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In this thesis we study the homotopy classes of maps between two compact, simply-
connected, simple Lie groups G and L, with a view to classifying when all of these
maps are homotopy equivalent to H-maps.

We do this by studying the the homotopy classes of maps G — L, and the homotopy
classes of H-maps G — L, as well as the homotopy classes of maps Ag — L for a
related space Ag. By finding homotopy decompositions for these sets of classes, we
may compare the decompositions, describe H[G, L], and give sufficient conditions for
all maps G — L to be homotopy equivalent to H-maps. We extend this in some cases
to give group isomorphisms between the groups of classes of maps.

We draw together work by Theriault and Grbi¢ on power maps and self maps of low
rank Lie groups, as well as work of Kishimoto and Kaji on homotopy nilpotency and
older results of James, Cohen and Neisendorfer, and Mimura, Nishida and Toda.
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Chapter 1

Introduction

1.1 Background and motivation

Lie groups, as introduced by Lie in the late 19t

century, are sets G endowed with both
the structure of a group and the structure of a differentiable manifold, such that the
group multiplication is compatible with the structure of the manifold. A Lie group G is
compact or connected if the underlying manifold is compact or connected respectively.
Let K be a maximal compact subgroup of G. Then G is connected if and only if K
is connected, and simply-connected if and only if K is simply-connected; hence it is
sufficient from a homotopy-theoretic point of view to consider compact Lie groups.
A Lie group is simple if it is non-homotopy commutative and has no proper closed
normal subgroups of dimension greater than zero. A compact, connected Lie group
is locally isomorphic to a product of tori and simple, non-homotopy commutative Lie
groups; as such the classification problem of such groups reduces to that of simple

groups.

An interesting field of research is classifying spaces of Lie groups, in particular pro-
ducing maps BG — BL for two Lie groups G and L. Looping a map of classifying
spaces of Lie groups would give a loop map G — L. Rather than attempting to classify
loop maps, in this thesis we consider H-maps G — L, which also carry multiplicative

structure.

Key notions when studying multiplicative structure in Lie groups are those of homo-
topy commutativity and homotopy nilpotency, which may be thought of as a measure
of how non-homotopy commutative the Lie group is. Recent work in this area includes
that of Hamanaka and Kono [9, 10], Hasui, Kishimoto, Miyauchi and Ohsita [11], Kishi-
moto [17], Kishimoto, Kono and Tsutaya [18], and Kishimoto, Ohsita and Takeda [19].

Cohen and Neisendorfer [3] have done much work into constructing certain p-local
H-spaces. A theorem of theirs states that for X a simply-connected CW-complex with
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¢ < p — 1 cells in odd dimensions, localised at p, there exists an H-space Y such that
H.(Y,Z) 2 AN(H.(X;Z)), (1.1)

and amap ¢ : X — Y such that ¢, is the inclusion of the generating set in homology. The-
riault [36] proved that for / < p —2, Y is homotopy associative and homotopy commu-
tative. Grbi¢ and Theriault [8] use these spaces in studying the self-maps of Lie groups,
expanding on the work of Mimura and Oshima [26] who determined [SU(3),SU(3)]
and [Sp(2),Sp(2)]. They prove the following theorem, identifying cases when every
self map of a Lie group G is homotopic to an H-map.

Theorem A. Let p be an odd prime and let G be a homotopy commutative Lie group localised
at p, so as to be homotopy commutative. There is a group isomorphism |G, G| = H|G, G| in
the following cases:

G=SU(m)andn <7,2n < p,and n®> —1 < 2p;

G =Sp(n)andn < 13,4n < pand 2n®> +n < 2p;
e G=Spin(2n+1)andn <13,4n < p, and 2n®> +n < 2p;

* G=Spin(2n)andn < 6,4(n —1) < p,and 2n> —n < 2p;

G=Gyandp =5.

Our aim is to generalise this theorem, to find cases where every map G — L is homo-
topic to an H-map where G is as in Theorem A and L is another Lie group localised at
the prime p.

Further results on H-maps of Lie groups were proved by Theriault [38], who used
results of Kaji and Kishimoto [16] on homotopy nilpotency and Samelson products
together with methods by Cohen and Neisendorfer [3] to prove the following.

Theorem B. Let L be a p-regqular simply-connected, compact, simple Lie group. Then localised
at p, the p!"* power map on L is an H-map for primes p > 5.

This was done using the decomposition of p-regular Lie groups as products of odd-
dimensional spheres. Russhard [31] extended this result to the case where SU(n) is a

product of spheres and sphere bundles over spheres.

We will show that techniques exist to classify H-maps G — L when both G and L are
homotopy commutative, and in certain cases when not. These results will produce a

group of H-maps.
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1.2 Summary of results

Our first result is the following, relating the p-local spaces constructed by Cohen and

Neisendorfer [3] to the concept of universality:

Lemma C (to appear as Lemma 4.5). Let Z be a homotopy associative, homotopy commuta-
tive H-space, and i : X — Y. If ¢ < p — 2, then any map f : Y — Z has an H-map extension
f: X — Z, such that f ~ f oi, that is unique up to homotopy. That is, Y is universal for X.

Results of Mimura, Nishida and Toda [24, 25] describing homotopy decompositions
of Lie groups were built on by Theriault [37] to give, for a torsion-free Lie group G, a
co-H-space A(G) such that H,(G) ~ A(H.(A(G))) and amap g : A(G) — G inducing
the inclusion of the generating set in homology. Such spaces were used by Grbi¢ and
Theriault [8] to produce results on self-maps of Lie groups. We instead consider maps
G — L for two different Lie groups.

Proposition D (to appear as Proposition 4.11). Let G and L be compact, simply-connected,
simple Lie groups, localised at a prime p such that both G and L are homotopy commutative.
Then there exists a co-H-space A =~ \/f.”:_l1 A;i(G) such that [A,L] = H[G, L].

Combining this with a decomposition for [G, L] when G and L are both p-regular and
homotopy commutative, we reach the following corollary.

Corollary E (to appear as Corollary 4.13). Let G and L be compact, connected, simply-
connected, simple Lie groups, and let p be a prime such that G and L are both homotopy com-
mutative and p-regular. Let the mod-p decompositions of G and L be G ~ S% x ... x S% and
L ~ Sh x ... x Sb respectively. Then, localised at p,

G L= H[G L& @ [s%tT%, sk (1.2)
(k1w ki) EV;)
j=1,...8
=HGLle @ myi.ta,(S") (1.3)
(k] ki)EVr)

where V, = {(ky,...,ki)|1 <ky <...<k; <r,2<i<r}. Hence [G L] = H[G,L] ifand
only if each homotopy group of the form 714, 1. 1a, (SY) for i > 2 is trivial. That is, if there are
no non-trivial homotopy groups that are in |G, L| but not in H|G, L|. O

By calculating the homotopy groups in the expression above, we are then able to dis-
cern whether [G, L] = H[G, L], and also to give a decomposition of these spaces.

We then move on to a more general case, removing the requirement that all spaces are
homotopy commutative. For (X, ,Y) a retractile triple, define the space F and the map
h by the homotopy fibration F £> QXX 5 Y, whereiis the H -map extension of i given

by the James construction.
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Lemma F (to appear as Lemma 5.4). Let (X,i,Y) be a retractile triple, and Z be a homotopy
associative, homotopy commutative H-space. For amap f : X — Z, let f : QX — Z

be the H-map extension of f given by the James construction. Suppose that the composition

Fasx L Zisnull homotopic. Then there is an isomorphism of groups (X, Z] = H[Y, Z].

For a compact, simply-connected, simple Lie group G, localised at p such that G is
p-regular of type (mj,...,my), we define the related space A to be the wedge sum
\/1{ §2mi—1 We then use the above lemma, along with some results of Theriault [38], to
recover our conditions for [A, L] = H|G, L] using different methods.

We are also now able to consider the outlier cases in which homotopy commutativity
does not imply p-regularity, in order to provide a more full spectrum of results.

Proposition G (to appear as Proposition 6.5). Localised at the prime 3, there is a group
isomorphism
[Sp(2),S5p(2)] = H[Sp(2), Sp(2)] © Zs. (1.4)

Proposition H (to appear as Proposition 6.6). Let L be a compact, simply-connected, simple
Lie group. Suppose that L is homotopy commutative at the prime 5. Then we have a group
isomorphism

(G2, L] = H[Gy, L] @ m1a(L). (1.5)

Further, if L is an exceptional Lie group, we have a group isomorphism

[Gy, L] = H[G,, L]. (1.6)

Kaji and Kishimoto [16] have proved results on the homotopy nilpotency of p-regular
Lie groups, and described the Samelson products in G. We use these results, combined
with further results of Theriault [38], to consider [A, L] when G is p-regular but not

homotopy commutative.

Let X be a space with a basepoint xg. Then the (reduced) suspension of X is the quotient
space
IX=(XxI)/(Xx{0}UX x {1} U{xp} x I). (1.7)

This can be thought of as taking the cylinder X x I and collapsing each end (X x {0}
and X x {1} respectively) as well as the line {x} x I. There is a natural transformation
X — OYX.X mapping the space to its loop suspension, which we denote by E.

Let ji; : S?"~1 < A 5B QFA, where E is the suspension map. Define x; to be the

composite x; : $2"i~1 Moaxa Y G, where j is the adjoint of the inclusion A — G.

The least dimensional p-torsion homotopy group of % is 75, (S%) = Z/pZ; denote its
generator by a7 : S? — S°, and by abuse of notation let a7 : S"*2~3 — S" be the
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(m — 3)-fold suspension of a; for m > 3. If (x;,xj) is a non-trivial Samelson product,
we define the corresponding map b; ; to be the composition

by S2miHm =2 My gt 2mi=2+l 4 By O34, (1.8)
We then define & to be the composite

R RN e Ny PN RENY 0 3/ ) (1.9)

We use these definitions to prove the following theorem, which allows us to extend a
map f : A — Ltoan H-map f : G — L. This enables us to prove later results relating
[A, L] and |G, L] despite the lack of homotopy commutativity of L.

Theorem I (to appear as Theorem 7.4). Let G and L be compact, simply-connected, simple
Lie groups. Suppose that G and L are localised at an odd prime p such that G is p-reqular but
not homotopy commutative. Let f : A — L be a map, and let f : QXA — L be the induced
H-map extension of Theorem 3.8. Suppose that the following compositions are null homotopic:

fo(ui ) fobi foa (1.10)
Then there exists a unique H-map f : G — L extending f, such that f oi ~ f.

Corollary J (to appear as Corollary 7.5). Suppose that for any f : A — L, the H-map
extension f : QXA — L from Theorem 3.8 has the property that the compositions in (7.16)
are null homotopic. Then there is a one-to-one correspondence ® : [A, L] — H[G, L], sending
f: A — L toits H-map extension f : G — L. O

These are then used on the classical groups to find decompositions for H[G, L] = [A, L]
as products of homotopy groups of L, under the following conditions:

e G=SU(m),L=SU(n)for2m <n,m<p<mn;

e G=Sp(m),L=Sp(n)fordm <n,2m < p < 2n;

e G = Spin(m), L = Spin(n) fordm —3 < n,2m—1 < p < 2n —1 with m and n
odd.
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Our final results consider when there is in fact a group isomorphism H[G, L] = [A, L].
Initially, we prove that there exists a homotopy commutative diagram

AVA T8 1vL s LxL "L

E

OX(AV A)
o (1.11)
QLA x Q%A

rXr

GxG

for H-maps 7, ¢ and 4.
This is done through a series of lemmas, resulting in the following.

Corollary K (to appear as Corollary 8.11). Suppose that (A, i, G) is a retractile triple and
there are maps f,g : A — L where L is a homotopy associative H-space. Given the following
hypotheses:

* the composite Q(LA N A) Olivil, Q(ZAVEA) 5 L, where iy, iy are the inclusions

into the first and second summands respectively, is null homotopic;

* there is a homotopy fibration
orR ¥ asa G (1.12)

with the property that f o Qp and § o Qp are null homotopic,
the map ® given by Corollary | has the property that ®(f + g) ~ O(f) + P(g).

Finally, we prove that this corollary applies to the classical groups under the same

conditions as before, yielding group isomorphisms [A, L] = H|[G, L].

1.3 Overview

Chapter 2 introduces localisation, p-regularity, homotopy commutativity and homo-
topy nilpotency. The definitions and results in this section will be vital throughout
the thesis, as p-regularity and homotopy commutativity (or lack thereof), are neces-
sary conditions for many following results. Chapter 3 concentrates on the James con-
struction and its properties, along with the Hilton-Milnor theorem and Whitehead and

Samelson products.
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In Chapter 4 we see some results on decomposing the sets of homotopy classes of maps
G — L, and the p-local H-spaces constructed by Cohen and Neisendorfer [3]. Here
we prove our results when both G and L are both homotopy commutative, and some

example calculations are also given.

Chapter 5 sets up some theory preparing for the non-commutative case, which is then
used in Chapter 6 to recover a more general version of our earlier results, using dif-
ferent methods. We also consider the case where homotopy commutativity does not
imply p-regularity.

In Chapter 7 we use results on homotopy nilpotency to prove our results on the non-
homotopy commutative case, giving conditions for H[G,L] = [A, L] in the classical
groups. This is then extended to a group homomorphism in Chapter 8.






Chapter 2

Localisation and Homotopy
Commutativity

Two of the most important properties of a space in this thesis are those of p-regularity
and homotopy commutativity. These conditions have a great effect on the decomposi-
tions of the spaces [G, L] and H|[G, L].

2.1 Localisation and p-regularity

Localisation of CW-complexes was defined by Mimura, Nishida and Toda in [24], where
more detailed definitions of localisation at a set of primes P, and many further results

can be found. Here we simplify to localisation at a single prime p.

Definition 2.1. Let X, Y be simply-connected CW-complexes. For a prime p, X is called
p-equivalent to Y if and only if there exists a map f : X — Y such that the induced map

£ Ho(Y;Z/pZ) — H.(Y;Z/pZ) 2.1)

is an isomorphism. The map f is then called a p-equivalence. Equivalently, f is a p-
equivalence if the induced map

L HY(Y;Z/pZ) — H (X; Z/ pZ). 2.2)

is an isomorphism.

Definition 2.2. Let {X;, f;} be a sequence, where each X; is a subcomplex of X; 1,
Xo=X,and f; : Xj_1 — X;. We call {X;, f;} a p-sequence if:

1. each f; is a p-equivalence, and
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2. for any n, i, and any prime g such that (g, p) = 1, there exists some N > i such
that (fnyo...o fi)s : Hi(Xi—1;Z2/92Z) — Hu(XN; Z/qZ) is trivial.

Definition 2.3. Let X be a simply-connected CW-complex and let { X;, f;} be a p-sequence.
Then the localisation of X at p, denoted X(p), is defined to be

X =X (2.3)

Let X and Y be simply-connected CW complexes, and f : X — Y be a given map.
Then Mimura, Nishida and Toda [24] showed that as we may assume f is cellular,
0 X — Yy it induces a map £,(f™) : Xé;g — Y((Z)) which is unique up to
homotopy. Thus, they obtain a map £(,)(f) : X,y — Y(,). The following theorem of

Mimura, Nishida and Toda [24] provides some useful properties of localisation.
Theorem 2.4 (Properties of Localisation). Let X, Y be simply-connected CW complexes, and
let f: X — Y beamap.

1. The localisation X, is uniquely determined up to homotopy type.

2. There is a natural inclusion X < X,).

3. The map f induces a map f(, : X(,) — Y(p), which is unique up to homotopy.

4. If f is a p-equivalence, then f,) is a homotopy equivalence. O
We now look at some results of Mimura and Toda on the p-regularity of Lie groups.

When a group is p-regular, it has a homotopy decomposition that is simpler to work
with, so will be a very useful condition.

Definition 2.5. In [27], Mimura and Toda construct spaces B, (p), each of which is an
§?"+1_pundle over §¥"+1+2(r=1) A Lie group G is said to be quasi-p-reqular if it is p-
equivalent to a product of spheres and spaces of type B, (p).

In the case that G is p-equivalent to a product of spheres, we say that G is p-regular.
The following table shows the results of Mimura and Toda [27] on the conditions on

p for p-regularity and quasi-p-regularity of compact, connected, simply-connected Lie
groups.
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quasi-p-regularity p-regularity

Sun) p>% p>n—1
Sp(n) p>n p>2n—1
Spin(n) p> "5t p>n—1
Gy p>5 p>7
Fy p>5 p>13
Eg p=>5 p>13
E; p>11 p>19
Es p>11 p>31

Theorem 2.6 (Hopf’s Theorem [13]). Let G be a compact, connected, simple Lie group. Then

H*(G,Q) gA(Xdl,...,Xdr), (24)

where deg x4, = d; = 2n; — 1, r is the rank of G, and dim G = X;d;. O
Definition 2.7. The fype of G is the r-tuple (d, ..., d,).

Suppose G is p-regular. Then there is a p-equivalence f : G — S, where S is a product
of spheres. Then S is exactly S x ... x 5%, as proved by Serre [34] for classical groups
and Kumpel [20] for exceptional groups. By Theorem 2.4, localising at p gives us a

homotopy equivalence f(,,) : G, = S(p)- Thus, localised at p, we have

p

G~ Shx. .. x8 (2.5)

Recall that d; = 2n; — 1, so the spheres in the above decomposition are all odd-dimensional.

Thus, by localising at a prime p such that we have p-regularity, the compact, connected,
simply-connected Lie groups decompose in the following way [24]:

SU(n) S x8 x...x§n 1
Sp(n) xS x ... x &l

Spin(2n+1) xS x ... x &l

Spin(2n) P x 87 x ... x MO x g2t

G, S% x st
E, S3 x S % §15 % 623
Ee 53 x 87 x SM x §15 x §17 x 623
E; S x SM x §15 % §19 % 6B x §% x §%°
Es $3 % S12 x 622 x §% x % x §¥ x §¥ x §%.

The dimensions of the spheres in these decompositions correspond to the generators in
homology; H.(G) = A(xg,,...,X4,).
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2.2 Homotopy commutativity and nilpotency

Definition 2.8. A topological group H is said to be homotopy commutative if the commu-
tator map H x H — H, defined by (x,y) — xyx~1y~1, is null homotopic.

Although in general a compact, connected, simply-connected Lie group G is not homo-
topy commutative [1], for certain primes p, the localisation G(,) is homotopy commu-
tative. In the group of homotopy classes |G x G, G|, the commutator map represents a
class of finite order, as proved by Mislin [28]. Then, by identifying primes that do not
divide this finite order, McGibbon [21] proved the following theorem.

Theorem 2.9. A Lie group G is (p-locally) homotopy commutative in the following cases:

SU(n)ifp > 2n; Gyifp > 13;
Sp(n)ifp > 4n; Fy, Egifp > 29;
Spin(2n+1) if p > 4n; E;ifp > 37;
Spin(2n) if p > 4(n —1); Egifp > 61;
and the additional instances Gy at p = 5 and Sp(2) at p = 3. O

Recalling the results on p-regularity from Section 2.1, note that homotopy commuta-
tivity is in almost all cases a stronger condition than p-regularity. The only exceptions
to this are Sp(2) at p = 3 and G; at p = 5, which are homotopy commutative but not
p-regular. These outlying cases are dealt with in Propositions 6.5 and 6.6.

There are various ways to generalise homotopy commutativity. For example, the no-
tion of higher commutativity gives a gradation between homotopy commutativity and
strict commutativity; this was formulated by Sugawara [35], and further work has been
done by Williams [41] and Saumell [32], who used this idea to generalise McGibbon's
Theorem 2.9.

A generalisation of homotopy commutativity that we will later use is that of homotopy

nilpotency, which considers the non-homotopy commutativity of a loop space.

Definition 2.10. Let A be a connected loop space, and let 7 : Al 5 A denote the

iterated commutator map
T=70(1Xx7y)o---o(Ix1Tx---Xx1x). (2.6)

Then A is homotopy nilpotent if there exists some positive integer N such that y is null

homotopic.

The homotopy nilpotency class of a homotopy nilpotent loop space A is denoted nil(A),

and is defined to be the least integer n such that 7, is null homotopic. In this way we
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can measure to what extent a group fails to be homotopy commutative. Notice that
nil(A) = 1 when A is homotopy commutative.
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Chapter 3

Universality and the James
Construction

3.1 Universality

Definition 3.1. Let T be a space, and let U be a homotopy associative, homotopy com-
mutative H-space. Leti : T — U be a map. We say that U is universal for T if, for any
map f : U — V where V is a homotopy associative, homotopy commutative H-space,
there is a unique H-map extension (up to homotopy) f : U — V such that f ~ foi.
This is illustrated in the below homotopy commutative diagram.

T |4

AN
: /f (3.1)

u

If T has a universal space U, then U is unique.

At current, there is no general way to find a universal space for a given space T. How-
ever, there are some known examples constructed using ad hoc methods. For example,
forp > 5, S2n+1 js universal for itself, and is also homotopy associative and homo-
topy commutative. Gray [7] showed that [S?'T1, §2m+1] & H[S2n+1 g2m+1]: in fact, his
methods can be used to prove [S?'*1,Z] = H[S?>"*!,Z] for a homotopy associative,

homotopy commutative H-space Z.

3.2 The James Construction

The James construction allows us to extend a map X — Y to an H-map QXX — Y,

which is a very useful tool when looking at the class of H-maps.
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Definition 3.2. Let X be a pointed topological space, and let Jy(X) = X¥/ ~, where the
relation ~ is defined by

(1, xjmn %X+ L0, x) ~ (xg,., X = Lxp+ 1%, xg). (3.2)
Then the James construction, denoted J(X), is defined by J(X) = lim_,; Ji(X).

Note that X = J;(X), and we have a canonical inclusion X < J(X).

Remark 3.3. The James construction J(X) is a topological monoid, and since any map
X — M from X to a topological monoid M has a unique extension to a morphism
of topological monoids J(X) — M, we see that the canonical inclusion X — J(X) is
universal with respect to maps X — M.

Observe that by definition, J;(X)/Ji_1(X) = X"k, where X"* is the k-fold smash prod-
uct of X with itself. Then the kth fat wedge of X is defined to be

FWi(X) = {(x1,x2, ..., %) € X"¥|x; = « for some j}. (3.3)

We then have a commutative diagram

FWi(X) « Xk XNk

! |

Jr-1(X) —— Ji(X) —» X"

(3.4)

The following theorem [29] allows us to decompose the suspension of a product.

Proposition 3.4. For connected CW-complexes X and Y, there is a weak homotopy equivalence
S(X xY)~EZXVIYVEXAY). (3.5)

O]

Using the above theorem and induction on k, the top right epimorphism in (3.4) splits
after suspension, and thus the bottom epimorphism also splits. This gives us the fol-

lowing lemma.

Lemma 3.5. If X has the homotopy type of a connected CW-complex, then there is a homotopy
equivalence L] (X) ~ /52, Z(X"F). O

Let I denote the unit interval and consider the loop space QX of loops w(t), t € I.
Multiplication in this space is homotopy associative, but not strictly associative; we

may define a new set as follows, in which multiplication is strictly associative.
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Definition 3.6. The Moore loop space (¥ X is defined by

O'X = {(s,w) € R* x X®|w(0) = * and w(t) =  for t > s}. (3.6)

The multiplication in )’ X is strictly homotopy associative, where the product of paths
of lengths s and s’ respectively has length s 4 s’. There is an obvious inclusion QX — Q'X,
and a map (' X — QX which reparametrizes a path to have domain [0, 1]. These maps
are both H-maps, and inverse homotopy equivalences, so (X and (' X are homotopy

equivalent.

By the universal property of the James construction, as mentioned in Remark 3.3, the
composition X — QXX = (¥LX can be extended to a map J(X) — Q'TX.

This gives us the following useful result:

Lemma 3.7. If X has the homotopy type of a connected CW-complex, then the composite
J(X) = 'EX — QXX is a homotopy equivalence, and so [(X) ~ Q¥X.X. O

Let f be a map X"\ — Y, and define the map f : J(X) — J(Y) by

fk|]k(x)(x1,. . .,xk) = Hf(xil NXip N\ /\Xl'm) S ](71:1)(Y), (3.7)

where the product is taken over subsets {x;,,...,x;, } of {x1,..., x;} ordered right lex-
ographically. The collection of such maps on each J;(X) induceamap f : J(X) — J(Y).
This map f is known as the James combinatorial extension of J;(X) — X/\™ IR Y, and is
unique up to homotopy. This is expressed in the following theorem:

Theorem 3.8 (James [14]). Let X be path-connected and let Y be a path-connected, homotopy
associative H-space. Then a map f : X — Y extends to an H-map f : QXX — Y, where f is
the unique H-map such that f o E ~ f.

In particular, this gives us a one-to-one correspondence between homotopy classes of maps
X — Y and homotopy classes of H-maps (0~.X — Y, and the homotopy class of any H-map
OXX — Y is determined by its restriction to X. O

Remark 3.9. In the above, we have Y a homotopy associative H-space, and an H-map

extension

f(xl, “e ,xk) = f(xl) .. .f(xk), (38)

where the order of the multiplication does not matter by homotopy associativity.

If instead we take Z an H-space, not necessarily homotopy associative, then we can still

define an extension

flxr, o xe) = ((f(xa) f(x2)) f(x3)) f(xa) - ... (3.9)

in which we choose an order to multiply. However, this extension may not be unique.
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In the special case where f is the identity map, the James combinatorial extension is
Hy @ J(X) — J(X"™), referred to as the m'™ James-Hopf invariant map. Consider the
composites of the form

Je(X) = J(X) 2 J(XM) < ] ( V XA’”) (3.10)

Taking the product of these maps over j = 1,2,...,k (in order) gives us maps

Jk(X) =T ({7 X“”) . (3.11)

m=1

These can then be combined to form a map J(X) — J(Vi_q X\™); compose this with
the homotopy equivalence J(\/5—1 X'™) ~ QX (V-1 X™), and adjoint to yield an
explicit homotopy equivalence for Lemma 3.5.

3.2.1 The Hilton-Milnor Theorem

The following proposition [33], somewhat similar to Proposition 3.4, allows us to de-
compose the loops on X V XY.

Proposition 3.10. Let X and Y be connected CW-complexes. Then
QXVIZY) 2 OX xQX(YV (QXAY)). (3.12)

O]

Recall that by Lemma 3.5, for a connected CW-complex X we have Z](X) =~ /3> ; Z(X"F).
Combining this with Lemma 3.7, which gives us J(X) ~ QX.X, and the above proposi-
tion, we get the Hilton-Milnor theorem.

As proved by Hilton in [12] and later generalised by Milnor [22], the Hilton-Milnor
theorem allows us to decompose the loop space of a wedge sum in terms of loop spaces
of smash products of the factors. Hilton’s version used spheres for spaces X and Y,
rather than the more general version stated below.

Theorem 3.11 (The Hilton-Milnor theorem). Let X and Y be connected CW-complexes.
Then

OL(XVY) ~ OZX x QX ({7 (XN A Y)) . (3.13)
=0

O]

If we reduce the conditions to have X and Y connected but not necessarily CW-complexes,

then we still have a weak equivalence (3.13). This theorem can be applied repeatedly
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to continue to decompose the final term, although calculations soon become unwieldy.
The Hilton-Milnor theorem has been further generalised by Gray [6] and Porter [30].

3.2.2 Whitehead and Samelson Products

The following definitions give us products on homotopy classes of maps. Let X, Y, Z
have the homotopy types of connected CW-complexes, and let Z be an H-group. Let
f: X —=Zand g:Y — Z, and consider the commutator map X x Y — Z given by

(x,y) — f(x)gy)f(x) "g(y) " (3.14)

The restriction of the commutator map to the wedge X V Y is null homotopic, and so
we have an induced map (f,g) : XAY — Z.

The H-group Z retracts off Q¥X.Z, a loop space, so the composition Z Larz 5 Zis
the identity map on Z. Since (0¥.Z7 is a loop space, it has homotopy inverses, so for any
map into Z we may compose with E, take inverses in (X7, and then compose with i

to return to Z. This gives us homotopy inverses, so the sequence

(XVY,Z] «+ [XxY,Z] < [XNY,Z] (3.15)
splits, and therefore the homotopy class of (f,g) is uniquely determined by those of f
and g.
Definition 3.12. We call (f, g) the Samelson product of f and g.

Remark3.13. If f : S™ — Zand g : S" — Z, then the Samelson product (f, g) : "™ — Z
gives the homotopy groups 7. (Z) the structure of a graded Lie algebra [29].

The following definition, due to Whitehead [40], gives a product (X AY) — Z defined
using adjunctions on the Samelson product.

Definition 3.14. Let Z = QC,and let f' : X — C, ¢’ : XY — C. Let f : X — Z and
¢ Y — Z be the adjoints of f’ and g’ respectively. Then take the Samelson product
(f,8) of f and g; the Whitehead product is defined to be the adjoint of (f,g), and is
denoted [f’, ¢'] : Z(XAY) — Z.

Define wy : ZXF — £X to be the k-fold Whitehead product of the identity map 1 with
itself:
wr=[1,[1,...[1,1]...]. (3.16)

For example, w3 = [1,[1,1]].
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3.2.3 The expanded Hilton-Milnor theorem

We start this section with some background on Lie algebras.
Definition 3.15. Let g be a vector space over a field F, together with an operation |-, -] :
g X g — g that:
e is bilinear, so [ax + by, z| = a[x,z] + bly, z] and [z,ax + by]| = alz, x] + b[z,y] for
alla,be Fandall x,y,z € g,

e has the property that [x, x] = 0 forall x € g, and

e satisfies the Jacobi identity [x, [y, z]] + [y, [z, x]] + [z, x,y]] = O forall x,y,z € g.
Then [, -] is a Lie bracket, and g together with [-, -] is a Lie algebra.

Now let S be a set and g a Lie algebra, and leti : S — g be a morphism of sets. Suppose
that for any Lie algebra h with a morphism of sets j : S — b, there is a unique Lie
algebra morphism k : g — B such that j = k oi. Then i is the universal morphism, and g
is the free Lie algebra on S. For any set S, we may generate a free Lie algebra g(S).

To describe the result of iterating the Hilton-Milnor theorem countably many times, we
must introduce some notation, following that of [29].

Let X and Y be connected, and let L = L1 be a finite ordered list of elements, with first
element x;. Let tx and 1y be the compositions tx : X — X VY N QX (X VY) and
ly 1Y = XVY — QX(X VYY) respectively. Writing ad(«)(B8) = («, B), we can form
iterated Samelson products

ad(ix)'(ty) : XN AY = QL(X VY). (3.17)

Definition 3.16. A Hall basis is an ordered basis for the ungraded free Lie algebra gen-

erated by the set L, and is defined as follows:

1. Let By = {x1},and L, = {ad(x;)/(x)|i > 0,x € Ly, x # x1 }.

2. Order L, by from shortest to longest by bracket length (for example, (x1, (x1, x))
is of length 3), and let x; be the first element of L.

3. Let B, = BiU {x2},and L3 = {ad(x2)'(x)]i > 0,x € Ly, x # x2}.

4. Continue in this manner, repeating steps 2 and 3 countably often. Define B := (J;_; By.

Then B is a Hall basis generated by L.
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Now let B be a Hall basis generated by the set {ix, 1y }. Let w = w(ix, ty) be an element
of B (and thus, an iterated Samelson product), and write w(X,Y) for its domain. For
example, if w(tx, ty) = (1x, {tx,ty)), then the domainis X A (X AY).

Theorem 3.17 (The expanded Hilton-Milnor Theorem). Suppose X and Y are connected
spaces. Then there is a weak equivalence

[T OZ(w(X,Y)) = QZ(XVY) (3.18)

w€EB

which is the multiplicative extension of w(tx, ty) on the w factor, defined by multiplying maps
in order according to B. O
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Chapter 4

The Homotopy Commutative Case

4.1 Decomposing Homotopy Classes of Maps between Lie Groups

Our main goal is to identify when maps between Lie groups are homotopy equivalent
to H-maps. We will begin with some more general results on H-spaces, and then see
how these can be applied to the compact, simply-connected, simple Lie groups that we
are considering. Initially we decompose [X, Y] for X and Y H-spaces, and then use this

decomposition to give an expression for [G, L] in terms of homotopy groups of L.
We begin with the following theorem of Grbi¢ and Theriault [8].

Lemma 4.1. Let X and Y be H-spaces, and suppose that Y is homotopy associative and homo-
topy commutative. Then the group structure of [X, Y] is preserved when restricting to H[X, Y],
and the inclusion H[X, Y] — [X, Y] is a group homomorphism.

To illustrate the method, we reproduce the proof as given in [8].

Proof. We prove this lemma by showing that H[X, Y] is a subgroup of [X,Y]; the re-
sults will follow. The identity element of [X,Y] is the constant map to a point, and
since this is an H-map, it is in [X, Y]. Since Y is homotopy associative and homotopy
commutative, both the multiplication  : Y x Y — Y and the inverse —1 : Y — Y are
H-maps.

Let f,g: X — Y be H-maps, and consider the composite

Fro xS xxx&vyxy Ly, 4.1)

Each of A, f x g and y is an H-map, and therefore f + g is also an H-map and H[X, Y] is

closed under addition. Since —1 and f are both H-maps, the composite —f : X Ly Ly
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is also an H-map, and hence H[X, Y] is closed under inverses. Thus H[X, Y] is a sub-
group of [X, Y] so the group structure is preserved, and the inclusion H[X, Y] — [X, Y]
is a group homomorphism. O

The following theorem of Grbi¢ and Theriault [8] allows us to use a decomposition of
a suspension X to then decompose homotopy classes X, Y].

Theorem 4.2. Let X be a space, such that ©X ~ \/!_; £X;. Let Y be a homotopy associative

H-space. Then, as sets,
t

X, Y] = T]1X: Y. (4.2)
i=1

If additionally Y is homotopy commutative, then the above isomorphism is of groups.

Proof. We split the proof into 2 cases: the simpler case where Y is a loop space, and the
more general case where Y is a homotopy associative H-space. We will then consider
the additional condition that Y is homotopy commutative.

Case 1 (Y = Q2Z). Consider the following sequence of isomorphisms:

(X,0Z] = [£X, Z]

t

\/ X, Z
i=1

~Y

1%
:IH

[Z‘Xi/ Z]

- |l
—

1%

X, QZ).

The first isomorphism is by adjunction, and is an isomorphism of groups. We have the
second isomorphism from the homotopy decomposition given above; note that this is
just an isomorphism of sets. The third is a standard property of mapping spaces, and
adjunction again gives us the final isomorphism. These last two isomorphisms are also
as groups.

Case 2 (Y a homotopy associative H-space). Let f : X — Y represent a homotopy class
in [X,Y]. Then, using the James construction (see Theorem 3.8), there is a unique H-
map f : QXX — Y such that f o E ~ f. Recall that E denotes the suspension map. Now
let ¢ : V!_; X; — Y represent a homotopy class in [V!_; X;, Y], and proceed similarly:
there exists a unique H-map ¢ : Q%(V!_; X;) — Y extending g, such that §o E ~ ¢.
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We have a homotopy equivalence e : X ~ %(\/!_; X;), so now define a map

¢$:[X Y] —

t
\/ X;, Y
i=1

fl—)foﬂ(e_l)oE

-1 7
so that ¢(f) : Vi X; L2N QX (Vi X)) 2 arx L v, we similarly define a map
t
v VX Y| = [XY]
i=1
gr>goQeoE

sothat p(g) : X & QX 2% Qn(V_, X)) 5 V.
We summarise the above situation in the following diagram:

X E osx Ly

g

Vi X~ on(vi, X)) o Y

(4.3)

Note that the top row is homotopic to f, the bottom row is homotopic to g, and ¢(f)
and (g) ‘cross over’ in the middle of the diagram.

We will prove that [X, Y] = [\V!_; X;, Y] by showing that ¢ is a bijection. In fact, we will
show that ¢ o ¢ and ¢ o ¢ are the identity maps of [\/\_; X;, Y] and [X, Y] respectively.

Let f: X — Y,andlet g = ¢(f) = foQ(e !)oE. Since f and Q(e~!) are both
H-maps, their composite is also an H-map, and thus f o Q(e™!) is an H-map whose
composite with E is homotopic to g. But § was the unique H-map such that §o E ~ g,
and therefore we have § ~ fo Q(e™!).

Then we have (¢ o ¢)(f) = p(¢p(f)) = p(g) = § o Qe o E, and combining this with the
above gives us that

($op)(f) = go O oE
~ (foQ(e 1)) oQeoE
:foE
~ f.

A similar argument for ¢ o 1 shows that it is also the identity map, and thus ¢ is a

bijection.
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We have proved that [X, Y] = [T/_,[X;, Y] as sets; it remains to prove that when Y is
homotopy commutative, the isomorphism is of groups. Suppose that Y is homotopy
commutative, then we need to show that ¢ is a group isomorphism. Let f; and f, rep-
resent homotopy classes in [X, Y]. By Theorem 3.8, we have a unique H-map (f1 + f2)

such that (fi + f2) o E ~ f1 + f». By definition, we have

p(fi+f2)=(fitf)oQe ") oE. (4.4)

We may also apply Theorem 3.8 to f; and f, separately to get H-maps f; and f, such
that fi o E ~ f; and f o E ~ f,. By Lemma 4.1, homotopy commutativity of Y implies
that f1 + f is also an H-map. Note also that

(fi+f)oE~(fioE)+(f20E) =~ fi+ fo. (4.5)

By uniqueness of (fi + f2), we have (f1 + f2) =~ f1 + f2, and so

Then ¢ is a group homomorphism, and since it is also a bijection ¢ is a group isomor-

phism. O

The compact, simply-connected, simple Lie groups satisfy the conditions of the above
theorem. In fact, they are even loop spaces. There are however many spaces which
are not loop spaces, but still satisfy the conditions of Theorem 4.2. For example, the
families of p-local finite torsion-free H-spaces constructed by Cohen and Neisendorfer
in [3] and Cooke, Harper and Zabrodsky in [4] were given conditions for homotopy

associativity and commutativity by Theriault in [36].

Let G and L be compact, connected, simply-connected Lie groups and take a prime p
such that both G and L are homotopy commutative. Then as we saw in Section 2.1, G
and L are each at least quasi-p-regular. Suppose G is p-regular and write its decompo-
sition

G~ Shx . xS (4.6)

Remark 4.3. The suspension of a product of spaces X = X; x ... x X, is given by

(X x ..o x X)) = \[E(Xy, AL AKX, 4.7)
Tr

where T, = {({1,..., )1 <l <...<li<r1<i<r}
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Substituting X = G(,), where G is p-regular, shows that G satisfies the conditions of
Theorem 4.2.

Using Theorem 4.2 and Remark 4.3, we see that, localised at p,

G~ B(8% x ... x §%)
~ \/Z(8%" A... A S%)

and therefore
(G, L] = @p[stat,L]. (4.8)
T
So the space [G, L] is isomorphic to the direct sum of homotopy groups of L, each cor-
responding to an element of T,.

Example 4.1. Consider G = Gy. For p > 13, G, is both p-regular and homotopy commutative,
and we have Gy ~ S® x SY. The rank of G, is 2, so we need T, = {(1),(2), (1,2)}. Thus, for
L a homotopy commutative Lie group, we have

(G L) = RIS+, 1]
T

o [53’ L] ® [Sll, L] D [S3+11, L}
o 7-[3([,) D 7T11(L) D 7T14(L)'

4.2 H-maps between Lie groups

We now move on to look at the subset H[X, Y], the homotopy classes of H-maps X — Y.
Assume X and Y have the homotopy types of CWW-complexes, unless otherwise stated.
Then by [15], Y has both left and right homotopy inverses. If Y is homotopy associa-
tive, then these inverses coincide, and therefore [X, Y] is a group. If additionally Y is

homotopy commutative, then the group is abelian.

4.21 Construction of p-local H-spaces

In [34], Serre decomposes Q52" localised at odd primes, into §2n=1 . )64"=1 Cohen
and Neisendorfer [3] then extend this to other examples. This was also proved using
different methods by Cooke, Harper and Zabrodsky [4].

Theorem 4.4. Let p be an odd prime, and let X be a simply-connected CW-complex, with
¢ < p —1cells all in odd dimensions. Localise at p. Then there exists an H-space Y such that:
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1. With mod-p coefficients, H.(Y) = A(H.(X)).

2. There exists a map 1 : X — Y such that the induced map 1, is the inclusion of the
generating set in homology.

A further result of Theriault [36] says that if { < p — 2 then Y is homotopy associative and

homotopy commutative.

We give an overview of the proof of Theorem 4.4 using Cohen and Neisendorfer’s

approach.

Note that X is a localisation at an odd prime of odd-dimensional cells, in dimen-
sions ny,...,ny. Thus, H,(X) has basis 1, u, ..., u,, where each u; has degree n; and
V := H.(X) has basis u,...,u,. Since H.(X) is a trivial coalgebra, H.(QXX) is the
primitively generated tensor algebra T(V) = T(uy,...,up).

Cohen and Neisendorfer [3] construct a space R and a map p such that we have the
following homotopy fibration sequence:

OR - QrX 5y 5 R - XX, (4.9)

where Y is such that H, (Y) is the primitively generated exterior algebra A(V) = A(uy, ...

We also have a decomposition XX ~ Y x (QR. Note that p is an H-map if ¢ < p —2
[36].

The space R can be written \/f;’z1 R;,and we have maps 0; : R; — X X. Define ) = \/f;’z1 0;.

Then R; % ¥ X factors as R; = SXM 24 X, and R; retracts off XV,

Define : to be the composition X Eoaorx &y [3], we see that the suspension
Y1 : XX — XY admits a retraction XY — XX, and thus p has a sections : Y — Q¥X.X.
Then the H-space multiplication on Y is given by the composition

SXS

Y xY 25 05X x QX 5 azx 5y, (4.10)

where m is the standard multiplication on OX.X.

Lemma 4.5. Using the notation above, if { < p — 2, then Y is universal for X (See Defini-
tion 3.1).

Proof. By Theorem 4.4, we have that Y is homotopy associative and homotopy com-
mutative. Let f be a map X — Z, where Z is a homotopy associative, homotopy
commutative H-space. Recall that QXX ~ Y x QR.
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Using the James construction, we obtain an H-map extension f : QXX — Z, giving a

homotopy commutative diagram.

l,:- /f (4.11)

Now consider the composite f o )6; recall that 6 factors as

(41 (41 Vi
R=\/R — \/ zx" % 5X, (4.12)
i=2 i=2

where w; is the i-fold Whitehead product.

Now consider Q=X 2% 05X %3 Z. We claim that f o Quw; ~ x. By the universal

property of the James construction, it suffices to show that the composition

xM 5 arxh 29 oy x Ly 7 (4.13)

is null homotopic. Note that Qw; o E is the adjoint of w;, and is thus a Samelson prod-
uct. Since H-maps are natural for Samelson products, f o Qw; o E is also a Samelson
product, which map trivially into homotopy commutative H-spaces and thus the com-

position (4.13) is null homotopic. This proves our claim.
Consider the composition
41 -
0 (\/ ZXN> oV yx Ly 7. (4.14)
i=2

Both f and Q(V; w;) are H-maps, and so the homotopy class of the above composition
is determined by composing with E,

I+1 . F +1 ) Q(V; @) 7
\/ XM B\ zxM) S aEx S 2. (4.15)
i=2 i=2

Using the above argument on each wedge summand, we see that the composition is
null homotopic when restricted to each factor (see (4.13)), and therefore the whole com-
position f o Q(\/; w;) is null homotopic. Then since 6 is defined by factoring it through

fi’zl X", the fact that f o Q(\/f;rz1 w;) is null homotopic implies that the composition

OrR % arx Lz (4.16)

is null homotopic as well.
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Now we have an H-map Y x OR ~ OXX i> Z, whose restriction to QR is null homo-
topic. Lete : Y x QR = QXX be the above homotopy equivalence, and consider the
following diagram, where the top row is homotopic to e.

Y x OR 520 QX x QX 1o Oy x
lml lfx 7 lf- (4.17)
A S SN AV L S

Consider the left square in the above diagram. In the upper direction we have

Y x OR &% aorx x aoxx & 7 x 7, (4.18)
and in the lower direction we have
YyxoR™ vz 747 (4.19)

The lower direction is homotopic to f, and since Y x QR ~ QXX and O o f is null
homotopic, the upper direction is also homotopic to f and so the left square homotopy
commutes. The right square also homotopy commutes as f is an H-map, so the whole
diagram is homotopy commutative.

Define f ~ f o, and note that f is homotopic to the bottom row of the above diagram.

We would like for f to extend f, so that f ~ f o p. Consider the following homotopy
commutative diagram, where the top row is homotopic to e and the bottom row is
homotopic to the identity map on Y.

Y x QR X% Oy X x Qrx T OyX

[m | Jexe l" (4.20)

y " s yxy ™ v,

The right square homotopy commutes as ¢ < p — 2 which means that p is an H-map.
The outer square around the diagram also homotopy commutes; the lower direction is
the projection onto Y, and since s is a section for p and p o Q8 ~ x, the upper direction

is also projection onto Y. Thus the whole diagram is homotopy commutative.

Then p o e ~ n1;. Combining this with diagram (4.17) as follows, we see that f ~ f o p.

OSX -5 Yx OR —% OFX

- - (4.21)

Y —— Z
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To show that f is an H-map, consider the following diagram, where my, mz denote the
multiplications on Y and Z respectively, and y is the loop multiplication on (XX. Note
that we have the middle square because f is an H-map.

YxY 25, OsX x QEX —— X 5y

k |77 |7 |7 (4.22)
Z

Zxz7Z —" 7

Recall that f ~ f o p, and that s is a section for p. Then by definition of f, we have
fos~ fopos ~ f,and so the triangle homotopy commutes. The middle square of the
diagram homotopy commutes because f is an H-map, and the right square homotopy

commutes since f ~ f o p. Thus the whole diagram is homotopy commutative.

Observe that the top row of the diagram is the definition of my, and so the homotopy
commutativity of the diagram shows that f is an H-map.

It remains to check uniqueness. Suppose that g,h : Y — Zaresuchthat f ~ gor=gopoE
and f ~hot=hopoE. Now consider

QZXLY%Z.

el (4.23)
v

Since both g o p and h o p are H-maps, and we have gopoE ~ f ~ hopoE, the
universal property of the James construction implies that g o p ~ h o p. Now composing
withs: Y — QXX gives us that g ~ h. O

We now move on to some results more specifically about Lie groups.

Mimura, Nishida and Toda [25] proved the following theorem on decomposing Lie

groups:

Theorem 4.6. Let G be a simply-connected, simple Lie group, without p-torsion and of type
(dy,...,dy). Then G has an irreducibly mod-p decomposition into r spaces, excepting the case
G = Spin(2n) which has an irreducibly mod-p decomposition into r 4+ 1 spaces.

We have already seen decompositions of Lie groups into products of spheres in Sec-
tion 2.1.
Definition 4.7. The factors of the mod-p decomposition of G are known as mod-p Stiefel

complexes Bf,(p), having the following properties:

L H*(BY(p); Zp) = AXams1, Xomi 1440+ Xoms 14 (k1)) With g = 2(p — 1), and
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2. there exists a map f : BX (p) — SU(m+1+ (k—1)(p —1))/SU(m) inducing an
epimorphism in Z,-cohomology.

The following theorem of Theriault [37] offers more detail about decomposition of Lie
groups.

Theorem 4.8. Let G be a compact, connected, simply-connected, simple Lie group which is
torsion free. There is a co-H-space A(G) such that H,(G) ~ A(H.(A(G))), and a map
g+ A(G) — G inducing the inclusion of the generating set in homology. In addition:

1. We have the homotopy decompositions

12
i
o~ ]]

-1
A(G) ~ p\/ Ai(G), G i(G). (4.24)
i=1

I
—_

2. Foreach i, H,(A;(G)) consists of elements of H,(A(G)) of degrees 2i +2j(p —1) + 1
for j >0, and so each H.(B;(G)) = A(H.(A;(G))).

3. The composition
Ai(G) = A(G) = G — Bi(G) (4.25)

induces the inclusion of the generating set in homology. O

Remark 4.9. By [23], SU(n) and Sp(n) are torsion-free, and Spin(n) has no torsion for
n < 6 and only 2-torsion for n > 7. The exceptional groups have torsion only in the
following cases: Gy at p =2, Fy,Eg,Eyatp = 2,3 and Egatp = 2,3,5.

Lemma 4.10. If each A;(G) has ¢ < p — 2 cells all in odd dimensions, then for each B;(G)
there exists a homotopy equivalent H-space B;(G) that is homotopy associative, homotopy com-
mutative, and universal for A;(G). Further, [1; Bi(G) is universal for \/; A;i(G).

The following proof follows those found in [36, 37].

Proof. For simplicity, we write A; := A;(G), B; := B;(G) and so on. By Theorem 4.8,
we have A ~ \/f’:—l1 A — G~ ]_[f:ll B;. Fix an A;. Ithas ¢/ < p — 2 cells in odd dimen-
sions, so we may apply Theorem 4.4 and construct the following homotopy fibration

sequence:
OR; — OzA; 5 B 5 R S sA. (4.26)
We also get a decomposition (DX A ~ B; x QOR;, and thus there is a map B, — QXA;.

Note that B; is homotopy associative and homotopy commutative.

By Theorem 4.4, we have a map «; : A; LN OX.A; — B; that induces the inclusion of the
generating set in homology. Also, by Theorem 4.8, we have a map &; : A; — B;, which
also induces the inclusion of the generating set in homology.
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Recall from Remark 3.9 that although B; may not be homotopy associative we may
still use the James construction to extend &; to a map Q¥X.A; — B, as in the following

diagram.

[ (427)

Note however that &; may not be an H-map. We now have that the composition
B; — QX A; — B; induces an isomorphism on the generating set in homology. Then we
must also have an induced isomorphism on the generating set in cohomology. Since
in cohomology we have a multiplication, B; - Q¥XA; — B; induces an isomorphism
on the whole cohomology algebra, and then by Whitehead’s theorem there must be a
homotopy equivalence B; ~ B;. Universality of B; follows directly from Lemma 4.5. Tt

remains to show that []; B; is universal for \/; A;.

Consider By x B, and A1 V Ay, where By is universal for A and B, is universal for As.
Note that By x B; inherits a homotopy associative, homotopy commutative H-structure
from By and B;. We have inclusions ¢; : A7 — By and 15 : Ay — B, so now define ¢ to
be the composite

11 Vip

t: A1 VA —= B1V By =< By X By, (4.28)
where the second map is the inclusion of the wedge into the product.

Let f : A1V A, — Z be amap from A; V A, to a homotopy associative, homotopy
commutative H-space Z. Then f is determined by its restrictions f; : Ay — Z and
fo 1 Ay — Z. By universality of By and B,, these may be extended to unique H-maps
fi:By— Zand fo: B, — Z,such that fyoi; ~ f; and f 01 =~ f,. Let m denote the
multiplication on Z, and define f to be the composite

FiBixB P zxz™ 7 (4.29)

Since Z is homotopy associative and homotopy commutative, m is an H-map, and so f
is a composition of H-maps and hence also an H-map.

Consider the following homotopy commutative diagram, in which V is the fold map.

AV A, V2 BivB, I 7y 7

v (4.30)
oo

BixB, —/—5 ZxZ7Z "5 7
The lower direction is the definition of f o1: A1V Ay = Z, and the top row is

(fiou)V(faon) > AV fa (4.31)
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Thus the upper direction, A1V Ay — B1V By — ZV Z — Z is homotopic to f, and
therefore f o1 ~ f. It remains to show uniqueness.

Suppose that ¢ : By x By — Z is another H-map such that go: o~ f, and let g1, g be the
composites

g1 :Bi =B xB, % 7, (4.32)
¢ :By By xBy % 7, (4.33)

where the left maps are the inclusions of the first and second factors, respectively. These
inclusions are H-maps, and therefore g1 and ¢, are also H-maps. By homotopy associa-
tivity and homotopy commutativity of Z, g is homotopic to the sum of its restrictions,
so we have g >~ By X By 3158, 7 x Z I 7. Then since f ~ gou, f is homotopic to the
composition

AV A 2 BIVBy s Byx B 2 72wz ™ 7. (4.34)
Restricting to Ay gives g1 011 =~ f1, and then by universality of B; for A;, we have
¢1 =~ f1. Similarly, we get g2 ~ f», and therefore g ~ mo (g1 X g2) ~mo (f1 X fo) ~ f.
By induction, []; B; is universal for \/; A;. O

This was used by Grbi¢ and Theriault [8] to produce many results on self maps of Lie
groups; in particular, identifying when [G, G| = H|G, G]. We will instead consider the
case |G, L] = H[G, L], for two Lie groups G and L.

422 Whenis [G,L] = H[G,L]?

The following proposition utilises the space A(G) to help us identify properties of
HI[G,L].

Proposition 4.11. Let G and L be compact, connected, simply-connected, simple Lie groups,
localised at a prime p such that both G and L are homotopy commutative. Suppose also that G
is torsion-free. Then there exists a co-H-space A =~ \/Z.:l1 A;(G) such that [A, L] = H|G, L].

Proof. By Theorem 4.8, we have a co-H-space A such that H.(G) = A(H.(A)), with
the homotopy decomposition A ~ \/f:ll Ai(G). Let B; = Hf:ll B;(G); then we have a
homotopy decomposition G ~ B;.

Recall from Chapter 2 that the dimensions of the spheres in the decomposition of G
correspond to the generators in homology; thus,

1%

A(H.(A)) 2 H.(G) = A(xg,, ..., x4,) (4.35)
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where (dy,...,d,) is the type of G. Then A ~ Sty ... v S%. The prime p is such that G
is homotopy commutative, so for each G we haver < p —1:

e forSU(n),r=n—-1<2n<p-1,

e for Sp(n) and Spin(2n+1),r=n<4n < p -1,

e for Spin(2n),r=n<4(n—1) <p-—1,

o forGy,r=2<12<p-1,

e forF,r=4<28<p-1,

e forEg,r=6<28<p-—1,

e forEy,r=7<36<p-—-1,

e forEg,r =8 <60 <p-—1.
Then A ~ Vf;11 A;(G) where A;(G) = S% for 1 < i < r, and A;(G) trivial other-

wise. Each A;(G) is either an odd-dimensional sphere or trivial, so the conditions of
Lemma 4.10 are satisfied.

Now by Lemmas 4.5 and 4.10, we have a homotopy associative, homotopy commuta-
tive H-space B that is universal for A. Let gbeamap A — B,and lethbeamap A — L.
Since L is homotopy associative and homotopy commutative, by universality there is a
unique H-map extension /1 : B — L, such that i ~ h o g. Thus,

[A, L] = H []‘[ Bi(G),L|. (4.36)

Then since G is homotopy commutative, the equivalence G ~ [T; B;(G) is an equiva-
lence of H-spaces, and hence [A, L] = H|[G, L] as required. O

Suppose that G is p-regular, which homotopy commutativity implies in all cases ex-
cepting L = Sp(2) at p = 3 and L = G at p = 5 (we return to these in Propositions 6.5
and 6.6).

Note that H[G, L] = [A,L] = [S*,L] @ ... @ [S%, L], and recall the set T,, defined in
Remark 4.3 to be

T, = {(61,...,&)” <h<...<tb<rl1<i< 1’}. (4.37)

The elements of the group H[G, L] correspond to the elements of T; of length 1, so now
to determine whether H[G, L] = [G, L], we need to find out if the homotopy groups

corresponding to the remaining elements are trivial.
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Example 4.2. We return to the case of Example 4.1, where we saw that for G = Gy, p > 13 (so
that G, is p-regqular, homotopy commutative and torsion-free) and L homotopy commutative,
we have

[GZI L] ~ @[Sdgl—&-.,.-i-dgi, L]
T

>~ [$% L)@ [s, L] @ [P+, L]
= 13(L) @ 1 (L) @ ma(L).

Here A(x3,x11) = H.(Gy) = A(H.(A)), so we have H[G, L] = [A, L] = [S®,L] @ [S'!, L].
Hence
(G, L] = H[Gy, L] @ [S™, L] (4.38)

and so |Gy, L] =2 H[Gy, L] whenever 1t14(L) is trivial. We return to this in Section 4.2.3.

Corollary 4.12. Let G and L be compact, connected, simply-connected, simple Lie groups, and
let p be a prime such that G and L are both homotopy commutative and p-reqular. Suppose
that G is torsion-free. Let the mod-p decompositions of G and L be G ~ SN x ... x S¥ and
L ~ Sh x ... x Sb respectively. By Remark 4.3 and the subsequent discussion, localised at p
we have
(G, L] = @p[stat,L]. (4.39)
T,

and thus now that L is p-regular we have

G L= @ [s™tt, st (4.40)
((1 ..... f,‘)GTr
j=1,..5
where T, = {({1,... L)1 <l <...<l<r1<i<r} m

Thus when looking at decompositions of [G, L], we are really only looking at homotopy
groups of spheres. As observed earlier, the elements of T, of length 1 correspond to
the group [A, L] = HIG, L], so let V; be the set of elements of T, of length at least 2.
Corollary 4.12 can then be used to find the cases where H[G, L] = [G, L].

Corollary 4.13. Let G and L be compact, connected, simply-connected, simple Lie groups, and
let p be a prime such that G and L are both homotopy commutative and p-regqular. Suppose
that G is torsion-free. Let the mod-p decompositions of G and L be G ~ SN x ... x S% and
L ~ S x ... x Sb respectively. Then, localised at p,

G L] H[G L& & [s%T %, g (4.41)
(kl,...,ki)ev,
j=1,..5

=H[G L& @ 7wyt (S") (4.42)
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where V, = {(ky,...,ki)|1 <ky <...<k; <r,2<i<r}. Hence [G L] = H|G,L] ifand
only if each homotopy group of the form 714, . 1a, (SY) for i > 2 is trivial. That is, if there are
no non-trivial homotopy groups that are in |G, L] but not in H|G, L]. O

There are 2 cases in which a group is homotopy commutative when localised at p, but
is not p-regular: they are Sp(2) at the prime 3, and G at the prime 5. These cases will
be dealt with later, in Propositions 6.5 and 6.6 respectively.

4.2.3 Example calculations

In this section, we will see how the previous results can be used to discern whether
[G,L] = HJ[G, L], and to calculate what these groups are.

To calculate the homotopy groups of the odd-dimensional spheres, we use the follow-
ing theorem of Toda [39].

Theorem 4.14 (Toda’s Theorem). The homotopy groups of spheres, localised at a prime p, are
given by the following formulae. The stable groups:

Z, fork=2q(p—1)—-1,9=12,...,p—1landm > 2,
Toom—14k(S*" 1 p) ~ Z, fork=29(p—1)—2,9=2,3,...,p—landq>m >2,
0  otherwise, fork < 2p(p—1) — 2.
(4.43)

The non-trivial unstable groups:

Z orp >m >3,
7T2m—1+2p(p—1)—2(52m_1;p) ~ p Jorpzm2 (4.44)
Z, form = 2and form > p.

_ Z, form>3,
Tom—142p(p—1)-1(8" p) = S 7 (4.45)
Z, form=2,

We begin with the classical Lie groups. Recall from Section 2.1 that when a compact,
connected, simply-connected classical Lie group G is p-regular for some odd prime p,

its localisation at p splits in the following way:

SU(n) ~ 8> x 8 x...x 81 (4.46)

Sp(n) =S¥ x & x...x §¥"1 (4.47)

Spin(2n +1) ~ S x 87 x ... x §4¥~1 (4.48)
Spin(2n) ~ 3 x & x ... x §¥175 x §21~1, (4.49)

Example 4.3. Consider SU(3) and SU(4). For SU(n) to be homotopy commutative, we re-
quire p > 2n. Let p > 11, so that both SU(3) and SU(4) are homotopy commutative, and
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localised at p we have

SU(3) ~ S x & (4.50)
SU(4) ~S®x 8 x &, (4.51)

Note that for p > 11, SU(3) and SU(4) are also p-reqular as we have p > n — 1.

Now consider [SU(3), SU(4)]. Then we have dy = 3,d, =5and by = 3,by =5, b3 = 7 and
by Corollary 4.13,

[SU(3),sU4)] = H[SU(3),sUM4)] & D 7y +.+a, (S7) (4.52)

(k... ki) €V
=123

where Vo = {(kl,...,ki)|1 < k1 <...< ki <2,2<i< 2} = {(3,5)}

We need to find the homotopy groups of the form 7g, . ia (SY), with (ky,...,k;) € Vo, and
determine whether any are non-trivial. Thus, we need 7135 (Sbi ) = ng(Sbf ), where b; =3,5,7.

By Toda’s Theorem 4.14, we see that the dimensions of all non-trivial homotopy groups are at
least 2(p — 1), and since here p > 11 all non-trivial homotopy groups are of dimension at least
2(p—1) = 2(11 — 1) = 20. Hence rtg(S%) is trivial for all bj, and, for p > 11 we have
[SU(3),SU(4)] = H[SU(3),SU(4)]. That is, each map SU(3) — SU(4) has an H-map
extension that is unique up to homotopy.

We will now calculate the group [SU(3), SU(4)] = H[SU(3), SU(4)]. By Corollary 4.12,

[SU@),su@)]= @ [s%* T, 50 (4.53)
(k1,...,k1’)ET2
j=1..3
= ndkl +"'+dki (Sbj)' (454)
(k1/~"/ki)€T2
=13

where Ty = {(k1,..., k)1 <k <...<k <2,1<i<2}={(3),(5),(35)}. Then we
want to consider the homotopy groups 713(S%), 7t5(S%) and rr3.,5(SY) for b; =3,5,7.

We have already seen that the homotopy group corresponding to (3,5), that is, 7t345(S%) = g (S%),
is trivial for all b;. Since 7t,(S™) is trivial for m > n, we are left with the following:

[SU(3),SU(4)] = H[SU(3),SU(4)] (4.55)
>~ 113(S%) x 715(S°) x 715(S°) (4.56)
~ 7 xZ, (4.57)

since 715(S®) = 0 when localised at an odd prime. A similar argument shows that we also have
[SU(4),SU(3)] = H[SU(4),SU(3)] for p > 11.
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We now look at an example with Sp(n). This illustrates that although they are fairly
strong conditions, homotopy commutativity and p-regularity alone are not sufficient
conditions for [G,L] = HJ[G,L]. This is also a case where there is a single outlying
value for p, so that [G, L] = H|[G, L] for p = g and p > r, with at least 1 prime between
gandr.

Example 4.4. Consider [Sp(6),Sp(m)] where 2 < m < 6. For Sp(n) to be homotopy com-
mutative, we need p > 4n, and for Sp(n) to be p-regular we need p > 2n — 1. Let p > 29, so
that Sp(6) and Sp(m) are both homotopy commutative and p-regular. Localised at p, we have
the following splittings:

Sp(2) ~ S¥x &7 (4.58)
Sp(3) ~ $3 x &7 x st (4.59)
Sp(4) ~ S% x &7 x §H x sP° (4.60)
Sp(5) ~ S3 x &7 x SM x §1° x g9 (4.61)
Sp(6) =~ S x §7 x S x §15 x 519 x 623 = 5% % ... x G, (4.62)

By Corollary 4.13, we have

[Sp(6),Sp(m)] = H[Sp(6),Sp(m)] & @@ [8% ", s"] (4.63)

= H[Sp(6),Sp(m)]® B 74+ 14, (S) (4.64)

where Vo = {(k1,...,ki)|1 <ky < ...<k; <6,2<i<6}andthe Sbi are spheres in the
decomposition of Sp(m).

Then for [Sp(6), Sp(m)] = H[Sp(6), Sp(m)], we need all homotopy groups of the form
Ty, +.tdy, (S7), (4.65)

with (ky, ..., k;) € Vg, to be trivial.

At p = 29, Toda’s Theorem 4.14 shows that there are no non-trivial homotopy groups of the

form TCiy, +...+dy, (Sbj)-

Now let p = 31. Again by Toda’s Theorem 4.14, the only non-trivial homotopy group of the

form TCiy, +...+dy, (Sbj) is

T3474114194154+23(S) = 178(S") ~ Z3. (4.66)
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Since S'° appears in the decomposition of Sp(5) and Sp(6), p = 31 is insufficient to give
[Sp(6),Sp(m)] = H[Sp(6),Sp(m)] for m = 5,6. However, S¥ does not appear in the de-
composition of Sp(m) for 2 < m < 4, and thus for 2 < m < 4 and p = 31 we in fact have

[Sp(6), Sp(m)] = H[Sp(6), Sp(m)].

Now let p = 37. The only non-trivial homotopy group of the form 74, . 44, (SY) is

T317411119+15423(S7) = 178(S7) =~ Zs7. (4.67)

For 2 < m < 6, Sp(m) contains S’ in its decomposition, so p = 37 is insufficient to give

[Sp(6),Sp(m)] = H[Sp(6), Sp(m)].

Finally, let p > 41. Then any non-trivial homotopy group must be of dimension at least
2(41 — 1) = 80. The highest dimension of any homotopy group in the expansion [Sp(6), L] for
any L is

3+7+11+15419+23 =78 < 80, (4.68)

so there will be no non-trivial homotopy groups of the form T +..+dy, (S%) and for all p > 41
we have [Sp(6), Sp(m)] = H[Sp(6), Sp(m)].

Thus [Sp(6),Sp(m)] = H[Sp(6),Sp(m)] for p > 41,2 < m < 6, and the additional case
p=31,2<m<4

We now look at some examples involving exceptional groups. Since the exceptional
groups do not have the same regularity in their mod-p decompositions as the classical
groups, calculations are more cumbersome and must be done on a case-by-case basis.
Note that below p is such that G is torsion-free (see Remark 4.9).

Recall that when an exceptional group G is p-regular, its localisation at p splits in the
following way:

Gy ~ §3 x S (4.69)
Fy ~ S x SM x §15 x 623 (4.70)
Eg ~ S3 x §% x SM x 815 x §17 x 6 (4.71)
Ey ~ 83 x §M x 815 x 819 x 62 x 627 x §%° (4.72)
Eg ~ 53 x 15 x 8% x 6% x 8% x 8% x 6% x 6%, (4.73)

The following lemma of Grbi¢ and Theriault [8] considers the case of self maps Go — G,

at p = 5. In this case, G; is homotopy commutative but not p-regular.

Lemma 4.15. Let p = 5. Then there is a group isomorphism [G,, Gz| = H|Gy, G2]. O

The following lemma generalises the result of Grbi¢ and Theriault; it will be generalised
further in Chapter 6.
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Lemma 4.16. Suppose p = 5 or p > 13. Then [Gz, G2] = H|[Gy, Gy].
Proof. By Lemma 4.15, at p = 5 we have [Gy, Go| = H[Gy, G2]. Suppose now that
p = 13.

Recall from examples 4.1 and 4.2 that [Gy, G2] & H[Gy, G2] @ [S™, G,]. Since p > 13, G,
is p-regular and so G, ~ S3 x S'!. Then

[S™, Ga] = 714 (Ga) & 7114(S°) ® m1a(S™). (4.74)

By Toda’s Theorem 4.14, the dimensions of non-trivial unstable homotopy groups are
at least 2p(p — 1) > 312, so they do not include 714(S®) or 7114(S'). Suppose, towards
a contradiction, that 7114(S?) is a non-trivial stable homotopy group. Then

4=2m—1+k=3+k (4.75)

so k = 11. Since 11 is odd, this then implies that 11 = k = 2q(p — 1) — 1, and so
g(p — 1) = 6. But p > 13 so this is impossible, and hence 7114(S%) is trivial. Similarly, if
m14(S'!) were a non-trivial stable homotopy group we would have k = 3, g(p — 1) = 2,
which is impossible and so 7r14(S!!) is also trivial. Thus

(G2, Ga] = H[Gy, Go] ® m14(S%) @ 71a(S™) = H[Gy, Ga. (4.76)

O
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Chapter 5
Non-homotopy-commutative spaces

Having now dealt with the case where both G and L are homotopy commutative, we
now work toward removing this condition. In this section, we will build up the back-

ground methodology around non-homotopy commutative spaces.

5.1 Retractile triples

Definition 5.1. Leti : X — Y be a map of path-connected spaces where Y is a homotopy

associative H-space. The triple (X, 1,Y) is retractile if:

1. H.(Y) = A(H.(X));
2. i, is the inclusion of the generating set;

3. the H-map i: QXX —>Y extending i given by Theorem 3.8 has a right homotopy
inverses:Y — QX X.

We now set up some notation, which will be used for the rest of this section. Sup-
pose (X,i,Y) is a retractile triple. Define the space F and the map / by the homotopy

fibration F 2> QXX -5 Y.

Denote the loop multiplication on QXX by m. Since 7 has a right homotopy inverse, the
composition

sxh

e: Y xFIZ5 QXX x QXX 5 QX (5.1)
is a homotopy equivalence.

Now let Z be a homotopy associative H-space and f : X — Z be a map. Again by
Theorem 3.8 we have a map f : QEX — Z, which is the unique H-map extending f
such that f o E ~ f. Define f by the composition f : ¥ 2 QXX Ny Then we have
the following proposition of Theriault [38].
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Proposition 5.2. Let (X, i,Y) be a retractile triple. Using the above notation, if the composition
Fasx L 7 is nui homotopic, then there is a homotopy commutative diagram

QZX*>Z

l / (5.2)

and f is an H-map. Furthermore, f is the unique H-map, up to homotopy, such that f oi ~ f.
t

Corollary 5.3. Let (X,i,Y) be a retractile triple, Z a homotopy associative H-space, and sup-
pose that Proposition 5.2 holds for all maps f : X — Z. Then there is a one-to-one correspon-
dence between [X, Z] and H[Y, Z].

We now consider when this bijection is in fact a group isomorphism.

5.2 An extension to group isomorphisms

Recall Lemma 4.1, which said that if Y is a path-connected H-space and Z is a path-
connected, homotopy associative, homotopy commutative H-space, then H[Y, Z] is a

subgroup of [Y, Z].

Lemma 5.4. Suppose that (X,i,Y) is a retractile triple. If Z is a homotopy associative, ho-
motopy commutative H-space and Proposition 5.2 holds for all f : X — Z, then the bijection
[X,Z] = H[Y, Z] in Corollary 5.3 is an isomorphism of groups.

Proof. Let the map ¥ : [X, Z] — H[Y, Z] be given by ¥(f) = f. We will show that it is
a group isomorphism.

Let f and g be maps X — Z, and note that by Lemma 4.1, H[Y, Z] is a subgroup of
[Y, Z]. The sum f + g is defined by the composition

Fro XA xxx8zxzmy7, (5.3)

where m is the multiplication on Z.
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Consider the following diagram:

X5 o oxyx_ I8 oz m g

E EXE

OrxX —2 4 OrX x QX (5.4)

i ixi

Y — & 5 vyxy.
In the upper triangle the maps f and § are H-map extensions of f and g respectively
given by Theorem 3.8, and in the bottom triangle the maps f and ¢ are H-maps ex-
tending f and g respectively by the hypothesis that Proposition 5.2 holds for all maps
X — Z. The two squares at left homotopy commute by the naturality of the diagonal
map, so the whole diagram is homotopy commutative. Note that the top row is f + ¢
and the composite m o (f x §) o Ais f + ¢. Thus (5.4) implies that f + ¢ ~ (f +¢) ci o E.

On the other hand, the hypothesis that Proposition 5.2 holds for all maps X — Z im-
plies that we may extend f + gtoan H-map f + ¢ : Y — Zsuchthat f + goioE~ f +g.
Combining the two homotopies, we see that

f+gofloExf4ge (f+§)oioE. (5.5)

Note thati = o E,so f + goi~ (f+¢)oi.

Since f and ¢ are H-maps, and by Lemma 4.1 H[Y, Z] is a subgroup of [Y, Z], the map
f 4 g is also an H-map. Thus by (5.5), f 4 g and f + ¢ are two H-maps extending f + g,
so by the uniqueness property in Proposition 5.2, f + ¢ ~ f + §.

We now have
Y(f+g)=f+g=f+g="(f)+¥(9), (5.6)

andso ¥ : [X,Z] — HIY, Z] is a group homomorphism. As ¥ is also a bijection, it is
therefore a group isomorphism. O

5.3 Investigating Ag

From now on, all spaces and maps will be localised at an odd prime p, and homology
will be taken with mod-p coefficients.

Let G be a compact, simply-connected, simple Lie group, localised at p such that G is
p-regular. Suppose that the type of G is (my, ..., my); we define the space Ag to be the
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wedge sum
k

Ag=\/ s (5.7)
i=1

In what follows, we will often simplify notation to A := Ag. Leti : A — G be the
inclusion of the wedge into the product, and let j : XA — BG be its adjoint. There is an

induced homotopy fibration sequence
00 asa e 0% va L BG (5.8)

which defines the space Q and the maps y and 0.

Lemma 5.5. The triple (A, i, G) is retractile, where i ~ Q)j o E.

Proof. Observe first that H,(G) = A(H,(A)). Since j is the adjoint of 7, the composition
AL ora 2 Gis homotopic to i. Then in homology, i, : H.(A) — H.(QXA) — H.(G)
induces the inclusion of the generating set.

It remains to check that 7 has a right homotopy inverse, where i : QXA — G is the
H-map extension of Theorem 3.8. Here, since j is the adjoint of 7,  is the unique H-map
extension of i and since ()] is also an H-map extension of i we have 7 ~ Q)j.

Note that QXA ~ [T5_, $*"~1 x [ (other factors), by repeated application of the Hilton-
Milnor theorem 3.11. We would like for there to be a factorisation as in the following

/ TE (5.9)

G~T[F, 821 =5 Q%A

diagram:

This may not be the case, however. Instead we move to homology.

The suspension map E : A — QY. A induces the map E, : H,(A) — H.(QXA), whichis
the identity on the generating set. The m'" James-Hopf invariant map (see Section 3.2) is
Hy, : J(A) — J(AN™), or equivalently Hy, : QXA — QY.A"". Consider the composite

AL ara By axarm. (5.10)

Every H,, is zero on the generating set, so this composite is null homotopic. Then
there exists a map A : H,(A) — H.([]S*"%*1), such that s, o A ~ E,. This A exists
algebraically, but may not be induced by a map of spaces.
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We now have the following homotopy commutative diagram.

/ lE* \ (5.11)

H, (18?1 —=+ H,(QLA) H.(G)

Thus (Q)j 0s), 0 A =~ i,, and hence is the inclusion of the generating set. Then (Q)j o s),
is the identity on the generating set. Dualising to cohomology, we see that (()j o s)* is
an algebra map which is an isomorphism on the generating set, so ({)j o s)* is an iso-
morphism. Therefore (()j os). is an isomorphism and Q)] o s is a homotopy equivalence
by Whitehead’s Theorem. O

The Bott-Samelson Theorem [2] can be used to determine the homology of the loop

suspension (QX.A.

Theorem 5.6 (Bott-Samelson Theorem). If X is connected and the reduced homology of
H.(X, R) is free over a coefficient ring R, then there is an isomorphism of algebras

T(H,(X;R)) — H,(QLX;R) (5.12)

where T (V') denotes the tensor algebra generated by a module V. Further, if L(V) is the free
graded Lie algebra generated by V, then T(V) is isomorphic to UL(V'), the universal enveloping
algebra.

Let L = (H.(A)) be the free Lie algebra generated by H.(A). By the Bott-Samelson
Theorem, H.(QQXA) = UL, where UL is the universal enveloping algebra of L. Now
let [L, L] be the free Lie algebra generated by the brackets in L. As in [38], there is an
isomorphism of Z / pZ-vector spaces H,(QQ) = U[L, L], where U[L, L] is the universal
enveloping algebra of [L, L]. Elements of H,(A) are all in odd degree; let {u1,...,u;}
be a basis for H,(A) where |u;| = 21n; — 1. Cohen and Neisendorfer [3] gave a basis for
[L, L] in this case, given by the elements

[ui, uj], [y, [wi, wil], [usy, [ue, [, uil]], (5.13)

wherel <j<i<kandl <t, <t; 1 <--- <ty <t <i.Notethatthebasiselements
have bracket lengths from 2 through k + 1.

Each element u;, regarded as an element of H,(Q)XA), is in the image of the Hurewicz
homomorphism via the composite p; : S2"~1 < A £ QX A. Therefore, the Lie bracket

[ui, u;] is in the image of the Hurewicz homomorphism via the Samelson product

<yi/ H]> : SZmi—&-ij—Z o~ 527111'—1 A Sij—l N QZA. (5.14)
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Letv; : $%" — YA be the adjoint of 11;, and note that the adjoint of the Samelson product
] H ] p

. 52m,+2m]71

(Wi, ;) is the Whitehead product [v;, vj] — X A. Analogous statements exist

for higher bracket lengths.

For ¢ > 2, let Z; be an indexing set enumerating the basis elements of [L, L] of bracket
length ¢. Note thatby (5.13), Z = @ for £ > k4 1. Then each a € Z, represents a bracket
[, o, ... [un, [ui,uj]] .. .], which is the Hurewicz image of the iterated Samelson product
(Ht,r - (e, (is ) - - -). The adjoint of this iterated Samelson product is the iterated
Whitehead product wy, = [v, ,, ... [V [vi,vj]]...], which is a map wy, : $%*!1 — XA
for 6, = (2my, , —1) 4 -+ (2my, — 1) + (2m; — 1) + (2m; — 1). Let Ry = ez, S,
and let Ay : XRy — XA be the wedge sum of the wy .

LetR = \/’ﬁ‘:; Ry, and let A : ¥R — YA be the wedge sum of the A,. Note that we now

have a new homotopy fibration sequence
S OER B 0sA L FL SR A 1A (5.15)

defining the space F and the maps r, .
Theorem 5.7 (Theriault [38]). Let G be a simply-connected, simple, compact p-reqular Lie
group.

1. If G is homotopy commutative, then there is a homotopy commutative diagram

>R
/ P (5.16)
QL xA

where e : LR — Q is a homotopy equivalence.

2. If G is not homotopy commutative, then there is a homotopy commutative diagram

>R
/ pf (5.17)
QL34

where e : LR — Q is a homotopy equivalence and A’ is a sum of:

(a) iterated Whitehead products, and

(b) maps w + a, where w is an iterated Whitehead product and a is a suspension of the
stable map ay : S?P — S°. O
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Chapter 6
Revisiting homotopy commutativity

In this section we will briefly return to the case where G and L are homotopy commu-
tative, and recover the results of Chapter 4. The case where they are not will be dealt
with in Chapters 7 and 8.

Theorem 6.1. Let G and L be compact, simply-connected, simple Lie groups, localised at an
odd prime p such that both G and L are homotopy commutative. If Proposition 5.2 holds for all
maps f : A — L, then there is a group isomorphism H[G, L] = [A, L].

Proof. By Lemma 5.5, there is a retractile triple (A,i,G) where i = Qjo E. Let f be a
map A — L. Then by Theorem 3.8, there is a homotopy commutative diagram

e /f 6.1)

where f is an H-map. By construction, A is a wedge sum of Whitehead products, and
so the composition R 5 asr 24 arAisa wedge sum of Samelson products. Then,
since f is an H-map, the composition f o QA o E is also a wedge sum of Samelson prod-
ucts. Since we have assumed L is homotopy commutative, f o QA o E is null homotopic
and by Theorem 3.8, f o QA is also null homotopic. We have satisfied the conditions of

Proposition 5.2, which implies that there is a homotopy commutative diagram
0> A *> L

ln/ (6.2)

where f is an H-map. Recall that i ~ Qj o E, so that we may combine diagrams (6.1)
and (6.2) to give f ~ f o i. Since this is true for all maps f : A — L, by Corollary 5.3
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there is a bijection ¥ : [A,L] — H[G, L], given by ¥(f) = f. Lemma 5.4 then implies
that ¥ is a group isomorphism. O

In most cases, homotopy commutativity implies p-regularity. The exceptions to this
are Sp(2) at the prime 3, and G; at the prime 5. For convenience, we treat these cases
separately in Propositions 6.5 and 6.6.

6.1 The p-regular case

For now, we consider the case where G is p-regular. Recall Theorem 4.2; if X is a
space such that X ~ \/!_; £X;, and Y is a homotopy associative H-space, then as
sets [X, Y] = H;:l [X;,Y]. If additionally Y is homotopy commutative, the above iso-
morphism is of groups.

Recall also that if G is p-regular, then G ~ [[*_, $?"~1 where (my,..., my) is the
type of G, and Ag ~ V%, 5¥%~1. Note that the supension of a product of spaces
X = Xj x...x Xy is given by

S(Xy XX Xp) =\ E(Xy AL AKX,
T

where Ty = {(r,...,7)[1 <1 <...<r; <k1<j <k}

Let X = G, and each X; = $%™i~ ! for 1 < i < k. Thus £G ~ V5, Z(Xp A A Xr].), and
we may again use Theorem 4.2 to yield the following.

Lemma 6.2. If G is p-regular, then we have the following bijections, where X,, = S*™i~1 for
1<i<k:

G LI =]]Xn A A Xy, L]
Ty

k
[Ag, L] = ]is*™ 1, L].
i=1

If L is homotopy commutative, then both isomorphisms are of groups. O

Recall that the set Ty was defined tobe Ty = {(r,...,7j)|[1 <r < ... <r; <k 1<j<k}
Let T be the set {(1),...,(k)} and T} = T; \ T.
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Proposition 6.3. Let G and L be localised at an odd prime p such that G and L are both p-
regular and homotopy commutative. Then we have group isomorphisms [Ag, L] = H|G, L],
and

G, L] = [Xn A...A Xy, L] @ H[G, L] (6.3)

T

where X,, = S¥™i~ 1,
Proof. By Theorem 6.1, we have a group isomorphism [Ag, L] = H|G, L], and by Lemma 6.2
we have the group isomorphisms [G, L] =[], [Xy, A... A Xy, L] and [Ag, L] = 15, [s%m—1, L].

Note that T is in one-to-one correspondence with terms of the decomposition of [Ag, L],
and T} consists of elements of Ty with j > 2. Hence, we may ‘separate’ the decomposi-

tion of [G, L] to give the group isomorphism

G, L] = [][Xn A...A Xy, L] & H[G, L].
Ty

O]

Consider a single term of the above decomposition, [X;, A... A X;;, L]. Since the X; are

all spheres, this can be written
[SZMrlfl A...AS , L] o~ [Sz(mr1+"'+mvj)*]” L],

which is just a homotopy group of L.

Corollary 6.4. If additionally L is p-reqular of type (ny, ..., ny), then

4 .
[Xrl AN er, L] o~ I—I[SZ(mr]-F...—Fmrj)—]l SZni—l]’ (64)
i=1

which is a product of homotopy groups of spheres. Then if each of these homotopy groups is
trivial for j > 2, we have a group isomorphism [G,L] = H[G, L]. O

6.2 When homotopy commutativity does not imply p-regularity

We now return to the outlier cases, where G is homotopy commutative but not p-

regular.

Proposition 6.5. At the prime 3, there is a group isomorphism

[Sp(2),Sp(2)] = H[Sp(2), Sp(2)] © Zs. (6.5)
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Proof. Assume throughout that homology is in mod-3 coefficients. Localised at 3, we
have H.(Sp(2)) = A(x3, x7) with 2! (x7) = x3. Let A be the 7-skeleton of Sp(2).

By [27], there is a homotopy equivalence £Sp(2) ~ LA V £S5, and so by Theorem 4.2
we have [Sp(2),L] = [A, L] & [S'°, L]. Applying Corollary 5.3 gives us the following
bijection

[Sp(2),L] = H[Sp(2), L] & myo(L). (6.6)
Since 7110(Sp(2)) = Z1z, and Ziy localised at 3 is Z3, by Lemma 5.4 and homotopy
commutativity of Sp(2) (6.5) is in fact a group isomorphism. O

Proposition 6.6. Let L be a compact, simply-connected, simple Lie group. Suppose that L is
homotopy commutative at the prime 5. Then we have a group isomorphism

[Ga, L] = H[Gy, L] ® rm1a(L). (6.7)
Further, if L is an exceptional Lie group, we have a group isomorphism

(G, L] = H[G,, L]. (6.8)

Proof. We proceed similarly to the proof of Proposition 6.5. Assume throughout that
homology is in mod-5 coefficients. At5, we have H.(Gy) =& A(x3, x11) with 22} (x11) = x3.
Let A be the 11-skeleton of G,.

Note that ©G; ~ A V £S5, so Theorem 4.2 tells us that [G,, L] = [A, L] @ [S*4, L]. By
Corollary 5.3, we have a bijection [Gy, L] = H[G, L] @ m14(L), and for L = Gy, Fy, Es, E7, Es
we have 14(L) = 0, so we indeed have a bijection [G, L] = H[Gy, L].

By Theorem 6.1, since L is homotopy commutative these bijections are actually group
isomorphisms. O
Note that Proposition 6.6 further generalises Lemma 4.16, which considered only self
maps |Gy, G|

Example 6.1. At the prime 5, the following groups are homotopy commutative: G, SU(2),
Spin(3) and Spin(4). This gives us the following group isomorphisms:

(G2, G2] = H[Gy, Gy]
(G, SU(2)] = H[G,, SU(2)] @ m14(SU(2)) >~ H[G,, SU(2)] @ (Z/2Z)* ® Zs4
[Ga, Spin(3)] = H[G,, Spin(3)] ® ma(Spin(3)) = H[Gy, Spin(2)] © (Z/2Z)* & Zg,
[Ga, Spin(4)] = H[G,, Spin(4)] @ m14(Spin(4)) = H[G,, Spin(4)] © ((Z/2Z)* © Zss)*.
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Then since (Z2)? @ Zgy is trivial when localised at 5, we have

(G2, Go] & H[Gy, Gy
(G2, SU(2)] = H[G, SU(2)]
(G2, Spin(3)] = H[G, Spin(3)]
[Gy, Spin(4)] = H[Gy, Spin(4)].
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Chapter 7

Extension to the non-homotopy

commutative case

Let L be a compact, simply-connected, simple Lie group. We consider maps f : Ag — L,
in the hope of finding something out about |G, L]. Note that we can use Theorem 3.8
to extend f to an H-map f : QXA — L. Now, however, we will need to consider the
Samelson products on G. Throughout, homology will be in Z/ pZ coefficients.

7.1 Homotopy nilpotency

Recall from Section 5.3 the map y; : S>"i~1 — A £, Q%.A. Define x; to be the composite
x5t B oy a g (7.1)

and note that since Q)j ~ i by Lemma 5.5 the composition x; is, up to homotopy, the in-
clusion of the ith factor of the product. As ()] is an H-map into a homotopy associative
H-space, composing a Samelson product on OX.A with ()j gives a Samelson product
on G. Thus Oj o (u;, ij) ~ (x;, xj).

The least dimensional p-torsion homotopy group of % is 71,,(5%) = Z/pZ; denote its
generator by a7 : S — S3, and by abuse of notation let a7 : S""2P=3 — S" be the
(m — 3)-fold suspension of a; for m > 3. The following theorem of Kaji and Kishi-
moto [16] gives us information about the Samelson products of G.

Theorem 7.1. Suppose that G is p-regular but not homotopy commutative. Then the following
hold:

1. at least one Samelson product (x;, x;) is non-trivial;
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2. if (x;, x;) is non-trivial, then it is homotopic to a non-zero multiple of the composite

. . o . L—
ajj: SHMAM T2 2y gamitammap Ly G, (7.2)

and we write (x;, xj) ~ z;; - a; ; for some z;; € Z/ pZ;
3. the Samelson product (x;, (x;, x;)) is only non-trivial when 2m; + 2m; + 2m; = 4p;

4. if (xy, (x;, x;)) is non-trivial, then it is homotopic to a non-zero multiple of the composite
a: 83 4y g2 1y g3 (7.3)

and we write (xy, (X;, X;)) ~ z;; - a for some z;; € Z./ pZ. O

By Theorem 7.1 there exists at least one non-trivial (x;,x;). Recalling the map A in
Section 5.3, each Samelson product (u;, yt;) factors through QA by definition, so the

composition (¥R 24 azA i> L may be non-trivial, depending on L. Unlike in
Theorem 6.1, we do not necessarily have an H-map extension f : G — L. Instead,
we will use the above theorem together with some results on homotopy nilpotency (as
introduced in Section 2.2) to modify A, and obtain an extension. The following theorem
of Kaji and Kishimoto [16] gives us values for the homotopy nilpotency of G.

Theorem 7.2. Let G be of type (my, ..., my). Then we have the following values for the homo-
topy nilpotency of G:
1. if 3my < p < 2my then nil (G) = 2;

2. ifmp < p < 3my then nil(G) = 3, unless (G, p) is one of (Fs,17), (E,17), (Es,41)
and (Eg,43);

3. ifmp < p < 3my and (G, p) is one of (Fy,17), (Ee,17), (Es, 41) and (Es,43), then
nil(G) = 2. O

7.2 Nontrivial Samelson products

Recall that R was defined to be R = \/k+1 Ry, where each R, is a wedge of spheres,

and A = \/kJrl A¢ where each Ay is a wedge sum of Whitehead products of length L. By
Theorem 7.2, nil(G) < 3, so if £ > 4 then the composite R =N QOXRy ﬂ) QZA G

is null homotopic. Then for each ¢ > 4, we have a lift

/ lQMOE (7.4)

— QXA
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for some map ¢. It remains to consider £ = 2 and ¢ = 3.
For ¢ = 2, consider the composition

Ry & OZR, 22 0xa & G, (7.5)
It is a wedge sum of Samelson products (x;, x;) for i > j, some of which may be null
homotopic. By Theorem 7.1, at least one is not. Hence, define R;; to be the wedge of
spheres in R, whose corresponding Samelson products are null homotopic, and Rz
to be the wedge of spheres in R, with nontrivial Samelson products. Then we have
Ry = Ry V Ry, and the restriction of (7.5) to Ry is null homotopic. We want to
modify the restriction of (QA; o E to Rp» such that it will also be null homotopic when

composed with ).

Let (x;, x;) be a nontrivial Samelson product, and define the corresponding map b; ; by

the composition
byj o G2 2mi=2 Ly g 2mi=2pl y 4 By ORA, (7.6)

Notice that a;; = Q)j o b; j, where 4, ; is from Theorem 7.1.

By Theorem 7.1, (x;,xj) =~ z;;-a;; for some z;; € Z/pZ. Define a ‘difference map’
dij = (ui, ptj) — zjj - b; j, and observe that there are homotopies

Qjod;j=Qjo ({pi, uj) —zijbij) (7.7)
~ Qo (pi, pj) —zij- Qjobi (7.8)
>~ (Xj, Xj) — Zij i (7.9)
= k. (7.10)

Thus the composite ()j o d; ; is null homotopic, and d; ; lifts through ().

For each summand of Ry, there is a difference map d;;. Let D> : Rpp — QXA be the
wedge sum of all the d; j, and observe that ()j o D; is null homotopic. Now consider
the map 6> : Ro1 V Rpp — QOXA, defined to be the wedge sum of QA o E on Ry ; and

D; on Ry5. We have a lift
R>
y lez (7.11)
Qy

00 — OrA

for some map ¢».

We proceed similarly for ¢ = 3; let Rz (respectively Rap) be the wedge of spheres in
R3 whose corresponding Samelson products compose trivially (nontrivially) with ().
Then R3 = R31 V R3. Observe that if nil(G) = 2, then R3» = *. If nil(G) = 3, then we

use Theorem 7.1 to describe the nontrivial Samelson products.
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Let (x¢, (x;, xj)) be a nontrivial Samelson product. Then we have 2m; +2m; 4 2m; = 4p,
and (x;, (x;, x;)) is homotopic to a nonzero multiple of S4—-3 L g2 My 63 oo we may
write (xt, (X;, X;)) =~ z;; - a for some z;;; € Z/pZ. Define & to be the composite

I N e Ny - U BENY6 ) /0 (7.12)

Then by definition of the maps x; and the fact that ()j is an H-map, (x;, (x;, x;)) is
homotopic to Qf o (us, (pi, pj)). We define a ‘difference map’

diij = (He, (Wis i) — Ztij - & (7.13)

Observe that there are homotopies

Qjodyj = Qjfo ((ue, (pis i) — 2t - &)
>~ Qf o (ue(pi, ) — z1ij - Qjol
~ <xt, <Xi, x])> — Zt,i,j -a

~ x,

Collect the d;;; to obtain a map D3 : R3» — (XA such that ()j o D3 =~ %, and now
define 03 : R31 V R3p — (XA to be the wedge sum of QA3 o E on R3; and D3 on R3.
Then, for some map ¢3, we obtain a lift

R3
y l"S (7.14)
00 27, azA.

Let 6 be the wedge sum of maps 6, 63 and QA; o E for 4 < ¢ < k+ 1, and let ¢ be the
wedge sum of maps ¢, for 2 < ¢ < k 4 1. Taking adjoints, denote ¢ = ev o X6 and
= ev o ¢, where ev is the evaluation map. The following result of Theriault [38]

pulls the above construction together.

Theorem 7.3. Let G and L be compact, simply-connected, simple Lie groups. The map ¢ : LR — Q
is a homotopy equivalence and the following two diagrams homotopy commute:

, R XR
le ¢ lﬁ (7.15)
00 L/WEA Q 4 S A

Consequently, there is a homotopy fibration R % va L BG.
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7.21 Conditions for [A, L] = H[G, L]

Recall that i was defined to be the composite A E ara % G. The following theorem

will give us a useful framework for proving later results on the classical Lie groups.

Theorem 7.4. Let G and L be compact, simply-connected, simple Lie groups. Suppose that G
and L are localised at an odd prime p such that G is p-regular but not homotopy commutative.
Let f : A — Lbeamap,andlet f : QXA — L be the induced H-map extension of Theorem 3.8.
Suppose that the following compositions are null homotopic:

fo i ) fobij foa. (7.16)

Then there exists a unique H-map f : G — L extending f, such that f oi ~ f.

Proof. By definition, 0 is a wedge sum of maps QAyoEon Ry, R31and Ryfor4 < ¢ <k+1,
and maps Dy, D3 on Ry and R3». Note that since f o (j;, ;) is null homotopic and f
is an H-map, the composition f o (ju, (i, p1j)) is also null homotopic. Each QA o E is
a wedge sum of iterated Samelson products, obtained by bracketing with (u;, ;). By
assumption f o (j;, yj) is null homotopic, so as f is an H-map, f o QA o E is null ho-
motopic for all £. By definition, each map in D; is a difference (u;, ;) — b;; and each
map in Dj is a difference (juy, (i, 11j)) — &. Since f is an H-map, it distributes on the left,
so as each of f o (u;, yj)), fo b;; and f o & is null homotopic, the composites f o D, and

f o D3 are null homotopic. Combining this, the composition R % azA L Lisnull

homotopic.

Consider the composite QxR Y x4 L L. Since Q8 and f are H-maps, so is the
composite. Theorem 3.8 therefore implies that the homotopy class of f o Q8 is deter-
mined by the homotopy class of f o )9 o E. But by definition of ¥ we have Q8o E = 6,
and in the first paragraph it was shown that f o 6 is null homotopic. Therefore f o Q¢

is null homotopic.

By Theorem 7.3, there is a homotopy fibration R % x4 L BG. Looping, we obtain a

homotopy fibration
asr 2 a4 G, (7.17)

By Lemma 5.5, (4,1, G) is retractile. Define f by the composition f : G = QXA i>

and observe that by Proposition 5.2 there is a homotopy commutative diagram

lg/ (7.18)

L,
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where f is an H-map and it is the unique H-map, up to homotopy, such that f oi ~ f.
O

Corollary 7.5. Suppose that for any f : A — L, the H-map extension f : QXA — L from
Theorem 3.8 has the property that the compositions in (7.16) are null homotopic. Then there
is a one-to-one correspondence [A, L] = HI[G, L], sending f : A — L to its H-map extension
f:G—L O

7.2.2 Results on the classical Lie groups

Theorem 7.6. Let 2m < n, and consider H[SU (m), SU(n)]. Localised at a prime p such that
m < p < n, there is a bijection

I

H[SU(m), SU(n)] r\/1 $m1 §U1(n) (7.19)

i=1

> 3(SU(n)) x t5(SU(n)) X ... X 101 (SU(n)). (7.20)

Proof. Note that the condition m < p < n means that SU(m) is p-regular, and SU(n) is
not. Let A = XCP"™!,and note that A ~ S Vv ... v S?"~1 Let f : A — SU(n). We will

prove that each of the compositions in (7.16) is null homotopic.
Step 1: The composition f o b; ; is null homotopic.

The map b; ; is defined by
by S2mitami=2 Ly gami2mi=2p+l oy 4 By Oyia, (7.21)

Thus f o b; j represents a map in 7r2mi+2m].,2(SU(n)). Since m; < m and 2m < n, we
have 2m; +2m; — 2 < 2n — 2, and by Bott periodicity all homotopy groups of the form
7o (SU(n)) are trivial for 2 < 2k < 2n. Hence f o b; ; is null homotopic.

Step 2: The composition f o & is null homotopic.

By definition, the map & is the composite
R A BN e Ny = PN ENY 6 3/ ) (7.22)

This map factors through S, and by Bott periodicity 7o (SU(n)) is trivial for 2 < 2k < 2n.
Thus, since p < 1, 75, (SU(n)) is trivial and f o & is null homotopic.

Step 3: The composition f o (u;, ;) is null homotopic.
We would like the composition

g1 p gam=1 Wi e 4 Ty St (7.23)
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to be null homotopic. Lety : SU(n) — SU(c0), and consider v, : [X,SU(n)] — [X, SU ()],
where dim(X) < 2m; +2m; —2 < 2m — 2.

The fibre of 7 is Q(SU(c0)/SU(n)) ~ S>"*1 U - - -, implying that 7, is an isomorphism
if dim(X) < 2n 4 1. But we have assumed that dim(X) < 2m —2 < 2n + 1, and so 7.

is indeed an isomorphism.

Thus, the homotopy class of f o (;, j1;) is determined by the homotopy class of y o f o (u;, ;).
Then since y and f are H-maps, the composition y o f o (u;, ;) is a Samelson product
§2mi—1 A §2mi=1 s S (0). Since SU (o) is an infinite loop space, it is homotopy com-

mutative. Thus, the composition 1y o f o (y;, yj) is null homotopic.

The conditions of Theorem 7.4 have been met, so the map f : A — SU(n) can be
extended to a unique H-map f : SU(m) — SU(n). As this is true for any map
f: A — SU(n), by Corollary 7.5 we have a bijection H[SU(m), SU(n)] = [A,SU(n)].
Since A is homotopy equivalent to a wedge of spheres S3vSe... v Sl we indeed
have

H[SU(m),SU(n)] = m3(SU(n)) x m5(SU(n)) X ... X moy-1(SU(n)). (7.24)

O]

Theorem 7.7. Let 4m < n, and consider H[Sp(m), Sp(n)]. Localised at a prime p such that
2m < p < 2n, there is a bijection

1

2m
H[Sp(m), Sp(n)] [\/ 52’”"1,517(11)] (7.25)

i=1
m3(Sp(n)) x 7 (Sp(n)) ... X Tam—1(Sp(n)). (7.26)

1%

Proof. Note that the condition 2m < p < 2n means that Sp(m) is p-regular, and Sp(n)
is not. Let Agp(,) = PV STV ...vS¥l and let f : Agpmy — Sp(n). We will prove
that each of the compositions in (7.16) is null homotopic.

Step 1: The composition f o b; ; is null homotopic.

The map b; ; is defined by
. L . . E
by o SPmtamm2 Sy GImit =2l Ac S QN A, (). (7.27)

Thus f o bij represents a map in 7tom,+om,—2(Sp(n)). Localised at an odd prime, Sp(n)
retracts off SU(2n). There is a Z summand in 74;_1(Sp(n)) for 1 < j < n, and
mk(Sp(n)) is trivial for k < 4n — 1 otherwise. Since 2m; + 2m; — 2 is not of the form
4j — 1, we see that f o b; ; is null homotopic.

Step 2: The composition f o & is null homotopic.
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The map & factors through S*, so we may again use the retraction of Sp(n) off SU(2n)

to see that 715, (Sp(n)) is trivial, and so f o & is null homotopic.
Step 3: The composition f o (u;, ;) is null homotopic.
We would like the composition

gxmi—1 p g2mi—1 —><yi'yj> ara L Sp(n) (7.28)
to be null homotopic. Lety : Sp(n) — Sp(o0), and consider 7, : [X, Sp(n)] — [X, Sp(0)],
where dim(X) < 2m; + 2m;—2 < 4m —2.

The fibre of 7y is Q(Sp(c0)/Sp(n)) ~ S¥*T3 U - ., implying that -, is an isomorphism
if dim(X) < 4n + 3. But we have assumed that dim(X) < 4m — 2 < 4n + 3, and so .

is indeed an isomorphism.

Thus, the homotopy class of f o (i, ji;) is determined by the homotopy class of y o f o (u;, ;).
Then since y and f are H-maps, the composition -y o f o (j;, yj) is a Samelson product
§2mi—1 A §2Mm=1 s Gp(c0). When Sp(n) is mapped into Sp(0), it behaves as though it

is homotopy commutative (note the similarity to how Sp(m) behaves as though it is ho-
motopy commutative when mapped into Sp(n)). Thus, the composition 1y o f o (;, )

is null homotopic.

We have now met the conditions of Theorem 7.4, and thus the map f : A — Sp(n)
can be extended to a unique H-map f : Sp(m) — Sp(n). As this is true for any map
f:A— Sp(n), by Corollary 7.5 we have a bijection H[Sp(m),Sp(n)] = [A,Sp(n)].
Since Sp(m) is p-regular of type (2,4, ...,2m), Ais a wedge of spheres S> vV §7 v ...V §¥"~1,

and so we indeed have

H[Sp(m),Sp(n)] = m3(Sp(n) x m7(Sp(n)) X ... X mtaym—1(Sp(n)). (7.29)
O

Corollary 7.8. Consider H[Spin(m), Spin(n)], such that m and n are both odd and 4m — 3 < n.
Localised at a prime p such that 2m —1 < p < 2n — 1, we have

H[Spin(m), Spin(n)] = [A(Spin(m)), Spin(n)] (7.30)
m3(Spin(n)) x t7(Spin(n)) ... X may—1(Spin(n)).  (7.31)

1%

Proof. For odd m, Friedlander [5] gave a homotopy equivalence

Spin(m) ~ Sp <n12—1> . (7.32)

This means that in the case where m is odd, Agpiym) = A Sp(251)- Throughout, we will
take m; = 2i, so that Ag () = \/2m G2mi=1,
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Consider H[Sp(”51), Sp(%52)]. Let M = "L and N = ;1. Suppose that 4m — 3 < n,
and observe that this implies that

4m—1)+1<n = 4(m—-1)<n-1 (7.33)
m—1 n—1
< .
— 4< > > < (7.34)
— 4M < N. (7.35)

Then we have satisfied the conditions of Theorem 7.7, and there is hence a bijection

2M
HISp(M), Sp(N)] = [\/ sZmil,s;o(N)] (7.36)
i=1

or, equivalently, there is a bijection

1

m—1
H[Spin(m), Spin(n)] [\/ Szmil,Spin(n)] (7.37)

i=1
= m3(Spin(n)) x m7(Spin(n)) ... X maym—1(Spin(n)).  (7.38)

O
Since in the above theorems G is p-regular, [G, L] also decomposes as a product of ho-

motopy groups of L and so we may compare these decompositions to discern whether
[G,L] = H[G, L].
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Chapter 8
A group isomorphism

Recall the map @ : [A, L] — [G, L] that sends amap f : A — L to its H-map extension
f : G — L. As we have seen in Section 7.2.2, ® is a bijection when

e G=SU(m),L=SU(n)for2m <n,m<p<mn;
e G=Sp(m),L=Sp(n)fordm <n,2m < p < 2n;

e G = Spin(m), L = Spin(n) fordm —3 < n,2m—1 < p < 2n —1 with m and n
odd.

These are the conditions given in Theorems 7.6 - 7.8. We now consider when, given
these conditions, the map @ is also a group homomorphism (and hence an isomor-
phism). In the setting of Chapter 5, this was easily done using Lemma 5.4; however
this relies heavily on the homotopy commutativity of L, which we no longer assume.

However, we still might expect ® to be a group homomorphism here, due to the prop-
erties exploited in the previous section. The strategy has been to take L large enough
compared to G that it ‘seems homotopy commutative’ from the viewpoint of G. That is,
we take L large enough that non-trivial Samelson products in G are killed off by map-
ping into L. Our hope is that this will also mean that ® respects the group operation,
although a different method will be needed than that of Lemma 5.4.

8.1 The general case

Let X and Y be path-connected spaces, and let Z be a path-connected, homotopy asso-
ciative H-space. Then by the Hilton-Milnor Theorem 3.11, we have a homotopy equiv-
alence

QEXVEY) ~ I—I(QZX/\"‘1 AY™2), (8.1)

wel
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where Z runs over a module basis for the free Lie algebra L(u,v) on two generators,
and &« € Z corresponds to an iterated bracket in which a1, a; respectively record the

number of instances of u and v that appear in a.

We may realise this homotopy equivalence in the following way. Let iy, i be the inclu-
sions of the left and right summands respectively,

12X = XXVXY (8.2)
ip XY - XX VZXY. (8.3)

Fora € Z, let
Wyt ZXMAYM2 5 TXVEY (8.4)

be the Whitehead product formed by replacing each instance of # and v in « with i; and
ip respectively. Then the map

e: [[QEX" AY) - Q(EXVEY) (8.5)

wel

formed by taking the product of the maps Qw, is a homotopy equivalence.

Observe that the factors corresponding to the Lie algebra basis elements u and v them-
selves are QXX and (XY, and the restriction of e to these factors is (3i; and i, respec-
tively. Let Z/ = Z — {u, v} and let ¢’ be the restriction of e to the factors indexed by
7.

Lemma 8.1. Let W be a homotopy associative H-space and suppose that
6:QEXVEY) W (8.6)

is an H-map. If 6 o Q[iy, i] is null homotopic, then 6 o €' is null homotopic.

Proof. Recall that ¢’ is a product of maps Qw,, where each « is in Z’ and so corresponds
to a generic bracket involving both # and v. In particular, it expands on [u, v], which

corresponds to [iy, i2].

Consider the composition 6 o Qw,. By hypothesis 6 is an H-map and W is homotopy
associative, so by the James Construction (Theorem 3.8), in order to show that o Qw,
is null homotopic it suffices to show that 6 o Qw, o E is null homotopic. That is, we
wish to show that the composition

XM Ay B qmxin pyne) 2% o xyry) S ow (8.7)

is null homotopic.
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Note that Qw, o E is the Samelson product s, that is adjoint to w,. Define maps y and

v by the following compositions, so that y and v are adjoint to i; and 7, respectively.

u:X 5 arx 25 oExvry), (8.8)
vy 5 azy 22 aExvey). (8.9)

Then we may form the Samelson product s, (y, v). As 6 is an H-map, we have

Bosy(p,v) ~su(Bop,bov). (8.10)

By hypothesis, 8 o Q)fiy, 2] is null homotopic. Then we also have 6 o Q[i},ip] 0 E =~ %,
and this is homotopic to 6 o (i, v). Then, as 6 o (y, v) is homotopic to (6 o u,0 o v), we
see that the latter Samelson product is also null homotopic.

For all « € 7', we have that 6 o Qu, is null homotopic. As 6 is an H-map, 6 o ¢’ is

homotopic to the product of the maps 6 o Qw, for « € Z’. Hence 6 o ¢’ is null homotopic.

O
The Hilton-Milnor Theorem 3.11 implies the following.
Lemma 8.2. There is a homotopy fibration
[T oEx ™ Ay ) S aEx vey) 2 osX x Qzy (8.11)
e’
where 1 is the inclusion of the wedge into the product.
Proof. Define the space F by the homotopy fibration
F— QEXvEY) 2 Q58X x QY. (8.12)
Consider the following diagram:
[Lier Q(EXN A YN2)
AT l (8.13)
F¥ L, 0Exvey) —2% L axxqQy.

We would like to find a lift A of €/, A : [[,er Q(EX1 A Y 2) — F.

Consider the special case Q(XX A XY) Olivil, QEXVIZY) 24 Q%X x QY. Before

looping, this is the cofibration

[i1,i]

TXAY 22 vXVEY L EX x TY, (8.14)
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and is hence null homotopic. This implies that i o [i1, 2] ~ *, so Qi 0 Q[iy, ip] ~ * and
then by Lemma 8.1 Qi o ¢’ is null homotopic.

Now recall that ¢’ is a restriction of the homotopy equivalence ¢, leaving out the two fac-
tors QXX and QXY. These correspond to the loops on the inclusions i; : X — X VXY
and ip : XY — XX V XY respectively. Once looped, we can then multiply to get a ho-
motopy equivalence defined by the composite

QXX x OrY 2192 ax vey) & 05X x Qry. (8.15)

Thus, since ¢ is a homotopy equivalence, F has the homotopy type of [ [, (QEX"\4 A Y/ \2),
We now have the following homotopy commutative diagram, where the bottom map
is a left homotopy inverse for ¢/ (which we have since e is a homotopy equivalence):

Maer Q(EX % A YAR2)

/ le, \ (8.16)

F< 5 QEXVEY) —— [Lep Q(EX 4 A Y/R2)

Hence [],cz Q(EX"1 A Y 2) retracts off F; but since they have the same homotopy
type, A must be a homotopy equivalence. Therefore we indeed have a homotopy fibra-
tion as stated in (8.11). O

For f € [X,Z] and g € [Y, Z], where Z is assumed to be homotopy associative, let 1
denote the composite

hxvy & zvz s zxz. (8.17)

By Theorem 3.8, we may extend h to an H-map /1 : QL(X VY) — Z X Z.
Lemma 8.1 immediately implies the following.

Corollary 8.3. Suppose that the composite h o Q[iy, 1] is null homotopic. Then the composition

[ToEx " AYMe) S aExveY) b zxz (8.18)

ael’

is null homotopic. O

We specialise now to the case where X =Y = Aand Z = L.
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Given maps f,g : A — L, we aim to construct a homotopy commutative diagram

AVA I L 1vL s LxL ™

OX(AV A)

o (8.19)
OZA x QXA

rXr

GxG

for some H-maps 7, ¥ and §. We do this through the following series of lemmas.

Corollary 8.4. There is a homotopy commutative diagram

fvg

AVA I8 LIV — S LxL "L
lE / (8.20)

Q(AV A)

where vy is an H-map.

Proof. By the James construction (Theorem 3.8), the composition

hAVALS v S LxL (8.21)

extends to an H-map v : QX(AV A) — L, which is the unique H-map such that
Yo E ~h. O

Lemma 8.5. Suppose that the composite QU(LA N A) Olivil, QEAVZA) 5 Lis null

homotopic. Then there is a homotopy commutative diagram

QOZ(AVA) — L
lﬂi - (8.22)
QA x QSA

where ¥ is an H-map.

Proof. By Corollary 8.4, v is an H-map. Then we may use Lemma 8.1 to find that the
composite

E/

Q(EAM A AM) S O(EAVEA) S L (8.23)

is null homotopic.
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By Lemma 8.2, we have a fibration

[TQEA™ AAM) S ax(Av A) 2 QXA x QXA (8.24)

wel!

Then, since 7 o ¢’ is null homotopic, we may employ Proposition 5.2 to yield an H-map
¥ : QXA x QXA — L extending v, as in (8.22). O

Define f : QXA — L to be the H-map extension of f, as given by the James construc-
tion. Then f is the unique H-map such that f o E ~ f. Define § : OX.A — L similarly.

Lemma 8.6. The H-map  in Lemma 8.5 is homotopic to m o (f x g).

Proof. As % is an H-map it is determined by its restriction to each factor OXA. Let
Y1 : QXA — L and 9, : QXA — L be the restrictions to the left and right factors
respectively. Since 7 is an H-map, so are 91 and 9,. Then, since ¥, is an H-map, the
James construction (Theorem 3.8) implies that the homotopy class of ; is determined
by the composite A LYW LY

By Corollary 8.4 and Lemma 8.5, this is homotopic to the composite

A AVALS LvL s LxL L, (8.25)

which when considering only the first factor is homotopic to f. Then E o 41 ~ f, which
by the uniqueness property of the James construction implies that 4, ~ f. Similarly,
Y2 =~ §, and we see that 7 ~ m o (f x ). O

Lemma 8.7. Suppose that (A, i, G) is a retractile triple, and there is a homotopy fibration
Qp 7
OR — QXA = G (8.26)

with the property that f o Qp and § o Qp are null homotopic. Then there is a homotopy com-
mutative diagram

QLA X QA —5 L
|rer / (8.27)
GxG

where § is an H-map.

Proof. There is a homotopy fibration

OR x OR 2% 05 4 x QzA 2% G % G. (8.28)

By hypothesis, f o Qp and § o Qp are null homotopic. By Lemma 8.6, ¥ ~ mo (f x ),
and by Lemma 8.5 ¥ is an H-map, implying that ¥ o (QQp x Qp) is null homotopic.
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Since we have a homotopy fibration (8.28) and the composition

OR x OR 2% s A x axA L 1 (8.29)

is null homotopic, Proposition 5.2 tells us that the diagram (8.27) homotopy commutes,

and that 4 is an H-map. O

By Theorem 5.7, the map 7 has a section s : G — QXA. Define f and § to be the

composites

(8.30)
(8.31)

Lemma 8.8. Given the hypotheses of Lemmas 8.5 and 8.7, the H-map < is homotopic to
mo (f x§).

Proof. Assoris homotopic to the identity map on G and «y =~ § o (r x r), the definitions
of f and ¢ yield

F~9g0(QjxQj)o(sxs) (8.32)

~yo(sxs) (8.33)

~mo(fxg)o(sxs) (8.34)

~mo (fx$). (8.35)

In particular, as 4 is an H-map so is m o (f x ). O

Lemma 8.9. There is a homotopy commutative diagram

A—Z2 S AVA
[
E Q(ZAVZA) (8.36)

Jon

OSA —245 OYA x QXA.

Proof. Observe thatwhen AV A 5 Q(AVA) 24 QA x QA is restricted to the left
copy of A, one obtains A L axA & QXA x QXA where i is the inclusion of the first

factor, and similarly the restriction to the right copy of Ais A E0ra 2 0raxaza
where 15 is the inclusion of the second factor. Thus Qi o E is homotopic to

AVA = Ax AL QrA x QzA. (8.37)
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Next consider the composite A 2> AV A — A x A. Since ¢ is a comultiplication this
is homotopic to the diagonal map. Thus the upper direction around Diagram (8.36) is
homotopic to A A Ax A ZE QrA x QFA. The naturality of the diagonal implies
that this is homotopic to the composite A L OZA 2 QA x QLA which is the lower

direction around the Diagram (8.36). Hence the diagram homotopy commutes. O

Proposition 8.10. Suppose that there are maps f, g : A — L where L is a homotopy associative
H-space. Given hypotheses as in Lemmas 8.5 and 8.7, there is a homotopy commutative diagram

A%A\/ALL\/LHLXL n

!

i OXA x QXA

leij
A

G——— GxG

(8.38)

Proof. The homotopy commutativity of the left rectangle follows from Lemma 8.9. The
top triangle homotopy commutes by Lemmas 8.5 and 8.6, and the bottom triangle ho-
motopy commutes by Lemmas 8.7 and 8.8. Thus the diagram as a whole is homotopy

commutative. O

Recall the map @ : [A, L] — HJ[G, L] sending f to f.

Corollary 8.11. Suppose that there are maps f,g : A — L where L is a homotopy associative
H-space. Given hypotheses as in Lemmas 8.5 and 8.7, the map ® has the property that

O(f +g) =~ P(f) + P(g) (8.39)

Proof. Consider the homotopy commutative diagram 8.38. Observe that the top row is
the definition of f + g, and the composite m o (f x §) o A is the definition of ®(f) 4+ ®(g).
Thus the diagram shows that (®(f) + ®(g)) oi ~ f + g. Since both m o (f x ¢) and A
are H-maps, so is ®(f) + ®(g). Then we have ®(f + g) ~ O(f) + (). O

Theorem 8.12. Suppose that L is a homotopy associative H-space. Given hypotheses as in
Lemmas 8.5 and 8.7, then H[G, L] is a subgroup of |G, L], and ® is a group isomorphism.

Proof. Let ¢, p: G — L be H-maps. Since we have a 1-1 correspondence between [A, L]
and H[G, L], we have ¢ ~ f and p ~ ¢ for some choices of f,g : A — L. As we have
seen, ®(f) + P(g) isan H-map,sop+p : G AexG b LxL L is an H-map
and H[G, L] is closed under addition.
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The inverse of f is — f, which corresponds to an H-map ®(—f) : G — L. Corollary 8.11

implies that
O(f) + @(—f) = @(f + (~f)) (8.40)
~ @ (x) (8.41)
~ %, (8.42)

so ®(—f) ~ —P(f) and H[G, L] is closed under taking inverses.

The identity map is an element of H[G, L], so H[G, L] is a group and Corollary 8.11
shows that ® is a group homomorphism. Since ® is also a bijection, it is hence an
isomorphism. ]

8.2 Application to the classical Lie groups

Note that in the following proposition, conditions on m, n and p have been chosen so
that G is p-regular and L is not.

Proposition 8.13. The hypotheses of Lemmas 8.5 and 8.7 hold in the following cases:

e G=SU(m),L=SU(n) for2m <n,m < p < n;
e G=Sp(m),L=_Sp(n)fordm <n,2m<p<2n;

e G = Spin(m), L = Spin(n) fordm —3 <n,2m—1 < p < 2n — 1 with m and n odd.

Proof. Consider the composite

aEAnA) 288 osavza) 5L (8.43)

This is a composite of H-maps from a loop suspension to a homotopy associative H-
space, and thus the James construction implies it is null homotopic if and only if the
composite

AnA B aEana) 2 qsavsa) L (8.44)

is null homotopic. Note that the composition [y, i2] o E is homotopic to the Samelson
product (Qiy o E, Qi o E).

By definition of 7y, we have the homotopy commutative diagram

ALy ora 2% QEAVEA)
f | (8.45)
Y

L.
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Similarly, we also have y o Qi o E ~ g.

Since <y is an H-map, it preserves Samelson products, and thus the composite (8.43) is
homotopic to the Samelson product (f, g).

We will treat the cases for each group separately here. Let G = SU(m), L = SU(n)
for2m < n,m < p < n. Then A = YCPm1 = 83vsSSyv...vS?™-1 andso ANA
has dimension 2(2m — 1) = 4m — 2. Note that as SU(c0) is an infinite loop space, it is
homotopy commutative, and so since SU(n) — SU(m) is (2n — 1)-connected we have
that L = SU(n) is homotopy commutative through dimension 2n — 1. But 2m <mn
by hypothesis, and so 4m —2 < 2n — 1. As Samelson products map trivially into ho-
motopy commutative H-groups, (f,g) is null homotopic, implying that (8.44) is null
homotopic, thus the conditions of Lemma 8.5 are met.

Now let G = Sp(m), L = Sp(n) for 4m < n,2m < p < 2n. In this case
A~S3vSy. . vsimTl (8.46)

and A A A has dimension 2(4m — 1) = 8m — 2. Then since Sp(o0) is homotopy com-
mutative and Sp(n) — Sp(m) is (4n + 1)-connected, we have that L = Sp(n) is ho-
motopy commutative through dimension 4n + 1. But 4m < n by hypothesis, and so
8m —1 < 4n + 1. Then as before, (f,g) is null homotopic, so (8.44) is null homotopic
and the conditions of Lemma 8.5 are met.

Recall from the proof of Corollary 7.8 that since m and n are both odd, there is a homo-

topy equivalence

Spin(m) ~ Sp <m2— 1> , (8.47)

and thus, since the conditions of Lemma 8.5 are met for G = Sp(m), L = Sp(n) for
4m < n,2m < p < 2n, they are also met for the equivalent conditions G = Spin(m),
L = Spin(n) fordm —3 <n,2m—1 < p < 2n — 1 with m and n odd.

We now turn to the conditions of Lemma 8.7. For each case in the statement of this theo-

rem, conditions are such that G is p-regular. Theorem 7.3 gives us a homotopy fibration
>R % =A% BG. Looping this, we get a homotopy fibration QX.R 2% orA L G.

Consider now the composition Q¥R D, 54 Ly L. Recall from the proof of Theo-
rem 7.4 that if G and L are localised at an odd prime p such that G is p-regular but not
homotopy commutative, and the following compositions are null homotopic:

fopiuj) fob, foa, (8.48)

then f o O is null homotopic.
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It was then proved in Theorems 7.6 - 7.8 that the compositions (8.48) are indeed null
homotopic under the hypotheses of this theorem. Hence the hypotheses of Lemma 8.7
hold. O

Applying Theorem 8.12 to the above cases, combined with Theorems 7.6 - 7.8 gives us
the following results for group isomorphisms H|[G, L] = [A, L] for classical Lie groups
under certain conditions. Since G is p-regular, [G, L] may be decomposed as a product
of homotopy groups of L, and this may be used to discern whether [G, L] = H|[G, L|.

Theorem 8.14. Let 2m < n, and consider H[SU(m),SU(n)]. Localised at a prime p such
that m < p < n, there is a group isomorphism

H[SU(m),SU(n)] = r\/1 §2m=1 Su(n) (8.49)
i=1

> 3(SU(n)) x t5(SU(n)) ... X mo,—1(SU(n)). (8.50)

O

Theorem 8.15. Let 4m < n, and consider H[Sp(m), Sp(n)]. Localised at a prime p such that

2m < p < 2n, there is a group isomorphism

2m

H[Sp(m), Sp(n)] = [\/ 52"”1,5?(”)] (8.51)
i=1

= m3(Sp(n)) x m7(Sp(n)) ... X Tam—1(Sp(n)). (8.52)

OJ

Corollary 8.16. Consider H[Spin(m), Spin(n)], such that m and n are both odd and 4m — 3 < n.
Localised at a prime p such that 2m —1 < p < 2n — 1, there is a group isomorphism

H[Spin(m),Spin(n)] = [A(Spin(m)), Spin(n)]. (8.53)

O
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