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Abstract

We study collisions between localized shockwaves inside a black hole interior. We give a
holographic boundary description of this process in terms of the overlap of two growing per-
turbations in a shared quantum circuit. The perturbations grow both exponentially as well as
ballistically. Due to a competition between different physical effects, the circuit analysis shows
dependence on the transverse locations and exhibits four regimes of qualitatively different be-
haviors. On the gravity side we study properties of the post-collision geometry, using exact
calculations in simple setups and estimations in more general circumstances. We show that the
circuit analysis offers intuitive and surprisingly accurate predictions about gravity computations
involving non-linear features of general relativity.
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1 Introduction

Two uncoupled holographic CFTs can be prepared in an entangled state, which has a dual gravita-

tional description in terms of an Einstein-Rosen (ER) bridge connecting two black hole spacetimes

[1, 2, 3]. This correspondence is often referred to as “ER = EPR”. In the gravity description,

two signals sent from each of the CFTs can meet in the interior once they enter each of the black

holes. However, from the boundary point of view, there are no direct interactions coupling the

two CFTs, so what boundary feature governs the laws according to which the two signals interact?

This puzzling aspect of the correspondence was emphasized in [4].1

1Throughout this paper we assume that the connected two-sided black hole geometry is dual to two disconnected
CFTs in an entangled state and that the horizons are smooth as predicted by general relativity. See, however, [5, 6]
for another perspective.
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Figure 1: The lightcones of two localized perturbations spreading in opposite directions of a quan-
tum circuit may or may not overlap.

It was pointed out that in the holographic duality, the bulk geometry reflects the minimal

tensor network preparing the state [7]. In particular, a black hole interior corresponds to a unitary

quantum circuit acting on a large number of qubits, c.f., figure 2 [8, 9]. Perturbations on the black

hole can be represented as perturbations on the circuit evolution, which spread throughout the

circuit [10, 11, 12].

In [13], we gave a quantum circuit interpretation of the ‘meeting’ of two signals sent from

different boundaries. We showed that the gravitational interaction between two signals can be

encoded in the properties of a quantum circuit with overlapping perturbations. In [14, 15] we

proposed boundary quantities that can diagnose the happening as well various properties of the

collision process. In particular, we identified the ‘healthy’ (unperturbed) gates as being associated

with the post-collision region. These discussions were carried out in the context of spherically

symmetric perturbations on AdS-size black holes and only involve the exponential growth of the

perturbation (figure 3).

In this paper, we will consider collisions between localized shockwaves. We will again be able to

interpret their gravitational interaction in terms of the quantum circuit. Because the perturbations

are localized, the lattice structure of the quantum circuit plays an important role. Figure 1 shows

a simplified picture of two perturbations ballistically spreading through a quantum circuit with

spatial extent. In (a), the two corresponding signals do not feel each other, while in (b), the two

signals interact gravitationally. In reality, the perturbations will spread both exponentially as well

as ballistically, and the overlapping structure is much more complicated. We will study this in

detail and demonstrate a good match between the circuit analysis and gravity computations in

general relativity.

Let us briefly mention some other related investigations. The exponential spreading of per-

turbations in the quantum circuit is a manifestation of information scrambling, or the quantum

butterfly effect [16, 17, 18, 19]. One way to characterize this phenomenon is in terms of the ‘growth’
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of operators [20, 21, 22, 23, 24, 25, 26] and their operator complexity [27, 28, 29, 30, 31, 32]. Some

other related recent studies of the black hole interior using ideas of operator reconstruction include

[33, 34, 35, 36, 37, 38, 39], [40, 41, 42, 43, 44], and [45, 46, 47].

The paper is organized as follows: in section 2, we review and extend previous results on

collisions of spherically symmetric shockwaves in AdS-scale black holes. In section 3 we turn to

localized collision and their corresponding quantum circuit description. We show that the behavior

can be characterized by four different regimes. We end with a discussion of open problems in section

4. Technical details and some generalizations can be found in appendices.

Conventions and terminology

We list various conventions used in this paper:

• All times in are measured in units of thermal time β
2π . We leave this thermal factor implicit

so the times are all dimensionless.

• d is the spacetime dimension of the boundary theory, so the dual bulk theory has spacetime

dimension d+ 1.

• r̃h is the horizon radius of the post-collision region. In general, it can have x-dependence.

• rc(x) is the radial location of the collision. We call (u0(x), v0(x)) its coordinate in the unper-

turbed spacetime, and (ũ0(x), ṽ0(x)) its coordinates in the post-collision region.

• |x − xwL,wR| denotes the proper distances between two points on a one-dimensional line or

higher dimensional hyperbolic space Hd−1.

2 Collisions of spherically symmetric shockwaves in AdS-size black
holes

In this section, we review and extend the discussions of collisions between spherically symmetric

perturbations in AdS-size black holes and the dual quantum circuit analysis. We mostly follow

[13], but we will introduce some new features and also do calculations in a different way in order

to emphasize the essential features that we will use later in the case of localized shocks.

2.1 Collisions of shockwaves with different scrambling times

In earlier work [13, 14, 15], we gave a quantum circuit interpretation of the collision of matter

excitations in gravity. It was previously argued that the bulk provides a geometric description of

the minimal quantum circuit preparing the boundary state [7, 8, 9] and bulk regions grow as the

number of quantum gates in the circuit grows [10, 48, 49]. When two non-interacting subsystems

are entangled with each other, certain quantum gates of the circuit can be ‘undone’ from either side.
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A
<latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit>

B
<latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit>

A
<latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit><latexit sha1_base64="XLDdXUJaI6gj7aVGL0BySmeEd5Q=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZceOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEFWZyM</latexit> B

<latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit><latexit sha1_base64="iGX6Bx3v61qkwqOtn8OAMxBuSuo=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZdOOygv2BNpTJ9KYdOpmEmRuxhD6D4FZfw5249Rl8Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdxGeMLuZ9MoVt+rOhq6Cl0OF5FPvlX+6/ZinESjkkhnT8dwE/YxpFFzCpNRNDSSMj9gAOhYVi8D42SzvhJ5ZpU/DWNunkM7UvxcZi4wZR4HdjBgOzbI3Ff/1kuHYCG6sl9NiDgyv/UyoJEVQfB4jTCXFmE6roX2hgaMcW2BcC/sTyodMM462wJKtyFsuZBWaF1XPrXr3l5XaZV5WkZyQU3JOPHJFauSO1EmDcCLJC3klb86z8+58OJ/z1YKT3xyThXG+fgEG/JyN</latexit>

tL
<latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit>
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Figure 2: Left: A circuit of quantum gates (e.g., unitary two-qubit operations) describing the
evolution of the entangled state between systems A and B. Right: The AdS wormhole geometry
dual to the entangled thermofield double state. The shared quantum circuit represents evolution
of the state in the shared interior region.

�tw
<latexit sha1_base64="7NlbcLnd0rQeNSLc7jMoRKSC9OM=">AAACCXicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkIuiy4MZlBXuBNpTJdNIOnVyYOVFC6BMIbvU13Ilbn8K38BGctFnY1gMDH/9/Dvzze7EUGm372yqtrW9sbpW3Kzu7e/sH1cOjto4SxXiLRTJSXY9qLkXIWyhQ8m6sOA08yTve5Db3O49caRGFD5jG3A3oKBS+YBRz6QIHT4Nqza7bsyGr4BRQg2Kag+pPfxixJOAhMkm17jl2jG5GFQom+bTSTzSPKZvQEe8ZDGnAtZvNsk7JmVGGxI+UeSGSmfr3IqOB1mngmc2A4lgve7n4rxePUy2YNl5BiznQv3EzEcYJ8pDNY/iJJBiRvBYyFIozlKkBypQwPyFsTBVlaMqrmIqc5UJWoX1Zd+y6c39Va9hFWWU4gVM4BweuoQF30IQWMBjDC7zCm/VsvVsf1ud8tWQVN8ewMNbXL1E9mn0=</latexit><latexit sha1_base64="7NlbcLnd0rQeNSLc7jMoRKSC9OM=">AAACCXicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkIuiy4MZlBXuBNpTJdNIOnVyYOVFC6BMIbvU13Ilbn8K38BGctFnY1gMDH/9/Dvzze7EUGm372yqtrW9sbpW3Kzu7e/sH1cOjto4SxXiLRTJSXY9qLkXIWyhQ8m6sOA08yTve5Db3O49caRGFD5jG3A3oKBS+YBRz6QIHT4Nqza7bsyGr4BRQg2Kag+pPfxixJOAhMkm17jl2jG5GFQom+bTSTzSPKZvQEe8ZDGnAtZvNsk7JmVGGxI+UeSGSmfr3IqOB1mngmc2A4lgve7n4rxePUy2YNl5BiznQv3EzEcYJ8pDNY/iJJBiRvBYyFIozlKkBypQwPyFsTBVlaMqrmIqc5UJWoX1Zd+y6c39Va9hFWWU4gVM4BweuoQF30IQWMBjDC7zCm/VsvVsf1ud8tWQVN8ewMNbXL1E9mn0=</latexit><latexit sha1_base64="7NlbcLnd0rQeNSLc7jMoRKSC9OM=">AAACCXicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkIuiy4MZlBXuBNpTJdNIOnVyYOVFC6BMIbvU13Ilbn8K38BGctFnY1gMDH/9/Dvzze7EUGm372yqtrW9sbpW3Kzu7e/sH1cOjto4SxXiLRTJSXY9qLkXIWyhQ8m6sOA08yTve5Db3O49caRGFD5jG3A3oKBS+YBRz6QIHT4Nqza7bsyGr4BRQg2Kag+pPfxixJOAhMkm17jl2jG5GFQom+bTSTzSPKZvQEe8ZDGnAtZvNsk7JmVGGxI+UeSGSmfr3IqOB1mngmc2A4lgve7n4rxePUy2YNl5BiznQv3EzEcYJ8pDNY/iJJBiRvBYyFIozlKkBypQwPyFsTBVlaMqrmIqc5UJWoX1Zd+y6c39Va9hFWWU4gVM4BweuoQF30IQWMBjDC7zCm/VsvVsf1ud8tWQVN8ewMNbXL1E9mn0=</latexit><latexit sha1_base64="7NlbcLnd0rQeNSLc7jMoRKSC9OM=">AAACCXicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkIuiy4MZlBXuBNpTJdNIOnVyYOVFC6BMIbvU13Ilbn8K38BGctFnY1gMDH/9/Dvzze7EUGm372yqtrW9sbpW3Kzu7e/sH1cOjto4SxXiLRTJSXY9qLkXIWyhQ8m6sOA08yTve5Db3O49caRGFD5jG3A3oKBS+YBRz6QIHT4Nqza7bsyGr4BRQg2Kag+pPfxixJOAhMkm17jl2jG5GFQom+bTSTzSPKZvQEe8ZDGnAtZvNsk7JmVGGxI+UeSGSmfr3IqOB1mngmc2A4lgve7n4rxePUy2YNl5BiznQv3EzEcYJ8pDNY/iJJBiRvBYyFIozlKkBypQwPyFsTBVlaMqrmIqc5UJWoX1Zd+y6c39Va9hFWWU4gVM4BweuoQF30IQWMBjDC7zCm/VsvVsf1ud8tWQVN8ewMNbXL1E9mn0=</latexit>

tL
<latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit><latexit sha1_base64="oN+wDfzQQo10Tjbak/RKRRoBXa4=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MaFi4r2B9pQJtNpO3QyCTM3Qgh9AcGtvoY7cetb+BY+gtM2C9t6YeDjnHvhzAliKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00TJZrxBotkpNsBNVwKxRsoUPJ2rDkNA8lbwfhm6reeuDYiUo+YxtwP6VCJgWAUrfSAvbteueJW3dmQVfByqEA+9V75p9uPWBJyhUxSYzqeG6OfUY2CST4pdRPDY8rGdMg7FhUNufGzWdQJObNKnwwibZ9CMlP/XmQ0NCYNA7sZUhyZZW8q/uvFo9QIZqyX02IOHFz7mVBxglyxeYxBIglGZNoK6QvNGcrUAmVa2J8QNqKaMrTdlWxF3nIhq9C8qHpu1bu/rNTcvKwinMApnIMHV1CDW6hDAxgM4QVe4c15dt6dD+dzvlpw8ptjWBjn6xeb8Zob</latexit> �twL

<latexit sha1_base64="7RNGW/BMDOiIhMVNgNGWTjl2n/0=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghsXLirYVmhDmUwn7dDJJMzcKCX0FQS3+hruxK3v4Fv4CE7bLGzrhYGPc+6FMydIpDDout9OYWV1bX2juFna2t7Z3SvvHzRNnGrGGyyWsX4IqOFSKN5AgZI/JJrTKJC8FQyvJ37rkWsjYnWPo4T7Ee0rEQpG0UqtM+xmT7fjbrniVt3pkGXwcqhAPvVu+afTi1kacYVMUmPanpugn1GNgkk+LnVSwxPKhrTP2xYVjbjxs2ncMTmxSo+EsbZPIZmqfy8yGhkzigK7GVEcmEVvIv7rJYOREcxYL6f5HBhe+ZlQSYpcsVmMMJUEYzJphvSE5gzlyAJlWtifEDagmjK0/ZVsRd5iIcvQPK96btW7u6jU3LysIhzBMZyCB5dQgxuoQwMYDOEFXuHNeXbenQ/nc7ZacPKbQ5gb5+sX1yyb3w==</latexit><latexit sha1_base64="7RNGW/BMDOiIhMVNgNGWTjl2n/0=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghsXLirYVmhDmUwn7dDJJMzcKCX0FQS3+hruxK3v4Fv4CE7bLGzrhYGPc+6FMydIpDDout9OYWV1bX2juFna2t7Z3SvvHzRNnGrGGyyWsX4IqOFSKN5AgZI/JJrTKJC8FQyvJ37rkWsjYnWPo4T7Ee0rEQpG0UqtM+xmT7fjbrniVt3pkGXwcqhAPvVu+afTi1kacYVMUmPanpugn1GNgkk+LnVSwxPKhrTP2xYVjbjxs2ncMTmxSo+EsbZPIZmqfy8yGhkzigK7GVEcmEVvIv7rJYOREcxYL6f5HBhe+ZlQSYpcsVmMMJUEYzJphvSE5gzlyAJlWtifEDagmjK0/ZVsRd5iIcvQPK96btW7u6jU3LysIhzBMZyCB5dQgxuoQwMYDOEFXuHNeXbenQ/nc7ZacPKbQ5gb5+sX1yyb3w==</latexit><latexit sha1_base64="7RNGW/BMDOiIhMVNgNGWTjl2n/0=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghsXLirYVmhDmUwn7dDJJMzcKCX0FQS3+hruxK3v4Fv4CE7bLGzrhYGPc+6FMydIpDDout9OYWV1bX2juFna2t7Z3SvvHzRNnGrGGyyWsX4IqOFSKN5AgZI/JJrTKJC8FQyvJ37rkWsjYnWPo4T7Ee0rEQpG0UqtM+xmT7fjbrniVt3pkGXwcqhAPvVu+afTi1kacYVMUmPanpugn1GNgkk+LnVSwxPKhrTP2xYVjbjxs2ncMTmxSo+EsbZPIZmqfy8yGhkzigK7GVEcmEVvIv7rJYOREcxYL6f5HBhe+ZlQSYpcsVmMMJUEYzJphvSE5gzlyAJlWtifEDagmjK0/ZVsRd5iIcvQPK96btW7u6jU3LysIhzBMZyCB5dQgxuoQwMYDOEFXuHNeXbenQ/nc7ZacPKbQ5gb5+sX1yyb3w==</latexit><latexit sha1_base64="7RNGW/BMDOiIhMVNgNGWTjl2n/0=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghsXLirYVmhDmUwn7dDJJMzcKCX0FQS3+hruxK3v4Fv4CE7bLGzrhYGPc+6FMydIpDDout9OYWV1bX2juFna2t7Z3SvvHzRNnGrGGyyWsX4IqOFSKN5AgZI/JJrTKJC8FQyvJ37rkWsjYnWPo4T7Ee0rEQpG0UqtM+xmT7fjbrniVt3pkGXwcqhAPvVu+afTi1kacYVMUmPanpugn1GNgkk+LnVSwxPKhrTP2xYVjbjxs2ncMTmxSo+EsbZPIZmqfy8yGhkzigK7GVEcmEVvIv7rJYOREcxYL6f5HBhe+ZlQSYpcsVmMMJUEYzJphvSE5gzlyAJlWtifEDagmjK0/ZVsRd5iIcvQPK96btW7u6jU3LysIhzBMZyCB5dQgxuoQwMYDOEFXuHNeXbenQ/nc7ZacPKbQ5gb5+sX1yyb3w==</latexit>

twL
<latexit sha1_base64="4Xn8JLAY6W6nrv13mFkxkXUMVco=">AAACC3icbZDNSsNAFIVv/K31r+rSzWARXJVEBF0W3LhwUcH+QFvKZDppx04mYeZGCaGPILjV13Anbn0I38JHcNpmYVsvDHyccy+cOX4shUHX/XZWVtfWNzYLW8Xtnd29/dLBYcNEiWa8ziIZ6ZZPDZdC8ToKlLwVa05DX/KmP7qe+M1Hro2I1D2mMe+GdKBEIBhFKzWwlz3djnulsltxp0OWwcuhDPnUeqWfTj9iScgVMkmNaXtujN2MahRM8nGxkxgeUzaiA962qGjITTebph2TU6v0SRBp+xSSqfr3IqOhMWno282Q4tAsehPxXy8epkYwY72c5nNgcNXNhIoT5IrNYgSJJBiRSTGkLzRnKFMLlGlhf0LYkGrK0NZXtBV5i4UsQ+O84rkV7+6iXHXzsgpwDCdwBh5cQhVuoAZ1YPAAL/AKb86z8+58OJ+z1RUnvzmCuXG+fgFnmJuo</latexit><latexit sha1_base64="4Xn8JLAY6W6nrv13mFkxkXUMVco=">AAACC3icbZDNSsNAFIVv/K31r+rSzWARXJVEBF0W3LhwUcH+QFvKZDppx04mYeZGCaGPILjV13Anbn0I38JHcNpmYVsvDHyccy+cOX4shUHX/XZWVtfWNzYLW8Xtnd29/dLBYcNEiWa8ziIZ6ZZPDZdC8ToKlLwVa05DX/KmP7qe+M1Hro2I1D2mMe+GdKBEIBhFKzWwlz3djnulsltxp0OWwcuhDPnUeqWfTj9iScgVMkmNaXtujN2MahRM8nGxkxgeUzaiA962qGjITTebph2TU6v0SRBp+xSSqfr3IqOhMWno282Q4tAsehPxXy8epkYwY72c5nNgcNXNhIoT5IrNYgSJJBiRSTGkLzRnKFMLlGlhf0LYkGrK0NZXtBV5i4UsQ+O84rkV7+6iXHXzsgpwDCdwBh5cQhVuoAZ1YPAAL/AKb86z8+58OJ+z1RUnvzmCuXG+fgFnmJuo</latexit><latexit sha1_base64="4Xn8JLAY6W6nrv13mFkxkXUMVco=">AAACC3icbZDNSsNAFIVv/K31r+rSzWARXJVEBF0W3LhwUcH+QFvKZDppx04mYeZGCaGPILjV13Anbn0I38JHcNpmYVsvDHyccy+cOX4shUHX/XZWVtfWNzYLW8Xtnd29/dLBYcNEiWa8ziIZ6ZZPDZdC8ToKlLwVa05DX/KmP7qe+M1Hro2I1D2mMe+GdKBEIBhFKzWwlz3djnulsltxp0OWwcuhDPnUeqWfTj9iScgVMkmNaXtujN2MahRM8nGxkxgeUzaiA962qGjITTebph2TU6v0SRBp+xSSqfr3IqOhMWno282Q4tAsehPxXy8epkYwY72c5nNgcNXNhIoT5IrNYgSJJBiRSTGkLzRnKFMLlGlhf0LYkGrK0NZXtBV5i4UsQ+O84rkV7+6iXHXzsgpwDCdwBh5cQhVuoAZ1YPAAL/AKb86z8+58OJ+z1RUnvzmCuXG+fgFnmJuo</latexit><latexit sha1_base64="4Xn8JLAY6W6nrv13mFkxkXUMVco=">AAACC3icbZDNSsNAFIVv/K31r+rSzWARXJVEBF0W3LhwUcH+QFvKZDppx04mYeZGCaGPILjV13Anbn0I38JHcNpmYVsvDHyccy+cOX4shUHX/XZWVtfWNzYLW8Xtnd29/dLBYcNEiWa8ziIZ6ZZPDZdC8ToKlLwVa05DX/KmP7qe+M1Hro2I1D2mMe+GdKBEIBhFKzWwlz3djnulsltxp0OWwcuhDPnUeqWfTj9iScgVMkmNaXtujN2MahRM8nGxkxgeUzaiA962qGjITTebph2TU6v0SRBp+xSSqfr3IqOhMWno282Q4tAsehPxXy8epkYwY72c5nNgcNXNhIoT5IrNYgSJJBiRSTGkLzRnKFMLlGlhf0LYkGrK0NZXtBV5i4UsQ+O84rkV7+6iXHXzsgpwDCdwBh5cQhVuoAZ1YPAAL/AKb86z8+58OJ+z1RUnvzmCuXG+fgFnmJuo</latexit>

(b)
<latexit sha1_base64="LwljWD0jhxGUKpK8Nr7rYlZ/zus=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6aQdOpmEmRuhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9FAJLnqlslt1Z0NWwcuhDPnUe6Wfbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YVDTixs9mUSfk3Cp9EsbaPoVkpv69yGhkzDgK7GZEcWiWvan4r5cMx0YwY72cFnNgeONnQiUpcsXmMcJUEozJtBXSF5ozlGMLlGlhf0LYkGrK0HZXtBV5y4WsQvOy6rlV7/6qXHPzsgpwCmdQAQ+uoQZ3UIcGMBjAC7zCm/PsvDsfzud8dc3Jb05gYZyvX+r1ma8=</latexit><latexit sha1_base64="LwljWD0jhxGUKpK8Nr7rYlZ/zus=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6aQdOpmEmRuhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9FAJLnqlslt1Z0NWwcuhDPnUe6Wfbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YVDTixs9mUSfk3Cp9EsbaPoVkpv69yGhkzDgK7GZEcWiWvan4r5cMx0YwY72cFnNgeONnQiUpcsXmMcJUEozJtBXSF5ozlGMLlGlhf0LYkGrK0HZXtBV5y4WsQvOy6rlV7/6qXHPzsgpwCmdQAQ+uoQZ3UIcGMBjAC7zCm/PsvDsfzud8dc3Jb05gYZyvX+r1ma8=</latexit><latexit sha1_base64="LwljWD0jhxGUKpK8Nr7rYlZ/zus=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6aQdOpmEmRuhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9FAJLnqlslt1Z0NWwcuhDPnUe6Wfbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YVDTixs9mUSfk3Cp9EsbaPoVkpv69yGhkzDgK7GZEcWiWvan4r5cMx0YwY72cFnNgeONnQiUpcsXmMcJUEozJtBXSF5ozlGMLlGlhf0LYkGrK0HZXtBV5y4WsQvOy6rlV7/6qXHPzsgpwCmdQAQ+uoQZ3UIcGMBjAC7zCm/PsvDsfzud8dc3Jb05gYZyvX+r1ma8=</latexit><latexit sha1_base64="LwljWD0jhxGUKpK8Nr7rYlZ/zus=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6aQdOpmEmRuhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9FAJLnqlslt1Z0NWwcuhDPnUe6Wfbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YVDTixs9mUSfk3Cp9EsbaPoVkpv69yGhkzDgK7GZEcWiWvan4r5cMx0YwY72cFnNgeONnQiUpcsXmMcJUEozJtBXSF5ozlGMLlGlhf0LYkGrK0HZXtBV5y4WsQvOy6rlV7/6qXHPzsgpwCmdQAQ+uoQZ3UIcGMBjAC7zCm/PsvDsfzud8dc3Jb05gYZyvX+r1ma8=</latexit>(a)

<latexit sha1_base64="Sjs46Jrs01MEzGeG1WIqcI0dJ40=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6U07dDIJMxOhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHir0olcqu1V3NmQVvBzKkE+9V/rp9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP5tFnZBzq/RJGCv7pCEz9e9FRiOtx1FgNyNqhnrZm4r/eslwrDnT1stpMYcJb/yMyyQ1KNk8RpgKYmIybYX0uUJmxNgCZYrbnxA2pIoyY7sr2oq85UJWoXlZ9dyqd39Vrrl5WQU4hTOogAfXUIM7qEMDGAzgBV7hzXl23p0P53O+uubkNyewMM7XL+lSma4=</latexit><latexit sha1_base64="Sjs46Jrs01MEzGeG1WIqcI0dJ40=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6U07dDIJMxOhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHir0olcqu1V3NmQVvBzKkE+9V/rp9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP5tFnZBzq/RJGCv7pCEz9e9FRiOtx1FgNyNqhnrZm4r/eslwrDnT1stpMYcJb/yMyyQ1KNk8RpgKYmIybYX0uUJmxNgCZYrbnxA2pIoyY7sr2oq85UJWoXlZ9dyqd39Vrrl5WQU4hTOogAfXUIM7qEMDGAzgBV7hzXl23p0P53O+uubkNyewMM7XL+lSma4=</latexit><latexit sha1_base64="Sjs46Jrs01MEzGeG1WIqcI0dJ40=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6U07dDIJMxOhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHir0olcqu1V3NmQVvBzKkE+9V/rp9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP5tFnZBzq/RJGCv7pCEz9e9FRiOtx1FgNyNqhnrZm4r/eslwrDnT1stpMYcJb/yMyyQ1KNk8RpgKYmIybYX0uUJmxNgCZYrbnxA2pIoyY7sr2oq85UJWoXlZ9dyqd39Vrrl5WQU4hTOogAfXUIM7qEMDGAzgBV7hzXl23p0P53O+uubkNyewMM7XL+lSma4=</latexit><latexit sha1_base64="Sjs46Jrs01MEzGeG1WIqcI0dJ40=">AAACCHicbZDNSsNAFIVv/K31r+rSzWAR6qYkIuiy4MZlRfsDbSiT6U07dDIJMxOhhL6A4FZfw5249S18Cx/BaZuFbb0w8HHOvXDmBIng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHir0olcqu1V3NmQVvBzKkE+9V/rp9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP5tFnZBzq/RJGCv7pCEz9e9FRiOtx1FgNyNqhnrZm4r/eslwrDnT1stpMYcJb/yMyyQ1KNk8RpgKYmIybYX0uUJmxNgCZYrbnxA2pIoyY7sr2oq85UJWoXlZ9dyqd39Vrrl5WQU4hTOogAfXUIM7qEMDGAzgBV7hzXl23p0P53O+uubkNyewMM7XL+lSma4=</latexit>

<latexit sha1_base64="OMj8DsZEG2irs9yl4hvQ+HjkzIk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UNGXAxsIigvmAJIS9zV6yZm/v2J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2Fmnh9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R9dTv/nItRGRusdxzLshHSgRCEbRSg3spU+3k16x5JbdGcgy8TJSggy1XvGr049YEnKFTFJj2p4bYzelGgWTfFLoJIbHlI3ogLctVTTkppvOrp2QE6v0SRBpWwrJTP09kdLQmHHo286Q4tAselPxP6+dYFDppkLFCXLF5ouCRBKMyPR10heaM5RjSyjTwt5K2JBqytAGVLAheIsvL5PGWdm7LJ/fXZSqlSyOPBzBMZyCB1dQhRuoQR0YPMAzvMKbEzkvzrvzMW/NOdnMIfyB8/kDzlqPQg==</latexit>

twL

Figure 3: Left: Shared quantum circuit with a perturbation whose effect propagates towards the
left, starting at time −twL. Right: In gravity, the perturbation corresponds to a high energy
shockwave, which displaces the left horizon.

In this sense these gates are shared between the two subsystems [50]. In figure 2, the orange gates

can be undone from either subsystem A and subsystem B, and we call them healthy gates. Notice

that the growth of the number of healthy gates corresponds to the growth of the interior spacetime

region ‘shared’ between A and B, i.e., the region outside the entanglement wedge of either A or B

alone but inside the entanglement wedge of A∪B.

When we apply a boundary operator, it creates a perturbation that grows in the quantum circuit.

We represent the perturbation applied on the left boundary as the extra red line in figure 3. Note

that as the perturbation takes time to grow, some healthy gates remain even after the perturbation

enters the circuit (orange gates in figure 3 to the left of −twL). These gates correspond to the

shared part of interior region to the future of the shockwave [50].

When we apply two operators, one from the left boundary and one from the right boundary,

the two operators grow in opposite directions in the quantum circuit. Depending on the relative

time the operators were applied, the two perturbations may or may not have overlaps, i.e., there

may or may not be an interval of circuit where the two perturbations appear simultaneously. E.g.,

figure 4 shows the case twR > −twL, where the perturbations have no overlap.

In [13] it was argued that when the two growing perturbations overlap in the quantum circuit,

the signals collide in the interior. The healthy (orange) gates in the overlap region of the quantum

circuit represent the post-collision region in the bulk. In that analysis it was assumed that both
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<latexit sha1_base64="MvkeJBmhvTSgcbwn9kUy4fL6DNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD9i775UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wc6NI3F</latexit>

tL

<latexit sha1_base64="Ojme/gG8b3ZgnqckZjsbgJuA3Bo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ER0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopQfs3fXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3Xr24P6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDMRyNvw==</latexit>

�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

<latexit sha1_base64="WE6jKdxBaQZZrzdPRrEuk6G5bP8=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEYwTwgWcLsZDYZM/tgpldYltz8AK/6Cd7Eqz/iF/gbTpI9aGJBQ1HVTXeXF0uh0ba/rMLS8srqWnG9tLG5tb1T3t1r6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbiZ+65ErLaLwHtOYuwEdhMIXjKKRmtjLTk7HvXLFrtpTkEXi5KQCOeq98ne3H7Ek4CEySbXuOHaMbkYVCib5uNRNNI8pG9EB7xga0oBrN5teOyZHRukTP1KmQiRT9fdERgOt08AznQHFoZ73JuK/XjxMtWB6bj36V24mwjhBHrLZdj+RBCMyyYP0heIMZWoIZUqYBwgbUkUZmtRKJhlnPodF0jytOhfVs7vzSu06z6gIB3AIx+DAJdTgFurQAAYP8Awv8Go9WW/Wu/Uxay1Y+cw+/IH1+QNZqpfd</latexit>

t⇤2

t⇤1
<latexit sha1_base64="bAJPIfMWJhN3QwiqeTUDc4kgaw8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBT0WvXisYD+gDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbqd+64lrI1T8gOOE+xEdxCIUjKKVmtjLzrxJr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfO86l1Uz+8vK7WbPI4iHMExnIIHV1CDO6hDAxg8wjO8wpujnBfn3fmYtxacfOYQ/sD5/AExuY7g</latexit>

Figure 4: Left: Quantum circuit with two perturbations (red and pink), which act on the two non-
interacting systems (left and right). They affect other qubits through random unitary interaction
gates as one proceeds forward in the respective time direction. Right: schematic picture showing
the scrambling times required for each perturbation to grow large as a change in color shade.

perturbations have size of order 1, i.e., only a small number of qubits are initially affected and

the two scrambling times are identical. For the purpose of later applications, we will consider

the case where the scrambling times for the two perturbations are different. We achieve this by

considering different initial sizes: we denote the number of initially affected qubits as s1 = O(1)

while s2 = O(
√
S). With this setup, the scrambling time for the second perturbation will be one

half of the scrambling time for first perturbation: t∗1 ≈ 2t∗2.

In figure 5 we illustrate how the perturbations overlap both in the circuit and in the dual

eternal black hole geometry, as a function of ∆t = −twL − twR. We now describe the four different

regimes shown. We are particularly interested in the number of healthy quantum gates (i.e., gates

unaffected by both perturbations) in the overlaping part of the circuit and in the volume of the

post-collision region:

1. In figure 5(a), we assume ∆t < t∗2. In this case, neither of the perturbations has grown large

in the overlap region and the number of healthy gates in the overlap region roughly grows

linearly in ∆t. In the dual AdS black hole picture, the collision point moves closer to the

bifurcating surface and the post-collision region (grey in the figure) grows as ∆t increases.

2. In figure 5(b), we show the case when t2∗ < ∆t < t∗1. In this case, the number of healthy gates

in the overlap stays approximately constant as it cannot be larger than STt∗2. In the gravity

picture, as the collision energy increases, there is significant backreaction, which causes the

singularity to bend down. This reduction of post-collision spacetime volume compensates for

its increase due to the fact that the collision occurs earlier.

3. In figure 5(c), we consider t1∗ < ∆t < t∗1 + t∗2. In this case, the number of healthy gates in

the overlap region starts to decrease linearly in ∆t. In the bulk, the collision point is very

close to the horizon. Backreaction causes the interior to shrink.

4. In figure 5(d), we illustrate the case when ∆t > t∗1 + t∗2. At this point, there are almost no
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�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

�t
<latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit>

<latexit sha1_base64="HeuGtFsq5Sn8dXlv33p326eWqHg=">AAACH3icbVDJSgNBFOxxjXGLevTSGgRPYcb9GNCDJ4mYDZwQejovmSY9C91vxGHI2e/wA7zqJ3gTr/kCf8POctBowYOi6j2KV14shUbbHlpz8wuLS8u5lfzq2vrGZmFru66jRHGo8UhGqukxDVKEUEOBEpqxAhZ4Ehpe/3LkNx5AaRGFVUxjaAWsF4qu4AyN1C7s3bQzF+ERMx+YRD8dDFwtAnpXda9AIqPYLhTtkj0G/UucKSmSKSrtwpfbiXgSQIhcMq3vHTvGVsYUCi5hkHcTDTHjfdaDe0NDFoBuZeNXBvTAKB3ajZSZEOlY/XmRsUDrNPDMZsDQ17PeSPzXi/1UC65n4rF70cpEGCcIIZ+kdxNJMaKjsmhHKOAoU0MYV8I8QLnPFONoKs2bZpzZHv6S+lHJOSsd354Uy6fTjnJkl+yTQ+KQc1Im16RCaoSTJ/JCXsmb9Wy9Wx/W52R1zpre7JBfsIbfzwKj2w==</latexit>

Nhealthy ⇠ ST�t

�t < t⇤2 :

<latexit sha1_base64="pq5dYTiUMsMG7eSE1+Xo42l9CEE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgLkpSKoq4KOrCZQX7gDaEyXTSDp08mLkRS8ivuHGhiFt/xJ1/47TNQlsPXDiccy/33uPFgiuwrG+jsLK6tr5R3Cxtbe/s7pn75baKEklZi0Yikl2PKCZ4yFrAQbBuLBkJPME63vhm6ncemVQ8Ch9gEjMnIMOQ+5wS0JJrlvu3TADBgK8wuOlpLbt0zYpVtWbAy8TOSQXlaLrmV38Q0SRgIVBBlOrZVgxOSiRwKlhW6ieKxYSOyZD1NA1JwJSTzm7P8LFWBtiPpK4Q8Ez9PZGSQKlJ4OnOgMBILXpT8T+vl4B/4aQ8jBNgIZ0v8hOBIcLTIPCAS0ZBTDQhVHJ9K6YjIgkFHVdJh2AvvrxM2rWqXa+e3dcrjes8jiI6REfoBNnoHDXQHWqiFqLoCT2jV/RmZMaL8W58zFsLRj5zgP7A+PwB+32THg==</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

twL

<latexit sha1_base64="aiE3ckon0cx0i6cw6HdGtixyhVg=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0ViPTA==</latexit>

�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

�t
<latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit>

<latexit sha1_base64="1NkApdqpdG8OUWPdZYNrF30iXxw=">AAACHnicbVDLSsNAFJ34tr6iLt0MFkFclMT3suDGlShaLTQlTKa3zeDkwcyNGEK2focf4FY/wZ241S/wN5zWLrT1wIXDOfdyuCdIpdDoOJ/WxOTU9Mzs3HxlYXFpecVeXbvWSaY4NHgiE9UMmAYpYmigQAnNVAGLAgk3we1J37+5A6VFEl9hnkI7Yr1YdAVnaCTfpmd+4SHcYxECkxjmZelpEdHLK4p+sbNb+nbVqTkD0HHiDkmVDHHu219eJ+FZBDFyybRuuU6K7YIpFFxCWfEyDSnjt6wHLUNjFoFuF4NPSrpllA7tJspMjHSg/r4oWKR1HgVmM2IY6lGvL/7rpWGuBdcj8dg9bhciTjOEmP+kdzNJMaH9rmhHKOAoc0MYV8I8QHnIFONoGq2YZtzRHsbJ9W7NPaztXexX6wfDjubIBtkk28QlR6ROTsk5aRBOHsgTeSYv1qP1ar1Z7z+rE9bwZp38gfXxDbEdoz4=</latexit>

Nhealthy ⇠ STt⇤2

<latexit sha1_base64="WE6jKdxBaQZZrzdPRrEuk6G5bP8=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEYwTwgWcLsZDYZM/tgpldYltz8AK/6Cd7Eqz/iF/gbTpI9aGJBQ1HVTXeXF0uh0ba/rMLS8srqWnG9tLG5tb1T3t1r6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbiZ+65ErLaLwHtOYuwEdhMIXjKKRmtjLTk7HvXLFrtpTkEXi5KQCOeq98ne3H7Ek4CEySbXuOHaMbkYVCib5uNRNNI8pG9EB7xga0oBrN5teOyZHRukTP1KmQiRT9fdERgOt08AznQHFoZ73JuK/XjxMtWB6bj36V24mwjhBHrLZdj+RBCMyyYP0heIMZWoIZUqYBwgbUkUZmtRKJhlnPodF0jytOhfVs7vzSu06z6gIB3AIx+DAJdTgFurQAAYP8Awv8Go9WW/Wu/Uxay1Y+cw+/IH1+QNZqpfd</latexit>

t⇤2
t⇤2 < �t < t⇤1 :

<latexit sha1_base64="nGLmoP8JjruqjpFZmNwisRoIAG0=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxgEsQi7IaKIRVALywjmAsmyzE5mkyGzF2bOCmFJYeOr2FgoYutD2Pk2ziZbaOIPAx//OYcz5/diwRVY1rextLyyurZe2Chubm3v7Jp7+y0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdF1Vm8/MKl4FN7DOGZOQAYh9zkloC3XLIGbnlQn+BL3bpgAgkFj5tmTC9csWxVrKrwIdg5llKvhml+9fkSTgIVABVGqa1sxOCmRwKlgk2IvUSwmdEQGrKsxJAFTTjo9YoKPtNPHfiT1CwFP3d8TKQmUGgee7gwIDNV8LTP/q3UT8M+dlIdxAiyks0V+IjBEOEsE97lkFMRYA6GS679iOiSSUNC5FXUI9vzJi9CqVuxa5fSuVq5f5XEUUAkdomNkozNUR7eogZqIokf0jF7Rm/FkvBjvxsesdcnIZw7QHxmfP4QQlho=</latexit>

�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

�t
<latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit>

t⇤1 < �t < t⇤1 + t⇤2 :

<latexit sha1_base64="KapjwtfLKQNgJjaUYDJ4MYBnGsQ=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiiEKZKRVFXBR14bKCvUBbSibNtKGZzJCcEcrQvRtfxY0LRdz6Au58G9N2Ftp6IOTj/88hOb8XCa7Bcb6tzNLyyupadj23sbm1vWPv7tV1GCvKajQUoWp6RDPBJasBB8GakWIk8ARreMPrid94YErzUN7DKGKdgPQl9zklYKSunYducuyO8SVu3zABBIPBmXYyuUrji65dcIrOtPAiuCkUUFrVrv3V7oU0DpgEKojWLdeJoJMQBZwKNs61Y80iQoekz1oGJQmY7iTTXcb40Cg97IfKHAl4qv6eSEig9SjwTGdAYKDnvYn4n9eKwT/vJFxGMTBJZw/5scAQ4kkwuMcVoyBGBghV3PwV0wFRhIKJL2dCcOdXXoR6qeiWi6d35ULlKo0jiw5QHh0hF52hCrpFVVRDFD2iZ/SK3qwn68V6tz5mrRkrndlHf8r6/AFNkZix</latexit>

<latexit sha1_base64="MRs5+Cpe5ydD4+7ljOoSb1E3IRo=">AAACFHicbVDLSsNAFJ3UV62vqODGzWARRLEkVdRlURcuK9gHtKFMplM7dPJg5kYIMb/hB7jVT3Anbt37Bf6GkzYLbT1wuYdz7uXOHDcUXIFlfRmFufmFxaXicmlldW19w9zcaqogkpQ1aCAC2XaJYoL7rAEcBGuHkhHPFazljq4yv/XApOKBfwdxyByP3Pt8wCkBLfXMHeglh3Z6lLVqety9ZgIIhp5ZtirWGHiW2Dkpoxz1nvnd7Qc08pgPVBClOrYVgpMQCZwKlpa6kWIhoSNyzzqa+sRjyknG70/xvlb6eBBIXT7gsfp7IyGeUrHn6kmPwFBNe5n4rxcOY8WpmjoPgwsn4X4YAfPp5PogEhgCnCWE+1wyCiLWhFDJ9QcwHRJJKOgcSzoZezqHWdKsVuyzysntabl2mWdURLtoDx0gG52jGrpBddRAFD2iZ/SCXo0n4814Nz4mowUj39lGf2B8/gD5hZ4G</latexit>

t⇤1 + t⇤2 ��t

<latexit sha1_base64="qyp+xrQdu4BQZ4CMdEzZRTlIZ0o="></latexit>

Nhealthy ⇠ ST (t⇤1 + t⇤2 ��t)

�twL

<latexit sha1_base64="w9Nxo/Vb8RbVkx6an2RLbXP8EvI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiJZBGwuLCOYDkhD2NnvJkr29Y3dOCUd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6gHHMe+GdKBEIBhFKzXPsJc+3U16xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7LXqV8cV8pVa+zOPJwBMdwCh5cQhVuoQZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzBzuXj4M=</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

�t
<latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit><latexit sha1_base64="TDDwnfYGd2tlTd+JkLh+kLDY8i4=">AAACDXicbZDNSsNAFIUn9a/Wv6pLN4NFcFUSEXRZ0IXLCvYH2lAm05t26GQSZm6EEPoMglt9DXfi1mfwLXwEp20Wtnph4OOce+HMCRIpDLrul1NaW9/Y3CpvV3Z29/YPqodHbROnmkOLxzLW3YAZkEJBCwVK6CYaWBRI6ASTm5nfeQRtRKweMEvAj9hIiVBwhlbq9m9BIqM4qNbcujsf+he8AmqkmOag+t0fxjyNQCGXzJie5ybo50yj4BKmlX5qIGF8wkbQs6hYBMbP53mn9MwqQxrG2j6FdK7+vshZZEwWBXYzYjg2q95M/NdLxpkR3FivoOUcGF77uVBJiqD4IkaYSooxnVVDh0IDR5lZYFwL+xPKx0wzjrbAiq3IWy3kL7Qv6p5b9+4vaw23KKtMTsgpOSceuSINckeapEU4keSZvJBX58l5c96dj8VqySlujsnSOJ8/MXGcCA==</latexit>

<latexit sha1_base64="/6A9xZ90J5sGiTjGoTwcqFXdlQU=">AAACFnicbVDLSgNBEJyNrxhfUS+Cl8EgeAq7vo8BL54kgnlAEsLspJMdMvtgpldclvgdfoBX/QRv4tWrX+BvOEn2oIkFDUVVN0WXG0mh0ba/rNzC4tLySn61sLa+sblV3N6p6zBWHGo8lKFqukyDFAHUUKCEZqSA+a6Ehju8GvuNe1BahMEdJhF0fDYIRF9whkbqFvduumkb4QFTD5hELxmN2lr41O4WS3bZnoDOEycjJZKh2i1+t3shj30IkEumdcuxI+ykTKHgEkaFdqwhYnzIBtAyNGA+6E46+WBED43So/1QmQmQTtTfFynztU5812z6DD09643Ff73IS7TgeiYe+5edVARRjBDwaXo/lhRDOu6I9oQCjjIxhHElzAOUe0wxjqbJgmnGme1hntSPy855+eT2tFQ5yzrKk31yQI6IQy5IhVyTKqkRTh7JM3khr9aT9Wa9Wx/T1ZyV3eySP7A+fwDN4qAw</latexit>

Nhealthy ⇠ 0

�t > t⇤1 + t⇤2 :

<latexit sha1_base64="GzuXHOh5eLF/3LWp22otZa0obXY=">AAACA3icbVDLSgMxFM3UV62vqjvdBIsgCmWmVBQXUtSFywr2AW0ZMmmmDc1khuSOUIaCG3/FjQtF3PoT7vwbM20X2nrgcg/n3EtyjxcJrsG2v63MwuLS8kp2Nbe2vrG5ld/eqeswVpTVaChC1fSIZoJLVgMOgjUjxUjgCdbwBtep33hgSvNQ3sMwYp2A9CT3OSVgJDe/h9s3TADBgC8xuMmxMzpJW2l04eYLdtEeA88TZ0oKaIqqm/9qd0MaB0wCFUTrlmNH0EmIAk4FG+XasWYRoQPSYy1DJQmY7iTjG0b40Chd7IfKlAQ8Vn9vJCTQehh4ZjIg0NezXir+57Vi8M87CZdRDEzSyUN+LDCEOA0Ed7liFMTQEEIVN3/FtE8UoWBiy5kQnNmT50m9VHTKxdO7cqFyNY0ji/bRATpCDjpDFXSLqqiGKHpEz+gVvVlP1ov1bn1MRjPWdGcX/YH1+QMOLpXh</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

twL

<latexit sha1_base64="aiE3ckon0cx0i6cw6HdGtixyhVg=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0ViPTA==</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

twL

<latexit sha1_base64="aiE3ckon0cx0i6cw6HdGtixyhVg=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0ViPTA==</latexit>

twR

<latexit sha1_base64="b1SWRtFhdjcYgoeITdihVx7bMFw=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo2zslcpn99WStWrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPado9S</latexit>

twL

<latexit sha1_base64="aiE3ckon0cx0i6cw6HdGtixyhVg=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0ViPTA==</latexit>

(a)

<latexit sha1_base64="Ac+cs8EQeHY6Uohp+aTWQJMy8+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai0ONUg==</latexit>

(b)

<latexit sha1_base64="zVpXaXYpCy/5Krr2sSqRENfT7FA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWrm8r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjMiNUw==</latexit>

(c)

<latexit sha1_base64="0u7bBHPDKBCJbAK7avM20Uz0++4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ajk2NVA==</latexit>

(d)

<latexit sha1_base64="+qTaDHOrJ165Z1nDA3KKJzLMLOY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosevFY0X5Au5RsNtuGZrNLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbm+Yng2jjONyqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWXZ9oJrhkLcONYN1EMRL5gnX88e3M7zwxpXksH80kYV5EhpKHnBJjpYdqcD4oV5yaMwdeJW5OKpCjOSh/9YOYphGThgqidc91EuNlRBlOBZuW+qlmCaFjMmQ9SyWJmPay+alTfGaVAIexsiUNnqu/JzISaT2JfNsZETPSy95M/M/rpSa89jIuk9QwSReLwlRgE+PZ3zjgilEjJpYQqri9FdMRUYQam07JhuAuv7xK2hc1t167vK9XGjd5HEU4gVOoggtX0IA7aEILKAzhGV7hDQn0gt7Rx6K1gPKZY/gD9PkDj9KNVQ==</latexit>

Figure 5: Structure of the quantum circuit and the shockwave geometries as a function of ∆t =
−twL − twR. We distinguish four qualitatively different regimes, where the dependence of the
number of unaffected gates within the shared region of the circuit grows in different ways as a
function of ∆t. See main text for details.
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Figure 6: Left: Comparison of post-collision spacetime volume and number of ‘healthy’ gates in
the circuit with two perturbations with initial ‘size’ δS1 = 1 and δS2 =

√
S.2 We can clearly see

the four regimes discussed in the text. They get more pronounced for larger values of logS. Right:
The same quantities for fixed logS = 36 and different values of δS2. The plateau only exists for
sufficiently different scrambling times.

healthy gates in the circuit as the entire overlap region is covered by at least one perturbation

that has grown to its maximum size. The singularity has now bent down significantly such

that the volume of the post-collision region has shrank to an exponentially small size.

In gravity, we thus see that a competition of two effects gives rise to four regimes.

Detailed comparison in perturbed BTZ geometry: We can make our observations

quantitatively more precise through explicit computations in the BTZ black hole with spherically

symmetric perturbations. In this case the geometry of the post-collision region is exactly known [51,

52] and we can compute the time dependence of the spacetime volume. We match this gravitational

time dependence to the epidemic model of operator growth [11].

In figure 6, we see the four different regimes described above for both the number of healthy

gates in the overlap region and the volume of the post-collision region: linear growth, constant

‘balance’, linear decrease, and exponentially small late time behavior. Except for some transient

effects (very early time and near t∗1 + t∗2), the match between the circuit estimates and the gravity

calculation in the BTZ geometry is suprisingly good for all regimes considered.

2The epidemic model for the quantum circuit with two perturbations uses as input parameters the initial sizes
si of the perturbations i = 1, 2. These are model parameters, which we have empirically fitted to give the best
possible match with the more stringent gravity result. We find that the ideal value for the initial size of the circuit
perturbations is four times the change of entropy in gravity: s

(circuit)
i = 4 δS

(gravity)
i . The factor of 4 appears to be

robust and independent of any other parameters. We leave a detailed understanding of this observation to the future.
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L
<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit>

L1
<latexit sha1_base64="vVJZumWKo0QoKJ2h/djGgmIRvgQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjreb1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDyeeNeA==</latexit>

L2
<latexit sha1_base64="kEvLwC5MMnbljZ6h7r7xAkLNFGE=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00sNdr9orld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduqEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2naINwVt8eZk0qxXvvFK9vyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzovzrvzMW9dcfKZI/gD5/MHy2uNeQ==</latexit>

(a) single shock
<latexit sha1_base64="zIPD0hTAqPt6Qv/Zd6U+1BnAAfc=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMq6NLHxmUFq8J0KJn0tg3NZIbkjliG+R43/oqbLpTi1g8xrSOo9UDgcM65yc0JEykMuu7ImZmdm19YLC2Vl1dW19YrG5u3Jk41hwaPZazvQ2ZACgUNFCjhPtHAolDCXdi/HPt3D6CNiNUNDhIIItZVoiM4Qyu1KudZc3KJr7thkLk1d4KDKZLvsX3aRHjEjBqhuhKo6cW8n+etSvU7RKeJV5AqKVBvVYbNdszTCBRyyYzxPTfBIGMaBZeQl5upgYTxPuuCb6liEZggm2yZ012rtGkn1vYopBP150TGImMGUWiTEcOe+euNxf88P8XOaZAJlaQIin891EklxZiOe6NtoYGjHFjCuBZ2V8p7TDOOtt2yLcH7++VpcntY845qh9fH1bOLoo4S2SY7ZI945ISckStSJw3CyRN5Ia/kzXl2hs7Ief+KzjjFzBb5BefjE55voy4=</latexit>

(b) two shocks
<latexit sha1_base64="7vpXXVyWSEEMaZSDBFnnedJwhw4=">AAACKHicbVDLSgMxFM3UV62vqks3wSJUkDJTBd1ZdOOygn1AO5RMmrahmcmQ3FHLMJ/jxl9xI6JIt36J6bSCth4IHM45N7k5Xii4BtseW5ml5ZXVtex6bmNza3snv7tX1zJSlNWoFFI1PaKZ4AGrAQfBmqFixPcEa3jD64nfuGdKcxncwShkrk/6Ae9xSsBInfxl3E4vaam+58Z2yU5xskCSoneM28AeIcbwILEeSDrUSdLJF34ieJE4M1JAM1Q7+bd2V9LIZwFQQbRuOXYIbkwUcCpYkmtHmoWEDkmftQwNiM+0G6c7JvjIKF3ck8qcAHCq/p6Iia/1yPdM0icw0PPeRPzPa0XQu3BjHoQRsIBOH+pFAoPEk9ZwlytGQYwMIVRxsyumA6IIBdNtzpTgzH95kdTLJee0VL49K1SuZnVk0QE6REXkoHNUQTeoimqIoif0gt7Rh/VsvVqf1ngazVizmX30B9bXNxxTomY=</latexit>

h(x)
<latexit sha1_base64="807kXI6M0E1EXkdK7LMpI2d4kuA=">AAACD3icbZDLSsNAFIYn9VbrLdWlm8EiCGJJVNRl0Y0LFxXsBdoQJtNpO3QyCTMT25D2IXwAt/oI7sStj+AT+BpO0yy09YeBj/+cwznzeyGjUlnWl5FbWl5ZXcuvFzY2t7Z3zOJuXQaRwKSGAxaIpockYZSTmqKKkWYoCPI9Rhre4GZabzwSIWnAH1QcEsdHPU67FCOlLdcsKjcZ3k2Ox6OTUUpj1yxZZSsVXAQ7gxLIVHXN73YnwJFPuMIMSdmyrVA5CRKKYkYmhXYkSYjwAPVISyNHPpFOkp4+gYfa6cBuIPTjCqbu74kE+VLGvqc7faT6cr42Nf+thf1YUizn1qvulZNQHkaKcDzb3o0YVAGchgM7VBCsWKwBYUH1ByDuI4Gw0hEWdDL2fA6LUD8t2xfls/vzUuU6yygP9sEBOAI2uAQVcAuqoAYwGIJn8AJejSfjzXg3PmatOSOb2QN/ZHz+ADWKnT0=</latexit>

twL + |x � xwL|

L
<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit>

h1(x)
<latexit sha1_base64="9e7Px3xD4JPLawGpHl7B1aU1WLQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1vfLTeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK9uyjVr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDl7+Oew==</latexit>

h2(x)
<latexit sha1_base64="U5jXWY/iJBQrE3F9RyDPOtk3kmM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1q+Wn836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGVnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8WqV6d1GqX2dx5OEETqEMHlxCHW6hAU0g8ADP8ApvjnRenHfnY9Gac7KZY/gD5/MHmUaOfA==</latexit>

L1
<latexit sha1_base64="vVJZumWKo0QoKJ2h/djGgmIRvgQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjreb1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDyeeNeA==</latexit>

L2
<latexit sha1_base64="kEvLwC5MMnbljZ6h7r7xAkLNFGE=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00sNdr9orld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduqEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2naINwVt8eZk0qxXvvFK9vyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzovzrvzMW9dcfKZI/gD5/MHy2uNeQ==</latexit>

<latexit sha1_base64="BTNK1vqkOK99k39bKLlvr2SS0f4=">AAACD3icbZBLTsMwEIad8irllcKSjUWFhISoEkDAsoINy4LoQ2qjyHHd1qrjRLZDG6U9BAdgC0dgh9hyBE7ANXDTLKDllyx9+mdGM/69kFGpLOvLyC0tr6yu5dcLG5tb2ztmcbcug0hgUsMBC0TTQ5IwyklNUcVIMxQE+R4jDW9wM603HomQNOAPKg6J46Mep12KkdKWaxaVmwzvJ8fj0ckopbFrlqyylQougp1BCWSquuZ3uxPgyCdcYYakbNlWqJwECUUxI5NCO5IkRHiAeqSlkSOfSCdJT5/AQ+10YDcQ+nEFU/f3RIJ8KWPf050+Un05X5ua/9bCfiwplnPrVffKSSgPI0U4nm3vRgyqAE7DgR0qCFYs1oCwoPoDEPeRQFjpCAs6GXs+h0Won5bti/LZ3Xmpcp1llAf74AAcARtcggq4BVVQAxgMwTN4Aa/Gk/FmvBsfs9ackc3sgT8yPn8ASQqdSQ==</latexit>

twR + |x � xwR|
<latexit sha1_base64="807kXI6M0E1EXkdK7LMpI2d4kuA=">AAACD3icbZDLSsNAFIYn9VbrLdWlm8EiCGJJVNRl0Y0LFxXsBdoQJtNpO3QyCTMT25D2IXwAt/oI7sStj+AT+BpO0yy09YeBj/+cwznzeyGjUlnWl5FbWl5ZXcuvFzY2t7Z3zOJuXQaRwKSGAxaIpockYZSTmqKKkWYoCPI9Rhre4GZabzwSIWnAH1QcEsdHPU67FCOlLdcsKjcZ3k2Ox6OTUUpj1yxZZSsVXAQ7gxLIVHXN73YnwJFPuMIMSdmyrVA5CRKKYkYmhXYkSYjwAPVISyNHPpFOkp4+gYfa6cBuIPTjCqbu74kE+VLGvqc7faT6cr42Nf+thf1YUizn1qvulZNQHkaKcDzb3o0YVAGchgM7VBCsWKwBYUH1ByDuI4Gw0hEWdDL2fA6LUD8t2xfls/vzUuU6yygP9sEBOAI2uAQVcAuqoAYwGIJn8AJejSfjzXg3PmatOSOb2QN/ZHz+ADWKnT0=</latexit>

twL + |x � xwL|
L1

<latexit sha1_base64="vVJZumWKo0QoKJ2h/djGgmIRvgQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjreb1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDyeeNeA==</latexit>

AdS2
<latexit sha1_base64="k+Jsof6CAVCsxK4ibXQT5w8iu1Q="></latexit>⇡<latexit sha1_base64="GBzhxlA8csF0BFoAqow+QKrutzI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpFWrBhfV2v1lpX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5Swj7o=</latexit>

(a) single shock
<latexit sha1_base64="zIPD0hTAqPt6Qv/Zd6U+1BnAAfc=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMq6NLHxmUFq8J0KJn0tg3NZIbkjliG+R43/oqbLpTi1g8xrSOo9UDgcM65yc0JEykMuu7ImZmdm19YLC2Vl1dW19YrG5u3Jk41hwaPZazvQ2ZACgUNFCjhPtHAolDCXdi/HPt3D6CNiNUNDhIIItZVoiM4Qyu1KudZc3KJr7thkLk1d4KDKZLvsX3aRHjEjBqhuhKo6cW8n+etSvU7RKeJV5AqKVBvVYbNdszTCBRyyYzxPTfBIGMaBZeQl5upgYTxPuuCb6liEZggm2yZ012rtGkn1vYopBP150TGImMGUWiTEcOe+euNxf88P8XOaZAJlaQIin891EklxZiOe6NtoYGjHFjCuBZ2V8p7TDOOtt2yLcH7++VpcntY845qh9fH1bOLoo4S2SY7ZI945ISckStSJw3CyRN5Ia/kzXl2hs7Ief+KzjjFzBb5BefjE55voy4=</latexit>

(b) two shocks
<latexit sha1_base64="7vpXXVyWSEEMaZSDBFnnedJwhw4=">AAACKHicbVDLSgMxFM3UV62vqks3wSJUkDJTBd1ZdOOygn1AO5RMmrahmcmQ3FHLMJ/jxl9xI6JIt36J6bSCth4IHM45N7k5Xii4BtseW5ml5ZXVtex6bmNza3snv7tX1zJSlNWoFFI1PaKZ4AGrAQfBmqFixPcEa3jD64nfuGdKcxncwShkrk/6Ae9xSsBInfxl3E4vaam+58Z2yU5xskCSoneM28AeIcbwILEeSDrUSdLJF34ieJE4M1JAM1Q7+bd2V9LIZwFQQbRuOXYIbkwUcCpYkmtHmoWEDkmftQwNiM+0G6c7JvjIKF3ck8qcAHCq/p6Iia/1yPdM0icw0PPeRPzPa0XQu3BjHoQRsIBOH+pFAoPEk9ZwlytGQYwMIVRxsyumA6IIBdNtzpTgzH95kdTLJee0VL49K1SuZnVk0QE6REXkoHNUQTeoimqIoif0gt7Rh/VsvVqf1ngazVizmX30B9bXNxxTomY=</latexit>

L2
<latexit sha1_base64="kEvLwC5MMnbljZ6h7r7xAkLNFGE=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00sNdr9orld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduqEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2naINwVt8eZk0qxXvvFK9vyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzovzrvzMW9dcfKZI/gD5/MHy2uNeQ==</latexit>

V a
<latexit sha1_base64="TaPNlvoqtEbcaoU3Hlg4jNuI1oc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpvvlIe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gAgbY2x</latexit>

V a
1

<latexit sha1_base64="vnJ4VYJ6U8qmnizM6FJlKi0h/Ho=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVbym4+05/XKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+SZq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPRxeOVQ==</latexit>

V a
2

<latexit sha1_base64="yATZlbjgtFE6PzFkefUUEGMQ8x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sUy2m3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKzdYj9mv9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bFTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsczLgilEjJpYgVdzeSugIFVJj8ynZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEChye4RXeHOm8OO/Ox6K14OQzx/AHzucPSJuOVg==</latexit>

(x = const.)
<latexit sha1_base64="hgTd0VBLre/3iFdpVGGLqKSMgkI="></latexit>

twL
<latexit sha1_base64="fI9izHGrAtM67qq9weraffsA9hU=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwalbJ3Vq7cnZeqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0A6PSA==</latexit>

twR
<latexit sha1_base64="q2y0O0e04y1nIH8PFLk/Sv/yiZU=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7RyCOBDZkdBhiZnd3M9GrIhn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKDeymT3eTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7NrJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6eukJzRnKMeWUKaFvZWwIdWUoQ2oYEPwFl9eJo1K2TsrV27PS9WrLI48HMExnIIHF1CFG6hBHRg8wDO8wpsTOS/Ou/Mxb8052cwh/IHz+QPZLI9O</latexit>

twL
<latexit sha1_base64="fI9izHGrAtM67qq9weraffsA9hU=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIigvmA5Ah7m02yZu/22J1TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWwE1XIqI11Gg5K1YcxoGkjeD0fXUbz5ybYSK7nEccz+kg0j0BaNopQZ206fbSbdYcsvuDGSZeBkpQYZat/jV6SmWhDxCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LIxpy46ezayfkxCo90lfaVoRkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/ppyKKE+QRmy/qJ5KgItPXSU9ozlCOLaFMC3srYUOqKUMbUMGG4C2+vEwalbJ3Vq7cnZeqV1kceTiCYzgFDy6gCjdQgzoweIBneIU3RzkvzrvzMW/NOdnMIfyB8/kD0A6PSA==</latexit>

h
<latexit sha1_base64="Avqj6DgOR2NBV6dY7Rsio1T0XiY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz0eM8A==</latexit>

h1
<latexit sha1_base64="yiZQYYYwO+F5pP+nrgz81eCgwJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOp7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH0j42U</latexit>

h2
<latexit sha1_base64="bp6t7iIR0UjPyg0dB3e9yeQtzcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOrX+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QP2E42V</latexit>

Ka
<latexit sha1_base64="hLCZkXaHEzVrAq/x01Woo0Kcxlg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4KXiOYByRpmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSkHnAccz+kAyX6glG00v3tI+0WS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3VCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZn+TXpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSqJS9s3Ll7rxUvcriyMMRHMMpeHABVbiBGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPD6uNpg==</latexit>

Ka
1

<latexit sha1_base64="6FAYQhOVA/1IQTgLOer4tpG6bnc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYNpCG8tmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OGzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHN1O/+YRK80Q+mFGKQUz7kkecUWMl/+6Rdr1uqexW3BnIMvFyUoYc9W7pq9NLWBajNExQrduem5pgTJXhTOCk2Mk0ppQNaR/blkoaow7Gs2Mn5NQqPRIlypY0ZKb+nhjTWOtRHNrOmJqBXvSm4n9eOzPRVTDmMs0MSjZfFGWCmIRMPyc9rpAZMbKEMsXtrYQNqKLM2HyKNgRv8eVl0qhWvPNK9f6iXLvO4yjAMZzAGXhwCTW4hTr4wIDDM7zCmyOdF+fd+Zi3rjj5zBH8gfP5AzY/jko=</latexit>

Ka
2

<latexit sha1_base64="Dh9Wb4M7d3MMSWYx9dpbDF3E+30=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYNpCG8tmu22XbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhYkUBl3321lZXVvf2CxsFbd3dvf2SweHDROnmnGfxTLWrZAaLoXiPgqUvJVoTqNQ8mY4upn6zSeujYjVA44THkR0oERfMIpW8u8eabfaLZXdijsDWSZeTsqQo94tfXV6MUsjrpBJakzbcxMMMqpRMMknxU5qeELZiA5421JFI26CbHbshJxapUf6sbalkMzU3xMZjYwZR6HtjCgOzaI3Ff/z2in2r4JMqCRFrth8UT+VBGMy/Zz0hOYM5dgSyrSwtxI2pJoytPkUbQje4svLpFGteOeV6v1FuXadx1GAYziBM/DgEmpwC3XwgYGAZ3iFN0c5L8678zFvXXHymSP4A+fzBzfDjks=</latexit>

Figure 7: Left: A single shockwave induces a discontinuity proportional to h in the expansion
of a family of radial null geodesics with tangent vector K. Right: With two colliding shocks we
consider two null vectors. Raychaudhuri’s equation implies an upper bound on the product of affine
distances L1L2, and hence on the post-collision spacetime volume.

2.2 Estimates using the Raychaudhuri equation

In the previous subsection we presented detailed results for the BTZ geometry with spherically

symmetric perturbations. In more general cases the backreacted metric with two shockwaves is

unknown and we need to resort to estimates. We will now present an estimation of the corresponding

volume using the Raychaudhuri equation. Specifically, we focus on the third and fourth regimes

described above, in order to illuminate the gravitational mechanism leading to a shrinking post-

collision spacetime at late times.

2.2.1 Bound on affine distances

Consider radial null lines with tangent vector K passing the bifurcating surface in the presence of

a single shockwave (left panel of figure 7). The Raychaudhuri equation characterizes the evolution

of the expansion θ of a congruence of curves [53, 54]. In the case of null lines in d + 1 spacetime

dimensions, we have

θ̇ = − θ2

d− 1
− σ2 + ω2 −RabKaKb + K̇a

;a (2.1)

where ω2 = ωabω
ab ≥ 0 and σ2 = σabσ

ab ≥ 0 are the vorticity and shear which cause the congruence

of curves to expand and contract, respectively.

The expansion of radial null geodesics is zero at the bifurcating surface. Assuming the shock-

wave stays close to the horizon, we can consider the expansion right after the geodesics cross the

shockwave. The stress-energy tensor of the shockwave contains a delta function at the horizon (c.f.,

[18]):

RabK
aKb = 8πGNTabK

aKb = 2hδ(u)KuKu , (2.2)

9



where we used gabK
aKb = 0. We infer that across the shockwave, the expansion jumps from θ = 0

to a negative number θ1 = −2hKu(u = 0) ≡ −2hC1, where C1 is a normalization constant.

Intuitively, once the expansion becomes negative, gravitational contraction will only make it

more negative. To see this, we again consider the Raychaudhuri equation, which now implies the

following inequalities:3

θ̇ ≤ − θ2

d− 1
⇒ L1 ≤ −

d− 1

θ1
≡ 1

2hC1
, (2.3)

where L1 is the affine time required by the null geodesic to reach the singularity after passing

the shockwave (figure 7). In general, the divergence of expansion does not necessarily imply a

singularity. However, in our case we do know from spherical symmetry that the singularity exists.

As null affine time is defined up to a constant, this bound is not physically meaningful; it depends

on the normalization of the vector K through the constant C1.

Let us now consider the case with two shockwaves (right panel of figure 7). In this case, a

similar argument as above leads to a physically meaningful bound. The details of the corresponding

calculation are given in appendix B.1, but we will now provide a summary. We take two null vectors

K1 and K2 and normalize them such that K1 · K2 = −2`2, which implies C1C2 = 1. With this

condition we see that the product of the affine distances along the left and right null directions in

the right panel of figure 7 satisfies

L1L2 ≤
1

4h1h2C1C2
=

1

4h1h2
. (2.4)

2.2.2 Post-collision geometry

The inequality (2.4) further provides an estimated bound on the volume of the post-collision region

based on some assumptions. In fact, if the geometry in the post-collision region is completely

arbitrary, we cannot derive any bound from (2.4). But we do know that the geometry needs to

satisfy Einstein’s equation in the vacuum with a negative cosmological constant. In 2 + 1 bulk

dimensions, we also know that it is locally AdS3. We can thus consider a post-collision metric of

the following form:

ds2 = − 4`2dudv

(1 + uv)2
+ r̃2

h

(
1− uv
1 + uv

)2

dφ2 , (2.5)

3Note that we ignore the vorticity term as it vanishes in our case. The last term in (2.1) vanishes for tangent
vectors of geodesics. The curvature term is non-negative due to the null energy condition.

10



where r̃h is the horizon radius after the collision. We take the collision point to be at (ũ0, ṽ0) in

these coordinates. With K1 ·K2 = −2`2, we have

L1L2 =
(1− ũ0ṽ0)2

4ũ0ṽ0
=

1
r̃2
h
r2
c
− 1

⇒ r̃h
rc

=

√
1 +

1

L1L2
, (2.6)

where rc is the radial location of the collision point. Using this relation, as well as the relation

between collision point and pre-collision horizon radius, rc
rh

= tanh
(

∆t
2

)
, we find for the spacetime

volume of the post-collision region:

V

πrh`2
=
r̃h
rh

[
log

(
r̃h
rc

+ 1
r̃h
rc
− 1

)
− 2

rc
r̃h

]

= tanh

(
∆t

2

)√
1 +

1

L1L2
log


√

1 + 1
L1L2

+ 1√
1 + 1

L1L2
− 1

− 2 tanh

(
∆t

2

)
(2.7)

≤ tanh

(
∆t

2

)√
1 + 4h1h2 log

(√
1 + 4h1h2 + 1√
1 + 4h1h2 − 1

)
− 2 tanh

(
∆t

2

)
≈
{
t∗1 + t∗2 −∆t ∆t < t∗1 + t∗2
2
3e
−(∆t−t∗1−t∗2) ∆t > t∗1 + t∗2

(2.8)

where we identified the null shift due to the shocks as 2h1 = δS1
S e−twL and similarly for h2 (c.f.

[18]). We also used ∆t� 1.

Note that the approximate upper bound (2.8) reproduces the circuit behavior in the late time

regimes 3 and 4, where the number of healthy gates decreases linearly in ∆t and stays exponentially

small, respectively. This retrospectively justifies the assumptions made in the above derivation.

Also note that in equations (2.3) and (2.4), we already assumed the shockwave to be close to the

horizon u = 0 and therefore we only obtained the late time behavior in regimes 3 and 4. As we will

show in later sections, one can incorporate the early time behavior by improving the inequalities

in (2.3) and (2.4).

3 Collisions of localized shockwaves

In this section, we generalize the earlier discussion to the case concerning the collision of two

localized shockwaves. We first provide an appropriate circuit picture, and then discuss the four

regimes of the growing and shrinking post-collision region in gravity.

3.1 Circuit analysis

Consider one localized shock due to the insertion of a local operator. The quantum circuit picture

with one localized shock was discussed in [12]. In particular, figure 1 of [12] inspires our discussion:
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Figure 8: Two localized shocks propagating in the shared quantum circuit. Light colors correspond
to the causal light cones, where only few gates are affected by the perturbation. Dark colors
correspond to the butterfly cones, where the perturbation has grown significantly. The two types
of cones are separated by an x-dependent scrambling time.

two ‘cones’ can be associated with the spread of the localized perturbation. A priori, the operator

spreads inside the causal light cone, but its effect stays small until it reaches the butterfly cone.

The butterfly cone is generally bounded by time-like rays, whose slope is given in terms of the

butterfly velocity vB.

For our purpose, we consider two sets of such cones, which describe the growth of two localized

perturbations in opposite directions, see figure 8. As before, the red perturbation propagates

toward the left and the pink perturbation propagates toward the right, i.e., they correspond to

perturbations of the left and right systems, respectively. The light red (pink) region represents the

causal light cone of the left (right) perturbation, while the dark (red) pink region represents the

corresponding butterfly cone. As we will argue below, constant-x slices of this picture correspond

to quantum circuits such as those illustrated in figure 4.

We focus on some particular fixed value of x.4 In slight abuse of language, we call the distance

between the causal light cone and the butterfly cone as t∗, as this is the time it takes for the

perturbation to significantly affect operators at location x after they first come in causal contact.

Note that this definition of t∗ will depend on x when the butterfly velocity is less than 1. Without

loss of generality, we again assume t∗1(x) > t∗2(x) (figure 8). We have

t∗1(x) =
β

2π
log

c

δS1
+

(
1

vB
− 1

)
|x− xwL| ,

t∗2(x) =
β

2π
log

c

δS2
+

(
1

vB
− 1

)
|x− xwR| ,

(3.9)

4In this paper, by constant x slices we always have in mind slices with a width of roughly `AdS .
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Figure 9: We show four dynamical regimes for the number of healthy gates in the overlap region
of two localized perturbations. The regimes are in correspondence with those shown in figure 5.

where c is the central charge of the system.

We now turn to a discussion of the same four regimes that also governed the setup described

in section 2.1. In figure 9 we illustrate these four regimes for the case of localized shocks. Let

∆t(x) ≡ −twL − |x− xwL| − twR − |x− xwR| (3.10)

be the amount of overlap of the two perturbations at transverse location x. In figure 9(a), we show

the case when ∆t(x) > 0, i.e., the two perturbations begin to have overlap at transverse location

x. We call Nhealthy(x) the number of healthy gates in the overlap region at transverse location

x. As long as ∆t(x) < t∗2(x), Nhealthy(x) again grows linearly in ∆t(x). Next, we fix the impact

parameter and gradually increase ∆t. When t∗2(x) < ∆t(x) < t∗1(x), the number of healthy gates

in the overlap region at transverse location x stays constant, see figure 9(b). In figure 9(c), we let

t∗1(x) < ∆t(x) < t∗1(x) + t∗2(x). In this regime, the number of healthy gates in the overlap region

at transverse location x is proportional to t∗1(x)+ t∗2(x)−∆t(x) and decreases linearly with ∆t(x).

In the late time regime when ∆t(x) > t∗1(x)+ t∗2(x), we no longer expect there to be healthy gates
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at transverse location x, c.f., figure 9(d).

Note that these four regimes (at constant x) are analogous to the four regimes we found in

the case of AdS-size black holes with parametrically different scrambling times (e.g., figure 5). We

can thus think of each constant x slice in figures 9 as being described by the AdS-size black hole

analysis. In the following we will make this more precise.

3.2 Gravity analysis

On the bulk side, the post-collision geometry is in general unknown. The goal of this subsection is to

describe certain general features qualitatively and compare them with the circuit analysis. From the

latter we argued for four different regimes. We will now identify different gravitational mechanisms

that are responsible for these different behaviors in the case of colliding localized shocks.

3.2.1 Growth of the post-collision region

At early times, when ∆t(x) < t∗2(x), non-linear effects can be ignored and we may assume that

the two shockwaves propagate freely in the original black hole geometry. To quantify this, we need

to identify the locations of wavefronts.

The geometry with a single localized shockwave was studied in detail in [18]. In that paper, the

authors considered the case of a perturbation entering at a very early time so the corresponding

shockwave lies on the horizon at u = 0. For our purpose, in order to see the initial growth of the

post-collision region, we need to consider a perturbation entering at finite boundary time.

We assume a localized perturbation propagating into the bulk from the left boundary at time

twL and spatial location xwL. Where is the shockwave? The null plane given by u = etwL 6= 0 is not

the right answer as the shockwave has to stay inside its causal light cone. So away from the source

the shockwave effectively comes in at a later time. A naive guess for the amount of delay would be

that at spatial location x, the shock is delayed by the amount |x−xwL|
vB

; this, however, is not correct.

In fact, the delay is controlled by the speed of light: at transverse location x, the perturbation

effectively enters at time twL + |x− xwL|. Notice that this is the boundary of the causal light cone

in the circuit picture (figure 8). We will now justify this, first analytically, then numerically.

To justify the above assertion, we consider the examples of planar BTZ or Rindler-AdS in

higher dimensions. In these examples we can work out the location of the shockwave hypersurface

explicitly. We provide details in appendix A. We consider the intersection of the shockwave with

a constant x slice (equation (A.42) where xwL was taken to be 0). At the source x = xwL the

intersection is given by a null line u = etwL . Away from source it is no longer an exact null line,

but almost, in the sense that log(u) − twL ≈ |x − xwL|. This approximation is good until close to

the singularity. In fact, from observing (A.42), one can see that the intersection of the shockwave

with the boundary is exactly the causal light cone given by log(u) − twL = |x − xwL|, while the

14



<latexit sha1_base64="807kXI6M0E1EXkdK7LMpI2d4kuA=">AAACD3icbZDLSsNAFIYn9VbrLdWlm8EiCGJJVNRl0Y0LFxXsBdoQJtNpO3QyCTMT25D2IXwAt/oI7sStj+AT+BpO0yy09YeBj/+cwznzeyGjUlnWl5FbWl5ZXcuvFzY2t7Z3zOJuXQaRwKSGAxaIpockYZSTmqKKkWYoCPI9Rhre4GZabzwSIWnAH1QcEsdHPU67FCOlLdcsKjcZ3k2Ox6OTUUpj1yxZZSsVXAQ7gxLIVHXN73YnwJFPuMIMSdmyrVA5CRKKYkYmhXYkSYjwAPVISyNHPpFOkp4+gYfa6cBuIPTjCqbu74kE+VLGvqc7faT6cr42Nf+thf1YUizn1qvulZNQHkaKcDzb3o0YVAGchgM7VBCsWKwBYUH1ByDuI4Gw0hEWdDL2fA6LUD8t2xfls/vzUuU6yygP9sEBOAI2uAQVcAuqoAYwGIJn8AJejSfjzXg3PmatOSOb2QN/ZHz+ADWKnT0=</latexit>

twL + |x � xwL| <latexit sha1_base64="BTNK1vqkOK99k39bKLlvr2SS0f4=">AAACD3icbZBLTsMwEIad8irllcKSjUWFhISoEkDAsoINy4LoQ2qjyHHd1qrjRLZDG6U9BAdgC0dgh9hyBE7ANXDTLKDllyx9+mdGM/69kFGpLOvLyC0tr6yu5dcLG5tb2ztmcbcug0hgUsMBC0TTQ5IwyklNUcVIMxQE+R4jDW9wM603HomQNOAPKg6J46Mep12KkdKWaxaVmwzvJ8fj0ckopbFrlqyylQougp1BCWSquuZ3uxPgyCdcYYakbNlWqJwECUUxI5NCO5IkRHiAeqSlkSOfSCdJT5/AQ+10YDcQ+nEFU/f3RIJ8KWPf050+Un05X5ua/9bCfiwplnPrVffKSSgPI0U4nm3vRgyqAE7DgR0qCFYs1oCwoPoDEPeRQFjpCAs6GXs+h0Won5bti/LZ3Xmpcp1llAf74AAcARtcggq4BVVQAxgMwTN4Aa/Gk/FmvBsfs9ackc3sgT8yPn8ASQqdSQ==</latexit>

twR + |x � xwR|

<latexit sha1_base64="15FkTvVaX4jiCVPu0H9buPd/QDg=">AAACB3icbVBLSgNBEO2Jvxh/UZduGoMQN2FGRV0GdeEygvlAMoSeTk/SpKd76K4Rw5ADeAC3egR34tZjeAKvYSeZhSY+KHi8V0VVvSAW3IDrfjm5peWV1bX8emFjc2t7p7i71zAq0ZTVqRJKtwJimOCS1YGDYK1YMxIFgjWD4fXEbz4wbbiS9zCKmR+RvuQhpwSs1O7cMAEEQ/nxuFssuRV3CrxIvIyUUIZat/jd6SmaREwCFcSYtufG4KdEA6eCjQudxLCY0CHps7alkkTM+On05DE+skoPh0rbkoCn6u+JlETGjKLAdkYEBmbem4j/evFgZDg1c+shvPRTLuMEmKSz7WEiMCg8CQX3uGYUxMgSQjW3D2A6IJpQsNEVbDLefA6LpHFS8c4rp3dnpepVllEeHaBDVEYeukBVdItqqI4oUugZvaBX58l5c96dj1lrzslm9tEfOJ8/f7iZiw==</latexit>
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Figure 10: Localized shocks intersect the boundary at a location controlled by the causal light
cone, i.e., the speed of light as opposed to the butterfly velocity. To determine the location of the
shockwave, we can thus effectively take it to originate from a later time (shifted by |x− xwL| etc.).
For x away from the sources, the shocks deviate from null lines close to the singularity.

interaction of the shockwave with the horizon v = 0 is given by log(u)−twL = log(cosh(|x− xwL)|).
This is illustrated in figure 10.

Since the metric of planar BTZ restricted to a constant x slice is the same as that of spherically

symmetric BTZ, we can employ our previous argument regarding the spherically symmetric case.

Indeed, making the approximation that the signal enters from the boundary at a time delayed by the

distance from the source (figure 10), we can conclude that the post-collision region grows linearly

in ∆t(x) at early times. To justify this approximation, we numerically computed the spacetime

volume in the post-collision region as a function of x and t (see appendix A).

We first fix t and consider the volume of the post-collision region as a function of x. The right

panel of figure 11 shows the circuit picture in the early time regime where Nhealthy(t) ∝ ∆t(x).

We see that with a non-zero impact parameter, as we change x, ∆t(x) first increases linearly with

x, and then stays constant, and eventually decreases linearly. The linear increase and decrease

happen at the same rate. The left panel of figure 11 shows corresponding numerical results in

gravity:5 we plot the volume of constant x slices of the post-collision region in the planar BTZ

geometry. We fix twL, xwL, twR, and draw multiple curves corresponding to different value of xwR.

We see linear growth with x, and with large enough impact parameter (controlled by xwR) we see

the transition to an extended constant plateau value. Curves are reflection symmetric around the

indicated points. This gravity result exhibits smooth transitory behavior, but is otherwise precisely

of the form predicted by the circuit picture. We note that, while these effects are obvious to see in

the circuit picture, they are highly non-trivial from the bulk point of view.

Next, we fix x and consider the volume of the post-collision region as a function of time. In

figure 12, we fix twL, xwL, xwR and vary twR. We draw multiple curves corresponding to different

value of x. We clearly see the linear decrease with twR, which is expected from the circuit picture.

5In order to obtain the results, we computed the area of constant x slices in planar BTZ numerically. The post-
collision region of interest is bounded by three curves: on the one hand, the singularity at uv = 1, and, one the other
hand, the intersection surfaces of shockwaves given by (A.42) and (A.43).
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Figure 11: Left: Numerical results for the area of constant x slices of the post-collision region
in planar BTZ geometry. The fixed parameters are (−twL, xwL) = (50, 0) and (twR, xwR) =
(−50, 0 · · · 12). The growth with constant slope for negative x is a reflection of causality. For larger
xwR the transition to an extended constant plateau is evident. Curves are reflection symmetric
around the locations indicated on the top edge of the plot. Right: Corresponding quantum circuit
picture. The form of the lightcones gives ∆t an x-dependence that is in excellent correspondence
with the rather non-trivial gravity result.
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Figure 12: Left: Numerical results for the area of a constant x slice of the post-collision region in
planar BTZ geometry. The fixed parameters are (−twL, xwL) = (50, 0), xwR = 9, and x = −6, . . . , 4.
The growth with constant slope is a reflection of causality. The convergence of curves with xwL .
x . xwR to a limiting curve is due to the plateau seen in figure 11. Right: Corresponding quantum
circuit picture.
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The slope with respect to twR here is one half of the slope with respect to x in figure 11. This

is consistent with the circuit prediction that Nhealthy(x) is proportional to ∆t(x) where ∆t(x) =

−twL − twR − |x− xwL| − |x− xwR|. This linear expansion of the post-collision region with ∆t(x)

is the first regime we discussed before (e.g., figure 9(a)). Finally, note that figure 12 demonstrates

a limiting curve as we increase x→ xwR. This convergence of curves is equivalent to the extended

plateau visible in figure 11.

3.2.2 Shrinking of the post-collision region

Let us now understand the later regimes, i.e., the shrinking of the post-collision region due to

backreaction. The metric with a single shockwave exhibits a shift along the horizon, which is now

x-dependent [51, 55, 18]. The amount of shift h(x) was worked out in [12] for planer AdS black

holes and in [56] for hyperbolic AdS black holes. The metric generally takes the following form:6

ds2 = `2
[
−A

(
u(v + θ(u)h(~x))

)
(dudv + θ(u)∇h(~x) · dud~x) +B

(
u(v + θ(u)h(~x))

)
d~x2
]
, (3.11)

where d~x2 is replaced by the line element for hyperbolic space, dH2
d−1, in the case of hyperbolic

AdS black holes. We first consider 2+1 dimensions, where

A(x) = − 4

(1 + x)2
, B(x) =

r2
h

`2

(
1− x
1 + x

)2

. (3.12)

In order to understand the geometry with two colliding shockwaves, let us begin with some qualita-

tive observations. We focus on the quantity h1(x)h2(x),7 where hi(x) is the shift along the horizon.

It is straightforward to show that this combination can be written as [12, 56]

h1(x)h2(x) ≈ e∆t(x)−t∗1(x)−t∗2(x) . (3.13)

Note that the definition of ∆t(x) in (3.10) does not involve the butterfly velocity, while t∗i(x) does.

On the circuit side, the quantity h1(x)h2(x) characterizes the amount of overlap of the pertur-

bations at location x. In gravity, it controls the strength of non-linear gravitational effects. The

circuit model suggests what should occur in gravity as a function of ∆t(x): it implies that the

singularity will bend down and the shared interior region becomes small at transverse locations x

where h1(x)h2(x) becomes of order 1. This is reasonable because it is exactly when the non-linear

effect of general relativity becomes important. In the following we provide arguments that this

expectation is indeed borne out in gravity.

6Via a coordinate transformation v → v−θ(u)h(x), this parametrization of the metric is equivalent to one without
any step functions and instead a δ-function localized contribution guudu

2 = A(uv)h(x)δ(u)`2du2.

7We thank Douglas Stanford for emphasizing this to us.
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As the geometry in the post-collision region is generally unknown, we will follow the same

estimation method as in section 2.2. To understand the effect of a single shock, we consider again

a family of null lines generated by the null vectors K, where

(Ku,Kv,Kx) =
(
C1(1 + u(v + h(x)θ(u)))2, 0, 0

)
. (3.14)

The setup is the same as that illustrated in figure 7, but with a x-dependent horizon shifts h(x)

and a shockwave effectively entering at a later time away from the source. See appendix B.2 for

more details.

We apply Raychaudhuri’s equation to this congruence of lines and focus on the surface of the

shockwave u = 0. Recall that in section 2.2 we observed a jump of the expansion across the

shockwave due to the matter stress-energy tensor. In the present case, the stress-energy tensor is

zero away from the source xwL. However, we still observe a jump on the expansion, since now the

last term in the Raychaudhuri equation (2.1) has a delta-function contribution across the shockwave

away from the source. The reason is that with x-dependent shift h(x) the radial null lines generated

by K are no longer geodesics:

K̇a
;a = −2C2

1`
2

r2
h

h′′(x)δ(u) = −2C2
1h(x)δ(u) + 8πGNC

2
1Tuu (3.15)

where in the second equality we used the equation of motion satisfied by h(x) such that the met-

ric (3.11) solves Einstein’s equations [57, 55, 18]. The combination appearing in Raychaudhuri’s

equation (2.1) can thus be written as follows:

K̇a
;a −RabKaKb =

[
−2C2

1h(x)δ(u) + 8πGNC
2
1Tuu

]
− 8πGNTuuK

uKu = −2C2
1h(x)δ(u) (3.16)

This implies that across the shockwave, the expansion jumps from 0 to a negative value θ1 =

−2C1h(x). Note that the jump of the expansion has exactly the same form as in the spherically

symmetric case in section 2.2, even though the underlying physical reasons are different. This

further puts an upper bound on the distance to the singularity:

L1(x) ≤ 1

2C1h(x)
. (3.17)

With two shockwaves present as in the right panel of figure 7, and using again the normalization

K1 ·K2 = −2`2, we obtain a physical bound

L1(x)L2(x) ≤ 1

4h1(x)h2(x)
. (3.18)

In d+ 1 = 3 spacetime dimensions, the geometry is required to be locally AdS3. We thus take
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the following ansatz for the metric of post-collision region:

ds2 = − 4`2dudv

(1 + uv)2
+ r̃2

h(x)

(
1− uv
1 + uv

)2

dx2 , (3.19)

where r̃h(x) is a parameter of the solution that will be determined later.8 One can show that the

geodesic equation is the same as in the spherically symmetry case once we impose x = const. A

computation completely analogous to subsection 2.2.2 gives

r̃h(x)

rc(x)
=

√
1 +

1

L1(x)L2(x)
. (3.20)

Combining (3.20), (2.7) and (3.18), we get an upper bound on the spacetime volume in the

post-collision region:

2

rh`2
dV

dx
=
r̃h(x)

rh

log

 r̃h(x)
rc(x) + 1

r̃h(x)
rc(x) − 1

− 2
rc(x)

r̃h(x)


≤ tanh

(
∆t(x)

2

)√
1 + 4h1(x)h2(x) log

(√
1 + 4h1(x)h2(x) + 1√
1 + 4h1(x)h2(x)− 1

)
− 2 tanh

(
∆t(x)

2

)

≈
{
t∗1(x) + t∗2(x)−∆t(x) ∆t(x) < t∗1(x) + t∗2(x)
2
3e
−(∆t(x)−t∗1(x)−t∗2(x)) ∆t(x) > t∗1(x) + t∗2(x)

(3.21)

which is derived in complete analogy with (2.8). This estimation matches regimes 3 and 4 of the

quantum circuit picture analysis well (e.g., figure 9(c) and 9(d)). Before we move on, we should

comment on the ansatz (3.19) we use. It is well known that it can be a tricky problem to solve for

the post-collision geometry after localized collisions. Certain matching conditions at the collision

point have to be obeyed, which were referred to as ‘generalized Dray-’t Hooft-Redmount (DTR)

relations’ [58]. The matching condition we used here (continuity of the product of proper affine

distances across the shockwave) turns out to be equivalent to the generalized DTR relations. The

bound we obtained is only approximate simply due to the somewhat unjustified assumption (3.19).

One can show, however, that with this ansatz, Einstein’s equations can be solved including the

gluing conditions along the shockwaves, perturbatively to linear order in hi(x). The corrections

are proportional to h1(x)h2(x), which remains small (less than order one) for the regime we are

interested in.

8It is a special feature in 2 + 1 dimensions that the solution remains locally AdS3 for an arbitrary function r̃h(x).

19



3.2.3 Post-collision region in all four regimes

As mentioned earlier, we can improve the result in (3.21) by improving the bound (3.18). In

obtaining (3.18) we assumed that the shockwaves are located at the horizons u = 0 and v = 0,

which is only true for the late regimes. Let us now drop this assumption, and instead consider a

shockwave coming in at finite time twL at location xwL. Away from the source, the shockwave is

approximately located at log u ≈ log(u0(x)) ≡ twL + |x − xwL| (c.f., figure 10). The expansion of

radial null vectors K1 as in figure 7 is given by −2C1v
rh
rc

before the shockwave. The expansion

jumps across the shockwave by an approximate amount −2C1h1(x) rhrc and is afterwards given by

θ1 ≈ −2C1(v + h1(x)) rhrc .

With two shockwaves at locations u ≈ u0(x) and v ≈ v0(x), the product of expansions after the

collision takes the form

θ1θ2 ≈ 4C1C2
r2
h

r2
c

(v0(x) + h1(x))(u0(x) + h2(x)) (3.22)

= 4
1

(1− u0(x)v0(x))2
(v0(x) + h1(x))(u0(x) + h2(x)) . (3.23)

where in obtaining (3.23) we again used the normalization K1 ·K2 = −2`2C1C2(1 +u0(x)v0(x))2 =

−2`2.

If we compare (3.23) with earlier calculations, we note that the crucial change here is a non-zero

value of u0(x) and v0(x). They also satisfy

u0(x)h1(x) = etwL+|x−xwL| × δS1

c
e
−twL−

|x−xwL|
vB = e−t∗1(x) , v0(x)h2(x) = e−t∗2(x). (3.24)

We again obtain a bound on the product of affine distances along the horizons, which is however

considerably more accurate than the previous bound (e.g., (3.20)):

L1L2 ≤
1

θ1θ2
≈ (1− u0(x)v0(x))2

4(v0(x) + h1(x))(u0(x) + h2(x))

=
(1− e−∆t(x))2

4
(
e−∆t(x) + e−t∗2(x) + e−t∗1(x) + e∆t(x)−t∗1(x)−t∗2(x)

) (3.25)

Plugging this estimate into the expression for the post-collision spacetime volume (2.7), we find

20



Figure 13: Plot of the upper bound on the post-collision spacetime volume (3.26) for head-on
collisions. We set xwL = xwR = 0, twL = −50, log c = 36 (c.f., figure 6). Left: δS1 = δS2 = 1.
Right: δS1 = 1, δS2 =

√
S.

(again analogous to (2.8) and (3.21)):

2

rh`2
dV

dx
≤ tanh

(
∆t(x)

2

)√
1 +

4
(
e−∆t(x) + e−t∗2(x) + e−t∗1(x) + e∆t(x)−t∗1(x)−t∗2(x)

)
(1− e−∆t(x))2

× log


√

1 +
4(e−∆t(x)+e−t∗2(x)+e−t∗1(x)+e∆t(x)−t∗1(x)−t∗2(x))

(1−e−∆t(x))2 + 1√
1 +

4(e−∆t(x)+e−t∗2(x)+e−t∗1(x)+e∆t(x)−t∗1(x)−t∗2(x))
(1−e−∆t(x))2 − 1

− 2 tanh

(
∆t(x)

2

)
(3.26)

Thanks to the improved estimations, the above expression reproduces the correct behavior as in

figure 6 for all four regimes. In fact, one can easily see the competition of four regimes analytically

from the form of 1
L1L2

written as a sum of four exponentials in (3.25).

The result (3.26) applies when ∆t(x) � 1. Using the definition of ∆t(x) in (3.10) as well as

the scrambling times (3.9), we can produce plots of the post-collision volume as a function of both

x and t, and for any impact parameter. Specifically, figures 13 and 14 show the dependence of the

upper bound on the post-collision volume dV
dx as a function of x and twR, with twL, xwL and xwR

fixed. For constant x slices, we observe the same shape as for the exact results in figure 6 with

the location of peaks shifting with twR. The upper bound (3.26) therefore actually provides a very

accurate description of the exact behavior. We also see excellent qualitative agreement with the

numerical results at early times for fixed twR (figure 11) and fixed x (figure 12).
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Figure 14: Plot of the upper bound on the post-collision spacetime volume (3.26) at finite impact
parameter, where xwL = 0, xwR = 9, twL = −50, log c = 36 (c.f., figures 11 and 12, which
correspond to numerical results at early times for constant twR and constant x, respectively). Left:
δS1 = δS2 = 1. Right: δS1 = 1, δS2 =

√
S.

3.2.4 Comments on higher dimensions

So far we did computations in d+ 1 = 3 spacetime dimensions. In this section, we briefly consider

AdS-Rindler spacetimes in higher dimensions, which are hyperbolic black holes [12, 56].9 The

unperturbed metric is given by

ds2 = − 4`2dudv

(1 + uv)2
+ `2

(
1− uv
1 + uv

)2

dH2
d−1 , (3.27)

where

dH2
d−1 = dχ2 + sinh2 χdΩ2

d−2 (3.28)

is the metric of a (d− 1)-dimensional hyperbolic plane.

In order to study the growth of the post-collision region, we need to know the location of a

finite time shockwave surface. We again start from a shockwave at u = 0 and perform a global

time translation. By the symmetry on the hyperbolic plane Hd−1, we let the source be located at

χ = 0. By spherical symmetry in Sd−2, the location of the shockwave can only be a function of χ

and therefore the coordinate transformation is exactly the same as in the 3-dimensional case. We

can thus draw the same conclusion: away from the source, the shockwave effectively originates at

a later time, which is delayed by an amount equal to the proper distance from the source. Ignoring

9See also [59, 60, 61] for related recent studies.
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backreaction, we would find for the differential spacetime volume of the post-collision region:

d

`d+1Vol(Sd−2)

dV

dχ
= B

(
1− u0(x)v0(x)

1 + u0(x)v0(x)
; d, 0

)
− B

(
1− u0(x)v0(x)

2
; d, 1− d

)
, (3.29)

where u0(x)v0(x) = e−∆t(x) and B(z; a, b) is the incomplete beta-function. If we perform an ex-

pansion for small u0(x)v0(x), which works when ∆t(x) is bigger than a few thermal times, we

find

d

`d+1Vol(Sd−2)

dV

dχ
= log

(
1

u0(x)v0(x)

)
− C̃ +O(u0(x)v0(x))

= ∆t(x)− C̃ +O(e−∆t(x)) (3.30)

where the constant C̃ = Hd−1 + B(1
2 ; d, 1 − d) + log(2) depends on the harmonic number Hd−1.

We observe that for arbitrary dimensionality d, the post-collision region grows linearly in ∆t(x) if

backreaction can be ignored.

Next, we incorporate backreaction effects and consider the associated shrinking of the post-

collision region. With one shockwave from the left boundary, the shift of the horizon is given by

[56, 12]

h(x) ∼ δS

c
e
−twL− 1

vB
|x−xwL| , (3.31)

where |x − xwL| is the proper distance on the hyperbolic plane Hd−1.10 We again consider the

expansion of a family of radial null lines. In this case, we found that right after the shockwave at

the horizon, the expansion is given by

θ1 = −2C1(d− 1)h1(x), L1 ≤
d− 1

θ1
=

1

2C1h1(x)
. (3.32)

With two shockwaves on the horizon and K1 ·K2 = −2`2, we again have L1L2 ≤ 1
4h1(x)h2(x) .

For shockwaves originating at a finite time, (3.32) is replaced by

θ1 ≈ −2C1(d− 1)(v0(x) + h1(x))
`

rc
, L1 ≤

d− 1

θ1
≈ 1

2C1(v0(x) + h1(x))

rc
`
. (3.33)

Now we study the same quantities in the post-collision geometry. The geometry in the post-

collision region is unknown in this case. Naively one may follow the reasoning around (3.19) and

10For simplicity of notation we refrain from introducing a new symbol to denote hyperbolic geodesic distance.
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assume the following ansatz:

ds2 = − 4`2dudv

(1 + uv)2
+ r̃2

h(x)

(
1− uv
1 + uv

)2

dH2
d−1 , (3.34)

but this does not solve Einstein’s equations for d > 2. However, if we assume r̃h(x)
` ≈

√
1 + 1

L1(x)L2(x)

as in (3.20), then the ansatz solves Einstein’s equations approximately when 1
L1(x)L2(x) � 1. This

is equivalent to h1(x)h2(x) � 1, or ∆t(x) < t∗1(x) + t∗2(x), i.e., the errors are proportional to

h1(x)h2(x). With these caveats in mind, the ansatz (3.34) yields

d

`d+1Vol(Sd−2)

dV

dχ
≈
(
r̃h(x)

`

)d−1[
B

(
1− ũ0ṽ0

1 + ũ0ṽ0
; d, 0

)
− B

(
1− ũ0ṽ0

2
; d, 1− d

)]
, (3.35)

where (ũ0, ṽ0, x) are the coordinates of the collision point in the post-collision metric (3.34), satis-

fying

1 + ũ0ṽ0

1− ũ0ṽ0
=
r̃h(x)

rc
=

√
1 +

1

L1(x)L2(x)
. (3.36)

Plugging (3.36) into (3.35) and as before, we get an estimation on the volume of the post-collision

region for ∆t(x) < t∗1(x) + t∗2(x):

d

`d+1Vol(Sd−2)

dV

dχ
≈ tanhd−1

(
∆t(x)

2

)(
1 +

1

L1(x)L2(x)

) d−1
2

×

B

 1√
1 + 1

L1(x)L2(x)

; d, 0

− B

 1

1 +
√

1 + 1
L1(x)L2(x)

; d, 1− d


(3.37)

where from (3.33) L1(x)L2(x) has the same upper bound as in (3.25).

In figure 15 we plot the bound from (3.37) as a function of twR and x in 4 + 1 bulk dimensions.

In the left panel of figure 15 (head-on collision) we labelled the two lines ∆t(x) = 0 and ∆t(x) −
t∗1(x) − t∗2(x) = 0, which coincide approximately with the location where the volume element

turns zero. As the butterfly velocity is less than the speed of light, one can clearly see that the

two cones have different opening angles. In fact, the structure of the cones in left panel of figure

15 (top view) resembles the causal light cone and butterfly cone of the quantum circuit picture

(e.g., figure 1 of [12]) up to a rescaling of the twR-axis; but note that we obtained these plots by

studying a rather different quantity, i.e., the volume of the post-collision region! The right panel of

figure 15 shows the most general case with finite impact parameter and different initial sizes. This

illustrates that both the circuit analysis and the gravity computation can become quite complicated

but nevertheless they show a surprisingly good match.
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Figure 15: Differential post-collision volume (3.35) in d+1 = 5 bulk dimensions as a function of twR
and x with fixed parameters (twL, xwL) = (−50, 0), log c = 36. Left: Head-on collision (xwR = 0).
Right: Finite impact parameter collision (xwR = 20). Insets show the view from the top; the effect
of the butterfly velocity vB < 1 is clearly visible in both cases.

4 Discussion

We studied collisions between localized shockwaves in black hole interiors. We showed that the

volume of the post-collision region matches surprisingly well with the prediction of an analysis of

perturbations spreading through a quantum circuit.

It is straightforward to generalize our analysis to the case of multiple shockwaves as discussed

in [52, 10, 12]. In this context, earlier work mainly focused on the regime of large time separation

(∆t > 2t∗). Our work fills this gap by giving a detailed description of the effects when ∆t < 2t∗. We

see that the time-dependence of the post-collision region reflects various properties of the collision

process.

So far our circuit analysis relied on a simple epidemic model of the spread of perturbations

with the assumption that different perturbations propagate like independent epidemics. On the

boundary side a more detailed characterization of the ‘size’ of the perturbations in terms of out-of-

time-order six-point functions was proposed previously [20, 22, 14, 15]. We offer a preliminary study

of such a quantity in appendix C, which demonstrates qualitative agreement with circuit predictions.

We will leave a more thorough analysis in two-dimensional CFT for future work. It is also worth

emphasizing other proposals for the definition of operator complexity [27, 28, 29, 30, 31, 32] and

it would be interesting to compare them in our context. One can potentially use these to diagnose

more fine-grained properties of the collision in the interior.

General relativity is a set of complicated non-linear differential equations. The fact that rather
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non-trivial properties of its solutions can be reproduced by a simple circuit analysis is surprising.

Having seen such a good match, it is tempting to attempt a derivation of gravitational interactions

from the quantum circuit. However, here we encounter the question of what is the appropriate bulk

quantity to consider?

We are all familiar with Newton’s law characterizing gravitational forces, but this intuition does

not apply in the present context as we are dealing with a high-energy collision process. We are

also used to studying scattering in asymptotically flat space by means of an S-matrix, but since for

our case the collision happens inside a black hole interior, asymptotic out-states do not exist and

this method does not seem applicable. So far we have instead discussed the spacetime geometry

itself (specifically its volume) after the collision, but this is not a conventional quantity used to

characterize a scattering processes. Can one make a connection between the post-collision geometry

we studied here and more conventional characterizations of scattering processes in appropriate

regimes (e.g., for relatively weak collisions)? This question is part of our motivation to study the

Rinder-AdS geometry, as in this case the collision product can reach the AdS boundary.11 We

intend to explore this in future work. As for very strong collisions, we do not know what is the

correct bulk quantity to consider and maybe completely new ideas are needed.

Some other possible future directions include the study of stringy corrections of the high energy

collision process [62, 63, 64] and the effect of electric charges [65]. For scattering in AdS, from the

bulk perspective there is a transition to the formation of a black hole once the collision energy is

high enough. Can this be diagnosed from the boundary?

In a broader context, there are many unanswered questions. The results of our computations

mostly depend on the properties near the black hole horizon, and the black hole singularity remains

a mystery. For charged black holes with inner horizons, we do not know how to characterize a

collision occurring near the inner horizon when both signals are sent in late. See [66] for some

recent explorations of this region.

One may also wonder how to make the picture of the black hole interior as a unitary quantum

circuit more rigorous (see [67, 68, 26] for recent proposals in the context of CFTs), and how to

connect it with other discussions of the black hole interior (such as [45, 46]). Throughout this work

we had a fixed Hamiltonian and the setting of AdS/CFT in mind. How to incorporate different

states of baby universes if there are any [69, 70, 71]? We have been working to understand matter

propagating in the interior in terms of a quantum circuit. Could this help us understand firewalls

[72, 73, 74]?

11We thank Matthew Headrick for suggesting this.
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Figure 16: Left: Illustration of Kruskal-like coordinates for AdS3. Right: Localized shockwave
originating at finite time twL. The shockwave surface is related to u = 0 by a global time translation.
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A Location of a localized shockwave

In this appendix we work out the location of a gravitational shockwave coming in at finite time.

We first consider planer BTZ, which is Rinder-AdS3. The location of a localized perturbation

travelling into the bulk from the boundary in global AdS3 is known. In order to find its form in

the BTZ geometry, we transform to Rindler coordinates. Concretely, we consider the following

embedding coordinates of AdS3:

−T 2
1 − T 2

2 +X2
1 +X2

2 = −`2 . (A.38)

In the following we set ` = 1. A parametrization in terms of Kruskal coordinates is as follows:

T1 =
v + u

1 + uv
, T2 =

1− uv
1 + uv

coshx ,

X1 =
v − u
1 + uv

, X2 =
1− uv
1 + uv

sinhx . (A.39)

We know that u = 0 is one possible solution for the location of the shockwave, corresponding to
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a localized perturbation originating at twL = −∞ and x = 0. The corresponding null hypersurface

is parametrized by a lightcone coordinate v and a transverse coordinate x. We wish to translate

this surface by some amount of global time (figure 16). We have T1
T2

= tan τ = v+u
1−uv

1
coshx , where τ

is global time. Under a global time translation, we observe the following transformation:

τ → τ + ε , tan τ → tan τ + tan ε

1− tan ε tan τ
. (A.40)

We start from a point (u0, v0, x0) on the surface u0 = 0, which is characterized by X1 = v0,

X2 = sinhx0, T1 = v0, T2 = coshx0. From (A.39) and the transformation (A.40), we find that the

translated points (u, v, x) satisfy

v − u
1 + uv

= v0 ,
1− uv
1 + uv

sinhx = sinhx0 ,
v + u

1− uv
1

coshx
=

v0
coshx0

+ tan ε

1− tan ε v0
coshx0

. (A.41)

Combining these conditions to remove the dependence on v0 and x0, we see that the translated

surface (u, v, x) is parametrized by

v − u
1 + uv

1√(
1−uv
1+uv sinhx

)2
+ 1

=
v+u
1−uv

1
coshx − tan ε

v+u
1−uv

1
coshx tan ε+ 1

. (A.42)

At the source, x = 0, we have u = tan
(
ε
2

)
= const. That is, the source travels on a radial null line

as expected. We also have u = etwL , and therefore twL = log
(
tan
(
ε
2

))
.

Similar to the derivation of (A.42), one can obtain an equation describing the hypersurface of

a localized shock coming from the right boundary:

− v − u
1 + uv

1√(
1−uv
1+uv sinhx

)2
+ 1

=
v+u
1−uv

1
coshx − tan ε′

v+u
1−uv

1
coshx tan ε′ + 1

, (A.43)

where ε′ is the amount of global time translation for the second shock. Similarly, twR = log
(

tan
(
ε′

2

))
.

The post-collision region is bounded by three lines described by (A.42), (A.43), and the singu-

larity at uv = 1. It is a simple numerical task to evaluate the spacetime volume of this region as a

function of the insertion points (twL, xwL), (twR, xwR). Specifically, we focus on a constant-x slice

and compute the post-collision volume element as a function of x. The results are shown in figure

11 and figure 12.

The conclusion for higher dimensional Rindler-AdS space is the same, as the coordinate trans-

formations (A.39) are similar. We just replace |x− xwL| by proper distance on hyperbolic space.
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B Geodesics on shockwave background

B.1 Geodesics across spherically symmetric shocks

In order to derive the upper bound on affine distances from the shock to the singularity, (2.4), we

need to understand the behavior of geodesics across shockwaves. We work in d+1 = 3. The metric

of a single shock can be written in Kruskal form with a jump in the v coordinate across u = 0:

ds2 = − 4`2dudv

[1 + u(v + θ(u)h)]2
+ r2

h

(
1− u(v + θ(u)h)

1 + u(v + θ(u)h)

)2

dx2 . (B.44)

Consider now a geodesic (u(τ), v(τ), x(τ)) in this geometry. The geodesic equation D
DτK

a = 0,

written in terms of its generating tangent vector Ka(τ), reads as follows:

d

dτ
Ku =

2(v + hθ(u))(Ku)2 + r2
hu[1− u(v + hθ(u))] (Kx)2

1 + u(v + hθ(u))
(B.45)

d

dτ
Kv =

2u(Kv)2 + r2
h(v + hθ(u))[1− u(v + hθ(u))] (Kx)2

1 + u(v + hθ(u))
(B.46)

d

dτ
Kx =

4[(v + hθ(u))Ku + uKv]Kx

[1− u(v + hθ(u))][1 + u(v + hθ(u))]
(B.47)

We consider specifically Ka
1 parametrizing a radial geodesic, such that Kx

1 = 0, and the remain-

ing equations are

d

dτ
Ku

1 =
2(v + hθ(u))(Ku

1 )2

1 + u(v + hθ(u))
,

d

dτ
Kv

1 =
2u(Kv

1 )2

1 + u(v + hθ(u))
. (B.48)

Consider the geodesic along the null line v = v0. It has Kv
1 = 0, so the second equation is

automatically satisfied. Away from u = 0, the first equation can in turn be integrated trivially by

identifying Ku
1 ≡ du

dτ :

d

dτ
log

(
du

dτ

)
=

2(v0 + hθ(u))dudτ
1 + u(v0 + hθ(u))

=
d

dτ
log(1 + (v0 + hθ(u))u)2 (B.49)

⇒ Ku
1 ≡

du

dτ
= C1(1 + u(v0 + hθ(u)))2 (B.50)

Note the discontinuity in derivative of Ku
1 . We also observe that K1v is constant: K1v = −2`2C1.

Similarly, we can determine the geodesics along u = u0 across the right shockwave. We call the

corresponding null vector K2. Along null geodesics with u = u0, we have Ku
2 = 0 and a similar

calculation as above reveals:

Kv
2 ≡

dv

dτ
= C2(1 + v(u0 + h2θ(v)))2 . (B.51)
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We compute K1 ·K2 before the two shockwaves collide:

K1 ·K2 = −2`2C1C2(1 + u0v0)2 . (B.52)

In this (2 + 1)-dimensional metric, L1L2 can also be directly computed:

(K1 ·K2)(L1L2) = −`
2

2

(1 + u0v0)2

(u0 + h1)(v0 + h2)

(
1− u0(v0 + h1)

1 + u0(v0 + h1)

)(
1− v0(u0 + h2)

1 + u0(v0 + h2)

)
. (B.53)

By choosing the normalizations such that K1 ·K2 = −2`2, and considering u0 = v0 = 0, we find

L1L2 = 1
4h1h2

which actually saturates the bound in (2.4).

B.2 Geodesics across localized shocks

We now perform a similar calculation as in the previous subsection for localized shockwaves. Let

us again consider d+ 1 = 3 for simplicity. The metric with a single shock is now given by

ds2 = − 4`2[dudv + h′(x)θ(u)dudx]

[1 + u(v + θ(u)h(x))]2
+ `2

(
1− u(v + θ(u)h(x))

1 + u(v + θ(u)h(x))

)2

dx2 . (B.54)

Consider again radial null lines v = v0, x = x0 with generators Ku = C1(1 + u(v0 + h(x0)θ(u)))2.

These are not geodesics in the above spacetime, but the derivative of the vector K vanishes once

we restrict to the hypersurface x = x0, i.e, D
DτK

u is orthogonal to the surface x = x0. In fact, a

straightforward computation shows that(
D

Dτ
Ku,

D

Dτ
Kv,

D

Dτ
Kx

)
=
(
0, 0,−2C2

1`
2δ(u)h′(x)

)
. (B.55)

This also shows that this family of null lines are geodesics away from the shockwave surface.

For shockwaves originating at finite time twL, we can obtain the metric by applying a global time

translation to the metric describing the case of a shockwave along u = 0, (B.54). The coordinate

transformation will be complicated but we can work perturbatively in etwL . This is how we obtained

the approximate results for the expansion in subsection 3.2.3.

C Operator size and six-point functions

In [14, 15] a particular six-point function was introduced as a measure of operator size in the

thermofield double state perturbed by one operator on the left and one on the right. In this

section we reconsider this approach for localized perturbations in a higher-dimensional theory. The
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W1(�twL � i⇡, xwL)

<latexit sha1_base64="fXJ0tzFubTsRKp3e19gTNgLotN0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhAq2JFLRZdGNCxcV7AXaECbTSTt0MgkzE7WEuvFV3LhQxK1v4c63cZpmoa0/DHz85xzOnN+LGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Q0vJ/XWHRGShvxWjSLiBKjPqU8xUtpyzb2Wa5fKyk3ur8dl2o3o8UPKR65ZtCpWKjgPdgZFkKnuml/dXojjgHCFGZKyY1uRchIkFMWMjAvdWJII4SHqk45GjgIinSS9YAwPtdODfij04wqm7u+JBAVSjgJPdwZIDeRsbWL+V+vEyj93EsqjWBGOp4v8mEEVwkkcsEcFwYqNNCAsqP4rxAMkEFY6tIIOwZ49eR6aJxW7Wjm9qRZrF1kcebAPDkAJ2OAM1MAVqIMGwOARPINX8GY8GS/Gu/Exbc0Z2cwu+CPj8wc47pYf</latexit>

W1(�twL � i⇡, xwL)

<latexit sha1_base64="fXJ0tzFubTsRKp3e19gTNgLotN0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhAq2JFLRZdGNCxcV7AXaECbTSTt0MgkzE7WEuvFV3LhQxK1v4c63cZpmoa0/DHz85xzOnN+LGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Q0vJ/XWHRGShvxWjSLiBKjPqU8xUtpyzb2Wa5fKyk3ur8dl2o3o8UPKR65ZtCpWKjgPdgZFkKnuml/dXojjgHCFGZKyY1uRchIkFMWMjAvdWJII4SHqk45GjgIinSS9YAwPtdODfij04wqm7u+JBAVSjgJPdwZIDeRsbWL+V+vEyj93EsqjWBGOp4v8mEEVwkkcsEcFwYqNNCAsqP4rxAMkEFY6tIIOwZ49eR6aJxW7Wjm9qRZrF1kcebAPDkAJ2OAM1MAVqIMGwOARPINX8GY8GS/Gu/Exbc0Z2cwu+CPj8wc47pYf</latexit>

W2(twR, xwR)

<latexit sha1_base64="RlM3GBIejABX5Czr+R7fh8g0xhQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosunFZxT6gDWEynbRDJ5MwM9GWkF9x40IRt/6IO//GaZqFth643MM59zJ3jhcxKpVlfRuFtfWNza3idmlnd2//wDwsd2QYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW7mfveRCElD/qBmEXECNOLUpxgpLblmuevWq8pNnu7T82nWzlyzYtWsDHCV2DmpgBwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0NYkkihCdoRPqachQQ6STZ7Sk81coQ+qHQxRXM1N8bCQqknAWengyQGstlby7+5/Vj5V85CeVRrAjHi4f8mEEVwnkQcEgFwYrNNEFYUH0rxGMkEFY6rpIOwV7+8irp1Gt2o3Zx16g0r/M4iuAYnIAqsMElaIJb0AJtgMEUPINX8GakxovxbnwsRgtGvnME/sD4/AFJ9ZP4</latexit>

Oj(b, xj)

<latexit sha1_base64="MoGdgJPYCqlXYyYL+rANfTEMewc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXInoMevFmBPOAZFlmJ7PJJLMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vJgzqSzr21haXlldW89t5De3tnd2zcJeQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa94dXEb95TIVkU3qlRTJ0A90LmM4KVllyzkHYI5uhm7A5K3smjOzh2zaJVtqZAi8TOSBEy1Fzzq9ONSBLQUBGOpWzbVqycFAvFCKfjfCeRNMZkiHu0rWmIAyqddHr6GB1ppYv8SOgKFZqqvydSHEg5CjzdGWDVl/PeRPzPayfKv3BSFsaJoiGZLfITjlSEJjmgLhOUKD7SBBPB9K2I9LHAROm08joEe/7lRdI4LduV8tltpVi9zOLIwQEcQglsOIcqXEMN6kDgAZ7hFd6MJ+PFeDc+Zq1LRjazD39gfP4ADYaTOQ==</latexit>

Oj(�a � i⇡, xj)

<latexit sha1_base64="k7K9TKorH+d7JoXY6RS74hVJmmg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUMGWRCq6LLpxZwX7gCaEyXTaTjuZhJmJWEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89fsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20eSMMpJQ1HFSDsSBAU+Iy1/dD3xWw9ESBryezWOiBugPqc9ipHSkmceJA5GDN6m3rBURmXqRPT00RueeGbRqlhTwEViZ6QIMtQ988vphjgOCFeYISk7thUpN0FCUcxIWnBiSSKER6hPOppyFBDpJtMHUnislS7shUIXV3Cq/p5IUCDlOPB1Z4DUQM57E/E/rxOr3qWbUB7FinA8W9SLGVQhnKQBu1QQrNhYE4QF1bdCPEACYaUzK+gQ7PmXF0nzrGJXK+d31WLtKosjDw7BESgBG1yAGrgBddAAGKTgGbyCN+PJeDHejY9Za87IZvbBHxifPw5DlWw=</latexit>

t
<latexit sha1_base64="bJBaqLQAy+xLpLQfCWfCC8EjRv0=">AAACE3icdZBNS8MwGMfT+TbnW9Wjl+AQREbptqrbbejF4wS3CV0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYdSuo6B8CD//f8yRP/m7EqJCm+akVlpZXVteK66WNza3tHX13ryvCmGPSwSEL+a2LBGE0IB1JJSO3ESfIdxnpuZPLGe/dES5oGNzIaUQcH40C6lGMpLIG+knSzy6x+ch1EtOwmk3LtCqmcWpazXq9kjkN6yyV6UAv5xzmHOYcVg0zUxks1B7oH/1hiGOfBBIzJIRdNSPpJIhLihlJS/1YkAjhCRoRW5UB8olwkmydFB4pZwi9kKsTSJi53ycS5Asx9V3V6SM5Fr/ZzPyL2bH0Gk5CgyiWJMDzh7yYQRnCWUBwSDnBkk1VgTCnaleIx4gjLFWMJRVC/lP4f9GtGdW6Ubu2yq2LRRxFcAAOwTGognPQAlegDToAg3vwCJ7Bi/agPWmv2tu8taAtZvbBD2nvX2XImrM=</latexit>

W2(twR, xwR)

<latexit sha1_base64="RlM3GBIejABX5Czr+R7fh8g0xhQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosunFZxT6gDWEynbRDJ5MwM9GWkF9x40IRt/6IO//GaZqFth643MM59zJ3jhcxKpVlfRuFtfWNza3idmlnd2//wDwsd2QYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW7mfveRCElD/qBmEXECNOLUpxgpLblmuevWq8pNnu7T82nWzlyzYtWsDHCV2DmpgBwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0NYkkihCdoRPqachQQ6STZ7Sk81coQ+qHQxRXM1N8bCQqknAWengyQGstlby7+5/Vj5V85CeVRrAjHi4f8mEEVwnkQcEgFwYrNNEFYUH0rxGMkEFY6rpIOwV7+8irp1Gt2o3Zx16g0r/M4iuAYnIAqsMElaIJb0AJtgMEUPINX8GakxovxbnwsRgtGvnME/sD4/AFJ9ZP4</latexit>

W1(�twL � i⇡, xwL)

<latexit sha1_base64="fXJ0tzFubTsRKp3e19gTNgLotN0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhAq2JFLRZdGNCxcV7AXaECbTSTt0MgkzE7WEuvFV3LhQxK1v4c63cZpmoa0/DHz85xzOnN+LGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Q0vJ/XWHRGShvxWjSLiBKjPqU8xUtpyzb2Wa5fKyk3ur8dl2o3o8UPKR65ZtCpWKjgPdgZFkKnuml/dXojjgHCFGZKyY1uRchIkFMWMjAvdWJII4SHqk45GjgIinSS9YAwPtdODfij04wqm7u+JBAVSjgJPdwZIDeRsbWL+V+vEyj93EsqjWBGOp4v8mEEVwkkcsEcFwYqNNCAsqP4rxAMkEFY6tIIOwZ49eR6aJxW7Wjm9qRZrF1kcebAPDkAJ2OAM1MAVqIMGwOARPINX8GY8GS/Gu/Exbc0Z2cwu+CPj8wc47pYf</latexit>

W1(�twL � i⇡, xwL)

<latexit sha1_base64="fXJ0tzFubTsRKp3e19gTNgLotN0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhAq2JFLRZdGNCxcV7AXaECbTSTt0MgkzE7WEuvFV3LhQxK1v4c63cZpmoa0/DHz85xzOnN+LGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Q0vJ/XWHRGShvxWjSLiBKjPqU8xUtpyzb2Wa5fKyk3ur8dl2o3o8UPKR65ZtCpWKjgPdgZFkKnuml/dXojjgHCFGZKyY1uRchIkFMWMjAvdWJII4SHqk45GjgIinSS9YAwPtdODfij04wqm7u+JBAVSjgJPdwZIDeRsbWL+V+vEyj93EsqjWBGOp4v8mEEVwkkcsEcFwYqNNCAsqP4rxAMkEFY6tIIOwZ49eR6aJxW7Wjm9qRZrF1kcebAPDkAJ2OAM1MAVqIMGwOARPINX8GY8GS/Gu/Exbc0Z2cwu+CPj8wc47pYf</latexit>

W2(twR, xwR)

<latexit sha1_base64="RlM3GBIejABX5Czr+R7fh8g0xhQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosunFZxT6gDWEynbRDJ5MwM9GWkF9x40IRt/6IO//GaZqFth643MM59zJ3jhcxKpVlfRuFtfWNza3idmlnd2//wDwsd2QYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW7mfveRCElD/qBmEXECNOLUpxgpLblmuevWq8pNnu7T82nWzlyzYtWsDHCV2DmpgBwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0NYkkihCdoRPqachQQ6STZ7Sk81coQ+qHQxRXM1N8bCQqknAWengyQGstlby7+5/Vj5V85CeVRrAjHi4f8mEEVwnkQcEgFwYrNNEFYUH0rxGMkEFY6rpIOwV7+8irp1Gt2o3Zx16g0r/M4iuAYnIAqsMElaIJb0AJtgMEUPINX8GakxovxbnwsRgtGvnME/sD4/AFJ9ZP4</latexit>

Oj(b, xj)

<latexit sha1_base64="MoGdgJPYCqlXYyYL+rANfTEMewc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXInoMevFmBPOAZFlmJ7PJJLMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vJgzqSzr21haXlldW89t5De3tnd2zcJeQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa94dXEb95TIVkU3qlRTJ0A90LmM4KVllyzkHYI5uhm7A5K3smjOzh2zaJVtqZAi8TOSBEy1Fzzq9ONSBLQUBGOpWzbVqycFAvFCKfjfCeRNMZkiHu0rWmIAyqddHr6GB1ppYv8SOgKFZqqvydSHEg5CjzdGWDVl/PeRPzPayfKv3BSFsaJoiGZLfITjlSEJjmgLhOUKD7SBBPB9K2I9LHAROm08joEe/7lRdI4LduV8tltpVi9zOLIwQEcQglsOIcqXEMN6kDgAZ7hFd6MJ+PFeDc+Zq1LRjazD39gfP4ADYaTOQ==</latexit>

Oj(�a � i⇡, xj)

<latexit sha1_base64="k7K9TKorH+d7JoXY6RS74hVJmmg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUMGWRCq6LLpxZwX7gCaEyXTaTjuZhJmJWEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89fsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20eSMMpJQ1HFSDsSBAU+Iy1/dD3xWw9ESBryezWOiBugPqc9ipHSkmceJA5GDN6m3rBURmXqRPT00RueeGbRqlhTwEViZ6QIMtQ988vphjgOCFeYISk7thUpN0FCUcxIWnBiSSKER6hPOppyFBDpJtMHUnislS7shUIXV3Cq/p5IUCDlOPB1Z4DUQM57E/E/rxOr3qWbUB7FinA8W9SLGVQhnKQBu1QQrNhYE4QF1bdCPEACYaUzK+gQ7PmXF0nzrGJXK+d31WLtKosjDw7BESgBG1yAGrgBddAAGKTgGbyCN+PJeDHejY9Za87IZvbBHxifPw5DlWw=</latexit>

tR
<latexit sha1_base64="fDW8rz9iqiI6iAQMKRFJeNlfRP4=">AAACFXicdVBPS8MwHE3nvzn/VT16CQ7BwyjdVnW7Db14nOI2YSslzbItLE1Lkgqj7Et48at48aCIV8Gb38asW0FFHwQe771f8svzI0alsu1PI7e0vLK6ll8vbGxube+Yu3ttGcYCkxYOWShufSQJo5y0FFWM3EaCoMBnpOOPL2Z+544ISUN+oyYRcQM05HRAMVJa8sxS0ksv6Yqh7ya25dTrju2UbOvEdurVailVas7pVHnXU88sZgmYJWCWgGXLTlEECzQ986PXD3EcEK4wQ1J2y3ak3AQJRTEj00IvliRCeIyGpKspRwGRbpIuNIVHWunDQSj04Qqm6veJBAVSTgJfJwOkRvK3NxP/8rqxGtTchPIoVoTj+UODmEEVwllFsE8FwYpNNEFYUL0rxCMkEFa6yIIuIfsp/J+0K1a5alWunGLjfFFHHhyAQ3AMyuAMNMAlaIIWwOAePIJn8GI8GE/Gq/E2j+aMxcw++AHj/QvU4Zt4</latexit>

tL
<latexit sha1_base64="F+lJ0Dt9bZvgjVamPC/0xjgZGPo=">AAACFXicdVBPS8MwHE3nvzn/VT16CQ7BwyjdVnW7Db148DDBbcJWSpplW1ialiQVRtmX8OJX8eJBEa+CN7+NWbeCij4IPN57v+SX50eMSmXbn0ZuaXlldS2/XtjY3NreMXf32jKMBSYtHLJQ3PpIEkY5aSmqGLmNBEGBz0jHH1/M/M4dEZKG/EZNIuIGaMjpgGKktOSZpaSXXtIVQ99NbMup1x3bKdnWie3Uq9VSqtSc06nyrqaeWcwSMEvALAHLlp2iCBZoeuZHrx/iOCBcYYak7JbtSLkJEopiRqaFXixJhPAYDUlXU44CIt0kXWgKj7TSh4NQ6MMVTNXvEwkKpJwEvk4GSI3kb28m/uV1YzWouQnlUawIx/OHBjGDKoSzimCfCoIVm2iCsKB6V4hHSCCsdJEFXUL2U/g/aVesctWqXDvFxvmijjw4AIfgGJTBGWiAS9AELYDBPXgEz+DFeDCejFfjbR7NGYuZffADxvsXy8Obcg==</latexit>

WL
1 (twL, xwL)

<latexit sha1_base64="20TYJCxWcMY1A64PwrFNUw/JnFA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJVHRZdOOiiwr2AW0Mk+mkHTqZhJmJWkPxV9y4UMSt/+HOv3GaZqGtBy73cM69zJ3jRYxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGlxO/dUeEpCG/UaOIOAHqc+pTjJSWXHOv5dq3tZJyk/va+PghbUeuWbTKVgo4T+yMFEGGumt+dXshjgPCFWZIyo5tRcpJkFAUMzIudGNJIoSHqE86mnIUEOkk6fVjeKiVHvRDoYsrmKq/NxIUSDkKPD0ZIDWQs95E/M/rxMo/dxLKo1gRjqcP+TGDKoSTKGCPCoIVG2mCsKD6VogHSCCsdGAFHYI9++V50jwp25Xy6XWlWL3I4siDfXAASsAGZ6AKrkAdNAAGj+AZvII348l4Md6Nj+lozsh2dsEfGJ8/jhWUqQ==</latexit>

WR
2 (twR, xwR)

<latexit sha1_base64="ft7/ZSutJPAtJg760F7W2eYlxJE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoICUpFV0W3bisxT6gjWEynbRDJ5MwM1FrKP6KGxeKuPU/3Pk3TtMstPXA5R7OuZe5c7yIUaks69tYWFxaXlnNreXXNza3ts2d3aYMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vOHlxG/dESFpyG/UKCJOgPqc+hQjpSXX3G+55dt6UbnJfX188pC2Y9csWCUrBZwndkYKIEPNNb+6vRDHAeEKMyRlx7Yi5SRIKIoZGee7sSQRwkPUJx1NOQqIdJL0+jE80koP+qHQxRVM1d8bCQqkHAWengyQGshZbyL+53Vi5Z87CeVRrAjH04f8mEEVwkkUsEcFwYqNNEFYUH0rxAMkEFY6sLwOwZ798jxplkt2pXR6XSlUL7I4cuAAHIIisMEZqIIrUAMNgMEjeAav4M14Ml6Md+NjOrpgZDt74A+Mzx+rjpS8</latexit>

OL
j (a, xj)

<latexit sha1_base64="atWJktR1vod5ujHY5zIQvtimsjk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiFV0W3bgQrGAf0MYwmU7aaSeTMDMRQ6i/4saFIm79EHf+jdM2C209cOFwzr3ce48XMSqVZX0buaXlldW1/HphY3Nre8fc3WvKMBaYNHDIQtH2kCSMctJQVDHSjgRBgcdIyxtdTvzWAxGShvxOJRFxAtTn1KcYKS25ZjHtYsTgzdgd3l+X0fGjOzxyzZJVsaaAi8TOSAlkqLvmV7cX4jggXGGGpOzYVqScFAlFMSPjQjeWJEJ4hPqkoylHAZFOOj1+DA+10oN+KHRxBafq74kUBVImgac7A6QGct6biP95nVj5505KeRQrwvFskR8zqEI4SQL2qCBYsUQThAXVt0I8QAJhpfMq6BDs+ZcXSfOkYlcrp7fVUu0iiyMP9sEBKAMbnIEauAJ10AAYJOAZvII348l4Md6Nj1lrzshmiuAPjM8fZHiT9g==</latexit>

OR
j (b, xj)

<latexit sha1_base64="rVLWMbW4xWsqUgXcUaIpk2KUdtg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiFV0W3bizin1AG8NkOmmnnUzCzEQMof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPV7EqFSW9W3klpZXVtfy64WNza3tHXN3rynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Q58VsPREga8juVRMQJUJ9Tn2KktOSaxbSLEYPXY3d4f1v2jh/d4ZFrlqyKNQVcJHZGSiBD3TW/ur0QxwHhCjMkZce2IuWkSCiKGRkXurEkEcIj1CcdTTkKiHTS6fFjeKiVHvRDoYsrOFV/T6QokDIJPN0ZIDWQ895E/M/rxMo/d1LKo1gRjmeL/JhBFcJJErBHBcGKJZogLKi+FeIBEggrnVdBh2DPv7xImicVu1o5vamWahdZHHmwDw5AGdjgDNTAFaiDBsAgAc/gFbwZT8aL8W58zFpzRjZTBH9gfP4Ab0OT/Q==</latexit>

u

<latexit sha1_base64="axDvwpv7CbZ74TfJW4UYyzbcI+Y=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRCQkpbVdFt24rGAvkIYymU7aoZMLMxOhhLyDG1/FjQtF3Lpx59s4TRpQ0QMDP/93zsyZ340YFdI0P7XSyura+kZ5s7K1vbO7p+8f9EQYc0y6OGQhH7hIEEYD0pVUMjKIOEG+y0jfnV0teP+OcEHD4FbOI+L4aBJQj2IklTXSz5JhdonNJ66TmEbDNGtm8zwXrYtcWM1WGqcjvVpwWHBYcGgZZlZVsKzOSP8YjkMc+ySQmCEhbMuMpJMgLilmJK0MY0EihGdoQmwlA+QT4STZOik8Uc4YeiFXJ5Awc79PJMgXYu67qtNHcip+s4X5F7Nj6bWchAZRLEmA84e8mEEZwkVAcEw5wZLNlUCYU7UrxFPEEZYqxooKofgp/F/0aoZVNxo39Wr7chlHGRyBY3AKLNAEbXANOqALMLgHj+AZvGgP2pP2qr3lrSVtOXMIfpT2/gX1jpps</latexit>

v

<latexit sha1_base64="jYGNTbmP5nHij7NsexXZpS7Kr08=">AAACE3icbZDLSsNAFIYnXmu9RV26CRZBRMKktLbLohuXFewF0lAm00k7dHJhZlIoIe/gxldx40IRt27c+TZOkyy09cDAx/+fM3PmdyNGhYTwW1tb39jc2i7tlHf39g8O9aPjrghjjkkHhyzkfRcJwmhAOpJKRvoRJ8h3Gem509uF35sRLmgYPMh5RBwfjQPqUYykkob6ZTLILrH52HUSaNYhrMLGVQ7N6xysRjOdpUO9Ak2YlbEKVgEVUFR7qH8NRiGOfRJIzJAQtgUj6SSIS4oZScuDWJAI4SkaE1thgHwinCRbJzXOlTIyvJCrE0gjU39PJMgXYu67qtNHciKWvYX4n2fH0ms6CQ2iWJIA5w95MTNkaCwCMkaUEyzZXAHCnKpdDTxBHGGpYiyrEKzlL69Ct2paNbN+X6u0boo4SuAUnIELYIEGaIE70AYdgMEjeAav4E170l60d+0jb13TipkT8Ke0zx+mbpo1</latexit>
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Figure 17: The arrangement of operator insertions for the six-point function (C.56) along the
complex time contour (left) and on the two sides of the thermofield double geometry (right). The
approximate left-right geodesic is shown in blue; its interior anchor points (ua, vb) differ from the
exterior coordinates (ũa, ṽb) by a finite amount (C.63).

(normalized) six-point function of interest is:

F6 =

〈
W1(t̂1, xwL)Oj(t̂3, xj)W1(t̂2, xwL)W2(t̂5, xwR)Oj(t̂4, xj)W2(t̂6, xwR)

〉
β

〈W1(t̂1, xwL)W1(t̂2, xwL)〉β 〈Oj(t̂3, xj)Oj(t̂4, xj)〉β 〈W2(t̂5, xwR)W2(t̂6, xwR)〉β
(C.56)

where we insert pairs of identical operators at the same spatial locations xwL, xwR, xj , and we

defined the regularized (complex) insertion times

t̂1 = −twL − i(π + 2δ1) , t̂2 = −twL − iπ , t̂3 = −a− iπ , t̂4 = b , t̂5 = twR − 2iδ2 , t̂6 = twR .

(C.57)

The setup is illustrated in figure 17. It is useful to think of F6 as a two-point function of operators

Oj , which probe the state WR
2 (twR, xwR)WL

1 (twL, xwL)|TFD〉, obtained by acting with two localized

perturbations on the thermofield double (a.k.a., the two-sided purification of the thermal state).

We will assume that the operators are all scalars. We will compute the six-point function using

the eikonal formalism for gravitational shockwave scattering that was developed in [75, 76, 77, 78,

79, 80], introduced to the present context in [64, 81], and adapted to six-point functions in [15]. We

refer especially to [64, 15] for detailed explanations relevant to the calculations below. Using the

techniques developed therein, we obtain the eikonal approximation to the correlator in momentum

space:

F6 ≈ N
∫
dpudpvdqudqv

∫
dxdx′dydy′ 〈W2(xwR)|pu, y〉〈pu, y|W2(xwR)〉

× 〈W1(xwL)|pv, x〉〈pv, x|W1(xwL)〉 〈OLj (xj)ORj (xj)|qu, x′; qv, y′〉 eiG
(
qupve−|x−x′|+qvpue−|y−y′|

)
(C.58)

where pu,v and qu,v are null momenta along the horizons. The wave functions give a decomposition

of the shockwaves in states of definite momentum. For instance, the following combinations are
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products of bulk-boundary propagators (i.e., Fourier transforms of boundary two-point functions):

〈W1(xwL)|pv, x〉〈pv, x|W1(xwL)〉 = c1 Θ(pv)
(2pv etwL)2∆1

pv
e−4pv etwL sin δ1 cosh(x−xwL)

〈W2(xwR)|pu, y〉〈pu, y|W2(xwR)〉 = c2 Θ(pu)
(2pu etwR)2∆2

pu
e−4pu etwR sin δ2 cosh(y−xwR)

(C.59)

where c1,2 are appropriate normalization constants. Finally, we wish to express the left-right two-

point function as the Fourier transform of an appropriate bulk-to-bulk propagator from a point

(ua, va = 0, xa) on one horizon to a point (ub = 0, vb, xb) on the opposite horizon. The geodesic

distance between two generic points is

d(ua, va, xa;ub, vb, xb) = cosh−1

[
(1− uava)(1− ubvb) coshxab + 2(uavb + vaub)

(1 + uava)(1 + ubvb)

]
. (C.60)

We will make the following crude approximation: we write the left-right correlator as an expo-

nential of the sum of three geodesic distances. The geodesics connect the left and right insertion

points with points along the u = 0 and v = 0 horizons, respectively:

〈OLj (xj)ORj (xj)|qu, x′; qv, y′〉

≈
∫
duadvbdũadũb e

i(ũa−ua)qv+i(vb−ṽb)qu e−∆j [d(a,xj ;0,ṽb,x
′)+d(0,vb,x

′;ua,0,y′)+d(ũa,0,y′;b,xj)]
(C.61)

where we explicitly wrote the Fourier transform with respect to the horizon coordinates. Geodesic

distances d with only five arguments mean that one of the points has been taken to the bound-

ary (and that point is given in (t, x) boundary coordinates instead of (u, v, x) bulk coordinates).

Specifically:

d(a, xj ; 0, ṽb, x
′) = log

[
2rc
(
cosh

(
x′ − xj

)
+ eaṽb

)]
d(0, vb, x

′;ua, 0, y
′) = cosh−1

[
cosh

(
x′ − y′

)
+ 2uavb

]
d(ũa, 0, y

′; b, xj) = log
[
2rc

(
cosh

(
y′ − xj

)
+ ebũa

)] (C.62)

where rc is the cutoff value regulating divergences in bulk-boundary propagators.

Plugging the approximate left-right correlator into the integral (C.58) allows us to consider a

simple saddle point approximation for ∆j � 1. This amounts to extremizing the total geodesic

distance, which in turn leads to saddle point values for ua, vb, ũa, ṽb, as well as x, y, x′, y′. First,

we find the following shifts along the horizons:

ũa = ua +Gpue−|y−y
′| , ṽb = vb +Gpve−|x−x

′| . (C.63)

Using these expressions, we then have saddle point values x = xwL, y = xwR, x′ = y′ = xj . Finally,
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the saddle point values for the anchor points of the geodesics along the horizons are:

u∗a =
1

2

[
1

e−a +Gpve−|xwL−xj |
− e−b −Gpue−|xwR−xj |

]
,

v∗b =
1

2

[
1

e−b +Gpue−|xwR−xj |
− e−a −Gpve−|xwL−xj |

]
.

(C.64)

We are left with only two integrals over the original null momenta:

F6 ≈ N
∫
dpudpv 〈W2(xwR)|pu, xwR〉〈pu, xwR|W2(xwR)〉 〈W1(xwL)|pv, xwL〉〈pv, xwL|W1(xwL)〉

× e−∆j

[
d(a,xj ;0,v∗b+Gpve−|xwL−xj |,x′)+d(0,v∗b ,xj ;u∗a,0,xj)+d(u∗a+Gpue−|xwR−xj |,0,xj ;b,xj)

]

=
N c1c2[

2 cosh a+b
2

]2∆j

∫ ∞
0

dpu

pu
dpv

pv
(
2pvetwL

)2∆1
(
2puetwR

)2∆2 e−4pvetwL sin δ1−4puetwR sin δ2

×
[

1 +
Gpve

a−b
2
−|xwL−xj | +Gpue−

a−b
2
−|xwR−xj | +G2pvpue

a+b
2
−|xwL−xj |−|xwR−xj |

2 cosh a+b
2

]−2∆j

(C.65)

This integral is of the same form as (A.9) in [15], except for additional dependence on the transverse

coordinates. This integral can be straightforwardly evaluated by saddle point for ∆1,2 � ∆j . We

then simply find:

F6 ≈
[

1

1 +G∆1 z1

]2∆j
[

1

1 +G∆2 z2

]2∆j

 1

1 + G2∆1∆2 z1 z2 ea+b

(1+G∆1 z1)(1+G∆2 z2)

2∆j

(∆1,2 � ∆j) (C.66)

where we abbreviate

z1 =
e

a−b
2
−twL−|xwL−xj |

8 sin δ1 cosh a+b
2

, z2 =
e−

a−b
2
−twR−|xwR−xj |

8 sin δ2 cosh a+b
2

. (C.67)

For a, b� −twR,wL it simplifies further, as we can ignore the first two factors in (C.66):

F6 ≈
[

1

1 + G2∆1∆2
16 sin δ1 sin δ2

e−twL−twR−|xwL−xj |−|xwR−xj |

]2∆j

(∆1,2 � ∆j , a, b� −twR,wL)

(C.68)

The physics of these expressions was discussed in [14] for lower dimensions. The new feature here

is the form of the x-dependence, but the detailed analysis in that reference otherwise applies.
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