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Bubble collapse in complex geometries

by Elijah David Andrews

A gas or vapour bubble near a solid boundary collapses towards the boundary due
to the asymmetry induced by the nearby boundary. High surface pressure and shear
stress from this collapse can damage, or clean, the surface. The majority of prior re-
search has focused on simple flat boundaries or cases with limited complexity. In this
research, we experimentally and numerically investigate how complex geometries af-
fect bubble collapse dynamics.

We first investigate how a slot in a flat boundary affects the jet direction for a single
bubble. We use a boundary element model to predict how the jet direction depends
on key geometric parameters and experimentally validate the predictions using laser-
induced cavitation. We reveal a tendency for the jet to be directed away from a slot.

Various bubble collapse properties, such as bubble displacement and rebound size,
have been shown to be a function of the ‘anisotropy” of the collapse, measured by a
dimensionless representation of the Kelvin impulse known as the anisotropy parame-
ter [Supponen et al., J. Fluid Mech. 802, 263-293 (2016)]. However, characterisation of
the anisotropy parameter in different geometries has been limited to simplified analytic
solutions. We further develop our boundary element model to be capable of predicting
the anisotropy parameter for any rigid complex geometry. We experimentally explore
a robust measure of bubble displacement, showing that the bubble displacement in a
range of complex geometries behaves as a single function of the predicted anisotropy
parameter values.

We then extend this model, in combination with experiments, to the study of porous
plates by investigating how the standoff distance, porosity, pore size, and pore shape
affect two collapse properties: bubble displacement and bubble rebound size. We show
that these properties depend primarily on the standoff distance and porosity of the
boundary and show that they each collapse onto respective single curves.

This work provides key insights into the effects of complex geometries on bubble col-
lapse behaviour. The numerical model developed herein provides a simple, inexpen-
sive method to connect complex geometries to the growing framework of studies using
the anisotropy parameter.
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Bubble area in frame

Panel area

Area of porous plate hole

Ratio of hole area to tesselation unit area
Speed of sound in liquid
Euler number

Force

Equivalent force for m, = 1m3s~!
Gravitational acceleration

Plate thickness

Slot height

Non-dimensional slot height

Kelvin impulse

Polytropic constant

Plate length

Total number of mirror sinks

Sink volume flow rate

Bubble sink volume flow rate

Total number of boundary elements
Normal vector

Bubble internal pressure

Gas or vapour pressure

Gas or vapour pressure initial condition
Vapour pressure

Far-field pressure

Driving pressure

Bubble radius

Initial (maximum) bubble radius
Mean initial bubble radius
Maximum bubble radius after first rebound
First time derivative of bubble radius

Second time derivative of bubble radius
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Non-dimensional bubble radius
Relative position factor

Relative position factor matrix
Bubble relative position factor vector
Reynolds number

Surface tension

Boundary surface

Hole spacing

Time

Rayleigh collapse time
Non-dimensional time

Velocity vector

Velocity vector at bubble position
Bubble volume

Slot width

Wall surface

Characteristic hole length (width)
Weber number

Horizontal position
Non-dimensional horizontal position
Position vector

Bubble position vector

Sink position vector

Horizontal position of peak jet angle
Normalised horizontal position
Bubble distance from boundary
Vertical position

Non-dimensional vertical position
Depth of bubble in water

Ratio of specific heats

Standoff distance

Bubble displacement distance
Buoyancy parameter
Approximate boundary layer scale
Anisotropy parameter

Anisotropy vector

Jet angle

Bubble position angle

Corner angle

Peak jet angle

Normalised jet angle
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VL Kinematic viscosity of liquid

oL Density of liquid

o Sink strength density

¢ Void fraction

¢ Velocity potential

db Bubble velocity potential

Pw Wall velocity potential

V¢ Velocity

A\ Equivalent velocity for n, = 1m?s~

RMSD  Root mean squared difference
BEM  Boundary element method
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Chapter 1

Introduction

Gas and vapour bubbles collapsing have long been a focus of research in a range of
fields. Sections 1.1-1.6 are a review of bubble collapse literature followed by an outline

of our research problem in section 1.7.

1.1 Applications

Bubbles collapsing have been studied in connection with a broad range of applications.
Investigations were initially instigated in response to damage encountered on ship pro-
pellers (Rayleigh, 1917). The low pressures generated by the motion of the propellers
causes cavitation to occur which, on collapsing, exert significant damaging loads on the
propellers. Cavitation damage has continued to be a focus of research as the damage
can be costly and reduce the lifespan of various parts (Luo et al., 2016; Lu et al., 2016;
Sagar & el Moctar, 2020). Figure 1.1 shows the damage that occurs on a marine pro-
peller. This damage decreases the service life of the propeller and increases drag, which

in turn reduces propeller efficiency.

FIGURE 1.1: A propeller damaged by prolonged exposure to cavitation.



2 Chapter 1. Introduction

Although cavitation damage is often detrimental, it can be used for cleaning objects
(Verhaagen & Fernandez Rivas, 2016; Birkin ef al., 2016). The most commonly imple-
mented method of harnessing these cleaning effects is the application of ultrasound.
Passing ultrasound through a fluid causes low and high pressure regions to form which
cause bubbles to grow and then collapse. Two common areas of research are investi-
gations of the individual cleaning effects of single bubbles collapsing (Ohl et al., 2006;
Chahine et al., 2016) and the cumulative effect of ultrasonic cleaning (Verhaagen et al.,
2016; Reuter et al., 2017).

There are also numerous applications in biological and biomedical fields (De La Torre,
1992; Brennen, 2003). Snapping shrimp rapidly close a special claw to induce a high
speed jet. The very high speed jet causes a low pressure region to form that cavitates.
The collapse of this cavitation creates shockwaves that can be used for defence or to
stun and kill prey (Versluis et al., 2000; Shimu et al., 2019). Figure 1.2 shows this process
happening. Cavitation also occurs in traumatic brain injuries, such as concussions,
where low pressures cause the cerebrospinal fluid to cavitate which can contribute to
brain damage (Canchi et al., 2017). Other applications include needle-free injections
(Oyarte Galvez et al., 2020), lithotripsy to disintegrate kidney and gall stones (Brennen,
2003), and reducing damaging effects from cavitation that occurs when an energy pulse
probe is used in endosurgery (Palanker ef al., 2002).
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FIGURE 1.2: Frames of high-speed footage of a snapping shrimp jet showing the claw
closing, the ensuing jet, and the subsequent expansion and collapse of the bubble (Ver-
sluis et al., 2000).

Other novel applications include breaking ice with collapsing bubbles (Cui et al., 2018)
and using cavitation to induce compressive residual stresses in metals and alloys (Sonde
et al., 2018), a similar process to shot peening.
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Many of these applications involve complex geometries, either as a direct consequence
of the application or as a potential design variable. In the following three sections,

cavitation literature is reviewed with increasing geometric complexity.

1.2 Cavitation in an infinite fluid

Rayleigh (1917) is widely cited as the first significant study of collapsing bubbles, in
which equations are developed to describe the growth and collapse of a spherically
symmetric cavity in an infinite incompressible fluid with a constant pressure at an infi-
nite distance. Rayleigh’s work was subsequently extended by Plesset (1949) to include a
time-varying pressure at a distance from the bubble. The resulting equation is the com-
monly used Rayleigh-Plesset equation which has been applied in numerous studies as
a good approximation for the growth and collapse of bubbles (Blake et al., 2015; Suppo-
nen et al., 2016), sometimes in modified forms to better suit specific scenarios (Harris,
1996). The following analysis is primarily based on the book by Brennen (1995).

The Rayleigh-Plesset equation is typically written as

pe(t) — poo(t) :RR+3R2+4£R+£

o - R R+ (1.1)

where pp is the pressure inside the bubble; p is the far-field pressure; p; and vy, are the
density and kinematic viscosity of the fluid, respectively; S is the surface tension; and
R is the radius of the bubble with R and R representing the first and second derivatives
of the radius with respect to time.

The exact implementation of this equation can vary significantly depending on the as-
sumptions that are made. For example, a thermally driven collapse uses a different
formulation than a purely inertial collapse. For an inertial collapse, the gas inside the
bubble is often considered to behave polytropically such that the pressure of gas in the
bubble is directly related to the volume (Brennen, 1995).

R 3k
pc = pa, (;) (12)

where pg is the gas or vapour pressure and k is the polytropic constant. Subscript 0
denotes the initial conditions. For the research presented in this thesis, the bubble col-
lapse events occur too quickly for significant heat transfer across the bubble boundary.
Thus the gas is assumed to be isentropic and the polytropic constant is equal to the ratio
of specific heats, k = -y. This leads to the following formulation of the Rayleigh-Plesset
equation

k
pv(t) — peo(t) | Pa <R0>3 . 3., 4. 2§
—+ — | = =RR+ -R*+ —R+ —, 13

pL pr \ R 2 R pLR (1.3)
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which uses the relationship pp = py + pg, where py is the vapour pressure of the
liquid.

An important analytic result from these equations is the time required for total collapse

of the bubble from R = Ry to R = 0, known as the Rayleigh collapse time,

1

2 2

tre = 0.915 <PLR0> , (1.4)
Poo — PV

which, although only an approximation (neglecting compressibility, surface tension,
gas contents, and viscosity), provides a useful scale for time during a bubble collapse
(Brennen, 1995). Notably, Ry refers to the maximum radius of the bubble as we assume

here that the bubble starts at its maximum radius.

A non-dimensional form of the Rayleigh-Plesset equation may be formulated by nor-
malising R with the maximum bubble radius, Ro, and the time, ¢, with the Rayleigh

collapse time, trc.

. 3. R
Eu = RR + =R? = 1.5
u TN T ReR T R (1.5)
5__ R p_ dR $ _ d°R 1 _ _ PB—Pw _ uR _ ptRow? . R
WhereR—RiO/R_ﬁ/R_F/t_%/Eu_pﬁLu’; ,Re—%,we—%,u—ﬁ

Figure 1.3 shows a numerical solution to equations 1.3 and 1.5. The fluid is assumed to
be water at 20°C (py = 2.3388 kPa, p;, = 997 kg m—3,v; =1.003e —6m?%s1,S = 0.0728
N m™1). The bubble has an initial radius Rg = 2 mm (representative of the bubbles in
this investigation) and an initial internal pressure equal to the vapour pressure pg, =
pv. At an infinite distance the pressure is p, = 100 kPa. Here we assume that py
and po are constants. This results in a collapse time t7¢c = 185 us, Reynolds number
Re = 21 569, Weber number We = 3205, and pressure ratio of pg,/(pe — pv) = 0.0239.
Under these conditions the bubble initially collapses before rebounding and repeating
the cycle. Due to the minor viscous effects the bubble does not completely recover its
initial radius in subsequent expansions. In reality, these viscous effects are very small,
as indicated by the high Reynolds number present in the system. The effects of surface
tension are also relatively small, as indicated by the high Weber number. Thus, for the
analysis in this thesis, both viscous effects and surface tension effects will be neglected.

The Rayleigh-Plesset equation has been further extended by the work of Keller & Mik-
sis (1980). The Keller-Miksis equation additionally models the compressibility of water
which becomes necessary during the very rapid stages of bubble collapse. Whereas
the Rayleigh-Plesset equation shows bubbles rebounding to nearly their full size, the
Keller-Miksis model demonstrates the decreasing radius of rebounds. Neglecting sur-
face tension and viscosity, the Keller-Miksis equation can be written (Trummler ef al.,
2021) as
3

pv(t) + pc — pe(t) Rpc _ s Y
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FIGURE 1.3: A numerical solutions to the Rayleigh-Plesset equation and Keller-Miksis
equation showing the bubble radius (normalised by the initial radius) plotted against
time (normalised by the Rayleigh collapse time).

where c; is the speed of sound in the liquid and v = R/c;. This is largely similar in
form to equation 1.3. For clarity, p¢c here is not substituted by equation 1.2. Using the

1 a numerical

same conditions as the Rayleigh-Plesset solution, with c¢; = 1480 m s~
solution to the Keller-Miksis equation is shown alongside the Rayleigh-Plesset solution
in figure 1.3. Most notably, compared to the Rayleigh-Plesset solution, the bubble no

longer recovers its full size after each rebound.

The rebound radius in this model depends on the driving pressure Ap = po, — pv and
the initial partial pressure of non-condensable gas inside the bubble p¢,. This agrees
well with the work of Akhatov et al. (2001), who produced a more complete numerical
model including some thermal effects; the effects of condensation, evaporation, and
compressibility; and greater attention to the properties and dynamics of the internal
gas. They showed that the effect of diffusion into the bubble is negligible but that a
small amount of non-condensable gas inside the bubble can significantly increase the
rebound size by reducing the condensation of vapour on the bubble surface. They
suggested that the recombination of the initial plasma could be a key factor in the non-

condensable gas content of a laser-induced cavitation bubble.

However, despite its importance to the resulting dynamics of the bubble, a method
for directly measuring the non-condensable gas inside a bubble has not yet been de-
veloped. Tinguely et al. (2012) estimated the non-condensable gas content by fitting
a Keller-Miksis model to their experimental data. They showed that the energy in the
bubble after collapse is partitioned between the bubble rebound and the emitted shock-
waves. They further showed, as expected from the Keller-Miksis equation, that this
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partition depends on the pressure in the liquid and the non-condensable gas content of
the bubble, among other properties of the liquid and gas.

More recently, Trummler et al. (2021) numerically investigated the effect of non-condensable
gas on bubble collapse dynamics. They showed good agreement with the work of
Tinguely et al. (2012) and further showed that the observed effects of non-condensable
gas extend to bubbles collapsing in close proximity to a solid boundary. However,

as with previous studies, they highlight the uncertainty around the amount of non-
condensable gas present in practical applications. Despite being a significant factor in

the dynamics of bubble collapse and rebounds, this remains an open question. This is-
sue becomes relevant to the present work in chapter 4 and chapter 5, where the bubble
rebound size is measured and bubble displacement is measured during rebound.

1.3 Cavitation near a flat boundary

In an infinite fluid, as previously discussed, bubbles collapse with spherical symmetry.
As they collapse they draw in the surrounding fluid. When a solid rigid boundary is
introduced near the bubble, it is more difficult for the bubble to draw fluid in from the
boundary side as the boundary is ‘impeding’ the flow (Blake, 1983). This causes the
fluid on the boundary side of the bubble to be drawn in slower, reducing the speed of
the bubble surface collapse on that side. This asymmetry causes the bubble to translate
towards the boundary and can cause the bubble to produce a high speed jet (Plesset &
Chapman, 1971; Blake et al., 1986).

A nearby free surface, such as the boundary between water and air, has the opposite
effect of a solid boundary. The free surface deforms, making it easier to draw fluid from
that side of the bubble, producing a lower relative impedance. This causes the jet to be
directed away from the free surface. However, for very large bubbles, buoyancy can
be a more dominant effect. In addition to the effects that occur with rigid boundaries,
bubbles expanding near free surfaces may also produce jets at the surface due to rapid
expansion (Blake ef al., 1987). The rapid expansion of bubbles can be harnessed to
produce very high speed, controlled jets which have many potential applications, such

as needle-free injectors (Oyarte Galvez et al., 2020).

Deformable surfaces present another range of behaviours depending on how easy they
are to deform. Stiff boundaries, or boundaries with high inertia, act similarly to a rigid
boundary by impeding the flow to the bubble. Conversely, if the boundary can easily
deform, it becomes easier to deform the boundary than to draw in fluid so the boundary
acts similarly to a free surface. This means that the jet may be weaker than a rigid
boundary or be directed away from the boundary (Gibson & Blake, 1982). Even more
complex behaviour has been investigated for cavitation near elastic gels (Brujan ef al.,
2001a,b). Depending on the water content of the gel, and thus the elastic modulus,
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bubble deformation was observed to vary greatly and jets were directed towards the

boundary, away from the boundary, or both.

Bubble collapses occur on a very short time scale such that viscous effects can be ne-
glected, as demonstrated in section 1.2. For the majority of the collapse the fluid can
also be treated as incompressible. This allows potential flow models to be applied to
describe the flow. During the growth and collapse phases, while the bubble remains
mostly spherical, the bubble can be treated as a source or sink. By mirroring the bubble
in the boundary plane, the no-penetration boundary condition is achieved along the
whole boundary. Both a solid boundary and a free surface can be modelled using the
method of images (Blake et al., 1987; Kucera & Blake, 1990). In the case of a free surface,
the image sink has the opposite sign to the bubble sink. This configuration is shown in
figure 1.4. Note the flow parallel to the boundary, stagnation point at the center of the
boundary, and higher speeds closer to the bubble.
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FIGURE 1.4: A schematic of the method of images. A bubble, represented as a sink, is

reflected in the plane of a boundary, producing an image sink. The domain of interest

is shown in colour and the image domain is shown in greyscale. Arrows show the

direction of flow and the logarithm of the flow speed is shown in the background
contour.

Despite the significant differences between the ideal case for which the Rayleigh-Plesset
equation was derived and most realistic scenarios, the Rayleigh-Plesset equation pro-
vides a reasonable approximation for the scales involved in bubble growth and col-
lapse. Figure 1.5, from Supponen et al. (2015), shows a comparison between experimen-
tal data for bubble collapse near a flat boundary and the Rayleigh-Plesset equation.
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FIGURE 1.5: A comparison between experimental data and a Rayleigh-Plesset equa-
tion solution near a flat boundary. This is figure 2(a) in Supponen et al. (2015).

Flat, rigid boundaries have been the primary focus of research studying the effects of
cavitation as they are the simplest geometry for which the complex dynamics can be
observed. These studies have included the mechanisms and measurement of bubble
cleaning (Ohl et al., 2006; Verhaagen & Ferndndez Rivas, 2016; Reuter & Mettin, 2016),
damage induced by bubble collapses (Dular ef al., 2019; Sagar & el Moctar, 2020), anal-
ysis of pressure fields during bubble collapse and jetting (Li et al., 2016), and measure-
ments of shear stress induced on the boundary (Dijkink & Ohl, 2008; Koukouvinis et al.,
2018). Of particular note, Zhao et al. (2008) show that, for very low standoff distances,
the acoustic transient contributes more to the reduction in rebound energy than the
liquid jet.

An important factor when considering how a collapsing bubble interacts with a bound-
ary is the strength of the collapse asymmetry. This is typically discussed in terms
of the Kelvin impulse; Benjamin & Ellis (1966) describe it thus “the impulse associated
with a moving bubble presents much the same intuitive physical picture as the momentum of
a rigid projectile in free space”. Blake et al. (2015), continuing from several prior papers
(Blake & Cerone, 1982; Blake, 1983, 1988), present equations for the Kelvin impulse for
rigid boundaries, free surfaces, two fluid interfaces, and inertial boundaries as well
as a buoyancy term. Supponen et al. (2016) present a dimensionless equivalent of the
Kelvin impulse called the anisotropy parameter, {. For a solid boundary this parameter

is calculated by the equation
7 =0.195y 2 (1.7)
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where 7 is the standoff distance Y/Ry. Y is the distance from the boundary and Ry is
the maximum bubble radius. This is equation 2.5 in Supponen et al. (2016). They then
measure various jet parameters as functions of the anisotropy parameter and show that
the anisotropy parameter is valid for various different ‘jet drivers’ including buoyancy,
flat rigid surfaces, flat free surfaces, stationary potential flow, a liquid interface, and an
inertial boundary. Supponen et al. (2018) expands on these jet parameters to include the
ratio of energy between the first two bubble collapses. This ratio is also shown to be a
function of the anisotropy parameter.

1.4 Cavitation near complex geometries

Although flat boundaries are easy to study, real systems are rarely so simple and more
complex boundaries introduce additional complexity to the bubble dynamics. Com-
plex geometries have been a focus of recent research. Some examples of complex ge-
ometries are shown in figure 1.6 and are a series of concave corners (Tagawa & Peters,
2018), square and triangular channels (Molefe & Peters, 2019), an axisymmetric curved
surface (Tomita et al., 2002) and the slot geometry investigated in chapter 3.

Most studies on complex geometries have used experimental techniques to observe
bubble dynamics. Some studies rely solely upon experimental results such as research
on ridge-patterned structures (Kim & Kim, 2020), a combination of a free surface and in-
clined flat plate (Zhang ef al., 2017), and a perpendicular corner geometry (Brujan ef al.,
2018). Although experimental results are very useful for capturing bubble dynamics,
they are sometimes unable to capture the underlying mechanisms that could be un-
derstood more thoroughly with a combination of experimental results and numerical
modelling. As an example, the jet direction behaviour in a corner geometry can be
modelled using a method of images technique which has been presented by Kucera &
Blake (1990) and then expanded upon and validated by Tagawa & Peters (2018). Brujan
et al. (2018) makes a linear fit between the jet angle and the ratio of distances to the two
walls. However, Tagawa & Peters (2018) showed that the method of images provides
a better fit to experimental results. In addition to allowing a better understanding of
underlying mechanisms and relationships, numerical results can also investigate much
broader parameter spaces if the techniques employed are sufficiently inexpensive.

There is not yet a standard approach to investigating complex geometries. It is sug-
gested in Supponen et al. (2016) that the anisotropy parameter for a bubble with a com-
bination of jet drivers, such as gravity, pressure gradients, and nearby boundaries, is
the vector summation of anisotropy parameters for the jet-drivers. This would allow
for complex combinations of jet drivers to be modelled, including complex boundary
geometries. However, it is also suggested that this may not hold for complex geome-
tries. By comparing this to the solution for a corner (Tagawa & Peters, 2018), it is clear
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that this solution does not accurately capture the direction of the jet so it cannot be used

in such a simple manner.

More confined geometries have also been investigated, such as those used for needle-
free injections (Oyarte Galvez et al., 2020) or quasi-2D geometries such as those found

in some microfluidic devices (Zwaan et al., 2007).

FIGURE 1.6: Examples of complex geometries. From left to right: a concave corner,
a square channel, a triangular channel, an axisymmetric curved surface, and a slot
geometry.

1.5 Experimental methods

Gas and vapour bubbles that behave this way can be generated by a large range of
mechanisms. One of the most common is low pressures such as those that occur near
ship propellers (van Terwisga et al., 2007), due to rapid acceleration (Pan et al., 2017), or
the low pressure regions generated for ultrasonic cleaning (Brennen, 1995). However,
for the study of cavitation dynamics, these mechanisms can be difficult to harness as
the exact location of bubbles may be hard to predict and individual bubbles are hard to
isolate. Many experiments use spark-gap generated bubbles where the high tempera-
ture spark causes the nearby water to vaporise, leading to a bubble (Zhang et al., 2017;
Li et al., 2018; Kim & Kim, 2020). Laser-induced cavitation behaves similarly by us-
ing a focused laser to generate the bubble (Brewer & Rieckhoff, 1964; Lauterborn, 1972;
Noack & Vogel, 1999). These techniques allow individual bubbles to be isolated and
carefully positioned. Podbevsek et al. (2021) conducted an evaluation of these tech-
niques, categorising a wide variety of advantages and drawbacks of each technique.
Figure 1.7 shows a range of different techniques investigated in their work.

A key limitation in observing bubble collapse is the very short timescale on which the
collapse occurs. Using equation 1.4, the initial collapse of a 2 mm radius bubble, prior
to any rebounds, would take approximately 0.185 ms. Observing this collapse therefore
requires approximately 10 000 frames per second to even see the collapse occur, with
much higher frame rates required to observe and measure more detailed phenomena.
Some studies report using frame rates of “up to 10 million frames per second” (Supponen
et al., 2016) while others report use of a camera system capable of achieving frame rates
of 25 million frames per second (Chin et al., 2003; Sijl et al., 2010).
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FIGURE 1.7: Figure 7 from Podbevsek et al. (2021) showing bubbles created by “tube

arrest method” (TAM), “low-voltage discharge” (LVD), “high-voltage discharge”

(HVD), and “laser-induced bubble” (LASER). (a-d) Frames from high-speed record-

ings of experiments. (e) Surface instabilities and small jets caused by TAM. (f) Double

bubble rebound in HVD. (g) Electrode breakup with LVD. (1) Expansion of microbub-
bles caused by the initial shockwave from a laser-induced bubble.

As the bubble collapse is a pressure-driven event, hydrostatic pressure must be con-
sidered. Although in many cases it can be considered negligible (Tagawa & Peters,
2018), some studies go to great lengths to remove the influence of gravity in order to
measure the other effects very precisely. Some experiments have been performed dur-
ing parabolic flights such that a very low gravity environment can be maintained for a
short period of time (Obreschkow et al., 2011; Supponen et al., 2016). A similar effect can
be achieved more simply by performing the experiment during a short free fall drop
(Blake & Gibson, 1981). Using the buoyancy parameter of Blake ef al. (1986), the effect
of buoyancy can be compared to a nearby plate. The buoyancy parameter is defined as

5— 1 | P8R0 (1.8)
Poo — PV

where ¢ is the gravitational acceleration. Taking p; = 997 kgm™3, ¢ = 9.81 ms~2, an
initial radius Ry = 2 mm, and pressure difference of p. — py = 97.7 kPa, the buoyancy
parameter is 6 = 0.014. Blake et al. (1986) found the relation 6 = 0.442 for bubbles
under equal influence from buoyancy and a nearby boundary. Using this relation, the
effect of buoyancy would become equal at a standoff distance of v ~ 32, which is far

beyond the range of our experiments and thus a negligible effect.
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1.6 Numerical modelling

The method of images can be used for some limited complex geometries. Mirror sinks
of differing strengths produce a curved boundary (Tomita et al., 2002). Additional
boundaries can also be created by introducing more mirror planes. This can be used
to model a limited set of concave corner geometries (Kucera & Blake, 1990; Tagawa &
Peters, 2018; Wang et al., 2020) and some interior geometries such as rectangular and tri-
angular channels (Molefe & Peters, 2019). Thus far, most research using this technique
has focused on geometries with a constant two-dimensional cross-section. However,
the method of images could be used to investigate more complex three-dimensional
shapes. One key limitations to this technique is that images must not be mirrored into
the domain of interest, which limits non-tessellating and convex geometries. Kucera
& Blake (1990) avoid this limitation by solving the equations on a Riemann space to
model a semi-infinite plate. Despite its limitations, the method of images has proven to
be fast and reliable for the geometries that it can be applied to.

Another commonly applied family of methods are boundary integral and boundary
element methods (Brebbia & Dominguez, 2001). Instead of relying on mirrored sinks
to achieve the necessary boundary conditions, these methods represent boundary con-
ditions as a distribution of sinks (or some more complex potential flow elements). In
the case of boundary integral methods, the boundary conditions are represented by
integral equations, that are then discretised into a form similar to boundary element
methods. These methods have widely been applied to numerically modelling the evo-
lution of the bubble surface over time (Blake & Gibson, 1987; Harris, 1992; Zhang & Liu,
2015; Chahine et al., 2016; Supponen et al., 2016; Wang et al., 2020). An example bound-
ary element method simulation is shown in figure 1.8. Harris (1996) uses a boundary
element method to model a series of complex geometries, and attempts to resolve the
Kelvin impulse using a more complex version of the Rayleigh-Plesset equation. The
results are compared to results obtained using a modified Green’s function but are not
validated against experimental results. These methods provide a relatively inexpensive
and accurate way of predicting bubble dynamics in a wide range of scenarios, however

they are unable to model some of the more complex dynamics such as shockwaves.

Far more complex and vastly more expensive simulations have been applied in order
to better resolve the full bubble dynamics. These often involve the volume of fluid
method (Zeng et al., 2018; Koukouvinis et al., 2016; Han et al., 2018; Koukouvinis et al.,
2018; Lechner et al., 2019; Gonzalez-Avila et al., 2020a), often in combination with the
finite volume method, although other systems have been applied (Zhang et al., 2019;
Sagar & el Moctar, 2020). These methods are able to more completely capture the bub-

ble dynamics, but have a relatively high computational cost. As such, they become
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FIGURE 1.8: An example boundary element method simulation of a bubble collapsing
near a solid wall. This is part of figure 16 from Zhang & Liu (2015).

(a) Absorption
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FIGURE 1.9: (1) An example mesh of a simulation of a bubble collapsing near a crevice.
(b) Magnified view showing every fourth grid line. This is figure 3 from Trummler ef al.
(2020).

prohibitively expensive when investigating larger parameter spaces such as those re-
quired for investigating the effects of complex geometries on bubble collapse. An ex-
ample mesh is shown in figure 1.9.

1.7 Research problem

This research project focuses on understanding how complex geometries influence the
dynamics of bubble collapse. By better understanding these mechanisms, geometries

can be designed to reduce or enhance the effects of bubble collapses as desired.

We investigate two fundamental geometries for which little research has been con-
ducted: slot geometries and porous plates. The slot geometry can be considered a
prototypical example of any surface with some portion removed such as channels,
scratches, or gaps between parts. The porous plates extend this idea in the direction
of porous materials such as filters.
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In this research, we employ experimental methods and develop simple numerical mod-
els to gain insight into these geometries and provide a low-cost numerical model for
investigating other complex geometries.

1.8 Thesis structure

The remainder of this thesis is structured as follows. Chapter 2 outlines the experimen-
tal methodologies applied to this research. Then, the main investigation is comprised
of three sections. Firstly, the jet directions of bubbles collapsing near slot geometries
are investigated in chapter 3. As part of this investigation a simple numerical model
is developed that can predict the direction of the jet. Secondly, the numerical model is
further developed in chapter 4 to predict not only the direction of the bubble collapse,
but also produce the anisotropy parameter described by Supponen et al. (2016). This
model is validated with experimental data from a collection of complex geometries. Fi-
nally, in chapter 5, bubble displacement and rebound size are investigated near porous
plates both experimentally and using a further development of the numerical model.

To conclude, the key results are summarised in chapter 6.

Data and code supporting this research are available from the University of Southamp-
ton repository at https://doi.org/10.5258/S0TON/D2506.
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Chapter 2

Experimental measurements of

cavitation

In this chapter we outline the experimental methods and analysis techniques used in
this research. The objective of the experiments in this work was to produce consistent
bubbles at a well-controlled location relative to a given geometry. The methodologies

outlined here were applied to the work in chapters 3, 4, and 5.

2.1 Generating bubbles

Experiments were performed in acrylic or glass water tanks with volumes of approx-
imately 3-5 litres. The tanks were filled with partially degassed water to minimise
microbubbles present in the water that could cause additional nucleation of bubbles
during experiments. Initially, normal tap water was used but later experiments used
purified water to eliminate as many possible sources of variation as feasible.

As mentioned in section 1.5, one commonly-used technique is laser-induced cavitation.
A laser is focused down to a small volume and, at a critical energy density threshold,
this intense input of energy forms a hot plasma (Brewer & Rieckhoff, 1964). This plasma
is visible in figure 2.1 and in turn produces a rapidly expanding vapour bubble. This
technique allows the use of relatively easy-to-align optical equipment to precisely po-
sition bubbles. A Q-switched Nd:YAG laser (‘Bernoulli PIV” or ‘Nano PIV’, both from

Litron Lasers) was used to generate a 6-8 ns pulse at a wavelength of 532 nm.

Geometries were positioned relative to the bubbles using a translation stage with an
arm connected to the geometries. This allowed the bubble to be positioned relative to

the geometry with an accuracy of 5 ym without having to move or realign the optics.
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In this research, two different focusing optics were used: a microscope objective and an
off-axis parabolic mirror.

1 - L T . .
—
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FIGURE 2.1: Frames from a high-speed recording of a bubble collapse. The plasma
initially formed by the focused laser is visible in the first frame.

2.1.1 Microscope objective

A microscope objective is typically used to magnify objects, taking an object at the
focal point and creating a larger image of it. In this experiment we use the microscope
objective in reverse: taking a wide laser beam and focusing it down to a point in the
water. We positioned the microscope objective immediately above the water surface
such that bubbles were nucleated below it.

In selecting a microscope objective, there exists a trade-off between the working dis-
tance and the focusing angle. A wide focusing angle, corresponding to a high numer-
ical aperture, would allow the highest energy density to be restricted to a very small
region in order to reduce secondary nucleations along the laser path (Tagawa et al.,
2016; Sinibaldi et al., 2019). To achieve a wide focusing angle there must be either a
very large optic or a small working distance. At a small working distance the bubble
would be nucleated too close to the water surface and the effect of the geometry of in-
terest would not be easily distinguished from the effects of the free surface. Therefore, a
numerical aperture was selected that balanced the working distance with the focusing

angle.

In this work a Nikon Plan Fluor 10X microscope objective (maximum numerical aper-
ture NA = 0.30) was used to focus the laser to the position where the bubble was cre-
ated. However, although the optic is rated to a numerical aperture of 0.30, the focusing
angle of the beam is also limited by its width entering the objective and so a lower ef-
fective numerical aperture is expected. In order to maximise the beam width, a beam

expander was used to double the beam diameter.

This optic resulted in the geometry being submerged approximately 25 mm deep below
the water surface. The relatively large distances to the tank walls, plate edges, and plate
holder mean that their effects on the experiments were negligible. The laser output
energy was typically set to 140 m] per pulse, and then modulated down by adjusting
the attenuator setting (typically between 30-35%) to use the minimal level that could
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produce a bubble. Bubbles typically ranged in diameter from approximately 1 mm to 3

mm.

The typical microscope objective experiment configuration used in this research is shown
in figures 2.2 and 2.3.

Beam Expander Mirror
Laser ] \

Microscope Objective D

Translation Stage

O Bubble
,_
| Geometry |
| I
Water Tank

FIGURE 2.2: Diagram of the experiment configuration. In addition to the equipment
shown, a high speed camera observes the bubble collapse, which is back-lit by a 100W
LED panel.

Mirror i

£7

] Backlight

Beam
Expander

FIGURE 2.3: A photograph showing the experiment configuration shown in figure 2.2.

2.1.2 Off-axis parabolic mirror

A laser directed at a parabolic mirror is focused down to a point in the parabola. An off-
axis parabolic mirror is a segment of a parabola, selected such that the laser is focused
at an angle away from the axis of the incident laser. Using a sufficiently large mirror,
with an expanded beam, this method of focusing can achieve wide focusing angles

with relatively large working distances.

Following the example of Obreschkow et al. (2013), we implemented an off-axis parabolic

mirror setup, as shown in figure 2.4. The principle constraints of the off-axis parabolic
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mirror setup were the achievable diameter of the laser and the required angle to keep
any geometry clear of the laser beam prior to focusing.

The initial laser output energy was approximately 97 m] and was subsequently atten-
uated with the attenuator set to between 70 % and 75 %. The beam was restricted by
an iris to be approximately 3 mm in diameter, in order to remain well-collimated after
expansion, and then expanded with a 10x beam expander to approximately 30 mm in
diameter. The expanded beam was focused by a gold off-axis parabolic mirror with
a focusing angle of approximately 41 degrees (equivalent numerical aperture = 0.35).
The mirror was submerged in the water, so the distance to the water surface was not a
concern. This methodology produced bubbles with radii ranging from 1.07 mm to 1.65
mm. Notably, the gold surface absorbed most of the laser energy, but was less likely
to degrade when immersed in water when compared to mirror materials designed to
operate with a 532 nm laser (Obreschkow et al., 2013). However, a recent study has
reported use of an aluminium off-axis parabolic mirror (Sieber et al., 2022) so the degra-

dation concern may not be as significant as originally assumed.

The typical off-axis parabolic mirror experiment configuration used in this research is
shown in figure 2.4.

Beam
Parabolic Mirror Expander
|:>| Laser
Translation
Stage oBubble

Porous Plate

Water Tank

FIGURE 2.4: Schematic showing the experimental setup for laser-induced cavitation
using an off-axis parabolic mirror to generate bubbles near a porous plate.

2.1.3 Comparison between optics

The core difference between the two methodologies is the symmetry and size of bubble
that is achievable based on the focusing angle. As will be discussed in section 4.4.2,
even without significant secondary nucleation, the shape of the bubble varies with the
shape of the initial plasma. As the bubble becomes less spherical, the spread of mea-
surements of bubble collapse properties increases. Thus, it is desirable to create the
most spherical bubbles possible. Using the microscope objective method, the mean ec-
centricity of the bubble image at maximum size was 0.23. Using the off-axis parabolic

mirror method, this was reduced to 0.13. This allows more precise measurements to be
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taken, which is necessary for assessing small variations such as those investigated in

chapter 5.
In addition to this primary difference, there are some secondary considerations.

Firstly, the off-axis parabolic mirror method produced far more repeatable bubbles. To
quantify this, the slots data used in chapters 3 and 4, using the microscope objective
method, had a mean bubble radius of 1.09 mm with a standard deviation of 0.12 mm
(11 %). In contrast, the porous plates data used in chapter 5, using the off-axis parabolic
mirror method, had a mean bubble radius of 1.42 mm with a standard deviation of just
0.04 mm (2.8 %).

Secondly, due to the wider angle of convergence, the laser also diverges faster beyond
the focal point when using the off-axis parabolic mirror method. This reduces the con-
centration of laser energy that impinges on nearby geometries. For transparent ge-
ometries this has little effect, but for opaque geometries, this absorbed energy can be

important as will be shown in section 5.4.1.

Finally, and the principle downside of the off-axis parabolic mirror, the microscope
objective method is much less sensitive to misalignment of the optics. Figure 2.5 shows
a ray tracing simulation of the laser being focused by the off-axis parabolic mirror. The
inset plots of figure 2.5(b and c) show zoomed-in views of the focal region. Figure 2.5(b)
shows the focal region of an aligned mirror and figure 2.5(c) shows the focal region of a
mirror misaligned by just 1 degree anti-clockwise. It is clear from these diagrams that
even very small misalignment can severely compromise the quality of the focal point.
In figure 2.5(b), the laser is focused to a single point of maximum energy density at
which a bubble would be nucleated. However, in figure 2.5(c), the maximum energy
density is spread across the left edge of the focal region which would result in a range
of possible nucleation points. Figure 2.5(d) is from a frame of a high-speed recording
of bubble formation and collapse. The bright region in this frame follows the laser
path and appears to indicate regions of higher laser concentration, although the exact
source of this light is unclear as the laser wavelength is filtered out. This frame shows
two bubbles being simultaneously nucleated at a point away from the desired focal
point due to the visible misalignment.

2.2 Recording

In both cases, a Photron FASTCAM SA-X2 high speed camera was used to record the
bubble collapse. The camera recorded at 100 000 frames per second and used a 105
mm Nikon Micro-Nikkor lens. A 550 nm longpass filter was used to protect the camera
from the laser. The camera triggered the laser to ensure accurate synchronising of the
recording and the bubble collapse. For each experiment, 100 frames were recorded,
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FIGURE 2.5: (1) Two-dimensional ray tracing simulation of a laser being focused by a

parabolic mirror. The typical size of a camera frame is indicated for comparison. () A

zoomed-in view of the focal area of the simulation in (4). (c) A zoomed-in view of the

focal area of a similar simulation with a mirror misaligned by 1 degree anti-clockwise.

(d) Part of a frame from a high-speed recording with the background subtracted show-
ing a poorly-aligned focal region during plasma formation.

spanning 1 ms of time. A 100 W LED panel was used to back-light the bubble collapse
such that the bubble appears dark on a light background in the recorded images.

2.3 Image processing

2.3.1 Bubble measurement

Image processing techniques were used to extract data from the recorded movies. The
background was removed by subtracting each frame from the very first frame, which
has no bubble, to produce a white bubble on a black background (figure 2.6b). A thresh-
old filter was applied to convert the isolated bubble image into a binary array of pixels
(figure 2.6¢). A binary opening operation was performed that works to remove small
objects from around the bubble such as small additional bubbles (applied in figure 2.64
although in this case it changes very little). The resulting image typically has a hole in
the center of the bubble, caused by the back-light being refracted through the bubble.
This hole was filled (figure 2.6¢) and any additional small objects in frame were also re-
moved (figure 2.6f). The bubble area was then measured as the total number of white

pixels in the image and the position was calculated as the centroid of these pixels.

This analysis was repeated for each frame of a recording. The bubble radius was de-
termined by assuming a spherical bubble such that R = \/A/m where R is the bubble
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FIGURE 2.6: An example of each step of the image processing used to measure the
bubble position and size.

radius and A is the bubble area in frame. Thus, a plot of bubble radius over time
was produced as in figure 2.7(b). The spherical bubble assumption holds reasonably
well for bubbles near their first and second size peaks as shown in figure 2.7(a). When
the bubble is not spherical, this can simply be taken as an equivalent bubble radius.
The position of the bubble centroid and the radius of the bubble were measured at the
tirst two bubble size maxima to give a displacement direction, dimensionless displace-
ment distance A/ Ry, and dimensionless rebound size R;/Rj. These measurements are
shown in figure 2.7(c). The direction is investigated in chapter 3 and the distance and
rebound size are investigated in chapters 4 and 5.

2.3.2 Calibration

The movement of the background geometry in frame between different bubble posi-
tions was used to calibrate the size of objects in the frame. The translation stage moved
the geometry perpendicular to the camera frame so the known translation distance
could be compared to the distance moved in the image to provide a measurement of
millimetres per pixel of the image. This technique was applied across multiple frames
to provide an accurate calibration. This calibration technique was compared to placing
an object of known size (callipers set to 1 mm) in the frame and measuring the pixels
manually. The translation-based technique was at least as accurate and required far

fewer manual measurements.

These calibrations were applied to the area and translation data to provide physical
sizes and distances and were also used to measure geometry in the recorded frames.
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FIGURE 2.7: (a) Cropped frames of a bubble collapsing near a boundary. Circles with

area equal to the bubble are shown for each of the size maxima (t = 140 us and

t = 340 us). (b) Plot showing the measured bubble radius for the measured time span.

(c) Composite of the two size maxima frames with equivalent circles and measured

parameters annotated. Ry is the initial maximum bubble radius. R; is the maximum

bubble radius during the rebound. A is the displacement of the bubble centroid be-
tween the first and second bubble maxima.
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Chapter 3
Bubble collapse near slot geometries

This chapter is based on a paper that has been published in Journal of Fluid Mechanics (An-
drews et al., 2020). Experimental data gathering and preliminary analysis for this paper were

performed as part of an internship prior to beginning the current programme.

3.1 Abstract

The collapse of a gas or vapour bubble near a solid boundary produces a jet directed
towards the boundary. High surface pressure and shear stress induced by this jet can
damage, or clean, the surface. More complex geometries will result in changes in col-
lapse behaviour, in particular the direction of the jet. The majority of prior research
has focused on simple flat boundaries or cases with limited complexity. There is cur-
rently very little known about how complex geometries affect bubble collapse. We
numerically and experimentally investigate how a slot in a flat boundary affects the jet
direction for a single bubble. We use a boundary element model to predict how the jet
direction depends on key geometric parameters and show that the results collapse to a
single curve when the parameters are normalised appropriately. We then experimen-
tally validate the predictions using laser-induced cavitation and compare the experi-
mental results to the predicted dependencies. This research reveals a tendency for the
jet to be directed away from a slot and shows that the jet direction is independent of
slot height for slots of sufficient height.

3.2 Introduction

The collapse of a gas or vapour bubble near a solid boundary forms a liquid jet that
impinges on the boundary (Plesset & Chapman, 1971). The impinging jet can damage,
or clean, the boundary surface due to the pressure and wall shear stress induced at
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the boundary (Dijkink & Ohl, 2008; Koukouvinis et al., 2018). In addition to the jet
impingement, shock waves emitted during collapse events may contribute to the effects
on the boundary, however it is not clear in which regimes the jet or shock waves are
more dominant (van Wijngaarden, 2016). Studying the collapse of single bubbles is a
valuable tool for understanding the mechanics involved as the effects of the jet are the
result of individual bubble collapses (Benjamin & Ellis, 1966). An understanding of
individual bubble collapses can also inform investigation of cavitation erosion caused
by many individual collapse events building up over time (Fernandez Rivas et al., 2013).
Some common areas in which these bubbles occur are cavitation damage (Sreedhar
et al., 2017), hydraulic systems (Luo et al., 2016), and ultrasonic cleaning (Verhaagen &
Fernandez Rivas, 2016).

Developing a better understanding of the effects of cavitation collapse can increase the
lifespan of components such as ship propellers (van Terwisga et al., 2007) and tidal tur-
bines (Kumar & Saini, 2010) or determine the effectiveness of ultrasonic cleaning for
complex geometries (Verhaagen et al., 2016; Reuter et al., 2017). There are also numer-
ous applications in biomedical fields such as reducing tissue damage during surgery
(Palanker ef al., 2002), investigating mechanisms of cell death in cases where cavita-
tion could be used for drug delivery (Dijkink ef al., 2008), using cavitation to facilitate
needle-free injections (Oyarte Galvez et al., 2020), and studying the contribution of cav-
itation in traumatic brain injuries (Canchi et al., 2017) where cavitation is induced by
high accelerations (Pan ef al., 2017). More novel applications of cavitation include pro-
ducing high speed liquid jets at small scales (Karri et al., 2012), using cavitation as an
ice-breaking mechanism (Cui ef al., 2018), and understanding biological mechanisms
such as those employed by the snapping shrimp (Versluis et al., 2000; Shimu et al., 2019).

The majority of prior experimental research has focused on the jet dynamics near sim-
ple flat boundaries (Benjamin & FEllis, 1966; Plesset & Chapman, 1971; Kucera & Blake,
1990; Dijkink & Ohl, 2008; Supponen et al., 2016) or cases with limited complexity such
as axisymmetric boundaries (Tomita et al., 2002) or parallel boundaries (Han et al., 2018;
Gonzalez-Avila et al., 2020a). Although understanding how bubbles behave near sim-
ple geometries is important, in reality geometries have many more complex features
such as corners, indentations, slots, and surface imperfections. For this reason further

investigation of complex geometries is important.

Some more complex geometries have been studied, such as parallel boundaries closed
at one end (Brujan et al., 2019), semi-infinite boundaries (Kucera & Blake, 1990), near
combinations of a free surface and an inclined flat boundary (Zhang et al., 2017), inside a
set of concave corners (Kucera & Blake, 1990; Brujan et al., 2018; Tagawa & Peters, 2018;
Wang et al., 2020), and inside rectangular and triangular channels (Molefe & Peters,
2019). A recent experimental study has investigated how a ridge-patterned structure
can affect the bubble surface evolution and jet dynamics when a bubble is generated



3.3. Problem definition 25

on the ridge and between the ridges (Kim & Kim, 2020). There have also been investi-
gations into related phenomena such as the behaviour of ultrasonically driven bubble
clouds near larger bubbles trapped on pit geometries (Stricker et al., 2013) and bub-
ble collapse dynamics in microfluidic systems of channels with various shapes (Zwaan
et al., 2007).

Studies on more complex geometries typically focus on interior geometries and exploit
analytical tools such as the method of images (Kucera & Blake, 1990; Tagawa & Peters,
2018; Molefe & Peters, 2019) or fully resolve the flow using complicated simulations
(Wang et al., 2020). There are also some studies that only investigate the geometry ex-
perimentally (Zhang et al., 2017). Harris (1996) presents a simplified numerical model
to determine the Kelvin impulse for the treatment of general complex geometries, how-
ever the results are not validated. In this research we present and validate a simple
numerical model that can be used to treat complex geometries and present results for a

complex exterior geometry.

Aliquid jet impinging on a boundary can be characterised by its strength and direction.
In this paper we investigate the effect of a slot in a flat plate (shown in figure 3.14) on the
jet direction. Slot geometries are common and some other geometries in flat surfaces
could be modelled as a series of slots. Examples of geometries that could be approxi-
mated by slots are scratches in flat surfaces, trenches in semiconductor manufacturing,
and various 3D printed objects. These slots could impact how well the surfaces are

cleaned or cause concentrations of cavitation damage.

The paper is structured as follows. The problem is defined in section 3.3 and some
qualitative predictions are made. The experimental procedure is outlined in section
3.4.1 and the numerical method is defined in section 3.4.2, including some key mathe-
matical derivations. The numerical method is then employed in section 3.5.1 to make
some quantitative predictions of the jet direction. Experimental results are presented in

section 3.5.2, and subsequently compared to the numerical predictions in section 3.5.3.

3.3 Problem definition

We define a slot as a rectangular channel in a surface, as shown in figure 3.1(a). The slot
has width W and height H. A bubble is positioned horizontally at a distance X from the
slot centre and vertically at a distance Y from the boundary surface. The bubble radius
can be neglected when considering only the jet direction, which is discussed further in
section 3.4.2.3. The jet direction is measured anticlockwise from the downwards direc-
tion such that a positive angle is towards the right side of the slot. These definitions
are shown in figure 3.1(b). The jet angle is a function of the other four parameters, as
defined in equation 3.1. From dimensional analysis, this function can be reduced to a
function of the three non-dimensional variables x = 2X/W,y =Y/W,and h = H/W.
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The horizontal position of the bubble is normalised with respect to half of the width of
the slot so that the bubble is directly above the edge of the slot at x = 1. The vertical
position of the bubble is normalised with respect to the width as this provides the most
versatility. A slot with an infinite height can still be regarded as a slot, whereas a slot
with infinite width is no longer a slot. Normalizing with only the width allows the
non-dimensional vertical position to retain relevance for all geometries that could be
considered as slots. The jet angle, defined in both forms, is thus

0=f(X,Y,HW)=g(x,yh). (3.1)

The physical mechanisms affecting the jet direction can be qualitatively understood.
When the bubble collapses it draws in fluid from the surroundings. When the bubble
collapses in infinite fluid, with no nearby boundaries, the fluid is drawn in completely
symmetrically, leading to a spherically symmetrical collapse. If a solid boundary is
present, the fluid cannot be drawn directly through the boundary so the boundary is
‘impeding’ the flow (Blake, 1983). This impedance means that the fluid on the bound-
ary side of the bubble is slower than on the open fluid side. For this reason the bottom
of the bubble collapses slower than the top, creating an impulse towards the bound-
ary known as the Kelvin impulse (Blake, 1983). Using this idea of relative impedance,
some predictions can be made about how the bubble should behave near the slot. The
slot contains fluid, so it should be easier for the bubble to draw fluid from the slot than
from a solid boundary, effectively having a lower relative impedance. Thus, the fluid
on the slot side of the bubble will move more quickly than on the solid boundary side.
This means that the jet should be directed away from the slot. An example of a bubble
collapse near a slot is shown in figure 3.2; note how the jet is directed away from the
slot. Based on symmetry and limiting behaviour, two more predictions can be made.
First, based on symmetry, when the bubble is above the centre of the slot, the jet should
be directed straight down (8 = 0). Second, as the bubble moves infinitely far from the
slot (x — c0) the boundary becomes a simple flat boundary and the jet must also be
directed straight down. Based on these predictions, it is expected that there will be
some maximum 6 between x = 0 and x — oo with a negative minimum of an equal

magnitude on the opposite side of the slot.

3.4 Methods

3.4.1 Experimental method

Experiments were conducted using laser-induced cavitation (Lauterborn, 1972; Noack
& Vogel, 1999) with the microscope objective method described in section 2.1.1. Slot
geometries for a range of slot widths and heights were created by layering laser cut
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(a) (b)

v

/

FIGURE 3.1: (a) Schematic view of a slot in the surface of a flat boundary constructed
from layered acrylic. (b) The parameters defining a slot, bubble position, and jet direc-

tion.

t=9 us t =99 us t =179 pus t =219 ps t =589 us

FIGURE 3.2: Snapshots from a high-speed recording of a bubble collapse near a slot
with width W = 2.2 mm and H = 2.7 mm with the bubble positioned at a vertical dis-

tance Y = 2.29 mm and horizontal distance X = —2.03 mm. The jet angle is measured
to be 0 = —0.099 radians (—5.7 degrees). The slot outline is indicated by the black
dashed line.

acrylic, as shown in figure 3.1(a). The plates were 50 mm wide and the slots extended
50 mm along the plate. Bubbles ranged in diameter from approximately 1 mm to 3
mm. Around the jet angle peaks the bubbles were at least 10 bubble radii away from
the plate edges. The relatively large distances to the tank walls, plate edges, and plate
holder meant that their effects on the jet angle were negligible. Bubbles were at most
16 bubble radii away from the slot centre horizontally, and ranged between 1.25 and
8.6 bubble radii from the slot surface vertically. Figure 3.2 shows snapshots from one
recording of a bubble collapsing near a slot.

As described in section 2.3, recordings were post-processed in Python to measure key
characteristics such as the bubble size variation over time and the direction of the re-
sulting jet. To determine the jet direction, a vector was taken between the centroid po-
sitions of the first and second maxima of the bubble size (at 99 us and 219 us in figure
3.2) which is generally a good approximation of the nominal jet direction at a position
and is straightforward to measure (Tagawa & Peters, 2018). From this analysis, and po-
sition measurements from the translation stage, graphs were produced characterising
how the jet direction varied with bubble position and geometry characteristics.
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3.4.2 Numerical method

The collapse of a gas or vapour bubble occurs on a timescale where viscous effects are
not significant and the water can be considered incompressible for the majority of the
collapse. This means that the collapse can be modelled by a velocity potential ¢. Vari-
ous methods have been used to solve for this velocity potential. Simple potential flow
models using mirror sinks have been used to predict the jet direction in limited geome-
tries (Kucera & Blake, 1990; Tagawa & Peters, 2018; Molefe & Peters, 2019). More com-
plex boundary integral methods and boundary element methods have been applied,
typically to simulate how the surface of the bubble moves during collapse (Kucera &
Blake, 1990; Harris, 1996; Li et al., 2016; Brujan et al., 2019). In this research a simplified
boundary element method is used to predict the jet direction without resolving how
the surface of the bubble moves over time. This is similar to the mirror sink model em-
ployed by Tagawa & Peters (2018) and Molefe & Peters (2019) to compute jet direction
but with an infinite distribution of ‘mirror” sinks along the geometry boundary as in
boundary element methods. This method combines the simplicity of the mirror sink
model for finding the jet direction with the geometric versatility of boundary element
methods. Using a simple model keeps the computational cost low, allowing for analy-
sis of many different geometries across large parameter spaces. The method employed
in this research is similar in form to that used by Harris (1996) but without solving for
the bubble variation with time. Three key derivations are included here for complete-
ness: the numerical method used, the derivation of the effect of a panel on itself, and
the derivation of average bubble surface velocity for considering the effect of bubble
size. Validation of the numerical model is also demonstrated in this section.

3.4.21 Boundary element method

The boundary is modelled as an infinite distribution of sinks on the boundary surface
with varying strength. The infinite distribution of sinks is divided into panels such that
the strength of the sinks within a panel can be approximated by a constant strength
across the whole panel. The strength of each panel is determined by asserting no flow
through the boundary surface at the centre of every panel and solving the resulting
system of linear equations. The derivation for these equations is shown here.

A sink at position xs induces a velocity V¢ = u at any position x # x;

_ m(x—xs)

= = o/ 3.2
47t|x — x5 |3’ (3.2)

where m is the volume flow rate of the sink, typically referred to as the sink strength.
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The flow through a surface with normal vector n is the scalar product of the velocity at
that point, u, with the normal vector:
9¢ 4’

0 a

The velocity through the wall is a combination of the normal velocity from the bubble,
o¢,/dn, and the normal velocity from the wall, d¢, /91, which must sum to zero for

the no-through-flow condition to be met:

0p _ Oy 9w _
on  on | om =0 (34)

Thus, the normal component of the velocity from the wall can be expressed as the
negative of the normal component of the velocity potential from the bubble.

W _ _ Py (3.5)

on on

To determine the normal velocity from the bubble at a position x, the results from equa-
tions 3.2 and 3.3 can be combined to give

0Py _ _ (X —xp)
oy W n= 7Tx — x| n (3.6)
where x,, is the position of the bubble.

Similarly, the velocity contribution from the wall can be expressed with the integral of

the boundary sink strength density ¢ over the wall surface W.

a4>w / / xo) ——X%__ ndw, 3.7)

47X — X3

where xy, is a position on the wall surface.

The wall surface is expressed as a series of N panels, each with a constant sink strength

density, i, centroid position, X;, and an area, A]-. Thus, equation 3.7 is approximated

by

M & Aj(x—xj)-n
= Sl RS EA— 3.8
on ;UJ 4rr|x — x;|3 (3:8)
]7
Substituting equations 3.6 and 3.8 into 3.5 yields
N 4A]‘<X—X]')‘n_ (X—Xb)'l‘l

; T 4mix — x| T M x =X (3.9)
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This can be rewritten in terms of factors relating to the relative positions of each point.
In this research, R denotes these factors such that

Ai(x—xj)-n
Rj=—1—"_"7~ 3.10
J 47'C|X —X]'|3 ( )
(x—xp) n
Ry = —F—"—%, 3.11
"7 4nx — x,P 311
and
N
ZR](T] = —mbRb. (312)
j=1

In order to calculate the sink strength densities, 0}, equation 3.12 must be solved at a
number of points on the boundary equal to the number of panels. For a reasonable dis-
tribution of points, and convenience, these points are selected to be the panel centroids.
Defining Ri; as the effect of the second panel at the centroid of the first panel, and so

on, we write

Ri1 Ryp...Rin R
Ry1 Ry ...R R
21 Ro | - .b2 / (3.13)
_RNlRNz- . -RNN_ _RbN_
Ro = —muRy, (314)

where each term of the R matrix is

Aj(xi —xj) - m;

R (3.15)

1= ey =P

which is undefined for any value i = j. This is resolved in section 3.4.2.2.

As with any system of linear equations, the system in equation 3.14 could be solved in
many ways. However, it is noted that the R matrix is fixed for any given geometry and
is entirely independent of bubble position. Thus, if multiple bubble positions need to
be evaluated for a single boundary geometry, a single inversion of the R matrix can be
used to solve the system for all bubble positions using

o = —m,R™'R,. (3.16)

Although other methods would be faster for solving the system for a single position,

this method is far more efficient when multiple bubble positions need to be solved.

This method generally performs well, as will be demonstrated in later sections, but is
vulnerable to ill-conditioned systems in some cases. However, such systems can be

identified using the condition number of the R matrix and avoided.
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3.4.2.2 Panel integral

The normal velocity induced by a panel at its own centroid is required in order to solve
equation 3.13. For the majority of the panel this poses no issue; the velocity induced
by a point that is not at the centroid is entirely tangential to the panel and so does not
contribute to the normal velocity. However, the velocity induced by the centroid itself
is undefined. Following the example of Brebbia & Dominguez (2001), the singularity
can be resolved.

The panel is deformed such that the centroid is expanded into a hemisphere with radius
€, as shown in figure 3.3. The velocity normal to the panel at the centroid becomes the
integral of the normal velocity induced by the sink at the centroid position over the

whole hemisphere.

For any point on the hemisphere, the velocity induced by the centroid sink is always
normal to the surface. The normal velocity at any such point is thus

g

un=—.
47e?

(3.17)

For a circle on the hemisphere aligned parallel to the panel, with all points at an angle
@ from the horizontal, the sum of velocities is

o o
Ucircle = WZTL’G cos(¢p) = % cos(o). (3.18)

This is integrated over the whole hemisphere to give

/2 & o /2 o
Utotal = /0 Ecos(q))ed(p = E/o cos(¢)de = 5 (3.19)

which is independent of the hemisphere radius, . As € — 0, the velocity induced
by the panel at its own centroid is a constant ¢/2 and so the relative position factor is
R=05.

FIGURE 3.3: A cross-section of a panel (dashed line) deformed such that the centroid
is a hemisphere (solid line), with radius €, centred on the panel centroid.

3.4.2.3 Average surface velocity

Previous research (Tagawa & Peters, 2018; Molefe & Peters, 2019) has shown that the
jet direction is accurately predicted by the velocity that the mirror sinks induce at the
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position of the bubble centroid.

The jet direction is aligned with the bubble translation velocity which is defined as the
velocity of the centroid. We define the centroid as the average position of the bubble
surface, so the velocity of the centroid is the average velocity of the bubble surface. In
this section, it is shown that the induced velocity at the centroid of a spherical bubble

is equal to the average velocity of the bubble surface, independent of bubble size.

The velocity induced by any individual sink on a point is given by

mr
=, 3.20
ey (3:20)

where r is the vector from the sink to the point.

By integrating u over a sphere it can be shown that the total velocity on the surface of
the sphere is
R2d
Ugotg) = —M |d|3 ’ (3.21)
where R is the radius of the sphere and d is the vector from the sink to the bubble

centroid.

The average velocity on the surface of the sphere is thus the total velocity divided by

the surface area of the sphere,

u _ Weotal B WIRZCI _ md
W8T AnR? T 4AnRAd]E T 4m|dP’

(3.22)

which is equal to the velocity induced by the sink at the bubble centroid.

Due to the properties of potential flow, the velocity induced by every sink is simply a
linear summation of the velocity induced by each individual sink. Thus, the average
surface velocity of a sphere induced by a combination of sinks is equal to the velocity
at the centre of the sphere. It is noted that the bubble sink itself does not contribute to

the average surface velocity as all components cancel out.

3.4.2.4 Verification

Verification, as well as initial validation, of the boundary element method presented
here was performed by comparison to the analytical model presented in Tagawa & Pe-
ters (2018). Figure 3.5 shows a schematic of a 6. = 77/2 corner with uniform length
and equal depth. This geometry, and similar models with varying corner angles, were
generated using the BEM and then compared to the method of images model presented
in Tagawa & Peters (2018). Figure 3.4 shows comparisons between the BEM (labelled
‘Numeric’) and method of images (labelled ‘Analytic’). The comparisons to the ana-

lytic solution are broadly good, especially so for a corner angle of 7t/2. However, the
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quality of the solution does vary with the corner angle. Notably, the 77/4 corner has
particularly poor agreement. For each corner BEM model, the infinity norm condition
number, ||R||w, is shown. A high condition number indicates that the solution to the
system of equations is very sensitive to small changes in the input. For the compar-
isons here, when the condition number is very high the solution is notably poor. This
indicates that this BEM model is vulnerable to ill-conditioned systems, but that these

systems can be detected and avoided.

Figure 3.6 shows the root mean squared difference (RMSD) between the BEM model
solution and the method of images solution. This is calculated by numerically integrat-
ing the square of the analytical solution subtracted from the numerical solution in the
range 0./4 < 6, < 36./4. This limits the effect of near-panel interactions. The mean
square difference is obtained by dividing the integral by 6./2 and then the square root
is taken to obtain the RMSD.

For figure 3.6, the bubble was positioned at a distance 5 from the center of the corner
and panel sizes were selected such that, as the bubble approached the plates, it would
align with the center of a panel. This ensured consistent results as the position of the
bubble relative to the panels when approaching the boundaries can slightly vary the
solution. The analytic solution is equivalent to a panel size of zero and an infinite plate
length, L — oco. As the panel size tends to zero, the RMSD tends to a limiting value and
as the plate length increases, this limiting value decreases. This indicates that the BEM
model converges to a stable solution, and that the stable solution is accurate.

3.5 Results and discussion

3.5.1 Numerical results

Using the boundary element method described in section 3.4.2, the jet direction can be
modelled for given geometric parameters. Up to 20 000 panels were used to model
the boundary, with a distribution such that there were more panels near the slot than
towards the edges of the plate. The Python implementation of the boundary element
method developed for this research runs on a standard desktop computer, where the

primary limitation is the memory required to store the matrices.

Figure 3.7 shows a contour plot of the jet angle for a slot with a square cross-section
(h = 1). As predicted qualitatively, the jet is directed towards the boundary but angled
away from the slot. Three main regimes are revealed. Close to the boundary but far
from the slot (low y, high x) the jet angle is dominated by the flat boundary and is not
significantly affected by the slot. This leads to a very low jet angle. Near the centre
of the slot the geometric symmetry dominates, again leading to low jet angles. The

third regime is between these two, where the bubble is far enough from the centre that
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FIGURE 3.4: Comparisons between analytic and BEM solutions for a series of corners.
Dashed lines are numerical model results using the BEM. Solid lines are analytical
results using the method of images.

symmetry does not dominate, and positioned such that the slot has a significant effect
relative to the flat boundary.

In order to more easily quantify this shape, and for simpler comparison to experimental
results, slices of the § contour are taken with constant y and a range of x. One such slice
is shown in figure 3.7(b) and is the form in which data will be presented hereafter.
As in the contour plot, this plot shows that the jet tends to be directed straight at the
boundary when the bubble is far from the slot. As the bubble approaches the slot the
jetis angled away from the slot centre down to a negative peak jet angle. After the peak
the jet angle tends back towards zero, crossing zero at the centre point. The jet angle
then increases to an equal and opposite peak on the other side of the slot due to the
symmetry of the geometry.

Using the normalised geometric parameters, two sets of numerical predictions have
been plotted in figures 3.8 and 3.9 to show how the jet angle curve varies with 1 and y.

Figure 3.8(a) shows that the peak jet angle increases as the normalised slot height, h,
increases. This is because the slot contains more fluid and so its relative impedance is
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FIGURE 3.6: Convergence plot for the 71/2 corner geometry for decreasing BEM panel

length and increasing corner plate length.

decreased. The position of the peak moves closer to the slot as the height is increased.

These curves have a similar shape, which can be characterised by two parameters defin-

ing the peak. For a given y and h, the maximum value of 0 is 8 and occurs at x = x*.

Thus, 6 can be normalised with 6*, and x can be normalised with x*.

A 0 X
==

(3.23)
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FIGURE 3.7: (1) A contour plot of 6 as a function of x and y. The slot, with h = 1, is

represented by the black line, with points plotted at the panel centroids. Very close to

the boundary the jet angle is more strongly affected by individual panel sinks rather

than the boundary as a whole leading to the more rapid variations visible near the

boundary. (b) A plot of 0 against x for y = 1, corresponding to the black dashed line
on the contour plot in (a).

When these curves are normalised, as shown in figure 3.8(b), they collapse down to
being very close to the same curve, with the exception of the data with the lowest
height (h = 0.5).

Figure 3.9(a) shows that the peak jet angle, 8%, increases as the normalised vertical dis-
tance away, y, decreases. This is because the bubble is closer to the boundary and so
is more strongly affected. The position of the peak, x*, moves further from the slot as
the vertical distance away is increased. When these curves are normalised, as shown
in figure 3.9(b), they also collapse down to being very close to the same curve, with the
exception of the data closest to the boundary (y = 0.5).

It is noted that the i = 1 curves in figure 3.8 are the same as the y = 1 curves in figure

3.9 showing that the curves from both figures collapse to the same curve.

As mentioned, the curves collapse except for bubbles very close to the boundary, or
with slots that have a low height. For these cases, the effect of the slot can be treated
as two opposing steps with a relatively large separation. A single step would cause a
single jet angle peak. When the effects of two peaks with opposite signs are combined,
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the gradient in the middle depends on the separation of the peaks. If the peaks are very
close, then the peaks blend together resulting in the collapsed shapes seen in figures
3.8(b) and 3.9(b). If, however, the peaks are far apart then a pronounced kink in the
curve appears at the middle of the slot, as shown by the & = 0.5 curve in figure 3.8
and the y = 0.5 curve in figure 3.9. When bubbles are close to the boundary the effects
of each side of the slot are relatively more separated, as is also the case for low height
slots. Most slots have h > 1 and y > 1 where the peaks merge giving the collapsed
curve shape; only these curves will be considered in further analysis.

1.0 1

0.5

< 0.0
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FIGURE 3.8: (a) § against x for a range of slot geometries characterised by / and a fixed

value of y = 1. The slot boundaries are indicated by the dashed vertical lines (x = —1,

x = 1). (b) Normalised 0, 6, against normalised x, %, for the same values of h. The

curves collapse well onto one curve when normalised. The & = 1 curves here are the
same as the y = 1 curves in figure 3.9.

As the curves in figures 3.8 and 3.9 collapse well onto the same curve, 6* and x* can
be used to characterise the variation of the jet angle with the parameters & and y. Two
contour plots in figure 3.10 show 6* and x* plotted as functions of & and y.

Figure 3.10(a) shows that the maximum jet angle, 6*, depends most strongly on the
dimensionless vertical bubble position, y. As y increases, with the bubble moving far
from the slot, the maximum jet angle tends towards zero. As y tends towards zero, the
maximum jet angle increases very rapidly, but is bounded by the solution for a convex

right-angle corner as would be the case for a bubbleaty =0asx — 1.

Figure 3.10(a) shows a weaker dependence of maximum jet angle on the dimensionless
slot height, 1, compared to the dependence on y. As h increases, the maximum jet angle
tends towards a limit, as can be observed in the contour, showing only a dependence
on y for large values of /. The figure also shows that the maximum jet angle tends to

zero as h tends to zero which is expected as the slot becomes a flat plate.
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FIGURE 3.9: (a) 6 against x for a range of slot geometries characterised by y and a fixed

value of i = 1. The slot boundaries are indicated by the dashed vertical lines (x = —1,

x = 1). (b) Normalised 6, 6, against normalised x, £, for the same values of y. The

curves collapse well onto one curve when normalised. The y = 1 curves here are the
same as the i = 1 curves in figure 3.8.

Figure 3.10(b) shows the dependence of the position of the maximum jet angle, x*, on
both y and h. x* increases approximately linearly with y, as might be predicted from
tigure 3.7(a). For low values of i the gradient of the linear relationship changes, but as
h increases the gradient tends towards 1 (this can be seen in figure 3.15(b) where the
gradient of the x*-y line is approximately 1). It is noted that, for very low jet angles, the
position of the peak becomes more sensitive to numerical errors and imperfect bound-
ary conditions, such as the edges of the plate. Very low jet angles are found at low h
and high y values, in the top left corners of the contour plots in figure 3.10.

Both 0* and x* exhibit limiting behaviour as / increases. This suggests that at some
point increasing the height of the slot will have a negligible effect on the jet angle. Even

for lower values of &, the variation with # is typically much less significant than with y.

3.5.2 Experimental results

Experiments were conducted by performing a horizontal sweep over a selected slot at
fixed vertical distances Y. The horizontal positions tested were selected to focus most
of the data around both 0 peaks and to observe the behaviour at a large horizontal
distance on at least one side of the slot. Each position was tested multiple times; for

most experiments there were five repeats.

In order to understand the stochastic variation of 6 that occurs at each position, two se-
ries of experiments were conducted with 50 repeats at each position. From this data it
was observed that the standard deviation of jet angle is reasonably consistent for all po-
sitions and conforms well to the normal distribution. We did not observe a dependence
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FIGURE 3.10: Contour plots of peak jet angle, 8%, and peak jet angle position, x*, as
functions of non-dimensional vertical distance, y, and non-dimensional slot height, /.

of jet angle variation on the magnitude of the bubble displacement. This standard devi-
ation was therefore applied to the remainder of the data to provide statistical error bars
that show a 99% confidence interval of the mean at each position based on the number

of repeats at those positions.

A second order polynomial curve fit was applied around each of the two peaks of the
0-x curve. As the geometry is symmetrical the two peaks should be equal and opposite;
the peak on the negative x side should have a negative 6 value of the same magnitude
as on the positive x side. Thus, if the polynomial curve fits on each side are slightly
offset from being symmetrical, all of the data can be shifted by the offset in both § and
x to achieve symmetry. Offsets in 6 are most likely caused by misalignments in the
experiment. Other possible sources of asymmetry would cause offsets of much lower
magnitudes than even minor misalignments. In addition to correcting for misalign-
ments, low quality data can be identified by very large curve fit offsets. The curve fit
from one side, mirrored in both axes, should fit the data from the opposite side. If this is
not the case then it can be concluded that the data is of a low quality and thus neglect it
from further analysis. Of the data collected in this research, horizontal sweeps at three
y values for the W2H6 geometry were neglected on this basis and thus not presented
here.

Data was gathered for both peaks so that this symmetry analysis could be conducted.
However, only one side of the slot was tested to a greater horizontal distance as the
behaviour in this region is already well understood. An example sweep with the curve
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Label W (mm) H (mm)

WI1H3 1.23
W2H3a 2.20
W2H3b 2.20
W2H6 2.20
W2H9 2.14
W2H12 2.20
W4H12 4.20

2.74
2.70
2.90
5.40
8.21
11.50
11.47

Y values measured (mm)

1.94,2.91, 3.89
1.77,2.29,2.81, 3.32,3.84

2.66, 3.68
1.52,1.99
1.66, 2.66
2.63
243,343

h

2.23
1.23
1.32
2.45
3.84
5.23
2.73

Yy
1.58,2.37,3.16
0.80,1.04,1.28,1.51,1.75
1.21,1.67
0.69, 0.90
0.78,1.24
1.20
0.58, 0.82

TABLE 3.1: Measurements of geometries used. Labels refer to the nominal width and

height.

tit plotted is shown in figure 3.11. In this example the peaks are slightly offset from

being symmetrical, so the data would be shifted before conducting further analysis.

The geometries tested are shown in table 3.1 and the jet angle data is summarised in fig-

ure 3.12. The experimental results follow the same qualitative trends as the numerical

predictions. There is a negative jet angle peak on the left side of the slot, and a positive

jet angle peak on the right. The magnitude of jet angle peak increases as y decreases

and h increases. The position of the jet angle peak increases as y increases, but it is more

difficult to discern how the position varies with h.
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FIGURE 3.11: An example curve fit on data using slot "'W2H3a’ from table 3.1 (W = 2.2

mm, H = 2.7 mm). The bubble was positioned at a vertical distance Y = 2.81 mm.

The points are the experimental data and the lines are the two curve fits. The slot
boundaries are indicated by the dashed vertical lines (x = —1, x = 1).

3.5.3 Comparison

We will now proceed to directly compare our experimental data to the numerical re-

sults.
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FIGURE 3.12: 6 plotted against x for all experimental data from table 3.1. The slot

boundaries are indicated by the dashed vertical lines (x = —1, x = 1). Data is coloured

by y value; peak 6 decreases as y increases. (2) W1H3: blue y = 1.58, orange y = 2.37,

green y = 3.16. (b) W2H3a: blue y = 0.80, orange y = 1.04, green y = 1.28, red

y = 1.51, purple y = 1.75. (c) W2H3b: blue y = 1.21, orange y = 1.67. (d) W2H6: blue

y = 0.69, orange y = 0.90. (¢) W2H9: blue y = 0.78, orange y = 1.24. (f) W2H12: blue
y = 1.20. (¢) W4H12: blue y = 0.58, orange y = 0.82.

Figure 3.13 shows a direct comparison between four experimental data curves and
boundary element method predictions for the same geometric parameters. These plots
show a good agreement between predicted curves and experimental results. The most
significant difference is for the W4H12 geometry where the experimental data has a
steeper gradient on the outer sides of the peaks, but the magnitude and position of
the peak is well predicted. It is noted that the W4H12 data in general has a steeper
peak curve than other experimental data when compared to numerical results. There
is a tendency for the numerical model to under-predict the magnitude of the jet angle
peak, although the peak position is generally predicted well. On average, across all
17 horizontal sweeps presented here, the numerical model under-predicted 6* by 13 %
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and x* by 2.6 %.
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FIGURE 3.13: Experimental data for a series of slots from table 3.1. This data is com-

pared to numerical predictions for the same configurations. Experimental data is plot-

ted as points with error bars, numerical model predictions are plotted as solid lines.

The slot boundaries are indicated by the dashed vertical lines (x = —1, x = 1). Ge-

ometries are ordered by h value. (a) W2H3a, h = 1.23, y = 1.28. (b) W1H3, h = 2.23,
y =237 (c) WaH12, h = 2.73,y = 0.58. (d) W2H12, h = 5.23, y = 1.20.

All experimental data collapses onto a single curve when the experimental data is nor-
malised with the peak values x* and 6*, which were determined using the previously
described curve fitting method. Figure 3.14 shows all of the data normalised and com-
pared to the normalised prediction curve that matches all predictions with i > 1 and
y > 1. The experimental data collapses very well, validating the collapse observed
from the numerical predictions. Although the numerical prediction curve has a slightly
higher normalised jet angle on the outer sides of the peaks, the collapsed experimental
data curve matches the numerical curve remarkably well. The variations in the nor-
malised curve observed numerically at very low / and at very low y would likely not
be visible in the experimental data due to the magnitude of the error compared to the

magnitude of the variations.
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FIGURE 3.14: Experimental results from all geometries, each with a range of y, show-

ing normalised jet angle, 8, against normalised horizontal position, £. This is com-

pared to the collapsed numerical curve that matches all numerical curves for y > 1

and i > 1. The experimental results collapse down onto one curve and match the
numerical prediction.

A comparison between numerically predicted 6* and x* trends and experimental re-
sults is shown in figure 3.15. Here 6* and x* have been calculated using the curve
fitting method described in section 3.5.2. The error bars in this figure are based on the
error distribution from large amounts of data, synthesised using the numerical model,
with similar properties to experimental data. It is also noted from the synthesised data
that the curve fit has a tendency to over-estimate the peak position. The results are com-
pared for the same h values as the experimental data and the same range of y values as
tigure 3.10. These results generally show a good agreement between the numerical and
experimental results. The most significant difference is that the numerical prediction
underestimates the 6* values for W1H3. This is to be expected as a similar discrepancy
is observed in figure 3.13.

Overall, the model tends to under-predict the jet angle, but performs well on the curve
shape and trends. The position of the maximum jet angle, x*, is especially well pre-
dicted.

3.6 Conclusion

We have investigated the collapse of bubbles near a slot geometry using experiments
and a simple numerical model. Our main observation is the variation of the jet angle
with the horizontal position of the bubble. At the center of the slot the jet is directed
straight downwards due to symmetry and far from the slot the surface acts as a flat
boundary so the jet is also directed downwards. Between these two limits there is a
peak jet angle deflection, angled away from the slot. The peak jet angle and position of
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FIGURE 3.15: Experimental data points from two slots compared with boundary el-

ement method predictions for the same configurations. (a) Peak jet angle, 6*, as a

function of y. (b) Position of peak jet angle, x*, as a function of y. Slot W1H3 has

h = 2.23. Slot W2H3a has h = 1.23. Experimental data is plotted as dots, numerical
model predictions are solid lines.

the peak jet angle both tend to a limiting value as the slot height increases. This shows
that, for slots of sufficient height, the jet angle depends only on the bubble position.
As the vertical position of the bubble increases, the peak jet angle decreases and the
horizontal position of the peak increases. For h >> 1, the position of the peak jet
angle is directly proportional to the vertical distance: x* « y. When the jet angle and
horizontal position are normalised by their respective peak values, we find that all jet

angle curves collapse.

In this research we do not present any quantitative analysis of the strength of the jet,
however we can make some qualitative predictions. For a simple flat boundary, jet
strength depends on the distance between the bubble and the boundary. For a slot
there is the distance to the slot surface and the distance to the slot floor. Far from the
slot the jet strength would depend on the distance from the slot surface. Above an
infinitely wide slot the jet strength would depend on the distance from the slot floor.
We may conclude that near a finite slot the jet strength would be between these two

limiting cases but quantifying the exact behaviour will require further experiments.

The numerical model has a tendency to under-predict the jet angle compared to exper-
imental data gathered in this research, although it is often within reasonable error. The
numerical model predictions very closely follow the shape and overall trends of the
data, and provide a good prediction of the position of the peak jet angle, x*. In addi-
tion, the collapsed curve predicted by the numerical model matches the collapsed curve
found from the experimental data. These comparisons serve to validate the numerical

model presented in this research and provide a good basis from which to continue
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the study of complex geometries using this model. The velocity profile of the fluid in
and around the slot can also be predicted by this model, although further investigation

would be required to validate the predicted profiles.

In the context of cleaning with bubbles, particularly with ultrasonic cavitation, this re-
search suggests that slots in surfaces to be cleaned would likely experience fewer jet
impacts because bubbles would be drawn away from the slots rather than into them,
and thus be cleaned less rigorously than the rest of the surface. Where cavitation dam-
age is a problem this property could also be used to protect sensitive components by
recessing them within slots, although this technique would likely have other implica-

tions depending on the flow conditions and requirements of the components.

Although we do not quantify the cleaning or damage effects here, these areas have
been extensively studied previously using simple geometries. Our research provides a
valuable step towards applying this knowledge to the more complex geometries that
are found in many real-world applications.
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Chapter 4

Modelling bubble collapse
anisotropy in complex geometries

This chapter is based on a paper that has been published in Physical Review Fluids (Andrews &
Peters, 2022).

4.1 Abstract

A gas or vapour bubble collapsing in the vicinity of a rigid boundary displaces towards
the boundary and produces a high-speed jet directed at the boundary. This behavior
has been shown to be a function of the “anisotropy” of the collapse, measured by a di-
mensionless representation of the Kelvin impulse known as the anisotropy parameter
(Supponen et al., 2016). However, characterisation of the anisotropy parameter in dif-
ferent geometries has been limited to simplified analytic solutions. In this work we
develop an inexpensive numerical model, based on the Boundary Element Method,
capable of predicting the anisotropy parameter for any rigid complex geometry. We ex-
perimentally explore a robust measure of bubble displacement, showing that the bub-
ble displacement in a range of complex geometries behaves as a single function of the

predicted anisotropy parameter values.

4.2 Introduction

Collapsing bubbles have been studied in great depth for many years due to their ubiq-
uity in both nature and engineering. Common applications include cavitation damage
(Rayleigh, 1917; Luo et al., 2016; Lu et al., 2016; Sagar & el Moctar, 2020), cleaning (Ohl
et al., 2006; Verhaagen & Ferndndez Rivas, 2016; Birkin et al., 2016; Chahine et al., 2016;
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Verhaagen et al., 2016; Reuter et al., 2017), and various biomedical applications (De La
Torre, 1992; Palanker et al., 2002; Brennen, 2003; Canchi et al., 2017; Oyarte Gélvez et al.,
2020). Although many such applications feature numerous bubbles collapsing, it is im-
portant to study the fundamental behavior of individual bubbles to identify how key
parameters affect the collapse behaviour. This study goes as far back as Rayleigh (1917)
where a single spherical void collapsing in an infinite fluid was treated. The study
of single bubbles collapsing has since grown significantly, addressing a wide range of
questions. Studies have experimentally and numerically investigated a wide variety
of bubble collapse properties such as bubble collapse shapes (Blake et al., 1986; Brujan
et al.,2019; Zhang et al., 2020), induced pressures (Benjamin & Ellis, 1966; Li et al., 2015,
2016; Supponen et al., 2019), boundary shear stresses (Dijkink & Ohl, 2008; Koukouvinis
et al., 2018; Zeng et al., 2018; Gonzalez-Avila et al., 2020a; Zeng et al., 2022), and shock
wave properties (Tagawa et al., 2016; Sinibaldi et al., 2019; Trummler et al., 2021). Much
of this research focuses on simple boundary geometries such as flat plates, free surfaces,
constant pressure gradients, and other boundaries for which analytic solutions of the
flow field exist. In recent years, there has been increasing interest in complex geome-
tries. For example, studies have explored jet direction for various complex geometries
(Tagawa & Peters, 2018; Molefe & Peters, 2019; Andrews et al., 2020), bubble dynamics
near curved rigid surfaces (Tomita ef al., 2002), dynamics in combinations of bound-
aries and free surfaces (Zhang et al., 2017; Quah et al., 2018; Kiyama ef al., 2021), jetting
and shear stress between two walls (Han et al., 2018; Gonzalez-Avila et al., 2020a), and

bubble shape variation at the corner of a rigid wall Zhang et al. (2020).

Many parameters of the dynamics of a bubble collapsing near a flat plate depend on the
standoff distance y = Y /Ry where Y is the distance from a boundary or fluid interface
and Ry is the maximum bubble size (Kroninger et al., 2010; Supponen et al., 2016; Zeng
et al., 2022). However, for more complex geometries, it is difficult to define a geometric
equivalent to the standoff parameter. Even with very limited complexity, such as in a

cornet, it is not trivial to define such a parameter.

The Kelvin impulse is a parameter that captures the overall motion of the fluid. The
Kelvin impulse is the net force acting on the fluid integrated over time, effectively the
total fluid momentum. This parameter was described well by Benjamin & Ellis (1966)
and has been studied analytically and numerically for many years (Blake & Cerone,
1982; Blake et al., 1986; Kucera & Blake, 1990; Harris, 1996; Blake et al., 2015). More re-
cently, Supponen et al. (2016) presented a dimensionless version of the Kelvin impulse
called the anisotropy parameter, denoted {. Analytic solutions for the anisotropy pa-
rameter were derived for a number of different sources of anisotropy and many bubble
collapse properties have been shown to be functions of the anisotropy parameter, re-
gardless of the source of anisotropy. For example, jet speed, bubble displacement, jet
volume (Supponen et al., 2016), shockwave energy (Supponen et al., 2017), and rebound
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energy (Supponen et al., 2018). Thus, the anisotropy parameter is a powerful tool for
predicting bubble collapse behaviour.

Harris (1996) presented a simple boundary element model for estimating the Kelvin
impulse for a bubble near a complex geometry. In the current research, we present
a similar model that predicts the Kelvin impulse for complex geometries. We extend
this model by non-dimensionalizing the results to produce the anisotropy parameter
following the example of Supponen et al. (2016). With this model, anisotropy parame-
ter values can be predicted for complex geometries whereas they were previously only
studied for geometries with limited analytic solutions. The study of bubble collapse
properties as functions of anisotropy magnitude can thus be extended to complex ge-

ometries.

4.3 Methods

In this section, the procedure for calculating the general Kelvin impulse is derived and
the procedure for converting this to the anisotropy parameter is presented. These calcu-
lations rely on numerical solutions to the Rayleigh-Plesset equation so various formu-
lations of the Rayleigh-Plesset equation are compared. Three methods for computing
the anisotropy parameter for a range of geometries are then presented. Finally, the data
analysis techniques used to process experimental results are outlined.

4.3.1 Computing the anisotropy parameter

The Kelvin impulse, I(7), of a fluid during the time period 0 < t < 7 can be represented
as the integral of the force acting on the fluid over time,

I(7) = /0 F(t)dt, 4.1

where 7 is an arbitrary point in time and the force F(t) acting on the fluid is equal and
opposite to the force the fluid exerts on the bounds of the domain. For a bubble in an
infinite fluid bounded only by a rigid geometry, and following the derivation of Blake
& Cerone (1982), this force can be written as

d
() = —pu [, |5 Velin = 5hvg| as @2)

where p; is the surrounding fluid density, S is the boundary surface, and n is a vector
normal to the surface S. Potential flow is assumed with velocity potential ¢ and d¢/on
is the derivative of the potential in the normal direction. Note here that the sign varies
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from previous works (Blake & Cerone, 1982; Blake, 1988; Harris, 1996) where the nor-
mal vector is defined as outward from the domain. In equation 4.2 the normal vector is
defined as inward to the domain in accordance with the convention used in this work

for the boundary element method.

On the surface of the boundary, the normal velocity d¢/on = 0 (Harris, 1996) and thus

the force reduces to the integral of the dynamic pressure on the boundary

F(t) = —;pL/S |V¢|*ndS. (4.3)

The bubble and all boundaries are modelled using point sinks. The strength of these
sinks scales directly with the bubble sink strength 1, (t) which varies with time. Thus,
we can express the velocity V¢ induced at a position j by a boundary element sink as
the bubble sink strength multiplied by the equivalent velocity V¢’ when the bubble
sink strength is m;, = 1 m> s~1. Properties computed with m;, = 1 m3 s~! are denoted
by a prime. As such this velocity is denoted V¢’ and we can write

Vol = my(t)V¢'|;. (4.4)

We therefore express the force as

F() = — 501 [ Ims()V9]nds =m0 | ~3pu [ [V4Pnds| = m(tF, @5

such that .
F =0 /S V) PndS, (4.6)

where F’ is the equivalent force for a bubble sink strength of m, = 1 m3 s™!. F is
time-independent, purely depending on the geometry and bubble position, which is
assumed to be fixed. Different methods for calculating F' are presented in sections
433.1t04.3.3.3.

Thus, combining equations (4.1) and (4.5), the impulse integral equation becomes

I(t) =F /OTmb(t)Zdt. (4.7)

By assuming that the bubble remains spherical throughout the collapse, and defining
the bubble sink strength to be the rate of change of bubble volume V, the sink strength
is given by

my(t) = %/ = 47R’R (4.8)

where R is the bubble radius and R is the time-derivative of bubble radius.
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The Kelvin impulse therefore becomes
T ) T .
I(7) = F / [47R2R] dt = 167°F' / RR%dL. 4.9)
0 0

which can be computed using a numerical solution to the Rayleigh-Plesset equation.

A scaling between the anisotropy parameter { and Kelvin impulse I was presented by
Supponen et al. (2016),

I = 4.789R3+\/Appl (4.10)

where Ry is the initial radius of the bubble, which is taken to be its maximum size; Ap
is the difference between the pressure at an infinite distance and the internal pressure
of the bubble; and p is the density of the liquid. This relation was analytically derived
from the initial expansion and subsequent collapse of a bubble collapsing in a pressure
gradient.

Thus, equations (4.9) and (4.10) can be combined to determine the anisotropy parame-
ter for any geometry,

167°F T ais2
=——————— [ R*Rdt 4.11
¢ 4.789R8\/App/0 @1

where T is now the duration of the initial expansion and collapse.

The vector anisotropy parameter { represents both a magnitude and direction. The
direction is equivalent to that previously used to study jet direction in complex geome-
tries (Tagawa & Peters, 2018; Molefe & Peters, 2019; Andrews et al., 2020). In this work

we focus on the magnitude, represented by the scalar anisotropy parameter (.

4.3.2 Formulations of the Rayleigh-Plesset equation

In order to numerically solve the integral in equation 4.11, the radius R and radial ve-
locity R must be known. In order to compute these we use the Rayleigh-Plesset equa-
tion which has long been the standard model of bubble collapse. Various modifications
have been derived for differing conditions and assumptions. By assuming that the bub-
ble collapse is primarily inertial, in an incompressible liquid, with no heat transferred
across the bubble boundary, and with internal gas that behaves isentropically (Brennen,
1995), the Rayleigh-Plesset equation is

—Ap . PG, <R0>3k 3., dup. 2
—+—=(— ] =RR+zR°+—=R+— 412

°L oL R 2 R 1Y LR ( )
where Ap is the driving pressure of the collapse, often defined as p — py where py is
the vapour pressure of water and p., is the far-field pressure; pg, is the initial pressure
of gas inside the bubble; pr and v, are the density and kinematic viscosity of the liquid,
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respectively; s is the surface tension; and k is the ratio of specific heats of water vapour
k=cp/cy ~1.33.

A derivation of the Rayleigh-Plesset equation was presented by Harris (1996) that in-
cludes the effect of a nearby rigid wall and the buoyancy of the bubble,

3k
P, PG (Ro _Rip 4 Op2_ P
oL + oL (R) —|—gz—RR—|—2R o (4.13)
where ¢, is the velocity potential induced by the wall at the bubble position; g is the
acceleration due to gravity; and z is the depth of the bubble in the water.

Here we shall present a comparison between four different models and experimental
data. The first model is equation 4.12, denoted ‘Complete’. The second model is the
same, but neglecting the effects of viscosity and surface tension, denoted ‘Inertial’. The
third model, denoted “Wall model’, is based on equation 4.13, however the effect of
buoyancy is neglected and p. is replaced by Ap for consistent comparison with the
other models. The final model, denoted ‘No internal gas’, assumes a constant pressure
difference between the inside and outside of the bubble, effectively assuming that there
is no internal gas to be compressed. This model is used by Obreschkow et al. (2012) in
order to find analytical approximations to the solution. The equations for each of these
models are as follows:

“Ap  pey (Ro\" _ oy Bp M 2
oL pL ( R ) SRR R PLR (Complete)
3k
PALP I:)GLO ( % ) _ RE+ % 22 (Inertial)
3k
Ap | PG, <Ro> _RR 4 Op2_ 9w (Wall model)
oL oL R 2 ot
_pAP — RR + %Rz (No internal gas)
L

Figure 4.1 shows the comparison between these models and experimental data. For
simple comparison, the models are initiated at maximum bubble size with internal
pressure equal to the vapour pressure of water. For most models, and experimental
data, the bubbles collapse to a minimum size and then rebound. Notably, around the
minimum size the bubble collapses and rebounds very fast. Due to limitations in the
temporal resolution of the high-speed camera, the experimental data do not accurately
capture the minimum size of the bubble.

After rebound, all of the Rayleigh-Plesset models with internal gas recover very close to
their initial size, whereas the experimental data shows that the bubbles do not achieve

their original size due to significant energy being dissipated during the collapse.
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FIGURE 4.1: A comparison between the four Rayleigh-Plesset models and experimen-
tal data. The experimental data used here are a series of five bubbles generated in the
same location near a slot, the green shaded area shows the spread of the data. The
experimental mean of the radius and position at the maximum bubble size are used
as the initial conditions for numerical models. Bubbles ranged in size from Ry = 1.13
mm to Ry = 1.34 mm. Radius is normalised with the initial radius Ry and time is
normalised with the Rayleigh collapse time t¢ (Rayleigh, 1917).

Comparing the two standard models, one with viscosity and surface tension (‘Com-
plete’) and one without (‘Inertial’), it is clear that viscosity and surface tension are neg-

ligible for this regime of bubble collapse.

The model that includes the effect of a nearby wall (“Wall model’) consistently overes-
timates the collapse duration when compared to experimental data. This is likely due
to the assumption of spherical symmetry in the model. In reality, the side of a bub-
ble opposite to a nearby boundary does not get impeded by the boundary. However,
the wall model assumes spherical symmetry, which means all sides of the bubble are

considered to be equally impeded, resulting in a generally slower collapse.

In comparison with experimental data, the ‘Complete’, ‘Inertial’, and ‘No internal gas’
models all match well. In general, a benefit of the Kelvin impulse model presented
in this work is that any model for the bubble radius variation with time can be used
without significant methodological modifications. From here onwards, we utilise the
‘Inertial’ model as it is the simplest model that can capture bubble rebounds.

4.3.3 Anisotropy parameter solutions

Now that we have defined the anisotropy parameter and selected a collapse model, we
will proceed to present three solution methods. We will start with analytic solutions,
followed by semi-analytic and boundary element methods. All of these models rely

on several key assumptions. The fluid is assumed to be incompressible, irrotational,



54 Chapter 4. Modelling bubble collapse anisotropy in complex geometries

and inviscid. Therefore, potential flow can be assumed. The bubble is considered to be
spherically symmetrical with only the bubble radius varying with time.

4.3.3.1 Analytic

Much previous research has focused on calculating the Kelvin impulse analytically.
Supponen et al. (2016) have presented anisotropy parameter solutions for several flow
conditions. We include the solution for a flat plate here for completeness.

Treating the collapsing bubble as a sink in potential flow allows a solid boundary to be
modelled using the method of images. This can then be solved for F' and the Kelvin
impulse I (Blake, 1988) yielding the equations

/PN
- 16mY? (4.14)
I=—0.934R3\/AppoLy°n (4.15)

where Y is the distance from the boundary; v = Y/Ry is the standoff distance; and Ap
is the initial difference between the pressure an infinite distance from the bubble and

the internal pressure of the bubble, Ap = pe — pv.

Substituting equation 4.15 into equation 4.10 yields

{ = —0.195y °n. (4.16)

4.3.3.2 Semi-analytic

The flow field of a set of geometries can also be solved with the method of images.
In particular, these include bubbles in corner geometries (Tagawa & Peters, 2018) and
bubbles inside square and triangular prisms (Molefe & Peters, 2019). The triangular
prisms are limited to the three tessellating cases: equilateral triangles, isosceles right
triangles, and 30°-60°-90° triangles. Although an analytic description of the flow can be
achieved, solving for the Kelvin impulse quickly becomes rather involved. Therefore,
we numerically integrate the pressure over the boundary on a mesh in order to calculate
the Kelvin impulse. This allows these analytic models to be extended numerically. The

velocity at a point is

M L
Vol = Zmbmm_ %) = my [Z (x]xl)] = my Ve (4.17)

xi|3 = 47r|x]-—xi|3
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where j is any point j # i and M is the total number of mirror sinks. i = 0 represents
the bubble sink and i > 0 represent the mirror sinks. Although an infinite number of
mirror sinks would be required to exactly match the boundary conditions, relatively
few are required to adequately predict the anisotropy value.

Thus,
M (% —xi)
A e
V¢ §J4n|xj_xi|3. (4.18)

By assuming that the pressure is constant across an element in the boundary mesh,
equation 4.6 can be discretised over the boundary elements to get

1 N
F'=—2p Z% Aj|V i n;. (4.19)
]:

where the points j are the centroids of each boundary element, A; is the area of the

boundary element at j, and N is the total number of boundary elements.

Equation 4.18 is substituted into equation 4.19 which is combined with equation 4.11
and solved numerically for the anisotropy parameter (.

4.3.3.3 Boundary element method

We use the boundary element method to model geometries for which the flow field
cannot be solved analytically. The boundary element method is a potential flow model
that represents a boundary as a discretised distribution of potential flow elements. The
full derivation and solution methodology used here is discussed in chapter 3 and the
main steps are summarised again here. Each element i of the boundary is represented
as a single sink, positioned at the centroid of the element x;. The element is assumed
to have a sink density o; that is constant over its area A; such that the single sink has

strength 0; A;. Thus, the velocity induced by an element is defined as

0; Ai(Xj — x;)

_— 4.2
4m|x; — x;[3’ (4.20)

Vel =

where j is any point such that x; # x;.

Considering both the bubble and any boundaries, for any boundary element centroid
point j, the velocity is given by the sum of the bubble sink and N boundary element
sinks

my(x; — 0] Ai(xj — x;) (T]{

N
b
47|x; — be Z_;#] 4rr|x; — x;[? 2

Volj = Vpli + Vol = n. (421
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The summation of boundary element sinks is valid for any position i # j. Wheni = j
a singularity would be encountered. In the normal direction this is treated with the
standard V¢|; - n; = 0j/2. An element is assumed to have no net effect on the tangential
velocity at its centroid so no additional term is included. Note again that the boundary
sink densities scale directly with the bubble sink strength such that 0; = mbUJ{ where 0']{
is the boundary sink strength densities computed for 7, = 1 m3s~1.

Thus, the velocity V¢ at any given bubble position, geometry, and time can be repre-
sented by a constant vector V¢’ multiplied by the bubble sink strength

(xj — N glAi(xi—x;) O
Vol =m, 7+ 1—+—n = m,V¢), (4.22
¢l 4mix; —xp|3 Zl:#] 4rt|xj — x> 2 9] )

such that

(xj — xp) % 0 Ai(x; — x;)

o.
+ n. (4.23)

/
Vo = A
¢ i=1ij 47T|X]' — Xi|3 2

I 4mx —x|3

As with the semi-analytic solution, equation 4.6 is discretised to produce equation 4.19,
which is combined with equation 4.23 to compute F'. This F’ is then substituted into

equation 4.11 and solved numerically for the anisotropy parameter .

4.3.4 Experimental data and analysis

Bubble displacement is defined by its direction and distance. Previous work has char-
acterised the bubble displacement direction in complex geometries (Tagawa & Peters,
2018; Molefe & Peters, 2019; Andrews et al., 2020). Here, we characterise the bubble
displacement distance. The displacement distance A is measured from the position at
the initial maximum size of the bubble and terminating at the position of the bubble at

its maximum rebound size.

Some previous work has measured the bubble displacement from inception to end of
the first collapse (Supponen et al., 2016). However, this measurement is difficult due to
the very rapid growth, collapse, and movement of the bubble at these points in time.
Conversely, at its maximum size, the bubble has a minimum rate of change of radius
and minimum displacement velocity. Thus, measuring the bubble at the size maxima
yields more robust measurements.

In addition to the bubble displacement, we measure the rebound size of the bubble R;.
In this work, the displacement and rebound size are both normalised by the maximum

bubble radius Ry. These measurements are described in chapter 2.

Experimental data used in this chapter are from prior investigations of jet direction for
bubbles in corner geometries (Tagawa & Peters, 2018; Peters & Tagawa, 2018), inside
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triangular and square prisms (Molefe & Peters, 2019; Peters & Molefe, 2019), and the
slot geometries data from chapter 3. All of these experiments used laser-induced cav-
itation, with a microscope objective as the focusing optic as described in section 2.1.1.
In addition to the data from the previous studies, data has been gathered for a flat plate

using the same experimental setup.

4.4 Results and discussion

In this section we apply our numerical framework to a series of geometries with vary-
ing complexity. We begin by comparing models, we then generate anisotropy mag-
nitude maps for four complex geometries, and finally show that experimental data

collapses when combined with anisotropy parameter predictions.

4.4.1 Numerical anisotropy parameter calculations
44.1.1 Flat plate model comparison

We start with a flat plate geometry, which can be treated with all three models: analytic,
semi-analytic, and boundary element method. The analytic solution is { = 0.195y 2
which is simply the magnitude of equation 4.16. The semi-analytic solution uses a mir-
ror sink and integrates the pressure over the boundary on the mesh of a 1 m? plate. The
boundary element method solution uses the same mesh as the semi-analytic solution
to compute boundary sink strengths and the pressure integration. In this comparison
the mesh consisted of 18 020 elements with most elements concentrated in the central
region. Element lengths ranged between 0.4 mm and 13.9 mm. The bubbles were posi-
tioned at Y = 5 mm from the boundary and the bubble radius Ry was varied between

0.5 mm and 5 mm to produce a range of standoff distances between 1 and 10.

As F' depends only on bubble position, the series of bubbles can be characterised by a
single F’ value. The semi-analytic model produced an F’ value 0.5% lower than the ana-
lytic model and the boundary element method model produced an F’ value 3.2% lower
than the analytic model. As is evident from equation 4.11, these cause a proportional
decrease in the measured anisotropy magnitude. Figure 4.2(a) shows the comparison
between the anisotropy magnitude values calculated by these models. Both the semi-
analytic and boundary element method solutions predict lower anisotropy magnitude
values than the analytic solution, this is in part due to integrating the pressure over a
finite plate rather than the infinite plate assumed by the analytic solution. There is also
some difference due to the discretization of the boundary. For the semi-analytic solu-
tion the discretization is only for the integration of pressure over the boundary, while

for the boundary element method solution the discretization is in boundary conditions,
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flow solution, and also the integration of pressure. Finally, there is some difference due
to the Rayleigh-Plesset model used. The analytic solution uses a ‘No internal gas’ type
model whereas the other two solutions use the ‘Inertial’ model. Despite these differ-
ences, the three models produce very consistent anisotropy parameter values, and we
conclude that the model is insensitive to these details.

Figure 4.2(b) shows convergence plots of both the boundary element method solution
and the semi-analytic model solution for v = 1. Here, Lgy,. is the length of the smallest
element and is normalised with the bubble maximum radius. € is the absolute differ-
ence between the numerical solutions and the analytic solutions divided by the analytic
solution value. The semi-analytic solution has a lower difference but both methods
converge towards the analytic solution as the element size is decreased.

10—1 E ((l —— Analytic

Semi-analytic
------ BEM

102 E
T T T
10° 10!
7=Y/Ro
02040®) e °
....... P
L 0.10 JRPHEES S o
0.05 esee0®®®®
0.03 T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6
Lﬁnc/RO

FIGURE 4.2: (a) The anisotropy parameter { against standoff -y for a simple flat plate,

compared between the analytic, semi-analytic, and boundary element method models,

showing a near-perfect match. (b) Convergence plots of both the boundary element

method solution and the semi-analytic model solution for vy = 1. € is the absolute

difference between each solution and the analytic solution, normalised by the analytic
solution. L, is the smallest element length.

4.4.1.2 Anisotropy maps for complex geometries

Unlike the analytic and semi-analytic models, the boundary element method can be
applied to any geometry. In addition, the most expensive part of the boundary element
method only needs to be calculated once for any geometry and the result can be used
for all bubble positions. However, it is vulnerable to ill-conditioned geometries. Al-
though this is generally unlikely to occur, it is a significant problem for very regular,
highly enclosed geometries such as the prisms presented by Molefe & Peters (2019). In
contrast, the semi-analytic method can operate with far fewer sinks and is stable for all

valid geometries, but the full calculation must be performed for every bubble position.
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The primary computational limitation of the boundary element method is the mem-
ory usage. Memory usage scales with N> where N is the number of boundary ele-
ments. The semi-analytic method separates this scaling into two parts: N points on
the pressure mesh and M mirror sinks. The memory thus scales with NM. Where the
semi-analytic model is possible, far fewer sinks M are required to model the boundary
compared to the boundary element method, so far more sinks N can be used to model
the pressure mesh within the same memory constraint. This allows for the pressure to

be more precisely resolved.

Here we present anisotropy magnitude maps for a selection of complex geometries.
Figure 4.3(a) shows an anisotropy magnitude map for a slot geometry of the type
treated in chapter 3. The slot has a width and height W = H = 8Ry for Rg = 0.5 mm.
N = 22 939 elements were used to resolve the boundary. In contrast to the previous
work, the bubble size here is important as it is required for computing the anisotropy
magnitude. Due to the finite size of the bubble, anisotropy values extremely close to
the boundary do not have a clear physical meaning despite being numerically feasible.
Thus, the white area near the boundary in figure 4.3(a) is an area of width R, for which

the anisotropy magnitude was not computed.

At a large horizontal distance from the center of the slot, corresponding to the most
negative x values in figure 4.3(b), the boundary becomes similar to a flat plate, with the
anisotropy magnitude depending primarily on the vertical standoff distance v = Y/ Ry.
As the bubble horizontally approaches the slot, the slot causes a general reduction in
anisotropy due to the increase of fluid volume below the bubble. At the center of the
slot, the anisotropy contributions from the slot sides cancel out horizontally due to
symmetry. The anisotropy is found to be strongest in the bottom corners of the slot
where the bubble is most confined on one side but not the other.

Figure 4.3(b) shows anisotropy magnitude curves for five different horizontal positions
with a range of standoff values where the standoff v = Y/R(. These are compared
to the anisotropy magnitude for a flat plate. Far from the slot horizontally, the x =
—5 curve is very close to the flat plate curve as the effect of the slot is minimal. For
horizontal positions closer to the slot, these curves deviate significantly from the flat

plate curve.

The anisotropy magnitude for triangular prisms, square prisms, and corner geometries
were calculated using the semi-analytic method. Figure 4.4 shows contour plots for
anisotropy magnitude in triangular (figure 4.4(a)) and square (figure 4.4(b)) prisms of
the type treated by Molefe & Peters (2019) and in a corner of the type treated by Tagawa
& Peters (2018) (figure 4.4(c)). For the same reason as given for the slot geometries,
anisotropy was not calculated in the white areas near the boundaries. The two prisms
have side length L = 15R,. The triangular prism used M = 12 675 image sinks and
the square prism used M = 4225 image sinks, both with N ~ 20 000 elements in the
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FIGURE 4.3: (a) A contour plot of anisotropy magnitude for bubbles positioned around
a slot with H/W =1, W/Ry = 8and Rp = 0.5 mm. x = 2X/Wandy = Y/W
where X is the horizontal position of the bubble from the slot center, Y is the vertical
position of the bubble from the upper surface, and W is the slot width as in chapter 3.
The slot boundary is indicated in solid black with boundary sink positions displayed
as black dots. Grey dashed lines correspond to the horizontal positions in (b). (b)
Anisotropy magnitude against standoff distance from the upper surface of the slot for
five horizontal positions. The dashed line is the analytic solution for a flat plate.

pressure mesh. The corner has an internal angle 6. = 77/3 and thus used M = 5 mirror
sinks. Here the anisotropy is at a maximum near the corners of each shape showing
similar tendencies as the slot geometry. Towards the center of the shape, bubbles expe-
rience decreasing anisotropy as the bubble collapse is less impeded by the boundaries.

At the exact center of the prisms, the anisotropy is expected to be zero due to symmetry.
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FIGURE 4.4: (a) A contour plot of anisotropy magnitude for bubbles positioned in an
equilateral triangular prism. L/Ry = 15 where L is the side length of the triangle.
(b) A contour plot of anisotropy magnitude for bubbles positioned in a square prism.
L/Ry = 15 where L is the side length of the square. (c) A contour plot of anisotropy
magnitude for bubbles positioned in a corner with angle 6. = 71/3. These geometries
are of the type investigated by Tagawa & Peters (2018) and Molefe & Peters (2019). The
boundaries are indicated by solid black lines. The area outside of the fluid domain is
shaded grey.
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4.4.2 Experimental results

It has previously been shown that bubble displacement and rebound size depend on
the anisotropy parameter (Supponen et al., 2016, 2018). In this section we present
experimental measurements of displacement and rebound size and compare them to

anisotropy parameter predictions for each collapse event.

4.4.2.1 Data post-processing

The models presented in this work assume a spherical bubble. However, bubbles in
experiments deviate from being perfectly spherical to varying degrees. When a bub-
ble is initially nucleated a plasma is formed around the point at which the laser is
focused. If the angle of convergence of the beam is too small (having a low equivalent
numerical aperture), the energy density of the beam can remain high away from the
laser focus. This leads to the plasma forming in an elongated shape, and sometimes
even forming multiple separate spots of plasma (Tagawa et al., 2016). This elonga-
tion leads to an oblate bubble at the maximum bubble size and increases the spread of
data for measured displacement. Figure 4.5 demonstrates this occurrence. In the first
frame, at t = 0 us, the plasma is visible and is elongated to the point of having two
almost-separated sections. In the second frame, at ¢t = 100 ys where the bubble is at its
maximum size, the bubble is slightly oblate. We quantify the deviation from a perfect
sphere using the eccentricity of the bubble image, where eccentricity is defined as the
eccentricity of an ellipse with second-moments equal to the bubble image region. At
its maximum size, the bubble in figure 4.5 had a measured eccentricity of 0.36. By con-
trast, the bubble shown in figure 2.7 had an eccentricity of 0.25 at its maximum size.
The third frame, at t = 190 us, shows that the bubble collapses as expected. However,
when it rebounds in the fourth frame at t = 240 ps, it retains the oblate deformation.

1 . . . . .
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t=0 us t =100 us t =190 us t =240 us t =300 us

FIGURE 4.5: A series of frames showing a bubble collapsing near a slot. The laser en-

ters from the top of frame. The frame at ¢ = 0 ys shows the initial plasma generated by

the laser. The orange line on the frame at t = 100 ys shows a perfect circle encompass-
ing the bubble for comparison. The eccentricity of the bubble was 0.36 at t = 100 ys.

Bubbles that are deformed upon formation are expected to result in spread in exper-
imental measurements. Figure 4.6 shows the spread of data as a function of bubble
eccentricity at their maximum size. Here the spread is defined as the percentage differ-
ence between a data point and a power law curve that has been fitted across all data.
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The curve fit used for this determination is shown in figure 4.7(a). Although the error
bars are quite large in some areas of figure 4.6, it is clear that greater eccentricity leads
to a greater spread in measured displacement. In order to compare consistent bubbles,
and because we expect non-spherical bubbles to deviate most strongly from our model,
we filter our experimental data by eccentricity. Thus, by filtering out highly eccentric
bubbles, the spread of data can be reduced to more closely align with the idealised sce-
nario of a spherical bubble. Filtered data are shown in figure 4.7 with unfiltered data
shown in the inset plots. As expected, when the data are filtered, the spread of data
reduces and many of the most significant outliers are removed. The eccentricity values
used to filter these data are set separately for each geometry. Some geometries have
many data points (the slots data set has 5094 points) whereas others have far fewer (the
flat plate data set has only 82). Thus, much more stringent eccentricity filters are ap-
plied to larger data sets. Overall, with eccentricity limits varying between 0.2 (for slots)
and 0.28 (for the flat plate), 2124 data points were retained after filtering across all data,

comprising 31% of the available data.
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FIGURE 4.6: A plot showing how the spread of data varies with eccentricity. The

spread is defined as the percentage difference between a data point and a curve fitted

across all data. Data are placed in discrete bins and the mean of each bin is shown

at the bin center with the 95% confidence interval shown by the error bars. Only

bins with five or more data points are included. Frames showing examples of select

eccentricities are displayed above the plot with perfect circles surrounding the bubbles
for comparison.
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4.4.2.2 Experimental data for all geometries

For any geometry, the displacement and radius ratio measurements can be plotted
against predicted anisotropy magnitudes. All considered geometries are shown in fig-
ure 4.7. The corner, square prism and triangular prism data are plotted with semi-
analytic anisotropy model predictions. The corner used M = 3 or M = 5, depending
on corner angle, and N =~ 50 000 elements in the pressure mesh. The triangular prism
model used M = 11 163 image sinks with N ~ 30 000 elements in the pressure mesh.
The square prism model used M = 4225 image sinks with N ~ 50 000 elements in the
pressure mesh. The flat plate and slot data are plotted using boundary element method
anisotropy model predictions with N = 19 896 and 19 662 < N < 20 142, respectively.
There is some variation in the number of elements used for the slot geometries due to

varying slot sizes.

For the bubble displacement, shown in figure 4.7(a), all data collapses well onto a sin-
gle line within the experimental variance of the data. The most significant deviation
from this curve is at very low anisotropy magnitude values, where the bubbles move
very little. Because of the small displacement, random noise is expected to contribute
more to the deviation, although the data appears biased towards smaller displacement
values. However, data in this region is sparse, so care should be taken to draw any
conclusions from it. We further observe deviations at very high anisotropy magnitude
values, where bubbles are very close to the walls and thus can become constrained.
This constraint limits any meaningful measurement of the displacement and therefore
also precludes any validation of the numerical model in this regime. The collapsed

curve conforms to the power law A/ R = 4.547%°1.

Figure 4.7(b) shows the radius ratio R;/Ry as a function of the predicted anisotropy
magnitude . It is clear that there is much more spread in the data compared to the
displacement data of figure 4.7(a). However, looking first at the flat plate and slot data,

both data sets approximately collapse onto a single curve.

The data for the two corners has a slightly higher spread than the slots data, and tends
to have a lower radius ratio at high anisotropies. Finally, the triangle and square data
have the highest spread. The biggest grouping of square data falls close to the collapsed
slot and flat plate data, however the triangle data is most significantly grouped below
the other data sets. Due to experimental limitations, the triangle and square data is
comprised of relatively small bubbles at a greater distance from the camera, produc-
ing small images in the frame with short collapse times. Smaller images cannot be
measured as accurately as larger images which leads to greater measurement error in
determining the radius ratio. In addition, shorter collapse times lead to fewer frames of
data which can cause the radius to be measured at the wrong time. However, neither
of these factors can fully account for such spread of data. It is noted that more confined

geometries tend to have higher spreads of radius ratio which suggests that shockwave
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reflections might play a more important role in such geometries. Despite these varia-
tions, much of the data collapses reasonably well (in particular the slots and flat plate
data), suggesting that it does strongly depend on the anisotropy parameter as has been
previously reported (Supponen et al., 2018).

Supponen et al. (2018) presented the ratio of energy between first and second size max-
ima as a function of the anisotropy parameter. The energy was calculated from the
radius and thus the radius ratio function can be determined from the given rebound
energy ratio function. This function is plotted alongside the data in figure 4.7(b) and sig-
nificantly deviates from the experimental data. Although the cause of this deviation is
not known, we speculate that minor variations in the experimental methodology could
lead to different amounts of energy dissipation during the collapse, thus producing
different radius ratio curves. The sensitivity to experimental conditions could also ex-
plain the large spread in the data in figure 4.7(b). One such parameter is the amount of
non-condensable gas present in the bubble which is difficult to measure experimentally
and has previously been shown to strongly affect the size of bubble rebounds (Tinguely
et al., 2012; Trummler ef al., 2021). Variation in the amount of non-condensable gas is
therefore a good candidate as the cause of the variation between previous work and the
data presented here. This variation of rebound radius presents a challenge in the use
of the collapsed curves presented in the current work. Displacement measured from
bubble inception to the end of the first collapse (Supponen et al., 2016) is unaffected by
rebound size and so the relation between displacement and the anisotropy parameter
would be expected to remain constant across all experiments. However, displacement
measured from the initial bubble size peak to the rebound size peak would vary as the
rebound size varies. Thus, it is expected that the collapsed curves presented in figure
4.7 are not universal.

Despite the lack of universality, this data corroborates the assertion of Supponen et al.
(2016) that many bubble collapse properties depend primarily on the anisotropy pa-
rameter. The collapse of the data also serves to validate the numerical models presented
in this work. These models, in combination with established scaling functions (Suppo-
nen et al., 2016), can therefore be used to predict bubble collapse properties, such as jet

velocity and jet volume, for any rigid geometry.

4.5 Conclusion and outlook

In this work we have presented a numerical model for computing the anisotropy pa-
rameter defined by Supponen et al. (2016). We have applied this model to a series
of complex geometries and demonstrated how the anisotropy parameter varies with
bubble position. The anisotropy magnitude is found to be highest when the bubble
is highly confined in one or more directions but with open fluid in another direction.
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FIGURE 4.7: Experimental data for a flat plate, a series of slots, a triangular prism, a
square prism, and two corners. Experimental data is plotted against anisotropy mag-
nitude predictions using the numerical models in this work. (a) Normalised bubble
displacement A/R against anisotropy magnitude {. A power law curve fit for all
the data combined is shown by the black dash-dotted line. (b) Ratio of second bubble
size maximum to first bubble size maximum R;/R( against anisotropy magnitude (.
The black dashed line is derived from Supponen et al. (2018). Inset axes of both plots
include all data unfiltered.

This configuration is mostly found near concave corners of geometries. The anisotropy
magnitude is found to be at a minimum far from geometries and in highly symmetric

areas.

We have experimentally measured two parameters of bubble collapse that can both
be measured robustly: the bubble displacement and ratio of bubble radius between
the first two size maxima. Using the anisotropy magnitude predicted by the numeri-
cal model, we have shown that the bubble displacement collapses onto a single curve
which conforms to the power law A/Ry = 4.54%>! where A/Ry is the dimensionless
displacement and  is the anisotropy parameter magnitude. A large portion of the ra-
dius ratio data collapses approximately onto a single curve, however there is very high
spread in some data sets and some significant overall deviation from the collapsed
curve. In addition, it is clear that this data does not collapse onto the same curve as
was presented by Supponen et al. (2018). We suggest that this variation could be signif-
icantly influenced by experimental differences such as the non-condensable gas content
of the bubble. Such a variation should also lead to a variation in shockwave energy so
the energy partition could be used to test this theory (Tinguely et al., 2012). We recom-
mend further investigation of this discrepancy, aiming to identify the key parameters
that lead to such variation between experimental setups and how those parameters can

be controlled.
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Previous research has shown that the anisotropy parameter is a good predictor of var-
ious collapse properties in a range of simple geometries (Supponen et al., 2016). The
anisotropy parameter model presented here, in combination with experimental data,
has shown that the anisotropy parameter remains a good predictor of collapse proper-
ties, even in complex geometries. Thus, this model can be combined with scaling laws,
such as those presented by Supponen et al. (2016), to predict many bubble collapse
properties, such as jet velocity, jet volume, and jet impact time. The anisotropy vector
direction produced by this model is equivalent to the directions produced by models
that have already been investigated in connection with the bubble displacement direc-
tion (Tagawa & Peters, 2018; Molefe & Peters, 2019; Andrews et al., 2020). This model
can therefore provide a complete prediction of the bubble displacement for any rigid

geometry.
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Chapter 5

Bubble collapse near porous plates

This chapter is based on a paper that has been submitted to Journal of Fluid Mechanics (Andrews
etal., 2022).

5.1 Abstract

A gas or vapour bubble near a solid boundary collapses towards the boundary due
to the asymmetry induced by the nearby boundary. High surface pressure and shear
stress from this collapse can damage, or clean, the surface. A porous boundary, such as
a filter, would act similarly to a solid boundary but with reduced asymmetry and thus
reduced effect. Prior research has measured the cleaning effect of bubbles on filters
using ultrasonic cleaning, but it is not known how the bubble dynamics are fundamen-
tally affected by the porosity of the surface. We address this question experimentally by
investigating how the standoff distance, porosity, pore size, and pore shape affect two
collapse properties: bubble displacement and bubble rebound size. We show that these
properties depend primarily on the standoff distance and porosity of the boundary and
extend a previously developed numerical model that approximates this behaviour. Us-
ing the numerical model in combination with experimental data, we show that bubble

displacement and bubble rebound size each collapse onto respective single curves.

5.2 Introduction

Collapsing bubbles can be found in numerous physical systems. Typically this involves
bubbles collapsing in proximity to various boundaries. The high surface pressures and
shear stresses generated by collapsing bubbles can damage, or clean, the boundary.
This cleaning effect can be harnessed through processes such as ultrasonic cleaning
(Reuter & Mettin, 2016) which can involve complex geometries (Verhaagen et al., 2016).
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Single bubbles collapsing near simple geometries, such as flat rigid boundaries, have
been widely investigated. Much of this research has focused on understanding bubble
morphology and jetting (Kroninger et al., 2010; Zhang et al., 2019), nearby surface shear
stress (Koukouvinis et al., 2018), surface pressure (Benjamin & Ellis, 1966; Li et al., 2016),
and surface damage (Sagar & el Moctar, 2020).

There has been a recent effort to characterise single bubble collapse in a range of com-
plex geometries. For example, characterising jet direction in a selection of geometries
including in concave corners (Tagawa & Peters, 2018), inside rectangular and triangular
prisms (Molefe & Peters, 2019), above slots (chapter 3), and in the corner of a wall and
a free surface (Kiyama et al., 2021). Bubble morphology, flow properties, and jetting
behaviours have also been investigated in combinations of concave corners and free
surfaces (Zhang et al., 2017; Brujan et al., 2018), between two parallel rigid boundaries
(Brujan et al., 2019; Rodriguez et al., 2022), inside a slot (Brujan et al., 2022), on a convex
corner (Zhang et al., 2020), on a crevice (Trummler et al., 2020), and on ridge-patterned
structures (Kim & Kim, 2020; Kadivar ef al., 2022). Nevertheless, there remain funda-

mental complex geometries that have yet to be explored.

Porous materials are a large family of complex geometries with a wide range of appli-
cations. Broadly, they could be categorised as connected or unconnected. One example
of an unconnected porous material is a bed of sand, such as those investigated by Sieber
et al. (2022). The sand creates pores which are permeated by water, but the grains are
able to separate which allows for significant deformation of the bed. The influence
of the bubble on the boundary is shown to depend on the granular size of the sand,
including behaviors such as granular jets and displacement of the boundary material.
However, the boundary is modelled as a liquid-liquid interface and it is shown that
the bubble rebound and displacement are principally driven by the density difference
between the pliable granular suspension and the water.

Connected porous materials have a wide range of applications, of which one very prac-
tical application is filters. Filters are typically porous materials through which a fluid
is passed in order to remove contamination. This contamination builds up on the filter,
reducing performance. Ultrasonic cleaning can be applied to filters in order to remove

the built-up contamination from the filter (Reuter et al., 2017).

The simplest example of a porous material is a flat plate with a pattern of through-holes.
Some research has investigated the problem of a plate with a through-hole bounding
a free surface in relation to breaches of maritime hulls (He et al., 2021; Cui et al., 2021,
2022). Similarly, Sun et al. (2022b) investigated bubble collapse near a rigid surface
with a gas-entrapping hole. This concept was also investigated by Gonzalez-Avila et al.
(20200) and Sun et al. (2022a), who considered surfaces with a pattern of gas-entrapping
holes. In all these cases, bubbles were found to translate away from the boundary,

acting analogously to a typical free surface.
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Liu et al. (2017) investigated a bubble collapsing between a free surface and a sub-
merged solid boundary with a through-hole. Bubbles collapsing close to a fully sub-
merged rigid boundary with a single through-hole have also been investigated, both
experimentally (Lew ef al., 2007; Karri et al., 2011; Abboud & Oweis, 2013) and numeri-
cally (Khoo et al., 2005). Similarly, Moloudi et al. (2019) numerically investigated bubble
collapse dynamics close to a convex boundary with a through-hole. These investiga-
tions revealed similar tendencies of the bubbles during collapse, such as the bubble
translating towards and through the holes, the bubble surface expanding into the holes,

and stronger counter-jetting than solid plates.

In this research, we investigate a less-studied phenomenon: how a series of porous
plates affect bubble collapse dynamics. We include some comments on bubble mor-

phology and measurements of bubble displacement and bubble rebound radius.

5.3 Problem definition

We define a porous plate as a thin, rigid plate with a pattern of through-holes. The plate
thickness is defined as H, with through-holes of characteristic length W and spacing
S. Three shapes of hole are investigated: circles, squares, and triangles. Circles are
the smoothest possible hole shape and triangles are the least-smooth regular polygon,
with the tightest corner angle. Squares are somewhere between the two and are used
to achieve high void fractions due to their efficient tessellation packing. Schematics of
these arrangements are shown in figure 5.1(a-c). The void fraction ¢ is defined as the
fraction of the total plate area that is occupied by holes. For circular holes the void

fraction is

/3 (W2
- I3 <S> , (5.1)
for square holes the void fraction is
W 2
¢ = <S> , (5.2)
and for triangular holes the void fraction is
1 (W\?

Bubbles are positioned vertically at a distance Y from the boundary with time-variant
radius R and maximum radius Rg. These parameters are shown in figure 5.1(d). Hori-
zontally, the bubble can be positioned in two dimensions with varying proximity to the
holes. We identify the two extreme cases as a bubble directly over a hole and a bub-
ble directly over the plate between holes. These two cases represent the minimum and
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maximum area of solid boundary near the bubble. The horizontal positions of bubbles
above holes are shown by the orange circles in figure 5.1. The horizontal positions of
bubbles above the plate between holes are shown by the green crosses in figure 5.1 and

are usually referred to hereafter as ‘between-holes’.

The vertical distance of the bubble is normalised by the maximum bubble radius to pro-
duce the dimensionless standoff distance v = Y/Ry. The hole size is also normalised
with the maximum bubble radius, W/ Ry.

In this research we investigate fixed, rigid plates with a constant thickness H = 1 mm
and compare only the effects of bubble position and hole geometry.

(b) (¢) (d)
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FIGURE 5.1: Top-down view schematic diagrams of porous plates with patterns of

circular (a), square (b), or triangular (c) holes. Orange circles mark horizontal positions

above a hole and green crosses mark horizontal positions between-holes. (d) Side-on
cross-section view of a porous plate with a bubble positioned vertically above it.

5.4 Methods

5.4.1 Experimental method

Experiments were performed using laser-induced cavitation with an off-axis parabolic

mirror as the focusing optic as described in section 2.1.2.

Porous plates were created by laser cutting 50 mm x 50 mm plates out of stainless
steel with a thickness of 1 mm. Stainless steel was selected to ensure rigidity in the
plates because other materials, such as 1 mm acrylic, flex significantly under the load
of a bubble collapsing, which is known to reduce or reverse displacement (Gibson &
Blake, 1982; Brujan et al., 2001b). Holes had characteristic lengths between 0.40 mm
and 4.79 mm, primarily limited at the low end by laser cut quality. Due to the position
of the bubble in close proximity to the plate, the diverging laser impinges upon the
plate. If the plate is sufficiently close to the focal point, or the focal angle is narrow, the
plate can absorb a significant amount of laser energy which can then nucleate a second
bubble at the surface of the material. This nucleation is shown in figure 5.2. In order

to stop significant surface nucleation, the plates were polished to reduce laser energy
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Hole shape ¢ (%) W (mm) A (mm?) Ry (mm)

solid - - - 1.50
circles 7.3 1.15 1.04 1.48
circles 11.5 0.40 0.12 1.49
triangles 134 1.10 0.52 1.33
circles 14.6 1.15 1.04 1.45
circles 21.6 1.14 1.02 1.50
circles 22.7 4.79 18.02 1.43
squares 229 1.96 3.84 1.34
triangles 23.1 2.35 2.40 1.31
circles 23.3 2.37 4.41 1.41
triangles 25.9 1.08 0.50 1.33
circles 29.3 1.15 1.04 1.57
circles 35.6 1.13 1.01 1.45
circles 40.7 1.11 0.96 1.51
triangles 441 1.60 1.11 1.33
squares 44.7 1.94 3.77 1.42
squares 52.7 1.94 3.78 1.32
squares 59.4 1.94 3.75 1.39

TABLE 5.1: All experimental geometries used in this research. Ordered by void frac-
tion ¢ and showing hole shape; hole characteristic width W; hole area A; and mean
bubble size R.

absorption by increasing the reflectivity. All geometries used are listed in table 5.1 with
measurements of the geometric parameters and range of bubble sizes.

t =0 pus t =30 us t =100 ps t = 160 us t =190 us

FIGURE 5.2: Frames showing the expansion and collapse of two bubbles, one nucle-
ated at the laser focal point and one simultaneously nucleated where the laser im-
pinges on a nearby steel plate. An approximate scale bar is given.

5.4.2 Numerical model

Bubbles collapsing in complex geometries experience varied degrees of asymmetry.
This asymmetry can be quantified with the ‘anisotropy parameter’ {, a dimensionless
equivalent of the Kelvin impulse, which can predict several bubble collapse properties
(Supponen et al., 2016, 2017, 2018).
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In chapter 4, we presented a numerical model, based on the boundary element method,
capable of predicting the anisotropy parameter for arbitrary rigid geometries. This
model assumes that the bubble can be treated as a fixed three-dimensional point sink
in potential flow with a strength depending on the bubble radius and radial velocity
of the bubble surface which are calculated by numerically solving the Rayleigh-Plesset
equation. Nearby boundaries are modelled by a distribution of point sink elements and
the no-through-flow boundary condition is imposed at their centroids. Each element i
has a constant sink strength density o; across its surface and area A; such that the sink
strength of the centroid point sink is 0;A; and the velocity induced at a point j by the
element i is

0iAi(xj — x;)

Vol = (5.4)

47‘(‘X]' — Xi’?’ !

where ¢ is the velocity potential, x; is a point in the fluid, and x; is the centroid position
of the element i.

The bubble is assumed to be stationary and the integral of pressures on the boundary
surface is calculated and integrated over time. This allows the Kelvin impulse to be

estimated and then non-dimensionalised to the anisotropy parameter .

Porous plates could be directly modelled this way, however a high number of elements
would be required to adequately resolve the holes. Here we propose an adaptation of
the previous model that does not require each hole to be resolved separately.

By assuming that the plate has zero thickness, the plate can be modelled with a single
layer of boundary elements. Elements could then be constructed to surround the holes,
however this would simply act to redistribute the element centroids and reduce the
overall area. Instead, we assume that the plate is homogeneous, and simply scale the

element areas using the void fraction so that the porous element area A; is
Ai=(1-¢)Asq (5.5)

where Aj; is the area of the equivalent solid element. This method assumes that the
shape of the holes doesn’t matter, and that the holes are small enough that any differ-

ence in horizontal position is negligible.

After scaling the areas, the boundary element method solution can proceed as usual, us-
ing the reduced A; for both the boundary conditions and pressure integration. The core
boundary element method procedure is described in section 3.4.2.1 and the anisotropy

computations are described in section 4.3.
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5.5 Experimental results

5.5.1 Bubbles close to porous boundaries

Bubbles collapsing in close proximity to porous boundaries show a broad range of in-
teresting dynamics. In this section, frames from high-speed recordings of five bubble

collapses are presented, demonstrating some of these dynamics.

When bubbles collapse close to solid boundaries, they produce strong jets that often im-
pinge on the boundaries. When the bubble is nucleated above a hole (positioned above
the orange circles in figure 5.1), these jets can propagate through the hole, producing
very long regions of entrained vapour. One such example is shown in figure 5.3. In this
figure, an average jet velocity of 39 m s~! is found between t = 279 us and t = 319 us.
The frame at t = 359 us shows that the vapour entrained by the jet extends beyond the
bottom of the frame. This region of vapour then itself very rapidly collapses, as seen at

t = 369 us, followed by the rest of the bubble collapsing down towards the hole.

2:8884

t =129 us t =279 pus t =319 pus t = 359 us t = 369 us t =459 us

FIGURE 5.3: Frames from a high-speed recording of a bubble collapsing with a strong

jet passing through a hole in a porous plate with void fraction ¢ = 44.7 % and square

holes of size W = 1.94 mm. A cross-section of the plate at the bubble position is
superimposed with hatched areas indicating the solid part of the plate.

As well as allowing jets to pass through the holes, the holes reduce the impedance of
the boundary. Bubbles collapse towards solid boundaries because the solid boundary
impedes the flow out from the bubble during expansion and into the bubble during col-
lapse. This results in the opposite side of the bubble expanding and collapsing much
faster, leading to the overall motion towards the boundary (Blake, 1983). When the
bubble is directly over a hole (positioned above the orange circles in figure 5.1), the
hole does not impede the bubble expansion and collapse. Figure 5.4 shows one such
configuration. Initially, the bubble expands mostly spherically. However, the bottom of
the bubble, positioned directly over the hole, expands more than the rest of the lower
side, resulting in a protrusion visible in the frame at ¢t = 80 ys. The protrusion expands
into the hole when the bubble is at its maximum size at ¢t = 160 us. Subsequently, dur-
ing collapse, the protrusion entirely withdraws by t = 240 us, with a clear gap visible

between the now-flattened lower surface and the boundary. Due to the low impedance
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of the hole compared to the surrounding boundary, the center of the bottom side of the
bubble continues collapsing much more rapidly than the surrounding areas. This leads
to a full inversion of the bottom of the bubble, visible by the upward-facing triangular
jet entering from the bottom side of the bubble at t = 300 us. These qualitative ob-
servations agree well with those reported by Khoo et al. (2005). The bubble then fully
collapses and re-expands by t = 410 ps. It is interesting to note in the frame at t = 410
us that the bubble undergoes a rapid ejection event on the upper right surface, the cause
of which is unknown. The bubble goes on to travel through the hole, breaking up as it
goes.

+w29Q15

t=0 ps t =80 us t = 160 us t =240 pus t = 300 us t =410 ps

FIGURE 5.4: Frames from a high-speed recording of a bubble collapsing through a hole

in a porous plate with void fraction ¢ = 21.6 % and circular holes of size W = 1.14

mm. A cross-section of the plate at the bubble position is superimposed with hatched
areas indicating the solid part of the plate.

Y Y

t=0 pus t =60 us t =80 us t =230 pus t = 280 us t =400 us

FIGURE 5.5: Frames from a high-speed recording of a bubble collapsing above the area

between four holes in a porous plate with void fraction ¢ = 44.7 % and square holes
of size W = 1.94 mm. A cross-section of the plate through the row of holes in front of
the bubble is superimposed with hatched areas indicating the solid part of the plate.

Bubbles positioned above the solid boundary between holes also expand preferentially
towards nearby holes. Figure 5.5 shows a bubble positioned between four square holes
(above the green cross in figure 5.1b). At the lower edge of the bubble, the areas closest
to the holes expand more than the center. These appear as two sharper protrusions on
either side of the bottom of the bubble in the frames at t = 60 us and t = 80 us. On
the boundary, an extremely small bubble is nucleated by the laser impinging on the
boundary. This bubble is visible in the first three frames as a shadow directly below
the main bubble. The main bubble, however, does not contact the boundary at the
center until the frame at t = 230 us, showing how the solid parts of the boundary
strongly limit the growth and collapse of the bubble when compared to the holes. As
the bubble begins to collapse, surface instabilities become visible in the frame at t =
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230 us, growing initially from the holes and spreading across the bubble surface. The
top surface of the bubble rapidly collapses, leaving an indentation on the top of the
collapsing bubble at ¢t = 280 us. The bubble then re-expands along the solid parts of
the boundary, splitting into multiple sections visible at t = 400 ys.

R00.0.0..

t =130 pus t =170 ps t = 220 ps t = 250 pus t = 260 us t =270 pus

FIGURE 5.6: Frames from a high-speed recording of a bubble collapsing above the area

between two holes in a porous plate with void fraction ¢ = 44.7 % and square holes of

size W = 1.94 mm. A cross-section of the plate at the bubble position is superimposed
with hatched areas indicating the solid part of the plate.

These effects can be further explored by observing a bubble positioned between just
two holes. This case is shown in figure 5.6. As in figure 5.5, the bubble in figure 5.6 ex-
pands preferentially towards the nearby holes. Again, protrusions are visible on either
side of the lower surface of the bubble. However, as the bubble collapses, the motion
of these protrusions is in the camera plane and so can be more clearly observed. The
surface of the bubble directly adjacent to the solid part of the boundary remains signifi-
cantly impeded throughout the collapse and so does not move significantly. Att = 170
us the two expanded protrusions have begun to collapse towards bubble centroid. As
the collapse advances the protrusions retain their additional curvature, forming ‘ears’
on either side of the bubble which are visible until + = 270 us. The longevity of these
ears is a surprising feature as the areas of a bubble with greatest curvature are expected
to collapse most rapidly (Lauterborn, 1982).

We note here that the rapid jet, often seen around the time of the first re-expansion of
the bubble, is not always aligned with the overall motion of the bubble. This suggests
that small asymmetries in the initial plasma formation may affect the bubble dynamics
beyond the initial formation and expansion, despite the bubble being very spherical
at its maximum size. The mechanism for this behaviour could be some history of the
initial plasma and expansion being retained due to insufficient mixing and homogeni-
sation of the internal gases of the bubble. An example of an offset jet is shown in figure
5.7 where the bubble is collapsing near a solid plate. Despite the bubble appearing
very spherical at its maximum size, and the plate being highly symmetric, the jet that
appears at t = 400 ps is clearly offset from the vertical axis (shown by the grey dashed
line). Although this jet is strong, it does not affect the overall motion of the bubble as
the bubble proceeds to collapse in the expected vertical direction. This effect is visi-
ble in data sets we have previously used in chapter 4 and can be found in some other
publications such as figure 5 in PoZar et al. (2021) and figure 4(a) in Sieber et al. (2022).
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FIGURE 5.7: Frames from a high-speed recording of a bubble collapsing above a solid

boundary. The horizontal position of the bubble at its maximum size is shown by the

grey vertical line in each frame. The plate is indicated by the hatched grey area at the
bottom of the frame.

5.5.2 Variation of displacement and rebound radius with standoff distance

Bubble displacement A/ Ry and rebound radius R;/Rg are known to depend strongly
on the standoff distance v = Y /Ry (Supponen et al., 2016, 2018). In figure 5.8, the
blue data points are experimental data from bubbles collapsing near a solid plate. As
the standoff distance increases, the displacement decreases, approximately following a
power law. Similarly, the rebound radius decreases as the standoff distance increases,
although this approximately follows a log law rather than a power law. A porous plate
impedes flow, but to a lesser degree than a solid plate. Thus, it induces a lesser dis-
placement and rebound radius than a solid plate as shown by the orange data in figure
5.8. For the porous plate, the displacement approximately follows a power law and the
rebound radius approximately follows a log law, which are the same trends as for the

solid plate.
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FIGURE 5.8: (a) Normalised displacement plotted against standoff distance. (b) Nor-

malised rebound radius plotted against standoff distance. Blue diamonds are data

from bubbles collapsing near a solid plate. Orange circles are data from bubbles col-
lapsing near a porous plate.
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5.5.3 Comparing horizontal position, hole size, and hole shape

Many parameters govern the porous plate and a vast number of plates could be consid-
ered with a range of hole shapes and sizes. In addition, the bubble can vary in position
relative to the plate both horizontally and vertically. In order to reduce the parameter

space, it is thus desirable to determine which parameters can be considered negligible.

As discussed in section 5.3, the horizontal position of the bubble has two extremes:
above a hole (above the orange circles in figure 5.1), or directly above an area of plate
between holes (above the green crosses in figure 5.1). Intuitively, it can be understood
that a bubble above a hole will displace less than a bubble above solid boundary be-
cause the fluid does not impede the collapse of the bottom of the bubble. In the lim-
iting case of an infinitely large hole, the bubble experiences no asymmetry, and thus
no displacement. Conversely, with a fixed void fraction, infinitely large holes produce
infinitely large spaces between holes. Thus, for bubbles nucleated between-holes, the
bubble is no longer affected by the holes and so tends towards the solution for a sim-
ple solid plate. However, for sufficiently small holes, the difference between bubbles
collapsing above a hole and bubbles collapsing between-holes is expected to become

negligible.

Here we define a dimensionless area parameter A’ to be the ratio between the area of
one tessellation unit and the projected area of the bubble. The tessellation unit area is
the total area that would be used to calculate the void fraction of one hole. These units

are shown graphically in figure 5.9. Thus, the parameter A’ is defined as

A
477TRO
where A is the area of one hole and R is the mean maximum bubble radius of bubble

collapse experiments near the plate.

Figure 5.10 shows data for four different plates. One plate has very large tessellation
unit area compared to the average bubble size (A’ = 12.54), while the other three have
area ratios in the range 1.78 < A’ < 3.28. For each plate, bubbles are positioned above
a hole and between-holes. The dashed lines follow bubbles above holes and the solid
lines follow bubbles between-holes. It is immediately clear that there is a distinct sep-
aration of data, with bubbles above holes displacing significantly less, and rebounding
to a smaller size, than bubbles between-holes. However, as the standoff distance in-
creases, the dashed and solid lines converge. For the three plates with smaller holes, at
sufficiently large standoff distances, the lines merge completely and the data become in-
dependent of horizontal position (within experimental variation). For these three data
sets, the data become independent of horizontal position at approximately v = 3. In
general, as A’ decreases, convergence occurs at lower standoff distances. Thus, the hor-
izontal position of the bubble is unimportant for displacement and rebound size when
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the pattern of holes is on a scale smaller than the bubble size. This is confirmed by
figure 5.8 where the porous plate data (with A’ = 0.13) for above a hole and between-
holes are plotted together and show no greater spread than the solid plate data in the
same figure. In addition, for small holes (low W/R) at very low void fractions, the
dimensionless area A’ can be large but does not result in significant splitting of the
data.

The data in figure 5.10 represent three different hole shapes: a square, a circle, and a
triangle. The square and smaller circular holes have very similar area ratios and pro-
duce almost identical curves for both displacement and rebound size. The triangular
holes are slightly smaller and show slightly less splitting of the data. Thus, using the
dimensionless area A’, the shape of holes can be considered unimportant. This can
be explained by the short timescale on which these flows occur. In less rapid flows,
the shape of a hole is important due to the viscous boundary layers that form around
the edge of the hole. Shapes such as triangles have a greater perimeter per unit area
when compared to circles. This increased surface leads to more boundary layers form-
ing which further restrict the flow. However, for flow induced by a bubble collapsing
near a hole, there is insufficient time for a significant viscous boundary layer to form
and thus the shape of the hole becomes insignificant. This can be shown with the ap-
proximate relation § ~ /vt where ¢ is the approximate scale of the boundary layer
thickness, vy, is the kinematic viscosity, and ¢ is the time over which the boundary layer
would develop. The kinematic viscosity of water at room temperature is approximately
1 x 107® m2 s~1. From our experiments, a typical growth and collapse cycle occurs in
approximately 0.5 ms. Thus, the boundary layer formed in this time would be on the
scale of 0.02 mm which is much smaller than the size of the holes and so can be consid-

ered insignificant.
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FIGURE 5.9: Top-down view diagrams of porous plates with circular holes (a), square
holes (b), and triangular holes (c). The tessellation pattern is shown by the green

dashed lines with a single tessellation area shaded in green. The orange circles in-
dicate the size of a bubble with equal area to each tessellation area such that A’ = 1.

5.5.4 Variation of displacement and rebound ratio with void fraction

From the observations above, we can neglect the influence of hole size, hole shape, and

horizontal position for porous plates with dimensionless area A’ < 1.5 or with small
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FIGURE 5.10: (a) Normalised displacement plotted against standoff distance. (b)

Normalised rebound radius plotted against standoff distance. Data are plotted for

four porous plates with tesselation unit areas A’ > 1.5. Data for bubbles positioned

between-holes are traced by solid lines and data for bubbles positioned above holes

are traced by dashed lines. Data markers have shapes corresponding to the shape of
holes in the plates (circles, squares, and triangles).

holes (W/Rp < 1). All analysis hereafter relies only on data within this regime and we
now further investigate the influence of the void fraction.

Starting from a solid plate, with zero void fraction, and then increasing the void frac-
tion, figure 5.11(a) shows that displacement decreases as void fraction increases. Sim-
ilarly, figure 5.11(b) shows that the rebound size ratio decreases as the void fraction
increases. Both of these confirm that higher plate porosity results in less asymmetry
in the bubble collapse. Despite the decrease in displacement and rebound ratio with

increasing void fraction, the gradient remains remarkably similar for all void fractions.

To find out how the displacement and rebound size depend on void fraction, we take
vertical slices at three stand-off distances. For each slice, the displacement and rebound
size values at a given void fraction are calculated from straight-line fits to each data set
shown in figures 5.11(a) and 5.11(b). Three such curve fits are shown on each of figures
5.11(a) and 5.11(b) as examples. Figures 5.11(c) and 5.11(d) show displacement and re-
bound size ratio as functions of void fraction for three values of standoff distance. The
displacement and rebound radius both decrease as the void fraction increases. Both dis-
placement and rebound radius show fairly uniform sensitivity to void fraction across
different standoff distances, although the displacement is marginally more sensitive at
low standoff distances.
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FIGURE 5.11: (a) Normalised displacement plotted against standoff distance for a
range of void fractions ¢. (b) Bubble rebound radius ratio plotted against standoff
distance for a range of void fractions ¢. Straight-line curve fits are shown for three rep-
resentative cases in each of (a) and (b). (c) Normalised displacement plotted against
void fraction ¢ for standoff distances corresponding to the grey dashed lines in (a).
(d) Bubble rebound radius ratio plotted against void fraction for standoff distances
corresponding to the grey dashed lines in (b). Only data for plates with A’ < 1.5 or
W/Ry < 1 are included in these plots.

5.6 Anisotropy parameter for porous plates

In the previous section, we have shown how displacement and radius ratio vary with
both standoff distance and void fraction. In order to unify these parameters, and com-
pare these results with other geometries, it is desirable to formulate the anisotropy
parameter as a function of standoff distance and void fraction. We assume that the
anisotropy of a porous plate is only a function of void fraction ¢ and standoff distance
Y.

¢=fle,7) (5.7)

In this section we present two methods of determining the function f(¢, y).
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5.6.1 Displacement and rebound ratio as a function of anisotropy

The first formulation of the anisotropy parameter is the implementation of the numer-
ical method described in section 5.4.2. Using this method, experimental measurements
of displacement and rebound ratio can be plotted as a function of the anisotropy predic-
tions as shown in figure 5.12 (parts a and b). Although not perfect, it shows reasonable

collapse of most data onto a single curve for each of the two measurements.
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FIGURE 5.12: Normalised displacement (2) and rebound radius ratio (b) plotted
against the anisotropy parameter magnitude ¢ predicted by the numerical model. Nor-
malised displacement (c) and rebound radius ratio (d) plotted against the anisotropy
parameter magnitude  estimated by fitting displacement data to the solid plate data.
Data are coloured by void fraction ¢. The grey data points in (c) and (d) are from
chapter 4. The black dashed line is a curve fit to the porous plates data. The black
dash-dotted line is the curve fit from chapter 4. The black dash-dot-dotted line is de-
rived from the curve fit of Supponen et al. (2018).

Using the numerical model, we find that the anisotropy parameter varies almost ex-
actly with =2 across all porous plates. This is consistent with all the other anisotropy
functions for flat geometries presented by Supponen et al. (2016). Thus, we simplify
equation 5.7 to

C=g(¢)r 2 (5.8)

leaving only the function g(¢) to be determined. Using the numerical model, the pref-
actor g(¢) is plotted as the orange line in figure 5.13. This was computed for a 50 mm

x 50 mm plate using 19 756 elements, with element lengths ranging between 0.35 mm
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and 0.42 mm, where larger elements were used around the edge of the plate. As the
void fraction increases, the prefactor g(¢) decreases. At a void fraction ¢ = 0, identi-
cally a solid plate, the prefactor approaches the solution for a solid plate g(0) = 0.195.
Notably, due to differences between the numerical model and analytic solution for a
flat plate, the boundary element method solution does not reach 0.195. At the opposite
limit, with void fraction ¢ = 1, the plate does not exist, resulting in zero anisotropy,
thus g(1) = 0. Between these limits the gradient of the prefactor is highest at low void
fractions, indicating higher sensitivity to void fraction when the void fraction is low.

This conclusion is also reflected in the shape of the curves in figure 5.11(c, d).

The second formulation for the anisotropy parameter assumes that displacement is
solely a function of the anisotropy parameter ¢ and maintains the assumption that the
anisotropy can be written as equation 5.8. The analytic solution for a solid plate (¢(0) =
0.195) can be applied to the solid plate data to give the measured displacement as a
function of anisotropy. Then, for each porous plate data set, the prefactor g(¢) can be
fitted such that the porous plate data follows the same curve for displacement against
anisotropy. This curve fit is performed using the logarithmic least-squares difference
between each data set and the curve fit on the solid plate data.

Using the fitted prefactors g(¢), the data collapses very well onto single curves for
displacement and rebound radius as shown in figure 5.12 parts (c) and (d). It should
be noted that only the displacement curve is fitted and the resulting values cause the
rebound radius data to collapse as well, suggesting that these values are representative
of the underlying physics and not simply overfitting to the data.

The fitted prefactors are shown alongside the numerically predicted curve in figure
5.13 with vertical error bars of one standard deviation of the least-squares fit. In this
plot, different horizontal positions are treated as distinct data sets, resulting in two data

points for each porous plate which are typically very closely aligned.

Figure 5.13 shows that the boundary element method agrees well with the experimen-
tally determined prefactors. However, at low void fractions the experimental values
tend to be below the numerical predictions, whereas at higher void fractions they tend
to be above. This may suggest that there are some nuances to the behaviour that the
numerical model cannot capture.

An empirical curve fit for the anisotropy parameter is desirable in order to further
reduce the cost of modelling porous boundaries. It is noted that the two limits of g(¢)
are g(0) = 0.195 and g(1) = 0. We assume that g(¢) is a non-linear, smooth function
between these limits of the form

g(¢) = 0.195(1 — ¢*) (5.9)
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where k is the single parameter to be fitted. Using the experimental data shown in
figure 5.13, the fitted parameter k is found to be 0.500 with a standard deviation of
0.027. This curve fit is plotted alongside the data in figure 5.13 which shows good
agreement with experimental data. The anisotropy can therefore be written as

7 =0.195(1 — ¢*)y 2 (5.10)

for all ¢ € [0, 1], effectively providing a single equation for displacement and rebound

radius for any void fraction and standoff distance.
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FIGURE 5.13: Prefactors g(¢) where { = g(¢)y 2 plotted against void fraction ¢.
Experiment data points are computed from fitting displacement data for porous plates
with the solid plate data. Horizontal error bars represent the range of possible void
fractions for each data point. Vertical error bars are the standard deviation from the
least squares fit of g(¢). Points are coloured by the dimensionless width of the holes.

5.6.2 Disparity with other experimental methodologies

Computing the anisotropy for this data allows it to be compared to prior research,
as shown in figure 5.12 (parts c and d). Figure 5.12(d) shows the curve presented by
Supponen et al. (2017) as well as data points from chapter 4 which used a different
experimental method than the present chapter. Although there is significant spread in
the data from chapter 4, it does not follow the same curve as the present research. The
curve presented by Supponen et al. (2017) is even further different. This reinforces our
previous suggestion that there is likely another factor that varies between experimental
methodologies that can significantly affect the bubble rebound size.

Figure 5.12(c) shows data points and the curve fit for displacement against anisotropy
for a range of complex geometries presented in chapter 4. This collapsed curve is
markedly different to the curve presented in the present research. The principle dif-
ference between the two works is that the previous research used a microscope objec-
tive to create bubbles whereas the current research uses an off-axis parabolic mirror.
This difference in displacement is likely partly due to smaller rebounds, but may also
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be affected by bubble morphology due to the difference in plasma shapes created by
different focusing optical elements.

5.7 Conclusion

In this chapter, we have investigated how a pattern of through-holes in a rigid bound-
ary affect the dynamics of a collapsing bubble. We have demonstrated how bubbles
expand preferentially towards the holes and less towards the solid parts of the bound-
aries. We have shown that the displacement and rebound radius do not depend sig-
nificantly on the shape of the holes, and the size of the holes only becomes important
when comparable to the bubble size (dimensionless tessellation unit area A’ > 1.5).

The bubble displacement and rebound radius depend strongly on both the standoff
distance and void fraction of the porous plate. These parameters can be unified in
terms of the anisotropy parameter with equation 5.10. Using this unified parameter,
all data for porous plates collapse onto single curves for displacement and rebound
radius. However, the collapsed curves vary from those found in chapter 4 which used
a different experimental method.

This work provides a solid first step towards characterising bubble behaviour near
porous plates and connects this geometry to the wider framework of investigations
using the anisotropy parameter.
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Chapter 6

Conclusion

In this work we have experimentally and numerically investigated how complex ge-

ometries affect the dynamics of bubble collapse.

We first showed that the jet produced by a bubble collapsing near a slot angles away
from the slot. The angle reaches a maximum near the edge of the slot and becomes inde-
pendent of the depth of the slot for sufficiently deep slots. We captured this behaviour
using experiments and the boundary element model that we developed. Using the
boundary element model, we showed that the jet angle collapses onto a single curve
for all slot geometries when appropriate normalisations are applied. Many geometries
could be considered analogous to a slot, such as a hole or recess in a flat plate, and

similar conclusions would be expected.

We have then extended the boundary element method to not only capture the angle of
the bubble collapse, but also the asymmetry of the collapse. This was quantified using
the anisotropy parameter and our model agreed well with previous analytic results.
We then applied this model, and a simplified, semi-analytic version of this model, to
predict anisotropy values for a range of complex geometries. We showed, as expected,
that bubbles that are confined in one direction and exposed to open fluid in the op-
posite direction experience greater anisotropy. We then used our model to predict
anisotropy values for experimental measurements of bubble displacement and bub-
ble rebound size. The bubble displacement collapsed very well onto a single curve
using the anisotropy values. However, the rebound size data sets showed a lot of
scatter, possibly due to shockwave rebounds in confined geometries. Nevertheless,
the least-scattered data sets did collapse down onto one curve. We also showed that
this mostly-collapsed curve did not agree with previous research, suggesting that there
may be other parameters affecting the bubble rebound size such as the amount of non-

condensable gas in the bubble.

Finally, we investigated bubble collapse near porous plates. We showed that the bubble
displacement and rebound size do not depend strongly on the hole size and shape for
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holes smaller than the bubbles. Thus, bubble displacement and rebound size depend
primarily on the void fraction of the plate and the standoff distance. Using our numer-
ical model and an empirical curve fit, we showed that the curves once again collapse.
However, these collapsed curves were different to the previous displacement and re-
bound size curves, which we expect is due to the different experimental methodology
being used. This reinforces our suggestion that there is another parameter significantly
affecting the rebound size. This investigation of porous plates lays the groundwork for

future investigations of more generalised porous materials.

The numerical model presented in this work allows any complex geometry to be in-
vestigated within the anisotropy parameter framework to leverage existing and future
results. However, further work is required to connect this framework of single-bubble
collapse to applications such as ultrasonic cleaning. For example, understanding the
geometric distribution of bubble collapse events induced by an ultrasound field, the
combined effect of multiple bubbles, and the relation between surface shear stress and
the anisotropy parameter.
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