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There is increasing interest in the study of nonperturbative aspects of three-dimensional quantum
field theories (QFT). They appear as holographic dual to theories of (strongly coupled) gravity.
For instance, in Holographic Cosmology, the two-point function of the Energy-Momentum Tensor
(EMT) of a particular class of three-dimensional QFTs can be mapped into the power spectrum
of the Cosmic Microwave Background in the gravitational theory. However, the presence of
divergent contact terms poses challenges in extracting a renormalised EMT two-point function
on the lattice. Using a ¢* theory of adjoint scalars valued in the su(N) Lie Algebra as a proof-
of-concept motivated by Holographic Cosmology, we apply a novel method for filtering out such
contact terms by making use of infinitely differentiable "bump" functions which enforce a smooth
window that excludes contributions at zero spatial separation. The process effectively removes
the local contact terms and allows us to extract the continuum limit behaviour of the renormalised

EMT two-point function.
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1. Introduction

In holographic models of cosmology, the scalar power spectrum of the Cosmic Microwave
Background (CMB) is computed from the two-point function of the Energy-Momentum Tensor
(EMT) [14]. We can decompose the EMT two-point function as [8] in this case as
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is the transverse projector and
1
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is the transverse-traceless projector. The B(g) form factor in eq. (1) maps into the CMB scalar
power spectrum via the relation [11, 13]:
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Perturbatively, it has been shown in [2, 3] that for high multipole momenta (/ > 30) the fit
that the model gives to cosmological data is competitive with that of ACDM. The low multipole
momentum region, however, maps into the non-perturbative regime of the QFT, and therefore a
lattice treatment of it is rendered necessary.

2. Algorithm

The lattice simulations discussed in the following sections were written using the Grid library
[5], whereupon a Heatbath-Overrelaxation algorithm was used to update the scalar fields. The
algorithm consists of a heatbath update followed by n overrelaxation, or reflection, updates. These
also contain Metropolis accept/reject steps where appopriate to account for non-gaussianities. These
algorithms are discussed in more detail in [1], and the update prescription we used follows closely
the one laid out in [6], with slight alterations for numerical stability and without the gauge updates.

3. The Discretised Energy-Momentum Tensor and Ward Identities

Motivated by Holographic Cosmology, we focus on the theory defined by the following lattice
action:

3

S = % Tr {Z[Auqﬁ(x)]z + (m? = mg)¢*(x) + ¢4(x>} : (5)
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Here, our scalar fields ¢(x) are traceless hermitian N X N matrices valued in the su(N) algebra

and A, is the forward discrete derivative. Furthermore, the theory here is presented with large-N

scaling. This theory is superrenormalisable and contains a continuum second-order phase transition
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between a symmetric and a broken phase at m?> = 0. Furthermore, this theory is perturbatively
IR-divergent, but it has been shown by the LatCos collaboration that it is nonperturbatively finite
[9], in addition to the expectation that it should be IR-finite due to its superrenormalisability [4, 12].
A tentative form of the bare lattice Energy-Momentum Tensor T[(I)V may be obtained by replacing
the derivatives of the continuum 7},,, with discrete central derivatives, here denoted by A;:

N _ _
T,Bv = ETr{z(Au(p)(Av(b) - 5uv
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The last term in brackets, which multiplies the constant &, is the improvement term which
accounts for non-minimal coupling of the QFT to gravity. £ is a parameter to be fixed by comparing
with CMB data. The bare lattice TEV as defined in eq. (6), however, does not satisfy the continuum
Ward Identity (WI) due to the breaking of continuum translational symmetry. Explicitly,

% oP(y) 5
(ATO, (x)P(y)) = —<—AV¢<x>> + (X, (0)P(Y), %)
6¢(x)
where P(x) and X, (x) are lattice operators. In order to restore the WI as the lattice regulator is
removed (i.e. taking a — 0), we require the second term in eq. (7) to vanish in this limit. However,
the

second term in fact diverges with a~!. Therefore, it requires renormalisation. As a renormalisation

due to radiative corrections inducing mixings with lower-dimensional operators than TSV,
prescription, we will require that the WI be restored when we remove the regulator by subtracting
the divergent contribution from the bare lattice Energy-Momentum Tensor.

It has been shown [7] that in the 4D theory TSV mixes with 5 different lower-dimensional
operators. Power-counting tells us that in the 3D theory there is only one operator with which it
mixes. Namely, O = § WTrgbz. Therefore, we subtract from the bare EMT a divergent term that is
proportional to this operator:

NC3

T/fv = T;(z)v - a 5,uvTr¢29 (8)

where c3 is a constant to be determined. Perturbatively, we may obtain it, for instance to one loop:
1-loop — (o i 6ZO -1 9

o2 ). .

Nevertheless, since we wish to consider the theory at its critical point where the correlation length
diverges, we cannot trust perturbative results to be accurate. Therefore, we need to turn to non-
perturbative methods. Consider the following insertion of TSV:

N .
Corl@) = @ Q7T (T (0)) = Con () + “es0u Calg) + o (10)

where the «/a factor is a contact term, and

2
Ca(q) = (ﬂ) @’ ) e (Trg? (1) Trg?(0)). (1
8
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Furthermore, C,,,, is the corresponding finite, continuum correlator and the expression in the last

equality eq. (10) has been obtained by inserting eq. (8) into the definition of ng. Both the contact

term and the WI-breaking term diverge with a~!, so if we wish to nonperturbatively calculate the

value of c3, we need to untangle these two contributions. This can be done by filtering out the

contact term in position-space with the use of a window function.

4. The Window Function

In order to remove the contributions from contact terms, we introduce the position-space

window function I'y, ¢ (x), defined as follows:

0, O<x<rg
Trpe(X) =1T,.e(x), ro<x<ro+e

1, ro+€ <x <oo

where, between r( and e, the function is defined as

fr°+€ B(u,ro, €) du

X

/r:0+e B(u,ro, €) du

Fro,E(x) = 1 -

where here we have

B(x,ro,€) = f(x —ro) f(ro+€ —x),
0 forx <0
exp( 1) forx>0"

X

f(x) =

The relevant properties of this construction of I',;, ¢ (x) are as follows:

12)

(13)

(14)

(15)

1. It is zero for any value of x less than a minimum radius rg, and therefore will completely

exclude any contribution coming from this window.

2. It is one for any value of x greater than r¢ + €, and therefore will not affect contributions to

the function beyond this radius.

3. It smoothly interpolates between 0 and 1 in the window rg < x < rg + €, that is, it is C* in

this window, and therefore does not generate discontinuity artifacts.

4. Due to the Paley-Wiener theorem [15], the Fourier Transform 7 [I';, ¢ (p)] decays faster than

any power of ﬁ, and goes asymptotically as |p| e~ !?I"" for some n, m for large |p|. The

parameter € determines the rate of decay of ¥ [, (p)], i.e. the larger € is, or equivalently,

the smoother the window function, the more rapid its momentum-space representation decays.

In fig. 1 and fig. 2 it is possible to see the behaviour of the window and its Fourier Transform

for different choices of €.
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Figure 1: Plot of the position-space window function for different choices of €, with a fixed ro = 1.
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Figure 2: Plot of the Fourier Transform of 1 —I',,, ¢ (x) for different choices of €, with a fixed ro = 1. The
subtraction is to restrict the Fourier Transform to a compact domain, and furthermore the curves are divided
by a factor of rg + €/2 for better visualisation.
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5. EMT Position-Space Renormalisation

In order to remove the contact term contributions from a given lattice operator O(q), we define
windowing as the following operation:

Wy [01(@) = (£) e Dy (1) Y < (). 16)
X q’

This windowing operation is linear, and therefore applying it to eq. (10) gives

8 K
Wro,e [Cgv](Q) = Wro,e [Cuv](Q) + 5635#VW}’0,6 [CZ] (Q) + Wro,e [Zé,uv] . (17)

The last term in eq. (17) is a contact term and therefore yields zero when windowed. Rearranging
this expression to isolate c3,

a (Wro,e[cgv] (Q) - Wro,e[cyv] (Q)) ' (18)

STy Wi [C21(q)

8
Restricting ourselves to the zero mode (¢ = 0) and taking the limit € — oo, it is possible to show
that this expression behaves as

(19)

“elem e

a Cgv(o) @
8

where b, is some constant. This suggests that we can vary € while measuring the ratio between the
bare correlators and fit these results to the form

aWy, «[CY =0
0> [ 22] (611 ) - é’ (20)
Wro,e [CZ] (CIl = 0) €

where b and ¢ are fit parameters, whence we can extrapolate to find ¢3 in the 1/e€ — 0 limit, as the

left-hand side of eq. (20) contains only lattice observables.

6. EMT Renormalisation Results

On fig. 3 it is possible to see the results of the fit given by the ansatz in eq. (20) and their
extrapolation to € — oo for three different choices of ag. The simulated masses were in the vicinity
of the critical point. It can be seen that the extrapolated value of c3, given by the y-intercept, gives
overlap between the error bands between the position-space method and the Wilson Flow method,
as obtained in [10].

7. Two-Point Function Renormalisation on Synthetic Data

In the continuum, it is expected that the two-point function of the EMT will contain terms pro-
portional to (¢/g)> and (¢/g)?log(q/g), in addition to contact terms. In principle, the windowing
procedure can remove such contact terms from lattice data such that we are left only with the signal
whence we may extract the form factors A(q) and B(g) from eq. (1). As a proof-of-concept, we
generate synthetic data according to the distribution
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Figure 3: Fit results for the renormalisation constant ¢3 using the ansatz eq. (20), which is the value of
the y intercept. This is performed for three ensembles (N7, = 256) and different choices of window radius
ro/a € {1,2,3}, as represented by the three colours. The grey bands correspond to the result for c3 obtained
using the Wilson flow.

A\ 3 A\ 2
&g):ao(g) +@(§) 2, 1)
g g agl\g) (ag)
where g, B9, and g are parameters to be chosen. Only the first term on the right-hand side contains
the relevant signal, as the other two are contact terms. To this generated momentum distribution,
Gaussian noise with standard deviation o is added. The resulting function is then windowed, and
subsequently fitted against a windowed "pure" ¢* distribution, with the intent of recovering the
value of ap. Some of those fits are shown in fig. 4.
The results of some such fits are given on table 1.

8. Conclusion

With the position-space method, we have managed to renormalise the EMT and obtain results
that are compatible with those yielded by the Wilson Flow method. Furthermore, the method
can also in principle get rid of contact term contributions in the two-point function to recover the
continuum correlator parameters. We intend to show in future work that such a method can also
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Figure 4: Fits against synthetic data with &g = By = yo = 0.01 for increasing levels of added noise o .
The figures with o = 1 and o~ = 2 also show the fits for (ry/a, €/a) = (2,2) since this window choice still
contains some nonzero signal.

work on real lattice data and to apply it to other more complex theories, like one containing gauge
fields alongside scalars. Thus, this method may pave the way for allowing tests of the predictions
of Holographic Cosmology nonperturbatively.
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