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Notations and Acronyms

Here are the most frequently used notations and abbreviations in this dissertation. Note that vectors
of dimension d are treated as d x 1 matrices (column vectors) and as a rule, the argument w of
random variables is omitted.

P(.)

Probability of an event

i, Yn, 21 Stochastic processes depending on (continuous or discrete) time
x(t),y(n), z(k) Deterministic processes depending on (continuous or discrete) time
I Identity matrix
x',XT  Transpose of the vector x or matrix X
(.) Expectations value, ensemble average of a random variable
StD(.) Standard deviation of a random variable

t,n,k,m,my, mo,...

Variables denoting the continuous time ¢ or the discrete times
n, k,m,my,ms, ...

i,11,%9,... Indexes denoting the i-th element x; of a vector x or the ¢142-th ele-
ment X;,;, of a matrix X
7,791,392, Jr,--- Index used for multiple similar objects or for the j-th element of a
set
PDF Probability Density Function
SDE  Stochastic Differential Equation
DDE Delay Differential Equation
SDDE Stochastic Delay Differential Equation
MDBM  Multi Dimensional Bisection Method

MC simulation

Monte-Carlo simulation
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Chapter 1

Introduction

There are several models in engineering and biology which lead to delay differential equations
(DDE), e.g., the models of machine tool vibrations [2,(79}/94], delayed control loops [99], traffic
dynamics [64], predator-prey systems [97] or neural networks [16]]. During the investigation of
such delayed dynamical systems stochastic effects are usually neglected, despite that stochastic
excitations often influence the behaviour of these systems. The noise may appear not only as an
external excitation, but also in the coefficients of the state variables. In case of construction of de-
terministic models that approximate stochastic systems, the usual approach is to consider the mean
values of the measured system parameters that describe the process, while the measured variation
is considered as the unwanted noise of the measurement [29]. This mean-value based approach is
valid for linear systems only, and even in these cases, its result may be misleading regarding the
stationary behaviour. A noise excitation can lead not only to change in stability properties, but it
can also cause a so-called autonomous stochastic resonance or coherence resonance [53,/84].

For example, in manufacturing science, when machine tool vibrations are investigated usually
this deterministic approximation is applied. When dealing with machine tool vibrations two main
categories of vibrations are considered: the so-called chatter and forced vibrations [94]]. Chatter is
an instability phenomenon, caused by the time delay due to the surface regeneration effect. During
this instability, self-induced oscillations occur, which can lead to poor surface quality and damage
in the tool. The forced vibrations are the result of the time-varying cutting force, which can occur
due to the changing size and shape of the chip, but can also be caused by high-frequency processes
as chip formation and segmentation, shockwaves in the material, local inhomogeneities in the ma-
terial properties [66,/67]], shear plane oscillation, rough surface of the workpiece etc. However,
these high-frequency variations are usually not considered [2,/59] in the constant parameters of
the force characteristics describing the relationship between the chip size and the cutting force.
Since these high speed phenomena are very complex processes, thus in some recent theoretical
works [[14,/43,85[] a stochastic noise excitation is used to take the effect of these unmodelled dy-
namics into account. Another example is in vehicular traffic, where the time delay originates from
the drivers’ reaction time, that typically varies stochastically [[63[], while the additive noise comes
from the other vehicles whose motion the drivers need to respond to. In network control systems,
delays may vary stochastically due to packet drops or capacity drops while in the meantime agents
need to respond to the noisy environment [19,35,/50,/601/68-70]. In complex biological networks,
like those within cells, external noise is ubiquitous, while stochastic delays may be used to model
a sequence of reactions [30L32].

However, if the stochastic effects are also considered, the range of tools used to analyze sta-
bility and stationary solutions is far more limited than the available tools for systems described by
deterministic delay differential equations (DDE’s). For some special, linear stochastic delay dif-
ferential equations (SDDE’s) with constant parameters, stochastic calculus can be utilised to study
first and second moment stability [55]]. Another approach is to use small perturbation of a critical
parameter to investigate the stationary properties of the selected solution of the SDDE [[14,48]]. In
case of small delay, an alternative method is to approximate the system as a non-delayed stochastic
differential equation (SDE) [31]]. It is also possible to estimate the stationary probability density
function (sPDF) of the phase angle in the polar-coordinate representation of the SDDE using
Fokker-Planck equation [93]]. This approach leads to a nonlinear deterministic system of equa-
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tions for the dominant characteristic exponent, the average phase angle velocity, and the SPDF of
the phase angle, which can be solved in an iterative way or by using the multidimensional bisec-
tion method [6}/7]]. There are also methods to decide, if the necessary and sufficient conditions for
exponential and second moment stability are satisfied, by utilizing Lyapunov functionals [[57}74].
However, the above-listed methods have the weaknesses of not only being problem-specific but
usually applicable only for small degree-of-freedom dynamical systems with constant parameters.

The most general method to investigate SDDE’s (including linear SDDE’s with time-periodic
parameters) is to numerically simulate them in the time domain using e.g., the Euler-Maruyama
method [13] or the Milstein method [|17,/76] generalised to SDDE’s, and statistically analyze the
calculated trajectories to determine stability and stationary beahviour. These integrated realiza-
tions then can be used to study their mean square (or in a more general case the p-th moment)
to determine moment stability [8|56] and stationary beahviour. A further application of these
numerically obtained paths is based on data analysis, namely, the topological beahviour of the
high-dimensional point cloud generated from the trajectories is investigated to detect instability
near the boundaries of the stable parameter domain [43,44]]. Since these methods are based on
Monte-Carlo simulations, they require high computational resources to provide the statistically re-
liable results. These methods have the weaknesses of not only being intuitive and problem specific,
but usually applicable only for small degree of freedom dynamical systems.

This dissertation aims to investigate an approach which is able to efficiently characterise the
stability and stationary behaviour of systems with delays subjected to parametric and additive noise
perturbations. In Chapter 2] the basic mathematical concepts and the most important preliminaries
are discussed, which are essential to investigate the stochastic systems with delays, especially in
regards of stability and stationary behaviour. Chapter [3] introduces general and efficient method
based on the semidiscretisation [37]], which allows the analysis of stochastic delay differential
equations (SDDEs) and systems with stochastic delays.

Based on this method a simple-to-use open-source package has been implemented in the Ju-
lia [[12] programming language, and it has been released under the name of StochasticSemiDis-
cretizationMethod.jl [80]. Then, in Chapter 4] the usage and the convergence properties of the
proposed methods are demonstrated through the analysis of some basic SDDE examples. In Chap-
ter[5|the method is applied to numerically investigate engineering problems. First, the effect of the
noisy cutting force on the dynamics of turning and milling processes is analysed, and it is shown
how the stochastic models are able to predict some measured phenomena, which the deterministic
models cannot explain. Then it is shown, how stochastic packet drops can influence the stability
properties and the stationary behaviour of connected automated vehicles, and how the harmful
effects of these packet losses can be compensated. Finally, in Chapter [6] the theoretical assump-
tions and predictions are compared to measurement results. Here it is proved that the stochastic
component of the cutting force has to be taken into account, furthermore, it is demonstrated how
the new theoretical results can be utilised for chatter detection during a milling operation.




Chapter 2

Mathematical Preliminaries

Disclaimer

To discuss stochastic differential equations (SDEs), especially stochastic delay differ-
ential equations (SDDEs) some of the fundamental concepts and tools of probability
theory is needed. The goal of this chapter is not to introduce the reader to the subtleties
of measure theory with rigorous definitions and proofs, but to give an intuition of the
concepts necessary to understand the main theoretical contributions of this work. Note
that this chapter is not an integral part of this dissertation, namely, some notation used
in this section may be used in a different context in the following chapters, however, this
chapter is regularly referred during the derivations in the subsequent chapters.

2.1 Basics Concepts from Probability Theory

Probability theory is the branch of mathematics which discusses events and mathematical models
which have random outcomes. If an experiment is conduced (e.g.: rolls with a dice) and the out-
come cannot be predicted, then the outcome can be called as a random event. For every experiment
there exist a set of events 2 from which the outcome can take values (e.g.: the outcome of rolling
with a regular dice is an integer from 1 to 6, so Q = {1,2,3,4,5,6}). However, it is possible
to describe these events not only using discrete values, but also by labelling them using values
from a continuous set (e.g.: 2 = R or even 2 = R%). These random variables can characterise
e.g. the life expectancy of a product, such as a lightbulb (here 2 = [0, 00)) or a measured length

(Q = [l1, 12)).

2.1.1 Probability and Expectation

Let X denote a random variable, and restrict Chap. [2]to sets with a finite number of events labelled
with real numbers, namely Q4 = {wj, :w;, € R,j, =1,2,3,...,Ng, w1 <ws < ... < wn,}
or the infinite set 2. = R.

The most important way to describe X is the probability of taking a value w € €2, where this
probability is denoted by P. If the event space is the discrete {24, then this probability takes a finite
value, or weight w;,, € [0, 1], namely

]P)(X:ij):'ij. (2.1.1)

However, if the continuous event space €. is considered, then P(X = w) = 0 forall w € Q.
To overcome this, instead of using probability as the fundamental quantity, the probability density
function (PDF) is introduced, namely

flw)=Pw< X <w+dw) (2.1.2)

which represents the probability of the random variable X being located in the infinitesimal inter-
val [w,w + dw]. The other quantity which can be used for handling a random variable X is the
cumulative distribution function (CDF)

F(w) =P(X < w) (2.1.3)

3
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The connection between the two quantities is described by the relations

Flw) = / f@)do and  f(w) = F'(w). (2.14)
Furthermore, the CDF is normalised as
ILm F(w) —/ f(w)dw =1, (2.1.5)

since the total probability of the entire event space has to add up to unity.
To describe discrete random variables with the help of continuous probability density func-
tions, the Dirac delta §(w) can be used, namely

fw) =wj, é(w;, —w) where wj, € Qq, (2.1.6)

and the integral generating the cumulative distribution function reduces to the sum

j
Flw) = wj,. (2.1.7)

Jji=1
For example, the PDF of the one dimensional normal (or Gaussian) distribution is

1 (w=p)?
e 202

flw) = , (2.1.8)

oV 2w

where 1 and o are the parameters of the distribution. If a random variable X is a normally
distributed variable, than it is usually denoted as X ~ N (p, o).
The next important quantity to describe a random variable X is its n-th moment, namely

<X”>—/Qw”f(w)dw, (2.1.9)

where the operator (.) denotes the expectation value or the ensemble average (sometimes denoted
as E(.)). The first moment describes the mean X of the random variable X, while the standard
deviation StD(X) can be calculated using the first and second moments:

= (X), (2.1.10)
= (X?), (2.1.11)

StD(X) = /(X2) — (X)? =\ X — X2, (2.1.12)

where X is also introduced to denote the second moment. For a normally distributed random
variable X ~ N (p, o) these quantities are

Il

(X)=X=p, (X>)=X=p?+0% StD(X)=o0. (2.1.13)

So far introduced univariate random behaviour was introduced, but the above described quan-
tities can be generalised straightforwardly to multivariate random numbers. For example, consider
two R-valued random variables X, Y with a PDF

flz,y) =Plr< X <z+dr,y<Y <y+dy) (2.1.14)

and cumulative distribution function

F(:U,y):/y /x £(2,)dady. 2.1.15)
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In a multivariate context they are usually called joint PDF and joint CDF, respectively. If these
variables are independent of each other, then the joint PDF can be multiplicatively separated as
f(z,y) = fx(x)fy(y), and with this the joint CDF is

//fx y (§)didg =
/fX dx/ fr (@ Fx(x)Fy(y).

This causes that the expectation value of the product of these two variables X and Y are calculated
using multiple integrals, namely

vy = [ [t dady -

(2.1.16)

00 0o (2.1.17)
| atxtads [ty = () (v) = X7

— 00 —00

If the independent random variables are added, due to the linearity of expectation, the mean and
standard deviation of this sum can be calculated as

(X4+Y)=(X)+(Y) and StD(X +Y)= \/StD 2 1 StD(Y)2. (2.1.18)

When both of these random variables are normally distributed, namely X ~ N (ux,ox) and
Y ~ N(uy,oy), then the sum of these two variables is also normally distributed, namely X +
Y NN(,uX + py sy /ok +a}2,).

However, multiple normally distributed random variables are not necessary independent of

each other. When these random variables are collected in a vector X ~ N (ux,o0x), ux € R?,
ox € R4 which is called the multivariate or R?-valued random variable:

X=(X; Xo ... Xz)', (2.1.19)
and has the multivariate probability distribution function fx : R — R, namely
1 1 _
fx(x) = , exp <—2(x —px) Bt (x - ux)), (2.1.20)
(27l' ) 2 /det (Ex)

where Xx = O')T(ax = E)T(. Note that in this case the first moment (or the mean) is expressed as
a vector

(X) = px € RY, (2.1.21)
while the covariance (calculated with the help of the second moment) is the symmetric matrix
Cov(X,X) = <XXT> —(X)(X)T = =x e R, (2.1.22)
Due to the linearity of expectation, for any affine transformation it holds, that
Y =a+BX (2.1.23)
has a mean
(Y)=a+Bux (2.1.24)
and covariance matrix
Cov(Y,Y)=BXxB', (2.1.25)

where a € R% and B € R¥*?. If d = 1, the scalar version of (Z.1.23) is gained, namely
Y =a+ BX (2.1.26)
where Y ~ N(a + Bux, Box).
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2.1.2 Stochastic Processes

A time dependent random variable X; is called stochastic process, and in general has a time
dependent PDF fx(t,z) = P(x < X; < x + dx). Intuitively, X; represents a collection of the
process’ observable realizations or trajectories. In this dissertation, to differentiate the stochastic
and deterministic variables, the time dependence is denoted with a subscript ¢ (e.g.: X¢), or using
parentheses (e.g.: A(t)), respectively, as introduced by Arnold [5].

To model the information that is available at a given time point ¢; the filtration (}-t>te[0,t1] is
used. For a stochastic process the probabilities at time ¢ can be different on the previous history of a
trajectory. This is encapsulated in the concept of the filtration (ft)te[o,tl , which is the continuous
analogue of the conditional probability. Intuitively, if the filtration (‘Ft%te[o,tl] is given, then the
stochastic process X; has already realised, and all of its previous value, or in other words, its
trajectory is known up to time ¢;. For example, if the time dependent PDF of a stochastic process
is known, e.g.: X; ~ N (u(t), o(t)), then its mean and standard deviation are

(X,) = u(t) and StD(X,) = o(t). (2.1.27)

However, if the filtration (F¢),¢p 4,1 is given, then

<Xt|(]-'t)te[0’tl}>: X(t) and StD(Xt|(}‘t)te[07tl]):0 forall te(0,t1], (2.1.28)

without any regard of the know time-dependent PDF of the process. That is, X (¢), t € [0,¢1] is
a known and deterministic function of time, since it has already realised in the past and cannot
be changed. Here (.|.) and StD(.|.) denotes the conditional expectation and standard deviation,
respectively.

An important property of stochastic processes is stationarity, which characterise the time de-
pendence of the PDF of a process; if a stochastic process is stationary, then its PDF does not
change when shifted in time, namely

xy ~ f(z,t) = f(z,t + At) = f(z). (2.1.29)

An other important property is ergodicity, which means that the ensemble average of a process
(or other processes derived from the original one) is the same as the time average:

1 to+T
/:L‘f(a:)dx: lim T/ xedt. (2.1.30)
Q ¢

T—o0 o

Note that, stationary stochastic process is also ergodic, if the variable has the same distribution in
time as its ensemble distribution. One can use this property to approximate the statistical properties
of a stationary process x; from a sufficiently long sample (realization) of the process.

2.1.3 The Wiener Process

Probably the most important stochastic process is the so-called Wiener process W;, which is the
most widely used process to model stochastic Gaussian white noise excitation, and is the main
stochastic process used in stochastic calculus [5,/61]]. The Wiener process is defined to have the
following properties:

* W():O,

* its increments are normally distributed, with variation proportional to the elapsed time,
namely AW, := Wiyny — Wy ~ /\/(O, vV At),

* the increments for non-overlapping time intervals are independent.




Chapter 2 - Mathematical Preliminaries

PDF of Wi

-4
0.0 0.2 0.4 0.6 0.8 1.0 1/v/2%
t

Figure 2.1. Sample trajectories of the Wiener process along with the probability distribution func-
tion (PDF) of the Wiener process at timet = 1.

These properties lead to the following corollaries

(Wy) =0, (2.1.31)
(AW,AW,) = At, (2.1.32)
(AW, AW) =0 if At < |t — o], (2.1.33)
(Wi, We,) = min (t1, t2). (2.1.34)

Furthermore, in case of a W, process is realised up to ¢y, if a t5 > t; is investigated, its PDF can
be written as (W, | F, ) ~ ./\/'(th, N tl), leading to

(Wi | Fry) = W(t1). (2.1.35)

These properties of the Wiener process make it an essential building block when modelling
stochastic noise effects in engineering. First, it was used to model the driving force of the Brown-
ian motion [54]], where the motion of a particle excited by random impacts was investigated, since
the Wiener process captures the resultant effect of these large number of high frequency stochastic
impacts.

If one considers the central limit theorem , which states, that given X1, Xo,..., Xy R-
valued independent stochastic variables with (X;) = 0 and StD(X;) =1,j = 1,2,..., N, but
otherwise arbitrarily distributed, the distribution of their sum convergences to a normal distribu-
tions, namely

N
Sy = ;Xj and  lim Sy ~ N(o, \/N) (2.1.36)

During Brownian motion, it can be assumed that the number of random impacts exciting the
particle is proportional to the length of the observed time interval, namely NV oc At. The Langevin
equation describing the velocity v; of a one-dimensional Brownian motion has the following form:

muy = — vy + oly, (2.1.37)

where m is the mass of the particle, A is the viscosity of the medium where the particle is lo-
cated, while o describes the intensity of the Langevin force I, which is the process modelling the
random impacts. Since mathematically [} is not meaningful, the increment form is used

mduvy = —Avedt + odWs, (2.1.38)

7
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where

t+dt .
AW, = / Iydi. (2.1.39)
t

This integral can be intuitively interpreted, as I} represents the high frequency discrete random
impacts, which during the time interval [¢, ¢ + d¢] accumulate into a normally distributed random
variable dW; with intensity d¢, similarly to (2.1.36). Note that Eq. is a stochastic differ-
ential equation and in order to solve it, one needs to define the stochastic integral.

2.2 Basic Concepts of Stochastic Differential Equations

2.2.1 Stochastic Integrals

There exists two main definitions of the stochastic integral w.r.t. the Wiener process [[61]]. The first
is the It0 definition:

T
/ gdWe = lim Y~ gy, AW, (2.2.1)
to —0

where A = {to,t1,...,ty = T} is amesh on [to, T], [|Al] = max{t;41 —t;} and AW}, =
J

(Wtj o — Wy ) The other definition is the Stratonovich integral:

Gtj T 9

T
/ gt © th = lim 2 AWtj. (222)

to IIAII%OtjEA 2
In general the two definition produce different results, however if g; = g(t) is a sufficiently smooth
deterministic function, then the two sum (2.2.1)) and (2.2.2)) defining the integrals converge to the
same solution.

In order to numerically approximate the solution of a realization of the stochastic integral
e.g. the Euler-Maruyama approximation [47] can be used:

T ~ T ~ gtj+1 + gtj
gdWem Y g5 or e SUAESEY) g, (2.2.3)

to t;EA 0 t;EA

where ; ~ N (0, \/tj51 — ;) is a random variable generated at each time step ;.

Despite of an integral being a stochastic integral, the formal solution, such as described
in 2.2.1)) or (2.2.2) is still a very important and useful representation. For example, the expectation
value of the product of two Itd integrals can be calculated with the help of the 1t6 isometry [61] in
case they are integrated w.r.t. the same Wiener process:

T T
</ gtth/ htth> = <||£|Tgo Z 9t; AW, Z hi; AW, > -
J

to to

t; €A tjGA
= lim Z Z <9tj htj AWt] AWt] >
||A||—>0 1 2 1 2
thEAtj2€A (224)
= [ he oy (tig1 — &5
”AlHrgOt.EA <gt1 tJ> ( Jj+1 J)
T
:/ (gthe) dt.
to

The Itd6 isometry can also be used to show, that the Langevin force I} from Eq. (2.1.37) is
an appropriate representation of the Gaussian white noise excitation used to excite dynamical

8
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systems. The term white noise is used to indicate, that the power that is fed into a dynamical
system by I3 is constant for all frequencies, or in other words the power spectral density of I}
is constant. The power spectral density gives a good representation of the energy supplied to a
system by a signal:

S(w) = (Z,2)) , (2.2.5)

where Z,, is the Fourier transform of a signal x;, defined as

1 T 1wt
Ty = — e xdt. (2.2.6)
v V2T /T !

In case of the signal being the Langevin force, namely x; = I3, the integral w.r.t. time ¢ becomes
an integral w.r.t. the Wiener process as in (2.1.39). Then, this stochastic integral is substituted

into (2.2.5) to obtain

T
S(w) :21T< /_ e AW, / de> 57 / dt =1, (2.2.7)

which is a constant, thus I is a white noise.

2.2.2 Stochastic Differential Equation

A stochastic differential equation (SDE) is a class of differential equations in which the right hand
side of the equation has to be integrated w.r.t. one or more stochastic processes. The solution of
these equations are also stochastic processes. In general, multiple types of stochastic processes can
occur in a stochastic differential equation, however, in this dissertation only the Wiener process is
considered, and the SDEs for an R%-valued stochastic process x; have the form

dXt = a(xt, t)dt + b(Xt, t)th, (228)

where the stochastic effects are considered in the Itd sense. However, if one considers the stochas-
tic effects in the Stratonovich case it can be transformed to an Itd SDE. If the SDE is given in the

Stratonovich sense as X
dxy = a(xy, t)dt + b(xy, t) o dWr, (2.2.9)

then the corresponding Ité6 SDE is (2.2.8) with the transformed coefficient functions [5]]
ai(xe,t) = Gi(xe,t) + = Z Obi((x. 1 x;,t) and b(x,t) = b(x,t) (2.2.10)
ty ¢yt 81321 t) ts = tyl). L.

7,11

Note that usually the coefficientfunction a(x, ¢) of dt is called drift term, while the coefficient
function b(x¢, t) of dW; is called diffusion term.

One of the simplest examples of a linear SDE is the following equation which generates the
one dimensional R-valued x; Ornstein-Uhlenbeck process, which is an SDE with additive noise:

dz; = pxdt + ogdWy, (2.2.11)

and its solution can be expressed as
t -
x = xoe + Uo/ er(t=1) dW;. (2.2.12)
0

The Ornstein-Uhlenbeck process has a time dependent normal distribution [5], namely

%m) , (2.2.13)

t
Ty ~ N(xoe“ NG
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nw=-10,00=0.1
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0.8 1

0.6 1

Ty

0.4 1
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—0.2 1

Figure 2.2. Sample trajectories of the Ornstein-Uhlenbeck process for initial condition x¢y = 1.
The shadings labelled by percentages denote the area where the corresponding percentage of the
trajectories are located, furthermore, the darker blue line denotes the mean of the trajectories.

p=-10,00=1.0

68 %
2.0 1 95 %
1.5 1
= 1.0 1
0.5
0.01

Figure 2.3. Sample trajectories of the geometric Brownian motion process for initial condition
xo = 1. The shadings labelled by percentages denote the area where the corresponding percentage
of the trajectories are located, furthermore, the darker blue line denotes the mean of the trajectories.

Another example of a linear SDE is the equation of a geometric Brownian motion with multi-
plicative noise, for which
d.’L’t = /L{L'tdt + letth (2214)

and its solution is given by

(M_U—j)t—i-mwt' (2.2.15)

Ty = Xp€

In Fig and 2.3] a small batch of sample realisations is shown for the Ornstein-Uhlenbeck
process and the geometric Brownian motion process (2.2.15)), respectively. Along with
the trajectories, based on Monte-Carlo simulations, some statistical properties of the realizations
are shown, namely the mean, the area where the 68 % and where the 95 % of the trajectories are
located. It can be observed that these areas are symmetric w.r.t. to the mean for the Ornstein-
Uhlenbeck (as its PDF is a time dependent normal distribution (2.2.13))), however, these areas are

10
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asymmetric for the geometric Brownian motion, while the mean is the same for both processes.

2.2.3 Stability of Stochastic Systems

In this section linear stochastic differential equations are considered in the form
dx; = Axydt + ax;dWy, (2.2.16)

where x; is the R%-valued stochastic state variable, and A ac R4¥4 are coefficient matrices. For
the solution process x; of Eq. there exists multiple stability definitions, from which a few
important ones will be discussed in the following paragraphs.
A process is first moment stable, if the mean of the stochastic process is stable, namely
lim (x;) = 0. (2.2.17)
t—o0

To demonstrate the first moment stability, the mean of the solution process (2.2.13) is investigated,
where d = 1, A = p and a = o1, namely

() = zoet, (2.2.18)

which is stable if
w<0. (2.2.19)

An other stability definition is the almost surely (a.s.) exponential stability, which is defined by
the constant A\, where

1
A= <t1§?o ~log thH2> . (2.2.20)

and ||.||, denotes the Lo norm. The solution process x; is a.s. exponentially stable if A < 0, while
it is a.s. exponentially unstable if A > 0. Considering the solution of (2.2.15) one can determine
the a.s. exponential stability by calculating A from

2

r=p-Z, (2.2.21)

thus determining the stability criteria as:

< % (2.2.22)

The process x; in (2.2.16)) is asymprotically mean square stable 3] or second moment stable,
if
. 2\
Jim <th|yz> = 0. (2.2.23)

To investigate the asymptotically mean square stability of the geometric Brownian Motion pro-
cess (2.2.13), its second moment has to be considered [5]]:

(22) = a2e(Ptol)t, (2.2.24)

From this, the stability criteria for asymptotically mean square stability can be deduced:

o2
p< —?1. (2.2.25)
Comparing the stability definitions one can see, that the different approaches to define stability
lead to different results. From (2.2.19)) one can see, that the first moment stability does not consider
the stochastic effects when determining the stability of linear systems. From (2.2.22) it can be

11
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Figure 2.4. a) Parameter regions determined by the different stability definitions b)-f) Sample tra-
Jjectories for Eq. (2.2.26)) with different parameter combinations and initial condition xo = 1. The
shadings labelled by percentages denote the area where the corresponding percentage of the trajec-
tories are located, furthermore, the darker, thick blue line denotes the mean of the trajectories.
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noted that the almost exponentially sure stability predicts that the noise exciting the system has a
stabilising effect. However, the second moment stability forecasts the opposite, namely that the
noise destabilises system (2.1.37).

To compare the different stability definitions, the original geometric Brownian motion is per-
turbed with an additive noise, namely

dzy = —pxdt + (o124 + 00)dWs. (2.2.26)

This addition does not change the stability, however provides a perturbation to better illustrate
the different behaviour for parameters satisfying different stability criteria as shown in Fig. [2.4]
First, consider the case without the additive noise excitation, namely oo = 0. If p = 1,01 =1
(Fig. 2.4a P)), the system (2.2.26) is unstable w.r.t. to all of the stability definitions, and the
trajectories of the system blow up as shown in Fig. 2.4p. In case of u = 1,07 = 2 (Fig.
P») the parameters satisfy the condition of almost sure exponential stability. In Fig. 2.4f it can
be observed, that the individual trajectories (thin lines) of the system decay over time, however
the trajectories have bursts before doing so. If the ensemble average (thick line) of the trajectories
is investigated, then it can be seen that it grows over time, due to these bursts. This stability
definition is suitable to determine if the individual trajectories decay or persist over time. This is
an essential property when investigating systems in population dynamics, where the state variable
can represent for example the population of a bacteria. However, in case of engineering systems,
where the state variable can represent e.g., a displacements or voltages, these occurring bursts can
lead to catastrophic events. To avoid these bursts one has to consider the other stability definitions
as well.

Ifpu=-10, = -2 (Fig. Ps3) the parameters are from the first moment stable region.
In this case the mean process is stable (Fig. [2.4d), however, the aforementioned bursts are still
present, but to a lesser extent. This phenomenon is amplified when even a small additive noise
is present (09 = 0.1 as in Fig. 2.4p) causing sudden bursts even after a long incubation period
and it is especially undesired for engineering systems. To guarantee that these bursts do not oc-
cur, thus guaranteeing stochastic stability, a set of parameters has to be choosen from the mean
square or second moment stable region, such as y = —1,0; = —1 (Fig. [QE] Py) [77]. Since this
dissertation considers engineering systems, the second moment stability definition will be used
when investigating the stability of stochastic delay differential equations. Furthermore, in case of
second moment stability defined in (2.2.23), the stationary second moment can be calculated. For

system (2.2.20)) this stationary second moment is
o

— 22.27
21+ o3 ( )

lim (z2) =
t—00 < t >
which takes a positive value in case of second moment stability defined in (2.2.25)), since the
denominator becomes negative.

2.2.4 White Noise-induced Resonance

Since the white noise process I} has a constant power spectral density, as shown in (2.2.7)), it has
the potential to cause a resonance effect. To demonstrate this, consider the dimensionless equation
of motion of the simple one degree of freedom linear oscillator subjected to white noise excitation:

i’t + 2{1’,5 + Tt = 0'0Ft, (2228)

where ( is the damping coefficient and has the first order incremental form

_ . o Tt o 0 1 . 0
dXt = Al’t + O'th, Xt = |:$t:| s A= |:_1 —2C:| s g — |:0_0:| . (2229)
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The solution of (2.2.29) can be written [5] as
t -
x¢ = eAlxg + / AU gdmw. (2.2.30)
0

In case of a stable system with moderate damping (0 < ( < 1) the stationary moments are

lim (x;) =0, lim <xtxt>: ) (2.2.31)

Note that in case of small damping, even if the average tends to zero, there can persist a significant
noisy motion.
This consequence can be derived using a different approach. The oscillator (2.2.29) is often
characterised by using the absolute value of the frequency response function (resonance curve):
R(w) = ! . (2.2.32)
\/(1 —w?)? + 4¢202

The resonance curve R(w) describes the amplification rate of the mechanical system for
each frequency w for a given force excitation. In case of a deterministic harmonic excitation,
resonance occurs if the excitation frequency matches the natural frequency of the system.

Since the white noise I} excites all the frequencies, the resonant excitation is unavoidable.
The worst case, the maximum of the amplification described by the maximum of the resonance
curve R(w) is a good measure to investigate the maximal response of the system (2.2.29) given by

1

R = 2.2.33
mg R = (22.33)

atw =+/1 -2 orfor0 < (< 1
max R(w) ~ 21C (2.2.34)

at w = 1, thus the noise is inversely proportional to the damping .

Comparing the stationary second moment in (2.2.31)) and the maximum amplification near
small ¢ values in (2.2.34) it can be seen, that the two quantity increase hyperbolically near the
critical bifurcation parameter value ¢ = 0 (see Fig.[2.5). This observation can be utilised, to use
the stationary second moment to qualitatively describe systems near critical parameters. In case
of bifurcation analysis when the system changes from stable to unstable, e.g., in model
the bifurcation ¢ goes through zero, before reaching the unstable zone the second moment of the
vibration tends to infinity. In case of more complex models (e.g. a non-smooth, nonlinear model
of turning in [23]]), the bifurcation point of the trivial solution based on the linearised model can
be used only as an approximation.

2.2.5 Stochastic Delay Differential Equations

A stochastic delay differential equation (SDDE) in the Itd sense is when the change of the R?-

valued of a state x; depends not only on the state x; at current time ¢, but also on previous values. In

general, these values can continuously cover a time segment via distributed delays, however, in this

dissertation only point delays are considered. The distributed delays can be approximated as point

delays using e.g. shifted Dirac delta distributions [39]] or via Clenshaw-Curtis quadrature [96]].
SDDEs with a single point delay can be given in the incremental form

dx¢ = a (x¢, X¢—r, t) dt + b (x4, X¢—7, t) AWy, x; = (t),t € [—7,0] (2.2.35)
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Figure 2.5. Comparison of the stationary second moment and the maximum value of resonance

curve for system (2.2.29).

where a, b : R x RY x R — R? are smooth functions, 7 > 0 is the time delay, x; is the R4-
valued state variable at time ¢, x;_, denotes the delayed state at time { — 7, W} is a standard Wiener
process and the initial condition x; = ¢(t), t € [—7, 0] is continuous with <Hcp(t) Hioo> < oo on
t € [—7,0] and Fy-measureable [18].

2.2.6 Linearisation of Stochastic Delay Differential Equations

In this dissertation such SDDEs are investgiated, where the noise acts as a perturbation on a deter-
ministic system. When analysing the stochastic stability of the solution of these systems, first the
equilibrium of the underlining deterministic system is determined, then its stability is investigated
in the presence of the stochastic perturbation. To demonstrate the linearisation process consider
the autonomous system

x(t) = a(x(t), x(t — 7). (2.2.36)

Assume that there exists a trivial solution x* (equilibrium state) for Eq. (2.2.36). Without the loss
of generality one can set x* = 0 such that a (0,0) = 0. Furthermore, presume that the conditions
are fulfilled which guarantee that the differential equation linearised around the trivial solution x*
exhibits the same stability properties in the neighborhood of the equilibrium state as the original
nonlinear equation [5,45]]. If there exist the coefficient matrices A, B € R%*4_ guch that

la(&,m) —AE —Bn|=o(|§+nl), &+mn|l—0 (2.2.37)

then the investigation of the stability properties of
x(t) = Ax(t) + Bx(t — 1) (2.2.38)

can be used to prove the local stability of the trivial solution x* of the nonlinear DDE (2.2.36).
To analyse the effect of stochastic perturbation on the stability properties, Eq. (2.2.36) is ex-
tended as follows:

dx¢ = a (xq, X1y ) dt + b (x4, X1y ) AW, + od W, (2.2.39)

where function b € C! (]Rd x RY, ]Rd) has also the property of b(0,0) = 0 and o € R%is a
constant vector representing the intensity of the additive noise. In this case x; is a d-dimensional
stochastic process, thus the time dependence is in the subscript. The goal is to investigate whether
the process x; stays in a bounded region of the trivial solution x* of Eq. (2.2.36)). For this purpose
the definition of the first and the conservative second moment stability is used [5]] in the form of

lim |(x;)| =0, lim ‘<th;r>‘ <e O<e<oo (2.2.40)

t—o00 t—o00
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for all x; = ¢(t), t € [—7,0]. Similarly to a deterministic case, it is assumed that for matrices
a, B € R4 the condition

|b(§,m) —ag —PBn|l=o(& +nl), |§E+mn|—0 (2.2.41)

holds. Then the linear stochastic delay differential equation (SDDE) of the form
dx¢ = (Ax¢ + Bxy—;) dt + (ax; + Bx¢—r + o) dW; (2.2.42)

can be used to prove moment stability and to approximate the stationary beahviour of the process
defined by the nonlinear SDDE Eq. (2.2.39). An appropriate way to construct the matrices A, B, ¢
and 3 is to use the first order Taylor expansion of a (¢, ) and b (&, n) at the fixed point x* = 0.

One can generalise the linearisation to periodic nonlinear systems, however, then instead of
an equilibrium point one has to consider a periodic solution with period 7" and linearise around
this solution. This process leads to periodic coefficient matrices in the linear SDDE used for the
stability analysis.

2.2.7 Numerical Integration of Stochastic Delay Differential Equations

There exist a wide range implementations of numerical methods to integrate DDEs and SDE:s [34,
71L[75]], however, there does not seem to be any widely used solver for SDDEs. In order to nu-
merically calculate the trajectories of an SDDE we created the Julia package Stochas-
ticDelayDiffEq.jl |91]]. This package allows the use of the large number SDE solver algorithms
implemented in the already existing StochasticDiffEq.jl [71] package. This is achieved by trans-
forming the SDDE (2.2.35)) into the SDE

dx; = & (x,t) dt + b (x, t) dW. (2.2.43)

Since all values x5, s € [—7,t] are available (even if through interpolation of the approximate
discrete solution) at time ¢, the functions & and b can be defined by dynamically embedding the
initial funcion ¢ and the already computed (approximated) x; states into the functions & and b as
a time dependent inhomogenity, namely

a(xy,t) = a(xy, @, t),  b(xet) =b(xs, ¢y, 1), (2.2.44)
where
pr t<0
- . 2.2.45
d)t {Xt t>0 ( )

This representation is similar to the method of steps [9], however, it allows uninterrupted
integration (with discontinuity handling) and the utilization of the solver algorithms and features
of the already existing SDE ecosystem from StochasticDiffEq.jl [71]. Furthermore the use of this
history function ¢ allows the integration of more general SDDEs, e.g. with multiple point or with
distributed delays.

For example, if the Euler-Maruyama method is chosen from the package as the integrator
algorithm with time step At = 7/Na¢, where Na; € N, the approximation of the value x;,,, =
X(n41) A¢ inherently reduces to:

Xt R X, Fa(Xp, Xp—Na,» tn) At+b(Xp, XNy, s tn) En VAL, & ~N(0,1), (2.2.46)

which is shown to be convergent to the exact solution of (2.2.35)) in [13]].
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Figure 2.6. Demonstration of the convergence of multiple methods for a(xy,x¢—1,t) = x4 —

sin(a¢—1), b(a, x4—1,t) = sin(zy) and p(t) = t — 1. The sample trajectories in a) are calculated
with the Euler-Maruyama method using multiple time resolutions At, and with delay T = 1, while
the trajectories are integrated up to time T" = 4. For the convergence plots in b) the {7 measure is

used, defined in Eq. (2.2.47).

Some examples are shown in Fig. [2.6] where numerical Monte-Carlo experiments were used
to approximate the convergence of the solution at the final time point 7" approximated using differ-
ent stochastic differential equation solver methods implemented in StochasticDiffEq.jl [71]]. The
analysis is conducted by studying the error measure

ET(A) — <Hx%t . X%tref

2> , (2.2.47)

where x2? is the solution of the SDDE (2.2.33)) approximated with time resolution At. To calcu-
late the reference solution the time step Atef = 2715 was used.

Due to its flexibility and its integration to the DifferentialEquations.jl ecosystem, our
StochaticDelayDiffEq.jl package is used for all the Monte-Carlo simulations of SDDEs in
this dissertation.
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Chapter 3

Stochastic Semidiscretisation for Stochastic De-
lay Differential Equations

In this chapter an efficient method is provided to approximate the mean square stability of linear
SDDE:s through the analysis of the first and second moment dynamics of a discrete representation
of the system. This method is the stochastic extension of the semidiscretisation method [39]],
where the terminology semidiscretisation is used in a similar sense as in case of partial differential
equations [37] that is, only the delayed section of the state variable is discretised, while the time-
derivatives are not. This is a kind of intermediate discretisation as opposed to the full discretisation,
where time derivatives are also approximated, e.g., by finite difference schemes.

In paper [24]], the basics of the moment mapping and the stability investigation method are
laid down, but as opposed to the title of that paper, a full discretisation scheme is applied based on
the Euler-Maruyama method. Due to its slow convergence properties and its high computational
demand, it is not optimal for delayed problems especially with multiple state variables. In the
present chapter, the numerical algorithm is derived based on semidiscretisation [37]], which has
higher-order convergence properties than the full discretisation based method mentioned above.

The chapter is partitioned into three sections. In Sec. [3.1] the semidiscretisation of linear SD-
DEs with constant coefficient matrices are considered, while in Sec. [3.2] the semidiscretisation
method for linear SDDEs with periodic coefficient matrices are derived. Finally, in Sec. [3.3]it is
shown how semidiscretisation can be utilised to analyse the stability and stationary behaviour of
linear systems with stochastic delays subjected to additive noise.

3.1 Linear Systems with Constant Coefficient Matrices
Consider the linear SDDE (2.2.42)) with constant coefficient matrices and constant delay given by
dXt = (AXt + BXt_T) dt + (OlXt + ,BXt_T + 0') th, (311)

where A, B, a and 3 € R%*d are constant coefficient matrices, while & € R? is a constant
coefficient vector and 7 € R is a single time delay and x; is the R%-valued stochastic state variable.

3.1.1 Zeroth-Order Stochastic Semidiscretisation

In order to numerically investigate the stationary solution of the SDDE (3.1.1)), the state space
of the continuous functions is reduced to a discrete one (see the sketch in Fig. [3.1)). First, the
SDDE is approximated by considering the delayed term constant for a sufficiently short
period of time At:

dx; = (Axt + thnq) dt + (aeA(t*t")xtn + Bxy, . + a‘) dWy, where t€ [ty,tnt1],
(3.1.2)
which results in constant external excitation for ¢ € [t,,t,+1), n € N. Note that the discretised
time ¢,, here denotes the incremented time ¢ with the constant At for each n (which is not stochastic
in this case, despite of the subscript notation), resulting ¢,, = nAt.
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The present multiplicative stochastic term has to be approximated since there exists no explicit
analytic solution for the general linear SDE because the matrices A and « are generally not ex-
changeable (see details in [5]]). There are two simple ways to approximate the multiplicative term
at present time: as a constant ax;, , or as if it behaves according to the expected value cce®'x;,, of
the non-delayed equation. In Eq. (3.1.2), the latter approach is chosen for being a more accurate
approximation as later detailed in Subsec.[3.1.3]

With the above assumptions, one can transform the SDDE into the approximating dif-
ference equation given by

Xt = (P+Q)xy, + R+ S)xs, + + W, (3.1.3)

where the deterministic coefficient matrices P and R can be calculated explicitly from the deter-
ministic part (the coefficients of d¢) of Eq. (3.1.2)) according to [39]:

P = A%t R=A'P-1I)B. (3.1.4)

Since Eq. (3.1.2) is a linear stochastic differential equation with additive noise, the stochastic co-
efficient matrices QQ, S and the stochastic additive vector w originated in the coefficients o, 3, o
in Eq. (3.1.2) are represented [5]] by the following It6 integrals:

tni1 tn+1
Q= eAllnti=s)qeAsqw,, S = / eAltnt1=5) QW | (3.1.5)
tn tn
tn+1
w = eAltnt1=5) o q ¥/, | (3.1.6)

tn

Although these matrices cannot be calculated in closed form based on these formulas, but their
first and second moments can be evaluated numerically as given in the subsequent subsection.
Here, the time dependence of the stochastic matrices Q and S, and vector w are omitted since
their statistical properties do not change in time (Q := Q,, S := S,,, w := w,). In order
to numerically investigate the stationary solution of the SDDE (3.1.1)) the discretised state space
vector y,, at time ¢, = nAt is introduced (see Fig. :

.
yn:(x;m Xvar XZ;L_T)N> : (3.1.7)

with the discretisation resolution At chosen specifically to satisfy r = 7/At.
This allows the solution of Eq. (3.1.3)) to be written as a discrete stochastic map in the form [87]]

Yut1 = (F+G)yn +8g, (3.1.8)
where
P o - ---0R Q o 0 S w
I 0 0 0 0 0 00 0
F—| 0 I 00| Gg=|00 001, g=[ 0], G619
0O 0 --- 1T O 0O o0 --- 00O 0

respectively. Similarly to Q, S and w the time dependence of the matrix G and vector g is omitted
due to their stochastic properties being independent of time. This is due to the renewal property of
the stochastic integrals generating these matrices and vectors, since their properties only depend
on the length of the time intervals of [t,,¢,+1) and not on the current value of the discrete time
n. Note that the matrix F is the same as that is already defined according to [39]], while G can be
built in a similar way, but its elements are stochastic integrals.
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Figure 3.1. Discretisation of the stochastic process, where A: Ty, _7.] = (1, 4dt—r,t,+dt]
represents the operator which maps the function x forward for an infinitesimal time dt. On the right
side A: y, — yn41 represents the discretised approximation of the operator A, which maps the
discretised function x; stored in'y (see Eq. (3.1.7)) at the finite time At forward.

3.1.2 First and Second Moment Dynamics of Stochastic Maps

Since the stochastic map (3.1.8)) contains the discrete approximate solution of Eq. (3.1.1) it can be
utilised to approximate its first and second moment dynamics. This approach allows to also study
the first and second moment stability and to give an estimate for the stationary second moment,
which characterise the region where the solutions are located.

First Moment of the Stochastic Map

To approximate the first moment evolution of the SDDE (3.1.1)), the expected value operator (.)
is used on the stochastic map (3.1.8). Since F is defined to be deterministic and G describes the
stochastic variations around F, the first moment mapping is simply

y(n+1) =Fy(n), (3.1.10)

where y(n) is the first moment vector of the discretised state space, namely:

y(n) = 3(n) = ((an) s (Xuonar) oo <x<n,rw>T)T. 3.1.11)

The stochastic perturbation mapping matrix G defined in Eq. (3.1.9) using (3.1.5)) is indepen-
dent of y,, since for any function f(.) the conditional expected value is equal to the expected
value: (f(G)|(Ft)icnar) = (f(G)). It means, that the stochastic matrix process G does not
depend on the history of the process up to ¢ = nAt denoted with the filtration (), o, This is
due to the fact, that the stochastic integrals are evaluated on the interval (nAt, (n + 1)At].

The deterministic map (3.1.10) gives the underlying discrete deterministic delayed system of
Eq. (3.1.1). The stability of the trivial solution, the fixed point ys = 0 of the system (3.1.10) can
be characterised by the spectral radius

p(F)= max {abs(z), z € C: det (F — 2I) =0} (3.1.12)

of the mapping matrix F' [37,39]. Note that if the stochastic effects (the coefficients of dWW;)
are neglected during modelling, that is, the stochastic components are omitted from the governing
Eq. (3.1.1)), one ends up with the same deterministic mapping as Eq. (3.1.10); the stochastic effects
do not influence the mean dynamics of a linear system.

When dealing with the moment stability of a linear SDDE, the second moment dynamics has
to be investigated.
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Second Moment of the Stochastic Map

To investigate the behaviour of the second moment the symmetric second moment matrix can be
defined by

1:/11(76) }jl?(”) 1Zl,(rJrl)d(n)
- Yi2(n Yoo(n e Y n
Y(n):= <ynyl> = 12,( ) 22,( ) ' 2’(”,1”( A R e
?1,(r+1)d(n) 172,(r+1)d(”) ?(r+1)d,(r+1)d(n)
where o o
Yijiy (n) =Yy (n) = <yn7i1yn,i2> . (3.1.14)
To obtain the second moment matrix evolution, the outer product of both sides of the stochastic
map (3.1.8) is taken:

Vni1Ypi1 = F+G)yuy, (F+G) + (F+G)yng' +gy,(F+G) +gg'. (3.1.15

Utilizing Einstein’s notation along with (3.1.14) and using the properties of the stochastic
integrals [61]] generating the elements of G and g, the expected value of the squared map (3.1.15))
can be written in the form

Yiyig (n+ 1) = (Fi1i4 Fiyiy + <Gili4 Gi2i3>)Yi3i4 (n) + (<Gi1isgi2 + Gi2i39i1>> Yis (TL) + <gi1 gi2> :

(3.1.16)
The expected values in (3.1.16) can be computed using the It6 isometry [61,[87], defined in (2.2.1).
Furthermore, instead of the matrix-to-matrix map representation of the second moment map (3.1.16),
the more convenient vector-to-vector map is used. An efficient vector-representation of the inde-
pendent elements of the second moment matrix is

F(n) = (?11 (n), Va2 (n),..., V12(n), Va3 (n), ..., V1 (rs1)d (n))T, (3.1.17)

where the symmetric elements of the matrix Y (n) are only considered once. Using the above
vector notation, the second moment map (3.1.16) can be written as

y(n+1) =Hy(n) + hy(n) + g, (3.1.18)

where the coefficient matrices H, h and vector g are calculated using the rules defined by Eq. (3.1.16).

To show the structure of the deterministic matrix H in Eq. (3.1.18) using the arrangement
of the elements of the second moment matrix y(n) provided in Eqs. (3.1.17), the matrix H is
partitioned into terms originating from matrix F and G:

H=Hr +Hg. (3.1.19)

Note that, both Hr and Hg have identical structures, but since G is stochastic, the expectation
value operator has to be used, e.g.: if Hp11 = FJj then Hg 11 = (G}).
In the case of F € R3*3 and an R3*3-valued G, Hp is the following:

F FZ, FL 2F11 Fia 2F 9 F3 2F1 Fis
F3 FZ, FZ 2Fy Fao 2F5 Fa3 2F5 Fos
F3 F3, FZ 2F31 F3o 2F39F33 2F31 F33

Fi1Fo1 FioFay Fi3Fyg | FiiFos + Fialy1  FioFos + FigFyg | Fi1Fbz + Fizlo
Fy1F31 FooF3p  Fo3Fiz | Fo1F3p + Faolsy  FooFs3 4 FogFag | Fo1F33 + Fos ki
F11F31 FioF3y FigF33 | Fi1F30 + FioF3  Fiokbssg + FigF3e | Fi1F33 + Fi3F3

(3.1.20)
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+ = H
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Figure 3.2. The illustration of the structure of the second moment generator matrix H

In Fig. [3.2] the schematic structures of the deterministic, stochastic and second moment map-
ping matrices F, G and H are presented for zeroth-order semidiscretisation with » = 3 (see
Egs. (.1.16)-(3.1.18)).

The stability of the second moment process is determined by the spectral radius of H: in case
of p(H) > 1, then the second moment of the process defined in Eq. (3.1.1) is unstable, and if
p (H) < 1 then it is stable and the process has a bounded stationary solution.

Note that the first moment process y(n) appears in Eq. (3.1.18)) as an additive excitation,

independent of Y (n). According to Arnold [5], it can be shown that the second moment might be
stable (p (H) < 1) only if the first moment is stable (p (F) < 1). Therefore, if the squared process
is stable, then the stationary excitation from the first moment process decays: lim,, ..y (n) = 0,
consequently the determination of the matrix h is needed neither for the stability investigation nor
for the calculation of the stationary second moment. The additive term g is a bounded quantity
originating from the stochastic integral of the additive process denoted by odW; in Eq. (3.1.1),
and the stationary squared process y; can be calculated as

Vo= (I-H)'g. (3.1.21)

For the calculation of H, h and g, one only needs the expected value of the product of the
integrals in Eqs. (3.1.16)-(3.1.18)), which can be approximated, e.g., with the help of Monte-Carlo
(MC) simulations. However, in the subsequent section, a different, more efficient approach is
presented to approximate the expected value of the products of the stochastic coefficients G and
g to be used in the construction of mapping (3.1.18).

Evaluation of the Expected Values

To calculate the second moment mapping matrices H, h and vector g, there are terms originating
in the stochastic matrix G and vector g. The non-zero elements of matrix G can be written as a
stochastic integral of the deterministic functions t — fg ;,i,(t) 41,42 = 1,2,..., (r+1)d, defined
by

toie tnys [Jen(®) o faaalt)
Q :/ eA(t"“_t)aeAtdWHnAt ::/ : : dWiinat,
tn tn
fe.ar(t) ... fgda(t)
(3.1.22)
- - feirat1(t) .. fairard(t)
S — / eA(tn+17t)IBth = / ‘ * .. ' th+nAt s
tn tn
fadarari(t) .. fadrard(t)
(3.1.23)
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and fg i, (t) = 0 where G4, = 0 in Eq. (3.1.9). The elements of the vector g can be written
similarly by means of

tn+1 tn+1 fg71
w = Al g qW, =: : | aw, (3.1.24)

tn tn :
fo.r
and f, ;(t) = 0 where g; = 0in Eq. (3.1.9).

The 1t6 isometry (2.2.4) [61]] is used to evaluate the expected value of the products of the
elements of the matrix G and the vector g, as defined in Eq. (3.1.18).

tn+1 tny1 tnt1
(GiisGigig) = </t faiis (1) th/t JGigis (1) th> = /1; faivia (t) faiqis () dt,

(3.1.25)
tn+1 tn+1 tnt1

(GiyisGiy) = </t fGivis (1) th/t fg.iz (1) th> —/t JGivis () fgiy (t)dt,
A ' A (3.1.26)

tnt1 tnt1 lnt1
<gilgi2>=< /t fo.ir (t) AW, /t g,z (t)th>= /t Foir () foun () dt. (3.1.27)

During the numerical construction of the mapping matrix H in Eq. (3.1.16), the elements of
G are not calculated directly; only the arguments of the integrals in Eq. (3.1.25)-(3.1.27) are com-
puted at discrete points in the time intervals evaluated by an integration scheme (e.g.: trapezoidal
or a quadrature). These are stored in a vectorised form, and during the second moment matrix
calculation, they are multiplied with each other (according the definition in Eq. (3.1.16)), then
weighted and summed according to the chosen integration scheme. This calculation has been
implemented and used in my Julia package StochasticSemidiscretisationMethod.jl.

3.1.3 Improving the Accuracy of the Semidiscretisation in the Presence of Mullti-
plicative Noise

To increase the accuracy of the discretisation in the presence of a multiplicative noise on the
present state x;, the multiplicative term is approximated to behave according to the expected value
ae®x; in Eq. (as if B = 0). To demonstrate the improvement in terms of accuracy, first
consider the following linear SDE:

dXt = AXtdt + OCXtth. (3128)

In the general d dimensional case, it has no explicit solution [5]]. In order to construct an ana-
Iytical solution that improves the accuracy of our numerical method, the state vector x; in the
multiplicative term ax;dW, is approximated by its expected value (x;), namely

(dx;) = A (x)dt = (x;) = eAlxy, . (3.1.29)

This expectation value is substituted back into the multiplicative term x; in (3.1.28)) transforming
it into an additive term. The solution then can be expressed in a closed form for the approximated
linear SDE by

to+At
dx; = Ax;dt + aeAtxtOth = XgtAt = ARt (I + / e_ASaeAdeS) Xty s

¢
’ (3.1.30)
where ¢ € [to, to + At).
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To demonstrate the advantage of this approximation of second moment compared to the con-
stant approximation, the following scalar example is used:

dzy = Axydt + axydWy, (3.1.31)

which has the following exact solution [5,/61]] for one discretisation time step going from %y to
to + At:

a2
Tto4+At = Tt €XP <<A — 2) At +« (Wt0+At — Wto)) s (3132)

from which the first and second moments are [|5,/61]]:

<xt0+At> = <xt0> eAAt7 (3.1.33)

2
<xto+Atmt0+At> = <xt0xto> 62AAt+a At. (3134)

When the approximation of Eq. (3.1.31)) is considered without the first moment correction in the
multiplicative term, the approximation yields

dz; = Az dt + oz, dW;  where t € [to,tg + At), (3.1.35)

which has the following solution, first and second moment evolutions:

to+AL
Trgrnr = Fype D (1 + / eAtodet> : (3.1.36)
to
(Frorar) = (1) e (3.1.37)
a2 eQAAt -1
(Tro+atTrograt) = (TroTty) <€2Am + (214) , (3.1.38)

respectively. When the first moment correction is applied in the approximation, the following SDE
is obtained:
dz; = AZydt + aze*dW, where t € [t,tg+ At), (3.1.39)

and the corresponding solution, first and second moment evolutions are

to+At
Tigrar = Ty eD (1 + / eAtaeAtth) , (3.1.40)
to
<~7_7t0+At> = <ft0> eAAt, (3141)
<£t0+At3_7t0+At> = <itojto> €2AAt (1 + OézAt) . (3142)

Note that the first moment of both approximations provide the analytical solution. To compare
the quality of the different approximations, the Taylor series of the second moments w.r.t. At are
used. For the exact solution (3.1.34) it is

4
<xt0+Atmt0+At> = <2L‘t0.’L‘t0> <1 + (2A + 042) At + <2A2 + 2Aoz2 + O;) At2> + O(Atg),

(3.1.43)
while for the non-corrected approximating solution it reduces to

(Zroratrgrar) = (Fiodre) (1+ (244 ) At + (24% + Ac®) AF) + O(At?),  (3.1.44)
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and for the corrected approximating solution (3.1.42) it reads as
(TtoratTtorat) = (TrgTty) (1 + (24 4+ a?) At + (24% + 240°%) At?) + O(At?).  (3.1.45)

From the error of the non-corrected approximation

~ - 1
<$t0+Atxto+At> — <‘rto+At$to+At> = <Aa2 + 20[4> <$t0$t0> AtQ + O(Atg) (3146)

and from the error of the first moment corrected approximation

1

<xto+Atxt0+At> - <jt0+Atjto+At> = §a4 <£Ut0$t0> At2 + O(AtB), (3147)

it can be seen, that the two methods have the same order in At. Ideally the second-order should
match with the analytical, but to date we havent found such a correction. However, in case when
the noise is used only as a perturbation, the multiplicative term « is typically at least an order of
magnitude smaller than the term A, so the error of the corrected approximation in « is at least
two order of magnitude smaller. Note that this extension has negligible effect on the computa-
tional time of the numerically determined integrals in Eq. (3.1.23). The beneficial effect of this
approximation is further illustrated through numerical experiments in Sec. 4.2

3.1.4 Higher-Order Semidiscretisation

To further improve the accuracy of the approximation of the mapping, Lagrange polynomials are
used to approximate the delayed term [39]]. The definition of the mapping matrices F and G are not
limited to the zeroth-order semidiscretisation, but can also be built using this higher-order semidis-
cretisation. Note that the term “higher-order” refers to the order of the Lagrange polynomial used
to approximate the delayed terms: during zeroth-order semidiscretisation a constant is used, when
applying first-order semidiscretisation a linear approximation is fit, during the second-order ap-
proximation a parabola is applied, etc. This leads to additional terms in both the deterministic and
the stochastic mapping matrices. In this case the delay resolution r is calculated by

. — Lé i %J , (3.1.48)

where |.| denotes the floor operation, ¢ is the order of the Lagrange polynomial

q
L,@ — Z L(q’Jl)(t)th(n—rHl)At’ (3.1.49)
7j1=0
and
q .
4 t—71— —7r)At
pengy = [ [ T RINAN) e te fttar).  (3150)
ey (j1 — jo) At
J2=0,j27#51

Using this, the approximation of Eq.[3.1.1]leads to

dx; = <Axt +B L,ﬁ‘”) dt + (aeAsxtn +BLY + a) AWs,  where t € [tn,tns1),
(3.1.51)
with the discretised form

q
rar=P+Q)x + > (Rj+S)) Xt—rihar + W. (3.1.52)
=0
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Example: first-order Semidiscretisation

In case of choosing ¢ = 1, one approximates the delayed terms with a first-order polynomial. In
terms of discretisation matrices, this leads to the following deterministic matrices:

P = A%, (3.1.53)
1
Ro = (A1 + 5 (A2 — (1= (r— 1A AT (I- eAAt)> B, (3.1.54)
1
R, = <_A—1 + (A 2+ (r—rAH) AT (I- eAAt)> B, (3.1.55)
stochastic matrices .
n+1
Q= eAltnt1=0) qe AL QY (3.1.56)
tn
KRN (1,0)
Sy = / Al =) L0 ) gaw,, (3.1.57)
tn
1 (1,1)
S, = / Al LY (1) gaw, (3.1.58)
tn
and stochastic additive vector
tn+1
w = eAltnt1=t) gaw,. (3.1.59)
tn

The discretisation matrices and stochastic additive vector in Eq. (3.1.8)) assume a similar structure
to (3.1.9), namely:

PO .- R Ry Qo0 .. 8 S "
I o ... 0 O
0 0 0 O 0
00 - I 0 0 0 0 O 0
(3.1.60)

3.1.5 Generalisation for Multiple Delays and Independent Noise Sources

To apply the semidiscretisation method for multiple delays and independent white-noise sources
one has to use the form:

N, Nw N,
dXt = AXt + Z Bjrxt_TjT dt + Z O jw + Qi Xt + Z /qu—,ijt_qu— dW/jW,ty
jr=1 Jw=1 jr=1
(3.1.61)
where 75, j; = 1,..., N, are the time delays, N; € N7 is the number of time delays, and
without the loss of generality, assume that 71 < 75 < ... < 7.. Furthermore, jyy € N7 is
the number of independent noise sources and W, ;, jw = 1,..., Ny are the Wiener processes

to model the Gaussian white noises, that is, E (dWj,,, 1, dWjy, 1,) = dt 04,5y, 1(t1 = t2) with

iy jw standing for the Kronecker symbol. The system in Eq. (3.1.61]) can be transformed into the
following mapping:
Ny Ny
Yorr=|F+ > Gy |vnt D 8w (3.1.62)
Jw=1 Jw=1
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where F is the deterministic mapping matrix while G, g;,, are the stochastic mapping matrices
and additive noise vectors, respectively, each corresponding to the jyy -th noise source. To inves-
tigate the first moment stability, one should investigate the spectral radius of F' as described in
Eq. (3.1.10). The second moment stability is investigated with the mapping:

Yi1i2 (n+1) = | FiyiyFigiy + Z <ij,i1i4GjW,i2i3> Yigis(n)
Jw=1

(3.1.63)
Nw Nw

+ Z (<GjW7i1i3ng1i2 + ij,i2i39jw7,i1>)ﬂi3 (n) + Z iw i1 9iw iz
Jw=1 jw=1

that is the generalised form of Eq. (3.1.16). In this case, however, the semidiscretisation method
requires the introduction of different delay resolutions

Tjr 4 J
= = 3.1.64
=R 6164
for each time delay, where ¢ is the order of the Lagrange polynomial (3.1.49). The dimension
(r + 1)d of the generalised mapping (3.1.62) is determined by r = max {r; } = rn,.

Jr

3.2 Linear Systems with Periodic Coefficient Matrices and Delays

In the previous section a numerical method was derived, which allows to efficiently investigate the
second moment stability of linear SDDEs with constant coefficients. However, in many cases, such
as modelling milling processes or linearising a nonlinear SDDE around a periodic solution, these
coefficients become periodic. To conduct second moment stability analysis on such systems, the
stochastic semidiscretisation method needs to be generalised to periodic systems. First, consider
the linear periodic stochastic delay differential equations (SDDE) in the incremental form:

dXt = (A(t)Xt + B(t)Xt—T(t) + C(t)) dt + (a(t)Xt + B(t)xt—’r(t) + O'(t)) th> (321)

where t — x; is the R?%-valued state variable. A(t), B(t), a(t) and B3(t) € R4 are periodic
coefficient matrices, while c(t) and o (t) € R? are periodic vectors and 7(t) € R is a periodic
time delay, all with period 7.

3.2.1 Zeroth-order Stochastic Semidiscretisation

In order to numerically investigate the stationary solution of the SDDE (3.2.1)), the state space
of the continuous functions is reduced to a discrete one (see the sketch in Fig. [3.3)). First, the
SDDE (3.2.1) is approximated by considering the delayed term constant for a sufficiently short
period of time At:

thT(t) ~ thfr(n)’ te [t’fh tn—i—l] ) (322)
where .
1 n+1 —
T(n) =5 /t 7(t)dt and r(n) = VX;)J , (3.2.3)
and n = 0,1,2,... similarly as done in [87]]. Similarly to the previous section, the discretised

time ¢,, here denotes the incremented time ¢ with the constant At for each n, resulting t,, = nAt.
However, in this case the time step At is chosen to satisfy 7' = pAt, where p € N is the period
resolution. The next step is to consider the time average of the periodic coefficient matrix A (t) of
the original SDDE (3.2.1)) for each discretisation interval ¢ € [t,,, t,41]:

_ 1 [in+1
A) = 5 /t A()dt, (32.4)
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so A(n) (along with 7(n)) is constant for each interval [t,,,¢,+1]. The multiplicative present
state in the diffusion term is again approximated, since there exists no explicit analytic solution
for the general linear SDE. Moreover, the approximation of the multiplicative diffusion term at
the present time is again considered to behave similarly to the expected value of the non-delayed
equation, as it is more accurate than a simple constant approximation (as shown in Sec. [87]).
However, opposed to [39] the coefficient B(#) of the delayed term x,_, ;) is not approximated in
the drift term, neither is (3(¢) in the diffusion term. This approach results in the linear SDE

dx; = (A(n)xt +B(t)x; + c(t)) di+

n—r(n)

- (3.2.5)
(@@erx,, 4 B(H)x,

n—r(n) + O'(t)) th, t e [tn,tn+1] .
Again the delay and the noise from the original SDDE (3.2.1)) are discretised to behave as an ex-
ternal excitations, dependent only on the states x;, and x;, ., at the beginning of these intervals.
This way the solution of the linear SDE (3.2.5)) can be written explicitly for the end of each time
interval [ty,, t,41] as:

Xt = (P(n) + Qu) xi, + (R(n) + Sn) x,,_,,, + (v(n) +wy) , (3.2.6)
where
_ tn+1 - _
P(n) = AMA - Q, = A trr1=8) g (1) A E—tn) gy, (3.2.7)
tn
th+1  _ th+1
R(n) = / A -B(Hdt, S, = / At 1=0 (1) W, | (3.2.8)
tn tn
thi1  _ tn+1  _
v(n) = / AME—eydt,  wy, = / A=t o (AW, | (3.2.9)
tn tn
T \‘;’MLN o ‘ rAt pAt

|
|
A\
t s .

P N
T N Discretisation t
Ty \ = Tt
| z, 1 [ Lt i
1 I | ]
11 T | | rAt !
I r— [ ——
T Tt ¢ i 8

Figure 3.3. Discretisation of the stochastic process, where A : xp _r14 | = T, 4T—7t,+T)
represents the operator which maps the function z, forward by a principal period T'. On the right
side A : y, — Yn+p Iepresents the discretised approximation of the operator A, which maps the
discretised function x; stored in the vector y) with the same time period T'.

In order to numerically investigate the stationary solution of the SDDE (3.2.1)) the discretised
state space vector y,, at time ¢t,, = nAt is used as introduced in (3.1.7). However this time the
mapping has to be applied for multiple time steps to cover a whole time-period (see Fig.[3.3) as it
is needed in the Floquet theory to investigate stability [37,[39]. The solution of Eq. (3.2.6) is now
written as a stochastic mapping with time dependent coefficients [83]/87]]

Yo+l = (F(n) + Gpn) yn + (£(n) + 8n) , (3.2.10)
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where
1 2 r(n)+1 r r+1
P(n) 0 R(n) 0 0
I 0o ... 0 - 0 0
F(n) = ] o . ‘ B (3.2.11)
0 0 I 0
1 2 <o r(n)+1 r r+1
o 0 ... 0 - 0 0
G, =| | o ‘ . P (3.2.12)
0 O 0 0
while
fn) = (v(n)T 07 ... 00", g.=(w] 0T ... 0")". (3.2.13)

Due to the periodic nature of the coefficients in Eq. (3.2.1)) the deterministic part of map-
ping (3.2.10) itself is also periodic with the discrete period p:

F(n)=F(n+p) and f(n)=~f(n+p), (3.2.14)

while the stochastic coefficients G,, and g,, are periodic in distribution:

G, L Gy and g, Egy, (3.2.15)
This originates from their periodic statistical properties, since their elements are constructed by
stochastic integrals containing the periodic functions «(t), 3(t) and o (t).
To obtain a stochastic mapping for a whole time period 7', a whole mapping period p has to
be considered by substituting Eq. (3.2.10) for p steps. This leads to the one-period map

pfl p—1
Yorp = | [] F+m)+ Guym) | yn+ > (B, +85L,) (3.2.16)
m=0 m=0

interpreted as an identity matrix I. The symbol v is used to emphasise, that the matrices in the
products are multiplied from the left as the index increases, e.g.,

2

3
[4i = 4344, (3.2.17)
i=1
The reduced additive vectors fﬁi‘:m and gﬁfj‘lm are defined as
)
p—1
£l =1 T (Fo+mo)+ Guymo) | £(n+m), (3.2.18)
mo=m-+1
N\
p—1
gl = JI Fr+mo)+Guim) | gnim. (3.2.19)
mo=m-+1
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Note that the one-period map (3.2.16) has constant deterministic and independent and identi-
cally distributed stochastic coefficient matrices and additive vectors, furthermore, fffﬁm becomes
stochastic. In case of m = p — 2 the products in Egs. (3.2.18) and (3.2.19) become empty products
(since mg cannot take values), thus the product results in the indentity matrix I.

There are multiple ways to utilise the stochastic one-period map (3.2.16). Since the elements
of the coefficient matrices are defined using stochastic It6 integrals, their joint distribution can
be determined, using the fact that they form a multivariate normal distribution with zero mean
and computable covariance matrix. Then this joint distribution can be used to generate random
matrices for direct simulation of the trajectories or to calculate e.g. the expected value of different
quantities determined with the help of these coefficient matrices and vectors. However, in this
section they are only used to obtain the maps describing the first and second moment dynamics,

then the stability and the fixed points of these mappings are investigated.

3.2.2 First and Second Moment Dynamics of Periodic Stochastic Maps

Since the one-period map (3.2.16) contains the discrete approximate solution of Eq. (3.2.1) it
can be utilised for an approximate moment stability investigation. To give a sufficient condition
for stochastic stability of linear stochastic differential equations, the first and second moment are
studied [5]. Furthermore, the fixed point of the moment mappings are used to approximate the
stationary first and second moment of the process defined by (3.2.1)), which characterise the region
where the solutions are located.

First Moment of the One-period Map

To investigate the behaviour of the first and second moment of the approximating one-period
map (3.2.16)) the expected value operator (.) is used. It is important to emphasise, that (.) refers to
the ensemble average of a process in contrast with the time average, such as in Egs. (3.2.4)-(3.2.3).
The first moment map over a discrete period p can be obtained for ¥(n) by taking the expected
value of the stochastic one-period map (3.2.16):

y(n+p) = FPg(n) 4 £00) (3.2.20)
where
pfl
F(p) — H F(n +m), (3.2.21)
m=0
p—1 pf—\l
Frr) = % [I Fo+mo) |fn+m). (3.2.22)

m1=0 mo=mi+1

Note that the matrix G, 1, and vector g,, 1, are not present in Eqgs. (3.2.20)-(3.2.22). Since
the elements of the matrix G+, and vector g, ., are constructed using stochastic It6 integrals
on the interval [t,, 4+, tntm+1], they are independent of the values in y,,, which contains the states
up to t,, as well as from the It6 integrals on other intervals contained in Gy, 4, and gy, m,:

(Gp) =0, (g,) =0, forall n, (3.2.23)

(Grsm¥n) = (Grim) {yn) = 0, forall m >0, (3.2.24)
(GrimGn) = (Grnim) (Gy) = 0, forall m # 0, (3.2.25)
(Grtmi8nt+ms) = (Grnamy) (8n+ms) = 0, forall my # ma. (3.2.26)
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Another approach to obtain the first moment mapping (3.2.20) is to take the expected value of
a single mapping step described in Eq. (3.2.10), and then applying the resultant deterministic
mapping over a discrete period p. This results in the same mapping as in Eq. (3.2.20) due to the
linear nature of both the original stochastic mapping and the underlying SDDE (3.2.1)). Note that
the mapping matrix F(P) is the approximation of the monodromy matrix (or principal matrix of
Floquet transition matrix) ®(t,, T) as in [37,39] for the first moment of SDDE (3.2.1)), for which
the convergence properties are analyzed [41]].

The first moment stability is characterised by the spectral radius (maximum magnitude of the
eigenvalues) of the mapping matrix F("P); if p(F("?)) < 1 the mapping is first moment stable,
if p(F( 71’)) > 1 it is first moment unstable. Furthermore, if the mapping is stable, the
periodic stationary first moment (¥ (n) = ¥s(n + p)) can be obtained by

-1
Ya(n) = (I — FW)) £ (3.2.27)

which is the discrete approximation of the stationary periodic mean solution, on which the stochas-
tic motion is superimposed. Note that due to linearity, if the stochastic effects in Eq. (3.2.1)) (the
coefficients of dIW;) are neglected, then the beahviour and stability properties of the obtained
deterministic system is identical to the beahviour of the above described first moment.

To study the effects of stochastic perturbations on the stability of the system (3.2.5)), the second
moment stability has to be considered.

Second Moment of the one-period map

To investigate the behaviour of the second moment the symmetric second moment matrix can be
used again, defined by (3.1.13) and (3.1.14). To investigate the second moment matrix evolution,
the outer product of both sides of the stochastic mapping (3.2.10) is taken

Yntr1Yms1 = (F(n) + Gp)yny, (F(n) + Gp) "
+ (F(n) + Go)ya(f(n) + g2) " + (F(n) + gn)y,) (F(n) + Gy) " (3.2.28)
+ (f(n) + gn)(f(n) + g4) ",

similarly to (3.1.15) Performing the multiplications in (3.2.28) and using the properties of the
stochastic integrals [61] generating the elements of G, and g,,, the expected value of the squared
process mapping can be written, utilizing Einstein’s notation along with (3.1.14)), in the form [87]]

}:/2'1%'2 (n + 1) = (Fi1i4 (n)Fizi:), (n) + <Gn,i114Gn,i2i3>) 1:/vi3”i4 (n)
(( 1113 (n)fl (n) + F1213( )fh (n)) + <Gn,i1i39n,i2 + Gn712i3gn,i1>) Yiy (n) (3.2.29)
(fll (n)flz (n) <gn,i1gn,i2>) .

The expected values in (3.2.29) can be computed using the Itd isometry [61,87] as discussed in
Sec.[3.1.2] Similarly to (3.1.T8), instead of the matrix-to-matrix mapping representation of the
second moment mapping (3.2.29), the more convenient vector-to-vector mapping is used, utiliz-
ing the efficient vector-representation of the independent elements of the second moment matrix
defined in (3.1.17). Using the vector notation, the second moment mapping (3.2.29) can be written
as

F(n+1) = H(n)§(n) + h(n)g(n) + (t:"(n) + é(n)) , (3.2.30)

where the coefficient matrices H(n), h(n) and vectors f (n) and g(n) are calculated using the
rules defined by Eq. (3.2.29), similarly as for (3.1.18) in the case of constant coefficients. Due
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to the independence of the discrete time intervals, the periodic second moment mapping can be
derived from Eq. (3.2.30) as

y(n+p)=H"g(n) + by ") + g7, (3:231)
where
pfl
H™P) = H H(n +m), (3.2.32)
m=0
p—1 p{—\l
hy (7#) — Z H H(n +ms) | h(n +m1)y(n+mq), (3.2.33)

m1=0 mo=mi+1

_ pl pfl -
g = S| I H+mo) (f(n +my) + 8(n + m1)> . (3.2.34)

m1=0 \ mao=m1+1

Similarly to the first moment mapping, the matrix H(P) behaves as a monodromy matrix ®(t,,, T')
for the second moment process, therefore, the stability of the second moment process can be in-
vestigated using the spectral radius p(H("’p)): if p(H("vp)) > 1 then the mapping is unstable, if
p(H("’p)) < 1 then it is stable and and has a bounded stationary solution. This periodic stationary
second moment vector (yq(n) = ys(n + p)) can be determined as

_ 1/ mp) . =(n
Fuln) = (1=HOD ) (hy{? 4 Fglr), (3.2.35)
where
p—1 pél
hy(? =" [T H®+ms) | hn+mi)ga(n +m). (3.2.36)

m1=0 mo=m1+1

Note that the first moment process y(n) has to be stable (p(F("P)) < 1), in order to have
a bounded stationary first moment y(n), which is necessary for the existence of a stationary
second moment y(n). However, the condition p(H(™P)) < 1 for the stability of the second
moment process y (n) already implies that the first moment is stable and p(F(”’p)) < lis satisfied.
In case of a sufficently small At (leading to a sufficiently large period resolution p and delay
resolution 7), the stability of the first two moments of the discretised form of Eq. provides
enough information to decide if it has a stationary solution, and the continuous process X; stays
in a bounded region of the stationary mean approximated by y4(n). Note that for determining
stochastic stability the investigation of higher-order moment stability is not necessary, since it
does not provide any additional information despite of the complexity of its calculation.

Note that when creating the approximating SDE such as (3.2.5)), instead of using only a con-
stant Xy, . the Lagrange-polynomials can be utilised [39}87] (as described in@ to approx-
imate the delayed state more accurately. This leads to a potentially higher-order convergence for
the spectral radii of the moment mapping matrices F(":?), H("P) and the stationary first and sec-
ond moments y(n), ys(n). The use of semidiscretisation method with higher-order polynomials
results in the same mapping as in (3.2.10), only the elements of the mapping matrices F(n), G,
are changed. This approach leads to the same stochastic and moment mappings as described in
Egs. (3.2.10)-(3.2.36). The details of the generation of the individual mapping matrices and their
convergence properties are described in Sec. and in [87].
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3.2.3 Higher-order Semidiscretisation

To improve the accuracy and convergence of the approximation of the stochastic mapping (3.2.10),
g-th order Lagrange polynomials are utilised [[39}[87]]. The term higher-order again refers to the
order of the Lagrange polynomial used to approximate the delayed terms. This leads to additional
terms in both the deterministic and the stochastic mapping matrices. Here, the time dependent
delay resolution r is corrected with the order g of the Lagrange polynomial as

7(n) | q
= = = . 3.2.37

r(n) { At + 2J ’ " nG{OI,{l,‘ii.i(p—l}r<n) ( )
In this case, the Lagrange polynomial is used to approximate the delay terms, and has the following

form:
q

qu) — Z L(q’jl)(t)xt—(n—r(n)"rjl)At’ (3.2.38)
j1=0
and
q _ .
JACERIO T | | t=7() =t je = ()AL e e b tn). (3.2.39)
iy (J1 — j2) At
J2=0,j2#]1

Using this, the approximation of Eq. (3.2.1) leads to
dx; = (A(n)xt + B(t) L(Q) + c(t)) dt
+ (a(t)eA( Mix, + B LY + o (t )) dw;, (3.2.40)

where ¢ € [ty,tnt1),

with the discretised form

Xp,41 = (P(n )+Q( )) X4, +v(n)

(3.2.41)
+ Z Rk + Sk )) tp— r(n)+k + W<n) .
The discretised mapping matrices F(n) and G,, will have the structure
1 2 r(n)+q+1 r(n)+1 r o r+l
1 0o --- e . 0 ... 0 O
F(n) = ] o ‘ ‘ ‘ ) I (3.2.42)
0 0 I 0
1 2 r(n)+q+1 r(n)+1 r  r+l
Qn 0 Sq,n SO,nj,n 0 0
O 0 --- . . 0 ... 0 O
G, =| | o ' ' ' ) s (3.2.43)
0O O e 0O O
where
n+1 — ( ) .
/ = LB YdE,  j=0,1,...,q, (3.2.44)
tn
tn
/ Amnn=0 1@ g@aw,,  j=0,1,...,q. (3.2.45)
t’ll
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3.2.4 Generalisation for Multiple Delays and Independent Noise Sources

To apply the semidiscretisation method for multiple delays and independent white-noise sources
one has to use the form:

N,
dx; = | At)xi+ > By ()x_r, o +c(t) | dt
Jr=1

(3.2.46)
N-

Nw
+ Z oy, (1) + Z IBjT,jW (t)xt_TjT + 05y () | dWjy i,
Jw=1 Jr=1

where 7;_, j- = 1,..., N; are the time delays, N, € N is the number of time delays. Fur-
thermore, jyr € N7 is the number of noise sources and Wit Jw = 1,..., Ny are the Wiener
processes to model the Gaussian white noises, thatis, E (AW, ;, AWy, 1,) = dt 84y 5y, (81 = t2)
with 6;,, j,,, standing for the Kronecker symbol. The system in Eq. (3.2.46)) can be transformed
into the following mapping:

Nw Nw
Yor1 = |Fm)+ Y Gipm | va+ [ £0) + D gjwm |- (3.2.47)

Jw=1 Jw=1

where F(n), f(n)is the deterministic mapping matrix and additive vector while G, ., &y, . are
the stochastic mapping matrices and additive noise vectors, respectively, each corresponding to the
Jw-th noise source. To investigate the first moment stability, one should investigate the spectral
radius of F"P as described in Eq. (3.2.20). The second moment stability is investigated with the
mapping:
J— NW
Yiyg(n+1) = | Fijiy(n)Fiyis(n) + Z <ij,n,i1i4GjW7n7i2i3>
Jw=1

+ (Filis (n)flz (n> + Fi2i3 (n)fll (n)) Yis (n)

=

1374 (n)

Nw
_ (3.2.48)
+ Z <ij7n7i1isgjwan,i2 + ij7n,i2i3gjw,n,i1> Yis (n)
Jw=1
Ny
+ | fir () fir(n) + Z (s mir G moiz)
Jw=1

that is the generalised form of Eq. (3.2.29). In this case, however, the semidiscretisation method
requires the introduction of different delay resolutions for each time delay given by

v (n) = VJ'TA(:) + gJ , (3.2.49)

where ¢ is the order of the Lagrange polynomial (3.2.38)). The dimension (7 + 1)d of the gener-
alised mapping is determined by

P max (max {rs, m)}). (3.2.50)

nG{O,l,,pfl} Jr

3.3 Linear Systems with Stochastic Delays and Additive Noise

In the previous sections such SDDEs were explored, where the stochasticity was in the coefficients
of the state variables, however the delay was considered deterministic. However there are systems,
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where the delay can vary stochastically, e.g., wirelessly connected control systems, where infor-
mation packet losses can occur. Therefore, in this section linear systems with stochastic delay and
additive noise are considered in the special form :

dx; = (Axt +Bxy qy +BsX¢ o, + (Ts — Tt) O'T)dt + odW;, (3.3.1)

where ¢ is the time, x is the R%valued state vector, 7o and 75 represent the constant and the
stochastically varying delays, respectively, A, B, B, € R%*? are the coefficient matrices and
o, o, € R? are the intensity vectors of the Wiener process and delay induced noise processes, re-
spectively. The Wiener process models the usual Gaussian white noise excitation, while the delay
induced noise process is significant when analysing systems, that model e.g., traffic dynamics [92]
as shown later in Sec.[5.4

The delay process 75 is considered to have piecewise constant trajectories. In particular, the
delay is assumed to stay constant for a holding time 7’- before potentially taking on a new value
from a finite set {71, 72,..., 77, }, such that 7} < 7 < ... < 7j_; see Fig. for a sample
realization of this process.

Note that this sorting constraint is not valid for 79. The delays are assumed to be independent

7’?&,(“\
Tl == — — p——
N e H T~~~ -1~
[ - p—p—— -
Tl-——y—‘—t——v——\——\——_
I I I I I I
I : I I I I I
I | I I I I I
I | I I I I I
I | I I I I I
I | I I I I I -
0 T, 2T, 3T, kT, Tt

Figure 3.4. A sample realization of the delay process T ;.

and identically distributed (IID) across the holding intervals. The probabilities of the delays can
be described as

P(rs¢ = 75.) = wj,, 75, €{11,72,...,771,}, (3.3.2)
while remaining constant for each interval t € (KT, (k + 1)T;]. Note that the delay induced noise
(Ts — Ts,t) 07) is normalised to have zero mean with the help of the ensemble average of the delay
process, namely

Jr
To=(Tot) = > wj. T, (3.3.3)
Jr=1

3.3.1 Zeroth-Order Semidiscretisation

In order to numerically investigate the stability and stationary solution of the delayed system in
Eq. (3.3.1), the continuous time dynamics can be approximated by a discrete one. System (3.3.1))
is discretised using zeroth-order semidiscretisation [39,[73]], however it can be done by utilising
higher-order semidiscretisation similarly as shown in Subsec. [3.1.4]

The approximating SDE of Equation can be written as:

dx; ~ (Axt + By, +Boxy, .+ (s — T1) aT>dt FodW,,  tE [tatns1) (33.4)

where n € N counts the time step up to ¢, = nAt under the time resolution At = T /¢; see Fig.
3.5l
Note that is £ is chosen such that At < 7;_, j- = 1,..., J;. The discretised delay is given by

rog = L%J and rg, = {

TS’”“J : (3.3.5)

At
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A4

keAL nAt (n+1)At (k+ 1)tAt
} . . . . . } . —>
kT (k+1)T> ¢
I . . . . = >
0 At o mAt (m+1)At LAt

Figure 3.5. Sketch of the time discretisation used for the construction of the stochastic map. The
discrete time n € N denotes the n-th time step taken with At, k € N denotes the k-th holding
interval, while m = 0, 1, ..., m denotes the time step m taken with At relative to the beginning of
each holding interval.

while r ,, follows a similar stochastic process as 7 ,A¢, that is,

P (Ts,n = T’j_r) = P(T&tn = ij) = ij, (336)

where r; = L%J’ Jr = 1,...,Jr; cf. (3.3.2). The differential equation (3.3.4) can be solved
analytically for one period of length At:
Xt = Px¢, + RXy, g + ReXypy oy, + Won + W, (3.3.7)

where P, R and w are computed according to Eqs. (3.1.4) and (3.1.6)), respectively. The coef-
ficient matrix Ry of the stochastically delayed term x;_,_, and the additive disturbance vector
W p, originating from the delay induced excitation can be calculated as

tn+1
R, = eAltn)Bdt = A~ (P —I) By, (3.3.8)
tn
tn41
Worn = / Atz Yo dt = AN (P —1) 0, (T — Tom), (3.3.9)
tn

since Ty, stays constant on the At long interval [t,,, t,,11). By utilizing the augmented vector y,,
defined in (3.1.7), the system (3.3.7) can be written in the compact form

Yn=(F +Fsn)yn + (8rn +8), (3.3.10)

where F and g are given by (3.1.9), while

12 o reatl e ro o+l
0 0 Rsm 0 0 Wrn
o o0 --. 0 o0 0 0
Fsn=| . _ P 8rn = : ) (3.3.11)
0 O 0 0 0
where the size r is defined as
r=max{r;_ 7o} (3.3.12)

Note that the in the block matrix Ry, is in the (74, + 1) block-column of matrix
Fs .. In other words, the position of the block matrix Rs ;, in the first block-row of F ,, depends
on the instantaneous value of the delay, that is, 75, = 7;, in the time interval (KT, (k + 1)T;],
then rg , = r;.. In this case, F;,, can be substituted by F;_, namely

Fj, = (Fon|tar, = 7j,) (33.13)
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and, based on (3.3.6), F ,, is IID and follows the probability distribution
P (Fs n = F]T) IP>(7—s tn = Tj) = wy, - (3.3.14)

Note that the delay value 7, does not change during one holding period T = (At; see
Fig. Therefore, defining the state vector

zr =y, k=0,1,2,... (3.3.15)

for each holding period and applying (3.3.10)) iteratively, the system dynamics can be written as

zip+1 = Kgzp + 1 (3.3.16)
where
Ky = (F+Fop)", (3.3.17)
I = IWk +Lg), (3.3.18)
lwp = Z F+Fo) ' g, (3.3.19)
m=0
-1
Lk = (F 4+ Ford) "8 htsm = Frgre - (3.3.20)
m=0
where
-
Z F+Fqp) ™ (3.3.21)

To calculate the mapping matrix K, and additive vectors 1 ;. and lyy;;, one needs the only the value
of Fs ;¢ and g ;¢ at the beginning at each holding interval, namely

Fs,kéer = Fs,kb &r.kt+m = 81k, m e [076) ) (3322)

and from this it follows, that
P (Kk = (F+ FjT)Z) —P(Fop =F; ) =P(r, =15.) = wj,. (3.3.23)

It is important to Note that even if it is not denoted in (3.3.19), the additive vector g originating
from the Wiener process is different for every m = 0,1,2,...,¢ — 1, as emphasised when g is de-
fined in Eq. (3.1.9), thus the same simplification for 1y, cannot be used as for 1, ;). However, this
is not true for g, r¢4+m, since the vector w ,, generatiting g; r¢+,, has time dependent probability,
which depends on the current value of k, namely

P(Wrp=A""P -1)0,(7s — 1) | 751, = 75,10 € [kL, (k + 1)) = 65, (3.3.24)

where 0;; = 1(¢ = j) is the Kronecker delta.

3.3.2 First and Second Moment Dynamics over a Holding Period
First Moment of the Mapping over a Holding Period
When considering the mean dynamics of (3.3.16) it reduces to

z(k +1) = Kz(k) + 1, (3.3.25)
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where z(k) := (z;), K := (K) and 1, := () = (lw;x + ;) = (1;). Since lyy is generated by
stochastic Itd integrals its expectation value is zero. However, the computation of these expectation
values differ from the case, when the stochasticity in the coefficient matrices and the additive
vectors were originating from a Wiener process. The value of the coefficient matrix Ky only
depends on the delay 7 in the interval (k7’, (k + 1)7’] while 1, depends both on the delay in
the interval (k7T (k+1)T;] and the Wiener process ;. The process 7 ; takes values at beginning
at each holding interval at time ¢ = k’I’- independent of the previous holding interval, thus Ky, is
independent of z; and their expectation can be calculated separately, leading to

Jr I,
K=(Kp)=> P(ris=15,) (Kilrey, =75.) = >_w; (F+F; ). (3.3.26)
Jr=1 Jj=1

The mean of the additive term 1, ;, can be calculated as

/-1
L— = <Z (F + Fs,kﬂ)e_l_mgﬂ',k€+m>

m=0
Jr -1 (3.3.27)
- Z Wi (Z (F + F]r é - m) <gT,k€|7—S7tké = Tj‘r>’
Jjr=1 m=0
where
ATNP -D o, (7 - 7))
0
(&r kel sty = 75,) = : : (3.3.28)
0

Since g is independent of the coefficient matrices F and F 1, and has zero mean, namely (g) = 0,
it does not affect the mean dynamics. From Eq. (3.3.23) it can be concluded, that the mean z,

converges to

7o = (I-K) 'L, (33.29)

as k — oo, if and only if the process (3.3.1) is first moment stable, namely

p(K) < 1. (3.3.30)

Second Moment of the Mapping over a Holding Period

To derive the second moment evolution, the dynamics of the squared process is investigated,
namely

zizhy = Kizpz) KL+ Kz (Lo + ) T+

(3.3.31)
(e + w)zg K+ g + Iwe) (e + Lk

)T

Performing the multiplications in (3.3.31)) and using Einstein’s notation, the second moment map
can be given as

Ziyiy(k +1) = (Kiiyis Khinis) Zigia (F)
+ (<Kk,i1i4l7',k,i2 + Kk,i2i4l7',k,i1>) 224(k) (3332)
+ (U kin e ksin) + Wik in lwikeia)) 5
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where Zm (k) = }:/im (k?). The expected values in this equation can be calculated with

Jr
(K ivia K igig) = Z Wi, (K iig K iis | T twe = Tjr) 5 (3.3.33)
jTZl
Jr
<Kk:,i1i3lT,k’,’i2> = Z ij <Kk,i1i3lT,k,i2’7—S,tkg = Tj7—> 9 (3334)
Jr=1
Iy
(Urkin lrsin) = Z Wi, (ki e eia | To,tne = Tjr) - (3.3.35)
jTZl

All the expectation values containing first-order terms from the additive vector lyy ;. disappear,
since lyy, contains integrals with respect to the Wiener process and they are all have zero mean.
However, expectations containing second-order terms from lyy ;. lead to composite expected val-
ues, and one has to consider both the expectation w.r.t. the stochastic time-delay and the expecta-
tion of It6 integrals as it can be derived from (3.3.19):

<lW,k7i1lW7kyi2> - <Fk,i1i4Fk,i2i3> <gi39i4>

Jr . A (3.3.36)
= Z Wir <Fk,ili4Fk,i21'3 [T te = Tj7'> (9is Gia) -
Jr=1

Here a major simplification was used: despite g depends on the discrete time n, its distribution,
hence its second moment gg ' does not. This allows one to factor out gg' and use the matrix F
defined in (3.3.21)) for the second moment calculation of ly, similarly to the definition and the
second moment calculation of 1, ;.

Using the notation z(k) = y(k/) the second moment evolution can be given in the vector-to-
vector map form as

Z(k +1) = Ka(k) + kaz(k) + (TT + TW), (3.3.37)

similarly to (3.2.28) or (3.1.13). To determine if the second moment stability of (3.3.37) one has
to investigate if p(K) < 1 holds, and if the squared process is stable it converges to the fixed

point

5. = <I — K)il (Ezst n (TT +TW)), as k — oo, (3.3.38)

approximating the stationary second moment of (3.3.1).

40



Chapter 4

Numerical Case Studies

In the previous chapter the construction of the stochastic semidiscretisation method has been
given to investigate the stationary behaviour of the linear SDDEs defined in Eqs. (3.1.1)), (3.2.1)
and (3.3.1). In the following sections, the convergence properties of the described method are
investigated numerically for different simple SDDEs. In Sec.[d.1]a scalar first order delayed equa-
tion, the stochastic Hayes equation is investigated for which an analytic solution exists, thus it
can be tested, that the results gained by the discrete mapping converge to this exact solution. In
Sec.[4.2]the second order problem, the stochastic delay oscillator is investigated. In case of this ex-
ample, the advantages of the semidiscretisation method are emphasised, namely the convergence
of both the spectral radius and the stationary solution are compared to the full-discretisation. Next,
in Sec. 4.3] the stochastic delayed Mathieu equation is analysed, which is a second order periodic
problem. For this equation it can be demonstrated, how the method can be utilised to approxi-
mate the stability and characterise the stationary solution of periodic systems. Finally, in Sec. 4.4]
a scalar system with stochastic delays is investigated, and it is shown, that such system produce
periodic stationary behaviour even if the system is subjected to white noise.

4.1 Stochastic Hayes Equation

The Hayes equation is one of the simplest scalar examples to investigate the behaviour of DDEs [49,
78]]. In this case its stochastic version is used, namely:

dl’t = Al’tdt + ,B.Tt_lth + O'th y (411)

with initial condition:
z=¢, te[-1,0], (4.12)

where A, 3, o € R. Note that the delay can be chosen to be 1 without loss of generality.

4.1.1 Analytical Solution

The stability properties of Eq. (4.1.1)) can be determined analytically. The solution of Eq. (4.1.1)
can be written in the following form [55]]:

t ) .
xp = ety + / (eA“*t)ﬁxg_l + eA(t*’f)a) dw;. (4.1.3)
0
The mean dynamics is

(z4) = eMag (4.1.4)

which converges to 0 if the proportional parameter A < 0. This means that the system is first
moment stable:
tllglo (x) = tll)rélo (xp—1) = 0. (4.1.5)

Still, it is necessary to further investigate the stationary behaviour of the process in Eq. @.1.1);
the second moment M (t) = (xa;) of the solution (4.1.3) needs to be evaluated using the Itd
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isometry [61]]:

2 t R N
M(t) = 240 + ;71 (24t — 1) + / (ﬁ%“(t*t)M(i — 1) + 2624053 <x£_1>>df .
0
4.1.6)

A large enough time instant ¢, is chosen to have e24% — 0, (;_1) — 0, so the solution converged
to the stationary second moment Mg, = limy_,oo M (t). If 0 < to < ¢ then

2

t R
My = -2 + / B2e2A=D My, 4.1.7)
24 " J,,

from which

J2

Since My has to be non-negative and o2 is always positive, the second moment is stable only if:
2

A< (4.1.9)

which is a stricter condition than the A < 0 for the first moment stability in Eq. (4.1.5).
Note that these analytical results and also the decay rate of the transient part can be calcu-

lated by means of It6’s lemma [5}|61]], too. The squared process of the stochastic Hayes equation
Eq. @.1.1)) assumes the form:

da} = (2Az7 + a7, + 0 + 2Boxy—1) dt + (Bxi—1 + o) AW, . (4.1.10)

Taking the expected value of the squared process Eq. (4.1.10) and transforming the resulting in-
crement equation into differential form lead to the following deterministic DDE:

M(t) = 2AM(t) + M (t — 1) + 280 (x4_1) + o2 (4.1.11)

Note that after the substitution of Eq. (4.1.3) into Eq. (.1.T1)), the calculated stationary solu-
tion is equivalent to the result described in Eq. (4.1.8)). Furthermore, it is possible to determine the
characteristic exponents of the perturbed second moment M (t) = M (t) — My and the following
homogeneous DDE [7§] is obtained:

M(t) = 2AM, + BN (t — 1). 4.1.12)

Using the exponential trial solution
M(t) = ce, (4.1.13)

one arrives at the following characteristic equation:
A—24— g% =0. (4.1.14)

The characteristic exponent A can be partitioned as A = v + iw, v,w € R, where v and w are
related to the decay rate and to the angular frequency of the transient second moment, respectively.
To determine the stability boundaries, one has to substitute v = 0 into Eq. (4.1.14)), and separate
the real and complex terms, and find the roots of the corresponding implicit equations [[78]:

24 + 8% cosw = 0, (4.1.15)
w~+ A%sinw = 0. (4.1.16)
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The analytic solution of Eqs. (#.1.15)-(@.1.16) are the following parametric curves in case of Hopf
bifurcation (w # 0):

w w
= — ==4,/——F— 2k —1 2k keZ 4.1.17
2tan (w)’ p sin (w)’ well ) 2kn) k€ Z, ( )
while in case of fold bifurcation (w = 0) it gives
2
A:—%. (4.1.18)

I
-15 =10 =5 0 5 10 15

Figure 4.1. Stable area (gray) and the bifurcation curves defined by Eqs. (@.1.15)-@.1.18)

Fig. [4.1] presents the critical parameter lines defined by Eq. (4.1.17)-@.1.18). Note that the
stability boundary is defined by a fold-type bifurcation only (denoted by the shaded region). As-

suming that the characteristic root is real (w = 0), it is possible to write -y as the function of A and
B:
v =24+ Wy (8%e24) | (4.1.19)

which characterises the decay rate [[100] of the second moment process M (t). In this formula, Wy
is the main branch of the Lambert TV function [ 1], which is by definition the function W (z) which
satisfies W (z)eW(®) = 2.

4.1.2 Testing the Monte-Carlo Simulations of the Stochastic Hayes Equation

The above described results are compared to numerical simulations. In Fig. {.2] the first- and
second moment evolutions are obtained by the deterministic equations Eqgs. (@.1.4) and (¢.1.T1),
and these are compared to the statistical evaluation of MC simulations, where the expected value
and the standard deviation of the trajectories are presented on the basis of 10* realisations of the
SDDE (@.1.1) calculated by using the Euler-Maruyama from StochasticDelayDiffEq.jl [91]]. To
validate the results obtained through the Monte-Carlo simulations, the DDE was also
numerically integrated using the Tsitouras 5/4 Runge-Kutta method from the Julia package Dif-
ferentialEquations.jl [72]]. In Fig. it can be seen, that the deterministic solution matches well
to the mean values and deviations of the MC simulations. Note that the analytic method gives
almost everywhere smooth curves for the moment evolutions, while the MC simulations give only
somewhat noisy curves and with orders of magnitude higher computation time, due to the large
but finite number of realisations used for the MC simulations.

This shows, that the MC simulations can be used for validation purposes, and the 10* — 10°
number of trajectories are enough to approximate the moment solutions. However the results
gained through the MC calculations are “noisy”, due to the finite number of trajectories used for
the averaging to obtain the first and second moments.
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a) 2nd Moment Stable b) 2nd Moment Unstable

() + StD ()

Figure 4.2. The first moment (green curve) and its envelopes (red curves) calculated by means of
Egs. (4.1.4) and (4.1.11])), respectively, are compared to the statistical evaluation of MC simulations:
the dark thick blue line represents the mean and the thin blue lines and the light blue areas represents
the standard deviation of 10* realisations. Panel (a) shows a stable case (A = —6, 8 = 2, denoted
by parameter point "S" in the stability chart of Fig[4.1)). Panel (b) shows a second moment unstable
case (A = —6, (8 = 4, denoted with point "U" in Fig. T(t) = (as), o.(t) = /M (t) — Z(t)?
and initial function ¢, = 3, t € [—1,0]. The gray trajectories show one selected realisation in the
MC simulation.

4.1.3 Zeroth-order Semidiscretisation of the Stochastic Hayes Equation

To illustrate the construction of the second moment mapping defined in Eq. (3.1.16)), the Y7, ele-
ment of the second moment mapping of the stochastic Hayes equation is given using two separate
approach. First the original stochastic Hayes equation from Eq. (.1.1))) is considered:

dl‘t = Aﬂl‘tdt + /th—lth + O'th . (4120)
Its zeroth-order semidiscretised form similar to Eq. (3:1.1)) is

dzy = Azydt + Bay, AWy + odW;  where t € [ty, ty 1At (4.1.21)

The calculated stochastic mapping matrices and vector using Eqgs. (3.1.4), (3.1.3), (3.1.6) and (3.1.9):

F11 0 0 0 0 ce Gl,r—i—l g1
1 0 0 0 0 . 0 0
F = > G = ) ; g=1.1|, 4122
0 : 0 : :
0 1 0 0 0 0
where
tnt1 tnt1
Fip = A8, Gir41 =0 eAinr=s)qpy,, g1 = U/ eAltrr1=Dqm, |
tn tn

(4.1.23)
The elements of the second moment matrix which will be used are the following:

(@r1) = Trsa (), (w3e) =Y (n),  (z @, ) = Yepea(n)  (41.24)

Approximating the moment evolution using the semidiscretisation matrices in (3.1.18) and the
stepping definitions from Eq. (3.1.16) lead to the mapping for Y11 (n + 1):

3:/11(71 +1)= F1213:’11(n) + Gir+1}:/r+17r+1(n) +2G1 101 {71, ) + 97 - (4.1.25)

44



Chapter 4 - Numerical Case Studies

Substituting the matrix elements from Eq. (#.1.22) into Eq. (4.1.25)) and the Ito integral is per-
formed as in Egs. (3.1.25)-(3.1.27) leads to the mapping

_ _ B2 (2480 1) —
Vii(n+1) = 2427V 1 (n) + Tyr+l,r+l(n)

60_ e?AAt -1 0_2 e2AAt -1
+ (A) <x(nAt—p)At> + (214)

(4.1.26)

To show the correctness of this result a second approach is used; the zeroth-order deterministic
semidiscretization [39] is applied to the analytically derived second moment equation Eq. (4.1.13):

M(t) = 2AM(t) + B2M(t — 1) + 280 (x4_1) + 02, (4.1.27)
yielding:
M(t) ~ 2AM(t) + B2M (tn—r) + 280 (x4, ) +0° whete € [ty tyi1].  (4.1.28)
Solving the above linear differential equation on the time interval ¢ € [t,, t,41] leads to:

82 (62AAt o 1)

M (tny1) = 424N (t,
(tnt1) = e (tn) + 9A

M (tn—r)

4.1.29
Bor (248t _ 1) o2 (2480 _ 1) ( )
R e L 7
which gives the same result as Eq. (4.1.26)) since
M(ty) :==Y1i(n),  M(tn_y) =Y, 11,41(n). (4.1.30)

thus the semidiscretisation of the second moment equation is equivalent to the second moment of
the stochastic semidiscretisation (4.1.1).

4.1.4 Convergence of the Stochastic Semidiscretisation

When the semidiscretisation method is applied, the mapping described in Eq. is con-
structed numerically. With the help of Egs. (4.1.8), @.1.18) and (@.1.19), the convergence of the
stochastic semidiscretisation method is investigated by means of the spectral radius of the second
moment mapping matrix H, the stationary second moment and also the stability chart. Since there
is no deterministic delayed term in the stochastic Hayes equation (4.1.T]), the convergence of the
spectral radius of the first moment is not analysed here (for details see in [[39]); in this case the
semidiscretisation method provides the analytic solution, while the full-discretisation converges
only in first order.
A properly chosen discretisation has to satisfy the following criterion:

lim p(H)" = €. (4.1.31)
r—00
The expression e7” describes the change of the amplitude in one delay period, while the spectral
radius p (H) only characterises it within the numerical timestep At = 1/r. To compare them, one
has to use the r-th power of the spectral radius. To characterise the convergence of the method,

the relative error | Y|
e —p

dp2(r) = e

between the numerical result and the analytic solution is used. The semidiscretisation method is

also compared to the full-discretisation method. The computation of the full-discretisated mapping

matrices can be computed by adjusting the elements of the matrices in (4.1.23), namely: Fyq sy =

(4.1.32)

45



Chapter 4 - Numerical Case Studies

a) 5-10" A b)
10-1 4
107 4 1024 e
. . ) h:gqq,___‘i
= =107 =
a 2
& g
_ 107
107 4
1074
" 10-6_
10 20 30 40 50 100 150 200 10 20 30 40 50 100 150 200
T T

Figure 4.3. Relative error of the spectral radius of (a) the second moment mapping matrix and (b)
the stationary second momentf as a function of the delay resolution r, for the stochastic Hayes equa-
tion Eq. @.1.1) for different order q of semidiscretisation and the full-discretisation method [24].
The numerical parameters are A = —6, § = 2,0 = 1, ¢’ =~ 0.3640 and My, = 0.125. The
order q refers to the order of the Lagrange polynomial used to approximate the delayed terms. The
numerical values of the convergence rates are given in Tab.

1+ A)AL, Gipqrpn = BWy oy — Wy,) and g1 = o (W, — W;,), and then computing
the first and second moment mapping matrices needed for the computation of stability and the
steady-state second moment.

Fig. .3h shows that the convergence rate of the full-discretisation method [24]] and the pro-
posed semidiscretisation methods of different order are the same w.r.t. r, and the errors d,2(r)
differ only in a constant multiplier. In this scalar case, the semidiscretisation method provides
an order of magnitude more accurate approximation than the full-discretisation method. This is
important, since the number of elements of the second moment mapping matrix H is proportional
to 4, and the zeroth-order semidiscretisation method achieves 1 % accuracy at r = 50, while the
full-discretisation method cannot achieve this even with r = 250.

To investigate the convergence of the stationary second moment matrix, the following relative
error is defined:

Mst - Yst,ll

dst(r) = — (4.1.33)

Note that in this scalar case, all the diagonal elements of the second moment matrix Y (n) in the

stationary solution Y are the same. Therefore in Eq. (4.1.33)), only the first element Y 11 =
lim; oo (wy¢) of the stationary second moment vector yg from Eq. (3.1.21)) is compared to the
analytic solution My (Eq. @.1.8)).

In Fig. 4.3p, the better convergence of the stochastic semidiscretisation method can be ob-
served again. The different order methods show a slightly smaller error, although the rate of
convergence is almost the same. Furthermore, the relative error for the spectral radius and the
stationary second moment show similar tendency.

In Fig. @4 the numerically calculated stability boundaries, defined by the spectral radius
p(H) of the discretised system, are compared to the stability boundary determined analytically
from Eq. (4.1.18). The stability boundary p (H) = 1 of the discretised system is determined with
the help of the multi-dimensional bisection method (MDBM) [7]. It can be seen, that the smaller
A in the discrete system is, the worse the approximation of the analytic stability chart is, so in the
general case, the use of higher-order method is useful to reach a certain desired accuracy.

At the moment, we could not find a mathematical explanation for the extremely good conver-
gence of the zeroth-order semidiscretisation compared to the higher-order ones. This might be due
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Figure 4.4. Convergence of the stability chart (upper panel) and the stationary second mo-
ment (lower panel) using (a) full-discretisation (b) zeroth-order semidiscretisation (c) second-order
semidiscretisation. The order q refers to the order of the Lagrange polynomial used to approximate
the delayed terms. The vertical dashed lines in the stability charts represent the paramater A = —6
along which the stationary second moments were calculated

to the special simple mathematical form of the Hayes equation. This is the reason why the method
is tested on a more general problem in the next section.

4.2 Stochastic Delayed Oscillator

The stochastic delayed oscillator of the form

Ty = Ut “4.2.1)
U + 2Cv + Axy = Bri_onr + (Oé.’l?t + Bxi_on + 0’) I} 4.2.2)

is an essential mathematical model in many engineering problems like machine tool vibrations [53),
84]|. This can be transformed into Eq. (3.1.1) with 7 = 27 and

eo(0): A=) ()
(00 ()

In this multidimensional case, the explicit solution like Eq. (4.1.3)) for the Hayes equation is not
available [5]]. In Fig.[d.5|two examples are shown for the evolution of the first and second moments
together with an individual realisation of the process in Eq. (.2.1)-(4.2.3). The cases of stable and
unstable second moments show good agreement between the statistical analysis of independent
MC simulations and the spectral radius and the stationary solution computed with the stochastic
semidiscretisation.

For comparison, the reference values of the stationary second moment y; and the spectral radii
of the first moment mapping matrix F' and second moment mapping matrix H are calculated using

(4.2.3)
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Figure 4.5. First moment stable processes are shown for stable second moment in panel (a) and for
unstable second moment in panel (b). The gray lines represent typical realisations of the process.
The thick blue lines show the mean, while the thin blue lines and light blue areas show the standard
deviation of 10* realisations obtained by MC simulations. The red lines in panel (a) represent the
stable stationary second moment calculated with stochastic semidiscretisation.

the 10"-order semidiscretisation method with as high resolution r as our computational capacity
allowed:

Pt = p (Fr—200)"", (4.2.4)
pot = p (F,—200)*" 4.2.5)
yil = (I H,—130) " cris0- (4.2.6)

Selecting these reference values, the relative errors § are defined as a function of the resolution
parameter 7

ref r
P —p(F)
dp,1(r) = ‘1%&)}, 4.2.7)
ref r
py" —p(H)
5p,2(7") = ‘2%,&)}7 (4.2.8)

: 4.2.9)

where YT, | is the first element of &' defined in (#.2.6).

In Figs. 4.6] £.7] and 8] the convergence properties of the spectral radii of the first and the
second moment mapping matrices and similarly, those of the stationary second moment can be
observed, respectively.

The convergence rate ¢, is calculated by fitting of

o(r)=Kr™ (4.2.10)

for r > 50 onto the error functions showed in Figs. [#.6] .7|and 48] The corresponding numerical
values of ¢, are given in Tab.[4.1]
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Figure 4.6. Relative error of the spectral radius of the first moment matrix F for the delayed os-
cillator using the numerical parameters A = 1, B = 0.1. The order q refers to the order of the
Lagrange polynomial used to approximate the delayed terms. See the approximated convergence

rates in Tab.
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Figure 4.7. Relative error of the spectral radius of the second moment matrix H for the delayed os-
cillator @23) with numerical parameters A = 1.0, B = 0.1, 8 = 0.1 and stochastic proportional
coefficient (a) « = 0 and (b) o = 0.1. The order q refers to the order of the Lagrange polynomial
used to approximate the delayed terms. The gray lines correspond to the results obtained without
the correction term presented in Sec.[3.1.3] Note that the uncorrected zeroth-order semidiscretisa-
tion (¢ = 0) only differs in a constant multiplier (~ 10X ) from the corrected one, while the lines
corresponding uncorrected higher-order (¢ > 1) semidiscretisation cluster around the corrected
zeroth-order result. The corresponding convergence rates are given numerically in Tab.

It can be seen in Fig. f.6] that the first moment’s spectral radius behaves as expected [39]:
the increase of both the interpolation order of the delayed states and the resolution parameter r
decreases the error J,, 1; the convergence rate ¢, increases by 1 as the interpolation order increases
by 1. The spectral radius of the second moment mapping matrix behaves similarly as it can be
observed in Fig. [#.7] for two different cases. In case of no multiplicative noise at the actual time ¢
(that is for v = 0 in Fig.[#.7h), the 1-by-1 increase of the interpolation order leads to the increase
of the convergence rate only by 1 (instead of 2) due to the magnitude v/d¢ property of the Wiener
process [47]]. However, it can be concluded from Fig. [4.7p that the convergence of the spectral
radius of the second moment is limited for o # 0 due to the error introduced by the multiplicative
noise term aeAtxtn dW; (as discussed in Sec. . In this case, the use of a maximum second
order interpolation of the delayed terms is suggested, since the increase in calculation time is not
accompanied by significant improvement in accuracy.

In Fig. the convergence of the stationary second moment Mg 11 = limy_soo <xf> can be
seen. One can observe that the results gained with the full-discretisation method are divergent for
r < 35 — 38 (see the dashed blue line). Here, p (H) > 1 implies that Eq. (3.1.2T) does not hold
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Figure 4.8. Relative error of the spectral radius of the stationary second moment Mg 1, for the
delay oscillator (#:2.3) with numerical parameters A = 1.0, B = 0.1, 8 = 0.1 and stochastic
proportional coefficient (a) o = 0 and (b) o = 0.1. The dashed line refers to an invalid (negative)
stationary solution. The gray lines correspond to the results obtained without the correction term
presented in Sec. @ Note that the uncorrected zeroth-order semidiscretisation (¢ = 0) does
not differ from the corrected one, while the lines corresponding uncorrected higher-order (¢ > 1)
semidiscretisation does not increase in convergence order compared to the zeroth-order, and only
differs from it in a constant multiplier. The order q refers to the order of the Lagrange polynomial
used to approximate the delayed terms. The corresponding convergence rates are given numerically

in Tab.

any more because it can lead to a negative second moment:

lim <y721_m,i> <0, forall m=0,1,2...r and i=1,2,...,(r+1)d, 4.2.11)

n—oo

meaning that there exists no stationary distribution of the unstable approximation. The fast con-
vergence is especially important near the stability boundaries; this is crucial if the original system
is stable but the low resolution approximate mapping is still unstable, like in the case explained
above for full-discretisation. Consequently, the calculated (invalid) stationary second moment of
the approximation first converges to —oo as the resolution r is increased, leading to a seemingly
ill-working numerical method. However, the expected convergence rate can be reached in these
cases for very large and computationally costly discretisation resolution r.

. . n-th order SSD

Test case Quantity Fig. | FD 0 I 5 3 7 5
. dp2(r 4.3a | 1.03 | 1.02 | 0.97 | 1.00 | 1.00 | 1.00 | 1.00
Stochastic Hayes 5o ((r)) A3b | 1.08 | 2.00 | 0.97 | 1.01 | 0.99 | 1.00 | 1.00
dp1(7) 4.6| 1.18 | 1.02 | 2.00 | 3.06 | 4.00 | 5.08 | 6.00
dp2(r),a=0.0 | 472 | 1.28 | 1.01 | 2.00 | 3.06 | 3.95 | 5.23 | 5.71
Delayed oscillator | dg(r),a =0.0 |F8a | - | 099 |2.00 | 3.02 | 3.42 | 3.14 | 3.01
dpa(r),a=0.1|@7b | 1.28 | 1.02 | 2.01 | 2.59 | 2.38 | 2.32 | 2.32
Su(r),a=01 |F8b | - |099 204299297 295|295

Table 4.1. Convergence rate ¢, of the different discretisation methods, by fitting 6(r) = Kr~°
function for resolution parameter r > 50 (FD - full-discretisation method, SSD — stochastic
semidiscretisation method)

4.3 Stochastic Delayed Mathieu Equation

In this section the moment stability and stationary moments of the stochastic delayed Mathieu
equation is investigated, which contains multiplicative noise in both the present and past position
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and present velocity along with a constant additive term. Consider the stochastic delay differential
equation in the Itd sense:

Z+a1(1+ ar1ly)d + (6 +ecos (wt)) (1 + aply)z: @3.0)

bo(1+ Bolt)ri—2q + 01,
where the principal period is 7' = 27 /w, while the delay 7(¢) = 27 can be set without the loss of
generality. The Gaussian white noise process is described with the help of the Langevin force I3.
The first order incremental form of the stochastic delayed Mathieu equation (4.3.1]) can be written

as
dx; = (A(t)xy + B(t)x¢—2r) dt + (a(t)xs + B(t)xi—2r + o) AW, (4.3.2)

A(t):(_(5+5208(wt)) _1al>, B(1) <12) 8) 43.3)

00 = (Lo s ceonot)) —my)e BO=0B0. o= (2). @

To reduce the number of the parameters during the moment stability investigation the values of
a1, ap, Bo are set to a common value oy:

where

a1 = g = 50 =0Q- (435)

To conduct numerical experiments to investigate the convergence properties of the approxima-
tion of the stability properties, the error measure 5;’ o(p) is introduced:

HP)| :A) — p(H(nﬁp)’ _ )
5P (p) = p( p=p P=pret) | (4.3.6)
p’Q( ) P(H(n’p) |p:pref)

In Figure 4.9 the convergence rate and some computational properties of the spectral radius
p(H("vp)) is shown through the error measure 5?2(15) for the numerical parameters a; = 0.2, § =
3.25, bp = —0.2, 09 = 0.2, w = 0.5, ¢ = 2, 09 = 0.2 and for different ¢ Lagrange polynomial
orders. The reference solution p(H(”’p)) is calculated with period resolution p,ef = 200 and
g = Tth order Lagrange polynomial was used to approximate the delay term. In Figure 4.9
the error measure 52”2(13) is shown. To give an approximation of the convergence of 632(;6),
black lines are given with slopes corresponding to 1st, 2nd and 3rd order convergences. It can
be observed, that the results computed with ¢ = Oth order converge approximately with order 1,
the results obtained using ¢ = 1st, 2nd and 3rd order semidiscretization converge approximately
with order 2, while the results computed with ¢ = 4th and 5th order semidiscretization converge
approximately with order 3 to the reference solution.

Furthermore, to benchmark the computational costs of the spectral radius calculation 50 sam-
ple calculations were conducted for each p and ¢ parameter pairs and the required computational
time, and the memory usage was recorded for every sample. During a benchmark sample, the
whole process of the construction of the deterministic and stochastic mapping matrices, the mul-
tiplications over a mapping period, and the largest eigenvalue computation was included. The
benchmarks were conducted on a workstation computer with dual Intel Xeon Gold 6154 proces-
sors and 192 GB RAM. In Figure , the error measure (5272(13) is shown with respect to the
median of the computation time. It can be observed that if the Lagrange polynomial order ¢ of
the semidiscretization is increased, significantly higher accuracy can be achieved for the same
computational time. In Figure #.9c and d, the relative time and memory required for the cal-
culations are shown, where the reference median computation time is 808.094 us and reference

51



Chapter 4 - Numerical Case Studies

a) 1014 b) 10~14 \
\\XK—
§§§
. ~—
1025 10724 === ¢=0 oS
g s g=1 "W
(2] (=] -
ad ad — =2 N\, :N
S 10_3_ ) s q \~ 'r\
10734 === ¢= \\
— =4 N
10744 " \'~
10° 10! 102 10°
CPU time (ms)
) 5 d)
§10° 3 O 13
z g 10°3
= £
2 .
£10%3 5 1024
D g
ol <]
) g
o
£10 £ 10';
= 100' 100_ ~
T T T T T T T 1T 17T
10 50 100

Figure 4.9. Convergence properties of the spectral radius p(H)with numerical parameters a; =
0.2,0 = 3.25,bp = —0.2, 0p = 0.2, w = 0.5, ¢ = 2, 09 = 0.2: relative error £, of the spectral
radius with respect to the a) period resolution p and b) the computational time needed, where the
reference spectral radius is obtained using semidiscretization with ¢ = 7 and pyef = 200. In panels
¢) and d) the relative computation time and memory usage is shown, respectively, with reference
median computation time 808.094 ps and reference median memory requirement 808.59 KiB. These
values correspond to ¢ = 0 and p = 10

median memory requirement is 808.59 KiB, which occurs at p = 10 and ¢ = 0. Here it can
be seen that the additional computation required by the higher ¢ order semidiscretization is only
significant for small p period resolutions. However, for large period resolutions p the eigenvalue
computation of the sparse matrix describing H("P) is the dominant source of the computational
cost. Since the complexity of the eigenvalue decomposition for a matrix A € R™*" is approx-
imately O(n?376) [20,|65], and the size ny of matrix H("?) ¢ R"uE*"H can be calculated as
ng = Y b i = (p* + p)/2, thus the complexity of the spectral radius calculation becomes
O(p*72). In Figures and d, this complexity can be observed in both the computational time
and the memory usage for all Lagrange polynomial order q.

In Figure [4.10|the convergence of the second moment stability chart is shown for the semidis-
cretisation for different period resolutions p and Lagrange polynomial order ¢ with parameters
a; = 0.1, w =1, =1, 09 = 0.275. Since in this example the principal period T' = 27 /w is
equal to the time delay 7 = 27 (the frequency of the periodic term w = 1), for Lagrange poly-
nomial order ¢ = 0 and ¢ = 1 the delay resolution r and period resolution p are equal, namely
r = |7/At + q/2] = p. The diagrams were constructed using MDBM [[7] with an initial 25 x 16
grid for the parameters d and by, respectively, followed by 5 halving iterations (the final grid is of
size 800 x 512). As the analytical stability boundaries for this particular periodic SDDE are not
known, a reference stability chart is created for the convergence analysis with p = 80, ¢ = 7. The
figure shows how the boundaries for the different approximations approach the reference bound-
aries denoted with the dashed black lines. It can be seen that the stability curves obtained with
higher g values converge significantly better than ¢ = 0 even for small period resolution p.

In Figure[d.TT]second moment stability charts for different parameter combinations are shown.
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Figure 4.10. Convergence of the second moment stability boundary with parameters a; = 0.1, w =
1, e = 1, o9 = 0.275. The reference stability boundary is denoted with the dashed black lines,
obtained using a semidiscretisation with ¢ = 7 and p = 80.

During the calculations of these diagrams a fifth order (¢ = 5) Lagrange polynomial was used
to approximate the delay state during semidiscretisation along with a sufficiently large period
resolution p = 80. Similarly to Figure . 10| the stability boundaries were found using MDBM [[7]
with an initial 25 x 16 grid for the parameter plane (9, by) followed by 5 halving iterations. It is
important to emphasise that for cases where the time delay 7 does not equal to the principal period
T, the period resolution p does not equal to the delay resolution r, even in cases ¢ = Oand 1. It
can be observed, that in the undamped (a; = 0) and deterministic cases (first row, blue lines for
oo = 0) the stability regions have a special structure, namely there are stable islands bounded
by straight lines [37]. As the intensity of the stochastic terms are increased, these islands are
decreasing, first only slowly near the corners, then the stable regions completely disappear in an
accelerating manner. However, if damping is added (a; = 0.2) these island are joined and the
system described by (4.3.1) becomes much more robust against the noise. For the cases in which
the ratio 7/7" is not an integer (e.g. in the last row where 7/T" = 0.5), due to the interaction
of the time-delayed term and the parametric excitation the stability charts become complex and
intricate, which gets simplified as the increasing noise intensity decreases the significance of this
interaction.

Note that these second moment stability boundaries are robust, meaning if there is no additive
noise (0 = 0) exciting the system @.3.1), then it gives only a sufficient condition for stochastic
stability (the process can be stable outside of the calculated stable domain). However, if one has to
consider additive noise (o # 0), then the parameters taken from the stable region calculated with
this approach guarantees that the trajectories describing the solution will stay in a finitely bounded
region and there exist a stationary second moment.

Next the stationary periodic second moment determined using Eq. (3.2.35) derived from the
stochastic semidiscretisation method and it is compared to results obtained with statistical eval-
uation of direct Monte-Carlo simulations of (4.3.1). The comparisons were conducted using the
parameters a; = 0.2, = 2, § = 3.25, by = —0.2, o9 = 0.2, additive noise intensity o = 1
and three different parametric excitation frequencies: w = 2,1 and 0.5 (denoted by black x-s
in Fig 4.T1). The Monte-Carlo simulations were conducted using the Euler-Maruyama method
for SDDE-s with time step relative to the principal period of the system AtMC = T/2000 =
27 /2000 w with the StochasticDelayDiffEq.jl. The system (4.3.1]) was integrated for 600 periods,
while 80 individual trajectories were calculated. To ensure that the initial conditions are not influ-
encing the results, the first 100 periods were dropped from each trajectory, leaving 500 x 80 =
40000 periods altogether, providing statistically sufficient number of periods to average over.

The comparison is shown in Fig. since the stationary first moment is zero (no additive

determinist excitation is present) the convergence of the stationary periodic standard deviation is
presented only. Furthermore, a more compact notation is introduced for the periodic stationary
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Figure 4.11. Second moment stability charts for Eq. (4.3.1) for different values of ¢, w and a;. The
period resolution is p = 80 and the delayed state is approximated with a ¢ = 5 order polynomial for
all cases.
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standard deviation:
StDS(s) = klim StD(zpr1s) where s € [-T,0]. (4.3.7)
—00

In the figure the red x-s denote the reference solution obtained via Monte-Carlo simulations,
plotted with time density being Atg/{gt = T'/20. The convergence w.r.t. the period resolution p and
w.r.t. the order of the Lagrange polynomial approximating the delay state ¢ is shown in the left
and right columns, respectively. When the convergence w.r.t. the period resolution p is shown, the
polynomial order is fixed to ¢ = 0, while when the convergence is investigated w.r.t. the order ¢
the resolution is fixed to p = 20. In the left column it can be seen, that the zeroth-order stochastic
semidiscretisation method converges to the reference solution even for smaller period resolutions
(p = 20), but the accuracy can be further improved if higher-order stochastic semidiscretisations
are applied as it can be seen in the right column.

Next, to further demonstrate the convergence of the introduced stochastic semidiscretisation
method the mean-square error of the stationary second moment compared to a reference solution
is investigated, namely

1

2
lo(p) = ; D (StDS,(tn) — StDs(tn)) (4.3.8)
tn€A(p)
where A(p) = {-T,...,-2T/p,—T/p}.
In Fig. 4.13p-c the ¢3(p) error is shown for period resolutions p = 2,4,8,...,128 and for
q=0,1,...,5. The reference periodic stationary standard deviation was computed using a higher-

order semidiscretization with ¢ = 7 and p = 256.

To give an approximation of the convergence of the /5 error in the presented p-range black
lines are given with slopes corresponding to 1st, 2nd order convergences. It can be observed that
the results computed with ¢ = Oth order converge approximately with order 1, the results ob-
tained using higher-order semidiscretization converge approximately with order 2 to the reference
solution. One reason for the limited convergence rate can be caused by the averaged constant
A(n) term in the approximating SDE (3:2.3)), as similar beahviour is shown for the deterministic
semidiscretization in [41]]. Another factor is the approximation of the multiplicative present state,
which lowers the convergence rate that can be achieved even for one mapping step, as shown
in [87].

Furthermore, to analyse the performance of the method to determine the stationary second
moment, 50 samples of benchmark runs were conducted for each point of p and ¢ of the stationary
second moment calculation, where the required computational time and the memory usage was
recorded for every sample. During a benchmark run, the whole process of the construction of
the deterministic and stochastic mapping matrices and vectors, the multiplications over a mapping
period, and the LU decomposition needed to solve equation (3.2.36) is included. In Figure i.13d
and e the relative time and memory required for the calculations are shown, where the reference
median computation time is 0.328 ms, and reference median memory requirement is 403.95 KiB,
which occurs at p = 10 and ¢ = 0. Here it can be seen that for large period resolutions p the
matrix operations are the dominant source of the computational costs, similarly as in the case of
the spectral radius calculations, demonstrated in Figure #.9c-d. Based on [22] the complexity of
the LU decomposition on a parallel processor is between O(n?) and O(n?) for a problem of size
n, so in our case it should be between O(p*) and O(p®). The trends observable in Fig and
e coincide with this prediction. The additional computation requirements by the higher ¢ order
semidiscretization are not significant even for small p period resolutions.

Note that for higher p values, the computation of stationary quantities is challenging due to
the high memory demand of the stochastic semidiscretization method (N p4) [187].
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Figure 4.12. Comparison of the stationary periodic standard deviations obtained with the stochastic
semidiscretisation method (denoted by lines) with the results obtained through Monte-Carlo simula-
tions (denoted by the red x -s). The stationary standard deviations are calculated for different values
ofw and fora; = 0.2, § = 3.25, by = —0.2, 09 = 0.2 and € = 2 (black x-s in Fig.

To compare the performance of the stochastic semidiscretization method to the Monte-Carlo
simulations, the computational time required for the Monte-Carlo simulations was also measured,
and compared to the median computational time requirements of the stochastic semidiscretiza-
tion method. In Figure 4.14] the /5 error measure is shown with respect to the computational
time for the stochastic semidiscretization method and for the Monte-Carlo simulations with dif-
ferent number of averaged periods, denoted with the numbers on the black lines and different time
size AtMC ¢ {T/28,T/2° ... T/2'4}. The reference solution was calculated with stochastic
semidiscretization with ¢ = 7 and p = 256. In this figure, it can be observed that the error in the
Monte-Carlo simulation is slightly influenced by the number of the averaged periods, however,
the effect of the time step AMC of the Euler-Maruyama method is the dominant factor. More
importantly, it is also apparent that stochastic semidiscretization can provide the same accuracy
as the Monte-Carlo simulations orders of magnitudes faster; e.g., the stochastic semidiscretization
can lead to ¢/, = 1073 error using 4 magnitudes less computational resource then the applied
Monte-Carlo method.
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Figure 4.13. Panels a)-c) show the {5 (p) error defined by @.3.8) computed utilising the stationary
second moment of the stochastic delayed Mathieu equation (#3.1)) with numerical parameters a, =
0.2,6 = 3.25,bp = —0.2,00 = 0.2, = 2 and 0 = 1 (black x-s in Fig[4.1]) and reference
solution computed using ¢ = 7 and p = 256. Panels d) and e) show the median relative computation
time and median memory usage of the computations, respectively, based on 50 benchmarking runs
for each point. The reference median computation time is 0.328 ms, while the reference median
memory requirement for the calculations is 403.95 KiB. These values correspond to ¢ = 0 and

p=2.
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Figure 4.14. The (5 error defined by @3.8) for the stochastic delayed Mathieu equation with
numerical parameters a; = 0.2, 6 = 3.25, by = —0.2, 00 = 0.2, e = 2 and o 1 (black x-
s in Fig[d.T1) with respect to the required median computation time. The reference solution was
computed using the stochastic semidiscretization method with ¢ = 7 and p = 256. The results are
compared to the the Monte-Carlo simulations denoted with black lines. The numbers on the black
lines are corresponding to the number of the averaged periods used when statisticially evaluating
the Monte-Carlo simulations
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4.4 Hayes Equation with Stochastic Delays

To illustrate the dynamics and stability analysis of the mean and the second moment established in
Sec. the scalar Hayes equation with stochastic delays is considered. Assuming additive noise
that is the sum of a Gaussian noise and a delay induced noise

day = (ay + bry—ry, + 0r (15 — 7)) dt + od W, 44.1)

is obtained, where a, b, 0,0 € R. The delay 7(¢) is assumed to take one of the values 71 = 0.2,
7 = 0.3, or 73 = 0.4 at each holding period with equal probability w; = 1/3, j» = 1,2,3
resulting the mean delay 7 = ZJJ:::E w;Tj, = 0.3.

To investigate the stability properties and the stationary first and second moments of (4.4.1))
the systems (3:3:23) and (3:3:31)) are constructed. The condition p(K) < 1 is used to calculate

mean stability while p (I:{> < 11is required for second moment stability. The stationary mean and

second moment are given in (3.3.29) and (3.3.38).
The stochastic mapping matrices using Egs. (3.1.4), (3.1.9) and (3.3.T1)) are calculated as:

T2 To,nt1 o
et 0 0 0 0 - b _1) ... 0
1 0O --- 0 0 0 0 e 0 0
F = . -l Fs,n = ’ (442)
0 : SN S
0 10 0 0 O 0 0

where 75, = [Tst,/At] and r = r; = |77 /At]; cf.(3.3.5) and (3.3.12). From (3.3.9)
and (3.1.6)) the stochastic mapping vectors are

Jznn+1 ea(At—t)Uth % (eaAt _ 1) (Ts,tn _ 77.5)
0 0
g= . . Brn = : : (4.4.3)
0 0

Given the terms in 1' 1) to use condition for the stability of the first moment p(K) <
1 one can obtain K from (3.3.17) and (3.3.26)), and to use condition for the stability of the sec-

ond moment p(K) < 1 one can obtain K from (3.3.33). For the stationary mean Zg and

second moment Zg; in (3.3.29) and (3.3.38)), one can obtain 1, from and k, 1. and ly
from (3.3.34)), (3.3.35)), and (3.3.36).

To generate the results below the time step At = 0.01 is used. This is sufficiently small to
approximate well the stability boundaries of this example (see also the discussion in [30] where
this example is taken from).

The left panel in Fig. shows the stability boundaries in the (a,b) parameter space for
holding times 7°- = 0.1,0.3,0.5, and 1 as indicated by color. Notice that the holding time values
are chosen such that they span a relatively large range with respect to the delay values, i.e., T, =
0.1 is smaller than all the delays, T = 0.3 is the mean delay, and 7°- = 0.5 and 1 are larger than
all the delays. Dashed lines indicate mean stability boundaries while solid lines bound the second
moment stability regions. That is, on the left side of the dashed lines the mean converges to the
stationary solution (3.3.29) while on the right side is diverges to infinity. Similarly, on the left side
of the solid lines the second moment converges to the stationary solution [3.3.38]and it diverges on
the right side of these boundaries.
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Figure 4.15. (Left) Mean (dashed) and second moment (solid) stability boundaries for the Hayes
equation @.4.1) for different values of the holding time T’ as indicated by color. The charts were
determined using At = 0.01 and using MDBM [7]. (Right) Numerical simulation results for points
A,B,C when T, = 1 with the mean and standard deviations highlighted.
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Figure 4.16. a) Stationary standard deviation over a holding period T; for the Hayes equa-
tion @4.1) with parameters a = —1, b = —4.5 and white noise excitation (o, = 0,0 = 1).
b) The maximum values of the stationary standard deviation over a holding time along the dashed-
dotted line in Fig.[4.13] The continuous line denotes results obtained with semidiscretisation while
the x -s are obtained by MC simulations.

The right panel in Fig. . 15]shows three different moment realizations to demonstrate the three
types of stability states: moment stable (case A), first moment stable — second moment unstable
(case B), and moment unstable (case C). In order to illustrate the behaviour of the dynamical
system (@.4.1) in the different parameter domains the ensemble standard deviation StD(z;) is
used. It can be observed, that when the system (@.4.1)) is moment stable (case A), then both the
first and second moments converge. However, as the parameters are moved towards the unstable
areas first the second moment diverges (case B), then the first moment also loses stability (case C).

Next, to validate the result obtained with semidiscretisation the stationary mean and standard
deviation are calculated utilizing (3.3.38)) with time resolution A¢ = 0.01, and the results are
compared with statistical evaluations of the mean and second moment obtained by MC simulations
of system (@.4.1). For these simulations, the Euler-Maruyama method is used with a time step
ot = 0.001.
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Figure 4.17. a) Stationary mean and b) standard deviation over a holding period T, for the Hayes
equation @41) with parameters a = —1,b = —4.5 and delay excitation (o, = 1,0 = 0).
Maximum values of c) the mean and d) the stationary standard deviation along the dashed-dotted
line in Fig.[4.13 The continuous line denotes results obtained with semidiscretisation while the X -s
denote the results obtained by MC simulations.
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Figure 4.18. Maxima of the a) stationary mean and b) standard deviation over a holding period
T, for the Hayes equation [@4.1)) with parameters a = —1, b = —4.5 and different T, holding
times for delay excitation (0, = 1, 0 = 0). The continuous line denotes results obtained with
semidiscretisation while the x-s denote the results obtained by MC simulations. Note that first

moment is zero for Ty < 1.

In Fig. f.16(a) the stationary standard deviations are shown over as a function of time for
different holding times when the additive noise is purely due to the white noise excitation, i.e.,
or = 0and 0 = 1 in @4.I). The results are shown up to s = 1 for all holding times, that
is, the augmented vector (3.1.7) includes the time history up to the largest holding time 7 = 1.
The results of the semidiscretisation (solid lines) are compared with the results obtained by MC
simulations (x-s). Notice that the stationary standard deviation gained by both methods show
periodic variation with period 7’; due to the periodic switching of the delay process 75, even
though the additive noise gives no periodic excitation [21]].

In Fig. f.16(b) we show the maximum value of the stationary standard deviation within a
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holding interval while setting « = —1 and varying b within [—6.5, 1]; see the vertical dashed-
dotted line in the stability chart in Fig.[4.15] As the parameters of the system approach the stability
boundary, the effect of the noise on the stationary standard deviation is magnified, leading to
the so-called stochastic coherence resonance; see [14,/53,/84]]. Note that the stationary mean is
constantly zero for any holding time 77-. This is due to the fact that the white noise excitation is
independent of the random delay fluctuations. This can also be verified by observing that 1. ;, = 0
in and I, = 0 in (3:3.29), because g, , = 0in due to o, = 0.

In Fig. 4.17(a)-(b) the stationary mean and standard deviation are shown as function of time
over a holding time interval for the delay induced noise scenario (0, = 1 and o = 0 in {.4.1)).
Notice that since the delay 7 ; switches at every kT, the stationary beahviour shows a periodic
beahviour with period 7. This can be observed in both the stationary mean and standard de-
viation. In Fig. @.17(c)-(d) the maximum value of the stationary mean and standard deviation
over a holding interval are depicted for the delay induced noise case when considering parameters
a = —1,b € [-6.5,1]. In Fig. d) the stochastic resonance can be observed again for the
parameters in the vicinity of the stability boundaries. Meanwhile a stability loss can be observed
for the stationary first moment in Fig.[4.17(c) near b = 1 (upper stability boundary) only.

In Fig. [4.18]the maxima of the stationary moments are shown as a function of the holding time
T;. In Fig. [d.18|a) it can be observed, that if the holding time T’ is larger than the smallest delay
value 71, the stationary mean is not zero any more. In particular, examining 1, in one can
see that for T, > 71 the quantity 1, is non-zero yielding non-zero stationary mean, even though
the excitation term o, (75; — 75) has a zero expected value. The stationary standard deviation
does not show any special behaviour with respect to the holding time 7’ around the smallest
delay value 71, however it decreases as 7', increases. This can be due to the reason, that as 7T’
takes greater values, the delay induced noise causes resonance-like phenomenon. However, if 7T’
is further increased, the same time delay is held for longer time allowing the variations around
the temporary equilibrium state to settle before the next additive time delay induced switching in
0+ (Ts+ — Ts) perturbs system again.

Notice that the MC simulations approximate the results obtained via semidiscretisation well.
However, the latter approach only requires a few matrix multiplications and solving a system of
linear equations, which are orders of magnitudes faster than calculating thousands of realizations
and statistically evaluating them. This suggests that the proposed method is a very efficient tool to
investigate the beahviour of such systems, especially for higher dimensional state variables.
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Chapter 5

Engineering Applications

In this chapter some engineering applications are given, which rely on the analysis of stochastic
delay differential equations. The examples in Secs. [5.1} [5.2] and [5.3] are discussing the effect of
stochastic cutting force (see the typically measured force signal in Fig. [6.2)) on the stability and
stationary behaviour of cutting processes such as turning and milling. These sections show, how in
the field of machine tool vibrations the stochastic perturbation on the cutting force can lead to large
amplitude vibrations, which can be falsely identified as the self excited oscillation called chatter.
However, it is also shown, how the robustness of a turning operation against white noise excitation
can be made worse by increasing the stable parameter region. Furthermore, it is discussed, how
the noise-induced resonance can be utilised, to predict chatter before it forms.
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Figure 5.1. Examples of force signal components and the corresponding probability density func-
tions (PDFs) measured during a turning operation.

Finally, Sec. [5.4] investigates how stochastic effects influence a connected control system,
namely a scenario is analysed when a connected automated vehicle (CAV) follows a connected hu-
man driven vehicle (CHV). The CHV measures its position and velocity and broadcasts it through
wireless communication, while the CAV listens and adjusts its velocity correspondingly. However,
during this communication packet losses can occur, which are modelled as stochastic time delays
in the corresponding delay differential equation.

The chapter is organised the following way. In Sec. [5.1] the effect of stochastic perturbation
of the deterministic turning models are investigated through the stability and stationary moment
analysis of turning models. In Sec.[5.2]it is investigated, how spindle variation affects surface
roughness in presence of a noisy cutting force. In Sec. [5.3] the difficulties of chatter detection
during milling is accurately explained through the stochastic model of milling, and a possible
measure is given to quantify chatter. In Sec. [5.4] a topic related to control theory is discussed,
namely the effects of stochastic packet losses on a connected automated vehicle control.

5.1 Stochastic Model of Turning

To demonstrate the effect of the stochastic cutting force on the dynamics of cutting processes [84],
the simple one degree of freedom regenerative model of orthogonal turning is used [94L95]]:

i . 1
B4 2wn + wiz = —F. (5.1.1)
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In this model, the cutting tool is considered as a linear oscillator with natural frequency w, =
\/k/m and damping coefficient ( = ¢/m, where m, k and c are the modal mass, stiffness and the
viscous damping, respectively.

Figure 5.2. Mechanical model of orthogonal turning

This oscillator is excited by the stochastic cutting force F; which can be partitioned into a
deterministic mean cutting force F}, and a stochastic force perturbation F,, namely

Fy = Fu(hy) + Fyy (5.1.2)

The deterministic mean cutting force Fy,, depends on the chip thickness h, which is described
by the surface regeneration effect, calculated using the actual and a delayed tool position [78]:

ht = ho + Zi—r — Z¢, (513)

where hg is the nominal chip thickness. The delay 7 is corresponds to the the spindle speed of the
workpiece, namely 7 = Q /27, where 2 is the spindle’s angular frequency.

To analyse the small amplitude vibration around the stationary position of the tool, it is as-
sumed, that the mean cutting force Fy, depends on the chip thickness h according to the widely
used deterministic shifted linear cutting force model [2,40.,141},94,95]:

Fau(hy) = K, (K" + hy) | (5.1.4)

where K, is the resultant cutting force coefficient, which includes the average effects of the mate-
rial properties as well as the chip width w, while h* is the shift parameter. Based on preliminary
measurements (see Chap. [6]and [27,[85]) it is assumed, that the stochastic cutting force perturba-
tion F, is a Gaussian white noise process and its intensity is proportional to the mean cutting force
with ration o, namely

Fa,t = JOFm(ht)Ft- (515)

With these assumptions, the stochastic cutting force is described as:
F,=K,(h"+h) (14 00l}). (5.1.6)
Substituting Egs. (5.1.3) and (5.1.6) into (5.1.1) leads to

2 + 20wt + wiz
=HMI +ho+ zi—7 — 2t) 5.1.7
+ UOH(h* + ho + zt—r — Zt)Ft,

where H = K,/m. To investigate the stochastic perturbation of the mean stationary solution
(zst) = (H/w?)(R* + h) a stochastic perturbation process z; is introduced:

Zt = <Zst> + (h* + h()) Tt. (518)
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Note that x; has zero mean (z;) = 0. This x; process describes the motion of the tool around its
stationary solution and is normalised with the shifted-nominal chip thickness. Substituting (5.1.8))

into (5.1.7) leads to

Ty + 2Cwn Ty + wﬁmt
= H(.’Et_-r — xt) (519)
+ UoH(l + X7 — xt)Ft.

This perturbation equation can be rewritten into the usual representation of a stochastic differential
equation, the first order incremental form [5/61] as in Sec. 3.1}

dXt = (AXt + BXt,T) dt¢
+ (ax; + Bxi—r + o) AW,

T 0 1 0 0
X = <mz> A= <— (w2 + H) —2gwn> » B= <H 0)’
_ 0 0 _ 0O O _ 0
@= *O’UH 0 716_ O'QH 0 » T = O'QH ’

In Fig. [5.3p the stability chart is shown, where the unstable and stable areas are denoted with
white and blue colors, respectively. The calculations where conducted using the damping { =
0.1 and as an overestimation of the stochastic effects oy = 0.1 (which corresponds to a 10 %
multiplicative noise intensity compared to the mean cutting force). To see effect of the noise
originating from the cutting force, the stability boundary for the deterministic case is plotted with
dashed line based on the analytical solution presented in [78]].

When comparing the stability boundaries gained with the stochastic and deterministic models,
it can be observed, that the change in stability is insignificant, the deterministic model is sufficient
for the stability calculations. However, if one considers the stationary vibrations caused by the
small stochastic cutting force, the noise intensity in the vibrations can be amplified. This can
dramatically increase the surface roughness, since this vibration is directly copied onto the surface,
and it can lead to additional loads on the tool.

To characterise the intensity of these stochastic vibrations, the stationary standard deviation of
the displacement perturbation z; is defined:

(5.1.10)

where

(5.1.11)

Ot = lim StD(af). (5.1.12)

By defining a limit (e.g.: based on a prescribed surface quality requirement), the stationary
second moment chart can be given by the contour lines of (5.1.12)). In Fig.[5.3h, two contours are
given for 15 and 30 times dimensionless noise amplification, namely o, &t/ (0o Hw?) = 15 and 30.
The darker blue areas correspond to the parameter regions, where the noise amplification is lim-
ited by these values. Although the stability limit (both the deterministic and stochastic) provides
stability pockets with optimal and high material removal rates, these optimums cannot be utilised,
due to the large stationary stochastic vibrations.

In Fig. the stationary second moment is illustrated along the parameter line H /w2 = 0.3.
These vibrations are extremely amplified near the stability borders; this phenomena is called the
stochastic coherence resonance [[52]]. Note that these theoretical predictions are only valid for small
amplitude vibrations, due to the unmodelled nonlinear nature of the cutting force characteristics [2]
and the fly-over effect [23]). If in the stable parameter region the vibrations reach a sufficiently large
stationary second moment (and therefore large amplitudes), the chatter vibration can occur before
the machining would lose the stability predicted with the help of deterministic linear models. This
means, that the measurable stability boundaries are potentially shifted towards smaller chip widths
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Figure 5.3. a) Second moment stability chart (blue area) along with stationary second moment
limiting charts (darker blue areas) with parameter oy = 0.1, compared to the deterministic stability
borders. b) Noise magnification in the stationary solution along H /w? = 0.3. There are three small
figures inside illustrating how the first moment decays (dark blue) while the standard deviation of
the vibrations persist (light blue) for ditferent spindle speeds 2 based on MC simulations.

by the stochastic nature of the cutting force. In Fig.[5.3p it can be seen, that as the spindle speed 2
is chosen from the immediate proximity of the stability boundary the effect of the stochastic noise
is significantly magnified even though, the intensity of the noise stays constant. This phenomenon
can be due to the fact, that the white noise excites through the whole frequency spectrum, and
the characteristic damping of the dynamical system representing the turning process decreases,
reaching zero at the stability boundary. This means, that even if the presence of the additive
stochastic effect is small, it can cause significant vibrations due to the noise-induced resonance,
despite of the system being asymptotically stable.

5.2 Stochastic Model of Turning with Spindle Speed Variation

To further demonstrate the application of the periodic stochastic semidiscretisation to a practical
problem, the stability and stationary behaviour of a turning operation is investigated. To improve
the stability properties of the cutting process, that is to increase the domain from where stable ma-
chining parameters can be selected and the chatter [94]] phenomena can be avoided, one possibility
is to vary the spindle speed in a sinusoidal manner [38]]. Similarly to Sec.[5.1] the usual mechan-
ical model of the turning process [94] is shown in Fig. [5.4] while the corresponding governing
deterministic equation of motion describing the dynamics is

mz(t) + cz(t) + kz(t) = F(t). (5.2.1)
In this analysis a nonlinear mean cutting force model is assumed as in [23]], namely
F(t) = K,wh(t) where h(t) = ho(t)+z(t—7(t)) — 2(1). (5.2.2)

The system (5.2.1)) models the cutting tool as a linear oscillator, which is excited by the cutting
force F(t) described in by the cutting force characteristics in Eq. (5.2.2) [23]. In Eq. (5:21)
the parameters m, ¢ and k£ denote the modal mass, damping and stiffness of the cutting tool,
respectively, while in Eq. (3.2.2) K, and ¢. are parameters of the cutting force model, w is the
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chip width, h(t) is the time varying chip thickness. In case of constant feed velocity vy (see
Fig. and time periodic spindle speed 2(¢) the nominal chip thickness hg(t) becomes also
time periodic. The time delay 7(¢) originates from the regenerative nature of turning, namely the
position of the tool is copied to the machined surface during vibration, and it effects the cutting
force one revolution later through the chip thickness. The time dependence of the delay 7(¢) comes
from the variable spindle speed described by:

Qt) = Qo + Qq cos (wrt), where w; =RVF-Q (5.2.3)

and the parameter RVF is the ratio of the modulation frequency w;, and the mean spindle speed
Q. In [39] it is shown, that the corresponding time delay 7(¢) can be approximated as

2
7(t) = 19 + 11 cos (wst), where Ty = Q—ﬂ and 7 = 79 - RVA. (5.2.4)
0

Here the notation RVA := ) /) represents the ratio of the amplitude €2; and the mean value 2.
Due to the varying spindle speed the nominal chip thickness hq(t) varies in time, and it can be
described with the help of the feed rate v and the varying time delay 7(t):

ho(t) = vyT(t), (5.2.5)

leading to
F(t) = K,w (ver(t) + 2(t — 7(t)) — 2(¢))?. (5.2.6)

Linearizing the cutting force around z(¢ — 7(¢)) — z(¢t) = 0 and dividing by the modal mass m
gives

L Pt ~ w2 <H1 (T(t))q” (2(t = (1)) — 2(t)) + Ho <T(t)>q> , (5.2.7)

70 70
where
K,wq 1 K,w Hy
H1 = mwg (UfTo)q s H() = mw% (UfT())q = I’UfTo (528)

and w, = \/k/m is the natural frequency.

To approximate the stochastic and high frequency effects in the cutting force [85]], such as chip
fragmentation, shock-waves and inhomogeneous material properties, a Gaussian white noise with
relative intensity oy is introduced through the cutting force coefficient by replacing the constant
cutting force coefficient K, with the time dependent

Kz,t = KZ (1 + aoft) y (529)

<>
Q(t) = Qo + Qy sin (wt)

Figure 5.4. One degree of freedom mechanical model of orthogonal turning with periodic (sinu-
soidal) spindle speed variation
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which leads to the same partitioning in the cutting force as introduced in (5.1.2). When substituting
it into the linearised cutting force model (5.2.7) the equation of motion (5.2.1)) becomes a SDDE:

Zi + 2Cwn 2 + wﬁzt =

. <H1 (?)qc_l (2e—re) = 2t) + Ho (?) q) (5.2.10)

+ ogw? (Hl (Ti?)qc_l (2t—r(t) — 2t) + Ho (?>q> I,

where ( = ¢/(2muwy) is the damping coefficient.
To reduce the parameters of the system the dimensionless time ¢ = wyt and displacement
x; = z;/vyTo are introduced. Substituting these dimensionless variables into Eq. (5.2.10)) leads to

x%’ + 2{3@2 +x;=

A

#(0)\ " Hy (#(5)\*
- <H1 < o ) e-ry ~ 20 ¥ qc< o (5.2.11)

np c—1 A~/ G

. T(ﬂ)q Hy (T(t)>
+oo | H - Tp 2 —T7) +— | = I3,
0(1(70 @ — =)+ (52) ) &

#(t) = 7 (1 + RVA cos(RVF O t)) o owith Qg = =2 7 = wro (5.2.12)

n

where

and [0’ denotes the derivative w.r.t. the dimensionless time ¢. Furthermore the coefficent & :=
oo/ wi/ 2 is the relative intensity of the rescaled Gaussian white noise process I7;. For the dimen-
sionless equation of motion (5.2.11)) the coefficient matrices of the first order form (3.2.1)) are
given by:

A 0 1
A(t) = (_1 o (;{))qcfl —2C> , (5.2.13)

B(f) = <H1 (.F;Z)qc—l 2) , c(t) = <H1 <:,g)>qc> , (5.2.14)
) g \ 7o

A 0 0
a(f) = (—6—0H1 (@)%-1 0) , (5.2.15)

B(t) = 6oB(%), o(t) = Goc(t), (5.2.16)

and the state space vector is

x; = [z, . (5.2.17)

To apply the dimensionless parameters in the Eq. (5.2.11)) to investigate the effect of the spindle
speed variation on the stability and the surface quality, a small number of realistic machining
parameters are introduced to connect the mathematical model to the application. First, the damping
ratio was set to ( = 0.02, then a cutting force model, the three-quarter rule is used, with g, =
3/4 [94]. Furthermore, it is a safe assumption to consider the noise intensity in the cutting force
coefficient to be 6o = 0.1. Another important parameter is the mean nominal chip thickness
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ho = v 70, since this scales the dimensionless tool position x;. In this analysis a realistic value,
ho = 100 pm is used.

To guarantee acceptable surface quality, the roughness profile parameter Ra is the commonly
used metric, which describes the arithmetic mean value of the magnitude of the measured sur-
face profile ordinates [58]. However, this value cannot be directly calculated using the theorem
described in this paper, so the roughness parameter Rq is used, which refers to the root mean
square of the surface profile ordinates. For a roughing operation it could be sufficient to select
Rq 13.75, referring to the standard deviation of the surface roughness profile peaks being at max-
imum 13.75 pm, which approximately corresponds to a Ra12.5 value [42]. If hg = 100 um is
chosen, then the Rq 13.75 translates to

. 27 70
max StD5'(s) =0.1375 where T = — = , (5.2.18)
se[~1'0] =(5) RVE(Q), RVF

while StD5t () is defined in (#.3.7).

To evaluate one needs to calculate both the stationary first and second moments. How-
ever, the variation of the first moment is only considered in the stationary standard deviation, and
is not considered separately, since it does not describe surface quality, only the final exact shape
of the resulting workpiece, which is not investigated in this study.

In Fig. [5.5] the second moment stability and the surface quality charts (where the stationary
second moment is limited by the condition of Rq13.75) are shown for modulation frequencies
RVF = w,;/Q; = 0.5 and 0.1, while the corresponding curves for the constant spindle speed turn-
ing are given with the dashed lines. The diagrams were determined using ¢ = 5 order stochastic
semidiscretisation with period resolution p = 50 for all cases. The boundaries were found using
a MDBM with an initial 21 x 11 grid for the parameter plane of the dimensionless spindle speed
Qo and the dimensionless effective cutting force coefficient H; followed by 4 halving iteration,
resulting in a final grid of 336 x 176.

0.71 RVF =0.5 0.7 RVF =0.1

0.6 0.6

H) = 1<7
0.5 P(H) 0.5
Rq 13.75
= 0.4 I~ 0.4
0.3 / 0.3
0.2 0.2
0.1 0.1
0.0 0.0
0.2 0.4 0.6 0.8 1.0 1.2 0.2 0.4 0.6 0.8 1.0 1.2
Q(] = 27T/‘f'() 52[) = 27T/ﬁ)

Figure 5.5. Second moment stability and Rq13.75 limiting charts for turning process with sinu-
soidal spindle speed modulation with RVA = Q1 /Qy = 0.1. The dashed lines indicate the corre-
sponding boundaries associated with constant spindle speed turning. Under the curves denoted with
p(H) = 1 and Rq 13.75 the process is second moment stable and the maximum of the stationary
standard deviation is smaller then the limit 13.75 pm, respectively.

From this analysis it can be deduced, that the application of spindle speed variation with a
relatively fast modulation frequency RVF = 0.5 (left panel of Fig.[5.3) significantly increases the
stable parameter domain even for the high-speed range. This stabilizing effect is more pronounced
for lower spindle speeds, where the “stability pockets” merge creating a domain robust against
uncertainty in the mean spindle speed {2g. This second moment stability chart is almost identical
to the traditional (deterministic) stability chart [39,/84], due to the relatively small noise intensity.
This effect can also be observed in Fig. @.11] The surface quality chart behaves similarly, the
Rq 13.75 limiting curve follows the change of the stability chart for lower spindle speeds, however,
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higher speeds, the application of spindle speed variation with RVF = 0.5 does not provide any
advantage.

For a more realistic frequency ratio RVF = 0.1 the improvement in stability is only significant
in the lower spindle speed domains, as it can be observed on the right panel of Fig.[5.5] However, if
the surface quality is also considered, the effect is not so obviously positive. Although the bottom
of the “instability lobes” rise, causing increased robustness, the peak of the “spikes”, inside which
the preferable high material removal rates can be achieved, become significantly lower.

5.3 Stochastic Model of Milling

Another problem which leads to periodic delay differential equations is the mechanical modelling
of milling. It is essential also in case of milling operations to design the machining process care-
fully, so the regenerative chatter does not occur during the material removal process. To ensure a
stable machining while increasing the material removal rate, there are endeavours to utilise auto-
matic chatter detection during machining, however the quantification of chatter is in most practical
cases is still based on empirical expertise [4,[25,51].

The deterministic models used for the mathematical modelling of milling operations provide
capable methods to predict parameter regions where chatter can be avoided, and are used to design
tool edge geometries which increase productivity, however, there are some phenomena that they
cannot explain. One such phenomena is the rise of chatter peaks in the FFT of the measured
stationary vibration signal, which is not connected to the excitation frequencies, and these even
occur in stable parameter domains, which is not present in any deterministic model. In this section
a mathematically well established explanation is given to this phenomenon, and some remarks are
made, how noise-induced resonance can be utilised in machine tool chatter detection.

Workpiece 2 ZzI

| ;
AMAA
VWY
| =

Figure 5.6. One degree of freedom mechanical model of milling

First the usual mechanical model of milling is briefly given, based on [46]]. The governing
deterministic equation of motion describing the dynamics of mechanical model shown in Fig. [5.6]
is

mz(t) + cz(t) + kz(t) = —F.(t), (5.3.1)

where I, (t) denotes the deterministic cutting force component in the z direction, while m, ¢ and
k are the modal mass, damping and stiffness, respectively. In [46] the cutting force is given with
the help of the linear cutting force model as

N
F, (t) = ap Z (*Ktan sin Spj(t) + Kiaq cos @j(t))gj (t)hj (t)a (5.3.2)
j=1

where a,, is the axial depth of cut, Ki., and K,,q are the tangential and radial cutting force
coefficients, respectively, ¢; is the angular position of the tooth j. The chip thickness h;(t) at
tooth j can be approximated as

hj(t) = f.sing;(t) + (2(t) — z(t — 7)) cos p;(t), (5.3.3)
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where f, = vy7 is the feed per tooth in the feed direction and 7 = 27/(NQ2), while N is the
number of teeth. The screen function g;(¢) shows whether the tool cuts into the material and can
be given as

oL i gen < (@5(t) mod 27) < ex,
9;(t) _{ 0, otherwise, (5:34)

where ., denotes the angular position where the tooth enters into the material, while ¢.y is where
the tooth leaves the workpiece. Similarly to (5.2.9)), the stochastic cutting force coefficients are
introduced as

Ktan,t = Ktan(l + UOFt) and Krad,t = Krad(l + JOFt)~ (535)

The cutting force with the introduced stochastic coefficients reduces to

N
Fop=—ap ) (—Kuansing;(t) + Krad cos ¢;(t))g;(t)hj
j=1
N (5.3.6)
— 400 Y (—Kuan sin @ (t) + Kraa cos 0;(t))g; () Ly
j=1

Note that the chip thickness h;; becomes also stochastic and there are multiple independent
stochastic noises I’ ; driving this equation, corresponding to each tooth. The SDDE describing
the motion of the milling process is

N
mzy + ci + kzy = — ap Z (—Ktan sin@;(t) + Kraa cos ;(t))g;(t) ;e
j=1
N (5.3.7)
— apoo Z (_Ktan sin Pj (t) + Kiaq coS Pj (t))gj (t)hj,tF',t'
j=1

The solution of (5.3.1)) with the stochastic cutting force defined in (5.3.6) can be partitioned into a
dimensionless periodic deterministic z(¢) and into a dimensionless stochastic z;component as

2z = fi (zp(t) + x¢), (5.3.8)

where z,(t) = x,(t — 7) and (z;) = 0. Furthermore, one can introduce the dimensionless time

t = wyt, where wy, = k/m is the natural frequency. Substituting (5.3.3) and (5.3.8)) into (5.3.7)
leads to the dimensionless equation of motion

(a5 (F) + oy () +ap (1)) + (f + G+ ) =

= H(Gs(f) + Ge(t) (; + 7))
N (5.3.9)

— Y 6H(Gsj(t) + Gej () (s + 25_:)) Ty,
j=1

where 2wy, = ¢/m, T = 27/ (NQ) 0= Q/wn, H = apKtan/(mw?l) and & = /wpo0 due to
the rescaling properties of the Wiener process [[61]:

1

n

It = \JwnI; and dW; = dW;. (5.3.10)

The periodic coefficients can be expressed as Ge (£) = Y1 Ge;(£), Gs(f) = YL, G ;(f) and

Gej(t) = (—sing;(f) +rcospj(t)) cosp;(t)g;(t), (5.3.11)
Gsj(t) = (—sinp;(t) +rcosp;(t)) sin ¢;(£)g;(f), (5.3.12)
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where 7 = Kiaq/Kian. Assuming constant spindle speed, the angular positions ; (f) can be
written as

@i(t) =t —(j —1)—. (5.3.13)

The differential equation for the deterministic periodic solution (f) can be obtained by taking
the expectation value of Eq. (5.3.9). The first order incremental form of the resulting equation is

dx, (f) = (onp (f) + c(f))df, (5.3.14)

where

dx, (f) = (28) . Ag= <_01 _12g) . (i) = (—ngs(f)) . (5.3.15)

Subtracting (5.3.14) from (5.3.9) the equation of motion for the stochastic perturbation z; can be
obtained in the first order form

dx; =(A ())x; + B(D)x;_,)di

N
) A N (5.3.16)
+ Z (o (8)x; + B, (t)x;_+ + o, (t))def '

ti= (1) AD=20+ (e o) BO=(ne o)
0= (Loncuy o) 40 = (e o) 0= (Loncum)

(5.3.17)

To investigate the behaviour of milling subjected to stochastic cutting force excitation, one

needs (5.3.14) to determine the stationary deterministic periodic first moment z;, (), while (5.3.16)

allows the first and second moment stability investigation of this periodic solution and the calcu-

lation of the stationary periodic second moment of the process x;. The deterministic periodic first

moment Ty, (f) can be utilised to qualify the stationary mean behaviour: the peak-to-peak (P2P)
amplitude of z, (%) is used for this purpose, namely,

P2P(z, (1)) = max (x,(f)) — min (z,(f)). 5.3.18

(o0 (0) = pmax (0(0)) — i (2 (9) 5319

To investigate the noise-induced resonance near the stability borders, the maximum and the time
average of the stationary standard deviation is used,

trer[l(i%StDit (t) and l{rel[%%l]StD;t(t), (5.3.19)
respectively. These indicators can be directly computed with the stochastic semidiscretisation
method.

However, during measurements the chatter peaks are analysed in the measured Fourier spec-
trum. To determine the theoretical counterpart of this Fourier spectrum, Eq. (5.3.9) is utilised to
calculate realisations of the milling process. Then, the stationary section of the trajectory (after the
transient vibrations decayed, which is assumed to surely happen after 5000 natural period 27 /wy,)
are decomposed into the deterministic periodic solution x}, (f) and into the stochastic perturbation
x;. To investigate the noise-induced resonance, the Fourier transform of the stochastic perturbation
x; is investigated in the stationary section, namely

Coeac = max [FFT(z;))]. (5.3.20)
w
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The draft of this decomposition is illustrated in Fig.[5.7} In Fig.[5.7p) the original stationary
trajectory is shown, while b) and c¢) show the periodic deterministic and the stationary stochastic
perturbation components, respectively. Along with the trajectories, the magnitude of the Fourier
transform of the stationary trajectory z; and the decomposed trajectories f,x;, (t) and f=x;is shown
in Fig.[5.7d)-e). As during a real measurement, when taking the Fourier transform of z; peaks can
be observed at the excitation frequency and its higher harmonics and an additional peak at the
chatter frequency (around the natural frequency w,. When analysing the Fourier transform of the
decomposed vibrations the peaks at the excitation frequencies appear only in the deterministic
periodic component. However, in the Fourier transform of the stochastic component x; of the
simulated trajectory it can be observed, that the well defined peak at the natural frequency w,, is
present, while there is no peak at the excitation frequencies. This can only be due to the noise-
induced resonance.

To investigate the effect of machining parameters on the indicators described in (5.3.18),
(3.3.79) and (5.3.20) a numerical analysis was conducted. For this analysis of the stochastic
model of milling some numerical parameters were chosen, based on [46]. The modal parameters
were identified through impact modal tests, the modal mass, damping and natural frequency are
m = 2.701 kg, ¢ = 0.71 % and w,, = 259.96 Hz, respectively. The milling operation is assumed
to be conducted with a straight-edged two-flooted tool (N = 2) with diameter D = 16 mm
and with a feed per tooth f, = 0.1 mm. In this case study down-milling operation is con-
sidered with radial immersion a. = 2 mm, which results in ., = 138.6° and ., = 180°.
Finally, the cutting force characteristic was determined for this configuration through a series of
cutting test at the Department of Applied Mechanics (Budapest University of Technology and
Economics), and the radial and tangential cutting force coefficients are K,q = 0.175 - 10° N / m?
and Kia, = 1.095 - 109 N/m?, respectively, resulting in 7 = 0.16, as defined in (5.3.11)). The
intensity of the noise component in the cutting force is assumed as small as oy = 0.5 %. Dur-
ing semidiscretisation the period resolution p = 50 and the Lagrange polynomial order ¢ = 3
was chosen, while the trajectories for the analysis of the Fourier spectra were calculated using
the stabilised SROCK [[71] method (through the StochasticDelayDiffEq.jl package) with time step
5t =1073 - 27w, ~ 3.847 - 107 s.

Since the noise has a very low intensity in the cutting force, it has no significant effect on
the stability of milling (as in Secs. and [5.2)), thus the semidiscretised first and second mo-
ment (3.2.20) both can be used to determine stability on the parameter region a, € [0,4 mm] and
2 € [1000 rpm, 10000 rpm], as shown in Fig. To analyse the P2P of the stationary periodic
first and maximum and mean values of the second moments, the fix point of the first mo-
ment map (3.2.20) and the fix point (3.2.33) of the second moment map was used, and
the axial depth of cut was fixed for a, = 2 mm and the analysis was conducted on spindle speed
interval Q € [4800 rpm, 8600 rpm].

First, the behaviour of the FRF peak {,.k is investigated as the stability boundary 0 =
8457 rpm is approached. In Fig. (5.9) the growth of this peak is illustrated: the peaks of the
deterministic component slightly decrease, while peak of the stochastic component increases sig-
nificantly. It shows, that the noise-induced resonance is amplified near the border of the stable
milling parameters, since the characteristic damping becomes 0 when losing stability, similarly as
it has been illustrated in Subsec.

These amplitude changes are plotted for the spindle speed range 2 € [4800 rpm, 8600 rpm]
in Figs.[5.10p and c. To compare the results of the stochastic semi discretisation and the MC simu-
lations, the P2P of the stationary deterministic periodic first moment a:p(f), the peak heights /cax
and the mean and maximum values of the stationary standard deviation of the noise perturbation
x; are plotted together in Fig. Note that P2P of the stationary first moment in Fig.
do not show any particular behaviour near the stability borders, only its magnitude grows at the
resonant spindle speed €2 = w,, /N. The peak heights £,,c.x in the Fourier spectrum of the stochas-
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tic perturbation z; blow up near the stability borders as shown in Fig. [5.10c. Furthermore, both
the maximum and the mean of the stationary standard deviation StD(x;) in Fig. blow up
near the stability borders, due to noise-induced resonance, similarly to the peak height £},¢,1.. Note
that only the maximum value can be used to detect deterministic resonance, the mean standard
deviation is insensitive to it.

Note that the square root of the peaks /},cx is shown for eyeballing purposes, and to allow the
direct comparison with the standard deviations.

Based on the results described in this section, the measurement difficulties in the chatter detec-
tion close to the stability boundary can be explained and predicted. It is shown that by filtering the
noisy components from the measured signal important information is eliminated, since based on
deterministic values e.g., the averaged P2P values, the forthcoming chatter cannot be predicted and
detected. While utilising the stochastic effects, a model based quantification of chatter prediction
is possible.
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Figure 5.7. Draft of the trajectory decomposition of the stationary trajectories: a) the entire stochas-
tic signal, b) deterministic periodic component, c) stationary stochastic component. In panels d) the
Fourier spectrum of the simulated trajectory and the decomposed trajectories can be seen.
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Figure 5.8. First moment stability chart of a milling operation. The shaded area denotes the stable
parameter region
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stochastic perturbation ;. The black x-s denote the results corresponding to the spindle speeds 2

used for Figlf;@r

76



Chapter 5 - Engineering Applications

5.4 Stochastic Effects in Connected Vehicle Systems

In this section the influence of stochastic time delay and addtive noise on connected vehicle sys-
tems is considered. In particular, the focus is on the longitudinal dynamics of a connected au-
tomated vehicle (CAV) following a connected human driven vehicle (CHV) that broadcasts its
position data (measured e.g.: with GPS) and speed via wireless vehicle-to-vehicle (V2V) commu-
nication. When receiving the packets the CAV can respond to the motion of the CHV by adjusting
the throttle or applying the brakes. This is referred as connected cruise control and the effects of
time delays in such systems have been investigated both theoretically and experimentally [28}/62].

There are two sources of delay in the this example. On one hand, the actuator delay of the CAV
is typically constant and in the range of 0.3-0.6 seconds. On the other hand, the communication
delay is in the range of 0.1-0.3 sec and this changes stochastically based on the random nature of
packet scheduling algorithms and the packet drops in wireless communication.

The stochastically delayed differential equation describing the motion of the CAV can be writ-
ten as in [33]]:

St = vty
by = o (V (Snp—m, — Stem — 1) —vi—z) + (5.4.1)
+ 8 (Uh,t—mt - Ut—n) .

Here the dot stands for differentiation with respect to time ¢, s and s;, denote the positions of the
rear bumpers of the CAV and the CHV ahead while v and vy, denote their velocities, respectively;
see Fig.[5.11(a). The length of the CAV is denoted with [ and the headway is defined by

h=s,—s—1. (5.4.2)

“h

Sh hgiop

Figure 5.11. Connected car-following example: a) Sketch of a connected automated vehicle fol-
lowing a connected human-driven vehicle and b) the range policy (5.4.3).

In (5.4.1), the gains v and (3 are used to correct velocity errors, 7 represents the actuator delay
of the CAV, while 7, incorporates the communication delay as well as the actuator delay. The effect
of the packet losses are modelled as stochastically switching delays, thatis 73, € {71, ..., 77, } with
probabilites w;, j = 1,...,J; and with holding time 7’-, which is related to the communication
frequency. Note, that this is only a continuous approximation of the real delay process. This
approach allows the analysis of the stability and stationary behaviour of the CAV model with the
tools established in Secs. 3.3 and 4.4l

The desired velocity is determined by the nonlinear range policy function

0 if h<h,
V(h) =k (h— hetop)  if  hstop < b < hgo , (5.4.3)
Vi i h> R,

shown in Fig. b), where £ = Umax/(hgo — hstop). That is, the desired velocity is zero for
small headways (h < hg; and equal to the speed limit vy, for large headways (b > hg,). Between
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these, the desired velocity increases with the headway linearly, with gradient x. Note that when
hstop = 0, the quantity 1/ is often referred to as the time headway.

In a steady state traffic flow with average velocity v* and vehicle starting positions sy« and
s* the CHV’s velocity is assumed to have the expectation value (vy(t)) = v* which allows to
partition its position and velocity as

()= () e+ () + ()
Uh,t 0 v Tt

To describe the sum of the measurement error and the perturbation of the motion of the lead
vehicle, x;, := (zps, th)T is defined, that is, (x;) = 0. In the case of the CAV the same

partitioning leads to
s¢\ _ [(v" s* Tst
()= (5) e () (). 549

where the vector x := (x5, xv)T collects the position and velocity perturbations of the CAV. Note
that for connected cars the holding time is always smaller than the minimum time delay of the
system, that is T < 71, leading to (x;) = O (see Fig.[4.18).

Substituting the definitions of the positions and the velocities of the vehicles from (5.4.4)
and (5.4.5) into (5.4.1), using the range policy (5.4.3)), and taking the expected value of the result-
ing equation, the stationary average headway distance can be determined:

tliglo (hy) = tliglo (shy — st — 1) =85, —s" =1 = V) + (7 — T) vt (5.4.6)
Here 7 and 7, denote the average values of the delays and V ! is only unique for 0 < v* < vpax;
cf. (5.4.3). This shows that the average mismatch between the delays may result in an (undesired)
increase of the stationary headway.

To characterise the quality of the CAV control in case of a dense, but continuously flowing traf-
fic scenario (hstop < h(t) < hgo), the dynamics describing the perturbation on the middle linear
section of the range policy V' (h), namely the linear system

Xt = AXt + BXt—Tt + thh,t—Th7t — ((Tt — 77')B + (Th,t — %h)Bh)V* (547)

has to be investigated, where

A:<0 0)’ Bz(—om —(a+5)>’ Bh:(om ﬂ)’ v _<0>' (4.8)

Note that in the terms containing xj, ;— -, , and v* act as excitations on the system. Further-
more, it is assumed, that the perturbation x is small and will not produce such motions, that cause
the headway h to leave the interval [Agtop, Rgo)-

5.4.1 Effect of Delay Matching on Connected Cruise Control

It was shown in Eq. that a mismatch between the delays 7 and 7, results in a shift from the
desired stationary solution. Since the packets sent via V2V communication are time stamped one
may add some delay to the actuation delay 7 so it matches 7,. This means that the CAV uses its
own position and velocity (not affected by the packet loss) which was obtained at the time when
the state of the CHV was measured. Here we utilise the analytical techniques established above to
evaluate the performance of the CAV when we apply vs. do not apply such delay matching.

In case of delay matching the controller sets

Tt — 7'h7t7 (549)
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and, since v* is in the nullspace of the sum B + By, the linear system (5.4.7) simplifies to
% = Ax; + Bxy r, + Buxn o - (5.4.10)

In case of no delay matching the actuation delay is left constant, that is,

TT=T=T (5.4.11)
and (5.4.7) becomes

X = Ax; + Bxy_, + BhXh,tf‘rh,t —Bpv*- (Th,t - ’I_'h), 5.4.12)

with no stochasticity in the delay 7. The Egs. (5.4.10) and (5.4.12) are compatible with the form

given in (3:3.1).

a) —— Delay matching b)
. 0.2
3 — No delay matching 5
£ 0.04
LV
3 2 1 T T T T T
c)
0.2
17 ° E
< 0.04
—0.24
04
T T T T T T T T T T T
—2 —1 0 1 2 3 0 25 50 75 100
B t

Figure 5.12. Performance of connected cruise control without added noise. a) Second moment sta-
bility charts with the stable parameter domains shaded. The lines with the numbers denote contours
of stationary standard deviations of x,(t). b) and c¢): The results of Monte Carlo simulations con-
ducted for gain parameters o = 0.4 and 5 = 0.5 (marked as P on the stability chart) the mean and
the standard deviation are highlighted by the coloured lines and a sample realisation with gray line.
The red lines represent the stable stationary second moment calculated with semidiscretisation.

a) —— Delay matching b) 2 4
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3 S04 g
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Figure 5.13. Performance of connected cruise control with added white noise. The same notations
are used as in Fig.

For simplicity the case when the leading vehicle is moving with a constant speed is considered,
that is, x,,; = 0. In this case (5.4.10) has no additive noise while (5.4.12) is only excited by the
delay noise. When presenting the results we use the realistic parameters x = 0.6 1/s, stationary
velocity v* = 20 m/s, actuation delay 7 = 0.5 s and holding time 7, = 0.1 s. It is also
assumed that the stochastic delay 7, + can take values from the set 7,; € {0.55s,0.655,0.75s}
with probabilities w; € {0.25,0.5,0.25}, respectively.
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The stability charts are plotted in the plane of the control gains « and S in Fig. by
utilizing p(K) < 1. Notice that the stability domain is smaller for the case with delay matching

due to the fact that 7 is increased in this case. However, since there is no added noise in this case we
obtain lim;_, s, :vg = 0 and lim;_, o x% = 0 for the stationary second moments. This is illustrated
by the numerical simulation in Fig. corresponding to point P located at (o, ) = (0.4, 0.5)
in the stability chart. The simulated trajectories (grey curve) approach zero quickly bringing the
mean (thick green curve) and the standard deviation (thin green curve) to zero too.

When no delay matching is used, the stable domain is larger but, due to the delay induced noise
added to the system, the stationary second moment is not zero. The contours of the stationary
second moment of the velocity perturbation lim;_,, 22 are calculated using (3.3.38)) are shown in
Fig.[5.12h. The numerical simulations in Fig. illustrate the dynamics for point P marked in
the stability chart. The sample trajectory (grey curve) shows that the velocity of the CAV keeps
changing in time so that the mean (thick blue curve) approaches zero while the standard deviation
approaches the constant value calculated using stochastic semidiscretisation.

Remark that while delay matching reduces the size of the stability domain one may still have a
large range of gain parameters to choose from. In particular, in the experimentally realistic range
of a € [0,1],8 € [0, 1] stability is still ensured. Furthermore, the delay matching eliminates the
unwanted stationary oscillations that lead to "jerky ride", which typically has a negative effect on
driver comfort and energy consumption. Note that in case of no delay matching the delay induced
noise is magnified to an extent, where Eq. is not valid anymore (the range policy V' (h)
can saturate). However, in terms of control design these parameter regions should be avoided and
instead of the stability boundary, to limit the amplitude of the perturbation x, the stationary second
moment contours should be considered when choosing control parameters for the CAV.

The positive effects of delay matching can also be observed when the CHV ahead varies its
velocity slowly (that is typical in real traffic situations) [[10]. In order to evaluate the effects for
more severe motion perturbations, the perturbation dynamics of the CHV is modelled using white
noise, that is,

Xitomy, = (D1, Do) | (5.4.13)

where I'1; and I are uncorrelated Gaussian white noise. This is indeed an overestimation of
the severity of perturbations but provides a way to compare the behaviour with and without delay
matching. This leads to a noise excitation from 3 different noise sources in (3.3.1)) with intensities

0, in case of delay matching

(0’1,0’2) = Bh, Or = { (5.4.14)

Byv*, incase of no delay matching
where o1 and o are the noise intensity vectors of the Gaussian white noise processes 17 ; and
I 4, respectively. The effect of multiple additive Gaussian white noise processes can be taken into
account similarly as described in Sec.[3.1.5]or[3.2.4]

The results are summarised in Fig. [5.13] where panel (a) depicts the stability charts. The sta-

bility boundaries are identical to those in Fig.|5.12a as these are still obtained by p (K) < 1 while

the contours for the stationary second moment of the velocity perturbation calculated by (3.3.38)
change due to the added white noise. Notice that the contours obtained for the delay matching
case are quite similar to those obtained without delayed matching for small gain values, including
the experimentally realistic range o € [0,1],3 € [0,1]. For point P at (o, ) = (0.4, 0.5) this
behaviour is also illustrated by the numerical simulations shown in panels (b) and (c). This means
that when responding to severe perturbations using delay matching neither improves nor degrades
the performance of the CAV.

Note that the stationary second moment analysis presented in Fig. again corresponds to
the linear system only, where hgiop < h < hgo. Close to the stability boundary where noise-
induced resonance can be observed, the large amplitudes of the perturbation x can be saturated
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due to the nonlinear range policy V' (h). However, this effect is not considered in this study, and
this parameter region should be avoided during control design.
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Chapter 6

Experimental results

In the previous chapter the variations of the cutting force was modelled with the help of white
noise processes. The main goal of the measurements conducted in this chapter is to show, that
from modelling perspective it is a sufficient approximation to use a Gaussian random process to
model the effects of high frequency phenomena in the cutting force.

6.1 Stochastic Cutting Force Model

In this section the magnitude of the noise relative to the mean cutting force is estimated through

a series of measurements. The measurement layout is shown in Fig.[6.I] The measurement was
conducted on an NCT EmR-610Ms milling machine, where the workpiece was clamped into the
spindle, and the tool was fixed on the table. The cutting force was measured with a Kistler Dy-
namometer 9129AA and the data were acquired using a S080A charge amplifier and two NI-9234
Input Modules in a NI cDAQ-9178 Chassis at 51200 Hz sampling rate.

NI data
Feed aquisition %'
module

Figure 6.1. The schematic figure a) and the experimental setup b) for the cutting force tests.

During the measurements all three direction was measured: the main cutting force Fin,in (
direction in Fig. @, Freeq (z direction in Fig. @ and Fpagsive (y direction in Fig. @ The main
and the feed cutting force components are assumed to be generated by the same stochastic process
I'; with the same relative intensity, namely

Fj;=Fj(14+o0pl};) where j = main, feed, (6.1.1)

where I is an unknown noise process with (I3) = 0 and StD(}) = 1. Note that both F; and
o can depend on the cutting parameters, e.g.,chip width, chip thickness, cutting velocity or the
rake angle of the tool. The mean component Fj is usually described by a deterministic cutting
force model e.g., as presented in [323]. In this section no cutting force model will be fitted on the
measured cutting force, only the relation between the mean cutting force Fj and the relative noise
intensity o is investigated.

The analysed cutting tests were performed on an AL 2024-T351 tube with 16 mm diameter
and 1.5 mm wall thickness as the workpiece, and the cutting was conducted with a custom made
tool with 5° rake angle and (~ 10°) clearance angle. The chip thickness h was varied between 0.2
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mm and 0.0005 mm with exponentially decreasing and increasing steps. The orthogonal turning
layout allowed to realise the prescribed chip thickness with high precision, even for the small chip
thicknesses. This is due to the workpiece having high stiffness in the feed direction, and the chip
thickness was controlled by adjusting the feed rate and the spindle speed.

A single force section was measured for around 1-2 s at a sampling rate 51200 Hz and there
was a 0.1 s pause after every step to separate the signal sections while avoiding the cooling of the
cutting tool. Due to the fast-varying, stationary and ergodic characteristic of the cutting force, the
time length 1-2 s of the measurements were sufficient to determine the parameters of the stochastic
cutting force. A typical measured signal with the usually occurring force distributions is shown
in Fig. During the measurements different cutting velocities v, = 50 m/min, 100 m/min,
175 m/min, 250 m/min, 300 m/min, and rake angles o, = 5°, 10°, 15°, 30°, 35°, 40° were
applied while the relief angle was 10° for each tool. The tool edge radius was measured using
a microscope for each tool, and all of them were found to be smaller than 35 um. The initial
fast wearing of the tools had already taken place before starting the experiments of this work

(and measuring the edge radii), and no noticeable toolwear was found during the cutting force
measurements.

== Main force
5 E A Feed force
250 ‘M = Passive force
“}LZO.Q mm
200 H
g | *L,}.L,.:O'l mm
8150 | " h=0.05 mm E .
i)
2ol | ™ o u /—0.0005 mm
g [ - wa N \”1 A w
50 | | VM w L
0
3 6 9 12 15
Time (s)

Figure 6.2. Example of a measured force signal for exponentially decreasing chip thicknesses h
with the usually occurring force distributions (blue: considered as Gaussian, red: not considered as
Gaussian) with parameters v. = 250 m/min.

Due to the measurement setup, not only the stochastic effects are contained in the variation
of the cutting force. There is a slow change due to the heating of the cutting tool and the work-
piece, and a periodic component corresponding to the spindle rotation. To compensate the thermal
effects, an exponentially decreasing function 6(¢) is used:

0(t) = a + bexp(ct), (6.1.2)

where a, b and ¢ < 0 are fitted parameters, using the measured time signal Fj,,cas j,+ Where j refers
to the cutting force component (j € {mean, feed}). The thermal compensated force signal is

calculated as follows:
a

0(t)’
where Fy ;; denotes the thermal compensated force signal. Fig. @ shows the effect of this com-
pensation for a single measurement point.

Next, the Fourier transformation is applied to the thermal compensated force signal Fp ; ;,
denoted with Fy ;.. In |Fy ;| there are peaks at the frequencies corresponding to the spindle

speed and its multiples (see Fig.[6.4). This originates form the inhomogeneous wall thickness and
the eccentricity of the workpiece. To eliminate these effects on |F} ;| of the measured signal, a

Fo jt = Feas,jit (6.1.3)
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Figure 6.3. The effect of the thermal compensation (example)

filter similar to the so-called Comb-filter is applied:
1 w
He(w) = Sabs(1 - exp<15>), (6.1.4)

where () is the spindle speed. Using the product of the Fourier spectrum |F9,j7w| and the Comb-
filter H.(f), the Fourier spectrum |Fomp .| is gained:

B | = [Fp ol He(w). 6.1.5)

]Fj,w] represents the Fourier spectra of the variation of the measured cutting force originating from
the high frequency deterministic and stochastic effects. With the combination of the original phase

m

100 L L
L r _— ‘FG.] wl
= | — |Fj ]
2 — H.(w) .
— | L ¢ peaks corresponding
to the spindle speed
107 ¢ i

10° £ (Hz) 10* 10° /(Hz) 10

Figure 6.4. The effect of the comb filter on the Fourier spectrum

angle ang(ﬁg, jw) and the Fourier spectrum of the comb filtered |Fj,w| the stochastic cutting force
F} + is reconstructed using inverse Fourier transformation.

Taking the time average and the standard deviation of each measured and processed force
signal F)j ; one gains

(Fjt) =F; and StD(Fj;) =opF;,  j € {mean,feed}. (6.1.6)

Next, the noise process [} is assumed to behave according an Ornstein-Uhlenbeck process,
which is a first order filtered noise:

dly = —pIdt 4+ /2 dWs. (6.1.7)

Comparing (6.1.7) to (2.2.26) it can be concluded, that when substituting the parameters of the
drift and diffusion terms to the stationary second moment (2:2:27) one obtains lim;_,c (I7) =1,
thus the stationary deviation StD(7}) = 1. This means, that the process I; generated by
can be used as the noise process to model the stochastic variations of the cutting force F; ;. With
this approach all the information of the mean and relative noise intensity is contained in F; and
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or, respectively, while the nature of the noise process can be described with one single parameter
1. This parameter can be determined by fitting the power spectral density (2.2.3)) [98]]

241
S = 6.1.8
’Y(w) H% + wg ( )
to the power spectral density (PSD) STE™ of the measured noise process Vi which is
S = A e (6.1.9)
where _
s = 2 (6.1.10)
’ opF. j
and -
1 ,
Ameas — Nii /0 e Whymesdt, (6.1.11)

where T’ is the length of the measurement £ ;.

The force signals I7;** were categorised by their distribution, whether the force perturba-
tions can be considered as a Gaussian noise or not. This is necessary to check that the assumption
that the behaviour of the process I7%°* can be approximated by Ornstein-Uhlenbeck process is
even possible, since that is a Gaussian process. This was done by visual inspection of the force
distributions for each signal, since a hypothesis test would have been to restrictive: a distribution
can qualify as a Gaussian distribution from an engineering point of view while not satisfying the
conditions of a normality test. In Fig.[6.5] the usually occurring distributions are compared to the
probability density function of the standard normal distribution, along with a label, if it is consid-
ered as a normally distributed noise or not. In Fig.[6.5p a typical normally distributed force signal
can be seen. However, in Fig. [6.5p, the distribution is not perfectly Gaussian, but in practice this
is still an acceptable approximation from an engineering point of view. In Fig.[6.5k and [6.5d, the
nonlinear nature of the force characteristics or some deterministic resonance phenomena distorts
the probability density function in a way, that it loses its Gaussian form.

)06

Figure 6.5. The usually occurring standardised distributions among the measured signals: G denotes
distributions considered as Gaussian while NG denotes distributions that were not considered as
Gaussian. The red lines represent the reference probability density function of the standard normal
distribution.

However, if one wants to use the stochastic cutting force for example, to see how it affects the
stability and stationary behaviour of machining processes, the filtered noise approach leads to a
nonlinear system, for which the stochastic semidiscretisation introduced in Chap. [3|cannot be used.
To overcome this, one may use an approximating white noise process [;. Since, the white noise
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Figure 6.6. Power spectral density of the measured noise process v;*°** along with the PSDs of the

fitted Ornstein-Uhlenbeck and the fitted white noise processes

has (I}, I1,) = 6(t1 — t2), where &(.) represents the Dirac-delta, the previously determined noise
intensity o[ cannot be used for the intensity of the white noise I}, thus a o F} is introduced.
This intensity oy of the white noise process I is calculated with the help of the PSD of the
stochastic process I;. Since the PSD of the first order filter does not change significantly up to its
cutoff frequency 1, the intensity og is calculated with the help of the maximum of the fitted PSD
at w = 0, namely

9 2

0% = 0%.5,(0) = L (6.1.12)

M1

thus leading to

o) = —Oop. (6.1.13)

An example comparison of the PSDs of the measured noise process, the fitted Ornstein-Uhlenbeck
process and the white noise processes is shown in Fig.[6.6]

In Fig. the above described measured quantities Fj, or, 41 and og are shown as a function
of the chip width h for different cutting velocities v.. The mean measured cutting force Fj (both
the feed and main force components) follow the usual deterministic cutting force characteristics
w.r.t. the chip thickness & [3]], as it is shown in Fig.[6.7p. In addition, it can be also seen in Fig.[6.7p,
that the relative intensity oz of the noise process I}, relative to the mean, tends to a constant value
independent from the cutting velocity v, for chip thicknesses above h = 0.025—0.1 mm. In this
range all the signals produced Gaussian distribution for all cutting velocities v, > 100 m/min.
This means, that for conventional chip thicknesses this noise can be considered as a multiplicative
noise with relative intensity o & 5 %. This multiplicative nature shows, that the noise is present
in the cutting force and it is not related to measurement errors. In Fig.[6.7¢ the cutoff frequency /1
of the Ornstein-Uhlenbeck process can be seen, while Fig.[6.7d shows the behaviour of the relative
white noise intensity og. A general observation is, that the parameter 11 increases with the cutting
velocity v., and during the fitting it is capped at 1 = 3.5kHz = 27 x 3500 rad/s, which is the
natural frequency of the dynamometer Kistler 9129AA. This capping is denoted with the black
dashed line in Fig. b). Furthermore, the parameter p; is significantly higher than the usual
natural frequency of the mechanical system excited by the noise I, thus the white noise approach
is a proper approximation. The relative white noise intensity o tends to a constant value as well
for larger chip thicknesses, however, this value is considerably smaller than . Nonetheless,
considering oy = 0.1—1 % is a safe assumption w.r.t. to stability and stationary second moment,
even though it might be a slight overestimation of the actual intensity.

Note that even though the parameters for the main and the feed cutting forces (left and right
columns of Fig. were calculated independently, they show almost the same numerical values
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for o, 1 and og. Thus the simplification, that the same noise process generates both cutting
force components is adequate.

It can be concluded, that the modelling of deterministic and stochastic high frequency phe-
nomena in the cutting forces can be approximated by a Gaussian noise process, which is a math-
ematically concise and efficient approach, especially compared to finite element methods [11].
For large chip thickness, the distribution of the measured force is Gaussian: a Gaussian stochastic
process is superimposed on the mean force. Furthermore, in Fig.[6.7p, it can be observed that the
intensity o of the noise process I, as well as the equivalent white noise intensity o tends to a
constant value above h ~ 0.025 mm. Thus for conventional chip thicknesses the noise component
of the cutting force can be considered as a multiplicative noise o F; I} during e.g. Monte-Carlo
simulations, or as a white noise UOFth for calculations like the stochastic semidiscretisation.
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Figure 6.7. a) The average cutting force, b) the relative cutting force noise intensity c) the cutoff
frequency of the approximating Ornstein-Uhlenbeck process (capping due to the natural frequency
of the dynamometer denoted with dashed black line) and d) the relative equivalent white noise
intensity. In the gray areas the stochastic cutting force model based on the proposed filtered noise
processes is not valid, due to the effect of the tool edge radius.
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6.2 Stochastic Effects during Chatter Detection during Milling

In this section it is experimentally investigated, how the theoretical results in Sec.[5.3]translate into
practice. Namely, how well the stochastic milling model can describe the qualitative behaviour of
the milling process. The stationary second moment of the measured displacements as well as the
peak growth of the Fourier spectrum of the measured signal is investigated as the spindle speed €2
of the milling is varied.

a) Tool

Vibration: z,

Workpiece
rrTnL —am

Acceleration [ e il
Sensor | |

w o

Fixture

o .

7 7

Figure 6.8. The schematic figure a) and the experimental setup b) for milling with single-degree-
of-freedom experimental setup as presented in @]

For the measurements, the same experimental setup is applied, as in (see Fig.[6.8). During
the measurements the milled workpiece is clamped onto a specially prepared flexure, that was
designed to be flexible only in one direction, thus it can mimic the dynamics of a single-degree-
of-freedom system. The milling tool is considered to be rigid, because it is significantly more
stiff, than the flexible direction of this flexure. The feed direction of the milling is chosen to be
perpendicular to z (as shown in Fig. [6.8), leading to the same setup that’s dynamics is described
by Eq. (5.37) in Sec.[5.3] Note that in [46] it is thoroughly demonstrated, that the deterministic
part of this mechanical model is capable of capturing the stability properties.

During the analysis of the vibrations, no external perturbations were applied on the system,
only the vibrations of the workpiece (caused by the milling force) were measured by means of
a piezoelectric accelerometer. To analyse the displacement signal, the measured acceleration is
integrated in frequency domain and an appropriate high-pass filter was used. Furthermore, from
the measured signal, only the section is used, where the radial immersion, thus the entering and
exiting angles @y and ey are constant, and the transient vibrations have decayed.

After the integration, the measured displacement 2, is decomposed into a deterministic f,z(t)
and into a stochastic f,x; component. To obtain the deterministic component f,x,(t), the tooth
passing frequency wy;, has to be accurately determined, since the periodic averaging has to be
conducted w.r.t. its period Ty, = 27 /wyp,. In the ideal case the tooth passing frequency could be
determined from the nominal spindle speed €2 of the tool as

wip = NQ. 6.2.1)

However, in practice this frequency is not accurate enough, since there is a small deviation (~
0.1 %) between the prescribed €2 and the realised Q spindle speeds. The actual spindle speed Q
is determined using the same approach as in [46]]. Since the cutting force exciting the workpiece
is not a smooth function, the Fourier spectrum of the corresponding periodic forced vibrations
contains the peaks at the tooth passing frequency wyp, and at its integer multiplies. The nominal
spindle speed is used as an initial guess to initiate the calculation of the realised spindle speed
€, which is determined by detecting the 50" higher harmonic of the tooth passing frequency Wp-
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With this approach, the realised spindle speed Q (and therefore the corresponding wyp,) is obtained
accurately enough to allow the calculation of the periodic solution f,z,(¢) and the periodic stan-
dard deviation StD( f,z;) through periodic averaging and periodic standard deviation calculation,
respectively, where the stochastic perturbation f,x; is obtained by

fzxe = 2z — fzxp(t)- (6.2.2)

The stochastic perturbation can be used to predict noise-induced resonance through the calculation
of the maximum and mean of periodic standard deviation of f,x;. Another approach is to take its
Fourier spectrum |Z,,| and determine its maximum peak height {peax near w = wy, where wy, is
the natural frequency of the workpiece-flexure composition. According to the theoretical results in
Sec.[5.3] as the border of the stable parameter region is approached, the above described quantities
increase hyperbolically.

The chatter detection strategy described above is applied to a similar case study as in Sec.[5.3]
where the axial depth of cut is fixed to a, = 2 mm, while the spindle speed is varied in the
range () € [4500 rpm, 8218 rpm] with average steps of 100 rpm and near the stability borders
with extremely small steps 2—5 rpm. The modal parameters, the cutting force characteristics are
presented in Sec.[5.3] The milling operations are conducted with a two-flooted tool (N = 2) with
diameter D = 16 mm, helix angle 8 = 30°, and the feed per tooth was chosen as f, = 0.1 mm.
Furthermore, these down-milling tests were conducted along a straight path, with radial immersion
ae = 2 mm, which results in e, ~ 138.6° and @ex = 180°. The parameters of the calculations in
Sec. [5.3] are chosen to be similar to these measurements, thus a direct qualitative comparison can
be made with the theoretical results obtained there. Note that the effect of the helix angle § = 30°
is negligible due to the small axial immersion a,,.

The measurements were carried out on an NCT EmR-610Ms milling machine, where the
workpiece was clamped onto the flexible flexure. The vibrations were acquired with PCB 352C23
type acceleration sensor and the vibration data was collected with a NI-9234 Input Module in a NI
cDAQ-9178 Chassis at 51200 Hz sampling rate.

In Fig. [6.9] some properties of the measured signal is shown, namely the peak-to-peak value
P2P(f.x,(t)) of the mean periodic displacement f.x,(t), the f.l,cax of the FFT of stochas-
tic signal f,x; and the maximum and mean values of the standard deviation StD(f.z;), respec-
tively. These properties of the measured signals show similarity to the theoretical results shown
in Sec. The peak-to-peak value P2P(f,x,(t)) does not show any particular behaviour near
the stability borders and its magnitude grows at the resonant spindle speed 2 = wy, /N, which is
expected, also based on the deterministic models. However, in contrast to the theoretical results,
there are increased P2P(f,x,(t)) values around ~ 5300—5500 rpm, which corresponds to a flip
bifurcation predicted by theoretical models at that spindle speed [[36]]. Since there is a period dou-
bling effect, this can be due to measurement inaccuracies, such as the run-out of the tool and the
varying spindle speed. Due to spindle speed not being perfectly constant during a milling opera-
tion and even a small variation of spindle speed makes it impossible to perfectly decompose the
measured signal into a mean periodic and into a stochastic component.

The peak heights /¢, in the Fourier spectrum of the stochastic component x; blow up at
all the stability borders as predicted in the theory. Discrepancies at the resonant spindle speed
might be due to the above mentioned measurement problems, which cause a small portion of the
deterministic component still being present in the stochastic component x;, and this leads to the
increase in the peak height /¢, Note that this increase is only relatively large, since in absolute
value it is only a 4—5 um (compared to the mean’s peak height which is ~ 350 pum). Some
examples for the growth of the f./,cax at the stability borders is shown in Fig. where the
measured signal and its FFT is presented.

Furthermore, both the maximum and the mean of the stationary standard deviation StD(z;) in
Fig. [5.10k-d blow up at all the stability borders, due to the noise-induced resonance, similarly to
the peak height £},cak.
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As for the standard deviations, the difference between the maximum and the mean is only
approximately a multiplier, but they show the same behaviour, while the theoretical results predict
a slight difference at the resonant spindle speed. This can be also the consequence of the vary-
ing spindle speed, since during the averaging, the effects causing the different behaviour in the
maximum and mean of the StD(f,x;) are mitigated by this small variation of the spindle speed.
Nonetheless, the standard deviation StD(f.z;) is a good chatter indicators, since it does not pro-
duce a false positive result and show the same type of behaviour near the stability borders, as
predicted by the theory.

However, the measurement of such a small standard deviation is challenging during a real
practical scenario, due to the measurement is being overloaded by noise related to the measure-
ment, while the f./,c.x can be still well tracked, thus the state-of-the-art approaches are based on
this quantity.

As a summary, the stochastic analysis of the milling process can provide a qualitative descrip-
tion of the noise component in the stable domain, which can be utilised to detect the emerging
chatter. For quantitative comparison, the intensity of the noise process as well as the other pa-
rameter of the model can be tuned. However, the intensity o should be decreased in the theo-
retical model to fit the calculated peak values /p,c,k and standard deviations StD( f,xz;) to
their measured counterparts, while based on the visual inspection of the time signals presented
in Fig. [6.T1] this intensity o should be increased, relative to the measured intensity presented in
Sec. Furthermore, near the stability borders, due to the noise-induced resonance, the theo-
retical model is really sensitive [[15/53]] to a slight change of the model, e.g., including a varying
spindle speed, the run-out the tool, the effect of the helical edge geometry and the fly-overs even
at small amplitude vibrations.
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Figure 6.9. Measured quantities during the milling operation. Panel a) shows the P2P values of the
mean periodic solution, panel b) illustrates the behaviour of the peak height f.l;c.x of the Fourier
spectrum of the stochastic component f,x; while panel c) and d) shows the maximum and mean
values of the standard deviation of the stochastic component of the vibrations, respectively.
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Figure 6.10. Examples of the Fourier transforms of the decomposed measured vibrations. The blue
peaks denote the Fourier transforms of the periodic deterministic solution, while the orange peaks
denote the Fourier transforms of the noise perturbation. For each Fourier transforms the measured
displacement is given in green, the stochastic component is shown with the orange trajectory. The
spindle speed 2 in each panel correspond to the nominal spindle speed
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milling, and ~ 100 rpm from the stability border.
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Main Results

There are several models in engineering and biology which lead to delay differential equations
(DDE), e.g., the models of machine tool vibrations [2,(79}/94], delayed control loops [99], traffic
dynamics [64]], predator-prey systems [97] or neural networks [16]]. During the investigation of
such delayed dynamical systems stochastic effects are usually neglected, despite that stochastic
excitations often influence the behaviour of these systems. The noise may appear not only as an
external excitation, but also in the coefficients of the state variables. In case of construction of de-
terministic models that approximate stochastic systems, the usual approach is to consider the mean
values of the measured system parameters that describe the process, while the measured variation
is considered as the unwanted noise of the measurement [29]. This mean-value based approach is
valid for linear systems only, and even in these cases, its result may be misleading regarding the
steady-state behaviour. A noise excitation can lead not only to change in stability properties, but
it can also cause a so-called autonomous stochastic resonance or coherence resonance [53}84]].

For example, in manufacturing science, when machine tool vibrations are investigated usually
this deterministic approximation is applied. When dealing with machine tool vibrations two main
categories of vibrations are considered: the so-called chatter and forced vibrations [[94]]. Chatter is
an instability phenomenon, caused by the time delay due to the surface regeneration effect. During
this instability, self-induced oscillations occur, which can lead to poor surface quality and damage
in the tool. The forced vibrations are the result of the time-varying cutting force, which can occur
due to the changing size and shape of the chip, but can also be caused by high-frequency processes
as chip formation and segmentation, shockwaves in the material, local inhomogeneities in the
material properties [66,/67], shear plane oscillation, rough surface of the workpiece etc. However,
these high-frequency variations are usually not considered [2,|59] in the constant parameters of
the force characteristics describing the relationship between the chip size and the cutting force.
Since these high speed phenomena are very complex processes, thus in some recent theoretical
works [14}4385]] a stochastic noise excitation is used to take the effect of these unmodelled
dynamics into account.

Another example is in vehicular traffic, where the time delay originates from the drivers’
reaction time, that typically varies stochastically [[63[], while the additive noise comes from the
other vehicles whose motion the drivers need to respond to. In network control systems, delays
may vary stochastically due to packet drops or capacity drops while in the meantime agents need
to respond to the noisy environment [19,|35,/50,/60,/68-70]. In complex biological networks, like
those within cells, external noise is ubiquitous, while stochastic delays may be used to model a
sequence of reactions [30L(32].

This dissertation aims to investigate an approach which is able to efficiently characterise the
stability and steady-state behaviour of systems with delays subjected to parametric and additive
noise perturbations. For this purpose this dissertation discusses the first and second moment sta-
bility and the steady-state first and second moment of linear stochastic delay differential equations
(SDDEs). After a brief and gentle introduction to the core mathematical tools in Chapter [2| the
stochastic semidiscretisation was constructed in Chapter [3] for periodic linear SDDEs. Next, the
stochastic maps derived with the stochastic semidiscretisation were used to construct the first and
second moment maps. These moment maps then were utilised to investigate the first and second
moment stability of the original SDDE, as well as the steady-state first and second moments were
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approximated, allowing the prediction of the white noise-induced resonance. Furthermore, the
semidiscretisation of delay differential equations (DDEs) with stochastic delay was generalised
to allow the steady-state first and second moment analysis of these systems subjected to noise
excitation.

In Chapter {4 the convergence of the stochastic semidiscretisation was investigated through
numerical case studies (stochastic Hayes equation, stochastic delay oscillator, stochastic delayed
Mathieu equation, Hayes equation with stochastic delays). Furthermore, it was shown that SDDEs
with periodic coefficients and delays, as well as DDEs with stochastic delays have periodic steady-
state first and second moments. Chapter [5|discusses the application of the method to engineering
problems, namely the effect of the noisy cutting force on the dynamics of turning and milling. It
was shown, that the noise in the cutting force can cause large amplitude vibrations during machin-
ing processes even before the cutting process looses stability, and that the spindle speed variation
during turning can negatively influence the turning’s robustness against noise-induced resonance,
even though the stability properties are improved. Furthermore, it was shown how the statistical
properties of the vibrations in the stable parameter domain, such as the standard deviation of the
measured displacement, can be used to predict the formation of chatter during a machining op-
eration. In the last section of this chapter it is also shown, that how stochastic packet drops can
influence the stability properties and the steady-state behaviour of connected automated vehicles.
Moreover, it was demonstrated how the harmful effects of these packet losses can be eliminated at
the cost of a minor deterioration in the size of the stable parameter domain.

In Chapter [6]the theoretical assumptions and predictions are compared to measurement results.
First, it is proved that there is a significant stochastic component of the cutting force through a set
of cutting force measurements, furthermore, the equivalent white noise intensity of this noise com-
ponent is determined. Finally, it is investigated, how the quantities studied during the theoretical
analysis of milling processes compare to measurements. It is demonstrated through an experiment
on a specially prepared milling setup, that the stochastic model of milling is capable of capturing
the behaviour of the quantities which predict the formulation of chatter.
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Main Result 1

Thesis statement 1: Stochastic delay differential equations as stochastic differ-
ential equations for numerical integration

Consider stochastic delay differential equations (SDDE) with a single point delay given in the
incremental form

dXt = a(xt,xt_T,t) dt+b(Xt,Xt_T,t) th, (Rl 1)

x; = (t),t € [-1,0], '
where a,b : RY x RY x R — R are smooth functions, 7 > 0 is the time delay, x; is
the R valued state variable at time ¢, x;_, denotes the delayed state at time t — 7, W, is a
standard Wiener process and the initial condition x; = ¢(t), t € [—7,0] is continuous with

<||Q0(t)Hioo < ooont € [—1,0] and Fy-measureable.
SDDE can be numerically integrated by transforming it into the stochastic differ-
ential equation (SDE) of the form

dXt =a (Xt, t) dt + E) (Xt, t) th

Since at time ¢ all values xg, s € [—T, t] are available (e.g., it can be approximated by the
interpolation of the approximate discrete solution), the functions a and b can be defined by
dynamically embedding the initial function ¢ and the already computed (approximated) x;
states into the functions a and b as a time dependent inhomogenity, namely

A~

a(xy, t) = a(xy, oy, 1), b(x¢,t) = b(x¢, s, 1),

where the history embedding function is

v, t<0
¢t:{ !

Xt t>0

This representation (with discontinuity handling originating from the intial state) allows un-
interrupted numerical integration and the utilization of the solver algorithms and features of
already existing SDE ecosystems.

To implement this approach the StochasticDelayDiffEq.jl package is created for the Julia pro-
gramming language, and made available in its package ecosystem. The package can be used for
the numerical simulations of stochastic delay differential equations, by being able to utilise a wide
range of stochastic integrators from the StochasticDiffEq.jl package, e.g., the Euler-Maruyama
method, the implicit Runge-Kutta Milstein method, or even stabilised SROCK methods. Fur-
thermore, the package can use the features of the DifferentialEquations.jl ecosystem, such as the
built-in Monte-Carlo simulation interface.

Corresponding sections:
e Sec.[2.2.5
e Sec.2.2.7

Corresponding publications:
* Software
StochasticDelayDiffEq.jl
SciML, |github.com/SciML/StochasticDelayDiffEq.jl
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Main Result 2

Thesis statement 2: Stochastic Semidiscretization Method

Consider the periodic linear stochastic delay-differential equation of the form

dx; = (A(t)xs + B(t)x¢_r(y +c(t)) dt

(R2.1)

+ (a(t)xe + Bt)x; () + o (t)) AW,
where x; is the R%-valued state variable at time t, X¢—r(t) denotes the delayed state at time
t—7(t), Wy is a standard Wiener process and A (t), B(t), a(t), B(t) € R**? are T-periodic
coefficient matrices, c(t), o(t) € R? are T-periodic additive vectors and 7(t) > 0, t €
[0, T'] is the T-periodic time delay. Stochastic semidiscretization of gives the (r + 1)d
dimensional periodic stochastic map of the form

Yot1 = (F(n) + Gp) yn + (f(n) + 8n) , (R2.2)

where r is the delay resolution. The second moment stability and the steady-state first and
second moments of (R2.T)) can be approximated by the moment mappings of (R2.2)).

To estimate the first moment stability and the steady-state first moment, the stability and
the fixed point of the first moment map

y(n+p) = F"Py(n) + £00),

has to be considered, where p is the discrete time period.
To estimate the second moment stability and the steady-state second moment, the stability
and the fixed point of the second moment map

y(n+p) = H"Py(n) + by + iz

has to be considered.

The convergence rate of the approximation can be increased if a g-th order Lagrange
polynomial is fitted on the delayed state during the stochastic semidiscretisation. When ap-
proximating the stability and stationary moments the stochastic semidiscretisation has orders
of magnitudes faster convergence rate compared to the full discretisation method or to Monte-
Carlo simulations.

Corresponding sections:
* Secs.
* Secs.LIHL3]

Corresponding publications:
* Journal Papers
[83]] H. T. Sykora, D. Bachrathy. Stochastic Semidiscretization Method: Second Moment
Stability Analysis of Linear Stochastic Periodic Dynamical Systems with Delays. Ap-
plied Mathematical Modelling, 88:933 — 950, 2020. ISSN 0307-904X
[87] H.T. Sykora, D. Bachrathy, and G. Stepan. Stochastic semi-discretization for linear
stochastic delay differential equations. International Journal for Numerical Methods
in Engineering, 119(9):879-898, 2019
* Conference Papers
[81] Sykora Henrik, Bachrathy Déniel, A fehér zaj hatdsa linedris, késleltetett, PD szabd-
lyozds stabilitdsi tulajdonsdgaira, XXVI. Nemzetkozi Gépészeti Konferencia (OGET)
(Marosvaésarhely, 2018.04.26-29.)
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* Conference Talks

[[86]] Sykora Henrik T, Bachrathy D., Stépan G. Linedris sztochasztikus késleltetett rendsz-
erek szemi-diszkretizdcidja, X1II. Magyar Mechanikai Konferencia (XIII. MaMeK) -
Miskolc, Magyarorszag, 2019

[88] Henrik T Sykora, Déniel Bachrathy, Gabor Stépan, Stochastic Semi-Discretization
for Stochastic Systems With Delay, SIAM Conference on Applications of Dynamical
Systems (DS19) - Minisymposium: When Stochasticity Meets Delay: Rendezvous in
Infinite Dimension, Snowbird, USA, 2019

* Conference Poster

[[82] Henrik T Sykora, Daniel Bachrathy, An effective method to investigate stochastic de-
layed systems in Julia, JuliaCon Poster session, London, UK, 2018.08.07-11.

[89] H. T Sykora, G. Fodor, D. Hajdu, D. Bachrathy, Solving Periodic Stochastic Prob-
lems with Delays with the Help of Julia, JuliaCon Poster session, Baltimore, US,
2019.07.22-26.

* Software

StochasticSemiDiscretizationMethod.jl

github.com/HTSykora/StochasticSemiDiscretizationMethod.jl
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Main Result 3

Thesis statement 3a: Approximation of the steady-state first and second mo-
ments of stochastically delayed systems with additive noise

Consider the linear delay differential equaiton with stochastic delays and additive noise in the
form

dXt :(Axt + th—To + BSXt—TS,t)dt

7 (R3.1)
+ (TS — Ts,t) O'Tdt + O'th,

where x; is the R%-valued state variable at time ¢, X¢—r, and Xt—7(t) denotes the delayed state
attime t — 7o and ¢t — 75(¢), respectively, W; is a standard Wiener process, A, B, B, € Raxd
are the constant coefficient matrices, o, o € R? are the constant additive vectors and 79 > 0
is the constant time delay. The stochastic time delay 74 is assumed to stay constant for a
holding time 7, before potentially taking on a new value from a finite set {7y, 72,...,7;, €
R:0<7—1<7_2<...<TJT}.

The steady-state first and second moments of system (R3.1) can be approximated by the
moment mappings of the following periodic stochastic map

zi+1 = Kipzi + 1,

which can be obtained by stochastic semidiscretisation. To estimate the steady-state first
moment, the fixed point of the first moment map

z(k + 1) = Kz(k) + 1,

while to estimate the steady-state second moment, the fixed point of the second moment map

z(k + 1) = Kaz(k) + kz(k) + <IT +TW)
has to be considered.

Thesis statement 3b: Periodic steady-state first and second moments of stochas-
tically delayed systems with additive noise

Consider the linear delay differential equation with stochastic delays and additive noise in
the form of (R3.1I). If the stochastic delay is described by the above stochastic switching
process, the system has T--periodic steady-state first and second moments, however,
if T} < 71, the periodic first moment becomes zero.

Corresponding sections:
» Sec.3.3
 Sec.54

Corresponding publications:
* Journal Papers
[92] H. T. Sykora, M. Sadeghpour, J. I. Ge, D. Bachrathy, and G. Orosz. On the moment
dynamics of stochastically delayed linear control systems. International Journal of
Robust and Nonlinear Control, 2020.
* Conference Poster
[82] Henrik T Sykora, Déniel Bachrathy, An effective method to investigate stochastic de-
layed systems in Julia, JuliaCon Poster session, London, UK, 2018.08.07-11.
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Main Result 4

Through a series of examples it is shown, that a small amount of noise excitation, that is an inherent
property of all engineering systems, does not influence stability properties significantly, however,
near the stability border it can lead to large amplitude stochastic vibrations. These vibrations can
grow to an extent, that the mathematical model describing the system is not valid any more, due
to inevitable saturation, even in the stable parameter domain.

Thesis statement 4: Stationary second moment charts

When analysing a dynamical system describing an engineering problem in terms of robust-
ness against external excitations, stationary second moment charts of a state variable is a more
appropriate measure of the actual physical process than the stability depicted on traditional
stability charts.

There are examples given for these quantities, such as the standard deviation of the stochas-
tically excited displacement of the cutting tool, corresponding to the surface roughness or the
standard deviation of the velocity of a connected vehicle corresponding to the passenger comfort
and the fuel consumption.

Furthermore, an improvement in stability properties does not necessarily lead to a superior
system in terms of the robustness against external effects. It is demonstrated through the second
moment chart of turning with spindle speed variation (SSV), that the SSV increases the stability
of the turning process, however, in terms of the resulting surface roughness the cutting process
might become worse. Similar demonstration is given through the control design of a connected
automated vehicle, where the harmful effect of the stochastic packet drops are eliminated at the
cost of a minor deterioration of the size of the stable parameter domain.
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Chapter 7 - Main Results

Main Result 5

During the measurement of the cutting force, large variations can be experienced in the measured
signal, but these fluctuations are usually attributed to the quality of the measurements and only the
average force is considered as the base for fitting the cutting parameters. However, these variations
are orders of magnitude larger than it could be explained as a measurement noise.

There are high speed phenomena during cutting, such as chip fragmentation, inhomogeneities
in material quality, shear plane oscillation, rough surface of the workpiece, friction, etc. These
phenomena play important role in the amplitude of the forced vibrations, influencing the surface
quality of the manufactured product and the detection of chatter. There are ways to model these
variances in the cutting force, e.g. using sophisticated finite element method to compute the chip
formation and the chip thickness accumulation or using a shear zone model. However, the re-
sults of these methods are very sensitive to the values of the numerous and hardly measurable
parameters, are often compromised by numerical difficulties and is computationally very expen-
sive.

Thesis statement 5: Stochastic cutting force model

The stochastic cutting force model of the form

Ft:F(1+UFFt),

where
dFt = —/Llptdt + v/ 2,LL1th,

efficiently models the effects of the high frequency phenomena on the cutting force.

The cutting force measurements during orthogonal turning tests validate the stochastic
cutting force model, thus the large amplitude noise is an inherent component of the cutting
force, and is not related to a measurement noise.

Furthermore, a white noise approximation I; of the stochastic variations in the cutting
force can be given in the form

Ft = F(l +O’0Ft),

where 0g = /20 r/ /i1
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Main Result 6

Thesis statement 6a: Chatter peak growth due to noise-induced resonance

The stochastic model of milling explains that the growth of the so-called chatter peak in the
Fourier transform of the measured vibration signals during a milling operation in the stable
machining parameter domain, which leads to uncertain experimental chatter detection, is the
result of the noise-induced resonance.

Thesis statement 6b: Chatter peak growth and the stationary second moment

The height of the chatter peak in the Fourier transform of the measured vibration signals
during a milling operation behaves similar to the steady-state second moment of the relative
displacement of the cutting tool and workpiece during machine tool vibrations. Thus, both
can predict the onset of chatter based on measurements in the stable parameter domain.

The theoretical predictions produced by the basic stochastic milling model are validated with an
extremely high-resolution milling experiment. The measured results show similar tendencies, but
the magnitudes are also close to their calculated counterparts.
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