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a b s t r a c t

Ground source heat pump systems, operating in conjunction with vertical ground heat exchangers, will
play a key role in decarbonising heating and cooling of buildings. Design of traditional borehole heat
exchangers relies on tools which implement routine analytical relationships between heat transferred
and the temperature change in the ground and circulating thermal fluid. However, for novel piled
foundations used as ground heat exchangers, there are few such analytical solutions available that are
practical for routine implementation. This paper examines the use of a radial approximation to simulate
the dynamic thermal behaviour of pile heat-exchangers. Originally developed for small diameter and
high aspect ratio borehole heat exchangers, the approach is more challenging for piles since unsteady
heat transfer within the pile material is more significant over typical timescales. Nonetheless, we
demonstrate that for pile diameters between 300 mm and 1200 mm, generally the error is <1 ◦C with
centrally placed heat transfer pipes or four or more pipes placed near the edge with circumferential
spacing less than 550 mm. The radial model is therefore practical for most pile configurations. The
strong performance of the model is demonstrated for a year of hypothetical heating and cooling cycles,
and also against a field-scale thermal response test.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The European Green Deal sets out a vision for a carbon neutral
U with net zero emissions by 2050.1,2 This will facilitate Euro-
ean states to achieve the commitments in the Paris Agreement.3
n the UK, the Committee on Climate Change has also recom-
ended an emissions target of achieving net-zero greenhouse
ases by 2050.4 This was subsequently passed into law (The
limate Change Act 2008 (2050 Target Amendment) Order, 2019),
aking it the first country with a legally binding net zero target.
ince heating and cooling of buildings accounts for up to 40% of
nergy use and 20% of emissions,5 this area must be prioritised for
hange. Carbon intensity of the UK electricity grid roughly halved
ince 2014.6 It is widely anticipated that electrification of heating
nd cooling using ground source heat pumps (GSHP) will be an
mportant part of the solution (e.g. Refs. 7, 8). However, current
arriers to heat pump use include their high capital costs and
nsufficient capability in the market for drilling the large quantity
f ground heat exchangers that will be required to be coupled to
he GSHP systems. For new construction, both these challenges
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can be addressed by achieving dual use of piled foundations as
both structural support and ground heat exchangers (GHEs). So
called ‘‘thermal piles’’ or ‘‘energy piles’’ have the pipes for the
primary thermal fluid circuit for the GSHP system embedded
within the pile concrete. This saves on capital costs (e.g. Ref. 9),
as well as the energy embodied in construction, and inevitably
places the ground-source heat exchanger close to the building
where it is needed.

Various arrangements of heat transfer pipes are engineered in
practice, typically relating to the underlying construction method
of the pile.10 Where large diameter rotary bored piles are used,
the heat transfer pipes are usually located on the pile steel re-
inforcement cage, which tends to be 50 mm or 75 mm from
the edge of the pile. Concrete is then poured into the pile with
the cage and pipes in situ. However, where piles are constructed
using a Continuous Flight Auger (CFA) method, the fluid pipes
tend to be located towards the centre of the pile, arranged around
a steel reinforcement bar for stability. This is because the steel
cage, which rarely needs to extend the full depth of the pile,
is placed after the concrete. Therefore, to obtain full depth pipe
installations, it is practical to plunge the pipes into the concrete
with an additional full depth steel bar. Both these arrangements
are summarised in Fig. 1 (parts a and b). Additional arrangements,
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Typical pile and pipe arrangements for 600 mm diameter (a) rotary bored
and (b) CFA type thermal piles, compared with (c) a 150 mm diameter borehole
heat exchanger drawn at the same scale, and (d) the Claesson–Javed Radial
Model applied for the pile geometries. rb is the radius of the concrete pile in
the ground and rpe is an equivalent radius for the simplified assumption of an
equivalent central pipe.
Source: Adapted from Refs. 21, 22

such as the use of the spiral coil heat exchanger are also some-
times used with piles (e.g. Refs. 11, 12). However, in the UK,
rotary and CFA types dominate. In all cases, these construction
differences give rise to different thermal response characteristics.

Thermal piles potentially offer higher heat transfer rates per
drilled metre than conventional borehole heat exchangers13 due
to the ability to include more pipes14 in the larger cross section
of the ground heat exchanger. They have also been shown to
offer good system energy efficiencies overall.15 However, the
larger pile cross sectional area also means that the transient
heat transport within the pile may cause pile heat exchangers
to perform significantly differently to boreholes.16 Consequently,
analytical methods used for the design of boreholes coupled
to GSHP systems are rarely applicable when thermal piles are
used (e.g. Ref. 17). However, relatively few pile-specific design
approaches have been developed. This is in part due to the
challenge of dealing with the many potential different pipe and
pile geometries that will affect the short term transient ther-
mal behaviour. Prediction methods that include explicitly for the
specific geometry of an individual pile tend to be complex in
form (e.g. Refs. 11, 18, 19) and hence potentially computationally
expensive or hard to access for practitioners. Meanwhile methods
which offer simplifications (e.g. Refs. 16, 20) and hence are easier
to use, may have lesser accuracy.

As a consequence, there is still a need to develop computa-
tionally fast models of thermal piles that remove the need to
consider the full pile and pipe geometry explicitly, but yet retain
sufficient accuracy over a representative range of timescales. In
this paper we make use of an elegant semi-analytical solution
for conductive heat flow, which exploits radial symmetry. Here
we call this model, the Claesson–Javed Radial model (CJRM). It
is detailed in Ref. 23 and in Ref. 22, where the model is tested
for typical borehole heat exchanger geometries (e.g. Fig. 1c).
In Ref. 24, Woodman et al. first examined the potential of using
2

CJRM for thermal piles. A central thermal store was added to the
original radial arrangement, with the intention of accounting for
the large mass of concrete that can be present at the centre of
a thermal pile. However, the effect of the store was to lower
the mid-time temperature, which tended to worsen the match
to what occurs with a real geometry.

Therefore, in this paper we examine direct implementation of
the original CJRM for piles, focusing on obtaining input parame-
ters that optimise its performance, and quantifying the
differences that occur between this approximate approach, nu-
merical simulation of an explicit pile and pipe geometry, and real
data. In Section 2 of the paper we detail the CJRM model, and
two and three dimensional explicit geometry models. Section 3
presents the results of model comparisons under both constant
and varying thermal load conditions, as well as application of
CJRM to thermal response test data from a real case study. Finally,
we draw conclusions about the cases in which CJRM will be
appropriate for application to thermal piles.

2. Method

2.1. Approach

We test the CJRM against a number of conditions of differ-
ing complexity, utilising both numerically-generated synthetic
datasets for explicit pile and pipe geometries, and also field data.

Firstly, to remove additional complications from axial effects,
comparison is made against synthetic data in the 2D plane. This
permits examination of model errors arising only from the geom-
etry simplification of the CJRM, without these being masked by
any effects that might result from heat flow in the third dimen-
sion. At this stage, we examine a thermal step response (often
described as a ‘G-Function’, the relationship between constant
applied thermal power and resulting temperature change) for a
full range of pile geometries and conductivities.

Secondly, by comparing against synthetic data in 3D we in-
clude for axial effects due to the temperature gradient in the
heat-exchanger pipes and vertical conduction in the ground and
in the GHE. This provides a fuller assessment of the suitability
of the model to more realistic conditions, yet still retains as-
sumptions such as homogeneous and isotropic ground conditions.
Greater computation expense in three dimensions means only
select geometries are considered.

Next, CJRM is compared against time-varying thermal loads
applied in three dimensions to investigate the model performance
under typical operational conditions. Finally, having built an un-
derstanding of both the radial and axial effects under different
loading conditions, we apply the model to a field thermal re-
sponse test (TRT) data set, complete with the variability that
comes from fluctuations in power supply and ground heterogene-
ity than can give spatial variations in thermal properties.

2.2. The Claesson–Javed Radial Model (CJRM)

The two-dimensional CJRM is set out in detail in Ref. 23. A
summary is provided in the following paragraphs with imple-
mentation equations given in the Appendix. The key assumption
made is that the fluid in the multiple heat transfer pipes in
the GHE (see Fig. 1a, b, c) are amalgamated to a single fluid-
filled pipe. This means that the GHE geometry is simplified to a
cylinder, as shown in Fig. 1d, with unchanged external diameter
of rb and an internal diameter of rpe. The fluid sits within the
cylinder and is represented by a homogeneous isothermal unit
(of radius rpe, refer also to Section 2.6.1) located at the centroid
of the ground heat exchanger (Fig. 1d). The fluid is assumed to
be uniformly heated by power per unit depth, q (W/m). The
inj
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pipe that surrounds the fluid is given no explicit thickness in the
model, but is still attributed a thermal resistance acting at rpe.

Outside of the pipe there is an annulus of GHE material
(i.e. concrete or grout). At the ground heat exchanger wall (at
rb), the thermal medium changes from the GHE material to the
surrounding ground.

The temperature above an initially uniform temperature, due
to unsteady radial conductive heat flow in the CJRM is described
as:
1

a (r)
∂T
∂t

=
∂2T
∂t2

+
1
r

∂T
∂r

, a(r) =

{
ac, rpe < r < rb
ag , rb < r

, (1)

where the thermal diffusivity, a = λ/ (ρc), in general changes
t the ground heat exchanger wall due to differences in both the
hermal conductivity (λ) and specific heat capacities (ρc) of the
GHE material and the surrounding ground.

The radial heat flux in the ground heat exchanger and ground
is given by Fourier’s law in radial co-ordinates:

q = −2πrλ
∂T
∂r

, (2)

where λ depends on the material i.e. for rb < r , λ = λg and for
rb > r > rp, λ = λc where the subscripts g and c refer to the
ground and the GHE filling material respectively.

The heat-flux is continuous over the GHE–soil interface and
thus,

λg
∂T
∂r

= λc
∂T
∂r

(3)

The quasi steady-state heat-flow through the pipe is given by:

Tf − T
(
rpo

)
= Rpq

(
rpe

)
, (4)

where the thermal resistance of the single equivalent pipe is
calculated by:

Rp =
1

2πNpλp
ln

(
rp

rp − d

)
+

1
2πNprphp

, (5)

where d is the thickness and Np is the number of pipes in the
real geometry. We elect here to neglect the convective resistance
(the second term) for simplicity, and given that it is typically an
order of magnitude smaller than the conductive resistance (the
first term).

The heat balance for the fluid within the pipe is given by:

qinj = Cf
∂T
∂t

+ q
(
rpe

)
, (6)

where Cf (J/mK) is the thermal capacity of the fluid per unit
depth. Since it is the temperature gain above a particular constant
initial value that is simulated, Tf = T = 0 throughout the model
t t = 0.
The heat transfer equations are solved by means of Laplace

ransforms, conveniently organised into a thermal network.22
he Laplace transform of the response to a step in power input is
nverted by integrating along a closed path on the complex plane
sing Matlab R2017a. The resulting equations used to practically
mplement the CJRM for that step response are given in the
Appendix.

Where required, a time-variable power input is simulated
y considering the input power signal to be made-up of a se-
ies of piece-wise constant heat injections over time steps of
uration ∆t . The fluid temperature is the superposition of the
tep-responses due to the change in power at each step, i.e.

f =

N∑
i=1

(qi − qi−1) T̂ [t − (i − 1)∆t] , (7)

here q = 0 and T̂ is the unit step response
0

3

Since the time step used in these variable power calculations
s of importance to the resulting temperature change
etermination,25 in the analysis presented in Section 3 we utilise
small time step (∆t = 0.01 h). This is to ensure that any
ifferences in model performance determined by the analysis are
ruly related to the model errors and not to time stepping factors.

.3. Numerical simulation

.3.1. 2D numerical explicit models (EGM2D)
A finite element model of the pile with a realistic arrange-

ent of pipes is made in 2D (denoted explicit geometry model,
EGM2D’). Conduction is simulated in a horizontal plane that
asses through the pile. By definition, any effects of the ground
urface or pile base are excluded. The fluid within the pipes is
ssumed to be an isothermal unit with uniformly distributed
eating. Unsteady-state heat flow is assumed through the pipes,
hich are placed within the pile at typical construction locations.
he unsteady heat equation is cast in Eulerian co-ordinates, i.e.
1
a

∂T
∂t

= ∇
2T , (8)

where a = ab in the concrete or grout, a = ag in the ground and
a = ap in the pipe wall.

The EGM2D model shares some of the major assumptions that
are also made for the CJRM: heat flow is by conduction only
(groundwater advection is neglected), homogeneity (and station-
arity) of thermal properties, isotropy. The steel reinforcement
bar is ignored.26 The external lateral boundaries are constant
temperature (equal to the initial temperature, 0 ◦C) and are
located sufficiently far away (the model diameter is 25 m) to
not influence the heatflow in the simulations. This approach is
consistent with previous validated analyses, e.g. Refs. 16, 21.

This system is solved using COMSOL 5.3a (via Heat Transfer in
Solid module). Different pile sizes and pipe arrangements were
analysed (see Section 2.4). Mesh sensitivity and time-stepping
checks were carried out to confirm the appropriateness of the
spatial and temporal discretisation. Time-stepping was carried
out using an implicit method (backward differentiation formula),
with each step adjusted automatically to ensure numerical sta-
bility. The final mesh comprised between 40,000 and 45,000
elements depending on the specific geometry with a minimum el-
ement size of 0.5 mm. This is consistent with previously validated
2D pile models.16,21

2.3.2. 3D numerical explicit models (EGM3D)
A more realistic explicit geometry model is made in 3D

(denoted ‘EGM3D’). The ground surface is assumed to be non-
conducting (i.e. acting as a perfect insulator). While classic bore-
hole heat exchanger models (e.g. Refs. 27, 28) and some pile
models (e.g., Refs. 16, 20) use a constant temperature ground
surface, this is less appropriate when piles are located beneath a
building.29 In such cases, an insulated boundary is a conservative
choice for design compared with the classic approach, since
the prediction of the heat exchanger’s performance is on the
pessimistic side. While there is some field evidence of limited
heat transfer from buildings to the underlying ground,30–32 there
is not yet sufficient information to apply more specific criteria.
Therefore, an insulated condition is considered a simple and
reasonable assumption for the base of a building, and is consistent
with recent work (e.g. Ref. 19).

The base of the model (at depth, Da = 40 m) is also assumed
to be insulating. The pile has length Db = 20 m, so that the overall
model vertical dimension is twice the depth of the pile and
the lower boundary does not influence the thermal behaviour.
The lateral boundaries are constant temperature (set to T=0, the
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Fig. 2. Geometry and boundary conditions for the EGM3D model: (a) model
domain; (b) pile detail for rotary case; (c) pile detail for CFA case.

initial condition) and located 25 m from the pile, again having
no influence on the simulation outputs. The geometry and key
boundary conditions are summarised in Fig. 2.

In this case only two pile and pipe geometries are considered
see Section 2.4), given the additional computational cost of three
imensions. The pile contains four pipes which are two ‘‘u-loops’’
onnected in series. In reality they are connected via header pipes
o a heat-pump at the surface. In the simulation this equipment is
ot included, and the fluid temperature in the pipes is determined
ccording to the heat input q. Frictional heating along the pipe is

neglected. Thus, longitudinal heat transfer along the fluid in the
pipe is given by the 1D ordinary differential equation:

ρf ACf
dTf
dt

+ ρf ACf vf
dTf
dl

= Aλf
d2Tf
dl2

+ q + qp, (9)

where l is axial distance along the pipe and vf is the fluid velocity
along the pipe. The pipe is a quasi-1D object set into a 3D
conducting solid. The source term q is heating (this occurs only
along the heat-exchanger at the surface) and the source term qp
is the heat transfer through the pipe wall from the pile (only
occurring within the pile). Heat transfer through the pipe wall is
quasi steady-state, with the pipe resistance being given by Eq. (5).
It should be noted that longitudinal heat transfer within the pipe
material is neglected. Again, fluid convection resistance is also
neglected, for simplicity, so

qp =
[
Tf − T

(
rpo

)]
/Rp =

[
T

(
rpo

)
− Tf

]
2πλp/ ln

(
rpo
rpi

)
. (10)

eat flow in the solid (ground and pile) is as per Eq. (8) for the
GM2D, which has the addition of a qp sink term which couples
he heat transferred between the pipe and the pile. These equa-
ions are solved using COMSOL 5.3a (via the ‘Heat Transfer’ and
Pipe Flow’ modules). Mesh sensitivity and time-stepping checks
ere carried out to confirm the appropriateness of the spatial
nd temporal discretisation. Time-stepping was carried out using
n implicit method (backward differentiation formula), with each
tep adjusted automatically to ensure numerical stability. For the
FA and rotary geometries, the selected meshes used approxi-
ately 260,000 and 225,000 elements, with minimum element
izes of 0.15 m and 0.2 m respectively. These configurations were
hosen to balance model accuracy with computational and mem-
ry requirements. Following short term (24 h) testing at 50 kW
onstant power these models gave average pipe temperatures
ess than 0.06 ◦C and 0.21 ◦C below that calculated using finer
eshes. However, at the required longer (≥ 1 year) timescales

see 2.4 below), these finer meshes were too computationally
emanding to be manageable, both in terms of run time and
emory, even using high performance computing facilities. The
onsequences of this small temperature underestimation will be
iscussed in Section 4.
4

2.4. Specific geometries and material properties

There are three main types of numerically derived synthetic
data and one case study of field data that are used here for
examining the performance of CJRM. These four analyses are
summarised as follows:

(a) EGM2D vs CJRM is evaluated by simulated constant ther-
mal load tests using the idealised parameters, given in
Table 1, for a range of pile geometries and material prop-
erties. Both CFA pipe arrangements and rotary bored pile
pipe arrangements were tested. In the former case, either
two or four pipes (Np = 2, 4) were assumed to be installed
around a 40 mm diameter steel bar. The bar itself was
not included in the model, since this would not signifi-
cantly affect the results.26 Their arrangement was taken
to be symmetrical, although previous work suggests their
precise positions will have little bearing on the outcome.26
For rotary bored piles, up to ten pipes were considered
(Np = 2, 4, 6, 8, 10). They were set at different offsets
from the pile edge depending on the pile size. For large
diameter piles (radius rb = 0.3 m, 0.6 m) then a concrete
cover to the pipes and steel of 75 mm was used based on
structural recommendations.33 For smaller diameter piles
(rb = 0.15 m), a reduced concrete cover of 50 mm was
used as is common in practice to avoid congestion of the
steel cage. Additionally, a borehole GHE of rb = 0.075 m
was tested for comparison. This is a typical borehole size
and therefore the pipes were positioned either in the centre
and touching or at the edge (and touching the edge) of the
GHE. These correspond to the extreme positions of Ref. 34.
Different thermal properties were applied in the concrete
and the ground so that their conductivity ratios were either
0.5, 1 or 2. The comparison is run over 107 s (115 days) to
ensure reaching steady state conditions within the pile.

(b) EGM3D vs CJRM is evaluated by comparison with simu-
lated constant thermal load tests using the idealised pa-
rameters, given in Table 1 for two 600 mm diameter piles
of 20 m depth. One rotary arrangement and one CFA ar-
rangement were used, with four pipes in each case. The
concrete to ground thermal conductivity ratio was kept
constant at 2. The comparison is run over 108 seconds
(1157 days).

(c) EGM3D vs CJRM is evaluated with a simulated variable
thermal load using the idealised parameters, given in Ta-
ble 1 for two 600 mm diameter piles of 20 m depth (the
thermal load is detailed in Section 2.5). One rotary ar-
rangement and one CFA arrangement were used, with four
pipes in each case (Fig. 2). The concrete to ground thermal
conductivity ratio was kept constant at 2. The comparison
is run over 3.15 × 10x7 s (1 year).

(d) CJRM vs real data is evaluated for a field thermal response
test (TRT) on a 600 mm diameter pile constructed to 31 m
depth in London Clay, as reported by Ref. 19. As for the
synthetic cases, the pile contained four pipes. The test
lasted 1.27 × 10x6 s (353 h, or 14.7 days). Summary details
of the test are given in Table 2.

2.5. Thermal loads

For cases (a), (b) and (d) (Section 2.4) constant heating power
were applied to the numerical models and to CJRM as indicated
in Tables 1 and 2. For the case of varying thermal load appli-
cation (c), a hypothetical annual heating and cooling cycle is
simulated by both an EGM3D and the CJRM. This is composed
of daily heating cycles in the winter and daily cooling cycles in
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Table 1
Simulation conditions for idealised constant thermal load and cyclic loading conditions. Two generic pile types are simulated:
‘CFA’ and ‘Rotary’. The thermal conductivities of the concrete and ground (λc − λg ) are permuted as (1 - 2); (2 - 1) and (2
- 2).
Item Geometry Properties Comments

Fluid rpi = 0.0123 m. ρf = 1000 kg/m3

cf = 4217 J/kgK
vf = 0.25 m/s

Isothermal. Constant total heat
injection qinj=50 W/m or
varying thermal load as per
Fig. 2.
Fluid velocity in pipes for
EGM3D model

Pipes rpo = 0.015 m.
Np = 2, 4, 6, 8, 10 uniformly
separated.
Cover = 50 mm or 75 mm.

ρp = 950 kg/m3

cp = 1900 J/kgK
λp = 0.45 W/mK

High density polyethylene35

Concrete pile/
borehole

Circular cross-section.
rb = 0.075, 0.15, 0.3 and 0.6 m

Pile depth Db = 20 m (EGM3D)

ρc = 2000 kg/m3

cc = 800 J/kgK
λc = 1 or 2 W/mK

Ground Circular outer model domain
(ro = 25 m)
Ground domain extends 20 m
below base of pile (for EGM3D
model)

ρg = 2000 kg/m3

cg = 800 J/kgK
λg = 1 or 2 W/mK

Initial conditions and outer
boundary temperature fixed to
T = 0 ◦C to capture changes in
temperature.
Table 2
Field Thermal Response Test conditions.19

Item Geometry Properties Comments

Fluid rpi = 0.0103 m. ρf = 1000 kg/m3

cf = 4217 J/kgK
vf = 0.96 m/s

Circulation fluid is tap-water
without additives.
Constant heating Q=1.69 kW

Pipes rpo = 0.0125 m.
Np = 4
Shank spacing = 42.5 cm

ρp = 950 kg/m3

cp = 1900 J/kgK
λp = 0.4 W/mK

Typical values from Ref. 36
and Ref. 19

Concrete pile rb = 0.3 m
Pile depth Db = 31 m

ρccc = 2.2 MK/m3

λc = 0.88 W/mK
λc from back analysis, other
parameters assumed19

Ground London Clay which extends
beneath base of pile

ρg cg = 2.4 MK/m3

λg = 1.48 W/mK
T0 = 14.2 oC

λc from back analysis, T0 from
initial TRT circulation, other
parameters assumed19
s
p
o
e

I
l
a
s
r

the summer. To determine the hour by hour thermal load, an
annual sinusoid is multiplied by a daily heating or cooling shape
to give an annual pattern (Fig. 3). The heating and cooling shapes
simply give the relative amount of heating and cooling in winter
and summer respectively, and the total magnitude at any day is
determined when they act as multiplier to the sinusoid. As is
typical for many commercial buildings the annual heating and
cooling energy is balanced. However, the cooling requirement
occurs over a shorter time period in each day and at a higher
rate. This is reflected in the heating and cooling shapes. The
total energy demand applied to the single pile under simulation
is therefore 41826 kWh in heating and a further 41826 kWh
cooling with peak cooling at 60 W/m and peak heating at 30 W/m
(Fig. 3c). These power rates are within typical expected values for
energy piles.13,35,37

2.6. Equivalence and matching

To apply the CJRM to a particular pile, an equivalent single
ipe or radius rpe needs to be derived. This was done via matching
he 2D steady state resistance of the concrete pile in the numeri-
al and analytical calculations for the long term using the results
f the analysis in (a) and (b) (refer to Section 2.4 above). Addi-
ionally, CJRM has been matched to very short time conditions of
he numerical model through equivalence of the thermal capacity
f the fluid. The results in Section 3 show the magnitude of the
eviation of the analytical and numerical models in the critical
id-time period that will be important for energy piles (a few
ours to a few days).
5

2.6.1. Geometry and rpe determination
All aspects of geometry and physics that can be preserved are

retained in the CJRM. This includes the GHE material and ground
thermal properties and borehole radius (rb), which are kept the
ame as for the EGM. The effective radius of the single effective
ipe (rpe) is set to provide the identical fluid temperature drop
ver the concrete pile during quasi steady-state conduction at the
nd of the constant thermal load simulation (i.e. at t=1 × 107 s).

This is achieved by computing the averages of Tpo and Tb around
the pile and pipe boundaries and assuming steady-state radial
heat-flow at the end of the simulation, i.e.:

T po − T b = qRc =
q

2πλc
ln

(
rb
rpe

)
. (11)

n this study we have determined Rc from the EGM (using the
eft and side of Eq. (11)). This is to remove Rc estimation from our
nalysis and focus only on the comparative shape of the resulting
tep response curves (G-functions). However, in practice, the
esistance of the concrete part of the pile, Rc , can be determined
by the multipole method.38,39 A line source approximation to the
multipole method is presented in Ref. 40 and has been shown
to be sufficiently accurate for many geometry configurations, in-
cluding piles with rb ≥ 300 mm and rp ≤ 40 mm, and also smaller
energy piles, within certain rp and Np ranges. In this case, rpe
would need to be determined from Eq. (11) having independently
assessed Rc .

2.6.2. Fluid thermal capacity and pipe resistance
The thermal capacity of the fluid, Cf , is made equal to the

fluid capacity in the EGM. This is despite the fact that the fluid
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Fig. 3. (a) Daily heating and cooling patterns, expressed in relative unit-less form. Note heating shape used to calculate positive demand, and cooling shape for
egative demand. (b) Annual heating demand pattern (cooling is negative). (c) Combined heating demand pattern (cooling is negative).
rea changes between the models. Therefore, in effect either the
luid density or specific heat cf are being changed. The thermal
apacity per metre depth is Cf = Npρf cf πr2pi.
A characteristic time for thermal diffusion within the pipe wall

s
(
rpo − rpi

)2
/ap, which is relatively short (∼30 s). Therefore,

it is reasonable that the CJRM model assumes steady-state heat
transfer in the pipe. Thus, the pipe resistance expected in the EGM
is estimated as:

Rp =
1

2πλp
ln

(
rpo
rpi

)
(12)

he equivalent pipe resistance for the CJRM is a fraction of that
or the EGM since there is only one pipe in the CJRM transmitting
he same total power, i.e. Rpe = Rp/Np.

. Results

.1. CJRM performance in 2D

Table 3 shows the combination of pile sizes, pipe number
nd positions. Not all the permutations are evaluated, because
here are limits under which it is physically possible to fit pipes
round a central fixture, and also to reflect common practice. For
xample, CFA piles typically contain only one or two U-loops only
Np = 2, 4), while for rotary piles the circumferential spacing (CS)
of the pipes is rarely below 200 mm. For each of these combi-
nations, Fig. 4 gives the maximum absolute difference (error) in
estimated fluid temperatures between the CJRM and EGM2D for
1 × 107 s of constant heating under conditions given in Table 1.
For each combination three ratios of thermal conductivities in
the borehole and ground respectively (λc − λg) are used. These
are annotated as (1–2); (2–1); (2–2), giving conductivity ratios
(λ /λ ) of 0.5, 2 and 1 respectively.
c g

6

It can be seen that the errors are consistently larger in the
case of pipes in rotary pile arrangements (Fig. 4a) compared with
the CFA arrangements (Fig. 4b); up to 4 times larger temperature
difference. This is to be expected given the greater similarity of
the CFA geometry to the CJRM simplified geometry (Fig. 1b and
Fig. 1d). For the rotary case the errors increase with the size of
the pile and reduce with the number of pipes installed. This is
because larger rotary piles with fewer pipes installed are clearly
further from the idealised radial geometry shown in Fig. 1d.

For both types of piles, larger errors are associated with a
lower concrete to ground thermal conductivity ratio (0.5), while
for the higher ratios (1 and 2) the errors are similar. This suggests
that the absolute value of GHE material (concrete) conductivity
may be more important. This makes sense since lower conduc-
tivities will lead to larger temperature changes and hence higher
absolute errors.

The absolute values of temperature difference between the
two models shown in Fig. 4 will depend on the value of the
applied thermal power. This was set at 50 W/m to be in the
centre of the range of recommended values,13,37 and also higher
than many field measurements.35 For these reasonable condi-
tions, the absolute error remains less than 1 ◦C for all the CFA
pile geometries and many of the rotary pile geometries where
the circumferential spacing is within typical ranges.

Figs. 5 and 6 plot the dimensionless temperature response of
the different cases calculated using the CJRM and EGM2D models.
In this case dimensionless temperature (Φ) is defined as:

Φ = 2πλg∆Tf /q, (13)

and dimensionless time (Fourier number, Fo) as:

Fo = αg t/r2b . (14)
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Table 3
Matrix of EGM2D vs CJRM comparison conditions.
No. pipes
\\Pile size

Ø150 mm
[rb = 75 mm]

Ø300 mm
[rb = 150 mm]

Ø600 mm
[rb = 300 mm]

Ø1200 mm
[rb = 600 mm]

2 Borehole
(Pipes at edge;
CS=188 mm)
Borehole
(Pipes touching)

Rotary
(CS = 267 mm)
CFA

Rotary
(CS = 660 mm)
CFA

Rotary
(CS=1602 mm)
CFA

4 N/A Rotary
(CS=134mm)
CFA

Rotary
(CS=330 mm)
CFA

Rotary
(CS=801 mm)
CFA

6 N/A N/A Rotary
(CS=220 mm)

Rotary
(CS=534 mm)

8 N/A N/A N/A Rotary
(CS=401 mm)

10 N/A N/A N/A Rotary
(CS=320 mm)
Fig. 4. Maximum differences (absolute error) between the predicted fluid temperatures from the CJRM and EGM2D for the cases set out in Tables 1 and 3 and for
three thermal conductivity ratios (λc/λg = 0.5,1,2). (a) Rotary bored pile configuration. (b) CFA pile configuration.
Fig. 5. Dimensionless temperature response (G-function) for typical borehole geometry rb =75 mm ,Np = 2 calculated using the CJRM and EGM2D models. Refer to
Tables 1 and 3 for full parameter and geometry conditions.
o
T

3.1.1. Borehole geometries
Fig. 4 showed that the CJRM is comparatively accurate for typ-

ical borehole GHE geometries (i.e. in the case where the borehole
radius is small compared to typical pile cross-sections). In Fig. 5,
it can be seen that these maximum differences are relatively
small compared to the temperature changes over the period,
and they occur in the period between Fo=0.01 and 1. This is to
be expected given previous results,22 which showed maximum
errors of 0.2 ◦C when validating the method against a large scale
sandbox experiment. In our analysis, the greatest difference in
predicted fluid temperatures is 0.18 ◦C (Φ = 0.023), and occurs
where there is a wider pipe spacing and when borehole and
ground conductivities of 1 and 2 W/mK are assumed. The CJRM
approximation is therefore likely to be of adequate accuracy for
 2

7

many applications with boreholes of these dimensions. In the
subsequent sections, we quantify the increasing errors with large
diameter piles, and examine the times scales for these errors.

3.1.2. Impact of pile size
Fig. 6 shows how the accuracy of the CJRM changes for simu-

lating increasing radius for piles installed with four pipes. It can
been seen that as the pile radius increases, the shapes of the
temperature response curves for the two models change. This is
the source of the increased errors shown in Fig. 4. In particular,
at intermediate timescales (Fo = 0.01 to Fo = 1), as the diameter
f rotary piles increases the deviation of the two models grows.
he worst case is for pile and ground conductivities of 1 and
W/mK respectively, which for a 1200 mm diameter rotary pile
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Fig. 6. Dimensionless temperature response (G-function) for typical rotary (left) and CFA (right) pile geometries at (from top to bottom) 150, 300 and 600 mm radius
iles and Np = 4, calculated using the CJRM and EGM2D models. Refer to Tables 1 and 3 for full parameter and geometry conditions.
ith four pipes results in a maximum error of 2 ◦C (Φ = 0.51)
at a time of just under 3 h (Fo = 0.035). This represents an error
of 41% compared with the EGM2D temperature at that time. For
the rotary cases the CJRM always underestimates the temperature
change at the point of maximum error.

For CFA piles, the maximum mid time error occurs for the
smaller diameter pile (300 mm), also for pile and ground con-
ductivities of 1 and 2 W/mK. The maximum error is 0.93 ◦C
(Φ = 0.23), occurring at just over 1 h (Fo=0.013). In these cases
CJRM tends of overestimate the temperature change compared
with the EGM.

At short and long times the temperatures predicted by both
models converge. This is because the matching process (Sec-
tion 2.5) ensures long- and short-time asymptotic convergence
of the step responses. The long-term (i.e. for Fourier number,
Fo > 5) fluid temperature approaches a straight line on a
semi-logarithmic temperature–time graph, i.e. Tf ∼

qinj
4πλg

ln
(

4ag t
r2b

)
− 0.5772

]
+qinj

[
Rp + Rc

]
. This is the long term asymp-

otic behaviour of the classical infinite line source model (e.g.
efs. 27, 41). The short-term fluid temperature change is initially
lso linear, i.e. Tf ∼ qt/Cf .

.1.3. Impact of number of pipes installed
For CFA piles the errors between CJRM and EGM are rela-

ively small and not strongly dependent on the number of pipes
8

Fig. 7. Dimensionless temperature response (G-function) for a 1200 mm di-
ameter rotary pile with different numbers of pipes, calculated using CJRM and
EGM2D. Refer to Tables 1 and 3 for full parameter and geometry conditions.

installed (Fig. 4). This is not the case for rotary piles, where
the number of pipes strongly effect the appropriateness of the
single pipe approximation in CJRM. Fig. 7 shows the temperature
response curves for four cases of 1200 mm diameter rotary piles
with differing numbers of pipes from Np = 4 to Np = 10. This
illustrates how the mid time deviation reduces as the number of
pipes increases, and also occurs at earlier times.

Generally the maximum error occurs between 1 h and 3 h
(Fo = 0.01 to 0.05). It can be up to 2 ◦C for Np = 4 (pile
and ground conductivities of 1 and 2 W/mK respectively), but
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Fig. 8. Non dimensional temperature response (G-function) for 600 mm diame-
er piles with four pipes under constant thermal load of 50 W/m; λc = 2 W/mK.;
g = 1 W/mK.

educes to less than 1 ◦C once more pipes are installed so that
he circumferential pipe spacing is less than 550 mm. In terms of
, the errors are up to 0.5 for Np = 4 and between 0.1 and 0.25

for other cases.

3.2. CJRM performance in 3D

3.2.1. Constant thermal load
The 2D analysis above neglects axial heat flow. As times ap-

proach ∼ D2
b/4ag axial conduction towards the base of the pile

in EGM3D will cause the temperature response curve to deviate
from the semi-log asymptotic temperature of CJRM. Further-
more, the temperature gradient in the pipes (which will depend,
amongst other controls, upon the fluid velocity in the pipes) will
also cause the temperature distribution in the pile to deviate from
the 2D idealisation. These effects can be seen in Fig. 8, where
substantial deviation between the two models occurs once Fo
>100. At Fo = 10 the difference is less than 1 %, while at Fo = 100,
the difference remains less than 2%.

The precise time of divergence between the models will de-
pend on the aspect ratio (ground heat exchanger length to di-
ameter ratio), AR. In this case we present AR=33 (Fig. 8). This is
fairly typical for piles, but values can be as low as 15 or greater
than 50.42 As in the two dimensional analysis, the CFA piles show
lesser difference between the EGM and the CJRM at smaller times
(Fo <0.5). However, in the long term the difference will depend
only on the aspect ratio and not on the pile internal geometry.
At the end of the analysis (just over 3 years, Fo = 763), the
difference between the CJRM and EGM3D is Φ = 0.2 in both
cases, representing 4 % and 5 % of the EGM3D total for the
CFA and rotary cases respectively. Larger differences would be
expected for less advantageous conductivity ratios, but at these
timescales the differences are still small compared with the mid
time deviations (Section 3.1).

Divergence is also expected to increase over longer timescales,
with most energy pile design conducted over design lives of sev-
eral decades. However, this analysis is limited to identifying the
time of initial divergence. Here it is interesting to note that the
differences between the two dimensional CJRM and the EGM3D
are smaller and occur at later times than for the 2D and 3D pile
temperature response analysis of Ref. 16. This is because we have
used a more appropriate insulated surface boundary condition
for our three dimensional analysis to reflect the position of most
pile heat exchangers beneath a building. Whereas the resulting
G-functions in Ref. 16 assume a constant surface temperature
boundary more relevant for ground heat exchangers exposed to
the ambient air temperature. The same constant temperature
boundary condition is also used in other analytical models for
piles e.g. Ref. 20.
9

In timescales longer than the three years considered in Fig. 8,
semi-infinite GHE with an insulated upper boundary condition
will eventually reach steady state at a time dependent on the pile
AR, as shown in Ref. 19. However, as shall be seen in Section 3.2.2,
a key factor for model errors in practice is the model differ-
ences at timescales corresponding to those when the thermal
load changes. Hence, these very long timescale divergences are
expected to be less important to practical model performance
compared with daily and seasonal load fluctuations.

3.2.2. Variable thermal load
The temperature response of the two models under the con-

ditions described in Fig. 3 are shown in Fig. 9 for both the rotary
and CFA pile geometries. The specific cases are detailed in Table 1.

In all cases the absolute model differences in Fig. 9 are less
than 1 ◦C, and for the majority of the year, less than 0.5 ◦C. For
the rotary case (Fig. 9a to d) the maximum absolute difference
between EGM3D and CJRM is 0.8 ◦C and occurs in cooling. For
the CFA case (Fig. 9e to h) the corresponding maximum absolute
difference is 0.7 ◦C, also in cooling. This is because the maximum
cooling demand occurs at a higher peak power than the heating
demand and temperature changes (and hence model differences)
are proportional to applied heating power. For heating, the max-
imum absolute differences are 0.5 ◦C and for both rotary and
CFA, reflecting lower peak heating power. In both these cases
the same approximate magnitude of absolute difference is seen
in the initial heating period and the final heating period. This is
important as it shows no compounding of error with time over
the year.

The maximum difference between the two models can also be
considered in relative terms. Comparing the maximum absolute
difference to the maximum absolute temperature changes in
EGM3D gives 7 % to 16 % in the rotary case and 4 % to 8 % in
the CFA case. In both cases the percentage errors start larger and
reduce throughout the simulation. They are also proportional to
the magnitude of the thermal demand, hence also being smaller
in value for the majority of the year.

It is also worth noting that the patterns of temperature change
predicted by CJRM and EGM3D are not the same for the CFA and
the rotary cases due to the differing shapes of their respective
G-functions. For the CFA case, the EGM3D, CJRM and difference
curves all parallel each other (Fig. 9f, g, h). In heating the decrease
in temperature is always under predicted by the CJRM compared
with the EGM3D, while in cooling, the increase in temperature is
also under predicted by CJRM.

For the rotary case, CJRM also initially under predicts the
change in temperature due to imposition of each heating or
cooling phase (Fig. 9b, c, & d). However, because the CJRM curve
lags the EGM3D curve, this causes the curves to cross over. Hence
as the heating or cooling demand reduces in each phase, so the
CJRM comes to over predict the temperature reduction in heating
and also over predict the temperature increase in cooling. This
lag and crossing over is caused by the larger difference between
the CJRM and EGM3D G-functions for the rotary case at around
1 to 2 h (Fig. 10), the timescale over which heating and cooling
demand drops off rapidly (Fig. 3). In contrast, for the CFA case,
the difference between the two G-functions is almost zero at this
time, only increasing at larger time values.

3.3. Comparison of CJRM with real TRT data

A thermal response test in the London Clay for a rb = 300 mm
thermal pile has been reported in Ref. 19. The test lasted 353 h
(14.7 days) and the pile was 31 m deep. Based on the temperature
of the exchange fluid which was circulated prior to the test, the
initial temperature in the pile and ground is estimated at 14.2 ◦C.
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Fig. 9. Temperature change and model difference for a year long simulation of cyclic heating and cooling for Rotary (a, b, c, d) and CFA (e, d, g, h) piles with
b = 300 mm, Np = 4, λc = 2 W/mK, λg 1 W/mK. For the CJRM model, ∆t = 0.01 hour. Temperature difference expressed as EGM3D-CJRM.
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Fig. 10. Temperature response with time (G-function) for rotary and CFA piles
ith rb = 300 mm, Np = 4, λc = 2 W/mK, λg 1 W/mK, and qinj = 50 W/m.

The pile has 4 pipes within it, separated by shank spacing of
42.5 cm. The applied thermal power was 1.69 kW. Full details of
the test and material parameters are given in Table 2.

To fit these data only λc needs to be varied, since λg is
uniquely defined by the late-time gradient of the TRT and has
10
already been fitted by Ref. 19, who found a value of 1.48 W/mK
using a ‘resistive-capacitive’ model. Rather than vary diffusivities
directly, we fix the thermal capacities to match those estimated
by Ref. 19 (i.e. Cg = 2.4 MK/Km3 and Cb = 2.2 MK/Km3).

By this approach, a good fit was achieved for the EGM3D for
λc = 0.88 W/mK (with rpe = 0.138 m and therefore Rb =

.14 mk/W), with all the other parameters fixed (Fig. A.1). This
ompares to 0.94 W/mK estimated by Ref. 21. The shape of the
hermal response curve also matches well with the experimental
ata.
Whilst correctly matching the asymptotes, the CJRM fit un-

erestimates the field data for Fo <0.3 or t <10 h (Fig. 11). This
mid time underestimate is consistent with the analysis shown in
Fig. 6 and Fig. 7 for rotary piles. It would theoretically be possible
to improve the fit by adjusting λc , whilst keeping constant the
best-fit Rb = 0.14 mk/W. However, this route has not been
pursued to maintain the physical basis of the approach, and avoid
entrainment of errors related to the inherent uncertainties of real
case data where the actual ground and concrete properties are not
known with absolute precision.

Also shown on Fig. 11 are some traditional and pile ground
heat exchanger models. The linear simplification and exponential
integral form of the infinite line source model (ILS, Refs. 41, 43)
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Fig. 11. Measured TRT data19 compared to temperature response models using
the parameters from Maragna & Loveridge 2019. CJRM is Claesson–Javed Radial
model, ILS is Infinite Line Source, Pile G-Functions from Ref. 16, Explicit
Geometry models in 2D and 3D are EGM2D, EGM3D.

plot beneath and above the early to mid-time data respectively.
The pile G-functions16 underestimate the temperature response
for under 11 h, but overestimate the response at smaller times.
The simulated temperature response curve is also markedly
curved with an unrealistic upturn at the smallest time of its
validity. This unrealistic shape has its origin in the semi-empirical
relationship derived from curve fitting and perhaps suggests the
need for adjustment to its validity times. The numerical models
EGM2D and EGM3D are also shown in Fig. 11. The fit is good but
includes discrepancies arising from the use of a constant power
assumption in all the analysis, despite the fact that real power
levels are subject to small fluctuations. These simulations also
come with greater computational expense compared to the other
models shown.

4. Discussion

This paper presents the application of a radially symmetric
heat conduction model to energy piles with the aim of providing
a fast run time, yet theoretically robust analytical approach for
design of pile ground heat exchangers. The suitability of the
model should be determined against a number of criteria: ac-
curacy for different pile geometries in the short term, long term
performance, and ease/speed of use.

Analysis of a wide range of geometries under constant thermal
load suggests that the CJRM model will perform best for CFA
piles. A good performance is also seen for rotary piles with four
or more pipes installed, providing the pipe spacing is not too
great. However, for small numbers of pipes, especially in larger
piles, the equivalent radius approximation becomes less valid. For
comparisons in two dimensions, for typical applied power values,
a circumferential pipe spacing of less than 550 mm will keep the
absolute error below 1 ◦C. This error may appear large, but it
s reasonable when put in the context of expected ground loop
emperature variations (±10 ◦C to 15 ◦C). Cases of larger diameter
FA piles, or rotary piles with many pipes will all have smaller
ssociated errors, especially with favourable thermal conductivity
alues. All the greatest errors occurred where the pile concrete
as less conductive that the ground. In the reverse scenario
rrors were often approximately half the magnitude.
The three dimensional comparison between models having a

ime-variable thermal load, at similar levels to those that may
ccur in practice, also showed reasonable agreement between
JRM and numerical simulations. Maximum difference between
he two models were up to 0.8 ◦C and are associated with the
imes of peak power demand and also the greatest rate of change

n power demand. Due to the computational demands of the

11
EGM3D simulations, numerical errors mean that these differences
may be underestimated slightly. Scaling the spatial discretisation
errors described in Section 2.3.2 for the average thermal power
applied in the heating and cooling phases of the analysis, suggests
that CJRM errors could reach 0.9 ◦C in the worst case (rotary case
with maximum power application). Nonetheless, for the majority
of the year long simulation CJRM errors remained below 0.5 ◦C.
Actual values in practice would depend on the pattern of applied
thermal demand.

Errors appear largely consistent over a 1 year timescale un-
der varying load conditions. While these short to medium term
errors may be non-conservative, in the longer term any model
differences will be conservative. At three years under constant
thermal demand, only 5% model difference was observed, but
with CJRM overestimating temperature changes compared with
numerical simulation. In the longer term these two factors may
cancel each other out. Additionally, these longer timescales do not
correspond to critical changes in demand (hourly, daily, seasonal).
Hence they may be less influential on overall model performance
than smaller timescale model differences. The smaller impact of
axial effects in the long term compared with previous studies also
suggests that the assumption of an insulated surface boundary
condition is a key difference between the operational conditions
of energy piles and boreholes, making piles more suitable to
two dimensional or quasi two-dimensional analysis than longer
aspect ratio boreholes.

When compared with other energy pile design models the
CJRM approach performs well. It gives a more appropriate tem-
perature response than the line source equations. Due to its
physical basis it also gives an improved temperature response
curve compared with the empirical pile G-functions. While CJRM
is more complicated to use than these latter simpler solutions,
it can still be readily coded in Matlab or similar software (refer
to Appendix for full equations for doing this), and also maintains
fast run times. In this analysis, small time steps (0.01 h) were used
for application of CJRM to avoid any temporal discretisation er-
rors compared with the numerical simulations, but these may not
be required in practice. By comparison with resistive capacitive
models, CJRM is also a lot easier to use and based in a real physical
geometry with no ‘‘black box’’ aspects.44 By comparison with the
fit of Ref. 19, the resistive capacitive model required 10 geometric
based parameters, whereas the CJRM requires only determination
of rpe based on the pile resistance.

Finally, the use of CJRM may be compared with the appli-
cation of numerical simulation which is increasingly available
to even smaller companies. The process of validating CJRM in
this study has again shown the computational challenge of run-
ning three dimensional numerical simulation with hourly varying
loads over many years as would be required for design cases. Even
with the use of high performance computing facilities, long term
fully three dimensional analysis is challenging to complete and
demonstrates the need for simple, robust and fast engineering
solutions like CJRM.

5. Conclusions

The Claesson–Javed Radial Model (CJRM), originally developed
for simulating borehole ground heat exchangers, has been tested
for the case of energy piles, which have much larger diameters
and thus smaller aspect ratios than typical boreholes. The step
response of a thermal pile is dominated by the fluid thermal
capacity at early time and by the ground resistance at late-time,
transitioning between these, via a period dominated by ground
heat exchanger resistance at mid-time. CJRM has been tested over
all three of these time periods and the following conclusions are
drawn:
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• The CJRM can be matched asymptotically at early and late
times. The deviation from simulations using an explicit ge-
ometry therefore occurs at ‘mid-time’. The maximum devi-
ation typically occurs between 1 h and 3 h and is less than
1 ◦C for typical applied power conditions, for CFA piles and
for rotary piles with four or more pipes at circumferential
spacing of less than 550 mm.

• For rotary piles the CJRM will always underestimate the
temperature response function at mid time, while for CFA
piles it may over estimate it.

• Errors of approximately 0.5 ◦C or less are obtained for larger
diameter CFA piles, for rotary piles with many pipes and
for cases of high concrete conductivity with respect to the
ground conductance.

• The CJRM model requires very few fitting parameters, so is
likely to be more robust than highly parameterised models
requiring extensive inverse modelling.

• Fast run times can be achieved making the method suitable
for use in practice.

omenclature

CJRM – Claesson–Javed Radial Model (analytical model); CS –
ircumferential separation of pipes; EGM – Equivalent Geometry
odel; GHE – Ground Heat Exchanger; TRT – Thermal Response
est.
Greek Symbols

ρ Density (kg/m3)
λ Thermal conductivity (W/mK)
Φ Dimensionless temperature (=2π∆Tf /q) (-)

Roman Symbols

A Cross-sectional area (m2)
a Thermal diffusivity (= λ/ (ρc)) (m2/s)
c Specific heat capacity (J/kgK)
C Thermal capacity per unit depth (J/mK)
d Thickness of pipe (m)

Da Depth of aquifer (m)
Db Depth of borehole/pile (m)
h Fluid convective heat transfer coefficient (W/m2K)
Fo Fourier number (–)
N Number (w.r.t. pipes this means number of pipes counted

over a horizontal cross-section) (–)
Q Power (W)
q Power per unit depth (W/m)
R Thermal Resistance (mK/W)
Rb Thermal Resistance of borehole (i.e. fluid to outer boundary

of borehole) (mK/W)
Rc Thermal Resistance of GHE material (concrete or grout)

(mK/W)
r Radial distance (m)
T Temperature (K)
t Time (s)
v Velocity (m/s)

Subscripts

0 Initial
c GHE filling material (typically concrete or grout for pile

GHE)
f Heat-exchanger fluid
g Ground (soil)
i Inner

inj Injection
o Outer
12
p Pipe
pe Equivalent pipe (for the radial approximation)
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ppendix

The concept of the Claesson–Javed Radial Model is explained
n Section 2.2, with full details and derivation given in Ref. 23.
luid temperature is calculated with the following integral:

f (t) =
2
π

·

∫
∞

0

1 − e−u2·
t
t0

u
· L (u) du, (A.1)

where,

L (u) = Im
−qinj

Cf ·
−u2
t0

+
1

Rp+ 1
Kp(u)+ 1

Rt (u)+
1

Kc (u)+Kg (u)

. (A.2)

L (u) is obtained from a sequence of composite of resistances in
the thermal network displayed in Fig. A.1, where s is the Laplace
variable and t0s = −u2, for 0 < u < ∞, and t0 is an arbitrary time
onstant.23 The conductances and corresponding resistances in
he thermal network are given by the following expressions:

K g (u) =
1

Rg (u)
=

2πλg · τgu ·
[
J1

(
τgu

)
− i · Y1

(
τgu

)]
J0

(
τgu

)
− i · Y0

(
τgu

) , (A.3)

K t (u) =
1

Rt (u)
=

4λc

J0
(
τpu

)
· Y0 (τcu) − Y0

(
τpu

)
· J0 (τcu)

, (A.4)

K p (u) =
1

Rp (u)
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R

Fig. A.1. The thermal network relating the Laplace Transforms of the pipe,
ground heat exchanger and ground, for solution of the CJRM equivalent ground
heat exchanger, after22

= 4λc ·
0.5 · πτpu ·

[
J1

(
τpu

)
Y0 (τcu) − Y1

(
τpu

)
J0 (τcu)

]
− 1

J0
(
τpu

)
· Y0 (τcu) − Y0

(
τpu

)
· J0 (τcu)

,

(A.5)

K c (u) =
1

Rc (u)

= 4λc ·
0.5 · πτcu ·

[
J1 (τcu) Y0

(
τpu

)
− Y1 (τcu) J0

(
τpu

)]
− 1

J0
(
τpu

)
· Y0 (τcu) − Y0

(
τpu

)
· J0 (τcu)

,

(A.6)

τp = rp/
√
ac · t0, τc = rb/

√
ac · t0, τg = rb/

√
ag · t0. (A.7)
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