at time t− τ0 and t− τs(t), respectively, Wt is a standard Wiener process, A, B, Bs ∈ Rd×d
are the constant coefficient matrices, στ , σ ∈ Rd are the constant additive vectors and τ0 > 0
is the constant time delay. The stochastic time delay τs,t is assumed to stay constant for a
holding time Tτ before potentially taking on a new value from a finite set {τ1, τ2, . . . , τJτ ∈
R : 0 < τ1 < τ2 < . . . < τJτ }.

The steady-state first and second moments of system (R3.1) can be approximated by the
moment mappings of the following periodic stochastic map

zk+1 = Kkzk + lk,

which can be obtained by stochastic semidiscretisation. To estimate the steady-state first
moment, the fixed point of the first moment map

z(k + 1) = Kz(k) + l̄τ ,

while to estimate the steady-state second moment, the fixed point of the second moment map

z(k + 1) = Kz(k) + kz(k) +
(̄̄
lτ +¯̄lW

)
has to be considered.

Thesis statement 3b: Periodic steady-state first and second moments of stochas-
tically delayed systems with additive noise

Consider the linear delay differential equation with stochastic delays and additive noise in
the form of (R3.1). If the stochastic delay is described by the above stochastic switching
process, the system (R3.1) has Tτ -periodic steady-state first and second moments, however,
if Tτ < τ1, the periodic first moment becomes zero.

Corresponding sections:
• Sec. 3.3
• Sec. 5.4

Corresponding publications:
• Journal Papers

[92] H. T. Sykora, M. Sadeghpour, J. I. Ge, D. Bachrathy, and G. Orosz. On the moment
dynamics of stochastically delayed linear control systems. International Journal of
Robust and Nonlinear Control, 2020.

• Conference Poster
[82] Henrik T Sykora, Dániel Bachrathy, An effective method to investigate stochastic de-

layed systems in Julia, JuliaCon Poster session, London, UK, 2018.08.07-11.
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Main Result 4

Through a series of examples it is shown, that a small amount of noise excitation, that is an inherent
property of all engineering systems, does not influence stability properties significantly, however,
near the stability border it can lead to large amplitude stochastic vibrations. These vibrations can
grow to an extent, that the mathematical model describing the system is not valid any more, due
to inevitable saturation, even in the stable parameter domain.

Thesis statement 4: Stationary second moment charts

When analysing a dynamical system describing an engineering problem in terms of robust-
ness against external excitations, stationary second moment charts of a state variable is a more
appropriate measure of the actual physical process than the stability depicted on traditional
stability charts.

There are examples given for these quantities, such as the standard deviation of the stochas-
tically excited displacement of the cutting tool, corresponding to the surface roughness or the
standard deviation of the velocity of a connected vehicle corresponding to the passenger comfort
and the fuel consumption.

Furthermore, an improvement in stability properties does not necessarily lead to a superior
system in terms of the robustness against external effects. It is demonstrated through the second
moment chart of turning with spindle speed variation (SSV), that the SSV increases the stability
of the turning process, however, in terms of the resulting surface roughness the cutting process
might become worse. Similar demonstration is given through the control design of a connected
automated vehicle, where the harmful effect of the stochastic packet drops are eliminated at the
cost of a minor deterioration of the size of the stable parameter domain.

Corresponding sections:
• Secs. 5.1-5.4

Corresponding publications:
• Journal Papers

[83] H. T. Sykora, D. Bachrathy. Stochastic Semidiscretization Method: Second Moment
Stability Analysis of Linear Stochastic Periodic Dynamical Systems with Delays. Ap-
plied Mathematical Modelling, 88:933 – 950, 2020. ISSN 0307-904X

[92] H. T. Sykora, M. Sadeghpour, J. I. Ge, D. Bachrathy, and G. Orosz. On the moment
dynamics of stochastically delayed linear control systems. International Journal of
Robust and Nonlinear Control, 2020.

• Conference Papers
[81] Sykora Henrik, Bachrathy Dániel, A fehér zaj hatása lineáris, késleltetett, PD szabá-

lyozás stabilitási tulajdonságaira, XXVI. Nemzetközi Gépészeti Konferencia (OGÉT)
(Marosvásárhely, 2018.04.26-29.)

[84] H. T. Sykora, D. Bachrathy, and G. Stepan. A theoretical investigation of the effect
of the stochasticity in the material properties on the chatter detection during turning.
29th Conference on Mechanical Vibration and Noise, 8, 2017.99

• Conference Poster
[82] Henrik T Sykora, Dániel Bachrathy, An effective method to investigate stochastic de-

layed systems in Julia, JuliaCon Poster session, London, UK, 2018.08.07-11.
[89] Henrik T Sykora, Gergő Fodor, Dávid Hajdu, Dániel Bachrathy, Solving Periodic

Stochastic Problems with Delays with the Help of Julia, JuliaCon Poster session, Bal-
timore, US, 2019.07.22-26.
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Main Result 5

During the measurement of the cutting force, large variations can be experienced in the measured
signal, but these fluctuations are usually attributed to the quality of the measurements and only the
average force is considered as the base for fitting the cutting parameters. However, these variations
are orders of magnitude larger than it could be explained as a measurement noise.

There are high speed phenomena during cutting, such as chip fragmentation, inhomogeneities
in material quality, shear plane oscillation, rough surface of the workpiece, friction, etc. These
phenomena play important role in the amplitude of the forced vibrations, influencing the surface
quality of the manufactured product and the detection of chatter. There are ways to model these
variances in the cutting force, e.g. using sophisticated finite element method to compute the chip
formation and the chip thickness accumulation or using a shear zone model. However, the re-
sults of these methods are very sensitive to the values of the numerous and hardly measurable
parameters, are often compromised by numerical difficulties and is computationally very expen-
sive.

Thesis statement 5: Stochastic cutting force model

The stochastic cutting force model of the form

Ft = F̄ (1 + σFΓt),

where
dΓt = −µ1Γtdt+

√
2µ1dWt,

efficiently models the effects of the high frequency phenomena on the cutting force.
The cutting force measurements during orthogonal turning tests validate the stochastic

cutting force model, thus the large amplitude noise is an inherent component of the cutting
force, and is not related to a measurement noise.

Furthermore, a white noise approximation Γt of the stochastic variations in the cutting
force can be given in the form

Ft = F̄ (1 + σ0Γt),

where σ0 =
√

2σF /
√
µ1.

Corresponding sections:
• Sec. 6.1

Corresponding publications:
• Journal Papers

[27] G. Fodor, H. T. Sykora, and D. Bachrathy. Stochastic Modeling of the Cutting Force
in Turning Processes. The International Journal of Advanced Manufacturing Technol-
ogy, 111(1-2):213–226, 2020.

• Conference Papers
[85] H. T. Sykora, D. Bachrathy, and G. Stepan. Gaussian noise process as cutting force

model for turning. Procedia CIRP, 77:94–97, 2018
• Conference Talks

[26] Fodor G., Sykora Henrik T, Bachrathy D., Forgácsolóerő modellezése sztochasztikus
folyamatokkal esztergálás során, XIII. Magyar Mechanikai Konferencia
(XIII. MaMeK) - Miskolc, Magyarország, 2019

• Conference Poster
[89] Henrik T Sykora, Gergő Fodor, Dávid Hajdu, Dániel Bachrathy, Solving Periodic

Stochastic Problems with Delays with the Help of Julia, JuliaCon Poster session, Bal-
timore, US, 2019.07.22-26.
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Main Result 6

Thesis statement 6a: Chatter peak growth due to noise-induced resonance

The stochastic model of milling explains that the growth of the so-called chatter peak in the
Fourier transform of the measured vibration signals during a milling operation in the stable
machining parameter domain, which leads to uncertain experimental chatter detection, is the
result of the noise-induced resonance.

Thesis statement 6b: Chatter peak growth and the stationary second moment

The height of the chatter peak in the Fourier transform of the measured vibration signals
during a milling operation behaves similar to the steady-state second moment of the relative
displacement of the cutting tool and workpiece during machine tool vibrations. Thus, both
can predict the onset of chatter based on measurements in the stable parameter domain.

The theoretical predictions produced by the basic stochastic milling model are validated with an
extremely high-resolution milling experiment. The measured results show similar tendencies, but
the magnitudes are also close to their calculated counterparts.

Corresponding sections:
• Sec. 5.3
• Sec. 6.2

Corresponding publications:
• Journal Papers

[90] H. T. Sykora, D. Hajdu, Z. Dombovari and D. Bachrathy. Chatter detection during
milling utilising the stochastic cutting force induced resonance. Preprint

• Conference Papers

[84] H. T. Sykora, D. Bachrathy, and G. Stepan. A theoretical investigation of the effect
of the stochasticity in the material properties on the chatter detection during turning.
29th Conference on Mechanical Vibration and Noise, 8, 2017.99
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