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Abstract.

This paper proposes a novel bistable energy harvester coupled with a nonlinear elastic
boundary (BEH-NB) to enhance energy harvesting performance. The analytical model
of BEH-NB is derived and verified experimentally. Then the performance of the bistable
energy harvester with different boundary conditions is investigated, including the
bistable energy harvester with linear elastic boundary (BEH-LB), the bistable energy
harvester without elastic boundary (BEH), and a linear energy harvester (LEH). The
compared results show that the performance of BEH-NB is better than that of its
counterparts. Results of the studied case show that the average power of BEH-NB can
be improved by 42.05%, and the operational bandwidth is significantly widened by
93.18%, which is highly beneficial for energy harvesting. To identify the optimal
parameters set for energy harvesting from ambient excitation, bifurcation analyses are
performed. It is found that small changes in parameters can profoundly alter the system’s
steady-state response. The initial conditions also have a significant effect on the type of
the system’s response. Therefore, the basin of attraction of BEH-NB is calculated to

reveal the influence of the initial conditions and to quantify the occurrence probability



of the different types of motion. The results of this paper provide a novel perspective in
the structural design of the system and offer a practical application design guidelines to

improve the system’s performance.
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1. Introduction

Harvesting ambient vibration energy has attracted great attention in recent decades due to
its environmentally friendly nature and sustainability. It can convert the ambient vibration
energy into electrical energy for electronic devices [1-4]. There are several transduction
mechanisms, such as electromagnetic [5-7], piezoelectric [8-10], and electrostatic [11]. Many
technologies and concepts related to vibration energy harvesters (VEH) have been proposed
due to their great potential and a wide range of applications [12,13]. A primitive energy
harvester is based on a linear structure for absorbing energy of ambient vibration. It is effective
only within a narrow bandwidth close to the resonant frequency, whereas the ambient vibration
frequency range is often rather wide. Thus, a number of practical application scenarios for linear
energy harvesters is very limited. Therefore, energy harvesters with wider resonance
bandwidths are in great demand.

To broaden the effective bandwidth, nonlinearity has been introduced into the design of
energy harvesters, including inter alia bistable nonlinearity [14-21], tristable nonlinearity [22-
26], and quad-stable nonlinearity [27,28], etc., which have also been widely used in vibration
isolation [29-34]. Zhou et al. [16] proposed a bistable nonlinear energy harvester, and
experimental results demonstrate that the bistable nonlinearity can significantly improve the
energy harvesting performance. Hou et al. [17] designed a bistable energy harvester that uses
the change of a spring torque direction. They experimentally demonstrated that the bistable
structure exhibited an increase in operational bandwidth and an improvement in output power.
Li et al. [18] conducted a comprehensive study of the dynamic responses of the bistable energy
harvester under filtered band-limited stochastic excitation. Results indicate that the bistable
energy harvester can notably enhance energy harvesting performance. Lan and Qin [19]

proposed a novel bistable energy harvester by adding a small magnet in the middle of the two



fixed magnets. It is proved that the performance of the bistable energy harvester is improved
by adding an additional magnet to reduce potential barriers. Apart from the study of bistable
energy harvesters, the tristable and quad-stable energy harvesters have also been studied
recently. Sun et al. [23] proposed a novel tristable energy harvester and obtain the
corresponding bistable state and monostable state by varying the magnet distance. The results
showed that the output performance under the bistable state is better than that under the tristable
state when the excitation is small, while the output performance under the tristable state is better
than that under the bistable state when the excitation is large enough. The latest developments
in multistable energy harvesting systems can be consulted in [35-37]. It is seen that achieving
multiple stable equilibrium points for energy harvesters, such as tristable, quad-stable
equilibrium points, requires high complexity of the structural design. On the other hand, the
current design is hard to arbitrarily specify the coordinates of multiple equilibrium points,
which is not conducive to optimizing the performance of the energy harvester. Therefore, the
bistable energy harvester is the most representative one.

To improve the performance of bistable energy harvester, combing the multi-degree-of-
freedom (multi-DOF) is a promising way to achieve higher energy harvesting performance.
Recent studies have shown that multi-DOF may introduce new dynamic behaviors and thus
improve the performance of energy harvester [18,38-44]. Harne et al. [38] comprehensively
investigated the dynamics of the bistable energy harvester appended a degree of freedom. They
found experimentally that the additional DOF can motivate a beneficial snap-through motion.
This demonstrated that combining multi-DOF is a practicable way to enhance energy harvesting
performance. Fan et al. [39] presented a 2DOF wideband energy harvester with magnetic
coupling effect, which can reduce the potential barrier and effectively broaden the operational
bandwidth. Nguyen et al. [40] indicated that the operational bandwidth of the 2DOF energy
harvester can be doubled compare to a single-DOF energy harvester under reasonably strong
intensity excitation. Due to the frequency distribution of ambient vibration being relatively
wide, a larger operational bandwidth implicates better energy harvesting performance. This
illustrates that the multi-DOF energy harvester has strong flexibility and environmental

adaptability and can be applied to diverse scenarios.



Furthermore, some researchers have attempted to improve performance of energy
harvesters by changing the boundary conditions through bio-inspiration [45-49]. Harne and
Wang [46] designed a similar bistable structure with elastic boundary inspired by the skeleton
of dipteran wings to implement a flapping wing mechanism. The research results show that the
bistable oscillator with elastic boundary can achieve larger vibration amplitude under certain
harmonic excitation, which also implies better energy harvesting performance. Zhang et al. [47]
proposed an electromagnetic bistable energy harvester with linear elastic boundary (BEH-LB).
The bistable energy harvester without elastic boundary (BEH) as a counterpart. It is found that
the vertically attached linear elastic boundary helps to reduce the potential barrier and enhance
the inter-well response.

The previous literature on bistable energy harvesters with linear elastic boundary
corroborated the superiority of coupled dynamics due to bistable nonlinearity and linear elastic
boundary [47]. It is noteworthy that the linear elastic boundary is a functional structure to
enhance the snap-through oscillation of the bistable oscillator. But there is some defect that the
the stiffness of the linear elastic boundary diminishes the bistability of the bistable oscillator.
This limits the performance of the oscillator to exhibit large snap-through oscillations. However,
the energy harvester with a nonlinear elastic boundary may be a viable technical path. This will
potentially improve the energy harvesting performance by combining two nonlinear dynamic
properties. Therefore, due to the wide application potential in low frequency energy harvesting,
this paper proposes a novel bistable energy harvester with a nonlinear elastic boundary (BEH-
NB), which is proposed and unexplored. To shed light on the beneficial effects of the
nonlinear elastic boundary on targeted energy conversion from the excited nonlinear oscillator.
This paper will compare the performance of the energy harvesters with different boundary
conditions. Then, in order to deeply understand the nonlinear features of the BEH-NB, this
paper will comprehensively investigate the dynamics of BEH-NB, which also provides a guide
for the application of the BEH-NB.

The rest of this paper is organized as follows. In section 2, the analytical model of the
BEH-NB is formulated. In section 3, experiments are carried out to validate the analytical
model. In section 4, the performance of BEH-NB and its counterparts are contrasted. Section 5

performs bifurcation analyses to reveal the nonlinear behaviors of the BEH-NB. Section 6 sheds



light on the influence of the initial conditions on the responses of the BEH-NB, where the
probability of occurrence of different steady-state response is also shown. Finally, Section 7

presents the main conclusions of this paper.

2. Analytical modeling of the BEH-NB

A structural model of a bistable electromagnetic energy harvester with a nonlinear elastic
boundary (BEH-NB) is proposed as shown in Fig. 1, which consists of a stator, a horizontal
oscillator, an inclined spring, and an adjustable nonlinear elastic boundary. The stator is a frame
including a linear sliding chute with coils, which are connected to the resistor R. The horizontal
oscillator m; is an embedded permanent magnet and a hinge fixed to it. The m, slides on the
linear sliding chute with the linear damping constant c¢;. The m; will convert the vibration
energy into electric energy through an electromagnetic mechanism, which will be consumed by
the resistor R. The inclined spring is a linear spring with stiffness k; having undeformed
length [;. The adjustable nonlinear elastic boundary consists of a vertical oscillator m,, a
vertical linear spring with stiffness k, having undeformed length [, and two horizontal linear
springs with same stiffness k3 having undeformed length I3. The vertical oscillator m,
slides on the vertical sliding chute with the linear damping coefficient c¢,. One end of the
inclined spring suspends m,, while the opposing end connects to m,. The vertical distance
from m, to my is h, where h <l;. As a result, the inclined spring is compressed at the
centerline position, thus forcing the oscillator to move away from the centerline and stop at two
stable equilibrium positions symmetrical about the centerline, i.¢., the bistable nonlinearity. The
BEH-NB is excited through base excitation Z, x is the relative displacement of m; to the
centerline and positive to the right, y 1is the relative displacement of m, to the initial position,

where k, is stretched, i.e., myg/k,.
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Fig. 1 Schematic diagram of the BEH-NB.

The kinetic energy of the BEH-NB is given as
1 L 1 _
T=§m1(x+z)2+§m2(y+z)2 (D)
where the operator ( ' ) denotes the derivative to the time 7, 7 is the base acceleration

excitation given by Z = —Acos({2t) with (2 being the frequency of the excitations.

The potential energy of the BEH-NB is given as

1 2 1 /myg 2 2
U =5k (V=57 427~ 1) + 3k (0 ) +k3</y2+l§—13) ~mygy ()

The dissipation function of the BEH-NB is given as

1 1
D= Eclx2 + Eczy2 3

By applying the Euler-Lagrange principle and the Kirchhoft’s law, the equations of BEH-NB

subjected to the base acceleration excitation can be written as

. ly . .
myX + kqx <1 — ey y)2> +cx =-mZ—Cec (4a)
. l3 Ly .
myy + koy + 2ksy| 1l - ——=|—ki(h—y) |1 — +c,y=0 (4b)
12 4+ y2 Vx2+ (h—y)?
Lo¢ + Rc = C,x (4c)

where ¢ is the current flow through the resistance R. L, is the inductance of the
electromagnetic converter. C, is the electromagnetic coupling constant.

To better facilitate the exploration of the original physical meaning of the equation,



introducing dimensionless variables and parameters: X = x/l;, Y =y/h, w, = ki/mq,

Wy =+ ky/my, w3 =\ks/my, A=my/my, uy =ki/ky, Uy =ky/ks, 1y =h/l, Ny =
h/lz, @1 =c1/mwy, @; = c3/Mywy, @ =R/wy, t =wT, I =c/cy, P = p/lla)f, p=
Ceco/m1l1w%’ 0 =R/L,w,, € = Ccly/Lecy.

The dimensionless equations of BEH-NB are

1
X" +X (1 — > + @1 X' = Pcos(wt) — pl (5a)
VX2 + 921 -Y)?
Y' + A Y+ 2 A Y <1 ! > A(1-Y) <1 > + @,Y' = 0(5b)
J— J— — = — — Q =
Ha Ha V1+n3y? Jxrenpia-ve)

I'+ 01 = &X' (5¢)
where the operator ()’ is the derivative with respect to dimensionless time t.

3. Experiment validation of the model

3.1 Experimental setup

Before conducting an insightful investigation of the BEH-NB dynamics, the analytical
model of BEH-NB should be validated. Therefore, the experiments are conducted to validate
the dynamic response of the BEH-NB under the swept harmonic excitation in this section. The
experimental prototype of the BEH-NB was manufactured as shown in Fig. 2(a-c) and the
flowchart of the experimental procedure is shown in Fig. 2(d). The prototype is mounted on a
shaker. The shaker can generate an excitation according to the designated signal input from the
controller, which is used to excite the prototype. The swept harmonic acceleration excitation
from 1 Hz to 10 Hz at a rate of 0.025 Hz/s is employed in this section. Two accelerometers
are used to acquire the vibration acceleration of the horizontal oscillator m; and the shaker,
respectively. The dynamic response of BEH-NB can be calculated from the acquired vibration
acceleration data. The approximate values of the structural parameters of the prototype are
presented in Table 1. It is worth noting that the damping constants c¢; and c, are estimated
through parameter identification.

Table 1

Parameters of the experimental setup.



Parameter Value

The horizontal oscillator m, 0.684 kg
The vertical oscillator m, 0.327 kg
The inclined spring stiffness k; 1045 N/m
The vertical linear spring stiffness k, 1020 N/m
The horizontal linear spring stiffness k3 980 N/m
The inclined spring length [, 0.08 m
The vertical linear spring length 1, 0.07 m
The horizontal linear spring length I; 0.04 m
The initial height h 0.076 m
The damping constant ¢, 1.9 Ns/m
The damping constant c, 1.1 Ns/m

(a)

(d)
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Fig. 2 The experimental prototype of BEH-NB: (a) aerial view; (b) front view; (c) lateral view; and (d)

the flowchart of the experimental procedure.

3.1 Results

Figs. 3(a) and (c) show the experimental and numerical results of the acceleration envelope
of the BEH-NB under the forward swept harmonic excitation with A = [2.77,3.37] m/s?. Figs.
3(b) and (d) show the backward swept harmonic excitation with A = [2.77,3.37] m/s2. From
the comparison of the results, it can be found that the forward swept harmonic excitation can
excite greater acceleration amplitude than backward swept harmonic excitation under the same

excitation amplitude, which is similar to the phenomenon of the bistable system [35]. It can be



seen that the experimental results and the numerical results are in good agreement. A slight
discrepancy is also spotted, which could be caused by the accuracy of the accelerometers and
the measurement errors of the parameters. On the whole, the analytical model fidelity of the
BEH-NB is verified by the experiments. This will guarantee the accuracy and reliability of the

subsequent studies.
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Fig. 3 The experimental and numerical results of the acceleration envelope of the BEH-NB subjected to
(2)(c) the forward swept excitation with amplitude A = 2.77 m/s? and A = 3.37 m/s?, respectively;
(b)(d) the backward swept excitation with amplitude A = 2.77 m/s? and A = 3.37 m/s?,
respectively.

4. Performance comparison

To reveal the merits of the BEH-NB, the governing equations of the BEH-LB, the BEH,
and a linear energy harvester (LEH) are established for comparison purpose. This section
comparatively investigates the displacement and the velocity of the BEH-NB and its
counterparts. In this way, it confirms whether the BEH-NB has potential research significance

and application value. It also ensures that the subsequent studies are feasible and practically



meaningful.

4.1 Counterparts modeling

The governing equations of the BEH-LB are

; L : ,
myX + kqx (1 — o y)2> +cx =-mZ—Cec (6a)
i+ koy — ky(h—y) 1 h =0 6b
myy + kyy —ky(h—y - 1 (hey)? tcy= (6b)
Le¢ + Rc = Cox (6¢)
The governing equations of the BEH are
e L S ,
mX +kx(1— PR +cx =-mZ—Cec (7a)
F, =k (1 h ) (7b)
= X _——
" ! Vx? + h?
Le¢ + Rc = Cox (7b)

where the F, is the nonlinear restoring force.

The LEH is derived from the linearization of the BEH. When the BEH undergoes a small
base acceleration excitation, the bistable nonlinearity of the BEH can be neglected, so that its
response is almost identical to its linearized counterpart. Mass m; will oscillate around one of
two stable equilibrium points. Its response can be expressed by Ax = x — x,, where Ax is the
new displacement variable with its origin at the equilibrium point x,. The governing equation
of the LEH can be expanded by using the Taylor series of the nonlinear restoring force F, at
equilibrium point and omitting the high order terms. The linear restoring force therewith be

obtained as F; = k;(1 — h?/1?)Ax. Thus, the governing equations of the LEH are

. h? .
myAx + k,Ax (1 - l_2> + c;Ax = —myZ (8a)
1

L.¢ + Rc = C,Ax (8b)
4.2 Comparison results

A comparative study of the performance of the four types of energy harvesters is conducted.

Numerical results are obtained based on the derived governing equations using the 4th order



Runge-Kutta algorithm. In the following simulations, the parameters are set as: [; = 0.08 m,
I3 =0.04m, k; =2000N/m, k, =2000N/m, k3 =2000N/m, m; =0.2kg, m, =

0.05kg, ¢, =0.1Ns/m, ¢, =0.1Ns/m, h=0.072m, C,=08Tm, R=10Q, L,

0.005 H. The equilibrium point is x, = £0.0349 m, y, = 0 m. The initial conditions of the
four types of energy harvesters are set at the stationary state, where the initial position of the
LEH is Ax = Om. The excitation used in this section is forward swept harmonic acceleration
excitation in 0 — 10 Hz at a rate of 0.025 Hz/s. The parameters used in the subsequent study
remain the same unless otherwise stated. It is worth noting that for energy harvesters, a larger
displacement and a larger velocity represent better performance. To make it clear, the power
(i.e., P(t) = c%(t) * R) is calculated, respectively.

Fig. 4 shows the displacement, velocity, and power for BEH-NB, BEH-LB, BEH, and
LEH under swept harmonic acceleration excitation with amplitude A = 4 m/s?. It is clear that
velocity and power are positively correlated. It can be seen that LEH can exhibit large
oscillation only around the resonant frequency of 7 Hz. That means the operational bandwidth
of LEH is very narrow and relatively small displacement and velocity can be achieve by LEH
at frequencies away from the resonance. BEH can cross the potential energy barrier to produce
inter-well oscillation (i.e., snap-through motion) only at the frequency of 5.8 — 6.1 Hz, and the
rest of the cases are intra-well oscillations. BEH-LB can complete inter-well oscillations only
around 2.4 Hz and in the frequency of 3.8 — 6.8 Hz. The rest of the cases are intra-well
oscillations. Neither BEH nor BEH-LB can yield large velocities. BEH-NB obviously has a
larger resonance region i.e., a larger operational bandwidth, and correspondingly a larger
oscillation displacement and velocity. Only the BEH-NB behaves as an inter-well oscillation
when the frequency exceeds 7.3 Hz, which is unique from the other three types of energy

harvesters.
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Fig. 4 (a) Displacement, (b) velocity, and (c) power for BEH-NB, BEH-LB, BEH, and LEH under
swept harmonic acceleration excitation with amplitude A = 4 m/s?.

Fig. 5 shows the displacement, velocity, and power for BEH-NB, BEH-LB, BEH, and
LEH under swept harmonic acceleration excitation with amplitude A = 6 m/s?. It can be seen
that when the excitation amplitude increases, the displacement and the velocity of oscillation
also increase. Specifically, the LEH can only grow linearly with the external input energy
around the resonant frequency. This indicates that LEH has a narrow operational bandwidth and
poor environmental adaptation and robustness in practical applications. The inter-well
oscillation frequency of BEH increases from 5.8 — 6.1 Hz at A =4 m/s? to 5.4 — 6.3 Hz
at A = 6 m/s?. BEH-LB and BEH-NB can cross the potential barrier at a lower frequency (i.e.,
1.5 Hz) to achieve the inter-well oscillation. BEH-LB cannot sustainably cross the potential
barrier and turns back to intra-well oscillation (i.e., 2.3 — 3.4 Hz). The second resonance
region is excited between 3.4 — 7 Hz to achieve the inter-well oscillation. The BEH-NB is
able to maintain the inter-well oscillation after 1.5 Hz. It has a larger operational bandwidth
and oscillation velocity. The comparison results show a large performance disparity between
LEH and BEH compared to BEH-LB and BEH-NB. In other words, the additional coupled
dynamical effect of the elastic boundary to the bistable energy harvester improves the

performance of the system. Meanwhile, BEH-NB has better performance and robustness.
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Fig. 5 (a) Displacement, (b) velocity, and (c) power for BEH-NB, BEH-LB, BEH, and LEH under
swept harmonic acceleration excitation with amplitude A = 6 m/s?.

In order to gain a deeper understanding of the performance of the bistable energy harvester
with different elastic boundaries, the maximum displacement and maximum velocity of BEH-
NB and BEH-LB are tested under forward swept harmonic acceleration excitation with
amplitude A = 0.5 — 10 m/s?. The average power (i.e., E[P(t)] = E[c?(t)] *R) is also

calculated, respectively. As shown in Fig. 6(a) and (b), when A < 1 m/s?, BEH-NB and BEH-



LB cannot cross the potential barrier and exhibit the intra-well oscillation. When A > 1 m/s?,
both can achieve inter-well oscillation. From the other perspective, the maximum displacement
and maximum velocity of both are basically the same when A < 4 m/s?, which indicates the
performance of both is not much different. However, BEH-NB can achieve larger displacement
and velocity than BEH-LB when A > 4 m/s?, leading to greater average power. It can be seen
from Fig. 6(c) that the average power and the velocity have the same trend. This is consistent
with the definition of dynamic electromotive force. Moreover, BEH-NB outperforms BEH-LB

under the same excitation amplitude.

0.16 10

n

(o  BEH-NB oo (b)os  BEH-NB [ e BEHNB
om BEH-LB . o=  BEH-LB = BEH-LB
0.14 Filled  Inter-well oscillation 8 Filled Inter-well oscillation ee o

i

Unfilled Intra-well oscillation Unfilled Intra-well oscillation

¥

a
o

o

Max velocity (m/s)
Average power (W)
.

ES
ue
e
ue
.
.

 0.08

Max Displacement (m)

0.06

. .
ce®?® goesee®

0.04L2 0 ol Al
01 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 67 8 910 01 2 3 4 5 6 7 8 9 10
Amplitude (m/s“)

Amplitude (ms‘sz) ’ /\lnplitll;ic (m/s?)
p!

Fig. 6 Envelope of (a) displacement and (b) velocity and (c) average power for BEH-NB and BEH-LB
under swept harmonic acceleration excitation with amplitude A = 0.5 — 10 m/s2, respectively.

From the above analysis, it can be seen that the operational bandwidth of LEH is narrow,
which indicates that the LEH can only be effective near its intrinsic frequency. Furthermore,
the system performance decreases sharply when the excitation frequency deviates from the
intrinsic frequency. The bistable nonlinearity brings BEH, BEH-LB, and BEH-NB wider
operational bandwidths and improves the performance of the system. With a lower snap-
through threshold, the elastic boundary can further enhance the harvest performance. However,
BEH-NB can achieve a larger amplitude inter-well oscillation with the same excitation
amplitude. Meanwhile, better performance and robustness of the system can be achieved.
Overall, due to the bistable nonlinearity, the bistable energy harvesters have a larger operational
bandwidth. The coupling elastic boundary brings an additional dynamic coupling effect to the
bistable energy harvester further improving the output performance, while the nonlinear elastic
boundary enables the bistable energy harvester to perform better than the one with linear elastic
boundary. This high-performing BEH-NB, therefore, has a more widespread application

scenario.



5. Bifurcation analyses

The bifurcation indicates a qualitative change in a system behavior due to an
infinitesimally small change in bifurcation parameter, whether internal or external to the system.
Therefore, it is necessary to perform bifurcation analyses to understand the nonlinear vibration
characteristics of the BEH-NB. This section investigates the bifurcation of the BEH-NB in
terms of inclined spring stiffness k;, horizontal oscillator m,, stiffness ratio p;, and mass
ratio A . The excitation parameters are set as A =6 m/s? and 2 =5Hz. The initial
conditions of the oscillator are set at one of the static equilibrium points (i.e., [X¢, Ve, X, V] =
[0.0349, 0, 0,0]). Phase diagrams and Poincaré sections are employed to reveal more clearly
the effect of the above parameter variations on the nonlinear dynamic response. Poincaré
section is the plot formed by the intersection of the motion trajectory and the plane set by the
motion period. The black dots in the following figures denote Poincaré section. In the meantime,
the effect of the initial conditions of BEH-NB on the steady-state response is investigated. The
two sets of the initial conditions are selected. The first one is kept consistent with the initial
conditions of the bifurcation diagram, which are static initial conditions. The other one is set to
random initial conditions, that is, the position and the velocity of oscillators are randomly
picked. Here, one thing that should be noted is that the stroboscopic time 1/ for the excited

system is adopted in both the bifurcation diagrams, phase diagrams, and Poincaré sections.

5.1 Bifurcation characteristics of the structural parameters

Fig. 7(a) shows the bifurcation diagram of BEH-NB with respect to inclined spring
stiffness k; versus the horizontal oscillator m, displacement x. The k; ranges from 50 —
30000 N/m in steps of 10 N/m. It can be seen that k; plays a decisive role in the steady-
state response of BEH-NB, which contributes directly to the efficiency of energy harvesting.
As the results of the bifurcation diagram, an excessively small k; prevents m; crossing the
potential barrier, but helps to maintain the intra-well oscillation. With the gradual increase of
k4, the steady-state response starts to bifurcate and exhibits more abundant nonlinear dynamic
phenomena like chaos. Later on, the system bifurcates into intra-well oscillation when

698 N/m < k; <1166 N/m. As k; exceeds 1168 N/m, the response bifurcates into



chaotic inter-well oscillation again. The phase diagrams and Poincaré sections at the initial
conditions of the stationary state and random state are presented in Figs. 7(b)-(g). It can be
observed that the initial conditions have a crucial influence on the steady-state response,
displacement amplitude, and velocity. Figs. 7(b-d) demonstrate a suitable k; can amplify the
displacement amplitude and velocity, which will significantly improve the energy harvesting
performance. The random initial conditions therewith are selected as shown in Figs. 7(e-g). The
BEH-NB presents a completely distinct steady-state response from that in which the static
initial conditions are selected. It leads to larger displacement and velocity than those at static

initial conditions in Figs. 7(b-d).
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Fig. 7 (a) Bifurcation diagram of the inclined spring stiffness k; versus the displacement x. (b-g)

Phase diagrams and Poincar¢ sections under different k; and different initial conditions.

The bifurcation diagram of BEH-NB with respect to the horizontal oscillator m, versus
the horizontal oscillator m, displacement x is shown in Fig. 8(a). m; = 0.01 — 5 kg with
an interval of 0.01 kg. Similarly, it can be seen that a too small value of m; will result in the
BEH-NB only producing inefficient intra-well oscillation as shown in Fig. 8(b). According to
the law of kinetic energy, it is known that when m, is small enough, this means that the kinetic
energy stored by m, is also small, so this will lead to m; not reaching the potential energy
threshold to achieve favorable large amplitude inter-well oscillation. With the increase of m,
BEH-NB goes through intra-well oscillations, chaotic inter-well oscillations, periodic inter-well
oscillations, and finally bifurcates into quasi-periodic intra-well oscillations. It is evident that
the selection of a suitable m, value is beneficial to excite efficient inter-well oscillation. For
example, comparing Figs. 8(c) and (f), the BEH-NB achieves chaotic inter-well oscillation

under static initial conditions. By changing to the random initial conditions, it exhibits



completely different nonlinear dynamical phenomena from static initial conditions. BEH-NB
achieves periodic inter-well oscillation, which manifests a greater displacement amplitude and
velocity. A similar phenomenon occurs when m; = 1 kg in Figs. 8(d) and (g), where BEH-
NB is excited at the static initial conditions to produce quasi intra-well oscillation into a quasi-
periodic inter-well oscillation when excited in the random initial conditions. However, Figs.
8(b) and (e) shows that changes in the initial conditions may not necessarily change the type of

response either.
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Fig. 8 (a) Bifurcation diagram of the horizontal oscillator m; versus the displacement x. (b-g) Phase

diagrams and Poincaré sections under different m, and different initial conditions.

Dimensionless parameters study is also crucial. Fig. 9(a) shows the bifurcation diagram of
BEH-NB with respect to the stiffness ratio p; versus the dimensionless displacement X. The
uq ranges from 0.1 — 15 insteps of 0.02. To illustrate more prominently, Figs. 9(b)-(g) show
three representative sets of stiffness ratio’s Phase diagrams and Poincaré sections. It is seen that
when p; = 0.1, the BEH-NB is only able to do intra-well oscillation near either of two
equilibrium points. Then as p; increases, the BEH-NB can overcome the potential barrier to
the inter-well oscillations. At the same time, the displacement amplitude and the velocity are
also increasing. This represents better energy harvesting performance. However, as
continues to increase, for example p; = 15, the displacement amplitude and the velocity are
reduced by an order of magnitude. Therefore, it can be found that p; has a certain range that
is favorable for performance. Exceeding this range or being less than this range will lead to the

degradation of the performance.
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Fig. 9 (a) Bifurcation diagram of the stiffness ratio f; versus the dimensionless displacement X. (b-g)

Phase diagrams and Poincaré sections under different p; and different initial conditions.

The bifurcation diagram of BEH-NB with respect to the mass ratio A versus the
dimensionless displacement X is shown in Fig. 10(a). A = 0.01 — 15 with an interval of
0.02. It is obvious to see that chaotic inter-well oscillation is the dominant steady-state response
of the system. This seems to indicates that the susceptibility of the steady-state response to mass
ratio is comparatively low. With delve into 4 in more detail, it was found that the system
performance is poorer when A is relatively small, as shown in Figs. 10(b)-(g). Hence, in order
to obtain a higher energy harvesting efficiency, particularly small A should be avoided. More

attention can be paid to the selection of the appropriate m; during the structural design.
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Fig. 10 (a) Bifurcation diagram of the mass ratio A versus the dimensionless displacement X. (b-g)

Phase diagrams and Poincaré sections under different A and different initial conditions.

5.2 Bifurcation characteristics of the excitation parameters

Besides the structural parameters, different excitation parameters will profoundly
influence the steady-state response of BEH-NB. Therefore, this section is devoted to discussing

the fundamental excitation parameters in terms of excitation frequency (2 and excitation



amplitude A on the bifurcation characteristics of the system.

In Fig. 11(a), the bifurcation diagram of BEH-NB with respect to excitation frequency {2
versus the horizontal oscillator m; displacement x is shown, for 2 = 0.1 — 10 Hz with the
step of 0.01 Hz. The two resonant regions of BEH-NB can be seen in Fig. 11(a). As 2
increases, the steady-state response of the system undergoes intra-well oscillation, chaotic inter-
well oscillations, and periodic inter-well oscillations. Figs. 11(b)-(g) show three representative
results. As can be seen in Figs. 11(c) and (f), different initial conditions may change the steady-
state response of the system. For instance, the dynamic response can change from inefficient
small-amplitude intra-well oscillation at static initial conditions to efficient large-amplitude
inter-well oscillation at random initial conditions when (2 = 6 Hz. However, when 2 = 10 Hz,
the response of the system remains unchanged when the initial conditions are changed. This
means that it is difficult to excite the inter-well oscillation far from the resonant frequency.
Sometimes changing the initial conditions does not affect the steady-state response, which
reflects the stochastic dependence and uncertainty of the nonlinear system on the initial
conditions. There are some interesting phenomena shown in Figs. 11(b), (e), and (f), called
chaos in dissipative systems, where two strange attractors are clearly distinguished in the phase
diagram. This phenomenon is not existing in the conservative system. The m; will move
randomly in a chaotic manner around the two strange attractors but within a clear boundary. In
general, the BEH-NB is more likely to resonate near its eigenfrequency, producing efficient
inter-well oscillation. It is difficult to realize inter-well oscillation and the performance of BEH-
NB is extremely curtailed when ) is far from the characteristic frequency of the system.
Therefore, in practical application, the system parameters should be modified according to the
application scenario so that the eigenfrequency is close to the ambient frequency. This will

greatly boost the performance of the energy harvester.
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Fig. 11 (a) Bifurcation diagram of the excitation frequency (2 versus the displacement x. (b-g) Phase

diagrams and Poincaré sections under different (2 and different initial conditions.

Fig. 12(a) is a bifurcation diagram of BEH-NB with respect to the excitation amplitude A
versus the displacement x. The range of A is 0.1 — 10 m/s? in steps of 0.1 m/s?. When A
is small, the energy obtained by m; is less than the threshold value, which is insufficient for
BEH-NB to overcome the potential barrier. The system therewith exhibits a small amplitude
intra-well motion. As A increases, the external input energy increases and the steady-state
response begins to behave as chaotic inter-well oscillation. When A is further increased, the
steady-state response changes to a stable large-amplitude periodic inter-well oscillation, which
means higher efficiency of energy harvesting. Two strange attractors are also observed in Fig.
12(c), where the steady-state response can change to a larger amplitude periodic inter-well
oscillation when the initial conditions changes to random initial conditions, as shown in Fig.
12(f). In general, too small A prevents the BEH-NB from exciting inter-well oscillation. As A
increases, the system is more likely to overcome the potential barrier to achieving inter-well
oscillation, which also amplifies the energy harvesting efficiency. However, the system reaches
saturation and the energy harvesting efficiency does not increase further when A reaches a
certain value.
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Fig. 12 (a) Bifurcation diagram of the excitation amplitude A versus the displacement x. (b-g) Phase

diagrams and Poincaré sections under different A and different initial conditions.

6. Basin of attraction

The above study found that the dynamics of the system can be sensitively dependent on
the initial conditions. Once the parameters of the system are kept constant, the initial conditions
become the most important factor in determining the steady-state response of the system and
the performance of energy harvesting. Therefore, this section focused on the basin of attraction
of BEH-NB. The basins of attraction are computed to investigate the steady-state dynamic
behavior of the system under a set of given initial conditions. Multiple excitation frequencies
0 =[1,10] Hz with the step of 1 Hz are selected, and the range is set to [—0.06,0.06] m X
[-1,1] m/s, including 201 X 201 equidistantly different initial conditions. When m; is
excited from these different initial conditions, it will eventually generate intra-well oscillation,
periodic inter-well oscillation, and chaotic inter-well oscillation, respectively. In the basins of
attraction in this section, blue, red, and yellow represent intra-well oscillation, periodic inter-
well oscillation, and chaotic inter-well oscillation, respectively. The width of the wells indicated
by black lines to make it easier to see if the different steady-state response are lies on or close
to these boundaries. It is worth noting that snap-through motions come with high energy

harvesting efficiency regardless of the type of inter-well oscillations.

6.1 Sensitivity study of BEH-NB to initial conditions

Fig. 13 shows the basins of attraction of the BEH-NB at the excitation amplitude A =
3 m/s?. It can be seen that the blue "teardrop" appeared around the strange attractor, which
means that the steady-state response from the static equilibrium position and small velocity is
excited with a high probability of intra-well oscillation. As the frequency increases from 1 Hz
to 4 Hz, the system gradually changes from a large probability of intra-well oscillation to
chaotic inter-well oscillation. The probability of snap-through motions spiking to a maximum
when 2 =4Hz. As the frequency continues to increase, the probability of inter-well
oscillation decreases and then increases. The yellow "striped" region can be seen at 2 = 7 —
9 Hz, indicating that the steady-state response of the system is more likely to become chaotic

inter-well oscillation at larger initial velocities. This is because the fact that the initial kinetic



energy of the system can cross the potential barrier, while the smaller initial velocity makes the
initial kinetic energy of the system insufficient to sustainably break through the potential barrier,
i.e., it is possible to be excited with inter-well response under suitable initial conditions. When
) = 10 Hz, the steady-state response is almost covered by the blue, at which frequency the

probability of snap-through motion is rare and the intra-well motion is once again the dominant

dynamic response.
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Fig. 13 Basins of attraction of BEH-NB at A = 3 m/s?. (a) 2 = 1 Hz; (b) 2 = 2 Hz; (c) 2 =3 Hz;
(d) 2 =4Hz;(e) 2 =5Hz;(f) 2 =6Hz;(g) 2 =7Hz;(h) 2 =8Hz;(i) 2 =9Hz;(j) N =
10 Hz;

The basin of attraction map of BEH-NB at the excitation amplitude A =6 m/s? is
illustrated in Fig. 14. Comparison with Fig. 13 shows that the chaotic inter-well oscillation
represented in yellow occupies more frequencies on the basin of attraction map. The probability
of the snap-through motion is 100% at 2 = 2,4,5 Hz. These are the resonant frequencies of the
system. The probability of the snap-through motion of the system excited by this frequency is
increased considerably, which is also the optimal operational frequency for BEH-NB. As the
excitation frequency changes to higher frequencies, the system begins to be dominated by blue
"droplets" near the strange attractor again, i.e., the steady-state response exhibits a small
amplitude intra-well oscillation. Only with larger initial velocities can the potential barrier be
crossed to realize efficient snap-through motion. In other words, the resonant frequency of the
system should be ensured to be adjacent to the ambient excitation frequency. In a nutshell, there
are two ways to enhance energy harvesting performance. On the one hand, the system
parameters can be designed according to different application scenarios, so that the resonant
frequency of the system can be matched with the ambient excitation frequency. On the other

hand, giving the system a more favorable initial condition at the beginning. This will excite the



large amplitude snap-through motion to enhance the energy harvesting performance.
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Fig. 14 Basins of attraction of BEH-NB at A = 6 m/s?. (a) 2 = 1 Hz; (b) 2 = 2 Hz; (c) 2 = 3 Hz;
(d) 2 =4Hz;(e) 2 =5Hz;(f) 2 =6Hz;(g) 2 =7Hz;(h) 2 =8Hz;(i) 2 =9Hz;(j) N =
10 Hz;

6.2 Occurrence probability of different dynamic behaviors

The basins of attraction can provide an intuitive qualitative result for the different initial
conditions of BEH-NB. It is necessary to quantitatively analyze the occurrence probability of
the dynamical response of BEH-NB in each frequency domain to reveal the role of initial
conditions more clearly and specifically. Therefore, the occurrence probabilities of different
dynamic behaviors are investigated for 2 = 1 — 10 Hz, respectively.

The occurrence probabilities of different dynamic behaviors of BEH-NB at the excitation
amplitude A =3 m/s? and A = 6 m/s? are given in Figs. 15(a) and (b), respectively. It can
be intuitively found that the probability of snap-through motion is significantly higher when
A = 6 m/s?. This means that a larger excitation amplitude can enhance the performance of
BEH-NB. With the increase of excitation amplitude, the snap-through motion has the same
trend at different excitation frequencies. It is evident that the optimal operating frequency of
the system is {2 = 4 Hz, which can exhibit a snap-through motion probability close to 100% at
both frequency amplitudes. It can also be found that BEH-NB performs better at low
frequencies where the snap-through motion dominates the dynamic behaviors. The intra-well
oscillation gradually dominates the dynamic behavior as the frequency increases. In particular,
for small excitation amplitudes, the probability of efficient snap-through motion decreases
rapidly when (2 > 5 Hz. Increasing the external excitation amplitude can effectively boost the

energy harvesting performance.
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Fig. 15 Probability of different dynamic behaviors of BEH-NB at (a) A = 3 m/s?, (b) A = 6 m/s?.

7. Conclusions

This paper comprehensively investigates a novel bistable energy harvester coupled with a
nonlinear elastic boundary. The BEH-NB is modeled and experimentally verified. To validate
the advantages of the BEH-NB, the study performs the comparison of the BEH-NB, BEH-LB,
BEH, and LEH. Results comparison shows that the BEH-NB has a broader operational
bandwidth and better energy harvesting performance. The bifurcation analyses in terms of
inclined spring stiffness k;, horizontal oscillator mass m,, stiffness ratio y,, mass ratio 4,
excitation frequency (2, and excitation amplitude A are presented to reveal the characteristic
of BEH-NB. Furthermore, the basin of attraction and occurrence probability of BEH-NB are
explored to mutually reveal the influence of the initial condition and resonant frequency of the
system, which will guide practical application. It was found that higher external excitation
amplitude resulting in higher input energy, can effectively boost the energy harvesting
performance of the harvester. The results also indicate that the resonant frequency of the system
should be contiguous with the ambient excitation frequency. This can be achieved by designing

the system parameters according to different application scenarios.
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