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Abstract: We consider CFT states defined by adding nonlocal multi-trace sources to the

Euclidean path integral defining the vacuum state. For holographic theories, we argue that

these states correspond to states in the gravitational theory with a good semiclassical de-

scription but with a more general structure of bulk entanglement than states defined from

single-trace sources. We show that at leading order in large N , the entanglement entropies

for any such state are precisely the same as those of another state defined by appropriate

single-trace effective sources; thus, if the leading order entanglement entropies are geometri-

cal for the single-trace states of a CFT, they are geometrical for all the multi-trace states as

well. Next, we consider the perturbative calculation of 1/N corrections to the CFT entan-

glement entropies, demonstrating that these show qualitatively different features, including

non-analyticity in the sources and/or divergences in the naive perturbative expansion. These

features are consistent with the expectation that the 1/N corrections include contributions

from bulk entanglement on the gravity side. Finally, we investigate the dynamical constraints

on the bulk geometry and the quantum state of the bulk fields which must be satisfied so

that the entropies can be reproduced via the quantum-corrected Ryu-Takayanagi formula.

ar
X

iv
:1

90
4.

01
58

4v
2 

 [
he

p-
th

] 
 5

 J
un

 2
01

9

mailto:f.m.haehl@gmail.com
mailto:eric.mintun@gmail.com
mailto:jasonpollack@gmail.com
mailto:asperanza@gmail.com
mailto:mav@phas.ubc.ca


Contents

1 Introduction 1

1.1 Summary of results 3

1.2 Outline 5

2 Path integral states 7

2.1 General Setup 7

2.2 Path integral states coupling disconnected spacetimes 9

2.3 Path integrals for a general density matrix of the bulk effective theory 10

2.4 N scaling 12

3 Entanglement entropy 12

3.1 Replica method 12

3.2 Order N2 contributions to entanglement 13

4 Reproducing order N2 entanglement with single-trace states 18

4.1 Nonlocal multi-trace deformations 19

4.2 Partition function from effective single-trace source states 21

4.3 Bulk interpretation in AdS/CFT 25

5 1/N corrections and bulk entanglement 26

5.1 Replica method topology 26

5.2 Example: full CFT entanglement entropy for a mixed state 28

5.3 Non-analyticity in sources for subsystem entanglement entropies? 31

6 Calculations of entanglement entropy via perturbation theory in sources 33

6.1 Perturbative method 33

6.2 Origin of the divergences 41

7 CFT entanglement entropy and the quantum RT formula 42

7.1 Basic identities 42

7.2 Quantum-gravitational constraints 49

7.2.1 Direct argument for the equality of relative entropies 50

7.2.2 Quantum-corrected Einstein equation: first order in the graviton operator 53

7.2.3 Second order “quantum” Einstein equations 56

8 Summary and discussion 57

– i –



A General correlation functions in the effective geometry 59

B Divergent relative entropy for perturbed CFT thermal states 62

B.1 Relative entropy in thermal states using replica trick 62

B.2 Relative entropy in thermal states with finite spatial separation 66

C Perturbative relative entropy at k-th order 67

1 Introduction

In recent years, it has become clear that the emergence of gravitational physics from certain

non-gravitational quantum systems with large N ,1 as suggested by the AdS/CFT correspon-

dence [1–3], can be made particularly transparent by considering the structure of entangle-

ment in the non-gravitational system (see, e.g., [4–8]). For states with a dual gravitational

description, entanglement entropies for spatial subsystems (considered at leading order in N)

are related to the areas of extremal surfaces in the corresponding spacetime [5, 9].

Vacuum entanglement entropies of ball-shaped regions in any conformal field theory are

equivalent to the areas of extremal surfaces in an auxiliary AdS spacetime. For arbitrary

first-order perturbations to the vacuum state, the ball entanglement entropies can always be

captured by extremal surface areas in some first-order perturbation of this AdS spacetime.

Furthermore, the Entanglement First Law [10] implies that the perturbed spacetime geometry

must satisfy Einstein’s equations linearized about AdS [11, 12].2

In [14], these results were extended to second-order perturbations: for a class of CFT

states produced by adding local sources to the Euclidean path integral that describes the

vacuum state, the ball entanglement entropies up to second order in the sources defining

the state can be captured geometrically by a second-order perturbation to AdS. Again, the

structure of CFT entanglement (in particular, its relation to the one-point functions of local

operators) implies that these perturbations must satisfy local gravitational equations, which

now include nonlinear contributions.3

1 Here, N is a parameter related to the number of degrees of freedom in the theory; for example, the rank

of a gauge group, or some power of the central charge in a CFT.
2 In [13] this argument was generalized to linearized equations about more general background states.
3 The second-order calculation is sensitive to two central charge parameters in the CFT, characterizing

respectively the vacuum entanglement of balls and the stress tensor two-point function. If these a- and c-type

central charges are equal, the gravitational equations are those of pure Einstein gravity, otherwise the auxiliary

gravitational theory involves higher derivatives [15, 16].
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The class of states considered in [14] is still significantly smaller than the set of states

in the gravity picture that would be expected to have a good semiclassical description. As

described in [14, 17, 18], defining states via single-trace sources in the Euclidean path integral

corresponds to considering coherent states of the bulk fields. As we recall in §2, coherent

states have a very constrained entanglement structure: for free field theories, the entanglement

entropy for any spatial subsystem is the same as for the vacuum state, since the coherent state

can be obtained by the action of local unitary operations on the vacuum.

In this paper, our goal is to study the entanglement structure of holographic CFT states

which correspond to general states of the bulk gravitational theory with a good semiclassical

description. We argue that to construct states with a more general structure of bulk entan-

glement, we can use the Euclidean path integral with sources for nonlocal double-trace and

general multi-trace operators of the form∫
dx1 · · · dxn λ(n)

α1···αn(x1, . . . , xn)Oα1(x1) · · · Oαn(xn) . (1.1)

Here, Oα are low-dimension operators in the CFT associated with the light bulk fields. The

sourced operators could include components of the stress-energy tensor or some other opera-

tors with spin. We describe a path integral construction for both pure states and for general

mixed states of the bulk fields.

As an example, using only single and double-trace sources leads to bulk states which

are general Gaussian states (e.g. squeezed states) in the free field limit.4 These states are

completely characterized by their one- and two-point functions. Including nonlocal sources

with three or more operators introduces non-Gaussianities.

On the gravity side, the expectation is that the entanglement structure for these general

states should be reproduced using the quantum RT (qRT ) formula [19, 20],

∆SCFTA =
1

4G
∆Area(Ã) + ∆SbulkΣ . (1.2)

Here, the surface Ã is a bulk surface homologous to A that extremizes the full expression on

the right hand side of (1.2), and the second term is the vacuum-subtracted bulk entanglement

entropy of the bulk fields in the region Σ bounded by this surface. For bulk states that are not

coherent, the second term should play a significant role in reproducing the CFT entanglement.

In this paper, we would like to understand better how this works in detail.

4 General Gaussian states are created from the vacuum by acting with the exponential of a quadratic

combination of creation and annihilation operators. They may also be characterized as states whose Wigner

distribution in phase space is positive-definite.
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In particular, an interesting physical question is whether matter gravitates in the same

way independent of its entanglement structure. For example, does a coherent state of fields

with a certain stress-energy tensor have the same gravitational effects as matter with the same

stress energy tensor but in some squeezed state, or in a state where it is highly entangled with

some distant system? Our results below set up a framework for investigating these questions

in the context of AdS/CFT.

1.1 Summary of results

We now provide an overview of our findings.

Leading order entanglement is geometric

Our first main result is that for any state created by general nonlocal sources of the form

(1.1), the CFT entanglement entropies for arbitrary spatial regions at leading order in the

1/N expansion are the same as for another state with only a single-trace source λeff (x),

determined in terms of the sources λ(n) via a self-consistency equation (see (4.3) and (4.11) for

explicit expressions). Thus, any results demonstrating that leading order CFT entanglement

entropies can be represented geometrically for states defined via local sources immediately

extend to the much more general class of states defined by general sources (1.1).

An interesting aspect of this result is that the effective single-trace source depends non-

trivially on all the multi-trace sources in general, but vanishes if the single-trace sources are set

to zero. This means that double- and higher-trace sources on their own change the quantum

state and entanglement structure of the bulk fields but cannot produce any backreaction. But

when single-trace sources are turned on in addition, the final backreacted geometry depends

on which multi-trace sources are already present.

Our result presents a generalization of the prescription [21, 22] that concerns the holo-

graphic description of local multi-trace sources. In particular, one way of writing our compos-

ite effective single-trace source is using expression (4.3), which is formally equivalent to the

prescription of [21], where the effects of local multi-trace sources are captured by a modified

boundary condition in the AdS/CFT dictionary.
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1/N corrections to entanglement: non-analyticities as a signal of bulk quantum

effects

We next proceed to consider entanglement entropy at subleading orders in the 1/N expansion.

In AdS/CFT, it is expected that these subleading contributions to CFT entanglement are

captured by bulk quantum effects summarized by the quantum RT (qRT ) formula (1.2).

One of our main observations is that contributions to the CFT entanglement entropy

at these subleading orders exhibit qualitatively different features from the O(N2) entropies.

We find that in the naive perturbative expansion in sources λ(n), divergences can appear at

specific orders in the sources if the support of the sources λ(n) extends beyond a certain strip

of analyticity in Euclidean time, see for example (6.22).5 We argue that these divergences

are an artifact of the full expression for the entropies having non-analytic contributions.

The presence of such terms in the entropies is consistent with the expectation that the dual

gravitational description involves non-geometric contributions (such as bulk entanglement).

Reproducing subleading entanglement entropies via gravity

As a generalization of the results in [14], we would like to show directly that for states in

a holographic CFT generated by the general sources (1.1), CFT entanglement entropies can

be captured by the quantum RT formula for an appropriately chosen bulk quantum state.

Assuming this works, we would like to understand what constraints the bulk state must

satisfy, i.e., whether it is possible to show that some quantum version of the gravitational

constraints must be satisfied. This was done for general linear perturbations in [26], and very

explicitly for a different class of (one-particle) states in [27]; but as we will see, there are

qualitatively new features in the case of non-linear multi-trace perturbations.6

Emergence of bulk locality and quantum Einstein equation

A particular motivation for our investigations is to understand in more detail how bulk locality

emerges from CFT physics and whether there are any nonlocal quantum gravitational effects

that correct this. A fascinating aspect of the classical calculations showing that geometries

which represent CFT entanglement entropy must satisfy Einstein’s equations is that the

locality of these equations is not assumed from the start, but rather comes out as part of the

derivation. The starting point, an expression for the CFT entanglement entropy in terms of

5 Similar observations regarding the breakdown of naive perturbation theory have been made recently in

[23, 24].
6 See also [28–31] for similar recent constructions.
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CFT one-point functions, leads to a very nonlocal set of constraints in the gravity theory,

relating the areas of extremal surfaces to the asymptotic metric in the region bounded by

these surfaces. It is only after an application of Stokes’ theorem that this set of constraints

reduces to a local equation.

When bulk quantum corrections are considered, the classical RT formula is replaced by

the quantum RT formula (1.2), introducing the bulk entanglement term. For general first-

order perturbations, this term can be written as the integral of a local expression; in the

derivation of constraints on bulk geometry starting from the qRT formula, this entanglement

term gives rise to the expectation value of the stress tensor as a source for the linearized

Einstein’s equations [26]. This allows us to derive a quantum version of Einstein’s equation,

see (7.30). For CFT states corresponding to bulk coherent states, we have argued that

∆SbulkΣ = 0, so the bulk entanglement term doesn’t contribute.7

Outside of these special cases, there is no reason for the bulk entanglement to cancel or

be represented by a local integral. Thus, it is very interesting to understand if and how the

assumption that CFT entanglement entropy is correctly captured by a gravity calculation

can still lead to a local bulk constraint. We will see below that the equivalence between bulk

relative entropy (which can be understood as the nonlocal part of the bulk entanglement

entropy) and CFT relative entropy [32] plays an important role in this emergence of locality.

We also give a direct argument that the CFT relative entropy for our multi-trace states is

equal to the relative entropy of a corresponding bulk state. Our argument provides a more

explicit alternative to the one in [32] and appears to hold beyond the O(N0) considered in

[32].

1.2 Outline

The outline of this paper is as follows.

In §2, we describe the class of states that we will consider. We explain how incorporating

multi-trace sources into the Euclidean path integral defining the states allows us to control the

bulk entanglement structure, for example allowing us to study states in which matter in one

region is entangled with matter in a distant region or even with matter in some disconnected

spacetime.

In §3, we consider the calculation of entanglement entropy in perturbation theory in

the sources using the replica method. We discuss the N -scaling of various terms in the

7 Indeed, it was noted in [14] that for states defined by single-trace sources, the CFT entanglement entropy

to second order in the sources could be reproduced via the classical RT formula even at finite N .
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perturbative calculation, explaining a “diagrammatic” method to understand which power

of N governs a particular contribution. In this representation, the order N2 contributions

to entanglement entropy come exclusively from tree diagrams; diagrams with loops only

contribute at lower orders in 1/N .

In §4, we show that for any state defined by nonlocal sources, all the order N2 contribu-

tions to the CFT entanglement entropy for spatial regions are the same as for another state

defined by an effective single-trace source. Our result implies that in any CFT for which

the order N2 entanglement entropies of states defined by single-trace sources are represented

geometrically, the order N2 entanglement entropies for all multi-trace states are also repre-

sented geometrically, via the classical RT formula applied to the geometry associated with the

effective single-trace source. To study the situation where bulk entanglement is important,

we need to go to order N0.

In §5, we consider contributions to the entanglement entropy at subleading orders in

1/N . Here, we have a new qualitative effect: in the replica method calculation of entanglement

entropy, we can have loop diagrams which are sensitive to the topology of the replica manifold.

We argue that these diagrams can give rise to contributions to the perturbative expansion

that are non-analytic in the sources, and that such contributions indicate that the bulk

interpretation of the entanglement is no longer purely geometrical. Making use of a toy model,

we show that such non-analyticities can give rise to divergences in the naive perturbative

expansion.

In section §6, we consider explicit calculations of entanglement entropy and relative en-

tropy for ball-shaped regions, reviewing a method to calculate these entropies at fixed per-

turbative orders in the sources which avoids the replica trick. We show directly that some of

these perturbative contributions are divergent, and interpret the divergences as symptoms of

the non-analyticities discussed in section §5. This discussion is complemented by Appendix B,

where we find the same divergences using the replica trick, and Appendix C, which discusses

the divergences at higher orders in perturbation theory.

In §7, we take steps toward understanding directly when the CFT entanglement entropies

including 1/N corrections can be reproduced gravitationally via the quantum RT formula.

We show that this equality is equivalent to a collection of more basic statements, including

a quantum version of the bulk gravitational equations, the equivalence of bulk and boundary

relative entropies (as suggested in [32]), and a quantum version of the Hollands-Wald geo-

metrical identity that played a central role in [12, 14].8 Checking the validity of the quantum

8 See also the recent paper [13], which takes a different but related approach to relating the quantum RT

formula and the gravitational equations.
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RT formula reduces to demonstrating that these other statements hold.

Alternatively, assuming the validity of the quantum RT formula leads to a particular

form of the bulk gravitational constraints. Our framework indicates that the equivalence of

bulk and boundary relative entropies is crucial in order to remove potentially nonlocal terms

in these quantum gravitational equations. We give a direct general argument that for the

class of states described in §2, this equivalence of relative entropies holds. We discuss what

remains to be shown for these higher order perturbations in order to demonstrate the locality

of the quantum gravitational constraints and/or to identify potential nonlocal contributions.

We end in §8 with a discussion, including various possible future directions for investiga-

tion.

2 Path integral states

In this section we discuss a class of CFT states prepared via a Euclidean path integral con-

struction that we argue produces general (perturbative) bulk states with a good semiclassical

description.

2.1 General Setup

A class of holographic CFT states that is expected to have a nice semiclassical description

are states |Ψλ〉 defined via the Euclidean path integral as

〈φ0|Ψλ〉 =

∫ φ(τ=0)=φ0

τ<0
[dφ(τ)]e−SE−

∫ 0
−∞ dτ

∫
dxλα(x,τ)Oα(x,τ) , (2.1)

where Oα(x, τ) correspond to low-dimension operators dual to light fields in the bulk. We

have defined |Ψλ〉 by writing its wave functional, i.e. the overlap with states |φ0〉 satisfying

φ̂|φ0〉 = φ0|φ0〉. Specifying the state requires specifying an entire family of couplings {λα},
which we have abbreviated as λ in writing Ψλ. States of the form (2.1) can be understood as

giving rise to coherent states of the perturbative bulk fields [17, 18], and there is a standard

holographic prescription that can be used to compute the corresponding Lorentzian geometries

produced by such states [33]. Note that in order to define excited states of the original theory,

the sources λα(x, τ) are taken to vanish as τ → 0. Otherwise, such a path integral defines

some state of a different perturbed theory.

At linear order in the sources λα(x, τ), the bulk state corresponding to (2.1) can be

written as |0〉+cα,na
†
α,n|0〉+ . . . , where n labels all the mode operators associated with a bulk
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field labeled by α. This follows since the insertion of a light single-trace operator into the path

integral gives rise to a state with a single particle on top of the AdS vacuum. The coefficients

cα,n can be determined explicitly as an integral transform of the sources λα(x, τ) [18]. This

transformation is formally invertible, so we have a one-to-one correspondence between sources

and bulk perturbations at the linearized level.

Looking at the states (2.1) at second order in perturbation theory, we expect the bulk

state to be corrected by terms cαα′,n n′a
†
α,na

†
α′,n′ |0〉, but the coefficients of these are again fixed

by the sources λα(x, τ) (or alternatively by the first order coefficients cα,n). This implies that

the form of the bulk state at second order in perturbation theory is very constrained in CFT

states of the form (2.1). These constraints amount to saying that in the free-field limit on the

bulk side, the bulk state should be coherent: the exponentiated operator in the path integral

leads to an exponentiated creation operator ecα,na
†
α,n |0〉 in the bulk description.

Multi-trace states

From the bulk point of view, states with more general cαα′,n n′ are still completely reasonable

low-energy states. For example, they may correspond to squeezed states of the bulk modes, or

states with entanglement between distant particles. In order to represent these in the CFT,

we can consider more general states9

〈φ0|Ψλ〉 =

∫ φ(τ=0)=φ0

τ<0

[dφ(τ)] exp
[
−SE − S{λ(i)}

]
,

S{λ(i)} =
∑
n

∫ 0

−∞
dτ1 · · · dτn

∫
dx1 · · · dxn λ(n)

α1···αn(x1, τ1, . . . , xn, τn)Oα1
(x1, τ1) · · · Oαn(xn, τn) .

(2.2)

Again, we take the sources to vanish as τi → 0. We will later often drop the operator labels

αi. By analogy with (2.1) above, the subscript in |Ψλ〉 should be understood to denote the

collection of sources {λ(i)} = {λ(1)
α1 , λ

(2)
α1α2 , . . . , λ

(n)
α1...αn}.

For example, in the limit where the bulk theory is free, states with single and nonlocal

double-trace sources give rise to general Gaussian states of the bulk effective theory,

e
cα,na

†
α,n+cαα′,n n′a

†
α,na

†
α′,n′ |0〉 . (2.3)

These states are fully determined by their two-point functions. See the left panel of Fig. 1

for an illustration.

9 When x and x′ are coincident, Oα(x, τ)Oα(x′, τ ′) is shorthand for a low-dimension double-trace operator

whose insertion in the Euclidean path integral creates a two-particle state.
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Figure 1: Schematic illustration of the setup. The Euclidean path integral (for example,

over a half-sphere) prepares the ground state for subsequent Lorentzian evolution in real time

t. In the presence of double-trace sources (illustrated with a dotted line connecting operator

insertions) we create Gaussian excitations on top of the vacuum. The case where double

trace sources create correlations between disconnected systems is similar to the path integral

preparation of the thermofield double state.

In general, the multi-trace sources in (2.2) can correspond to local perturbations to the

CFT Lagrangian by irrelevant operators. However, if we choose the sources to vanish in the

limit when some of the operators become coincident, we expect the perturbative behavior

of observables for the multi-trace states to be no worse than for single-trace states with the

same operators.

We shall argue that the multi-trace path integral states provide a useful generalization

of coherent states: they are very general, but at the same time physically interesting and

intuitive as they simply correspond to more general excitations of low-energy modes in semi-

classical holography. This distinguishes them from other possible generalizations of (2.1) such

as quantum superpositions of coherent states, which would not correspond to low-energy ex-

citations around a simple gravitational background geometry.10

2.2 Path integral states coupling disconnected spacetimes

The multi-trace states above allow a more general structure of bulk entanglement than for

states with local sources, for which the bulk entanglement is expected to be similar to the

bulk vacuum state. To illustrate this clearly, we can consider the case where the theory is

defined on a disconnected spacetime, for example two copies of some base spacetime M , with

a CFT living on each one. In this case, we can add sources that couple the two separate

10 We thank O. Parrikar for raising this point.
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CFTs

〈φ1φ2|Ψλ〉 =
1

Zλ

∫
[dφ1][dφ2] e−S1−S2−

∫
dx1dx2 λ(2)(x1,x2)O(x1)O(x2), (2.4)

so that the individual CFTs are each now in a mixed state. The bulk interpretation is that

the matter in one spacetime is entangled with matter in the other spacetime. This is similar

to the path integral construction of the thermofield double state, where instead of sources

coupling operators on the two parts of the path integral, the Euclidean path integral is defined

on a space that is geometrically connected. This is illustrated in the second part of Fig. 1.

Similar sources coupling two non-interacting theories have appeared recently in [35, 36].

There, the sources were Lorentzian sources coupling two CFTs in a thermofield double state,

and the effect of the sources was to make the wormholes traversible. In the present context,

the sources produce an entangled state of decoupled CFTs, so the entanglement entropy

between the CFTs is time-independent in the Lorenzian picture.11

2.3 Path integrals for a general density matrix of the bulk effective theory

Given any collection of CFTs in a state prepared using arbitrary multi-trace sources which in

general couple operators in the various CFTs, we can obtain a single path integral expression

for the density matrix of one of the CFTs by “integrating out” the remaining ones. To see

this, consider again an example with two CFTs, where

〈φ1φ2|Ψλ〉 =
1

Zλ

∫
[dφ1][dφ2] e−S1−S2−

∫
λ
(1)
1 O1−

∫
λ
(1)
2 O2−

∫
λ
(2)
12 O1O2+..., (2.5)

The case with multiple CFTs is completely analogous.

If we evaluate the density matrix for the first CFT, we obtain a path integral where

fields in the first CFT are integrated over the full Euclidean space with a cut at τ = 0 and

while fields in the second CFT are integrated over the full space. Working perturbatively

in the sources, each term (including those coming from the normalization) has some CFT1

operators inserted in the CFT1 path integral, and some CFT2 operators inserted in the CFT2

path integral. The latter path integral can be performed to give a Euclidean n-point function

in the second CFT, which is just some particular function of the coordinates where the

operators were inserted. We are left with a term in the first CFT path integral with various

operators inserted, and with a coefficient involving the various λs and the n-point function

coming from the second CFT. All together, we have a series of such terms. Formally, we can

write the resulting series as the exponential of some other series. Thus, the final expression

11 See also [37] for a similar construction.
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for the density matrix in the first CFT takes the form

〈φ−|ρ1|φ+〉 =
1

Zλ

∫ φ(τ→0+)=φ+

φ(τ→0−)=φ−

[dφ] e−S1−
∫
dx1λ

(1)
eff (x1)O(x1)−

∫
dx1dx2λ

(2)
eff (x1,x2)O(x1)O(x2)+...

(2.6)

where in general we will have an infinite series of terms.

At first sight, this expression looks the same as the one we would get by using sources to

create a pure state in a single CFT and then calculating the density matrix. However, in the

single CFT case, the sources in (2.6) could only be nonzero when all the coordinates are in

the same half space (τ < 0 or τ > 0). In the more general case where we start with multiple

CFTs, we will have sources coupling the τ < 0 region to the τ > 0 region, and the resulting

density matrix will correspond to a mixed state of the CFT.

From now on, we will avoid talking about situations with multiple CFTs, and simply

consider general density matrices for a single CFT of the form (2.6), allowing general sources

consistent with Hermiticity. It is plausible that such an expression corresponds to the most

general (perturbative) density matrix in the bulk effective field theory. To see this, note that

such a density matrix takes the form

ρ =
∑
nL,nR

cα1···αnLβ1···βnRa
†
α1
· · · a†αnL |0〉〈0|aβ1 · · · aβnR . (2.7)

In the expression (2.6), we can split the sources into separate terms where a specific number

of operators appear in the τ > 0 region and a specific number of operators appear in the

τ < 0 region. For each term in (2.7), we then have a corresponding source; for example, the

term in (2.7) with nL and nR ladder operators on the left and right can be associated with

the source∫
dx−1 · · · dx

−
nL
dx+

1 · · · dx
+
nR
λ

(nL+nR)

eff (x−1 . . . x
−
nL
, x+

1 · · ·x
+
nR

)O(x−1 ) · · · O(x−nL)O(x+
1 ) · · · O(x+

nR
)

(2.8)

We make this association because the leading effect of this source is to alter the coefficient

cα1···αnLβ1···βnR in the expansion of the density matrix. This source will also have effects at

higher order.

In the following sections, we will consider the calculation of spatial entanglement entropy

in general states of the form (2.6), working perturbatively in the various sources, to see

whether we can always understand these using the quantum RT formula.
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2.4 N scaling

Before concluding this section, we comment on the scaling of various quantities with N in a

large N theory. We recall that for a large N gauge theory in the ’t Hooft limit, the Lagrangian

is normalized as

L ∼ 1

g2
tr(F 2 + . . . ) =

N

λ
tr(F 2 + . . . ) . (2.9)

Here, the trace scales like N1, so the action is of order N2. More generally, if we normalize

single-trace operators as O ∼ 1
N tr(· · · ), then the connected n-point functions of normalized

operators scale like 1/N2n−2.

We would now like to understand the possible N -scaling for our various sources. In order

to have a well-defined large N limit, we need actions of the form

S ∼ N2f(Oi) , (2.10)

where f has coefficients of order N0. Comparing this to our expression (2.2), we see that

the various sources λ
(n)
α1...αn (either single-trace or multi-trace) must scale like N2 or slower in

order for the large N limit to be well defined. In all future discussions of N -scaling, we will

assume sources λ
(n)
α1...αn have this maximal scaling of N2.

3 Entanglement entropy

In this section, we discuss the calculation of entanglement entropies for path integral states

with general multi-trace sources. We will specifically be interested in understanding how the

various contributions scale with N in the 1/N expansion and identifying which contributions

have the leading-order N2 behavior. We begin with a brief review of the general replica

method for calculating entanglement entropies and then consider carrying out such a calcu-

lation perturbatively in the sources to determine which are the leading contributions in the

1/N expansion.12

3.1 Replica method

We will now briefly review the replica method for computing subsystem entanglement en-

tropies for states defined via Euclidean path integrals with sources. We begin with a mixed

12 In section 6, we will review an alternative method for these perturbative calculations which does not use

the replica trick.
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state defined as

〈φ−|ρ|φ+〉 =
1

Zλ

∫ φ(τ→0+)=φ+

φ(τ→0−)=φ−

[Dφ] e−S−
∫
dx1λ(1)(x1)O(x1)−

∫
dx1dx2λ(2)(x1,x2)O(x1)O(x2)+... (3.1)

where the integral is over Euclidean space minus a cut at τ = 0.

The density matrix for a spatial subsystem A, defined as ρA = trAcρ, is obtained from

the full density matrix (3.1) by making the identification φ− = φ+ on the complementary

subsystem Ac and integrating over φ±|Ac . This leaves a path integral over the Euclidean

space minus the region A on the τ = 0 slice,

〈φA−|ρA|φA+〉 =
1

Zλ

∫ φ(τ→0−, x∈A)=φA−

φ(τ→0+, x∈A)=φA+

[Dφ] e−S−
∫
dx1λ(1)(x1)O(x1)−

∫
dx1dx2λ(2)(x1,x2)O(x1)O(x2)+... ,

(3.2)

The entanglement entropy associated with this reduced density matrix can be computed as

SA ≡ −trA (ρA log ρA) = − d

dq
log trA

(
ρqA
) ∣∣
q=1

. (3.3)

where the derivative in the expression on the right requires analytic continuation in the power

q.13 The powers of the reduced density matrix appearing here can be computed as

trA
(
ρqA
)

=

∫
[DφA1 ] · · · [DφAq ] 〈φAq |ρA|φAq−1〉 · · · 〈φA2 |ρA|φA1 〉 〈φA1 |ρA|φAq 〉 =

Zq
Zq
, (3.4)

where Zq is a path integral over the “replica manifold” Mq obtained by gluing q copies of the

CFT spacetime M1 in a cyclic manner along the region A such that the field φ continuously

transitions from one sheet to the next:

Zq =

∫
Mq

[Dφ] e−S−
∫
dx1λ(1)(x1)O(x1)−

∫
dx1dx2λ(2)(x1,x2)O(x1)O(x2)+... , (3.5)

where the sources have been replicated on each sheet of Mq.

This reduces the computation of SA to evaluating the Euclidean path integrals Z ≡ Z1

and Zq over the original spacetime M1 and the replica manifold Mq (in two-dimensional CFTs

Mq is a Zq symmetric Riemann surface).

3.2 Order N2 contributions to entanglement

Consider a Euclidean holographic CFT perturbed by a general nonlocal multi-trace deforma-

tion

SE → SE +
∑
n

∫
dx1 · · · dxn λ(n)(x1, . . . , xn)O(x1) · · · O(xn) ≡ S{λ(i)} . (3.6)

13 Alternatively, the entanglement entropy may be expressed in terms of trA (ρqA) for integer powers via an

integral formula such as equation (5.10) below.
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where the sources λ(n) are each of order N2 and the operators are normalized so that their

connected N -point functions are order 1/N2(n−1). Here, we are suppressing an index that

labels the type of operator under consideration.

Consider the calculation of the corresponding partition function logZ[{λ(i)}] perturba-

tively in the sources. We would like to understand the terms in the perturbative expansion of

this expression that contribute at order N2, i.e., at leading order in the 1/N expansion. Sup-

pose we have a contribution with Vn factors of the source λ(n). This will have ntot =
∑

n nVn

operators appearing in the path integral. The resulting ntot-point function will have a con-

nected contribution, but will also have various disconnected contributions which factorize into

lower-point functions. In order to contribute to logZ[{λ(i)}], even these “disconnected” con-

tributions must be connected in the sense that the various lower-point correlators are coupled

together via the sources. Terms in Z[{λ(i)}] which completely factorize into two or more parts

(not connected by sources) arise from exponentiating these connected terms in logZ[{λ(i)}].

To understand the N scaling of the various possible contributions, we will introduce a

diagrammatic representation of the various contributions. We represent an n-trace source

λ(n) by n circles (i.e., operator insertions) connected by dashed lines via an n-prong vertex

(filled red circle, representing the source):

∫
λ(1)O

∫∫
λ(2)OO

∫∫∫
λ(3)OOO

(3.7)

Further, a connected k-trace correlator is represented as a different type of “vertex” (shown

in blue below) joining k of the operators via solid segments.

For instance, the following is a relevant tree graph contributing to the 11-point function

of order O((λ(1))6λ(2)λ(3)):

(3.8)
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This diagram corresponds to a factorization into two 2-point functions, one 3-point function,

and one 4-point function. We see that each “edge” of the graph (connecting a pair of vertices)

includes a single dashed segment, a single operator insertion (not considered to be a vertex),

and a single solid segment.

Now, consider a term in the contribution with Vn factors of the source λ(n) in which the

various operators are contracted up via Nk connected k-point vacuum correlators (potentially

for various different k). Since the number of edges equals the number of operators, and each

operator appears in a single correlator, we have

# edges = # operators =
∑
k

kNk . (3.9)

The number of vertices is

# vertices =
∑
n

Vn +
∑
k

Nk . (3.10)

By the Euler relation, we have that the number of loops in the graph is

L ≡ # loops = 1+(# edges)−(# vertices) = 1+
∑
k

kNk−(
∑
n

Vn+
∑
k

Nk) = 1+
∑
k

(k−1)Nk−
∑
n

Vn

(3.11)

Finally, recalling from Sec. 2.4 that the sources are each at most of order N2 and the k-

point connected correlators are of order 1/N2(k−1), we see that the leading N -scaling for the

contribution associated with such a graph is

N2
∑
n Vn

N
∑
k 2(k−1)Nk

= N2
∑
n Vn−

∑
k 2(k−1)Nk = N2−2L . (3.12)

Thus, the leading power of N from the contribution associated with a specific diagram will

be simply N2−2L, where L is the number of loops in the diagram. In particular, order N2

contributions to logZ[{λ(i)}] correspond to fully connected tree graphs.

It is useful to note that the terminal nodes of any non-vanishing tree diagram must

correspond to insertions of a single-trace source. Thus, while the multi-traces sources affect

the partition function at order N2 in the presence of single-trace sources, multi-trace sources

on their own do not affect the partition functions (or entanglement entropies) at order N2.

S(A) = S(Ac) at order N2 for path integral states

The partition function calculations we have just discussed feed into the replica method calcu-

lation of entanglement entropies for subsystems of the CFT. Thus, perturbative contributions

to entanglement entropy at order N2 come from tree diagrams. We would now like to argue
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that perturbative order N2 contributions to CFT entanglement entropy vanish when con-

sidering the entropy of the whole CFT and that the order N2 entanglement entropy for a

subsystem A, computed perturbatively in the sources, is always the same as for the comple-

mentary subsystem Ac.

First, consider the case where we are calculating the entropy of the full CFT. As we have

discussed, this can be nonzero when the multi-trace sources couple the τ < 0 and τ > 0 regions

of the path integral defining the density matrix, e.g. in the case where we traced out another

CFT. However, we will now see that for these path integral states, treated perturbatively in

the sources, the entropy can only be order N0.

First note that from (3.4) we have

log(tr(ρq)) = log(Zq)− q log(Z1) , (3.13)

where Zq is the path integral on the usual q-sheeted surface obtained by gluing together

q copies of Euclidean space across a cut corresponding to the region under consideration.

However, in this case, we are considering the entropy of the full CFT state, so the cut is the

entire τ = 0 slice. This means that the multi-sheeted surface used in computing Zq consists

of q disconnected sheets, obtained by gluing the τ > 0 region of the first copy of Euclidean

space with the τ < 0 region of the second copy, and so forth. Denoting the space with n

disconnected copies of the original Euclidean space as Mq, we now have that

log(Zq)− q log(Z1) = ZMq(λ̂)− ZMq(λ̃) , (3.14)

where the second term is computed with sources λ̃ that are simply the original sources re-

peated on each sheet, while the first term is computed with sources λ̂ defined from λ̃ by incre-

menting by one the sheet number of every coordinate with a τ value less than zero. For exam-

ple, a nonzero source λ(m+n)(x+
1 , . . . x

+
m, x

−
1 , . . . , x

−
n ) coupling m operators with τ > 0 to n op-

erators with τ < 0 gives rise to nonzero sources λ̃(m+n)((x+
1 )(k), . . . (x

+
m)(k), (x

−
1 )(k), . . . , (x

−
n )(k))

and λ̂(m+n)((x+
1 )(k), . . . (x

+
m)(k), (x

−
1 )(k+1), . . . , (x

−
n )(k+1)).

Now, the sources λ̂ and λ̃ are the same if and only if the original sources do not couple

operators with τ > 0 to operators with τ < 0. Otherwise, the expression (3.14) is generally

nonzero. However, we will now see that at order N2, all contributions to the expression (3.14)

cancel between the first and second terms.

The key point is that these contributions have a connected tree structure, as described

in the previous section. If we consider any contribution to the first term of (3.14) with this

topology, there are (q−1) equivalent contributions to the first term obtained by acting with the

Zq symmetry that cyclically permutes the sheets. There are also q equivalent contributions in
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the second term of (3.14), appearing with the opposite sign. These are obtained by replacing

all coordinates in the sources and operators with coordinates at the same location but all on

the same sheet (there are n choices for which one).

Conversely, if we start with any non-zero contribution to the second term with a connected

tree structure, then all sources and operators must be on the same sheet, so there are (q− 1)

equivalent contributions to the second term obtained by the Zq symmetry. But there are also

n equivalent contributions to the first term (but with the opposite sign). These are obtained

by starting with some single-trace source corresponding to a terminal node of the tree, and,

moving away from this on the tree, replacing any multi-trace source λ̃(n) we encounter with a

corresponding non-zero multi-trace source λ̂(n), such that the coordinate of the operator we

have already encountered on our path through the tree left fixed. Translations by Zq give the

other q equivalent contributions.

As an example, the expression

λ̃(1)(x
(1)
1+)λ̃(2)(x

(1)
2+, x

(1)
3−)λ̃(1)(x

(1)
4+)〈O(x

(1)
1+)O(x

(1)
2+)〉〈O(x

(1)
3−)O(x

(1)
4+)〉 (3.15)

is replaced with the equivalent expression

λ̂(1)(x
(1)
1+)λ̂(2)(x

(1)
2+, x

(2)
3−)λ̂(1)(x

(2)
4+)〈O(x

(1)
1+)O(x

(1)
2+)〉〈O(x

(2)
3−)O(x

(2)
4+)〉 . (3.16)

This is depicted in the following graphs, where each rectangle represents a copy of the CFT

spacetime and the τ = 0 spatial slice runs horizontally through the middle:

The left hand side shows the contribution to q log(Z1) as in (3.15) for q = 3 identical sheets.

The right hand shows the corresponding equal contribution to log(Zq) as in (3.16). Equally

colored τ = 0 slices show the cyclic replica identifications (the copy with red edges is labelled

as sheet 1, and the one with green edges as sheet 2 in the equations above).

Thus, we have shown a one-to-one correspondence between nonzero order N2 contribu-

tions to the first and second terms in (3.14), so the O(N2) perturbative contributions to the

Renyi entropies and thus the entanglement entropy must vanish.
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This shows in particular that we cannot produce O(N2) entanglement between two CFTs

perturbatively using only the multi-trace path integral states we are considering. Further, it

shows that for a subsystem A of a single CFT, we must have S(A) = S(Ac) at O(N2), since

by the triangle inequality for entanglement entropies,14

|S(A)− S(Ac)| ≤ S(A ∪Ac) ∼ O(N0) . (3.17)

The same conclusion may also be reached by a diagrammatic argument similar to the one

above, which shows that for every O(N2) perturbative contribution to S(A), we have an

equivalent contribution to S(Ac).

No bulk entanglement at order N2

These calculations also suggest that for states of the type we are considering, the CFT entropy

at order N2 should be interpreted purely geometrically on the gravity side (e.g. through the

classical RT formula). If it were possible to haveO(N2) bulk entanglement across some surface

accounting for part of an O(N2) CFT subsystem entanglement, then we should also be able

to have O(N2) bulk entanglement between matter in two disconnected AdS spacetimes. But

we have seen that this does not occur (perturbatively, for the path integral states we are

considering).

4 Reproducing order N2 entanglement with single-trace states

In this section, we will consider the CFT entanglement entropy at order N2 for states de-

fined by general multi-trace sources. We will show that the entanglement entropy at this

order is identical to that in another state we construct with only single-trace sources, where

the effective single-trace sources are determined from the original sources by a certain self-

consistency equation. Thus, all results demonstrating the geometrical character of the O(N2)

entanglement for single-trace states automatically carry over to this much more general class

of states.

Our effective single-trace sources are very similar to those appearing in [21, 22], where

the AdS/CFT dictionary was discussed in the case of local multi-trace sources. (Though, in

that context, the sources were used to deform the theory as opposed to the state.)

14 Note that the UV divergences cancel in the expression on the left side.
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4.1 Nonlocal multi-trace deformations

Consider a Euclidean holographic CFT perturbed by a general nonlocal multi-trace deforma-

tion:

SE → SE +W [O] , W [O] =
∑
n

∫
dx1 · · · dxn λ(n)(x1, . . . , xn)O(x1) · · · O(xn) . (4.1)

where we are suppressing an index that labels the type of operator under consideration.

Note that, following Sec. 2.4, the sources λ(n) are each of order N2 and the operators are

normalized so that their connected N -point functions are order 1/N2(n−1). Finally, we will

assume that λ(n)(x1, . . . , xn) is completely symmetric under permutations of insertion points;

this assumption is merely to simplify notation, and can be dropped without any complications.

First, consider the calculation of the one-point function of O,

〈O(x)〉{λ(i)} =
δ

δλ(1)(x)
logZ({λ(i)}) , (4.2)

perturbatively in all the multi-trace sources appearing in (4.1). We claim the following:

To leading order in 1/N , the one-point function in the presence of multi-local multi-trace

sources can be computed equivalently in a state with only an effective single-trace source:

〈O(x)〉{λ(i)} =
δ

δλeff (x)
logZ(λeff ) with λeff (x) =

δW [〈O〉λ]

δ〈O(x)〉λ

∣∣∣∣
λ=λeff

. (4.3)

Derivation: Let us understand the perturbative contributions to the one point function at

leading order in large N to 〈O(x)〉{λ(i)}. To this end, we consider expanding the exponential

in the definition of the multi-trace state, obtaining an infinite series of terms each involving

some vacuum correlation function.

In the way that we are normalizing the operators, the leading contribution to the one-

point function is order N0. We need to understand which of the infinite number of correlators

are of order N0. Suppose we have a contribution with Vn factors of the source λ(n), and

suppose that all the operator insertions from expanding the exponent are contracted up via

Nk connected k-point vacuum correlators. These correlators must be connected to each other

by the various nonlocal sources, since the normalization factor Z−1 in the derivative of the

logarithm (4.2) automatically cancels out all the disconnected terms.

We can represent the various contributions diagrammatically, as we did in the previous

section. We represent the original operator we are taking the expectation value of by a filled
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circle. The operators coming from the sources in the exponent are represented by empty

circles. A multi-trace insertion involving k operators is denoted by the k operators being

connected by dashed lines with k ends.15 For example:

O(x)

∫
λ(1)O

∫∫
λ(2)OO

∫∫∫
λ(3)OOO

(4.4)

Finally, connected vacuum n-point correlators for some set of operators are represented by

the corresponding circles being connected by solid edges to an n-point vertex. As an example,

we have for the one-point function in a state with only single-trace sources:

〈O〉λ(1) = (4.5)

All contributions at leading order in 1/N correspond to diagrams where the vacuum

correlators are connected up by the multi-trace sources in a tree graph. The argument is

almost exactly the same as in the diagrammatic partition function calculation of §3. For

instance, an 11-point function relevant for 〈O〉{λ(i)} at leading order in 1/N is given by the

following tree:

(4.6)

It is fifth order in λ(1), first order in both λ(2) and λ(3), and it factorizes into two 2-point

functions, one 3-point function, and one 4-point function.

As a result of this, it is possible to represent the complete set of diagrams for the order N0

contributions to the one-point function with general sources in terms of an effective operator

15 In this case, we suppress the dashed line in the case of a single-trace source.

– 20 –



insertion:

〈O〉{λ(i)} = (4.7)

i.e., it takes the same form as (4.5), but with an effective single-trace source, represented by

a crossed circle defined as an open circle (one-point function) attached to all possible higher

order trees:

(4.8)

The diagrammatics illustrates that the effective source is given by

λeff (x) = λ(1)(x) + 2

∫
λ(2)(x, x1)〈O(x1)〉λeff + 3

∫
λ(3)(x, x1, x2)〈O(x1)〉λeff 〈O(x2)〉λeff

=
δW [O]

δO(x)

∣∣∣∣
O(x)→〈O(x)〉λeff

=
δW [〈O〉λ]

δ〈O(x)〉λ

∣∣∣∣
λ=λeff

. (4.9)

This completes the proof of the claim (4.3).

4.2 Partition function from effective single-trace source states

The order N2 result for the one-point functions implies that

δ logZ({λ(i)})
δλ(1)(x)

= 〈O(x)〉{λ(i)} = 〈O(x)〉λeff =
δ logZ(λeff )

δλeff (x)
. (4.10)

From this, we can derive an expression for the leading large N contribution to the logarithm of

the partition function in the theory with multi-trace sources, in terms of quantities computed

in the theory with an effective source. Since we have seen that the O(N2) partition function

for λ(1) = 0 is the same as the unperturbed partition function, the full partition function
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logZ({λ(i)}) can be defined by this requirement and the first equality above. We now show

that (to leading order in large N), these requirements are satisfied by

logZ({λ(i)}) = logZ(λeff )−
∑
n≥2

(n− 1)

∫
λ(n)(x1, . . . , xn)〈O(x1)〉λeff · · · 〈O(xn)〉λeff .

(4.11)

To see that this reduces to the unperturbed partition function when λ(1) = 0, we note that the

effective source also vanishes in this case, and all one-point functions vanish in the absence

of sources. To check the first equality in (4.10), first recall that

λeff (x) = λ(1)(x) +
∑
n≥2

n

∫
λ(n)(x, x1 . . . , xn−1)〈O(x1)〉λeff · · · 〈O(xn−1)〉λeff , (4.12)

so that

δλeff (x′)

δλ(1)(x)
= δ(x−x′)+

∑
n≥2

n(n−1)

∫
λ(n)(x′, x1 . . . , xn−1)〈O(x1)〉λeff · · · 〈O(xn−2)〉λeff

δ〈O(xn−1)〉λeff
δλ(1)(x)

.

(4.13)

Then

δ

δλ(1)(x)

logZ(λeff )−
∑
n≥2

(n− 1)

∫
λ(n)(x1, . . . , xn)〈O(x1)〉λeff · · · 〈O(xn)〉λeff


=

∫
dx′

δ logZ(λeff )

δλeff (x′)

δλeff (x′)

δλ(1)(x)

−
∑
n≥2

n(n− 1)

∫
λ(n)(x′, x1 . . . , xn−1)〈O(x′)〉λeff · · · 〈O(xn−2)〉λeff

δ〈O(xn−1)〉λeff
δλ(1)(x)

=

∫
dx′ 〈O(x′)〉λeff

δλeff (x′)

δλ(1)(x)

−
∑
n≥2

n(n− 1)

∫
λ(n)(x′, x1 . . . , xn−1)〈O(x′)〉λeff · · · 〈O(xn−2)〉λeff

δ〈O(xn−1)〉λeff
δλ(1)(x)

=

∫
dx′ 〈O(x′)〉λeff δ(x− x

′)

= 〈O(x)〉λeff = 〈O(x)〉{λ(i)} .
(4.14)

as desired. In the third line, we have used the last equality in (4.10). The cancellation in the

second-to-last line comes from inserting (4.13).

Diagrammatically, one can understand the result (4.11) as follows. The left hand side of

that equation to O(N2) is a sum over all possible tree graphs consisting of any number of

(empty) circles connected by dotted lines (integrated multi-trace sources) or solid lines (cor-

relation functions). The first term on the right hand side reproduces most of these diagrams;
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namely, it contains all such tree graphs with the restriction that none of the outermost nodes

are connected to the rest of the tree by a dotted line. This can be seen from the pictorial

representation of the effective source in (4.8). The remaining terms on the right hand side

of (4.11) serve to provide precisely the missing graphs which involve dotted lines as ends of

branches.

In Appendix A we demonstrate how to calculate higher-point correlation functions using

the effective single-trace coupling.

Calculating entanglement entropy using the replica trick

Now that we have a prescription for calculating the CFT partition function with multi-trace

sources in terms of states with an effective single-trace source, we can use it to calculate

the entanglement entropy using the replica trick. However, there are differences from the

usual story. First, we need to take into account the extra terms (4.11). Second, the effective

source for the case of a multi-sheeted replica manifold is not simply a replicated version of

the effective source that appears in the single-copy case. The effective source is determined

by (4.12); in that expression, the expectation value of an operator with a replicated source is

not the same as the expectation value of an operator with source λeff in the single-copy case.

One way to understand this is that the sources from other sheets contribute to the one-point

function at a given point via the CFT two-point function between the sheets.

Let’s now consider the calculation. We begin by recalling that the entanglement entropy

for a region A may be calculated as

SA = − d

dq
log(trA(ρqA))

∣∣∣∣
q=1

= − d

dq

(
logZq({λ(i)})− q logZ1({λ(i)})

)∣∣∣∣
q=1

, (4.15)

where Zq({λ(i)}) is the partition function calculated on a multi-sheeted surface defined by

gluing q copies of Euclidean space via the region A. According to (4.11), the partition function

here is equal (to leading order in 1/N) to the partition function with an effective single-trace

source λ
(q)
eff (x) defined analogous to (4.12), plus the second term in (4.11) depending explicitly

on the multi-trace couplings.

After making this substitution in (4.15), we can divide contributions to the entropy into

three terms. One term comes directly from the q-derivative of the second term in (4.11),

which we will call ∆S
(1)
A . The other two terms come from the q-derivative of logZq(λ

(q)
eff ):

there is one part due to the q-dependence of λ
(q)
eff and a remaining part which is present

for a source which does not depend on q. The former we will call ∆S
(2)
A , while the latter is

the contribution that gives precisely the area of the Ryu-Takayanagi surface in the geometry
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produced by λeff ≡ λ
(q=1)
eff :

− d

dq

(
logZq(λeff )− q logZ1({λ(i)})

)∣∣∣∣
q=1

= SA(λeff ) . (4.16)

Let’s now understand the additional term due to the q dependence of λ
(q)
eff . This contri-

bution is

∆S
(2)
A = −

∫
ddx

δ logZq=1(λ
(q=1)
eff )

δλ
(q=1)
eff (x)

dλ
(q)
eff (x)

dq
. (4.17)

From (4.12), we have

dλ
(q)
eff (x)

dq
=
∑
n≥2

n(n− 1)

∫
λ(n)(x, x1 . . . , xn−1)〈O(x1)〉λeff · · · 〈O(xn−2)〉λeff

d〈O(xn−1)〉λeff
dq

.

(4.18)

Thus, using the last relation in (4.10), we have

∆S
(2)
A = −

∑
n≥2

n(n− 1)

∫
λ(n)(x1, x2 . . . , xn)〈O(x1)〉λeff · · · 〈O(xn−1)〉λeff

d〈O(xn)〉λeff
dq

.

(4.19)

But we now see that this precisely cancels ∆S
(1)
A , i.e., the q-derivative of the second term in

(4.11). Therefore, the terms in (4.16) are complete and all other contributions cancel.

We conclude that the order N2 entanglement for the states defined by multi-trace sources

is given by the Ryu-Takayanagi formula applied to the geometry defined by the effective single-

trace source:

SA({λ(i)}) = SA(λeff ) +O(N0) . (4.20)

Comments

Our field-theoretic proof that the entanglement entropy at leading order in large N is captured

by an effective single-trace source relies on the Euclidean replica trick. Here, the number of

replicas q is an integer, which we analytically continue to compute the limit q → 1. For

non-integer q, it is necessary to invoke some type of analytic continuation, and the meaning

of the analytically continued expressions is not clear from the field theory point of view. Note,

however, that non-integer values of q are very natural and easy to implement from a bulk

perspective [38, 39]. In that case the replica manifold is constructed as a spacetime with a

conical excess of 2πq, which can reasonably take non-integer values. This can be taken as

evidence that the somewhat formal manipulations that we have employed in our derivation

are sensible, at least in the case of holographic theories.
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While the order N2 entanglement entropies are the same for our original multi-trace state

and the state defined by the effective single-trace source, we emphasize that the same is not

true for the Renyi entropies.16 The q-th Rényi entropy is given by

S
(q)
A =

1

1− q
log(trA(ρqA)) =

1

1− q
(

logZq({λ(i)})− q logZ1({λ(i)})
)
. (4.21)

The explicit expression (4.11) shows that partition functions for general integer values of

q do not agree with those for the effective single-trace state, and so the Renyi entropies

will be different in general. This is in accord with the expectation that while the order N2

entanglement entropy captures properties of the classical geometry dual to a holographic

state, the Renyi entropies for q 6= 1 contain more fine-grained information that goes beyond

the classical geometry [40].

An interesting consequence of the observations in this section and the previous section is

that for a holographic theory, the dual geometry, to the extent that it can be reconstructed

from the CFT one-point functions and order N2 entanglement entropies, is not affected by

any of the multi-trace sources when there are no single-trace sources present but do affect

the geometry when there are single-trace sources. This is immediate from our diagrammatic

representation of contributions to the partition function and correlators, since there are non-

vanishing tree diagrams built from single and multi-trace sources, but no nonvanishing tree

diagrams with only multi-trace sources.17

4.3 Bulk interpretation in AdS/CFT

The results of this section have been purely field-theoretic, but they have a natural interpre-

tation for holographic theories.

Consider for simplicity the case where we are sourcing a scalar operator O. For holo-

graphic theories, there is a corresponding bulk scalar field φ and we can interpret the O(N2)

part of the partition function logZ({λ(i)})−1 as being equal to a gravitational action Sbulk =

Sgrav + Sφ. The bulk scalar field has the usual asymptotic expansion

φ(x, z ∼ 0) ∼ zd−∆
(
α(x) +O(z2)

)
+ z∆

(
β(x) +O(z2)

)
, (4.22)

where ∆ is the dimension of the operator.

For the geometry dual to a state defined by single trace sources, β(x) is proportional to

the expectation value 〈O(x)〉{λ(i)}, while α(x) is proportional to the source.

16 We thank Xi Dong for asking this question.
17 In contrast, if we construct a state with multi-trace Euclidean sources and then add a Lorentzian source, it

can be checked that the resulting geometry is the same as it would have been without the multi-trace sources.
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For a state defined via multi-trace sources, we have seen that one point functions and

entanglement entropies at order N2 are the same as for another state defined with an effective

single trace source. Thus, at the classical level, these two states have the same dual geometry.

The value of α(x) in this geometry is equal to the source for the single-trace state, so by

definition, it is equal to the effective source for our multi-trace state. The value of β(x) is

equal to the one point function of O(x) in the single-trace state, which is also equal to the

one-point function for the original multi-trace state.

With these identifications, the defining relation (4.3) for the effective source gives the

relation

α(x) =
δW [β]

δβ(x)
, (4.23)

which can be interpreted as a modified boundary condition that can be used to determine the

classical dual geometry for states defined by multi-trace sources. There are two immediate

consistency checks of this statement: for single-trace sources (W [O] =
∫
dxλ(1)(x)O(x)) this

is consistent with the expectation that α(x) should be proportional to the source. Similarly,

for local double-trace sources the prescription (4.23) reproduces the known result [21, 22].

Note that the deformation W [O] defined in (4.1) corresponds to adding a boundary term

W [φ(x, z ∼ 0)] to the standard Euclidean bulk action, which is consistent with the modifica-

tion to the boundary condition.

In summary, to calculate the order N2 entanglement entropy or one-point functions

holographically for a state defined by nonlocal multi-trace sources in the Euclidean path

integral, we should find a solution of the bulk equations of motion with boundary conditions

(4.23), and then use the standard AdS/CFT dictionary (e.g. the classical RT formula for

O(N2) entanglement) in this geometry.

5 1/N corrections and bulk entanglement

In this section, we discuss 1/N corrections to the CFT entanglement entropy. We will see

these exhibit qualitatively new features, including a breakdown of naive perturbation theory

in the sources, which are consistent with the expectation that the bulk interpretation is no

longer purely classical.

5.1 Replica method topology

In our diagrammatic representation of perturbative contributions to the partition function

(§3), we have seen that the order N2 contributions must come from tree diagrams.
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. . .

Figure 2: Order λnN0 contributions to logZn[{λ(2)}] that are non-contractible on the replica

manifold. These contributions survive in the limit when the subsystem is the whole CFT,

leading to non-analytic λ log λ behavior.

These have the topological feature that they are “contractible” on the replica manifold

(when the latter is connected); we will argue below that this property corresponds to per-

turbative contributions to the entanglement entropy that are analytic in the sources. On the

other hand, when we consider 1/N corrections to the entanglement entropy, we have contri-

butions corresponding to diagrams with “loops”, such as the one in Fig. 2. In this case, the

loop can wind around a non-trivial cycle in the replica manifold, and we will see that this

can give rise to contributions to the entanglement entropy that are non-analytic, involving

logarithms of the sources.

To motivate the connection between the diagram topology and analyticity properties,

consider the contributions to the replica-manifold partition function as a function of some

parameter λ associated with the sources. In the perturbative expression for log(Zn) we may

have terms with specific fixed powers of λ, e.g. λ4, but we may also have terms scaling as

λn (or λn+2, etc...). In the limit n → 1 used in calculating entanglement entropy, the latter

terms give contributions involving log(λ). For a specific replica number, e.g. n = 4, both

the λ4 terms and the λn terms would appear as λ4, but these arise from different types of

diagrams.

Terms of the first type (with a fixed power of λ) come from diagrams that appear for any

value of the replica number, for example where the operators all live on a few adjacent replicas

and are not sensitive to the full geometry of the replica manifold. These typically map to

equivalent contributions under the Zn replica symmetry, so the contribution comes with an

overall factor of n. After calculating the derivative d/dn log(Zn) to compute entanglement

entropy, we end up with a contribution that has the same fixed power of λ that we started

with. On the other hand, contributions that give rise to λn terms are those that are sensitive

to the topology of the full replica manifold, for example, contributions with operators on each

sheet for which the correlators connect operators on all the sheets in a loop, as in Fig. 2. For

these contributions, the derivative d/dn log(Zn) acting on λn terms in log(Zn) gives rise (at

least naively) to λ log(λ) contributions in the limit n→ 1.
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In a perturbative gravity calculation of the area of an extremal surface in a geometry

produced by specified Euclidean sources, it is difficult to see how such logarithmic terms could

arise. Thus, the fact that logarithmic contributions to entanglement entropy show up at order

N0 may be indicative of the fact that the corresponding gravitational quantity is no longer

purely geometrical, but rather involves contributions associated with bulk entanglement.

To see more explicitly the appearance of these logarithmic contributions and understand

how they are reproduced through a calculation on the gravity side, we now consider a simple

example.

5.2 Example: full CFT entanglement entropy for a mixed state

Consider states defined from the Euclidean path integral with only a double-trace source. We

will consider states18

ρ =
1

Zλ

∫
[dφ]e−S−

∫
ddx1ddx2 λ(2)(x1,x2)O(x1)O(x2) (5.1)

which will be mixed states if the source couples operators with τ > 0 to operators with τ < 0.

By the general discussion above, entanglement entropies for such a state cannot have

any order N2 contributions, since there are no tree diagrams that can be built from only

double-trace insertions. So the leading contributions will be at order N0. We consider first

the von Neumann entropy of the full state.

Note first that a single insertion of O(x) in the Euclidean path integral that defines the

vacuum state will produce some linear combination of independent states each orthogonal to

the vacuum state (assuming that the one-point function of O vanishes):19

1

Z
1
2
0

∫
[dφ]e−SEUCO(x) =

∑
α

cα(x)|α〉 . (5.2)

Here, we can consider the CFT defined on a spatial sphere so that the sum will be discrete;

otherwise, the sum over α will be replaced by an integral. Taking the inner product of two

such states for different x’s, we get∑
α

cα(x2)c∗α(x1) =
1

Z0

∫
[dφ]e−SEUCO(x+

1 )O(x2) = 〈O(x+
1 )O(x2)〉 ≡ ∆(x+

1 , x2) . (5.3)

18 To avoid an excess of notation, here and in the remainder of the paper we will neglect writing matrix

elements or overlaps on density matrices or states, repectively, defined from path integrals, and we will omit

boundary conditions when this would not cause confusion. In case of confusion, the reader should refer back

to §2, e.g. (2.2) and (2.6), for our conventions.
19 Here, the expression on the left side is shorthand for the state whose wave functional is defined by the

path integral on the left.

– 28 –



Here, the point x+
1 is obtained from x1 by τ → −τ .

To leading order in λ(2), the state of the CFT deformed by a double-trace perturbation

as in (5.1) is20

ρ = Nλ

(
|0〉〈0|+

∫
dx1dx2 λ

(2)(x−1 , x
+
2 )cα(x−1 )c∗β(x+

2 )|α〉〈β|+ . . .

)
, (5.4)

where the omitted terms include terms at second and higher order in λ(2) as well as order λ(2)

terms of the form |0〉〈α, β| or |α, β〉〈0| that will only modify the eigenvalues of ρ at second

order.

To proceed, we compute the leading order entanglement entropy for any state of the form

ρ = Nε(|0〉〈0|+ εAij |i〉〈j|+ . . . ) . (5.5)

Since the density matrix must have unit trace, the normalization factor is

N−1
ε = (1 + εtr(A) +O(ε2)) . (5.6)

From these expressions for the density matrix and normalization factor, we can read off

perturbative expressions for the eigenvalues and calculate the entanglement entropy. The

result is

S = −tr(εA log(εA)) + tr(εA) +O(ε2) (5.7)

In our case, we have that

(εA)αβ =

∫
dx−dx+ λ(2)(x−, x+)cα(x−)c∗β(x+) . (5.8)

Using (5.3), we can write the final answer for the entanglement entropy entirely in terms of

λ and ∆, since we have:

tr((εA)n) =

∫ n∏
i=1

{
dx−i dx

+
i λ

(2)(x−i , x
+
i )∆(x+

i , x
−
i+1)

}
. (5.9)

The result in (5.7) can be expressed in terms of the quantities in (5.9) via analytic continuation

or by integral formulae such as

− tr(εA log(εA)) =

∫ ∞
0

da

∞∑
a=0

(−a)n

(n+ 1)!
(tr((εA)n)− 1) . (5.10)

The key point is that the result has a non-analytic λ log λ behavior; we will now see how this

can arise diagrammatically from the replica method.

20 Here, the factor Nλ is defined to be the coefficient of |0〉〈0| in the normalized state. This includes

contributions at order λ(2) coming from the contribution of the identity operator to the OPE in the states

defined by two insertions of O in each CFT. The remaining terms at order λ(2) are orthogonal to the vacuum.
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Replica method

For a subsystem A (which could be the whole CFT), consider the replica manifold M
(n)
A and

the associated partition function Zn. On this space, the leading contribution to log(Zn) is a

contribution at order λ(2) given by

log(Zn)
∣∣
O(λ(2))

= −
∑
i

∫
dx

(i)
1 dx

(i)
2 λ(2)(x

(i)
1 , x

(i)
2 )〈O(x

(i)
1 )O(x

(i)
2 )〉

M
(n)
A

= −n
∫
dx

(1)
1 dx

(1)
2 λ(2)(x

(1)
1 , x

(1)
2 )〈O(x

(1)
1 )O(x

(1)
2 )〉

M
(n)
A

.

(5.11)

However, this does not necessarily give the leading contribution to the entanglement entropy.

We also have a contribution at order (λ(2))n with one source inserted on each sheet of the

replica manifold, given by

(−1)n
∫ n∏

i=1

dx
(i)
1 dx

(i)
2 λ(2)(x

(i)
1 , x

(i)
2 )〈

n∏
i=1

O(x
(i)
1 )O(x

(i)
2 )〉

M
(n)
A

. (5.12)

The contributions to this at leading order in the 1/N expansion involve products of n 2-point

functions. A contribution that is “non-contractible” in the sense described above is

(−1)n
∫ n∏

i=1

dx
(i)
1 dx

(i)
2 λ(2)(x

(i)
1 , x

(i)
2 )

n∏
i=1

〈O(x
(i)
1 )O(x

(i+1)
2 )〉

M
(n)
A

; (5.13)

this corresponds to the diagram shown in Fig. 2. In the limit where A becomes the whole

space, this is non-vanishing so long as the source couples operators for τ < 0 to operators

with τ > 0, and gives a contribution which is exactly of the form (5.9). In the calculation of

the entanglement entropy via (4.15), this leads to logarithmic contributions as in (5.7).

When A is not the whole space, it is less clear that the contributions (5.13) lead to

logarithmic terms in the entanglement entropy; we will discuss this further below.

Gravity calculation

Now let’s understand how the result (5.7) can arise from a gravity calculation. We would like

to show that the CFT entanglement entropy can be reproduced by the quantum RT formula

using an appropriate bulk state. In this case, the area term vanishes since we are calculating

the entanglement entropy of the entire CFT. Then the quantum RT formula requires that

the CFT entanglement equals the bulk entanglement.

For a holographic theory, inserting the operator O(x) in the path integral for a single

CFT will define a single particle bulk state

|ΨO(x)〉 =
∑
α

Ci(x)a†i |0〉+ · · · . (5.14)
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orthogonal to the vacuum state, where the dots indicate subleading terms arising due to bulk

interactions. The normalization condition requires that∑
α

Ci(x2)C†i (x1) =
1

Z

∫
[dφ]e−SEUCO(x+

1 )O(x2) = 〈O(x+
1 )O(x2)〉 ≡ ∆(x+

1 , x2) . (5.15)

Then we can write the bulk state for the double-trace perturbation as

ρbulk = Nλ(|0〉〈0|+
∫
dx1dx2λ

(2)(x1, x2)Ci(x1)Cj(x2)a†i |0〉〈0|aj +O((λ(2))2) . (5.16)

At this point, the discussion is entirely parallel to our CFT discussion, and we are guaranteed

to get the same result, since all dependence on the coefficients C is replaced by dependence

on ∆ as in the CFT calculation. Thus, the non-analyticities present in the field theory result

also appear in the gravity result since both arise from quantum entanglement.

5.3 Non-analyticity in sources for subsystem entanglement entropies?

We have seen that contributions to the partition function corresponding to the diagram in

Fig. 2 give rise to λ log λ terms in the entanglement entropy in the limit where the subsystem

is the whole space. We have shown that these contributions correspond to bulk entanglement

entropy on the gravity side.

In the case where we are computing the entanglement entropy of a subsystem, it seems

reasonable to expect that the same diagrams should also be associated with the bulk en-

tanglement entropy on the gravity side. It is interesting to ask whether they also show the

non-analytic λ log(λ) behavior. Naively, this should be the behavior since we are applying

d/dn log(Zn)|n=1 to a contribution of order λn and taking the limit n→ 1.

Whether or not the perturbative expansion of the entropy contains nonanalytic terms

can be seen starting with the definition in terms of the density matrix,

S = −tr(ρ log ρ) = −tr((ρ0 + λδρ) log(ρ0 + λδρ)). (5.17)

Nonanalytic terms arise because the logarithm has a finite radius of convergence when ex-

panding around any positive number. This means that the perturbative expansion will be

valid only if all eigenvalues of λρ−1
0 δρ are less than 1. It is easy to find situations where this

fails to hold. First, if ρ0 does not have full rank, then any δρ whose kernel does not contain

the kernel of ρ0 will fail to satisfy the requirements for convergence of the logarithm. In

particular, this is the case where ρ0 is a pure state, as occurs when considering the full CFT

and perturbing around the vacuum state.
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On the other hand, for a subregion of a CFT, ρ0 has full rank, and the eigenvalues of

λρ−1
0 δρ must be analyzed to determine the analyticity of the perturbative expansion. Had the

subspace been finite-dimensional, it is clear that these eigenvalues would eventually become

small enough as λ is taken to zero, and hence the perturbative expansion in λ would be valid.

However, for infinite-dimensional spaces, as is typical of quantum field theories, it can occur

that for any finite value of λ, there are infinitely many eigenvalues of λρ−1
0 δρ that are larger

than 1. Hence, at no value of λ is the expansion valid, and the perturbative series must be

resummed in the subspace in which the perturbative expansion fails. This generically leads

to nonanalyticities in the entropy as a function of λ.

A simple toy example serves to illustrate this point. Take ρ0 to be the thermal density

matrix of a single harmonic oscillator at inverse temperature β. Its eigenvalues are pn = e−βn,

up to an overall normalization. Then choose the perturbation δρ to be a state at a higher

temperature, with eigenvalues qn = e−(β−a)n. Regardless of the size of λ, eventually the

perturbation will become larger than the original density matrix elements, since the smaller

inverse temperature causes the probabilities of the perturbation to die off more slowly at high

energies.

The entropy for this toy system is given by

S = logZ − 1

Z

∑
n

(pn + λqn) log(pn + λqn), (5.18)

with Z the partition function ensuring normalization of the density matrix. This sum will

have a contribution

s(a;β) = −
∑
n≥0

e−βn log(1 + λean) . (5.19)

which is manifestly finite; however, the order λk term obtained in a naive perturbative ex-

pansion of the logarithm is divergent for a > β/k. This signals a breakdown in perturbation

theory coming from nonanalytic contributions in λ, which can be extracted by approximating

the sum by an integral,21

s(a;β) ≈ I ≡ −
∫ ∞

0
dx e−βx log(1 + λeax). (5.20)

The series representation of this integral includes a non-analytic piece λβ/a for non-integer

β/a, or λβ/a log λ for integer β/a. For example, with a = β/2, the naive perturbative expan-

sion (obtained by expanding the integrand in λ, performing the integral term by term, and

21 One can argue using the Euler-Maclaurin formula that the difference between the sum and integral is

analytic in λ, hence the integral suffices to capture the nonanalytic behavior of the sum.
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then setting a = β/2) has a divergent order λ2 term,

Inaive = − 1

β

[
2λ+∞λ2 − 2

3
λ3 +

1

4
λ4 + . . .

]
. (5.21)

In the correct expansion of the full result (obtained by first performing the integral and then

expanding in λ) we have in this case

Icorrect = − 1

β

[
2λ+ (log λ− 1/2)λ2 − 2

3
λ3 +

1

4
λ4 + . . .

]
, (5.22)

so the naively divergent term is replaced by λ2(log λ− 1/2), while all the other terms are the

same.

In summary, diagrams of the type shown in Fig. 2 may indeed lead to non-analytic contri-

butions to the entanglement entropy even in the case where we are considering a subsystem,

where the unperturbed density matrix is full rank. We have so far only motivated this by

considering a toy example. However, it is interesting to note that in this example, the non-

analyticity in λ is reflected in the fact that contributions at specific orders in λ in the naive

perturbative expansion are divergent for certain parameter ranges. We will find precisely this

behavior in explicit perturbative CFT calculations of the O(N0) entanglement entropy for a

subsystem in the following section.

6 Calculations of entanglement entropy via perturbation theory in sources

We now turn to a more detailed discussion of the calculation of entanglement and relative

entropies in multi-trace states of the form (3.6). As we shall demonstrate, there are diver-

gences at specific orders in the sources in the naive perturbative expansion. We will interpret

these as artifacts of the non-analyticities observed in §5.3. We will illustrate the issue with a

simple example.

6.1 Perturbative method

We begin by reviewing a perturbative method for computing subsystem entanglement en-

tropies and/or relative entropies in cases where the unperturbed density matrix is known

explicitly, for example in the case of a ball-shaped subsystem. Consider general (mixed)

states of the form

ρ = ρ0 + δρ ≡ ρ0 + ρ
1
2
0 δρb ρ

1
2
0 , (6.1)
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where δρb is a “bare” perturbation, which we introduce for convenience.22 Here, we have

in mind that ρ is the density matrix for a ball-shaped subsystem, ρ0 is the vacuum density

matrix for the region, and δρb represents the perturbations to the vacuum state arising from

turning on sources in the path integral.

The entanglement entropy for ρ can be expressed as the expectation value of the modular

Hamiltonian K = − log ρ in the state ρ. A general formula for the modular Hamiltonian for

a state of the form (6.1) was derived in [23] (this builds on earlier developments of [41–44],

and was recently discussed more rigorously in [24, 45])23:

K =K0 + δK , K0 ≡ − log ρ0 ,

δK ≡
∞∑
k=1

(−1)k
∫ ∞
−∞

ds1 · · · dsk Kk(s1, . . . , sk)
k∏
r=1

(
ρ
− isr

2π
0 δρb ρ

isr
2π
0

)
,

(6.2)

with kernels

K1(s1) =
1

4

1

(cosh s1
2 )2

, Kk(s1, . . . , sk) =
(2π)2

(4π)k+1

ik−1

cosh s1
2 cosh sk

2

∏k
r=2 sinh sr−sr−1

2

.

(6.3)

It will be important in what follows that the kernel Kk has poles in the complex sr-planes

at 2πi separations. We can therefore move the sr integration contours up and down in the

imaginary direction within a strip of width 2πi, while still avoiding poles. Attempting to shift

the contours further naively leads to singularities.

Using the definitions above we can decompose the entanglement entropy as

S = S0 + tr(δρK0) + tr((ρ0 + δρ)δK) (6.4)

where the second term, linear in the state perturbation, is the change in expectation value

of the unperturbed modular Hamiltonian, and the third term is equal to the relative entropy

S(ρ||ρ0) = tr(ρ log ρ)− tr(ρ log ρ0).

For ball-shaped regions in a CFT, the modular Hamiltonian is “local”, i.e. linear in

the local stress tensor operator. The unperturbed density matrix can be understood as the

thermal state (for some fixed temperature) with respect to this Hamiltonian K0. Real-time

evolution with K0, e.g. that induced by the conjugation by imaginary powers of ρ0 in (6.2),

generates a geometrical flow of operators within the domain of dependence region (casual

diamond) of the ball. Euclidean time evolution with respect to K0 generates an angular flow

22 One motivation for this definition is that it is the smallness of δρb rather than δρ that most directly

controls the validity of the perturbative expansion of log ρ.
23 See [25] for a generalization of the perturbative method to Rényi entropies.
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Figure 3: Geometrical flow in Euclidean space associated with Euclidean time evolution

using the modular Hamiltonian for the shaded ball shaped region.

in Euclidean space, as shown in Fig. 3, which circulates about the boundary of the ball-shaped

region. For a ball of radius R centered at x = 0, this flow is generated by the conformal Killing

vector field

(ζ0, ζi) =
π

R

(
R2 + (x0)2 − ~x2, 2x0xi

)
. (6.5)

As explained in detail in section 3.2 of [14], we can choose an angular coordinate τ along this

flow such that τ runs from −π at the τ > 0 surface of the ball-shaped region to π at the τ < 0

surface, and define coordinates x̃ transverse to this flow direction.

By a conformal transformation, the domain of dependence region of our ball can be

mapped to a half-space, so that the evolution via the modular Hamiltonian correspond to

evolution with respect to Rindler time. By a different conformal transformation, we can also

map this region to hyperbolic space times time; in the latter picture, the modular evolution

maps to ordinary time evoluion. The flow in these cases is depicted in Fig. 4.

Perturbation theory in the sources

Let us now consider specifically the case where the perturbation δρ arises from adding multi-

trace sources to the path integral, as in §2. The perturbation δρ then has contributions with

various powers of the sources. At k-th order in sources, these take the schematic form

〈φ−|δ(k)ρ|φ+〉 =
(−)k

k!

∫ φ+

φ−

[dφ] e−SE
∫ k∏

a=1

∑
na

λ(na)(x1, · · · , xna)O(x1) · · · O(xna)− traces

(6.6)

where the integral is over Euclidean space with the ball of interest at τ = 0 removed and we

impose specific field configurations φ± that appear as boundary conditions at the location

of the ball for τ = ±ε. We also subtract “traces”, which arise from combining lower order

terms in the expansion of the exponential of sources into an order λk contribution. These are

also needed to maintain the normalization condition tr(ρ) = 1. We can equivalently write the
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(a) (b) (c)

Figure 4: (a) Time evolution for a state defined on the half plane x1 < 0 is given by the

usual Rindler time. (b) The associated Euclidean time τ is the angle around the entangling

surface. (c) The Euclidean plane may be conformally transformed to Hd−1 × S1, where τ is

now along the S1.

perturbation in operator language as

δ(k)ρb =
(−)k

k!

∫ k∏
a=1

∑
na

λ(na)(x1, · · · , xna) T {O(x1) · · · O(xna)} − traces . (6.7)

where the time-ordering here is with respect to the angular coordinate τ defined above (the

Euclidean “modular time”), and the Heisenberg-picture operators are defined via

O(τ, x̃) ∝ eτK0O(0, x̃)e−τK0 . (6.8)

up to conformal factors given explicitly in [14].

In the expression (6.2) for δK, the operators appearing in δρb are subjected to additional

real-time modular flow, so finally, the various terms in the perturbative expansion of the

entanglement entropy (6.4) are each expressed in terms of correlators of the form

tr
(
e−2πK0O(τ1 + isn1 , x̃1) · · · O(τM + isnM , x̃M )

)
. (6.9)

integrated against the sources and the kernels appearing in (6.2). These are thermal corre-

lators with respect to the modular Hamiltonian, with operators inserted at various complex

(modular) times.24

24 Alternatively, by a conformal transformation discussed in [46], these map to usual thermal correlators for

a CFT on hyperbolic space.
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Divergences from out-of-time-ordered Euclidean correlators

While the operators appearing in the various perturbations (6.7) are ordered with respect to

the Euclidean modular time τ , those in (6.9) may come from terms in (6.4) with multiple δρi

insertions, and thus are not necessarily time-ordered.

Out-of-time-ordered Euclidean correlators are problematic in quantum field theory since

they involve backwards Euclidean time evolution e+τK0 , which exponentially enhances UV

modes, leading to divergences. As an illustration, for a single quantum harmonic oscillator

degree of freedom x(τ), the Euclidean out-of-time-ordered two-point function gives

1

Z
tr
[
e−βHx(−a)x(0)

]
=

1

Z
tr
[
e−(β+a)H x̂ eaH x̂

]
=

1

2mω

e−(β+a)ω + eaω

1− e−βω
. (6.10)

This is well-behaved, but becomes large for large ω. In the context of quantum field theory,

we have similar contributions, but these are summed over frequencies, leading to divergences.

For example, considering a free massive scalar field theory on a circle of length L, we find

that

1

Z
tr
[
e−βHφ(x = 0, τ = −a)φ(x = 0, τ = 0)

]
=

1

4L

∞∑
p=−∞

1

ωp

e−(β+a)ωp + eaωp

1− e−βωp
. (6.11)

where ωp =
√
p2 +m2. For positive values of a when the correlator is not in time order, this

expression diverges due to the exponentially increasing factor eaωp in the sum over spatial

momentum.25 We expect similar divergences to arise any time we have correlators with local

operator insertions followed by backwards Euclidean time evolution.

In the context of our entropy calculations, it is sometimes possible to avoid these diver-

gences by shifting the integration contours for the s variables in (6.2). The integrals there are

invariant if we shift the contour si ∈ [−∞,∞] to si ∈ [−∞,∞] + ia so long as the shift does

not cause the contour to cross a pole in the kernels K where si appears; this restricts a to an

interval of width 2π. A shift in si by ia leads to a shift in the modular times of all operators

appearing in the corresponding δρ by τ → τ − a. For specific terms of the form (6.9), this

is sometimes sufficient to place all the operators in Euclidean time order, but generally this

is not possible; in those cases, the contribution at these specific orders in the sources will be

divergent, as we saw in the toy calculation in the previous section.

25 In the time-ordered case with a < 0, both terms in the numerator are suppressed for large ω and we get

the usual thermal correlator.
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Example: second order in a double-trace source

As an explicit example, we consider the terms at second order in a double-trace source as in

(5.1). The first-order shift in the density matrix arising from these sources is

δ(1)ρb = −
∫
dxdy λ(2)(x, y) [T {O(x)O(y)} − 〈T O(x)O(y)〉] . (6.12)

The simplest situation where divergences can appear is in contributions to entanglement

entropy at second order in this perturbation. This is also the leading contribution to the

relative entropy (third term in (6.4)), and we can write it explicitly using the definitions

above as

δ(2)S(ρ||ρ0) = tr(δ(1)ρ δ(1)K) + tr(ρ0 δ
(2)K)

=

∫
dsK1(s)

〈
δρb ρ

1
2−

is
2π

0 δρb ρ
is
2π−

1
2

0

〉
−
∫
ds1ds2K2(s1, s2)

〈
ρ
− is12π
0 δρb ρ

i(s1−s2)
2π

0 δρb ρ
is2
2π
0

〉
=

∫
dx1dy1dx2dy2 λ

(2)(x1, y1)λ(2)(x2, y2)

∫
ds K1(s)

(
1

2
− is

2π

)
×
[〈
T {O(τx1

+ is, x̃1)O(τy1 + is, ỹ1)} (T {O(τx2
− π, x̃2)O(τy2 − π, ỹ2)}

〉
−
〈
T O(τx1

, x̃1)O(τy1 , ỹ1)
〉〈
T O(τx2

, x̃2)O(τy2 , ỹ2)
〉]
,

(6.13)

where all correlators are thermal with respect to the modular Hamiltonian. For simplicity,

we can take the source to be of the bilocal form

λ(2)(x, y) = δ
(
τx −

a

2

)
δ
(
τy +

a

2

)
δ(x̃) δ(ỹ) ; (6.14)

general sources can be taken as linear combinations of similar terms. For this source, the

leading contribution to relative entropy simplifies to

δ(2)S(ρ||ρ0)

=

∫ ∞
−∞

ds K1 (s)

(
1

2
− is

2π

)[〈
O (π + a+ is, 0)O (π + is, 0) O (a, 0)O (0, 0)

〉
−
〈
O(a)O(0)

〉2]
,

(6.15)

where we have choosen the s contour in (6.13) along the real line in order to achieve the

maximum possible separation of the operators from each other. This corresponds to the case

k = 2 in Fig. 7 in Appendix C.

The correlation function in the first term is time-ordered (hence finite) for small enough

a. However, for a greater than π, the Euclidean separations are no longer in time order.

There is no way to shift the s contour to fix this, since the first two operators and the latter

two operators are each separated by more than π on the thermal circle of radius 2π; thus, it’s

not possible to fit both pairs of operators on the thermal circle in the proper time order.
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The divergence in this out-of-time-ordered correlator can be understood by considering

a spectral decomposition of the 4-point function into two 2-point functions. This was also

observed in a similar context in [23]. We shall momentarily present an explicit calculation

instead.

We can rephrase this as follows: the thermal correlator appearing in the integrand (6.15)

is analytic in a strip of width 2πi. Any attempt at making a exceed π makes it impossible to

choose a contour for the s integral that achieves Euclidean time ordering. We can therefore

understand the divergence of relative entropy as an artifact of trying to analytically continue

beyond this strip of analyticity. We will now illustrate this with an explicit calculation.

Explicit calculation

The perturbation (6.12) with the sources (6.14) corresponds at first order in the sources to a

perturbation

ρ ≡ ρλ = ρβ + λ(δρ− ρβtr(δρ)), (6.16)

where ρ is a thermal state

ρ0 ≡ ρβ =
1

Zβ
e−βH , Zβ = tr(e−βH) , (6.17)

with respect to the modular Hamiltonian H = K0, and the perturbation takes the form

δρ =
1

Zβ
e−

1
2

(β−a)HOe−aHOe−
1
2

(β−a)H =
1

Zβ
ρ

1
2
β O

(a
2
, 0
)
O
(
−a

2
, 0
)
ρ

1
2
β . (6.18)

As we recalled above, this calculation maps via a conformal transformation to an equivalent

calculation where H becomes the Hamiltonian for the CFT on hyperbolic space Hd−1. For

d = 2, the hyperbolic space is simply the real line, so our calculation becomes equivalent to

calculating the relative entropy for a perturbed thermal CFT on flat space.

As a specific example, we will evaluate (6.15) explicitly for this case. Here, the two-point

function for a dimension-∆ primary operator takes the form

〈
O(τ)O(0)

〉
=

 π2

β2 sin2
(
πτ
β

)
∆

. (6.19)

We will furthermore set β = 2π for simplicity. The integral (6.15) can then be performed
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explicitly using elementary techniques.26 We find:

δ(2)S(ρ||ρ0) =
24∆−3Γ(2∆ + 1)2

Γ(4∆ + 2)

[
1 + F1(2∆ + 1, 2∆, 2∆, 4∆ + 2; 1− eia, 1− e−ia)

]
,

(6.20)

where F1(a, b1, b2, c;x, y) is the first Appell series. This Appell series has a singularity precisely

when a→ β
2 = π. For example, in the case ∆ = 1/2, (6.20) reduces to

δ(2)S(ρ||ρ0)
∣∣∣
∆=1/2

=
1

12

(
1− 3

2 sin2
(
a
2

) +
3a

4 sin3
(
a
2

)
cos
(
a
2

)) . (6.21)

The divergence at a = π is evident.27

Our calculation above was performed using real time modular flow techniques. Alterna-

tively, one can use the Euclidean replica trick to compute the relative entropy for a perturbed

thermal CFT. In Appendix B we use the replica trick as an independent check for the ap-

pearance of divergences. As an example, an explicit result for ∆ = 1/2 is computed there,

and we recover precisely (6.21) (see (B.21)); the replica method results for other dimensions

are straightforward to obtain from the results of Appendix B and compare to (6.20), but we

have not done this for general ∆.

We further show in Appendix B.2 that the divergence is not due to spatially coincident

operator insertions: it persists if the operators are separated by a finite amount in space.

In Appendix C we discuss this phenomenon to higher orders. The upshot is that the

k-th-order relative entropy, δ(k)S(ρ||ρ0) diverges as operator insertions associated with the

source λ(2)(x, y) are separated by an amount a that exceeds β
k = 2π

k :

S(ρ||ρ0)
∣∣
λk
−→∞ when a→ β

k
. (6.22)

This means that the radius of convergence of the expansion in λ is zero.

These conclusions will apply to any nonlocal multi-trace source λ(i), since the finite sup-

port of the source in Euclidean time is the cause of the divergence. However, even for local

sources λ(1), the divergence will still occur, albeit at higher orders. If we deform the state by

26 We first factorize the 4-point function in (6.15) into three products of 2-point functions (one of which is

cancelled by the normalization). After dropping the term proportional to s (due to symmetry), and replacing

the 2-point functions by the explicit expression (6.19), we perform the change of variables s = log 1−y
y

. This

reduces the integral in (6.15) to a known expression, see e.g. eq. (22) of [47].
27 The result (6.20) reduces to similar trigonometric expressions for many values of ∆; they always diverge

as a→ π.
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λ(1)(x)O(x) and expand to second order, we get

δ(2)ρb =

∫
dxdy λ(1)(x)λ(1)(y) [T (O(x)O(y))− 〈T O(x)O(y)〉] , (6.23)

which has the same form as (6.12) above and will hence produce divergences in δ(4)S(ρ||ρ0).28

6.2 Origin of the divergences

We have seen that in the calculation of entanglement entropy or relative entropy in pertur-

bation theory in the sources, divergences can appear at fixed orders in perturbation theory.

Our discussion in §5.3 suggests that these may signal a breakdown of the naive perturbation

theory due to non-analyticities (e.g. logarithmic terms) in the correct perturbative expansion.

Even the specific behavior of the divergences as a function of the parameter a matches

with our toy model calculation in §5.3. The behavior in (6.22), where the λk contribution

becomes divergent when a increases to β/k, is exactly the same as in the toy model expression

(5.19), in which the λk term in the naive expansion diverges for a ≥ β/k.

As further evidence that the divergences we see here are not physical, we can argue

directly that the relative entropy calculated in the previous subsection must be a finite quan-

tity.29 The relative entropy is equal to

S(ρ||ρ0) = ∆〈H0〉 −∆S , (6.24)

where H0 = − log ρβ is the thermal modular Hamiltonian. In the example discussed in the

previous subsection, we can calculate directly the change in energy, which gives

∆〈H0〉 = λ
d

dβ
∆β(a) (6.25)

and is finite. So the only way for the relative entropy to be infinite is for ∆S to be −∞. But

(for finite volume), the entropy of the thermal state is finite, and the entropy of the perturbed

state must be positive, so ∆S cannot be −∞. However, we can check that the divergence is

still present if we use finite volume propagators.30

28 Unlike for multi-trace sources, the disconnected diagrams in the relative entropy will vanish for pertur-

bations of the form (6.23), so to see a divergence explicitly it is necessary to look at the connected four-point

function. This is consistent with the fact that the disconnected terms would be O(N4), and thus have to

cancel for consistency.
29 An abstract argument for this was pointed out to us by G. Sarosi [23]: the relative entropy between two

states in the same Hilbert space can only diverge if the supports of the spectra are different. In reasonable

quantum field theories this is never the case.
30 The breakdown of perturbation theory that we have seen might be related to the observations in [24, 45],

where it is noted that the naive perturbative expansion in δρb is not rigorously well-defined since δρb is an

unbounded operator.
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7 CFT entanglement entropy and the quantum RT formula

We have argued that states defined via the Euclidean path integral with general multi-trace

sources correspond to bulk states with a good semiclassical description but a more general

structure of entanglement than the single-trace states considered previously. For these states,

it is interesting to understand the bulk gravitational physics at the quantum level.

We would like to check, with as few assumptions as possible, that the CFT entanglement

entropy for a ball-shaped region can be reproduced by an auxiliary gravity calculation via

the quantum RT formula (1.2). An interesting case where this has been accomplished at the

quantum level is the paper [27], which demonstrates such a matching in the case of a single

scalar particle in AdS3, where the CFT region is taken to be a small interval.

Alternatively, assuming that there is some bulk state for which the quantum RT formula

gives the entanglement entropy of a well-defined CFT state, we would like to see that this

bulk state must satisfy some quantum version of the gravitational constraints. As discussed

in the introduction, it is interesting to understand to what extent these constraints continue

to be local beyond first order in perturbation theory in the case where the bulk state is non-

coherent, since the bulk entanglement ∆Sbulk in this case is non-vanishing and cannot be

written as the integral of a local expression.

The goal of this section is to review and develop some tools that should be useful in

pursuing the directions that we have just outlined, and to provide some helpful intermediate

results. We leave a more detailed investigation for future work. For an interesting alternative

approach to relating the quantum RT formula and the quantum gravitational constraints, see

[13].

7.1 Basic identities

Our arguments will rely on a variety of identities, which we now discuss individually before

assembling them to reach various conclusions. We will consider a one-parameter family of

CFT states |Ψ(λ)〉, where |Ψ(0)〉 is the vacuum state. The generic examples we have in mind

are states created by perturbative multi-trace sources in the Euclidean path integral. In this

case, we can think of each source λ(n)(x1, . . . , xn) as some function of λ that vanishes for λ = 0.

Similarly, we consider a one-parameter family of quantum states for some gravitational theory

on an asymptotically AdS spacetime, with curvature scale chosen so that CFT entanglement

entropies for ball-shaped regions are correctly computed via the RT formula in this spacetime.

We will describe the bulk state more explicitly below.
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The quantum RT formula

The quantum RT formula (1.2) equates the entanglement entropy for a spatial region in a

CFT with the “generalized entropy,” i.e. area plus bulk entropy, of a corresponding region in

the gravitational theory, as we discussed in the introduction.31 This has been demonstrated

in [19] up to order N0 assuming the AdS/CFT correspondence. Subsequently, higher-order

quantum corrections have been studied more systematically by also taking into account the

necessity to correct the position of the extremal surface in the large N expansion [20, 48].

These derivations made use of the AdS/CFT correspondence, which we don’t want to assume

just yet. Thus, for our one-parameter family of CFT/gravity states and a region A in the

CFT, we will define the quantity

qRT ≡ − d

dλ
SCFTA +

1

4GN

d

dλ
〈Ârea(Ã)〉+

d

dλ
SbulkΣ . (7.1)

The vanishing of qRT is the content of the quantum corrected Ryu-Takayanagi formula.

CFT relative entropy, entanglement entropy, and modular energy

For any one-parameter family of CFT states |Ψ(λ)〉 and any ball-shaped region A, we have32

d

dλ
SCFTA =

d

dλ
〈K̂vac

A 〉 −
d

dλ
S(ρA||ρvacA ) , (7.2)

where K̂vac
A = − log(ρA) is the vacuum modular Hamiltonian for the region A: this follows

directly from the definition of relative entropy. The vacuum modular Hamiltonian for ball-

shaped regions is given for any CFT by

K̂vac
A =

∫
A
ζµA T̂µν ε

ν . (7.3)

where ζµA is the conformal Killing vector naturally associated with the domain of dependence

region for the ball A, given explicitly in [12].

31 For general holographic CFTs, the area can be corrected by higher derivative terms associated with higher

derivative terms in the appropriate gravitational action for the dual theory. For simplicity, our discussion in

this section will consider the case where Einstein gravity coupled to matter provides the correct description

so that the higher derivative contributions are absent. However, much of the discussion goes through in the

more general case.
32 We define εa1···ak = 1

(d+1−k)!
√
−g εa1···akb1···bd+1−k dx

b1 ∧ . . . ∧ dxbd+1−k with the convention that

εztx1···xd−1 = 1. This induces natural volume forms on lower dimensional surfaces via interior contraction

with appropriate normal vectors.
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Figure 5: Bulk geometry associated with a ball-shaped region A at the boundary, and Killing

boost generating vector fields. The codimension one bulk surface Σ is such that ∂Σ = A∪ Ã.

Bulk relative entropy, entanglement entropy, and modular energy

Next, we describe a bulk result analogous to (7.2). First, for any quantum field theory on

AdS, the vacuum modular Hamiltonian for a half-space region Σ (bounded by an extremal

surface Ã ending on a ball) is given as33

K̂vac
Σ =

1

16πGN

∫
Σ
ξa T̂ab ε

b , (7.4)

where ξ is a Killing vector naturally associated with the bulk domain of dependence of the

region Σ (see [12] for an explicit expression). In terms of this, we have that (for a quantum

field theory on AdS)
d

dλ
SbulkΣ =

d

dλ
〈K̂vac

Σ 〉 −
d

dλ
Sbulk(ρΣ||ρvacΣ ) . (7.5)

In our case, the bulk theory is gravitational, so things are more complicated. For a given

one-parameter family of states, the bulk geometry may differ (at least quantum-mechanically)

as the parameter is varied. To make contact with the quantum RT formula, we wish to

consider the bulk entanglement entropy and relative entropy inside the surface that extremizes

the generalized entropy appearing in the quantum RT formula (see also [20]). We expect that

there is a choice of gauge, analogous to the classical “Hollands-Wald” gauge [49], for which

this extremal surface remains at the same coordinate location so we are dealing with a fixed

region Σ. We assume that it is possible to define a density matrix ρΣ for the bulk fields in

33 This is the AdS analogue of the universal result in Minkowski space that the modular Hamiltonian for a

half space is the boost generator.
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this region such that it is possible to compare ρΣ to ρvacΣ and compute a relative entropy. In

this case, the definition of relative entropy again leads to the identity (7.5). However, now the

expression (7.4) for the bulk modular Hamiltonian must be improved to include gravitational

contributions. We will discuss the correct expression for the bulk modular Hamiltonian below.

The JLMS formula

In [32], it was argued using the AdS/CFT correspondence that there is a direct relation

between boundary and bulk modular Hamiltonians, given by

− K̂A + K̂Σ +
1

4GN
Ârea(Ã) = 0 , (7.6)

where the area is treated as a quantum operator. We won’t assume this relation, but it will

be useful for us to define the object

〈JLMS〉 ≡ − d

dλ
〈K̂vac

A 〉+
d

dλ
〈K̂vac

Σ 〉+
1

4GN

d

dλ
〈Ârea(Ã)〉 . (7.7)

To get this we choose the version of (7.6) where the modular Hamiltonians are those of

regions in the vacuum state, then take the expectation value of both sides in the deformed

state |Ψ(λ)〉.

Equivalence of boundary and bulk relative entropies

In [32], it was also argued that the boundary relative entropy for a region A in the CFT is equal

to the bulk relative entropy for the corresponding region Σ in the associated gravitational

theory. This was argued to hold to first subleading order in large N , i.e., in situations where

the quantum extremal surface in the deformed state is the same as in the original state [48].

It is unclear whether it should be expected to hold at higher orders in 1/N . We will argue

for this more directly below using a specific construction for bulk states. For now, we define

the difference as

RE =
d

dλ
SCFT (ρA||ρvacA )− d

dλ
Sbulk(ρΣ||ρvacΣ ) . (7.8)

Interlude: relations so far

Based on the definitions so far, we see that by making use of the identities (7.2) and (7.5),

we have that

qRT = 〈JLMS〉+RE . (7.9)
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For a given CFT state, we can verify the quantum RT formula by showing that there is a

state in some corresponding gravitational theory for which the terms on the right side vanish

individually. We will make progress on this below, but first we recall a few more relations

that will be useful.

The holographic dictionary for the stress-energy tensor: equivalence of CFT mod-

ular energy and gravitational boundary energy

A standard part of the AdS/CFT correspondence is the relation between the CFT stress tensor

expectation value and the asymptotic metric. Expressed in Fefferman-Graham coordinates

(where the metric operator perturbation about pure AdS is ĥ = `2zd−2Γ̂µν(z, x)dxµdxν), this

reads

〈T̂µν(x)〉 =
d`d−3

16πGN
〈Γ̂µν(z = 0, x)〉 . (7.10)

As explained in [11], this is implied by the Ryu-Takayanagi formula, by considering the limit

where the boundary region is taken to be an infinitesimal ball. We will use this relation

to connect the quantum expectation value of the boundary modular Hamiltonian with a

gravitational quantity. We define

ST ≡ d

dλ
〈Êgrav〉 −

d

dλ
〈K̂vac

A 〉 , (7.11)

where

Êgrav =
d`d−3

16πGN

∫
A
ζµA Γ̂µν(z = 0) εν . (7.12)

Whenever the extrapolate holographic dictionary (7.10) holds, we have ST = 0.

Quasi-local energy, area, and boundary energy

Given any theory of gravity on an asymptotically AdS spacetime, it was shown in [50] that

there is a natural definition of energy HA that we can associate to the entanglement wedge

of a ball-shaped boundary region A. Classically, the energy HA in our one-parameter family

of states |Ψ(λ)〉 is defined covariantly via an integral over Σ:

d

dλ
HA =

d

dλ

∫
Σ
Jξ(g, φ)−

∫
∂Σ
iξ θ
(
g,
dg

dλ
;φ,

dφ

dλ

)
=

∫
Σ
ω
( d
dλ
g,Lξg

)
+

∫
Σ
ωφ
( d
dλ
φ,Lξφ

)
−
∫

Σ
iξ

[
E(g, φ)

dg

dλ
+ Eφ(g, φ)

dφ

dλ

]
.

(7.13)

where Jξ is the d-form Noether current associated with ξ-diffeomorphisms, and θ is the

symplectic potential that arises as the boundary term when varying the bulk Lagrangian
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[51]. Further, ω and ωφ are the symplectic current d-forms for the gravitational and matter

sectors, respectively. For Einstein gravity minimally coupled to a scalar field with mass m,

the equations of motion Eab ≡ Eab ε and Eφ ≡ Eφ ε comprise the Einstein equation and a

scalar field equation of motion:

Eab(g, φ) =
1

16πGN
(Gab −

1

2
Tab) , Eφ(g, φ) =

1

16πGN
(�−m2)φ , (7.14)

where Tab is the usual scalar field stress-energy tensor and Gab the Einstein tensor including

cosmological constant. For more details on this formalism, as well as explicit expressions for

various terms, we invite the reader to consult [14] or [50].

For a one-parameter family of asymptotically-AdS metrics, the energy HA is related to

the quantities that we have defined previously by

d

dλ
HA =

d

dλ
Egrav −

1

4GN

d

dλ
Area(Ã)− 2

∫
Σ
ξa
[
d

dλ
Eab(g, φ)

]
εb , (7.15)

where Eab(g) is the gravitational equation of motion (see above). This identity holds off-shell

for Einstein gravity coupled to matter, but also holds for more general theories of gravity if

the area here is replaced by a more general (Wald) entropy functional.

Quantum-mechanically, there should be some version of this identity that holds as an

operator relation. For our purposes, we only need it at the level of expectation values, so we

will define the “Hollands-Wald” [49] combination

HW =
d

dλ
〈ĤA〉 −

d

dλ
〈Êgrav〉+

1

4GN

d

dλ
〈Ârea(Ã)〉+ 2

∫
Σ
ξa
[
d

dλ
〈Êab 〉

]
εb . (7.16)

This vanishes in classical gravity as a consequence of Noether’s theorem for diffeomorphism

invariance [49]. In the present case, we leave open for now the possibility that HW is non-

vanishing due to quantum effects. However, we will argue below that, at least perturbatively

in our multi-trace path integral states, HW can indeed be shown to vanish.

Equivalence of the bulk modular Hamiltonian and the quasi-local energy

Finally, we return to the bulk modular Hamiltonian. In quantum field theory, the expression

(7.4) has the interpretation as the energy in the region Σ, using the vector field ξ as the

associated time. However, it is challenging to generalize this to a gravitation theory where

the spacetime is dynamical.

As we have discussed above, the natural analogue of the region Σ in a gravitational

theory is the entanglement wedge region inside the quantum extremal surface. This provides
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a covariant “subregion” defined for states that may have different classical geometries. At the

classical level, there is a natural gravitational energy HA associated with such a region, as

we have discussed above. Naively, we might then expect that the gravitational version of the

modular Hamiltonian is a quantum operator version of the gravitational energy HA. Thus,

we might expect the vanishing of the expression

KH =
d

dλ
〈K̂vac

Σ 〉 −
d

dλ
〈ĤA〉 . (7.17)

However, there are a number of subtleties here that complicate the situation.

Importantly, it is a challenge even to precisely define the Hilbert space on which the

modular Hamiltonian would act.34

When considering linearized graviton and matter field perturbations around a fixed back-

ground, the situation is somewhat improved. The gravitons can then be treated as free spin-2

particles, which have a sensible quantum field theory interpretation.35 In this picture, the

modular Hamiltonian can be defined through equation (7.4), where the linearized graviton

stress appears in addition to the matter field stress tensor. The graviton stress tensor is

ambiguous up to the addition of total derivatives, which would contribute boundary terms to

(7.4).36 Such boundary terms were discussed in [49]. Including them, more complete expres-

sion for the perturbative energy up to quadratic order in the graviton field is known as the

canonical energy; this is also the quadratic version of ĤA, so the vanishing of KH appears

to hold perturbatively at this order.

34 The presence of diffeomorphism gauge symmetry implies that the quantum gravitational Hilbert space

does not factorize into spatial subregions, so the density matrix and modular Hamiltonian for a subregion is

ill-defined [52]. By specifying an algebra of gauge-invariant observables associated with the subregion, one can

define a density matrix associated with this subalgebra. This algebraic definition is ambiguous up to a choice

of center for the subalgebra, and it is unlikely that any choice of subalgebra leads to an entropy that agrees

with the replica trick when the gauge symmetry is nonabelian (as is true with diffeomorphisms) [53]. Instead,

it appears necessary to extend the Hilbert space by edge mode degrees of freedom on the boundary, and these

degrees of freedom will contribute to the modular Hamiltonian. An additional complication in gravitational

theories is that diffeomorphism symmetry can change the coordinate location of the entangling surface, and it

can be nontrivial to specify the subregion of interest in a gauge-invariant manner for different geometries.
35 It is still necessary to introduce edge modes to match the replica entropy, but since linearized diffeomor-

phism symmetry is abelian, their quantization should be fairly analogous to the abelian gauge field, considered,

for example, in [54, 55].
36 These should be resolved in conjunction with the edge mode contribution, so that the entropy coincides

with the replica entropy for a spin-2 field, computed in [56].
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Master identity

Starting from (7.9) and making use of the subsequent definitions, we now have that

〈JLMS〉 = ST +HW +KH + EoM , (7.18)

where the integrated Einstein equations are encoded in

EoM = −2

∫
Σ
ξa
[
d

dλ
〈Êab〉

]
εb . (7.19)

Thus, we have shown that

qRT = ST +HW +KH +RE + EoM . (7.20)

The relation (7.20) is our main formula to analyze. As written, (7.20) is a tautology, but it

provides an interesting relation between statements of physical interest, which may or may

not be independently true, depending on the context.

We would like to understand the extent to which the various terms in (7.20) vanish for

multi-trace states without assuming the full holographic dictionary. This amounts a derivation

of non-trivial aspects of holography from first principles in this class of states.37

7.2 Quantum-gravitational constraints

In this section, we would like to understand the quantum-gravitational constraints on a space-

time which correctly calculates the entanglement entropy of a CFT state via the quantum

RT formula.

We will assume that for the one-parameter family of CFT states |Ψ(λ)〉, we have found a

one-parameter family of states of a corresponding gravitational theory, described by asymp-

totically AdS geometry M(λ) and bulk quantum state |Ψbulk(λ)〉 for the fields on M(λ). We

assume that the gravitational state correctly computes the CFT entanglement entropy via

37 It is instructive to remind the reader of the derivation of classical second order Einstein equations in

[14, 15]: there, the classical analog of (7.20) was used, where all objects are truncated at order N2. At the

classical level, one clearly has ST = HW = KH = 0. This was used to derive the Einstein equations EoM = 0

from (7.20). More concretely, the non-trivial calculation performed in [14] can be thought of as an explicit

demonstration that RE = HW + EoM at order N2 for single-trace states at second order in sources for any

conformal field theory. Assuming ST = HW = KH = 0 and the Ryu-Takayanagi formula, the fundamental

relation (7.20) then reduces to the vanishing of integrated Einstein equations, EoM = 0, which amounts to a

universal derivation of second-order gravitational dynamics.
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the quantum RT formula [19, 20]. In this case, starting from the basic identity (7.20), we

have that qRT = ST = 0, leaving

HW +KH +RE + EoM = 0. (7.21)

The simplest expectation is that for the correct choice of state in the gravity picture, HW ,

KH, and RE are all zero. This would imply that the usual gravitational equations hold at the

level of expectation values, EoM = 0. We will be able to show this directly for certain terms

in the perturbative expansion in sources, which is already very interesting as it corresponds to

a derivation of Einstein equations in the presence of quantum effects at specific perturbative

orders. However, we don’t have an argument in general to show EoM = 0. This leaves open

the interesting possibility that HW + KH + RE could be non-vanishing in general; in this

case, the non-vanishing part would represent some corrections to the quantum-gravitational

equations.

An interesting point here is that while EoM corresponds to an integrated local quantity,

some of the remaining terms are explicitly nonlocal. In particular, the bulk relative entropy

can be understood as the nonlocal part of vacuum-subtracted bulk entanglement entropy.

Ending up with a completely local constraint requires that these nonlocal terms cancel com-

pletely. In the next subsection, we will argue directly for such a cancellation in the term RE

by showing directly that bulk relative entropy cancels with boundary relative entropy in this

term for a suitable choice of state in the gravitational theory.

It is very interesting to explore carefully any possible residual source of nonlocality, as

some authors have suggested the need for some degree of nonlocality in quantum-gravitational

physics, for example, in order to resolve the black hole information paradox (see e.g., [57–60]).

The remainder of this section serves two purposes: (i) to demonstrate that in the multi-

trace Euclidean path integral states we can argue for the vanishing of various terms in (7.20)

from first principles; and (ii) to use this argument to derive the “quantum” Einstein equations

〈Êab〉 = 0 at certain perturbative orders, while also elucidating how one should understand

these equations.

7.2.1 Direct argument for the equality of relative entropies

In this subsection, we argue directly that for holographic CFT states defined via the Eu-

clidean path integral with general perturbative sources, there is a corresponding state in the

associated gravitational theory for which the relation RE = 0 holds, i.e. for which the CFT

relative entropy for a ball-shaped region (relative to its vacuum entropy) is equal to the bulk
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relative entropy for the fields contained by the quantum extremal surface. In our perturba-

tive framework expectation values in the multi-trace states are linear combinations of vacuum

correlators. After defining the bulk state appropriately, the statement RE = 0 thus reduces

to an application of the standard extrapolate dictionary of AdS/CFT in the vacuum state,

which we will assume holds true.

For any set of sources {λ(n)} in the CFT, we can define a bulk quantum state via a

Euclidean path integral in the bulk quantum theory (to the extent that such a path integral

is well-defined). We insert sources in this path integral that are closely related to those of the

CFT. In particular, for any CFT source, we insert a corresponding source in the bulk path

integral whose support in the radial direction is localized near the asymptotic AdS boundary

and whose dependence on the remaining coordinates matches that of the CFT sources.

Concretely, recalling the definition (2.2) of the CFT state, we define a corresponding bulk

state by:

〈ϕ0|Ψbulk
λ 〉 =

∫ φ(τ=0)=ϕ0

τ<0
[dφ(τ)] e

−SbulkE −Sbulk
{λ(n)
bulk

} . (7.22)

Here, λ(n)

bulk are Euclidean bulk sources for the bulk fields; we take the bulk sources to be

localized near the AdS boundary and equal to the CFT sources, up to an appropriate scaling.

For instance, for a scalar field of dimension ∆ on Poincaré AdS with boundary at z = 0, if

we choose

λ(n)

bulk(x1, z1; . . . ;xn, zn) = εn(d+1−∆)λ(n)(x1, . . . , xn)
n∏
i=1

δ(zi − ε) , (7.23)

we find that

lim
ε→0

ε−m∆〈φ̂(x1, ε) . . . φ̂(xm, ε)〉{λ(n)bulk}
= 〈O(x1) . . .O(xm)〉{λ(n)} , (7.24)

assuming the extrapolate dictionary for correlators on the vacuum.38

Now, the perturbative calculation of the bulk relative entropy for the region Σ is formally

identical to the calculation in the CFT (i.e. the last term in (6.4), making use of (6.2)), with

the replacements

Oα(x)→ ε−∆αφα(x, ε) , ρCFT0 → ρbulk0 . (7.25)

38 More precisely, we are assuming here the Euclidean version of the extrapolate dictionary for vacuum

correlators, as developed, for instance, in [33, 34]. Note that an analogous step was involved in the derivation

of nonlinear Einstein equations in [14]: there, the authors start by writing the two-point function that computes

second order relative entropy as the asymptotic value of a bulk field in a single-trace state. This is essentially

the extrapolate dictionary for vacuum two-point functions. Note, however, that two-point functions are entirely

determined by kinematics; in the present context we assume the extrapolate dictionary for higher-point vacuum

correlation functions.
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In the expression (6.2), the operators ρCFT0 gave rise to a geometrical flow associated with the

conformal Killing vector ζ. The final result for each term in the perturbative expansion was a

Euclidean correlator of operators at spatial locations and complex times; see e.g. (6.15). The

action of ρbulk0 on bulk operators is also via a geometrical flow, corresponding to the Killing

vector ξ described above. But near the AdS boundary, where all the bulk fields φα appear, the

Killing vector ξ coincides with the vector ζA, so the action of ρbulk0 on the fields φα is precisely

the same as the action of ρCFT0 on the operators Oα. Thus, assuming the validity of the

extrapolate dictionary (7.24), we will find that Srel,bulk = Srel,CFT (and therefore RE = 0)

order by order in the perturbative expansion.

Referring back to the discussion at the end of the previous subsection, we see that a

significant source of potential nonlocality in the quantum gravitational constraints is removed.

An interesting point is that at leading order in N , we may replace the full correlators in

the perturbative expansion of the CFT relative entropy with just their two-point (or possi-

bly three-point) disconnected pieces. Then, the bulk relative entropy depends only on bulk

quantities that are derivable from the CFT using symmetry principles alone. We should then

be able to make the following statement, similar to the results in [14]: given a CFT state

defined by perturbative Euclidean sources {λ(i)}, we can build an auxiliary AdS geometryM
and auxiliary quantum field theory state of fields φ such that, to leading order in N , RE = 0

perturbatively in {λ(i)}. Moreover, for the appropriate choice of {λ(i)} (e.g., choosing only

bilocal sources), the bulk relative entropy will be non-trivial, in the sense it is not just equal

to the canonical energy or some other geometric quantity. The auxiliary bulk {M, |Ψbulk
λ 〉}

that gives this result is the same one that properly calculates other relevant quantities in the

CFT.

Our argument for the equality of relative entropies is valid only to the extent that the

bulk path integral can be treated as a quantum field theory path integral. It would be useful

to understand better when this breaks down, and investigate the possible residual terms in

RE.39

39 In particular, these may come about due to quantum corrections that affect the location of the extremal

surface [20, 48]. Here, we will mostly be concerned with the first subleading effects in 1/N , where this

observation is not relevant. However, when searching for possible nonlocal contributions to the quantum

gravitational equations of motion, these effects might be important.
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7.2.2 Quantum-corrected Einstein equation: first order in the graviton operator

Assume now that we are in a situation where RE = 0, e.g. where the argument in the

previous section holds, or where we are considering any first order variation in the state.40

We thus have that HW +KH + EoM = 0, or explicitly:

d

dλ
〈K̂vac

Σ 〉 −
d

dλ
〈Êgrav〉+

1

4GN

d

dλ
〈Ârea(Ã)〉 = 0 . (7.26)

The various operators appearing in expectation values can be expanded perturbatively in

field operators. For example, the area operator expanded in terms of the metric perturbation

field ĥ has linear terms, quadratic terms, etc... . At a fixed order in the sources, the terms

with different powers of the field operator typically contribute at different orders in 1/N . In

this section, we will see that it is simple to show that the gravitational equations hold at the

level of expectation values at any order in sources and 1/N for which

1. Only terms linear in the metric perturbation contribute to the last two terms in (7.26).

2. The bulk modular Hamiltonian is the integral of a local quantity, as in (7.4).

When the first condition is satisfied, we can write (7.26) as

d

dλ
〈K̂vac

Σ 〉 −
d

dλ
〈Ê(1)
grav〉+

1

4GN

d

dλ
〈Ârea

(1)
(Ã)〉 = 0 . (7.27)

Next, we can make use of the purely gravitational operator identity

− Ê(1)
grav +

1

4GN
Ârea

(1)
(Ã) = − 1

8πGN

∫
Σ
ξa Ĝ

(1)
ab ε

b , (7.28)

where superscript (1) refers to linearization in the graviton operator. This follows immedi-

ately from the corresponding classical identity which is a linearized version of the classical

Hollands-Wald identity (7.15), aka Noether’s theorem for ξ-diffeomorphisms. More explicitly,

we consider a linearized graviton fluctuation on the AdS background: ĝ = g0 + ĥ such that

(7.28) should be understood as the linearized version of (7.15) lifted to an operator state-

ment. Note that this linearized identity is purely gravitational: the right-hand side involves

the linearized Einstein tensor Ĝ
(1)
ab as opposed to the full Einstein equation.

Subtracting the expectation value of (7.28) from (7.27), we find

d

dλ

[
〈K̂vac

Σ 〉 −
1

8πGN

∫
Σ
ξa
〈
Ĝ

(1)
ab

〉
εb
]

= 0 . (7.29)

40 Recall that the leading contribution to relative entropy is second order in the state perturbation.
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Finally, using the expression (7.4), we arrive at the conclusion that the linearized Einstein

equations hold at the level of expectation values for the specific orders in perturbation theory

where the various conditions above are satisfied.41 If we write the linearized metric operator

as ĝ = g0 + ĥ, these equations read as follows:

d

dλ

[
G

(1)
ab (〈ĥ〉)− 1

2

〈
T̂ab
〉]

= 0 . (7.30)

We will refer to this as the first-order quantum Einstein equation. In particular, it is first

order in ĥ. However, if the state under consideration is a multi-trace Euclidean path integral

state, then this tadpole equation for 〈ĥ〉 makes sense at any order in the sources and is thus

fully nonlinear in the state. This equation was derived for general first order perturbations

in [26], but we will see that the present derivation applies in some cases not covered by [26].

Example: Double-trace sources for scalar primary operators

We now present an example of a situation where the conditions of the previous section apply.

Consider the case of a state created by a double-trace source λ(2) for a scalar primary operator

O. In the bulk, this corresponds to source terms of the form
∫∫

λ(2)

bulk φ̂φ̂ as described in §7.2.1.

Every term in (7.26) then corresponds to some correlation functions of the graviton ĥ with

the scalar field operators φ̂.

It is easy to see that only terms linear in ĥ contribute to (7.26) at order N0. The N scaling

is counted in a way analogous to the situation at the boundary (see §2.4).42 In particular

an expectation value 〈ĥ〉 in a double-trace state scales as N−2 at any order in λ(2)

bulk. This

contributes to the quantities in (7.26) at order N0. At k-th order in the source, the bulk

expectation value 〈ĥ〉 thus becomes a (2k + 1)-point correlation function that scales as N0.

Any further graviton operator insertions lead to suppression in 1/N . We can think of this

diagrammatically as follows:

41 An additional argument is required to pass from the integrated equations to the local equations, but this

is the same as in [12].
42 In fact, one could use the HKLL prescription [61, 62] to write a boundary representation of the bulk

operator ĥ in terms of a smearing of the boundary stress tensor. All bulk correlation functions then turn into

boundary correlation functions to which the discussion in §2.4 applies.
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〈ĥ〉 =

which represents the contributions at first and second order in λ(2)

bulk, respectively. In this ex-

pression, the solid dot stands for the graviton insertion, and the white dots represent operator

insertions due to the double-trace bulk sources (the dotted lines). Solid lines represent Wick

contractions at leading order in large N . This notation is completely analogous to the one

used in §4. From the analysis in that section, we can immediately infer from the presence of

a loop that the above diagram is subleading in the large N expansion compared to classical

gravity. Indeed, the above diagram has one loop and correspondingly represents an O(N0)

contribution to (7.26). The presence of more than one loop will lead to further suppression

in 1/N . Similarly, any higher-point functions of ĥ will be subleading, as well.

More explicitly, at any order in λ(2)

bulk there exist diagrams with only a single loop, such

that they contribute at order N0 in (7.30). An example of such a diagram would be the

following contribution to the Einstein tensor term:

G
(1)
ab (〈ĥ〉)

∣∣∣
O((λ

(2)
bulk)n)

3

In this sense one should understand (7.30) as a tadpole equation for 〈ĥ〉 at any order in the

source. For similar remarks in a general AdS/CFT setup, see also [19, 20, 48].

Using diagrams such as the one given above, one can illustrate the contributions to the

quantum Einstein equations at any desired order in λ(2)

bulk and establish that they all contribute

at the same order in 1/N . More generally, any such diagram will be of order (N2)1−L−(I−1),

where L is the number of loops, and I is the number of external operator insertions (one for

ĥ and two for the matter stress tensor). This makes it easy to identify the relevant diagrams

at any given order in the large N expansion.
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7.2.3 Second order “quantum” Einstein equations

In order to derive from the master identity (7.20) the quantum equations of motion that

include backreaction due to gravitons, we need a state in which we require expansion of

(7.26) to at least quadratic order in the graviton operator. We would then write (7.26) as

d

dλ

{
1

16πGN

∫
Σ
ξa 〈T̂ab(φ̂, φ̂)〉 εb − E(1)

grav(〈ĥ〉) +
1

4GN
Area(1)(〈ĥ〉) + 〈Area(2)(ĥ, ĥ)〉

}
= 0 ,

(7.31)

where superscripts indicate the order of expansion in ĥ around the background.

An example of a state where (7.31) captures all the relevant terms at leading order in

large N is given by the state created by a double-trace source for the stress tensor. We shall

consider this example below and will denote the source as λ(2)

T to distinguish it from the

primary operator sources used previously. It is straightforward to see that in the presence of

a stress tensor source the terms in (7.31) that involve two-point functions of ĥ contribute at

the same order as the one-point function of ĥ and the two-point function of φ̂.

To derive the quantum equation of motion in this setup we would like to combine (7.31)

with an appropriate version of HW = 0 (analogous to (7.28)). The main task is thus to

establish (i) the quantum generalization of the Hollands-Wald formula (HW = 0) at higher

orders in operators, and (ii) the equality of relative entropies, RE = 0. These steps deserve

further study and we hope to address them in the future. Here we shall simply explore some

consequences that would follow.

We anticipate the following statement as a consequence of expanding (7.16) to quadratic

order in operators:

0 = HW (2) =
d

dλ

{
〈ĤA〉 − E(1)

grav(〈ĥ〉) +
1

4GN

[
Area(1)(〈ĥ〉) + 〈Area(2)(ĥ, ĥ)〉

]
+

1

8πGN

∫
Σ
ξa
[
G

(1)
ab (〈ĥ〉) +

〈
G

(2)
ab (ĥ, ĥ)− 1

2
Tab(φ̂, φ̂)

〉]
εb
}
,

(7.32)

where we already dropped some terms involving equations of motion for the AdS background

solution and the tadpole 〈ĥ〉. We kept all terms that are relevant at order N0 for any number

of sources λ(2)

T . We are being very cavalier about properly defining any of the terms quadratic

in operators.43 One might be able to verify (or falsify) this relation using arguments similar

43 However, note a nice feature of our multi-trace states: due to their normalization, UV divergences that

naively appear for two-point functions of coincident operators are automatically regulated. For instance,

〈ĥ(X)ĥ(X)〉λ(2) ∼
∫∫

λ(2)

bulk(Y,Z) 〈ĥ(X)ĥ(Y )〉〈ĥ(X)ĥ(Z)〉. The coincident operators end up being separated

by large N factorization.
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to those in [32]. A more rigorous approach would be to lift the gravitational Noether theorem

to a quantum Ward identity and find a way to generalize it to the case (7.32).

Using the vanishing of (7.32) in our basic identity (7.21) (and further setting KH =

RE = 0), would yield the following equations of motion:

d

dλ
G

(1)
ab (〈ĥ〉) =

d

dλ

〈
G

(2)
ab (ĥ, ĥ)− 1

2
Tab(φ̂, φ̂)

〉
. (7.33)

These equations of motion describe the first non-trivial backreaction on the classical geometry

due to graviton and matter fluctuations in multi-trace states. We will refer to them as second

order “quantum” Einstein equations.

The first term on the right hand side of the equation of motion (7.33) is rather interest-

ing: it captures the backreaction of two-point graviton correlations on the dynamics of the

geometry. This case contains genuinely new features as it illustrates how gravitons essentially

backreact like a complicated set of matter fields. It also goes beyond merely an explicit illus-

tration of the abstract arguments given previously in [26] (see also [48]), where these effects

had not been captured.44

8 Summary and discussion

In this paper we studied CFT states constructed by performing a Euclidean path integral

in the presence of nonlocal multi-trace sources, (2.2). These states provide an interesting

generalization of previously studied states associated with single-trace sources because their

entanglement structure is genuinely different from that of coherent excitations of the vacuum.

We investigated the structure of such states using perturbation theory both in 1/N and in

the sources. One of our main motivations was to learn about the extent to which properties

of these states can be geometrized using ideas from AdS/CFT. The findings of this work can

be distilled into three main statements:

(i) At leading order in large N , correlation functions and entanglement entropy in multi-

trace states can be equivalently captured by a different state that only contains a composite

effective single-trace source (see, for example, (4.3)). In the context of AdS/CFT, this implies

that to leading order in 1/N any quantity that can be geometrized in single-trace states under

some assumptions about the theory, can also be geometrized in multi-trace states under the

44 However, this quantum effect can often be too suppressed at large N for our purposes. A situation where

it does contribute at order N0 is in Euclidean path integral states with a double-trace source for the stress

tensor, λ(2)

T (x, y). One can check that for primary operator sources λ(2)

O (x, y) the first term on the right hand

side of (7.33) is subleading in 1/N compared to the other terms.
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same assumptions. The most well-known example of this is the statement that for any CFT

there exists a geometry which captures entanglement entropies of ball-shaped regions up to

second order in sources and additionally satisfies the gravitational equations of motion.

(ii) At subleading orders in the 1/N expansion, perturbation theory in sources has sur-

prising features. Using the replica trick, real-time methods, and toy models, we argued that

the appearance of divergences in the perturbative expansion in sources is generic (see, for

example, (6.22)). We argued that these divergences are not physical, but rather an artifact

of non-analytic terms in the perturbative expansion at subleading orders in 1/N . The fact

that non-analytic dependence on sources cannot be expected to have a geometrical inter-

pretation in AdS/CFT motivates the necessity of invoking bulk entanglement in the dual

quantum-gravitational description.

(iii) Finally, we studied the constraints on bulk quantum gravity states imposed by the re-

quirement that they capture the entanglement entropies of ball-shaped regions in multi-trace

states at the first subleading order in 1/N . Our master identity (7.20) provides a relation

between different quantum-gravitational constraints that one can study independently in per-

turbation theory. We gave direct arguments for the emergence of a quantum generalization

of Einstein’s equation in the context of multi-trace states (see (7.30) and (7.33)). This in-

volves demonstrating the existence of a bulk quantum state which captures the entanglement

entropies to subleading orders in 1/N , and deriving the statement that expectation values of

fields in this state necessarily satisfy quantum equations of motion.

Comments and future directions

It is interesting to understand how general the states are that we study in this paper. We

expect these states to be very generic in the sense that allowing for arbitrary n-point sources

should allow one to give arbitrary values to all n-point correlation functions in the theory.

Such generality and the fact that there is a systematic way to study the multi-trace Euclidean

path integral states, would imply that these states provide a formidable environment to study

the detailed mechanisms of AdS/CFT. As a first step towards establishing the generality of

these states, one could extend the work [18] to the present setup and give a precise map

between multi-trace sources and bulk excitations.

Our understanding of non-analyticities in the perturbative expansion of entropies in these

states is incomplete and calls for further studies. A possible avenue would be to try and im-

prove the perturbative expansion by invoking more rigorous methods such as those developed

in [24, 45]. It would also be interesting to see these features appear explicitly from a calcula-
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tion of entanglement entropy between bulk degrees of freedom.

We provided a rather general and therefore somewhat abstract derivation of the quantum

Einstein equations at certain perturbative orders in sources and 1/N , see (7.30), (7.33). It

would be nice to have a more general and perhaps more explicit calculation (similar to either

[14, 15] or [27]) which shows the emergence of these equations from purely CFT considerations.

Here, it is necessary to understand more precisely how to define bulk relative entropy and bulk

modular Hamiltonians, taking into account changes in the location of the quantum extremal

surface coming from the quantum extremality conditions [20, 48]. It will also be important

to establish more completely the appropriate quantum version of the Hollands-Wald identity.

A strong motivation for such future investigations to explore the tantalizing possibility of

nonlocal contributions to the gravitational constraints due to bulk entanglement at some

order in perturbation theory, or perhaps non-perturbatively.
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A General correlation functions in the effective geometry

In §4.1 we discussed the relation between partition functions for multi-trace path integral

states and effective sources. We note that a connected n-point function can be written, using

the result (4.10), as

〈O(x1) · · · O(xn)〉conn.{λ(i)} =
δ

δλ(1)(x1)
· · · δ

δλ(1)(xn)
logZ({λ(i)})
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=
d

dλ(1)(x1)
· · · δ

δλ(1)(xn−1)

δ

δλeff (xn)
logZ(λeff ) .

Diagrammatically, we expect that to leading order in 1/N this correlation function should

be given by the sum of all possible trees with n external operator insertions and any number

of internal insertions of multi-trace sources. Any loop in such a diagram will lead to an

additional suppression by 1/N2. We will now prove this.

The source λ(1) is not a natural object from the point of view of the theory of the effective

coupling. The goal here is to express correlators such as (A.1) entirely in terms of derivatives

with respect to λeff . For simplicity, let us restrict to only a single-trace and a double-trace

source, so that the effective coupling is

λeff (x) = λ(1)(x) +

∫
dy λ(2)(x, y)〈O(y)〉λeff . (A.1)

Two-point functions

Let us first discuss two-point functions in this setup. We start from

〈O(x1)O(x2)〉conn.{λ(i)} =
d

dλ(1)(x1)

d

dλeff (x2)
logZ(λeff ) . (A.2)

We can formally remove the unnatural dependence on λ(1) by calculating

δ

δλ(1)(x1)
=

∫
dy

δλeff (y)

δλ(1)(x1)

δ

δλeff (y)
. (A.3)

To obtain this, we first use (A.1) to show that

δλ(1)(x1)

δλeff (x2)
= δ(x1 − x2)−

∫
dy λ(2)(x1, y)

δ〈O(y)〉λeff
δλeff (x2)

= δ(x1 − x2)−
∫
dy λ(2)(x1, y)〈O(y)O(x2)〉λeff ,

(A.4)

where 〈O(y)O(x2)〉λeff is the two-point correlator in the theory with the effective coupling.

We now need to invert this expression. This can be done formally by thinking of δλ(1)(x1)
δλeff (x2) as

a matrix with indices x1 and x2. The inversion then takes the form[
δ(x1 − x2)−

∫
dy λ(2)(x1, y)〈O(y)O(x2)〉λeff

]−1

= δ(x1 − x2) +

∫
dy1 λ

(2)(x1, y1)〈O(y1)O(x2)〉λeff

+

∫
dy1dy2dy3

(
λ(2)(x1, y1)〈O(y1)O(y2)〉λeff λ

(2)(y2, y3)〈O(y3)O(x2)〉λeff
)

+ . . . .

(A.5)
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This inverse is well-defined as long as the second term in (A.4) is small compared to the first

in a matrix sense. If λ(2) is perturbatively small, this is naively true. Then (A.2) can be

written as

〈O(x1)O(x2)〉conn.{λ(i)} =

∫
dy1 〈O(x1)O(y1)〉λeff

[
δ(y1 − x2)−

∫
dy2λ

(2)(y1, y2)〈O(y2)O(x2)〉λeff
]−1

,

(A.6)

which is expressed entirely in terms of correlators in the effective theory. If we expand this

expression, we get a sum of terms where each term corresponds to a different number of λ(2)s

separating the two operator insertions. Diagrammatically, we can write (A.6) as

As before, solid circles are the basic operator insertions O(x1) and O(x2), empty circles are

operator insertions coming from expanding the exponential in the path integral defining the

state, and dashed lines connect the two operators of a bilocal source. A double line, however,

is a propagator in the background of the effective source, instead of a vacuum propagator.

To expand it in terms of vacuum propagators and the λ(1) and λ(2) sources, it is necessary to

connect an entire tree structure of insertions to each double line. Thus we recover exactly the

sum we expected from analyzing the problem without using an effective source: (A.6) is given

by the sum of all possible tree diagrams with two solid circles and any number of sources.

Higher-point functions

The expansion of general higher-point correlators in terms of an effective single-trace coupling

proceeds similarly to the two-point function case discussed above. The one new qualitative

feature is that additional λ(1) derivatives can now act on both logZ(λeff ) and on the
δλeff (x1)

δλ(1)(x2)
.

As an illustration, start with the definition of λeff as

λeff (x) = λ(1)(x)+

∫
dy λ(2)(x, y)〈O(y)〉λeff +

∫
dy1dy2 λ

(3)(x, y1, y2)〈O(y1)〉λeff 〈O(y2)〉λeff .
(A.7)

Then

δλ(1)(x1)

δλeff (x2)
= δ(x1 − x2)−

∫
dy λ(2)(x1, y)〈O(y)O(x2)〉λeff

−
∫
dy1dy2 λ

(3)(x1, y1, y2)〈O(y1)O(x2)〉λeff 〈O(y2)〉λeff

−
∫
dy1dy2 λ

(3)(x1, y1, y2)〈O(y1)〉λeff 〈O(y2)O(x2)〉λeff .

(A.8)
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The desired quantity
δλeff (x1)

δλ(1)(x2)
is the matrix inverse of this. We are interested in the object

〈O(x1) . . .O(xn)〉{λ(i)} =
δ

δλ(1)(x1)
· · · δ

δλ(1)(xn−1)

δ

δλeff (xn)
Sbulk(λeff )

=

∫
dy1 . . . dyn−1

(
δλeff (y1)

δλ(1)(x1)

δ

δλeff (y1)

)
· · ·

δλeff (yn−1)

δλ(1)(xn−1)
〈O(yn−1)O(xn)〉λeff .

(A.9)

The diagrammatics should be understood as follows. The right-most factor

δλeff (yn−1)

δλ(1)(xn−1)
〈O(yn−1)O(xn)〉λeff (A.10)

is the two point function calculated in (A.6). It has the tree structure discussed there. Then,

each factor of ∫
dyi

δλeff (yi)

δλ(1)(xi)

δ

δλeff (yi)
(A.11)

adds to the old tree an entire subtree of correlators and sources connected to a single new

operator insertion. If the λeff derivative hits a
δλeff (x1)

δλ(1)(x2)
, this subtree is inserted somewhere on

the subtree associated with a previous operator insertion. If it instead hits 〈O(xn)〉λeff , the

subtree is added to the tree associated with the original propagator. This set of derivatives

thus iteratively builds up all possible tree-like decorations of a tree with n operator insertions,

as expected.

B Divergent relative entropy for perturbed CFT thermal states

In this section we provide details of the calculation of the leading order relative entropy for

the thermal state of a CFT on Rd−1 perturbed by a similar state with operators inserted

at τ = ±a on the thermal circle [−β/2, β/2]. For d = 2, this is equivalent by a conformal

transformation to the leading order relative entropy for an interval in a CFT perturbed by a

bi-local double trace source, as described in §6.

B.1 Relative entropy in thermal states using replica trick

The perturbation (6.12) with the sources (6.14) corresponds at first order in the sources to a

perturbation

ρ ≡ ρλ = ρβ + λ(δρ− ρβtr(δρ)), (B.1)

where ρ is a thermal state

ρ0 ≡ ρβ =
1

Zβ
e−βH , Zβ = tr(e−βH) , (B.2)
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with respect to the modular Hamiltonian H = K0, and the perturbation takes the form

δρ =
1

Zβ
e−

1
2

(β−a)HOe−aHOe−
1
2

(β−a)H =
1

Zβ
ρ

1
2
β O

(a
2
, 0
)
O
(
−a

2
, 0
)
ρ

1
2
β . (B.3)

for some local operator O of dimension ∆. As we recalled above, this calculation maps via a

conformal transformation to an equivalent calculation where H becomes the Hamiltonian for

the CFT on hyperbolic space Hd−1. For d = 2, the hyperbolic space is simply the real line, so

our calculation becomes equivalent to calculating the relative entropy for a perturbed thermal

CFT on flat space. In this case, it is possible to calculate the leading order contribution to

relative entropy

S(ρ||ρ0) ≡ tr(ρ log(ρ))− tr(ρ log(ρ0)), (B.4)

very explicitly. We will now perform this calculation (generalizing slightly to perturbations

of the CFT on Rd−1) using the replica trick

To calculate the second-order relative entropy, we will use the replica trick to consider

δ(2)S(ρ||ρβ) =

[
lim
n→1

d

dn
tr(ρnλ)

]
λ2

. (B.5)

We have that

tr(ρnλ)|λ2 = λ2 1

2
n(n− 1)

[
Str(ρn−1

β δρδρ)− 2tr(ρn−1
β δρ)tr(δρ) + ρ(ρnβ)tr(δρ)2

]
,

where Str indicates a trace symmetrized over the possible orderings.

We define

∆β(a) ≡ 1

Zβ
tr
(
e−(β−a)HOe−aHO

)
=

1

Zβ
〈O(a, 0)O(0, 0)〉β , (B.6)

i.e., the thermal two-point function for operators O at the same spatial position separated by

distance a on the thermal circle, and

Kβ(a, b, c) =
1

Zβ
tr(e−(β−a−b−c)HOe−aHOe−bHOe−cHO), (B.7)

the similarly-defined four point function. Then we have

tr(ρnλ)|λ2 = λ2Znβ
Znβ

[
1

2
n
n−1∑
k=1

Knβ(a, (k − 1)β, a)− n(n− 1)∆β(a)∆nβ(a) +
1

2
n(n− 1)∆β(a)2

]
.

(B.8)

From this, we obtain[
d

dn
tr(ρnλ)|n→1

]
λ2

= −1

2
∆β(a)2 +

1

2

d

dn

[
n

n−1∑
k=1

Knβ(a, (k − 1)β, a)

]
n→1

, (B.9)
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For a large-N CFT, we expect that the leading contribution to the four-point function comes

from disconnected contributions that can be written in terms of a pair of two-point functions.

Specifically, we have

Knβ(a, (k − 1)β, a) ∼ ∆2
nβ(a) + ∆2

nβ(kβ) + ∆nβ(kβ + a)∆nβ(kβ − a) . (B.10)

where the ∼ indicates that we are dropping the connected part which comes suppressed by

powers of N2. Using this, we get[
d

dn
tr(ρnλ)|n→1

]
λ2

=
1

2

d

dn

[
n
n−1∑
k=1

(∆2
nβ(kβ) + ∆nβ(kβ + a)∆nβ(kβ − a))

]
n→1

. (B.11)

Let’s now specialize further, to the case where the CFT is defined on R1,1. In this case, the

propagator can be written explicitly as

∆β(a) =

 π2

β2 sin2
(
πa
β

)
∆

, (B.12)

where we have absorbed any overall normalization factor into the definition of λ. Then from

(B.11), we find for operator dimension ∆:[
d

dn
log tr(ρnλ)|n→1

]
λ2

=
1

2

d

dn

[
n

(
π

nβ

)4∆(
C2∆(n; 0) + C2∆(n;

aπ

β
)

)]
n→1

, (B.13)

where we have defined

Cp(n;x) =
n−1∑
k=1

[
1

sin
(
kπ
n + x

)
sin
(
kπ
n − x

)]p . (B.14)

To compute these sums, we can use the result [63]

n−1∑
k=1

1

sin2
(
kπ
n

)
− x2

=
1

x2
− n cot(n arcsinx)

x
√

1− x2
. (B.15)

From this, we obtain the generating function

Gn(x, t) ≡
∞∑
p=1

t2pCp(n;x) =

n−1∑
k=1

t2

| sin2
(
kπ
n

)
− sin2 x| − t2

=
t2

sin2 x+ t2
− t2n cot[n arcsin

√
sin2 x+ t2]√

sin2 x+ t2
√

cos2 x− t2
, (B.16)

where we have dropped the absolute value in the first line, as its argument turns out to be

always positive anyway. From this, we find that

∞∑
p=1

t2p lim
n→1

Cp(n; 0) = 0
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∞∑
p=1

t2p lim
n→1

d

dn
Cp(n; 0) = −1 +

arcsin(t)

t
√

1− t2
. (B.17)

From these generating functionals, we have

lim
n→1

Cp(n; 0) = 0 ,

lim
n→1

d

dn
Cp(n; 0) =

22pΓ2(p+ 1)

Γ(2p+ 2)
. (B.18)

Next, we have

∞∑
p=1

t2p lim
n→1

Cp (n;χ) = 0 ,

∞∑
p=1

t2p lim
n→1

d

dn
Cp (n;χ) = − t2

t2 + sin2 χ
+

t2 arcsin
√
t2 + sin2 χ

(t2 + sin2 χ)
3
2

√
1− t2 − sin2 χ

=
t2

t2 + sin2 χ

[
−1 +

arcsin
√
t2 + sin2 χ√

t2 + sin2 χ
√

1− t2 − sin2 χ

]
. (B.19)

It’s probably possible to come up with an explicit formula for the coefficient functions here,

but for now, we can give some specific results. For p = 1, we obtain

lim
n→1

C1 (n;χ) = 0 ,

lim
n→1

d

dn
C1 (n;χ) =

χ

sin3 χ cosχ
− 1

sin2 χ
. (B.20)

This allows us to give the following explicit result for ∆ = 1/2,

S(ρλ||ρβ)
∣∣
λ2

=

[
d

dn
log tr(ρnλ)|n→1

]
λ2

=
π2

2β2

2

3
− 1

sin2
(
aπ
β

) +

aπ
β

sin3
(
aπ
β

)
cos
(
aπ
β

)
 .

(B.21)

This clearly diverges as a approaches β/2. This is precisely what we found in §6 using modular

flow techniques, c.f., (6.21).45 We further show in Appendix B.2 that the divergence is not

due to spatially coincident operator insertions: it persists if the operators are separated by a

finite amount in space. (See also Fig. 6 below, where the divergence is plotted for ∆ = 1 and

various different values of spatial separation.)

45 The fact that the relative entropies computed as above have to match (6.20) on physical grounds, provides

a generating function representation of the Appell series. This might be interesting to study from a purely

mathematical point of view.
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B.2 Relative entropy in thermal states with finite spatial separation

We can generalize the results of §B to the case where the operators have some spatial sepa-

ration x. In this case, the propagator between points on the cylinder separated by a in the

direction with period β and by x in the infinite direction is

∆β(a, x) =

 2π2

β2
(

cosh
(

2πx
β

)
− cos

(
2πa
β

))
∆

. (B.22)

We need to calculate[
d

dn
tr(ρnλ)|n→1

]
λ2

=
1

2

d

dn

[
n
n−1∑
k=1

(∆2
nβ(kβ, 0) + ∆nβ(kβ + a, x)∆nβ(kβ − a, x))

]
n→1

=
1

2

d

dn

[
nB∆

n (β, 0, 0) + nB∆
n (β, a, x)

]
, (B.23)

where

B∆
n (β, a, x) ≡

n−1∑
k=1

∆nβ(kβ + a, x)∆nβ(kβ − a, x)

=
n−1∑
k=1

(
π

nβ

)4∆ 1[
(sin4(πk/n) + 2(α2 − γ2 − 2α2γ2) sin2(πk/n) + (α2 + γ2)2

]∆ ,

(B.24)

with

α = sinh

(
πx

nβ

)
, γ = sin

(
πa

nβ

)
. (B.25)

We have applied some simplification using standard trigonometric identities to obtain the lat-

ter expression above. We can define a generating function for the integer operator dimension

cases:

Gn(t) ≡
∞∑

∆=1

t2∆
n−1∑
k=1

∆nβ(kβ + a, x)∆nβ(kβ − a, x)

=

n−1∑
k=1

T 2

sin4(πk/n) + 2(α2 − γ2 − 2α2γ2) sin2(πk/n) + (α2 + γ2)2 − T 2

=
T 2

A+ −A−

n−1∑
k=1

1

sin2(πk/n)−A+
+

T 2

A− −A+

n−1∑
k=1

1

sin2(πk/n)−A−
, (B.26)

where T ≡ π2

(nβ)2
t and

A± = 2α2γ2 + γ2 − α2 ±
√
T 2 + 4α2γ2(α2 + 1)(γ2 − 1) . (B.27)
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Figure 6: Plot of S(ρλ||ρβ) at order λ2 for dimension ∆ = 1 operator insertions separated

by a distance a in Euclidean time, and a distance x in the spatial direction. The divergence

as a→ β
2 = π persists, though it does get milder as we increase x. For x = β the divergence

should be understood as localized to a point.

Then, using the formula (B.15), we have

Gn(t) = − T 2

A+A−
+

T 2

A+ −A−

[
n cot(n arcsin

√
A−)√

A−
√

1−A−
− n cot(n arcsin

√
A+)√

A+
√

1−A+

]
. (B.28)

The order t2∆ term in this expression gives the result for B∆
n (β, a, x). Using this, we can

insert the result into (B.23) to find the second order relative entropy. Carrying this out, we

find that the expression still diverges as a → β/2 for any value of x, though the divergence

is milder as x becomes larger. For instance, with ∆ = 1 and various values of x, we find the

behavior shown in Fig. 6.

C Perturbative relative entropy at k-th order

In this appendix we provide a generalization of the discussion in §6.1. We will show the

breakdown of perturbation theory at k-th order in the double-trace states.

The relative entropy is S(ρ||ρ0) = Tr(ρ log ρ− ρ log ρ0). At k-th order in δρ (for k ≥ 2),
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this receives two contributions, both coming from the first term in the trace:

δ(k)S(ρ||ρ0) ≡ δ(k)S(ρ||ρ0)I + δ(k)S(ρ||ρ0)II

δ(k)S(ρ||ρ0)I = (−)k
∫
ds1 · · · dsk−1 Kk−1(s1, . . . , sk−1) Tr

[
ρ

1
2
0 δρb ρ

1
2
0

k−1∏
r=1

ρ
− isr

2π
0 δρb ρ

isr
2π
0

]

δ(k)S(ρ||ρ0)II = (−)k+1

∫
ds1 · · · dsk Kk(s1, . . . , sk) Tr

[
ρ0

k∏
r=1

ρ
− isr

2π
0 δρb ρ

isr
2π
0

]
.

(C.1)

First, let us simplify the second term, δ(k)S(ρ||ρ0)II . It can always be written as an

integral over k − 1 Schwinger parameters as in δ(k)S(ρ||ρ0)I . We start from the first line of

(C.1) and perform a change of variables according to

u = s1 + . . .+ sk , vr = sr − sr−1 (r = 2, . . . , k) . (C.2)

The trace in δ(k)S(ρ||ρ0)II is independent of u, so we can simply perform the u-integral

explicitly. We find

δ(k)S(ρ||ρ0)II = (−)k+1

∫
dv2 · · · dvk

(2π)2

(4π)k+1

2 ik−1 (v2 + . . .+ vk)

sinh v2+...+vk
2

∏k
r=2 sinh vr

2

× Tr

[
δρb

k∏
r=2

(
ρ
− ivr

2π
0 δρb

)
ρ
i(v2+...+vk)

2π
+1

0

]
.

(C.3)

Now we change variables again in order to bring the kernel back to the form of Kk−1:

v2 + . . .+ vk = −s̃1 , vr = s̃r − s̃r−1 (r = 2, . . . , k − 1) . (C.4)

The integral becomes

δ(k)S(ρ||ρ0)II = (−)k+1

∫
ds̃1 · · · ds̃k−1 Kk−1(s̃1 + πi, . . . , s̃k−1 + πi)

× is̃1

2π
Tr

[
δρb ρ0

k−1∏
r=1

(
ρ
− is̃r

2π
0 δρb ρ

is̃r
2π
0

)]
.

(C.5)

Shifting all contours as s̃r → s̃r − πi, we recover the form of δ(k)S(ρ||ρ0)I :

δ(k)S(ρ||ρ0)II = (−)k+1

∫
ds̃1 · · · ds̃k−1 Kk−1(s̃1, . . . , s̃k−1)

×
(
is̃1

2π
+

1

2

)
Tr

[
ρ

1
2
0 δρb ρ

1
2
0

k−1∏
r=1

(
ρ
− is̃r

2π
0 δρb ρ

is̃r
2π
0

)]
.

(C.6)
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From here, it follows immediately that

δ(k)S(ρ||ρ0) = (−)k
∫
ds1 · · · dsk−1 Kk−1(s1, . . . , sk−1)

×
(

1

2
− is1

2π

)
Tr

[
ρ

1
2
0 δρb ρ

1
2
0

k−1∏
r=1

(
ρ
− isr

2π
0 δρb ρ

isr
2π
0

)]
.

(C.7)

The manipulations leading to this expression were somewhat formal. In order for (C.7) to

be sensible and well-defined, it needs to be complemented with a contour prescription for

the modular s-integrals such that the Euclidean trace in the integrand is well-defined. In

particular, if δρb consists of various operator insertions, we need to ensure that the Euclidean

correlator is time-ordered. As we shall see momentarily, this is not always possible.

Divergences for double-trace states

We use (C.7) to write the relative entropy as

δ(k)S(ρ||ρ0)

= (−)k
∫
dx1dy1 · · · dxkdyk λ(2)(x1, y1) · · ·λ(2)(xk, yk)

∫
ds1 · · · dsk−1 Kk−1(s1, . . . , sk−1)

×
(

1

2
− is1

2π

)
Tr
[
O(x0

1 + is1, ~x1)O(y0
1 + is1, ~y1) · · ·

· · · O(x0
k−1 + isk−1, ~xk−1)O(y0

k−1 + isk−1, ~yk−1) O(x0
k − π, ~xk)O(y0

k − π, ~yk) ρ0

]
.

(C.8)

At leading order in 1/N the correlation function in (C.8) factorizes into (2k−1)!! products

of k two-point functions. For the local sources (6.14) we can time-order the correlator in (C.8)

by defining the modular flow integrals to run along the contours lying between −πi and πi

with maximal separation from each other, i.e., separation 2π
k . This is illustrated in Fig. 7. It

can be implemented by a shift of integration variables

sr −→ sr − iπ +
2πir

k
(C.9)

and the integration of all sr along the real line:

δ(k)S(ρ||ρ0) = (−)k
∫ ∞
−∞

ds1 · · · dsk−1 Kk−1

(
s1 − iπ +

2πi

k
, . . . , sk−1 − iπ +

2πi(k − 1)

k

)
×
(

1

k
− is1

2π

)
Tr

[
O
(
τ0 + a+

(k − 1)2π

k
+ is1, 0

)
O
(
τ0 +

(k − 1)2π

k
+ is1, 0

)
· · ·

· · · O
(
τ0 + a+

2π

k
+ isk−1, 0

)
O
(
τ0 +

2π

k
+ isk−1, 0

)
O (τ0 + a, 0)O (τ0, 0) ρ0

]
,

(C.10)
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2π(k−1)
k

0

2π
k

4π
k

6π
k

Figure 7: Configuration of Euclidean insertion times in the correlator of (C.10). Operators

(red crosses) connected by a double-trace source are separated by a around the Euclidean

circle. If a > β
k = 2π

k , then the order of insertions in the correlator does not coincide with the

time ordering along the Euclidean circle anymore. This leads to a breakdown of perturbation

theory in λ(2).

where τ0 represents some overall shift which we are free to make use of due to translation

invariance. This correlation function is time-ordered (hence finite) for small enough a. How-

ever, as a approaches the critical value β
k = 2π

k , the Euclidean separations are no longer in

time order. For similar observations and further technical insights, see also [23, 24].
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