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Abstract
In the present study, Reynolds-Averaged Navier-Stokes simulations together with a novel flamelet generated manifold (FGM) hybrid combustion model incorporating preferential diffusion effects is utilised for the investigation of a hydrogen-blended diesel-hydrogen dual-fuel engine combustion process with high hydrogen energy share. The FGM hybrid combustion model was developed by coupling laminar flamelet databases obtained from diffusion flamelets and premixed flamelets. The model employed three control variables, namely, mixture fraction, reaction progress variable and enthalpy. The preferential diffusion effects were included in the laminar flamelet calculations and in the diffusion terms in the transport equations of the control variables. The resulting model is then validated against an experimental diesel-hydrogen dual-fuel combustion engine. The results show that the FGM hybrid combustion model incorporating preferential diffusion effects in the flame chemistry and transport equations yields better predictions with good accuracy for the in-cylinder characteristics.  The inclusion of preferential diffusion effects in the flame chemistry and transport equations was found to predict well several characteristics of the diesel-hydrogen dual-fuel combustion process: 1) ignition delay, 2) start and end of combustion, 3) faster flame propagation and quicker burning rate of hydrogen, 4) high temperature combustion  due to highly reactive nature of hydrogen radicals,  5) peak values of the heat release rate due to high temperature combustion of the partially premixed pilot fuel spray with entrained hydrogen/air and then background hydrogen-air premixed mixture. The comparison between diesel-hydrogen dual-fuel combustion and diesel only combustion shows early start of combustion, longer ignition delay time, higher flame temperature and NOx emissions for dual-fuel combustion compared to diesel only combustion. 
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1. Introduction
In recent decades, the diesel engine has become ubiquitous in heavy duty ground transportation, sea transportation, power generation and agriculture sectors owing to its better fuel economy, reliability and durability [1-2]. Unfortunately, diesel engines emit significant amount of harmful emissions such as oxides of nitrogen (NOx), particulate matters and greenhouse gas emissions such as carbon dioxide (CO2) [3-5]. This has prompted searching for alternative zero carbon fuels for diesel engine applications. 
Among zero carbon alternative fuels, hydrogen (H2) is considered as a potential candidate for internal combustion engines (ICEs) due to various reasons. First, hydrogen can be produced from renewable sources using water electrolysis [6-7] and from non-renewables sources such as coal using gasification [8] and from natural gas via steam reforming [9]. Hydrogen can also be produced via ammonia cracking [10-11]. Second, the combustion of hydrogen does not produce carbon emissions hence support decarbonisation [12]. Third, hydrogen enhances the combustion intensity owing to its high diffusivity rate and high burning velocity and the wide flammability range of hydrogen fuel facilitates the combustion engine to be operated over a wide range of air-fuel mixtures with lean burn combustion hence maintaining or even improving engine performance [13-15]. 
The studies of hydrogen as a fuel for diesel engines is subject of intensive research at the present time. For example, there has been a significant amount of experimental and numerical modelling studies dedicated to the examination of hydrogen as a fuel for diesel compression ignition engines under dual-fuel (DF) combustion technology due to its potential to burn cleaner gaseous fuel at a thermal efficiency comparable to diesel only engine, but with substantially reduced emissions [16-17]. In the majority of previous studies on the topic of diesel-hydrogen DF combustion engines, the gaseous hydrogen fuel (i.e. the main fuel with higher auto-ignition temperature) is usually introduced via the intake manifold using port fuel injection, whereas a small amount of diesel fuel (i.e. the pilot fuel with lower auto-ignition temperature) is directly injected into the combustion chamber to initiate the auto-ignition [18]. This results in a hybrid combustion mode representing non-premixed combustion of the diesel pilot fuel and then premixed (or lean premixed) combustion of the hydrogen-air mixture. 
Many laboratory scale experimental works have been carried out to elucidate the fundamental understanding of fuel injection, combustion performance and emissions with respect to hydrogen addition into diesel engines under dual-fuel combustion technology. For example,  Saravanan et al. [19] carried out experimental investigation of combustion analysis in a direct injection diesel engine with hydrogen intake port injection. They found that hydrogen addition with diesel results in increased thermal efficiency and also NOx emission compared to diesel only case. Gatts et al. [20] measured hydrogen emissions characteristics of diesel-hydrogen DF engine and found that more unburned hydrogen emission is formed at low load operation compared to high load operation for same amount of hydrogen addition. This leads to incomplete combustion because the diesel spray plume creates insufficient and weak ignition centres to initiate the combustion for the lean hydrogen-air mixture at low load conditions. Lilik et al. [21] reported a study of hydrogen assisted diesel combustion with the pilot and main injection timing locked and showed that addition of hydrogen resulted in an increase of NOx emissions with NO2 becoming the prominent NOx component in some combustion modes. More recently experimental studies carried out by Zhou et al. [22], Deb et al. [23], Karagoz et al. [24] and Tsujimura et al. [25] have evaluated engine performance and emissions of diesel-hydrogen DF engines with respect to different conditions such as hydrogen energy share, engine speed and engine loads. They all found that the diesel-hydrogen DF engine with substantial amount of hydrogen energy share can achieve higher thermal efficiency than a conventional diesel engine operation at relatively high engine load conditions. However, they also identified some drawbacks of diesel-hydrogen DF engine operation with respect to high hydrogen energy share. The two main drawbacks are the occurrence of pre-ignition before diesel fuel injection and its ignition at high engine load operation and poor combustion behaviour at low engine load operation. Dimitriou et al. [26] further studied the poor combustion efficiency at low engine load conditions due to high unburned hydrogen rates and concluded that very high hydrogen energy share should be avoided at low engine load conditions. Other techniques, such as cooled exhaust gas recirculation and advanced turbocharging methods have also been tested as emissions reduction methods in diesel-hydrogen DF engines [27-28].
In the past decade, numerous efforts have been taken to simulate dual-fuel combustion process via three-dimensional computational fluid dynamics (CFD) based engine combustion modelling.  CFD modelling appears to be one of the key enabling tools in the development of engine technologies because it can provide efficient and flexible engine design guidelines before cut the metal to perform more expensive engine experiments.  Many CFD modelling studies were carried out to investigate the combustion performance and emissions of dual-fuel engines including the application of different modelling approaches, turbulence models, combustion models, emissions models, simple chemistry and detailed chemistry mechanisms etc.  For example, Liu et al. [29], Tripathi et al. [30] and Frankl et al. [31] have carried out numerical simulations of diesel-natural gas and diesel-hydrogen DF combustion engines using the SAGE finite rate detailed chemistry solver. They employed detailed chemistry and adaptive mesh refinement to resolve the key scalar variables in their calculation. Kahila et al. [32] numerically studied diesel-methane DF combustion and Hosseini et al. [13] and Ramsay et al. [33] simulated diesel-hydrogen DF combustion using the species transport model with final rate chemistry. Liu et al. [34] studied diesel-natural gas DF combustion using the partially stirred reactor (PaSR) combustion model.  Jafarmadar et al. [35] and Wang et al. [36] simulated the combustion characteristics of diesel-hydrogen and diesel-natural gas DF engines using the 3-Zones extended coherent flame model. An et al. [37] numerically investigated diesel-hydrogen DF flame using the multi-zone combustion model while Wu et al. [38] simulated hydrogen-natural gas duel-fuel flame with diesel pilot ignition using the flamelet model.
Though great efforts have been made in modelling, comprehensive simulations of hydrogen blended diesel DF combustion are highly desirable to explain the complex multistage process of dual fuel combustion. For example, in the diesel-hydrogen DF flame, the heat release process can be classified into three modes; (1) the ignition of the pilot diesel fuel, (2) the combustion of the pilot diesel fuel with some hydrogen available within the diesel spray plume, (3) the combustion of hydrogen-air premixed mixture [39].  Therefore, the interplay between non-premixed combustion mode of the pilot liquid fuel and premixed combustion mode of the gaseous-air mixture presents a challenge for above noted combustion models to better capture the combustion characteristics of diesel-hydrogen DF combustion. For example, the recent investigation carried out by Tuchler et. al. [40] have highlighted that the multi-zone combustion model struggles to accurately predict hydrogen entrainment resulting in under-prediction of peak values of in-cylinder pressure and heat release rate in diesel-hydrogen DF combustion process. This finding highlights the importance of considering a comprehensive combustion model to simulate high hydrogen content diesel-hydrogen DF engine combustion. 
Another crucial factor to be considered is preferential diffusion effects which is an important physical phenomenon for combustion and heat release of hydrogen-blended fuels in both premixed [41] and non-premixed combustion modes [42]. Preferential diffusion is usually described by the Lewis number, Le, defined as the ratio of thermal to mass diffusivity. Non-unity Lewis number leads to preferential diffusion between chemical species as well as between species and heat. Our previous investigations found that the high diffusivity of light chemical species such as atomic hydrogen (H) and H2 affects high hydrogen content fuel burning, flame propagation speed and heat release through preferential diffusion in engine relevant conditions, for example high turbulence and elevated pressures [41-43]. Although, most of the aforementioned modelling studies focused on diesel-hydrogen DF combustion modelling with unity Lewis number assumption, there is still lack of fundamental understanding of preferential diffusion effects on combustion characteristics of hydrogen blended diesel-hydrogen DF combustion. There is a research gap in a detailed explanation of preferential diffusion effects on in-cylinder pressure, temperature, auto-ignition and chemical species formation such as unburned hydrogen and NOx emissions of hydrogen blended diesel-hydrogen DF combustion engines. 
The objective of this study is to introduce a novel hybrid combustion model based on Flamelet Generated Manifold (FGM) incorporating preferential diffusion effects to predict a multistage process of high hydrogen content diesel-hydrogen DF combustion.  The FGM technique enables reliable CFD predictions of combustion process incorporating detailed chemical reaction mechanisms with significantly low computational cost. The FGM combustion model has been extensively used to simulate turbulent premixed [44], non-premixed [45] and partially premixed flames [46]. However, the FGM combustion modelling approach coupling with preferential diffusion effects has not been applied to simulate hydrogen blended DF combustion process. The innovative interest of this paper is the further improvement of the FGM combustion model to simulate high hydrogen content diesel-hydrogen DF engine combustion by means of three-dimensional FGM in which the pre-computed chemistry databases is a function of mixture fraction (representing the stratification effects), progress variable (representing the chemistry evolution) and enthalpy (representing the heat loss) with the incorporation of preferential diffusion effects (representing the high diffusivity of hydrogen). The emphasis is put on assessing and interpreting applicability of the modified FGM hybrid combustion model coupling non-premixed flamelet generated manifold and premixed flamelet generated manifold with preferential diffusion effects to capture the multistage process of high hydrogen content diesel-hydrogen DF engine combustion. The modelling framework is validated against the experimental data of high hydrogen content diesel-hydrogen DF engine combustion carried out by Tsujimura et al. [25]. The incorporation of preferential diffusion effects is demonstrated by performing simulations with the unity Lewis number approach and the non-unity Lewis number approach. The work quantifies preferential diffusion effects on in-cylinder pressure, heat release rate, temperature, auto-ignition and radical chemical species formation such as unburned hydrogen and NOx emissions of high-hydrogen content diesel-hydrogen DF combustion.  The results also contribute to improving modified FGM hybrid combustion model capability to predict dual-fuel combustion process, auto-ignition characteristics and species concentrations of pollutant emissions of dual-fuel combustion engines. The proposed modelling framework can be effectively used to accurately predict combustion characteristics of hydrogen-blended DF combustion over a wide range of industry scale applications such as dual-fuel internal combustion engines, gas turbines, burners and furnaces, with green alternative fuels such as ammonia and bio-fuels as well as conventional hydrocarbon fuels. 








2. Numerical Methodology
2.1. Diesel-Hydrogen Duel-Fuel Engine Configuration for Model Validation
	Engine type
	Single cylinder

	Displacement volume (L)
	1.3

	Bore  stroke (mm)
	115  125

	Compression ratio
	17.5:1

	Fuel
	Diesel fuel (direct injection)

	
	Hydrogen (Port injection)

	Engine speed (RPM)
	1500

	Indicated mean effective pressure (MPa)
	0.9

	Maximum hydrogen fraction (input energy base) (%)
	73

	Intake gas pressure (kPa)
	160

	Intake Oxygen (O2) concentration by volume (%)
	18.6

	

Diesel fuel injection
	Pattern
	Double (pre/main)

	
	Timing (deg. CA) ATDC
	Pre
	-9.9

	
	
	Main 
	6.1

	
	Quantity (mm3/cycle)
	Pre
	1.2

	
	
	Main 
	76-21

	
	Pressure (MPa)
	116


[bookmark: _Ref95662256]Table 1. Diesel-Hydrogen dual fuel compression ignition engine specification and experimental conditions [25].
In the present study, we employed the single cylinder diesel-hydrogen DF compression ignition engine configuration experimentally conducted by Tsujimura et al. [25]. The newly extended FGM hybrid combustion model was applied to simulate two cases: pure diesel case with no hydrogen energy share (0% HES) and diesel-hydrogen DF case with 73% hydrogen energy share (73% HES) at high load condition. Since hydrogen has a very low volumetric energy density comparing volumes of the gaseous fuel to liquid fuel is not ideal. That is why we used input energy share for diesel-hydrogen DF case similar to the experimental investigation.  This engine configuration has been employed in our previous numerical study of diesel-hydrogen DF engine performance and emissions under a novel constant volume combustion phase [33]. Table 1 provide the engine specification and experimental conditions of pure diesel (0% HES) case and diesel-hydrogen DF case (73% HES) at high engine load [25].

2.2 Flamelet generated manifold method for dual-fuel combustion modelling
In this study, the flamelet generated manifold tabulated combustion model is extended to predict the combustion of diesel-hydrogen DF combustion process. In tabulated FGM, the chemistry is represented by a few independent control variables (CV), implying that only the governing equations, along with the transport equations of control variables, are solved during the simulation run-time. The independent control variables such as mixture fraction, reaction progress variable, enthalpy can be added for a better description of the combustion process depend on the physical problem. In the FGM method, the flamelet system is pre-computed with the flamelet assumption and a database (i.e. FGM manifold) of thermochemical variables can be generated in a tabulated form. The laminar flamelet database is generated using a one-dimensional flamelet calculation with full kinetics and detailed transport. Modelling turbulent combustion using the FGM method consists of three steps: 1. laminar flamelet calculation, 2. construction of look up table for thermochemical variables, 3. coupling between look up table and CFD solver. 
It has been recognised that the diesel-hydrogen DF flame with gaseous hydrogen intake injection consists of non-premixed (diffusion) combustion of diesel pilot fuel with air and with the presence of hydrogen gas in the vicinity of auto-ignition spots, and then premixed combustion of hydrogen-air mixture at later stage. In this work, an FGM hybrid model was developed by coupling non-premixed flamelet database and premixed flamelets database. The coupling approach was used to capture the auto-ignition of the diesel pilot fuel with air and with the presence of hydrogen gas in the vicinity of auto-ignition spots via non-premixed combustion and then the flame propagation of premixed hydrogen-air mixture via premixed combustion. Furthermore, the model incorporated preferential diffusion effects to better capture the auto-ignition process, flame propagation and heat release rate of high hydrogen content dual-fuel engine combustion.  In order to account for preferential diffusion effects using FGM a two-step correction is implemented: laminar flamelet calculation incorporating preferential diffusion effects, and correction for the diffusion coefficients in the transport equations for the control variables incorporating preferential diffusion effects.
2.2.1. Control variables 
To construct the FGM look-up table, we need one or more control variables. In this work, we use three control variables, reaction progress variable, mixture fraction and enthalpy. 
The reaction progress variable is defined as a linear combination of species. The un-normalised progress variable is computed as:
	
	
	[bookmark: _Ref95662607](1) 



in which  donates the weighting factor coefficients of species . The species coefficients involved in Eq. (1) are , , ,  and , where  is the molecular weight. This definition is applied to represent the hydrocarbon combustion by the first three species and to represent the hydrogen combustion by the rest. The progress variable definition has been used in many previous investigations and validated against the experimental data to study the combustion characteristics of premixed and partially premixed flames [44-46]. 
The mixture fraction is evaluated according to the definition proposed by Bilger et al. [47]:
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in which  stands for the elemental mass fraction of species  and subscripts 1 and 2 donate the pure fuel and oxidizer, respectively. 
The enthalpy is computed as:
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  where
	
	
	(4) 


in which and  is the enthalpy of species ,  represents the enthalpy of formation of species  at reference temperature, ,  stands for the specific heat capacity of species  at constant pressure.
2.2.2. The FGM database generation 
In the FGM model, the construction of the low-dimensional manifold requires generating the pre-computed chemistry database by means of the solution of flamelet equations [48]. The flamelet equations derived from full 3D transport equations describing the conservation of mass, species concentration, and enthalpy, are solved using the well-established in-house one-dimensional CHEM1D [49] code in a curvilinear co-ordinate as follows:
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where  is the spatial coordinate orthogonal to the flame front,  is the mixture density,  is enthalpy, and  is the flame stretch rate , is the velocity,  is the diffusion velocity of species ,  is the mass fraction of species ,  is the chemical production rate,  is the thermal conductivity,  is the specific heat at constant pressure, and  is the total number of species.
From the flamelet equations presented, the momentum equation is removed due the assumption of low Mach number. This means the pressure is a function of time [50] and therefore, the density is computed with the aid of the ideal gas law, whereas the continuity equation is used to find the velocity, which makes the momentum equation superfluous. In addition, this approximation results in neglecting the pressure gradient term in the energy equation, and moreover, as the viscous heating is extremely smaller than the heat released by combustion, it is neglected [49].
The discretisation scheme used in the one-dimensional calculations is exponential finite-volume, whereas a fully implicit temporal scheme as well as a modified Newton method are used to solve the non-linear differential equation. In terms of the numerical grid, the adaptive gridding procedure is used to ensure capturing the large gradients properly because it adaptively changes from a region to another in a way of assigning more grid points in the large gradient regions compared to the lower gradient regions. 
To account for the preferential diffusion effects in one-dimensional flamelet calculations, the mixture-averaged transport model, which employs the binary diffusion coefficients, , via the Hirschfelder-Curtiss approach [51], is used. The diffusion velocity and mass diffusion coefficients are computed as:
	
	
	(8)


For unity Lewis number calculations, the diffusion velocity and mass diffusion coefficients are computed as:
	
	
	(9)


Since the combustion process of the dual-fuel flame consists of non-premixed combustion mode of the pilot fuel and premixed combustion mode of the main fuel, the counter-flow diffusion flame representing the laminar non-premixed combustion mode and the freely propagating premixed flame representing the laminar premixed combustion mode are selected as model configurations for the laminar flamelet calculation. 
[image: ]
Fig.1 Freely propagating premixed flame configuration.
Fig 1 shows the freely propagating flame configuration which has been used to generate the laminar premixed flamelet database for thermo-chemical variables. The fuel (n-heptane, C7H16) and oxidiser temperature values were set to 300K and 1,100K respectively. The oxidiser temperature of 1,100K was chosen to represent the engine relevant higher oxidiser temperature towards the end of compression stroke. Here, the fuel-air equivalence ratio for the hydrogen-air mixture is 0.27, which is very lean. The laminar premixed flamelet database is generated by solving the flamelet equations with zero stretch rate. 
For the freely propagating laminar premixed flame, fuel and oxidiser enter on the same side. Hence, Dirichlet boundary conditions are imposed on the inlet side; 
	
	
	(10) 


  and Neumann boundary conditions are imposed on the outlet side:
	
	

	(11) 
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Fig.2 Counter-flow diffusion flame configuration.
Fig. 2 shows the counter-flow configuration employed to produce diffusion flamelets for thermos-chemical variables. The fuel and air temperature values were set to 300K and 1,100K respectively. In a counter-flow diffusion flamelet configuration, the fuel enters from one side, and the oxidiser enters from other side. However, in a diesel-hydrogen DF case, the main fuel (i.e. gaseous hydrogen) is injected via the intake manifold and hence mixes with the oxidiser stream, whereas a small amount of n-heptane pilot fuel is directly injected into the combustion chamber to trigger the combustion. Therefore, in the counter-flow diffusion flame configuration, hydrogen gas is introduced from the air side to represent the homogenous mixture of hydrogen-air, which presents in the combustion chamber before the pilot fuel injection. For the pure diesel case, the diffusion flamelets are generated using the counter-flow configuration in which n-heptane fuel is combusted with air. 
For the counter-flow diffusion flame, the boundary conditions  imposed on fuel side  and oxidizer side  are as follows:  
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The diffusion flame is quenched at a certain strain rate. Thus, the diffusion flamelets are generated over a range of strain rates. Such an effect requires solving an additional transport equation, along with the flamelet equations, to describe the stretch field. This equation reads as:   
	
	
	(14) 



where  stands for the applied strain rate at the oxidiser side and  donates the dynamic viscosity. The chemistry mechanism used in this study is based on n-heptane [52] and hydrogen [53] along with GRI 3.0 mechanism [54] with 48 species and 248 reactions.  
Figs. 3 and 4 show non-premixed and premixed manifolds for temperature and species concentrations of OH (hydroxyl), H2 and H radicals as a function of the mixture fraction and progress variable obtained from the one-dimensional flamelet calculations for the diesel-hydrogen DF test case with 73% HES. The FGM premixed and non-premixed manifolds were obtained using unity and non-unity Lewis number approaches.  The FGM non-premixed manifolds were generated using 133 flamelets while FGM premixed manifolds were created using 8 flamelets for a limited mixture fraction range. In premixed flames, the fuel and oxidiser are mixed and the mixture fraction is roughly the constant.  Therefore, the premixed flamelet were created for a limited mixture fraction range. As shown in Fig.3, for the laminar diffusion flame, the intermediate and high-temperature zones cover most of the region below the mixture fraction value of 0.2 for the non-unity Lewis number case, indicating a greater rise and wider distribution of the temperature over the domain compared to the unity Lewis number case. This behaviour can be attributed to the high consumption rates of the highly reactive species, which consequently increase the overall chemical reaction rate. For example, for the laminar diffusion flame, the mass fraction of H2 distribution indicates that the preferential diffusion effects result in a smaller region over the domain, as well as earlier and greater consumption of H2 below the mixture fraction of 0.15, causing the increase of the flame temperature.  It is also observed that the equal-diffusive behaviour of species yields a high production of H2 due to the restriction of H2 reactivity for the unity Lewis number case, as opposed to the non-unity Lewis number case. For the H atom, its distributions with and without preferential diffusion effects are relatively similar; however, its production in the unity Lewis number case is greater as a result of the larger production of H2 along with the restriction of its reactivity. By contrast, the OH radical is located in the high-temperature and high H2 consumption regions in the diffusion flame and is widely distributed as a results of preferential diffusion effects, indicating the occurrence of higher reaction rates in these regions.
While the laminar diffusion flame shows more clear differences between unity and non-unity Lewis number approaches, the laminar premixed flame shows minor differences between the two approaches.  Since we use a threshold value based on the mixture fraction to switch the data between the non-premixed manifold and the premixed manifold, the premixed manifold was created for a region of mixture fraction values equal or lower than 0.01. More details about selection of the threshold value and switching the data between the non-premixed manifold and the premixed manifold will discussion in the next section. In Fig.4 preferential diffusion effects yield a slightly earlier increase of temperature and a greater consumption rate of H2 in the region of mixture fraction value greater than 0.004. Consequently, this results in earlier productions of OH and H radicals in the same regions in the non-unity Lewis number case. This is due to earlier activation of the chemistry as well as the strong chemical reaction rates throughout the domain owing to the highly diffusive mobility of H2. 
Fig. 5 shows flamelet generated non-premixed manifolds for temperature and species concentrations of OH, H2 and H radicals as a function of the mixture fraction and progress variable obtained from the one-dimensional flamelet calculations with and without Lewis number effects for the pure diesel (0% HES) case. The non-premixed manifolds were created using 84 flamelets. It can be seen that the distributions of species concentrations of H2, H and OH for the pure diesel case behave similar to the diesel-hydrogen DF case, but with significantly lower values.  Even with the low diffusivity of the diesel-like n-heptane fuel, the temperature manifold of the laminar diffusion flame indicates that the highly diffusive species such as H and H2 enhance the chemical reactions rates involved with these species, which result in wider high temperature spots and earlier increase of temperature due to preferential diffusion effects. 
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[bookmark: _Ref95655916]Fig.3. Non-premixed manifolds for temperature, OH, H2 and H with unity Lewis number (left) and non-unity Lewis number (right) as a function of the mixture fraction and progress variable for the diesel-hydrogen case with 73% HES. 
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Fig.4. Premixed manifolds for temperature, OH, H2 and H with unity Lewis number (left) and non-unity Lewis number (right) as a function of the mixture fraction and progress variable for the diesel-hydrogen case with 73% HES.
[bookmark: _Ref90503482][image: ]
Fig.5 Non-premixed manifolds for temperature, OH, H2 and H with unity Lewis number (left) and non-unity Lewis number (right) as a function of the mixture fraction and progress variable for the pure diesel case.  
To accurately predict the combustion characteristics of the diesel-hydrogen DF flame with high hydrogen energy share, the laminar flamelet databases generated from non-premixed table and premixed table are coupled. A threshold value is used to switch the data between the non-premixed table and premixed table. In this work, we assumed that the flamelets with equal or greater than the mixture fraction value of 0.01 lie inside the spray of the pilot n-heptane fuel (i.e. high gradient of mixture fraction indicating non-premixed combustion), whereas flamelets with the mixture fraction values lower than 0.01 lie outside the spray plume (i.e. low gradient of mixture fraction indicating premixed combustion). The threshold value is selected depending on the mixture fraction value because it represents the quantity of fuel in the mixture. Therefore, in the coupled thermo-chemical database, flamelets with equal or higher value of the mixture fraction threshold are obtained from the laminar non-premixed flame and flamelets with values less than the mixture fraction threshold of 0.01 are obtained from the laminar premixed flame (see Figs. 3 and 4). Thus, the mixing process between the pilot fuel and the oxidiser stream along with the transition from mixing to ignition of the pilot fuel are represented by the mixture fraction and progress variable, respectively, obtained from the diffusion flamelets that were produced from the counter-flow configuration (see Fig. 2). On the other hand, the variation of the pilot fuel in the oxidiser stream along with the chemistry evolution of the premixed charge are represented by the mixture fraction and progress variable, respectively, obtained from the flamelets that were produced from the freely propagating flame configuration (see Fig. 1). To simulate the diesel only combustion, the thermochemical database is generated from FGM non-premixed combustion using the counter-flow diffusion flame configuration. For both diesel-hydrogen dual-fuel case and pure diesel case, the enthalpy is adopted as an additional control variable using Eq. 3 to describe the energy with non-adiabatic effects [55]. 
2.3. CFD Methodology  
In this work, the numerical simulations were performed to model two-phase reacting flow using three-dimensional unsteady Reynolds Averaged Navier-Stokes (URANS) approach. The simulations were carried out using CFD software ANSYS Fluent on the University of Southampton IRIDIS 4 high performance computing cluster.  The numerical set up solved the governing equations for mass, momentum, energy and transport equations for mixture fraction, un-normalised reaction progress variable and their variances.  Solving the transport equation for the un-normalised reaction progress variable helps to specify the oxidizer boundary conditions more accurately at the oxidizer inlets and, besides, predicting the flame quenching because of reactant dilution [56]. The equations are written as follows: 
Mass conservation:
	
	
	(15) 


Momentum conservation:
	
	
	(16) 


where  
	
	
	(17) 


Energy conservation:
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Transport equations of mean mixture fraction, :and un-normalised progress variable, :
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Transport equation of mixture fraction variance, :
	
	
	(20) 



Transport equation of un-normalised progress variable variance, :
	
	
	(21) 



in which  is the time,  stands for a component of the mean velocity vector,  stands for a component of the fluctuating velocity vector,  stands for a component of the position vector,  stands for the source term accounting for mass added by fuel spray and  donates the source term of control variables. In addition, , , ,  and  refer to any control variable, pressure, stress tensor, molecular viscosity, and Kronecker delta, respectively. Moreover,  is the thermal conductivity,  is the preferential diffusion coefficient for the control variables,  is turbulent viscosity, is laminar viscosity, is a component of the body,  is the source term accounting for any further heat losses ,  is dissipation rate of turbulent kinetic energy,  is turbulent kinetic energy,  is specific heat capacity of the fluid  and  is Schmidt number and equal to 0.5. Also,  and   are constants with default values of 2.86 and 2 respectively.
The nitric oxide is computed by solving the transport equation:   
	
	
	(22) 



The implementation of preferential diffusion effects in the energy equation and the transport equations of the mixture fraction and progress variable is carried out via the second term (diffusion coefficients) on the on the right hand side of Eq. 18 and Eq. 19.  The additional terms are included to compute the diffusion coefficients using the user-defined functions (UDF). To model such an effect by applying the chain rule, the three control variables, mixture fraction, progress variable and enthalpy, (,,) are assumed to be locally a function of , (,)  (,). The model for the additional term to incorporate preferential diffusion is first constructed for the progress variable and then generalised for the other two control variables, mixture fraction and enthalpy. Thus, preferential diffusion coefficients,, for the three control variables are computed as follows [55]:
Progress variable 
	
	 = 
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Mixture fraction 
	
	 = 
	(24) 


Enthalpy
	
	 = 
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where  is computed as: 
	
	
	(26) 



Where  is the mixture fraction of species ,  is the Lewis number of species  and  is the temperature.
Here, Eqs. 23-25 are derived based on the assumption that, locally the control variable of the enthalpy is the function of the progress variable. Accordingly, the derivative terms can be evaluated directly in the one-dimensional flamelets assuming that the gradients of the control variables are not independent but are correlated as in the one-dimensional flamelets [50]. As shown in Eqs. 23-25, the only difference in the preferential diffusion coefficient among the three control variables lies in the coefficients of ,   and . The calculation of  and  are computed using Eq. 1 and Eq. 3, respectively. The coefficient  is computed by converting the form of Eq. 2 to the form of Eq. 1 or Eq. 3. The use of this approach to incorporate the preferential diffusion effects is beneficial since the unity Lewis number assumption results in no incorporation of preferential diffusion effects present, as the coefficients are equal to zero .  
[image: ]

Fig.6 Schematic of the look-up table generation procedure.  stands for the thermo-chemical variables.
[bookmark: _Ref90503759]The turbulence is modelled using the standard  turbulence model, and two additional transport equations were solved, one for the dissipation rate of turbulent kinetic energy,, and the other for turbulent kinetic energy,. The liquid fuel spray injection is modelled using the discrete phase model.  In the discrete phase model (DPM), wall film conditions were applied with the use of Stanton-Rutland impingement/splashing model at the solid boundaries. In the DPM model, the breakup, Kelvin-Helmholtz/Rayleigh-Taylor (KHRT), and stochastic collision models are used to track the injection droplet and predict their interactions with the flow.
The coupling of the FGM combustion model with the CFD flow solver is achieved via mixture fraction, progress variables and enthalpy by means of the probability density function (PDF) to link turbulence and chemistry. This PDF is constructed based on one joint flamelets dataset combining both premixed and non-premixed databases together by replacing the mixture fraction values less than 0.01 part in the non-premixed flamelets with the premixed flamelets. As seen in Fig. 6, the Beta PDF was applied for the mixture fraction and the progress variable, assuming that the mixture fraction and the progress variable are statistically independent. However, to account for the non-adiabatic effects (i.e. heat transfer to walls), the Delta function was convolved for the enthalpy – computed using Eq. 3 –, assuming that the enthalpy fluctuations are negligible.

2.4 Simulation details
[image: ]
Fig.7 The section of the numerical grid at Top-dead centre (TDC).
All simulations were performed with the aid of three-dimensional geometry discretised with a fine mesh density as shown in Fig.7. A sector of 51.43 degree consisting of one injector, which represents a portion of a full engine with 7 injectors, was created by SOLIDWORK, whereas the meshing process was carried out using Ansys Workbench. The utilisation of sectors significantly reduces the computational costs and is highly applicable owing to the symmetrical injector holes in the combustion chamber. The piston bowl is refined to increase the mesh quality and inflation layers are added to enhance capturing the physics. The mesh type of the sector is predominately hex to decrease the numerical diffusion and increase the computational efficiency.  The geometry consists of 1,190,215 elements. Comprehensive study on mesh sensitivity analysis was carried out in our previous study and we found that the present fine mesh well captures the in-cylinder pressure and heat release rate for the simulated test cases [33].  In IC engines, the cylinder volume changes throughout the engine cycle due to the piston movement, and accordingly, the mesh should change. Therefore, the rigid dynamic mesh is used to model the compression and expansion strokes, whereas the dynamic mesh is used due to its importance in determining the position of the boundaries of cell zones with respect to the other boundary of cell zones. The simulations were carried out from intake valve closed (IVC) to exhaust valve open (EVO). The constant temperature boundary condition of 500 K is used for the chamber main and top linear faces as well as the piston linear face. Additionally, a constant temperature of 600 K is applied to the piston bottom face and chamber top face. The periodic boundary conditions are applied over the side faces of the sector. No-slip conditions were prescribed on the solid walls. Hydrogen gas is injected via the intake port injection. For the diesel-hydrogen dual-fuel flame with 73% hydrogen energy share, the fuel-air equivalence ratio for the hydrogen-air mixture is 0.27.  The diesel fuel spray is directly injected using the injection profiles employed in our previous simulations for the same test cases [33]. 
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	Parameters 
	Method/Model/Value

	PRESSURE-VELOCITY COUPLING 
	Scheme
	PISO

	
	Skewness correction
	1

	
	Neighbor correction
	1

	SPATIAL DISCRETISATION
	Gradient

	Green-Gauss Node-based


	
	Pressure
	Second order

	
	Density
	Second order upwind

	
	Momentum
	Second order upwind

	
	Turbulent Kinetic energy
	Second order upwind

	
	Turbulent dissipation rate
	Second order upwind

	
	Energy
	Second order upwind

	
	Progress variable 
	Second order upwind

	
	Mean mixture fraction
	Second order upwind

	
	Mixture fraction variance
	Second order upwind

	
	Progress variable variance
	Second order upwind

	TEMPORAL DISCRETISATION
	Time
	First order implicit


[bookmark: _Ref95662296]Table 2 Summary of numerical methods employed for the calculation.
The spatial discretisation is carried out using the finite volume method. The simulations are performed using the pressure-based solver. The spatial discretisation is carried out using the second-order UPWIND scheme while the time integration is performed using the first-order implicit scheme. The convergence criteria have been set with residuals of 10-6 for energy and 10-3 for other equations. Table 2 provides a summary of numerical methods employed in this study.
3. Results and discussion
In this study, novel modifications to the flamelet generated manifold combustion model coupling non-premixed combustion mode and premixed combustion mode were carried out to simulate the hybrid combustion process of diesel-hydrogen dual-fuel combustion.  The model also incorporated preferential diffusion effects to identify its influence on predicting the combustion characteristics of high hydrogen content dual-fuel combustion process. The importance of considering preferential diffusion effects in the FGM hybrid combustion model to predict the combustion characteristics of high hydrogen content dual-fuel combustion process is demonstrated by comparing numerical simulations with and without Lewis number effects.  
The following sections discuss validation of the FGM hybrid model with the experiential data and the role of preferential diffusion on combustion characteristics of high hydrogen content diesel-hydrogen dual-fuel combustion process.
[bookmark: _Ref72743722]3.1. Model validation 
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Fig.8 Validation of the FGM hybrid combustion model incorporating preferential diffusion effects.  Comparison between experimental [25] and numerically predicted in-cylinder pressure and heat release rate for the diesel-hydrogen DF case with 73% HES and the pure diesel case with 0% HES. 
Fig.8 shows a comparison of in-cylinder pressure and HRR between numerical results obtained from the modified FGM hybrid combustion model incorporating preferential diffusion effects and experimental results [25] for the pure diesel case ( 0% HES) and diesel-hydrogen dual-fuel case (73% HES). The computational and experimental findings during the compression, combustion and expansion strokes are in good agreements. For both cases, the numerically predicted in-cylinder pressure profiles compared well with the experimental data during compression, combustion and expansion. The in-cylinder pressure distribution indicates only minor differences for the peak pressure values and their crank angles (CA) between numerical predictions and the experimental data. For example, for the pure diesel case (0% HES) case, the first peak value is well predicted, whereas the second peak value is over-predicted by 0.11 MPa.   For the diesel-hydrogen DF case (73% HES), the peak pressure value is under-predicted by 0.13 MPa and occurs slightly early by 0.5 CA.  Furthermore, the in-cylinder pressure curves indicate that the peak pressure increases from 7 MPa for diesel only combustion to 9 MPa for diesel-hydrogen DF combustion which is about 28% increase in peak pressure when operate the engine with substantial hydrogen addition compared to diesel only operation.  
From Fig. 8 it is seen that the peak HRR is over-predicted by 5.52 J and 4.31 J and also advanced by 1.63 CA and 1 CA for the pure diesel case and diesel-hydrogen case respectively. The HRR curve shows two major peaks for the DF flame with hydrogen addition while it shows only one major peak for the diesel only case. For the second peak for the DF flame, the calculated maximum pressure value is over-predicted by 3.1 J and occurs slightly later (0.76 CA) than the experimental value. In addition, the rate of HRR increase displays minor discrepancy between predicted and measured values in both cases. For example, numerically predicted rate of HRR increase is lower for the pure diesel case and higher for the diesel-hydrogen DF case compared to experimentally measured curves.   These discrepancies may occur due to the auto-ignition characteristics of diesel only and diesel-hydrogen DF flames. Particularly, the addition of hydrogen results in fast reaction rate in the vicinity of the diesel pilot auto-ignition spots, hence influences the auto-ignition characteristics [57]. Also, the rate of HRR fall off is lower in predictions, which may be attributed to wall heat transfer. In general, the minor differences between numerical results and the experimental data may be attributed to several reasons, for example, the reduced chemistry mechanisms employed in CFD calculations, uncertainty of the theoretically calculated compression ratio etc.  For example, the theoretically calculated compression ratio may slightly differ from the real compression rate. Therefore, it results in the over and/or under-predictions of in-cylinder pressure and HRR [58]. 
[bookmark: _Ref72829766]3.2. The role of preferential diffusion on combustion characteristics of hydrogen blended dual-fuel combustion
The intention of this section is to clarify the role of preferential diffusion during auto-ignition, combustion and flame propagation stages in a high hydrogen content diesel-hydrogen DF combustion engine. In this section, we compare the numerically predicted combustion characteristics between unity and non-unity Lewis number approaches to demonstrate the role of preferential diffusion during ignition and combustion in a high hydrogen content diesel-hydrogen DF engine.  The effects of preferential diffusion on in-cylinder pressure, temperature, heat release rate, radical species concentrations, NOx emissions and auto-ignition delay response are analysed by comparing numerical results between unity and non-unity Lewis number approaches. 
It is important to note that preferential diffusion effects are implemented using a two-step correction: non-unity Lewis number effects in the flamelet calculation using the mixture-averaged transport model and additional diffusion coefficients in the transport equations for the control variables. We found that only considering non-unity Lewis number effects in the flamelet calculation under-predict the peak values of the in-cylinder pressure and HRR.  For example, Fig. 9 clearly shows that the FGM hybrid combustion model incorporating preferential diffusion effects in the flamelet calculation and the transport equations of the control variables (i.e. two-step correction) better captures the experimentally measured in-cylinder pressure and HRR profiles of diesel-hydrogen DF combustion with high accuracy compared to numerical results obtained from FGM hybrid combustion model incorporating preferential diffusion effects in the flamelet calculation only. This finding suggests that a two-step correction is needed for the proposed FGM hybrid combustion model to better capture preferential diffusion effects for hydrogen blended DF combustion modelling.  
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Fig.9 Comparison of in-cylinder pressure and heat release rate between non-unity Lewis number approach in the flamelet calculation and diffusion coefficients in the transport equations of the control variable, non-unity Lewis number approach in the flamelet calculation only, Unity-Lewis number approach, and the experimental data for the diesel-hydrogen DF case with 73% HES.


In-cylinder pressure and heat release rate
Fig.10 represents the in-cylinder pressure, and HRR between unity and non-unity Lewis number approaches for pure diesel and diesel-hydrogen DF cases. It is evident from Fig. 10 that the potential of preferential diffusion effects is significantly demonstrated in the DF case compared to the pure diesel case. For the pure diesel case, preferential diffusion does not play a major role in predicting in-cylinder pressure and HRR profiles due to nature of non-premixed combustion and slow diffusivity of diesel like N-heptane fuel. For example, we observed very minor differences for the peak pressure and peak HRR between unity and non-unity Lewis number approaches for the pure diesel case.  
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Fig.10 Comparison of in-cylinder pressure and heat release rate between non-unity Lewis number approach and Unity-Lewis number approach for the diesel-hydrogen DF case with 73% HES and the pure diesel case with 0% HES.  
On the other hand, it is obvious that in Fig. 10 preferential diffusion plays a major role in predicting in-cylinder pressure and HRR profiles for diesel-hydrogen DF combustion. Both pressure and HRR profiles indicate that addition of hydrogen has an apparent effect on diesel combustion. This trend has been demonstrated by a sharp increase in peak in-cylinder pressure and peak HRR which is well captured by the FGM hybrid combustion model with preferential effects compared to the one without preferential diffusion effects.  For example, there is a clear gap in peak in-cylinder pressure and peak HRR values between unity and non-unity Lewis number approaches which is about 1.34 MPa and 55.15 J for pressure and HRR respectively.  Fig. 10 also revealed that the introduction of hydrogen leads to an early start of combustion compared to the pure diesel case which is well captured by the FGM hybrid model with preferential diffusion effects. The early start of combustion leads to high in-cylinder pressure for the diesel-hydrogen DF case compared to the pure diesel case. Also the rate of increase of HRR is greater for the non-unity Lewis number approach compared to the unity Lewis number approach for the diesel-hydrogen DF case. 
Furthermore, the presence of hydrogen has a more pronounced effect on the peak values of HRR which are better captured by the FGM hybrid model with preferential diffusion effects. For example, the HRR profile obtained from the non-unity Lewis number approach exhibits two major peaks in HRR throughout for the DF flame. For the simulated DF flame with preferential diffusion effects, a first peak in HRR is located around 727 CA followed by a period of drop in HRR, beyond which there is an increase in HRR resulting in a second peak at around 735 CA.  The first major peak in HRR at around 727 CA is characterised by the activation of high temperature chemistry with the influence of ambient hydrogen in the vicinity of the diesel fuel spray tip [59].  During this stage, the high temperature combustion chemistry of light radicals such as H and OH due to ignition of hydrogen along with preferential diffusion effects play an important role.  The addition of hydrogen increases the productions of light radicals, and the incorporation of preferential diffusion effects result in considerable impacts of their distributions throughout the combustion chamber. The radicals such as H and OH are highly reactive species, enhancing the in-cylinder pressure, HRR, flame temperature and ignition delay. Furthermore, at this stage, the high diffusivity of hydrogen leads to increase the intrinsic flame instabilities such as thermo-diffusive instability which occurs due to due to an imbalance between chemical and sensible enthalpy fluxes from the reaction zone as a result of preferential diffusion (non-unity Lewis number) effects [41]. The impact of thermo-diffusive instability plays an important role in the ignition and combustion of diesel-hydrogen DF combustion process when lean hydrogen start to ignite and burn [59-61]. 
Beside the thermo-diffusive instability, the gas expansion known as hydrodynamic instability also plays a role and enhances the flame acceleration. The FGM hybrid model incorporating preferential diffusion effects in flame chemistry and transport equations of control variables was able to adequately predict the first major peak in HRR profile of diesel-hydrogen DF combustion with high hydrogen energy share as compared to the FGM hybrid model without preferential diffusion effects. The second major peak in HRR is represented by the oxidation of available hydrogen and premixed flame initiation [59]. This peak in HRR has been captured by the FGM hybrid model with and without preferential diffusion effects. 
In-cylinder temperature 
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Fig.11 Comparison of the average in-cylinder temperature between non-unity Lewis number approach and Unity Lewis number approach for the diesel-hydrogen DF case with 73% HES and the pure diesel case with 0% HES.
Fig. 11 shows the average in-cylinder temperature for the diesel-hydrogen DF case and the pure diesel case with unity and non-unity Lewis number approaches. As seen from the in-cylinder pressure and HRR profiles, preferential diffusion effects the average temperature for the diesel-hydrogen DF case compared to the pure diesel case.  The predicted results obtained from the FGM hybrid model with preferential diffusion effects show gradual increase of the average in-cylinder temperature during ignition, combustion and expansion compared to predictions obtained from the FGM hybrid model without preferential diffusion effects. As preferential diffusion effects the flame acceleration and radical species diffusive flux such as H and OH [41], the predicted average temperature curve shows higher temperature values and steep gradient for the non-unity Lewis number approach compared to the unity Lewis number approach. There is a clear difference for the peak temperature between the two approaches. The non-unity Lewis number approach shows higher peak temperature compared to the unity Lewis number approach due to the influence of preferential diffusion. This is linked with the high temperature combustion chemistry of light radical species such as H and OH. The radicals of H and OH will be discussed in the next section. Furthermore, the heat loss to walls seems to be slightly greater with the presence of preferential diffusion effects since the rate of temperature drop during the expansion stoke is steadily higher than that of the unity Lewis number case. For the pure diesel case, the average temperature is slightly greater with the incorporation of preferential diffusion effects, indicating that the effects of the highly reactive species are likely to dominate over the effects of low diffusivity of the diesel like N-heptane fuel.  
Contour plots of temperature and species concentrations 
The spatial distributions of in-cylinder temperature and unburned H2, radicals such as OH and H and NOx emissions at 730 CA and 750 CA for the diesel-hydrogen DF case with unity- and non-unity Lewis number approaches are shown in Fig.12. The contour plots of the diesel-hydrogen DF case indicate obvious differences between unity- and non-unity Lewis number approaches, demonstrating the role of preferential diffusion effects on in-cylinder flame temperature and key emissions associated with hydrogen combustion. For example, at 730 CA, which is about 12 CA after start of combustion (SOC), the flame propagates faster for the non-unity Lewis case as it distributes in a wider range and, also, its maximum temperature is greater in comparison with the unity Lewis number case. Particularly, at 730 CA which is predominately a diffusion controlled combustion in the DF flame, the flame temperature is higher for the non-unity Lewis number case compared to the unity Lewis number case, because the auto-ignition of pilot diesel fuel facilitates hydrogen to burn much faster in the vicinity of the diesel spray due to preferential diffusion effects. The contour plots of unburned hydrogen and radical H further support this observation which are discussed below. The same observations are also displayed at the end of combustion (EOC) - at 750 CA– for example, wider flame distribution with higher temperature for the simulated DF case with preferential diffusion effects compared to the one without preferential diffusion effects. This can be attributed to the faster flame front propagation of the hydrogen-air mixture during the premixed combustion mode in the DF flame owing to preferential diffusion effects, which greatly enhances the reaction rates and, hence, yields broader distributions of high and intermediate temperature spots. In contrast, the high flame temperature of the unity Lewis number case is narrower near the pilot fuel zone and becomes wider until roughly the middle of the geometry at 750 CA. 
The effect of preferential diffusion is clearly demonstrated in the contour plot of unburned hydrogen gas. For example, at 730 CA, the rate of hydrogen consumption is higher for the non-unity Lewis number case, indicating greater reactivity rates. Furthermore, at 750 CA, the high hydrogen concentration is localised in a narrow region close to the cylinder wall for the non-unity Lewis number case, indicating faster turbulent flame propagation of the hydrogen premixed change compared to the unity Lewis number case. However, due to the slower flame propagation speed, the high hydrogen spots for the unity Lewis number case are centralised near the cylinder wall and the piston bowl. 
For H and OH radicals, their maximum values and distributions appear to be wider with the presence of preferential diffusion effects, indicating that such effects promote the chemical reaction rates thus forming these highly reactive radicals in a wider area of the combustion chamber. These radicals significantly affect the SOC and EOC which will be discussed in the following section. Regarding NOx emission, its medium and high zones are more prevalent with preferential diffusion effects due to the higher consumption rate of hydrogen, which results in faster flame propagation throughout the combustion chamber and higher combustion temperatures. 
These observations demonstrate that the effects of preferential diffusion results in (i) higher hydrogen consumption rate, (ii) higher and wider flame temperature distributions and faster flame propagation, (iii) wider formations of the light radicals such as OH and H, indicating higher chemical reaction rates and faster combustion process, respectively, for the diesel-hydrogen DF case. 
Fig. 13 shows the spatial distribution of temperature, OH and NOx emissions for the pure diesel case with unity and non-unity Lewis number approaches. Generally, there are some minor differences between the two approaches. For example, at 750 CA, the distribution of highest OH and NOx emission slightly wider for the non-unity Lewis number approach compared to the unity Lewis number approach. Their causes may lie in the domination of highly reactive radicals at the end of combustion due to the diesel-like fuel, which results in slightly higher in-cylinder temperature. 
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Fig.12. Contour plots of temperature, H2, OH, H and NOx distributions at 730 CA and 750 CA between non-unity Lewis number approach and Unity Lewis number approach for the diesel-hydrogen DF case with 73% HES. 
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Fig.13. Contour plots of temperature, OH and NOx distributions at 730 CA and 750 CA between non-unity Lewis number approach and Unity Lewis number approach for the pure diesel case with 0% HES.

Ignition delay and combustion duration
Fig. 14 shows the effects of preferential diffusion on ignition delay and combustion duration for the diesel-hydrogen DF case and the pure diesel case. Here, the ignition delay is defined as the period from the start of injection (SOI) to SOC. The SOC can be evaluated from the total heat release rate (THRR) [62] or the rate of pressure rise variation [63]. In this work,  SOC  is  computed  as 3%  of the  THRR [62].  The combustion duration is the period from the SOC to EOC, which is 90% of THRR [61]. 
Fig. 14 (a) exhibits that the incorporation of preferential diffusion effects slightly advances the SOC for the diesel-hydrogen DF case compared to the one without preferential diffusion effects. This has resulted in the shorter ignition delay for the DF case with non-unity Lewis number approach compared to the unity Lewis number approach.  This advancement in the SOC is caused by the higher temperature chemistry and faster flame propagation of the hydrogen-air mixture in the immediate vicinity of the diesel pilot spray due to preferential diffusion effects, which increase the overall combustion rate and the flame temperature. In addition, the highly reactive radicals such as OH and H are evident to increase due to preferential diffusion effects (see Fig.12) and enhance the combustion and flame propagation in the high hydrogen content DF case [62]. These radical species have significant effects on fuel ignition and combustion chemistry due to their high diffusivities. Thus, with preferential diffusion effects, their broader distributions as shown in Fig. 12 primarily enhance combustion by promoting the chain of chemical reactions and increasing the overall combustion rates. For the same reason, the diesel-hydrogen DF case with non-unity Lewis number approach has a shorter combustion duration as opposed to that of the unity Lewis number case by 15.7 CA.  As shown in Fig. 14 (b), the incorporation of preferential diffusion effects does not play a major role for the pure diesel case as the ignition delay and the combustion duration are almost the same between unity- and non-unity Lewis number approaches. Furthermore, Fig. 14 (a) and (b) demonstrate that the ignition delay time is longer for the diesel-hydrogen DF case compared to the pure diesel case. 
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Fig.14 Ignition delay and combustion duration for the simulated cases with and without preferential diffusion effects, a) diesel-hydrogen DF case with 73% HES. b) pure diesel case with 0% HES.
4. Conclusions
In this study, a novel flamelet generated manifold hybrid combustion model incorporating preferential diffusion effects was applied to better capture the complex multiple combustion process of a hydrogen-blended diesel-hydrogen dual-fuel combustion engine. The FGM hybrid combustion model was developed by coupling flamelet databases obtained from diffusion flamelets and premixed flamelets. The model employed three control variables, namely, mixture fraction, reaction progress variable and enthalpy. The diffusion flamelet database was employed to capture the auto-ignition of the diesel pilot fuel with air and with the presence of hydrogen gas in the vicinity of the auto-ignition spots while the premixed flamelet database was used to predict the flame propagation of the premixed hydrogen-air mixture. A threshold value based on the mixture fraction was used to switch the data between diffusion flamelets and premixed flamelets. The preferential diffusion effects were accounted in the laminar flamelet solution and the diffusion coefficients in the transport equations of control variables. The numerical simulations were performed using the Reynolds-averaged Navier-Stokes approach.  The simulations are based on the diesel-hydrogen dual-fuel engine configuration of Tsujimura et al. [25], enabling validation of the proposed FGM hybrid combustion model against experimental data on the in-cylinder parameters. We compared results for the diesel-hydrogen dual-fuel test case with 73% hydrogen energy share and pure diesel case at high engine load conditions. In order to demonstrate preferential diffusion effects, the simulations were carried out with unity- and non-unity Lewis number approaches. 
The main findings of the study are listed in the following:
1. The comparison between numerical results and the experimental data demonstrates that the FGM hybrid combustion model incorporating preferential diffusion effects well captures the combustion characteristics of the high hydrogen content diesel-hydrogen dual-fuel combustion process with high accuracy. The inclusion of preferential diffusion effects in the laminar flamelet calculation and the diffusion coefficients in the transport equations of control variables was shown to have significant effects on capturing all phases of the high hydrogen content dual-fuel combustion process.  
2. The analysis of in-cylinder pressure and heat release rate profiles indicates that addition of hydrogen has an apparent effect on diesel combustion.  The sharp increase in in-cylinder pressure and early start of combustion are well predicted by the FGM hybrid combustion model with preferential diffusion effects.  The occurrence of major peak heat release rate values due to activation of the high temperature chemistry with the influence of ambient hydrogen in the vicinity of the diesel fuel spray tip and the oxidation of available hydrogen under partially premixed combustion, as well as subsequent premixed combustion of the hydrogen-air mixture are better captured by the FGM hybrid model with preferential diffusion effects. 
3. The FGM hybrid combustion model with preferential diffusion effects predicts higher peak in-cylinder combustion temperature due to faster flame propagation of the premixed charge and high temperature combustion chemistry of light radical species such as H and OH. The consumption rate of hydrogen is much greater for the non-unity Lewis number approach owing to higher diffusivity rate which is better captured by the FGM hybrid model with preferential diffusion effects. The numerical results obtained with non-unity Lewis number approach show wider distribution of H and OH radicals, indicating high reactivity of light radicals. The NOx emission is widely distributed in the non-unity Lewis number approach in comparison with that of unity Lewis number approach as a result of broader high and intermediate temperature values, which are caused by the faster hydrogen consumption rate.
4. The preferential diffusion effects slightly advance the start of combustion for the dual-fuel case. This has resulted in the shorter ignition delay for the dual-fuel case with the non-unity Lewis number approach compared to the unity Lewis number approach.  The advancement in the start of combustion is caused by the higher temperature chemistry and faster flame propagation of hydrogen-air mixture in the immediate vicinity of the diesel pilot spray due to preferential diffusion effects, which increase the overall combustion rate and the flame temperature. For the same reason, the diesel-hydrogen dual-fuel case with non-unity Lewis number approach has a shorter combustion duration compared to that of the unity Lewis number approach. The numerical results also demonstrate that the ignition delay time is longer for the diesel-hydrogen dual-fuel case compared to the pure diesel case. 
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