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Atomic Scale Dynamics of Thermal and Driven Motion
in Photonic Nanostructures
by

Tongjun Liu

This Thesis reports on the study of atomic scale dynamics of thermal and driven motion in
nanomechanical and nano-optomechanical photonic metamaterials system including their atomic
scale movement visualization and control.

e | have developed a sub-atomic motion visualization technique combining picometric
displacement sensitivity with the nanometric spatial resolution of a conventional scanning
electron microscope, and demonstrated its application in characterization of
thermomechanical (Brownian) motion in nanomechanical structures, nanomechanical
photonic metamaterials, NEMS/MEMS devices and biological structures.

e Using this technique, | have reported on the first observation of short-timescale ballistic
motion in the flexural mode of a nano-membrane cantilever, driven by thermal fluctuations of
flexural phonons. Within intervals <10 ps, the membrane moves ballistically at a constant
velocity of ~300 um/s, on average. Access to ballistic regime provides the first experimental
verification of the equipartition theorem and Maxwell-Boltzmann statistics for flexural modes.

e Forthe first time | have optically resolved the average position of a nanowire with an absolute
error of ~¥30 pm using light at a wavelength of A= 488 nm, thus providing the first example of
sub-Brownian metrology with 2/10,000 resolution. To localize the nanowire, | employed a
deep learning analysis of the scattering of topologically structured light, which is highly
sensitive to the nanowire’s position.

e  For the first-time, | have demonstrated: a) optical parametric control of the spectrum of
thermomechanical motion on an array of nano-opto-mechanical resonators; b) phononic
frequency comb generation by the array; c) thermal energy exchange between two coupled
oscillators within an optically driven array.

Collectively, these works advance the visualization and control of photonic nanostructures at the
picometre scale, thus opening up the exciting field of picophotonics.






Table of Contents

Table of Contents

Table Of CoONtENtS.. ..ot e s rea e s snessesenessssenssessenssssssnssssennsnnns i
Table Of TableS.....ccviiiiiiiiinccriiin s s s s s s s s s e v
Table Of FIBUIES..... .ottt reee e e s e s s ea e s e nes s senssssesnssssennssssenssassennns vii
List of Accompanying Materials......cccveueeereenierieeniereeneereeneerennsereensseseenseesensseessnssesssnssenes xi
Research Thesis: Declaration of Authorship.......cccceeeiiiiiiiinciiiinininnni, xiii
00 4 Lo AT Y] [T P10 4 L= 4 P XV
Abbreviations and ACrONYMS ......ccccciieeeiiiieenceerenniereenseereeseerenssessensessenssessensssssenseseans Xvii
(@ F=To Y (=T g R 101 o e [V Lot i o T o TP 1
1.1 Atomic scale dynamics: fundamental science and technological importance.......... 2
1.1.1 Dynamics at (sub-) atomic scale: fundamental science ........cccceeeeerrrrrrreeeennenn. 2
1.1.2 Atomic scale movement: technological importance.......cccccceevviveiiinviiiieeeiinnns 4
1.1.3 Atomic scale dynamics of thermal motion in photonic nanostructures............ 5

1.2 Nanomechanical motion detection techniques.........cccveveeeiieeiiiii e, 7
1.3 Layout of this thesis ....ccoccciiiiiiiiiee s 10
Chapter 2 Theoretical background..........ccoeeiiiieiiiiiiiiiiirrrceree e ree e renesenens 13
2.1 Thermal (Brownian) motion of a free particle and its statisticS.........c.cceeerrveernnnnn. 14
2.1.1 Pure diffusion model and Langevin equation .........ccccueeeeeeeeeieeeeeeeeeiieiieeinnnnnns 14
2.1.2 Hydrodynamic model: generalized Langevin equation.........ccccccveeeviicvneeeenn. 17

2.2 Thermal fluctuation in a nanomechanical structure.........cccccceeeeeciiieee e 20
2.2.1 Thermomechanical displacement power spectral density.............ccccceccunnnnne 21
2.2.2 Ballistic thermal motion statistiCs ........cccuiieeeiriiiiieee e 24
2.2.3 Numerical calculation of Langevin equation.........ccccceevviieeeiiniiiieeee s 27

2.3 Mechanical properties of a nanomechanical structure .........ccccoecvvveeeeieciiieeeeeenns 28
2.3.1 Mechanical eigenfrequency in a nanomechanical structure .......................... 29
2.3.2 Effective mass of a nanomechanical structure ........ccccccvveeeiiviiiieeeeciicieeee, 31
2.3.3 Mechanical dissipation in a nanomechanical structure ................oeeeeennnnnns 32

2.4 Parametric 0SCIllatioNn ........oooieiiiiieeeeee e e 33
2.5 SUIMIMAIY ittt ettt e s e e ettt e e e e eeata s s e e taabasseeeeaesasseesaessansseesaernnnneeens 35



Table of Contents

Chapter 3 Sub-atomic movement visualization in nanostructures via free electron

(Yo P L Yo=Y 4 (=1 41 - 2P 37

3.1 Electron-beam specimen iNteraction .......ccccccviiiiiiieeeeeeeee e 38
3.2 Concept of hyperspectral motion visualization SEM...........ccccovveiiiiiiiiieeee e, 39
3.3 Instrumentation for hyperspectral motion visualization SEM............cccccvvveeeeeeennnn. 40
3.4 Applications of hyperspectral motion visualization SEM ........ccccoevvrrrvrveereeneeeeeennn. 42
3.4.1 Thermal motion characterization........ccccceveeiiiiiiii i, 42
3.4.2 Hyperspectral driven motion Mapping....cccccceeeeeeeieecceiiiiirrreeeeeeeeeeeee e e 44
3.4.3 Visualization of movement in devices with multiple degrees of freedom ...... 47

3.5 Fundamental measurement limit and sample perturbation by the electron beam49

3.5.1 Noise Equivalent Displacement (NED).......cccueeeeeiiiiiiiee e 49
3.5.2 Electron-to-cantilever momentum transfer........cccooceeiiiiiiiieeiiiincieeee e 51
3.5.3 Electron-beam induced heating .......ccceeeeeeieeiiiiiiiiccccceee e 51
300 SUMIMIAIY ittt e e e e e e e et e et ettt e et e e e ae s e e e e e eeeeeeeetetaeereran i nns 52

Chapter 4 Ballistic dynamics of flexural thermal movements in a nano-membrane....53

4.1 Experimental results and discussion on ballistic motion detection ..........cccco......... 54
4.2 Experimental method on ballistic motion detection.........ccccooeevcciiiiirreveeeeeneeeeen. 58
4.3 Disturbance of cantilever movement by the probe electron-beam........................ 60
YU Vo a1 Y 2 60
Chapter 5 Subatomic optical localization beyond thermal fluctuations...................... 61
5.1 Optical SUPErosCillation ........oocuiiiiiiiiiiiiiee e e 61
5.2 Designing and generation of an optical superoscillation............cccccoeeiveeeeeeinnnnnnn. 63
5.2.1 Designing an optical superoscillation ..........cccccceevvciiiiiiiiiniiiee e 63
5.2.2 Super-oscillatory light generation ..........cceeeeiiiiiicccccceeeee e, 66

5.3 Sample fabrication and characterization.........ccccceeiviiiieiii i, 67
5.3.1 Analytical description of switching characteristics........coovvvvveeeeiieieeiiieiiiiieennns 68

5.4 Deep learning-enabled optical measurements of nanowire position........c............. 70
5.4.1 Neural network architecture, training, and application procedures............... 71

5.4.2 Experimental results and diSCUSSION.......cceveiiiiiiiiiiiiicirreee e, 72



Table of Contents

DD SUMIMIAIY ittt e et ea s e e et e e s s s e e eaaba e s e eeaasnaseeeeaaraansaaans 75

Chapter 6 Optical detection and control of thermal fluctuation in nano-

optomechanical metamaterials .......cccceeereenierreniiieeenieteeiereeeneeeeenneerennneeeens 77
6.1 Optomechanical effects in photonic metamaterials.........ccccvevveeeieeiiiiiiniiiis 78
6.1.1 Optical force enhancement within metamaterials ........ccccoovvvvveeeeeeeeeiennnnnnn. 78

6.1.2 Photothermal tuning mechanism within nano-optomechanical metamaterial

80

6.2 Nano-optomechanical metamaterial for parametric oscillation experiments........ 82

6.3 Optical detection of thermal fluctuations in nano-optomechanical metamaterials

6.4 Parametric control of thermal motion in a nano-optomechanical metamaterial .. 88

6.4.1 Optical parametric control of thermal motion...........ccccccoviiiiiiiiiee, 88
6.4.2 Phononic frequency comb geNeration.....ccccccceeeeeeieieeciceiiiiriiereeeeeeeeee e 93

6.5 Parametrically coupled optomechanical resonators .........cccceeeeeeveeeeiiiiieiccccccins 94
ST 010 0 o 0 =1 V2Pt 96
Chapter 7  CoNCIUSIONS .....cceeeeeeeeniiiiiiiiiiiiiiiiiiiineeerreeeess e e e e e s ssssssssssssasseaaes 97
% Y011 0 0 1 =] V2P PPTUPRRPPRt 97
7.2 OULIOOK ..ottt nee s 99

Appendix A Introduction convolutional neural networks and their implementation in

£ 0 Lo 101
Appendix B PUBLICAtiONS .....ccieeuiiiieiiiiiciiencirtccreecccrreee s renesessensesenassssenasssensseseens 105
310114 =1 o] 1 | V7R 109






Table of Tables

Table of Tables

Table 2.1 Value of mode dependent parameter An for cantilever and bridge............... 29

Table 2.2 Material properties used throughout this thesis..........cccoveeeiviciiieiiiniiiiennn. 32






Table of Figures

Table of Figures

Figure 1.1 Reconfigurable nanomechanical photonic metamaterials. ..............ccccovieiiininnnn.n. 6
Figure 1.2 Existing nano-motion imaging techniques. ...............cccooiiiieiie e, 9
Figure 2.1 Diffusive versus ballistic Brownian motion. ..............ccccoceeviiiiiniiiiee e, 15
Figure 2.2 Thermomechanical movement of a damped nanomechanical oscillator................. 21
Figure 2.3 Mechanical movement of a damped oscillator. ..............ccccceiieiiiiiiiii e, 23
Figure 2.4 Numerical calculation of Langevin model for a thermomechanical oscillator. ....... 28

Figure 2.5 Mode shape and frequencies of the first three modes of a stress-free silicon nitride

Figure 2.6 Numerically calculated displacement power spectral density for a Brownian

parametric 0SCIllator. ...........ccuviiiiiiii 35
Figure 3.1 Electron-beam specimen interaction.................ccccooiiiiiiiie e 38
Figure 3.2 Hyperspectral Motion Visualization (HMV-SEM) concept. ............cccceeevcreeenreeennen. 39
Figure 3.3 Hyperspectral Motion Visualization (HMV-SEM) instrumentation.......................... 41
Figure 3.4 Sensing thermal motion of a cantilever....................ccco oo, 43
Figure 3.5 Visualization of driven cantilever motion..............ccccccco i, 45
Figure 3.6 Hyperspectral visualization of driven cantilever motion. ...................ccccoeeieennnen. 46

Figure 3.7 Mapping thermal and driven motion in photonic metamaterials and MEMS devices.

........................................................................................................................ 47
Figure 3.8 Hyperspectral imaging of driven oscillations of flea setae. ................ccccvverirnnnnnn. 49
Figure 4.1 Nanomechanical micro-cantilever. ..............cccccoe i, 54

Figure 4.2 Thermomechanical motion of a gold nano-membrane cantilever measured by free

electron edge scattering. ... 55

Figure 4.3 Statistics of nano-membrane cantilever thermal motion - comparison between

experiment and analytical theory. .............ccoccoi i, 57

vii



Table of Figures

Figure 4.4 Experimental evidence of separating out the fundamental out-of-plane mode. ... 59

Figure 5.1 One-dimensional superoscillation with discrete spectrum. ................cccccceernnneen. 63

Figure 5.2 Formation of a superoscillatory feature by light diffracted on the hole/slit array. 64

Figure 5.3 Superoscillatory hot spot generated by superposition of circular prolate spheroidal

WaAVETUNCHIONS. ... e e e e e e e e e e e e ae b aaas 65

Figure 5.4 Creating superoscillations with spatial light modulators. .................cccooeeirnnnnnnn. 66

Figure 5.5 Nano-electro-mechanical double slit and switching behaviour characterization... 67

Figure 5.6 Switching behaviour of the nano-electro-mechanical double slit........................... 69

Figure 5.7 Measuring nanowire displacement via scattering of topologically structured light.70

Figure 5.8 Methodology for deep learning-enabled optical measurements of nanowire

displacement. ............oooiiiiiii e 71
Figure 5.9 Optical measurements of nanowire displacement..............c.cccoccoeviiiniiienienncneenn. 72
Figure 5.10 Sensitivity of scattered fields to small nanowire displacements. ........................ 74

Figure 6.1 Out-of-plane optical force enhancement in nano-optomechanical metamaterials.79

Figure 6.2 In-plane optical force enhancement in nano-optomechanical metamaterials....... 80

Figure 6.3 Concept of photothermal tuning of mechanical eigenfrequencies. ........................ 81
Figure 6.4 Optical properties of dielectric nano-optomechanical metamateriatls. .................. 83
Figure 6.5 Optical properties of the dielectric nanomechanical metamateriaits...................... 84

Figure 6.6 Experimental setup for detection and control of thermal fluctuation in

nanomechanical metamaterials............ccooooiviiiiiiiiiiiiiiieeee s 86

Figure 6.7 Artistic impression of optical parametric control of thermomechanical vibration in an

array of nano-optomechanical oscillators. ..............ccccceeeiiiiiiiiciee e, 88

Figure 6.8 Laser power modulation as a function of applied peak-to-peak voltage on electro-

optic intensity modulator.................ccooviiiiiii e 89

Figure 6.9 Evolution of thermomechanical power spectral density as a function of parametric

pumping strength. ............ccoooiii i 90

viii



Table of Figures

Figure 6.10 Evolution of thermomechanical spectrum as a function parametric pumping

11 €00 [F1=T U1V SRR 92
Figure 6.11 Formation of a phononic frequency comb. .............ccccoooiiiiiiniiiiiin e, 94
Figure 6.12 Dynamic coupling between two distinct optomechanical beams. ........................ 95

Figure 7.1 Atomic scale thermal movement visualization and control in nanostructures.......97






List of Accompanying Materials
List of Accompanying Materials

The research data presented in this Thesis can be found as:

T. Liu (2023), Dataset for Atomic Scale Dynamics of Thermal and Driven Motion in Photonic

Nanostructures. DOI: 10.5258/SOTON/D2288

Xi






Research Thesis: Declaration of Authorship

Research Thesis: Declaration of Authorship

Print name: TONGJUN LIU
Title of thesis: Atomic Scale Dynamics of Thermal and Driven Motion in Photonic Nanostructures

| declare that this thesis and the work presented in it are my own and has been generated by me

as the result of my own original research.
| confirm that:

1. This work was done wholly or mainly while in candidature for a research degree at this
University;

2. Where any part of this thesis has previously been submitted for a degree or any other
qualification at this University or any other institution, this has been clearly stated;

3. Where | have consulted the published work of others, this is always clearly attributed;

4. Where | have quoted from the work of others, the source is always given. With the exception
of such quotations, this thesis is entirely my own work;

5. I have acknowledged all main sources of help;

6. Where the thesis is based on work done by myself jointly with others, | have made clear
exactly what was done by others and what | have contributed myself;

7. Parts of this work have been published as journal papers and conference contributions listed

in Appendix B.

SIBNATUIE: e e ——————— Date:...cooeveeeeeee,

xiii






Acknowledgements

Acknowledgements

I’'m grateful to have the chance to work in the Nanophotonics and Metamaterials group led by Prof.
Nikolay Zheludev at the Optoelectronics Research Centre in the University of Southampton. |
acknowledge all the continuous guidance and support from my supervisors Dr. Jun-Yu (Bruce) Ou,
Prof. Kevin MacDonald and Prof. Nikolay Zheludev. Words can't describe how thankful | am to Dr.
Jun-Yu (Bruce) Ou, my teacher and friend, who offered me the project of e-beam motion probing
and taught me to do experiments at the beginning of my PhD course, that is really important for an
experimentalist beginner. Bruce is always the first person | can turn to and who is willing and able
to offer me help whenever | have experimental difficulties. I’'m thankful to Prof. Kevin MacDonald
for helping me with improving my conference’s presentation and my manuscript, leaving me a lot
of freedom on pursuing my PhD research, and guiding me to think independently and critically,
which is really important for a researcher. I'm grateful to Prof. Nikolay Zheludev in particular for his
sufficient mentoring, timely discussion, challenges, extraordinary wealth of knowledge about

physics and unique vision, which | will undoubtedly benefit from throughout my academic career.

| express my gratitude to my collaborators and friends Drs. Jinxiang Li and Dimitrios Papas belonging
to the nanomechanics community in the NanoMeta group for their fruitful discussion on
experiments, results analysis and sharing skills/experiences. | would also like to thank my
collaborators Drs. Eric Plum, Nikitas Papasimakis, Jie Xu, Eng Aik Chan and Prof. Vitalyi E. Gusev for
their important contribution to my PhD projects. | need to thank Sergei Kurdiumov for his training
on using computation server and discussion on machine learning. I’'m grateful to Oleksandr Buchnev
for focused ion beam milling machine training and to Neil Session for training on clean room

facilities.

| would like to thank all the people of the Nanophotonics and Metamaterials group for their help
during my studies and the great time we had during these four years. In particular Drs. Hao Li, Qiang
(Eric) Zhang, Xinguang Liu, Tanchao Pu and Apostolos Zdagkas for the great time we had together
during their stay in our group. | also thank Drs. Guanghui Yuan and Yijie Shen for sharing their

MATLAB codes on structured light generation and their knowledge of structured light.

| would like to thank the China Scholarship Council (CSC) for providing me living stipends and
offering me an opportunity to study abroad. | can’t thank you enough my parents for your raising
me up and support to purse my PhD dream. I'm grateful to my two elder sisters who help look after
my parents when I’'m away from home. Last but not least, | owed a lot to my wife Min Dai for her

continuous support and encouragement whenever | feel depressed, her tolerance and daily online

XV



Acknowledgements

accompanying and her encouragement on pursuing my own research interest, thinking and doing

independently.

XVi



Abbreviations and Acronyms

Abbreviations and Acronyms

AFM L Atomic Force Microscopy
Al Artificial Intelligence

ASD oo, Amplitude Spectral Density

BIC. i i Bound states In the Continuum

BSE ..o Back-Scattered Electrons

CL e Cathodoluminescence

CNN.ceere e Convolutional Neural Network
DMD..cooieeecceeee e, Digital Micromirror Device

(21D R Energy-Dispersive X-ray spectroscopy
EIT e, Electromagnetic Induced Transparency
EOM ..t Electro-Optical Modulator
ETD..oeeeeeeeeeee e Everhart-Thornley Detector

[ 1 Fluctuation-Dissipation Theorem

FDTD oo Finite Difference Time Domain method
FEM .o Finite Element Method

FET o, Fast Fourier Transform

FIB oo Focused lon Beam

FOV i Field of View

FWHM ..ot Full Width at Half Maximum

HMV oo, Hyperspectral Motion Visualization

[0 I Internet of Things
LDV.iiiiiiieieieeeeeeeeiiieeeeeee Laser Doppler Vibrometer

MD i Molecular Dynamics

MEMS/NEMS ....coovvvriveeeine Micro/Nano-Electro-Mechanical-System
MLP...cooiiiiiiiiiiiicriire e Multi-Layer Perceptron

MSD ..o, Mean Square Displacement

NA e Numerical Aperture

NED oveieeeeeeeeeeeeeecerreeeee, Noise Equivalent Displacement
NVACF.....ccoiiiiieeeeecieeeee e Normalized Velocity Autocorrelation Function
PALM..covveeiieeieeiiiinirreeee, Photo-activated Localization Microscopy
PECVD ..ooeeiiiieeeee e, Plasma-Enhanced Chemical Vapor Deposition

XVii



Abbreviations and Acronyms

PML .o, Perfectly Matching Layer

PMT e, Photomultiplier tube

PSD ettt Power Spectral Density

PSO . Particle Swarm Optimization
PSWEF ...t Prolate Spheroidal Wavefunctions
RMS .., Root Mean Square

SE e Secondary Electron

1] = P Secondary Electron Imaging

SEM e, Scanning Electron Microscope
SLM i Spatial Light Modulator

SNR..oiiiiii e Signal-to-Noise Ratio

SO e Super-Oscillatory

SOL ettt Super-Oscillatory Lens

SPM i, Scanning Probe Microscopy

SQL et Standard Quantum Limit

STED oo, Stimulated Emission Depletion Microscopy
STM e, Scanning Tunnelling Microscopy
STORM ..o, Stochastic Optical Reconstruction Microscopy
TLD e Through-the-Lens Detector

UEM e, Ultrafast Electron Microscopy
UHR ..., Ultra-High-Resolution
VACF....cooceeeee e, Velocity Autocorrelation Function

XViii



Chapter 1

Chapter1  Introduction

Angstrom scale movement and femto- to pico-second dynamics are readily found in atomic and
molecular systems such as free charge carrier moving in crystals, chemical bond vibration or
molecular vibration, rotation, chemical reaction process [1, 2], phonon transport in crystals [3] and
2D materials [4]; atomic length scale protein conformational changes, and motion that happens in

protein folding process [5].

In nano-(opto)mechanics [6], electromagnetic, optical, thermal and quantum fluctuation forces
become stronger as the physical dimensions of objects decrease (e.g. the Coulomb force vs.
separation between two electrons) and at sub-micron scales they begin to compete with weakening
forces of elasticity (e.g. Hooke’s law force vs. extension/compression of a spring). Nanoscale
movements also become faster as mass decreases with size, achieving gigahertz bandwidth at the
nanoscale [6]. This means movement can be activated by different kinds of forces at relatively high
frequency. Exciting new functionalities emerge through the exploitation of nanomechanical
movements of nanoparticles, -powders, -wires, -ribbons, -tubes, -shells, -composites and -

membranes (including 2D materials such as graphene).

Indeed, forces at the nanoscale can act as a bridge between the domains of nanomechanics and
nanophotonics. The changing balance of elastic and electromagnetic forces or quantum fluctuation
forces on the nanoscale opens up new possibilities for controlling photonic response through
movement of a photonic nanostructure. This is true not only in nanophotonics but also generally in
all kinds of systems, such as micro- and nano-electro-mechanical systems (MEMS & NEMS) [7], two-
dimensional (2D) materials systems [8], quantum mechanical systems [9] and biomechanical

systems [10].

All of these structures exhibit thermal (Brownian) movement with picometre amplitudes at
frequencies in the few megahertz to few gigahertz range at room temperature. Nanomechanical
effects related to thermal motion and the importance of configuration entropy (all possible
configurations or particle positions of a system) at the nanoscale give rise to self-organization and
cooperative dynamics in nanosystems [11]. Quantum vacuum fluctuation such as the Casimir effect
and Van der Waals interactions play important and often decisive roles in nanomechanical

structures [12].

Nano/picoscale movement can also be induced by external stimuli [13], for example in the form of
piezoelectric drive, electromagnetic and optical excitation, temperature change, or indeed

guantum-level interactions. Important examples include widely-adopted micro- and nano-electro-
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mechanical systems (MEMS & NEMS) such as the accelerometers found in every smartphone,
nanomechanical photonic metamaterials with variable optical properties controlled by nanoscale
movements of photonic nanostructures, and nanofluidic devices for lab-on-chip application in

medicine.

Over the last decade, protein nanomechanics and structural dynamics have seen tremendous

progress and evolved into a burgeoning field of biochemical research [10].

These considerations present substantial technological opportunities and explain the growing

interest in nanomechanics and the fundamentals of atomic scale dynamics.

1.1 Atomic scale dynamics: fundamental science and technological

importance

1.1.1 Dynamics at (sub-) atomic scale: fundamental science

The Royal Swedish Academy of Sciences has awarded the 1999 Nobel Prize in Chemistry to
Professor Ahmed H. Zewail for showing that it is possible with a rapid laser technique to see how
atoms in a molecule move during a chemical reaction. Angstrom-scale movement and dynamics
were assumed to happen during the chemical reaction process. Despite the rich history of chemistry
over two millennia, the actual atomic motions involved in chemical reactions had only been
observed in real time recently [1]. Chemical bonds break, form, or geometrically change with
astonishing rapidity. Whether in isolation or in any other phase, this ultrafast transformation is a
dynamic process involving the mechanical motion of electrons and atomic nuclei. The speed of
abovementioned atomic motion is ~1 km/s, and hence, to record atomic-scale dynamics over a
distance of an angstrém, the average time required is ~100 fs. The very act of such atomic motions
as reactions unfold and pass through their transition states is the focus of the field of
femtochemistry [1]. With femtosecond time resolution one can “freeze” structures far from
equilibrium and prior to their vibrational and rotational motions, or reactivity [1]. Ultrafast pulsed
laser techniques have made the direct exploration of this temporal realm a reality. Spectroscopy,
mass spectrometry, and diffraction play the role of “ultrahigh-speed photography” in the
investigation of molecular processes. A femtosecond laser probe pulse provides the shutter speed
for freezing nuclear motion with the necessary spatial resolution. The pulse probes the motion by
stroboscopy, i.e., by pulsed illumination of the molecule in motion and recording the particular
snapshot. A full sequence of the motion is achieved by using an accurately timed series of these
probe pulses, defining the number of frames per second. These achievements mark the beginning

of sub-atomic dynamics research in physics, chemistry and biology.
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Therefore, sub-atomic scale dynamics in terms of either characteristic length or time scale is of
great fundamental interest as well as in the research community advancing fundamental

understanding of electron transport, ultrafast dynamics and light-matter interactions in materials.
There are some examples in the following:

Ultrafast dynamics of electrons: Electrons have played a central role in the scientific and
technological revolution of the 20" century. It is widely anticipated that their role as a key driver
of scientific and technological progress will be increasingly replaced by photons in the 21° century.
However, this assessment may be premature, or overly simplistic. About half a century after the
invention of transistors and lasers, our insight into and impact on the atomic-scale motion of
electrons in matter is still in its infancy. Therefore, the scientific and technological progress brought
about by electrons is not over yet. Rather, this is just the beginning, considering that experimental
tools and techniques to observe and control electron dynamics in real time at the atomic scale are

now available [2, 14-17].

Phonon transport in 2D materials: Thermal transport in two-dimensional (2D) materials has
attracted great attention since the discovery of high thermal conductivity in graphene, which is
closely related to ballistic, hydrodynamic and flexural phonon transport [18]. It was recently
reported that the lattice thermal conductivity of graphene is dominated by contributions from the
out-of-plane or flexural phonon modes, previously thought to be negligible [19]. This unexpected
result was connected to the anomalously large density of states of flexural phonons compared to
their in-plane counterparts and to a symmetry-based selection rule that significantly restricts

anharmonic phonon-phonon scattering of the flexural modes [19].

Structural dynamics of a single molecule: The internal vibrations of molecules drive the structural
transformations that underpin chemistry and cellular function. While vibrational frequencies are
measured by Raman spectroscopy, the normal modes of motion (a pattern of motion in which all
parts of the system move sinusoidally with the same frequency and with a fixed phase relation) are
inferred through theory because their visualization would require microscopy with angstrom-scale
spatial resolution which can be achieved in a scanning tunnelling microscope [20]. Also, scanning
probe techniques can leverage atomically precise forces to sculpt matter at surfaces, atom by atom.
These forces have been applied quasi-statically to create surface structures and influence chemical

processes, and exploiting local dynamics to realize coherent control on the atomic scale [21].

Picophotonics: Picophotonics is the emerging science of light matter interaction at picometre [(sub-)
atomic] scale [22]. It includes cavity-electrodynamics at atomic level, atomic scale resolution of

metrology and imaging, Langevin dynamics in photonic nanostructures at picometric scale. It also
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includes the study of Casimir or Van der Waals forces and non-Hamiltonian forces in nanomechanics
[23-25]; electron and plasmon quantum transport through atomic scale gaps [26]; configuration
chemistry of individual molecules; protein folding [27]; other dynamic events in macromolecules
and nanomachines; entropic forces in nanosystems; and thermal or Brownian nano-

(opto-)mechanics at atomic length scale.

1.1.2 Atomic scale movement: technological importance

Richard Feynman first imagined many physically achievable devices or systems in his famous 1959
lecture “There's Plenty of Room at the Bottom”[28], where he invited scientists to enter a new field
of physics later known as nanotechnology [7] and tried thinking about and answering the following
qguestions: How to write information at the atomic scale? How to read this information at the atomic
level? And inspired by biological systems such as tiny cells, he has also imagined that we can
manufacture a nano-machine which can do what we want it to do. How to realize a miniaturized
computer also has the marvelous capability of face identification? How to arrange atoms in the way
we want? What would the properties of materials be if we could really arrange the atoms the way

we want them to?

Molecular machines, micro- and nano-electromechanical system (MEMS/NEMS) and later micro-
/nano-mechanical photonic metamaterials have since become practical implementations of this
idea [6, 29]. MEMS are microscopic devices with moving parts typically between 1 and 100
micrometers in size. They have established applications in digital spatial light modulators (e.g.,
Texas Instruments’ DMD chips for data projection), and high-performance pressure sensors,
gyroscopes, and accelerometers (e.g., in mobile phones). NEMS, as the name suggests, are smaller
— being broadly defined as having at least one characteristic dimension in the 1-100 nm range, with
a plethora of potential applications in advanced (including quantum level) sensing and signal
processing under development [7, 30]. Recent progress in micromechanical sensors and
nanomechanical sensors in the internet of things (loT) demands new techniques for the
characterisation of fast nanoscale mechanical movements that underpin the functionalities of
microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) devices and
sensors (found in any smartphone and loT devices), reconfigurable micromechanical switches for

telecommunication networks and Lidar for autonomous vehicles.

As another implementation of Feynman’s idea, mechanically reconfigurable photonic metamaterial
devices, namely, metadevices [6, 29] take advantage of the changing balance of forces at the
nanoscale as detailed in section 1.1.3. They engage electromagnetic (Coulomb, Lorentz, Ampére,

and optical gradient) forces, as well as thermal effects (differential expansion, shape memory) and
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acoustic excitation to dynamically change their optical properties [6]. Atomic- to nano-scale
changes in the geometry and/or spatial arrangement of constituent ‘metamolecule’ building blocks
fabricated on elastic nano-membranes can deliver a wealth of optical modulation and tuning
functionalities with electro-/magneto-/thermo-/acousto-optical and nonlinear response

coefficients orders of magnitude larger than those found in natural media [6].

1.13 Atomic scale dynamics of thermal motion in photonic nanostructures

Photonic metamaterials or metasurfaces consist of arrays of subwavelength unit cells also known
as ‘metamolecules’ that are made of optical antennas realized recently by the progress in
manufacturing technology and nanofabrication. They are artificially engineered materials that have
boosted the development of miniaturized optical and photonic devices because of their
unprecedented and controllable effective electromagnetic properties, including electric
permittivity and magnetic permeability [31], and full wavefront shaping: amplitude, phase,
polarization, wavevector and total angular momentum (spin plus orbital angular momentum)
control [32]. Importantly, the effective properties of metamaterials are mainly dependent on the
geometry and arrangement of the constituting subwavelength unit cells. This enables versatile

designs of their electromagnetic properties.

An important research direction in nanophotonics and metamaterials is mechanically
reconfigurable metamaterials or metasurfaces that goes towards the development of
reconfigurable metamaterial devices [6, 29], via integrating nanomechanical actuation mechanism
with metamolecules, see Figure 1.1. This is achieved by structurally rearranging the metamolecule
array, i.e. repositioning the metamolecules of the arrays, or their components, with respect to each
other by engaging electromagnetic Coulomb, Lorentz and Ampeére forces [6, 29], as well as thermal
stimulation and optical signals to dynamically change their optical properties at the megahertz to

gigahertz frequency range.

By encoding the mechanical degree of freedom to the optical counterpart, nanomechanical
photonic devices formed as periodic arrays of optical antennas supported by flexible
nanomembrane structures have boosted the development of reconfigurable optical metamaterials
or metasurfaces. This allows one to achieve giant thermal-optical [33], electro-optical [34, 35],
electro-chiral [36], magnetoelectro-optical [37], acousto-optical [38], phase change [39, 40],
thermoelastic [41], nonlinear optical responses [42] and realize an electrostatically addressable
electro-optical modulator [43], dynamic wave plate [40] and plasmonic colours for sustainable

optical displays [44].
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(h)

Figure 1.1 Reconfigurable nanomechanical photonic metamaterials. (a) Thermally reconfigurable metamaterial driven
by differential thermal expansion between gold and silicon nitride layers [33]. (b) A meta electro-optical modulator driven
by electrostatic forces [45]. (c) A magnetically actuated optical nanomembrane metamaterial [46]. (d) An all-optical
reconfigurable nano-optomechanical metamaterial [35]. (e) A sub-GHz nonlinear device: all-dielectric metamaterial with
a large optomechanical nonlinearity [34]. (f,g) A spatial light modulator: electrically addressable metadevice randomly
reconfigurable in one dimension [43]. (h) Electrogyratory metamaterial suspended above an ITO-coated glass back-plane.
Static electric field actuates the nanomechanical material, changing its chirality and optical activity [36]. (i) MEMS dynamic
wave plate [40]. (j) MEMS cantilever—controlled plasmonic colours for sustainable optical displays [44]. Scale bars in a-f,
h, are 2 um; g, 2 mm; e, 500 nm; j, 50 um.

In nano-(opto-)mechanical systems or more precisely their components, such as a cantilever or a
bridge beam of microscopic length and nanoscopic cross section, experience thermal motion which
induces fluctuation of optical properties. While optical resonances can be characterized in routine
transmission and reflection experiments, mapping the high-frequency mechanical resonances of
individual elements in complex metamaterial structures such as illustrated in Figure 1.1b-e is
challenging. In particular, the thermal vibration frequencies of nanomechanical devices increase as
objects decrease in size reaching MHz to GHz. Optical antennas or resonators are supported by the

moving nanomechanical components such as bridge beams; typically, they have width and



Chapter 1

thickness of a hundred nanometres smaller than the diffraction limit and length of 10s micrometres.
These thermal movements have an averaged motion amplitude of 100 pm which is at atomic length

scale (e.g. the van der Waals diameter of a silicon atom is ~220 pm).

Thermomechanical movement is of significance in technological applications and fundamental
research. Firstly, thermal vibrations in nanomechanical photonic metamaterials result in small
fluctuations of their optical properties but may perturb their switching characteristics. This is
because as the dimensions of a mechanical oscillator shrink to the molecular scale, their vibrations
become increasingly coupled and strongly interacting until even weak thermal fluctuations could
make the mechanical oscillator nonlinear [47]. Secondly, these fluctuations provide an opportunity
for the characterization of mechanical properties and/or properties of the environment, and can
provide a reference for calibration of displacement sensitivity, which is important in metrology.
Furthermore, if we are interested in the high-speed operation of these devices at timescales below
its momentum relaxation time typically at nanosecond level, the Brownian motion of micro/nano-
objects becomes ‘ballistic’ [48]. Finally, nano-(opto-)mechanical devices are underpinned by their
mechanical degree of freedom. Therefore, it’s also of great significance to control the mechanical

degree of freedom at will.

1.2 Nanomechanical motion detection techniques

How to quantify/visualize thermomechanical movement of the individual elements in a complex
nanomechanical system such as nanomechanical photonic metamaterials? Over the last several
decades, many efforts have been put into micro/nanomechanical motion or molecular vibration
detection and imaging. These methods include ultrafast (4D) electron microscopy [14], laser
interferometry or spectroscopy and Laser Doppler vibrometry [49, 50], scanning probe methods
[51-53] (such as using atomic force microscopes, scanning tunnelling microscopes and magnetic

force microscopes, etc.).

Time-resolved electron microscopy: Ultrafast electron microscopy (UEM), also called 4D electron
microscopy [14], is based on the pump-probe experiments to study complex transient events on
the nanoscale temporal and spatial resolution with ultrafast electrons as probes, which has been
an area of significant interest in materials science, biology, and chemistry. Figure 1.2a shows direct
imaging nanomechanical motions of a nano-cantilever in real space and time with 4D electron
microscopy [54]. The frames show referenced difference images with the reference frame (-10 ns)
subtracted from subsequent frames. The difference images illustrate the characteristic dynamics of

the non-anchored end of the nanoscale Cu crystal cantilever.
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However, UEM is a highly-specialized instrument which generally contains very complex optics and
timing control systems and also is not easily accessible and is generally used for the study of
reversible dynamics. While the conventional scanning electron microscope (SEM) also has the
nanometric resolution and is easily accessible, its capability to study the irreversible dynamics such

as thermal movement in nanostructures can be further developed as will be shown in Chapter 3.

Laser interferometry: A review on laser light enabled nanomechanical motion measurement and
imaging can be found in ref. [50]. Several techniques based on laser-driven interferometers and
cavities are illustrated in Figure 1.2b with sensitivities reaching from thermal displacement
amplitudes (typically at the picometre scale) all the way to the quantum regime. Figure 1.2b1 shows
a simple two-path interferometer for characterizing a mechanical device (top). The thermal motion
(blue trace) of a high-Q membrane is readily resolved above the measurement imprecision
background (grey). Figure 1.2b2 illustrates a cavity-enhanced measurement in which an optical
whispering-gallery-mode resonator is used. Thermal motion (red) trace is far above the imprecision
background (grey), which is itself below the resonant standard quantum limit (SQL) for this
mechanical mode. Figure 1.2b3 depicts a cavity-based measurement of highly coherent mechanical
resonators put inside a Fabry—Pérot resonator. Quantum backaction starts to dominate over the
thermal motion of the device, including correlations that lead to squeezing of the output light
(violet trace) below the vacuum noise (grey), among others. Figure 1.2b4 compares the relative
levels of the measurement imprecision, backaction, and thermomechanical noise in the
measurement of the above three cases. Laser-based motion imaging can be realised by scanning
laser interferometry over the sample. Scanning laser interferometry is particularly useful to
characterize complex mechanical mode structures, such as SisNs membranes with phononic crystal

structures [55].

Laser Doppler vibrometry: A laser Doppler vibrometer (LDV) is a scientific instrument that is used
to make non-contact vibration measurements of a surface [49]. The laser beam from the LDV is
directed at the surface of interest, and the vibration amplitude and frequency are extracted from
the Doppler shift of the reflected laser beam frequency due to the motion of the surface. Using
optical heterodyne detection scheme, the output of an LDV is generally a continuous analog voltage

that is directly proportional to the target velocity component along the direction of the laser beam.

Laser interferometry and laser Doppler viborometry are non-invasive techniques and can provide
extremely high sensitivity to changes in optical path length (i.e. in the direction of light propagation)
but, for imaging purposes in the transverse direction, they are diffraction-limited with a spatial
resolution of a few hundred nanometres at best. Using this method, it’s not possible to characterise

the individual constituting nanomechanical components in a complex photonic metamaterial.
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However, these challenges can be circumvented by using electron beams as demonstrated in
Chapter 3. Also, as shown in Chapter 5, a nanostructure’s movement in the plane perpendicular to
the direction of light propagation can be accurately measured through scattering patterns when
light passes through it although with modest picometric sensitivity. Furthermore, movement of
nanostructures can be measured by detecting the reflectance or transmittance change when the

nanostructures are patterned with optical resonators, such as metamolecules, that are coupled to
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Figure 1.2 Existing nano-motion imaging techniques. (a) 4D electron micrographs of the nanoscale cantilever [54]. (b)

Probing mechanical motion by laser interferometry [50]. (c) Scanning probe method combined with near-field plasmon
sensing [56].

Scanning probe methods: Scanning probe microscopy (SPM) has by now been extended to a wide
spectrum of basic and applied fields which plays an important role in the understanding and
perception of matter at its nanoscopic and even atomic levels [57]. SPM uses a sharp tip to
physically raster-scan samples and locally collect information from the surface. Various signals can
be directly detected by SPM in real space with atomic or nanoscale resolution, which provides

insights into the structural, electronic, vibrational, optical, magnetic, (bio)chemical and mechanical

properties [57].

For example, in the scanning probe microscopy (SPM)-based near-field method as reported in [56],
a sharp metallic tip on a microcantilever with a line-grating serves both as a local probe and a local

source (Figure 1.2c). The localized surface plasmons are generated and confined at the tip, by tightly
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focusing the light onto the tip. The interaction between the tip and the moving device surface
scatters the localized plasmons, which are then measured at the far-field with a photodetector.
Because the intensity of the optical interaction varies significantly with the distance between the
tip and the surface as in apertureless scattering-type near-field optical microscopy, the scattered
light collected at the far-field carries information on the oscillations of the mechanical resonator.

The reported sensitivity of this technique is about 0.45 pm/Hz*>2.

However, the potential concern is that external load from the probe will be introduced which may
affect the mechanical properties of device under test. In particular, when measuring the complex
nanomechanical photonic metamaterials as illustrated in Figure 1.1, the stiction between
neighbouring nanowires as a result of introduced electrostatic and van der Waals interaction may
happen after doing raster-scanning measurement. This concern can be overcome when using the

electron or light as a probe.

13 Layout of this thesis

This thesis reports on the study of the atomic length scale dynamics of thermal and driven motion
in photonic nanostructures, such as cantilever or bridge beams - the building blocks of
nanomechanical photonic metamaterials and MEMS/NEMS, using secondary electrons, structured
light and optomechanical interactions. It specifically focuses on visualization and control of a

nanostructures’ atomic length scale Langevin dynamics and externally stimulated movement.

In Chapter 2, | provide theoretical background on thermal (Brownian) motion and its Langevin
dynamics for both free particles and nanomechanical resonators. It covers the basics of the pure
diffusion model, the Langevin model without memory, and the generalized Langevin model with
hydrodynamic memory. Thermomechanical displacement power spectral density (PSD) of a
nanomechanical resonator is mathematically derived in terms of mechanical eigenfrequency,
effective mass and mechanical damping from the Langevin model. Ballistic thermal motion
characteristics of a nanomechanical structure at short timescale are also analysed from the
Langevin equation. As one of the important parts in my research work, a Brownian parametric

oscillator model is also introduced.

In Chapter 3, | develop a motion visualization technique, based upon spectrally resolved detection
of secondary electron emission from moving objects, that combines picometric displacement
sensitivity with the nanometric spatial (positional/imaging) resolution of electron microscopy. The
sensitivity of the technique is quantitatively validated in measurements of the thermodynamically
defined amplitude of a nano-cantilever’s Brownian motion. It is further demonstrated in application

to visualizing externally driven oscillatory modes of cantilever, individual element characterisation
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of nanomechanical photonic metamaterial and MEMS device structures. With an electron-shot

1/2

noise limited floor reaching ~1 pm/Hz/4, it can provide for the study of movements with sub-atomic

amplitudes.

Chapter 4 reports on the observation of short-timescale ballistic motion in the flexural mode of a
nano-membrane cantilever, driven by thermal fluctuation of flexural phonons, including
measurements of ballistic velocities and displacements performed with sub-atomic resolution,
using the free electron edge-scattering technique described in Chapter 3. The microsecond
temporal resolution is a new dimension in this chapter, i.e. making it possible to access the short

timescale ballistic regime.

Chapter 5 reports on an experiment in which the average position of a nanowire with a thermal
oscillation amplitude of ~150 pm is resolved in single-shot measurements with absolute error of
~30 pm using superoscillatory light at a wavelength of 1= 488 nm, providing the first example of
such sub-Brownian metrology with 4/10,000 resolution. To localize the nanowire, | employ a deep
learning analysis of the scattering of topologically structured light, which is highly sensitive to the

nanowire’s position.

In Chapter 6, | demonstrate the optical detection and control of the picometre scale thermal
fluctuation in nano-optomechanical metamaterials. Parametric control of thermal motion of a
nano-optomechanical oscillator array via dynamic photothermal tunning and parametric coupling

between two distinct optomechanical oscillators are demonstrated as well.

Lastly, a summary of this Thesis is presented in 0, together with possible future, emerging research

directions.
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Chapter 2

Chapter 2  Theoretical background

This chapter starts from a theoretical interpretation of our familiar form of Brownian motion of a
free particle, such as the inexhaustible and erratic motion of small pollen grains suspended in water.
It firstly introduces Einstein’s pure diffusion theory of Brownian motion dating back to 1905 which
for the first time physically interpreted the long-time erratic movement, then a stochastic Langevin
equation (considering the inertia of a Brownian particle) capable of revealing both the short time
scale ballistic and long-time diffusive movement is introduced and a generalized Langevin model

that considers the hydrodynamic interaction between fluid and particle is also briefly described.

In the second part, thermal fluctuation in a nanomechanical beam, as the main focus of this thesis,
is described using the well-accepted Langevin model for a mechanical oscillator driven by noise in
terms of the parameters of effective mass, mechanical eigenfrequency and mechanical damping.
Thermomechanical displacement power spectral density, as is widely used in experimental
measurements in this thesis (sections 3.4, 4.1, 6.3 and 6.4), is obtained from this model. Ballistic
thermal motion characteristics of a nanomechanical structure at short timescale are also derived
from the Langevin equation. In section 2.2.3, a numerical modeling of a Brownian nanomechanical
oscillator is performed by solving the Langevin equation to better illustrate the thermomechanical
movement in different damping regimes and the behavior of ballistic regime thermal movement

before coming to the experimental demonstration in section 4.1.

In the third part, the mechanical eigenfrequency of a regular nanomechanical beam with uniform
rectangular cross-section is derived from Euler-Bernoulli beam theory [58, 59] considering its
geometry and properties of constituting materials, which is an important parameter in the Langevin
model. Additionally, the effect of tensile stress on a beam resonator is examined; on one hand this
helps explain the variation of mechanical resonance frequencies observed in an array of
geometrically identical nanomechanical oscillators (sections 3.4.3 and 6.3); on other hand by tuning
the tension within a nanomechanical structure, its thermomechanical vibration frequency can be
tuned , which provides a solid theoretical foundation for the parametric control of the
thermomechanical vibration of a nanomechanical oscillator array, as experimentally demonstrated
in section 6.4. Mode dependent effective mass used in the Langevin model for a mechanical beam
is also analytically described. This is an important parameter in the thermomechanical displacement
power spectral density of a nanomechanical structure that can be experimentally measured and
used to evaluate the displacement sensitivity of a technique such as demonstrated in sections 3.4,

5.4 and 6.3, since its amplitude is thermodynamically related to the physical parameters of the
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object. Origins of the mechanical damping are briefly summarised, although it is beyond the scope

of the experimental study reported in this thesis.

Lastly, in section 2.4, a Brownian parametric oscillator model is introduced which helps interpret
and analyze the experimentally observed probe transmission spectrum evolution in the presence
of parametric pumping as will be presented in section 6.4. An analytical solution of this model in

the frequency domain is also given with its applicability analyzed from numerical calculations.

2.1 Thermal (Brownian) motion of a free particle and its statistics

Soon after the invention of the optical microscope in the 17t century, the inexhaustible and erratic
motion of small pollen grains suspended in a fluid has been observed. Generally, these early
observations were interpreted as the motion of living creatures. In 1827, the botanist Robert Brown
systematically demonstrated that any small particles suspended in a fluid have such characteristics,
even an inorganic grain. Therefore, the explanation for such motion should resort to the realm of
physics rather than biology. Since then, this phenomenon has been named after the botanist as
Brownian motion. It was not until 1905 that physicists such as Albert Einstein, William Sutherland,
and Marian von Smoluchowski [60-62] started to gain a theoretical understanding of Brownian
motion. While the existence of atoms and molecules was still open to objection, Einstein explained
the phenomenon through a microscopic picture, i.e., the kinetic theory of molecules. If heat is a
result of vibrational motion of molecules, a Brownian particle in a fluid should undergo an
enormous number of random bombardments by the surrounding fluid molecules and its diffusive
motion should be observable [60]. The experimental validation of Einstein’s theory by Jean Baptiste
Perrin unambiguously verified the atomic nature of matter, which was awarded the Nobel Prize in
Physics in 1926 [63, 64]. Since the seminal works in the 1900s, this subject has fostered many
fundamental developments on equilibrium and nonequilibrium statistical physics and enriched the

applications of fluid mechanics such as the rheology of suspensions [63].

2.1.1 Pure diffusion model and Langevin equation

Einstein’s seminal work in 1905 [60] has two innovative aspects: the first part is to connect two
transport processes: the mass diffusion of the particle and the momentum diffusion of the fluid

[63]. Hence, the diffusion coefficient D can be expressed in terms of the fluid properties [63]:

CRT 1
" N, 6mur,

(2.1.1)

where R is the ideal gas constant, T is the temperature, N, is Avogadro's number, 1, is the radius

of the Brownian particle and u is the viscosity of the fluid. The second part formulates the diffusion

14



Chapter 2

equation to relate the mass diffusion to the mean square displacement (MSD) [63], which is a
measurable quantity. After a long and hard reasoning [60], Einstein calculates the mean square
displacement (MSD) ([Ax(7)]?) in a certain direction say x-direction (see Figure 2.1a) of a Brownian

particle at a given observation time interval T as

([Ax(D)]?) = 2Dt (2.1.2)

which is proportional to the diffusion constant of the suspended substance D and the observation

time 7 [60]. Here the angle bracket (--- ) indicates that a statistical ensemble average.
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Figure 2.1 Diffusive versus ballistic Brownian motion. In the case considered by Einstein (a), the particle’s speed and
direction have changed many times between measurements (the yellow dots), and the observer sees a diffusive random
walk with uncorrelated steps (the red arrows). Measurements made at shorter time intervals (b) resolve the smooth
ballistic motion. Arrows indicate the apparent velocities of the particle. Black line shows the particle’s trajectory observed
with infinitesimal time interval. Images are adapted from [48].

The main criticism of the diffusion model, as Einstein himself realized later [65], is that the inertia
of the particle is neglected. This implies that an infinite force is required to change the velocity of
the particle to achieve a random walk at each step (Figure 2.1a) [48]. Therefore, its velocity cannot
be defined and its trajectories are erratic. Since an apparent velocity is deduced by two consecutive
positions, it really depends on the time-resolution of the observations (Figure 2.1). If the
observations are separated by a diffusive time scale as in Einstein’s model, the particle appears to

walk randomly (Figure 2.1a). From the MSD of the diffusion, we may determine an effective mean

velocity over a time interval as v = /{[Ax(7)]2)/t = V2D /1 . As T approaches 0, this effective
velocity diverges and cannot represent the real velocity of the particle. Physically, however, we
should be able to find a time scale smaller than its momentum relaxation time for the ballistic

regime where the velocity does not change significantly (Figure 2.1b), that is the root mean square
displacement +/{[Ax(7)]?) is proportional to the observation time interval T with well-defined

velocity v(0), i.e. v/ {[Ax(7)]?) =~ v(0)7.

A remedy for the unphysical feature of Einstein’s model at the ballistic time scale was proposed by

Paul Langevin [66], which takes into account the inertia of the particle. In Langevin’s formulation,
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the equation of motion for the Brownian particle is formally based on Newton’s second law of

motion as

mi(t) + ¥sX(t) = Fenermar(t) (2.1.3)

where m is the mass of the particle of radius 1, y; = 6mur, is the Stokes friction coefficient with u
being the fluid viscosity, and Fipermai (t) is @ random force on the particle. In this case, the velocity
of the particle v(t) = x(t) is well-defined and it is subject to two different types of forces exerted
by the surrounding fluid: a friction force and random force. It is further assumed that the random

force is an independent Gaussian white noise process. Hence, it satisfies following constraints

(Fthermal(t)) = 0: (Fthermal(t)Fthermal(t’)) = FS(t - t’) (2-1-4)

(Fenermat(®)x(@)) = 0, (Feperma (v (t)) = 0 (2.1.5)

Here, I' = 2y,kgT represents a fundamental relation named as the fluctuation-dissipation theorem
(FDT) [67] with kg the Boltzmann constant. Roughly speaking, the magnitude of the fluctuation I’
must be balanced by the strength of the dissipation y, so that temperature is well defined in
Langevin’s model. Therefore, the pair of friction and random forces acts as a thermostat for a
Langevin system. It should not come as a surprise that the frictional force and the random force
have such a relation, since they both come from the same origin of interactions between the

particle and the surrounding fluid molecules.

Then, following [63], we obtain an expression for the MSD over the entire time interval range as:

L T Vo)
¥s Vs

([Ax(D)]?) =

2k3T< m m ) (2.1.6)

Vs

On the one hand, for observation time interval much larger than the particle’s momentum
relaxation time 7, = m/y;, i.e.,, T > T, (or the massless case 7, = 0), the exponential term

becomes negligible, and we retrieve Einstein’s result

2 (axory = 2o

2.1.7
T ” 2D (2.1.7)

On the other hand, for 7 < 7, or T = 0, by using the Taylor seriese™®* =1 — 7+ 72/2! + 0(t3)

we obtain

([Ax(D)]?) = %12 (2.1.8)

which is identical to the ballistic regime derived from the equipartition theorem, i.e., (v?(0)) =
kgT/m. Hence, one can clearly see that Langevin’s model can explain the ballistic regime as well

as Einstein’s long-time diffusion result of the MSD.
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2.1.2 Hydrodynamic model: generalized Langevin equation

For completeness, the hydrodynamic model for a Brownian particle is also briefly summarised here
although it is not studied experimentally in this thesis. Although the velocity autocorrelation
function (VACF) of a Brownian particle was never explicitly measured in the first half of the
twentieth century due to experimental challenges, it was widely believed to decay exponentially
[63]. When a new era of computational science began in the 1950s, using molecular dynamics (MD)
simulations, some pioneers started to realize that the VACF of molecules does not follow strictly an
exponential decay, but has a slowly decreasing characteristic [63]. A milestone took place in 1970
when Alder and Wainwright [68] delivered a definite answer for the long persistence of the VACF

~d/2 for t - 0. Here d is the

as an algebraic decay, that is, velocity correlation function C(t)~t
dimension of the problem. These observations from computer simulations led to many intriguing
questions as to what is missing in the Langevin model. The most suspicious assumption of the
Langevin model (and also of the Einstein model) is probably that the friction coefficient y; is taken
as the solution of the steady Stokes flow, whereas a Brownian particle undergoes erratic
movements constantly. Therefore, the steady friction may be valid only if the surrounding fluid
becomes quasi-steady immediately after each movement, or less strictly, before the relaxation time
of Brownian particle. This deficiency was already pointed out in the early lectures of Hendrik Lorentz

that Stokes drag coefficient y; = 6mur, is a good approximation only when the mass density ratio

pf/pB of the fluid and the Brownian particle is so small that the fluid inertia is negligible [63].

Since the seminal work of Alder and Wainwright, it was very soon widely acknowledged that
unsteady hydrodynamics plays a significant role in the dynamics of the Brownian particle. Quasi-
steady state in the Langevin model can be examined only if we consider the unsteady solution of
the hydrodynamics, which has been available for more than a century from the independent works
of Basset and Boussinesq [63, 69]. For a free moving rigid particle suspended in a continuum fluid
described by the fluctuating hydrodynamics [70], the non-Markovian generalized Langevin

equation can be formulated as [71-74]:
mx(t) + Ffr(t) + Fext (t) = Finermai (t) (2.1.9)

For a free spherical particle (i.e. where external force F,,;(t) = 0) undergoing motion influenced
by the inertia of the surrounding fluid, its resistant force was known to Boussinesq and Basset [63,

69]:

v(t’)

o0 t_t,

(2.1.10)

Fp(t) = —6mur,v(t) — —v(t) - 67'[.[”'(1\/7[
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where 77 = razpf/y denotes the so-called vortex diffusion time and ms/2 = 6mur,t/9 =
ana3pf/3 is the ‘added mass’, i.e., the mass of fluid displaced by the Brownian particle. The Basset
force arises from vorticity that originates at the surface of an accelerating particle and diffuses
outward, expanding to the size of the particle in time 7¢. The strength of the Basset force is
proportional to \/;1_pf As the density of the surrounding medium approaches zero, so does 75 and
the vorticity diffuses away immediately. As the viscosity approaches zero, the interaction between

the particle and the vorticity approaches zero. In the time domain, the sphere-fluid interaction force

can be written as

t
Fro(t) = f Yt — (e dt’ (2.1.11)

— 00

where y(t) is the memory kernel. In the angular frequency (w) domain, the Fourier-Laplace
transform of the memory kernel, y[w], better illustrates the nature of the Basset force. Compared
to the original Langevin equation (2.1.3), Egn. (2.1.11) is non-Markovian as the friction force is
history-dependent. The memory kernel y(t) is the inverse Laplace transform of Eqn. (2.1.10). The
explicit form of y[w] is

iwmf

ylw] = ys(l + 1/—ioo‘rf) -

(2.1.12)

_ 14 WTy _iwmf 149 1
= Vs 2 2 wTs

In the second line here, it has been separated into its real and imaginary parts. The real part
contributes to motion in-phase with the external force, corresponding to non-conservative
(dissipative) interactions, while the imaginary part contributes to motion out of phase with the

force and corresponds to conservative (inertial) interactions.

In addition, the random force Fipermai(t) is non-white or coloured, as described by fluctuation-

dissipation theorem

L T
(Fthermal(t)Fthermal(t +1)) = 2yskgT o(r) — Z ;T (2.1.13)

Widom was able to solve this problem analytically and showed the existence of the long-time tail

in the velocity autocorrelation function of the Brownian particle [75, 76]:

C(t) = — kpT [ceczterfc(g\/f) - Qeé’zterfc(g\/f)] (2.1.14)

eff(C —-0)
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where erfc() is the complementary error function, and

0= [f + /(2 - 4Vsmeff]/2meff' ¢= [( - /(2 — 4ysmeff]/2meff (2.1.15)

In this equation, the shorthand notation { = 67TT'az,/pf[l has been introduced, with 7, being the
radius of the Brownian particle, ps the fluid density, and u the shear viscosity of the fluid.
Furthermore, the effective mass is Mepr =M +%mf, with m being the mass of the Brownian

particle and my = 47rra3pf/3 the mass of the fluid displaced by the Brownian particle. In the limit

t — 0, one obtains

kyT
Meryr

lim C(t) = (2.1.16)
This result is in contradiction with the equipartition theorem because the effective mass m,yr
instead of particle mass m is used. This paradox was solved by Zwanzig and Bixon [77]. They showed
that there is a rapid initial decrease from kgT/m to kgT/m.sf at very short time scales by
including compressibility effects in the study of the velocity autocorrelation function. It is easy to
determine the long-time behaviour of the velocity autocorrelation function, using the asymptotic
expansion of the product of the exponential function and complementary error function. One then

obtains for C(t)

¢

C(t) =kgT
() B 2]/52\/E

t73/2 + 0(t73/2) (2.1.17)

which shows the famous long-time tail.

In an analogous way one can obtain an expression for the mean-square displacement [76]:

2¢ (2_ sihie
([Ax(D)]?) = 2D <T -2 e ( L r)

(2.1.18)
i ¢3eS"Terfc(bVt) — Q‘3e92Terfc(Q\/?)])

* meff(C -0) [

This expression had already been presented by Paul and Pusey [78], and Weitz et al. presented
measurements which support this expression [79]. In the limit of large T we obtain the familiar

result

([Ax()]?) = 2Dt (2.1.19)
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2.2 Thermal fluctuation in a nanomechanical structure

Classical Brownian motion experiments reveal how a microscopic particle is driven in chaotic
motion externally by collisions with molecules of ambient gas or liquid. According to the fluctuation-
dissipation theorem [80], in a nanomechanical structure, Brownian motion can be driven in several
ways [30, 81] including the collisions of phonons with the walls of the nanostructure [82] and
collisions with the ambient molecules. It also may come from the emission and absorption of
thermal photons. Vibrations transfer from the clamped end may contribute to it as well [30]. These
both introduce random impulses that induce Brownian motion and dampen the oscillations to

reach equilibrium [80].

The majority of nanomechanical photonic metamaterials are constructed from cantilevers or
doubly clamped beam-like components of microscopic length and nanoscopic cross section. The
thermal motion of such structures under vacuum as the case studied in this thesis is driven
internally by momentum transfer resulting from the interference, annihilation and creation of
incoherent flexural phonons in the main mechanical modes. (The emission and absorption of
thermal photons are not important due to the low momentum of such photons and the bad optical

cavity.)

Thermomechanical vibration of a nanomechanical structure, such as a cantilever or bridge beam,
can be modelled as a trapped particle’s Brownian motion where external restoring force is
considered, i.e. the Langevin equation with restoring force for this system [83]. Here, for a
nanomechanical beam, assuming that the mechanical mode spectrum is sufficiently sparse such
that there is no spectral overlap with other mechanical modes and ignoring the hydrodynamic
interaction where mass density ratio ps/p of the surrounding medium and the mechanical beam is
so small that the surrounding media’s inertia is negligible [63, 71-74], the motion of a
nanomechanical beam x(t) ata particular mechanical mode in a certain direction say x (Figure 2.2)
can be modelled as a 1-dimensional damped harmonic oscillator driven by the random thermal

force as described by the Langevin equation [30, 58, 83-85]:

() + ymx(t) + whx(®) = Fthermal(t)/meff (2.2.1)

Fthermal(t) = ’ZkBTmeeffn(t) (2.2.2)

Here, wy,, Merr and ¥y, and are its undamped angular frequency (as will be discussed in section
2.3.1), effective mass (see section 2.3.2) and dissipation factor (y,, = ¥s/m.ss compared with Eqn.
(2.1.3); its origins are summarised in section 2.3.3) for a nanomechanical structure. kg is the

Boltzmann constant and T is the environment temperature. The random thermal force Fipermai (t)
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is a white noise which is related to friction and temperature through fluctuation dissipation
theorem [80]. Equation (2.2.2) gives the amplitude of this thermal noise explicitly in terms of y,,,,
the Boltzmann energy kgT, and n(t), which is a normalized white-noise, hence (n(t)) =0;

Mmn(t")) = 8(t —t") forall t, t’. Here the angle bracket ... ) indicates ensemble average.

If one measures the motion of a single harmonic oscillator in thermal equilibrium, one will observe

a displacement x(t) (Figure 2.2) oscillating at the damped angular frequency w, =

— (¥m/2)?. Due to the influence of both mechanical damping and the fluctuating thermal
Langevin force, these oscillations will have a randomly time-varying amplitude and phase [30]. Both
amplitude and phase change on the time scale given by the momentum relaxation time or damping
time 7, = ¥,,*. A figure of merit to quantify this damping is the dimensionless quality factor Q

which is defined as

Total energy
0=2r( )

223
& Energy lost per cycle ( )

In the limit of small damping rate, ¥,, < w,,, the quality factor can be approximated by Q =
W /Vm- Essentially, the quality factor gives the number of cycles that are needed for the system to

lose its energy to the environment.

1/¥Vm
—>

LRl MALTTLN .I||H|Hl|mH||dlu|i Hlll‘ ALl ¢
1 |l|l ||| LTI “1 I”ll W | I |I[\‘

Figure 2.2 Thermomechanical movement of a damped nanomechanical oscillator. Brownian motion (thermal
fluctuations) of a nanomechanical resonator in the time domain, with amplitude fluctuating on a time scale set by the
damping time 1/y,,. The variance of position is proportional to the environment temperature.

221 Thermomechanical displacement power spectral density

Thermomechanical displacement power spectral density (PSD), a spectral representation of
thermal motion in the frequency domain, is equal to the Fourier transform of the displacement
autocorrelation function [85] and is widely used in experimental measurements as shown in

sections 3.4, 4.1, 6.3 and 6.4. It can be directly derived from the Langevin equation.

Usually, it is convenient to study a thermomechanical oscillator in the frequency domain. By

transforming the Langevin equation Eqn. (2.2.1) to the frequency domain, one can obtain:
—w?x(w) — lwYmx(w) + w12nx(w) = Fthermal(w)/meff (2.2.4)
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Therefore,

Fthermal(w) 1

2 2 _
Merr W — W2 — Y

x(w) = x(@)Ftherma(@) = (2.2.5)

where Fipermai(w) = \/2kpTymmess . This expression describes the linear response of the
mechanical oscillator in the frequency space, where a force Fipermai(w) leads to a mechanical
response x(w), which is defined by the mechanical susceptibility y(w) [85] that is given by

1

meff[wrzn —w? - iVm(‘)]

y(w) = (2.2.6)

The double-sided displacement power spectral density (PSD) is defined as [86]: Sy, (w) = |x(w)|?,

SO

2ksT¥m 1

Mesp  (Wm—w?)? + Yipw?

Sex(w) = (2.2.7)

which describes how the power of the quantity x(t) is distributed in the frequency space. And the

double-sided velocity spectral density is S,,, (W) = W2S,, (W)

2kgTym w?

Spp(@) = (2.2.8)

Merr (Wm—w?)? + ypw?
Therefore, the single-sided (containing only positive frequency components) thermomechanical
displacement power spectral density (PSD) of a nanomechanical resonator (i.e., S, = 2S,,), in
terms of its effective mass m,, quality factor @ = w,,/y,, and resonant frequency f,, = w,, /2,

is

4kgTy, 1
Sy(w) = o (2.2.9)
meff (wm_w ) +Vmw
with a typical resonance curve shown in Figure 2.3a. Or in the frequency domain
kgT
S(f) = L (2.2.10)

20 QLU — )2 + (Ffon/ Q7

with units of m?/Hz, which is widely used and can be measured experimentally as shown in sections

3.4,4.1,6.3and 6.4.

Moreover, it can be shown in later section 2.2.2 that the mean square of the quantity x(t) is the

area under the power spectral density [85]
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Figure 2.3 Mechanical movement of a damped oscillator. (a) Single-sided thermomechanical displacement power
spectral density in thermal equilibrium. (b) Mechanical motion amplitude and phase response under external stimuli.

In thermal equilibrium, the mean mode energy of the harmonic mechanical oscillator, (E), is given

by the sum of kinetic and potential energies

(E) = %meffwz) +%k(x2) (2.2.12)

where (x?) is the mean square thermal displacement and (v?) is the mean square velocity in
thermal equilibrium. From the equipartition theorem we get individual equipartition of the kinetic
and the potential energies:

1 1 1

SMerp(v?) = Sk(x?) = S kgT (2.2.13)
Using the last equation and spring constant k = meffwrzn we get the mean square thermal
displacement
kgT

meffw72n

(x?) = (2.2.14)
This provides an evaluation of the variance of thermal motion for a nanomechanical structure as
used in sections 3.4.1, 4.1, 5.4.2 and 6.3. And the root-mean-square thermal motion amplitude and

velocity are respectively

(2.2.15)

Furthermore, from equation (2.2.11) we obtain that the area under the single-sided mechanical

thermal noise spectrum of a mechanical harmonic oscillator equals the variance of its displacement
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+ 00 +00

kyT
S, (w)dw = fo S, () df = m;ﬁ (2.2.16)

=5 [

as illustrated in Figure 2.3a.

For a mechanical damped harmonic oscillator driven by a coherent force F(t) = F, cos(wg4t), in

the angular frequency domain, the amplitude response x(w,) is given by

Fy/m
x(wq) = = (2.2.17)
@ - w3 + ot
and the phase ¢ (wy) by
w
d(wy) = tan™? <%) (2.2.18)

By applying an inverse Fourier transform, we can also obtain the displacement in the time domain

w F, F, F,
x(t) = 2 ———sinwgt = Q ———5sinwgt = Q—

sinwgt (2.2.19)
Ym MerrWm MefrWm k

k = meffw,zn being the spring constant. On resonance (wg; = w,,), the motion is /2 out of phase
with the driving force (see Figure 2.3b), and the motional amplitude reaches a maximum, which is

proportional to the quality factor Q.

2.2.2 Ballistic thermal motion statistics

In Chapter 4, | present experimental observations of short-timescale ballistic motion of a nano-
membrane cantilever. This regime can be understood starting from the Langevin equation for the
thermal motion of a damped harmonic oscillator in one dimension, which is given by Egn. (2.2.1).
In the following, the ballistic motion characteristics in terms of mean square displacement (MSD)
at short-timescale are mathematically revealed for underdamped, critically damped and

overdamped Brownian oscillators.

The Wiener-Khinchin theorem [30, 85] states that the power spectral density of a wide-sense
stationary random process Sy, (w), i.e., a stochastic process with a constant mean (here x(t)), is
equal to the Fourier transform of its autocorrelation function C,(7) = (x(t)x*(t + 7)), and vice

versa:

Sex(@) = f+mdre_i“’f(x(t)x*(t + 1)) (2.2.20)
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where * means the complex conjugate and can be ignored because quantity x(t) here is real-
valued function. Therefore, position autocorrelation (x(t)x(t + 7)) here is the inverse Fourier

transform of displacement power spectral density

(x(®)x(t+1)) = %j oonx(a))ei“’wa

(2.2.21)
1 [(*°2kgT¥m 1

=— dw
21 )_oy  Mepr (0h—w?)? + yAw?

The above integration kernel has four singularities, when (w2, —w?)? + y2w? = 0, with

[
w=+T"4 02 = (4 /2)? (2.2:22)

The damped angular frequency defined as

w, = /w,?n — (Vim/2)? (2.2.23)

Depending upon the value of w4, one can identify three different regimes: w; > 0 corresponds to
an underdamped oscillator; w; = 0: critically damped oscillator; w;complex value: overdamped
oscillator. The integral in equation (2.2.21) can be calculated as a contour integral in the complex
plane of w by taking the residues at the poles located at values of equation (2.2.22) while only

considering the upper half semi-circle because of the observation time interval T > 0.

For under/over damped cases, we can get the position autocorrelation function:

Sinw4T
) (2.2.24)

kT — _T
(xx(t+1))=—""€ 20 (coswl‘r +

meffwm W1 Ty

with momentum relaxation time 7, = 1/¥y,. Note that at T = 0, (x2(t)) = kpT/(mesrwi,) -

corresponding simply to equipartition theorem 1/2 meffwfn(xz(t)) =1/2kgT.

The mean squared displacement (MSD) {[Ax(7)]?) of a Brownian underdamped harmonic
oscillator — a measure of average distance travelled at a given time interval t (the orange line in
Figure 4.3a), can thus be obtained through ([Ax(7)]?) = (|x(t) — x(t + 7)|?) = 2(x2(¢t)) —
2(x(t)x(t + 7)) as:

2kpT

T sinwqtT
MSD(7) = (|x(t) —x(t + D|*) = — [1 —e 20 (cosa)lr + )] (2.2.25)
ef f Wm 2047y

For the critically damped case, the position correlation function reads
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(x(Ox(t+71)) = mk;%e_%(l +1/15) (2.2.26)

And mean square displacement is

MSD(t) = (|x(t) — x(t + 1)|?) = sz

T S
[1 - (1 + —) e 2% (2.2.27)
MefrWn 2Ty

For short time scales T < T, or T = 0, by using the Taylor series e™t =1 —t + t2/2! + 0(¢t3),
sin(t) = t + 0(t3) and cos(t) =1 —t%/2! + 0(t*), one obtains respectively from equations
(2.2.25) and (2.2.27),

2kgT T T wit?
MSD(t)=—2—|1-(1-—+—=+0@) | 1+——-—=2—+ 0@ || (2.2.28)
2 2 2
MefrWn Tp 87 2Ty 2

2kgT T T 72
MSD(t)=—=2—|1-(1+—]){1-—+—+ 0> (2.2.29)

2 2

MefrWm 2Ty 2t 8t

Using equation (2.2.23)and 7, = 1/y,, (i.e., w; = \/w,%l — 1/(213)?) to simplify these expressions,

one obtains the ballistic behavior, respectively, of an under/over damped oscillator with w; =

\/a),zn — 1/(213)? (the purple line in in Figure 4.3a):

. 2kgT 1 kgT
MSDBalllstLC(T) — —B2<_2 + w%) 2 = B 72 (2.2.30)
Mefrwm \8T) Meyrr
and for a critically damped oscillator w; = 0, i.e., w2, = 1/(21},)?
. 2kpT T2 kgT
MSDBalllSth(T) — B B 72 (2.2.31)

meffa),zn 8T§ meff

which is proportional to the square of observation time interval with velocity identical to the one
derived from the equipartition theorem, i.e., (v?(0)) = kzT/m. The velocity autocorrelation

function (VACF) can be obtained by similar means considering Eqn. (2.2.9):
1 (t* .
vt +1)) = EJ‘ Spp(w)e'“Tdw (2.2.32)

Using contour integration, the VACF for an underdamped Brownian oscillator is then given by:

kgT
Mery

(w®v(t+1)) =

sinw4T
) (2.2.33)

T
e 2% (Coswlr —
2w1T)
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The normalized velocity autocorrelation function (NVACF), quantifying similarity between the

velocity v after time T and the initial velocity (the orange line in Figure 4.3b), is

sin w4 T
) (2.2.34)

T
NVACF = = 'E( -
Y(t)=e COS W4T 201,

showing an exponential decay in the envelope with increasing time.

2.23 Numerical calculation of Langevin equation

To better illustrate the thermomechanical movement and its ballistic thermal motion
characteristics, numerical calculation was performed to study Brownian dynamics of a damped
harmonic oscillator by solving Eqn. (2.2.1) using the method described in [83, 84], where equation
(2.2.1) can be rewritten as two coupled first-order differential equations in terms of position x(t)
and velocity x(t) with given initial values of 0. Random noise (t) ~ N(0, 1) in equation (2.2.2) is
implemented as a series of random numbers generated from the standard normal distribution (with
mean 0 and standard deviation 1). Parameters for a Brownian oscillator of effective mass (m,s =
47 pg) and oscillating angular frequency (w,, = 2nfy = 2tx5.7 kHz) used in the simulation are
obtained from our experimental sample as will be presented in Chapter 4. The displacements of the
oscillator at room temperature (T = 300 K) for three different regimes according to equation
(2.2.23): underdamped (y,, = 0.2w,,), critically damped (y,,, = 2w,,) and overdamped (y,, = 4w;y,)

regimes are simulated as shown in Figure 2.4.

Figure 2.4a shows the simulated real time positions in the underdamped (red), critically damped
(green), and overdamped (blue) regimes. Note that all three regimes have the same mean (zero)
and variance (kBT/(meffa),zn)). Only at short times as shown in the inset, does the difference
between the three regimens reveal itself: the position coordinate of the underdamped system
oscillates, while the position coordinate of the overdamped system does not show discernible
persistence of motion. The position coordinate of the critically damped system looks at times like

it oscillates, but actually only displays positively correlated random motion.

As can be seen from Figure 2.4b, the numerically calculated displacement power spectral density
agrees very well with the analytical description given by Eqn. (2.2.10). The resonance peak in the
frequency spectrum is disappearing with the increasing mechanical damping. The high frequency
tails contain the ballistic movement information which all display a f = decrease as indicated by
the purple dashed lines, while the overdamped case also displays a f ~2 decrease as indicated by

the blue dashed line, which is attributed to the diffusive motion.

27



Chapter 2

(a) 10 (b) 100 F — Numeric 1
1 102 — An.alytu: 4
hoise level
‘ 104 F ~. 1
\ H f Al 106 g TR
1 10
ooy
2 & 102
Time, ms E 104
9; 10
10
Ok
E 104 f
L )
= 10
:g 10'2 plnm
10°
ng_ 102 frequency(Hz) 104
(€) 103 e
P / 4
Ballistic _-», »7
2
! T
£
c
@ 10'f e
= Diffusive
T
”
100F ~ — Underdamped
—— Critically damped
—— Overdamped
1071 vl vl el
0 50 100 150 0 1000 10® 108 107 1073 102
Time, ms Count Observation time interval 7, s

Figure 2.4 Numerical calculation of Langevin model for a thermomechanical oscillator. (a) Positions of a damped
nanomechanical oscillator (a cantilever in its fundamental mode) in a thermal bath. Three different regimes are studied
by varying the dissipation factor y,, above and below the critical value 2w,,: Underdamped [red, ¥, = 0.2w,,, critically
damped [green, ¥, = 2w,,], and overdamped [blue, y,, = 4w,,]. The inset shows a magnified portion of the trace,
revealing the oscillating, critical, and random nature of the motion, respectively. On the right, histograms show the
distribution of the position data with kBT/(meffw,zn) - variance Gaussians overlaid. (b) Displacement power spectral
density (PSD) for three regimes. The black line is derived from the Langevin model for thermal motion of a harmonic
oscillator given by equation (2.2.10) in frequency domain. Dashed blue and purple lines illustrate £ =2 and f~* behaviors,
respectively, here f represents frequency. (c) Mean square displacement (MSD) of the position for three different
regimes with fitting line according to equations (2.2.25) for under/overdamped oscillators and equation (2.2.27) for a
critically damped oscillator.

However, when a time series of positions is examined, the first measure applied is frequently the
mean square displacement (MSD) at a given time interval as shown in Figure 2.4c. We can see in all
three regimes the mean square displacement has the time square dependence at short time
interval indicating the ballistic motion with characteristic MSD (t) = (kzT /me )T as eye-guided
by the purple dashed line. And only in the overdamped regime we can see the transition from
ballistic regime to diffusive regime (MSD (1) « ). Finally, MSDs in three regimes all plateau at the

same level 2 kpT/(m,s w3 ) for time lags larger than 1 ms.

2.3 Mechanical properties of a nanomechanical structure

The parameters of mechanical eigenfrequency and effective mass used in the Langevin model for a
nanomechanical structure are detailed in the following sections considering its geometry and
constituting materials. Mechanical resonances of a nanomechanical beam under stress is also

examined, this explains the variation of mechanical resonant frequencies observed in an array of
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geometrically identical nanomechanical oscillators (sections 3.4.3 and 6.3). The origin of mechanical

damping of a nanomechanical structure is also briefly reviewed in section 2.3.3.

23.1 Mechanical eigenfrequency in a nanomechanical structure

Mechanical motion in nanostructures results from their intrinsic elasticity and extrinsic clamping
conditions, which lead to a restoring force towards a given equilibrium position. The motion is
characterized by a set of orthogonal eigenmodes each having a distinct resonance frequency and
displacement shape, which are obtained by solving the characteristic elastic equations [59, 85]. A
large number of nano/micro-mechanical resonators possess beam-like geometries and can be
effectively modelled as macroscopic beam-like structures. The Euler-Bernoulli beam model is used
to model the bending behaviour of slender beams (ratio of length to thickness of more than ten,
L/h > 10) under the assumption that the beam has no shear deformation and rotational inertia [59,
85]. For simple geometries, such as a stress-free singly clamped (cantilever) or doubly clamped
beam (bridge), analytical solutions can be found in [59, 85] and the nth mode frequency of the

beam is given by

A2 |YM

_ p 2.2.35
2nl? [pA. ( )

fn

where 4,, is a mode dependent dimensionless parameter; L, Y, M, p, and A, are the length,
Young’s modulus, second moment of inertia, mass density, and cross-sectional area of the
mechanical beam. Values A,, for flexural modes of a singly clamped cantilever and doubly clamped
bridge beam are shown in Table 2.1.

Table 2.1  Value of mode dependent parameter 4,, for cantilever and bridge

An
Mode number (n)
Singly clamped beam (Cantilever) Doubly clamped beam (Bridge)
1 1.8751 4.7300
2 4.6941 7.8532
3 7.8548 10.9955
n>3 n—Dmn+mn/2 nmw + /2

For a one-material beam with rectangular cross-section (width w and thickness h), in which the
second moment of inertia is M = [[ z2dA, = wh3/12, the nth out-of-plane flexural mode along

the thickness direction has natural frequency
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2
Ja __Mh Y (2.2.36)
21212 | p

where h, L is the structure’s thickness and length, while the natural frequency of in-plane mode is

22 Y
f=—% T (2.2.37)
2mV1212 | p

with beam’s width w.

A comparison between the analytical formulas and simulations can be performed for the simple
case of a uniform beam such as a singly clamped cantilever and doubly clamped bridge beam.
Considering a stress-free silicon nitride (SisN4) beam with length L = 20 um, thickness h = 100 nm,
width w = 200 nm, Young’s modulus Y = 260 GPa, density p = 3100 kg/m® and using Equation
(2.2.36) we can calculate its mechanical eigenfrequencies analytically for the first three flexural
modes along the thickness direction. For the first three flexural modes of cantilever (bridge) beam,
we find the mechanical eigenfrequencies are 0.370 MHz (2.353 MHz) and 2.318 MHz (6.487 MHz),
6.490 MHz (12.718 MHz) respectively. These values are in good agreement with those obtained
from finite element method (FEM) modelling using COMSOL Multiphysics as shown in Figure 2.5 for
a cantilever (bridge) beam 0.370 MHz (2.360 MHz) and 2.321 MHz (6.508 MHz), 6.500 MHz (12.765

MHz) respectively.

a
(a) 0.370 MHz 2.321 MHz 6.500 MHz
P , Z
= . '/
/ /
(b)
2.360 MHz 6.508 MHz 12.765 MHz

— ~ /-'

Figure 2.5 Mode shape and frequencies of the first three modes of a stress-free silicon nitride beam. (a) Cantilever’s
first 3 out-of-plane flexural modes. (b) Bridge’s first three out-of-plane flexural modes.

The simple case described in the above assumes that there is no stress in the beam. However, thin
films and membranes used in beam fabrication are usually pre-stressed either as a consequence of

their fabrication procedure or by design. In free-standing membranes for instance, high stress is
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favoured as it enhances the quality factor of their mechanical resonances. In beam structures,
increase of tensile stress leads to higher resonance frequencies. Following [59] the presence of

tensile stress g in a beam results in resonance frequencies

22 |YM oA L?

- 1+ 2.2.38
2nl? |pA, YMAZ ( )

fa

which is Eqn. (2.2.35) multiplied by a term that increases with stress. Therefore, the eigenfrequency
of a stressed beam is the eigenfrequency of the beam under zero stress multiplied by the stress
dependent term. This shows that an increase of tensile stress in a beam will increase its resonance
frequency. Therefore, tuning of the internal stress in a nanomechanical structure can provide
tunable frequency response (the same is true with tuning the strings of a musical instrument via
tension). By tuning the tensile stress within a nanomechanical structure, its thermomechanical
vibration frequency can be tuned, which provides a method for controlling of the
thermomechanical vibration of nanomechanical oscillator arrays, as demonstrated in section 6.4.
For a geometrically complex nanostructures, such as bridge beams patterned with optical antennas,
finite element numerical simulation (e.g. COMSOL) can be used to identify the structure’s

mechanical eigenfrequencies and mode shapes.

2.3.2 Effective mass of a nanomechanical structure

Effective mass of a nanomechanical structure is an important parameter in its thermomechanical
displacement power spectral density and provides a non-invasive calibration method or reference
to evaluate the displacement sensitivity of a technique as illustrated in sections 3.4.1, 5.4.2 and 6.3.
This section derives the effective mass for a nanomechanical beam that is used in the Langevin
equation. The effective mass m,ss,, of a nanomechanical structure, usually mechanical mode-
shape dependent, relates its potential energy E), to its nth eigenfrequency f, and maximum
displacement d;, through the expression

1
Ep = 5 Mg nwild; (2.2.39)

Potential energy can be determined through a volume integral

E, = %wfl f p()1d,y () 2V (2.2.40)

where d,, () is the spatial displacement distribution (‘shape’) of the nth mode and p(r) is the

spatial density distribution of the structure. Combining these two equations gives
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dn (1)

2
2 av = [ p0)IR Py (2241)

Meffn = fP(T)

where R, () is the normalized displacement at position r for the nth mode.

In some cases [85, 87] (e.g. ideal cantilevers, strings, and rectangular membranes of uniform density
distribution) the ratio of effective to physical mass m,sr/m assumes a single mode-independent
value for the geometry. In others (doubly-clamped beams, circular membranes), there are well-
established sets of mode-dependent values. In the general case, such as the nanomechanical
photonic metamaterial (section 6.3), the above volume integral can be evaluated numerically, for

example via finite element modelling.

For a single-material cantilever beam of uniform rectangular cross-section, its effective mass is a
quarter of its real mass m, s = 0.25m, while m,¢s = 0.4m for a single-material bridge beam. And
the spring constant for a bridge beam k = meffa)f at fundamental mode is 65 times that of the
cantilever beam having the same geometry meaning that the bridge’s displacement is 1/65 of that

of a cantilever under the same exerted force.

Considering a 20 um long, 100 nm thick and 200 nm wide silicon nitride (material parameters shown
in Table 2.2) doubly-clamped nanomechanical beam having picogram-scale effective mass, they are
expected to oscillate at their fundamental mode around 2 MHz by a root-mean-square thermal
motion amplitude of 100 picometres which is atomic scale (e.g. the van der Waals diameter of a
silicon atom is ~220 pm) at room temperature. The instaneous velocity of ballistic thermal motion

is expected to be 3 mm/s meaning that it will move an average of 3 pm within 1 ns.

Table 2.2  Material properties used throughout this thesis

Young’s modulus Y | Mass density p | Thermal conductivity | Heat capacity
Materials
(GPa) (kg/m3) K (W-mK?) Cp (J'kg*K?)
SiaNg 260 3100 2.5[88] 700
Au 70 19300 300 129
amorphous Si 170 2330 1.5[89] 700
233 Mechanical dissipation in a nanomechanical structure

The mechanical damping of a nanomechanical structure is ambient pressure dependent and there
are three pressure regimes that can be distinguished: the intrinsic, the molecular and the viscous

regime [58, 90-92]. A different dominant dissipation mechanism occurs in each of these regimes. In
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the experimental study of this thesis where sample are placed in vacuum chamber, intrinsic

damping dominates.

Intrinsic regime: In vacuum the dissipation mechanisms in nanomechanical structure are intrinsic-
internal and intrinsic-external. Intrinsic-internal mechanisms include effects such as phonon-
phonon scattering (acoustic phonons), phonon-electron scattering and thermoelastic damping
(acoustic-thermal phonon scattering) [58, 90-92]. Support dissipation and surface losses are
regarded as intrinsic-external mechanisms. The overall quality factor Qty¢q; Can be written as a

summation of contributions according to

Qickar = ) 07" (22.42)

where Q; refers to the contribution of a given mechanism. Thermoelastic damping stems from a
heat flow over the thickness of the cantilever between opposite areas, which are alternatively
under compressed and tensile stress during resonance [93]. Loss due to clamping occurs because
of the strain induced at the connection to the support structure and motional energy leakage to

the base region.

Molecular regime: In the molecular regime collisions between the nano-beam and the surrounding
gas molecules have to be taken into account. If the gas pressure is small, the Knudsen number K,
is high. This number is the ratio between the mean free path of the gas molecules and the beam
size. At pressures so low that K,, > 10 the mechanical Q factor is dominated by the intrinsic losses
discussed above. With increasing pressure, the molecular regime starts at about K,~10 [94].
Momentum exchange between individual gas molecules and the mechanical structure at a rate
proportional to the difference in velocity between the molecules and the resonator is here

considered to be the damping source.

Viscous regime: When K,, < 0.01, gas molecules can no longer be considered as free molecules
and collisions between the molecules have to be taken into account. In this regime the gas behaves

like a viscous incompressible fluid [95].

2.4 Parametric oscillation

A parametric oscillator is a harmonic oscillator in which oscillations are driven by periodically
varying a parameter (such as the mass or spring constant) of the system at a frequency typically
different from the natural frequency of the oscillator. In Chapter 6, | present experimental

observations of parametric control over picometric thermomechanical vibration in a nano-
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optomechanical system. The underlying dynamics of those observations can be described by the

Brownian parametric oscillator equation [96]:

() + ymx (@) + [w + 26wy, cos(wpt)]x(1) = Frnermar(t)/Mess (2.2.43)

where x(t) is the real time thermal vibration of a nanomechanical resonator at angular frequency
wp, With effective mass of m, ¢ driven by thermal Langevin force Fipermai (t), ¥m is the mechanical
dissipation factor and w), is the parametric pumping angular frequency. This oscillator has a time
varying spring constant k(t) = meff[a),zn + 2ewy, cos(a)pt)], where ¢ is the parametric pumping
strength proportional to the frequency shift (6w = \/m — Wy ~€). The parametric pump
with angular frequency of w,, converts the initial thermomechanical vibration without parametric
driving at frequency w,, into multiple thermal vibration Stokes’ or anti-Stokes’ sidebands centered

at angular frequencies w = wy, £ Nw), via frequency mixing with N being an integer.

At low parametric pumping strength and in a stable regime, the sidebands’ weight depends on the
ratio between parametric pumping strength € and its frequency w,,, and the parametrically driven

thermomechanical displacement power spectral density spectrum can be represented as:

[(w) = ZJI%(e/wp)Fo(wm +Nw,) (2.2.44)

with

4y kT

Mesr (i — 02)? + yhw?]

Io(wpy) = (2.2.45)
being the initial thermomechanical displacement power spectral density (PSD) without parametric

pumping. /i represents the Nth order Bessel function of the first kind.

Figure 2.6 shows the numerically calculated thermomechanical displacement PSD results obtained
by numerically solving the Eqgn. (2.4.43) for one of the experimentally measured nano-
optomechanical oscillators as presented in Chapter 6. It has the effective mass m,zr = 2.2 pg,
mechanical angular frequency w,,q = 2x2328.3 kHz (y;1 = 21l f1= 2nx1.21 kHz, Q1 = 1926.8).
The blue line in Figure 2.6a shows the numerically calculated thermomechanical displacement PSD
assuming the parametric pumping strength e= 9.87 kHz, w,, = 2nx20 kHz, one can see the initial
thermomechanical displacement PSD (orange curve) is converted into multiple thermal vibration
Stokes’ or anti-Stokes’ sidebands centered at angular frequencies w = w;, * Nw), (blue curve). A
good match between the numerical and analytical model is found in Figure 2.6a-c when the

parametric pumping strength is relatively small. However, as can be seen in Figure 2.6d, deviation
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is found particularly on the low-frequency Stokes’ sidebands when the parametric pumping
strength is strong enough. The experimentally measured maximum parametric pumping strength
is €/2m ~ 10 kHz range as will be shown in section 6.4. Therefore, the analytical resultin Eqn. (2.4.43)

can be used to analyze the experimental data.

(b)
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Figure 2.6 Numerically calculated displacement power spectral density for a Brownian parametric oscillator.Orange line
shows the thermomechanical displacement power spectral density for a Brownian oscillator without parametric pumping
term. Blue line and yellow lines respectively show the numerically calculated and the analytically approximated Eqn.
(2.4.44) thermomechanical displacement power spectral density. (a)(b) Calculated spectra evolution for two oscillators
with different parametric pumping frequency w, =2rnx20 kHz and 2mx2 kHz while having same pumping strength
£=21x9.87 kHz. (b)-(d) Calculated spectra evolution for the oscillators with different parametric pumping strength & while
having same pumping frequency w,=2nx2 kHz.

2.5 Summary

In this chapter, the development of a physical description of Brownian or thermal motion has been
introduced starting from Einstein’s pure diffusion model, Markovian Langevin model to non-
Markovian Langevin model when considering hydrodynamic interaction. These theories can be in

principle applied to a nanomechanical structure that is situated in different environments.

Thermal motion of a nanomechanical structure in a particular mechanical mode has been described
using Langevin model by including a restoring force term. Thermomechanical displacement power

spectral density that is widely used in experimental measurements in sections 3.4, 4.1, 6.3 and 6.4
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has been derived from this model. Ballistic thermal motion characteristics of a nanomechanical
structure at short timescale are also mathematically derived and numerical modelling is performed,

which supports understanding and interpretation of the experimental results in section 4.1.

In the Langevin model, the parameters of mechanical eigenfrequency and effective mass for a
nanomechanical beam with regular shape can be derived from Euler-Bernoulli beam theory.
Additionally, the effect of tensile stress on the eigenfrequency of a nanomechanical beam is
examined, this supports the explanation of the variation of mechanical resonant frequencies
observed in an array of geometrically identical nanomechanical oscillators (sections 3.4.3 and 6.3).
This also provides the theoretical foundation for the parametric control of the thermomechanical
vibration of nanomechanical oscillator arrays via dynamic photothermal tuning mechanism as
demonstrated in section 6.4. The mode-dependent effective mass has been derived which can
assist in determining displacement sensitivity of a technique as will be experimentally
demonstrated in sections 3.4.3 and 6.3. Considering a 20 um long, 100 nm thick and 200 nm wide
SisNs doubly-clamped nanomechanical beam having picogram-scale effective mass, they are
expected to oscillate in the thickness direction at their fundamental mode around 2 MHz by a root-
mean-square thermal motion amplitude of 100 picometres which is atomic length scale at room

temperature.

A Brownian parametric oscillator model and its numerical calculation are also introduced which
helps analyze and interpret the experimental observations of parametric control over a Brownian

oscillator as presented in section 6.4.

Overall, these models underpin the theoretical part of this thesis and are used to analyse the

experimental data throughout the following chapters.
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Chapter 3  Sub-atomic movement visualization in

nanostructures via free electron edge-scattering

The existing nano-imaging techniques such as transmission and scanning electron microscopes,
scanning probe techniques (STM, AFM, etc.) and optical super-resolution microscopies (PALM, STED,
STORM, etc. ) [97-100], and recently introduced methodologies employing superoscillatory and
topologically structured light fields [101-103] provide nanometric spatial resolution in ‘static’
imaging. However, the acquisition frame rate of the instruments limits the application in imaging
of MHz to GHz frequency motion. Time-resolved or ultrafast electron microscopes [14] are highly-
specialized instruments employing short-pulse (typically fs laser-driven) electron sources and streak
camera or time-correlated photon counting detectors to interrogate stimulated, short-timescale
(e.g. carrier, lattice and bonding) dynamics in materials in pump-probe and stroboscopic regimes,
which is capable of studying complex transient events on the nanoscale temporal and spatial
resolution while generally containing very complex optics and timing control systems. Laser-based
interferometric and cavity spectroscopic techniques [49, 50] can provide MHz frequency picometric
sensitivity to changes in optical path length (i.e. in the direction of light propagation) but, for
imaging purposes in the transverse direction, they are diffraction-limited with a spatial resolution

of a few hundred nanometres at best.

In this chapter, | introduce a technique for hyperspectral motion visualization (HMV), which
combines sensitivity to the movement of sub-atomic amplitude with the nanometric spatial
resolution of secondary electron signal in conventional scanning electron microscopy (SEM).
Quantitative, directionally-resolved measurements and mapping of displacement amplitude and
relative phase, provides for highly localized interrogation of mechanical resonance characteristics

(eigenfrequencies, quality factors) of target structures and visualization of their mechanical modes.

Section 3.1 describes the basics of electron-beam specimen interaction producing the various
signals and their energy distributions and the interaction volume. Section 3.2 illustrates the concept
and working principle of the developed hyperspectral motion visualization (HMV) SEM techniques
followed by the instrumentation details in 3.3. The applications of this technique for thermal
movement characterisation and driven motion mapping are demonstrated in section 3.4. Lastly,
the secondary electron shot-noise limited displacement sensitivity and sample perturbation by the

electron beam is analysed in section 3.5.
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3.1 Electron-beam specimen interaction

Electrons interact elastically or inelastically with atoms at various depths within the specimen,
producing various types of signals that contain information about the surface topography and
composition of the sample, including secondary electrons (SE), back-scattered electrons (BSE),
characteristic X-rays and visible/near-infrared light (cathodoluminescence, CL), absorbed current

(specimen current), elastically or inelastically scattered and transmitted electrons [104] (Figure 3.1).

(a) . (b) Electron beam
Incident e beam (0.5-40keV), Backscattered electrons (BSE) SE ~100 nm

(>50eV to incident energy) cL EDX AE

X-ray — continuum (EDX) & f BSE ~500 pm
characteristic (0.5-40keV (~1-3pm) i -
( ) Cathodoluminescence ( (~1nm) chmtlnuum Keray
CL (1-5 eV) (~17551m) {,( 1-4pm)
@ Auger electron Secondary electrons
= AE (20-200eV)¥~ __ SE (<50 eV)
@ £
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Inelastic scattering Elastic scattering
Unscattered e’ (EELS) Structural analysis
Y Incoherent Elastic and HR imaging
i Transmitted electrons diffracti
Transmitted electrons (TEM, STM, EELS) scattering Marphalogical(TEM) (diffraction)

Figure 3.1 Electron-beam specimen interaction. (a) Various signals and their energy distributions. (b) Signals emitted
from different parts of the interaction volume. Images are adapted from ref. [104].

In the secondary electron imaging (SEl) used in this work, the secondary electrons are emitted from
the specimen surface. Consequently, SEI can produce very high-resolution images of a sample
surface, revealing details less than 1 nm in size. Another commonly available mode of imaging is
based upon back-scattered electrons (BSE), which are electrons reflected from the sample by elastic
scattering. They emerge from deeper locations within the specimen and, consequently, the
resolution of BSE images is less than SE images. However, BSE is often used in analytical SEM, along
with the X-ray spectra, where the intensity of the BSE signal is strongly related to the atomic number
(2) of the specimen. BSE images can provide relative atomic number contrast linked to the
elemental distribution in the sample. In samples predominantly composed of light elements, such
as biological specimens, BSE imaging can image colloidal gold immuno-labels of 5 or 10 nm diameter,
which would otherwise be difficult or impossible to detect in secondary electron images. X-rays are
emitted when the electron beam removes an inner shell electron from the sample, causing a higher-
energy electron to fill the shell and release energy. The energy or wavelength of these X-rays can
be measured by energy-dispersive X-ray spectroscopy or wavelength-dispersive X-ray spectroscopy
and used to identify and measure the abundance of elements in the sample and map their

distribution. Cathodoluminescence (CL) is the emission of low energy photons in the range from
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approximately 1 eV to 5 eV (infrared, visible, and ultraviolet light) as a result of inelastic scattering

of the high energy beam electrons, which can be used to characterise electronic state information.

3.2 Concept of hyperspectral motion visualization SEM

The functional principle behind the motion visualization technique is illustrated in Figure 3.2.
Conventional secondary electron images are formed by raster scanning a focused electron beam
over an object and detecting, at each point, the integrated secondary electron current. Any fast-
moving components of the object (the wings and antennae of the bee in Figure 3.2a) will suffer
‘motion-blur’ because their displacement cannot be tracked on timescales shorter than the frame
rate. However, by instead recording the time dependence of the secondary electron (SE) current at
each point one can detect and spatially map fast movements of the object. One may then record
either full raster-scanned images with SE detection locked at a chosen frequency, or construct a
complete hyperspectral image by computing the Fourier spectrum of motion at each point. These
‘images’ will show spatially resolved, quantitative detail of displacement amplitude and phase at a

chosen frequency or across a range of frequencies.
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Figure 3.2 Hyperspectral Motion Visualization (HMV-SEM) concept. (a) Conventional (static) secondary electron (SE)
images obtained in a scanning electron microscope are based upon the time-averaged SE signal at each point, whereby
moving parts suffer ‘motion blur’. HMV-SEM maps based upon the detection of selected frequency components in the SE
signal will show only those parts which oscillate at that frequency, revealing the amplitude and direction of movement at
each point. (b-d) An incident electron beam scanned over an object [notionally here, one of the bee’s antennae, along
the line AB in (a)] generates a scattered secondary electron signal with an amplitude profile (c) related to the physical
profile of the object (b) and the spot size and intensity profile of the incident electron beam. Where the gradient (d) of
this profile is non-zero, displacements of the object dy translate to changes in SE signal dsg, as illustrated inset to (c).

For simple objects, much useful information can be obtained from images recorded at just a few
selected frequencies, as will be demonstrated in what follows. Figure 3.2 (b-d) details the
mechanism by which the SE signal generated by an incident electron beam transduces displacement

[105, 106], including at length scales far smaller than the beam diameter where movement induced
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local variation of SE flux is still significant at structure’s edges. While the target object (notionally
one of the bee’s antennae in Figure 3.2a) is stationary, the SE current Iz (1) generated as an
incident electron beam is scanned along the line AB (where r is coordinate in the image plane) will
change in magnitude from and return to zero on either side (where the incident beam entirely
misses the object) at a rate dependent upon the sharpness of the physical edges and the intensity
profile of the electron beam. At these edges, small time-dependent displacements dR(t) of the
object will translate to changes in the SE signal:

dlse(r,R(t)) _ lsp(r,R(t)) OR
ot N R ot

where v is the object’s movement velocity vector at the measurement point. Integrated over time:

ISE(T, t) = _VISE(T) ) R(t) + C (322)

Thus, at each point on the oscillating target, the magnitude of the time-dependent SE signal will be
equal to the scalar product of two vectors: the gradient of the static SEM image parallel to the
motion direction at that point VI (r) and the displacement R(t). As such, motion in any direction
with a non-zero projection to the image plane can be detected at any point where the
corresponding SE gradient is non-zero. In the Figure 3.2 schematic, for example, if the image plane
is inclined at an angle 6; to the y axis, both horizontal dy(t) and vertical 0z(t) displacements of
the object (in and out of the xy sample plane) can be detected on the basis of a SE signal gradient
parallel to y. The noise equivalent displacement (NED) level in such measurements —the magnitude
of displacement detectable with unitary signal-to-noise ratio with an integration time of one second
—is determined largely by the Poisson statistics of electrons incident on the SE detector (see section
3.5.1). Itis inversely proportional to the SE current gradient VIg. As estimated in section 3.5.1, for
a typical SEM, this minimum detectable displacement can be as small as ~1 pm even while the
incident beam diameter (i.e., static imaging resolution) is 2 1 nm. The ability to detect motion at
this scale presents remarkable opportunities for imaging the movement of nanostructures, bearing
in mind that by comparison the lattice constants of solids are typically in the 300-700 pm range and

the radii of isolated neutral atoms lie between 30 and 300 pm.

3.3 Instrumentation for hyperspectral motion visualization SEM

A hyperspectral motion visualization SEM consists of two main parts: a conventional scanning
electron microscope (SEM) with external scanning control, and lock-in detection and data

acquisition modules, see Figure 3.3.
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Figure 3.3 Hyperspectral Motion Visualization (HMV-SEM) instrumentation. (a) A SEM consisting of electron optics,
sample positioning, signal detection and a vacuum system. (b) The electron beam is externally controlled through deflect
lens or scan coil by a dual-channel arbitrary function generator generating sawtooth-like waves for raster scanning. (c)
For Brownian motion detection, the instrument is configured as a spectrum analyser (oscilloscope with FFT function) and
SEM is operating in the spot mode. (d) For motion imaging mode, the lock-in is then referenced to the clock frequency to
demodulate the output signal of the secondary electron detector pixel by pixel and build amplitude and phase maps of
the object’s movements at the frequency of interest.

The hyperspectral motion visualization system was built around the scanning electron microscope
arm of an FEIl Helios NanoLab™ 600 DualBeam FIB/SEM system. The secondary electron detector
used in this work is a built-in through-the-lens detector (TLD) allowing ultra-high-resolution imaging
(UHR) mode. Acquisition and processing of the signal from the secondary electron detector are
performed using a Zurich Instruments UHFLI digital lock-in amplifier, which has the oscilloscope
with FFT function and multi-Frequency option. For Brownian motion detection, the instrument is
configured as a spectrum analyser (oscilloscope with FFT function) and the SEM is operated in spot
mode. In the hyperspectral motion imaging regime, scanning of the electron beam is controlled by
a dual-channel arbitrary function generator (Tti TGF4242) generating sawtooth-like waves for
horizontal and vertical scanning while the lock-in amplifier’s internal clock generator is optionally
used to drive a piezoelectric sample stage actuator (Thorlabs PA4FEH3W). The lock-in is then
referenced to that clock frequency to demodulate the output signal of the secondary electron
detector and build amplitude and phase maps of the object’s movements at said frequency. The DC
component of the signal is simultaneously employed to build the conventional SEM image of the
sample using the multi-Frequency option. The raster scanning speed can be adjusted depending on

the sampling rate and integration time of lock-in detection.
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3.4 Applications of hyperspectral motion visualization SEM

To elucidate and quantitatively validate the performance of the HMV-SEM technique we employ
rectangular cantilevers, i.e., the common actors and structural components of many
nanomechanical devices and systems — objects with well-understood, analytically described modes

of oscillation.

3.4.1 Thermal motion characterization

As introduced previously, the random thermal motion of small objects at non-zero temperatures is
perhaps most familiar in the microscopic random walk of free particles in liquids, known as
Brownian motion. But the thermal motion of picometric amplitude is also present in anchored
micro-/nano nano-objects, such as cantilevers and doubly-clamped beams, and is most profound
at their natural mechanical resonant frequencies. Such motion provides an ideal calibration
reference for the sensitivity of the HMV-SEM technique as its amplitude is thermodynamically
related to the physical parameters of the object: which is to say that a direct quantitative

comparison can be made between experiment and energy equipartition theorem [30, 85].

To demonstrate, we detect the thermal motion of a 22 um long cantilever (Figure 3.4a)
manufactured by focused ion beam milling from a 50 nm thick silicon nitride membrane (a flexible
substrate) coated by thermal evaporation with 50 nm of gold (for strong secondary electron signal
contrast). With the incident electron beam fixed at a point on one of the cantilever’s long edges
near the tip, as indicated in Figure 3.4a, we record the time dependence of the secondary electron
signal in the frequency domain and calculate the corresponding amplitude spectral density (ASD,
Figure 3.4c). In all measurements reported here an incident electron energy of 5 keV and a beam
current of 86 pA is employed, whereby the effects of electron beam-induced heating and
momentum transfer to the cantilever are negligible (see section 3.5.2). The measured secondary
electron signal ASD at a given point is directly related to cantilever displacement ASD (right-hand
axis in Figure 3.4c) via the SE signal gradient (Figure 3.4b) at that point, with account taken for the
oblique incidence of the electron beam. One can observe peaks in the frequency spectrum at three
of the cantilever’s natural oscillation frequencies: specifically, the fundamental out-of-plane mode
at 117.6 kHz, fundamental in-plane mode at 528.0 kHz and second-order out-of-plane mode at
739.0 kHz (attribution of modes being confirmed by computational modelling). Cantilever
mechanical properties are simulated using the solid mechanics module in COMSOL Multiphysics
(finite element method). A rectangular 100 nm thick (50 nm each of silicon nitride and gold) x 500
nm wide cross-section is assumed. From this model, the three lowest Eigenfrequencies of a 22 um

long cantilever are those of the fundamental out-of-plane flexural mode at 111 kHz; fundamental
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in-plane flexural mode at 518 kHz; and the 2"%-order out-of-plane flexural mode at 695 kHz. These
correlate well with measured resonance frequencies (Figure 3.4c) — small discrepancies being
accounted for by manufacturing imperfections and internal stresses within/between the silicon
nitride and gold layers (which also account for the slightly out-of-plane equilibrium position of the

cantilever).
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Figure 3.4 Sensing thermal motion of a cantilever. (a) Static secondary electron image of a gold-coated silicon nitride
cantilever [100 nm thick, 500 nm wide, 22 pm long], viewed at an oblique angle 6; = 15° to the membrane plane. (b)
Profile along the line AB of secondary electron DC signal and the gradient thereof. (c) Amplitude spectral density (ASD) of
secondary electron signal measured at the point *, showing peaks associated with out-of- and in-plane oscillatory modes
[as denoted by the inset schematics]. The right-hand axis shows a calibrated scale of displacement ASD. Overlaid red lines
are analytical displacement ASD curves given by Eq. (3.3), using experimentally measured values of f,, and Q for each
mode, and assuming My = 0.25m.

According to the Wiener—Khinchin theorem [30, 85], the thermomechanical displacement power
spectral density (PSD = ASD?) of an oscillator is

kgT fm

) = e QTR — 7+ Gl O]

(3.4.2)
where kg is the Boltzmann constant, T is temperature and, for each mode, m.yy, fr, and Q are

respectively the effective mass, natural frequency and quality factor. From experiment — the

mapping of Eq. (3.4.1) onto the peaks in Figure 3.4c using measured values of f,,; and Q at room
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temperature (T = 300 K), with m, ;s determined by best fit — root mean square (RMS) thermal

motion amplitudes 1/ {x?2) can be evaluated as the square root of an integral of PSD over frequency:
Ve = || s (3.4.2)
0

These calculations yield amplitudes of 1.60 nm for the out-of-plane mode at 117.6 kHz; 0.53 nm for
the in-plane mode at 528.0 kHz; and 0.27 nm for the second-order out-of-plane mode at 739.0 kHz.

These compare very well with analytical values of 1.57, 0.35 and 0.25 nm respectively, from thermal

equipartition for an ideal rectangular cantilever, whereby /(x?2) = JkBT/meff(anm)z and meys

has a fixed value of 0.25m for all modes (m being the real mass). The accuracy of the correlation
between theory and experiment is illustrated in Figure 3.4c by the overlaid analytical curves, which
are calculated according to Eq. (3.4.1) with m,¢r = 0.25m. Likewise, the ~1 pm/HzY/? background
signal level seen in Figure 3.4c corresponds very well with the expected noise equivalent

displacement floor (see section 3.5).

Full-width half-maximum peak widths Af are a measure of oscillator damping: Af = ys/(aneff),
where y; is the (material, ambient pressure, and mode-dependent) Stokes friction coefficient[107,
108]. With the effective mass of a cantilever being, again, not mode-dependent, the peak width Af

is straightforwardly proportional to, and resonance quality Q = f,,,/Af inversely proportional to ys.

3.4.2 Hyperspectral driven motion mapping

The HMV-SEM technique can also be applied to map externally-driven movements of
nanostructures. By raster scanning the injection point over a target and synchronously detecting
the SE signal at the driving frequency (using a lock-in amplifier), a spatially resolved map of driven
oscillation amplitude and phase can be constructed, giving a comprehensive picture of the sample’s
mechanical response at the selected frequency. By then changing the driving frequency and
repeating the raster scan, a hyperspectral image of sample movements can be assembled. We
demonstrate this modality by visualizing the oscillatory motion of cantilevers driven by a
piezoelectric transducer (with an oscillatory amplitude of <1 nm). Figure 3.5a-c show images of the
above (Figure 3.4) cantilever in terms of, respectively, the DC component (c.f. static SE image) and
the amplitude and phase of the time-dependent component of the SE signal at 739.0 kHz — the
frequency of its second-order out-of-plane bending mode. These illustrate how the technique
reveals movement at the high SE contrast edges of a structure: no signal is detected where the SE
gradient is zero (along the central area of the cantilever surface). In this case, each bright edge of

the cantilever in Figure 3.5a appears as a pair of lines in Figure 3.5b with opposing phase relative to
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the piezo actuator (Figure 3.5c), corresponding to closely-spaced points of positive and negative SE
gradient encountered as the incident electron beam is scanned across the edge. Phase mapping
records the relative phase of modulated secondary electron signal referring to the driving signal. It
depends on both the local gradient and the motion mode shape of the studied structure according

to Eqn. (3.2.2).
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Figure 3.5 Visualization of driven cantilever motion. (a-c) DC component (a) and synchronously recorded amplitude and
phase (b and c respectively) of the time-dependent component of the secondary electron signal recorded while the
structure is mechanically driven at the cantilever’s 739.0 kHz 2"%-order out-of-plane resonant frequency by a piezo-
actuator. (d) Calibrated out-of-plane [z-direction] displacement amplitude maps of the cantilever. (e) x-z plane projection
of absolute displacement with the corresponding numerically simulated mode profile overlaid as a pair of dashed lines.
Note that the vertical image-plane scale [panels a-d] has been enlarged for clarity: the 2 um scale bar applies only to the
x direction. Also, for clarity in (d), no data is presented at points where the SE gradient falls below a noise threshold, i.e.,
such that displacement cannot be quantified. The same [white] pixels are then also excluded from (c). (f) 2" order out-
of-plane mode phase mapping of a cantilever. The final measured phase is a product of secondary electron gradient with
the mode shape. Here, -’ and ‘+’ are 7 out-of-phase.

As shown in Figure 3.5f, a second order out-of-plane mode cantilever is used to illustrate phase
mapping. The secondary electron gradient depends on the scanning direction, which is positive on
one edge and negative on the other edge. The cantilever’s left clamped end part and its tip part

(separated by the node line) moves out-of-phase in the case of second order out-of-plane
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oscillation mode. Therefore, the measured electronic signal phase is the multiplication of SE signal
gradient and mode shape. The ‘-’ and ‘+’ signs mean they are out-of-phase with a relative phase
shift of . An out-of-plane displacement amplitude map (Figure 3.5d) is obtained by dividing the
time-dependent SE signal amplitude at each point of Figure 3.5b by the corresponding signal
gradient derived from Figure 3.5a, taking account of the oblique viewing angle. Combining this with
the signal phase and plotting all pixels as a histogram of absolute displacement against x coordinate,
reveals the displacement mode shape, as shown in Figure 3.5e. In this example, the cantilever tip
oscillates with an amplitude of ~25 nm. Currently, the minimum detectable displacement in motion
mapping is about 0.1 nm (1 Angstrém) with an integration time of 0.1ms corresponding to the

calibrated motion noise level.

To illustrate hyperspectral motion visualization, we employ a set of three cantilevers with different
lengths (17, 22 and 27 um) cut from a single membrane (Figure 3.6). Having first identified their
individual natural frequencies from thermal motion spectra (as per Figure 3.5 above), we drive the
structure and spatially map the movement of the whole sample at each frequency in turn (Figure
3.6a). The selective, resonant excitation of one cantilever at a time in either its fundamental or
second-order out-of-plane bending modes is clearly observed, with the expected mode shapes
being well defined in corresponding x-z projections of displacement (Figure 3.6b).
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Figure 3.6 Hyperspectral visualization of driven cantilever motion. (a) Out-of-plane [z-direction] displacement amplitude
maps of a set of three cantilevers of different length, shown in the zero-frequency [static secondary electron] image,
recorded while the structure is mechanically driven at a selection of frequencies [as labelled] by a piezo-actuator. (b)
Corresponding x-z plane projections of absolute displacement overlaid with numerically simulated mode profiles (dashed
lines).
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343 Visualization of movement in devices with multiple degrees of freedom

The examples presented above introduce the HMV-SEM technique by way of its use to study
thermal and driven motion of isolated cantilevers. However, its full potential lies in application to
more complex structures and devices with multiple degrees of freedom — ‘nano-machines’. Here,
we illustrate how the HMV-SEM technique can be used to interrogate thermal and driven motion,
and thereby to better understand the functionality, of a nano-mechanical photonic metamaterial

(Figure 3.7a-b) and a comb structure within a MEMS accelerometer (Figure 3.7c-f).
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Figure 3.7 Mapping thermal and driven motion in photonic metamaterials and MEMS devices. (a) SEM image of an
optomechanical metamaterial fabricated on a silicon-nitride nanomembrane (b) In-plane thermal motion displacement
spectra measured at the centres of the fifteen narrow beams [as numbered in (a)]. (c) SEM image of a capacitive Si comb
within a MEMS accelerometer. (d, e) Corresponding displacement amplitude maps for piezo actuator-driven in-plane
motion at 438.2 and 441.6 kHz — the fundamental resonant frequencies of selected comb cantilever ‘fingers’ [marked by
white arrows]. (f) Representative thermal motion spectrum measured at the tip of the comb cantilever finger marked
with a red dot in (c).

Figure 3.7a shows an SEM image of a plasmonic nano-opto-mechanical metamaterial comprising
an array of gold nano-brick trimers supported on alternately wide (325 nm) and narrow (165 nm)
28 um long, 50 nm thick silicon nitride beams. This metamaterial has exceptionally large optical
nonlinearity underpinned by the mutual displacement of neighboring beams, driven by interactions
between dipole moments induced in the plasmonic nano-bricks by a control (pump) light beam [35].
The relative positions of the gold nano-bricks within the trimers determine the optical properties
of the metamaterial as seen by a transmitted or reflected signal (probe) light beam at a different
wavelength [35]. Ideally, a modulated pump beam will induce synchronous resonant (i.e., large
amplitude) oscillation of one or other wide/narrow structural beams, thereby maximizing the effect
of light-by-light control —the induced change in optical properties at the probe wavelength. As such,

the nonlinear optical response of the metamaterial is dependent on the mechanical properties of
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the structure, such as the natural frequencies and quality factors of the beams. All beams of the
same type should preferably be mechanically identical to exclude inhomogeneous broadening of
the nonlinearity. The diffraction limit precludes selective optical interrogation of the properties of
individual structural beams, but the resolution of the electron beam-based motion visualization
technique is perfectly suited to the task. The thermal motion spectra in Figure 3.7b reveal variations
in the mechanical properties of a set of nominally identical beams: the fifteen narrow beams of the
metamaterial shown have fundamental in-plane resonant frequencies of 1.44 MHz £2%, mean
square displacement amplitudes of 209 pm +6% and quality factors of 1400 £33%. While with the
peripheral beams numbered 1, 2 and 15 excluded, these distributions narrow to 1% in resonant
frequency, 4% in displacement amplitude and +5% in Q. From static SEM imaging (Figure 3.7a),
those three beams are subject to noticeable equilibrium out-of-plane deformation, but variations
in mechanical properties among the majority cannot be anticipated — they are seen to have a high
level of geometric uniformity, constrained only by the nanometric fabrication tolerances of the FIB
milling technique. However, variations in their mechanical parameters are related not only to
dimensional discrepancies or fabrication imperfections, but also to variations in tension (in the
same way that tension determines the pitch of a violin string) derived from non-uniform stress
intrinsic to the silicon nitride membrane substrate. The ability to quantify the mechanical response
of the individual structural elements of a metamaterial provides valuable insight into device
performance and provides for the possibility of in-situ correction during fabrication (i.e., within a

dual-beam FIB/SEM system), thus enabling the fabrication of high-performance devices.

Figure 3.7c shows an SEM image of a silicon capacitive comb sensing element within a commercial
MEMS accelerometer developed for automotive air-bag deployment systems. Acceleration in the
sensing direction induces an inertial force on the mass attached to the movable part of the comb,
resulting in a change in distance between the ‘fingers’ of the fixed and movable parts of the comb.
From the associated change in capacitance, acceleration can be quantified. Device behaviours
including sensitivity and false alarm response depend strongly upon the mechanical characteristics
of the comb fingers, which are in effect micromechanical cantilevers, and controlled artificial
displacements of the inertial mass may be applied to the detection of defective combs. Using the
HMV-SEM technique (Figure 3.7d-f), we find that the nominally identical fingers of the present
comb indeed have closely spaced fundamental resonant frequencies - varying by only £0.4% about
a mean value of 440 Hz, and resonance Q-factors of order 1.3x10% that vary by as much as +8%. The
fingers manifest in-plane thermal motion tip displacements of ~ 25 pm (as compared to a separation

between adjacent fingers of ~ 5 um).

The application of the motion detection technique to the spatial mapping of externally driven

movements of flea setae is also illustrated in Figure 3.8. For this purpose, samples are mounted on
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a piezoelectric actuator and the incident electron beam is raster-scanned over the sample, with the
amplitude and phase of the secondary electron current oscillation detected at the piezo driving
frequency by a lock-in amplifier. The point-by-point raster scanning, with an integration time of 20
us at each pixel (and as above a 5 kV, 86 pA electron beam), is externally triggered for consistent
registration of phase over the entire image area. Figure 3.8, referencing Robert Hooke’s iconic 1665
optical microscopic image [109], shows stimulated nano-motion electron microscopic images of a
(deceased) flea at a selection of different driving frequencies. The imaged maxillary palpus and coxa
region include setae that are a few tens of micrometres long and a few hundred nanometres in
diameter, which are here found to have natural oscillation frequencies in the sub-MHz range. The
images (Figure 3.8b-d) reveal resonant oscillatory displacement amplitudes reaching a few hundred
nanometres (in response to a piezo actuator in-plane drive amplitude of ~10 nm and against a
background of the whole sample moving with said amplitude — dark blue features in the upper
panels of Figure 3.8b-d). The lower panels in Figure 3.8b-d show the phase of the modulated
secondary electron signal relative to the (piezo) driving force. This depends on both the local
gradient and the motion mode shape of the structure: the absence of phase discontinuities along
the long edges of resonantly oscillating setae show that they are moving in a fundamental flexural

mode, i.e. that all points along the length are moving in the same direction at the same time.

210 kHz 250 kHz 290 kHz

Amplitude, nm

Phase, rad

Figure 3.8 Hyperspectral imaging of driven oscillations of flea setae. (a) Static secondary electron image of the entire
flea and enlarged detail of the motion-imaged area. (b, c, d) Amplitude (upper row) and corresponding phase (lower) of
secondary electron signal modulation at selected driving frequencies [as labelled].

3.5 Fundamental measurement limit and sample perturbation by the

electron beam

3.5.1 Noise Equivalent Displacement (NED)

The noise equivalent displacement (NED) level in HMV-SEM is determined largely by the Poisson

statistics of electrons incident on the SE detector, whereby the standard deviation of shot noise is
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\/E = /]SE‘[/g (351)

N, being the number of electrons detected in time interval T.The SE current gradient can be

estimated as

VISE(T)NAISE/Te (3.5.2)

where Algg is the change in SE current over a distance equal to the incident electron beam spot size
7.~ 1nm. In measuring the amplitude of displacement d,,;.4s by detecting secondary electron

current variation, the number of electrons detected in time 7 is then

Se = dmeas(AISE/re)T/e (3-5-3)

A unitary signal-to-noise ratio (SNR) will be achieved when S,/,/N, = 1, which is to say when

dmeas™Te. ’ eISE/(AISEZT) (3.5.4)

In practice (Figure 3.4b), we record SE detector output voltage Vs = Qi and evaluate the

corresponding gradient

VVSE(T)NQAISE/Te (3.5.5)

in which terms the measurable displacement with unitary SNR is

dimeas~(Te/AVsg)\ e/T \/E\/ﬁ (3.5.6)

The constant of proportionality Q is estimated at ~3x10° Ohms, under an assumption that the full-
scale 1.5V value of Vg (Figure 3.4b) is associated with a maximum current Is; of order 50 pA (from
an incident beam current of 86 pA; a SE yield of 0.6, typical for gold at 5 keV [ref. [104]]; and SE
collection efficiency approaching 100% for an SEM in a short working distance immersion lens
configuration [110]). Thus, at the point marked by an asterisk in Figure 3.4b, where Vs ~1V and
AV /7, ~60 mV/nm, we may expect to measure a displacement as small as d,, 045 ~1.2 pm with a
one second integration time. This also means that, in a second, S =1.47x10* (Alsz = 2 pA) of
electrons out of the totally generated N = 2.15x10® (Igz = 34.4 pA) electrons contain the
information of d, .45 = 1.2 pm movement, which takes only 0.0068%. In the driven motion mapping
examples of Figure 3.5 and Figure 3.6, where integration time is reduced to 0.1 ms, the expected

NED level rises accordingly to ~120 pm/Hz">.
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3.5.2 Electron-to-cantilever momentum transfer

N . ’ZE
A non-relativistic electron of energy E, has a velocity v = m—e and momentum p = m,v, where
e
m, is the electron mass. (v/c ~ 0.1 in the present case, so relativistic corrections can be ignored.)
An electron beam of current I, contains I, /e electrons per second, where e is the electronic charge,
. . I 1 . .
and may thus impart a maximum force F,qq = fp = f 2E,m,. This amounts to ~2x10* N in the

present case.

3.5.3 Electron-beam induced heating

For the purpose of estimating electron beam-induced temperature change, we consider:

- afree-standing bilayer beam of 50 nm gold on 50 nm silicon nitride, with length L =22 um

and width w = 500 nm, in vacuum;

- an electron beam with acceleration voltage V' = 5 kV and a beam current I, = 86 pA

incident on the gold side of the beam.

Monte Carlo modelling [111] shows that >99% of electrons are stopped within the 100 nm (gold
plus silicon nitride) thickness of the beam at this low electron energy. In keeping with prior works
[105] we assume that around 2.5% of incident electron beam power is absorbed as heat Hg¢ =

0.0251,V ~10 nW, predominantly in the gold layer.

The temperature change 6T over the entire beam is related to the heat loss rate by Fourier’s law
Hgps = —kA:OT /L, where k is thermal conductivity and A, = wh is cross-sectional area, h being
thickness. The thermal conductivity of gold (300 W-m™-K) is much larger than that of silicon nitride
(2.5 W-m™K1) so the presence of the nitride layer is ignored for the purposes of this estimate

(whereby h = 50 nm), giving 8T ~29 mK.

Finite element modelling (the heat transfer module in COMSOL Multiphysics) gives a very similar

result. Herein we assume:

- the presence of both layers, with specific heat capacities at a constant pressure of 129

and 700 J-kg K respectively for gold and silicon nitride;

- that the beam has an initial temperature T = 300 K and that one end (i.e., the anchored

end of the cantilever) is attached to a thermostat at 300 K;
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- a10 nW point source of heat at one corner of the gold layer at the free end of the beam
(i.e., the cantilever tip, as in the point measurement of Brownian motion presented in

Figure 3.4).

Under these conditions, the temperature at the opposite gold corner of the cantilever tip increases

by 8T ~27 mK.

Root mean square thermal displacement is proportional to the square root of temperature, so the

relative change resulting from a temperature change 6T is given by /1 + 6T /T — 1. At ~5x107 in
the present case (i.e., not more than a few tens of femtometres against the measured ~1 nm

thermal motion RMS cantilever tip displacements), this contribution is negligible.

3.6 Summary

In summary, in this chapter based upon the detection of the spectrally resolved secondary electrons
current as a consequence of natural and/or stimulated oscillation of target nanostructures, | have
developed a methodology and the instrumentation for quantitative, directionally-resolved
measurements of high-frequency movements in the megahertz range with picometric (sub-atomic)

amplitudes and the hyperspectral visualization of the movement with nanometric spatial resolution.

The hyperspectral movement visualization technique is deployed on a conventional scanning
electron microscope to interrogate thermal (Brownian) and externally-driven motion at the pico-
to the nanoscale in nanomechanical structure and nanomechanical photonic metamaterials. It is
shown to provide for: highly localized measurement of an oscillator’s resonant frequencies and
quality factors; measurement of thermal motion amplitudes down to the electron shot noise-
equivalent displacement level of 1 pm/Hz?; and frequency- and directionally-resolved mapping of

oscillatory motion ‘mode shapes’ with spatial (SEM imaging) resolution far beyond the diffraction

limit applicable to optical viborometry techniques.

This technique enables identification of variation in the mechanical resonance frequency of
nanomechanical beams of the same geometry, due to the non-uniform stress inherent in the silicon
nitride film substrate. The ability to quantify the mechanical response of the individual structural

elements of a metamaterial provides valuable insight into device performance.
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Chapter 4  Ballistic dynamics of flexural thermal

movements in a nano-membrane

Flexural deformations and modes of oscillation are now understood to be of fundamental
importance to the thermal, optical, electrical and mechanical properties of graphene and other 2D
materials [112-116], and to the optical properties of photonic metamaterials through near-field
coupling among resonators [6] and mechanochromic effects (i.e. mechanical deformation induced
color change) [41]. In particular, atomic- to nano-scale flexural deformation in the geometry of
elastic nano-membranes can deliver a wealth of optical modulation and tuning functionalities with
electro-/magneto-/thermo-/acousto-optical and nonlinear response coefficients orders of
magnitude larger than those found in natural media [6]. As objects decrease in size the thermal
vibration of flexural components becomes increasingly important. For example, although thermal
vibration of flexural components adds noise to induced controlled movements that underpin the
functionality, these fluctuations provide an opportunity for the characterization of mechanical

properties and sensing its surroundings [117].

In contrast with a classical Brownian particle in a fluid that is thermally perturbed by external
collisions with ambient molecules, under vacuum thermal movements of the flexural components
within nanomechanical photonic metamaterials are driven internally by momentum transfer from

the annihilation and creation of the flexural phonons.

As long ago as 1906, Einstein realized that the commonly held picture of diffusive thermal motion,
characterized by erratic, discontinuous changes in speed and direction, must break down at short
time and length scales, where inertia becomes substantial [65] — objects must move ballistically
between ‘collision” events. He concluded that this regime of motion would be impossible to observe
as to do so would require, at the time, unimaginably high spatial and temporal measurement
resolution. Indeed, even today, it is a challenging proposition: while such measurements have been
reported in recent years for optically-trapped microparticles undergoing Brownian motion in gas
[118] and liquid [72], the phonon-dominated dynamics of free-standing films, nano-membranes,
nano-wires and cantilevers remained underexplored because there were no routinely available

technologies for quantifying their short-timescale nano/picoscale motion.

This chapter shows detection of variations in secondary electron emission from the edge of a
moving (oscillating) nano-membrane interrogated with a focused electron beam provides for
measurements of the membrane’s position with microsecond temporal resolution and sub-atomic

displacement sensitivity as developed in Chapter 3. The microsecond temporal resolution is a new
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dimension in this chapter, i.e. making it possible to access the short timescale ballistic regime. The
detection method reveals the Einstein-predicted ballistic regime of thermal flexural motion of the
membrane in short time scales. The reported experiments allow the measurement of velocities of
consecutive steps of membrane movement and their statistics and provide direct experimental
verification of the applicability of the equipartition theorem and Maxwell-Boltzmann statistics to

flexural dynamics.

Theoretical work of this chapter is given in section 2.2 by solving the Langevin equation to better
illustrate the behavior of ballistic regime thermal movement which supports understanding and
interpretation of the experimental results in section 4.1. Experimental method of detecting ballistic
thermal motion regime is described in section 4.2 followed by the analysis of sample disturbance

using this method in section 4.3.

4.1 Experimental results and discussion on ballistic motion detection

The dynamics of thermal motion in the out-of-plane flexural mode of a cantilever cut from a free-
standing gold nano-membrane was investigated here. The material and geometry were selected to
facilitate observation of the ballistic regime by consideration of the cantilever's effective mass, the
natural frequency and quality factor of its fundamental flexural mode, and the secondary electron
yield. It was 30 nm thick and 62 um long with a width tapered from 0.6 um at the fixed end to 3 um

at the other, and an effective mass m,r = 47 pg (Figure 4.1).

(a)

12 um

3 pum

L=62 pum

Figure 4.1 Nanomechanical micro-cantilever. (a) In-plane dimensional schematic of the cantilever. (b) False colour
scanning electron microscope image of the cantilever, taken at a 30° viewing to the free-standing gold membrane surface
normal along vertical direction. (Purple: Si frame, Yellow: gold membrane)
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The secondary electron flux generated by scattering of an electron beam tightly focused on the
edge of the membrane is highly sensitive to its position (see section 4.2 experimental method part).

Position measurements as a function of time reveal Gaussian distributions of the membrane’s

position and velocity with root-mean-square values of \/(x2)= 8.3 nm and /(v2)= 0.30 mm/s,
respectively (Figure 4.2). The natural oscillation frequency of the cantilever w,,, /27 = 5.7 kHz and
the damping time t, = 1/y,, = 14 ms were evaluated from the Fourier spectrum of the

displacement autocorrelation function.
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Figure 4.2 Thermomechanical motion of a gold nano-membrane cantilever measured by free electron edge scattering.
Time series recording of displacement (a) and corresponding [derived] velocity (b) of the tip of a cantilever moving in its
fundamental flexural mode under vacuum. (c) and (d) show corresponding displacement and velocity distributions.
Overlaid black lines are Gaussian fittings. (e) and (f) show zoomed in sections of (a) and (b) respectively, in which the
oscillatory period of the mode 6 = 1.75x10* s is resolved.

To reveal the detailed nature of nano-membrane cantilever thermal motion, from the experimental
data we evaluate mean squared displacement ([Ax(7)]?) as a function of observation time t
(Figure 4.3a). For small observation intervals T << 8 (where 8 = 1.75x10* s is the oscillation period
of the cantilever) the mean squared displacement ([Ax(7)]?) grows quadratically with . This is
direct evidence of the ballistic motion regime, as it means that velocity is constant over the
observation interval. This is confirmed by the normalized velocity autocorrelation function
(v(t)v(t + 1))/ (kgT/m.fy) plotted in Figure 4.3b, which evaluates how close the velocity at the
end of the observation period is to the velocity at the beginning. At short time intervals, the near-

unity value of the autocorrelation function is again explicit evidence of the ballistic regime. From
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Figure 4.3a one can conclude that over intervals up to ~10° s the cantilever essentially moves

ballistically over average distances up to 3 nm.

In essence, the ballistic regime implies that within a short observation interval T «< 8, the natural
oscillation of the cantilever is not significantly disturbed by momentum transfer related to the
annihilation and creation of individual flexural phonons. Here, the emission and absorption of
thermal photons makes a negligible contribution because of their low momentum. At room
temperature (T = 300 K) the average number of thermal phonons [30, 119] with energy hw,, in the
flexural mode is spermar = kgT/(hw,,) = 1.1x10°% while the average lifetime of the flexural

phonons can be evaluated as (M¢permarYm) L = 13 ps, during which time the cantilever moves an

average distance of \/(v?)/(MihermarYm) = 3.9 fm. One can observe that phonon momentum
transfer events begin to affect the ballistic regime of natural oscillation only when the observation
intervals T > 10° s, i.e., about 6% of the oscillation period 8. During this period of observation

(MthermarYm)T ~10° phonons out of the ~1.1x10° in the mode are created and dissipated.

For longer observation periods, {[Ax(7)]?) becomes a complex oscillating function of 7. A truly
diffusive regime, wherein {[Ax(7)]?) « 7 and which is characteristic of free Brownian particle
movement, is not observable in underdamped cantilevers, where the dynamics are affected by a
restoring force. The statistical properties of cantilever thermal motion are described by the

Langevin model [83, 84] for a harmonic oscillator (as discussed in section 2.2): ¥ + Y, + w3,x =

Finermai(t)/Mess, where Fipormai(t) = \/Wmmeffn(t) is the thermal force related to the
dissipation factor y,, through the fluctuation-dissipation theorem [67], kg is the Boltzmann
constant, and n(t) is a delta-correlated normalized white noise term: (n(t)) = 0; (n(t)n(t")) =
6(t — t’). There is a good correlation between experimental data (blue data points in Figure 4.3ab)

and the Langevin model predictions (orange lines)

([Ax(D)]?) = (|x(t) — x(t + D)|?) = =22 [1 — e_é (coswlr + Sinwlr)] (4.1.1)

MeffWm 2w1Tp

over the entire range of observation times, particularly at T << 6 where the value of ([Ax(7)]?)
accurately follows the TZ(kBT/meff) dependence derived from the model. w; =

Vw2 — (¥m/2)? being the damped angular frequency. The analytical curves are not fittings to the

data using any kind of scaling parameters — the near-perfect match seen in Figure 4.3 is obtained

using only the measured values of me s, Wy, and yp,.
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Figure 4.3 Statistics of nano-membrane cantilever thermal motion - comparison between experiment and analytical
theory. (a) Mean squared displacement ([Ax(7)]?) of the membrane cantilever tip as a function of the observation time
interval T. Experimental data are plotted as blue circles; The orange line is derived from the Langevin model for thermal
motion of a harmonic oscillator; The violet dashed line is an asymptote for ballistic motion at a constant velocity of
\/Wmeﬁ =0.297 mm/s. (b) Normalized velocity autocorrelation function (v(t)v(t + 7))/ (kgT /mesy) as a function
of the observation time interval, again showing experimental data (blue points) overlaid with analytical theory (orange
line) (c) Measured cantilever tip velocity distribution for an observation time interval T = 4.7 ps [blue circles]. Solid lines
are Maxwell-Boltzmann distributions: blue, as a best-fit to the experimental data, withm =0.303 mm/s; Orange, with
J(v—z) =0.297 mm/s from equipartition theorem. (d) Experimentally measured values of %k(xz) [potential energy, green
symbols and line] and %meff(vz) [kinetic energy, purple line] as functions of the observation time 7. At short timescales,
where v represents the well-defined ballistic velocity, the latter equates to kinetic energy. Error bars on experimental
data points represent the standard deviation over a number of repeated independent measurements. Yellow shaded
zones in (a), (b) and (d) denote the ballistic regime.

In the ballistic regime of motion (7 < 8) nanomembrane cantilever velocity v is well defined, so
the distribution of velocities over an ensemble of sampling events can be established, as plotted in
Figure 4.3c for the shortest observation interval T = 4.7 ps. A Maxwell-Boltzmann velocity

distribution fitting

2
Meff MeffV
_ _ 4.1.2
A P exp( 2k T ) 4.12)

to the data yields variance, i.e., a root-mean-square velocity 1/ (v2)= 0.303 mm/s that is well-
matched to the value obtained from energy equipartition theorem: ,/kBT/mef =0.297 mm/s. The
small 2% discrepancy between these values is related to the shot noise of the electron beam current

in the experimental case. Compliance with the equipartition theorem, which stipulates that the
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Boltzmann energy kyT should be equally distributed between potential and kinetic energies of the
cantilever is also illustrated in Figure 4.3d. Figure 4.3d shows experimental values of %k(xz) and
%meff(vz) as functions of the observation time interval T (k = meffa),zn being the cantilever's
spring constant). The former equates to the potential energy of the cantilever; the latter equates
to kinetic energy only at short intervals T < 8, where v represents the well-defined ballistic
velocity. Convergence of the two traces at short timescales thereby confirms equipartition of kinetic

and potential energies in the ballistic regime (the yellow shaded band in Figure 4.3d).

The observations of the thermomechanical motion of a nano-membrane cantilever reveal the
following dynamics: At short timescales, up to about 10 ps the membrane moves with constant
velocity (i.e. ballistically), with the average displacement being directly proportional to the
observation time interval. Brownian-like dynamics emerge for longer observation times, when
membrane motion is caused by multiple phononic creation/annihilation events: average
displacement becomes a sub-linear function of the observation time. When length of the
observation interval becomes equal to the natural oscillation period, average displacement reaches
a minimum. For intervals much longer than the oscillation period, the mean squared displacement
ZkBT/(meffa),zn) is proportional to temperature and is independent of observation time. High
sampling-rate measurements of the instantaneous trajectory of the cantilever provide direct
verification of the thermal equipartition theorem and the Maxwell-Boltzmann distribution of

velocities for the membrane.

4.2 Experimental method on ballistic motion detection

The displacement measurements technique is based on monitoring the secondary electrons flux
created by scattering of the tightly focused electron beam on the sharp edge on the moving object
as developed in Chapter 3. In this measurement, a focused electron beam with acceleration voltage
IV =5kV and a beam current I, =690 pA (larger spot size will give larger linear measurement regime
reducing high electronic harmonic signals) incident on the vertical edge center of cantilever tip to
pick out the fundamental flexural thermal oscillation at room temperature in high vacuum of
2.6x10 mbar. In order to obtain more projection of movement into the plane perpendicular to the
incident electron beam, sample was attached on a 45-deg pretilt stub. The structure’s thermal
movement is probed at different positions using focused electron beam to discern the mode shapes
of the first 3 mechanical modes. Figure 4.4b-f show the Fourier transform of the position
autocorrelation function (i.e., position power spectral density, PSD) obtained from the measured

real time displacement 87 (t).
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Figure 4.4 Experimental evidence of separating out the fundamental out-of-plane mode. (a) Measuring 45-degree tilted
cantilever sample at 3 different noted positions. (b) Displacement power spectral density (PSD, obtained from the real
time position measurement) in unit of nm?/Hz of the cantilever measured at the centre position of unclamped end at
noted by red dot in (a). Fundamental out-of-plane mode is clearly measured as shown by the resonance peak around 5.7
kHz. The peak around frequency of 11.4kHz is the second harmonics. (c) zoomed in of (b) reveals resonance around 15.7
kHz corresponds to the first torsional mode. (d) zoomed in section of the spectrum from panel (a), reveal no detectable
thermal vibration within this frequency range when focusing the electron beam at the centre of the cantilever, along its
vertical edge. (e) Measurement at the long edge of the cantilever reveals the torsional oscillations. (f) Displacement PSD
measured at the corner of cantilever reveals Brownian oscillations of all three modes.

As can be seen in Figure 4.4b, when measuring at the center of the vertical edge as indicated by the
red dot in Figure 4.4a, fundamental out-of-plane mode is revealed with good signal to noise ratio.
The effective mass m,rr and mechanical quality factor Q for the cantilever’s fundamental
oscillatory mode are obtained by fitting the following analytical expression for displacement power

spectral density Equation (2.2.10).

As indicated by the purple dot in Figure 4.4a, while measuring along the horizontal long edge away
from its tip part clearly reveal the fundamental torsional mode (Figure 4.4e). Also, if one measured
at the corner of the cantilever as indicated by the orange dot in Figure 4.4a, all 3 modes can be
clearly revealed with fundamental in-plane mode showing by peak around 80 kHz in Figure 4.4f. As
can be seen from Figure 4.4c, zoomed frequency range of Figure 4.4b, fundamental torsional
mechanical movement signal around 15.7 kHz is suppressed by 4 orders of magnitude while the
fundamental in-plane mode signal at ~ 80 kHz (see Figure 4.4d) is well below the shot-noise level
when measuring at the center of the vertical edge of the cantilever. One can also see spurious
signals at integer multiples of the strongest modulation frequencies (i.e. high-order harmonics) in

Figure 4.4b-c,e due to the nonlinear transduction [120] of movement at larger displacement.
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4.3 Disturbance of cantilever movement by the probe electron-beam

In keeping with prior works [105] | assume that around 2.5% of incident electron beam power is
absorbed as heat H,,s = 0.0251,V ~100 nW. Using evaluation method described in section 3.5.3,
the cantilever temperature is increased by electron bombardment by 6T ~ 0.4 K resulting in a

negligible relative increase of the root mean square thermal displacement of the cantilever by only

one partin (y/1+ 6T/T — 1) ~7x10™.

: I
The force related to momentum transfer from the electron beam is F.qq = f,/ZEeme ~1.6x1013

N. Assuming a spring constant for the cantilever of 60 uN/m (from finite element modelling), this is
sufficient to induce static tip displacement of ~2.6 nm. This is much smaller than the (30 nm)
thickness of the cantilever, equating to cantilever rotation about the anchor point of only ~0.002°,

and is of negligible consequence to its thermal motion dynamics.

4.4 Summary

To conclude, based on the technique developed in Chapter 3 and incorporating the new dimension
of microsecond temporal resolution, in this chapter | have reported the first observation of the
ballistic regime of thermal movements of a microcantilever membrane driven internally by
momentum transfer from the annihilation and creation of the flexural phonons under vacuum, thus

unveiling the physics of thermodynamics in micro/nano-mechanical structures.

The measured ballistic regime behaviour agrees very well with the one predicted by the Langevin
model: membrane moves with constant velocity (i.e. ballistically), with the average displacement
being directly proportional to the observation time interval. Over intervals up to ~10° s, the

cantilever essentially moves ballistically over average distances up to 3 nm.

High sampling-rate measurements of the instantaneous trajectory of the cantilever provide direct
verification of thermal equipartition theorem and the Maxwell-Boltzmann distribution of velocities

for the membrane.

60



Chapter 5

Chapter5 Subatomic optical localization beyond

thermal fluctuations

Is optical imaging and metrology of nanostructures exhibiting Brownian motion possible with
resolution beyond thermal fluctuations? Over the past decade, spatial resolution in far-field optical
imaging and metrology has improved far beyond the classical Abbé diffraction limit of 1/2, where
A is the wavelength of light. Nonlinear STED (stimulated emission depletion) and statistically
enhanced STORM (stochastic optical reconstruction microscopy) techniques used in biological
imaging [98, 100] now routinely achieve resolution of a few tens on nanometres, or better than
A/10. The application of artificial intelligence to the analysis of coherent light scattered by an object
offers metrology with an accuracy of only a few nanometres, or better than A4/100 [121], on a par

with scanning electron microscopy.

In this chapter | demonstrate an approach to optical measurements with absolute error reaching a
previously unimaginable level of 1/10,000 — a “sub-Brownian” length scale, equivalent to a fraction
of the typical size of an atom, and several times shorter than the thermal motion amplitude of the
target objects and the resolution of transmission electron (cryo)microscopy. In single-shot
measurements one can determine object dimensions through a deep learning-enabled analysis of
its scattering pattern when it is illuminated with coherent, topologically structured light (e.g., super-

oscillatory (SO) light) containing deeply subwavelength singularity features.

In section 5.1, research background and basics of optical superoscillations are reviewed followed
by the methods for designing and experimental generation of a super-oscillatory focus as described
by our former group member’s work in refs. [122, 123] that are illustrated in section 5.2. Fabrication
and characterisation of the nano-electro-mechanical double slit are described in section 5.3.
Methodology and experimental results for deep learning-enabled optical measurements of
nanowire position is presented in section 5.4 with details of the neural network architecture,
training, and application procedures illustrated in section 5.4.1. Experimental results in terms of
optical measurement under the illuminations of super-oscillatory and ‘plane-wave’ and analysis on

the advantage of super-oscillatory light in metrology application are discussed in section 5.4.2.

5.1 Optical superoscillation

A systematic review of optical superoscillation can be found in refs. [124, 125]. Superoscillations
are band-limited functions with the counterintuitive property that they can vary arbitrarily faster

than their fastest Fourier component, over arbitrarily long intervals. Optical superoscillations are
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rapid, subwavelength spatial variations of the intensity and phase of light, occurring in complex
electromagnetic fields formed by the interference of several coherent waves [125]. The discovery
of superoscillations stimulated a revision of the limits of classical electromagnetism — in particular,
the studies of phenomena such as unlimitedly small energy hotspots, phase singularities, energy
backflow, anomalously high wavevectors and their intriguing similarities to the evanescent
plasmonic fields on metals [125]. Systematic study of optical superoscillations was recently revived
in the context of quantum mechanics after Aharonov [126] showed that weak quantum mechanical
measurements can have values outside the spectrum of the corresponding operator. In other words,
a ‘local’ measurement of a value, such as the wavenumber of an optical wave, can be outside the
range seen when a global measurement is taken [127]. In 2006, Berry and Popescu [128] showed
that this implied optical waves could form arbitrarily small spatial energy localizations that
propagate far from a source, and without the need for evanescent waves. However, only a small
fraction of energy of the electromagnetic field can exist in the form of a superoscillation. Ferreira
and Kempf showed [129] that the energy that can be channelled into the superoscillatory region
decreases exponentially with the number of superoscillations. This is a particularly important and
prohibiting limitation if one would like to use superoscillations for communication of high-
frequency information using a low-bandwidth communication line. The energy channelled into the
super-oscillatory region also increases with the speed of oscillation, but only polynomially. In optics
this means that as the size of an optical hot-spot is reduced, polynomially less energy of the wave
can be concentrated in the hot-spot. The latter fact is crucial for optical superoscillation to be
applied for sub-wavelength light localization and imaging [125]. In principle, there are no limitations
on the size of the hot-spot: it can be as small as we wish, providing we do not care how much energy
it contains. However, it is the energy of the hot-spot and noise characteristics of the device that
determines the practical limits of how small the hot-spot can be while remaining useful in imaging

or light-localization applications such as manufacturing with light or data recording [124, 125].

While superoscillation may sound like an exotic and complicated phenomenon, it is often present
in complex field patterns but can remain unnoticed due to their small amplitudes. For instance,
following the approach of [130], it can be demonstrated simply in a one-dimensional wave

consisting of six spatial Fourier components:

5
f(x) =ae®? = ) (a,e?™) (5.1.1)

where a,, are the Fourier coefficients (here a, = 19.0123, a; = -2.7348, a, = -15.7629, a3 =

-17.9047, a, = -1.0000, as = 18.4910.)
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Figure 5.1 One-dimensional superoscillation with discrete spectrum. (a) a super-oscillatory function (solid blue line) and
its fastest Fourier component (dashed orange line). (b) Zoom of the function near the origin showing a narrow peak with
rapidly oscillating phase (solid green line) in the nulls on either side. The super-oscillatory region is shaded in grey [130].

Figure 5.1a shows the intensity of the wave |f(x)|? and its fastest Fourier component cos(K;;,qxX)
with k4 = 10m. The function appears to oscillate slowly compared with the fastest Fourier
component, but if we examine the low intensity region near x = 0 (Figure 5.1b), then one can see
that there is an extremely narrow peak, about 10 times narrower than the fastest Fourier
component! This peak demonstrates two of the characteristics of superoscillation, firstly that
super-oscillatory features are generally of low intensity, and secondly that the phase ¢ is rapidly
oscillating in the super-oscillatory region (green solid line in Figure 5.1b). The rapidly oscillating
phase is often used as a signature of superoscillation: a function is said to be super-oscillatory in a
region where the phase gradient k;,.q; = d@/dxis greater than that of the fastest Fourier
component of said function, k;ocq1 > Kmax- That is, the optical field is super-oscillatory if the local
wavenumber is greater than the maximum wavenumber presents in the wave. This super-

oscillatory region is shaded in grey Figure 5.1b.

5.2 Designing and generation of an optical superoscillation

5.2.1 Designing an optical superoscillation

In 2006, Berry and Popescu [128] showed theoretically that superoscillations could be created by a
properly designed diffraction grating, and that they could propagate a significant distance from that

grating. Their demonstration considered the evolution of the particular super-oscillatory function
f(x) = (cosx +iasin(x))N (a>1,N>»1) (5.2.1)

both as a quantum mechanical wavefunction and an optical field in the paraxial approximation.
They showed that as the optical field propagates away from a grating that created it, the super-

oscillatory sub-wavelength features are maintained over much greater distances than normal
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evanescent features. They showed that, while diffraction causes the superoscillations to become
larger, they can maintain their super-oscillatory nature over a distance of up to 14 wavelengths.
This demonstration was extended to non-paraxial wave propagation in [131]. Indeed, as sketched
in Figure 5.2a, the field cross section at the hot-spot along the direction parallel to the plane of the
array may be presented as a superposition of partial waves emanated from individual holes/slits of

the binary mask:

E(x) = Z a cos (kﬂx + <pn) (5.2.2)

n

Such a superposition resembles the structure of a super-oscillating function (5.2.1): for a certain
combination of partial amplitudes a,,, spatial frequencies ku, and phases ¢,,, superoscillation
features are created, similar to those illustrated in Figure 5.1. By designing and optimizing the
arrangement of the slits array, one can obtain a one-dimensional super-oscillatory hot spot focusing

as shown in Figure 5.2b.
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Figure 5.2 Formation of a superoscillatory feature by light diffracted on the hole/slit array. (a) Light diffracted through
an optimized binary mask forming a super-oscillatory feature. This essentially is equivalent to an array of segmented
plane wave source that interfere with each other and generates a cylindrical superoscillatory focusing in the far field. (b)
Simulated intensity and phase mappings using Lumerical FDTD Solutions.

Superoscillations are also remarkably common in random systems. It was shown that on average
one third of the area of a two-dimension speckle pattern was super-oscillatory and this was
extended to waves in more dimensions [124, 125]. Despite the abundance of naturally occurring
superoscillations, it is also possible to instructively design a generator of an optical field with
particular super-oscillatory features, such as a hot-spot of a particular profile. To do this, the spot

is specified within a given field of view (FoV) as shown in Figure 5.3a; outside this field of view (that
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is in the sideband region) the intensity is allowed to take any value. Indeed, it has been shown in
[132] that any arbitrarily small field feature can be represented as a series of bandlimited functions
if we are concerned only with a prescribed field of view. This may be achieved using the formulism
of prolate spheroidal wavefunctions (PSWF) developed by Slepian and Pollack [133]. This is a
complete set of functions which are orthogonal both within the limited field of view and across all
space (including any sidebands). The main feature of prolate spheroidal wavefunctions is that they
are bandlimited and therefore can be formed from conventional plane propagating waves.
Therefore, the desired sub-wavelength hot-spot is represented as a sum of prolate spheroidal
wavefunctions (Figure 5.3b), which can be truncated when a satisfactory level of approximation is
achieved. Using the method described in [123], Figure 5.3c-f show the generated sub-wavelength
super-oscillatory hot spot with FoV = 24 and FWHM = 0.42 A at wavelength A = 488 nm from
superposition of two circular prolate spheroidal functions E(r/1) = 4.477 S3(r/A) + S4(r/1),

where r is radial distance from the beam axis.
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Figure 5.3 Superoscillatory hot spot generated by superposition of circular prolate spheroidal wavefunctions. (a)
Important parameters of a superoscillatory spot: the ratio of hot-spot and sideband intensities is a measure of conversion
efficiency; the field of view, i.e., the area around the hot-spot which is not illuminated by sidebands, the ratio of the peak
hot-spot intensity to the grass level intensity determines the finesse of optical fabrication and the noise level of imaging
instruments. (b) First four terms of prolate spherical wavefunctions (PSWF). (c) A super-oscillatory focusing generated by
the superposition of PSWF function E(r/1) = 4.477 S3(r/1) + S,(r/A). Intensity profile of the designed field along
propagation direction. (d) Calculated full width half maximum (FWHM) value of the field along propagation direction.
Simulated intensity (e) and phase (f) profiles in the transverse plane (z =5 um as indicated by the dashed lines in (c-d)).
One can see several zones of phase jump and/or singularities.
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5.2.2 Super-oscillatory light generation

A super-oscillatory hot spot can be experimentally generated through a super-oscillatory lens (SOL),
spatial light modulators (SLM) and digital mirror devices (DMD) [125]. Currently, most super-
oscillatory lenses are constructed with binary intensity or phase masks. The particle swarm
optimization (PSO) algorithm has been widely employed [124]. Typically, the merit functions for
optimization include the size of the central spot (FWHM), numerical aperture and size of the usable
field of view (FoV). Super-oscillatory focusing can also be achieved using spatial light modulators
(SLM) and a conventional microscope objective that focuses a beam with a carefully designed
amplitude and phase profile using the method in the previous section (5.2.1) for precise tailored
interference as shown in Figure 5.4. In experiment, a spatial light modulator for super-oscillatory
hot spot generation as described by our former group member’s work in [122] was used. An input
beam from a fibre-coupled laser is expanded and collimated, and is incident on an amplitude
shaping SLM. The amplitude modulated beam is then imaged onto a phase modulating SLM, using
a 4-f system. This phase and amplitude spatially modulated beam are then demagnified and imaged
onto the back focal plane of the microscope objective: the field on SLMs and the focal plane of the
objective are then related by a Fourier transform. In this setup any arbitrary field profile may be

obtained at the microscope focal plane simply by encoding its Fourier transform on the SLMs.
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Figure 5.4 Creating superoscillations with spatial light modulators. Schematic of the setup for super-oscillatory (SO)
focusing with SLMs. Light from a fibre-coupled laser is collimated, expanded, polarized and is incident on an amplitude
modulating SLM. This beam from this SLM is imaged onto the phase SLM with a 1:1 telescope, and then demagnified onto
the black focal plane of a microscope objective using a further telescope system.

SLM-based super-oscillatory focusing, while similar in principle to focusing with binary SOLs, has a

number of experimental differences [124, 125]: The SLM approach allows focal spots to be formed
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at the focus of a microscope objective, giving a working distance of at least a few hundred microns,
compared to the few tens of microns currently seen with binary SOLs, making experiments on rough
surfaces or within thick objects easier. SLM focusing is also more suitable for reflection, or epi-
fluorescence, imaging, as it does not require a double pass through a binary SOL, but only through
a standard microscope objective, and it may also be more suitable for optical scanning of the super-
oscillatory spot as performed in a laser scanning confocal microscope. On the other hand, the SLM
system is more complex to align, consisting of a number of optical components and considerable
free-space path length. The binary SOLs have only one component and require only a relatively easy
to achieve collimated laser beam as input. The SLM system is also sensitive to aberrations in the
optical system. Although these are somewhat corrected for by the eigenmode optimization, this
does not remove all aberrations. Both binary SOLs and SLM super-oscillatory focusing rely on the

spatial coherence of the input beam.

5.3 Sample fabrication and characterization

Experimentally, the nano-electro-mechanical double slit (Figure 5.5a) is cut by focused ion beam
milling from a 50 nm thick SisNs membrane coated with 65 nm gold and the terminals at the
nanowire ends were electrically separated by removing only the gold film layer in selected areas.
The in-plane position of the suspended nanowire relative to a fixed edge of the surrounding
membrane, i.e. the width of the gap between the nanowire and the membrane edge, could be
controlled electrostatically [45] with high precision over a few nanometer range through the

application of a DC bias across the gap.
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Figure 5.5 Nano-electro-mechanical double slit and switching behaviour characterization. (a) SEM image of the
fabricated sample. (b) Experimentally measured averaged gap width changes of the two slits or displacement of the
nanowire 8x as a function of applied bias Vj,;,5 as shown by data dots [determined from SEM imaging at the different
measured positions] with analytical model fitting indicated by lines approaching §x = 0'996Vl72ia5'
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The fabricated nano-electro-mechanical device (Figure 5.5a) has slits’ width of 100 nm and central
nanowire’s width of 200 nm and total length of 17 um including its 1 um tapered ends of width 100
nm. In order to determine its switching characteristics, the relative width change of two gaps
against the bias of large amplitude was measured in a scanning electron microscope (SEM) while
taking several images for its averaged displacement determination. The averaged gap width
changes or the central nanowire’s center of mass position §x approximates to 8x~aﬁtVb2ias at
smaller bias with fitting parameter a;;; (depending on nanowire’s constituents and geometry) is
determined to be 0.996 for the measured sample with analytical model fitting of its switching
behavior in Figure 5.5b. Although each measurement by scanning electron microscope has an
average uncertainty of £1.2 nm, 4 measurements over a range of applied bias values enables

determination of the quadratic dependence with high precision.

5.3.1 Analytical description of switching characteristics

Elastic nanostructures can be moved by electrostatic forces between charged objects and its
electrostatically tunning and switching behaviour can be easily understood theoretically [45, 134,
135]. In the electrostatic (low frequency) limit, here considering the balance of elastic restoring
force and electrostatic attraction between an elastic nanowire structure and its neighbouring
anchored membrane (Figure 5.6a) separated by a gap g. The restoring force is F. = k(gy — g) =
kéx, where g, is the initial gap size and k~32Yhw3/L3 is the spring constant for lateral
displacement dx of a nano-bridge, with Young’s modulus Y and bridge thickness h, width w and
length L. It can be shown from Gauss’ law that the electrostatic force between two parallel wires
[135] with charge Q, is F, = Q2/(2msyL(g + w)) and their gap-dependent capacitance (which
determines Q,) is C = Qo/Vpias = m&gL/cosh™1(1 + g/w), where V},4 is the applied voltage.

From F. = F, follows that

(5.3.1)

1+W-D
Viias = Vor/Dr-(1 + W — D,.) cosh™? (—r)

w

(5.3.2)

where D, =1—g/go = 6x/gy and W = w/g, are the relative displacement and relative width,
g is the gap width of a given DC bias and w is the nanowire width. In the lower voltage regime, the
gap width change or the nanowire’s center of mass position in equilibrium dxhas a quadratic
dependence on DC bias as detailed below. However, as the electrostatic force tends towards infinity,
the gap approaches zero, there is a threshold voltage V,,, where the elastic restoring force cannot

balance the electrostatic force anymore (Figure 5.6b).
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Figure 5.6 Switching behaviour of the nano-electro-mechanical double slit. (a) In-plane dimensional schematic of the
double slit where nanowire is electrostatically controlled by DC bias. (b) Analytical model of switching characteristics
according to equation (5.3.1) and its approximation fitting aﬁtVbzl-as at lower DC bias regime. Dashed line indicated the
irreversible switching happens at threshold voltage V,. Inset: Logarithmic-logarithmic plot of switching dynamics
demonstrates the displacement of the nanowire has quadratic dependence on the DC bias in the smaller relative
displacement region (dashed line indicates D,, = 0.04 as used in experiment for maximum relative displacement).

In order to derive the relationship between the nanowire’s displacement and applied DC bias in the
lower voltage regime, for simplicity of the derivation, the experiment sample parameters of width
w=200 nm and initial gap size go = 100 nm are used and therefore W = w/g, = 2. Substituting

W = 2 into Eq. (5.3.1), one can obtain

3—D
Vpias~+/Dy (3 — Dy) cosh™ ( 5 ) (5.3.3)

Using Puiseux series to expand the inverse hyperbolic cosine function [136], one can obtain

(3—Dr 1>1 1(3—Dr 1)+ 3 (3—Dr 1)2
2 12 2 160 2

Vbias"’ Dr(3 - Dr)

; ]
(5.3.4)

1/3-D 3 /3-D 2
Vbl-asm/DT,/S—Dr,/l—Dr[l—E( > T—1)+m( > T—1) +]

Vbias"‘\/D_r[Co +c¢ D+ CZDr2 + ]

For the smaller displacement case: D, = 1 — g/go, = 6x/go (in our experiment the maximum 5x

=4 nm and gq is 100 nm and maximum D,. = 0.04), higher order terms can be reasonably

neglected and therefore,
6x
Vpias~Coy/ Dr~co % (5.3.5)
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Thus,
Sx~asitViias (5.3.6)

with fitting parameter a¢;;. The validity of this approximation can be seen from Figure 5.6b. The
gap width change or the central nanowire’s center of mass position approximates 8x~aﬁtVb2ias at
smaller bias as shown in inset of Figure 5.6b with fitting parameter a (depending on nanowire’s
constituents and geometry) is 0.996 for the measured sample, one can see this fitting is valid for

relative displacement change D,.<0.1 or §x<10 nm for the measured sample.

5.4 Deep learning-enabled optical measurements of nanowire position

In optical measurement (Figure 5.7), the sample is illuminated, and scattered light is collected in
transmission mode via a pair of 100x, NA = 0.9 microscope objectives. The computer-controlled
wavefront synthesizer employed in this work is described in detail in section 5.2.2. It is based upon
a pair of (Meadowlark P512) spatial light modulators — one for intensity and the other for phase
modulation. In the present case, for laser light at a wavelength 1 = 488 nm, it was programmed to
generate an axially-symmetric superoscillatory wavefront constructed from two circular prolate
spheroidal functions E(r/1) = 4.477 S3(r/A) + S,(r/A), where r is radial distance from the
beam axis. In the ‘plane wave’ illumination regime, the synthesizer was configured to generate a
defocused Gaussian beam profile having a (measured) intensity variance of only £5% over the ~400

nm width of the sample (i.e. including the nanowire and gap on either side).

Scattered field
sampling plane

Figure 5.7 Measuring nanowire displacement via scattering of topologically structured light. Incident light scattered
from the nanowire (in the present case, 17 um long and 200 nm wide with a 100 nm gap on either side) is imaged in
transmission through a high-NA microscope objective (not shown). Deeply-subwavelength lateral (x-direction)
displacements of the wire, controlled by application of a DC bias between the wire and the adjacent edge of the
supporting membrane, are quantified via a deep-leaning enabled analysis of single-shot scattering patterns.
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To enable optical measurements of unknown nanowire positions, a dataset of single-shot scattering
patterns recorded at different (electrostatically controlled) positions of the nanowire was created
(Figure 5.8). Single-shot scattering pattern images for static nanowire displacements from zero to
4 nm (applied DC bias of 0-2V in 10 mV steps) were recorded. Knowledge of said position is obtained
from a priori measurement, under a scanning electron microscope, of the dependence of nanowire

position on applied bias as discussed in section 5.3.

5.4.1 Neural network architecture, training, and application procedures

As shown in Figure 5.8, eighty percent of these images, selected at random, were used for neural
network training, i.e., as scattering patterns for known positions of the nanowire. The trained
network was then tasked with determining (nominally) unknown nanowire positions from

previously unseen single-shot scattering patterns.

Calibration: Data collection:
SEM measurement Library of SO light scattering
of nm displacement images vs. bias

l | V, Vo Vs Vy o eV,
o I—P Position

¥ ¥ ¥
' S ,E-f SN " Network application:
o I Evaluate nanowire position
CNN training: from scattering _pattern
[80% of images] [unseen 20% of images]

Figure 5.8 Methodology for deep learning-enabled optical measurements of nanowire displacement. Using a
superoscillatory structured incident light field as example, single-shot scattering pattern images for static nanowire
displacements from zero to 4 nm (applied DC bias of 0-2V in 10 mV steps) were recorded. These were analysed using a
convolutional neural network (CNN, containing 3 convolutional layers and 3 fully connected layers): 80% of images
(selected at random) for training and validation, the other 20% for testing.

The convolutional neural network (CNN) contained three convolution layers with, respectively,
sixty-four 5x5, one hundred and twenty-eight 4x4, and two hundred and fifty-six 2x2 kernels, and
three fully connected layers with 128, 256, 128 neurons. Each of the convolution layers was
followed by a pooling layer with 4x4, 3x3, and 3x3 kernels with Rectified Linear Unit activation
functions. The network was trained with the Adam stochastic optimization method and root mean
square error loss function. More details on the introduction and implementation of the

convolutional neural network can be found in Appendix A.

The experimental dataset comprised scattering intensity patterns imaged with a 91 x 91 (350 x 350

pixels) field of view at a distance 24 from the sample. These were recorded (for each regime of
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illumination) at 201 different electrostatically-controlled positions of the nanowire, with x-direction
displacements of <4 nm from its zero-bias equilibrium position. 64% of the images (selected at
random) were used for network training, 16% for validation, with the remaining 20% then
employed for testing (i.e. as scattering patterns for nominally unknown nanowire positions, to be
determined by the trained network). For statistical purposes, i.e. to exclude the dependence of
measurement outcome on the selection of training images, and their order of appearance in the
training set, twenty independent iterations of the training, validation and testing procedure were

performed.

5.4.2 Experimental results and discussion

Figure 5.9 shows the results of such measurements, as the absolute error in the optical
measurement of nanowire position, retrieved by the trained neural network from the scattering
pattern, against the ground truth (a priori calibrated) displacement values in the 10-1000 pm range.
The statistical spread of datapoints is derived from twenty independent neural network training
cycles. Experimental results show that nanowire position can be measured with a mean absolute
error of as little as 76 pm using plane wave illumination and 28 pm with superoscillatory

illumination. For comparison, the diameter of a silicon atom is ~220 pm.
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Figure 5.9 Optical measurements of nanowire displacement. Absolute error in measurements of nanowire displacement,
using (a) plane wave and (b) topologically structured (superoscillatory) light field illumination, against actual displacement.
Red horizontal lines show mean absolute errors for order-of-magnitude actual displacement bands, i.e. from 10-100 and
100-1000 pm. (c) Magnitude of uncertainty in actual nanowire displacement.

It's noted that ground truth values of nanowire displacement were independently established by a
priori measurements under a scanning electron microscope for a number of different bias settings
and interpolated by a quadratic dependence. Indeed, the first non-zero term in the analytical
expression for the dependence of nanowire displacement on applied bias must be quadratic as
displacement does not depend on the sign of the bias; and higher order terms are negligible while

the magnitude of displacement remains much smaller that the gap size (~100 nm). Although each
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individual measurement by scanning electron microscope has an uncertainty of £1.2 nm, a large
number of measurements over a range of applied bias values enables determination of the
quadratic dependence with high precision. Error propagation analysis yields an uncertainty in

ground truth displacements of <0.4% of its value (as shown in Figure 5.9c).

Optical metrology based upon analysis of scattered light is an inverse problem that can be reduced
to the Fredholm integral equation, which can be efficiently solved by a neural network [121]. Recent
work has demonstrated that this approach yields accuracy better than 1/100 in measuring the
width of gaps in an opaque film with plane wave illumination, using a neural network trained on a
set of fabricated samples with a range of different gap sizes [121]. There are two major contributing
factors to the hundredfold improvement in mean absolute error reported here: a radically better

training process and the use of topologically structured superoscillatory light.

Precisely tailored interference of multiple waves can form intensity “hotspots” in free space, with
dimensions smaller than the conventional diffraction limit, as a manifestation of what is known as
superoscillation. The electromagnetic field near a superoscillatory hotspot has many features
similar to those in the vicinity of resonant plasmonic nanoparticles or nanoholes - hotspots are
surrounded by phase singularities and nanoscale zones of energy backflow where phase gradients

can be more than an order of magnitude larger than in a free propagating plane waves [137].

The use of such topologically structured light gives an advantage for Al-enabled metrology: The
ability to evaluate small changes in the position of the nanowire depends upon the magnitude of
associated changes in the scattered light field at distance z from the object A(x, z)eid’(x) =
f(Ao(x, O)ei‘l’o(x’o)), where Ay (x,0) is the amplitude and ¢ (x, 0) is the phase of the incident
light in the xy object plane as illustrated in Figure 5.10 a-b. A small displacement in the object
against the incident field in the x-direction results in a change in scattered light intensity
8I1(x) ~ 844 (x,0)% + Ay (x,0)2 5¢po(x,0)%. The first term in this expression is related to the
change of illumination intensity associated with the object’s positional shift, while the second
relates to the corresponding change in phase. The phase-dependent term is absent for plane wave
illumination, but can be large under superoscillatory illumination, when the object traverses a small

(deeply subwavelength) feature of the incident field, such as a singularity, where the phase

¢Po(x,0) jumps by 7.

The responses of scattered plane wave and topologically structured light fields to displacement of
an illuminated nanowire are also illustrated, through computational modelling, in Figure 5.10c-f.
Numerical simulations were performed using Lumerical FDTD Solutions. Silicon nitride is taken to
have a refractive indexn = (2 + 0i), while parameters for gold are those by Johnson & Christy.

Incident light is polarized parallel to the nanowire and perfectly matching layer (PML) boundary
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conditions are used. The incident superoscillatory field was generated through a binary amplitude

mask as detailed in Ref. [137].
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Figure 5.10 Sensitivity of scattered fields to small nanowire displacements. (a) Electric field amplitude and phase
distributions of the superoscillatory field in the focal plane. (b) Phasor diagram of the electric field change §E induced by
a smaller movement 8x. For PW illumination, only electric field amplitude change, while structured light induces both
amplitude and phase change with larger intensity change. (c) Intensity and (d) phase profiles of the superoscillatory field
in the xz plane [light propagating in the +z direction, wavelength A = 488 nm]. The sample —a nanowire in the gap between
two semi-infinite sections of membrane — lies in the z = 0 plane [its cross-sectional profile being shown in green in (c) and
grey in (d)]. (e) Relative change in scattered light intensity resulting from a A/1000 displacement of the sample in x-
direction along a cross-sectional line through the scattering pattern in the sampling plane [the line PQ in Figure 5.7] as a
function of the initial position xo of the sample relative to the symmetry axis of the light field. (f) Corresponding plot of
relative change in scattered light intensity for plane wave illumination of the same sample structure.

The incident superoscillatory wavefront (detailed in Ref. [137]) has a central intensity maximum
(Figure 5.10c) flanked by phase singularities and zones of high phase gradient (Figure 5.10d). The
case where these singularities lie in the nanowire sample plane is considered here. As a figure of
merit for the sensitivity of the scattered field to small displacements of the nanowire, Figure 5.10e

presents the magnitude of the relative change in scattered light intensity induced by a A/1000 (~0.5
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nm) shift in nanowire position, as a function of (horizontally) image plane coordinate and (vertically)
the initial position of the sample within the structured light field. The scattered field intensity is
strongly dependent on both, with largest changes (of up to 0.08%), occurring when a sharp edge of
the nanostructure coincides with a phase singularity in the incident superoscillatory field. For
comparison, Figure 5.10f shows the same for plane wave illumination. Here, the variations in
scattered field intensity are smaller (reaching only 0.03%) and relatively weakly dependent on both
image plane coordinate and lateral position of the sample. The contrast between Figure 5.10e and
f explains the better mean error of positional measurement achieved with superoscillatory, as

compared to plane wave, illumination (Figure 5.9).

The quality of artificial intelligence is directly related to the quality of training data for the neural
network. The possibility here to achieve picometric levels of absolute error results firstly from the
use of a training set that is ultimately congruent with the object of interest: the same
electrostatically reconfigurable nanostructure is used for training and as the object of metrological
study. Moreover, ground truth positional displacement values are much more precisely calibrated
in this singular electrostatically controlled gap sample (Figure 5.9¢c) than they are in previously
employed sets of mutually independent training samples fabricated with typically few-nanometer

tolerance [101, 121].

The reported results represent the first example of “sub-Brownian” optical metrology — the
measurement of object dimensions/displacements smaller than the amplitude of its thermal
motion. The amplitude of nanowire thermal vibration can be evaluated from the Langevin oscillator
model: in the present case, the nanowire’s fundamental in-plane oscillatory mode at f,,, = 1.6 MHz

with effective mass m.sr = 2 pg has an average thermal fluctuation amplitude of &xgys =

\/kBT/(4n2mefff,,21) ~ 145 pm at room temperature T=300 K (kg is the Boltzmann constant), i.e.

a value markedly higher than the achieved (superoscillatory illumination) measurement error of
~30 pm. This is possible because measurements are performed with a detector integration time of
~100 ms and thus return the mean position of the nanowire, which oscillates thermally with a much
shorter (~0.6 us) period. Measurements are single-shot, and do not require scanning of the object,
so they can be performed in binning mode, with a frame rate equal to that of the image sensor,

which can reach MHz.

5.5 Summary

In summary, in a proof-of-principle experiment using a nano-electro-mechanical double slit sample,

the relative positions of nanostructures can be measured with picometric resolution using
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scattering of topologically structured light that is far below the reported accuracy [101, 103, 121].
Through artificial intelligence enabled analysis of scattered coherent light, sub-atomic resolution is
achievable in single-shot measurements below the thermal vibration amplitude with sufficient

exposure time longer than vibration damping time.

In this chapter, | have also analytically studied and experimentally demonstrated that structured
light shows superiority in the motion measurement compared with conventional beam as a result
of its rapid spatial variations. It’s shown that nanowire position can be measured with a mean
absolute error of as little as 76 pm using plane wave illumination and 28 pm with superoscillatory
illumination. This shows that a nanostructure’s position in the plane perpendicular to the direction
of light propagation can be accurately measured through scattering patterns when light passes

through.
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Chapter 6  Optical detection and control of thermal

fluctuation in nano-optomechanical metamaterials

The combination of optical resonators and nanomechanical resonators undergoing pico- or
nanoscale movement actuated by electromagnetic forces [6, 30], thermal fluctuation [67], and
guantum vacuum fluctuations [24, 25], on one hand, has enabled new platforms to efficiently
reconfigure optical properties [6, 30] opening up the new field of picophotonics research [22] and
applications in frequency conversion [138-143], which are of interest for communications and
interfacing quantum systems operating at different frequencies [144]. On the other hand, strong
nano-opto-mechanical interaction also enable optical readout of displacement, as discussed in
section 1.2, and the control of nanomechanical oscillators as a result of dynamical backaction. This
allows mechanical cooling [145], electromagnetic induced transparency [146], topological phonon
transport [147], nonreciprocity [148, 149], and can facilitate mechanical nonlinearity leading to
hybrid bistability [150, 151], phononic frequency combs [152], and optomechanical dissipative

micro-solitons [152] at low laser intensity levels.

In this chapter, | demonstrate optical parametric control of thermomechanical motion in an array
of nano-optomechanical resonators. A parametric oscillator is a harmonic oscillator in which
oscillations are driven by periodically varying a parameter (such as the mass or spring constant) of
the system at a frequency typically different from the natural frequency of the oscillator. |
performed experiments on the optical parametric control of thermal motion via modulation of
photothermal heating of nanowires; on tunable phononic frequency comb generation at microwatt
laser power levels, by combining parametric control of a mechanical oscillator with the action of
pondermotive optical forces originating from dipole-dipole interactions within the metamaterial;
and on dynamic optomechanical coupling between two distinct doubly-clamped nanowires driven
by fluctuating thermal forces, via parametric pumping at the difference frequency of their
mechanical resonances. These experiments were conducted with a nano-optomechanical
metamaterial sample (a free-standing array of flexible silicon nitride nanowires decorated with
pairs of dissimilar silicon nanobricks) fabricated by my colleague Dr Jinxiang Li, and an experimental

setup that he developed originally for the study of optomechanical asymmetry [153].

In section 6.1, | present the optomechanical interactions including optical force enhancement
within metamaterials and mechanical frequency tuning as a result of a photothermal tuning
mechanism, whereby laser-induced heating decreases tensile stress in the nanowires. Section 6.2
details the design and measured optical properties of the nano-optomechanical metamaterial

sample used in subsequent experiments, and the optical detection of thermomechanical
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fluctuations in the sample is described in section 6.3. Experiments on the parametric control of
thermal vibrations and tunable phononic frequency comb generation are presented in section 6.4
together with an analysis of the evolution of thermomechanical spectra and the dynamic
photothermal response of nanowires. Lastly, section 6.5 presents experiments demonstrating
energy transfer between two parametrically coupled nanowires in a nano-optomechanical

metamaterial system.

6.1 Optomechanical effects in photonic metamaterials

Optomechanical interactions in nanomechanically reconfigurable photonic metamaterials are
generally of two kinds: first, dissipative interactions such as spring softening effect as a result of
optical heating due to the photonic nanostructures’ light absorption. And second, interactions

underpinned by optical forces, i.e. radiation pressure and the gradient force.

6.1.1 Optical force enhancement within metamaterials

The component of the total averaged force (F) acting on a metamaterial structure illuminated with
light is calculated using a surface integral: (F;) = #(Tij)nde, where S is a bounding surface
around the metamaterial element, n; is the unit vector pointing out of the surface and (Tj;) is the

time-averaged Maxwell stress tensor [134, 154]:

(Ti;) = 1/2 Rele,eo(EEf — 1/2641E1?) + prtto (HiH; — 1/2 6i|H|?)] (6.1.1)

where E and H are the total electric and magnetic fields (obtained from 3D finite element Maxwell
solver simulations in COMSOL Multiphysics), §;; is Kronecker's delta, & (4o) is the vacuum
permittivity (permeability) and &, (i,-) is their relative counterpart, and Re stands for the real part.
The element ij of the Maxwell stress tensor has units of momentum per unit of area per unit time
and gives the flux of momentum parallel to the ith axis crossing a surface normal to the jth axis (in
the negative direction) per unit of time [134, 154]. The stress tensor integral equation encompasses
both the radiation pressure and the near-field gradient force, while not including Casimir forces

derived from vacuum quantum fluctuations (which exist even in the absence of illumination).

To enhance out-of-plane forces, one possible method is to take advantage of high-quality factor
Fano resonances [155] or bound states in the continuum (BIC) [156] in Mie-scattering. The inset of
Figure 6.1b shows dimensional schematics of the BIC dielectric optomechanical metamaterial,
manifesting such an effect. The periodicity of the square unit cell is 900 nm. The widths of the two
150 nm thick silicon bricks separated by a 150 nm wide air gap are 200 nm and 250 nm, respectively,

and they are supported by 50 nm thick silicon nitride (SisN4) having refractive index of ng;,y, = 2.0.
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Silicon is assumed to be lossless with a refractive index of ng; = 3.48 in the near-infrared range being
considered. Under x-polarized plane wave illumination normally incident in the z direction, this
structure presents a sharp transmission Fano-resonance at a wavelength that depends on the
length of the narrow nanobars (see Figure 6.1a). This is a result of the antiphase oscillation of
displacement currents generated in the two bars. As can be seen from Figure 6.1b, relative optical
radiation pressure is enhanced around tenfold compared with a perfect reflector at normal
incidence, where radiation pressure is 2P /c at maximum. This enhancement is attributed to
momentum transfer from photons stored in the high-quality factor cavity with unity reflection
formed by the unit cell, while optical force cancellation happens at wavelengths where unity

transmission happens.
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Figure 6.1 Out-of-plane optical force enhancement in nano-optomechanical metamaterials. (a) Numerically simulated
reflection (R) and transmission (T) spectra of a metamaterial with unit cell comprising a pair of asymmetric silicon
nanobars with different lengths for normally incident x-polarized light with narrow silicon nanobrick of length 600 nm
and 650 nm, respectively, as shown in inset of (b). (b) Spectral dispersion of out-of-plane optical forces in z-direction on
the constituent nanobars of the dielectric metamaterial. Optical force is presented in units of P/c, where P isthe incident
power per unit cell and c is the speed of light in vacuum.

In order to enhance in-plane optical forces within a metamaterial, one may enhance the fields, and
thereby field gradients, within the plane of the structure. Figure 6.2a plots the numerically
simulated optical spectra of a Mie-scattering based electromagnetic induced transparency (EIT)
metasurface (unit cell dimensions detailed in the inset, Si and SizN4 layers have thickness of 150 nm
and 50 nm) in the lossless (ng; = 3.48) and lossy cases (ng; = 3.48 + 0.01i) for normally

incident x-polarized light. The refractive index of silicon nitride (SisNa) is ng;,n, = 2.0. A clear
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transparency window in the transmission spectra is observed (Figure 6.2a), as the result of
destructive interference between “bright” mode (excited electric dipole in the upper nanobars) and
“dark” mode (excited magnetic dipole in the lower nanobars through energy exchange from upper
nanobars). As can be seen in Figure 6.2b, in-plane attractive optical force enhanced approximately
an order of magnitude as a result of the local field enhancement between the two component parts.
However, as can be seen, optical force is loss dependent. The higher the absorption, the smaller is

the optical force.
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Figure 6.2 In-plane optical force enhancement in nano-optomechanical metamaterials. (a) Numerically simulated
reflection (R), transmission (T) and absorption (A) spectra of a metamaterial with unit cell comprising nanobars arranged
in IT shape for normally incident x-polarized light in lossless ng; = 3.48 (solid lines) and lossy ng; = 3.48 + 0.01i cases
(dashed lines), respectively. Inset: Dimensional schematic view of a metamaterial unit cell. (b) Spectral dispersion of in-
plane optical forces on the constituent nanobars of the dielectric metamaterial. Optical force is presented in units of P/c,
where P is the incident power per unit cell and c is the speed of light in vacuum. The inset shows a map of the optically
induced charge distributions at a wavelength of 1285 nm in terms of the instaneous electric field E, that these changes
generate normal to the metamaterial surface.

6.1.2 Photothermal tuning mechanism within nano-optomechanical metamaterial

Generally, in a nano-optomechanical system, heating of a mechanical beam, as a result of increasing
light absorption, will result in a stress reduction due to thermal expansion. Optical heating changes

the stress g in a mechanical beam through the thermal expansion coefficient

0=0,+0; =0,—aYdT (6.1.2)
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where o, is the initial stress at the initial temperature Ty, o, = —aY 8T is the temperature change
OT related stress change, 6T is the average temperature increase of the mechanical beam, Y is its
Young’s modulus, and «a is its thermal expansion coefficient. According to Euler—Bernoulli beam
theory, the resonant frequency f (o) of a pre-stressed doubly-clamped beam at its fundamental

flexural mode is given by [58, 59, 157]

(@) =103 L 1425 (6.1.3)
flo)=1037 17 3.4Y h2 -

where h is the thickness, L is the length, p is the density of the material, and o is the tensile stress

along the beam. Therefore, considering equation (6.1.3), frequency shift §f reads

o = 1) = o) = fo| 145 p—~1 (6.1.4)

where

=1 OB—IJl + Bo, = f1+ Bo, (6.1.5)

being the initially stressed eigenfrequency without photothermal heating, f; is the stress free
mechanical eignenfrequcy and [ represents

L2

—_— 6.1.6
3.4Yh? ( )

ﬂ:

The frequency shift §f in equation (6.1.4) can be approximated using Taylor series in the low

temperature increase limit as

fo Bo. _ fo BaY (6.1.7)
of~ 21+[?00 21+/?006T

which decreases linearly with the increase of temperature change.
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Figure 6.3 Concept of photothermal tuning of mechanical eigenfrequencies. Incident light heats a nanomechanical
oscillator, causing a shift of its mechanical resonance frequency. Redshift of mechanical resonance frequency is observed
by increasing laser power.
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Assuming a mechanical beam of length L, illuminated at its central part (Figure 6.3), the energy
absorbed per second, Py, in the centre is in equilibrium with the heat flow through the material
out into the supports that have a constant temperature Ty. Following [59, 158], the temperature

distribution is described as
x
for0 <x < %, where T4, is the temperature at the centre. The heat flux, Q1 through one half of

the structure can be described by the one-dimensional Fourier’s law as

oT
— kAo 6.1.9
Qr KA, P ( )

where A, is the mechanical beam’s cross section and k is the material’s thermal conductivity. The
total power absorbed in the beam must be equal to the total energy flowing from the centre to the

supports
Paps = 2|QT| (6.1.10)

Combination with Equations (6.1.8) and (6.1.9) gives

PabsL
oT, =T, —Ty = (6.1.112)
max max 4KAC

The average temperature increase of the structure becomes

5Tmax _ PabsL

ST = =
2 8KkA,

(6.1.12)

Hence, frequency shift §f

_f_o BaY 5T = _}é BaY PuysL
21+ Bo, 21+ fo, 8kA,

5f = (6.1.13)

is linearly proportional to laser power absorption P,;¢ when temperature increase is small.

6.2 Nano-optomechanical metamaterial for parametric oscillation

experiments

Experiments described in the remaining sections of this chapter employ an all-dielectric
nanomechanical metamaterial (Figure 6.4) fabricated on a silicon nitride membrane of nanoscale

thickness [6, 33]. As shown in Figure 6.4a, it consists of a planar array of periodically arranged
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optical resonators (with dimensional schematic of a unit cell or metamolecule is depicted in Figure
6.4b) supported by a 1D array of mechanical resonators, which are flexible nanowires of microscale

length cut from the silicon-nitride membrane by focused ion beam (FIB) milling.
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Figure 6.4 Optical properties of dielectric nano-optomechanical metamaterials. (a) SEM image of fabricated sample,
black areas are cut through. (b) Dimensional schematic of a metamolecule. The periodicity along x and y direction are 900
and 820 nm. (c) The optical transmission, reflection and absorption spectra measured using CRAIC Spectrophotometers.
Pump laser wavelength 1550 nm, Probe laser wavelength 1540 nm. (d) Simulated metamaterial optical spectra using
COMSOL Multiphysics considering Si and SisNs with refractive index ng; = 3.48 + 0.1i and ng;y = 2.0 + 0.0i. (e)
Normal to the metamaterial component of optical forces F,; , acting on the strip segments along the light propagation
direction shown in a quantified through Maxwell stress tensor calculation [42]. The net optical force on the unit cell
(yellow line) is presented alongside the value expected from reflection and absorption (dotted purple line). Forces are
shown per unit cell in units of P/c, where P is the incident power per unit cell and c is the speed of light in vacuum. Inset
shows map of the optically induced charge distributions at the pumping wavelength in terms of instaneous electric field
E, that these changes generate normal to the metamaterial surface.

The metamaterial was fabricated on a 200 nm thick silicon nitride membrane coated with a 115 nm
layer of amorphous silicon (a-Si) by plasma-enhanced chemical vapor deposition (PECVD). This

bilayer was then structured by FIB milling to define an array of asymmetric nanorod pairs in the
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amorphous silicon layer, on 31 um long silicon nitride beams. The structure supports a closed mode
optical resonance [159] at a wavelength of 1530 nm as shown in Figure 6.4c, underpinned by the
excitation of antiparallel displacement currents in the pair of amorphous silicon nanorods [160,
161]. In numerical simulation (as shown in Figure 6.4d-e), considering the experimentally measured
optical spectra of the metamaterial sample, silicon refractive index is fitted to be ng; = 3.48 +
0.1i. The relative optical force between the two constituting elements is calculated as ~3 P/c
considering the loss of silicon material in the experimentally used sample, where P is the incident

power per unit cell and c is the speed of light in vacuum.

As shown in Figure 6.5, numerical calculations show that the relative optical transmittance Aut/uf§
is generally a nonlinear function of the relative displacement between neighbouring beams along
the z direction (here Aut is the change of transmittance at a given displacement 8z and ,ug is
transmittance of the metamaterial without displacement), but may be approximately linear for
sufficiently small displacements. This is illustrated by 3D finite element Maxwell solver simulations
of the resonant optical properties of the array for different levels of mutual displacement between
neighbouring beams (see Figure 6.5a). For instance, for displacements of up to 40 nm,

transmittance changes approximately parabolically with displacement at 1550 nm (Figure 6.5b).
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Figure 6.5 Optical properties of the dielectric nanomechanical metamaterials. (a) Computed values of (Au‘/ub), a figure
of merit of responsivity of the metamaterial’s optical properties to the relative displacement of neighbouring beams along
z at different levels of displacement. (b) Dependence of (Aut/uf) on displacement at wavelengths of 1550 nm. Positive
displacement corresponds to the movement of narrower beams along +z relative to wider beams; all results are for x-
polarized light.

6.3 Optical detection of thermal fluctuations in nano-optomechanical

metamaterials

As has been discussed in previous chapters, nano-components such as beams and cantilevers can

be modelled as damped mechanical oscillators [162-165]. Considering nanomechanical structures
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located in the xy-plane, and engaged in out-of-plane thermal motion in the z direction throughout
this chapter, the Langevin equation for the thermal motion of such a component can be written as

[58]

Z+ymZz+ wrznz = Fthermal(t)/meff = JznkBTVm/meff n(t) (6.3.1)

where Fipermar(t) is the Langevin thermal force experienced by the oscillator related to the
dissipation factor y,,, through the fluctuation-dissipation theorem, n(t) is a normalized white noise

term, meyy is the effective mass of the object, kg is the Boltzmann constant, T is the temperature,

Wy = 27fr = \[(k/Mmesf) is the natural angular frequency of oscillation, f, is the natural
frequency and k is the spring constant. The resonance quality factor Q = w,,,/¥,y, in the limit of

small damping, ¥, < Wy, which we assume here.

Thermomechanical fluctuations of a component’s position z(t) are transduced to fluctuations of

ou(z,A)
0z

intensity of light scattered on the component, §I(t) = Iy - 6z(t), where Iy and [ =
u(z, )1, are the intensities of the incident and scattered light, and u(z, 1) is, generally, a nonlinear
function of the component’s displacement z and optical wavelength A or frequency shown in

Figure 6.5b. As, in a stochastic process, the power spectral density is equal to the Fourier transform

of its autocorrelation function [85], the scattered light amplitude spectral density 511/2 (f) resulting

from small thermomechanical fluctuations in position 6z(t) is:

iy ) % kgT fm
=0 0 27T3mefo[(f13L — 22+ (ffin/Q)?]

oI (a,u(z, A)

S = NS

(6.3.2)

where Af is the bandwidth. In an optomechanical metamaterial, a non-diffracting array of identical
oscillating components, the same formula will describe the spectra of fluctuations of the intensity

of light transmitted I through the metamaterial, see Figure 6.5.

Transmittance fluctuations over a range of mechanical frequencies can be calculated by integration

over the power spectral density of the fluctuations

s1/1, =Jf (Sll/z(f))z df

1 xaut(z,?\)
PO T

(6.3.3)

z=0

kBT fm/Q
g j 2mmey, j | = e
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Integration from 0 to oo, or at least over the whole resonance, gives the root-mean-square (RMS)

fluctuations

1 out(z,A)
ol/1, = X (6.3.4)
Sy oz |,
where the final term corresponds to the RMS beam displacement of
(6.3.5)

Assuming metamaterial beams, such as those shown by Figure 6.4, with an effective mass mss =
2 pg and mechanical quality factor of Q = 2000 moving at a damped frequency f; = 2 MHz, and a
typical change in optical properties with beam displacement of du/(1g0z) ~ 1 %/nm, one may
expect to observe an RMS thermomechanical displacement amplitude of §z,,,,s = 100 pm at the
centre of the beams at room temperature, resulting in a ~ 0.1% RMS fluctuations of optical
properties. By applying this analytical description to experimental data collected by Dimitrios Papas
and Jinxiang Li for, respectively, plasmonic and all-dielectric metasurfaces, we have shown that
mechanical fluctuations of the constituent nanowires with amplitudes of a just a few hundred

picometres lead to reflectivity/transmittance fluctuations on the order of 0.1% [117].
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Figure 6.6 Experimental setup for detection and control of thermal fluctuation in nanomechanical metamaterials. (a)
Schematic of the pump—probe measurement setup and a scanning electron micrograph of the metamaterial sample.
Pump and probe laser beams are polarized along x-direction at wavelength of 1550 nm and 1540 nm with ~5 um spot
size in diameter. The pump and probe laser power on sample is ~40uW and ~20uW. Iso.: optical isolator, EOM: electro-
optic-intensity modulator, PD: photodetector, ESA: electronic spectrum analyser. For thermal motion detection, pump
laser is kept at a fixed laser power level without intensity modulation. [As will be described in section 6.4, for parametric
control of thermal motion, pump laser is modulated by electro-optic-intensity modulator (EOM)]. (b) Calibrated
displacement power spectral density of nanowires within dielectric metamaterials without pump laser modulation.
Different peaks correspond to the thermal movement of different nanowires. Resonant peak widths §f are labelled in
kHz.

Figure 6.6b shows a representative probe transmission spectrum for the all-dielectric metamaterial

presented in Figure 6.4. As can be seen in Figure 6.6a, measurements were performed by

86



Chapter 6

monitoring the x-polarized continuous-wave (CW) probe laser intensity transmitted through the
sample while keeping pump laser at a fixed laser power level without intensity modulation.
[Application of the intensity modulation of pump will be shown in the parametric control of thermal
motion experiment in section 6.4.] The pump and probe optical sources used are fiber-coupled
telecommunication semiconductor lasers operating at the wavelengths of 1550 and 1540 nm,
respectively. The pump and probe were then combined into a single beam using a fiber coupler,
decoupled into free space and focused on the sample placed in a microscope using focusing and
collection objectives a confocal pair of 20x (NA=0.4) microscope objectives. The pump and probe
laser power on the sample is ~40uW and ~20uW with spot size ~ 5um in diameter corresponding
to laser intensity of ~2uW/um? and ~1uW/um?. The metamaterial sample was mounted in a
vacuum chamber at a pressure of 4-5 pbar to reduce air damping of the mechanical modes. The
intensity of probe light transmitted from the samples was monitored with a photodetector and a

radio frequency spectrum analyser.

Displacement is then calibrated using the following procedure: Assuming the noise processes are
uncorrelated, the total noise power spectral density (PSD) Sy, 1o¢q; is the sum of the PSDs from
individual noise processes. Thus, we have S, ;otq1 = Syth + Spsys - Here S, is the
thermomechanical motion power spectral density S, translated into the electronic domain,
through the ‘displacement-to-voltage’ responsivity R = S,%fl/SZl{,zl The other term S, ¢,¢ is the
voltage noise floor of the measurement system. Measured data can be fitted to the expression for
Sy.total PY USing Sy, e = R% X S, 4 and treating Sy,sys as a frequency-independent function within
the smaller measured range:
Sprotat(f) = R* X Sy en + Spsys
_ 2 kgTfm £, (6.3.6)
2m3mesQL(fif = f? + (F /@ 7

Using effective mass of msr = 2.7 pg as calculated from COMSOL simulation for the narrow beam
with known geometry and material parameter and from the fitting the first peak (assuming T =
300K), we obtain S;{,Zl = 0.4 mV/Hz¥?, Q = 1927, and R = 0.308mV/nm. As seen in Figure 6.6b, this

fitting returns a noise equivalent power spectral density of Szlsys”1.53pm2/Hz.

Several peaks are seen in the frequency spectrum (Figure 6.6b), each corresponding to an individual
nanowire. Here, the main cause of variations between the resonance frequencies of individual,
nominally identical beams is most likely disparities in beam tension across the sample resulting
from the non-uniformity of intrinsic stress in the membrane, rather than variations of their physical
dimensions. These variations in tensile stress across the metamaterials can be evaluated from

Equation (6.1.5). The observed range of frequencies (from 2.3 to 2.5 MHz) is consistent with an
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initial tensile stress of g,~25 MPa and variations from beam to beam of ~10 MPa (using a
numerically calculated stress-free eigenfrequency f; = 1.96 MHz for the supporting silicon nitride
beam). These numbers are in keeping with the fact that stresses of between several hundred
megapascals and a gigapascal are common in unstructured silicon nitride membranes [166],

resulting in significant post FIB-fabrication stress variations across metamaterial arrays.

6.4 Parametric control of thermal motion in a nano-optomechanical

metamaterial

The dynamic photothermal tuning mechanism as described in section 6.1.2 is exploited to
periodically modulate the mechanical resonance frequency of nanowires in thermal (Brownian)
motion driven by a white noise. Thus, this creates an array of Brownian parametric oscillators with
time-varying spring constant. As schematically shown in Figure 6.7, light modulated at an angular
frequency of w), functions as a parametric pump which converts the thermomechanical vibrations
of the nanowire at frequency w,, into multiple thermal vibration Stokes’ or anti-Stokes’ sidebands
at angular frequencies w = w,, * Nw, (where N is an integer) via nonlinear optomechanical

interaction of frequency mixing.

Parametric  Nanowire’s thermal
puMp W, vibration w;y,
i D

I i
Z

Stokes Anti-Stokes
Sidebands — ™ Sidebands

) >
L Wy

Figure 6.7 Artistic impression of optical parametric control of thermomechanical vibration in an array of nano-
optomechanical oscillators. The modulated light at angular frequency of w, functions as a parametric pump which
converts the thermomechanical spectrum at frequency w,, into a series of thermal vibration sidebands centered at
w = wy T Nw, via frequency mixing. It creates Stokes” and anti-Stokes sidebands whose amplitudes can be externally
controlled by the parametric pump frequency and amplitude.

6.4.1 Optical parametric control of thermal motion

In this work, parametric control over thermal motion is demonstrated for a pair of dissimilar
nanowires in the metamaterial array — those with resonant frequencies indicated in Figure 6.6b at
Wy = 21x2328.3 kHz (Y1 = 2m6 f1= 2nx1.21 kHz, Q4 = 1926.8) and w5 = 2mx2358.2 kHz (Y2 =
2nx1.65 kHz, Q, = 1431.5) for two narrow nanowires. Experimental setup is schematically shown

in Figure 6.6a.
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In this experiment, the probe laser is at a wavelength of 1540 nm which is continuous-wave (CW).
The probe laser power incident on the sample is Py, ~ 20uW corresponding to laser intensity of I,
~ 1uW/um? considering the laser spot of diameter ~5 pm. The pump laser is at a wavelength of
1550 nm. The intensity of the pump laser beam was modulated by a fibre-coupled electro-optical
modulator (EOM) with an averaged power incident on the sample of P;, ~ 40uW, corresponding to
laser intensity of I, ~ 2uW/um? considering the laser spot of diameter ~5 um. As shown in Figure
6.8, the modulation depth of pump laser beam is defined as the ratio of power modulation
amplitude Py, and its average power Fy,,4, and is controlled by the applied peak-to-peak voltage
V}, to the EOM. The pump modulation depth increases with the increasing peak-to-peak voltage 1,

at a rate of 25%/Vpp, while its average power does not change.
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Figure 6.8 Laser power modulation as a function of applied peak-to-peak voltage on electro-optic intensity modulator.
The power modulation depth, defined as the ratio of power modulation amplitude P, and its average Fy,g, is 25%/Vpp.

The pump and probe were coupled into a single fibre and then focused onto the sample via a
collimator and 20x (NA=0.4) microscope objective. Transmitted light was collected via a matched
and axially-aligned objective, collimator and fibre on the opposite side of the sample chamber. Only
probe light passes through the filter and was monitored with a photodetector and a radio frequency

spectrum analyser.

Figure 6.9a displays the evolution of probe transmission spectra that are calibrated into
thermochemical displacement power spectral density (see section 6.3) with increasing pump
modulation depth while keeping the pump modulation frequency fixed at w,, = 2rx2 kHz. One can
see that with increasing pump modulation depth, first, creation of a series of sidebands located at
frequencies w;, + Nw,, in the spectra; second, strong oscillations in the amplitudes of the peaks:
for example, as shown in Figure 6.9a, for the mechanical mode w,,;, the experimental spectra
exhibit a nearly complete extinction of the initial state occupation at 2.0 Vpp and its reappearance
at 3.0 Vpp. The oscillation in the amplitude of the first order sidebands can also be easily found.

Therefore, total number and amplitudes of sidebands can be controlled by appropriately choosing
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the external parametric pumping parameters. Furthermore, the spectra evolve differently for two

nanowires of different damping rates.

The underlying dynamics of these behaviours can be described by the Brownian parametric

oscillator equation [96] as presented in section 2.4 and repeated as:

() + Ymz(t) + [wd + 2ewp, cos(wpt)]z(t) = Finhermat(t)/Mess (6.4.1)

where z(t) is the real time thermal vibration of a nanowire along z-direction (Figure 6.5) at angular
frequency wy, with effective mass of m, ¢ driven by thermal Langevin force Fipermai(t), Vm is the
mechanical dissipation factor and w, is the parametric pumping angular frequency. The optical
parametric pumping pulse creates a time varying spring constant k(t) = Meryf [w,zn +
2wy, cos(wpt)] via photothermal tuning mechanism as discussed in section 6.1.2, where ¢ is the
parametric pumping strength reflecting the maximum mechanical resonant angular frequency shift
of the nanowire (6w = \/m — Wy, ~€). Itis related to absorbed light power and therefore

proportional to the pump modulation depth. Essentially, the optomechanical interaction studied

here constitutes an optical phase-modulation of the nanowires’ mechanical vibration.
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Figure 6.9 Evolution of thermomechanical power spectral density as a function of parametric pumping strength. (a)
Evolution of the probe transmission spectra [calibrated into displacement power spectral density] with increasing pump
laser intensity modulation depth (25%/Vpp). (b) Amplitudes (open or solid circles for mechanical mode 1 or 2) of the N¢,-
order spectral sidebands shown in (a). Solid lines, square of the N;,-order Bessel functions of the first kind. (c) Analytical
evolution of Brownian power spectral density as a function of the parametric pumping strength with dashed lines indicate
cut-off frequency which is proportional to parametric pumping strength €.
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The parametrically driven thermomechanical displacement power spectral density (PSD) obtained

from Eqn. (6.4.1) as described in section 2.4 is

MNw) = Z],%,(s/wp)l"o(wm +Nw,) (6.4.2)

Here, To(wm) = 4VmksT/{mesrl(wh — 0*)? + y2w?]} is the initial thermomechanical
displacement power spectral density (PSD) without parametric pumping. Jy represents the Nth

order Bessel function of the first kind.

A good agreement is found between experimentally measured thermomechanical displacement
power spectral density (as shown by the black dotted curves in Figure 6.9a) and analytical fitting
results (as shown by solid lines in Figure 6.9a) using Eqn. (6.4.2) for two different nanowires and

including the system noise level of 2pm?/Hz.

The retrieved weights for the N, sideband from this fitting are plotted by circles in Figure 6.9b for
each curve plotted in Figure 6.9a, and they follow closely with analytical values],%,(s/wp) from
analytical model (solid line in Figure 6.9b) with the parametric pumping strength € obtained from
this fitting is plotted in inset of Figure 6.9b. As expected, the induced parametric pumping strength

€ grows linearly with the pump modulation depth.

To reveal the evolution of thermomechanical displacement power spectral density with the
increasing parametric pumping strength more clearly, analytical mapping of thermomechanical
displacement power spectral density for the first mechanical mode is illustrated in Figure 6.9¢c. With
increasing parametric pumping strength, one can see a linear spreading in the range of sidebands
with cut-off frequency proportional to parametric pumping strength € (see dashed white lines),
together with strong oscillations in their amplitudes. Therefore, parametric pumping creates new
Stokes’ and anti-Stokes’ sidebands each weighted by the Bessel function ],%,(s/wp), evolving as a

function of parametric pumping strength ¢.

Figure 6.10a shows the evolution of the measured probe transmission spectra that are calibrated
into thermochemical displacement power spectral density with varied parametric driving frequency
wy. This allows one to reach larger ratio of s/wp while keeping the pump laser modulation depth
fixed at 50%. One can see that with decreasing parametric pumping frequency (from bottom panel
to top panel) the spectra are broadening and more sidebands are covered within, however, their
amplitudes are decreasing as a result of energy conservation. The fitted analytical
thermomechanical displacement power spectral density (as shown by solid lines) using Eqn. (6.4.2)

again overlaps very well with the experimentally measured ones (as shown by black dotted curves).
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Figure 6.10 Evolution of thermomechanical spectrum as a function parametric pumping frequency. (a) Evolution of the
probe transmission spectra [calibrated into displacement power spectral density] with growing parametric pumping
frequency. (b) Experimentally retrieved parametric pumping strength as a function of applied frequency while keeping
laser modulation depth fixed at 50%. The fittings of frequency response show the typical behaviour of a first-order low
pass filter with cut-off frequency of 1.5 and 1.3 kHz and static pumping strength of 2nx11kHz and 2mx10 kHz. (c)
Amplitudes (open or solid circles for mechanical mode 1 or 2) of the N, -order spectral sidebands shown in (a) for
frequency w,/2m = 4, 3, 2 kHz and (d) w,/2m = 1kHz. Solid lines, square of the Ny,-order Bessel functions of the first
kind. (e) Analytical evolution of Brownian power spectral density as a function of parametric pumping frequency with
parametric pumping strength obtained from (b).

Parametric pumping strength ¢ (resulting from photothermal effect) is obtained from Figure 6.10a
as a function of pumping frequency and plotted by circles in Figure 6.10b. The frequency response
shows the typical behavior of a first-order low pass filter [167] with a cutoff frequency of 1.5 and
1.3 kHz and static pumping strength of 2nix11kHz and 2nix10 kHz for two mechanical modes when
the illuminated laser power intensity is I, ~2 uW/um?. This overall agrees with that of the
simulation result for dynamic photothermal response which suggests thermal relaxation frequency

of the nanowire is ~8 kHz. Hence, the reported parametric control of the Brownian motion
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mechanism can also enable photothermal dynamic response characterisation for a nanomechanical

element.

Comparing the retrieved sideband weights with the analytical results for pumping frequencies
a)p/Zn =4, 3, 2 kHz (see Figure 6.10c), a good agreement is also found. However, the deviation is
found in Figure 6.10d for the second mechanical mode w;,, at parametric pumping frequency w,
= 2rnix1 kHz, this is due to the system noise where features such as peaks in the spectrum are buried

in the noise and sideband weights are hard to retrieve.

Figure 6.10e shows the analytical evolution of Brownian power spectral density as a function of the
parametric pumping frequency using parametric pumping strength obtained from Figure 6.10b for
the first mechanical mode w,,;. One can see more sidebands are generated for lower parametric

pumping frequency and an interesting ‘interference pattern’ in frequency space can be observed.

6.4.2 Phononic frequency comb generation

The parametric control of Brownian motion demonstrated above suggests that certain frequency
components of movement may be enhanced, as compared to the static/undriven case, when the
resonance condition w = wy, + Nw, is fulfilled, providing parametric gain defined as G(w) =
I'(w)/Ty(w). Unlike mechanical frequency combs that have been theoretically proposed using
Fermi—Pasta—Ulam-Tsingou chains [152, 168], and later demonstrated in micromechanical
resonators using nonlinear three-wave mixing [152, 169-171], here | present a tunable phononic
frequency comb generation mechanism combining parametric pumping at frequency wy, and a
pondermotive light driving force at frequency w,; near the mechanical resonance. This is
experimentally achieved by modulating the pump laser intensity at the said two different
frequencies. This regime can be mathematically described by adding the pondermotive light driving
force term F; cos(wgyt) on the righthand side of the Brownian parametric oscillator equation

(6.4.1).

Z(6) + Ymz() + [wE + 2ewy, cos(wyt)]z()
(6.4.3)
= Fthermal(t)/meff + Fy cos(a)dt)
This force, coming from dipole-dipole interactions between neighboring optical resonators in the
metamaterial (which has an estimated magnitude of ~25 fN in the present experimental

configuration), induces several peaks in the transmission spectra at frequencies wy + Nw, (see

Figure 6.11) via frequency mixing.

The signal at the optical driving frequency w, in Figure 6.11a increases with the growing parametric

pumping strength & as a result of parametric gain at this frequency (as w, coincides with
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parametric sidebands of increasing amplitude). Also, a series of teeth appear at frequencies w; +
Nw,. By controlling the parametric pumping frequency w,, thereby the parametric gain spectrum,

tunable frequency combs with different frequency separations can be generated (Figure 6.11b).
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Figure 6.11 Formation of a phononic frequency comb. (a) Thermomechanical displacement power spectral density
evolution as a function of growing parametric pumping strength £ while keeping its frequency fixed at w,, /2m = 2kHz. The
instantaneous optical force driving is fixed at frequency w, = 2335 kHz with laser intensity modulation depth of 25%. The
instantaneous light driving force induces several coherent oscillations at a multiple frequency wg + Nw,,. (b) A tunable
frequency comb generated by tuning parametric pumping frequency w, or comb separation while keeping the
instantaneous optical force driving fixed at mechanical resonance frequency wy,;/27 = 2328.5 kHz with laser intensity
modulation depth of 25%.

6.5 Parametrically coupled optomechanical resonators

Dynamic coupling between two optomechanically connected doubly-clamped beams driven by
thermal fluctuational forces is realized by parametrically pumping them at the difference frequency
between their mechanical resonances. This enables strong vibrational coupling in systems where
energy exchange between the two resonators is intrinsically inefficient owing to the frequency
mismatch. The dynamics of such a system can be described by the following pair of coupled

parametric Brownian oscillator equations:

Z () + ym121(t) + [w,znl + 26, 0m1 cos(wpt)]z1 ) +A cos(wp t) z5(t)
= Fthermal(t)/meffl
(6.5.1)
Zy(6) + Ymaza(t) + [0 + 26,0m; cos(a)pt)]z2 () + Acos(a)pt) z,(t)

= Fthermal(t)/meffz
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where 7z, z, are real time positions of the nanowires, ¥;,1, Ym2 are their mechanical dissipation
factors, w1, W2 their mechanical resonance angular frequencies, €4, €, the parametric pumping
strengths for the two oscillators, and me 1, My, are their effective masses. w,, is the parametric
pumping frequency. A is the coupling rate between two mechanical oscillators, and Fiermar is the

thermal Langevin force.
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Figure 6.12 Dynamic coupling between two distinct optomechanical beams. (a) SEM images of planar dielectric
metamaterials supported by SisN, beams of varied lengths fabricated on silicon nitride membranes. (b) Energy or
spectrum diagram of the coupling between two thermomechanical oscillators with parametric pumping protocol. Blue
bars denote the thermomechanical spectrum the mechanical oscillator with resonance frequency w,,;, yellow bar
represent the thermomechanical spectrum of the mechanical oscillator with resonance frequency w,,,, when parametric
pumping frequency satisfies w, = Wy, — Wpy, energy transfer between two thermomechanical oscillators starts and is
indicated by the red arrows. (c) Thermomechanical spectrum evolves with increasing parametric pumping strength at
fixed parametric pumping frequency w, = Wy, — Wy = 21x6 kHz. (d) Spectra evolution with increased parametric
pumping frequency wy, while keeping the laser modulation depth fixed at 62.5%.

This experiment employed a different metamaterial sample comprised of silicon nitride beams of
varying length, as shown in Figure 6.12a, whereby neighbouring beams can be readily identified in
the frequency spectra of transmission. Figure 6.12b shows the energy diagram of the phonon
transfer process for two frequency mismatched thermomechanical oscillators that are coupled to
each other through a parametric pumping frequency w,. When parametric pumping frequency
satisfies w, = W,y — W1, energy transfer between two thermomechanical oscillators starts as
indicated by the red arrows. Figure 6.12c shows the experimental evolution of the
thermomechanical modes of two neighbouring nanowires with natural resonant frequencies w1 =

2nx1930 kHz and w,;;,=2mx1936 kHz, as a function of the coupling strength A, which is proportional
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to the laser modulation depth, while keeping the parametric pumping frequency fixed at w, =
Wma — Wm1 ~ 216 kHz. Mode splitting is clearly seen with increasing coupling strength indicating
the strong coupling between two oscillators. The separation between the split peaks provides the
coupling rate which can become so large that it can exceed the intrinsic energy dissipation rate of
the two modes. Also, sidebands appear which replicate the dispersion of the w,,;; and w,,;, modes
at lower and higher frequencies w;;1 — wp and w,,, + wy, as a result of frequency mixing. Figure
6.12d shows the evolution of the spectra with fixed coupling strength while sweeping the
parametric pumping frequency w, from 2mnx1 kHz to 2nix14 kHz. Here one can see that when w,
approaches the difference frequency w,,; — w1 (i.e., 21x6 kHz) of the two oscillators, splitting of
spectral peaks occurs, indicating strong optomechanical coupling. A similar effect is seen when

pumping at half of the difference frequency w, = (W2 — Wm1)/2 ~ 2nx3kHz.

6.6 Summary

In this chapter | studied optomechanical interactions within nano-optomechanical metamaterials
and the dependence of mechanical resonances of metamaterial beams on illumination by light. The
ability to control mechanical resonances with light can be exploited for tuning of metamaterial
functionalities. It is shown that frequencies of natural mechanical resonances of nano-
optomechanical metamaterials can be continuously tuned by light induced heating affecting

mechanical tension in the nanostructure.

| have demonstrated optical detection and parametric control of a picometric Brownian motion of
the individual mechanical oscillators within a metamaterial array, and of two optomechanically
coupled oscillators. This optical parametric control protocol allows continuous mechanical
frequency conversion utilizing nonlinear optomechanical interaction (i.e. frequency mixing) at
lower intensity level. This frequency mixing effect provides a new mechanism for phononic
frequency comb generation in nano-optomechanical metamaterials by combining parametric
control of mechanical oscillators with a periodic optical driving force. Finally, energy transfer
between two thermomechanically oscillating nanowires via parametric coupling has been

demonstrated in nano-optomechanical metamaterial.
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Chapter 7  Conclusions

7.1 Summary

This thesis has been dedicated to several experimental efforts towards visualizing, interrogating
and controlling the atomic length scale (fast) dynamics of thermal and driven motion in photonic
nanostructures leveraging secondary electrons, light and optomechanical interactions. They open
an exciting field of picophotonics, the emerging science of light and its interactions with matter at

picometre [(sub-)atomic] scale.
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Figure 7.1 Atomic scale thermal movement visualization and control in nanostructures. (a) Important tools developed

in this thesis in comparison with the routinely available electron and optical tools in terms of spatial/positional and
temporal resolution (based on fast electronics instead of ultrafast pump-probe technique). (b) Based on the nano-
optomechanical metamaterial platform, oscillatory thermodynamics at the atomic length scale are studied for a single
oscillator with a fixed spring constant at short-time scale, a parametric oscillator with time varying spring constant, and
two different parametrically coupled oscillators that are coupled into a heat bath T.

From a technological metrology perspective:

1. In Chapter 3, | have demonstrated a novel hyperspectral motion visualization technique built
around a conventional scanning electron microscope via free electron edge-scattering to locally
interrogate the thermomechanical movement. This extends a conventional scanning electron
microscope to the dynamic mode regime with nanometre (nm) spatial resolution, microsecond
(us) temporal resolution and picometric (pm/HzY?) electron-shot noise limited displacement
sensitivity. This is essential for studying fast dynamics in nanomechanical structures, and is
particularly suitable for the mechanical properties’ characterisation of NEMS devices and
complex nanomechanical photonic metamaterials. This hyperspectral movement visualization
technique is based on conventional scanning electron microscopy which therefore can be

widely accessible for researchers from the nanomechanics and nano-optomechanics
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community. It can also be applied to a wide variety of nanomaterials, structures, and devices,
for highly-localized evaluation of material parameters such as Young’s modulus, stress/strain
measurement, mass sensing, micro/nano-device manufacturing process control and
optimization, non-destructive testing, and the study of forces and fields at the (sub)nanometer
scale.

In Chapter 5, | have reported an important advance on optical super-resolution imaging, which
in a proof-of-principle experiment can localize the position of a nanowire with subatomic
resolution beyond the magnitude of its thermal fluctuations via artificial intelligence (Al)-
enabled analysis of structured light scattering. This surpasses the routinely achievable optical
resolution of a few tens on nanometres, or better than A4/10 from nonlinear STED (stimulated
emission depletion) and statistically enhanced STORM (stochastic optical reconstruction
microscopy) techniques used in biological imaging. lllumination with topological light gives
access to higher accuracy than conventional plane wave illumination is also demonstrated. The
reported proof-of principle demonstration can be straightforwardly applied to measuring
subatomic displacements in many practical applications (allowing in-situ training) including:
non-contact position monitoring of platforms in ultra-precise STM/AFM instruments and mask

aligner; and monitoring structural deformations and thermal drifts in precise instruments.

From a fundamental perspective:
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In Chapter 4, | have studied fast dynamics of ballistic thermal movement in a nano-membrane
to the atomic scale. This enables observation of fundamental statistical mechanics, such as the
Maxwell-Boltzmann velocity distribution and the energy equipartition theorem in
nanomechanical systems, thus unveiling the fast dynamics underpinning functionality of
micro/nano mechanical devices and metamaterials. Short-interval measurements in the
ballistic regime (where fast, e.g., micro-channel plate, electron detectors would extend
capability to higher frequencies — shorter time intervals) present new opportunities, such as for
fast thermometry, based on evaluation of the initial kgT/m.ss slope of mean squared
displacement. Importantly, in being based only on the fundamental rules of thermodynamics
and knowledge of the material and geometrical parameters of the cantilever, the calibration of
such a thermometry would not require reference to any external standard. The slope
measurement may also be used for fast monitoring of cantilever mass at known temperature,
for instance during materials deposition processes or for the detection of molecular adsorption
and desorption [172].

In Chapter 6, based on the nano-optomechanical metamaterial platform, | have studied the
dynamics of nonlinear nano-optomechanical oscillators that are thermally driven and optically

controlled. | have studied the optical parametric control over a thermomechanical oscillator
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which allows continuous mechanical frequency conversion utilizing nonlinear optomechanical
interaction of frequency mixing. A tunable phononic frequency comb generation mechanism is
also provided. Lastly, thermal energy exchange between two optomechanically linked
oscillators has also been demonstrated via parametric pumping at the difference frequency of
two thermomechanical vibrations. From the fundamental research interest, current work
provides a feasible way for realization and implementation of Floquet nano-optomechanical
insulator [173], temporal or spatiotemporal metamaterials [174] on nano-optomechanical
metamaterial platform. This work may also shed light on diverse applications related to precise
probing of the temperature and dynamic thermal response characterization for a

nanomechanical structure.

7.2 Outlook

There is enormous scope for further studies. Here a very brief outlook is given on what could follow

in this thesis.

From technological perspective:

1. Currently, the 3 dB detection bandwidth of the developed hyperspectral motion visualization
technique is ~ 5MHz which is limited by the bandwidth of the built-in secondary electron
detector in the SEM. Micro-channel plate electron detectors would extend capability to higher
frequencies. With a high-speed secondary electron detector, it would be possible to study
dynamics in the GHz frequency range [54, 175]. Promising new techniques for resolving and
hyperspectrally mapping picometric movements might also be realized via other modes of
imaging (see section 3.1) such as backscattering electrons and cathodoluminescence in the
future. Using cathodoluminescence imaging mode, one can not only obtain the movement
information but also the optical properties of the nanostructures and their mutual-interactions.
This would allow investigating the mechanical phonon-coupled quantum emitters [176, 177]
and entangled phonon-photon pairs [178].

2. With a high-speed camera, the artificial intelligence enabled optical super-resolution imaging
technique may be possible to visualize the fast dynamics of a nanoscale object, comparable
with the above technique realized by the scanning electron microscopy. Besides, the artificial
intelligence enabled optical super-resolution imaging technique has currently been
demonstrated for 1D imaging in a proof-of-principle experiment, it can be readily extended to
2D and 3D objects of a priori known shapes. It will hopefully be commercially available when
its applicability can be extended into objects of random shape. This requires endeavour in

developing new algorithms and physics inspired model in artificial intelligence. Furthermore,
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how to combine the numerical simulation dataset from Maxwell-solver with the experimental
dataset to obtain a trustworthy model and thus getting rid of the lab-intensive dataset

collection process requires further efforts.

From fundamental research interest:

The nano-optomechanical metamaterial system provides an ideal platform for studying interesting
dynamics in an array of (non-) linear (coupled) oscillators that are driven by Langevin thermal force
and controlled optically at low power intensity. Many fundamental research work can be done

based on this platform.

This includes mainly nonlinear optomechanics such as phonon lasing and noise squeezing [179] by
driving the oscillator in the parametric resonance regime, non-reciprocal phonon transfer [180],
synthetic dimension [147], phonon-phonon scattering, and mechanical solitons [152]. These
hopefully can be realized by improving the sample design and optimizing the sample fabrication

process.

Besides, the nano-optomechanical metamaterial system provides a platform for the study of Van

Der Waals, (non-)Hamiltonian forces [23-25], and quantum gravity in nano-systems [181, 182].

Additionally, a collective behavior of an oscillators array (mimicking many-body system), such as
the optomechanical synchronization as a result of optomechanical coupling within its constituting
elements is expected to be observed when the mechanical frequency variance is smaller than the

nonlinear coupling rate. This would allow the realization of a classical analogue of time crystal [183].

These considerations would help to bring nano-optomechanical systems to the fore as candidates

for future sensing, communications, computing and networking.
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Appendix A  Introduction convolutional neural networks

and their implementation in this work

Machine learning is a branch of artificial intelligence (Al) and computer science which focuses on
the use of data and algorithms to imitate the way that humans learn, gradually improving its
accuracy [184]. Machine learning models fall into three primary categories: supervised machine
learning, unsupervised machine learning, and reinforcement learning [184, 185]. Deep learning is a
subfield of machine learning that is inspired by artificial neural networks, which in turn are inspired
by biological neural networks. A specific kind of deep neural network is the convolutional network
[185], which is commonly referred to as a CNN or ConvNet. It is a deep, feed-forward artificial neural
network, also called a multi-layer perceptron (MLP). Convolutional neural networks have been one
of the most influential innovations in the field of machine vision. They have performed far better
than traditional machine vision system and have produced state-of-the-art results. These neural
networks have proven to be successful in many different real-life case studies and applications,

including:
e Image classification, object detection, segmentation, face recognition;
e Self-driving cars that leverage CNN based vision systems;
e Classification of crystal structure using a convolutional neural network.

This success can be traced back initially to 2012, the year in which Alex Krizhevsky [186] used
convolutional neural networks to win that year's ImageNet Competition, reducing classification
error from 26% to 15%. This brought neural networks to renewed prominence in what is often
called the "third wave of neural networks" - the first two waves having been in the 1940s-60s and

in the 1970s-80s.

Figure A.1 shows the typical architecture of a convolutional neural network for a supervised
learning model. It shows that an image as an input to the network, which goes through multiple
convolutions, subsampling, and a fully connected layer, to generate an output. The convolution
layer computes the output of neurons that are connected to local regions or receptive fields in the
input, each computing a dot product between their weights and a small receptive field to which
they are connected in the input volume. Each computation leads to extraction of a feature map
from the input image. The objective of subsampling is to obtain an input representation by reducing
its dimensions, which helps in reducing overfitting. One of the techniques of subsampling is max

pooling. With this technique, one can select the highest pixel value from a region depending on its
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size. The objective of the fully connected layer is to flatten the high-level features that are learned
by convolutional layers and to combine all of the features. It passes the flattened output to the
output layer where one may then use a softmax classifier (for classification tasks) or a sigmoid

activation function (for regression tasks) to predict the input image label.

Feature maps

Convolutions

Sampling Convolutions Sampling Fully connected

Figure A. 1 Typical convolutional neural network (CNN) architecture. A CNN generally contains multiple convolutions,

subsampling, a fully connected layer, and a final output layer.

In practice, CNN can be implemented using either TensorFlow or PyTorch frameworks in Python. In
Chapter 6, the CNN implementation was realized in TensorFlow using the Keras library. Keras
contains numerous implementations of commonly used neural-network building blocks such as
layers, objectives, activation functions, optimizers, and a host of tools to make working with image
and text data easier, and to simplify the coding necessary for writing deep neural network code. In
addition to standard neural networks, Keras contains support for convolutional and recurrent
neural networks. It also supports other common utility layers like dropout, batch normalization,
and pooling. For linear regression tasks demonstrated, the implementation of a convolutional
neural network generally, and specifically in the case demonstrated in Chapter 6, consists of the

following procedures:

Load the data: Training and test images, along with their labels, are loaded and stored in variables,

which constitute the training and test dataset.

Data preprocessing: Converting each image of the training and test set into a matrix which is fed
into the network is the first step. Before feeding it into the network one needs to convert it to float
type, and rescale pixel values to the 0 - 1 inclusive range. The labels then need to be converted to
a normalized vector in range 0 - 1 (or class labels converted to an encoding vector for classification
tasks). The last step is a crucial one: In machine learning or any data specific task, one should
partition the data into training and test data correctly (an 80:20% split in the present case). For the
model to generalize well, one should also split the training data into two parts, one designed for
training and another one for validation. In the present case, we train the network on 80% of the
training data and validate it on the remaining 20%. This helps to reduce overfitting by validating the

model on data it has not seen in training phase, which helps to boost test performance.
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The network: In the present case, images are of a size 350 x 350 pixels. We convert the image matrix
to an array, rescale it between 0 and 1, reshape it to a size 350 x 350 x 1, and feed this as an input
to the network. Three convolutional layers are used: The first layer has 64 5 x 5 filters; The second
layer has 128 4 x 4 filters and the third layer has 256 2 x 2 filters. In addition, there are three max-
pooling layers each of size 4 x 4, 4 x 4 and 3 x 3. Finally, three fully connected dense layers containing

neurons each of size 128, 256 and 128 that are activated by a sigmoid function.

Input: Max Pooling Max Pooling
— -
350X350%1 4X4 3X3
Qutput layer: 1 Dense layers: Max Pooling
f . R Flatten — -
Dlsplacementj 128, 256, 128 3X3

Figure A. 2 Architecture of the Model. CNN generally contains multiple convolutions, subsampling, a fully connected layer

and a final output layer.

Model the data: Firstly, one must import all the necessary modules required to train the network.
We used a batch size of 32. Using a higher batch may be preferable but is constrained by available
memory. The choice contributes significantly to determining the learning parameters and affects

prediction accuracy.

Neural network architecture: In Keras, one can simply stack the desired layers one by one. We add
a first convolutional layer with the Conv2D() function, the max-pooling layer with the
MaxPooling2D() function, and so on. The last layer is a Dense layer that has a sigmoid activation

function.

Compile the model: After the model is created, it is compiled using the Adam optimizer, one of the
most popular optimization algorithms. Finally, one specifies the metric (mean square error in the

present case) to be used as a loss function for minimization while the network is training.

Train the model: In Keras, with the Keras' fit() function. One of the problems with training neural
networks lies in the choice of the number of training epochs to use. Too many epochs can lead to
overfitting of the training dataset, whereas too few may result in an underfit model. Early stopping
is a method that allows one to specify an arbitrarily large number of training epochs and then to
stop training once the performance stops improving on a holdout validation dataset. This method

yields a so-called best trained model.

Predict labels: Finally, using the best trained model, the labels of unseen test images can be

predicted by the network.
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