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Abstract

The study of pomonoid amalgams was initiated by Fakhuruddin in the 1980s and
subsequently extended by Bulman-Fleming, Sohail and the authors in the 2000s. We
further investigate pomonoids amalgams and in particular we consider the concept of
subpomonoid amalgams possessing a suitable ordered version of the unitary property.
If [U;T1,T»] is an amalgam of subpomonoids of the amalgam [U; S1, S2] we consider
the question of whether the free product of the pomonoid amalgam [U;T1, T3] is poem-
beddable in the free product of the pomonoid amalgam [U;S1, S2], giving a sufficient
condition in terms of strongly pounitary subpomonoids.
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1 Introduction and preliminaries

Many of the definitions and concepts introduced in this paper have natural counterparts
and are generalisations of similar concepts important in the unordered theory of semigroup
amalgams. We refer the reader to the bibliography for more details.

We start with a brief introduction to the category of S—posets and introduce the concepts
of pounitary and popure morphisms. Section 2 investigates direct limits and pushouts of
S—posets with the pounitary property while Section 3 concerns pullpacks. Lastly in section
4 we answer the main problem on amalgams of subpomonoids, the proof of our main rsult
follows, in some way, from Renshaw’s method of dealing with pure monomorphisms in the
unordered case (see [11] for details). However, the construction in the category of pomonoids
is more complicated than the unordered case and needs more care.

Free product with amalgamation is an important construction in many areas of algebra and
it is reasonable to enquire about sub-structures of these free products. In particular, we
would like to know under what conditions a subposemigroup of a free product of posemi-
groups is itself a free product. Howie [7] showed that, unlike the case for groups, if T;
are subsemigroups of semigroups S; such that U C T; then the amalgamated free product
H*U T; is not in general a subsemigroup of the amalgamated free product H*U S;. The au-
thors have previously extended some of Renshaw’s subsequent study of this problem, to deal
with partially ordered monoids ([1]) and here we further extend his work from [11] and [12].

A partially ordered monoid (pomonoid) is a monoid S endowed with a partial order relation
< which is compatible with the binary operation on S in the sense that

Vs, t,u € S,t <u=-st<suandts < us.

Recall that if X and Y are posets then a map f: X — Y is said to be monotone if
Ve,y € X,z <y = f(z) < f(y), while it is said to be an order embedding if Va,y € X,z <
y < f(z) < f(y). It is obvious that any order embedding is one-to-one and monotone. A
surjective order embedding is called an order isomorphism.

If S and T are pomonoids and A is a non-empty poset then A is called a right S—poset if A
is a right S—act and the S—action is monotonic in each variable. Left S—posets are defined
dually. Let A and B be S—posets. A map f : A — B is an S—poset morphism when f
is monotonic and an S—morphism. The class of S—posets and S—poset morphisms forms
a category in which the monomorphisms are exactly the one-to-one S—poset morphisms
and the epimorphisms are exactly the onto S—poset morphisms [3]. When A is both a left
S—poset and a right T—poset and satisfies (sa)t = s(at) for all s € S;a € A,t € T then A
is called an (S, T)—biposet.

From [3], a congruence 6 on an S—poset A is an S—act congruence such that A/6 can be
endowed with a suitable partial order making A — A/ is an S—poset morphism.
Define the relation <y on A by

a < b if and only if there exist n > 1 and aq,a},...,an,al, € A, such that

a<a;fay<ayfay<---<a,0a,<b.

Let R be a binary relation on right S—poset A. The right S—poset congruence v(R) induced
on A by R is defined as

av(R) b if and only if a <o (r) b <a(r) @



where a a(R) b if and only if either a = b or there exist n > 1 and (x;,2}) € R,s; € S for
i =1,...,n such that
a=1181,7181 = T282,...,T,8, = b.

We shall consider the following order on A/v(R)
av(R) < bv(R) if and only if a <,(g) b.
The congruence on A generated by R is the right S—poset congruence 6(R) = v(RUR™1).

Let S be a pomonoid, A be a right S—poset and B be a left S—poset. Then the tensor
product of the S—posets A and B is the poset A ®¢g B = (A x B)/7 where 7 is the poset
congruence generated by

H = {((as,b), (a,sb))|a € A,b € B,s € S}.

Here (A x B) is endowed with a poset structure in the obvious way.
For simplicity the tensor product will dnoted by A® B. It is known from [14, Theorem 5.2]
that the order relation on A ® B is defined by:

a®b<da @V if and only if there exists a scheme such that

a < a;s; 510 < t1bo

a1ty < asss Soby < tobs

anfltnfl S AnSn Snbn § tnbl
anty < d,

where n > 1, a1,...,a, € A,bo, ..., b, € B and s1,...,8,,t1,...,t, € S.

Let \: A — B be a left S—poset morphism and Y be a right S—poset. From [1], if
yRa<y ®d inY ®A then y®@ A(a) <y ® A\(d') in Y ® B, while from [13, Corollary 1.3]
yRs<y ®s inY ®@g S if and only if ys < y's’.

Let U be a subpomonoid of the pomonoid S. Recall from [1] that we say
1. U is upper strongly right pounitary in S if v < su = se U
2. U is lower strongly right pounitary in S if su’ <v' = se U
3. U is strongly right pounitary in S if (v<suVsu <v')=seU
4. U is right pounitary in S if v < syuq, s1uf < squg,...spul, <V = s1,82,...,8, €U

5. U is right unitaryin S if su=v = s € U,

where v, v’ u,u' uy, ul, ... up,ul, € U, s,81,82,...,8, € S. Left-sided and two-sided ver-
sions of these conditions are defined similarly. In all cases, the two-sided version is equivalent
to the conjunction of the right and left sided version. If both the right and left sided versions
hold then we shall omit the right (left) prefix.

We can extend these definitions to S—posets as follows (see [1]). Let f: X — Y be a right
U—poset order embedding. Then

1. f is a upper strongly right pounitary (USRPU) if f(z) <yu =y €im f

2. fis a lower strongly right pounitary (LSRPU) if yu < f(z) = y € im f



3. f is a strongly right pounitary (SRPU) if (f(z) <yuVyu < f(2')) =y €im f
4. f is a right pounitary (RPU) if
f(@) < yrur, iy < youa, . ypuy, < f(27) = Y1y, Y, €0m f

5. f is a right unitary (RU) if yu = f(z) = y € im f,
where w, v, uy,uf, ..., up,ul, €Uy, y1,...,yn €Y,z € X.

Again, the left and two-sided versions of these conditions are defined in similar fashion. The
inclusion map U — S is said to be pounitary if U is pounitary in S. From now on, when
using these properties, we shall assume that f is an order embedding.

The implications represented by the following diagram are fairly clear.

RU

RPU

/\
\/

SRPU = LSRPU NUSRPU

LSRPU USRPU

Lemma 1.1. Let f : X - Y and g : Y — Z be right pounitary. Then go f is also right
pounitary.

Proof. Suppose that gf(z) < zyu1, z1u) < zoug, ..., zpul, < gf(z’) where z; € Z,u;,u, € U
and 1 < ¢ < n. Since g is pounitary, we have z; = ¢(y;) for some y; € Y. Hence we may
write that gf(x) < g(y1)u1, g(y1)u) < g(y2)ua, ..., g(yn)ul, < gf(z’'). Because g is an order
embedding, we find that f(z) < yrug, y1u) < yausa,...,ysul, < f(z’'). Hence y; = f(x;)
since f is pounitary. Therefore z; = gf(z;) as required. O

The following result will be important later.

Lemma 1.2 ([1, Lemma 3.2]). Let f: X — Y be lower strongly right pounitary and A be
aleft U—poset. If y @ a < f(z) ® o’ in Y @y A then there exists ' € X such thaty = f(z')
and indeed f(2')®@a < f(x)®@a in im f® A.

The proof of the previous result can quite easily be modified to prove the following lemma.

Lemma 1.3. Let f : X — Y be right pounitary and A a left U—poset. If y®a = f(x)@d
inY Qu A then there exists ¥’ € X such that y = f(2').

The following lemma will also prove useful later. Its proof, being straightforward, is omitted.

Lemma 1.4. Let f : X - Y and g : A — B be (resp. lower strongly, upper strongly,
strongly) pounitary. Then f®g: X ® A =Y ® B is (resp. lower strongly, upper strongly,
strongly) pounitary.



A right S—poset order embedding f : X — Y is called right popure (resp. pure) if for all left
S—posets A themap f®1: X®A — Y ® A is an order embedding (resp. monomorphism).
Left popure and left pure are defined dually. An (S,S)—poset order embedding f: X - Y
is said to be popure (resp. pure) if for all left S—poset A and all right S—poset B the map
1 f®1:BRIX®A— BRY ® Ais an order embedding (resp. monomorphism). It is
clear that an S—poset order embedding is popure then it is also pure.

Lemma 1.5 (Cf. [1, Lemma 3.3]). Let U be a pomonoid and let f : X — Y be a right
pounitary U—poset morphism. Then f is right popure.

In a similar manner we can prove the following lemma.
Lemma 1.6. If f : X — Y is (U, U)—pounitary then f is popure.

We say that A = [U; S;; ;] is a pomonoid amalgam when {S;|i € I} is a family of pomonoids,
U is a pomonoid and {p; : U — S;|i € I} is a family of pomonoid order embeddings. The
pomonoid U is called the core of the amalgam. We shall often omit reference to ; when
the context is clear. When there exist a pomonoid W and monomorphisms (resp. order
embeddings) 6, : S; — W such that 8;¢, = 0, for all ¢ # j in I then the amalgam is said to
be weakly embeddable (resp. weakly poembeddable) in W. The amalgam is said to be strongly
embeddable (resp. strongly poembeddable) in W if in addition 0;(S;) N 60;(S;) = ;¢ (V).
Recall from [1] that the free product of a family {S; : i € I'} of pairwise disjoint posemigroups,
F =TT’ S; is the set of non-empty words a; . . . a,, with each ay € S; for somei € I,1 <k <n
and no two adjacent letters in the same S;. The binary operation can be defined on this set
by
ai...apby... by, ifa, € S;,b1 € S;,i# 7
(a1...an)(by .. .by) =4 " ! : 1 €557
al...(anbl)...bm if ap, b1 € S;.
The partial order on F is defined as a;...a, < by...bs if and only if
l.r=s

2. a; < b; in Sy, for each a;,b; € S; where 1 <i<rand1<j<n.

Recall from [1] that the amalgamated free product of the pomonoid amalgam [U; Sy, Ss] is
F/o where 0 = v(RU R™!) is the pomonoid congruence on F generated by

R ={(¢i(u), p;j(u)) : uw e U},
and ; : U — S; for i = 1,2. It is usually denoted by S7 *y So.
Let X be a subposet of a poset P. We say that X is convez if for any x,y € X,z € P,
(r<z<y)=zeX.

An S—poset morphism f: X — Y is called convex if im(f) is convex in Y.

2 Direct limits

Fakhruddin was the first to study direct limits in the category of S—posets in the 1980s and
the reader is directed to [6] for more details.

Let I be a quasi-ordered set (i.e. a set with a reflexive and transitive relation). A direct
system of right S—posets (X;, <p§)i61 is a collection of right S—posets X; and a collection of
S—poset morphism <p;-: X; — X;, 1 < j, which satisfy



1' 90: = 1X7;)
2. @i ° 803- = ¢} whenever i < j < k.

The direct limit of this direct system is an S—poset X together with S—poset morphisms
i+ X; — X which satisfy

L. pjo¢h = ¢; whenever i < j,

2. if Y is an S—poset and 0;: X; — Y is an S—poset morphism such that §; o (p; =0;
whenever ¢ < j, then there exists a unique S—poset morphism : X — Y such that
Yo, =0; forall i € I.

It is easy to show that for any direct system of S—posets the direct limit exists and it is
unique up to isomorphism.

We say that I is directed if for all 4, j € I there exists k € I such that k > 4, j. The first part

of the following lemma appears as [2, Proposition 2.5], the other parts are from [1, Lemma
1.3].

Lemma 2.1. Let (X, gp;) be a direct system in the category of (S,T)—posets with directed
index set and let (X, «;) be the direct limit of this system. Then

1. i(z;) < pj(z;) in X if and only if there exists k > i,j such that o} (z;) < ¢l(z;);

2. the map p; is one-to-one if and only if i is one to one for all k > i;

3. the map p; is an order embedding if and only if p%. is an order embedding for all k > 1.
We can then easily deduce the following useful result.

Lemma 2.2. (Cf. [10, Lemma 1.3.20]) Let (Xj, %) and (Y;,05) be directed systems in
S—posets, having the same directed index set I and let (X, p;) and (Y, 0;) be the direct limits
of these systems respectively. If there exist S—poset order embeddings (resp. monomorphism)

P; « Xy — Y, such that the diagram

i
X, — X;

Jd}j
Y.

i

o

0’ !
commutes whenever i < j, then there exists an S—poset order embedding (resp. monomor-
phism) ¥ : X — Y such that the diagram

X Yy,

:

X—==Yy

0;

commutes for all i.



Lemma 2.3. Let (Xl-,goé) and (Y;-,H;-) be directed systems of S—posets having the same
directed index set and let (X, ;) and (Y, 0;) be the direct limits of these systems respectively.
If there exist (upper, lower) strongly right pounitary maps ¥; : X; — Y; such that the diagram

i

Xii’Xj

|+

Vi — Y]
05

2

commutes whenever i < j, then there exists a (upper, lower) strongly right pounitary map
v X =Y such that the diagram

i

X, ——~
i

=

-—
)
o~

~

X %
commutes for all i.

Proof. We prove this result for upper strongly pounitary maps. Let x € X. Notice that
x = ¢i(x;) for some i € I,z; € X;. Define ¢ : X = Y by ¢(z) = 0;4;(z;). From Lemma
2.2, the map 9 is an order embedding. Suppose that ¢ (z) < ys, where y = 0;(y,) so that
0ii(x;) < 6;(y;)s. Since 6; is upper strongly right pounitary, there exists y; € Y; such that
0i(y:) = 0;(y;). Hence ¢;(z;) < y;s. Also, since 9; is upper strongly right pounitary there
exists z; € X; such that y; = ¢;(«}). Hence 0;1;(2) = 0;(y;) = 0;(y;) = y. So, ¢ is upper
strongly right pounitary. O

When I = 2 the direct limit in the category of S—posets is called the pushout. Consider the
diagram

A—+B
B

C

From [3] the pushout is isomorphic to the quotient of the coproduct D = BUC by the
S—poset congruence p generated by

R ={(a(a),B(a)) : a € A}.

The maps v: B — D/pand ¢ : C — D/p are given by ~v(b) = bp and d(c) = c¢p respectively.
As in the category of S—acts, tensor products preserve pushouts [2].

If f: X —» Y is an S—poset morphism then we define the relation

ker(f) = {(z,2') € X x X : f(z) < f(z")}.

The following result characterises the pushout when « is a monomorphism and S is onto.



Proposition 2.4. Let

A—+B
C——+P

be a pushout of S—posets and let a be a monomorphism and 3 be onto. Then P = B/o
where o is the S—poset congruence induced on B by

T = {(aa),a(d)) : (a,a’) € kerf).

Proof. Let P = B/o. Define v : B — P’ by «(b) = bo. Since o is a congruence then it is
clear that v preserves the S—action on B. Also, define 6 : C' — P’ by 6(c) = vya(a) = a(a)o,
where ¢ = 8(a) and note that ¢ is well-defined. It is clear that yoo = §3. Now suppose there
exists an S—poset D and S—poset morphisms 7' : B — D and ¢’ : C — D such that
v'a = §B. We want to show that there exists a unique S—poset morphism ) : P’ — D
such that ¢y = 4/ and ¥§ = ¢§'. To this end, define ¢(bs) = +'(b). Then ¢y = v and
Pof(a) = Yya(a) = v'a(a) = 6'B(a). To show 1) is a well-defined monotonic map suppose
that bo < b’o. Then there exist n > 1, b;, b, € B and 1 <4 < n such that

b < bia(T)by < bo(THby < -+ < bp(THH, < b

We can assume that the number of «(7') terms is minimal. If there are no such terms then
b < V. Consequently /(b)) < +/(b') and so ¥(bo) < ¢(b'o). Otherwise, for each i there
exists a scheme such as:

b; = afai)s1, aa))sy = alag)sa, ..., alal,)sm = b;

where (a(aj),a(a’)) € T, s; € S, 1 < j < m and m > 1. Hence f(a;s;)

< B(alsy).
J = 7o
Since a is one to one, we have ajs; = a;j115;11 and so 3(a}s;) = B(aj115;41). This gives
Blars1) < B(al,sm). Now

7' (bi) =y alarsy) = 0'Blarsy) < 8 Blar,sm) = alay,sm) = ' (b;).

Since v’ is monotonic, we have v/ (b) < +/(b’) and so ¥ (bo) < 1(b'o). Hence 9 is monotonic
and therefore well-defined. Since 7 is an S—poset map and o is an S—poset congruence,
it follows that 1 preserves the S—action on P’. We can then easily check that v is unique
with respect to this property. O

In the above result when « is strongly pounitary, it easily follows from the definition of o
and the definition of strongly pounitary, that the following conditions hold.

1. bo < Vo if and only if b < ¥ or b = a(a), b’ = a(a’) such that S(a) < B(a’);
2. bo =boif and only if b = b or b = a(a), V' = a(a’) such that S(a) = f(a’).
Consider the previous pushout diagram where « is strongly pounitary and g is onto. Define

R = {(a(a),a(d)) : (a,a’) € ker 8}.

Then it is easy to show that p = RU 1p is an S—act congruence. This relation is also
an S—poset congruence since b p b’ whenever b <, ¥ <, b. The order on B/p is the
compatible order which is given by bp < ¥p if and only if b < ¥ or b = a(a), b’ = a(a’) with
Bla) < B(a).

Define the relation



Ta ={(b,b) € Bx B:b<¥ orb<a(a),a(a") <b where (a,da’) € k—er>ﬁ}.

¢—+PF

Proposition 2.5. Let

(e
—_—

—
be a pushout of S—posets. If o is an order embedding and B is onto, then ker v = 7.

—
Proof. From Proposition 2.4, P ~ B/o. Suppose that (b,b') € ker «v. Then bo < b’c and so
there exists n > 1, b;, b, € B with 1 <7 < n such that

b<b afT) b, <by... <b, aT) b, <V

By using a technique similar to the one used in the proof of Proposition 2.4 we can show
that for each b; a(T) b} there are two cases - either b; = b} or b; = a(a;), b, = a(a}) and
Bla;) < B(a}). Since « is an order embedding we can easily prove that either b < b’ or

b<alar), ala,) <V and B(ar) < B(a,). Hence (b, V) € 7q.

Conversely suppose that (b,0) € 7,. Then if b < ¥’ it is clear that (b,b') € ker ~. While if
b < a(a), a(a’) <V, where 8(a) < B(a'), then 68(a) < §8(a’). Hence v(b) < va(a) = §5(a)
< 68(a’) = ya(a') < (V') as required. O

When « is S—strongly pounitary we have the following special case.

CT’P

Corollary 2.6. Let

«
e

be a pushout of S—posets. If a is strongly pounitary and B is onto then

Iﬁw ={(b,b') : b <V orb=ala),a(a) =V where (a,a’) € ker 3}.

3 Pullbacks

The notion of pullback in the category of S—posets has been studied by Bulman-Fleming
and Mahmoudi [3]. In the category of S—acts, pullbacks have a close connection with the
study of monoid amalgams, in particular when studying the idea of subamalgams. We shall
see later that this is also the case for pomonoid amalgams.

It is known from [3] that the pullback of the diagram of S—posets

B

[0

C T’ D
exists and is isomorphic to A ~ {(b,¢) € BxC : a(b) = (c)} where the S—poset morphisms
v:A— B, §: A—> C are given by v(b,c) = b and 4(b,c¢) = ¢ respectively. We shall
denote the pullback simply by A.



Proposition 3.1. Consider the pullback diagram

A—+ B

CTD

of S—posets. If a satisfies any of the properties of being an order embedding, monomorphism,
onto, convex, upper strongly pounitary or lower strongly pounitary, then § also satisfies the
same property.

Proof. Suppose that a is an order embedding and 6(b,c¢) < §(¥,¢’). Then ¢ < ¢ and so
B(c) < B(¢'). In addition since ay = 86, we have a(b) = B(c) and «(b') = B(¢’). Hence
a(b) < a(b) and so b < . Therefore (b,c) < (b',¢). A similar argument holds if « is a
monomorphism.

Suppose now that « is onto. It is clear that for all ¢ € C there exists d € D such that
B(c) = d. But since « is onto, there exists b € B such that d = a(b). Hence ¢ = §(b, ¢).

Suppose next that « is convex and §(b,¢) < ¢’ < §(¥,¢'). Then ¢ < ¢” < ¢ and so B(c) <
B(c") < B("). Tt is known that a(b) = B(c) and a(d’) = B(c'). Hence a(b) < (") < a(V
Since « is convex, there exists b” € B such that «a(b”) = B(c”). Therefore 6(b”, ") = .
similar argument holds when « is either upper or lower strongly pounitary.

[}

C’HD

)-
A
O
Consider the commutative diagram

4>

of S—posets. This diagram is called an almost pullback if whenever a(b) = B(c) then there
exists a unique a € A such that y(a) = b and §(a) = ¢. It is clear that every pullback is an
almost pullback.

Proposition 3.2. Let
A—+B
C 5 D

be a commutative diagram in S—posets and vy be an S—poset order embedding. Then this
diagram is an almost pullback if and only if it is a pullback.

Proof. Suppose the diagram is an almost pullback and there exists an S—poset P and
S—poset morphisms ' : P — B and ¢’ : P — C such that ay’ = 8¢’. Define ¢ : P — A by
1 (p) = a where a is such that v/ (p) = v(a) and §'(p) = d6(a). It is clear that a is unique from
the definition of almost pullback. Suppose that p < p’ in P so that 7/(p) < +/(p’). Then
v(a) < v(a’) and so a < a'. Hence v is an S—poset morphism. It is clear that y¢ =+’ and
01 = ¢’ and so A is a pullback. The converse is clear. O



Proposition 3.3. Let

_f,

O«—W

1.}
j

<7
Q

ﬁ
be commutative diagram in S—posets where @y =

Htlj

A, ¥ is an S—poset order embedding and
ker o C 7y where

Ty ={(d,d') : d < d'ord < (c),¥(c") < d'where (¢c,c') € ker p}.
Then ae is an S—poset order embedding if the following conditions hold
1. € is an order embedding,

2. if e(b) < ¢(c) then there exists a € A such that €(b) < ef(a) < ¥(c) and if (c) < e(b)
there exists o' € A such that ¥(c) < ef(a’) < e(b).
)

Proof. Suppose that ae(b) < ae(t’). Then (e(b),e(t')) € 7y and hence if €(b) < (') then
t e

by (1) b < ¥, as required. Otherwise there exist (¢,c¢’) € ker ¢ such that e(b) < ¥(c)
and ¥(c') < €’). From (2) there exist a,a’ € A such that €(b) < ef(a) < ¥(c) and
P(c) < ef(a’) < e(V’). Hence b < f(a), f(a') < V,y(a) < cand ¢ < y(a’). Now from
©y(a) < ¢(c) and p(c') < @y(a’), we have ¢y(a) < ¢(c) < ¢(c') < py(a’) and so a < a'.
Consequently b < f(a) < f(a’) < b as required. O

Proposition 3.4. Let

A—“+p D+ E
C—=Pr F—Q

be pushouts in the category of S—posets and suppose there exist S—order embeddings ¢ :
A—D,0:B— E and € : C' — F which makes the following diagram commute.

Also suppose that the commutative diagram

A%

|k

)

10



is a pullback. When~: D — F and : A — C are both onto anda: A — B andd : D - FE
are both strongly pounitary then there exists a unique S—order embedding ¢ : P — @ making
the resultant cube commute.

Proof. We have that P ~ B/o, where o is defined in Proposition 2.4. From the universal
property of the pushout P, there exists a unique S—poset morphism ¢ : P — Q such that

C(A(b)) = n 6(b). From Corollary 2.6 ker n={((d),dé(d)): (d,d) e IQ‘ v} U lE To show
¢ is an order embedding suppose nf(b) < nf(b'). Then there are two cases:

1. If 8(b) < O(V') then A(b) < A(b') as required;

2. Let 0(b) = 6(d), 0(b') = 6(d") where v(d) < v(d"). Since the last diagram is a pullback
there exist unique a,a’ € A such that b = a(a), d = ¢(a), b’ = a(a’) and d' = p(a’).
This gives ef(a) = yo(a) < vp(a') = eB(a’). Hence B(a) < B(a’) and so A(b) =
fB(a) < fB(a’) = A(b') as required.

The following rather technical result will also prove useful later.

Proposition 3.5. Let

b
[

be commutative diagrams in the category of S—posets where the top squares are pullbacks
and the bottom squares are pushouts and v181 = 1a, V202 = 1. When n1,1n2 are S—poset
order embeddings A1, Ao are strongly pounitary and there exist S—poset order embeddings
p:A—=-FE 0:C—>G,e:B—>F,¢v:D— H,(:P — Q making the following diagram
(with the obvious labelling of arrows)

A— B

e
b | b
N
; .
N
commute, and when the diagrams
c-—+p B——F
|k
G——~H D——~H

11



are pullbacks then

€
E—

e

g212

-~

B
Ulﬂl{
P

Proof. From Corollary 2.6 it is known that ker o1 = {(M(e), A()) : (¢,¢) € ker v} U
E). First, we are aiming to show that oi7; and o272 are order embeddings. We show
that Condition (2) of Proposition 3.3 is satisfied. To see this suppose that 11 (b) < Ai(c).
Since A; is strongly pounitary then n;(b) = A1 (c’). Also, since the top square is a pullback,
there exists a unique a € A such that ai(a) = b and f1(a) = ¢’. Hence 11(b) = mai(a) =
M61(a) < Ai(e) as required. A similar conclusion holds when A (¢) < 71(b). Therefore, from
Proposition 3.3, the map o117 is an order embedding. In a similar way the map o275 is also
an order embedding. Now suppose that {(p) = oan2(f) where p € P and f € F. Since 7 is
onto, by Proposition 2.4, P ~ D /o where o is defined as in Proposition 2.4. Hence p = 01(d)
for some d € D. Now, we have ((p) = (o1(d) = 029(d) and hence o29(d) = Jg?]g(_f)). So we

have go1)(d) < goma(f) ariagng(f) < 099(d). From Corollary 2.6 we see that ker oo = {
(A2(9), X2(d")) : (9,9") € ker 72} U 1. Now there are four cases, as given below.

1. Let ¢(d) < n2(f) and n2(f) < 9(d). Then ¢(d) = n2(f). Since the commutative
diagram

O

¢

is also a pullback.

B €, F

D “:;" H
is a pullback, there exists a unique b € B such that d = n;(b) and f = €(b). Hence
f=¢(b) and p = 01(d) = a1m1(b).
H

2. Suppose that n2(f) < ¥(d) and ¥(d) = A2(g), 72(f) = A2(g’) where (g,9’) € ker .
Since ¥(d) = A2(g) and the diagram

A1
cC — D
9J P
G “X;" H

is a pullback, there exists a unique ¢ € C such that d = A\1(c) and g = 6(c). Suppose
that b = a1v1(c). Then o1m1(b) = o1 M B171(c) = diyi(c) = g1A1(c) = o1(d) = p.
In addition, oane(b) = Co1m1(b) = ((p) = oan2(f) and so €(b) = f. To show that b
is unique, suppose there exists b’ € B such that f = €(b’) and p = o171 (b'). Then
f =¢€(b') = €(b) and since € is order embedding it follows that b = b'.

—
3. Assume that ¢(d) < n2(f) and n2(f) = A2(g2), ¥(d) = A2(g5) Where (g2, g5) € ker 2.
By using an argument similar to Case 2 we can show that there exists a unique b € B

such that f = ¢(b) and p = o171 ().

4. Let 1(d) 2(91), m2(f) = Aa2(g1) where (g1,97) € ker 72 and n2(f) = A2(g2),
A2

-\
Y(d) = Aa(g3) where (g2,95) € ker 2. We have P(d) = Xa(g1) = A2(gs) and n2(f) =

12



X2(g1) = A2(g2). Since Ag is an order embedding, we have g1 = ¢f = g2 = g5. So
we have ¥(d) = Aa2(g1), m2(f) = Aa(g}) where (g1,9]) € ker 2. Finally using an
argument similar to Case 2, we see that there exists a unique b € B such that f = ¢(b)
and p = 01771([7)-

Consequently, in all of the cases the diagram

B—+F

01n1{ l02n2

f"‘z" Q

is an almost pullback and hence by Proposition 3.2 it is a pullback. O
We now examine a connection between pounitary maps and pullbacks.

Proposition 3.6. Let U be a subpomonoid of a pomonoid T and T be a subpomonoid of a
pomonoid S. Suppose also that U is pounitary in S. If A is a T—poset, B is an S—poset
and f: A — B is U—pounitary then the diagram

A f

A@UTWB@US

is a pullback where the arrows A — AQyT and B — B®yS are defined by a — a®1,b +— b1
respectively.

Proof. Clearly U is pounitary in the pomonoid T'. Suppose that b® 1 = f(a) ®t in B&y S.
Since f is also pounitary, we deduce from Lemma 1.3 that there exists a’ € A such that
b= f(a') and that t € U. Consequently f(a') = b = bl = f(a)t = f(at) and so a’ = at.
Hence the diagram is an almost pullback. It is a pullback by Proposition 3.2 is a pullback. [J

Theorem 3.7. Let f : X — Y be upper (resp. lower) strongly left pounitary and g : A — B
be lower (resp. upper) strongly right pounitary. Then the commutative diagram

1
A X X pox

1A®fl J13®f

[1@YY 7&5;? E?@fy

s a pullback.

Proof. To show that the diagram is an almost pullback suppose that g(a) @ y = b ® f(x)
in BY. Then from Lemma 1.3 and Lemma 1.5 we see that y = f(z'), b = g(a’) and
a®z' = d ® x. Hence the above diagram is an almost pullback. It is a pullback by
Proposition 3.2. O

We can also show that tensor products preserve pullbacks in the following sense.

13



Theorem 3.8. Let the commutative diagram

A—2+B

¢ ——=D
be a pullback and all its maps be (S, S)—pounitary. Then for any right S—posets X and left

S—posets Y the diagram
XRARQY — X®BRY

| |

XRCQY — X®DRY
is a pullback in the category of posets.

Proof. Suppose that z ® §(c) @ y = 2/ @ v(b)) ® ¢y in X ® D ® Y. Using Lemma 1.4 and
Lemma 1.3, we can deduce that there exists b’ € B,¢ € C such that §(c) = (V') and
~v(b) = d(c¢’). Since the first diagram is a pullback, there exists unique a,a’ € A such that
ala) = b, Bla) = ¢, a(d) =V and B(d') = ¢. Hence 2 @c®y = 2 ® B(a’) ® y and
Ry =2’ @ala)®@y’. Sincez@yV)Qy=2ic)®y =2 @70 @y, we have
by Lemma 1.6 2@V @ y=2'@b®y'. So, z® a(d) ®y =12’ ® a(a) ®y' and hence, again
by Lemma 1.6, we have r ® @’ ® y = 2’ ® a ® y'. It is clear that 2’ ® a ® ¥’ is unique with
the required property and consequently the diagram is an almost pullback and therefore a
pullback by Proposition 3.2. O

The following result will be useful later.

Lemma 3.9. Let the commutative diagram
A—2+ B
C—+D
be an almost pullback in the category of S—posets. In addition suppose that

A—* B

8 gl

€

commutes. If 1 : D — Q is an S—poset order embedding then the diagram

C

A—+B

ﬁ{ l
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is an almost pullback.

Proof. Suppose that ¥ : D — @ is order embedding and €(b) = 0(c). Then v(b) = ¥d(c).
Hence v(b) = §(c). Now, because

A—~ B
B {7
CT’D

is an almost pullback, there exists a unique a € A such that a(a) = b and B(a) = ¢ as
required. O

The proof of the following lemma is straightforward and so it is omitted.

Lemma 3.10. Let

A—*+B "+ E

B
B l'y P
CTDT'F

be a commutative diagram in the category of S—posets and suppose that the left and right
hand squares are almost pullbacks. Then the outer square is also an almost pullback.

It is well known that pullbacks in the category of pomonoids exist. In fact it is straightfor-
ward to prove that the pullback of the diagram of pomonoids and pomonoid morphisms

S

«

T T’ P
is @~ {(s,t) € S xT:a(s) = B(t)} together with the pomonoid morphisms v: Q@ — S,
0 : Q@ — T which are defined by ~(s,t) = s and d(s,t) = t respectively. The next result
establishes a connection between the poembeddability property of the pomonoid amalgam
and pomonoid pullbacks.
The proof of the following remark is an easy exercise.

Remark 3.11. The pomonoid amalgam [U;S1,Ss] is strongly poembeddable (resp. em-
beddable) in a pomonoid T if and only if there exist pomonoid order embeddings (resp.
monomorphisms) A; 1 S; — T such that

Ui’sl

|

SQTT

A1

commutes and is a pullback.
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4 Subpomonoid amalgams

In the unordered case Howie [7] shows that for monoids U C T; C S; the free product of
the monoid amalgam [U; T;];cs is not always embeddable in the free product of the monoid
amalgam [U; S;];c;r. He also proved that when U and T; are unitary in S; for all ¢ € I, then
such an embedding is possible. Renshaw extended this work and proved that the embedding
is also possible when either U — T; and T; — S; are both pure [11], or U — T; and T; — S;
are both perfect [12].

As the trivial order is a partial order relation, Howie’s example from [7] can be used to show
that embeddability is not always guaranteed in the ordered case. Hence the free product
of the pomonoid amalgam [U;T;];cr is not always poembeddable in the free product of the
pomonoid amalgam [U;S;];c;. We aim to find the conditions under which this poembed-
dability is possible.

Let [U; Silier be a pomonoid amalgam and T;, ¢ € I, be a family of pomonoids such that T; C
S; for all ¢ € I. Then we shall say that the pomonoid amalgam [U; T;];cr is a subpomonoid
amalgam of the pomonoid amalgam [U; S;];c;. We shall restrict our attention to the case of
[I| = 2.

Let f: X — Y be right U—poset morphism where U is a subpomonoid of a pomonoid S, Y
is a right U—poset and X is a right S—poset. The free S—extension of X and Y is a right
S—poset F' = F(S; X,Y) with a U—poset morphism g : Y — F such that

1. h=gf: X — F is an S—poset morphism;

2. if there is a right S—poset Z and a right U—poset morphism « : Y — Z such that 5 =
af is a right S—poset morphism then there exists a unique right S—poset morphism
1+ F — Z such that ¥g = o and ¥h = 3.

From [1] it is known that the free S—extension exists in the category of S—posets and is
unique up to isomorphism. The authors have also shown that it is possible to define the free
S—extension in terms of pushouts.

Proposition 4.1. Let U be a subpomonoid of a pomonoid T and T be a subpomonoid of a
pomonoid S such that U is strongly pounitary in S and T is strongly pouintary in S. Suppose
also that A is a (U, T)—poset, B,D are (U, U)—posets, C is a (U, S)—poset, ay : A — B
and ay : C — D are (U, U)—poset morphism, 6 : A — C is a (U,T)—poset morphism and
€: B — D is a (UU)—poset morphism. If ar, ag, 6 and € are (U,U)—strongly pounitary
such that N

A—— B

CTD

is a pullback then there exists a (U,U)—order embedding ¢ : F(T; A, B) — F(S;C, D) such
that the diagram

B v F(T; 4, B)

D = F(S;C,D)
2
is a pullback, where 81 : B — F(T; A, B) and B2 : D — F(S;C, D) are the canonical maps.

16



Proof. Since U is strongly pounitary in S it follows that U is also strongly pounitary in 7'
Hence from [1] Theorem 3.5, the maps 81 : B — F(T;A,B) and 85 : D — F(S;C, D) are
(U, U)—strongly pounitary.

Define ¢ : F(T;A,B) — F(S;C,D) by ¢((b ® t)/o1) = (e(b) ® t)/o2, where o1 is a
(U, T)—poset congruence induced on BT by R1 = {(a1(a)®t, a1 (a")®t') : at < a’t'} and o9
is a (U, S)—poset congruence induced on D® S by Ry = {(« (c) s,az(cd)®s8") 1 es < s’}
From [1] Lemma 2.3 the (U,U)—posets F(T; A, B) and F(S;C, D) are the pushouts of the
diagrams

ARQT — BT CRS —D®S
A C

respectively. Consequently the diagram

ART B®T

—

DS

L — F(SLD)

commutes. Hence from Lemma 1.3 and its dual, Lemma 1.5 and Proposition 3.4, the map
1 is an order embedding whenever the following diagram

F(T; A, B)

ART —— BT

|

C®S —D®S

is a pullback. The above diagram is an almost pullback since from Lemma 3.10 it can be

described as follows:
ART —— BT

]

CRT —— DT

|

C®sS—D®S

The top square is an almost pullback by the assumption and by Theorem 3.8, and the
bottom square is an almost pullback from Theorem 3.7. Hence from Proposition 3.2 it is a
pullback. To show that

B s F(T; A, B)

D ——~ F(S:C,D)

17



is a pullback we use Proposition 3.5 and the fact that the following four diagrams are
pullbacks.

A B C D
ART —— BT CRS —D®S
AT —— BT B D
C®sS —D®S BT — D®S.

Since U — T and U — S are strongly pounitary, it is clear by Theorem 3.7 that the first and
second diagrams are pullbacks. That the third diagram is pullback has been shown above.
The fourth diagram is a pullback by Proposition 3.6. This completes the proof. O

Let [U; Ty, T>] be a subpomonoid amalgam of a pomonoid amalgam [U; Sy, S2] and let U be
strongly pounitary in 7; and T; be strongly pounitary in S;, ¢ € {1,2}. Using a construction
similar to [9] Theorem 1 define a directed system (Y;,, k,) in the category of U—posets as
follows:

Let Y1 = 51, Y2 = S1®p Sz and &y : Y7 — Y5 be given by k1(s1) = s1 ® 1. Define inductively
Y, = F(Si;Yn—2,Y,_1) = (Yo_1®u Si)/dn—2,i = n (mod 2), where J,,_o is the S;—poset
congruence induced on Y,,_1 ®y S; by

Vo = {(kn—2(Yn—2) @ 85, kn—2(Up_2) ® ;) : Yn—28; < Yr_o8,},

and let k,—1 : Y,—1 — Y, be the U—poset morphism defined by k,—1(Yn-1) = (Yn-1 ®
1)05,—2. Then a typical element of Y, is

Yn = ( .. ((81 ® S9 K 83)51 X 84)52 ®R...Q0 sn)5n_2.

For simplicity, the element y, of ¥,, will be denoted by [s1,...,s,] and a typical element of
S1 %y So by (s1,...,8,). By a similar argument, define the directed system (A, hy,,), where

Ay =(. (M uTouTi)o Qu - Qu T;)on—2

On—2 = {(hpn—2(xpn_2) @ti, hp_o(x)_5) @t;) : Tp_ot; < zl,_ot;}

and ¢ = n (mod 2). For simplicity, a typical element of A, will be denoted by [t1,...,t,]
and a typical element of T} xy To by (¢1,...,t,) . It follows from [1] Theorem 2.7 that the
free product of the pomonoid amalgam [U; Sy, 53], S *y S2, and the free product of the
pomonoid amalgam [U; Ty, To|, Ty *y Ts, are direct limits in the category of U—posets of these
directed systems respectively. From [1] Theorem 3.5 the maps k,, and h,, are (U, U)—strongly
pounitary order embeddings. In addition from [1] Lemma 3.4 and Theorem 3.6 the maps
ap 1Y, — Sy xy Se and B, : A, — T3 xy T are (U, U)—strongly pounitary.

Define A1 : A1 — Y] as the inclusion map and A2 : Ay — Y5 by Aa(t1 @ ta) =t @ ta, and
define the map A, : 4, — Y, by A\, ([t1,t2,...,tn]) = [t1,t2,...,t,] for n > 3. From the
uniqueness of the free extension it can be concluded that the map )\, is the unique T; —poset
morphism which makes the diagram
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Y

commute. As a result we get the following commutative diagram.

T *y T
B1 ﬁN
h h h
A — s Ay —2 s Ay
A1 A2 A3
k k k
Vi — Y, s Yy ——
(651 (%)
asg
S1*y So

This includes a map v : T} *xy Ty — S1 *y Sy such that ¥8; = a;\; for all i > 1, and our
main aim is to prove that, under certain conditions, ¢ is U —strongly pounitary. To this end
we notice that from Lemma 2.3, v will be U—strongly pounitary providing \; is U —strongly
pounitary for each i. We therefore introduce a property that will guarantee that each A; is
indeed U —strongly pounitary.

Let U be a subpomonoid of a pomonoid S and consider the following property

for all 5,5’ € S, if ss’ € U, then s,s" € U. (*)

It is clear that Condition (x) implies that U is unitary.

Let U and V be semigroups and let S = UUVU{0} be the 0-direct union of U and V, where
the multiplication in U and V is extended to S by setting all other products equal to 0. It
is clear that 'U is strongly pounitary in 1S and satisfies conditions ().

The amalgamated free product of the amalgam [U; Ty, T3] is denoted by Ty *y T

Theorem 4.2. Let [U;T1, T3] be a subpomonoid amalgam of a pomonoid amalgam [U; Sy, Sa].
If T; satisfies condition (x) in S;, U is strongly pounitary in T; and T; is strongly pounitary
in S; fori € {1,2} then the canonical map Ty %y To — S1xy Sz is (U, U)—strongly pounitary.

Proof. We use the above construction and notation of Sy xy So and Ty *xy Th in terms of
directed colimits. It is easy to show that A; and Ay are (U, U)—strongly pounitary. Hence
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from Theorem 3.7 the diagram

TN ——T1 1T

S — 51T,
is a pullback. Note here that the tensor products are over U and it is clear that the diagram
commutes. Since the map S; ® To — S7 ® S5 is an order embedding, it follows from Lemma

3.9 and Proposition 3.2 the diagram

TN ——T1 1T

S; —— 51 ® 5

is also a pullback. Hence from Proposition 4.1 the map A3 : A3 — Y3 is an order embedding
and the diagram

A24>A3

YQ %Yg

is a pullback. To show that A3 is (U, U)—lower strongly pounitary suppose that v(s; ® so ®
s3)01u < (t1 ®t2 ®t3)01. Then there exist 1; ® T9; ® 735, 7); ® 75; ® T3; € 51 ® S2 ® 54
such that

vs1 ® 52 @ s3u < 211 @ To1 @ wy1a(V1)z); @ h @k < ...
S xlp X pr X xgpa(Vl)x/lp & :E/Qp X l’gp S tl X t2 29 t3

where 1 < j < p and p > 1. By transitivity of < on Az, we can assume without loss
of generality that the number of «(V}) terms is minimal. If there are no such terms then
V8] ® 89 ® s3u < t; ® to @ t3. Hence s1,s3 € T7 and sy € T, as required. Otherwise, for
every j € {1,...,p} there exists a scheme

15 ® xoj @ T35 = v1Y11 @ 1 @ yz1u1
V1Y) @ 1 @ y31u1 = vay12 @ 1 @ yzauz

/ / ! / /
Um¥Yim @ 1 @ Ys,Uum = 7 @ Ty; @ T35

where y1;y3 < y1,y4, in S1, 1 <1 <m, and m > 1. Using Lemma 1.2 it is straightforward to
show that xo;, 2, € U and x1jz9523; < x’ljxéjxgj in S7. Hence s9,t € U and vsysaszu <
t1tats. Since Tj is strongly pounitary in Sy, we have s1s9s3 € T7. Therefore, from condition
(%) it follows that sj,s3 € T1 and s2 € U and so A3 is (U,U)—lower strongly pounitary.
By a similar argument we can show that A3 is (U,U)—upper strongly pounitary. Hence
Az is (U,U)—strongly pounitary. From Proposition 4.1 the map Ay : A4 — Y4 is an order
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embedding and
Ay — Ay

Y3 — V)

is a pullback. The result will follow if we show that A, is (U,U)—strongly pounitary for
all n. We proceed inductively. Suppose that A,_; is (U,U)—strongly pounitary and the
diagram

Apg — An—l

Yn72 - Ynfl

is a pullback. Then from Proposition 4.1 the map A, is an order embedding. To show A,
is (U, U)—lower strongly pounitary suppose that v[sq,...,s,]'u < [t1,...,t,]). Then there
exists a scheme such as that

[vs1,. .y 8n—1] @ spu < [21,..., 2n_1] @ Ty
a(Vo1)lzh, ..z @), <[tr,... tno1] @ty

We can assume without loss of generality that the number of «(V,,_1) terms is one. If

there are no such terms then [z1,...,2,_1] ® 2, = [2},...,2,_1] ® z/,. This gives
[US1,. ..y Sn—1] @ spu < [t1,...,tn—1] ®t,. Hence from the definition of the tensor product
and from our assumption, it is clear that [s1,...,8,—1]" € im Ap—1(An—1) and s, € T),.
Otherwise, for [z1,...,2n-1] @ Xy (V1) [2),...,2),_1] ® ), there exists a scheme

[1,. - @] @ an = vifyr, - Yn2, 1) @ ypwa

V1YL Ynooo 1) @ ypun = [2f, .. 20, ] @ af,
where [y1,...,Un—2Un] < [Y1, - ¥h_oy,]. We can also assume without loss of gener-
ality that this scheme has minimal length. Since [z},...,2),_ ;] € im A,—1(A4,,—1) and
x), € T, it follows from Lemma 1.2 and our inductive assumption that [y],...,y},_o,1] €

im Ap—1(Ap—1) and y, € T,,. Hence [y1,...,Yn—2¥n] € im A\,_1(A,—2) and S0 Yoy, €
Ty—2 = T,. From Condition (x) we get yp_2, Y € Th_o = T},. Consequently [y1, ..., Yn—2,1]
€im A,—1(A,—1) and y,, € T,. Therefore [z1,...,2,-1] € im A\y_1(An—1) and z,, € T,,.

By a similar argument we get that [sq,...,s,-1]" € im A\,_1(A,_1) and s,, € T},. Therefore
An is (U,U)—lower strongly pounitary. In a similar manner it can be shown that A, is
a (U,U)—upper strongly pounitary order embedding and hence from Lemma 2.3 ¢ is a
(U, U)—strongly pounitary order embedding. O

From Nasir [8] it is known that the amalgamated free product of a commutative pomonoid
amalgam [U; Sy, Ss] is the tensor product S ®y Ss.

A right S—poset X is called right poflat (resp. flat) if for every left S—poset order em-
bedding f : A — B the poset morphism 1® f: X ® A — X ® B is an order embedding
(resp. monomorphism). Left poflatness and left flatness are defined in a similar manner.
A pomonoid S is called (right, left) absolutely poflat if all its (left, right) U—posets are
poflat. Analogous definitions are given for (right, left) absolutely flat. Tt is clear that poflat
S—posets are flat.

21



Let [U; S, S2] be a commutative pomonoid amalgam with [U; T}, Ts] being a subpomonoid
amalgam of [U; S, S5 and let S; and Ty be poflat (resp. flat). Since T3 — S; is an order
embedding and Ty is poflat (resp. flat) then the map T3 ® T — S;®7T5 is an order embedding
(resp. monomorphism). Since T — Sy is an order embedding and S; is poflat (resp. flat)
then the map S; ® T, — 51 ® S5 is an order embedding (resp. monomorphism). Hence the
composition 71 ® To — S7 ® So is an order embedding (resp. monomorphism). Therefore
we have the following

Proposition 4.3. Let [U; S1, S2] be a commutative pomonoid amalgam with subpomonoid
amalgam [U; Ty, Ts] and Sy and Ty be poflat (resp. flat). Then the map Ty @ To — S1 ® S
is an order embedding (resp. monomorphism).

The following corollary is then clear.

Corollary 4.4. Let [U;S1,52] be a commutative pomonoid amalgam with subpomonoid
amalgam [U; Ty, Ts]. If U is absolutely poflat (resp. flat) then the map Ty @ To — S1 ® S
is an order embedding (resp. monomorphism).

Finally, from the definition of the pounitary, we immediately deduce the following.

Proposition 4.5. Let [U;S1,S52] be a commutative pomonoid amalgam with subpomonoid
amalgam [U; Ty, Ts] and T; be a pounitary in S; for i € {1,2}. Then the map Th @ To —
S1 ® Ss is an order embedding.
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