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Originating from string theory, the holographic correspondence provides a dictionary to
convert a quantum theory on the boundary of the Anti-deSitter space (AdS) into a the-
ory of gravity in the bulk AdS space. In this thesis we will study the intersection of
quantum information and quantum gravity, focusing on methods of quantifying quantum

entanglement and chaos in gravity via the AdS/CFT holographic correspondence.

Entanglement entropy of a bipartite quantum system on the boundary is equivalent to
the area of a minimal surface in the bulk. In both the boundary and bulk pictures, entan-
glement entropy is divergent, meaning it equals to infinity. Hence we need to renormalise
the entanglement entropy to obtain a finite quantity. The variation of the entanglement
entropy is related to the dynamics of the bulk spacetime via the first law of entanglement
entropy. We will first present a way to express the renormalised entanglement entropy in
terms of the Euler invariant of the bulk entangling surface and other renormalised curva-
ture invariants. Then we use this expression and independently derived the renormalised
version of the first law of entanglement entropy. In particular, we use the Hamiltonian
formalism of holographic renormalisation to derive the integral form of the first law of

entanglement entropy.

Quantum chaos is characterised by the scrambling of information that increases expo-
nentially in time. The rate of the exponential growth, known as the Lyapunov exponent,
can be measured via the out-of-time-ordered correlation function (OTOC). In holography,
the OTOC becomes the gravitational scattering amplitude of high energy particles. We
investigate a possible correction to the Lyapunov exponent by considering the classical
stringy effect in the bulk gravitational scattering. Following the semi-classical shock wave
calculation of gravitational eikonal scattering, we obtain the classical string transverse
oscillation contribution to the eikonal phase. We conclude such correction is negligible in

the high energy eikonal limit, hence satisfying the chaos bound.
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CHAPTER 1

Introduction

A theory in Physics is a way of quantifying information in physical systems. The two foun-
dational theories in mordern physics are, the theory of general relativity that describes
gravity in large scale in terms of geometrical quantities, and the theory of quantum me-
chanics that describe particles dynamics in small scale in terms of probabilistic quantities.
The quest of quantum gravity is to find a microscopic description of gravity that is con-
sistent with quantum mechanics. One of the theory of quantum gravity is the holographic
correspondence that provides a duality between gravitational systems and quantum me-

chanical systems.

But before going into the details of holography and quantum information, let us see an
illustrative example of equivalent descriptions between the macroscopic theory of thermo-
dynamics and the microscopic theory of statistical physics. The laws of thermodynamics
are so general that it withstands the bizarre development the quantum mechanics, and
even reincarnate itself in the theory of gravity. Classical thermodynamics is a powerful
framework allowing us to describe the physics of systems with quantities like energy, tem-
perature and entropy. These thermodynamics quantities give a macroscopic description
of the systems in the sense that the nature of its constituents is neglected. Credit to
Boltzmann and others, thermodynamics can be explained via statistical behaviour of mi-

croscopic theories. Most notably, the Boltzmann entropy Sp formula relates the thermal
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entropy to the size of the ensemble of microscopic configurations (2,
Sp = kplog() (1.0.1)

where kp is the Boltzmann constant. This later led to the discovery of Shannon entropy
in information theory and entanglement entropy in quantum information which we will
review in section 2.3. Often entropy is called the measure of disorder because large entropy

means many microscopic configurations are allowed.

Our focus will be on the equivalent descriptions between the macroscopic theory of grav-
ity and the microscopic quantum theory. This duality is called gauge/gravity duality or
holography for reason explained below. The first evidence of holography is the discov-
ery of black holes thermodynamics that is only characterised by the black hole’s energy,
temperature and entropy [3]. Particularly insightful is the Bekenstein-Hawking black hole

entropy formula [4],

A(H)

— 1.0.2

Spu =
where A is the area of the black hole horizon H and G is the Netwon’s constant. The fact
that black hole has finite entropy suggests there are finite number of possible microscopic
configurations given a fixed horizon area. This means information of the whole black hole
is stored on the horizon, hence the black hole interior can be viewed as the hologram of
the horizon. The current holographic correspondence states a gravitational theory of a
spacetime is equivalent to a quantum theory on the boundary of that spacetime, which
we will review in section 2.2. Hence via holography one can relate gravity in the bulk to
quantum mechanical system living on the boundary. If this duality holds in general, this
strongly suggests gravity in spacetime is an emergent property of some quantum system.
So all gravitational description in the bulk is simply the average description of the quantum

ensemble.

As information theory was inspired by the formulation of statistical physics and thermo-
dynamics. The interest in the study of quantum information theory within holography
is growing rapidly. The realisation of quantum information quantities and phenomena
in the bulk theory of gravity not only provides us additional methods of computation,
it also gives us great insights into the quantum nature of spacetime itself. There have
been holographic realisation of entanglement entropy [5, 6, 7, 8], quantum chaos [9, 10],
quantum complexity [11, 12, 13, 14, 15] and quantum computing code [16]. We are go-
ing to investigate methods of utilising this duality to describe entanglement entropy and

quantum chaos in the bulk.

Quantum mechanics is intrinsically probabilistic and a key enhancement from classical



statistical system is the property of entanglement. Entanglement makes a system not
separable, so an individual subsystem cannot be fully described as a pure quantum state.
Heuristically entangled quantum system means from the sole perspective of an individual
subsystem, it forms a classical ensemble of quantum states instead of one single quantum
state. This property of entanglement allow us to quantify the amount of entanglement
using entropy. In holographic system, the entanglement entropy, Sgg, is equal to the area
of a surface, X, partitioning the bulk systems which given by the Ryu-Takayangi formula
[5, 6]

A(%)

— 1.0.

SEE =
where Sgg is the entanglement entropy, A(X) is the area of the entangling surface ¥ and
Gy is the gravitational constant. This should remind you of the Bekenstein-Hawking
black hole entropy formula. The Ryu-Takayangi prescription of entanglement entropy in
gravity teaches us that spacetime itself is related to entanglement. Entanglement entropy
plays an important role in our quest to understand quantum gravity, that includes recent
development on reconstruction of spacetime from entanglement [17, 18, 19] and the black

hole information paradox [20, 21, 22].

Quantum chaos is quantified by the growth of certain correlation function of operators
in the quantum system that measures how the interference between operators increases
with time. On the gravity side of the holographic duality, this correlation function is
realised in the form of high energy scattering amplitude of two particles [23]. A more
chaotic system will induce more interference between the two particles in the scattering
process. Since the gauge/gravity duality originated from string theory, we can probe
the correction to quantum chaos effect coming from stringy scattering i.e. replacing the
particles with strings. We will show addition correction will only make the system less
chaotic. There is a proposed bound on chaos for quantum system dual to gravity [24].
Analogous to the principle of maximum entropy which states the most likely macroscopic
state has maximum entropy. The fact classical gravity or general relativity is the most
chaotic theory of gravity may indicate why our universe is governed by general relativity

instead of other theory of gravity in the low energy limit.

Renormalisation is an essential procedure if we want our quantity of interest to be finite.
In essense, renormalisation in quantum field theory is a procedure that removes the diver-
gences coming from higher order interactions. One introduces counterterms to cancel the
divegences, the famous infinity minus infinity "trick", co — co. However, it is important to
know counterterm renormalisation does have its root in the elegant Wilsonian renormal-
isation. The major obstacle to quantising gravity is due to its non-renormalisability. In
the direct quantization of gravity, after applying the perturbative renormalisation proce-

dure, one finds the coupling increases as the energy scale increases. This means one would
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need infinite amount of counterterms to remove all the divergences. However, there are

renormalisable theory of gravity.

We have motivated the topics of interest of the thesis, namely, holography, entanglement
entropy, chaos and renormalisation. Now we will go through the developments in past
few decades leading up to the current stage of research. After the success of the standard
model, the quantum field theory description of all interactions except gravity, people tried
to incorporate quantum mechanics into quantum gravity. The early attempts of semi-
classical gravity that introduced relativistic quantum mechanics into curved spacetime
produced extraordinary results such as Hawking radiation [25], black holes thermodynam-
ics [3] and Regge behaviour in high energy gravitational scattering [26, 27]. From the
former results, Hawking developed the black holes information paradox that until now
still intrigues physicists. The form of Regge behaviour in quantum field theory and grav-
ity set the point of reference for the full theory of quantum gravity. Remarkably, string
theory was able to reproduce the Regge behaviour of the high energy gravitational scat-
tering amplitude [28, 29]. By going to the two dimensional worldsheet, string theory is
renormlisable. Not only that, the vanishing of beta functions give the equations of motion
to classical gravity. Subsequently, with the formulation of D-brane, string theory is now
able to describe both gauge theory and black hole physics. In a specific set up, a string
theory with D-branes related gauge theory and gravity in curved background, this was
the birth of the holographic correspondence [30, 31]. On top of opening the door for us
to investigate the quantum nature of gravity. Holographic principle, began from the black
holes thermodynamics and through the success of string theory, transforms into a powerful
technique that can be applied to many physical systems. The applications of holography
range from the fundamentals in high energy physics like the form of entanglement entropy
in CFT to beyond high energy physics like cosmology [32], condensed matter systems and
hydrodynamics [33]. The field of holography is growing rapidly, by combining techniques
from quantum information and computing, many fascinating holographic models were
developed. Among most models, entanglement entropy and chaotic behaviour are key
quantities and features to study. For example, entanglement entropy plays an important

role in the new proposals on the resolution of black holes information paradox [20, 21, 22].

In this thesis, we are going to highlight the recent development of renormalised entan-
glement entropy, its application to the dynamics of gravity and the chaotic behaviour of
holographic system in the present of classical string. As a starter, in chapter 2, we are
going to review the background materials. We will show the origin of holography and
elaborate on the holographic renormalisation procedure that will be used extensively in
chapter 3 and 4. We will learn about entanglement entropy, from the definition to the cal-
culation in quantum field theory and eventually in holography. Since correlation function
and scattering amplitude play important roles in the way of quantifying chaotic behaviour

in quantum system and gravity, we will review the key results and techniques in quantum



and gravitational scatterings. Finally, we will describe how to quantify chaos using the

out-of-time-order correlation function in quantum system and in holography.

In chapter 3, we present a new way of expressing the renormalised entanglement entropy
in even spacetime dimension by writing the renormalised area of the bulk entangling
surface in terms of Euler characteristic of the bulk entangling surface and other curvature
invariants defined with respect to the bulk entangling surface. In chapter 4, we will discuss
about the first law entanglement entropy and its application in gravity. Then we will
present three methods of obtaining the renormalised version of the first law of entanglement
entropy, first by direct renormalisation of the infinitesimal first law, second by applying the
renormalised entanglement entropy formula developed in chapter 3 and lastly by applying
holographic renormalisation in the Hamiltonian formalism to renormlise the integral first
law in terms of charges. In chapter 5, we will be investigating a possible correction to the
holographic chaos by introducing classical string dynamics in the bulk. We will proceed
to calculate subleading and next-to-subleading contributions to the Lyapunov exponent
induced by the classical string oscillation. In chapter 6, we will end with the conclusion

and outlook from the methodologies and results developed in the previous chapters.



Chapter 1. Introduction




CHAPTER 2

Background

In this chapter we are going to review the background on holographic entanglement en-
tropy and holographic quantum chaos. Since these two subjects relate concepts in quantum
information to dynamics in gravity, for each subject we will establish the relevant funda-
mentals on the quantum side then move to the related topics on the gravity side and finally
present the holographic version. But first let us review the basics of Anti deSitter space

and holographic duality.

2.1 Anti deSitter space

The following three chapters will mainly be in the Anti deSitter space. So in this section we
will provide some background on the techniques used in the later chapters. Anti deSitter
space is a Lorentzian space with constant negative curvature; it is a solution to the Einstein
equation with negative cosmological constant. In particular, the d + 1 dimensional AdS

geometry is a submanifold of R%? with coordinates X™ satisfying the equation
0)? 1)2 d+1)2 2

where [ 445 is the AdS radius. From (2.1.1) we can immediately deduced by setting a
timelike coordinate to constant, this spacelike hypersurface is the hyperbolic space. Both
AdS and hyperbolic space can be thought of as spheres with different signatures. The

important fact is the volume diverges as one approach the boundary. The intuition is as
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the timelike coordinates increase, the spacelike coordinates need to increase so that the
radius in (2.1.1) remains the same. It is apparent, in the embedded coordinates, that
SO(2,d) and SO(1,d) are isometries in AdS;y1 and Hy respectively.

The metric G, in the global coordinates can be expressed as

2
U 2l7dr +r2dQy . (2.1.2)
lAdS

2 _

ds® = 2

AdS

where r is the radial coordinate and r = co hypersurface is the boundary. In the Poincare

coordinates, we can express the metric in the Poincare patch of AdS as
2 lzzﬁldS 2
ds® = 7(dz + g datdax’), (2.1.3)

where g, = 7, We will be calling z as the radial coordinate and z = 0 hypersurface is
the boundary of the AdS space in the Poincare patch. These metrics satisfy the Einstein

d(d+1)
2

equation. Setting the cosmological constant A = — the Einstein equation becomes

R d(d+1
Rab_*Gab_g

2 = 5 Gap, (2.1.4)

where R, is the Ricci tensor with respect to the d + 1 dimensional spacetime metric G p.

Then we can obtain the Ricci tensor and Ricci scalar as
Ry = —d Gy, R=—d(d-1). (2.1.5)

For asymptotically locally AdS, g, can differ from the Minkowski metric. In general the

Ricci tensor for metric Ggp in (2.1.3) is

d _ 1 1,,

Ry = _;guu + Ry — 59::;; + 5(9/9 19/)/“,
1. 1 B
= 1T )+ o [Tr(97" ) g+ (d = g (2.1.6)

1 1
Rz = =5V, Tr(97'9) + 5V 0,0 (2.1.7)

d _ 1 B 3 1 B
Rez=—— — *TT( ")+ 4 Trle e d) + 5 Tr(g™"d)- (2.1.8)

where ' = 9,, R, and V,, is the Ricci tensor and covariant derivative for g,,. Explicitly,
the Einstein equations are
" r =17 1 -1 N / 1 -1/ (d_1>/
—9"+ (997 9) —5Trl9 9Ny + Trlg g)g+79 =0 (219
nv

1
—5VuTr(g 1) + vagw =0 (2.1.10)

_ 1
RW+§

1
—Tr(g t¢" T —Tr(g ') =0. (2.1.11
517 (9 )+4 r(g7 g9 g)+22 r(g~'g') =0. ( )
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One can use a series expansion of g,,(z,27) in z to solve the above Einstein equations.

We use the Fefferman-Graham expansion of g, (z,x7) [34],

g (2,0) = gii) () + 2292) (@) + -+ + 279 (x) + 2% log 2%G() () + - - (2.1.12)

where the logarithm is present for even d. ng) and gl(f;l,) are the only independent terms.

The higher order terms like g,(ff,) for 0 < k < n and g,(ji) are functions of g,(PV). This near
boundary expansion can be derived from solving the Einstein equation order by order in

zZ.

Since the AdS space has a boundary, the gravitational action needs to include the Gibbon-
Hawking boundary term for the validity of the variational problem with Dirichlet boundary

condition. The full action is

1 1
j. A/ G(R — 20) — / dr K 9.1.13
167G N /M VG ) 8tGN Jom ol ( )

where K is the trace of the extrinsic curvature of the boundary,
1
K, = §£nhuy. (2.1.14)

where L£,, is the Lie derivative with respect to the unit normal n and h,, is the boundary
induced metric. The onshell action then becomes a multiple of the volume of the spacetime.
Since we know the volume diverges, even within just the Poincare patch, the onshell action
is divergent too. We will discuss about the treatment of this infinity in section 2.2.3 on
holographic renormalisation. In fact, as the metric diverges as one approach the boundary,
we can deduce geodesics or more generally minimal surfaces have to be perpendicular to
boundary. Only by moving away from the boundary perpendicularly can one minimise its

length or area.

2.2 Holographic duality

In this section we are going to state the holographic duality and do a lightning review on
the most well know example of holographic duality, AdS/CFT. The holographic corre-
spondence states that a gravitational theory in d + 1 dimensional spacetime is equivalent
to the a quantum theory without gravity in d dimensional spacetime. As mentioned in the
introduction, the earlier hint of holographic principle was the Bekenstein-Hawking black
hole entropy formula. The laws of black hole thermodynamic, including the area law of
black hole entropy, were derived by introducing quantum fluctuation to a black hole. The
entropy would tell us the number of quantum microstates of the black hole interior. Hence
suggesting the information lives on the horizon. Holography is not limited to black holes
or string theory which we will discuss shortly; there are alternate theories that display the

property of holographic duality.
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2.2.1 Maldacena Conjecture

The famous Maldacena conjecture states a theory of quantum gravity, the full Type 11B
string theory in 10 dimensional spacetime asymptotic to AdSs x S° with 5-form field
strength F3 sourced by N coincident D3-branes, is equivalent to a quantum field theory,
the A/ = 4 super-Yang-Mill theory with gauge group SU(N) in 4 dimensional Minkowski
spacetime [30]. Although we will only be interested in the low energy limit of this duality, it
is insightful to see the top-down string theory construction of the original correspondence.

Detail explanations and further discussion can be found in [35, 36]

The 10 dimensional Type IIB superstring theory contains closed oriented strings with left
and right movers matching chirality. The Ramond sector (R-sector) fermions have periodic
boundary condition and are tachyon free; R-sector ground states are therefore spacetime
fermions that transform under SO(8) spinor representation 8¢ or 8. depending on their
chirality. In IIB, the massless modes in R-R sector are spacetime bosons with matching

spinor representation that decompose into
8.8 =1028D 35, (2.2.1)

C©) 0-form, C® 2-form and C® 4-form bosonic potentials in 10 dimensions. The 5-form
field strength F5 = dC™ is self dual and is sourced by the 4 dimension D3-brane. From

self duality and Dirac quantisation, N coincident D3-branes have charge
N2 = F5. (2.2.2)
S5

The tension of a D3-brane, T3, is the mass per volume of the brane and it determines how

strongly the brane is couple to gravity. For N coincident D3-branes, the tension is

N

Ty= o
7 8m2ggal’

(2.2.3)
where g, is the closed string coupling and o is related to the reciprocal of the string
tension. Since D3-branes have both mass and charge, it will backreact with the 10 dimen-
sional target space and effectively curving the spacetime. However the full string theoretic
backreaction is hard to compute. Therefore we go down in energy scale to look for hint of
the duality.

Considering the following limits, first o’ — 0, the string tension becomes large and sup-
pressing massive excitation, second gs — 0, coupling decreases means string loop effect
is suppressed. Hence the low energy effective field is governed by the massless modes.
Since the 2D wordsheet theory is conformal, the beta functions will vanish. In the o/ — 0
limit, the beta functions equate to the equations of motion in IIB supergravity. Hence 11B

supergravity is the low energy effective field theory for Type IIB superstring theory. One
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can equally obtain the IIB supergravity effective action through integrating out modes
in the string path integral after neglecting subleading terms in the expansion of massive

excitation and worldsheet topology.

Similar to Reissner-Nordstrom black hole created by a point source of mass and charge, the
geometry created by the massive and charged N coincident D3-branes are black 3-branes.
Black p-brane are higher dimensional generalisation of black hole or black 0-brane where
there are p longitudinal directions. One can write an ansatz for the supergravity solution
with N D3-branes as source by separating the metric into parts respecting the symmetry
group Poincare(1,3) x SO(6). This is the unbroken subgroup of the original symmetry
Poincare(1,9); the symmetry is broken by the D3-branes as a 4D defect. The backreacted

metric is

ds® = H(r)_%nu,,dx“d:v” + H(r)% (dr? + 12dQs) (2.2.4)
where
R4
H(r)=1+ oy R = 47g,N. (2.2.5)

The location of the D-branes is at » = 0. Note that the N D3-branes preserve 16 out of
32 supercharges, which is called half BPS. Using black hole language, N D3-branes are
extremal, saturating the mass and charge bound. More details can be found in [37, 38,
39, 40, 41].

In the r > R region, the metric is flat 10D Minkowski spacetime, same as RN black hole
which is also asymptotically flat. The intuition is very far from the source the spacetime
should have minimal deformation. In the r < R region, the metric becomes AdSs x S°,

2 R? 2 r? Logv 2
ds® = r—2dr +ﬁ77;wd95 dz” + R*dQs. (2.2.6)

Using coordinate z = § we can see it is the product of the Poincare patch of the AdSs
and S® both having radius R,

2
ds® = %(dz2 + Nudatdx”) + R%dOs. (2.2.7)

Note the radius of the S® is constant in this region and the proper radial distance diverges
as z — oo or r — 0 approaching the N D3-branes. This is a geometry of infinite throat
with constant radius. The N D3-branes are nowhere to be seen, only the Fy flux reminds.
The constant negative curvature or cosmological constant pulls fields inwards, outgoing
fields will be redshifted. We can define the horizon to be location at which the redshift
is infinite i.e. z = oo or r = 0. In the near horizon limit, we can consider the quantum
theory to be the full Type IIB superstring theory with Fy field strength. In fact the
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asymptotically flat region will decouple from the strings in the throat due to the redshift.

Now we see z or 7 is acting as the energy scale, this will become important later.

In the low energy/near horizon limit z — co or r — 0, we can neglect the asymptotically
flat region. The target space for the Type IIB superstring theory then becomes AdSs x S°.
Also since the position of the N D3-branes is at z = oo or r = 0, it is infinite proper distance
away from even the near horizon region. Hence we do not have open strings dynamics
in this region, the only effect is the charge of the N D3-branes is still carried by the Fj
flux. The isometry of AdS5 enhances another 16 conformal supercharges. Giving 32 total

supercharges, maximal in 10D with spin less than or equal to two.

Our focus is mainly on the gravity side therefore here we will only layout some key aspects
on the quantum field theory side of the duality. Massless excitation of open strings ending
on N coincident D3-branes can be separated into brane’s world-volume vector gauge fields
and scalar fields. Both fields carry the Chan-Paton factors and transform under adjoint
representation of U(N). Since U(N) = SU(N)x U (1), we can separate out the U(1) gauge
field. The adjoint representation of U(1) is trivial; the U(1) gauge field does not interact
and is decoupled. The final gauge group is SU(N). D-branes are half BPS object which
brings the total number of supercharges of the Type IIB superstring from 32 to 16. But
in the conformal phase, when the scalar field have vanishing vacuum expectation value,
there are extra 16 enhanced conformal supersymmetry. Hence the number of supercharges
is 32, in 4D they are from the maximal massless non-gravitational representation N' = 4
vector multiplet plus conformal supercharges. The low energy limit of the world volume
effective field theory then becomes 4D AN = 4 super-Yang-Mill with gauge group SU(N).
Note we are taking the large N limit so string coupling g is small for fix t’Hooft coupling
then taking the large t"Hooft coupling limit so o/ is small. With these limit, we arrives at

strongly coupled CFT limit and the weakly coupled gravity limit.

One of the evidence of duality is the matching of symmetries between the two side of the
duality. Also one observes the super-Yang-Mill theory lives on the 4D flat Minokowski
spacetime which is also the boundary of AdSs, the non-compact part of the quantum
gravity theory. Hence this led to the holographic correspondence; the conformal super-
Yang-Mill theory living on the boundary of the bulk AdS is described by a quantum
gravity theory in the bulk AdS. In particular, there is a UV-IR duality between the two
theories; z — 0 or r — oo represents the UV behaviour of the quantum field theory and
IR behaviour of the gravity theory.

The duality needs to match the fields and operator between the two theories. The partition
function of the conformal super-Yang-Mill theory with sources ¢ for operator O is equal to

the partition function of the Type IIB superstring theory containing fields with boundary
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condition Py = ¢,

ZSYM[¢] = Zstm'ng|<I>8M:¢7 (228)

the source ¢ is sometime called the external field coupled to operator O.

Since S° is a compacted space, the propagating gravitons and other massless fields will
receive a mass from the quantized momentum along the compact direction. In the weak
gravity limit, the zero mode in S° dominates and the Type IIB superstring on AdSs x S°
can be effectively written as a classical gravity theory on AdSs with a dual conformal field

theory living on the boundary of AdSs.

2.2.2 AdS/CFT

With the evidence and motivation given above, we can state the duality as the equality of
partition functions of the bulk classical /onshell gravity theory and the boundary conformal
field theory,

Zorr = Zgrav, (2.2.9)

so any expectation values in the CFT side can be calculated using the gravity partition
function. More precisely, we can express the partition function as Euclidean path integral

with source,
Zerr|g) = /DOQ—ICFT(O)—f $0 (2.2.10)

where ¢ is the source that couples to operator O. By the external field method, we can

take functional derivative with respect to ¢ to generator expectation value of O,

B 1 5ZCFT[¢]
Zorr[p] 00

=(0),. (2.2.11)

In the weak coupling limit, the Newton’s constant on the gravity side is small. Hence,
similar to the classical limit of quantum theory where & — 0 , the gravitation path integral
with Gy — 0 is given by the saddle point approximation. The classical/onshell fields
satisfying the equations of motion are extrema of the action which dominate the path
integral. The onshell gravity partition function is simply the exponential of the onshell

action,

Zyrav = / Dy, DB 1E(9:P)
onshell

~ e 15 (9:), (2.2.12)
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Hence the —I%”Sheu is equal to the generating functional of connected diagrams in the

conformal field theory,

5I%nshell (g Q))

Oy =55 oo (2.2.13)

The equations of motion of bulk fields ® are obtained via the usual variational problem
with Dirichlet boundary condition ®|sxy = ¢. The bulk fields are onshell hence satisfy
the equations of motion of the bulk classical theory with gravity. In fact, there are two
independent solutions for each bulk field’s equation of motion called, normalisable and
non-normalisable modes. The two modes have different scaling behaviour with respect to
the radial coordinate z. The origin of their names came from the normalisable condition
in some relativistic inner product of the Hilbert space. Similar to the Fefferman-Graham
expansion of the boundary metric g,, that solves the Einsteins equation order by order,

in general bulk fields can be expanded in z in the near boundary region [42],
O(z,x) =2" (gi)o(x) + 22¢0(x) + - 4 2"bp(x) + 2" log 22dy () + - - ) (2.2.14)

where n, m > (0 are constant related to the dimension of the spacetime and the scaling di-
mension of the dual oprerator, ¢g is the non-normalisable mode and ¢, is the normalisable
mode. The non-normalisable modes are divergent in the Klein-Gordon inner production
defined by,

(@1, By) — —i/ & (D10,By — 939, P1), (2.2.15)
C

where C is a spacelike hypersurface. The higher order terms like ¢, for 0 < k < n and ¢,

are functions of ¢g as they need to solve ® equation of motion order by order.

This is a remarkable result, the duality relates a quantum many-body system, uncount-
ably many as we are in the continuum, to a deterministic gravitation system governs by
geometry. Analogous to relationship of statistical mechanics and thermodynamics, the ex-
pectation values of the microscopic quantum system are given by functions of parametrised
by the macroscopic gravitation system. Since quantum mechanics is intrinsically proba-
bilistic, the generating functional of connected diagrams is the functional form of moment

generating function in classical probability theory.

To our interest, the AdS/CFT holographic duality is stated as the duality between the
onshell fields of the classical gravity in the Poincare patch of AdS;11 and operators of
conformal field theory lives on the d dimensional boundary 0AdS;, 1. We will take the

holographic duality to be true or treat it as our ansatz for the remaining part of the thesis.
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2.2.3 Holographic renormalisation

We now know that the partition function of the boundary CFT is equivalent to the saddle
point approximation of the gravitational path integral. To evaluate the classical partition
function, we need to compute the onshell action of the AdS spacetime. As mentioned
before, since the onshell Ricci scalar is a constant, the onshell action is proportional to
the volume of the AdS. However we have seen the volume of AdS diverges, so the action
and the expectation of the operators on the CFT are also divergent, for example the

expectation value of the CFT stress tensor

_ iélgrav
VY oy

(T) (2.2.16)
where v, is the induced metric of boundary. It is easy to see why the CFT stress tensor

is sourced by the boundary metric by considering the variation of CFT action,

Icprly +6v] = Iorr[y] + /8M 5, TH. (2.2.17)

Then the last term is essentially the source term. Therefore we need to renormalise the
onshell action by adding covariant counterterms. This is analogous to the counterterms
renormalisation in quantum field theory that removes UV divergences coming from higher
loops Feynman diagrams by introducing counterterm interactions with the same divergence

behaviour.

In conventional QFT renormalisation, we would regulate the divergent diagrams by setting
a UV cutoff. Just as we have seen in the Maldacena conjecture, the radial coordinate acts
as the energy scale of the bulk gravity theory. Through the IR-UV duality, we can see as
we approach the boundary, z — 0, the IR volume divergence in the bulk is related to the
UV divergence in the boundary quantum theory. So to regulate the bulk theory, we set a
radial cutoff z > € such that metric at the regulated boundary z = € is finite. By analysing
the dependence on € in the near boundary region, one can construct covariant boundary
counterterms on the regulated boundary to cancel out all the divergences. With all the
divergences cancelled out, the limit of ¢ — 0 pushes the regulated boundary to the real
boundary of the spacetime. Finally one can define renormalised quantity in this limit. In
fact, we only need to obtain the renormalised action; other quantities like n-points function

and entanglement entropy are derivatives and functions of the renormalised action.

The outline of the holographic renormalisation procedure to obtain the renormalised action
is as follow [42],

1. Find the equations of motion of the gravity theory with Dirichlet boundary condition.

2. Solve the equations of motion by series expansion of the bulk fields in the radial
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coordinate z.

3. Identify the normalisable and non-normalisable modes of the bulk fields.

4. Substitute the bulk fields series expansion into the regularised action with radial

cutoff .

5. Separate the divergences as a function of non-normalisable modes and radial cutoff.

6. Invert the bulk fields radial expansion to write the non-normalisable modes in terms

of the bulk fields.

7. Construct the covariant counterterms as the divergences of the regularised action in

terms of bulk fields but with an overall opposite sign.

8. Equate the renormalised action as the limit of vanishing radial cutoff of the sum of

regularised action and the covariant counterterms.

The emphasis on covariant counterterms is to ensure the general covariance of the renor-
malised action. The finite quantities like one-point function will be a function of the nor-
malisable and non-normalisable modes. The part related to the non-normalisable modes
is called scheme dependent as this can be altered by finite counterterms. The part related
to the normalisable modes is called scheme independent as it is universal in all renormal-
isation scheme and it captures the dynamics of the system as it is dual to the operator in
the CFT.

As an example, we will demonstrate the holographic renormalisation in bulk theory with
pure gravity. The regularised action is the Einstein-Hilbert action with negative cosmo-

logical constant and Hawking-Gibbon boundary term for z > e,

_ 1 d+1 a1 / d
hey = T / VGG N - o | e K (2.2.18)

where we can set the cosmological constant to A = 7511(251 = The Hawking-Gibbon bound-
AdS

ary term is necessary for the action to remain invariant under infinitesimal variation around

the classical solution with Dirichlet boundary condition,

lim 227, = g (2.2.19)

z—0 m

where gff’) is the metric of the boundary CFT. Shown in section 2.1, we can express

the solution to the Einstein equation in the Fefferman-Graham gauge [34] where we only
need two independent terms, namely gfg) and g;(f,l). The other terms in the Fefferman-

Graham expansion with order lower than O(2972) can be expressed as a function of the



2.2. Holographic duality 17

(0)

non-normalisable mode g;». To obtain a covariant expression, one can perturbatively

(0)

invert the Fefferman-Graham expansion to express g,y and it’s function in terms of v, .
In particular, from (2.1.9) one can write g,(ﬁfd) and g,(fi) as contractions, combinations and

derivatives of the Riemann curvature tensor Rw,pg with respect to the boundary metric

Y-

The divergences of the regularised action in the expansion of € is [43],

; 1
div __ d _d 9 9
I’r‘eg — 167TGN /8/\/16 d l‘\/ﬁ (6 CL(O) +-.-4e€ a(d_g) — loge a(d)) (2220)

where the logarithm term is only present in even d. By construction the counterterms

action is equal but opposite to the regularised divergences,

Iy = —1%% (2.2.21)

reg
But the covariant expression in terms of v, is [43],

1 R R Ry, — 4(dd71)R2
I =— d? 2(1 —d) — — —log € .
' T 16rGy /aME xﬁ[ (1=d)-7=5 (d—4)(d—2) 08 € %a)

(2.2.22)

Finally the renormalised action is defined to be the limit of € — 0 the sum of regularised

and counterterms actions.
Iien = lg% [Ireg + Ict] . (2223)

The renormalised stress tensor can be obtain via the variation of the onshell renormalised

action. Hence the it is separable into the regularised and counterterms parts,
ren __ 1: reg ct
T = lim [Theo + 151 (2.2.24)

Since the action is onshell, the variation of the action with respect to the metric should
vanish under Dirichlet boundary condition. However, when we take the functional deriva-
tive with respect to the boundary metric, this will pick up the boundary piece that would
have vanished due to the Dirichlet boundary condition. The regularised part is actually

the Brown-York stress tensor of the regularised spacetime,

2 Ol
1224 \/7}/ 5,-)//411
2 b0m, n 2 dgm,
VYOV oy
1

=—— (K — Kvu)|s=. 2.2.25
87TGN( 7 am )‘ ( )

reg __
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Taking the functional derivative of the counterterms action in (2.2.22), one finds the
divergence of 7,79 is cancelled out. Finally we have the renormalised stress tensor of the
boundary CFT as

d d ~

T.Z;gn = mgfw) + A;w + f/w (2'2'26)
where A, is the trace/Weyl anomaly component and fuv is the traceless scheme de-
pendent compnent of the stress tensor. The last two terms are only present in even d.
By trace/Weyl anomaly, it means the contribution of the stress tensor that violate the
tracelessness condition from the Ward identity of the Weyl transformation’s conserved

current,

Y, (2, T") = A (2.2.27)
(T1) = A (2.2.28)

where A is the Weyl anomaly in the CFT. Scheme dependent terms are contribution
from finite counterterm introduced in a particular renormalisation scheme. For example
in d = 2, the Weyl anomaly is proportional to the central charge of the CFT. From
[44, 45, 46], we also know that A takes the form,

A~nEFT+V-T, (2.2.29)

where £ is proportional to the Euler density, Z is a conformal invariant, V is the covariant
derivative of g(O) w and J is a tensor constructed from curvature tensors. Using similar
technique in section 3, these terms can be written as combination of Weyl tensors and
extrinsic curvatures.

(d)

Now we see that g,y provides the information for the one point function of the CFT stress
tensor. Hence bulk field g,(g,) is dual to boundary operator 7). Also ng) provides the
Dirichlet boundary condition for the metric g,,. In the absence of Weyl anomaly, the
Dirichlet boundary condition can be lifted to conformal Dirichlet boundary condition. So
any boundary metric in the conformal class [gffl),)] is valid. These two facts extend beyond
pure gravity theory, so the non-normalisable modes define the boundary value of the bulk

fields and the normalisable modes govern the one point function of the dual operators.

Note this is the holographic renormalisation in Lagrangian formalism. There is a more
direct method of doing holographic renormalisation that avoids inversion of the radial
expansion. The holographic renormalisation in the Hamiltonian formalism utilises the
scaling behaviour of the bulk fields to construct appropriate counter terms. With our pre-
vious emphasis on covariant counterterms, we need to use covariant phase space formalism

to define the conserved currents and charges. We will review and apply both formalisms
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extensively in chapter 4.

2.2.4 Holographic correlation function

Although we will only see a limited use of holographic propagators in the following sections,
we briefly introduce the two propagators in holography. The bulk-to-bulk propagator

G(z,x; 2, 2") or sometimes expressed as
G(z,z; 2 2) = (P(2,2)P(Z, ")) (2.2.30)
they satisfy the differential equation
DGz, 1,7 ,2') = (2,232, 1) (2.2.31)

where D? is a second order linear differential operator in the equation of motion of bulk
field derived from the action. So the G(z,x; 2, 2’) is the Green’s function of the differential
operator D?. The bulk field ®(z, z) is then

O(z,z) = /dzdd:v'G(z,x;z',x')J(z’,x’) (2.2.32)

where J(z,z) is the bulk source of bulk field ®(z,z) such that the bulk field satisfies
the bulk equation of motion. Similarly, the boundary-to-bulk propagator K(z,x;x’) or

sometimes expressed as
K(z,z;2") = (®(2,2)0(z")) (2.2.33)

where O(z) is the dual operator of bulk field ®(z,x). The boundary-to-bulk propagator

satisfies the differential equation
D K (z,z;2') = 0 (2.2.34)

So K(z,z;2') is the homogeneous solution to differential operator D2. The bulk field
®(z,x) is related to the boundary source ¢(x) by

O(z,x) = /dda:'K(z,:E;x')qzb(x'). (2.2.35)

2.3 Entanglement entropy

To begin, let us understand what is quantum entanglement and what entanglement entropy
measures. FEntanglement is the quantum correlation between systems. Contrasting to
classical correlation, measurement on a quantum state will change the complementary

quantum state in the entangled system. For entangled system, the overall quantum state
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cannot be written as a product state,

W)>AB = Z Crm |n>A |m>B # |¢>A |¢>B> (2'3'1)

n,m

because for product state, measurement on system A will not change the quantum state of
system B. An entangle state viewed from the perspective of system B, where no information
about system A is given, it forms a classical statistical ensemble of quantum state. In terms
of density matrix, the reduced density matrix of system B pp, the partial trace of system

A Try of the total density matrix p,

ps =Tra(p)
= sz (ilg, (2.3.2)

is mixed with p,, is the probability of the system B being in quantum state |i);. An
example is the thermofield double (TFD) state,

BEn

|TFD) = e” 2z |n)|n), (2.3.3)
o3
the states of the subsystems are entangled such that the reduced density matrix,

_ % S e BB |n) (n), (2.3.4)

is in a thermal canonical ensemble with inverse temperature § and normalised by the
partition function Z. The statistical ensemble of the reduced density matrix represents
our ignorance on the system B alone. Hence, the more entangled the overall system is,
the more system B is dependent on system A and the less we know about system B
alone. Therefore we can measure entanglement by the entropy for this ensemble, similar
to Boltzmann entropy that counts the microstates or Shannon entropy that measure the

average uncertainty on the possible outcomes.

In a quantum system, the quantum entanglement between a bipartite region can be mea-
sured by the entanglement entropy which is the von Neumann entropy of the reduced

density matrix,

Sp = —-Tr(pglogpp). (2.3.5)

The modular Hamiltonian is defined as the exponent of the density matrix; for the reduced

density matrix of region B it is,

pp = e 1B, (2.3.6)
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In general the modular Hamiltonian is not local and hard to compute, the exception is when
the density matrix is thermal. As the terminologies hinted, the entanglement entropy and
modular Hamiltonian has similar structure as thermal entropy and thermal Hamiltonian.
Since the thermal entropy of a thermal state is also given by the von Neumann entropy,
if the reduced density matrix is thermally mixed, the entanglement entropy is identical to
the thermal entropy. Similarly the thermal Hamiltonian is the exponent of the thermal

density matrix in the rest frame,

1
Pth = Ee—ﬂch (2.3.7)

where [ is the inverse temperature and Z is the partition function. Then the modular

Hamiltonian can be expressed simply as
Hp = BHy, —log Z = B(Hy, — F) (2.3.8)

where the second equality follows from the definition of the free energy. For conformal
field theory in flat space and B is a ball region, the modular Hamiltonian can be calculated

directly from the energy momentum tensor, see section 4.2.3.

From now on we will be studying relativistic continuous quantum systems, namely quan-
tum field theory. Since the Hilbert space is continuous we need to replace the sum of
states to the path integral. The wavefunction can be expressed in path integral as

’ 7):’4}’”

b0
Y(z,—00)

Dip e W [y)y,) (2.3.9)

Similarly, entanglement entropy can be calculated in quantum field theory using path

integral to generate the density matrix.

¥ (2,07)=, , pba+oo)

Prm = N Dy ¢S] / Dy e S (2.3.10)
111/(507—00) 1/1(9070"'):1%1

- N/sz 5(tb(,07) — ) 5(wb(x,07) — by )e 51 (2.3.11)

Bipartition the fields into ¢ = {44, 4"} then the reduce density matrix is

piiy = [ Dba (04,07

plvt uP). (2.3.12)

In general, the logarithm of the reduced density matrix is hard to compute. We can use

another entropy measure, called Renyi Entropy, defined by

1
Sn(B) = ] log Trply. (2.3.13)

Using L’Hopital’s rule, we see Renyi entropy tends to Von Neumann entropy in the limit
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Figure 2.3.1: This is a diagram of the path integral representation of reduced density
matrix with the shaded region being integrated over. The whole space is integrated except
a thin slit in region B with infinitesimally width. The % and zﬁf mark the boundary
value of the field at the two sides of the slit.
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Figure 2.3.2: The n replica density partition function is made up of n identical density
matrix. Each boxes represent a reduced density matrix in the product p’%. The dashed
line indicate the identification of boundary value between slits. Since all insertions are
identified in pairs, this represent the overall trace Trg(p'L).

of n — 1 where we assume analyticity in n. Hence to calculate the entanglement entropy
we need to work out the trace of reduced density matrix to the n*” power and analytically

continue n — 1.

2.3.1 Replica trick

We now introduce the replica trick in quantum field theory to help us to obtain the Renyi
entropy. We need to generate the trace of the n® power of the reduced density matrix in

the terms of path integral,

Trs(o) = [ T1D6F (08 oo

whi), (2.3.14)

where wf = YE. Diagrammatically, the QFT reduced density matrix of B where A is
traced out is shown in figure 2.3.1 and the replica trick in quantum field theory is shown

in figure 2.3.2.

Since the partition function equals to the trace of the density matrix,

Z =Trp, (2.3.15)
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equally we can define a partition function associates with the n'* power of the density
matrix
Z(n)=Trp" (2.3.16)

From the definition of Renyi entropy in (2.3.13) and its relation to the von Neumann

entropy we can deduced the entanglement entropy is the limit of Renyi entropy as follow,
S = —ndpllog Z(n) —nlog Z(1)]n=1. (2.3.17)

Similar to the thermal entropy, the entanglement can be obtained purely from the partition

function. This expression will be helpful in the later sections.

In quantum field theory, fields are continuous in space so one would expect there are
entanglement between neighbouring fields. In bipartite system, no matter how small,
there will be uncountably many neighbouring fields separated by the boundary shared
between the two subregions, called entangling surface. This suggests there are infinite
amount of entanglement between any bipartite system in quantum field theory. We can
regularised the entanglement entropy by putting the field theory on lattice and using
the lattice spacing, €, as UV cutoff. Then the divergence behaviour of the entanglement

entropy can be capture in series expansion of the UV cutoff,
S = Saivl€e] + Stinite (2.3.18)

In general, the entanglement entropy also follows an area law where the coefficient of
the leading divergent term is equal to the area of the entangling surface [47]. For CFT
in even dimensions, the divergent term is a logarithm of the length scale of the region
over the UV cutoff [48]. Some coefficients in the € expansion of the entanglement can have
physical interpretations, like the coefficient of the universal logarithm term is related to the
central charge. There are interesting theorem relating the coefficients in different energy
scale, from UV to IR, like the c-theorem [49]. In this thesis, we will mainly be focusing
on the finite term of the entanglement entropy which can be obtained via systematic

renormalisation procedure.

2.4 Holographic entanglement entropy

As we have showed above, entanglement entropy measures the information shared between
the entanglement pair. This is an purely quantum mechanical quantity as there is no clas-
sical analogue of entanglement. However, in the holographic correspondence, we are able
to represent the entanglement entropy of the boundary quantum theory as a geometrical
quantity in the bulk. From (2.3.13) we see can obtain the entanglement entropy via the
replica partition function. In the field theory calculation, one would need to perform the

path integral in order to obtain the partition function and hence the entanglement en-
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tropy. For free theory, one can still perform Gaussian path integral. But the calculation
get very non-trivial for complicated theory. However, as we will discover, if we use the
gravity partition function in (2.3.13), we can see the area of a bulk minimal surface is the

dual of the entanglement entropy.

2.4.1 Ryu-Takayanagi prescription

The Ryu-Takayanagi prescription is the bulk holographic description of entanglement en-
tropy on the boundary quantum field theory [6, 5]. Since the bulk interior is dual to the
boundary theory, the bulk holographic entanglement entropy also measures the entangle-
ment between two bulk systems separated by a bulk entangling surface. The entanglement
entropy S of the d dimensional boundary quantum field theory with boundary entangling
surface 0% is related to a minimal surface extending into the bulk spacetime M with the
boundary entangling surface as its boundary. The bulk extending co-dimension 2 minimal
surface is defined to be the bulk entangling surface ¥ or the Ryu-Takayangi surface. The

entanglement entropy is then equal to the area of the bulk entangling surface,

A(%)

S:4GN

(2.4.1)

where A(X) is the area of ¥ and Gy is the gravitational constant. Since the AdS met-
ric diverges near the boundary, the area of the minimal surface ¥ suspending from the

boundary also diverges. But we will save the discussion of renormalisation in section 2.4.3

This minimal surface description can be extended in multiple entangling surfaces where
the combination of bulk extending surfaces that have the minimal overall area are chosen
to be the bulk entangling surface. For thermal boundary CFT dual to gravity in AdS black
hole background, certain configurations of entanglement entropy captures the entropy of
the black hole. In those configurations, the set of entangling surface contains a surface
wrapping around the black hole horizon. This analysis is a way to study the black hole
microstates in holography [50].

2.4.2 Replica trick in gravity

The Ryu-Takayangi formula for holographic entanglement entropy can be derive using the
replica trick on the gravity partition function as in (2.3.17). To apply the replica trick on
the gravity side we first define the n*” replica partition function by replacing the manifold
M with the n* replica geometry M(n) such that M(1) = M. There are many methods
of deriving the Ryu-Takayangi formula [5, 51, 52], we will be following the more straight
forward approach in [53]. All the methods utilise the conical singularity in the replica

geometry to relate the entanglement entropy to the area of a minimal surface.

The replica geometry is constructed by gluing the n identical copy of manifold M, similar
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to figure 2.3.2. First, for each copy of M a co-dimension one cut is made along the bulk
entangling region enclosed by the co-dimension two bulk entangling surface 3 and spatial
boundary OM |i=const- The geometry M(n) is the overall geometry after identification or

gluing along the cuts of n replica together in the Euclidean time direction.

The gravity partition function is given by the exponential of the gravity action. Hence we

need to obtain the gravity action on the n replica geometry M(n)
—log Z(n) = Igrqu[M(n)]. (2.4.2)

The gluing procedure of more than one replica creates a conical singularity in the boundary
of the cut, i.e. X, in M(n). The terms in our gravitational action that are sensible to the

conical singularity are terms related to the Ricci tensor.

We now sketch out the procedure for obtaining the conical singularity terms in curvature
invariants as distribution, i.e. delta function. From the original metric g, , here assumed
to be static,

ds? = B(z)dt* + hj(x)dz'dx’ (2.4.3)

to construction the replica geometry we need to separate the orthogonal directions of the
bulk entangling surface . Since we are interested in the tip of the cone, near the bulk
entangling surface ¥ we can do a coordinates transformation to a Rinder frame that locally
looks like,

ds* = —r2dr? + dr® + (yap + 27 cosh 7K ) dy"dy® (2.4.4)

followed by a Wick rotation to,
ds® = r?dr? + dr® + (ap + 2r cos TK o) dy®dy® (2.4.5)

where 7, is the metric for X, 7 and r are the orthogonal coordinates to ¥ and K is the
extrinsic curvature. The metric is periodic in 7 hence we define the n'” replica geometry
by extending the domain of from 0 < 7 < 27 to 0 < 7 < 2wn. For n > 1 there are n sheets
of identical geometries. Since the period exceeds 27 there is a conical singularity at » = 0.
To capture the behaviour of the curvatures near the singularity, we first regularized the
replica metric by smoothening the conical singularity or squashing the tip of the conical
replica geometry and look at the limit as n — 1. For example, the metric of the regularized

replica geometry for S9! entangling surface is [53],

[12 1 252
ds? = r?dr® + Tr;_—i—nﬁf dr? + (A +r" A" cos 7)2d03_, (2.4.6)

where [ is the regularization parameter and A is an arbitrary constant. As r — 0, the

extra factor of n? in the radial component of the metric resolves the conical singularity.
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In the limit of 3 — 0 and n — 1 one recovers the original geometry.

To see the distributional property we need to analyse the replica curvatures invariants

integrals,
/M%; 12, /5O(R™) ) (2.4.7)

where O(REIL)M) are integrands like R(”),R(")z, REZL)R(”)W etc. The limiting behaviour of
the replica curvature integral must depend only on the intrinsic curvature of the original
manifold M, extrinsic curvature of the extended entangling surface 3 and their derivatives.
For a quadratic curvature integral, by dimensional and parity reason it can only depend

on the extrinsic curvature in this form,
(n — 1)/ A ey [el(TrK)? + eoTr(K - K)). (2.4.8)
pY

Since this combination of extrinsic curvatures is general and independent of the choice of
Y, one can deduce the coefficient ¢; and co by doing explicit calculation with two different

> and solving the simultaneous equations for ¢; and cs.

The relevant replica curvature integrals up to first order in 1 — n are the following [53],

/ Az /gRM = n/ A" /gR + 4n(1 — n)/ ey (2.4.9)
My, M by

/ Az /gRM?2 = / d e /gR? 4 8n(1 — n) / d e AR (2.4.10)
M M ¥

n

/ 4+ JGR™ RO — / 4 JGR 0 RIY (2.4.11)
M

n

+4m(1 — n)/ A"y (Rynt - n? — %(TrK)Q)
2

Note the integrals on the left hand side diverge as the regulator 5 — 0. From these integral

we can write the replica curvature invariants as distribution

R™ = nR 4 4n(1 — n)dx (2.4.12)
RM2 = nR? 4 87(1 — n)dsR (2.4.13)
RM RO — nR R + 4m(1 — n)ds (Rywnt - n” — %(TTK)Q). (2.4.14)

where Jyx; is the delta function in ¥, indicating the conical singularity is at 3. Now we
have all the ingredients for the derivation of the holographic entanglement entropy and its

counterterms

2.4.3 Holographic renormalised entanglement entropy

Having established the holographic renormalisation procedure and replica trick in gravity,

we can proceed to derive the holographic renormalised entanglement entropy directly from
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the renormalised action. This is a systematic way of renormalising the entanglement en-
tropy which is conceptually different from the direct removal of the divergences. Although
in some dimensions the end results of the two methods are identical, we still need to
use proper renormalisation procedure if we want to relate the renormalised entanglement

entropy to other renormalised quantity.

The renormalised action can be written as [54],

Iien = lli% [Ireg - Ict] (2415)
and explicitly,
1
Lren = drl A 92.4.1
167Gy /Md zVg(R+4A) (2.4.16)
1 4 1
- 2(1 — —
T, aMd xﬁ[ (1—d)R+ 5}
1 d
- (R R" — ———R?
(d—4)(d—2)2( K 4(d—1) )

—logea(d)—i—---}

The explicit expression of the renormalised entanglement entropy as the limit of Renyi

entropy is
Sren = _nan[l()g Z("Il) -n IOg Z(l)]n:1
Sren = N0y [Iren(n) - nIren(l)]nzl- (2417)

Applying the replica curvature integrals and distribution from (2.4.9 — 2.4.14) we can

obtain the holographic renormalised entanglement entropy [54],

_ 1 d—1 B 1 / d-2_. /7
Sren—4GN/Ed oV =56 by Vh

1 - 7 [T 1 d
B 4(d—-2)(d—4)Gn /82 d’ 2x\/ﬁ<7gwn = i(TTK)Q - 2(d—1)R) (2.4.18)

where the third integral only arises for d > 4 and at d = 4 the coefficient changes to
logarithm of the regulator. Cubic and higher order replica curvature integrals are relevant
for higher dimensional entanglement entropy and can be calculated following the same
procedure as above. As in the renormalised action, we obtained the covariant boundary
counterterms for the entanglement entropy. In chapter 3 we will express the renormalised
entanglement entropy in another set of curvature invariant that allow us to understand

property of this finite quantity.

Holographic entanglement entropy is a rich topic to study and has proved to be a useful

tool in quantum gravity. The area law of bulk entanglement entropy is directly related to
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the black hole thermal entropy. There are rapid development on the application of holo-
graphic entanglement entropy to the black hole information paradox [20, 21, 22]. Another
fundamental application of holographic entanglement entropy is on the emergent prop-
erty of dynamical spacetime or gravity [55, 56, 57]. In chapter 4 we will be investigating
the first law of entanglement entropy. There we will review how the linearised Einstein

equation is related to the variation of entanglement entropy.

2.5 Quantum scattering

In this section, we will be reviewing the past development in high energy scattering, further
details can be found in [58, 59]. To begin, let us briefly go over the basics of potential
scattering in 3 + 1D quantum mechnaics. In the traditional non-relativistic scattering
theory of quantum mechanics, incoming plane wavefunction is scattered by a spherically
symmetric potential and becomes an outgoing wavefunction. The Schrodinger equation

with potential V(r) can be rearranged as
(VZ + E)p(r) = U(r)y(r) (2.5.1)

where k2 = 2mFE and U(r) = 2mV (r). At a steady state, the overall wavefunction is a
superposition of the incoming and outgoing wave. The coeflicient of the outgoing spherical

wave at infinity is known as the scattering amplitude,
Ak, k') = —ﬁ / Bre T () (r) (2.5.2)
and the scattering matrix or S-matrix is defined by
S(k,k') =1+ 2ikA(k, k'), (2.5.3)

where k is the non-relativistic momentum vector. Since the wavefunction satisfies the
Schrodinger equation with spherically symmetric potential, one can separate the radial

and angular solutions. They can be express as partial waves

— ¢u(r)
P(r) = Py(cosb) (2.5.4)
=0
where Pj(cosf) are the Legendre polynomials and [ is the angular momentum quantum
number. Similarly, the radial wavefunction can be separated into incoming and outgoing
parts and the coefficient of the outgoing part is the partial wave S-matrix 5; and is related

to the partial wave scattering amplitude by

Ayk) = 285 2 (2.5.5)
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We can also define the S; as a phase shift by
S (k) = 20k, (2.5.6)

For elastic scattering d;(k) is real. Partial wave analysis is useful in low energy regime when
the high angular momentum modes are suppressed. Although the application of partial
waves in high energy scattering is limited, we will use it to define the Regge behaviour in
QFT.

At high energy forward scattering regime, where the energy is large compare to the po-
tential and backscattering is low, we can use the eikonal approximation for the scattering

amplitude
" .y 4
Al ) = o / 20/ ™Y (1 — X)) (2.5.7)
™

where b is the impact parameter that is the fourier transform of the transverse momentum.
So the S-matrix in the impact parameter space is given by the eikonal phase factor e™x(P).
A more insightful expression of the eikonal phase is to write it as the Fourier transform of

the Born amplitude

1 b
x(b) = / Lhe™™ 4B (k,K) (2.5.8)
where Born amplitude is
1 _
AB(k,K') = i / Bre " kKT (1), (2.5.9)

The Born approximation is valid for weak potential.

The interpretation of the eikonal approximation give us insight into how high energy
scattering works. Since the eikonal amplitude is related to the exponential of the Born
amplitude, we can think of the eikonal amplitude of as the infinite sum of Born amplitudes.
Also the form of the eikonal S-matrix in parameter space can be interpreted as picking up
the contribution from partial waves with largest angular momentum. In the relativistic
case, there are normalisation factor difference but the conceptual framework is the same.
In fact using Feynman diagrams, the above interpretation of eikonal scattering is more

apparent.

2.5.1 Regge scattering

In the partial waves expansion (2.5.4), the wavefunction is separated into the radial and
angular parts. Since the each angular part is an eigenfunction of the angular Laplacian,
this modifies potential by the eigenvalue which is related to angular momentum. For

each partial wave labelled by its angular momentum, there are bound states or resonances
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Figure 2.5.1: The 2-2 scattering with the external legs labelled by the incoming momenta
p1, p2 and outgoing momenta ps, py4.

associate with the modified potential. We know that by analytical continuation of the
linear momentum, complex poles in the scattering amplitude represent bound states or
resonances. Regge showed it is also possible to write angular momentum as a complex
variable and physical solutions have poles at real integer angular momentum. More im-
portantly, bound states or resonances made from composite particles will also have poles
in the complex angular momentum plane as well. Poles of the partial waves are called

Regge poles representing Reggeons which can be composite particles.

For relativistic 2-2 scattering, the standard kinematic parameters are the Mandelstam

variables,

s = (p1 +p2)? t=(p1—p3)? u = (p1 — ps)*. (2.5.10)

We will mainly be focusing on the scattering process where s denotes the square of centre
of mass energy and momentum transfer is in the t-channel. At the centre of mass frame,
the partial waves expansion of the scattering amplitude takes similar form as the non-

relativistic quantum mechanics case,

A(s,t) =Y (20 + 1) Ay(s)P(cos ). (2.5.11)
l

Then one notices the sum of integer [ can be reformulated as a contour integral in the

complex [ plane as

Als,t) = ;ifcdz(zz 4 1)2511’7313(1, 1 4 2s/1) (2.5.12)

where the contour C' encircles the infinitesimal region above and below the positive real
axis. In analytical continuation, it is very important to keep track of the poles within the
contour. Restricting our contour to C, the contour integral (2.5.12) by itself reproduces
the standard partial waves expansion. However, in contour C' the domain for [ is restricted
to essentially the real line. To fully explore the complex plane, we would like to extend
the contour to larger part of the complex [ plane. Now one can deform the contour to C’
which encircles the Re(l) > —3 region. Poles and branch cuts within this region will need

to be subtracted from main contour integral. For simplicity we will assume there is no
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- -
4

Figure 2.5.2: The 1,2 — 3,4 scattering is represented by the tree level diagram with
Reggeon transfer in the t-channel carrying momentum k.

branch cut and the scattering amplitude becomes

1 —1tico A
Als, ) :f/ a1 Slill’;l)P(l,l—i—Zs/t) (2.5.13)

20 )1 oo i
P(a;(t), 1+ 2s/t)
sin oy (t)

+ Yo ault) + DA

where f3;(t) is the residue of A(l,t) at | = a;(t) and «;(t) are called the Regge poles. In

the limit s > |¢| the analytic continuation of the Legendre polynomial behaves like

L2l +1) (s
lim P(I, 1+ 2s/t) > ——= | = | . 2.5.14

Jm PUL+25/8) = mp) (21) (2514)
Hence the first term in (2.5.13) vanishes by construction as the real part of [ is negative.
The Regge pole with the largest real part will dominate the sum. We are then left with

the famous Regge power law behaviour
A(s, t) ~ 5@, (2.5.15)

This can be thought of as an exchange of a Reggeon with angular momentum «(¢) which
is also called the Regge trajectory. This is diagrammatically represented in figure 2.5.2.
An example of Regge behaviour is in the Veneziano amplitude, in string theory it is the

tree level four open strings tachyon amplitude, with linear Regge trajectory
at)=1+d't. (2.5.16)

So the Regge intercept is 1 and the Regge slope is .

2.6 Gravitational scattering

The behaviour of eikonal 2-2 scattering in gravity can be derived in various methods
[26, 27, 29, 60]. We will consider the semi-classical shock wave interpretation where the
highly energetic particles backreact on the spacetime, creating shock waves and altering
the trajectory of the other particles [27, 29, 61, 62]. This is an analogue of the potential
scattering in quantum mechanics with gravitational potential induced by the particles.

The other interpretation is the perturbative linear quantum gravity where the sum of
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ladder diagrams from linearized gravity interaction reproduces the eikonal amplitude [63].

2.6.1 Shock wave

The shock wave geometry is a solution to the Einstein equation with the energy momentum
tensor being sourced by the high energy particle [62, 61, 64]. To begin, we write the metric

as
ds? = —a(u,v")dudv’ + r*(u,v')h;j(x¥)dxtdad . (2.6.1)

Since we expect the shock wave to shift the position of the spacetime after the high energy

particle passes by, we introduce the shift in coordinate by a Heaviside function
v v =0 4 0(u) f (). (2.6.2)
After the coordinate transformation, one arrives at the shock wave metric,
ds? = —a(u,v)dudv + r*(u, v)hij (2¥)dz' da? + a(u,v) f(2*)5(w)du?. (2.6.3)

Shock wave geometry was also introduced to joining of two Einstein solutions, so each

sides of the shock wave satisfy the Einstein equation individually.

An alternate approach to deriving a shock wave metric is by considering the massless limit
of Schwarzchild metric has a discontinuity at v = 0. Then the 2-2 scattering becomes
just the scattering of one moving particle by the gravitational potential created by the
stationary particle. In the massless limit and taking the centre of mass frame, this arrives

at the shock wave graviational scattering.

In general, the total energy momentum tensor is of two parts, one associates with the
background geometry in the absent of shock wave and the other associates to the source

of the shock wave induced by the high energy particle,
Ty =T + 1) (2.6.4)

For high energy particle located at the u = 0 null surface, the energy momentum tensor

takes the form,

TP = J(2*)6(u). (2.6.5)

uu

Then the Einstein equations give following conditions at u = 0

ay, =0 2rr, =0, (aV%DQ) —ar’A — 27“7",1“,) f=4J (2.6.6)

)

In the semi-classical picture, the high energy 2-2 scattering process is considered as the
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wavefunction of the one particle being scattered off a shock wave geometry created by the

other ultra-energetic particle.

For simplicity, let us focus on the flat background example. In the flat space coordinates,

the plane wavefunction is
) =P, (2.6.7)

The wavefunctions before and after the shock wave are different by a shift in the null

coordinate,

P = P Tipuutipoy (2.6.8

Py = P FPuutipy(v=f) (2.6.9)
where shift function for flat space shock wave in D = 4 is

f(z®) = —2GnpY log(,uxixi). (2.6.10)
We can expand the wavefunction after the shock wave in momentum eigenstates with
momentum conservation condition

Lt m2 )
Uy (p, ) = /dea (k:“ — kkk) (1—S(p, k))ere (2.6.11)

where S(p, k) is the S-matrix element. So by doing the inverse Fourier transform one
arrives at the scattering amplitude as
sT(1—iGys)

A(S,t) — GN*

p m(—t)’cw (2.6.12)

One obtain the same result if consider Klein-Gordon equation of ultra-energetic particle in
a static spherically symmetric background generated by the other massive particle. This
would give Schrodinger equation with gravitation potential that has the same form as

Coulomb potential.

For the holographic quantum chaos, we will mainly being using the shock wave approach
to high energy gravitational scattering.
2.6.2 Perturbative quantum gravity

To get a better understand and to see direct relation with quantum gravity, we will demon-

strate the perturbative quantum gravity approach to high energy graviational scattering.
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Figure 2.6.1: These are the dominant 1-loop diagrams for high energy forward scattering.
The solid lines are the incoming and outgoing particles which are the scalars in our case.
The dash lines represents the higher spin particles which are the gravitons in our case.
Note that there is no four point gravitons vertex in the diagram on the right.

First, let us write the action for linearized gravity with massless scalar

1
I p—
167G N

/d% h-D?*(h) + %W% + %h(@qﬁ, dp) — ih&p -0 (2.6.13)

where kinetic term for the graviton or metric perturbation is expressed by the differential

operator D? defined by
1
h- D2(h) = 3 Py (n‘”‘n”a + 77‘”77”)‘ — 77‘“’77>“7) V2h/\a. (2.6.14)

With this action, we have directly apply the Feynman rule to Feynman diagrams and

obtain the amplitudes. The ingredients for the Feynman rules are scalar propagator

1

A(p) = ———— 2.6.15
i) =~ (26.15)
the graviton propagator
1
DI (k) = TGN (e gy _ ) (2:6.16)
— i€
and the scalar-graviton vertex
Vv N i / / /

w(0,0) = 5 (pup,, + PuPy — P - p) (2.6.17)

where p and p’ are the scalar momenta and k is graviton momentum. At large energy, the
tree level diagram then gives the amplitude analogous to the Born amplitude

2
Ag(s,) ~ —SWGN% (2.6.18)

where the s? originated from the fact the intermediate particle is spin-2. In general the
power of s is determined by the spin of the intermediate particle because of the momentum
dependence of the vertex. For large s and at each loop order, the forward scattering is
dominated by diagrams with intermediated by graviton only. So in one loop diagrams like

figure 2.6.1 dominate. We approximate the intermediate scalar propagator as
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1 3

Figure 2.6.2: This is a schematic representation of the ladder diagrams with only gravitons
intermediating between the large momentum scalar lines. Crossing of the gravitons are
permitted.

iA(p+k)= TR
iA(p+ k) ~ _21743:%’ (2.6.19)
then we obtain the 1-loop amplitude as
Aq(s,t) = 2s / dD—Qbe—iQ'bw;;S))Q (2.6.20)
where
x(b,s) = ;/él:);ieiq'b/lo(s, —¢). (2.6.21)

The factor of s infront is due to the normalisation factor when changing basis between
transverse momentum space to impact parameter space [65]. This can be interpreted
as the products of the tree level amplitudes. Also we scaled the IR regulator/(graviton
mass) i to 1. One can show, see [66], the infinite sum of ladder diagrams like figure 2.6.2

reproduces the eikonal scattering amplitude,
iAcir(s,t) = 2s / dP—2pe~iab (eix(W — 1) . (2.6.22)
We can evaluating the integral and get

Aeik(sat) = 87(’GNf —t

2 T(1 —iGys) [ 4\ Cns

which is equal to (2.6.12) up to some kinetic normalisation factor. From the form of
(2.6.22), the S-matrix in impact parameter space is again a phase shift,
S(s,b) = eX(=b), (2.6.24)

In fact the eikonal phase can be represented as the classical action,

x(s,b) = Iu(s, b). (2.6.25)
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Figure 2.6.3: This is a diagram representing the scalar sourcing linearised graviton as it
propagates.

Here is a sketch of the argument, we can calculate the connected amputated Green’s func-
tion for the scalar in space with linear metric perturbation, representing all the connected
diagrams in the 2-2 scattering between four scalars. The path integral of the Green’s

function is

G(x1,22; 23, T4) :/DhuuD¢1D¢2¢1(1‘1)¢1(!L‘3)¢2(332)¢2($4)6i(19mv+[¢+[i"t)- (2.6.26)

We then integrate out the scalar fields
- 7(2)
G(x1, 29,23, 74) = /DhuuGi(xlyI3‘huu)G§(x27$4‘h;u/)€“gmv (2.6.27)

where G§(x1,23|hu) and GS(x2, x4|hy) are connected amputated Green’s function in
linearly perturbed metric, see figure 2.6.3. These two point Green’s functions are the

source term for the linearised graviton, i.e.
Gein(p1 %153, x3|hyuw) ~ exp B/de\/—GTl . h} . (2.6.28)
Combining everything together we get the S-matrix to be

S(s,b) ~ /Dh,w exp [i/de\/z (h -D%(h) + %Tl “h+ %TQ - h)] (2.6.29)

S(s,b) ~ exp [ilZ), + ilsouree (2.6.30)

grav

To go to second line, one can compute the Gaussian path integral by change of variable

or use saddle point approximation.

2.7 Quantum chaos

In this section we will review Quantum Chaos base on [9, 10, 23, 67, 68, 69]. Classical
chaos is the phenomenon of classical system being very sensitive to perturbation of initial
condition. More precisely, the distance between the perturbed phase space trajectory and

the unperturbed trajectory grow exponentially in time

ox ~ et (2.7.1)
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where Ay is the Lyapunov exponent that governs the rate of growth. A system with
larger Az, is more chaotic. There are quantum analogues of chaos in terms of phase space
trajectory governs by the Schrodinger equation. However, we will focus on the formalism
of quantum chaos measured by the expectation value of the commutator between two

operators at different time [68],

C(t) = (= W(t,z),V (0, 0)]2>ﬂ. (2.7.2)

where [ is the inverse temperature of the system. Generically, operators W (0, z) and
V(0,0) at time equal to zero should commute with each other as they act on different
position and the size of the operator is not large. As time increases, in chaotic system
the operator size of W (¢, x) increases, eventually covering the site that V(0,0) acts on.
As a result the commutator increases, the exponential grows in the onset of chaos is also

governed by the Lyapunov exponent,
C(t) ~ e, (2.7.3)

for ¢t be greater than the thermal dissipation time but smaller than the scrambling time

when the size of the operator W (¢, z) reach the size of the system.

2.7.1 Out-of-time-order correlation function

Let W and V be unitary and Hermitian operators. The commutator in C(t) can be
expanded, the only term that behaves differently in chaotic system is the out of time
order correlator (OTOC) [9, 10, 23, 67, 68, 69],

(W (t,2)V(0,0)W (£, 2)V(0,0)) 5. (2.7.4)

The only requirement on these operators are they have vanishing thermal expectation

value and their time ordered two point function decay normally,

W)= (V)=0 (2.7.5)
(W (t, )W (0,0)), (V(t,2)V(0,0)) ~ ¢ t/ta (2.7.6)

where t; is the thermal dissipation time, the time scale that the operator evolves to be

significantly different from the initial operator.

To explore the operator evolution with time, we use the BCH formula to write the operator
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as

W(t,z) = eH'W (0, x)e !
W (t,z) = Ad[e' YW (0, x)
Wit = S S agmpwo, 2) (2.7.7)

n—0 n:

where H is the Hamiltonian of the theory and Ad[ | is the adjoint representation, Ad[H]| =
[H, ]. The growth of the operator W (0, z) can be thought of as the scramble of W in
the system by commuting with the Hamiltonian. Ad[H]"W(0,x) can be written as a
product of operators and typically this operator product increases in size with respect
to n. The relationship between operator growth and scrambling can be demonstrated in
simple discrete one dimensional quantum system with qubits and Hamiltonian that include

nearest neighbour interaction, see [68].

For integrable system the time evolution can be solved analytically hence late time be-
haviour can be determined. The operator decreases in size and 'unscramble’ at later time
or rather it was never properly scramble in the system. In chaotic systems the opera-
tor becomes thoroughly scrambled in the system after passing the scrambling time and

remains large.

The late time behaviour of the OTOC depends on the Hamiltonian of the system, if the
system is integrable then OTOC tends to,

(W(t,x)W(t,z))3(V(0,0)V(0,0))s (2.7.8)

but, for our interest, in chaotic systems the normalised OTOC vanishes like [9, 10, 23, 67,
68, 69],

(W(t,2)V(0,0)W(t,2)V(0,0)5 exp[AL (t 4 W) (2.7.9)

(W (0. 2)W (1, 2))5(V(0.0)V (0, 0))5 o

where Ay, is the Lyapunov exponent, t, is the scrambling time, vg is the butterfly velocity

and the coefficient are schematically hidden. As mentioned before the physical interpre-
tation of the scrambling time is the time needed for a whole system to become properly
scrambled. And the butterfly velocity is the speed for which the scrambling is spread
through the system. The Lyapunov exponent is the decay rate of the OTOC after the

system is properly scrambled.

This manifests the same chaotic growth behaviour of the expectation value of the com-

mutator,

Ct) ~ exp [)\L <t - Uﬂ (2.7.10)
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To better understand the relationship of OTOC and chaos, consider the OTOC as an

overlap of these two states [10],
jin) = W(t,2)V(0,0)18), lout) = V(0,0)W(t,)|8) (2.7.11)

The construction of the out state is to evolve the thermal state |3) in time then per-
turb by the operator W, We~#"|3). The state is evolved back in time such that the
system thermalized and feature of the W perturbation is dissipated out. Following by a
V perturbation to the state, Ve!# We~#1t|3)  the state now only has feature of the V'

perturbation.

Similarly, the construction of the in state is to first perturb the thermal state |3) by the
operator V then evolve the state in time, e *7tV |3), such that the system is thermalized
and feature of the V' perturbation is dissipated out. Followed by a W perturbation to the
state and evolve back in time, e'We™H!V |3).

In ordinary non-chaotic cases, the information about the W and V operators acting on the
state does not scramble or mix with each other. So the perturbations can be independent
evolve forward and backward in time. So for large enough ¢ the in state will appear to
have only the V' perturbation and the information about W is thermalised. The out state
only sees the V' perturbation as the W perturbation is thermalised. Hence the in and out

overlap and OTOC is non-vanishing even at large t.

A chaotic system would scramble the information of both operators even when acted on
different time. The in state would lose the feature of the V perturbation when evolved
back in time due to the thermalisation of the scrambled information. Again the out state
only show features of the V perturbation. Therefore the in and out overlap, (out|in), and
OTOC is small. The size of the overlap decay with respect to the time passed proper

scrambling because the smearing of the V' perturbation intensifies.

2.8 Holographic chaos

Holographic conformal field theory that possesses chaotic behaviour [10] and can be de-
scribe by black hole physics in the bulk [9]. The holographic dual to a d dimensional
conformal field theory with inverse temperature § is the theory of Einstein gravity in

AdSgy1 black hole geometry with the same temperature.

We have seen the thermofield double state in section 2.3 as an example of entangled state.
But let us further elaborate the thermal property of this state. Analogous to the use of
Boltzmann factor in statistical physics to describe the proportion of microstate being in

a certain energy level, we can use the same logic to express the thermal quantum state.
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The density matrix of a thermal mixed state at inverse temperature j is,
1 _
p(B) =~ > e n)n| (2.8.1)
n

which is a ensemble of energy eigenstates with probability proportional to the Boltzmann

factor. The purification of this state is called thermofield double state,

—BEn

\TFD)zZZZe P 1), [n) g (2.8.2)

where |n); and |n)p are the energy eigenstates in the CF'Ty, and CFTg. The holographic
dual to the TFD is the two-sdied eternal black hole in AdS. So taking the partial trace is
identical to considering only one side of the black hole exterior. As an example, a metric

written in null coordinates is [23],
ds® = —a(uv)dudv + 72 (uv)dz'dz’ (2.8.3)
where the horizons locate at v = 0 and v = 0.

The holographic description of the OTOC is given by bulk scattering with insertion of
boundary operators W and V. A useful convention to use is to switch the sign of the time

t — —t and the bulk ¢n and out states are,
|Win) = W(=t)V(0) |TED), |You)=V(0)W(-t)|TFD) (2.8.4)

To write the bulk states in momentum space we first Fourier transform the boundary-to-

bulk propagators along the horizons to get the wavefunctions,

W) = [ doe™ " (o 0,00V (O)uso (2.8.5)
¢W(pvvx) = /dueiaogvu <¢W(U,U,$)W(—t)>|vzo (286)

where ¢y and ¢y are the bulk fields dual to V and W.
The in state written in the null momentum space is,

|Win) = /¢V(pZ,$4)¢W(P§,$3) P, 233 DY, T4y, » (2.8.7)
similarly the out state is,

o) = [ v 03,2 (51, 21) [P, 2155 22000 (288)

where the in and out label the states that are defined on different Cauchy slices and |p“, z,)

and |pY, z,) are defined on u = 0 horizon and v = 0 horizon. The overlap of the bulk in
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and out states defines the bulk OTOC,

/w*v(pg,:rz)w?v(pi’,wz)wv(pZ,xz;)ww(p%,xg)out (P}, x1; D, T2|py, T35 DY, Ta);,  (2.8.9)

The S-matrix element oy (pY, x1; pY, 2|py, 3; P}, x4);, in the high energy regime where
the centre of mass energy s is large and fixed ¢, the forward scattering dominates with
p3 ~ p{ and py ~ py. Then we can use the eikonal approximation we discussed in section
2.6. The caveat in here is the S-matrix formalism is formally defined for asymptotically
flat spacetime with in and out states defined at the past and future infinity. However,
for large l 445 and ¢t we can approximate the amplitude to be similar to the usual eikonal

scattering. So the out state is related to the in state by a phase factor,
D%, 22 PV, 1) gy ~ € DY, 323 PV, 1), (2.8.10)
This eikonal phase § in our gravity setting can be approximated by the classical action,
5~ I (2.8.11)

where [ C(l2) is the quadratic perturbation of the classical action with metric perturbation
sourced by the highly boosted particles inserted from the boundary along the horizons.
This metric perturbation can be obtained by calculating the back reaction of the parti-
cle. For t large enough, the particles are highly boosted along the horizons, the energy

momentum tensors are,

Q
Tow =~ pY0(u)% (z — 21) (2.8.12)
27’0

a
Ty = —2p36(0)3% (z — x2). (2.8.13)
2rg

These can be inserted in the linearized Einstein equation to obtain the back reaction

perturbations h,, and h,,. The action up to second order in perturbation is,

Icl =1Iy+ ol + 5Ip11) + (5ng

I 0L, 0L
Icz:—70+/dd+1$59'6+59' Pt og 22
dg og og
1
1) = 3 / A a/=gh - D*h + hy T + hy T (2.8.14)

where D? is a differential operator in terms of g and I factor is absorbed by the path
integral normalisation. Since the metric perturbations satisfied the linearized Einstein
equation, the first term is equal but opposite to the last two terms. So the eikonal phase
is

1
=3 /ddﬂx\/—ghuuT““. (2.8.15)
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The shock wave perturbation induced by particle 2 is,

8nG
= = p33(u) f(z — ) (28.16)
0

where f satisfy the following equation derived from linearized Einstein equation,
(=02 + 1?) f (z) = 67 () (2.8.17)

where f(z) is then Green’s function for the transverse part of linearised Einstein equation.
We will calculation the exact form of this Green’s function in chapter 5. At large argument

f(x) has the asymptotic form,

BT
f(’w’) = ize " (2'8'18>
2(27|z|) =
and p? = W. Using (2.8.15) and combining all the terms, we obtain the eikonal
phase,
4rG N

To
where s = agpipy and b = x; — z9 is the impact parameter of the 2-2 scattering. In
the Kruskal null coordinate u and v, we can see the bulk particle sourced by W(—t) are
27t
highly boosted along one of the horizon by a factor of e # . So we can see both the metric

perturbation and eikonal phase is proportional to the boost factor

27t

B ~ €5 (2.8.20)

in the other frame along the other horizon particle sourced by V' (0) is boosted. The boost
factor originates from the change of variable from ¢, to u,v. It is related to the inverse
temperature by the g, component near the horizon. Hence the eikonal phase also have

the exponential behaviour
b
d~Gne B et (2.8.21)

This is the first indication of the chaotic exponential growth behaviour, suggesting the

Lyapunov exponent Ay, is

A = 2; (2.8.22)

The eikonal phase becomes of order one, § ~ 1, when at t = ¢, so the scrambling time
equals to
I5; 1

ty = — log — 2.8.23
2 8 Gy ( )
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From (2.8.21)the butterfly velocity vp is

vg = 2L (2.8.24)
I

The exact behaviour can be obtained by the OTOC, see examples in [23].

The interpretation of the bulk OTOC is similar to the one used for the quantum system.
We will look at the case for all the one sided boundary operators insertions. First we
construct the in state by inserting V' (0) on the CFT as a boundary condition for the bulk
field. Then we insert W (—t) and for large enough ¢ the W particle generates a shock wave
along the past horizon and it shift the trajectory of the V after crossing the shock wave.

Hence the position of V' on the boundary changes.

For the out state we insert the W (—t) first and produced a shock wave. Then we insert
V(0), now the boundary position of V' is unchanged, only its past before crossing the shock
wave is shifted. The boundary positions of V is different between the in and out state.

Therefore the overlap is small for large ¢.

In the two sided perspective is we can define the in state on a past Cauchy slice with W
and V insertions on opposite boundary. Then we have two particles on the same Cauchy
slice with momenta along different horizons. Similarly we can define the out state on a
future Cauchy slice with W and V insertions on opposite boundary. Again we have two
particles on the same Cauchy slice with momenta along different horizon. So the out
state can be thought of as the final state of a scattering in the past and the in state is
pre-scattering state. The OTOC is then the high energy scattering S-matrix element of

these boosted particles along the horizons.

Both the explicit examples of OTOC calculation and heuristic argument point towards the
eikonal phase being the key to diagnose the chaotic behaviour of a system. The eikonal
phase is essentially the Fourier transform of tree level amplitude in transverse momentum

bases to impact parameter bases. In the Regge limit, it has a power law behaviour,
5(s,b) ~ 5771 (2.8.25)

where j is the spin of the intermediate particle. In the gravitational scattering processes,

the spin-2 graviton will dominate at high s regime.

2.8.1 Stringy correction

There has been a conjecture for the bound on chaos which set the upper bound of the

Lyapunov exponent, 5
AL < % (2.8.26)
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This proposed bound is saturated by Einstein gravity [67].

One of the way to introduce stringy correction is simulate the OTOC using the four point

function of closed string tachyon vertex operators
A= /d22 (Va(0,0)Va(2, 2)V5(1, 1)Vi (00, 50)) (2.8.27)

where the worldsheet positions of three out of four vertex operators are fixed by conformal
symmetry and the remaining position is integrated over the worldsheet. The scale we need
to be aware of are the string length scale I; and the string coupling gs. From the coefficient
of the effective action one can deduce the gravitational constant is related to the string

scales by
Gy ~ g21P=2, (2.8.28)

The standard procedure of calculating the string amplitude is by operator product expan-
sion (OPE) of the vertex operators. The indexing of the vertex operators hinted that we
are taking the OPE as z — 0 so intermediate string imitate the t-channel intermediate
particle in the 2-2 forward scattering. In flat target space, the result is the two tachyons

merge to form a excited closed string which leads to the flat space Regge behaviour

(2.8.29)

where t < 0 and o/ = [? being the standard Regge slope in string theory. In curved
spacetime, particularly in AdS, we see the transverse part of linearised Einstein equation
in (2.8.17) has a term p2. By change of variable, one can absorb the p? term into the
momentum. Using this analogy, we can see the shift in the Regge behaviour as

op o/ tt=p?)
A~s 70, (2.8.30)

This shift in momentum changes the Regge intercept from 2 to

o' p?
t=0)=2— 2.8.31
a(t =0) 202 (2.8.31)

so the spin of the Reggeon decreases to be below spin-2. This also indicates the Lyapunov

exponent becomes

27 o

AT

) (2.8.32)

falling below the conjectured chaos bound. We have provided an heuristic justification of

the stringy correction to chaos. The precise calculation can be found in [23].



CHAPTER 3

Renormalized Entanglement Entropy and Curvature Invariants

3.1 Introduction and summary

Viewed from the perspective of quantum field theory, entanglement entropy is an unusual
quantity. Entanglement entropy is usually expressed as a regulated quantity, with the
regulator being a short distance cutoff but the regulated power law divergences depend
on the details of the regulation scheme. Accordingly the main focus is on the so-called
universal terms, the coefficients of logarithmic divergences, as these are related to the

coefficients of the Weyl anomaly of the stress energy tensor.

For condensed matter and quantum information applications, quantum field theory is
used as an intermediate tool to describe a system with an inherent lattice cutoff. In such
contexts the short distance regulator has a physical interpretation as the lattice spacing.
If quantum field theory is used to describe a continuum system, there is no inherent
physical cutoff: in quantum field theory we work with renormalized quantities, rather
than regulated quantities. Renormalized entanglement entropy has been developed in
[54, 70, 71, 72, 73, 74, 75].

The focus in this chapter will be on the holographic definition of renormalized entangle-
ment entropy in terms of the renormalized area of entangling surfaces, as shown in (3.2.1)
and (3.3.2). Renormalized entanglement entropy can however be defined in generality us-

ing the replica approach, which is in practice almost always used for explicit computations

45
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of entanglement entropy in quantum field theory, see for example [76, 77, 78]. The bare

entanglement entropy is expressed as
S = —Limy,—1 (9, [Tr(p™)]) (3.1.1)

where p is the density matrix of the (reduced) state. This expression can be written in

terms of partition functions as
S = —Lim,,_; (0, [Z(n) — nZ(1)]) (3.1.2)

where Z(1) denotes the partition function and Z(n) denotes the partition function on the
replica space (n copies of the original space joined together cyclically). The renormalized

entanglement entropy can then be defined as
Sren = —Limy, 51 (0p [Zren(n) — nZren(1)]) . (3.1.3)

Here the partition function Zyen(1) is renormalized using any method of renormalization.
The partition function on the replica space inherits the same UV divergence structure
and thus the renormalized Z,en(n) can be defined without ambiguities from the original

renormalization scheme.

In [79] Page characterised information recovery from black holes in terms of the time
dependence of the entanglement entropy of the Hawking radiation. A number of recent
works, such as [21, 80, 22|, have discussed how the Page curve for Hawking radiation can
be recovered from semiclassical geometry. It is interesting to note that these discussions

inherently rely on a finite (renormalized) notion of entanglement entropy, as defined above.

The UV divergences in the bare entanglement entropy are associated physically with local
entanglement at the boundary of the entangling region. The renormalized entanglement
entropy is instead associated with non-local entanglement between the entangling region
and its complement. The behaviour of renormalized entanglement entropy in various

phases of holographically realised quantum field theories was explored in [70].

Renormalized entanglement entropy is computed holographically in terms of the renor-
malized area of minimal surfaces. The latter topics has been explored right from the very
early days of the AdS/CFT correspondence [81, 82|, as it is also relevant to the holographic
computation of Wilson loops. Within the mathematics community, there has been con-
siderable study of renormalized areas of surfaces, see for example [83, 84, 85, 86, 87, 88|.
Connections between renormalized areas, entanglement and the Willmore functional have

been explored within both the mathematics and the physics communities [89, 90].
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The main goal of this chapter is to demonstrate how the renormalized entanglement en-
tropy can be expressed in terms of the Euler characteristic and other conformal invariants
in odd-dimensional UV conformal field theories dual to gravity in even dimensions. The
restriction to even dimensions is for the usual reason: conformal field theories in even
dimensions have conformal anomalies, and accordingly the renormalized entanglement en-
tropy is not a conformal invariant. For AdS;/CFTj3, the required geometric analysis is
already contained in [83]; here we interpret these mathematics results physically, particu-
larly in terms of the F quantity. We then generalize the approach of [83] to AdSg/CFT5

dualities.

We show that the renormalized entropy S(X) for a static entangling surface ¥ in an

asymptotically AdSs,, spacetime has the following structure:
S(E) ~ ()" Fu x(B) = Y We(D) = Y Hp(D)- D Ty(B). (3.1.4)
T 2 q

In this and all subsequent expressions S refers to the renormalized entanglement entropy
i.e. for notational brevity we drop the subscript. The Euler invariant of the entangling
surface is denoted x(X) and F,, is a numerical coefficient. In everything that follows we
implicitly work with spacetimes with constant negative Ricci curvature, i.e. no matter
or gauge fields, but the generalization of our results to include bulk stress energy tensors

would be straightforward.

The contributions W, are expressed in terms of the pullback of the Weyl curvature to the
surface. Each such contribution is individually finite and conformally invariant; finiteness
generically requires that appropriate boundary terms are included. For n = 2 there is one
single such contribution, linear in the Weyl tensor while for n = 3, there are two terms,
linear and quadratic in the Weyl tensor. For general n terms up to and including order

(n — 1) arise.

The contributions H, are expressed in terms of scalar invariants built from the extrinsic
curvature. Again, each such contribution is individually finite and conformally invariant,
with boundary terms generically being required. For AdSs, there are contributions up
to and including order 2(n — 1) in the extrinsic curvature; all such contributions involve
an even number of extrinsic curvatures. For d > 5 there are Z, renormalized integrals

containing products of Weyl and extrinsic curvature.

The general structure of the renormalized entropy/area and the decomposition using
Gauss-Codazzi relation will apply in all even dimensions. The explicit terms that arise
would need to be calculated for dimensions greater than or equal to eight, and the asso-

ciated positivity properties proven.
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While the gravity calculation can be carried out in all even dimensions, we should note
however that the quantum field theory interpretation of the results in AdSs, with n > 4

is unclear and there are no conformal field theories in dimension n > 7.

We note that relations between a renormalized entanglement entropy, the FEuler invariant
and curvature invariants has been considered in earlier works [71, 72, 73, 74, 75]. However,
the underlying approach of these works is somewhat different: the renormalized entan-
glement entropy is not defined by using the boundary terms induced by the variational
problem at the conformal boundary [91] as in [54, 70], following the standard approach
to holographic renormalization [43, 92], but instead by adding Chern forms as boundary
terms. However, the results coincide for AAdSy; the Chern form and counterterm for the
codimension two minimal surface renormalized area are identical as illustrated in [71, 83].
When the bulk entangling surface is a codimension two asymptotically hyperbolic slice of
AAdSg, ¥ = AH*, by discarding all quantity extrinsic to 3, the renormalized area formula

(4.2.11) reproduces Anderson’s four dimensional renormalized volume formula [93]

3 1
Y) = S AE w2 3.1.5
X(B) = 5 A®) + 555 W) (3.1.5)
where A(X) is the renormalized area and W® is the Weyl tensor intrinsic to the four
dimensional hyperbolic space X. In this case our results should coincide with [72, 73, 74,
75].

More generally, as pointed out by [94], the Kounterterm approach differs from the holo-
graphic renormalization procedure when the boundary Weyl tensor of the asymptotically
locally AdS spacetime is non-vanishing. Using the Gauss-Codazzi relations, the boundary
Weyl tensor is related to projections of the bulk Weyl tensor. In (4.2.11), the projections of
the bulk Weyl contributes to the renormalized area. Hence, we anticipate that our results
could differ from the Kounterterm approach and it would be interesting to compare the

results in higher dimensions.

The expression (3.1.4) has several immediate physical applications. Firstly, for entangling
surfaces in AdSs, all W, contributions are zero, due to the vanishing of the Weyl ten-
sor. Umbilic minimal surfaces have zero extrinsic curvature, and thus the renormalized
entanglement entropy reduces to the Euler invariant term. Entangling surfaces associated
with spherical entangling regions (discussed extensively in [51]) are indeed umbilic and
thus their renormalized entanglement entropies are proportional to their Euler invariants

(which are one for all n).

In [51] it was shown that the finite contributions to the entanglement entropy of spherical
regions compute the F quantities [95] in odd dimensional conformal field theories. Renor-

malized entanglement entropy enables these finite contributions to be extracted elegantly,
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in a manifestly scheme independent manner [54, 96]. By expressing the renormalized en-
tanglement entropy in the form (3.1.4), it is manifest that the coefficients of proportionality

Fn of the Euler invariants directly compute the F quantities.

The second immediate application of (3.1.4) is to variations of the entanglement entropy
under changes in the background geometry (state of quantum field theory) and changes in
the shape of the entangling region. The expression (3.1.4) can be used to give an elegant
proof of the first law of entanglement entropy, generalizing the work of [57] as one no

longer needs to restrict to normalizable metric perturbations.

The first variation of the entanglement entropy around spherical entangling regions in
AdS takes a particularly simple and elegant form. Since such variations do not change the
topology of the entangling surface, the Euler invariant contribution does not change. All
contributions from the extrinsic curvature are quadratic or higher order; since the extrinsic
curvature vanishes to leading order, this means the contributions H, do not contribute to
first variations (but do contribute to the second variations). By analogous reasoning, the
only contribution from the Weyl terms W, comes from the term that is linear in the Weyl

tensor. Thus we arrive at

-1
1.
0S 1Goy 1N4% (3.1.6)
where G, is the Newton constant and
5W = / d2(n_1)$\/§ 5V[~/1212 — / d2n_3$\/E5W1212 =+ .- (3.1.7)
by o%

where 5W1212 is the pullback of the normal components of the bulk linearized Weyl curva-
ture in an orthonormal frame and dW1212 is the pullback of the normal components of the
boundary linearized Weyl curvature in an orthonormal frame. The boundary terms are
such that dWV is a finite conformal invariant for a generic non-normalizable metric pertur-
bation. Note that the boundary term vanishes for AdSs. The ellipses denote additional
boundary terms expressed in terms of higher powers of the boundary Weyl curvature that

are required for n > 3.

In a future work [2] we will show in detail how )V can be related to the renormalized stress
tensor defined in [43] and hence to the variation in the energy; this gives a generalized

proof of the first law [57] in a simple and elegant way.

The plan of this chapter is as follows. In section 3.2 we consider static entangling surfaces
in asymptotically locally AdS, spacetimes; the relevant mathematical results were derived
in [83]. In section 3.3 we analyse static entangling surfaces in asymptotically locally AdSg
spacetimes; the main result of this section is the explicit form of the renormalized area

in terms of finite conformal invariants (4.2.11). Details of the asymptotic analysis are
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contained within the appendix. In section 3.4 we express the renormalized entanglement
entropy for spherical entangling regions in terms of the Euler invariant and show that
linearized variations can be expressed in terms of the conformal invariant that is linear in

the Weyl tensor. We conclude in section 3.5.

3.2 Asymptotically AdS,

Consider a codimension two static minimal surface 3 with boundary 0% in an asymptot-
ically locally AdS, spacetime. The renormalized entanglement entropy S(X) is expressed

in terms of the renormalized area A(X) as

AX)

S(X) = 1G,

(3.2.1)

where Gy is the four-dimensional Newton constant. The renormalized area is [54]

A(D) = /Z Pa\/g - /8 dovh. (3.2.2)

Here g is the metric on the minimal surface and A is the metric at the boundary of the

minimal surface.

It was shown in [83] that the renormalized area can be expressed in terms of the Euler
characteristic of the surface and an integral of local invariants. The analysis of [83] was for
two dimensional minimal surfaces in (d+ 1)-dimensional asymptotically locally hyperbolic

Einstein spaces i.e. Euclidean signature. This analysis demonstrated that
1 ~
A(D) = —2nx(5) - ; / a7 IK + / P JGWasa (3.2.3)
by b

where W3434 is the Weyl curvature of the bulk metric evaluated on any orthonormal basis
for the tangent space of the entangling surface and the bulk curvature is normalised to
satisty R, = —dGy,. Here K;; are the components of the second fundamental form; the
index s runs over the directions orthogonal to the surface i.e. s = 1,2 in the case of a
four-dimensional bulk geometry. Note that the minimal condition implies that K is trace
free. Each term in (3.2.3) is individually finite: the integrands in the last two terms fall off
sufficiently quickly near the conformal boundary that the integrals do not have divergent

contributions [83].

In the case of a static Ryu-Takayanagi entangling surface, the extrinsic curvature in the
time direction is zero and by tracelessness of the Weyl curvature the renormalized area

reduces to

A(S) = —2my(3) — % /Z o /GKP /E P\ /G o2 (3.2.4)

where K;; is the extrinsic curvature of the surface along a spatial section and nglg is the
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Weyl curvature evaluated on an orthonormal basis for the normal space of 3. Writing the
Weyl tensor in this way is to match with our higher dimensional result shown in the later

section.

3.2.1 Disk entangling region

Let us now consider the renormalized entanglement entropy in particular contexts. In

pure AdS, the Weyl tensor vanishes and therefore

S(E) =~ 55 X(D) - 81G4/Zd2x\/§]K\2 (3.2.5)

Consider a single entangling region in the boundary, which is topologically a disk. The
corresponding Ryu-Takayanagi surface has the same topology and accordingly its Euler
characteristic x(X) = 1. The renormalized entanglement entropy for such surfaces there-

fore satisfies
T

T2G,

with equality in the case of K;; = 0. Minimal surfaces satisfy K = 0; surfaces that

5(%) < (3.2.6)

in addition satisfy K;; = 0, i.e. the traceless part of the extrinsic curvature vanishes,
are called umbilic. Umbilic surfaces are locally spherical; the normal curvatures in all

directions are equal.

In the specific case of a disk entangling region, the entangling surface indeed has zero

extrinsic curvature and is umbilic. This can be seen by changing from Poincaré coordinates:
ds? = L (—d? + dp? + dr” + r?de? 3.2.7
s—ﬁ<—t+p+r+r¢) (3.2.7)

to new coordinates adapted to the entangling surface:
p = Rsind r = Rcosf (3.2.8)

so that
1

~ R2sin26

The induced metric on an entangling surface of constant ¢ and R can thus be written as

ds? (—dt* + dR? + R*(d6? + cos® 0dg?) ) . (3.2.9)

1
ds” = — (46 + cos? 6de?) , (3.2.10)

which is independent of both ¢t and R, demonstrating that the extrinsic curvatures are

Z€ero.

For a disk entangling region D, the renormalized entropy is thus directly proportional to

the Euler characteristic of the entangling surface. As discussed in [54, 96], the renormalized
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entropy is also related to the F quantity of the corresponding 3d CFT and hence

™

F= —S(D) = EX

(D) (3.2.11)
and the representation of the entanglement entropy in terms of a topological invariant

emphasises that this quantity does not depend on any choice of renormalization scheme.

Now let us consider linearized perturbations around the disk entangling surface in AdSy.
Linear and quadratic perturbations around generic minimal surfaces in asymptotically
hyperbolic manifolds were discussed in detail in [83]. The analysis of [83] however simplifies
considerably for perturbations around the disk entangling surface as both the Weyl and
extrinsic curvatures vanish at leading order. Accordingly the only term in the linearized

variation is

-1 N
55 = —— / &2 /G 5Wizno (3.2.12)
1G,

In a subsequent work [2] we will show how 611212 can be related to the renormalized stress
tensor constructed in [43] and hence to the variation in the energy; this gives a generalized
proof of the first law [57].

3.2.2 Strip entangling region

Consider now a strip entangling region S in pure AdS,;. Using the following Poincaré

coordinates )
ds? = =5 (=di* + dp? + da? + dy?) , (3.2.13)
p
the entangling surface for a strip entangling region along the y direction can be expressed
as
dp  _/pz—p*
— =F (3.2.14)
dx P2

where p, is the turning point of the surface and — for 0 < z < % and + for —L—QZ <z <0.

The width of the strip L, along the z direction is related to p. as

Pe 2 F §
0 VPe =P P(Z)

Here implicitly we assume that L, < L,, where L, is the length of the strip, so that

2/m—22p,. (3.2.15)

contributions from the corners and short sides are negligible. The renormalized area A(S)

is then given by
2L, ~I'(3) L,L
AS) = - r—4r = 3.2.16

Since for large L, the Euler characteristic is negligible and in the limit of the infinite strip

X(8) = 0, and the Weyl curvature vanishes for pure AdS, the renormalized area (4.2.10)

is given in terms of the integral of the extrinsic curvature over the surface.
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Using (3.2.14) we can pullback the AdS; metric onto S to give:

1 pd
2 _ c .2 2
ds® = ) (p(x)‘ldx +dy ) , (3.2.17)

where implicitly p is expressed in terms of z. The push forward of the unit spatial normal

vector is
Vpe—pt 0
_ 3.2.18
"2 = <6p N Bw) ( )
The interpretation of the two signs is as follows. Let the strip extend from z = —%LI

tox = %L;C. For x > 0, the normal to the entangling surface points in the direction of
increasing z (positive sign) while for z < 0 the normal points in the direction of decreasing

x (negative sign). Accordingly the induced metric can be written as

Giydac“d:v” = (G — naune,) datdz” (3.2.19)
1 VP
= 2<Pc de '0 dpdw—i—pdac —|—dy>
4 pc c

The temporal extrinsic curvature vanishes and the spatial extrinsic curvature is given by

4_ 4 2 ST 1 4 1
K dxtdz” = %dﬁ F 2%(@@3 + %de - ?dyQ, (3.2.20)
C C C C

The trace of the extrinsic curvature can be easily read off and satisfies the required mini-
mality condition, K = 0. From (4.2.10), the only non vanishing term of the renormalized

area is

L
1 . 2 5 p? (2 L,L,
AS) = fa/sd%\/gm Ky = — / y/ . daz% (’;) —_ZwE o (3991)
2 T2

Pe Pe

Note that K* K, takes the same value for either sign in (3.2.20). This matches with
the explicit result for the renormalized area of the minimal surface extends from the strip

entangling region in (3.2.16).

3.3 Asymptotically AdSg

Consider a codimension two static minimal surface ¥ with boundary 9% in an asymptot-
ically locally AdSg spacetime. The renormalized entanglement entropy S(X) is expressed

in terms of the renormalized area A(Y) as

S(%) = (3.3.1)
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where G is the six-dimensional Newton constant. The renormalized area is [54]

AX) = /d%\f—l/ d3xvh (3.3.2)
¥ 3 Jox
1 3 A _12_5A>
g/azd:r\/ﬁ<Raa 2l<: 8R.

Here ¢ is the metric on the minimal surface and A is the metric at the boundary of the
minimal surface. Rgq is the curvature of the metric on the boundary of the asymptotically
locally AdSg spacetime, projected to the subspace orthogonal to 9. R is the Ricci scalar
of the boundary curvature and k2 is the square of the extrinsic curvature of 9% embedded
into M, the boundary of the asymptotically locally AdSg spacetime M. The counterterms
are sufficient for bulk dimension less than or equal to six; additional divergences arise in

higher dimensions [54].

Using the Chern-Gauss-Bonnet theorem, the Euler invariant for a four-dimensional man-

ifold with boundary consists of a bulk contribution

x(¥) =

1 . .
37 /E d*z\/g (R”’“ZRiW — 4R RY 4 R2) (3.3.3)

(where R refers to the intrinsic curvature of the manifold) with boundary contributions

that may be expressed as in [97]:

1 oo g 1
+— / d3l‘\/ﬁ<RijkﬂClknjnk - 'RUKU — ICRij’/LZ’I’L] + -KR (3.3.4)
472 Jox 2

1 2
+ 30— KTH(K?) + 3Tr(IC3)>.

The above formulae used different sign convention to [97] and are further explained in the
appendix. Note that this form for the boundary contributions was derived in the context

of analysing conformal anomalies on manifolds with boundary.

By construction both functionals (3.3.2) and (3.3.3) are finite. However, there are clear
conceptual differences between the boundary terms. In the case of the renormalised area,
the boundary terms are counterterms, expressed covariantly in terms of Dirichlet data at
the conformal boundary. This implies that the boundary terms have to be expressed only
in terms of the intrinsic curvature of the conformal boundary, and the extrinsic curvature

of the boundary of the entangling surface, embedded into the conformal boundary.

By contrast, the Euler invariant is expressed entirely in terms of quantities that are intrinsic
to the entangling surface itself, with no reference to the embedding of the surface into the
six-dimensional bulk manifold. Here the boundary terms are not expressed in terms of

Dirichlet data at the boundary of the surface, but involve the extrinsic curvature of the
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1

Figure 3.3.1: In this diagram the temporal direction, n", is suppressed. We can identify
two distinct sets of normal directions: n? is the normal of the ¥ and n? is the normal of
0% within X, while 7 is the normal of 0% on 9M and m is the normal of 9M in M. On the
regulated boundary OM|.—., n? and n? are not equal to n and m respectively. However
the normal space is manifestly spanned by both {n®,s = 1,2,3} and {n',7, m}.
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boundary.

The goal of this section is to relate the renormalised area to the Euler invariant, through the
use of Gauss-Codazzi relations and asymptotic analysis. Related analysis was carried out
in the mathematics literature in [86, 89] but these works did not use explicit counterterms

to define the renormalized area.

3.3.1 Geometric preliminaries

The extrinsic curvatures of the entangling surface 3 are defined by
K}, = a9h9,V oy (3.3.5)

where the normals to ¥ are n® with s = 1,2; we will denote by n! the normal in the
time direction. Similarly, the extrinsic curvature of the boundary entangling surface 0%
embedded into ¥ is defined by

Kii = —hFhtven? 3.3.6
J 7 [

l.
J
where n? is the associated inward pointing normal, as shown in Figure 3.3.1.

We can define a second set of normals to 9%, (n!, 7, m), where 7 is the normal of 9% lying
within OM and m is the normal of M in M. The extrinsic curvatures corresponding to
this second set of normals are defined as

ki; = h¥n

Vi kij = hyhhVmy (3.3.7)

J j

The two sets of normal vectors (ni,n2,n3) and (ni,n,m) can be related by coordinate

transformations.

n? = An + Atm (3.3.8)
nd = —Atn + Am

where A? +AL2 =1 and A, A+ € R. The induced metric on ¥ can also be obtained from

either set of normal

1

1 2
by = Guw + nyn, —nyng, —

i nini =G+ n,ﬂni — Ny, — MMy, (3.3.9)
Note that it is often convenient to work in an orthonormal basis, ijeﬁe N = TMN,

such that the induced metric on ¥ is eded = n®n3 + e%e® = g dztdx” and on 0¥ is

eet = hz-jd:vid:vj.

As in [83], we will work in Fefferman-Graham coordinate systems for asymptotically locally
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AdS metrics:

d 2
ds? = G datdz” = Z—ZQ + Yapdr®da® (3.3.10)
and the metric v admits the expansion
—2 (_(0 _(2
g = 22 <%(w> +22%§>+...) (3.3.11)

Note that this implicitly assumes that the entangling surface is contained within the

Fefferman-Graham coordinate patch.

For static manifolds ¥ and 9% in AdS we can then express the normals as

o, o g adf (3.3.12)
z z z

(For non-static surfaces one would need to parameterise the timelike normal as n! = O‘TT‘H )

The corresponding normal vector fields are

0 0 z 0
o GmT g, en= aof (3.3.13)

ny=e ==z

where @ is a function of (z, f) only. Using these relations one can decompose bulk
curvatures into quantities that are intrinsic and extrinsic to the surface. For exam-
ple, the Lie bracket for the normal vector fields has structure constant Fj\]j[ N such that

lear,en] = F J\IZ yep. Only the following components are non-vanishing
Fpy=-F,=1 F,=-F, =1-§ (3.3.14)

where § = 22725‘ From these expressions we can then work out the connections and
curvature tensors in terms of quantities defined on X.
3.3.2 Gauss-Codazzi relations

In this section we collect together identities relating the bulk curvature with the intrinsic
and and extrinsic curvatures of the entangling surface. First let us note the following
relation for the bulk curvature: since the manifold is Einstein with negative cosmological

constant, we can express the Riemann curvature in terms of the Weyl curvature as
Wivpo = Ruvpo + GupGro — GuoGup (3.3.15)

where G, is the metric on M. In particular, the Weyl curvature vanishes for anti-de

Sitter spacetime itself.

In this section we will implement Gauss-Codazzi relations for the codimension two surface,
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taking into account both (unit) normals to the entangling surface by ny, with s = 1,2.
In the context of Ryu-Takayanagi surfaces the extrinsic curvatures in time directions are
trivial, but the analysis carried out in this section is more general and does not pick out

a distinguished coordinate system for the normal directions.

The Gauss-Codazzi relations then state that:
K2 g7 g1 Rexen = R (K5, KS, — K5 KS,) (3.3.16)
90929598 Rixrn = Ruvpo + Z Ko, 3.

where the extrinsic curvatures are defined above in (3.3.5). (Note that it is often convenient

to choose adapted coordinates for the hypersurface.)

The pullback of the bulk curvature can be expressed as

KA T KA T

91929598 Rexrn = 9,909,960 Wexry + GuoGvp — Gup9vo (3.3.17)

using g"“nj, = 0. In what follows it is convenient to use a compressed notation to denote

the pulled back Weyl curvature as

Wovpo = 91909590 Wixrn- (3.3.18)

Contraction of the Gauss-Codazzi relations gives

2 2
gﬁgi\RnA + gzgz)/\RliT)\’ﬂ Z(_l)s_ln;ng = R,uu + Z(_l)SKZpKSypa (3'3'19)
s=1 s=1
where here and in the rest of this sectoin we show the normal index s as a subscript to

improve the clarity of equations. Contracting further gives

2
R+ 2ng KA Z “IntnY — 2R, peninining = R + Z 1)K, K1 (3.3.20)
s=1
where we use the fact that the surface is minimal so K® = 0. In our case, the background

manifold is Einstein, for which the Ricci curvature can conveniently be normalised as
Ruu = *dGm/ (3321)

for asymptotically locally AdS4; 1) spacetimes. Using the fact that g,,ny = 0, we can

thus write

2 2

R;w + Z(_l)usszyp = _(d - 2)g,LW - g;i\gZW)\pTU Z(_l)sngngv (3'3'22)
s=1 s=1
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and
2

R+ (-1)°K5, K" = —(d - 2)(d — 1) — 2Wpypenfnining, (3.3.23)

s=1

where we use the fact that the dimension of the entangling surface is (d — 1).

For notational convenience we will define the combinations

2

HMVPU = Z(_l)s(KzaKﬁp - K;pKio)v (3324)
s=1
as well as )
WMTLV'I’L = QQQZW/\,)TU Z(—l)snfjng (3325)
s=1
and
Wiata = Wiwpenhninfng. (3.3.26)

The Gauss-Codazzi relations can then be used to rewrite the bulk term in the Euler

invariant as follows. The Riemann curvature terms give

Ruvpe R = 2(d—1)(d —2) + 4H + H,y e H""° (3.3.27)
AW 4 W pe WHPT — 2W, 0 HPP.

The Ricci curvature terms give

RuwRMY = (d—2)*(d—1)+2(d—2)H + H,, H" (3.3.28)
+2(d — 2)Won + Winun WH™™ 4+ 2W 0 HH

while the Ricci scalar terms give

R? = (d—2)*(d—-1)?>+2(d—-2)(d—1)H + H? (3.3.29)
+4(d — 2)(d — 1)Wiga + AWy + AHWia1.

Here H and H,, can be expressed as

2 2
Hy =Y (-1)°K5,K*°  H=> (1)K, K", (3.3.30)
s=1 s=1
Combining these terms for the case of d = 5 (AdSg), we obtain an expression for the Euler

invariant of the form:

_ i 4 s Ti7 i 3
X(2) = 3%2/2(1 g (244 AX(K*, W) + | daVhoE, (3.3.31)
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where the functional appearing in the volume term takes the form

Ax =4H + 8Wia1o + H? — 4H,,, H* + H,ppo HHP° (3.3.32)
+ AWy, — 4Wunvnwwm + WMVPUWWW
+ 4HW1212 — 8H#Vﬁ7unyn — 2H,praﬁ7uypo_

The notation chosen for the volume term reflects the fact that Ay vanishes for spherical

entangling surfaces (K}, = 0) in pure AdS (W,,0), as we discuss in the next section.

To simplify this expression we have used the following expressions for the projected and
contracted Weyl tensor
W =wA48, =wAB Wag = W 4o (3.3.33)
Wig12 = W22 Wi = W4 4.
Since Weyl tensor is traceless, we can write the curvatures in (3.3.33) in terms of each
other as
WAD g = WMy — 2 (WAL + W2, + W2,) (3.3.34)
W = 2Wy; — 2Was + 2Wia12
and thus
W = —Wpp = —2Wio12 (3.3.35)

Therefore the contributions linear in the Weyl tensor can be written in terms of the

projection of the Weyl tensor onto N3, Wiata.

We now need to express the boundary contributions to the Euler density integral in terms
of extrinsic curvatures and the Weyl tensor. We first define the extrinsic curvature, J¢,
of M embedded into M,

Hw = (6], —mf,) (0 — my)V pmg. (3.3.36)

Using the definition of the extrinsic curvature of 9% pointing out of the boundary kﬁy =

hf,h7V pme, one can show that

K = ki, — (1= B)iuiiy +nn),. (3.3.37)

The trace of % is

H =kt —2+5 (3.3.38)
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and the trace of the product is
K KM =k et +2 - 23 + 52 (3.3.39)

The intrinsic curvature of the boundary oM, }AEW,,U, is related to the projection and
contraction of Weyl tensor and J# by the Gauss-Codazzi equation, giving the following

relations

Rizin = 1+ Winin — HnHa + 1K
Riy=d—1—Wipam — H P Hpy + 0 H

Ran = —d+ 1 — Wamam — Ha" Hpn + Hnn

= —d(d—1) — K, " + H* (3.3.40)
ij = —(d = Dhij = Wimjm — ;" Hpj + Hij X

Rinjn = —hij + Winjn — HinHnj + Hij-Kan

A

Riij1 = hij + Winj1 — A2 + 0.

5

Substituting " terms using (3.3.37), (3.3.38) and (3.3.39) we obtain

Rinin = Winia + B

Ri=d—2+k"—Winim+8

Riun = —d+ 2 — k't — Wapam + (k* — 1)

R=—d(d—1)+2—4k" + k7 — kEE U 420k — 1)3 (3.3.41)
Rij = —(d — Dhyj — 2k3; — k- ki + kikt — Wi + k358

Rinjn = —hij — k5 + Winja + k5 B

Riljl = hij + ké + Wiljl-

The intrinsic curvature R terms on the surface given in (3.3.4) are related to the curvatures
of the boundary of the entangling surface 9%, R, by additional Gauss-Codazzi relations:
K 1 3up, 3v) _ 1’C 5} ICQ %

SR Run®tn®”) = (R - K2+ KyK7) (3.3.42)
and
_ICinuizxj (g“” — n3 “n3 V) = —K:ij (EU + ICMIC? — /CZJIC) . (3.3.43)

We can again use Gauss-Codazzi relations to transform relate quantities on 9% to quan-
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tities in OM:

A

= R+2Ry1 — 2R;5 — 2Ryz1n + k* — Kk (3.3.44)
j = Rij = Rinjn + Riajy + kigh — k" k.

=

Expressing Riemann tensors in terms of Weyl tensors gives

R=—(d—1)(d—4)+k* — kuk” + kLk‘L 9 — 2 (Wimim + Winta — Wamam)  (3.3.45)
Rij = —(d = Dhij + kigk — K kij + ik — ki "Ry + Wiiji = Wingn — Wimgm.

Specialising to d = 5 these expressions reduce to:

R=—-4+Fk— kijkij + k%kj‘ - 2 (Wimim + Wiain — Wamam) (3.3.46)
Rij = —4hij + kijk — ki kij + kisk — ki Pl + Winjn — Wingn — Wimgm.

The decomposition of K into k, k™ is straightforward:
K:Z'j = +ALkij — Ak’é (3.3.47)

Our final expression for the boundary contributions to the FEuler density can be written in
terms of projections of the Weyl tensor and extrinsic curvatures of 9% tangent and normal
to OM,

OBy = —(Atk — AkY) Winia + Wimim — Wamim)
+ (AYKY — Ak Y (= Witj1 + Wimgm + Wingn)

3 3
+ ARL - (A A ) K - (A - A) Ll < 34 A) Kk

2 6 3 2 2
AL A24L 2 (AL A2At y
AL 1« [ = L.l
Atk ( . ; )kk . o | ki
— (—At 4 A2AL) kgt T (AR - A2AR) Bk (3.3.48)
A A4\ L A AAL ’
= _ il
(2 . )k B | =5+ = | ik

— (A= AAY) kyghThg T — (A + AAS) Bkt

AL oar? AL w34 AP i
_<_2+ 6 )k (‘A”z bk thi = | 5 g kR

We will use this expression in what follows, comparing the boundary terms in the Euler

characteristic with those in the renormalized area.
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3.3.3 Asymptotic analysis
The ultimate goal is to express the Euler characteristic as a linear combination of the
renormalized area A(3) and other finite contributions i.e.

X(E) = - AD) + - (3.3.49)

472
where the ellipses denote contributions that are finite term by term. In this section we
will show that the finite contributions are such that

42 1

AX) = 7X(z)-%%(z)—gwm) (3.3.50)

1
- / dbx/g (H? — A, HY + Hyppo HPP
24 Jx,

+4ﬁ//12212 - 417‘///"11/71‘7/““”” + WMVPUWMVPU) ;

where the finite terms H(X) and W(X) are defined in (3.3.68) and (3.3.69), respec-
tively, This formula is the direct generalisation of the corresponding expression for two-

dimensional surfaces given in (3.2.3).

To determine the terms arising in this expression, we need to consider the asymptotic
analysis of the bulk and boundary terms in the Euler characteristic and the renormalized
area. To compare terms between the Euler characteristic and the renormalized area, it
is convenient to convert quantities written with respect to quantities intrinsic to X into
quantities expressed with respect to M and 0. Intuitively, it is apparent that the
extrinsic curvature K2 of ¥ and K of 9% can be expressed in terms of the two extrinsic
curvatures k, k. Indeed, by decomposing the metric and normal of ¥ into boundary

components we can write K2 as a combination of k, k* plus additional terms.

The integration in the M is regulated by restricting integration up to the regulated bound-

ary OM, := M|,—.. The regulated divergences in Euler characteristic integral

1 1
) = d* 24+ A —/ d*zV'h OF 3.3.51
X(E) = g5 [ aevG @A)+ g [ davhoR, (385

come from the bulk terms up to order z* and boundary terms up to order z>

. Clearly
by construction all such divergences cancel, as the Euler characteristic is finite, but to
compare with the renormalized area we need to identify which terms are finite and which

include regulated divergences. In what follows we will show that each term in

/ d'2/g (H? = 4AHy H" + Hyppe H'P7 4 AWy (3.3.52)
e

_4WMnan,unun + W,uupaWquU)
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is individually finite, while the other bulk contributions

1
3272

/ d'ey/g (24 -+ 4H + 8 Wiz (3.3.53)
P

each have regulated divergences. As we will be comparing regulated divergences of the
Euler characteristic with those in the renormalised area, and the latter assumes static

)

embedding, we will set K| S, = 0 for the rest of this section.

We need to calculate the asymptotic expansions of the geometric quantities appearing
in the Euler characteristic. We begin with the normal vectors defined in (3.3.8). If we
expand At in z and apply the boundary condition of A*(z = 0) = 0 we obtain the leading
term in the z power series to be A+ = ZA?E)) + ---. Similarly, the leading term in the A
asymptotic series is A = 1+ ---. From the relation A% + AL? = 1 we can thus conclude
that the asymptotic expansion for A and A+ is
L o, 2 4
A:1—§Z A(O) +O(Z )
il 1 3 4L 5
A- = ZA(O) +z A(Q) + O(Z )

(3.3.54)

Hence A, A+ have even and odd power series of z respectively.

The asymptotic analysis for extrinsic curvatures is worked out in the appendix. The trace

of the extrinsic curvature behaves as
K® ~ 0(z) (3.3.55)
while the trace of the product of extrinsic curvature
KDK®m ~ 0(z?). (3.3.56)

Accordingly H is of order 22 but terms quadratic in H are of order z* so do not contribute

to the regulated divergences. We can write explicit expansions

_ 2 —
(K®)2 = 22 (K2 + 940" — 640 k@) ) + O(=) (3.3.57)
and
K KT = 22 (ko)5k) + 345, — 248 k) ) + O(=°) (3.3.58)
ij = 2" (kisk() + 340 (0)%0) ‘ "~
where
k=koz+--, (3.3.59)
and

ki = 2%k ki) + - (3.3.60)
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According the regulated divergences from the term linear in H gives
4 3 i 7.2 17
/ d*e/gH — / dov/h (& (Foyk) — Koy + 440 ko) — 64%)°) +--)  (3.3.61)
where the ellipses denote terms that do not contribute in the limit ¢ — 0.

Let us now consider the asymptotic behaviour of the projections and contractions of the
Weyl tensors. In our gauge choice W, Wn, WQQ and nglg are of order 0(22) and hence
only terms linear in the Weyl tensor contribute to the regulated divergences. If the Weyl
tensor admits an expansion

lem = 22Wigig 4+, (3.3.62)

leading to regulated divergences
/ d4$\/§ﬁ}1212 —>/ d3{L' h 62W1212 (3363)
e o)

The regulated divergences (3.3.53) are obtained from combining (3.3.61) and (3.3.63)

2 4
2 3.64
37T2/26dx\/§ (3.3.64)
+L d%fe ([ GRS~ B2+ 44 Ky — 6A% 2} +2W1m).

= k) — Koy k) )

Here we do not explicitly analyse the regulated divergences of the first (area) term, as this
was already done in [54], as we will use below. The expression above can be simplified
using the minimal condition for the surface: as explained in the appendix, K = 0 implies
that

A = 112(0) (3.3.65)

and therefore Aéb) can be eliminated.

Let us now consider the regulated divergences of the boundary terms in the Euler char-
acteristic. As mentioned in the beginning of the section, only terms of order O(z?%) in
OFE, contribute to divergences. These terms are analysed in the appendix; the regulated
divergences take the form

— 1y 1= -
/a d*rVhoEy — — | d*azvh (1 + € (Whai — Shk{p) + 2k(0)zjk§{)))) . (3.3.66)
Ye

[2)IP

By construction the regulated divergences of the boundary terms in the Euler characteristic

cancel those from the bulk terms.

We can now express the regulated contributions in (3.3.64) and (3.3.66) in terms of the
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renormalized area
1 1
A = [ daygy [ davh < i+ k2), (3.3.67)
Se 3 Joz. 6

and two other integrals that are finite in the limit of € — 0:

1
H(Se) = [ d*z\/gH —/ d3zvVh (kijk” - 1<;2> ; (3.3.68)
Ze 9% 3
and
W(EE) = / d4l’\/§f/‘71212 - / d313\/EW1212. (3.3.69)
e )l
The regulated terms in the Euler characteristic then combine to give
BAS) L HE) 4 W) (3.3.70)
472 7 82 7 42 6’ o

and thus, reinstating the bulk contributions to the Euler characteristic that are individually

finite, we obtain the final expression for the renormalized area (4.2.11).

Note that the extra counterterms for the renormalized area integral (3.3.2) vanishes in the
limit z — 0. It can be seen from (3.3.41). As Wimim, Wimam ~ O(z*) the individual

Ricci terms are

R=-83+0(z%
Rii =B+ 0(zh (3.3.71)
f?m = —46 + 0(24)

Since the definition of the projected Ricci curvature Ra is

Req == —Ri1 + Ran (3.3.72)
Raq = =53 + O(z%),

the Ricci counterterms Raa — %]:2 is
~ ~ 54 4
—Ri1 + Ran — gR =04 O(Z ) (3.3.73)

The order of this term is great than z3 therefore it vanishes in the boundary integral as

z — 0.
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3.4 Spherical entangling surface in AdSs and linear perturbations

Consider AdSg written in Poincaré coordinates as:
2 1 2 2 2 2 702
ds? = — (—dt? + dp? + dr* + 12d0?) (3.4.1)
p

We can introduce new coordinates adapted to the entangling surface S associated with a
spherical entangling region
p = Rsind r = Rcosf (3.4.2)

so that
1

R2sin% 0

The induced metric on the entangling surface S of constant ¢ and R can thus be written

ds? = (—dt* + dR? + R*(d0? + cos® 0d01?) ) . (3.4.3)

as

ds® = (d02 + cos 0dQ2> (3.4.4)

sm2 0
This parameterisation makes manifest that the extrinsic curvatures of S within M are
zero: the induced metric is independent of the coordinates ¢t and R. One can then change

coordinates as u = — log(tan(#/2)) to write the induced metric as
ds® = du? + sinh? udQ?, (3.4.5)

i.e. making manifest that the metric on the entangling surface is global AdS with unit

radius.

The bulk contribution to the Euler invariant is thus

Q3

553 (16 + ¢* — 9e™ + -+ ) (3.4.6)

where we have regulated the boundary at v = @ > 1, and dropped terms that are zero

when % — oco. Here Q3 = 272 is the volume of a three sphere of unit radius.

Calculation of the boundary contributions to the Euler invariant (3.3.4) is more compli-

cated. We need the following expressions:

ik cosh(u) _ cosh(u)
Rijukn sinh(u) ’ sinh(u)’ (347)
i _geosh(u) mind — 3.
Ri;i K Qsmh(u) ; Rijn'n 3;
Te(K?) = 3cosh2(u) Tr(K?) = 3coshg’(u)
sinh?(u)’ sinh3(u)
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Combining these we obtain the following contribution from (3.3.4)

- 49732 <cosh3(12) - 3cosh(1l)) = —3;2;2 <e?’ﬂ —9e" + - ) (3.4.8)
where in the second expression we have dropped all terms that go to zero as u — oc.
Combining bulk and boundary terms we obtain

X(8) =1, (3.4.9)
which is indeed the Euler invariant for a half ball.

Let us now turn to the computation of the renormalized entanglement entropy. The

regulated bulk contribution is proportional to the regulated volume of the entangling

surface 0 5 . 5
3 3@ i
I RSt L . 3.4.10
4G (3 HE7S R ) ( )
where the ellipses denote terms that vanish as « — oo. The first counterterm gives
Q3 1 3% 1 a
—— | =" == e 3.4.11
4G (246 g¢ T ) ( )
while the second counterterm gives
Q3 (1 4
— | - e ) 3.4.12
1Ge (46 * ) (3:4.12)

The counterterms, as expected, remove divergent contributions while not adding further

finite contributions and thus

w2 w2

SS)=—=—x2 3.4.13
() = 35 = 35X, (3.4.13)
i.e. the renormalized entanglement entropy is proportional to the Euler invariant, as shown

in (3.1.4), with the coefficient of proportionality being the F quantity in the dual CFTs.

Next let us consider the variation of the entanglement entropy under linear perturbations
around the spherical entangling surface in AdS. Since the Weyl curvature and the extrinsic
curvatures are zero at leading order, only terms linear in the curvatures can contribute to

the first variation of the entropy. From (4.2.11) we obtain

1

08 =~ 12Gg

W (3.4.14)

where W is linear in the Weyl curvature and is defined in (3.3.69).
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As we will show in a future work [2], this expression allows for an elegant derivation of the
first law of entanglement entropy, generalizing the discussions in [57]. Since we work with
renormalized quantities, we do not need to assume specific fall off conditions for metric
perturbations; the perturbations can be non-normalizable as well as normalizable. It is
straightforward to relate )V to the renormalized stress tensor defined in [43] and hence

to the variation in the energy.

3.5 Conclusions and outlook

In this chapter we have shown that the renormalized area of static minimal surfaces in
asymptotically locally AdSs, spacetimes can be expressed in terms of the Euler invari-
ant and renormalized curvature invariants. It is perhaps unsurprising that renormalized
integrals of extrinsic and intrinsic curvature invariants arise. Indeed, renormalized curva-
ture integrals on asymptotically locally hyperbolic manifolds have been considered in the

mathematics literature; see for example [98].

There is however a key difference between our definitions of renormalized curvature in-
variants and those in the mathematics literature. Here we follow the standard holographic
renormalization approach, identifying explicit boundary counterterms. By contrast, the
mathematics literature identifies the “renormalized” integrals as the finite terms in a regu-
lated expansion around the conformal boundary. While the latter gives equivalent results
when counterterms do not make finite contributions, there will generically be finite con-

tributions from counterterms (for example, if we add matter or gauge fields in the bulk).

Our results can be used to infer certain bounds on the renormalized entanglement entropy
for given topology. Earlier discussions on bounds on renormalized entanglement entropy
in asymptotically locally AdSs spacetimes using inverse mean curvature flow techniques
can be found in [99]. For entangling surfaces of disk topology in AdSy, the bound is given
in (3.2.5): the entanglement entropy is negative and the absolute value of the renormalized

entanglement entropy is minimised for the disk, which has zero extrinsic curvature.

Note that the expression (3.2.5) is closely analogous to the Willmore energy &,,, which
measures how much a closed two surface ¥ embedded into R? deviates from the round
two sphere:

Eu = /Ed%;urq2 —2my() (3.5.1)

The Willmore energy is positive semi-definite and zero for a round two sphere.
For entangling surfaces that are topologically disks in asymptotically locally AdSs mani-

folds (cf pure AdSy), there is no such bound: from (4.2.10), the Weyl curvature term is

not negative definite. Indeed, if one considers linearized perturbations around AdSy, one
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can show that this term is positive for all metric perturbations that give rise to positive

energy [2].

Now let us turn to the renormalized entanglement entropy for asymptotically locally AdSg
spacetimes. From (4.2.11), this reduces in AdSg to

2

us 1
37(;6)((2) - mH(E) (3.5.2)

1 4 2 nv Uy po
_%%/Ed /g (H? = AHyu H + Hypyp H'P7 )

S(®) =

Even restricting to entangling surfaces of fixed topology, this expression does not seem to
have bounds, in accordance with the discussions of higher dimensional Willmore function-
als in [86, 89].

For example, consider perturbations around a spherical entangling surface in AdSg; the

change in the renormalized entanglement entropy is

1 1

- = — 4
95 = 516 24G6/Edw\/§6H+

5 41(;6 . d3zvh (Mijakﬁ — ;(M)?) , (3.5.3)
i.e. it is quadratic in the extrinsic curvature. The bulk curvature integrand is non-positive
but the renormalized curvature invariant does not manifestly have any negativity bounds.
Hence, in 3d holographic CFTs, disk regions minimise the magnitude of the renormalized
entanglement entropy in the conformal vacuum while in 5d holographic CFTs spherical
regions do not necessarily do so. It would be interesting to understand the implications
of this directly from field theory.

Throughout this chapter we have been considering static RT entangling surfaces [7] al-
though our analysis of the Chern-Gauss-Bonnet integrals is applicable to generic asymptot-
ically locally AdS manifolds. It would be interesting to extend our analysis of renormalized

entanglement entropy to HRT surfaces [8].

While we have focussed on connected entangling regions, our expressions for renormalized
entanglement entropy are equally applicable to disconnected regions. If we consider n
widely separated disk/spherical entangling regions in pure AdS then from (3.2.5) and
(3.5.2) the entanglement entropy is proportional to n/G. It would be interesting to explore
how the renormalized entanglement entropy changes as these regions approach each other
and intersect. In AdSy the extremum once all regions intersect would be a single disk
region with entropy proportional to 1/G and the renormalized entanglement entropy may
satisfy monotonicity properties under deformations of disconnected regions into a single

connected region.
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3.A Notation and terminology

In this appendix we collect together notation and terminology.

We denote the curvature of the asymptotically locally AdS manifold M (metric G,) with
boundary OM (metric 7,3) as Rupo- The intrinsic curvature of the boundary of OM is
denoted by Ea/g,y(g. The entangling surface > with metric g has boundary 9% with metric
h. The intrinsic curvature of the surface ¥ is denoted R;jx;. The intrinsic curvature of

the surface 0% is denoted Rijkl.

We also need to distinguish between four distinct extrinsic curvatures: the extrinsic curva-
tures of ¥ embedded into M (K*), of 9% embedded into ¥ (K), of 9% embedded into OM
(k*), of 9% embedded into M (k*) orthogonal to M and of M embedded into M (),
where s = 1,2 denote the normals to the entangling surface with the boundary condition
K*® = k* on 8%. Note that we write 2 = k and in the static case K = k(1) = 0.

3.B Asymptotic analysis

The boundary metric v has a Fefferman-Graham expansion therefore the metrics g and h

on Y and 9% have their own Fefferman-Graham expansion,

L 1o, 2
9ij = 295 = 3 (gij +27g; + ) (3.B.1)
and
h“:lﬁ“:i(mm+gm@+nj_ (3B.2)
v z2 Y 2 iJ ij

Hence a has an even power series of z,

a=a9 +22a® 4 0(z4). (3.B.3)
Then
_ 92525(2)
B="Z 4 0(Y. (3.B.4)
a0

Similarly, for e has an even power series of z,

el = —gt = = (é(o)“i 4+ 226 4 ) (3.B.5)



72 Chapter 3. Renormalized Entanglement Entropy and Curvature Invariants

The extrinsic curvature k- of 9% pointing out of OM,

k(ﬁ) = (vm)ab

_ m
- _Fab

= e(fm - e

1 _ _
=20, <z> e(bkea)k + e(fazea)k
= —0u, +267), ")+ O(")
ks = =0 + O(2%) (3.B.6)

where we used the fact é(’Zéa) i = O0qp Which implies é(ol)) ké(Q()lk —i—é(QI), ké(oc)m = 0. Transforming

back to coordinate basis,
ki; = —hij + O(2%) (3.B.7)
The other extrinsic curvature k of 9% lying within M,
kab = e(bkﬁ - Oegyp ~ O(2). (3.B.8)
In coordinate basis,

k‘ij ~ O(Z_l) (3.]3.9)

3.B.1 Asymptotic analysis for bulk Euler density

Starting from the definition of the extrinsic curvature

K2 = (hf, + ndn® P)(hS + nin® 7))V, (Ang + ATm,). (3.B.10)

Expanding the bracket and grouping the terms tangent and normal to 0%

K2 = Akyy + Ak, + hond (= AL0,4 4 A9,A% +m7V i, (3.B.11)

— AAY(R°V o, — MmOV ym,) — ALQ[ﬁ, m]p) + ninini [n3,n?%°.

As mentioned before, ;A = 0 and [n,m] € NOX so the terms with one index tangent
and one index normal to 9% vanish. Then expand the Lie bracket of n%, n® and use the

relation ("J?,OAL = —%8,)/1, the expression simplifies to

K = AR + ATkl +nnd [9,A (0 +mo(— 4 47— A4%)) — (1 B)4Y].
(3.B.12)
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(2)

Finally defining the coefficient in the nini component in K ,3,
L= 0,A(R° +mP(— £ A2 — Aat 1-p3)A* 3.B.13
-*p(”"‘m(—ﬁ‘*‘ - ))—(—ﬁ) ; (3.B.13)

the extrinsic curvature has tangent components,

KD = Akyj + Ak (3.B.14)
and normal components,
K@ = —aatn, K@ =-atL, K@ =-A’L (3.B.15)
Using (3.3.54), expanding L in z,
BAL 0:AL ( 1 ( AL AL 2))
©% 0 2412 @ ©)
L=——"87170 _ .24 SN [ i O (3.B.16)
(0) L 2
(e7)) ZA(O) Aéﬁ) 2
22’307[2AL0
- zA(lO) - Z3Aé) + T() +0(2°)
Ak DAL AL 2a, AL
I = — 3 (0)7F7(0) AJ_ 2 2AJ_ o) (0) 9] 5 ]
Z( G Ao 24— & | TOE)

Therefore trace of the extrinsic curvature,
K® = Ak 4+ Akt + L~ O(2) (3.B.17)

and trace of the product of extrinsic curvature,

KORKOm — A%k, b + Aﬂkjykl“” + 2AA Ky kMY 4 L2 (3.B.18)
KOKO™ = b, 1 4 34 — 241k + O(z%) ~ 0(2%).

From (3.B.17) and (3.B.18) we observed that up to O(z*) only H contains divergent

integrals. Further expanding in z,

)2

K@ = k2 +9224%)" — 6240k + 0(2) (3.B.19)

2 - 2 -
K@ =22 (K +94%)" — 64 ko) + O(=*)
and

Ki(jz)K(Z)ij = kiK"Y + 322A(L0)2 - QZA(LO)IC + 0(2%) (3.B.20)
2 ij 7 Tidj 2 7.
KPK®Y = 22 (koykg +3A%," - 24k ) + O(=°).
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The leading order term in the Taylor expansion of the extrinsic curvature l;:(o) can be

written in terms of the leading order term in the Fefferman-Graham expansion of boundary

(0)

induced metric h;;

_ 1 .
_[.— _ 0)ij 5 _7.(0)
Foy= ="'k _ = oV 0sh; (3.B.21)
and
_ . g 1 e gy
ij [ _—2 i _ 0)ik 5 _7(0)7(0)j1 5 _7(0)

3.B.2 Asymptotic analysis for boundary Euler density

Now consider the regulated divergences in the boundary terms in the Euler characteristic.
From power counting the dominant order of each term in (3.3.48), only the following terms

contain divergent integral

OEy = Akt Wintn + Wimim — Wamiim) (3.B.23)
— Ak (— Wit + Wimgm + Winjn)
A A3 3 A3 : :
Lo (A ATy 3 AT kgL
= (A ) (o)
B ( 34 A3

o - Ll Lig
-+ 2>k: kisk

1 2 AL 1 2 AL
—A%—(—AQJFAA )kkﬂ—(A—AA >kkfjk“j

2 2

— (—At + A2AL ) bkt I — (AR - AZAR) Bk
A A

2 2

K2k + Shik Ukt 4+ Ak kTRl 4+ Akkgkt .

Simplifying by substituting the leading order term of k:é = —hij,

OEL" = =3 (Wintn + Wimim — Wamam) (3.B.24)
+ B (=Witj1 + Wimjm + Winjn)
27A  9A3 27A  9A3
—3A4+ - T4 3A- A4 T T
3A+ =5 5 3 + 5t
At 9424t 34t 34241
—ALk+92 k—92 k—32 k+32 k

+ Atk — A2ALE — 3AYE + 34241

- %kQ - ;kzjkii + kiKY — Ak
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Expanding the induced metric and using tracelessness of the Weyl tensor,

) 1 1 .
OE{v = — (Wlnln + Wimim — Wamim + A% + Atk — §k2 + 2/%1@”) . (3.B.25)

To look at the detail asymptotic behaviour of the Weyl tensor we need the expression of

Riemann tensor in Fefferman-Graham gauge. Particularly for Wiz1a, Wimim, Wamam

1

]- — ]' —I! —/ — —/ —/

Riws = = + 5 (=27 + 37" %) + 55 (3.B.26)
Rp.f ——i‘~+i(—2"i—+"— #3,7) + i (3.B.27)
Fafe = T AF T 2 \TAVEE T VT ) T 537 7 -

— 1 =2 ~ = » 1 —12 — =
Rypep = (’th - %Wff) + Ry + ('th - vmff) (3.B.28)
L/, ~ |~ = 9~ -~/
+ 223 (%ﬂff +YuV5r — %f%f)
1 _ _
Ryje. =54 (Dﬂ/;f - Df%t) (3.B.29)

where ' = 0, and D is the covariant derivative on M. Note in Fefferman-Graham gauge,

the derivatives of the metric scale as 7, ~ O(z) and 7;;, ~ O(1). In our gauge

4 A2 €L
2 2t A 2AA
Wig1z = 2" A* Rz + ?Rtﬁf + ?Rtftz (3.B.30)

22 A 209

Wigiz = 22 | =5 R, 7 — — | + O(z*
1212 = 2 <a3 tfif &0>+ (z%)

and
4
Winia = ) Rip5—1 (3.B.31)
2 —
z% A 209
Winin = 2° | 5 Ry — — | + O(2*
1nln z <ag tftf &0 ) + (Z )

Wiata ~ Wi212

where the equivalence is up to order O(z*). Similarly,

4
z
Wamam = ?szfz +1 (3.B.32)
4 —9 i -
z « 2a000 20009 4
Wamim =1+ — [ ——2 — O
nmnm + ag ( 24 222 + 2’3 + (Z )

Wﬁmﬁm ~0
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and

Wimim = Z4thtz -1 (3B33)
Wlmlm ~ 0.

Although for our gauge 7;, = 0, in non-static boundary one can replace the normaliza-
tion constant of the spacelike unit normal, @, to the normalization constant of timelike

orthonormal basis, o, and Wip,1,, should also vanish up to O(z%).

The minimal condition for ¥ is equivalent to having a vanishing trace for the extrinsic
curvature K () = 0; the vanishing of Lie derivative of the volume form of ¥ with respect

to the normal n?, (3.B.17) implies

At = T (3.B.34)
k
1L _ ™Mo

3.C Chern Gauss Bonnet Formula

The construction of the Chern Gauss Bonnet Formula follows from [100, 97, 101]. The

connection 1-form wyy, is defined by
wi =Tet, de® = —wi Aeb,  dep = wleq (3.C.1)

and the curvature 2-form €2, is defined by

1
QY = 3 @€ net Q8 = dwd 4w AW (3.C.2)

Consider a vector field X of a d dimensional manifold M with zeros of the vector field
I C M. For a d— 1 sphere bundle 7 : SM — M, one can identify a map, by the
normalized vector field, from the M \ I to SM such that X € T'(M \ I, SM). The d form
Q, € AT M,

'eal...adQ‘““Q A A QOd-14d (3.C.3)

is exact when pullback to SM

Q= —dIl. (3.C.4)
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The exact form on SM is

NIEY
I
—

1 1
I=— —®y (3.C.5)
T2 o 1-3---(d—2k —1)k122FF
The ®; are d — 1 forms on SM
O = €gpoqu O N oo N QR N\ TEQIA2RF1AA=2R42 A\ LA (QPd—19d (3.C.6)

where w is an unit tangent vector of M pullback to SM and the 1-form 6 is defined by
0% = du® + ubr*ws. (3.C.7)
Then using Stoke’s theorem and the fact X*7* = idy;

/Q:/l HQ:—/ dIl (3.C.8)
M X (M) X (M)

:_/ di— | dIT
X(M\UgerBz) X (UzerBz)

= 7/ I +/ IT - Q
X(SM) X(Uxelaéz) UerBI

lim
5
X(oM) (uzezaBm)

=— X1+ X'l
oM UxejaBz

= — / X' + Z deg. (X /
oM zel

:—/ X*H—FZzndea:z(X),
oM zel

rearranging the above equation and apply the Poincare-Hopf theorem we get the Chern-

Gauss-Bonnet formula

/ O+ [ X = (). (3.C.9)
M oM
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3.C.1 d=4 Riemannian manifold with boundary

Our entangling surface is a 4 dimensional Riemannian manifold.

Q= ﬁeabcdmb A Qe (3.C.10)
Q= ﬁeab@ﬂzabe fRCdgheeef eJel

0- ﬁ abeae TR R 1623t

Q= 3217# (Rt R, — ARGRY, +R?) dV (3.C.11)

We can choose the vector field X to be the inward pointing unit normal of the boundary

n = e4 then

1 1 1
M= = [ —=n*® —n*dq ). .C.12
n = (12n o—|—8n 1) (3.C.12)

The 3-form ®g is explicitly written in terms of extrinsic curvature of the boundary 0M

as,
n*®g = 64z'jkzwi4 A wj4 A w’i (3.C.13)
n*®y = eijkelpqlengngelege?’
n* oy = (IC3 — 3KTr(K?) + 2Tr(IC3)) ds (3.C.14)

to get to the second line we used w’; on the boundary is related to the extrinsic curvature
w'y = —Kjel. (3.C.15)

Similarly the 3-form ®; is written in terms of the intrinsic curvature of M and the extrinsic
curvature of OM,
n*® = 64,-jkwi4 A Ik (3016)
1 o
n*®, = ieijkelpqlC}Rjkpqeleze:g
n*® = KR — 2KRapn®n’ — 2KPR oy + 2R apeaklnn (3.C.17)

Combining the (3.C.14) and (3.C.17) and using the coordinate on ¥, 2%, i = 1,2,3,4, we
recover (3.3.3)

1 . -
/Z Q=2 /Z dz (RU“RM — 4R RY + RZ) (3.C.18)
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and (3.3.4)
* 1 ik, J ij 1,7 1
/(92 n Il = 477T2 /82 d3IL‘\/E<Rijkl/C knjnk — R”Cij — ICRijn n’ + §ICR (3.0.19)
1 2
+ 30— KTH(K?) + 3Tr(IC3)>.

Note that (3.3.4) is independent of the orientation of the normal n because the extrinsic

curvature is only defined by the outward pointing normal.
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CHAPTER 4

Renormalized First Law of Entanglement Entropy

4.1 Introduction

The first law of entanglement entropy states that the variation of the entanglement entropy

Sp is equal to the variation of the modular energy (Hp),
0Sp =96 (Hp). (4.1.1)

The holographic first law of entanglement entropy first demonstrated in [57] is applicable to
field theories that admit a holographic description. In the analysis of [57] the righthandside
of (4.1.1) is by construction finite, as it derives from the standard holographic renormaliza-
tion expressions for energy [43]. The authors of [57] work with a regulated entanglement
entropy and restrict variations such that the left hand side of (4.1.1) has no ultraviolet
divergences. The goal of this paper is to demonstrate the holographic first law in gen-
eral situations, without imposing restrictions on variations, making use of the consistent
renormalization procedure for the entanglement entropy developed in [54]. Holographic
renormalization of entanglement entropy has been discussed in a number of other works,
including [70, 73, 102, 74, 75].

Entanglement entropy in quantum field theory is divergent due to the correlations across

the boundary of the entangling region. Holographically, the entanglement entropy is cap-
tured by the area of the Ryu-Takayangi surface [7], which is also divergent due to the

81
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infinite volume of the entangling surface in the bulk spacetime. In both situations the
entropy can be systematically renormalized, inheriting its renormalization scheme from
that for the partition function of the theory. The renormalized holographic entanglement
entropy in [54] can be derived from the holographically renormalized action [43] using the
replica trick. We will show it is necessary to use the renormalized entanglement entropy on
the left hand side of (4.1.1) to obtain the correct finite contributions when one considers

general linear perturbations.

The covariant charge formalism can be used to give an elegant discussion of the holo-
graphic first law [57]. In the covariant formalism both sides of (4.1.1) can be expressed as
integrals of charge densities over entangling surfaces. We will review this approach in the
following section. The charge associated with the change in modular energy used in [57]
was renormalized, following the earlier works of [92, 91]. However, the charge associated
with the change in entropy was not renormalized; its variation was finite in [57] due to
constraints on the asymptotic falloff of metric perturbations. In this paper we construct a
renormalized charge corresponding to the change in entropy such that the integral version

of the holographic first law applies to generic metric perturbations.

At a technical level, one can understand the construction of this charge as follows. Onshell,

the density of the conserved charge is defined in terms of the current density as
J=dQ (4.1.2)

where J and @ are differential forms. The charge density clearly has an intrinsic ambi-
guity: additional exact terms in ) will not change the current. In our context, the exact
term ambiguity in the density of the conserved charge contributes to the entanglement
entropy (and modular energy) at the boundary of the entangling surface. The holographic
counterterms fix the ambiguity in the density of the conserved charges, with the match-
ing of renormalization schemes for energy and entropy ensuring that the first law holds.
Relative to the expressions given for the entropy in [57], our expressions have additional
boundary terms. Our general expressions are applicable to variations of the entanglement
entropy associated with generic variations of the bulk metric i.e. perturbations of the

non-normalizable terms in the metric.

Boundary terms in the construction of charges using the covariant phase space formal-
ism have been discussed recently in [103]. The boundary counterterms associated with
holographic charges were constructed using Hamiltonian renormalisation methods in [91].
There are key conceptual differences in the entropy variation that require us to generalize
relative to both of these works. The vector used to construct the entropy variation is
no longer Killing. In [91] the goal was to compute conserved charges for black holes and

accordingly any variations considered would preserve the non-normalizable modes of the
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background. In our case the non-normalizable modes are not held fixed: the metric per-
turbations can be such that the non-normalizable modes vary, corresponding to deforming
not just the state of the dual field theory, but the theory itself. This different physical
setup leads to differences in the counterterms arising in the analysis of the covariant phase

space construction, which are explained in detail in Appendix C.

The structure of the paper is the following. In section 4.2.1 we review the holographic
renormalized entanglement entropy, introducing the notion of renormalized area integral
for codimension two minimal surfaces in AIlAdS that allows us to express the renormal-
ized entanglement entropy functional in terms of certain conformal invariants. In section
4.2.2 we summarise the covariant formalism or Hamiltonian formalism for holographic
renormalization and conserved charges and explain in 4.2.3 the first law of holographic
entanglement entropy, explaining the constraints imposed on variations in previous works.
In section 4.3 we explore the infinitesimal version of the first law i.e. the radius of the
entangling region is infinitesimal, for general variations, explaining the differences between
odd and even dimensions. In odd dimensions the variation of the renormalized entropy

can be expressed elegantly in terms of the pullback of the Weyl tensor variation.

We demonstrate the integral version of the renormalized first law in section 4.4. We
first need to introduce in 4.4.1 the proper definition of the conserved charges and their
integrals: we demonstrate how the equivalence relations between conserved charges need to
be generalized to include appropriate counterterms once one allows for generic variations.
In section 4.4.2, we use these conserved charges and their equivalence relations to derive
the renormalized first law of entanglement entropy. This general proof is illustrated using
two examples in d = 3, 4 and 5. We end the paper with discussion of implications and

applications of our results.

4.2 Review of renormalized entanglement entropy, holographic charges

and first law

In this section we briefly review the definition of renormalized entanglement entropy and

holographic charges, and describe the first law of entanglement entropy.

4.2.1 Renormalized entanglement entropy

One of the main goals of this work is to generalise first laws for holographic entanglement
entropy, relaxing assumptions on boundary conditions for bulk metric perturbations. One
of the tools that will be used in our analysis is renormalized entanglement entropy; this is
relevant as general boundary conditions for bulk metric perturbations are associated with
UV divergences in the regulated entanglement entropy. Working with quantities that are

consistently renormalized allows us to work systematically with such setups.
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Renormalized entanglement entropy was discussed extensively in [54], with explicit formu-
lae for holographic renormalized entanglement entropy being derived. A convenient way
to construct expressions for renormalized entanglement entropy is via the replica trick.

Using the replica trick, entanglement entropy can be derived as the limit of Rényi entropy
S = —adyllog Z(a) — alog Z(1)]a=1 (4.2.1)

where Z(«) is the partition function on the a fold cover manifold. In much of the con-
densed matter literature this approach is applied to UV regulated quantities, with the UV
regulator being interpreted in terms of the lattice scale of the discrete condensed matter
system of interest. However, from a quantum field theory perspective, it is much more
natural to work directly with renormalized quantities, ie.e. Z is the renormalized partition

function.

In holography the partition function is computed to leading order from the onshell bulk
action i.e.
Zyrap = € Torav, (4.2.2)

where 14, denotes the onshell gravitational action. Applying the holographic dictionary
and the replica trick to the renormalized gravity action one obtains a formal definition of

the renormalized holographic entanglement entropy.
S = aly[Iren() — alren(1)]a=1 (4.2.3)
This approach thus directly relates the renormalization scheme for the partition function

(gravitational action) to the scheme for the entanglement entropy.

To obtain a finite value for the gravitational action, one needs to use holographic renormal-
ization. The renormalized action can then be obtained by the procedure of regularization

and the introduction of appropriate covariant boundary counterterms
Iren = reg — It (424)

For pure gravity with negative cosmological constant, the renormalized action in (d + 1)

dimensions takes the form [43]

1
Loy — 7/ Ay JG(R+ d(d — 1 125
i Joy VR =) (425)
1 1
S — A2 /5K +2(1 —d)R+ ——R
167Gyt / PV 21— d)R + 5

1 d

@ na—ap R R gy ) e o]

In these expressions the bulk manifold is regulated using a radial coordinate z > ¢; R



4.2. Review of renormalized entanglement entropy, holographic charges and first law 85

denotes the curvature of the bulk manifold while K and R refer to the extrinsic and
intrinsic curvature of the boundary manifold respectively. Here the given counterterms
suffice for d < 5; expressions for the additional counterterms required for d > 5 can be
found in [43]. Logarithmic counterterms associated with conformal anomalies arise for d

even, and explicit expressions for these can also be found in [43].

One can then derive the renormalized entanglement entropy from the renormalized action,
making use of the following expressions for the integrals of curvature invariants, expressed

as series in powers of (1 — «) [104, 105]:

/M A /gRa = a/M d e /gR + 47 (1 — ) /B Aty (4.2.6)
/ d e /gR2 = a/ d™ Mz /gR? + 8m(1 — Oz)/~ d¥ e AR

Ma M B

/M A2\ /GR o RE = a /M A JgRRM

1
+4r(1 — «) /~ A ey (Rynt - — §(T7"K)2)
B

Using these replica curvature integrals the explicit expression for the holographic renor-

malized entanglement entropy becomes [54]

1 1
Syen = / O . S— / 4422 /7 427
4Gay1 JB WA 4(d —2)Gay1 Jop el (4.2.7)
1 1 d
_ dd—2 ~( V,u,_ V—*TK2—7 )
A(d—2)(d — 4)Ga1 Joi VAR 0 = 5 (TrK) 2d—1) "~

where R is the Ricci scalar of the metric g, Raa = >_o(—1)*Runkny is the projection
of the Ricci tensor on the subspace orthogonal to B with temporal and spatial normals
a = 1,2, 7 is the determinant of the induced metric on 0B and k? = > oo KoK, with

K, trace of the extrinsic curvature corresponding to the two normals n*. Here B denotes

nk,
the entangling surface with boundary dB. The counterterms given here are sufficient for
d < 6, but can straightforwardly be computed for d > 6. For d even there are logarithmic

counterterms related to conformal anomalies, see [54] for details.

When the CFT dimension d is odd, the renormalized entanglement entropy can be written
in terms of the Euler characteristic and other renormalized curvature invariants of the bulk

entangling surface, see chapter 3, in particular (3.1.4),

Sren(B) ~ (=1)" "' Fou x(B) = Y_Wi(B) =Y Hp(B) = > _T,(B). (4.2.8)

where W, are renormalized integral of projections of the Weyl curvature, H, are renor-

malized integral of even powers of the extrinsic curvature and for d > 5 there are Z,
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renormalized integrals containing products of Weyl and extrinsic curvature. More explic-
itly the renormalized entanglement entropy proportional to the renormalized area of the

bulk entangling surface B

A(B)

Sren(B) = oy (4.2.9)
and renormalized area integral in d = 3 is
A(B) = —2mx(B) — % /B o JGIK - /B P\ GWiza, (4.2.10)
and in d =5 is
AB) = ‘“?:QX(B) - é%(é) - %W(B) (4.2.11)

1 4 2
50 /B d'w\/g (H? = AHy H" + Hyypo H'P

+AW Ty — 4Wunvnﬁ7mm + WWPUWWPU) :

In what follows we will find these geometric expressions for renormalized entanglement
entropy useful. Note in particular that these will simplify considerably in the context of

first variations around AdS backgrounds.

4.2.2 Hamiltonian formalism and charges in AdS

In this section we review the description of Wald Hamiltonians [106, 107, 108, 109, 110]
and charges in anti-de Sitter spacetimes. Our review follows closely the work of [92, 91],
and more details may be found in these references. The Wald approach assumes that the
gravitational theory is described by a diffeomorphism covariant Lagrangian d-form L(1)),
where L(v) will depend both on the metric and other fields, denoted collectively as 1. In

the anti-de Sitter context we work with a renormalized Lagrangian
L"=L—-dB (4.2.12)

where L is the bulk Lagrangian form and B may be viewed as the combination of the
Gibbon-Hawking term and boundary counterterms. The onshell regular Lagrangian is

exact i.e.

d(ggn®\)
penshell — — =0 2 42.1
167TGd+1 ( 3)

where n® is the outward normal in the asymptotic radial direction,

n= —%, (4.2.14)
z
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e is the volume form and €4, 4, is a (d —n + 1) form

1

b ba—n
€at...an = mgalmanblmbdfnﬂdx LA Adz? +1, (4215)

with the orientation

Eotnl.. = +1v/—9. (4.2.16)

In the Hamiltonian formalism, fields can be expanded asymptotically near the conformal
boundary in series of dilatation eigenfunctions with ascending weight, see appendix 4.B.1

for more detailed explanation. The general structure of the boundary term is then

B :BGH_BCt

g n?
= — K — (Kg — X
87TGd+1 ( ( t )\ t))
—g n?
= K . 4.2.1
7ot ( @ + /\ct) (4.2.17)

where typically counterterms contribute up to terms at the d** order i.e.

Oct ~ > O(i). (4.2.18)
i<d
Variations can then be expressed as
OL™" =0L — déB (4.2.19)
= EY5¢ + dO[dy] — doB (4.2.20)

where EY denotes the equations of motion and @ is the symplectic potential. This ex-

pression can be rewritten as
SL™" = EY§ip + dO™"[51))] (4.2.21)
where the renormalized symplectic potential form can be expressed as
O""[0y] = sanawﬁdy)thw, (4.2.22)
The canonical momentum 7, can be expressed in terms of the extrinsic curvature as

1
e K" — K~M) . 4.2.23
T 167G 441 \F}’( ") ( )
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If we expand both sides of the equality in the dilatation eigenfunction expansion, we can
match the dilatation weights and obtain,
1
MmYo _ 12224 _ g
i = Rﬁﬂj<mm Kmr™). (4.2.24)
In (4.2.22) Wé‘ d'/) is the d*-term in the dilatation eigenfunction series of the conjugate

momentum with respect to the metric and this is in turn related to the renormalized CFT

stress tensor as

1
2t = ————— T 4.2.2
@ 167Ggpq " ( )

i.e. the first variation of the renormalized action is

5Ionshell _ —1

ren = m /8M ddl'\/ —"}/T,,HEI;L(S")/#V (4226)

Now let us consider the asymptotic behaviour of metric perturbations. Expressing the

AdS411 metric as

dz? 1
dﬁ::;?4L;anww (4.2.27)
where 7 is the Minkowski metric, only the normalizable mode is allowed to vary under a

Dirichlet condition and
0w = 24720y gy  + OTY), 20, (4.2.28)

For d odd, using the tracelessness of the stress tensor and absence of trace anomaly, the
Dirichlet boundary condition can be automatically generalized to a conformal Dirichlet
boundary condition which fixes the conformal class only. In the present of a conformal
anomaly, for the onshell action to be stationary under perturbations a representative of

the conformal class has to be fixed.
Now let us turn to Noether charges. If the field variation is induced by a vector field &,
we can define the Noether current form as

J[f] = @[(5&1” — /{L (4.2.29)

where ¢ contracts & with the first index of L. The exterior derivative of the Noether

current is proportional to the equation of motion
dJ[€) = —EY6¢, (4.2.30)

and thus vanishes onshell. Hence we can define the Noether charge form Q[{] as the exact
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term in the Noether current

J[§] = dQ[¢] — N[¢] (4.2.31)

where
AN[¢] = EV6¢y. (4.2.32)

There is another conserved charge in AIAdS induced by £ called the holographic charge.
Using (4.2.25) and the fact that the renormalized CFT stress tensor is conserved, we
can construct the total relativistic momentum of the boundary system. The holographic
charge form Q[¢] is defined by

Q[¢] = —ean 2 (jé.. (4.2.33)

and this form is integrated over a timeslice at the boundary to obtain the holographic
charge. This can be interpreted as the renormalized relativistic momentum along the &

direction.

In Lemma 4.1 in [91] it was proved that for any asymptotically locally anti-de Sitter space
M the two definitions of charges corresponding to asymptotic conformal Killing vector, &,

on a spatial slice on the conformal boundary, 9M N C, are equivalent i.e.

~[ =]  ag (4.2.31)
omMncC omMnC

where

Q/"[¢] = Q[¢] — «¢B. (4.2.35)

Note that this equivalence is defined up to exact terms since M N C is a cycle and the

asymptotic conformal Killing vector £ has the following fall off condition:
& =0z, ¢ =M1+ 0(z"?) (4.2.36)

where ¢ is a boundary conformal Killing vector. We will later need to generalise this

equivalence to less restrictive fall off conditions on the vector field.

4.2.3 Holographic first law of entanglement entropy

In this section we briefly review the first law of entanglement entropy. Given a reduced

density matrix pp the modular Hamiltonian Hp is given by

pp =e i (4.2.37)
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Under a small variation of the entanglement entropy, we obtain the relation
0Sp =9 (Hp) (4.2.38)

and the equivalence between § (Hp) and the change in energy JF gives the first law of

entanglement entropy.

Following [51], we now review relevant properties of the modular Hamiltonian and modular
flow for CFTs on Minkowski space. There is a symmetry group associated with the modular

Hamiltonian: the modular group, a group of one-parameter transformations of the form
Up(s) = e sHn (4.2.39)

where Oy is called the modular flow. For QFTs on Minkowski space, the modular flow

generates a boost. In null coordinates X* this is given by
X*(s) = XFet2ms, (4.2.40)

For an accelerated observer in Rindler coordinates, the state is thermal in 7 where the

longitudinal part of the metric is given by
P 2 2
dXtdX~ = ~ dr® + dp*, (4.2.41)

where R relates to the imaginary time periodicity i.e. 8 = 2w R. The thermal density

matrix of the state is

oBH:

= — 4.2.42
PR Tr(efHr) ( )

The modular flow generator is 2r RJ; and the modular Hamiltonian is given by 2nRH +
log T'r(ePHr).

For a spatial ball B of radius R centred at 2 = 0, ¢ = 0 on d-dimensional Minkowski

space, we can conformally map the causal development of the spatial ball D(B) to the

Rindler wedge. This conformal map X* — x* can also map the modular flow (4.2.40) to
(R+ xF) — eT2™(R — o)

2 (s) = R Ry o) T o7 (R — %) (4.2.43)

and hence the modular flow generator d; as (p

_ T 2 42 2\a in.
0 = & ((B? = = )0, — 2120 (4.2.44)
(g = = (R’P; + ;) (4.2.45)

R
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where P; and K; are the time translation and special conformal transformation generators,

respectively.
Since the modular Hamiltonian is the translation operator in s, on B we get
Hp = / di e, (4.2.46)
B
We can write (4.2.46) in covariant form as

Hp — / do" T, CY (4.2.47)
B

and the modular energy as

Ep— /B dot (T,.,) 5. (4.2.48)

The entanglement entropy of region B can be calculated holographically by the area of

the corresponding bulk entangling surface B.

A CFT in the vacuum state on the causal wedge D(B) can also be mapped conformally to
a CF'T in a thermal state on the hyperbolic cylinder. This can be easily seen from writing
the Rindler metric as:

ds?® = ” —dr? + Rj(d 2 dXidXY) ) = p—2d82 (4.2.49)
= m o7 dp = R VS Rxma- 2

As discussed in [57], the first law of entanglement entropy of the CFT thermal state on
hyperbolic cylinder can be related to the first law of black hole dynamics via holography.
Essentially, the CFT on hyperbolic cylinder R x H?~! is dual to the Rindler AdSg, black
hole exterior and the bulk entangling surface B can be viewed as the black hole horizon.
The perturbation of entanglement entropy 6Sp is equal to the perturbation of black hole
entropy calculated from the Wald functional §Syy4q where

Swalg = —2m /H da(”ifzdnabncd. (4.2.50)
Changing back to the interpretation in terms of a Minkowski boundary, we label ¥ as the
bulk region enclosed by B and B and the bulk causal wedge of ¥ as D(X). We extend the
boundary modular flow to the bulk as the Killing vector

(g = —%(t — to)[zaz + (iL'Z — .%'6)61] + %[R2 — 22 — (t — t0)2 — (f — f0)2]8t. (4.2.51)

Note that this Killing vector does not satisfy (4.2.36) but instead has the weaker fall-off
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behaviour
§p = 0(2), B = Cp(L+0(z%)). (4.2.52)
One can check &g vanishes on B.

It was shown in [57] that for metric perturbations limited to normalizable modes, dg,, =

zd_Qh,g[iy), one get the infinitesimal first law of entanglement entropy as

21 1
sy =L =1y (553)

T 2m 0y Roo \ R
d d
6 (Tie) = T6rGary i (4.2.53)
d
— Y @
d <T/“/> 1677Gd+1 h’/.u/

)

where the tracelessness condition of hgjy is used to go from the second line to the final
covariant expression. The final expression matches the holographic dictionary between

stress tensor and normalizable metric coefficient found in [43].

The covariant first law of entanglement entropy utilises the charges associated with with
energy and entropy corresponding to the bulk Killing vector £ introduced in section 4.2.2.

The entanglement entropy is

Sy = / Q/"ep] (4.2.54)
B
and the modular energy is
ER™ = —/B Q[¢n)- (4.2.55)

Limiting to the variation involving only the normalizable mode with no boundary variation
on OB = B and using (4.2.34),

- [ 6Qies = [ 50" gy, (4.2.56)
B B

The off-shell difference is expressed in terms of the Einstein equations

6E%rav 755%7“(11) _ A5qull[€B} 7/B§qu”[53] (4257)

o Full _ Full _ | _oga a
_/Zdaq 33 _/25J [éB]—/Z 260 Eaps,

hence recovering the first law of entanglement entropy onshell. We also obtain the version
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of (4.2.34)

- [ sQies = [ Q™" ¢) (4.2.58)
B B

Note there are many caveats regarding boundary terms and fall-off condition when we
allow the variation of the non-normalizable modes. We shall address them in the following

sections.

4.3 Infinitesimal renormalized first law

In this section we will discuss the renormalized version of the first law of entanglement
entropy in the infinitesimal limit, for M = AdS;,1 with spherical boundary entangling sur-
faces 0B = S% 2 in d < 6. We begin by collecting together expressions for the renormalized
entanglement entropy of such spherical regions. We derive the infinitesimal renormalized
first law of entanglement entropy in AlAdS;y; for odd d and explain its connection with
the variation of the renormalized integral of a curvature invariant. Since the renormalized
entanglement entropy in even dimensions is scheme dependent, we postpone the proof of

the generalized first law in even d to section 4.4.3.2 to avoid repetitions.

4.3.1 Spherical entangling region in AdS

The metric of AdS411 on the Poincare patch may be parameterized as

dz? 1
ds® = 7 + ;gm,da:“dx”, (4.3.1)
where g, = nu is flat Minkowski metric with signature (—,+,---,4). In the case of

spherical entangling regions, the (d — 1)-dimensional bulk extending entangling surface B

with boundary 9B as the entangling surface of the boundary CFT can be described by
r? + 22 = R? (4.3.2)

where r is the radial coordinate on the boundary and R is the radius of the spherical

entangling region. The induced metric on the entangling surface in AdS;11 is then
R2 ,,,,2
dS2 = WdZZ + Z72d9372 (433)

where dQﬁ_Q is the standard unit sphere metric. Another convenient choice of coordinates

(w, u) are defined by

7 = W COS U, z =wsinu (4.3.4)
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so the AdS;41 metric can be written as

1 1 cos?u
ds® = ———(dw? — dt? ——dz?
w? sin? u( )+ sin? u + sin? u

o3, (4.3.5)

and the induced metric on B becomes

1 2
—d2? 4+ = 202 (4.3.6)

sin“ u sin“ u

ds® =

The regularised bulk contribution to the entanglement entropy for such an entangling

surface is then

1
S?“@g — / ddfl
B 4G g1 JB. W

Qd_g /R RTd_3
= d 4.3.
4G a1 Je F (437)

Qgo [2 . cos® 2y
- o /5 du s (4.3.8)

where Q4o is the area of (d — 2)-dimensional unit sphere and Rsin{ = e.

n

The divergent contributions are of the form e~ except in even d where there are extra

logarithmic terms. Focussing first on odd d, from (4.2.7) we know the counterterms for

d < 6 are
ct 1 / d—2 ~[ 1 Lo d
- [ 4 L (Ryg — ok =
5 = 1 DG Jos, TV T@ R 2 g

B Qo rd=2 1— (d — 2)e?
©4(d —2)G gy €42 2(d — 4)r2 |’

Note that the intrinsic curvature terms do not contribute here since the boundary metric
is flat, but they will contribute to the variation of the entanglement entropy under metric
perturbations later. For odd d, using the definition of the entangling surface one obtains

counterterm contributions

Qd72 Rd72 Rd74
Sé = — e 4.3.10
1o [(d “oyed 2 (d—d)ed 1T (4.3.10)
Combing (4.3.10) with (4.3.7) we get
T
d=3: Sren = ———— 4.3.11
oTeh ( )

d=5: Sren = ——.
3Gsg
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For d = 4, the regularized entanglement entropy from (4.3.7) is

1
1 In(R2 2_ 23 ] In(R? + R(R% — €%)2
(R W) RE ) e ( ) (4.3.12)

Qs
reg_
Sp" = 2 + 2 + 262 2 2

B 4G,

and the corresponding the full set of counterterms, including the logarithmic counterterm,

gives
1 Ine 1 2
S“:—/ d*x\/7 — *2\/F(Raa — =k* — R
Oy | r?
=—|=+1 . 4.3.13
8Gx | €2 tne ( )
Combining these we obtain the renormalized entanglement entropy in d = 4
Q2 In2R 1
St =—|—+ —|. 4.3.14
BT 4Gs [ > 43} ( )

Since the action in this case has logarithmic counterterms there is an intrinsic scheme
dependence in the renormalised entanglement entropy, which is completely determined by

the scheme chosen for the renormalization of the action.

4.3.2 First law and variation of modular energy

We now consider the variation of the entanglement entropy under a linear perturbation of
the bulk metric. We will express the perturbed metric in radial gauge so that

dz? 1

ds? = —z T 2 + )t da”, (4.3.15)

A general perturbation h,, can be expanded near the conformal boundary as
hu = hf?u) + th}(f,,) +-- 4 zdhfg) + z%log zﬁl(fly) + - (4.3.16)

where the logarithmic terms arise in even d and all coefficients in the expansion can be
(0) p(d)

expressed in terms of the pair of data (huv, h,w ) using the Einstein equations.
The goal of this section is to show that the change in the renormalized entropy 6S%™"

under such metric perturbations is equal to the change in modular energy i.e.
0Ep = 0SE". (4.3.17)

In the previous literature [57], the first law was derived by restricting the variation of
metric to only normalizable modes i.e. imposing hfg,) = 0 with hffll,) # 0. Accordingly, the
change in the entanglement entropy 6S5p is finite even without including the counterterms.

Here we will derive the first law for general perturbations for which hf?l,) is not necessarily
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zero; from a QF'T perspective a general bulk metric perturbation corresponds to changing
the background for the dual QFT as well as the state in the theory.

We will first demonstrate the renormalized first law in the infinitesimal limit where the
radius of the boundary entangling region B tends to zero R — 0. The modular energy

may be approximated by

SEp = /B dooTTEnEY, (4.3.18)
o, 2TRI0
SEp =% WdZ—(i 2577,

From holographic renormalization [43], the variation of the renormalized energy momen-

tum tensor for odd d is

d
ST = ——p(d), 4.3.19
e ]_67T'Gd+1 g ( )
In even dimensions the relation between the renormalized stress tensor and the coefficients
of the asymptotic expansion is more complicated, capturing the conformal anomalies. For
example, in d = 4

1
ST =

= oG (4h(8) + 6R(3) , (4.3.20)

i.e. there is an additional contribution associated with the coefficient of the logarithmic
term A, At linearized order we can express A in terms of the curvature R(®) of the
perturbation of the QFT metric A as

r@ _ Lo n0 g po) _ L g05 pO 4

hMV = _@ i L RY + E pRuV - %( PR )T’FW' ( 321)
The infinitesimal first law of entanglement entropy for general variation is thus equivalent

to showing that the variation of renormalized entanglement entropy can be expressed in

terms of the renormalized stress tensor as

2T R y_o

OSH" = =

STren (4.3.22)

4.3.3 Infinitesimal first law for odd d

We shall focus on odd d. The linearized variation of regularized entanglement entropy can

be expressed in Cartesian spatial coordinates as

R
8Gd+1 Be

1 o
dd_lmg(hii — #'#7hyj), (4.3.23)

5879 =

where ¢ runs over the spatial indices of the d-dimensional Minkowski space.
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To obtain the infinitesimal version of the first law, we consider the limit R — 0. To
evaluate the integrals explicitly it is more convenient to use the (w, u) coordinates in

(4.3.4), in terms of which the variation of regularized entanglement entropy is

557’65]

7r/2 Sd—2 "
3 2
/ / , dQq_g——— (69 — cos® ui xj)hij. (4.3.24)
- u

gind—1

8Gd+1

For the variation of the counterterms we need the linearized variation of the spatial ex-
trinsic curvature, which can be expressed as

(d—2)z

5Ky = — 2@ hi + a (hi; — #°37 hyj) (4.3.25)

and the variation of a specific combination of Ricci tensors,

d

_5Rtt + 5R7«7~ - m

R = (d—2) (b — #/h)). (4.3.26)
The latter equality holds at linearized level, see equation (4.3.31) below.

Substituting the above expressions into the variation of (4.3.9) we get the following ex-

pression for the counterterms in general d < 6 to first order:

1 1rd=2 (d—2) rit ”»
5 ct:—/ Ay [ [ " (hy — 3227 hy,
55 = =D Gany Jeas 2 zeH( i)~ A(d—4) 6d*4( 30'ahy;)
1 ’I”d_2 @) i 2) 1 Td_S
p? _pigip@y = T
(d—4) eH( i = aaind)) 2(d — 4) ed—*

+ (i“kakhii —f:i:iji"kﬁkhij)} (4.3.27)
In the (w,u) coordinate system, the area integral for the bulk entangling surface B, is
expressed in terms of an integral over the asymptotic angular coordinate u and the spatial
angular coordinates. We can thus evaluate the integral up to the upper limit u = 5 even

when expanding around R = 0.

The Taylor expansion around z' = 0 at each order of the Fefferman-Graham expansion

can be written as:

R2

R33% 393k
3!

K (@) = BT (0) + R&0;h() (0) + Y 00:h (0) +

ARV %

8;0;0,h {1 (0)
i ()
788 [OkOthy,) (0) + ... (4.3.28)
The Fefferman-Graham expansion also becomes an expansion in R,
hy = h) + R*sin* uh() + - - (4.3.29)

We can now expand (4.3.24) using (4.3.29) and (4.3.28) up to R?. The two angular

integrals du, d€2;_o can be evaluated independently for each term in the expansion. In the



98 Chapter 4. Renormalized First Law of Entanglement Entropy

appendix we give a general formula (4.A.5) for integrating over products of unit vectors
over S™. Together with (4.A.8), generic terms in the expansion after the spatial angular

dQg_o integral take the form

(0% h{™ (0%)"3:0;h7. (4.3.30)

i

All the non-normalizable modes are related to the first term in the Fefferman-Graham

expansion h(®) through the Einstein equation [43]. For h(®) we have

1

1
B2 — _ (R — ———— R 4.3.31
w d—2(R“ 2(d—1) R”“) (43.31)
The linear variation of the Ricci tensor is,
1 o o 1
SR = —iaﬂa,,h(o)a +0,0(,h\",) — 58"8,,]152) (4.3.32)

We can use the above information to express A2 in terms of derivatives of A(®) and A%

in terms of derivatives of h(?) as

1

(@)
p -
i T 9(d-2)

(9:0:15) — 00,1 ) . (4.3.33)
In d = 5 we will also require the following relation between h*) and h(,
O = Lo0n® — Loon?
i = g% T Y% (4.3.34)

We can follow appendix 4.A.2 and 4.A.3 to obtain

deQd,Q (d)

5ST’€TL —
BT 8(d=1)(d+1)Ggyq ©

(4.3.35)
Here by working with the renormalized quantities we recover the first law of entanglement
entropy for general linearized variations of the metric, including both non-normalizable

and normalizable modes.

4.3.4 Curvature invariants formula

The first variation of the entanglement entropy around spherical entangling regions in
AdS441 with d odd can be expressed in a particularly simple and elegant geometric form,
using the expression for the renormalized entanglement entropy in terms of curvature
and topological invariants (4.2.8). Since such variations do not change the topology of
the entangling surface, the topological Euler invariant contribution does not change. All
contributions from the extrinsic curvature are quadratic or higher order; since the extrinsic
curvature vanishes to leading order, and this means the contributions H, do not contribute
to first variations (but do contribute to second variations). By analogous reasoning, the

only contribution from the Weyl terms W, comes from the term that is linear in the Weyl
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tensor. Thus we arrive at

1

oS o<—4G2n

SW (4.3.36)
where G2, is the Newton constant (with 2n = d + 1) and

5W = / d2(n_1)1‘\/§ 5W1212 — / dQn_SZE\/E 5W1212 -+ e (4.3.37)
P ox

where §Wio12 is the pullback of the normal components of the bulk linearized Weyl curva-
ture in an orthonormal frame and dW1s12 is the pullback of the normal components of the
boundary linearized Weyl curvature in an orthonormal frame. The boundary terms are
such that d)V is a finite conformal invariant for a generic non-normalizable metric pertur-
bation. Note that the boundary term vanishes for AdSs. The ellipses denote additional
boundary terms expressed in terms of higher powers of the boundary Weyl curvature that

are required for n > 3.

The variation of renormalized entanglement entropy for d = 3,5 is

d=3: §S™M(B) = — 87 0W(B) (4.3.38)
d=5: §S™M(B) = —156:0W(B) (4.3.39)

In Poincaré coordinates the linear variation of the Weyl tensor 6 W g is,

1 1
6W,u1/po = ?R[n + h]pupo- + 2723(]1;,4)771/0- + h:,UT]'up — h,:LUT/VP — h;pn/w-) (4340)
1
6W,uzzpz = T%[auhlyp - auth] (4341)
1 1
OWyave = =55l + 5 5hw (4.3.42)

where R[n + h]uups is the Riemann tensor for boundary metric 1y, + hy,. In Poincaré

coordinates, the two unit normals are

ny = Z(‘?z (4.3.43)
z 0 ;0

= — 2= B — 4.3.44

" \/m(zaz”x &’c“) (4.3.44)

Then the projection of Weyl tensor onto NB, 0Wi219, is

4
Wizs = 5~ — (z%wm + 128089 Wy + zzmezawtm) (4.3.45)



100 Chapter 4. Renormalized First Law of Entanglement Entropy

The bulk Weyl integral becomes

jus R2 d—2 L .
/~ A wy Wigie = /2 du/d de—Q‘.CZS‘_ 5 - (ZQWtZtZ + 28 Wity + QZleWtZ“)
B ¢ gd—2 sin?=°u
(4.3.46)
and the boundary Weyl integral is
- ~ R2cos® 2y i N
/ d" a7 Wigia = / dQq—o———%— (ZZWtztz + 228 Wiy + QZT-%'ZWtzti)
oB gd—2 sin? %y
(4.3.47)
Substituting (4.3.40) — (4.3.42) into the above integrals
/dd*1 VA W /gd / o R2<COSd_2u[ W+ ] (43.48)
T = u _ — = | — = D — ..
B oz ¢ ga—a 072 sind %yt 2% 2Rsinu
d
cosu ;. 1 / /
mxw [Rtitj + o p g s + hijﬁtt)]
d—1
cos tu
+ 1 [0:hy; — 3ih2t]>
sin?~*u
and
/dH V7 oW —/ dy_o R COSH“[ L 1w 4.3.49
gt VIO = | B G L M S (4349)
d
cos“u ;. . 1
+ szxj [Rtitj + m(hitm]’ + h;;ﬂ]tt)}
d—1
cos® tu
+ mxl [O4ht; — aih:tt])
where /' = % Up to order R?, the relevant components of the integrand are obtained

by Taylor expanding about the origin and eliminating the odd components as the it is
integrated over S92 In appendix 4.A.4, we expand Ry into linear perturbation h,
then further relate the higher order non-normalizable modes hg,lfd) to the lower order
non-normalizable modes via the Einstein equation. Finally, we can see all the lower order

non-normalizable modes perturbation are cancelled and the renormalized Weyl integral is

30
3R, h(g)

5R%();3 (5)
d=5: oW = — g P (4.3.51)

Then substituting (4.3.50), (4.3.51) into (4.3.38), (4.3.39) to get the renormalized entangle-

ment entropy. We recovered the infinitesimal first law of entanglement entropy in (4.3.22)
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for variation that includes perturbation of non-normalizable modes,

—_ . ren __ 3R391 (3)
d=3: 0SE" = 1B, hyy (4.3.52)
5R50)5 (5)
=5: TN = . 4.3.
d=5 0Sg 192G6htt (4.3.53)

Again the fact that the non-normalizable modes do not contribute indicates the finite

contribution of the entanglement entropy in odd d is universal and scheme independent.

4.3.5 Cancellation of divergences in d = 4

We now turn from odd dimensional boundaries to even dimensions and show how the
cancellation of divergences of the renormalized entanglement entropy works in d = 4. A
general perturbation of the boundary metric h,, can be expanded around the boundary
z=0

huw = B (r,0,¢) + 2R3 (r,0,¢) +- - (4.3.54)
Since on B the coordinate r is a function of z. The coefficient in the expansion of the

metric perturbation can be further expanded around r = R. For h,(f,),) (r,0, ¢) the expansion

is

0 _ 0 0
hQ(r,0, ) = hQ(R,0,6) + (r — R)OW)(R,0,) + -+ (4.3.55)
2
z
= i) (R.0.6) = 550:h)(R,0,0) + - (4.3.56)

So the variation of the regularized entanglement entropy in polar coordinates for d = 4 is,

1 (R 1 1 1 1 1
reg _ 1 1 /0 oy, 1l 1 0 (0)
055 s / dz /52 dQQL?’ <h99 t sin? eh@) + z( 2R2 gy 2R2 sin29h¢>¢

1 (o 1 0 1 0 1 0 2 1 2
+h® + —hl) ) — = 0nhly — o O+ By + b ))}

R2' T REgn?g''%0 T 3R 2Rsin® 0 sin2g 99
(4.3.57)
Evaluating the z integral and the divergent terms are,
, 1 1 1 1 1

regydiv .~ 7 (0) (0) _ - (0) _ (0)

(05%")  8Gs /52 iy {262 (h99 T o 0h<1><1>) lnf( R0 T 3RTsmg v
1 1 1 1 1
(0 4 * ;0 0+ 520 _ (0) (2) (2
i+ R? fige + R2 sin? Hh‘b‘b 2R0Th90 2R sin? GaTh‘M’ +hgg + sin? Gh‘z"z’)}

(4.3.58)

We can see that (4.3.58) is identical to (4.A.83) so the divergences of the regularized entan-

glement entropy will be removed by the counterterms in the renormalization procedure.

(6S5e9)div — (§S5tydi. (4.3.59)



102 Chapter 4. Renormalized First Law of Entanglement Entropy

More explicitly, in Cartesian coordinate, the set of counterterms from (4.2.7) is

1 o r2
ct _ R Y Y G
0Sg = 16G- /52 dQds {(hu ' h”)(EQ +Ine)

2 1 o
+ne( = 6Ry + 6Ryy — S6R) — Ine( = 2hsi + —0,(r?his — x’x]hij)ﬂ. (4.3.60)
3 r
Following section 4.A.5 we get

55 = / 40" (i — 89 hi) + e [(h@ — #3hY) — 2R () — #37?)
16G5 Js2 €2 J i i i ij

— (—ri*oph) + 282700 + m%jzﬁkakhg?))} . (4.3.61)

Note that there are finite contributions from the first term in (4.3.61).

4.4 Integral renormalized first law

Under general variations of the boundary metric where both the non-normalizable and
normalizable modes are not fixed, we need to modify the relation between the conserved
charges (4.2.34) and the associated first law. Since the spatial slice ¥ where the charges are
defined has a boundary, we cannot neglect the total derivative terms. In fact the boundary

terms capture all the divergent behaviour of the Noether charge and act as counterterms.

As mentioned in the section 4.2.2, the asymptotic conformal Killing vector used to define
the Noether charges in [91] has to follow the fall off condition (4.2.36) which our modular
flow generator {p in (4.2.51) does not satisfy. We shall see later that all these extra terms

are essential to match the universal divergences of the entanglement entropy.

Charges defined on asymptotic boundary B and entangling surface B have asymptotic
behaviours analogous to the entanglement entropy. In (d+ 1) even spacetime dimensions,
the finite charges are universal. For (d+ 1) odd spacetime dimensions, the finite parts are
scheme dependent, and change covariantly under changes of scheme. Hence, the first law

of entanglement entropy in odd bulk dimensions requires appropriate finite counterterms.

4.4.1 Charges in the entangling region

The Noether charge form QI[¢] is the exact term in the conserved current form induced by
the vector £. For pure Einstein gravity (with or without cosmological constant), it can be

expressed as

1
Qle) = ~jggs * ¢
= 1 eV, (4.4.1)

_167TGN
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up to exact terms. Since the extra exact terms will introduce boundary terms in the
integral over B and B respectively, we will treat (4.4.1) as the definition of Q[¢] to avoid
confusion. In asymptotically locally AdS, the full expression for the Noether charge form

is then written as

Q'¢] = Ql¢) - B (4.4.2)

with B defined as

1

B =—
ImG N

g n’ (K(d) + )\ct) (4.4.3)

where n is the radial unit normal pointing outwards from the asymptotic boundary oM.

The holographic charge form Q[¢] is defined in terms of the d** term in the dilatation

eigenfunction expansion of the canonical momentum, 77?3), through the following expression

Q[¢] = —ean2m(5)be- (4.4.4)

In our setup, the full Noether current form J/“![¢g] is induced by the bulk modular flow
of a bulk Killing vector £g. The full Noether charge on the spatial slice ¥, can be thought

of as the charge captured by the surface from the current:

I A

€

_ /Z @[55}3 ¢] _ LgBLOHShe”

=— /E e, Lol (4.4.5)

€

As shown in (4.2.31), the onshell Noether current form is exact.

In (4.2.54,4.2.55), we defined the bulk entanglement entropy by an integral of the Noether
charge form over B, and the modular energy through an integral of the holographic charge

form over B.. In order to relate the two we need to generalize (4.2.34) to
[ @ -alg=- [ el (1.46)

Here A captures the counterterms associated with renormalizing the divergences of Q"
this term is needed as the quantity on the righthandside, Q, is renormalized. We could
redefine the Noether charge on the lefthandside to include these counterterms, but in what
follows we keep track of the contributions separately to emphasise how the counterterm

contributions arise.
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The counterterms need to be included here because of our more general falloff conditions
for the perturbations. This contribution vanishes in [91] because of the stricter fall-off
condition of & which makes the radial derivative of £ vanishes and the counterterms inte-
grate to zero as the integral is over a surface with no boundary. In [57] this term vanishes

due to the falloff conditions imposed on the metric perturbations.

The conserved charge forms Q! and Q can be interpreted as Hamiltonian potentials, as
explained in detail in appendix 4.C'. A in this context is the difference of the counterterm
contributions of the two Hamiltonian potentials. In the covariant phase space formalism,
given an action with boundary terms, one can obtain the presymplectic current through
variation of the Lagrangian and boundary terms. The presymplectic current maps the

vector field in the configuration space to the Hamiltonian potential.

We are interested in renormalized quantities and there are two ways to see how the coun-
terterms arise in the Hamiltonian potential. The first approach is to use the renormalized
action that includes the counterterms, and then obtain the presymplectic current and
Hamiltonian potential. We denote this as the full Hamiltonian potential because it is

equal to the full Noether charge form when Wé‘ dV) =0

HT] = QIe] + b7 [¢] - b[¢] (4.4.7)
= HY [ - b7[¢ (448)
_ qull €, (4.4.9)

where b and b represent the Gibbon-Hawking boundary term and counterterm contri-
bution. Here HYH is Hamiltonian potential obtained from the action that only includes

the Gibbon-Hawking boundary term.

The second way to see how the counterterms arise is to renormalize the Gibbon-Hawking
Hamiltonian potential H! directly by subtracting the lower order terms in the dilatation
eigenvalue expansion. The renormalized Gibbon-Hawking Hamiltonian potential is given

in terms of the holographic charge form when 7TEL du) =0

HEfe) = HO[g) - HG[g) (4.4.10)
= —Ql¢]. (4.4.11)

Hence we can interpret A as the difference of the two aforementioned Hamiltonian poten-

tials
Al = HG[¢] - b[¢] (4.4.12)

As we will see this term in the perturbed case this is exact and represents the counterterms
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for the entanglement entropy.

On B, for bulk Killing vector, £ the full Noether charge form is

Q""" ¢p] pe = eon® (—20.€h + K&k — K&l — Al (4.4.13)

1
81G N
where the first term on the right hand side was neglected in [91] due to the falloff condition
(4.2.36). The holographic charge form is

Q[éB”Be = _Eztn2277€2)63 c

1 o )
= 8nGy " (de) — Kg)' ) {Ba (4.4.14)

where we used (4.2.24) to express the holographic charge in terms of the d*” term in the

dilatation eigenfunction expansion of the extrinsic curvature. The difference in the charges
Afép] is

A¢B]|Be = ST <_za,,gg bR — Actgg) : (4.4.15)

It is important to remember that this expression is only valid when £p is Killing. We
shall see later the perturbed difference of the charges dA[{p] admits an extra term as {p
is no longer Killing. In appendix 4.B.1, we follow [92] and derive the explicit dilatation
eigenfunction expansion for K# and A. In the unperturbed setting, the boundary metric is
d-dimensional Minkowski metric 7,,,. Only the zeroth term in the dilatation eigenfunction
expansion is non-vanishing,

K, = oL, Aoy = 1. (4.4.16)

From (4.4.14) we know the holographic charge is zero

Q[¢x]|pe = 0. (4.4.17)

Then A[¢p] simply equals the Noether charge

Alés]lpe = QIénllne = e.n® (~20.65)

1
81G N

= e, (4.4.18)

We can now turn our attention to the Noether charge form on the entangling surface Be.
As explained in section 4.2.3, the integral of the Noether charge form over B, can be

interpreted as both the entropy of the Rindler black hole and the entanglement entropy
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of boundary region B.. Since £g vanishes on B,

QM"¢8]| 5. = QI¢Bll5,
1

- w ¢t
— SWGNswta I3 (4.4.19)

where we used the w coordinate in (4.3.4) and the Killing condition. Integrating over B,

d—2

1 “242
| Q@eal = o [ dudu ST (22 4
Be GN JB. sin 1ty w
COSd 2 u
4GN / du de 2 d 1
=559 (4.4.20)

where we use (4.3.8) to identify the second line with the regulated entanglement entropy.

4.4.2 Variation of charges

The variations of Q! and Q differ from the previous literature [57] when we allow
variations of the non-normalizable modes. For general perturbations of v,,, the linear

variation of the Noether charge form is

-1
A T V€
_ —1 57'7 acb ac b ac sTb d]
T 167Gy [ 5 Ve — 09" Velp + 9" 0Tl
_Z2 . i
=8RGy [E“’ (" hap = 27 hiy — (R? = 2% = 3)0har) (4.4.21)

2
+ €tz (thk + (Rz — 22— 52)(—;htt + azhtt)) }

Using the coordinates (4.3.4) on B, we get the integral

_ ! a1, 1 poy gy
/BE (5Q[§B] — SRGN /Bed .%'Zd(R hkk Trx hzj>

/~ A u(R? — 728 (R2hgy, — a'a hyj) (4.4.22)
Be

~ SRGy

which is equal to the linear variation of the holographic entanglement entropy

/. sQia) = o35 (4.4.23)
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For the variation of the full Noether charge form, we need to evaluate the boundary term
0B. This term is related to the presymplectic form @[d¢]| by

dx

O[i4] = 5 (=N (4.4.24)

S (—vK) + w“”de,]

8rG N
= d% {

81G N

_ qdy Lmi;N 5 (~v7 (K + M) + wg‘d”)ayu,,}

=B + €3M€7T‘(U4dy)6'}/“y.

where the d-form d%z is

1
die = —dz® Ao AdzdTL (4.4.25)

The variation of the full Noether charge form is then

0Q""[¢p] = 6Q¢B] — e, 0B (4.4.26)
=0Q[¢B] — L§B®[5¢] - L£B€8Meﬂ€dy)57/w‘

The linear variation of the holographic charge is

5Q[€]|p. = —en*20m 4y £ (4.4.27)

This is related to the renormalized boundary energy momentum tensor via

207y = —8Th, (4.4.28)

Substituting this expression into (4.4.27) the integral of the variation of holographic charge

form §Q[¢p] on the boundary ball region B, is equal to the variation of modular energy

_ /B 5Q[¢s] = 6Ep. (4.4.29)

To express the variation of modular energy in terms of dilatation eigenfunction expansion

of extrinsic curvature we vary (4.2.23) to obtain

~1
dmay, = 167Gn (”Qéﬁy - 5K<d)5£‘) (4.4.30)
1 .
t — 7
@1 = Tran K@i (4.4.31)

Using the tracelessness of 6 K ( (gu at the linear level we can write §QJ[¢] on B, as

0Q[¢B]|B. = S7Gn

410K () £ (4.4.32)
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(This expression holds for all d, with conformal anomalies present if we write out K (dt) , in

terms of gfﬁ,) and gfff), see for example (4.4.65).) The variation of the full Noether charge

form Q" on B, is
full __Z oy 1., 1 ” ¢
(SQ [gB”Be = €t ( fB — 8 {B) — ath(S’y + deK (4.4.33)
87TGN 2
—fB( —I—(SK()—I—(D\Ct)].

By using (4.4.30), we can obtain the relation between 6Q7"! and §Q.

Similarly to (4.4.6), this revised version of (4.2.58) receives a contribution dA[¢p]. We get

/B 5Q7"¢p) = /B —0Q[¢p] + 6A[ER]. (4.4.34)
The latter term takes the form
Z | 1 2 s tt t t
Algs] = ¢ e {—228 §507 — 50" + &5 (5Kt —5>\>Ct : (4.4.35)

Note that we can understand why this term arises for two reasons. Firstly, {5 is no longer
Killing with respect to the perturbed metric and secondly £p has a weaker falloff condition
(4.2.52) instead of (4.2.36). Here we use an abbreviated notation:

oy ="V, OKH =5 (7" Ksy) . (4.4.36)
In terms of Hamiltonian potentials, the A term is
Alép) = sHG[€5] — 667 [¢p). (4.4.37)

We further describe the origin of each term in the appendix 4.C' and expressed dA in
(4.C.33) using the formalism of [103].

Substituting the unperturbed flat boundary metric and the bulk Killing vector we obtain

x\/ 7TZ 22 m(R? — 22 — 7?)
dd—l —d .
Algg) = ﬁ [+ (R — 2 = ) (55K{ - oN) ] (4.4.38)

The variation of the onshell boundary Lagrangian, d, is related to the variation of the
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extrinsic curvature, J K, via the canonical momentum in (4.2.23)

1
SN = e VK] + 5 (1439
£ (o)l (S B
0y + oA ) K+ ———0v,
87TGN + 8 GnN v + 2 Tn

A K#

For flat boundary metrics we have
0N =I0K. (4.4.40)

We then get the following simplified expression for all dimension

—d

Ales) = gy [+ (80— =) (o1t - ox) |
- 8;_;]\/ [ZQh”’ — (R =2 -1 )5Km} : (4.4.41)

The extrinsic curvature counterterm means that all the terms appear earlier in the dilata-

tion eigenfunction expansion, i.e.

0Ky = 8K () s + 0K (2 + -+ + 108 220K 4y oy + 0K (ay oy + -
5K,ul/ = 5Kct;uz + 6K(d) v + - (4442)

From (4.4.34) we can deduce that the divergence of the full Noether charge integral is

equal to the divergence of the correction term integral,

(/BE 5qull[£B])div _ /BE 5Adiv[£B]. (4'4‘43)

In order to see how this divergence is equivalent to the divergence in the entanglement

entropy, we need to use the Stoke’s theorem of the full Noether charge form on i,

[ @ s~ [ 6QIigs = [ as@c) (4.4.44)
B. B. X

The exterior derivative of the variation of Noether charge form can be deduced from
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(4.2.29) and (4.2.31),

d6Q|¢p) = 6J — 6N (4.4.45)
= 0©[0¢, )] — 1e, 0L + ON
= 0@[0¢, 1] — 16, d0O[SY] — e, EV6Y + ON
= 000, 0] — L&, O[0¢, 0] + dig,0O[0¢] — e, EVOD + SN
= w(0, 8¢ ) + die,0©[09] — e, E®0tp + SN
= dig,0©[00] — 1e, E°5¢) + 6N (4.4.46)

where w(d11, 621)) is the symplectic form
w(019, 6210) = 62©[61%] — 61O [d21)] (4.4.47)

and it vanishes when £p is Killing. Note the last two terms are off-shell terms. We first
write out (4.4.34) as

|, 9Qles) — 1,009 = | —oQlén] +dAlea). (4.4.48)

€

Now substitute (4.4.46) and (4.4.48) into (4.4.44),

[ Q" ies) - /B 5Q/gp) = /E ig, 00[50] + ON — 16, B0 — dig, 0B

/. 3Qlen] — 16,0[60] - /B 5Qlés) = [ —1ey B30+ 9N

€

/ —6Q[¢p] + dA[¢B] = / 0Q[¢n] + /E —1e, E%6¢ + ON.  (4.4.49)

B, B,

Onshell we get

[, —o9ics) = [ 6Qics) - [ salcsl (4.450)
Since the left hand side is manifestly finite we have
div
— div
(f, sqiesl) " = [ satiey (1.451)
55 — / PINGI (4.4.52)
Be

Therefore the integral of A on the boundary ball region can be thought of as the coun-
terterm of the entanglement entropy. In the next section we will show that the finite part
of dA matches with the counterterm of the entanglement entropy as well. Hence we get

the integral first law of entanglement entropy:

SEp = 6STem. (4.4.53)
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Finite counterterms contribute only when the CFT dimension is even. This is an ex-
pected result as the finite part of the entanglement entropy is scheme dependent in even
d. Similarly, the left hand side is related to the renormalized energy momentum tensor
which is also scheme dependent for even d. For odd d, the finite part of the renormalized

entanglement entropy is universal We will see explicit examples in the following section.

The implication of 0 A acting as the density of the entanglement entropy counterterms is
that dA is exact,

SA[¢g] = d6SE, (4.4.54)

where §S% is the (d — 2)-form that integrates to the entanglement entropy counterterm.
This means the full Hamiltonian potential § H/* and the renormalized Gibbon-Hawking
Hamiltonian potential 6 H (Gdl)q is equal up to an exact term. In the usual context of con-
served quantities, this is attributed to the exact term ambiguity. Since the potential is
integrated over a boundary manifold, which itself does not have boundary, the exact term
ambiguity will not contribute to the conserved charge. For us, both the entanglement
entropy and modular energy is defined as the integral of a manifold that does have bound-
ary, so the exact term difference is no longer an ambiguity. Note the counterterm of the
entanglement entropy is obtained systemically from the renormalized action through the
replica trick, this indicates this exact term difference can be calculated from the renor-
malized action directly. In the Hamiltonian holographic renormalization framework, we
show how to obtain J A from the counterterms contribution of the Hamiltonian potentials

in appendix 4.C.

4.4.3 Examples: generalized first law in AlAdS;

We have shown that the variation of the modular energy d Ep is equal to the integral of
the holographic charge form over the boundary ball region B, in (4.4.29) and the variation
of the entanglement entropy dSp is equal to the integral of the Noether charge form
over the bulk entangling surface B. in (4.4.23). To complete the generalized first law
of entanglement entropy (4.4.53) for generic variations of the boundary metric év,, in
AlAdS4y1, we only need to check that the integral of the term JA[¢g] over B, is the

counterterm of the entanglement entropy,
/ SA[Eg] = 5SE. (4.4.55)
Be

In the following subsections, we will demonstrate this equality up to dimension d = 5,
thus implying the renormalized first law (4.4.53), with scheme dependence of renormalized

entropy and energy systematically matched.
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4.4.3.1 d=3

The terms in the dilatation eigenfunction expansion of the extrinsic curvature variation
are related to the Fefferman-Graham expansion of the boundary metric variation. For
d = 3, we only need to include terms up to O(z*) as higher order terms will not contribute

to calculations in the limit € — 0:

0K g), =0 (4.4.56)

0K 35, = =2"1""h@) o + O(z") (4.4.57)
3

OK gy, = =52 1" bz ov + O(). (4.4.58)

In this case, the counterterm §K_/;, is just the second term in the dilatation eigenfunction

expansion 0K (2’§V. Hence the counterterm from (4.4.38) gives

d?x>3
S8RG N

SA[Eg] = [2%hs — (R? = 22 = ) (=2*hey ) | - (4.4.59)

Keeping the terms up to O(z) we have,

d?z
SRG N

We see that for this example in odd dimensions, § A[¢g] has no term of order 2" and there

is as expected no finite counterterm contribution to the entanglement entropy.

To see the identification of the integral of dA[{p] over B, with the ordinary entanglement
entropy counterterm in (4.3.27), we need to use (4.B.29) with the result

1 r o
_ o L AR ..
/B Al = g /S A0S by — 2Ry ) (4.4.61)

This matches with the variation in the counterterm (4.3.27) exactly. Hence we have sat-

isfied (4.4.55) confirming that the general variation of the modular energy is the variation

of the renormalized entanglement entropy.

4432 d=4

For d = 4, in addition to including the logarithmic term in dilatation eigenfunction expan-

sion, we also have to include terms up to O(z%) to evaluate both the divergent and finite
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contributions:
0K, =0 (4.4.62)
0K 3, = =207 h2) gy — 220" 6D 2y 01, + O(2°) (4.4.63)
0K 4y, = —22"0"ha) g + O(2°) (4.4.64)
0K fy, = =221 hayop = 20" hay gy + 207D ) 1 + O(2°) (4.4.65)
where we use the notation
g n v
5D(n) py = d [/ g(n)ap()‘u‘| . (4466)
9(0)op

It turns out at linear level that the second order term 4D g, is related to the coefficient
of the logarithmic term in the Fefferman-Graham expansion as

= (4.4.67)

Iz

and hence it is also traceless. Then the relevant terms in the dilatation eigenfunction

expansion for the extrinsic curvature are

0K, =0 (4.4.68)
0K 3y, = —2* 1 h2) o1 + 220 A4y o + O(2°) (4.4.69)
M~((4’§V = —22'""hgy o, + O(2°) (4.4.70)
0K jy, = 22" hg) o — 32 0P higy 50 + O(29). (4.4.71)

The counterterm from (4.4.38) is then

d3xzt
S8RG N

5A[fB] = {Z2hii - (R2 - 2’2 — fQ) <_Z2h(2) it 224B(4) i 22:4 log ZQh(4) u)} .

(4.4.72)
Neglecting the O(z) terms as they vanish in the limit € — 0 we have

d3x {1

dA[¢B] = SRGx

22
Finally we need to transform this integral on boundary ball region B, into a surface integral

on the sphere 0B, via the manipulation of h,) ,, in appendix 4.8.2. First we use (4.5.29)
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to turn the coefficient of e~2 divergences into a surface integral

[S1[)

1 (R? — €2) "

B @)
—2(1 —log 62)/ o (R? — 32 }
Be
For the coefficient of the logarithmic divergence, we use (4.58.33) to turn the ﬁ(4) 4 integral

into integrals of h (o) ;; then use (4.B .35) to turn the remaining volume integral into a surface

integral of h(g);. The final result is

/ SA[¢p] = 8RG / {2 3 (hyii — #'47h() ;) (4.4.75)
+loge ( 5 (AZA]h( 2) ij h(2)u)

+

=~ 3

(heoyis — 38 hioyij + @' Djh(oy s — £'37 2" Oyho) z’j))

|

(227 hiayi; — ha) u)]

Note that there are, as expected, finite contributions. Comparing with (4.3.61) we can see
this term is exactly the counterterm for the entanglement entropy. Therefore in Al AdSs
we have satisfied (4.4.55). The renormalized stress tensor T);7" in (4.3.20) has a scheme
dependent term proportional to ﬁ(d) v that originates from the variation of anomaly term
in the counterterm action. Therefore the finite counterterm in the entanglement entropy is

necessary to match the contribution associated with the holographic conformal anomaly.

4433 d=5

The d = 5 case is very similar to the above example but without the logarithmic terms.

The dilatation eigenfunction expansion for the variation of the extrinsic curvature is

OK ), =0 (4.4.76)
5K(2l;y = 20" h(2yor, — 2°1"70D2) 1 + O(2°) (4.4.77)
0K fy, = =22 1" ha) i + 200D 2) 01, + O(2°) (4.4.78)
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Then the relevant dilatation eigenfunction expansion terms, up to O(z%), are

SKg); =0 (4.4.80)
; 2

OK (3); = —2°h2)ii — 52271(4) i+ 0% (4.4.81)
; 4

5K(zf)z’ = —§Z4h(4) i T+ 0(26)- (4.4.82)

The counterterm from (4.4.38) gives

dixz°

d0A[EB] = SRCq

[2%hi = (R? = 22 = ) (=*hegy s — 22 haayis) |- (4.4.83)

Neglecting the O(z) terms as they vanish in the limit ¢ — 0 we have,

diz [1 2 _ =2 2 52 -2
dA[EB] = SRGo Lg (h(O) i — (R7 = 2%)h) zz) + ;(R —Z%)hy zz:| . (4.4.84)
Now evaluate the integral of the correction following in appendix 4.B.2. We use (4.B.29)

and (4.B.38) to get

B 1 (R2 _ 62)2
/BE OALE] - 8RGg [ 3e3
(R2 o 62)2

PN 3 4
+ 7‘/53 ng (h(Q)“ — X .%'Jh(g)w) — 6/Bed xh(2)12:|

Y 1 4

The remaining volume integral of h(y);; can be converted to surface integral via (4.B.40),

23}:2 (h(O) i — 287 ) ij)

(4.4.86)

1 [R4
3

_ i Y] ) =
/BE 5A[£B] _8RG6 P dQ2 33 (h(O)zz rx h(O)U)

R2

o (h©is =488 ()i + & 0ih0) i — 2872 ho) ) ] '

+— (h(2) it — &% hey) z‘j) -

After rearranging we arrive at the final expression of the correction term

4 2
/Be SA[¢s] :8R1G6 /53 dS2s [?ig (h(O) i — "% ho) ij) - R? (h(O) i — 222 h(g) ij)
(4.4.87)
R4 o R2 , . o
+ ? (h(g) i .ﬁz.fjh(g) ij) - g ($Jajh(0) i ilaﬁfazkﬁkh(o) ij) ] .

This is in fact identical to the counterterm in (4.3.27) when taking the limit ¢ — 0 and
satisfying (4.4.55). Note that in (4.3.27) one has to expand r = VR? — €2 to arrive at
(4.4.87). Since d is odd, there is no finite counterterm and the renormalized first law is

scheme independent.
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4.5 Conclusions and outlook

In this paper we have proven the renormalized first law of holographic entanglement en-
tropy, in both infinitesimal and covariant versions, for generic variations of the metric.
The original proofs of the first law of holographic entanglement entropy assumed that
only normalisable modes of the metric were varied, corresponding to changing the state in
the dual conformal field theory. Our proof extends to non-normalisable variations of the

metric, corresponding to changing the background metric for the dual conformal theory.

When the boundary dimension d is odd, both the renormalized stressed tensor and renor-
malized area of the entangling surface are scheme independent and the holographic con-
formal anomaly is absent. When the boundary dimension d is even, there are finite contri-
butions from counterterms and one needs to ensure that the same renormalization scheme
is used for the stress tensor and entanglement entropy; this follows immediately from the
approach taken in [54] because the counterterms for the entanglement entropy are derived
from the counterterms for the action given in [43] using the replica trick. In our setup
the background about which we are perturbing is conformally flat and thus there are no

explicit contributions from the conformal anomaly at linear order.

A motivation to include the non-normalisable variations of the metric is that we need
to allow variation of the boundary metric within its conformal class to preserved bulk
diffeomorphism. This is because the PBH tranformation, which is a bulk diffeomorphism
[91], induces a Weyl transformation on the conformal boundary. However in the presence
of the anomaly, we must pick a representative of the conformal class for the variational
problem to be well defined. Hence the above bulk diffeomorphism is required to be broken.

As we discuss below, the first law admits an extra term under the broken diffeomorphism.

The first law can also be derived using the covariant phase space approach, building on [57],
as well discussions of the covariant phase space formalism in the presence of boundaries
[103] and boundary counterterm contributions to conserved charges [91]. The generaliza-
tion to non-normalizable variations of the bulk metric, corresponding to deforming the
background metric for the dual CFT, induces specific counterterms in the covariant phase
space construction. We explain in detail how these relate to the boundary terms in [103].
Note that in the context of the laws of black holes one would fix the non-normalizable
modes and therefore the our analysis differs from the renormalized black hole charge anal-
ysis of [91]. The first law of entanglement entropy takes a similar form as in the first law
of black holes thermodynamics in [91]. In the presence of anomaly and for generic repre-
sentatives, the first law of entanglement entropy will admit an extra term corresponding
to the anomaly. If we consider the variation of the representative, this will induce in-
homogeneous transformation of the d** term of dilatation eigenfunction expansion of the

canonical momentum and induced an explicit conformal anomaly term for §Q. We will
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have this type of first law of entanglement entropy,
0Ep = 6,Ep + 055", (4.5.1)

where 6, is the variation induced by the varying the Weyl factor. This extra term is

analogous to the first law of black hole thermodynamics in AlAdS where
OM = 6,M +T0S (4.5.2)

where M, S and T are the mass, entropy and temperature of the black hole. Since we
have the conformal class, [g(o)], with representative as g = 7, the holographic conformal
anomaly is zero up to quadratic perturbation. This is the reason, there is no explicit

anomaly term in the renormalized first law.

While the focus of this paper has been on proving the holographic first law of entan-
glement entropy for non-normalisable bulk metric variations, our methodology could be
extended to many analyses within holographic information theory. One could clearly ex-
plore perturbations of the surface itself, following [111, 112, 113, 114]. The extension to
higher derivative gravity theories would be straightforward in principle although one may
need to resolve analogous technical ambiguities to those encountered in [115, 116]. Anal-
yses of local reconstruction in the bulk from boundary entanglement such as [117, 118]
assume normalizable fall offs of metric perturbations (corresponding to CFT states), but
our approach facilitates the discussion of marginal and indeed even irrelevant deforma-
tions. To include the latter, one would simply add in the bulk field corresponding to
the irrelevant operator, and compute renormalized quantities perturbatively in the irrele-
vant deformation. Other analyses where our methodology would be useful to extend the
class of theories/states under consideration include discussions of subregion complexity
and the first law of complexity [119, 120] as well as analyses of the relation of holographic

entanglement entropy to inverse mean curvature flow [121].

Finally, let us consider the expression for the variation of the entanglement entropy in
terms of the Weyl tensor (4.3.36). This relation could have been anticipated from the
known relationship between the Einstein sector of conformal (Weyl) gravity and Einstein
gravity [122, 123]. Up to a topological term the renormalized action for Einstein gravity
is proportional to the Weyl squared term [93, 123, 124]. Accordingly, the Wald entropy
functional for the AdS Rindler black hole on the black hole horizon H, gives

SWalotOC/~ W yneq (4.5.3)
He

where ng, is the binormal for the codimension two surface H.. Using the standard Casini,

Huerta and Myers approach [51] we can then map this entropy to the entanglement entropy



118 Chapter 4. Renormalized First Law of Entanglement Entropy

for a spherical region in a flat background. The computations in this paper relate to the
first variation of this entropy under bulk metric variations and using the CHM map we
immediately obtain the first term of the Weyl integral in (4.3.37)

(SSrenO(/~ (5W1212. (4.5.4)
Be

This relation holds in all even bulk spacetime dimensions, even though the expressions for
the renormalized entanglement entropy become increasingly complex expressions of the
Euler characteristic and curvature invariants of the entangling surface in higher dimensions
[1]. The variation manifestly simplifies to just this one term for linear variations of a
spherical surface around a background with zero Weyl curvature. Working to higher order
in the variations, and in more general setups, one should make use of the full form of
the renormalized area in terms of Euler characteristic and curvature invariants in [1] to

understand the underlying geometric structure.

4.A Infinitesimal first law

4.A.1 Useful identities

In this appendix, we provide some useful identities that are used in section 4.3. First we

give angular integrals of the unit vectors,

» dQg2°% = 0 (4.A.1)
vigi — Sl s
A2 NN _ d 5135kl 51]95]1 5zl5ﬂc 4.A.
|, St B30 —(d+3)(d+1)( + + ) (4.A.3)
dQq £'37 3% 55759 = 158 50 gkl 5pa) (4.A.4)
gd (d+5)(d+3)(d+1)
L . . n 2r — 1 . . .
O, pH a2 ... plan—1402n _ () (i1dg ., gizn—1i2n) 4.A.
de 4212 2 z drl;[l(d—i—%—l)d ) ( 5)

Since the angular integral of unit vectors is expressed as symmetrized Kronecker deltas, it
is also useful to have the expression of the symmetrized Kronecker deltas contracted with

derivatives of the metric perturbation:
5610 Oy = ~ 0D + 0,0 4.A
klij—gkkii+§ijhij (4.A.6)

50 §M 579 9, 9,0,0hij = %8k8k8181hii + gakakaiajhij (4.A.7)

(82)71—2
2n —1

6(i1i2 e 6i2n71i2n)8i38i4 T aizn—laiznhiliz = [82hi1i1 + (2n - Z)ailaiz hiliQ] .

(4.A.8)
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4.A.2 Explicit variation in d = 3

In this section we will show the procedure used to calculate the variation of the variation
of regularized entanglement entropy and variation of the counterterms in d = 3. Here we
continue the calculation from (4.3.24). First we consider the leading order in the Taylor

expansion which has no derivatives and perform the angular integrals (4.4.2) to get

Q /2 cosu cosZu
reg a0 1 o ..
8557(0") = e / dusin2u(1 5 Yhii(2,0,0), (4.A.9)
where
hii(z) = B9 4+ R2sin? uh® + R3 sin® uh). (4.A.10)

After performing the u integrals we get

. . 3
ssres(90) — 21 {1( 1 —sin€)h + (g _sing _ sin 5)3%;.2)

8G4 |2 sin & 3 2 6
3 sin?¢  sint¢ 3, (3)
+ (g - s Ll } (4.A.11)

We also need to evaluate the higher derivative terms in the Taylor expansion. For our

(0)(

purposes we need only the Taylor expansion of hij x,y). The contribution of the one

derivative term of the variation is

R [7/2 2 cosPu, s "
regialy i cos2 uiisN ko nY)
S57(0%) 8G4/§ du ; dgf)sm u(é cos” u'®? )2 Oh;; . (4.A.12)

Using the angular integrals (4.4.1) we can deduce §S5?(9') vanishes.

The contribution of the leading two derivative terms of the variation is

.. . . Ak/\l
(6% — cos? umﬂ)%akalhg?l (4.A.13)

COS u

SlIl u

w/2 2w
5S52(0%) = YR / du [ d¢

We evaluate the angular integrals by substituting the results from (4.4.2) and (4.A.3),

20) w/2 3ul 1
65;369(82): R 1/ P (0) cos® u

15.0.00 _ 0) 955 50
e 0;0;h! u16(88h +20:0;h)). (4.A.14)

sinfu 4 7
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Evaluating the u integral and rearranging the derivatives of metric variation we get

R?Qy [1 1

reg o2 —_( — P i i (0)

255°10) = 5, [4< " sing o €)oi0sh
1 8 1 ) sin3 ¢ (0) (0)

(st e B 200
R20) 4 3 siné  sind¢
ref a2y _ 1 i — A (0)
55’3 (3 ) = 320, [( 3 + Isiné + 5 19 )ajajhzz

4 1 . sin ¢ 0)
3 2sme T g )&ajhij}

(4.A.15)

We would like to take the limit of & — 0 so we need to check the divergences are cancelled

out by counterterms in (4.3.27). We first evaluate the leading order terms in the Taylor
series with no derivatives:

1 2w .
055(0") = 8G4/0 dz‘f’cosé(hii — 2'%7hyj).

— 4.A.1
sin & ( 6)
Evaluating the angular integral and expanding around £ = 0 we get
5SsL(80) = — [ LI Smﬂ « [h@ + R2sin2 ¢h® 1 R3sin® 5h(?’)} (4.A.17)
16Gy4 [sin € 2 w w w

We now evaluate contributions from the subleading one derivative terms in the Taylor
expansion of hl(?)(z)

R [?7 cos? ¢ o
cgly = — 2 [ 22 Sakg pO) _ gizigka, p(0)
S5 (0%) 8G4/0 Sne [x Oxhi; — 22727 0khy; } (4.A.18)

Using the angular integrals (4.4.1) we can deduce 6S% (') vanishes. The next leading
two derivative contribution is

c R 2™ cos® €1 0)  ninjkn 0
55 (9%) = 5 /O e {xkxlakalhgj .y xﬂxkxlakalhgj)} (4.A.19)
After evaluating the angular integrals we obtain
R?Q cos®¢ 0 0
§SH(D?) = — {a» W — 20, -hU]. 4.A.2
SB(a ) 128G4 Sinf 3 Jaj i 88] ij ( 0)

Combining the variations of the regularized entanglement entropy and the variation of the
counterterms we get the following. For 0° terms we have

Q 1 2 3
reg a0 ct (a0 1 (0) £ p2 (2) © p3 (3)
3S57(0°) +0Sg(0 )_786‘4 {QSinfh” —|—3R h;; +8R h;; }
09 1 0
o > 4.A.21
16G4 sinfh“ ’ ( )
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and for 92 terms have

R Ql 4 3 1
reg (a2 2 4 (0) RN (0)
6557(0%) + 6550°%) = 532G, [( " 48m§)a 0jhy; (3 QSM)@Z@]% ]
EGUNE ) _ 99,0, (0)}
128Gy sin & {38 Ojhi;” — 20i03h;5 |- (4.A.22)

Gathering all terms together we obtain the variation of renormalized entanglement entropy,

! ©) 0, 252,02 353 (3)}
0SE" = - 8 ojh; 8 ojh;;” + -R°h;;” + -R°h;;’|. 4.A.23
8G4 { "% AREY] 3 i 8 % ( )
Then from (4.3.33) we can express h(?) in terms of h(®) and the variation of the renormal-

ized entanglement entropy becomes

ren __ 0 (0) (0) 2 A 5(0) 1 4 (0) 3 5 3)
0%  8Gy { 8 iO3hi” + 78 Ojhij” + 3R ( 9j0ihi; — §8zajhij ) + gR h;; ]
_ 3R3O0, 3)
 64Gy " (4.A.24)

which is the result stated in (4.3.35) for d = 3.

4.A.3 Explicit variation in d = 5

Following the same approaches as in the section above, we continue the calculation from
(4.3.24) for d = 5. The variation of the regularized entanglement entropy to leading order
of the near boundary approximation, the zero derivative terms in the Taylor expansion

give

w/2 3 2
55759 (9°) = 8%3 / du[z_oi “ (1 - COZ “)h} (4.A.25)
6 in“u

Using the Fefferman Graham expansion and evaluating the u integral we get

Q 1 1 3 5
reg /o0 3 . (0) 2;(2) 4 (4) Y pb (5)
085°(07) = 8Gg [(4sin3§ QSinf)h” * <4sin§ 3>R hii + R hi” + 24R i ]

(4.A.26)

The two derivative terms give

2

/2 cos®u [1 cos” u

R%Q;
8Gs

5555 (0°) =

Using the Fefferman Graham expansion and evaluating the u integral we get

Q 5 3 1 1
Teg (52 3 2 © L _ _ 2\ p2 (0)
055 (07) = 8Gg [(144sin3g 16sme )R Onrhi; ( T2sm3E | 8siné 9>R iyl
5 4 (2) ( 1 ) 19912 )}
— — — R R . 4.A.2
(4881115 15) OxOhy; Srsne T 9i0;hy; (4.A.28)
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The four derivative terms are

4 w/2 7 2
5579 (%) _R /5 du Cosu[ OO hi; — u(akakalalhm + 40,0k 0;05hij) | -

8Gg 4! sin*
(4.A.29)
Using the Fefferman Graham expansion and evaluating the v integral we get
Q3 7 5
5579 (9 [( )Raaaah”
(0%) = 8Go |\ 1608sin° ¢ 384siné KR
+ ( S S >R48k8k8 0; h@)} (4.A.30)
1152sin® ¢~ 96siné 45 I

We have thus obtained all the divergent and finite terms for the variation of regularized
entanglement entropy up to R°. Note that for the 6S%? only even derivatives survive the
angular integrals. This is no longer the case for the counterterms §S% as some terms in

(4.3.27) contain an odd number of directional vectors Z.

For the variation of the counterterms, (4.3.27), in the near boundary approximation, the

leading order zero derivative terms are

Q 1 1 3
0 30 ( _ ) _ 2p(2)
587 (0") = SGe [( I e + 2sin§)hz 4s1n§R h;i’ |- (4.A.31)

The one derivative terms comes from the variation of the extrinsic curvature, corresponding
to the last terms in (4.3.27). Note that one derivative means up to and including the first

derivative terms in the Taylor expansion:

§S%(0Y) =

7 ~k A o A1 AT ~k Al o
G ngf {$ 00 hy; — '3 2% 8;{8[}%]} (4.A.32)

After the integration only the following terms remain

0 5
1 3 0) 2 (0)
dSE (8 ) = 8G6 {72 Sng OkOkh;; 36 Sng 0;0;h,;; ] (4.A.33)

Similar procedures are used for higher derivative terms. The order two derivative terms

are
5SE(9?) = Q3 [(_ 5 N 17 )R288 1 (0) (4430
8Gs 144sin® ¢ 144sin¢ ROk A.
* <+ 72sin3 £ 725in§>R ey 48sinfR OkOkhy;” + 24sin£R 0:05h;;’ |

The order three derivative terms are

1 5 .
555 (9°%) = / dgg’“[@k@l@%qaka,apaqhii—y:ﬁﬂf:%l@%@qaka,apaqhij} (4.A.35)
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Since only integrals with even directional vectors are non vanishing, there is no term of

the form 93h(). The remaining relevant terms are

Q 7
ct(93 3 4 ©) _ 4 9.2,0)
0S5(0°) = 8G6 {1152 Sln{R OLOLO101h;; 988 SinﬁR akﬁkalajhw } (4.A.36)
and the four derivative terms
Q 7 17
5S¢t (oY) = — 3[( > 4 h(o)
S5(9") 8Gyg 16085in° £ | 4608sim € R 0.0k 000h;
1 1 4 5. (0)}

+ (1152 S 144sin§)R O OK0;05hi;" |- (4.A.37)

We have thence obtained all the relevant counterterms.

For notational simplicity we express hy = h, 0,0 = 0% and 0;0jhi; = h(6?). To compute

the renormalized entanglement entropy we arrange all the relevant terms at order R™:

Order R
Q 1 1 1 1
0 3 _ (0) _ (0)
0Sren(F) = 8Gg [(4sin3§ 25in§)h + < 4sin3 ¢ * 2sin§)h ] (4.A.38)
Order R?
R%2Q) 3 4 5 3
2y _ 3 EEATRC) 21,(0)
OSren(IE') 8Gs [<4sin§ 3>h + (144sin3§ 1681n§ )8 h
1 1 2 3 5) 1
_ R PAOFF->A L2 2p0) _ B0 (52
+ ( 72sin3 ¢ + 8sin & 9> (&) 4sin & + 72sin(fa 36sin & (9°)
+ ( S B >82h<0> + <+ LT )h<0> (32)} (4.A.39)
144sin ¢ 144sin¢& 72sin3¢  72siné o
Order R*
R*Q 5 1 2
55,0 (R @ ( _ > 21(2) 4 ( ) 1@ (82
Sren(R7) = 8Gg {15 + 48sin¢ 15 oh 24sin£ + 15 (%)

_Lzm;@)z T g202,(0) 2
48sin§8 W 24sin§h (0°) + 11528&1&58 oh 28851n§ (8

+ (4608 sin®¢ 384 smg )a oh 1152 sin3§ 96 siné 45 o*h®
)

7 1 1 1
— 9%9*n0) ( ) (4.A.40)
* ( 4608 sin® & T sin,g) T\ 1152 sin3¢  144siné
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Order R’

Qs 5 5)
5Sren(0°) =—> 2 RR 1.A41
en(9) 8Gg24 " ( )
Using (4.3.33) and(4.3.34) to express all the higher order term in the Fefferman-Graham
expansion in terms of lower order ones, we find that below order R® the variation of

renormalized entanglement entropy is zero. More explicitly for each orders we have

Order R?

R?Q 1 2 5 3 2
2y — 3 _ 2\ (92,0 _ p(0) 52 _ 2\ 421 (0)
OSren(F) 8Gs Kssmg 9>(8 h hE(0%) + (144sm3g 16sin ¢ + 9)8 h

1 1 2 1 5
_ ~_2Vh0g2y -~ (52R(0) _ ,(0) 52 _° 5%2r
+( 72sin3§+851n€ 9>h (&%) SSinf(ah o ))+725infah

1 5 17 1 7
_ 0) (52 _ 27 (0) _ (0) [ 92
368in§h (9 )+< 144sin3§+144$in§>8 h +<+728in3§ 7251n§)h (9 )}

§Sren(R*) =0 (4.A.42)

Order R*

R*Q37T 2 5 4 1 2
4y 31 % (92 (2) _ 1(2)92\) = 271 (2) . < (2)192
OSren(IT') 8Gs {15(a L h2(07) (48sin§ 15)8 W ( 24 sin & + 15)h (&%)

T 5 1Y) 52520 <_ 1 1 _1>2<o>2
+(4608$in3§ 384sin£+45>aah + 115251n3§+9631n§ 45 ORD)

5 a9 1 @) a2 T 220 L 0052
4881n§8h +24sin§h (a)+1152sin§aah 2885in§ah (9%

_ 7 1 22(0)( 1 B 1 >2(0)2]
+< 4608sin3£+144sin£>88h T\ 1152sm%¢ ~ Tadsing it

(4.A.43)

gathering all the terms, it simplifies to

_ L2670 — h0a2))

R*Q

~ 8Gg
i3232h(0) _ i32h(0)(52)
45 45

6Sren(RY) =0 (4.A.44)
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Order R®
This is the only order < 5 that is non-vanishing,

Q
5Spen(8°) = 8562541%%;), (4.A.45)

which matches with (4.3.35) for d = 5.

4.A.4 Renormalized Weyl integrals

This appendix provides the calculation details for section 4.3.4. In (4.3.48) and (4.3.49),
the Weyl integrals are given in terms of the Riemann tensor of the boundary of AdS,
R vpo, and we need to expand R, into linear perturbation h,,. For Ry ;, we have the

following expression

1
Riitj = 5 (0:O;hti + O1Oihej — 0rOthij — 0i0jhut) (4.A.46)
25k Al
Ruit; = (1 e akal> (05hy) + 010k f) — k) — d:0;h1})
2
% (01051 + O0i; — O0h ) — 0,017 ) (4.A.47)

The d = 3 integral

For d = 3, we do not need the subleading term in the Taylor expansion of the metric
perturbation as in (4.3.28). Also in d = 3 the boundary integral (4.3.49) is vanishing
in the limit of & — 0. After we substitute (4.4.47) into (4.3.48) the renormalized Weyl
integral W is mixed with different orders in the Fefferman-Graham expansion. Explicitly

we have

W= / du/ dQl[ cosusm3 “hS’) L 3R3 cos® usin ui’q’ (hgf)mj B h( ))

2
(4.A.48)
R? cos3 ug'qd

2 (8tajhz(€?) + 8t8ihg?) - 8t8thz('?) — 0iajh§?) + th)m] Zhg.)) ] .

After integrating over the circle we obtain

_ 3R® 3 3R /3 (9
W= [ BT (2ni — 1Y) (4.A.49)
2
+ % (2&58 h;) &fathg]) _ 8i8ih§?) + 4h§t2) _ hz(iQ)) } '
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By solving the Einstein equation order by order in the Fefferman-Graham expansion, we
can deduced k(™ for n < d from h(9). This gives

9y 1
2 =3 (n0uhy) — 2:0;1)) (4.A.50)
1
B2 =7 (0u0xh) — 0,0, + 0100k + O0khly — 2000, (4.A.51)

Using the above two expression sfor hffy), we can easily simplify the renormalized Weyl

integral as

3R30),

W=""7

3% (4.A.52)
which is the result stated in section 4.3.4.

The d = 5 integral

For d = 5, we need the subleading term in the Taylor expansion of the metric perturbation

as in (4.3.28). The relevant metric perturbation derivatives are

. 256’” @) 2, (4) 3, (5)
W= (14 8,0, ) 2h? + 122200 1+ 20234 (4.A.53)

: Tzi‘kf ) 4 4300 1 5.0
hwj =1+ 5 OO0y 22h + 4z h + 5z h (4.A.54)
Ouhl,, = 2278 0,0, ), (4.A.55)

where ’ represent the radial derivative 9,. The renormalized Weyl integral YV becomes

w= [ dszg{ 81R54h(4) - 15R 22 ) (4.A.56)
(—452 &2 — Zfﬁm%%lakal)
x (00t + OOk — S — 0,05ty + 20 mis + 20 )
+ %:ﬁ 7 (0007 + 0u0ihi — 00 — 0 + Ahi iy + 4 )

SRS . 5
+ 613 ‘7 (hgt)n’tj + hl(])nt )

16R Ad A 2 2
+ i, (auhf? — oini?) ]
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After integrating this over the S3 using (4.A4.5) we get

2
W= Qs [};( —20,0,h;) + 0,0 + 0i0hfy) — 8h{} +2n7)) (4.A.57)

R4
+35 o (= 600k0k 0 + D00k Okh) + 2000:0,0;hs)) + 30KORD AN

— 220,0khl;) — 2000:h;) + 20,00 + 48:0;h) + 120,0;h])

+ 16y — 8hy)
R (5) _ 57 (5)
+E(_ 10 — 5h{ )}
Following the lower dimensional case, we need to related the terms of different orders in
Fefferman-Grahm expansion to see the cancellation between divergent pieces. By solving
the Einstein equations order by order in the Fefferman-Graham expansion, we can deduced

h(™ for n < d from h(®). Hence,

hi;) :%(3 Oihyy) — 3i3jh§?)) (4.A.58)
h =5 (8 akh( )= 00,0 + 30,00 + 30,05hly) — 60:h)  (4.A59)
tzQ é( — 0;0; h(o) 3z'ajh§?) + 8kakh§?)) (4.A.60)

hyy) i(a Ohyy) 3z‘8jhl(-]2-)) (4.A.61)

Bo 3(&%“ ~ 0n?) (4.A.62)
9,0;h;) = (3akakalalh§§) — 30,0,0:0;h) + 0,0,0,0 1Y) (4.A.63)

— 30k D10hf} + 630,0:0K0shl;) — 40,0,0,0;h] )
8,0in?) :é (:0:0x0kh)” — :0,0,0,17) (4.A.64)

Substituting the above expressions for h,(ﬁ,), we can easily simplify the renormalized Weyl

integral as

50
SR°C)3 h,ES)

W=""

(4.A.65)

which is the result stated in section 4.3.4.

4.A.5 Variations in AdSs

Here we will fill in the computational details of section 4.3.5 to show that the divergences
of the variation of regularized entanglement entropy and variation of the counterterms
match. In (4.3.57), the variation of regularized entanglement entropy was given in terms

of both h,(w) and hEW) In order to compare with the counterterm we will first express h( )
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as function of hfg,).

Since the perturbed metric of AdSs satisfies the Einstein equation, the metric perturbation
can be expanded and solved order by order in an asymptotic series. Using the results in
[43],

1 1
9 =3 <Rw[g(0)] - GR[g“J)]gffi)) . (4.A.66)

In d = 4, we only need to consider terms of order up to 22, hence we have

hy) = —% (R,w i+ h®) — éR[” + 2O (1 + hfﬁ))) . (4.A.67)

Since the Ricci tensor of 7, vanishes, to first order of i the Ricci tensor of ¢ is just the

first order variation. For our interests the relevant terms then become

sinf  (2) sin R?sin@
hy, = — OR OR 4.A.68
z 09 2z 60 + 12z ( )
1 @) 1 R?sin6

00590 = gemas e T g, OR (4.A.69)

Using this expression, we can write the divergent term of the regularized entanglement
(0)

entropy in (4.3.58) in terms of Ay .
Now we need to evaluate the variation of the counter terms and check all the divergences

are cancelled. The induced metric 7 of the regularised entangling surface 9B, = B |o=c is

_R2—€2

ds? 5
€

(d6? + sin? 0dp?). (4.A.70)
Then the variation of the volume form is

~ 1 =
0VA = 5V 63 (4.A.71)
_ Sin9 (1 (0) 1 h(o))
2 \ 29 " 26in2g 90

To calculate the variation of the counterterms we need to embed (9B, 7) into (AdSs|.=c, G)

and find its unit normals which are
dt d
n =2, ng = —. (4.A.72)
€ €

The extrinsic curvature K, is defined by %ﬁ,ﬁw. The trace of the extrinsic curvature is
then

Ay L i~ =~
K=G"K, = 37 ILnA; = Loln /7 (4.A.73)

In time independent situations, K7 vanishes. The extrinsic curvature corresponding to the
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radial normal is

r2siné 2¢

Ky = €0, 1 = — 4.A.74
2 = €0r 1 2 , ( )

Although we are only taking linear order of metric variation which leaves the direction of

the normals unchanged, the coefficients of unit normals n, vary. Specifically for ng

Sns = 8(n"d,) = 6 ( }ar> _ Gy, (4.A.75)
2G7r

rr

The variation of K5 can be related to the variation of the metric g as

§Ka = dna(In /7) + n2d(In/7) (4.A.76)
5érr ~ 1~i' Y
=—— Oy ln\ﬁ—l— €0y <2735%j>
2G7
€ € € € €
RO 0 € GO0 € 50 € 45,0
rorT r3 00 r3sin2g ?¢ - 22 oo + 272 sin2 @ o0

Keeping only the divergence, the structure of the variation of the third term in (4.3.9) is

S(VAK?) = 6(VA) K3 + V76 (K3) (4.A.77)

Separating the terms in (4.A4.77),

2 2
=\ 2 (0) (0)
S(VA)KE = st(—RQ hyg + ST Sin29h¢¢) (4.A.78)
4 4
= o 0 (0) (0)
2V/FK>3Ky = sin0( - 4hl) — =3ho0 — g oo
2,00 2 (0)
+ Rarhee + RsinQQa”hW) (4.A.79)

The remaining terms are the variation of Ricci scalar and projected Ricci tensor. Note
that Raq in [104, 105] was given in a Euclidean setting. After Wick rotating the normal

direction back to Lorentzian signature, we obtain

Raa = Ry (ind)(in}) + Rymisn

Raa = 22(_Rtt + Rrr)- (4A80)

Again we use the fact that our unperturbed spacetime is flat so the variation of these
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terms is

2 2
5(Raa — gR) = 5Ruyngng — g(SR

22 22 222 1
= —§5Rtt + §5Rmn aire ( 0Rop -l- 7 in? 95R¢¢)
Z2 22 22

notice there is an abuse of notation where in the first line R = é‘“’éRW and in the last
line 6R = g(O""6R .. Using (4.A.67) we can write (4.A.81) in terms of h(%),

SRkt — S0R = 2;22 @ 12312;9 @ (4.A.82)
The divergent contributions to the counterterms are
58 =i 08 + i)+ 5 R
Qh(O) B ﬁhée) - R2 szin2 Gh((z’(g + Ra h(O) Rsim2 Harhgg
—2n® 511122 ehffizﬂ (4.A.83)
which matches with (4.3.58).
4.B Asymptotic expansions and integrals
4.B.1 Dilatation eigenfunction expansion
Under dilatation transformation x#* — Qx*, the boundary metric transforms as
YV = LY. (4B.1)
In terms of infinitesimal operator
Yy — (1 + €0p) Y (4.B.2)
where 1 + ¢ = €. The dilatation operator for the boundary metric ~ is then
dp = 2/d TV —— 0 (4.B.3)
OV

which replaces v, with 2v,, as the dilatation weight of the metric is 2. The dilatation
operator in general contains all fields that transform non-trivially under dilatation. For
our purposes we will actually only consider pure gravitational systems so the dilatation

operator only contains the metric 7,,. In the radial gauge the extrinsic curvature depends
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only on 7y, and it curvature can be expanded in Fefferman-Graham coefficients as

z

KAW['Y] = _iaz'ﬁw
_ 2—d_ _ 2—d
=272 — g+ + Tg,(fi) log 2% — gid) + Tgffl) +.--  (4.B4)
and in dilatation eigenfunction expansion
KV = Koy wl) + Key wh] + -+ Kay whllog 2 + Ky ]+ (4.B.5)

where the logarithmic terms are only present for even d. The dilatation eigenfunctions
transform according to their order: we have homogenous transformations for K, <q) .

and K(d) pw o

00K n) v = (2= 1) Kn) (4.B.6)

and inhomogenous transformations for K4 .,

5DK(d) w = (2 - d)K(d) 772 2R(d) uve (4B7)

The origin of the inhomogenous transformation will become obvious when we relate the
two expansions. To do that we need to express the radial derivative in terms of functional

derivative of v,

0
MV

—20, = —z@z\wuzconst + /dd:U2KW[’y] (4.B.8)

Let us drop the first term as we are considering field that does not depend on z explicitly.
We know from (4.B.6) that the zero' term in the dilatation eigenfunction expansion
K o) v [7] is proportional to 7, then comparing with the leading term in (4.B.4) we can

deduce

Koy V] = Vv (4.B.9)

We see that expanding the extrinsic curvature in (4.B.8) the radial derivative is related

to the dilatation operator by
—20, = 0p + 5(2) + - (4.B.10)

where

0

— 4B.11
5 ( )

On) = / d*22K () 7]
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(0)

Taylor expanding the K, ,,[7] about 2 2g0

v
0K (1) uv
K(n) uuh] = K(n) W[Z_Qg(o)] + /gé?&(y;ﬁhzz—%(o) + .- (4.B.12)

Since K,) W[Z*Z g© | are also dilatation eigenfunctions, we can rescale the metric to get rid
of the implicit z dependence. Using the integrated transformation of (4.B5.6) for K(,<q) ;.
and K(d)

nal

Ky wlz 7290 = 22 Ky g (4.B.13)

Now that we know at the leading order we can write the dilatation operator in terms of

the radial derivative dp ~ —z0, for implicit z dependence terms then,
—20. (K w08 22 + Ky 1) ~ 00 (K(ay ] log 22 + Ky 1) - (4B.14)

Note the bracket term depends on z through v only because of the diffeomorphism invari-

ance of the bulk action. Expanding the bracket we get
—z@zk(d) v 108 2% — 2f(<d> wv — 202K gy ~ 5Dk(d) v 108 22 + K (ay uw (4.B.15)
and for all n at leading order of z we have
20K () 127299 ~ (2 = ) Ky [z 29 (4.B.16)

Hence matching the leading order terms in (4.B.15) we get back the inhomogenous trans-
formation in (4.B.7). After all the steps above we arrive at the z expansion of the dilatation

eigenfunctions,

Koy wlh] =2~ gfw) + gfw) +- (4B.17)

Koy wh] = K@) wlg™] + 2 /gpg (0) (4.B.18)

and so on. The final steps to relate the Fefferman-Graham coefficients to the dilatation

(m)

eigenfunctions is to express K, W[g(o)] in terms of gu,’. In general K, M,,[g(o)] are
obtained by comparing with the 2”2 in (4.B.4), i.e. for d > 4

ZO : K,uuh/] = g;(fu) + K(Q) nv [9(0)] (4B19)
=0
0K (9
2 Kl =220 + / 9520)% + 2 K1) 9] (4.B.20)
m

= —2%g()
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so we get
Ky wlg® = —g%) (4.B.21)
5g v
Ky g = —29(3) + / 9,33 Ok (4.B.22)

For larger n, there will be functional derivative terms coming from the Taylor expansion

in (4.B.12) at the 2" order, for example

1) )
Hn—2 (n—2) . . g2 (p1) . (pm) _ 2
fs ([ ]) 6t gy o

(4.B.23)

(d)

where ¢ + p1 + -+ - + pm = n. Of course when onshell all g”<d and gy are functions of
g,(PV). Order by order, we can write all the dilatation eigenfunctions in terms of the terms

Fefferman-Graham expansion.

4.B.2 Volume integrals of /)

This appendix will address some technical steps omitted in section 4.4.3. In those exam-
ples, the integral term in (4.4.55) is given by a volume integral over B.. We know the
counterterm is given by surface integral over the regulated boundary of the entangling
surface dB,. Since OB, = 0B, we need to express the integral term as a surface integral
over 0B,. In the following we will show the relation between volume and surface integrals

of the terms in the Fefferman-Graham expansion.

The leading term in the Fefferman-Graham expansion, hq) is part of the boundary

2
data hence should be treated as independent variable. Nonetheless, we can express them
as combination of total derivatives and moment density of the derivatives of h(q) . For

the spatial trace hg); we have

—*2

=2
+ 5 (8i0:h(0) 45 — D:0;h o) j) .

From the Einstein equation the last bracket above is related to h(g);; by (4.3.33) and we
get

52

1 . . N
h(O) i = 781 (l"zh(o)jj — ijh(o) ij — ? (8ih(0)jj — azh(o) 1])> + .%'2h(2) Qe (4.B.25)
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Integrating over B, we obtain a surface integral and a second moment of h(y);; over Bk,

=2
d—1 d—2_ i ; i xz
A whyi = 7— | AT xd <$”%mjj—ﬂ”hmﬂj—2G%hwnd“@h«nm)>

(4.B.26)

Since 0B, is a sphere of radius 2 = R? — €2, we can reverse the surface integral for the

last terms in the first line to get back a volume integral of h(y);; over Be.

da—1
d—1 _ (R2 - 52)7  aingd
5. d l‘h(o) i — W /(‘)B6 de_Q (h(o) i €T T h(o) ”) (4B27)

— 5 dd_l.ﬁﬂ (R2 - 62 — 52)h(2) e

Gathering the terms that appear in the integral correction terms we get

d—1
d—1 2 (R —¢)2 i
/ A" 'z (h(o) i T (R* = 2%)h) u) = 1-2 /5(172 dQdq— (h(o) i — 2'37 hyg) ij)

€

+ A dd_1$ E2h’(2)ii'

For d > 3, the integral correction term contains higher order terms in the Fefferman-
Graham expansion. In general, the n'® order terms are second derivative of (n — 2)*.
The following expressions for evaluating volume integral of a generic second derivative of

a tensor will be useful later on. First the second moment of such a derivative is
/ 4 70,0, A = / 0 0; (0, Ay — 209 Aij) + 244 (4.B.29)
B. Be
then the shifted second moment is

/ dd_ll‘ (R2 — 52)0i8inj = / dd_ll‘ 8Z (RQGinj — f26inj + ijAij) — 2A¢¢
Be

€

= 62/ d 2y .f}iainj + d 2y Q.fi.%inj — / d* 1z 2A;
OB 0Bc €

— 91 / AT A 2 [ de Ay (4.B.30)
Sd—2 e
+ 627“d_2 / dQq_s W@A,J
Sd—2
The d = 4 examples in section 4.4.3.2, we have integral of the form of (4.B.31) where

h(ayii = 0;0;Aij (4.B.31)
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and

1
Aij = ] (h(2) ij 6ijh(2)kk) . (4.B.32)

Neglecting the O(€?) term since they are irrelevant in (4.4.75) we get,

3 2 o7 (R2_62)% niag

1 3

As seen in (4.3.33), h(); is the second derivative of h(g),;, the last volume integral can

R
be easily turned into surface integral,

-

3 (R? )2
i d xh(2)ii = 7/ ngx 8h( 0) jj ajh(o)ij)
r A
= Z g2 dQQ.T (azh(o) 37 = arh(o) ir
1 1 cos 6 2
— 2000 — 5 el0)ei — T gl ei — Th<o>m'>
/ d¢d0 Sln9< ’8 h( 0)jj — z a:ja; 8kh(0) (4.B.34)
1 1 2337
+ shoeo + 5 mgh0es — — o) ij)

where we went from the first line to the second line by evaluating d;h(g);; in polar coor-

]
dinates. From the second line to the third line we integrate by parts and we transform r
coordinate to Cartesian. Finally we can transform the angular coordinate into Cartesian

coordinates,
/ d*x ho) =7 / dQQ{ )i — 382 ho) i (4.B.35)
+ 290k — 23 2 b ) 45
For the d = 4 example in section 4.4.3.3, we have integrals of the form of (4.8.31) where
h(4yii = 0:0;Bij (4.B.36)
and

Bij -7 <6Z]h(2) kk — h( )z]) . (4B37)
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Neglecting the O(e?) term since they are irrelevant in (4.4.84) we get

[SI[S)]

)
/ 'z (R? — B)hygy s = B )z
B,

— 5 ;
3 4
_24661 .’Bh(g)“

Following the steps in (4.8.34) we can evaluate the volume integral of h(s);,

LA (hezy i — 287 ha) ;) (4.B.38)

nj

BT W Ul L 2 (Bihoy 17 — Diho) i) (4.B.39)
B. (2)@ = 6 g3 o \0) g5 T S T0) 4 D

3

A1 ~d sk
== g < ngJI (&h(o)jj — JIJ:L' 8kh(0) ij

1 1 1
- 772801]1(0) 011 — maegh(o) 621 —

r2 sin? 0y sin? 0, Osh(o) g
3
R0y 025 — ;h(o) ri>

7“3 . . ~d ni AT A
=5 /33 dédfdfs sin® 0, sin 6, (m Oih(g)j; — % ajjsckakh(o) ij

2 cos 04 cos 05

r2sinf; 0 T 126020, sin 6,

1 1 1 3&'a
+ 5hoee + h(o)020: + hoyse = (0) z’j)

r3sin? 0, r3 sin? 0} sin? O,

Finally transforming into Cartesian coordinate we get

3
4 r i ad

4.C Covariant phase space Hamiltonian

In this section we follow the formalism in [103] but here we consider the renormalized
action, as well as different conditions on the vector. The variational problem of a La-
grangian theory with bulk and boundary terms requires the variation of both the bulk
and boundary terms to be zero onshell. Therefore the sum of the presymplectic potential

and the variation of the boundary terms should be exact on the boundary of the manifold
®[d¢p] — B = dC[i¢]. (4.C.1)

The presymplectic current can be expressed as
w[010,620] = 01 (O[02¢] — dC[02¢]) (4.C.2)

where ¢ is the exterior derivative on the configuration space. In Einstein gravity with cos-

mological constant and Gibbons-Hawking boundary term, without imposing any boundary
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condition, we get
®[sg] — 6B = dC“M[sg] + 7 - 5g. (4.C.3)

The exact contribution C%H [§g] captures the variation of the metric in the normal direc-
tion and the canonical momentum term captures the usual variation of the induced metric.
Hence one can eliminate this term by imposing a radial gauge condition. However, as we

will see later the variation of C% will have a non zero contribution. On B, we get

GH — Epv Vo, [, P 4.C .4
C""og] 167TGN7 n*nfdgs, (4.C.4)
€zt tz
= _ . 4.C.
167G N %9 (4.C.5)

The variation of the Hamiltonian along the vector field & can be constructed from the

presymplectic form

SHIE] = —1x.O) (4.C.6)

where X is the configuration space vector that takes the one form in configuration space

to the Lie derivative in configuration space
Xe(69) = Lx . (4.C.7)

The Lie derivative in configuration space only varies the dynamical fields along & direction
and the Lie derivative in spacetime varies both the dynamical fields and background fields
along the & direction. Any tensor is called covariant under the diffeomorphism induced by

¢ if the two Lie derivatives coincide
Lx.T = LT (4.C.8)
In general, the normal is constructed from a background function,
n x df, (4.C.9)

such that the level sets of the function define a foliation. Anything that distinguishes the
normal direction from other directions is not covariant unless we impose an extra condition

on &,

Lef =€) =0 (4.C.10)

which implies the normal direction of £ vanishes. We label the difference between the two

Lie derivatives of C' along generic £ by

D[¢] = £cC — Lx,C. (4.C.11)
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Since the presymplectic form is given by the integral of the presymplectic form, w, on the

Cauchy surface C, we can express the variation of the Hamiltonian as

0H[¢] = /C —LX W. (4.C.12)
Through some algebra in a generic theory onshell we get
~X¢-w =d (0Q[€] — 1B ~ 61x,C — tem - 66 — D[g] + duC) . (4.C.13)
Let us define the Hamiltonian potential as the density over dC so
JH[(] = 0Q[¢] — 1e0B — 01x,C — 1 - 6¢ — D[E] + dueC. (4.C.14)

We can see that the Hamiltonian potential has an exact term ambiguity because the
Hamiltonian is defined to be the integral of the Hamiltonian form over a manifold with no
boundary. We will now show that the full Noether charge form is a well defined Hamil-
tonian potential of the renormalized action. Since we have found that the holographic
charge form is equal to the full Noether charge form up to an exact term, the Hamiltonian
defined through holographic charge form is the full Noether charge. In the context of
the first law of entanglement entropy, neither the entanglement entropy nor the modular
energy is a Hamiltonian or a conserved charge, and hence the exact term difference mat-

ters. Here we will derive an expression for JA[{p] in terms of the quantities defined above.

In [103], the case of Einstein gravity with cosmological constant and Gibbons-Hawking

boundary term was considered. The boundary condition imposed was
m-0g=0 (4.C.15)

and restricting normal direction of ¢ to be identically zero. Under these conditions, the

variation of the Hamiltonian potential is

SHBY [¢] = 6 (€' TYE) (4.C.16)
= 0 (e,mH2m2E%) (4.C.17)
= —0QJ¢] (4.C.18)

where T}, is the Brown York stress tensor given by

1
T = ——— (K" — " K). 4.C.19
o (K ) (1.C.19)
In our case, not only we do not impose the boundary condition (4.C.15), we also need to

use the vector field £g which will introduce a term relating to the normal component of

£B.
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The Hamiltonian potential from Einstein gravity with Gibbons-Hawking boundary term

is

SHM[ep] = 0Q[€p] — 1e, 6 BT — dux, CM — 1e,m - g — D [¢p] + due,, CM
=0Q[¢B] — LgBéBGH — (5/,X£BCGH — ey - 0g

_ €unhT?

— §HBY SplV T
€5 167G N

577a8a(§gn3) — LgpT - 09 (4.C.20)

where 7 is the future pointing timelike normal vector. To get to the last line we also used

the following properties for the Killing vector {5 and in radial gauge,
16, CM = D [¢p] = 0. (4.C.21)

When we consider the renormalized action there are additional counterterms in the full

Hamiltonian potential

SHT[¢] = 6Q¢] — 10 B — 61x,CM — e - 59 — DO [¢] + dieCYH (4.C.22)
+1e0B + (5LXECCt + 1w - 5g + DE] — dieC.

Simplifying the above equation by gathering the boundary terms we get
SH'[¢] = 6Q[¢] + b1 [¢] — ob[¢]. (4.C.23)

Hence the Gibbon-Hawking Hamiltonian potential is related to the full Hamiltonian po-

tential by
SHOH[¢] = s HT[¢] + 5b[¢). (4.C.24)
From (4.C.4) and (4.C.11) we can deduce
Cctt = ¢, DGH = pet (4.C.25)
then we have
SHTM (6] = 5QM[€) — 1em (q) - dg. (4.C.26)

The full Hamiltonian potential is equal to the full Noether charge when the last term is
zero. For a conformal Killing vector we can apply the tracelessness condition on WZ;). In

our case, the unperturbed 77‘(‘;) is zero by itself, so we can relax all boundary condition on

OG-

By inspecting the dilatation eigenvalue expansion of (4.C.20), the renormalized Brown-

York Hamiltonian potential § H gg [€B] can be expressed in terms of SHH[¢p] and its
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counterterm,
H{Y €8] — ey - 09 = SH M [¢p] — 6HGT €] (4.C.27)

In our setting 77’(‘;) = 0 so the renormalized Brown-York Hamiltonian potential is obtained
by subtracting the lower order terms in the dilatation eigenvalue expansion of the Gibbons-
Hawking Hamiltonian potential. This should be distinguished from the full Hamiltonian
that is constructed form the renormalized Lagrangian or action. These two procedures of
obtaining the Hamiltonian are equivalent if the difference between Hamiltonian potentials
is exact. We will see in the following how the two renormalization procedures differ in the

context of entanglement entropy and modular energy.

First we use (4.C.20) and (4.C.22), to relate the two Hamiltonian potentials, 6 HPY [¢5]
and 0H " [¢p], by

EumHT?

8
Tove 0y7%0a(€pns)  (4.C.28)

(5HBY[§B] _ 5Hfull[§B] o LgBdBCt _ 6LX5B Cct

The difference between the two Hamiltonian potentials is not exact, and this implies
SHBY [¢p] is not a proper Hamiltonian potential that integrates to give the Hamiltonian
induced by &£p. However, we shall see that the renormalized Brown-York Hamiltonian
potential or the holographic charge form is an appropriate Hamiltonian potential. Let us

first express it in terms of the full Hamiltonian potential and all the counterterms,

SH{) [68] = SH " [¢5] — 16,0 B = b1x, O — 1gymer - 09 — SHG 5] (4.C.29)
SH{) [¢p] = 6HT"[¢p] — 6A[¢p]. (4.C.30)

The difference in the Hamiltonian potentials is non zero in general.

We can express the difference in Hamiltonian potentials as

Algpl = SHG" €8] + 1e,6 B + b1x, C% + 1y et - Og (4.C.31)
= 0HG"[¢p] — 667 [€4]. (4.0.32)

Hence, the physical interpretation of dA is the difference of counterterms in the two
renormalization procedure where §b is the counterterms contribution of the Hamiltonian
potential derived from the renormalized action and dHS! is the counterterm of the Hamil-
tonian potential derived from the bare action. More explicitly the we have the expression
that matches with (4.4.38),

Em,n TV

Alp] = 167G

0y 0a(Efns) + Otx, C + 1ez 0B + 8 (€027, ,€7) , (4.C.33)
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with

ZE 4t
167G N

(5LX§BCCt = 5glo.€h. (4.C.34)

Let us now dissect (4.C.33) term by term.

The first term captures the non-covariant variation of the normal direction. In [103] this
term is absent as they restrict the diffeomorphism generator to preserve covariance of the

normal. In [91], this term is absent as a stronger fall-off condition is imposed.

The second term captures the variation of the diffeomorphism of the metric in the normal
direction. This term is non-vanishing because &g is no longer Killing in the perturbed
metric. Hence we do not see the equivalent of this term in the unperturbed A[¢g] from
(4.4.15). The last two terms are the standard counterterm contributions from the full
Hamiltonian potential and Brown-York Hamiltonian potential. The non trivial result
we found is that this difference is exact, the exterior derivative of the density of the

entanglement entropy counterterms,
SA[¢R] = d5SE. (4.C.35)

Then the Hamiltonian defined by the renormalized Brown-York Hamiltonian potential is

the same as the full Hamiltonian potential,

SH[Ep] = /6 OH Y [es) (4.C.36)
= [ SH™[¢p] — doSH
oc
= [ sH[¢p]
ac
SH[Ep] = oH W ¢p]. (4.C.37)

For entanglement entropy and modular energy this difference matters because the integral
is over a manifold with boundary that turns the exact term into the appropriate countert-
erm for the entanglement entropy. This analysis establishes the first law of renormalized

entanglement entropy.
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CHAPTER b

Classical String Correction to Holographic Chaos

5.1 Introduction

In the original AdS/CFT correspondence, the bulk classical gravity theory acts as the
effective field theory of a quantum string theory. One would expect at certain energy
scale, the stringy behaviour will start to become significant. Since the quantum chaos on
the boundary quantum theory is characterised by the high energy scattering in the bulk
spacetime, one would expect there to be stringy correction to the scrambling behaviour in
the gravitational theory. There have been investigations on the quantum string correction
to the Lyapunov exponent of holographic chaos [23]. In [23], they considered Tachyon-
Tachyon scattering in curved spacetime to simulate the high energy scattering in gravity.
The exchange of stringy Pomeron in curved spacetime introduced a subleading term in
the Lyapunov exponent that reduces the magnitude of the scrambling rate and increases

the scrambling time. This supports conjectured chaos bound in [67],

AL < 5 (5.1.1)

which is saturated by Einstein gravity.

In this chapter, we are investigating the classical strings scattering process to probe the
possible correction from stringy scattering to chaos. In particular, we are interested in

the transverse oscillation contribution to the Lyapunov exponent. We will follow closely

143
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= + (5.1.2)

Figure 5.1.1: These are the schematic Feynman diagrams representing the tree level for-
ward scattering with graviton, denoted by the wiggly line, as the intermediate particle.
On the left, the doubled straight lines represent the full classical string. In the middle,
the solid straight lines represent the zero mode of the classical string which is identical
to a particle following the centre of mass motion of the string. On the right, the doubled
wiggly lines represent oscillation modes of the classical string.

with the elastic eikonal scattering approach in [23] where the eikonal phase is equal to the
classical gravity action. Hence we aim to obtain the classical gravity action with linear
perturbation of the metric being sourced by the energy momentum tensors generated from
the motion of highly energetic classical strings with large momentum component along the
horizons of the two sided black hole.

The aim is to explore the possible corrections originate from the stringy nature in AdS/CFT.
We should emphasise the following exploration of classical string scattering is only one of
many stringy corrections one can include. In particular we are focusing on the depen-
dence of s in the eikonal phase which is related to Regge behaviour mention in (2.5.1).
The semi-classical 2-2 scattering in the shock wave picture is related to the perturbative
quantum gravity picture; the shock waves induced by the backreaction of the particles
act as the intermediate particles in the Feynman diagrams. Hence the Regge behaviour is
governed by the spin-2 gravitons exchange. In our picture, we are looking the backreac-
tion induced by the classical string. Therefore the intermediate particle is still the spin-2
graviton. However, we are taking a deviation from Tachyon or scalar field; we introduce
transverse oscillations in the classical strings, see figure 5.1.1. The qualitative result from
this calculation can give us insight into the full quantum string scattering of excited states.
Nonetheless, our methodology of calculating the backreaction of classical string is also an

interesting result on its own.

5.1.1 Overview of approach

In section 2.8, we saw the Lyapunov exponent was directly related to power law behaviour
of the eikonal phase. For the stringy correction in [23], which we reviewed in section
2.8.1, they focused on the shift in Regge intercept due to the curvature of the spacetime.
However, in this chapter we are focusing on the correction induced by replacing the in-
coming scalar particles to classical strings. The approach we are taking follows directly

from the shock wave calculation of the eikonal phase in section 2.8 but replaces the high
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energy particle energy momentum tensors with high energy classical string energy mo-
mentum tensors. In this section, we are going to outline our approach step by step before

presenting the calculating in the later part of the chapter.

We would like to set up two closed strings propagating along the two horizons of the
two sided AdS planar black hole separately. So the closed string action is given by the
Polyakov action with the two sided AdS planar black hole as the target. Then we solve the
worldsheet Polyakov action variational problem with respect to the string coordinates and
the worldsheet metric to get the equations of motion and the constraints in the lightcone
gauge and flat worldsheet gauge. We can solve for the equations of motion of the string

to obtain the expansion of the oscillation modes.

With the string solutions, we can obtain the spacetime energy momentum tensors that
are used to obtain the backreaction. We need to vary the string action with respect to
the spacetime metric to get the spacetime energy momentum tensor. Then we substitute
the string solutions back to the energy momentum tensor and expand it to the subleading
order. The subleading energy momentum tensors are the sources for subleading backreac-

tions. Both are responsible for the corrections to the eikonal phase.

Given the spacetime energy momentum tensor, we need the linearised Einstein equations to
find the backreaction, i.e. shock wave geometry. The covariant de Donder gauge renders
the simplest form of linearised modified Einstein equations which have the Laplacians
as the only second derivative operators. Some of the Einstein equations have only the
Laplacian of the derivatives of the transverse coordinates, others have the full Laplacian

including the null derivatives.

Here we give a technical description on how we solved the linearised Einstein equations.
Since the energy momentum tensors are singular in one of the null coordinate, we split the
metric perturbation into singular and non-singular parts which correspond to the Green’s
function of transverse Laplacian and the full Laplacian respectively. By looking at the
null coordinates dependence of the energy momentum tensors, we can split the metric

perturbation according to the null coordinates dependence.

Because the interaction occurs at the bifurcation point, we would like to set both null
coordinates to zero. However, we have to be careful with the singular distributional
functions, i.e. delta function and its derivative. After manipulation of the type ud,d(u) =
—o6(u), we can then drop the terms with explicit null coordinates as coefficients. The
Einstein equations simplified to one independent and 3 pairs of coupled sets of second

order linear PDE’s with constant coefficients.

We then Fourier transform the Einstein equations which then become a set of algebraic
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equations with momenta as coefficients. We solve the algebraic equations and write the
Fourier transform of the metric perturbations in terms of the momenta and the Fourier

transform of the energy momentum tensors.

Finally, after evaluating the integrals of the inverse Fourier transform, we obtain the metric
perturbations which are the backreactions. By the argument presented in section 2.8, the
eikonal phase is equal to the onshell action. So we evaluate the onshell action with the
subleading metric perturbations and subleading energy momentum tensor to obtain the

next-to-subleading eikonal phase induced by the classical string oscillating.

5.1.2 Overview of result

We found the corrections to eikonal phase due to the contributions of transverse classical
string oscillations to be insignificant or negligible. More specifically, these type of sub-
leading contributions to the eikonal phase do not grow when the centre of mass energy

increases,
dsub(s,b) ~ O (s7"), n > 0. (5.1.3)

Due to the scaling of the centre of mass energy s, these types of corrections are neglected
in high energy scattering. This result matches with our expectation as the intermediate

particle remains spin-2.
5.2 High energy classical strings scattering in curved spacetime
5.2.1 Setup
The original metric, g,,, of the AdSg,1 planar black hole is

ds? = —a(uwv)dudv + r*(uw)d;;da'da?. (5.2.1)
The metric perturbation h,, induces the perturbation in the Ricci tensor as

Rulg + b = RO)[g] + RD[g. h] + - . (5.2.2)

The unperturbed Ricci tensors is

0
R;(L) —

v =

— Guv- (5.2.3)
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Using this relation we can work out explicitly the connection between a,r,a’,r’, the di-

mension and the "radius" of the AdS at the horizons ©w =0 or v =0,

(D—-1)a

T/

—_—= 5.2.4
r 41?4d5 ( )
o _(D-VD-4 (5.2.5)
a? 4l%ds o

To evaluate the curvature tensor perturbation, we find the covariant de Donder gauge
helpful,

VFh =0 (5.2.6)

where h is

- 1
h,LLI/ = h,uzz - §g;wh- (527)

After fixing the gauge of the metric perturbation, the linear perturbation of the Ricci
tensor is
(1)
Ry,

v =

1 2 o o
—§V hlﬂ’ + RPNV hpcr + R(#hlz)a (528)

which its components are listed in appendix 5.A.

5.2.2 Classical string dynamics

The motion of the classical string in the two sided black hole background is governed by
equations of motion of the string. The analysis of classical string follows from standard
bosonic string theory but omits the quantisation of the oscillation modes, i.e. without
promoting the coefficients of the oscillation modes to quantum operators. We start off
by finding the equations of motion of the classical string from the Polykov string action.

Given a general background metric g,,,, the Polykov string action is,

1 a 14
Sstring = —M/dQU\/—’y’y bgu,,(X)aaX“(?bX (5.2.9)

where v, is the worldsheet metric, 0® is the worldsheet coordinate and X* are the string
coordinates in the background manifold. Since the worldsheet metric has three gauge
freedoms, we can fix the metric to be flat v, = 14 = diag(—1,1). The classical string

equation of motion is derived from varying the action with respect to the sting X*,

Eu = guuaaaaXy + guuFZ,,@“XUaaXp = 0. (5.2.10)
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The action also has to be invariant to the variation of the worldsheet metric v, as it is

fixed by the gauge condition, hence the constraints are,
1
Zab = gluy (GQX“&,X” - 2nab80X“8cX”> . (5211)

On either horizons, including only the first leading correction and using the lightcone

gauge the equation of motion simplifies to
= 0"0,U =0, E'=0%0,X"=0 (5.2.12)

and the constraints become

210’ . .
Zro = —% (Zap> OoU + 120 X' 0, X" (5.2.13)

2mal . . , .
97,0 =270 = —a ( ”la p“> 8,U + 12 (QTX’(?TX’ i 8C,XZBC,X’) =0 (5.2.14)

where the worldsheet spatial coordinates are parametrised in the domain o = [0,). The

Fourier mode expansion of the solutions of the equation of motion are,

2 /
V= 7;“ v (5.2.15)
( STy G ) (5.2.16)
"E;ZSO
; ; 277'0(/ . > Z.Oé, . i27n i i27mn
X'=X)+ TpZT + Z . (a;eT(T'H’) + aﬁLeT(T_”)) , (5.2.17)
"0

where we have taken the lightcone gauge in the V' coordinate. From the constraints, the

spatial oscillation modes o, &, are related to the mass square of the string,

—ap’p" + r’p'pt = —m® =4r? Y apal, =4r? " anal,, (5.2.18)
n#0 n#0

and the null oscillation modes o, & become functions of the spatial oscillation modes,

i 2,00
v _ pp o i, (5.2.19)
p¢0
272 212
a = rp g — =L (5.2.20)
p* p#U

As the strings are boosted along the past horizon, u = 0, towards the bifurcation surface,
the ingoing momentum is much larger than the other direction. Without loss of generality,

we take the transverse spatial centre of mass momentum to zero p’ = 0, and |p®| > |p“|.
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Then the outgoing momentum p* is,

u_ A i i 4r? ~i ~i
pt = p— Z a,at, = p— Z a,al . (5.2.21)
n#0 n#0
and the outgoing null oscillation modes ¥, al* are
272 oo
all = “ap > ahal (5.2.22)
p#0
_ 2742 s
an=- > anan, . (5.2.23)
p#0

The exact analysis can be repeated for the string propagating along the v = 0 horizon and

taking the lightcone gauge in the U coordinate.

We can take the functional derivative of the Polykov string action (5.2.9) with respect to

the spacetime metric to obtain the spacetime energy momentum tensor,

T, = —0, X,0- X, + 0, X,,0,X,) 6P (2F — XP). (5.2.24)

1
- | d%
2ma’\/—g / [
Then we can substitute the string solutions into the argument of the delta functions and
Taylor expand about the centre of mass coordinates. Inside the worldsheet integral we

can manipulate the delta functions as follow,

/l do /OO dr 6 (z" — X*(1,0)) f(o,7) (5.2.25)
0 —00

L /l do [5@ — ) = P - UO)] 5zt — Xi)f <a l“) (5.2.26)
2ralp] Jo P N\ ey

where ¢’ denotes the derivative of the delta function. To the leading order in o/ we

neglected the explicit a# and a¥ terms inside the delta functions but they are implicit

in p*. The integrals in (5.2.24) can be evaluated in the series expansion. Therefore the

components of the spacetime energy momentum tensor for the string with lightcone gauge

in the V' coordinate up to subleading order in (p?)~! are

alp”| i i alp| ; ;
T = 27“D—26<$ — X0)d(u—Uo) — orD—2 vd(z" — X5)d' (u — Up) (5.2.27)
alp* i i
Tuw = 27"‘D—‘2 d(z" — Xg)d(u — Up) (5.2.28)
S S aliae st a(at — Xb)o(u— Up) (5.2.29)

TP

Tyo = Tui = Ty = 0. (5.2.30)
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5.3 Einstein equations

In curved background, the Einstein equations even in the linearised form are complicated
and highly coupled in between different components of metric perturbation. In addition,
the form of the energy momentum tensor is highly non-trivial with terms like the derivative
of delta fucntion. The goal of this section is to write the linearised Einstein equation into
a set of second order PDE with differential operators being only the Laplacian of the full
set of coordinates or the Laplacian of the subset of the transverse coordinates. On our way
to obtain the set of equations, we list out the approximations and assumptions needed.
At the leading order, governed by the centre of mass momenta of the strings, we recovered

the linearised Einstein equation in [23].

The linearised Einstein equation is

n o (D-=1) T
R;(uz) + l,24ds h,tw = SW(T;W - D— Qg;u/) (531)
where T}, is the energy momentum tensor,
2 41
= —— . 5.3.2
vV —9g 5g;w ( )
For convenience we write the above as
ng = 8777,;1/ (5.3.3)
where the modified Einstein tensor is
D-1
Guw = R() + ( 2 )hw (5.3.4)
AdS
and the modified energy momentum tensor is
T
7;1/ =T — D— 2g;w- (535)

The components of the modified energy momentum tensor up to subleading order are

alp"| i i 2 P ; ;
%u = 27“D_2 (5((13 — XO)(S(U - UO) — 7”D_74|p”| Z ana,n(S(.% _ X0)5'(u . UO) (536)
n#0
4 D—-4; ; i ~i B i i
T = 01D~ 2) 2 ( g Onn T OnAneey ) 0(a' — X5)o(u—Uo)  (5.3.7)
n#0
i L ( (i)t _ O ( 0 4aig i%’,;z)) (5.3.8)
= —— ananea _ _anain ananea 3
T arP=Sppr| = (D - 2)

X §(z* — X{)S(u — Up)
Tov = Tvi = Tuj = 0. (5.3.9)
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We would like to expand the energy momentum tensor in the high energy, low curvature

and small oscillation classical string limit. The perturbation parameters are pY, 121 , ol
AdS

and &!,. We introduce the following notation to separate the leading and subleading terms
with different dependence on v. 7L(B) denotes the leading terms, tEZJV) and t%) are the v

dependent and v independent terms of the subleading 7;},}) Namely,

alp” i i
T0) = 2T|D_|25(x — X))o (u — Up) (5.3.10)
v ao|p”| i i
) = — 5, p—20(x" = X()8' (u — U) (5.3.11)
4 . i2nv
V) = alal e §(zt — XE)o(u— U 5.3.12
TD—4‘pU‘(D gﬁ% 0) ( 0) ( )
D — 4)ag|p"|
) = (— ool 5zt — X1)S(u— Up) (5.3.13)
2D 2?2
tg;-)) = Lﬁ Z (ag&%) _ % ol &‘) ea’r? 5(37 — X8 (u — Uy) (5.3.14)
GOTO |p | n£0 (D - 2)
o _ 2"
t = 6:;6(z" — X8 (u — Up). (5.3.15)
J (D 2) ' o\.D—4 RZ#O J

Setting u = 0, but keeping u0,h,,, the components of the modified linearised Einstein
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v
tensor G, at first order of Tis are,

1 D—-1)(D -2 D —1)(5D — 18
Guw = — 2070y by - L= VD D)y (DZVEDZ18) o (5.3.06)
(D —1ag
- 7'Uakhuk
27“(2)l,24ds
1 D—-1)(5D — 18 D —1)(D -2
gm) = — *8080-]711)1; - ( )<2 )Uauhvv - ( >2( )Uavhvv (5317)
1 D —1)(3D —10 D —1)(3D — 10
Guo = — 20705 huyy — ( )(2 )Uauhuv - ( )(2 )Uavhuv (5318)
D —1)a D—-1)(D -4 D —1)a
oo~ P 2 - <2z2)0hkk
7“0 AdS AdS 0°Ads
1 D—-1)(D -6 D — D—6
gz’j =—-9070, hz] ( l( )Uauhz] — ( l( >U8vhij (5.3.19)
2 s 445
~(D-1) 2(D - 1)rg (D-1)
V(i — ———5—0ijhuw — —5—hij
5,24 ds () aol%ds ’ lzxds !
D—-1)(D -4 D—-1)(D -4
Gui =~ Loropny, ~ PP =) gy PDD=D) (5.3.20)
2 4lAdS 4lAdS
D —1)a D -1 D—-1)(D -4
47'olAds Faas s
1 D—-1)(D -4 D—-1)(D -4
Goi = — 20°0,hyy — LD gy, LZVDZD (5.3.21)
9 4lAdS 4lAdS
D —1)(D —
( 2 )'Uaihvv + ( g( 8) hvi-
U s

We neglect the homogenous solution as they correspond to the background gravitational
wave in vacuum or associated to the incoming asymptotic solution in potential scattering.

Therefore up to subleading order h,, and h,; vanish,
7;;1)77;)1' =0 gvva gvi =0 h'uv =0 hvi = 0. (5322)

Since we are interested in the eikonal approximation of two particles moving along the
separate horizons and scatter at the bifurcation surface, the interaction or the exchange
of graviton is instantaneous. Hence we can set the limit of v — 0 and drop all terms
with explicit v dependence, only keeping v0,h,, terms in the PDE in order to match the
components of the energy momentum tensor with monomial v! dependence. Then up to

subleading order h,; vanishes,

The v dependence of 7;;, Ty, is of exponential form so we can drop all the explicit v terms

and the u dependence of Tj;, Tyy is a delta function §(u). We can now split the metric
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perturbation into singular and non-singular parts

haw = hS) + hNS), hij = b + h{YY (5.3.24)
where
W) n o §(w). (5.3.25)

The singular parts have the distribution property of delta function

udyh(S) = —p(8) udy by = —hl). (5.3.26)

uv ij

The leading and subleading order of T, is v independent and linear in v respectively. So
we need to keep the v0,hy, term. As the leading and subleading order is singular in u we

can use the distribution property of the delta function and its derivative,

By h = —hugu- (5.3.27)

It is convenient to split the subleading metric perturbation hq(}u) into a constant and linear

term in v

At = RINE) 4 pp(E) (5.3.28)

u uu

One can deduce

RO o 6(u), ANE) o 6" (u), AL o ¢ (u). (5.3.29)

U

Then the modified Einstein equation simplifies to

- %a’fakhg?) + FRO) = 87T (5.3.30)
- %akakhggw + BRWD) = —aloé?uhgﬁ) (5.3.31)
_ %6@,-%%} + ERE) — gry®) (5.3.32)
- %affaghgjv D 4 i) 4 Doyh(NS) = gt (5.3.33)
- %akakhg;” +ChS) + DoihS) = st (5.3.34)
_ %8"8,,}18;75) + AR 4 BRYS) = st (5.3.35)
_ %akakhg) + AR + BRY) = 8nef) (5.3.36)

where the coefficients are listed in (5.8B.1 — 5.B.9). The leading order Einstein equation

in (5.3.30) is the full equation for the point particle case, its transverse profile matches

with [23]. By Fourier transforming the whole equation then solve for ?17(32 and finally do
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(0)

an inverse Fourier transform, we obtain the solution for by,

B _ Aaolp®|o(U)

w (2m)D—3pD=4 2 x

) N Ko (zroV2F).  (5.3.37)

JA T (D - 3) <2r0x/ﬁ

The asymptotic form of h,(?,,) as the argument of the modified Bessel function becomes

large is
J3F D=5
v To 2F 2 —
h) ~ BT0lp ’5(U)( 233 g~oroV2F, (5.3.38)
o 2(2mx) "z

This is matches exactly with [23] as

(D —1)(D — 2)rd

20has

2r3F = (5.3.39)
which is the constant p used in [23]. This is an evidence that validates our current

approach.

The subleading metric perturbations follow a similar approach, first Fourier transform
all the Einstein equations which become a set of simultaneous equations. Solving the
simultaneous to get the expression for ﬁu,, and do the inverse Fourier transform integral
to obtain the subleading metric perturbations. The calculation for the subleading terms

are more involved, we included the details of the calculation and results in appendix 5.C.

5.4 Omnshell action

Previously, we have obtained the backreaction of a high energy classical string propagating
along one of the horizon. In the linear gravity approximation, we can separate the backre-
action of two classical strings propagating in orthogonal directions. In general, the onshell
shell action will include terms that represent a particle self interaction, e.g. a term that is
the product of the linear metric perturbation induced by string 1 and energy momentum

tensor of string 1,
hy/ T (5.4.1)

But recall the Feynman diagrams for eikonal scattering do not include self interaction in
the ladder diagrams. These corrections are related to the loop correction to the propagator.
Following the standard ladder diagram approach, we will drop the self interaction terms.
In the calculation below, we recover the classical action for the particles case in [23]. We
will also demonstrate explicitly the subleading classical stringy correction vanishes and

obtain the next-to-subleading order correction.
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The action of our system with two strings in a curved spacetime is
I'=Igulg] + Iilg] + I2[g] (5.4.2)

where g is the full metric solution that minimises the classical action I.

ol
704 — 0 (543)
59|,
5IEH (5[1 612
=0 5.4.4
5gab p 5gab p 5gab g ( )

From the perspective of perturbation theory, we introduce a schematic perturbative pa-

rameter € to the particles’ action,
I'=Ipnlg] + ehg] + ela[g], (5.4.5)

which may be set to 17. We can now expand the full solution g into the background g

and the perturbation h
g = gp + €h. (5.4.6)

From the definition of background solution, we know that g, minimises Igg

5IEH
5gab

= 0. (5.4.7)
9b

The linearised equation of motion can be derived from expanding (5.4.4) using Taylor

series in functional derivative to the first order in ¢,

0lgy ol o0ls
597(y) €5ab() +€5(zb() =0 (5.4.8)
g goteh g gvteh 97\Y) gy ten
(SIEH / D, 5IEH d ol o0l
d hz)+€e ———| +e——| =0
* 0w, O S, T S,
(5IEH d 5[1 ‘ 0l
h(2) + + =0. 5.4.9
/ 69°(2)09°(y) |, ) 09 (y) 1y, 09 (y)l, (5:49)

We define a differential operator D2, by

D2 / ————| K%z 5.4.10
olf] N © 59°(2)39(y) " ) ( )
and the energy momentum tensor of particle 1 by
-2 4l
Tyap = ! (5.4.11)
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and identically for particle 2. The linear equation of motion for particles’ backreaction is

T T
D2, [h] + 12‘“’ + 12“" = 0. (5.4.12)
From the Einstein tensor,
1 1 dlgg
— Gy = ——7F, 5.4.13
167 ab /7_gb 5gab ( )
we can deduce the differential operator is essentially
D[] = —=6Gulh]. (5.4.14)
“ 16m ¢

Then (5.4.12) is the linearised Einstein equation. By linearity we can separate the back-

reaction by particle 1 from particle 2, hence
G ap[h1] = 87 T4, (5.4.15)
similarly form for particle 2
As usual, the variation of the action is
Ilgy + €h] = I[gy] + 61[gp, h]. (5.4.16)

The full action can be expanded around the background solution

_ 0lpn | ab 5IEH ab(, \ped
T+ eh) = Telod —c | oitts| )+ 5 [ [ ) e +
(5.4.17)
61,
T 2 ab .
+ ely[gy) — € N h*(y) +
oI
+€Ing / 2 a(y)+
Y
Ilgy + eh] = I[gy) + - / d"yv/=gp [habDZ [1] + h®Tap + h**Toap (5.4.18)
Ilgy + €h] = I[gy] + / dPy/=goh® (Tiap + Toap) (5.4.19)

we used (5.4.12) to reach the last line. In the point particle case the two integrands are

identical when we set € = 1 the classical action becomes
1
I[gy + €h] = I[gp) + 3 /dDy\/—gbh‘begab. (5.4.20)

Hence recovering the action (32) in [23].



5.4. Onshell action 157

5.4.0.1 Stringy correction to classical action

The metric perturbation and energy momentum tensor of string a = 1,2 are expressed as

oy = RO 4 pM)

apv apys

TW—T( ) 471

apv apys

(5.4.21)

where the first term is the leading point particle contribution and the second term is the

stringy correction. The leading contribution is the expected

— L_9
16|pY||pY|ag [(roV2E\ * =
10 — 111572 K AzxroV2F 4.22
’ P\ 2nAn g-o(AamoV2F) (5:4.22)
510 ~ s (5.4.23)

as appipy = s where the sign convention is different from (2.5.10).
The supposed subleading contributions vanish,
5 / dPy/=gy [P0, TV + b, T = 0 (5.4.24)

because of the mixture of null coordinate and delta function dependence of the metric

perturbation and energy momentum tensor that vanish under the integral, i.e.

{0 b o / v8(v) (5.4.25)
and
Mu o</u5 (5.4.26)

The next-to-subleading classical action can be separated into

512 = 5 [ aPyv=g (TS + i (5.4.27)
815 = / dPyy/=gy [, TS + h, 7" (5.4.28)
o1 = / dPyv/=go [W T + T | (5.4.29)

Note the index in 5[,3?,) are not tensor index, it is only a notation to indicate the which
components of metric perturbation and energy momentum tensor contributed. The result
of the next-to-subleading classical action can be found in appendix 5.D. From (5.D.1 —
5.D.4) we can see all the Bessel function argument is independent of the momenta. Hence

(N'S)

all the next-to-subleading classical action except the (5Iij component scale inversely to

S

01,61, 610, 5INS) ~ 571, (5.4.30)

uu
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This is because the momenta follow the mass shell condition in (5.2.18) and (5.2.19) as

the momenta in the null direction orthogonal to the dominant null momenta scale as

U

Y4

U

b2

U

b2

U

P1

u, v

[pipal, ~ sl (5.4.31)

)

Pipy
(NS) . . o (NS)
For 5Iij , the Bessel fucntions’ argument does depend on s but in all limit we see Ml-j

is at most of order one
(NS)
I ~ O(1). (5.4.32)

All the corrections we found will not change the power law behaviour of the eikonal phase

with exponent equal to the spin of the intermediate particle minus one, which is 2—1 =1,

5~ st (5.4.33)

5.5 Conclusions and outlook

Therefore we can conclude that the classical string transverse oscillation modes do not
give correction to the Regge intercept of the eikonal phase which means no correction to
the Lyapunov exponent. The Regge behaviour is governed by the intermediate particle
which in our analysis is still the spin-2 graviton. The next-to-subleading correction in
the eikonal phase corresponds to the tree level scattering of the oscillation modes of the
classical strings with the exchange of graviton. Through the Polykov string action, it is
easy to see the vertex between zero mode of the two strings, represented by the centre
of mass position, and a graviton is proportional to s. Hence the zero modes scattering
recovers the same eikonal phase as in the point particles scattering. Again by the inspection
of the Polykov string action, we see the vertex from the interaction of the oscillation mode
of the two strings and the graviton is proportion to the product of two Fourier coefficients,

al,, representing the amplitude of the oscillation mode. Therefore for each zero modes-
graviton vertex replaced by the oscillation modes-graviton vertex, a factor of s is missing.
In the tree level diagrams, there are only two vertices. At the subleading order, we only
replace one zero modes-graviton vertex with oscillation modes-graviton vertex. But due to
the onshell condition, this vanishes. At the next-to-subleading order, we need to replace
both of the zero modes-graviton vertices with oscillation modes-graviton vertices. Hence,
in total a factor of s? is missing. In this heuristic argument, we can see directly the

difference of s between the leading and next-to-subleading (nts) eikonal phase

Onts ~ 5_25leading (551)

Opps ~ 81 (5.5.2)
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)

», which have the same dimension as

matching with our explicit calculation. Unless «
momentum, is of order /s, the transverse oscillation will not give significant correction to

the eikonal phase.

Both the classical string correction we explored above and quantum string correction in [23]
are only a subset of possible stringy corrections one can introduce, nonetheless the chaos
bound still holds in both cases. There are other types of correction one can introduce.
Focusing on the calculation of the OTOC in the bulk picture, one has to look into different

way of incorporating stringy correction to the gravitational eikonal scattering.

A natural extension is to investigate the quantum string correction. There are ways of
quantising the string in a shock wave background [125] and the correction to the eikonal
phase from quantum stringy correction were also found in some background [126]. In the
ideal case, one can calculate the scattering of massless closed strings from a stack of D-
branes that created the AdS black hole background. In fact there are works on the leading
and subleading eikonal phase for high energy strings-brane scattering [127]. The stringy
correction comes into the impact parameter, where the impact parameter is shifted by the
transverse string position. It is possible to Taylor expand the eikonal phase and express

the subleading part in terms of the string spreading.

The previously mentioned outlooks are top-down string theoretic approach. An interest-
ing possible bottom-up approach to probe correction to chaos is by using the Lipatov
effective field theory method [128, 129]. By constructing extra gauge invariant terms in
the Lagrangian for the Reggeons, one is able to formulate the same Regge behaviour and

explore correction to the ladder diagrams.
5.A Curvature Tensor
The Christoffel symbols are

(D —-1)(D —4)agv (D —1)(D —4)apu

re, = ry, = 5.A.1
i 412 46 v 45 oA
(D —1)r3u (D —1)rgv
; (D — 1)r3v ; (D —1)r3u
AdS AdS
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Following (5.2.8) and setting u = 0 but keeping the ud(u) terms,

D— L 1 D—1)(D-2
Rl(Lll? =7 75 Nuu — 7aaaohuu - ( )2( >Uauhuu (5A4)
lAdS 2 A%as
D — 5D — 18 D —1)a
— ( )(2 )v&,hw _ %Uakhuk
Aas 27"olAds
(D-1)*(D - 2)a%2h (D —1)? (2D 9)a? e
D — 1 D—-1)(5D — 18
Rl()}u) = 2 ’U’U - aoa h’U’U - ( )(2 )uauhv'u (5A5)
Faas 4345
D—-1)(D -2
- ( )2( )Uavhvv
445
Ri(le) == (D 2)(D — 3) huv - M ii - 1aoaghuv - (D — 1)(23D — 10) uauhuv
Vaas Argl s 2 445
(5.A.6)
D —1)(3D—-10 D—1a D—-1)%*D -2
_( )(2 >v&,hw—( 22) 8h ( ) ( )a’o 2h
Aas 4rglaas 16lAdS
2(D -1 1 D — D—-6
RS) [—— ( )TO 6”]11“] _ 7aaaghij _ ( )( )uauhz] (5A7)
aOlAdS 2 s
D —1)(D - D-1 D —1)%r2
_ ( )2( 6) Uavhij o ( 5 )/Ua(zhj)fu o ( ; ) 7"05 h'uv
A as AdS Ay
D—-1)(D -8 1 D—-1)(D -4
RY — ( )2( )hm- Lo, - ( )2( )uauhm (5.A8)
4lAdS 2 4lAdS
D—-1)(D -4 D —1)a
- ( )2( )Uavhui - %U@khm
A as 5l 4as
_(D 1) ik _(D—l) (3D — 13)ay o2h
2lAdS v 161?4(15
D-1)(D-28 1 D—-1)(D-4
Y= L=UD=8), - Lo~ LUP=Y o, (5.A.9)
415 45 2 415 49
D—-1)(D -4 D -1
- ( )2( )Uavhvi - ( )Uaihvv
4% as 2lAdS

Since we are interested in the length scale less than length scale of the spacetime to be
large, only the terms that depends on the AdS radius up to l;ﬁs is consider. So we can

neglect the terms above with l;ﬁs dependence.
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5.B Coefficient in Einstein equations
The coefficients are
A= _P- 12(17 —6) (5.B.1)
4l 45
i-_P= 12)(D —6) (5.B.2)
Laas
gL Do (5.B.3)
4lags T
- D-1)(D-2
C= ( g( ) (5.B.4)
A5
~ D—-1
C= ( 2 ) (5.B.5)
AdS
_ 2
D= —M@ (5.B.6)
Fags @0
E=A (5.B.7)
E=C (5.B.8)
F = (D - 12(D —2) (5.B.9)
4l gs

5.C Fourier analysis

We are using the tilde to notate the Fourier transform of the coefficient of delta function

or it’s derivative in the u direction, so for function

Y =y x (0u)"5(u)

(5.C.1)

then when we say the "Fourier transform of Y" it is actually the Fourier transform of y

Y = Flyl.

(5.C.2)
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Fourier transform of linear metric perturbation

. 7(0)
O = 160 — (5.C.3)
k2 +2F
N 7 (0)
AL = 167 Tuw__ (5.C.4)
k2 +2E
7(0)
L) _ 32T —_ . (5.C.5)
uu ao (k2 + 2E)(k2 4 2E)
_ 2 i) — 2B
7S — 167 (€ + 20)ily — 2BE] (5.C.6)
k*+2(A+ C)k2 — 4(D —2)BD
v k4 +2(A+ C)k2? — 4(D — 2)BD
sy 16w |qn - D(2+20)i) — 2BDIY (5.C5)
U k2420 |9 Ykt +2(A+ C)k2 —4(D —2)BD o
E(NS) 167w %U) - D(k:2 + QC_')LZSL) — 2BD£§;}) (5.C.9)
Y k2 +2C Ykt 4+ 2(A+ C)k2 — 4(D — 2)BD o

where k% = k%, and k? = k'k;. The Fourier transform of the energy momentum tensor

components are

TO) = 3 2| p’ e v (5.C.10)
ir) = —5 s |pt e (5.C.11)
To
. 8 Zm&o«“ ik
i) = 207 ke (5.C.12)
- D—4 j
i) = —( Jag 5 [ptle (5.C.13)
2(D —2)rf
§ 16 A
1= = 20 Al ity (5.C.14)
aory Ip*|
N(]/) — 2 u| ,—ik;x’
t) = ————=—=0;i|p"|e” " 5.C.15
1) (D - 2)7“0D_4 ) |p | ( )
(5.C.16)
where A% is the sum of symmetric combination pair of left and right oscillators
A = oliad) (5.C.17)
and AY is the traceless part of A%
A1t9 7, 6
Al = A — A, (5.C.18)

D -2



5.C. Fourier analysis 163

5.C.1 Inverse Fourier transform

We see that the Fourier transform of the linear metric perturbations are made up of
fraction composed of polynomial of k or k. To assist the calculation of the integral in the

inverse Fourier transform, we are decomposing all the terms as fraction of the form

1 1

- —_ .C1
k2 +¢’ k? + ¢ (5.C.19)
The denominators in (5.C.6 — 5.C.9) take similar form and can be factorised as
X?242(A+C)X —4(D—-2)BD=(X —A)(X —A_) (5.C.20)
X2+ 2(A+C)X —4D —2)BD = (X — A, )(X — A") (5.C.21)
and
A =—(A+0)+ \/([1 +C)2 +4(D —2)BD (5.C.22)
Al = —(A+C)+\/(A+ )2 +4(D - 2)BD. (5.C.23)

With this factorisation, we used partial fraction to decompose all the fractions into the form
of (5.C.19). Here are the two integrals that are needed for the inverse Fourier transform.
First, I the Green’s function for the transverse Laplace equation

eikixi

11Q,x] = /dD—Z’kM, (5.C.24)

second, A the Green’s function for the full Laplace equation

i 2 D9 eikuueikixi
D] = 5o [ dhad? PG (5.C.25)
i(2m) ko, — ﬁkiki + 52
The two integrals are related by a integration in u,
; i2  2nrd
B ; 2 2nrd 4nm
/due 2 Ap[\u, 2] = 2002 iy I[rg ()\ - o/p”q“) , ). (5.C.27)

After Fourier transform, solving the algebraic equation and inverse Fourier transform we
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obtain the metric perturbation

B0 _ 4aolp”|d(u)

_(QW)D_3T0D_4I[ 2r2F, x — xo) (5.C.28)

—dag|p"|0'(u) )

() — 0 e
i = P50 E B (11-23E, 2 — 2] — I[-2r8 B,z — w])  (5.C.29)
p(s) —_Aaolpd(u) (BiI[2r2 A, 2 — wo) = B_I[203A_ x — o)) (5.C.30)

3 D4
" (2m)P 37"0

B8 _ 8Ip*1i;0(u)

0

+C—I[-2r3C, 2 — 330]>

W) = Zfiagfm S Anetit (B AL [AL] + BLA,[A]) (5.0.32)
n#0
hy' = —2227:@;;4 o Zefgﬁ («4 An[-20] (5.C.33)
n#0
- Byt (CLAlAL) +C’_An[A’_])>

5.C.2 Fourier integrals
We need to evaluate the integral
ezklx’

I[+£P? i:/ L S — .C.34
[ , '] Rpfzd kkikHFPQ (5.C.34)

Since the integral is diffeomorphic invariant or rotational invariant, we can pick a frame
to align with the position vector z = (z,0,---,0). We can then integrate the k; direction

by contour integration,

6ik:13:
dkvdks - - - dkp— . 5.C.35
/ 10R2 D2k‘%+(k%++k%72ip2) ( )
The corresponding contour integrals are
jé g (5.C.36)
A ¥ v .C.
eizx
(5.C.38)

For upper hemisphere C' of radius R, the integral (5.C.36) is

Re b= sin(0) pi( Rz cos(0)+06)
/ dr 553 —i—z/ e 7 Favan (5.C.39)
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In the limit of R — oo, the angular integral vanishes and the radial integral becomes the

ki integral. Using the residual theorem on (5.C.36) we can deduce

F o T C.40
—— = —e 5.C.

/_oo "2 + A2 A ¢ ( )
For (5.C.37) the poles are on the real axis hence we need to take a small semi-circle contour

of radius € around poles. For such contour C’ of radius R, the integral (5.C.36) is

661962(66 -\ 661062(56 04Nz
P d do 5.C.41
/ vy Z/ Lew(eew —2)\2) + e’ (ee’? + 2)2) ( )

Re~ Rz sin(0) i(Rxcos(0)+9)
+i / o
R2e2i0 4 )2

Similarly, taking the limit R — oo and using the residual theorem on (5.C.36) we can

deduce
R e T
Let ¢ = (k2,--- ,kp_2) and convert to polar coordinates,
2 N
I|—P~, =7 / d 76_96 5.C.43
[ ] TED—4 q\/m ( )

I[P2 ] TQp_ 4[/ dq\/ij32 eIV /dq\/isma:\/PQ—q}

(5.C.44)

After substitute of ¢ = \/Q2% 4 P2, we can read off the integral from Table of Integrals,
Series and Products [130], section 3.387 equation 6, 7 and section 3.771 equation 6 for
D>3

D—4
[P 2] = 75 Q) 4T (172—3> <2P> ? Kps(aP) (5.0.45)
A 2
1 D—3\ /2P\ T
. — 2
I[P2,$l] == —§7T%QD74F <2> <$> Yp_4 (xP) (5046)
2

where Y),(z) and K, (z) are the Bessel function and modified Bessel function of the second

kind. For D = 3, we can skip the ¢ integrals and

I[-P?,2] = Ze~oF (5.C.47)

I[P?, 2% = —psinaP, x#0 (5.C.48)
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5.D Next-to-subleading contribution to onshell action

The subleading onshell action are

Iptpy| [ V2E \ 72
51 =20 ]32””2 <2W x) Kp_y(@roV2E) + (16 2,u ¢ v) (5.D.1)
0
D
2

M(S):ao\qu}?ﬂ( 1 )

uv 2 2mroT

—2
[—;BJQ_Q(WO A7)+ B-Kp_y(eroy/=A")
(5.D.2)
+ (14 2,u+v)

Z( . )§2An>< (5.D.3)

oy 2mrox

[—;C+Yg_2(xT0\/A+) + C'_K%_Z(xrox/—A_) + CK%_2($T0\/ 20)

Pt
s

61 —4

)

+ (1< 2,uew)
D_9

( ! ) 3 A, x (5.D.4)
2mrox 0

s
|:—2B;Y12)_2(:U7“0 A+) + B’_K%_Q(xrm/ —A_):|

+ (14 2,u+w)

(NS) _ 32aq 1 72
g s

~[pipsI\ 27z iy 20

4a0r§
(D—2)

Pl
2]

SINS) =

D
dning |1~

12
opipy

(5.D.5)

T 4dning dning
My Y K
5 Mni =z §_2<er a’2p¥p5> Mo, 5‘2<W0 a’Qpi’p%)]

+ (1< 2,uew)

where By, By, C4,C are constants and My, n, is a function A% , A% |

Mnl,nz - Am : A—nz + A—nl : -"inz (5.D.6)
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167

with
1 (D—4)(Ax +20) -
Bi=+ — 4B
* A+—A_< D—2
, _
;o " +2C
Bi_iA;-A’_
D (D — 4)ag AB
CyL =+ — —
+ A’+—A’_< (D—2)r§+A++QC’>
D
/_
Ci=dta—ar
oo 2 4BD

D2 (A, 120)(A_+20)

5.E Scaling of Bessel functions

Forz>>‘a2—i

Y

2 nwomw
Yal2) ~ 1/ —sin(z — - —
(2) — sin (z 5 4)
T
K, ~y—e*
(2) 5y
For 0 < z < Va+1,
Yo(z) ~ _FTO‘) (% 4 m (2)% cot(am) ifaeZ™
f% (5)* otherwise

where 7y is the Euler-Mascheroni constant.

(5.D.7)
(5.D.8)
(5.D.9)
(5.D.10)

(5.D.11)

(5.E.1)

(5.E.2)

(5.E.3)

(5.E.4)
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CHAPTER 0

Conclusions

To conclude, we will first present the results obtained from the previous three chapters on
renormalised entanglement entropy, first law of entanglement entropy and classical string
contribution to chaos. Furthermore, we will discuss about the significant and outlook from

the results and methodologies developed in these three chapters.

In chapter 3, we found an expression for the renormlised entanglement entropy in terms of
the Euler characteristic and other renormalised curvature invariants of the bulk entangling
surface. The expression was derived from the renormalising the area of the minimal
surface in asymptotically locally AdSs, case which we also showed it matches with the
renormalised entanglement entropy formula derived from the renormalised action. This is
due to the universal property of the holographic entanglement entropy in even spacetime
dimension. This new formula of renormalised entanglement entropy allows us to access
the property of the entangling surface. Most notably, the topology of the bulk entangling
surface is directly represented by the Euler characteristic in the renormalised entanglement
entropy formula. The term constructed from the extrinsic curvature of the bulk entangling
surface takes the form similar to higher dimensional Willmore functionals. Another term
in the new expression is the renormalised integral with integrand constructed from the
Weyl tensor pull back to the normal space of the bulk entangling surface. This term

proved to be useful in the first law of entanglement entropy.

In chapter 4, the renormalised version of the first law of entanglement entropy was de-
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rived. Three approaches were taken to show the equivalence between the variation of
renormalised entanglement entropy and variation of the modular energy calculated from
the renormalised stress tensor. The first two approaches set the radius of the disk like
entangling region to be small, resolving to the infinitesimal first law of the entanglement
entropy. The variation of the renormalised area density was explicitly shown to match the
density of the modular energy given by the renormalised stress tensor. In even spacetime
dimensions, we applied the new renormalised entanglement entropy formula developed in
chapter 3 to the first law of entanglement entropy which related the variation of renor-
malised entanglement entropy and variation of the modular energy to the variation of
the pull back of the Weyl tensor. The integral version of the first law of entanglement
entropy is related to conserved charges in holography. Hence we used the holographic
renormalisation procedure in the Hamiltonian formalism, that specialises in obtaining the
renormalised Noether charges density, to derive the renormalised integral first law of entan-
glement entropy. We further explained our findings in the covariant phase space formalism

and showed examples in spacetime dimension 4, 5 and 6.

In chapter 5, we considered the modification of the shock wave analysis of holographic
chaos from particles scattering to scattering of classical strings with oscillation. Due to
the setup, we focused on the high energy gravitational eikonal scattering. To validate
our method, we reproduced the exact result for point particle eikonal phase. Then we
included particular contributions from the transverse oscillation of the classical string.
The leading centre of mass contribution is identical to the standard point particles case.
The subleading contributions were shown explicitly to vanish in accordance to the onshell
condition. The next-to-subleading contributions were calculated by solving the Einstein
equation soured by the energy momentum tensor of the transverse oscillation modes. We
saw the correction to the eikonal phase is insignificant hence satisfying the chaos bound.
The result from the semi-classical shock wave calculation matches with heuristic argument

from perturbative method.

The exploration of renormalised entanglement entropy can be naturally extended into high
derivative gravity and can include non-trivial time dependence by switching to the covari-
ant holographic entanglement entropy in the HRT formalism [8]. For higher derivative
gravity, there are additional terms in the counterterms action hence more counterterms
for renormalised entanglement entropy as found in [54]. The renormalised entanglement
entropy formula would then need to be generalised to the renormalised area integral of
the HRT surface. The HRT surface, the covariant analogue of the RT surface, is an codi-
mension two extremal surface with minimal area. Also the form of the Weyl integral
in renormalised entanglement entanglement formula is related to the entropy integral in
conformal gravity. The connections between these as suggested in [122] are interesting

directions for future investigation.
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Holographic complexity has been following the footsteps of holographic entanglement en-
tropy. In the complexity=volume (CV) proposal, complexity is equal to the volume of a
codimension one subspace [13, 12]. Hence the bulk dual of both complexity and entan-
glement entropy are divergent volume/area of some geometrical object. In the complex-
ity=action (CA) proposal, complexity is equal to the action of some region of the bulk
spacetime [14, 15]. Then both complexity and entanglement entropy are evaluations of
the action in some regimes in the bulk, and are divergent. The divergent structures of
both proposals have been studied in [131]. The first law of complexity was also studied in
[132]. After the results and methodologies developed for renormalised entanglement en-
tropy in chapter 3 and 4, we gained insights and found new applications by reformulating
the renormalised quantities. Therefore, renormalised complexity will be a great extension

of our previous work on renormalised entanglement entropy.

The discovery of maximal chaotic growth in Einstein gravity, posed constraints on the
dual CFT [133]. The bulk scattering picture provided clear physical intuition as to how
chaos is propagated. Thus, it is interesting to investigate on how different type of bulk
interactions change, or not change, the chaotic behaviour. The string scattering problem
in curved spacetime by itself deserves attention. For future work, we would like to explore
the possible correction to the Lyapunov exponent by considering corrections to the eikonal

phase as mentioned in the conclusion of chapter 5.

The entanglement structure of spacetime and chaotic behaviour of gravity inspired a whole
new group of interesting theories of gravity as an ensemble [134, 135] or as an emergent
property of quantum mechanics [55, 56, 57]. The interests in developing discretised quan-
tum circuit models for holography is growing fast [16, 136, 137]. The tie between the
general concepts of holography, quantum information and quantum computing is not only

of interest to fundamental theorists but it is becoming a relevant and applicable theory.

This thesis highlighted aspects of quantum information in holography. The technically
challenging yet conceptually intriguing realisation of quantum phenomena in gravity is
teaching us about the quantum nature of spacetime. With the aforementioned recent de-
velopments and future directions, we as a community are getting closer towards a complete

picture of quantum gravity.
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