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Exact Methods for Defects in Conformal Field Theory
by Adam Chalabi

The defect operators admitted by a given quantum field theory (QFT) contain crucial
information. E.g in 4d gauge theories some defects play the role of order parameters,
classifying phases of the theory. Defects are also omnipresent in real-world
laboratories. E.g. real systems typically have impurities and defects, which may
change their properties. Since QFT can be used to describe such systems in the

continuum limit, it is essential to systematically understand defects in QFT.

This thesis explores defects in d-dimensional conformal field theories (CFT). CFTs
arise naturally at fixed points of renormalisation group (RG) flows and describe real
physical systems at criticality. We focus on p-dimensional defects, with p < d — 1, that
preserve some of the system’s conformal invariance. Conformal defects give rise to
defect-localised contributions to the CFI’s Weyl anomaly. Their coefficients are often
called defect central charges. They control many physical observables, and obey
interesting bounds, constraints, and relations, partially characterising the defect.

We report novel and original results about conformal defects and their central charges
across dimensions. Our results are exact and apply to large classes of defects. Firstly,
we determine the form of the defect Weyl anomaly of a p = 4 conformal defect in a
CFT of arbitrary co-dimension g = d — 4. We show how some of the new defect central
charges appear in physical observables, and discuss bounds that they need to obey.

We then illustrate these results with a set of simple, yet non-trivial, examples of
defects in free CFTs. Using existing methods available in free field theories, we
compute various correlation functions exactly for arbitrary p, and demonstrate how to
extract defect central charges when p = 2 and p = 4. Moreover, we study novel defect
RG flows which are found to obey monotonicity theorems.

Finally, we develop novel techniques to compute central charges for superconformal
defects in a large class of interacting superconformal field theories. Our methods rely
on supersymmetric localisation, and thus are non-perturbative in the coupling

constants. We illustrate our techniques in numerous examples.
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Chapter 1

Motivation

Since its inception, quantum field theory (QFT) has proven to be an incredibly
powerful tool. Arguably the most celebrated QFT is the Standard Model of particle
physics, which provides the best description of all fundamental forces except gravity.
However, QFT is more than just a tool to compute cross sections of particle decays. It
has found numerous applications. E.g. QFT describes many-body systems in the
continuum limit. It is thus of immense importance in condensed matter physics, and
can be used to describe superconductivity, Luttinger liquids, quantum Hall physics,
and many more systems, see e.g. [6]. In the context of cosmology, QFT is used to
describe primordial fluctuations which give rise to the large-scale structures we see in
the sky via inflation. QFT also underpins string theory, a consistent theory of quantum
gravity. Moreover, certain QFTs are intricately related to beautiful pieces of
mathematics, including knot theory [7], Morse theory [8], and category theory [9,10],
to name a few. Together with string theory, it has also spurred new advances in
mathematics, sometimes proving long-standing conjectures, e.g. in the context of the
geometry and topology of various types of manifolds [11-14], quantum groups [15],
moonshine theory [16], and the geometric Langlands programme [17].

Famously, QFT is plagued by pesky infinities which arise from very high and very low
energy modes. The latter, so-called infra-red (IR) divergences can be avoided if the
theory is put on a compact space as the wavelength of a particle can no longer become
infinitely large. High energy, or ultra-violet (UV) divergences are more persistent. To
deal with them, one may e.g. impose a hard cut-off, i.e. only keeping modes up to a
certain energy scale. From a Wilsonian point of view, a QFT is an effective theory with
an associated Lagrangian, valid up to some cut-off scale associated with the
emergence of new physics. As one lowers the cut-off scale by performing the path
integral over modes with energies between the old and new cut-offs, the coupling
constants in the QFT change, or ‘run’. Equivalently, this can be thought of as a

coarse-graining of the description as one lowers the energy scale. This running of
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couplings is called a renormalisation group (RG) flow. Depending on the type of
interactions, some coupling constants will become large as the cut-off is lowered.

This poses a challenge for theorists. Despite its vast applicability, there is a limited set
of techniques to compute physical observables of a given QFT. For weakly-interacting
QFTs one can work with the Lagrangian and use perturbation theory in the coupling
constants. However, at strong coupling the Lagrangian is less useful, and QFT
becomes difficult. This lack of tools is problematic as many fundamental theories of
nature are strongly coupled in certain regimes. One such theory is quantum
chromodynamics (QCD), which describes the constituents of subatomic particles as
part of the Standard Model, and is an example of a gauge theory. QCD is
asymptotically free, i.e. it is strongly coupled at low energies. Arguably the best one
can do is to put the theory on a lattice. Numerical methods can then be used to make
theoretical predictions, e.g. for the masses of light hadrons [18]. However, lattice
methods come with their own set of limitations, e.g. they cannot simulate any
dynamical real-time processes. A building block of QCD is Yang-Mills (YM) theory,
which shares its asymptotic freedom. It is unknown whether this simple theory has a
mass gap, i.e. whether the lightest particles are massive. Lattice simulations suggest it
does, however, no formal proof exists. Establishing such a proof and showing that YM
theory can be made mathematically rigorous is one of the unsolved Millennium Prize

Problems in mathematics.

In the absence of generic analytic tools at strong coupling, one may wonder whether
general principles may guide us towards a better understanding of QFT, including in
the strong coupling regime. The uselessness of a Lagrangian description at strong
coupling suggests that the information that uniquely characterises a QFT may be
encoded differently. In some sense, this information should play the role of
coordinates in an abstract space of QFTs. General principles may then impose
constraints on this information, carving out regions of consistent theories in this larger

space of QFTs, and may even lead to a classification scheme for QFTs.

Symmetries are essential tools for characterising and classifying QFTs. In particular, in
any local, unitary QFT in d dimensions, Noether’s theorem for the Lorentz group
requires the existence of a symmetric, conserved stress tensor, T#" = T"* and

9,T" =0, withy,v =1,2,...,d. In this sense, T"" is universal: we can always
characterise a local Lorentz-invariant QFT, in part, via correlations of T#” with itself

and other operators.

A particularly powerful symmetry is supersymmetry (SUSY), an extension of the
usual Poincaré algebra to include fermionic generators. Currently, there are no
experimental indications that SUSY is realised in our universe. If it exists, it must be
broken at energy scales accessible to current experiments. Nonetheless, it is of

immense use to theorists. SUSY provides a remarkable abundance of tools for certain



toy models of the QFTs describing nature. E.g. SUSY allows for determination of the
IR dynamics of some asymptotically free QFTs [19,20], and for exact computation of
certain quantities [21-24]. This makes supersymmetric QFTs (SQFTs) excellent
laboratories for theorists.

Conformal symmetry is yet another extension of the Poincaré group. Conformal
symmetry includes invariance under scale transformations. In nature, scale and
conformal invariance arise naturally at phase transitions and critical phenomena.
QFTs that enjoy invariance under the conformal group are called conformal field
theories (CFTs). Famously, the Ising model of ferromagnetism at criticality is
described by a CFT in d = 2, 3. In string theory, a 2d CFT provides the underlying
description of a string propagating in spacetime.

More abstractly in QFT, scale invariance appears at the fixed points of RG flows. In
unitary QFTs, this typically enhances to invariance under the full conformal group.
This makes CFTs natural starting points for characterising and classifying QFTs.
Moreover, in a local, unitary CFT, conformal symmetry fixes the correlation functions
of all local operators in terms of the two- and three-point functions of a subset of local
operators, called conformal primaries. Specifically, conformal symmetry fixes the form
of correlation functions of primaries, which in turn determine correlation functions
involving their conformal descendants. This dramatically simplifies the problems of
characterisation and classification for CFTs, and the QFTs connected to them via RG
flows.

Classically, conformal invariance ensures that the stress tensor of a CFT has vanishing
trace, T#, = 0. In the quantum theory, this translates to a Ward identity whereby

T", = 0 inside correlation functions away from other operator insertions. On a curved
background, T#, = 0 classically but not necessarily in the quantum theory. Indeed, it
is an important property of CFTs in even dimensions that scale invariance is broken by
quantum effects when the theory is placed on a curved metric background. This
breaking is captured by the Weyl anomaly. It states that the trace of the stress tensor
must be given by scalar invariants of the background fields, including curvature

invariants of the metric, multiplying the identity operator.

The coefficients of these invariants are often called central charges. They are important
pieces of information about the CFT and control various physical quantities, including
the thermodynamic entropy in d = 2 [25,26] and the entanglement entropy

(EE) [27-30]. Moreover, the 2- and 3-point functions of T#" are fixed (in part) by Weyl
anomaly coefficients when d € 27Z. Importantly, some central charges obey positivity
constraints and /or must decrease along RG flows from an UV to an IR fixed

point [31-34, 34-40]. These co-called c-theorems rely only on generic principles, like
locality, Lorentz invariance, and unitarity, making them powerful non-perturbative

constraints on QFTs. The decreasing quantities provide a measure of the number of
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degrees of freedom (DOF) of a QFT, which we expect to decrease along an RG flow, as
massive modes decouple. Most importantly for characterisation and classification,
c-theorems impose irreversibility along RG flows, providing a hierarchical order
among QFTs, with CFTs occupying privileged places in the space of QFTs.

QFTs allow for deformations by extended operators, called defects, which enrich the
dynamics and extend the algebra of local operators. It is common to also include
boundaries in the discussion of defects as a boundary of a QFT can be considered as a
special case of an interface between a QFT and a trivial or topological QFT. Boundaries
and defects are ubiquitous in physics. E.g. in string theory, strings can end on defects
in spacetime, called branes. Heuristically, strings may tug and pull on these branes
giving rise to local excitations of this defect. The dynamics of these branes in the IR are
naturally described by QFT. Branes in string theory may end on other branes, or
intersect with one another, naturally giving rise to boundaries or defects in the
low-energy QFT description of each brane’s excitations. This suggests that defects are

a fundamental ingredient of QFT.

Defects also play a fundamental role in more traditional fields of physics. E.g. any
experiment is necessarily performed on a system of finite size. In the presence of a
boundary, a physical system can have interesting dynamics confined to its surface.
E.g. topological insulators are insulating in their interior but can support electric
currents on their surface. Impurities in materials can be thought of as higher
co-dimension defects. E.g. the Kondo effect describes the change of electrical
resistivity with temperature of a metal in the presence of magnetic impurities. In fact,
the Kondo problem and the study of impurities were instrumental in the development
of the RG, see e.g. the review [41]. Since QFT can be used to describe various
condensed matter systems in the continuum limit, it is crucial to gain a better
understanding of boundaries and defects in QFT. This includes the development of

tools as well as a more formal exploration of defects.

Indeed, defects are essential for understanding the complete spectra of QFTs, and it
has been suggested recently that defects may provide a basis for a more robust
classification scheme of QFTs and phases of matter [42-45]. E.g. in gauge theories, line
operators are crucial for classifying the QFT’s vacua, and for distinguishing gauge
theories with the same gauge algebras but different gauge groups [43]. Similarly,
higher-dimensional defects can be crucial for classifying vacua, for example by
providing order parameters that can detect whether higher-dimensional objects, such
as strings, have condensed. Co-dimension one defects, also known as interfaces or
domain walls, can provide natural maps between QFTs related by dualities, RG flows,
and other transformations.

A defect in QFT necessarily breaks translational symmetry in directions normal to the

submanifold on which it is supported, so that T"" is no longer conserved. Indeed, now



Iy T# = §(0) DI, where §(9) is a delta function that localises to the defect in the g
directions normal to the defect, and D' is the displacement operator. The displacement
operator is a defect-localised scalar, and is a vector in the normal directions, labelled
by theindexi = p+1,...,d. In correlation functions, the insertion of D! acts as a local
geometric deformation of the defect, which “displaces” a point on the defect in a
normal direction, hence its name. Since it descends from the stress tensor of the
ambient theory, the displacement operator is itself universal in the defect spectrum: we
can always characterise a local QFT with a defect, in part, via correlations of D! with

itself and other operators.

In generic QFTs, defects remain poorly characterised. However, much progress can be
made by imposing restrictive symmetries. In this thesis we will be interested in
conformal symmetry. A standalone CFT is invariant under the conformal group of 4
dimensions. If a p-dimensional defect insertion or boundary preserves the conformal
group in p dimensions as a sub-group, the combined system is called a defect CFT
(DCFT) or boundary CFT (BCFT), respectively. As is the case with ordinary CFTs,
DCFTs and BCFTs are natural starting points for characterising and classifying defects.
In particular, they sit at the endpoints of RG flows, including those localised to the
defect or boundary, and those of the ambient QFT. Local correlators in a BCFT or
DCFT are completely determined by (1) the ambient CFT data, i.e. the spectrum of
primaries and their 3-point functions, (2) the spectrum of defect or boundary
primaries, whose 2- and 3-point correlators with one another are fixed by the defect or
boundary conformal symmetry up to a set of dimensionless coefficients, and (3), the
mixed 2-point functions of ambient and defect/boundary primaries. The study of
BCFT and DCFT has seen tremendous progress in recent years in a wide range of

contexts. See e.g. [46] for a survey.

In a DCFT or BCFT, the conformal symmetry preserved by the defect or boundary
requires T;;J = 0. Much like CFTs, a DCFT or BCFT can exhibit a Weyl anomaly in
curved space and/or when the defect or boundary is curved. In contrast to the Weyl
anomaly in CFTs, now T;;J # 0 generically consists of contributions from both the
ambient CFT, when d is even, and from defect or boundary localised terms, which can
potentially be non-vanishing for both even and odd p. The coefficients of
defect/boundary Weyl anomalies define defect/boundary central charges that are
crucial for characterisation and classification. E.g. some defect central charges
determine the defect’s contribution to the EE [47-50]. However, relatively little is
known about defect central charges compared to their CFT counterparts. For instance,
they should determine many correlation functions involving T*" and D?, but exactly
how has been determined only for a subset of them [51-54]. These results
subsequently imply positivity constraints for some defect central charges [50,52]. A
defect/boundary c-theorem for arbitrary p and d has been proposed for RG flows
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localised to the defect/boundary [49], however, rigorous proofs have only appeared
for a subset of these [55-57].

For CFTs in d > 4, power counting forbids any interacting local Lagrangian, so naively
we expect the only local, reflection-positive d = 6 CFTs to be free, massless fields,
namely scalars, fermions, self-dual three-forms, and combinations thereof. However,
string theory has revealed that intrinsically strongly-interacting supersymmetric CFTs,
or superconformal field theories (SCFTs), exist in d = 6. Despite lacking a Lagrangian
description, all evidence to date suggests these SCFTs are local. These special
properties suggest d = 6 SCFTs may be “parent theories” that, upon compactification
and (super)symmetry breaking, give rise to many QFTs in lower d [58]. Moreover,
refs. [59-65] proposed a classification of 6d SCFTs, making them an especially
promising starting point for classifying QFTs. The 6d SCFTs with maximal SUSY are
especially challenging to study, being isolated, strongly-interacting fixed points, and
having no continuous free parameters. Very little is known about their local operator
spectrum. However, string theory arguments suggest that these theories admit
superconformal co-dimension two and four defect operators. Studying these defects
provides a direct path towards a better understanding of these SCFTs. It is likely that
some of these lessons will indicate a way towards the characterisation and

classification of QFTs more generally.

The work presented in this thesis aims to take a step towards this broad goal. The
scarcity of non-perturbative tools, however, makes it challenging to obtain exact
expressions for physical observables. Some of the techniques available in DCFT
include numerical [66-68] and perturbative [69] methods. By the celebrated anti-de
Sitter (AdS)/CFT correspondence [70], some CFTs are holographically dual to string
theory on AdS space in one dimension higher. Remarkably, this is a strong-weak
duality, meaning that a strongly coupled CFT has a dual weakly coupled gravitational
description. Conformal defects have been studied in this context, e.g. in

refs. [50,71-73]. However, the correspondence typically assumes the existence of a
discrete parameter in the CFT, often called N, which is taken to be large. As a
consequence, results derived using the AdS/CFT correspondence are perturbative in
1/N.

The focus of this thesis will be on exact methods for DCFTs. The main subjects of
investigation are the defect central charges mentioned in the previous paragraphs. We
will derive novel universal results about a large class of defects. Some of these results
will be illustrated in examples of simple yet non-trivial conformal defects in free CFTs.
Using existing exact methods for free fields, we can determine various physical
properties of these defects. Beyond free fields, non-perturbative tools are limited.
They include the analytic conformal bootstrap, or require further symmetries. We will

take the latter approach and impose SUSY in addition to conformal invariance. We



show how SUSY allows us to develop non-perturbative methods to compute defect
central charges exactly, without any limits or approximations.

This thesis is organised as follows. Chapters 2, 3, 4, and 5 contain condensed reviews
of CFT, DCFT, EE, and SUSY, respectively. We will be selective in our presentation,
and only introduce concepts that are required for the following chapters. Motivated
by the co-dimension two defect of the 6d SCFT with maximal SUSY, we study 4d
conformal defects in chapter 6. We derive the defect’s general contribution to the Weyl
anomaly, allowing the ambient CFT to have arbitrary dimension d > 5. We then
determine how some of the defect central charges appear in flat and curved space
correlation functions of the stress tensor and the displacement operator. We also
determine the defect contribution to EE, and derive a novel constraint on one of these
defect central charges. In chapter 7, we study a simple co-dimension two defect in the
theories of a complex scalar field and a Dirac fermion. The defect under consideration
is constructed by introducing a monodromy in the ambient fields as they are rotated
around a distinguished submanifold of dimension p = d — 2. We use various free field
methods to compute correlation functions exactly. When the defect dimension

p = 2,4, we show how defect central charges can be extracted from these correlation
functions. For p = 2, we can obtain all of them in this way. As a consistency check we
compute the defect contribution to the EE when p = 2. In chapter 8, we study defects
in SCFTs. We argue that central charges of 2d defects must appear in SUSY partition
functions on backgrounds of the type S¢ and S' x $?~1. Using a non-perturbative
method called SUSY localisation [23,24], these partition functions are exactly
computable. We introduce new methods to extract these central charges without
approximations. Our methods are broadly applicable, and we illustrate them in a
number of examples of 4d and 6d SCFTs, including the 2d and 4d defects of the 6d
SCFT with maximal SUSY. Finally, we make a few concluding remarks in chapter 9.
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Chapter 2

Conformal Field Theory ind > 2

In this section we review CFT in d > 2. The case of d = 2 is special as the (local)
conformal algebra is the infinite-dimensional Virasoro algebra, which contains the
global conformal group as a subalgebra. The discussion below applies to the global

subalgebra.

This section is a lightning review of standard textbook material. We found the
following references useful in writing this section: [74-80]. We will assume Euclidean

signature throughout, unless stated otherwise.

2.1 Conformal symmetry

A conformal transformation is a diffeomorphism x — x’(x) that leaves the metric g,

invariant up to a scale

dxP dx’
81 ()= 8o (%) 37 3w = A2 ()G (), (2.1.1)

where A(x) is a position-dependent scale factor, and # = 1,...,d. Under an
infinitesimal coordinate transformation generated by a vector €, such that

xt — x'" = x* 4+ €/ (x), metric invariance up to a scale translates to the following
condition

Dyev(x) + Dvey(x) = —ZO'(X)gW(x) = %D -€(x) gw/(x) ’ (2.1.2)

where D is the Levi-Civita connection and A(x) = ¥, The final equality follows
from tracing the first equality, solving for o(x) and substituting it back into the
equation. In Euclidean space with Cartesian coordinates, this reduces to

du€y(x) +avey(x) = %8 -€(x) Oy - (2.1.3)
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It is straightforward to show that this condition only has the following solutions:

€y = dy, (2.1.4a)
€n = WX, (2.1.4b)
€y = Axy, (2.1.4¢)
ey = 2(x - b)x, — byx?, (2.1.4d)

where a and b are constant vectors, w is an anti-symmetric matrix with constant
entries, and A is a constant. The first two transformations correspond to ordinary
translations and rotations. The third transformation implements a dilatation, whereas
the fourth one is called a special conformal transformation. It can be thought of as an

inversion x" — x"/x2, followed by a translation by —b, followed by another inversion.

The infinitesimal conformal transformations can be exponentiated to give finite
transformations. The only non-trivial ones are the special conformal transformations,

which are given by

1
- Ho_ pHy2 —
x B(x)(xt —b¥x?), B(x) T2 x 1P (2.1.5)
A general conformal transformation has the following Jacobian
ox'*
FP A(x)R¥,(x), (2.1.6)

where R¥, is a position-dependent SO(d) rotation matrix, i.e. a conformal
transformation is a local rescaling and rotation. The metric then transforms as in
eq. (2.1.1).

Invariance of the action I under (infinitesimal) conformal transformations ensures that
there exists an improved stress tensor which obeys

9, T =0, T = T, T, =0 (21.7)

on-shell, see e.g. ref. [79].1 Via Noether’s theorem, translations, rotations, dilatations,

and special conformal transformations give rise to conserved currents

GBI =T, (R = 2T = 3T, (jo)! = 2T, ()" = xT = 2473, T,
2.1.8)

1'We assumed the existence of an action for convenience but this is not a requirement. Indeed, some of
the CFTs that we will consider in this thesis do not have a (known) Lagrangian description. However, if
the CFT is sufficiently local (and non-topological), it will have a spin-two local operator with the properties
in eq. (2.1.7). For all CFTs (without defects), we will always assume the existence of a local stress tensor.
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respectively, where T, is the improved symmetric and conserved (on-shell) stress
tensor.? The associated charges generate the conformal algebra

[D,P,] =iP,, (2.1.9a)
[D,K,] = —iK,, (2.1.9b)
Ky, P] = 2i(,uD — M), (2.1.9¢)
(Ko Myu] = i (1 Ky — 1p0K) (2.1.9d)
[Po, Myw] = i(op Py — 100 Py) (2.1.9¢)
(M1, Mpo) = i(170Myo + 110 Myp — 130 Mye — 1ueMyp) - (2.1.91)

Note that the generators M,,,, form the Lorentz algebra so(d) in Euclidean signature
(or so(d — 1,1) in Lorentzian signature) as a subalgebra of the conformal algebra. The
conformal algebra itself can be shown to be isomorphic to so(d + 1,1) in Euclidean
signature (or s0(d, 2) in Lorentzian signature). Let M be the generators of
so(d+1,1),where I,] =0,1,...d + 1. The generators for (I,]) = (i, v) are identified
with the so(d) Lorentz generators M,,,. Mo(d +1) is identified with D, whereas M, and
My(dﬂ) are identified with the linear combinations (P + K), and 3 (P — K),,. This
algebra exponentiates to the Euclidean conformal group SO(d +1,1) (or SO(d,2) in

Lorentzian signature).

The emergence of SO(d + 1, 1) suggests that one should consider its action on R¥+1!
rather than the physical spacetime R. In fact, SO(d + 1, 1) acts naturally on the space
of light-rays through the origin of R“*1"!, and R“ can be obtained as a section of the
lightcone. This gives rise to the embedding space formalism in CFT, which is a
powerful formalism that makes the kinematical constraints of conformal symmetry

easier to implement on correlation functions. See e.g. [75,81] for an introduction.

2.2 States and operators

In a quantum theory, operators sit in representations of the global symmetries. In
Lorentz-invariant QFT, local operators at the origin are in representations of the
Lorentz group SO(d). In a scale-invariant theory, it is convenient to also diagonalise
the dilatation operator D, such that local operators also carry a label A, called the

scaling dimension.

%In theories that are only Poincaré and scale invariant, dilatations are necessarily constant. Under a
constant dilatation ¢, the action I changes like 61 = — f 06,y TH. Requiring that the action is invariant
under constant dilatations implies that T#;, = 9, V¥ for some current V¥, often called the virial current.
The conserved dilatation current then is (jp)* = x, T*’ — V¥ . Tt is really the special conformal trans-
formations which allow for spacetime dependent dilatations. Invariance of the action can then only be
guaranteed if 9, V¥ = 0,i.e. V¥ is a conserved current, in which case T#,, = 0.
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Consider a scalar operator O with scaling dimension A. Under a constant scale

transformation, it transforms as
O(x) = O'(Ax) = A™20(x). (2.2.10)

Conformal transformations, however, generically involve position-dependent scale
transformations, and it is not immediately obvious how to generalise the above
transformation rule eq. (2.2.10). A scalar operator O is said to be primary if it

transforms homogeneously,
O(x) = O'(x') = A(x)20(x), (2.2.11)

under a general conformal transformation. The scale factor A is the one appearing in
eq. (2.1.6). Note that 9,0 cannot transform homogeneously, as it will pick up
contributions involving 9, A(x).

By eq. (2.1.6), conformal transformations also involve rotations. An operator O in an
n-dimensional representation p of the Lorentz group SO(d) and with scaling

dimension A is said to be primary if it transforms as
Ou(x) = Oy (x) = A2 (x)p[R, (x)]P Op(x), (22.12)

where , B are representation indices and p[R*, (x)],” is the n x n matrix
representative of R¥,(x), i.e. it implements the action of R, (x) in the SO(d)
representation p. E.g. for an operator in the vector representation,

O,(x') = AT (x)RY(x)Oy.

Using the infinitesimal coordinate transformations in eq. (2.1.4), one finds the

following action of the conformal charges on primary fields

[Py, O(x)] = —i9,,0(x) (2.2.13a)
(M, O(x)] = —i(Zpy — x40y + %,9,,) O(x) (2.2.13b)
[D,0(x)] = —i(A+ x#3,,)O(x) (2.2.13¢)
[Ky, O(x)] = —i (2x,A + 2x"Zyy + 22,x"9, — x29,) O(x), (2.2.13d)

where we suppressed the SO(d) representation indices. The n x n matrix (X, ).?
satisfies eq. (2.1.9f) and implements an infinitesimal SO(d) transformation. E.g. in the
vector representation, (Zw) L= 5,4,1(55 — 55 Oye. If the primary is inserted at the origin,
then [K;,, O(0)] = 0, which may be regarded as the defining property of a primary.
From the algebra eq. (2.1.9), it is clear that the translation generators P, raise the
dimension by 1 whereas the special conformal generators K, lower it by 1. Therefore,
from each primary operator one can construct operators of higher scaling dimension
by repeatedly acting with P,. Such operators are called descendants.
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ﬁ

FIGURE 2.1: Left: Illustration of quantisation on spatial slices. The Euclidean time

coordinate T € [—00, 400 extends along the vertical axis. Dashed lines are hypersur-

faces of constant 7. Right: Illustration of radial quantisation. The radial coordinate

r = |x| plays the role of time. Dashed lines are hypersurfaces of constant r € [0, +o0].

Note that the Hilbert spaces associated with the spatial slices in the two quantisation

schemes are different, however, there exists an isomorphism between them. In partic-
ular, the two Hilbert spaces have the same dimension.

In QFT, one associates a Hilbert space with each spatial slice in a foliation of
spacetime. Usually, one picks spatial slices, and the generator of (Euclidean) time
translations plays the role of the Hamiltonian. In Euclidean CFT, it is more convenient
to pick a radial foliation around a distinguished point, typically the origin x = 0. One
then quantises radially around this point, with the dilatation generator D playing the
role of the Hamiltonian. See figure 2.1 for an illustration of the two quantisation

choices. We will work in radial quantisation henceforth.

States form irreducible representations of the conformal algebra, and they are labelled
by the scaling dimension A and their spin J,

DIA,]) = —iA|A]), Mu|A, T) = —iZu|A, T) . (2.2.14)

Consider an operator O, ; with scaling dimension A and spin . One can then create
an initial state |A, J) from the vacuum |0) as follows

A,J) = O(0)]0) (22.15)

This so-called in-state can then be evolved to a later slice via Hamiltonian evolution.

Our choice of quantisation comes with a notion of Hermitean conjugation. In radial

quantisation for real O, ;,> Hermitean conjugation can be identified with an inversion

3A real operator in Euclidean signature is the analogue of a Hermitean operator in Lorentian QFT. For
a complex operator, OF = O0*.
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xt — x't = z—z, such that

H
O ;M () =1y, (x) ... 1, (%) [x| 22O, (3;2) , (2.2.16)

where %’;,5 = |x| 2 <55 - %) = |x|~2I*,(x).* An out-state is then defined as

(A1 = (0104 (0)" = lim |y[**(0]O(y)- (2.217)

Note that the factor of |x| 722 in eq. (2.2.16) ensures that the norm of a state, i.e. the
inner product of an in-state |A, J) with the associated out-state (A, J| is well-defined.
Hermitean conjugation exchanges in and out states, and thus the roles of origin and
infinity. Since the conformal generators P, and K, fix the point at infinity and the
origin, respectively, they must be interchanged under Hermitean conjugation:

.i,.
Pl =Ky,

M}, = My, D'=-D, K' =P,. (2.2.18)
Radial quantisation allows for a one-to-one correspondence between states and local
operators in CFT, known as the state-operator correspondence. A local operator
inserted at the origin trivially maps to a state on a radial slice surrounding it via
Hamiltonian evolution, or equivalently by performing the path integral on the region
enclosed by the spatial slice. We have assumed this direction in writing eq. (2.2.15). In
a CFT, one may also go the other way. To define a local operator, one needs to specify
its correlation functions with other local operators. Given eigenstates of the dilatation
operator |O,,), one can define a correlation function by excising spherical regions and
assigning a state |J,,) to the boundary of each ball, and performing the path integral
outside. The spheres can then be brought arbitrarily far apart by a dilatation. This
defines a correlator of local operators, and one can show that it respects conformal

invariance.

Conformal primary operators at the origin are annihilated by K. By the state operator

correspondence, one may equivalently think of primary states
Ky|A, ) =0, DIA,T) = —i|A,]), Mu|AT) = =iZ|A, ]) . (2.2.19)

In a reflection-positive QFT, the Hamiltonian must be bounded from below.® In radial

4Under an appropriate conformal transformation, the standard notion of Hermitiean conjugation of a
CFT on the cylinder quantised on spatial slices maps to inversion in a radially quantised CFT in flat space,
see e.g. ref. [78], thus justifying the above identification.

5Reflection positivity is the Euclidean analogue of Lorentzian unitarity, ($|i) > 0 for any state |¢). By
the Osterwalder-Schrader reconstruction theorem [82], a collection of reflection-positive Euclidean corre-
lation functions can be analytically continued to unitary correlation functions in a Lorentzian QFT under
certain technical assumptions. Ref. [83] recently proved this statement for CFT 2-, 3-, and 4-point functions
assuming only Euclidean CFT axioms. In particular, their work relies on the convergence of the Euclidean
operator product expansion (OPE), which will be introduced in section 2.3.
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quantisation, the Hamiltonian is identified with the dilatation operator. This implies
that reflection-positive representations must be of lowest-weight type. The conformal
primary is the lowest weight since it is annihilated by K;,, and the other weights in the
module are obtained by acting with an arbitrary number of P,’s. In fact, one can do
even better: reflection positivity /unitarity imposes bounds on the scaling dimensions
of primary operators. E.g. for a primary state |A) = |A, ] = 0),

|Pu|A)|* = (A|K,Pu|A) =2A >0 (2.2.20)

for fixed yu. Thus, A > 0. When d > 2, this bound can in fact be strengthened by
considering the norm of P2|A) to show that reflection positivity implies that primary
operators have A = O or A > %. The unique operator with A = | = 0 is the identity
operator 1. For non-zero spin J, a similar argument shows that A > [ +d —2ina
reflection-positive theory, see e.g. ref. [78] for a derivation. Note that conserved
currents saturate the unitarity bounds. E.g. the stress tensor T*" is a primary with

A=dand ] =2°

2.3 Correlation functions and CFT data

Conserved currents in classical field theory give rise to Ward identities in QFT. Inside
correlation functions, the currents are conserved away from other operator insertions.

For j¥, j,f and jp defined in eq. (2.1.8) one finds the following Ward identities

(5(3(? — xi)iv(Ol(xl) . On (xn)> , (2.3.21a)

X;

M-

Il
—

(0, TH, (x)O1(x1) ... On(xn)) = —

(TH = T"")(x)O1(x1) ... On(xn)) = = Y 6(x — x)ZI(O1(x1) ... On(xs)),  (2.3.21Db)

-

Il
—_

(TH(x)O1(x1) ... On(xn)) = = ) 0(x — x)Ai(O1(x1) ... Ou(xy)),  (23.21c)

M-

Il
—_

where Zfl " is the rotation matrix in the representation of O;. See e.g. ref. [74] for a

derivation. Note in particular that T#, = 0 away from other operator insertions.

Let us now consider the constraints of conformal invariance on correlation functions
of primary operators. This is often called kinematics in the literature. The simplest
correlation function is the one-point function. By Lorentz invariance, only scalar
operators can acquire one-point functions. Translational invariance implies that such a
one-point function must be constant. Scale invariance then fixes this constant to zero

unless the operator has A = 0. Thus, the only operator which can acquire a non-zero

6In 2d CFT, the stress tensor is a Virasoro descendant of the identity. It is not a descendant under the
global conformal algebra.
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one-point function is the identity. It is convenient to normalise the path integral such
that (1) = 1.

Conformal invariance fixes the form of the two-point function in a CFT. For scalar

primary operators, invariance under translations, rotations, and dilatations fixes
(01(x)Oa(y)) o |x —y| A7, (2.3.22)

Invariance under special conformal operators then implies that the two-point function
vanishes unless A; = A,. By choosing an orthonormal basis of primary operators, the
constant of proportionality can be set to 1 for the two-point function of conjugate
operators, and zero otherwise.

Two-point functions of spinning primary operators are more involved. E.g. the
two-point function of spin | = 2 primaries with scaling dimension A is

IF ()1 (x) + IF (x) [P (x) — 201607
‘XPA ’

(O"(0)08 (x)) = c1 (2.3.23)
where " (x) was defined below eq. (2.2.16), and ¢35 can be set to 1 or 0 by a suitable
choice of basis. Note that the tensor structures are consistent with Oil,zﬂ = 0. When
OM is the stress tensor T"¥, the normalisation contains physical information. There is
a canonical choice which ensures that the Noether charges of conformal symmetry, i.e.
the conformal generators, are correctly normalised. By reflection-positivity, the
coefficient of the two-point function c1, = ¢ must be positive semi-definite.

The three-point function is the first correlation function whose coefficient(s) cannot be
normalised away. They are said to contain dynamical information. E.g. the correlation

function of three scalar primaries is

M3
(O1(x1) O2(x2) O3(x3)) = |x010|A1T82783| x5 | A1HA3=A2 | x| B2 +A3 A1 (2.3.24)
where x;; = x; — x;. Three-point functions of spinning correlators can have multiple
tensor structures, each appearing with their own coefficient. They are most easily
dealt with in the embedding space formalism where conformal symmetry acts
linearly, see e.g. [78].

Four- and higher-point functions have non-trivial dependence on the positions of the
operator insertions. They can depend on conformally invariant scalar combinations of
points, called cross ratios. Correlation functions depend on these cross ratios through
known functions. Remarkably, these functions only depend on the scaling
dimensions, spins, and three point-functions of the operators in the CFT. The spectrum

of local operators and their three-point functions is commonly referred to as CFT data.
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To demonstrate this, it is useful to introduce the operator product expansion (OPE).
Consider two operators O1(x1), O2(x2) inserted inside a spherical region centred on
O,(x2). The path integral inside this region with the operator insertions defines a state
on the sphere surrounding the operators. By the state-operator correspondence, this
state defines a local operator at point x;. Since every local operator in a CFT is a linear

combination of primaries and descendants, one can write

01(x1)O02(x2) = ¥ Ciox (312, 0%)) Ok (x2) , (2.3.25)
*

where the sum runs over all conformal primaries O4,” and Cyy are differential
operators which take into account the contributions of the descendants of Oy. The
form of the C;j is fixed by conformal symmetry up to an overall coefficient, called the
OPE coefficient, and depends on the scaling dimensions and spins of the operators
involved. We have suppressed spin indices for readability.

The OPE is an operator equation that holds inside correlation functions. By applying it
inside the three point function (O;0,03) (and assuming an orthonormal basis for the
two-point function of primaries), the OPE coefficients are fixed in terms of the
coefficient(s) of the three-point function A1»3. More generally, an n-point function

decomposed as a sum of (n — 1)-point functions
(O1(x1)O2(x2) ... Op(x)) = Y C1o(Ox(x2) . .. Op(x)) - (2.3.26)
k

Iterating the procedure, one finds that there is no new data in the higher-point
functions: all the dynamical information is in the three-point functions. Together with
the scaling dimensions of local operators, they determine all higher-point correlation

functions.

The OPE can be applied to pairs of operators inside correlation functions in different
orders, leading to different decompositions. However, the correlator cannot depend
on the order in which the OPE is taken, i.e. the OPE must be associative. E.g. the
four-point function can be decomposed in the following ways, which must be equal

by associativity

(01(31) O (22) O3 (x3) 04 (x4)) = (O1(x1) O (x2) O3 (x3) s (x4)) , (2327)

7This sum turns out to be convergent in CFT. The radius of convergence is given by the radius of the
largest sphere that surrounds both O; and O, and no other operators. See e.g. ref. [84] as well as ref. [85]
for a more comprehensive discussion.
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where the square brackets denote replacement with the OPE. This can be recast as an
equation on the OPE coefficients

Y Ciok(x12,02)) Cage (x34, 94 ) ( Ok (x2) O (x4))
k

(2.3.28)
= Y Crar(x14,0) o (23, 81%9) ) (O (x3) O (x4) ) -
%

Substituting the two-point functions and effecting the derivatives inside Cjj, one finds
two different decompositions of the four-point function. Each term contains two
factors of A multiplying a function of cross ratios, called a conformal block. The two
different conformal block expansions must be equal by associativity of the OPE. This
condition is called the crossing equation. It is a highly non-trivial consistency
condition that any set of scaling dimensions, spins and three-point functions must
satisfy to define a CFT. The goal of the conformal bootstrap programme is to carve out
the space of allowed CFT data inside the space of all parameters using these
consistency conditions. One can show that it is sufficient to impose associativity of the
OPE on the four-point functions. No new constraints appear for higher-point
functions, see e.g. ref. [75] for a diagrammatic argument. Thus, by solving the crossing
equation of sufficiently many four-point functions of primary operators, one hopes to
constrain the allowed CFT data to a point in parameter space, thus, solving the theory.

For a discussion of recent progress, see e.g. [86,87] and refs. therein.

24 Curved background

So far we have considered CFTs on R?. We can put the theory on a curved background
by turning on a non-trivial background metric g,,. We denote the resulting
Riemannian manifold (M, g). Note that the metric is treated as classical, i.e. it is

non-dynamical and not integrated over in the path integral.

We will be interested in QFTs on non-trivial metric backgrounds that have Weyl

invariance. Under a Weyl transformation,

Suv(x) = g (%) = O ()8 (%), (2.4.29)

or infinitesimally
0w (x) = 28 (x)dw(x). (2.4.30)

This is a local transformation with finite parameter ()(x), and infinitesimal parameter
dw(x). It is a re-scaling of all lengths but not a coordinate transformation: unlike

eq. (2.1.1), the transformed metric still depends on coordinates x, and not x’.

Consider a classical action I, which is a functional of some fields '¥; and the metric g, .

On a curved background, the stress tensor is defined as the response to a small metric
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perturbation
2 JI

_ﬁ‘sguv

It is symmetric by construction and covariantly conserved when the matter fields are

T =

(2.4.31)

on-shell by diffeomorphism invariance.

To couple spinors to a non-trivial background metric, one needs to introduce an

M

orthonormal frame eM = eM, dx* obeying

eMHeNVg"V = gMN eMyeN,,(SMN = Quv - (2.4.32)

Its matrix inverse is ep* = dpn gP“’eN v. The covariant derivative acting on a spinor

M

then acquires an additional term involving the spin connection w™y = wMy,dx#,

which depends on eM and its first derivative.® The stress tensor is defined as

1 6S
THy = —=——, 2.4.33
M e 5€M” ( )
where e = deteM " from which one can build the symmetric stress tensor
1
TH = i(T”MeMV + TV pe™MH)y (2.4.34)

For a diffeomorphism and Lorentz invariant action, the stress tensor is conserved, see

e.g. [88] for a proof.

A classical action I, which is a functional of some fields ¥; with scaling dimensions A;
and a metric g, is said to be Weyl invariant if I[Q~4%;, O%¢] = I[¥;, g]. A simple
argument shows that Weyl, diffeomorphism and Lorentz invariant theories on curved
space become CFTs on flat space. For simplicity, assume that ¥; are scalars, so Lorentz
invariance is automatic. Let €/ be a vector field generating an infinitesimal

diffeomorphism. Then

) 1)
dx ( L¥i(x)——— + (D D — ) I[¥;,¢] =0, 2.4.35
/ X ( € ’(x)é‘i’i(x) + ( u€v + vey)(x)(sgw(x)> [¥; g] ( )
where L is the Lie derivative with respect to €, D), is the Levi-Civita connection, and
we have used that the change in the metric under a diffeomorphism is

(Eeg)W = Dyey + Dyey. If € is a conformal Killing vector, i.e. Dye, + Dy€ey = 26w gy,
then

) 1)
/ddx <£€Ti(x)(5‘1’i(x) + 25a)gw(x)(sgw(x)> I[¥;,g]=0. (2.4.36)

8We assume that wMy is torsion-free.
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But Weyl invariance of I means

] 5 5 L
/d x5w< EA‘I’ 5 G T 28 )(Sgw(x)> 1%, g =0. (2.4.37)

Thus, the infinitesimal diffeomorphism generated by the conformal Killing vector e

can be written as

[ dtx L (£e8i(x) + b0¥ix) ﬂf il =o0. (2.438)

Taking g, = d,, this is simply the statement that under a conformal coordinate
transformation x'# = x* + ¢#, the action is invariant if the field ¥; transforms with
scaling dimension A; under a conformal transformation with A = e’“. Thus, every
Weyl and diffeomorphism invariant action on curved space gives rise to a classical
CFT in flat space.

Going the other way requires care. E.g. a free scalar field ¢ on flat space is conformal.
Coupling it to a non-trivial background metric in a Weyl invariant way, requires an

additional term. The full action is

L[ 2, d=2 .
== R 2.4.
where R is the Ricci scalar built out of the background metric g,,.

A theory with a classically Weyl invariant action I has a traceless on-shell stress tensor

and vice versa. For an infinitesimal re-scaling dw, eq. (2.4.37) becomes

Oz/ddx§w< ZACD s >] VT (x )) (2.4.40)

Taking the matter fields on-shell, one finds T*,, = 0.

In a full QFT, one defines the stress tensor as the response of correlation functions to
metric variations. Inside the path integral

2

DD e R8T (y) ., = / Do @8l (2.4.41)
/ V/8(x ( ) 5&’ piX

where the ellipsis stands for other operator insertions. If the other operators are just

the identity, then
2 WG]

\/g(x) 58#V(x) '

where W = — log Z is the effective action, and correlation functions are normalised by

(T (x)) = =

(2.4.42)

the partition function Z.
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2.5 Weyl anomaly

We saw that Weyl invariance leads to a classically traceless stress tensor. In QFT,
however, symmetries that are present in a trivial background may not be symmetries
of the theory on a generic background. Indeed, Weyl invariance is typically
anomalous in CFT leading to a non-zero trace of the stress tensor. Since the Weyl
anomaly will be a major focus of this thesis, we will review it in detail here.

A familiar example of an anomalous symmetry in a non-trivial background is the
chiral anomaly of a 4d free, massless Dirac fermion. This theory has two global
symmetries: a U(1)y vector and a U(1)a axial symmetry,

P — ey, P — Pe iy, (2.5.43a)
P — ey, P — Ppelrin, (2.5.43b)

where 75 = —!...9*, M satisfy the Dirac algebra {'yM, N } = 206MN and ay A are
symmetry transformation parameters for U(1)y a. This theory has a mixed
vector-axial anomaly. The path integral is UV divergent and needs regulating.
Choosing a scheme that preserves U(1)y, the mixed anomaly can be written as

1
H -
fh = 15" FuFor, (2.5.44)

where ]1’: is the axial current and F,, = d,A, — d, A, for a classical background Uu)y
gauge field A,. This is an operator equation which holds inside correlation functions.
Notice that the axial current is conserved for a flat U(1)y background connection A,,.
It is only in the presence of a non-trivial U(1)y background that charge conservation is
spoilt in a specific way. Such an anomaly is called an 't Hooft anomaly. In this scheme,
U(1)y can be gauged by making the background gauge field A, dynamical. Indeed,
the anomaly eq. (2.5.44) persists and does not receive any radiative corrections. Had
we chosen a scheme in which the axial current was conserved but the vector current
was anomalous, then U(1)4 can be gauged by making its gauge field dynamical.
However, both U(1)’s cannot be gauged simultaneously. In this sense, an "t Hooft
anomaly is an obstruction to gauging a global symmetry. See e.g. [88,89] for a detailed
discussion of anomalies.

In a similar way, Weyl symmetry may be anomalous on a curved background.” To see
how this could come about, consider the stress tensor one-point function on a

background slightly perturbed away from the flat metric g, = ;v + hyy. For

9Note that Weyl and 't Hooft anomalies are qualitatively very different. We will comment more on
some of the differences and similarities in this section and again in section 5.3.



24 Chapter 2. Conformal Field Theory ind > 2

simplicity, let d = 2. Then,

(T (sin = 5 [ Ry T T ()ahpo () + O02). (2545)

Given the two-point function of a spin | = 2 primary with A = d = 2 in flat space

eg. (2.3.23), one would naively expect the right-hand side to vanish identically.
However, the y-integral is over all of spacetime, including the point y = x where the
operators become coincident and the two-point function clearly diverges. Therefore,
we should regularise the two-point function in an appropriate way before substituting
it in. Choosing to preserve diffeomorphism invariance, the unique way to regularise is
to write

(T ()T (y)) = —%T(a?afc — 01 9R) (305 — 8°70y) log (m|x — ), (2.5.46)

where m is a constant. Using 92 log (m|x — y|) = 27t6?(x — y), integrating by parts
twice, and performing the y-integral, we find

(T9 (x))sn = S0 (070 — 370 (), (2.5.47)

which is finite. Note that (9#9" — (5’“’82)}1}”/ = R, the Ricci scalar of the Levi-Civita
connection Dy, to leading order in h. This is manifestly diffeomorphism invariant.
However, diffeomorphism invariance came at the cost of the dimensionful constant m

breaking Weyl invariance. In 2d CFT, it is common to write the coefficient of the stress
tensor two-point function cr = % such that the holomorphic stress tensor

T(z) = —271T,; has two-point function (T(z)T(0)) = C(zj#. In terms of ¢, the stress
tensor one-point function becomes
D

(T") = 5 R. (2.5.48)

This is the Weyl anomaly in d = 2 [90,91]. Even though we only computed the
one-point function of the trace of the stress tensor, eq. (2.5.48) holds as an operator
statement inside correlation functions. On flat space, eq. (2.5.48) vanishes.
Nonetheless, flat space correlation functions involving T#, are modified. Indeed, the
regularised two-point function of the stress tensor with its trace can be written as

(T ()T () = 553405 — 673)* (x — ), (2.5.49)

which is a contact term.

On a general curved background, the Weyl anomaly appears in the Weyl variation of
the effective action

S W = — / dlx /g (T",) dw. (2.5.50)
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It is useful to define the integrated anomaly

A= /ddx\/gqm, (2.5.51)

such that by d.,,W[g] = —Adwy for a constant Weyl transformation g, = 20wo -
In computing the effective action, one typically encounters divergences. On a compact
manifold, the characteristic length-scale L acts as an IR cut-off. The short-distance
divergent terms must be diffeomorphism invariant local functionals of the
background fields which can diverge no stronger than e~ as the short-distance cut-off

€ — 0. If the metric is the only background field, then each power law divergent term

d—2k
/ dx geZk—dR(k)~<L> , (2.5.52)

must be of the form

€

wherek =1,... L%J ,and R™ is a scalar built out of k Riemann tensors or pairs of
derivatives acting on the curvatures. Schematically,

L\* L\ L e
Wig] =# (€> +# <€> +...— Alog <€> +(—1) 2 F[g], (2.5.53)
where the logarithmic divergence in € only appears when d is even, and F stands for
finite terms [80,92]. The power law divergent terms can be removed by local
counter-terms built out of the metric. The log-term, however, is physical. Its coefficient
is fixed to be the integrated Weyl anomaly since a re-scaling of the characteristic size
of the system L must give J.,,)V = —Adwy. The finite term F is a scheme-independent
non-local functional of g,, in odd dimensions. In even dimensions, however, it is

scheme-dependent.

The general form of the Weyl anomaly is very strongly constrained. This is most easily
seen by considering an infinitesimal Weyl transformation of the effective action

eq. (2.5.50). We saw that the Weyl anomaly arises from regularising short-distance
divergences in a diffeomorphism invariant way, which is a local effect. Thus, J, W
should be a local functional of the background fields.! Demanding that the trace of the
stress tensor be diffeomorphism and Lorentz invariant, it must be built out of scalar
combinations of background fields.!! The stress tensor has scaling dimension A = d.
The anomaly must therefore have d derivatives acting on the metric to match the
scaling dimension of T},,. There is a finite number of terms which meet these criteria.

10Note that typically W is a highly non-local functional of background fields. In fact, any non-trivial de-
pendence on background terms is encoded in these non-local terms, as they must be scheme-independent.
The requirement that J, )V be local is highly restrictive. Nonetheless, the Weyl anomaly knows about
the non-locality of the effective action. Indeed, the Weyl anomaly completely determines the difference
W[e2?g] — W]g] as a non-local functional of g, See e.g. [84] for a detailed discussion of the 2d case.

n principle, a theory could have many background fields which could contribute to the trace anomaly.
We will only look for universal contributions coming from a non-trivial background metric.
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Any anomaly must also satisfy the algebra of the anomalous symmetry. This principle
goes by the name of Wess-Zumino (WZ) consistency [93]. Weyl transformations are
Abelian, which means that the anomaly must satisfy [01, 52])V = 0. A simple
argument shows that the integrated anomaly A must therefore be Weyl invariant

itself.1> WZ consistency implies
5w5w0W - 5w05wW (2.5.54)

for an arbitrary, spacetime dependent Weyl transformation dw, and a constant Weyl
transformation dwy. The left-hand side evaluates to

S0 (Adwy) = Sy b A, (2.5.55)

whereas the right-hand side is equal to

—(swo/ddx\/g(w,msm: —/ddx\/g (d (T",) 6o + 0y (M) ) dw.  (25.56)

where we have used dw, /g = d,/g6wy. If we turn on a non-trivial background for the
metric only, then (T",) must be built out of the metric and d derivatives. Each
derivative has one downstairs index which needs to be soaked up. If there are n
metrics and m inverse metrics, then equating the number of upstairs and downstairs
indices gives 2m = 2n + d. An immediate consequence of this is that the Weyl
anomaly can only exist when d € 2Z. Under a constant Weyl transformation, each
inverse metric contributes —2dwy times itself, whereas each metric contributes +2dwy
times itself. Therefore, /0w, (T# ) = (2n —2m),/g(T*,)dwy = —d/g(T",)dwy,
which precisely cancels the term coming from the variation of /g, i.e. dwg dw A = 0.
Since this must hold for any constant Weyl variation éw, we conclude that 6,4 = 0

for an arbitrary spacetime dependent Weyl variation dw.

In QFT, physical observables are only defined up to local counter-terms. For instance,
we are free to add a counter-term action Wcr to W consisting of a linear combination
of scalars built out of background fields with arbitrary coefficients. Taking

00w (W 4+ Wer), and adjusting coefficients appropriately, one can remove some of the
terms appearing in the Weyl anomaly. Whatever cannot be removed by local
counter-terms constitutes the physical Weyl anomaly. This gives rise to

cohomology-type problem formalised in ref. [95].

The above considerations lead to the following three-step algorithm to determine the

form of the Weyl anomaly:

1. Find a basis of terms for the anomaly J,, V. This amounts to enumerating all

possible terms that may appear in 6,V to linear order in the Weyl

12Gee e.g. ref. [94] for a particularly clear discussion.
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transformation parameter dw. We insist that the terms appearing in 6,V are
local, diffeomorphism and Lorentz invariant. Each term must contain d
derivatives acting on the metric g, or the Weyl variation parameter dw.
However, not all of these terms are linearly independent due to geometric
relations. One must choose a linearly independent basis, and each basis element

is then included in the integrand of ., WV, with free coefficients.

2. Impose WZ consistency. The WZ consistency condition forces the
anti-symmetrisation of two independent Weyl variations of JV to vanish, i.e.,
[0y, 0w VW = 0. As we will see, solving WZ consistency sets to zero some of the
coefficients of the linearly independent anomaly basis, or it fixes some

coefficients in terms of others.

3. Determine which terms in the Weyl anomaly are scheme-independent. To do
so, we introduce in the effective action WV all possible local, diffeomorphism and
Lorentz invariant counterterms with d derivatives acting on g,,. Including each
of these terms with their own free coefficient builds up the counterterm action,
Wer. Taking an infinitesimal Weyl transformation of Wecr, one can shift the
anomaly 6, W +— 6, W + d,Wcr. Since the coefficients in Wer are free, one can
then tune them so as to cancel terms appearing in J,,)V. The WZ consistent
terms that cannot be removed by any choice of counterterms are the

scheme-independent contribution to the Weyl anomaly.

This algorithm implies that the anomaly takes the schematic form

1
T+, = e ((—)f e, NG ). (2.5.57)

where we omitted any scheme-dependent contributions. The coefficients a4 and cj;™

are called central charges, and I, are a set of conformal invariants that are generally
expressed as rank-f scalar monomials built from contractions of Weyl tensors and

their derivatives. E; is the Euler density

1
Ej= —— 5#11/1 Hd/2va/2 po1oy . sztfzy v

7,
2d/2 “P101---a/204/2 2V - . RPar2 d/zyd/zvd/z, (2558)

where (55113;11 is the generalised Kronecker delta. It is a topological density and
transforms as a total derivative under Weyl transformation, whereas the I, are
trivially Weyl invariant. We will call the former “A-type” anomalies and the latter
“B-type” anomalies. Since we will discuss central charges of CFTs and defects of
various dimensions, we use the superscript ™ to distinguish the dimension in which
the central charges are defined, and the subscripts on 4 and ay, to distinguish the

ambient CFT and intrinsic defect/boundary A-type central charges, respectively.
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The nomenclature of A- and B-type anomalies was originally introduced in ref. [96].
There, the authors study CFTs on curved backgrounds deformed away from flat
space. They distinguish two types of conformal anomalies based on whether the
integrated anomaly A vanishes on this background. If A = 0, then the anomaly is
A-type, and if A # 0, then the anomaly is B-type. Since they consider generic small
deformations away from flat space, A-type anomalies must necessarily be associated
with topological densities. In parity-preserving CFTs, ref. [96] argues that the only
such density is the Euler density, E;, which transforms into a total derivative under a
Weyl transformation. The remaining B-type terms are Weyl invariant scalar
polynomials built out of curvatures and suitably contracted derivatives. Note that our
definition below eq. (2.5.58) is not necessarily equivalent to the original definition of
ref. [96].13 They happen to agree in the parity-preserving case. However, if one allows
for parity-breaking, there exist topological densities, such as the Pontryagin density,
whose integral vanishes on deformations around flat space and which are exactly Weyl
invariant. We will classify these terms as B-type in accord with our definition below
eq. (2.5.58).

Let us briefly comment on the physical origin of the different types of anomalies in a
parity-preserving CFT on flat space. Since the integrated Euler density vanishes on
small deformations around flat space, the A-type anomaly preserves scale invariance
(but breaks the special conformal generators). Importantly, it is not related to a
genuine UV divergence as can be seen from the way it is encoded in the effective
action W|[g|. Recall that W|g] is a non-local functional of g arising from loop
integrations. In dimensional regularisation, where ¢ < 1 parametrises the deviation
from the physical dimension, UV divergences manifest themselves as 1/¢ poles
multiplying (non-local) geometrical structures. For the A-type anomaly, these
geometrical structures vanish identically in the physical dimension & = 0 [96]. Thus,
the overall result is finite by itself, and the anomaly doesn’t contribute to the
logarithmic divergence in eq. (2.5.53). This is analogous to the chiral ("t Hooft)
anomaly, which is finite by a similar mechanism. Note that the existence of such a
“0/0” mechanism is also often quoted as the defining feature of an A-type anomaly,
see e.g. ref. [99].14

When d = 2(1 + ¢), this “0/0” mechanism can equivalently be seen from the flat space
two-point function of the stress tensor. As argued earlier, its coefficient is proportional
to the coefficient c®® of the Euler density. Integrating over internal loop momenta
produces a 1/& pole in the momentum space two-point function multiplying an
evanescent tensor structure. When d = 2 exactly, this structure vanishes identically,

130ur definition below eq. (2.5.58) is by no means original. To our knowledge, it first appeared in
ref. [97]. See also ref. [98].

4By this definition, any term that is exactly Weyl invariant is classed as type-B as it cannot be associated
with a “0/0” mechanism. This includes the parity-breaking Pontryagin density. Conversely, it is less
clear whether all terms transforming into a total derivative under a Weyl transformation are necessarily
associated with a “0/0” mechanism.



2.5. Weyl anomaly 29

thus cancelling the divergence. See e.g. refs. [99,100] for a pedagogical treatment. This
is consistent with our earlier discussion in position space. To arrive at eq. (2.5.46), we
employed differential regularisation which required introducing a scale m.
Nonetheless, a logarithmic derivative with respect to m vanishes, and so the two-point
function is indeed scale invariant. Similar “0/0” structures appear inside certain
higher-point functions in larger d. See e.g. refs. [99,101] for the stress tensor

three-point function in d = 4.

In contrast, B-type anomalies are associated with genuine UV divergences. They
manifest themselves as divergent terms in W [g| for which the geometrical structures
do not vanish in the physical dimension. To cancel the divergence, one must introduce
a scale-dependent counter-term, thus breaking scale invariance of the CFT. A simple
example is the two-point function of the stress tensor when the physical dimension is
even and greater than 2. In that case, the two-point function is not saved by a “0/0”
mechanism. It is divergent and requires regularisation, thus introducing a scale. E.g.
when d = 4, the stress tensor two-point function in differential regularisation can be
found in ref. [101]. Unlike the d = 2 case, its logarithmic derivative with respect to the

scale does not vanish, thus showing that scale invariance is truly broken when d = 4.

We now return to our discussion of Weyl anomalies on more general backgrounds.
The fact that, by our definition, A-type anomalies transform as total derivatives
immediately implies that its coefficient cannot depend on marginal couplings [38].
Consider a deformation by an exactly marginal operator O by inserting

J ddx\/g AO(x) into the path integral. By making A spacetime-dependent, it acts as a
source for the operator O: varying W|g, A| with respect to A(x) inserts O(x) into a
correlation function. Now that A is an additional background field, the Weyl anomaly
will pick up additional terms. Since A is dimensionless, it could also enter in the

(dim)

coefficients ay” and @™ However, since E; transforms into a total derivative,

[ dx,/g 4\ E,4 cannot be WZ consistent unless a'{" is a constant and independent of

A. Thus, the A-type central charge must be independent of marginal couplings. The

B-type central charges, however, can and do depend on marginal couplings.

Let us now illustrate this algorithm with a number of simple examples.

Step 1: In 2d, the only term that meets the criteria above is
S, W = / d2x,/g b1 ROw;, (2.5.59)

where we have ignored a total derivative D2%5w,. In2d, R is equal to the Euler density

E> of the manifold, i.e. the Euler characteristic

x = % / dx /3R (2.5.60)
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by the Gauss-Bonnet theorem.

Step 2:  We now compute a second Weyl variation 4, and anti-symmetrise in 1 and
2. One finds

B0y s ]V = 2061 / d2x/g (8w (D20wy) — dewy (D2cwr)) = 0 (2.5.61)

after integration by parts. Thus, the term [ ddx\/g b1Réw is WZ consistent.!

Step 3: Finally, we may introduce a local counter-term Wer = f dzx\/gq R.
However, 6, Wcr o« [ dzx\/g D?5w = 0, and thus the anomaly cannot be removed.

Therefore, the full physical anomaly is of the form in (2.5.48) with by = %.16

The coefficient ¢®? is called the central charge of the CFT. We already showed that it is
proportional to the stress tensor two-point function. In fact, one can show that it
controls all self-correlators of the stress tensor [102]. Moreover, it determines various

other physical observables, including the thermal entropy for a CFT on S} x 5}5

T
=(1- log Z —c®TL 2.5.62
Sthermo ( ,Baﬁ) Og LT—>>>1 6 c ’ ( 5.6 )
where 3, L are the circumference of S}g,L, respectively, and T = % is the

temperature [25,26]. As we will see in section 4.4, ¢*¥ also controls the universal
contribution to the EE of an interval [28].!7 If the CFT is also supersymmetric, c®¥ has

further properties that we will discuss in section 5.4.

The central charge c*® is essential for characterising and classifying d = 2 CFTs and
QFTs. Famously, it obeys what is called a c-theorem [31]. At the RG fixed points of a
reflection-positive /unitary QFT, scale invariance typically enhances to the full

151f by had non-trivial dependence on a marginal coupling A(x), we wouldn’t have been allowed to take
by out of the integral. Integrating by parts would then give

[5w1,5‘U2]W = Z/dzx\/§ ((5w2(DVb1)(DH(5w1) — 5w1(DVbl)(Dy5w2)) 7& 0,

in conflict with WZ consistency.

16Note that (T*,) is not Weyl invariant: it transforms into a total derivative. The integrated anomaly A,
however, is Weyl invariant after integration by parts, as it must.

7The central charge c®? also appears as the central extension of the Virasoro algebra, giving rise to the
term ‘central charge’.
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conformal group.!® The theorem states that in a reflection-positive QFT, there exists a
function of couplings g; built from correlators of T#", called the c-function c®¥(g;),
which monotonically decreases along a gradient under the RG flow. The c-function is
stationary only at RG fixed points, where it reduces to the central charge of the CFT at
the fixed point. This implies that ¢}y, > c[’. Moreover, since c®® is the coefficient of
the stress tensor two-point function (at the fixed points), reflection-positivity implies
that c®(g;) > 0 along the flow. In this sense, c®¥(g;) counts DOF along the flow.! The
original proof crucially uses the conservation of the stress tensor and certain special
properties of 2d CFT. Relaxing these assumptions, a weaker version of the c-theorem
can be proven, C(ff{), > cﬁg) [34]. Note that this is a statement about the fixed points only,
and not the entire flow.

The same algorithm can be used to determine the general form of the trace anomaly in
a4d CFT.

Step 1: The most general form of 6, W is

5w2W _ /d4X\/§(blR2 =+ bQRw,RHV + ElW;wpaWMV‘DU + 62€HVPUR]4V/\KRPU/\K (2 5 63)
+ alRDZ)(st 7

where Ry,,¢ is the curvature tensor of Dy, Ry, = R?;,5, is the Ricci tensor, Wy, . is the
Weyl tensor, and "7 is the totally anti-symmetric Levi-Civita tensor. We have made
sure to select a linearly independent basis of terms by using geometric identities. E.g.
the divergence-free property of the Einstein tensor implies R*'D,,D,éw = 1RD?6w up
to total derivatives. As we are looking for Weyl invariant combinations, it is
convenient to replace Ryyp0 RFF7 by Wy WH'P? plus a linear combination of Ry, RM
and R2. We have included a parity-breaking term proportional to the Pontryagin
density, which can also be written as e#"*“R,, AKRW/\K = el Wy, AKWPU)”‘. We've
denoted the coefficients of trivially Weyl invariant terms as b;. Notice that the second

line involves terms which vanish for a constant Weyl transformation.

18Tn d = 2 this can be rigorously proven by showing that the stress tensor on flat space is exactly traceless
in all correlation functions, see e.g. [80,103]. The proof comes with a small caveat: a key assumption is
that the spectrum of operator dimensions is gapped and discrete, which is known to be violated by some
CFTs, e.g. Liouville theory. For d > 3, there is no complete non-perturbative proof, however, there are no
non-trivial counter-examples. See e.g. [104] for a review. In non-unitary theories, scale invariance need
not enhance to conformal symmetry. E.g. the theory of elasticity in d = 2 is a physical non-unitary theory
that has scale but not conformal invariance [105]. Reflection-positivity /unitarity appears to be a sufficient
condition for the enhancement to conformal invariance, however, it is not necessary. E.g. the Lee-Yang
minimal model is non-unitary but does have full conformal invariance.

YMore precisely, it counts non-topological DOF because of its definition as the response to metric per-
turbations.
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Step 2: Performing a second Weyl transformation, the (Weyl)? terms (including the
Pontryagin density) vanish, leaving only

S, bW = [ d*x — 4(3by + by)RSw,D?*6wq + 46, R D 6w Dy
1 2 g "

— 26,RD,,6w; D¥6w; — 601 D*6wi D*6w; (2.5.64)
+ 201RD”5w1DH5w2] —(1+2).
All but the first term vanish in the anti-symmetrisation, and so Wess-Zumino

consistency requires by = —3by, while by, by, and 9; remain unfixed.

Step 3: The most general counter-term action is
Wer = / d*x/F(c1R2 + 2Ry RMY + c3Wiype WHPT 4 c3eMPTR 1 Rpo™) . (25.65)
A first Weyl variation gives

doWer = —4 / d*x/3(3¢1 + ) RD*6w . (2.5.66)

Setting ¢ = —% + %, one then has

+ b2€"P Ry rxRoo™™) 6w,

i.e. the Weyl anomaly involves three linearly independent terms. In 4d, the Euler

density can be written as
2
Ey= gRZ — 2Ry R" + Wyype WP . (2.5.68)

Therefore, the full anomaly is often written as

1
dW = — (@n)? /ddx\/g(—a(j\j)& + cCOWyy 0o WHPT 884D eF‘Vp”RWAKRPU)‘K)cSw,
(2.5.69)
2 ~ ~
where 4] = @bl, ) = —(47)%(by — 3b1) and ¢ = —(47)%b,, and we have
re-labelled W + Wecr — W. Equivalently, in terms of the stress tensor
1
() = G (—A%TEs + W WHHET 9 TR\ Roe™) L (25.70)

4d)

The coefficients a(M, ¢, and ¢“¥ are commonly referred to as central charges. The

(4d)

coefficient of the Euler density, a/, is A-type as it is the analogue of c*

). The central

charges ¢“¥ and ¢“? are coefficients of Weyl invariants, and are thus B-type. For
(ad)

reflection-positive, local d = 4 CFTs, the A-type central charge 4 obeys the
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a-theorem: a{yy, > a{y’, which was conjectured by [35,36] and proven decades

later [34,39]. Explicit examples are known in which the parity-even B-type central
charge, c*?, can decrease or increase along an RG flow [32,106]. Unlike d = 2 CFTs, no
single central charge determines all of T#"’s self-correlators. Instead, the B-type
anomaly ¢ fixes T*"’s two-point function, while 4%} and c“¥ are two of the three
numbers that fix T#"’s three-point function [101,107]. The third number in the
three-point function is not related to an anomaly. Reflection positivity then requires
¢ > 0. If TH is the unique conserved spin-2 operator, then the conformal bootstrap
and other CFT “first principles” bound the ratio a(f\fl) /¢ [108,109], so that in
particular 4%} > 0. Somewhat like a d = 2 CFT, the d = 4 central charges determine
the universal contribution to EE [29], see section 4.4. Further properties of a} and c*¥
in supersymmetric theories will be discussed in section 5.4. In contrast to 4] and ¢,
little is known about the parity-odd B-type central charge, ¢“¥. E.g. there is no
consensus in the literature whether ¢“? # 0 for a chiral fermion, see refs. [110-122].

As in 2d, the Weyl anomaly affects correlation functions in flat space through contact
terms. In fact, varying eq. (2.5.70) twice with respect to the metric gives the three-point
function (T*, (x)TF? (y)T**(z)). It consists of contact terms with singularities at x = y
and x = z coming from the Ward identity eq. (2.3.21c) and additional anomalous
terms analogous to the right-hand side of eq. (2.5.49). The exact expression can be
found e.g. in [76]. All the structures appearing are controlled by the Weyl anomaly

coefficients a}} and ¢}, such that the contact terms vanish when af = ¢'{] = 0.

The same algorithm applied in 6d yields

1
(THy) = (@) (AS9E6 + ¢ + c§ + ¢§1) (2.5.71)

where the B-type Weyl invariants are [95,123]

L = WuWYPWH, (2.5.72a)
12 - WyVApWApUTWUTHV ’ (2572]3)
IL = W (D2 o — gR o+ 4RV(,) WovAe (2.5.72¢)

The central charge '} appears in T#’s 4-point function, ¢{” and c§ are related to the

two free parameters in T#"’s 3-point function, and céfd) fixes TH’s 2-point

function [101,107,124]. Reflection positivity then requires c§” > 0. Whether a
generically obeys a c-theorem remains an open question. For the state of the art, see
refs. [125-130] and refs. therein. We will comment on constraints from SUSY in
section 5.4. As in lower d, the d = 6 central charges determine the universal
contribution to EE [131,132].20

20Note that parity-odd terms do not exist in the 6d Weyl anomaly for the same reason that 4d QFTs
cannot have gravitational, i.e. diffeomorphism/Lorentz, anomalies: there are no Lorentz-invariant cubic



34 Chapter 2. Conformal Field Theory ind > 2

Before closing this section, let us remark that the discussion in the present thesis
focusses on Weyl anomalies that are universal in CFT, i.e. the ones associated with the
metric. However, these are not the only conformal anomalies that can appear. Indeed,
if a CFT has certain operators in its spectrum, correlation functions of these operators
can be anomalous. The first such example was found in refs. [38,107] and
systematically studied in ref. [133]: the two-point function of a local scalar operator O
has a conformal anomaly if its scaling dimension A € % + IN. Correlation functions in
CFT must be well-defined distributions, and, in particular, their Fourier transform
must exist. For these A, however, the two-point function does not admit a Fourier
transform due to short distance singularities. Regularising and renormalising the
two-point function requires the introduction of a scale. A logarithmic derivative with
respect to this scale then reveals the conformal anomaly. Since these anomalies are
associated with genuine UV divergences, they are B-type in the classification of

ref. [96].

These anomalies obey an interesting non-renormalisation theorem: the ratio of the
anomaly and the overall constant of the two-point function does not renormalise
provided that the scaling dimensions are protected [133]. Indeed, it turns out that the
ratio only depends on A and the spacetime dimension d. Moreover, when a source for
such O is turned on, the trace of the stress tensor receives additional contributions.
These terms are built out of the sources, and their coefficients are the above conformal
anomalies.

In a similar vein, n-point correlation functions can be anomalous. For a detailed
discussion of three-point functions of scalar and spinning operators, see

refs. [133-135]. Note that for scalar three-point functions an analogous
non-renormalisation theorem exists [133]. For conformal anomalies in higher-point
functions, see ref. [136] where the authors study tree-level holographic four-point

functions of scalar operators.

Finally, let us make a brief remark about odd-dimensional CFTs. In that case, there is
no Weyl anomaly associated with the metric. However, the finite piece of the effective
action, F[g] in eq. (2.5.53), is physically meaningful, and one may wonder if it has any
special properties. On a d-sphere, F[g] is the renormalised sphere free energy.

Refs. [137-139] proposed a monotonicity theorem for F[g] when d = 3, called the
F-theorem: the sphere free energy must decrease along an RG flow to an IR fixed
point. Indeed, the F-theorem was proven in refs. [40,140]. Moreover, ref. [141]
proposed that F- and c-theorems can be combined into a monotonicity theorem in

continuous d, called the generalised F-theorem, however, that remains conjectural.

polynomials in the 2-form curvature tensor. The only options are TrR A RA R, Tr(R AR) ATrR and (TrR)3,
where the trace is taken over the so(d) indices M, N of RMy = %RM Nuvdx? A dx”. However, all of these
terms vanish by anti-symmetry.
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Chapter 3

Conformal Defects

Our discussion so far has focussed on local operators. However, QFTs also admit
extended operators, often referred to as defects. Defects may come in numerous
different types, with various properties and constructions, however, a classification

scheme is currently unavailable.

The focus of this thesis is on defects in CFT, which partly preserve the conformal
group. Concretely, a p-dimensional conformal defect in a d-dimensional CFT breaks

the conformal group
SO(d+1,1) - SO(p+1,1) x SO(d —p), (3.0.1)

i.e. the defect is invariant under conformal symmetry on its support, and transverse
rotations.! The unbroken generators are {D, P;, K,, My, Mz-j}, wherea,b=1,...,pare
indices along the defect directions, and i,j = p+1,...,d are indices in the transverse
directions. Note that in R these symmetries can only be preserved by a flat or
spherical defect. The parallel coordinates x” are labelled x| collectively. The normal
directions x* are labelled x | , and the defect is located at x' = 0. It will be useful to
introduce unit normals %' = ﬁ, where |x | = /xix;. The co-dimension of the defect
is denoted g =d — p.

3.1 Correlation functions and DCFT data

We now turn to correlation functions of local operators in the presence of a conformal
defect whose study was pioneered by refs. [142-146]. The constraints from the
residual conformal symmetry were systematically studied in refs. [147,148]. A
p-dimensional defect can be thought of as an extended operator © with support 2,

Hnvarjance under transverse rotations is sometimes relaxed, however, we will typically assume it un-
less stated otherwise.
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inserted inside a correlation function of local operators. We define a correlation

function in the presence of ® as

(O;...0,D)

((910”)@ - <©> 7

(3.1.2)
where the local operators can be inserted either in the bulk or on Z,,. The
normalisation ensures that (1)p = 1. In the subsequent discussion, we will drop the

subscript (...)» — (...) as it will be clear from context if a defect is inserted or not.

In the presence of a defect of any co-dimension, bulk operators can acquire
non-vanishing one-point functions as there is now a scale: the distance from the

defect. For a bulk scalar operator Oy j—, scale invariance implies

(Onj=o(x)) = =2 < (3.1.3)

where a¢ is a dimensionless constant, and x = (x|, x ). Note that bulk operators are
normalised such that their two-point function in the absence of a defect is canonical.
Thus, the coefficient of the one-point function with a defect, a¢, contains dynamical

information.

In a parity preserving theory, spin | = 1 bulk primaries sit in the vector representation
of SO(d +1,1), and cannot acquire a one-point function. Invariance under scale
transformations, translations along the defect, Lorentz invariance on the defect, and

rotations around it require the putative one-point function to be

aofcl

(OA(x)) =0, (O4(x)) = L (3.14)

However, invariance under the unbroken special conformal transformations K, sets
ap = 0. Indeed, under a special conformal transformation eq. (2.1.5) with b; = 0, the
normal components of O’ transform as

) 1-A 2ai
(') = B8 — 28[bPx'x) (O (x)) = B2 (O4(x)) — 2a0P X (315
|xﬂ

But also
ao 55/1

[ ]2

These two equations are only consistent if 2o = 0. Thus, a spin | = 1 primary cannot

_ 0% a0l (). (3.1.6)

B

(OA(x)) =

acquire a one-point function.

An important exception occurs in parity violating theories. Pseudo vectors sit in
representations of O(d + 1,1). These may acquire one-point functions, which
necessarily involve an e-tensor. E.g. when q = 2, a spin | = 1 operator can acquire the
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following one-point function

aoeijfcj

(Oi(x)) =0, (Oh(x)) =

where € is the Levi-Civita tensor in the transverse directions. Indeed, computing a
special conformal transformation similarly to eq. (3.1.5), one finds that the second
term vanishes by anti-symmetry of ¢;;. This is compatible with eq. (3.1.6) for any a¢.

Next, consider operators with spin | = 2. For now, we'll keep the scaling dimension A
general but we’ll eventually take A = d to consider the stress tensor. Using scale
invariance, translational invariance in the directions parallel to the defect, and
covariance under rotations in the plane of the defect and the transverse directions, the

most general form of the one-point function is

yab , ‘

(OF(x)) = AT (0% (x)) = (0 (x)) =0, (3.1.8)
i o 2%/

(Ox(x)) = S PRTRECINTY (3.1.8b)

where c; 7 3 are dimensionless coefficients to be fixed. A spin | = 2 operator has
vanishing trace, thus 4, ((’)Zv> = 0. This imposes the following condition on the
coefficients ¢y 53

pci+qc2+ce3=0. (3.1.9)

Invariance under the special conformal transformations K, imposes another

constraint. A spin | = 2 primary transforms as
O (') = B2 ()R ()R (x)OF (x), (3.1.10)

where R", is an SO(d) rotation matrix. A simple calculation gives for the

normal-normal components

sis
OUI() =B (x) —45(c2 + e5) 5 (B — 210l 2. )
e w (3.1.11)
+4e1 B2 bA(1 = 2(b - x) + [0 ) TR

The ansatz eq. (3.1.8b) transforms simply by an overall factor,
((’)Z(x)) — pA ((’)Z(x)) Matching both expressions, one finds the following
constraint

c1 =Cy+c3. (3112)

This gives a system of two linear equations in three variables, and thus the one-point

function is fixed up to a single overall coefficient 2p = —q%l withcy = (d—g+1)ap
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and c3 = —dap .2

In the above we implicitly assumed that the co-dimension g is greater than 1. The

= 1 case is special as both tensor structures in the normal-normal components in
eq. (3.1.8b) are identical. In this case, the only solution is the trivial solution
<Ozv(x)> = 0. Indeed, in that case both ¢c; = 0and ¢; + ¢c3 = 0.

For the stress tensor TH", it is common to write ar = h such that the non-zero

components are

h(q—l)é”b (Tl — h(d—q+1)5ff—d5cf5cf"
|2, |4

(3.1.13)
Note that 9, (O"*) = 0 and 9, (O (x)) = (g —1)(A — d)a@ﬁ, which vanishes
when O* = T* and A = d. Therefore, this one-point function is compatible with
conservation of the stress tensor away from the defect.

The form of the two- and higher-point functions of bulk primary operators in the
presence of a defect are less constrained by conformal symmetry: they can depend on
functions of dimensionless cross ratios. We will see an explicit example in section 7.2,
where we will examine the two-point function of a scalar in the presence of a
co-dimension two defect. See also ref. [147] for details.

So far we have discussed bulk operators in the presence of a defect. However, a
conformal defect comes with a set of local operators that only live on the defect.
Physically, they correspond to local excitations of the defect. An example of such an
operator is the displacement operator D’, which exists for any non-trivial and
non-topological DCFT. A defect breaks translational invariance in the directions
transverse to it. Therefore, the Ward identities for translations normal to the defect are
modified, and the stress tensor is no longer conserved in these directions at the
location of the defect

9 TH (xy,x 1) = 0 (x )Di(x)). (3.1.14)

The displacement operator D' captures this non-conservation. It has scaling
dimension A = p + 1,° no spin in the defect direction, j = 0, and spin § = 1 in the
transverse directions. By acting with K, on eq. (3.1.14), one can show that Diisa
primary under the conformal group preserved by the defect. Using the Jacobi identity,
the algegra eq. (2.1.9), and eq. (2.2.13), one finds after a few lines of algebra that

[Ka, [Py, TH(0,x,)]] = 69 (x ) (20%; + |2, *02)D'(0) = 0, (3.1.15)

2The same form can be derived in a much neater way using the embedding space formalism, see [147]
for details.
3The delta function 6(?) (x| ) has scaling dimension g.
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where the last equality follows from the identity x6(x) = 0. Thus, [K,, D*(0)] = 0, and
D' is a defect primary.*

In the co-dimension g = 1 case, a Gauss law pillbox argument [53] shows that the
displacement operator may be identified with the defect limit of the normal-normal
component of the stress tensor

D(x)) = D"(x)) = xljrgo Ton (2, x1) (3.1.16)

where 7 labels the single normal direction. Note that when q = 1, the scaling

dimension A = (d — 1) + 1 = d, in agreement with that of the stress tensor.”

Invariance under the unbroken conformal generators implies

; ; cpp 6
D'(x))D’ = — 3.1.17
(D'(x)D'(y)) =y P ( )
The normalisation of the displacement operator two-point function cpp is physically
meaningful as it is fixed by the ambient CFT’s stress tensor.

More generally, a defect that breaks a continuous bulk symmetry induces a defect
local operator via the associated current’s modified Ward identity. In particular, this
holds for flavour and global internal symmetries. Bulk currents have scaling
dimension A = d — 1. Therefore, the associated defect primary has scaling dimension

A = p, i.e. it is exactly marginal.

Correlation functions of defect primary operators are completely analogous to those in
ordinary CFT. It is again customary to canonically normalise two-point functions. E.g.

41f the defect additionally breaks rotational invariance in the transverse directions, the stress tensor no
longer needs to be symmetric at the location of the defect,

T (e, ) = 60 (x AT (x))

where AY is a defect primary in the anti-symmetric representation of SO(d — p) [147,149]. We will typically
assume rotational invariance in the transverse directions such that A will play no role in this thesis.

5The argument goes as follows: Consider the boundary as an interface with the empty theory and
introduce a cylindrical Gaussian pillbox I x Bgfl centred on the interface, where I is a closed interval
in the normal direction, x| € [—¢ €] and Bg_l is the solid (d — 1)-ball of radius § whose boundary is
an;l = Sg_z. By the divergence theorem,

/ a Tyn _ Tnn _ / Tnn + / TVVZ
- 7
IxBi! ! Bf ! BIL Ix841

where r is the index of the radial coordinate in the boundary direction, and B; .., are the solid balls at the
endpoints of I, i.e. x; = *e. Now, the second term vanishes as T"" = 0 for the empty theory, and the
third term can be made arbitrarily small by taking ¢ — 0. Substituting eq. (3.1.14) on the left-hand side,

one has
b=
B Bt

where B?al is the solid ball located entirely within the interface at x| = 0. This must hold for arbitrarily
small §, which implies eq. (3.1.16).

d—1
4,0
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for an orthonormal basis of defect scalar primaries,

(O1(x1)Da(x7)) = 01

(3.1.18)

This only applies to operators whose normalisation is not physically meaningful,
unlike eq. (3.1.17). Three-point functions are again fixed by kinematics up to a single
coefficient, ;\123. The only novel ingredient is that defect operators may carry spin
with respect to the transverse rotation group. This may be regarded as a global SO(q)
symmetry from the defect’s point of view.

For correlation functions mixing bulk and defect primaries, the conformal symmetry
preserved by the defect fixes the kinematic dependence of the bulk-defect two-point
function. E.g. the two-point function of a bulk scalar primary and a defect scalar

primary is

. B boo
(On,1=0(x1)O43_g5-0(x2)) = (|2 + [xgy 2B | xh (A=A (3.1.19)
where x; = (x{, xﬁ), x2 = (x3,0), and the coefficients b, are constants. Since both O
and O are canonically normalised, the coefficients b, carry dynamical information.
Note that when the defect operator is the identity, the two-point function reduces to

the one-point function of O with by = ap.

Two-point functions of spinning operators like O = T or O = D' are slightly more
involved. E.g. the two-point function of a bulk scalar primary and a defect primary

with transverse spins = 1 is

PW b @xi
(Onj=0(x1) Ol jgso1(x2)) = — 00— ——. (3.1.20)
= (132 + gy 3] 2=5+1
Explicit expressions for other mixed two-point functions can be found in ref. [147].
Higher-point correlation functions mixing bulk and defect primaries have much more

complicated coordinate dependence as they are functions of cross ratios.

Just like in a standalone CFT, the defect local operators have an OPE. When two defect
operators are brought close to each other, they can be expanded as a linear
combination of defect local operators, which again assemble into a sum over defect
primaries and their descendants. Using associativity of this OPE, one can show
exactly like in standard CFT that the higher-point correlation functions of defect
primary operators are (fixed) functions that depend on the scaling dimensions A;,

spins j and §, and the three-point functions of defect primaries A123.
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Similarly to the bulk OPE, a bulk local operator close to the defect can be expanded in

terms of defect local operators as a consequence of the state-operator correspondence,

O(x",x') =Y Cpp(x,0))O(x). (3.1.21)
]

The coefficients Cyp (', 0 ) are differential operators which take into account the
contributions from descendants of O such that the sum can be taken to run over defect
primaries only. The sum is convergent as can be shown by quantising radially around
a point on the defect [66,146,147,150]. This expansion of a single bulk operator in
terms of defect local operators is often called the defect OPE, or defect operator
expansion, and should not be confused with the OPE of two defect local operators
discussed above. Physically, the defect OPE states that a bulk excitation near the
defect is indistinguishable from an excitation localised on the defect. Applying the
defect OPE inside the bulk-defect two-point function, one finds that the C,, (xi, BH)
must be proportional to b s.

Given some bulk CFT data, mixed bulk-defect higher-point functions can be reduced
to correlation functions of defect local operators only by repeatedly using the defect
OPE. These can then be reduced further into three point functions of defect primaries.
Thus, to be able to completely solve for all correlation functions of local operators in
the presence of a defect, one needs to know the spectrum of defect local operators O,
the defect three-point functions A123, and the bulk-defect two-point functions b s.
These are called the DCFT data.

Associativity of the (defect) OPE gives rise to a number of consistency conditions that
should hold in the presence of any conformal defect. Firstly, the bulk CFT must be
consistent by itself, and thus its data must satisfy the crossing equations. Similarly, the
spectrum of defect local operators and their three-point functions A1p3 must obey their
crossing equations. Lastly, there are consistency conditions that arise from bulk or
bulk-defect correlation functions. E.g. the bulk two-point function (O10;) can be
decomposed in two ways. In the first decomposition, we use the bulk OPE on O; and
O, first, and then the one-point function. This gives an expansion, where each term
contains a factor of Aqyray times a function of cross ratios, called a defect conformal
block. In the second decomposition, we first use the defect OPE on O; and O,
separately, and then the defect two-point function. This results in an expansion where
each term contains a factor by by, times another type of conformal block. We will see
an explicit example of the latter defect conformal block expansion in chapter 7.
Further consistency conditions, which involve the defect three-point functions A123,
can be obtained from (O;0,0;). Using these consistency conditions to identify the
space of allowed DCFT data is the goal of the defect conformal bootstrap

programme [66,68,147,148,151,152].
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3.2 Examples of conformal defects

Conformal defects typically fall into two classes, commonly called order- and
disorder-type defects.

Order-type defects are engineered by introducing local DOF on a p-dimensional
submanifold ¥,,. Consider pure Maxwell theory in R* with action

1
1= / d4x Fy PV, (3.2.22)

where the field strength F,, = d,A, —9d,A,, and A, is the U(1) gauge field. A simple
example of an order-type conformal defect is the straight infinite Wilson line. It is
defined by inserting

W,[A] = exp <in / dx”Ay) (3.2.23)

into the path integral, where 7 is an integer. Physically, the Wilson line describes a
heavy, i.e. non-dynamical, particle with electric charge ne. The one-point function of
the bulk stress tensor in the presence of the Wilson line can be easily computed, and

indeed takes the form of eq. (3.1.13) with h = (;162 f:z [153].

More generally, one can introduce a new set of fields i which only have support on X,
in addition to the bulk CFT fields ¥, and insert the following deformation in the path

integral
exp <—/ dPx Lo [1,0,‘1’]) , (3.2.24)
zp

where the defect Lagrangian Lo is some local functional of ¥ and . If Ly is
conformal, its insertion in the path integral engineers a conformal defect. An example
of such a defect is mixed-dimensional quantum electrodynamics (QED), where the
charged fermions are confined to the boundary of a 4d spacetime [53]. This can be
viewed as the IR fixed point of an infinite sheet of graphene. However, if L5 has
dimensionful couplings, they will flow under a defect RG flow.® The IR fixed point
will then correspond to a conformal defect. We will encounter such defects in

chapter 8.

Disorder-type defects are introduced by prescribing singularity or boundary
conditions for the ambient fields. The simplest example of this type of defect is the
straight infinite 't Hooft line in 4d Maxwell theory. It is defined by imposing
singularity conditions in the gauge field A;. Choose polar coordinates {7, r, 6, ¢}
where the "t Hooft line is extended along Euclidean time 7, 7 is the radial direction

away from it, and 6 and ¢ are the polar and azimuthal angles, respectively. Pick a

®Couplings of the bulk CFT are unaffected due to locality.
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gauge in which A, = 0. Then the "t Hooft line is defined by the following singularity

conditionasr — 0
m(1 — cosf)

Ay —
¢ 47trsin @

, (3.2.25)

where m is the integer quantised magnetic charge.” Physically, this boundary
condition corresponds to a heavy Dirac monopole of quantised charge m. To compute
correlation functions in the presence of such a defect, one is instructed to perform the
path integral only over field configurations that satisfy the appropriate boundary or
singularity condition. To find the stress tensor one-point function for the 't Hooft line
in free Maxwell theory it suffices to evaluate the classical stress tensor on the unique
solution of the equations of motion (EOM) that satisfies the boundary conditions. The
result is again of the form in eq. (3.1.13) with h = % [153].8

Another example of a disorder-type defect is the monodromy defect, which will be
studied in detail in chapter 7. It is a co-dimension g = 2 defect that can be introduced
whenever there is a global symmetry group G in the bulk theory. If the bulk is a CFT,
then a straight monodromy defect is conformal. Let x* = {7, %, p, 6} be cylindrical
coordinates on R?, where 7 is Euclidean time, ¥ denotes the spatial flat directions, p
the radial coordinate, and 6 the polar angle. A monodromy defect at p = 0 along X is
engineered by declaring that bulk operators

Ti(T/ %/P, 9) — T;(T/ %/Prg + 27-[) = giTi(Tl 56/!019) ’ (3226)

i.e. each field ¥; experiences a monodromy g; € G as it is rotated around the defect in
the transverse directions. From another point of view, monodromy defects can be
thought of as co-dimension two operators on which topological domain walls that
implement flavour symmetry rotations can end. This type of construction of defects in
QFTs fits into a larger class of topological defects effecting generalised global
symmetry transformations [154]. In free theories, monodromy defects are special. E.g.
in the theory of a 4d free scalar field, the only reflection-positive defects that can have
interesting dynamics are monodromy defects. All other defects must have trivial
dynamics, i.e. all connected n-point functions of the bulk field remain zero, even in the
presence of the defect. [155, 156].9-10 Monodromy defects in free theories will be
discussed in detail in chapter 7.

In the discussion above, we introduced order and disorder as a broad partitioning of
defects. However, it is unlikely that this partitioning will form the basis for a

classification because order and disorder-type defects can sometimes be related. E.g.

"This expression only holds in the patch including the north pole # = 0. An analogous expression
exists for the patch with the south pole. On the overlap of the patches, the two gauge fields are related by
a gauge transformation.

8Maxwell theory famously enjoys electric-magnetic duality Fi, — €p0F*” and € — %2. Under this
map, Wilson and "t Hooft lines are exchanged as can be seen from their values of h.

9In dimensions d > 5, there can exist non-trivial non-monodromy defects if the co-dimension g = 3.

19Tn 4d Maxwell theory it was shown that all surface defects have trivial dynamics [157].
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we may be able to integrate out DOF on X, to obtain singular behaviour of the

ambient fields at ¥.,. We will discuss an example in chapter 8 for which this happens.

3.3 Submanifold geometry

We would now like to put our DCFT on a curved background to study the Weyl
anomaly in the presence of the defect. Before we can do so, we need to review the
geometry of embedded submanifolds.

Let M, be a smooth d-dimensional Riemannian manifold. M, with d > 2 is the
background geometry into which we will embed a defect, or introduce a boundary.
We refer to this background as the ambient space. Let x# be the coordinates on M,
where p = 1,...,d, and let g, be the metric on M. The Levi-Civita connection on
M, is denoted by D), and its connection coefficients are the Christoffel symbols Ff”,.
The associated curvature tensors are denoted by R, i.e. R*,, is the Riemann tensor,
Ryuy = RPpy is the Ricci tensor, and R is the Ricci scalar on M. The ambient Weyl
tensor is denoted by W/,p0-

The defects that we will study are supported on a p-dimensional embedded
submanifold, ¥, < M. Let ¢ be coordinates on X, wherea = 1,..., p. The
embedding induces various intrinsic geometric quantities on X, that we distinguish
from their counterparts on M, with a bar. In particular, let g,, = e} ¢! g,, denote the
induced metric, where ¢, = 9,X", and X* (0) are the embedding functions. The
matrix e} acts to pull back ambient tensors onto £,, e.g. the pullback of the ambient
Ricci tensor is Ry, = el ey Ryy.

On X, we denote the induced Levi-Civita connection as D, with its connection
coefficients being the Christoffel symbols T built out of g+ The Riemann curvature
tensor constructed from D, is R" .4, and similarly for the Ricci tensor and scalar. We
further introduce a covariant derivative that acts on tensors with mixed indices. We
will abuse notation and also refer to it as Dy, e.g. Dy}, = 9w} + Il w! — Tw! for a
mixed tensor wZ’ , where I', = ¢f I“ffp. From D,, we define the second fundamental
form, IIZ p = 5;,65 . It is symmetric in 4 and b, and it obeys E;HZb = 0. Its traceless
version is denoted as IT", = I — %gubﬂﬂ, with I = ngHgd.

The embedding ¥, < M splits the ambient space’s tangent bundle

TM; ~TL, ® NL, into a sum of the defect submanifold’s tangent bundle, TX,,, and
the normal bundle, NX,. We will often replace tensor indices y, v, ... that are only
valued in the normal bundle by i, j, . .. for emphasis, e.g. " — IT'.
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The important geometric features of the normal bundle NX, derive from the totally

antisymmetric normal tensor,

1 v
_ ay...a % P
n‘ul...‘uq - ?6‘ ! pevl...vpyl...‘uqegi e eap ’ (3-3-27)

where €;,. 4 , and €y, .., are Levi-Civita tensors on X, and M respectively. From
Nyy..ptgr WE define a projector onto N,

1
N, = 1)'71,4(72__.%711,‘72""7‘7. (3.3.28)

(9 -

We can similarly define a projector onto TX,, also called the first fundamental form,
huw = g — Ny - (3.3.29)

Note that 1, = EZEbgab, where EZ is a matrix which obeys EZeZ = 6;. The

v

decomposition eq. (3.3.29) implies for example
TRy = "Ry = R — N"Ry,, (3.3.30)
and
Df = h**D,D, f + N*'D,D,f = D’ f — "D, f + N**D,D, f, (3.3.31)

for some scalar function f.

On a non-trivial normal bundle, one can also define a covariant derivative on normal
vectors descending from D,,. We denote it as D;". Its associated curvature (R*)*,, is
anti-symmetric under (a <+ b) and (y <> v) separately.

The curvature tensors of Dy, Dal, and D, are related via the Gauss-Codazzi-Ricci
equations. The Gauss equation relates the intrinsic Riemann tensor R4 on the
submanifold and the pullback of the ambient Riemann tensor R;.;. Together with the
equation’s contractions with the induced metric g”b , they read

Rpeq = R'peq — ZHV[C”HZ] b (3.3.32a)
Rap = Ryp — W 1* + Myuac Iy + NP Ryppr (3.3.32b)
R = R - H],{I[H + Hl/[ub]:[yba + 2N‘HVR]4V - NVPNVURprg' . (3.3.32C)

The Codazzi relation and its contraction with g*° read

N/RYapc = N/ (DpIIt, — D1I,) (3.3.33a)
NJ/R', = Njj (Dpll" — D) + NF' NP’ Ry - (3.3.33b)
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Finally, we also have the Ricci equation

NENTRE gy = (RT)M i — Wi Iy" + T 10,0 (3.3.34)

When g = 1, i.e. for a boundary or interface, NX, is a trivial bundle. In that case,

q y p

(R+) = 0 and the Ricci eq. (3.3.34) becomes trivial. Moreover, the normal projector
becomes Ny = nyny, where ny is the outward pointing unit normal co-vector.
Moreover, h;,, reduces to the usual hypersurface metric, hyy = guv — 1,n,. We define
the extrinsic curvature as K,y = %thw, where L, is the Lie derivative along n¥,
which satisfies n" K, = 0, and is related to the second fundamental form by

K = —nyllgb, where K, = el e, Ky,y. We define the traceless version

Ky =Ky — %gabK, with K = 3K,

Finally, we define two notions of parity. By “parity along the defect”, we mean
simultaneous orientation reversal of the submanifold and the ambient space, such that
en-t — —eM and et — —el1-H such that n*1#1, as defined by eq. (3.3.27), is
invariant. Intuitively, this corresponds to reversing parity in the directions parallel to
the defect. By “parity in the normal bundle” we mean orientation reversal of the
ambient space alone. Under this transformation, e#1-#4 — —et1-#¢ while e is
invariant, such that n#1-#s — —n1-#1_This corresponds to reversing parity in the
directions normal to the defect.

3.4 Defect Weyl anomaly

Consider a d-dimensional CFT on a curved background M, with a p-dimensional
conformal defect supported on X, < M. The embedding functions X" (¢) now play
the role of background fields in the path integral. Under an infinitesimal variation of
W]g, X| with respect to g,,, and X,

1
oW, X] =~ 2 Jm d"x /8 68 (T | u4,)
d

1

=5 Jy YOVE (88T, + 20XV (") (Dy)

(3.4.35)

where T#[ and T" |2p denote the contributions to the stress tensor from the
ambient CFT and the defect, respectively. The response of the path integral to
deformations of ¥, is denoted very suggestively as D¥. Consider a diffeomorphism of
M parametrised by ¢*. This induces a variation of both g,, and X*. Indeed, the
variation of W[g, X] under &* allows one to identify D* with the displacement
operator defined in eq. (3.1.14), with 9, — D,,. Moreover, reparametrisation
invariance of X, on its own implies that one can set el D, = 0. Le. only Diis
non-trivial, where i is a normal bundle index [147]. This ultimately gives the
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displacement operator its name: it “displaces” a point on the defect in a normal
direction. Note that generically the defect does not have its own intrinsically defined,
conserved stress tensor. However, the components of the full stress tensor along %,
containing both ambient and defect contributions, are conserved everywhere on My,
including ¥, i.e. D, TH* = 0.

If we instead consider an infinitesimal Weyl rescaling without affecting the defect’s
embedding, then the Weyl anomaly picks up a contribution localised to %,

(@)
Ty =T\, + 05 DTl (3.4.36)

Here we indicate by T# the contributions to the Weyl anomaly purely from the

il
ambient CFT, and by T#, ’2 we denote the defect/boundary Weyl anomaly, which
14

will be the primary focus of the following sections. The delta function (Sg) is defined

as [ M, ddx\f fx fz d?o\/3 f(X(0)) for some test function f. Importantly,
T, ‘Z is built out of structures that 1nvolve (der1vat1ves of) the metric g,y and the
embedding functions X*(c”). This leads to a much richer basis for conformal

invariants, and hence novel defect Weyl anomalies.

The form of the defect Weyl anomaly 5, W = fz .)ow can be determined
algorithmically by modifying the three-step algorlthm in section 2.5 on page 26. The
main novelty is that each term in é,WV[g, X| may also contain X* and its derivatives.
In particular, each term must contain p derivatives acting on the metric g;,, the
pullbacks el or the Weyl variation parameter dw. Ensuring that all the terms in step 1
are linearly independent can become rather cumbersome as there are new geometric
relations stemming from the decomposition of the metric in eq. (3.3.29) and the
Gauss-Codazzi-Ricci egs. (3.3.32), (3.3.33), and (3.3.34). Moreover, when p > 3, the
second Bianchi identity can be combined with the Gauss-Codazzi-Ricci equations, to
produce additional geometric relations, which can be further adorned with extra
derivatives. Each linearly independent term is then added to the defect Weyl anomaly
with an unfixed coefficient. The remaining steps involving WZ consistency and local
counter-terms go through unchanged.

The defect/boundary Weyl anomaly has been determined in four cases: p = 1in
d=2[84], p=2ind > 3[50,71,72,97,98,158-160], p = 3 ind = 4 [51,52], and p = 4
in d = 5 [161]. In the rest of this section we will review the first three cases. In
chapter 6, we review the fourth case and generalise it to 4 > 6. This turns out to be
rather involved due to an abundance of additional tensor structures.

For a p = 1 defect, applying the algorithm is straightforward. The only allowed tensor
structures are le d(r\/§ Kéw and le da\/§ n*Dyéw. The former is not WZ consistent
on its own and the latter can be removed by a counter-term. Thus, forp =1inad > 2
CFT the defect Weyl anomaly vanishes. However, when d = 2, WZ consistency of the
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bulk anomaly eq. (2.5.48) requires the following boundary term [84]

c@d

# = —K. 4.37
"5, 127TK (3.4.37)

Note that its coefficient is fixed by the bulk central charge ¢®*¥. More generally, if the
ambient CFT has even d, and the defect has co-dimension g = 1, then WZ consistency
of the ambient Euler density induces a term in the defect’s Weyl anomaly whose
coefficient is fixed in terms of the ambient CFT’s A-type central charge. We will see
this feature again for p = 3in d = 4, see eq. (3.4.45). In fact, these boundary terms are
known for all even d [51].

Applying the algorithm to determine the Weyl anomaly of a p = 2 defectinad > 3
CFT is less trivial since defect Weyl anomalies are much richer compared to their
counterparts in standalone CFTs. E.g. for a p = 2 defect in d = 4, a linearly
independent basis of terms is 10-dimensional. Contrast this with the case of a
standalone 2d CFT, which only allowed for a single term, see eq. (2.5.59). We
summarise the computation in appendix A.1. It is convenient to turn the process of
eliminating scheme-dependent terms into a linear algebra problem, which we also
illustrate there. The result is [50,71,72,97,98,158-160]

Ty, = g (R AR 4 W) 4 SO e G (R4 4+ 257 ),

(3.4.38)

where (55,,2 is a Kronecker delta. Within the first set of parentheses, the first term is an
A-type central charge, while the remaining two are B-type. The term d5"W* ;, does
not exist for 4 = 1 because the ambient Weyl tensor W vanishes identically when

d = 3. In that term, the trace over the indices is performed with the induced metric
g, hence W, is generically non-vanishing when d > 4. In the second set of
parentheses, both terms exist only when g = 2. They are B-type, and odd under parity
along the defect and separately under parity in the normal bundle. The indices i, j, . ..
are valued in the normal bundle. We often use them instead of y, v ... to denote
projection onto the normal bundle. Note that even if 4 is odd, and hence the ambient
CFT has no Weyl anomaly, the defect Weyl anomaly in eq. (3.4.38) still exists.

Like their CFT counterparts, the defect/boundary central charges should appear in a
number of observables, besides T;;, itself. We will review what is known to date. The
central charge a%” appears in the free energy of a spherical defect. Consider a defect
supported on an equatorial $2 < S and let L be the radius of the sphere. For a CFT
on a round S%, the free energy has a log divergence proportional to the integrated
Weyl anomaly A. From eq. (3.4.38), it is clear that only the A-type anomalies of the

ambient CFT and the defect contribute. In particular, $2*

is conformally flat, and so its
Weyl tensor vanishes. This implies that all the ambient B-type anomalies vanish, and

further W, = 0. The second fundamental form for S* — S is pure trace, so f[gb =0
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as well. The Ricci eq. (3.3.34) can be rewritten in terms of the Weyl tensor, the traceless
second fundamental form and the normal bundle curvature, implying that when

= 2 all the parity-odd terms vanish, too. Denoting the partition functions with and
without defect by ZPFT and ZCFT, respectively, one finds

(2d)

_ 9%

Fdef‘log% = (_ log ZDCFT T lOg ZCFT)
The central charge d{” controls D’s two-point function in flat space. For example, for
a flat defect in R* [162,163],

4

<Di(xu)pj(0)> = ﬁw .

(3.4.40)
This can be seen from the fact that I ~ 9,9, X" close to flat space, and varying W
with respect to X* inserts the displacement operator into correlation functions. We
will make this argument precise in section 6.2.1.1. Reflection positivity then requires
d{¥ > 0. When g > 1, the central charge d5 controls T""’s one-point function
eq. (3.1.13). As shown in refs. [50,162,163], the coefficient /i is determined by d(zz‘”,

1

= — (2d)
h= 67t(d — 1)vol(54-3) 3", (3.4.41)

where vol(S9) is the volume of a unit d-sphere. Heuristically, W*, ~ 9?¢, and taking
a variation of W with respect to g, computes the one-point function of the stress
tensor. This argument will be made precise in section 6.2.2.1. If we Wick-rotate to
Minkowski space, then the average null energy condition (ANEC) states

/ du (T )o"o" >0, (3.4.42)
where v is a null vector in RV ~! with affine parameter u. If the ANEC holds in the
presence of a defect, then d5 < 0 [50].!! To show this, consider a null ray skew to the
defect and parametrised by

t="tu, xlzﬁucosgb, xzzéusinlp, P=r, ¥*=...=x"1=0, (3.4.43)

where the defect is extended along t and x!1, ¢ is the shortest distance between the
defect and the null ray, and ¢ is the angle between them. See figure 3.1 for an
illustration of the set-up. By plugging eq. (3.4.43) and eq. (3.1.13) into the ANEC and

UThe proofs of the ANEC in refs. [164-166] have not yet been extended to include defects. Nevertheless,
in unitary DCFTs we expect the ANEC to hold for defects, because physically a defect should not change
the fact that the total energy measured by a null observer should be non-negative.
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FIGURE 3.1: Configuration for the null geodesic v# described in eq. (3.4.43). The null
geodesic (blue) passes by the defect (red, labelled ) at an angle ¢ in the x' — x? plane
and at a distance £ away in the x> direction.

using eq. (3.4.41), we obtain

o0 , . | sin¢| F( )
lwdu<Tuv>vVv = —d¢ )6\/Eedv01( 2) <%> > 0. (3.4.44)

Since the fraction is strictly positive, d5* < 0.

The A-type defect central charge, ay”, shares a few key features with the d = 2 CFT

central charge, c®. For instance, under a defect RG flow, a5

as\y > as I [55]. This is a direct generalisation of the proof of the weak c-theorem in

obeys a c-theorem:

2d CFT by ref. [34], which does not rely on a conserved stress tensor. By the same

@2d) 5

argument as in section 2.5, WZ consistency implies that 5" is independent of defect

marginal couplings. However, the similarities seem to end there. For example, a3 can
depend on marginal couplings of the ambient CFT [167-169]. The argument is evaded
due to a scale anomaly in the one-point functions of marginal bulk operators as

|x, | = 0. The one-point functions can depend on marginal couplings, and they
diverge as the operator approaches the defect. This requires regularisation and
introduction of a scale. As a result, the Weyl anomaly picks up contributions
dependent on the bulk marginal couplings. WZ consistency of the full anomaly then
requires that also all the defect central charges depend on these bulk marginal

couplings, including the A-type anomaly. Unlike ¢®¥, a{?

is not necessarily positive
semi-definite, even in reflection-positive theories. In particular, a free, massless scalar
with Dirichlet boundary conditions in d = 3 has a5” < 0 [48,55,170]. This raises the
question of in what sense a3 is counting defect/boundary DOF. More generally, what

bounds a%d) obeys, if any, remains an open question.
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The Weyl anomaly of the p = 3 boundary ina d = 4 CFT is [51,52]

Ty, = @ﬁhhM+WW?+WWWw%g. (3.4.45)

1672

As anticipated below eq. (3.4.37), the first term in the parentheses in eq. (3.4.45) is the
Chern-Simons (CS)-like boundary term of the bulk A-type anomaly,

8
Ealoa = 03t5 (2K%R o + ZKIGKE K/ ), (3.4.46)

with a coefficient determined entirely by the ambient CFT’s A-type central charge,
Ve
presence of the boundary. The boundary thus has only two new central charges, bfd)

It is required by WZ consistency of the ambient CFT’s Weyl anomaly in the

and b5, which are both B-type and parity odd in the normal bundle. In free field
CFTs, by is fixed in terms of the ambient CFT’s B-type central charge, c*?, specifically,
b§? = —8c“9, independent of the boundary conditions [171-173]. However, ref. [53]
showed that the same is not true in interacting CFTs. The other boundary central
charge, b{”, does depend on boundary conditions, even for free fields [174,175].

Similarly to the p = 2 defect/boundary, the B-type central charges b(fd) and bg’ D
determine correlation functions of the boundary displacement operator, D. In

particular, b(23 Y controls D’s two-point function for a flat defect in flat space [52,53]:

15 b

(D(x))D(0)) = Ty

(3.4.47)

Reflection positivity then requires b5¥ < 0. Further, b?d) controls D’s three-point

function [52]:

35 poo
278 L [y [ — yy 1+

(D(x)D(y)D(0)) = (3.4.48)
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Chapter 4
Entanglement Entropy

In this chapter, we review the role of entanglement entropy (EE) in QFT and CFT. As
we will see, EE is an immensely useful tool, and e.g. provides a way to prove
c-theorems. We will take a pedestrian approach inspired by refs. [92,176]. Excellent
modern reviews with a more algebraic treatment are [177,178].

4.1 Entanglement in finite quantum systems

Given a quantum mechanical system in a pure state |¥) in the Hilbert space #, we can

construct its density matrix
p=[T)(¥]. (4.1.1)

If (¥Y|¥) = 1, then Trp = 1. Suppose the Hilbert space admits a factorisation,
H = Hp ® Hp, where A and B = A are complementary subsystems. Using the

Schmitt decomposition theorem, one can write

¥) = Y VPP a® )5, (4.1.2)
k=1

where py € R satisfying Y, px = 1, the states |i;) 4 p are orthonormal, and
m = min(dim #H 4, dim Hp). By tracing over Hp, one defines a reduced density matrix

pa=Trgo= Y p{¥lol¢)s, (4.1.3)
|p)peHsp

such that Trypa = 1, and similarly for pg. Note that p4 is generically not a pure state
on A. The reduced density matrices p4 can be used to compute correlation functions
of operators of the subsystem A, i.e. O = Oy ® 15. E.g. (O) = TrpO = TrapaO4.
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The EE measures the entanglement between A and its complement. It is defined as the
von Neumann entropy of the reduced density matrix p4

SA = —TrApA logpA, (4.1.4)

where log denotes the matrix logarithm. The von Neumann entropy vanishes if and
only if the state is pure. Since p4 is generically mixed, the EE S4 # 0. If p is a pure
state, then S4 = Sg. The EE is bounded from above, S4 < logm.

A simple example in quantum mechanics (QM) is a system of two spins [s1) 4 ® [s2)5,
where the spins s;, can be either up or down, denoted 0 and 1. The Hilbert spaces

have dimension dim H 4 = dim Hp = 2. Consider the four Bell states

Y.y = é (10Y4]0)5 £ [1) a[1)5), (4.1.5)
D) = = (10)4[1)5 £ 11)]0)) (4.1.6)

V2

The reduced density matrix for each state is

04 = 5(10)a4(0] + [1)4a{1]). 417)

Matrix logarithms are typically hard to compute. Luckily, the reduced density matrix
is diagonal, and thus S4 = log?2 for each state. The Bell pairs saturate the bound
Sa < m = 2, and are said to be maximally entangled.

For more complicated states in more complex quantum systems, it is useful to

compute the EE via their Rényi entropies

1
Su(A) = T log Trap’y, (4.1.8)

where the integer 7 is often called the replica number. The Rényi entropies are easier
to compute than the EE as they do not contain a matrix logarithm. Assuming one can
analytically continue n, one finds that the n — 1 limit reduces to the EE

. .0 n
11151} Su(A) = _;115% $logTrApA =S54. (4.1.9)

For the Bell pairs, S,(A) = ;- log(2 "Try14) = log2 for all integer n > 1.
Analytically continuing and taking the n — 1 limit becomes trivial, and we recover S 4.
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4.2 Entanglement in QFT

The Bell states can be thought of as states of a spin chain with two sites. The partition
into subsystems A and B then corresponds to chopping the chain in two. In more
general lattice models, this is a natural way to partition a system: given a spatial slice
with an associated Hilbert space, separate the lattice sites by introducing a
co-dimension 1 surface. The sites enclosed by the surface form subsystem A. In the
full lattice model including the (possibly Euclidean) time direction, this is a
co-dimension 2 surface. It is often called the entangling surface. Taking the continuum
limit, one defines EE entropy in QFT geometrically in this way.!

Consider a quantum field ¢(x), where x* = (7, ¥) are coordinates on spacetime My,
which we take to be flat for the moment. A spatial slice at time T = 0 has an associated
Hilbert space. Let |'¥) be a pure state in this Hilbert space. We can define the density
matrix of |¥) as in eq. (4.1.1). The QFT analogue of a quantum mechanical
wavefunction is the wavefunctional of field configurations at T = 0,

¥[p(X)] = (¢(X)|'¥). Consider a formal basis of field configurations at T = 0 labelled
by the indices R, S. E.g. ¢r(X) is a basis vector. Formally, p can be thought of as a

linear map on the space of field configurations, with matrix elements

Prs = (Pr(X)|p|¢s (X)) = ¥ [pr(X)]¥[¢s(X)] - (4.2.10)

If ['¥) is the vacuum, the wavefunctionals can be computed by performing the

following path integral over half of spacetime

_ 1 e A1z )
Y[gs] = ﬁ/qb(w):%(ﬂpwx)exp( L _dr / a1z Llp 0] ), @211

where L is the QFT Lagrangian, and Z is the partition function. Note that the field
configuration ¢s(¥) at T = 0~ becomes a boundary condition in the integration.
Intuitively, this path integral computes the transition amplitude from the vacuum in
the far past to a reference state ¢s(X) at T = 0~. The wavefunctional ¥*[¢r]| can be
computed by performing a similar path integral on the other half of spacetime.

One can obtain the reduced density matrix p4 on a subregion of space A by fixing
boundary conditions at T = 0~ and 7 = 07 that only have support on A. In the
complement, boundary conditions should be identified and integrated over. One can

write this path integral in a compact form as an integral over all field configurations

1As we will see, EE in QFT suffers from short-distance divergences which are state-independent. In
our discussion of QM, we assumed that the Hilbert space factorises. In QFT, this is not true, and the UV
divergences arise a consequence. They are state-independent because at short distances, every state looks
like the vacuum. What does factorise, is the algebra of observables. See e.g. [177,178] for a modern review.
We will ignore these subtleties here.
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with delta functions imposing the boundary conditions at T = 0~ and 7 = 07,

(0 (Ga)pal¢s(Ea)) = [ DP(x)8 ($(07, %) - ¢r(2a)

<6 (907 50— ) exp (- [ [ @I el op)),
(4.2.12)

where the delta function constraints are imposed at every point in A, and ¢, (¥4 ) form
a basis of boundary field configurations on A only.

Equipped with the matrix elements of p 4, we can now compute the Rényi entropies
eq. (4.1.8). Matrix multiplication amounts to identifying the boundary field
configurations ¢, (¥ 4) of adjacent matrices and path integrating over all possible
configurations. Trp’; can then be written as a single path integral on the n-sheeted
cover of spacetime /\/l‘(i"), where the spatial region (T = 07, %4 ) on one sheet is
identified with the spatial region (T = 0~,X¥4) of the next sheet. See figure 4.1 for a
pictorial representation of the reduced density matrix and the n-sheeted cover. We
denote this path integral by Z, such that

(4.2.13)

where the denominator ensures that the path integral is unit normalised. The
n-sheeted and appropriately glued cover of spacetime has a conical singularity around
the (d — 2)-dimensional surface X; , = dA, called the entangling surface or twist
defect, with conical deficit angle 27t(1 — 1n). We then obtain the EE via eq. (4.1.9),

)
QFT _ 4. —
Sy = }lgrr} g W, —nW), (4.2.14)
where W,, = —log Z,,, and W is the ordinary effective action. This procedure is called

the replica trick [27,28].

4.3 Entanglement in free QFTs and the heat kernel

The replica trick eq. (4.2.14) instructs us to compute the full path integral on M, and
./\/ll(in) in order to determine the EE. For interacting QFTs, this is often out of reach. In
free CFTs, however, the path integral reduces to a functional determinant of the kinetic
operator A,

1
W= 5 logdet’A, (4.3.15)

where the ’ indicates that zero eigenvalues are omitted. It is useful to write this
determinant in terms of the heat kernel, see ref. [179] for a detailed review. The heat
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FIGURE 4.1: Left: Illustration of the path integral representation of the matrix elements
of the reduced density matrix p 4. The path integral is evaluated over the blue region
with boundary conditions ¢s(¥4) and ¢,(¥4) at T = 0~ and T = 07, respectively,
which are only supported on the spatial region A. Right: Illustration of the replica
trick. The Rényi entropy S, (A) is mapped to the path integral over the n-sheeted cover
of spacetime, with sheets glued together along the cuts as indicated by dashed lines.

Repeated subscripts on ¢ on adjacent cuts indicate that the boundary conditions are
identified and integrated over in the path integral, thus effecting matrix multiplication

of pa.

kernel of A with eigenvalues A, is defined as
K(s;A) = e %2, (4.3.16)
If A is the Laplacian —D?, then the heat kernel in position space,
K(s;x,y;A) = (x|K(s; A)|y), (4.3.17)
satisfies the following differential equation and initial condition

(as - D%x)> K(s;%,y;A) =0, (4.3.18a)
K(0;x,y;A) = 6“9 (x,y). (4.3.18b)

This is the heat equation, which lends the heat kernel its name. Notice that these
equations imply that the Green’s function of A, i.e. the propagator G(x,y), obeying

AWG(x,y) = 69 (x,y), (4.3.19)

can be written as .
G(x,y) = / dsK(s;x,y,A). (4.3.20)
0

Therefore, if one is given a propagator, one can deduce the heat kernel by performing

a spectral decomposition.
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To relate the functional determinant of A to the heat kernel, we introduce the

zeta-function

3alt) =Y 'A0 (4.3.21)

n

where the prime means that the sum is only taken over strictly positive eigenvalues

An. This sum is convergent for t > t* € R. Taking a derivative with respect to ¢ gives

35(t) =) A log Ay (4.3.22)

n

To regularise the functional determinant, we analytically continue 34 (t) to the
complex t-plane. The functional determinant of A is then defined in terms of the

analytic continuation to the origin:
det’'A =[] Aw = exp(—34(0)), (4.3.23)
n=0
where the product is over non-zero eigenvalues, as indicated by the prime. This is

called zeta-function regularisation.

The zeta-function is the Mellin transform of the trace of the heat kernel 2
1 o _
3(0) = 5y /0 ds s (TeK(s; A) — %), (4.3.24)
where ng is the number of zero modes of A, and
TeK(5;A) = Y e—sh = / dhx /g (x|K(s; A)|x) (4.3.25)
n

Differentiating with respect to t and taking t — 0, one finds

1 v 1o, o 1 [*ds '
W = 5 log det’A = 23A(O) =2/ TrK(s; A), (4.3.26)
where € > 0is a UV cut-off, and we have subtracted the zero modes of the Laplacian

to IR regulate the integral 3

To compute the EE via eq. (4.2.14), one also needs the form of the heat kernel on a
space with conical singularity. This is related to the heat kernel in the absence of
conical singularities via the Sommerfeld formula [181,182]. Consider polar
coordinates around the entangling surface, writing T = rsin ¢ and x! = r cos ¢ with

0 < ¢ < 27 In this coordinate system the conical singularity is introduced by making

2The following integral identity is useful:

A= 1 /oo dsstlesA
I'(t) Jo ’

3For a careful treatment of UV and IR divergences in simple examples, see e.g. [180].
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¢ periodic with period 27tn. The heat kernel in the presence of such a conical
singularity is

Ku(5;0,9/;8) = K(s;¢ — @3 ) + ﬁ /r dw cot (5-) K(sip — ¢/ +wid), (4327)

where the contour I' is given by two vertical lines going from (—7 4 io0) to (—7r —ic0)
and from (71 — ico) to (71 4 ioo). It intersects the real axis twice between the poles of
cotw/(2n), once between —27tn and 0, and once between 0 and 27tn. As n — 1, the
integral is O(1 — n). Substituting eq. (4.3.27) into eq. (4.2.14) using the representation
eq. (4.3.26), one can explicitly compute the EE. We will present two examples in
chapter 7.

4.4 Entanglementin CFT

The EE is bounded by the dimensions of the subsystem Hilbert spaces. However, in
QFT, those are infinite, and indeed, the EE is typically divergent. Intuitively, the EE in
the vacuum of a QFT arises from virtual Bell pairs that are produced near the

(d — 2)-dimensional entangling surface X, with one spin on either side of X. Thus, one
expects the EE to grow with the (d — 2)-dimensional volume of X;_,. In a CFT on flat
space, there are no other dimensionful constants, and so one expects that the leading
UV divergence of SSFT ~ €271 as the short-distance cut-off € — 0 [183,184].*

We have expressed eq. (4.2.14) in terms of the effective action YW whose UV divergent
structure is given in eq. (2.5.53). The leading divergence comes from a term
proportional to the volume of spacetime, [ M, ddx\/ge_d, where we are allowing for a

non-trivial metric background. Since
d?x =n d?x , 4.4.28
Jy dvE=n [ i 4428)

the terms diverging as ~ €% in W, and nW cancel. The same argument does not
apply to the subleading divergences involving integrals of curvatures. These do not
cancel as we will see. Thus, the leading UV divergence of SGT in a CFT is ~ €279, as
expected.

In even d, the coefficient of the log term in W is the Weyl anomaly. Thus, the
logarithmic part of the EE must be related to the CFT’s central charges. Consider a
rescaling of the characteristic length scale L of the entangling surface ¥;_,. This is

“When d = 4, the volume of £;_, is two-dimensional. For this reason the leading divergence of the EE
is often called an area law, even in general 4.
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equivalent to performing a Weyl transformation eq. (2.4.29). Thus, the EE changes as

n—10on

d 9
LSS = lim = (/pr dlx /g (TH,) — n/Md ddx\/g(T”y>> . (4.4.29)

Away from the conical singularity, the two expressions cancel against each other. The
only contributions must be coming from the region near the tip, i.e. the entangling

surface X;_,. By regularising the conical singularity, ref. [30] showed thatasn — 1,

/ " ddx\/gf{(k) - n/ ddx\/gl?(k) ~ (1—n) / d%\/gROTM™  (4.4.30)
MY My PP

—_——

to leading order in (1 — 1), where R(OT(™) is linear combination of scalars built out of

¢ curvature tensors and m second fundamental forms ]]Z b with 2¢ +m = 2k — 2.

The replica trick with this regularisation can then be used to compute the EE between
an interval and its complement in a 2d CFT. In 2d, the Weyl anomaly eq. (2.5.48) only
depends on the 2d Ricci scalar R, for which

2 2 _
/M;”> dx /3R —n /Mz d2x/gR = 4r(1—n). (4.4.31)

Taking lim,, ;1 %, one finds that

0 @
LSS = —— 4.4.32
oL SA 3 ’ ( 3 )
where the extra factor of 2 comes from the fact that there are two conical defects in 2d,

one at each end point of the interval. Integrating, one finds

(2d) L
ST = € og () T (4.4.33)
3 €

where € is a UV cut-off and the ellipsis stands for scheme-dependent terms [27,28].
This relation allows for an alternative proof of the c-theorem. Indeed, ref. [33] found a
c-function related to SGT and showed that it monotonically decreases along an RG

flow using quantum information techniques.

In 2d, there exists a conformal map from the plane to the infinite cylinder whose base
has circumference B. Thus one would expect that the EE is related to the
thermodynamic entropy defined in eq. (2.5.62). This indeed turns out to be the case.
Consider an interval of length L extended along the axis of the cylinder. Applying the
replica trick, one finds an EE on the cylinder that interpolates between the flat space
result for the EE eq. (4.4.33) for B > L and the thermodynamic entropy eq. (2.5.62) for
B < L, where L is identified with the size of the system [28].
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Now consider EE in 4d CFT. Ref. [30] found for the 4d Euler density Ey4,
/ dhx /T Ey — n/ dhx /g Ey = 87(1 — 1) / PoTR+O(1—n)?, (4.434)
MY M, b
and for the (Weyl)? term

/ M d4x\/§ WHVPV WHPT —n / M d4x\/§ WuvpaWF‘VPU
4 4

b (4.4.35)
— 87(1—n) /2 d20\/3 (wgb“b + 1T, 11 ) +O(1—n)?.
2

For the Pontryagin density, the appropriate computation was performed in [160],

/MW d*x ge”"P”RwAKRWAK —n /M d*x ge”"P”RwAKRWAK
4 ' (4.4.36)
=7(l- n)/ d*c ge”bn”(RL)ijub +0(1—n)?.
%

These are precisely the terms that appeared in the contribution of a 2d conformal
defect to the Weyl anomaly in eq. (3.4.38). The coefficient of the log term in the EE
takes the form of the integrated Weyl anomaly of a co-dimension 2 defect, with
coefficients fixed in terms of bulk central charges. Indeed, in 4d the coefficient of the
logarithm is [29]°

S gL = /z d*o\/g [az(jR - 62(4;: (Wabab + ﬁgbﬁl;b) + Lli;@eab”ij(RL)ijab] ,

’ (4.437)

In particular, if the ambient geometry is conformally flat and X is a round sphere, then
the only contribution comes from the Euler density. For a 2-sphere, x = . [ 2R=2,

and thus the universal part of the EE is S§T hog% = 4a'y).

In d = 6, however, the relation between the universal part of the EE and the p = 4
defect Weyl anomaly is less understood, partly because the general form of the Weyl
anomaly was unknown until recently. The EE has only been determined in special
cases: an entangling surface X4 without extrinsic curvature [131] or with only extrinsic
curvature, i.e. a curved X, in flat space [132]. Our result of the p = 4 defect Weyl
anomaly in section 6.1 allows for determination of the EE in a d = 6 standalone CFT
with X4 of arbitrary shape.

5Tt is clear from the effective action that UV divergences of EE must be of order ~ €2~ for integer
0<k< L%J Naively, however, one would expect that divergences could appear in integer steps, since

local counter-terms on the entangling surface could take the form defz RO, The integrand has
mass dimension 7 + 2j + k, which can be odd. However, the EE of region A must be equal to the EE of
region B = A. In both cases ¥;_, is the same but it must have opposite orientation. This implies that
the second fundamental forms have opposite sign, and therefore, the coefficient of a term with an odd
number of II's must be zero.
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Finally, let us comment briefly on the relation of EE with two other physical quantities:
Firstly, when d is odd, the EE has no logarithmic term. In particular, if M; = S7 the
renormalised sphere free energy F in eq. (2.5.53) is identified with the constant term in
the EE, which is now universal. As mentioned in section 2.5, F was conjectured to be
monotonic under RG flows. By employing the relation between F and EE, and using
quantum information techniques, ref. [140] proved a weak form of the F-theorem
when d = 3. To my knowledge, this EE based argument is the only proof of the 3d
F-theorem to date. Secondly, note that a conformal transformation maps Euclidean
space to Sé x T4, The vacuum state of the CFT on R maps to a thermal state on
H1 at temperature T = %, where B is the circumference of Sé. As a result, the EE of a
spherical ball in R? can be shown to be equal to the thermal entropy on %~ [185].

4.5 Entanglementin DCFT

We now turn to the EE in the presence of boundaries and defects. In the case of a 2d
CFT on half-space, i.e. with a 1d boundary, ref. [28] computed the EE of an interval of
length £ with one endpoint on the boundary using eq. (4.2.14). The result is

erT _ € L /
Sa :?log 2 ) te +O(e), (4.5.38)

where ¢’ is the finite piece. Like in the case of an interval of length L in a CFT without
boundary in eq. (4.4.33), the EE again depends on the central charge. The coefficient,
however, is half of that in eq. (4.4.33) since the interval in the BCFT case only has one
endpoint in the bulk. In eq. (4.4.33), we omitted the finite piece as we argued that it is
scheme-dependent. In the BCFT case, however, the finite piece does contain physical
information. Assuming that ST and eq. (4.4.33) are computed in the same scheme,
then the scheme-dependence and the logarithmic divergence cancel,

1
gbdy = SEXCFT — ESSFT =logg. (4.5.39)

The finite piece, log g, is commonly called the boundary entropy. By construction, it
only depends on boundary DOF. In 2d, one can conformally map a CFT on half-space
to the semi-infinite cylinder where the radial direction has circumference f.
Computing the EE of an interval of length 5 along the axis and anchored on the
boundary, ref. [28] found an expression interpolating between the flat space EE

eq. (4.5.38) as B > L and the thermodynamic entropy eq. (2.5.62) as p < L, with the
replacement L — 5. Ref. [186] argued that the thermal entropy of a 2d CFT with
boundary has a finite piece that is independent of the size of the system. Let Z [S}3 x 1]
be the thermal partition function on a finite interval I of length 5. Then the thermal
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entropy has a physical finite piece,

c@d)

Sthermo = (1 - ,Baa‘B> IOgZ = 67-[; + logg (4540)

If one of the two boundary states is the vacuum, then log g only depends on the
non-trivial boundary condition at the other end. In that case log ¢ can be identified
with the right-hand side of eq. (4.5.39).

Ref. [186] conjectured that log ¢ decreases under boundary RG flows,
log guv > log g1r. A non-perturbative proof of the conjecture was given in ref. [187].
The authors showed that log g, defined through the thermal entropy, actually

decreases monotonically,

0
— < S,
a‘ulogg_O, (4.5.41)

where y is the RG scale. This is called the g-theorem, in analogy to the c-theorem for
the 2d central charge c®. An entropic version of the g-theorem was proved in [188]
using quantum information techniques. There the authors show that log g, defined
through the EE, decreases monotonically along the boundary RG flow. Note that the
two proofs are logically independent: they prove monotonicity theorems for different
quantities, which only agree at the fixed points.

Conformal interfaces in 2d CFT can be mapped to the boundary case above using the
folding trick [189,190]. A conformal interface between CFT; and CFT} is equivalent to
CFT1 ® CFT> on half-space joined together at the boundary, with the orientation of
one of the CFTs reversed. The discussion also applies to line defects in 2d CFTs
without boundaries. An interval with one endpoint on the defect has the form

eq. (4.5.38). If both endpoints are in the CFT, then the logarithmic part has an extra
factor of 2.

For line defects in higher-dimensional CFTs, ref. [191] argued that Gdef = SBCFT — SgFT
for a spherical ball A receives an additional term from the stress tensor one-point
function eq. (3.1.13). As a result, the defect contribution to the EE is no longer required
to decrease along a defect RG flow, see e.g. ref. [49] for an example. However, one can
still define an analogue of the thermodynamic defect entropy. In a d > 3 CFT, one can
conformally map R¥ to the cylinder R x S?~!, where the sphere has radius R and the
defect is located at the equator. Ref. [192] showed that the quantity

(1 — R;;) (log ZPFT — Jog Z<FT), (4.5.42)

decreases monotonically under a defect RG flow, where ZPCFT and ZCFT are the
partition functions with and without defect insertion, respectively. Note that this
quantity no longer agrees with the defect contribution to the EE, not even at the fixed

points.
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Next consider a conformal boundary in a 3d CFT. When d = 3, the boundary Weyl
anomaly in eq. (3.4.38) fully determines the coefficient of the logarithmic divergence of
the effective action V. To compute the EE, one can again use the replica trick

eq. (4.2.14). Recall that the only contributions to the EE come from the tip of the
conical singularity, which is identified with the entangling surface. If it intersects the
boundary, then the EE will pick up logarithmic contributions from the boundary Weyl
anomaly. Otherwise, the logarithmic part vanishes. The boundary contribution to the
EE was determined in refs. [47,48] for an arbitrary entangling surface intersecting the

boundary. Generically,

dey SBCFT 1SCFT _ 1 Nag2 _ 46 - 1 L
5S4 = ¢ | Nag’ —dj ka(zxk) og <)+ (4.5.43)
—1

where the entangling surface intersects the boundary N times, each time at an angle
ok, and f is a known function. a5” and d{” are two of the defect central charges in
eq. (3.4.38). For a round half-disk centred on the boundary, this reduces to

(2d)
o = ”g log (é) o (4.5.44)

The coefficient of the logarithm defines a function along a boundary RG flow that

(2d)

coincides with ay” at the fixed points. Using quantum information theory arguments,

ref. [56] gave an entropic proof of the c-theorem for a5”, i.e. ag'{;y > ag; under a
boundary RG flow. It is equivalent to the proof of ref. [55] when d = 3, which we

discussed in section 3.4.

Consider the contribution to the EE of a flat p = 2 defect in a CFT on RY, where d > 4
and the entangling region is taken to be a sphere of radius L centred on the defect, see
figure 4.2. Ref. [49] argued that the coefficient of the logarithm has two contributions.
The first one is related to the defect contribution to the free energy on S of radius L
with the defect wrapping an equatorial S?. The second contribution is proportional to
the stress tensor one-point function eq. (3.1.13). Ref. [50] argued that these are in turn
related to the defect central charges a5” and d5 via eqgs. (3.4.39) and (3.4.40),
respectively, such that the defect’s contribution to the universal part of the EE is

5 10g . = (S5 — S gt = 5 < as’ + Z i’d‘f‘”) (4.5.45)
Again, the universal defect contribution to the EE no longer serves as a good
c-function. The appearance of the stress tensor one-point function spoils its
monotonicity. Indeed, refs. [49, 193] provides multiple examples where S9! increases
along a defect RG flow. However, F4¢f is always found to decrease, prompting the
authors to conjecture that it is a good c-function for any defect and ambient space

dimensions. This putative c-theorem reduces to the monotonicity theorems for log ¢
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FIGURE 4.2: A spherical entangling surface in d = 4 centred on the p = 2 defect at
time T = 0. The defect’s contribution to the universal EE of the region enclosed is
given by eq. (4.5.45).

and a2 when the defect dimension is p = 1 and p = 2, respectively. It is the defect
version of the generalised F-theorem mentioned in section 2.5.5

More generally, ref. [49] argues that the universal part of the EE of a spherical region
centred on a defect of any dimension p is related to the universal part of the sphere

free energy and the stress tensor one-point function,

N

(d—p-1)
sin (8)T (5§ +1

S%equniv. = _Fdef|univ. - h. (4546)

When p is odd, the finite pieces of S4¢f and F4¢f are universal. When p is even, it is the
coefficients of log £ that appear in eq. (4.5.46). The pole in the second term for even p
arises from the choice of a dimensional regularisation scheme. It maps to a logarithmic
divergence in the UV cut-off € in a short distance expansion around the intersection
dA N . Explicitly in p = n — e dimensions for integer 1, 1 — log £. In section 6.2.2.1
we will use eq. (4.5.46) to relate the logarithmic contribution to the EEofa p = 4
dimensional defect to two defect central charges.

A boundary version of the F-theorem when d = 3 was originally proposed by refs. [170,194]






67

Chapter 5
Supersymmetry

In this chapter, we review several aspects of supersymmetry (SUSY) and
superconformal symmetry as well as defects preserving parts of these symmetries.

5.1 Flat space supersymmetry

In this section, we review relevant concepts of SUSY in flat space. Excellent
introductions can be found e.g. in refs. [195-197]. In flat space, SUSY is an extension of
the Poincaré algebra by fermionic, i.e. spinorial and Grassmann, generators Q', where
I=1,...,N. The integer N counts the number of minimal spinors-worth of
generators. By minimal spinor we mean the smallest irreducible spin representation of
the Lorentz group. These are dependent on the spacetime dimension d and the
signature. Commonly N refers to the number of minimal spinors of SO(d —1,1). The
number of real components of all of the Q! combined is called the total number of
supercharges.! The types of minimal SO(d — 1, 1) spinors and the corresponding

number of real supercharges are summarised in table 5.1.

n Euclidean signature, it is customary to count the number of real supercharges using the same N
as in Lorentzian signature. This may seem misleading at first, since the irreducible spinor representa-
tions of SO(d — 1,1) and SO(d) have different dimensions. In particular, a Majorana condition is typically
identified with a reality condition on the Clifford algebra basis. The spacetime dimensions d in which
such a condition can be imposed are different for Euclidean and Lorentzian signature. While this is tech-
nically correct, it misses the point. Often one considers Euclidean QFT as an arena to study questions
about Lorentzian physics in a more controlled setting. By the Osterwalder-Schrader reconstruction theo-
rem [82], reflection-positive Euclidean correlation functions can be Wick rotated to give unitary correlators
in Minkowski space. Rather than imposing an ordinary Majorana condition in Euclidean signature, one
should instead consider an alternative Majorana condition which ensures that the Euclidean path inte-
gral of Grassmann valued fermions computes correlation functions which, upon Wick rotation, coincide
with the correlation functions of (ordinary Lorentzian) Majorana spinors. Such a “physical” Majorana
condition can be shown to exist in the same spacetime dimensions as the ordinary Majorana condition in
Lorentzian signature [198]. The same applies to symplectic and pseudo-Majorana fermions [199], and, of
course, Weyl conditions are signature independent too.
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d || minimal spinor | # real components SUSY # real supercharges
2 MW 1 N =(pq) p+a

3 M 2 N 2N

4 M 4 N 4N

5 SM 8 N 8N

6 SMW 8 N =(p.q) 8(p+4)

TABLE 5.1: Minimal spinors of SO(d — 1,1) and SUSY for 2 < d < 6. The spinors
obey Majorana (M), Majorana-Weyl (MW), symplectic Majorana (SM), and symplectic
Majorana-Weyl (SMW) conditions depending on d as summarised in the second col-
umn. The number of real components of each minimal spinor is reported in the third
column. N € Z counts the number of minimal spinors-worth of SUSY generators.
When d = 2, 6, minimal spinors are chiral. We write N' = (p,q) for p,q € Z to keep
track of chiralities. The number of real supercharges for given V is reported in the last
column.

Since spinorial representations of the Lorentz group depend on d and the signature,
the precise form of the algebra takes on slightly different forms across dimensions. In
our discussion we will encounter SUSY QFTs (SQFTs) in various dimensions and with
different amounts of SUSY. Schematically,

[P,Q"]=0, M, Q"1 ~ Q' {QLQ}~P+2, (.1.1)

where P, and M,,, are the Poincaré generators introduced in chapter 2, and Z is a

collection of c-numbers, which commute with all generators.

Representations of the SUSY algebra are often called multiplets. Since the
supercharges are fermionic, their action on a bosonic state results in a fermion, and
vice versa. States sit in highest-weight representations of the SUSY algebra. Half of the
supercharges act as raising, and half as lowering operators for spin or helicity. Acting
with lowering operators results in a finite-dimensional representation. It is finite
because the Q’s are Grassmann valued. In a SUSY multiplet, the number of bosonic
and fermionic states are equal. Assembling the states into the on-shell modes of single
particles, one finds that SUSY multiplets contain particles of different spins, which
must sit in the same representations of global and gauge symmetries. Their dynamics
can be described by Lagrangians whose field contents can be elegantly described
diagrammatically in so-called quiver diagrams. We will see examples of these in
chapter 8.

In a SQFT, flavour symmetry generators commute with all the generators of the SUSY
algebra eq. (5.1.1). However, not all global symmetries in SQFT are flavour
symmetries. The SUSY algebra has a non-trivial automorphism group, called the
R-symmetry, which acts non-trivially on the SUSY generators Q. In SQFT,
R-symmetry is partly optional: a given theory need not realise the full R-symmetry
group. However, if present, states in a SUSY multiplet must have different R-charges
since states are related by the action of Q’s.
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Let us briefly discuss some of the SQFTs that we will encounter later in this thesis.
Many of the SQFTs that we will study are gauge theories for some gauge group G.
SUSY gauge theories are built out of multiplets containing a gauge boson. The types
of accompanying fields depend on the amount of SUSY and the dimension. E.g. a 2d
N = (2,2) vector multiplet contains a gauge boson, a Dirac fermion and a complex
scalar, all of which are in the adjoint of G. The simplest action for this multiplet is the
super-Yang-Mills (SYM) action, a SUSY version of ordinary YM theory. The simplest
N = (2,2) matter multiplets are so called chiral multiplets, which contain one
complex scalar and a Weyl fermion. One can build 2d N = (2,2) SUSY gauge theories
by taking chiral multiplets in a representation of G, coupling them to a vector
multiplet, and turning on a potential for the matter fields, called a superpotential,
often denoted by W. If G is reductive, i.e. it contains U(1) factors, one can also turn on
a twisted superpotential for each U(1). It is a deformation by two real parameters.
One of them is called a Fayet-Iliopoulos (FI) parameter, ¢, which corresponds to a
particular deformation of the scalar potential. The other one is a 2d 8-angle for the
Abelian part of the field strength. The resulting gauge theory is often called a gauged
linear sigma model (GLSM). See e.g. ref. [21,200] for a detailed discussion. We will
meet examples of GLSMs in chapter 8.

Another set of examples are 4d N = 2 gauge theories. The most fundamental building
block is a 4d N = 2 vector multiplet, which contains one gauge boson, two Weyl
fermions, and one complex scalar. Again, one can write a SYM action for each vector
multiplet. N =2SUSY preserving matter must be in a so-called hypermultiplet,
which contains two Weyl fermions and two complex scalars. A simple example of a 4d
SUSY gauge theory is N = 2 supersymmetric QCD (SQCD) with G = SU(N) and 2N
flavours, i.e. two hypermultiplets in the fundamental representation of SU(N)). It
turns out that for this theory, the YM coupling g%, is exactly marginal. Another
example is the case of a gauge theory consisting of a vector multiplet coupled to a
single hypermultiplet in the adjoint representation. In that case, the vector and
hypermultiplets combine into an N = 4 vector multiplet to form N = 4 SYM theory.
Again, g%, is exactly marginal and the theory is conformal.

It is an immediate consequence of the algebra eq. (5.1.1) that a vacuum state preserves
SUSY if and only if it has zero energy. Typically, SQFTs with R-symmetry have
multiple SUSY vacua. Sometimes, there can be infinitely many neighbouring vacua
corresponding to flat directions in the scalar potential. Such a vacuum manifold is
called a (classical) moduli space. Each flat direction in the potential corresponds to a
massless field, called a modulus. At energy scales below the mass of the lightest
massive particle, only moduli remain. Thus, the classical moduli space of vacua
describes the naive IR dynamics of the SQFT. Moduli spaces are typically stable, i.e.
they are not lifted by quantum corrections. However, they do receive interesting
quantum corrections, both perturbatively and non-perturbatively. These corrections
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can alter the moduli space drastically, and e.g. lead to singularities. Nonetheless,
compatibility with SUSY requires the moduli space to admit certain geometric
structures which depend on the number of supercharges. The full quantum corrected
moduli space encodes the low energy dynamics of the theory. The moduli space can
be given a natural metric, and the IR dynamics is dictated by a non-linear sigma

model (NLSM) whose target space is the moduli space.

Generically, determining the IR phase of a QFT is difficult. SUSY, however, imposes
powerful constraints that can provide tools to study a given QFT. E.g.
non-renormalisation theorems heavily constrain the IR dynamics of theories with four
supercharges [201]. Where couplings do run, SUSY may still allow for computation of
the beta functions. E.g. in 4d A" = 1 SUSY gauge theory, ref. [202,203] derived a
compact formula for the beta function to all loop orders and non-perturbatively.
Gauge theories with eight supercharges have moduli spaces which typically have two
branches, where the IR gauge theory either exhibits long-range Coulomb interactions,
or the gauge group is fully higgsed. These are called Coulomb and Higgs branches,
respectively. The Higgs branch is classically exact, however, the Coulomb branch can
receive quantum corrections. E.g. in 4d N = 2 SYM, g%, is marginally relevant.
Non-renormalisation theorems imply that the coupling can only receive corrections at
one-loop in perturbation theory and non-perturbatively. The moduli space only
consists of a Coulomb branch, which receives quantum corrections. Nonetheless,
SUSY allows for exact determination of the theory’s IR dynamics. Ref. [19] argued for
the SU(2) theory that the moduli space has two singularities in the interior of the
moduli space, where additional DOF become light. The type of additional particles is
encoded in the monodromies around the points. By studying the monodromies, they
were able to construct holomorphic differentials on an auxiliary complex curve, whose
integrals along 1-cycles exactly determine the metric on the moduli space. This
auxiliary curve is often called the Seiberg-Witten (SW) curve. Similar curves and
differentials have been found for gauge theories with matter content, e.g. in ref. [20].
See ref. [204] for a review with many other examples.

5.2 Supersymmetric localisation

QFT in flat space suffers from IR divergences. These can be cured by putting the
theory on a compact manifold. In order to preserve SUSY on a curved background,
additional couplings to the background curvature need to be introduced. This lifts the
moduli space of vacua. Nonetheless, SUSY still allows for explicit computation of
various observables. These include the renormalised partition functions Zgs and the
Zs1, g1 if the theory preserves enough SUSY.
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The technique that allows for these computations is SUSY localisation. See e.g.

ref. [205] for a pedagogical introduction, and ref. [24] for a comprehensive review. The
localisation principle was first formulated in ref. [13]. Let I[®] be the action of a SQFT,
and let Q be a fermionic symmetry of I,i.e. QI = 0. Q can be any Grassmann valued
charge that squares to a linear combination of bosonic spacetime, global and gauge
symmetry charges, Q> = B. One may then consider the deformed action I + tQV, for
some fermionic functional V[®] that is invariant under B, i.e. BV = 0. The path
integral, with SUSY invariant measure D®, is unchanged by this deformation

970 = ;/che—f—fg" . /DCD QV[d]e 112V

ot (5.2.2)
_ /DdD 0 (Ve*HQV) —0,

where the last equality holds because Q is a differential in field space, and we are
assuming that V[®] falls off sufficiently fast at infinity in field space. Thus, the path
integral can be computed at any value of t, Z(t) = Z(0) = Z. At large t, the path
integral is dominated by field configurations that extremise QV, and we can perform
a saddle-point approximation around these points. In the t — oo limit, this
approximation becomes exact. Note that the argument also applies to correlation
functions of observables O obeying QO = 0.

One choice of Q and V[®], reduces the path integral to a sum over the
Bogomol'nyi-Prasad-Sommerfield (BPS) locus of bosonic Q-invariant field
configurations, i.e. configurations for which all fermionic fields and their Q-variations
vanish. In the case of an V' > 2 gauge theory on S, the sum over saddle points then
reduces to a finite-dimensional integral of the vacuum expectation value (VEV) of the
vector multiplet scalar, a, over the Cartan subalgebra tyq of the gauge algebra gugq.
Since a parametrises the Coulomb branch of the moduli space in flat space, this choice
of Q and V is often called Coulomb branch localisation. The localised partition
function takes the following schematic form [23]

ZS4 = . da chasszl—loop‘zinst’2 . (5.2.3)
4d
It consists of a classical part Z,s5, @ 1-loop part Zy.150p, and an instanton part Zins.
Each of these is parametrised by a, valued in the Cartan subalgebra.? Often,
localisation is performed on a squashed sphere, S¢, where b? = i—; are squashing
parameters. The round sphere partition function can be obtained by taking b — 1. We

will comment more on the squashed case in section 8.2.

2The instanton part will not play much of a role in this thesis. Let us just point out that it was first
determined by ref. [22] by deforming the theory on R* in a way that preserves a U(1)? subgroup of the
original SO(4) Lorentz group. This is called the Q-background, IR‘Ell,EZ, where €1, are the deformation
parameters. Using this deformation, ref. [22] was able to give a microscopic derivation of the full IR
dynamics of N = 2 SYM theory without resorting to an analysis of the moduli space via the SW curve.
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For a 2d GLSM, one can also localise onto the BPS locus, where field configurations
are parametrised by a quantised 2d gauge flux m = ;- | ¢ F and the VEV of one of the
two real vector multiplet scalars, o. The Coulomb branch localised partition function
on S? takes the schematic form [206,207]

1
Zg =7 ) A0 Z ass 255 8¢ zmatter (5.2.4)
’Wmd‘

1-loop “~1-loop ”
mets, tad

where W

92d

is the Weyl group of go4, and tZ, is the charge lattice.?

Another common choice of Q and V[®] exists when the gauge group is completely
higgsed in flat space by turning on a non-zero FI parameter. In this case the path
integral reduces to a discrete sum over BPS configurations which correspond to a
finite number of points on the Higgs branch. E.g. in 2d, the partition function again
depends on classical and 1-loop parts but now also receives contributions from vortex
and anti-vortex excitations. This choice is called Higgs branch localisation [206,207].

The different localisation schemes all give the same answer, as they must.

5.3 Superconformal symmetry

In QFT in flat space, invariance under both SUSY and conformal symmetry typically
implies invariance under the larger superconformal group. For pedagogical
introductions to superconformal symmetry, see e.g. refs. [76,208]. Importantly,
R-symmetry is no longer optional for superconformal field theories (SCFTs): it is part
of the superconformal algebra (SCA), which is a super-Lie algebra composed of
bosonic and fermionic generators. Its bosonic subalgebras are the conformal algebra
eg. (2.1.9) and the R-symmetry algebra. In addition to the fermionic supercharges Qf,
the SCA also contains an equal number of fermionic superconformal generators S!. A
subset of the non-trivial commutation relations is

{Q,Q} ~P, {s,5} ~K, [Q,S]~D+R+M,

(5.3.5)

where R is an R-symmetry generator. Thus, Q and S have scaling dimension A = -I-%
and A = — %, respectively. SCA have been classified under mild physical assumptions,
and have been shown to only exist for spacetime dimensions d < 6 [209], i.e. there are
no SCFTsind > 6.

In 6d, there are two SCAs: one with 6d N = (2,0) and usp(4) R-symmetry, and the
other with N' = (1,0) SUSY and usp(2) R-symmetry. There is no SCA with ' = (1,1)

3In practical terms, one may think of m € tzzd as having integer eigenvalues on any representation of
the gauge group Gygq.
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SUSY. The most famous interacting 6d SCFTs are the N = (2,0) theories, which are
labelled by an ADE Lie algebra ggq [210,211]. The low energy effective theory on a
generic point on the moduli space contains a two-form gauge field whose field
strength is self-dual. These SCFTs are believed to be the unique 6d SCFTs with
maximal SUSY. String and M-theory suggest that these SCFTs describe the IR
dynamics of certain extended objects, called branes. There is ample evidence that
these are healthy, local SCFTs (see e.g. ref. [212]) but an explicit QFT description is
lacking. There is no known Lagrangian description.

In 5d, the situation is even more restrictive: the unique SCA f(4) only has /' = 1 SUSY
with su(2) R-symmetry. The only known examples of interacting 5d SCFTs come from
string theory constructions, including webs of intersecting branes [213] and geometric
engineering [214,215]. Moreover, string theory suggests that all 5d SCFTs descend
from 6d N = (1,0) SCFTs via compactification [216]. Conversely, compactifying the
6d N = (2,0) theory on a circle gives 5d N/ = 2 SYM theory, which is not conformal.
The radius of the S! is identified with the YM coupling g%,,, which is irrelevant in
d>>5.

In 4d, there is one SCA with maximal N = 4 SUSY and su(4) R-symmetry. N' = 4
SYM theory is believed to be the unique 4d SCFT with that SCA, and indeed the only
SQFT with maximal SUSY. In addition to its large spacetime symmetry, N’ = 4 SYM
theory has an SL(2,Z) duality group, an generalisation of electromagnetic duality in
Maxwell theory. SCAs with V' < 3 have su(N') & u(1) R-symmetry.* A large class of
4d N = 2 SCFTs are the class S theories [217], which arise from the (partially twisted)
compactification of the Ax_1 6d N = (2,0) SCFT on punctured Riemann surfaces. We
will review them briefly in section 8.1.

In 3d, there exist SCAs with NV < 8 and s0(/N') R-symmetry. A famous example is the
Aharony-Bergman-Jafferis-Maldacena (ABJM) theory [218]. ABJM theory is a
CS-matter theory which includes two non-dynamical U(N) gauge fields with CS
terms at levels k and —k as well as charged matter. For generic k € Z, ABJM has

N = 6 SUSY, which enhances to the maximal N = 8 when k = 1,2. Another class of
examples are the so-called class R theories of ref. [219]. They are 3d N = 2 SCFTs
obtained by compactifying the 6d N = (2,0) SCFTs on a three-manifold.

The case of d = 2 is special: the conformal group factorises into chiral and anti-chiral
halves. The chiral halves can be invariant under different SCAs. In fact, there exist
three infinite families of chiral SCAs as well as three exceptional SCAs, one of which is

labelled by a continuous parameter.

Local operators in unitary CFTs sit in lowest-weight representations of the conformal
algebra. The lowest-weight is a conformal primary O, obeying [K,, O(0)] = 0. In

“When A = 4, the R-symmetry generator of the u(1) part becomes central and can be quotiented out,
giving the aforementioned SCA with su(4) R-symmetry.
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unitary SCFTs, local operators sit in lowest-weight representations of the SCA. Since
both K, and S lower the scaling dimension, a lowest-weight should obey

[K,, 0(0)] =0, s, 0(0)} =o0. (5.3.6)

Here, [, -} denotes the commutator if O is bosonic, and the anti-commutator if it is

Grassmann valued. Such a local operator O is called a superconformal primary.

Superconformal descendants are obtained by taking nested (anti-)commutators [Q, - }
of O, each commutator raising the scaling dimension of O by 1. E.g. the first
superconformal descendant of O, with scaling dimension Ap, is O’ = [Q, O} whose
scaling dimension Ao = Ap + % As the Q’s are Grassmann, there are finitely many
superconformal descendants. Note that all superconformal descendants are conformal
primaries. This can be seen by using K, Q] ~ S, and using the Jacobi identity
repeatedly. Thus each superconformal descendant gives rise to an infinite family of

conformal descendants linked by the supercharges Q.

The representation theory of SCAs is much richer than their non-SUSY
counterparts [220-222]. As for ordinary CFTs, superconformal primaries in SCFTs
must obey unitarity bounds. Unitarity allows for scaling dimensions A > A 4 for some
Ay aswellas A = Ap,Ac, ..., where Apc . < A, are a discrete set. Superconformal
primaries with A = A4, Ag, Ac, . .. obey shortening conditions, i.e. at least one
superconformal descendant is annihilated by at least one supercharge Q. As
continuous parameters in the SCFT are varied, the scaling dimension of long
multiplets can reach the unitarity bound A4 from above. At this point the long
multiplet splits into a short multiplet with A4 and another short multiplet (of any
type) containing the null states of the former. Short multiplets that do not appear in
the fragmentation of long multiplets at the unitarity bound are said to be absolutely
protected. They must necessarily have A = Ag, Ac, . ... Conversely, some short
multiplets may recombine into long multiplets and leave the unitarity bound as
continuous parameters are tuned. This process is called recombination. See e.g.

ref. [222] for more details.

An important example of a superconformal multiplet is the stress tensor multiplet. It
is a protected multiplet that exists in any SCFT5 On general grounds, this multiplet
consists of the stress tensor, the R-symmetry current and the supercurrents whose
charges are the fermionic generators of the SCA. The stress tensor is the

5The existence of a stress tensor multiplet imposes strong constraints on the admissible SCAs. Nahm'’s
classification [209] allows for an arbitrary number of supercharges N in d = 3,4, 6. A standard argument
states that theories with more than 16 real supercharges must necessarily include gravity. However, this
argument assumes the existence of weakly coupled one-particle states. Clearly, this requirement is not
met for non-Lagrangian SCFTs. The reason that any SCFT in d = 4,6 can have no more than 16 real
supercharges is precisely the requirement of the existence of a suitable stress tensor multiplet. Ind = 3,
theories with more than 16 supercharges admit a stress tensor multiplet but they are necessarily free [222].
We have implicitly assumed the existence of such a multiplet in our previous discussion, and we will
continue to do so in the remainder of this thesis.
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superconformal descendant with the largest scaling dimension A = d in this multiplet.
Conserved flavour symmetry currents also sit in superconformal multiplets. Since a
flavour symmetry charge must commute with all the supercharges, the conserved
current must be the component which is annihilated by all further Q’s, and so it must
have the largest scaling dimension.

The BPS local operators in a SCFT, i.e. operators which are annihilated by at least one
Q, form an important subsector of the theory. One can define a formal index that
counts them graded by their quantum numbers. This is the superconformal index
(SCI), specified by a choice of supercharge Q. In radial quantisation, it is defined as

Z(Bi) = Try, (—1)Fe” HiP1Y, (5.3.7)

where B; are real parameters called chemical potentials for each generator t; of the
Cartan subalgebra of the superconformal and flavour symmetry commuting with Q,
and Hg C H is the subspace of the radial quantisation Hilbert space that is
annihilated by Q and Qf = S.° These states, or equivalently, operators via the
state-operator correspondence, sit in short representations which generically have

A = Ap,Ag, Ac,. ... SUSY indices should be invariant under continuous deformations
of the theory. For the SCl in eq. (5.3.7), one might worry that two short multiplets
could recombine and leave the unitarity bound, thus changing the index. However, it
turns out that contributions to the SCI from any such pair evaluate to zero, and it
indeed is invariant under continuous deformations of the theory that preserve

Q [223-225]. Thus, more precisely, the index counts BPS operators modulo

recombination.

Via a standard argument [226], the Hamiltonian {Q, Q"} ~ D + R + M can be inserted
with some coefficient B in the exponential of eq. (5.3.7) at no cost. The modified SCI is
independent of . This modification of the SCI suggests that one may be able to
compute it via a path integral. Studying a CFT on R? in radial quantisation is
equivalent to placing the theory on R x S9!, where R is the (radial, Euclidean) time
direction: the Hilbert spaces are the same. By compactifying R to S}, where the
circumference B is identified with the coefficient of the Hamiltonian, one maps the SCI
to the path integral on Sé x $471, with anti-periodic boundary conditions along the S}g

for the fermions. In fact, the path integral computes the SCI up to a factor,
Zisi (B, pj) = e PEMII(By;), (5.3.8)

where p; = %, and E.(y;) is a polynomial in y; called the SUSY Casimir energy
(SCE) [227-229].

®Different Q’s have different commutants, and the exponent on the right-hand side changes accord-
ingly. The full SCI, however, turns out to be independent of this choice.
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In ordinary 2d CFT, one typically defines the Casimir energy as the ground state
energy on the circle f sl dx,/g (Trr) = — 20 c®?, where T is the Euclidean time
coordinate along IR, see e.g. ref. [84]. For higher-dimensional CFTs, the direct analogue
Joan ddﬁlx\/g (Trr) turns out to be scheme-dependent [230]. For SCFTs, one can
define an alternative Casimir energy by reducing on the S9! to obtain a SUSY QM
(SQM). The expectation value of the 1d theory’s Hamiltonian, (Hsqum), turns out to be
scheme-independent, and can be identified with the SCE E. appearing in eq. (5.3.8) by
taking the p — oo limit [230].

5.4 Weyl anomaly in SCFTs

In chapter 2 we discussed the CFT Weyl anomaly and briefly mentioned "t Hooft
anomalies. Both anomalies correspond to non-conservation of currents (the dilatation
current for the stress tensor and the ordinary Noether current of a global symmetry) in
a non-trivial background.” Weyl and "t Hooft anomalies share some similarities, e.g.
both must obey the WZ consistency condition, however, they are fundamentally
different in QFT.

For 't Hooft anomalies, imposing WZ consistency can be recast as a
Becchi-Rouet-Stora-Tyutin (BRST) cohomology problem, see e.g. refs. [88,89,237,238]
for a pedagogical introduction.. Physical anomalies that cannot be removed by local
counter-terms correspond to BRST cohomology classes. A remarkably simple way to
solve the BRST problem is called the descent mechanism. 't Hooft anomalies can be
obtained from (d + 2)-form characteristic classes, i.e. gauge invariant polynomials of
(background) field strength tensors that are closed under the exterior derivative d and
whose integrals are topological invariants. The sum of these characteristic classes is
called the anomaly polynomial A, ,(Mj). The 't Hooft anomalies of the
d-dimensional QFT are obtained via the descent equations, which reduce the

(d 4 2)-form to a BRST-closed d-form. The combinations of field strength tensors
appearing in each characteristic class determine the anomalous symmetries. The
Hodge dual of the BRST-closed d-form parametrises the non-conservation of the
anomalous symmetry’s current, like in eq. (2.5.44). The coefficients of the
characteristic classes descend to "t Hooft anomaly coefficients. This is in contrast to
Weyl anomalies, for which it is believed that no anomaly polynomial exists.® The "t
Hooft anomaly coefficients are not fixed by descent, they need to be computed

7Our discussion will focus on continuous symmetries, however, 't Hooft anomalies of discrete sym-
metries have received considerable interest recently, see e.g. refs. [231-233]. Further, various recent gen-
eralisations of symmetry typically involve discrete groups or more general algebraic structures, see e.g.
refs. [154,234-236].

8Given the resemblance of the Euler anomaly to the chiral anomaly, as discussed in section 2.5, ref. [96]
speculated that it should satisfy a descent identity. Indeed, refs. [239,240] proved somewhat recently that
the Euler anomaly is the unique density obeying a non-trivial descent mechanism.
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separately. Since 't Hooft anomalies typically arise from 1-loop fermion

diagrams [241,242], they can be straightforwardly computed. This is unlike Weyl
anomalies which are not one-loop effects and also exist in CFTs without fermions.
Moreover, 't Hooft anomalies are invariant under RG flows, and may be computed at
any point along the flow. This is known as 't Hooft anomaly matching [243]. This is in
stark contrast to Weyl anomalies, which only exist at the fixed points of RG flows, and
the c-theorems discussed in section 2.5.

Nonetheless, in SCFTs, the stress tensor and R-symmetry current sit in the same
superconformal multiplet, and one might wonder if there exists a relation between the
"t Hooft anomaly of the R-symmetry and the Weyl anomaly coefficients. Indeed, this
turns out to be the case. E.g. in 2d N/ = (2,0) SCFTs, refs. [244,245] found

e = 3k, (5.4.9)

where k is the pure "t Hooft anomaly coefficient of the superconformal R-symmetry.
The proportionality factor is normalisation-dependent, and we have chosen the same
conventions as refs. [244,245]. Similarly, the central charges a‘j‘\ff and ¢ of dd N =1
SCFTs can be related to combinations of R-symmetry anomalies [106]. E.g. for N = 4
SYM theory, this implies that a(f\j) = ¢, The central charges are independent of
marginal couplings and are given by the free field result, see e.g. the review [246].
Similar statements hold for the central charges of A" = 2 SCFTs with a Lagrangian
description, see e.g. the recent review [247]. For 6d N' = (1,0) SCFTs, SUSY imposes a
linear relation on the three B-type central charges in eq. (2.5.71), so that only two are
independent. ' = (2,0) SUSY imposes a second linear relation, so that only one is
independent [123,248, 249].° Similarly to the 4d case, refs. [249,251] found linear
relations between 6d central charges and mixtures of R-symmetry and gravitational "t
Hooft anomalies, which are consistent with the reduction in the number of
independent central charges.

Often when studying SCFTs, one only has access to a weakly coupled Lagrangian
description at some energy scale and would like to ask questions about its strongly
coupled IR fixed point. Given that 't Hooft anomalies are RG invariants, one might
hope that computing the anomalies in the weakly coupled SQFT fixes the central
charges of the IR SCFT. However, the U(1) R-symmetry of the weakly coupled theory
can mix with other U(1) flavour symmetries along the flow to produce an equally
good R-symmetry in the IR. It is this superconformal R-symmetry that determines the
central charges. Refs. [244,245,252] showed that, provided there are no accidental

U(1) symmetries in the IR,V the superconformal R-symmetry in d = 2 and d = 4 can

9SUSY has also been show to constrain RG flows in d = 6. E.g. RG flows triggered by non-zero
expectation values in a SUSY vacuum for scalars in the gauge multiplet obey a c-theorem for a(ﬁj) [250,251].
10This is in fact a rather strong assumption. In particular, most 4d IR A = 2 SCFTs have accidental U(1)

symmetries, and one must resort to other techniques to compute a(ﬁ/dt) and . See e.g. ref. [253] for 4d
N =2 SCFTs that can be reached via RG flow from N = 2 gauge theories.
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be determined by an extremisation principle: one first defines a trial central charge
a(/‘{i/l“jfrial by replacing the R-symmetry anomalies in eq. (5.4.9) and its
higher-dimensional analogues by the anomalies of a general admixture of R- and U(1)
flavour symmetries with arbitrary coefficients. The coefficients that extremise the
value of a(j\‘il“,‘t)ml then correspond to the superconformal R-symmetry. A similar
extremisation principle was also proved for the sphere free energy F in 3d N = 2

SCFTs, which have an SO(2) ~ U(1) R-symmetry [254].

In section 2.5, we argued that central charges control various observables in a given
CFT. In SCFTs, there are additional observables that depend on them. In particular, a
SUSY localisation computation on S! times a squashed S® showed that the SCE E,

introduced in eq. (5.3.8) is proportional to the Weyl anomaly coefficients 4y} and c*?,
Ec(pj) = — lim 9plog Z(B, 1))
(5.4.10)

4 (] + [2])? 2 e 40
= Sl + e (a4 = ) + (3c — 2442) ),
3 Hal (v [l M
where pi1 5 are chemical potentials for SO(2)1» rotations preserved in squashing the
S3 [227,230]. Since Weyl anomalies in SCFTs are related to 't Hooft anomalies,
ref. [229] conjectured, that the SCE is given by the equivariant integration of the

anomaly polynomial,

Eo= [ Asa(Ma), (5.4.11)

Indeed, ref. [255] demonstrated in 4d A/ = 1 examples on more general backgrounds
that the SCE depends on U(1) global and mixed gravitational 't Hooft anomalies.
However, we reiterate that eq. (5.4.11) remains a conjecture, albeit one strongly

supported by evidence from a number of examples in various dimensions [229].

Finally, let us point out a peculiar feature of 4d N > 2 and 6d N = (2,0) SCFTs on flat
space: there exists a protected subsector of local operators that is isomorphic to a 2d
chiral algebra, also called vertex operator algebra (VOA) [256-258]. This VOA can be
identified by choosing a suitable admixture of supercharges and superconformal
generators Q and passing to its cohomology. The cohomology of these operators
consists of the so-called Schur operators, which are the operators appearing in a
certain limit of the SCI, called the Schur limit [259]. See e.g. ref. [260] for a pedagogical
discussion. The choice of supercharge picks out a 2d plane inside the 4d or 6d SCFT,
on which the anti-holomorphic 2d global conformal generators are Q-exact. In
particular the anti-holomorphic translation generator L_q is Q-exact, and so the
anti-holomorphic coordinate dependence in correlation functions of operators in
cohomology drops out. Thus, the operators in cohomology are holomorphic and form
a VOA.
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In the case of a 4d A/ = 2 SCFT, the 2d global conformal symmetry can be shown to
enhance to Virasoro symmetry with central charge (/3 , & —c® < 0, where ¢*? is the
B-type central charge of the 4d SCFT. Unitarity of the ambient SCFT can be used to
infer properties of the VOA. Conversely, certain properties of the VOA can be used to
learn about a subsector of the ambient SCFT and its correlation functions. See

e.g. [261] for a pedagogical review. For the 6d N = (2,0) theories, 2d global conformal
symmetry enhances to JV-symmetry, an enlargement of the Virasoro algebra by
holomorphic higher spin currents. In 6d A/ = (2,0), there is only one independent
B-type central charge, and the Virasoro central charge c{, > 0is fixed in terms of

it [258]. Note that unlike in 4d, the VOA is unitary in 6d N = (2,0) SCFTs.

5.5 Superconformal defects

A p-dimensional superconformal defect preserves a subalgebra of the ambient SCA
which is itself a SCA in p dimensions. More precisely, let & = &; © & be the total
symmetry algebra of the ambient SCFT, where &; is the SCA and & is the flavour
symmetry algebra. Then a superconformal defect preserves g = gs © g, ® g5 C &,
where g; C &; is the SCA preserved by the defect, g, C &; is the bosonic subalgebra
generated by R-symmetry and transverse rotation generators that leave the defect
invariant and commute with g;, and gy C &y is the flavour symmetry preserved by
the defect.

Defect local operators sit in superconformal multiplets of gs. Given a superconformal
defect primary, i.e. a local operator annihilated by the K, and S! generators preserved
by the defect, its defect superconformal multiplet is generated by acting with the
supercharges Q' preserved by the defect. Such operators carry additional quantum
numbers of g; & gy. A number of theorems about the representation theory of defect
multiplets were proved in ref. [149]. The displacement operator D' is an example of a
defect local operator in DCFT. It is a defect conformal primary which arises from
broken translations in the transverse directions to the defect and therefore exists for
every (non-topological) defect. In an SCFT, a defect also breaks superconformal
generators, giving rise to additional defect primaries. Together, they form the
displacement supermultiplet, where the displacement operator is the superconformal
descendant with the highest scaling dimension. The coefficients of the two-point
functions of these additional primaries in the displacement multiplet are fixed in
terms of the displacement operator two-point function cpp. Similarly, any broken
flavour generator that commutes with the supercharges in gs gives rise to a defect
primary proportional to the non-conservation of the current at the defect. This

operator must sit in a defect superconformal multiplet.
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Let us now briefly comment on superconformal defects across dimensions. We begin
with p = 1, i.e. line defects. Ref. [149] recently classified the superconformal
subalgebras of line defects, and their unitary representations. One of their results is
that superconformal lines do not exist in 3d, 4d, and 6d A/ = 1 SCFTs because their
SCAs do not admit 1d superconformal subalgebras. Superconformal lines in the 6d
N = (2,0), if they exist, must break the transverse rotational symmetry.

Superconformal line defects have been studied in a host of SCFTs. They include 3d
CS-matter theories and ABJM theory, see e.g. [262-268] and the review [269]. For line
defects in 4d SCFTs, see e.g. refs. [191,270-274], and refs. [275-277] for investigations
without relying on a Lagrangian description. There has also been renewed interest
from the bootstrap and integrability communities, see e.g. [278-282] and refs. therein.

A famous example of a superconformal line defect is the round 3-BPS
Wilson-Maldacena loop in 4d SU(N) N = 4 SYM theory

Wgr[A] = %TrRP exp <i f do (2" Ay, + 91<I>I|x\> , (5.5.12)

where Trr denotes the trace in the representation R, P denotes path ordering, o
parametrises the line, X = d,x¥, ! with I = 1,...6 are the six real vector multiplet
scalars, and 6! is a constant SO(6) R-symmetry vector [270]. It is a stable IR fixed point
under a defect RG flow from an ordinary Wilson line in " = 4 SYM theory [283,284].
Since it is BPS, the localisation argument in section 5.2 applies, and its expectation
value can be computed exactly [23]. The expectation values of similar line defects in
3d SUSY CS-matter theories were computed in [285].

A Wilson-Maldacena line with a sharp bend, or cusp, at one point can be viewed as a
quark that is made to accelerate at one point. In a medium with massless DOF,
accelerating charges emit bremsstrahlung. For a small cusp, the bremsstrahlung was
shown to be proportional to the coefficient of the displacement operator two-point
function cpp [273]. Since cpp is related to an energy, ref. [191] conjectured that, in an
SCFT, it is proportional to the coefficient of the stress tensor one-point function /.
Indeed ref. [286] proved that this relation is universal for %—BPS superconformal line
defects in 4d N = 2 SCFTs.

Superconformal defects of higher dimension are less explored. A novel feature of
p = 2 superconformal defects compared to line defects is that they have Weyl
anomalies that are not fixed by the bulk, see eq. (3.4.38). Ref. [287] argued that for a 2d
defect preserving at least A = (2,0) SUSY, the A-type central charge a%” and the
defect superconformal R-symmetry "t Hooft anomaly coefficient ks, are proportional.
In particular,

ag? = 3ky (5.5.13)
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in the absence of gravitational anomalies. This is the same relation obeyed by
standalone 2d SCFTs, i.e. eq. (5.4.9), for the same choice of normalisation. Moreover,
there exists an extremisation principle that determines the defect superconformal
R-symmetry analogously to the ordinary 2d SCFT case of refs. [244,245]. As explained
in section 6.1.1, WZ consistency implies that 43" is independent of defect marginal
couplings but for a generic surface defect it can depend on bulk marginal couplings. If
the defect preserves at least 2d A = (2,0) SUSY, however, then the A-type anomaly

cannot depend on any, neither defect nor bulk, marginal couplings [169].

A relation between cpp and h was proved in [288] for a 2d defect with (at least)
N = (2,0) SUSY preserving transverse rotations in a 4d N’ > 1 SCFT. This is
completely analogous to the line defect case. For the Weyl anomaly coefficients, this
implies

did = —d3? (5.5.14)
via egs. (3.4.40) and (3.4.41). The authors conjectured that this relation holds for a
surface defect in a SCFT in any d > 4. Indeed ref. [289] showed that it holds for %-BPS

defects in d = 6 with N = (2,0) SUSY. More generally, ref. [288] conjectured a general
relation between cpp and h for any defect dimension p and any co-dimension g

2 g+ p—1)(p+2) T(E)
CDD - P*lﬁ’l r(%)

h. (5.5.15)
(g—1)m =

Note that the proportionality factor is manifestly positive for g > 2. This relation

encompasses the line defect case and passes other consistency checks [72,163].

A VOA perspective on 2d N = (2,2) superconformal defects in 4d N > 2 SCFTs was
given in refs. [288,290]. A flat surface defect intersecting the chiral algebra plane at the
origin (and infinity) preserves the cohomological supercharge. The defect then defines
a local operator in the VOA whose scaling dimension is determined by h, or
equivalently d5¥. The superconformal primary of the displacement multiplet is a
Virasoro descendant of the defect identity in the VOA.

We now present a number of examples of superconformal surface defects. SUSY
boundary conditions of 3d SCFTs have been studied e.g. in refs. [287,291,292].
Superconformal surface defects in 4d SCFTs with varying amounts of SUSY have been
discussed e.g. in refs. [45,293-300]. The best studied example of a surface defect in 4d
is the Gukov-Witten defect originally introduced in V' = 4 SYM theory in ref. [293]. It
is a disorder-type defect where the singularity in the ambient fields determines the
amount of gauge symmetry preserved by the defect. We will discuss this type of
defect in detail in chapter 8. Order type defects in class S theories were discussed e.g.
in refs. [45,296,298]. Such defects will also be discussed in chapter 8. In 6d, interacting
SCFTs are non-Lagrangian and scarce. Most examples of surface defects in 6d theories
come from string theory arguments. They are difficult to study in QFT given the
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absence of a Lagrangian description in the interacting case. For the free case see e.g.
refs. [97,158]. Importantly, string and M-theory arguments suggest that the 6d

N = (2,0) SCFT with algebra geq admits dimension two defects which are %-BPS, ie.
they preserve half of the supercharges, and are labelled by representations of geq.
Under dimensional reduction to 5d N = 2 SYM, they become 3-BPS Wilson lines,
similar to eq. (5.5.12). For this reason, the 2d defects in the 6d SCFT are often called
Wilson surfaces. We will study these defects in chapter 8. Also, see refs. [289,301] for

recent progress.

Most examples of 3d superconformal defects are either boundaries or interfaces of 4d
SCFTs. A simple example of a 3d superconformal defect is a SUSY version of
mixed-dimensional QED [302]. Another set of examples are the %—BPS superconformal
interfaces and boundary conditions of 4d A/ = 4 SYM theory constructed in

ref. [303,304]. In studying the S-duality transformations of Dirichlet boundary
conditions, the authors discovered a class of 3d boundary SCFTs coupled to the bulk
gauge theory which allow for algorithmic determination of S-dual boundary
conditions [305]. Conformal domain walls in /' = 4 SYM at large N have also been
studied using integrability techniques [306]. This allows for computation of one-point
functions of certain non-protected local operators. In the large N limit, these one-point
functions can be computed to all orders perturbatively [307] and

non-perturbatively [308] in the 't Hooft coupling A = Ng%,,.!!

We now move on to 4d boundaries and defects in higher-dimensional SCFTs. Ref. [57]
argued that for a defect with N > 1, the defect analogous of a‘f\fl) and c“? have the
same dependence on defect R-symmetry "t Hooft anomalies as their counterparts in
standalone 4d SCFT [106]. Ref. [57] also extended the extremisation principle of

ref. [287] to 4d defects, analogously to the standalone 4d case [252].

String and M-theory arguments suggest that the 6d A = (2,0) SCFTs admit
co-dimension two defects in addition to the surface defects mentioned above. They
are 3-BPS, of disorder-type, and they are labelled by nilpotent orbits of geq. They play
a crucial role in the construction of the 4d N/ = 2 class S theories, which are obtained
by compactification on a Riemann surface. However, the absence of a Lagrangian
description makes it prohibitively difficult to study them. Most results have been
obtained via their compactification to d < 5, see e.g. [310,311]. In particular, the

superconformal fixed point has not been explored using DCFT techniques.

Note that 4d is the largest defect dimension in SCFT: there are no superconformal
boundaries or interfaces in 6d SCFTs because the 5d SCA f(4) is not a subalgebra of
the 6d SCAs [149].

A similar programme of study was recently initiated for the domain walls in ABJM theory [309].
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Chapter 6

Weyl Anomaly of 4d Conformal
Defects

This chapter is based on ref. [1], which I co-authored. Motivated by the co-dimension
two defects of the 6d N' = (2,0) SCFTs, we study conformal defects of dimension

p = 4 in an ambient CFT of dimension d > 5. In section 6.1, we determine the form of
the defect Weyl anomaly of a conformal defect of dimension p =4inad > 5 CFT.
When the ambient space dimension d = 5, we extend the findings of ref. [312] by
parity-breaking terms. When d > 6, our result eq. (6.1.1) is novel. We find 23
parity-even terms in the defect Weyl anomaly. The number of parity-odd terms is
co-dimension g dependent, and determined for all 4.! In section 6.2, we then
determine how the defect central charges appear in flat and curved space correlation
functions. In particular, we relate one defect central charge to the flat space
displacement operator two-point function in eq. (6.2.20), and a another one to the flat
space stress tensor one-point function in eq. (6.2.39). As a result, we argue that these
central charges must have definite sign. In the case of a flat boundary in curved space,
we determine the leading divergences of the stress tensor one-point function in

eq. (6.2.52). We also express the defect contribution to the EE of a spherical ball
centred on the defect in terms of two defect central charges, see eq. (6.2.45).

6.1 Defect Weyl anomaly

In this section we present our results for the Weyl anomaly of a p = 4 conformal defect
of arbitrary co-dimension g > 1. We determine the anomaly through the three-step
algorithm discussed in sections 2.5 and 3.4. Applying the algorithm is

computationally involved, so we do not present all the details here. Typically, the

IDetermining the full defect Weyl anomaly for all  was my main contribution to the paper.
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algorithm grows more difficult to implement as the defect’s dimension, p, increases.
In particular, the number of diffeomorphism and Lorentz invariant terms with p
derivatives increases sharply with p. Moreover, ensuring that the terms are linearly
independent becomes increasingly involved, because geometric relations can be

adorned with derivatives in numerous ways.

In appendix A.1, we illustrate the algorithm with the simple example of a p = 2 defect
in a d = 4 ambient CFT. For such a surface defect, there are 10 terms in step 1. After
step 2 there are 7 terms, of which 5 are scheme-independent and remain in the end. By
contrast, for a defect of dimension p = 4, those numbers are larger by an order of
magnitude, as we explain in the following subsections and in appendix B.1. We
employ the xAct package for Mathematica [313] to facilitate dealing with these large
numbers of terms. In a supplemental Mathematica notebook available from ref. [1],
we also derive many intricate geometric relations which ensure that our basis is
linearly independent.

6.1.1 Defect Weyl anomaly ford > 6

Following the algorithm for arbitrary g, in step 1 we find a 101-dimensional basis of
terms. We report this basis of terms in appendix B.1.1. Step 2, WZ consistency, selects
linear combinations of these terms with 61 unfixed coefficients. In step 3, we find that
of these 61 contributions, 29 are scheme independent, and thus make up the Weyl

anomaly of a p = 4 conformal defect.

These 29 terms comprise the expected A-type anomaly of the induced connection on
the defect, E4, as well as 28 B-type terms. The Weyl variation of Ey is a total derivative
that cannot be removed by a counter-term, whereas the Weyl variations of the B-type
terms are either exactly zero or a total derivative that can be removed by a
counter-term? Of the 28 B-type terms, 22 are of even parity. The remaining 6 break

parity along the defect because they contain a defect Levi-Civita tensor €.

All of the terms mentioned above are admissible in any co-dimension 4. The case

g = 1, however, is special as the symmetry properties of curvature tensors cause many
terms to vanish identically. Moreover, terms that are distinct for general 4 may reduce
to the same term when g = 1. The 23 parity-even terms in general g reduce to 9
different terms when g = 1, and of the 6 parity-odd terms, only 3 are non-zero when
g=1.

In addition to the terms that exist for any co-dimension g > 2, for special values of q
certain additional terms may appear that contain the totally anti-symmetric tensor in

the normal bundle, n#1#1. As explained in section 3.3, we refer to these terms as being

2We have checked this statement explicitly for the non-trivial conformal invariants Z in eq. (6.1.10) and
Ji in eq. (6.1.1). However, we have not confirmed that this is true for J;.
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parity-odd in the normal bundle. We find that for g = 2, there is 1 additional such
term, and for g = 4 there are 8. For ¢ = 3 and g > 5, the index structure is too

restrictive, and rules out the existence of such terms.

We now present the full Weyl anomaly of a p = 4 defect. After implementing the
algorithm outlined above, and using the same normalisation as in eq. (2.5.57), we

arrive at

1

bed b
il = (471)2< a3"Eq +dy" T + dy? T + d5 " Wapea W™ + i (Wop™)?

+ d(4d)waz ]Wmh] + d(4d)wbm W. iac + d(4d)wl]k Wl]kl + d(4d)w Wm]k
+ dgmwubjkwabjk + d(fg)wiabcwmbc + d(ff)wcacbwdﬂdb +d f?W”m]'WZ,bJ

°i

ad byl ped 4d oi ejbe 4d o jbc
+ A Wap V1L + d) Wil U+ dfS W 1T g 1

+ d<14g)W”def[i Mipa + d<4d)WabMHdezc + d(14§)wczcjﬂab]1]ab (6.1.1)
ST T + a0 T 0 M0 + a0 (Te 1)
+d$ (T 1) (T 11

~(4d)

+ Ay Wapea W o pectf + 3y Wiy WY g™ + 357D, Hbe 11,/ e

~(4d)

+dy

(4d) (4d)

Waneal eftipec®®S + 5" Wigap 1 T + g 1 i/ defeade).

The only A-type term is the first term, involving the intrinsic Euler density, whose
coefficient defines ai”. The next 22 terms, with coefficients (d}, ..., d5;), are B-type
and parity-even. The final 6 terms, with coefficients @”,..., d(6 ?), are B-type and
parity-odd along the defect.

In what follows, for B-type central charges, 4™ or d“™ with subscripts denote defect
central charges, as in eq. (6.1.1) above, and b“™ or 5™ with subscripts denote
boundary central charges, as in eq. (6.1.10) below. A handy mnemonic device is then
“d for defect and b for boundary”.

As we noted in sections 2.5 and 3.4, solving WZ consistency can sometimes relate the
coefficients of the linearly independent terms in our basis to one another, which leads
to non-trivial conformal invariants built out of a linear combination of basis elements.
For a p = 4 defect, there are indeed two such WZ consistent non-trivial conformal
invariants, J; and J>, which appear in the first line of eq. (6.1.1), with coefficients d; &
and d59, and take the form

o o b 2 of o b 1 kel b
J=-— RIL I — f NFVR,,, 1L it ﬁRﬂbngcﬂf — 5 Weaesll 1
+éw0 DU, + 1 Dwe, ., — Ly R+ L i (6.1.2)
9 ica ab i acb 7 i ]+ 16 i1r ] ot

2
+9D11hD1LC,
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d—4 d—4 d—5
T = > ababNVVR]u/ _ T 1RW ab Ed — 2; RachaCb
5(d —4 . 2(d-5 pei 4(d+1
- (%)wab”bnlni + (?))Wcz-canH;b + (9)11 D;WCue
1. 2d=5) . aeia  (d—10) 1
— Wi Dall' — (?’)HZTr AT + (12)H’DiWabub + ngDiwgh“b,

(6.1.3)
where for example D'D;W,,"t = N MWheTh™ Dy Dy Woer-

Also as noted above, even though our basis elements for the defect Weyl anomaly are
linearly independent, the basis is not unique. To illustrate this, consider the square of

the intrinsic Weyl tensor WadeWade The Gauss eq. (3.3.32) implies

ubcd

1 2 oi ocd
WapedW" ™ = Wipeg W 4 = (W, ™)2 — 2WC 0 W0 — ZW,,, 1T, T

+ AW T 1T + AW, 1 — 2T WG T, — 2T T I (6.1.4)

1 oo oo o o
- g(TrHlL-)2 +2(Te 0T (Tr IT)) -

Thus, in eq. (6.1.1), replacing any of the terms that appear on the right-hand side in
eq. (6.1.4) with WabchQde yields an equally admissible basis. One could also consider
replacing the intrinsic Euler density E4 with the scheme-independent part of the

defect’s intrinsic four-dimensional Q-curvature [314], which can be written as®

/ dir\ /306w = - / di /3 (Es = Wape W) 600, (6.1.5)

where we have put a bar on Q to emphasise that it is constructed with intrinsic
curvatures of the submanifold. In eq. (6.1.1), the effect of replacing E4 with
Q-curvature and using eq. (6.1.4) amounts to scaling the A-type coefficient by a factor
of 4 and shifting several B-type anomaly coefficients. Specifically, replacing E4 with Q
in eq. (6.1.1) shifts

1 2
(4d) (4d) (4d) (4d) (4d) (4d) 4d) 4d) (4d) (4d) (4d) (4d)
d3” — d3” +ay dy” — dy” + 3a diy —dyy —2ay”, dis —dyy — 5”): ,
A0 = d8D 40, AR A+ 4alY, A — dU 2480, A8 = A8 —2a%9,

dyy — dyy + 3a<4d> dyy — dyy +2a3". (6.1.6)

3The full form of Branson’s Q-curvature in d = 4 contains a total derivative,
1
Q= g(R2 — 3Ry R —OR).

The OR term linearises the Weyl variation, and ensures that JQ is a total derivative linear in dw, with all
terms at higher order in dw vanishing identically. Since the Weyl transformation of Q is a total derivative,
J Q is Weyl invariant. In eq. (6.1.5), we consider the Q-curvature of a p = 4 submanifold obtained by
replacing R — Rand O — 0. The OR term plays no role in our discussion as it can be removed by a local
counterterm on the defect.
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Note that a number of coefficients are unaffected by the change to Q-curvature.
Furthermore, several linear combinations of ¥ in eq. (6.1.6) are invariant under the

change to Q-curvature.

In eq. (6.1.1), we emphasise the presence of the non-trivial parity-odd anomalies, with

. . ~(4d) ~(4d) . . . 5(4d) . .
coefficients (d; ,...,d; ). The term whose coefficient is d3 = can be written as a linear

combination of a total derivative plus the terms whose coefficients are Elifcb and El(54d).

The anomalous variation of W, however, includes an additional factor of éw. The fi(;d)
term is not a total derivative in 6}V because the derivative does not act on dw. If one
were to try to absorb the H§d> term into a shift of the Elifd) and 3(54@ terms via partial
integration, one would be left with a parity-odd Weyl invariant in J,, W with
derivatives acting on the Weyl variation parameter dw. Concretely, that term is Dy; in
eq. (B.1.3). This term is also WZ consistent and cannot be removed by a counterterm.

So, we find it convenient to write the anomaly with the El?d) term instead of Dy;.

Just as in the case for the parity-even anomalies, the basis of independent terms for the
parity-odd defect anomalies is not unique. To illustrate this, we could use the form of

the intrinsic Pontryagin density, which can be expressed as
_ oin ob 0 o o go
RabcdRabefGCdef = Wabcdwabef€Cdef + 4Wabcde€Hif€Cdef - 4H:16H26Hicfﬂjdf€abaj 7 (6-1-7)

to rewrite the parity odd part of eq. (6.1.1). The net effect would again to be to shift
(4d)

and possibly rescale d,”,d,”, and 13(6461), depending on the term in eq. (6.1.1) that we

replace.

As mentioned above, additional parity-odd terms may appear in the defect Weyl
anomaly, for special values of the co-dimension 4. More specifically, using our
definitions of parity in section 3.3, these terms are parity-odd in the normal bundle,
and their existence depends on g by construction, because the totally antisymmetric
normal tensor has g indices. The requirement that each term has p = 4 derivatives,
and the symmetry properties of the curvature tensors are so restrictive, that only when
g =2and g = 4 can eq. (6.1.1) pick up such parity-odd contributions. When g = 2, in
step 1 we find 41 parity-odd terms in the normal bundle. We list them

in appendix B.1.2. However, only one of these is WZ consistent and
scheme-independent:

(4d) oqco

bpr - -
9 bj ik
Tule, > gy @7 Wopndlli T (6.1.8)
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When g = 4, in step 1 the basis of parity-odd terms in the normal bundle is
6-dimensional. All 6 terms are WZ consistent and scheme-independent. They are

) )
74 4d) _abed ijké ad)_jike b
T}IV‘L; > (47t)2 (ds e l] Waszwcdké + d9 n' Wubi]'Wa Kl

+d(4d) ljkészr]karf—Fd

(4d)

z k(Wmm]Wak ¢ (619)

~(4d)

d .
+dyy ”ijkfeabcdwabZ]HkaHf + dys i W HachCZ) :

To date, little to nothing is known about the p = 4 defect central charges we have
found in egs. (6.1.1), (6.1.8), and (6.1.9). The one exception is the A-type central charge,
(4d> . Indeed, ref. [57] showed that a(4d) obeys a c-theorem, for RG flows localised to the
defect. Furthermore, if the defect preserves at least 4d N/ = 1 SUSY, then there is an

extremisation principle for agd) which determines the defect superconformal

R-symmetry.

6.1.2 Boundary Weyl anomaly ford =5

Here we employ the algorithm outlined above to construct the most general
expression for the boundary Weyl anomaly in d = 5. In doing so, we will recover the
expression for the parity even anomalies found in ref. [161].* We also identify three
previously unknown parity odd anomalies, whose coefficients we denote

4d) = (4d)

(87", b5",b3"). The full anomaly is

1 02 o4
Tuls, = G (= BB+ BT + b5 (Te K)o 05T K+ B Wi W

bd oa och
+ b?d)wanhnwanbn + b(4d)WubchacK + bgld)wananaCKC (6110)
+ b(4d)wnahcwnabc + b 4d>D KbeDcheeabcd
+ b;d)Wubechdefeade + b(f; >Wabcd1°<aef<bf€cd€f> ,
where W, = €} n"eg uvpo, and similarly for W,,,.. The conformal invariant 7 is
2 oa o 1 X 1 o 1 . 1 o
T = —ZR,K K 4 SR Tr K — 2Ry Tr K + =W, KK” + — K2 Tr K

o ab 1 03  2—po — ob
+ K" DyWanpn — SKT K+ §D“Ig,bDCK ‘

where D,W,,.,, = nehn? eb "D:Wypo-

4The dictionary between our central charges and those in ref. [161] is (Here — There): fagd) — a /5760,

B 5 cg /5760, bYD — (cl - %08> /5760, b9 5 (c3 + cg) /5760, bED — ¢; 1 /5760 for i = 4,...,6,

b;‘ Y 5 (¢ + cg) /5760, and b(4d) — ¢7/5760. Note the different sign convention for the A-type anomaly,

() NS CL)

where here the a5, ¥, UV > IR

-theorem goes the usual way,
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One can also deduce the form of eq. (6.1.10) from eq. (6.1.1) by setting g — 1. Most of
the terms in eq. (6.1.1) do not have analogous g = 1 structures: they vanish due to
various symmetry properties of the curvature tensors. Furthermore, some of the g > 1
structures have identical 4 = 1 analogues, and so a linear combination of their
coefficients end up determining the 4 = 1 anomaly coefficients. The exact dictionary
for mapping the B-type central charges is as follows, where — indicates taking g — 1:

(4d) (ad) (4d) (4d) (d) (4d) (ad) (4d) (4d) (4d)
;¥ — b7, dy +dyy — by”, dig +dyy — b3”, d3¥ — by?,

(4d) (4d) (4d) (4d) (4d) (4d) - (4d) (4d) (4d) (4d)

dg” +dyy — bs”, dig — by, dys —dyy — by”, dyy — bg”, (6.1.12)
~(4d) ~(4d) ~(4d) ~(4d) ~(4d) ~(4d)

dy — by, dy —b,, dy — b;

with all other g > 1 terms vanishing when g = 1.

6.2 Defect central charges from observables

In this section, we connect some of the coefficients that appear in the defect Weyl
anomaly in eq. (6.1.1) to various physical quantities. In subsection 6.2.1 we will find a
relation between the coefficient of the flat space two-point function of the
displacement operator, (DD) in eq. (3.1.17), and the defect central charge d{". Ina
reflection-positive DCFT, we will then argue that d| is a negative semi-definite
c-number, by reflection positivity of (DD). In subsection 6.2.2 we will relate the
coefficient, i, in the flat space one-point function of the stress tensor in the presence of
a co-dimension g > 1 defect, (T*") in eq. (3.1.13), to the defect central charge d5”.
Assuming that the defect ANEC is true, we then argue that d5® must be negative
semi-definite. Further, we will be able to show that since i & —d}?, the defect
contribution to the universal part of EE for a spherical region centred on the defect, as
computed in ref. [49], contains a linear combination of 4" and d5°, similar to the

p = 2 result in eq. (4.5.45) [50]. Finally, in subsection 6.2.2.2, for d = 5 BCFTs we
compute (TH") for a flat boundary of an ambient space with non-trivial curvature, and
relate the coefficients of the first two leading divergent terms to linear combinations of
the boundary central charges in eq. (6.1.10).

6.2.1 Displacement operator two-point function

In this subsection, we connect the anomalous scale dependence in the displacement
two-point function to a particular term in the Weyl anomaly. For a flat defect,
conformal invariance on the defect determines the two- and three-point functions of
defect primaries up to constants. In particular, the displacement operator two-point
function takes the form of eq. (3.1.17) with constant coefficient cpp. There is a variety

of techniques for isolating the scale dependence of the correlator in eq. (3.1.17), and
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hence matching to the Weyl anomaly in eq. (6.1.1) or eq. (6.1.10). In subsection 6.2.1.1
we use some of them to fix cpp in terms of the defect central charge d(fd) ineq. (6.1.1),
or boundary central charge b{"" in eq. (6.1.10). In subsection 6.2.1.2 we check our result
in the case of the free scalar BCFT in d = 5. In subsection 6.2.1.3 we comment on other
correlators of D' and their possible relation to defect/boundary central charges.

6.2.1.1 Relating cpp to d{® and b

Here we consider an infinitesimal shape perturbation of the flat defect, 5Xi(xH ). In this
subsection we will keep p generic, and at the end set p = 4. Up to second order in the
shape perturbation, the variation of the effective action reads

SxW = —;/2 dPx dPyy (Di(x))D;(y)))oX (x))6X (y) + O(6X7), (6.2.13)

where by translational invariance along the flat defect, (D;) = 0. To isolate the
logarithmic divergence we first define s| = x| — || and substitute eq. (3.1.17) into
eq. (6.2.13) obtaining

__Cpp 1 : : 3
oxW = 5 ., dpr /Zp dpSH W5Xl(X|‘)5XZ(XH - S”) + O((SX )

™, s+2

CDD 1 . ) )
5 DD [ gpy / s 5X ()00 ... 3, OXi(x1),
2 J, I s, @ s (12 (x))9a; - -+ 0a,, 0 X" (x))

(6.2.14)

where we are summing over the repeated i indices. In the second line, we Taylor
expanded (5Xi(xH —8|) up to order p + 2 in s, and only kept the highest order to
isolate the logarithmic part. For even p, the integral over s can be computed using the
identity

/d”s” \sMiP“Sﬂl .8t = Vol(Spl)W /GL ds% [69% . 5%+1%+2 4 perm],
(6.2.15)

where € and L are UV and IR cut-offs, respectively, and perm stands for permutations
of indices excluding pairwise exchange on each 6*°. For odd p, the integral over S|
vanishes identically, so we will assume that p is even for the remainder of this
computation. Using the fact that the number of permutations is (p + 1)!!, we obtain
for the coefficient of log £
2) s

—(p .
2 & CDD / d”x” 2" ... 8“1’/2“5)(18”1 ...0
2) ,

i i
5x,
pIT(5 +

(6.2.16)
where we have used vol(SP~1) = 27t 7/T (5)- Let us rewrite the above equation in

‘SXW’log% = (_1);7/2

Ap/2+1

terms of the second fundamental form. At leading order we have 0II;, = 9,9, X". We
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thus find
—(p+2) 5 ‘ ,
_(_ }7/2277-[2 P a a,/— icd i
SxWhogs = ()" Jsenn /Z By, Dy S
(6.2.17)
Taking p = 4, we find for the logarithmically divergent part of 6x WV,
S| = -1 i dPx, STCATIST (6.2.18)
X log ¢ = 72460877 Jg, © 7 o’ -

where O = 9,0%

The next step is to relate cpp to the coefficients in the defect or boundary Weyl
anomaly, eq. (6.1.1) or (6.1.10), respectively. By eq. (2.5.53), the logarithmic divergence
in the effective action needs to match the anomaly, so we should compute to second
order the shape deformation of eq. (6.1.1) around the configuration of a flat defect
embedded in a flat ambient space. Among all of the terms in the defect anomaly, only
Ji1 contains an appropriate structure to contribute at second order in the variation,
which reads

4

4 _ 4. bt o 4 3
Sx /2401 () = L /24d x| 41T, 2°81I,. + O (oT%)

il . (62.19)
_ 1 4. 7 aabnyc i i 3
=L /24d x| 1-'9"0°6X0,,0:6X' + O (6X°) .

Comparing eq. (6.2.19) to (6.2.16) then gives our main result of this subsection,

72
cpp = =5 di?. (6.2.20)

Performing an identical computation in the boundary case using eq. (6.1.10), we find
72 )
Cpp = _F bl . (6.2.21)

As a check of our methods, let us consider p = 2. In that case, eq. (6.2.17) reduces to
__ T 2 jcd gri
OxWlogt = ~aCPP /22 d“x) SIS, (6.2.22)

and by direct comparison to the defect Weyl anomaly in eq. (3.4.38) we obtain

ngd) = 3”4%, reproducing the known result for d = 4 in eq. (3.4.40). In fact, our

calculation shows that eq. (3.4.40) is valid for any d.
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6.2.1.2 Check of the result for the free scalar BCFT ind =5

We can check our result for the boundary case, eq. (6.2.21), using a free, massless scalar
in d = 5, in the presence of a boundary. On the one hand, b{® = — ;L. was computed
in ref. [161] using heat kernel methods. This answer is in fact independent of the
boundary conditions, Neumann or Dirichlet. On the other hand, we can compute the
displacement operator two-point function in flat space using Wick’s theorem. The
displacement operator in the g = 1 case can be identified with the boundary limit of
the T"" component of the stress tensor, see eq. (3.1.16). For a conformally coupled

scalar with action in eq. (2.4.39), the improved stress tensor takes the form

1 d—2
" = (9"¢)(0"¢) — §5W(ap4’>(ap4’) - m(ayav —5"O)¢?,

where we have set g, = J;,,. Using the scalar’s EOM, the displacement operator
follows from the boundary limit of T"":

1 d

1 -2
Dp = E(anqb)(ancp) , Dy= _E(a“¢)<aa¢) + maua“cpz , (6.2.23)

with subscript D for Dirichlet and N for Neumann. If we normalise the two-point

function of the scalar to take the form

1 1
P = <<xi PR Gy |2><d2>/2> ’

with a plus sign for Neumann and minus sign for Dirichlet, then Wick’s theorem
yields

2(d — 2)%x?

6.2.24
e P ( )

(D(x)D(0)) =

in both cases. The standard normalisation, k™! = (d — 2)vol(S?~1), with d = 5 then
gives cpp = 7. Plugging this into eq. (6.2.21) then gives us b{’ = —5, in

agreement with the heat kernel result, as expected.

6.2.1.3 Comments on other correlators of the displacement operator

Having successfully established a relationship between cpp and the Weyl anomaly for
p = 4 defects, it is natural to wonder if additional relationships can be established
between the Weyl anomaly and other displacement operator correlation functions.
One natural candidate is the displacement operator three-point function,

CDDD
D) PP = ) =y Plyy — 2z Plxy — 2P (6229
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with constant cppp. In the d = 4 case with p = 3 dimensional boundary, such a
correlation function determines the coefficient of the Tr K term in the Weyl

anomaly [52], as shown in eq. (3.4.48). However, in our p = 4 case, there are no terms
in the Weyl anomaly with an odd number of derivatives and extrinsic curvatures,
precluding the displacement three-point function from determining a piece of the
Weyl anomaly.

Another obvious correlation function to investigate is (T"" (x|, x 1)D! (y))), which is
also determined by conformal symmetry, up to two constants [147]. In the
co-dimension q = 1 case, the tensor structures simplify and the correlation function is
determined by a single overall constant, which turns out to be cpp. After some work
in the g = 1 case, we were able to check that the scale anomaly in (T*"(x, x 1 )D(y))
is consistent with the coefficients of the I°<abDn W,upn and D" f(abECIo(bc terms in

eq. (6.1.11). In the higher co-dimension case, ref. [147] argued that (T*" (x|, x L)Di(yH )
is determined by both cpp and ar. However, the tensor structures involved make the

analysis more complicated, and we leave this as an exercise for the future.

Other correlation functions involving the stress tensor and displacement operator tend
to involve undetermined functions of a cross ratio, as well as sums over tensor
structures. We have not found useful candidates to explore, except for (T*"), which

we turn to next.

6.2.2 Stress-tensor one-point function

In this subsection, we compute the one-point function of the stress tensor, (T*"), in
two cases. First, in subsection 6.2.2.1, we consider (T*") for a flat p = 4 defectin a

d > 6 ambient CFT. Our results will be similar to those for a p = 2 defectind > 3,
reviewed in sec. 3.4. By applying the method of ref. [162] (see also ref. [163]), we will
show that the coefficient 4 in eq. (3.1.13) and the defect Weyl anomaly coefficient d5
in eq. (6.1.1) are related as i « —dy?. Using this result, we will then Wick-rotate to
Lorentzian signature and assume the ANEC applies in the presence of a defect to
argue that d5¥ < 0. By combining the relation between & and dy with a result of

ref. [49], we will also show that the defect contribution to the universal part of the EE
of a region centred on the defect is a linear combination of a{” and d3*. Second, in
subsection 6.2.2.2, we will consider (T"") in a d = 5 BCFT with a curved boundary. In
that case the near-boundary expansion of (T*") has a number of free

coefficients [315,316], which we determine in terms of some boundary central charges
from eq. (6.1.10).
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6.2.2.1 Relating & to d; for a flat defect in flat space

In the context of computing Rényi entropies, where the defect is the co-dimension

q = 2 twist defect, the authors of ref. [162] consider the relation between (T},) and the
anomaly term (OW"/;; when d = 6.> Here we repeat their analysis, now keeping the
co-dimension of the defect arbitrary, provided g > 1. We will focus on 7> in eq. (6.1.1),
the only term in the anomaly that contains CJW?;,

dy? 1

DDW®,, 0 + O(R?), (6.2.26)

™ —~ %2
"2 Ten2 3

where we used tracelessness of W, to swap freely between Wii ij and web . In
eq. (6.2.26), O(R?) stands for terms at least quadratic in the curvatures, which will not
be important to establish that i o« —dy?.

The starting point for the computation is the ambient CFT on M, = R? with metric
S, and a flat defect wrapping & = R* < R%. We then perturb the flat ambient metric
so that 5;41, — Qv = (SW + 6guv- To first order in the metric perturbation, the effective
action changes as

1 d v
bW = —5 [ A (T") g (6:2.27)

Crucially, since we have assumed that the perturbation is about both a flat background

and flat defect, we can employ the form of the stress tensor given in eq. (3.1.13).

Since in curved space the Weyl anomaly is generically non-trivial, we expect that
eq. (6.2.27) will contain a logarithmic divergence of the form in eq. (2.5.53). In
particular, consistency between eq. (6.2.27) and eq. (2.5.53) implies

(6.2.28)

1 .

d d

5g/d NIEE /d x (TH) 8g
log %

In the anomaly eq. (6.1.1), 7> is the only conformal invariant that contains terms at

most linear in both the Weyl tensor and fi;,. The term in eq. (6.2.26) is the only one

that contributes to the first-order perturbation about the flat configuration.

Let us analyse the expressions on either side of eq. (6.2.28) separately, starting with the
left-hand side. The first order variation of the integral of eq. (6.2.26) over the defect’s

submanifold X4 may be written as

. d(4d) 1
4 = 4 k b
bq /)2 4d oV/Z(THg,) :716;2 /Z 4d x| 39 OW™ 1y, (6.2.29)

5See also ref. [131], which considered EE in a d = 6 dimensional CFT, but which has an error in the
analysis of the contribution to the anomaly containing the W/ ij term. Specifically, in the third line of
eq. (2.28) of ref. [131], the variation of the term I3 = W5, (006", + 4R*, — gRé"V)WVP‘” in the ambient
Weyl anomaly does not result in a conformally invariant term along the entangling surface. Indeed, a
further Weyl variation vanishes up to terms that are total derivatives in the normal directions, but which
cannot be dropped in the integral over the entangling surface’s directions.
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where we dropped terms that are higher order in curvature, or subleading in the
perturbation such that the integral can be evaluated on R* with coordinates x| This
short computation gives us all of the information that we will need about the left-hand
side of eq. (6.2.28).

The evaluation of the right-hand side of eq. (6.2.28) is slightly more involved. Using
the form of (T*") derived in section 3.1 leading to eq. (3.1.13), we can write the
right-hand side of eq. (6.2.28) as

(d—g+1) 4 -1 dii%
/ d¥x (TH) 6g, = h / d'x [ ’xj’ ! )yfagij—w(wb(sgab—m(sgﬁ . (6.2.30)

where %' = |xx—i‘ The perturbed metric g,y = 6,y + d¢;» admits an expansion near the
defect of the form in eq. (2.16) of ref. [317]. We observe that log-divergent
contributions in eq. (6.2.30) can only arise from terms with near-defect behaviour like
1/]x.|%. Since d = q + 4, we will need the fourth order in the perturbed metric’s
near-defect expansion, which has

1
§g1] D _E aman(SRikjg‘Z x'”x”xkxg (6231)

where R ‘24 is the Riemann tensor of the metric perturbed around flat space, g,
and evaluated on the defect. Note that terms of the form O(R?) in the near defect
expansion of the metric vanish for a first order perturbation around flat space. Since
the orthogonal and transverse directions are independent, for computational ease we
can simply match terms that have only transverse components. Plugging eq. (6.2.31)
into eq. (6.2.30) and using the anti-symmetry of the Riemann tensor to eliminate the
xixl gij term, we then adopt cylindrical coordinates (p, 6;) around the defect, located
at p = 0, to write

h Lo
/ dx (T1) dg > — /)2 d*x) 9,95 ORigily, / d / dO, 1 ¥R, (6232)
4 €

where we introduced a UV cut-off € and an IR cut-off L to regulate the p-integral
around the location of the defect. The angular integral can easily be computed using
the following relation,

ol oln (q+7’l ) 1 i1 in—1in
/ 40y 1 2% g = AE TS vol(§17) (80 5t 4 perm), (62.39
where perm denotes pairwise permutations in the i, indices. Performing the angular

integral in eq. (6.2.32) then allows us to compute the p-integral easily, which produces

a logarithmic divergence in €. The totally transverse part of the coefficient of log € is

_h 1(S971)
= L/ d4xH az(Slelk—i-zakap&lelg] (6.2.34)

dx (T 8¢y
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Moreover, one can easily show that at first-order in the perturbation
201070 Rikip = 9°ORjgik , (6.2.35)

so that eq. (6.2.34) becomes

/ddx (TH) O

T / dtx; 920R . (6.2.36)
log%,J_ 2q(q—|—2) ( ) 2y | ik

In order to compare eq. (6.2.36) to eq. (6.2.29), we use that at first order in the metric

perturbation,
12

SW™ | = — = Ry
abl 6+5q+q2 ijij s

(6.2.37)

where we have used the fact that we are perturbing around flat space, and we have
only kept terms that solely have transverse components. Finally, by

plugging eq. (6.2.37) into eq. (6.2.29), and comparing to eq. (6.2.36) through the
relation eq. (6.2.28), we arrive at the generic relation between the coefficient & that
fixes (T"") and the defect Weyl anomaly coefficient d5”, for a co-dimension g
conformal defectina d = g + 4 CFT:

r(4+1
e L GHY (6.2.38)
nzt2 (g +3)
For the special case of 4 = 2, which will be useful for the monodromy defects
considered in chapter 7, eq. (6.2.38) becomes

1
h=—zds?, (6.2.39)

such that the conjecture for superconformal defects eq. (5.5.15) implies the following
relation between defect central charges

d{ = 2457 (6.2.40)

Upon taking into account the different conventions, this agrees with ref. [162].6

Following the example of a p = 2 defect in d > 4 reviewed in section 3.4, we can use
our result for the p = 4 defect in eq. (6.2.38) to show that d;‘d) < 0, if we assume that
the ANEC holds in the presence of the defect. We Wick-rotate to Lorentzian signature,
and take ¥4 to be a flat, static defect in d > 6-dimensional Minkowski space. We
consider a null geodesic passing at a minimal distance ¢ away from X4 and oriented at

The case of a p = 2 defect with Weyl anomaly in eq. (3.4.38) proceeds similarly. By the same argu-
ments, i must depend on the defect Weyl anomaly coefficients of terms at must linear in the intrinsic and
extrinsic curvature tensors. Since the Euler term is topological, it is invariant under metric perturbations.
Thus, only the W, term can contribute. The remaining argument proceeds as in the p = 4 case, the only
notable difference being that 6g;; O — %JR,-W 5, x¥x! suffices to obtain the logarithmic contribution.
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an angle i out of the plane. We take the following family of null geodesics

parametrised as
t="tu, x1 =fucosy, xq4 = lusiny, xs =14, (6.2.41)

while all the other components are set to zero. Here ¢, x1 are coordinates parallel to the
defect and x4, x5 are orthogonal. By plugging eq. (6.2.41) and eq. (3.1.13) into the
ANEC and using eq. (6.2.38), we obtain

d+1 q
S aT (%) T (3)
/_oo du(Tyy)otv" = —d§? T (Zd)> nq;gd—Z siny| >0, (6.2.42)
2

and hence d?d) < 0, as advertised.

Also following the example of a p = 2 defect in d > 3 in section 3.4, we can use our
result in eq. (6.2.38), combined with a result of ref. [49], to show that dg‘d) contributes to
the universal part of the EE of a spherical region centred on the defect. Wick-rotating
to Lorentzian signature and fixing the time, we consider a compact, spherical
entangling region A of radius L that is co-original with X4, such that the intersection
dA Ny is an equatorial S%. The general expression for the universal part of the defect
EE for a p-dimensional conformal defect is given by eq. (4.5.46). When p is even, the
universal part is the coefficient of log %, and the pole for even p (arising from
dimensional regularisation), maps to a logarithmic divergence in the UV cut-off €. In
particular, for p = 4, the universal part of the defect EE is

B\ /2
SA,):4 = 4 agd) _ & h 1Og <L> , (6.2.43)
2T (4 -2) €

where we used that

(4d)

a ——
Pt = (amye [ 40V Es = o (6249

Using our result in eq. (6.2.38), we thus find for the universal part of the EE

Sas, = —4 {a}fd) + i(‘i?ﬁ_‘” d§d>] log (i) : (6.2.45)

This result highlights the key fact that the universal part of the defect EE is not
necessarily monotonic under defect RG flows. That is, in spite of the c-theorem for a§”
proven in ref. [57], and since no c-theorems are known for B-type anomalies, the
presence of d5® means eq. (6.2.45) is not necessarily monotonic under defect RG flows.
Note that additional central charges may appear in the coefficient of the logarithmic

divergence if one considers entangling regions with a generic shape intersecting the
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defect, as discussed in refs. [47,318] in the d = 4 case with a boundary. We leave the
study of this more general case to future work.

6.2.2.2 Boundary Weyl anomalies and (T"") with curved boundaries

In this subsection, we consider a d = 5 dimensional ambient CFT on a curved
background M5 with a boundary, d M5 # @. Since we assume that M5 is not flat, the
stress-tensor picks up a non-trivial one-point function in the near-boundary
expansion. We will thus find a relation between some of the boundary central charges

in eq. (6.1.10) and the coefficients in the leading divergences of (T},).

Generically, when a CFT is defined on a background with a curved boundary, the
near-boundary expansion of (T},) has divergences of the form [315,316]

@ -1 (d-2)

T@ T T

(Ty) = L+ 2 B4, (6.2.46)
Lt Xy Xy

where x is the geodesic distance from the boundary located at x; = 0. The first three
divergences can be computed simply by requiring that T}, is conserved and
traceless [315].

The residual conformal symmetry at the boundary is enough to constrain the leading
1/ x‘i divergence to vanish identically, Tﬂ) = 0. The subleading divergences, however,
have much richer structures determined by the Weyl and extrinsic curvatures:

@) T = Ark,, (6.2.47)

and

241
d—2 (

P P
n(yhv) DPK th)an

2(d=2) AT . hyv °2_ AT
(470)" Ty —d_2<nynv d_1>trK 2d—1

o o h
N 2ATK€HKV)P + 5lwﬂpva7’1p7’lg + ,BZKK;W + B3 ((Kz)}w T4 Evl tI‘K2> ’

(6.2.48)

where parentheses indicate symmetrisation over the enclosed indices.” In ref. [316],
the authors related the coefficients Ar, B1, B2 and B3 to the boundary central charges
for dimensions d = 3 and 4. Below, we will find such relations for the case d = 5.

To relate the near-boundary data (Ar, B1, B2, B3) to the coefficients in eq. (6.1.10), we
again employ eq. (6.2.28). We begin by evaluating the left-hand side of eq. (6.2.28),

which requires a first-order metric variation of the integrated Weyl anomaly. For ease

7In ref. [316] the authors allowed for a term of the form FW —-1/4 ng, which is argued to be incon-
sistent with conformal symmetry in ref. [315]. In addition, ref. [316] found that this term is absent both
when d = 3 and d = 4. The presence or absence of this term does not affect the calculation here.
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of computation, and to facilitate matching with the right-hand side, we write the

background metric in Gaussian normal coordinates,
ds? = dx? + gu(x 1, 0)do"do?’. (6.2.49)

We next write the near-boundary expansion of the components g,;(x |, 0) in
eq. (6.2.49) up to third order in the geodesic distance x| from the boundary,

ds? = dxi + [gub — 2K x| + (Kﬁb - Runbn)xi+
1 . . 3 . o (6.2.50)
- 5 (anRunbn — RanenK'p — Reppn K a) x] + O(XJ_):|d0' do’.

On the right-hand side, the variations 6K, and ég,;, around the background
eq. (6.2.50) would contribute to the logarithmic divergence also at the orders
O (1/x%) and O (1/x ), respectively, corresponding to T,S%,) and Tﬁ). However, since
the form of the one-point function of the stress tensor is only known up to order
O (1/x%), we need to restrict to metric perturbations that obey 6K,, = 63, =0,
allowing only the variations 6R,, and 60,,R;,5, to be non-trivial. To simplify the
computation further, we assume without loss of generality that the boundary metric is
flat, g, = dap, and we use x| to denote the boundary coordinates. With these
assumptions, the left-hand side, i.e. the variation of the anomaly, gives

Vi

1 oab 2
5 4 b
5g/d x /8 (Thy) = (@n)? aM5d X| {_b(fd 3K 00 Ranpn + g(bgd) + 057 — 267K K7

s (B0 BE) K25 4 2 (36 — 26 — 2b) KK

1 4
_g (b(14d) 4 b<64d) 4 b(74d)) ter(S“b + g(zbzxd) + b?d))wa”b”] 5Ranbn} )

(6.2.51)

On the right-hand side of eq. (6.2.28), we need the log-divergent part of the integral of
eq. (6.2.46) in the near-boundary expansion of the metric in eq. (6.2.50). A
straightforward computation as in the previous subsection yields the same structure
as in eq. (6.2.51), with the identifications

Ar = 4b{?, Br = —5 (205" + b5Y),

(6.2.52)

Q| =~ W[ o

2 13
o= 5 (9 + 1)+ 0, o= =3 (B + 5+ ).

=
|

One interesting point to note about the relations in eq. (6.2.52) is that they are all
invariant under the change of basis that replaces the intrinsic Euler density with
Q-curvature. That is, the relations in eq. (6.2.52) are invariant under the shifts in

eq. (6.1.6), after using the map from defect to boundary central charges in eq. (6.1.12).
Specifically, under these shifts b{'" and by are invariant, while all other boundary
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central charges are shifted non-trivially by multiples of a3”. This raises the question of

whether the invariance of eq. (6.2.52) under this change of basis is universal to all
orders, or if it is spoiled at fourth-order by contributions due to 6K,;, and ég ;. We
leave this question for future research.

6.3 Discussion

In this chapter, we determined the most general form of the Weyl anomaly for a
conformal defect of dimension p = 4 in an arbitrary CFT of dimension d > 6. Our
main result for the Weyl anomaly of a p = 4 conformal defect with co-dimension g > 1
is eq. (6.1.1), with 23 parity-even terms and 6 parity-odd terms, plus the additional
parity-odd terms in egs. (6.1.8) and (6.1.9) for 4 = 2 and g = 4, respectively. Among
the 23 parity-even terms, one is A-type while all the others are B-type. The parity-odd
terms are all B-type. Each of these terms comes with a coefficient that defines a defect
central charge. For p = 4 conformal defects with g = 1, our result reduces to

eq. (6.1.10), which reproduces the 9 parity-even terms first obtained by ref. [161]. This
served as a non-trivial check of our results. Moreover, beyond the parity-even
anomalies, we found 3 parity-odd terms that were previously unknown. We
subsequently showed in section 6.2 how some of the defect central charges appear in
physical observables (besides the Weyl anomaly itself), namely the two-point function
of the displacement operator, the one-point function of the stress tensor, and the
universal contribution to EE of a spherical region centred on a flat defect.

Our results raise a host of questions, and suggest many directions for future research.
Many questions remain about how defect/boundary central charges appear in
physical observables. For example, in the calculation of EE in a standalone d = 6 CFT
for a region with arbitrary shape, the contribution to the universal part will have the
form of the Weyl anomaly in eq. (6.1.1), but with defect central charges fixed by the
ambient CFT’s central charges in eq. (2.5.71). Establishing the full map between
ambient and defect central charges remains an important open question.

Further, how do defect/boundary central charges appear in higher-point functions of
the displacement operator, mixed correlators like (TDD), not to mention thermal
entropy, heat capacity, conductivities, and so on? Answering these questions could be
especially enlightening for the many parity-odd defect/boundary central charges we
found, which remain particularly mysterious. More generally, answering these
questions could allow us to compute all the defect/boundary central charges in many
important examples, including free-field CFTs, like the monodromy defects discussed
in chapter 7, as well as interacting CFTs, such as p = 4 defects in d = 6 SCFTs.

If we can determine how defect/boundary central charges enter physical observables,
then we can ask whether any general principles provide bounds on them. In
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eq. (6.2.20) we found that the normalisation of the displacement operator’s two-point
function was « —d; for a defect and o —b; for a boundary, hence reflection positivity
requires d; < 0 or by < 0, respectively. In eq. (6.2.38) we found that, for g > 2, the
normalisation of the stress-tensor’s one-point function was « —d», so that if the ANEC
is valid in the presence of a defect, then d, < 0. Since the A-type central charge ay”
obeys a c-theorem for boundary/defect RG flows [57], we can ask whether it is
bounded from below. This bound cannot be zero, since 45" < 0 in explicit
(reflection-positive) examples, including a free scalar BCFT in d = 5 with Dirichlet
boundary conditions (see [161]). Perhaps defect/boundary central charges are
bounded by other defect/boundary central charges, in a similar fashion to the bounds

on a3 /c® [108,109].

Do any of the other defect and boundary central charges obey c-theorems, for either
defect/boundary or ambient RG flows? To date, c-theorems have only been proven
for A-type central charge. However, nothing a priori forbids B-type central charges
from also obeying c-theorems. Exploring more examples to identify candidate
defect/boundary central charges that could obey c-theorems, and developing

methods to prove them, remain important open questions.

Adding SUSY also raises a host of questions. For example, refs. [57,287] showed for
superconformal defects with p = 2 and p = 4 that a3” and 4} are fixed by certain 't
Hooft anomaly coefficients, and obey an extremisation principle. Are other
defect/boundary central charges fixed by "t Hooft anomaly coefficients? Are defect
B-type central charges also extremised along RG flows to IR SCFTs? One of our main
motivations was to study the p = 4 superconformal defects in thed = 6 N = (2,0)
SCFTs. Our main result for a p = 4 defect Weyl anomaly in eq. (6.1.1) provides a
starting point for constructing the full defect super-Weyl anomaly, which should be
crucial for characterising these important defects. More generally, fully characterising
both co-dimension two and four defects in d = 6 SCFTs through their defect central
charges will be crucial for exploring how, via (partially twisted) dimensional
reduction, these data determine lower dimensional superconformal defects in class S
theories in d = 4 [217,296,319] and class ‘R theories in d = 3 [219].

Thinking more broadly, aside from the defect/boundary Weyl anomalies we reviewed
in sec. 8.1, and our novel results for p = 4 defects/boundaries in sec. 6.1, what other
defect/boundary Weyl anomalies are possible? Two obvious cases have yet to be
studied. The firstis p = 3ind > 4 (examples appear for instance in refs. [320,321]). In
this case, our preliminary analysis suggests that a p = 3 defect in d > 4 has parity-odd
Weyl anomalies, whose form depends on the co-dimension, similar to what we found
forp=4ind > 5. The second is p = 5ind > 6. Crucially, when d = 6 these must be
non-SUSY, since the d = 5 superconformal algebra does not embed inany d = 6

superconformal algebra.






105

Chapter 7

Monodromy Defects in Free Field
Theories

This chapter is primarily based on ref. [2] and partly on ref. [1], both of which I
co-authored. We consider monodromy defects in free CFTs in d-dimensions.
Monodromy defects are co-dimension q = 2 defects that can be introduced whenever
the theory has a global symmetry. As mentioned in section 3.2, their construction is
simple yet they may carry non-trivial dynamics, even in free CFTs. We provide more
detailed background material in section 7.1. The simple nature of these defects allows
us to obtain exact analytic results for certain one- and two-point correlation functions
without requiring SUSY. Specifically, we compute the one-point functions of the stress
tensor and flavour current, and the two-point function of the displacement operator
for a free scalar field and a free Dirac fermion in sections 7.2 and 7.3, respectively.!?
Using their data, we extract the defect central charges of monodromy defects in d = 4
and d = 6, in the latter case determining parts of the p = 4 defect Weyl anomaly
discussed in chapter 6. Lastly, in section 7.4, we study the behaviour of monodromy
defects under defect RG flows. Some of the details of the computations in these

sections are expanded upon in appendix C.

7.1 Background

In section 3.2, we introduced monodromy defects as a disorder-type defect. The defect
is defined by prescribing boundary conditions on ambient fields as they are rotated

around the defect in the transverse plane, see eq. (3.2.26).

IThe computation of correlation functions in section 7.3 was my main contribution to the paper.
2While in the process of finishing the writing of [2], ref. [322] appeared, which has overlap with some
of the computations of section 7.2. We will indicate which of our results also appeared there.
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We begin with an ambient free field CFT with a global flavour symmetry group G. In
what follows we will assume that G = U(1). Let Icpr be the action on M, = R4~1
with coordinates x* = {t, X, p, 0} and metric g,

ds? = gudxt'dx” = —df* + d¥| + dp® + p*d6. (7.1.1)

In this chapter only, we will take y =0, 1,...,d — 1. In some computations, we will
need to Wick rotate to Euclidean signature, i.e. R, by taking t — —it. We insert a
monodromy defect along x* = {t, ¥ } located at p = 0 in the transverse {p, 0 }-plane
by imposing monodromies on the field ¥ as in eq. (3.2.26).> Equivalently, one can
introduce the defect by turning on a constant background gauge field for the U(1)
flavour symmetry along

A=uwadf. (7.1.2)

The gauge background eq. (7.1.2) is a closed but not an exact form since it is singular
at p = 0. In particular, we may perform a singular gauge transformation to gauge
away A. This transformation affects any field ®(x) with ordinary periodic boundary

conditions and minimally coupled to A with unit charge in the following way
O(x) = D' (x) = e YD(x) = ¥(x). (7.1.3)

The gauge transformed field ¥ then behaves as in eq. (3.2.26). Thus, the introduction
of the potential (7.1.2) is equivalent to ascribing a non-trivial monodromy to ¥(x), as
claimed above. Notice that for generic &, the defect breaks parity in the transverse

directions. The conserved current sourced by A, |, = 5(5151?/ may thus acquire a
one-point function of the form in eq. (3.1.7). In polar coordinates this translates into

a
(J(x)) = =L, (7.1.4)
P
with all other components vanishing and where the coefficient 4; is a function of the
monodromy parameter a; = aj(a).

From the relationship between the generating functional and the Weyl anomaly
eq. (2.5.53), it is natural to expect that a; in d = even is related to defect central charges

for monodromy defects. However, naively computing

d

— = 1og Z0TT[a] = / dx (J°(x)), (7.1.5)

where ZP“FT[a] is the generating functional for %, we find no log divergences, only
power law divergences. This is due to the fact that the defect we constructed above is

flat and the integrated trace anomaly vanishes identically.

3Note that the cylindrical coordinates eq. (7.1.1) make manifest the preserved SO(2) ~ U(1) rotational
symmetry around the defect submanifold £;_, < M.
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In order to obtain a non-trivial result in eq. (7.1.5), we can modify eq. (7.1.2) to include
a non-trivial shape function

Ay =afu(x), (7.1.6)

where f,(x) are the components of a closed form that is singular on a co-dimension
g = 2 submanifold. Repeating the computation above, we have

—ailog ZfDCFT[(x] = /ddx (JH(x)) f fu(x), (7.1.7)

where (-) f denotes the expectation value in the presence of a defect of generic shape.
A straightforward computation outlined in appendix C.1 shows that

0 23+l
o F M unie, = —ay () =, (7.1.8)
x r <§> sin (5d)
where Fd¢f = — Jog ZJPCFT [&] + log Z<FT is the defect sphere free energy. The above

equation was originally found in [168,169] where the authors studied how the defect
free energy depends on bulk marginal couplings. The present case is slightly different
from theirs since here the marginal operator J?(x) has explicit space-time dependence.
We notice that eq. (7.1.8) has a simple pole when d is even. This reflects the fact that the
sphere free energy contains a logarithmic divergence which corresponds to the A-type
defect anomaly. In particular, in terms of the integrated anomaly A in eq. (2.5.51),

po) 47-[61/2
A= (—1)d/2a](a)T. (7.1.9)
r(4)
When d = 4 and d = 6, this reduces to

d (2d) 2
PGS (a) =121%a;(a), (7.1.10)
0 o
ﬁagc”(a) = 761](04), (7.1.11)

after using eqs. (3.4.39) and (6.2.44).

Due to the relatively simple construction of monodromy defects through eq. (7.1.2),
higher point correlation functions of J# will be related to other important physical
observables. Consider the stress tensor of a field theory coupled to A. With the
insertion of a monodromy defect, T}, is no longer conserved at the location of the
defect, and

VHT = J¥Fu . (7.1.12)

From eq. (7.1.2), F,, is proportional to a Dirac delta function at p = 0. This is most
clearly seen in Cartesian coordinates in the transverse space to the defect
x = pcosb, y = psinf, where now Fy, = 27taé?(x,y). Comparing eq. (7.1.12) to
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eq. (3.1.14), we identify the displacement operator as

Dy = —27a]y| Dy = 27ta]y| (7.1.13)

xy=0" xy=0"

In the following sections it will be convenient to use complex coordinates z = x + iy,

z = x — iy in the transverse space. In these coordinates we have

D, = —27mial.| D, = 2rmial:| (7.1.14)

z,z=0" z,z=0"

This brief computation has demonstrated a second important use for correlators of J;.
Since D; « J;, we see that the displacement operator two-point function eq. (3.1.17) is
computable through (J;];). This in turn means that the defect limit of the current
two-point function is controlled by ¢pp, which is proportional to d7¥ in d = 4 by

eq. (3.4.41) and to d{'” in d = 6 by eq. (6.2.39).

One important caveat to this statement arises when non-trivial sources for relevant
defect operators in the defect OPE are included. These modes will be central to the
analysis in the subsequent sections. When they are turned on, the relationship
between J; and D; for monodromy defects no longer holds, and we will need to resort
to other techniques to compute cpp.

7.2 Free scalar

In this section, we study the monodromy defect in the theory of a free, conformally
coupled complex scalar field, ¢(x), in d dimensions. As explained in section 7.1, we
engineer this defect by turning on a constant background gauge field for the U(1)
global symmetry. We take the Euclidean action of the theory to be

d—2
Lscalar = /ddx \/g [VPQD(VVQD)T + mR ’§0|2 ’ (7215)

where the coupling to the scalar curvature R is needed to have a conformal and Weyl

invariant action. We also define the gauge covariant derivative V,, = D, —ieA,,.
Varying I scaor With respect to the gauge field A, gives the conserved U(1) current

_ iélscalar
/g OAF

while the variation with respect to the metric Suv produces the stress tensor

P =i (@Dﬂqfr — Dyt + 2ieA, \(pyz) , (7.2.16)

T, — 2 5lscalar
o s S oty
\/g 8 B 2 (7.2.17)
= VMD(VVGD)Jr + (VH§9)+VV(P - m [DVDV + d EVZDZ - RW} |§9|2/
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where Ry, is the Ricci tensor for the background geometry.

7.2.1 Mode expansion and propagator

In order to introduce a monodromy defect, we set A, to be as in eq. (7.1.2), and for
simplicity we set the charge e = 1. In appendix C.2 we provide the detailed derivation
of the mode expansion and the propagator. Here we report and discuss the results. In
what follows we will restrict & € (0,1), and we will treat the limits « — 0, 1 carefully.
We will also adopt complex coordinates transverse to the defect, i.e. z = pe'® and

z = pe~%. The mode expansion can be written as

(o] o0
P=0-0zZ "+ P12+ Y PuaZ" T+ Y PmaaZ"E (7.2.18)
m=1 m=0

The modes ¢, are defined for m > 0 and ¢,,—, for m > 1 as follows:

_37 % Jinta k
Pua = [ Ay [ d*R) [F(00azn () + £ (k)6 (K)] p”"’ . (7219
where [, () is the Bessel function of the first kind, and
k o
f(k) = vk etk (7.2.20)

(m)dfz\/ziwe

with w? = k% + %ﬁ Throughout we use the shorthand k = (EH, ko). The modes @, and
@1—4 are special because they are naturally paired with two singular modes ¢_, and
@a—1, respectively. These modes can be included if one allows for divergences milder
than O (p~!) as p — 0 such that the mode is square integrable at the origin.* In
principle, we can introduce these four modes independently but the canonical
commutation relation for ¢ fixes their coefficients in terms of two free parameters

&, ¢ € [0,1] so that we have

o =/1-2¢ / dk, / d%K, [ F(0)al (k) + £ (S (k)] ]“(;fp), (7.2.21a)
Pu =T / dk, / a7, [ F()al ) (k) + £ ()i ()] ]‘”;(_kf’”, (7.2.21b)

P1—a = \/E/dkp/dd*?%” f(k)ang)(k) +f*(k)b§+)+(k) h;l(koi)p)’ (7.2.21C)
Pa—-1 = \/é/dkp/ddfg%ﬂ :f(k)ag_)(k) +f*(k)b§_)+(k): ]a—l(kpp)

pafl

4Physically, we require the integrals of energy density and charge density to be finite in a neighbour-
hood around the defect. Indeed, energy and charge density are quadratic in the field ¢ and do not involve
any radial derivatives. The measure of integration over the spatial directions involves a factor of p. Thus,
each field must have a divergence milder than O(p~!) for the integral to converge at the origin. As we
will see shortly, defect unitarity will impose exactly the same constraint.

(7.2.21d)
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Similar modes have been already discussed from an abstract defect CFT perspective
in [155,288]. In order to make contact with these works it is useful to match our mode
expansion with the defect OPE of the bulk field ¢. The latter allows to expand any
bulk operator in terms of defect primaries O,, and their descendants, as in eq. (3.1.21).
The coefficients of this expansion are the bulk-to-defect couplings b ¢, . For a
monodromy defect, the allowed defect operators in the defect OPE of a bulk scalar in
our conventions must have orthogonal spin s € Z — «. Furthermore, in a free theory,
the EOM for ¢ allow for two sets of defect operators in the defect OPE of ¢. The
dimensions of these two sets of operators were denoted in [155] as A; = % —1+]s|
and A, = 2 —1— |s|. While the former are always allowed, the latter cannot be
allowed for all s. Indeed defect operators must obey the same unitarity bounds stated
below eq. (2.2.20) with d — p. The operators with A, violate the unitarity bound for a
p =d —2defectind > 4 unless |s| < 1. For d < 4, unitarity requires |s| < %52. The
defect OPE then reads

i Mt
9= ), borp"eCl (00O, (x))
sE€EZ—un
—ind i(1—a)6 (7222)
€ —(0292\)~ e (2923 )"
765 (p aH)Ofoc(xH) +b Cs (P a||)01ﬂx(xH)/

pﬂé

+ bq)@: 901, plfuc

o

where aﬁ = 9,0". The differential operators C (pzaﬁ) resum the contribution of all the

conformal descendants, and are fixed by conformal invariance to be

= (4R

_—, 7.2.23
L T s (7223)

C(p0)) =
where (a)y =a(a+1)...(a+k—1)ifk #0and (a)y = 1 is the Pochhammer symbol.
Comparing this expression with the small p expansion of eq. (7.2.18) after Wick
rotation, one finds a one-to-one correspondence between the mode expansion and the
defect OPE, thus establishing that each mode in eq. (7.2.18) creates a conformal family
of defect operators. Including modes that are less singular than O(p~1!) is equivalent
to allowing for defect operators with dimension A, above the unitarity bound.
Conversely, any mode that diverges like O(p=""1) at the origin would give rise to a
defect primary below the unitarity bound. We will determine the bulk-to-defect
couplings b, by comparing the propagator with the defect block expansion.

The propagator is computed in appendix C.2 where we find that the result consists
precisely of a sum over defect blocks. A bulk two-point function can be expressed in

terms of two cross ratios: the relative angle 6 and the combination

2pp’
, 7.2.24
(R P 7229
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where we have set xh = 0 by translational invariance along the defect. Note that in the
coincident limit 6 — 0 and 7 — 1. A defect block is a function of these cross ratios:

A, Ay A+, d ;
Fpo(1,0) = (g) b (25 — A +2- 2;172> et (7.2.25)

where »F; (a,b; c; z) is the ordinary hypergeometric function. The propagator then
takes the form

(p(x)9*(0,0))
1\%1 (7.2.26)
— < /) Y o Fie (,0) +cT Fy-  (1,0) +ci Fiy  (1,0) ],
PP SEZ—« ’ ! ¢
with
+—r<%_1+|s|> f 1 7.2.27
O S ATt ) rsF wloe (72:27)
and special cases
X r(4-1+a) o T(3-1-4)
c,=0- C)m , c_, = gm , (7.2.28a)
F(%—a) F(%—Z—ktx)
pa— A\ J - __xF_\c 7
€l =(1-¢) T (2~ a) €10 = S 7r @ (7.2.28b)

In section 7.3, we will find it advantageous to adopt an alternative notation for the
scalar propagator in eq. (7.2.26), Gg , - z(x,x') = (¢(x)9"(0,0)). By applying the
defect OPE eq. (7.2.22) to each scalar in the propagator, and matching with the defect
block expansion eq. (7.2.26) using the normalisation

st t4 Oy
for the defect operators, we immediately identify ¢ = b(p o bq) ror Reflection )
positivity imposes that ¢ > 0, which determines the range of the parameters ¢ and ¢
to be

0<¢EE<1. (7.2.30)

In d < 4, the unitarity bounds above eq. (7.2.22) impose further conditions on the
range of a at non-zero ¢ or . As an example consider d = 3, for which the unitarity
bound reads |s| < % This requires that either a € [0, %) if¢#£0and & =0, or

X € (%, 1] if ¢ = 0 and ¢ # 0. Notice that since the two ranges of « don’t overlap, one
cannot turn on both deformations &, & # 0 without breaking unitarity.

At this point, we are ready to discuss what happens for the limiting values « — 0 and
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« — 1. In the absence of the divergent modes, i.e. for { = & = 0, the defect OPE of ¢
simply reduces to the Taylor expansion of the free field ¢ around the co-dimension
two surface p = 0. In other words, the defect reduces to the trivial defect as one would
expect in the absence of a monodromy. The singular modes, instead, lead to a singular
behaviour of eq. (7.2.22) either at « = 0 or at « = 1. For & = 0 and & # 0 the limit

a — 0 is perfectly well-defined and leads again to the free field Taylor expansion,
while the limit « — 1 is singular. This seems to be in contrast with our definition of
the monodromy defect, which should reduce to the trivial defect for integer a.
Nevertheless, a glance at (7.2.28a) shows that, at least for d > 4, the singular mode
decouples from the bulk at « = 1 since c_; = 0. This leads to a two-dimensional
theory, which is decoupled from the bulk free scalar. This is still not enough to affirm
that the limit &« — 1 is well-defined. Even though the singular mode decouples, the
remaining bulk propagator still depends on ¢ as the contribution of the ¢, mode gives
a factor of 1 — ¢ to one of the terms in the propagator. Thus, the propagator does not
reduce to that of a free complex scalar but has an extra term proportional to —¢
consisting of a single defect block. This bulk two-point function is not crossing
invariant and therefore it does not lead to a consistent defect CFT. Therefore, we have
to conclude that the limit « — 1 cannot be smooth for a constant value of ¢. Either ¢ is
a function of « or some discontinuous behaviour must be introduced at « = 1 so that
the periodicity in a is reinstated. In the following, we do not make any assumption on
¢ and we will mention explicitly the places where we will assume that it is not a
function of &. More generally, we keep an abstract point of view on this issue,
assuming there could be a dynamical mechanism which causes the decoupling of this
mode for a = 1. For the case of ¢ = 0 but non-vanishing ¢ as « — 0 an identical

discussion applies.

We introduced ¢ and ¢ as abstract parameters in the defect OPE. Any value in the
range eq. (7.2.30) gives rise to an admissible defect conformal block expansion.
However, the physical meaning of these parameters and the defects that they define is
less clear. The U (1) monodromy defect is closely related to an Aharonov-Bohm
solenoid, for which the gauge field outside has the same profile as eq. (7.1.2) [323-325].
By a similar computation to the one outlined here, one can solve the Klein-Gordon
equation both inside and outside the solenoid. Physical boundary conditions at the
solenoid correspond to continuity in the field and the first radial derivative. Then
taking the size of the solenoid to zero, one obtains the field configurations in

egs. (7.2.19) and (7.2.21) with & = & = 0. For non-zero ¢ or &, the monodromy defect
does not describe a solenoid but a more general defect for which particles experience
the physics at the centre of the defect. In an Aharonov-Bohm-like experiment the
particles wouldn't just acquire a phase but non-trivially scatter with the defect. To our
knowledge, the possibility of more general field configurations as a function of

continuous parameters ¢ or & was first noted in ref. [324].
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Another perspective on the modes with & = 1 or ¢ = 1 is given by a Weyl
transformation of the planar defect in RY to S! x H?! where H?" 1 is the

(d — 1)-dimensional hyperbolic space (i.e. the Euclidean version of anti-de Sitter
space) [322]. The support of the defect is mapped to the boundary of H?~! while the
scalar field now has a monodromy around the S'. Performing a Kaluza-Klein
reduction on the S!, one obtains massive scalars on H?~! with masses m? =52 %
in units of the hyperbolic radius, where s € Z — « as before. Each bulk massive scalar
on H?~! is holographically dual to an operator on the boundary, which can be
identified with one of our defect primaries @si The defect operator’s scaling
dimension A;t is related to the bulk scalar’s mass as follows m2 = A;t (A;‘L —d+2).
The two possibilities Asi for fixed spin s correspond to the two possible boundary
conditions of a massive scalar in hyperbolic space. For m2 above the

Breitenlohner-Freedman bound mg > —% and also mg < —@ + 1, both

. At g [(d— .
solutions A; = dT2 +4/4 42)2 + m? are above the boundary theory’s unitarity bound.
For this range of m?, alternate quantisation is admissible, exchanging the usual role of

source and VEV for the dual field theory operator. The only values of s for which m?
lies in this range are s = —a and s = 1 — a. These are precisely the singular modes
with ¢ = 1and ¢ = 1, respectively.

7.2.2 Correlation functions and central charges

We start by computing some relevant one-point functions by taking a suitable
coincident limit of the propagator. A generic one-point function of a composite
operator can be found by Wick contracting the fundamental fields and then taking the
coincident limit, carefully regularising the short distance divergences. In the
following, we consider only one-point functions of operators quadratic in the
fundamental field ¢. In this case, we only need to take the appropriate combinations
of derivatives of the propagator, and then take the coincident limit.

To this end, it is convenient to start from the non-singular propagator (¢ = ¢ = 0) for
which we can use the form in eq. (C.2.25), which after a change of variables
¢ =2/(spp’) becomes

. 1 1 e L a2\ i(mea)e 1
<§0(x)€0 (X )>C:§:0 - 2(27T)d/2 <pp,)d/2,1 % dé@ ! g ;8 I|mfzx| C ’
(7.2.31)

where I, ({) is the modified Bessel function of the first kind. The integral is divergent
in the coincident (7 — 1) limit. For this reason we introduce the UV cut-off €. The
one-point function will be a power expansion in terms of €. If the divergent term is
independent of &, the divergences can be consistently removed by subtracting the
one-point function with « = 0. After computing the contribution from the regular
modes of @, we will add the singular parts, which are proportional to ¢ and ¢.
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7.2.2.1 One-point function of |¢|?

Let us start with the simplest case: the one-point function of |¢|?. Taking the
coincident limit of eq. (7.2.31) we obtain

1 1 Foo _1 1
(P00 0)), o= s fye o6t (3), w2

o

where we defined®

V0 = lineai@ = g |6 [0 s = E10(0) = Ca(0)

X (7.2.33)

T ["g [ ettt (@) - cw] .

The integral over  in eq. (7.2.32) can be performed, and indeed one can see that it
diverges for e — 0. However, the divergences are independent of &« and can be

unambiguously subtracted. The final result is

F(%—a)l"(%+oc—1)sin(7roc) 1

2d— 17‘(%(d 2)r ( ) pl=2" (7.2.34)

<‘(P(x) ’2>§:§:0 = -

We observe that the one-point function vanishes both when « = 0 and « = 1. The
former is obvious since it corresponds to the absence of a defect, while the latter
reflects the fact that the flux is defined modulo integers. We now compute the
contribution of the singular modes. The part of the propagator proportional to ¢ can
be deduced from eq. (7.2.26) and it reads

d_ d
<90(9C)</)*(X’)>é =z (b)) 1 (—m Fye o (n,0) + ,T(d/zrl( Z) Fy- . (n, 9)>
(7.2.35)
We are interested in the 6 — 0 and 17 — 1 limit. The former simply eliminates the
exponential in eq. (7.2.25), while the latter gives a singular limit for the hypergeometric
function in eq. (7.2.25). Actually, each defect block is logarithmically divergent in the
limit 7 — 1. However, these logarithms cancel in the combination eq. (7.2.35), leaving

us only with power law divergences. After subtracting them we get

F(%—a—l)l"(d—koc—l)sin(rwc) 1

2y _
(lo(x)| >g—§ i1 mr(%) pi=2

(7.2.36)

5In the second equality we used eq. (C.4.43).
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The result proportional to ¢ can be simply obtained by replacing & — 1 — a:

NF(%+(X—2)F(%—D¢) sin(7a) q

x)|?)s = ) (7.2.37)
B C)
Putting everything together we get the final result
F(d—oc)l”( +a—1)sin(mta) 1 1 ¢ &
)2y = -2 + .
<|(P( )|> i 1ﬂd;1r( 1) o2 T d— 2 7_04_1 %4_“_2

(7.2.38)

As a special case we note that when d = 4, the one-point function becomes

1—a)a —2¢a —2¢(1 —

(o)) = - =22 f0-n), (7.2.39)

872 p?
7.2.2.2 One-point function of T,

The one-point function of the stress tensor in the presence of a p = d — 2 dimensional
conformal defect is fixed by conformal symmetry to be of the form in eq. (3.1.13).
Thus, we only need to compute the coefficient & to determine the full stress tensor

one-point function. To do this, we can choose a particular component, and we pick

(Top) =2 <ap¢ap4’+> - 2(d1—1) {(d ~1)22+ ;ap} (o). (7.2.40)

Having already found (|¢|?) above, we only need to compute the first term in

eq. (7.2.40), i.e. the coincident limit of the propagator after taking derivatives with
respect to p. Once again, we start from the regular part of the propagator (¢ = & = 0),
for which we use the representation eq. (7.2.31),

1 1 [t d—2)°C+4 1
(200 @200* )= sy fa 90 1/é<§jjza><g). 72.41)

Just as above, we find that the divergences in € are independent of « and can thus be

subtracted unambiguously. The finite part reads

((d = 2)d +4(1 — a)a) sin(ma)T (4 — ) T (%—l—a—l)l
r

(%) ¢
(7.2.42)

9,909,¢" (x = -
< o PO P ( )>C:é:0 2d+17'[d42rld<2d—1)
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Performing the same analysis for the singular contributions we find

((d —2)2d — 842)T (2 a—l)l"(%+oc—l>sin(7ra)1

<ap¢ap§0+(x)>g =¢ 204278 (d — 2)2 — 4a2)T (d%l) pt’
(7.2.43)

((d—2)%d-8(1—a)?)T ( +a— 2) r (4 ) sin(7ta) q

<ap(P8p(p+(x)>é =¢ 22 (d 27— 4(1 _“)2)rz<d;1) y
(7.2.44)

Thus, by plugging egs. (7.2.38), (7.2.42), and (7.2.43) into eq. (7.2.40), we find the full
one-point function of the stress tensor

) 1— 2 1_p)2E
r (% —uc) r (% +a— 1) sin(7ta) (“( . “) 4 %fil + %J?f) 1

(Top(x)) = — i1 (d 1) o’

24175 T

2
(7.2.45)

which is vanishing for « = 0 and « = 1 when d > 4, as expected. The contribution
with & = & = 0 was previously computed in [326]. Comparing with eq. (3.1.13), we
find that  is expressed as

d d . (17 2 (17 26
r <§ — uc) r (5 +a— 1) sin(7ta) <“ d 2 4 gl_qu + §+§)—2>

2 d+1r(%)

h =

(7.2.46)

Note that & > 0 for the ranges « € (0,1), and & Ee€[0,1]ind > 4. Ford < 4, unitarity
requires that the range of « be restricted in the presence of singular modes, as

discussed below eq. (7.2.30). In that case / is manifestly non-negative.

Specialising to d = 4 and d = 6 in order to connect to defect central charges, we find
using egs. (3.4.41) and (6.2.39)

d<22d) _ _g ((1 _ (x)zrxz + 4{:“3 4 45(1 — a)3) , (7.2.47)
2 _ 2 _ 2)2F
4 a1 fx7;(2 o) ((x(l o)+ fﬂii + 6(11 +";) C) . (7.2.48)

Since h > 0, then d5® < 0 and d5® < 0. This is in agreement with the expectation that
ds? < 0and dy” < 0 if the ANEC holds in the presence ofa p =2 and p = 4
dimensional defect, respectively [50].
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7.2.2.3 One-point function of J

In this subsection, we consider the one-point function of the current (J,). By
computing the coefficient a;, we can leverage eq. (7.1.10) in d = 4 to compute the

defect central charge 43" and eq. (7.1.11) in d = 6 to compute ay".

We start again from the regular part of the propagator in the form of eq. (7.2.31), and

consider the following expectation value

. 1 1 +oo 1 1
<]9>§:§:0 = —2i(¢ 3990+> = —Wpdj /2622 dfe ¢ d/ZIu(zz) <§> , (7.2.49)
o

where we have taken the coincident limit and defined the sum®

TP Q) =Y (m—a) Ly o (0)

G (7.2.50)

= S 1)+ 14D~ (D) — ()] — (D).

Inserting the result of the sum in eq. (7.2.50) into eq. (7.2.49), we find that the
{-integral is convergent in the limit € — 0. For the regular modes, computing the

{-integral and removing the UV cut-off gives’

Uo)esoo = (1—2a)T (% — (x?f (f;lu; 1) sin(7a) 4 7250
2

242 T pi=2"

We note that (Jy) = 0 both for « = 0,1, and for « = 1/2. The former cases are expected
as the monodromy becomes trivial, while the latter follows from symmetry
considerations. More specifically, the Lagrangian in eq. (7.2.15) is manifestly invariant
under the transformation 6 — —6 provided that & — —a. If ¢ is regular in the limit

p — 0, then —x and 1 — « are identified by gauge invariance. This implies that (Jy) is
odd under « — 1 — & in the range « € [0, 1], and thus it vanishes when a = 1/2.
Equivalently, parity in the normal directions is restored at & = %, which forces the
one-point function of a vector to vanish as discussed in section 3.1. The contribution of

the singular modes is

al (§—a—1)T ($+a—1)sin(ma) 4

) ) 7.2.52

(Jo)e =2¢ g dz;l) = ( a)
~(1—1)¢)I’<%+zx—2 r %—zx)sin(mx) 1

Jo)s =28 . (7.2.52b)

6This follows immediately from eq. (C.4.44).
7This one-point function was also computed by ref. [322].
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Summing all the contributions we have

d_ d 4 —1)si _ 20(d=1)¢ | 2(1-a)(d=1)¢
r (2 zx) r <2 +a 1) sin(7ta) <l 20 + - + T2 > 1

(Jo) = -
2473 T (441) pr?
(7.2.53)
We observe that when &, & # 0 the current is not vanishing at « = 1/2. This is due to

the singular modes, which break the invariance of the theory under the shift
a— a+ 2.

The integral of this function with respect to a leads to the universal part of the sphere
free energy.® When d and p are even, it is controlled by the A-type defect central
charge. Setting d = 4 and d = 6, using egs. (7.1.10) and (7.1.11) and integrating over
the flux &, we obtain

1—a)?a? +4%a® +4E(1 — a)®
agd):( )" + 62“ +40(1—a) , (7.2.54)

2 3 3
wn — X )2 e aoa (Lo a)”
P R = ISR T

(30 —6a —2)&. (7.2.55)

A few comments about this result are in order. First of all, when integrating the
current one-point function with respect to a, we assumed that & and ¢ are not
functions of a. Were ¢ or ¢ function of a, the dependence of agd) and aiﬁd) on &« would be
affected by the dynamical source of & and ¢ and this unknown source would
contribute to the derivative in eq. (7.1.10). Another important comment is that

eq. (7.1.10) involves an integration constant which can be a function of ¢ and &. This
constant can be fixed by requiring that 45" and a{” vanish ata = 0if ¢ = 0, and at

a = 1if & = 0, together with the requirement that its dependence on ¢ and ¢ be linear.
E.g. when d = 4, these requirements fix the integration constant to be —2¢, giving
precisely eq. (7.2.54). As a check of eq. (7.2.54), we will compute in section 7.2.3 the EE
in the presence of the monodromy defect, and we will show that it vanishes for any
value of «, ¢ and 5 . This implies, in particular, that agd) + @ = 0, which is consistent
with egs. (7.2.54) and (7.2.47).

7.2.2.4 Two-point function of D;

In this subsection we study the displacement operator of the monodromy defect of the
complex scalar. Our final goal will be to identify the coefficient of its two-point
function, which ind = 4 and d = 6 is related to the defect central charge d{* and d}?,

respectively.

8When d = 3 we can compare with the results obtained in Appendix A of [327], finding perfect agree-
ment upon identification of the flux parameters (y = 27a).
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Given the defect OPE of the fundamental field ¢ eq. (7.2.22) and of its conjugate ¢,
we look for the displacement operator in the fusion of defect fields Oi . and (’)mjia
We are looking for an operator of dimension Ap = d — 1 and spin s = 1. To be precise,
there are two operators D, and D; with the same dimension and opposite spin
associated to the two broken translations in complex coordinates. The combination of
defect operators fulfilling these requirements is

D,=A @Tfa@:f + B @:a@Ime +C @;Lfa@t;ﬂx +D [@27@17704]2 ’ (7.2.56)

and their conjugates for the operator with spin s = —1. The last operator in eq. (7.2.56)
is the conformal primary built out of @Z_, O, _, and two derivatives,

at— a— o 1 1 1 Nt g -
O 01l = (50 35 ) O RO .t 55200 701,

1 1 at—
+ (2(d—2) _4(1—0c)>82|0 O1a-

In eq. (7.2.56) the coefficients A, B, C and D are implicitly functions of a, & and & We
denote their analogues for the spin s = —1 operator as A", B, C" and D. Notice that

(7.2.57)

only the first operator is present for ¢ = ¢ = 0. The second operator includes a mode
O_, so it must vanish for & = 0, the third one includes @: 14 and it must not appear
for ¢ = 0. The last term appears only when both ¢ and ¢ are non-vanishing. Using this
piece of information and consistency with the Ward identity eq. (2.3.21a)

/ d2x) (|9(0,2,2)2Da(x))) = —2. (|9(0,2,2)[2), (7.2.58)

we can fix the form of the displacement operator. Indeed, the two-point function in
eq. (7.2.58) is fixed by conformal invariance to be of the form in eq. (3.1.20), which in
complex coordinates transverse to the defect becomes

0,2,2)2D. — b (@, &8 —— 7.2.59
(00,5 0PP-001)) = bpolo 68— (7:259)

Thus by eq. (7.2.58),

4 _ )44+ a—1)sin(ma Y
b (1,2, ) = LG =W G+ ns(n><1 (@-2¢  (@-2
2

47 —a—1 S4+a-2

(7.2.60)
Inserting the ansatz eq. (7.2.56) into the two-point function eq. (7.2.59) we find an
equation for the coefficients in eq. (7.2.56), which has the solution

A=4rma(l— zx)bq) ++b o B =4mra(l+ oc)bwémb?@:“, (7.2.61)

C=4n(l—a)2—a)b ,p+- b »+ , D=4dna(l—a)b

(P*Oflﬂx 4)02—& (7262)

507 boor
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where the b coefficients are the bulk-to-defect couplings introduced in eq. (7.2.23).
Similar expressions hold for A', Bt, Ct and D?, with the bulk-to-defect couplings
replaced by the ones for the conjugate operators. Using this data it is easy to see that
the displacement two-point function in complex coordinates

(D (x,)D:(0)) = 2|D|§d2 (7.2.63)

is determined by a linear combination quadratic in the coefficients in egs. (7.2.27),
(7.2.28a) and (7.2.28b)’

(§-1-a)(§—2+a)
a(l—a)

— 4720T (% — oc) r (% +o— 1) sin(7ta) <0c(1 —u) +

cpp = AAT + BBt + cCt + DD?

dn?¢ d(1—«)2¢
4—n-1 T fta—2 ) )

(7.2.64)

Note that it satisfies the relation (5.5.15) for ¢ = 2, when compared with the explicit
value of h in eq. (7.2.46), and so cpp > 0 whenever i > 0. Specialising to d = 4 and
d = 6 and using the normalisation eq. (3.4.40) and eq. (6.2.20), respectively, we find for

a monodromy defect created by « units of flux in the theory of a complex free scalar

42 = ; ((1- 0)2a? 4 480> + 4E(1 — 0()3) , (7.2.65)
avn 2 2%
469 = _“(1 “32(2 «) ((x(l —a)+ 26“_%; + 6(11 +0;) (:.f) ) (7.2.66)

As discussed in section 7.1, when & = & = 0, the displacement operator D; can be
identified as the regular term in the defect OPE of the orthogonal components of the
current J;. However, we emphasise that the relation eq. (7.1.12) is not gauge invariant
under the shift « — « 4- Z. Thus, expressing D; in terms of J; makes sense only after
we fix a specific gauge, which reflects in the choice of the range of «. If we choose the
range to be « € [0,1) as above, we need to change the definition of the current to be

af, > =i ((1 —a)@d, " + Mp*&z(p) ,

(7.2.67)
afz > J = —i ((1 — )¢z + oc(pazqo+> .
The displacement operator for & = & = 0 is then
D, = 27T, .y, D;: = 27iJz|, .- (7.2.68)

Inserting in these expressions the defect OPE of ¢ and ¢, one finds agreement with
the first term of eq. (7.2.56).

9The final expression for & = & = 0 also appeared in ref. [322].
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7.2.3 Entanglement entropy

As a check of our computations, we will compute the EE contribution of the
monodromy defect in the free complex scalar theory when d = 4. In the following, we
assume that the defect is flat, and the region A is the half space orthogonal to the
defect. More precisely, we take the defect to extend along the T and the x93
directions, and the entangling surface dA is defined by T = x! = 0 as depicted in
figure 7.1. This configuration is the most symmetric case, and it is conformally related
to a spherical entangling surface at T = 0 centred on the flat defect, which was
discussed in section 4.5 and depicted in figure 4.2. When d = 4 the entangling surface
intersects the monodromy defect in a single point and the EE shows a logarithmic

divergence whose coefficient is given by [50]

def 1/ oy, a5
5" hogt = ¢ (a(z '+ 3> . (7.2.69)
Note that this is half of eq. (4.5.45) since the defect only intersects the entangling

surface once.

Here we employ the heat kernel method following ref. [181] to show that the result is
in perfect agreement with eq. (7.2.69). See section 4.3 for an introduction to heat kernel
methods. As emphasised in [48,191,328-330], in the case of the conformal free scalar,
the EE consists of two contributions, one that can be computed from the heat kernel
and a second one coming from the coupling to the scalar curvature R. To show this,
we can consider the coupling to R as a deformation of the theory. The conical
singularity leads to a scalar curvature of the form R = 2(1 — n)d(p)/ (np) [30] which
implies the following contribution to the action

d—2

n] = m——(1—n) /BA d?x | dd’45cH lo|*, (7.2.70)

IR
d—1

scalar
where x| denotes the coordinates transverse to the defect, and X are the defect
directions shared with the entangling surface. The delta function coming from R
localised the integral over spacetime to the entangling surface dA. Thus the full

partition function may be written as
Z, = ZR=0 <e*1s’ia1ar>, (7.2.71)

where Z2=0 denotes the partition function of the theory without the coupling to R.
Given this factorisation, the replica trick eq. (4.2.14) implies that the EE splits into two
contributions
_ cR=0 | ¢R
SA — SA +SA’ (7272)
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FIGURE 7.1: Sketch of the configuration we employ to compute the defect contribution

to the EE in d = 4. The figure is an instance in time at T = 0. The defect (red) extends

along the x! direction, while the entangling surface (green) extends along the remain-

ing orthogonal directions and intersects the defect at x! = 0. The defect’s contribution

to the universal EE of the region to either side of the entangling surface is given by
eq. (7.2.69).

where S8=0 is the EE for the theory in the absence of the coupling to R, and S is the
contribution of eq. (7.2.70) which reads [191,328-330]

d-2
SR — _”(El_l)) | dxdt i o) (7.2.73)

This last contribution is straightforward to compute. Setting d = 4 and using
eq. (7.2.39), we find

- 5 27 L

SR — (1704)04721;;0;2;((17“) 5 $x, lz _ (1fa)04721§2;2§(171x)a-/0 d9/ dp
1 220 - 2201 )p < P (a2
—)x — N — — K

The first contribution to (7.2.72) can be computed with the heat kernel method as done
in [181] for the case of a real scalar in a BCFT. For simplicity we will illustrate the
computation only for the regular part of the propagator, namely for ¢ = ¢ = 0, being
the generalisation to the singular part straightforward. Recall from section 4.3 that the
heat kernel for the Laplacian A = —V? can be easily extracted from the propagator
using eq. (4.3.20). In our case we have

/. / /
K(s;x, %', a) = 1 i Zeimoe*(pzﬂa 2+(x“7xu)2)/(4s)1|m70¢\ (PP) +cc, (7.2.75)
(47ts)2 m 2s
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where c.c. stands for complex conjugate, and we have replaced the A label by « for
clarity. We now compute the trace of the heat kernel on a space with conical
singularity TrK,, via the Sommerfeld formula eq. (4.3.27). By setting p = p’ and

x| = x| the integrals become

21
TrK, = 47'md / p/ dO/ dr/dd 4pre o/ 2s) 1) <“2)s>
)2
87r2

i 2
" ; ﬂ d—4z —p2/(2s)—12 sinz(w/z)/s (1) &
+ (47‘[5)% 4tn ,/I‘dw cot n |:/O dp /0 dr / d x” pre Iﬂ( 2 s

(7.2.76)

where r is a radial coordinate along the defect directions orthogonal to 04,
r = /T2 + (x1)2, and the function Z.") was defined in eq. (7.2.33). After a change of
variables we have

(7.2.77)

8Pn L4 , | i w 1 2
— ¢ 7(1)
" (47rs)% * |8mn /l"dwmt (211) sinZ /0 dfe™> 7, (0) |,

where we introduced the cut-off L to regulate the IR divergence. The contour integral

IS

over w can be evaluated exactly, and it gives

w 1 1
e /dw cot (Zn) =gzl ") (7.2.78)

2

SR:O

The heat-kernel contribution to the entanglement entropy S~ can be found using

SR=0 — lim 0, (WE=0 — nWR=0) (7.2.79)

The term linear in n in eq. (7.2.77) does not contribute. Thus, the whole contribution to
the EE comes from the second line, and we find

SR=0 — 2 +°°ds[ 4;: - / dge ¢ 7! (g)] (7.2.80)

where we introduced the UV cut-off € to regulate the small s behaviour of the integral.
The resulting integrals are quite cumbersome but their computation is
straightforward, and for d = 4 we find

_ L2 (1-a)a L
R=0 _ _ L
Sy = Y z log (€> +0(1). (7.2.81)
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With the singular modes of ¢ we find instead

5R=0 _ 2222 (I —a)a— 2@'61x —2¢(1—«) log (i‘) +0(1), (7.2.82)

which precisely cancels eq. (7.2.74). Thus, in the theory of a free complex scalar the
contribution of the monodromy defect to the universal part of the EE vanishes in

d = 4. This is in agreement with the relation (7.2.69) proven in [50], and it confirms
our findings in egs. (7.2.54) and (7.2.47).

When d = 6, we can use our computations of 45" and d5® to make a prediction for the
defect contribution to the universal part of the EE of half-space orthogonal to the
defect. From eq. (6.2.45), we find that for monodromy defects in free scalar field

theories!?

2 3
glef [ &g 2 %6 6 ] 7.2.83
A log & 360~ F 50 ool ) (7.2.83)

7.3 Free fermion

In this section, we compute &, a;, and cpp for monodromy defects in a theory of free
Dirac fermions in arbitrary dimension d > 3. As in the case of the free scalars, we will
eventually specialise to d = 4 and d = 6 in order to connect the results to the defect

Weyl anomaly coefficients. Lastly, we will compute defect EE as a check on a3 and

dy?ind = 4.

Our starting point is the background geometry described in eq. (7.1.1) on which we
introduce frame fields eM with components eM = eMy dx* for M =0,...,d —1such
that

O =dt, el = dp, e = pdé, eP = dxﬁ_Z, (7.3.84)

wherep=3,...,d - 1.

On this background, we place a single free Dirac fermion ¢, which in 4 dimensions
has 212 components. Turning on a background gauge field A for the vector U(1)y
symmetry eq. (2.5.43a), the Dirac action can then be written as

Itermion = _i/ddx |€| ¢+70W¢/ (7.3.85)

where we denote the Dirac operator in the presence of a background gauge field A, as
Y = 9"*(Dy —iA,). Here, D, = 9, + Q, with O, = %wVMN [Ym, Yn| and wyMN being

10We are grateful to J. S. Dowker for alerting us to a typo in an earlier version of ref. [1], where a variant
of this computation originally appeared.
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the spin-connection. We denote the y-matrices in curvilinear coordinates by
vu = eM,ypm, which obey the Clifford algebra 7,7y, + 1y, = +2guv- Finally, we
define the Dirac conjugate i = ipT0.

7.3.1 Mode expansion and propagator

The fermion propagator can be computed by employing the same methods as in
section 7.2 for the free scalar. We refer to appendix C.3 for a more detailed discussion.
In a suitable Clifford algebra basis, the Dirac equation can be solved by a spinor with
2l3)-1 components proportional to ], (,_,) and the other olsl-1 components
proportional to [ (,11_,) with n € Z. Note that for n # 0 with 0 < a < 1, one choice
of sign results in a spinor with all components either regular or all divergent as p — 0.
For the divergent solutions at least one of the components diverges as O(p~1) or

worse, which makes them physically inadmissible.

For n = 0, both (+) solutions are admissible provided that a # 0, 1. In this case, half
of the components are regular whereas the other half have divergent behaviour
between O(p~!) and O(1). This tamer behaviour makes both solutions acceptable.
Generally, one can introduce a parameter ¢ € [0, 1] which interpolates between these
two solutions, and study the theory’s correlation functions as a function of ¢.

In order to write down the fermion mode expansion, we adopt complex coordinates in
the directions normal to the defect z = pel® and z = pe~i%. We then perform a gauge
transformation A — A — adf in order to remove the background gauge field A from
correlation functions at the expense of introducing an extra factor of e~1* in the

fermion mode expansion. The mode expansion in this gauge can be written as

. —a+3 5 a—1 0 . n—a+} o0 5 n+a—1
= (3) () L Yo ) L Y G)
(7.3.86)

where

NEIEE. e ) )
proe= X [ a7 [k (F 6+ F OB, 000,0), 7387)
s=1 Y~

and

e—iwt-‘rikH }H k
d
2

flk) = vVt \ 2l

r_. (7.3.88)
Jew
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At n = 0, there are two solutions ¢, and ¢, with ¢ € [0, 1] interpolating between
them:

21817 o i
Y= VI=E L [ ax /O dk,y (F(k)aG™ (kg™ + 7 ()5 ™" (k)0 (1)
s=
(7.3.89a)

ZL%J71 00 . 00 B B . s _ _
n=vi L [ @K /O iy (F(k)ab (ks + F (b5 (Rl )
(7.3.89b)

. s s .
In the above equations, 1%, and v | for n > 1 are spinors whose components

involve Bessel functions J,+(k,0) and Jnr(1-a) (kop) and, in the frame we are using,
are purely functions of p. For n = 0, the spinors u((),ik)s and vé? * have components
Jxa(kop) and ] 1) (kpp). See appendix C.3 for more details. Explicit solutions for the
spinors in d = 4 are given in eqgs. (C.3.33) and (C.3.34). Demanding that the defect
corresponds to the infinite limit of a physical solenoid singles out either { = 0 or

¢ = 1, depending on the sign of the flux a [324].

In order to compute the propagator, one can canonically quantise the mode
expansions. However, this is cumbersome in general dimensions, and we will not
present this method here. Instead, we will make use of the scalar propagator

eq. (7.2.31) to directly achieve the same result. It is well-known that in the absence of a
monodromy, one can write the fermion propagator Gg(x, x') = —(¥(x')¢(x)) in terms
of the scalar propagator Gs(x,x') = (¢ (x)@(x')). Schematically,

Gr(x,x") = =P Gs(x,x"), where I = y*D, is explicitly with respect to the unprimed

coordinates.

In the presence of a monodromy, the relation between Gr and Ggs is modified as
follows. Let Py = %(]l +1i9172), where 1 is the 23] % 2L3) dimensional identity matrix.

Then the fermion propagator in the presence of a monodromy defect takes the form?!!

Gp,alg(x, X/) = —D (P,ei(e_el)/2G5,a,1,¢,0(x, X/) -+ P+e_i(9_9/)/2G5,a,O,¢(x, X/)) , (7390)

where Gg , = (x, x') is the scalar propagator with singular modes as defined in

eq. (7.2.26). The factors of e*(?~%)/2 are due to working in the rotating frame

eq. (7.3.84) and ensure that the modes in the scalar Green’s functions combine
correctly into modes of the spinor Green’s function. Notice that for any ¢ € [0,1], one
always needs a singular mode in at least one of the two scalar Green’s functions

because both n = 0 modes of the fermion are singular.

HThis is similar to the approach taken in [167]. We thank Christopher Herzog for pointing that out to
us, and suggesting to use such a relation.



7.3. Free fermion 127

In computing k, aj, and cpp we will only need to compute particular derivatives of Gg
evaluated in either the coincident or defect limits, and so we will not display Gg in full
detail. Notice that in writing eq. (7.3.90) in terms of eq. (7.2.26) we have implicitly
performed a Wick rotation to Euclidean signature t — —iT.

7.3.2 Correlation functions and central charges

Equipped with the general form of the propagator in eq. (7.3.90), we now compute the
one-point functions of the stress tensor T}, and the U(1)y current Ju, as well as the
two-point function of the displacement operator D;.

7.3.2.1 One-point function of T,

We commence with an analysis of the components of the stress tensor one-point
function from which we will extract / in general d > 3. Specialising to d = 4 and
d = 6, we will thus obtain the defect Weyl anomaly coefficients d5® and d5°,

respectively.

In Euclidean signature, i and i are independent, and the action can be taken to be

Iérmion = / d?xegVy. (7.3.91)

The classical stress tensor can be computed by varying eq. (7.3.91) with respect to the
frame fields eM u asin eq. (2.4.33). The result is

<~

1_
Tuw = 5974V ¥, (7.3.92)

where the parenthesis denotes symmetrisation over the indices, and

%ﬁvl[) = P70y + Q —1A))Y — () 1P + P(Qy — 1A Y41 (7.3.93)

The one-point function of the stress tensor can then be written in terms of the fermion

propagator Gg, ¢ as follows:

1.
(T (%)) = =5 lim Tr | (v4,80) — 74:0)) + 7400 + Q) ) Grag(x,x)], (7.399)

where 0/, denotes the derivative with respect to primed coordinates, and A has been

gauged away.

In order to compute £, it will suffice to analyse a single non-vanishing component of

(T,v) with others following from the tensor structures dictated by the remaining
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conformal symmetry. To that end, let us consider

(Ter) = % Tim Tr [y (97 — 0/) Gpaz(x,x')] . (7.3.95)
To evaluate (T;;), we need to substitute eq. (7.3.90) and compute the coincident limit
of various combinations of derivatives acting on the scalar propagator. Each term
contains at least one derivative of Gg with respect to 7 or 7’. Using the integral
representation given by eq. (7.2.31), it is easy to see that all the terms with a single
derivative with respect to T or 7/ vanish in the coincident limit x — x’ due to the
appearance of 77 in the integrand. The only terms that survive are

1
(Ter) = 5 3 Te(r'Per®) (97 — 9090) G , (7.3.96)
c==%
where we defined
1' / G x, xl , = +
= me 3 Gsaog(¥,¥) ¢ (7.3.97)
hmx’—)x GS,zx,lf@’,O(xr xl) ’ C=—.

Evaluating the traces using standard y-matrix identities and utilising the fact that
000:G+ = —92G4, one finds that

(Tee) = ztgjfla%(GJr +G-). (7.3.98)

All that remains is to compute the 92G,, which can be done straightforwardly using
the integral representation of the scalar propagator eq. (7.2.31). Using the same

scheme as in section 7.2, one finds

2G, = —z<zn>1d/2d / Az e NI (Q) + 801D~ hoa(D))

(2d¢ — 2o — (% ) (% +a ) sin(7a) 1 (7.3.99)

0d+1 73 d+1)dr< +1 pt

Computing 92G_ follows similarly,

(20 —2d¢ +d —2)T (f —(x+1> (%—ka—l) sin(7ra) 1
2d+1 73 (@d+1)g T (%) ol

02G_ = (7.3.100)
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Combining 902G + 02G_, we thus arrive at'?

(1 —2a)d+aRa+d—2))C <f—(x> (%—kzx—l)sin(mx)l

Ter) = — . (7.3.101
(Tre) od+1-[4] (d+1)dr(71) o ( )
Using eq. (3.1.13), we find
(1—2a)d+a(Ra+d—2))T <f—1x> (% zx—l) sin(7ta)
h— : (7.3.102)
2

od+1-14] (d+1)dr( 1)

It is clear from the functional form that 1 > 0 for any value of « € [0,1] and ¢ € [0, 1]
ind>3,andh =0forall¢ € [0,1] ata =0and a = 1. Settingd = 4and d = 6 to
extract d5” and d5?, respectively, we find using eqs. (3.4.41) and (6.2.39)

ds? = —3a(1—a) (a(1+a) +28(1 —20a)) , (7.3.103)
4o = — a(l— “2(2 — %) (w(w +2) +3(1 — 2a)¢) . (7.3.104)

Note that d5¥ and d5 are negative, which is expected if the ANEC holds in the
presence of a p = 2 and p = 4 defect, respectively [50].

7.3.2.2 One-point function of J

In this subsection, we will analyse the current one-point function in order to extract a;
in general d > 3 and then compute 45" and " when d = 4 and d = 6 by integrating
aj. From the form of the U(1)y current

JH(x) = —ipr"y(x), (7.3.105)
and the fermion propagator in eq. (7.3.90), we can express (Jp) as

(Jo) =i lim 3= (Telr"Poyaldy (e 70=0)/2G,) + Ty ' QePe]Ge) ,  (7:3.106)
c==%

where d,, is again with respect to the unprimed coordinates. All other components of

(i) will turn out to vanish, so we do not display them here.

To evaluate eq. (7.3.106), we need to compute the coincident limit (7 — 1) of the scalar
propagator Gg and its first derivatives. This limit has already been computed for G in

section 7.2 and is given by the sum of eqs. (7.2.34) and (7.2.36). For convenience we

12The stress tensor one-point function for & = 0 was previously computed in [331].
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reproduce the result here:

Gy = mmid | e I (@) + e (@) - hea@)
@t (d=2)25 - ))r (7 - 1) T (g o 1) sin(7a) 1 (7.3.107)

247+ (4 — )T (d—;l) pt-2’

The limit G_ is again computed in the same manner as G, witha — 1 —a and

¢ — 1 — ¢ in the singular mode, which gives

(20 —2(d—2)¢+d— 2)F<f—a—1)lﬂ(%—l—tx—l)sin(mx)

G- = .
2473 (d4+1) (4 — 2)T (%) p?-2

(7.3.108)

We also need the coincident limit of first derivatives of the scalar propagator. Due to
the appearance of 7 in the integral representation of the propagator in eq. (7.2.31), first
derivatives along the defect vanish in the coincident limit. Derivatives along the
transverse directions, however, are non-trivial. The p-derivative produces the same
integral as G4 up to a factor of —(d — 2)/(2p).

The 0-derivative of G+ produces a new integral, which has also been computed in
section 7.2. It is proportional to eq. (7.2.49). With the singular mode we find

%G = g ) e IO - 20 - 0 (1aua(D) — heal2))]

(20 —1)(2a +d —4) — 4(a —1)(d — 1)&)T g—lx)r( +«x—2>sm(mx) .
- 2d+2 3 (d+1)T (d%l) pt-2"
(7.3.109)

Finally, we also have

i(4a(d —1)¢ — (2 +1)(2a+d = 2)F (4 —a—1) T ({+a—1) sin(ma)
We-= 2d+273(d+1)T <%> P
(7.3.110)

With these results we return to evaluating eq. (7.3.106). The y-matrix traces can be
performed using standard Clifford algebra identities. Recalling that derivatives of G+
along the defect vanish in the coincident limit, we find

(Jo) = 218171 (99, (G1 — G- —i9s(G +G-)) ). (7.3.111)
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Now using egs. (7.3.107) to (7.3.110), the one-point function of the U(1)y current
evaluates to

(21 —a) —d+28d—1))T (¢ —a)T (4 +a—1)sin(ma)
(Jo) = — y 1(2 ) (2 ) dlfz . (7.3.112)
2d+1=13 | gz (d+1) (7d§1) Y

Via eq. (7.1.4), we can read off a; for the fermion monodromy defect directly from
eq. (7.3.112). Note that a; does not have a definite sign. For all « € [0,1], a; > 0 when

¢ = 0 whereas a; < 0 for { = 1. Moreover, a; =+ —ajwhena -1 —aand ¢ — 1—¢,

_1

which implies that a; = O whena = ¢ = 3,

as expected.

Since derivatives along the defect vanish in the coincident limit, (J;) = 0. The only

other non-trivial component to check is (],) which also evaluates to zero.

At this point, we set d = 4 and d = 6, use eqgs. (7.1.10) and (7.1.11) and integrate over
the flux « to obtain the A-type defect central charges

Al = (2 — a® — 28(3 —2a)) + ¢, (7.3.113)
(1—2a)

2
(4d) [ 4 2
= 20> — 15 24
a (2a a”+24) + 360

L < 360 (6a* —12a% — 16a% 4+ 22a +11)&, (7.3.114)

where we assumed that ¢ is independent of «. To fix the integration constant ¢(&), we
assumed that it is linear in ¢, and required that a$” = a{” = Owhena = ¢ = 0 and
when « = ¢ = 1. This sets ¢(¢) = ¢ whend = 4, and ¢(§) = —355¢ whend = 6.

In computing the defect EE when d = 4 in section 7.3.3, we will independently check
¢(&) = ¢ from the result for d5¥ above. Note that non-vanishing of the central charge
ata — 0,1 suggests the existence of a decoupled sector of defect fermionic modes
similar to the edge fermions in the (integer) quantum Hall effect. In fact we don’t
expect these fermions to be chiral for a monodromy generated by U(1)y and thus the
situation is more similar to the quantum spin Hall effect [332], where a pair of

fermions with opposite chirality emerges at the edge.

7.3.2.3 Two-point function of D;

In this subsection, we compute the displacement operator two-point function in
general d > 3 and use its normalisation cpp in d = 4 and d = 6 to extract d{” and d{,
respectively. Working with the complex coordinates z, z adopted above, the frame
fields become

M, = (peM, —ieMy),  eM; = (peM, +ieMy), (7.3.115)
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and we can thus write

z z
Yz = E’Ylpf ’ Yz = 5’)/1P+ , (7.3.116)

with P, defined above eq. (7.3.90).

The form of the displacement operator can be found by the same arguments as in
section 7.2. Using the mode expansion in egs. (7.3.86)—(7.3.89), we make the ansatz

D;=q [¢1+tx’)’1p—lp—a} + 2 [wa')’lp—wlfa] ’ (7.3.117a)
D: = c3 [_,11Ps14a] +ca [P v1Prpa] (7.3.117b)

where the coefficients c; 4 are arbitrary complex numbers and the square brackets
denote the defect operator defined by taking the defect limit p — 0. We can fix the
coefficients by checking the Ward identity

—0o0

o o _ 1
/ dd zx\,\ <¢72¢(0/Z/2)D2(x\,\)> = —az<l/)’yzl/J(O,Z,Z)> = _aZ <22<]€>> . (7-3-118)
The correlator on the left-hand side can be written as

($1:9(2,2,0)D:(x])) = — rTr | Gl (x', )71 P+ G (x, ) P-

(7.3.119)
—Tr [Gllz;‘“(x’,x)'ylP+G%,a(x, x’)’ylP,] ,

where x = {0,z,z}, ¥’ = {xh, 0,0}, and Gt , denotes the two-point function of the
defect operators labeled by v, i.e. the Wick contraction of @V and ¢,. The two-point
function can be evaluated explicitly after performing the traces over y-matrices. By
then taking the result for (¢y:9(0,z,z)D, (xﬁ )) and comparing to the right-hand side
of eq. (7.3.118), which can be easily computed from eq. (7.3.112), c; » are fixed
uniquely. A similar analysis can be performed for D; such that egs. (7.3.117a)

and (7.3.117b) become

D, =2na [y 1 P-p—a] —271(1 — &) [P, 71P-1-a] , (7.3.120a)
D: = —2nta [, v1Prprya] +21(1 — ) [, 11 Prpa] - (7.3.120b)

Having found D, and D; in the presence of singular modes with ¢ # 0, we can now
proceed with computing their two-point function, which takes the form

(D=(x)D2(0)) = 4m*a*(1 — ) Tr [Gli_,z(ofx||)’)’1P+G113,—;“(xH/O)7le} 73120
+ 472 (1— @)% Tr [ GLL(0, %) )71 Py Gy (x), 0) 71 P- - -

The y-matrix traces can again be performed easily with Clifford algebra identities, and
one is left with derivatives of the scalar propagator along the defect. Taking the defect
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limit, we find

(1= 20)dg + (20 +d = 2))T (§—a) T (§+a—1)sin(ma) 4

22— L%J -1 |x|| |2d*2 !
(7.3.122)
where cpp can be read off using eq. (7.2.63). Setting p = d — 2, one can see that cpp

(Dz(x))D=(0)) =

and i computed in egs. (7.3.122) and (7.3.101), respectively, obey the conjectured
relation (5.5.15).

Finally to compute d{¥ and d{”, we set d = 4 and d = 6, respectively, which gives

df? =3(1—a)a (a(l+a) +2¢(1 —2a)), (7.3.123)

4o — —%(x(l — )2 - a) (2 + ) +3(1 — 20)¢), (7.3.124)

after using egs. (3.4.40) and (6.2.20). Note that d{ > 0 and d{'" < 0, as expected by
unitarity.

7.3.3 Entanglement entropy

In this subsection, we will compute the EE for the free fermion in d = 4 in the presence
of a monodromy defect following the same methods used in section 7.2.3. In fact, most
of the results for the scalar EE can be directly brought to bear. That is, since ¥? = V?
on IR*, the complex scalar and fermion heat kernels are directly related by

1
Kg(s;x, x';a) = EKs(S,’ x, x;a) 1y, (7.3.125)

where the factor of 1/2 arises because we are considering a complex scalar. Thus, we
will proceed with the computation by noting the relevant places where the approach
for the free fermion differs slightly from the free scalar.

We start by partitioning the background into a region A and its complement A. We
take A to be the half-space orthogonal to the defect with the entangling surface 0 A at
T = x! = 0. We will adopt polar coordinates in the (7, x!)-plane as T = r cos ¢ and

x! = rsin ¢. Rotations around the entangling surface are generated by

U(¢) = exp(37073¢)- In these new polar coordinates the fermionic heat kernel takes
the form Kg = %U(cp)K s. Note that now the heat kernel is anti-periodic around the
entangling surface i.e. Kg(s; x(¢ +27),x";a) = —Kg(s; x(¢), x’; «). Placing the system
on the cone, the asymptotic expansion of the fermion heat kernel is modified as
compared to the asymptotic expansion of the scalar heat kernel due to this

anti-periodicity. The heat kernel for the Dirac fermion in the presence of the conical
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singularity has been found in [333] (see also [334]) and it reads

—A
Kgn(s;x,x';a) :KF(s;x,x’;tx)—i—i/ dw cscw (PLZ
r

. /.
8n 5, H(W)Ks(s;x(w), x5 a),

(7.3.126)

where Ap = ¢’ — ¢. The contour T is the same as in the scalar heat kernel as discussed
below eq. (4.3.27).

In order to proceed, we will need to compute the trace

LZ % B 27tn
TrKg ,(s; x,x"; ) = m/o dg”;e Cl|m_a|(§)/0 d¢ TrU(¢)

2
i TrU(w) 5 B
" 32n/rd“’72g/0 dZ ) e T (0)-
2 m

s W o
s " s

(7.3.127)

From the form of U(w) above, Tr U(w) = 4cos (). The contour integral then

evaluates to

: 2
i WY oo Y 2@ 11
- /rdw cos (2 ) CSC o OS¢ o = o (7.3.128)

Plugging this into eq. (7.3.127), we thus need to compute

2
L2sin(nt) n2—-1\ [% i
TeKe o (s: %, x's ) — / (] . 7.3.12
r F,n(S,X,X /0‘) < 2125 =+ 121 ) 0 dg;e \m—a\(g) (7.3.129)

All of these sums and integrals were already encountered in eq. (7.2.80), and so the
rest of the computation of the fermion EE mirrors exactly the scalar computation.
From eq. (7.3.90), we see that the contribution of a single Dirac fermion with
monodromy « to the defect EE contains terms coming from the regular modes and the
two divergent n = 0 modes coupled with (1 — &) and . The result is

>4+ (1-20), L

Sdef = 4 < log —+0(1), (7.3.130)

where ... contain the non-universal terms. From egs. (7.3.103) and (7.3.113), we find
(a$® +d5?/3) = a® 4 (1 — 2a)¢. This is precisely 6 times the coefficient of the log-term
in eq. (7.3.130), again in agreement with eq. (7.2.69). Note that the defect EE did not
rely on any integration in parameter space and so confirms that the constant of
integration c(¢) = ¢ in eq. (7.3.113).

When d = 6, we can use our results in eq. (7.3.114) and (7.3.104) to make a prediction
for the EE via eq. (6.2.45). Indeed, we find for a monodromy defect in a theory of free
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Dirac fermions in d = 6,

2
- go (16 - 50%) + = (208° — 3042 — 120+ 11) | . (7.3.131)

def _
SA ’log% - 90

7.4 Defect RG flows

The singular modes encountered in sections 7.2 and 7.3 allow one to consider
deformations by relevant defect operators, triggering a defect RG flow. We study these
flows for the scalar and fermion in turn, and provide evidence for the existence of an
IR fixed point which we characterise.

7.4.1 Scalar monodromy flows

Let us begin with the monodromy defect in the free scalar theory introduced in
section 7.2. As discussed there, only two singular modes are allowed to appear in the
¢ defect OPE: O_, and O;_,. Here, we consider the case where only the operator O,
is present (i.e. ¢ = 0 and ¢ # 0), and we show that the IR fixed point corresponds to
the DCFT with & = & = 0. The other case will be completely analogous, and the IR
fixed point is again the DCFT with ¢ = ¢ = 0. Switching on both ¢ and ¢ would not
make any conceptual difference in this derivation.

Using the singular mode O_, (x|) we can construct the relevant quadratic

deformation!®

)\/ddi%(fu @:a(x”)@:(x”) . (7.4.132)

Here, A is a relevant parameter with mass dimension 2a. In terms of a dimensionless
coupling A and an UV energy scale A, A = AA%*. Notice that this deformation is
present only for ¢ # 0. We would like to analyse the IR fixed point of the defect RG
flow triggered by this deformation. Thus, we compute the correlator

<<P(x)(P+(x')6‘Af "y @a(y)@+a(y|)>

A <e—/\f d' %y, @a(y)©+a(y)>

) (7.4.133)

where without loss of generality we set x = {x|, p, 0} and by normal rotational and

defect translational symmetries x’ = {0, 0/, 0}. Expanding the exponential, performing

13Note that there exist other more general relevant deformations which are not quadratic. We will
comment more on these operators in the discussion section 8.4.
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the Wick contractions and the combinatorics we get
(p)e*(x)) = (px)9*(x))

A
FY A [TTd 2y,
— i=1

n=1

(p)O . (1)) (" (O uyuy) )

71 _n_ 7
1Y) — Y|t
(7.4.134)

where the denominator comes from the defect propagator <(’) o« (k| )O N )>
eq. (7.2.29), the propagator (¢(x)¢'(x')) is eq. (7.2.26) evaluated at ¢ = 0, and the
bulk-to-defect propagator is

(C:a)1/2eia6

PR (p% + (x) —yp )?) 1

<¢(X)@:(y1,u)> = , (7.4.135)

with c_, given in eq. (7.2.28a).

In order to resum eq. (7.4.134), it is useful to Fourier transform to momentum space in

the directions along the defect. Consider the following Fourier representation

S / d zk” (kp)k etk (7.4.136)
(2 + )1~ T ' -

where we slightly abuse notation by writing k = [k| = 1/ %k.k; to avoid any further
cluttering of equations, and the function f(kp) is given by

o) — 2o [ gi-2 LR - a1 T i3
flkp) = / x'(p2+x2’|)31“_r(§—1—a)( 0)*Kq(kp), (7.4.137)

with K, () denoting the modified Bessel function of the second kind. Inserting this
into eq. (7.4.134) we get
<wm¢uv (px)p*(x)) + (7.4138)
- 1u¢9 dd 2k

)™
2 /TIﬂzzuF[ e £ hap) (O F (e i),

where it is understood that xy | = x| and x,,,; | = 0. The integration over the n
positions x; | gives n delta functions which we use to perform 7 momentum
integrations. Finally, we perform the sum over n leading to

AUk e M flk) f(R)
<<P(p+>A: <<P<p+>_/ o K| H1+Af( T Tt (e 0 (7.4139)
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where for brevity we have suppressed the coordinate dependence in the correlation

functions and .
4% 1T (a)

£(0) 1) (7.4.140)

The integral in eq. (7.4.139) must be cut off to include only momenta below the UV
scale A. To probe the IR, we expand the integrand for momenta k < A and keep only

the leading term,

T2

é¥sinma [ A7k
<4’"’+>IR = (99") ¢ / ) LRI, (kp) K (o) (7.4.141)
The integral can be performed and the final result is

r(4-1-a r(4-1+a
<(P€D+>IR B <§D(P+> a 6471%21" (1— 13) Faal8) + 6471%21" (1+ 2) Far ~al1:)
(7.4.142)

with the defect blocks defined in eq. (7.2.25).14 The two-point function thus exhibits
conformal behaviour at large distances. Had we kept the subleading terms in the
expansion of eq. (7.4.139), we would have obtained corrections that are suppressed by
an additional factor of (pA) 2" at large distances. Comparing this result with the
propagator eq. (7.2.26) and the coefficients eq. (7.2.28a), one easily sees that the last
two terms on the right-hand side of eq. (7.4.142) precisely cancel the implicit ¢
dependence of the first term, leaving only the F A —a block with the coefficient
expected for a ¢ = 0 monodromy defect. In particular, starting with a § = 1 defect in
the UV, the second term on the right-hand side removes the block corresponding to
O_, while the last term adds in a new block for @J_r,x. This suggests that starting with
any value of ¢ in the UV, the RG flow triggered by the relevant deformation in
eq. (7.4.132) leads to the ¢ = 0 defect in the IR.

The arguments presented above were rather heuristic as they do not involve a
thorough RG analysis. We will present further evidence for our claimed IR structure of
the defect shortly. Let us first briefly consider the implications of such a defect RG
flow in d = 4. Starting in the UV with arbitrary ¢ € [0, 1] and comparing to the IR with
¢ = 0, one can see that ag”, as given in eq. (7.2.54), satisfies ag7,, > ag’y; for any
starting value of ¢. The inequality is saturated only for the trivial case of ¢ = 0 in the
UV. Thus, this flow obeys the defect c-theorem of ref. [55]. Similarly, looking at the
behaviour of ag” in eq. (7.2.55) when d = 6 under this flow, we see that a3y, > ag';
for all values of ¢ € [0, 1], consistent with the defect c-theorem of ref. [57]. In arbitrary
d, the RG flows for monodromy defects in free scalar CFTs can be analogously studied
on the boundary 9! of H?~! x S! as in [322] where a general defect c-theorem [156]

was verified.

l4Gince the modified Bessel function K, falls off exponentially at large arguments, one makes only an
exponentially small mistake by extending the integral beyond the cut-off to infinity.
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Having passed the checks of various c-theorems across dimensions, we present as
further evidence numerical results for the variation of the one-point function
A{lol*) = (l9l*), — (l¢[*),_, induced by the relevant quadratic perturbation. This
requires the coincident limit of the propagator eq. (7.4.139). For simplicity, let us

restrict our attention to d = 4, where

2 142« g +oo g p21x A
A{|gl?) = / ——2 K, ()Ka(0). 7.4.14
<‘(P’ > €2a +P2“/\f( ) (g) “(g) ( 3)
We notice that the deformation correctly goes to zero at short distances, p — 0, and it
saturates to a constant value in the IR, p > 1/A, or p)&ﬁ > 1. In the IR limit, the
integral can be solved analytically to give

N
Alol*) — Py (7.4.144)
which is exactly the difference between the one-point functions in eq. (7.2.39) with the
values at ¢ = 0 and ¢.

For generic values of p)\ﬁ the integral must be solved numerically. In figure 7.2 we
show the behaviour of
21012, — 22 {19y = 0?A (|02 + 25 7.4.145
p*l9l) =" (lol ) e = B (l01) + 5 (74.145)
for different values of ¢. In the UV regime p)\i < 1 the curves depend on ¢ but they

all reduce to zero in the IR limit p)xﬁ > 1. This is again consistent with having an IR

fixed point corresponding to ¢ = 0.

Another perspective on the defect RG flow is provided by studying the two-point
function of defect operators. Since the relevant deformation is quadratic in O_,,
Wick’s theorem and orthogonality imply that only correlation functions involving
O_, can be non-trivially affected. Consider the two-point function of O_,. A similar

computation as above gives

(O (5O (3 )a = (O~u (¥ OTa(x]))
d? 2k e e (7.4.146)
_/\fZ(o)/ (zﬂ)d_lz — Af(o)k*%ée k(=)

Expanding the integrand for k < A, one finds

N M- 1 1
(O (x)O-a(x¥) )2 & 55 e (7.4.147)

to leading order, where the proportionality factor is a strictly positive function of a for
values in the allowed range. The higher order terms are suppressed by additional
factors of (|x| — xh |A)~2*. Thus, the two-point function at large distances again
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P2l = p* (lel*)e_y
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FIGURE 7.2: The quantity p? (|¢[?) = 02 (|o[?) ¢—o @s a function of the dimensionless

quantity p/\ﬁ for d = 4, « = 0.75, and different values of ¢. While in the UV the
quantity depends on ¢, in the IR limit all the curves go to zero.

exhibits conformal behaviour, however, the defect operator’s scaling dimension
changes from A_, in the UV to AJ:,X in the IR. This suggests that O_, acquires a large

anomalous dimension, effectively turning into oF . at large distances.'®

One can check this expectation in the regime where « < 1 and A < 1 using conformal
perturbation theory. The leading order beta function can be obtained by the standard
methods used in bulk CFTs (see e.g. refs. [35,335])

41

oA . -
Br = Asy = —2uk+ r(dzl)cgiqﬁ L O(N,a2), (7.4.148)
J_

where Cgi 0, is the OPE coefficient of the composite operator O, = 0_,0_, with

itself. We can find this OPE coefficient by using the Wick contractions of O_, inside

15Ref. [5] observed very similar behaviour for boundary RG flows in free BCFTs. The BCFTs studied
there include an ordinary massless free scalar field ¢ with Neumann boundary conditions 9, ¢|; = 0.
Here, 0, is a derivative along the direction normal to the boundary, and |; denotes the restriction of an
operator to the boundary. This BCFT allows for a boundary relevant quadratic deformation c [, ¢?, where
¢ = CA is a relevant coupling and ¢ is dimensionless. The two-point function (¢(0, X| )9(0, xm )) at large

separations | x| — xﬁ |A > 1is again conformal to leading order, scaling like cfz\xH - xﬁ |~?. The boundary

scalar ¢|y, which has scaling dimension A = % in the UV, behaves as if it had A = % at large distances.

This is precisely the scaling dimension of 9, ¢|y, which was set to zero by the boundary conditions in
the UV. This is consistent with the IR fixed point being described by a free massless scalar with Dirichlet
boundary conditions. Under the boundary RG flow, ¢|y is removed from the spectrum while 9, ¢|; is
added in the IR.
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O,, which gives Cgi 0, = 2. Inserting this value for the OPE coefficient gives the

perturbative beta function

I 72 32 33 2
Br= —20d+2—— <A+ O(X, o). (7.4.149)
r(4-1)
This beta function admits a fixed point
|
A= fxy +0O(?). (7.4.150)
21

Since C(’?QOA > 0, the location of the fixed point only receives corrections at O(a?) from
the (’)(7\23) terms of the beta function. We expect this fixed point to persist for the
entire permissible range of a. A full all-orders computation of the beta function,
however, lies beyond the scope of this thesis. Such a computation together with a full
RG analysis is essential to rigorously establish the existence of an IR fixed point. We

leave this important computation for future investigation.

Using the first non-trivial contribution to the beta function eq. (7.4.149), one obtains

the anomalous dimension of O,,

a -
i = 27;:a _ %1 = +2a, (7.4.151)

where the anomalous dimension is defined as the deviation from the « = 0 point.
Thus, the scaling dimension of O_, becomes that of (?)J_r“ at the fixed point A", This is
effectively equivalent to the operator O_, not existing at the IR fixed point. Note that
these results were derived in conformal perturbation theory to leading order in «, yet
our discussion around eq. (7.4.142) suggests that the beta function and anomalous
dimension are exact. This one-loop exactness is reminiscent of SUSY theories.

7.4.2 Fermion monodromy flows

In this subsection, we consider the defect RG flow on a monodromy defect in a theory
of free Dirac fermions. In this case, we can construct two separate defect operators:

O = @ﬂxfbia with dimension A =d —1 —2x and O, = iaﬁ]a of dimension

A =d—3+2x Here, §_, =limy 09, p*/+/Eand P, = lim, 0 ¢ p'7*//T— ¢ are
the defect operators associated to the divergent components of the modes _, and 1,
defined in eq. (7.3.89). The operator O_, is relevant when a > 1/2, while O, is

relevant for « < 1/2, and both are marginal ata = 1/2.

The goal is then to show that, for &« > 1/2, O_, triggers an RG flow toward a defect
theory with ¢ = 1, while, fora < 1/2, O, triggers a flow to ¢ = 0. In the following we
will focuson 1/2 < & < Tand 0 < ¢ < 1, and consider a flow triggered by O _,. We
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repeat some of the analysis performed above for the RG flow in the scalar theory to
obtain the corresponding deformed propagator. Finally, we will argue that at large
distances the fermion propagator corresponds to ¢ = 1. The other case follows

completely analogously.

To study the desired defect RG flow, we need to compute

) <¢(x)¢(x/)g?\fdd‘2w %ﬁua>

Géﬁ,g(x, )= (p)p)), = <eA T ¢¢> , (7.4.152)

where again without loss of generality we take x = {x, p, 0} and by symmetry
transformations set x’ = {0, o’,0}. Ultimately, we want to obtain the variation of the
propagator AGI(:)‘) (x,x') = Gl(:f;),g(x, x') — GI(F(,)oz,g(x' x"). By following the same steps as
in the scalar case, we find

Grg (x,%) = ($(x)P(x)) + 1 )\”/‘ d" 2y <1P(x)¢_a(x1,\|)> X
=1 = (7.4.153)

2

n—1 R B
X H <ll)ﬂx(xk,H)lP ka I > <l,b xn I l[)(x/)> .

As in the previous section, we need both the defect-defect propagator and the
bulk-defect propagator. These can be found by taking the defect limit of the fermion
propagator eq. (7.3.90). First of all, we observe that a mode of the scalar propagator
labelled by v may be written in the following form

d—2

di %k,
G (x,x') = / 2 n)d”l eMIMK, (kp) L, (ko'),  p>p >0, (7.4.154)

and the normalisation for the m = 0 and m = 1 modes adopted in eq. (7.2.21) is
understood. The above integral follows straightforwardly from performing the
ko-integral in equation eq. (C.2.22).

The defect-defect propagator can be found by first taking the coincident limit in the

orthogonal directions and then extracting the singular term proportional to p~2* in the
defect limit. Taking this ordered pair of limits gives
2 = 22 0() 1Ak o
(300 0) =~ | i arsy
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The bulk-defect propagator can be similarly obtained by extracting the term in the
propagator eq. (7.3.90) which diverges as p’~* in the p’ — 0 limit. The result is

M — d—2 . .
(p00-a0) =545 s e

(7.4.156)
x { [ikay" Ko (kp) P-] + kK1 (kp) o' (P — P-) }

By plugging eqs. (7.4.155) and (7.4.156) into eq. (7.4.153), and following the same steps
as in the scalar case, we find

20 (1 ddfzk . . k2w
() _ 21 =9) L ikyxy i 1—a)o
AGE (x,x') = T 41— a)zA/ 2r)i2°¢ ei(a) 1 G STy R

x ([ika’y”K,,x (ko) P_] — kKi_q (kp) 71P,) (1— Ck 2 Aik,y") x

% ([=ikar"K—a (ko) P-] = kK1 o (k') 7'P1)
(7.4.157)

where C = 22T («) /(27T (1 — &)). The contribution of eq. (7.4.157) to the fermion
propagator corresponds to a non-conformal defect where the scale invariance of the

defect is broken by the dimensionful coupling A.

We will now provide some evidence that the IR fixed point corresponds to ¢ = 1. A
complete justification of this claim involves a full computation of the beta function,
which is beyond the scope of this thesis. Instead, we will show that to leading order at
large distances the propagator corresponds to a conformal monodromy defect with

¢ = 1. Namely, we need to prove that

AGR(x,x') = Gra1(x,x') — Graz(x,x'), (7.4.158)

where the left-hand side is defined by expanding the integrand of eq. (7.4.157) for
k < A to leading order. Indeed, the left-hand side reads

. d-2
AG%:R(X, x/) — (1 — 67—)[2511’1 Tt / (27-[);{“2 eikH'xHei(%_“)GX

X { [ikafy“K,,x (kp) K_s (kp') — kKl_a(kp)K,a(kp’)'yl} P
— [1ka7"K1—a (ko) Kia (o) = kKo (kp)Ki—a (ko) P+}.
(7.4.159)

At this point, it is straightforward to check that eq. (7.4.158) holds by computing the
difference Gg 4,1 — Gp g ¢ directly from eq. (7.3.90). In the difference, only the modes
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n = 0,1 contribute and we are left with

i - A"k o
GF,tx,l (x’ x/) o GF,a,C('xl x/) :Slnmt—c(zlg)lp { / (27T)d”2 elkH.xHEI(%_a)QX

< [Kaoakp) Koo (k)P ~ Ka(K)Ku (ke )P |,
(7.4.160)

which gives exactly eq. (7.4.159) after performing the derivative I?, thus proving
eq. (7.4.158).

As a consistency check, we compute the change in the expectation value of the current
(Jo) from the propagator eq. (7.4.157) at a generic value of A

i,
A(J'(0)) = = limTe [8GL o+ )7 (7.4.161)

%

where all other coordinate dependence in AGy / ér(x, x') is suppressed as we set all but
p to 0. As in the case of computing A (|¢|?) for the scalar RG flow above, we restrict
our attention to d = 4 where most of the contributions vanish, and we are left to

compute the following integral

2204—0—1 1— C 400 4—4n
A <]9(P>> = 47'L'3I12((1—(:;))p4/0 dé p24a)\52 I C2,4aC2K—IX (€>K170((§)1 (74162)

whose IR limit p)\m%l — 400 gives

A <]9(p)> _(1=90-wal (7.4.163)

2 o

As expected, this is exactly the difference Aa; = a;(§ = 1) — a;(¢). Here, aj is the
coefficient of the one-point function of the current found in eq. (7.3.112), which in
d =4 reduces to a; = (« — 1)a(a — 3¢ +1)/(372).

For generic values of p/\m%l we need to solve the integral numerically. In figure 7.3 we
show the quantity

o <IG>C _ <]9>€:1 oA <]9> C(1-90-wa (7.4.164)

7-[2

as a function of p)w%l for different values of {. In the UV regime p)w%l — 0 the
curves depend on ¢ while they all go to zero in the IR limit p)\ﬁ — 400, suggesting
that the IR of all those cases corresponds to § = 1.

Let us briefly take note of how a{" and a{” behave under defect RG flows. From

egs. (7.3.113) and (7.3.114), we find that for any UV value ¢ # 1 the A-type defect

central charges satisfy al7,, > af; and afl, > 4}z, where in both cases the IR has
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FIGURE 7.3: The quantity p* <]9>€ —po* <]9>é,‘ | as a function of p)\zﬂ%1 ford =4,a =

¢ = 1. Thus the defect c-theorems of refs. [55,57] are obeyed. Further, when

0 < a < 1/2, the relevant operator O, drives the flow. Following the same
computations as above, one finds a conformal defect with ¢ = 0 at the IR fixed point.
Again for any UV value of ¢ # 0 flowing to { = 0, the defect RG flow obeys the defect

c-theorems.

We conclude this section with a comment on the limit « — 1/2, where both relevant
deformations O _, and O, become marginal. The marginal case can be studied directly
starting from eq. (7.4.157) for the deformation by O_; /,. The result is a well-defined
propagator without any scale, for any value of A. By a direct computation, it is not
difficult to check that for « = 1/2, the perturbation does not affect the one-point
function of the stress-tensor leading to the same value of / for any value of A, while
the A-type defect central charge is obviously invariant since the defect deformation is
marginal. In addition, we observe that the coefficients / in eq. (7.3.102), a£™ in

egs. (7.3.113) and (7.3.114), and cpp in eq. (7.3.122) are in fact independent of ¢
precisely at « = 1/2. A similar discussion applies to the deformation by O 5.

7.5 Discussion

In this chapter, we presented an extensive study of the behaviour of monodromy
defects in d-dimensional free CFTs. In particular, we studied a monodromy defect in
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the theories of a complex free scalar and a free Dirac fermion. By utilising the analytic
methods available in free field theories, we computed various important correlation
functions of the stress tensor, conserved U(1) currents, and the displacement operator.
When d = 4 and d = 6, these correlation functions are related to the Weyl anomaly
coefficients of a p = 2 and p = 4 DCFT, respectively, which we then extracted. Further,
we leveraged heat kernel methods to compute the universal part of the defect EE in

d = 4. In doing so, we provided an explicit check on the A-type and one of the B-type
defect central charges.

By considering the mode expansions of the ambient fields in the presence of the
defect, we showed that certain modes are allowed which are mildly singular at the
location of the defect. For the scalar, these are parametrised by ¢, (Z" € [0, 1] whereas
the fermion just allows for a single parameter ¢ € [0,1]. By matching the mode
expansions with the defect OPE, we identified the singular modes with certain defect
operators that had previously been discussed in refs. [155,288,322]. ¢ (and &) descend
to parameters whose existence in the defect OPE had been argued for from an abstract
DCFT point of view. The correlation functions that we computed are functions of the
monodromy parameter a € (0,1), and & (and ¢). Intriguingly, the A-type defect
central charges a5” and ay” depend on ¢ (and ¢), suggesting that they cannot be
associated with defect marginal couplings. Rather, they may be related to a

combination of defect relevant or bulk marginal parameters [168, 169].

Beyond characterising defects through their central charges, we also investigated their
behaviour under defect RG flows. In particular, the defect operators corresponding to
the mildly singular modes can be used to build relevant quadratic deformations that
trigger defect RG flows. In the case of scalar monodromy defects, we presented
evidence that no matter what the values of ¢ and & are in the UV, the IR fixed point of
the defect flow is always a DCFT with & = ¢ = 0. Thus, the IR theory only retains the

regular modes.

For the case of monodromy defects in the free fermion CFT, the IR values of ¢ depend
ona € (0,1). In the fermionic theory, there are always two paired singular modes ¢,
and 1, characterised by a O(p~*) and O(p*~!) behaviour as p — 0 respectively. When
0 < a < 3, the flow to the putative IR fixed point takes ¢ — 0, i.e. the mode 1,
disappears from the spectrum, whereas for 1 < a < 1, the theory flows to a DCFT
with ¢ = 1, i.e. the one without ¢_,. Similarly to the scalar case, the IR theory always
retains the least singular mode. Both scalar and fermion defect RG flows obey the
c-theorems of refs. [55,57].

If the flux is set to & = 3, the fermionic defect allows for two exactly marginal
deformations. This is a rather interesting feature as non-trivial conformal manifolds
without SUSY are not common. We leave a more extensive study of this manifold for
future work.
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Although in this work we only considered quadratic relevant deformations, this is not
the only possibility. For instance, in the scalar theory it is possible to construct more
general operators of the type (@:a@:J ! where n > 11is an integer. A
straightforward dimensional counting shows that these operators are relevant
provided a > %. Thus, we find non-quadratic relevant deformations if

2 < d < 6. Interestingly, when d = 3 or d = 4 one can always restrict the range of «
such that the operator is relevant for any n > 1. In the fermionic case instead we find
non-quadratic relevant deformations only if 2 < d < 4. This kind of operators may
provide a dynamical mechanism for having non-trivial interacting fixed points with

¢ # 0,1. We leave a systematic study of such flows to future work.
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Chapter 8

Central Charges of 2d
Superconformal Defects

This chapter is based on ref. [3], which I co-authored. In chapter 6, we derived
universal results about defect central charges of a large class of defects. In chapter 7,
we then computed correlation functions and defect central charges in non-trivial
examples. We used our results from chapter 6 and exact techniques available in free
tield CFTs. In this chapter, we are interested in interacting CFTs, for which defect
central charges are hard to compute. Prior to our work in ref. [3], they had only been
computed in holographic CFTs [50,71-73,295,336-344], which a priori are only valid at
large N.

In this chapter, we will develop exact methods for the computation of defect central
charges, without any limits or approximations. To make the problem tractable, we
impose SUSY in addition to conformal symmetry, which provides us with tools to
compute certain observables exactly. In particular, we will make use of SUSY
localisation which was reviewed in section 5.2. This allows us to compute partition
functions on backgrounds of the type S¢ and S' x 5%~1. We will then argue how to
extract defect central charges from these partition functions. Since our methods don’t
rely on any approximations, our answers are exact and non-perturbative. Along the

way, we illustrate our methods with numerous examples.

In section 8.1, we review key facts about certain 2d superconformal defects of SCFTs,
which were introduced in section 5.5. In section 8.2 we demonstrate that the A-type
central charge of a p = even dimensional defect can be obtained from the localised
partition function on %, with the defect wrapping an equatorial SP.! In section 8.3 we
argue that a linear combination of B-type central charges can be extracted from

localised partition functions on Sk x S%~! with the defect wrapping Sk x SP~!, where

My main contribution was to demonstrate how the A-type defect central charge can be extracted, and
its explicit computation in many examples.
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R is the radius of the circle. When p = 2, we can identify the defect central charge
obtained this way. Whenever our results overlap with computations in holographic
CFTs, we find exact agreement with our results, demonstrating that the holographic
computations are not merely large-N approximations. In section 8.4 we conclude with
a summary, and discuss possible directions for future research. In appendix D.1, we

collect some technical results that we will need along the way.

8.1 Review: 2d superconformal defects

8.1.1 2d Levi type-L defects

In section 3.2, we presented a broad partitioning of defects as order- or disorder-type.
The latter are constructed by prescribing boundary, or singularity conditions, on
ambient fields. In section 5.5, we briefly introduced a SUSY example of a
disorder-type defect in 4d N' = 4 SYM theory, which was constructed by

refs. [293,345], and is often called a Gukov-Witten defect.

Consider N = 4 SYM theory on M, = R* with coordinates {x#} (4 = 1,...,4),and a
3-BPS surface operator supported on ¥, = R? with coordinates {x!, x?}. Let us write
the coordinates on the normal bundle NX = C as x* + ix* = z = pe?. To define the
surface defect, one needs to prescribe a singularity in the normal component of the
gauge field A and one of the complex scalars in the adjoint N = 2 hypermultiplet ¢.
In preserving 2d N = (4,4) SUSY along ¥, A and ¢ have to satisfy a set of simple
BPS conditions that take the form of Hitchin’s equations (after a GL

twist) [17,293,346]. The leading singular behaviour of the BPS solutions that

additionally preserve defect conformal symmetry is given by

A — adf, P — %Z(ﬁ +1i7) (8.1.1)

for constants («, B, 7). Relaxing the constraint that the defect preserves conformal
symmetry would allow for non-trivial dependence on the radial coordinate p.2 Note
that this defect is very similar to the monodromy defect studied in chapter 7, however,
for the Gukov-Witten defect, the gauge field is dynamical.

If the ambient 4d theory has only N = 2 SUSY rather than N = 4, one constructs a
1-BPS surface defect by prescribing a singularity in the 4d gauge field only. In these
cases the BPS conditions do not allow for a singularity in any scalar fields, so no
analogue of 8 or 1y exists—those are special to N' = 4 SYM theory.

2Due to the simple pole in ¢, such a defect is often called “tame”. By allowing for a higher-order
singularities, one can construct “wild” surface operators [347], which we will not consider here.
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The data («, B, 7v) describing the %-BPS defect are valued in the Cartan subalgebra t
corresponding to the maximal torus T of the gauge group G. Thus, quantisation of the
2d-4d system requires the preserved gauge symmetry consistent with solving the BPS
equations to be a subgroup of G containing T, called the Levi subgroup I. C G. There
are a number of ways to construct IL, and choosing a particular I. C G is part of
defining the defect. For this reason we refer to these defects as Levi type-IL defects
here. Unless otherwise specified, we will only consider G = U(N) or SU(N) and Levi
subgroups of the form L. = S [H?jll U(Ni)] with the constraint that Y7 *! N; = N.

There are two types of 2d Levi type-IL defects commonly encountered in the literature
that are given special names and will be considered below. For gauge group

G = SU(N),if L = S[U(N — 1) x U(1)] then the surface defect is called simple, and if
L =T = U(1)N~! then the surface defect is called full.

Lastly, in addition to IL and (&, B, ), one can turn on a quantum 2d theta angle
parameter, 77, along the defect for each U(1) factor in T. The importance of # can be
seen in studying the behaviour of Levi type-IL defects under dualities. Under
electromagnetic duality, « and 7 are exchanged, and so for a generic 2d N = (4,4)
superconformal defect in 4d N = 4 SYM theory, specifying (L; &, B, 1y, ) completely
describes the defect. The parameters (B, ) are together valued in the L-invariant part
of t, while « is valued in the IL-invariant part of T and 7 is valued in the 'IL-invariant
part of the maximal torus LT of the Langlands dual LG of G. All of the parameters
grouped together transform in the part of (T x t* x T invariant under the Weyl
group of L [293, 345].

Unless otherwise stated, the Levi type-IL surface defect examples considered below
will have B = o = 0. This is particularly relevant for the computation of SCIs for

N > (2,2) defects. The parameter  + iy being non-zero is generally incompatible
with the necessary symmetries for computing the defect index. In particular, non-zero
B and/or 7y breaks rotational symmetry in the plane normal to X,.

Having set the basis to describe Levi type-IL defects, it is useful to understand the
physical meaning of the parameters («, 8, 7, 17). 2d N = (4, 4) superconformal
defects defined by eq. (8.1.1) are elements of the moduli space of singular solutions to
Hitchin’s equations, M. As mentioned, the 7 parameter is a 2d theta angle, but the
other “classical” parameters (&, B, v) encode geometric information about My. My is
constructed by a hyper-Kahler quotient [348], and as such there are both complex
structure — one of three labelled I, |, K — and Kéhler parameters that describe the
local geometry. By making a choice of which parameters go into the solution for ¢ in
eg. (8.1.1), we are in effect picking a complex structure, while the parameter
controlling the singular behaviour of the 4d gauge field A is the Kédhler parameter. In
ref. [293], the combination 8 + iy was identified with complex structure I, and in this

complex structure a was the Kédhler parameter. Cyclicly permuting the roles of the
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PN s ,?=

AN

/ 1 / \

FIGURE 8.1: Linear quiver diagram corresponding to a 2d ' = (2,2) GLSM. Its
field content consists of U(K;) 2d vector multiplets for i = 1,...,n, N fundamental
¢fnd and N anti-fundamental ¢ chiral multiplets coupled to the U(K,) vector,
one chiral multiplet ¢‘l’(‘§ 41 in the bifundamental representation of (K;,Ki;1), and one

l(ji‘fﬂ)i in the bifundamental representation (K;, K; 1) foreach1 <i <
n — 1. Additionally, depending on the particular details of the 2d N' = (2,2) gauge
theory, there can be one adjoint chiral X; of U(K;) for each node. This quiver diagram
can be used to construct a surface operator whenever the 4d A = 2 gauge theory has

atleast an S[U(N) x U(N)] flavour or gauge symmetry group.

AN

chiral multiplet

parameters, one may identify v + ix and « + i with complex structures | and K with
Kéhler parameters  and <y, respectively.

8.1.2 2d defects from 2d QFTs

An order-type defect is engineered by adding DOF on the support of the defect, and
coupling them to the ambient fields. We will consider cases where the latter are a
GLSM or a NLSM, which we introduced in section 5.1. The 4d and 2d DOF can be
coupled in various ways, e.g. by superpotential couplings and/or by gauging a
shared symmetry group [293,298, 345,349, 350].

In the present chapter we consider 4d SCFTs that enjoy at least NV > 2 SUSY. To
engineer a %-BPS surface defect, consider the GLSM with N’ > (2,2) SUSY and gauge
group Gyq described by the quiver in figure 8.1. The ith circular node denotes a 2d
gauge multiplet with gauge group U(K;), the directed edges connecting the i and

(i + 1) node represent chiral multiplets in the bifundamental representation

(K;, Kis1) or (K;, Ky 1) of U(K;) x U(K;11) — depending on the direction of the
arrow. We collectively denote the fields in the bifundamental by 4)5’{1 1) and qb?;fH)i,
respectively. The dashed directed edges starting and ending on the same node are
adjoint chiral multiplets X;. In what follows our quivers will always have the
bifundamental fields, but may or may not have the adjoint chirals, depending on the
type of defect we wish to study. For each gauge node, we may also turn on an FI
parameter and a 2d theta angle for its U(1) factor. The square nodes on the left
indicate the number of flavours of the (anti-)fundamental chiral multiplets under the
U(K,) gauge group. We denote these fundamental and anti-fundamental chiral

~ anti-fund

multiplets by ¢;"* and ¢, ", respectively.
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The fields in a chiral multiplet can be given a real (twisted) mass in a SUSY preserving
way, see e.g. ref. [207]. If we set the masses of all matter fields to zero, and provided
that the FI parameters do not run, such a GLSM may flow to an interacting IR fixed
point [351]. To the best of our knowledge, it is unknown whether an IR fixed point
exists for a given such GLSM. However, whenever it does exist, the 2d SCFT has

2d)

central charge c®® given by

(2d)
% — Y"(1—gg)dim R — dim Gy, (8.1.2)
R

where R are the 2d fields’ representations of G4 and gx are their R-charges. The
representation data and dim G,q can be expressed in terms of the ranks of the gauge
groups, K;. We will compute several explicit examples in section 8.2, but important
illustrative examples are the GLSMs engineering 3-BPS surface defects in N = 4
SU(N) SYM. In this case ¢®¥ can be written more usefully in terms of the difference of
adjacent ranks, N; = K; — K;_1, with Ky = 0 and K,,41 = N. In particular, for an

N = (4,4) GLSM,

cCd) n+1
5 =N -} N, (8.1.3)
i=1

a result that we will find again in several different ways in the following.

To obtain a 3-BPS superconformal defect, one couples the ambient theory to a GLSM,
and flows to the IR fixed point, if it exists. Typically, the VEVs of the 4d fields enter as
(twisted) mass parameters in the 2d partition function [350,352,353]. A planar 1-BPS
superconformal defect then breaks the 4d SCA to a subalgebra:

su(2,2)2) — su(1,1]1) @ su(1,1|1) @ u(1) foran N' = 2 SCFT, or for an N' = 4 SCFT,
psu(2,2(4) — psu(1,1]2) & psu(1,1]2) du(1).

An alternative description of a 3-BPS surface defect can be obtained by coupling a 2d
NLSM to the ambient field theory [45,293,345,349]. The NLSM description is obtained
from the GLSM above by a defect RG flow: at a generic point on the Higgs branch of
the moduli space the gauge group is Higgsed, and the 2d vector multiplets become
massive. As the relevant gauge coupling in the GLSM becomes parametrically large,
the massive modes decouple and one obtains the NLSM as an effective theory. The
Higgs branch of the GLSM maps to the target space of the NLSM.

As mentioned in section 3.2, under certain conditions order- and disorder-type defects
are equivalent. One may suspect that integrating out the 2d DOF produces the
delta-function singularities in the 4d fields on the support of the defect. Indeed, this
does turn out to be the case for a -BPS surface defect in 4d V' = 4 SYM theory with
gauge group G [293,345,349]. In order to obtain a Levi type-LL defect from coupling a
GLSM to the ambient theory, the GLSM needs to have N/ = (4,4) SUSY, and global
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symmetry G. Moreover, the Levi subgroup L is captured by the gauge symmetry in
the linear quiver: Consider the linear quiver of figure 8.1 whose gauge group

U(Ky) x ... x U(Ky) is such that K; > K; 1 foralli = 2,...,n. Then, the Levi
subgroup is L = S[H?jll U(Nj;)] where N; = K; — K;_1 with Ky = 0 and K;,;1 = N. The
parameters («, B, v, 1) are encoded in the GLSM as follows. The linear combination
ap +ing (fork =1,...,n 4 1) in the Levi type-IL defect corresponds to the complexified
FI parameters of the GLSM, and the complex structure moduli B + i7y, characterise
the 2d superpotentials.

In the NLSM description, the requirement of V' = (4,4) SUSY and global symmetry G
translate to requiring the target space to be hyper-Kéhler and to admit a G-action. In
terms of the NLSM description, («, B, ¢) are encoded in the moduli of the target
space, whereas 7 is associated with a 2-form B-field on moduli space whose periods
give 77x. For the NLSM to engineer a Levi type-IL defect, the target space must be
T*(G/L), which agrees with the moduli space My of the defect [349]. The complex

dimension of the target space is

n+1
dime T*(G/L) = N*— ) N7, (8.1.4)
i=1

which holds for general values of the parameters («, f, 7, #7). Note that the complex
dimension of the target space agrees with ¢®¥ /3 of the IR fixed point of the associated
N = (4,4) GLSM in eq. (8.1.3).3

In the case of an ambient V' = 2 gauge theory there is a similar but weaker statement.
A 4d N = 2 theory coupled to a 2d GLSM with N = (2,2) SUSY, or NLSM whose
target space admits a Kéhler structure, is IR dual to the N = 2 theory with prescribed
singularities in the gauge field on the support of the defect [354].

8.1.3 2d defects in theories of class S

A large class of NV = 2 SCFTs are the so-called class S theories of ref. [217], which were
introduced in section 5.3. The starting point is the 6d N = (2,0) SCFT of type An_1
on a product manifold My x Cq , where My is a four-manifold and Cq , is a genus-g
Riemann surface with n punctures. A puncture corresponds to a co-dimension two
defect of the 6d N = (2,0) SCFT inserted at a point on the Riemann surface and
wrapping all of 4d space. Each defect carries additional data which determine the
behaviour of the 6d fields near it. In order to preserve SUSY, one needs to mix part of
the R-symmetry with some of the Lorentz generators. This is called a partial

topological twist, or a SUSY twist. See e.g. ref. [355] for a review in the present

3The factor of % comes from the well-known fact that each pair of a real 2d boson and a fermion
contributes 3 to c®9.
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context. In the compactification to the 4d theory, the co-dimension two defects give
rise to hypermultiplets with some flavour symmetry depending on the type of
puncture. E.g. a simple puncture encodes a U(1) flavour symmetry whereas a full
puncture gives an SU(N) flavour symmetry.*

As a result of the SUSY twist, the corresponding partition function is independent of
the size of both M, and C, , (though still dependent on their shape). Thus, one can
shrink either M, or C, , to zero without affecting the value of the partition function on
My x Cg . Taking the area of C , to zero produces a 4d N = 2 SCFT labelled by Con-
These theories have a moduli space of vacua (along which conformal symmetry is
spontaneously broken). The SW curve is identified with an N-sheeted cover of

Cen D T*Cg,y. Class S theories include a large variety of N = 2 SCFTs of varying
complexity, however, we will only discuss the theory of N? free hypermultiplets (from
the compactification on Cp3 with two full punctures and a simple one), SU(N) SQCD
with 2N flavours (from Cy 4 with two full punctures and two simple ones) and N = 4
SYM theory (from C; ). These theories all have Lagrangian descriptions. Thus, when
My = S*, the partition function can be computed exactly via SUSY localisation [23],
which we reviewed in section 5.2. However, the class S construction allows for more
general SCFTs which are inherently strongly coupled and non-Lagrangian. E.g. by
allowing for more general punctures [356-358], one finds the theories of ref. [359] and

many previously unknown SCFTs.

Alternatively, compactifying on My gives rise to a non-SUSY 2d CFT on Cg ,. When
the 6d SCFT is labelled by g¢q = An—1, the resulting 2d CFT on Cq , is Ay 1 Toda
theory. When N = 2, this is just the Liouville CFT [319]. However, when N > 2, Toda
theory has N — 2 holomorphic higher spin currents in addition to the stress tensor,
enlarging the Virasoro algebra to a Wy algebra [360]. The Alday-Gaiotto-Tachikawa
(AGT) correspondence is the statement that the S* partition function of the class S
theory is equivalent to a Toda correlator on Cq ,, [319,360].

Class S theories admit defect operators which descend naturally from the
co-dimension four and two defects of the parent 6d N/ = (2,0) theory, which are
described by representations and nilpotent orbits of geqg = An_1, respectively. The
co-dimension four, or Wilson surface, defects localised at a point on C, ,, were
discussed in detail in ref. [298] and refined in ref. [350]. In the 4d SCFT, they descend
to a surface defect described by the n-node quiver GLSM of figure 8.1 with K; < Kj1,
an adjoint chiral multiplet on every node except the n" one, and non-vanishing
complexified FI parameter only for the n'" node, which corresponds to the position of

the defect on Cg ,. The information encoded in the quiver can be summarised by a

4Note that these flavour symmetry groups arise from a partition of N, which is why the same termi-
nology as for the Levi type-IL defect is used. In the 6d Ax_1 = su(N) SCFT, a (tame) simple puncture
corresponds to fields acquiring a pole with residue determined by the partition [1, N — 1], preserving a
U(1) symmetry. A full puncture corresponds to a pole with residue determined by [1V], which preserves
the full SU(N) symmetry. See e.g. ref. [355] for a pedagogical discussion.
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Young tableau of width n which labels a representation of Ay_1. The length of the j
column is the difference in the ranks of the j and (j — 1)™ node, i.e. K; — Kj_.
Furthermore, the authors of refs. [298,350] show that in the AGT correspondence to
Toda theory on Cq,,, this surface defect corresponds to the insertion of a degenerate
Toda primary labelled by the Young tableau, and whose position on Cg , is specified
by the FI parameter of the n'h node.

In addition to the co-dimension two defects wrapping M, giving rise to the punctures
of Cg,n, one can introduce co-dimension two defects wrapping C, , and a 2d surface in
M. These defects were studied in refs. [361,362]. Since the defect wraps Cq,, it alters
the dictionary of AGT. Indeed, the surface defect in a 4d N/ = 2 SCFT was found to be
described by a Wess-Zumino-Novikov-Witten (WZNW) model on Cq ,, rather than
Toda theory.

In the 4d SCFT, the authors of ref. [293,345,354] proposed a duality between the 2d
defects that arising from the co-dimension two and four defects of the parent 6d SCFT.
More specifically, the duality is a particular type of integral transform between the
partition functions of the Toda and WZNW theories living on Cq , in the two cases. We
will not need any details of this duality except that, like any duality, it is a mapping
between physical observables of the two cases. Of importance to us is the fact that
under the duality the metric on My and the submanifold X are invariant, and the
stress tensor maps to itself. As a result, the Weyl anomaly is invariant under the
duality, and hence the defect central charges are also. We will see that this is indeed
the case in our examples below.

8.1.4 Holographic results

As reviewed in chapter 4, the defect contribution to the EE of a spherical region
centred on a 2d conformal defect in a higher-dimensional CFT includes a logarithmic
term with a universal coefficient given by a linear combination of " and d5”, see

eq. (4.5.45). Furthermore, as discussed in chapter 3, d5® determines the stress tensor’s
one-point function eq. (3.1.13) in the presence of the defect. By calculating this EE and
the stress tensor one-point function holographically, calculations of 4" and d5 have
been performed for Levi type-IL defects in 4d N/ = 4 SU(N) SYM [50,363,364] and for
p = 2 defects in the 6d N = (2,0) Any—1 SCFT [50,73,193,363]. One of our goals is to
reproduce these results using purely field theory means, so let us review them in
detail.

For the Levi type-IL surface defect in 4d N = 4 SU(N) SYM theory, the holographic

results for a3? and d5® are

n+1
as? =3(N*— Y N?), (8.1.5a)
i=1
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n+l 242N "tl
a3 = —3(N? =} NP) - = NilB7 + 77, (8.1.5b)
i=1 i=1

1

where A is the 't Hooft coupling of N' = 4 SYM theory, A = N, g%M.

As discussed in section 5.5, ref. [288] proved that d5¥ = —d{" if transverse rotations
are preserved, so in fact the holographic calculations provide all three defect central
charges when = v = 0. As also mentioned in section 5.5, these defects preserve
enough SUSY that a%” cannot depend on defect or ambient marginal couplings, while
di? and d§? can. The a%” in eq. (8.1.5a) indeed does not depend on defect or ambient
marginal couplings, and in fact depends only on the choice of Levi subgroup IL. On
the other hand, d5¥ manifestly depends on the ambient marginal parameters f; and
7:. It also appears to depend on the ambient marginal coupling A, however this is a
choice of convention, since this dependence can be absorbed into a redefinition of the
scalar ¢ in eq. (8.1.1) [293], or equivalently of B; and 7;.

In fact, this must be possible because of S-duality. Under S-duality, N/A — A/N, so
naively d3¥ appear to change under S-duality. However, as mentioned at the end of
the previous sub-section, Weyl anomaly coefficients are invariant under any duality
that leaves the metric on My and the submanifold ¥ invariant, and maps the stress
tensor to itself. This includes the S-duality of 4d A/ = 4 SYM theory. Indeed, after
accounting for the S-duality transformations of §; and <y; [293], the combination of N,

A, Bi, and 7y; in eq. (8.1.5b) is invariant under the S-duality of N' = 4 SYM theory.

Our first result is simply the observation that 45" from eq. (8.1.5a) agrees exactly with

c® of the GLSM in eq. (8.1.3) that engineers a 2d Levi type-LL defect, and thus also
with the complex dimension of the target space of the NLSM construction, eq. (8.1.4).
Moreover, the expression in eq. (8.1.4) was conjectured to hold for arbitrary values of
the parameters (a, B, v, 17), which strongly suggests that we can uniquely identify
ﬁ;) = dim¢ X with @ and not —@ or @, since the latter depend on ; and vi.2
For the Wilson surface defects in the 6d N' = (2,0) Ay_1 SCFT, we will be able to
clearly distinguish a%? from —d5® since in that case generically a%” # —d5®. A Wilson
surface defect is labelled by a Young tableau corresponding to a representation of
su(N) with highest weight w. The holographic results for %" and d5° for a Wilson
surface are [50,73,193,363]

as? = 24(p, w) + 3(w, w), (8.1.6a)
dy? = —24(p, w) — 6(w, w), (8.1.6b)

SStrictly speaking, we do not know if d(fd) depends on §; and 1; but it is expected to generically depend
on marginal parameters. As we will see, the discussion in the following sections strongly supports the
identification of c® with aZ?.
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where p is the Weyl vector of su(N) and (-, -) denotes the inner product on the dual
space of the Cartan subalgebra given by the inverse of the Killing form. Clearly in
these cases a%? 4+ dy¥ = —3(w, w), so that generically a5? # —d3?. In section 8.3 we
will extract a defect central charge from the SUSY partition function of the 6d

N = (2,0) An—1SCFT on Sk x S° with a Wilson surface along Sk x S!, where R is the
radius of the circle. Since a$” # —d5”, we can unambiguously say that the defect
central charge we obtain is « d5®. However, in this case ref. [288] provided compelling
evidence, though not a rigorous proof, that dgd) = —d(fd>, so the defect central charge
we obtain could in fact be a linear combination of d5” and d{®.

8.2 Partition function on 5*

In this section, we extract defect central charges from partition functions of N >2
SCFTs on My = S* with 1-BPS superconformal defects along an equatorial £, = S2.
The full integrated Weyl anomaly, including the defect contribution eq. (3.4.38), takes
the following form

O IOgZ = / d4x\/§ (a(j\(/il) Ey—c* Wyvpowyv‘og) ow

1672
2471/ dza\f a2 E, —|—d(2d)H}b]1 + 8V W, (8.2.7)

+ e”bnij(gi(lz (RJ‘)U b+d2d)ﬂ H]C)> (5w,

where E; and E; are the Euler densities for M4 and X, respectively, and a(/‘l\fl) and c“¥
are the central charges of the 4d CFT. As explained in section 3.4, when M4 = S* and
the defect wraps an equatorial ¥, = S2, all the B-type terms above vanish. Thus, the
full integrated Weyl anomaly reduces to a linear combination of the A-type anomaly

coefficients a(j\j and a%?,

(2d)

Sulog Z = —4a%) + % . (8.2.8)

In other words, under a global Weyl rescaling 6g,,, = 2g,, of My = st

Z — exp ((—4a'y) +a%?/3) 6w) Z. Hence, we may extract the linear combination of
central charges in eq. (8.2.8) from the transformation of the partition function Z under
a global Weyl re-scaling, and if we know 4y for the 4d CFT, then we can identify a§".

If the DCFT preserves enough SUSY, one can use existing results for Z computed via

@) As reviewed in section 5.2,

SUSY localisation [22,23] to extract novel results for ay,
SUSY localisation is performed on the ()-background, R, ., or by putting the theory
on an S¢ deformed by the ratio of equivariant parameters €,/€1; = b2. The

dimensionless parameter b determines how the sphere is “squashed,” which we



8.2. Partition function on S* 157

denote as S¢. Viewed as a hypersurface in R®, S} is defined by
xg+ (rer)? (x 4+ x3) + (re2)? (x5 + x3) = 12, (8.2.9)

where {x;} withi = 0,...4 are the Euclidean coordinates on R>, and 7 is the equatorial
radius. Note that the mass dimensions of €, are 1, which we denote by [€1,] = 1. In
section 5.2, we took the round sphere limit re; = re; = 1 but since in the literature
results are stated for generic €7 2, we introduce them here. The deformation parameters
€1, break the isometry group of the 4-sphere to U(1) x U(1). An N = 2 theory on this
background preserves an su(1|1) C osp(2|4) SUSY subalgebra of the round S*.

The localised partition function of a 4d N > 2 gauge theory without a defect factorises
into three contributions [23]: a classical part Zjass, a 1-loop part Zj.150p, and an
instanton part Zins. Each of these is parametrised by the VEV of the adjoint scalar

(®) = a which is valued in the Cartan subalgebra t C g. The full partition function is
obtained by integrating with respect to a over b, as in eq. (5.2.3).

We implement global Weyl re-scalings by taking re; = rex = 1 and then re-scaling

r — Ar,in which case the 4d Weyl anomaly implies Zg: — A4l Zgs. The only
contributions to a(f\fl) come from the integration measure da and Z;_1o.p, since the other
factors are Weyl-invariant. More specifically, Z;_jo0p is @ product of one-loop
determinants of Laplacians for fields of different spins. Each such one-loop
determinant is an infinite product of eigenvalues that diverges, and needs to be
regulated. We use zeta-function regularisation, which was introduced in section 4.3.
Crudely speaking, it results in the replacement of each infinite product with special
functions, usually combinations of (higher) Gamma functions, as illustrated in
appendix D.1. From that point of view, the “quantum” contribution to the Weyl
anomaly of Zgs comes from the “anomalous” scaling properties of these special
functions, while the “classical” contribution comes from da. We provide more details

of this in appendix D.1, and we will see explicit examples below.

Now consider a surface defect wrapping ¥, = S2, C S located at x3 = x4 = 0in R®
such that it preserves the U(1) x U(1) isometry. Its embedding into R’ is

x5+ (rey)? (a3 +x3) =12, (8.2.10)

A2d N = (2,2) theory on X, preserves the same su(1|1) C osp(2]|2) SUSY subalgebra
as above. Thus one can introduce couplings between the 2d N = (2,2) theory and the
ambient 4d NV = 2 theory on X, without breaking any further SUSY. To do so, we can
introduce superpotential couplings on X, to couple the 2d and 4d matter multiplets
and/or by gauge a global symmetry on 2, and identify it with an ambient 4d
global/gauge symmetry [298,350].
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Some of the examples of 2d superconformal defects considered below are constructed
from 2d N = (2,2) GLSMs in the UV before flowing to the putative IR
superconformal fixed point. As reviewed in section 5.2, the S? partition function of a
purely 2d GLSM, Z, can also be computed through SUSY localisation, and is most
conveniently done on the Coulomb branch of the moduli space [206,207]. The field
configurations on the locus are parametrised by a charge-quantised 2d gauge flux

m = % [ Fon Sgl and the VEV of a real vector multiplet scalar ¢. The localised
partition function is the integral over ¢ and sum over m of three contributions, a
classical piece Z,s5, and two one-loop determinants, Zlgjzf); and Z?}fgéif, as in

eq. (5.2.4), which we restate here for convenience:

1
Zg = ——

A0 Z ass Z5°8¢ zmatter (8.2.11)
’WQZd‘ met?, td

1-loop ““1-loop *

Note that the kinetic term of ¢ in the vector multiplet action is normalised such that
[c] = 1. We emphasise that the localised partition function is independent of the 2d
Yang-Mills coupling, and only depends on the 5? (or S2) through its equatorial radius.

We will again implement a global Weyl re-scaling by re-scaling r — Ar, in which case
the 2d Weyl anomaly implies Zg» — AV /37 2. Similarly to Zgs, the quantum

contribution to the 2d Weyl anomaly comes from zeta-function regularisation of the

gauge 7 matter

ToopZ1-loop while the classical contribution comes from do. We

infinite products in Z
will also see explicit examples in the following.

Our aim in this section is to extract 3" from the Weyl anomaly of the localised

partition function of 2d-4d coupled systems. For such systems many SUSY localised
partition functions have been computed, but we will focus on cases where the 4d
ambient theory is conformal, e.g. N? free massless hypermultiplets, N = 4 SU(N)
SYM theory, and N = 2 SU(N) SQCD with 2N flavours, with 1-BPS V' = (2,2)
surface operators (enhanced to N' = (4,4) for N' = 4 SYM).

8.2.1 Free massless hypermultiplets with a generic surface defect

To start, we consider the theory of N? free massless hypermultiplets on S¢. This theory
enjoys global USp(2N?) flavour symmetry. Now, to this ambient theory we couple the
2d GLSM in Fig. 8.1, including adjoint chirals for all nodes, which we put on X, = Sgl.
The GLSM enjoys the an SU(N) x SU(N) symmetry which acts on the
(anti-)fundamental chirals, whereas the bifundamental and adjoint chirals enjoy a
U(1) symmetry. We couple the ambient free hypers to the GLSM via cubic and quintic
superpotential couplings that identify the shared 2d-4d flavour symmetry

SU(N) x SU(N) x U(1) C USp(2N?).



8.2. Partition function on S* 159

Absent an ambient 4d vector multiplet to couple to the GLSM, the saddle points of the
2d-4d theory are parametrised by independent contributions from decoupled 2d and
4d loci, and so the SUSY localised partition function of this theory factorises [298,350]

Zyyost = zgge Zs, . (8.2.12)

We denote Zs, as the partition function of the GLSM on S, and

N
zlee — (y (G122 ’ 8.2.13
Sé - > €1,€2 ( . )

is the partition function of the N? free massless hypers in zeta-function regularisation.

The Upsilon function is defined as

1
(z|a,b)To(a+b—zla,b)’

Y(z|a,b) = T, (8.2.14)

where I'5(z|a, b) is the double Gamma function. For more details about these special
functions, see appendix D.1. However, the only information we currently need about

the Upsilon function is its behaviour under re-scaling of its arguments, eq. (D.1.17),

Y<Z
;

where (»(t;z|a, b) is the Barnes double zeta-function defined in eq. (D.1.1).

ab
-
r'r

> = r22002lab)y (z|a,b), (8.2.15)

Since the 2d-4d partition function factorises, it is sufficient to just consider the scaling

of Zs, in order to compute a%”. Hence, a{" is identified with c®?.

However, to be clear, we hasten to add that this ¢®® is not (necessarily) the central
charge of a 2d CFT, because the 2d stress tensor of our defect DOF is not necessarily
conserved, due to the coupling to the ambient 4d fields. This implies various

differences from a 2d CFT: no lower bound on our a%d)

= ¢® is currently known, the
usual 2d c-theorem does not necessarily apply (although the defect c-theorem of
ref. [55] does), and so on. In practical terms, however, the upshot is that we still

(2d)

compute c® from eq. (8.1.2), which in particular requires identifying the

representations and R-charges of the 2d fields.

It is illustrative to re-derive eq. (8.1.2) by studying the scaling behaviour of the three
contributions to eq. (8.2.11) separately. We do so following ref. [351]. The strategy will
be to write the localised partition function in terms of the dimensionless combination
ro. The scalar VEV ¢ parametrises the BPS locus, and thus the localised path integral
becomes a finite-dimensional integral over the Cartan subalgebra t,4 of the 2d gauge
algebra g4 with measure ftzd do = rrank Ga ftzd d(ro). In the last step we wrote the
integral over the BPS locus in terms of the dimensionless combination ro, which is just

a dummy variable in the integration. This gave us a factor of r ™" &2 in units of the
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UV cut-off. As a result, the measure contributes a scaling weight of —rank G4 under
r — Ar.

If Gogq has n U(1) factors, the classical part of the localised partition function takes the
form .
Zelass = HZjTrj(irUJr%)ijr]'(irUf%) , (8.2.16)
j=1
where z; = ¢ 21
projection to the j U (1) factor [351]. Clearly, the behaviour of eq. (8.2.16) under Weyl
re-scaling is trivial.

, §j are FI parameters, 0; are theta-angles, and Tr; denotes a

The 1-loop contribution coming from the gauge sector takes the form

Zme _ 2rieu) [ [:2 <“(‘Z>2 N aw)zﬂ , (82.17)
xEAT

where AT is the set of positive roots and p,q is the Weyl vector of gpq4, the Lie algebra

associated to Gpq. Collecting the overall factors of r, and using that

|AT| = 1(dim G4 — rank Gyq), we see that under Weyl re-scalings eq. (8.2.17)

transforms with weight —dim Gyq + rank Gyg.

After zeta-function regularisation, the 1-loop partition function of the matter sector —

composed of massless chiral multiplets in the R representation of G,q — becomes

: hp(m
Zinlatter — H H T (‘7773 o IhR(rU) - %) 1,«1*LIR+ZihR(r0')
P R e T (1 — & +ihg(ro) — hRT(“‘))

) (8.2.18)

where g is the 2d R-charge of the multiplet, and {hz } denotes the set of weights of
R. Counting the factors of r that appear in eq. (8.2.18), we see that Z{“fltéf)% transforms
with weight } " (1 — gz )dim R under Weyl re-scaling. For semi-simple g,4, the
remaining Y Y(,,} 2ihz (ro) reduces to a sum over the charges under the U(1)
factors of Gyq, and gives rise to the renormalisation of the complexified FI parameters.
If the sum does not vanish, one can tune it to zero by the addition of appropriate

auxiliary DOF such that the FI parameters do not run.®

Combining the weights from the gauge sector, the matter sector, and the measure, one
finds that the partition function is scale invariant up to an overall factor of 073,
where c®? is given in eq. (8.1.2). This factor is identified with the central charge of the

1

2d SCFT at the fixed point. Hence, a3 = ¢ in the round sphere limit e; = €, = 1, as

argued above.

Supposing Yz T (hg} 2ihg (ro) does not vanish immediately, one may add a massive spectator chiral
multiplet with 2d R-charge g = 0 that precisely cancels that term. By taking their masses to be large and
integrating out the spectator chiral multiplets, one recovers the original theory without the sum over U(1)
charges [207].
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Even though the 4d theory is very simple, considering the case of N? free massless
hypers with a surface defect illustrates the important point that the non-trivial
contribution to the central charge comes from the scaling of the 1-loop partition
function. The simplicity of the above example stems from the factorisation in

eq. (8.2.12), which immediately led to identifying a5? = ¢,

For a more generic 2d-4d system, one might suspect that matter charged under both
2d and 4d gauge groups would spoil the factorisation of Zy, ., ¢1+ and possibly alter
a3?. However, that is not the case if the system enjoys enough SUSY. It is now
understood that a 1-BPS surface defect engineered in a generic 4d V' = 2 gauge theory
by gauging symmetries [353] or through Higgsing [352] mixes ambient and defect
DOF in only two ways. Firstly, any 4d adjoint hypermultiplet scalars frozen at their
VEVs enter as twisted mass parameters in Zy, while keeping its functional form
unchanged. Secondly, any coupling of 2d and 4d DOF leads to an extra factor in the
partition function that is entirely non-perturbative: it arises from the interactions of
instantons and vortices, and has no scale-dependence. The 1-loop part of the partition
function receives no modifications. Hence, central charges extracted from Weyl
re-scalings of the partition function are unchanged. In other words, we expect

ed) _

ay c® to be the case always. Indeed, we will see examples of this below.

Let us point out that the scaling behaviour of the partition function can often be
obtained in a more straightforward, yet ad hoc way by using three facts: only the
1-loop partition function (and the measure of the integration over the VEV of the
adjoint scalar) contributes, factors of % arise in the evaluation of 1-loop determinants,
and special functions are the result of zeta-function regularisation. This is important
because often the dependence on the scale r is left implicit. If one was given the
partition function Zy, without any scale factors, one could still deduce the scaling
behaviour by re-instating the correct r-dependence, dealing with special functions
appropriately and accounting for the measure. For example, if one encounters the

Euler Gamma-function I’ (%R —ihg (o) — hRém) ) , one first needs to insert appropriate

factors of r to make its argument dimensionless, i.e. ¢ — ro. The natural function that
appears in the zeta-function regularisation of the matter sector 1-loop partition

function is the Barnes single Gamma-function I'; (z|a, b) defined in eq. (D.1.2). To

obtain the scaling behaviour one should interpret the Euler Gamma-function as
1 . .
;) . Using the properties
1 1

o (1 (%~ e (ror) — )
n(E7)=renEn,  neEn =), (8219)

one correctly recovers the partition function Zy, with appropriate scale factors. We

refer to appendix D.1 for more details and definitions of these special functions.
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8.2.2 Examples of defects coupled to free massless hypermultiplets

Having determined a$" = ¢® for superconformal surface defects coupled to 4d free
massless hypers, we can now consider some specific defect models. All that needs to
be done to compute a" is to determine the 2d R-charges g% of the matter fields.

Due to the su(1|1)-invariant coupling between the 2d N = (2,2) GLSM and the
hypermultiplets, the 2d R-symmetry generators are linear combinations of the U(1)y
generator of rotations in the normal bundle to X; and U(1)g C SU(2)g of the ambient
R-symmetry [350]. The coefficients determining the exact 2d R-symmetry depend on
b. The 2d R-charges of the 4d hypermultiplet scalars restricted to X, can be found in
terms of their 4d charges under U(1)x x U(1)gr. Requiring that the 2d-4d
superpotentials have 2d R-charge g = 2 together with constraints from the identified
flavour symmetry then fixes the R-charges of the 2d fields and sets their twisted

masses to zero.

The precise superpotential terms depend on the particular quiver diagram, and were
found in refs. [298,350]. In particular, they depend on whether the j" node has an
adjoint chiral X;. If it does, we define 77; = +1, and if it does not, 77; = —1. Further let
us define ¢; = [, 77;. One finds that the hypermultiplet scalars restricted to X, have
2d R-charge ¢"P* = 1 + b2, the fundamental and anti-fundamental chirals have

glind 4 gertnd = 1 — 2, the adjoint chirals have

2+20% ifejq =g =—1
gx, = AR (8.2.20)
—2b? if €iy1 = €& = +1,
and the bifundamentals have R-charges
, , —2p2  ifej=—1
e e = / (8.2.21)
PR 2 0p? if ey = 41,

where we have a total of n nodes and ¢, .1 = +1. Notice that in a 2d SCFT, with a
conserved stress tensor, unitarity and the BPS bound require positive R-charges. In
contrast, our 2d defect fields do not have a conserved 2d stress tensor, and so can have

negative R-charges.

Example 1: /' = (2,2) SQCD. As a first example consider ' = (2,2) SQCD with
gauge group Gpg = U(K) and N fundamental and N anti-fundamental chiral

multiplets coupled to N> ambient free massless hypers. Note that g™ + ganifund = () in

the round sphere limit b = 1. Thus, using eq. (8.1.2) we find

(2d)
% — ONK — K2 = K(2N — K).. (8.2.22)
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Example 2: /' = (2,2) SQCDA. We now add an adjoint chiral to the previous
example, where gx = —2 in the limit b = 1. Using eq. (8.1.2), this “extra” field thus
contributes an additional (1 — gx)dim R = 3K? to the value of a3 of the previous

example,
ed)

% — 2NK — K2 + 3K? = 2K(N + K).. (8.2.23)

These two examples clearly obey the c-theorem of ref. [55]. If we start in the UV with
SQCDA, with a$? in eq. (8.2.23), and deform the theory by a mass term for the adjoint
chiral, then in the IR we will find SQCD [298], with a5 in eq. (8.2.22). In this case,

(2d) (2d) 2
ay gy — Ay = 9K* = 0.

Example 3: V' = (2,2) quiver with 1 adjoint chirals. We can also consider more
general quiver gauge theories. For example, consider the n-node quiver depicted in
figure 8.1 with gauge group Gyg = U(Kj) x ... x U(K,), N fundamental and N
anti-fundamental chirals of U(K;) and adjoint chirals on each node, coupled to N2
free hypers. Using gx, = =2, g%, ;) +q(}_;); = 4 and g;™ + ;""" = 0, and eq. (8.1.2)

iG=1)
we find after a bit of algebra that

(2d) n

a
é =2) (Ki — Ki_1)K; + 2K;N, (8.2.24)
i=1

where we have defined Ky = 0.

Example 4: V' = (2,2) quiver with (n — 1) adjoint chirals. Consider the same
quiver as the previous example, but with adjoint chirals on all nodes but the n'" one.
When the FI parameters of all nodes vanish except for possibly the n one, this defect
has a 6d origin. As discussed in section 8.1.3, it descends from a Wilson surface defect
in the 6d Ay—1 NV = (2,0) SCFT at a point on Co. In this case, qx, = 4,

q% yt qt(nf nj = % and g 4 gartnd = 0, so that

(Zd)

n
g = —4Y (K; — Ki_1)K; +2K,N + 3K, (8.2.25)
i=1
These two examples also obey the defect c-theorem of ref. [55]. If we start in the UV
with an A/ = (2,2) quiver with n adjoint chirals, with 43" in eq. (8.2.24) and deform by
a mass term for the n'" adjoint chiral, then in the IR we will find an V' = (2,2) quiver
with n — 1 adjoint chirals [298], with a3 in eq. (8.2.25). We thus have

(2d) (2d)

oV IER _ ’ &
2 - —3K? +6Z (K; — Ki_1) ; (K; — Ki_1)?, (8.2.26)

i=

where the final equality holds because Ky = 0. Clearly in this case agdl)w - agdl)R >0,

and so the defect c-theorem is satisfied.
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To our knowledge all four of the examples above, and indeed the general statement
ag? = c®, are novel results for a5” of 2d superconformal defects. Notice that in all of
our examples af? > 0: for egs. (8.2.22), (8.2.23), and (8.2.24) this is manifest, while for

eq. (8.2.25) this can be checked straightforwardly, e.g. by considering limiting cases.

8.2.3 N =4 SYM with a generic surface defect

To construct a 3-BPS superconformal surface defect in A = 4 SYM theory, one can
couple a 2d N = (4,4) GLSM to the ambient theory [349]. ' = (4,4) SUSY requires
the i node in figure 8.1 to have an adjoint chiral multiplet X; for all i. The A" = (2,2)
adjoint chiral recombines with the " = (2,2) vector multiplet into an N = (4,4)
vector multiplet. Similarly, the bifundamentals 4)% 4+1) and gbl(’;ﬂrl) ; Tegroup into
bifundamental hypers, and the N (anti-)fundamental chirals ¢{™ and @™
recombine into N fundamental hypermultiplets. The N hypers enjoy SU(N) flavour
symmetry such that the GLSM can be coupled to 4d N = 4 SU(N) SYM theory by
gauging the 2d flavour group. As argued in the previous subsection, a5" = ¢ as
there is no perturbative 2d-4d contribution to the partition function. We may thus

calculate a%? through yet another counting exercise.”

Assuming the GLSM flows to an IR fixed point, the central charge of the 2d SCFT is
given by eq. (8.1.2). To determine the 2d R-charges, one considers the allowed
superpotential terms which schematically look like W = ¢X¢ in N = (2,2) language.
The R-charge assignments are easily deduced by looking at the U(1)r action on the
mesons built from fundamental chirals, which combine into non-compact scalars at
the IR fixed point. The exact low-energy U(1)g symmetry cannot act as a rotation on
the mesons due to chiral factorisation of the R-symmetry in a CFT. This gives the
assignment that matter sector chiral multiplets in the (anti-)fundamental and
bifundamental representations have g = 0, while the adjoint chiral multiplets carry
q = 2, such that the superpotential has R-charge ¢ = 2. Thus, eq. (8.1.2) gives

a<22d> D n ) n+1 )

== 2;1@(1@-“ — K;) = N? — l; N7, (8.2.27)
as quoted in eq. (8.1.3), which is in agreement with the complex dimension of the
moduli space of the Levi type-IL defect in eq. (8.1.4), and with the holographic result in
eg. (8.1.5a), thus proving that the latter is not merely the large-N limiting value.

7We thank B. Le Floch for pointing this out to us, and for discussions directly related to this computa-
tion.
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824 N =4 SYM with a full Levi defect

A useful check of the previous result eq. (8.2.27) can be performed in special cases. In
refs. [365,366], the authors consider N = 2* SYM with gauge group G = SU(N), i.e.
the field content of N' = 4 SYM theory but with a mass deformation for the adjoint
hypermultiplet which breaks N = 4 to N = 2. In this theory, refs. [365,366] placed a
full surface defect (I = T) engineered by putting the theory on the orbifold
CxC/ZnS8 By taking the mass of the 4d adjoint hyper to zero, the N' = 2* SUSY

enhances to N/ = 4.

Let us now compute a$" for this system. The non-trivial contribution comes from the
1-loop partition function,

ZNE IN] = ﬁ Y (ai —4T P;l\’ﬂeﬂel@)
11 - j—i

oop Y (0 —aj+ 252 + [ ]ezler 2
17

) (8.2.28)

where a; are the components of the VEV of the 4d adjoint scalar
(®) = diag(ay, ..., an), and [x]| denotes the ceiling of x.

The arguments of the Upsilon-functions in eq. (8.2.28) have mass dimension one. To
make the overall scale factor explicit, we should factor out % from their arguments.
Define the dimensionless quantities €, = re12 and Q = & + &. Under a re-scaling,

the Upsilon-function transforms according to eq. (8.2.15), which means eq. (8.2.28)

becomes
N Y (x--|é1 éz)
Z/\_[:4 IN] ijl€1, i (8.2.29)
Tloopl1 ] i/lj__ll Y (xij + Q/2]&1, &)
i#]
where
j— 1
N (8.2.30)

Kij = —202(0; xij|€1,€2) +202(0; x;; + Q/2[€1, &),

and {»(t;z|a, b) is the Barnes double zeta-function defined in eq. (D.1.1). Using
eq. (D.1.3) and taking b — 1, one finds

N N NZ N 5
Y w= ) (25 —1) =25~ — (N>~ N) =0. (8.2.31)
=1 ii=1
4 4

8Ref. [365] observed that the instanton moduli space of a 4d N/ = 2 gauge theory with full surface
defect matches the instanton moduli space without the defect but with the theory on the orbifold C x
C/Zy. This allows one to compute the instanton partition function of the coupled 2d-4d system by
instead working on the orbifold. It was then conjectured in ref. [366] that this equivalence should hold
more generally for the full partition function. Indeed, ref. [366] computes the 1-loop determinants on
the orbifold and goes on to check that the partition function obtained in this way correctly encodes the
coupled 2d-4d and 2d DOF.
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In other words, the 1-loop determinant in the presence of the full Levi defect is
scale-invariant. Hence, by eq. (8.2.8),

(2d)

—4at 4 ”g - (N-1). (8.2.32)

The right-hand side is the contribution of the measure in eq. (5.2.3). Indeed,
expressing the (N — 1) dimensional integral over the Cartan subalgebra in terms of
the dimensionless combination ra produces an overall factor of r~(N~1), giving rise to
the right-hand side.

The central charge a'y} for N = 4 SU(N) SYM theory is well-known, 44} = N* — 1,

and so we find 20

‘% —N2—N, (8.2.33)
which agrees with eq. (8.2.27) in this special case, as advertised.

This agreement may seem surprising, given the different 6d origins of this surface
defect and the defects that lead to eq. (8.2.27). This full surface defect comes from the
compactification on a torus of the 6d A/ = (2,0) theory with a co-dimension two
defect [365,366]. On the other hand, the surface defects that lead to eq. (8.2.27),
namely the GLSM quivers reviewed in section 8.1, come from a co-dimension four
defect in the 6d theory, i.e. a Wilson surface defect localised at a point on the torus. In
these two descriptions a5 agrees because of the duality of refs. [293,345,354,367],
mentioned in section 8.1, which leaves invariant the S%, the £, = S wrapped by the

@) Of course, also crucial is

(2d)

defect, and the stress tensor, and hence leaves invariant ay

the fact that a(zzd) depends only on the Levi subgroup of each defect: if as depended

on more detailed information, then the equivalence would not be possible.

8.2.5 N =2SQCD with 2N flavours and a full Levi defect

Another simple, yet non-trivial example of a class S theory is massless N' = 2 SQCD
with 2N flavours. A full surface defect in this theory is considered in ref. [366].

The 1-loop determinant with a full surface defect is

Zy oo 1V] (8.2.34)
[Tuen+ Y(a(a) + e2]er, €2)Y(—a(a)ler, e2)
HZ] . ( ((1) + e1-£€z + [N—l]\—]]-i—l—‘ez‘el,ez) Y (—hi(a) + # —+ [WJ—‘ 62’61,€2>

4

where h; are the weights of the fundamental representation of SU(N).

Following the same strategy as above, we factor out ! to write the arguments of the

special functions in terms of dimensionless quantities &; 5. Let us consider the
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numerator first. The scaling behaviour of the Upsilon-functions in eq. (8.2.15) in the
b — 1 limit gives a scaling weight of the numerator of the form
2 _
_(NT=N) 4p(ra) — Y (a(ra))?, (8.2.35)
3 x€EA
where p is the Weyl vector, and A is the set of all (positive and negative) roots. The

denominator contributes a factor

2.0 ul , 2
3N? =N +4p(ra) +2Nl;(h,(m)) (8.2.36)

to the overall scaling weight. A vanishing beta function implies (see e.g. ref. [23])

Y (a(a))* =2N i(hi(a))2 . (8.2.37)

x€EA i=1
Hence, upon summing the contributions of the numerator and denominator one finds

that all terms that depend on the VEV a cancel, giving an overall scaling weight

for eq. (8.2.34) of the form

1 2
~N?_-Z2N. 8.2.38
(4d)

Finally, to account for 4, we normalise by the partition function without the defect:

SacD _ e+ Y(a(a)ler, €2)Y(—a(a)ler, €2)
1-loop legzl Y (hi(a) + 952 er,€) Y (—hi(a) + 952 |eq, €2)

) (8.2.39)

which scales with weight

7 5

~ZN?24+°N, 8.2.40

Nt ( )
where we have again used eq. (8.2.37). Subtracting eq. (8.2.40) from eq. (8.2.38), and
since the measure contributions cancel, we find that a" for a full Levi type-L defect in
N = 2 conformal SQCD is given by

2d)

ay _ 3.2
L = S(N*-N). (8.2.41)

8.3 SUSY partition function on S' x S5%~1

In section 5.3, we considered the partition function Z of a SCFT on M, = Sk x §4-1
and argued that it is identified with the SCI [224], up to a normalisation factor. Here
St is the temporal circle with radius R around which the fermions have periodic
boundary conditions. In this section we will first argue for the appearance of the
central charge d5” in Z in the presence of a 2d superconformal defect wrapping

o = S}Q x S1. After setting the general framework in section 8.3.1, we will examine a
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model where d5® has been calculated holographically [50]: the Wilson surface
operator in the 6d V' = (2,0) Ax_1 SCFT (section 8.3.2). We will see that upon
deformation of Z by these specific 2d defects the exponent in the normalisation, i.e.
the SCE [227,229,230], changes by a factor proportional to d5®.

The logic of the construction that computed d5” in this example is straightforward to
extend to superconformal defects of arbitrary co-dimension. In the final part of this
section, we will propose the form of a B-type anomaly coefficient (or possibly a linear
combination thereof) of a 3-BPS co-dimension two defect wrapping Sk x S® in the 6d
N = (2,0) Ay_1 SCFT, our eq. (8.3.60) below. However, we have not been able to
identify which of the 22 parity-even B-type defect central charges in eq. (6.1.1) we
computed.

8.3.1 Anomalies and SUSY Casimir energy

In this subsection we argue that the change of the SCE due to a defect on X5 is
proportional to d5®. To begin, consider the partition function of a SCFT, Z(R, ;), on
My = Sk x S for even d, where pj are chemical potentials for superconformal
Cartan generators that commute with the supercharge used to define the index, Z, as
in eq. (5.3.8). The main argument in refs. [227-229] is that by utilising SUSY
localisation to compute Z(R, y;), one finds a general form proportional to the SCI. The
proportionality factor defines the SCE, E.. The understanding here is that, as an object
counting protected operators starting from the identity operator, 7 is an ascending
polynomial in non-negative powers of fugacities, g;, starting at one, i.e.
I=1+qf+..., with#>0.

In the presence of a defect preserving the supercharge used to define the index, Z will
generically pick up negative powers in an expansion in g, which will need to be
compensated in order to maintain the normalisation that the index begins counting
with the identity operator [290,368]. That is, the SCI in the presence of a surface defect
is still counting states, in a similar sense as in the ambient theory, but now including

defect states in radial quantisation around the defect.

As reviewed in section 5.4 around eq. (5.4.11), the SCE in a SCFT has been conjectured
to be given by the equivariant integration of the anomaly polynomial [229]. To our
knowledge this conjecture has not been rigorously proven, however, there is

compelling evidence for its validity.

Now, we would like to outline how we conjecture a p-dimensional defect wrapping
¥, < M, modifies E.. One line of reasoning starts from eq. (5.4.11), and requires that
we make two assumptions from the start: (i) the deformed anomaly polynomial



8.3. SUSY partition function on S' x §%-1 169

factorises into ambient and defect localised contributions
Apa(2 5 Ma) = Aqa(Ma) + 8 Apia(Zy), (83.42)

(ii) there is a sufficient amount of superconformal symmetry preserved by the defect
such that the defect Weyl anomaly sits in a multiplet with other global defect localised
anomalies, e.g. defect chiral anomalies. In addition to finding a general proof of E.
being given by [ A »(M), proving the validity of these assumptions is the focus of

on-going work.

If both assumptions (i) and (ii) hold, then the result of the equivariant integration of
Api2(Xp) is related to the integrated defect Weyl anomaly for even p. That is, the
anomaly coefficients that can appear in | A,,(X) are controlled by coefficients
appearing in the non-vanishing contributions to the integrated defect Weyl anomaly.

When p = 2, it is immedjiately clear from the form of the defect Weyl anomaly

eq. (3.4.38) that the A-type term will not contribute: the Euler characters of

¥, = Sk x S! and its squashings vanish. However, the integrated B-type contributions
coming from 12 and W,;” do not necessarily vanish on a squashed sphere. Moreover,
for our 2d superconformal defects d5” = —d(? has been proven in d = 4 and
conjectured in other d > 4 [288]. Thus, if assumptions (i) and (ii) hold, then the change
in E; due to the presence of a superconformal defect wrapping >, must be
proportional to d5¥ when d = 4, at least for a parity-preserving defect. Supported by
evidence in the following subsections, we conjecture that it is proportional to d5* in
other d as well.

Finally, while not directly related to anomalies, a different line of reasoning also
suggests the appearance of d5 in the SCE. From the point of view of constructing
VOAs from 4d SCFTs [256,257] and 6d SCFTs [258], the Schur limit of the SUSY
partition function of an A > 2 SCFT on S! x S® or N = (2,0) SCFT on S! x S° is the
character of the vacuum module of the VOA, see e.g. ref. [369]. As shown in ref. [290],
the 4d SCI in the presence of a superconformal surface defect inserted normal to the
VOA plane instead computes in the Schur limit the character of some non-vacuum
module. As mentioned in section 5.5, the dimension of the defect identity in the
module is given by d5® [288]. This is precisely the statement that introducing the
defect shifts E. by a term o d5°.

8.3.2 6d SUSY Casimir energy

In this subsection, we consider the partition function of the 6d N' = (2,0) Ay_1 SCFT
on the squashed Sk x S° in the presence of 2d or 4d superconformal defects.” The 2d

9The metric on the squashed S}{ x §% can be found in, e.g. appendix B in ref. [311]. Our calculations,
however, will not require specific details about the ambient geometry.
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defect (co-dimension four), i.e. a Wilson surface operator, is placed along

¥, = Sk x Sl. The 4d defect (co-dimension two), is placed along Sk x S3. Ref. [311]
carried out a systematic study of the twisted partition function of this 6d SCFT with
both types of defects. Using the results of ref. [311] and our arguments from

section 8.3.1, we will calculate central charges for both types of defects. For the Wilson
surfaces, we will unambiguously find d5” in the SCE. For the 4d defects, however, we
cannot say exactly which central charge(s) we are computing. Our result serves as a

prediction for such putative central charge(s).

Let us briefly review the 6d A = (2,0) SCI and its unrefined limit. Let ¢; be the
squashing parameters of the S°. In contrast to section 8.2, we will take the squashing
parameters €12 3 to be dimensionless, i.e. they come with appropriate factors of the
equatorial radius of the S°, which we take to be the identity in this section. The bosonic
part of the SCA of the theory is s0(6,2) @ usp(4)r C osp(8*|4) with Cartan generators
(E, Ry, Ry, hy, hy, h3). The generators h; rotate the planes IR%,, C R® into which the
squashed S° is embedded. Among the SUSY generators Qil}izhs, where the indices are
all +£1, the privileged supercharge used to construct the index is Q = Q**_. The

states contributing to the SCI obey the shortening condition in saturating the bound

E > Z(Rl + Rz) +h+hy+hs. (8.3.43)

Assuming saturation of eq. (8.3.43), the index can be expressed as

3 joa R1tR2
I =Ty, (1) pM e 7, (8.3.44)

i
i=1

where H, is the subspace of the Hilbert space annihilated by Q and Q*. The fugacities
are g; = e Ré and p = e R#, where y is the chemical potential for the R-symmetry
generator R; — Ro. The unrefined limit of 7 is defined by y — %(61 + €2 — €3). In this
limit, an additional supercharge Q' = Q1 commutes with the Cartan generators,

and so the unrefined index collapses to

Iunref = TrHQ’Q/ (_1)FqE_R15h1+R2 ’ (8345)

where g = g3 and s = q1/45. Note the privileged status of rotations in the plane RZ,

which is identified with the VOA plane of the 6d theory [258]. The index Z, et is then
interpreted as the character of the vacuum module of the VOA, and the SCE is
identified with the central charge of the VOA, c(\z,% A up to a factor [229].

Famously, the 6d N = (2,0) Ax_1 SCFT does not have a known Lagrangian
description. However, its circle reduction on Sk gives 5d A/ = 2 SU(N) SYM theory
with coupling g3,, = 27tR. It is a long-standing conjecture that the full path integral of
5d N' = 2 SYM theory captures the full 6d N = (2,0) theory, where instanton particles
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are identified with Kaluza-Klein modes of the 6d theory on the circle [370-372]. Using
this conjecture, the authors of refs. [373,374] argue that both the perturbative and
non-perturbative contributions to the localised partition function of N' = 2 SYM
theory on the squashed S are sufficient to count the states contributing to the 6d
index. The co-dimension four and two defects wrapping Sk in 6d reduce to Wilson
lines or certain 3d defects in the 5d SYM theory on the squashed S°. Ref. [311] argues
that the localised partition functions with these defects are sufficient to compute the
deformations of the SCI. Although this is far from a proven fact about the dimensional
reduction to 5d, we will adopt the same working assumption. The fact that for Wilson
surfaces we will recover precisely the holographic result for d5” provides some

evidence for this assumption.

In the absence of defects, the localised partition function of the 5d U(N) N' = 2 SYM
theory on a squashed S° takes the form

del
N!

a 272

iNlegas ™ 7. 7.7, (8.3.46)
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where Z; is the Nekrasov partition function [22,375] on S{ x R, .., with Z and Z3
obtained from Z; by cyclic permutation of the labels {1,2,3}, and a is a constant

adjoint-valued scalar parametrising the BPS locus.

Without any defects, the localised partition function of the 6d ' = (2,0) Ay_1 theory
in the unrefined limit computes, in the VOA, the character of the vacuum module of
the Wy algebra. Defining 271iT = —Rej so that g = €7, and defining €16, = 1 and
b% = €1 /€, the partition function sees contributions in the unrefined limit from the
three fixed points on the SZ-1 of the form [311,374,376]

1-N
Z1 = H ZSin%(e,a), Zy = H 2sinbr(e,a), Z3 =19 (—T’1> , (8.3.47)

ecAt ecAt

where 7(+) is the Dedekind 7 function. Let Q = p(b + b~!) with p being the Weyl
vector of su(N), and let W, be the Weyl group of g = An_1. After integrating over a,
eq. (8.3.46) becomes

_1
2(QQ) Y e(o)g @b en), (8.3.48)

1
Zss = N1
GRS

where ¢(0) = (—1)%() and £(0) is the length of the Weyl group element ¢. See e.g.

eq. (3.4) of ref. [311]. The exponent of the prefactor is related to the central charge c(3) ,
d)
Vo

of the VOA as g~ #". Recalling that 77(7) o« g/2*, we thus have

(2d)

Goa=(N—-1)+12(Q,Q) = (N=1) + N(N*—1)(b+b71)?, (8.3.49)
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where we identify (3} , /24 as the 6d SCE of the unrefined SCI [229].

8.3.2.1 2d defects

Adding a surface operator wrapping Sk x S} deforms the index to compute the
character of a degenerate module of the associated WWy-algebra in the VOA plane. The
reduction to 5d yields a Wilson loop operator on S carrying an irreducible
representation of su(N) with highest weight w;. The fixed point contributions on S}
are modified from those in eq. (8.3.47). In ref. [311] they were found to be (see their
section 3.2 for more details)
7T 2rtia
Z; =[] 2sin A (e,a)Trp e , (8.3.50)
ecAT

where Tr, is a trace over the representation specified by w. Z; and Z3 remain
unchanged compared to eq. (8.3.47). Note that we could have just as well inserted the
Wilson loop on S}. However, since the plane RZ is designated as the VOA plane, the
Wilson loop cannot wrap S} and also preserve the necessary nilpotent charge needed
to define the VOA.!? Plugging Z; from eq. (8.3.50) into the partition function and
integrating over a gives [311]

78 = g Cal? Y g(g)e @t topten (8.3.51)
ceW(g)

where the new “central charge” is
Coy = (N—1)+12(Q+ b 'w;, Q+b""wy). (8.3.52)

To isolate the defect contribution to the partition function, we divide eq. (8.3.51) by the
ambient theory result in eq. (8.3.48), which gives the change in the central charge,
12

24
Cay — Cvop = o (Q w1) + 02 (w1, w1). (8.3.53)

To compare to the holographic result for a Wilson surface in section 8.1, we take
b — 1,sothat Q = p(b+b"1) — 2p, and use d5* = —24(p, w1) — 6(w1, wy) from
eg. (8.1.6b), such that

Cuy — oA =48 (0, w1) + 12 (wy, wy) = —2d57. (8.3.54)

We have thus shown that a single defect changes the normalisation factor from
qfc%)A/ 20 g~ /2 or recalling that g = 2™ = ¢~Re, the defect shifts the SCE from

107t is also true for 2d N = (4,4) defects in 4d N/ = 4 SYM theory that the surface operators must be
inserted orthogonal to the chiral algebra plane. Note, though, that a 2d chiral (e.g. N' = (0,8) or (0,4))
superconformal defect could be inserted along the chiral algebra plane while preserving the nilpotent
supercharge used to define the VOA. We thank W. Peelaers for pointing this out.
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(2d)

E.=— C\é% esto E. = — szl €3. Our result eq. (8.3.54) then shows that the change in E.
is o« 5%, as advertised.

Crucially, for a Wilson surface in the 6d N = (2,0) theory at large N we can
distinguish —d5” and a3, namely a$" + d5¥ = —3(wq, wy). The comparison thus
leaves no doubt: d3* controls the defect contribution to the SCE. The calculation here
involved no approximations, relying only on SUSY and the assumptions about the
reduction on S} mentioned above. Our result eq. (8.3.54) thus provides strong
evidence that the holographic result for d5” in eq. (8.1.6b) is in fact exact, and not just

the leading large-N limiting value.

In the above discussion, we contented ourselves with the study of a single Wilson
surface on Sk x Si. A more general BPS configuration involving two non-intersecting
Wilson surfaces on Sk x S° was studied in ref. [3], upon which this chapter is based.
The second Wilson surface is taken to wrap Sk x S3, which also preserves the
necessary nilpotent supercharge needed to define the VOA. Ref. [311] computed the
localised partition function of the compactification on Sk in the presence of both
defects. Inclusion of the second defect leads to a modification of eq. (8.3.53) [3].
Interestingly, the result is not merely the sum of d5* for each of the two defects but it
involves a cross term which depends on the inner product (w1, wy), where w; is the
highest weight of the representation labelling the second Wilson surface. We speculate
that this cross term arises from the interaction energy between the two loops on

Sk x S°.

8.3.2.2 4d defects

In the 6d N = (2,0) Ay_1 SCFT, there is another class of superconformal defects that
one could construct: 4d defects. The authors of ref. [311] also constructed the index for
these 4d defects, using arguments similar to the 2d case.

Co-dimension two operators in 6d N =(2,0) Ay_1 SCFTs, in particular, are labelled
by nilpotent orbits of Ay_1, or equivalently, by homomorphisms ¢ : su(2) — Ay_1. In
the unrefined limit they correspond to a deformation of the VOA by the insertion of a
semi-degenerate operator labelled by a partition of N, i.e. [Ny, ..., Ny, 41] where

"T! N; = N. That is, 4d superconformal operators preserve the Levi subalgebra

(= @1 u(Ny)]

In the reduction along S L which the co-dimension two defect wraps, it has an
equivalent description as a prescribed singularity in the gauge field of the resulting 5d
N =2 SYM theory. Given a Levi subalgebra I, the monodromy parameters are
it = @/ !if; with each 77i; being a rank Nj vector whose components are all identically
n+1
=1

m;, and the Weyl vector of lis p; = & pn, with each py, being the Weyl vector of
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su(N;). The BPS locus is parametrised by the adjoint scalar VEV a2 and o € W,/ W, —
where W, and W, are the Weyl groups of g = Ax_1 and [, respectively — which also
labels a permutation of the monodromies, i.e. different inequivalent choices of
embeddings of [in Ay_1.

To compute the index in the presence of the defect, we need to use the form of the
localised partition function in eq. (8.3.46) supplemented by the classical action from
the monodromies given by e~2™(7(")7) and the Nekrasov partition functions
corresponding to the particular ¢ and choice of o

n+1 nt1

zy’ = HHZsm o(a)), 23" =T] [ 2sinmb(e,o(a)), (8.3.55)

i=1 ecAf i=1 ecAf

where A} is the space of positives roots of the i" summand of [ and as above
Z3 = (=7 117N, See section 3.3 of ref. [311] for further details. Summing over all &
and integrating over the locus parametrised by a gives

Z§5 = g Co/2 ZE —Puen) (8.3.56)

Dividing ng by the ambient theory partition function changes the normalisation

d)
factor to g~ (Ce=%oa)/24, where

Co— cida = —24(Q, o) + 12(pg, o), (8.3.57)
and
po=Q+im—(b+b"p. (8.3.58)

Using Q = p(b+ b1 and (71, o) = 0, we find

Co — cyda = 12(6+ 672 (0o, 00) — (0, p)] + 12(7t, 1) . (8.3.59)

We can easily compute (p;, o1) = 15 (Znﬂ (N? — N;)) by considering each individual
su(N;) summand in [. In the limit b — 1 we thus find

n+1
Co— YA = ( 2 N? — 3(in, i) ) : (8.3.60)

As mentioned above, we do not know which B-type defect central charge(s) in
eq. (6.1.1) we have computed. For now, eq. (8.3.60) serves as a prediction for 4d
superconformal defects in the 6d ' = (2,0) Ay_1 SCFT.

Our result in eq. (8.3.60) bears a resemblance, modulo overall sign and powers of N
and N, to d5? for the N = (4,4) Levi type-L surface operator in 4d A" = 4 SYM

theory in eq. (8.1.5b). Given the connection between the two constructions via
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dimensional reduction, this superficial resemblance is perhaps not surprising. Beyond
the scope of the current work, but the focus of on-going investigation, is finding the
behaviour of the defect Weyl anomaly of the 4d Levi type-IL defect in 6d under
dimensional reduction to a 2d Levi type-L defect in 4d A > 2 SCFTs.

8.4 Discussion

In this chapter, we illustrated techniques for computing the central charges a%” and

d5? of 2d superconformal defects in SCFTs. Our methods rely only on a sufficient
amount of SUSY, and involve no approximations. In particular, we used existing
results for SUSY localisation and SCIs to extract new results for a%” and d5”.
Whenever our results overlapped with existing holographic results, they agreed
perfectly, proving that the latter were not merely large-N or strong-coupling limits,
but were in fact exact.

Our results pave the way for many fruitful generalisations. Obviously, a variety of
other existing results for SUSY partition functions on S? and S' x S?~! could be mined
for further novel results for 45" and d5®. This includes twist field defects relevant for
calculations of SUSY Rényi entropy [377-379], where information theoretic constraints
may imply bounds on the defect’s central charges [380]. Additionally, to our
knowledge a variety of 2d superconformal defects have yet to be described using any
of the SUSY methods we have discussed. A prominent example is chiral defects, such
as defects with 2d V' = (0,4) SUSY. Chiral defects break parity, producing parity-odd
terms in the trace anomaly. These in turn define the two parity-odd central charges
i
have described. Furthermore, as deformations of the SCI, 2d A/ = (0,4) defects can
preserve the nilpotent supercharge used in the cohomological construction of VOAs

and El(zm) in eq. (8.2.7). In principle, these could be calculated using the methods we

from 4d SCFTs [256], and so their central charges may appear in the vacuum character
of a deformed VOA.

Other approaches to computing SUSY partition functions on S and S x S9~1 could
also be developed along similar lines as useful tools to extract defect central charges in
novel systems. Examples include geometric engineering [381,382], or computing a 5d
SUSY partition function on S! x S* with a 3d SUSY defect along S! x S? [383] and then
reducing on the common S! to obtain a 4d SUSY partition function on S* with a 2d
defect along S? < S* [45]. More importantly, studying how the defect trace anomalies
and associated central charges behave under dimensional reduction could provide a
new window into how defect physics changes under RG flows across

dimensions [384].

All the above methods could also be straightforwardly generalised to defects of other

dimensions. For example, in 4d SCFTs various %-BPS interfaces and domain walls
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have been studied using holography [385-387], SUSY localisation [388], and other
methods [219]. In these cases the interface contribution to the trace anomaly defines
two central charges, b” and b5 in eq. (3.4.45), that could in principle be calculated
from existing results. In 5d and 6d SCFTs, higher-dimensional defects are possible,
such as the 4d defect in the 6d N = (2,0) Ay_1 theory that we discussed at the end of
section 8.3. However, it is unclear what (linear combination) of central charges the
SUSY methods could compute. Finding the precise relation between the defect
contribution to the SCE and defect anomalies across dimensions is an important
question that we are eager to settle in future work.
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Chapter 9

Concluding Remarks

In this thesis, we studied conformal defects through their contributions to the Weyl
anomaly. The coefficients of each term, the defect central charges, encode valuable
physical information about the defect. They enter in various physical observables, and
have a host of interesting properties. Importantly, some defect central charges must
decrease under defect RG flows by certain monotonicity theorems. These give rise to a
notion of irreversibility along defect RG flows and provide order in the space of
admissible defects. This makes them crucial for characterising and classifying defects
and perhaps QFTs more generally.

Our emphasis in this work was on exact methods to study defects via their central
charges. We derived novel universal results, applied existing exact methods to
compute defect central charges, and developed new non-perturbative tools. In doing
so, we made use of a wide range of concepts, including DCFT methods, information
theory, and SUSY. Although not reviewed explicitly in this work, much of the
inspiration was drawn from string and M-theory. In particular, string theory
arguments imply the existence of SCFTs in dimensions d = 5 and d = 6 for which no
conventional Lagrangian formulation can exist. These theories are inherently strongly
coupled and the local operator spectrum of these SCFTs is shrouded in mystery.
However, string theory suggests that these SCFTs admit defects of various defect

dimensions p.

Motivated by the co-dimension two defects of the 6d N/ = 2 SCFTs, we studied p = 4
defects in chapter 6. Our main result was the full form of the defect Weyl anomaly for
any co-dimension, including parity-breaking terms, in eq. (6.1.1). In addition to the
Euler density, it consists of 22 parity-even terms which are allowed for any
co-dimension. The number of parity-breaking terms is dependent on the
co-dimension. Importantly, we showed how some of the defect central charges appear
in correlation functions of universal DCFT operators. They include the displacement

operator two-point function, and the stress tensor one-point function in flat space
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when d > 6 and curved space when d = 5. Through their appearance in correlation
functions, we are able to derive bounds on these defect central charges stemming from
unitarity and the ANEC. Further, we argued that the defect’s contribution to the
universal part of EE of a spherical region centred on the defect depends on two of its
central charges.

In chapter 7, we studied monodromy defects in the theories of a free complex scalar
and a free Dirac fermion. Monodromy defects are simple, yet non-trivial,
co-dimension two defects which one can introduce whenever the theory has a global
symmetry. Using existing techniques available in free field theories, we were able to
compute various correlation functions exactly. We then showed that we can extract
some of the defect central charges when d = 4 and d = 6. In the latter case we applied
many of our results of chapter 6. As a check of our results in d = 4, we computed the
EE using heat kernel methods. In our analysis of monodromy defects, we observed
that the defect OPE contains special defect local operators with low scaling
dimensions. Using these operators, we constructed quadratic relevant deformations,
triggering an RG flow. Our results are consistent with the defect c-theorems of

refs. [55,57]. Interestingly, we observed that for special values of the monodromy
parameter in the free fermion CFT, there exist exactly marginal defect operators,

signalling the existence of a non-SUSY defect conformal manifold.

Finally in chapter 8, we studied a set of conformal defects in interacting CFTs. To
make the problem tractable, we imposed superconformal invariance. We then devised
new non-perturbative methods to compute defect central charges, which rely on SUSY
localisation. In particular, using the fact that A-type central charges appear in sphere
partition functions, we explained how the exact value of the A-type defect central
charge can be extracted from the localised partition function of a defect wrapping an
equatorial S¥ — S7 with p = 27Z. We illustrated our methods in numerous examples
of p = 2 defects in 4d SCFTs. We then argued that a linear combination of B-type
defect central charges appears in the SCE, a part of the localised partition function on
Sk x §%-1, with the defect wrapping Sk x SP~!. For the co-dimension four defects of
the 6d N = (2,0) Ay_1 SCFT, we were able to identify the precise defect central
charge computed in this way. Our methods are broadly applicable to a large class of
superconformal defects across dimensions, and open up many new possibilities for
characterising and classifying defects, boundaries, and CFTs with various p and d.

Many of the possible immediate extensions of our results and further directions were
discussed at the end of chapters 6,7, and 8. Here we conclude with a few general
remarks related to our main motivation of classifying, or mapping out the space of
QFTs, which led us to defects in the first place.

As argued in chapter 1, the detailed study of defect Weyl anomalies is an important

step towards this goal. Since conformal defects occupy a privileged position in the
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space of admissible defects, they are a natural starting point for the exploration of
defects and their role in QFT. This makes our result of the 4d defect Weyl anomaly in
chapter 6 so essential. It provides us with previously unknown parameters that
characterise a large class of defects, from which others may be reached by appropriate
deformations. Moreover, we initiated the detailed study of these parameters, deriving
novel universal results. Indeed, determining how these parameters appear in
correlation functions is a key step in identifying and deriving monotonicity theorems,
which provide order in the space of defects. As shown for some of these coefficients of
the 4d defect Weyl anomaly, physical principles can impose further bounds on them.
It is tempting to speculate that identifying all such constraints would carve out the

space of physically admissible conformal defects.

Our computations of defect central charges in numerous examples in chapters 7 and 8
are just as important. Examples often reveal patterns which may in fact be general
features. These properties may be amenable to a rigorous proof. Conversely, examples
can rule out the possibility of certain bounds or monotonicity theorems for some
central charges. As such, our computations provide crucial data points to explore the
space of defects in QFT. Moreover, given a pair of examples of defects in a CFT,
existing monotonicity theorems reveal whether they can possibly be connected by a
defect RG flow from one to the other, providing a relative hierarchy between them.

For defects in interacting CFTs, performing exact computations of these quantities is
typically challenging. This underscores the importance of the methods for interacting
SCFTs developed and outlined in chapter 8. To our knowledge, these methods
allowed us to perform the first exact computations of examples of defect central
charges in interacting theories. Previously, only holographic results at large N were
known whereas our computations do not involve any approximations and are
non-perturbative. Moreover, for theories with a holographic dual, our methods give
results that contain implicit statements about quantum gravity. Indeed, by virtue of
being exact in N, they must encode quantum gravitational effects on anti-de Sitter

spacetimes in the dual frame.

One particular example of such a theory is the 6d N' = (2,0) SCFT, which describes
the low energy limit of branes in M-theory. From a purely field theoretic perspective,
however, the absence of a Lagrangian in the interacting case makes it prohibitively
difficult to study using conventional QFT methods. Since co-dimension two and four
defects are some of the few superconformal operators known to exist in this theory, it
is essential to characterise them. Our computations in chapter 8 for the co-dimension
four defects provide new pieces of data and additional constraints on this SCFT. The
theory’s co-dimension two defects have proven harder to investigate. Our results for
the Weyl anomaly of 4d conformal defects discussed in chapter 6 provide another

angle on these defects. Indeed, one now has concrete parameters at one’s disposal that
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are computable in principle. Pinning down this exotic theory will presumably reveal

general features about strongly coupled QFTs.

As mentioned in section 8.4, understanding defect RG flows across dimensions
constitutes an integral part of mapping out the space of defects. The theories of class &
are an ideal starting point to study these flows. As discussed in chapter 8, they are a
rich yet highly constrained set of 4d SCFTs which arise from (twisted) compactification
of the 6d N = (2,0) SCFT on a Riemann surface. These compactifications can be
enriched with defects: a defect in the 6d theory extending along some of the
non-compact directions descends to a defect in class S. By allowing defects to
(partially or fully) wrap the Riemann surface, one can further engineer defects in 4d
with a different dimension than their parent defect. Our methods of chapter 8 will be
vital for understanding these types of flows, and, in particular, how the central
charges of the parent defect determine the central charges of the compactified defect.

Still closer to our objective of classifying QFTs through the defects that they admit, one
could imagine using our methods to study RG interfaces. Starting with a CFT, say, on
flat space, one can integrate a relevant deformation over half of space. This triggers an
RG flow on one half whereas the other half stays unaffected. If the endpoint in the IR
is another CFT, this flow engineers a conformal interface between two CFTs connected
by an RG flow. A classification of conformal interfaces would then reveal which
ordinary bulk CFTs may be connected by an RG flow. If the endpoint of the flow on
half-space is gapped, this engineers a conformal boundary condition for the theory on
the other side. A classification of conformal boundary conditions would then reveal
the gapped vacua that a CFT may admit. In either case, the resulting DCFT or BCFT is
likely to be much simpler to study than the corresponding bulk flows because CFT
methods are available. Restricting ourselves further to SUSY-preserving flows, our

methods developed in chapter 8 can be directly brought to bear.

In this thesis, we imposed highly restrictive spacetime symmetries for tractability. One
may wonder to what extend global symmetries can help with the classification
problem of QFTs and their admissible defects. Recently, the traditional notions of
global symmetry were extended to include various generalisations that lead to a
paradigm shift. Rather than characterising symmetry through the presence of
conserved currents and charges, ordinary global symmetries from a modern point of
view are associated with topological co-dimension one defects, called symmetry
defects, which have a group-like fusion product. Their action on charged local
operators realises the symmetry in the QFT. One advantage of this approach is that it
provides a natural language to discuss discrete symmetries. Moreover, this new
description can be generalised in a number of ways: Firstly, one can relax the
assumption that the symmetry defects are co-dimension one, and consider topological
defects of higher co-dimension [154]. These encode so-called higher-form symmetries.
Secondly, one may further relax the assumption of a group-like fusion law to a more
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general fusion ring, giving rise to the notion of non-invertible symmetries [234,389].
In both cases, the objects charged under these symmetries are p > 0 defects that need
not be topological.

These generalisations of symmetry may seem exotic at first but they have been
demonstrated to appear in many QFTs of various spacetime dimensions. E.g.
higher-form symmetries appear in d = 4 gauge theory, including theories as simple as
pure Maxwell and YM theory [154]. Non-invertible symmetries, which were originally
observed in low-dimensional examples, have recently been identified in many
ordinary QFTs in d = 4 [390-393]. This makes it rather surprising that they have
eluded our attention for more than half a century.

From this modern point of view, local and extended charged operators are treated on
the same footing. The study of defects has been central to the discovery of these new
symmetries, and may perhaps lead to further generalisations of symmetry.
Conversely, these symmetries may suggest a way towards a classification of
admissible defects in QFT. E.g. line defects and flavour Wilson lines in class S theories
have recently been shown to fall into equivalence classes of certain categorical
generalisations of symmetry, called 2-group symmetries [236,394]. Whether similar
classification schemes exist for higher-dimensional defects in SCFTs remains to be

seen.

As with ordinary symmetries, these generalisations of symmetry constrain a given
QFT in various ways, e.g. through an analogue of 't Hooft anomaly matching along
RG flows or through selection rules on correlation functions. Remarkably, the study of
higher-form symmetries has led to some progress on the YM mass gap problem. By
analysing a mixed anomaly between a higher-form symmetry and an ordinary
discrete symmetry in YM theory, ref. [395] showed that at theta angle 6 = 7 YM
theory cannot be trivially gapped. Moreover, 't Hooft anomaly matching for 2-group

symmetries allowed ref. [396] to prove that in 6d SCFTs the A-type central charge
aly
in the gauge multiplet. Non-invertible symmetries have been explored to a lesser

> 0 provided the theory has a vacuum manifold parametrised by VEVs of scalars

extent. A systematic analysis of their constraints on QFTs will undoubtedly lead to a
better understanding of what QFT is.

In view of these recent developments involving symmetries, it is tempting to
speculate that QFT may be due for a reformulation in a perhaps more algebraic
language. Such a reformulation should naturally allow for the description of strongly
coupled physics, and treat local and extended operators on an equal footing. Ideally, it
should suggest new computational strategies in strongly coupled QFTs but that may
be too much to wish for. SCFTs would be the ideal theoretical laboratories to explore

such ideas. On the one hand, they exhibit some of the interesting features of strongly
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coupled physics observed in nature. On the other hand, the vast amount of symmetry
makes their analysis tractable.

Ultimately, however, one wants to move away from (super)conformal symmetry. In
fact, many physical systems that can be probed in a real laboratory are not even
Lorentz-invariant. An interesting class of lattice spin models considered in the
condensed matter literature describes fractons. These models are characterised by a
large and robust ground state degeneracy, and their massive excitations, i.e. the
fractons, have restricted mobility. See e.g. ref. [397] for a review. The continuum limit
of these lattice models gives rise to exotic QFTs breaking Lorentz invariance. Fractonic
excitations are modelled by defects in these QFTs.

A peculiar feature of these models is that they can be shown to exhibit yet another
type of symmetry, called subsystem symmetry, whose symmetry defects are not
topological but conserved in time [398]. They are called subsystem symmetries
because their symmetry defects can only be supported on certain submanifolds.
Remarkably, some low energy observables receive contributions from large momenta,
giving rise to a mixing of UV and IR DOF [399]. These models violate the Wilsonian
paradigm, and call into question what is meant by QFT. A reformulation of QFT
should also encapsulate these phenomena.

In recent years, there has been significant interest in condensed matter systems that
have topological order, a gapped phase of matter characterised by a protected ground
state degeneracy and dependent on the topology of space. Such matter has been
suggested as a medium for fault-tolerant quantum computation [400]. See e.g.

ref. [401] for a review. Curiously, topological order does not fit the ordinary Landau
paradigm which states that phases of matter are classified by spontaneously broken
global symmetries. The discussion in the previous paragraphs suggests an enlarged
Landau paradigm that incorporates generalisations of symmetry. Importantly, defects
play the role of order parameters classifying phases in which higher-dimensional
objects condense. Whether all phases of matter can be described in this way remains
to be seen.

Boundaries can have interesting dynamics and transport properties in condensed
matter systems. These include systems with topological order, e.g. (integer and
fractional) quantum Hall states have gapless boundary excitations [402], but are not
limited to them. One system that has received considerable interest in recent years is
graphene, a (2 + 1)d sheet of carbon atoms whose bonds form a (bipartite) hexagonal
lattice. Different boundary conditions can be introduced by cutting the sheet at an
angle [403]. In the continuum, graphene is described by free fermions. Ref. [404]
showed that one of the possible boundary conditions corresponds to a BCFT. Since
BCFTs are partially characterised by their boundary central charges, strips of graphene

could be studied with techniques similar to the ones discussed in this thesis. If
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boundary central charges can be related to transport coefficients, one would perhaps
be able to measure them in a laboratory. This would allow one to experimentally
verify or falsify theoretical bounds, and may lead to the discovery of new ones.
Moreover, ref. [404] showed that graphene has a boundary condition that is scale but
not conformally invariant. It would be interesting to explore the constraints of scale
invariance alone on boundaries and defects in QFT.

We intend to explore many of these directions in future research.






185

Part 111

Appendices






187

Appendix A

Chapter 3

A1 Isolating the anomaly: p = 2 conformal defectinad = 4
CFT

In this appendix we illustrate the algorithm discussed in sections 2.5 and 3.4 with a
simple example: the case of a p = 2 defect in a d = 4 ambient CFT. We will reproduce
the known result of refs. [50,71,72,97,98,158-160], stated in eq. (3.4.38). The structure
of this section follows that of the supplemental Mathematica notebook available from
ref. [1], and we use notation that mirrors the notation in the notebook. Readers
interested in reproducing our results for p = 4 defects may wish to consult this

appendix first, as a warm-up exercise, before diving into our notebook.

Step 1: We begin by finding a basis of terms for the defect Weyl anomaly. The terms
need to be scalars built out of the metric g, the pullback el the Weyl variation
parameter dw, and two derivatives. There are 10 of them.

It is convenient to separate the terms into three categories. The first one involves

scalars with a non-trivial Weyl transformation. There are three such terms:
B =R, B, =R, By =1I'Tl;. (A.1.1)

The second category involves scalars that are trivially Weyl invariant. There are four
linearly-independent such terms:

Bl = ﬁ;bf[?b , Bz = gacgbdwubcd, B3 = (RJ')ijub ’ 84 = nijeabﬁicﬁ{,c. (A.1.2)
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Finally, we list terms with derivatives acting on the variation parameter. There are
three of them:

D, =I'Didw), D, = N'D;Djéw, D3 = nI'Dléw. (A.1.3)

In general, these will all appear in the anomaly as

3 4 3
5wW(1) = /2 \/§ (Z b;B;0w + Z EiBiéw + ZD{Dl) . (A.1.4)
2 i=1 i=1

i=1

A few comments are in order. In constructing this basis, and making sure that it is not
over-complete, we have used a number of geometric relations. Since the Weyl tensor
Wipe is a linear combination of Riemann tensor, Ricci tensor and Ricci scalar, we are
free to disregard any terms built out of R, Similarly, we have traded in a I, for its
traceless part Iy, and its trace II*. Moreover, any term containing two copies of either
€ or n'/ can be re-written without any epsilon symbols using e,,e* = 5567 — 6¢5¢,
and similarly nijnké = NN f —N ]k N!. Further, we only consider quantities that do not
need to be extended into the bulk. An example is N D;1l;, which crucially depends on
how II; is extended into the ambient geometry. Since there is no canonical way to do
so, we do not consider such terms here. In general, we don’t expect such terms be part
of the physical Weyl anomaly. In the present 2d case, WZ consistency eliminates them.
One may have also expected the following terms:

C1 = 5" Ry, C, = NRyj, Cs = N*NWige,  Co=Z"NTW,p;,
Cs = Rin'e",  Co=EDM", C;=E,D'TL,, (A.1.5)

where R+ is the normal bundle curvature, i.e. the curvature associated with the
connection induced from D that maps normal vectors to normal vectors by parallelly
transporting them along the submanifold. However, these are not linearly
independent. Firstly, C; = B — C2. We can use this relation to eliminate C;. Now, C;
appears in the twice contracted Gauss eq. (3.3.32¢). Trading the Riemann tensor for the
Weyl tensor, it reads

- - 3.
3C, = —B1+B,—B1+ B>+ 183. (A.1.6)

Thus we can use it to eliminate C,. Furthermore, the fact that the trace of any two
indices of W), with the ambient metric g, vanishes implies that C3 = —Cy = By. Cs
can be removed by the Ricci identity eq. (3.3.34). Finally, C¢ = —B5 using EZII" =0
and the definition of I, and similarly C; = —3;. This leaves us with the terms in

egs. (A.1.1), (A.1.2) and (A.1.3).

Step 2: WZ consistency reduces the number of terms to 7. To compute [y, 5,] W)
we take a second Weyl variation of the above basis. We anti-symmetrise in the
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variation parameters, dw; and dw;, which generates linear combinations of the

following terms

DN = swoll'Didwy — (1 4+ 2), Dy'% = 5w, N'D;Djdw; — (1 4 2),
DY = SwonI'D/swy — (143 2), D% =n'Djdw,Didwr — (1++2).  (A.17)

The second Weyl variations are

(vV3) 101(\/3Brdwr) — (1 5 2) =0,

(V3) " 161(1/3 Badews) — (1 5 2) = (Dlwz_DWZ)

(v/2) 7 101(\/3 B3dws) — (1 +» 2) = —4DN*

(V&) '61(V/8 Bidws) — (1 ¢+ 2) =0,

(V) 101(V/Z Badw) — (1 43 2) =0,

(v3)'1(V/Z Bsdwr) — (13 2) =0, (A.1.8)
(V) 101(V/Z Badewn) — (1 43 2) =0,

(v7) 11(\/3Dowp) — (1 4+ 2) =0,

(v/2)'01(V/gD36ws) — (1 4+ 2) =0,

(V) 101(1/gDJ6ws) — (1 ¢ 2) = —4DYV%,

where (1 <+ 2) only exchanges the subscripts on the Weyl variation parameters, and
D? denotes the operator version of D; in eq. (A.1.3) with the variation parameter dw
omitted. In the above we have dropped total derivatives along the submanifold D(...)

since the above terms appear in [d1, ;] VW under an integral.

Solving WZ consistency reduces to a simple problem in linear algebra. Let
(BYAT = (By,...,Bs,By,..., By, DY,..., D) and (DV4)T = (D}V%,..., DIV?). Let
MWZ be the 10 x 4 matrix that implements the transformation,

0 4 -4 0 0 0 0 0 0 0
r o4 0 0 0 0 0 0 0 0
(MWZ) - ) (A.1.9)
0O 0 0 0 0 0 0 0 0 0
0O 0 0 0 0 0 0 0 0 —4

ie. 82BWZ = MWZDWZ where the operator 8 acts like

§2A = (1/3)161(/T Adw,) — (1 <+ 2) for some A. The (right) null space of (MW#)T
is the general solution to the condition [¢;, 6] WD) = 0. In this example, the solutions
are particularly simple: they just correspond to Biéw, Biéw, Bydw, Bzdw, Bydw, Dy
and D,, each added with an arbitrary coefficient in the anomaly polynomial, i.e.

4 2
= /Z V3 <61815w + ) b;Bidw + Zaﬂz) . (A.1.10)
2

i=1 i=1
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The other coefficients must vanish, i.e. b = b3 = 93 = 0.

More generally, the solutions to WZ consistency may involve a linear combination of
terms with fixed relative coefficients, i.e. WZ consistency forces the coefficients of
some terms to be determined by one another up to a single overall number. Each such
linear combination would appear in 6,V with this unfixed coefficient. For example,
for a p = 4 defect, WZ consistency fixes the relative coefficients appearing in

egs. (6.1.2) and (6.1.3) up to a single overall coefficient for each of them, d{¥ and dy*,

respectively.

One sometimes also finds linear combinations of D’s at this stage. Indeed, this is the
case for a p = 4 defect. As we explain in appendix B.1, however, they are typically not
genuine solutions of WZ consistency, but can be made inconsistent by addition of

local counterterms.

Step 3: Finally, we introduce local counterterms in WV. By adjusting their coefficients
we can set to zero some of the remaining coefficients in eq. (A.1.10). We find 5
scheme-independent terms in the anomaly which cannot be removed by such

counterterms.

Let Wcr be the counterterm action. We cannot add any of the D’s as counterterms
because Wcr does not involve the variation parameter dw. In principle, we could

introduce the B’s. However, they are Weyl invariant and, therefore, cannot remove
any terms from the anomaly. We are thus left with the B’s. The counterterm action

reads
3
Wer :/Z NG (Z ci8i> . (A1.11)
2 i=1

The first Weyl variation of these terms is
(Vz)~'o <\/§Bl) =0,
(vV3) 6 (VZB2) = 4 (D1 — D)o, (A.1.12)
(V3)7'6 (V3 Bs) = —4Drow,

where we have again dropped total derivatives D(...).

Determining the terms in the anomaly that cannot be removed by local counterterms
reduces again to a linear algebra problem. Let B = (B;, ..., B3)T and
D = (Dy,...,D3)T. We introduce the 3 x 3 matrix M,

0
M=o -4 of, (A.1.13)
0



A.1. Isolating the anomaly: p = 2 conformal defectinad = 4 CFT 191

which implements the first Weyl variation with appropriate factors of /3, i.e.

8B = MD, where 8 acts like SA = (/3) 16 (1/3 A). The terms that cannot be
removed by local counterterms are given by the (right) null space of M. Generally, a
null vector is a linear combination of D’s, and one must choose a scheme in which one

of the terms in that linear combination cannot be set to zero.

In the present case, however, the null space is just the span of Ds. Therefore, all but Ds
can be removed unambiguously by adjusting the values of the coefficients ¢;. In
particular,

SoW = 6WP + 6, Wer (A.1.14)

with arbitrary ¢y, ¢ = %02, and ¢3 = }1(31 + ;) sets the coefficients of Dy and D, to
zero. Since WZ consistency requires that the coefficient of D3 vanishes, the
scheme-independent part of the anomaly is therefore

oWV = /Z \/§ (5181 + 6181 + 6282 + 6383 + 6484) ow. (A.1.15)
2

After appropriately relabelling the coefficients, we find eq. (3.4.38) with g = 2.
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on dw. They are

B = R?,

By = W, NR
B; = RypW."",
By = RI'IL,
Bis = Ril,, 017,

i

oi oabj
616:RinubH ,

ijr

Big = Wi,

By = Wicucﬁbf[lub ,
o abi

625 - Ha lDiWach/

B.1 4d defect Weyl anomaly basis

B.1.1 Arbitrary co-dimension

The g = 1 case is a simple adaptation of the g > 2 case.

B, = R,RY,
85 - Rwabab Vi
Bs = R;jW™i,,

By = Wy, II'T;,

ko el eab
Bia = NFRjlllL; -,

By = R,

Bag = W i 11,
By = Wi D,IT',
By = I'D;W,",

refer to our supplemental Mathematica notebook available from ref. [1].

Bs = (NR;)?,

Bs = RN'R;;,

By = R;RY,

By, = NFRyII'TL;,
Bis = RyII'lV

Big = Rabﬁzcﬁica ,
By = W' T'TV,
By =1'DiR,

By; = D'DiR,

193

In this appendix, we present some details of the algorithm discussed in sections 2.5

and 3.4 applied to the case of a p = 4 conformal defect. For the complete workings we

We begin with the part of the anomaly that is admissible in any co-dimension g > 2.

Step 1: First, we determine the basis of terms. There are 36 scalars that transform
non-trivially under Weyl transformations, and that do not have any derivatives acting

(B.1.1)
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Bys = D'D;W,™,
831 = HiHjTrﬁl’fI]' ’
Bss = D,ILDTU,

829 = HiTl‘f[if[jf[j ,
Bsp = (II'IL)?,

—aebc

Bss = D, M, DI,

Bso = I TriTTf,
B3z = Eaﬂ?bﬁbﬂi ,
Bss = D'fiy,, DIIL?,

where ﬁaﬁ?bﬁbﬂi = Nwﬁaflaby D,IIY, and similarly for the other terms of the form
(DII)2. There are 24 trivial Weyl invariants without derivatives on dcw:

G3

1= Wabcdwade ’

4 = WijeaW e ™/,
B; = Wi W,

Bio = Wan" W™,

(oM

Bys = Wabijﬁi,cﬁia ’
Bis = Wabadﬁbfiﬁ?f/
By = TrfIifIiijij ,
By = TrfIiIon TrIOIif[]-,

Finally, there are 41 terms with derivatives acting on dw

Dy = Wl D'ow,
Dy = I'RD;éw,

Dy = 1" Wiy Didw,
Dyp = II'W,,/"D/dw,
D3 = W, D" D'dw,
D6 = NYR;;D*Dydw,
D19 = D'Wy" Didw,
Dy = R/D;Djéw,
Dys = Tl Do,
Do = 1D, Dyocw,
Dy = "D1l, Dadw,
Dsy = Tell Ti; DIDjéw,
D3y = I'D;D/Djdw,
Dy = (D;D)*éw,

By = (Wp™)?,
Bs = Wi, WP,
Bs = WyiW® ik,
Biy = Wi Wy,
o ibc

B1s = Wipill
~. o ] oab]'
Bi7 = Wigj L, 1T,

o ]
I,

BZQ = Trfllf[]fllf[] ’
823 = ﬁ;eﬁéeﬁcfiﬁdfjffabm ’

D, = Wi*T'D,dw,
Ds = I'N*RyDjdw,
Ds = I'W,,"’D;dw ,
Dy1 = RObw,

Diy = D'RD;bw

Dyy = Wy 0ow,

Dyo = WD Didew,
Dy = Tell T Dyoww,
Dy = TV Djdw .
Dy = I;D,I'D"$w),
Dy, = M M1.Y"D, D,dw,
D35 = I'IVD;Djéw,
Dsg = I'OD;éw,

Dy = f[;, fﬁcfldf €D s .

Bz = Wopea W™ e,
B = W' W™,

By = Wy W™K,

By = WL 11{",
Bis = Wt fi,. . (B.1.2)
Big = WL, i€ cqer

By = Trflif[i Trf[jflj ,

Bas = Wil 111} e/

Ds =11}, R*Dsw,
Dy = MI""'W, ., Didw,
Dy =I'R/Djéw,
Dy, = N'R;0éw,
Dy5 = RD'D;jdw,
Dig = Wy D'Dibw,
Dy = Wi'D'D/éw,
Dy = Wil D6, (B.13)
Dyy = 1D, I'Dyow,

Dy = 111, 17 Tow,

Dz = Trll' TV D;Djow,

D3 = I'I,D'Djdw,

Dy = 111, DD’ Déw,

In total, our basis is 101-dimensional. For g = 1 the basis is over-complete because

some terms that are distinct in 4 > 2 may reduce to the same term in g = 1. Moreover

some terms vanish identically when g = 1.
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Step 2: Next, we find solutions to WZ consistency. Computing a second Weyl
variation produces terms of the form DVZ = 6w, D?6w; — (1 > 2) fori =1,...41,
where D? corresponds to the operator version of D; in eq. (B.1.3) with the variation

parameter dw omitted. In addition, there are the following terms

DWZ = W, D 6w Didws — (13 2), DW? = I Didw Tows — (1 43 2),

DWZ = D, Didw; D"dws — (13 2), DWZ =1, Didewn D' D dws — (1 45 2),

DYZ = i, D" Didwr D dws — (143 2), DY* = D DIDdws — (1 5 2), (B.1.4)
Di? = 'D;Didw 1 D/éw, — (14 2), D =0éwiD'Didws — (1 4+ 2),

DR? = D'Didw1D'Djdw; — (1 4+ 2), Di* = D'6wiD;D/Didw; — (1 4 2).

The 24 B’s trivially solve WZ consistency. In addition, one also finds four non-trivial
linear combinations of B’s. Three of them correspond to E4, J1, J>. The final one can
be written as a linear combination of other invariants and W, W, In eq. (6.1.1), we

redefine our basis to include W, W€ instead of this extra conformal invariant.

Step 3: We also find 33 linear combinations of D’s that naively solve WZ
consistency. However, 32 of them can be rendered WZ inconsistent by a choice of
scheme. One can introduce counterterms that remove at least one of the constituent
terms of the linear combination such that the remainder is inconsistent. The anomaly,
however, must be WZ consistent in any scheme. Thus, we must insist that the overall
coefficients of these 32 linear combinations of D’s must be zero in any scheme.
Therefore, they are absent in the anomaly. The one remaining linear combination of
D’s, which just consists of the single term Dy, in eq. (B.1.3), is unaffected by local
counterterms. It is related to the term in eq. (6.1.1) whose coefficient is &(34‘1). Aswe

comment in the main body;, it is a genuine anomaly coefficient.

This leaves us with 23 parity-even contributions to the trace anomaly. One of them is
A-type and the remaining 22 are B-type. There are 6 terms that are parity-odd along
the defect that are admissible in any co-dimension g, although 3 of them vanish

identically when g = 1.

B.1.2 Parity-odd terms in the normal bundle when g = 2

In addition to the terms that are parity-odd along the defect, there are terms that break
parity in the normal bundle. First, consider the co-dimension g = 2 case.

Step 1: The extra parity-odd terms in the normal bundle are

B%é) = Rijnjk[[illk, 856) = Riji’ljkf[;bﬁabk, B,D(,6) = Rabﬂiﬁ{lbl’lij ,
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B = Waibjﬁabiﬂk”jkr B = aibjﬁzbﬂinjk/ B = Wicucnijﬁbﬁabj/
B = W niD,1I;, B = niiD;R B = 1" n;DIW,e*, (B15
7 = Wic n7lUgly, g  — Win'Uikk, 9 = njj ach s (B.1.5)
B%g) = Hinijiji ’ B%i) = ]:[inl']'TI'f[kf[kf[j , B%g) = Hiﬂji’ljkTI'f[kf[j ’
B%g) = nijﬁaﬂiﬁbﬁ]a‘b ’
and
B = s i | R (B.1.6)
as well as

D = Wicﬂcﬁabjnifﬁb, DY) = Wi Wn'D,, DY =i, RnD;,

’Dié) = HilflinDj, Dé6) = ﬁibnikwmijj ’ Dé6) = ﬁabiwmjbnjka/

DY = bW, *Di, DY = WRyn*D;, D = W" IR/ D;,

DY = niD,RD;, DY = W, n'D'D;, DIy = RinyD*D;,

DY) = DR, D", DY) = wkD R, D', D = Tl fi,i/n;D*,  (B.1.7)

Dgg) = nijjTrfIiﬁka’ D%g) = l’ljk]:[iTrf[iﬁjDk, ’D%g) = njk]]iﬂi]]jDk ,
DY) = nD'Ii,D’, DY —nyWi,D’D’, DY = n,W'D,UD’,
'Dég) = nijﬁ;bﬁcﬁd)jﬁa ’ ,Dég) = Trf[iloljnjkaDi , ’Dg’l) = ]Ii]:[fnjkaDi ,
Dég) - nikHkaDij ’ Dé? = nikHiﬁDk ’ Dég) = Ylikﬁ;bﬁuﬁka.

Note that the identity n;n*’ = NFN f - N}‘Nf is very restrictive in combination with

various symmetry properties of tensors, and it sets to zero many candidate terms.

Step 2: In addition to pOWZ _ (5w2Di(6)’ac5w1 —(1+2)fori=1,...,27,the

following terms are gene;ated when computing a second Weyl variation:

DN — WD 6w D swy — (1 ¢52), D™ = Wing D s D'dw; — (1 5 2),
DN — W, ingD'6wn D swy — (15 2), DY = RuyiDisw, Didw, — (1 45 2),
Dy = R;jn"D'dwy Dydwy — (1 43 2), DYWE — ﬁidﬁCdknijDkéwlDidwz —(1+2),
DYNE — WlnyDidar Drows — (145 2), DW= 910 D" 5w, D' by — (1 4+ 2),
Dég)'wz = ﬁib”iijDiéwlﬁa&‘JZ - (1+2), Dgg)’wz = f[Cdinkkaéwzﬁdﬁcéwl - (1+2),
DEWE — Wy Disw, D Dyswn — (145 2), DW= Wy Discw,Tbwy — (1 5 2),
Dy = 'n*DyDidw 1 Didw, — (1 45 2), DLW 'n;; D" D/éwrDadw; — (1 4 2),
DY — wiD;D*Didewr Dibwr — (1 2),  DEY™* = 5D, 0DIsw; — (1 5 2),
DN — niiD;Dywi DD}, — (1 45 2). (B.1.8)
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There are no solutions of WZ consistency involving B’s. Only l~3§6) and linear

combinations of D’s (naively) solve WZ consistency.

Step 3: All of the linear combinations of D’s are scheme-dependent. There is only

one genuine scheme-independent solution to WZ consistency that is parity-odd in the

normal bundle: the trivial Weyl invariant B 56) which appears in eq. (6.1.8).

B.1.3 Parity-odd terms in the normal bundle when g = 4

The co-dimension g = 4 case is more restrictive. The only new terms that one can

write down are trivial Weyl invariants:

BY = e Wi Weake , B = T Wo W,
B:())S) = niszwpiqu”k”’g , 84(18) = nifkgwaipjwak”g ’ (319)
B = Mijke€abea W™ IOIkafIfd/g , By = ijee W fl, 11,

These trivially solve WZ consistency and cannot be removed by counterterms. They

appear in eq. (6.1.9).
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C.1 Spherical defects

In this section we outline the derivation of eq. (7.1.10) for a spherical defect in R¢. Our
strategy will be to apply a conformal transformation on flat space R? that maps the
support of the defect from the sphere S%~2 of radius R to the plane R“~2. This relates
the spherical defect to the flat defect for which J - A = aJ°.

More concretely, let X* with y =1, ...,d be coordinates in flat space. We take the
support of the defect to lie on X#X"4,, = R*> and X? = 0. The following
transformation maps the sphere to the flat defect

AxHxt — R? k

x! — xk — 4R2 * C.11
R2 + 4xHxt + 4R x1”7 R? 4+ 4xHxH 4+ 4R x1”’ ( )
with inverse
R R?— XHxH Xk
== > , xF=R? . , (C.1.2)
2 (R — X1)* + XkXk (R — X1)" + XkXk

where k = 2,...,d, and x! and x? are the transverse directions to the defect in the new

coordinates. Under this transformation, the Jacobian factor is

9 _ (X) x (rotation)y,  OQ(X) = R:
oxXv v ~ [(R=X1)2+ XkxKk]’

(C.1.3)

where we won’t need the rotation part. In order to show eq. (7.1.10), we need to
compute the integral on the right-hand side of eq. (7.1.7) when the defect is spherical.

Namely, we need to evaluate the following integral

= [ X 0 (0) g fu (%), (C14)
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where the shape function f,(X), whose precise form we do not need, is the one of a

spherical defect. Under the conformal transformation,

(X)) g fr (X) = (T (2(X))) g fr (x(X)) (%), (C.15)

where we used that A = d — 1 and A4 = 1. Finally, we are left with the following
integral

d
2R

V/(RZ — XtXH)2 + 4R2(X2)2

(C.1.6)

I]:a]/ddX

To perform the integration, it is convenient to employ spherical coordinates. We

choose
X2 =rcos¢y, X! =rsingicosga, ... Xt = rsingsing,...cos¢y_1, (C.1.7)

which gives

d
—+00 T 2R
I; = a;vol(§%2 / dr/ dep 1@ 1sin? 2
1= apvol(S75) 0 0 P P V/(R2 —12)2 + 4R?%r2 cos? ¢y
Zd\/EI’ dz;l +o0 rd—l
= d( )Vol(Sdz)a]/ dr R4 I
r(4) 0 (R? +12) |R? — 17|
(C.1.8)

The integral over r converges in the range 0 < d < 2 while is divergent for d > 2. We
will adopt dimensional regularisation to obtain the value in our range of interest

d > 2. Performing the integral is straightforward and we obtain
e+l
r (%) sin (5d) ‘

We note that the above result is well-defined for any value of d > 0 with d # even,

I] = 4aj (C19)

while when d is an even number the expression has a simple pole. This pole is
expected since the free energy acquires an additional divergence due to the trace
anomaly. In our case this corresponds to the derivative with respect to a of the A-type
defect anomaly. We can extract the coefficient of the divergence by replacingd — d — ¢
where now d is assumed to be a positive even integer and 0 < ¢ < 1. Thus we find,

/2
4 1 + O(g) , d = even. (C.1.10)

0

The pole in the dimensional regularisation maps to a logarithmic divergence when the

I} = —(-1)"a

integral eq. (C.1.8) is regularised by a UV cut-off ¢, i.e. 1/e — log(R/€). More
precisely, the integral diverges at the location of the defect r = R, and we must divide
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the integration region as follows r € (0,R —€) U (R + ¢, +o0), where € is a UV cut-off.
Thus,

( 27-[%+1

; T (%) sin (%d)
——logZ[a] = (C.1.11)
duo )2

—(—1)%"2a; log R d =even.
JOMC

aj d # even,

This straightforwardly gives the results in egs. (7.1.8), and (7.1.9).1

C.2 Scalar propagator

Below we study the mode expansion and the propagator of a scalar field in the
presence of a non-trivial monodromy in Lorentzian signature (=, +,...,+). Inthe
Minkowski space-time with metric eq. (7.1.1), the EOM for ¢ reads

1 1
500(0909) + | =0F + 5 (3 —ia)* + Df| ¢ =0, (C2.12)

where Dﬁ is the spatial part of the Laplacian in the direction parallel to the flux «. To
find the general solution to the EOM, we use the cylindrical symmetry of the problem
and write the ansatz

¢ = etk T ginbp (o) (C.2.13)

Plugging eq. (C.2.13) into eq. (C.2.12), we obtain an equation for (p)
P " +ph + [(wz — Eﬁ) p? — (m — a)z} h=0, (C.2.14)

whose solutions are the Bessel functions

h = J+(n—a) (kp P) , ko = w? — kH . (C.2.15)

While the large p behaviour of the functions Jg is physically reasonable for any f, their
behaviour near p = 0 needs to be discussed carefully. Expanding the Bessel function
near zero, one finds

B -p-272
Jp(0) = ¢F (r(/23+1) G +21)r(;§+1) +0 (g3)). (C.2.16)

'In principle one might worry about other a-dependent terms contributing to the partition function.
Indeed in the presence of a bulk trace anomaly one gets a logarithmically divergent term proportional to
| F A*F, where F is the curvature of background gauge field eq. (7.1.6). This term, however, is quadratic
in delta functions and hence doesn’t contribute.
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Depending on f, the function may be divergent as { — 0.

If one asks for regularity of the scalar field in the limit o — 0, one must require the
order of the Bessel function to be non-negative, i.e. £(n —a) > 0. This leads to the
following solution

Z /dk /d | [ T n—a) (ko )e‘i“’t“ﬁrfu

n—=—oo

(C.2.17)
4 EZ (k>efin€]|n+a| (kp p) eiwt—iFH-Ec’H )

where i, (k) and b, (k) are undetermined functions of k = (E”, ko). This choice of
boundary conditions has been argued to correspond to a monodromy defect
engineered by an infinitely thin and infinitely long solenoid carrying a magnetic flux
« [323-325].

To quantise the theory, we impose the canonical equal-time commutation relation
[@(t,x), 9t (t,x')] = i@V (x — x’). After the quantisation, the coefficients i, (k) and
b, (k) become operators, which are proportional to the canonical creation and
annihilation operators a, (k) and b, (k) which satisfy?

[au(k), al, (K')] = [bu(K), bl (K')] = 69~ (k) — Eﬁ)é(kp — k) O - (C.2.18)

In terms of these, the correctly normalised mode expansion for ¢ reads

k i —iwt+ik) %
/dk /dd 3kH NoToTE ZF an(k )emehn_“‘ (k, p) e it* k%

n=—oo

(C.2.19)

More generally, we can relax the assumption that the defect corresponds to a solenoid.
In this case we just require that the integral of the charge density Q ~ [ (])(j;r is finite
near p ~ 0, and one can allow for a mild singular behaviour ¢ ~ p~17¢ with € > 0. In
particular, restricting the range of a to lie in the interval a € (0,1), we can allow for the
Bessel function J_, (for the n = 0 mode) in addition to J.,, and J,_1 (for n = 1) in
addition to J;_,. In the most general case there will be a specific ladder operator
corresponding to each Bessel ], i.e. we will have a((]_), a(()+), ag_), a§+) and analogously
for the ladder operators b. The modes with the + sign correspond to the regular

modes while the — sign to the mildly divergent ones. The only non-trivial

S(u—v)

u

2We found the following orthogonality property useful: [~ dp pJa(0v)Ju(pu) =
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commutators are
g (), 2™ ()] = [y (), 0 ()] = 8V Fy — Rk, — k), (€:2.20)

and similarly for the b ladder operators. In order to respect the commutation relation
[@(t,x), ¢(t,x")] =161V (x — x"), we need to introduce a specific normalisation for
the modes n = 0, 1 described by two free parameters &, ¢ € [0,1] as in eq. (7.2.21). In
particular, if we choose ¢ = 0, only the regular mode |, will occur, while for ¢ = 1 we
will have only the singular one. The same happens for the mode n = 1 and ¢.

From the mode expansion eq. (C.2.19) and the modification due to the singular mode,

it is straightforward to write down eq. (7.2.18).

Massless scalar propagator

From the field solution eq. (C.2.19) we can easily compute the propagator. The

Euclidean two-point function can be written as

+o0 +oo . ’ _
Gsucgg x,x) Z (m—a)(0—0') ém—fx)(x/x/) + Zoel(eroc)(@E))Gé + )(x,x’)
+ éeﬂa (6—6) [Gé )(x’x ) — Gétx)(x’ x/)} + éei(lfa)(efg/) [Géa—l)(x, ) — Gél—a)(x, x/)} )

(C.2.21)

where we defined

. -7 = =/
e—lkT(T—T/)-i-lkH (% =%))

Jo (kop) Ju (ko p') -
2 d—1 -2 P 4
(27) R4k + K2

G = [ a7 dk,y ke

(C.2.22)
By employing the identity
1 * —x%s 2
7:/ dse™s,  k2>0, (C.2.23)
K 0
and performing the Gaussian integration over %” and k;, we obtain
27/ )2 12
(v) N +o00 +o0 kp 1 _(-’CH*XH) Jyr(T*T) e
GS (x,x ) - /0 ds 0 dkP 2d—17d/2 Sd/2—le * e (C.2.24)

xJv (ko) Jv (kpp') -

Now, we integrate over k, by using the identity eq. (C.4.42), which gives

G (x, %) =

/ ds s4/2-2p S0+ (=2 /4 (SPZP ) : (C.2.25)

od d/2 7-[{71/2
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This is the form of the propagator that we employ in section 7.2.2 to obtain the desired
correlation functions. Further, note that the propagator is precisely in the form of

eq. (4.3.20) such we can identify the heat kernel as the integrand of eq. (C.2.25) and use
it to compute the EE in section 7.2.3. Nonetheless, the integral over s can be performed

analytically by noting the following relation
Io(z) = eTiom/2], (zeii”/ 2) . (C.2.26)

Using the identity eq. (C.4.41), the result is

oo T(E-1+y) 2ot
Gs (%, x) = 4772T (14 v) ( ) <p +p’2+ — cr/)2>

d—2 v d-2 LV 40%p"
F = .
X 2 < 1 + 5 4 2 + v+1; AT x‘/‘)z)z

(C.2.27)

It is straightforward to show that this reproduces exactly (up to the 6 dependence) the
defect blocks (7.2.25) with the coefficients c; defined in egs. (7.2.27), (7.2.28a) and
(7.2.28b).

C.3 Fermion propagator

In this appendix we provide concrete expressions for the fermion mode expansion in
d = 4, and explicitly compute the propagator eq. (7.3.90). We will do so by imposing
that the components of the Dirac fermion obey the canonical equal-time
anti-commutation relations {4 (t,x), ¢ (t,x')} = 6@V (x — x)8 45, where

A,B =1,...,4are spinor indices.

It will be convenient to use the following Clifford algebra representation

T = . 3 ;Y= . ;Y= 5 ;Y=
0 —ico —il, O 0 o 0 —o

(C.3.28)

1,2,3

where c* are the Pauli matrices and 1, is the 2 x 2 identity matrix. To solve the

Dirac equation, we make the ansatz

lp — efiwteimeeikux“ ( f‘;{p) ) , (C329)



C.3. Fermion propagator 205

where ¥ is a two-component spinor with p-dependence only, m € Z + %, and
w, k€ R.3 The Dirac equation in the basis eq. (C.3.28) reduces to two coupled
first-order ordinary differential equations for the components of ¥

d v
—i(w x£ky))¥r + (—)‘F =0, (C.3.30a)
( 1)¥2 o )0
) d v+1 B
—1(w$k|)‘1’1+<dp+ , )‘FZ—O, (C.3.30b)

where v = m — a — 3. These two equations can be combined into Bessel’s equations
for ¥1 and ¥,, and their solutions can be written in terms of Bessel functions of the
first kind, J, as follows

¥ — ( ' Jv(pkp) ) g ( . J-v(0ko) >, (C.3.31)
iB+Ju+1(pkp) —iB+] (y41) (0 ko)

where k, = \/r—kﬁ, By = ikH and c!? are arbitrary integration constants. A field
configuration is physically admissible if it is less divergent than p~! as we approach
the defect at p = 0. This requires setting either ¢! = 0 or ¢* = 0 for all
n=m—3} € Z\ {0}. In the case of n = 0, both solutions are admissible. For the
solution with coefficient ¢!, the first component ¥ ~ p~% as p — 0, whereas ¥, is
regular. For the solution with coefficient ¢?, the second component ¥, ~ p~11¢
whereas ¥ is regular. Note that both solutions have one component that diverges at
the defect. As shown in [324], it is the former that corresponds to an infinitely long

and infinitely thin solenoid. The most general solution keeps both modes with a
parameter ¢ € [0, 1] interpolating between them as in eq. (7.3.89).

Taking a linear combination, one obtains the general solution to the Dirac equation

dk foo [k ) ) .
/OO 27.)} / dkp iB_I“Jte—Hka”€+m0€19/21/‘12(k)uik

dk 7 (C.3.32)
o/ || oo P Hiwt —ika” +ind i0/21,5 * s
—l—n;oog/_oo = dkp \/ 4we e e e 2h (k)vnlk,
where now w is understood to be a function of k = (k, k). The spinors are
Ct ]Qn(n—ﬂé) (P kP) C- ]gn(n—zx) (P kp)
u’}l,k _ ignc— ]gn(n+lftx) (P kP) ) u%,k _ ignc+ ]gn(nJrlftx) (P kp) , (C.3.33)
Ct ]Qn(n*l%) (p kP) —C- ]gn(nfzx) (P kp)

ignC, ]gn(n+l—a) (p kp) _ignc+ ]g,,(n-i—l—tx) (P kP)

3In this subsection only we will use x| to denote the single spatial coordinate along the defectind = 4

(rather than ¥)). Similarly, the momentum along x| will be denoted by k| (rather than k).
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and
Ct ]Qn(”—lx) (p kP) C- ]gn(n—uc) (P kp)
lea,k _ _ignc— ]gn(njtlfa) (P kp) ) Ui,k _ _ignc+ ]gn(nJrlfzx) (P kp) ) (C.3.34)
Ct ]Gn(”—ll) (p kP) —C- ]gn(n—a) (p kp)
—ignC— ]g,,(njtlfa) (P kp) icnCyt ]gn(nJrlftx) (P kp)

where C1 =, /w £ kH. In the above, ¢, = +1forn >1land¢g, = —1forn < —1,and
Y is an instruction to sum over both n = 0 modes. More concretely, denote the
spinors with ¢p = 1 by u(()i)s and v(()/ik)s, and the ladder operators by a(()i)s(k) and
b(()i)s* (k). As in the scalar case, one can introduce a parameter ¢ € [0, 1] which
interpolates between the two n = 0 modes. Then Y’ means: sum the ¢p = +1 mode
with an extra overall factor of /1 — &, and the ¢y = —1 mode with an extra factor of
V& Promoting a)%(k) and by* (k) to operators whose non-zero anti-commutators are

{a;(k),a;’ﬁ(k’)} - {b;(k),b;ﬁ*(k’)} = 8(ky — k| )6 (ko — K))ouyd™ ,  (C.3.35)

the components of the Dirac spinor then obey the canonical equal time commutation

relations.

Using the explicit mode expansions, the fermion propagator

<¢A(f,XH,P,9)¢B(t’,xh,p’,9’)> ift >t
(Pt x), 0,6 palt,x),0,6)) ift' >t,

Grac (¥, X' ) ap = { (C.3.36)

can be straightforwardly computed. Assuming ¢ > t/,

dk dk k AN 5! : AN /
Gz (x,2) B—IE / il 27T o p—i(t—t") ik (x| =) in(6-0') ,i(0—0) /2

(A )s + (20422 )8) . (C337)

and similarly for t < #'. Using the scalar mode expansion. It is straightforward to

verify that
GF,a,C(x, x/)AB = —’)/V(ay + Qy — iAy)

<P—ZNI Sn—aye 9')+P+Z”Ign(n+1a)ei”(f’f”)), (C.3.38)

n

where

dk dk k . : N
Y | P / —iw(t—t") ik (x)=x|) ji(6—6")/2
T, = / / = th (ko) Ju(p'kp) € e e , (C.3.39)

and Y is an instruction to sum over both n = 0 modes, one with ¢y = +1 and an
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extra overall factor of 1 — ¢, and the other with o = —1 and an extra factor of ¢.
Comparing with eq. (C.2.21), one identifies

Y T @O = e O0/2Gg g (3, 1), (C.3.40a)

n
Z/,Ign(n+1,lx)ein(079,) _ e—i(@*@’)/ZGS’IX’O/é(x’ xl) , (C340b)
n

which gives precisely eq. (7.3.90) after applying the gauge transformation eq. (7.1.3).

C.4 Useful formulae

In this appendix, we collect identities that were used in the main body of the text. The

following integral identity involving a single Bessel-] function

o * T(A+a) Ada A+a+1 a?
d A=1 ,—ps — a . .
/o 557 e ulas) <2p> pAr(lx+1)2F1( 2 Tl pZ)’

(C.4.41)

which is valid for Re(a + A) > 0 and Re(p £1ia) > 0 was used in the evaluation of the
scalar propagator. In the same computation, we also encountered integrals involving
products of J,(as), which required the following integral identity

(] 2.2
22 _ 1 ”4*5’ ab
/0 dsse Jo(as)Ja(bs) 2,72 e I, ) (C.4.42)

where I, (s) = ¢'™/2],(is) is the modified Bessel function of the first kind.

Finally, we used the following identities involving sums of Bessel functions:

T hiol) = g 11_1/) G /0 “dte 1 (1)~ 2(11 (2) + L(2)) ), (C.4.43)

and

[ee]

Y (k+ 1)l (2) = 5 (L1 (2) + L(2)). (C.4.44)
k=1
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Appendix D

Chapter 8

D.1 Special functions and zeta-function regularisation

In this appendix, we give a quick overview of the special functions appearing in
chapter 8 and explain how they arise from zeta-function regularisation of infinite

products. For more details on some of these functions we refer to refs. [405,406].

By meromorphic continuation to the complex s-plane the Barnes multiple-zeta

function {n/(t;z|ay, . .., ay) and the multiple Gamma-function are defined

In(Bzlar,...an) = ), (z+ma+. nnan) (D.1.1)
Ni,eeey YZNZO
I'n(z|ay,...an) = exp (0N (tzla, ..., an) o) - (D.1.2)

The cases of particular interest to us are N = 1,2, which include the single 1 (¢; z|a)

and double zeta-function {»(t; z|a, b). In particular, we will need their values ats = 0

1 =z
01(0;z]a) = 5T
AERT T T2\ Ta) 2\a ") " 2ab
From the definition above, the single Gamma-function I'; (z|a) is related to the
ordinary Euler Gamma-function I'(z) via
1 a%—az
I'(zja™") = I'(az). D.14
Further, the double Gamma-function is used in defining the special function
1
Y(z|a,b) = (D.1.5)
I

(z|a,b)To(a+b—zla,b)’
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which frequently appears in Liouville/Toda theory. This Upsilon-function obeys

Y(z+bla,b) = y1(z|a)Y(z|a,b), (D.1.6)
where Iy (2la)
1(zla) = 7F1(21 i;a) , (D.1.7)

and a similar relation for the shift Y(z + a|a, b) replacing a — b. This can be recast in

the more familiar form

Y(z + bla,b) = a®/" Ly (z/a)Y(z|a,b), (D.1.8)
where r(z)
- z

The special functions above appear in the evaluation of 1-loop determinants in
section 8.2. One usually encounters infinite products that diverge and require
regularisation. As explained in section 4.3, zeta-function regularisation instructs us to
replace a diverging product

[oe]

A = exp (= 9:3(H)],—) » (D.1.10)
k=0

where 3(t) is the associated zeta-function defined as the meromorphic continuation to

the complex t-plane of the series

Y AT (D.1.11)
k=0

For divergent products of the form

ﬁ (I; + z) ) (D.1.12)

k=0

the associated zeta function is {3 (t 0z ‘r‘l ), and hence zeta-function regularisation

gives

<k 1 \/ﬂr”*%
I1 <r +Z> < 5 — . (D.1.13)

paliey z|r=1) I'(rz)

Most importantly for our analysis, we need to understand the behaviour of the
multiple Gamma-function appearing in 1-loop determinants under a constant Weyl

rescaling. Generically,

Ty (ﬂ ?”TN) = pEnOloaN) T (Zlay, . ). (D.1.14)
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For N = 1 this reduces to
z|a 1z
I, (;’ ;) = 1275 Ty (z]a), (D.1.15)
such that
z|a _z
m (;‘ ;> = 1% 41 (z|a) (D.1.16)
For N = 2 one finds b
Y (j % r) = 20021y (714, b) . (D.1.17)
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