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1 Introduction

The AdS/CFT correspondence relates bulk AdS scattering amplitudes to correlation func-
tions in a boundary conformal field theory. The nature of bulk dynamics can therefore be
effectively explored by making use of tools from conformal field theory. The archetypal
example of the correspondence is that of N = 4 super Yang-Mills theory as the boundary
CFT, describing type IIB superstrings in the AdS5×S5 bulk. Many recent works have
explored this theory with much focus on tree-level four-point amplitudes in the bulk and
their one-loop corrections [1–4]. Such bulk amplitudes correspond to a large N expansion
of the correlation function of four half-BPS operators in the conformal field theory.

Here we would like to explore the possibility of extending the analysis to higher loop
order, focussing on two loops as a first example. This may seem a formidable problem,
particularly from the bulk perspective, where already tree-level and one-loop amplitudes
pose significant computational problems [5–14]. However, the end results for tree-level and
one-loop amplitudes, obtained mostly from boundary CFT considerations, actually display
surprising simplicity. In part, this is due to a hidden ten-dimensional conformal symmetry
of the tree-level amplitudes which in turn leads to a significant simplification of the leading
logarithmic discontinuity at all loop orders.

We will focus on the four-point scattering of graviton supermultiplets, or equivalently
the four-point correlation function of four stress-energy multiplets in N = 4 super Yang-Mills
theory. In [15] it was observed that the one-loop result, first computed in [4], can actually
be simplified significantly with the help of an eighth-order conformal Casimir operator.
This operator was known to simplify the form of the leading logarithmic discontinuity to all
loop orders [16]. It is related to the surprisingly simple form of the tree-level contribution
to the anomalous dimensions of the double-trace operators exchanged in the OPE with
two external half-BPS operators [16, 17]. The simple form of the anomalous spectrum is in
turn related to the ten-dimensional conformal symmetry of the tree-level amplitudes [18].
With the use of the eight-order Casimir the one-loop amplitude can be replaced by a much
simpler preamplitude, whose analytic structure is so tightly constrained that in fact one
does not even require the form of the leading discontinuity to essentially fix it uniquely [15].

Here, in common with the recent work of Huang and Yuan [19], we explore the extension
of the use of this operator to higher loops. In particular we write the amplitude in terms
of a preamplitude from which we obtain the full amplitude by two applications of the
eighth-order Casimir. We observe that the square of the Casimir actually exhibits a simple
transformation under crossing symmetry which allows us to restrict the preamplitude to
be fully crossing symmetric. We describe an anzatz for the preamplitude in terms of
polylogarithmic functions of two variables, including singularities which appear in the
one-loop string corrections to the supergravity amplitude [20]. Then we impose various
OPE predictions arising from known tree-level and one-loop data. Under the further
assumption that the leading discontinuity is manifested by the preamplitude, and imposing
that the amplitude correctly reproduces the two-loop flat-space supergravity amplitude
upon taking the bulk-point limit, we are led to confirm the result of [19]. In particular,
we fix some ambiguities left undetermined in their result and, as a consequence of the

– 1 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

interplay of crossing symmetry with the canonical form of the leading discontinuity (as well
as the conjectured absence of weight 4 functions containing the letter x− x̄), we provide a
justification for the vanishing of their last free parameter. We also explore certain wider
ansätze and analyse the corresponding freedoms they introduce into the final form of the
two-loop amplitude.

The result we obtain is very suggestive that in fact all ambiguities should also be
included in the form of the preamplitude ansatz, that is to say that any finite contributions
from tree-level and one-loop counterterms should also respect the form of the ansatz given
in terms of the preamplitude, as also happens at one loop. This possibility restricts the
final amplitude to just a handful of ambiguities, which are exactly the expected tree-level
ambiguities consistent with the presence of genus-two contributions from the ∂4R4, ∂6R4,
∂8R4 and ∂10R4 corrections. Notably, the R4 term does not appear as an independent
ambiguity, in analogy with its vanishing contribution at genus two.

Furthermore, from our result we extract the two-loop correction to the anomalous
dimensions of the twist-four double-trace operators O2,` ∼ O2∂

`O2 for generic spin `. In
the supergravity limit (and neglecting 1/λ corrections), their dimensions admit a large N
expansion of the form

∆2,` = 4 + `+ 2
(
aγ(1) + a2γ(2) + a3γ(3) +O

(
a4
))
, (1.1)

where we introduced a ≡ 1/(N2 − 1). To order a3, the anomalous dimensions read

γ(1) = − 48
(`+ 1)(`+ 6) ,

γ(2) = 1344(`− 7)(`+ 14)
(`− 1)(`+ 1)2(`+ 6)2(`+ 8) −

2304(2`+ 7)
(`+ 1)3(`+ 6)3 −

1080
7 δ`,0 ,

γ(3) = c3
(
S−3 − S3 − 2S1,−2 + 3ζ3

)
+ c2 S−2 + c1 S1 + c0 + c

(a)
0 + α γ̃

(2,3)
2,` ,

(1.2)

where the tree-level and one-loop contributions γ(1) and γ(2) have been derived in [21]
and [4], respectively, while the two-loop contribution γ(3) constitutes a new result.1 The
coefficients ci are rational functions of spin and S~a ≡ S~a(`+ 3) are nested harmonic sums,
whose precise definitions as well as an extended discussion of the properties of γ(3) are given
in section 5.

The rest of the paper is organised as follows: the remainder of this section is devoted to
fixing our notation for the 〈O2O2O2O2〉 correlator and introducing its OPE decomposition.

In section 2, we focus on the leading logarithmic divergence of supergravity correlators to
any loop-order. We notice that its transcendental structure is described by a certain family
of four-dimensional loop-integrals, the so-called zigzag integrals, which are a particular class
of the generalised ladders discussed in [22]. This observation is powerful as it determines
a part of the supergravity correlator at any loop-order, greatly reducing the number of
transcendental functions with undetermined coefficients.

1Note that the formula for γ(3) quoted above is strictly speaking only valid for spins ` ≥ 6. This is
because we are able to fix the two-loop amplitude only up to certain tree-level ambiguities which contribute
up to spin ` = 4 in the conformal block expansion.
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Next, in section 3 we revisit the bulk-point limit of AdS amplitudes and we show how
known tree-level and one-loop AdS5×S5 amplitudes match their flat-space counterparts.
Moreover, the extra x − x̄ singularity of the one-loop string corrections turns out to
be a crucial ingredient which reproduces the logarithmic threshold terms present in the
perturbative expansion of the type IIB string amplitude in flat-space. Extended to two-
loop order, the knowledge of the 10-dimensional two-loop supergravity amplitude gives a
non-trivial constraint for the corresponding AdS correlator.

The main result of our work is described in section 4, where we spell out the details
on the minimal ansatz used as a starting point of our bootstrap approach to the two-loop
supergravity contribution. In particular, we discuss in great detail the basis of transcendental
functions and compare our result to the one recently obtained in [19].

In section 5, we make use of the obtained two-loop correlator to extract from it new
unprotected CFT data, recall also the previous comments around equation (1.2). The result
for the two-loop anomalous dimension extends the previously known terms up to order a3.

Lastly, in section 6 we consider possible natural extensions of the minimal ansatz and
analyse the corresponding additional free parameters in the final result. We then conclude
with a number of open questions.

1.1 Setup: the 〈O2O2O2O2〉 correlator

We consider the four-point correlation function of the stress-tensor superprimary O2, which
is a half-BPS single-trace operator of conformal dimension ∆ = 2. It is given in terms of
the fundamental scalar fields Φi (i = 1, . . . , 6) of the N = 4 supermultiplet by

O2(x, y) = yiyj Tr
(
Φi(x)Φj(x)

)
, (1.3)

with yi being an auxiliary so(6) null vector obeying y · y = 0, such that O2 transforms
in the traceless symmetric representation [0, 2, 0] of the R-symmetry group su(4). In the
context of the AdS/CFT correspondence, this operator is dual to the scalar in the graviton
multiplet of type IIB supergravity on an AdS5×S5 background, whereas its higher charge
cousins Op with p ≥ 3 are dual to Kaluza-Klein modes arising from the compact S5 factor.2

We are interested in the four-point correlator

〈O2(x1, y1)O2(x2, y2)O2(x3, y3)O2(x4, y4)〉 = g2
12g

2
34 G(u, v;σ, τ), (1.4)

where gij = y2
ij/x

2
ij (with y2

ij = yi ·yi) are propagator factors which account for the conformal
weight and the scaling weights yi of the correlator, such that G depends only on the conformal
and su(4) R-symmetry cross-ratios. These are defined by

u = xx̄ = x2
12x

2
34

x2
13x

2
24
, v = (1− x)(1− x̄) = x2

14x
2
23

x2
13x

2
24
,

1
σ

= yȳ = y2
12y

2
34

y2
13y

2
24
,

τ

σ
= (1− y)(1− ȳ) = y2

14y
2
23

y2
13y

2
24
.

(1.5)

2To be more precise, the exact form of ‘single-particle operators’ Op which are dual to single-particle
states in AdS supergravity in general contains admixtures of multi-trace operators, whose coefficients are
1/N suppressed with respect to the usual single-trace term [16]. For an extensive study of the properties of
these single-particle operators and their free-theory correlators, see [23].
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As a consequence of superconformal symmetry the function G is furthermore constrained to
take the form [24, 25]

G(u, v;σ, τ) = Gfree(u, v;σ, τ) + I H(u, v). (1.6)

For convenience, we normalise the correlator by a factor of (N2 − 1)2 such that the free
theory contribution is given by

Gfree(u, v;σ, τ) = 4
(

1 + u2σ2 + u2τ2

v2

)
+ 16a

(
uσ + uτ

v
+ u2στ

v

)
. (1.7)

We call the second contribution to (1.6) the interacting or dynamical part, as it is the only
piece of the correlator which depends on the gauge coupling gYM and hence contains all of
the non-trivial dynamics of the theory. It is of the factorised form shown above with the
factor I being fixed by the superconformal Ward identities,

I = (x− y)(x− ȳ)(x̄− y)(x̄− ȳ)
(yȳ)2 . (1.8)

As a feature of the 〈O2O2O2O2〉 correlator, and more generally for next-to-next-to-extremal
correlators, the function H is then independent of the su(4) variables. Furthermore, it
obeys the crossing symmetries

H(u, v) = 1
v2H(u/v, 1/v) = u2

v2H(v, u), (1.9)

placing strong constraints on its functional form which we will exploit in our bootstrap
approach.

We will study the function H in the supergravity regime (reached by first taking N
large with the ‘t Hooft coupling λ = g2

YMN being held fixed and then taking λ to infinity),
where it describes the scattering of four supergravitons in type IIB superstring theory on
AdS5×S5. Ignoring the λ-dependence for a moment and focussing only on the supergravity
contributions, H admits the large N expansion

H(u, v) = aH(1)(u, v) + a2H(2)(u, v) + a3H(3)(u, v) +O
(
a4
)
, (1.10)

where for convenience we choose to expand in small a, recall the definition a = 1/(N2− 1).3
The first term in the expansion is given by the well known tree-level supergravity correlator
H(1) [8, 26], while the higher-order terms correspond to loop amplitudes in the bulk: the
order a2 term H(2) has been computed in [4]4 and is dual to the one-loop AdS amplitude.
Next comes the two-loop correction H(3) which is the main object of interest here, and has
recently also been considered in [19].

Let us now comment on the structure of λ-dependent terms, which we have omitted
in (1.10). These terms arise due to higher-derivative corrections of the string theory effective
action on AdS5×S5, and in the flat-space limit they are related to analogous terms in the

3In terms of the central charge c, one has a = 1
4c
.

4See also references [3] and [27].
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low-energy expansion of the ten-dimensional four-point scattering amplitude of massless
string states in type IIB string theory. To this end, we will denote a contribution at order
anλ−

m
2 by H(n,m). To be consistent with the expansion (1.10), we have H(n) ≡ H(n,0).

At tree-level, such terms are given by contact Witten diagrams whose interaction
vertices are higher-derivative corrections to supergravity at genus zero. These vertices are
of the form ∂2kR4 and give rise to the tree-level terms H(1,k+3).5 Note that in general these
terms receive higher-genus corrections which contribute to higher orders in a, while still
being ‘tree-level’ in the bulk.6

For instance, the R4 vertex receives a genus-one correction R4|genus-1 at order a2λ
1
2 .

This gives rise to a term H(2,−1), which happens to be super-leading with respect to the
one-loop supergravity correction H(2). As argued for in [37], this super-leading term can
be thought of as a finite counter-term from string theory which regularises the one-loop
supergravity divergence in AdS5×S5. The subsequent terms are then suppressed by powers
of 1/λ, corresponding to either genus-one corrections to the higher-derivative tree-level
terms H(1,k+3) or genuine one-loop contributions induced by their very presence at order a,
which have been addressed in [20, 38, 39].

Similarly, at order a3, there exist genus-two contributions from certain tree-level contact
terms which precede the two-loop supergravity correlator H(3). These are the genus-two
corrections to the ∂4R4 and ∂6R4 vertices, corresponding to the terms H(3,−3) and H(3,−2)

in our notation. Next, at order a3λ
1
2 , a new effect takes place: there are two distinct

contributions to H(3,−1), namely the genus-two correction to the tree-level ∂8R4 term
and a one-loop contribution involving a supergravity and a R4|genus-1 vertex. Finally, the
genus-two correction to the ∂10R4 term is at the same order as two-loop supergravity, and
thus will also contribute to H(3).

Lastly, let us remark that the coefficients of some of these super-leading terms have
been computed up to genus three using supersymmetric localisation techniques, see [40, 41]
for more details.

1.2 OPE decomposition and double-trace spectrum

Next, we introduce the OPE decomposition of the 〈O2O2O2O2〉 correlator. In particular,
we will be interested into its unprotected (or long) part, which receives contributions
from both the free theory and the interacting part and admits a decomposition into
superconformal blocks

〈O2O2O2O2〉long = g2
12g

2
34 I

∑
t,`

At,`Gt,`(x, x̄). (1.11)

The sum above runs over all long superconformal primaries with half the twist t ≡ ∆−`
2 and

even spin ` which are present in the su(4) singlet representation in the OPE of O2 ×O2.
5These string corrections have been addressed in [28–32].
6The existence of such contributions ultimately follows from S-duality of type IIB string theory, see

references [33–35] for a study of modular invariance in this context and also the recent work [36] for a new
approach to SL(2,Z) invariance in the context of N = 4 SYM.
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The At,` are the squared OPE coefficients and the functions Gt,`(x, x̄) are related to the
usual four-dimensional conformal blocks by a shift in their dimensions, giving [42, 43]

Gt,`(x, x̄) = (−1)`(xx̄)t x
`+1Ft+`+2(x)Ft+1(x̄)− x̄`+1Ft+`+2(x̄)Ft+1(x)

x− x̄
, (1.12)

with Fρ(x) = 2F1 (ρ, ρ, 2ρ;x) being the standard hypergeometric function.
To leading order in the expansion around the supergravity limit introduced above,

the only unprotected operators exchanged in the OPE of O2 × O2 are singlet channel
double-trace operators of even spin `. Such operators are constructed from products of
two half-BPS operators, and we denote their classical dimensions by ∆(0) = 2t+ `. Note
that generically there are many such operators with the same quantum numbers, leading to
operator mixing: for a given half-twist t, there are t− 1 such operators which we distinguish
by their degeneracy label i = 1, . . . , t− 1. Schematically, the set of degenerate double-trace
operators is given by

Ot,`,i =
{
O2�

t−2∂`O2, O3�
t−3∂`O3, . . . , Ot�0∂`Ot

}
. (1.13)

In the supergravity limit, their dimensions ∆t,`,i and OPE coefficients At,`,i ≡ 〈O2O2Ot,`,i〉2

admit the expansion

∆t,`,i = ∆(0) + 2
(
aγ

(1)
i + a2γ

(2)
i + a3γ

(3)
i +O

(
a4
))

, (1.14)

At,`,i = A
(0)
t,`,i + aA

(1)
t,`,i + a2A

(2)
t,`,i + a3A

(3)
t,`,i +O

(
a4
)
, (1.15)

where we have again suppressed the λ-dependence at it is understood that the anomalous
dimensions γ(n)

i themselves depend on t and spin `.
In the singlet channel and up to order a, the mixing of the operators Ot,`,i has been fully

resolved [4, 17], leading to a compact expression for their tree-level anomalous dimensions7

γ
(1)
i = −2(t− 1)4(t+ `)4

(`+ 2i− 1)6
, (1.16)

and leading-order OPE coefficients

A
(0)
t,`,i = 8(t+ `+ 1)!2t!2(`+ 1)(2t+ `+ 2)

(2t)!(2t+ 2`+ 2)! Rt,`,i bt,i , (1.17)

where

Rt,`,i = 21−t(2`+ 3 + 4i)[(`+ i+ 1)t−i−1]sign(t−i−1)(t+ `+ 4)i−1(
5
2 + `+ i

)
t−1

,

bt,i = 2(1−t)(2 + 2i)!(t− 2)!(2t− 2i+ 2)!
3(i− 1)!(i+ 1)!(t+ 2)!(t− i− 1)!(t− i+ 1)! .

(1.18)

Note that the first factor in equation (1.17) can be thought of as an averaged OPE coefficient
〈A(0)

t,` 〉 over the double-trace degeneracies i, since ∑t−1
i=1 Rt,`,i bt,i = 1.

7For a generalisation to double-trace operators in any su(4) channel, see [16].
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To conclude this section, let us indicate how the double-trace OPE data introduced
above is encoded within the supergravity correlators across different orders in a. By plugging
in the expansions (1.14) and (1.15) into the superconformal block decomposition (1.11),
one finds

H(1) = log1 (u)
[
A(0)γ(1)

]
Gt,` (x, x̄)

+ log0 (u)
[
A(1) + 2A(0)γ(1)∂∆

]
Gt,` (x, x̄) ,

H(2) = log2 (u)
[

1
2A

(0)
(
γ(1)

)2
]
Gt,` (x, x̄)

+ log1 (u)
[(
A(1)γ(1) +A(0)γ(2)

)
+ 2A(0)

(
γ(1)

)2
∂∆

]
Gt,` (x, x̄)

+ log0 (u)
[
A(2) + 2

(
A(1)γ(1) +A(0)γ(2)

)
∂∆ + 2A(0)

(
γ(1)

)2
∂2

∆

]
Gt,` (x, x̄) ,

H(3) = log3 (u)
[

1
6A

(0)
(
γ(1)

)3
]
Gt,` (x, x̄)

+ log2 (u)
[(

1
2A

(1)
(
γ(1)

)2
+A(0)γ(1)γ(2)

)
+A(0)

(
γ(1)

)3
∂∆

]
Gt,` (x, x̄)

+ log1 (u)
[(
A(2)γ(1) +A(1)γ(2) +A(0)γ(3)

)
+ 2

(
A(1)

(
γ(1)

)2
+ 2A(0)γ(1)γ(2)

)
∂∆ + 2A(0)

(
γ(1)

)3
∂2

∆

]
Gt,` (x, x̄)

+ log0 (u)
[
A(3) + 2

(
A(2)γ(1) +A(1)γ(2) +A(0)γ(3)

)
∂∆

+ 2
(
A(1)

(
γ(1)

)2
+ 2A(0)γ(1)γ(2)

)
∂2

∆ + 4
3A

(0)
(
γ(1)

)3
∂3

∆

]
Gt,` (x, x̄) .

(1.19)

To facilitate readability, all indices and three kinds of summation have been suppressed:
within each log(u)-stratum, a finite sum over degeneracy labels i = 1, . . . , t− 1, as well as
two infinite sums over half-twists t and even spins `.

Importantly, note that in the above we have only recorded the contributions from
double-trace operators Ot,`,i. At twist 6 and above, triple-trace (and more generally, higher-
trace) operators are expected to contribute and to mix with the double-trace spectrum.
As we will show in section 4.7, consistency of the OPE indeed predicts the presence of
operators beyond just the double-trace spectrum in the log2(u) part of H(3) starting from
twist 6.

2 Zigzag integrals: a basis for the leading log

When combining the perturbative expansion in a with the superconformal block decom-
position as shown for the first few orders in equation (1.19), one notices that the leading
logarithmic divergence (or leading log for short) is entirely determined by the tree-level

– 7 –
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OPE data of long double-trace operators Ot,`,i. To be precise, at any order an, one has

H(n)(u, v)|logn(u) = 1
n!
∑
t,`

t−1∑
i=1

A
(0)
t,`,i

(
γ

(1)
i

)n
Gt,`(x, x̄), (2.1)

which depends only on the leading-order OPE coefficients A(0)
t,`,i and tree-level anomalous

dimensions γ(1) given in (1.17) and (1.16), respectively. The simplicity of these suggest that
a pattern will emerge in the resummed form of the leading log. As we will discuss in the
following, this is indeed the case and moreover we can identify a family of four-dimensional
loop integrals, the so-called ‘zigzag’ integrals, which provide the correct functional basis for
the leading log. This observation will later feed into our ansatz for the two-loop correlator
H(3), but here we make the more general observation that this structure is present at
any loop-order.

2.1 The operator ∆(8) and the leading log

To begin with, it is possible to directly perform the defining sums (2.1) case by case and
thus obtain explicit results for the leading log. These expressions are of the general form

H(n)(u, v)|logn(u) =
u2 f

(n)
log (x, x̄)

(x− x̄)8n−1 , (2.2)

where f (n)
log (x, x̄) is given by a linear combination of HPL’s of transcendental weights up to n

with polynomial coefficients of (combined) degree 12n− 6. However, as realised in [16, 44]
and later explained in terms of a hidden ten-dimensional conformal symmetry [18], one
can greatly simplify these expressions by making use of a certain eighth-order differential
operator denoted by ∆(8). For the relevant case at hand, i.e. the su(4) singlet representation,
this operator can be written in the fully factorised form8,9

∆(8) = u4

(x− x̄)∂
2
x̄(1− x̄)2∂2

x̄∂
2
x(1− x)2∂2

x(x− x̄). (2.3)

The key observation made in [16, 44] is that ∆(8) satisfies an eigenvalue equation when
acting on long superconformal blocks u2Gt,`, with its eigenvalue being given (up to a factor
of −2) by the numerator of the tree-level anomalous dimensions γ(1) from equation (1.16):

∆(8) u2Gt,`(x, x̄) = (t− 1)4(t+ `)4 u
2Gt,`(x, x̄). (2.4)

Since this numerator is independent of the degeneracy label i, one may pull out n−1 factors
of ∆(8) from the sum (2.1) and thus remove n− 1 powers of the numerator from (γ(1))n,
leading to a considerably simpler sum. Explicitly, this leads to

H(n)(u, v)|logn(u) = 1
u2
(
∆(8))n−1

g(n)(x, x̄) , g(n)(x, x̄) =
u2f̃

(n)
log (x, x̄)

(x− x̄)7 , (2.5)

8While here we focus on the 〈O2O2O2O2〉 correlator which contributes only to the singlet-channel, a
generalisation of ∆(8) to all su(4) channels [a, b, a] (relevant for four-point correlators of arbitrary external
charges) has been given in [16]. For a beautiful reformulation into one compact formula see [18].

9The properties of ∆(8) under crossing transformations are discussed in section 4.2.
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where the functions f̃ (n)
log (x, x̄) contain the same HPL’s as f (n)

log (x, x̄) but their coefficient
polynomials have greatly simplified now, with their degrees being reduced from 12n− 6 to
only 10.

A further simplification of the leading log can be achieved by making use of the
observation that the ten-dimensional conformal blocks diagonalise the mixing of double-
trace operators at order a [18]. This is a consequence of the hidden conformal symmetry of
tree-level supergravity correlators, effectively reducing the computation of the leading log
to a single infinite sum over spins. We refer to section 5.5 of [18] for more details. Here we
just quote the form of the result, which reduces the information required to a single-variable
function h(n)(x),

h(n)(x) = (−2)n+2

n!
∑

l=0,2,4,...

960Γ(l + 1)Γ(l + 4)xl+1
2F1(l + 1, l + 4; 2l + 8;x)

Γ(2l + 7)[(l + 1)6]n−1 . (2.6)

The function h(n)(x) is related to the function g(n)(x, x̄) appearing in (2.5) via a third-order
differential operator,

g(n)(x, x̄) = D(3)
x h(n)(x) + (x↔ x̄) , (2.7)

where D(3)
x is given by

D(3)
x = −

(
xx̄

x− x̄

)7
+ 1

2

(
xx̄

x− x̄

)6
x2∂x −

1
10

(
xx̄

x− x̄

)5
x3∂2

xx+ 1
120

(
xx̄

x− x̄

)4
x4∂3

xx
2 .

(2.8)
Note that under the crossing transformation,

x 7→ x′ = x

x− 1 , x̄ 7→ x̄′ = x̄

x̄− 1 , (2.9)

the function h(n) and the operator D(3)
x are both antisymmetric,

h(n)(x′) = −h(n)(x) D(3)
x 7→ D

(3)
x′ = −D(3)

x . (2.10)

Some contributions to h(n)(x) (or g(n)(x, x̄)) turn out to be so simple that closed form
expressions have been found for them for any n. We define the function Jk(x) as a linear
combination of weight k harmonic polylogarithms via

Jk(x) =
∑
ai=0,1

H0a10a2...1(x) , Jk(x′) = −
∑
ai=0,1

Ha10a20...1(x) . (2.11)

Note that J1(x) = −J1(x′) = H1(x). The function h(n) has the form

h(n)(x) = a
(n)
0 (x) + a

(n)
1 (x)H1(x) +

n∑
k=2

[
a

(n)
k (x)Jk(x)− (x↔ x′)

]
, (2.12)

with a
(n)
k (x) being polynomials in 1/x of degree at most six. The leading terms obey

a
(n)
0 (x′) = −a(n)

0 (x) and a(n)
1 (x′) = a

(n)
1 (x) so that h(x′) = −h(x). We see that h(n)(x) is

organised by terms of transcendental weight k = 0, 1, . . . , n. Since the functions Jn for
n ≥ 2 obey

x∂xJn(x) = −Jn−1(x′) x′∂x′Jn(x′) = x(1− x)∂xJn(x′) = −Jn−1(x) , (2.13)
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it follows that g(n)(x, x̄) is organised similarly,

g(n) (x, x̄) = g
(n)
0 (x, x̄) +

[
g

(n)
1 (x, x̄)H1 (x) + (x↔ x̄)

]
+

n∑
k=2

[[
g

(n)
k (x, x̄) Jk (x) + g

(n)
k

(
x′, x̄′

)
Jk
(
x′
)]

+ (x↔ x̄)
]
.

(2.14)

Here g(n)
0 obeys g(n)

0 (x′, x̄′) = g
(n)
0 (x, x̄) = g

(n)
0 (x̄, x) and g(n)

1 obeys g(n)
1 (x′, x̄′) = −g(n)

1 (x, x̄).
The terms of leading transcendental weight can be written for all n [45],

a(n)
n (x) = (−1)n44−n151−n

x5n!
(
(−6 · 5n + 10n + 50)x2 + 3(5n − 25)x+ 30

)
. (2.15)

This expression reproduces10 the expression given in [16] for the highest weight contribution
(i.e. the k = n term in (2.14)) to g(n)(x, x̄),

g
(n)
top (x, x̄) =

[
Jn (x)D(3)

x a(n)
n (x)− Jn

(
x′
)
D(3)
x a(n)

n

(
x′
)]

+ (x↔ x̄) . (2.16)

Note that when the operator D(3)
x acts on a polynomial in 1/x of degree at most six, the

result is always antisymmetric under (x↔ x̄). For the leading weight term (2.16) it follows
that the explicit symmetrisation actually produces antisymmetric combinations of harmonic
polylogs of the form Jn(x)− Jn(x̄) and Jn(x′)− Jx(x̄′),

g
(n)
top (x, x̄) = [Jn (x)− Jn (x̄)]D(3)

x a(n)
n (x)−

[
Jn
(
x′
)
− Jn

(
x̄′
)]
D(3)
x a(n)

n (x′) . (2.17)

For the lower weight terms (k < n in (2.14)) we generically have different coefficients for
Jk(x), Jk(x̄), Jk(x′) and Jk(x̄′). Note that a closed form has also been found for a(n)

n−1
in [45].

While these formulae are very explicit and a clear pattern is visible in the HPL’s
which do appear, the origins of these structures were left unexplained. In the following,
we describe a family of four-dimensional loop integrals which give rise to these previously
observed structures.

2.2 The Zigzag integrals

The relevant series are the zigzag series of integrals which obey

xx̄∂x∂x̄Z
(L)(x, x̄) = Z(L−1)(1− x, 1− x̄) . (2.18)

where the series begins with the one-loop ladder function

Z(1)(x, x̄) = φ(1)(x, x̄) , (2.19)

and the solution for all higher L is determined uniquely by imposing single-valuedness.
Because of the extra symmetry of φ(1) we find Z(2) = φ(2) but that thereafter the series is
different from the ladder series φ(L) [46]. The functions Z(n) are antisymmetric under x↔ x̄.

10Up to an overall n-dependent prefactor due to differences in conventions.
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x2

x0

x1

Figure 1. Example of a zigzag integral, with integration vertices marked with dots.

Both the ladder series and the zigzag series arise from a more general class of four-
dimensional loop integrals [22]. Given a word m = a1 . . . aL−1 with letters ai ∈ {0, 1}, we
define an L-loop, three-point integral as follows,

Im(x0, x1, x2) = 1
π2L

∫ 1
x2

2b1

L−1∏
i=1

(
d4xbi

x2
bibi+1

x2
biai

)
d4xbL

x2
bL0x

2
bL1

. (2.20)

The integration vertices in the above definition are labelled by xbi
for i = 1, . . . , L and

we use the shorthand x2
ij = (xi − xj)2. If all the ai are zero then the above integral Im

corresponds to the three-point version of the dual of the ladder series.11 If we alternate the
indices m = a1a2 . . . aL−1 = 0101 . . . we get the zigzag series (with an example illustrated
in figure 1),

Im(x0, x1, x2) = 1
x2

01

Z(L)(z, z̄)
z − z̄

. (2.21)

Here we have used the variables,

zz̄

(1− z)(1− z̄) = x2
02
x2

12
,

1
(1− z)(1− z̄) = x2

01
x2

12
. (2.22)

Note that the zigzag function is antisymmetric, Z(n)(z̄, z) = −Z(n)(z, z̄).
The differential equation (2.18) follows from considering the action of the Laplace

operator at the point x2 on both sides of (2.21). Since the Laplace operator acts on a single
propagator in the integral, its action produces a delta-function which localises one loop
integral to produce an (L− 1) loop integral, which is also a zigzag after swapping the points
x0 and x1. The differential equation together with the constraint that the function should
be single-valued (in Euclidean kinematics where z̄ is the complex conjugate of z) uniquely
defines Z(n).

11I.e. the limit as the fourth point is taken to infinity of the conformal four-point integral dual to the
L-loop ladder diagram.
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Here we give expressions for the first few zigzags Z(n) in terms of single-valued
polylogarithms [47],

Z(1) = L2 − L10 ,

Z(2) = L200 − L30 ,

Z(3) = L2210 − L2120 − 2ζ3(3L20 + 2L21) ,
Z(4) = L2230 − L2320 − 4ζ3(L23 − L220)− 20ζ5L20 ,

Z(5) = L222120 − L221220 + 4ζ3(L2221 − L2212) + ζ5(4L221 + 15L220)

− 12ζ2
3L22 −

441
8 ζ7L20 + 18ζ3ζ5L2 .

(2.23)

It is worth remarking that the detailed form of the zeta-values appearing above is directly
related to the values of certain vacuum integrals (also called zigzags), whose name mo-
tivates our name for the Z(n), and whose form was conjectured to all loops in [48] and
proven in [49].12

Let us note that one may take many ∂x derivatives of the zigzag functions and obtain
other single-valued pure transcendental functions. In fact one may take m derivatives
with m ≤ (n − 1), alternating between (−x∂x) and (1 − x)∂x and obtain another pure
single-valued function of weight 2n−m,

Z(n)
m (x, x̄) = . . . (1− x)∂x(−x∂x)(1− x)∂x(−x∂x)︸ ︷︷ ︸

m derivatives

Z(n)(x, x̄) . (2.24)

If we take a further derivative we obtain a sum of two pure functions of weight n with different
rational prefactors. Obviously, the functions Z(n)

m (x, x̄) do not exhibit any symmetry under
x↔ x̄ although they may be decomposed into symmetric and antisymmetric parts.

None of the zeta value terms contribute to the leading discontinuity which is therefore
simple to calculate. Indeed the leading logarithmic singularities of the zigzags obey

Z(n)
(1
x
,

1
x̄

)∣∣∣∣
logn(u)

= (−1)n+1

n! [Jn(x)− Jn(x̄)] ,

Z(n)
( 1
x′
,

1
x̄′

)∣∣∣∣
logn(u)

= (−1)n+1

n! [Jn(x′)− Jn(x̄′)] .
(2.25)

These leading discontinuities are exactly what is required to match the leading weight terms
predicted by OPE, as given in (2.17). More precisely, to match the top weight terms in the
leading discontinuity we should include in H(n)(u, v) the contribution

1
u2
(
∆(8))n−1G(n)

top(x, x̄) , (2.26)

where
G(n)

top(x, x̄) = (−1)n+1n!
[
D(3)
x a(n)

n (x)
]
Z(n)

(1
x
,

1
x̄

)
+ (x↔ x′) . (2.27)

12See also the recent work [50].
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Recall that D(3)
x a

(n)
n (x) is actually an antisymmetric function of x and x̄, as is Z(n), so that

G(n)
top is symmetric.

Moreover we can also see that taking ∂x derivatives of the orientations of the zigzags
given in (2.25) will give single-valued functions whose leading discontinuities will give the
contributions to g(n)(x, x̄) of the form Jk(x) and Jk(x′) for k < n. For 1 ≤ m ≤ n − 1
we have

Z(n)
m

(1
x
,

1
x̄

)∣∣∣∣
logn(u)

=


(−1)n−m+1

n! Jn−m(x′) , m odd
(−1)n−m+1

n! Jn−m(x) , m even

Z(n)
m

( 1
x′
,

1
x̄′

)∣∣∣∣
logn(u)

=


(−1)n−m+1

n! Jn−m(x) , m odd
(−1)n−m+1

n! Jn−m(x′) , m even

(2.28)

Since we have acted with ∂x derivatives the contributions of the form Jn(x̄) from (2.25)
have disappeared. By replacing the Jk(x) and Jk(x′) and conjugates in g(n)(x, x̄) by the
appropriate zigzag derivative, one may therefore construct a function which matches the
leading discontinuity to all weights from the zigzags Z(n) and their derivatives. Let us
consider the following combination,

G(n)(x, x̄) =
[
n!
4
(
g

(n)
0 (x, x̄)(1−x)∂x+2g(n)

1 (x, x̄)
)(

Z
(n)
n−1

(1
x
,
1
x̄

)
−
(
x↔x′

))
+(x↔ x̄)

]
−n!

n−1∑
k=2

[(
(−1)k g(n)

k (x, x̄)Z(n)
k−n (zk)+

(
x↔x′

))
+(x↔ x̄)

]
+G(n)

top (x, x̄) . (2.29)

where zk = 1/x for (n+ k) even and zk = 1/x′ for (n+ k) odd.
If we take the leading discontinuity of this function we obtain g(n)(x, x̄). We may then

include a contribution to H(n)(u, v) as follows,

H(n)(u, v) = 1
u2

(
∆(8)

)n−1
G(n)(x, x̄) + terms with no leading discontinuity . (2.30)

For n = 1, 2 the zigzags are related to ladder integrals, as we have seen, and hence for
these values they have additional symmetries under crossing transformations. For n ≥ 3 the
integrals do not exhibit any symmetries under crossing transformations and the six possible
crossing orientations which we may list as,

Z(n)(x, x̄), Z(n)(1−x, 1− x̄), Z(n)
( 1
x′
,

1
x̄′

)
, Z(n)(x′, x̄′), Z(n)

( 1
1− x,

1
1− x̄

)
, Z(n)

(1
x
,

1
x̄

)
,

are linearly independent. Moreover, for n ≥ 3 the only orientations which contribute to the
leading log term are those given in (2.25). This makes matching the leading logarithmic
discontinuities with a combination of all orientations of zigzag integrals (which will be
required for crossing invariance of the final answer) straightforward at two loops and beyond.

In summary, we have seen how the leading discontinuity at any loop order admits a
compact expression with powers of the differential operator ∆(8) pulled out. Moreover, we
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have shown that the transcendental structure of the leading log is described solely in terms
of zigzag integrals and derivatives thereof. As depicted schematically in equation (2.30), the
remaining difficulty in determining the full correlator H(n) then lies in the construction of
the remaining terms with no contribution to the leading log, which in general will include
transcendental functions beyond the zigzag integrals discussed here. We will address this
task for the two-loop case in section 4.

3 The bulk-point limit of AdS5×S5 amplitudes

Let us next discuss the flat-space limit of supergraviton amplitudes on AdS5×S5 as described
by the dual CFT correlator H(x, x̄). In its position space representation considered here13

this amounts to considering the so-called bulk-point limit: by using sufficiently localised
wave-packets in AdS, one can focus onto a point in the bulk and thus effectively recover the
corresponding scattering process in flat-space. This manifests itself in a singularity of the
correlator G(x, x̄; y, ȳ) which is of the form

H(x, x̄) bpl−−−→ F(x)
(x− x̄)p , (3.1)

for some positive integer power p specified later. As explained in references [58–61], this
is the expected behaviour of holographic correlators with a local bulk dual. Note that
in order to expose this bulk-point singularity, one first needs to analytically continue the
Euclidean correlator to Lorentzian signature before taking the limit x̄→ x. The residue of
the singularity is then directly related to the corresponding (in this case ten-dimensional)
flat-space scattering amplitude A(10) as a function of the scattering angle,

A(10) ∝ sk F(x)
xl(1− x)m , (3.2)

where k, l,m are integers related to the dimension of the effective bulk interaction vertex [59].
The dimensionless parameter x is defined in terms of the Mandelstam invariants s and t, or
equivalently in terms of the scattering angle θ, by

x ≡ 1 + t

s
= 1 + cos θ

2 . (3.3)

For our purposes, the relevant flat-space amplitude A(10) is given by the massless four-
particle scattering amplitude of ten-dimensional type IIB string theory, whose low-energy
expansion we will review in the next section.

The above relation (3.2) can be leveraged to put constraints on the AdS correlator
by using knowledge about the corresponding flat-space amplitude. Let us first point out
that in the context of the large N expansion (1.10) of the N = 4 SYM correlator, in [27] a

13A similar formulation of the flat-space limit for the Mellin space representation of holographic correlators
has been developed in [51, 52]. This flat-space limit of Mellin amplitudes has proven to be a particularly
useful tool for constraining tree-level string corrections in AdS, see e.g. references [28–32, 53]. A beautiful
formalism adapted specifically to the AdS5×S5 case has been proposed in [54], and for discussions of the
flat-space limit for one-loop Mellin amplitudes see references [38, 55–57].
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simpler matching than given by (3.2) has been proposed, namely a relation between the
double-discontinuity dDiscH(x, x̄) and the t-channel discontinuity DisctA(10)(x). Therein,
the authors applied it to the one-loop correlator H(2), with later applications to one-loop
string corrections given in [28]. At two-loop order, this simpler matching has been considered
for the leading log of H(3) in the works [45, 62], and also the recently proposed two-loop
bootstrap result of [19] imposes this simpler matching.

In contrast, here we will describe how in the bulk-point limit the large N , large λ
expansion of H(x, x̄) recovers the corresponding low-energy expansion of the full type IIB
string amplitude, not just its discontinuity. In general, one would not expect this to lead to
more constraints for the AdS correlator than the simpler matching performed at the level of
the discontinuities, since the Lorentzian inversion formula of [63] allows one to (in principle)
reconstruct the full correlator from its double-discontinuity.14 However, this statement
holds only modulo terms with vanishing double-discontinuity and finite spin contributions
in the conformal block decomposition. But this is exactly the case for the tree-level string
corrections H(1,m) with m > 0, which subsequently also appear at loop-order in the form of
finite-spin ambiguities.

Hence, besides providing an explicit test of the relation (3.2) across different orders in
the perturbative expansion, the extended matching proposed here is sensitive to tree-level
contributions and finite-spin ambiguities of loop amplitudes in AdS. Unfortunately, as
we will explain in the following, some of the terms in the low-energy expansion of the
genus-one string amplitude depend on some constant scale µ. This prevents us from fixing
the tree-level ambiguities in the one-loop string corrections H(2,m) which contribute to the
bulk-point limit, since shifting the scale alters the value of the non-analytic terms one would
like to match. Nevertheless, the bulk-point limit of the one-loop correlators H(2,m) sheds
light on the role of functions containing the letter x− x̄. In particular, we will argue that
the extra logarithmic divergence due to the presence of the letter x − x̄ is necessary to
recover the scale-dependent logarithmic terms of the form log(α′sµ ), which do appear in the
low-energy expansion of the type IIB string amplitude starting from genus-one.

Lastly, moving to genus-two, we will describe a constraint for the bulk-point limit of the
two-loop correlator H(3) which comes from matching the two-loop supergravity amplitude
in ten-dimensional flat-space.

3.1 The perturbative expansion of the type IIB string amplitude

Let us begin by assembling the necessary terms in the low-energy expansion of the type IIB
string theory scattering amplitude A(10). Its genus-expansion takes the general form

A(10) = κ2
10 g

2
s

K̂

64
(
Agenus-0 + g2

s Agenus-1 + g4
s Agenus-2 +O

(
g6
s

))
, (3.4)

where κ2
10 = 26π7 (α′)4 and K̂ is an overall kinematic factor depending on 10-dimensional

momenta ki and polarisation vectors ξi of the external gravitons. In order to compare with
the bulk-point limit of holographic correlators on the product space AdS5×S5, we need to

14In analogy with the reconstruction of flat-space amplitudes from their discontinuity up to regular terms.
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restrict A(10) to transverse kinematics by taking the momenta of the external gravitons to
lie in AdS5 and their polarisation vectors along S5, such that ki · ξj = 0. As shown in [64],
with such kinematics the overall factor K̂ → K̂⊥ becomes proportional to the prefactor
I of the dynamical part dictated by supersymmetry, recall equations (1.6) and (1.8), and
hence these two factors will cancel in the comparison (3.2). Moreover, we need to express
the flat-space amplitude as a function of the dimensionless parameter x = 1 + t

s , related to
the scattering angle via (3.3). This is achieved by pulling out the overall scaling with the
center-of-mass energy s from the individual terms in the expansion (3.4). We thus rewrite
the low-energy expansion in the form

A(10)
⊥ = κ2

10 g
2
s

K̂⊥
64

 1
(α′s)3 A

(0,−3) (x) +
∑
g=0

∑
k=0

(
2π2g2

s

)g (
α′s
)k A(g,k)(x)

 , (3.5)

where A(10)
⊥ denotes the 10-dimensional amplitude in transverse kinematics. The first term

is the tree-level supergravity contribution which scales as 1/s3, followed by an infinite tower
of string and higher-genus corrections, all scaling with positive powers of s.

The genus-zero contributions are given by the well-known Virasoro-Shapiro amplitude,
and for the first few orders in α′ one finds

A(0,−3) = 64
x(1−x) , A(0,0) = 2ζ3, A(0,2) = ζ5

8
(
x2−x+1

)
, A(0,3) = ζ2

3
25x(1−x) ,

A(0,4) = ζ7
27

(
x2−x+1

)2
, A(0,5) = ζ3ζ5

28 x(1−x)
(
x2−x+1

)
,

A(0,6) = ζ3
3

210 3x
2 (1−x)2+ ζ9

211 3
(
3x6−9x5+19x4−23x3+19x2−9x+3

)
,

(3.6)

where the terms A(0,k) with k ≥ 0 correspond to tree-level ∂2kR4 higher-derivative correc-
tions to the supergravity effective action.

Next, the low-energy expansion of the genus-one contribution Agenus-1 has been worked
out most systematically in [65].15 Putting together the analytic and non-analytic contribu-
tions, we have

A(1,0) = 1
3 , A(1,1) = Aone-loop

sugra (x) , A(1,2) = 0 , A(1,3) = ζ3
26 3x (1− x) ,

A(1,4) = − ζ3
26 45

[
x4 log (x) + (1− x)4 log (1− x)− iπ + 2

(
x2 − x+ 1

)2
log

(
α′ s
µ4

)]
,

A(1,5) = 29 ζ5
211 45x (1− x)

(
x2 − x+ 1

)
,

A(1,6) = ζ2
3

213 3x
2 (1− x)2 − ζ5

212 315

[
x4
(
22x2 − x+ 1

)
log (x)

+ (1− x)4
(
22x2 − 43x+ 22

)
log (1− x)− iπ

(
x2 − x+ 22

)
15See also the corrections/extensions given in references [66, 67].
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+
(
44x6 − 132x5 + 327x4 − 434x3 + 327x2 − 132x+ 44

)
log

(
α′ s
µ6

)]
, (3.7)

for some dimensionless scales µ4 and µ6, which are determined by the perturbative string
theory expansion. Note that the contribution to A(1,1) is given by the one-loop supergravity
field theory amplitude Aone-loop

sugra (x) which scales linearly with s.
Lastly, we move to the genus-two term Agenus-2 where much less is known about its

low-energy expansion. To our knowledge, so far only the first two non-trivial analytic
terms, corresponding to the genus-two corrections of the ∂4R4 and ∂6R4 terms, have been
determined [68–70]:

A(2,0) = A(2,1) = 0 , A(2,2) = 1
24 135

(
x2 − x+ 1

)
, A(2,3) = 1

27 15x(1− x) ,
(3.8)

The precise form of the terms beyond ∂6R4 is not known, and the only information about
the structure of these super-leading counter-terms to the two-loop supergravity amplitude
comes from studying the compactification of 11-dimensional two-loop supergravity [71].
From those considerations, the next two terms in the expansion are expected to be of the
schematic form

A(2,4) ' ∂8R4|genus-2 +Aone-loop
SG|R4|genus-1

, A(2,5) ' ∂10R4|genus-2 +Atwo-loops
sugra , (3.9)

where Aone-loop
SG|R4|genus-1

is a non-analytic contribution similar to the genus-one term A(1,4) from
equation (3.7), arising due to a one-loop diagram with one supergravity and one R4-vertex.
Finally, the relevant term for us is the contribution A(2,5), which is given by the sum of the
genus-two correction to the tree-level ∂10R4 term (whose precise coefficient is not known)
and the ten-dimensional two-loop supergravity amplitude Atwo-loops

sugra .

3.2 The contributions H(n,m) in the bulk-point limit

As mentioned earlier, the bulk-point singularity of the CFT correlator can be accessed
only in the Lorentzian regime. The necessary analytic continuation from the Euclidean
correlator H(x, x̄) corresponds to a Wick rotation of AdS global time, see e.g. [58]. In terms
of cross-ratios, the prescription is to take x counter-clock wise around 0 and x̄ around 1.
Then, the bulk-point singularity is exposed by taking the limit x̄→ x. We find that the
terms H(n,m) at order anλ−m

2 in the large N , large λ expansion around the supergravity
limit diverge as

H(n,m)(x, x̄) bpl−−−→ F (n,m)(x)
(x− x̄)p , (3.10)

with the denominator power given by p = 8n+ 2m− 1.
For terms H(n,m) given entirely in terms of SVHPL’s, which is the case for all tree-level

correlators H(1,m) as well as the one-loop supergravity correction H(2,0), taking the bulk-
point limit as described above is relatively straightforward. For example, performing the
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analytic continuation and taking the limit x̄→ x for the first few zigzag integrals, one finds

Z(1)(x, x̄) bpl−−−→ 4π2,

Z(2)(x, x̄) bpl−−−→ −4π2(H0,0(x) + iπH0(x)
)
,

Z(3)(x, x̄) bpl−−−→ 8π2
(
H3,1(x)− iπ(H3(x)− ζ3) + 1

6π
2H2(x)− 11

360π
4
)
.

(3.11)

Then, the last step before comparing with the terms A(g,k) from the flat-space string
amplitude is to convert the N = 4 SYM double-expansion in a and 1/λ to string theory
quantities gs and α′. Using the usual AdS/CFT relations, we have

a = 1
N2 − 1 '

16π2g2
s (α′)4

L8 , λ−
1
2 ' α′

L2 , (3.12)

where L is the AdS radius which we set to one. The first relation in (3.12) gives that
increasing the loop-order in AdS by one corresponds to four powers of α′, and hence the
residues F (n,m)(x) from (3.10) should be compared with the flat-space contributions A(g,k)

with g = n− 1 and k = 4n+m− 7.

Matching the genus-zero terms. We begin by comparing against the genus-zero terms
A(0,k) given in (3.6), whose AdS counterparts H(1,m) have been considered up to order
(α′)9 using the Mellin space representation.16 Note that the comparison at tree-level is
in some sense tautological, since precisely the terms which contribute to the bulk-point
limit were fixed using the flat-space limit formulation in Mellin space in the first place.
Nevertheless, this serves as a consistency check and enables us to fix some factors and the
overall normalisation.

Converting the Mellin space results to their position space representation in terms
of linear combinations of D-functions and taking the bulk-point limit using the first line
of (3.11), we find that the precise matching reads17

A(g=n−1,k)(x) = 1
22k−3n+9 (2k + 11)!

F (n,m)(x)
xk+10(x− 1)k+6 , (3.13)

where we recall that k = 4n+m− 7. The above relation between the bulk-point limit of the
correlators H(n,m) and the corresponding terms in the flat-space amplitude is in agreement
with the general expectation previously given in equation (3.2).

Matching the genus-one terms. At genus-one, the coefficient of the super-leading
counter-term H(2,−1) is fixed from the flat-space limit alone [40] and hence it matches the
analytic genus-one contribution A(1,0) by construction, in analogy with the tree-level terms
discussed before.

More interesting is the comparison with the non-analytic terms. The first such contri-
bution occurs at order α′ and is the one-loop supergravity amplitude Aone-loop

sugra (x), which
16Here, we use the results of [32], see also [72] for a manifestly 10-dimensional formulation.
17As explained below (3.4), the overall kinematic factor K̂ in transverse kinematics cancels against the

factor I. This cancellation is implicit in equation (3.13).
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can be determined from a field-theory computation as a sum over three orientations of the
massless one-loop box-integral in 10 dimensions, see e.g. appendix D of [27] for an explicit
evaluation. Taking the bulk-point limit of the supergravity correlator H(2) from [4],18 we
find that it precisely matches the full form of Aone-loop

sugra (x), and not just its discontinuity
as reported in [27]. Note that in the matching one has to set the quadratic divergence
of Aone-loop

sugra (x) to zero since it is the super-leading term A(1,0) which takes the role of the
one-loop counter-term. Furthermore, the one-loop ambiguity α does not contribute to the
bulk-point limit as its denominator (x− x̄)13 is sub-leading compared to (x− x̄)15 of H(2),
and we therefore do not get any constraint on α from the bulk-point limit.

The next two non-analytic genus-one contributions are the order (α′)4 and (α′)6 terms
A(1,4), A(1,6) given in (3.7). The corresponding AdS correlators H(2,3) and H(2,5) have been
constructed in [20], and it turns out that a function with a new type of singularity is present.
This weight-three function, f (3)(x, x̄), contains the additional letter x− x̄ and is therefore
beyond the space of SVHPL’s, making the computation of its bulk-point limit more involved.
We use the Mathematica package PolyLogTools [73] to perform the analytic continuations
and, introducing the parametrisation ε = x− x̄, to then carefully take the limit ε→ 0. We
find that the function f (3) contributes to the bulk-point limit with

f (3)(x, x̄) bpl−−−→ −8π2(2 log(x) + 2 log(1− x) + iπ − 3 log(ε)
)
. (3.14)

Note the appearance of an extra logarithmic divergence parametrised by log(ε) due to the
presence of the new letter x− x̄.

Now, we can proceed to check the relation (3.13) between the bulk-point limit of the
correlators H(2,3), H(2,5),19 and the non-analytic genus-one contributions A(1,4), A(1,6). We
find perfect agreement upon identifying the extra logarithmic divergence log(ε) from the
function f (3) with the scale-dependent terms log(α′ sµ ) according to

log(ε) ' 1
2
(
log(x) + log(1− x)− log

(
α′s
µ

)
+ iπ

)
, (3.15)

for a choice of scale µ. Besides providing the expected matching, the above identification
can be further justified by checking that both sides of the equation transform equally
under all crossing transformations. Indeed, after recasting (3.15) into the form log(ε2) =
log(x) + log(1− x)− log(α′sµ ) + iπ and recalling ε = x− x̄, one can verify that the proposed
identification is consistent with crossing.

Lastly, note that the dependence of (3.15) on an à priori arbitrary scale µ prevents us
from fixing any tree-level ambiguities in the one-loop correlators which might contribute
to the bulk-point limit. Take for example H(2,3), which has been fully fixed up to four
ambiguities corresponding to the Mellin amplitudes {1, σ2, σ3, σ

2
2}, where σn ≡ sn + tn + un.

In the bulk-point limit, or equivalently in the formulation of the flat-space limit for Mellin
amplitudes, only the overall leading powers in the Mellin variables contribute, which in this

18From the basis of 15 independent SVHPL’s appearing in H(2), only 6 elements contribute to the
bulk-point limit. These are the three orientations of the two-loop zigzag Z(2), two orientations of log(u)Z(1)

and Z(1) itself.
19Besides f (3), also Z(1) and the two orientations of log(u)Z(1) contribute to the bulk-point limit.

– 19 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

case is given by the term σ2
2 . Now, one can check that in the bulk-point limit the coefficient

of f (3) is proportional to s4(x2 − x + 1)2 ∝ σ2
2, and thus a shift in the scale µ in (3.15)

simply corresponds to a redefinition of the coefficient of the ambiguity.

Constraints for H(3) from matching at genus-two. The leading term at genus two
is of order (α′)2 and corresponds to the genus-two correction of the ∂4R4 term. In AdS,
this contribution has been determined in [41] and one can check that in the bulk-point limit
it correctly reproduces the analytic contribution A(2,2) given in (3.8).

Let us skip forward and focus on the (α′)5 contribution, which is of particular relevance
to us as it provides a non-trivial constraint for the two-loop correlator H(3). As stated
in (3.9), one expects two distinct contributions to A(2,5): an analytic contribution from
∂10R4|genus-2 of the form σ2σ3 ∝ s5 x(1−x)(x2−x+ 1) and a non-analytic contribution due
to the two-loop supergravity amplitude Atwo-loops

sugra , which is given by the sum over crossing
orientations of the planar and non-planar double-box integral in 10 dimensions, see e.g. [74].
Its finite part has been evaluated in [45], whose result we use to compute the function of
angles Atwo-loops

sugra (x).20 Notably, the 1/ε2 pole in dimensional regularisation cancels in the
sum of the planar and non-planar integral such that the remaining divergence is only of
order 1/ε. This gives rise to a scale-dependent term with a logarithmic contribution of the
form s5 log(α′sµ ). We find that its coefficient is proportional to x(1− x)(x2 − x+ 1), which
is in agreement with the expected presence of the analytic contribution since a change in
the scale µ simply amounts to a shift in the coefficient of ∂10R4|genus-2.

Note that the scale-dependent contribution to Atwo-loops
sugra has a non-trivial consequence

for the corresponding AdS correlator. In the bulk-point limit, the two-loop supergravity
correlator H(3) maps to the genus-two (α′)5 term A(2,5), and in order to match the scale-
dependent logarithm we need a non-zero contribution from f (3)(x, x̄) to the bulk-point limit
of H(3). We will therefore necessarily need to include the letter x− x̄ in our ansatz for H(3)

at least to weight 3, in contrast to the one-loop correlator H(2) which is given in terms of
SVHPL’s alone. Furthermore, as in the case for the one-loop string correlators discussed
earlier, the dependence of the identification (3.15) on an arbitrary scale µ (as well as our
ignorance of the precise coefficient of ∂10R4|genus-2) will prevent us from fixing the expected
tree-level ambiguity σ2σ3 in the two-loop correlator H(3).

4 Bootstrapping the two-loop correlator H(3)

Before explaining the details of our construction of the two-loop supergravity contribution, it
is useful to first step back and review the known results at preceding orders. The structures
appearing in the tree-level and one-loop correlators, H(1) and H(2), will then guide us to
make an educated ansatz for the two-loop correlator H(3).

4.1 Review of tree-level and one-loop

The derivation of the tree-level correlator H(1) dates back to the early days of the AdS/CFT
correspondence and belongs to the first explicit results of an amplitude on AdS. In our

20We record the explicit expression for Atwo-loops
sugra (x) in a file attached to the supplementary material of

this paper. It is given in terms of HPL’s up to weight 4 with rational coefficients.
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conventions, it is given by [8, 26]

H(1) = −16u2D2422. (4.1)

In hindsight, this result can be bootstrapped from the following considerations: the basis
function for the top-weight part is given by the first member of zigzag integrals, Z(1). The
remaining lower-weight basis elements are then simply given by log(u), log(v) and 1. Each
of these four functions is multiplied by a rational coefficient function with denominator
power (x− x̄)7. A subtlety at tree-level is that one also has to allow for a (single) power of
v = (1− x)(1− x̄) in the denominator in order to ensure cancellation of certain protected
twist 2 contributions. Finally, requiring crossing symmetry, no unphysical poles at x = x̄ and
cancellation of the twist 2 sector fully fixes H(1) and precisely yields the result given above.

Considerably more involved is the one-loop correlator H(2). Explicitly given in its full
form in position space in [4], it has later been recast in a much simpler form by using the
fact that its leading log can be written as ∆(8) acting on a simpler object, as explained in
section 2.1. Remarkably, one finds that this property of the leading log extends to the full
correlator, such that H(2) can be written as ∆(8) acting on a ‘preamplitude’ L(2) at the
expense of having to add some amount of the tree-level correlator H(1) [15],

H(2) = 1
u2 ∆(8)L(2) +H(1). (4.2)

Let us emphasise again that this achieves a remarkable simplification: the coefficient
functions of the transcendental basis elements in H(2) come with maximal denominator
power (x − x̄)15, whereas the corresponding coefficient functions in L(2) have at most
denominator power (x− x̄)7, with the extra 8 powers being supplied through the action of
the 8-th order differential operator ∆(8). In that regard, the coefficient functions at one-loop
order turn out to be of the same complexity as the tree-level ones.

The basis of transcendental functions appearing in L(2) is again consistent with our
previous observations: at top-weight (weight 4 in this case), it is given by the three
independent orientations of the zigzag integral Z(2), completed by all lower-weight functions
with no log3(u) contribution to any channel. In contrast to the tree-level case however,
the bootstrap constraints described above are not sufficient to entirely fix the full one-loop
correlator. Instead, one is left with one remaining free parameter, α, which comes with
a tree-level like function given by u2D4444, corresponding to a constant Mellin amplitude.
The presence of such a tree-level ambiguity is related to the super-leading counter-term
R4|genus-1, and its value is determined within the full type IIB string theory effective action
on AdS5×S5. However, our bootstrap computation is not able to fix it and one has to resort
to other methods. For instance, as shown in [40], it is possible to determine it by using
supersymmetric localisation techniques, yielding the value α = 60.

Interestingly, it is possible to write the one-loop ambiguity α as part of the preamplitude
L(2), which is a remarkable property of the corresponding D-function. Note that this term
contributes non-analytically with a single spin ` = 0 conformal block to the one-loop
anomalous dimension γ(2), as recorded in equation (B.3) for the twist 4 case. The presence
of the α-parameter at one-loop order will in turn induce a non-analytic spin 0 contribution
to the log2(u)-part of the two-loop correlator.
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4.2 More on ∆(8): symmetries under crossing

As this will become important in what comes next, let us briefly comment on the crossing
properties of the ∆(8) operator, which we introduced earlier in section 2. For convenience,
we repeat its definition:

∆(8) = u4

(x− x̄)∂
2
x̄(1− x̄)2∂x̄∂

2
x(1− x)2∂2

x(x− x̄). (4.3)

Recall that ∆(8) was useful in the context of the leading log of H(n), since pulling out
n− 1 powers of ∆(8) drastically simplifies the leading log. In order for this to be consistent
with the 1↔ 2 exchange-symmetry of the OPE decomposition, this operator itself needs
to respect that symmetry. Indeed, one can check that under the corresponding crossing
transformation x 7→ x′ = x

x−1 , the ∆(8) operator (and consequently any power of it) is
left invariant (

∆(8)
)k x→x′−−−−−→

(
∆(8)

)k
. (4.4)

Remarkably, an accidental enhancement of crossing symmetry occurs for the case when
k = 2. We find that

(
∆(8)

)2 x→ 1−x−−−−−−→ u4

v4

(
∆(8)

)2
, (4.5)

while no other power of ∆(8) obeys this extra symmetry. As a simple consequence, the
combination 1

u2 (∆(8))2 has the same crossing symmetries as the correlator H(u, v) itself,
see equation (1.9). This enhancement to full crossing symmetry is particularly useful in
the construction of the two-loop amplitude H(3), as it allows the preamplitude (introduced
next) to be made fully crossing invariant from the get go. In contrast, the preamplitude of
the one-loop correlator obeys only the x 7→ x′ crossing symmetry.

4.3 A minimal ansatz for the two-loop correlator

Based on the fact that (∆(8))2 can be pulled out from the leading log, and further motivated
by the simple structure of the one-loop correlator as given in equation (4.2), we start with
the following minimal ansatz for the two-loop correlator,21

H(3) = 1
u2

(
∆(8)

)2
P(3) + a2H(2) + a1H(1), (4.6)

with P(3) denoting the two-loop preamplitude we would like to compute. Let us point out
that the structure of our minimal ansatz is of the same form as proposed in the recent work
by Huang and Yuan [19], albeit different in some details. We will comment on the precise
differences of the final results in section 4.6.

21We have found this structure to be the simplest ansatz possible which satisfies all of the imposed
bootstrap constraints (to be discussed below), justifying the name ‘minimal ansatz’. For an exploration of
different modifications of the minimal ansatz, see section 6.
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On general grounds, the two-loop preamplitude is of the form

P(3)(x, x̄) =
∑
i

pi(x, x̄)
(x− x̄)di

Qi(x, x̄), with pi(x, x̄) =
di∑
n=0

di∑
m=n

a(i)
n,m (xnx̄m + xmx̄n) ,

(4.7)

where the Qi are pure transcendental functions (forming the basis Q specified below) with
coefficient polynomials pi(x, x̄) containing free parameters a(i)

n,m. The denominator powers
are given by di = 7 (di = 6) when the corresponding function Qi(x, x̄) is antisymmetric
(symmetric) under the exchange symmetry x↔ x̄. This ensures that overall the preamplitude
is a symmetric function of (x, x̄).

Let us now proceed to specify our basis of transcendental functions. Our basis contains
SVHPL’s built from the alphabet {x, x̄, 1− x, 1− x̄} up to transcendental weight 6, subject
to the following conditions:

• The functions at weight 6 are constrained by the observations on the leading log
discussed in section 2. At two-loop order, the top-weight part is given by the zizag-
integral Z(3) which provides the correct leading-log contribution to H(3). In addition,
we include all other weight 6 functions with no further log3(u) contributions in any
orientation and which vanish at x = x̄.22 It turns out that these two conditions
constrain the additional weight 6 functions to be antisymmetric.

• For functions of weight w = 0, 1, . . . 5, the only selection criterion we impose is the
fact that the OPE predicts the leading logarithmic divergence to be of order log3(u).
Below weight 6, we will thus include all functions (both symmetric and antisymmetric)
with no log4(u) contributions to any channel. Recall that in section 2.2 we argued
that all functions contributing to the leading log are in principle further constrained
to be given by zigzags or derivatives thereof. However, for simplicity we will refrain
from imposing this condition here, at the expense of possibly working with a slightly
wider transcendental basis than necessary. As a consequence, we will find that any
such extra functions have their coefficients set to zero in the final result.

• Lastly, we need to consider the possibility of including functions with the additional
letter x− x̄, which goes beyond the space of SVHPL’s. As shown in [20], the one-loop
1/λ corrections H(2,m) necessarily contain such a function at weight 3, denoted by
f (3)(x, x̄) therein.23 In particular, its presence is required because the one-loop string
corrections have finite spin contributions to the leading log, in contrast to the infinite
spin support of H(2)|log2(u). Now, it is for the same reason that we need to include
it as part of our transcendental basis for H(3): the one-loop ambiguity α from H(2)

induces a one-loop like contribution to the two-loop supergravity correlator, which is

22This is a necessary condition for ensuring the cancellation of spurious poles at x = x̄ discussed later.
23In fact, f (3)(x, x̄) is the unique such new function at weight 3. This is not the case at higher weights

any more, however.
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w x↔ x̄ Qi(x, x̄) total

6 − 6× Z(3), A(6), 3×B(6), ζ3f
(3), 2× ζ3 log(u)Z(1) 13

+ - 0

5 − 6× Ψ̃(3), 3× Π̃(5), ζ3Z
(1) 10

+ 6×Ψ(3), 6×Π(5), Ω(5), 2× log(u)(Z(1))2, 3× ζ3 log2(u) 18

4 − 3× log2(u)Z(1), 3× Z(2) 6

+ 6×Υ(3), 2× log3(u) log(v), (Z(1))2 9

3 − f (3), 2× log(u)Z(1) 3

+ 4× log3(u), 3×Ψ(2) 7

2 − Z(1) 1

+ 3× log2(u) 3

1 − - 0

+ 2× log(u) 2

0 − - 0

+ 1 1

Table 1. Overview of the basis of transcendental functions Q, ordered by their transcendental weight
w. At each weight, we classify the basis elements according to their symmetry under x↔ x̄ exchange,
distinguishing antisymmetric (−) from symmetric (+) functions. The third column explicitly lists
the functions Qi(x, x̄) together with their number of independent orientations under crossing (e.g.
at weight w = 1, the entry 2× log(u) means there exist 2 orientations of this basis element, given by
log(u) and log(v) in this case). Finally, in the last column we give the total number of functions in
each category.

exactly of the form of H(2,3).24 We therefore expect f (3) to contribute at two-loop
supergravity level, in agreement with arguments from the bulk-point limit. On the
other hand, we exclude higher-weight functions with letter x− x̄ for now and revisit
such a possibility later in section 6.1.

The above considerations leave us with a basis of 73 independent functions Qi(x, x̄). A
schematic overview of the basis Q is presented in table 1, while the precise definitions and
symmetry properties of all the functions are spelled out in great detail in appendix A.
Note that we consider explicit ζ-values as independent basis elements, such that the free
coefficients a(i)

n,m in the preamplitude (4.7) are simply rational numbers. Before having
imposed any constraints on P(3), our initial ansatz for the preamplitude contains 2308
free parameters.

24Recall there is a similar term at order a3λ
1
2 , which is a one-loop counter-term coming from a diagram

containing a supergravity and a R4|genus-1 vertex. This term is in fact super-leading with respect to the
two-loop supergravity correlator, leading us to anticipate the presence of such a contribution also in H(3).
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4.4 Bootstrapping H(3): constraints

We now turn to the description of the constraints which the ansatz (4.6) for H(3) needs
to obey. First of all, there are certain constraints which can be imposed directly on the
preamplitude P(3):

(1) As a consequence of the simple transformation properties of (∆(8))2 under crossing,
we can take P(3) to be fully crossing symmetric:

P(3)(x, x̄) = P(3)(x′, x̄′) = P(3)(1− x, 1− x̄). (4.8)

(2) We can furthermore impose the matching of the predicted leading log directly on the
preamplitude P(3), as discussed in section 2. This amounts to imposing:

P(3)(x, x̄) =G(3)(x, x̄) + G(3)(1− x, 1− x̄) + G(3)(1− x′, 1− x̄′)
+ terms with no log3 u in any channel,

(4.9)

where G(3) is the combination of zigzags and derivatives introduced in (2.29). However,
in practice we impose this only for the top-weight part for simplicity and match the
rest against our ansatz.

(3) The full correlator H(3)(u, v) is expected to be non-singular at x = x̄, as such poles
would be at unphysical locations. Note that since the (repeated) application of ∆(8)

does not create any new poles at x = x̄, we can directly impose the cancellation of
the 7 explicit poles from the denominators in (4.7) within the preamplitude P(3).

At this stage, the ansatz for H(3) obeys the correct crossing symmetries, has no poles at
x = x̄ and by construction matches the correct leading log. However, we are still left with
a total of 82 free parameters (80 from P(3) together with a1 and a2). On the other hand,
there are further constraints which H(3) needs to satisfy:

(4) Cancellation of all contributions with twists below 4. As in the one-loop case, the
presence of the tree-level expression H(1) in our ansatz is required in order to satisfy
this constraint. This step gives 60 constraints on the free parameters, and in particular
we find that a1 is fixed to take the value a1 = −1.

(5) Matching the predicted log2(u) contribution at twist 4. According to the OPE
expansion (1.19), this term is given in terms of one-loop and tree-level OPE data by
the combination

x2g(x̄) ≡
∑
`

(1
2 A

(1)
2,`

(
γ

(1)
2,`

)2
+A

(0)
2,` γ

(1)
2,` γ

(2)
2,` +A

(0)
2,`

(
γ

(1)
2,`

)3
∂∆

)
G2,`(x, x̄) , (4.10)

where we have kept only twist 4 contributions. Performing the sum over even spins `
we obtain the explicit one-variable function g(x̄) recorded in appendix B. Notably, it
contains a non-analytic spin 0 contribution from the one-loop ambiguity α. We find 8
further constraints from this matching, one of which determines a2 = 5.
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(6) Matching the flat-space contribution A(2,5). As explained in section 3, the correlator
H(3) is mapped to the two-loop supergravity amplitude in the bulk-point limit. We
fix 6 more free parameters by matching against the explicit result for Atwo-loops

sugra (x)
from reference [45], whilst keeping the ambiguities corresponding to the ∂10R4|genus-2
correction term.25

4.5 Bootstrapping H(3): results

After having imposed the constraints (1) — (6) described above, we find that the two-
loop correlator H(3) is completely fixed up to only 8 remaining free parameters, which all
correspond to tree-level ambiguities. Our final result takes the form

H(3) = 1
u2

(
∆(8)

)2
P(3) + 5H(2) −H(1), (4.11)

with the tree-level and one-loop correlators given in (4.1) and (4.2), respectively. Due to the
complexity of the coefficient functions pi(x, x̄), we record our result for the preamplitude
P(3) and also the full correlator H(3) (for some choice of ambiguities) in a file attached to
the supplementary material of this paper. We find it remarkable that our highly constrained
minimal ansatz is able to satisfy all of the imposed constraints, and we emphasise that the
only free parameters left are of the form of tree-level contact diagrams.

We observe that not all of the transcendental functions Qi(x, x̄) which were included
in the initial ansatz actually contribute to the final result. In the notation of table 1 and
organised by their transcendental weight w, the 10 basis elements with vanishing coefficients
(both in P(3) and H(3)) read

• w = 6: 3×B(6), 2× ζ3 log(u)Z(1),

• w = 5: Ω(5), 2× log(u)(Z(1))2,

• w = 4: 2× log3(u) log(v).

Note that the functions of weight 4 and 5 listed above all have log3(u) contributions and
the vanishing of their coefficients is a consequence of the observation made in section 2.2
that the leading log is fully captured by the zigzag functions Z(n) and derivatives thereof.
Indeed, one can check that the functions Ω(5), log(u)(Z(1))2 and log3(u) log(v) can not be
expressed in terms of derivatives of zigzags, and hence they do not appear in the two-loop
correlator. On the other hand, the same argument does not apply to the weight 6 functions
listed above as they do not contribute to the leading log. Currently, we do not have an
explanation for the unexpected vanishing of these particular functions and it would be very
interesting to understand the principle behind this observation.

Let us now turn to remaining tree-level ambiguities in H(3). Schematically, the 8 free
parameters split into 4×D and 4× ζ3D ,26 whose coefficients we parametrise by dj and ej ,

25As already emphasised in section 3, we perform this matching at the level of the full amplitude, not only
its discontinuity. While this does not result in giving more constraints, being able to match a complicated
expression involving HPL’s of up to weight 4 nevertheless constitutes a highly non-trivial consistency check
between the result for the flat-space amplitude from [45] and our construction of the CFT correlator.

26Recall that we do not allow for explicit ζ-values in the coefficient polynomials. Instead, all ζ-values are
treated as separate basis elements of Q, explaining why D and ζ3D appear as independent functions.
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with j = 1, 2, 3, 4. Such tree-level ambiguities are best described in terms of their Mellin
amplitudes, and we find they are given by the following linear combinations of monomials
{1, σ2, σ3, σ

2
2, σ2σ3},

d1 ' σ2 − 16
7 , d2 ' σ3 + 32

7 , d3 ' σ2
2 − 128

7 , d4 ' σ2σ3 − 256
7 , (4.12)

and the other 4 are simply related by ej = ζ3 dj . In fact, these are precisely the expected
ambiguities at this order as they are the ones which contribute to the ∂10R4|genus-2 term
in AdS. In the conformal block expansion, they contribute to the log(u)-part with finite
spin support for spins ` = 0, 2, 4 only, and hence there are no ambiguities with infinite spin
support in our two-loop result (4.11).

Interestingly, as in the one-loop case, these unfixed parameters are all written as part
of the preamplitude P(3), which is a non-trivial statement about the corresponding D-
functions. However, note that the Mellin monomial ‘1’ does not appear as an independent
ambiguity in (4.12) since it can not be written as (∆(8))2 acting on a preamplitude.27 In
light of the vanishing of the R4|genus-2 contribution (both in AdS5×S5 and in the flat-space
string amplitude), there is no super-leading two-loop R4 counterterm. This is consistent
with u2D4444 not being an independent ambiguity of the two-loop correlator H(3) and we
speculate that (4.12) indeed gives to most general form of allowed ambiguities.

Lastly, let us mention how the one-loop ambiguity α enters our result for H(3). To
this end, we have left it as a free coefficient in our final expression even though its value
is actually fixed.28 As anticipated, we find that α is simply proportional to the one-loop
string correction H(2,3) (with its tree-level ambiguities fixed to some values). Furthermore,
just like the ambiguities (4.12), it turns out that H(2,3) can in fact be written as part of the
preamplitude, i.e. H(2,3) = 1

u2 (∆(8))2 P(2,3) for some P(2,3). This is surprising as H(2,3) is
really a one-loop amplitude and naively one would expect that only a single power of ∆(8)

could be pulled out.

4.6 Comparison with the results of Huang and Yuan

Let us denote the result obtained in [19] by H(3)
HY.29 Our result for H(3) agrees with the

main part of their correlator upon setting their free parameter X = 0. In particular, after
changing to our conventions, we find that both results agree on the precise coefficients of
the H(1) and H(2) contributions to H(3). The exact difference between our two results reads

H(3)
our −H

(3)
HY|X=0 = 36

7 ζ3H(2,3) −
(

5849
1008 −

α
240

)
H(2,3) +

(
D- and ζ3D-ambiguities

)
,

(4.13)

where the last term stands schematically for the tree-level ambiguities expected from the
∂10R4|genus-2 correction, i.e. terms with Mellin amplitudes {1, σ2, σ3, σ

2
2, σ2σ3}. The above

27This can be easily seen in the positions space representation: the D-function corresponding to the
Mellin amplitude ‘1’ is u2D4444 which has denominator power (x− x̄)13. This is too small as the minimal
denominator power generated by applying (∆(8))2 is (x− x̄)17.

28Recall that the localisation computation of [40] yields α = 60.
29Here H(3)

HY refers to the main part of their amplitude which we take from their ancillary file.
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difference in our respective results is consistent with equation (37) of [19], since (apart from
the usual tree-level ambiguities mentioned before) additional one-loop ambiguities have
been left unfixed.

The condition that the free parameter X in their correlator H(3)
HY is required to vanish

in the comparison (4.13) is explained when considering the corresponding preamplitude
P(3)
HY , which we have reconstructed from their expression for the full correlator. We find that

the contribution of X is sourced by the presence of new weight 4 functions containing the
letter x− x̄ in the preamplitude P(3)

HY , which are however annihilated once ∆(8) is applied
such that their contributions to the full amplitude H(3)

HY vanish. Since we have not included
such new functions at weight 4 in our preamplitude, we necessarily find that X = 0 and we
thereby fix their free parameter.

Note that the vanishing of X is conjectured in [19], but for a different reason: the
authors state that the condition X = 0 follows from imposing full crossing invariance of
the preamplitude P(3)

HY , which at first sight seems to be inconsistent with the enhancement
of crossing symmetry for the particular case of (∆(8))2, recall the discussion in section 4.2.
Indeed, we find that P(3)

HY can be made fully crossing symmetric regardless of the value of X
by adding terms which are in the kernel of (∆(8))2. However, these extra terms come with
log3(u) contributions which would spoil the imposed matching of the leading log at the
level of the preamplitude. In other words, the presence of the free parameter X is excluded
by imposing full crossing symmetry together with matching of the leading log on P(3), i.e.
constraints (1) and (2) of section 4.4. Of course, this relies on insisting on a ‘canonical’
form for the leading-log preamplitude as defined by the OPE resummation or, equivalently,
the ten-dimensional conformal symmetry which diagonalises the tree-level mixing problem.

In summary, as shown in equation (4.13), our correlator H(3) is in agreement with the
results of [19], up to the following details:

• Due to the absence of weight 4 functions with letter x− x̄ in our minimal ansatz, we
determine their free parameter X = 0.

• We fix the one-loop ambiguities present in equation (37) of [19] by carefully tracking
the contribution of the one-loop ambiguity α to order a3. This explains the presence
of the H(2,3) terms in the comparison (4.13).

• Some shifts in the tree-level ambiguities are required in the comparison, hence the
presence of the D terms in (4.13). However, note that since we write the ambiguities as
part of the preamplitude, we no longer consider u2D4444 as an independent ambiguity
in H(3).

4.7 Comments on triple-trace contributions to H(3)

At some point in the perturbative large N expansion new operators besides the usual
tower of double-trace operators Ot,`,i will contribute. It is expected that the next relevant
family of operators is given by triple-trace operators, and arguments for their presence at
two-loop order have been given by considering unitarity cuts of the corresponding flat-space
amplitudes [45, 62] or also directly at the level of AdS diagrams, see, e.g. [75].
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Here, we present an argument based on consistency of the OPE decomposition. In
particular, we will show that there are contributions from new operators in the su(4) singlet
representation to the log2(u) term of H(3), starting from twist 6. The argument goes
as follows:

Let us consider the twist 6 log2(u) contribution at two-loop order, which according to
the expansion (1.19) is entirely determined in terms of one-loop and tree-level OPE data.
Now, assuming that only double-trace operators contribute30 we proceed to resolve the
order a2 mixing problem, for which besides H(2) we also need to use information from the
one-loop 〈O2O2O3O3〉 and 〈O3O3O3O3〉 correlators determined in [15, 44]. The solution
of this one-loop mixing problem yields explicit expressions for γ(2)

3,`,i and A
(1)
3,`,i for i = 1, 2,

which we then use to compute the double-trace prediction for the twist 6 log2(u) part at
order a3. However, one finds that this does not match the actual result extracted from our
result for H(3) and we are led to conclude that more operators besides the two double-trace
operators enter the one-loop mixing problem at twist 6.

Based on intuition from large N counting, we presume these additional operators are
given by triple-trace operator which will necessarily mix with the double-trace ones.31

As a consequence, information about their leading-order anomalous dimension is already
contained within the four-point correlators at one-loop order a2.

Lastly, let us mention that the mismatch between the double-trace prediction for the
twist 6 log2(u) part and the actual expression extracted from H(3) is already visible in
the structure of the contributing transcendental functions: the twist 6 contribution to
H(3)|log2(u) contains terms with up to log3(v) divergences, whereas the twist 4 contribution
due to only double-trace exchanges is found to have at most log2(v) terms, which can
be verified using the expression given in (B.4). This is consistent with the observation
that sums over the double-trace spectrum typically lead to at most log2(v) divergences
(for example the leading log to all loop orders, see also the discussion in [45]). We thus
interpret the observed log3(v) divergences in the two-loop log2(u) part at twist 6 as a sign
of triple-trace contributions.

30Twist 6 corresponds to t = 3 and there are two degenerate double-trace operators O3,`,i with i = 1, 2,
schematically given by (linear combinations of) O2�∂`O2 and O3∂

`O3, see the discussion above (1.13).
31Mixing between operators with different trace-structures has already been observed in the case of

so-called single-particle operators Op [16, 23], which are defined as the N = 4 half-BPS operators dual to
single-particle states of AdS5×S5 supergravity. The first case where half-BPS single-, double- and triple-trace
operators mix is O6, which in the SU(N) theory is of the form (see equation (15) of [23])

O6 = T6 + β1 T3,3 + β2 T4,2 + β3 T2,2,2,

where Tp1,p2,...,pn (x) ≡ Tp1(x)Tp2(x) · · · Tpn (x), with Tp(x) ≡ Tr(Φ(x)p) being the usual dimension p

single-trace operator. The coefficients βi are functions of N with large N behaviours β1,2 ∼ 1
N

and β3 ∼ 1
N2 ,

leading to the pattern that terms with m traces are 1/N suppressed with respect to (m− 1)-trace terms.
In analogy, we expect the triple-trace admixtures to the exchanged, unprotected double-trace operators to

be 1/N suppressed.
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5 Extracting the two-loop anomalous dimension

With the explicit result for H(3) at hand, we can proceed to extract new CFT data from
it. In particular, the quantity of physical interest is the correction to the dimension of the
twist 4 double-trace operators O2,` ∼ O2∂

`O2. Recall that at higher twists mixing between
exchanged operators occurs, with twist 4 being the only case where there exists only one
unique operator for each spin. This fact allows us to unambiguously determine its two-loop
anomalous dimension γ(3), which is encoded in the log(u)-part of the two-loop correlator.

In practice, extracting the two-loop anomalous dimension from H(3)|log(u) for low,
finite spins ` is straightforward: after subtracting the derivative terms specified by the
OPE expansion, see equation (1.19), and performing the block decomposition up to some
finite cut-off `max (keeping twist 4 contributions only), one ends up with the particular
combination of CFT data (A(2)

2,`γ
(1)
2,` +A

(1)
2,`γ

(2)
2,` +A

(0)
2,`γ

(3)
2,` ) for spins ` = 0, 2, . . . , `max. Since

all quantities except γ(3) in that combination are known from lower-order calculations, one
can thus solve for γ(3) spin by spin.

However, obtaining a closed-form expression directly from the above finite spin data is
more difficult. In order to find γ(3) as an analytic function of spin, we employ the Lorentzian
inversion formula of [63], whose input is the so-called double-discontinuity dDisc(H(3)). In
this formalism, the exact same combination of CFT data as given above is encoded in the
double-poles of the inversion integral. Computing these integrals32 and solving for the
two-loop anomalous dimension, we obtain γ(3)

2,` as an analytic function of `, which agrees
with the finite spin data obtained from the direct OPE expansion described above. For
spins ` ≥ 6, the two-loop anomalous dimension takes the form

γ
(3)
2,` = c3

(
S−3 − S3 − 2S1,−2 + 3ζ3

)
+ c2 S−2 + c1 S1 + c0 + c

(a)
0 + α γ̃

(2,3)
2,` , (5.1)

where the ci are rational functions of spin and S~a ≡ S~a(`+ 3) are nested harmonic sums.
For integer arguments and weight-vectors ~a containing non-zero integer entries, they are
defined recursively by

Sa1,a2,...,an(m) =
m∑
k=1

(sgn(a1))k
k|a1|

Sa2,...,an(k), S∅(m) = 1. (5.2)

Note that the coefficient functions ci have definite sign under the symmetry `→ −`− 7:
apart from c

(a)
0 which is antisymmetric, all other ci are symmetric and can therefore be

expressed in terms of even powers of the Casimir eigenvalue J2, which at twist 4 is given by
J2 = (`+ 3)(`+ 4). We will elaborate further on this so-called reciprocity principle later on.

32We made use of the method described in appendix C of [27] to recursively simplify the integrals. See
also appendix A of reference [76] for a useful list of results for some inversion integrals.
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The symmetric coefficient functions read

c3 =
−221184J2 (J2−2

)(
J8−50J6−653592J4+30292416J2+15169835520

)
5(J2−6)2 (J2−12)(J2−20)(J2−30)(J2−42)(J2−56)(J2−72)

,

c2 =
−18432q2

(
J2)

(J2−6)2 (J2−12)2 (J2−20)(J2−30)2 (J2−42)(J2−56)2 (J2−72)(J2−90)(J2−132)
,

c1 =
−27648J2 (J2−2

)(
J8+525J6+1730258J4−79817784J2−39925126080

)
(J2−6)2 (J2−12)(J2−20)(J2−30)(J2−42)(J2−56)(J2−72)

,

c0 =
384q0

(
J2)

5J2 (J2−6)5 (J2−12)2 (J2−20)2 (J2−30)2 (J2−42)(J2−56)2 (J2−72)(J2−90)(J2−132)
,

(5.3)

where q2(J2) and q0(J2) are non-factorisable polynomials given by

q2
(
J2
)

= J2
(
23J20 − 3252J18 − 11511408J16 + 3632264384J14

− 187756129296J12 − 46028945140416J10 + 6505487171987328J8

− 303456834615886848J6 + 5448093169711196160J4

− 28725812248908349440J2 + 64442560728268800
)
,

(5.4)

and

q0
(
J2
)

=
(
3363J32 − 1629859J30 + 1808457782J28 − 530500662732J26

+ 34917254916536J24 + 5640280310229488J22 − 1020874675751115744J20

+ 64205146187309426112J18 − 1998754919048666890368J16

+ 32877932476802852450304J14 − 274537156441056453513216J12

+ 863756354962716443394048J10 + 2400097076662032032956416J8

− 23573917734820546679930880J6 + 46280241034580622311424000J4

− 4409814873370414546944000J2 − 66814046963069091840000
)
.

(5.5)

The contribution from the one-loop regulator α is, as expected, proportional to the anomalous
dimension induced by the one-loop string correction H(2,3). We find γ̃

(2,3)
2,` = 1

480ζ3
γ

(2,3)
2,` ,

with γ(2,3)
2,` given by [29],

γ
(2,3)
2,` = − 1658880ζ3 J

2 (J2 − 2
) (
J2 + 4

) (
J2 + 42

)
(J2 − 6) (J2 − 12) (J2 − 20) (J2 − 30) (J2 − 42) (J2 − 56) , for ` ≥ 6. (5.6)

Lastly, the antisymmetric contribution c(a)
0 to the two-loop anomalous dimension takes the

simple form

c
(a)
0 = 193536(2`+ 7)(J4 − 160J2 + 2380)

(J2 − 6)4(J2 − 20)2 . (5.7)

In the remainder of this section, we comment on some interesting features of γ(3): we first
point out some subtleties of our formula (5.1) at low values of the spin, before discussing
the reciprocity principle and the large spin limit.
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5.1 Comments on analyticity in spin of γ(3)

While the two-loop anomalous dimension is manifestly finite for spins ` ≥ 10, there are
explicit poles for some low values of the spin `. In particular, the coefficient functions
c2 and c0 contain the factors (J2 − 90) and (J2 − 132) in their denominators, giving rise
to (apparent) poles for spins ` = 6 and ` = 8, respectively. However, it turns out that
the numerator of the combination c2 S−2 + c0 has a zero at exactly those locations, thus
cancelling the apparent divergences! Let us emphasise that this cancellation is highly
non-trivial, and it depends on the precise spin dependence of the coefficients c2 and c0.
Note that there are no such spurious poles at higher values of the spin and the formula (5.1)
is manifestly finite for ` ≥ 10.

One can evaluate γ(3) for spins ` = 6, 8 by using an analytic continuation of the
alternating harmonic sum S−2(`+ 3),33 yielding the finite values

γ
(3)
2,`=6 = −775569722924539

79394167125 + 9368130816ζ(3)
1028755 − 409464α

54145 ,

γ
(3)
2,`=8 = 147901898176964147

170666923100625 − 1161059328ζ(3)
1820105 − 16588α

13965 .

(5.8)

We find that these values, obtained through an analytic continuation of harmonic sums,
are in perfect agreement with the explicit low spin data which we extracted from the OPE
expansion of the log(u) part of H(3).

Another interesting feature of the formula for γ(3) is the presence of the factor (J2− 72)
in the denominator of all 4 coefficient functions ci, see equation (5.3). This factor provides
a pole at ` = 5 which is not cancelled any more. Even though this pole is at an unphysical
value of the spin (only operators with even spins are exchanged in the OPE), it prevents
us from analytically continuing below spin 6.34 This is consistent with the presence of the
tree-level ambiguities dj , ej given in equation (4.12), which are left unfixed by our bootstrap
program: being related to the tree-level ∂10R4 correction, they contribute non-analytically
to the two-loop anomalous dimension precisely for finite spin values ` = 0, 2, 4, and γ(3) is
expected to be analytic only for ` ≥ 6.

5.2 γ(3) and the reciprocity principle

For conformal field theories, the reciprocity principle is the general statement that anomalous
dimensions of operators are functions of the conformal spin [78]. This is equivalent to
the statement that the large spin expansion of operator dimensions contains only even
inverse powers of the bare Casimir J2 [79]. After taking into account some shifts due to
N = 4 supersymmetry, the relevant expression for the Casimir eigenvalue takes the form

33Taking the analytic continuation of S−2(m) from odd arguments m, see e.g reference [77], one has

S−2(z) = 1
4

(
ψ(1)( z+2

2

)
− ψ(1)( z+1

2

))
− ζ2

2 .

34Exactly the same phenomenon occurs in the one-loop anomalous dimension given in equation (B.3):
γ(2) has a pole at ` = 1, signalling the presence of a non-analytic spin 0 contribution from the one-loop
ambiguity α.
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J2 = (t+`+1)(t+`+2). When the large spin expansion can be resummed, which is the case
in our setting (up to some finite spin ambiguities), this implies a discrete Z2 symmetry of
the operator spectrum under the map ` 7→ −`− τ(`, a)− 3, with τ being the full anomalous
twist of the relevant operator.35

At twist 4, there is a unique operator for each spin, and the above transformation should
leave the dimension ∆2,` of the double-trace operators O2,` ∼ O2∂

`O2 invariant. Plugging-in
the large N expansion of their full anomalous twist τ(`, a) = 2(2 + aγ(1) + a2γ(2) + . . .) and
expanding to order a3, one finds the relations

1
2

(
γ

(1)
2,` − γ

(1)
2,−`−7

)
= 0 ,

1
2

(
γ

(2)
2,` − γ

(2)
2,−`−7

)
= γ

(1)
2,` ∂`γ

(1)
2,−`−7 ,

1
2

(
γ

(3)
2,` − γ

(3)
2,−`−7

)
= γ

(1)
2,` ∂`γ

(2)
2,−`−7 + γ

(2)
2,` ∂`γ

(1)
2,−`−7 +

(
γ

(1)
2,`

)2
∂2
` γ

(1)
2,−`−7 .

(5.9)

In words, the antisymmetric contribution to the anomalous dimension at a given order is
entirely determined by lower-order data. One can easily verify that the first two lines are
satisfied by the tree-level and one-loop anomalous dimensions γ(1) and γ(2), respectively.

Remarkably, our result for the two-loop anomalous dimension is in perfect agreement
with the prediction from the reciprocity symmetry: the only antisymmetric contribution to
γ(3) is given by c(a)

0 = 1
2
(
γ

(3)
2,` − γ

(3)
2,−`−7

)
as recorded in equation (5.7), and indeed we find

that c(a)
0 satisfies the last line of (5.9).

After subtracting the antisymmetric contribution c(a)
0 , the large spin expansion of the

two-loop anomalous dimension is of the form expected from reciprocity symmetry [79],

γ
(3)
2,` − c

(a)
0 ≈ β2(log(J))

J4 + β3(log(J))
J6 + β4(log(J))

J8 + . . . , (5.10)

with only even inverse powers of J appearing in the expansion. The leading coefficient β2 is
given by

β2 (log (J)) = 384
5
(
3363− 45α+ 460π2 − 864ζ3 − 24

(
15 + 4π2

)
(log(J) + γE)

)
, (5.11)

with γE being the Euler-Mascheroni constant.

6 An exploration of wider ansätze

There are several different possibilities of extending the minimal ansatz (4.6), while still
preserving the general structure with powers of ∆(8) acting on simpler preamplitudes which

35As pointed out in [44], this symmetry should be really thought of as a symmetry of the full operator
spectrum rather than individual operators, as in the generic case the shift symmetry transforms many objects
non-trivially. For example, the tree-level anomalous dimensions γ(1)

t,`,i of the singlet channel double-trace
operators, recorded in equation (1.16), are mapped into each other according to

γ
(1)
t,`,i 7→ γ

(1)
t,−`−2t−3,i = γ

(1)
t,`,t−i.

In this case, the shift symmetry maps data from the family of operators with degeneracy label i onto the
family with label i′ = t− i.
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we think is well motivated by properties of the leading log. In this section, we consider two
natural extensions of the minimal ansatz:

1. We address the possibility of including new weight 4 functions with letter x− x̄ in
the preamplitude P(3). Previously, we argued that the presence of such a function at
weight 3 is required in order to account for the spin 0 non-analyticity of the log2(u)
twist 4 prediction, and indeed we find the function f (3) to be an essential part of
our result for H(3). Here, we explore the additional degrees of freedom due to the
presence of such new functions at weight 4, which à priori are not necessary to match
our bootstrap constraints.

2. The minimal ansatz (4.6) is of particular simplicity in the sense that the one-loop
correction term is exactly given by the one-loop result H(2) itself. An alternative would
be to generalise this term to ∆(8) acting on a more general one-loop like preamplitude
different from L(2) in (4.2). We explore such an extension in section 6.2.

As we describe in the following, these modifications of the minimal ansatz lead to more free
parameters in the final answer, which are no longer of the form of tree-level ambiguities
only. In general, such additional free parameters will contribute to the two-loop anomalous
dimension γ(3) with infinite spin support, although at most the coefficient functions c2
and c0 in (5.1) seem to be affected. In light of that it is all the more remarkable that the
minimal ansatz gets fully fixed up to the expected tree-level ambiguities.

6.1 Including weight 4 functions with letter x− x̄

At weight 4, there are 3 new functions when including the additional letter x− x̄. Two of
them are simply given by log(u)f (3)(x, x̄) and log(v)f (3)(x, x̄), while the third one, f (4)(x, x̄),
is the unique such function which is fully crossing antisymmetric, just like f (3) at weight 3.

Including these 3 functions as additional basis elements, we now start with a new
preamplitude P ′(3) built from an extended transcendental basis Q′ containing 76 elements.
This new, wider ansatz is again of the form

H′(3) = 1
u2

(
∆(8)

)2
P ′(3) + a2H(2) + a1H(1). (6.1)

We then proceed to impose the same bootstrap constraints described in section 4.4. After
imposing conditions (1) – (3), the new weight 4 functions give rise to 15 additional free
parameters. As before, in the process of imposing the further constraints (4) – (6) the
coefficients of the tree-level and one-loop correction terms get fixed to a1 = −1 and a2 = 5.
However, we now end up with 12 free parameters in the final result for H′(3), compared to
only 8 ambiguities when starting from the minimal ansatz.

We find that the four additional free parameters contribute to all antisymmetric weight 4
functions together with their lower weight completions.36 In the OPE decomposition, they

36However, note that none of these parameters is related to free coefficient X of reference [19]. As explained
in section 4.6, starting from a fully crossing symmetric preamplitude which matches the canonical form of
the leading log as given by the OPE resummation excludes the function X .
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contribute with finite spin support to the log2(u)-part for twists τ ≥ 6, whereas their
contributions to the log(u)-part have infinite spin support starting from twist 4. As a
consequence, they contribute non-trivially to the two-loop anomalous dimension, but we
find their contributions are limited to the coefficient function c0, preserving analyticity in
spin for ` ≥ 6.

6.2 Generalising the one-loop term

As another natural extension we consider a generalisation of the one-loop correlator H(2).
The minimal ansatz is thus modified by including a wider one-loop like correction term and
takes the more general form

H′′(3) = 1
u2

(
∆(8)

)2
P(3) + 1

u2 ∆(8) P(2) + a1H(1), (6.2)

where P(3) is the original two-loop preamplitude from (4.7), while the preamplitude P(2) is
analogous to (4.7) with different coefficients b(i)n,m which we set to zero for all basis elements
Qi with transcendental weight greater than 4 or contributions to log3(u) in any orientation,
in order not to spoil the matching of the leading log by the first term.

We then impose the bootstrap constraints (1) – (3) on P(3) and P(2) separately, with
the modification that P(2) is less constrained by crossing symmetry, obeying only

P(2)(x, x̄) = P(2)(x′, x̄′), (6.3)

since this is the only symmetry respected by a single power of ∆(8). The other symmetry is
then imposed in a second step on the full combination 1

u2 ∆(8)P(2).
Proceeding to impose the constraints (4) – (6), we find that the coefficient of the

tree-level contribution is fixed to a1 = 4 and we have

H′′(3) = 1
u2

(
∆(8)

)2
P(3) + 1

u2 ∆(8) P(2) + 4H(1), (6.4)

with H′′(3) containing a total of 11 unfixed parameters, 8 of which contribute only to
P(3) and these are the expected tree-level ambiguities described in section 4.5. One of
the additional parameters contributes only to P(2) and it is proportional to the tree-level
ambiguity u2D4444, which contributes to the two-loop anomalous dimension only at spin 0.
The other 2 remaining parameters appear in both P(2) and P(3): one of them, δ1, contributes
non-trivially up to weight 6 (with contributions to the functions A(6) and ζ3f

(3) at top-
weight) and has infinite spin support in the log2(u)-part for twists τ ≥ 6. The other
parameter, δ2, is proportional to a one-loop string correction with finite spin support in the
log2(u)-part. In the two-loop anomalous dimension they both contribute with infinite spin
support: δ1 contributes to c2 and c0, while δ2 contributes only to c0. Again, we find that
both contributions preserve analyticity in spin for ` ≥ 6.

Lastly, when combining the two types of generalisations discussed above, i.e. starting
from the extended ansatz (6.2) while at the same time allowing for weight 4 functions
with letter x− x̄ (in both P(3) and P(2)), we find 9 additional undetermined coefficients
compared to the minimal ansatz. These comprise the 4 parameters described in section 6.1,
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the 3 from the generalisation (6.2) as well as 2 more independent parameters: one of them
contributes up to weight 6 and has similar properties as the parameter δ1 described above,
while the second one is due to the fact that the coefficient a1 is no longer fixed.

7 Outlook and open questions

We conclude with mentioning some open questions and future directions:

• Recall that the simple structure of the minimal ansatz (4.6) for the two-loop correlator
H(3) was motivated by two facts, namely (i) the non-trivial property of the leading
discontinuity allowing (∆(8))2 to be pulled out and (ii) the observation of reference [15]
that the one-loop correlator (originally constructed without assuming a structure
involving ∆(8)) can actually be written in the simple form given in (4.2). However,
beyond the remarkable fact that this very restrictive minimal ansatz satisfies all
of the bootstrap constraints and leads to a final result with the expected tree-level
ambiguities only, the origin of this structural simplicity remains unclear to us. While
the existence of the operator ∆(8) and its properties in relation to the leading log are
directly related to the hidden conformal symmetry, the structures we observe at loop
order seem to go beyond the original understanding of this symmetry. It would be
very interesting to investigate whether analogous features, such as the appearance of
lower order correlators for example, are present in similar setups.37

• We find it suggestive that a similar structure might persist at higher loops. As already
stated in [19], the generalisation of the minimal ansatz to any loop order takes the
simple form

H(n) = 1
u2

(
∆(8)

)n−1
P(n) +

n−1∑
i=1

aiH(i) , (7.1)

such that at any order one is only left with determining the preamplitude P(n), which
includes functions up to transcendental weight w = 2n, and the coefficients ai of the
lower-loop results. Crucially, the only growth of complexity in P(n) at higher loop
order is due to the increasing size of the transcendental basis, while the number of free
parameters in their coefficient functions does not increase. Nevertheless, the number
of SVHPL’s grows exponentially with their weight and considering higher loops thus
remains a challenging problem.38

• For the reasons mentioned above, we expect that bootstrapping higher-loop correlators
will require a better understanding of the basis of transcendental functions. In

37One natural candidate to consider would be the case of the pure AdS5 background arising from gauged
N = 8 supergravity.

38Furthermore, recall that the two-loop case considered in this work is exceptional due to the accidental
enhancement of crossing symmetry of (∆(8))2, which allowed us to start from a fully crossing-symmetric
preamplitude. In general, the preamplitudes are expected to be invariant only under the symmetry x 7→ x′,
as one can check explicitly in the one-loop case.
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section 2.2, we have taken a first step in that direction by identifying the family of
zigzag integrals which we argue provide a basis for the leading log at any loop-order.
On the other hand, it is clear that there is more to be understood. For example, as
mentioned in section 4.5, we observe that 5 basis elements at weight 6 do not contribute
to the final result, which calls for an explanation. A more systematic insight into
which transcendental functions do contribute at general loop orders would certainly
facilitate the formulation of the most restricted ansatz for the preamplitudes P(n).

• Related to that matter is the occurrence of functions containing the additional letter
x − x̄. In section 3 we have argued that such functions are necessary to match
the scale-dependent logarithmic terms of the flat-space type IIB string amplitude.
In particular, such logarithms are present in the super-leading counter-terms to the
supergravity contributions, and we speculate that the precise form of the corresponding
counter-terms at higher-loop orders will put a bound on the maximal allowed weight
of functions with letter x− x̄.

• An interesting immediate generalisation of the results presented here would be to
consider correlators of more general external charges. As shown in [18], the ten-
dimensional conformal symmetry of tree-level supergravity relates the correlator of
arbitrary external charges 〈OpOqOrOs〉 to the ‘seed-correlator’ 〈O2O2O2O2〉 through
the action of a differential operator Dpqrs. While this works beautifully for the
free-theory and tree-level supergravity correlators, at loop order only the leading
log continues to have this property. Nevertheless, as demonstrated for a number
of correlators with low external charges, pulling out Dpqrs at one-loop order still
achieves a great simplification, even though certain tree-level correction terms become
necessary [15]. It would be fascinating to see if a similar approach can be applied to
two- or even higher-loop correlators.

• In this work, we have focussed on the position space representation of H(3). A
first step to compute the corresponding Mellin amplitude has been already taken
in [45], where the contribution from the leading log H(3)|log3(u) to the two-loop Mellin
amplitude has been derived. It would be instructive to derive the full Mellin amplitude
and, considering that ∆(8) acts as a complicated shift-operator in Mellin space, to
investigate if the simple structures observe here translate to Mellin space.

• We made the observation that the one-loop string correction H(2,3) can in fact be
written as part of the two-loop preamplitude. In other words, one can pull out (∆(8))2

from H(2,3) even though it is a one-loop correlator and one would thus expect that only
a single ∆(8) can be pulled out. One might wonder if all one-loop string corrections
enjoy this property and what the possible consequences are.

• Lastly, it would be interesting to apply the position space bootstrap approach to other
holographic theories beyond supergravity on AdS5×S5. While there has been recent
progress in this direction by constructing one-loop corrections using mainly the Mellin
space formulation, e.g. for M-theory on AdS7×S4 and AdS4×S7 [56, 80] or gluon
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scattering on AdS5×S3 [57], we believe that the position space methods employed here
will continue to be useful also in different setups,39 in particular in other instances
with hidden conformal symmetry. For example, one such case is given by string
theory on AdS3×S3 which enjoys a six-dimensional conformal symmetry [81, 82]. To
our knowledge, loop corrections to supergravity have not been constructed for this
background since much less is known about the dual CFT and its spectrum.40 It
would be interesting to investigate whether an analogous operator to ∆(8) can be used
to facilitate the construction of loop corrections in that particular case.
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A Details on the basis of transcendental functions

In this appendix we spell out the details on the transcendental functions Qi(x, x̄) included
in our minimal ansatz as given in equations (4.6) and (4.7). Let us start by introducing the
following derivatives of the zigzag integrals Z(n):

Ψ(n)(x, x̄) = −Z(n)
1 (x, x̄) + (x↔ x̄),

Ψ̃(n)(x, x̄) = −Z(n)
1 (x, x̄)− (x↔ x̄),

Υ(n)(x, x̄) = −Z(n)
2 (x, x̄) + (x↔ x̄),

(A.1)

where Z(n)
m (x, x̄) has been defined in (2.24). The above combinations define pure functions,

of which Ψ(2), Ψ(3), Ψ̃(3) and Υ(3) will appear in our basis. In the following, we proceed to
enumerate all elements of our basis Q organised by their transcendental weight.

• Weights 0, 1 and 2. Up to transcendental weight 2, all symmetric SVHPL’s can be
written as powers of logarithms of u and v. This includes the basis elements 1 at weight
0, the two orientations of log(u) at weight 1, and three orientations of log2(u) at weight
2. The first antisymmetric function is given by the one-loop box function, which coincides
with the first zigzag Z(1). Altogether, the 7 basis elements up to weight 2 read41{

Z(1)(x), log2(u), log2(u/v), log2(v), log(u), log(v), 1
}
. (A.2)

39For example, exploiting the existence of differential operators, such as ∆(8) in our case, is more direct in
the position space formulation compared to Mellin space, where differential operators act as complicated
shift operators on the Mellin amplitude.

40See however reference [83], where the double-trace spectrum of tensor multiplets is considered.
41Note that, for reasons of brevity, here and below we will suppress the x̄-argument and it is understood

that all functions are really two-variable functions of (x, x̄). Similarly, when denoting their transformation
properties under crossing, the suppressed variable x̄ is transformed in the same way as its counterpart x, e.g.
in equation (A.3), Z(1)(1− x) is short for Z(1)(1− x, 1− x̄).
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Recall that Z(1) is fully crossing antisymmetric:

Z(1)(x) = −Z(1)(1− x) = −Z(1)
(1
x

)
. (A.3)

• Weight 3. Within the space of SVHPL’s, there are just two antisymmetric weight 3
functions, given by log’s times the one-loop box function. However, as argued in the main
text, we also want to include functions involving the letter x − x̄. Such functions make
their first appearance at weight 3, with f (3) being the only one at this weight. Hence our
antisymmetric basis elements at this weight read{

f (3)(x), log(u)Z(1)(x), log(v)Z(1)(x)
}
. (A.4)

Note that f (3) transforms the as Z(1) under crossing, obeying a similar equation as (A.3).
On the other hand, the space of symmetric weight 3 functions (including ζ-values)

is given by 7 independent linear combinations of SVHPL’s. These can be written as 4
orientations of log’s and 3 orientations of the function Ψ(2) (defined as a symmetric derivative
of Z(2), see (A.1)):{

log3(u), log2(u) log(v), log(u) log2(v), log3(v), Ψ(2)(x), Ψ(2)(x′), Ψ(2)(1− x)
}
.

(A.5)

Note that Ψ(2) has the symmetry Ψ(2)(x) = Ψ(2)( 1
x

)
, such that only 3 independent orienta-

tions exist. Furthermore, ζ3 is implicitly included as an independent basis element thanks
to the identity

Ψ(2)(x) + Ψ(2)(x′) + Ψ(2)(1− x) = 12ζ3. (A.6)

• Weight 4. There are 6 antisymmetric SVHPL’s at this weight: 3 of them can be written
as log’s times Z(1), while the other 3 are given by orientations of the two-loop ladder integral
which coincides with the zigzag function Z(2). The 6 antisymmetric weight 4 basis elements
are hence given by {

log2(u)Z(1)(x), log2(u/v)Z(1)(x), log2(v)Z(1)(x),

Z(2)(x), Z(2)(x′), Z(2)(1− x)
}
,

(A.7)

and we should recall that Z(2) obeys the crossing relation Z(2)(x) = −Z(2)( 1
x

)
.

The symmetric weight 4 functions include 10 SVHPL’s together with ζ3 times weight 1
functions. However, there are 3 orientations of log4(u) which we can remove from our basis.
The remaining 9 elements can be written as{

Υ(3)
( 1
x′

)
, Υ(3)(x′), Υ(3)

( 1
1− x

)
, Υ(3)

(1
x

)
, Υ(3)(x), Υ(3)(1− x),

log(u) log(v) log(uv) log(u/v), log(u) log2(v) log(u/v),
(
Z(1))2}, (A.8)
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with the ζ-values being implicitly included within the 6 orientation of Υ(3) thanks to
the relations

Υ(3)
(1
x

)
+ Υ(3)

( 1
x′

)
−Υ(3)(x)−Υ(3)(1− x) = 12ζ3 log(u),

Υ(3)
( 1

1− x

)
+ Υ(3)(x′)−Υ(3)(x)−Υ(3)(1− x) = 12ζ3 log(v).

(A.9)

• Weight 5. At weight 5, there is a total of 12 antisymmetric SVHPL’s. Demanding no
log4(u) contributions in any channel reduces that number to 9 independent functions. We
can write them as 6 orientations of the antisymmetric derivative of Z(3), Ψ̃(3), together with
3 orientations of a function we denote by Π̃(5). There is one more independent element
given by ζ3Z

(1), such that the antisymmetric weight 5 basis elements read{
Ψ̃(3)

( 1
x′

)
, Ψ̃(3)(x′), Ψ̃(3)

( 1
1− x

)
, Ψ̃(3)

(1
x

)
, Ψ̃(3)(x), Ψ̃(3)(1− x),

Π̃(5)(x), Π̃(5)(1− x), Π̃(5)
(1
x

)
, ζ3Z

(1)
}
,

(A.10)

where Π̃(5) is defined in terms of the following linear combination of SVHPL’s

Π̃(5) = L3,2 + L2,1,2 − L3,1,0 + L1,2,0,0 − L1,2,1,0 + L2,1,0,0, (A.11)

and obeys the crossing symmetry Π̃(5)(x) = Π̃(5)(x′).
The space of symmetric weight 5 SVHPL’s is 20-dimensional. However, demanding the

absence of functions with contributions to log4(u) removes 6 degrees of freedom (these are
precisely the six logarithms logm(u) logn(v) at weight 5). We thus end up with 14 functions,
to which we need to add ζ5 and ζ3 times symmetric weight 2 functions. Altogether, this
gives 18 basis elements which we write as{

Ψ(3)
( 1
x′

)
, Ψ(3) (x′) , Ψ(3)

( 1
1− x

)
, Ψ(3)

(1
x

)
, Ψ(3) (x) , Ψ(3) (1− x) ,

Π(5) (x) , Π(5) (1− x) , Π(5)
( 1
x′

)
, Π(5) (x′) , Π(5)

( 1
1− x

)
, Π(5)

(1
x

)
, Ω(5),

log (u)
(
Z(1) (x)

)2
, log (v)

(
Z(1) (x)

)2
, ζ3 log2 (u) , ζ3 log2 (u/v) , ζ3 log2(v)

}
,

(A.12)

where we recognise the 6 orientations of the symmetric derivative of Z(3) in the first line.
The definitions of Π(5) and Ω(5) in terms of SVHPL’s read

Π(5) = L1,2,2 − L2,1,2 − L2,2,0 + L2,2,1 + L3,0,0 + L3,1,0

+ L1,1,2,0 + L1,1,2,1 − L1,2,1,0 + L2,1,0,0 + 2ζ3(4L0,0 + 9L1,0),
(A.13)

and

Ω(5) = 2L1,4 + L3,2 + L1,1,3 + 2L1,2,2 + L1,3,1 − 2L2,2,0 − L2,2,1 − L3,1,0

− L1,1,2,0 + L1,2,0,0 − L2,1,0,0 − 2L2,1,1,0 − 6ζ3L1,1,
(A.14)

with Ω(5) being fully crossing symmetric, i.e. Ω(5)(x) = Ω(5)(1− x) = Ω(5)( 1
x

)
.
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Finally, note that ζ5 is included in the above basis as a consequence of the identity

Π(5) (x) + Π(5) (1− x) + Π(5)
( 1
x′

)
+ Π(5) (x′)+ Π(5)

( 1
1− x

)
+ Π(5)

(1
x

)
= 36ζ5.

(A.15)

• Weight 6. At top weight, we expect only antisymmetric functions to contribute, with
the leading log provided by the zigzag Z(3). We then also include all antisymmetric weight
6 functions with no log3(u) contribution in any orientation (given by A(6) and B(6) defined
below) as well as ζ3-values times lower-weight functions (given by ζ3f

(3) and ζ3 log(u)Z(1)).
This gives a total of 13 independent functions at weight 6, which we parametrise by{

Z(3)
( 1
x′

)
, Z(3) (x′) , Z(3)

( 1
1− x

)
, Z(3)

(1
x

)
, Z(3) (x) , Z(3) (1− x) ,

A(6) (x) , B(6) (x) , B(6) (1− x) , B(6) (x′) , ζ3f
(3), ζ3 log (u)Z(1), ζ3 log (v)Z(1)

}
.

(A.16)

The functions A(6) and B(6) are defined in terms of SVHPL’s as

A(6) = L1,2,3 − L1,3,2 − L2,1,3 + L2,2,2 − L1,2,2,0 + L1,3,1,0 + L2,1,2,0 − L2,2,1,0

+ 2ζ3(L3 + 3L2,0 + 2L2,1 − L1,0,0 + L1,1,0)− 15ζ5L1,
(A.17)

and

B(6) = L3,3 + L1,2,3 − L1,3,2 + L3,1,2 − L1,3,0,0 − L1,2,1,0,0

+ 2ζ3(3L1,2 − 5L2,1 + 3L1,0,0 + 5L1,1,0)− 9ζ5L1.
(A.18)

Note that A(6) is fully crossing antisymmetric, while B(6) obeys one crossing symmetry:

A(6)(x) = −A(6)(1− x) = −A(6)
(1
x

)
, B(6) (x) = −B(6)

(1
x

)
. (A.19)

B The log2(u) prediction at twist 4

While the full log2(u) contribution to the two-loop correlator H(3) is not known due to
mixing of exchanged operators (double-trace and potentially triple-trace contributions),
restricting to the lowest twist allows one to sidestep all these problems as there is only one
unique operator for each spin. The twist 4 contribution to the log2(u) part of H(3) can
therefore be determined from lower-order CFT data. Explicitly, keeping only terms of order
x2, it is given by

x2g (x̄) ≡
∑
` even

(1
2 A

(1)
2,`

(
γ

(1)
2,`

)2
+A

(0)
2,` γ

(1)
2,` γ

(2)
2,` +A

(0)
2,`

(
γ

(1)
2,`

)3
∂∆

)
G2,` (x, x̄) , (B.1)

with A(0) and γ(1) given in equations (1.16) and (1.17), respectively. The twist 4 next-
order CFT data, i.e. the double-trace OPE coefficients A(1)

2,` and the one-loop anomalous
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dimensions γ(2)
2,` , are given by [4]

A
(1)
2,` =

(16
3 − 128 (H`+3 −H2`+7)− 64(2l + 9)

2l + 7

) ((`+ 3)!)2

(2`+ 6)! , (B.2)

γ
(2)
2,` = 1344(`− 7)(`+ 14)

(`− 1)(`+ 1)2(`+ 6)2(`+ 8) −
2304(2`+ 7)

(`+ 1)3(`+ 6)3 −
18α

7 δ`,0 , (B.3)

where here Hn stands for the n-th harmonic number and α parametrises the contribution
of the one-loop ambiguity u2D4444, which contributes only to spin ` = 0. Note that
the correction to the OPE coefficients (for any twist t) can be simply obtained from the
derivative relation 〈A(1)

t,` 〉 = ∂t〈A(0)
t,` γ

(1)
t,` 〉 [59], where the angle-brackets 〈·〉 denote averaging

over the double-trace degeneracies i = 1, . . . , t− 1.
We were able to perform the infinite sum (B.1) over even spins ` in terms of harmonic

polylogarithms Ha(x̄), resulting in

g (x̄) = 384
5x̄6

(
4x̄2

(
467x̄2−2250x̄+2250

)
+x̄

(
1145x̄3−11266x̄2+27000x̄−18000

)
H1 (x̄)

−2880x̄3 (x̄−2)H2 (x̄)−40(x̄−1)
(
69x̄3−71x̄2−450x̄+450

)
H1,1 (x̄)

+864x̄3 (x̄−2)H3 (x̄)−8x̄2
(
43x̄2−450x̄+522

)
H1,2 (x̄)

+8x̄2
(
151x̄2−810x̄+774

)
H2,1 (x̄)

+96x̄2
(
x̄2−6x̄+6

)
(3H1,3 (x̄)−H2,2 (x̄)−2H3,1 (x̄))

)
−α· 384

x̄5

(
x̄
(
11x̄2−60x̄+60

)
+3
(
x̄3−12x̄2+30x̄−20

)
H1 (x̄)

)
,

(B.4)

where the term in the last line is due to the spin 0 non-analyticity of the one-loop anomalous
dimension γ(2)

2,` and comes with a single conformal block with ` = 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] L. Rastelli and X. Zhou, Mellin amplitudes for AdS5 × S5, Phys. Rev. Lett. 118 (2017) 091602
[arXiv:1608.06624] [INSPIRE].

[2] L. Rastelli and X. Zhou, How to Succeed at Holographic Correlators Without Really Trying,
JHEP 04 (2018) 014 [arXiv:1710.05923] [INSPIRE].

[3] L.F. Alday and A. Bissi, Loop Corrections to Supergravity on AdS5 × S5, Phys. Rev. Lett. 119
(2017) 171601 [arXiv:1706.02388] [INSPIRE].

[4] F. Aprile, J.M. Drummond, P. Heslop and H. Paul, Quantum Gravity from Conformal Field
Theory, JHEP 01 (2018) 035 [arXiv:1706.02822] [INSPIRE].

– 42 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.118.091602
https://arxiv.org/abs/1608.06624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.06624
https://doi.org/10.1007/JHEP04(2018)014
https://arxiv.org/abs/1710.05923
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.05923
https://doi.org/10.1103/PhysRevLett.119.171601
https://doi.org/10.1103/PhysRevLett.119.171601
https://arxiv.org/abs/1706.02388
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02388
https://doi.org/10.1007/JHEP01(2018)035
https://arxiv.org/abs/1706.02822
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02822


J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

[5] D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the
CFTd/AdSd+1 correspondence, Nucl. Phys. B 546 (1999) 96 [hep-th/9804058] [INSPIRE].

[6] E. D’Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Graviton exchange and
complete four point functions in the AdS/CFT correspondence, Nucl. Phys. B 562 (1999) 353
[hep-th/9903196] [INSPIRE].

[7] E. D’Hoker, D.Z. Freedman and L. Rastelli, AdS/CFT four point functions: How to succeed at
z integrals without really trying, Nucl. Phys. B 562 (1999) 395 [hep-th/9905049] [INSPIRE].

[8] G. Arutyunov and S. Frolov, Four point functions of lowest weight CPOs in N = 4 SYM(4) in
supergravity approximation, Phys. Rev. D 62 (2000) 064016 [hep-th/0002170] [INSPIRE].

[9] L.I. Uruchurtu, Four-point correlators with higher weight superconformal primaries in the
AdS/CFT Correspondence, JHEP 03 (2009) 133 [arXiv:0811.2320] [INSPIRE].

[10] L.I. Uruchurtu, Next-next-to-extremal Four Point Functions of N = 4 1/2 BPS Operators in
the AdS/CFT Correspondence, JHEP 08 (2011) 133 [arXiv:1106.0630] [INSPIRE].

[11] G. Arutyunov, S. Frolov, R. Klabbers and S. Savin, Towards 4-point correlation functions of
any 1

2 -BPS operators from supergravity, JHEP 04 (2017) 005 [arXiv:1701.00998] [INSPIRE].

[12] G. Arutyunov, R. Klabbers and S. Savin, Four-point functions of 1/2-BPS operators of any
weights in the supergravity approximation, JHEP 09 (2018) 118 [arXiv:1808.06788]
[INSPIRE].

[13] E.Y. Yuan, Simplicity in AdS Perturbative Dynamics, arXiv:1801.07283 [INSPIRE].

[14] D. Carmi, Loops in AdS: From the Spectral Representation to Position Space, JHEP 06 (2020)
049 [arXiv:1910.14340] [INSPIRE].

[15] F. Aprile, J. Drummond, P. Heslop and H. Paul, One-loop amplitudes in AdS5 × S5

supergravity from N = 4 SYM at strong coupling, JHEP 03 (2020) 190 [arXiv:1912.01047]
[INSPIRE].

[16] F. Aprile, J. Drummond, P. Heslop and H. Paul, Double-trace spectrum of N = 4
supersymmetric Yang-Mills theory at strong coupling, Phys. Rev. D 98 (2018) 126008
[arXiv:1802.06889] [INSPIRE].

[17] F. Aprile, J.M. Drummond, P. Heslop and H. Paul, Unmixing Supergravity, JHEP 02 (2018)
133 [arXiv:1706.08456] [INSPIRE].

[18] S. Caron-Huot and A.-K. Trinh, All tree-level correlators in AdS5×S5 supergravity: hidden
ten-dimensional conformal symmetry, JHEP 01 (2019) 196 [arXiv:1809.09173] [INSPIRE].

[19] Z. Huang and E.Y. Yuan, Graviton Scattering in AdS5 × S5 at Two Loops,
arXiv:2112.15174 [INSPIRE].

[20] J.M. Drummond and H. Paul, One-loop string corrections to AdS amplitudes from CFT, JHEP
03 (2021) 038 [arXiv:1912.07632] [INSPIRE].

[21] L. Hoffmann, L. Mesref and W. Rühl, Conformal partial wave analysis of AdS amplitudes for
dilaton axion four point functions, Nucl. Phys. B 608 (2001) 177 [hep-th/0012153] [INSPIRE].

[22] J.M. Drummond, Generalised ladders and single-valued polylogarithms, JHEP 02 (2013) 092
[arXiv:1207.3824] [INSPIRE].

[23] F. Aprile, J.M. Drummond, P. Heslop, H. Paul, F. Sanfilippo, M. Santagata et al., Single
particle operators and their correlators in free N = 4 SYM, JHEP 11 (2020) 072
[arXiv:2007.09395] [INSPIRE].

– 43 –

https://doi.org/10.1016/S0550-3213(99)00053-X
https://arxiv.org/abs/hep-th/9804058
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9804058
https://doi.org/10.1016/S0550-3213(99)00525-8
https://arxiv.org/abs/hep-th/9903196
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9903196
https://doi.org/10.1016/S0550-3213(99)00526-X
https://arxiv.org/abs/hep-th/9905049
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9905049
https://doi.org/10.1103/PhysRevD.62.064016
https://arxiv.org/abs/hep-th/0002170
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0002170
https://doi.org/10.1088/1126-6708/2009/03/133
https://arxiv.org/abs/0811.2320
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0811.2320
https://doi.org/10.1007/JHEP08(2011)133
https://arxiv.org/abs/1106.0630
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.0630
https://doi.org/10.1007/JHEP04(2017)005
https://arxiv.org/abs/1701.00998
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.00998
https://doi.org/10.1007/JHEP09(2018)118
https://arxiv.org/abs/1808.06788
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.06788
https://arxiv.org/abs/1801.07283
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.07283
https://doi.org/10.1007/JHEP06(2020)049
https://doi.org/10.1007/JHEP06(2020)049
https://arxiv.org/abs/1910.14340
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.14340
https://doi.org/10.1007/JHEP03(2020)190
https://arxiv.org/abs/1912.01047
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.01047
https://doi.org/10.1103/PhysRevD.98.126008
https://arxiv.org/abs/1802.06889
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.06889
https://doi.org/10.1007/JHEP02(2018)133
https://doi.org/10.1007/JHEP02(2018)133
https://arxiv.org/abs/1706.08456
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.08456
https://doi.org/10.1007/JHEP01(2019)196
https://arxiv.org/abs/1809.09173
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.09173
https://arxiv.org/abs/2112.15174
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2112.15174
https://doi.org/10.1007/JHEP03(2021)038
https://doi.org/10.1007/JHEP03(2021)038
https://arxiv.org/abs/1912.07632
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.07632
https://doi.org/10.1016/S0550-3213(01)00256-5
https://arxiv.org/abs/hep-th/0012153
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0012153
https://doi.org/10.1007/JHEP02(2013)092
https://arxiv.org/abs/1207.3824
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1207.3824
https://doi.org/10.1007/JHEP11(2020)072
https://arxiv.org/abs/2007.09395
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.09395


J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

[24] B. Eden, A.C. Petkou, C. Schubert and E. Sokatchev, Partial nonrenormalization of the stress
tensor four point function in N = 4 SYM and AdS/CFT, Nucl. Phys. B 607 (2001) 191
[hep-th/0009106] [INSPIRE].

[25] M. Nirschl and H. Osborn, Superconformal Ward identities and their solution, Nucl. Phys. B
711 (2005) 409 [hep-th/0407060] [INSPIRE].

[26] F.A. Dolan and H. Osborn, Superconformal symmetry, correlation functions and the operator
product expansion, Nucl. Phys. B 629 (2002) 3 [hep-th/0112251] [INSPIRE].

[27] L.F. Alday and S. Caron-Huot, Gravitational S-matrix from CFT dispersion relations, JHEP
12 (2018) 017 [arXiv:1711.02031] [INSPIRE].

[28] L.F. Alday, A. Bissi and E. Perlmutter, Genus-One String Amplitudes from Conformal Field
Theory, JHEP 06 (2019) 010 [arXiv:1809.10670] [INSPIRE].

[29] D.J. Binder, S.M. Chester, S.S. Pufu and Y. Wang, N = 4 Super-Yang-Mills correlators at
strong coupling from string theory and localization, JHEP 12 (2019) 119 [arXiv:1902.06263]
[INSPIRE].

[30] J.M. Drummond, D. Nandan, H. Paul and K.S. Rigatos, String corrections to AdS amplitudes
and the double-trace spectrum of N = 4 SYM, JHEP 12 (2019) 173 [arXiv:1907.00992]
[INSPIRE].

[31] J.M. Drummond, H. Paul and M. Santagata, Bootstrapping string theory on AdS5 × S5,
arXiv:2004.07282 [INSPIRE].

[32] F. Aprile, J.M. Drummond, H. Paul and M. Santagata, The Virasoro-Shapiro amplitude in
AdS5 × S5 and level splitting of 10d conformal symmetry, JHEP 11 (2021) 109
[arXiv:2012.12092] [INSPIRE].

[33] M.B. Green and P. Vanhove, The Low-energy expansion of the one loop type-II superstring
amplitude, Phys. Rev. D 61 (2000) 104011 [hep-th/9910056] [INSPIRE].

[34] S.M. Chester, M.B. Green, S.S. Pufu, Y. Wang and C. Wen, Modular invariance in superstring
theory from N = 4 super-Yang-Mills, JHEP 11 (2020) 016 [arXiv:1912.13365] [INSPIRE].

[35] S.M. Chester, M.B. Green, S.S. Pufu, Y. Wang and C. Wen, New modular invariants in N = 4
Super-Yang-Mills theory, JHEP 04 (2021) 212 [arXiv:2008.02713] [INSPIRE].

[36] S. Collier and E. Perlmutter, Harnessing S-duality in N = 4 SYM & Supergravity as
SL(2,Z)-Averaged Strings, arXiv:2201.05093 [INSPIRE].

[37] O. Aharony, L.F. Alday, A. Bissi and E. Perlmutter, Loops in AdS from Conformal Field
Theory, JHEP 07 (2017) 036 [arXiv:1612.03891] [INSPIRE].

[38] L.F. Alday, On genus-one string amplitudes on AdS5 × S5, JHEP 04 (2021) 005
[arXiv:1812.11783] [INSPIRE].

[39] J.M. Drummond, R. Glew and H. Paul, One-loop string corrections for AdS Kaluza-Klein
amplitudes, JHEP 12 (2021) 072 [arXiv:2008.01109] [INSPIRE].

[40] S.M. Chester, Genus-2 holographic correlator on AdS5 × S5 from localization, JHEP 04 (2020)
193 [arXiv:1908.05247] [INSPIRE].

[41] S.M. Chester and S.S. Pufu, Far beyond the planar limit in strongly-coupled N = 4 SYM,
JHEP 01 (2021) 103 [arXiv:2003.08412] [INSPIRE].

[42] F.A. Dolan and H. Osborn, Conformal four point functions and the operator product
expansion, Nucl. Phys. B 599 (2001) 459 [hep-th/0011040] [INSPIRE].

– 44 –

https://doi.org/10.1016/S0550-3213(01)00151-1
https://arxiv.org/abs/hep-th/0009106
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0009106
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://arxiv.org/abs/hep-th/0407060
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0407060
https://doi.org/10.1016/S0550-3213(02)00096-2
https://arxiv.org/abs/hep-th/0112251
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0112251
https://doi.org/10.1007/JHEP12(2018)017
https://doi.org/10.1007/JHEP12(2018)017
https://arxiv.org/abs/1711.02031
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.02031
https://doi.org/10.1007/JHEP06(2019)010
https://arxiv.org/abs/1809.10670
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.10670
https://doi.org/10.1007/JHEP12(2019)119
https://arxiv.org/abs/1902.06263
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.06263
https://doi.org/10.1007/JHEP12(2019)173
https://arxiv.org/abs/1907.00992
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.00992
https://arxiv.org/abs/2004.07282
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.07282
https://doi.org/10.1007/JHEP11(2021)109
https://arxiv.org/abs/2012.12092
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.12092
https://doi.org/10.1103/PhysRevD.61.104011
https://arxiv.org/abs/hep-th/9910056
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9910056
https://doi.org/10.1007/JHEP11(2020)016
https://arxiv.org/abs/1912.13365
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.13365
https://doi.org/10.1007/JHEP04(2021)212
https://arxiv.org/abs/2008.02713
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.02713
https://arxiv.org/abs/2201.05093
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.05093
https://doi.org/10.1007/JHEP07(2017)036
https://arxiv.org/abs/1612.03891
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.03891
https://doi.org/10.1007/JHEP04(2021)005
https://arxiv.org/abs/1812.11783
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.11783
https://doi.org/10.1007/JHEP12(2021)072
https://arxiv.org/abs/2008.01109
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.01109
https://doi.org/10.1007/JHEP04(2020)193
https://doi.org/10.1007/JHEP04(2020)193
https://arxiv.org/abs/1908.05247
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.05247
https://doi.org/10.1007/JHEP01(2021)103
https://arxiv.org/abs/2003.08412
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.08412
https://doi.org/10.1016/S0550-3213(01)00013-X
https://arxiv.org/abs/hep-th/0011040
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0011040


J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

[43] F.A. Dolan and H. Osborn, Conformal partial waves and the operator product expansion, Nucl.
Phys. B 678 (2004) 491 [hep-th/0309180] [INSPIRE].

[44] F. Aprile, J.M. Drummond, P. Heslop and H. Paul, Loop corrections for Kaluza-Klein AdS
amplitudes, JHEP 05 (2018) 056 [arXiv:1711.03903] [INSPIRE].

[45] A. Bissi, G. Fardelli and A. Georgoudis, All loop structures in supergravity amplitudes on
AdS5 × S5 from CFT, J. Phys. A 54 (2021) 324002 [arXiv:2010.12557] [INSPIRE].

[46] N.I. Usyukina and A.I. Davydychev, Exact results for three and four point ladder diagrams
with an arbitrary number of rungs, Phys. Lett. B 305 (1993) 136 [INSPIRE].

[47] F.C. Brown, Polylogarithmes multiples uniformes en une variable, Compt. Rend. Math. 338
(2004) 527.

[48] D.J. Broadhurst and D. Kreimer, Knots and numbers in Φ4 theory to 7 loops and beyond, Int.
J. Mod. Phys. C 6 (1995) 519 [hep-ph/9504352] [INSPIRE].

[49] F. Brown and O. Schnetz, Single-valued multiple polylogarithms and a proof of the zig-zag
conjecture, J. Number Theor. 148 (2015) 478 [INSPIRE].

[50] S. Derkachov, A.P. Isaev and L. Shumilov, Conformal triangles and zig-zag diagrams, Phys.
Lett. B 830 (2022) 137150 [arXiv:2201.12232] [INSPIRE].

[51] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, JHEP 03
(2011) 025 [arXiv:1011.1485] [INSPIRE].

[52] A.L. Fitzpatrick and J. Kaplan, Analyticity and the Holographic S-matrix, JHEP 10 (2012)
127 [arXiv:1111.6972] [INSPIRE].

[53] V. Gonçalves, Four point function of N = 4 stress-tensor multiplet at strong coupling, JHEP
04 (2015) 150 [arXiv:1411.1675] [INSPIRE].

[54] F. Aprile and P. Vieira, Large p explorations. From SUGRA to big STRINGS in Mellin space,
JHEP 12 (2020) 206 [arXiv:2007.09176] [INSPIRE].

[55] L.F. Alday and X. Zhou, Simplicity of AdS Supergravity at One Loop, JHEP 09 (2020) 008
[arXiv:1912.02663] [INSPIRE].

[56] L.F. Alday, S.M. Chester and H. Raj, 6d (2, 0) and M-theory at 1-loop, JHEP 01 (2021) 133
[arXiv:2005.07175] [INSPIRE].

[57] L.F. Alday, A. Bissi and X. Zhou, One-loop gluon amplitudes in AdS, JHEP 02 (2022) 105
[arXiv:2110.09861] [INSPIRE].

[58] M. Gary, S.B. Giddings and J. Penedones, Local bulk S-matrix elements and CFT singularities,
Phys. Rev. D 80 (2009) 085005 [arXiv:0903.4437] [INSPIRE].

[59] I. Heemskerk, J. Penedones, J. Polchinski and J. Sully, Holography from Conformal Field
Theory, JHEP 10 (2009) 079 [arXiv:0907.0151] [INSPIRE].

[60] T. Okuda and J. Penedones, String scattering in flat space and a scaling limit of Yang-Mills
correlators, Phys. Rev. D 83 (2011) 086001 [arXiv:1002.2641] [INSPIRE].

[61] J. Maldacena, D. Simmons-Duffin and A. Zhiboedov, Looking for a bulk point, JHEP 01
(2017) 013 [arXiv:1509.03612] [INSPIRE].

[62] A. Bissi, G. Fardelli and A. Georgoudis, Towards all loop supergravity amplitudes on AdS5×S5,
Phys. Rev. D 104 (2021) L041901 [arXiv:2002.04604] [INSPIRE].

[63] S. Caron-Huot, Analyticity in Spin in Conformal Theories, JHEP 09 (2017) 078
[arXiv:1703.00278] [INSPIRE].

– 45 –

https://doi.org/10.1016/j.nuclphysb.2003.11.016
https://doi.org/10.1016/j.nuclphysb.2003.11.016
https://arxiv.org/abs/hep-th/0309180
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0309180
https://doi.org/10.1007/JHEP05(2018)056
https://arxiv.org/abs/1711.03903
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.03903
https://doi.org/10.1088/1751-8121/ac0ebf
https://arxiv.org/abs/2010.12557
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.12557
https://doi.org/10.1016/0370-2693(93)91118-7
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB305%2C136%22
https://doi.org/10.1016/j.crma.2004.02.001
https://doi.org/10.1016/j.crma.2004.02.001
https://doi.org/10.1142/S012918319500037X
https://doi.org/10.1142/S012918319500037X
https://arxiv.org/abs/hep-ph/9504352
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9504352
https://doi.org/10.1016/j.jnt.2014.09.007
https://inspirehep.net/search?p=find+%22J.NumberTheor.%2C148%2C478%22
https://doi.org/10.1016/j.physletb.2022.137150
https://doi.org/10.1016/j.physletb.2022.137150
https://arxiv.org/abs/2201.12232
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.12232
https://doi.org/10.1007/JHEP03(2011)025
https://doi.org/10.1007/JHEP03(2011)025
https://arxiv.org/abs/1011.1485
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.1485
https://doi.org/10.1007/JHEP10(2012)127
https://doi.org/10.1007/JHEP10(2012)127
https://arxiv.org/abs/1111.6972
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1111.6972
https://doi.org/10.1007/JHEP04(2015)150
https://doi.org/10.1007/JHEP04(2015)150
https://arxiv.org/abs/1411.1675
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.1675
https://doi.org/10.1007/JHEP12(2020)206
https://arxiv.org/abs/2007.09176
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.09176
https://doi.org/10.1007/JHEP09(2020)008
https://arxiv.org/abs/1912.02663
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.02663
https://doi.org/10.1007/JHEP01(2021)133
https://arxiv.org/abs/2005.07175
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.07175
https://doi.org/10.1007/JHEP02(2022)105
https://arxiv.org/abs/2110.09861
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2110.09861
https://doi.org/10.1103/PhysRevD.80.085005
https://arxiv.org/abs/0903.4437
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0903.4437
https://doi.org/10.1088/1126-6708/2009/10/079
https://arxiv.org/abs/0907.0151
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.0151
https://doi.org/10.1103/PhysRevD.83.086001
https://arxiv.org/abs/1002.2641
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1002.2641
https://doi.org/10.1007/JHEP01(2017)013
https://doi.org/10.1007/JHEP01(2017)013
https://arxiv.org/abs/1509.03612
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.03612
https://doi.org/10.1103/PhysRevD.104.L041901
https://arxiv.org/abs/2002.04604
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.04604
https://doi.org/10.1007/JHEP09(2017)078
https://arxiv.org/abs/1703.00278
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.00278


J
H
E
P
0
8
(
2
0
2
2
)
2
7
5

[64] S.M. Chester and E. Perlmutter, M-Theory Reconstruction from (2, 0) CFT and the Chiral
Algebra Conjecture, JHEP 08 (2018) 116 [arXiv:1805.00892] [INSPIRE].

[65] M.B. Green, J.G. Russo and P. Vanhove, Low energy expansion of the four-particle genus-one
amplitude in type-II superstring theory, JHEP 02 (2008) 020 [arXiv:0801.0322] [INSPIRE].

[66] E. D’Hoker, M.B. Green and P. Vanhove, On the modular structure of the genus-one Type II
superstring low energy expansion, JHEP 08 (2015) 041 [arXiv:1502.06698] [INSPIRE].

[67] E. D’Hoker and M.B. Green, Exploring transcendentality in superstring amplitudes, JHEP 07
(2019) 149 [arXiv:1906.01652] [INSPIRE].

[68] E. D’Hoker, M. Gutperle and D.H. Phong, Two-loop superstrings and S-duality, Nucl. Phys. B
722 (2005) 81 [hep-th/0503180] [INSPIRE].

[69] H. Gomez and C.R. Mafra, The Overall Coefficient of the Two-loop Superstring Amplitude
Using Pure Spinors, JHEP 05 (2010) 017 [arXiv:1003.0678] [INSPIRE].

[70] E. D’Hoker, M.B. Green, B. Pioline and R. Russo, Matching the D6R4 interaction at
two-loops, JHEP 01 (2015) 031 [arXiv:1405.6226] [INSPIRE].

[71] M.B. Green, J.G. Russo and P. Vanhove, Modular properties of two-loop maximal supergravity
and connections with string theory, JHEP 07 (2008) 126 [arXiv:0807.0389] [INSPIRE].

[72] T. Abl, P. Heslop and A.E. Lipstein, Towards the Virasoro-Shapiro amplitude in AdS5 × S5,
JHEP 04 (2021) 237 [arXiv:2012.12091] [INSPIRE].

[73] C. Duhr and F. Dulat, PolyLogTools — polylogs for the masses, JHEP 08 (2019) 135
[arXiv:1904.07279] [INSPIRE].

[74] Z. Bern, J.S. Rozowsky and B. Yan, Two loop four gluon amplitudes in N = 4
superYang-Mills, Phys. Lett. B 401 (1997) 273 [hep-ph/9702424] [INSPIRE].

[75] D. Meltzer, E. Perlmutter and A. Sivaramakrishnan, Unitarity Methods in AdS/CFT, JHEP
03 (2020) 061 [arXiv:1912.09521] [INSPIRE].

[76] L.F. Alday, J. Henriksson and M. van Loon, Taming the ε-expansion with large spin
perturbation theory, JHEP 07 (2018) 131 [arXiv:1712.02314] [INSPIRE].

[77] S. Albino, Analytic Continuation of Harmonic Sums, Phys. Lett. B 674 (2009) 41
[arXiv:0902.2148] [INSPIRE].

[78] B. Basso and G.P. Korchemsky, Anomalous dimensions of high-spin operators beyond the
leading order, Nucl. Phys. B 775 (2007) 1 [hep-th/0612247] [INSPIRE].

[79] L.F. Alday, A. Bissi and T. Lukowski, Large spin systematics in CFT, JHEP 11 (2015) 101
[arXiv:1502.07707] [INSPIRE].

[80] L.F. Alday, S.M. Chester and H. Raj, ABJM at strong coupling from M-theory, localization,
and Lorentzian inversion, JHEP 02 (2022) 005 [arXiv:2107.10274] [INSPIRE].

[81] L. Rastelli, K. Roumpedakis and X. Zhou, AdS3 × S3 Tree-Level Correlators: Hidden
Six-Dimensional Conformal Symmetry, JHEP 10 (2019) 140 [arXiv:1905.11983] [INSPIRE].

[82] S. Giusto, R. Russo, A. Tyukov and C. Wen, The CFT6 origin of all tree-level 4-point
correlators in AdS3 × S3, Eur. Phys. J. C 80 (2020) 736 [arXiv:2005.08560] [INSPIRE].

[83] F. Aprile and M. Santagata, Two particle spectrum of tensor multiplets coupled to AdS3× S3

gravity, Phys. Rev. D 104 (2021) 126022 [arXiv:2104.00036] [INSPIRE].

– 46 –

https://doi.org/10.1007/JHEP08(2018)116
https://arxiv.org/abs/1805.00892
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.00892
https://doi.org/10.1088/1126-6708/2008/02/020
https://arxiv.org/abs/0801.0322
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0801.0322
https://doi.org/10.1007/JHEP08(2015)041
https://arxiv.org/abs/1502.06698
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.06698
https://doi.org/10.1007/JHEP07(2019)149
https://doi.org/10.1007/JHEP07(2019)149
https://arxiv.org/abs/1906.01652
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.01652
https://doi.org/10.1016/j.nuclphysb.2005.06.010
https://doi.org/10.1016/j.nuclphysb.2005.06.010
https://arxiv.org/abs/hep-th/0503180
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0503180
https://doi.org/10.1007/JHEP05(2010)017
https://arxiv.org/abs/1003.0678
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1003.0678
https://doi.org/10.1007/JHEP01(2015)031
https://arxiv.org/abs/1405.6226
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.6226
https://doi.org/10.1088/1126-6708/2008/07/126
https://arxiv.org/abs/0807.0389
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.0389
https://doi.org/10.1007/JHEP04(2021)237
https://arxiv.org/abs/2012.12091
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.12091
https://doi.org/10.1007/JHEP08(2019)135
https://arxiv.org/abs/1904.07279
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.07279
https://doi.org/10.1016/S0370-2693(97)00413-9
https://arxiv.org/abs/hep-ph/9702424
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9702424
https://doi.org/10.1007/JHEP03(2020)061
https://doi.org/10.1007/JHEP03(2020)061
https://arxiv.org/abs/1912.09521
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.09521
https://doi.org/10.1007/JHEP07(2018)131
https://arxiv.org/abs/1712.02314
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.02314
https://doi.org/10.1016/j.physletb.2009.02.053
https://arxiv.org/abs/0902.2148
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0902.2148
https://doi.org/10.1016/j.nuclphysb.2007.03.044
https://arxiv.org/abs/hep-th/0612247
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0612247
https://doi.org/10.1007/JHEP11(2015)101
https://arxiv.org/abs/1502.07707
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.07707
https://doi.org/10.1007/JHEP02(2022)005
https://arxiv.org/abs/2107.10274
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.10274
https://doi.org/10.1007/JHEP10(2019)140
https://arxiv.org/abs/1905.11983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.11983
https://doi.org/10.1140/epjc/s10052-020-8300-4
https://arxiv.org/abs/2005.08560
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.08560
https://doi.org/10.1103/PhysRevD.104.126022
https://arxiv.org/abs/2104.00036
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2104.00036

	Introduction
	Setup: the < O(2) O(2) O(2) O(2) > correlator
	OPE decomposition and double-trace spectrum

	Zigzag integrals: a basis for the leading log
	The operator Delta**((8)) and the leading log
	The Zigzag integrals

	The bulk-point limit of AdS(5) xS**(5) amplitudes
	The perturbative expansion of the type IIB string amplitude
	The contributions H**((n,m)) in the bulk-point limit

	Bootstrapping the two-loop correlator H**((3))
	Review of tree-level and one-loop
	More on Delta**((8)): symmetries under crossing
	A minimal ansatz for the two-loop correlator
	Bootstrapping H**((3)): constraints
	Bootstrapping H**((3)): results
	Comparison with the results of Huang and Yuan
	Comments on triple-trace contributions to H**((3))

	Extracting the two-loop anomalous dimension
	Comments on analyticity in spin of gamma**((3))
	gamma**((3)) and the reciprocity principle

	An exploration of wider ansätze
	Including weight 4 functions with letter x - bar(x)
	Generalising the one-loop term

	Outlook and open questions
	Details on the basis of transcendental functions
	The log**(2) (u) prediction at twist 4

