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aDipartimento SMFI, Università di Parma and INFN Gruppo Collegato di Parma, Viale G.P.

Usberti 7/A, 43100 Parma, Italy
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1 Introduction

Correlation functions of local operators are among the most basic observables in a Quan-

tum Field Theory. Spacetime and global symmetries restrict the functional form of these

correlators, and, in some situations, can be sufficiently powerful to determine them up to

a finite number of numerical constants. These constants can themselves be constrained,

or even calculated exactly, using additional inputs. For example, the conformal bootstrap

program uses conformal symmetry, crossing symmetry, and unitarity in order to constrain

conformal data, which in turn determines correlators involving an arbitrary number of

spacetime points.

Supersymmetry can likewise be used to constrain, and sometimes calculate, the corre-

lators of local operators which are invariant under a subset of the supersymmetry algebra.

In order to exhibit a collection of operators which are all invariant under the same super-

symmetries, it may be advantageous to endow the operators with an explicit coordinate

dependence [1, 2]. Recently, it was demonstrated that such a collection of operators exists

in any 4d N ≥ 2 superconformal field theory [3]. The operators in question are restricted

to a 2d surface inside the 4d spacetime, and their correlation functions were shown to be

governed by the infinite 2d conformal algebra.

3d theories with N ≥ 4 superconformal symmetry were shown to admit an analogous

collection of operators which, when arranged along a straight line, are governed by a one

dimensional topological field theory [3–5]. The operators in this topological sector come in

two types: Higgs branch operators and Coulomb branch operators, depending on whether
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they are associated to hypermultiplet or vector multiplet excitations. In [6–8], it was

shown that the relevant sectors can be probed even for non-conformal theories which flow

to an IR superconformal fixed point, by considering the theory on the three sphere rather

than in flat space. The authors showed that the numerical constants associated with the

topological sector, i.e. the data of the 1d Topological Quantum Field Theory (TQFT),

can be computed, in this case, by using supersymmetric localization. The localization

procedure can be extended to other backgrounds. For an explicit example on S2 × S1 see

[9].

In [10, 11], the generating function for specific integrated correlators in the topolog-

ical sector was further conjectured to coincide with the three sphere partition function

in the presence of certain supersymmetry preserving deformations. For the Higgs branch

operators, the conjecture takes the form〈∫
dϕ1 J

A1(ϕ1)· · ·
∫
dϕn J

An(ϕn)
〉

=

(
− 1

4πr2

)n 1

Z

∂nZ[m1, . . . ,mn]

∂mA1 . . . ∂mAn

∣∣∣∣
mA1,mA2,···=0

(1.1)

where the JAi are specific gauge invariant Higgs branch operators, and Z[m1, ...] is the

three sphere partition function deformed by supersymmetric mass terms, which can also

be viewed as the generating function of a different set of local operators integrated over

the entire three sphere. The conjecture was proven for a subclass of theories to which it

was conjectured to apply, using localization.

In principle, localization is applicable to any Lagrangian field theory with enough

supersymmetry. However, certain technical challenges remain when considering theories for

which supersymmetry is not realized off-shell [12]. Some N = 4 supersymmetry multiplets

admit off-shell closed versions with a finite number of component fields. Examples include

the vector and dual vector multiplets discussed in the main text, as well as the Weyl

multiplet of conformal supergravity (see e.g. [13] for an example with N = 6). For

other N = 4 multiplets, such as hypermultiplets, off-shell closure can be achieved using

projective or harmonic superspace techniques. These superspaces entail the introduction

of additional parameter dependence in the superfields or, equivalently, an infinite number

of auxiliary fields. Although the relevant off-shell multiplets exist, N ≥ 4 Chern-Simons-

matter theories of Gaiotto-Witten type, including the ABJM model, do not seem to have

off-shell Lagrangian descriptions, because the relevant constraints for the superfields can

be realized neither as superspace constraints nor as equations of motion for auxiliary fields.

For a discussion of these topics, see [14] and references within. Unfortunately, without

additional progress this precludes the use of these techniques as aids for localization. This

applies, for example, to 3d N ≥ 4 gauge theories with Chern-Simons terms, of the type

considered in e.g. [15, 16], including the ABJM model and its generalizations [17–19].

Localization also cannot be directly applied to non-Lagrangian field theories. For these

reasons, it would be very useful to prove the conjecture without resorting to localization

for the fundamental fields.

In fact, in this paper we show that the result can be established by exhibiting the
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following cohomological equivalence

∂

∂m

(
Smass[m]− 4πr2m

∮
S1
ϕ

J(ϕ)

)
=
{
QHβ , . . .

}
, (1.2)

where Smass[m] and −4πr2m
∮
S1
ϕ
J(ϕ) are the mass deformations of the 3d and 1d theories

respectively, while the rhs is the variation of an appropriate fermionic operator in the

theory. Precisely, we prove that the equality between generating functions follows from

this cohomological equivalence, and exhibit the appropriate fermionic operator.

In section 2 we give an overview of the construction of the topological sector for N ≥ 4

supersymmetric gauge theories in three dimensions. In section 3 we establish the cohomo-

logical equivalence at the level of linear coupling to the background fields. For a particular

example involving free hypermultiplets, we prove the validity of (1.2) also at non-linear

level in m. Finally, some conclusions are collected in section 4, while conventions and useful

technical details can be found in three appendices.

Note added: As this paper was nearing completion, [20] appeared, whose last section has

significant overlap with our results.

2 Topological operators: an overview

In this section we review the construction of topological operators in 3d N ≥ 4 supersym-

metric field theories [3–5]. These are a particular subset of operators whose correlation

functions, when localized on a 1d submanifold, are constant.

We begin by discussing the case of N ≥ 4 superconformal field theories (SCFTs).

In 3d the N = 4 superconformal group is Osp(4|4). The corresponding osp(4|4) super-

algebra contains as its maximal bosonic subalgebra the 3d conformal algebra sp(4) and

the R-symmetry algebra su(2)H ⊕ su(2)C , whose generators are denoted by Ra
b and R̄ ḃ

ȧ ,

respectively. The odd sector contains Poincarè supercharges Qα,aȧ and superconformal

charges Sα,aȧ.

The essential ingredient for constructing a set of topological operators closed under

OPE, is the existence of a nilpotent supercharge Q, which can be obtained as a linear

combination of the Qα,aȧ and Sα,aȧ generators [3, 4]. This supercharge can be used to

define a Q-exact R-twisted translation P̂ ∼ P + R, where P is the ordinary translation

along a 1d submanifold. It then follows that given a Q-cohomology class of operators

localized at the origin, they can be translated away from the origin by acting with P̂ ,

without affecting the Q-cohomology. As a consequence, correlation functions of Q-closed

operators placed on the 1d submanifold turn out to be piecewise constant, depending at

most on the order of the insertions. We call this set of operators the topological sector.

To be concrete, in 3d euclidean flat space we take the 1d submanifold to be the line

x1 = x2 = 0 and focus on the construction of topological operators in the Higgs branch

first. The maximal superconformal algebra preserved by the line is su(2|2), whose bosonic

subalgebra includes the so(2, 1) conformal algebra and the su(2) R-symmetry algebra that
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we identify with su(2)H . The bosonic generators are P3, K3, D, Ra
b, and the fermionic

ones are Q1,a2̇, Q2,a1̇, S2,a1̇, and S1,a2̇.

If we consider the two supercharges

QH1 ≡ Q112̇ +
1

2r
S2

22̇ , QH2 ≡ Q211̇ +
1

2r
S1

21̇ , (2.1)

with r being an arbitrary length parameter, from the su(2|2) algebra it is easy to see that

they are both nilpotent operators. Moreover, their anticommutator reads

{QH1 , QH2 } = −M12 +R1̇2̇ ≡ Z (2.2)

where M12 is the generator of rotations in the plane orthogonal to the line. It then follows

that since Z must vanish on the QH1,2 cohomology classes, operators belonging to these

classes are inserted along the fixed point locus of M12 and have zero R1̇2̇ charge.

We now perform a topological twist by combining the {P3,K3, D} generators of the

so(2, 1) conformal algebra along the line and the su(2)H R-symmetry generators. It turns

out that the twisted generators are all QH1,2-exact. Therefore, we can first construct op-

erators localized at the origin from QH1,2-closed, gauge invariant operators of the 3d the-

ory. Explicitly, the cohomology of the two supercharges contain local operators Oa1, ..., an
with the following properties [4]: they are Lorentz scalars, transform in the (n + 1, 1) of

su(2)H ⊕ su(2)R, and have conformal dimension ∆ = n/2. We then move them along the

line by applying the twisted translation generator P̂ = P3 + i

2rR2
1. The corresponding

twisted translated operator at position ~x = (0, 0, s) is given by

O(s) = eisP̂O1,...,1(0)e−isP̂ = Oa1,...,an(~x)
∣∣
~x=(0,0,s)

ua1 . . . uan , ua =
(

1,
s

2r

)
. (2.3)

These operators are still QH1,2-closed and form the Higgs topological sector of the N ≥ 4

SCFT on the line.

To make contact with localization it is convenient to consider Lagrangian theories

defined on S3. The crucial point is that QH1,2 defined in (2.1) where now r is the S3 radius,

belong to the Poincaré subalgebra su(2|1)`⊕su(2|1)r introduced in [6]. The bosonic part of

the algebra is so(4)⊕u(1)`⊕u(1)r, where so(4) is the isometry algebra of S3 and u(1)`⊕u(1)r
is the residual R-symmetry, whose generators are linear combinations of RH = 1

2ha
bRb

a

and RC = 1
2 h̄

ȧ
ḃ
R̄ḃȧ

1. The cohomology algebra on S3 reads

{
QH1 , Q

H
2

}
=

4i

r
(Pτ +RC + irζ) , (2.4)

where Pτ is the translation along the great circle S1
τ on S3 parametrized by τ (see the

metric in eq. (A.2)). We have included the central extension ζ associated to the presence

of a FI term [6]. Since Higgs branch topological operators are annihilated by QH1,2, they

1 h b
a and h̄ḃ

ȧ are respectively su(2)H and su(2)C matrices, normalized such that h c
a h

b
c = δba and

h̄ḃ
ċh̄

ċ
ȧ = δḃȧ.
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are placed on the fixed locus of Pτ , namely the S1
ϕ at θ = π/2 where τ shrinks, and can

carry only Higgs branch R-symmetry.

An equivalent way to proceed is to consider the one-parameter family of supercharges

QHβ = QH1 + βQH2 , β being a phase, which satisfy the following algebra

{QHβ , Q̃Hβ } = Pϕ +RH + irm (2.5)

where Q̃Hβ is a suitable linear combination of the supercharges whose explicit expression is

not relevant for the discussion, and Pϕ is the translation along the great circle S1
ϕ. Here we

include the central extension m associated to the presence of the real mass term [6]. If we

define the twisted translation P̂Hϕ = Pϕ + RH , correlators of operators in the cohomology

of QH1,2 placed on S1
ϕ will be topological up to a mild ϕ-dependence e−mrϕ.

We now want to use this construction to define the topological sector in standard

(non-conformal) N ≥ 4 SYM theories with vector multiplets coupled to hypermultiplets

(see appendix A for conventions on the multiplets). Since we are away the fixed points, we

cannot rely on any argument based on representation theory of the superconformal algebra.

Nevertheless, if qa and q̃a are the scalar fields of the hypermultiplet, a direct inspection

shows that q1 and q̃1 are annihilated by QH1,2 at θ = π/2, ϕ = 0. Acting with P̂Hϕ , we

obtain the corresponding twisted translated operators

Q(ϕ) = q1(ϕ) cos
ϕ

2
+ q2(ϕ) sin

ϕ

2
≡ uaqa, Q̃(ϕ) = q̃1(ϕ) cos

ϕ

2
+ q̃2(ϕ) sin

ϕ

2
≡ uaq̃a ,

(2.6)

where ua = (cosϕ/2, sinϕ/2). Topological observables will be gauge invariant polynomials

of Q(ϕ) and Q̃(ϕ). Correlators of twisted operators will depend on ϕ only through e−mrϕ.

We can apply the same procedure to construct the topological sector of the Coulomb

branch. In this case we introduce the two nilpotent supercharges

QC1 =
1

2

(
Q112̇ + iQ122̇ +Q111̇ + iQ121̇ +

i

2r
S112̇ −

1

2r
S122̇ −

i

2r
S111̇ +

1

2r
S121̇

)
(2.7)

QC2 =
1

2

(
Q211̇ − iQ221̇ +Q212̇ − iQ222̇ +

i

2r
S211̇ +

1

2r
S221̇ −

i

2r
S212̇ −

1

2r
S222̇

)
(2.8)

satisfying the following algebra

{
QC1 , Q

C
2

}
=

4i

r
(Pτ +RH + irm) . (2.9)

Since this has the same structure of the algebra in (2.5) except for the replacement ζ → m,

the rest of the construction works similarly to the Higgs branch. In particular, Coulomb

branch operators in the QC1,2 cohomologies are annihilated by Pτ and RH and live on S1
ϕ

at θ = π/2 where τ shrinks.

As before, we can consider the family of cohomological supercharges QCβ = QC1 + βQC2
satisfying

{QCβ , Q̃Cβ } = Pϕ +RC + irζ (2.10)
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It follows that operators in the QCβ -cohomology can be translated with the twisted trans-

lating generator P̂ϕ = Pϕ + RC along S1
ϕ and they depend on ϕ only through a factor

e−rζϕ.

It is easy to realize that in the QCβ -cohomology there is only one operator built from

local fields in the vector multiplet, which is

Φ(ϕ) = Φȧḃv
ȧvḃ
∣∣∣∣
θ=π/2

, vȧ =
1√
2

(eiϕ/2 , e−iϕ/2) (2.11)

where Φȧḃ are the triplet of dynamical scalars. Coulomb branch topological operators are

given by gauge invariant polynomials of (2.11). We note that the cohomology contains also

non-trivial monopole operators. However, they will not enter our derivation.

3 An exact formula for integrated correlators

A localization scheme for the topological sector was proposed in [6–8] for N = 4 SYM

theories on S3 coupled to hypermultiplets. However, the localization requires off-shell

closed supersymmetry and cannot be straightforwardly applied to N ≥ 4 Chern-Simons

matter theory [15, 16], including ABJM [17–19]. For integrated correlators of dimension-

one Higgs branch operators, an alternative formula was proposed in [10, 11]. There, it was

conjectured that the 1d integrated correlators of Higgs branch operators are captured by the

derivatives of the mass deformed partition function with respect to the mass parameters.

For ABJM, this conjecture has been tested at weak coupling in [21].

We would like to prove the conjecture in general. The key idea is that Higgs branch op-

erators sit in the bottom component of a conserved current multiplet. A mass deformation

is realized, at the linear level, by coupling this multiplet to a background vector multiplet,

and taking a rigid limit for the latter. The conjecture can then be restated as follows:

the 1d integrated Higgs branch operators are QHβ -cohomologous to the mass deformation,

meaning that the resulting generating functions coincide.

While the Higgs branch conjecture applies only to a specific class of operators, its

validity is more general. It also should not depend on any specific Lagrangian realization

of the theory. In the following, we will extend the formula for the generating function to

Coulomb branch operators and propose a proof of the conjecture for both cases. We will

also discuss the nonlinear coupling in the specific case of hypermultiplets.

3.1 Coulomb branch operators

We begin by discussing twisted Coulomb branch operators. The operator Φȧḃ appearing in

(2.11) is the bottom component of the current multiplet associated with the U(1) topolog-

ical current jµ ∝ εµνρF νρ. This multiplet also contains the fermions λaȧ and the auxiliary

fields Dab (see appendix B for more details). For each U(1) factor of the gauge group, there

is a multiplet of this type. One can couple this multiplet to an abelian background twisted

vector multiplet Ṽback. The relevant coupling is simply an N = 4 mixed Chern-Simons

term. Taking the supersymmetry preserving rigid limit (B.5) for the background multiplet
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yields the Fayet-Iliopoulos (FI) term on S3

SFI = iζ

∫
S3

d3x
√
g

(
ha

bDb
a − 1

r
h̄ȧ
ḃ
Φḃ

ȧ

)
. (3.1)

We now show how to relate the integrated correlators of topological Coulomb branch op-

erators of the type appearing in eq. (2.11), and derivatives of this term w.r.t. to the FI

parameter ζ.

We can infer the precise formula for the equality of generating functions by building on

the localization result of [6]. After localization, the effect of the FI term is the multiplica-

tion of the matrix integrand function by a term exp
(
−8π2

irζσ
)
, where σ is the integration

variable. One may also express σ in terms of the twisted field Φ(ϕ) defined in eq. (2.11)

integrated over S1
ϕ. Therefore, following localization, derivatives of the FI deformed par-

tition function compute the simpler 1d integral of twisted Coulomb branch operators2 via

the following formula

〈
∫
S1
ϕ1

dϕ1 Φ(ϕ1) · · ·
∫
S1
ϕn

dϕn Φ(ϕn)〉 =
1

(4πir2)n
∂n

∂ζn
Z[ζ] , (3.2)

where Z[ζ] is the FI-deformed partition function. The equality can be argued on the basis

of a Ward identity, which holds in any 3d N = 4 theory, regardless of any localization

procedures or Lagrangian realization of the theory. The Ward identity is the result of the

following cohomological equivalence

SFI = −4πir2

∫
S1
ϕ

dϕΦȧḃv
ȧvḃ + δξ

[∫
S3

d3x
√
g η̃aȧλaȧ

]
. (3.3)

where δξ stands for a variation generated by QCβ with parameter ξaȧ. Let us assume that

the last term on the rhs is also δξ closed. Then the difference between the expressions

leading, after taking expectation values, to (3.2) is δξ exact, while preserving supersymme-

try. It is well known that such expressions vanish after taking expectation values, thereby

establishing (3.2). In the following, we will show that a spinor η̃aȧ exists such that (3.3)

holds.

The presence of both 3d and 1d terms in (3.3) may be surprising. However, a mild

singularity for η̃aȧ at θ = π/2 can yield such a contribution. Since δξλaȧ = iγµξa
ḃ∇µΦḃȧ +

· · · (see eq. (A.3)) involves a derivative, integration by parts can give rise to a boundary

term expressed as a delta function at θ = π/2

− 2i

r

∫
S3

d3x
√
g δ (θ − π/2) Φȧḃv

ȧvḃ ⊂ δξ
[∫

S3

d3x
√
g η̃aȧλaȧ

]
. (3.4)

2The set of Coulomb branch operators also contains monopole operators. In principle, these can appear
in our integrated correlators. However, this is not the case, as can be shown using an argument based on
the topological symmetry. This symmetry is just a shift invariance for the dual photon γ. Therefore, only
derivatives of γ can appear in any effective Lagrangian. Since the FI-term is a mass term, no coupling to
γ is included in the deformation. Therefore, the dual photon does not appear at all in the FI-term and
monopole operators do not appear in our formulae.
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In this way, cohomological equivalence reduces the 3d functional to a 1d one, in the spirit

of [6, 22–25].

Let us thus discuss the boundary contribution in detail. Integrating by parts the

expression η̃aȧδξλaȧ ∼ η̃aȧγµξaḃ∇µΦḃȧ, we obtain the following total derivative

− i

∫
S3

[√
g∇µ

(
wµ
ȧḃ

Φȧḃ
)]

, (3.5)

where

wµ
ȧḃ
≡ η̃aȧγµξaḃ . (3.6)

Let us assume that wµ
ȧḃ

has a singularity at θ = π/2 such that wθ
ȧḃ

has a pole (θ − π/2)−1.

We excise a small solid torus T , which can be taken to be ∂ϕ and ∂τ invariant, around the

circle at θ = π/2. The size of the torus is determined by a cutoff θ0, such that the torus

extends along θ ∈ (θ0, π/2] , ϕ ∈ [0, 2π) , τ ∈ [0, 2π). In the limit where the size of the torus

shrinks to zero, the boundary contribution can be written as

−i

∫
S3

[√
g∇θ

(
wθ
ȧḃ

Φȧḃ
)]

= −2πi r3

∮
ϕ

[
Φȧḃ
∣∣∣
θ=π/2

lim
θ0→π/2

(
(π/2− θ0)wθ

ȧḃ

∣∣∣
θ=θ0

)]
, (3.7)

where we have used the fact that Φȧḃ is non-singular. The factor of 2π comes from inte-

grating over τ , whereas r3 comes from
√
g. In order for the above to reproduce the delta

function term in (3.4), we need to require

wθ
ȧḃ
∼ 2

r

vȧvḃ
θ − π/2

. (3.8)

In addition, the remaining terms from
∫
S3 d

3x
√
g η̃aȧδξλaȧ must reproduce the contributions

in SFI proportional respectively to Dab and Φȧḃ, implying the following set of equations

wȧḃµ εȧḃ = 0 , (3.9)

η̃ ḃ
(a ξb)ḃ − ihab = 0 , (3.10)

∇µwµȧḃ − 2η̃a(ȧξ
′
|a|ḃ) +

1

r
h̄ȧḃ = 0 . (3.11)

Finally, we must demand that the δξ-exact term is itself invariant under the action of δξ.

The set of equations (3.8-3.11) is an overconstrained system of nine linear algebraic

equations and three linear differential equations for the eight unknowns in η̃aȧ, further

constrained by the demand that η̃aȧ is annihilated by δ2
ξ . Nevertheless, one can show that

a solution exists.3 We conclude that the cohomological equivalence in eq. (3.3) holds.

3The solution space is actually three dimensional, with any choice of solution being singular at θ = π/2.
The explicit form for the solutions is very complicated and not extremely enlightening, so we avoid writing
them explicitly.
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3.2 Higgs branch operators

We now move to twisted Higgs branch operators. Dimension-one scalar operators can be

seen as the bottom components of N = 4 linear multiplets ΣA = (JAab, χ
A
aȧ, j

A
µ , K

A
ȧḃ

).4

The dimension-one scalars JAab are in the (3,1) of the R-symmetry group, χAaȧ are the

fermion partners of dimension 3/2 in the (2,2) of the R-symmetry group, jAµ are the flavor

conserved currents, and KA
ȧḃ

are dimension-two scalars in the (1,3) of the R-symmetry

group.

We couple ΣA to a background vector multiplet VAback fixed to a rigid supersymmetric

configuration, to produce the real mass deformation. This amounts to modifying the action

by the following terms

Smass = mA

∫
S3

d3x
√
g
(
−ihabJAab + h̄ȧḃKA

ȧḃ

)
+O

(
m2
)
. (3.12)

The terms of order m2 are additional terms needed to preserve supersymmetry.

According to [6], for theories without Chern-Simons terms localization on S3 shows

that Higgs branch operators are captured by a 1d theory with a quadratic action Sσ[Q , Q̃],

coupled to the standard matrix model. The 1d fundamental degrees of freedom Q, Q̃ are

the twisted operators defined in eq. (2.6). We can introduce a mass deformation at the

level of the 1d theory by adding the following term in the 1d action

Sσ[Q , Q̃]→ Sσ[Q , Q̃]− 4πr2mA

∫ π

−π
dϕ Q̃(ϕ)TAQ(ϕ) . (3.13)

where TA are the generators of the flavor symmetry in the proper representation. The op-

erators JA(ϕ) ≡ −Q̃(ϕ)TAQ(ϕ) are the twisted operators JA(ϕ) = JAabu
aub. Localization

can be used to show that the following equality holds〈∫
dϕ1 J

A1(ϕ1)· · ·
∫
dϕn J

An(ϕn)
〉

=

(
− 1

4πr2

)n 1

Z

∂nZ[m1, . . . ,mn]

∂mA1 . . . ∂mAn

∣∣∣∣
mA1,mA2,···=0

(3.14)

It has been conjectured that this identity should be true even in theories where the local-

ization argument cannot be carried though. We now show that this is the case, relying on

a cohomological argument, in analogy with the Coulomb branch case.

We introduce a generating function for a u(1) flavor current

Zflavor[m] =
〈

exp

(
m

∫
S3

d3x
√
g

(
− i

r
habJab + h̄ȧḃKȧḃ

)
+O(m2)

)〉
, (3.15)

and, in analogy with eq. (3.13), a 1d generating function for integrated Higgs branch

operators

ZJ[m] =
〈

exp

(
−4πr2m

∮
S1
ϕ

J(ϕ)

)〉
. (3.16)

4Here A is an index which runs from 1 to the rank of the flavor symmetry Lie algebra.
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The cohomological argument states that mass derivatives of Zflavor[m] and ZJ[m] are in the

same QHβ cohomology class, that is

∂

∂m

(
Smass[m]− 4πr2m

∮
S1
ϕ

J(ϕ)

)
=
{
QHβ , . . .

}
, (3.17)

where Smass[m] is the action appearing in the exponent of (3.15). Establishing this identity

is sufficient in order to show that eq. (3.14) holds.

At linear order, showing that identity (3.17) holds amounts to showing that a spinor

ξ̃aȧ exists such that

δξ

∫
S3

[√
gξ̃aȧχ

aȧ
]

=

∫
S3

√
g

[
− i

r
habJab + h̄ȧḃKȧḃ + 2r2 1

√
g
δ (θ − π/2) Jabu

aub
]
, (3.18)

where δξ indicates the variation generated by QHβ with parameter ξaȧ. The derivation goes

along the same lines as that of the Coulomb branch operators. Again, we require the

appearance of a singularity in ξ̃aȧ in order to obtain a delta function localizing at θ = π/2.

Defining vµab ≡ ξ̃ ḃ
a γ

µξ
bḃ

, we need to require the following asymptotic behavior

vθ
(ab) ∼ 2r2 (π/2− θ)−1 uaub . (3.19)

This condition must be supplemented by the following conditions

vµa
a = 0 , (3.20)

ξ̃a(ȧξa
ḃ) = −h̄ȧḃ , (3.21)

∇µvµ(ab) − 2ξ̃(a|ȧ|ξ′b)ȧ = − i

r
hab , (3.22)

which arise requiring that all the linear terms in Smass[m] get correctly reproduced. Indeed,

we find a solution. This is parametrized by three regular function of θ and ϕ: h1, h2, and

h3. Its explicit form reads

ξ̃1,11̇ = e−iτh1(θ, ϕ) (3.23)

ξ̃2,11̇ =
1

β

(
h2(θ, ϕ) +

1√
sin θ cosϕ+ 1

)
ξ̃1,12̇ = h2(θ, ϕ)

ξ̃2,12̇ =
eiτ tan θ sinϕ√
sin θ cosϕ+ 1

− βeiτh1(θ, ϕ)

ξ̃1,21̇ = e−iτh3(θ, ϕ)

ξ̃2,21̇ = −eiτ sec θ
(
e−iτ sin θ sinϕ h3(θ, ϕ) + e−iτh1(θ, ϕ)(sin θ cosϕ+ 1)

)
ξ̃1,22̇ = β

(
−eiτ

)
sec θ

(
e−iτ sin θ sinϕh3(θ, ϕ) + e−iτh1(θ, ϕ)(sin θ cosϕ+ 1)

)
ξ̃2,22̇ = −eiτ

(
βh3(θ, ϕ) + sec(θ)

√
sin(θ) cos(ϕ) + 1

)
.

– 10 –



This solution is also invariant under the action of δ2
ξ . Therefore, we conclude that eq.

(3.17) is verified at linear level.

Unlike the Coulomb branch operators, the Higgs branch coupling involves quadratic

terms in m. In the next section, we show that the cohomological equivalence persists

beyond the linear order, at least in the simple example of the current multiplet built

from a hypermultiplet. Presumably, one may argue that this is always true, based on the

supersymmetry and gauge symmetry preserving nature of the complete non-linear coupling

(see e.g. [26]).

3.3 Beyond the linearized analysis: an explicit example

For a generic theory we consider the current multiplet built from a hypermultiplet, coupled

to an abelian background vector multiplet of the form (B.3).

The components of the current multiplet are worked out in appendix C. In terms of

the hypermultiplet components, choosing the background (B.3) they are given by

Jab = −q̃(aqb), χaȧ = −i

(
q̃aψȧ + ψ̃ȧqa

)
Kȧḃ = iψ̃(ȧψḃ) −mh̄ȧḃ q̃

bqb jµ = iq̃a∇µqa − i∇µq̃a qa − ψ̃ḃγµψḃ (3.24)

We note that some of the components depend on the background fields. In particular, we

are interested in the m dependence of Kȧḃ, thus we rewrite

Kȧḃ = K lin
ȧḃ
−mh̄ȧḃ q̃

bqb , (3.25)

where K lin
ȧḃ
≡ iψ̃(ȧψḃ) is the m = 0 piece.

The hypermultiplet action can be read from (A.6) by substituting the (B.3) background

Shyper[m] =

∫
d3x
√
g

[
∇µq̃a∇µqa − iψ̃ȧγµ∇µψȧ +

3

4r2
q̃aqa

− i
m

r
q̃aha

bqb − imψ̃ȧ h̄ ḃ
ȧ ψḃ −

m2

2
q̃a h̄ȧḃh̄ȧḃ qa

]

≡ Shyper[0] +mSlin +
1

2
m2 d

2S

dm2
. (3.26)

where we have defined

Slin = −i

∫
d3x
√
g (

1

r
q̃aha

bqb + ψ̃ȧ h̄ ḃ
ȧ ψḃ) =

∫
d3x
√
g (− i

r
habJab + h̄ȧḃK lin

ȧḃ
)

d2S

dm2
= −

∫
d3x
√
g q̃a h̄ȧḃh̄ȧḃ qa . (3.27)

Here, we are interested in the full non-linear coupling.

The m-dependent term in Kȧḃ, eq. (3.25), enters the variation of χaȧ (see eq. (C.6))

and consequently affects the cohomological equivalence (3.18) by one extra term linear in
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m. Here we prove that this extra piece reproduces exactly the quadratic coupling in the

3d action (3.26).

To this end, we observe that retaining the non-linear terms in m, the cohomological

equivalence (3.17) is equivalent to

Slin +m
d2S

dm2
− 4πr2

∮
S1
ϕ

J(ϕ) = δ

[∫
d3x
√
g ξ̃aȧ χaȧ

]
. (3.28)

where Slin and d2S
dm2 are given in (3.27). The equivalence at linear order has been already

established in the previous section. We then focus only on terms in (3.28) proportional to

m. Using variations (C.6), the splitting in (3.25) and eq. (3.21) it is easy to see that

−
∫
d3x
√
g ξ̃aȧ δχaȧ → −

∫
d3x
√
g ξ̃aȧ ξ ḃ

a Kȧḃ

→ m

∫
d3x
√
g ξ̃aȧ ξ ḃ

a h̄ȧḃ q̃
bqb = −m

∫
d3x
√
g h̄ȧḃh̄ȧḃ q̃

bqb (3.29)

and this coincides with d2S
dm2 in (3.27). We have thus shown that at least in this case the

cohomological equivalence persists beyond the linear order.

While the linear coupling is universal and does not depend on the specific theory, the

second order term might depend on details of the theory, such as the off-shell closure of

the supercharge used for the cohomological equivalence. For this, reason the computation

does not apply to all possible theories. However, we believe that supersymmetry and gauge

invariance control the non-linear terms, and that a mechanism similar to the one discussed

in this example will ensure the validity of (3.17) regardless of the specific theory.

A strong indication of this comes from 3d N = 4 mirror symmetry, which exchanges

topological and ordinary flavor symmetries, and the associated FI and mass terms [27].

In the present context, (3.12) and its non-linear completion is realized in the mirror dual

theory as an FI coupling, as in (3.1), which requires no such completion.5 The remaining

equations, and the analysis, only require substituting Coulomb for Higgs everywhere, and

implementing the index shuffle brought on by the outer automorphism of the R-symmetry

group.

4 Conclusions

We have provided a proof of the conjecture presented in [10, 11], stating that the generating

function of correlators of integrated Higgs and Coulomb branch operators coincides with

the mass and FI deformed three sphere partition function. The result applies to any 3d

N ≥ 4 theory. Specifically, the theory needs not have off-shell closed supersymmetry, or

even a Lagrangian description. The technique used to establish the result, a cohomolog-

ical equivalence between a deformation of the theory which is integrated over the entire

spacetime and one which is restricted to a submanifold, is itself interesting. We believe it

5We would like to thank the anonymous referee for pointing this out.
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may have many additional applications, for instance to theories with defects (for a recent

review, see [28]).

Another interesting generalization is to protected sectors living on spacetimes with

different geometry [20] or topology [9]. The authors of [20] considered generating functions

of protected operators in a topological sector on the squashed three sphere, showing that

the cohomological equivalence still holds. It would be interesting to investigate in this

context the details of our proof.
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A Conventions

We follow the conventions of [6]. Here, we just recall what is needed for our derivation.

We work on S3, which is defined by the following embedding in R4

X1 + iX2 = r eiτ cos θ , X3 + iX4 = r eiϕ sin θ . (A.1)

with the toroidal coordinates valued as, θ ∈ [0, π2 ], ϕ ∈ [0, 2π), τ ∈ [0, 2π). The induced

metric is

ds2 = r2
(
dθ2 + cos2 θ dϕ2 + sin2 θ dτ2

)
. (A.2)

A generic N ≥ 4 gauge theory on S3 is described in terms of vector multiplets and

hypermultiplets. Field components are labeled by a Lorentz spin, and gauge group G and

R-symmetry su(2)H⊕su(2)C representation indices. We denote Lorentz spinor indices with

α = 1, 2, while a, ȧ = 1, 2 indicate su(2)H and su(2)C indices, respectively.

The N = 4 vector multiplet, V =
(
Aµ, λaȧ, Φȧḃ, Dab

)
, contains the gauge field Aµ,

the gauginos λα,aȧ, the dimension-one scalar fields Φȧḃ and the dimension-two scalar fields

Dab, transforming in the (1,1), (2,2), (1,3) and (3,1) of su(2)H ⊕ su(2)C , respectively.

For our purposes we need to recall the SUSY variation of the (abelian) gaugino

δξλaȧ = − i

2
εµνργρ ξaȧFµν −Da

b ξbȧ − iγµξa
ḃ∇µΦḃȧ + 2iΦȧ

ḃ ξ′
aḃ
, (A.3)

where ξaȧ, ξ
′
aȧ are Killing spinors solving the equations ∇µξaȧ = γµξ

′
aȧ, ∇µξ′aȧ = − 1

4r2
γµξaȧ

on S3.

Similarly, a twisted vector multiplet Ṽ =
(
Ãµ, λ̃α,aȧ, Φ̃ab, D̃ȧḃ

)
can be constructed,

whose components have the same Lorentz structure as the previous ones, but differ for the
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su(2)H ⊕ su(2)C representations that are now (1,1), (2,2), (3,1) and (1,3). The SUSY

variation for the twisted gaugginos in the abelian case is

δξλ̃aḃ = − i

2
εµνργρξaḃF̃µν −D

ċ
ḃ
ξaċ − iγµξb

ḃ∇µΦ̃ab + 2iΦ̃b
aξ
′
bḃ
. (A.4)

The hypermultiplet H belongs to a unitary representation R of the gauge group G. Its

field components are H =
(
qa, q̃

a, ψȧ, ψ̃ȧ

)
, where qa and ψα,ȧ are scalar and fermion fields

transforming in the R of G, and in the (2,1) and (1,2) of su(2)H ⊕ su(2)C , respectively.

Similarly, q̃a and ψ̃ȧ are scalar and fermion fields transforming in the R̄ of G, and in the

(2,1) and (1,2) of the R-symmetry group. The SUSY transformations read

δξq
a = ξaḃψḃ , δξψȧ = iγµξaȧDµqa + iξ′aȧq

a − iξaċΦ
ċ
ȧq
a , (A.5a)

δξ q̃
a = ξaḃψ̃ḃ , δξψ̃ȧ = iγµξaȧDµq̃a + iξ′aȧq̃

a + iξaċΦ
ċ
ȧq̃
a , (A.5b)

where Dµ = ∇µ − iAµ.

The action for a hypermultiplet minimally coupled to a gauge multiple reads

Shyper =

∫
d3x
√
g

[
Dµq̃aDµqa − iψ̃ȧγµDµψȧ +

3

4r2
q̃aqa + iq̃aDa

bqb −
1

2
q̃aΦȧḃΦȧḃqa+

− iψ̃ȧΦȧ
ḃψḃ + i

(
q̃aλa

ḃψḃ + ψ̃ȧλbȧqb

)]
. (A.6)

B Background flavor symmetry

In this appendix we review some relevant couplings to background flavor symmetries.

A current multiplet Σ = (Jab, χaȧ, jµ ,Kȧḃ) couples to a background vector field

Vback =
(
Aµ, λaȧ, Φȧḃ, Dab

)
as∫

S3

d3x
√
g
(
Aµj

µ + iDabJab + ΦȧḃKȧḃ + λaȧχaȧ +O
(
V2
))

. (B.1)

Imposing supersymmetry invariance of this action and exploiting the SUSY transformations

of the vector components [6], we can read the linearized variation of the χaȧ fermion

δξχaȧ =
i

2
γµξaȧj

µ + 2ξ
′b
ȧJab + γµξbȧ∇µJab + ξa

ḃKȧḃ. (B.2)

A rigid supersymmetry preserving background is obtained imposing λaȧ = 0 and δλaȧ = 0.

We take the following solution

Φȧḃ = mh̄ȧḃ , Dab = −m
r
hab , Aµ = 0 , λaȧ = 0 . (B.3)

where the parameter m is the real mass. If we restore the adjoint index A, the background

reproduces the real mass deformation of eq. (3.12).
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A similar construction can be applied to obtain the FI-term (3.1). Because of the

Bianchi identities, for each U(1) factor of the gauge group there is an associated conserved

current jµ ∼ εµνρF
νρ. We will refer to this symmetry as the topological symmetry. In

supersymmetric theories, the topological current sits in a linear multiplet built from vector

multiplet components. Such a multiplet can be coupled to an abelian twisted vector mul-

tiplet background Ṽback =
(
Ãµ, λ̃α,aȧ, Φ̃ab, D̃ȧḃ

)
. The coupling, originally found in [29],

can be derived by constructing the supersymmetric completion of the BF term. We obtain

SSBF =
i

4π

∫
S3

d3x
√
g
(
εµνρFµνÃρ − λ̃aȧλaȧ − Φ̃abDab − ΦȧḃD̃ȧḃ

)
. (B.4)

This is a topological action which is invariant under the full superconformal algebra. How-

ever, the choice of the background λ̃aȧ = 0, δλ̃aȧ = 0 breaks conformal invariance and

selects the Poincaré subalgebra. The explicit rigid background that reproduces (3.1) is

Ãµ = 0 , λ̃aȧ = 0 , Φ̃ab = −4πζ hab , D̃ȧḃ =
4πζ

r
h̄ȧḃ . (B.5)

C The current multiplet for standard gauge theories

We consider a N = 4 gauge theory for a single hypermultiplet H =
(
qa, q̃

a, ψȧ, ψ̃ȧ

)
with a

weakly gauged U(1) flavor symmetry.

We construct the conserved current multiplet associated to the invariance of action

(A.6) under the global U(1) symmetry

qa → eiαqa , ψȧ → eiαψȧ , (C.1)

q̃a → e−iαq̃a , ψ̃ȧ → e−iαψ̃ȧ . (C.2)

The corresponding Noether current is jµ = iq̃a∇µqa − i∇µq̃a qa − ψ̃ḃγµψḃ and it sits in a

current multiplet Σ =
(
Jab, χaȧ, jµ, Kȧḃ

)
.

At linearized level, the multiplet is defined as the variation of the action w.r.t. the

gauge multiplet Σ ∼ δShyper

δV . Therefore, its components in terms of the hypermultiplet

components are determined by comparing the linearized coupling

Slin =

∫
d3x
√
g
[
Aµjµ + iDabJab + ΦȧḃKȧḃ + λaȧχaȧ

]
, (C.3)

with the terms in SHyper linear in the vector field components. This allows to find the

bottom component

Jab = −q̃(aqb) . (C.4)

In order to build the fully non-linear expressions of the higher components, we first ob-

serve that Slin is SUSY invariant under the following variations of the current multiplet
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components

δξJab = −iξ ȧ
(a χb)ȧ , (C.5)

δξχaȧ = ξ ḃ
a Kȧḃ + γµξbȧ∇µJab + 2ξ′ bȧJab +

i

2
γµξaȧjµ (C.6)

δξKȧḃ = −i∇µ
(
ξa(ȧγ

µχ|a|ḃ)

)
− 2iξ′ a(ȧχ|a|ḃ) , (C.7)

δξjµ = iεµνλξ
aȧγν∇λχaȧ − 2ξ′ aȧγµχaȧ . (C.8)

Now, applying δξ to the bottom component (C.4) and using the explicit variations (A.5),

a comparison with (C.5) allows to determine the χaȧ fermion

χaȧ = −i

(
q̃aψȧ + ψ̃ȧqa

)
. (C.9)

Comparing its variation obtained from (A.5) with variation (C.6) we find the non-linear

expressions for jµ and Kȧḃ

Kȧḃ = iψ̃(ȧψḃ) − q̃
bΦȧḃqb (C.10)

jµ = iq̃aDµqa − iDµq̃
a qa − ψ̃ḃγµψḃ (C.11)

Finally, it is easy to check that variations (A.5) imply that this multiplet correctly closes

the algebra in (C.5 - C.8).
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