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1 Introduction

Extended operators or defects, those supported on sub-manifolds of positive dimension, play a central

role in the study of gauge theory. The prototypical example is the Wilson loop, defined as the trace

of the holonomy of a gauge field in a chosen representation. Insertions of the Wilson loop operator

capture the effects of a non-dynamical electrically charged probe particle. The behavior of large

Wilson loop operators can famously be used to characterize the low energy phase of gauge theories

in four spacetime dimensions [1], and it has recently been argued that operators supported on higher

dimensional submanifolds can aid in this process [2].

Depending on the spacetime dimension, gauge theories may admit additional loop operators which

are not of Wilson type. Vortex operators are an example of such defect operators in gauge theory

in three dimensions [3, 4]. It is interesting, in this situation, to study the relationships within the

collection of all loop operators vis-à-vis the operator product expansion and duality. In the presence

of supersymmetry, it is also natural to consider BPS line operators, those which are invariant under a

subset of the supercharges. Under favorable circumstances, such operators can be studied using super-

symmetric localization which yields finite dimensional expressions capturing exact non-perturbative

expectation values.

In superconformal field theories, BPS Wilson loops are directly related to other physical ob-

servables like the cusp anomalous dimension and the Bremsstrahlung function [5–8]. The quantum

expectation value of these observables can be exactly determined, in principle, by applying supersym-

metric localization to the loop operator. Alternatively, these quantities can often be computed by

using integrability techniques. The study of BPS Wilson loops therefore represents a potential testing

ground for integrability.

In this paper, we investigate a one parameter family of BPS line operators, the latitude Wilson

loops [9, 10], which first appeared in the ABJM model [11]. The ABJM model is a Chern-Simons-

Matter theory in three spacetime dimensions with gauge group U (N1)k × U (N2)−k, Chern-Simons

levels k and −k, and N ≥ 6 supersymmetry. When N1 = N2 and k is equal to 1 or 2, the supersym-

metry of the ABJM model is enhanced to N = 8. Specifically, ABJM at level 1 with N1,2 = N is a

dual description of the infra-red limit of N = 8 super-Yang-Mills (SYM) with gauge group U (N). An

exact relationship between the latitude loops and ABJM Bremsstrahlung functions was proposed in

[10], and subsequently proven in [12, 13].

In [14], the authors presented a matrix model which was conjectured to capture the exact ex-

pectation value of the latitude Wilson loop in ABJM. The matrix model is a deformation of the one

derived in [15] for the 1/6 BPS Wilson loop. We will attempt to give a derivation of this matrix

model using supersymmetric localization. Somewhat surprisingly, the main obstruction we encounter

to preforming these localization computations in ABJM is the difficulty of realizing a single generic su-

persymmetry transformation off-shell. This technical difficulty is evident in a larger class of 3d N ≥ 4

Chern-Simons-matter theories constructed by Gaiotto and Witten (GW) in [16], of which ABJM is a

generalization [17]. We will show that theories in this class also support BPS latitude Wilson loops.

We will then attempt to overcome the problems with off-shell closure using a cohomological version of

Chern-Simons theory introduced by Källén in [18]. With some mild assumptions, we will reproduce

the matrix model for ABJM put forward in [14], and provide the tools to derive the generalizations

for matrix models of GW theories recently considered in [19].

Next, we show that latitude type BPS loop operators can also be defined in 3d N ≥ 4 theories

without Chern-Simons terms. In order to avoid confusion, we will call such theories standard. Lo-

calization in these theories has a slightly different flavor because of the availability of unconstrained
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off-shell vector multiplets. The BPS loop operators in question are of both Wilson and vortex type.

We also find an interesting relationship between the superalgebra preserved by latitude loops, in an

appropriate limit, and that which governs Higgs and Coulomb branch operators, and the associated

topological quantum mechanics, of standard N ≥ 4 theories. These local operators were introduced

in [20] and subsequently studied in [21–23].

Finally, we perform localization with a latitude type loop operator in a standard non-conformal

N = 4 SYM theory in the same universality class as ABJM at level 1. We first identify an appropriate

dual loop operator to the ABJM latitude Wilson loop. Surprisingly, our results imply that this operator

is a mixture of a BPS Wilson loop and a BPS vortex loop operator. We define such a mixed type

operator using an explicit worldvolume supersymmetric quantum mechanics, which is a deformation of

the models for 1/2-BPS Wilson and vortex loops discussed by Assel and Gomis in [24]. We then show

that the matrix model obtained from considering this operator, although ostensibly quite different,

computes the same expectation value as the one which we derive for the latitude loop in ABJM.

The paper is organized as follows. In Section 2, we review the ABJM model and the most general

version of the BPS latitude Wilson loops and their supersymmetry algebra in flat space. We discuss

the original and deformed matrix models, and exhibit latitude type BPS Wilson loops for general

GW theories. In Section 3, we map the latitude loops to the three sphere and use supersymmetric

localization to derive the deformed ABJM matrix model. In Section 4, we describe the action of

the superalgebra preserved by the latitude loops in standard N = 4 gauge theories, and show the

relationship to Higgs and Coulomb branch operators. We also classify two primary types of loop

operators, Wilson operators and vortex operators, compatible with the supercharges preserved by the

latitude. We then identify the loop operator dual to the ABJM latitude and use supersymmetric

localization to derive a matrix model for its expectation value. Section 5 contains a summary of the

results and a discussion of open problems and interesting future work.

2 The ABJM model and the latitude loop

We describe in this section a class of Wilson loops in U(N1)k × U(N2)−k ABJM theory that preserve

a certain fraction of the original N = 6 supersymmetry. These operators can be constructed by

generalizing the ordinary gauge holonomy with the addition of either scalar matter bilinears (obtaining

the so-called “bosonic” Wilson loops) or scalar bilinears and fermions (resulting in “fermionic” Wilson

loops). For the case of straight line and maximal circular contours, a general classification of such

BPS operators based on the amount of preserved supercharges can be found in [25–27]. The bosonic

case turns out to preserve 1/6 of the supersymmetries of the theory, and the two gauge groups of

ABJM are decoupled in the construction [28–31]. A more supersymmetric operator, preserving half

of the supersymmetries, mixes instead the two gauge groups and includes coupling to the fermionic

fields as well [32]. Unexpectedly, the supersymmetry variation of this loop does not vanish locally, but

it is rather a total derivative along the loop. It is also possible to deform continuously the fermionic

Wilson loop into a linear combination of two bosonic ones, preserving 1/6 of the supersymmetries

along the flow [25, 26, 33] (see also [19, 34] for a discussion of this topic in the case of theories with

lower supersymmetry). In this paper, we are instead interested in studying another one-parameter

family of deformations of the bosonic and fermionic maximal circles, the latitudes [9, 10].

We start by recalling the general class of Wilson operators introduced in [9]. They feature a

parametric dependence on a α–angle1 that governs the couplings to matter in the internal R–symmetry

1The α–angle can be freely chosen in the interval [0, π
2

], see [9].
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space and a geometric angle θ0 ∈ [− π
2 ,

π
2 ] that fixes the contour to be a latitude circle on the unit

sphere

Γ : xµ = (cos θ0 cos τ, cos θ0 sin τ, sin θ0) , τ ∈ [0, 2π) . (2.1)

As discussed in [10], these operators can be constructed in such a way that they depend only on the

effective “latitude parameter”

ν ≡ sin 2α cos θ0 , 0 ≤ ν ≤ 1 . (2.2)

The bosonic latitude Wilson loops corresponding to the two gauge groups are explicitly given by

WB(ν,R) =
1

dim(R)
TrR P exp

{

−i

˛

Γ

dτ

(

Aµẋ
µ − 2πi

k
|ẋ|M I

J CIC̄
J

)}

,

ŴB(ν, R̂) =
1

dim(R̂)
Tr

R̂
P exp

{

−i

˛

Γ

dτ

(

Âµẋ
µ − 2πi

k
|ẋ|M I

J C̄JCI

)}

. (2.3)

where the matrix describing the coupling to the (CI , C̄
I) scalars reads

M I
J =









−ν e−iτ
√

1 − ν2 0 0

eiτ
√

1 − ν2 ν 0 0

0 0 −1 0

0 0 0 1









. (2.4)

The traces in (2.3) are taken over generic representations R, R̂ of U(N1) and U(N2), respectively. The

overall constants have been chosen in order to normalize the tree level expectation values 〈WB〉(0) and

〈ŴB〉(0) to one.

The fermionic latitude Wilson loop is instead defined for a representation2 R of the superalgebra

U(N1|N2)

WF (ν,R) = R STrR

[

P exp

(

−i

˛

Γ

L(τ)dτ

)

(

e− iπν
2 1N1

0

0 e
iπν

2 1N2

)]

, (2.5)

where L is the U(N1|N2) superconnection

L =





A i

√

2π
k |ẋ|ηI ψ̄

I

−i

√

2π
k |ẋ|ψI η̄

I Â



 , with







A ≡ Aµẋ
µ − 2πi

k |ẋ|M I
J CIC̄

J

Â ≡ Âµẋ
µ − 2πi

k |ẋ|M I
J C̄JCI

,

(2.6)

and

M J
I =









−ν e−iτ
√

1 − ν2 0 0

eiτ
√

1 − ν2 ν 0 0

0 0 1 0

0 0 0 1









, ηα
I ≡ nIηα = e

iντ
2

√

2









√
1 + ν

−√
1 − νeiτ

0

0









I

(1, −ie−iτ )α,

η̄I
α ≡ n̄I η̄α = i(ηα

I )† . (2.7)

The generalized prescription (2.5) that requires taking the supertrace of the superholonomy times a

constant “twist” matrix was originally proposed to assure invariance under super gauge transformations

2Special combinations of representations of U(N1) × U(N2) are also representations of U(N1|N2): we will consider

only the fundamental representation, that actually belongs to these particular cases
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[9]. Equivalently one can remove the dependence on the twist matrix, the price being the introduction

of a suitable background term in the bosonic part of 2.6 (see [33] for a complete discussion of this

topic). The overall constant in (2.5) can be chosen again to normalize the expectation value to 1. In

the following discussion, the Wilson loops are understood to be in the fundamental representation. For

generic values of the parameters, the latitude bosonic operators in (2.3) preserve 1/12 of the original

N = 6 supercharges, whereas the fermionic one in (2.5) is 1/6–BPS. The explicit expressions of the

preserved supercharges will be given in the next section.

A remarkable, and maybe unexpected, feature of these constructions is the following: at the

classical level the fermionic latitude Wilson loop (2.5) is cohomologically equivalent to the following

linear combination of bosonic latitudes

WF (ν) = R
[

N1 e
− iπν

2 WB(ν) +N2 e
iπν

2 ŴB(ν)
]

+ Q(ν)(something) . (2.8)

In the above formula, Q(ν) is the linear combination of superPoincaré and superconformal charges

preserved by both bosonic and fermionic Wilson loops [10]. Assuming that this relation holds at

the quantum level, the vacuum expectation value 〈WF (ν)〉 of the fermionic operator is equal to the

one for a bosonic operator. However, the problem of understanding how the classical cohomological

equivalence gets implemented at the quantum level is strictly interconnected with the problem of

understanding framing [35]. In the circular case it holds at framing one, as originally proposed in

[15], while for latitudes a generic non-integer framing ν should be assumed (see [10] for an extensive

discussion of this point).

The exact computation of the 1/6 BPS circular Wilson loop can be performed by supersymmetric

localization [36]. Using this procedure, the ABJM partition function on the three–sphere can be

reduced to the matrix model integral [15]

Z =
1

N1!N2!

ˆ N1
∏

a=1

dλa e
iπkλ2

a

N2
∏

b=1

dµb e
−iπkµ2

b

N1
∏

a<b

(2 sinhπ(λa − λb))
2

N2
∏

a<b

(2 sinhπ(µa − µb))
2

N1
∏

a=1

N2
∏

b=1

(2 coshπ(λa − µb))
2

. (2.9)

disregarding the precise normalization, which is unimportant for the computation of Wilson loops. At

ν = 1, the expectation values of the 1/6–BPS bosonic Wilson loop and, by assuming the cohomological

equivalence, of the 1/2–BPS fermionic Wilson loop can be expressed as matrix model averages [15, 32,

37]. In particular, the bosonic 1/6–BPS Wilson loops in the fundamental representation are given by

〈WB(1)〉 =
1

N1

〈

N1
∑

i=1

e2π λi

〉

, 〈ŴB(1)〉 =
1

N2

〈

N2
∑

i=1

e2π µi

〉

. (2.10)

where the right–hand–side brackets stand for the integration using the matrix model measure defined

in (2.9), normalized by the partition function. In this language, the 1/2–BPS Wilson loop, originally

defined as the average of a supermatrix operator, can be obtained using (2.8) as a linear combination

of the bosonic ones [32, 37].

For generic ν the situation is a little bit different: even though the latitude bosonic Wilson loops

are BPS operators, the standard localization arguments of [15] cannot be directly applied [10] to

their computation. On the other hand, one could expect that a matrix model representation for their

vacuum expectation value exists. A conjectured a matrix model for the latitude Wilson loops has been
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therefore proposed in [14], that turned out to be compatible with all the available data points at weak

and strong coupling. We briefly describe its genesis. The idea is to start from the matrix model average

(2.9) computing the expectation value of 1/6–BPS Wilson loops and try to deform it by introducing

a suitable dependence on the ν parameter. The structure of the θ–Bremsstrahlung function [38, 39]

suggests that the latitude Wilson loop should be computed by inserting the operator Tr e2π
√

νλ into

a matrix model which is symmetric under the inversion ν ↔ 1/ν. Such an argument is reminiscent

of the one proposed in [40], but somehow with a reverse logic. In that case, for the ABJM theory a

supersymmetric Wilson loop on a squashed sphere was considered, whose matrix model is invariant

under the inversion of the squashing parameter [41]. This was used to argue that the derivative of this

Wilson loop expectation value with respect to the squashing parameter b, evaluated at b = 1, could be

traded with the derivative of the multiply wound 1/6–BPS Wilson loop with respect to the winding

number m (see [10, 13] for a detailed discussion of these points). Using also some perturbative inputs,

the following matrix model average for the expectation value of a bosonic latitude Wilson loop has

been proposed

〈WB(ν)〉 =

〈

1

N1

∑

1≤i≤N1

e2π
√

ν λi

〉

, (2.11)

where the average is evaluated and normalized using the matrix model partition function

Z =
1

N1!N2!

ˆ N1
∏

a=1

dλa e
iπkλ2

a

N2
∏

b=1

dµb e
−iπkµ2

b (2.12)

×

N1
∏

a<b

2 sinh
√
νπ(λa − λb)2 sinh

π(λa − λb)√
ν

N2
∏

a<b

2 sinh
√
νπ(µa − µb)2 sinh

π(µa − µb)√
ν

N1
∏

a=1

N2
∏

b=1

2 cosh
√
νπ(λa − µb)2 cosh

π(λa − µb)√
ν

.

Similarly, 〈ŴB(ν)〉 corresponds to the insertion of 1
N2

∑

1≤i≤N2
e2π

√
ν µi . According to the discussion

above, such a matrix model should arise from a suitable localization of the ABJ(M) theory. We stress

that this is the simplest non–trivial deformation of the matrix model (2.9) reducing to the usual

expression at ν = 1, and whose measure is symmetric under ν ↔ 1/ν, the specific dependence on

ν in the hyperbolic functions and in the operator insertion has been fixed via comparison with the

perturbative results [14]. Three-loop weak-coupling computations are consistent with this conjecture:

the proposed matrix model is amenable of a Fermi gas reformulation [42] and strong-coupling results

can be obtained that coincide with previous and subsequent string-theory calculation at leading and

subleading order [43–47].

Analyzing this matrix model, we immediately realize that the ν-dependence cannot be reabsorbed

by a simple redefinition of the coupling constant: we expect obviously that the deformation could

affect the observable that we average to evaluate the Wilson loop. However to be consistent with

a localization result, when we replace the observable with the identity the matrix integral over the

deformed measure must still give the partition function of ABJ(M) on S3. This implies that the

dependence of the partition function on ν must become trivial, a peculiar feature that should rely on

the intimate structure of the matrix model itself. The crucial property that streamlines this miraculous
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independence is the Cauchy determinant identity

N
∏

a<b

sinh r π (λa − λb) sinh r π (µa − µb)

N
∏

a=1

N
∏

b=1

cosh r π (λa − µb)

=
∑

σ∈SN

(−1)σ
N
∏

a=1

1

cosh r π (λa − µσ(a))
. (2.13)

Here the final sum is over all the permutations of the N eigenvalues and r is an arbitrary parameter.

Let us consider the case of equal rank: splitting the integrand of (2.12) into two combinations of

hyperbolic functions with arguments containing the factors
√
ν and 1/

√
ν respectively, and applying

the Cauchy identity separately with an appropriate choice of r, after few algebraic steps described in

[14, 48], we end up with

Z =
1

N !

∑

σ∈SN

(−1)σ

ˆ

dyN

(2πk)N

N
∏

a=1

(

2 cosh
ya

2

)−1
(

2 cosh
ya − yσ(a)

2k

)−1

, (2.14)

where N = N1 = N2. We thus see that the dependence on ν drops completely and the partition

function has the same expression as for ABJM theory. For different ranks of the gauge groups the

starting point (2.13) must be replaced by a generalization of the Cauchy determinant identity discussed

in [49–51]. Then if we repeat the steps leading from (2.13) to (2.14), we can isolate and evaluate the

ν−dependent part of the partition function

exp

(

πi

12k

(

ν +
1

ν

)

((N1 −N2)3 − (N1 −N2))

)

. (2.15)

The only effect of the deformed measure consists in altering the original phase of the ABJ partition

function obtained in [37, 52] by a trivial ν−dependent multiplicative factor.

When we insert the Wilson loop in the ν−deformed matrix model we get a ν−dependent result.

This can be shown by repeating the steps leading to 2.14, as shown in [14]. For future reference, we

write the result for the case N1 = N2 = N and k = 1:

〈WB(ν)〉 =
1

Z N(N !)

∑

ρ∈SN

(−1)ρ

ˆ

dσN
N
∑

c=1

eiπνe2πσc

∏N
j=1 2 coshπσj

∏N
k=1 2 coshπ(σk − σρ(k) + iνδc

k)
.

(2.16)

This equation makes manifest the fact that the ν−dependence does not disappear.

2.1 The latitude algebra

The presence of a BPS defect in a superconformal theory breaks the superconformal algebra to a

subalgebra. Below, we detail the symmetry algebra left unbroken by the ABJM latitude Wilson loop

in its fermionic and bosonic versions. Our supersymmetry conventions for ABJM are collected in

Appendix A.1.

The supercharges preserved by the fermionic latitude are given by [10]

θ̄13
1 = e−i

θ0

2

√
1 − ν ω1 + ei

θ0

2

√
1 + ν ω2 , θ̄14

1 = e−i

θ0

2

√
1 − ν ω3 + ei

θ0

2

√
1 + ν ω4 ,

θ̄23
2 = −ie−i

θ0

2

√
1 + ν ω1 − iei

θ0

2

√
1 − ν ω2 , θ̄24

2 = −ie−i

θ0

2

√
1 + ν ω3 − iei

θ0

2

√
1 − ν ω4 ,

ǭ13
1 = iei

θ0

2

√
1 − ν ω1 − ie−i

θ0

2

√
1 + ν ω2 , ǭ14

1 = iei
θ0

2

√
1 − ν ω3 − ie−i

θ0

2

√
1 + ν ω4 ,

ǭ23
2 = e−i

θ0

2

√
1 − ν ω2 − ei

θ0

2

√
1 + ν ω1 , ǭ24

2 = e−i

θ0

2

√
1 − ν ω4 − ei

θ0

2

√
1 + ν ω3 , (2.17)
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where ωi, i = 1, . . . , 4 are bosonic parameters and we have taken the R3 conformal Killing spinor to

be Θ̄IJ
α = θ̄IJ

α − xµ(γµ) β
α ǭIJ

β . We define the corresponding operators Qi, i = 1, . . . , 4, turning on the

corresponding ωi and setting the others to zero. We also perform a rescaling on the supercharges by a

factor 2
√
ν cos θ0. In the following sections, we will define the action of the supercharges 2.17 in several

slightly different contexts, where we will use different convenient normalizations. The Qi action on a

generic operator O is defined as:

δO ≡ [θ̄IJ
α Q̄α

IJ + ǭIJ
α S̄α

IJ ,O] , (2.18)

where Q̄α
IJ and S̄α

IJ are the operators generating the osp(6|4) superconformal algebra.

The couplings of the Wilson loop M J
I and ηα

I preserve an SU(2) R-symmetry, and it turns out

to be convenient to recast the conserved supercharges into two SU(2) doublets

Q−
a =

(

Q1

Q3

)

, Q+
a =

(

Q2

Q4

)

. (2.19)

From the ABJM superconformal algebra, we get the following anti-commutation relations

{Q−
a ,Q−

b } = 0 , {Q+
a ,Q+

b } = 0 , (2.20)

{Q−
a ,Q+

b } = ǫab (T − Z) − 2Lab , (2.21)

where we have introduced the conserved bosonic generators

T =
i

cos θ0
(K3 − P3 + 2 sin θ0D) , (2.22)

Z =
1

ν

(

2iM12 + J 2
2 − J 1

1

)

, (2.23)

L b
a =

(

J 3
3 + 1

2J
1

1 + 1
2J

2
2 J 4

3

J 3
4 J 4

4 + 1
2J

1
1 + 1

2J
2

2

)

=

(

Lz L−
L+ −Lz

)

. (2.24)

L b
a are the generators of the su(2) R-symmetries preserved by the loop. Their action on the

conserved supercharges is given by

[L b
a ,Q−

c ] =
1

2
δb

aQ−
c − δb

cQ−
a , (2.25)

[L b
a ,Q+

c ] =
1

2
δb

aQ+
c − δb

cQ+
a . (2.26)

T generates a U(1) symmetry followed by a dilatation. Its action on the supercharges is

[T ,Q−
a ] = −Q−

a , [T ,Q+
a ] = Q+

a . (2.27)

The presence of the dilatation reflects the possibility of moving the loops at different heights of the S2.

Finally, Z is a central element of the subalgebra. It generates a U(1) symmetry which mixes a Lorentz

rotation with a specific R-symmetry. The precise combination of the two is fixed by the invariance of

the off-diagonal terms in MI
J (or equivalently MI

J). The role of Z will be crucial in the following,

especially when we will describe loop operators as mixed 3d/1d systems. The complete superalgebra

is a central extension of su(1|2), which is isomorphic to osp(2|2).

In the rest of the paper, we will be interested mostly in the bosonic latitude. The bosonic latitude

preserves only the subset of the supercharges: those generated by Q2 and Q3. The resulting su(1|1)
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subalgebra of the full latitude algebra is given by

{Q2, Q3} = T + 2Lz − Z , (2.28)

[T , Q2] = Q2 , [T , Q3] = −Q3 , (2.29)

[Lz, Q2] = −1

2
Q2 , [Lz, Q3] =

1

2
Q3 . (2.30)

From now on, we will refer to the bosonic latitude as “the latitude”. We will also restrict our analysis

to Q2 and Q3. Moreover, we will take the limit θ0 → 0. In this way we avoid any issues related to

the presence of the non compact symmetry D in the latitude algebra. Latitude loops at other values

of θ0 are related to the one at θ0 = 0 by the action of the conformal group. We can therefore restrict

ourselved to examining the expectation value of the θ0 = 0 loop without loss of generality.

2.1.1 The limit ν → 1

In the limit ν → 1, the latitude coincides with the well-known 1/6-BPS circular Wilson loops intro-

duced by Gaiotto and Yin in [53], and further discussed in [28–30]. In this limit there are also two

additional supercharges preserved by the latitude. All of the supercharges preserved by the latitude

in this limit can be parameterized as follows

θ̄13
1 = ω2 , θ̄24

2 = −iω3 , (2.31a)

θ̄13
2 = iω5 , θ̄24

1 = ω6 , (2.31b)

with the relations

ǭIJ
α = iM I

K (τ3) β
α θ̄KJ

β . (2.32)

where now M I
K = diag(−1, 1,−1, 1).

It is interesting to show how the supersymmetry enhancement in the limit ν → 1 modifies the

latitude superalgebra. Before providing the explicit derivation, we can make an educated guess based

on some known results. First, we note that the 1/6-BPS circular Wilson loop is related to the 1/6-BPS

Wilson line by a conformal transformation [38]. On the other hand, the superalgebra preserved by

the Wilson line is su(1, 1|1), which is a superconformal algebra on the line [13]. Therefore, we expect

to find the same superalgebra for the circular Wilson loop, realized in terms of different generators of

the ABJM supersymmetry algebra.3.

Let us verify that this is indeed the case. We introduce operators associated to the supersymmetries

2.31. They are denoted Q2, Q3, Q5 and Q6, corresponding to the parameters ω2, ω3, ω5, and ω6. We

choose the notation so as to make Q2 and Q3 the limit as ν → 1 of Q2 and Q3 of the previous section,

up to an overall factor of 1/2. The explicit form of the supercharges is

Q2 =
1√
2

(

Q̄2,13 − iS̄2,13

)

, Q3 =
1√
2

(

S̄1,24 + iQ̄1,24

)

, (2.33a)

Q5 =
1√
2

(

S̄1,13 − iQ̄1,13

)

, Q6 =
1√
2

(

Q̄2,24 + iS̄2,24

)

. (2.33b)

It is also convenient to introduce the following space time generators

M = −iM12 , P =
1

2
(P+ +K+) , K =

1

2
(P− +K−) , (2.34)

3This is the same situation as for the maximally supersymmetric Wilson loop in N = 4 SYM in 4d [54]. The maximally

supersymmetric circular Wilson loop and the maximally supersymmetric Wilson line are related by a conformal map,

therefore they preserve the same algebra. However, the algebra is realized with different bulk generators.
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where P± = P1 ± iP2 and K± = K1 ± iK2. There is also a mixed u(1) charge

J =
1

2

(

iP3 − iK3 − 2
(

J 1
1 + J 3

3

))

. (2.35)

The odd-odd part of the enhanced superalgebra is given by

{Q2, Q3} = 2 (M − J) , {Q5, Q6} = 2 (M + J) , (2.36a)

{Q2, Q6} = −2P , {Q3, Q5} = 2K , (2.36b)

The bosonic subalgebra is

[P,K] = 2M [M,P ] = P , [M,K] = −K , (2.37)

which is indeed the expected su(1, 1) 1d conformal algebra. Finally, the mixed commutators are given

by:

[M,Q2] =
1

2
Q2 , [M,Q3] = −1

2
Q3 , [M,Q5] = −1

2
Q5 , [M,Q6] =

1

2
Q6 , (2.38a)

[K,Q2] = Q5 , [K,Q6] = Q3 , [P,Q5] = Q2 , [P,Q3] = Q6 , (2.38b)

[J,Q2] =
1

2
Q2 , [J,Q3] = −1

2
Q3 , [J,Q5] =

1

2
Q5 , [J,Q6] = −1

2
Q6 . (2.38c)

Note that Q2 and Q6 behaves as Poincaré supercharges on the loop, while Q3 and Q5 behave like

superconformal ones.

In summary, our analysis shows that the latitude preserves a specific 1d Poincaré type superalge-

bra. In the limit ν → 1, this superalgebra enhances to the conformal superalgebra su(1, 1|1) preserved

by the standard 1/6-BPS Gaiotto-Yin Wilson loop.

2.1.2 Embedding in N = 4

The 3d N -extended superconformal algebra is isomorphic to osp (N |4). The algebra is generated

by N quadruplets of spinors in the vector representation of SO (N )R. For the ABJM model, the

manifest supersymmetry is N = 6. It is useful in this case to break up the SO (6)R index , or rather

Spin (6)R ≃ SU (4)R, into a doublet of anti-symmetric SU (4)R indices denoted by {I, J,K, . . .}. The

transformation between the two notations is performed using the 6d Euclidean Clifford algebra and

its matrices ΓaIJ

Γ1 ≡ iτ2 ⊗ 1 , Γ2 ≡ τ2 ⊗ τ3 , Γ3 ≡ τ2 ⊗ τ1 , (2.39)

Γ4 ≡ iτ1 ⊗ τ2 , Γ5 ≡ 1 ⊗ τ2 , Γ6 ≡ iτ3 ⊗ τ2 , (2.40)

Γ̃IJ
a ≡

(

Γ†
a

)IJ
, (2.41)

satisfying

ΓaIJ = −ΓaJI , ΓaΓ̃b + ΓbΓ̃a = 2δI
Jδab, Γ̃aΓb + Γ̃bΓa = 2δI

Jδab .

Note that (Γa)IJ (Γa)KL = −2εIJKL, so that the usual SO (6) invariant inner product is replaced by

contraction of pairs of indices using the ε symbol. A generic N = 6 superconformal transformation is

then specified by a tensor

Θ̄IJ
i , I, J ∈ {1 . . . 4} , i ∈ {1 . . . 4} , (2.42)

Θ̄IJ
i = −Θ̄JI

i . (2.43)
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The index i can be contracted with a basis for the conformal Killing spinors, thus yielding a Killing

spinor in our previous notation Θ̄IJ
α .

One may show that the fermionic latitude supercharges, parameterized by ωi, can be embedded

into an N = 4 subalgebra of the N = 6 supersymmetry algebra of ABJM. Contracting the latitude

supercharges with the 6d Γ matrices, we get

Θ̄IJ
α (ω) ΓaIJ = 0, a ∈ {5, 6} . (2.44)

If we define the U (1) generator

U I
J ≡ exp

(

t
(

Γ̃5Γ6 − Γ̃6Γ5

))

, U † = U−1, (2.45)

then

UΘ̄α (ω)U t = Θ̄α (ω) , U∗MU t = M. (2.46)

U therefore generates a residual SO (2) R-symmetry commuting with all of the latitude supercharges.

In the limit ν → 1, the supercharges Q2,3 satisfy the stronger condition

lim
ν→1

Θ̄IJ
α (ω2,3) ΓaIJ = 0, a ∈ {3 . . . 6} , (2.47)

and so form a part of an N = 2 subalgebra. In this limit, the latitude Wilson loop is invariant under

an SO (4) subgroup of the R symmetry. There are also 2 additional supercharges preserved by the

bosonic latitude loop only in the limit ν → 1, which were denoted Q5,6. These lie in the same N = 2

subalgebra as Q2,3.

2.2 Gaiotto-Witten Theories

We would like to demonstrate that bosonic latitude type Wilson loops exist in Chern-Simons-matter

theories of Gaiotto-Witten (GW) type [16]. GW theories are generic Chern-Simons-matter theories

preserving N = 4 supersymmetry. They can be formulated starting from N = 1 superfields, such

that N = 4 supersymmetry is realized on-shell after all auxiliary fields have been integrated out.

The ABJM family of models are GW theories of a generalized type introduced in [17], with special

properties allowing an enhancement to N = 6 [55]. We define a latitude type loop as a bosonic Wilson

loop which preserves Q2,3 inside the N = 4 algebra. The notation in this section is that of [17], which

differs from the rest of the paper.

The data defining the GW theories are a gauge group G, which is a subgroup of Sp (2n) for some

n, an invariant quadratic form kmn on the Lie algebra g, and a 2n-dimensional representation of G

constructed using the subset of Sp (2n) generators (tm)
A

B, such that t[AC] ≡ ω[ABt
B

C] = 0, where

ωAB is the invariant symplectic form of Sp (2n) and square brackets denote anti-symmetrization. In

order to yield an N = 4 supersymmetric theory, the representation matrices must satisfy the following

fundamental identity [16]

kmnt
m
(ABt

n
C)D = 0. (2.48)

We will consider a generalization of GW theories described in [17]. The generalization introduces

an additional set of representation matrices,
(

t̃m
)A

B
, satisfying the same conditions as (tm)

A
B. A

generalized GW theory contains the following fields: aG connection Am
µ , and scalar/spinor pairs qA

α , ψ
A
α̇

and q̃A
α̇ , ψ̃

A
α valued in the first and second representation, respectively. α, α̇ denote SU (2)l × SU (2)r

R-symmetry indices. The pair qA
α , ψ

A
α̇ form an N = 4 on-shell hypermultiplet, while q̃A

α̇ , ψ̃
A
α form an

on-shell twisted hypermultiplet. The hypermultiplets and twisted hypermultiplets can be in different
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representations. Following [17], we nevertheless denote all representation indices as A,B, . . .. The

Killing spinors are denoted ηαα̇.

The relevant supersymmetry transformations are [17]

δqA
α = iηα

α̇ψA
α̇ , δq̃A

α̇ = −iηα
α̇ψ

A
α , (2.49)

δAm
µ = 2πiηαα̇γµ

(

jm
αα̇ − j̃m

α̇α

)

. (2.50)

The composite quantities jm
αα̇, j̃

m
α̇α are defined as

jm
αα̇ ≡ qA

α t
m
ABψ

B
α̇ , j̃m

α̇α ≡ q̃A
α̇ t̃

m
ABψ̃

A
α . (2.51)

We also define the moment maps

µm
αβ ≡ qA

α t
m
ABq

B
β , µ̃m

α̇β̇
≡ q̃A

α̇ t̃
m
AB q̃

B
β̇
. (2.52)

Note that4

δµm
αβ = 2iη(α

α̇jm
β)α̇, δµ̃m

α̇β̇
= −2iηα

(α̇j̃
m
β̇)α

. (2.53)

Define a generic bosonic Wilson loop

W ≡ PtrR exp

˛

ℓ

(

Aµℓ̇
µ + 2π

∣

∣ℓ̇
∣

∣

(

Cαβµαβ + C̃α̇β̇µ̃α̇β̇

))

, (2.54)

where Cαβ , C̃α̇β̇ are symmetric c-number matrices. The supersymmetry variation of W is proportional

to

2πiηαα̇γµℓ̇
µ
(

jm
αα̇ − j̃m

α̇α

)

+ 2πi
∣

∣ℓ̇
∣

∣

(

Cαβηα
α̇jβα̇ − C̃α̇β̇ηα

α̇j̃β̇α

)

. (2.55)

The conditions for unbroken supersymmetry generated by a spinor ηαα̇ are

ηαα̇γµℓ̇
µ = −

∣

∣ℓ̇
∣

∣Cα
βηβα̇ = −

∣

∣ℓ̇
∣

∣ C̃β̇
α̇ηαβ̇ . (2.56)

Let ℓµ be the unit circle in the x1, x2 plane with angular coordinate τ , and let ηαα̇ represent either

of the supercharges Q2,3 at θ0 = 0. One can show that the following matrices solve the supersymmetry

equations

Cαβ =

(−i

√
1 − ν2eiτ ν

ν −i

√
1 − ν2e−iτ

)

, C̃α̇β̇ =

(

0 −1

−1 0

)

, (2.57)

making the associated loop operator a BPS latitude loop. Latitude loops at generic θ0 can be obtained

by a conformal transformation.

2.2.1 Off-shell closure for GW theories

Off-shell closure for GW theories can be achieved in a straightforwards fashion for any given N = 2

subalgebra. It can also be achieved for an N = 3 subalgebra by using off-shell N = 3 multiplets

and the corresponding Chern-Simons and kinetic terms [56, 57]. In the case of ABJM, the relevant

couplings can also be derived in harmonic superspace [58]. Additionally, supersymmetries preserved

by the various topological twists of the N = 4 superalgebra can be closed off-shell by introducing

appropriate auxiliary fields [59].

An N = 4 superfield construction of GW theories was described in [60]. The construction requires

a consistency condition, involving both the vector multiplets and the hypermultiplets, which appears to

4Symmetrized indices are defined as follows X(aYb) ≡ 1
2

(XaYb +XbYa).
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prevent the construction of an N = 4 off-shell supersymmetric action [60]. The consistency condition

is equivalent to the fundamental identity in Eq 2.48. There is then no way to close the entire N = 4

supersymmetry algebra of a GW type theory offshell using superfields. Unfortunately, we do not even

know of a construction for closing a single generic N = 4 supersymmetry off-shell in the GW class of

theories. Specifically, the latitude supercharges do not fall into any of the categories admitting off-shell

closure described above.

Let us describe the situation for the latitude supercharges in more detail. Supersymmetry trans-

formations of off-shell hypermultiplets are linear in the hypermultiplet fields. Fields belonging to

vector multiplets, as well as those coming from supergravity, may also appear in the hypermultiplet

transformations following partial gauge fixing. We will show that the square of the latitude super-

charge contains a gauge transformation with a parameter which is quadratic in the hypermultiplet

scalars. In order for the latitude supersymmetry to close off-shell, this parameter must presumably

be the vev of a scalar in an appropriate vector multiplet. Such a scalar appears in vector multiplets

starting from N = 2, with multiple scalars appearing starting at N = 3. We will also show that the

square of the latitude supercharge on the three sphere contains a translation by a Killing vector v. It

is easy to show, however, that v cannot be generated by the square of an N = 2 supercharge unless

ν = 1. We are left, therefore, with the option of trying to close the latitude supercharges off-shell in

an ad hoc manor. We explore this option in Section 3.2.

3 The latitude matrix model

In this section, we attempt to derive the matrix model for the bosonic latitude Wilson loop by super-

symmetric localization. In supersymmetric localization, one first deforms a supersymmetric Euclidean

action S by adding a term tδV , where δ is a supersymmetry transformation, V a positive semi-definite

fermionic functional, and t a positive number. The deformed partition function, or the expectation

value of a δ-closed observable O, can be shown to be t-independent using the following standard

argument

d

dt
〈O〉t ≡ d

dt

ˆ

DΦO exp (−S − tδV ) (3.1)

= −
ˆ

DΦ (δV ) O exp (−S − tδV ) (3.2)

= −
ˆ

DΦδ [VO exp (−S − tδV )] (3.3)

= 0. (3.4)

Localization onto the moduli space, defined as the space of field configurations where δV vanishes,

occurs in the limit t → ∞.

In verifying t-independence, we have assumed δS = δO = δ2V = 0. We have also assumed that

the convergence properties of the path integral do not depend on t, and that the measure DΦ, where

Φ stands for all dynamical fields, is δ-invariant, i.e. the supersymmetry is not anomalous. If the

supersymmetry generated by δ is closed off-shell, without using the equations of motion coming from

S, then δ2 is a bosonic symmetry transformation. In this case, one can usually arrange for V to be

δ2 invariant. Unfortunately, off-shell closure of even a single supersymmetry transformation can be

tricky. We will deal with this difficulty in the context of the ABJM model in an ad hoc manner.

In Section 3.1, we exhibit the superalgebra generated by the latitude supercharges on the three

sphere using the ABJM notation. In Section 3.2, we perform localization in the ABJM model and
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derive a matrix model for the expectation value of the bosonic latitude Wilson loop. This calculation

almost proves the conjectured form of the matrix model put forth in [14]. The only caveat is our

assumption that a certain procedure can be used to close the latitude supersymmetry transformation

off-shell.

3.1 The ABJM latitude loop on the three sphere

We exhibit the superalgebra generated by the bosonic latitude supercharges on the three sphere. The

ABJM model, and the bosonic latitude Wilson loop, can be mapped to the three sphere using the

change of coordinates in Appendix B.4. In order to avoid producing a conformal or Weyl transfor-

mation on S3 in the square of the latitude supercharges, we restrict ourselves to θ0 = 0. In the

coordinate system introduced in Appendix B.4, the latitude loop then sits on the great circle at θ = 0

parameterized by the value of τ which itself coincides with the affine parameter used in the flat space

notation. The latitude loop operator is defined by the same expression as in Eq 2.3 but with the

opposite orientation.

We define a latitude supercharge QL ≡ Q2 + Q3. The corresponding N = 6 tensor, in the flat

space conformal Killing spinor basis specified in Appendix B.2, is

Θ̄R
3

1 =









0 0
√
ν + 1

√
1 − ν

0 0 0 0

−√
ν + 1 0 0 0

−
√

1 − ν 0 0 0









, Θ̄R
3

2 =









0 0
√
ν + 1

√
1 − ν

0 0 0 0

−√
ν + 1 0 0 0

−
√

1 − ν 0 0 0









, (3.5)

Θ̄R
3

3 =









0 0 −i

√
ν + 1 i

√
1 − ν

0 0 0 0

i

√
ν + 1 0 0 0

−i

√
1 − ν 0 0 0









, Θ̄R
3

4 =









0 0 0 0

0 0
√

1 − ν −√
ν + 1

0 −
√

1 − ν 0 0

0
√
ν + 1 0 0









. (3.6)

The change of coordinates described in Appendix B.4 transforms this tensor such that the relevant

supercharge on S3 is given by the S3 tensor

Θ̄IJ
i ≡ Ri

jΘ̄R
3,IJ

j . (3.7)

Let ǫ(i) be the basis for the conformal Killing spinors defined in Appendix B.3. The corresponding

spinor used in the transformation of a field is Θ̄IJ
i ǫ(i). We define the latitude supercharge to act using

the rescaled spinor

Θ̄IJ
lat ≡ 1

4ν1/4
Θ̄IJ

i ǫ(i). (3.8)

The action of the latitude supercharges generate a subalgebra of the S3 superconformal algebra.

Specifically, the square of the latitude supercharge generates the following transformations

1. A diffeomorphism by a Killing vector

i

2
Θ̄IJ

latγ
µΘ̄KL

lat εIJKL∂µ = −√
ν∂ϕ +

1√
ν
∂τ . (3.9)

2. An R-symmetry transformation acting on SU (4)R indices by the matrix

RI
J = 2iΘ̄KL

lat Θ̄MJ
lat εKLIM =

i

2









−ν−1/2 0 0 0

0 ν−1/2 0 0

0 0 −ν1/2 0

0 0 0 ν1/2









. (3.10)
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3. No Weyl transformation. Note that this is true only when the parameter θ0 is set to 0.

4. A gauge transformation given by the gauge parameters

Φ1 = ivA− 2πi

k
√
ν
M̃ I

J CIC̄
J , Φ2 = −ivÂ+

2πi

k
√
ν
M̃ I

J C̄JCI , (3.11)

where

M̃ I
J =









−ν e−iτ cos θ
√

1 − ν2 0 0

eiτ cos θ
√

1 − ν2 ν 0 0

0 0 −1 e−iϕ sin θ
√

1 − ν2

0 0 −eiϕ sin θ
√

1 − ν2 1









. (3.12)

Note that M̃ = M at θ = 0, i.e. on the latitude loop worldvolume.

One may check that a linear combination of Q2 and Q3 is the supercharge responsible for the

cohomological equivalence of the bosonic and the fermionic versions of the latitude Wilson loop,

discovered in [10]. The existence of these supercharges on the three sphere, and the absence of a Weyl

or conformal transformation in their anti-commutator, implies that the cohomological equivalence

holds at the quantum level in this context. This is because, as we will see, there exists a Q2,3 exact

non-conformal localizing term which can be used to reduce the computation of both operators to a

computation in a free theory.

3.2 Localization in the ABJM model

In this section, we perform localization of the bosonic latitude Wilson loop in ABJM. We first describe

a procedure which we believe may be utilized in order to obtain off-shell closure and to localize

theories of Gaiotto-Witten type, including the ABJM model. This procedure is only necessary in the

presence of operators like the latitude loop, which do not preserve supercharges belonging to an N ≤ 3

subalgebra. We will show that, assuming the procedure works, we are lead to the matrix model for

the latitude Wilson loop conjectured in [14].

3.2.1 Off-shell closure

Given the constraints on off-shell closure in GW type theories reviewed in 2.2.1, we are left with the

task of closing the latitude supersymmetry off-shell in an ad hoc manner. By this we mean utilizing

auxiliary fields which do not extend to a full spacetime supersymmetry algebra. Our first task is to

close off-shell the transformation of the connection using a vector multiplet. An appropriate multiplet

is discussed by Källén in [18]. This is a sort of cohomological multiplet, of the type often employed in

topological field theory.

The cohomological vector multiplet contains a connection Aµ, a one form Ψµ, and a scalar Φ. The

cohomological supersymmetry transformation is

δA = Ψ, δΨ = LvA+ dAΦ, δΦ = 0 . (3.13)

Other multiplets are needed in order to construct actions. Specifically, we introduce a projection

multiplet with a fermion α and a scalar D̃

δα = D̃, δD̃ = Lvα+GΦα . (3.14)
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A field X in a cohomological multiplet satisfies

δ2X = LvX +GΦX, (3.15)

where GΦ is a gauge transformation with parameter Φ, and Lv is the Lie derivative with parameter v.

One can write down a supersymmetric Chern-Simons term for the cohomological multiplet [18]

SCS =
ik

4π

ˆ

S3

(

CS (A) − κ ∧ Ψ ∧ Ψ − 2dκ ∧ Ψα+ (Φ + ivA)
(

κ ∧ dκ
(

Φ + ivA− 2D̃
)

− 2κ ∧ F
))

,

(3.16)

where CS (A) is the usual Chern-Simons density for A. The field Φ transforms inhomogeneously under

gauge transformations, thus ensuring the gauge invariance of exp (−SCS).

Källén has shown that these multiplets can be derived by twisting the fields in an N = 2 vector

multiplet
{

Aµ, σ,D
∣

∣λα, λ̃α

)}

, such that, for instance,

Φ = iσ + vµAµ. (3.17)

However, the validity of the multiplets, and the construction of the Chern-Simons action, is more

general. In fact, as argued in [18], all that is required is for v to be a Killing vector, and that there

exist a contact form κ, i.e. a one form such that κ ∧ dκ is a volume form, for which v is the Reeb

vector

ivκ = 1, ivdκ = 0. (3.18)

In our case, we identify v with the parameter for the diffeomorphism in the square of the latitude

supercharge. An appropriate κ can be obtained by lowering the index on v and replacing ν → ν−1.

This requires ν 6= 0, and agrees with Källén’s N = 2 twist when ν is equal to 1.

Källén’s construction has been extended to N = 2 Chern-Simons-matter theories in [61]. The

authors of [61] also exhibit an invariant action based on cohomological matter and vector multiplets

which is on-shell equivalent to the ABJM model. Unfortunately, both the action and the map between

the ABJM fields and the twisted fields in [61] depend on details of the particular contact form being

utilized. This contact form is the one associated to moving along the fiber of S3, viewed as a circle

bundle over S2. More generally, the authors of [61] discuss the contact form associated with the fiber

of a general Seifert manifold, which is a fibration over a Riemann surface. Our v is not of this type

since, for ν 6= 1, it mixes the vector field along the fiber with one associated to an action on the base.

This is possible only because the base, in this case S2, admits a continuous isometry.5

In [61], the square of the cohomological transformation includes an additional central generator

whose eigenvalue is denote by ∆

δ2X = LvX +GΦX + ∆X . (3.19)

In principle then, there is enough freedom in the construction of [61] to accommodate the latitude

superalgebra given in Section 3.1. However, one would have to verify that an action exists, of the type

given in [61], which is supersymmetric for the values of v and ∆ implied by the latitude superalgebra,

and which is still on-shell equivalent to ABJM. While we expect that this is possible, we have not

shown it explicitly.

5For ν ∈ Q+, v still generates a compact isometry acting freely on S3.
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3.2.2 The matrix model

We will proceed under the assumption that the latitude supersymmetry can be closed off-shell using

the cohomological multiplets of [18, 61] described in the previous section. The connection appearing

in the cohomological multiplet will be identified with the one appearing in the ABJM action. There

are therefore two independent adjoint valued scalars appearing in the square of the supersymmetry

transformation, one for each gauge group factor. According to our off-shell closure conjecture, the

corresponding cohomological fields are identified with Φ1,2 in Eq 3.11.

The cohomological supersymmetry transformations in [18] make it clear that the moduli space

associated with the vector multiplet is given by solutions to the following equations

Fµν = 0, DµΦ = 0, D̃ = 0. (3.20)

On S3, the solutions are gauge equivalent to Aµ = 0 and Φ = iσ where σ is an arbitrary spacetime

independent adjoint valued parameter [15]. In this gauge multiplet background, the fermion variations

in [61] imply that a chiral multiplet has no moduli whatsoever, as long as the parameter ∆ is non-zero.6

While this conclusion regarding the chiral moduli depends, in principle, on the contact form being

used, we expect it to hold in general. Therefore, the moduli space is given by constant profiles for

some scalars σ(1,2) and the result is a matrix model. The classical contributions to the matrix models,

coming from the Chern-Simons terms, can now be read off from Eq 3.16 and coincide with the ones

in 2.11.

Localization also yields an effective action for the moduli coming from one loop determinants.

These determinants are straightforward to calculate in the cohomological formalism using the equiv-

ariant index theorem for transversely elliptic operators [36].7 We will follow the application of this

theorem to the squashed three sphere partition function appearing in [66]. This is convenient because

both the moduli space and the bosonic symmetry obtained from the square of the latitude super-

charge coincide with those of the squashed sphere, provided we identify b =
√
ν. Since these are

the only ingredients appearing in the equivariant index theorem, apart from the implications coming

from the topology of the manifold which are also the same, the one loop determinants coincide. The

cohomological vector and projection multiplets therefore yield the following determinants [41, 66]

Zvector (σ) =
∏

α>0

sinh
(

π
√
να (σ)

)

sinh

(

π
α (σ)√
ν

)

. (3.21)

We must now evaluate the effective action for the moduli coming from matter fields. The values for

the the SU (4)R symmetry transformations appearing the the square of the latitude supercharge for the

four scalars CI are ±iν±1/2/2. These should correspond to the parameters ∆ for chiral multiplets in

[61]. However, as is clear from [67], two of the CI are the lowest components of chiral multiplets, while

the other two are the lowest components of anti-chiral multiplets. In order to use directly the results

in [66] for the one loop determinant of a chiral multiplet, we must therefore consider the quantum

numbers of two CI and two C̄I . Of course, the C̄I fields are also in the complex conjugate gauge

representation. The N = 4 version of the R-symmetry transformations 4.5 makes it clear that C1,2

and C3,4 are scalar doublets inside an ordinary and a twisted hypermultiplet respectively. Moreover,

we can identify C1 and C3 as having the correct R-symmetry charges to be the lowest components

6In the N = 2 superalgebra, ∆ corresponds to the U (1)R charge of the chiral multiplet. Equivalently, for a super-

conformal theory ∆ is the conformal dimension of the dynamical scalar in the multiplet.
7Mathematical background for the equivariant index theorem can be found in [62, 63], while reviews of the application

to supersymmetric localization appear in e.g. [64, 65].
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of chiral superfields in the limit ν → 1. That means that C̄2 and C̄4 are the the lowest components

of the remaining chirals. Assuming that this holds also at ν 6= 1, this identification assigns flavor

symmetry charges −iν±1/2/2, with multiplicity 2, to the dynamical chiral fields. Note that there is no

adjoint valued chiral multiplet in this calculation, as it has been integrated out to produce the ABJM

superpotential [61].

Let

Q = ν1/2 + ν−1/2. (3.22)

The one loop determinant coming from the index theorem in [66], for the collection of fields with the

quantum numbers discussed above, is8

Zscalar (σ) =
∏

ω∈(�,�̄)

s√
ν

(

i

Q

2
± ω

(

σ(1,2)
)

− i

ν±1/2

2

)

(3.23)

=
∏

ω∈(�,�̄)

1

2 cosh
(

π
√
νω
(

σ(1,2)
))

2 cosh
(

π√
ν
ω
(

σ(1,2)
)

) . (3.24)

where the notation is meant to imply that we multiply the sb functions for all values of ± corresponding

to the different scalars. In the second line, we have used the following special function identities

sb (−x) = sb (x)
−1
,

sb

(

ib
2 + x

)

sb

(

x− ib
2

) =
1

2 cosh (πbx)
. (3.25)

The latter identity has recently played a role in the IR formula for correlation functions of Higgs and

Coulomb branch operators in N = 4 SCFTs proposed in [68].9 We have already seen a connection

between the latitude loop and the SQM used in [23, 70] to compute the same correlators. However,

that connection was valid only in the limit ν → 0.

We can easily generalize the calculation to the Gaiotto-Witten type theories discussed in Section

2.2. To every gauge group factor in such a theory we associate a moduli space given by an adjoint

valued scalar σ, and a one loop determinant given by Eq 3.21. A hypermultiplet in a representation

R contributes

Zhyper (σ) =
∏

ω∈R

1

2 cosh (π
√
νω (σ))

, (3.26)

while a twisted hypermultiplet contributes

Ztwisted hyper (σ) =
∏

ω∈R

1

2 cosh
(

π√
ν
ω (σ)

) . (3.27)

This result coincides with the form for the matrix models for some Chern-Simons-matter theories of

this type conjectured in [19].

The unnormalized expectation value of the bosonic latitude loop corresponds simply to an insertion

of
1

N1

∑

ρ∈R

exp
(

2π
√
νρ (σ)

)

in the matrix model. The various factors of 2, π,
√
ν can be deduced by comparing Φ1,2 at θ = 0

with the original bilinear expressions appearing in the bosonic loop 2.3. The complete computation of

8sb is the double sine function defined in e.g. [41].
9A derivation of the IR formula using holomorphic factorisation was provided in [69]. We thank the authors for

bringing this work to our attention.
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the expectation value of the bosonic latitude loop in ABJM therefore coincides with Eq 2.11 and the

conjecture put forth in [14]. We emphasize that this result holds assuming that the off-shell closure

procedure goes through.

4 Latitude loops in standard N = 4 theories

In this section we explore latitude type loops in standard N = 4 theories: those without Chern-

Simons terms. In Section 4.1, we define latitude supercharges in standard theories. We show that the

latitude supercharges are related, in this context, to the supercharges used to define the topological

quantum mechanics investigated in [23]. We then classify generic loop operators preserving the latitude

supercharge in this class of theories. In Section 4.2, we exhibit the latitude superalgebra as it acts on

the supersymmetric quantum mechanics on a loop operator worldvolume.

In Section 4.3, we consider an N = 4 gauge theory in the same universality class as ABJM. We use

the form of the latitude supersymmetry algebra to conjecturally identify the loop operator representing

the bosonic latitude in this IR dual theory. We then perform localization in the dual model and derive

a matrix model expression for the expectation value of the dual loop operator. The matrix models for

the dual theories looks somewhat different from the one derived in ABJM, but yields the same result

for the expectation value of the loop. This constitutes our primary evidence for the validity of the

identification of the dual loop operator.

4.1 The bosonic latitude supercharges in standard N = 4 theories

The latitude supercharges lie in an N = 4 subalgebra of the N = 6 supersymmetry algebra of ABJM.

In this section, we study some properties of the bosonic latitude supercharges when these are realized

on the three sphere in standard N = 4 theories. This is to be contrasted with the realization of

these supercharges in the GW type theories of section 2.2 and in ABJM. We will use the N = 4

supersymmetry conventions of [23]. These are summarized in Appendix A.2.

We begin by defining an N = 4 latitude spinor for the latitude supercharge on S3, and the

analogous spinors for Q2,3
10

(

ξL
ν

)

αaȧ
≡ i

8
Θ̄IJ

i (ν) Γp
IJ(σ̄p)aȧǫ

(i)
α , (4.1)

where

σ̄i ≡ iτi , i ∈ {1, 2, 3} , σ̄4 ≡ 12 . (4.2)

Recall that ǫ
(i)
α is a basis for the conformal Killing spinors on S3, and Γp

IJ are the 6d Euclidean gamma

matrices. Exchanging the indices a and ȧ would produce a mirror latitude supercharge.

The spinor ξL
ν sits inside a linear space of spinors whose action on the fields generates a Poincaré

subalgebra of the osp (4|4) superconformal algebra on S3, of the type discussed in [23]. This Poincaré

subalgebra is characterized by the absence of Weyl transformations, and of diffeomorphisms associated

with conformal Killing vectors, which generically appear in the anticommutator of conformal super-

charges. As shown in [23], a Poincaré subalgebra of this type can be obtained by demanding that a

Killing spinor ξ satisfy

∇µξaȧ = γµξ
′

aȧ , ξ
′

aȧ =
i

2r
ha

bξbḃh̄
ḃ
ȧ , (4.3)

where

ha
b ∈ su (2)H , hȧ

ḃ ∈ su (2)C . (4.4)

10Note the difference in normalization of the spinor, by a factor of ν1/4, from the ABJM rescaled spinor in Eq 3.8
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For the latitude spinors, both h and h̄ can be taken to be τ3. Note that the Killing spinors associated

with Q2,3 are separately inside the Poincaré subalgebra defined by h, h̄, while those of Q1,4 are not.

The bosonic symmetries which appear in the square of the transformation using δξL
ν

are

1. A diffeomorphism with Killing vector v = −ν ∂φ + ∂τ ;

2. R-symmetry transformations −ν RC and RH , where RC,H act on doublets of SU (2)C and

SU (2)H as matrices

RC ȧ
ḃ =

i

2

(

1 0

0 −1

)

, RH a
b =

i

2

(

1 0

0 −1

)

; (4.5)

3. and a gauge transformation with parameter Λ = 1
2

(

ξL
ν

)cȧ(
ξL

ν

)

c

ḃ
Φȧḃ − vµAµ with

(

ξL
ν

)cȧ(
ξL

ν

)

c

ḃ
=

1

2

(−eiϕ
√

1 − ν2 sin θ −i

−i e−iϕ
√

1 − ν2 sin θ

)

. (4.6)

4.1.1 Relationship to topological quantum mechanics

Superconformal theories with 16 supercharges, in 3 and 4 dimensions, admit special local operator

algebras whose correlators enjoy enhanced spacetime symmetry [20, 22]. In [23], the authors define such

a set of “Higgs branch operators” in any standard 3d N = 4 gauge theory. The Higgs branch operators

are non-trivial elements of the cohomology of a supercharge QH
β , which is itself a combination of

Poincaré and conformal supercharges. When placed along a line, correlators of Higgs branch operators

are position independent, though they may still depend on operator ordering.

The authors of [23] go on to define an analogous cohomology on S3, where QH
β is part of a specific

Poincaré subalgebra of the full N = 4 superconformal algebra. This fact allows them to deform the

N = 4 gauge theory by an appropriate QH
β -exact Yang-Mills term, and to perform a localization

computation which captures the expectation values of the operators. In order to preserve QH
β , Higgs

branch operators must be placed along a great circle in S3. The result of the localization computation

can be interpreted as a one dimensional topological field theory living on the circle, i.e. a topological

quantum mechanics.

In the notation of [23], the supercharge

QH
β ≡ QH

1 + βQH
2 , (4.7)

on S3 has the following properties
(

QH
1

)2
=
(

QH
2

)2
= 0 ,

(

QH
β

)2
= 4iβ (Pτ +RC) , (4.8)

where Pτ is a translation along the τ direction and RC is an R symmetry transformation inside

SU (2)C ⊂ SO (4)R.

QH
β is represented on S3 by a spinor ξH

βaȧ which, after re-scaling, can be written in our notation

as

ξH
β11 = − 1√

2
Ri

4eΩ/2ǫ
(i)
R3 , (4.9)

ξH
β12 =

β√
2
Ri

3eΩ/2ǫ
(i)
R3 , (4.10)

ξH
β21 = − 1√

2
Ri

2eΩ/2ǫ
(i)
R3 , (4.11)

ξH
β22 = − β√

2
Ri

1eΩ/2ǫ
(i)
R3 . (4.12)
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The mirror spinor ξC
βaȧ ≡ ξH

βȧa generates the mirror supercharge QC used to define the Coulomb

branch version of the cohomology in [70, 71]. The square of the transformation δξC
β

gives

1. A translation with Killing vector vC = ∂τ ;

2. An R-symmetry transformation acting on doublets of SU (2)H as the matrix

RH a
b =

iβ

2

(−1 0

0 1

)

, (4.13)

with RC vanishing;

3. and a gauge transformation with parameter ΛC = 1
2

(

ξC
β

)cȧ(

ξC
β

)

c

ḃ

Φȧḃ − vµ
CAµ .

In fact, we can show that QC is related to the latitude supercharge in the limit ν → 0 and β → 1.11

We do this by exhibiting a global SO (4)R rotation, defined by matrices

(W1)a
b ∈ SU (2)l , (W2)ȧ

ḃ ∈ SU (2)r , (4.14)

such that
(

ξL
ν

)

αaȧ
= (W1)a

b(W2)ȧ
ḃ (ξC

β

)

αbḃ
. (4.15)

The explicit matrices are given by

W1 =

(

i 0

0 −i

)

, W2 =
1√
2

(

1 −i

−i 1

)

. (4.16)

Hence, the latitude supercharge at generic ν, or its mirror dual, interpolate between the ordinary

N = 2 supercharges used to compute the partition functions in [15] and the supercharges used to

define the Higgs and Coulomb branch cohomologies in [23, 70, 71].

4.1.2 Latitude loops in standard N = 4 theories

In this section, we exhibit supersymmetric loops of bosonic latitude type in standard N = 4 gauge

theories. 3d N = 4 gauge theories of this kind admit more than one type of supersymmetric loop

observable. Some of these observables are of Wilson loop type, while others are defect operators, which

are sometimes called vortex loops [66, 72].12 Both types of loop observable can be tuned to preserve

the bosonic latitude supercharges. We will define prototypical operators of both types, and tabulate

the supercharges they preserve.

The worldvolume of a loop operator on S3, invariant under the latitude supercharge, must itself

be invariant under the translation present in the square of the supercharge. Let ℓµ (τ0) be coordinates

on the loop with affine parameter τ0. ℓµ is the orbit under the action of the vector field ℓ̇ which must

coincide with −ν ∂φ +∂τ restricted to some θ. Whether or not ℓ is a closed curve depends on the value

of θ where the loop is placed, as well as ν. The types of orbits are detailed in Table 4.1.2. In addition,

there may be closed orbits at special values of ν and cos θ.

11We chose an embedding of the latitude in the UV N = 4 algebra which relates the latitude supercharge to the

mirror supercharge QC . Taking the mirror embedding would yield a supercharge related to QH .
12Vortex loops appeared early on in the context of bosonic Chern-Simons theory [3, 4]. Supersymmetric surface

operators, which are the four dimensional analogue of vortex loops, were considered in [73, 74] (see [75] for a review).
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orbit ℓ̇ θ = 0 θ = π/2 θ generic

ν = ±1 closed + maximal closed + maximal closed + maximal

ν = 0 closed + maximal point closed

ν generic closed + maximal closed + maximal non-compact

Table 1. The type of curve represented by ℓ as a function of the fixed angle θ. A “maximal” closed curve is

a great circle on S3.

θ = 0 θ = π/2 θ generic

supercharges preserved: total Poincaré total Poincaré total Poincaré

ν = 1 8 Q2,3 + 2 8 Q2,3 + 2 4 Q2,3

ν = 0 8 Q2,3 + 2 N/A N/A 4 2

ν generic 8 Q2,3 + 2 4 2 N/A N/A

Table 2. Supercharges preserved by a generic N = 4 latitude Wilson loop: total number preserved and

number preserved inside the Poincaré subalgebra defined by the latitude supercharge, with Q2,3 singled out.

Wilson loops In a standard N = 4 gauge theory, a supersymmetric Wilson loop can be constructed

using only vector multiplet fields. For an ordinary N = 4 vector multiplet, the relevant fields are the

connection Aµ and the SU (2)C triplet of scalars Φȧḃ. We take the following ansatz for a supersym-

metric Wilson loop along a contour with coordinates ℓµ

W =
1

dim (R)
trRP exp

‰

ℓ

(

ℓ̇µAµ +
∣

∣ℓ̇
∣

∣M ȧḃΦȧḃ

)

, (4.17)

where M ȧḃ is a coordinate dependent, but field independent, symmetric matrix. One can show that

the most general such loop preserving the latitude supercharge runs along ℓ̇µ∂µ = −ν∂ϕ + ∂τ with

fixed θ, and has

M ȧḃ = M ȧḃ
Wilson ≡

∣

∣ℓ̇
∣

∣

−1
(

1
2e

iϕ
√

1 − ν2 sin θ i

2
i

2 − 1
2e

−iϕ
√

1 − ν2 sin θ

)

, (4.18)

which is a familiar expression. Note that at θ = 0 the Wilson loop is ν-independent.

The total number of supercharges preserved by W are listed in Table 2. A subset of these are

within the Poincaré subalgebra containing the latitude supercharge. Their number and type depend

on the value of θ where the loop is placed and on ν.

Vortex loops The supersymmetric vortex loops we consider are defect operators associated to sin-

gular classical BPS configurations embedded in a vector multiplet, of the type described in e.g. [66, 72].

In these configurations, the field strength F is taken to be proportional to a delta function supported

on the loop worldvolume, and an imaginary auxiliary field is turned on to preserve supersymmetry.

The effects of the connection associated with F can be felt by charged local operators away from the

loop worldvolume, while the profile for the auxiliary field cannot. Nevertheless, this profile should be

considered part of the configuration describing the defect for some applications [72].

A BPS defect embedded in a vector multiplet is a singular fixed point of the gaugino transforma-

tions. A typical 1/2 BPS abelian vortex loop defect of charge q in an N = 2 gauge theory solves the
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θ = 0 θ = π/2 θ generic

supercharges preserved: total Poincaré total Poincaré total Poincaré

ν = 1 8 Q2,3 + 2 8 Q2,3 + 2 4 Q2,3

ν = 0 4 Q2,3 N/A N/A 4 Q2,3

ν generic 4 Q2,3 8 Q2,3 + 2 N/A N/A

Table 3. Supercharges preserved by a generic N = 4 latitude vortex loop: total number preserved and number

preserved inside the Poincaré subalgebra defined by the latitude supercharge, with Q2,3 singled out.

BPS equation for a vector multiplet in the following way [72]

F = 2πqδℓ, D = −2πqi ⋆ (δℓ ∧ dℓ) , (4.19)

where dℓ is the one form dual to ℓ̇, and δℓ is the Poincaré dual to the loop worldvolume. To get non-

abelian vortex loops, one replaces the number q with an element of the Lie algebra g.13 Supersymmetry

requires that the loop worldvolume be the integral curve of the vector field one gets from squaring the

supercharge. In the case of N = 2 supersymmetry, this worldvolume is always a maximal circle on S3.

The N = 4 version of the supersymmetric vortex loop is entirely analogous. We set F as above,

and take the triplet of auxiliary fields in the N = 4 vector multiplet to be

Dab = −2πq ⋆ (δℓ ∧ dℓ)Mab
vortex , (4.20)

Mab
vortex ≡

(− i

2e
iτ

√
1 − ν2 cos θ ν

2
ν
2 − i

2e
−iτ

√
1 − ν2 cos θ

)

. (4.21)

The resulting singular background solves the BPS equation from [23], i.e. the variation of the gaugino,

specialized to the latitude supercharge

δξL
ν
λaḃ = − i

2
εµµ′ργρξ

L
νaḃ
Fµµ′ −Da

cξL
νcḃ

= 0 , ∀a, ḃ . (4.22)

All of the vortex loops defined by the above configuration preserve Q2,3 separately, as well as the

latitude supercharge. Additional supercharges are given in Table 3.

In a twisted N = 4 vector multiplet, the roles of the dotted and undotted indices, and the matrices

MWilson and Mvortex, are exchanged. The relationship between the Wilson and vortex loops is basically

mirror symmetry [24, 72].

4.2 Supersymmetric Quantum Mechanics

An alternative definition of BPS line operators is provided by coupling a 1d supersymmetric quantum

mechanics (SQM) supported on the defect to the 3d bulk theory. The coupling can be realized by

gauging the flavor symmetries of the 1d system with the 3d vector multiplet. For instance, in [24], a

large class of 1/2-BPS loop operators has been described in this way. However, in that case, the 1d

theory always preserves 4 supercharges, whereas our SQM leaves unbroken an N = 2 SUSY algebra.

To be concrete, we introduce the action of the latitude supercharges:

δ = ǫQ2 + ǭ Q3 . (4.23)

13The number q, or the Lie algebra element generalizing it, are subject to discrete identifications arising from large

gauge transformations [73].

– 23 –



The latitude superalgebra in the N = 4 language reads as:

{Q2, Q3} = νF + H̃ , (4.24)

where F ≡ RC − Pφ and H̃ ≡ Pτ −RH
14. The only non-vanishing commutators are:

[RC , Q2] = −Q2 , [RC , Q3] = Q3 . (4.25)

We want to interpret this algebra as a centrally extended N = 2 1d Supersymmetry algebra. Since H̃

generates the translations along the loop, it plays the role of the Hamiltonian of the SQM. Furthermore,

as Pφ acts only on the normal bundle in S3 with respect to the loop worldvolume, νF behaves as a

central extension of the algebra and it generates an U(1) flavor symmetry for the SQM. The reader

can find a complete description of the N = 2 and N = 4 SQM in [76]. For now, we limit ourselves to

point out that our generator νF should be identified with their generator J−, which is an R-symmetry

from the N = 4 point of view, but it is a flavor symmetry from the N = 2 perspective.

While the outlined procedure is straightforward for a line operator, we might need to turn on

background fields on a curved manifold. This usually occurs when we place supersymmetric theories

on curved spaces. Moreover, the determination of the backgrounds fields becomes relevant when we

will define the refined Witten index of the SQM. The action of Q2 and Q3 allows us to organize the

3d N = 4 vector multiplet into 1d N = 2 multiplets. Thus, we can read the action of the flavor

symmetries looking at the action of δ2 on the reduced multiplets.

On general grounds, the degrees of freedom of the 3d N = 4 vector multiplet are recast into one

N = 2 1d vector multiplet, two N = 2 1d chiral multiplets, and two N = 2 1d Fermi multiplets. The

explicit decomposition is spelled out in Appendix C.

Let us discuss how ν affects the 1d algebra. On a hand, a chiral multiplet has charge 1 under νF .

On the other hand, ν never acts on the 1d vector multiplet. It follows that νF is a flavor symmetry of

the N = 2 algebra. Also the loops described in [24] exhibit an analogous flavor symmetry, generated

by J−. Thus, we identify νF with J−. However, for them, ν can take only integer values. In that

case, ν can always be reabsorbed into a redefinition of the 1d Killing spinors by a factor eiντ . Thus,

the N = 2 1d vector and N = 2 chiral constitute an N = 4 vector multiplet and the full N = 4 1d

SUSY is restored. For latitude loops, the non integer value of ν prevents this kind of enhancement

and breaks down the Supersymmetry to N = 2.

Then, we claim that if we want to describe the latitude as 3d/1d defect system, we need to gauge

the SQM with a vector given by the embedding described in C. In addition, a background flavor

symmetry for the generator νF must be turned on. We will provide later the explicit action for the

SQM.

Our considerations hold until ν 6= 1. The case ν = 1 deserves a specific investigation. In fact, as

we have seen in 2.1.1, when ν → 1 the loop exhibits a supersymmetry enhancement. In particular,

two extra supercharges Q5 and Q6 annihilates the loop. The subalgebra spanned by Q2, Q3, Q5, and

Q6 do not sit in any three-dimensional Poincaré subalgebra. The resulting 1d superalgebra is indeed

a 1d superconformal algebra, rather than an N = 4 Poincaré algebra as in [24]. Therefore, also the

Supersymmetric Quantum Mechanics becomes a Superconformal Quantum Mechanics at ν = 1. We

present this repeating the same steps as ν generic, but considering the two additional supercharges.

Details on the decomposition are discussed in C.1.

14Up to a ν rescaling, the generators H̃ and F can be identified respectively with the central charge Z and the

combination T + 2Lz as θ0 → 0.
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Thus, let us define the action of the supercharges:

δ = ǫQ2 + ǭ Q3 + ρQ5 + ρ̄ Q6 . (4.26)

It is convenient to recast the four parameters ǫ, ǭ, ρ, ρ̄ into two “superconformal” parameters:

ζ = e− i

2
τρ+ e

i

2
τ ǫ , ζ̄ = e− i

2
τ ρ̄+ e

i

2
τ ǭ (4.27)

These 1d spinors are indeed anti-periodic. Even though this choice is somehow unconventional, it

reproduces the expected results15.

A first hint of the realization of an underlying superconformal symmetry comes from the space-

time symmetries of δ2. In fact, the most general diffeomorphism contained in δ2 generates the 1d

conformal group SL(2,R). Besides, δ2 contains a non zero dilatation, as well as some R-symmetries

and a gauge transformation. Finally, in the appendix, we provide some concrete examples of the action

of the supercharges on the SQM multiplets. They turn out to agree with the algebra found for the

latitude Wilson loop at ν = 1 of section 2.1.1. Then, we conclude that our dual operator reproduces

the expected symmetry enhancement, namely the N = 2 ν-dependent Poincaré SUSY algebra “flows”

to a conformal N = 2 superconformal algebra as ν → 1.

4.3 Localization in a dual theory

ABJM at Chern-Simons level 1 with gauge group U (N) × U (N) is a dual infra-red description of

U (N) N = 8 super-Yang-Mills [11]. There exists an additional N = 4 gauge theory with no Chern-

Simons terms within the same universality class. This theory has the following N = 4 content: a

U (N) vector multiplet, one adjoint hypermultiplet, and one fundamental hypermultiplet [11]. We

will call this theory “the UV theory”. An alternative to localization in ABJM, in the presence of the

latitude Wilson loop, is localization in the UV theory with an insertion of the dual loop operator.16

In this section, we carry out this localization and the identification of the dual loop operator.

4.3.1 The localizing term

The Yang-Mills action SYM as defined in [23], Eq A.25, with appropriate matrices h, h̄, is closed under

Q2,3 and under the latitude supercharge. We can show that SYM is exact, i.e. it is the variation

under the latitude supercharge of an appropriate fermionic functional. It can therefore be used as a

localizing term.

SYM was shown in [23] to be exact using the auxiliary spinor

ξH
−βaȧ ≡ ξH

βaḃ
(τ3)

ḃ
b . (4.28)

We define the analogous spinor for the latitude
(

ξ̃L
ν

)

aȧα
≡
(

ξL
ν

)

aḃα
τ3

ḃ
ȧ . (4.29)

We can now try to form the following localizing term

Slocalizing ≡ δξL
ν
δξ̃L

ν

(

1

2gY M
τab

3 τ ȧḃ
3

ˆ

d3x
√
gTr (λaȧλbḃ − 2DabΦȧḃ)

)

. (4.30)

Somewhat surprisingly, Slocalizing is indeed proportional to SYM.

The localization locus for SYM was worked out in [23]. It consists of the usual spacetime inde-

pendent vev for an adjoint valued scalar field, which in this case is Φ1̇2̇.17 The one loop determinant,

15Anti-periodic Killing spinors have made an appearance in the context of the hyperbolic index, aka the supersym-

metric Renyi entropy [77], and the 4d superconformal index [78]
16The UV theory is a better candidate for localization than N = 8 SYM for reasons explained in e.g. [15, 79].
17The auxiliary field D12 also has a vev.
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which gives the effective action for this modulus, is identical to the one derived in the N = 2 formalism

in [15]

σ ≡ 〈Φ1̇2̇〉 , Zvector (σ) =
∏

α>0

4 sinh2 (πα (σ)) =

N
∏

i<j

4 sinh2 (π (σi − σj)) . (4.31)

At this point, it may seem strange that the effective action for σ coming from the vector multiplet

fields does not depend on ν. For instance, we could have used the index theorem to derive the one loop

determinant in the cohomological formalism, as we did in 3.2 for ABJM, the results of which surely

depend on ν. The resolution is that, from the N = 2 perspective, the N = 4 vector multiplet contains

an additional dynamical adjoint chiral multiplet, whose lowest component is given by Φ1̇1̇, which was

not present in 3.2.18 As can be seen from the action of the square of the latitude supercharge on Φ1̇1̇,

this additional multiplet has the correct quantum numbers to correct the total one loop determinant

to the original N = 2 expression via the special function identity

∏

α>0

4 sinh2
(

πα (σ̃)
√
ν
)

=
∏

α>0

s√
ν

(

i

Q

2
− α (σ̃) − i

√
ν

)

s√
ν

(

i

Q

2
+ α (σ̃) − i

√
ν

)

× (4.32)

× sinh
(

π
√
να (σ̃)

)

sinh

(

π
α (σ̃)√
ν

)

, (4.33)

which again appears in [68].19

As argued in [23], the hypermultiplets in a theory of this type do not require localization since

their action is quadratic when evaluated in the background of the localized vector multiplet. The

fields can therefore be integrated out exactly at one loop without adding any deformation term. The

resulting one loop determinants coincide with the ones derived in [15] using the N = 2 formalism and

are, in particular, ν-independent20

Zadjoint hyper (σ) =

N
∏

i,j

1

2 cosh (π (σi − σj))
, Zfund. hyper (σ) =

N
∏

i

1

2 cosh (πσi)
. (4.34)

In fact, the entire matrix model is the same as the one derived for the UV theory in [48]. This is an

analogue of the result obtained with the Higgs branch supercharge, equivalently at ν → 0, in [23]. We

have shown that it holds for arbitrary values of ν.

4.3.2 A UV avatar for the latitude

At first blush, it seems that the Wilson loop described in 4.1.2, placed at θ = 0, could serve as a

UV avatar for the bosonic latitude loop in ABJM, i.e. the two operators would be identified at the

IR fixed point. However, after localization the expectation value of this loop, in the fundamental

representation, is simply
〈

∑

i

e2πσi

〉

KWY

, (4.35)

18More accurately, the adjoint chiral multiplet in the ABJM model had the right quantum numbers to form an

invariant δ-exact mass term and could therefore be integrated out, or ignored in the localization calculation. In the

N = 2 formalism, this is the situation for a chiral multiplet with R-charge 1.
19In this expression, σ̃ ≡ 〈Φ1̇2̇〉 /√

ν, so that the argument of the sinh function coincides with the one derived above.

This has been done in order to match the normalization of the supercharge used in the cohomological localization of

ABJM in Section 3.2.
20From the point of view of the equivariant index theorem of Section 3.2, the ν independence here is a simple

consequence of having only hypermultiplets and no twisted-hypermultiplets, and of the rescaling of the Killing spinor

used in this model.
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where KWY indicates the original matrix model for the UV theory described in [48]. In particular,

the expectation value is ν-independent. Moreover, this Wilson loop preserves far more supersymmetry

than does the ABJM bosonic latitude loop.

Another option is to identify the latitude loop with a vortex loop preserving the latitude super-

charge at θ = 0. In fact, insertion of a vortex loop alters the one loop determinants used in the

matrix model in a way which is qualitatively similar to the expressions Eq 2.16, c.f. [72]. However,

the identification of the latitude loop with a vortex loop would imply, for instance, that the additional

supercharges preserved by the loop at ν → 1, denoted in 2.1.2 as Q5,6, sit in the same Poincaré

subalgebra as Q2,3, which turns out not to be correct.

In order to identify a UV avatar for the latitude loop we must therefore search for a different BPS

loop operator. A clue comes from the comparison of the partition function of the UV theory to ABJM,

carried out in [79]. It implies that the relationship between the theories involves a specific SL (2,Z)

duality transformation. This transformation is also visible in the original type IIB brane construction

in [11]. The transformation is not merely mirror symmetry, i.e. a transformation using the S element

of the type IIB S-duality group, but rather an action which involves the T generator as well, of the

type studied in e.g. [80]. In particular, FI and mass terms are not exchanged by the duality, but

rather mixed.

Under mirror symmetry, Wilson loops are mapped to vortex loops [24, 72], and it seems reason-

able to expect that the full action of SL (2,Z) maps Wilson loops to combined vortex-Wilson loop

operators. Such mixed operators can presumably be defined in a variety of ways, but we are not

aware of any previous attempts to do so. We will argue that this possibility is realized for the bosonic

latitude loop of ABJM and its avatar in the UV theory. As preliminary evidence, we note that the

supercharges preserved by a combination of Wilson and vortex loops of the UV theory exactly match

the supercharges preserved by the latitude loop, even when taking into account the additional super-

charges present in the limit ν → 1. In this statement, the supercharges preserved by the combined

line operator are assumed to be the ones in the overlap of those preserved by the constituent lines.

Note that the fermionic latitude loop in ABJM does preserve the right amount of supersymmetry, at

ν → 1, to be mapped to a pure Wilson loop. The fermionic latitude at generic ν presumably maps

to an as-yet-unidentified loop operator of vortex-Wilson type, in the same cohomology class as the

bosonic latitude, but preserving more of the supersymmetry.

We will characterize the specific BPS operator dual to the bosonic latitude in the next section.

We will make frequent use of the results for 1/2 BPS Wilson and vortex operators produced in [24],

whose derivation was aided by the type IIB String Theory construction of the relevant quiver gauge

theories [81]. It should be noted, however, that the relevance of supersymmetric Wilson and vortex

operators, and presumably of any mixed versions, goes beyond the class of theories which can be

engineered in type IIB [82]. This conclusion follows from the applicability of mirror symmetry, with

both the S and T generators, in more general classes of quiver gauge theories [83]. More generally,

mixed operators should be relevant even to non-supersymmetric theories in the context of the SL (2,Z)

action on conformal field theories with abelian symmetry introduced by Witten in [84].

4.3.3 Latitude loops from SQM

According to the authors of [24], we can think of Wilson and vortex loop insertions in 3d N = 4

theories in two useful ways

1. as type IIB 1-branes ending on a Hanany-Witten type setup of D3, NS5, and D5 branes engi-

neering the theory [81], and on other branes away from the main setup;
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2. or as the coupling of the 3d fields to a supersymmetric quantum mechanics (SQM) living on the

loop worldvolume.

In order to recover the effect of the loop operator from the brane description, one starts by reading

off the worldvolume SQM. This SQM is the effective theory living on the 1-branes, which have one

compact direction. The SQM couples to the bulk theory using gauge and superpotential terms. One

then integrates out the quantum mechanical degrees of freedom to obtain a deformation of the bulk

theory localized on the loop.

It is often useful to preform localization before integrating out the SQM. This involves a compu-

tation of the supersymmetric index (Witten index) of the supersymmetric quantum mechanics with

certain deformations. The complete picture is useful, for example, because the action of 3d mirror

symmetry can be identified with type IIB S-duality, whose action on all of the branes in the setup is

known. We refer the reader to very interesting analysis in reference [24] for more details.

In order to take advantage of the brane description, we need a Hanany-Witten type setup for

the UV thoery, and a 1-brane which describes the operator. The former was described in [11]. The

authors of [11] described two different setups, one which engineers the ABJM model and another

which engineers the UV theory. The two setups are related by S-duality of type IIB string theory.

Unfortunately, we do not have a description of the latitude loop as a 1-brane which attaches to

these brane setups. We will therefore make an educated guess about the SQM governing the bosonic

latitude loop, based on the symmetry algebra and the corresponding theories for Wilson and vortex

loops presented in [24]. We then show that integrating out the SQM degrees of freedom reproduces

the correct matrix model for the expectation value of the bosonic latitude loop. While we have good

reason to expect that the SQM we present is the correct one, we would like to stress that we have

no evidence for the realization of this theory on the worldvolume of a compact type IIB 1-brane. We

nevertheless make some comments below.

Brane setup The type IIB setup engineering the ABJM model at level 1 includes [11]

• A stack of N coincident D3-branes along the directions 0126 with the 6 direction compactified

to a circle.

• One NS5-brane spanning 012345 and situated at some point in the 6 direction.

• One (1, 1) brane spanning 012 [3, 7]θ [4, 8]θ [5, 9]θ and situated at a different point in the 6 direc-

tion. A (1, 1) brane is a bound state of an NS5-brane and a D5-brane. The subscript θ indicates

that the brane is rotated by an angle θ in the relevant plane. For level 1 we have θ = π/4.

Performing an S-duality transformation, and shifting the type IIB axion, brings the ABJM setup to

the following one engineering the UV theory [11]

• A stack of N coincident D3-branes along the directions 0126 with the 6 direction compactified

to a circle.

• One D5-brane spanning 012345 and situated at some point in the 6 direction.

• One NS5-brane spanning 012 [3, 7]θ [4, 8]θ [5, 9]θ and situated at a different point in the 6 direc-

tion.

• A constant value for the type IIB axion χ = 2π.
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A Wilson loop in a gauge theory living on D3-branes can be engineered by adding fundamental

strings that end on the D3-branes. For a Wilson loop in the fundamental representation, a single string

suffices. A vortex loop can be engineered by including D1-branes instead of fundamental strings. Both

1-branes have one compact direction and must end on a 5-brane which is situated away from the main

setup [24]. It seems reasonable to expect that the latitude loop can be engineered in a similar fashion.

A 1-brane realizing the latitude loop in the UV theory should be a combination of those realizing the

Wilson and vortex loops, for instance it could be a bound state. Such bound states indeed exist in type

IIB string theory [85]. However, in order to derive the worldvolume SQM theory on such a compact

brane one must analyze the boundary conditions imposed by the branes in the compact direction,

which is beyond the scope of this paper. We will content ourselves with finding a supersymmetric

quantum mechanics with the desired properties.

The latitude supercharges at generic ν can be shown to be linear combinations of the supercharges

preserved by the 1/2 BPS Wilson loop treated in [24], while the mirror supercharges are linear com-

binations of the those preserved by the 1/2 BPS vortex. Our starting point for constructing a SQM

for the bosonic latitude will be the worldvolume theory for the vortex loop, engineered by a single

D1-brane, as described in [24]. We will deform this theory as necessary to accommodate the properties

of the latitude.

The latitude worldvolume theory The setup engineering 1/2 BPS vortex loops in 3d N = 4

theories described in [24] has a D1-brane ending on a D3 brane stack on the one end and on an NS5’-

brane on the other. A single D1-brane carries a U (1) gauge field on its worldvolume. In the absence of

any other branes, the worldvolume theory has 2d N = (8, 8) supersymmetry. The compact direction

causes the worldvolume theory on the D1 to be, effectively, an N = 4 gauged supersymmetric quantum

mechanics. The S generator of Type IIB S-duality exchanges this D1-brane with a fundamental string

ending on the D3 brane stack, which is the standard description for a supersymmetric Wilson loop.

According to the discussion in section 3 of [24], the worldvolume theory of a D1-brane ending on

a D3-brane stack has the following matter content, in terms of 1d N = 4 multiplets

• a U (1) vector multiplet;

• N charge 1 chiral multiplets. Their U (N) flavor symmetry is gauged by the bulk U (N) gauge

symmetry living on the D3 branes where they sit in the fundamental representation;

• N charge −1 chiral multiplets. Their U (N) flavor symmetry is gauged by the bulk U (N) gauge

symmetry living on the D3 branes where they sit in the anti-fundamental representation.

The setup for the latitude loop at generic ν must, by definition, preserve only the supercharges Q2,3.

Hence, we are looking for a ν-dependent deformation of the D1-brane worldvolume theory giving rise

to a 1d N = 2 U (1) gauge theory with matter. Moreover, as argued in Section 4.2, the theory must

be conformal in the limit ν → 1. We have already seen that ν appears in the latitude superalgebra as

the coefficient of a central term associated to a flavor symmetry. Such a term indeed breaks conformal

invariance. The only continuous N = 2 preserving global symmetry in the D1 theory is an N = 4

R-symmetry which commutes with an N = 2 subalgebra. The generator of this R-symmetry was

called J− in [24, 76], and was indeed identified with a combination of bulk charges of the type that

make up F . Weakly gauging J− in the D1-brane worldvolume theory, with a background gauge field
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with holonomy exp (2πiν), breaks N = 4 to N = 2. The full N = 4 supersymmetry is recovered in

the limit ν → 1.21

An additional part of the worldvolume action for the bosonic latitude must break half of the

supersymmetry, but not conformal invariance, even at ν → 1. A minimal guess is that the worldvolume

theory has, in addition to the usual minimally coupled action, a level 1 1d Chern-Simons term for the

U (1) gauge field. We will see below that postulating this action leads to the correct result for the

expectation value of the latitude loop.22

Including a topological term for the worldvolume gauge field in order to produce the “electric”

part of a defect operator is familiar from the construction of generic surface operators in 4d N = 4

gauge theories described in [73]. The relevant electric parameter of the surface operator is η, which

is defined as the coefficient of a term measuring the first Chern class of an abelian bulk gauge field

restricted to the surface operator worldvolume [75]. When the surface operator is realized by coupling

a 4d theory, with gauge group SU (2) broken near the defect to U (1), to a 2d GLSM with SU (2) flavor

symmetry, η is realized as the theta parameter of the dynamical U (1) gauge field in the worldvolume

theory. Indeed, the construction of the same surface operator in type IIA string theory using additional

D2-branes, described in [86], may be related by T duality to our sought-after type IIB setup.

The index We now evaluate the 1d supersymmetric index for the latitude worldvolume theory,

following [76] and [24]. The index can be deduced from the computations of the example in Appendix

B.1 of [24]. We must make a few changes to this example. In the notation of Appendix B.1, the

changes are as follows.

1. We set k → 1 so that we describe a single D1-brane.

2. We set M = N and ~m = ~σ, since we have only one D3-brane segment whose bulk gauge field

gauges both chirals. Due to the symmetry in this setup, we set r+ = r− = 1 and q+ = q− = 1/4.

3. We add a localized level 1 Chern-Simons term. This is simply an insertion of exp (−2πiu) into

the matrix model.

4. We set z, the J− flavor fugacity, to ν in order to account for the latitude superalgebra.

The resulting index is, up to an overall factor [24]

I =

N
∑

c=1



eiπνe2πσc

N
∏

i<j

sinh (π (σi − σj + iν (δc
i − δc

j)))

sinh (π (σi − σj))

N
∏

i,j

cosh (π (σi − σj))

cosh (π (σi − σj + iνδc
i))



 . (4.36)

Note that I is not equal to the product of factors one would get from inserting the 1/2-BPS Wilson

and vortex loops separately. Instead, I represents a mixed loop.

Although not incorporated in [24], a natural way of normalizing I is to divide it by the value of

the Witten index for the decoupled worldvolume theory. By this we mean the theory with both ν and

the mass parameters σi set to 0.23 For our I, the result is simply N . We adopt this normalization

below. There is also an option of multiplying the answer by a term Wfl corresponding to a finite

counterterm: a “flavor” Wilson loop [24].

21Actually, as explained in [24], N = 4 supersymmetry is recovered for any integer value of ν by using a different

Killing spinor in the SQM.
22It is tempting to ascribe the Chern-Simons term in a D1-brane worldvolume theory to the presence of a non-vanishing

type IIB axion in the quiver engineering the UV theory, but we were not able to verify this intuition.
23It is not entirely clear to us why this is the correct limit.
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The latitude loop expectation value We are now in a position to compute the expectation value

for the UV avatar to the bosonic latitude loop in the UV theory. It is given by a coupled 3d-1d

calculation, equation 5.48 of reference [24]

〈UV avatar loop〉 =
1

|W|

ˆ N
∏

i=1

dσi Zvector Zadjoint hyperZfund. hyper I . (4.37)

The form of I means that it almost completely cancels the bulk term Zvector Zadjoint hyper, and replaces

it with shifted terms. The resulting integral expression is

〈UV avatar loop〉 =
1

N (N !)

ˆ N
∏

i=1

dσi

N
∑

c=1

(

eiπνe2πσc

N
∏

i<j

2 sinh (π (σi − σj + iν (δc
i − δc

j))) (4.38)

×
N
∏

i<j

2 sinh (π (σi − σj))

N
∏

i,j

1

2 cosh (π (σi − σj + iνδc
i))

N
∏

i

1

2 cosh (πσi)

)

. (4.39)

We can now attempt to identify the UV avatar loop with the bosonic latitude. We denote the

expectation value of the avatar loop, normalized by the partition function of the UV theory, asWUV(ν).

Using the Cauchy determinant formula 2.13 with λi = σi + iνδc
i and µj = σj , we can write the integral

expression for WUV(ν) as

〈WUV(ν)〉 =
1

Z N(N !)

∑

ρ∈SN

(−1)ρ

ˆ

dσN
N
∑

c=1

eiπνe2πσc

∏N
j=1 2 coshπσj

∏N
k=1 2 coshπ(σk − σρ(k) + iνδc

k)
.

(4.40)

Taking into account the fact that the partition functions of ABJM and the UV theory coincide at any

ν, the expression above is precisely what we found for WB(ν) in Eq 2.16.

We have shown that the expectation value of the UV avatar loop in the UV theory matches that

of the bosonic latitude in ABJM. Together with the matching of the supersymmetry algebra at all

values of ν, this constitutes the evidence we have for the correct identification of the UV avatar for

the bosonic latitude loop and for the use of the particular SQM used to define it.

5 Conclusion

We have examined several aspects of latitude Wilson loops in the ABJM model: a family of BPS loop

operators parameterized by a real number ν. We have exhibited the superalgebra preserved by these

operators in flat space, and when conformally mapped to the three sphere. We have also investigated

the limit ν → 1, in which the latitude loops degenerate to the standard Gaiotto-Yin BPS Wilson loop

of 3d gauge theories with N = 2 supersymmetry [53].

We have shown that the supercharges preserved by the latitude loop, at generic ν, fit inside an

N = 4 supersymmetry algebra, but not inside N ≤ 3. Consequently, latitude type BPS Wilson loops

can be defined in more general Chern-Simons-matter theories of Gaiotto-Witten (GW) type. However,

using localization to derive their exact expectation values requires a procedure for closing a generic

supercharge off-shell in this class of theories, for which we did not find any previous reference. We have

argued that this closure can be achieved using a cohomological formulation of Chern-Simons theories

introduced by Källén in [18] and extended to include matter in [61]. However, we did not exhibit an

explicit mapping between this formulation and the fields in GW theories. Nevertheless, we performed
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localization assuming that off-shell closure could be achieved in this way, and recovered the matrix

model for the latitude expectation value conjectured in [14].

We have further shown that BPS loop operators preserving the latitude supercharges can be

defined in “standard” N = 4 gauge theories. Standard theories are gauge theories without Chern-

Simons terms, which can be constructed using unconstrained off-shell vector multiplets. The latitude-

like loops in this class of theories come in two primary types: Wilson and vortex. We have argued that

there should also exist latitude-like loops which are a mixture of the two primary types. Specifically,

we examined a standard theory which is known to be IR dual to the ABJM model: the theory with

one adjoint and one fundamental hypermultiplet [11]. Using symmetry arguments, we showed that

this theory does not possess a loop operator which could serve as a dual to the latitude Wilson loop

in ABJM, and which is of one of the primary types. Instead, we argued that the dual operator must

be of mixed Wilson-vortex type. We subsequently defined mixed type BPS latitude operators using

a specific supersymmetric quantum mechanics (SQM), which includes a novel worldvolume Chern-

Simons term, and which is closely related to the SQM models introduced for BPS vortex loops in [24].

Applying localization to the combined system, consisting of the standard theory and the SQM, we

showed that the matrix model of [14] is once again reproduced.

A number of issues have come up during this work into which a more general investigation would

be desirable. One of these is the need for a procedure for closing a single generic supercharge off-

shell in GW type theories, or indeed in any supersymmetric theory. Such off-shell closure makes a

number of arguments based on supersymmetry more transparent, and is specifically a prerequisite

for localization. We are not aware of any general work in this direction. Another issue is the need

for a general definition of mixed Wilson-vortex type loop operators, including BPS versions of such,

in gauge theories in three dimensions. Such a definition would include a study of the moduli space

of such operators, of the type carried out for the analogous loop operators in four dimensions by

Kapustin [87]. It would also be interesting to identify the extended objects in string/M-theory which

are responsible for mixed loops, and which generalize the F-strings and D-strings used to elucidate

the properties of BPS Wilson and vortex loops in [24]. Finally, we think that an examination of the

duality properties of mixed loops, under both mirror symmetry [88] and Aharony duality [89], could

prove very illuminating.
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A 3d supersymmetric theories

In this appendix we review the relevant supersymmetric theories for this paper, providing the actions

and the related supersymmetry algebras. We summarize the relevant conventions.
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A.1 ABJM Supersymmetry conventions

We start with the N = 6 superconformal algebra osp(6|4). The bosonic part of the algebra is given

by so(3, 2) ⊕ so(6). so(3, 2) is the conformal algebra in three dimensions and so(6) is the R-symmetry

algebra. The non-trivial commutators are given by

[Mµν ,Mρσ] = δσ[µMν]ρ + δρ[νMµ]σ , (A.1)

[Pµ,Mνρ] = δµ[νP ρ] , [Kµ,Mνρ] = δµ[νKρ] , (A.2)

[Pµ,Kν] = 2δµνD + 2Mµν , [D,Pµ] = Pµ, [D,Kµ] = −Kµ . (A.3)

Exploiting the isomorphism so(6) ≃ su(4), we represent the R-symmetry generators as matrices J J
I

transforming in the adjoint of su(4)

[

J J
I , J L

K

]

= δL
I J

J
K − δJ

KJ
L

I . (A.4)

We take the odd generators Q̄IJ,α and S̄IJ,α as spacetime spinors transforming in the antisymmetric

representation of su(4). The odd-odd commutation relations are

{Q̄IJ,α, Q̄
β
KL} = 2ǫIJKL(γµ) β

α Pµ , (A.5)

{S̄IJ,α, S̄IJβ } = 2ǫIJKL(γµ) β
α Kµ , (A.6)

{Q̄IJ,α, S̄KL,β} = ǫIJKL

(

(γµν) β
α Mµν + 2δβ

αD
)

+ 2δβ
αǫIJMN

(

δN
KJ

M
L − δN

L J
M

K

)

. (A.7)

The mixed commutators are given by

[D, Q̄IJ,α] =
1

2
Q̄IJ,α , [D, S̄IJ,α] = −1

2
S̄IJ,α , (A.8)

[Mµν , Q̄IJ,α] = −1

2
(γµν) β

α Q̄IJ,β , [Mµν , S̄IJ,α] = −1

2
(γµν) β

α S̄IJ,β , (A.9)

[Kµ, Q̄IJ,α] = (γµ) β
α S̄IJ,β , [Pµ, S̄IJ,α] = (γµ) β

α Q̄IJ,β , (A.10)

and

[J J
I , Q̄KL,α] =

1

2
δJ

I Q̄KL,α − δJ
KQ̄IL,α − δJ

LQ̄KI,α , (A.11)

[J J
I , S̄KL,α] =

1

2
δJ

I S̄KL,α − δJ
K S̄IL,α − δJ

LS̄KI,α . (A.12)

Finally, we also write explicitly the action of J J
I on the (anti-)fundamental representation

[J J
I , OK ] =

1

4
δJ

I OK − δJ
KOI , [J J

I , OK ] = δK
I OJ − 1

4
δJ

I O
K . (A.13)

The ABJM theories form a class of Lagrangian N = 6 superconformal theories. They are Chern-

Simons matter theories with gauge group U(N1)k ×U(N2)−k. In the paper we follow the conventions

of [32]. We denote the two gauge fields with Aµ and Âµ, respectively for U(N1) and U(N2). The

matter scalar fields CI , C̄I I = 1, . . . , 4, transforming respectively in the bifundamental and antibi-

fundamental of the gauge group. The lower index I defines the fundamental of the SU(4) R-symmetry

group. Finally, the matter spinor fields ψ̄I and ψI transforms respectively in the bifundamental and

antibifundamental of the gauge group.

The flat space action is given by

S = SCS + Smat + Sint , (A.14)
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where

SCS = −i

k

4π

ˆ

d3x εµνρ

[

Tr

(

Aµ∂νAρ +
2i

3
AµAνAρ

)

− Tr

(

Âµ∂νÂρ +
2i

3
ÂµÂνÂρ

)]

,

Smat =

ˆ

d3x Tr
[

DµCID
µC̄I + iψ̄IγµDµψI

]

.

(A.15)

The covariant derivatives are defined as

DµCI = ∂µCI + iAµCI − iCIÂµ , DµC̄
I = ∂µC̄

I + iÂµC̄
I − iC̄IAµ . (A.16)

Sint contains the superpotential terms.

The ABJM action is invariant under the following SUSY transformations

δAµ =
4πi

k
Θ̄IJ,α(γµ)α

β

(

CIψJβ +
1

2
εIJKLψ̄

K
β C̄

L

)

, (A.17a)

δÂµ =
4πi

k
Θ̄IJ,α(γµ)α

β

(

ψJβCI +
1

2
εIJKLC̄

Lψ̄K
β

)

, (A.17b)

δCK = Θ̄IJ,α εIJKL ψ̄L
α , (A.17c)

δC̄K = 2Θ̄KL,α ψL,α , (A.17d)

δψ̄K,β = −2iΘ̄KL,α(γµ)α
β
DµCL − 4πi

k
Θ̄KL,β(CLC̄

MCM − CM C̄MCL)+ (A.17e)

− 8πi

k
Θ̄IJ,βCI C̄

KCJ − 2iǭKL,βCL ,

δψβ
K = −iΘ̄IJ,αεIJKL(γµ)α

β
DµC̄L +

2πi

k
Θ̄IJ,βεIJKL(C̄LCM C̄M − C̄MCM C̄L) (A.17f)

+
4πi

k
Θ̄IJ,βεIJMLC̄

MCK C̄
L − iǭIJ,βεIJKLC̄

L . (A.17g)

The flat space Killing spinors are taken to be

Θ̄IJ = θ̄IJ − xµγ
µǭIJ . (A.18)

With these conventions, Eq A.17 closes the osp(6|4) superconformal algebra on-shell.

A.2 3d N = 4 theories on S3

We review some elements of the 3d N = 4 theories on S3, following [71]. We provide the relevant

multiplets, their supersymmetry transformations and their actions. Fields are labeled by Lorentz spin

and gauge group G and the R-symmetry su(2)C ⊕ su(2)H representations.24 We are interested in

Lagrangian theories involving vector multiplets and hypermultiplets. The vector multiplet component

fields are

V = (Aµ, λα,aȧ, Φȧḃ, Dab) . (A.19)

They transform in the adjoint representations of the gauge groupG and in the following representations

of the R-symmetry group

• Aµ is the vector field transforming in the (1,1) of su(2)C ⊕ su(2)H ;

• λα,aȧ (the gaugino) is a spinor transforming in the (2,2) of su(2)C ⊕ su(2)H ;

24We denote with α = 1, 2 Lorentz spinor indices, with a, ȧ = 1, 2 respectively su(2)C , su(2)H indices.
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• Φȧḃ is a scalar field transforming in the (3,1) of su(2)C ⊕ su(2)H ;

• Dab is a scalar field transforming in the (1,3) of su(2)C ⊕ su(2)H .

The hypermultiplet H transforms in a unitary representation R of the gauge group G and its field

components are

H =
(

qa, q̃
a, ψȧ, ψ̃ȧ

)

, (A.20)

where

• qa are scalar field transforming in the (1,2) of su(2)C ⊕ su(2)H and in the R of G;

• q̃a are scalar fields transforming (1, 2̄) of su(2)C ⊕ su(2)H and in the R̄ of G;

• ψȧ are spinor fields transforming in the (2,1) of su(2)C ⊕ su(2)H and in the R of G;

• ψ̃ȧ are spinor fields transforming in the (2̄,1) of su(2)C ⊕ su(2)H and in the R̄ of G.

The supersymmetry transformations for the vector multiplet are given by

δξAµ =
i

2
ξaḃγµλaḃ , (A.21a)

δξλaḃ = − i

2
ǫµνργρξaḃFµν −Da

cξcḃ − iγµξa
ċDµΦċḃ + 2iΦḃ

ċξ′
aċ+ (A.21b)

+
i

2
ξaḋ[Φḃ

ċ,Φċ
ḋ] ,

δξΦȧḃ = ξc
(ȧλ|c|ḃ) , (A.21c)

δξDab = −iDµ(ξ(a
ċγµλb)ċ) − 2iξ′

(a
ċ
λb)ċ + i[ξ(a

ċλḋ
b),Φċḋ] . (A.21d)

For the hypermultiplet, we have

δξq
a = ξaḃψḃ , δξψȧ = iγµξaȧDµq

a + iξ′
aȧq

a − iξaċΦċ
ȧq

a , (A.22a)

δξ q̃
a = ξaḃψ̃ḃ , δξψ̃ȧ = iγµξaȧDµq̃

a + iξ′
aȧq̃

a − iξaċΦċ
ȧq̃

a . (A.22b)

When the SUSY parameter ξα,aȧ satisfies the S3 conformal Killing spinor equation, these transforma-

tions realize the whole superconformal algebra osp(4|4).

The following is an invariant Lagrangian for the hypermultiplet coupled to the vector multiplet,

which is derived from the flat space expression by covariantizing derivatives and by adding specific

conformal masses

Shyper =

ˆ

d3x
√
g

[

Dµq̃aDµqa − iψ̃ȧγµDµψȧ +
3

4r2
q̃aqa + iq̃aDa

bqb − 1

2
q̃aΦȧḃΦȧḃqa+ (A.23)

− iψ̃ȧΦȧ
ḃψḃ + i

(

q̃aλa
ḃψḃ + ψ̃ȧλb

ȧqb

)

]

.

To the best of our knowledge, there is no vector multiplet action invariant under the off-shell

N = 4 superconformal symmetry. However, if the conformal Killing spinors are further restricted to

obey the condition [71]

ξ′
aȧ ≡ 1

3
γµ∇µξaȧ =

i

2r
h b

a ξbḃh̄
ḃ
ȧ , (A.24)
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then the following action turns out to be closed under the transformations A.21

SYM =
1

g2
YM

ˆ

d3x
√
gTr

[

FµνFµν − DµΦȧḃDµΦȧḃ + iλaȧγµDµλaȧ −DabDab+

− iλaȧ[λa
ḃ,Φȧḃ] − 1

4
[Φȧ

ḃ,Φ
ċ

ḋ] [Φḃ
ȧ,Φ

ḋ
ċ] − 1

2r
habh̄ȧḃλaȧλbḃ+

+
1

r

(

ha
bDb

a
)(

h̄ȧ
ḃ
Φḃ

ȧ

)

− 1

r2
ΦȧḃΦȧḃ

]

.

(A.25)

where h b
a and h̄ḃ

ȧ are respectively su(2)C and su(2)H matrices, normalized such that h c
a h

b
c = δb

a

and h̄ḃ
ċh̄

ċ
ȧ = δḃ

ȧ. The condition A.24 selects the half of the conformal Killing spinors generating the

Poincaré subalgebra su(2|1)ℓ ⊕ su(2|1)r. Indeed, one can check that these supercharges generate the

isometry group of S3 su(2)ℓ ⊕ su(2)r, as well as a u(1)ℓ ⊕ u(1)r R-symmetry, specified by the choice of

h b
a and h̄ḃ

ȧ.

A.2.1 Closure of the Supersymmetry algebra

Here we describe explicitly the closure of the 3d N = 4 SUSY algebra following [71]. This requires

evaluating the action of the bosonic generator {δξ, δξ̃} on the supermultiplets, denoted generically by

B. The action is given by

{δξ, δξ̃} B =
(

K̂ξ,ξ̃ + GΛ + e.o.m.
)

B . (A.26)

GΛ is a gauge transformation with parameter Λ defined as

Λ = i

(

ξ̃c
ȧξcḃ

)

Φȧḃ − i(ξ̃aȧγµξaȧ)Aµ, (A.27)

and K̂ξ,ξ̃ are the representation of bosonic symmetries on the field space. Their explicit form is given

by

K̂ξ,ξ̃ = L̂v + R̂C + R̂H + ρ̂∆ , (A.28)

where

• L̂v is the Lie derivative along the vector vµ = iξ̃aȧγµξaȧ;

• R̂C/H is an su(2)C/H transformation, acting as

R̄ȧḃ =i

(

ξ̃c
(ȧξ

′
|a|ḃ)

+ ξc
(ȧξ̃

′
|c|ḃ)

)

(A.29)

Rab =i

(

ξ̃ ċ
(a ξ′

b)ċ + ξ ċ
(a ξ̃′

b)ċ

)

, (A.30)

according to the rule (R̂Hq)a = Rab q
b (the same for R̂C);

• ρ̂ is the dilatation parameter

ρ̂ = i

(

ξ̃aḃξ′
aḃ

+ ξaḃξ̃′
aḃ

)

, (A.31)

and ∆ represents the dimension of the fields, and takes the values ∆[V ] = (0, 3/2, 1, 2) and

∆[H] = (1/2, 1).

The term denoted by e.o.m. stands for equation of motion. We include it for those multiplets whose

closure is realized only on-shell. This is indeed the case for the hypermultiplet:

{δξ, δξ̃}ψȧ =
(

B̂ξ,ξ̃ + GΛ

)

ψȧ + ξ̃aḃ[ξaȧ(e.o.m.(ψ))ḃ] + ξaḃ[ξ̃aȧ(e.o.m.(ψ))ḃ]

{δξ, δξ̃} ψ̃a =
(

B̂ξ,ξ̃ + GΛ

)

ψ̃ȧ − ξ̃aḃ[ξaȧ(e.o.m.(ψ̃))ḃ] − ξaḃ[ξ̃aȧ(e.o.m.(ψ̃))ḃ]
(A.32)
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where

(e.o.m.(ψ))ḃ = − i

[

γµDµψȧ + Φȧ
ḃψḃ + λaȧq

a
]

(e.o.m.(ψ̃))ḃ =i

[

γµDµψ̃ȧ − Φȧ
ḃψ̃ḃ − q̃aλaȧ

] (A.33)

A.2.2 Off-shell closure for hypermultiplets

The 3d N = 4 supersymmetry algebra admits two inequivalent off-shell vector multiplets: ordinary

and twisted. The two multiplets are related to each other by the outer automorphism of the R-

symmetry group SU (2)l × SU (2)r which exchanges the two SU (2) factors. There are also two

types of hypermultiplets, ordinary and twisted. These do not sit in any off-shell multiplet with a

finite number of fields. Nevertheless, a single supersymmetry in an N = 4 theory incorporating

regular vector multiplets and hypermultiplets can sometimes be closed off-shell by adding appropriate

auxiliary fields [23]. The same is true for the twisted multiplets.

Let ξαaȧ be the N = 4 conformal Killing spinor associated with a supersymmetry transformation

δ. Off-shell closure of δ on a hypermultiplet can be achieved by finding another spinor χαaȧ satisfying

[23]

ξαc
ȧξβcḃ = χαc

ḃχβcȧ , ξa
ċχbċ = 0 , ξ(a

ċγµ∇µξb)ċ =
3i

2
χ(a

ċγµ∇µχb)ċ . (A.34)

In order to close off-shell the hypermultiplet transformations, one should add auxiliary fields Ga, G̃a.

One must then make the following modification to the supersymmetry transformations

δψȧ → δψȧ + iχa
ȧGa , δGa = iχaȧΨeom

ȧ , (A.35)

δψ̃ȧ → δψ̃ȧ + iχa
ȧG̃a , δG̃a = −iχaȧΨ̃eom

ȧ , (A.36)

where Ψeom
ȧ , Ψ̃eom

ȧ are proportional to the fermion equations of motion [23].

We would like to comment on some of the differences in performing localization using the the

latitude supercharge versus the supercharge employed in [23], the latter being equivalent to the limit

ν → 0. An interesting difference between ξL
ν and ξC,H

β is the existence, or lack thereof, of good

solutions to equation A.34. Specifically, the existence, or lack thereof, of a Killing spinor satisfying

A.34. Equivalently, that the co-kernel of the supersymmetry transformation by ξ on a hypermultiplet

scalar, which yields a subset of the hypermultiplet fermions, is spanned by contraction with some

other Killing spinors χαaȧ. χαaȧ can then be used to define a canonical orthogonal subspace for the

fermions: a subspace whose fields transform into an auxiliary field. For ξH
β , a solution is given by

χ = ξH
−β . (A.37)

This solution is used in [23] to close the hypermultiplet transformations off-shell. For ξL
ν , however,

a solution does not exist unless ν is 0 or 1. This presumably makes closing the algebra a more

complicated, or even impossible, task. We therefore conclude that ξC,H
β are less generic elements of

the Poincaré subalgebra than ξL
ν 6=0,1.

B Geometry conventions

B.1 Euclidean spinor conventions

The Pauli matrices are

τ1 =

(

0 1

1 0

)

, τ2 =

(

0 −i

i 0

)

, τ3 =

(

1 0

0 −1

)

. (B.1)
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We take the 3d Clifford algebra to be generated by

γa = τa , (B.2)

with index structure

(γa)β
α
. (B.3)

Tangent space indices are raised/lowered by the metric δab. The gamma matrices satisfy

γaγb = δab + iεabcγ
c . (B.4)

Spinors are sections of the spin bundle with index structure ǫα. Raising and lowering of spinor indices

is done with

εαβ =

(

0 1

−1 0

)

, εαβ =

(

0 −1

1 0

)

. (B.5)

B.2 Flat space spinor algebra

We identify the flat space coordinates with those of the tangent space: xa. The following is a basis

for the conformal Killing spinors on R3

ǫ
(1)
R3 =

(

1

0

)

, ǫ
(2)
R3 =

(

0

1

)

, ǫ
(3)
R3 = −xaγ

a

(

1

0

)

, ǫ
(4)
R3 = −xaγ

a

(

0

1

)

. (B.6)

These satisfy

∂aǫ
(i)
R3 =

1

3
γaγ

b∂bǫ
(i)
R3 . (B.7)

The conformal group is generated by the vectors

wµ,ij ≡ ǫ
(i)
R3γ

µǫ
(j)
R3 , (B.8)

acting as infinitesimal diffeomorphisms. Suppressing the vector index, the subsets

Pm ≡ τm
ijw

ij , Mmn ≡ εmnpτpijw
i,j+2 , (B.9)

generate the isometry algebra of translations and rotations, which is the algebra of the 3d Euclidean

Poincaré group. The remaining combinations yield conformal Killing transformations.

B.3 Geometry of S3

We will use toroidal coordinates and the following metric on the round unit radius three sphere

ds2 = dθ2 + sin2 θdϕ2 + cos2 θdτ2 , (B.10)

θ ∈ [0, π/2) , ϕ ∈ [0, 2π) , τ ∈ [0, 2π) . (B.11)

Two maximal circles are located at θ = 0, π/2.

We choose the following vielbein

e1 = sin (ϕ+ τ) dθ + cos θ sin θ cos (ϕ+ τ) dϕ− cos θ sin θ cos (ϕ+ τ) dτ , (B.12)

e2 = − cos (ϕ+ τ) dθ + cos θ sin θ sin (ϕ+ τ) dϕ− cos θ sin θ sin (ϕ+ τ) dτ , (B.13)

e3 = sin2 θdϕ + cos2 θdτ . (B.14)
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In this frame, the spin connection is given by

ωabc = εabc . (B.15)

The spin covariant derivative is

∇µǫ ≡ ∂µǫ+
1

8
ωµ

ab [γa, γb] ǫ (B.16)

= ∂µǫ+
i

2
γµǫ . (B.17)

A basis for the conformal Killing spinors on S3 is given by

ǫ(1) =

(

1

0

)

, ǫ(2) =

(

0

1

)

, ǫ(3) =

(

e−iτ cos θ

−eiϕ sin θ

)

, ǫ(4) =

(

e−iϕ sin θ

eiτ cos θ

)

. (B.18)

These satisfy

∇µǫ
(i) =

1

3
γµγ

ν∇νǫ
(i) . (B.19)

Defining

η(i) ≡ 1

3
γµ∇µǫ

(i) , (B.20)

this becomes the conformal Killing spinor equation

∇µǫ
(i) = γµη

(i) . (B.21)

The Lie algebra of the conformal group is generated by the action of the vectors

vµ,ij = ǫ(i)γµǫ(j) , (B.22)

acting as infinitesimal diffeomorphisms. The subsets

Jµa
l ≡ τa

ijv
ij , Jµa

r ≡ τa
ijv

i+2,j+2 , (B.23)

generate the isometry algebra, which is isomorphic to so (4) ≃ sul (2) ⊕ sur (2). The remaining

combinations yield conformal Killing transformations. Our choice of vielbein was motivated by

eµ
a = −1

2
Ja

l,µ . (B.24)

B.4 Change of coordinates from flat space

Define the function

exp Ω ≡ 1 + sin θ cosϕ . (B.25)

The round S3, in toroidal coordinates, is related to R3 by the following change of coordinates

x1 → e−Ω cos θ cos τ , (B.26)

x2 → e−Ω cos θ sin τ , (B.27)

x3 → e−Ω sin θ sinϕ , (B.28)

followed by a Weyl transformation with parameter Ω.25

25In order to compare our conventions to those of [23], one should take r = 1/2 in [23], and also rescale exp Ωhere =

2 exp Ωthere.
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Let B be the change of variables matrix. The flat metric and the flat vielbein eµ
a = δµ

a transform

as

g → e2ΩBT gR3B , e → e
′ ≡ eΩBT eR3 . (B.29)

The frame rotation matrix F ∈ SO (3) is defined as

Fa
b ≡ eS

3

µ

b
gµν
S3 e

′

νa . (B.30)

Define the spinor bilinears

Aij
S3 ≡ ǫ(i)ǫ(j) , Aij

R3 ≡ ǫ
(i)
R3ǫ

(j)
R3 . (B.31)

There exists a numerical matrix Ri
j , unique up to sign, which relates the spinors on R3 and on S3

with their chosen coordinate systems, such that

Aij
S3 = Ri

kR
j

lA
kl
R3 , (B.32)

vij
a = Fa

bRi
kR

j
lw

kl
b . (B.33)

Given R, we can associate the S3 spinor ǫ(i) with

eΩ/2Ri
jǫ

(j)
R3 . (B.34)

One may check that with the current choice of basis for the spinors,

R =









− 1
2 − i

2 0 − 1
2 + i

2 0

0 − 1
2 + i

2 0 1
2 + i

2

0 1
2 − i

2 0 1
2 + i

2

− 1
2 − i

2 0 1
2 − i

2 0









. (B.35)

The matrix R satisfies

R†R = 14 . (B.36)

One could derive R by lifting the SO (3) frame rotation F to SU (2), and acting on the spinor indices.

C Details on the SQM

Below we describe how the SQM is gauged by the bulk vector multiplet. Our strategy goes as follows.

First, we determine the 3d submultiplet of the vector multiplet generated by the action of Q2 and Q3.

This can be dimensionally reduced on the curve supporting the defect. Finally, we compare our result

N = 2 SQM, and we read which symmetries are turned on. Since the authors of [76] define the SQM

with a Lorentzian time, while our coordinate τ is a Euclidean time, we introduce a real time t = −iτ .

Therefore, we also need to set26

Aτ = −iAt , Dτ = −iDt . (C.1)

Moreover, to avoid coordinate singularities as θ → 0, we use frame indices, which are well defined on

the whole S3.

On general grounds, the 3d N = 4 vector multiplet is decomposed as follows:

26In our convention Dτ = ∂τ − iAτ and Dt = ∂t − iAt.
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• 1 N = 2 vector multiplet

V = (vt, σ, λ, λ̄, D) . (C.2)

• 2 N = 2 chiral multiplets 27

Φi = (φi, ψi) . (C.3)

• 2 N = 2 Fermi multiplets

F = (η, F ) , F̃ = (η̃, F̃ ) . (C.4)

In fact, if we write 3d N = 4 vector multiplet as a N = 2 vector multiplet plus a N = 2 chiral,

we can reduce it to a 2d N = (2, 2) vector plus an N = (2, 2) chiral. From an N = (0, 2) point of

view, the vector multiplet contains a vector one plus a chiral one. Similarly, the N = (2, 2) chiral

multiplet is decomposed into a N = (0, 2) chiral one plus a Fermi multiplet [90]. Since the N = 2

SQM is the dimensional reduction of the 2d N = (0, 2), a last dimensional reduction leads to the

above decomposition.

Let us provide the explicit SQM structure. Since on the circle Aτ = A3, it is natural to build the

1d vector multiplet V acting on it with δ = ǫQ2 + ǭ Q3. The multiplet turns out to be given by

vτ = iA3 , (C.5a)

σ = −Φ1̇2̇ , (C.5b)

λ =

(

1 + i

2

)

(√
1 − νλ2,11̇ + ie−iτ

√
1 + νλ2,21̇

)

, (C.5c)

λ̄ =

(

1 + i

2

)

(√
1 − ν λ1,22̇ + ieiτ

√
1 + νλ1,12̇

)

, (C.5d)

D = − − iMab
vortexDab − iνΦ1̇2̇ + F12 +

1

2
[Φ ċ

2̇ ,Φċ1̇] . (C.5e)

Notice that the auxiliary fields in D are related to the vortex loop defined in Eq 4.21. Similarly, σ

coincides the scalar part of the Wilson loop connection in Eq 4.18, up to an i factor. The corresponding

supersymmetry transformations are:

δvτ =
i

2
ǫλ̄+

i

2
ǭλ , (C.6a)

δσ = −δvτ , (C.6b)

δλ = ǫ (Dtσ + iD) , (C.6c)

δλ̄ = ǭ (Dtσ − iD) , (C.6d)

δD =
1

2
ǫD+

t λ̄− 1

2
ǭD+

t λ , (C.6e)

where D+
t = Dt − i[σ, ]. The crucial point of this decomposition is that δ2V does not contain ν. For

instance:

δ2σ = iǫǭDτσ . (C.7)

The operator δ2 contains a gauge transformation generated by

Λ = i(σ + vt) . (C.8)

27i = 1, 2 labels the multiplet. The corresponding anti-chirals are denoted by Φ̃i = (φ̃i, ψ̃i).
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The other two scalar fields are recast as lowest components of a chiral and an anti-chiral multiplet

Φ1 and Φ̃1. Let us first consider the chiral one

φ1 = Φ1̇1̇ , (C.9a)

ψ1 =

(

1 + i

2

)

(

eiτ
√

1 + νλ1,11̇ − i

√
1 − νλ1,21̇

)

. (C.9b)

The supersymmetry transformations are

δφ1 = −ǫψ1 , (C.10a)

δψ1 = ǭ
(

iD+
t φ1 + iνφ1

)

. (C.10b)

It is easy to deduce from the action of δ2 the presence of a background symmetry proportional to ν

δ2φ1 = ǫǭ(D+
τ φ1 − iνφ1) , δ2ψ1 = −ǫǭ(D+

τ ψ1 − iν ψ1) . (C.11)

The result is understood giving charge −1 to Φ1 under the U(1) flavor symmetry generated by νF .

Similarly, we obtain the antichiral multiplet:

φ̃1 = Φ2̇2̇ , (C.12a)

ψ̃1 =

(

1 + i

2

)

(

−i

√
1 − νλ2,12̇ + e−iτ

√
1 + νλ2,22̇

)

. (C.12b)

The supersymmetry variations are given by

δφ̃1 = −ǭψ̃1 , (C.13a)

δψ̃1 = ǭ
(

iD+
t φ̃1 − iνφ̃1

)

. (C.13b)

We can interpret these variations assigning charge 1 to Φ̃1 under to νF . Since ν is not integer, the

ν-background cannot be reabsorbed in any redefinition of the Killing spinors. This fact prevents V

and Φ1 to constitute an N = 4 vector multiplet.

The other chiral multiplets come from the components of the orthogonal components of the gauge

field. In particular, the first one is given by

φ2 = A1 + iA2 , (C.14a)

ψ2 = −
(

1 + i

2

)

(√
1 − νλ2,22̇ + ieiτ

√
1 + νλ2,12̇

)

. (C.14b)

The variations are given by

δφ2 = −ǫψ2 , (C.15a)

δψ2 = −iǭ(iD+
t φ2 + 2iφ2) + ǫ i eiτ

√

1 − ν2 Φ2̇2̇ . (C.15b)

The remaining component of the gauge field becomes the lowest component of an anti-chiral field

φ̃2 = A1 − iA2 , (C.16a)

ψ̃2 =

(

1 + i

2

)

(√
1 − νλ1,11̇ + ie−iτ

√
ν + 1λ1,21̇

)

. (C.16b)
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The variations are given by28

δφ̃2 = −ǭψ̃2 , (C.17a)

δψ̃2 = ǫ(iD+
t φ̃2 + 2iφ̃2) + ǭ i e−iτ

√

1 − ν2 Φ1̇1̇ . (C.17b)

The remaining fermionic degrees of freedom are recast in two Fermi fields. At this stage, we can

choose them to be any non singular linear combinations of λaȧ. In other words, the only constraint

we impose is that the change of variables from the 3d degrees of freedom to the 1d ones is invertible.

Our choice is given by

η = e−iτ λ2,21̇ , (C.18a)

F =
1 + i

2

(

ie−iτ
√

1 − νD22 +
√

1 + ν

(

iDτ Φ1̇2̇ − Φ1̇2̇ −D12 − iF12 +
i

2
[Φ1̇1̇,Φ2̇2̇]

))

, (C.18b)

and

η̃ = eiτ λ1,12̇ , (C.19a)

F̃ =
1 − i

2

(

eiτ
√

1 − νD11 +
√

1 + ν

(

iD12 − F12 −Dτ Φ1̇2̇ + iΦ1̇2̇ +
1

2
[Φ1̇1̇,Φ2̇2̇]

))

. (C.19b)

The variations are 29

δη = ǫF − ǭ
1 − i

2

√
1 − ν e−iτ [φ2, φ1] , (C.20a)

δη̃ = ǭF̃ + ǫ
1 − i

2

√
1 − ν eiτ [φ̃2, φ̃1] , (C.20b)

δF = ǭ

(

−iD+
t η − 1 − i

2

√
1 − ν e−iτ ([ψ2, φ1] + [φ2, ψ1] )

)

. (C.20c)

δF̃ = ǫ

(

−iD+
t η̃ +

1 − i

2

√
1 − ν eiτ

(

[ψ̃2, φ̃1] + [φ̃2, ψ̃1]
)

)

. (C.20d)

C.1 Embedding at ν = 1

We study in detail the properties of the algebra generated by Q2, Q3, Q5 and Q6. We define an

operator acting on the fields as

δ = ǫQ2 + ǭ Q3 + ρQ5 + ρ̄ Q6 . (C.21)

In particular, we discuss the emergence of the conformal symmetry at ν = 1. We compute the action

of δ2 using the variations in Eq A.2.1, restricted to the circle θ = 0. We find that δ squares to:

• A diffeomorphism generated by

va
ν=1 = ζζ̄(0, 0, 1) , (C.22)

28The non-chiral parts of the transformations in Eq C.15b and in Eq C.17b do not appear in the 1d algebra of [76].

While these terms are due to a gauge transformations for Q2
2 and Q2

3 for the bulk theory, we do not have a clear

interpretation from the worldvolume perspective. However, we claim that they do not spoil our arguments for the

computation of the index.
29These 1d transformations are chosen to reproduce the expected δ2 on η and η̃. We eliminated parts related to

orthogonal derivatives, which cancel among themselves as we take the double variations.
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where ζ and ζ̄ are anti-periodic 1d spinors defined in Eq 4.27. The vector va
ν=1 can be expanded

on the subgroup of Diff
(

S1
)

generated by L−1, L0, L1, where Lm = eimτ∂τ . The generators Lm

close the Witt algebra

[Lm, Ln] = i(m− n)Lm+n . (C.23)

Thus, iL0, L−1, L1 constitute a representation of the generators M , P and K introduced in

Section 2.1.1.

• A dilatation, given by

ρ̂ = i

(

eiτ ǫρ̄− e−iτρǭ
)

. (C.24)

This corresponds to a Weyl transformation contained in the commutators {Q2, Q6} and {Q3, Q5} ,

which, from the point of view of the bulk theory, corresponds to the Weyl transformation stored

in K1 ± iK2.

• A gauge transformation

Λ = −ζ̄ζ(A3 + iΦ1̇2̇) , (C.25)

• The following R-symmetry transformations

RH =
i

2

(

ρ̄ρ− ǭǫ 0

0 ǭǫ− ρ̄ρ

)

, RC =
i

2

(

ǭǫ− ρ̄ρ 0

0 ρ̄ρ− ǭǫ

)

. (C.26)

In order to explore the superconformal algebra, we represent the δ-action on the vector multiplet and

on the chiral one. We will denote the 1d component fields in the same way as ν generic, even tough

the embedding is slightly different from the limit ν → 1 of the one described in the previous section30.

Moreover, all the fermions are now taken anti-periodic.

At ν = 1, the embedding for the 1d vector multiplet turns out to be

vτ = iA3 = At , (C.27)

σ = −Φ1̇2̇ , (C.28)

λ = i

1 + i√
2
e− i

2
τ λ2,21̇ , (C.29)

λ̄ = i

1 + i√
2
e

i

2
τ λ1,12̇ , (C.30)

D = F12 − iD12 +
1

2
[Φ ċ

2̇ ,Φċ1̇] . (C.31)

The supersymmetry transformations are given by

δvτ =
i

2
ζλ̄ +

i

2
ζ̄λ , (C.32)

δσ = −δvτ , (C.33)

δλ = ζ (Dtσ + iD) + 2iσ∂τζ , (C.34)

δλ̄ = ζ̄ (Dtσ − iD) + 2iσ∂τ ζ̄ , (C.35)

δD =
1

2

(

D+
t

(

ζλ̄
)

+ 2iλ̄∂τ ζ
)

− 1

2

(

D+
t

(

ζ̄λ
)

+ 2iλ∂τ ζ̄
)

. (C.36)

30For instance, the embedding proposed at ν−generic becomes singular for the Fermi fields as ν → 1.
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We can use these variations to compute the action of δ2 on the field components:

δ2σ = Dτ

(

ζ̄ζσ
)

, (C.37)

We see that it reproduces the algebra in Eq 2.36 31

{Q2, Q3}σ = L0σ , {Q5, Q6}σ = L0σ , (C.38a)

{Q2, Q6}σ =
(

L1 + ieiτ
)

σ , {Q3, Q5}σ =
(

L−1 − ie−iτ
)

σ . (C.38b)

For example, σ is consistently uncharged under the R-symmetry J and that σ has Weyl weight 1. For

the gauginos we obtain

δ2λ = D+
τ

(

ζ̄ζλ
)

+ ζ̄λ∂τ ζ , δ2λ̄ = D+
τ

(

ζ̄ζλ̄
)

+ ζλ̄∂τ ζ̄ , (C.39)

which yields

{Q2, Q3}λ =

(

L0 +
i

2

)

λ , {Q5, Q6}λ =

(

L0 − i

2

)

λ , (C.40a)

{Q2, Q6}λ =

(

L1 +
3i

2
eiτ
)

λ , {Q3, Q5}λ =

(

L−1 − 3i

2
e−iτ

)

λ . (C.40b)

Thus, λ has Weyl weight 3/2 and has charge −1/2 under J . For λ̄ we get the same result but with

opposite J-charge.

We also provide the embedding for the chiral field

φ1 = Φ1̇1̇ , (C.41)

ψ1 = e− i

2
τ (1 + i)√

2
λ1,11̇ , (C.42)

with the supersymmetry transformations

δφ1 = −ζψ1 , (C.43)

δψ1 =
(

iD+
t

(

ζ̄φ1

)

− φ1∂τ ζ̄
)

. (C.44)

The action of δ2 on φ1 is

{Q2, Q3}φ1 = (L0 − i)φ1 , {Q5, Q6}φ1 = (L0 + i)φ1 , (C.45a)

{Q2, Q6}φ1 =
(

L1 + ieiτ
)

φ1 , {Q3, Q5}φ1 =
(

L−1 − ie−iτ
)

φ1 . (C.45b)

We see that φ1 is charged under J with charge 1 and that φ1 has Weyl weight 1. For ψ1, we get

{Q2, Q3}ψ1 =

(

L0 − i

2

)

ψ1 , {Q5, Q6}ψ1 =

(

L0 +
i

2

)

ψ1 , (C.46a)

{Q2, Q6}ψ1 =

(

L1 +
3

2
ieiτ

)

ψ1 , {Q3, Q5}ψ1 =

(

L−1 − 3

2
ie−iτ

)

ψ1 . (C.46b)

Thus, we see that we can assign a Weyl weight 3/2 to ψ1 and a J charge 1/2. In conclusion, we have

shown concretely that our δ reproduces the algebra of the latitude Wilson loop at ν = 1.

31We are omitting the gauge transformations, which are not relevant for the discussion.
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