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Abstract

We study a large-N bosonic quantum mechanical sigma-model with a spherical target space sub-
ject to disordered interactions, more colloquially known as the p-spin spherical model. Replica
symmetry is broken at low temperatures and for sufficiently weak quantum fluctuations, which
drives the system into a spin glass phase. The first half of this paper is dedicated to a discussion
of this model’s thermodynamics, with particular emphasis on the marginally stable spin glass.
This phase exhibits an emergent conformal symmetry in the strong coupling regime, which dic-
tates its thermodynamic properties. It is associated with an extensive number of nearby states
in the free energy landscape. We discuss in detail an elegant approximate solution to the spin
glass equations, which interpolates between the conformal regime and an ultraviolet-complete
short distance solution. In the second half of this paper we explore the real-time dynamics of
the model and uncover quantum chaos as measured by out-of-time-order four-point functions,
both numerically and analytically. We find exponential Lyapunov growth, which intricately
depends on the model’s couplings and becomes strongest in the quantum critical regime. We
emphasize that the spin glass phase also exhibits quantum chaos, albeit with parametrically
smaller Lyapunov exponent than in the replica symmetric phase. An analytical calculation in
the marginal spin glass phase suggests that this Lyapunov exponent vanishes in a particular
infinite coupling limit. We comment on the potential meaning of these observations from the
perspective of holography.
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1 Introduction

1.1 Motivation from holography

The question of low dimensional holography stands at a crossroads. A plethora of microscopic
constructions exist for AdSd≥3, whereas until Kitaev’s seminal work [1], the case for d = 2 remained
crucially out of reach. The difficulty in dealing with AdS2 stems from the fact that finite energy
excitations tend invariably to destroy the AdS2 asymptotics. And besides wilting in the presence
of these finite-energy excitations, AdS2 also exhibits a fragmentation instability [2] meaning that a
single AdS2 throat can break up into multiple distinct throats via quantum tunneling, each with its
own (near-)extremal horizon. One particularly simple example of this phenomenon involves a single
electrically charged black hole with mass equal to its charge in Planck units, which has the potential
to break up in any of the multi-horizoned geometries discovered independently by Majumdar and
Papapetrou [3, 4] with the same total charge.

Despite these difficulties, many papers have been dedicated to uncovering the microscopic under-
pinnings responsible for the observed dynamics found in the near-horizon region of extremal black
holes [5–9] with a boon of renewed interest in the topic following Kitaev’s discovery [10–21]. Most
of the current set of microscopic models are of the following type: they involve a fermionic quantum
mechanical system with a large-N flavor index and a disordered multi-body interaction. All mod-
els exhibits an emergent time-reparametrization symmetry in the infrared and at strong coupling.
They have successfully elucidated several unique features of AdS2 quantum gravity, from explicitly
matching the boundary dynamics describing the soft breaking of the AdS2 asymptotics [22] to repro-
ducing the multi-boundary Euclidean gravity path integral [23–26]. But it bears mentioning that,
since the concern in all of these works is in reproducing the dynamics in the near-horizon region
of a single AdS2 throat, none have yet addressed the question of fragmentation. What additional
features must we add to the microscopic models in order to describe this kind of physics? Our paper
aims to take a step in this direction.

Aside on string constructions

In quantum gravity, it is usually a good idea to ask questions within the framework of string theory.
String theoretic black holes also fragment. The clearest example involves the landscape of rigid
multi-centered solutions to N = 2 supergravity in four dimensions [27–29]. Single-horizon configu-
rations are, at best, local free energy minima of the supergravity ensemble at low temperatures, and
any system prepared in such a single-horizon state should be expected to fragment dynamically into
a multi-centered configuration at low temperatures. This is due to the fragmented configurations
being the globally preferred minima of the ensemble. Each individual black hole in these galaxies
admits an AdS2 near horizon region, and moreover the entire collection of black holes also fits in-
side one larger AdS2 throat. In certain limits, these bound systems of extremal black holes have
quantum mechanical duals originating in brane constructions from string theory. We will refer to
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these brane models as quiver quantum mechanics (QQM) [30–32].
Let us briefly review the essential features of QQM systems. First, they exhibit N = 4 super-

symmetry, matching the number of supersymmetries preserved by the black hole geometries. The
degrees of freedom can be split up into two types:

• Chiral multiplet degrees of freedom representing open strings stretched between stacks of
D-branes (φαi , ψ

α
i , F

α
i ) .

• Vector multiplet degrees of freedom representing the worldvolume degrees if freedom of D-
branes in a stack: ({A, ~X}, λ,D) .

The bottom components φ, {A, ~X} of these multiplets are bosons, followed by their respective
fermionic superpartners (ψ, λ). The top components F and D are auxiliary bosons required for
closure of the supersymmetry algebra. They are non-dynamical and do not participate in the
interaction potential. The chiral matter is bifundamentally charged under pairs of vector multiplet
degrees of freedom and for this reason, the index a labels pairs of D-brane (stacks) the open strings
can end on. The index i = 1, . . . , N is a flavor index, allowing for an interesting large-N limit,
different from the large-N of D-branes in a single stack usually taken in AdS/CFT.

The chiral matter interactions are governed by a superpotential W , which is a polynomial of
the chiral bosons. Because of the bifundamental nature of the chiral matter, the lowest order
gauge-invariant polynomial involving the φ’s is cubic:

W (φ) = Ωijkφ
1
iφ

2
jφ

3
k + . . . (1.1)

where Ωijk captures geometric data of some compactification manifold, and higher order terms are
certainly permitted. For complicated enough compactifications, we can treat Ωijk like a source
of disorder [15], and can focus only on disorder-averaged quantities. The chiral interactions are
governed by the following potential:

V =
∑
i,a

∣∣∣∣∂W (φ)

∂φai

∣∣∣∣2 +
1

g2
YM

∑
a

(
θa −

∑
i

|φai |2
)2

+

(
∂2W (φ)

∂φai ∂φ
b
j

ψai εψ
b
j + h.c.

)

where the θa, known as Fayet-Illiopoulos parameters, are allowed by the supersymmetry algebra.
We highlight two features of this interaction potential: first, the fermions only participate in many-
body interactions with the bosons, and not amongst themselves. So in order to get interesting
SYK-type physics in the IR, it must be the result of interactions induced by integrating out the
bosons.1 Secondly, the ground states (with V = 0) of this system satisfy∑

i

|φai |2 = θa ∀a (1.2)

1Recently, a novel class of N = 4 models has been constructed which do have SYK-like multi-body fermionic
interactions [33], (see also [34,35]).
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meaning they parametrize a complex manifold made up of products of CPN−1 [31]. The disorder av-

eraged version of this model was studied in [15], in the gYM →∞ limit, meaning the
(
θ −∑i |φi|2

)2

part of the potential was dropped. In this approximation, the IR physics exhibits an emergent
diff(S1) symmetry in the fermionic sector softly broken to SL(2,R) (as exhibited by a linear in T
specific heat) prototypical of models in the SYK universality class. However, this approximation
fails to capture any hint of the fragmentation instability.

The p-spin glass model

It is important to see if reintroducing the constraint (1.2) gives rise to new features that could
potentially capture the fragmentation instability. To simplify our analysis, we will instead consider
a well-studied model from the spin glass literature, namely the p-spin spherical model [36] (see [37]
for a review of its statics), which shares many key features with QQM. The degrees of freedom are
bosons σi with i = 1, . . . , N interacting via the potential

V = Ji1...ipσi1 . . . σip , (1.3)

where the couplings are disordered and sampled from a probability distribution, and the ‘spins’ σi
are subject to the following spherical constraint∑

i

σ2
i = N , (1.4)

meaning that this a nonlinear sigma model on the group manifold of an N -dimensional sphere.
This bosonic model clearly distills the essential features of the bosonic sector of the QQM described
above.2 Our perspective is the following: the SYK-like physics responsible for the excitations of a
single AdS2 geometry is captured by the fermions of the QQM. We would like to explore whether
the non-linear sigma model bosons have the potential to mediate the fragmentation instability. To
this end we will study the simplified p-spin model in order to understand if this is the case, and if
so, what is the order parameter of the fragmentation instability?

A few caveats are in order before we continue. Let us recall that the fragmentation instability
mediates between single- and multi-horizoned geometries that all fit within an asymptotic AdS2

throat. This means that the instability should preserve the SL(2,R) symmetries so fruitful for
SYK. However, the p-spin model (and by extension the bosonic sector of QQM) has an intrinsic
scale: the volume of the sigma model manifold. It should then come as a surprise to everyone that
the p-spin model exhibits correlation functions consistent with an emergent conformal symmetry
in the IR and at strong coupling, as first reported in a beautiful paper by Cugliandolo, Grempel,
and da Silva Santos [38]. Moreover, this interesting behavior is found below the model’s spin glass
transition, meaning that there are gapless excitations in a system that is meant to be frustrated!

2One flaw in the analogy of course is that the p-spin model allows for negative directions of the potential energy,
which is not the case in QQM.
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As we will review, these two features go hand in hand. The spin glass transitions is what allows
the p-spin model to forget about its IR cutoff and comes along with an explosion in the number of
nearby states of the free energy landscape, captured by an entropic quantity, called the complexity
in the spin glass literature, which scales extensively with N . Our aim in this paper is to suggest,
albeit we have not proven, that the spin glass transition is microscopically dual to the fragmentation
instability. The order parameter for this spin glass transition is known as the Edwards-Anderson
parameter [39], and is diagnosed by a failure of Euclidean correlators to cluster at large separations.
In order to affirm this guess, one would need to find a Lorentzian bulk observable sensitive to
this order parameter, and exhibit a failure of clustering for a particular observable. We do not
claim to have done this. Moreover, this idea is not new, as there are previous attempts to link the
phenomenology of glasses to multi-horizoned black holes [9, 40–43] (see also [44–46]).

Beyond an in-depth review of the thermodynamics and real-time dynamics of this model aimed
at high energy physicists, we also compute a real-time out-of-time-order correlation functions for
the p-spin model and find a nonzero Lyapunov exponent in the conformal spin glass phase, meaning
that certain modes scramble efficiently even beyond the spin glass phase transition. However,
unlike the SYK model [1, 11], the Lyapunov exponent vanishes in a particular infinite coupling
limit, suggesting that the bosonic modes would not participate in scrambling deep in the spin glass
phase in the putative holographic dual. Other important recent explorations of the relation between
the SYK model, spin glasses, and holography include [47–51]. Finally, we note that other bosonic
spin models have enjoyed significant interest in recent years, and we will have the opportunity to
make use of some of the techniques that were developed [52–62].

With the introduction now winding down, it would be remiss of us not to mention that holog-
raphy only makes fleeting appearances in the remainder of this paper (see, e.g., section 4.6), which
instead is devoted to an in-depth study of p-spin model in its own right, to allow for a potential holo-
graphic interpretation in the future. We have gone to great effort to make the paper self-contained,
often at the expense of length. So let us now summarize the main results.

1.2 Summary and main results

To guide the reader, we will now summarize the main points and results of our analysis (we illustrate
some of these features in the cartoon figure 1). Some of these results were already known and can
be found in the references (in particular [38]):

• The model in question has two dimensionless parameters: one measuring the coupling strength
βJ and another controlling the strength of quantum fluctuations MJ , where the classical
limit is the limit of large MJ . These dimensionless parameters can be combined into a third
dimensionless quantity, namely M/β.

• In disordered models, the spin glass transition is diagnosed by replica symmetry breaking
(RSB). We will explain in detail what these replicas are, and what symmetry is being broken

7



T/J
<latexit sha1_base64="FjGYCKXLhBiuppQoOh4Bq6ukpjk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8xd0o6DHoRTxFzAuSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZm4rv72zu7dfODhsmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGt1O/+cS1EbGq4SjhfkT7SoSCUbTSY+38vlsouiV3BrJMvIwUIUO1W/jq9GKWRlwhk9SYtucm6I+pRsEkn+Q7qeEJZUPa521LFY248cezUyfk1Co9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz2x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmk7cheIsvL5NGueRdlMoPl8XKTRZHDo7hBM7AgyuowB1UoQ4M+vAMr/DmSOfFeXc+5q0rTjZzBH/gfP4AswuNaQ==</latexit>

1/(MJ)
<latexit sha1_base64="BB3Z4TzwylmGc0Ykrx5TZm0Zhj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9CKCUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B60+GHi8N8PMvCDmTBvX/XJyS8srq2v59cLG5tb2TnF3r6lloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6mfuuRKs2kuDfjmPoRHggWMoKNlZreSfn25rhXLLkVdwb0l3gZKUGGeq/42e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZ9dO0JFV+iiUypYwaKb+nEhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT11GfKUoMH1uCiWL2VkSGWGFibEAFG4K3+PJf0qxWvNNK9e6sVLvM4sjDARxCGTw4hxpcQx0aQOABnuAFXh3pPDtvzvu8NedkM/vwC87HN956jgI=</latexit>

(0 < u, m < 1)
<latexit sha1_base64="xAAbfXOm6b5hv2eGBYrLAog/crc=">AAACG3icbVBLS8NAGNzUV62vqEcvwSJUKCGpxfbQQ9GLxwr2AWkom+2mXbp5sLsRSsj/8OJf8eJBEU+CB/+N2zT1UR1YGGbm2/12nJASLgzjQ8mtrK6tb+Q3C1vbO7t76v5BhwcRQ7iNAhqwngM5psTHbUEExb2QYeg5FHedyeXM795ixkng34hpiG0PjnziEgSFlAZqJe6nl1hs5NixodfMav3cLBu6keKLJCWjEZW9hnmaDNTiIqct7G9iZqQIMrQG6lt/GKDIw75AFHJumUYo7BgyQRDFSaEfcRxCNIEjbEnqQw9zO07XSrQTqQw1N2Dy+EJL1Z8TMfQ4n3qOTHpQjPmyNxP/86xIuHU7Jn4YCeyj+UNuRDURaLOitCFhGAk6lQQiRuSuGhpDBpGQdRZkCebyl/+STkU3z/TKdbXYvMjqyIMjcAxKwAQ10ARXoAXaAIE78ACewLNyrzwqL8rrPJpTsplD8AvK+yfXLpxB</latexit>

(u = 0, m = 1)
<latexit sha1_base64="mtNtGv3ZK6p5U24wyX3rvxXYiz8=">AAACHnicbVBLSwMxGMz6rPW16tFLsAgVStmt1fZSKHrxWME+oF1KNs22odkHSVYoy/4SL/4VLx4UETzpvzHdbn1UBwLDzHzJl7EDRoU0jA9taXlldW09s5Hd3Nre2dX39lvCDzkmTewzn3dsJAijHmlKKhnpBJwg12akbY8vp377lnBBfe9GTgJiuWjoUYdiJJXU18+iXnJJlw9tKzKKFbNcPTcLRtFI8EXifFgzCr0CdGvmSdzXc/MonCe+iZmSHEjR6OtvvYGPQ5d4EjMkRNc0AmlFiEuKGYmzvVCQAOExGpKuoh5yibCiZLMYHitlAB2fq+NJmKg/JyLkCjFxbZV0kRyJRW8q/ud1Q+lUrYh6QSiJh2cPOSGD0ofTruCAcoIlmyiCMKdqV4hHiCMsVaNZVYK5+OW/pFUqmqfF0nU5V79I68iAQ3AE8sAEFVAHV6ABmgCDO/AAnsCzdq89ai/a6yy6pKUzB+AXtPdPcfWdCQ==</latexit>

tricritial point
<latexit sha1_base64="20ufi4cce3G54ag0fqI2h4zsSyY=">AAACAHicbZBLS8NAFIUn9VXrK+rChZvBIrgqSRV0WXTjsoJ9QBvKZDpph04mYeZGLCEb/4obF4q49We48984TbPQ1gMDH+fcy3CPHwuuwXG+rdLK6tr6RnmzsrW9s7tn7x+0dZQoylo0EpHq+kQzwSVrAQfBurFiJPQF6/iTm1neeWBK80jewzRmXkhGkgecEjDWwD7qA3uEFBSnigMnAscRl5AN7KpTc3LhZXALqKJCzYH91R9GNAmZBCqI1j3XicFLiQJOBcsq/USzmNAJGbGeQUlCpr00PyDDp8YZ4iBS5knAuft7IyWh1tPQN5MhgbFezGbmf1kvgeDKS7mME2CSzj8KEoEhwrM28JArRkFMDZC8AIrpmChCwXRWMSW4iycvQ7tec89r9buLauO6qKOMjtEJOkMuukQNdIuaqIUoytAzekVv1pP1Yr1bH/PRklXsHKI/sj5/ANC1ly8=</latexit>

“qu
antu

m scal
ing”

<latexit sha1_base64="ms2f1HjJms5K0yIiayMKe5ns1zo=">AAACA3icbVDLTgIxFO3gC/E16k43jcTgisygiS6JblxiIo8EJtApBRo6nbG9YyQTEjf+ihsXGuPWn3Dn31hgFgqe5CYn59zb3nv8SHANjvNtZZaWV1bXsuu5jc2t7R17d6+mw1hRVqWhCFXDJ5oJLlkVOAjWiBQjgS9Y3R9eTfz6PVOah/IWRhHzAtKXvMcpASO17YMWsAdIOp27mEiIA6wpMW/1C4Vx2847RWcKvEjclORRikrb/mp1QxoHTAIVROum60TgJUQBp4KNc61Ys4jQIemzpqGSBEx7yfSGMT42Shf3QmVKAp6qvycSEmg9CnzTGRAY6HlvIv7nNWPoXXgJl1EMTNLZR71YYAjxJBDc5YpRECNDCFXc7IrpgChCwcSWMyG48ycvklqp6J4WSzdn+fJlGkcWHaIjdIJcdI7K6BpVUBVR9Iie0St6s56sF+vd+pi1Zqx0Zh/9gfX5A0OYl+Y=</latexit> (con
form

al)

<latexit sha1_base64="06YDW/pybsOvpBAG+BMJ61X5bRM=">AAACJHicbVBJSwMxGM241rpVPXoZLEIFKTNVUPBS9OKxgl1gOpRMmmlDk8yQfCOWYX6MF/+KFw8uePDibzFdBG19EHi89215QcyZBsf5tBYWl5ZXVnNr+fWNza3tws5uQ0eJIrROIh6pVoA15UzSOjDgtBUrikXAaTMYXI385h1VmkXyFoYx9QXuSRYygsFIncJF2h4P8VQv8FOn7IxxPEeyNtB7SEskkmGkBOZHWdYpFH9se564U1JEU9Q6hbd2NyKJoBIIx1p7rhODn2IFjHCa5duJpjEmA9yjnqESC6r9dHxfZh8apWub5eZJsMfq744UC62HIjCVAkNfz3oj8T/PSyA891Mm4wSoJJNFYcJtiOxRYnaXKUqADw3BRDFzq036WGECJte8CcGd/fI8aVTK7km5cnNarF5O48ihfXSASshFZ6iKrlEN1RFBD+gJvaBX69F6tt6tj0npgjXt2UN/YH19A+7FoVg=</latexit>

PM phase
<latexit sha1_base64="vz7j+smP8QmxYN4ePo8eMwumjzY=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwISWpgl0W3bgRKtgHJKFMppN26OTBzI1YQn7Fjb/ixoUi3Yk/47SNoK0HBg7n3NccLxZcgWl+GoWV1bX1jeJmaWt7Z3evvH/QVlEiKWvRSESy6xHFBA9ZCzgI1o0lI4EnWMcbXU/9zgOTikfhPYxj5gZkEHKfUwJa6pXrqTMbYsuB56Zm1ZzhbIlkDrBHSJu3OB7qdVnWK1d+PLxMrJxUUI5mrzxx+hFNAhYCFUQp2zJjcFMigVPBspKTKBYTOiIDZmsakoApN50dl+ETrfSxH0n9QsAz9XdHSgKlxoGnKwMCQ7XoTcX/PDsBv+6mPIwTYCGdL/ITgSHC07hwn0tGQYw1IVRyfSumQyIJBR1qSYdgLX55mbRrVeu8Wru7qDSu8jiK6Agdo1NkoUvUQDeoiVqIoif0gt7Qu/FsvBofxmReWjDynkP0B8bXN11Dn/Y=</latexit>

coexistence
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locally maximal �L(MJ)
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quantum
<latexit sha1_base64="SeJaKjb4bbhskzlBKV6N9s0aZJU=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wFtLdk024Ym2TWZqGXp//DiQRGv/hdv/hvTdg/a+mDg8d4MM/PCRHADvv/tLS2vrK6t5zbym1vbO7uFvf26ia2mrEZjEetmSAwTXLEacBCsmWhGZChYIxxeTfzGA9OGx+oWRgnrSNJXPOKUgJPu2sCeIL23RIGV426h6Jf8KfAiCTJSRBmq3cJXuxdTK5kCKogxrcBPoJMSDZwKNs63rWEJoUPSZy1HFZHMdNLp1WN87JQejmLtSgGeqr8nUiKNGcnQdUoCAzPvTcT/vJaF6KKTcpVYYIrOFkVWYIjxJALc45pRECNHCNXc3YrpgGhCwQWVdyEE8y8vknq5FJyWyjdnxcplFkcOHaIjdIICdI4q6BpVUQ1RpNEzekVv3qP34r17H7PWJS+bOUB/4H3+AIhAky4=</latexit>

classical
<latexit sha1_base64="zxXdhvkAT1+XVVdPvg1lxG8xGJQ=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvcmQ2QczvcGw5E+8eFDEq3/izb9xstmDJhY0FFXdM93lJ1JodJxva219Y3Nru7RT3t3bPzi0j45bOk4VhyaPZaw6PtMgRQRNFCihkyhgoS+h7Y/v5n57AkqLOHrEaQJeyIaRCARnaKS+bfcQnjDjkmltRDnr2xWn6uSgq8QtSIUUaPTtr94g5mkIEeavdF0nQS9jCgWXMCv3Ug0J42M2hK6hEQtBe1m++YyeG2VAg1iZipDm6u+JjIVaT0PfdIYMR3rZm4v/ed0UgxsvE1GSIkR88VGQSooxncdAB0IBRzk1hHElzK6Uj5hiHE1YZROCu3zyKmnVqu5ltfZwVanfFnGUyCk5IxfEJdekTu5JgzQJJxPyTF7Jm5VZL9a79bFoXbOKmRPyB9bnD05BlBc=</latexit>

spin glass
<latexit sha1_base64="vJ+7PWo8g0cN7Mi9wh60Wxj9eSc=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+BCykwttjuLblwq2Ad0hpJJM21oJjMkd8QyzOe48VfciCji1i8xra2P6oHA4Zz7yvFjwTXY9ps1N7+wuLS8sppbW9/Y3Mpv7zR0lCjK6jQSkWr5RDPBJasDB8FasWIk9AVr+oPzkd+8YUrzSF7DMGZeSHqSB5wSMFInf5q64yFt1fO91C5WnHL1xDmyi/YYXyRzgd1C6vpBqmMucU8QrbMs6+QL0yY8rf0mzoQU0ASXnfyT241oEjIJdDSj7dgxeClRwKlgWc5NNIsJHZAeaxsqSci0l45vzPCBUbo4iJR5EvBY/dmRklDrYeibypBAX896I/E/r51AUPVSLuMEmKSfi4JEYIjwKDXc5YpREENDCFXc3IppnyhCwWSbMyE4s1/+SxqlonNcLF2VC7WzSRwraA/to0PkoAqqoQt0ieqIojv0gJ7Ri3VvPVqv1ttn6Zw16dlFv2C9fwAuQKO0</latexit>

paramagnetic
<latexit sha1_base64="8VgPyPer3eq6i865d8wJuoOC8iU=">AAACKnicbVDJSgNBFOxxN25Rj14Gg+BBwkwMJkeXi8cIZoHMEHo6b2KTnoXuN2IY5nu8+CteclCCVz/Ezub+oKGoqrd0ebHgCi1rZCwsLi2vrK6t5zY2t7Z38rt7DRUlkkGdRSKSLY8qEDyEOnIU0Iol0MAT0PT6V2O9eQ9S8Si8xUEMbkB7Ifc5o6ipTv4idSZD2rLnualVrNjl6pl9YhWtSX2CzEF4wNTx/DSmko6nAHKWZVknX5i3mXP3F7BnoEBmVevkh043YkkAITJBlWrbVoxuSqWeJyDLOYmCmLI+7UFbw5AGoNx0cmVmHmmma/qR1C9Ec8J+70hpoNQg8LQzoHinfmtj8j+tnaBfdVMexglCyKaL/ESYGJnj3Mwul8BQDDSgTHJ9q8nudBIMdbo5HYL9+8t/QaNUtE+LpZty4fxyFscaOSCH5JjYpELOyTWpkTph5JE8kxfyajwZQ2NkvE2tC8asZ5/8KOP9AxulpMA=</latexit>

Figure 1: Cartoon of the phase diagram of the p-spin spherical model. The basic pa-
rameters are temperature T/J ≡ 1/(βJ) and 1/(MJ). We show the rough shape of the spin glass
transition and the associated values of the order parameter u as well as the break point parameter
m. The ‘quantum scaling’ limit we discuss is a particularly useful way to approach the strong
coupling regime without eliminating the quantum features of the model. The yellow curve shows
where the quantum Lyapunov exponent is found to be the largest as a function of MJ for any fixed
temperature.

below, however it is important to state here that RSB is accompanied by a failure of clustering
in Euclidean correlation functions at zero-temperature:

lim
τ→∞
〈σi(τ)σi(0)〉 = u (1.5)

where the strength of the clustering violation is known as the Edwards-Anderson parameter
u [39]. As we will explain below, u also functions to measure the strength of replica symmetry
breaking (see, e.g., (2.22)) and plays a crucial role in our discussions of quantum chaos.

• The spin glass phase is also characterized by a non-zero cluster parameter m, which is some-
times called the breakpoint parameter in the spin glass literature. The quantity m roughly
corresponds to the sizes of clusters of states within the free-energy landscape, and indicates a
nontrivial hierarchical structure on the space of thermodynamic states [37,63–65].

• The spin glass transition in this models occurs at low temperatures (large βJ) and in the
classical regime (large MJ). Both thermal and quantum fluctuations destroy the spin glass
phase, so by either increasing the temperature, or by decreasing the coupling strengthMJ , we
drive the model towards a paramagnetic phase. The phase diagram of the model is sketched
in figure 1 (see also figure 8).

• At low temperatures there exist two branches of solutions, both in the paramagnetic and in
the spin glass phase. In each phase, one branch enters a conformal regime at large βJ . In the
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case of the paramagnet, the conformal branch is unphysical (thermodynamically disfavored
and unstable). In the case of the spin glass, the scaling solution is physical and marginally
stable. Thermodynamically, the marginally stable spin glass behaves like a conformal sys-
tem in many respects (zero temperature entropy, linear-in-temperature specific heat, gapless
spectrum etc.). However, it is important to state that it exists in a different thermodynamic
ensemble than the one typically considered (see, e.g., (4.52)), where m becomes an externally
tunable thermodynamic parameter. In practice, this implies tuning to the conformal spin
glass phase requires the replica symmetry to be explicitly, rather than spontaneously broken,
exhibited by a particular choice of the parameter m, see (2.7). The spontaneously broken spin
glass phase does not exhibit gapless excitations.

• The conformal spin glass phase exhibits an emergent diff(S1) symmetry at low energies, much
like the SYK model (see 4.1.1). The linear in T specific heat in this phase would suggest that
this symmetry is broken to SL(2,R), exhibited by a Schwarzian effective action. Some care
is required in this interpretation, which we touch upon in section 4.6.

• The conformal solution (4.18), describing long-wavelength fluctuations in the marginally sta-
ble spin glass phase, admits an analytic UV completion at short distances. The resulting
approximate spin glass solution (4.15) is analytically tractable and provides a remarkably
good approximation to the exact spin glass dynamics. We identify a quantum scaling where
MJ ∼ βJ � 1, which is particularly well suited for analytical investigations, see (4.43).

• The Euclidean four-point kernel (given in (6.4)), used to derive the Euclidean four-point
function, exhibits an interesting structure in the spin glass phase. In particular it contains a
four-point generalization of the Edwards-Anderson parameter u, which we have denoted by
v. It would be interesting to explore the consequences of this parameter in future work.

• The model is strongly quantum chaotic in the sense of exponential growth of out-of-time-order
correlation functions (OTOCs). We compute the quantum Lyapunov exponent for a range
of values of the couplings and find that it displays an intricate dependence on the couplings
βJ and MJ . We also find exponential growth of OTOCs in the conformal spin glass phase,
albeit with smaller Lyapunov exponents than in the paramagnetic phase, which vanishes in the
infinite βJ limit with M/β held fixed. In particular, an analytic calculation in the conformal
spin glass phase reveals:

β

2π
λL ≈

5m

24
,

which relates the Lyapunov exponent to the cluster parameter m. See figures 17 and 19 for
the values of Lyapunov exponents.

1.3 Outline of the paper

Part I: Much of the first part is a review and an expansion on previous works (especially [38]) from
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a holography-inspired point of view. In section 2 we introduce the model and review its dynamical
equations. Extremizing the free energy with respect to all parameters defines the equilibrium
equations of motion, whose thermodynamics we elaborate on in section 3. In section 4, we reinterpret
the criterion of marginal stability, which allows for a conformal solution to the equations of motion,
as arising from a different choice of ensemble. An analysis of this phase leads us to identify an
emergent diff(S1) symmetry at low energies, allowing for an analytical approximate solution to the
equations of motion, and accompanied by rich low temperature thermodynamics.

Part II:We discuss real-time two-point correlation functions in section 5 as a precursor to computing
the out-of-time-order four-point function in real time. This necessitates a Euclidean analysis of the
four-point kernel. Using this, we numerically extract the Lyapunov exponents in section 6 as a
function of the various couplings. We compare the numerical calculation in the marginal spin glass
with an analytical treatment, finding a nice match. We conclude with a summary and a discussion
of possible future directions in section 7.

Part III (appendices): We collect some computational details and background material in the ap-
pendices. We wish to highlight appendix A, which contains a collection of conventions and formulae,
and appendix C, which contains original material regarding the conformal limit of an existent but
somewhat unphysical branch of paramagnetic solutions.

Note: While this work was nearing completion, reference [66] appeared on the arXiv. Their analysis
overlaps with some of our discussion, especially with section 6.
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Part I

Euclidean approach and phase structure

2 The quantum spherical p-spin model

In this section we will study the p-spin model, describing N bosonic spins with p-body interactions,
largely following [38, 67] (see also [36, 37, 68] for related studies of the model). We will work in
Euclidean time, with partition function at inverse temperature β:

Z[Ji1...ip ] =

ˆ
Dσi exp

−
ˆ β

0
dτ

M
2
σ̇i(τ)σ̇i(τ) +

∑
i1<...<ip

Ji1...ipσi1(τ) . . . σip(τ)

 , (2.1)

where M is a dimensionful ‘inertial mass’ designed such that σi are dimensionless in the UV, and
i = 1, . . . , N . The randomized couplings are sampled from the following distribution:

P (Ji1...ip) ∝ exp

[
−N

p−1

p!

J2
i1...ip

J2

]
, (2.2)

where J sets the width of the distribution over couplings. We have chosen the scaling with N in (2.2)
such that we have a controlled large-N limit [36, 37]. This is very similar to the SYK model [1, 11]
with fermions replaced by bosons. One crucial difference is that the potential term will generically
have negative directions, which is quite problematic for the stability of this bosonic theory. To
counteract this, we will suplement this model with a spherical constraint :

N∑
i=1

σi(τ)σi(τ) = N . (2.3)

Thus the spin degrees of freedom lie on an N -dimensional sphere of radius
√
N , describing a non-

linear sigma model.

Dimensionless parameters and conventions: The various phases of the model (2.1) depend
on the strengths of the parameters introduced above. The dimensionless parameters in our analysis
will be βJ and MJ , where the parameter MJ characterizes the strength of quantum effects since
limitMJ →∞ corresponds to the classical limit (since fluctuations are suppressed), whileMJ → 0

describes a system with strong quantum fluctuations. The reader may consult appendix A, where
we have gathered our conventions for ease of reading.
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2.1 Effective action and Schwinger-Dyson equations

In this subsection we derive the large N effective action using various path integral manipulations,
following [38]. Readers wanting to skip these details may jump directly to the Schwinger-Dyson
equations (2.20) for the collective field Qab(τ, τ ′) defined in equation (2.9).

In order impose the spherical constraint (2.3) in the path integral, we insert:

δ

(
N∑
i=1

σi(τ)σi(τ)−N
)

=

ˆ
Dz exp

[
i

ˆ β

0
dτ z(τ)

(
N∑
i=1

σi(τ)σi(τ)−N
)]

(2.4)

into (2.1) . We are now ready to perform the disorder average.
However, in order to properly perform the disorder average with respect to the distribution (2.2),

we are instructed to average the free energy, rather than the partition function. That is we want to
compute (overlines denote a disorder average)

βF = −
ˆ
dJi1...ipP (Ji1...ip) logZ[Ji1...ip ] , (2.5)

but of course this computation requires us to have enough analytic control to compute Z[Ji1...ip ] for
arbitrary couplings. Instead, we will use the following representation of the logarithm

logZ = lim
n→0

∂nZ
n (2.6)

and take the average of Zn. The typical way of doing this is by introducing an integer number of
replicas of the original system, and then hope that we can trust the analytic continuation to n = 0

at the end. In this spirit, we introduce a replica index a = 1, . . . , n and the averaged replicated
partition function becomes:

Zn =

ˆ
dJi1...ipP (Ji1...ip)

ˆ
DσaiDz

a exp

{
−
ˆ β

0

dτ

[
M

2
σ̇ai (τ)σ̇ai (τ) +

∑
i1<...<ip

Ji1...ipσ
a
i1(τ) . . . σaip(τ)

]

+ i

ˆ β

0

dτ za(τ) (σai (τ)σai (τ)−N)

}
. (2.7)

Integrating out the disorder Ji1...ip , we introduce couplings between the replicas:

Zn =

ˆ
DσaiDz

a exp

{
−
ˆ β

0
dτ

[
M

2
σ̇ai (τ)σ̇ai (τ)− i za(τ) (σai (τ)σai (τ)−N)

]

+
J2

4Np−1

ˆ β

0

ˆ β

0
dτ dτ ′

n∑
a,b=1

(
N∑
i=1

σai (τ)σbi (τ
′)

)p}
. (2.8)

We now introduce the collective variables for this problem, which we will call the (Q, λ) variables,
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where:3

Qab(τ, τ
′) ≡ 1

N

N∑
i=1

〈σai (τ)σbi (τ
′)〉 . (2.9)

We do this by inserting a factor of 1 into the path integral:

1 =

ˆ
DQab δ

(
N Qab(τ, τ

′)−
N∑
i=1

σai (τ)σbi (τ
′)

)

=

ˆ
DQabDλab exp

{
i

ˆ β

0

ˆ β

0
dτdτ ′ λab(τ, τ

′)

(
N Qab(τ, τ

′)−
N∑
i=1

σai (τ)σbi (τ
′)

)}
. (2.10)

After inserting this identity into the path integral, we are free to replace many bilinears of σi with
Qab. Finally, integrating out the spins σi altogether we get:4

Zn =

ˆ
DQabDλabDz

a det−N/2
[
− 1

π
δabδ(τ − τ ′)

(
M

2
∂2
τ ′ + i za(τ)

)
+
i

π
λab(τ, τ

′)

]

× exp

−N i
n∑
a=1

ˆ β

0
dτ za(τ) +N

ˆ β

0

ˆ β

0
dτ dτ ′

iλab(τ, τ ′)Qab(τ, τ ′) +
J2

4

n∑
a,b=1

Qab(τ, τ
′)p


(2.12)

From this we can extract the replicated effective action:

Seff

N
=

1

2
Tr log

[
− 1

π
δabδ(τ − τ ′)

(
M

2
∂2
τ ′ + i za(τ)

)
+
i

π
λab(τ, τ

′)

]

+ i
n∑
a=1

ˆ β

0
dτ za(τ)−

ˆ β

0

ˆ β

0
dτ dτ ′

iλab(τ, τ ′)Qab(τ, τ ′) +
J2

4

n∑
a,b=1

Qab(τ, τ
′)p

 . (2.13)

Since the effective action is proportional to N , the saddle point approximation is exact in the
N →∞ limit. As a result, we can now completely eliminate the λ matrix by solving its equations
of motion:

(M + iλ)−1 =
1

π
Q , (2.14)

where we have defined the matrix M in replica space and imaginary time:

Mab(τ, τ
′) = −δabδ(τ − τ ′)

(
M

2
∂2
τ + i za(τ)

)
. (2.15)

3In the SYK model, the analogous quantities are called (G, Σ).
4The determinant is normalized according to:

ˆ ∞
−∞

dnx exp

(
−1

2
x ·A · x

)
=

(
det

A

2π

)−1/2

. (2.11)
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This tells us that
iλ = −M + πQ−1 , (2.16)

and the effective action becomes (up to an additive constant):

Seff

N
= −1

2
Tr log

[
Qab(τ, τ

′)
]
− i

n∑
a=1

ˆ β

0
dτ za(τ) (Qaa(τ, τ)− 1)

−
n∑

a,b=1

ˆ β

0

ˆ β

0
dτ dτ ′

[
δab δ(τ − τ ′)

M

2
∂2
τQab(τ, τ

′) +
J2

4
Qab(τ, τ

′)p
]
.

(2.17)

Notice that the effect of the za is to enforce the condition that the diagonal elements of the matrix
Q (in time and in replica space) are all 1. To obtain the free energy, we simply notice that

βF = lim
n→0

∂nSeff(Q?) (2.18)

where Q? satisfies the Schwinger-Dyson equation. As we will see, there can be many such solutions,
and picking the right one is the challenge.

Schwinger-Dyson equations: From (2.17) we can immediately derive the Schwinger-Dyson
equations in replica space by variation with respect to Qab:

− (2Q)−1 − δab δ(τ − τ ′)
[
M

2
∂2
τ + iza(τ)

]
− pJ2

4
Qab(τ, τ

′)p−1 = 0 (2.19)

which we can rewrite in more familiar form:

−δab
[
M

2
∂2
τ + iza(τ)

]
Qab(τ, τ

′)− pJ2

4

ˆ β

0
dτ ′′Qp−1

ac (τ, τ ′′)Qcb(τ
′′, τ ′) =

1

2
δab δ(τ − τ ′) (2.20)

with boundary condition Qaa(τ, τ) = 1. In the following, we discuss how to solve this equation in
two steps: first, we need to simplify the matrix structure of (2.20) in replica space by making an
educated ansatz for the matrix Qab. Only then will it be useful to write more explicit equations of
motion and solve them in various limits or numerically.

2.2 Replica symmetry breaking: 1-RSB ansatz

To proceed, let us note the following fact, proven in [69]. The matrix elements Qa6=b are time
independent. The reason is that, following the definition (2.9):

Qa6=b(τ, τ
′) =

1

N

N∑
i=1

〈σai (τ)σbi (τ
′)〉 =

1

N

N∑
i=1

〈σai (τ)〉〈σbi (τ ′)〉 (2.21)
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where 〈·〉 denotes a thermodynamic average, whereas the overline denotes a disorder average. Since
the replica index is not the same, the thermodynamic averages split up into single replica expectation
values — but the one point functions are time independent (although crucially nonzero). This means
only the diagonal elements have any time dependence. The late-Euclidean time limit of this diagonal
element is sometimes called the Edwards-Anderson order parameter [39] and is the exact analog of
the equilibrium Ising magnetization, which obtains a nonzero expectation value below the critical
temperature. As we will see, the diagonal elements will fail to decay to zero at low temperatures,
indicating that the system is in a nontrivial thermodynamic state.

The second important fact about this model is that it has a spin glass phase with a solution
that has replica symmetry breaking at 1-step (see [36] for the static case and [38] for the case at
hand). The basic idea behind replica symmetry breaking is that the matrix Qab can have additional
structure beyond the dichotomy of diagonal/off-diagonal. The overlap between replica a and replica
b may differ from the overlap between a and c (and b and c for that matter). This suggests an
interesting set of thermodynamic states at low temperatures, as was nicely reviewed in [37, 63–65].
To fully parametrize the solutions to this model, it is sufficient to consider an ansatz of the following
form for the overlap matrix:

Q =



q(τ, τ ′) u u

u q(τ, τ ′) u s · · ·
u u q(τ, τ ′)

q(τ, τ ′) u u

s u q(τ, τ ′) u

u u q(τ, τ ′)
...

. . .


(2.22)

where the n × n matrix is made up of a set of m × m blocks along the diagonal, with m to be
determined. This ansatz is called 1-step replica symmetry breaking. The reason it is called replica
symmetry breaking is because we allow for configurations with s 6= u. The name 1-step comes from
the fact that the diagonals are composed of replica symmetric matrices. It follows that, in order to
get a 2-step RSB matrix, we build a matrix like (2.22) but instead we populate the diagonal blocks
with 1-RSB. The higher-step RSB matrices are defined iteratively this way, but will not be needed
in the p-spin model.

To write the 1-RSB matrix, we will split the index a = a0a1 as in [64] with a0 = 1, . . . ,m

parametrizing the place in the block and a1 = 1, . . . , nm parametrizing which block we are in. With
this, the matrix in (2.22) can be written as5

Q = δa1b1

[
δa0b0q(τ, τ

′) + u(1− δa0b0)
]

+ s(1− δa1b1) . (2.23)

5We are of course working in a situation where m divides n, but we will treat the final formulas as analytic both
in n and m and eventually take the limit n→ 0.
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Our strategy will now be to plug this ansatz into the effective action and derive equations for the
components q(τ, τ ′), s, and u. One way to do this is to note that the matrix (2.22) has the following
eigenvalues in replica space:

λ0 = q(τ, τ ′)− u degeneracy : n

(
1− 1

m

)
λ1 = q(τ, τ ′)− u+m(u− s) degeneracy :

n

m
− 1

λ2 = q(τ, τ ′)− u+m(u− s) + ns degeneracy : 1

One last thing we need is that the number of times each of q(τ, τ ′), s and u appear in the replica
matrix. This is easy to compute at 1-RSB and is given by

# q(τ, τ ′) : n

#u : n(m− 1)

# s : n(n−m) .

If we also assume that za(τ) is independent of the replica index, we find that we can finally combine
all of this to obtain the 1-RSB effective action:

Seff

N
=− n

2

(
1− 1

m

)
Tr log

[
q(τ, τ ′)− u

]
− 1

2

( n
m
− 1
)
Tr log

[
q(τ, τ ′)− u+m(u− s)

]
− 1

2
Tr log

[
q(τ, τ ′)− u+m(u− s) + ns

]
− in

ˆ β

0
dτ z(τ) (q(τ, τ)− 1)

− n
ˆ β

0

ˆ β

0
dτ dτ ′

{
δ(τ − τ ′)M

2
∂2
τ q(τ, τ

′) +
J2

4

[
q(τ, τ ′)p + (m− 1)up + (n−m)sp

]}
.

(2.24)

As we will show, the equations of motion set s = 0, and thus the effective action is linear in n. This
means taking a derivative with respect to n and setting it to zero is trivial. Nevertheless, the block
size m is now a real parameter. We notice that m→ 1 is the paramagnetic limit where u drops out.
On the other hand, u becomes important for m < 1 (whence replica symmetry is spontaneously
broken). It is indeed a common idea in the spin glass literature that the continuum value of m lies
in 0 < m ≤ 1 and serves as an order parameter for replica symmetry breaking. We now turn to the
1-RSB equations of motion.6

Off-diagonal parameters: We begin with the equations of motion for the variables {u, s} param-
eterizing the 1-RSB ansatz. We will focus on the remaining variables once we pass to Fourier-space,

6An important caveat in the theory of spin glasses is that the n→ 0 limit forces us to consider maximizing rather
than minimizing the effective action in the replica directions [36, 70–72]. This stems from the fact that, while the
fluctuation Hessian can be shown to have positive eigenvalues, their degeneracies become negative as we take n→ 0.
See appendix E for details.
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as the zero-modes of the problem require some care. Let us begin with the equation of motion for
varying s:

EOMs : 0 =
pJ2

4

ˆ β

0
dτ ′′

[
q(τ, τ ′′)p−1s+ sp−1q(τ ′′, τ ′) + (m− 1)

(
s up−1 + sp−1u

)
+ (n− 2m)sp

]
(2.25)

We see that this is proportional to s, so it is safe to set s to zero. The equation for motion for
varying u takes a similar form (for s = 0):

EOMu : 0 =
pJ2

4

ˆ β

0
dτ ′′

[
q(τ, τ ′′)p−1u+ up−1q(τ ′′, τ ′) + (m− 2)up

]
(2.26)

From this, one might also conclude that u = 0 by similar logic as above, and indeed, this solution
is valid at high temperatures. However, unlike the case with s, at low temperatures a new solution
with u 6= 0 appears and dominates the thermodynamics. So we will allow for generic values of u for
now.

2.3 Effective action and equations of motion in frequency space

Consider now the matrix Qab(τ, τ ′) in frequency space, utilizing the fact that, by time-translation
symmetry, the saddle point solutions will be functions of the difference τ − τ ′:

q(τ, τ ′)− cu =
1

β

∞∑
k=−∞

e
2πi k
β

(τ−τ ′)
[q̂(k)− βcu δk,0] (2.27)

where c is any constant. We will be particularly interested in the cases c = 1 and c = m − 1.
Note, furthermore, that due to time reversal symmetry, q̂(k) = q̂(−k). We thus have the following
expression for the large N effective action on the s = 0 subspace:

Seff

nN
=− 1

2

∑
k 6=0

log
q̂(k)

β
− 1

2

(
1− 1

m

)
log

[
q̂(0)

β
− u
]
− 1

2m
log

[
q̂(0)

β
+ (m− 1)u

]

+ iẑ(0)

(
1−

∞∑
k=−∞

q̂(k)

β

)
+
M

2

∞∑
k=−∞

(
2πk

β

)2

q̂(k)

− β2J2

4

(m− 1)up +
∑

k1,...,kp

[
p∏
i=1

q̂(li)

β

]
δk1+···+kp,0

 , (2.28)
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where we notice that u and m only couple to the zero mode of q(τ, τ ′). Note moreover that we need
only retain the zero mode of z(τ) in order to impose the spherical constraint:

ẑ(0) ≡
ˆ β

0
dτ z(τ) . (2.29)

From (2.28) we readily derive the equations of motion in frequency space for the field q̂(k):

EOMq : M

(
2πk

β

)2

− 2i
ẑ(0)

β
=

q̂(k) + β u(m− 2)δk,0
q̂(k)2 − β u δk,0 [(m− 1)β u− (m− 2)q̂(k)]

+ p
β2J2

2

∑
k2,...,kp

q̂(k2) . . . q̂(kp)

βp
δ(k + k2 + · · ·+ kp) . (2.30)

This equation looks quite complicated, but we will see below that some clever field redefinitions
simplify this expression significantly. Varying with respect to ẑ(0) gives the spherical constraint:

EOMz :
1

β

∞∑
k=−∞

q̂(k) = 1 , (2.31)

and varying with respect to u and m gives:

EOMu :
m− 1

2

β2J2

2
p up−1 − u(

q̂(0)
β − u

)(
q̂(0)
β + (m− 1)u

)
 = 0 (2.32)

EOM(equil.)
m :

β2J2

2
up +

1

m

u
q̂(0)
β + (m− 1)u

+
1

m2
log

 q̂(0)
β − u

q̂(0)
β + (m− 1)u

 = 0 (2.33)

We have written a superscript (equil.) on (2.33), whose meaning will become apparent in a later
section.7

Equations (2.32) and (2.33) are the standard (static) spin glass equations, that one can compare
to equation (83) of [37]. They have nontrivial solutions for p ≥ 3. Since the parameter u defines an
overlap, it is important that it takes values in 0 < u < 1 (it can be thought of as the dot product
between two normalized vectors). Not so trivial is the idea that when n → 0, then the parameter
m also takes values in 0 < m < 1. This can be motivated from a static stability analysis, but will
also be evident when we solve the equations explicitly in later sections. Finally the normalized zero
mode

q̂(0)

β
=

1

β

ˆ β

0
dτ q(τ) (2.34)

appears in the above equations, but its β dependence is misleading: since q(τ, τ ′) is dimensionless,
then this time average can only depend on the dimensionless quantities βJ and MJ .

7The truly impatient reader should know that the conformal solution in the low temperature spin glass phase does
not satisfy this equation. We will comment on this at length.
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Removal of explicit Lagrange multiplier: As anticipated, we can further simplify the equa-
tions of motion using some judiciously chosen field redefinitions. We first rewrite (2.30) as follows:

q̂(k) + β u(m− 2)δk,0
q̂(k)2 − β u δk,0 [(m− 1)β u− (m− 2)q̂(k)]

= M

(
2πk

β

)2

− 2i
ẑ(0)

β
− J2 Λ̂(k) , (2.35)

where we define the self energy:

Λ(τ, τ ′) ≡ p

2
q(τ, τ ′)p−1 , (2.36)

whose Fourier transform is:

Λ̂(k) =
p

2βp−2

∑
k1,...,kp−2

q̂(k1) . . . q̂(kp−2)q̂(k − k1 − · · · − kp−2) . (2.37)

A remarkable simplification happens [38] if we subtract off the constant spin glass parameters by
defining

qr(τ, τ
′) = q(τ, τ ′)− u , Λr(τ, τ

′) = Λ(τ, τ ′)− p

2
up−1 ,

q̂r(k) = q̂(k)− βuδk,0 , Λ̂r(k) = Λ̂(k)− p

2
βup−1δk,0

(2.38)

with boundary conditions qr(τ, τ) = 1 − u and Λr(τ, τ) = p
2(1 − up−1). The equation of motion

(2.35) then becomes very simple for all values of k:

EOMq :
1

q̂r(k)
= M

(
2πk

β

)2

− 2
iẑ(0)

β
− J2 Λ̂r(k) , (2.39)

where we used (2.32) to cancel the terms proportional to δk,0. Evaluating this for k = 0, we can
solve for the Lagrange multiplier ẑ(0):

−iẑ(0)

β
≡ 1

2

[
1

q̂r(0)
+ J2Λ̂r(0)

]
=

1

2

[
1´ β

0 dτ qr(τ)
+ J2

ˆ β

0
dτ Λr(τ)

]
. (2.40)

Combined with (2.39) this gives a regularized and Lagrange multiplier-independent equation of
motion:

EOMq :
1

q̂r(k)
− 1

q̂r(0)
= M

(
2πk

β

)2

− J2 (Λ̂r(k)− Λ̂r(0)) , (2.41)

which is valid both in the paramagnetic phase (u = 0) and in the spin glass phase (u 6= 0). Of
course, for k = 0 this equation is empty. Moreover, one is still required to impose the spherical
constraint (2.31). As we will see, this equation is best suited for analytic continuation: it has no
more terms proportional to δk,0, and the dependence on the Lagrange multiplier is replaced by
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dependence on zero modes.
We note here that it will often be useful to also write the self-energy term as a function of qr(τ):

Λ̂r(k)− Λ̂r(0) =
p

2

ˆ β

0
dτ

[
cos

(
2πkτ

β

)
− 1

] [
(qr(τ) + u)p−1 − up−1

]
. (2.42)

Finally, in this parametrization, equations (2.32) and (2.33) become:

EOMu : 0 =
m− 1

2

(βJ)2

2
p up−1 − u

q̂r(0)
β

(
q̂r(0)
β +mu

)


EOM(equil.)
m : 0 =

(βJ)2

2
up +

1

m

u
q̂r(0)
β +mu

+
1

m2
log

 q̂r(0)
β

q̂r(0)
β +mu

 (2.43)

3 Analysis of equilibrium states

In this section we analyze the equilibrium equations, (2.41) and (2.43). The conformal spin glass
solution will be the main focus of this paper, but we relegate its analyis to section 4. In order to
obtain the solutions relevant to this section we rely heavily on a numerical analysis of the saddle
point equation (2.41). This gives us a window into the physics of this model for a wide range of
couplings. Details regarding the numerical implementation are given in appendix G.

3.1 The static spin glass transition: simplified analysis

A caveat is in order before we continue. While the conformal spin glass solution studied in later
sections is not a solution to the equilibrium equations of motion, this does not mean that there is
no equilibrium spin glass solution at low temperatures. In fact, the analysis in e.g. [36, 37] largely
focuses on studying the equilibrium equations obtained from the 1-RSB effective action in the static
limit. We turn to these equations now.

The phenomenology of the equilibrium spin glass phase transition stems from a simple analysis
of the equations for the 1-RSB parameters u, m. Indeed, consider the equations (2.32) and (2.33).
At high temperatures (βJ � 1) the unique solution is given by u = 0 and m arbitrary. In order
to infer the existence of a replica symmetry breaking spin glass solution at lower temperatures, we
look for a solution with u 6= 0. The following relabeling is useful to elucidate the phases of the
equilibrium equations:

u ≡ q̂(0)

β
ũ , β2J2

(
q̂(0)

β

)p
≡ ̃2 , (3.1)
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Figure 2: Left: Plot of the right hand side of (3.4). Below ̃crit we see that the only solution is
ũ = 0. Still below the critical coupling, the curve develops a maximum. The critical value ̃crit is
defined as the point where the maximum hits zero. We have displayed the case for p = 4. Right:
Plot of ̃crit as a function of p.

which gives:

EOMu : 0 =
m− 1

2

(
p
̃2

2
ũp−1 − ũ

(1− ũ) [1 + (m− 1)ũ]

)
, (3.2)

EOM(equil.)
m : 0 =

̃2

2
ũp +

1

m

ũ

1 + (m− 1)ũ
+

1

m2
log

[
1− ũ

1 + (m− 1)ũ

]
. (3.3)

These equations are easily solved numerically for ũ and m as functions of ̃ (for any given p).
Translating back to our original variables: for fixed βJ and p, we obtain u and m as functions of
the zero mode q̂(0). Since the zero mode can be expressed in terms of q̂(k 6= 0) (see (2.31)) we are
then left with a single equation (2.41) to solve using other techniques.

We can learn more about the qualitative structure of the model’s phase diagram by analyzing
equations (3.3) and (3.2) for the RSB parameters (m, ũ) as a function of ̃. They take the same
form as in static analyses (the non-staticity is, of course, hidden in the field redefinition), so we can
study them by similar means [36, 37, 65]. For small ̃ < ̃crit (corresponding to high temperatures),
the solutions to the equations are ũ = 0 and m arbitrary. However, for ̃ > ̃crit (low temperatures),
there is a spin glass solution with nonzero ũ. We will now discuss how to find the value of ̃crit.

Studying the zero-locus of (3.2) and (3.3) suggests that m = 1 as we approach the phase
transition from the high temperature regime, meaning m = 1 at the critical point. The remaining
equation is:

0 =
̃2

2
ũp + ũ+ log [1− ũ] , (3.4)

In figure 2 we plot the right hand side of (3.4) as ̃ is varied. Near the phase transition, the curve
satisfying equation (3.4) develops a local maximum below zero. The phase transition can occur
once ̃ is tuned such that the maximum hits zero.

To find where this maximum is, we simply take a derivative of (3.4) with respect to ũ and set
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it to zero. This gives us a parametric expression for ̃crit as a function of the interaction order p:

̃2crit =
2ũ2−p

?

p(1− ũ?)
, (1− ũ?)[ũ? + log(1− ũ?)] +

u2
?

p
= 0 . (3.5)

The nature of the equations (3.3) and (3.2) is that increasing ̃ above ̃crit will push the value of m
to zero and hence the value of ũ to 1. This guarantees that ũ ≥ ũ? once we’ve passed the phase
transition.

This analysis of the critical line is oversimplified since we have hidden a dependence on q̂(0) in
the coupling ̃ (which in turn depends on MJ and βJ in a complicated way). To fully understand
the phases of the equilibrium model, we need to solve the equations of motion numerically. We
discuss these solutions and their detailed features next.

3.2 Thermodynamics and phase diagram

To study the thermodynamics, we start by evaluating the on-shell effective action. Using (2.28),
the effective action can be written as:

Seff

nN
=− 1

2

∑
k 6=0

log
q̂(k)

β
− 1

2

(
1− 1

m

)
log

[
q̂(0)

β
− u
]
− 1

2m
log

[
q̂(0)

β
+ (m− 1)u

]

− M

2

∞∑
k=−∞

(
2πi

β
k

)2

q̂(k)− (βJ)2

4

[
(m− 1)up +

1

β

ˆ β

0
dτ q(τ)p

]
(3.6)

This expression is naively UV divergent as it contains two separate infinite sums with high frequency
divergences. To regularize it, we observe that the solution to the equation of motion (2.41) for large
|k| is just

q̂r(k)

β
−→ q̂UVr (k)

β
≡
[
M

β
(2πk)2 +

β

q̂r(0)
+ βJ2Λ̂r(0)

]−1

≡
[
M

β
(2πk)2 − 2iẑ(0)

]−1

, (3.7)

where iẑ(0) is real and was given in (2.40). This is similar to the free solution (J = 0) that we
discuss in appendix B. By adding and subtracting Seff evaluated on the UV solution to and from
(3.6), we get the following regularized effective action:

βφ ≡ Sreg
eff

nN
= −1

2

∑
k

log

{[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
+

1

2m
log

 q̂r(0)
β

q̂r(0)
β +mu


− 1

2

∑
k

{
1−

[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
− (βJ)2

4

[
(m− 1)up +

1

β

ˆ β

0
dτ q(τ)p

]
+

1

2

∑
k

{
1 + log

[
M

β
(2πk)2 − 2iẑ(0)

]}
+ iẑ(0)

∑
k

q̂r(k)

β

(3.8)
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The sums in the first two lines are now convergent at large |k|. The evaluation of the divergent sum
in the last line can be accomplished using standard ζ-function regularization (see appendix D.1 for
details). We find:

βφ = −1

2

∑
k

log

{[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
+

1

2m
log

 q̂r(0)
β

q̂r(0)
β +mu


− 1

2

∑
k

{
1−

[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
− (βJ)2

4

[
mup +

1

β

ˆ β

0
dτ (q(τ)p − up)

]

+ log

[
2 sinh

(√
−iẑ(0)β

2M

)]
+ iẑ(0) (1− u)

(3.9)

Later, when we discuss the conformal spin glass in section 4, it will be important to distinguish
φ from the usual thermodynamic free energy per unit site f̄ . But for now, this distinction is not
important in the paramagnetic and the equilibrium spin glass phases, and the free energy is then
given by the on-shell effective action as usual:

βf̄ =
Sreg

eff (Q?)

nN
= βφ . (3.10)

where Q? denotes evaluation on a solution to the equations of motion. Again, this definition assumes
that all parameters (including m) are determined by an extremization procedure.

From (3.10) we can derive other thermodynamic quantities:

s̄ = −∂T f̄ , ē = ∂β(βf̄) , c̄ = ∂T ē , (3.11)

where s̄ is the entropy, ē is the energy and c̄ is the specific heat of the thermodynamic state per
unit site. Using these relations, it is easy to see that we can obtain the entropy from:

s̄ = βē− βf̄ . (3.12)

In computing ē, the only derivatives that survive are with respect to the explicit dependence on β.
That is because terms such as:

∂Seff

∂u

∂u

∂T
(3.13)

vanish because we have extremized Seff with respect to u. The combination βf̄ then depends on β
only through the dimensionless quantities βJ andM/β and we can write βē = J∂J(βf̄)−M∂M (βf̄).

Repeated use of the equation of motion (2.41), the identity (2.42), and the first line of (2.43),
allows us to simplify the Matsubara sum and find a simple exact expression for the internal energy
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(see appendix D.2 for details):

βē =
1

2

β

q̂r(0)
+ (βJ)2

{
p

4β

ˆ β

0
dτ
[
q(τ)p−1 − up−1

]
− p+ 2

4
mup − p+ 2

4β

ˆ β

0
dτ [q(τ)p − up]

}
(3.14)

where q̂r(0) =
´
dτ q(τ)−βu. This expression simplifies further when replica symmetry is unbroken

(u = 0).

High temperature limit: For small βJ , the system is always in the paramagnetic phase and we
can approximate the thermodynamic quantities using the ‘free’ approximation, which is discussed
in appendix B. We find for the internal energy and entropy:

βē0 =
β

2q̂0(0)
+ . . . , s̄0 =

{
β

q̂0(0)
− log

[
2 sinh

(
β

2
√
Mq̂0(0)

)]}
+ . . . (3.15)

with q̂0(0)/β determined by (B.2) such that this leading term in the entropy is purely a function of
M/β. Specifically, for βJ � 1 and fixedMJ , solving (B.2) perturbatively gives q̂0(0)

β ∼ 1− β
12M +. . ..

We can then immediately infer the high temperature asymptotics of thermodynamic quantities:

βē0 −→
1

2
, c̄0 −→

1

2
(βJ → 0, MJ = fix) . (3.16)

We confirm this behavior for the specific heat in figure 6.

Phase diagram: We are now in a position to explain the phase diagram of the model based on
free energy considerations of equilibrium states.

Figure 3 shows the equilibrium phase diagram, where we discard unphysical solutions when
necessary (meaning dropping subdominant thermodynamic solutions). We contrast this with the
dynamic phase transition which will be discussed in the next section (see figure 8). The structure
of the solutions to the equations of motion giving rise to the static phase diagram is as follows:

• For temperatures T ' 0.19J (for p = 3), there exist two possible solutions: a paramagnetic
solution (where m = 1 and u = 0) and a spin glass solution depending on the value of MJ .
They are separated by a second order phase transition asMJ is tuned. The crossover between
the phases is characterized by a continuous (discontinuous) change in m (u) across the phase
transition line. Our numerical analyses in the following sections will mostly focus on this
region.

• For temperatures T / 0.19J , there can exist up to three relevant solutions depending on the
value of MJ : two paramagnetic ones and a replica symmetry breaking solution. For most
values of MJ in this regime, one of the paramagnetic solutions can be discarded as it is
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Figure 3: Phase diagram for the equilibrium spin glass transition. We show the value of m
as a function of temperature and 1/M (both measured in units of J) for p = 3. The plateau where
m = 1 corresponds to the replica symmetric ‘paramagnetic’ phase (PM). The spin glass phase (SG)
is characterized by m < 1. The parameter m is continuous across the second order transition, but
discontinuous across the first order line. The plot for the order parameter 1− u looks very similar,
except for the fact that it is discontinuous across both the first and second order lines. A similar
phase diagram for the marginally stable spin glass is shown in figure 8.

continuously connected to an unphysical ground state.8 In order to obtain the phase diagram
in figure 3 we compared the free energies of the spin glass solution vs. the relevant paramagnetic
one. Both solutions coexist in a small region surrounding a first order transition line, but said
line demarcates the location where the two solutions exchange free energy dominance. The
parameters m and u are both discontinuous across this line.

Figure 4 shows properties of the Euclidean equilibrium solutions near the first and second order
transitions (for p = 3). In the left panel we illustrate the coexistence of two types of solutions near
the first order transition at low temperatures: the branches of paramagnetic and spin glass solutions
extend into the respective other phase, but they exchange thermodynamic dominance at a value of
1/(MJ) ≈ 2.9. This is also illustrated by the corresponding free energies at these temperatures,
shown in figure 5.

Low temperature thermodynamics: To study the low temperature thermodynamics, we fix
the value ofMJ and compute various thermodynamic quantities as a function of βJ . Figure 6 shows
the free energy f̄ and the internal energy ē, both in units of J and as functions of temperature 1/(βJ).
We can see that the two energies approach the same finite value at zero temperature. The entropy
s̄ = βē − βf̄ therefore vanishes at zero temperature. Furthermore, note that both ē/J and f̄/J

8However, for a very narrow range of temperatures both paramagnetic solutions are relevant and exchange domi-
nance before the system enters the spin glass phase, see [38] for a detailed discussion.
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Figure 4: Two-point functions at the phase transition. Left: At T/J = 0.1 a first order
transition occurs at 1/(MJ) ≈ 2.9. For 1/(MJ) < 2.9 the thermodynamically preferred phase is
the spin glass with u > 0, while for 1/MJ < 2.9 the paramagnetic phase is preferred. The dashed
orange lines show the existence of solutions from both the spin glass and the paramagnetic branch
at the critical value; here, the extremization of free energy suggests a first oder transition between
these two types of solutions (both continue to exist into the other phase). Right: At T/J = 0.4
a second order phase transition occurs at 1/(MJ) ≈ 1.42. The spin glass and the paramagnetic
solutions continuously morph into one another. The transition is second order and the parameter
m is continuous.
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Figure 5: Free energy across first and second order equilibrium spin glass transitions.
Free energies as a function of 1/(MJ) at the same temperatures as in figure 4. For the low tem-
perature case the inset shows the crossing of free energies of the coexisting paramagnetic and spin
glass solutions near the location of the first order phase transition, 1/(MJ) ≈ 2.9. For the high
temperature case the transition is second order.
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Figure 6: Thermodynamics of the equilibrium spin glass and paramagnet (fixed MJ).
Left: Low-temperature thermodynamic energies of the equilibrium spin glass. The internal energies
(upper curves) and free energies (lower curves) per spin approach the same constant values at zero
temperature. Correspondingly, the entropy s̄ = βē − βf̄ vanishes at zero temperature. Right:
Specific heat for the equilibrium spin glass at low temperatures and for the paramagnetic solution
at high temperatures. As T → ∞ the specific heat approaches the universal value 1/2. Compare
also with the corresponding plots in case of the marginal spin glass, figure 9.

are monotonic and have vanishing slope at zero temperature. This is an indication that the 1-RSB
ansatz is thermodynamically consistent. For comparison, in other spin glass models, such as the
Sherrington-Kirkpatrick model [73], the free energy of the 1-RSB ansatz becomes non-monotonic at
low temperatures. This pathological behavior is then fixed by introducing k-step RSB. The solution
valid all the way to T = 0 requires k →∞. In the model we study here, this is not necessary.

4 The conformal spin glass phase

One of the most interesting discoveries in [38] was that of an exact analytic solution to (2.41) that
exhibits a power-law decay at large-Euclidean time separation and low temperature. The decay
power was found to be 2, which we would like to associate to an operator of conformal dimension
∆ = 1. We will review the derivation of this solution below, but before doing so, we must explain a
key feature of this solution. That being that this solution does not satisfy the equilibrium equations
of motion for the variable m.

The historical argument, found in [38], is that the equilibrium criterion used to setm, (2.43), can
be replaced in cases where the dynamics are important. This observation is based on the analysis
of [74–78] where it was observed that in dynamical simulations, the parameter m settles instead
on configurations where there exists a vanishing eigenvalue among the fluctuations in the replica
directions. Similar observations were made in [79] for the Heisenberg spin glass model. We review
these replica fluctuations in appendix E.2 and we direct readers interested in the details to that
section, particularly the analysis leading to (E.24), which gives the criterion leading to a vanishing
eigenvalue in the replica directions. Since parameters are chosen such that the transverse eigenvalue
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in replica space λdiag
T = 0, this state is sometimes called the marginal spin glass state. We will use

the terms marginal and conformal interchangeably when referring to this particular thermodynamic
state.

Our perspective is different. Since the conformal solution is present when m fails to satisfy the
equilibrium condition (2.33), perhaps it is best to think of it as an external parameter which we
can tune. One simple way to achieve this in the p-spin model, following [80, 81] (see [82] for an
elucidating explanation), is to explicitly clone the system m times at the outset, before disorder
averaging, meaning we are interested in the following grand-canonical free energy:

βmΦ = −
ˆ
dJi1...ipP (Ji1...ip) logZ[Ji1...ip ]

m , (4.1)

and m is a parameter that we may tune as we please. To deal with this power of m, we will first
assume it is an integer and replicate the systemm times by introducing a replica index a = 1, . . . ,m:

Z[Ji1...ip ]
m =

ˆ
DσaiDz

a exp

{
−
ˆ β

0
dτ

[
M

2
σ̇ai (τ)σ̇ai (τ) +

∑
i1<...<ip

Ji1...ipσ
a
i1(τ) . . . σaip(τ)

]

+ i

ˆ β

0
dτ za(τ) (σai (τ)σai (τ)−N)− ε

m∑
a,b=1

∑
i

σai σ
b
i

}
. (4.2)

where we have introduced a small coupling ε in order to explicitly break the replica symmetry,
such that the m replicas are pinned to the same thermodynamic state. In order to compute the
disorder-averaged grand-canonical free energy Φ, we use the replica trick once more to again rid
ourselves of the log by noting that:

logZm = lim
n→0

∂nZ
n×m . (4.3)

In practice, this can be achieved by extending the range of the replica index a = 1, . . . ,m × n. In
doing so, we must make sure that the small coupling ε only pins replicas in a single m×m block to
the same state. It is worth noting that such an ensemble can be physically realized without clones
by coupling our system to a pair of baths such as in [83].

The remainder of the steps in calculating Φ follow those in section 2 verbatim. Now, however,
the 1-RSB solution is the result of the explicit, rather than spontaneous, breaking of the replica
symmetry induced by the small coupling ε, which we take to zero at the end of the computation.
In this ensemble, m acts as a bias, similarly to the external magnetic field in the Ising ferromagnet,
which picks out a particular thermodynamic state. The consequence of this, is that we no longer
have to consider the equation of motion for m, and may set it to whatever pleases us.

The final result is:
βmΦ = βmφ (4.4)

where φ is the regularized free energy (3.8). In this ensemble, m is a free external parameter,
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much like the inverse temperature β and we will describe its thermodynamic dual observable in the
discussion below. Since the effective action in this ensemble is the same up to an overall factor of m,
all the equations of motion remain the same. Thus we are now free to consider the same equations
as before, but can happily ignore the equilibrium condition for m, by dropping (2.33) from our
consideration.

We recall that m drops out of all equations when the Edwards-Anderson parameter u is zero,
so we are only sensitive to the value of m in the spin glass phase and it only truly makes sense to
consider tuning it once we are beyond the spin glass phase transition.

4.1 Conformal solution to the equations of motion

We will now derive the aforementioned conformal solution explicitly. The original derivation in [38]
is presented in a way that makes the emergent time-reparametrization symmetry of the equations
of motion manifest. In fact, in this section we will derive two important analytical solutions: one
which we denote as the ‘approximate’ solution q≈r , which solves the equations for the marginally
stable spin glass approximately for both short and long times (but nevertheless in some perturbative
scheme), and a ‘conformal’ scaling solution qcr, which captures the long Euclidean-time limit of q≈r .

To do this, let us analyze (2.41) in position space:

−
[
δ(τ, τ ′)− qr(τ, τ

′)

q̂r(0)

]
= M∂2

τ qr(τ, τ
′) + J2

ˆ β

0
dτ ′′Λr(τ, τ

′′)
[
qr(τ

′′, τ ′)− qr(τ, τ ′)
]
, (4.5)

with
Λr(τ, τ

′) ≡ p

2

[(
qr(τ, τ

′) + u
)p−1 − up−1

]
, (4.6)

and we recall

q̂r(0) =

ˆ β

0
dτ qr(τ) . (4.7)

Let us now expand (4.5) for small qr(τ)� u. Since qr(τ) interpolates between 1− u and zero, this
approximation is valid if u ≈ 1, deep in the spin glass phase. This approximation leads to:

−
[
δ(τ, τ ′)− qr(τ, τ

′)

q̂r(0)

]
= M∂2

τ qr(τ, τ
′)

+ J 2up−2

ˆ β

0
dτ ′′

[
qr(τ, τ

′′) +
p− 2

2u
qr(τ, τ

′′)2 + . . .

] [
qr(τ

′′, τ ′)− qr(τ, τ ′)
]
, (4.8)

where we have defined a new coupling:

J ≡ J
√
p(p− 1)

2
. (4.9)

It was noted in [38] that a conformal solution exists when there is a vanishing transverse eigen-
value in the replica directions. In practice, this means looking at the quadratic fluctuations in the
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off-diagonal components of replica matrix, and characterizing the spectrum of these fluctuations (see
appendix E.2). There is a particular eigenvalue λdiag

T , corresponding to a particular set of transverse
fluctuations, which can be made to vanish if u and q̂r(0) take the following values (see equation
(E.24)):

u =

[
p− 2

βJm

]2/p

,
q̂r(0)

β
=

mu

p− 2
=

(
m

p− 2

)[
p− 2

βJm

]2/p

. (4.10)

We can plug these values into the u equation of motion (2.32) and see that it is satisfied. However,
these relations fail to satisfy the equilibrium equation for m (2.33). As explained above, we take this
as an indication that this solution exists in a different ensemble than the one previously considered.
Equation (4.10) implies a very interesting identity, relating the order parameter to the zero mode:

J 2up−2 = (q̂r(0))−2 (4.11)

which will allow us to further simplify the equations of motion in this phase. Moreover, this relation
allows us to trade the zero mode with the effective coupling, letting the model forget its intrinsic
IR scale, and allowing for the conformal solution to exist.

If we drop the subleading terms in the small qr(τ) expansion and use the magic relation (4.11),
the equation of motion becomes:

−
[
δ(τ, τ ′)− qr(τ, τ

′)

q̂r(0)

]
= M∂2

τ qr(τ, τ
′)+(q̂r(0))−2

ˆ β

0
dτ ′′qr(τ, τ

′′)
[
qr(τ

′′, τ ′)− qr(τ, τ ′)
]
. (4.12)

We can massage this expression, and use translation invariance to write it as

−M∂2
τ qr(τ, τ

′)=

ˆ β

0
dτ ′′

[
δ(τ, τ ′′)− qr(τ, τ

′′)

q̂r(0)

] [
δ(τ ′′, τ ′)− qr(τ

′′, τ ′)

q̂r(0)

]
. (4.13)

In momentum space, this equation of motion takes the following very simple form:

Mω2q̂r(ω) =

(
q̂r(ω)− q̂r(0)

q̂r(0)

)2

. (4.14)

The solution to this equation is:

q̂≈r (ω)

q̂r(0)
= 1 + 2γ2ω2 − 2

√
γ2ω2 + γ4ω4 , γ ≡

√
Mq̂r(0)

4
, (4.15)

which shares many features with the two point function in the random rotor model studied in [84–86].
To get intuition about what we will do shortly, let us expand the solution (4.15) for small frequencies:

q̂≈r (ω)

q̂r(0)
= 1− 2γ|ω|+ . . . (4.16)
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Fourier transforming we see:

q≈r (τ) = q̂r(0)δ(τ) +
A

τ2
+ . . . A ≡ 8γ3

Mπ
(4.17)

which leads us to interpret the term subleading to the δ-function contact term as a ‘conformal’
solution when viewed from the perspective of the low-frequency expansion. At finite temperature,
this conformal approximation takes the form

qcr(τ) = A

 π

β sin
(
πτ
β

)
2

. (4.18)

4.1.1 Symmetries of the deep spin glass equations

As we have come to appreciate, the appearance of a conformal solution at low temperatures is
typically accompanied by the presence of soft modes associated to a certain symmetry breaking
pattern [1, 11, 20]. Thus we are instructed to identify the symmetries preserved by the low energy
equations of motion. This intuition will guide the analysis of our EOM, which we will rewrite as:

− 4γ2∂2
τ

(
qr(τ, τ

′)

q̂r(0)

)
=

ˆ β

0
dτ ′′

[
δ(τ, τ ′′)− qr(τ, τ

′′)

q̂r(0)

] [
δ(τ ′′, τ ′)− qr(τ

′′, τ ′)

q̂r(0)

]
. (4.19)

If we take (4.17) as guidance and remove the zero mode,

qr(τ, τ
′) ≡ q̂r(0)δ(τ, τ ′) + xr(τ, τ

′) , (4.20)

this turns (4.19) into

4γ2∂τ∂τ ′

[
δ(τ, τ ′) +

xr(τ, τ
′)

q̂r(0)

]
= J 2up−2

ˆ β

0
dτ ′′ xr(τ, τ

′′)xr(τ
′′, τ ′) , (4.21)

where we have used (4.11). Due to the derivatives of the delta-function on the left hand side, we
notice that this equation does not transform nicely under time reparametrizations of the bilocal
field xr(τ, τ ′). Let us nevertheless define a field yr(τ, τ ′) such that:9

xr(τ, τ
′) ≡ (∂τ − ∂τ ′) yr(τ, τ ′) , (4.22)

then (4.21), to lowest order in derivatives, becomes:

− δ(τ, τ ′) =
J 2up−2

γ2

ˆ β

0
dτ ′′ yr(τ, τ

′′)yr(τ
′′, τ ′) . (4.23)

9We thank J. Maldacena for this suggestion.
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The same equation of motion governs the paramagnetic phase of the q = 2 SYK model. Under the
diff(S1) transformation

τ → f(τ) , yr(τ1, τ2)→
[
f ′(τ1)f ′(τ2)

]∆
yr(f1, f2) , (4.24)

the equation of motion transforms to:

−
[
f ′(τ1)f ′(τ2)

]1/2
δ(f1, f2) =

J 2up−2

γ2

[
f ′(τ1)f ′(τ2)

]∆ ˆ f(β)

f(0)
df3(f ′(τ3))2∆−1 yr(f1, f3)yr(f3, f2) ,

(4.25)

and we notice that the equation of motion is invariant for ∆ = 1/2. In short, the model exhibits an
invariance under diff(S1) at low energies, as exhibited by the equations of motion in the marginal
spin glass phase. However, the bilocal field of interest xr, which measures the response of the
microscopic spins σi does not transform as the two-point function of primary operators. Instead,
the conformal solution we obtain is:

yr(τ, τ
′) = − 4γ3

Mπ

1

|τ − τ ′| , (4.26)

and under a general diff(S1) transformation, this becomes

yr −→ −
4γ3

Mπ

f ′(τ)1/2f ′(τ ′)1/2

|f(τ)− f(τ ′)| . (4.27)

The transformation of the physical field xr is induced from that of yr. In this sense, we should think
of xr as computing a correlation function involving descendant fields.

4.1.2 Properties of the approximate solution

We now discuss the ‘approximate solution’, which we call q≈r , in more detail. This solution inter-
polates smoothly between a scaling solution at large imaginary-time separations, and a ‘free’ UV
solution for short times. This approximate solution will be the most complete analytical solution
to the equations of motion and it is a powerful tool for gaining precise insights into the spin glass
dynamics.

Zero temperature approximate solution. The approximate solution q̂≈r (ω) is defined at zero
temperature by (4.15), which we repeat here:

q̂≈r,β=∞(ω) = q̂r(0)
(

1 + 2γ2ω2 − 2
√
γ2ω2 + γ4ω4

)
, γ ≡

√
Mq̂r(0)

4
. (4.28)

This has the nice property of interpolating between the constant q̂r(0) (given in (4.10)) for small ω,
and q̂UVr (ω) ≡ (Mω2)−1 for large ω.
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At zero temperature, we can readily Fourier transform to position space, similarly to [17, 61],
which yields:

q≈r,β=∞(τ) =
4γ

M

{
2

3π
+

γ

|τ |

[
L2

( |τ |
γ

)
− I2

( |τ |
γ

)]}
(4.29)

where Lν(x) and Iν(x) are the modified Struve and Bessel functions, respectively, and we have
dropped contact terms. For large τ , the approximate solution unsurprisingly approaches the scaling
solution, q≈r,β=∞ → A

τ2 with A as in (4.17). Moreover, as we will see, this approximate solution is a
remarkably good approximation to the exact numerical solutions even for small τ .

Finite temperature corrections. While the above solution was obtained for zero temperature,
we can define a corresponding finite temperature solution by the Poisson-resummation formula,
known more colloquially as the sum over images:

q≈r (τ) ≡
∞∑

n=−∞
q≈r,β=∞(τ + nβ) . (4.30)

The spherical constraint can be imposed on this approximate solution consistently. It requires:

1− u = q≈r (0) =

∞∑
n=−∞

q≈r,β=∞(nβ) , (4.31)

which can be solved perturbatively in 1/(βJ). We can get the leading finite temperature correction
by noting that for large argument [87]:

Lν (z)− I−ν (z) ≈ 1

π

∞∑
k=0

(−1)k+1Γ
(
k + 1

2

)(
z
2

)2k−ν+1
Γ
(
ν + 1

2 − k
) , (4.32)

leading to

1− u =
8γ

3Mπ

(
1 +

∞∑
n=1

6γ2

n2β2
+ . . .

)
=

8γ

3Mπ

(
1 +

π2γ2

β2
+ . . .

)
.

The Edwards-Anderson parameter u is determined as a function of the thermodynamic variables
(m,βJ,MJ) according to (4.10), so this equation can be interpreted as a global condition on m

such that we have a consistent solution that obeys the UV spherical constraint. Plugging in the
expression for u from (4.10) tells us that, to approach the marginal spin glass phase, m must be
tuned to the following value:

m =
p− 2

βJ u
−p/2
∗

(
1 +

1

(βJ )2

8p u2−p
∗

9(1− u∗) [(p+ 2)u∗ − (p− 2)]
+ . . .

)
(4.33)
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Figure 7: Marginally stable spin glass solutions and analytical approximations. Full lines
are the exact numerical solutions at various temperatures for fixed MJ = 1. Thick dashed lines
are the approximate solution q≈r with thermodynamic parameters determined to first subleading
order in the 1/(βJ) expansion (for small temperatures these become essentially indistinguishable
from the exact solutions). Thin dotted lines are the conformal solution qcr (which diverges at short
distances).

where we suppress terms of order (βJ )−4 and u∗ is determined by

0 = 1− u∗ −
4

3π

u
2−p

4
∗√
MJ . (4.34)

This simply says that m must approach zero linearly in T as the temperature is lowered. We
conclude that the marginal spin glass is consistent with a scaling limit for large βJ . Via (4.10) we
also obtain the low temperature expansion of u,

u = u∗ −
16

9(βJ )2up−3
∗ (1− u∗) [(p+ 2)u∗ − (p− 2)]

+ . . . , (4.35)

which approaches u∗ quadratically in T as T → 0. We also use (4.10) to calculate the zero mode:

q̂r(0)

β
=

mu

p− 2
=
u

1−p/2
∗
βJ

(
1 +

1

(βJ )2

8(p− 2)u2−p
∗

9(1− u∗) [(p+ 2)u∗ − (p− 2)]
+ . . .

)
(4.36)

and we see that 1
β

´ β
0 dτ qr(τ) is tending to zero linearly in T .

34



Spectral representation: It is useful for later to define a zero-temperature spectral representa-
tion ρr(ω) of the approximate solution. At zero temperature:

q≈r,β=∞(τ) =

ˆ 1/γ

0

dω

2π
ρ≈r (ω) e−ω|τ | , ρ≈r (ω) =

16γ2

M
γω
√

1− γ2ω2 . (4.37)

As before, the finite temperature solution can be written as a sum over thermal images:

q≈r (τ) =
∞∑

n=−∞

ˆ 1/γ

0

dω

2π
ρ≈r (ω) e−ω|τ+nβ| =

ˆ 1/γ

0

dω

2π
ρ≈r (ω)

cosh
[(
|τ | − β

2

)
ω
]

sinh
(
βω
2

) ,

which is valid for both positive and negative τ . Defining ω = 1
γ sin θ, we can write this as

q≈r (τ) =
8γ

Mπ

ˆ π
2

0
dθ cos2 θ sin θ

cosh
[(
|τ |
γ −

β
2γ

)
sin θ

]
sinh

(
β
2γ sin θ

) (4.38)

which gives us the following late time expansion of the thermal correlation function:

q≈r (τ) ≈ 8πγ3

Mβ2 sin2
(
πτ
β

)[(1 +
2π2γ2

β2
− 2π4γ4

β4
+ . . .

)

− 3π2γ2

β2 sin2
(
πτ
β

) (1− 5π2γ2

β2
+ . . .

)
− 15π4γ4

β4 sin4
(
πτ
β

) (1− . . . ) + . . .

]
. (4.39)

The representation (4.38) is very efficient for explicit evaluations. It also leads to immediate con-
sistency checks. For example, we recognize the first term in the expansion as the conformal result.
Further, one can readily show from this expression that the zero mode is correctly reproduced:

ˆ β

0
dτ q≈r (τ) =

16γ2

Mπ

ˆ π
2

0
dθ cos2 θ =

4γ2

M
= q̂r(0) . (4.40)

Let us emphasize that our finite temperature expression is not exact, and gets a number of correc-
tions coming from adding terms neglected in the derivation of the conformal solution. At any finite
temperature, the true scaling exponent differs from the precise value of ∆ = 1 found earlier [88].

In figure 7 we display a few marginally stable spin glass solutions qr(τ), obtained numerically,
and compare them with the approximate solution (4.38) and with its conformal long-time limit
(4.18). This figure illustrates that q≈r is an extraordinarily good approximation both at short and at
long distances. We can improve the match with the exact numerical results even further if, instead
of determining γ from the low-temperature values (4.36) etc., we tune m to the ideal value to obtain
the best possible match – doing so makes the approximate solution essentially indistinguishable from
the exact solution for a very wide range of temperatures and couplings MJ . We also display the
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conformal solutions qcr, which provide a reasonable approximation for 0 � τ � β and sufficiently
small temperatures.

4.1.3 Perturbative double expansion and ‘quantum scaling’

We can use the approximate solution q≈r to solve for the prameters u,m, q̂r(0) perturbatively. To
this end, recall that initially we made the assumption that qr � u, which holds for large values of
MJ . Let us therefore consider a double expansion for large βJ and large MJ . When MJ � 1,
the value of u∗ can be determined iteratively from (4.34):

u∗ = 1− 4

3π
√
MJ −

p− 2

4

(
4

3π
√
MJ

)2

− (p− 2)(3p− 2)

32

(
4

3π
√
MJ

)3

+ . . . (4.41)

In this double expansion, the time-independent parameters (4.33), (4.35), and (4.36) take the fol-
lowing form:

m =
p− 2

βJ

(
1 +

2p

3π
√
MJ + . . .

)
+
p(p− 2)

6(βJ )3

(
π
√
MJ +

2

3
(3p− 2) + . . .

)
+ . . .

u =

(
1− 4

3π
√
MJ + . . .

)
− 1

3(βJ )2

(
π
√
MJ +

4

3
(p− 2) + . . .

)
+ . . .

q̂r(0)

β
=

1

βJ

(
1 +

2(p− 2)

3π
√
MJ + . . .

)
+

(p− 2)

6(βJ )3

(
π
√
MJ +

2

3
(3p− 4) + . . .

)
+ . . .

(4.42)

In order for this double expansion to converge we need to make sure that the terms (MJ )n−1/2

(βJ )2n+1

remain small, and diminish in size as n is increased (in particular, βJ �
√
MJ � 1). To ensure

this, we will take what we call the quantum scaling :

βJ = Λ2 β̂J , MJ = Λ2 M̂J with Λ� 1 , β̂J ∼ M̂J ∼ O(1) . (4.43)

Working perturbatively in 1/Λ, we find:

m =
1

Λ2

p− 2

β̂J
+

1

Λ3

2p(p− 2)

3π β̂J
√
M̂J

+
1

Λ4

4p2(p− 2)

9π2 β̂J M̂J
+ . . .

u = 1− 1

Λ

4

3π
√
M̂J

− 1

Λ2

4(p− 2)

9π2M̂J
+ . . .

q̂r(0)

β
=

1

Λ2

1

β̂J
+

1

Λ3

2(p− 2)

3πβ̂J
√
M̂J

+ . . .

(4.44)

In this scaling u is parametrically close to 1, meaning that qr(τ) is very small since it interpolates
between 1− u and 0. This explains why q̂r(0)

β is getting parametrically small in this limit.
While we can be certain that the derivation of the approximate analytical solution holds in the

quantum scaled regime, we often find that evaluating the analytical expressions using the exact in
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MJ expressions (4.33)-(4.36) match the numerics for a wide range of temperatures within the spin
glass phase. As such all numerical versus analytical comparisons are made in this way.

4.2 The transition to a marginally stable spin glass

In order for the analysis of the marginal-spin glass state to be consistent, we must be at sufficiently
low temperatures such that u 6= 0, meaning that above a certain temperature, the marginal spin
glass state ceases to exist and our definition of the cloned ensemble is no longer consistent. Thus we
must identify the region in coupling space where the marginal spin glass state exists and identify
the nature of the transition between the paramgnetic and the marginal spin glass. In order to do so,
we repeat the analysis of section 3.1, but replace the equation for m with the condition of vanishing
replicon eigenvalue (E.22) obtained in appendix E.2. We will again use the rescaled dimensionless
variables (3.1).

Let us reiterate the perspective here, since it is perhaps not exactly correct to call this a phase
transition, per se. In the marginal spin glass phase, we are tuning m such that we have a vanishing
transverse eigenvalue λdiag

T among fluctuations in the replica directions (appendix E.2). To do so,
we have to identifying the region in parameter space (βJ , MJ) where this is consistent. Outside
of this region we will take m arbitrary, but since u = 0, this does not matter, and the solution will
be the equilibrium paramagnetic configuration. The nature of the “transition” depicted in figure 8
shows how m varies as we cross from the paramagnetic phase, where no marginal solution exists,
to the region of coupling space where the marginal spin glass does indeed.

Thus, to find the location of the phase boundary, the relevant constraint equations for (ũ,m)

become:

EOMu : 0 = p
̃2

2
ũp−1 − ũ

(1− ũ) [1 + (m− 1)ũ]
, (4.45)

EOM(marg.)
m : m =

1

̃

(p− 2)
√

2√
p(p− 1)ũp

. (4.46)

where we have removed an overall factor of (m − 1) in the first equation since we are now only
looking for a spin glass solution with m 6= 1. Plugging the second equation into the first, we find
an equation that determines ũ as a function of ̃ and p:

p

2
̃2ũp−1(1− ũ)2 + ̃

√
p (p− 2)√
2(p− 1)

ũp/2(1− ũ)− ũ = 0 . (4.47)

The behavior of this relation is qualitatively very similar to the equilibrium analysis, shown in the
left panel of figure 2. However, due to the absence of the logarithm, the present case is easier to
treat analytically. The physical solution satisfying ̃ ≥ 0 for 0 < ũ < 1 (when it exists) can thus be
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written explicitly and reads as follows:

̃2 =
2

p(p− 1)

ũ2−p

(1− ũ)2
, m = (p− 2)

1− ũ
ũ

. (4.48)

To find the critical value where the marginal spin glass solution ceases to exist, one has to investigate
what values of ̃2 the above solution can produce. To this end, one observes that ̃2 as a function of
ũ has a minimum at the critical value ũ?, characterized by:

ũ? =
p− 2

p
, ̃2crit ≡ ̃2(ũ?) =

pp−1

2(p− 1)(p− 2)p−2
. (4.49)

The value of m along the critical line (4.49) is m = 2. For ̃2 < ̃2crit the marginally stable spin glass
solution does not exist. Note, however, that it may cease to exist earlier, depending on the ability to
satisfy the remaining equations of motion. Furthermore, it certainly will not be thermodynamically
preferred over the disordered solution all the way up to m = 2, as we will see in the next subsection.
In fact we will argue that a more stringent physical criterion is that m should never exceed 1.
Demanding m = 1 as the boundary of the region where the marginally stable spin glass solution
makes sense physically, we find that the maximal allowed values are in fact:

m = 1 ⇒ ũ =
p− 2

p− 1
, ̃2 =

2

p

(p− 1)p−1

(p− 2)p−2
. (4.50)

The value of ̃ as a function of p is again qualitatively similar to the equilibrium case shown
in the right panel of figure 2, as long as p is not too large. However, it is interesting to note that
in the large p limit, the critical value ̃2crit in the equilibrium case diverges with a complicated p

dependence, whereas in the present case it is given by ̃2crit → 1
2e

2 (as p → ∞). Similarly, the
physical boundary (4.50) approaches ̃2 → 2e. Note that solving (4.48) for ũ yields two branches of
solutions: one for ũ ≥ ũ? and one for ũ ≤ ũ?. It is clear that the first case corresponds to physical
solutions, as it is the only one consistent with ũ→ 1 in the “deep spin glass limit” ̃→∞.

Again, as in the equilibrium case, the above analysis is somewhat misleading because the rescaled
tilde-variables hide all the dependence on the value of MJ . In order to gain a full understanding
of the phase diagram corresponding to the marginal stability criterion, we now consider numerical
solutions again.

4.3 Thermodynamics and phase diagram

Let us now discuss the detailed thermodynamics of the marginally stable spin glass states. Our first
goal will be to find an appropriate definition of the thermodynamic quantities. We begin with the
regularized expression for the effective action, (3.9). For equilibrium configurations, it is natural to
identify φ with the free energy per unit site in the n→ 0 limit.

However, as we have already discussed, below the spin glass phase transition it is natural to pass

38



to another ensemble where the replica symmetry is explicitly, rather than spontaneously broken
[80, 81], which in practice is done by explicitly coupling m replicas of the p-spin model before
disorder averaging. This allows m to be thought of as an external parameter, therefore allowing
us to consider m as its own thermodynamic variable (see section II.B of [82] for an elucidating
review and [89] for related comments). As discussed in [68], this is equivalent to computing the
Thouless-Anderson-Palmer (TAP) free energy [90] of the system. There is a subtlety in the n→ 0

limit of the replica trick which makes it so that this procedure is only valid for values of m in the
spin glass phase. It is important to recall, as alluded to earlier in this section, that the reason we
may want to tune m in this way is to connect to the dynamics of the model [74–78], which shows
that m settles on the marginally stable value under classical evolution.

Following the procedure of allowing for m replicas to be pinned to the same state by an explicit
breaking, as in (4.1), one finds for the effective action per unit site, again in the n→ 0 limit:

βmΦ =
S̃reg

eff

Nn
= βmφ , (4.51)

where φ is the same as in (3.9). In this ensemble, the various thermodynamic quantities are given
as follows [82]:

f̄ = ∂m(mφ) , s̄ = −∂T f̄ , Σ = −∂1/m(βφ) , ē = ∂β(βf̄) , c̄ = ∂T ē , (4.52)

where f̄ is the free energy per unit site, s̄ is the entropy, ē is the energy and c̄ is the specific heat
of the thermodynamic state per unit site. Note that m plays the role of thermodynamic potential
dual to free energy much like β is the thermodynamic potential dual to energy. Also notice that
there is a new ‘entropy’-like quantity Σ which counts the number of non-equilibrium states that
are within a particular free energy band whose width is given by 1/m, much like how the entropy
counts the number of equilibrium states within a coarse grained energy band whose width is given
by the temperature.

From the definition of the free energy above we notice:

βf̄ ≡ βφ+m∂m (βφ) = βφ+
1

m
Σ . (4.53)

This leads to the following interpretation of the on-shell action:

βmφ = βmē− (ms̄+ Σ) , (4.54)

meaning that mē serves as the effective energy, while ms̄+ Σ contribute as the microscopic entropy
normally would. Interestingly, even if the microscopic entropy s̄ is zero, as we will show, there is
still a thermodynamically large number of metastable states coming from the complexity Σ. We
can now evaluate the thermodynamic quantities explicitly.
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Free energy: We begin with the simple evaluation of the free energy. According to (4.53), in this
ensemble:

βf̄ = βφ− m

2

(βJ)2

2
up +

1

m

u
q̂r(0)
β +mu

+
1

m2
log

 q̂r(0)
β

q̂r(0)
β +mu

 . (4.55)

As expected, we find the free energy at equilibrium, plus a contribution from the complexity Σ. The
complexity would vanish on equilibrium values of m satisfying the would-be equations of motion for
m, (2.43). However, since we are now free to tune m as we please, this extra term will contribute
to the free energy in this ensemble. Combining the above result with (3.9) gives

βf̄ =− 1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]
+

1

2

∞∑
k=−∞

{
−1 +

[
M

(
2πk

β

)2

− 2i
ẑ(0)

β

]
q̂r(k)

}

+ iẑ(0) (1− u)− β2J2

2

{
mup +

1

2β

ˆ β

0
dτ (q(τ)p − up)

}

+ log

[
2 sinh

√
−iẑ(0)β

2M

]
− 1

2

 u
q̂r(0)
β +mu

 . (4.56)

We can massage this expression using the on-shell identity (D.8):

βf̄ =− 1

2

β

q̂r(0)
− 1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]

+

[
(βJ)2

4

{
(p− 2)mup +

p− 1

β

ˆ β

0
dτ [q(τ)p − up]− p

β

ˆ β

0
dτ
[
q(τ)p−1 − up−1

]}]

+ log

[
2 sinh

√
−iẑ(0)β

2M

]
− 1

2

 u
q̂r(0)
β +mu

 . (4.57)

Complexity: We can explicitly compute the on-shell complexity in the marginal spin glass state
(evaluated using (4.10)) and we find:

Σ =
1

2
log(p− 1)− p− 2

p
. (4.58)

Interestingly the complexity is zero for p = 2 (which is known to evade the spin glass transition),
and positive for p > 2. It is also independent of any couplings or the temperature. This suggests
that it will not contribute to the energy of the spin glass phase.

Energy: To compute the energy ē, we use the definition

ē = ∂β(βf̄) = ∂β[1 +m∂m]βφ = [1 +m∂m]∂β(βφ) . (4.59)

40



To calculate the first term, which only consists of a single derivative acting on βφ, we can use the
fact that the equations of motion are obtained by varying βφ with respect to most variables:

∂

∂q̂r(k)
(βφ) =

∂

∂u
(βφ) =

∂

∂ẑ(0)
(βφ) = 0 . (4.60)

In this ensemble, m is an external parameter, so there is no meaning to considering terms such as
∂m/∂β while varying the free energy. This is because we are selecting m externally such that we
land on the conformal solution. In computing the second term of (4.59), we must evaluate the mixed
derivatives before plugging in the on-shell conditions. Carefully keeping track of these contributions,
we find:

βē =
1

2

∞∑
k=−∞

[
1− M

β
(2πk)2 q̂r(k)

β

]
− β2J2

2

{
mup +

1

β

ˆ β

0
dτ [q(τ)p − up]

}

+
m

2

−(βJ)2up
(

1 +
p

2

β ∂βu

u

)
+

 u
q̂r(0)
β +mu

2(
1− β ∂β q̂r(0)

q̂r(0)
+
β ∂βu

u

) . (4.61)

Evaluated on the marginal-spin glass parameters (4.10), the second line of the above expression
vanishes. This was not guaranteed, but it does confirm the results of [38]. We could have anticipated
the vanishing of the second line of (4.10) for the marginal spin glass, since the on-shell complexity is
temperature independent, so its explicit β derivative is certain to vanish. Finally, some massaging
using the identity (D.8) allows us to simplify the first line:

βē =
1

2

β

q̂r(0)
+

(βJ)2

4

{
p

β

ˆ β

0
dτ
[
q(τ)p−1 − up−1

]
− (p+ 2)mup − p+ 2

β

ˆ β

0
dτ [q(τ)p − up]

}
.

(4.62)
We thus conclude that the expression for the energy in the marginal spin glass phase is the same
expression as in equilibrium (3.14). This is consistent with [38] although our reasoning is different.
We show that this is a consequence of the ensemble, and the particular SG solution.

Entropy: To compute the entropy note that by definition, it is given by

s̄ = βē− βf̄ . (4.63)

It therefore follows immediately from (3.14) and (4.57) (see (D.23) for an explicit expression).

4.4 Phase diagram

The phase diagram for the transition between the marginally stable spin glass state and the param-
agnetic “disordered” state is shown in figure 8. The boundary of the spin glass region is defined as
the line where either the marginally stable spin glass solution ceases to exist (first order transition),
or it continues to exist but the value of m begins to take unphysical values m > 1 (second order
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Figure 8: Phase diagram for the transition to the marginally stable spin glass. We
show the value of m as a function of temperature and 1/M (both measured in units of J) for
p = 3. The qualitative features are the same as in the equilibrium case (figure 3): the parameter
m is continuous (discontinuous) along the second (first) order line. Note that the phase transition
happens at slightly larger values of 1/(MJ) compared to the equilibrium case.

transition). The qualitative features of the phase diagram are the same as in the equilibrium analysis
(c.f., figure 3): the parameter m is continuous (discontinuous) across the second order (first order)
transition. The order parameter u is discontinuous across both. The main difference compared to
figure 3 is that the transition happens at slightly larger values of 1/(MJ).

In figure 9 we further present numerical results for the thermodynamic functions in the marginally
stable spin glass phase. Particularly interesting is the low temperature limit, where we have analytic
control. Let us discuss this limit in some detail.

4.5 Low temperature expansion (quantum scaling)

We can understand much of the thermodynamics in the marginally stable spin glass analytically
by evaluating thermodynamic quantities on the approximate solution q≈r discussed in section 4.1.2.
We give a more detailed discussion of the large βJ expansion in appendix D. Here, we simply
summarize the results in the ‘quantum scaling’ (4.43), where both βJ and MJ are parametrically
large.

42



0.0 0.1 0.2 0.3 0.4 0.5

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

0.0 0.1 0.2 0.3 0.4
0.0

0.1

0.2

0.3

0.4

Figure 9: Low temperature thermodynamics of the marginal spin glass (MJ fixed). Left:
The internal energies (upper curves) and free energies (lower curves) per spin approach the same
constant value at zero temperature. Right: The specific heat c̄ approaches zero linearly. Compare
also with the corresponding plot in case of the equilibrium spin glass, figure 6.

For the energy, we find in the quantum scaling with large Λ:

ē

J = −2

p
+

32

15πΛ
√
M̂J

− 4(p− 2)(1 + 20n3)

45π2Λ2M̂J
+

8(p− 2)(p− 10− 24n3(p− 8))

405π3Λ3
(
M̂J

)3/2

+
1

Λ4

2(p− 2)(7− 10n′3)

45
(
β̂J
)2 − 4(p− 2) [(p+ 2)(p− 24)− 48n3(p(p− 2)− 28)]

1215π4
(
M̂J

)2

+ . . . (4.64)

where n3, n′3 are O(1) numbers (see (D.18)). In this scaling, we see immediately that ē is finite
at zero temperature, approaching the value ē/J = −2/p, and the specific heat is linear in T . In
appendix D we also derive the entropy in the quantum scaling, and show that it vanishes to leading
order:

s̄ = 0 +O(Λ0) . (4.65)

This is consistent with what we find numerically: the entropy vanishes at zero temperature (c.f.,
figure 9). However, recall that in the grand-canonical ensemble we find ourselves in, where m is
its own a thermodynamic potential, the generalized free energy is fixed to (4.54), which has two
entropic contributions. This means that the entropy-like quantity is

ms̄+ Σ =

[
1

2
log(p− 1)− p− 2

p

]
+O(Λ−2) . (4.66)

since this is the entropy per unit site, the actual entropy grows with N .
It is interesting to use the thermodynamic quantities as a benchmark for the accuracy of the

approximate solution q≈r . To this end, we compare the exact numerical values for u and ē with
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Figure 10: Marginal spin glass thermodynamics (MJ fixed). We show the Edwards-
Anderson parameter u and the energy ē as functions of temperature. Dotted lines correspond to
the analytical approximations (4.35) and (4.64). The approximation is best for sufficiently large
MJ and sufficiently low temperatures. See also figure 11 for comparison with the ‘quantum scaled’
regime.
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Figure 11: Marginal spin glass thermodynamics (quantum scaling: MJ ∝ βJ � 1). We
show the Edwards-Anderson order parameter u and the energy ē. The analytical approximations
based on (4.35) and (4.64) (thick dashed lines) match the numerics (full lines) very well. For u we
show the perturbative expression (4.44) separately (thin dotted lines). For ē, the difference between
(4.64) and (D.21) is very small and not shown. At T = 0 all the ‘quantum scaled’ internal energies
approach the value −2/

√
3, which follows from (4.64) for p = 3 (note that we plot ē/J , whereas

(4.64) gives ē/J ).
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the analytical values to first subleading order in the low-temperature expansion (expressions (4.44)
and (4.64)). Figure 11 demonstrates good agreement when we scale MJ linearly with βJ (as is
natural to focus on the quantum scaling). On the other hand, working with fixed values ofMJ , the
analytical expressions are only good at very small temperatures (c.f., figure 10). We also compared
with the expressions obtained by expanding in 1/(βJ), but solving for the MJ dependence exactly
according to (4.35) (and a similar expression (D.21) for ē). At least for u, this improves the
approximation further (see figure 10, left panel). When comparing figures 10 and 11 it is useful to
mentally overlay them: the curves plotted in figure 11 only go through regions of figure 10 where
the analytical approximation is relatively good. This is the purpose of the quantum scaling.

4.6 Thermodynamic functions, soft-mode actions, and holography

At this stage we are ready to assemble the various thermodynamic quantities computed in the
previous sections and give them a holographic interpretation. To do so, we use the established links
between thermodynamic functions and static solutions to dilaton gravity as described in [20] (see
also [91–96]).

There are two important on-shell thermodynamic functions that should be highlighted in the
marginal spin glass phase. First is the free energy, which admits the following expansion in the
quantum scaling regime:10

β(F̄ − Ē0) = N

(
−2(p− 2)(7− 10n′3)

45βJ + . . .

)
(4.67)

where Ē0 is the zero-temperature energy, which admits an expansion in 1/
√
MJ as can be deduced

from (4.64). The second is the generalized free energy of the cloned ensemble, also known as the
TAP free energy [68] (see section 4.3):

βm(Φ̄− Ē0) = N

(
−Σ− 2(p− 2)2(7− 10n′3)

45 (βJ )2 + . . .

)
(4.68)

where, on the right hand side, we have used that m itself admits a low temperature expansion in
the quantum scaling regime according to (4.44), in order to tune to the conformal spin glass phase.
The complexity Σ per unit site is given in (4.58).

How and to which of these thermodynamic functions should we ascribe a holographic meaning?
While it is difficult to be certain, let us propose the following interpretation: On the one-hand,
(4.67) suggests that the free energy of a single clone of the disordered p-spin model has a soft-mode
action which is a Schwarzian with a very particular coefficient

αS =
(p− 2)(7− 10n′3)

45π2
≈ 0.0048(p− 2) . (4.69)

10Recall that f̄ and ē are the free energy and energy per site, respectively, whereas capitalized quantities are
extensive in N .
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This can be diagnosed by fact that the power (βJ )−1 in the free energy has its origins in the
particular Schwarzian-type breaking of diff(S1) down to SL(2,R). The microscopic description of
a single clone, however, does not have an extensive entropy in N , suggesting a limitation to this
interpretation as the soft breaking of the asymptotic geometry within a single black hole throat.

The quantity (4.68), governing the grand canonical free energy of a collection of clones of the
p-spin model also admits a power series in (βJ )−1 and has an extensive ‘entropy’ in N , namely
the complexity NΣ. This entropy counts the number of nearby free-energy states in the landscape
of this cloned model. However, the absence of a term proportional to (βJ )−1 suggests that the
holographic dual to this ensemble of clones will be inherently non-local, since there is no contribution
accounting for the breaking of the symmetries of AdS2. Indeed the contribution giving rise to the
piece proportional to (βJ )−2 was computed in [20] and is explicitly bilocal in time. Perhaps then,
we should view this ensemble as a collection of black holes and the TAP free energy in (4.68) shows
that the low energy dynamics governing the breaking of diff(S1) in this ensemble is inherently
non-local. It would be nice to explore a connection between the complexity Σ and the number of
fragmented horizons.

It would be interesting if the more complicated, string-inspired, models alluded to in the intro-
duction, containing both bosons with a ‘spherical’ constraint as well as dynamical fermions, has a
more local description in the replica symmetry broken phase, if one exists. We leave this exploration
for future work.
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Part II

Real time dynamics and quantum chaos

5 Two-point functions in real time

Having understood the thermodynamic properties of the model based on the Euclidean two-point
functions both in equilibrium and in the marginally stable spin glass, it is now time to turn to
dynamical questions. We begin by formulating the Schwinger-Dyson equations in real time.

5.1 Schwinger-Keldysh approach

We begin by defining the spectral function ρr(ω) in terms of the Euclidean two-point function q(τ):

qr(τ) ≡
ˆ ∞
−∞

dω

2π

e−ωτ

1− e−βω ρr(ω) =

ˆ ∞
0

dω

2π

cosh
[(

β
2 − τ

)
ω
]

sinh
(
β
2 ω
) ρr(ω) , (5.1)

where we used ρr(−ω) = −ρr(ω) in the second step (for bosonic theories). In addition to being
odd, the spectral function furthermore has the property ωρr(ω) ≥ 0.

In real time, we obtain the Wightman functions as analytic continuations of the Euclidean
correlator:

q>r (t) ≡ qr(τ = it+ ε) , q̂>r (ω) =

ˆ ∞
−∞

dt e−iωt q>r (t) = nB(ω)ρr(ω)

q<r (t) ≡ qr(τ = −it+ ε) , q̂<r (ω) =

ˆ ∞
−∞

dt e−iωt q<r (t) = (1 + nB(ω)) ρr(ω)

(5.2)

where we provided explicit expressions in terms of the spectral function ρr(ω) using the Bose dis-
tribution nB(ω) = (eβω − 1)−1. The KMS condition (a.k.a. fluctuation-dissipation theorem) is the
statement that q̂<r (ω) = eβω q̂>r (ω).

We will further require the retarded correlator, which can be given in terms of the Wightman
function:

iqRr (t) = Θ(t)
[
q>r (t)− q<r (t)

]
, iq̂Rr (ω) = −i

ˆ ∞
−∞

dω′

2π

ρr(ω
′)

ω + ω′ − i0+
= −iq̂r(−iω − 0+) ,

(5.3)

where the last step can be proven easily for Matsubara frequencies iω ∈ 2π
β Z and then defines the

analytic continuation for arbitrary ω ∈ C. From this integral expression, one can also easily verify
how the spectral function can be extracted from the retarded correlator:

ρr(ω) = 2 Im q̂Rr (ω) . (5.4)
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Finally, we will need the analytically continued ‘left-right’ autocorrelation function defined as

q>r (t− iβ/2) =

ˆ ∞
−∞

dω

2π
eiω(t−iβ/2) nB(ω)ρr(ω) . (5.5)

This satisfies the normalization condition q>r (0− iβ/2) = qr(τ = β/2).
Before moving on to the analytically continued equations of motion, we note here the role of

the offset played by the Edwards-Anderson parameter u in the analytic continuation to real time.
One would presume that the offset survives in the analytic continuation of q(τ) ≡ qr(τ) + u to real
times. This is certainly true of the Wightman functions:

q>(t) ≡ q>r (t) + u , q<(t) ≡ q<r (t) + u . (5.6)

However, since the retarded correlator is defined as the difference of these Wightman functions, the
u dependence drops out:

qR(t) ≡ qRr (t) . (5.7)

Let us now return to the equation of motion in the form (2.41), which is already written in a
form amenable to analytic continuation. Since the analytic continuations of q̂r(k) and Λ̂r(k) under
k → −iω − ε are directly related to the retarded propagator, we obtain the following relation in
frequencies conjugate to real time:

1

q̂Rr (ω)
− 1

q̂Rr (0)
= Mω2 − J2

(
Λ̂Rr (ω)− Λ̂Rr (0)

)
, (5.8)

where

Λ̂Rr (ω)− Λ̂Rr (0) ≡ −
{

Λ̂r(−iω)− Λ̂r(0)
}

= − ip
2

ˆ ∞
0

dt
(
e−iωt − 1

) [(
q>r (t) + u

)p−1 −
(
q>r (−t) + u

)p−1
] (5.9)

Finally, the normalization condition qr(τ = 0) = 1 − u translates via (5.1) into an additional
normalization condition for the spectral function:

ˆ ∞
−∞

dω

2π

ρr(ω)

1− e−βω = 1− u . (5.10)

The spectral function for q(τ), which we would denote as ρ(ω) ≡ ρr(ω)+2πu δ(ω), satisfies a similar
normalization condition with 1 on the right hand side.

We can numerically solve (5.8) by a similar iterative method as described for the Euclidean case.
This is described in appendix G. In the remainder of this section we discuss some salient features
of the two-point functions thus obtained.
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Figure 12: Lorentzian two-point functions (paramagnetic phase). Wightman (autocor-
relation) and retarded (response) functions at fixed coupling βJ = 2.51 and for various values of
MJ in the paramagnetic phase. Darker lines are closer to the phase transition. For small MJ we
observe oscillatory (‘quantum’) behavior. For large MJ the Wightman function shows monotonic
(‘classical’) decay over larger time scales. As we approach the spin glass transition (MJ ≈ 0.63) the
decay becomes increasingly slow. The decay fits an exponential, as we show in the inset by fitting
the case of MJ = 0.6 to the function ∼ exp[−0.031 (t/β)1.03] (green dotted line) on a log-plot. The
corresponding spectral functions are shown in figure 13.
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Figure 13: Spectral properties of paramagnetic solutions. Spectral functions ρr(ω) and
Euclidean two-point functions qr(τ) for the same values of βJ and MJ as in figure 12. The spectral
function develops a gap for small values of MJ . For large values of MJ (as we get into a more
classical regime and approach the spin glass transition), low frequency excitations are apparent. The
Euclidean correlator develops exponential decay for small MJ (corresponding to the oscillations
visible in the real-time correlation functions of figure 12).
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5.2 Features of the paramagnetic correlation functions

For illustration, we show some real-time two-point functions in figure 12. The corresponding spectral
function and the Euclidean correlators are shown in figure 13.11 Interesting features can readily be
seen from the plots at fixed value of βJ as we varyMJ :12 at small values ofMJ , the spectral function
shows a gapped spectrum. Correspondingly, the correlation functions behave very ‘quantum’: the
Euclidean two-point function develops exponential decay, which in turn implies oscillatory behavior
in the real-time correlators due to inertial effects.13 As we increaseMJ , we observe the competition
of the kinetic term and the coupling strength: at larger values of MJ , the real-time oscillations
disappear and the gap in the spectrum closes, indicating weakly coupled physics. As we approach the
spin glass transition point (MJ ≈ 0.70 for the shown value of βJ), the real-time correlations display
very slow relaxation over long time scales. This is illustrated for MJ = 0.60 in the logarithmic plot
(inset of figure 13). Before even reaching the spin glass regime, the system therefore undergoes
a transition from a ‘quantum’ to a ‘classical’ paramagnet. As we will see in section 6.2, this
transition manifests itself in four-point functions, as well. Some of these features are also illustrated
in the schematic phase diagram, figure 1. It is important that we point out, at this stage, that
we are only interested in the initial relaxation process for the spin glass phase (also known as β-
relaxtion [88,101]), whereas we probe a two-step relaxation process within the paramagnetic phase
(see the inset of the left panel of figure 12).

5.3 Features of the spin glass correlation functions

In principle we can use the same definitions as in the previous section for the spin glass phase. For
example, (5.9) is already written appropriately for the spin glass case (u > 0). The new ingredient,
which we would like to discuss here, is the availability of a simple analytic approach to the real-time
correlation functions in the marginally stable spin glass.

Consider the approximate solution for the marginal spin glass, discussed in section 4.1.2. We
recall here the spectral representation of the Euclidean solution at finite temperature:

q≈r (τ) =

ˆ ∞
0

dω

2π
ρ≈r (ω)

cosh
[(
|τ | − β

2

)
ω
]

sinh
(
βω
2

) , ρ≈r (ω) =
16γ2

M
Θ

(
1

γ
− |ω|

)
γω
√

1− γ2ω2

(5.11)
Using the definitions from the previous subsections, we immediately obtain integral expressions for

11These were obtained with the algorithm of appendix G, using discretization of the relevant time windows into
O(5000) elements, and discretization of the relevant frequency windows into O(106) elements.

12For similar observations, see also [97,98] and more recently [99].
13It is worth mentioning that the classical dynamics of the p-spin model also exhibits oscillations in the two-point

function [100], so one should not conclude that classical oscillations are prohibited from this intuitive picture.
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Figure 14: Lorentzian two-point functions (spin glass phase). Wightman (autocorrelation)
and retarded (response) functions at fixed coupling βJ = 2.51 and for various values of MJ in the
marginally stable spin glass phase. Darker lines are closer to the phase transition. The behavior
is qualitatively similar to the correlators in the paramagnetic phase (figure 12) near the phase
transition. Note however that the Wightman function in the spin glass is offset by a finite amount
u and never decays to zero (dotted lines).
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Figure 15: Spectral properties of spin glass solutions. Spectral functions ρr(ω) and Eu-
clidean two-point functions q(τ) in the marginally stable spin glass state for the same values of
βJ and MJ as in figure 14. The spectral function is always gapless in this phase. The Euclidean
correlators approach the finite order parameter value u at τ = β/2.
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the approximate real-time two-point functions. For instance, the Wightman functions are:

(
q≈r
)>

(t) =

ˆ ∞
−∞

dω

2π
eiωt nB(ω)ρ≈r (ω) =

8γ

πM

ˆ π/2

−π/2
dθ cos2 θ sin θ

e
it
γ

sin θ

e
β
γ

sin θ − 1(
q≈r
)<

(t) =

ˆ ∞
−∞

dω

2π
eiωt (1 + nB(ω))ρ≈r (ω) =

8γ

πM

ˆ π/2

−π/2
dθ cos2 θ sin θ

e
it
γ

sin θ

1− e−
β
γ

sin θ
.

(5.12)

Later on (for the purpose of computing quantum chaos), we need the retarded and the analytically
continued Wightman functions, which are particularly simple and manifestly real:

(
q≈r
)R

(t) = −iΘ(t)
[(
q≈r
)>

(t)−
(
q≈r
)<

(t)
]

= −8γ2

M

Θ(t)

t
J2

(
t

γ

)
,

(
q≈r
)>

(t− iβ/2) =
8γ

πM

ˆ π/2

0
dθ cos2 θ sin θ

cos
(
t
γ sin θ

)
sinh

(
β
2γ sin θ

) . (5.13)

where J2 is a Bessel function. For large Lorentzian times t� β, these behave as

(
q≈r
)R

(t) ∼ 16γ

M
√

2π

(γ
t

)3/2
cos

(
t

γ
− π

4

)
,

(
q≈r
)>

(t− iβ/2) ∼ − 8γ

M sinh
(
β
2γ

)√
eπ

(γ
t

)3/2
cos

(
t

γ
+
π

4

)
.

(5.14)

We show the various marginal spin glass two-point functions and the spectral functions in figures
14 and 15 for fixed temperatures. Several points are evident from these figures and in stark contrast
with the paramagnetic case of the previous subsection: the Wightman and retarded correlation
functions are very long lived. Indeed, their decay is polynomial and, in addition, the full Wightman
function q>(t − iβ/2) = q>r (t − iβ/2) + u does not decay to zero at all, but rather to the order
parameter u. The same is true for the Euclidean two-point functions. Finally, the spectral functions
ρr(ω) are gapless for all temperatures shown. This is consistent with the scaling behavior of these
functions at low temperatures. Note also that the full spectral function ρ(ω) = ρr(ω) + 2πu δ(ω)

has an additional peak at ω = 0.
In figure 16 we show similar data, but for varying temperatures and fixed values of M/β. As

this slice of parameter space is expected to be well approximated by the approximate analytical
solution, we plot both. When evaluating the approximate solution, we determine parameters such
as m and u using the second-order expansion of section 4.1.2 (in particular, we use (4.33) and
(4.35)). Also note that we consider the case where βJ/(MJ) = 4 is constant, which is appropriate
for the ‘quantum scaling’ introduced in section 4.5. The same case was considered in the context of
thermodynamics (c.f., figure 11). The fact that the real-time correlators at low temperatures are very
well approximated by the analytical approximation, thus confirms that not only thermodynamics,
but also dynamical aspects are well captured by q≈r .
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Figure 16: Comparison of marginal spin glass solutions and analytical approximation.
Wightman (autocorrelation), retarded (response), spectral, and Euclidean two-point functions at
fixed ratio β/M = 4 and for various values of βJ . In case of the Wightman and Euclidean functions,
we only show the non-constant parts q>r (t − iβ/2) and qr(τ). Their full form q = qr + u, where
u = {0.378, 0.622, 0.797} for the cases shown. The spectral function is always gapless. Dotted lines
denote the approximate analytical solutions, evaluated perturbatively to first subleading order in
1/(βJ) using (4.33)-(4.36). The approximate solutions are remarkably good at low temperatures
and capture all the nontrivial features.
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6 The four-point function and quantum chaos

In this section we discuss four-point functions. We begin in Euclidean signature and then analytically
continue, using the Schwinger-Keldysh approach, in order to evaluate the out-of-time-order four-
point correlation function, which serves as a diagnostic of quantum chaos.

6.1 The ladder kernel

We are interested in the four point function

1

N2
〈σi(τ1)σi(τ2)σj(τ3)σj(τ4)〉 = 〈q(τ1, τ2)q(τ3, τ4)〉 = q?(τ12)q?(τ34)

[
1 +

1

N
F(τ1, τ2, τ3, τ4)

]
.

(6.1)
where q? is a solution to the SD equation (2.20). The connected piece F can be extracted from
the effective action (2.24). Following [11, 102], we expand (see appendix E.3 for details on the
derivation):

q(τ, τ ′) = q?(τ, τ
′) + q?(τ, τ

′)
2−p

2 r̃(τ, τ ′) . (6.2)

In order to find the two-point function of the fluctuation field r̃(τ, τ ′) we look at the quadratic action
for fluctuations, which takes the following form:

δS2

nN
=

(βJ )2

4

ˆ β

0

dτ1

β
· · · dτ4

β
r̃(τ1, τ2)

[
K̃−1 (τ1, τ2; τ3, τ4)− βδ(τ13)βδ(τ24)

]
r̃(τ3, τ4)

≡ (βJ )2

4
r̃ ·
[
K̃−1 − 1

]
· r̃ .

(6.3)

In the second line we introduce a formal notation, where r̃ is interpreted as a vector in the space of
functions of two arguments, K̃ as a matrix in the same space, and the product of δ-functions as the
identity matrix. Matrix multiplication means integration over the shared indices. The kernel K̃ is
derived in appendix E. It is given by the following combination of propagators:

K̃(τ1, τ2; τ3, τ4) = (βJ )2 [qr?(τ12) + u]
p−2

2 [qr?(τ13) qr?(τ24) + v] [qr?(τ34) + u]
p−2

2 (6.4)

where

v ≡


0 (paramagnet)

p

p− 2

m2u2

m(p− 1)2 − p(p− 2)
(marginal spin glass)

. (6.5)

For a more general expression of v that is also valid in the equilibrium spin glass, see (E.30). Inter-
estingly the parameter v appears as a four-point generalization of the Edwards-Anderson parameter
u for the two-point function: it serves as an order parameter of replica symmetry breaking in four-
point functions and measures the amount by which the four-point kernel never decays to zero in the
spin glass phase. It would be interesting to understand the connection between these obvservations
and attempts to identify a growing length scale across the spin glass transtion [103,104].
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From (6.3) we can immediately write a formal expression for the Euclidean four-point function
by inverting the kernel K̃−1 − 1:

F(τ1, τ2; τ3, τ4) =
1

(βJ )2

∑
n≥1

Fn(τ1, τ2; τ3, τ4) (6.6)

where the ladder diagrams are constructed recursively:

Fn+1(τ1, τ2; τ3, τ4) =

ˆ
dτ

β

dτ ′

β
K̃(τ1, τ2; τ, τ ′)Fn(τ, τ ′; τ3, τ4) , F1 = K̃ . (6.7)

Pictorially:

F =
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...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

qp�2

<latexit sha1_base64="t3QKGbXCWYVh+o1DA0CxXkWy3rs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3VPRY9OKxgv2Adi3ZNNuGZrNpkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz328mtrW9sbuW3Czu7e/sHxcOjpo4TRWiDxDxW7QBrypmgDcMMp22pKI4CTlvB6Hbmt56o0iwWD2YiqR/hgWAhI9hYqTV+TOVFZdorltyyOwdaJV5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0WuommEpMRHtCOpQJHVPvp/NwpOrNKH4WxsiUMmqu/J1IcaT2JAtsZYTPUy95M/M/rJCa89lMmZGKoIItFYcKRidHsd9RnihLDJ5Zgopi9FZEhVpgYm1DBhuAtv7xKmpWyVy1f3ldLtZssjjycwCmcgwdXUIM7qEMDCIzgGV7hzZHOi/PufCxac042cwx/4Hz+AAROj14=</latexit>

⌧1

<latexit sha1_base64="lHBlChyrbG1vzlOKUdsuTL91hyw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2vf65Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Uv72uV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AUuVjvQ=</latexit>

⌧2

<latexit sha1_base64="1f7AGQZXXJgadACVK85o+IExyi4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4dua3n7g2QsUPOEm4H9FhLELBKFqp1UOa9qv9UtmtuHOQVeLlpAw5Gv3SV2+gWBrxGJmkxnQ9N0E/oxoFk3xa7KWGJ5SN6ZB3LY1pxI2fza+dknOrDEiotK0YyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahoQ/CWX14lrWrFq1Uu72vl+k0eRwFO4QwuwIMrqMMdNKAJDB7hGV7hzVHOi/PufCxa15x85gT+wPn8AU0ZjvU=</latexit>

⌧3

<latexit sha1_base64="MasTYbv9ebRNnpQNTlhBBRy/hV8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fj04rGC/YA2lM12067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0O/VbT1wboeIHHCfcj+ggFqFgFK3U7CJNexe9UtmtuDOQZeLlpAw56r3SV7evWBrxGJmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LI1pxI2fza6dkFOr9EmotK0YyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J47WciTlLkMZsvClNJUJHp66QvNGcox5ZQpoW9lbAh1ZShDahoQ/AWX14mzfOKV61c3lfLtZs8jgIcwwmcgQdXUIM7qEMDGDzCM7zCm6OcF+fd+Zi3rjj5zBH8gfP5A06djvY=</latexit>

⌧4

<latexit sha1_base64="YsKy15t59FT1GT8KqvZ3j2XM7Y0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2q/1yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqV6te3tcq9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A1Ahjvc=</latexit>

qr

<latexit sha1_base64="/GjyTnvQV4wKg9XD5vgl/wvJelc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0s4m7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP98oVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QNmIo3i</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

qp�2

<latexit sha1_base64="t3QKGbXCWYVh+o1DA0CxXkWy3rs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3VPRY9OKxgv2Adi3ZNNuGZrNpkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz328mtrW9sbuW3Czu7e/sHxcOjpo4TRWiDxDxW7QBrypmgDcMMp22pKI4CTlvB6Hbmt56o0iwWD2YiqR/hgWAhI9hYqTV+TOVFZdorltyyOwdaJV5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0WuommEpMRHtCOpQJHVPvp/NwpOrNKH4WxsiUMmqu/J1IcaT2JAtsZYTPUy95M/M/rJCa89lMmZGKoIItFYcKRidHsd9RnihLDJ5Zgopi9FZEhVpgYm1DBhuAtv7xKmpWyVy1f3ldLtZssjjycwCmcgwdXUIM7qEMDCIzgGV7hzZHOi/PufCxac042cwx/4Hz+AAROj14=</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

p
v

<latexit sha1_base64="C2QlaWg/mL73gSxp2oEw8MGwFQo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCGzI7DDBhdnaZ6SUhG37CiweN8ervePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3c/95oRrIyL1hNOY+yEdKNEXjKKVWh0z1phOZt1iyS27C5B14mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFboJIbHlI3ogLctVTTkxk8X987IhVV6pB9pWwrJQv09kdLQmGkY2M6Q4tCsenPxP6+dYP/WT4WKE+SKLRf1E0kwIvPnSU9ozlBOLaFMC3srYUOqKUMbUcGG4K2+vE4aV2WvUr5+rJSqd1kceTiDc7gED26gCg9QgzowkPAMr/DmjJ0X5935WLbmnGzmFP7A+fwBrfyQZg==</latexit>

p
v

<latexit sha1_base64="C2QlaWg/mL73gSxp2oEw8MGwFQo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCGzI7DDBhdnaZ6SUhG37CiweN8ervePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3c/95oRrIyL1hNOY+yEdKNEXjKKVWh0z1phOZt1iyS27C5B14mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFboJIbHlI3ogLctVTTkxk8X987IhVV6pB9pWwrJQv09kdLQmGkY2M6Q4tCsenPxP6+dYP/WT4WKE+SKLRf1E0kwIvPnSU9ozlBOLaFMC3srYUOqKUMbUcGG4K2+vE4aV2WvUr5+rJSqd1kceTiDc7gED26gCg9QgzowkPAMr/DmjJ0X5935WLbmnGzmFP7A+fwBrfyQZg==</latexit>

For the paramagnetic case (q = qr, v = 0), the ladder diagrams with constant ‘rails’ (dashed lines)
vanish and this structure is completely analogous to the SYK model. However, in the spin glass
phase we see a new feature by inspecting the kernel (6.4): the ‘rails’ of the ladders are either qr
fields or constants with value

√
v, while the ‘rungs’ are given by fields q = qr + u, which are also

offset by a constant due to the Edwards-Anderson parameter.14 We discuss this feature again below
in the context of the real-time four-point function.

6.2 Out-of-time-order correlators

We have now all the ingredients to compute the out-of-time-order four-point function and extract
the quantum Lyapunov exponent for the p-spin model. We begin by describing the general method,
which resembles the approach described in [11], but comes with extra subtleties due to replica
symmetry breaking and bosonic zero modes.

6.2.1 General formalism

We define the OTOC of interest as follows:

F(t1, t2, t3, t4) ≡ 1

N2

∑
i,j

〈
σi (t1) σj (t3) ρ

1/2
β σi (t2) σj(t4) ρ

1/2
β

〉
(t1 ≈ t2 � t3 ≈ t4) . (6.8)

14For simplicity, the diagrams we show are for the equivalent ‘asymmetric’ kernel K̃′ ≡ q(τ12)−
p−2
2 q(τ34)

p−2
2 K̃.
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The time t is real, whereas the imaginary shifts along the thermal circle serve to regularize the
correlator. As explained in [11], (the connected part of) this particular analytic continuation of the
Euclidean four-point function is computed by the following retarded kernel:

K̃ ′ret(t1, t2; t3, t4) = (βJ )2 qRr?(t13) qRr?(t24) q>? (t34 − iβ/2)p−2 . (6.9)

This is simply the analytic continuation of (6.4), where we replace the rails of the ladder diagrams
with retarded two-point functions, and the rungs with analytically continued Wightman functions.
Recall from (5.6) that this Wightman function is offset by the Edwards-Anderson parameter u.
We also redefined the kernel slightly with respect to (6.4) by putting all the rungs on one pair of
external operators (see footnote 14). Note that the constant shift v of the ‘rail propagators’ has
disappeared according to the retarded boundary conditions.

The real-time out-of-time-order correlation function is computed by inversion of this kernel, just
as in the Euclidean case, c.f., (6.7). Since we are interested in identifying Lyapunov behavior of the
OTOC, we will consider the following exponential growth condition:

Fconn.(t1, t2; t3, t4) =
1

β2

ˆ
dtdt′ K̃ ′ret(t1, t2; t, t′)Fconn.(t, t

′; t3, t4) . (6.10)

In order to extract the Lyapunov exponent, we consider Fconn.(t1, t2; 0, 0) ≡ Fconn.(t1, t2), and make
a growth ansatz

Fconn.(t1, t2) = eλL(t1+t2)/2 f(t1 − t2). (6.11)

The condition for exponential growth then reads:

f(t1 − t2) eλL(t1+t2)/2 =
1

β2

ˆ
dtdt′ K̃ ′ret(t1, t2; t, t′) f(t− t′) eλL(t+t′)/2 . (6.12)

Determining the Lyapunov exponent λL thus corresponds to the task of finding an eigenfunction f
of the integral operator written above with eigenvalue 1. Given the retarded kernel K̃ ′ret, solving
this eigenvalue problem is straightforward to do numerically: we start by computing the real-time
retarded and Wightman two-point functions using the algorithm described above. These feed into
the expression (6.9) for retarded kernel. We discretize time in the integral equation and interpret it as
a matrix equation for a matrix with row index (t−t′ , (t+t′)/2) and column index (t1−t2 , (t1+t2)/2).
Since the equation has to hold for any value of (t1 + t2)/2, we can w.l.o.g. set this combination to
some arbitrary value. Numerically, it is more efficient to solve the eigenvalue problem (6.12) in
frequency space. The reason is that the position space two-point functions making up the kernel
can sometimes fluctuate on vastly different timescales, especially near the phase transition. For
more details on the numerical implementation, see appendix G.
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6.2.2 OTOC at finite coupling: numerical results

If replica symmetry is unbroken, i.e., u = 0, then the retarded kernel is very simple. In figure 17 we
show the Lyapunov exponents for which the retarded kernel has an eigenfunction with eigenvalue
1. In this figure each dot was obtained by solving the real-time equations of motion numerically
for the given values of βJ and MJ . Then, the method described above was applied to the solution
in order to extract the exponentially growing modes. It is worth pointing out that the Lyapunov
exponents we display are the only exponentially growing modes. In other words, the second largest
value of λL which solves the integral equation (6.12) is always 0 (and subsequent ones are negative,
i.e., decaying); see appendix G for more details.

An interesting aspect of figure 17 is the strong dependence of the Lyapunov exponent λL on
the coupling MJ at any fixed temperature. As a function of MJ , the Lyapunov exponent has two
interesting features:

Classical-to-quantum transition: Within the paramagnetic phase, λL(MJ) displays a peak
at the critical value, which is only mildly dependent on temperature in the range of temperatures
shown. At this value, the Lyapunov exponents reach their maximal value attainable for any fixed
value of βJ . In the phase diagram figure 1 (or figure 8), the location of these ‘locally maximal’
exponents corresponds to a line, which appears to approach the tri-critical point as we lower the
temperature (see figure 18). It would be interesting to study the vicinity of this point further.
For now, we only make the following remark: the location of the maximal Lyapunov exponent for
fixed temperature 1/(βJ) correlates with the transition from ‘classical’ to ‘quantum’ paramagnetic
solutions. Indeed, as we saw previously (for example in figure 12), different values of MJ at fixed
temperature lead to vastly different qualitative behavior of the real-time correlation functions: small
MJ leads to oscillatory behavior (classical regime), while large MJ leads to correlators that decay
over a long time scale (quantum regime). Similarly, the spectral density is characterized by whether
or not it has a gap (c.f., figure 13). The fixed-temperature maximal chaos exponent roughly coincides
with the transition between these regimes, at least for the range of temperatures shown.15

Spin glass transition: The Lyapunov exponent is non-zero in the marginal spin glass. However,
it is parametrically smaller than in the paramagnetic phase and displays a sharp change in slope
at the phase transition (dotted lines in figure 17).16 At fixed βJ , we observe that the Lyapunov
exponent approaches zero in the spin glass as λL ∼ 1/

√
MJ . In figure 19 we investigate the

Lyapunov exponents in the spin glass phase further by fixing the ratio M/β. Such scaling is
expected to be captured by the quantum scaling and thus amenable to analytic calculations, as we

15We thank the anonymous referee for pointing out that the maximal-Lyapunov line and the quantum-to-classical
line seem very analogous to the Widom and Fisher-Widom lines in a supercritical fluid, which delineate, respectively,
where the specific heat is maximal, and where the density-density correlation function changes from oscillatory to
monotonic in a supercritical fluid. It would be interesting to explore this analogy further.

16Our numerics are not quite accurate enough to determine whether or not the drop of λL across the phase transition
is discontinuous.
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Figure 17: Lyapunov exponents across the paramagnetic classical-to-quantum tran-
sition and across the spin glass transition (fixed βJ). We show values of the Lyapunov
exponent as a function of MJ for different values of βJ . The phase transition (for the three darker
curves) is characterized by a sharp change in slope (dotted lines). In case of the lightest curve (βJ
= 1.26) no spin glass phase exists for any value of MJ and we can see that the Lyapunov exponent
decays both for large and small MJ . We observe a local maximum in the Lyapunov exponent for
a critical value M = Mc(βJ). These peak locations roughly coincide with the location where the
qualitative behavior of replica symmetric solutions changes: for M � Mc, the Wightman function
is highly oscillatory and the spectral function displays a clear gap; for M � Mc, the real time
two-point functions display increasingly monotonic decay and the spectral function develops a peak
at zero frequency (c.f. figures 12 and 13). Inset: we give a log-log plot of the Lyapunov exponents
at large MJ , demonstrating an approach to zero that is to a good approximation proportional to
1/
√
MJ both in the spin glass and in the paramagnet.
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Figure 18: Peak values of Lyapunov exponents as a function of temperature. In the
left panel we show the maximal attainable values of β

2πλL(βJ) at any given temperature, i.e., we
evaluate λL(βJ,MJ) at its peak value M = Mc. On the right we show these peak values Mc as a
function of temperature.

discuss next.

6.2.3 OTOC in the marginal spin glass phase: perturbation theory

In the conformal limit we have analytical control over the four-point functions. For the conformal
paramagnet this is explained in appendix C.4 and is analogous to the SYK model. Indeed, we
find a maximal quantum Lyapunov exponent λL = 2π

β in that case. However, since the conformal
paramagnetic solution is never dominant in the thermodynamic ensemble, we cannot conclude that
the model is maximally chaotic in the paramagnetic phase (see also [61]).

Let us now turn to a similar analysis in the conformal limit of the marginally stable spin glass,
which is the physical solution at strong coupling. In particular we will use the approximate solution
(section 4.1.2) and the quantum scaling ansatz (section 4.1.3) to obtain analytical results at low
temperatures.17

Note that the Wightman correlator is dominated by its u-offset, while the retarded correlator
has no such constant contribution. Consequently the retarded kernel in the deep spin glass regime
can be analyzed systematically by expanding the factor (q>? )p−2 ≡ (q>r? + u)p−2 for u� q>r?:

K̃ ′ret(t1, t2; t3, t4) = K̃
′(0)
ret (t1, t2; t3, t4) + K̃

′(1)
ret (t1, t2; t3, t4) + . . . ,

where: K̃
′(0)
ret (t1, t2; t3, t4) = (βJ )2 up−2

[
qRr?(t13) qRr?(t24)

]
,

K̃
′(1)
ret (t1, t2; t3, t4) = K̃

′(0)
ret (t1, t2; t3, t4)× p− 2

u
q>r?(t34 − iβ/2) .

(6.13)

This expansion truncates, and the shown terms are complete in the case p = 3. Diagrammatically,
17The technical details of our calculation are inspired by similar computations in the paramagnetic phase of p = 2

quantum rotors in [84–86]. This is due to the fact that the exact solution to the paramagnetic equations of the p = 2
model take a similar form as our approximate solution to the marginal spin glass equations for general p.
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Figure 19: Lyapunov exponents for MJ ∝ βJ and in the quantum scaling limit. As
discussed in section 4.5, holding M/β fixed is appropriate for studying the ‘quantum scaling’ βJ ∼
MJ � 1 (in particular, compare with figure 11). Full lines are numerical results. Dashed lines show
the analytical result (6.30) evaluated using (4.33).

we can understand this expansion in small q>r as constructing each step of the ladder from a set of
different rung diagrams:

qR
r

<latexit sha1_base64="Yt2xZLJ79mzmzSaVj6jmtfP6upc=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewajB6JXjyicYEEVtItXWjotmvbNSEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWj66nfeqJKMynuzTihQYwHgkWMYGMl/7GnHu565YpbdWdAy8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREl0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSfOs6tWq57e1Sv0qj6MIR3AMp+DBBdThBhrgAwEGz/AKb45wXpx352PeWnDymUP4A+fzB72ljqY=</latexit>

qR
r

<latexit sha1_base64="Yt2xZLJ79mzmzSaVj6jmtfP6upc=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewajB6JXjyicYEEVtItXWjotmvbNSEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWj66nfeqJKMynuzTihQYwHgkWMYGMl/7GnHu565YpbdWdAy8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREl0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSfOs6tWq57e1Sv0qj6MIR3AMp+DBBdThBhrgAwEGz/AKb45wXpx352PeWnDymUP4A+fzB72ljqY=</latexit>

q>
r

<latexit sha1_base64="XZngeNc5cMi0n26nhNS3pwP9GVQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVip6k6MVjBbcttGvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5D/21MNVr1xxq+4MaJl4OalAjkav/NXtS5LGVBjCsdYdz01MkGFlGOF0UuqmmiaYjPCAdiwVOKY6yGbHTtCJVfooksqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5Oa6DLImEhSQwWZL4pSjoxE089RnylKDB9bgoli9lZEhlhhYmw+JRuCt/jyMmmeVb1a9fyuVqlf53EU4QiO4RQ8uIA63EIDfCDA4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gCfVY6S</latexit>

up�2

<latexit sha1_base64="PLzPFrrONzYquERpBLcQTLzie+M=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3VPRY9OKxgv2Adi3ZNNuGZrMhyQpl6Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5DbzO09UaRaLBzOV1I/wSLCQEWys1EkeU3lRmw3KFbfqzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgpVoYRTmelfqKpxGSCR7RnqcAR1X46P3eGzqwyRGGsbAmD5urviRRHWk+jwHZG2Iz1speJ/3m9xITXfsqETAwVZLEoTDgyMcp+R0OmKDF8agkmitlbERljhYmxCZVsCN7yy6ukXat69erlfb3SuMnjKMIJnMI5eHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucPCnaPYg==</latexit>

up�3

<latexit sha1_base64="Sh9du4EkcYoiVsJihijK6fd6sUo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXK3osevFYwX5Au5Zsmm1Ds9mQZIWy9Ed48aCIV3+PN/+N2XYP2vpg4PHeDDPzAsmZNq777RRWVtfWN4qbpa3tnd298v5BS8eJIrRJYh6rToA15UzQpmGG045UFEcBp+1gfJv57SeqNIvFg5lI6kd4KFjICDZWaiePqTy7mPbLFbfqzoCWiZeTCuRo9MtfvUFMkogKQzjWuuu50vgpVoYRTqelXqKpxGSMh7RrqcAR1X46O3eKTqwyQGGsbAmDZurviRRHWk+iwHZG2Iz0opeJ/3ndxITXfsqETAwVZL4oTDgyMcp+RwOmKDF8YgkmitlbERlhhYmxCZVsCN7iy8ukdV71atXL+1qlfpPHUYQjOIZT8OAK6nAHDWgCgTE8wyu8OdJ5cd6dj3lrwclnDuEPnM8fC/uPYw==</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

(q>
r )p�2

<latexit sha1_base64="mUfodBe9salFURXa8aebImm2GQ4=">AAAB9HicbVBNT8JAEJ36ifiFevSykZjgQdISjJ4M0YtHTOQjgUK2yxY2bLdld0tCGn6HFw8a49Uf481/4wI9KPiSSV7em8nMPC/iTGnb/rbW1jc2t7YzO9ndvf2Dw9zRcV2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3vB+5jfGVCoWiic9iagb4L5gPiNYG8ktjLqyc3vRSaLL0rSby9tFew60SpyU5CFFtZv7avdCEgdUaMKxUi3HjrSbYKkZ4XSabceKRpgMcZ+2DBU4oMpN5kdP0blResgPpSmh0Vz9PZHgQKlJ4JnOAOuBWvZm4n9eK9b+jZswEcWaCrJY5Mcc6RDNEkA9JinRfGIIJpKZWxEZYImJNjllTQjO8surpF4qOuXi1WM5X7lL48jAKZxBARy4hgo8QBVqQGAEz/AKb9bYerHerY9F65qVzpzAH1ifP5eWkVg=</latexit>

=

<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

(q>)p�2

<latexit sha1_base64="73beEB5UjtCOezZPOD50bu9f4wY=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUgyUpFT1J0YvHCvYD0rRstpt26SYbdydCCf0ZXjwo4tVf481/47bNQVsfDDzem2Fmnh8LrsG2v62V1bX1jc3cVn57Z3dvv3Bw2NQyUZQ1qBRStX2imeARawAHwdqxYiT0BWv5o9up33piSnMZPcA4Zl5IBhEPOCVgJLf02L0+66bxeWXSKxTtsj0DXiZORoooQ71X+Or0JU1CFgEVRGvXsWPwUqKAU8Em+U6iWUzoiAyYa2hEQqa9dHbyBJ8apY8DqUxFgGfq74mUhFqPQ990hgSGetGbiv95bgLBlZfyKE6ARXS+KEgEBomn/+M+V4yCGBtCqOLmVkyHRBEKJqW8CcFZfHmZNCtlp1q+uK8WazdZHDl0jE5QCTnoEtXQHaqjBqJIomf0it4ssF6sd+tj3rpiZTNH6A+szx8H55Bz</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

...

<latexit sha1_base64="78L7YWuJHZKGaYKT1UAovUkSYVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qXt5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOfI0q</latexit>

The condition for exponential growth (6.12) can similarly be expanded perturbatively. This is
best done in frequency space. We give a detailed account of the required nontrivial Fourier trans-
forms in appendix F. To a first approximation (using only K̃ ′(0)

ret ), we find the following eigenvalue
condition in frequency space:

f̂ (ω) ≈ J 2up−2 q̂Rr

(
ω − iλL

2

)
q̂Rr

(
−ω − iλL

2

)
f̂ (ω) (6.14)

where we drop the star “?” subscripts for ease of reading. Recall now the approximate solution for
the retarded spin glass correlator:

(q̂≈r )R(ω) = −q̂≈r (−iω − ε) = −q̂r(0)
[
1− 2iγω − 2γ2ω2 + . . .

]
(6.15)

The constant term in (q̂≈r )R(ω) precisely solves the eigenvalue equation (6.14) for any non-zero
frequencies (using once again the relation (4.11)). At the next order in a small-(γω) expansion,
the condition (6.14) reduces to λL = 0. We conclude that to this order the Lyapunov exponent
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vanishes.
Let us then consider the first correction to the retarded kernel, coming from K̃

′(1)
ret . The condition

(6.14) generalizes to the following (see appendix F):

f̂ (ω) ≈ J 2up−2 q̂Rr

(
ω − iλL

2

)
q̂Rr

(
−ω − iλL

2

) ˆ
dω′

2π

[
2πδ(ω′) +

p− 2

u
e
βω′
2 q̂>r (ω′)

]
f̂
(
ω − ω′

)
(6.16)

After using the spectral representation of q̂>r (ω) and shifting the integration variable, this can be
written as follows:

q̂r(0)2 − q̂Rr

(
− iλL

2 + ω
)
q̂Rr

(
− iλL

2 − ω
)

q̂Rr

(
− iλL

2 + ω
)
q̂Rr

(
− iλL

2 − ω
) × f̂(ω) ≈ p− 2

u

ˆ
dω′

2π

ρr(ω − ω′)
2 sinh

(β
2 (ω − ω′)

) f̂(ω′) . (6.17)

Note that the retarded correlators appearing here are also determined by the spectral function
through

q̂Rr

(
− iλL

2
± ω

)
≡ −q̂r

(
−λL

2
∓ iω

)
= −

ˆ
dω′

2π

ρr(ω
′)

ω′ ± ω − iλL
2

. (6.18)

Equation (6.17) is well suited for a numerical approach: we merely need to discretize the integral
and interpret the equation as a matrix eigenvalue problem. Due to the fact that the support of
ρr(ω) to a very good approximation is confined to a finite interval, this procedure is efficient. Some
results of such numerical analysis are shown as full lines in figure 19. We observe that the Lyapunov
exponent approaches zero as we increase βJ , while holding the ratio M/β fixed. Let us now turn
to an analytical perturbative solution of (6.17), which will allow us to quantify this observation in
more detail.

Perturbative solution of (6.17): To analyze the eigenvalue equation (6.17) analytically, we
would like to turn it into a differential equation for the eigenfunction f(t) and study its spectrum.
We will achieve this using the approximate solution q̂≈r (ω), as well as the approximate spectral
function ρ≈r . As we will show, a consistent treatment requires us to include a correction to the
approximate solution q≈r . Recall the approximate equation of motion in the marginally stable spin
glass, (4.14). Including one higher order term in our perturbative scheme (4.8), we find the following
corrected equation of motion (where ω are Matsubara frequencies):

Mω2q̂r(ω) =

(
q̂r(ω)− q̂r(0)

q̂r(0)

)2

+
p− 2

2u

q̂r(ω)

q̂r(0)2

[
Λ̂(2)(ω)− Λ̂(2)(0)

]
, (6.19)

61



where the effective self-energy sourcing the perturbation is given by

Λ̂(2)(ω) ≡
ˆ β

0
dτ e−iωτ qr(τ)2 , ω =

2πk

β
, k ∈ Z . (6.20)

Using the approximate conformal solution (4.18) in the low-temperature expansion, we find:18

Λ̂≈(2)(ω)− Λ̂≈(2)(0) ≡
ˆ β

0
dτ
(
e−iωτ − 1

)
qcr(τ)2 =

32γ6

3πM2

[
|ω|3 −

(
2π

β

)2

|ω|+ . . .

]
. (6.21)

Feeding this into the equation of motion (6.19), we find the correction to q̂≈r (ω):

q̂r(ω) = q̂≈r (ω) + δq̂≈r (ω) , δq̂≈r (ω) = q̂r(0)
4π(p− 2)γ3

3Muβ2

[
−1 + 2γ |ω|+ β2

4π2
ω2 + . . .

]
(6.22)

with q̂≈r (ω) as in (4.15). In order to analytically continue this expression for use in (6.17), we will
replace |ω| →

√
ω2. Therefore, λL will set the prescription allowing us to pick the correct branch of

the square root in (6.22). This can be done, e.g., by rescaling λL → ε2λL, ω → ε ω, β → β/ε, and
γ → εγ, and taking ε→ 0. This allows us to approximate the LHS of (6.17) consistently as:[

2γλL +
8(p− 2)πγ3

3Muβ2

(
1 +

β2

4π2
ω2

)
+ . . .

]
f̂(ω) =

p− 2

u

ˆ ∞
−∞

dω′

2π

ρr(ω
′)

2 sinh βω′

2

f̂(ω − ω′) . (6.23)

To simplify the right hand side, our final step is to use the low-energy approximation

ρr(ω) ≈ ρ≈r (ω) =
16γ2

M
γω
√

1− γ2ω2 ≈ 16γ3

M
ω , (6.24)

such that we can simply Fourier transform (6.23) back to the time domain:(
2γλL +

8(p− 2)πγ3

3Muβ2
− 2(p− 2)γ3

3πMu
∂2
t

)
f(t) =

8(p− 2)πγ3

Muβ2

1

cosh2
(
πt
β

) f(t) . (6.25)

Defining a dimensionless coordinate x = πt
β , this differential equation takes the following form:

− 1

2
f ′′(x)− 6

cosh2 x
f(x) = −

(
2 +

3Muβ2λL
2(p− 2)πγ2

)
f(x) . (6.26)

This is the well-known Schrödinger problem with a Pöschl-Teller potential:

− 1

2
ψ′′(x)− µ(µ+ 1)

2 cosh2 x
ψ(x) = E ψ(x) , µ ∈ Z+ (6.27)

18We use the identity (C.4) and took a low frequency limit.
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whose eigenfunctions are ψ(x) = P kµ (tanh(x)) and eigenvalues are given by E = −k2

2 , with k =

1, 2, . . . , µ. The case at hand corresponds to µ = 3, which translates to the following possibilities
for λL:

λL =
(p− 2)πγ2

3Muβ2

(
k2 − 4

)
=
mπ

12β

(
k2 − 4

)
k = 1, 2, 3 . (6.28)

In the second equality we have substituted the following relations valid in the marginal spin glass
phase:

γ =

√
Mq̂r(0)

4
,

q̂r(0)

β
=

mu

p− 2
. (6.29)

Crucially, only k = 3 gives a positive Lyapunov exponent, whereas k = 2 gives a vanishing one.19

This is analogous to what we observed in the numerical analysis (for example, figure 21). This
analytical calculation of the Lyapunov exponent thus captures all the qualitative aspects of the
exact solution. In the quantum scaling, we can expand our result as follows:

β

2π
λL ≈

5m

24
= 5(p− 2)

(
1

24βJ +
p

36πβJ
√
MJ + . . .

)
(6.30)

Crucially, this vanishes at infinite coupling βJ , as well as for p = 2. We also emphasize the intriguing
property that the Lyapunov exponent in units of β is simply proportional to the replica symmetry
breaking parameter m. Recall also that m in the marginally stable spin glass considered here plays
the role of a thermodynamic quantity conjugate to the free energy. We plotted m ≡ m(J,M) for
the marginal spin glass in figure 8.

Comparison of analytical and numerical results: In figure 17 we show numerical results for
λL at fixed βJ . The inset shows that for low temperatures in the marginal spin glass phase, the
Lyapunov exponent scales approximately as 1/

√
MJ at least for the temperatures considered. This

is indeed consistent with the analytical result (6.30) for the case where βJ is held fixed. This is
perhaps even surprising because such a scaling is only expected to be describable by (6.30) for very
low temperatures.

In figure 19 we show both the numerical results (full lines) and the analytical approximation
(6.30) (dotted lines) for Lyapunov exponents in the case where βJ ∝ MJ . As we have discussed
at several occasions, such scaling is expected to be well described by the quantum scaling. And
indeed, we observe a good match for a large range of parameters in figure 19.

7 Conclusion

In this paper we studied bosonic quantum spins with random interactions and subject to a spherical
constraint. In Part I, we reviewed the essential features of replica symmetry breaking in the spin
glass phase, the phase diagram, and thermodynamics, while extending and clarifying some of the

19Since the derivation of the kernel equation (6.17) assumed λL ≥ 0 we must disregard the eigenvalue with k = 1.
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previous work in this direction. We particularly focused on the ‘classical’ low temperature regime
of the marginally stable spin glass phase, where a scaling solution exists. This scaling regime is
characterized by the existence of an analytical approximate solution, which interpolates between a
high frequency ‘UV solution’ and a low frequency scaling limit. This approximate solution helps
elucidate many physical features such as the low-temperature thermodynamics. In Part II we stud-
ied real-time correlation functions and in particular out-of-time-order configurations, which serve as
a diagnostic of quantum chaos. In the paramagnetic phase we found an interesting dependence of
the Lyapunov exponent on the parameter MJ , in addition to the usual temperature dependence:
dialing MJ at fixed temperature corresponds to transitioning from a classical to a highly quantum
regime, and the Lyapunov exponent offers a sharp indicator for the transition between the two: it
takes a maximal peak value at the transition. Surprisingly, we also found signatures of quantum
chaos in the spin glass phase, indicating slow but nevertheless scrambling dynamics. The approxi-
mate deep spin glass solution again allowed for an analytical treatment. These findings provide a
novel point of view on discussions of ergodicity and its breaking in glassy systems.

The richness of the model calls for a number of future investigations:

• Aging: In our discussion of the spin glass phase we assumed time translation invariant dy-
namics and the usual fluctuation-dissipation theorem (FDT). Our analysis thus captures the
nontrivial aspects of replica symmetry breaking, slow dynamics, and inability of the system
to reach equilibrium (as measured by the Edwards-Anderson order parameter u). However,
as is well known, glassy dynamics does allow for eventual relaxation (see [97,98] for a discus-
sion in the context of the p-spin model). Furthermore, the glass phase exhibits aging, i.e.,
its eventual relaxation depends on its history (e.g., perturbations, or the nature of a weak
coupling to an environment) in a way that is not time translation invariant. For example,
the eventual decay of the two-point autocorrelation function is characterized by a breaking of
time-translation invariance and a violation of the assumptions underlying the FDT. The full
real-time correlation functions are assumed to be captured by the following ansatz:

g(t, t′) = gr(t− t′) + gag.(t, t
′) , (7.1)

where gr(t) could be the autocorrelation function q>r (t − iβ/2) or the retarded correlator
qRr (t). Our spin glass analysis only captures the dynamics of the first part gr and sets the
aging contributions to their early-time constant values (q>ag. → u and qRag. → 0.). It will be
important in the future to extend our analysis of four-point functions (and quantum chaos)
by taking into account that for t − t′ � t′ the second term gag. undergoes non-trivial and
time-translation-non-invariant dynamics. The idea of an effective temperature [105] might be
useful.

• Chaos in glasses: Our analysis indicates that quantum chaos (as measured by the out-of-
time-order correlator) survives the transition to a spin glass. In the strongly coupled spin glass
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we found that the Lyapunov exponent is approximately proportional to mβ
2π , where m charac-

terizes the properties of the replica symmetry breaking ansatz. This interplay between quan-
tum chaos and replica symmetry breaking deserves further analysis. Even in paramagnetic
phase we found intricate dependence of the Lyapunov exponent on the quantum parameter
MJ in addition to βJ . The model is thus suited for a detailed analysis of quantum chaos and
scrambling. Our numerical analysis suggests that the Lyapunov exponent in thermal units in-
creases in the quantum critical region. It would be interesting to analyze this further and find
the maximal quantum Lyapunov exponent that this model can achieve (in both its phases).
We expect the largest attainable exponent to be close to the chaos bound [106], but not to
saturate it due to the transition into a spin glass. Finally, it will be interesting to investigate
the dependence of other chaos characteristics (such as spectral correlation functions [23]) on
the parameters of the model and relate them to ergodicity breaking due to the complicated
free energy landscape.

• Conformal perturbation theory in the marginally stable spin glass: We discussed at
length the conformal solution to the approximate equations of motion in the marginally stable
spin glass state, and how it allows for a consistent UV completion. It will be interesting in the
future to investigate this strong coupling solution further, using methods from conformal field
theory. In particular, conformal perturbation theory (see, e.g., [11, 12, 20, 61, 107]) provides
an algorithm for systematically improving the conformal solution. In the spin glass this is
more complicated than in SYK due to the need to carefully account for zero modes. However,
our perturbative calculation in section 6.2.3 establishes that this approach is feasible and
yields interesting results. It would be interesting to develop this more systematically. (See
also appendices C.2 and C.3, where we explore this approach for the conformal paramagnetic
solution.)

• Paramagnetic conformal solution: While the scaling solution was most useful in the
marginally stable spin glass, the paramagnetic phase also allows for a conformal limit at large
βJ . We discuss this solution in appendix C. However, this branch of solutions appears to be
unstable and thermodynamically disfavored compared to the physical branch of paramagnetic
solutions that does not exhibit scaling behavior at low temperatures. It would be very inter-
esting to find a mechanism to tune the system so that it actually exhibits this paramagnetic
solution with its emergent reparametrization symmetry and conformal thermodynamics. Such
a mechanism could involve, for example, fine tuning a set of couplings Ji1···ip for various values
of p.20 As shown in the appendix, this branch of solutions leads to a maximally chaotic model
at large βJ and might therefore also admit a simple holographic interpretation in terms of
dilaton gravity in AdS2 spacetime (see also below). In particular it may capture superradiance
of black holes [17, 108].

20We thank S. Sachdev and G. Tarnopolskiy for related comments.
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• Large p limit: Most of our analytical expressions were valid for any value of p, while our
numerics assumed p = 3. However, we have seen hints that the system becomes even more
tractable at large p. In particular, the marginally stable spin glass phase showed signs of
allowing for a nice large p limit. While this has been known (see, e.g., [109]), it will be
worthwhile revisiting this idea in light of recent developments in the SYK model, where a
similar limit leads to great analytical control (see, for example, [11, 23, 110, 111]). Also the
conformal paramagnetic solution from the previous bullet point should admit a large p limit,
as it shares many features with SYK.

• AdS Holography: The fermionic SYK model has done a great deal to elucidate our un-
derstanding of the AdS/CFT duality in two dimensions. Our goal in studying the p-spin
model was to explore the possibility of whether the rich physics of replica symmetry breaking
provides an avenue towards understanding the AdS2 fragmentation instability [2]. For this it
was necessary to consider a model where the microscopic degrees of freedom are bosons, since
RSB requires non-trivial one-point functions in the spin-glass phase. It would be interesting to
explore if any of the spin-glass order parameters have a holographic analog in low dimensional
gravity in a particular ensemble.

• dS holography: Besides our initial motivation, the particular model we consider in this
paper is that of a non-linear sigma model on the N -dimensional sphere with a disordered
all-to-all interaction. Recall that Euclidean de Sitter space is also a sphere. A nice argument
due to Polyakov [112] that precludes string theories for de Sitter space comes from the fact
that the sigma-model on the sphere target space with local (two-derivative) interactions is
always gapped in the IR. The analysis of the p-spin model suggests that gapless physics
can re-emerge for the sphere target space in a non-trivial way at strong coupling and in a
complicated thermodynamic state. Perhaps this serves as a motivation to explore relations
between the sphere, glasses, and de Sitter in the future in a similar vein to [113–115].
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Part III

Appendix

A Conventions, notation, and lexicon of important equations

We use this section as a convenient index to collect notation and conventions. The reader may refer
back here in order to facilitate a thorough reading of this paper.

Units: Our conventions set ~ = kB = 1, implying the following units for our external couplings:

[β] = [τ ] = [M ] = [J ]−1 = [length] , (A.1)

where β = 1/T is the inverse temperature, M is the strength of the kinetic term of the spherical
fields, and J is the width of the distribution over couplings. It follows that the fundamental fields
have the following units:

[σi(τ)] = [q(τ)] = [u] = [m] = [length]0 , [z(τ)] = [length]−1 . (A.2)

We always denote by a ˆ the Fourier transform:

f(τ) =
1

β

∞∑
k=−∞

e
2πikτ
β f̂(k) , f̂(k) =

ˆ β

0
dτ e

− 2πikτ
β f(τ) (A.3)

and similarly for Lorentzian time t and frequency ω. This implies the following relationship:

[f(τ)] = [length]x −→ [f̂(k)] = [length]x+1 . (A.4)

Couplings and fields: Dimensionless combinations that often appear are:

βJ , MJ ,
M

β
. (A.5)

These are, of course, not independent, and phases of the model are parameterized by any two of
these parameters. We also often use the following coupling:

J ≡ J
√
p(p− 1)

2
. (A.6)

The standard dynamical field is q(τ, τ ′), which satisfies the boundary condition q(τ, τ) = 1, stem-
ming from the spherical constraint. The self energy is defined as:

Λ(τ, τ ′) ≡ p

2
q(τ, τ ′)p−1 , (A.7)
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and its Fourier transform is:

Λ̂(k) =
p

2βp−2

∑
k1,...,kp−2

q̂(k1) . . . q̂(kp−2)q̂(k − k1 − · · · − kp−2) . (A.8)

We also collect here the definitions of the “subtracted” spin glass fields

qr(τ, τ
′) = q(τ, τ ′)− u , Λr(τ, τ

′) = Λ(τ, τ ′)− p

2
up−1 ,

q̂r(k) = q̂(k)− βuδk,0 , Λ̂r(k) = Λ̂(k)− p

2
βup−1δk,0 ,

(A.9)

which satisfy the boundary conditions qr(τ, τ) = 1−u and Λr(τ, τ) = p
2(1−up−1) as a result of the

spherical constraint. The parameter γ appearing in the low-temperature exact solution is defined
as

γ ≡
√
Mq̂r(0)

4
. (A.10)

Maginal spin glass parameters: The conformal spin glass solution exists when u and q̂r(0) are
set to the values

u =

[
p− 2

βJm

]2/p

,
q̂r(0)

β
=

mu

p− 2
=

(
m

p− 2

)[
p− 2

βJm

]2/p

, (A.11)

which implies the following identity:

J 2up−2 = (q̂r(0))−2 (A.12)

in the conformal spin glass phase. This identity allows for an elegant low-energy approximate
solutions to the equations of motion at zero temperature:

q̂≈r,β=∞(ω) = q̂r(0)
(

1 + 2γ2ω2 − 2
√
γ2ω2 + γ4ω4

)
. (A.13)

This approximate zero-solution can equivalently be written as:

q≈r,β=∞(τ) =

ˆ 1/γ

0

dω

2π
ρ≈r (ω) e−ω|τ | , ρ≈r (ω) =

16γ2

M
γω
√

1− γ2ω2 , (A.14)

which allows us to write the finite temperature equivalent:

q≈r (τ) =
∞∑

n=−∞

ˆ 1/γ

0

dω

2π
ρ≈r (ω) e−ω|τ+nβ| =

ˆ 1/γ

0

dω

2π
ρ≈r,β=∞(ω)

cosh
[(
|τ | − β

2

)
ω
]

sinh
(
βω
2

) . (A.15)
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After defining ω = 1
γ sin θ, we can write this as

q≈r (τ) =
8γ

Mπ

ˆ π
2

0
dθ cos2 θ sin θ

cosh
[(
|τ |
γ −

β
2γ

)
sin θ

]
sinh

(
β
2γ sin θ

) . (A.16)

B The free solution

The simplest analytical solution to the equations of motion is the free solution for J = 0, which we
label with a subscript 0: the constraints (2.43) are solved by u0 = 0 for arbitrary m. The frequency
space solution then reads:

q̂0(k) =

[
M

(
2πk

β

)2

+
1

q̂0(0)

]−1

. (B.1)

From (2.31) we then obtain the following constraint determining the zero mode 1
β q̂0(0) as a function

of M/β:

1 =
1

2

√
q̂0(0)

M
coth

(
β

2
√
Mq̂0(0)

)
. (B.2)

Finally, we find the position space expression q0(τ) by Fourier transform:

q0(τ) =
q̂0(0)

2β

[
2F1(1, ia, 1 + ia, x) + 2F1(1, ia, 1 + ia, x̄)− 1

]
+ c.c. , a ≡ 1

2π

β√
Mq̂0(0)

(B.3)

where x = e
2πi
β
τ . This satisfies the boundary condition q0(τ = 0) = 1.

C The conformal paramagnetic solution

In this appendix we discuss the conformal approximation in the paramagnetic phase, which is an
extremum of the free energy above the spin glass. We will determine the operator spectrum that
appears in the operator product expansion (OPE) and how it leads to perturbations of the conformal
Green’s function qcr(τ). Then, we show that this branch of solutions exhibits maximal chaos at zero
temperature. Our discussion is not exhaustive and merely serves as a guide towards illustrating the
relevant techniques.

We must note that the conformal paramagnetic solution is not what we discuss in our numerical
analysis of the disordered state in §3.2 at large βJ . At low temperatures (and small enough values
of MJ such that we do not enter the spin glass phase), there exist two paramagnetic solutions. The
phase diagram in §3.2 refers to the thermodynamically preferred one, which also has a free energy
that is continuously connected to the spin glass at large MJ . The conformal solution discussed in
this appendix describes the low temperature behavior of the other – thermodynamically unfavored
– paramagnetic solution, which indeed shows scaling behavior (a gapless spectrum, linear specific
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heat etc.) and exhibits a full reparametrization symmetry at the level of its action. In §C.2 we
will present a different point of view on why this solution branch is disfavored: the presence of a
complex mode in its spectrum, which can be interpreted as leading to a dynamical instability.

C.1 Derivation of the conformal paramagnetic solution (1� βJ � N)

It will be very important for us to identify regimes of parameters where the model has emergent
conformal symmetry. A scaling regime can indeed be found for small temperatures and strong
coupling (large βJ).

We would like to identify a scaling regime valid at large βJ , where the solution obeys a ‘confor-
mal’ scaling,

qc(τ) ≡ u+ qcr(τ) , qcr(τ) = A

∣∣∣∣∣∣ π

β sin
(
πτ
β

)
∣∣∣∣∣∣
2∆

β�τ≈ A

|τ |2∆
. (C.1)

For non-vanishing parameter u (i.e., in the spin glass phase) the conformal solution qcr(τ) only de-
scribes the dynamics on top of u. This is indeed the behavior of the approximate analytical solution
to the spin glass equations (see section 4.1). In this appendix we will focus on the paramagnetic
case, i.e., u = 0.

In the low temperature limit the Matsubara frequencies become effectively continuous, so we
will write

ω ≡ 2πk

β
. (C.2)

To compute the scaling exponent ∆ and the normalization A, we need to find the Fourier transform,
q̂cr(ω)−q̂cr(0). In other bosonic tensor and SYK-like models, one encounters an IR divergence in q̂cr(ω)

and a UV divergence in Λ̂cr(ω) [55, 57, 116]. However, since we can work at finite temperature and
the zero mode gets subtracted in all expressions (for example (2.41)), there is in fact no ambiguity.
This is abstractly clear, but it will be very helpful to make it more explicit. We therefore make the
following schematic ansatz for the approximate solution at large βJ :

qr(τ) ≈ Θ

(
1

µ
− |τ |

)
qUVr (τ) + Θ

(
|τ | − 1

µ

)
qcr(τ) (C.3)

where the first term captures “UV” modes, which will turn out to contribute in an interesting way
even at large βJ , and the second term describes the conformal solution, which only has support on
time separations larger than some cutoff 1/µ. The approximate solution should satisfy the equation
of motion (2.41) perturbatively at large βJ .

Let us now discuss the conformal piece, qcr(τ). Its IR divergence is easily regularized by working
at finite temperature. The finite temperature Fourier transform of (C.1) is

q̂cr(k) =

ˆ β

0
dτ e

− 2πi
β
kτ
qcr(τ) = A

β

2 cos(π∆)Γ(2∆)

(
2π

β

)2∆ Γ (∆ + |k|)
Γ (1−∆ + |k|) , (C.4)
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which is valid for 0 < ∆ < 1
2 and can then be analytically continued to other values. Consequently,

the zero mode is

q̂cr(0) = A
π2∆− 1

2β1−2∆Γ
(

1
2 −∆

)
Γ(1−∆)

. (C.5)

Plugging (C.2) into (C.4), we can now also take the zero temperature limit:21

q̂cr(ω)
β→∞≈ 2A sin(π∆)Γ(1− 2∆) |ω|2∆−1 . (C.7)

We can similarly approximate the expression (2.42) for the self-energy. Due to the similarity
with the analysis of the SYK model, we expect to find ∆ = 1

p . Working at finite temperature, we
have from (2.42):

Λ̂r(k) ≈ p

2

ˆ β

0
dτ e

− 2πi
β
kτ
qr(τ)p−1 ≈ Λ̂UV

r (k) +
p

2

ˆ β− 1
µ

1
µ

dτ e
− 2πi

β
kτ
qcr(τ)p−1 , (C.8)

where we used that the conformal solution is only valid above some cutoff, τ > µ−1, while the UV
self-energy accounts for short-distance contributions to the integral. This procedure is necessary
because the integral suffers from a UV divergence. For the conformal piece, the integral can be
performed by analytically continuing (C.4) in ∆:

Λ̂cr(k) ≡ p

2

ˆ β− 1
µ

1
µ

dτ e
− 2πi

β
kτ
qcr(τ)p−1 =

pAp−1β
(

2π
β

)2(p−1)∆

4 cos(π(p− 1)∆)Γ(2(p− 1)∆)

Γ ((p− 1)∆ + k)

Γ (1− (p− 1)∆ + k)
+O

( 1

µ

)
(C.9)

Using similar calculations as above, we obtain at zero temperature:

Λ̂cr(ω)
β→∞≈ pAp−1 sin(π(p− 1)∆)Γ(1− 2(p− 1)∆) |ω|2(p−1)∆−1 . (C.10)

Let us now return to the main equation of motion (2.41) and discuss it at zero temperature.
The conformal zero mode Λ̂cr(0) vanishes in the zero temperature limit. Any UV dependence of
the self-energy (including a potential divergence) is manifestly regulated in (2.41) because the self-
energy only appears in the “renormalized” combination Λ̂r(k)− Λ̂r(0) ≈ Λ̂cr(k)− Λ̂cr(0). Regarding
q̂cr, let us now assume ∆ < 1

2 such that q̂cr(0) is a divergent constant in the low temperature limit;
its inverse can thus be dropped in (2.41). With these considerations, the equation of motion at zero
temperature reads as:

1

q̂cr(ω) + q̂UVr (ω)
= Mω2 − J2 Λ̂cr(ω) . (C.11)

21This also follows directly from
ˆ ∞
−∞

eiωt

|τ |2∆
= 2 sin(π∆)Γ(1− 2∆)|ω|2∆−1 (0 < ∆ < 1/2) . (C.6)
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For small frequencies we can ignore both q̂UVr (ω) and the term Mω2. Then, plugging in the explicit
expressions (C.7) and (C.10), we see that this equation is solved by the following set of parameters:

conformal paramagnet: ∆ =
1

p
, A =

[
p− 2

πJ2p2
cot

(
π

p

)] 1
p

(C.12)

This case is obviously very similar to the SYK model. The value ∆ = 1
p is consistent with the

assumptions we made in the derivation.

Reparametrization invariance: To summarize the above discussion succinctly, we note that
the equation of motion (C.11) in the small frequency limit can be written as:

δ(τ, τ ′) ≈ −J2

ˆ β

0
dτ ′′Λcr(τ, τ

′′) qcr(τ
′′, τ ′) , Λcr(τ, τ

′) =
p

2
qcr(τ, τ

′)p−1 , (C.13)

where we returned to finite temperature for clarity. This obviously exhibits a reparametrization
invariance:

qcr(τ, τ
′)→

[
f ′(τ)f ′(τ ′)

] 1
p qcr(f(τ), f(τ ′)) ,

Λcr(τ, τ
′)→

[
f ′(τ)f ′(τ ′)

]1− 1
p Λcr(f(τ), f(τ ′)) .

(C.14)

This is again similar to the SYK model. We can in fact show that the soft mode action governing
the leading reparametrization symmetry breaking effects is the Schwarzian. To this end, consider
the reparametrized saddle point solution,

qcr,?(τ, τ
′)→ qcr,f (τ, τ ′) ≡ A

(
f ′(τ)f ′(τ ′)

(f(τ)− f(τ ′))2

) 1
p

. (C.15)

Now recall the full effective action (2.24). Plugging the above expression into the action produces
a non-zero result due to the conformal symmetry breaking term ∼ ∂τ∂τ ′δ(τ, τ ′):

Sbreaking
eff
Nn

=
M

2

ˆ β

0
dτ

ˆ β

0
dτdτ ′ δ(τ − τ ′ − ε) ∂τ∂τ ′qcr,f (τ, τ ′)

=
MA

2

ˆ β

0
dτ

[
− 1

ε2+2/p

2(p+ 2)

p2
− 1

ε2/p

(p− 1)(p− 2)

3p3
{f(τ), τ}+ . . .

] (C.16)

where we introduced a regulator ε. The most divergent non-constant term in the symmetry breaking
part of the action is indeed the Schwarzian derivative of the soft mode f(τ). Determining its
coefficient requires UV information.

UV solution: We can also extract the UV piece of the solution following a procedure as worked
out in [99]. To this end, note that for large frequencies (|ω| > µ) the equation of motion (C.11)
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simply gives:

q̂UVr (ω) ≈ Θ(|ω| − µ)
1

Mω2
⇒ qUVr (τ) =

ˆ
|ω|>µ

dω

2π

eiωτ

Mω2
≈ 1

Mµπ
. (C.17)

The cutoff µ could now be determined by a matching condition such as q̂UVr (µ) = q̂cr(µ). In practice it
is more accurate to determine µ numerically such that the low temperature approximation matches
with numerical data. In this sense, the cutoff µ is a parameter of the model, which has to be
determined numerically.

C.2 Spectrum of the conformal paramagnetic phase

We now consider the conformal field theory corresponding to the approximation to the paramagnetic
physics at large βJ of the previous section, and discuss its spectrum (see, e.g., [12, 56, 61]). We
consider a three-point function with an operator Oh of conformal dimension h:

v(τ0, τ1, τ2) =
1

N

∑
i

〈Oh(τ0)σi(τ1)σi(τ2)〉 =
Ch∆∆

|τ01|h|τ02|h|τ12|
2
p
−h

, (C.18)

where we gave the explicit expression for a conformal three-point function, using ∆σ = 1/p in the
paramagnetic phase.

The three point function should be an eigenfunction of the ladder kernel. Schematically, we
write this as K · v = k(h)v with eigenvalue k(h) = 1. More explicitly:

J2p(p− 1)

2

ˆ
dτ3dτ4

[
qc(τ12)

p−2
2 qc(τ13) qc(τ24) qc(τ34)

p−2
2

]
v(τ0, τ3, τ4) = k(h) v(τ0, τ1, τ2) . (C.19)

In other words, the allowed operator dimensions h are such that v is an eigenfunction of the ladder
kernel with eigenvalue 1. Inserting the conformal solution (C.1), we obtain an explicit nested
integral, which can be evaluated using the following identity twice:

ˆ
dτa

1

|τa1|α|τa2|β|τa3|γ
=
√
π

Γ
(

1−α
2

)
Γ
(1−β

2

)
Γ
(1−γ

2

)
Γ
(
α
2

)
Γ
(β

2

)
Γ
(γ

2

) 1

|τ12|1−γ |τ13|1−β|τ23|1−α
, (C.20)

valid for α+ β + γ = 1. This procedure gives for the eigenvalue

k(h) = −(p− 1)
Γ
(
1− 1

p

)
Γ
(

1
2 − 1

p

)
Γ
(

1
p − h

2

)
Γ
(

1
p + h−1

2

)
Γ
(

1
p

)
Γ
(

1
p − 1

2

)
Γ
(
1− 1

p − h
2

)
Γ
(

1
2 − 1

p + h
2

) . (C.21)

The condition k(h) = 1 needs to be solved numerically. In figure 20 we plot |k(h) − 1|−1 in the
complex h plane to demonstrate the two important features:

• The spectrum consists of operators with a tower of real dimensions starting precisely at h0 = 2
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Figure 20: Spectrum of the conformal paramagnet. Plot of |k(h) − 1|−1 where k(h) is the
eigenvalue (C.21) of the conformal ladder kernel for p = 3. The spikes at the values written in (C.22)
and at h = 1

2 ± 1.560 i correspond to locations where k(h) = 1, i.e., the dimensions of operators
appearing in the OPE. The complex dimension signals an instability.

and increasing in steps of approximately 2. For p = 3 these dimensions are:

h0 = 2, hn=1,2,3,... = 4.303, 6.404, 8.456, 10.489, 12.511, . . . (C.22)

In the limit p → ∞ these dimensions approach their integer values (h = 2k + O(1
p) for

k = 1, 2, 3, . . .).

• In addition there exists one operator with complex dimension h = 1
2 ± 1.560 i (for the case

p = 3). In the limit p → ∞ its imaginary part approaches 1±i
√

7
2 asymptotically. This

operator indicates that the conformal branch of the paramagnetic solution is unstable. As
we discussed before, there are indeed two paramagnetic solutions at low temperatures. The
thermodynamically preferred one is the one which does not have a conformal limit.

C.3 Conformal perturbation theory

Having identified the spectrum of operators appearing in the OPE of the conformal solutions, we
can now ask how these operators modify the Euclidean Green’s functions. We consider the leading
corrections to the conformal paramagnetic solution and work with the following ansatz (at zero
temperature):

qr(τ) = qcr(τ)

1−
(
α0,1

|Jτ | +
α2

0,1α0,2

|Jτ |2 +
α3

0,1α0,3

|Jτ |3 + . . .

)
−
∑
n≥1

(
αn,1
|Jτ |hn−1

+
2α0,1αn,1αn,2
|Jτ |hn + . . .

)
(C.23)
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where qcr(τ) = A
|τ |2∆ is the conformal solution with dimension ∆ = 1

p (or ∆ = 1 in the spin glass).
The first set of terms in the above equation describes corrections to the conformal Green’s function
which are purely due to the h0 = 2 mode. The first term in the sum over n describes the linear
corrections due to the hn mode. (The values of hn were given in (C.22) for the paramagnetic case.)
The second term in the sum describes quadratic corrections due to the interaction of an h0 = 2 and
an hn mode. In principle one can continue in this fashion and formulate a systematic resonance
theory, which has been developed in great generality [20, 61, 107]. We will focus on the essential
features in order not to introduce too much formalism.

We now discuss how to determine the parameters αi,j (and in fact the operator spectrum hn once
again) by solving the equations of motion at low frequencies (and zero temperature). Generalizations
to finite temperature work similarly and are described in the references. At zero temperature, we
can Fourier transform the ansatz (C.23) by generalizing (C.7). This gives:

q̂r(ω) = q̂cr(ω)

[
1 +

α0,1

2∆ tan(π∆)
|ω|+

α2
0,1α0,2

2∆(2∆ + 1)
|ω|2 −

α3
0,1α0,3 Γ(2∆)

tan(π∆)Γ(2∆ + 3)
|ω|3 + . . .

−
∑
n

(
αn,1 cos(π∆)Γ(2∆)

sin(π∆ + π
2hn)Γ(2∆ + hn − 1)

|ω|hn−1 + . . .

)]
.

(C.24)

where q̂cr(ω) ∼ |ω|2∆−1 was given in (C.7). To solve the equation of motion, we will have to expand
the inverse of this expression for small ω:

1

q̂r(ω)
=

1

q̂cr(ω)

{
1− α0,1

2∆ tan(π∆)
|ω|+

[(
α0,1

2∆ tan(π∆)

)2

−
α2

0,1α0,2

2∆(2∆ + 1)

]
|ω|2 + . . .

}
(C.25)

Similarly, we get for the self-energy:

Λ̂r(ω) = Λ̂cr(ω)

{
1 +

α0,1

2∆ tan(π(p− 1)∆)
|ω|+

α2
0,1(2α0,2 + 2− p)

4∆(2(p− 1)∆ + 1)
|ω|2 + . . .

}
(C.26)

with Λ̂cr(ω) ∼ |ω|2(p−1)∆−1 given in (C.10). The low frequency equation of motion q̂r(ω)−1 =

−J2Λ̂r(ω) can now be solved order by order by matching the coefficients of powers of |ω|. This
determines the parameters αi,j for j ≥ 2.

To do this explicitly, we set ∆ = 1
p according to the results of section C.1. For the second and

third order corrections due to the h0 = 2 mode we find:

α0,2 =
(p+ 2)

[
2(p− 1) + p cos

(
2π
p

)]
8p sin2

(
π
p

) , α0,3 =
(p+ 2)(p+ 1)

[
6− 8p− p cos

(
2π
p

)]
24p sin2

(
π
p

) , . . . (C.27)

For p = 3 this yields α0,2 = 25
36 , α0,3 = −55

9 and so on.22 Note that α0,1 is left undetermined by this
procedure (the matching at order |ω|2−2/p is trivial).

22For p = 4, we get α0,2 = 9
4
, α0,3 = − 65

4
, which is consistent with [61]. It is also interesting to consider the large

p limit, where α0,2 ∼ 3p3

8π2 and α0,3 ∼ − 3p4

8π2 .
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Similarly, we can do the matching for the perturbations due to the hn modes for n ≥ 1. Again,
αn,1 is left undetermined by matching terms of order |ω|hn−2/p. However, the matching at this order
is still non-trivial – it gives the following constraint on the dimensions hn:

− 2(p− 1)
Γ
(

2
p − hn

)
Γ
(

2
p + hn − 1

)
sin
(
π
p + hnπ

2

)
cos
(
π
p − hnπ

2

)
Γ
(

2
p

)
Γ
(

2
p − 1

)
sin
(

2π
p

) = 1 . (C.28)

Solving this constraint gives precisely the same operator spectrum as in the previous subsection (see
(C.22) for p = 3). This is, of course, to be expected, but provides a nice consistency check (note
that the constraint (C.28) is not identical to the constraint (C.21), but it has the same solutions).
At quadratic order for the dimension hn perturbation we find:

αn,2 =
(2 + (hn − 1)p)Γ

(
2
p

)
Γ
(
2
p − 1

)
cos2

(
π
p

)
+ (p− 1)(p− 2)Γ

(
2
p − 1− hn

)
Γ
(
2
p + hn

)
sin
(
π
p − hnπ

2

)
sin
(
π
p + hnπ

2

)
Γ
(
2
p

)
Γ
(
2
p − 1

)
sin
(
2π
p

)
tan

(
π
p + hnπ

2

)
+ 2(p− 1)Γ

(
2
p − 1− hn

)
Γ
(
2
p + hn

)
sin
(
π
p − hnπ

2

)
sin
(
π
p + hnπ

2

)
(C.29)

More explicitly, for p = 3 we get:

α1,2 = 0.170 , α2,2 = −0.635 , α3,2 = −1.498 , . . . (C.30)

Finally, we turn to the coefficients αn,1. These are not determined by the above procedure
of solving equations of motion order by order. Instead, one needs to determine these parameters
numerically by matching numerical solutions of the full equations of motion to the analytical ex-
pressions computed here. This has been done in the literature (for example [61]), so we will not go
into details here.

C.4 OTOC in the conformal paramagnet: maximal chaos

This appendix complements the discussion of quantum Lyapunov exponents in section 6.2. In
the conformal limit we can compute the Lyapunov exponent of the corresponding paramagnetic
solution analytically. This is completely analogous to the discussions in the SYK model [11]. We
should keep in mind that the conformal paramagnet corresponds to a branch of solutions, which are
naively unphysical. Nevertheless these are solutions, and it is interesting to study their properties.
It would be instructive to improve our numerical implementation and follow the physical branch of
paramagnetic solutions discussed in the main text all the way down to zero temperature.

It will be useful to have the real-time propagators in the conformal limit. We recall the Euclidean
results for the conformal solution from section C.1. For the replica symmetric case (u = 0), the
analytically continued “left-right” Wightman function and the retarded correlator in the limit βJ �
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1 are:

q>(t− iβ/2) ≈ A

 π

β cosh
(
πt
β

)
2/p

, qR(t) ≈ −2A sin

(
π

p

)  π

β sinh
(
πt
β

)
2/p

Θ(t) ,

(C.31)

where A was given in (C.12). The retarded kernel in the conformal limit becomes independent of
any couplings:

K̃ ′ret ≈
π(p− 1)(p− 2)

pβ2
sin

(
2π

p

) cosh
(
πt34
β

)2−p

sinh
(
πt13
β

)
sinh

(
πt24
β

)


2/p

Θ(t13) Θ(t24) (C.32)

Note that the retarded kernel vanishes for p = 2, so we can immediately infer that the p = 2 model
is not quantum chaotic. For p ≥ 3 the conformal eigenfunctions and eigenvalues of the retarded
kernel K̃ ′ret are thus the same as in the SYK model:

Fh(t1, t2) =
e
−h 2π

β
t1+t2

2[
cosh

(
πt12
β

)]2/p−h , sr(h) =
Γ
(

3− 2
p

)
Γ
(

2
p − h

)
Γ
(

1 + 2
p

)
Γ
(

2− 2
p − h

) (C.33)

such that K̃ ′ret · Fh = sr(h)Fh (understood as an integral equation as in (6.12)). Therefore, the
solution of the integral equation with eigenvalue 1 reduces to the following requirement on the
quantum numbers h (related to the Lyapunov exponent via λL = −h2π

β ):

sr(h) = 1 ⇒ h = −1, 0, . . . (C.34)

with the remaining set of h being irrational functions of p. For example, for p = 3, we get the allowed
values h = −1, 0, 1.475, 2.518, 3.512, . . .. In particular there are no exponentially growing modes
except for the h = −1 mode, which has maximal Lyapunov exponent in the sense of saturating the
chaos bound [106]. This is similar to what we observed numerically away from the conformal limit
(c.f., figure 21).

D Derivation and regularization of thermodynamic quantities

In this appendix we give more details on the UV regularization of approximate analytical expressions,
and on the derivation of various thermodynamics quantities used in sections 3 and 4.
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D.1 On-shell action for the free solution

We want to derive (3.9) starting from (3.8) using ζ-function regularization. The on-shell UV action
is simply (3.8) for J = u = 0 evaluated on the UV solution (3.7):

SUV
eff

nN
=

1

2

∞∑
k=−∞

{
1 + log

[
M

β
(2πk)2 − 2iẑ(0)

]}
+ iẑ(0) . (D.1)

keeping in mind that −2iẑ(0) is positive and real. Let us recall the definition for the Riemann zeta
function and its derivative for Re(s) > 1:

ζ(s) =
∞∑
n=1

1

ns
, ζ ′(s) = −

∞∑
n=1

1

ns
log(n) . (D.2)

Crucially these infinite-sum expressions for ζ(s) only converge for Re(s) > 1, but the function is
well defined for any complex s. We start with the first term in Sdiv(Q0):

1

2

∞∑
k=−∞

1 =
1

2

(
1 + 2

∞∑
k=1

1

)
−→ 1

2
[1 + 2ζ(0)] = 0 .

It remains to evaluate the log term:

1

2

∞∑
k=−∞

log

[
M

β
(2πk)2 − 2iẑ(0)

]
=

1

2
log (−2iẑ(0)) + log

∞∏
k=1

[
1 +

−2iẑ(0)
M
β (2πk)2

]
+
∞∑
k=1

log

[
M

β
(2πk)2

]
.

(D.3)

To evaluate the middle term in (D.3), we simply use the following identity:

sinhx

x
=

∞∏
k=1

(
1 +

x2

π2k2

)
. (D.4)

Let us now deal with the final term of (D.3). To do this, we will rearrange:

∞∑
k=1

log

[
M

β
(2πk)2

]
= 2

[ ∞∑
k=1

log

(
2π

√
M

β

)
+

∞∑
k=1

log(k)

]

−→ 2

[
ζ(0) log

(
2π

√
M

β

)
− ζ ′(0)

]
= −1

2
log

M

β
. (D.5)

Putting everything together we find

SUV
eff

nN
= log

[
2 sinh

(√
−iẑ(0)β

2M

)]
+ iẑ(0) . (D.6)
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This concludes our regularization giving rise to (3.9).

D.2 Derivation of internal energy

Here, we explain how to derive the exact expression (3.14) for the internal energy. We discuss the
equilibrium situation here. The marginally stable spin glass state is more subtle (as explained in
section 4.3), but eventually yields the identical expression (4.62). Working with the regularized free
energy (3.9), we immediately get the following equation for the energy:

βē = J∂J(βf̄)−M∂M (βf̄)

=
1

2

∑
k

{
1−

[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
− iẑ(0) (1− u)− (βJ)2

2

[
(m− 1)up +

1

β

ˆ β

0
dτ q(τ)p

]
(D.7)

where we wrote explicit Lagrange multipliers again such as to obtain a frequency sum that converges
as |k| → ∞. This expression is to be evaluated on-shell, meaning we can use the equations of motion
to simplify it. By taking (2.41), multiplying by q̂r(k) and summing over k (while using the spherical
constraint), we find that

1

2

∑
k

{
1−

[
M

β
(2πk)2 − 2iẑ(0)

]
q̂r(k)

β

}
= −p(βJ)2

4β

ˆ β

0
dτ
(
q(τ)p−1 − up−1

)
(q(τ)− u)

= −p(βJ)2

4β

ˆ β

0
dτ
[
(qp − up)− u

(
qp−1 − up−1

)]
+
p

4
up−1(βJ)2 q̂r(0)

β
.

(D.8)

Combining this with (D.7) and we obtain:

βē = (βJ)2

{
pu

4β

ˆ
dτ
(
qp−1 − up−1

)
− 1

2
mup − p+ 2

4β

ˆ
dτ (qp − up) +

p

4
up−1 q̂r(0)

β

}
− iẑ(0) (1− u)

= (βJ)2

{
p

4β

ˆ
dτ
(
qp−1 − up−1

)
− p+ 2

4
mup − p+ 2

4β

ˆ
dτ (qp − up)

}
− (1− u)

{
iẑ(0) +

p(βJ)2

4β

ˆ
dτ
(
qp−1 − up−1

)
+

β

2q̂r(0)

}
+

β

2q̂r(0)
(D.9)

where we used the first line of (2.43) in the last step (we assumed m 6= 1 and u 6= 0, but one can
easily check that the same holds for the paramagnetic phase). Finally, the bracket in the last line
of (D.8) vanishes on-shell (c.f. (2.40)). We thus find the desired expression (3.14) for the energy.

D.3 Low energy expansions in the marginal spin glass phase

We also need the low energy (large βJ) expansion of the various thermodynamic quantities in the
marginally stable spin glass. We now discuss some of the relevant calculations.
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Moments of the approximate marginal solution

To evaluate thermodynamic quantities on the approximate low-temperature solution, we will fre-
quently need some identities for the moments of q≈r (τ). The first moment is simply the zero mode,
which we recall here, (see around (4.38)):

ˆ β

0
dτ q≈r (τ) =

16γ2

Mπ

ˆ π
2

0
dθ cos2 θ =

4γ2

M
= q̂r(0) , (D.10)

which works since γ ≡
√

Mq̂r(0)
4 . We can now write an equivalent expression for the second moment:

ˆ β

0
dτ (q≈r (τ))2 =

128γ3

M2π2

ˆ π
2

0
dθ

ˆ π
2

0
dθ′

cos2 θ cos2 θ′ sin θ sin θ′

sin(θ − θ′) sin(θ + θ′)

×
[
sin θ coth

(
β

2γ
sin θ′

)
− sin θ′ coth

(
β

2γ
sin θ

)]
(D.11)

This is an exact expression, but the evaluation of this integral for arbitrary β is hopeless, so we
work in the 1/(βJ) expansion. The zero temperature integral can be done:

ˆ β

0
dτ (q≈r,β=∞(τ))2 =

64γ3

15πM2
. (D.12)

The remaining corrections are computed by:

128γ3

M2π2

∞∑
n=1

ˆ π
2

0
dθ

ˆ π
2

0
dθ′

cos2 θ cos2 θ′ sin θ sin θ′

sin(θ − θ′) sin(θ + θ′)

[
2e
−nβ

γ
sin θ′

sin θ − 2e
−nβ

γ
sin θ

sin θ′
]

(D.13)

For large β/γ, each value of n contributes a limiting value of 128γ5

πn2β2M2 thus leading to

ˆ β

0
dτ (q≈r (τ))2 =

64γ3

15πM2

(
1 + 5π2 γ

2

β2
+ . . .

)
(D.14)

Plugging in the low temperature expansion of our parameters (4.36) and trading M for J and u∗
using (4.34), we find:

1

β

ˆ β

0
dτ (q≈r (τ))2 =

2

5

(1− u∗)u1−p/2
∗

βJ

(
1 +

8u2−p
∗ [(p+ 8)u∗ − (p− 2)]

9(βJ )2(1− u∗)2 [(p+ 2)u∗ − (p− 2)]
+ . . .

)
(D.15)

Now we see that the leading contribution to this expression is smaller than the first moment (4.36)
by a factor of (1 − u∗), which approaches zero as MJ gets large. We can see this explicitly by
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working in the double expansion for large βJ and large MJ :

1

β

ˆ β

0
dτ (q≈r (τ))2 =

8

15πβJ
√
MJ

(
1 +

p− 2

π
√
MJ + . . .

)
+

2

3(βJ )3

(
π
√
MJ +

28

15
(p− 2) + . . .

)
+ . . . (D.16)

The cubic integral (which is the highest power required for p = 3) must be analyzed by numerical
fitting, even at strictly zero temperature. We find:

ˆ β

0
dτ (q≈r (τ))3 =

1024γ4

15π2M3

(
n3 + n′3

π2γ2

β2
+ n′′3

π3γ3

β3
+ n′′′3

π4γ4

β4
. . .

)
, (D.17)

with

n3 ≈ 0.106447 , n′3 ≈ 0.488334 , n′′3 ≈ 0.195977 , n′′′3 ≈ 0.687666 . (D.18)

Internal energy

We want to compute the low temperature thermodynamic quantities in the spin glass phase. To do
this, we will use the approximation that underlies our derivation of the low-temperature solutions:

q(τ)n − un ≈ nun−1qr(τ) +
n(n− 1)

2
un−2qr(τ)2 + . . . (D.19)

Keeping the lowest term in this expansion, we immediately find from (4.62):

βē =
1

2

β

q̂r(0)
+ p

(βJ)2

4
up
{
−p+ 2

p
m+

(
p− 1

u2
− p+ 2

u

)
q̂r(0)

β

+
p− 1

2

(
p− 2

u3
− p+ 2

u2

)
1

β

ˆ β

0
dτ qr(τ)2

+
(p− 1)(p− 2)

6

(
p− 3

u4
− p+ 2

u3

)
1

β

ˆ β

0
dτqr(τ)3 + . . .

}
. (D.20)

Note that for p = 3 (which we usually assume in numerical calculations), the above terms are all
there is. We now want to evaluate this on the low temperature solutions (4.33), (4.35), (4.36), using
the perturbative expressions for moments of q≈r derived in the previous paragraphs:

βē =− u
p
2
−1
∗ βJ

[(
1 +

2

p

)
u∗ − 1 +

(1− u∗)
10

(
p+ 2− p− 2

u∗

)
− n3

(p− 2)(1− u∗)2

5

(
p− 3

u2
∗
− p+ 2

u∗

)]
− 4u

− p
2
∗

45βJ
(

1− p+2
p−2u∗

) [8 + 6u∗ − 3p(1− u∗)− 4n3(1− u∗)
(
p+ 2− 2(p− 3)

u∗

)

+n′3(p− 3− (p+ 2)u∗)

(
p+ 2− p− 2

u∗

)]
+ . . . (D.21)
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This gives us a zero temperature energy and the first correction tells us that the specific heat is
linear in T . Also note that the following combination simplifies at T → 0:

mβē =
T→0

−(p− 2)

[(
p+ 2

p
− 1

u∗

)
+

(1− u∗)
10u∗

(
p+ 2− p− 2

u∗

)
+n3

(p− 2)(1− u∗)2

5

(
p+ 2

u2
∗
− p− 3

u3
∗

)]
. (D.22)

Evaluating (D.21) in the quantum scaling, we obtain the main result (4.64).

Entropy

To compute the entropy note that by definition, it is given by s̄ = βē − βf̄ , thus we can combine
(4.57) and (4.62) and obtain:

s̄ =
1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]
+

β

q̂r(0)

−
[

(βJ)2

4

{
2pmup +

1 + 2p

β

ˆ β

0
dτ [q(τ)p − up]− 2p

β

ˆ β

0
dτ
[
q(τ)p−1 − up−1

]}]

− log

[
2 sinh

√
−iẑ(0)β

2M

]
+

1

2

 u
q̂r(0)
β +mu

 . (D.23)

To evaluate this expression, we will again use the approximation (D.19):

s̄ ≈+
β

q̂r(0)
+

1

2

 u
q̂r(0)
β +mu


− p(βJ)2

2
up
[
m+

1

u

(
2p+ 1

2
− p− 1

u

)
q̂r(0)

β
+

(p− 1)

2u2

(
2p+ 1

2
− p− 2

u

)
1

β

ˆ β

0
dτ(q≈r (τ))2

+
(p− 1)(p− 2)

6u3

(
2p+ 1

2
− p− 3

u

)
1

β

ˆ β

0
dτ(q≈r (τ))3 + . . .

]
+

1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]
− log

[
2 sinh

√
−iẑ(0)β

2M

]
, (D.24)

as well as

−2iẑ(0) =
β

q̂r(0)
+ p

β2J2

2β

ˆ β

0
dτ
[
q(τ)p−1 − up−1

]
≈ β

q̂r(0)
+ p(p− 1)up−2 (βJ)2

2

[
q̂r(0)

β
+
p− 2

2uβ

ˆ β

0
dτ(q≈r (τ))2 +

(p− 2)(p− 3)

12u2β

ˆ β

0
dτ(q≈r (τ))3 + . . .

]
(D.25)
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Since q̂r(0)
β is getting parametrically small in the quantum limit, then −iẑ(0) is getting parametrically

big, as its leading term is β
q̂r(0) . In order to proceed, we must estimate the sum in the last line of

(D.24). We will do this at low temperatures by writing it as a continuous integral, using:

q̂≈r (ω) =
8γ2

M

(
1

2
+ γ2ω2 −

√
γ2ω2 + γ4ω4

)
with γ ≡

√
Mq̂r(0)

4
, ω ≡ 2πk

β
, (D.26)

as before. This gives

lim
β→∞

1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]
≈ 2× β

ˆ ∞
0

dω

2π

1

2
log

[(
Mω2 − 2iẑ(0)

β

)
q̂≈r (ω)

]

=

√
−iẑ(0)β

2M
− β

πγ
(D.27)

In the quantum scaling, this contribution is O(Λ), and we are blind to the subleading therms.
Combining this with the other contribution from the third line of (D.24), we have :

1

2

∞∑
k=−∞

log

[(
M

β
(2πk)2 − 2iẑ(0)

)
q̂r(k)

β

]
− log

[
2 sinh

√
−iẑ(0)β

2M

]

≈
√
−iẑ(0)β

2M
− β

πγ
− log

[
2 sinh

√
−iẑ(0)β

2M

]
≈ − β

πγ
− log

(
1− e−2

√
−iẑ(0)β

2M

)
. (D.28)

The above analysis shows that in the quantum scaling the leading contributions to the entropy
naively are large, of order O(Λ). However, putting everything together, we find that all leading
contributions to the entropy cancel:

s̄ = 0 +O(Λ0) . (D.29)

In order to compute the O(Λ0) contribution, we would need a more systematic way to approximate
the sum over logarithms, (D.27). While it would be interesting to investigate this further, the above
computation is enough to show that the complexity Σ dominates the full entropy-like quantity
ms̄+ Σ at low temperatures (c.f., (4.66)).

E The quadratic action of fluctuations

In this appendix we discuss the quadratic action for fluctuations of the matrix Qab(τ, τ ′). In par-
ticular, we describe the different types of fluctuations taking into account the replica symmetry
breaking ansatz. Our discussion of fluctuations in replica space serves as a review of appendix 3
of [36]. We also derive the time-dependent, diagonal fluctuations in position space, which encode
the leading correction to the four-point function.
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E.1 General second order fluctuations

We begin by copying the effective action (2.17) in terms of the replica matrix Qab:

Seff

N
= −1

2
Tr log

[
Qab(τ, τ

′)
]
− i

n∑
a=1

ˆ β

0
dτ za(τ) (Qaa(τ, τ)− 1)

−
n∑

a,b=1

ˆ β

0

ˆ β

0
dτ dτ ′

[
δab δ(τ − τ ′)

M

2
∂2
τQab(τ, τ

′) +
J2

4
Qab(τ, τ

′)p
]
. (E.1)

In terms of the Fourier transformed replica matrix

Qab(τ, τ
′) =

1

β

∞∑
k=−∞

e
2πi k
β

(τ−τ ′)
Q̂ab(k) , (E.2)

the effective action is

Seff

N
= −1

2

∞∑
k=−∞

Tr log

[
Q̂ab(k)

β

]
+ i

n∑
a=1

ẑa(0)

(
1−

∞∑
k=−∞

Q̂aa(k)

β

)

+

n∑
a,b=1

[ ∞∑
k=−∞

δab
M

2

(
2πk

β

)2

Q̂ab(k)− J2

4

ˆ β

0

ˆ β

0
dτ dτ ′Qab(τ, τ

′)p

]
. (E.3)

Now we want to expand this action around a classical solution Q̂?ab(k) such that Q̂ab(k) = Q̂?ab(k) +

r̂ab(k). To quadratic order in rab the action is:

δS2

N
= +

1

4

∞∑
k=−∞

Tr
[(

Q̂?−1(k) · r̂(k)
)
·
(
Q̂?−1(k) · r̂(k)

)]
− J

2

4

n∑
a,b=1

ˆ β

0

ˆ β

0
dτ dτ ′

[ ∞∑
k=−∞

∞∑
l=−∞

e
2πi
β

(k+l)(τ−τ ′) r̂ab(k)

β

r̂ab(l)

β
Q?ab(τ, τ

′)p−2

]
, (E.4)

where we remind the reader that J 2 = J2p(p− 1)/2. Recall that we parametrized the saddle point
solution as follows:

Q?ab(τ, τ
′) = δa1b1

[
δa0b0q(τ, τ

′) + u(1− δa0b0)
]
, (E.5)

where we have split the index a = a0 × a1 with a0 = 1, . . . ,m parameterizing the location in the
block and a1 = 1, . . . , nm parameterizing which block we are in (see equations (2.22) and (2.23)). In
momentum space this implies

Q̂?ab(k) = δa1b1 [δa0b0 q̂(k) + û(k)(1− δa0b0)] , û(k) = βu δk,0 . (E.6)
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It is easy to verify directly that the inverse matrix in the replica indices is:

(Q̂?)−1
ab = δa1b1

[
δa0b0

(
Â(k) + B̂(k)

)
+ B̂(k)(1− δa0b0)

]
, (E.7)

where
Â(k) =

1

q̂(k)− û(k)
, B̂(k) =

û(k)

[û(k)− q̂(k)] [q̂(k) + (m− 1)û(k)]
. (E.8)

We will also use the following notation to write the 1-RSB matrices:

δab ≡ δa0b0δa1b1 , γab = δa1b1 , with a = a0 × a1, b = b0 × b1 (E.9)

which means that γab equals 1 along m ×m block diagonals and 0 otherwise (this matrix is often
called εab in the literature, but we will not use this notation to avoid confusion with the Levi-Civita
symbol). We can thus write (E.6) and (E.7) as:

Q̂?ab(k) = (q̂(k)− û(k)) δab + û(k)γab , (Q̂?)−1
ab = Â(k)δab + B̂(k)γab . (E.10)

Plugging these into the quadratic fluctuation action, we find:

δS2

N
=

1

4

∞∑
k=−∞

Tr
{[
Â(k)2r̂(k) + Â(k)B̂(k) [r̂(k) · γ + γ · r̂(k)] + B̂(k)2(γ · r̂(k) · γ)

]
· r̂(k)

}

− J
2

4
β2−p

n∑
a,b=1

∞∑
k,l=−∞

∑
l1,...,lp−2

δk+l+l1+···+lp−2,0 r̂ab(k)

[
δab

p−2∏
i=1

q̂(li) + (γab − δab)
p−2∏
i=1

û(li)

]
r̂ab(l) .

(E.11)

We can rewrite this fluctuation action as follows

δS2

N
=
∑
k,l

∑
a,b,c,d

r̂ab(k)Gabcd(k, l)r̂cd(l) (E.12)

with

Gabcd(k, l) ≡
1

4

[
Â(k)2δadδbc + Â(k)B̂(k) (δadγbc + δbcγad) + B̂(k)2γadγbc

]
δkl

− β2−pJ 2

4

∑
l1,...,lp−2

δk+l+l1+···+lp−2,0

[
δab

(
p−2∏
i=1

q̂(li)−
p−2∏
i=1

û(li)

)
+ γab

p−2∏
i=1

û(li)

]
δacδbd . (E.13)

We have mentioned this before, but it bears repeating that k dependence can only be present in the
replica-diagonal components. This means that:

r̂ab = r̂(k)δab + βsabδk,0 . (E.14)
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We will take
r̂(k) = r̂(−k) , sab = sba, and saa = 0 ∀a, (E.15)

and where in order to preserve the spherical constraint,

1

β

∞∑
k=−∞

r̂(k) = 0 . (E.16)

Using that γ · γ = mγ, on this ansatz the quadratic fluctuation action is:

δS2

N
=
n

4

∞∑
k=−∞

r̂(k)

{[
Â(k) + B̂(k)

]2
+ (m− 1)B̂(k)2

}
r̂(k)

− nJ
2

4

∞∑
k,l=−∞

∑
l1,...,lp−2

r̂(k)

[
p−2∏
i=1

q̂(li)

β

]
r̂(l) δk+l+l1+···+lp−2,0

+
β

2
r̂(0)

{
2Â(0)B̂(0) +mB̂(0)2

}
Tr (γ · s)

+
β2

4
Tr
{
s ·
[
Â(0)2 s + Â(0)B̂(0) (γ · s + s · γ) + B̂(0)2 (γ · s · γ)

]}
− β2J 2

4

n∑
a,b=1

up−2sabγabsab . (E.17)

Notice that the diagonal and off-diagonal fluctuations almost decouple, were it not for the third line
in (E.17). However, to assess stability of the solutions to the Schwinger-Dyson equations, we can
consider the spectrum of dynamical and off-diagonal fluctuations separately.

E.2 Static fluctuations

For static fluctuations (r̂(k) = 0) the fluctuation action is:

δS2

N
=
β2

4
Tr
{
s ·
[
Â(0)2 s + Â(0)B̂(0) (γ · s + s · γ) + B̂(0)2 (γ · s · γ)

]}
− β2J 2

4

n∑
a,b=1

up−2sabγabsab , (E.18)

and the eigenvalue equation we would like to solve is:

Â(0)2sab + Â(0)B̂(0) [(s · γ)ab + (γ · s)ab] + B̂(0)2 (γ · s · γ)ab

− J 2up−2γabsab = β−2λsab . (E.19)

for a 6= b, since saa = 0 ∀a . The quantity λ on the right hand side is the eigenvalue and should
not be confused with the auxiliary field introduced in (2.10), nor the Lyapunov exponent λL. We
now summarize the results from [36] regarding these fluctuations.
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Transverse fluctuations: (s · γ)ab = (γ · s)ab = 0 ∀a, b

The transverse constraint amounts to the fact that, if we break up each row and column into
strings of size m, each such string must sum to zero independently. Said in another way, each row
and each column of every m×m block of sab must sum to zero. This removes 2m−1 (the difference
between an m×m matrix and an (m− 1)× (m− 1) matrix) elements from each off-diagonal block,
and removes m elements from each diagonal block, since the diagonal blocks are symmetric and
have zeros along the diagonal. This leaves

dT ≡
n(n− 1)

2
−

n
m

(
n
m − 1

)
2

(2m− 1)− n

m
×m (E.20)

free elements in sab.
On this subspace the eigenvalue equation reduces to:

Â(0)2sab − J 2up−2γabsab = β−2λ sab . (E.21)

There are two sets of eigenmatrices of this equation. The first set corresponds to sab being zero
along the block diagonals:

sabγab = 0 ∀a, b

λoff−diag
T = β2Â(0)2 =

(
q̂(0)

β
− u
)−2

deg =
n
m

(
n
m − 1

)
2

(m− 1)2 .

The second set corresponds to sab only having elements along the block diagonals

sabγab = sab ∀a, b

λdiag
T = β2Â(0)2 − β2J 2up−2 =

(
q̂(0)

β
− u
)−2

− β2J 2up−2

deg =
n

2
(m− 3) .

We will come to the fact that the degeneracy of these modes is negative for m < 3 later. The
case of marginal stability is diagnosed by the existence of a zero-eigenvalue among these transverse
fluctuations: λdiag

T = 0. This gives:

1(
q̂(0)
β − u

)2 = β2J 2up−2 (E.22)

87



now we can combine this with equation (2.32) which determines the value of u at equilibrium:

β2J2

2
p up−1 − u(

q̂(0)
β − u

)(
q̂(0)
β + (m− 1)u

) = 0 (E.23)

to show that λdiag
T = 0 suggests:

u =

[
p− 2

βJm

]2/p

,
q̂(0)

β
= u

(
1 +

m

p− 2

)
=

[
p− 2

βJm

]2/p(
1 +

m

p− 2

)
(E.24)

These are the values found in [38] that give rise to the marginal spin glass state. A solution with
these on-shell values implies the existence of marginal fluctuations in replica space, even though the
number of such eigenvalues is going to zero in the n→ 0 limit. Note, however, that the equilibrium
equation of motion for m (2.33) is not satisfied given the parameters (E.24), which implies that the
marginal spin glass state is not an equilibrium state in this ensemble.

“Longitudinal” fluctuations: (γ · s · γ)ab = 0 ∀a, b while (s · γ)ab 6= 0 and (γ · s)ab 6= 0

This condition tells us that the sum of all the elements in each m ×m block, taken together,
gives zero. This condition removes one element from each m ×m block. Further demanding that
these be distinct from the transverse matrices and we are left with

dL ≡
( n
m

)2
(m− 1) (E.25)

free elements in these longitudinal fluctuations. To obtain the eigenvalue equation in this subspace,
we will dot (E.19) with γab from the left and use that γ · γ = mγ, this gives:

Â(0)2(γ · s)ab + Â(0)B̂(0)
∑
c 6=b

γac [(γ · s)cb + (s · γ)cb]− J 2γab(γ · s)ab = β−2λ(γ · s)ab . (E.26)

where we used
∑n

c=1 γacγcbscb = γab (γ · s)ab, which one can verify by direct computation. Also, un-
like (E.19), we need not restrict to a 6= b. In this subspace, there are again two sets of eigenmatrices
that satisfy this eigenvalue equation. The first set corresponds to matrices that are block-off-diagonal
after dotting with γ:

γab (γ · s)ab = 0 ∀a, b

λoff−diag
L = β2Â(0)

[
Â(0) +mB̂(0)

]
=

[(
q̂(0)

β
− u
)(

q̂(0)

β
+ (m− 1)u

)]−1

deg =
n

m

( n
m
− 1
)

(m− 1) .
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And the second set corresponds to:

γab (γ · s)ab = (γ · s)ab ∀a, b

λdiag
L = β2Â(0)

[
Â(0) + (m− 2)B̂(0)

]
− β2J 2up−2 =

q̂(0)
β + u(

q̂(0)
β − u

)2 (
q̂(0)
β + (m− 1)u

) − β2J 2up−2

deg =
n

m
(m− 1) .

Remaining cluster fluctuations: (γ · s · γ)ab 6= 0

From a total n(n − 1)/2 distinct possible fluctuations for sab, we have accounted for all but
n
m( nm+1)

2 of them. This last number corresponds to the number of elements in a symmetric n
m × n

m

matrix. We will take this seriously.
The first set of eigenvalues are easy to guess, they correspond to picking an off-diagonal m×m

block of sab and setting all the elements equal and symmetrizing the whole n × n matrix. These
matrices satisfy γ · s = s · γ = m s and γ · s · γ = m2 s. The eigenvalues are:

λoff−diag
R = β2

[
Â(0) +mB̂(0)

]2
=

(
q̂(0)

β
+ (m− 1)u

)−2

deg =
n
m

(
n
m − 1

)
2

.

The final set of eigenvalues are constructed by picking a diagonal block and setting all elements
equal except recalling that saa = 0 for all a. These matrices satisfy (γ · s)ab = (s · γ)ab = (m −
1) sab ∀a 6= b and (γ · s · γ)ab = m(m− 1) sab ∀a 6= b. The eigenvalues are:

Λdiag
R = β2

[
Â(0) + (m− 1)B̂(0)

]2
+ β2(m− 1)B̂(0)2 − β2J 2up−2

=

(
q̂(0)
β

)2
+ (m− 1)u2(

q̂(0)
β − u

)2 (
q̂(0)
β + (m− 1)u

)2 − β2J 2up−2

deg =
n

m
.

Negative Degeneracies:

For m = 1 and m = 2 notice that the degeneracies of λdiag
T are negative. Have we made a

mistake? No, for m = 1, λdiag
T = λdiag

R and the sum of their degeneracies gives zero. For m = 2,
λdiag
T = λdiag

L and the sum of their degeneracies gives zero. So everything is consistent, as when
there are negative degeneracies, these “eat” terms with the same eigenvalue.
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E.3 Dynamical fluctuations and four-point functions

Finally, we shall now derive the quadratic action for time-dependent fluctuations, (6.3). To do so,
we return to (E.17) but restrict to dynamical fluctuations where sab = 0. This means we are dealing
with an effective action in momentum space

δS2

nN
=

1

4

∞∑
k,l=−∞

r̂(k)

β

{[
m− 1

m

β2

q̂r(k)q̂r(l)
+

1

m

β2

(q̂r(k) +mû(k))(q̂r(l) +mû(l))

]
δk+l,0

−(βJ )2
∑

l1,...,lp−2

[
p−2∏
i=1

q̂r(li) + û(li)

β

]
δk+l+l1+···+lp−2,0

 r̂(l)

β
(E.27)

where we have used:
q̂r(k) ≡ q̂(k)− û(k) , (E.28)

and have used time-reversal symmetry, meaning r̂(k) = r̂(−k) and similarly for q̂r(k) . The physics
of the Euclidean four-point function is encoded in (E.27).

Some simple manipulations of the above expression yield

δS2

nN
=

1

4

∞∑
k,l=−∞

r̂(k)

β

 F̂ (k, l)

β2
δk+l,0 − (βJ )2

∑
l1,...,lp−2

[
p−2∏
i=1

q̂r(li) + û(li)

β

]
δk+l+l1+···+lp−2,0

 r̂(l)

β

(E.29)
where

F̂ (k, l)

β2
≡
[
q̂r(k)

β

q̂r(l)

β
+ v δk,0δ0,l

]−1

, v ≡
mu

(
mu+ 2 q̂r(0)

β

)(
q̂r(0)
β

)2

(m− 1)
(
mu+ q̂r(0)

β

)2
+
(
q̂r(0)
β

)2 . (E.30)

In the conformal spin glass phase, we simplify v by using the on-shell relation q̂r(0)
β = mu

p−2 (equivalent
to the vanishing of the transverse eigenvalue in replica space, (E.24)). The above definition then
takes the form (6.5).

Relation to Euclidean time expression

We would like to re-express (E.29) as an integral over Euclidean time in order to derive the position
space expressions (6.3) and (6.4). We will transform it into a Euclidean time expression in two steps
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by discussing the two parts of (E.29) separately, δS2
nN ≡ A1 +A2. Let us begin with the first term:

A1 ≡
1

4

∞∑
k,l=−∞

r̂(k)

β

F̂ (k, l)

β2

r̂(l)

β
δk+l,0

=
1

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β
r(τ1)F (τ2, τ3)r(τ4)× βδ ((τ1 + τ2)− (τ3 + τ4))

=
1

4

ˆ β

0

dτ1

β

dτ3

β

dτ4

β
r(τ1)F (−τ1 + τ3 + τ4, τ3)r(τ4) . (E.31)

In the above expressions F (τ1, τ2) is the Fourier transform of F̂ (k, l). Now, having arrived at this
last expression, we use time-translation invariance to shift τ3:

τ3 → τa − τ4 . (E.32)

This moves the center of integration of the integral over τ3 by a variable we are integrating over,
but since the function is periodic, and we are integrating over an entire period, this will not change
the final answer. Thus

A1 =
1

4

ˆ β

0

dτ1

β

dτa
β

dτ4

β
r(τ1)F (−τ1 + τa,−τ4 + τa) r(τ4) . (E.33)

We now perform two additional shifts:

τ1 → τ1 − τ2 , τ4 → τ4 − τ3 , (E.34)

such that

A1 =
1

4

ˆ β

0

dτ1

β

dτa
β

dτ4

β
r(τ1 − τ2)F (−(τ1 − τ2) + τa,−(τ4 − τ3) + τa) r(τ4 − τ3)

=
1

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β

dτa
β
r(τ1 − τ2)F (−(τ1 − τ2) + τa,−(τ4 − τ3) + τa) r(τ4 − τ3) , (E.35)

where we used time-translation invariance to introduce auxiliary integrals over τ2 and τ3, which
trivially integrate to 1. Furthermore, note that the integral over τa simply shifts the center of
integration of an integral that we are performing over an entire period, therefore it should not
affect the final answer, and we can drop it. Time reversal symmetry of F and r (r(τ) = r(−τ),
F (τ, τ ′) = F (−τ, τ ′) = F (τ,−τ ′)) finally yields:

A1 =
1

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β
r(τ1 − τ2)F (τ1 − τ2, τ3 − τ4) r(τ3 − τ4) , (E.36)
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which we will write more compactly as:

A1 =
1

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β
r(τ1, τ2)F (τ1, τ2; τ3, τ4) r(τ3, τ4) . (E.37)

Next, we consider the second term in (E.29):

A2 ≡ −
(βJ )2

4

∞∑
k,l,l1,...,lp−2=−∞

r̂(k)

β

{[
p−2∏
i=1

q̂(li)

β

]
δk+l+l1+···+lp−2,0

}
r̂(l)

β

= −(βJ )2

4

ˆ β

0

dτ

β
r(τ)q(τ)p−2 r(τ) . (E.38)

where we simply inverted all Fourier transforms. By similar considerations as for A1 above, this
expression is identical to the following:

A2 = −(βJ )2

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β
r(τ1, τ2)q(τ1, τ2)

p−2
2 q(τ3, τ4)

p−2
2 r(τ3, τ4)βδ(τ2 − τ4)βδ(τ1 − τ3) .

(E.39)

Combining (E.37) and (E.39), we find for the Euclidean quadratic action of fluctuations in
position space:

δS2

nN
=

(βJ )2

4

ˆ β

0

dτ1

β

dτ2

β

dτ3

β

dτ4

β
r̃(τ1, τ2)

[
F̃ (τ1, τ2; τ3, τ4)− βδ(τ1 − τ3)βδ(τ2 − τ4)

]
r̃(τ3, τ4) ,

(E.40)
where

r̃(τ, τ ′) ≡ q(τ, τ ′) p−2
2 r(τ, τ ′) ,

F̃ (τ1, τ2; τ3, τ4) ≡ 1

(βJ )2
q(τ1, τ2)

2−p
2 F (τ1, τ2; τ3, τ4) q(τ3, τ4)

2−p
2 .

(E.41)

From the definition (E.30) we may deduce that

F (τ1, τ2; τ3, τ4) = [qr(τ13)qr(τ24) + v]−1 . (E.42)

By definition, this implies:

ˆ β

0

dτa
β

dτb
β
F (τ1, τ2; τa, τb)F

−1 (τa, τb; τ3, τ4) = βδ(τ1 − τ3)βδ(τ2 − τ4) , (E.43)

where the right hand side is the identity operator on the space of functions of four times. From the
above analysis, we conclude that

F̃ (τ1, τ2; τ3, τ4) = K̃−1 (τ1, τ2; τ3, τ4) (E.44)
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and
K̃ (τ1, τ2; τ3, τ4) ≡ (βJ )2 q(τ12)

p−2
2 (qr(τ13)qr(τ24) + v) q(τ34)

p−2
2 . (E.45)

This concludes the derivation of the expression (6.3) in the main text.

F Simplifying the kernel eigenvalue equation in the quantum scal-
ing regime

In this appendix we provide a few details on the derivation of (6.17). We begin with the defining
equation for extracting the Lyapunov exponent,

f(t1 − t2) eλL(t1+t2)/2 =
1

β2

ˆ
dtdt′ K̃ ′ret(t1, t2; t, t′) f(t− t′) eλL(t+t′)/2

=
(βJ )2up−2

β2

ˆ
dtdt′

[
qRr?(t1 − t) qRr?(t2 − t′)

]
×
[
1 +

p− 2

u
q>r?(t− t′ − iβ/2) + . . .

]
f(t− t′)eλL(t+t′)/2 .

(F.1)

where we used the retarded kernel (6.9) and employed the usual expansion (4.8) for the conformal
spin glass regime to give a perturbative expression for the Wightman function. We can use the
various spectral decompositions outlined in the main text to write this as:
ˆ ∞
−∞

dω

2π
f̂(ω) eiω(t1−t2)+λL(t1+t2)/2 (F.2)

=
(βJ )2up−2

β2

ˆ ∞
−∞

dω

2π

dω1

2π

dω2

2π

ˆ t1

−∞
dt

ˆ t2

−∞
dt′q̂r(−iω1 − ε)q̂r(−iω2 − ε)

×
[

1 +
p− 2

u

ˆ ∞
−∞

dω′

2π
eiω
′(t−t′) ρr(ω

′)

2 sinh βω′

2

+ . . .

]
f̂(ω)e

−it
(
ω1−ω+i

λL
2

)
−it′

(
ω2+ω+i

λL
2

)
+iω1t1+iω2t2

(F.3)

If λL > 0 we can perform the integrals over t and t′:
ˆ ∞
−∞

dω

2π
f̂(ω) eiω(t1−t2) =

ˆ ∞
−∞

dω

2π

ˆ ∞
−∞

dω1

2π

dω2

2π

q̂r(−iω1 − ε)q̂r(−iω2 − ε)
q̂r(0)2

×
ˆ ∞
−∞

dω′

2π

[
2πδ(ω′) +

p− 2

u

ρr(ω
′)

2 sinh βω′

2

]
ei(ω+ω′)(t1−t2)f̂(ω)[

ω′ −
(
ω1 − ω + iλL2

)] [
ω′ +

(
ω2 + ω + iλL2

)] ,
(F.4)

where we used (4.11) to simplify the overall coefficient, and we observed that the exponentially grow-
ing time dependence cancels on both sides. This expression implies that we can Fourier transform
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with respect to the time difference (t1 − t2):

f̂(ω) =

ˆ ∞
−∞

dω1

2π

dω2

2π

q̂r(−iω1 − ε)q̂r(−iω2 − ε)
q̂r(0)2

×
ˆ ∞
−∞

dω′

2π

[
2πδ(ω′) +

p− 2

u

ρr(ω
′)

2 sinh βω′

2

]
f̂(ω − ω′)[(

ω − ω1 − iλL2
)] [(

ω + ω2 + iλL2

)] . (F.5)

This expression is exact. We will now moreover assume that q̂r(ω) is an analytic function23 and
evaluate the integral using the residue theorem:

f̂(ω) =
q̂r

(
−λL

2 − iω − ε
)
q̂r

(
−λL

2 + iω − ε
)

q̂r(0)2
×
ˆ ∞
−∞

dω′

2π

[
2πδ(ω′) +

p− 2

u

ρr(ω
′)

2 sinh βω′

2

]
f̂(ω − ω′) .

(F.6)

This can equivalently be written in the form (6.17), which we set out to derive.

G Details on the numerical implementation

Here, we describe briefly how one can solve the equations of motion described above numerically.
Similar methods were used by various authors before, see for example [11].24 Then, we consider the
eigenvalue problem that determines the quantum Lyapunov exponents.

G.1 Numerical solution of the equations of motion

We distinguish between the Euclidean (Matsubara) problem, and the Lorentzian solution (which
revolves around finding the spectral function):

Euclidean equations of motion: To solve the Euclidean equations of motion numerically, we
proceed as follows:

1. Prepare an initial guess q̂[0]
r (k), e.g., the free solution described in §B. (There are slightly more

elaborate guesses, which lead to faster convergence.) Improve the guess iteratively by defining
a sequence {q[n]

r (k)}n, obtained as follows.

2. Update q[n]
r (k) based on (2.41):

q̂[n]
r (k) = (1− x)q̂[n−1]

r (k) +
x

1

q̂
[n−1]
r (0)

+M
(

2πk
β

)2 − J2 (Λ̂
[n−1]
r (k)− Λ̂

[n−1]
r (0))

(G.1)

23This is, of course, not true in the quantum scaling limit, where it would seem to develop a branch cut. However,
the branch cut is only present in the approximation of the true expression, which is presumed to be smooth and
analytic. It is therefore justified to evaluate the integral by the residue theorem in any case.

24We thank D. Stanford for explanations regarding the implementation in the SYK model.

94



where Λ̂
[n−1]
r is built out of q̂[n−1]

r via Fourier transform, according to (2.42). The weighting
factor x is initially set to 0.5 and divided by 2 anytime the difference (“error”)

∑
k

(
q̂

[n]
r (k)−

q̂
[n−1]
r (k)

)2 increases (or only decreases by a very small amount) during an iteration. The
algorithm stops when the error value is sufficiently small. The zero mode is determined
through the spherical constraint: q̂[n]

r (0) = (1− u)β −∑k 6=0 q̂
[n]
r (k).

3. Solve the constraint equations (2.43) (or (E.24) in the marginally stable case) in order to
update the values of u and m. Use the updated u to also update q̂[n]

r (0) = (1 − u)β −∑
k 6=0 q̂

[n]
r (k). Increase the iteration count n and proceed with step 2.

Using an efficient implementation of fast Fourier transform, we typically work withO(106−7) discrete
time intervals and the same number of Fourier coefficients.

Lorentzian equations of motion: We can solve the real-time equations of §5.1 using a similar
algorithm as for the Euclidean case. The main complication is that we need to discretize continuous
expressions (with IR and UV cutoffs). The procedure revolves around iteratively improving the
spectral density ρr(ω) from which all correlators can be computed. We proceed as follows:

1. Prepare an initial guess for ρ[0]
r (ω) (e.g., in the marginal spin glass regime, the approximate

ρ≈r (ω) works very well). Note that for certain parameter ranges (such as large βJ) the initial
guess needs to be chosen very carefully in order to achieve convergence.25

2. Compute the Wightman function in the time domain, q̂>[n−1]
r (t), by Fourier transforming the

combination nB(ω)ρ
[n−1]
r (ω).

3. Compute the retarded self-energy Λ̂
R,[n−1]
r (ω) according to (5.9).

4. Update the retarded two-point function by iterating (5.8):

q̂R,[n]
r (ω) = (1− x)q̂R,[n−1]

r (ω) +
x

1

q̂
R,[n−1]
r (0)

+Mω2 − J2
(

Λ̂
R,[n−1]
r (ω)− Λ̂

R,[n−1]
r (0)

) (G.2)

5. Update the zero mode using the spherical constraint (e.g., (4.10) with m and u previously
computed using the Euclidean approach). A consistency check on the convergence of the
algorithm is to confirm that the computed value q̂R,[n]

r (0) should be close to the known target
value q̂Rr (0) obtained from solving the constraint equations for u.

6. Extract the spectral function ρ[n]
r (ω) = 2 Im q̂

R,[n]
r (ω).

25A good way to approach a solution for problematic values of the couplings, say M = Mtarget, is as follows: start
with some moderate value M = M (0) of the coupling, for which a simple ansatz yields a solution. Then define a
sequence {M (n)}n=0,...,N whose final value is the target: M (N) = Mtarget. Run the algorithm for each value of the
coupling, each time taking the solution of the previous run as an initial guess. This way, one can approach the target
value of the coupling “adiabatically”. Except in the last iteration of the algorithm, very high precision is not required,
as one only wants to find a rough guess for the next iteration.
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Figure 21: Numerical determination of Lyapunov exponents. Illustration of the numerical
determination of the values of λL for which the retarded kernel has a unit eigenvalue, i.e., the
integral equation (6.12) (or, equivalently, (G.3)) has a solution. The exponent λL ≈ 0.32 × 2π

β is
the only positive exponent for which a unit eigenvalue exists. The plot was produced for βJ = 2.51
and 1/(MJ) = 2.95.

7. Fourier transform to obtain the retarded q
R,[n]
r (t). As a measure of the error, compute the

deviation
´
dt
∣∣qR,[n]
r (t)− qR,[n−1]

r (t)
∣∣2. If this deviation has increased since the last iteration,

decrease the mixing factor x. If the deviation is sufficiently small, stop the algorithm.

8. Increase the iteration count n and continue with step 2.

G.2 Numerical determination of Lyapunov exponents

Numerically, we find the quantum Lyapunov exponents by solving the eigenvalue equation for the
retarded kernel, (6.12). We discretize time and interpret (6.12) as a matrix equation. Once the
retarded kernel K̃ ′ret is found numerically, standard software can determine its eigenvalues. Expo-
nential growth of the OTOC corresponds to the existence of a unit eigenvalue. Figure 21 shows
a sample of the eigenvalue spectrum as a function of λL. Only a single positive value of λL leads
to a unit eigenvalue. The next largest allowed exponent is λL = 0 and subsequent exponents are
negative (exponentially decaying).

We note that in practice it is more efficient to solve the eigenvalue problem (6.12) in frequency
space. For p = 3 this takes the following form (c.f., appendix F):

1− uJ 2 q̂Rr

(
− iλL

2 + ω̄
)
q̂Rr

(
− iλL

2 − ω̄
)

J 2 q̂Rr

(
− iλL

2 + ω̄
)
q̂Rr

(
− iλL

2 − ω̄
) × f̂(ω̄) =

ˆ
dω

2π

ρr(ω)

2 sinh βω
2

f̂(ω̄ − ω) . (G.3)

This equation holds both in the paramagnetic phase (when u = 0) as well as the spin glass. A
similar equation can readily be derived for p > 3. This eigenvalue problem is efficient to implement
numerically for two reasons: first, the only required input is the spectral function ρr(ω). To make
this more clear, recall that q̂Rr (ω) is given in terms of the spectral function by (5.3), which is
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automatically regulated when Im(ω) < 0 as in the above expressions with λL > 0. And second,
the spectral function to a very good approximation has compact support on a finite interval, thus
effectively cutting off the integral in (G.3) and simplifying the discretization.
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