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Abstract: The development of smart Internet-of-Things (IoT) solutions requires sensor nodes to be placed at 

different locations of monitored structures. Wireless solutions are quite attractive because of their simplicity 

although requiring for local energy supply. In this context, this study investigates the influences of the 

predefined angle of attack on the piezoelectric energy harvesting based on transverse galloping of different 

bluff bodies. The investigation is based on a lumped electro-aero-mechanical model with linear electrical and 

mechanical properties and nonlinear aerodynamic forces evaluated using the quasi-steady theory. The 

performances of energy harvesters with six different bluff bodies are analyzed at various predefined angles of 

attack: four rectangular cross-sections with different width-to-height ratios (i.e., b/d), one trapezium section, 

and one equal angle section. The main purpose is to understand the sensitivity of various bluff body-based 

energy harvesters on the predefined angle of attack, and further suggest a bluff body-based energy harvester 

that is robust to the predefined angle of attack. The results show that the response is quite dependent on the 

characteristic of the electro-mechanical system and the bluff body cross-section and angle of attack. In all cases, 

the load resistance should be tuned to maximize energy production. The largest vibration amplitude (i.e., largest 

power output) is predicted for the rectangular bluff body with b/d = 1.0 at a 0° angle of attack. However, its 

performances are quite dependent on the angle of attack, resulting in a zero-power output for an angle of attack 

exceeding 4°. A rectangular bluff body with b/d within 1.62 to 2.5 exhibits a reduced energy production 

compared with b/d = 1.0 at a 0° angle of attack but better robustness varying the angle of attack. Finally, the 

trapezium and the angle bluff bodies are not suitable for energy harvesting due to their very high onset 

velocities within the considered range of angles of attack. 
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1. Introduction 

As a typical type of flow-induced vibration, transverse galloping may occur for a flexible structure as the 

oncoming flow velocity increases over an onset value. This dynamical instability has been experienced by a 

great variety of engineering structures with different cross-sections, e.g., rectangular sections [1-3], D-sections 

[4], triangular sections [5], and modified circular sections (e.g., a circular section with ice accretions or a 

circular section with splitter plate) [6]. Transverse galloping is often considered an undesirable vibration since 

it may reduce the structural service life or lead to fatigue failure [7, 8]. Beneficial consequences of transverse 

galloping include converting mechanical vibrations into electric power and hence harvesting energy from 

flowing wind or water [9-15]. 

The study of transverse galloping can be tracked back to Den Hartog [16], who proposed the well-known 

instability criterion based on the quasi-steady theory. The group of Parkinson [2, 17] tested the transverse 

galloping of several different cross-sections and proposed a nonlinear quasi-steady model to simulate the 

aeroelastic forces on the vibrating structure. The transverse galloping of structures with different cross-sections 

was investigated in the following decades, with extensive efforts paid to simulate the structural vibrations due 

to transverse galloping [7, 10, 18], and/or mitigate the deleterious vibrations [19, 20]. It is now well-known 

that the quasi-steady model can accurately simulate the transverse galloping of a structure with a relatively 

large value of the mass-damping parameter. However, for a structure that has a very low mass-damping 

parameter, the onset velocity for galloping is low and the quasi-steady model becomes inapplicable [8, 21]. To 

ensure the reliability of flexible structures immersed in air/water flow, both aerodynamic countermeasures [22, 

23] and mechanical countermeasures [19, 20] have been proposed to mitigate the undesired vibrations due to 

transverse galloping. 

Barrero-Gil et al. [24] demonstrated the feasibility of harvesting wind energy based on transverse galloping 

using a lumped-parameter numerical system with the quasi-steady aerodynamic model. They [25, 26] further 

attempted to investigate the effectiveness of galloping-based energy harvesters with various bluff body 

configurations and optimize the mechanical and electrical parameters to enhance energy harvesting. Abdelkefi 

and co-authors [9, 27-31] presented a series of investigations focusing on the effects on energy harvesting of 

various aspects, including the tip body shape, the representation of aerodynamic force, and the wind yaw angle, 

etc. Yang et al. [32] presented wind tunnel experiments to study the performances of galloping-based energy 

harvesters with the square, rectangular, and triangular cross-sections of the bluff bodies. A comparison of these 

energy harvesters showed that the harvester with a square cylinder has the best performance. Zhao et al. [33] 

studied the effect of modeling methods of the electromechanical models and presented a parametric study for 
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the transverse galloping-based energy harvester. Hémon et al. [34] and Andrianne et al. [35] carried out wind 

tunnel tests to investigate wind energy harvesting based on flow-induced vibrations of rectangular cylinders. 

Zhang et al. [36] studied the influences of structural damping ratio, mass ratio, and width-to-height ratio on 

the energy harnessing from flow-induced vibration of rectangular bluff bodies. They focused on energy 

harvesters with relatively low mass ratios, which exhibit interfered vortex-induced vibration and galloping. 

Although a lot of investigations have been conducted to investigate the energy harvesting from transverse 

galloping, most existing studies predefined a 0° angle of attack of the bluff body relative to the oncoming flow. 

The influences of the variable predefined angle of attack on the effectiveness of the galloping-based energy 

harvester have rarely been studied. For a practical energy harvester operating in the natural wind, the angle of 

attack may vary with the wind direction, and it is hence important to study the performance of the energy 

harvester within the possible range of angles of attack. An energy harvester can be considered as lacking 

robustness if its performance is very sensitive to the predefined angle of attack. For a square cylinder, the 

dependency of flow-induced vibrations on the predefined angle of attack has been demonstrated in [37, 38]. 

More recently, it is shown that the performance of a square cylinder-based energy harvester is also dependent 

on the predefined angle of attack [39, 40]. However, a systematic study on the effects of the predefined angle 

of attack on energy harvesting from transverse galloping of different bluff bodies remains unavailable. The 

predefined angle of attack is here and in the following defined as the initial angle of attack, i.e., the angle 

between the mean flow direction and the x local axis (see Figure 1(b)). Generally, the angle of attack can 

change for two reasons: (i) when the oncoming mean wind is changing direction (e.g., atmospheric wind), and 

(ii) when the cross-section is rotated. The first case is typical of harvesters installed in an atmospheric boundary 

layer while the second is typical of harvesters with active control of the cross-section. 

This paper investigates numerically the effects of the predefined angle of attack on the transverse galloping-

based energy harvesting using different cross-sections as the tip body. The main purpose is to understand the 

sensitivity of various bluff body-based energy harvesters on the predefined angle of attack, and further suggest 

a bluff body-based energy harvester that is robust to the predefined angle of attack. Following the authors’ 

previous studies, the electro-mechanical system is described by a linear lumped-parameter model while the 

nonlinear aerodynamic force is described by the quasi-steady model. Bluff bodies with six different cross-

sections are considered, i.e., four rectangular sections of different side ratios, a trapezium section, and an angle 

section. The experimental aerodynamic coefficients from Norberg et al. [41], Feero et al. [42], Luo et al. [43], 

and Slater [44] are used as input parameters of the aerodynamic force model. The lumped-parameter model 

for a galloping-based piezoelectric energy harvester is introduced in Section 2. The effects of predefined angle 
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of attack and tip body cross-section on the onset velocity for galloping are studied in subsection 3.1. The effects 

of predefined angle of attack on the displacements and power outputs of galloping-based harvesters with 

various bluff bodies are discussed in subsection 3.2.The main conclusions are summarized in Section 4. 

2. Modeling and validation 

2.1. Aero-electro-mechanical modeling 

Figure 1 presents a schematic illustration of the considered energy harvester and the bluff body 

configurations, where b is the width and d is the height of the bluff body. As schematically shown in Figure 

1(a), the transverse galloping-based energy harvester includes a bluff body, a cantilever beam, and a 

piezoelectric transducer. Figure 1(b) shows the definition of the predefined angle of attack α0, which is the 

angle between the oncoming flow direction and the x local axis of the bluff body in its static configuration. 

Following the authors’ previous papers [39, 45], the aero-electro-mechanical system can be simplified as a 

lumped-parameter model as: 

𝑚[�̈�(𝑡) + 2𝜔!𝜉!�̇�(𝑡) + 𝜔!"𝑦(𝑡)] + 𝜃𝑉(𝑡) = 𝐹#(𝑡) (1a) 

𝑉(𝑡)
𝑅

+ 𝐶$�̇�(𝑡) − 𝜃�̇�(𝑡) = 0	 (1b) 

where m is the equivalent mass of the energy harvester per unit length, y denotes the transverse displacement 

of the bluff body, the overdot means the time derivative, ω0 denotes the natural frequency, ξ0 denotes the 

mechanical damping ratio, Fy represents the aeroelastic force acting on the bluff body per unit length, V is the 

generated voltage, Cp denotes the capacitance of the piezoelectric layer, R is the electrical load resistance, and 

θ represents the electromechanical coupling coefficient. It is noted that the following assumptions are involved 

in Eq. (1): (i) the electrical circuit is well-established so that the electrical nonlinearity is insignificant; (ii) the 

mechanical system is well-established so that the mechanical nonlinearity is insignificant; (iii) two-

dimensional flow is assumed along the cylinder while the three-dimensional flow around two ends of the 

cylinder is not considered; and (iv) the cylinder itself is assumed as a rigid body and hence only the rigid-body 

motion of the cylinder is considered. 
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(c)  

Figure 1. Galloping-based energy harvester: (a) schematic of energy harvester, (b) definition of predefined 
angle of attack, and (c) cross-sections of bluff bodies. 

The aerodynamic force for uniform oncoming flow can be approximated using the quasi-steady model as: 

𝐹# = 0.5𝜌𝑈"𝑑𝐶%# = 0.5𝜌𝑈"𝑑<𝐴& >𝛼! +
�̇�
𝑈@

&'

&()

	 (2) 

where ρ is the fluid density, U is the oncoming flow velocity, d is the dimension of the bluff body perpendicular 

to the cross-flow as shown in Figure 1(c), CFy represents the aerodynamic lift force coefficient (which is a 

nonlinear function of the angle of attack), and Aj (j = 1 ~ J) are aerodynamic damping coefficients which can 

be calculated based on the experimental CFy(α) curve using the least square fitting. �̇�/𝑈 is the variation of the 

angle of attack due to the structural motion and 𝛼! + �̇�/𝑈 is the relative angle of attack. In fact, the quasi-

steady theory assumes that the aerodynamic forces are nonlinear depending on the structural velocity which is 

modifying the angle of attack. Equation (2) is not considering the effect of vortex shedding because the 

shedding frequency is much higher than the structural natural frequency under unstable conditions. 

For a cross-section that is symmetric about the chord line, an accurate approximation can be achieved by 

including only odd-order terms (𝑗 = {1, 3, 5, … }) in equation (2) [3, 10]. The key assumption involved in the 

quasi-steady theory is that that the aerodynamic force on a vibrating body can be approximated by the force 

on a stationary one, as long as the configuration of the latter is identical to the instantaneous configuration of 

the former. This assumption is acceptable only if the time scale for the incident flow to pass through the 

cylinder and arrive sufficiently far downstream is considerably lower than that of the cylinder vibration [3]. 

As a result, the quasi-steady theory is capable of accurately simulating the galloping of a square cylinder with 

relatively high onset reduced velocities Ur = U/ω0d (in other words, cases with high values of the mass-

damping parameters), while its accuracy decreases with decreasing mass-damping parameter [46, 47].  

By substituting quasi-steady aerodynamic force into equation (1) and introducing some dimensionless 

variables τ = ω0t, Y = y/d, and 𝐼 = 𝜃𝑉 𝑚𝜔!"𝑑⁄ , equation (1) can be expressed as: 

𝑌′′ + 2𝜉!𝑌′ + 𝑌 + 𝐼 =
𝑈*"

2𝑚∗<𝐴& M𝛼! +
𝑌′
𝑈*
N
&'

&()

 (3a) 

𝐼 + 𝐶$𝑅𝜔!𝐼′ = 2𝜉,𝑌′	 (3b) 
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where the prime indicates the derivative with respect to the dimensionless time τ,	𝑚∗ = 𝑚/𝜌𝑑" quantifies the 

mass ratio between the harvester and the displaced fluid, 𝜉, = 𝜃"𝑅 2𝑚𝜔!⁄  represents the dimensionless 

damping coefficient due to the electrical coupling effect. Validations of the lumped-parameter model described 

by equations (1) and (3) can be found in the authors’ previous papers [39, 45]. In [39], the effect of predefined 

angle of attack is investigated for a square cylinder-based energy harvester. This paper systematically studies 

the effects of predefined angle of attack on the transverse galloping-based energy harvesting using different 

bluff bodies. 

2.2. Linear stability of the system: onset galloping velocity 

The onset galloping velocity for the coupled system described in equation (3) is analyzed in this subsection. 

First, the following state variables are introduced based on Equation (3): 

𝐗 = P
𝑋)
𝑋"
𝑋-
R = P

𝑌
𝑌′
𝐼
R	 (4) 

For a specific predefined angle of attack α0, equation (3) can be linearized (around the original static 

configuration of the bluff body in its static) as: 

𝑋). = 𝑋"	 (5a) 

𝑋". = −𝑋) − (2𝜉! −
𝑈*
2𝑚∗ 𝑆)𝑋" − 𝑋-	 (5b) 

𝑋-. =
2𝜉,𝑋"
𝐶$𝑅𝜔!

−
𝑋-

𝐶$𝑅𝜔!
	 (5c) 

where S is the linearized version of the aerodynamic coefficient at 𝛼!, i.e., 𝑆 =
/∑ 1!(3)!

"
!#$

/3
T
3(3%

. 

Equation (5) can be expressed in a matrix form as: 

𝐗′ = 𝐆𝐗	 (6a) 

𝐆 =

⎣
⎢
⎢
⎢
⎡
0 1 0

−1 −(2𝜉! −
𝑈*
2𝑚∗ 𝑆) −1

0
2𝜉,

𝐶$𝑅𝜔!
−

1
𝐶$𝑅𝜔!⎦

⎥
⎥
⎥
⎤

	 (6b) 

The matrix G includes all parameters that affect the stability of the coupled system. Therefore, this matrix 

can be used to investigate the influences of the angle of attack and the corner shape on the onset velocity of 

galloping. 

The characteristic equation of matrix G is: 
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𝐝𝐞𝐭[𝐆 − 𝛌𝐈] = 𝛌- + 𝛌" M2𝜉! +
1

𝐶$𝑅𝜔!
−
𝑈*𝑆
2𝑚∗N + 𝛌M1 +

2𝜉!
𝐶$𝑅𝜔!

+
2𝜉,

𝐶$𝑅𝜔!
−

𝑈*𝑆
2𝑚∗𝐶$𝑅𝜔!

N

+
1

𝐶$𝑅𝜔!
= 𝟎	

(7) 

The three eigenvalues of the coupled system can be calculated through a complex eigenvalue analysis of 

matrix G. Because of the electromechanical coupling effect, the coupled system has a real eigenvalue which 

is always negative. In addition, the coupled system has a pair of complex eigenvalues that determines its 

stability. The two eigenvalues are a pair of complex conjugates, and the onset galloping velocity is achieved 

when the real part of the two eigenvalues becomes zero. The onset galloping velocity for a pure single-degree-

of-freedom aeroelastic system (that is, a system without the piezoelectric coupling effect) [3, 10] is Ur = 

4m∗ξ0/S. 

2.3. Input data of the electro-aero-mechanical system 

Bluff bodies with six different cross-sections are considered in the following analyses, i.e., rectangular 

sections of side ratio b/d = 1.0, 1.62, 2.0, and 2.5, a trapezium section, and an angle section, as illustrated in 

Figure 1(c), in which b is the dimension of the bluff body parallel to the cross-flow. The considered rectangular 

cylinders have been largely investigated for energy harvesting at a 0° angle of attack. Rectangular bluff bodies 

with width-to-height ratios out of the aforementioned range are not considered either because they have very 

high onset galloping velocities or they are always stable [41, 42]. The other two cross-sections, i.e., the 

trapezium section and the angle section, are also known to be prone to galloping instability [43, 44]. 

Aerodynamic coefficients of the considered cross-sections are presented in Figure 3. The aerodynamic 

coefficients of a b/d = 3.0 rectangular section are also presented while this section is not analyzed in the 

following parts since it is stable from galloping due to the negative slope of the CFy(α) curve (and hence 

negative A1 value). Aerodynamic coefficients are asymmetric about α = 0° since the considered cross-sections 

are symmetric about their chord lines. The experimentally obtained coefficients are fitted by using 17th-order 

polynomials (only with odd-order terms) with Ai listed in Table 1. It is noted that, for the rectangular sections 

with b/d = 1.0 and 3.0, the aerodynamic coefficients measured by Norberg et al. [41] and Ferro et al. [42] agree 

very well. Hence, the data of Norberg et al. [41] and Ferro et al. [42] can be utilized together to compare the 

performances of energy harvesters with rectangular bluff bodies of different side ratios. It should be stated that 

the aerodynamic coefficients may be dependent on several parameters, e.g., the turbulent intensity and the 

Reynolds number. However, the effects of these parameters are not considered in the present study. 
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Figure 3. Experimental and fitted aerodynamic coefficients of various cross-sections: (a) rectangular sections 

of different side ratios, open markers from [41], and crossed markers from [42]; (b) trapezium section [43] 

and angle section [44]. 

Table 1. Polynomial representations of the aerodynamics coefficients 

Cylinder A1 A3 A5 A7 A9 A11 A13 A15 A17 
Rec 1.0 [42] 4.68 −3.99e2 1.19e4 3.85e5 −2.61e7 5.34e8 −5.28e9 2.58e10 −5.00e10 
Rec 1.62 [41] 4.82 −6.22e2 1.29e5 −1.09e7 4.70e8 −1.16e10 1.66e11 −1.30e12 4.28e12 
Rec 2.0 [42] 8.46 −1.72e2 3.68e5 −6.09e7 4.04e9 −1.40e11 2.66e12 −2.67e13 1.09e14 
Rec 2.5 [42] 13.0 −2.61e3 2.36e5 −1.27e7 4.14e8 −8.21e9 9.72e10 −6.30e11 1.71e12 
Trapezium[43] 0.71 −3.81e1 1.48e3 9.62e4 −6.82e6 1.62e8 −1.88e9 1.07e10 −2.39e10 
Angle [44] 0.65 −6.91 8.20e2 −7.44e4 2.43e6 −3.92e7 3.39e8 −1.51e9 2.72e9 

3. Results and discussions 

The influences of the predefined angle of attack are investigated for various energy harvesters with different 

tip bluff bodies. It is assumed that all cylinders have a unit length and the same d = 0.015 m. The mechanical 

and electrical parameters are 	𝑚∗ = 1564.4, ξ0 = 0.13%, θ = 1.55 mN/V, and Cp = 120 nF, as considered in 

[27]. The natural frequency of the cylinder without aerodynamic and piezoelectric coupling is f0 =10 Hz. As 

indicated by the eigenvalue analysis, the natural frequency of the coupled system can be slightly affected by 

the presence of the piezoelectric terms. However, the natural frequency remains close to 10 Hz for the considered 

cases. It should be stated that this paper considers a system with linear electrical and mechanical behaviors 

that are governed by equation (1). The main results for systems with nonlinear electrical and mechanical 

behaviors should be qualitatively similar. 

3.1. Onset galloping velocity 

The effects of the angle of attack on the onset galloping velocity of energy harvesters with different bluff 

bodies are analyzed in this subsection. Figure 4 presents the variations of the onset galloping velocities versus 

the electrical load resistance for energy harvesters with different bluff bodies and angles of attack. For each 

0 3 6 9 12 15-2

-1

0

1

2

3
b/d = 1.0:   , , 
b/d = 1.62: , 
b/d = 2.0:   , 
b/d = 2.50: , 
b/d = 3.0:   , , 

 

 

C
Fy

a (°)
0 4 8 12 16 20-0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6
Trapezium: , 
Angle: , 

 

 

C
Fy

a (°)



 

9 

bluff body, the range of predefined angles of attack α0 = 0° ~ 6° are considered since the aerodynamic lift 

coefficients are available in a limited range of angles of attack. It is noted that the range of angles of attack for 

a practical energy harvester may depend on several factors including the wind environment and the location 

of the cylinder. The square cross-section (b/d = 1.0) is always stable at α0 = 5° and 6°, the rectangular section 

of b/d = 2.0 is stable at α0 = 6°, while the rectangular section of b/d = 2.5 is stable at α0 = 3°, 4°, 5°, and 6° 

(this is expected since the slope S becomes negative). Other cross-sections are unstable from galloping within 

the considered range of angles of attack. It is noted that the onset galloping velocities of all bluff bodies are 

affected by the angle of attack. The onset velocities for the b/d = 1.0 and 2.5 rectangular cylinders increase 

significantly with increasing the angle of attack. For other bluff bodies, the onset velocities vary non-

monotonically with increasing the angle of attack, and the effects of the angle of attack on the onset velocities 

are less significant. 

For a load resistance of R = 106 Ω, the onset galloping velocities for energy harvesters with different bluff 

bodies at various angles of attack are listed in Table 2. At the angle of attack α0 = 0°, the onset galloping 

velocities of the rectangular cylinders can be decreased by increasing the side ratio, and the lowest onset 

velocity is achieved by the b/d = 2.5 rectangular cylinder. On the other hand, the b/d = 1.62 and 2.0 rectangular 

cylinders should be recommended if the energy harvester is expected to have low onset velocities within a 

relatively wide range of angles of attack. Finally, the trapezium section and the angle section are not suitable 

for energy harvesting due to their very high onset velocities within the considered range of angles of attack. 
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(c) (d) 

 
(e) (f) 

Figure 4. Variations of onset galloping velocities versus electrical load resistance for energy harvesters with 
various bluff bodies: (a) rectangular section of b/d = 1.0; (b) rectangular section of b/d = 1.62; (c) rectangular 

section of b/d = 2.0; (d) rectangular section of b/d = 2.5; (e) trapezium section; (f) angle section. (load 
resistance R = 106 Ω and natural frequency f0 =10 Hz). 

 
Table 2. Onset galloping velocities (m/s) for energy harvesters with load resistance R = 106 Ω and natural 

frequency f0 =10 Hz. 
α0 (°) Rec 1.0 Rec 1.62 Rec 2.0 Rec 2.5 Trapezium Angle 
0 2.58 2.51 1.43 0.93 17.04 18.61 
1 2.80 2.81 1.43 1.13 17.15 18.78 
2 3.65 3.59 1.23 2.39 18.80 19.20 
3 6.41 3.80 0.87 stable 25.77 19.69 
4 26.77 2.87 0.71 stable 44.70 20.25 
5 stable 2.20 1.01 stable 43.84 21.47 
6 stable 2.34 stable stable 19.32 24.96 

3.2. Displacements and power 

The displacement and voltage output of the nonlinear electro-aero-mechanical system after the onset 

galloping velocity can be obtained by solving equation (3) in the time domain. Equations (3a) and (3b) are 

103 104 105 106 1070.1

1

10

100
 a0 = 0°  a0 = 1°  a0 = 2° 
 a0 = 3°  a0 = 4°  a0 = 5°

 

 
O

ns
et

 g
al

lo
pi

ng
 v

el
oc

ity
 (m

/s
)

Load resistance (W)
103 104 105 106 1070.1

1

10

100
 a0 = 0°  a0 = 1°  a0 = 2° 

 

 

O
ns

et
 g

al
lo

pi
ng

 v
el

oc
ity

 (m
/s

)

Load resistance (W)

103 104 105 106 1070.1

1

10

100

 a0 = 0°  a0 = 1°  a0 = 2° 
 a0 = 3°  a0 = 4°  a0 = 5°

 a0 = 6°

 

 

O
ns

et
 g

al
lo

pi
ng

 v
el

oc
ity

 (m
/s

)

Load resistance (W)
103 104 105 106 1070.1

1

10

100

 a0 = 0°  a0 = 1°  a0 = 2° 
 a0 = 3°  a0 = 4°  a0 = 5°

 a0 = 6°

 

 

O
ns

et
 g

al
lo

pi
ng

 v
el

oc
ity

 (m
/s

)

Load resistance (W)



 

11 

solved by numerical integration by using the Newmark-β method with average constant acceleration (𝛾 = 0.5 

and 𝛽 = 0.25). The considered bluff bodies are the rectangular sections of b/d = 1.0, 1.62, 2.0, and 2.5, while 

bluff bodies with trapezium and angle sections are not analyzed in this section due to their very high onset 

velocities within the considered range of angles of attack. For a specific combination of bluff body 

configuration and angle of attack, the displacement and voltage outputs are simulated within an oncoming flow 

velocity range of 0 to 15 m/s. The corresponding reduced velocity range is Ur = U/(ω0d) = 0 ~ 15.9. The 

simulations are conducted by increasing the flow velocity with a 0.2 m/s step. The initial displacement for a 

specific flow velocity is adopted as the formerly analyzed flow velocity. It is noted that the steady-state 

displacements and power output of the energy harvester may be different if the simulation is performed by 

increasing or decreasing the oncoming flow velocity. For example, for a system that exhibits a saddle-node 

bifurcation and a subcritical Hopf bifurcation, the steady-state displacements and power outputs are dependent 

on the initial displacement for flow velocities between the saddle-node and subcritical Hopf bifurcations. 

Details of the bifurcation behaviors can be found in [48] and will be discussed later. 

The variations of the dimensionless transverse displacements versus the load resistance for energy 

harvesters with the different rectangular bluff bodies and angles of attack are presented in Figures 5(a, c, e), 

Figures 6(a, c, e), Figures 7(a, c, e), and Figures 8(a, c, e), respectively. Three flow velocities are considered, 

i.e., U = 4, 8, and 14 m/s. It is again noted that the rectangular section of b/d = 1.0 is stable from galloping at 

α0 = 5° and 6°, the rectangular section of b/d = 2.0 is stable at α0 = 6°, the rectangular section of b/d = 2.5 is 

stable at α0 = 3°, 4°, 5°, and 6°, while the rectangular section of b/d = 1.62 is unstable from galloping within 

the considered range of angles of attack. It follows from these figures that the displacements initially reduces 

and then enlarges with increasing the load resistance for all rectangular cylinders. The minimum displacements 

are achieved at a load resistance close to R = 105 Ω. This observation is due to the maximum damping induced 

by the electrical coupling effect around this load resistance range. For some cases with specific parameter 

combinations in Figures 5(a) and 6(a), the displacements are zero since the onset galloping velocities for these 

cases are higher than 4 m/s. The transverse displacements of all bluff bodies are remarkably affected by the 

angle of attack. For each bluff body, the vibration amplitude at a specific flow velocity and load resistance 

generally decreases with increasing the angle of attack with some exceptions where the vibration amplitude 

exhibits a sudden jump. 

Figures 5(b, d, f), Figures 6(b, d, f), Figures 7(b, d, f), and Figures 8(b, d, f) show the variations of the 

power outputs versus the load resistance for energy harvesters with rectangular cylinders of various side ratios. 

The power is calculated as 𝑉" 2𝑅⁄ . For each bluff body, the power output at a specific flow velocity and load 
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resistance generally decreases with increasing the angle of attack with some exceptions where the vibration 

amplitude exhibits a sudden jump. However, power output varies in a similar manner for all considered bluff 

bodies and angles of attack. More specifically, for lower flow velocities (e.g., U = 4 m/s), two optimal values 

of load resistances exist (i.e., the two peaks of the power outputs as shown in the figures). On the other hand, 

for higher flow velocities (e.g., U = 14 m/s), the power output reaches the maximum value around R = 105 Ω. 

In the ranges of load resistances with lower displacements, larger power outputs are achieved. These 

observations have been discussed in detail in [45]. For U = 4 and 8 m/s, the maximum power output is exhibited 

by the b/d = 2.0 cylinder at a 0° angle of attack and a load resistance around R = 105 Ω. On the other hand, for 

U = 14 m/s, the maximum power output is exhibited by the b/d = 1.0 cylinder at the same angle of attack and 

load resistance. 
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(e) (f) 

Figure 5. Variation of transverse displacement and power output versus electrical load resistance for energy 
harvesters with rectangular cylinder of b/d = 1.0: (a) and (b) U = 4 m/s, (c) and (d) U = 8 m/s, (e) and (f) U = 

14 m/s. 
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(e) (f) 

Figure 6. Variation of transverse displacement and power output versus electrical load resistance for energy 
harvesters with rectangular cylinder of b/d = 1.62: (a) and (b) U = 4 m/s, (c) and (d) U = 8 m/s, (e) and (f) U 

= 14 m/s. 
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(e) (f) 

Figure 7. Variation of transverse displacement and power output versus electrical load resistance for energy 
harvesters with rectangular cylinder of b/d = 2.0: (a) and (b) U = 4 m/s, (c) and (d) U = 8 m/s, (e) and (f) U = 

14 m/s. 
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(e) (f) 

Figure 8. Variation of transverse displacement and power output versus electrical load resistance for energy 
harvesters with rectangular cylinder of b/d = 2.50: (a) and (b) U = 4 m/s, (c) and (d) U = 8 m/s, (e) and (f) U 

= 14 m/s. 

Figures 9 ~ 12 present the effects of the angle of attack on the transverse displacements of the energy 

harvesters and power outputs for energy harvesters with different bluff bodies. The results are given for two 

load resistances, i.e., R = 105 and 106 Ω, respectively. It is noted that both the onset velocities and the slopes 

of the bifurcation curves are affected by the angle of attack. All rectangular cylinders exhibit the largest 

transverse displacements and power outputs at the angle of attack α0 = 0°, while the values at α0 = 1° and 2° 

are only slightly lower than those at α0 = 0°. For the b/d = 1.0 cylinder, no galloping vibration occurs α0 = 4°, 

5°, and 6°; for the b/d = 2.0 section, no galloping vibration occurs at α0 = 6°; for the b/d = 2.5 section, no 

galloping vibration occurs at α0 = 3°, 4°, 5°, and 6°. These are expected from the linear analysis either because 

the cylinder is stable from galloping at the associated angle of attack or because the onset galloping velocity 

is higher than 15 m/s. For the b/d = 1.0 and 2.0 cylinders, although the onset velocities are insignificantly 

affected by the angle of attack, the cylinders exhibit very different galloping responses at various angles of 

attack. It is also interesting to note that the transverse displacements are much lower while the power outputs 

are much higher at the load resistance values of R = 105 Ω, which is consistent with the observations in Figures 

5 ~ 9. 

A comparison of Figures 9 ~ 12 suggests that, within the considered range of wind velocities, the largest 

vibration amplitude and the largest power output are achieved by the b/d = 1.0 cylinder at a 0° angle of attack 

and a flow velocity of 15 m/s. Unfortunately, the performance of the energy harvester with the b/d = 1.0 

cylinder is rather sensitive to the angle of attack, resulting in a zero power output as the angle of attack is 

increased over 4°. On the other hand, the energy harvester with the b/d = 1.62 cylinder produces lower power 

output than that produced by the b/d = 1.0 cylinder at a 0° angle of attack. However, the b/d = 1.62 cylinder is 
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always effective within the analyzed range of angles of attack, although the power output reduces with 

increasing the angle of attack. The b/d = 2.0 cylinder is also effective within a relatively wide range of angles 

of attack, while its power output is lower than that of the b/d = 1.62 cylinder. The power output of the b/d = 

2.5 cylinder is the lowest among the analyzed cylinders, and its performance is also quite sensitive to the angle 

of attack. In conclusion, the b/d = 1.0 rectangular cylinder is suggested if the energy harvester is expected to 

produce large power output in a well-controlled flow with a 0° angle of attack. On the other hand, the b/d = 

1.62 rectangular cylinder should be recommended if the energy harvester is expected to be effective within a 

relatively wide range of angles of attack. 

Inspecting the plotted bifurcation diagrams in Figures 9 ~ 12, it is clear that the predefined angle of attack 

may change the bifurcation behavior of the energy harvester. As an example, for the b/d = 1.62 cylinder shown 

in Figure 10, when the predefined angle of attack is 0° ~ 4°, a saddle-node bifurcation with the presence of a 

subcritical jump takes place. The saddle-node and subcritical Hopf bifurcations disappear while a supercritical 

Hopf bifurcation occurs at the onset galloping velocity when the predefined angle of attack is increased to 

higher values (α0 = 5° and 6°). To better interpret these bifurcations, the transverse displacements and power 

outputs for energy harvesters with the b/d = 1.62 rectangular cylinder at α0 = 3° and 6° are calculated from 

different initial amplitudes. By varying the initial amplitude, both unstable and stable limit cycles can be 

captured. The amplitude of an unstable limit cycle lies between two successive initial amplitudes which 

produce different steady-state responses. The steady-state displacements and power outputs are presented in 

Figure 13, in which solid lines represent the steady-state amplitudes of stable limit cycles, while dashed lines 

represent those of unstable limit cycles. The steady-state displacements and power outputs calculated by 

increasing the flow velocity are also given in Figure 13. Some displacement time-histories from different initial 

displacements are given in Figure 14, in which Y(0) is the initial displacement. As shown in Figure 13, the 

saddle-node and subcritical Hopf bifurcations can be clearly observed for the b/d = 1.62 rectangular cylinder 

at α0 = 3°. The steady-state displacements and power outputs are dependent on the initial displacement for flow 

velocities between the saddle-node and subcritical Hopf bifurcations, as verified in Figure 14(a) by the 

displacement time-histories at U = 6 m/s. The increasing velocity curves in Figure 13 cannot capture the stable 

and unstable limit cycles between the saddle-node and subcritical Hopf bifurcations. The steady-state 

displacements and power outputs become independent of the initial displacement after the subcritical Hopf 

bifurcation, as illustrated in Figure 14(b) by the displacement time-histories at U = 8 m/s. The b/d = 1.62 

rectangular cylinder at α0 = 3°exhibits a supercritical Hopf bifurcation at the onset galloping velocity. The 

steady-state displacements and power outputs are always independent of the initial displacement, as illustrated 
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in Figure 14(c) by the displacement time-histories at U = 5 m/s. The increasing velocity curves are consistent 

with the curves calculated with different initial displacements, and hence the later ones are covered by the 

former ones. 

The preceding discussions mean that the predefined angle of attack and bluff body configuration may 

strongly affect the onset velocity of galloping as well as the type of instability of the system. For a case that 

exhibits a single supercritical Hopf bifurcation at the onset galloping velocity, the vibration amplitude increases 

continuously with increasing the flow velocity. Hence, the vibration amplitude and the power output for such 

a case also vary continuously with the load resistance, as demonstrated by the b/d = 1.62 cylinder at α0 = 5° 

shown in Figure 6. On the other hand, for a case that exhibits the saddle-node bifurcation, the vibration 

amplitude has a sharp jump with increasing the flow velocity, which occurs as a result of the hysteresis behavior 

in the changing of the displacement amplitude versus flow velocity, as demonstrated by the b/d = 1.0 cylinder 

at α0 = 0° shown in Figure 9. If the simulations were performed by decreasing the oncoming flow velocity, the 

jump of the vibration amplitude would occur at a lower flow velocity. At lower flow velocities, the vibration 

may belong to the branches before or after the sharp jump depending on the load resistance. Hence, there are 

sharp jumps in the variations of the vibration amplitude and the power output versus the load resistance, as 

demonstrated by the b/d = 1.0 cylinder at α0 = 0° shown in Figures 5(a, b, c, d). At higher flow velocities, the 

vibrations always belong to the branch after the sharp jump, and hence the vibration amplitude varies 

continuously with the load resistance, as shown in Figures 5(e, f). 
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(c) (d) 

Figure 9. Bifurcation diagrams for transverse displacements and power outputs of energy harvesters with 
rectangular cylinder of b/d = 1.0: (a) and (b) R = 105 Ω; (c) and (d) R = 106 Ω. 
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(c) (d) 

Figure 10. Bifurcation diagrams for transverse displacements and power outputs of energy harvesters with 
rectangular cylinder of b/d = 1.62: (a) and (b) R = 105 Ω; (c) and (d) R = 106 Ω.
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(a) (b) 

 
(c) (d) 

Figure 11. Bifurcation diagrams for transverse displacements and power outputs of energy harvesters with 
rectangular cylinder of b/d = 2.0: (a) and (b) R = 105 Ω; (c) and (d) R = 106 Ω. 

 
(a) (b) 

0 3 6 9 12 150.0

0.8

1.6

2.4

3.2

4.0
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

D
im

en
si

on
le

ss
 v

ib
ra

tio
n 

am
pl

itu
de

Flow velocity (m/s)
0 3 6 9 12 150

120

240

360

480

600
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

Po
w

er
 (m

W
)

Flow velocity (m/s)

0 3 6 9 12 150.0

0.8

1.6

2.4

3.2

4.0
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

D
im

en
si

on
le

ss
 v

ib
ra

tio
n 

am
pl

itu
de

Flow velocity (m/s)
0 3 6 9 12 150

50

100

150

200

250
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

Po
w

er
 (m

W
)

Flow velocity (m/s)

0 3 6 9 12 150.0

0.5

1.0

1.5

2.0

2.5
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

D
im

en
si

on
le

ss
 v

ib
ra

tio
n 

am
pl

itu
de

Flow velocity (m/s)
0 3 6 9 12 150

50

100

150

200

250
 a0 = 0°

 a0 = 1°

 a0 = 2°

 a0 = 3°

 a0 = 4°

 a0 = 5°

 a0 = 6°

 

 

Po
w

er
 (m

W
)

Flow velocity (m/s)



 

21 

 
(c) (d) 

Figure 12. Bifurcation diagrams for transverse displacements and power outputs of energy harvesters with 
rectangular cylinder of b/d = 2.50: (a) and (b) R = 105 Ω; (c) and (d) R = 106 Ω. 
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Figure 13. Transverse displacements (a) and power outputs (a) of energy harvesters with rectangular 
cylinder of b/d = 1.62 at α0 = 3° and 6° 
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(c) 

Figure 14. Transverse displacement time-histories of energy harvesters with rectangular cylinder of b/d = 
1.62: (a) α0 = 3° and U = 6 m/s, (b) α0 = 3° and U = 8 m/s, and (c) α0 = 6° and U = 5 m/s. 

4. Conclusions 

This paper presented a numerical investigation to study the influences of the predefined angle of attack on 

transverse galloping-based energy harvesting using different cross-sections as the tip body. The galloping-

based energy harvester is considered as a lumped-parameter model with linear mechanical and electrical 

parameters, while the nonlinear aerodynamic forces are simulated using the quasi-steady model. Bluff bodies 

with six different cross-sections were considered: rectangular sections of the side ratio b/d = 1.0, 1.62, 2.0, and 

2.5, the trapezium section, and the angle section. 

Numerical results show that the onset velocities for the b/d = 1.0 and 2.5 rectangular cylinders increase 

significantly with increasing the angle of attack. For the other bluff bodies, the onset velocities vary non-

monotonically with increasing the angle of attack, and the effects of the angle of attack on the onset velocities 

are less significant. At the angle of attack α0 = 0°, the onset galloping velocities of the rectangular cylinders 

can be decreased by increasing the side ratio, and the lowest onset velocity is achieved by the b/d = 2.5 

rectangular cylinder. On the other hand, the b/d = 1.62 and 2.0 rectangular cylinders should be recommended 

if the energy harvester is expected to have low onset velocities within a relatively wide range of angle of attack. 

The trapezium section and the angle section are not suitable for energy harvesting due to their very high onset 

velocities within the considered range of angles of attack. 

The largest vibration amplitude and the largest power output are achieved by the b/d = 1.0 cylinder at a 0° 

angle of attack. Therefore, the b/d = 1.0 rectangular cylinder is suggested if the energy harvester is expected 

to produce large power outputs in a well-controlled flow with an angle of attack around 0°. Unfortunately, the 

performance of the energy harvester with the b/d = 1.0 cylinder is rather sensitive to the angle of attack, 

resulting in a zero power output as the angle of attack is increased over 4°. The energy harvester with the b/d 

= 1.62 cylinder produces lower power output than that produced by the b/d = 1.0 cylinder at a 0° angle of 
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attack. However, the b/d = 1.62 cylinder is always effective within the analyzed range of angles of attack, and 

hence this cylinder should be recommended if the energy harvester is expected to be effective within a 

relatively wide range of angles of attack. The b/d = 2.0 cylinder is also effective within a relatively wide range 

of angles of attack, while its power output is lower than that of the b/d = 1.62 cylinder. The power output of 

the b/d = 2.5 cylinder is the lowest among the analyzed cylinders, and its performance is also quite sensitive 

to the angle of attack. 
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