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Abstract
Rational numbers and proportional reasoning are challenging topics in school mathematics. Though

much research has been conducted, the learning of these topics is rarely explored among learners

taught by expert teachers. Existing research also lacks sufficient attention toward latent classes and

reasoning processes among primary learners at scale. The current study thus looks into the learning

of the topics among 2,642 fifth and sixth graders taught by master mathematics teachers in China.

Utilizing items identified as top level tasks in previous research, the article captures performance

patterns, latent classes and reasoning processes of the learners, from a cross-sectional perspective.

Data are analyzed with Rasch, mixture Rasch model (MRM), and complementary statistical methods.

Variation between grades and gender is scrutinized where possible. The results show that, at the

macro level, students have an average success rate of 78%, 78%, and 52% in decimals, fractions,

and proportional reasoning, respectively; sixth graders outperform fifth graders; gender gap exists

in the majority of Grade 5 but closes in Grade 6. At the meso level, two to three latent classes

emerge in each grade with differential performance. Microlevel analyses show that different charac-

teristics of reasoning lead to different performance of members affiliated to different latent classes.
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1. Introduction
Among topics of school mathematics, rational numbers and proportional reasoning are found to play
a profound role in and pose a lasting effect on the mastery of algebra and overall mathematics per-
formance in secondary and undergraduate phases (Hurst & Cordes, 2018; Siegler et al., 2012). It has
been argued that these topics are poorly learnt and urgently in need of improvement even in the sec-
ondary grades (Brown et al., 2010; Hurst & Cordes, 2018; National Mathematics Advisory Panel,
2008; Torbeyns et al., 2015).

Internationally, the learning of rational numbers, ratios, and proportions is at the core of expectation
and assessment in school mathematics. Regarding rational numbers, on the TIMSS 2015 international
benchmark for Grade 4, advanced performers (the top) were expected to have “an increasing under-
standing of fractions and decimals”; and high performers (next to the top) to apply “simple fractions
and two-place decimals” in word problems (Mullis et al., 2016, Exhibit 2.1). On the eighth grade
benchmark, top performers were expected to tackle various problems involving fractions, proportions
and percentages and “justify their conclusions”; high performers to build connections between frac-
tions, decimals, ratios, and percentages and “solve problems with fractions, proportions, and percent-
ages” (Mullis et al., 2016, Exhibit 2.13). With similar expectations in TIMSS 2019, fourth graders had
reached an average correct rate of 47% across participating countries/economies on a word problem
demanding the subtraction of a non-unit fraction from 1 (Mullis et al., 2020, Exhibit 1.12.2). The inter-
national correct rate dropped to an average of 18% for eighth graders on a multistep problem that was
embedded in a 3× 3 sudoku and involved subtracting two fractions with unlike denominators from 1
for at least twice: 1− 2

5 − 1− 1
5 − 8

15

( )
(Mullis et al., 2020, p. 192, Exhibit 3.13.1).

In assessments focusing on higher-order mathematics competencies, rational numbers and propor-
tional reasoning also play a major role in defining the proficiency of certain levels, such as the Level 3
of mathematics in the Programme for International Student Assessment (PISA) (OECD, 2019,
p. 105, Table I.6.1). In PISA 2018, 53.8% of all participants managed to reach the mathematics
Level 3, while over 90% of the 15-year olds from the four Chinese provinces claimed the proficiency
on this level (OECD, 2019). In fact, like in many countries, in China, students start to learn these
topics in primary schools. More specifically, the National Curriculum in China (Ministry of
Education China, 2011, mandated version at the time of the study) expects students in the upper-
primary grades (i.e., Grades 4–6) to (1) understand the meanings of decimals, fractions, and percent-
ages and make conversions and comparisons between them; (2) add, subtract, multiply, and divide
decimals and fractions; (3) do mixed operations with decimals and fractions in mainly two steps
but no more than three steps; (4) solve real-world problems involving decimals and fractions (includ-
ing percentages); (5) understand the meanings of ratio and proportionality and be able to solve simple
problems; (6) decide if two quantities in a real-world context are directly or inversely proportional;
(7) be able to graph directly proportional data and estimate a missing value based on a given value
from the data; and (8) find direct and inverse proportional examples from the real world and talk
about them with others. The expected curriculum is after all not the obtained curriculum
(Valverde et al., 2002). In the primary phase, there has been recent evidence on Chinese students’
deficiency in decimals and fractions. Chinese students were found yet to overcome the influence
of the discreteness of whole numbers on their perception of decimals as a continuous quantity
even by the end of primary schooling (Liu et al., 2014). From mixed schooling backgrounds in
Beijing, 310 sixth graders were found able to tackle part-whole problems but inadequate in
solving problems that involved repetitive partitioning and location of fractions on the number line
(Jiang et al., 2021). Albeit recent evidence on performance in decimals and fractions, there is a
dearth of empirical evidence on Chinese students’ performance in rational numbers and proportional
reasoning as a combined focus, given the connectedness between the topics suggested by existing
work.
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There is also a lack of research focusing on students taught by expert teachers, for example, master
teachers, in China. Studying students taught by master mathematics teachers may help expand our
understanding of what is possible for every child, should excellent teaching be provided, given
that expert teachers have been theorized and found to be able to best implement the curriculum
and nurture excellent learning outcomes (Berliner, 2001; Leinhardt, 1989) in countries other than
China (see Bond et al., 2000, for evidence from the United States). Researching on the performance
of students in master teachers’ classes is also a necessary response from the educational research
sector to the educational practice sector in China where master teachers play a leading role in
teacher professional development (PD) (Cravens & Wang, 2017; Fan et al., 2015; M. Zhang et al.,
2021). In China, teachers are promoted, through the official rank system, ascending from third level to
second level, first level, Senior, and then Professoriate Senior. Beyond the five official ranks are honorary
tiles, such as Super Teachers, Subject Leaders, and Backbone Teachers, recognizing teachers for excellent
teaching practice and strong contribution to peers’ PD, in addition to other merits (Fan et al., 2015; Huang
et al., 2017; Li et al., 2011). Within provinces, there are funding opportunities for master teachers to apply
for Master Teacher Studios and, upon approval, to carry out cross-school PD projects over a period of 2 to
3 years, in addition to their contribution to the teaching research group (TRG)-based within-school PD (Li
et al., 2011; M. Zhang et al., 2021). While existing research has tapped on master teachers’ practices, PD,
and beliefs, often through relatively small-scale studies, little has been explored at scale with respect to
their students’ learning performance.

More empirical evidence is also needed on the variation of performance within learners at scale—
particularly evidence generated with a model that considers both examinee clustering and psycho-
metric measurement. The mixture Rasch model (MRM) is the one that does both. MRM was used
in research on teachers’ competence in and understanding of rational numbers and proportional rea-
soning (Izsák et al., 2010; Ölmez & Izsák, 2021). Yet, existing research lacks empirical insights into
the topics using similar approaches to data from primary school learners, particularly those taught by
expert teachers.

In addition to filling the gaps discussed above, the study aims to contribute to research on the
learning of fractions, decimals and proportional reasoning by studying the learning of the topics
together. The sample consisting of Grades 5 and 6 also makes it possible for the study to estimate
learning trends chronologically between grades.

As a part of a large-scale project on mathematics learning and teaching in master mathematics
teachers’ classes, the current study aims to (1) uncover performance patterns of fifth and sixth
graders taught by master teachers on rational numbers and proportional reasoning using the Rasch
model (macro level); (2) identify latent classes among the children with the MRM (meso level);
and (3) track and diagnose cognitive “footsteps” that learners in different latent classes leave
behind as they strive to reason rationally and proportionally in problem solving (microlevel).

2. Theoretical framework
2.1 Rational number sense and proportional reasoning
The concept of rational numbers features “a set of related but distinct subconstructs”, commonly
known as measure, quotient, operator, ratio, and part-whole (Behr et al., 1983). At the core of the
rational number construct and subconstructs are two elements of one unified scheme: the concept
of unit and the process of partitioning (Carpenter et al., 1993/2009). They form the basis for two
aspects of rational numbers—rational numbers as quantities and rational numbers as relationships
between quantities (Nunes et al., 2009). Mastery of these two aspects in turn leads to optimal rational
number sense and proportional reasoning. The whole can be infinitely equally partitioned into
smaller units, hence the existence of an infinite number of numbers between two seemingly adjacent
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numbers, say 0.123 and 0.124, or 1/123 and 2/123. On the one hand, infinite partitioning suits the
need for number operation or number size perception or comparison. It makes rational numbers con-
tinuous, in contrast to the discreteness of whole numbers. On the other hand, it generates an infinite
set of equivalents for any given fraction or ratio, allowing for reasoning about two varying quantities
that define a fraction or ratio on the ground of an invariant relationship between the two quantities
(Charalambous & Pitta-Pantazi, 2005, 2007).

The subconstructs of rational numbers are fundamentally connected (Carpenter et al., 1993/2009;
Empson et al., 2011; Freudenthal, 1983), albeit differing phenomenologically in contexts where they are
situated and applied (Freudenthal, 1983). As a phenomenon (or subconstruct) of rational numbers, ratio
can be about magnitudes from the same measurement space or different measurement spaces, with the
former representing within ratios and the latter between (Freudenthal, 1973, 1978). For example, for one
of the “eel-feeding” items developed by Piaget et al. (1968, 1977), within and between ratios can be
expressed as shown in Figure 1. In fact, there are two constant loops running through within and
between ratios in a given proportional situationwhere one could reasonwithin or between twomeasurement
spaces in the direction of clockwise or counter clockwise or diagonally (Figure 2). The latter turns it into an
inverse proportional model where the product of two numbers on one diagonal is equal to that on the other.

Research on the topics has also been approached from the perspectives of curricula (Y. Li et al., 2009;
Moseley et al., 2007; Yang et al., 2010) and classroom teaching (Cai & Wang, 2006), with endeavors
from both sides identifying an emphasis on connections between division, fractions, and ratios. On the
one hand, division, fractions, and ratios all represent relationships between two quantities: the divisor
versus the dividend, the numerator versus the denominator, and the first term versus the second term.
On the other hand, they each result in a value that shows the strength of the relation. What connects
the three concepts at a deeper level is the similar property—multiplying or dividing both terms of a frac-
tion, ratio, or division by a nonzero number, the value of the fraction, ratio, or quotient remains
unchanged: (1) a

b = a×n
b×n = a÷n

b÷n; (2) a:b = (a × n):(b × n) = (a ÷ n):(b ÷ n); (3) a ÷ b = (a × n) ÷ (b ×
n) = (a ÷ n) ÷ (b ÷ n) (b ≠ 0 and n ≠ 0).

Following such fundamental connections, direct proportionality is essentially about equivalent ratios,
fractions, or quotients. These all can be expressed by the function y= f(x)= kx, where k is a constant
(Piaget et al., 1977). In the real world, the label for the constant k is “situation-specific” which can be

Figure 1. Within and between ratios.
Source: Freudenthal (1973, 1978); Piaget et al. (1977).
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the constant rate of change, the scale of a map, the scale factor for shrinking/enlarging, a percentage about
tax, or a theoretical probability in dice rolling (Lamon, 2007, p. 639). It is crucial that in situations under-
pinned by this function, learners choose multiplicative over additive strategies and reason proportionally
about variant quantities constrained by this invariant ratio (k = y

x , x ≠ 0) as they strive to reach a fruitful
solution (Piaget et al., 1977). Proportional reasoning is ultimately about a function that defines invariant
relationships between variables. What is invariant could be a ratio in direct proportionality or a product in
inverse proportionality. An indicator of “rational number sense”, proportional reasoning is gradually
developed over the course as a learner experiences a rich collection of traits of rational numbers
(Lamon, 2007, p. 640). In time, learners evolve from thinking around whole numbers in the primary
grades to reasoning about rational numbers in the secondary (Hiebert & Behr, 1988). On this “evolving”
path lurk potential obstacles in the form of various misconceptions.

2.2 Misconceptions in rational number sense and proportional reasoning
Misconceptions about the topics have received much attention from research which tends to generate
general patterns of learners’ errors. The existing evidence suggests in general the infinite nature of
rational numbers appears to be challenging to learners whose perceptions are hindered by their
knowledge of the discreteness of whole numbers (Hart et al., 1985b; Liu et al., 2014). Natural
number bias often leads to errors in rational number operations when items are incongruent
(González-Forte et al., 2021). Similarly, Chinese sixth graders from mixed schooling backgrounds
found partitioning and locating fractions on the number line the most challenging (Jiang et al., 2021).

Errors in solving fraction tasks, particularly challenging tasks, might be rooted in incompetence in
locating the right referent unit, inability of recognizing when and how to represent parts of parts of a
whole accurately (Izsák et al., 2010) and inaccurate estimation of fraction magnitude

Figure 2. A theoretical model of the constant multiplicative loops in proportionality.
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(Copur-Gencturk, 2021) among teachers as well as the lack of knowledge of various representations
of fractions among students (Hart, 1987). Teachers were found to differ considerably in their under-
standing of the arithmetic rationale behind fraction division (Ma, 1999) and their capacity in making
sense of learner’s misconceptions in fractions (Charalambous, 2016). Their development in the teach-
ing of the topics led to the mastery of these topics among their students even including those
immensely struggling at mathematics (Howe et al., 2015; S. Zhang et al., 2021).

In proportional reasoning, errors are found largely due to the tendency of choosing additive over
multiplicative strategies (Hart, 1980; Misailidou & Williams, 2003)—a dilemma that students often
encounter in problem situations underpinned by proportionality (Thompson & Thompson, 1994; Van
Dooren et al., 2010). Those taking multiplicative strategies might still end up with a wrong solution
because simple doubling or halving was carried out to tackle ratios that were not as straightforward as
1:2 or 2:1 (Hart, 1980).

3. Research questions (RQs)
As part of a larger project, the study sets out to explore patterns, latent classes and reasoning processes
of rational numbers and proportional reasoning of primary fifth and sixth graders (n= 2,642) taught by
master mathematics teachers in urban China. The current article seeks to address three RQs:

RQ1. How do the students taught by master mathematics teachers perform in rational numbers and
proportional reasoning?
RQ2. Among the participants, are there distinct latent classes that perform significantly differently
on rational numbers and proportional reasoning?
RQ3. What are the typical reasoning processes generated on the items that strongly distinguish
latent classes?

To address the RQs, the Rasch model, MRM, and in-depth diagnoses of reasoning processes were
conducted, with complimentary statistics assisting comparisons between groups. The following
section details the research design and methods.

4. Methods
4.1 Participants
Piloted in Spring and Autumn of 2018, the larger project recruited master mathematics teachers and
their students, through the combination of stratified sampling and expert recommendation which
located cities first and then teachers and their classes, with one teacher corresponding to one class.
The project was approved by the first author’s institution, and informed consents were obtained
before data collection. Three major steps were taken in obtaining a final sample for the project:

First, according to the Gross Domestic Product (GDP) per capita ranking of major cities in China in
2018 (National Bureau of Statistics of China, 2019), we located the sampling sites—capital cities and eco-
nomically equivalent cities in five Chinese provinces/municipalities, Anhui, Beijing, Jiangsu, Jiangxi, and
Tianjin. These cities spread about evenly across the first, second and third quarters of the 2018 ranking.

Second, the provincial Teaching Research Officials (TROs) responsible for primary mathematics, as
gatekeepers of mathematics teaching and learning in their home provinces, were asked to help recruit
around 15 master mathematics teachers who demonstrated best teaching practice in primary mathematics
and were full-time classroom teachers teaching mathematics to primary grades, ideally Grades 5 and
6. The inclusion criteria seek to look for master teachers who demonstrate best primary mathematics
teaching in their home province and (1) have the ranks of Professoriate Senior or Senior; (2) are
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recognized as Super Teachers, Subject Leaders, or Backbone Teachers; and (3) have won teaching awards
in provincial and/or national teaching competitions.

Based on the TROs’ recommendations, we had an initial sample of 81 teachers and 3,737 students. With
informed consent from participants, we collected the initial bulk of data in the 81 teachers’ classes, including
lesson observations. To make sure that the teaching data collected represented daily teaching that would
happen the same way without the appearance of external observers and cameras, we applied one more cri-
terion (the third and last step) to screen and finalize the sample based on the authenticity of the lesson data,
though every effort had been taken tominimize observer effects during the data collection. The criterion was
simple: the lesson must be a typical normal lesson that was unfolded as usual after its precedent lesson. This
resulted in 70 teachers’ lessons meeting the criterion. We had to drop data related to 11 teachers and their
students because their lessons were carefully prepared teaching research lessons (教研课) which did not
represent the kind of everyday teaching we were explicitly aiming to observe.

The final sample of the project (Table 1) included 3,178 students in Grades 2–6 and 70 master
mathematics teachers of which 61 were teaching Grades 5 or 6 in the 2018–2019 academic year.
All 70 teacher participants (47 females) are full-time mathematics teachers who are in their 30s
(n= 24), 40s (n= 43), or 50s (n= 3). The majority (n= 46) of the teachers have 20 to 29 years’math-
ematics teaching experience; 20 teachers have 10 to 19 years’ experience; and 4 have 30 to 38 years’
experience. In terms of professional ranks, 18 of the teachers are First level, 43 are Senior, and 9 are
Professoriate-Senior. In terms of honorary titles, 17 are Backbone Teachers, 40 teachers are Subject
Leaders, and 13 are Super Teachers. They have all won multiple teaching awards in teaching com-
petitions at provincial and national levels. In addition to their teaching obligations, 48 of them are
also (deputy) head teachers or (deputy) heads of the TRG for mathematics at their home schools.

Multiple types of data were collected in Spring 2019. As part of this project, a mathematics test
was administered to 2,642 students in Grades 5 and 6 of which 1,318 were fifth graders (11.1± 0.4
years), and 1,324 sixth graders (12.0± 0.4 years), including 1,204 girls, 1,433 boys, and five students
who completed the test but did not give gender information. This article focuses on students’ perfor-
mance in the mathematics test.

As follows, we explain the source, structure, and expectation of the items utilized in the test.

4.2 The test
To assess students’ performance in rational numbers and proportional reasoning, we utilized a set of
top level items (Table A1) of Decimals, Fractions, and Ratio and Proportion from the classical
Concept in Secondary Mathematics and Science (CSMS) project in England (Hart et al., 1981).
The tests developed on the CSMS project were later published as the Chelsea Diagnostic Tests,
with a Teacher’s Guide providing detailed grading criteria (Hart et al., 1985a, 1985b). In 2009, a
set of same items were utilized on the Improving Competence and Confidence in Algebra and
Multiplicative Structures (ICCAMS) project (Hodgen et al., 2010) which found a considerable
decline of performance, in comparison with the CSMS results, in rational numbers, proportional rea-
soning, and algebraic thinking among a nationally representative cohort of English secondary school
students 30 years on. Utilizing the classical items helps gain insights into variation of mathematical
proficiency and reasoning patterns between cohorts of students, albeit the necessity to consider poten-
tial differences between the underlying populations.

4.2.1 Decimals. In the CSMS project, there were six levels in decimals (Hart et al., 1985b). In the current
study, fifth graders attempted decimal items at Levels 5 and 6. The level proficiency thresholds for dec-
imals were a correct rate of 2/3 on Level-5 items and 3/4 on Level-6 items. These top level items demand:

• a fundamental understanding of the infinite feature of rational numbers (e.g., item D03);
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• the proficiency in calculating or estimating division answers that are not integers but decimals,
no matter the dividend is greater (item D04) or smaller (items D05 and D06) than the divisor;

• the fluency in making conversion between different decimal places, for example, tenths to
hundredths (item D02); and

• the ability to write a decimal according to the verbal expression of its place value, particularly
when it is expressed in such a way that the number of units on the place exceeds 10, for
example, writing 11 tenths as 1.1 (item D01).

4.2.2 Fractions. In the CSMS, there were two fraction tests (Hart et al., 1985b), Fractions 1 (F1) and
Fractions 2 (F2), each consisting of items situated at four hierarchical levels. The current study
included items of Level 4 from F1 (F1-L4) and Levels 3 and 4 from F2 (F2-L3; F2-L4) which
expected students to:

Table 1. Demographic information of master teachers and their students.

Students Teachers

N Age % N Age %

Province 3,033 11.3 (0.9) 100% 70 41.5 (4.4) 100%
Anhui 673 11.0 (0.9) 22.2% 14 43.0 (5.6) 20.0%

Beijing 523 11.5 (0.5) 17.2% 16 39.0 (3.6) 22.9%

Jiangsu 655 11.2 (1.1) 21.6% 15 42.4 (3.5) 21.4%

Jiangxi 733 11.2 (1.2) 24.2% 14 41.4 (4.1) 20.0%

Tianjin 449 11.7 (0.6) 14.8% 11 42.8 (4.3) 15.7%

Grade 3,033 70
2 54 8.1 (0.4) 1.8% 2 38.5 (3.5) 2.9%

3 134 9.3 (0.4) 4.4% 2 45.5 (0.7) 2.9%

4 203 10.0 (0.6) 6.7% 5 45.0 (4.5) 7.1%

5 1,318 11.1 (0.4) 43.5% 32 41.2 (4.5) 45.7%

6 1,324 12.1 (0.4) 43.7% 29 41.3 (4.2) 41.4%

Gender 3,028 70
Female 1,392 11.2 (1.0) 46.0% 47 41.3 (3.9) 67.1%

Male 1,636 11.3 (0.9) 54.0% 23 42.0 (5.3) 32.9%

Teacher position within schools 70
Teacher with no other obligations 22 42.1 (5.9) 31.40%

Head or Deputy Head of Maths TRG 32 40.3 (2.9) 45.70%

Head teacher or Deputy Head teacher 16 43.1 (4.1) 22.90%

Teacher rank 70
First level (一级) 18 39.9 (3.7) 25.7%

Senior (高级) 43 41.8 (4.5) 61.4%

Professoriate Senior (正高级) 9 43.7 (4.5) 12.9%

Honorary titles 70
Backbone Teacher (骨干教师) 17 39.0 (4.0) 24.3%

Subject Leader (学科带头人) 40 41.6 (3.4) 57.1%

Super Teacher (特级教师) 13 44.7 (5.6) 18.6%

Mathematics teaching experience 70
10–19 years 20 37.1 (2.0) 28.6%

20–29 years 46 42.6 (2.8) 65.7%

30–38 years 4 51.5 (4.0) 5.7%

Note. TRG= teaching research group (教研组). The project’s student sample consists of 3,178 students of which all were in the

lessons observed, 3,033 completed a questionnaire and provided their demographic information in the course of completing

the questionnaire, and 145 students did not complete the questionnaire because of scheduling difficulties. The student

information presented in the table comes from the 3,033 students.
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• apply the knowledge of equivalent fractions (items F05, F06, F07, F08, and F09);
• model and solve real-world problems using subtraction of fractions with different denomina-

tors (item F03);
• model and solve real-world problems by dividing fractions that differ in both numerators and

denominators (item F10);
• model and solve real-world problems by dividing two mixed fractions (item F04); and
• reason abstractly about fractions in an algebraic situation and provide the necessary condition

that satisfies the situation (e.g., ab <
a
c, in item F11).

The level proficiency thresholds for fractions were 3/4 correct on F1-L4 items, 2/3 correct on F2-L3
items, and 3/5 correct on F2-L4 items.

4.2.3 Ratio and proportion. In the CSMS study’s ratio and proportion test (Hart et al., 1985b), there
were four levels. In the current study, both fifth and sixth graders attempted the Level-3 items,
whereas the latter also took the Level-4 items. The level proficiency thresholds for ratio and propor-
tion were a success rate of 2/3 on Level-3 items and a success rate of 3/4 on Level-4 items. The top
level items of ratio and proportion demand:

• the ability to identify and apply ratios that are much harder than 2:1 or 1:2 and are set in real-
world contexts, for example, where two terms of a ratio is enlarged or shrunk by a fraction
(rather than a whole number) with its numerator and denominator being coprime but not 1
(e.g., 9/8 in item R09) or by a fraction that can be simplified as such (e.g., 12/18 in item R10);

• the ability to reason proportionally, use ratio to model real-world problems, and ultimately
solve the problems (e.g., items R02, R03, R04, R06, and R10); and

• the ability to model and solve real-world problems in more complex situations where three or
more quantities are interrelated proportionally (e.g., items R02, R03, R04, and R08).

The CSMS items were translated, back translated, validated, and carefully selected after a pilot in one
Grade 5 and two Grade 6 classes in a participating school. The final set of 28 items (Table A1) were
put into three booklets, G5A, G5B, and G6, each consisting of 12 to 16 items. There were seven
common items (items F01, F11, R01, R02, R03, R04, and R06) shared between the three booklets
for test-equating purposes.

4.3 Data collection
The mathematics test was conducted in the form of paper and pencil in a usual school slot of 40 min.
Students were given one of the three test booklets. Three hundred and seventy-nine fifth graders in
Anhui took the booklet G5A, 939 fifth graders in other four provinces took the booklet G5B, and
1,324 sixth graders from all five provinces took the booklet G6.

4.4 Data analyses
Data analytic strategies were of three folds capturing macro, meso, and micro patterns of learners’
cognitive status in responding to the test items. Rasch analyses show the macro pattern of mathemat-
ics performance; MRM captures the variation of the assessed competence through the lens of latent
classes at the meso level; and cognitive diagnoses put together the micro detail of various reasoning
processes that students go through and shed light on key features of cognition that distinguish one
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latent class from another. Descriptive and comparative analytical approaches were applied in address-
ing the three RQs.

4.4.1 Data coding. The test data were coded with the CSMS marking schemes (Hart et al., 1985b)
which provided both dichotomous and multi-category codes for each item. Dichotomous coding
(1= correct; 0=wrong) prepared data for psychometric analyses, Rasch and mixture Rasch,
which in turn offered us macro and meso patterns of learning. Multi-category coding categorizes
in detail various responses to each test item, making it possible to diagnose learners’ reasoning pro-
cesses at the microlevel. Take the item F05 (Table A1) as an example for the multi-category coding: a
code 1 was given when 2/3 of the given shape was shaded; a code 6 was given when a half was
shaded; a code 7 was given when 1/3 was shaded; a code 9 was given when other shading strategies
were used; and a code 0 was given if blank. As the result of a two-day training, adequate inter-coder
agreement (pairwise) had been reached (Cohen’s kappa: �κ1 = .95, SDκ1 = .08; �κ2 = 1.00, SDκ2 = .00)
through two rounds of ratings on a total of 22 test papers by the first author (master coder) and three
undergraduates majoring in primary mathematics education. With inter-rater agreement established,
the three paid assistants went on coding the rest of the test papers.

4.4.2 Macro analyses: Estimating intended competence with Rasch model and test linking. To capture the
grand pattern of learners’ proficiency, the Rasch analysis was carried out with the weighted likeli-
hood estimation method in the R package, TAM (Kiefer et al., 2021). The weighted mean square
(infit MNSQ) values (M= 0.99, SD= 0.1) were all within the interval of [0.7, 1.3], indicating an ade-
quate model fit (Bond & Fox, 2015). To link the three tests, person and item parameters in G5A and
G6 were shifted onto the same scale as of G5B, with the seven common items acting as link/anchor
items, using the equations below (Wu et al., 2016):

T ′
G5A = (TG5A − μG5A)

σG5A
σG5B + μG5B, (1)

T ′
G6 =

(TG6 − μG6)

σG6
σG5B + μG5B, (2)

where T ′
G5A and T ′

G6 were the shifted and scaled parameters for tests G5A or G6; TG5B and TG6 were
their initial parameters calibrated within the two tests, respectively; μG5A, σG5A, μG6, σG6, μG5B, and
σG5B were the means and standard deviations (SDs) of the parameters of the seven link items in tests
G5A, G6, and G5B, respectively. After the shift, person scores (Rasch logits) were linearly trans-
formed into scores with an mean of 500 and an SD of 100.

4.4.3 Meso analyses: Identifying latent classes through the MRM. The MRM brings together two types
of latent variable models, the latent class analysis and item response theory (Rost, 1990). The explo-
ration of possible clustering within each test was conducted with the aid of the snowRMM module
(Seol, 2020) in the R-based software, jamovi (The jamovi project, 2021), which adopts the joint
maximum likelihood estimation method. Since not every case got a distinguishable estimate of
class membership, the number of cases resulted in the MRM was smaller than the sample size.
The optimal number of latent classes was decided through the comparison of the Bayesian
Information Criterion (BIC) of each classification, as the BIC is found more reliable (F. Li et al.,
2009). The number of latent classes with the lowest BIC was deemed appropriate.

4.4.4 Micro analyses: Diagnosing reasoning processes across latent classes. Multiple-category responses
to each item were analyzed and compared between latent classes. Initially, chi-square tests of the dis-
tribution of various responses were carried out, with effect sizes (φ) calculated where a significant
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difference was observed. Then, we examined closely children’s responses to the items that received a
strong effect from class memberships. This involved the analyses and comparisons of proportions of
each response within and between latent classes through pairwise z tests for two proportions, using
the equation 3:

z = ( p1 − p2)− 0����������������������
p̂(1− p̂)

1

n1
+ 1

n2

( )√ , (3)

where p1, p2, n1, and n2 were the proportions of the focal response and sizes of latent classes 1 and 2
respectively, p̂ was the grand proportion of the response in the two classes under comparison as a
whole. The calculation was carried out in Excel. The threshold for rejecting the null hypothesis
that two proportions are equal is p < .05 (|z| > 1.96). A p-value smaller than .01 (|z| > 2.58) or
.001 (|z| > 3.29) was also specified.

4.4.5 Descriptive and comparative analyses. To seek answers for RQ1, the overall patterns of mathe-
matics performance at test, topic, and item levels were analyzed and compared between grades and
gender (t-tests); item facilities (correct rates) and level proficiencies were calculated according to the
CSMS standards (Hart et al., 1985b). Similar basic statistics were performed upon comparisons
within and between latent classes, which addresses RQ2 and RQ3.

5. Results
In this section, we present and discuss the results of the measure of rational numbers and proportional
reasoning at macro, meso, and microlevels, seeking to address the three RQs accordingly.

5.1 Macro patterns (RQ1): How do children taught by master mathematics teachers
perform in rational numbers and proportional reasoning?
5.1.1 Overall performance. After the shift and linear transformation of mathematics scores, mathemat-
ics performance among 2,642 children varied between 221 and 729. Unsurprisingly, sixth graders
(M= 541, SD= 109) performed significantly better than fifth graders (M= 458, SD= 68) with a mod-
erate effect, t(2222)= 23.53, p < .001, d= .94. Boys outperformed girls significantly with a weak to
slightly modest effect, either across grades (MD= 505−494= 11, t(2635)= 2.85, p < .01, d= .11) or
within Grade 5 (MD= 467–449= 18, t(1306) = 4.58, p < .001, d= .27), but not within Grade 6 (MD
= 545–539= 6, t(1320)= 1.03, p= .30).

5.1.2 Item difficulties, facilities, and top level proficiencies. After the test linking process, parameters
(M=−0.69, SD= 1.73) of the 28 items ranged from −3.68 to 3.25 logits (Figure 3). The hardest
were ratio items most of which were 1 SD or farther above the mean. Students in both grades dem-
onstrated a much higher proficiency on fractions and decimals than ratios, with the facility of either
averaged to 78%. On 10 ratio items, fifth graders achieved an average facility of 38% (SD= 14%),
whereas sixth graders 59% (SD= 12%).

Figure 4 shows facilities of all items that were given to fifth and/or sixth graders. Approximately
2/3 or more students succeeded on most decimal and fraction items. The items that appeared to be
challenging were F11, R02, R03, and R04 for fifth graders and R05 and R08 for sixth graders
(see Table A1 for a description of the items). In decimals, 71% of students taking G5A reached
the top level (L6); 57% of those taking G5B reached Levels 5 or 6. In fractions, 61% fifth graders
performed at Levels 3 or 4, with 55% of sixth graders reaching the top level, Level 4. In ratios
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and proportions, 16% of fifth graders and 48% of sixth graders reached Levels 3 or 4, whereas 42% of
sixth graders also reached the top level, Level 4.

It remains unclear whether there exist latent classes of children performing considerably differ-
ently from each other and if so in what way. The next section seeks to address this question.

Figure 3. Item parameters shifted on the same scale (logits and standardized z).

Figure 4. Item facilities.
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5.2 Meso variation (RQ2): Among the participants, are there distinct latent classes that
perform significantly differently on rational numbers and proportional reasoning?
Judging by the BIC values (i.e., the lower, the better) of the MRM, an optimal number of classes was iden-
tified within each of the three tests (Table 2). This resulted in the location of two latent classes in G5A, three
in G5B, and three in G6. Most participants were allocated with latent class memberships, including 359 of
379 fifth graders in test G5A (94.7%), 829 of 939 fifth graders in test G5B (88.3%), and 1,151 of 1,324
sixth graders in test G6 (86.9%). Those who did not have a membership were (a) perfect (full) scorers (6 in
G5A, 87 in G5B, and 126 in G6), (b) students who failed on each item (9 in G5A, 15 in G5B, and 21 in
G6), or (c) the ones without a distinguishable membership (5 in G5A, 8 in G5B, and 26 in G6).

5.2.1 Inter-class variation and mathematics performance. Gender effect on class membership was thus
either neglectable or fairly small; gender distribution appeared to be more alike in latent classes of
Grade 6 than those of Grade 5. As shown in Table 3, between latent classes, neither G5A (χ2(1,
valid n = 359)= 1.324, p= .250) nor G6 (χ2(2, valid n = 1150)= 2.283, p= .319) differed

Table 2. Mixture Rasch model (MRM) indices for latent class selections.

Test No. of classes AIC BIC CAIC

G5A 1 3,336 3,413 3,433

2 3,197 3,357 3,398
3 3,194 3,435 3,497

G5B 1 11,031 11,173 11,203

2 10,444 10,733 10,794

3 10,247 10,682 10,774
4 10,186 10,768 10,891

G6 1 16,627 16,779 16,809

2 15,842 16,151 16,212

3 15,641 16,108 16,200
4 15,508 16,132 16,255

Note. BIC=Bayesian Information Criterion. For each test, the number of classes in bold has the smallest BIC value.

Table 3. Rational numbers and proportional reasoning performance by latent class.

Probability
Gender distribution Test results

Test Latent class N % Mean NGIRL (%) NBOY (%) Mean SD

G5A A 105 29 .84 41 (45) 64 (54) 450 57

B 254 71 .94 116 (39) 138 (61) 431 38

Two classes 359 100 .89 157 (44) 202 (56) 436 45

G5B A 151 18 .84 59 (39) 92 (61) 500 48

B 559 67 .92 289 (52) 268 (48) 449 49

C 119 14 .91 47 (39) 72 (61) 441 60

Three classes 829 100 .89 395 (48) 432 (52) 457 55

G6 A 500 43 .85 228 (46) 272 (54) 552 78

B 416 36 .79 203 (49) 212 (51) 515 91

C 235 20 .85 101 (43) 134 (57) 496 83

Three classes 1,151 100 .83 532 (46) 618 (54) 527 87

Note. Due to missing information on gender, the total number of boys and girls in the latent class C of G5B was not equal to the

total number of students affiliated to this latent class. This also applies to the latent class B in the G6 test.
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significantly in gender distribution, with significant inter-class variation only identified in G5B (χ2(2,
valid n = 827)= 11.624, p= .003, φ= .119).

Significant differences of mathematics performance were found between the latent classes in G5A
(t (144)= 3.21, p= .01, d= .41), G5B (F(2, 826)= 66.22, p < .001, η2p = .14), and G6 (F(2, 1148)=
42.87, p < .001, η2p = .07). Post hoc tests of the ANOVA results showed that in G5B, latent class A
significantly outperformed latent classes B and C which however did not differ from each other sig-
nificantly; that all G6 classes performed significantly differently from each other.

5.2.2 Inter-class variation of item facilities. The results of chi-square tests of class membership effects
on item passing show that, where statistical significance occurred, certain items posed a greater effect

Figure 5. Patterns of item facilities across latent classes.
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(i.e., φ) than others, and students from various latent classes of G5B and G6 did similar on about a
half of the items (Figure 5).

In G5A, the widest inter-class gap lies in two items, R03 and R04 where class A did significantly
better (φ= .65 and .63) than class B which, however, outperformed the former on two decimal items,
D04 and D05 (φ= .40 and .38). In addition, class A also did considerably better than class B on R01,
R02, and R06 (φ= .38 down to .11).

In G5B, in terms of overall mathematics performance, latent class A (M= 499.6, SD= 47.5) did
better than classes B (M= 449.0, SD= 49.4) and C (M= 441.0, SD= 59.8) which were, however,
not significantly different from each other. At the item level, except F11, class A showed the
highest facility on 9 items and a similar facility to classes B and C’s on six items. Items F05,
F06, R04, R03, F07, and R02 saw the substantial difference between classes, with a strong
effect of class membership (φ= .71 to .52); item R01 found a moderate effect (φ= .301), with
items F11, D03, R06, and F09 generating a weak effect (φ= .13 to .08) and the remaining four
items no difference. In G5B, the widest gap between classes A and C lied in items F05, F06,
and F07, with the difference of item facility being 85%, 83%, and 64%, respectively; the
widest gap between classes A and B lied in items R02, R03, and R04, with the facility difference
being 54%, 80%, and 77%, respectively. The items R03 and R04 also saw a considerable gap (dif-
ference in facility: 47% to 50%) between classes A and C. The “eel-feeding” items (R02, R03, and
R04) saw substantially wide and almost evenly distributed gaps between classes A and C and
between B and C.

In Grade 6, overall, latent class A (M= 551.9, SD= 77.8) performed significantly better than
class B (M= 514.8, SD= 91.4), and so did class B than C (M= 495.6, SD= 82.7). At the item
level, more than half of 16 items saw significantly different facilities between classes. R03, R04,
R02, and R01 (in the descending order in effect sizes) were the items that reflected the biggest inter-
class difference with a strong effect (φ= .64 to .54). These were followed by items R07, R08, F03,
F10, F04, and F02 where latent class memberships yielded moderate to modest effects
(φ= .45 to .15). Items F11 and R06 witnessed a minor difference between latent classes with a
rather weak effect (φ= .09 and .08), whereas items F01, R10, R09, and R05 generated quite a
common pattern across all latent classes. Item parameters showed similar patterns across latent
classes (Figure 6).

In summary, in G5A, class A did better in ratio, whereas class B was better at decimals. In G5B,
class A were better at ratio than classes B and C; class B performed the worst in ratio; class C did
about the same as classes A and B on all fraction items but F05–F07, the three items that demand
students to shade in 2/3 of a shape. However, class C performed better on the eel-feeding items
(R01–R04) than class B. Since class C may have lost scores on F05–F07 due to reading inaccuracy
(see the corresponding micro diagnosis in the next section), the improvement of accuracy may uplift
their overall score and transform the “landscape” of membership distribution in G5B accordingly. In
G6, class A had the highest overall score due to their best performance in ratio across classes; class B
did better on items R01–R04 than class C but worse on R07 and R08, which presents a mixed picture
of ratio competence among them, indicating a need for further improvement about the topic for both
classes.

With the picture of children’s overall performance and latent class allocations in mind, we now
zoom in to look for more detailed patterns of their performance located on the highest end of the
mathematical knowledge and thinking hierarchy in rational numbers and proportional reasoning.
Our attention focuses specifically on items that received strong effects from the latent class member-
ship in chi-square tests on item passing between classes (i.e., with a φ greater than .5). About these
items, microlevel differences were explored in greater depth, which is discussed in the next section.
Through the in-depth scrutiny, we sought to diagnose the reasoning processes that had contributed to
substantial variation of performance between latent classes.
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5.3 Micro diagnoses (RQ3): What are the typical reasoning processes generated on the
items that strongly distinguish latent classes?
Both decimal and fraction items had a mean facility of 78% with an SD of 7% and 12%, respec-
tively. This partially echoes the fact that no decimal items yielded strong differences between
latent classes. Strong differences were however generated by three items in fractions (F05 to
F07) and four in ratios and proportions (eel-feeding items: R01 to R04). The seven items were not nec-
essarily the hardest in their topic. The four ratio items were indeed the hardest to fifth graders (facility:
23% to 54%) but not to sixth graders who found R08 (37%) much harder than these (64% to 72%).
The fraction items were not the hardest to fifth graders in G5B (79% to 84%) either. A common
pattern across the three tests was that items R02–R04 (i.e., the CSMS adaption of Piagetian items)
yielded a strong effect on latent class memberships. Significant inter-latent class differences were also
strongly yielded by item R01 in G6. In G5B, three fraction items, F05–F07, strongly significantly distin-
guished latent class C from A and B.

Figure 6. Patterns of item parameters across latent classes.
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The remaining parts of this section show systematic analyses of multi-category responses that led
to in-depth diagnoses of learners’ reasoning processes over the course of tackling the seven key
items.

5.3.1 Cognitive diagnoses of key fraction items. In test G5B, due to misunderstanding of the assessed
content, children in latent class C performs significantly differently from classes A and B. For
example, items F05 and F06 saw a considerable difference of passing rates between latent classes
C (8% of 119) and A (93% of 151) and between C and B (89% of 559). The diagnoses of detailed
responses showed two types of major errors.

In latent class C, there were more students having mistakenly shaded in 1/3—rather than the
expected 2/3—of the shapes in the two items. The proportions of its members having done so on
F05 and F06 (70.6% and 64.7%) was greater than the corresponding proportions for latent classes
A (4.6% and 1.3%, zF05 = 11.38, p < .001; zF06 = 11.37, p < .001) and B (5.5% and 3.9%, zF05 =
17.17, p < .001; zF06 = 17.05, p < .001).

Another typical error was shading in 1/2 of the given shapes, which also saw a significant variation
between latent classes. Class C had a higher proportion (11.8% on F05 and 10.1% on F06) of
members doing so than the proportion of those in classes A (0% and 0.7%; zF05 = 4.33, p < .001;
zF06 = 3.73, p < .001) and B (2.1% and 2.0%; zF05 = 4.96, p < .001; zF06 = 4.44, p < .001).

It is unclear whether those shading in 1/3 of the given shape instead of 2/3 were due to a misread-
ing of the expected 2/3 for 1/3. Either way, they were cognitively closer to a correct solution than
those shading in 1/2 of the given shape. Knowing how to represent a third is a crucial step toward
knowing how to represent two or more thirds.

5.3.2 Cognitive diagnoses of key ratio items. In each test, in comparison with other latent classes,
the latent class A consisted a much higher proportion of members who took the multiplicative strat-
egy on the eel-feeding items (R01–R04) and carried out the strategy correctly with a complete
solution.

Items R01 to R04 form the quartet problem series on “eel feeding” which were originally created
by Piaget et al. (1968, 1977) and then adapted in the CSMS “so that the eel lengths were not integer
multiples of the smallest” (Hart, 1980, p. 120). The current study adopted the CSMS version, includ-
ing them as four of the seven common items that all fifth and sixth graders attempted. Amidst those
yielding substantial inter-class differences, these were the four that saw a stronger and more evenly
spread difference. The abstract proportional problems embedded in R01, R02, R03, and R04 were
10:15= 2:◻ (or 10:2= 15:◻), 15:25= 9:◻ (or 15:9= 25:◻), 10:25=◻:10 (or 25:10= 10:◻), and
15:25=◻:10 (or 25:10= 15:◻), respectively, as modeled in the multiplicative loops in Appendix B.

In the hierarchy of ratios and proportions (four levels) in the CSMS study, R01 was classified as
Level 2, and the other three as Level 3. The current study shared a similar finding: R01 was relatively
easier than the other three items of this quartet item set. Indeed, as it was intended in the CSMS, the
lengths of eels were not integer multiples of the smallest, and such an intention was also realized in
the relationship between the lengths of eels and the lengths of fish fingers they should be fed with in
R02, R03, and R04 but not in R01 where the length of the shorter eel (10 cm) was 5 times that of the
fish finger it was fed with.

Between latent classes, typical errors were comparatively diagnosed through integration of quan-
titative and qualitative analyses. Quantitative analyses compared percentages of two types of diag-
nosable errors and overall error rates through z tests (Table 4). Both quantitative and qualitative
analyses scrutinized the rationales behind learners’ cognitive footsteps (Figures 7 and 8). The com-
bination of quantitative and qualitative analyses helped track children’s reasoning processes. About
the quartet item set on eel feeding, two major types of reasoning emerged among those who failed on
the items: (a) additive (+ /–) and (b) multiplicative (× /÷). As shown in the shaded areas in Table 4,
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Figure 7. Diagnoses of reasoning processes across latent classes on the eel-feeding items.

Table 4. Diagnoses of errors on the eel-feeding items across latent classes (z tests).

Item
G6 B-A C-A B-C G5B B-A C-A B-C G5A B-A

Response z p z p z p z p z p z p z p

R01

+ /− [1a] 1.81 .07 18.93 *** 2.25 * 1.31 .19 0.42 .68 1.64 .10 3.32 ***

× /÷ [1b] 1.19 .23 3.06 ** 1.92 .05 1.80 .07 0.79 .43 0.98 .33 1.36 .17

Error (all) 5.56 *** 17.85 *** 12.85 *** 8.36 *** 3.54 *** 3.79 *** 5.69 ***

R02

+ /− [2a] 4.64 *** 4.37 *** 0.10 .92 3.56 *** 1.28 .20 1.93 .05 3.49 ***

× /÷ [2b] 0.13 .90 1.85 .06 1.62 .10 0.48 .63 0.08 .94 0.64 .53 0.53 .60

Error (all) 10.31 *** 18.26 *** 9.63 *** 15.17 *** 4.46 *** 8.22 *** 7.15 ***

R03

+ /− [3a] - - 1.46 .14 1.33 .18 0.18 .85 0.89 .37 0.80 .42 0.64 .52

× /÷ [3b] 3.05 ** 3.39 *** 0.44 .66 2.23 * 1.60 .11 0.90 .37 1.74 .08

Error (all) 14.09 *** 21.90 *** 10.13 *** 19.09 *** 8.94 *** 7.78 *** 12.29 ***

R04

+ /− [4a] 1.29 .20 2.68 *** 1.01 .31 0.84 .40 1.79 .07 1.39 .16 1.95 .05

× /÷ [4b] 2.87 ** 1.47 .14 1.19 .23 3.23 ** 2.25 * 1.07 .28 2.00 *

Error (all) 13.60 *** 25.89 *** 10.49 *** 19.53 *** 8.11 *** 8.60 *** 12.01 ***

*p < .05; **p < .01; ***p < .001.

[1a] (i) 25− 10+ 2= 17, (ii) 10− 2= 8, (iii) 25+ 2= 27; [1b] (i) 2× 2= 4, (ii) 2× 3= 6.

[2a] (i) 25− 15= 10, (ii) 9+ 2= 11, (iii) 25− (15− 9)= 19; [2b] (i) 9× 2= 18.

[3a] (i) 10− 2= 8; [3b] (i) 10× 2= 20, (ii) 25 ÷ 10= 2.5, (iii) 2× 3= 6.

[4a] (i) 10− 2= 8, (ii) 10+ 15= 25; [4b] (i) 10 ÷ 2= 5.
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their common rationales, should they have, for modeling the problem the way they did were similar:
(1) feeding longer eels with longer fish fingers through adding a certain difference to a certain length
or through doubling/tripling and (2) feeding shorter eels with shorter fish fingers by trimming a given
length down through subtraction or division.

Among proportionally competent learners in Grades 5 and 6, a rich collection of reasoning pro-
cesses emerged, falling into the grand patterns captured in Figures 7 and 8. Reasoning about the
ratios, fractions, multiplication, or division hidden beneath given and unknown quantities in
various ways, fifth graders modeled the problem situation arithmetically, whereas sixth graders
did so either arithmetically or algebraically. Ultimately, various approaches took their root in the
constant multiplicative loops that connect the quantities (Appendix B). Together, errors and
correct solutions shed light on the key toward competent proportional reasoning: being clear about
the underlying invariant relationship between varying quantities. With clear identification of the
constant yet latent relationship comes fruitful reasoning, in which case it no longer matters
whether such constant relationships are phenomenally modeled as ratios, fractions, multiplication
or division or a combination of these phenomena.

6. Discussion
With relatively hard items of rational numbers and proportional reasoning, the study looked into
the performance patterns, latent classes, and reasoning processes of 2,642 students in Chinese
Grades 5 and 6 taught by master mathematics teachers. Through the Rasch model, MRM, z
tests, and other statistical methods, key findings were generated at the macro, meso, and micro-
levels, regarding the learning of the topics. In this section, we integrate the key findings with
existing research, discuss implications for research and practice, and reflect upon the limitations
of the study.

Figure 8. Multiple solutions for the four eel-feeding items: Work sample.
Note. G5=Grade 5; G6=Grade 6.

Source: Hart (1980); Hart et al. (1985a); Karplus et al. (1975); Piaget et al. (1968, 1977).
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6.1 Key findings
At the macro level, it was found that children could reach a higher level of mastery in these challeng-
ing topics of school mathematics at a younger age, when provided with excellent teaching. With a
mean facility of above 3/4, rational number items were on average easier to the learners than were
ratio items which had a mean facility of slightly above 1/2. The cross-sectional observation
showed a jump of the average facility of ratio items from 38% in Grade 5 to 59% in Grade 6. The
current cohort’s performance on fractions appears to be better than a recent study with 310 sixth
graders from mixed schooling backgrounds in Beijing (Jiang et al., 2021), suggesting differential
effects of teaching. Likewise, rational number items, such as the awareness of infinite space
between two seemingly adjacent rational numbers, conversion between two adjacent places
(similar to equivalent fractions), and fraction division involving unlike denominators, did not
appear to be as difficult as were found in the CSMS study (Hart et al., 1981) or the ICCAMS
study (Hodgen et al., 2010) where the same items were developed and/or utilized. Overall, the
fifth and sixth graders reached a much higher proficiency on each of the 28 items than those in
the two studies involving English secondary students 30 years apart, which once again indicates
potential effects of teaching on learning.

The cross-sectional data from two adjacent grades show a better performance as well as the disap-
pearance of the gender gap among the senior graders. On the one hand, learners in Grade 6 were indeed
more competent than those in Grade 5, with a higher global score and mean facility of items. On the
other hand, the commonly found gap in mathematics between girls and boys did exist in the majority of
Grade 5 (i.e., G5B), with a weak to moderate effect of gender, but not in Grade 6. This is an encour-
aging sign for closing the gender gap in senior years with value added by quality teaching.

At the meso level, there existed in each test group latent classes manifesting significantly different
performance at both the test and specific item levels. Natural number bias did not appear to be an
issue as these learners sought to tackle fraction and decimal problems. The greatest difference
between latent classes lied in proportional reasoning, as found previously among teachers as learners
(Izsák et al., 2010). Albeit based on data sampled differently from previous studies (Hart et al., 1981;
Misailidou & Williams, 2003), reasons behind typical errors were similar to what had been found
previously—the use of additive or incorrect multiplicative methods. The current study further
found it a reasoning feature of the latent class(es) lagging behind others. The systematic analysis
of reasoning processes located learners in need of support and diagnosed the particular obstacles
that prevented them from mastering the topics.

At the micro level, systematic analyses indicated that diagnosable erroneous answers were more
likely due to wrong interpretations and modeling of relationships, although calculation errors may
still occur with a right model. Cognitive errors tended to be based on addition/subtraction or inaccu-
rate modeling of the relationship with multiplication/division. Fruitful proportional reasoning was
more likely to happen as one attempted to seek constant relationships between changing quantities
(Hart et al., 1981; Lamon, 2007; Piaget et al., 1977). With a rich perception of relationships
between quantities in the multiplicative loops (Appendix B), competent learners in the current
study took various approaches to modeling the underlying relationships embedded in the problems,
with sixth graders harnessing algebra to tackle these problems, in addition to arithmetic. The cross-
sectional trend echoes existing research in that the performance of rational numbers predicts that of
algebra (Hurst & Cordes, 2018).

Existing research shows a picture of rich theories and empirical work. However, there are a few
“jigsaw pieces” missing from the picture. The study has made contribution to the recovery of these
missing pieces.

First, we have studied performance in rational numbers and proportional reasoning among stu-
dents taught by master mathematics teachers who have been rarely studied at such a scale before.
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Drawing on data from children taught by master teachers, the study has gained insight into the extent
to which children’s competence in these challenging topics of school mathematics can be nurtured
when quality teaching is readily available. Systematic research into the nature of mathematics learn-
ing in master teachers’ classes has shed light on the kind of learning that master teachers can formu-
late and are likely to transfer into more teachers’ classrooms through PD, given their influence among
peers in China (Cravens & Wang, 2017; Fan et al., 2015; M. Zhang et al., 2021). Thus, in addition to
theoretical contribution, the study may inform mathematics teaching practice and teacher PD with
empirical evidence on learning.

Second, the improvement of learning in these topics cannot happen without explicitly locat-
ing learning difficulties and rationales behind such difficulties. This makes it important to study
both learning outcomes and reasoning processes of learners. With abundant studies looking at
the former, relatively few have also looked into the latter (Hart et al., 1981; Piaget et al., 1968;
Van Dooren et al., 2010) , but evidence is built more on qualitative data or data collected with
secondary schoolers. Seeking quantitative evidence with data from primary schoolers, the
current study has pushed the boundaries of research on the topics toward reasoning processes
at scale.

Third, the quality of research findings will be more informative to both research and practice if
the research design incorporates the latent class perspective. Indeed, latent classes have recently
emerged as aims for and means of systematically studying differences in mathematics perfor-
mance. Yet, such evidence has not been widely accumulated and is limited to either parts of
the topics (González-Forte et al., 2021) or teachers as participants (Izsák et al., 2010; Ölmez
& Izsák, 2021). More empirical work utilizing latent classes is needed to study the learning of
the topics (phenomena) as a connected whole among learners. Under the latent class framework,
indications of former research may be further scrutinized. One indication from existing research
is that those who failed on the topics are likely to choose additive over multiplicative strategies,
which is nevertheless seldom explored within and between latent classes of learners. The dearth
of such evidence lies in both quantitative and qualitative terms. The formation of such evidence
would make the improvement of learning more focused. Another indication from prior research
is that those performing better on the topics have profounder understanding of the connections
between fractions, division and ratios than others (Carpenter et al., 1993/2009; Freudenthal,
1983; Lamon, 2007). A latent class design offers opportunity to seek empirical underpinnings
for such an indication. The current study makes contribution to the field with respect to the
above methodological and theoretical issues.

Last but not least, the variation of learning on these topics needs to be studied more along two
important dimensions: gender and grades (years of schooling). Although variation of learning out-
comes between gender has been studied globally with mathematics as one subject (e.g., Kaiser &
Zhu, 2022; Zhu et al., 2018), it has not been sufficiently covered in research on rational numbers
and proportional reasoning. Grades are another dimension of variation that demands more evidence.
Such variation should ideally be studied with longitudinal data under an experimental design. In the
absence of such an ideal combination, the current study takes the cross-sectional approach, gaining
insights into the cognitive development of learners with differential years of schooling
(González-Forte et al., 2021).

6.2 Implications
Methodologically, the study goes beyond the otherwise stand-alone statistical methods and integrates
them with a clear purpose—to better serve the RQs, proving the practicality and benefit of doing so.
For research and practice, findings based on the current study and existing research indicate that pro-
found understanding should be cultivated among learners regarding the connections between
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fractions, ratios, division and multiplication as the inverse of division (Cai & Wang, 2006; Moseley
et al., 2007). Such connectedness allows learners to switch freely between different representations
(i.e., ab, a: b, a ÷ b, or a× 1

b, b ≠ 0) of relationships between quantities according to specific situations
(Freudenthal, 1983; Lamon, 2007). To cultivate deeper understanding of the topics among learners,
teachers may put more emphasis on the rational number being the relationship between two quantities
upon which the sense of the magnitude of any rational number should be built (Torbeyns et al., 2015).

6.3 Limitations
Albeit with rich and robust findings, the study has limitations. It is limited to cross-sectional data with
only two grades in primary schools included. The nature of cross-sectional data also means that the
study cannot draw absolute causal conclusions which would be better approached with an experimental
design. Alternatively, large-scale longitudinal studies following learners from primary through second-
ary schools could be potential for gaining deeper insight into the mechanism and trend of learner devel-
opment in this area of school mathematics. Though gender and grade have been taken into account,
results in the current study are mainly based on our attention to intrinsic mechanisms in children’s cog-
nition that lead to certain reasoning processes and results. Extrinsic factors, such as classroom teaching,
are not scrutinized and should be in the future, given recent evidence of positive teaching effects on
fraction learning among students with learning difficulties (S. Zhang et al., 2021).
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Appendix A

Table A1. An overview of 28 items utilized in the study with item examples.

Item

ID

Item ID in

CSMS Item description (simplified) CSMS level

Level

criteria

Booklet

inclusion

D01 D11c Write 11 tenths in decimals. 5 of 6 4/6 G5B

D02 D11d How many hundredths are there in four tenths? 5 of 6 4/6 G5B

D03 D12e How many numbers are there between 0.41 and 0.42? 6 of 6 3/4 G5A; G5B

D04 D14g 24 ÷ 20 6 of 6 3/4 G5A

D05 D14h 16 ÷ 20 6 of 6 3/4 G5A

D06 D18f 59 ÷ 190 is approximately __. 6 of 6 3/4 G5A

D07 D1b The number 2 in 521400 represents __. 5 of 6 4/6 G5B

F01 F1_20 Fraction of the floor tiled (9 of 24 equal parts). F1: 4of4 F1: 3/4 G5A; G5B;

G6F2_15 F2: 3of4 F2: 2/3

F02 F1_21a 3
5
of wages paid in tax. ⇒ __of wages left. F1: 2of4 7/10 G6

F03 F1_21b 3
5
of wages paid in tax and 1

10
on rent. ⇒ __of wages left. F1: 4of4 3/4 G6

F04 F1_23 Number of 11
4
cm long sticks that a 8 3

4
cm long stick can

be cut into.

F1: 4of4 3/4 G6

F05 F1_4b Shade 2
3
of a hexagon (of 6 equal parts). F1: 3of4 7/11 G5B

F06 F1_4c Shade 2
3
of an 8-like shape (of 6 equal parts). F1: 3of4 7/11 G5B

F07 F1_4d Shade 2
3
of an irregular shape (of 9 equal parts). F1: 3of4 7/11 G5B

F08 F1_16a Equivalent fraction: 2
7
= A

14
. F1: 3of4 7/11 G5B

F09 F1_16b Equivalent fraction: 2
7
= 10

Δ . F1: 4 of 4 F1: 3/4 G5B

F2_10b F2: 3 of 4 F2: 2/3

F10 F2_22 The length of a rectangle, given area 1
3
and width 3

5
. F2: 4of4 3/5 G6

F11 F2_27 Given a
b <

a
c , and a, b, and c are positive whole numbers.

Write the condition.

F2: 4of4 3/5 G5A; G5B;

G6

R01 R2d The 10 cm eel eats 2 cm fish fingers.⇒ The 25 cm eel eats

__ cm fish fingers.

2 of 4 3/5 G5A; G5B;

G6

R02 R2e The 15 cm eel eats 9 cm fish fingers.⇒ The 25 cm eel eats

__ cm fish fingers.

3 of 4 4/6 G5A; G5B;

G6

R03 R2f1 The 25 cm eel eats 10 cm fish fingers. ⇒ The 10 cm eel

eats __ cm fish fingers.

3 of 4 4/6 G5A; G5B;

G6

R04 R2f2 The 25 cm eel eats 10 cm fish fingers. ⇒ The 15 cm eel

eats __ cm fish fingers.

3 of 4 4/6 G5A; G5B;

G6

R05 R4b The length of a missing vertical line segment (2 : 3= __ : 5) 4 of 4 3/4 G6

R06 R5 Mr Short’s height= 6 paperclips (4 toothpicks). ⇒ Mr

Tall’s height= __ paperclips (6 toothpicks).

3 of 4 4/6 G5A; G5B;

G6

R07 R6a 1 (honey) : 5 (apple J), 3 (pear J) : 10 (apple J), and 8 (peach

J) : 15 (apple J). ⇒__(honey) : __(pear J).

N/A N/A G6

R08 R6b 1 (honey) : 5 (apple J), 3 (pear J) : 10 (apple J), and 8 (peach

J) : 15 (apple J). ⇒__(peach J) : __(pear J).

4 of 4 3/4 G6

R09 R7a Length of RS in the big K (8 : 12= 9 : __). 4 of 4 3/4 G6

R10 R7b Length of DE in the small K (8 : 12= __ : 18). 4 of 4 3/4 G6

Note. CSMS=Concept in Secondary Mathematics and Science; D= decimals; F= fractions; R= ratios and proportions;

G5A= test for fifth graders in Anhui province; G5B= test for fifth graders in four other provinces; G6= sixth graders in all

five provinces, that is, Anhui, Beijing, Jiangsu, Jiangxi, and Tianjin; J= Juice.

Source: Hart et al. (1985a, 1985b); with reuse permission from the ICCAMS project PI.
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Source: Hart et al. (1985a, 1985b); with reuse permission from the ICCAMS project PI.
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Appendix B.

Constant multiplicative loops in the four eel-feeding items.
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