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Abstract: It has been established that Christodoulou’s formulation of Strong Cosmic
Censorship (SCC) is violated by Reissner-Nordström−de Sitter black holes, but holds in
four-dimensional Kerr-de Sitter black holes. We show that SCC is also respected by equal
angular momenta (cohomogeneity-1) Myers-Perry-de Sitter (MP-dS) in odd d ≥ 5 spacetime
dimensions. This suggests that the preservation of SCC in rotating backgrounds might be a
universal property of Einstein gravity and not limited to the d = 4 Kerr-dS background.
As required to discuss SCC in de Sitter spacetimes, we also study important aspects of the
scalar field quasinormal mode (QNM) spectra of MP-dS. In particular, we find eigenvalue
repulsions similar to those recently observed in the QNM spectra of asymptotically flat
Kerr-Newman black holes. For axisymmetric modes (i.e. with azimuthal quantum number
m = 0) there are three distinct families of QNM (de Sitter, photon sphere and near-horizon).
However, typically, for non-axisymmetric (m 6= 0) QNMs, we find that the entire spectra
can be described by just two families of QNM (since several overtone sections of the photon
sphere and near-horizon families merge). For completeness, we also study the full scalar
field QNM spectra of higher-dimensional Schwarzschild-de Sitter black holes.ar
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1 Introduction

In the initial value formulation of General Relativity [1, 2], we specify initial data on
some partial Cauchy hypersurface Σ, for example a constant time slice or a pair of null
hypersurfaces, and evolve it forwards according to the Einstein equations. The boundary
of the maximal Cauchy development of that initial data, if it exists, is called the Cauchy
horizon. The Strong Cosmic Censorship (SCC) conjecture posits that, for generic initial
data, the maximal Cauchy development is inextendible beyond the Cauchy horizon as a
suitably regular manifold [3]. A violation of SCC indicates a failure of predictability, since if
one can extend beyond the Cauchy horizon then this new region would not depend causally
on only the initial data specified on Σ. The question of the precise notion of the level of
regularity that one should require has a long history (see [4] for a review), however the
modern formulation of Strong Cosmic Censorship is due to Christodoulou [5], which states
that the maximal Cauchy development should be inextendible beyond the Cauchy horizon as
a weak solution of the Einstein equations or the gravitational equations with matter fields.

There is growing evidence that the Strong Cosmic Censorship is respected for asymp-
totically flat initial data close to Reissner-Nordström [6–9] and Kerr [10, 11]. Ultimately,
this is due to the well-known infinite blueshift effect near the Cauchy horizon and the
associated Price law [12, 13]. However, for positive cosmological constant (Λ > 0) there is
a competing redshift associated with the gravitational potential well of asymptotically de
Sitter spacetimes. As a result of the delicate competition between these two effects, the
decay of generic linear perturbations depends on the magnitude of the imaginary part of the
slowest-decaying quasinormal mode (QNM) of the system [14, 15]. Indeed, in recent years, a
large body of work indicates that initial data close to Reissner-Nordström−de Sitter (RN-dS)
violates SCC [4, 16, 17]1 2, while Kerr-dS does not [27]. These analyses were accomplished
within linear theory, and it remains an open problem to show that these extend to the full
nonlinear theory [28].

Perhaps the strongest motivation to study SCC for initial data close to Reissner-
Nordström−dS is the fact that, in many respects, the RN-dS black hole appears to be a
(much simpler) toy model for initial data close to Kerr-dS. Thus it might come as a surprise
that SCC is violated for initial data close to RN-dS but not for initial data close to Kerr-dS.
However, there is an important distinction between the two, which is best fleshed out if we
recall the parallel between the two spacetimes. In particular, charged scalar fields of mass
µ and charge q around a Reissner-Nordström-dS black hole have been shown to lead to a

1Note that charged scalar fields (charged matter fields are required in a theory that allows the formation
of RN-dS black holes through gravitational collapse) still lead to a violation of SCC in RN-dS [17]. Refs.
[18, 19] arrived to the opposite conclusion because these studies did not extend the analysis sufficiently close
to extremality where the violation is finally observed (see associated discussion in [17]).

2Note that it was proposed that a reformulation of SCC which takes into account quantum corrections
can rescue SCC in RN-dS [4, 20–22] and in BTZ [23–25] backgrounds where Christodoulou’s formulation of
SCC is violated. Further note that in all our SCC discussions we assume smooth initial data. However, if
one allows rough initial data then Christodoulou’s version of SCC is true for linear perturbations of RN-dS
black holes since the solution at the Cauchy horizon is, generically, rougher than the initial data [26] (see
also extended discussion in [4]).
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violation of SCC for any finite value of q [17]1. If, however, we take (the rather unphysical
limit) q → +∞, these violations disappear altogether [17]. For Kerr-dS, the analog of
q is the azimuthal quantum number m, which counts the number of nodes of the scalar
perturbation along the direction of rotation. However, unlike RN-dS, for Kerr-dS we are
forced to consider initial data with arbitrarily large m, and it is this data that ends up
saving SCC in Kerr-dS.

It remains, however, a mystery as to why the quasinormal mode spectrum of Kerr-dS
black holes at large m behaves just so as to save SCC. It could have been that the large
m behaviour was such that SCC would still be violated: it just so happens that, after a
long calculation, it is not! One might then wonder whether this is a result one can derive
for a large class of rotating black holes, perhaps by studying the universal properties of
rotating near-horizon geometries. Whatever the mechanism might be, it appears to depend
on the details of the near-horizon geometry. However, it has been argued in [29, 30] that
initial data close to Kerr-Newman-dS black holes will generically violate SCC if the black
hole charge is large enough. This shows, to some extent, that not all rotating black holes
necessarily preserve SCC and that preserving SCC cannot be a universal property of all
rotating near-horizon geometries.

In this manuscript, instead of turning on charge, we change yet another dial: the
spacetime dimension d. As a first step in this direction, it was shown that scalar field
perturbations of RN-dS in d = 5, 6 violate SCC (much alike in the d = 4 case), with the
expectation that this conclusion does not change in even higher dimensions [31]. RN-dS
black holes have, however, been shown to be unstable in dimensions d ≥ 6 [32–35]. As a
second step, in this manuscript we consider scalar field perturbations of Myers-Perry−de
Sitter (MP-dS), i.e. the higher-dimensional extension of the Kerr-de Sitter solution. For
simplicity, we restrict our analysis to odd d spacetime dimensions and to black holes with
equal angular momentum. In this case the resulting line element is cohomogeneity-1, i.e.
it depends non-trivially on only the radial coordinate. We will find that Christodoulou’s
formulation of SCC holds in cohomogeneity-1 MP-dS, very much like in the d = 4 Kerr-dS
case. The generic considerations of [36] further indicate that this result extends to other,
perhaps all, MP-dS solutions. Together with [31] we thus have strong evidence in favour
of the following universal result for perturbations excited by scalar fields: for arbitrary
spacetime dimensions in de Sitter, Christodoulou’s formulation of SCC holds in dynamically
stable, vacuum, rotating black hole solutions of the Einstein equations, but can be violated
if charged matter is included. We note, however, that the leading WKB behaviour is spin
independent, and thus the result quoted above could indeed also be true for gravitational
perturbations.

As stated above, the question of SCC in de Sitter backgrounds is intimately linked to
quasinormal modes [14, 37–42], so we naturally also take the opportunity to discuss some
aspects of the QNM spectra of MP-dS. In particular, we want to identify all possible families
of QNMs in MP-dS (for a given set of relevant wave quantum numbers) and, ultimately, the
family with the slowest decaying QNM at each point in the 2-parameter space of MP-dS.
For that we resort to a numerical computation of the QNM spectra in the full parameter
space (using pseudospectral collocation methods) but also to analytical analyses (in the
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appropriate corners of the parameter space) to elucidate the physical origin of each family.
Asymptotically flat, four-dimensional spacetimes (the Kerr-Newman family and its Kerr

and Reissner-Nordström limits) which admit a Cauchy horizon have two distinct families
of QNMs. One of them is the photon sphere (PS) family. In the eikonal limit, where the
angular momenta harmonic quantum numbers are large (|m| = l →∞), these PS modes
are connected to the behaviour of unstable null geodesics in the equatorial plane [43]. This
PS family also exists in de Sitter black holes and we verify (by direct comparison with
the numerical results) that this correspondence still holds in rotating black holes in higher
dimensions. Moreover, there is also a second QNM family − the near-horizon (NH) modes
− which are generally suppressed (i.e. have a fast decay) except very near extremality,
where the Cauchy horizon approaches the event horizon, r− → r+. These NH modes have
a wavefunction that is highly localised near the event horizon, and a vanishing imaginary
part in the extremal limit [4, 16, 44, 45]. The NH modes are still present in MP-dS and to
capture them in an analytical approximation, we perform a matched asymptotic expansion.
We find the eigenfunction near the horizon and then match it with a vanishing wavefunction
solution far from the horizon. We highlight the link between the NH modes we find and the
near-horizon geometry of the extremal spacetime.

In asymptotically de Sitter spacetimes, unlike in the Λ = 0 case, there is a third family
of QNM modes: the de Sitter (dS) family. The frequency of these modes approaches the
QNM mode frequency of pure de Sitter space in the limit where the mass and the angular
momentum of MP-dS vanish. In d = 4, dS modes have a weak dependence on the black
hole parameters. We will find that that this is no longer true in higher dimensions.

In cohomogeneity-1 Myers-Perry-de Sitter, axisymmetric mode perturbations (i.e. with
azimuthal quantum number m = 0) feature all three families. However, for m 6= 0, we will
find that the PS and NH modes will typically (but not always) merge into a single family.
This family generally dominates, i.e. has more slowly decaying modes than the dS family. As
a result, we will be able to use both our eikonal and near-horizon approximations in tandem
to study SCC. No less interestingly, we also find that in certain regions of the parameter
space some of these families will exhibit eigenvalue repulsions, similar to those recently
observed in Kerr-Newman [46]. For example, this occurs between dS and NH modes.

The plan of this paper is as follows. In Section 2 we review the main properties of
cohomogeneity-1 Myers-Perry-de Sitter black holes. We use separation of variables to
study the Klein-Gordon equation for scalar fields in this background, and we describe the
numerical scheme used to solve for the scalar field perturbations. In Section 3, we derive
analytic approximations for the three families of QNM − dS, PS and NH − that can be
present in MP-dS for regions of the parameter space that are susceptible to such analytical
approximations. In Section 4 we describe important features of the full QNM spectra
after comparing our numerical results with the aforementioned analytical approximations.
Finally, in Section 5 we tackle the question of whether or not Strong Cosmic Censorship
holds in cohomogeneity-1 MP-dS black holes. For completeness, and because this depends
significantly on the spacetime dimension, we study the QNM spectra of higher-dimensional
Schwarzschild-de Sitter black holes in Appendix A. Some details of the NH modes are referred
to Appendix B and we discuss the numerical convergence of our results in Appendix C.
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2 Scalar perturbations of cohomogeneity-1 Myers-Perry−de Sitter

2.1 Cohomogeneity-1 Myers-Perry−de Sitter black holes

The Myers-Perry black hole is a stationary and axisymmetric spacetime in d ≥ 4 dimensions,
parameterised by a mass parameter M and angular momentum parameters ai in each of
the n =

⌊
d−1

2

⌋
rotational planes [47]. For general ai this black hole has the isometry group

R × U(1)n. However, in the equal angular momenta case ai = a and in odd dimensions
(only), the symmetry is enhanced to R × U(n). Consequently, the resulting metric is
cohomogeneity-1 , i.e. it depends non-trivially on only the radial coordinate. This is in
contrast to Kerr (and even-dimensional Myers-Perry with or without equal angular momenta)
which has non-trivial angular dependence. Thus, cohomogeneity-1 Myers-Perry black holes
are easier to study than Kerr.

Myers-Perry can be generalised to include a cosmological constant Λ. This solution was
first found in d = 5 (the Hawking-Hunter-Taylor black hole [48]), and generalized later to
arbitrary dimensions [49, 50], and they retain all the symmetries discussed above in the
Λ = 0 case. We will focus on the equal angular momenta Myers-Perry−de Sitter spacetime
in odd dimensions, d = 2N + 3, where N ≥ 1 is an integer, abbreviating it to simply MP-dS
when unambiguous. In Boyer-Lindquist-like (BL) coordinates3 xa = (t, r, ψ, xi), the metric
can be written as [51]

ds2 = −f(r)

h(r)
dt2 +

1

f(r)
dr2 + r2h(r)

(
dψ +A− Ω(r) dt

)2
+ r2dΣ2 (2.1)

where

f(r) = 1− r2

L2
− 2M

r2N

(
1 +

a2

L2

)
+

2Ma2

r2N+2
, h(r) = 1 +

2Ma2

r2N+2
, Ω(r) =

2Ma

r2N+2h(r)
,

(2.2)
with L being the de Sitter radius, and we have expressed the sphere S2N+1 as a fibration
(parameterised by ψ) over CPN , with Fubini-Study metric dΣ2 = ĝijdx

idxj , where the latin
indices run over the CPN coordinates 1, . . . , 2N . The volume element is

√−g = r2N+1
√
ĝ.

The one-form A = Aidxi is a local potential for the Kähler form J on CPN , i.e. dA = 2J .
In the N = 1 case, CP1 is isomorphic to S2, so we can introduce the standard spherical
polar coordinates (x1, x2) = (θ, φ), with

ĝ =
1

4

(
dθ2 + sin2 θ dφ2

)
, A =

1

2
cos θ dφ. (2.3)

See appendix B of [52] for an explicit construction of ĝij and A for N > 1.
We assume that the mass parameter M is positive, and we can also assume that the

angular momentum a ≥ 0 without loss of generality due to the t − ψ symmetry. The
positive real roots of f(r) define the horizon radii. From Descartes’ rule of signs, we can
show that f(r) has either three or one positive real roots, counted with multiplicity. Since
asymptotically de Sitter black holes must have at least two roots, we require that f(r) has a

3These are related to the unified Boyer-Lindquist coordinates of [49, 50] by the transformations r2 →
(r2 + a2)

(
1 + a2/L2

)−1 and M →M(1 + a2/L2)N+2.
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Fig. 1: Left panel: Parameter space of equal angular momenta Myers-Perry−de Sitter in terms
of the dimensionless variables (y+, y−), and the relevant limits. Right panel: Globally hyperbolic
portion of non-extremal MP-dS with Cauchy surface Σ, and its analytic extension beyond the right
Cauchy horizon CH+

R. The event horizon H+ and cosmological horizon H+
c are also shown.

single zero at each of the three positive real roots r− ≤ r+ ≤ rc, which define the Cauchy
horizon (r−), event horizon (r+) and cosmological horizon (rc). This requirement restricts
the parameter space (M,a, L). Since f(r) is negative in the limit r →∞, we see that f(r) is
positive for r− < r < r+ and negative for r+ < r < rc. The surface gravity at each horizon
ri ∈ {r−, r+, rc} is

κi ≡
|f ′(ri)|
2rih(ri)

. (2.4)

We can express L, M and a in terms of r−, r+, rc using the three conditions f(ri) = 0. The
Einstein equations of motion are invariant under the scaling g → λ2g and L → λL, with
λ ∈ R, which we can use to construct dimensionless quantities in units of rc. For example,

y− ≡
r−
rc
, y+ ≡

r+

rc
, α ≡ a

rc
. (2.5)

It follows that the MP-dS black hole is a 2-parameter solution. We can choose, as we will
often do, to parameterise the MP-dS solution using the dimensionless parameters (y+, y−)

where y+ ∈ [0, 1] and 0 ≤ y− ≤ y+. This parameter space is plotted in the left panel of
Fig. 1, with the relevant limits indicated. Extremality occurs when y− → y+, at which κ+

and κ− vanish, i.e. the black hole has vanishing temperature.
Alternatively, for d = 5, we will sometimes instead parameterise MP-dS using (y+, α)

where 0 ≤ α ≤ αext (αext is the value of α at extremality). We will find it useful to do so
because it emphasises the relationship with Kerr-dS. In d = 5 we can express y− in terms of
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(y+, α) using4

y2
− = −1 + y2

+

2
+

1

2

√
(1− y+)2 − 4y4

+

α2 − y2
+(1− α2)

, (d = 5) (2.6)

and the extremal value of the rotation parameter (for which the temperature of the event
horizon vanishes) is given by

αd=5
ext =

y+

√
1 + 2y2

+√
2(1 + y2

+)
. (2.7)

Let us now describe the causal structure of cohomegeneity-1 MP-dS black holes in odd
d. The relevant piece of its Penrose diagram is shown in the right panel of Fig. 1. Region
I is the exterior region described by the metric (2.1) with r+ < r < rc. We define ingoing
Eddington-Finklestein (EF) coordinates (v, r, ψ′, xi),

dv = dt+

√
h(r)

f(r)
dr, dψ′ = dψ + Ω(r)

√
h(r)

f(r)
dr, (2.8)

in terms of which the metric is

ds2 = −f(r)

h(r)
dv2 +

2√
h(r)

dv dr + r2h(r)
(
dψ′ +A− Ω(r) dv

)2
+ r2dΣ2. (2.9)

This is regular at the future event horizon H+, and the metric in region I can be analytically
continued to region II where r− < r < r+. Converting to outgoing Eddington-Finklestein
coordinates (u, r, ψ′′, xi),

du = dt−
√
h(r)

f(r)
dr, dψ′′ = dψ − Ω(r)

√
h(r)

f(r)
dr, (2.10)

the metric is the same as (2.9) with the usual change of sign dv dr → −du dr, and we can
use these coordinates to analytically continue beyond the Cauchy horizon into region III
where r < r−. The causal structure is the same as Kerr-de Sitter (Kerr-dS) and Reissner-
Nordström-de Sitter (RN-dS). There is also a left Cauchy horizon CH+

L , however in the
context of gravitational collapse it is occluded by the matter region, so we do not consider
it here.

2.2 Klein-Gordon equation in MP-dS

We want to study massive scalar field perturbations, with mass µ, on a fixed MP-dS
background (2.1), which are governed by the Klein-Gordon equation

∇a∇aΦ− µ2Φ = 0. (2.11)

In the context of Strong Cosmic Censorship, the scalar field has been found to be a good proxy
for linearised gravitational perturbations in both RN-dS and Kerr-dS [4, 16, 27]. To study
linear mode perturbations, we make the following separation ansatz in BL coordinates (2.1),

Φ = e−iωt+imψR(r)Y (xi), (2.12)
4Similar relations to (2.6) and (2.7) hold for arbitrary odd d but it is not enlightening to explicitly display

them here.

– 7 –



which introduces the frequency ω and azimuthal quantum number m of the perturbation.
Using this ansatz, the Klein-Gordon equation separates, with the angular eigenfunction
Y (xi) satisfying a charged Laplace equation on CPN with charge m and with eigenvalue λ,

(D2 + λ)Y (xi) = 0, D ≡ ∇̂ − imA, (2.13)

where ∇̂ is the covariant derivative on CPN . The eigenfunctions Y (xi) were studied in [53],
and regularity requires that the eigenvalues are quantised as [53]

λ = l(l + 2N)−m2, l = 2k + |m|, k = 0, 1, 2, . . . (2.14)

Here l labels the total angular momentum of the mode. The radial equation reduces to

R′′(r) +

(
1 + 2N

r
+
f ′

f

)
R′(r) +

1

f

(
h

f
(ω −mΩ)2 − λ

r2
− m2

r2h
− µ2

)
R(r) = 0. (2.15)

We will need to solve this eigenvalue equation to find the eigenfrequencies ω of the system. For
that, we require that Φ obeys QNM boundary conditions, namely Φ must be regular in ingoing
coordinates (2.8) at the future event horizon H+ and regular in outgoing coordinates (2.10)
at the cosmological horizon H+

c . In BL coordinates (2.1), this translates to the requirement
that the the radial eigenfunction must behave as

R(r) ∼

 (r − r+)
−iω−mΩ(r+)

2κ+ R̂(+) as r → r+ ,

(rc − r)−i
ω−mΩ(rc)

2κc R̂(c) as r → rc ,
(2.16)

for some functions R̂(+) and R̂(c) that are smooth at r+ and rc, respectively.

2.3 Numerical setup

To prepare the radial Klein-Gordon equation (2.15) to be solved numerically, we redefine
R(r) so that the only solutions which are regular at the boundaries are those which obey
QNM boundary conditions (2.16), hence the only solutions that converge numerically are
QNMs. A Frobenius analysis5 at r = r+ yields solutions of the form

R
∣∣
r=r+

∼ c1 (r − r+)
−iω−mΩ(r+)

2κ+ R̂(1,+) + c2 (r − r+)
i
ω−mΩ(r+)

2κ+ R̂(2,+), (2.17)

for some constants ci and functions R̂(i,+) which are analytic at r+. Similarly, at the
cosmological horizon,

R
∣∣
r=rc

∼ c′1 (rc − r)i
ω−mΩ(rc)

2κc R̂(1,c) + c′2 (rc − r)−i
ω−mΩ(rc)

2κc R̂(2,c) , (2.18)

where R̂(i,c) are analytic at rc. The first term in (2.17) and the second term in (2.18) obey
the QNM boundary conditions (2.16), but not the other two. So we have to eliminate the
latter. For that we make the redefinition

R(r) = (r − r+)
−iω−mΩ(r+)

2κ+ (rc − r)−i
ω−mΩ(rc)

κc Q(r) , (2.19)
5A similar Frobenius analysis is discussed in detail in section 5.
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such that R(r) obeys QNM boundary conditions (2.16) at both boundaries if Q(r) is analytic
(i.e. the singular solutions are never captured by the numerical function Q(r) which is
necessarily analytic). We also introduce the compact dimensionless radial coordinate

y =
r − r+

rc − r+
(2.20)

such that the event horizon is at y = 0 and the cosmological horizon is at y = 1. Finally, we
perform a Taylor expansion of the resulting ODE at each boundary, to get Dirichlet and
Robin boundary conditions at y = 0 and y = 1, respectively, which we impose at the matrix
level after discretisation. These are purely for numerical convenience, to guard against zero
cancellation at the boundaries, and do not change the resulting solution, since they follow
directly from the equations of motion. A detailed discussion of this type of derived boundary
condition can be found in [54]. The explicit expression for the final ODE fully prepared for
numerical evaluation is long and unenlightening, so we do not write it here.

Working now with dimensionless quantities, as defined in (2.5), the resulting ODE
is a quadratic eigenvalue problem in the frequency ω̃ = ω rc, i.e. the coefficients depend
quadratically on ω̃. We use two complementary approaches to numerically find these QNMs,
which both use pseudospectral collocation methods. We can either solve directly for the
full spectrum of eigenvalues (using e.g. Mathematica’s built-in routine Eigensystem), or
start with a known eigenvalue/eigenvector pair and march it from one part of the parameter
space to the other using a Newton-Raphson algorithm. The latter only computes a single
eigenvalue family but is much more efficient, allowing us to reach parts of the parameter
space that are difficult numerically. These approaches are described in detail in [54, 55].

3 Quasinormal modes families of Myers-Perry−de Sitter

Ideally, the first step in classifying the QNM spectra is to identify some corner or window of
the parameter space where we can find analytic expressions for the frequencies (in some
approximation). This can help identify the physical nature of the modes and eventually
already hint at the existence of different families of QNMs, and it can further be used to
test the numerical results. In this section we derive approximations in the de Sitter (a→ 0,
r+ → 0), eikonal (m = l→∞) and near-extremal limit (r− → r+).

3.1 de Sitter modes

When a→ 0, r+ → 0, the MP-dS black hole reduces to the pure de Sitter spacetime. Scalar
perturbations in this background, i.e. the pure de Sitter (dS) modes, must be regular at
the origin and at the cosmological horizon. The d-dimensional dS modes have been studied
previously [56]. In d = 2N + 3 dimensions, the pure dS modes have the frequency spectrum

ωdS rc = −i (l + 2n), (for all d) (3.1)

ωeven
dS rc = −i

[
l + 2(n+N + 1)

]
, (even d only) (3.2)

for radial overtone n = 0, 1, 2, . . .. In odd dimension d, N is an integer, and so the second
set of modes ωeven

dS is a subset of the first. However, in even dimensions d, N is a half
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integer and thus the second mode set (3.2) is distinct from the first described by (3.1). This
property of dS modes plays an important role in the mode spectrum of Schwarzschild-de
Sitter and MP-dS, as we will discuss, in particular, in Appendix A.

3.2 Photon sphere modes

When there is an event horizon at r = r+, there is a second family of QNMs that is known
as the photon sphere (PS) modes. This nomenclature derives from the fact that, in the
eikonal limit |m| = l → ∞, the frequencies of these modes (which exist for any l,m) are
related to the properties of unstable circular photon orbits of the background.

The eikonal approximation to the PS frequencies can be derived directly, via a WKB
approximation of (2.15). However, there is a well-known correspondence (established via
direct comparison with the leading order WKB analysis) that relates the PS mode frequencies
to the behaviour of unstable null geodesics in the equatorial plane:

ωWKB = mΩ0 − i
(
n+

1

2

)
|λL| (3.3)

where Ω0 is the Kepler angular velocity of the geodesics and λL is the principal Lyapunov
exponent that describes the instability timescale of the geodesics. In four dimensions this
correspondence is well studied, both numerically and analytically [4, 16, 27, 43, 57–59]. In
higher dimensions this is not as well documented6. We will verify that this correspondence
also holds for cohomogeneity-1 MP-dS black holes.

We use the Lagrangian formalism, solving directly for null geodesics which are indepen-
dent of the CPN coordinates, but only rotate in the fiber direction ψ. For example, in the
N = 1 (d = 5) case, this corresponds to geodesics with θ̇ = φ̇ = 0 in the (θ, φ) coordinates
of (2.3). For all N , the Lagrangian describing such geodesics is

L = − f(r)

2h(r)
ṫ2 +

1

2f(r)
ṙ2 +

r2h(r)

2

(
ψ̇ − Ω(r) ṫ

)2
(3.4)

where the dot indicates a derivative with respect to the affine parameter τ of the null geodesic
and the background functions f, h,Ω are defined in (2.2). We can associate a conserved
energy E and angular momentum Lψ to translations in the t and ψ Killing directions,
respectively:

E ≡ f

h
ṫ+ ΩLψ, Lψ ≡ r2h(ψ̇ − Ω ṫ). (3.5)

Substituting these into the Lagrangian and noting that null geodesics have L = 0, we arrive
at the radial Schröedinger equation with potential Veff:

ṙ2 + Veff(r) = 0, Veff(r) ≡ Lψ2f

(
1

r2h
− h

f

(
b−1 − Ω

)2) (3.6)

where we have defined the impact parameter b ≡ Lψ
E . Unstable circular orbits have

Veff(r0) = V ′eff(r0) = 0. First solving V ′eff(r0) = 0 gives two possible values for the impact
6This correspondence has been derived explicitly for static spacetimes in arbitrary dimensions [60], but

this was not generalised to rotating spacetimes.
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parameter

b± =
a
√

2(N + 1)M√
2(N + 1)M ± rN0

. (3.7)

Substituting this back into the effective potential and now requiring Veff(r0) = 0, we find
that the orbit radii r0 are the (relevant) roots of a polynomial of order 2(N + 1):

L2r2
0

[
2(N + 1)M + rN0 (rN0 ± 2

√
2(N + 1)M)

]
= 2a2M

[
NL2 − (N + 1)r2

0

]
(3.8)

with the ± sign corresponding to the signs of b±. For N = 1 this is a quartic polynomial,
which we can solve explicitly, but for N > 1 we can only find the orbit radii r0 numerically.7

We find that only two solutions have r+ < r0 < rc, with the physical solution corresponding
to the minus sign in (3.8) and thus to b−. The imaginary part of the photon sphere
modes (3.3) is proportional to the principal Lyapunov exponent, which characterises the
instability time scale of the geodesic. It can be computed from the second derivative of the
effective potential [60]

λL =

√
−V

′′
eff(r)

2ṫ2

∣∣∣∣
r=r0

(3.9)

and the real part is proportional to the angular velocity of the null orbit, Ω0 = dψ
dt = ψ̇

ṫ
,

which can be computed from (3.5). Explicitly, these two quantities are given by

Ω0 =
1

b−
, λL =

√
2N

|b−|

∣∣∣∣1 +
a (b−)2

r2
0(N + 1)(a− b−)

∣∣∣∣ . (3.10)

Note that expressions involving the black hole parameters (M,a, L) can be written in
terms of (y+, y−) using (B.1) in Appendix B. The solution to (3.8) with the larger angular
velocity Ω0 (i.e. larger real part) corresponds to the corotating PS modes, while the other
with smaller Ω0 describes the counter-rotating PS modes. The corotating modes have smaller
r0, i.e. are closer to the event horizon, and so intuitively they are less stable, with smaller
λL. Indeed, the corotating modes always dominate, i.e. they have smaller | Im(ω)| than
their counter-rotating partner.

In Section 5, we will verify that (3.3) and (3.10), although strictly valid in the limit
|m| = l→∞, also give a very good approximation for the PS modes even when |m| = l is
of O(1).

3.3 Near-horizon geometry and near-horizon modes

There is another limit where we can compute QNMs using analytical methods. Indeed,
near-extremal black holes typically have a set of modes known as near-horizon (NH) modes.
This nomenclature follows from the fact that these NH modes characteristically have a
wavefunction that is highly localised around the event horizon (when near extremality),
and they have frequencies approaching Im(ω) → 0 and Re(ω) → mΩ(r+) in the strict
extremal limit. In subsection 3.3.3, we will use a matched asymptotic expansion method to

7Note that using (3.7) and (3.8) we can express the mass and AdS radius in terms of the orbit parameters
as M =

(b±)2r2N0
2(N+1)(a−b±)2

and L = r0

√
N+1

N−(b±)−2(N+1)r20
, which are useful to simplify our final expressions.
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analytically capture these NH modes, whereby we match the solution of the Klein-Gordon
equation in the near-horizon region of near-extremal MP-dS with a trivial solution in the
far-region.

Before deriving the near-horizon modes, we do a small digression in subsections
3.3.1−3.3.2, and we find the near-horizon geometry of extremal MP-dS and the associ-
ated effective AdS2 Breitenlöhner-Freedman (BF) bound. The motivation to do so is twofold.
Firstly, the BF bound naturally appears in the expressions for the NH frequencies and it
will ultimately provide a criterion to find QNMs that preserve Strong Cosmic Censorship.
Moreover, for completeness, we take the opportunity to discuss and test a theorem about
instabilities arising from perturbations of near-horizon geometries [61, 62] that is relevant in
the context of our study, as we now explain.

In the near-horizon limit, the geometry of extremal black holes can be expressed locally
as a product of AdS2 times a compact space [61]. This is true even if the original spacetime
is asymptotically de Sitter. In this limit, the Klein-Gordon equation in the near-horizon
geometry reduces to an effective scalar field equation on pure AdS2 space with a certain
effective mass µeff and charge qAdS. It is well known that in AdS2 (with radius LAdS), a
scalar field perturbation is normalisable even if its squared mass µ2

AdS is negative, provided
that it obeys the 2-dimensional BF bound µ2

AdSL
2
AdS ≥ −1

4 [63, 64]. On the other hand, the
scalar field on AdS2 is not stable if its mass is below the 2-dimensional BF bound. However,
a violation of the effective AdS2 BF bound of the near-horizon geometry of extreme MP-dS
does not necessarily imply an instability of the scalar field on the full d-dimensional MP-dS
black hole geometry.

For asymptotically flat or AdS black holes, a conjecture by Durkee and Reall [61] (proven
by Hollands and Ishibashi in [62]) states that a sufficient (but not necessary) condition for
this near-horizon AdS2 BF bound violation to develop into a instability of the extremal
black hole is that the unstable mode preserves a certain symmetry already present in the
background geometry. In the case of rotating black holes, this is that the perturbation is
axisymmetric, m = 0. Assuming there is such an instability, one expects that it also extends
away from extremality, by continuity. For Myers-Perry-AdS, near-horizon instabilities
triggered by a violation of the near-horizon AdS2 BF bound have been studied in detail
in [51, 61]. Strictly speaking, the proof established in [62] only applies to asymptotically
flat or AdS black holes, but is somehow trivial to extend the proof in the asymptotically
flat context to black holes living in the static patch of dS. Indeed, in [62], slices that extend
from H+ to I+ were considered and appropriate boundary conditions were given so that
the canonical energy of [65] obeys a certain balance equation that plays a crucial role in the
proof. Such a balance equation can still be obtained in the context of black holes living in
the static patch of dS by imposing boundary conditions on H+

c that are similar to those
imposed on H+. If one further restricts to perturbations that preserve axisymmetry, the
desired result follows.8 Recent numerical results seem to corroborate the previous extension
and show that an effective AdS2 BF bound violation explains the instability of d ≥ 6

Reissner-Nordström−de Sitter black holes [66] so it is worthwhile to check whether m = 0

8We thank S. Hollands for discussions on this point.
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modes in MP-dS can lead to a violation of the 2-dimensional BF bound, and eventually to
an instability in MP-dS (in subsection 3.3.2 we will find that this is not the case).

3.3.1 Near-horizon geometry of MP-dS

To find the near-horizon geometry of the extremal MP-dS black hole, we start with (2.9) at
extremality r− = r+, where f(r) has a double root r = r− = r+, and zoom into the horizon
by the coordinate transformations

r → r+ + εR, t→ T̃

ε
, ψ → Ψ + Ω(r+)

T̃

ε
. (3.11)

Taking the limit ε→ 0, i.e. keeping only the leading contribution of an expansion in small ε,
we obtain the near-horizon geometry

ds2 = −f
′′
(r+)

2h(r+)
R2 dT̃

2
+

2

f ′′(r+)

dR2

R2
+r2

+h(r+)
(
dΨ +A−RΩ′(r+) dT̃

)2
+r2

+ dΣ2. (3.12)

We can make the AdS2 structure more explicit by a further change of coordinates, similarly
to [61]. We define the constants

L2
AdS ≡

2

f ′′(r+)

∣∣∣∣
ext

, Ω̃ ≡ Ω′(r+)
√
h(r+)

∣∣∣∣
ext

, (3.13)

and rescale the time coordinate T̃ → L2
AdS

√
h(r+)T , to get the near-horizon geometry in

(T,R,Ψ, xi) coordinates

ds2 = L2
AdS

(
−R2 dT 2 +

dR2

R2

)
+ r2

+h(r+)
(
dΨ +A−R Ω̃L2

AdS dT
)2

+ r2
+ dΣ2 . (3.14)

This near-horizon geometry is still a solution of the d-dimensional Einstein-dS equations.
On the other hand, the AdS2 part parameterised by (T,R) satisfies the 2-dimensional
Einstein-AdS equations with R = −2L−2

AdS.

3.3.2 Perturbations of the near-horizon geometry and the AdS2 BF bound

Linear mode solutions of the Klein-Gordon equation on the near-horizon geometry (3.14),
with the Fourier decomposition Φ = e−iωT+imΨχ(R), must satisfy the ODE

R2 χ′′ + 2Rχ′ −
[

(ω2 −mΩ̃L2
AdSR)2

R2
− L2

AdS

(
µ2 +

λ

r2
+

+
m2

r2
+h(r+)

)]
χ = 0. (3.15)

We can write this as a massive charged Klein-Gordon equation on pure AdS2,(
∇̃ − iqAdSA(R)

)2
Φ = L2

AdS

(
µ2 +

λ

r2
+

+
m2

r2
+h(r+)

)
Φ, A(R) = −RdT , (3.16)

if we make the identification qAdS = −mL2
AdSΩ̃. Here ∇̃ is the covariant derivative on pure

AdS2 associated to the metric

ds2
AdS2

= L2
AdS

(
−R2 dT 2 +

dR2

R2

)
, (3.17)
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and ∇̃ − iqAdSA(R) is the gauge covariant derivative of a scalar field with effective charge
qAdS in the AdS2 background with a homogeneous electric field A(R). The latter descends
from the dT dΨ component of the metric in the original near-horizon solution (3.14).

Asymptotically, as R → ∞, the solutions of (3.15) behave as χ ∼ R−∆± where the
2-dimensional conformal dimensions ∆± are

∆± =
1

2
± 1

2

√
1 + 4µeff

2L2
AdS, µeff

2 ≡ µ2 +
λ

r2
+

+
m2

r2
+h(r+)

− L2
AdSm

2Ω̃2. (3.18)

In order for such solutions to not oscillate at infinity (i.e. to be normalisable; with finite
energy), we require that ∆± is real. This requirement defines the AdS2 BF bound of the
near-horizon geometry:

µeff
2L2

AdS ≥ −
1

4
. (3.19)

In summary, by taking the near-horizon limit of extreme MP-dS, we have found the effective
near-horizon AdS2 radius LAdS, charge qAdS and mass µeff , which are explicitly given in terms
of (N, y+) by:

L2
AdS =

r2
cy

2
+

2(N + 1)

1− y2N+2
+ (2− y2

+ +N(1− y2
+))

N(1− y2
+)(1 + y2N+2

+ )− 2y2
+(1− y2N

+ )
, (3.20)

qAdS =
L2

AdS

r2
c

2m

y2
+

√
N(1− y2

+)− y2
+(1− y2N

+ )

(1− y2
+)(1− y2N+2

+ )
, (3.21)

µeff
2 = µ2 +

1

r2
c

(
λ

y2
+

− m2

y2
+

N

N + 1

1− y2N+2
+ (2− y2

+ +N(1− y2
+))

N(1− y2
+)(1 + y2N+2

+ )− 2y2
+(1− y2N

+ )

)
. (3.22)

In the UV region of the full geometry, excitations in asymptotically d-dimensional dS
spacetimes have finite energy (i.e. are stable) if and only if µ ≥ 0. However, in the IR
region, these can correspond to an effective mass µeff in the near-horizon region, as defined
in (3.18) and (3.22), that violates the AdS2 BF bound (3.19) of the near-horizon geometry.
Since µeff

2 is minimised when µ = 0, we will restrict considerations to the massless scalar
field µ = 0 on MP-dS from now on.

For the axisymmetric modes m = 0 the effective mass (3.18) is always non-negative,
and hence there is no AdS2 BF bound violation (that could be relevant to the previously
discussed theorem about near-horizon instabilities [61, 62]). Since that theorem provides a
sufficient but not necessary condition for instability, we cannot make any conclusions about
the stability of MP-dS, but we indeed do not find any instabilities when m = 0.

We will also be interested in modes with non-zero m, which can violate the BF
bound (3.19). Of particular interest will be the behaviour in the eikonal limit where m = l

is large. Recall that, analogously to the spherical harmonics, the CPN angular eigenvalues
λ of (2.13) can be labelled by m and l, with |m| ≤ l. For a fixed m, one can show that µeff

2

is minimised when l = |m|, i.e. a BF bound violation will first occur for the maximally
corotating modes. Furthermore, the BF bound can always be violated for sufficiently large
m = l. Recall that in this m 6= 0 case the background symmetry is not preserved, and it
follows from the analysis of Durkee-Reall and Hollands-Ishibashi [61, 62] that a violation
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of the AdS2 BF bound says nothing about the existence of eventual instabilities in the
full MP-dS geometry. Yet, one might expect that a BF bound violation can signal some
transition boundary of the physical properties of the system. This will be indeed the case,
as we will see in the discussion of the results of Fig. 8 and Table 1 of section 5.

3.3.3 Near-horizon modes

To find the near-horizon (NH) modes in an off-extremality expansion, we use a matched
asymptotic expansion, which is motivated by the following considerations. From our
numerical results we find that close to extremality, where r− → r+, NH eigenfunctions
are very much localized near the event horizon and very quickly decay as we move away
from it towards the cosmological horizon. To obtain a good analytical approximation that
well describes the NH mode solutions of the Klein-Gordon equation we can then split the
spacetime into a near-region, localized around the horizon, and a far-region, that extends all
the way up to the cosmological horizon. In the near-region, a double series expansion of
the Klein-Gordon equation around the extremal black hole and, simultaneously, about the
event horizon yields an hypergeometric equation which we can solve analytically to find the
near-region eigenfunction. We then match this solution with the far-region eigenfunction
which, from the above observations and in a “poor-man” approximation, can be taken to be
approximately the trivial vanishing solution to leading order in the expansion. The matching
and boundary conditions fix the amplitudes of the eigenfunctions and quantise the frequency
of the NH modes. To validate our matched asymptotic expansion and to simultaneously
identify the NH modes, we compare this analytical expression for the frequency with the
numerical data. In the literature there are systems where a similar strategy proved to be
very useful and successful [4, 17, 67, 68].

The explicit derivation presented here is for N = 1 (for clarity of the presentation), but
the approach generalises, and the main result that we present in the end is valid for all N .
We start by defining

σ = 1− r−
r+
, x = 1− r

r+
, z = xσ . (3.23)

Small σ corresponds to taking the near-extremal limit, while small x = z/σ corresponds to
a zoom into the horizon (note that x ≤ 0 and z ≤ 0). We will take the σ → 0 limit while
holding z fixed to zoom in the near-extremal solution around the horizon. To zeroth order
in the σ-expansion, we look for modes (the NH modes) whose frequency at extremality is
purely real and satisfies the superradiant bound, ω = mΩ(r+)|ext. This suggests that (3.23)
should be accompanied by the σ-expansion in the frequency,

ω = mΩ(r+)
∣∣
ext

+ σ δω , (3.24)

where we will have to determine the next-to-leading order frequency correction δω. Insert-
ing (3.23)−(3.24) into the (massless) Klein-Gordon equation (2.15) and taking the limit
σ → 0 while holding z fixed, we can show that the leading order contribution of the expansion
is a hypergeometric equation for χ(z) if we perform the field redefinition

R(z) = zA(1− z)Bχ(z) (3.25)
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where A and B are given by

A = −i

m
√

1 + y2
+(1 + 3y2

+ + 4y4
+)

8(1 + 2y2
+)(1− y4

+)
+
y+

√
(1 + y2

+)(1 + 2y2
+)

2
√

2(1− y2
+)

δω̃

 , (3.26)

B = i

 m(1 + 3y2
+)(3 + 4y2

+)

8
√

1 + y2
+(1 + 2y2

+)(1− y2
+)
−
y+

√
(1 + y2

+)(1 + 2y2
+)

2
√

2(1− y2
+)

δω̃

 , (3.27)

where we have introduced the dimensionless frequency correction δω̃ ≡ rc δω. In these
conditions, the general solution of the system is a sum of hypergeometric functions 2F1 [69]:

χ(z) = C(1) 2 F1(a+, a−, c; z) + C(2)z
1−c

2 F1(a+ − c+ 1, a− − c+ 1, 2− c; z), (3.28)

for some constants C(1) and C(2), and the coefficients a± and c are expressed in terms of
the effective mass µeff and AdS2 radius LAdS given in (3.20)-(3.22), as well as y+ and m as:

a± =
1

2
± 1

2

√
1 + 4µ2

effLAdS
2 +

im
√

1 + y2
+(1 + 4y2

+)

4(1− y2
+)(1 + 2y2

+)
−
iy+

√
(1 + y2

+)(1 + 2y2
+)

√
2(1− y2

+)
δω̃,

c = 1−
im
√

1 + y2
+(1 + 3y2

+ + 4y4
+)

4
√

1 + y2
+(1− y2

+)(1 + 2y2
+)
−
iy+

√
1 + 3y2

+ + 2y4
+√

2(1− y2
+)

δω̃. (3.29)

Using 2 F1(α, β, γ, 0) = 1, the leading order behaviour of R(z) near the event horizon z = 0

is
R
∣∣
z→0−

' C(1) z
A + C(2) z

−A. (3.30)

The first (second) term describes an ingoing (outgoing) wave at the event horizon z = 0.
We want the solution that is regular in ingoing Eddington-Finklestein coordinates (2.8) so
we set C(2) = 0 in (3.28).

Formally, we should now find the far-region wavefunction in some approximation
(tailored to an analytical treatment) that is valid far from the event horizon all the way up to
the cosmological horizon, and match it with the near-horizon solution to find the QNMs. In
our case it is difficult to solve the far-region equations analytically, so we will take the simpler
heuristic approach of matching the near-region eigenfunction with a vanishing far-region
wavefunction, motivated by our observation that the near-horizon modes are highly peaked
near the horizon. In spite of being a “poor-man” matched asymptotic expansion, we will
find à posteriori that this simple analysis yields an approximation that agrees extremely
well with our numerics. The edge of the near-horizon region where the matching is done is
at z → −∞. Using the following relationship between the coefficients,

A+B − a± = −1

2
∓ 1

2

√
1 + 4µeff

2L2
AdS, (3.31)

we can expand the near-region hypergeometric function for large negative z, to get

R
∣∣
|z|�1

' (−z)− 1
2
− 1

2

√
1+4µeff

2L2
AdS

Γ(a− − a+)Γ(c)

Γ(c− a+)Γ(a−)

+ (−z)− 1
2

+ 1
2

√
1+4µeff

2L2
AdS

Γ(a+ − a−)Γ(c)

Γ(c− a−)Γ(a+)
.

(3.32)
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Thus, the behaviour of the two contributions depends on the real part of each exponent.
The expression

√
1 + 4µeff

2L2
AdS is always either positive or imaginary, and so the first term

in (3.32) always vanishes far away from the event horizon. When µeff
2L2

AdS ≥ 0 the second
term diverges as |z| grows large. Since we want to match the large radius expansion (3.32) of
the near-region with a vanishing far-region wavefunction, we must require that the coefficient
of the second term vanishes identically. This happens if one of the arguments of the gamma
functions in the denominator is a non-positive integer since Γ(−n) =∞, n ∈ N0. That is
to say, we require a+ = −n, for n = 0, 1, 2, . . . which gives a quantisation condition for δω̃.
Namely, for N = 1, the frequency of the NH modes should be well approximated by

ω
(N=1)
NH rc '

m

y+

√
2(1 + 2y2

+)
− i 1− y2

+

y+

√
2(1 + y2

+)(1 + 2y2
+)

[
i
m(1 + 4y2

+)
√

1 + y2
+

2(1− y2
+)(1 + 2y2

+)

+ 1 + 2n+

√
1− m2(1 + 2y+)2

2(1− y2
+)(1 + 2y2

+)
+
λ(1 + 2y2

+)

1− y2
+

]
σ +O

(
σ2
)
.

(3.33)

Note that σ = 1− y−/y+ can be expressed in terms of (y+, α) using (2.6). The calculation
so far is strictly valid for N = 1 but it generalizes mutatis mutandis for all N . At the end of
the day, for any d = 2N + 3, the frequency of the NH modes can be written as

ωNH ' mΩ(r+)|ext +

[
mΩ(1) −

i

2

(
1 + 2n+ 2iqAdS +

√
1 + 4µeff

2LAdS
2

)
κ(1)

]
σ +O

(
σ2
)

(3.34)
where we have defined the first-order coefficients of the Taylor expansion of Ω(r+) and κ+:

Ω(1) ≡
dΩ(r+)

dσ

∣∣∣∣
σ=0

, κ(1) ≡
dκ+

dσ

∣∣∣∣
σ=0

. (3.35)

Explicit expressions for Ω(1) and κ(1) as a function of N and y+ are given in (B.3) of
Appendix B. Apart from the angular velocity and surface gravity, ωNH only depends on the
black hole parameters via the effective mass µeff , charge qAdS and AdS2 radius LAdS which
characterize the near-horizon geometry and its perturbations. In general, ωNH is complex,
but in the axisymmetric case m = 0, qAdS vanishes and the BF bound (3.19) is never violated,
so the resulting modes are purely imaginary:

ω
(m=0)
NH rc ' −

i

2

(
1 + 2n+

√
1 + 4µeff

2LAdS
2

)
κ(1) σ +O

(
σ2
)
. (3.36)

This expression is again valid for all N .
In the next section, we will use (3.34) to help identify the NH family of QNMs, and

simultaneously (3.34) will verify some of our numerical results.
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4 Quasinormal mode spectra of equal angular momenta MP-dS

In the previous Section 3 we used analytical methods, strictly valid in certain windows of the
black hole or wave parameters, to identify three possible families of quasinormal modes: the
de Sitter (dS), photon sphere (PS) and near-horizon (NH) QNM families. Strictly speaking
we do not know if these 3 families are distinct or whether e.g. two of them describe the
same family that happens to be captured by two distinct analytical analysis in different
“corners” of the parameter space. In this section (and in section 5) we do a numerical search
of the quasinormal modes of MP-dS black holes. This numerical scan of the QNMs is done
completely independently of the analysis of the previous section. However, after collecting
the data we compare our numerical results with the analytical approximations of Section 3,
in the regime of parameters where the analytical approximations are valid, to identify the
origin of each family of QNMs that we find.

Recently, it was shown that in (asymptotically-flat) Kerr-Newman black holes, where the
PS and NH families of QNMs exist, there is only a sharp distinction between the PS and NH
modes in certain regions of the parameter space. In other regions, the distinction between
the two families is much less clear because a phenomenon known as eigenvalue repulsion
is present [46]. In particular, this means that we can have e.g. PS surfaces that, when
approaching the NH surface, ‘break’ into two branches and each one of the two branches
then merges smoothly with what was (in other regions) a NH branch (the NH surface itself
also breaks into two pieces) [46]. Instead of ending with one PS and one NH family of modes
we have what we can call two ‘combined PS-NH’ families (describing different overtones)
with a frequency gap between them. This phenomenon of eigenvalue repulsion is commonly
observed in solid state physics, for example in the form of an energy gap between different
energy bands of simple lattice models (see e.g. section 7 of [70]). In our study of the QNM
spectra of MP-dS, we also observe eigenvalue repulsions, similar to those in Kerr-Newman
(although not just between the PS and NH families).

It is not our aim to do a detailed study of QNMs of MP-dS, since we just need to
identify the modes that enforce SCC in MP-dS, and this only requires finding a dominant
QNM family that does the job. Instead, we present a selection of results that illustrate
the key features of MP-dS QNMs. Recall, from the discussions in Section 2, that the
MP-dS black hole is a 2-parameter solution and we can take these two parameters to
be (y+, α) ≡ (r+, a)/rc (where 0 ≤ α ≤ αext, with αext being the value of α at extremality)
or (y+, y−). Typically we will display 2-dimensional plots where we plot the frequency as
a function of one of the parameters while keeping the second black hole parameter fixed.
Altogether, our selection of plots allows us to infer how the complete 3-dimensional plot
(y+, α, ω rc) looks like.

Let us start with the axisymmetric m = l = 0 modes in d = 5 MP-dS, displayed in
Fig. 2. For small y+ = 0.1 (left panel) we identify 3 distinct QNM families: the dS (red
triangle curve), PS (blue square curve) and NH (orange and brown circles) families. The
PS family has complex frequencies. In the NH case, we display not only the curve with
radial overtone n = 0 (orange disks) but also the family with n = 1 (brown circles), and
they all have purely imaginary frequencies (for m = 0). The dS red triangle curve (with
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Fig. 2: QNM spectrum for d = 5 MP-dS with m = l = 0 and y+ = 0.1 (left), 0.2 (middle) and 0.4

(right). The red triangle curve is the dS mode (with n = 0). In the limit (y+ → 0, a → 0) these
reduce to the QNMs of pure dS space (3.1), indicated by a black diamond. The blue square curves
are the complex PS modes (with n = 0; we also show the PS curve with n = 1 in the right panel).
The orange/brown/black circle curves are the n = 0, 1, 2 harmonics of the NH modes, respectively,
with analytic approximations (3.33) given by solid lines. Eigenvalue repulsions occur at A1, A2, A

′
2

and further subdominant modes (not shown). The complex purple mode at B does not fit into any
of the three families: it simply provides a “bridge” between two points where, at each one, 3 curves
bifurcate from.

purely imaginary frequencies) approaches the pure (y+ = 0) dS normal mode (3.2) when
α→ 0 (black diamond). On the other hand the n = 0 (orange) and n = 1 (brown) circle
NH curves match very well with the NH analytic approximation (3.33) (described by the
solid lines) which are valid near extremality α/αext . 1.

Still in Fig. 2, as we increase y+ to 0.2 (middle panel), the dS modes clearly merge with
the NH modes as α approaches extremality. This first occurs near A1, between the n = 0 dS
and n = 0 NH modes, leaving a gap region in the eigenvalue spectrum of the ‘old’ n = 0 NH
curve (by ‘old’ we mean w.r.t. the left panel). To the right of A1 we see that a small branch
of the ‘old’ n = 0 dS curve now provides a bridge that connects the bottom section of the
‘old’ n = 0 NH curve (on the left/bottom) with the top/right half of the ‘old’ n = 1 NH
curve. Then, for even larger α we see that around A2 there is a branch of the ‘old’ n = 0 dS
curve that now provides a bridge between a branch of the ‘old’ n = 1 NH mode (on the left)
and a branch of the ‘old’ n = 2 NH mode (on the right). In fact, similar bridges continue
to exist (although not displayed) as we approach α→ αext between the ‘old’ n and n+ 1

NH overtones, not just the n = 0→ n = 1 and n = 1→ n = 2 overtones that are displayed.
Altogether, these features are characteristic of the phenomenon of eigenvalue repulsion [46],
and Fig. 2 illustrates how intricate this phenomenon can be.

The spectra become even more intricate when y+ increases further, e.g. at y+ = 0.4

(right panel of Fig. 2). Indeed, we find that in region B the n = 0 dS mode (red triangles to
the left of B) merges with the ‘old’ n = 0 NH mode (orange circles below B) and, at the
very same point, a small purple bridge bifurcates and extends to the right and up till a new
point where 3 lines merge again: this time it is the purple bridge, and the other ‘halves’ of
the ‘old’ n = 0 NH (orange circles) and the ‘old’ n = 0 dS curve (red triangles). For larger
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α, the latter then merges with the ‘old’ n = 1 NH family (much like the middle panel). Note
that all of this occurs in a region where one also finds the n = 1 PS curve (blue square curve
on the bottom) that seems to go through crossovers without significant interaction. Again,
we see how eigenvalue repulsions can make the spectra very elaborate.

To start discussing the modes with m > 0 it is important to first recall that when
m = l = 0, the NH frequencies are purely imaginary while the PS frequencies are complex,
so they clearly form two distinct families of QNM, as was seen in Fig. 2. However, for
m 6= 0, the PS modes with m = l split into corotating and counter-rotating modes, as first
discussed in the eikonal limit in section 3.2. As in the eikonal limit, the counter-rotating
mode always has a frequency with smaller imaginary part than the corotating PS mode for
a given overtone n.9 Remarkably, we find that when m 6= 0, typically (with an exception
to this rule discussed below) the corotating PS modes turn out to merge with the NH
modes and they form a single unified family (plus its overtones) that we can denote as
the ‘PS-NH’ family. This is a property that was already found in the asymptotically flat
Kerr-Newman black hole (but not in their Reissner-Nordström and Kerr limits where the
PS and NH QNM families remain distinct in the whole parameter space) [46]. To illustrate
this unification of the corotating PS and NH modes, we plot the frequency spectra for d = 5

MP-dS with m = l = 2 and y+ = 0.2, in the top panel of Fig. 3. The four blue curves with
circles, diamonds, squares and pentagons are the corotating PS modes with radial overtone
n = 0, 1, 2, 3 (from left/top to right). As expected, this classification is consistent with
the eikonal analytical result ωWKB obtained in (3.3) which is represented by the solid green
curves for n = 0, 1, 2, 3. The magenta triangle curve is the n = 0 counter-rotating PS curve
and it is also well approximated by the counter-rotating eikonal frequency ωWKB of (3.3)
(solid purple curve). Finally, the red square curve in the top panel of Fig. 3 is the n = 0 dS
QNM family, clearly identified by the fact that it approaches the pure dS frequency (3.1)
when a→ 0 (black diamond).

An important property of the top panel of Fig. 3 is the fact that there are no extra
curves which we could associate to a third independent family10. We only have the dS family
and the unified ‘PS-NH’ family (and their overtones); the PS and NH modes do not exist
separately. This is because, unlike the m = l = 0 case in Fig. 2, the NH modes at extremality
(i.e. at a = aext) or nearby − as unambiguously identified by the analytical approximation
ωNH in (3.34) − can always be traced back to a corotating PS mode when we move away
from extremality. Indeed, the blue PS-NH curves in Fig. 3 (top and bottom panels) are
simultaneously well approximated by ωWKB in (3.3) and, near-extremality, by ωNH of (3.34).
This is better seen in the bottom-left panel of Fig. 3 for y+ = 0.2. Here we choose a different
normalization for the frequency: we plot the dimensionless frequency in units of the surface

9Note that the t−ψ symmetry of MP-dS means that we need only consider modes with m ≥ 0, as long as
we study both signs of Re(ω). When a = 0 this enhances to a t→ −t symmetry and the QNM frequencies
form pairs of {ω,−ω∗}.

10We emphasise that we did an exhaustive direct numerical search for eigenvalues using Mathematica’s
built-in routine Eigensystem (as described in the end of Section 2.3) but we found no other frequencies
besides the ones that are displayed in Fig. 3 (in the range shown and excluding even higher overtones n ≥ 4).
That is, we found no third family of QNMs besides the two main families (dS and unified PS-NH) displayed
in the top panel of Fig. 3.
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Fig. 3: QNM spectrum for d = 5 MP-dS with m = l = 2. Typically, the corotating PS and NH
modes (blue circles, diamonds, squares and pentagons) have merged to become a single PS-NH
family: in all plots we display the first 4 overtones of this unified family. The only exception is
the blue circle curve in the top of the left panel which describes a n = 0 corotating PS mode, not
a PS-NH mode since it is not captured by a NH analysis. The top panel is for y+ = 0.2 and the
frequency is normalized in units of rc. In this top panel we also display the counter-rotating PS
QNMs (magenta triangle curve), and the dS modes (red circles). The corotating and counter-rotating
eikonal approximations (3.3) are described by the the solid green and purple lines, respectively. For
reference, the pure dS frequency (3.1) with y+ = a = 0 is represented by the black diamond. The
bottom panels are normalised in units of κ+ to differentiate the near-extremal behaviour of the
different overtones n = 0, 1, 2, 3 of the PS-NH family with y+ = 0.2 (left), y+ = 0.4 (middle) and
y+ = 0.6 (right). The NH approximation (3.33) at a = aext (for n = 0, 1, 2, 3 from top to bottom)
are represented by the orange disks in the bottom panels. (In the bottom panel the dS modes and
counter-rotating PS modes are not shown).
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gravity κ+. We make this choice because at extremality both ωNH and κ+ go to zero but
their ratio is finite (and changes with n). Therefore, these properties help identifying the
NH approximation ωNH of (3.34) (orange disks at a/aext = 1 for n = 0, 1, 2, 3)11. We indeed
see that, typically, the unified PS-NH blue curves terminate at extremality at the NH orange
disks and, away from extremality, are also well approximated by the solid green corotating
PS line described by ωWKB in (3.3). Still in the bottom panel of Fig. 3 we see that these
conclusions also hold for y+ = 0.4 (middle panel) and y+ = 0.6 (right panel) and actually
for all other values of y+ (not shown).

A second important property that is observed in the plots of Fig. 3 is that there is an
“exception to the rule” described in the previous two paragraphs. Namely, for small y+ . 0.3,
e.g. y+ = 0.2 in the top and bottom-left panels, we see that the n = 0 corotating PS mode is
the only solution that is not also captured by the NH description. Indeed, as seen on the top
panel, the n = 0 corotating PS curve (unlike for n ≥ 1) does not have Im(ωrc)→ 0 (neither
does it have Re(ω) → mΩ|ext, although this is not shown) as extremality is approached.
Instead Im(ωrc) goes to a finite value as a → aext. This is better seen in the bottom-left
panel, since the n = 0 corotating PS curve plunges into Im(ω)/κ+ → −∞ as a → aext

because κ+ → 0 in this limit but Im(ω) is finite. In particular, this means that this
particular mode, and only this one (and only for small y+), is not described by ωNH with
n = 0 in (3.34).12 This also means that near extremality (see regions C in top panel or
C ′ in bottom-left panel) the n = 0 corotating PS mode trades dominance with the n = 1

corotating PS mode. Indeed, from α = 0 all the way up to a critical α near-extremality, the
n = 0 corotating PS QNM is the one with the smallest |Im(ωrc)|, but above this critical
α and all the way to extremality, it is instead the n = 1 corotating PS QNM that has the
smallest |Im(ωrc)|. An interesting property that follows from the previous one is that the
n = 0 NH approximation ωNH of (3.34) actually describes the extremal limit of the n = 1

(not n = 0) PS curve: see orange disk nearby point C ′ in bottom-left panel. Similarly, the
n = 1, 2 NH approximation ωNH describes the extremal limit of the n = 2, 3 (not n = 1, 2)
unified PS-NH curves, respectively. Interestingly this “exception to the rule” ceases to hold
for larger values of y+ namely for y+ & 0.3: see e.g. the cases y+ = 0.4 (middle panel) and
y+ = 0.6 (right panel) of Fig. 3. That is, in these cases, we have unified PS-NH curves,
with ωNH (with overtone n) describing the extremal limit of the blue curves (with the same
overtone n), and the n = 0 PS-NH QNM is the one that dominates the spectra for all values
of a/aext.

Note that, as Fig. 3 illustrates, the eikonal approximation ωWKB of (3.3) (solid green
curves), although strictly valid only for |m| = l → ∞, is nevertheless already a good
approximation for m = l = 2 as long as we are away from extremality. However the PS-NH
family is no longer well approximated by the eikonal approximation in the near-extremal
limit, although the approximation gets better even in this region as y+ increases. Close

11Note that, since we are plotting ω/κ+, the first-order accurate approximation (3.33) only gives us the
value of ωNH/κ+ at extremality, and not away from it.

12Again, a similar behaviour can be found in asymptotically flat Kerr-Newman black holes [46]. Indeed,
very far away from extremality the PS and NH families are distinct families but they become unified PS-NH
families as we approach extremality: see Fig. 1 of [46].
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Fig. 4: PS modes (blue circles) merging with the n = 0 NH mode (orange circles) as m = l increases,
in d = 5 MP-dS with y+ = 0.6. The n = 1 NH mode (brown circles) merges later, by m ' 0.125.
The inset figures are enlargements of the merging region. The NH approximations (3.33) for the
n = 0 and n = 1 overtones are indicated by solid orange and brown lines, respectively. The dS
modes and counter-rotating PS modes are not shown in these plots.

to extremality, the PS-NH frequencies are better approximated by ωNH in (3.34) (orange
disks in Fig. 3). In fact, we can find the difference between the analytical NH prediction
(3.34) and the eikonal prediction (3.3) exactly at extremality. Interestingly, we find that the
value of y+ at which this difference vanishes turns out to be given by the value of y+ that
saturates the AdS2 BF bound of the near-horizon geometry, 1 + 4µeff

2L2
AdS = 0, where µeff

is given by (3.22). For (N = 1,m = l = 2), the AdS2 BF bound is saturated at y+ ∼ 0.54.
We postpone a detailed discussion of this observation to section 5.

The fact that the PS and NH modes typically merge in a single PS-NH family for m > 0

in MP-dS might be considered puzzling. How can it be that for m = 0 the system has three
distinct QNM families (dS, PS and NH) and for m > 0 there are typically only two (dS and
PS-NH)? We can address and settle this question with the following strategy. Regularity of
the CPN harmonics requires that the angular eigenvalues λ are given by (2.13) with integer
m. But nothing prevents us from doing an exercise where we search numerically for the
eigenfrequencies of the problem when the value of m is not an integer. This would simply
describe the eigenfrequencies of singular modes which are physically irrelevant. But we
can learn important lessons from this academic exercise: we start with the PS and NH
modes of m = 0 (displayed e.g. in Fig. 2) and see how these curves evolve as we increase
m incrementally. We do this in Fig. 4 for d = 5 MP-dS with y+ = 0.6. In the left panel
we display the spectra for m = 0.031. In this case, the n = 0 corotating PS family (blue
circles), the n = 0 NH family (orange circles) and the n = 1 NH family (brown circles) are
still very much distinct families as in the m = 0 case of Fig. 2 (we do not show the dS modes
in Fig. 4). However, as we increase m, the n = 0 PS curve breaks into two branches, and
the same happens to the n = 0 NH curve. This is clearly seen e.g. in the middle panel of
Fig. 4 for m = 0.042. And the left-branch of the ‘old’ (w.r.t. the left panel) n = 0 PS curve
merges smoothly with the upper-branch of the ‘old’ n = 0 NH curve at point D1, while
the lower-branch of the ‘old’ n = 0 NH curve merges smoothly with the right-branch of
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the ‘old’ n = 0 PS curve at the point D2. Effectively, the PS and NH families loose their
individual identities and the two ‘old’ PS and NH curves become two PS-NH curves with a
eigenfrequency gap D1D2 appearing between the two new PS-NH curves. This is nothing
but another manifestation of the eigenvalue repulsion phenomenon observed in Fig. 2. As m
keeps increasing, the gap D1D2 keeps increasing and similar breakups, merges and gaps will
keep happening between the n = 0 PS curve and ‘old’ NH curves with overtone n ≥ 1 as
suggested in the right panel of Fig. 4 for m = 0.05. For example, although not shown, the
breakout/merger between the n = 0 PS curve and the n = 1 NH curve occurs for m ' 0.125,
as the region E in the right panel already suggests will happen. After this exercise, we
finally understand why for m = 0 we have three families of QNMs but only two families for
m > 0. Once we reach m = 1 all of the sub-dominant PS and NH modes (at least those with
n = 0, 1, 2, 3) will have merged in the same fashion and we get the homogeneous picture
previously presented for m = 2 in the bottom-right panel of Fig. 3. There is a striking
similarity to the eigenvalue repulsions observed in Kerr-Newman (compare for example with
Fig. 1 of [46]). It seems likely that the underlying mechanism is the same.

Although we have focused our discussion on d = 5 black holes in this section, similar
properties occur for higher spacetime dimensions d. However, there are also differences,
some of which can be traced back to the fact that the QNM spectrum of Schwarzschild-dS
black holes (i.e. the limit a = 0) changes when d increases, especially when d changes
from odd to even. The dominant QNMs of d > 4 Schwarzschild-dS are very similar to the
d = 4 case, with two distinct mode families (dS and PS) which do not interact (i.e. there is
no eigenvalue repulsion), in all dimensions. However, if we also consider the subdominant
modes we find an intricate network of mode interactions, particularly in d = 5, and even
modes which break the standard mode classification in d ≥ 9. For completeness, we discuss
this in more detail in Appendix A. However, these effects are only present for subdominant
modes, and with m = l = 0. Hence these effects are not relevant to SCC, which is ultimately
the main focus of this manuscript, and that we discuss in the next section.

5 Strong Cosmic Censorship in MP-dS. Discussion of the results

We are finally ready to discuss Strong Cosmic Censorship in cohomogeneity-1 Myers-
Perry−de Sitter black holes. The Christodoulou formulation of Strong Cosmic Censorship
states that the maximal Cauchy development cannot be extended beyond the Cauchy horizon
as a weak solution of the Einstein equations or matter fields [5]. For the scalar field, this
translates to the requirement that the scalar field is not in the Sobolev space H1

loc near the
Cauchy horizon. In four dimensional de Sitter black holes, it has been shown that the decay
rate of generic linear perturbations is governed by the spectral gap β, i.e. the imaginary
part of the slowest-decaying quasinormal mode, relative to the surface gravity κ− at the
Cauchy horizon [71]. Specifically, defining the spectral gap as

β ≡ − Im(ω)

κ−
, (5.1)

it was shown in [71] that the scalar field is in H1
loc if β > 1

2 . We will now argue that the
requirement is the same for MP-dS. Consider a quasinormal mode defined in region I (see
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the left panel of Fig. 1),
Φ = e−iωteimψY (xi)R̃(r). (5.2)

Changing to ingoing EF coordinates (2.8), the metric is regular at the event horizon H+

and Φ can be analytically continued into region II of Fig. 1. Then, using (2.10) to change to
outgoing EF coordinates (v, r, ψ′′, xi), which are regular at the Cauchy horizon CH+, we get

Φ = e−iωveimψ
′′
Y (xi)R(r), (5.3)

where R(r) includes the original contribution R̃(r) from region I but has additional factors
from the coordinate transformations. In outgoing EF coordinates, the massless radial
equation (2.15) reads

R′′(r) +

(
2N + 1

r
+

2i
√
h

f
(ω −mΩ) +

f ′

f

)
R′(r)

− 1

f

[
m2

r2h
+
λ

r2
− i

r2N+1
∂r

(
r2N+1

√
h (ω −mΩ)

)]
R(r) = 0. (5.4)

This equation has regular singular points at the roots of f(r), i.e. at the horizon radii. In
particular, we know from section 2 that f(r) has a single zero at r = r−, so we can factor
f(r) as f(r) = (r − r−)∆(r). The remaining terms in (5.4), including ∆, are all analytic
and non-zero at r−. Hence, we can perform a Frobenius expansion around r = r−. Fuch’s
theorem [69] asserts that there exists a solution with a non-zero radius of convergence

R(r) = AR̂(1)(r) +B (r − r−)sR̂(2)(r), (5.5)

for some constants A and B, where R̂(1,2)(r) are analytic and non-zero at r = r−, and
s ≡ i(ω −mΩ−)/κ− is the non-trivial solution of the indicial equation. Φ is in the Sobolev
space H1

loc if R(r) and its first derivative are locally square integrable. Since R̂(i) are
analytic, the only relevant factor is (r − r−)s, which is locally square integrable if and only
if Re(2s) > −1. In terms of β, we can write this condition as β > 1

2 . In other words, to
prove that Christodoulou’s formulation of Strong Cosmic Censorship is respected, we ‘just’
need to show that, for the whole parameter space, at least one family of QNMs is not in
H1

loc, i.e. there exists a QNM family with β ≤ 1
2 .

In the eikonal limit |m| = l → ∞, the quasinormal mode spectrum is dominated by
the PS family of modes (actually, the PS-NH modes, following the findings of the previous
section), which are well approximated by ωWKB, as defined in (3.3). We first check that the
corresponding βWKB computed using (5.1) satisfies βWKB < 1

2 . This result per se should
establish that Christodoulou’s SCC is preserved in equal angular momenta MP-dS since
we would have found a QNM family with β ≤ 1/2 in the whole range of the parameter
space. However, to make such a strong claim we must ensure that the eikonal approximation
is really valid, i.e. we have to compare it with the exact numerical frequencies, a task
that can be completed only at finite m. From the previous section we already know that
the eikonal approximation is reasonably good when extrapolated to finite m but here it is
fundamental that we find a family that has exactly β ≤ 1/2 everywhere. So, in practice,
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Fig. 5: Plot of min(β) for the full spectrum of quasinormal modes of d = 5 MP-dS with m = l = 10

as computed by numerically solving the eigenvalue problem. There are two families of modes, the
PS-NH modes and the dS modes. We find that the PS-NH modes are dominant for the entire
parameter space, since the dS modes are suppressed for large m = l. The dashed black line represents
extremality r− → r+. One finds that min(β) < 1/2 for the whole parameter space.

we need to numerically compute the dominant QNMs of MP-dS at finite m for the whole
parameter space and check that there is indeed at least one m for which β ≤ 1/2 everywhere.
In this process, we will have the opportunity to further quantify how good the eikonal
approximation (3.3) is when extrapolated to finite m. Moreover, we want to complete this
exercise for several dimensions d to find whether there is a critical dimension where the
validity of SCC could change.

Recall that we have corotating and counter-rotating PS modes, including in the eikonal
limit, but the norm of the imaginary part of the frequency of the corotating modes is always
smaller than the counter-rotating ones (for a given overtone). So we just need to consider
the corotating PS modes (i.e., typically, the corotating PS-NH modes). Inserting ωWKB,
as read from (3.3) and (3.10), and the surface gravity κ−, as computed from (2.4), into
(5.1) we can compute βWKB for any odd spacetime dimension d. We find that, just as
in Kerr-dS [27], βWKB is bounded less than 1

2 away from extremality, only approaching
βWKB = 1

2 at extremality. It turns out that, across the range of dimensions we tested
(d ≤ 15), βWKB is a non-increasing function of the dimension, i.e. for every point (y+, y−)

in the parameter space, βWKB(y+, y−; d) ≤ βWKB(y+, y−; d + 2). Hence we expect that
βWKB ≤ 1

2 also holds true for d > 15. However, this conclusion does not necessarily extend
to the exact PS or PS-NH modes at finite m near-extremality, because the eikonal result
fails to be a good approximation in the near-extremal regime for small m (more below).

After this simple but enlightening and encouraging eikonal exercise, we should now
confirm that the exact numerical solutions of the eigenvalue problem indeed yield β ≤ 1/2,
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Fig. 6: β for the dominant QNMs near extremality in d = 5 MP-dS with m = l = 10 (left panel)
and d = 11 with m = l = 30 (right panel), compared to the eikonal approximation (3.3) of the PS
modes (solid lines). The horizontal red dashed line indicates β = 1

2 . In both plots, the closest we
approach extremality is r−/r+ = 0.9995.

at least for a sufficiently high m = l family of QNMs. We start by doing this for l = m = 10

and for the whole parameter space (y+, α) of d = 5 MP-dS (with the parameter space
discretised into about 2700 points). As discussed in section 4, when m > 0 the individual
PS and NH families that exist for m = 0 typically lose their identity (except for small values
of y+ if m = l is small) and become a single PS-NH family for each radial overtone n. Here,
since we are working in the eikonal limit m = l→∞, we are only interested in the PS-NH
family with the lowest overtone (since it has smaller β), and this family of modes dominates
for the entire parameter space over the second QNM family of the system (the dS family).
The smallest value of β at each point of the phase space is plotted in Fig. 5. The closest we
approach extremality in this plot is α/αext = 0.99 or r−/r+ = 0.98. All the points tested
have β < 1

2 , with a maximum of β ' 0.488. Hence, we conclude that for l = m = 10 one
has β < 1/2, as predicted by the eikonal approximation. To quantify the accuracy of the
WKB approximation when extrapolated to such a finite m, we compute ∆WKB ≡ βWKB−β

1
2
−β ,

where βWKB is the eikonal approximation (3.3) and β is the numerical value. We find that
−0.07 < ∆WKB < 10−11 for d = 5, i.e. up to numerical accuracy the true value of β is never
larger than that of the eikonal approximation βWKB.

However, to claim that β ≤ 1/2 for the whole parameter space we should still stretch
our numerical analysis even closer to extremality, i.e. even closer than what we do in Fig. 5
where we have reached ‘only’ α/αext = 0.99 or r−/r+ = 0.98. For that we can focus our
attention on lines of constant y+ = r+/rc and push the numerical collection of data as close
as possible to extremality where r− = r+. We do this for d = 5 and m = l = 10 in the left
panel of Fig. 6 for several lines of constant 0 < y+ < 1 identified in the legend13. We also
display, as solid lines, the eikonal approximation βWKB as read from (3.3). We conclude
that all solutions approach β = 1/2 from below as extremality is approached. Moreover,

13A convergence test is given in Appendix C for the d = 5 case at r− = 0.9995 r+.
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we also find that the eikonal approximation very well describes this approach even for a
relatively small value such as m = 10 (note that the approximation is better for large y+).

We find similar results when we repeat the analysis but this time for d = 7, 9, 11,
although we need to pick families with higher m = l as d increases to still have β ≤ 1/2

everywhere (for reasons explained below). As an example, in the right panel of Fig. 6 we
present the results for m = l = 30 in d = 11.

Altogether, we conclude that there is at least one family of m = l QNMs for which the
spectral gap satisfies the condition β ≤ 1/2 in the whole parameter space of MP-dS for
odd d ≤ 11 (and most probably also above). It follows that Christodoulou’s formulation of
Strong Cosmic Censorship holds for equal angular momenta d > 4 MP-dS black holes, very
much alike in the d = 4 Kerr-dS case [27]. This is the main result of our study.

As the above discussions indicate, it is very easy to find that β < 1/2 away from
extremality; however it is much more difficult to stretch the numerical code to prove that we
have β ≤ 1/2 all the way up to extremality. However, even without resorting to a numerical
analysis, we can establish analytically that there are modes that have β ≤ 1/2 in the whole
parameter space if m = l is sufficiently large, for any d. While doing so, we can also find
a criterion that tells us how large m = l needs to be (for a given d) to have a family of
QNMs that approach β = 1/2 at extremality. We discuss how this can be done in the
rest of this section. As emphasized previously, for m 6= 0 and sufficiently large y+, the
PS and NH modes do not exist as separate families; instead they combine to form what
we call the PS-NH family. This means that the PS-NH QNMs are simultaneously well
approximated by the eikonal approximation ωWKB in (3.3) and by the NH approximation
ωNH of (3.34). The eikonal approximation (3.3) is a good approximation as long as we are
far away from extremality but it deviates from the exact result as we approach extremality
and this deviation gets higher for small y+ and higher d. On the other hand − and this is a
key observation for our purposes − the NH approximation (3.34) becomes more and more
accurate as we approach extremality and this is precisely the region where we want to have
a solid proof that β does not exceed 1/2 for at least a family of modes. Thus, using the fact
that qAdS defined in (3.21) is real, it follows from (3.34) and (5.1) that, for all d = 2N + 3,
βNH is given by

βNH '
1

2
+

1

2
Re
(√

1 + 4µeff
2L2

AdS

)
. (5.6)

Based on this near-horizon approximation, the PS-NH modes will have β > 1
2 at extremality

unless the near-horizon AdS2 BF bound is violated. Conversely, to have β ≤ 1/2 (at and
away from extremality) and thus a family of modes that enforce SCC, one must violate the
AdS2 BF bound. For a MP-dS BH of fixed y+ and dimension d = 2N + 3, the violation of
the AdS2 BF bound can occur if m is above a critical value mcrit. More concretely, choosing
l = m and using LAdS and µeff as given in (3.22), we find that in order to have an AdS2 BF
bound violation, we must have m > mcrit where

mcrit =
(N + 1)

(√
2 +
√
N + 2

)
√

2N

2y2
+

(
y2N

+ − 1
)
−N

(
y2

+ − 1
)

(y2N+2
+ + 1)

1− (N + 2)y2N+2
+ + (N + 1)y2N+4

+

, (5.7)
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Fig. 7: Critical value mcrit given by (5.7) above which we have a BF bound violation. mcrit is
plotted as a function of dimension d for a range of fixed y+.

which, for a fixed dimension, has a finite maximum given by

max(mcrit) =
N + 1√

2

(√
2 +
√
N + 2

)
. (5.8)

We plot mcrit as a function of the dimension d for several values of y+ in Fig. 7. Note
that mcrit increases for higher dimensions, and smaller y+. For example, for d = 5 one has
mcrit ∼ 5 but for d = 11 one has mcrit ∼ 13 (or even higher if y+ → 0). Coming back to
Fig. 6 this explains why for d = 5 it was sufficient to look at m = l = 10 modes to attain
β ≤ 1/2 everywhere, but for d = 11 we had to use a higher m = l = 30 to obtain modes
with β ≤ 1/2 everywhere.

To illustrate how mcrit and the associated AdS2 BF bound violation is closely (but not
sharply) related to modes with β ≤ 1

2 near extremality, we give β for the dominant QNM
at r−/r+ = 0.99 in Table 1, while varying both m = l and the dimension d, for y+ = 0.25

(left table) and y+ = 0.75 (right table). We conclude that AdS2 BF bound violation is a
necessary (but not sufficient) condition for β ≤ 1

2 near extremality. Indeed, modes that
violate the AdS2 BF bound are those below the zigzag line m = mcrit in Table. 1, and we
see that these modes with m > mcrit typically have β ≤ 1

2 . However, this is not always the
case: some modes with m just above mcrit can still have β > 1

2 . Once β crosses below 1
2 ,

there is a sharp change in behaviour (in the sense that increasing m produces very small
changes in the value of β) and all of the modes with larger m are approaching 1

2 from below.
We now analyse what happens when we approach extremality even closer, namely as

close as r−/r+ = 0.9998. As an illustrative example, we do this in Fig. 8 for a d = 11 (N = 4)
MP-dS black hole with y+ = 0.25, for which mcrit ' 12.4. For modes with m < mcrit, e.g.
the blue curve m = 12 in Fig. 8, there is no BF violation and accordingly we have β > 1

2 at
extremality (note that the near-horizon approximation (5.6) is highly accurate in this case:
see black disk βNE (m = 12) in the plot). For m > mcrit the situation is more complicated.
For m slightly above mcrit, e.g. for the m = 14 green curve in the left panel of Fig. 8,
we find that the behaviour of β(r−/r+) is not monotonic; β can first reach a maximum
above 1

2 before decreasing below 1
2 at extremality. However, when m is well above mcrit

e.g. for the m = 20 red curve in the left panel of Fig. 8, the modes have β ≤ 1
2 everywhere

as they approach extremality. To understand this non-monotonicity better, in the right
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dimension d

m 5 7 9 11 13 15

0 0.99 0.99 0.99 0.99 0.99 0.99
2 1.34 1.18 1.11 1.07 1.05 1.02
4 0.54 1.13 1.13 1.10 1.07 1.06
6 0.49 0.63 1.05 1.09 1.08 1.07
8 0.49 0.49 0.73 1.02 1.06 1.06
10 0.49 0.49 0.54 0.81 1.01 1.05
12 0.49 0.49 0.49 0.61 0.87 1.00
14 0.49 0.48 0.48 0.52 0.68 0.91
16 0.49 0.48 0.48 0.48 0.57 0.76
18 0.49 0.48 0.48 0.48 0.51 0.63
20 0.49 0.48 0.48 0.48 0.49 0.56

dimension d

m 5 7 9 11 13 15

0 0.96 0.96 0.96 0.97 0.97 0.97
2 0.48 0.50 0.72 1.00 1.05 1.05
4 0.48 0.47 0.47 0.52 0.67 0.88
6 0.48 0.47 0.47 0.47 0.49 0.57
8 0.48 0.47 0.47 0.47 0.47 0.48
10 0.48 0.47 0.47 0.47 0.47 0.46
12 0.48 0.47 0.47 0.47 0.47 0.46
14 0.48 0.47 0.47 0.47 0.47 0.46
16 0.48 0.47 0.47 0.47 0.47 0.46
18 0.48 0.47 0.47 0.47 0.47 0.46
20 0.48 0.47 0.47 0.47 0.47 0.46

Table 1: β for the dominant QNM of MP-dS at r−/r+ = 0.99 (i.e. at 99% of extremality) and
y+ = 0.25 (left) and y+ = 0.75 (right), for a range of m = l and dimensions d. The zigzag line
describes the boundary m = mcrit as given by (5.7). Modes above this line (i.e. those with smaller
m) respect the AdS2 BF bound; below it the BF bound is violated. Bold values have β > 1

2 and the
others have β ≤ 1

2 .
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Fig. 8: Left panel: Dominant QNMs (PS-NH modes) near extremality for d = 11 MP-dS with
y+ = 0.25, for varying m = l. The black dashed line is the eikonal approximation βWKB. The black
disk and black square at r−/r+ = 1 are βNH for m = 12 and m > 12, respectively, as given by (5.6).
The BF bound is saturated at m ' 12.4 so βNH = 1

2 for m ≥ 13. Right panel: β as a function
of m for d = 11 MP-dS with y+ = 0.25 and r− = 0.9995 r+. For large m, β converges to a value
with β < 1

2 (see the inset plot, which is an enlargement), however β oscillates around this value for
smaller m.
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panel of Fig. 8 we fix the distance to extremality to be close to the minimum we reached,
namely r−/r+ = 0.9995 and we plot β as a function of m for d = 11 MP-dS with y+ = 0.25.
We see that β oscillates around 1

2 for moderate values of m but ultimately converges to a
value below 1

2 as m grows large. Interestingly, but not perhaps not surprisingly (since the
underlying physics is similar), a similar behaviour is observed in the discussion of SCC for a
charged scalar field in Reissner-Nordström-dS when we plot β as a function of the scalar
field charge (which is the analogue of m in charged system); see Fig. 9 of [17]). Just like in
[17], we could probably try to capture the behaviour of β(m) using a WKB expansion at
large m with the oscillations around β = 1/2 only captured after including non-perturbative
contributions to the analysis via a Borel resummation (i.e. a resurgence analysis) of the
WKB expansion.

To conclude, we summarize our main SCC results. MP-dS black holes with m > 0

typically have two families of QNMs: the dS and PS-NH families. For sufficiently large
m, the latter always has smaller |Im(ω)| than the dS family so the PS-NH modes are the
ones relevant for Strong Cosmic Censorship. We found that there is at least one family
of m = l QNMs for which the spectral gap satisfies the condition β ≤ 1/2 in the whole
parameter space of MP-dS for odd d ≤ 11 (and most probably even higher dimensions).
It follows that Christodoulou’s formulation of Strong Cosmic Censorship holds for equal
angular momenta d > 4 MP-dS black holes, very much like in the d = 4 Kerr-dS case [27].
This is the main result of our study. For each dimension d = 2N + 3 we found a (necessary
but not sufficient) criterion, based on the violation of the AdS2 BF bound associated to
the near-horizon geometry of the extremal MP-dS, to find how large m = l needs to be to
ensure that we have at least one family of PS-NH modes with β ≤ 1/2 everywhere. Strictly
speaking, our numerical analysis covered only the range 0.1 ≤ y+ ≤ 0.9 and 0 ≤ a/aext . 1

of the 2-dimensional parameter space of MP-dS. So it seems that we missed cases near
the endpoints of y+ ∈ [0, 1]. However, we have complemented our numerical analysis with
an (approximate) analytic analysis that covers the corners of the phase space which are
not easy to explore numerically. Namely, we used the eikonal approximation (3.3) and the
NH approximation (5.6)-(5.7). We have only discussed SCC in equal angular momenta
MP-dS black holes in odd spacetime dimensions d. However, the generic considerations
of [36] further indicate that this result extends to other, perhaps all, MP-dS solutions.
Together with [31] we thus have strong evidence that for arbitrary spacetime dimensions in
de Sitter and for scalar induced perturbations, Christodoulou’s formulation of SCC holds in
dynamically stable, vacuum, rotating black hole solutions of the Einstein equations, but can
be violated in the presence of charged matter. We stress, however, that the leading eikonal
behaviour is spin independent, and thus the result quoted above could indeed also be true
for gravitational perturbations.
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A Quasinormal modes of higher-dimensional Schwarzschild-de Sitter

To discuss Strong Cosmic Censorship in equal angular momenta MP-dS black holes, it was
necessary to carefully study the quasinormal spectra of these black holes, and we identified
and highlighted the main features in Section 4. However, even before studying the QNMs of
the MP-dS black hole, we have to start by identifying the QNM spectra of its non-rotating
limit, namely of the Schwarzschild-dS black hole. Since there are no detailed studies of
the QNMs of higher-dimensional Schwarzschild-dS in the literature, for completeness we
highlight some key properties of this spectra in this appendix. Although in the main text
we restrict our analysis to odd spacetime dimensions d = 2N + 3, in this appendix we also
consider even dimensions d because the Schwarzschild-dS QNM spectra is substantially
different for d = 4 and d ≥ 5, and so it is important to emphasize these differences. We do
not aim to present the full QNM spectra of Schwarzschild-dS for all dimensions, but just
the main features that we have identified and that seem worth highlighting. In particular,
those that help us further understand features of the MP-dS spectra.

Taking the limit a → 0 of the MP-dS metric (2.1), we recover the metric for d = 5

Schwarzschild-dS, with a CP1 angular part that is isomorphic to a 2-sphere S2:

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dψ +

1

2
cos θ dφ)2 +

r2

4
(dθ2 + sin2 θ dφ2), (A.1)

f(r) = 1− 2M

r2
− r2

L2
. (A.2)

Note that due to spherical symmetry we can label perturbations by the total angular
momentum l alone, using λ = l(l + 2N)−m2 from equation (2.14) to eliminate the explicit
dependence on m. In general, there are two distinct mode families in Schwarzschild-dS.
These are the de Sitter (dS) modes, which reduce to (3.1)-(3.2) in the limit y+ → 0, and
the photon sphere (PS) modes, which are well approximated by (3.3) in the eikonal limit
|m| = l→∞. Schwarzschild-dS has no extremal limit and thus there are no near-horizon
(NH) modes in its QNM spectra.

Taking the limit a→ 0 of the effective potential for the wave equation in MP-dS (3.6)
and setting N = 1, the solutions to Veff(r0) = V ′eff(r0) = 0 are r0 = 2

√
M and b± =

±2L
(
L2

2M − 4
)−1/2. The corresponding eikonal approximation (3.3) to the PS modes is

ωPS rc '
y2

+ − 1

2y+

√
1 + y2

+

[
±l + i

√
2

(
n+

1

2

)]
. (A.3)

One can also derive an approximation for the modes in the Nariai limit y+ → 1 (see e.g.
the supplementary material in [16]), but we will not do this here, since there is no extra
family of QNMs associated to it: the Nariai analysis simply captures the PS family.
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Fig. 9: QNM spectrum for d = 4 (left) and d = 5 (right) Schwarzschild-dS with m = l = 0 (several
radial overtones n = 0, 1, 2, 3, 4, 5, . . . are displayed). There are purely imaginary dS modes (red) and
complex PS modes (blue). The modes of pure dS space (3.1)-(3.2) are indicated by black diamonds
at r+ = 0. In d = 5 (right panel) the pure dS frequencies are degenerate, but the dS curves split as
r+/rc increases above zero, while they are always non-degenerate in d = 4 (left panel). The points
A,B,C indicate three mode crossings/mergers plotted in detail in Fig. 10.

The d = 5 QNM spectra are shown in Fig. 9 for d = 4 (left panel) and d = 5 (right panel)
Schwarzschild-dS with m = l = 0.14 There are dS modes with purely imaginary frequencies
(red curves with increasing radial overtone n = 0, 1, 2, 3, 4, 5, . . . from top to bottom), whose
eigenvalues are smoothly connected to the frequencies of pure de Sitter space (3.2)-(3.1)
(indicated by black diamonds) in the limit r+ → 0. There also exist PS modes with complex
frequencies (blue curves with increasing radial overtone n = 0, 1, 2, 3, 4, 5, . . . from top-left
to bottom-right), which we have identified by marching each QNM to m = l = 20, where
they are in excellent agreement with the eikonal approximation (A.3).

Comparing the left (d = 4) and right (d = 5) panels of Fig. 9, the main difference going
from d = 4 to d = 5 can be found in the dS curves. To start with, in d = 4 we have roughly
two times more dS curves than in d = 5, in agreement with the discussion of (3.2)-(3.1).
Indeed, in the r+ → 0 limit, all negative imaginary integers (except −i) are frequencies of
pure dS spacetime in d = 4 but, in d = 5, the frequencies of pure dS are given only by the
even negative integers. The next difference occurs when we let r+/rc increase. For d = 4,
there is a single curve departing from each overtone of pure dS but, in d = 5, the pure dS
mode is degenerate and two intertwining curves emerge from it as r+/rc increases. This
can be partially explained by the degeneracy of the pure de Sitter modes (3.1-3.2): in odd
dimensions d = 2N + 3, the (N + 1)-th pure de Sitter mode (counting the zero mode) and
higher overtones are degenerate and these degenerate modes split as we move away from
pure de Sitter. However, this intertwining behaviour of the dS modes appears to be unique
to d = 5 (and not shared by the d = 7, 9, 11, . . . case) as we will see later.

To better understand the intertwining structure of d = 5 Schwarzschild-dS, the three
regions A, B and C in the right panel of Fig. 9 are enlarged in Fig. 10. The dS modes are

14It becomes very difficult to find the full quasinormal mode spectrum as we approach the two limits of
the parameter space: de Sitter (r+ = 0) and Nariai (r+ = rc), so some modes have not been resolved in
those limits, although they certainly do exist.
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(a) Mode crossing at A
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(b) Close merger at B
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(c) Mode merger at C

Fig. 10: Imaginary (top panel) and real (bottom panel) parts of the l = m = 0 QNM frequency
spectra of the d = 5 Schwarzschild-dS black hole of the right panel of Fig. 9, but this time zoomed-in
around the regions A, B and C identified in Fig. 9. The red/yellow/brown modes are purely
imaginary frequency dS modes and the blue/purple pentagon curves describe complex frequency PS
modes. The inset plot in the middle-bottom figure (b) is an enlarged plot at the merge region to
show that it is a very short-lived merge rather than a crossing.

represented by orange triangles and/or red squares while the PS modes are described by
the blue or purple pentagons. At region A (top-left panel) both dS modes merely cross
each other and the PS mode. The PS modes have a real part that dips to a finite value at
the crossing (bottom-left panel), but don’t become purely imaginary (the dS modes always
have frequencies with zero real part). Increasing y+ to region B (middle panels), the real
part of the PS mode drops to zero (bottom-middle panel), and the orange triangle dS curve
merges with the PS curve (middle panels). The red square dS curve passes through the
other two without interaction (top-middle panel) Further increasing y+ till region C (right
panels), we see two bifurcation points (with 3 curves departing from each one). Looking
at the imaginary part (top-right panel) of Fig 10c, the PS mode in the bottom-left splits
(at the first bifurcation point) into the orange triangle dS curve and a new ‘bridge’ mode
(brown circles bridging the two bifurcation points in the right panels) with purely imaginary
frequencies. This bridge mode then extends up and to the right till the second bifurcation
point where the other branches of the orange triangle dS and PS curves also meet. Again,
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the red square dS curve passes through the other two without interaction. Similar bridge
modes were observed in the QNM spectra of Reissner-Nordstöm−dS black holes in higher
dimensions [66].

Let us now consider what happens when d > 5. In Fig. 11 we plot the QNM spectra of
Schwarzschild-dS in dimensions d = 6, 7, 8, 9 for l = m = 0. The several overtones of the PS
curves (blue squares) have a qualitative behaviour similar to that found in d = 4 and d = 5

of Fig. 9. Moreover, the even-dimensional results are qualitatively similar to d = 4 (left
panel of Fig. 9) for both the PS and dS modes. In d = 7, the degenerate dS modes still split
as r+/rc increases above zero and tend to develop wavy shape, however they do not have
the same intertwining behaviour observed in d = 5 (right panel of Fig. 9). In fact, we do not
observe intertwining behaviour between two dS curves in any other dimension other than
d = 5, at least up to d = 11. The behaviour of the dS modes in d = 5 is thus very unique.

In d = 9 and higher, we find some exceptional modes which do not have the standard
characteristics of dS or PS modes, as can be seen in the d = 9 plot in the bottom-right panel
of Fig. 11. The red and blue curves still describe the same families as before: purely imaginary
dS modes and complex frequency PS modes, respectively. However, the purple/magenta
and orange/brown modes do not fit the standard classification. The purple/magenta modes
are PS modes with complex frequency (see discussion of Fig. 12 below), but unlike the other
PS modes, they do not have a standard PS behaviour at small y+ or a vanishing imaginary
part in the Nariai limit, r+/rc → 1. Instead, these frequencies behave like those of pure
dS space as r+/rc grows large. For example, the magenta curve splits at A into a pair of
imaginary modes (orange) which behave much like dS modes, with a non-vanishing ω in
the Nariai limit. The magenta and purple modes appear to have different behaviours in
the limit r+ → 0. The magenta mode is suppressed (i.e. |Im(ωrc)| becomes large as y+

decreases), while the purple mode appears to tend towards the pure dS frequency, with
Im(ω rc) = −8i. However, this region is difficult to resolve to the left of point B. To further
clarify the properties of the exceptional families that pass though points A,C1 and A,C2 in
Fig. 12 we do the following exercise. We fix y+ = 0.7, which is described by the vertical
grey line in bottom-right panel of Fig. 11 when l = m = 0. In particular, in the exceptional
orange curves this selects points C1 and C2 with l = m = 0. Then, in Fig. 12, we run a
code that marches over m = l from m = l = 0 (where C1 and C2 lay) all the way up to
l = m = 3. We see that in this path, the two orange curves starting at C1 and C2 merge
at point D into a single magenta curve that then extends to m = l = 3 and beyond (not
shown). Extending this plot even further to, say, m = l = 20 we can compare it with the
eikonal limit of the PS modes and conclude that the magenta curve is a high overtone PS
mode (like the blue curves in Fig. 11 and Fig. 12). So as l increases the curves AC1 and
AC2 of Fig. 11 are connected to PS modes, although for l = m = 0 they do not have the
standard Im(ω)→ 0 behaviour as y+ → 0. This illustrates how intricate the QNM spectra
of Schwarzschild-dS can become for higher overtones, especially for large d.

The quasinormal mode spectrum of other asymptotically dS spacetimes (e.g MP-dS or
Reissner-Nordstöm−dS) will similarly contain modes which defy the standard classification
in higher dimensions, as confirmed in the Reissner-Nordstöm−dS study of [66]. One might
wonder why this is not visible in studies of β for higher-dimensional RN-dS [31] (although
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Fig. 11: QNM spectrum of Schwarzschild-dS in d = 6, 7, 8, 9 dimensions, with l = m = 0. Red modes
are purely imaginary dS modes and the blue modes are complex PS modes. The orange/brown modes
are purely imaginary but not connected directly to the dS limit when r+ → 0. The purple/magenta
modes are PS modes with complex frequency that do not vanish in the Nariai limit r+ → rc. The
pure dS frequencies at r+ = 0 are indicated by black diamonds. These are exceptional modes in the
sense that we do not observe similar modes for d < 9 at least in the first few radial overtones.
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Fig. 12: Marching the QNM spectra of Fig. 11 from m = l = 0 all the way up to m = l = 3

for fixed y+ = 0.7. The points C1 and C2 are those already present in the bottom-right panel
of Fig. 11 (see vertical grey line). The red modes are the usual purely imaginary dS modes and
the blue modes are PS modes with complex frequency (we have tracked them up to m = l = 20

to compare with the eikonal limit of PS modes). The orange curves starting at C1 and C2 have
purely imaginary frequency and join at point D. For higher m, the magenta curve starting at D has
complex frequencies and it is a PS mode in the sense that for larger l = m it agrees well with the
eikonal approximation. – 36 –



it is present in [66]). In the context of Strong Cosmic Censorship, the n = 1 mode is the
dominant dS mode. This is the only mode which is not paired, and it has a much weaker
dependence on the black hole parameters. Indeed, all of the effects we have described are
present only for subdominant modes, and so are not relevant for SCC.

B Near-horizon QNMs: explicit expressions in d = 2N + 3 dimensions

In Section 3.3.3 we employed a matched asymptotic expansion procedure to find an analytic
expression for the frequencies ωNH of the near-horizon (NH) modes which very well approxi-
mate the associated numerical frequencies of the system near-extremality. This ωNH is given
by (3.34)-(3.35) and in this appendix we provide the explicit expression for the quantities
Ω(1) and κ(1) that appear in (3.35). Note that, for all N , we can express the black hole
parameters (a,M,L) in terms of the dimensionless horizon radii (y+, y−) by
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The near-horizon modes, as previously derived in Section 3.3.3 and written in (3.34), can be
written for all N as

ωNH = mΩ(r+)|ext +

{
mΩ(1) −

i

2

(
1 + 2n+ 2iqAdS +

√
1 + 4µeff

2LAdS
2

)
κ(1)

}
σ, (B.2)

where qAdS, µeff and LAdS are given by (3.20)-(3.22). The terms Ω(1) and κ(1) are the first-
order coefficients of the Taylor expansions of Ω(r+) and κ+ in the near-extremal parameter
σ = 1− y−/y+, as previously defined in (3.23). Explicitly, these are given by
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Fig. 13: Convergence of β for d = 5 MP-dS with m = l = 10 and r− = 0.9995 r+, as displayed in
Fig. 6. These modes were computed at (resolution, precision) = (1600, 500). The precision is scaled
linearly with the grid resolution, i.e. a maximum (resolution, precision) = (2000, 625) which is used
to compute the reference value βref .

and Ω(r+) at extremality is given by

Ω(r+)|ext =
1

rcy+

√
N(1− y2

+)− y2
+(1− y2N

+ )

(1 +N)(1 + y2+2N
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C Numerical convergence tests

We use pseudospectral collocation methods to generate our numerical data, and thus our
numerical results should (and do) have exponential convergence as the number of points
used to discretise the numerical grid increases (see e.g [54]). All of our numerical results
have converged with an error that is not higher than 10−8. To illustrate our numerical
error analysis, a convergence test is given in Fig. 13 for d = 5 MP-dS at r− = 0.9995 r+,
with m = l = 10. To test convergence, we recompute these modes with increasing grid
resolution and precision (increasing the precision proportionally to the resolution), up to
(resolution, precision) = (2000, 625). This maximum value is used to compute βref . The
maximum error |β − βref | is ∼ 10−8.2, as expected.
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