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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES

Maritime Engineering and Ship Science

Fluid Structure Interactions Research Group

Doctor of Philosophy

ENERGY HARVESTING USING SHIP MOTIONS APPLYING A GIMBALLED

PENDULUM SYSTEM AS AN ENERGY CONVERSION MECHANISM

by Trewut Anurakpandit

This research describes a novel methodology of assessing the mechanical power contributed by the

multiple-degree-of-freedom dynamics of a ship in waves concerning the directional responses of the ship

oscillatory motions. It is motivated by the limited understanding of the potential use of wave energy

harvesting using wave-induced ship motions, and the quantitative assessment of the ship motions energy

in the real sea has never been explored. By adopting the seakeeping analysis and the statistical technique

as the standard wave spectrum, therefore, the contributed mechanical power of a ship in a sea state can

be quantified. It is found that the magnitude of mechanical power of a ship in waves varies proportionally

to the ship scale, but the power is contributed by the different dynamic determinants depending on the

scale or size of the ship. Importantly, it is also discovered that the number of the involved degree-of-

freedoms is able to magnify the mechanical power of a ship in waves that is available to be harvested.

Typically, the wave energy harvesting system onboard a marine vessel is designed to operate in a limited

degree-of-freedom. This contrasts to the dynamics of a floating ship in the variance real sea condition as

it could lose to potential to harvest more energy. Consequently, the concept of using a multiple-degree-

of-freedom system as a 2-axis gimballed pendulum mechanism has recently been introduced. However,

its dynamics has never been investigated as a multiple-degree-of-freedom system. Therefore, the research

examines the dynamics of a gimballed pendulum system in an aspect of an energy conversion mechanism

regarding its directional responses and applies it as an onboard energy conversion mechanism for ship

motions energy harvesting.

Moreover, in this thesis, a novel numerical model of a gimballed pendulum system is indicated which

is validated by a set of experimental testings of a prototype of a gimballed pendulum energy harvester

based on the directional harmonic excitations on a motion simulator. At the sufficient angle, the gim-

balled pendulum created coupled motions between two referenced pivots. Outside resonance, the coupled

motions are small and are found to be beneficial in the simultaneous power generations by the pivots. At

resonance, the motions are more significant. Also, the coupling relationships between the two referenced

rotational axes become more influential which diminishes the pendulum responses compared to when

it performs as a single-degree-of-freedom system at the identical disturbance. This behaviour can be

numerical and experimentally confirmed. However, the numerical prediction of the coupled pendulum

motions at around resonance has been found to be inaccurate compared to the experiment. This is be-

cause of the simplified assumption that is made to form the equations of motion using geometric coupling

relationships of two inertial perpendicular pendulum dynamics around two horizontal axes (2-DOF). Yet,

with the potential asymmetric inertial properties between the gimballed pivots, the determination of the

equations of motion which are included all DOFs is theoretically complex and not straightforward.
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Then, the gimballed pendulum system has been applied onboard a ship model as the numerical and

experimental investigations have been carried out. Based on the result, it shows that the multiple-degree-

of-freedom ship dynamics offers the potential to generate more energy that reflects the simultaneous

power generations by the coupled motions of the gimballed pendulum. Also, this proves that the energy

harvesting using ship motions applying a gimballed pendulum as an energy conversion mechanism is

practicable.
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Chapter 1

Introduction

1.1 Research Background

With the depletion and the impact on the environment from the use of conventional

energy resources such as fuel oil and coal, seeking clean and sustainable energy sources

is a necessity nowadays. In fact, various of clean, natural energy sources that have been

harvested and utilised, for example, solar, wind, tidal, and wave energies.

Solar energy can be considered as the most promising source of renewable energy, which is

influenced by the reduction in the technology costs annually (IEA, 2014). REN21 (2017)

claims that, during 2016, more than 31,000 solar panels were installed worldwide in every

hour with current development aiming to reduce the environmental impact during the

cell making process. For wind energy, with the cost-effective in power generation, the

technology status is not so different from the level of the development of that the solar

energy (Edelstein et al., 2003). A number of wind farms can be seen in many countries

around the world (Hernández et al., 2017). The present research based on utilising wind

energy is aiming to improve wind forecasting for a better energy management strategy

(National Grid, 2006) and to reduce the initial cost through the advancement of the

materials (Sun et al., 2012). Moreover, the technology status of tidal energy can also be

considered as well-developed even it is limited to the location where the tidal range is

sufficient (Bryden et al., 2007). The current development of this technology is focused

on optimising performance through the design with the aid of the present advanced

computational tool (Gebreslassie et al., 2013, 2015). However, in comparison to that of

the wave, the development of wave energy technology is somewhat behind those prior

examples mostly as demonstration projects (REN21, 2012).

For the potential resource, ocean waves are reported to contain energy density of ap-

proximately 2-3 kW/m2 over an area perpendicular to the wave propagation greater

than the energy densities of solar (0.1-0.3 kW/m2 of a horizontal area) and wind (0.5

1
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kW/m2 of an square area of the wind direction) energies (Falnes, 2007). Besides, other

report claims that that wave energy could globally offer 2 kW/m of the wave crest for

90% of the year (Zheng et al., 2014). Moreover, wave energy is indicated to be the most

conspicuous form of clean energy (McCormick, 2007).

Regarding the attractive property, however, the utilisation of ocean waves energy can be

considered as unsuccessful with the several main concepts, i.e., overtopping, oscillating

water column, and oscillating body system (Falcão, 2010; Levitan, 2014). Typically, this

is because of the massive operating cost to maintain WEC systems including the cost

of installation, survivability, and energy transfer from the location where the energy is

created generally in the offshore site (Como et al., 2015; Xu, 2005). Besides, most of

the introduced techniques are designed to operate in an idealistic condition that is in

a limited degree-of-freedom (DOF). This contrasts to the variance of the sea surface

which is the combination of wave height, period, and direction. Although a concept

to harvest energy from random wave condition using a multiple-DOF pendulum with

gimballed pivots has been introduced by WITT Energy Ltd. (2018), its dynamics and

performance as a multiple-DOF system have never been theoretically and experimentally

investigated. Therefore, to overcome the limitations and to fulfil the knowledge gap of

the uninvestigated WEC system are still major challenges to improve the development

status of wave energy utilisation.

1.2 Motivation

The dynamics of a ship at sea is the result of the interaction between the vessel and

ambient wave condition. Hence, it can be stated that a ship moving in waves is directly

related to ocean waves energy. Besides, utilising wave energy onboard a sea-going ship

could eliminate the cost of transferring energy to the shore as it will be locally consumed

where it is generated. Furthermore, when considering the potential amount of energy

contributed by waves reported by numerous studies (e.g. Brooke (2003); Burman and

Walker (2009); Falnes (2007); Muetze and Vining (2006); Zheng et al. (2014)), discov-

ering the means to utilise this energy for a ship in a seaway might be one of the ways

to increase the potential use and development status of wave energy utilisation.

However, the understanding of the potential use of the wave energy harvesting using

ship motions is limited, and the quantitative assessment of ship motions energy in the

real sea state has never been explored. The work presented in this thesis, therefore,

firstly focuses on the theoretical investigation of a ship dynamics in waves leading to

the assessment of the available energy or power from ship multiple-DOF dynamics in

a seaway based on seakeeping analysis. Secondly, this research also focuses on the

investigation of the passive dynamics of a multiple-DOF energy conversion mechanism,
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a gimballed pendulum system, and apply this concept to ship motions energy harvesting

application.

Moreover, it should be emphasised that the level of wave power absorption of interest

in this research represents a small fraction of the ideal limit of the absorbed power for

a particular motion. This is because of there is no performance optimisation technique

applied. As can be seen from Figure 1.1, the absolute performance limit of an oscillating

body in waves provided by Falnes (2007) shows the limit absorbed power that is bounded

to the area under the ideal performance curves (solid lines). The two dashed curves

within the ideal limit represent the examples of the wave power absorption level of a

spherical shape heaving buoy with (the upper dashed curve) and without (the lower

dashed curve) applying performance control optimisation algorithm latching or phase

control in this case).

Figure 1.1: Absolute performance limit of an oscillating body wave energy con-
verter in waves by Falnes (2007).

1.3 Aim and Objectives

The aim of this research is to investigate energy harvesting using ship motions applying a

gimballed pendulum as an energy conversion mechanism. In this case, the research scope

can be related to, first, the assessment of the potential available energy or power of ship

motions in waves. Second, the investigation of the passive dynamics of a gimballed pen-

dulum as an energy conversion system. Third, the investigation of the energy harvesting

using a gimballed pendulum induced by multiple-DOF ship dynamics in waves.
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To achieve the aim, the required objectives are identified as:

• Defining a method of assessing available power from ship motions in a seaway

based on seakeeping analysis.

• Understanding the passive dynamics of a gimballed pendulum system as an energy

harvester and developing a numerical model that is able to simulate the pendulum

motion which is validated by experimental investigation.

• Developing a numerical model of the coupled ship and onboard energy harvester

validating by experimental testing.

1.4 Structure of the Thesis

Chapter 2 provides a review of previous research regarding wave energy conversion

(WEC) technologies and the technologies or techniques that have been applied to marine

vessel application.

Chapter 3 details a theoretical overview of the numerical treatment of both regular and

irregular waves and the dynamics of a ship in the waves.

Chapter 4 presents a numerical analysis of assessing the available mechanical power of

ship motions with consideration of the ship directional responses in sea state.

Chapter 5 indicates a numerical modelling and experimental validation/investigation of

a gimballed pendulum system in an aspect of an energy conversion mechanism with the

concern of directional responses.

Chapter 6 demonstrates an numerical modelling of the dynamics of a ship and an onboard

gimballed pendulum energy harvester with a set of wave tank experiments aiming to

validate the numerical model.

Chapter 7 discusses the key areas that are identified in this research.

Chapter 8 summarises the key outcomes and recommended areas for future research.



Chapter 2

Literature Review

This chapter reviews the general concepts of WEC techniques and technologies that have

been researched and developed to the present day. The review details the categorisation

of these developed techniques based on the working principles of how they convert wave

energy into the useful forms. Then, the WEC techniques that have been applied to

marine vehicle application are critically described and discussed.

2.1 Wave Energy Conversion Technologies

Figure 2.1: The global average annual wave power levels (kW/m) of the wave
front on locations over the world’s oceans (Ocean Power Technologies Inc.).

Despite the fact that there are many renewable energy resources (e.g., solar, wind,

ocean current, tidal, thermal, and wave energies) available on the ocean for maritime

domain, energy from waves with over 70 per cent covered the earth’s surface has a

massive potential (Burman and Walker, 2009). Regarding energy density, ocean waves

provide 15-20 times more energy per square metre than solar or wind energy (Muetze and

Vining, 2006). Thus, it might not be erroneous to declare that the ocean is the biggest

5
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energy storage on earth. Figure 2.1 shows the average annual wave power levels of the

wavefront over the world’s oceans with the approximated power of 2 TW available to be

harvested and utilised (Ocean Power Technologies Inc.; Drew et al., 2009). Moreover, it

is estimated that ocean wave energy could cover 40 per cent of the global electric power

generation (Rahm, 2010).

In this research, a ship moving in waves is considered as a type of WEC system. Motions

of a ship are induced by experiencing or incoming waves, and the ship simultaneously

absorbs energy from the waves. To convert the wave energy via motions of a ship,

understanding the existing WEC techniques is essential. The WEC techniques that

have been developed so far generally have different principles of operations such as

deployed locations, energy transfer and PTO methods as well as structural related. A

number of works (e.g. Brooke (2003); Burman and Walker (2009); Cheung and Childress

(2007); Drew et al. (2009); Falcão (2010); Khan and Bhuyan (2009); Lagoun et al. (2010);

McCormick (2007); Muetze and Vining (2006); Multon (2012); Rodrigues (2008); Thorpe

(1999)) suggest the categorisations of these WEC systems. In summary, three main

WEC types have been classified in common as presented in Figure 2.2.

Figure 2.2: The classification of WEC technologies (Falcão, 2010).

2.1.1 Overtopping System

This WEC technique can be compared to the hydroelectric system as both convert the

potential energy from the water stored at a higher level referenced to the PTO unit

(Brooke, 2003). This WEC system is normally consisted of overtopping ramp, reservoir,

and low-head axial flow turbine as illustrated in Figure 2.3. As waves are allowed to spill

via ramp and store onto reservoir elevated from the mean water level, the energy in the
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Figure 2.3: Schematic drawing of overtopping WEC system (Como et al., 2015).

form of potential energy is converted by low-head turbine once the water flows back to

the ocean and simultaneously drive the turbine which is coupled to the electric generator.

This reservoir-filled energy conversion concept has been developed as fixed and floating

structures (Falcão, 2014; Rahm, 2010). Theoretically, there is no wave-induced motion

related to the energy generation by this WEC concept (Como et al., 2015).

Although various projects and prototypes of overtopping WEC system, for instance, Ta-

pered Channel (TAPCHAN) wave power plant (Evans and Falcão, 1986), Wave Dragon

device (Falcão, 2010), Sea Slot-Cone Generator (SSG) project (Margheritini et al., 2007)

etc., have been emerged, they still remain at the development stages.

2.1.2 Oscillating Water Column System

Oscillating water column (OWC) or cavity resonance wave energy converter is considered

as the first generation of modern WEC system regarding the prototypes of Masuda (1971,

1979). Similar to the previous technique, this WEC system appears in both fixed and

Figure 2.4: Schematic drawing of the working principle of oscillating water
column system (Fadaeenejad et al., 2014).
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floating applications. The main structure of this WEC system is partially submerged

with opened-bottom chamber placed below the mean water level and PTO unit at the

top-end. As illustrated in Figure 2.4, the approaching and retreating waves cause the

water oscillation inside the chamber (water column) pressuring the internal air which is

utilised to drive the PTO unit (Heath, 2012). Several projects and prototypes have been

deployed, tested, and some commercialised in many locations around the world such as

Oceanlinx project (Oceanlinx Ltd), LIMPET (The Queen’s University of Belfast, 2002),

Pico (Wave Energy Centre (WavEC), 2006), and a ship-like OWC prototype called as

‘Mighty Whale’ (Washio et al., 2001). It should be highlighted that, to maximise the

energy conversion efficiency, the geometry of OWC must be designed to match the local

ocean climate concerning wave height and wavelength characteristics where the system

is deployed (Muetze and Vining, 2006).

Typically, this pneumatic system employs an air turbine connected to an electric gen-

erator as an energy conversion mechanism as the ‘Wells’ turbine (see Figure 2.4), an

axial flow single-directional rotation turbine, is the most commonly used (Falcão, 2010).

However, air turbine is not the only possible energy conversion technique for OWC

system. A concept of smart material has been applied to this OWC system as PTO

unit so-called ‘Dielectric Elastomer Generator (DEG)’ as presented in Figure 2.5. This

dielectric elastomer is able to convert mechanical energy (from pneumatic pressure in

this case) to electrical energy by its deformation, reducing thickness by expansion (Koh

et al., 2011). Papini et al. (2013) and Vertechy et al. (2013) performed the numeri-

cal simulations of the dynamic of DEG-based OWC system. Furthermore, the study

of Vertechy and Fontana (2015) carried out an experimental validation of the previous

works using a floating OWC collector with DE membrane PTO unit in a wave tank.

Besides, they also claimed that this PTO technique for OWC has the advantages over

the typical design as it has a large energy density, fewer step of energy conversion, silent

operation, and low maintained cost.

Figure 2.5: Graphical drawing of dielectric elastomer generator for OWC system
(Vertechy et al., 2013).
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2.1.3 Oscillating Body System

Oscillating body energy harvesting system is a typical energy conversion technique re-

garding many applications and types of energy conversion mechanism. This technique

utilised relative motions between moving host and mounted PTO mechanism to generate

the useful form of energy. The classic application for this energy conversion method can

be referred to the portable self-winding or rotating-mass device, see Figure 2.6, powered

by vibration source as human motion (Romero-Ramirez, 2010; Watkins, 2013; Xie et al.,

2009; Yeatman, 2008; Zhu, 2011). Moreover, the energy harvesting for high-frequency

machinery vibration can also be referred to this oscillating body system (Priya and

Inman, 2009).

(a) Front view. (b) Back view.

Figure 2.6: The typical design of automatic winding device (Xie et al., 2009).

For WEC application, a body moving in waves is considered as a host body energised

by the surrounding waves. Due to the dynamics of a body in waves can be related to

a combination of motions regarding degree-of-freedom (DOF), types of wave-induced

motion have been utilised to generate energy.

Heave motion is one of the options. Various designs of heaving WEC have been devel-

oped. Generally, the concepts converting vertical translational motion can be related

to two designs, one-body and two-body heaving systems (Falcão, 2010). First, the one-

body heaving system is the most straightforward oscillating body system converting a

heaving body on the wave surface against a fixed part at the seabed. The upper buoy

or moving part is allowed to vertically move along the waves and drive PTO unit, lin-

ear generator or hydraulic pump, at the bottom part via cable as can be seen in Figure

2.7(a) (Waters et al., 2007; Waters, 2008). Next, the two-body heaving system is utilised

where the distance between free-surface and seafloor is high or in the deepwater region.

The relative motions of two attached bodies, usually floating buoy and submerged body,

are used to convert to useful energy as illustrated in Figure 2.7(b) (Falcão, 2010).
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(a) One-body heaving system. (b) Two-body heaving system.

Figure 2.7: Examples of heaving buoy WEC system (Falcão, 2010).

Another option for WEC design is the usage of rotational motion of a floating body.

This oscillating body system ideally moves (pitch or roll depending on the definition

of designed orientation) along the direction of incident waves. Typically, this type of

WEC devices mainly consists of a floating host which is enclosed entirely with an in-

ternal PTO mechanism. Therefore, the system is not exposed to the water and harsh

environment. The first simple technique to be introduced is the sliding mass type WEC

device. The concept of sliding mass energy harvesting is a very intimated concept as the

self-rechargeable shaking flashlight is a comparable one (Yan and Wang, 2007). For the

linear-sliding mass type, it comes with the similar PTO method, the direct-drive linear

generator, to the mentioned heaving body system. McCabe et al. (2006) introduced an

offshore pitching WEC device called as ‘PS Frog Mk 5’ presented in Figure 2.8. The PS

Frog Mk 5 is a paddle shape point absorber that produces electrical energy by utilising

the relative motions between wave induced pitch motion of the host and a linear-sliding

mass generator. However, this sliding-mass PTO unit is allowed to move along a guided

Figure 2.8: The graphical drawing of the PS Frog Mk 5 by McCabe et al. (2006).
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path, so there is only one possibility to capture the wave energy in a single direction.

Besides, the PTO mass could create undesirable sound and vibration when it hits the

end-stop at both sides; as a result, this could be a problem in scaling issue.

Alternatively, to avoid the end-stop issue, a circular-sliding mass system has been sug-

gested. Chen and DelBalzo (2013a,b) proposed a theoretical model of a WEC device

with a sealed circular-path sliding mass PTO mechanism. They adopted the wave-

induced pitch/roll motion of a buoy to excite the tracked mass which rotates responding

to gravity. This PTO technique is modelled to operate as a horizontal-plane pendulum

that is mounted to a gearbox and generator as shown in Figure 2.9. Clearly, the guided

circular motion is able to eliminate the end-stop problem for the PTO mass and also in-

crease the possibility to generate energy from multiple or random wave direction (Chen

and DelBalzo, 2013b).

Nevertheless, regarding the system arrangement, optimum wave slope and frequency are

required for the WEC device to maintain continuous circular motion of the PTO mass.

Also, zero energy production can be expected under pure heave condition. Furthermore,

the performance of this WEC system is only simulated as a 2-D model under the ideal

condition as it has never been built and tested as a physical prototype. Hence, the

actual performance operating in real sea conditions or even in a controlled environment

in a laboratory is doubtful.

(a) Design layout.

(b) The opearational basis.

Figure 2.9: The general design of the circular sliding-mass WEC device (Chen
and DelBalzo, 2013a,b).
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Figure 2.10: Schematic arrangement of the SEAREV G1 and internal compo-
nents (Cordonnier et al., 2015).

One of the simplest mechanical arrangement PTO concepts for oscillating body energy

harvesting system utilising rotational motion can be attributed to pendulum-like or

vertical-plane rotating mass (similar to the example in Figure 2.6). Fundamentally, this

mechanical arrangement is comparable to the previous technique regarding principal

components, and it is not restricted in angular displacement around its pivot point. In

discrepancy, for non-to-low damping case, a simple pendulum always oscillates about

(for harmonic excitation) and rests at (for non-disturbance) its equilibrium position.

Therefore, it could provide better balancing on such a floating WEC device. A float-

ing WEC device called the ‘SEAREV1 G1’ is a an example for pitching body system

using vertical-plane pendulum PTO mechanism. The concept design of the SEAREV

was numerically developed and then built as a model-scaled prototype in France 2006

(Durand et al., 2007) as can be seen in Figures 2.10 and 2.11. Its PTO components in

a chain of the hydraulic system are driven by an unbalanced heavy disk or a compound

pendulum that moves followed the response of the enclosed host (Ruellan et al., 2010).

Later, Cordonnier et al. (2015) has presented a study of the second- and third genera-

tions of the SEAREV called as ‘SEAREV G21’ and ‘SEAREV G3’. The theoretical and

experimental of this studies show that the performance of the device can be improved

by optimising the hull shape to minimise slamming and waves breaking effects causing

the loss of energy.

Figure 2.11: The prototype of the SEAREV G1 (Durand et al., 2007).

1SEAREV is an abbreviation of the French term, Système Electrique Autonome de Récupération de
l’Energie des Vagues (autonomous electric wave energy recovery system) (Cordonnier et al., 2015).
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Besides, this vertical-plane pendulum energy conversion mechanism also appears in the

research of Crowley et al. (2013, 2014). They combined the ideas of the pendulum

principle and pneumatic application to their PTO system which is numerically applied

to the WEC device called the ‘Bristol Cylinder’ theoretically developed by Clare et al.

(1982); Evans et al. (1979). The modified Bristol Cylinder is designed to be moored to

the seabed and lie parallel to wavefront which allows the cylinder to surge and roll. In

this way, the internal pendulum mass will rotate and circulate the air inside the cylinder

which drives the PTO unit, an air turbine. Obviously, both examples of WEC designs

have the similar limitation in responsive DOF to generate energy constrained by a fixed

reference plane of rotation of simple pendulum energy conversion technique.

Figure 2.12: The prototype of the WITT device (WITT Energy Ltd., 2018).

In general, the excitation from the surrounding environment as ocean waves is not al-

ways unidirectional. Therefore, to design a system to operate in the limited responsive

condition as a 1-DOF system like a simple pendulum might not be sufficient. In this

regard, a mechanism is known as ‘2-axis gimbals’ has been applied to a vertical pen-

dulum system to enhance multiple-DOF responsiveness. This mechanical arrangement

allows a pendulum mass to rotate respecting the perpendicular horizontal pivots thus

spherical or orbital rotation can be achieved. Likewise, the WITT (Whatever Input to

Toque Transfer) device, see Figure 2.12, introduced by WITT Energy Ltd. (2018) is a

prototype of a gimballed energy harvesting device designed for converting energy from

random disturbance vibration. Also, this device can transmit its spherical rotation into

unidirectional output via a gearbox mechanism connected at the pivots. Further, the

theoretical and experimental works to investigate the feasibility of using the WITT de-

vice for WEC has been conducted by Crowley et al. (2018). In this work, however, the

device is treated and analysed as a 1-DOF pendulum WEC system. So, the dynamics

of the mechanical design as a multiple- or coupled-DOF energy conversion performance

is uninvestigated and hypothetical.



14 Chapter 2 Literature Review

Figure 2.13: The graphical design of the nodding Duck (Taylor, 2009).

In addition, the utilisation of gyroscopic moment, or gyroscopic generator, is another

option that has been adapted into energy scavenging and WEC applications. This type

of energy conversion technique generates energy by using the torque produced by the

gyroscopic effect of a spinning mass and input rotational excitation. For energy scaveng-

ing from the miniature vibrating system, Yeatman (2006, 2008) theoretically suggested a

potential implementation of a gyroscopic generator for micro-electro-mechanical-system

(MEMS) with the advantage over the typical linear displacement energy conversion

mechanism as there is no limit in angular motion. This leads to the possibility to in-

crease the amount of energy production, but the minimised level of internal drag is

necessarily required. For WEC, a famous design of pitching body WEC device generat-

ing energy by gyroscopic effect, the Salter’s Duck, as shown in Figure 2.13 introduced by

Stephen Salter from the University of Edinburgh (Salter, 1974). Moreover, Kanki et al.

(2009) deployed and tested several prototypes of the gyroscopic moment WEC system

in coastal regions in Japan, see one example in Figure 2.14. The results show that it is

practical to generate energy from gyroscopic moment but, importantly, the gyroscopic

generator also requires electrical power to drive the mass and maintain the effect thus

the net of the generated power output is marginally reduced. To be highlighted, the

presented examples of gyroscopic effect WEC system are designed to operate in a single

directional wave condition.

Figure 2.14: The gyroscopic moment WEC system by Kanki et al. (2009).
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Note that, the relative motions between the multi-body system on waves, i.e. the

Pelamis, has also been used by converting the torque at the joints of the bodies via hy-

draulic motors. (Henderson, 2006). Additionally, the fully-submerged oscillating body

WEC systems such as Archimedes Wave Swing (AWS), WaveRoller, and Oyster are also

the alternative techniques. These designs use the fluctuation of the water pressure under

the wave to create relative motion reference to a fixed point at the seabed and drive

PTO unit (AW-Energy Oy, 2018; Cameron et al., 2010; Falcão, 2010).

2.1.4 Wave Energy Conversion Control Fundamentals for Power Take-

off System

The main objective of a WEC system is to generate the maximum power from the

dynamic behaviour of the WEC at a given circumstance. As most of power production

by vibration system as WEC devices happens during resonant oscillation in which the

excitation force by waves is in phase with the device velocity (Falnes, 2002; Ringwood

et al., 2014). However, sea waves are made up of a spectrum of frequencies. Therefore, in

order to alter the system dynamics to achieve resonance, a control strategy as feedback

control is required (Coe et al., 2017).

The simplest fundamental of the control technique for PTO system can be referred to

as ‘resistive damping control’. In this control strategy, the value of PTO damping will

be tuned proportional to gain at a particular exciting condition to achieve the optimal

damping constant that provides a lower bound power absorption rate. Theoretically,

this can be performed in the time-domain model of a particular motion of a 1WEC

system (Coe et al., 2017).

For an upper limit representation of the power production performance of a wave device,

a technique called ‘complex conjugate control (CCC)’ strategy is typically employed

(Falnes, 2002). The maximum useful power or optimal power absorption rate can be

obtained by setting the intrinsic impedance of the PTO system equals to the complex

conjugate of the incoming short term waves (Ringwood et al., 2014). This can be derived

from the frequency-domain force-to-velocity model of a WEC system (Coe et al., 2017;

Falnes, 2002; Ringwood et al., 2014). However, with the physical constraints such as

the displacement limit of PTO mechanism and the irregularity of sea state, a numerical

optimisation algorithm is essentially needed. Ringwood et al. (2014) provides an example

of a control structure for WEC system as illustrated in Figure 2.15. The optimal velocity

profile is calculated in the upper branch of the structure and fed to the controller (servo)

to control the PTO force to achieve the optimal set point.
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Figure 2.15: Control structure for WEC system by Ringwood et al. (2014).

2.1.5 Wave Energy Conversion Technologies Review Summary

The review of the existing WEC technologies has identified the principles of how wave

energy is converted. In the interest of this research, the remarked summary from the

review can be listed as:

• Fixed structure WEC systems (fixed structure overtopping and OWC systems)

only appear in shoreline WEC application.

• Floating structure overtopping WEC system do not gain benefit from the wave-

induced motion of the host in energy conversion process due to it only converts

potential energy from the falling water from the higher level by axial flow low-head

turbine. So, it can be dismissed from this research.

• Two types of energy conversion system that have been applied to the OWC system:

– Air turbine based; Well turbine.

– Material based; DEG.

• The dynamics of the pneumatic application based on floating OWC system are

coupled between floating structure (water column) and internal fluid inside the

column.

• Types of energy conversion mechanism for floating oscillating body WEC system

can be summarised as:

– Linear-sliding mass system.

– Circular-sliding mass or horizontal-plane pendulum system.

– Vertical-plane pendulum mass system.

– Gyroscopic moment generator.

• The working principle of fully-submerged oscillating body WECs are treated as

irrelevant to this research.
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2.2 Wave Energy Conversion for Marine Vehicles

To compare with the WEC system, a ship or marine vehicle moving in waves always

associates with wave energy regarding a combination of motions or DOFs. The concepts

of using wave energy for the sea-going vessels can be grouped into two main categories,

wave-assist propulsion system and wave energy recovering for onboard power generation.

The prior listed category, the wave-assist propulsion system, has been well developed as

the extension of the wave devouring propulsion system (WDPS) or flapping foil technol-

ogy which is normally activated by wave-induced heave and pitch motions of a surface

vehicle (Bowker, 2018). In recent years, its success reflected in various of commercial

maritime autonomous system programmes (e.g. Wave Glider (Liquid Robotics Inc.,

2018), AutoNaut (AutoNaut Ltd., 2018)).

The wave energy recovering for onboard power generation for a marine vessel, on the

other hand, is still at the development stage. Following the concept of the WDPS,

Bowker et al. (2015, 2016) have evaluated the potential of using submerged flapping

foils for a wave energy recovery onboard autonomous surface vehicle (ASV). They per-

formed experimental investigations of a system called as ‘Flapping Energy Utilisation

and Recovery (FLEUR)’. The purpose of the system was to use the relative motions

between the ASV and the submerged foils in power generation mode which can be used

to recover the energy from wave induced motion, see Figure 2.16.

(a) The working principle.

(b) The prototype.

Figure 2.16: The Flapping Energy Utilisation and Recovery (FLEUR) by
Bowker et al. (2016).
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Figure 2.17: The water quality monitorin USV with an onboard pendulum
energy harvester by Toh et al. (2011).

For other concepts for marine vessels, a number of recent researches have focused on

single-DOF energy conversion systems. For instance, Mitcheson et al. (2011) and Toh

et al. (2011) introduced a prototype of a motion energy conversion system for water

quality monitoring unmanned surface vehicle (USV), in Figure 2.17, aiming to provide

electrical power support for the more extended mission deployment. This onboard energy

harvester is a simple pendulum system as shown in Figure 2.18 that is designed to purely

harness energy from the roll motion of the vessel. During oscillation due to wave-induced

motion, the pendulum directly drives the rotary direct current (DC) generators by a

tracked pinion. This system has been tested both in laboratory and field experiments.

In the controlled environment, the pendulum was tested with a set of simulated motions

over a frequency range with an applied frequency tuning technique. In the field test, the

USV with the onboard pendulum was launched into the open sea. The average power

generation of 0.3 mW was recorded during the test. According to the design, however,

this 1-DOF pendulum system is reported to be limited to a specific angular displacement

level (Kaphengst et al., 2012; Toh et al., 2011).

Figure 2.18: The prototype of the inertia pendulum energy harvester
(Kaphengst et al., 2012; Toh et al., 2011).
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Karami and Inman (2012) suggested a theoretical design of a hybrid rotary-translational

energy harvester as shown in Figure 2.19(a). The energy is created by the magnetic

tip passes over the electromagnetic coils. The advantage of that this device is able

to generate energy from the combination of translational and rotational excitations is

claimed in their literature. Besides, the simulated results show that the system performs

a periodic response to low-frequency ambient oscillation. However, the response of

the device to translational and rotational motions are modelled separately. Later on,

Yerrapragada et al. (2017) have applied this concept to their physical prototype as can

be seen in Figure 2.19(b). The pendulum-like prototype was installed on a three-quarter-

metre ship model and tested in a wave tank in head waves condition with the power

generation of 4.7 mW is reported. Noticeably, even the system is claimed to be operated

in the combination of translation and rotational ambient vibration, the system itself is

a 1-DOF. Also, the concept of this design can be compared to the horizontal pendulum

based or circular sliding-mass WEC system in Figure 2.9.

(a) Theoretical design. (b) Physical design.

Figure 2.19: The hybrid rotary-translational vibration energy harvester (Karami
and Inman, 2012; Yerrapragada et al., 2017).

Another pendulum energy harvesting device for ship motion application is designed by

Lu et al. (2011) called as ‘eccentric disk generator’. Potentially, this design is com-

parable to the previous example by Karami and Inman (2012) with the similar main

components (magnetic rotor and wired coils), but it is intended to operate on an only

vertical plane. For the initial work, the numerical model of this device has been validated

by experimental testing on a test rig which creates translational harmonic oscillation.

Then, Wang and Hao (2014) theoretically applied this eccentric disk concept to harvest

energy from the roll motion of a ship. Based on their ship characteristics in this work,

a 185-metre cargo ship (42,184 tonnes) was selected. The investigated roll motion of

the ship is investigated under regular waves condition with motion amplitude of 7◦ at

0.2 Hz. Therefore, the size of this pendulum based device becomes relatively large, 15.2

m of the pendulum arm length, in order to guarantee the occurrence of the pendulum

response. The simulated power production is estimated to produce 2.3 W which is very

low comparing to the scale of the investigated ship.
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Townsend and Shenoi (2012, 2013, 2016) conducted numerical studies of a wave en-

ergy recovery system using gyroscopic precession for marine vessels. By utilising wave-

induced rotational motion, the gyro system can create relative motion that is used to

generate energy. Their study theoretically shows that gyroscopic system can be used as

motion stabiliser and onboard power regeneration. They also stated that, as the gyro is

internally installed, there is no direct exposure to the harsh marine environment and it

does not create any additional drag to the host vessel. However, as stated earlier, this

type of system requires power management and recharging strategies to achieve positive

power out in power generation mode. Also, the investigation was proposed based on a

chosen DOF excitation condition of a 2-metre torpedo-shape AUV. In wave tank test

experiment, the gyroscopic generator achieved a maximum of 8 W power generation

with negative net gain from pitch motion of the AUV at stationary with 0.01 m wave

amplitude (Townsend, 2016).

For a speculated concept, Sharon et al. (2011) have published an idea of using a 50-

metre boat connected to outboard heaving buoys for WEC application as presented

in Figure 2.20. Based on the detail in this publication, the study mainly focuses on

assessing the feasibility of deploying this energy harvesting idea in the economic point

of view. In terms of the system dynamics, the initial development of the numerical

model is insisted to be formed as a heaving WEC system while the other techniques to

investigate its behaviour such as computational fluid dynamics (CFD) and wave tank

experiment are mentioned. Nevertheless, there is no technical detail or result provided.

Therefore, the realisation of the system as the dynamics of a ship in waves subjecting to

energy harvesting aspect is unclear. Moreover, from the naval architect point of view,

the outboard heaving buoys could add a major drag to the ship.

Figure 2.20: Mobile wave energy harvesting system by Sharon et al. (2011).
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2.2.1 Wave Energy Conversion for Marine Vehicles Review Summary

A ship or marine vessel in seaway can be considered as an oscillating body in waves.

However, wave energy utilisation for marine vehicles has been well developed only as

wave-assist propulsion system using flapping wave foil. The level of development for

this type of system reflects the number of projects in the private sector or the commer-

cialised technologies (AutoNaut Ltd., 2018; Liquid Robotics Inc., 2018). This system

also subjects to the research of potential use of the flapping foil as an onboard wave

power recovery system (Bowker et al., 2015, 2016; Bowker, 2018).

For the other developing approaches based on the reviewed literature, the energy conver-

sion techniques for marine vehicles that have been theoretically and physically applied

as energy harvesting system can be compared to the existing oscillating WEC systems.

These WEC concepts for marine vessels and the utilised motion can be summarised as:

• Onboard system:

– Onboard system does not create additional drag to the host body or, in this

case, ship and it could prevent damage by the marine environment as it is

internally installed.

– The onboard WEC systems for marine vehicles are mainly designed to utilise

1-DOF wave-induced rotational motion, roll or pitch, of the vessels to excite

the systems (Kaphengst et al., 2012; Karami and Inman, 2012; Lu et al., 2011;

Mitcheson et al., 2011; Toh et al., 2011; Townsend and Shenoi, 2012, 2013,

2016; Townsend, 2016; Wang and Hao, 2014; Yerrapragada et al., 2017).

– Most of the WEC for marine vessels are potentially 1-DOF pendulum systems

(Kaphengst et al., 2012; Karami and Inman, 2012; Lu et al., 2011; Mitcheson

et al., 2011; Toh et al., 2011; Yerrapragada et al., 2017). These pendulum

systems do not require input power to operate as their responses depend on

excitation frequency.

– The gyroscopic generator for the AUV proposed by Townsend and Shenoi

(2012, 2013, 2016); Townsend (2016) requires input power to maintain the

gyroscopic effect. Based on the reports, positive power generations were not

achieved.

• Outboard system:

– Outboard system potentially creates major drag.

– The design introduced by Sharon et al. (2011), the outboard heaving buoys, is

theoretically modelled as a individual heaving buoy with the unclear utilising

ship motion provided.
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2.3 Concluding Remarks and Scope of Research

The review of previous research has identified areas that have not been focused on and

investigated. Based on the related literature, it can be summarised that

• Most of the studies generally focus on applying various designs of WEC system

onboard marine vessels. Also, the understanding of the coupled dynamics between

the vessel body and the onboard energy harvesting system of these systems are

yielded by either numerical and experimental investigations.

• The on-going researches mainly design and model energy conversion system for a

marine vehicle as 1-DOF.

• As the dynamics of a ship in waves is considered as a multiple-DOF system, how-

ever, there is no research evidence of assessing the potential energy or power level

of using the associated motions.

• The multiple-DOF energy conversion system as the gimballed pendulum has never

been investigated and applied onboard a ship.

Within the scope of this research, the following points are considered to be essentially

importance, and are addressed in this thesis:

• Ship dynamics in waves as an aspect of WEC system:

– A method to theoretically assess and quantify the available mechanical power

created by multiple-DOF ship dynamics in waves.

• Multiple-DOF energy conversion system (a gimballed pendulum system):

– A concept design of a gimballed pendulum energy harvester.

– A method to model, understand and predict the dynamics of a multiple-DOF

system, a gimballed pendulum, in the aspect of energy conversion mechanism

which can be done through numerical and experimental investigation.

• The feasibility of energy harvesting using multiple-DOF ship dynamics in waves

applying a gimballed pendulum as an energy conversion mechanism:

– A method to model, understand and predict the dynamics of the coupled

ship and onboard gimballed pendulum system which can be done through

numerical and experimental investigation.



Chapter 3

Numerical Modelling of Ship

Dynamics in Waves

This chapter describes the theories that are used to numerically model the dynamics

of a ship in seaway. First, the referenced coordinate systems of a ship in waves used

throughout this research are detailed. Next, the simplified mathematical approach of ex-

plaining the ideal wave characteristics as regular or linear wave theory and the statistical

techniques for analysing the variation of actual sea or irregular waves are described. Fur-

thermore, the equations that govern the motions of a ship in both regular and irregular

waves called as seakeeping theory are lastly stated.

3.1 Frames of Reference

Figure 3.1: Referenced coordinate systems of a ship in a seaway.

23
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At a particular ship’s track, a ship is treated as a rigid body in 3-D space. The centre

of gravity (G) of the ship is a referenced point relating to three right-handed orthogonal

coordinates, see Figure 3.1, detailed as:

• Earth-fixed or global coordinate (E(x0, y0, z0)): The horizontal plane of this co-

ordinate system lies on the still water level (SWL). x0 positive is in the direction of

wave propagation with the angle (µ) relative to the steadily translating coordinate

system (O(x, y, z)) or heading angle of the ship.

• Body-fixed or local coordinate (G(xb, yb, zb)): The original point of this system

is located in the centre of gravity of the ship (G). At still water condition, this

coordinate system is parallel to the still water surface.

• Steadily Translating coordinate (O(x, y, z)): The point O lies on the mean

water level and moves along the vector Sx with the ship speed (U , m/s). The

coordinates O(x, y, z) and G(xb, yb, zb) are in the same alignment if the ship is at

zero speed condition. In addition, at particular sea stage, the position of the ship’s

centre of gravity (G) oscillates around the origin of this coordinate system (O).

3.2 Wave Theory

Ocean waves are generated by the linked natural phenomena. As the sun transfers energy

via sunshine to the surface of the earth, the temperature differences of the heated air

creates the movement of the air so called ‘winds’. Then, the blowing winds over the

ocean’s surface establish small waves. Over times, these small waves are energised by

the others natural effects (e.g., a resonant effect from the blowing winds and seismic

disturbances) which induce them to grow and move away from where they are generated

(McCormick, 2007). Finally, when the moving waves reach shallow water area, the

shape of the waves will change with increased amplitude and decreased speed. Then,

they start to break due to the lost of stability and the friction from the shallower seafloor

(Hagerman, 1995; von Sydow, 2014) as illustrated in Figure 3.2.

Figure 3.2: An illustration of ocean waves generation (Aqua-RET, 2012).
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Figure 3.3: Regular wave profile (Aqua-RET, 2012).

Ocean waves can be categorised into two basic types. The first is so called ‘swell’. This

type of wave is the waves that travels away from the storm area. The individual wave

profile of the swell has round crest with relatively great wavelength, small height and

it can be considered as a regular wave as shown in Figure 3.3. Next, so called ‘sea’, is

the waves with various heights, periods that travel in different directions as it can be

referred to sea stage or irregular waves. The sea can be theoretically considered as the

combination or superposition of a number of different regular waves. Both of the ocean

waves types are detailed and discussed in this section.

3.2.1 Regular Wave

Regular or linear wave theory is widely used to mathematically model a wave travelling

along a referenced space with a constant wave amplitude and frequency or a progressive

wave. This theory provides excellent accuracy in predicting the kinematic properties

of waves for the condition of a wave height to wave length ratio (H/λ) of 1/50 or less.

Figure 3.4 shows the configuration of a progressive wave definition. The coordinate

system for a progressive wave can be referred to the earth-fixed or global coordinate

detailed in Section 3.1. The water depth (h) is noted to be negative below the SWL.

For the depth to wave length ratio (h/λ) more than half of the wave length, h/λ >

1/2 or λ/h < 2, the wave is considered as ‘deep water wave’ as it is not influenced by

seabed. Unless, for h/λ < 1/20 or λ/h > 20, the wave is assumed to be ‘shallow water

wave’ which seabed has great influence to its overall characteristics (Holthuijsen, 2007;

Journée and Massie, 2001; Lloyd, 1989; McCormick, 2007). Note that, the assumption

of deep water wave is used in all of the wave analyses in this research.

Figure 3.4: Regular or linear wave definition (Journée and Massie, 2001).
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The wave height (H, m) is the vertical distance from wave trough to wave crest and it

is twice to the wave amplitude (ζa, m). So, the wave height mathematically is

H = 2ζa. (3.1)

Furthermore, the wavelength (λ, m) is measured from the distance of the two successive

wave crest and the wave period (T , s) is the distance lying on time axis that a wave travel

in one cycle. In terms of angular argument, they can be expressed in the relationships

as:

kλ = 2π or k =
2π

λ
(3.2)

ωT = 2π or ω =
2π

T
(3.3)

where k is the wave number (rad/m) and ω is the circular wave frequency (rad/s). Also,

the wave celerity or phase velocity (c, m/s) of individual travelling waves is described

as:

c =
λ

T
=
gT

2π
tanh(kh) (3.4)

and the relationship between the circular wave frequency (ω) and the wave number is

ω2 = kg tanh(kh) (3.5)

as the relationship is called ‘dispersion relation’ and, in case of deep water (tanh(kh) ≈
1), Equation 3.5 becomes

ω2 = kg or ω =
√
kg. (3.6)

So, when waves move in the positive x0-direction according to Figure 3.4, the waves

elevation or profile (ζ, m) at the water’s surface in deep water region can be represented

as:

ζ(t) = ζa cos(kx− ωt) (3.7)

and the wave slope (α, rad) at the surface is

α(t) = αa cos(kx− ωt) (3.8)

where the frequency-dependant wave slope amplitude (αa, rad) is

αa = kζa (3.9)

as the maximum wave slope occurs when the wave elevation or surface depression is zero

and vice versa.
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Energy and Power in Regular Wave

The standard mathematical expression for the total energy (Ew, J) in a regular wave

can be expressed (see Journée and Massie (2001) or Lloyd (1989) for the derivation) as:

Ew = Ek + Ep =
ρgH2λb

8
(3.10)

where Ek and Ep are the kinetic and potential energies (J) transmitted in one wave

length, ρ is the mass density of water (kg/m3), and b is the width of the wave crest

(m). The total energy transmitted in a wave is normally presented in the wave energy

transmitted per unit area (Ew/m2 , J/m2); that is

Ew/m2 =
Ew
λb

=
ρgH2

8
. (3.11)

Then, the total wave power transmitted in a wave (Pw, W) can be calculated as:

Pw =
ρgH2cgb

8
(3.12)

as it is normally presented as the wave power per unit wave crest or wave front (Pw/m,

W/m) which is

Pw/m =
Pw
b

=
ρgH2cg

8
or Pw/m = cgEw/m2 (3.13)

where cg is the group velocity (m/s2) which is

cg =
c

2

(
1 +

2kh

sinh(2kh)

)
. (3.14)

For a deep water wave (2kh/ sinh(2kh) ≈ 0), Equation 3.14 becomes

cg =
c

2
. (3.15)

As can be seen from Equation 3.13, the total wave power per unit wave front is pro-

portional to the wave height squared and the group velocity as the later is related to

wavelength or wave frequency detailed in Equation 3.4. Therefore, from the deep water

approximation, Equation 3.13 can be expressed as:

Pw/m =
ρg2

32π
H2

1/3T. (3.16)

It should be noted that Equation 3.24 provides the upper limit or peak of the magnitude

of the total wave power. So, the average wave power per wave front of a sea area can be

estimated as:

P̄w/m =
ρg2

64π
H̄2

1/3T̄ . (3.17)
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Additionally, Equation 3.17 is sometimes estimated as 1
2H̄

2
1/3T̄ (kW/m) (Brooke, 2003;

Faizal et al., 2014; Rodrigues, 2008).

3.2.2 Irregular Wave

Figure 3.5: Example of waves record in real sea (Journée and Massie, 2001).

The waves in the middle of the ocean, especially in storm and windy regions, are normally

observed to be random and irregular as an example of the real sea waves record presented

in Figure 3.5. The generated sea waves are theoretically considered as the sum of the

random variation in wave height, period, and direction. To determine the ocean waves

condition, the standard statistical methods or spectral analysis techniques can be used

with the wave record in a particular sea area (Bhattacharyya, 1978; Holthuijsen, 2007;

Journée and Massie, 2001; Lloyd, 1989; McCormick, 2007, 2010).

For fully developed or open sea area, waves are typically modelled using the ‘Bretschnei-

der’ or often called ‘ITTC two-parameter’ wave energy spectrum (Sζ,ITTC , m2/(rad/s))

which is defined as:

Sζ,ITTC(ω) = 172.75
H̄2

1/3

T̄ 4
ω−5 exp

(
−691

T̄ 4
ω−4

)
(3.18)

where H̄1/3 is the average significant wave height (m) which the significant wave height

(H1/3, m) is defined as the mean value of the highest 1/3 of the waves record and T̄ is

the average wave period (s) which is related to the average zero crossing period (T̄z, s);

that is

T̄z =
1.296

1.410
T̄ ≈ 0.92T̄ . (3.19)

Besides, for the coastal area with limited fetch, the Joint North Sea Wave Project

(JONSWAP) wave spectrum (Sζ,JONS , m2/(rad/s)) is used which is

Sζ,JONS(ω) = 320
H̄2

1/3

T̄ 4
p

ω−5 exp

(
−1950

T̄ 4
p

ω−4

)
3.3

exp

(
−1

2γ2

(
ωT̄p
2π
−1

)2
)

(3.20)

where T̄p is the average peak period (s) defined as:

T̄p = 1.296T̄ (3.21)
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and γ is a step function of

γ =

{
0.07 for ω < 2π/T̄p

0.09 for ω > 2π/T̄p.
(3.22)

For the wave slope spectra (Sα) for both standard wave spectra can be obtained by

multiply Equations 3.18 and 3.20 by ω4/g2.

Energy and Power in Irregular Wave

For a particular sea area, the wave energy per unit area (Ew/m2) regarding the irregular

wave record can then be calculated as:

Ew/m2 = ρg

∫ ∞
0

Sζ(ω)dω = ρgm◦ (3.23)

where m◦ is the total variance of the wave energy spectrum (m2) or the area under the

wave energy spectrum curve. Then, the wave power spectrum (SPw , m3/rad) can be

calculated by multiply Equation 3.23 by group velocity (cg). Thus, the wave power per

unit wave front (Pw/m) of a particular sea area can be expressed as:

Pw/m = ρg

∫ ∞
0

SPw(ω)dω = ρg

∫ ∞
0

cg(ω)Sζ(ω)dω. (3.24)

3.3 Ship Motions in Seaway

A ship dynamics in seaway is generally defined as a combination of two types of ship

motions using the frames of reference detailed in Section 3.1. First, three linear displace-

ments or translational motions along the steadily translating coordinate, namely, surge

(x, m), sway (y, m), and heave (z, m) motions which are the motions along x-, y-, and

z-axes respectively. Second, three angular displacements or rotational motions, namely,

roll (φ, rad), pitch (θ, rad), and yaw (ψ, rad) motions, the angular motions about x-, y-,

and z-axes respectively. Note that, for a ship dynamics in this research, ship is always

assumed to have port-starboard symmetry property.

3.3.1 Encountering Frequency

The frequency of oscillation for a ship in seaway is called ‘frequency of encounter’ or

‘encountering frequency’. At stationary or zero speed condition, this encountering fre-

quency (ωe, rad/s) is equivalent to the experiencing wave frequency (ωe = ω). However,

if the ship is travelling at speed (U , m/s), the encountering frequency is no longer equal
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Figure 3.6: Relationship between encountering frequency and heading angle of
a ship relative to wave direction.

to that the wave (ωe 6= ω). The encountering frequency, in this case, also relates to the

heading angle (µ, Deg) of the ship relative to the experiencing wave direction.

Figure 3.6 illustrates the relationships of the involved parameters relating to the change

of encountering frequency of a ship moving on a track. Assuming a ship is experiencing

a train of regular waves at a speed (U) with heading angle (µ), the period of encounter

(Te) of the ship relating to the waves can be defined as:

Te =
λ

c− U cos(µ)
. (3.25)

So, the encountering frequency (ωe) is

ωe =
2π

Te
=

2π

λ

(
c− U cos(µ)

)
. (3.26)

Besides, Equation 3.26 can be presented in the relationship of circular wave frequency

(ω) as:

ωe = ω − kU cos(µ) (3.27)

or with the dispersion relation in deep water, Equation 3.6, as:

ωe = ω − ω2U

g
cos(µ). (3.28)

Then, the wave elevation (ζ) along the ship’s track in the translating coordinate (O(x, y, z))

is

ζ(t) = ζa sin
(
ωet− kx cos(µ) + ky sin(µ)

)
. (3.29)
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3.3.2 Ship Motions in Regular Waves

General Equations of Ship Motions

Considering a conventional ship with port-starboard symmetry in body-fixed or local

coordinate (G(xb, yb, zb)) based on the Newton’s second law of motion, the governing

equation of motion of a 6-DOF ship motion in waves is defined by:

6∑
j=1

mij ẍj(ωe, t) = Fi(ωe, t) for i = 1, ...6 (3.30)

where mij is the matrix of solid mass (for i = 1 to 3, kg) and inertia (for i = 4 to 6,

kg·m2) of the ship, ẍj is the motion acceleration (linear motions for i = 1 to 3, m/s2,

and angular motions for i = 4 to 6, rad/s2) of the ship in the direction j, and Fi is the

sum of the forces (for i = 1 to 3, N) or moments (for i = 4 to 6, N·m) acting on the

ship in direction i. Note that, the forcing term (Fi) in Equation 3.30 consists of the

hydrodynamic reaction and hydrostatic linear restoring forces or moments (Fhi) and the

wave exciting force or moment (Fwi). In addition, the index numbers 1 to 6 respectively

represent surge, sway, heave, roll, pitch, yaw motions of the ship.

Typically, the solid mass matrix of a ship in 6-DOF is given as:

m =



ρ∇ 0 0 0 0 0

0 ρ∇ 0 0 0 0

0 0 ρ∇ 0 0 0

0 0 0 Ixx −Ixy −Ixz
0 0 0 −Iyx Iyy −Iyz
0 0 0 −Izx −Izy Izz


(3.31)

by the product moments of inertia (Ixy = Iyx, Ixz = Izx, and Iyz = Izy) are rel-

atively small and are generally neglected (Bhattacharyya, 1978; Journée and Massie,

2001; Lloyd, 1989). Hence, the mass distribution matrix, Equation 3.31, becomes

m =



ρ∇ 0 0 0 0 0

0 ρ∇ 0 0 0 0

0 0 ρ∇ 0 0 0

0 0 0 Ixx 0 0

0 0 0 0 Iyy 0

0 0 0 0 0 Izz


. (3.32)
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For convenience, the moments of inertia about xb-, yb-, and zb-axes of a ship are often

approximated as:

Ixx = k2
xxρ∇ by kxx ≈ 0.3BWL (3.33)

Iyy = k2
yyρ∇ by kyy ≈ 0.225LWL (3.34)

Izz = k2
zzρ∇ by kzz ≈ 0.225LWL (3.35)

where ∇ is the displacement volume (m3) of a ship, BWL is the maximum waterline

beam (m), LWL is the water line length (m), and kxx, kyy, and kzz are the radii of

gyration of the ship about xb-, yb-, and zb-axes respectively.

Giving the exciting simple harmonic force or moment (Fwi) due to a train of regular

waves as:

Fwi(ωe, t) = Fwai(ωe) cos
(
ωet+ εi(ωe)

)
for i = 1, ...6 (3.36)

where Fwai is the amplitude of wave exciting force (N) or moment (N·m) in direction i,

and εi is the phase (rad) of force or moment in direction i. Besides, the hydrodynamic

reaction and hydrostatic linear restoring forces or moments (Fhi) is given as:

Fhi(ωe, t) = −aij(ωe)ẍj(ωe, t)− bij(ωe)ẋj(ωe, t)− cijxj(ωe, t) for i = 1, ...6 (3.37)

where xj is the motion displacement (m or rad) in direction j, ẋj is the motion velocity

(m/s or rad/s) in direction j, aij is hydrodynamic or added mass/inertia coefficient,

bij is hydrodynamic damping coefficient, and cij is the hydrostatic restoring or stiffness

coefficient in 6×6 matrices.

Then, substituting Equations 3.36 and 3.37 into Equation 3.30, the general equation of

6-DOF motion of a ship in regular waves is obtained in the form of a linear second-order

ordinary differential equation (ODE) as:

6∑
j=1

(
(mij + aij(ωe))ẍj(ωe, t) + bij(ωe)ẋj(ωe, t) + cijxj(ωe, t)

)
= Fwai(ωe) cos

(
ωet+ εi(ωe)

)
for i = 1, ...6. (3.38)

Coupled Equations of Ship Motions

Equation 3.38 can be expressed into coupled 6-DOF equations of motion. Therefore,

there are 108 complex hydrodynamic and hydrostatic coefficients in total (from 3 6×6

matrices) to be identified. However, for a port-starboard symmetry ship, there are zero

and small coupling coefficients which can be neglected for simplification (Bhattacharyya,

1978; Lloyd, 1989). So, the less complex forms of the equations of motions of a conven-

tional ship in regular waves can be finalised as:
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• Surge Motion:

(
ρ∇+ a11(ωe)

)
ẍ(ωe, t) + b11(ωe)ẋ(ωe, t)

= Fwa1(ωe) cos
(
ωet+ ε1(ωe)

)
(3.39)

• Sway Motion:

(
ρ∇+ a22(ωe)

)
ÿ(ωe, t) + b22(ωe)ẏ(ωe, t)

+a24(ωe)φ̈(ωe, t) + b24(ωe)φ̇(ωe, t)

+a26(ωe)ψ̈(ωe, t) + b26(ωe)ψ̇(ωe, t) + c26ψ(ωe, t)

= Fwa2(ωe) cos
(
ωet+ ε2(ωe)

)
(3.40)

• Heave Motion:

(
ρ∇+ a33(ωe)

)
z̈(ωe, t) + b33(ωe)ż(ωe, t) + c33z(ωe, t)

+a35(ωe)θ̈(ωe, t) + b35(ωe)θ̇(ωe, t) + c35θ(ωe, t)

= Fwa3(ωe) cos
(
ωet+ ε3(ωe)

)
(3.41)

• Roll Motion:

a42(ωe)ÿ(ωe, t) + b42(ωe)ẏ(ωe, t)(
Ixx + a44(ωe)

)
φ̈(ωe, t) + b44(ωe)φ̇(ωe, t) + c44φ(ωe, t)

+a46(ωe)ψ̈(ωe, t) + b46(ωe)ψ̇(ωe, t) + c46ψ(ωe, t)

= Fwa4(ωe) cos
(
ωet+ ε4(ωe)

)
(3.42)

• Pitch Motion:

a53(ωe)z̈(ωe, t) + b53(ωe)ż(ωe, t) + c53z(ωe, t)(
Iyy + a55(ωe)

)
θ̈(ωe, t) + b55(ωe)θ̇(ωe, t) + c55θ(ωe, t)

= Fwa5(ωe) cos
(
ωet+ ε5(ωe)

)
(3.43)

• Yaw Motion:

a62(ωe)ÿ(ωe, t) + b62(ωe)ẏ(ωe, t)

a64(ωe)φ̈(ωe, t) + b64(ωe)φ̇(ωe, t)(
Izz + a66(ωe)

)
ψ̈(ωe, t) + b66(ωe)ψ̇(ωe, t) + c66ψ(ωe, t)

= Fwa6(ωe) cos
(
ωet+ ε6(ωe)

)
. (3.44)
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The remaining frequency-dependant hydrodynamic coefficients (aij and bij), hydrostatic

coefficients (cij), and the wave excitation components (Fwai) for each DOF or motion can

be referred as global coefficients. These coefficients can be experimentally determined

by model testing. Nevertheless, it consumes time and requires suitable resources such

as model, testing facility, cost, and precise measuring system and technique. Another

option is the mathematical method (computer aiding) as the 2-D strip theory which is

that is used for the coefficients calculations throughout this research.

From the coupled equations of motions of a ship in regular waves, Equations 3.39 to 3.44,

only surge motion is not influenced by any other motions or it is independent. Sway

motion is affected by roll and yaw motions and vice versa. Likewise, heave and pitch

motions are coupled. Furthermore, when the ship is travelling with constant speed,

course, and heading angle, it should be highlighted that only heave, roll, and pitch

motions are pure oscillatory as the restoring terms (cij) contained in their equations of

motion and yaw motion is considered to be zero.

Motion Transfer Functions

Once all of the parameters as ship particulars, wave or exciting condition, and hydro-

dynamics and hydrostatic coefficients are identified, the equations of motion detailed

in Section 3.3.2 can be solved in time-domain using numerical methods for ODEs, e.g.,

the Euler method, the forth-order RungeKutta or RK4 method etc. The steady-state

resulting motions of a ship over a range of wave frequencies are normally presented in

the form of dimensionless parameter so called ‘Transfer Function (TF)’.

The transfer function is able to provide an idea of scalable linear relationships of a ship

motions proportional to the wave amplitude. For the translational motions, the transfer

functions of surge (xa), sway (ya), and heave (za) motions are obtained by dividing the

responded motion amplitudes by the wave amplitude (ζa). For the angular motions,

the transfer functions of roll (φa), pitch (θa), and yaw (ψa) motions are calculated by

dividing the motion amplitudes by the wave slope amplitude (αa or kζa). Therefore, the

transfer functions (TFi) of a 6-DOF ship motion are

• For Translational Motions:

TFx(ωe) =
xa(ωe)

ζa(ωe)
(3.45)

TFy(ωe) =
ya(ωe)

ζa(ωe)
(3.46)

TFz(ωe) =
za(ωe)

ζa(ωe)
(3.47)
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• For Angular Motions:

TFφ(ωe) =
φa(ωe)

αa(ωe)
(3.48)

TFθ(ωe) =
θa(ωe)

αa(ωe)
(3.49)

TFψ(ωe) =
ψa(ωe)

αa(ωe)
. (3.50)

3.3.3 Ship Motions in Irregular Waves

As described in section 3.2.2, ocean waves condition in reality is random and irregular

and the statistical technique as wave energy spectrum is deployed to estimate the waves

characteristics in particular sea area based on available wave record. Furthermore, if

a ship travelling conditions, i.e., speed (U) and heading angle (µ) in the sea area are

identified, wave energy spectrum of the area can be transformed to the spectral ordinate

that experiences by the moving ship called as ‘encountering wave spectrum’.

Encountering Wave Spectrum

The wave spectrum experienced by a moving ship in a particular sea area is not equal

to the static wave spectrum due to corresponding frequency of encounter. However,

transforming the static wave spectrum to the moving or translating coordinate of the

moving ship, the energies contained in both wave spectra are even. So, they can be

mathematically expressed as:

Sζ(ωe)dωe = Sζ(ω)dω. (3.51)

Hence,

Sζ(ωe) = Sζ(ω)
dω

dωe
(3.52)

and, from Equation 3.28, therefore,

dωe
dω

= 1− 2ωU

g
cos(µ). (3.53)

Then, substitute Equation 3.53 into 3.52, the encountering wave spectrum is

Sζ(ωe) =
Sζ(ω)(

1− 2ωU
g cos(µ)

) . (3.54)
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Motion Energy Spectrum

Under the linear relationships, the motion energy or response spectrum (Sri , m2/(rad/s))

the ship is equal to the product of the encountering wave energy spectrum and the motion

transfer function squared of a particular ship motion that is

Sri(ωe) = Sζ(ωe)TF
2
i for i = 1, ...6 (3.55)

by TF 2
i is called the ‘response amplitude operator’ or ‘RAO’.

3.4 Summary

The theories relating to the numerical modelling of a ship dynamics in waves which are

detailed in this chapter and are employed throughout this research can be summarised

as:

• Wave theories:

– Linear or regular waves based on idealised wave profile and deep water ap-

proximation.

– Irregular waves regarding the standard wave energy spectrum formula.

• Ship dynamics:

– Ship responses in regular waves based on the Newton’s second law of motion

and seakeeping analysis.

– Ship responses in irregular waves or sea state based on the seakeeping and

statistical analyses.



Chapter 4

Assessment of Available Power

from Ship Motions in a Seaway

This chapter describes a novel theoretical assessment of the available mechanical power

of ship motions in sea state. As a ship in waves can be considered as a wave energy

converter, the directional responses of the ship in different heading condition can be

directly converted to motion mechanical power. With the adoption of the theories

indicated in Chapter 3, the directional response mechanical power spectrum and power

magnitude can, therefore, be quantified.

4.1 Assumptions

In order to assess the available mechanical power generated by a ship in a seaway,

the ship particular and ship responses in particular wave condition are needed to be

identified. Therefore, for convenience, the relevant theories detailed in Chapter 3 are

employed following the assumptions that

• The ship is mono hull with slender shape.

• The speed is zero.

• The hull of the ship is rigid with port-starboard symmetry and wall-sided.

• The course or heading angle is stable.

• The responded motions of the ship in waves are small and harmonic.

• The deep water approximations are applied.

• The hull provides no effect on the incident waves (the Froude-Krylov hypothesis).

• The ocean is fully-developed in deep and open water regions.

37
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4.2 Mechanical Power Determination Methodology

4.2.1 Motion Mechanical Power

The dynamics of a ship in waves are theoretically treated as 6-DOF dynamics which are

the combination of surge, sway, heave, roll, pitch, and yaw motions. However, followed

the assumptions made in Section 4.1, the non-oscillatory motions as surge and sway and

also the lateral-plane motion as yaw are negligible. Therefore, in this research, only

coupled heave-pitch, and roll motions are included in the consideration. Basically, the

mechanical power from the motions (Pmech,i, W) created by the ship over a range of

frequencies can be calculated as:

Pmech,i(ωe) =


Fmech,z(ωe)ża(ωe) for heave

τmech,θ(ωe)θ̇a(ωe) for pitch

τmech,φ(ωe)φ̇a(ωe) for roll

(4.1)

where

Fmech,z(ωe) = ∆z̈a(ωe) (4.2)

τmech,θ(ωe) = Iyy θ̈a(ωe) (4.3)

τmech,φ(ωe) = Ixxφ̈a(ωe) (4.4)

where Fmech,z is the mechanical force (N) created by heave motion, ∆ is the displace-

ment (kg) of the ship, τmech,θ and τmech,φ are the mechanical torques (N·m) created by

pitch and roll motions, Ixx and Iyy are the moments of inertia (kg·m2) about xb- and

yb-axes of the ship, and ża, z̈a, θ̇a, θ̈a, φ̇a and φ̈a are the amplitudes of heave, pitch, and

roll velocities (m/s or rad/s) and accelerations (m/s2 or rad/s2) of the ship respectively.

Moreover, the motions amplitudes (za, θa, and φa) can be obtained by the motion trans-

fer functions, Equations 3.47 to 3.49. By assuming the responded motions are harmonic,

hence, the velocity and acceleration amplitudes of the motions can be calculated as:

ża(ωe) = za(ωe)ωe and z̈a(ωe) = za(ωe)ω
2
e (4.5)

θ̇a(ωe) = θa(ωe)ωe and θ̈a(ωe) = θa(ωe)ω
2
e (4.6)

φ̇a(ωe) = φa(ωe)ωe and φ̈a(ωe) = φa(ωe)ω
2
e . (4.7)

4.2.2 Capture Width

The wave power that is absorbed by a WEC system or a ship in this case is typically

defined as the product of wave power per unit wave front (Pw/m, W/m) expressed in

Equation 3.13 or 3.24 multiply by the absorption length or width of the ship facing the
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(a) For µ = 0◦ or 180◦.

(b) For µ = 90◦ or 270◦.

(c) For µ 6= 0◦ or 90◦ or 180◦ or 270◦.

Figure 4.1: Relationship between capture width and heading angle of a ship
relative to wave direction.
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wave front. The concept of the width of absorption was first introduced by Budar and

Falnes (1975) and then also be applied in the work of Babarit (2015) as it is called the

‘Capture Width (CW)’.

Considering a moving ship in a train of waves, the capture width of the ship is a function

of the heading angle relative to the wave direction. This is because of the vertical or

waterline plane profile of ship’s hull is slender as the length is assumed to be much

greater than the beam. For simplification, the vertical profile of an arbitrary ship is

considered as a rectangular shape with the length and width are equal to the waterline

length (LWL) and the waterline beam (BWL) of the ship as illustrated in Figure 4.1.

Therefore, the capture width (CW ) of an arbitrary ship can be numerically expressed

as a function of heading angle (µ) as:

CW (µ) = BWL| cos(µ)|+ LWL| sin(µ)|. (4.8)

4.2.3 Wave Power Conversion Efficiency

The wave power conversion or hydrodynamic efficiency (ηPw,i) of a motion in a regular

wave condition relative to the capture width can be defined as:

ηPw,i(ωe, µ) =
Pmech,i(ωe, µ)

Pw/m(ωe, µ)CW (µ)
. (4.9)

This parameter is able to reflect the fraction of wave power flowing through and being

absorbed by the ship.

4.2.4 Response Mechanical Power Spectrum

Once wave power conversion efficiency of a motion (ηPw,i) and wave power spectrum

(SPw , m3/rad) at particular sea area are obtained, the response mechanical power spec-

trum (SPmech,i , m3/rad) can be calculated as:

SPmech,i(ωe, µ) = ηPw,i(ωe, µ)SPw(ωe, µ) (4.10)

and, with the similar manner in Section 3.2.2, the response mechanical power of a motion

at particular sea area or sea state in a function of heading angle of a ship relative to

waves direction can be now calculated as:

Pmech,i(µ) = ρgCW (µ)

∫ ∞
0

SPmech,i(µ)dωe. (4.11)

Note that, the value provided by Equation 4.11 is the upper limit or peak of the total

response power. Therefore, the average of the magnitude of the response mechanical

power can be calculated by taking half of the Equation 4.11.
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4.3 Mechanical Power from Ship Motions in Seaway

4.3.1 Global Wave Power Resource

Figure 4.2: 104 discretised sea areas of global wave statistics (BMT Fluid Me-
chanics Limited, 2011).

The global wave record that is used in this research is the global wave statistics published

in the work of Hogben et al. (1986) based on the 30-year visual observations by merchant

ships of the voluntary fleet. Besides, this database is also digitally published by BMT

Fluid Mechanics Limited (2011). This wave record consists of the data of significant

wave heights (H1/3) and zero crossing periods (Tz) covering 104 discretised sea or ocean

areas across the world as can be seen in Figure 4.2. The normal distributions, mean,

and standard deviations of the global average significant wave height and zero crossing

period are presented in Figures 4.3(a) and 4.3(b), see Appendix A for raw data for the

individual sea area.

(a) Signficant wave height. (b) Zero crossing period.

Figure 4.3: Global wave statistics of all directional waves of 104 discretised sea
areas based on Hogben et al. (1986); BMT Fluid Mechanics Limited (2011).
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Figure 4.4: Global wave power spectrum based on the global wave statistics of
Hogben et al. (1986).

Figure 4.5: Wave length relative to wave frequency.
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Using the mean values of the average significant wave height and zero crossing period,

the global average spectral ordinate of the fully-developed sea state can be calculated

by Equation 3.18. Consequently, the global average wave power spectrum of the global

average sea state can be obtained based on Equation 3.24 as plotted in Figure 4.4 (blue

line). The highest density of this global average wave power spectrum occurs at 0.09311

Hz of the average wave frequency of the global average sea state (ω̄mean). Moreover,

Figure 4.4 also presents the possible maximum and minimum wave power spectra of the

sea states based on the maximum and minimum values of significant wave height and

zero crossing periods of the global wave statistics. Also, the wavelengths (λ̄i
1) at the

wave frequencies (ω) where the highest wave power densities contained in each wave

power spectra can be found from the mathematical relationships showing in Figure 4.5.

4.3.2 Generic Ship Representation

In order to predict the available mechanical power generated by motions of a ship in the

sea states, reference ship model particular is necessary to be identified. In this research,

a naval architecture software package, MAXSURF Modeller Advanced, has been used

as a tool for this investigation (Bentley Systems, 2015a). As can be seen in Figure 4.6,

a reference standard design provided by the software, 1-surface displacement ship type

(the software’s terminology) with no bulbous bow, is selected and assumed as a generic

ship hull form representation with length-to-beam ratio (LOA/BOA) and beam-to-depth

(BOA/D) equal to 6.535 and 1.427 respectively. Also, the reference draft (d) is given by

half of the moulded depth (D).

Figure 4.6: The reference ship hull form geometry (top-left: side profile; top-
right: body plan; bottom-left: top plan; bottom-right: perspective view; red
line is reference waterline).

1The subscription i is the representation of the value at sea state; mean is mean sea state; min is
minimum sea state; max is maximum sea state.
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4.3.3 Influence of Ship Geometry to Ship Responses

Ship Geometries of Interest

The numerical analysis is initially conducted upon the different values of a dependent

variable that is the length-to-beam ratio (LOA,i/BOA,i) to provide the idea of how can

the shape of a ship affect the ship responses in sea state. Based on the reference geometry

in Figure 4.6, the ship has been varied respecting to top plan geometry with ±25% of

BOA,i and ±25% of LOA,i, as visualised in Figure 4.7, by keeping the moulded depth

constant. Therefore, 5 different length-to-beam ratios are investigated as:

• LOA,i/BOA,i = 8.169 (+25% of reference LOA,i).

• LOA,i/BOA,i = 5.228 (+25% of reference BOA,i).

• LOA,i/BOA,i = 6.535 (reference LOA,i, BOA,i)
2.

• LOA,i/BOA,i = 8.714 (−25% of reference BOA,i).

• LOA,i/BOA,i = 4.902 (−25% of reference LOA,i).

First, the ships responses in global mean sea state are investigated. Furthermore, the

reference waterline length of the reference ship equals to the wavelength that contained

the highest wave power density in the sea state (LWL,mean = 1.00λ̄mean). Additionally,

to provide equitable comparison, the volume displacements of the ships are given to be

equivalent respecting to the reference ship geometry (at LOA,i/BOA,i = 6.535). This

can be achieved by tuning the design waterline or draft of the ships (d). The ships

particulars are detailed in Table 4.1.

Ship Heading Conditions

There are 5 main heading conditions in interest which are

• Following Waves (µ = 0◦).

• Stern-Oblique Waves (µ = 45◦ and 315◦).

• Beam Waves (µ = 90◦ and 270◦).

• Bow-Oblique Waves (µ = 135◦ and 225◦).

• Head Waves (µ = 180◦).

2The reference ship geometry



Chapter 4 Assessment of Available Power from Ship Motions in a Seaway 45

Figure 4.7: Investigated ship geometries based on varied length-to-beam ratios.
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Verification of Seakeeping Analysis for Ship Motion Transfer Functions

(a) 3-D render surface. (b) 3-D drawing with devided hull sections.

Figure 4.8: The reference ship hull form (red line is waterline and blue line is
below waterline sectional areas).

For this investigation, seakeeping analysis is used to simulated the ships responses in

the identified sea state. The hydrodynamic and hydrostatic coefficients of the ships are

calculated using the 2-D strip theory (for coupled heave-pitch) and the estimation based

on hydrostatic properties of the ships (for roll) described in Appendix B. The calculation

and estimation techniques are implemented in a ship motion software package called

‘MAXSURF Motions Advanced’. Another option for calculating seakeeping prediction

is a panel method. The panel method is a first-order diffraction/radiation hydrodynamic

analysis based on boundary element method (BEM) which could provide all 6-DOF

ship dynamics. However, this method requires high resolution 3-D model and high

computational cost.

To calculate the ships motion transfer functions using the MAXSURF software based

on the 2-D strip theory, the number of hull sections of 3-D hull forms is needed to be

stated as the example in Figure 4.8. As an initial input parameter for 2-D strip theory

method (for coupled heave-pitch), more number of hull sections are able to increase the

accuracy of the simulation, but it also requires a longer time to simulate. Therefore, it is

vital to compromise between acceptable accuracy and simulation time. In this case, the

number of hull sections of 51 sections is set as a reference for which these hull sections

are assumed that the results achieve acceptable convergence.

Figures 4.9(a) and 4.9(b) show the convergences of the relative errors of the average

heave and pitch transfer functions over the frequency range for each input number of

hull sections. The significant errors occur at the number of hull sections from fewer than

31 sections, and therefore a number of hull sections of 41 sections are selected. The

selected number is able to provide an acceptable relative error of less than 0.02 % and

achieve a manageable computation time as can be seen in Figure 4.9(c).
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(a) For heave motion transfer function.

(b) For pitch motion transfer function.

(c) Computation time running on a desktop computer with Intel Core
i7-4770 CPU (3.40 GHz) and 16.00 GB DDR4 RAM.

Figure 4.9: Numerical sensitivity tests of number of hull sections.
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Capture Width of the Ships

The capture width of the ships respecting to heading angles are calculated by Equation

4.8. As the ships are port-starboard symmetry, the capture widths between both sides

of the ships (0◦ 6 µ 6 180◦ and 180◦ 6 µ 6 360◦) are also symmetric as demonstrated

in Figure 4.10. The dips of the capture widths at 90◦ and 270◦ can be observed due to

the simplified assumption for ship waterline shape made in Section 4.2.2.

Figure 4.10: Capture widths relative to heading angles of the ships in the case
of LOA,mean = 1.00λ̄mean.

Effect of Ship Geometry on Motion Responses

Regarding the ship geometries and heading conditions of interest, the motion transfer

functions, wave power conversion efficiencies, response mechanical power spectra, and

magnitude of available mechanical powers in the global mean sea state are plotted in

Figures 4.11 to 4.14.
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Figure 4.11: Motion transfer functions of the ships at mean sea state at the
reference LOA,mean = 1.00λ̄mean (note that: plots for each motion are not in
the similar scale).



Chapter 4 Assessment of Available Power from Ship Motions in a Seaway 51

Figure 4.12: Wave power conversion efficiencies in regular waves at global mean
significant wave height (H̄1/3 = 2.42646 m) over frequency range of the ships at
the reference LOA,mean = 1.00λ̄mean (note that: plots for each motion are not
in the similar scale).
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Figure 4.13: Motion mechanical power spectra of the ships at mean sea state
and the reference LOA,mean = 1.00λ̄mean.
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Figure 4.14: Motion mechanical power and power per unit volume displacement
of the ships at mean sea state and the reference LOA,mean = 1.00λmean.
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Figure 4.11 shows the transfer functions of the ships at zero speed over the encountering

frequency range (in this case ωe = ω) in the investigated heading conditions. The

significant changing in ship responses or transfer functions with different ship geometries

can be observed.

With the changing in the beam (BOA), the variations of the transfer functions of heave

and roll motions can be seen especially in the conditions of oblique waves (45◦, 315◦ and

135◦, 225◦) and beam waves (90◦ and 270◦). For heave motion responses, changing in

beam does not change the characteristics of the frequency responses, but it provides the

variation in response magnitudes. By the same volume displacements, the smaller beam

length contributes more heave responses and, on the other hand, the more massive beam

provides the opposite at the similar frequency. For roll motion at a particular heading

angle, the limit or peak of the transfer functions are not altered following the transverse

dimension due to the value of roll damping coefficient is constant. However, the location

of the peak (resonance) of roll response shifts toward higher frequency range when the

ship is more slender. This is because of the location of natural roll frequency depends

on the value of the moment of inertia about x-axis (Ixx) which is defined in Equation

B.21. In case of pitch motion, generally, there is no major effect in the changing of pitch

transfer functions with the varied beam lengths. The most observable change of pitch

responses, in this case, occurs at the beam wave condition. The pitch motion at this

heading condition is relatively low and merely negligible.

By the changing in length (LOA) in a similar manner, this results in a shift in the

frequency responses for heave and pitch motions. Generally, the ship with longer longi-

tudinal dimension responses to the lower frequency range. In contrast to the shorter, the

motion transfer functions cover the broader range toward higher response frequencies.

Nonetheless, for roll motion, this does not affect to the motion response characteristics.

Once the motions transfer functions are obtained, the wave power conversion efficiencies

in regular waves (H̄1/3,mean = 2.42646 m) over the frequency responses in Figure 4.12

are calculated by Equation 4.9. It should be noted that this non-dimensional parameter

is calculated by the mechanical power produced by the whole ship based on linear rela-

tionships of motion transfer function over the wave power absorbed by the ship related

to the capture width at a particular heading angle and encountering frequency. There-

fore, the proportions between the powers of the motions are relatively high. Besides, the

noticeable trends of wave power conversion efficiencies of roll motion after the peaks in

the direction of high-frequency responses (to the right) are identified. This is due to the

ratios between resulting motion and wave slope amplitude after the resonance calculated

by uncoupled second-order ODE (Equation B.19) decays to a constant positive value,

not zero. In this frequency region, this theoretically reflects in a constant motion am-

plitude oscillating with more cycle, and hence more power magnitude can be expected.

Also, the differences in the roll motion power conversion efficiencies of the variation of

ship length are caused by the numerical measures of the roll moments of inertia.
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Then, with the relationship in Equation 4.10, the response mechanical power spectra of

the ships in mean sea state can be calculated as indicated in Figure 4.13. These motion

mechanical power spectra related to the heading conditions imply the range of frequency

responses and the responded power components at the sea state. Thereby, the higher

value of the power spectrum indicates that the motion response at that encountering

frequency experiencing in the sea state could provide more available mechanical power.

Besides, the magnitude of the created power at particular heading condition relates to

the area under the power spectrum curve and the capture width length. Subsequently,

from Equation 4.11, the available mechanical powers from the motions in the mean sea

state at different heading conditions is quantified as presented in Figure 4.14.

For heave motion, the highest responded power magnitudes occur at beam wave con-

ditions compared to any other investigated heading conditions especially following and

head waves. At this angle, the significant change in power magnitude is observed when

varying the size of the ship beam. The slimmer ship provides more heave response as a

result in higher power level. In case of following, oblique, and head waves conditions, the

ship with shorter length delivers greater responses with the slightly higher magnitudes

when waves approach from the stern part (0◦ 6 µ 6 90◦ and 270◦ 6 µ 6 360◦). While,

at these heading conditions, the variation of transverse dimension does not influence the

heave response characteristics.

In comparison, pitch motion also transmits higher powers at the stern waves conditions

with the ship with shorter length but the pitch power magnitude peaks at stern-oblique

waves (45◦ and 315◦). However, at beam sea, the small level of pitch power is created

by the ship. Moreover, due to the size of ship beam insignificantly correlates with pitch

response at any angle, the levels of the power are therefore comparable in this regard.

The power from roll motion related to the heading angle is port-starboard symmetric and

straightforward. The highest power magnitude of roll motion can be surely expected

at beam waves conditions and becomes higher with the ship with the more slender

shape. The measurement of roll power proportionally decreases from the highest to zero

measures at the following and head waves.

The nature of the motion responses of a typical port-starboard symmetry vessel reflects

on the characteristics of the resulting power generations regarding DOFs. In this in-

vestigation, the transverse dimension of a ship shows to be a dominated factor for the

responses in the roll power in most cases except following and head waves, and heave at

beam sea, but not in pitch. The changing in the longitudinal dimension, nonetheless,

significantly influences the heave and pitch response powers in the stern wave conditions

as this is independent for the roll. Ultimately, by summing up the individual source of

power generated by each motion, it is shown that the level of the available mechanical

power resource of a ship in the sea state can be clearly magnified. Also, this is able
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to support the setup hypothesis of the higher potential power resource respecting to

associated DOFs of a ship in waves.

4.3.4 Influence of Ship Scale based on Reference Waterline Length to

Ship Responses

Ship geometry is not the only parameter that affects ship responses at particular sea

state, but also the scale of the ship is needed to be considered.

Geometric Scaling

In this investigation, the scales are geometrically referenced to the percentage or fraction

of the reference waterline length (LWL,i) of the ship. In this case, the reference waterline

length is chosen to be of 180.093 m (reference LWL,mean = 1.00λ̄mean). By this means,

Lloyd (1989) has provided the definition of the dimension ratio or scaling factor (R)

compared between two ships which can be defined as:

R =
Reference Waterline Length

Target Waterline Length
. (4.12)

This scaling factor can be used to calculated geometric dimension, mass, and inertia

properties of the scaled ship comparing to the reference one based on the parameter-

related corresponding scaling laws as provided in Table 4.1. Also, the full list of scaling

laws based on dimension ratio can be found in Appendix C. In terms of the ship geometry,

the scaled ships are geometrically identical to the reference ships (with the different

length-to-beam ratios stated in Section 4.3.3) in all aspect. In this case, the investigated

fractions of the reference waterline length are selected within the range of 0.25 to 1.25

(with 0.25 increment). Therefore, the scaling factors of the ships related to the identified

numbers of the fraction can be determined as detailed in Table 4.2. Besides, it should

be noted that the capture width is also relatively scaled accordingly.

Table 4.2: Scaling factors of the ships at mean sea state.

Fraction of

Waterline Length

compared to λ̄i

LWL,mean

(m)

LOA,mean

(m)
R

0.25 45.023 46.485 4.000

0.50 90.047 92.969 2.000

0.75 135.069 139.454 1.333

1.00 180.093* 185.938 1.000

1.25 225.116 232.423 0.800

*Reference Waterline Length
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Effect of Ship Scale on Motion Responses

Figure 4.15: Effect of ship scale on motion transfer functions.
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Figure 4.16: Motion transfer functions against non-dimensional encountering
frequencies

.
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Figure 4.17: Effect of ship scale on wave power conversion efficiencies.
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Figure 4.18: Wave power conversion efficiencies against non-dimensional en-
countering frequencies.
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Figure 4.19: Effect of ship scale on motion mechanical power spectra.
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Figure 4.20: Motion mechanical power spectra against non-dimensional encoun-
tering frequencies.
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Figure 4.15 illustrates the effect of ship scale on the motion transfer functions. The

transfer functions generally stretch toward higher frequency response following the re-

ducing geometric scale. This numerical phenomenon can be referred to as the scaling

laws provided in Appendix C that is the frequency response of the geometrically scaled

vessels changes proportionally to the square-root of scaling factor as shown in Figure

4.21 by remaining the similar response characteristic. Hence, by the linear relationship,

the wave power conversion efficiencies of the response motions also change with similar

scaling relationship as can be seen in Figure 4.17. To be notice at this point for roll

motion, the decaying motion transfer function approach a constant positive value and

this causes the large increasing wave power conversion efficiency behaviour toward high

encountering frequency as discussed in Section 4.3.3.

Figure 4.21: Scaling relationship of frequency response.

However, for the motion mechanical spectra, the scaling relationship cannot be here

applied. This is due to the wave power spectrum of the sea state is invariable as it is not

scaled up and down followed the investigated ship dimension ratios. Also, the motion

power spectrum is the product of the wave power spectrum multiply by the wave power

conversion efficiency. Observably, the motion power spectra relatively vary to scale of

the ship as expected as demonstrated in Figure 4.19. It can be seen that a larger ship

responds to low-frequency waves with a narrow responsive band. On the other hand, in

the case of a smaller ship, the effect is shown to be reversed.
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(a) Heave power magnitude (in logarithmic scale). (b) Heave power per unit volume displacement.

Figure 4.22: Effect of ship scale with different length-to-beam ratios on heave
mechanical power at the global mean sea state.
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(a) Pitch power magnitude (in logarithmic scale). (b) Pitch power per unit volume displacement.

Figure 4.23: Effect of ship scale with different length-to-beam ratios on pitch
mechanical power at the global mean sea state.
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(a) Roll power magnitude (in logarithmic scale). (b) Roll power per unit volume displacement.

Figure 4.24: Effect of ship scale with different length-to-beam ratios on roll
mechanical power at the global mean sea state.
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(a) Total power magnitude (in logarithmic scale). (b) Total power per unit volume displacement.

Figure 4.25: Effect of ship scale with different length-to-beam ratios on total
mechanical power at the global mean sea state.
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Figures 4.22(a) to 4.25(a) show the available heave, pitch, roll, and total mechanical

power magnitudes generated by the ships with the different geometrically scaled and the

varied length-to-beam ratios. As a reflection of the motion power spectrum, the level of

the motion power magnitude also alters relative to the size of the ship. A larger scale of

vessel generates a higher level of available mechanical power from motion and vice versa.

Considering the relationships of power from both linear and angular motions in Equation

4.1 with the association of non-dimensional analysis based on scaling relationships in

Appendix C, the mechanical power dependent factors can be plotted as shown in Figure

4.26. It can be seen that the power generated by the larger size of a ship is dominated

by force, torque, and velocity of linear or the heave motion in this case. The force and

torque can be referred to the mass and moments of inertia of the ship. For the smaller

vessel, angular velocities of rotational motions as pitch and roll motions are the primary

sources of mechanical powers which directly correlate to the angular motion amplitudes

and encountering frequency.

Figure 4.26: Mechanical power dependant factors regarding the ship scale.

In terms of the power generation per unit volume, the motion power generation of the

scaled ships are compared by using the power per unit volume displacement or power

generation density as shown in Figures 4.22(b) to 4.25(b). Interestingly, the power

generation density generally increases followed the smaller scaled of geometric dimension

except for the one of roll motion of the most slender vessel, the length-to-beam ratio

of 8.714, at the beam and oblique waves. At this length-to-beam ratio, the optimal

reference waterline length for the motion appears to be around the length equals to the

fraction of 0.75 to 1.00 of the average wavelength that contains the highest wave power

density in the global mean sea state (λ̄mean). Considering the total power generation

density at beam sea, however, the optimal reference waterline length of this top-view

geometry is at 50% of the average wavelength. For the other cases, the smallest scale of

investigated ships exhibits the highest power generation density.
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4.3.5 Influence of Sea State to Ship Responses

The ship responses in the global mean sea state have already been analysed in Sections

4.3.3 and 4.3.4. Therefore, in this section, the investigation aims to demonstrate the ship

motion responses in the representations of different sea area based on the global wave

statistics detailed in Appendix A. As summarised in Figure 4.3, the wave record contains

the upper and lower bounds of the average significant wave heights and zero crossing

wave periods over the sea areas. The maximum numbers of both the wave height and

period can be referred to the deep water region far away from the shore (area no. 99).

Moreover, the minimal record was measured from the coastal waters (area no. 5 and

38). Thus, these pairs of the upper and lower limits are presumably used to represent

the world possible maximum and minimum sea states.

For convenient comparison, the assumption of adopting the standard wave spectrum

formula made in Section 4.3.1 still remains. By using these datasets, the maximum and

minimum wave energy and wave power spectra can be calculated as plotted in Figure

4.4. It can be seen that the average wave frequency where the highest wave power

contained depends on the average wave period while the vertical ordinate relies on the

value of the average significant wave height of the sea area. Note that, the investigated

geometric dimensions are proportionally scaled respecting to the fractions of the average

wavelengths that comprise the highest wave power densities of the sea states as indicated

in Table 4.3.

Table 4.3: Scaling factors of the ships relating to different sea states.

Sea state Subscription i
H̄1/3

(m)

T̄z

(s)

Fraction of

waterline length

compared to λ̄i

LWL,i

(m)

LOA,i

(m)
R

Minimum min 1.14024 3.59550

0.25 10.992 11.349 16.384

0.50 21.985 22.698 8.192

0.75 32.977 34.047 5.461

1.00 43.969 45.396 4.096

1.25 54.961 56.745 3.277

Mean mean 2.42646 7.28406

0.25 45.023 46.485 4.000

0.50 90.047 92.969 2.000

0.75 135.070 139.454 1.333

1.00 180.093* 185.938* 1.000*

1.25 225.116 232.423 0.800

Maximum max 3.84100 8.96747

0.25 68.295 70.511 2.637

0.50 136.590 141.023 1.318

0.75 204.884 211.534 0.879

1.00 273.179 282.045 0.659

1.25 341.474 352.556 0.527

*Reference ship geometry
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Effect of Sea State on Motion Responses

(a) Heave power magnitude (in logarithmic scale). (b) Heave power per unit volume displacement.

Figure 4.27: Effect of sea state to heave mechanical power.



Chapter 4 Assessment of Available Power from Ship Motions in a Seaway 71

(a) Pitch power magnitude (in logarithmic scale). (b) Pitch power per unit volume displacement.

Figure 4.28: Effect of sea state to pitch mechanical power.
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(a) Roll power magnitude (in logarithmic scale). (b) Roll power per unit volume displacement.

Figure 4.29: Effect of sea state to roll mechanical power.
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(a) Total power magnitude (in logarithmic scale). (b) Total power per unit volume displacement.

Figure 4.30: Effect of sea state to total mechanical power.
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Figures 4.27 to 4.30 display the contour plots of the available motion mechanical powers

and power generation densities of the ship respecting to the variations of geometric scale

and reference sea state. Similar to the results previously presented in Section 4.3.4, as

expected, the dependence of the motion mechanical power level on the size of the ship

is still corroborated in any sea state. In this case, this also relates to the wave power

spectrum of the sea state. Besides, regarding the power per volume displacement at an

individual sea state, the power density concentrates more on the smaller scaled ship.

However, in comparison, the scaled ship operating in the minimum sea state provides

the highest power generation density, and the lowest is the ship at the mean sea state.

In this manner, therefore, a small ship operating in the sea state along the coastal

water could offer more available mechanical power per volume that predominated by

rotational motions than a mass possessed power by a larger scaled ship which has the

operational basis in the middle of the ocean. This could be a beneficial factor for the

design consideration for an energy conversion mechanism using motions of a ship in the

real sea state.

4.4 Summary

A novel methodology of assessing available mechanical power from the motions of a

ship in a sea state is provided. This assessment method adopts the statistical tech-

nique of describing the characteristic of the irregular sea and the seakeeping analysis of

ship responses in the waves in a wave energy conversion aspect. Therefore, the avail-

able mechanical powers from the motions of a ship in a sea state can be determined.

The numerical investigation is proposed upon the variations of heading condition, ship

geometry, and ship scale relative to the applied sea state at zero speed.

With the consideration of utilising oscillatory motions (heave, pitch, and roll motions) for

a port-starboard symmetry ship, the results show that the responses of the motions vary

as a function of heading condition and also the geometry of the ship. By keeping ship

volume displacement and transverse metacentric height constant, the changing in the

transverse dimension, the ship beam, typically affects the motion response amplitude in

heave and pitch and the frequency response in roll. Moreover, the changing in ship length

does not contribute significant effect on the roll but influence the frequency response of

the heave and pitch. This is because of the response transfer functions of the coupled

heave and pitch motions are calculated based on the linear 2-D strip theory that directly

relates to the immersed or underwater part of the ship. However, for the roll motion, it

is modelled from the contribution of the ship inertial and hydrostatic properties, and it

is uncoupled.

In terms of available mechanical powers from the motions, these oscillatory motions are

able to individually and simultaneously offer an enormous level of mechanical power that
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is available to be harvested. Nonetheless, the magnitudes of the power also vary by the

ship directional responses respecting the heading conditions. In the beam sea, the powers

from the heave and roll motions are much higher than the one of the pitch. In contrast,

for the following and head waves, pitch motion generates more power compared to the

heave and, especially, to the roll which is nothing. However, by including the powers

from the associated motions, the directional available mechanical power is obviously

elevated. Therefore, the consideration of the harvesting energy from the multiple-DOF

ship dynamics is encouraged as the expectation of having a uni-directional excitation

and single-DOF ship dynamics in the real sea is too idealistic.

Based on the non-dimensional analysis, the magnitudes of the mechanical powers from

the large-scaled ship are controlled by the mass distribution (weight and moment of

inertia) and the velocity of linear or heave motion. Nevertheless, for the smaller vessel,

the angular motions (pitch and roll) and encountering frequency are the dominant factors

of the power sources from the ship dynamics in waves. For the available power per

volume, generally, a small-scaled ship operating in the coastal water zone which contains

high wave frequency could offer higher power density compared to a relatively large ship

in the faraway shore sea state with high wave period.





Chapter 5

Numerical Modelling and

Experimental Valodation of a

Gimballed Pendulum System

This chapter describes the numerical modelling and a set of experimental investigations

of a gimballed pendulum system which is the energy conversion mechanism used for

harvesting energy from ship motions for this research. First, a general concept design

of a 2-axis gimbal mechanism applying to a pendulum system is introduced, and it

is compared to the existing numerical model, spherical pendulum model, based on its

working principle. Next, a novel theoretical model of a gimballed pendulum is presented

and detailed. Then, a set of experimental investigations for the model validation is

indicated with the results are lastly shown and discussed.

5.1 Introduction of 2-Axis Gimbal Mechanism

Figure 5.1: Graphical design of a 2-axis gimbal mechanism.
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Pendulum System

A 2-axis gimbal mechanism (or universal joint) is a support point consisted of a set of

two orthogonal pivots that allows a mounted object to rotate around the two reference

crossing axes. As in this way, the object is able to achieve spherical-path rotation.

5.2 Governing Equation and Existing Numerical Models

of Spherical-path Pendulum Systems

Note that, the equations of motion of pendulum systems that are used in this research

are non-linear solution as the pendulum motion is considered as not always small and

therefore linearised equation of a pendulum motion is not valid, see Appendix D.1.1 for

detail.

5.2.1 Introduction of Lagrange’s Equation

Lagrange’s equation is a second-order partial differential equation that is used to solve

dynamic problems. Moreover, it is equivalent to the Newton’s laws of motion but it

has the advantage of having similar form in any generalised coordinate or DOF of a

dynamic system. This governing equation relates to the difference between the kinetic

and potential energies evolved from a known initial state to a identified final state. The

standard form of Lagrange’s equation in a generalised coordinate is defined as:

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= Qi (5.1)

where L is a mathematic function called ‘Lagrangian’ which is

L = KE − PE (5.2)

where KE is the total kinetic energy (J), PE is the potential energy (J) of the system,

and Qi is the generalised force or torque that is normally defined as frictional damping

and control force or torque applied to the system (Inman, 2014).
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5.2.2 Spherical Pendulum System

Figure 5.2: Schematic diagram of a spherical pendulum system.

The dynamics of a spherical-path pendulum is usually referred to as a spherical or

conical pendulum system defined in both three-dimensional (3-D) Cartesian and polar

coordinate systems as illustrated in Figure 5.2. The motion of this pendulum system

can be mathematically expressed as 2-DOF dynamics system as:

mpl
2
pθ̈p(t) +mpglp sin(θp(t))−mpl

2
p sin(θp(t)) cos(θp(t))ψ̇p(t)

2 = Qθp , (5.3)

mpl
2
p sin(θp(t))

2ψ̈p(t) = Qψp (5.4)

by the numerical derivation of the equations of motion, equations 5.3 and 5.4 can be

found in Section E.1 in Appendix E where mp is the pendulum mass (kg), lp is the length

of the pivot-to-CG of the pendulum or the pendulum arm (m), g is the acceleration due

to gravity (m/s2). The angular motions of this pendulum system are defined regarding

two generalised coordinates; θp and ψp are the DOFs describing the angular position

of the pendulum respecting the vertical axis (zp-axis) and the angular position on the

horizontal plane (xpy − p-plane) that is referenced to the xp-axis or azimuth angle with

the generalised torques, Qθ and Qψ, respectively.
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Pendulum System

5.2.3 Driven Spherical Pendulum System

Figure 5.3: Schematic diagram of a driven spherical pendulum system.

The extension of the previous pendulum model is to applied external excitation. The

externally excited or driven spherical pendulum can be diagrammatically indicated in

Figure 5.3 and can also be numerically represented in the equations of motion as:

mpl
2
pθ̈p(t) +mpglp sin(θp(t))−mpl

2
p sin(θp(t)) cos(θp(t))ψ̇p(t)

2

+mθp lθp

(
Ẍ(t) cos(θp(t)) cos(ψp(t)) + Ÿ (t) cos(θp(t)) sin(ψp(t))

+ Z̈(t) sin(θp(t))
)

= Qθp , (5.5)

mpl
2
p sin(θp(t))

2ψ̈p(t) + 2mpl
2
p sin(θp(t)) cos(θp(t))θ̇p(t)ψ̇p(t)

−mplp sin(θp(t))
(
Ẍ(t) sin(ψp(t)) +mplpŸ (t) cos(ψp(t))

)
= Qψp (5.6)

where the definitions of the property and orientation of the pendulum are identical to

the non-driven case. In addition, Ẍ, Ÿ , and Z̈ are the accelerations (m/s2) of the

external excitation along x-, y-, and z-axes. Note that, the full derivation of this driven

pendulum system is provided in Section E.2 in Appendix E.

5.2.4 Remark Discussion of the Existing Pendulum Models

The existing spherical pendulum models indicated in both Sections 5.2.2 and 5.2.3 are

unable to theoretically explain the dynamics of a pendulum hanged on a gimballed
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pendulum. Due to, first, the rotating definition made in the spherical pendulum mod-

els not representing the rotating arrangement provided by a 2-axis gimbal mechanism.

Second, a gimbal mechanism potentially creates asymmetric inertial properties of two

perpendicular pivots, but the existing models only suggest symmetric inertia. There-

fore, to numerically model a gimballed pendulum system and to understand its coupled

dynamics are major challenges.

5.3 Dynamics of a Gimballed Pendulum System

Consider a system of a compound or physical pendulum hanging on a support point rep-

resenting local coordinate (Pxpypzp) in a 3-D Cartesian coordinate system as illustrated

in Figure 5.4. The pendulum is allowed to rotate around both horizontal axes (xp- and

yp-axes) via two perpendicular pivots representing a gimbal mechanism. The dual per-

pendicular pivots ideally enable the directional response based on the multi-directional

disturbance or excitation in the 3-D space along xp-, yp-, and zp-axes. The presence of

the gimballed pivots virtually creates two perpendicular projected simple or 1-DOF pen-

dulum systems with a shared vertical referenced axis (zp-axis). Importantly, from this

mechanical arrangement, the physical properties such as mass distributions and damping

terms of these two individual pendulum systems are not necessarily symmetric.

Figure 5.4: Schematic diagram of a driven gimballed pendulum system.
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(a) Longitudinal-plane or θp-plane pendulum reference.

(b) Transverse-plane or φp-plane pendulum reference.

Figure 5.5: Coupled pendulum references.
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The pendulum system graphically presented in Figure 5.4 is simplified and divided into

two coupled planar pendulum systems which are ‘longitudinal-plane’ and ‘transverse-

plane’ given as θp- and φp-planes pendulum systems respectively as illustrated in Figures

5.5(a) and 5.5(b). The local coordinates of the two pendulum references are defined as

Pxpzp for θp-plane and Pypzp for φp-plane. Each pendulum system consists of a mass

(mθp or mφp) supported at a pivot from a distance away from the CG (lθp or lφp). So,

there are two generalised coordinates, θp and φp, defined for these coupled pendulum

systems.

Once the axial excitations along xp-, yp-, and zp-axes are applied, the pivoted point

(P ) is moved away from the initial position representing global coordinate OXpYpZp

with the distances in Xp, Yp, and Zp. As both pendulum dynamics are coupled with

the cosine functions, cos(θp(t)) and cos(φp(t)), the kinetic and potential energies for the

θp-plane pendulum can therefore be calculated as:

KEθp(t) =
1

2
mθpvθp(t)

2

=
1

2
mθp

(
vxp(t) + vzp(t)

)2

=
1

2
mθp

((
Ẋp(t) + lθp θ̇p(t) cos(φp(t)) cos(θp(t))

)
+
(
Żp(t) + lθp θ̇p(t) cos(φp(t)) sin(θp(t))

))2

=
1

2
mθp

(
Ẋp(t) + Żp(t) + l2θp θ̇p(t)

2 cos(φp(t))
2

+ 2lθp θ̇p(t) cos(φp(t))
(
Ẋp(t) cos(θp(t)) + Żp(t) sin(θp(t))

))
, (5.7)

PEθp(t) = mθpghθp(t)

= mθpgZp(t) +mθpglθp cos(φp(t))
(

1− cos(θp(t))
)
, (5.8)

and, from Equation 5.2, the Lagrangian of the longitudinal-plane reference (Lθp) is

Lθp(t) =
1

2
mθp

(
Ẋp(t) + Żp(t) + l2θp θ̇p(t)

2 cos(φp(t))
2

+ 2lθp θ̇p(t) cos(φp(t))
(
Ẋp(t) cos(θp(t)) + Żp(t) sin(θp(t))

))
−mθpgZp(t) +mθpglθp cos(φp(t))

(
1− cos(θp(t))

)
. (5.9)
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Likewise, for the φ-plane pendulum, as:

KEφp(t) =
1

2
mφpvφp(t)

2

=
1

2
mφp

(
vyp(t) + vzp(t)

)2

=
1

2
mφp

((
Ẏp(t) + lφp φ̇p(t) cos(θp(t)) cos(φp(t))

)
+
(
Żp(t) + lφp φ̇p(t) cos(θp(t)) sin(φp(t))

))2

=
1

2
mφp

(
Ẏp(t) + Żp(t) + l2φp φ̇p(t)

2 cos(θp(t))
2

+ 2lφp φ̇p(t) cos(θp(t))
(
Ẏp(t) cos(φp(t)) + Żp(t) sin(φp(t))

))
, (5.10)

PEφp(t) = mφpghφp(t)

= mφpgZp(t) +mφpglφp cos(θp(t))
(

1− cos(φp(t))
)
, (5.11)

and, therefore, the Lagrangian of the transverse-plane reference (Lφp) is

Lφp(t) =
1

2
mφp

(
Ẏp(t) + Żp(t) + l2φp φ̇p(t)

2 cos(θp(t))
2

+ 2lφp φ̇p(t) cos(θp(t))
(
Ẏp(t) cos(φp(t)) + Żp(t) sin(φp(t))

))
−mφpgZp(t) +mφpglφp cos(θp(t))

(
1− cos(φp(t))

)
. (5.12)

From the Lagrange equation (Equation 5.1), the governing equations in the two gener-

alised coordinates for this pendulum system are

d

dt

(
∂Lθp

∂θ̇p

)
−
∂Lθp
∂θp

= Qθp , (5.13)

d

dt

(
∂Lφp

∂φ̇p

)
−
∂Lφp
∂φp

= Qφp . (5.14)

Finally, the equations of motion of this gimballed pendulum system can be formulated

as:
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θ̈p(t) +
mθpglθp

Iθp cos(φp(t))︸ ︷︷ ︸
Coupling Term

sin(θp(t)) +
mθp lθp

Iθp cos(φp(t))︸ ︷︷ ︸
Coupling Term

(
Ẍp(t) cos(θp(t)) + Z̈p(t) sin(θp(t))

)

−φ̇p(t) sin(φp(t))
( 2θ̇p(t)

cos(φp(t))
+

mθp lθp
Iθp cos(φp(t))2

(
Ẋp(t) cos(θp(t)) + Żp(t) sin(θp(t))

))
︸ ︷︷ ︸

Coupling Term

=
Qθp

Iθp cos(φp(t))
2︸ ︷︷ ︸

Coupling Term

, (5.15)

φ̈p(t) +
mφpglφp

Iφp cos(θp(t))︸ ︷︷ ︸
Coupling Term

sin(φp(t)) +
mφp lφp

Iφp cos(θp(t))︸ ︷︷ ︸
Coupling Term

(
Ÿp(t) cos(φp(t)) + Z̈p(t) sin(φp(t))

)

−θ̇p(t) sin(θp(t))
( 2φ̇p(t)

cos(θp(t))
+

mφp lφp
Iφp cos(θp(t))2

(
Ẏp(t) cos(φp(t)) + Żp(t) sin(φp(t))

))
︸ ︷︷ ︸

Coupling Term

=
Qφp

Iφp cos(θp(t))
2︸ ︷︷ ︸

Coupling Term

(5.16)

where Ẋp, Ẏp, Żp, Ẍp, Ÿp, and Z̈p are the first and second time-derivatives of the

excitations along the local xp-, yp-, and zp-axes respectively and Iθp and Iφp are the

mass moments of inertia of the compound pendulum systems. Also, with the absence

of damping, the natural frequencies of the coupled pendulum systems in Equations 5.15

and 5.16 are

ωn,θp =

√
mθpglθp

Iθp cos(φp(t))
and ωn,φp =

√
mφpglφp

Iφp cos(θp(t))
. (5.17)

It should be noted that the uncoupled natural frequencies of both pendulum references

can be referred to when θp and φp equal to zero as the cosine terms for the both in

equation 5.17 numerically become one.

5.3.1 Verification

The derived equations of motion, Equations 5.15 and 5.16, are defined in the form of

ordinary second-order differential equation (ODE). These ODEs for the dynamics of a

gimballed pendulum system are solved using fourth-order RungeKutta (RK4) numeri-

cal method based on MATLAB software package. This numerical method requires an

optimal time-step size that is able to provide an acceptable accuracy and reasonable

computational time. In this analysis, a comparable small time-step size of 0.001 of a
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second is set as a reference as it is assumed that the numerical model achieves acceptable

convergence.

Figure 5.6 shows the convergence of the numerical results for the decreasing time-step

size. The significant errors occur at the time increments greater than 0.025 seconds.

Therefore, a time-step of 0.01 seconds is chosen which achieves a manageable simulation

time and an acceptable relative error of overall less than 0.5% for the whole range of

investigated excitation frequencies. This analysis provides confidence that, with the

selected time-step size, the numerical model and the mathematical solver is numerically

stable.

Figure 5.6: Time-step verification for the numerical method.

5.4 Experimental Validation and Investigation of a Gim-

balled Pendulum System

5.4.1 Experimental Set-up

A prototype of a gimballed pendulum energy harvester was experimentally investigated

to validate the pendulum response predicted by the equations of motion described in

Section 5.3 and to provide more understanding of the coupled dynamics of the pendulum

system. Figure 5.7(a) and 5.7(b) illustrate the graphical and manufactured designs of the

investigated gimballed pendulum system. The pendulum system comprises a metal hub
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with a long shaft through the middle supported by two rigid aluminium frames at both

ends. The hub is connected to two sets of perpendicular bearings creating two horizontal

axes gimballed pivots with a disk-shaped mass bracing with two aluminium arms hanged

in the middle. At the pivots, angular motion sensors (rotary potentiometers for non-PTO

condition) or PTO units (electric generators with encoders for applied PTO condition)

can be attached and directly driven via transmission systems that consist of 1:1 ratio

pulley wheels with rubber belts. Moreover, each pivot can be constrained to perform

as a 1-DOF dynamics system. The drawing of the design of the gimballed pendulum

energy harvester and the technical details of the involved components are provided in

Appendix F.

(a) 3-D Graphical design.

(b) Manufactured design on the test rig.

Figure 5.7: Design of the investigated gimballed pendulum system.
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A series of experimental testing was carried out in the Human Factors Research Unit

(HFRU) laboratory of the University of Southampton, UK. The pendulum prototype

was attached to a 1 m x 1.75 m horizontal motion simulator that is capable of producing

single-axis harmonic motion up to 1 m and peak accelerations up to 10 m/s2 with fre-

quency content from 0 to 50 Hz (University of Southampton, 2018). The two MAXON

DCX22L-EB-KL-12V DC motors with 1:44 planetary gearhead operating as generators

were used as PTO units with the load resistance (terminal resistance) 1.84 Ω, see Ap-

pendix F for more detail. All the data was acquired using a National Instruments’ NI

cRIO-9022 unit and LabVIEW software package with a sampling rate of 100 Hz.

5.4.2 Power Generation Measurement

Electric Generator Model

The model of the DC generator can be referred to the electrical equivalent diagram

in Figure 5.8. The components in the circuit of the DC generator that is driven by an

oscillating pendulum with rotational speed or frequency (Ω) consist of terminal resistance

(RTerminal), mutual inductance (La), and load resistance (RLoad) Bastankhah and Porté-

Agel (2018). In this investigation, there is no extra load is applied (RLoad = 0) and

therefore the electrical power generated by the DC generator is calculated based on the

induced voltage across the terminal resistance.

Figure 5.8: Electrical equivalent model of the DC generator.
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The power generations from the generators driven by both pendulum references were

measured across a constant load resistance and calculated using Ohm’s law as:

Pi =
V 2
i

Ri
by i = θp or φp (5.18)

where Pi is the generated power (W), Vi is the induced voltage (V), and Ri is the terminal

resistance of the generator. For the numerical model in this manner, the induced voltage

can be calculated by

Vi =
niui
kn,i

by i = θp or φp (5.19)

where ni is the driven speed (rpm), ui is the gear ratio of the gearhead, and kn,i is the

speed constant of the generator (rpm/V).

5.4.3 Pendulum Property Measurement

Physical Property Determination

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.9: Pendulum rotating references (movable parts respecting to the ro-
tating references are highlighted in red).

The physical parameters such as the individual pendulum weights, pivot-to-CG lengths,

and mass moments of inertia are obtained based on the experimental measurements

respecting two pendulum references as presented in Figures 5.9(a) and 5.9(b).

Frictional Force Models

A number of mathematical models have been introduced for describing the phenomenon

of friction or frictional damping. A classical models of friction can be referred to three

main types of friction as:
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• Viscous friction is the results viscous effect of a fluid lubricant layer of two

surfaces as well as the effect of surrounding air that an object moving pass. Viscous

friction is mathematically presented as a linear function of velocity as:

Qviscous = Fviscousv (5.20)

where Fv is the viscous friction component that is proportional to velocity (v).

This viscous friction equals to zero at zero velocity.

• Coulomb friction is the friction effect that depends on the direction of the ve-

locity, not the magnitude. Therefore, the mathematical model of this coulomb

friction as a static map between the sign of the velocity as:

Qcoulomb = Fcoulombsgn(v) (5.21)

where Fcoulomb is frictional force (or torque for rotational system denoted as τcoulomb)

and sgn(v) is the signum function of the velocity.

• Static friction or stiction is the friction of stationary object in contact that needs

to be overcome to enable relative motion. This type of friction is independent of

the velocity as the mathematical model can be represented as:

Qstiction =

 Fe if v = 0 and |Fe| < Fs

Fssgn(Fe) if v = 0 and |Fe| ≥ Fs.
(5.22)

where Fe is an external force and Fs is static friction force.

Due to the complexity of experimentally quantifying the magnitude of stiction, this

research therefore focuses on a suitable frictional force or damping model for a pendulum

system based on viscous and coulomb frictions and it is treated as independent as detailed

in the next section.

Damping Constants Determination

A set of dynamic measurement, pendulum free decay test, has been performed for both

referenced planes regarding two conditions, without and with PTO units. These tests

were done in order to understand the decay characteristics leading to the most appro-

priate and valid damping model that could theoretically represent the actual dynamics

of the individual pendulum.

Initially, the commonly used types of damping model, viscous and Coulomb dampings,

for a pendulum dynamics are investigated. Both of the damping coefficients are deter-

mined based on the slope of the successive decay peaks in free decay test (see Inman

(2014) for more details) as can be summarised as:
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• Viscous damping: the determination of viscous damping coefficient (ξ) can be

referred to the concept of logarithmic decrement. The decay envelope of the suc-

cessive peaks of viscous drag dominant system decays exponentially to the equi-

librium position. For simplified variation, the viscous damping coefficient can be

calculated as:

ξi =
ln(Slopei)

π
by i = θp or φp. (5.23)

Therefore, by this approach, the generalised torque is

Qviscous,i = −2ξiωn,i
di(t)

dt
by i = θp or φp. (5.24)

• Coulomb damping: this type of frictional damping typically represents sliding or

dry friction. The characteristics of the slope regarding the deployment of Coulomb

damping decays linearly to a complete stop at a potentially different equilibrium

position unlike in the case of viscous damping. The Coulomb damping coefficient

for a pendulum system can be denoted as a frictional torque (τcoulomb) which can

be determined as:

τcoulomb,i =
Slopeiπmigli

2ωn,i
by i = θp or φp. (5.25)

Hence, the generalised torque for this type of damping can be mathematically

written as:

Qcoulomb,i = −τcoulomb,isgn(
di(t)

dt
) by i = θp or φp, (5.26)

where sgn(di(t)dt ) is called ‘signum function’ which theoretically defined as:

sgn(
di(t)

dt
) =


−1 for di(t)

dt > 0

0 for di(t)
dt = 0 by i = θp or φp.

1 for di(t)
dt < 0

(5.27)

By applying the identified damping models, the comparison of experimental measure-

ments and numerical predictions based on the damping models, Equations 5.24 and 5.26,

is examined in Figure 5.10.
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Figure 5.10: Comparison of experimental results and simulations based on
damping models selection.

As can be seen from Figure 5.10, the comparison of the uses of frictional damping mod-

els shows that both investigated damping models provide a good agreement concerning

decay duration to complete stops. However, a valid correspondence between experi-

mental measurements and the numerical model is only yielded by the applied Coulomb

damping. This shows that the sliding or dry friction dominates the characteristics of

the pendulum dynamics and therefore this type of friction is considered as a suitable

damping model for the investigated pendulum prototype.

The experimental and numerical results of the free decay tests of both pendulum refer-

ences without and with PTO units are demonstrated in Figures 5.11 to 5.14. Addition-

ally, the asymmetric inertial properties of two pendulum references are summarised in

Table 5.1.
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(a) θp-plane pendulum angular displacments.

(b) θp-plane pendulum decay slopes.

Figure 5.11: θp-plane pendulum free decay tests without PTO unit.
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(a) φp-plane pendulum angular displacments.

(b) φp-plane pendulum decay slopes.

Figure 5.12: φp-plane pendulum free decay tests without PTO unit.
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(a) θp-plane pendulum angular displacments.

(b) θp-plane pendulum decay slopes.

Figure 5.13: θp-plane pendulum free decay tests with PTO unit.
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(a) φp-plane pendulum angular displacments.

(b) φp-plane pendulum decay slopes.

Figure 5.14: φp-plane pendulum free decay tests with PTO unit.
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5.4.4 Experimental Plan

Table 5.2: Test Conditions Matrix at X◦ = 0.01 m

Damping Condition Case No.
Pendulum Reference

Dynamics Type
θp-Plane φp-Plane

without Applied PTOs

A1 Free Locked
1-DOF

A2 Locked Free

A3 Free Free Coupled-DOF

with Applied PTOs

B1 Free Locked
1-DOF

B2 Locked Free

B3 Free Free Coupled-DOF
a Ω = 0.7, 0.8, 0.9, 0.95, 1.0, 1.1, 1.2, 1.3 Hz
b µ = 0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦

In this investigation, both 1- and coupled-DOFs pendulum dynamics were examined.

The 1-DOF dynamics regarding two rotating references were experimentally tested as

the pendulum was constrained to only swing about a particular axis. In other words,

there was no rotation allowed about the constrained axis. For the coupled dynamics

case, the prototype was tested based on that both pivots were fully unlocked. Both

numerical and experimental investigations were performed across a range and external

excitation frequenciesa (Ω) with a constant excitation amplitude (X◦ = 0.01 m) and a set

of heading angleb (µ) as detailed in Table 5.2. Besides, the base excitation accelerations

were measured using an inertial measurement unit (IMU), Xsens MTi-100, which was

attached to the test rig. The good correlation between the simulated and measured

acceleration signals are demonstrated in Figure 5.15.

Figure 5.15: FFT diagrams of the simulated and measured base excitation ac-
celeration signals.
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(a) with zero heading angle. (b) with applied heading angle.

Figure 5.16: Schematic diagrams of experimental testing and numerical repre-
sentations of axial excitations.

Figure 5.16 demonstrates the top-view of schematic diagrams of the prototype on the

test rig. According to the test conditions in Table 5.2, a horizontal harmonic motion

is generated by the motion simulator. Hence, from Figure 5.16(a), the time-dependent

position of the base (XB) without applied heading angle is

XB(t) = X◦ sin(Ωt) (5.28)

and, from Figure 5.16(b), the axial positions of the pivot(s) in global coordinate (PXpYpZp)

with applied heading angle can be mathematically expressed as:

Xp(t) = XB(t) cos(µ) = X◦ sin(Ωt) cos(µ), (5.29)

Yp(t) = XB(t) sin (µ) = X◦ sin(Ωt) sin (µ), (5.30)

Zp(t) = 0. (5.31)

Note that, the numerical solution for the 1-DOF pendulum dynamics can be quoted the

standard equation of motion of a driven 1-DOF pendulum system, Equation D.19 in

Appendix D.

5.5 Results and Discussion

5.5.1 Pendulum Responses

The comparisons of the numerical predictions and experimental results for the motion

responses of the investigated pendulum prototype are shown in Figures 5.17 to 5.40.
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.17: Case A1 - RMS of the last 30 seconds of pendulum responses
without PTO units in the frequency-domain.
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(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.18: Case A1: Pendulum responses without PTO units at 0.8 Hz (before
resonance region).

(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.19: Case A1: Pendulum responses without PTO units at 0.9 Hz (at
resonance region).

(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.20: Case A1: Pendulum responses without PTO units at 1.0 Hz (after
resonance region).
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.21: Case A2 - RMS of the last 30 seconds of pendulum responses
without PTO units in the frequency-domain.
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(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.22: Case A2: Pendulum responses without PTO units at 0.8 Hz (before
resonance region).

(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.23: Case A2: Pendulum responses without PTO units at 0.9 Hz (before
resonance region).

(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.24: Case A2: Pendulum responses without PTO units at 1.0 Hz (before
resonance region).
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.25: Case A3 - RMS of the last 30 seconds of pendulum responses
without PTO units in the frequency-domain.
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Figure 5.26: Case A3 - pendulum responses without PTO units at µ = 30◦

(upper row: θp-plane pendulum, lower row: φp-plane pendulum).

Figure 5.27: Case A3 - pendulum responses without PTO units at µ = 45◦

(upper row: θp-plane pendulum, lower row: φp-plane pendulum).

Figure 5.28: Case A3 - pendulum responses without PTO units at µ = 60◦

(upper row: θp-plane pendulum, lower row: φp-plane pendulum).
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.29: Case B1 - RMS of the last 30 seconds of pendulum responses with
PTO units in the frequency-domain.
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(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.30: Case B1: Pendulum responses with PTO units at 0.8 Hz (before
resonance region).

(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.31: Case B1: Pendulum responses with PTO units at 0.9 Hz (at reso-
nance region).

(a) at µ = 0◦. (b) at µ = 45◦.

Figure 5.32: Case B1: Pendulum responses with PTO units at 1.0 Hz (after
resonance region).
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.33: Case B2 - RMS of the last 30 seconds of pendulum responses with
PTO units in the frequency-domain.
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(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.34: Case B2: Pendulum responses with PTO units at 0.8 Hz (before
resonance region).

(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.35: Case B2: Pendulum responses with PTO units at 0.9 Hz (before
resonance region).

(a) at µ = 90◦. (b) at µ = 45◦.

Figure 5.36: Case B2: Pendulum responses with PTO units at 1.0 Hz (before
resonance region).
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.37: Case B3 - RMS of the last 30 seconds of pendulum responses with
PTO units in the frequency-domain.
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Figure 5.38: Case B3 - pendulum responses with PTO units at µ = 30◦ (upper
row: θp-plane pendulum, lower row: φp-plane pendulum).

Figure 5.39: Case B3 - pendulum responses with PTO units at µ = 45◦ (upper
row: θp-plane pendulum, lower row: φp-plane pendulum).

Figure 5.40: Case B3 - pendulum responses with PTO units at µ = 60◦ (upper
row: θp-plane pendulum, lower row: φp-plane pendulum).
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The RMS values of the constrained or 1-DOF pendulum responses without and with

applied PTO units over the investigated frequency range and heading angles (µ) are

presented in Figures 5.17, 5.21, 5.29, and 5.33. The overall comparisons of the 1-DOF

motion responses in frequency-domain of the cases between numerical predictions by

1-DOF pendulum models, Equation D.19, and experimental results qualitatively and

quantitatively show good agreement. The greatest motions emerge around resonance

at 0.9 Hz as expected for both rotating references which are demonstrated in the time

history responses in Figures 5.18 to 5.20, 5.22 to 5.24, 5.30 to 5.32, and 5.34 to 5.36.

These 1-DOF dynamic responses can also be compared to as the unconstrained pendu-

lum, case A3 and B3, at µ = 0◦ and 90◦. With the comparison to the case A1 and

A2, the identical results proposed by the 2-DOF pendulum model, Equations 5.15 and

5.16, and the experimental results can be identified due to the pendulum ideally behave

as a simple or 1-DOF pendulum system. This good correlation provides the confidence

that the formed theoretical model is able to establish reasonable predictions when the

excitation is parallel to a horizontal axis (x- or y-axes) is applied. In other words, for

µ = 0◦ and 90◦ (a single directional excitation), the pendulum system behaves as a

simple pendulum system as the coupling relationships/terms in the equations of motion,

Equations 5.15 and 5.16, are not dominated as cos(0) = 1 and sin(0) = 0. Therefore, the

equations of motion are reduced into a form of a simple pendulum system in Equation

D.19. Moreover, the responded motion amplitudes by both numerical and experimental

investigations in all conducted tests are lower when the PTO units are applied since the

damping values for both rotating references are greater. When µ is applied (0◦ < µ <

90◦), the excitations along both horizontal axes (xp- and yp-axes) occur regarding the

mathematical relationships in Equations 5.29 and 5.30. The θp-plane pendulum re-

sponses decrease followed the more angle until it dies out at 90◦. Likewise, the φp-plane

pendulum dynamically behaves in the opposite aspect.

Generally, the responded motion amplitudes of the θp-plane pendulum reference appear

to be greater than the φp-plane pendulum in all tested circumstances. This is because

of the combined perpendicular pivots created by the gimbal mechanism leads to non-

equivalent mass distributions between the dynamic references, see Figure 5.9. For this

case, the θp-plane pendulum comprises less mass, mass moment of inertia, and the

parameters-related frictional torque as detailed in Table 5.1. Therefore, in this aspect,

to design or to tune the system to have different natural frequencies between the reference

planes is possible, e.g., for an asymmetric floating body as a marine vessel.

The overall 1-DOF pendulum dynamics have linear or normal sinusoidal responses as an

example in Figure 5.41. The non-linearity of the exhibited motions from both the theo-

retical prediction and experiment can be observed during the test period as demonstrated

in the time history plots, Figures 5.19, 5.20, 5.23, 5.31, and 5.35. The recorded motions,

may, not finally reach steady-state responses or still in transient region. Thereby, the

longer test duration is potentially required in order to cover all the characteristics of the
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oscillation response. Moreover, the small differences of the peak responded amplitudes

between the numerical and experimental results at the resonance especially for φp-plane

pendulum reference with applied PTO can be observed. This is attributed to the fact

that the error made in the estimation of frictional damping constants (τθp and τφp) or

experimental errors involving in the experiment configurations.

(a) Whole range view. (b) Zoom-in view.

Figure 5.41: Example of a linear or regular sinusoidal response of the pendulum
from the experiment case A1 at µ = 45◦ and Ω = 0.8 Hz.

(a) θp-plane. (b) φp-plane.

Figure 5.42: Example of non-linear responses of the coupled pendulum dynamics
from the experiment case A3 at µ = 45◦ and Ω = 0.9 Hz.

For the coupled pendulum dynamics without applied PTO units, case A3, the good

agreements of the numerical and experimental results are found outside the resonance

region with the comparable responded amplitudes to the planar responses as case A1

and A2 at the identical disturbed frequencies with regular sinusoidal responses. How-

ever, around resonance at 0.9 Hz, significant differences in the numerical predictions

and experimental results are clearly observed as can be seen in Figures 5.26 to 5.28.
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The pendulum responses form the experiment for this condition are abnormal wave

forms, comlex non-linear responses, as an example in Figure 5.42. The observation also

shows that the responded motions of the two rotating references are distinctively lower

comparing to when it performed as a simple or 1-DOF pendulum with the duplicate

disturbances due to the coupling effect between two dynamic references.

Further, when the PTO units are applied in case B3, the similar responded behaviour to

case A3 (without PTO units) can be found with the modulated responses with regular

wave forms. Outside the resonance, the agreeable comparisons are corroborated in the

frequency ranges closing to the motion amplitudes of 1-DOF responses as examined in

Figures 5.38 to 5.40. Therefore, these theoretically and experimentally imply that the

domination of the coupling effect between two pendulum references at non-resonant re-

gions is insignificant and potentially neglectable when the responded motion amplitudes

are small. At and around the natural frequencies, the mathematical model could capture

the expected trends of the coupled motions and tentatively indicate the effect of cou-

pling phenomena that modulates both pendulum motions respecting the two referenced

pivots where it becomes more influential. However, it provides the different responded

amplitudes and characteristics compared to the experiment.

It can be therefore concluded that the mathematical model in Equations 5.15 and 5.16

based on geometrically coupled dynamics is unable to reflect all the particular aspect

of the real physics of a gimballed pendulum system (especially at resonance). This

is due to the fact that the assumption made in the numerical modelling simplified the

dynamics of this type of pendulum with applied disturbance regarding only the dynamics

of two inertial perpendicular reference planes in a 3-D Cartesian coordinate system

which are the DOFs moving around two horizontal axes (xp- and yp-axes) or generalised

coordinates (θp and φp). Hence, the dynamic definition around the vertical axis (zp-axis)

or the relationship relating to polar coordinate is required to fulfil the physics of this

pendulum system. Nonetheless, with the potential asymmetric physical property of the

pendulum using gimballed pivots, the determination of the equations of motion which

are included all DOFs is theoretically complex and not straightforward.

5.5.2 Power Generations

The comparisons of the power generations between the 1- and coupled-DOFs pendulum

dynamics are shown in Figures 5.43 to 5.45.
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.43: Mean generated powers of the last 30 seconds of the pendulum
responses at µ = 30◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.44: Mean generated powers of the last 30 seconds of the pendulum
responses at µ = 45◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 5.45: Mean generated powers of the last 30 seconds of the pendulum
responses at µ = 60◦.
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Figure 5.46: Example of simulated power generations of the coupled pendulum
dynamics outside resonance region, case B3 at µ = 45◦ and Ω = 1.0 Hz (blue
- generated power by θp-plane pendulum, red - generated power by φp-plane
pendulum, green - total generated power).

Figure 5.47: Example of measured power generations of the coupled pendulum
dynamics outside resonance region, case B3 at µ = 45◦ and Ω = 1.0 Hz (blue
- generated power by θp-plane pendulum, red - generated power by φp-plane
pendulum, green - total generated power).
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Figure 5.48: Example of simulated power generations of the coupled pendu-
lum dynamics at resonance region, case B3 at µ = 45◦ and Ω = 0.9 Hz (blue
- generated power by θp-plane pendulum, red - generated power by φp-plane
pendulum, green - total generated power).

Figure 5.49: Example of measured power generations of the coupled pendulum
dynamics at resonance region, case B3 at µ = 45◦ and Ω = 0.9 Hz (blue - gener-
ated power by θp-plane pendulum, red - generated power by φp-plane pendulum,
green - total generated power).
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The maximum power generations by both simple pendulum and gimballed pendulum

dynamics numerically and experimentally occur at the natural frequencies corresponding

to the pendulum responses in all investigated heading angles. Generally, as expected,

the comparisons of the power productions of 1-DOF dynamics between two pendulum

references (case B1 for θp-plane pendulum and B2 for φp-plane pendulum) show that the

θp-plane pendulum achieves higher power magnitude associated to the greater responded

motions (due to the inertial property) which accommodates larger angular velocity to

drive the DC generator.

For case B3, at µ = 0◦ and 90◦ both rotating references theoretically and physically

perform the identical levels of power generations similar to case B1 and B2. In addition,

it is worth noting that the coupled pendulum dynamics have not been clearly observed

by either simulation and experiment at the heading angles of 15◦ and 75◦ as both pen-

dulum references still comparably perform the power generations closing to the 1-DOF

dynamics. At the applied heading angles of 30◦, 45◦, and 60◦, the coupled pendulum

motions are able to generate powers simultaneously. Similarly to the responded motions,

the good correspondences of generated powers between the prediction and experimental

validation are found outside the natural frequencies as the examples exhibited in Fig-

ures 5.46 and 5.47. Also, the power productions of the gimballed pendulum at these

regions are magnified by the coupled pendulum motions comparing to when it operates

as a 1-DOF system. However, at around resonance, The overall comparisons for the

individual pendulum references between 1- and coupled-DOFs indicate that the coupled

motions of the gimballed pendulum generate less powers due to the dominant coupling

effect between two pendulum dynamics resulting in the modulated motion amplitudes

and angular velocities. The similarity of the power generation relating to responded

characteristics by numerical prediction and experiment has not been found as presented

in Figures 5.48 and 5.49 even the domination of the coupling effect can be identified.

Overall, it may be stated that a gimbal mechanism is able to add compactness in design

and directional responsiveness to a pendulum energy harvesting system. The maximum

individual power generation level of each rotating reference could be achieved where the

direction of applied excitation is parallel to a horizontal referenced axis (xp- or yp-axis)

or, in this case, at µ = 0◦ and 90◦. In other words, the pendulum identically responds

as a 1-DOF system. Outside resonance zone, the pendulum responses respecting two

perpendicular rotating references comparably perform when they are constrained to

rotate on a fixed plane as the responses are small, and the coupling effect is insignificant.

This could be beneficial for the magnified power production by the coupled motions.

Nevertheless, when the coupling effect is dominant at resonance in sufficient heading

angles, the coupled pendulum dynamics create an undesired influence that results in

lower response implying inferior power generation compared to when it performs as a

planar or 1-DOF pendulum.
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5.6 Summary

A novel theoretical model and a set of experimental validations and investigations of

a gimballed pendulum energy harvesting system are described. Initially, the numerical

model is developed using the governing equation (Lagrange’s equation) with the simpli-

fied assumption that the presumed dual-perpendicular pendulum systems are created by

a gimbal mechanism, and are treated as two driven planar or 1-DOF pendulum dynamic

references, with geometric coupling relationships. By this method, the physical proper-

ties of the two rotating references are realistically allowed to be asymmetric. In addition,

the natural frequencies of both rotating references are possible to be theoretically and

practically tuned or designed differently.

The results from the mathematical and experimental investigations show qualitative and

quantitative agreements over the tested frequency range as 1-DOF dynamic responses,

in this case, the heading angles (µ) are equal to 0◦ and 90◦. For the condition that the

applied excitation direction is not parallel to either rotating references, multi-directional

responsiveness could be clearly achieved by a gimballed mechanism.

The coupled motions provided by the investigations show good agreement outside the

resonance region with comparable responded motion magnitudes when it performs as a

1-DOF system, implying the coupling effect between the pendulum motions is insignif-

icant and can be neglected. Therefore, the simultaneous power generations from both

perpendicular pivots provide higher power output level compared to 1-DOF pendulum

responses generated by a similar planar inertial pendulum property. At resonance, the

dominant coupling effect is captured; however, the prediction of the pendulum motions

by the mathematical model has been found to be inaccurate compared to the motions

produced by the actual device test due to the simplified assumption that is made to

form the equations of motion. Moreover, in this resonance condition, the coupled mo-

tions respecting the two perpendicular rotating references are significantly lower. This

leads to an undesired lower simultaneous power production level compared to 1-DOF

dynamic response at the identical excitation circumstance.





Chapter 6

Numerical Modelling and

Experimental Validation of the

Coupled Ship and Gimballed

Pendulum Dynamics

The dynamics of motions of a ship in waves and the dynamics of a gimballed pendulum

system are outlined in Chapters 3 and 5 respectively. Based on the identified dynam-

ics, this chapter describes the coupled dynamics of a ship and an onboard gimballed

pendulum energy harvester. The numerical model of the coupled dynamics consists of

two main dynamics subsystems; the vessel and the pendulum motions. As the sub-

systems are coupled, the equations of motions of the ship and pendulum including the

feedback dynamics are pointed out. Then, a set of experimental validations based on

wave tank testing is presented. Finally, the results regarding numerical predictions and

experimental validations are demonstrated and discussed.

6.1 Numerical Modelling of the Coupled Dynamics

6.1.1 Dynamics of the Coupled System

The numerical model aims to simulate the coupled dynamics of a ship and an onboard

gimballed pendulum energy harvester. Both the ship and the pendulum motions are

defined by sets of second-order differential equations (ODEs). Therefore, defining both

dynamics together as a system, the system involves two sets of ODEs in which each set

of equations can be referred to as a subsystem.

121
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6.1.2 Assumptions and Limitations

The assumptions and limitations of linear wave theory and 2-D strip theory are applied as

stated in Chapters 3 and 4. Additionally, the numerical model of the coupled dynamics

also assumes that

• The overall mass distribution of the ship is not affected by the onboard pendulum.

• The displacement of the ship is not changed when the pendulum is installed, and

therefore the hydrodynamic coefficients calculated by 2-D strip theory are not

changed.

• The numerical model of the coupled dynamics only considers moments of the forces

created by the swinging pendulum references as the feedback dynamics to the ship

motions.

• The numerical model does not consider the change in the ship’s centre of gravity

during the pendulum is swinging.

6.1.3 Implemented Equations of Motions

According to the theoretical detail of a ship dynamics in waves in Chapter 3 and the

assumption made in Chapter 4, the equations of the oscillatory ship motions including

the feedback moments created by the onboard gimballed pendulum can be defined as:

• Heave Motion:

(
ρ∇+ a33(ωe)

)
z̈(ωe, t) + b33(ωe)ż(ωe, t) + c33z(ωe, t)

+a35(ωe)θ̈(ωe, t) + b35(ωe)θ̇(ωe, t) + c35θ(ωe, t)

= Fwa3(ωe) cos
(
ωet+ ε3(ωe)

)
(6.1)

• Roll Motion:

(
Ixx + a44(ωe)

)
φ̈(ωe, t) + b44(ωe)φ̇(ωe, t) + c44φ(ωe, t)

= Fwa4(ωe) cos
(
ωet+ ε4(ωe)

)
+ Fφp(ωe, t)︸ ︷︷ ︸

Feedback Moment

(6.2)

• Pitch Motion:

a53(ωe)z̈(ωe, t) + b53(ωe)ż(ωe, t) + c53z(ωe, t)(
Iyy + a55(ωe)

)
θ̈(ωe, t) + b55(ωe)θ̇(ωe, t) + c55θ(ωe, t)

= Fwa5(ωe) cos
(
ωet+ ε5(ωe)

)
+ Fθp(ωe, t)︸ ︷︷ ︸

Feedback Moment

(6.3)
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by heave motion is not affected by the moments created by the pendulum and therefore

the equation of heave motion remains unchanged, and Fθp and Fφp are the feedback mo-

ments (N·m) created by the pendulum references on longitudinal and transverse planes.

According to the schematic drawing of the coupled dynamics illustrated in Figure 6.1,

the moments of the forces respecting the referenced planes can be calculated as:

• Longitudinal-Plane:

Fθp(ωe, t) = FHθp (ωe, t)
(
zpp − lθp cos(φp(ωe, t)) cos(θp(ωe, t))

)
−FVθp (ωe, t)

(
xpp + lθp cos(φp(ωe, t)) sin(θp(ωe, t))

)
(6.4)

• Transverse-Plane:

Fφp(ωe, t) = FHφp (ωe, t)
(
zpp − lφp cos(θp(ωe, t)) cos(φp(ωe, t))

)
−FVφp (ωe, t)

(
ypp + lφp cos(θp(ωe, t)) sin(φp(ωe, t))

)
(6.5)

where FHθp , FHφp , FVθp , and FVφp are the horizontal and vertical forces created by the

swinging pendulum on the referenced longitudinal- and transverse-planes respectively.

In addition, xpp, ypp, and zpp are the position of the pivot point of the pendulum away

from the CG of the ship respecting xb-, yb-, and zb-axes.
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(a) Longitudinal-plane dynamics.

(b) Transverse-plane dynamics.

Figure 6.1: Schematic drawing of the coupled dynamics of the numerical model.



Chapter 6 Numerical Modelling and Experimental Validation of the Coupled Ship and
Gimballed Pendulum Dynamics 125

For the dynamics of the onboard gimballed pendulum system, the equations of motions

of the pendulum references can be quoted Equations 5.15 and 5.16 detailed in Chapter

5 and the displacement of the excitations at the pendulum pivot along xp-, yp-, and

zp-axes at any point on the ship, see Journée and Massie (2001) for detail, regarding the

assumptions can be obtained as:

• Longitudinal Excitation:

Xp(ωe, t) = zppθ(ωe, t) (6.6)

Ẋp(ωe, t) = zppθ̇(ωe, t) (6.7)

Ẍp(ωe, t) = zppθ̈(ωe, t)− gθ(ωe, t) (6.8)

• Lateral Excitation:

Yp(ωe, t) = −zppφ(ωe, t) (6.9)

Ẏp(ωe, t) = −zppφ̇(ωe, t) (6.10)

Ÿp(ωe, t) = −zppφ̈(ωe, t) + gφ(ωe, t) (6.11)

• Vertical Excitation:

Zp(ωe, t) = z − xppθ(ωe, t)− yppφ(ωe, t) (6.12)

Żp(ωe, t) = ż − xppθ̇(ωe, t)− yppφ̇(ωe, t) (6.13)

Z̈p(ωe, t) = z̈ − xppθ̈(ωe, t)− yppφ̈(ωe, t). (6.14)

Ultimately, the numerical model of the coupled ship and gimballed pendulum dynamics

can be therefore represented as a second-order ODE in a matrix form in a discretised

time-step at a particular encountering frequency as:

M5×5



z̈(ωe, t)

φ̈(ωe, t)

θ̈(ωe, t)

θ̈p(ωe, t)

φ̈p(ωe, t)


+ C5×5



ż(ωe, t)

φ̇(ωe, t)

θ̇(ωe, t)

θ̇p(ωe, t)

φ̇p(ωe, t)


+K5×5



z(ωe, t)

φ(ωe, t)

θ(ωe, t)

θp(ωe, t)

φp(ωe, t)


= F5×1 (6.15)

where M5×5 is the 5 by 5 inertial matrix, C5×5 is the 5 by 5 damping matrix, K5×5 is the

5 by 5 restoring or stiffness matrix, and F5×5 is the 5 by 1 external excitation including

the feedback moments matrix.

Note that, the hydrodynamic and hydrostatic coefficients of the ship in waves are cal-

culated based on the 2-D strip theory (for coupled heave-pitch) and estimation based
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on the ship’s hydrostatic property (for roll) which are implemented in the MAXSURF

software package with the similar verified input parameter discussed in Chapter 4.

6.1.4 Numerical Algorithm

Figure 6.2 shows the flow chart of the numerical algorithm of the numerical model of the

coupled dynamics. Again, this numerical model is solved using RK4 numerical method

based on MATLAB software package with the similar verified time-step size mentioned

in Section 5.3.1.

Figure 6.2: Flow chart of the numerical algorithm of the coupled ship and
pendulum dynamics.
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6.2 Experimental Validation of the Numerical Model of

the Coupled Ship and Gimballed Pendulum Dynamics

6.2.1 Experimental Set-up

An existing ship model as shown in Figure 6.3(a), the HMS Queen Mary (QM) Battle

Cruiser model, was modified for the purpose of the wave tank experiment aiming to

validate the created numerical model of the coupled ship and gimballed pendulum energy

harvester dynamics. The prototype of a gimballed pendulum detailed in Chapter 5 was

attached to the model as can be seen in Figure 6.3(b). The combined weight of the

pendulum prototype with the supporting frame was 8.5% of the total displacement of

the ship model (at this waterline). Additionally, it is worth noting that the design of

the ship and the onboard pendulum is not optimal. The model particulars are detailed

in Table 6.1.

(a) ship hull. (b) ship hull with installed gimballed pendulum system.

Figure 6.3: Investigated ship model.

Table 6.1: Experimental Particulars for the Investigated Model

Parameter Symbol Value Unit

Length Overall LOA 2.470 m

Beam Overall BOA 0.315 m

Moulded Depth D 0.190 m

Draft d 0.112 m

Waterline Length LWL 2.462 m

Waterline Beam BWL 0.316 m

Displacement Weight ∆ 48.980 kg

Block Coefficient CB 0.562 -

Longitudinal Centre of Gravity (from Amidships) LCG -0.026 m

Vertical Centre of Gravity (from Baseline) V CG 0.112 m

Transverse Metacentric Height GMT 0.274 m

Position of the Pendulum Pivot from the Ship’s CG in xb-Axis xpp -0.141 m

Position of the Pendulum Pivot from the Ship’s CG in yb-Axis ypp 0.000 m

Position of the Pendulum Pivot from the Ship’s CG in zb-Axis zpp 0.414 m
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6.2.2 Roll and Pitch Radii of Gyration Measurements

(a) Compound pendulum test rig. (b) Motion sensor.

Figure 6.4: Radius of gyration test.

The roll and pitch moments of inertia were measured using the compound pendulum

test rig (see Bhattacharyya (1978) or Lloyd (1989) for more detail) as illustrated in

Figure 6.4. The model was suspended in a rigid structure with the distance from the

CG of the model to the pivot (h, m) as, for this case, the value is 0.630 m. Then, this

pendulum-like arrangement was released from a particular angle from resting position

and the oscillation period which can be referred to the natural period of oscillation (T∗,

s) was measured by the IMU, Xsens MTi-100. The moment of inertia of the pendulum

rig regarding the referenced motion can be expressed as:

I = mk2
ii by ii = 44 or 55 (6.16)

where m is the mass of the model, and the stiffness of the compound pendulum is

c = mgh. (6.17)

Therefore, the oscillation frequency can be calculated as:

ω∗,ii =
2π

T∗,ii
=

√
c

I
by ii = 44 or 55 (6.18)

and the radius of gyration of the model is given by

kii =

√
ghT 2

∗,ii
4π2

− h2 by ii = 44 or 55. (6.19)

The time history and the oscillation period of roll and pitch radii of gyration tests of

the model are presented in Figures 6.5 and 6.6 and the values of the radii of gyration is

summarised in Table 6.2.
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(a) Time-domain decay.

(b) FFTs of time-domain decay.

Figure 6.5: Roll radius of gyration tests.
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(a) Time-domain decay.

(b) FFTs of time-domain decay.

Figure 6.6: Pitch radius of gyration tests.



Chapter 6 Numerical Modelling and Experimental Validation of the Coupled Ship and
Gimballed Pendulum Dynamics 131

Table 6.2: Radii of Gyration Measurements.

Parameter Symbol
Value

Unit
Roll (ii = 44) Pitch (ii = 55)

Average Oscillation Frequency ω̄∗,ii 3.832 3.343 rad/s

Oscillation Period T∗,ii 1.640 1.879 s

Radius of Gyration kii 0.155 0.395 m

(49.21 % of BOA) (15.99 % of LOA)

6.2.3 Roll Damping Coefficient Measurement

The roll damping coefficient of the ship model was obtained from a set of roll decay tests

of the roll motion. The method of this measurement has a similar approach compared to

the pendulum decay tests discussed in Chapter 5 but, in this case, the vessel was tested

in a water tank and was heeled over a particular initial angle and then released. The

decay over the time of the roll motion was recorded and plotted as a slope of decaying

successive peaks.

By using the average of the slope of the decay peaks from the tests, the non-dimensional

roll damping coefficient or damping ratio is numerically modelled using the viscous

damping assumption which can be estimated by Equation 5.23. The results from the

roll decay tests and the simulated roll decay motion based on the average value from the

measurement are shown in Figure 6.7 and the value of the calculated non-dimensional roll

damping coefficient is summarised in Table 6.3. It should be noted that the unsmoothed

decay slopes can be observed due to the experimental error that is the waves reflections

created by the tank wall.

(a) Time-domain decay. (b) Decay slope.

Figure 6.7: Investigation of roll damping coefficient of the HMS QM model.
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Table 6.3: Calculated Roll Damping Coefficient.

Parameter Symbol Value Unit

Average Slope - 1.220 -

Non-Dimensional Roll Damping Coefficient ξ44 0.063 -

Roll Damping Coefficient b44 1.758 kg·m2/s

6.2.4 Experimental Plan

A series of wave tank experimental testing was conducted in the Southampton Solent

University towing tank which has the dimension of 60 m in length, 3.7 m wide and 1.8

m deep and capable of generating waves of up to 0.2 m amplitude and a frequency of 1.2

Hz. The ship model was constrained to a carriage via tow post at around 7 m away from

the wave maker and 50 m away from the beach. The location of the tow post attached

at the model is 25 cm from the model’s LCG toward the bow. This tow post only allows

the model to heave, roll, and pitch. Also, the motions of the model can be measured by

the linear and rotary potentiometers connected to the tow post. Moreover, the applied

wave profile was measured by a wave probe.

The experimental validation of the ship model with the onboard gimballed pendulum

energy harvester was conducted based on that the ship was stationary and the pendu-

lum was unlocked and allowed to swing around both perpendicular pivots without and

with PTO units. The amplitudes of the regular waves (ζa) used were 0.035 m (0.07 m

wave height (H)) with the wave frequencies from 0.5 to 1.2 Hz with 0.1 Hz increment.

Moreover, due to the blockage issue with the carriage and the model, the greatest angle

of the ship that can be practically investigated was 30◦ from the head waves condition

or 150◦ relative to the direction of the waves. Therefore, three heading conditions were

investigated which were 180◦, 165◦, and 150◦. Also, it should be noted that all the mo-

tion responses results were measured based on around of 60-70 seconds range to avoid

the effect of wave reflection by the tank end.

6.3 Results and Discussion

6.3.1 Ship Responses

Set of numerical and experimental results of the ship model responded transfer functions

of the coupled heave-pitch and roll motions regarding the investigated heading conditions

are shown in Figure 6.8 to 6.16.
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(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.8: Heave motion transfer function at ζa = 0.035 m and µ = 180◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.9: Pitch motion transfer function at ζa = 0.035 m and µ = 180◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.10: Roll motion transfer function at ζa = 0.035 m and µ = 180◦.



134
Chapter 6 Numerical Modelling and Experimental Validation of the Coupled Ship and

Gimballed Pendulum Dynamics

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.11: Heave motion transfer function at ζa = 0.035 m and µ = 165◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.12: Pitch motion transfer function at ζa = 0.035 m and µ = 165◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.13: Roll motion transfer function at ζa = 0.035 m and µ = 165◦.



Chapter 6 Numerical Modelling and Experimental Validation of the Coupled Ship and
Gimballed Pendulum Dynamics 135

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.14: Heave motion transfer function at ζa = 0.035 m and µ = 150◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.15: Pitch motion transfer function at ζa = 0.035 m and µ = 150◦.

(a) with gimballed pendulum without PTOs. (b) with gimballed pendulum with PTOs.

Figure 6.16: Roll motion transfer function at ζa = 0.035 m and µ = 150◦.
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The motion transfer functions presented in Figures 6.8 to 6.16 were calculated based on

the last 30 seconds of the 60-second time history motion responses which are considered

as steady-state. The overall comparisons of numerical predictions and experimental re-

sults show reasonable agreement in heave, pitch, and roll motions across the investigated

wave frequencies and heading angles for both bare hull and with onboard pendulum tests.

There is no significant difference between the ship motions compared between the cases

for the pendulum without and with PTO units. The discrepancies of the experimental

results may be caused by the experimental error due to the uncertainty of the generated

waves especially at high frequencies (1.0 to 1.2 Hz) as exhibited in Figure 6.17. Also, at

these frequencies, the generated wave profiles were not entirely clean and stable as an

example shown in Figure 6.18.

Figure 6.17: The errors of the generated waves by the wave maker.

(a) Time-domain profile. (b) FFT of the last 30 second.

Figure 6.18: Example of waves generated by the wave maker at 1.2 Hz.
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In general, the onboard pendulum system theoretically and experimentally provide a

minimal effect on the heave motion as can be seen in Figures 6.8, 6.11, and 6.14. For

the pitch motions in Figures 6.9, 6.12, and 6.15, the numerical models based on the

ship without and with the pendulum simulate comparable results as the effect from the

pendulum cannot be identified. However, for the experimental results, the pitch motions

across the tests are lower than that the bare hull. This could be due to the change in

the mass distribution of the ship when the pendulum was installed and also during its

oscillation while these are not included in the assumption of the numerical model.

For the roll motions in investigated headings (Figures 6.10, 6.13, and 6.16), the bare hull

condition, the comparison of the results between the simulation and experiment show

good correlation with the small overestimated offsets in the cases of heading angles at

165◦ and 150◦. At the applied angles, the effect of the pendulum on the roll responses

can be experimental observed at low frequencies at 0.5 to 0.7 Hz. At these frequencies,

the pendulum had minimal reactions as it mostly remains vertically downward at the

equilibrium position as demonstrated in Figure 6.19. Thus, the centre of gravity dy-

namically shifted to the port and starboard of the ship corresponding to the location

of the pendulum mass, and so the roll motions were induced to be greater compared

to when its behaved without pendulum attached. However, this dynamic characteris-

tic not appears in the numerical prediction due to it is not taken into the assumption

of the mathematical modelling of the coupled ship and gimballed pendulum dynamics

described in Section 6.1. At higher frequencies, the numerical simulation can capture

the influence of the onboard pendulum to the roll responses. The predicted roll motions

show to be decreased at 0.8, and 1.0 to 1.2 Hz and to be amplified at 0.9 Hz. For the

experimental results at these points, the insignificant differences in the results including

the involved experimental error cannot conclude the precise effect of the pendulum on

the roll motion of the ship.

Figure 6.19: The model response at ωe = 0.5 Hz and µ = 150◦.

6.3.2 Pendulum Responses

The results of the pendulum responses are presented in Figures 6.20 to 6.25.
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.20: Pendulum RMS responses without PTO units at ζa = 0.035 m and
µ = 180◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.21: Pendulum RMS responses without PTO units at ζa = 0.035 m and
µ = 165◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.22: Pendulum RMS responses without PTO units at ζa = 0.035 m and
µ = 150◦.
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.23: Pendulum RMS responses with PTO units at ζa = 0.035 m and
µ = 180◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.24: Pendulum RMS responses with PTO units at ζa = 0.035 m and
µ = 165◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.25: Pendulum RMS responses with PTO units at ζa = 0.035 m and
µ = 150◦.
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For the pendulum responses, the reasonable agreement between numerical prediction and

experimental results only shows at the head waves condition (µ = 180◦) in both without

and with applied PTO units as can be seen in Figures 6.20 and 6.23. The pendulum

contributes the most significant responses at around resonance, 0.9 Hz. The overall pen-

dulum responses are numerically and empirically lower when the PTO unit is applied

since the added greater damping. At this heading, theoretically, the pendulum per-

forms as a planar or 1-DOF pendulum as the excitation from the ship is uni-directional.

Experimentally, the identical behaviour was confirmed with only small discrepancy pro-

viding the oscillation to the other perpendicular plane due to experimental error in some

particular frequencies shown in Figure 6.23(b).

At applied heading angles, µ = 165◦ and 150◦, the comparison between the numerical

and experimental results mainly show disagreement as displayed in Figures 6.21, 6.22,

6.24, and 6.25. At low frequencies (0.5 to 0.7 Hz), the pendulum at these points pro-

duces minimal responses. However, the recorded motions from the experimental were

the relative angles between the barely moving pendulum and the ship riding on waves

(more evident for φ-plane pendulum). This can be referred to as the dynamics explained

in Section 6.3.1. Again, this characteristic does not present in the numerical simulation.

In general, the overall simulations for the whole dynamics of the gimballed pendulum

at these conditions are found to be inaccurate even the trend of the θp-plane responses

is comparable to that the experiment. This is because of the simplified assumption of

the numerical modelling of the pendulum system discussed in Chapter 5. Furthermore,

the pendulum responses for both referenced planes are the results of asymmetric ex-

citation from a combination of the 3-DOF ship dynamics. This is much greater than

the investigated condition applied in Chapter 5 regarding excitation amplitude. Conse-

quently, the resulting simulated pendulum motions significantly emerge, especially from

0.8 Hz. As from this excitation frequency, the coupling terms become more dominant

in the equations of motions, Equations 5.15 and 5.16. This results in an inaccurate

theoretical prediction. Therefore, it can also be concluded that the numerical model of

a gimballed pendulum dynamics only valid under small pendulum dynamics where the

coupling effects of two pendulum references are minimised.

6.3.3 Power Generations

As a reflection of inaccuracy of the pendulum responses predictions described in Sec-

tion 6.3.2, only reasonable agreement between the simulation and the experiment is

particularly found at the head waves condition as shown in Figures 6.26 to 6.26. The

power generation level correlates to the pendulum responses with the peak at the reso-

nance frequency. Nevertheless, the overall generated power predictions are overestimated

compared to the measured data with apparently contradicting trends for the φp-plane

pendulum at the headings of 165◦ and 150◦.
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(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.26: Average generated powers by the pendulum references at ζa = 0.035
m and µ = 180◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.27: Average generated powers by the pendulum references at ζa = 0.035
m and µ = 165◦.

(a) θp-plane pendulum. (b) φp-plane pendulum.

Figure 6.28: Average generated powers by the pendulum references at ζa = 0.035
m and µ = 150◦.
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(a) Pendulum responses.

(b) Power generations by the pendulum references.

(c) Total power generation.

Figure 6.29: Measured pendulum responses and power generations by the gim-
balled pendulum energy harvester at µ = 165◦ and ωe = 0.9 Hz (Dash lines -
mean power generations calculated based on the measured results at the last 30
seconds).
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(a) Pendulum responses.

(b) Power generations by the pendulum references.

(c) Total power generation.

Figure 6.30: Measured pendulum responses and power generations by the gim-
balled pendulum energy harvester at µ = 150◦ and ωe = 0.9 Hz (Dash lines -
mean power generations calculated based on the measured results at the last 30
seconds).
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Considering the experimental results at applied heading angles (µ = 165◦ and 150◦),

the power generations at low frequencies (0.5 and 0.6 Hz) can be observed for φ-plane

pendulum as shown in Figures 6.27(b) and 6.28(b). These power generations were the

results of the contributed gravitational torques from the relative angles between the

downward pendulum and the induced roll motions of the ship as explained in Section

6.3.2. At around natural frequencies of both pendulum references (0.9 Hz), the gimballed

pendulum system created coupled motions as a result from the vessel heave, roll, and

pitch. These coupled motions can be clearly seen with greater applied heading angle.

Based on this pendulum dynamics, therefore, the electric powers from both referenced

pendulum axes were simultaneously generated as exhibited in Figures 6.29 and 6.30.

At µ = 165◦, the average power generations1 of θp- and φp-planes pendulum references

were 3.716 W (7.432 W average peak), 0.559 W (1.118 W average peak) respectively,

and so the average total generated power can be summed up as 4.275 W (8.550 W

average peak). Besides, at µ = 150◦, the average power generations1 of θp- and φp-

planes pendulum references were 4.996 W (9.992 W average peak), 0.841 W (1.682 W

average peak) respectively, and the average total generated power was 5.837 W (11.674

W average peak).

6.4 Summary

A mathematical model of the coupled ship and onboard gimballed pendulum energy

harvester is described. By defining the coupled dynamics as a system, the numerical

model, therefore, consists of two main subsystems; the ship and the pendulum dynamics.

These subsystems are coupled by feedback moments created by the pendulum motions.

Then, a set of experimental testings based on wave tank experiment was organised to

validate the numerical model.

A reasonable agreement is generally found in terms of the trends of the frequency de-

pendent ship responses. The effect of the moving pendulum on the ship dynamics is

numerically and experimentally confirmed to be meaningless to the heave response. For

the pitch motion, the numerical model still shows that the effect of the onboard pendu-

lum is insignificant. Experimentally, nevertheless, the reduction in pitch responses can

be observed as this could be due to from the effect of the pendulum and the change

in the mass distribution of the ship when the pendulum was attached as well as the

involved experimental error. When the heading of the ship is not aligned with that the

waves, the occurrence of roll motion can be expected as this theoretically and physically

shows in the investigations. However, at low frequencies (0.5 to 0.7 Hz), the numerical

model does not reflect the induced roll motion due to the shifting in the centre of gravity

causing by the lateral translating position of the vertically downward pendulum on the

rolling ship. This is due to that the effect is not included in the assumption made in the

1Based on the last 30 seconds of the measured results.
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numerical modelling. At higher frequencies, the simulation is able to capture the effect

of the created pendulum moment that affects the roll responses, but the experiment

cannot precisely confirm the similar dynamics due to the experimental error.

Regarding the pendulum responses, a good corroboration between the numerical predic-

tion and experimental result can only be confirmed at head waves condition. Elsewhere,

the numerical model is considered inaccurate as it is found to be valid only for small

dynamics. Nevertheless, based on the experimental results at applied heading angles,

the gimballed pendulum prototype offered a benefit in power generation by gravita-

tional torque at the low frequencies. At around resonance, the pendulum performed the

coupled motions which were more significant at greater heading angle. These coupled

motions could create simultaneous power generations from both two pendulum reference

pivots. Therefore, this shows that harvesting energy from multiple-DOF dynamics offers

the potential to generate more energy. In addition, it also proves that energy harvesting

using multiple-DOF ship dynamics is practically possible.





Chapter 7

Discussion

7.1 Ship Motions Energy Harvesting

As demonstrated and discussed in Chapter 4 concerning the oscillatory motions for any

wave direction, the magnitude of the available mechanical power contributed by the

ship motions in a sea state varies proportionally to the scale of the ship. Based on the

non-dimensional analysis of the scaling relationships relating to the mechanical powers,

it shows that the ship in different scale contributes the power from the different dy-

namic determinants. The mechanical power from the larger size of a ship is dominated

by its size, in terms of mass, and the velocity of the translational motion. Besides,

the frequency response of a bigger scale vessel shifts toward low-frequency range. On

the other hand, when the size becomes smaller, the magnitude of the power is princi-

pally controlled by the rotational motions and the ship responses more to the higher

encountering frequency.

In an energy conversion aspect, it is generally difficult to convert the power of the

low-frequency motions from a large-scale ship; even it offers a massive available power

magnitude in the sea. On that regard, considering an onboard energy harvesting system

as a conventional vibration device (e.g. mass-spring-damper or pendulum system), the

size of the device is also required to be relatively large to ensure that the response will

be created. Furthermore, as translational (heave) motion is proven to be the primary

source of power for a large ship, by using the typical bottom-fixed approach for converting

energy from a heaving body is not practical based on the operational basis of the ship in

the deep water zone sea state. Besides, to harvest low-frequency motion by an outboard

system as introduced by Sharon et al. (2011) as shown in Figure 2.20, an additional drag

to the ship is a trade-off parameter to be concerned.

147
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As stated earlier, the frequency response characteristics of a ship shift toward the high-

frequency range followed the decreasing in size. Moreover, the rotational motions, pitch

and roll in this case, are the main influential factors in the available mechanical power

of a small-scale ship in waves. By considering this, the requirement of the energy con-

version techniques concerning the system dimension could make energy harvesting using

ship motions at a small scale fundamentally becoming more practical. Correspondingly,

a number of energy harvesting concepts using rotational motion of a small-scale marine

vessel are introduced as reviewed and discussed in Chapter 2. However, with the real-

isation of the dynamics of a ship in the real sea, to simultaneously harvest the energy

from the ship directional responses could, therefore, elevate the resulting power produc-

tion. It is because of the available mechanical power is magnified by the number of the

involved ship DOFs as evidently confirmed by the assessment in Chapter 4.

7.2 A Gimballed Pendulum System as an Energy Conver-

sion Mechanism

As discussed in Chapter 2, energy conversion mechanism for the WEC systems for marine

vessels using rotational motion is potentially pendulum system. This system has several

advantages. As the system is installed internally, it does not add any hydrodynamic

resistance to the vessel and also it is able to prevent biofouling issue as it is not exposed

to the external marine environment. Besides, pendulum response can be considered

a free phenomenon. The frequency response of a pendulum system only depends on

the excitation frequency the host body as it does not require any power to guarantee

its responsiveness. However, the main limitation of the proposed energy conversion

techniques based on typical pendulum system is the restricted directional responsiveness

on the dynamics of a floating body as a ship in waves. This limit also constrains the

potential to extract more power from the total available amount by the involved DOFs.

Therefore, a gimballed pendulum mechanism is introduced in order to overcome the

existing limit.

Regarding the numerical and experimental investigations of the dynamics of the gim-

balled pendulum system presented in Chapter 5, it is clear that the gimballed mechanism

could add directional responsiveness to a pendulum energy harvesting system. With the

benefit from the dual perpendicular pivots, the gimballed pendulum system is able to

respond to the applied harmonic excitation from any angle. When the excitation is

parallel to a particular referenced horizontal axis, the pendulum theoretically and ex-

perimentally performs as a 1-DOF pendulum. At the angles elsewhere, the coupled

motions can be observed. These motions are found to be beneficial in the simultaneous

power generations by the pivots outside resonance where the responded motions and the

coupling effect are small.
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(a) Simulation. (b) Experiment.

Figure 7.1: Comparison between the mean power generations of 1-DOF and
coupled-DOF θp-plane pendulum references.

(a) Simulation. (b) Experiment.

Figure 7.2: Comparison between the mean power generations of 1-DOF and
coupled-DOF φp-plane pendulum references.

(a) Simulation. (b) Experiment.

Figure 7.3: Comparison between the mean total power generations of two 1-
DOF and coupled-DOF pendulum systems.



150 Chapter 7 Discussion

Nevertheless, at resonance, the coupling effect becomes more influential and diminishes

the pendulum responses compared to when it performs as a 1-DOF system. These lower

responses imply the inferior power generation levels as the comparisons in Figures 7.1

to 7.3. Although, the numerical model at this point is not found to be accurate. Both

theoretical prediction and experimental result confirm the undesired effect concerning

power generation of the coupling dynamics of the gimballed pendulum system.

For an example scenario, Figure 7.3 shows the comparison of the average total power

generations by utilising two of 1-DOF pendulum as a system and that the gimballed pen-

dulum system with the similar configuration and alignment. Clearly, to arrange two of

1-DOF pendulum energy harvesters for individual perpendicular DOFs could provide an

identical coverage of directional responsiveness. Also, the average total power generation

level of the combined single-DOF pendulum systems is more favourable. Furthermore,

the theoretical prediction of the 1-DOF dynamics and power generation performance

could be more accurate by the simpler numerical model. Therefore, this finding could

be invaluable information for the design consideration of either the WEC system and

energy harvesting using ship motions in waves concerning directional responsiveness or

power generation from multiple-DOF dynamics with a pendulum system.

7.3 Energy Harvesting Using Ship Motions by an Onboard

Pendulum System

This research has proved that the energy harvesting using multiple-DOF ship dynamics

by applying a gimballed pendulum as an energy conversion mechanism to be practicable

by the non-optimal design presented in Chapter 6. Assuming that the ship travelling at

a constant encountering frequency at arbitrary speed, therefore, the average generated

power as a percentage of the effective power at different speed of the ship model, HMS

Queen Mary, can be presented in presented in Tables 7.1 to 7.3. Note that, the ship

effecting power is numerically estimated using MAXSURF Resistance software package

based on Holtrop method for displacement ships.



Chapter 7 Discussion 151

Table 7.1: Measured Power Generation as a Proportion of the Ship Effective
Power at µ = 180◦ and ωe = 0.9 Hz.

Parameter Symbol Value Unit

Ship Speed U 1 2 3 4 5 Knot

Total Generated Power Ptotal 3.3372 3.3372 3.3372 3.3372 3.3372 W

Effective Power PE 0.3704 2.7471 10.0162 32.0396 72.6138 W

Percentage of

Total Generated Power

to Ship Effective Power

(Ptotal/PE)

×100
900.9842 121.4810 33.3184 10.4160 4.5959 %

Table 7.2: Measured Power Generation as a Proportion of the Ship Effective
Power at µ = 165◦ and ωe = 0.9 Hz.

Parameter Symbol Value Unit

Ship Speed U 1 2 3 4 5 Knot

Total Generated Power Ptotal 4.4649 4.4649 4.4649 4.4649 4.4649 W

Effective Power PE 0.3704 2.7471 10.0162 32.0396 72.6138 W

Percentage of

Total Generated Power

to Ship Effective Power

(Ptotal/PE)

×100
1205.4368 162.5308 44.5770 13.9357 6.1489 %

Table 7.3: Measured Power Generation as a Proportion of the Ship Effective
Power at µ = 150◦ and ωe = 0.9 Hz.

Parameter Symbol Value Unit

Ship Speed U 1 2 3 4 5 Knot

Total Generated Power Ptotal 6.7061 6.7061 6.7061 6.7061 6.7061 W

Effective Power PE 0.3704 2.7471 10.0162 32.0396 72.6138 W

Percentage of

Total Generated Power

to Ship Effective Power

(Ptotal/PE)

×100
1810.5086 244.1135 66.9526 20.9307 9.2353 %
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(a) Pendulum length relative to natural frequency. (b) Ship waterline length relative to wave frequency.

Figure 7.4: Pendulum and ship waterline lengths in the relations of frequencies.

To apply a pendulum system onboard a marine vessel, the size regarding the pendulum

arm length relative to the vessel geometry or vice versa has to be included into the

consideration. The relationships of the required pendulum length for achieving its nat-

ural frequency and the referenced ship waterline length relative to wave frequencies for

ensuring the occurrence of the ship responses are demonstrated in 7.4(a) and 7.4(b) re-

spectively. It is clear that both the required pendulum and the ship length are increasing

followed the low target frequencies. However, to design a ship with an onboard pendu-

lum system, the size of the pendulum is technically constrained by the vessel geometry.

In other words, the required pendulum length to guarantee the pendulum response at a

particular target operating frequency might be longer than that the ship beam and it is

not practical to be operated onboard, presumably, due to the ship safety and stability

reasons. Besides, the required volume for installing the pendulum system as shown in

Figure 7.5 is needed to be considered.

Figure 7.5: Required volume for onboard pendulum installation.
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Therefore, if the required pendulum length is known based on target operating frequency,

the geometry regarding the beam of a ship or the required length-to-beam ratio can be

identified. By assuming the limit of the length of a pendulum system by half of a ship

beam, the maximum length-to-beam ratios of the ship with different referenced waterline

lengths that allow a pendulum to swing within the ship can be determined as shown

in Figure 7.6. Based on the assumption, the maximum length-to-beam ratio for the

ship in which waterline length equals to the frequency-dependent wavelength (Figure

7.6(a)) is around 3. With the reduction of referenced waterline length, the maximum

length-to-beam ratio also decreases. This means the smaller ship requires greater lateral

dimension for an onboard gimballed pendulum system.

It is worth noting that the pendulum length defines the natural frequency of a pendu-

lum system. Accordingly, an energy harvester based on pendulum system requires the

pendulum to have an optimum length to assure the pendulum response at a particular

ambient frequency. This finite operating condition contrasts the behaviour of a floating

body or a ship in the real sea. Therefore, a natural frequency tuning technique and PTO

performance optimisation control algorithm (mentioned in Chapter 2) might be required

which could improve the pendulum performance, increase the potential to generate more

power, and expand the responsive band from the variation of disturbance.
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(a) at ref. LWL = 1.00λ. (b) at ref. LWL = 0.75λ.

(c) at ref. LWL = 0.50λ. (d) at ref. LWL = 0.25λ.

Figure 7.6: The relationships of the required frequency-dependent pendulum
length for achieving its natural frequency and the beam of the ships with differ-
ent referenced waterline lengths relating to length-to-beam ratio (red - required
pendulum length, blue - ship beam relative to length-to-beam ratio).



Chapter 8

Conclusions and

Recommendations for Future

Work

8.1 Conclusions

With the limited understanding of the potential use of the energy harvesting using

wave-induced ship motions, therefore, the research provides a novel methodology for

assessing the available mechanical power of motions of a ship in waves. By adopting

the seakeeping analysis and statistical technique of describing the characteristic of a sea

state, consequently, the available mechanical powers from the motions of a ship in a

sea state can be determined. In general, the directional responses of a ship depends on

the heading angles relative to the wave direction. With the consideration of the ship

directional responses, the oscillatory motions, heave, pitch, and roll, have been taken into

account for the investigation at zero speed condition. The frequency response and power

contribution characteristics of a ship depend on the ship scale. A ship with the larger

scale responds to low-frequency range, and its power is contributed by its mass and the

translational motion. On the other hand, a smaller ship reacts to higher encountering

frequency as the rotational motion mainly influences its power. It is also found that

the number of the involved DOFs can magnify the available mechanical power of a ship

in waves. Therefore, in energy conversion aspect, to simultaneously harvest the energy

from the multiple-DOF of a ship concerning directional responses in the real sea could

elevate the resulting power production.

Nevertheless, the main limitation of the typical energy conversion techniques for a float-

ing body or a ship in waves is the limited DOF. Hence, this research has investigated

a gimballed pendulum mechanism that is designed to overcome the limitation in di-

rectional responsiveness. The investigations are proposed in the comparison between

155
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1- and coupled-DOFs pendulum dynamics. Based on the numerical and experimental

investigations in the harmonic excitations at different angular alignments, it is clear

that the gimballed pendulum is able to respond to the excitation at any angle and, at

the sufficient angles, the coupled pendulum motions respecting the referenced perpen-

dicular pivots are created. The coupled motions are theoretically and experimentally

found to be beneficial in the simultaneous power generations by both pivots for the

small pendulum responses outside resonance region. However, at resonance with the

greater responses, the coupling effect between two pendulum references become signif-

icant. The gimballed pendulum at this point creates lower responses implying inferior

power generation compared to when it performs as a 1-DOF at the identical applied

angles.

Then, the dynamics of the coupled ship and onboard gimballed pendulum have been

numerically and experimentally investigated. The numerical model of the coupled dy-

namics consists of two main sub-dynamics or subsystems, the ship and the pendulum.

These subsystems are coupled with the excitation components and the feedback mo-

ments created by the ship to the pendulum and vice versa. Generally, the mathematical

prediction provides a reasonable agreement to the experimental result in the frequency-

dependent ship directional responses with comparable trends. However, the numerical

model could not show the effect of the gimballed pendulum to the pitch and roll motions

of the ship which showed in the experimental results. This is because of the simplifying

assumption in the numerical modelling does not consider the change in the ship’s mass

distribution during the pendulum is swinging.

For the resulting responses of the onboard pendulum, a good corroboration between

the numerical simulation and experiment result can be confirmed only at head waves

condition where the pendulum technically performs 1-DOF responses. At the other

investigated headings, the numerical model could not provide accurate result as it is

found to be valid only for small pendulum dynamics. However, based on the experimen-

tal result, it shows that the multiple-DOF ship dynamics could benefit the simultaneous

power generations by the coupled motions of the gimballed pendulum which can be

evidently observed at greater heading angle. As a result, this confirms that harvesting

energy from multiple-DOF dynamics offers the potential to generate more energy. This

also proves that the energy harvesting using multiple-DOF ship dynamics by applying

a gimballed pendulum as an energy conversion mechanism is practicable.

8.2 Main Contributions

The following contributions have resulted from the work presented in this thesis:

• A novel theoretical methodology of assessing available mechanical power from ship

motions in seaway.
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• A novel numerical model of the dynamics of a gimballed pendulum system vali-

dated by experimental testing with small applied excitation.

• Numerical and experimental investigations of the dynamics of a gimballed pendu-

lum in an aspect of an energy conversion mechanism.

• Numerical and experimental investigations of the potential use of ship motions

energy harvesting applying a gimballed pendulum as an energy conversion mech-

anism.

8.3 Recommendations Future Work

This thesis has identified a number of areas which would be challenge and beneficial for

further research. Recommendations for future work can be listed as follows:

• An assessment of the available mechanical power of a ship in a specified sea route

and speed including the effect of short-crested waves would provide a more realistic

predicting scenario for the real sea condition.

• An improved numerical model of a gimballed pendulum system is recommended

for the better or more accurate prediction of the coupled pendulum motions at

any condition.

• An investigation of the interaction between a ship and an onobard multiple-DOF

pendulum in an aspect of the ship stability.

• A sea-trial investigation in the real sea of a ship with an onboard multiple-DOF

pendulum energy harvester.

8.4 Submitted Publication

• Anurakpandit, T., Townsend, N. C., Wilson, P. A., ‘The Numerical and Experi-

mental Investigations of a Gimballed Pendulum Energy Harvester’, International

Journal of Non-Linear Mechanics (under review).





Appendix A

All Directional Wave Record of

the Global Wave Statistics

Global wave statistics that is used in the analysis in this research is the all directional

wave record of Hogben et al. (1986). The summary of the wave record can be found in

Figure A.1 and Tables A.1 to A.3.

(a) Average significant wave height.

(b) Average zero crossing period.

Figure A.1: All directional wave record of individual sea areas (Hogben et al.,
1986; BMT Fluid Mechanics Limited, 2011).
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Table A.1: All directional wave record of sea area no. 1-35.

Sea Area No.

Coordinate

H̄1/3 (m) T̄z (s)Top Left Bottom Right

Latitude Longitude Latitude Longitude

1 74.89 N 10.24 E 65.18 N 29.89 E 2.22527 5.83067

2 70.05 N 59.74 W 60.26 N 45.22 W 1.84300 5.50050

3 69.82 N 44.81 W 70.05 N 15.19 W 2.67618 7.37888

4 69.94 N 14.70 W 60.53 N 9.75 E 2.71822 7.28879

5 64.88 N 13.35 E 53.17 N 29.77 E 1.52398 3.59550

6 59.96 N 159.75 W 55.42 N 130.05 W 2.63586 7.27622

7 54.94 N 169.88 W 50.21 N 134.29 W 3.14100 8.40260

8 59.70 N 59.47 W 50.47 N 30.23 W 3.44106 8.62813

9 59.78 N 29.48 W 50.70 N 10.35 W 3.34331 8.51200

10 54.97 N 9.82 W 50.47 N 3.53 W 2.30558 6.67629

11 59.78 N 2.62 W 51.38 N 7.95 E 2.11569 6.09086

12 54.94 N 160.2 E 50.55 N 170.10 W 3.11039 7.75300

13 49.88 N 169.43 W 40.65 N 130.27 W 2.97848 8.26800

14 48.00 N 129.75 W 40.28 N 123.11 W 2.51400 7.73653

15 49.88 N 59.47 W 40.65 N 40.35 W 2.94444 6.96154

16 49.88 N 39.60 W 40.65 N 8.32 W 3.25524 8.42986

17 49.88 N 7.57 W 43.35 N 0.15 W 2.69620 7.81069

18 49.65 N 128.48 E 35.70 N 139.88 E 1.70582 4.93216

19 49.88 N 143.32 E 40.88 N 149.85 E 2.35371 6.96154

20 49.88 N 150.52 E 40.88 N 170.10 W 2.99449 7.98549

21 39.83 N 169.43 W 30.60 N 130.27 W 2.76627 8.10739

22 39.83 N 129.60 W 20.62 N 105.30 W 2.07942 6.95854

23 41.85 N 79.80 W 30.45 N 70.12 W 2.13137 6.52991

24 39.83 N 69.60 W 30.98 N 40.58 W 2.85836 8.02405

25 39.97 N 39.60 W 30.52 N 10.35 W 2.77700 8.11339

26 44.55 N 0.52 E 30.75 N 12.90 E 1.66267 5.48403

27 39.97 N 13.43 E 30.60 N 35.92 E 1.61100 5.54496

28 39.97 N 120.53 E 30.75 N 127.72 E 1.73653 5.46112

29 34.65 N 128.40 E 30.60 N 144.60 E 2.13754 6.32803

30 39.83 N 145.35 E 30.30 N 170.21 W 2.96507 8.19200

31 29.70 N 169.43 W 20.70 N 130.27 W 2.38777 7.81563

32 29.92 N 97.57 W 20.48 N 81.38 W 1.74700 5.81832

33 29.70 N 80.62 W 20.48 N 60.22 W 2.00401 6.81331

34 29.77 N 59.47 W 20.70 N 40.35 W 2.26052 7.61712

35 29.77 N 39.60 W 20.70 N 20.25 W 2.43493 7.89000
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Table A.2: All directional wave record of sea area no. 36-70.

Sea Area No.

Coordinate

H̄1/3 (m) T̄z (s)Top Left Bottom Right

Latitude Longitude Latitude Longitude

36 29.77 N 19.80 W 10.57 N 10.12 W 2.09159 6.92685

37 29.70 N 32.33 E 10.80 N 46.95 E 1.44910 5.12114

38 30.98 N 47.21 E 23.21 N 55.61 E 1.14024 4.49206

39 27.98 N 56.33 E 20.29 N 72.75 E 1.56766 5.17498

40 29.77 N 105.45 E 10.57 N 120.75 E 2.19483 6.28386

41 29.77 N 121.43 E 20.70 N 129.75 E 2.28478 6.62000

42 29.92 N 130.50 E 20.70 N 149.77 E 2.21471 6.92543

43 29.77 N 150.52 E 20.40 N 170.21 W 2.53006 7.89840

44 19.99 N 179.66 W 10.43 N 140.18 W 2.51600 8.00900

45 19.91 N 139.80 W 10.35 N 110.06 W 2.33483 7.84466

46 19.88 N 109.57 W 10.65 N 84.30 W 1.71343 6.38076

47 19.88 N 89.47 W 10.65 N 61.35 W 2.11000 6.60400

48 19.65 N 60.38 W 10.65 N 40.35 W 2.26453 7.64014

49 19.88 N 39.60 W 10.43 N 20.25 W 2.21471 7.28400

50 19.65 N 47.47 E 10.43 N 77.62 E 1.94246 5.74876

51 23.02 N 78.38 E 10.80 N 98.85 E 1.68136 5.75700

52 19.88 N 121.50 E 10.65 N 149.77 E 2.01198 6.50798

53 19.88 N 150.52 E 10.65 N 179.55 E 2.29079 7.53607

54 9.82 N 174.38 W 9.38 S 135.23 W 2.19630 7.71922

55 9.82 N 89.47 W 0.75 N 80.25 W 1.54200 6.18004

56 9.82 N 59.70 W 0.52 N 40.12 W 2.14865 7.41091

57 9.60 N 39.60 W 0.75 N 18.23 W 1.93000 7.09540

58 9.82 N 17.77 W 0.75 N 9.60 E 1.55005 6.07758

59 9.75 N 40.65 E 11.40 S 49.80 E 1.83634 6.27023

60 9.30 N 51.15 E 0.75 N 79.95 E 1.87962 6.30639

61 9.82 N 80.40 E 0.52 N 99.97 E 1.86573 6.53200

62 10.05 N 100.43 E 0.30 N 116.85 E 1.55384 5.46700

63 9.82 N 130.43 E 0.75 N 159.75 E 1.71300 6.19700

64 0.08 S 109.50 W 9.15 S 85.50 W 2.10160 7.46307

65 0.15 S 84.15 W 19.50 S 70.20 W 1.82432 7.09860

66 0.08 S 49.50 W 9.52 S 30.45 W 2.10961 7.26877

67 0.22 S 29.48 W 19.42 S 10.35 W 2.18268 7.43207

68 0.22 S 9.60 W 19.42 S 9.98 E 2.15998 7.15900

69 0.15 S 50.70 E 8.70 S 79.50 E 1.99449 7.25175

70 0.15 S 80.85 E 9.15 S 102.90 E 2.12863 7.59209
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Table A.3: All directional wave record of sea area no. 71-104.

Sea Area No.

Coordinate

H̄1/3 (m) T̄z (s)Top Left Bottom Right

Latitude Longitude Latitude Longitude

71 0.15 S 150.75 E 8.70 S 179.55 E 1.53600 5.95200

72 10.35 S 178.65 W 19.35 S 130.50 W 2.22673 7.72078

73 10.35 S 129.15 W 18.90 S 85.95 W 2.48999 8.02000

74 10.35 S 49.05 W 28.80 S 30.60 W 2.08576 7.19269

75 12.15 S 30.90 E 28.95 S 49.35 E 2.46800 7.76927

76 10.35 S 50.70 E 28.95 S 88.95 E 2.73400 8.16533

77 10.35 S 90.75 E 29.25 S 109.35 E 2.88262 8.29680

78 10.35 S 110.70 E 29.25 S 129.60 E 2.35200 7.58100

79 10.35 S 142.65 E 28.80 S 154.80 E 2.04491 6.51898

80 10.35 S 156.60 E 28.50 S 179.10 E 2.34269 7.68300

81 20.25 S 179.10 W 28.80 S 145.35 W 2.73948 8.17535

82 20.25 S 144.00 W 28.80 S 110.25 W 2.55400 8.01752

83 20.25 S 84.15 W 38.70 S 70.65 W 2.37387 7.82200

84 20.25 S 29.10 W 28.80 S 9.60 E 2.67718 8.16366

85 20.25 S 10.95 E 39.15 S 19.50 E 3.06012 8.42184

86 30.15 S 179.10 W 39.15 S 120.60 W 2.84870 8.19600

87 30.15 S 61.20 W 39.15 S 40.05 W 2.35471 7.65616

88 30.15 S 39.15 W 39.15 S 15.60 W 3.15100 8.46600

89 30.15 S 14.25 W 38.70 S 9.60 E 3.00100 8.28357

90 30.60 S 21.30 E 39.15 S 39.30 E 3.23926 8.49299

91 30.15 S 40.95 E 38.70 S 108.75 E 3.37900 8.61912

92 30.15 S 110.10 E 39.15 S 146.25 E 3.25000 8.53700

93 30.15 S 147.60 E 39.15 S 174.15 E 2.65015 7.98998

94 40.05 S 148.95 W 49.05 S 120.15 W 3.75150 8.91658

95 40.05 S 89.10 W 49.05 S 70.65 W 3.46794 8.70585

96 40.05 S 69.30 W 49.05 S 50.40 W 2.52202 7.53206

97 40.05 S 49.05 W 49.05 S 10.80 W 3.48297 8.69900

98 40.05 S 9.30 W 49.05 S 38.85 E 3.47900 8.73323

99 40.05 S 40.80 E 48.60 S 89.40 E 3.84100 8.96747

100 40.05 S 90.75 E 49.05 S 139.95 E 3.73547 8.86336

101 40.50 S 140.85 E 49.05 S 172.35 E 3.08617 8.35972

102 40.50 S 179.10 W 49.05 S 150.30 W 2.96794 8.30441

103 50.40 S 79.20 W 58.50 S 60.75 W 3.30900 8.47900

104 50.85 S 58.95 W 54.45 S 30.60 W 2.91642 8.24749



Appendix B

Hydrodynamic and Hydrostatic

Coefficients Determination for

Coupled Heave-Pitch and Roll

Motions of a Ship in Waves

B.1 Coefficients Determination based on 2D-Strip Theory

for Coupled Heave and Pitch Motions

The 2-D strip theory implemented in the MAXSURF Motions Advanced software pack-

age that is used in this resraech can be referred to the theory developed by Salvesen et al.

(1970), see also Bentley Systems (2015b) for detail. The theory defines a 3-D underwa-

ter hull form by a series of 2-D underwater cross section areas or strips as illustrated in

Figure B.1. The distances or gaps between strips are assumed to be small as each strip

contains with local hydrodynamic properties such as added mass, damping, and stiff-

ness. Moreover, the strip theory also assumes that the local hydrodynamic properties

are identical to the strip of an infinite long cylinder with the same cross section area.

(a) 3-D Render of ship hull. (b) Ship hull with devided 2-D hull sections.

Figure B.1: Example of 3-D graphical ship hull and sectional underwater areas.
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Heave-Pitch and Roll Motions of a Ship in Waves

The ship heave and pitch motions are defined as coupled ODEs. Quoting the coupled

heave-pitch equations of motions, Equations 3.41 and 3.43, as:

(
ρ∇+ a33(ωe)

)
z̈(ωe, t) + b33(ωe)ż(ωe, t) + c33z(ωe, t)

+a35(ωe)θ̈(ωe, t) + b35(ωe)θ̇(ωe, t) + c35θ(ωe, t)

= Fwa3 cos
(
ωet+ ε3(ωe)

)
(B.1)

(
Iyy + a55(ωe)

)
θ̈(ωe, t) + b55(ωe)θ̇(ωe, t) + c55θ(ωe, t)

a53(ωe)z̈(ωe, t) + b53(ωe)ż(ωe, t) + c53z(ωe, t)

= Fwa5 cos
(
ωet+ ε5(ωe)

)
(B.2)

as for heave motion, Equation B.1, the global added mass, damping, and restoring

coefficients are evaluated by integrating over the length of the ship as:

a33(ωe) =

∫
a′33(ωe)dξ (B.3)

b33(ωe) =

∫
b′33(ωe)dξ (B.4)

c33 = ρg

∫
bξdξ = ρgAWP (B.5)

a35(ωe) = −
∫
ξa′33(ωe)dξ −

U

ω2
e

b33(ωe) (B.6)

b35(ωe) = −
∫
ξb33(ωe)dξ + Ua33(ωe) (B.7)

c35 = −ρg
∫
ξbξdξ = −ρgMWP (B.8)

and for pitch motion, Equation B.2, as:

a55(ωe) =

∫
ξ2a33(ωe)dξ +

U2

ω2
e

a33(ωe) (B.9)

b55(ωe) =

∫
ξ2b33(ωe)dξ +

U2

ω2
e

b33(ωe) (B.10)

c55 = ρg

∫
ξ2bξdξ = ρgIWP (B.11)

a53(ωe) = −
∫
ξa33(ωe)dξ +

U

ω2
e

b33(ωe) (B.12)

b53(ωe) = −
∫
ξb33(ωe)dξ − Ua33(ωe) (B.13)

c53 = c35 (B.14)

where a′ij , b
′
ij are the frequency dependent sectional added mass (kg) and damping

coefficient (kN/(m/s) or kN/(rad/s)), ξ is the sectional longitudinal distance (m) from

longitudinal centre of gravity, and bξ is the sectional beam (m) of the ship.
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The wave excitation force (for heave) and moment (for pitch) acting on the individual

strip are induced by the effects of the sectional Froude-Krylov force (f3) and the diffrac-

tion force (h3). Thus, the global wave excitation forces and moments are calculated by

integrating the Froude-Krylov and diffraction forces over the length of the ship (Salvesen

et al., 1970) as:

Fwa3(ωe) = ρζa

∫
(f3(ωe) + h3(ωe))dξ (B.15)

Fwa5(ωe) = −ρζa
∫ [

ξ(f3(ωe) + h3(ωe)) +
U

iωe
h3(ωe)

]
dξ (B.16)

by

f3(ωe) = ρξge−ikx cos(µ)

∫
Cs

ẑeiky sin(µ)e−kzdl (B.17)

h3(ωe) = ρgωe−ikx cos(µ)

∫
Cs

(
iẑ − ŷ sin(µ)

)
eiky sin(µ)e−kzφ30(ωe)dl (B.18)

where ŷ and ẑ are the outward normal vector of the section, Cs and dl are the sectional

contour and element of arc along the hull section, and φ30 is the amplitude of frequency-

dependent 2-D velocity potential of the section in heave, see Bentley Systems (2015b)

for detail.

B.2 Coefficients Determination based on Ship Hydrostatic

Property for Roll Motion

From Equation 3.42, the uncoupled roll motion equation of motion can be expressed as:

(
Ixx + a44

)
φ̈(ωe, t) + b44φ̇(ωe, t) + c44φ(ωe, t) = Fwa4(ωe) cos

(
ωet+ ε4(ωe)

)
. (B.19)

Equation B.19 is in the form of uncoupled second-order ODE as it is described as a

damped mass-spring with external force system (Bentley Systems, 2015b). Therefore,

the solution of this equation can be expressed as:

φ(ωe, t) =
Fwa4(ωe)√(

c44 − (Ixx + a44)ω2
e

)2
+ b244ω

2
e

cos(ωet+ ε4(ωe)) (B.20)

and, hence, the natural frequency of roll motion of the ship is

ω∗4 =

√
c44

(Ixx + a44)
(B.21)

as the phase lag relative to forcing function is

ε4(ωe) =
b44ωe

c44 − (Ixx + a44)ω2
e

(B.22)
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where Ixx is the mass moment of inertia of the ship in roll which can be estimated by

Equation 3.33, a44 is the added inertia of roll which is approximated as:

a44 ≈ 0.25Ixx, (B.23)

b44 is the damping ratio for roll, and c44 is the roll hydrostatic restoring coefficient that

is

c44 = GMT∇ρg (B.24)

as GMT is the transverse metacentric height (m) of the ship.

The roll motion transfer function is assumed to be

TFφ(ωe) =
φ(ωe)

α(ωe)
=
c44φ(ωe)

Fwa4(ωe)
=

1√(
1− (ωe/ω∗4)2

)2
+ 4b244(ωe/ω∗4)2

(B.25)

as the roll motion transfer function can be modified relating to the ship heading angle

as:

TFφ(µ) = TFφ sin(µ) (B.26)

therefore the maximum value of roll motion transfer function occurs in beam waves and,

on the other hand, the transfer function is zero in head and following waves (Bentley

Systems, 2015b; Lloyd, 1989).



Appendix C

List of Scaling Laws

A comprehensive list of scaling laws based on the work of Lloyd (1989) is summarised

in Table C.1. Note that, these scaling laws are expressed based on the assumption that

the mass densities of the fluid or water between two different scaled ships are equivalent.

Table C.1: List of scaling laws.

Quantity of Parameter Unit
Corresponding

Scaling Laws

Mass kg 1/R3

Length m 1/R

Time s 1/
√
R

Velocity m/s 1/
√
R

Acceleration m/s2 1

Angular displacement rad or deg 1

Angular velocity rad/s or deg/s
√
R

Angular acceleration rad/s2 or deg/s2 R

Frequency rad/s or Hz
√
R

Force N 1/R3

Moment, torque N·m 1/R4

Moment of inertia kg·m2 1/R5

Linear spectral density ordinate m2/(rad/s) 1/R
√
R

Angular spectral density ordinate rad2/(rad/s) 1/
√
R
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Appendix D

Dynamics of Simple Pendulum

Systems

D.1 Simple Pendulum System

Figure D.1: Schematic diagram of a simple or 1-DOF pendulum system.

Considering a pendulum with a mass (mp, kg) and a rigid arm with a length (lp, m)

hanged and free to swing around a pivot, the pendulum is released from the equilibrium

or resting position with an angle (θp, rad) as illustrated in Figure D.1. Hence, the kinetic

169
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and potential energies in each discretised time step can be respectively expressed as:

KE(t) =
1

2
mpv(t)2 =

1

2
mp

(
lpθ̇p(t)

)2
(D.1)

PE(t) = mpgh(t) = mpglp
(
1− cos

(
θp(t)

))
. (D.2)

So, from Equation 5.2, the Lagrangian of this pendulum system is

L(t) = KE(t)− PE(t) =
1

2
mp

(
lpθ̇p(t)

)2 −mpglp
(
1− cos

(
θp(t)

))
(D.3)

and, from Equation 5.1, in this case as:

d

dt

(
∂L

∂θ̇p

)
− ∂L

∂θp
= Qθp (D.4)

and, therefore

d

dt

(
∂L(t)

∂θ̇p(t)

)
= mpl

2
pθ̈p(t) (D.5)

∂L(t)

∂θ̇p(t)
= mpl

2
pθ̇p(t) (D.6)

∂L(t)

∂θp(t)
= −mpglp sin

(
θp(t)

)
. (D.7)

So, from Equation D.4, thus

mpl
2
pθ̈p(t) +mpglp sin

(
θp(t)

)
= Qθp . (D.8)

where mpl
2
p indicates the mass moment of inertia of the pendulum (kg·m2), Qθp is the

generalised torque (N·m) that represents the control torque and damping component in

the system, and the natural frequency (ωn) of this simple pendulum is

ωn =

√
g

lp
. (D.9)

Furthermore, in case of the pendulum mass is not uniformly distributed, it can be

referred as a compound simple pendulum system and its equation of motion can be

expressed as:

Ipθ̈p(t) +mpglp sin
(
θp(t)

)
= Qθp (D.10)

whilst Ip is the mass moment of inertia (kg·m2), m represents the pendulum weight (kg),

and lp is the pivot-to-CG length (m) of the pendulum system as the undamped natural

frequency is

ωn =

√
mgl

I
. (D.11)
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D.1.1 Small Angle Approximation

For small angle oscillation (θp → 0), equation of motion of a pendulum system can be

linearised (sin(θp)→ θp). Therefore, for example, equation D.8 becomes

θ̈p(t) +
g

lp
θp(t) = Qθp . (D.12)

Both non-linear and linear cases can be numerically solved by applying initial condition

(θp(0)). Figure D.2 shows planar motions of undamped pendulum system (Qθp = 0) with

various initial angles. As can be seen, for small applied initial angle (θp(0) 6 π/9 rad or

20◦), good agreements between non-linear and linear equations of a pendulum system are

valid over the oscillation period. However, for larger initial angle (θp(0) > π/9 rad), the

differences between the results by non-linear and linear equations can be noticed. The

non-linear case provides phase shift growing with time. Therefore, it can be concluded

that the approximation of linearising the pendulum equation is good for a small initial

angel but that the approximation breaks down when the angle of oscillation is large.

Figure D.2: Comparison of non-linear and linear analyses for undamped pen-
dulum system with arbitrary weight and the length of of 1 m.
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D.2 Simple Pendulum System with External Excitation

Figure D.3: Schematic diagram of a driven simple or 1-DOF pendulum system.

Considering the schematic diagram in Figure D.3, a pendulum system with a mass (mp)

hanging at the pivot or support point (P ) at the local coordinate (Pxpzp) with the

length (lp). The support point can be disturbed and moved in horizontal (Xp, m) and

vertical (Zp, m) directions from the global reference coordinate (OpXpZp) which will

create the resultant angle (θp) respecting the equilibrium position. So, the horizontal

velocity component (vxp , m/s) can be expressed as:

vxp(t) = Ẋp(t) + lθ̇p(t) cos(θp(t)) (D.13)

and the vertical velocity component (vzp , m/s) is

vzp(t) = Żp(t) + lθ̇p(t) sin(θp(t)) (D.14)

and, hence, the kinetic energy (T ) of this pendulum system can be represented as:

KE(t) =
1

2
mpv(t)2

=
1

2
mp

(
vxp(t) + vzp(t)

)2

=
1

2
mp

(
Ẋp(t) + Żp(t) + l2pθ̇p(t)

2 + 2lpθ̇p(t)
(
Ẋp(t) cos(θp(t))

+ Żp(t) sin(θp(t))
))

(D.15)

and, the potential energy (V ) is

PE(t) = mpgh(t)

= mpglpŻp(t) +mpglp

(
1− cos(θp(t))

)
(D.16)



Appendix D Dynamics of Simple Pendulum Systems 173

Therefore, from Equations D.15 and D.16, the Lagrangian of this driven pendulum

system is

L(t) =
1

2
mp

(
Ẋp(t) + Żp(t) + l2pθ̇p(t)

2 + 2lpθ̇p(t)
(
Ẋp(t) cos(θp(t)) + Żp(t) sin(θp(t))

))
−mpglpŻp(t)−mpglp

(
1− cos(θp(t))

)
. (D.17)

Finally, from Equation D.4, the equation of motion of a driven 1-DOF pendulum system

can be formulated as a second-order differential equation as:

mpl
2
pθ̈p(t) +mpglp sin(θp(t)) +mpl

(
Ẍp(t) cos(θp(t)) + Z̈p(t) sin(θp(t))

)
= Qθp (D.18)

where Ẍp and Z̈p are the horizontal and vertical accelerations (m/s2) of the disturbance

or external excitation and the natural frequency can be referred to Equation D.9. Ad-

ditionally, the equation of motion of a compound pendulum with external excitation is

expressed as:

Ipθ̈p(t) +mpglp sin(θp(t)) +mplp

(
Ẍp(t) cos(θp(t)) + Z̈p(t) sin(θp(t))

)
= Qθp (D.19)

by the natural frequency of the system is indicated in Equation D.11.





Appendix E

Dynamics of Spherical Pendulum

Systems

E.1 Spherical Pendulum System

Figure E.1: Schematic diagram of a spherical pendulum system.

Consider a pendulum consisting of a mass mp with the arm of length lp, the pendulum

is allowed to swing in any direction in spherical coordinate (rp, θp, ψp). Hence, the

position of the pendulum in the Cartesian coordinates (xp, yp, zp) can be written in
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terms of the angular coordinates (θp, ψp) as:

xp(t) = lp sin(θp(t)) cos(ψp(t)) (E.1)

yp(t) = lp sin(θp(t)) sin(ψp(t)) (E.2)

zp(t) = −lp cos(θp(t)). (E.3)

Therefore,

ẋp(t) = lp

(
θ̇p(t) cos(θp(t)) cos(ψp(t))− ψ̇p(t) sin(θp(t)) sin(ψp(t))

)
(E.4)

ẏp(t) = lp

(
θ̇p(t) cos(θp(t)) sin(ψp(t)) + ψ̇p(t) sin(θp(t)) cos(ψp(t))

)
(E.5)

żp(t) = lpθ̇p(t) sin(θp(t)). (E.6)

So, the kinetic and potential energies in each time step can be expressed as:

KE(t) =
1

2
mpv(t)2

=
1

2
mp

(
ẋp(t)

2 + ẏp(t)
2 + żp(t)

2
)

=
1

2
mpl

2
p

(
θ̇p(t)

2 + ψ̇p(t)
2 sin(θp(t))

2
)

(E.7)

PE(t) = mpgh(t)

= −mpglp cos(θp(t)). (E.8)

Therefore, the Lagrangian of this pendulum system is

L(t) = KE(t)− PE(t) =
1

2
mpl

2
p

(
θ̇p(t)

2 + ψ̇p(t)
2 sin(θp(t))

2
)

+mpglp cos(θp(t)) (E.9)

and, from Equation 5.1, the Lagrange equations of this pendulum system based on two

generalised coordinates as:

d

dt

(
∂L

∂θ̇p

)
− ∂L

∂θp
= Qθp , (E.10)

d

dt

(
∂L

∂ψ̇p

)
− ∂L

∂ψp
= Qψp (E.11)
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where

∂L(t)

∂θp(t)
= ψ̇p(t)

2mpl
2
p sin(θp(t)) cos(θp(t))−mpglp sin(θp(t)), (E.12)

∂L(t)

∂θ̇p(t)
= mpl

2
pθ̇p(t), (E.13)

d

dt

(
∂L(t)

∂θ̇p(t)

)
= mplpθ̈p(t), (E.14)

∂L(t)

∂ψp(t)
= 0, (E.15)

∂L(t)

∂ψ̇p(t)
= ψ̇p(t)mpl

2
p sin(θp(t))

2, (E.16)

d

dt

(
∂L(t)

∂ψ̇p(t)

)
= ψ̈pmpl

2
p sin(θp(t))

2 + 2ψ̇p(t)mpl
2
pθ̇p sin(θp(t)) cos(θp(t)). (E.17)

Then, substitute Equations E.12 to E.14 and E.15 to E.17 into Equations E.10 and E.11,

therefore the 2-DOF equations of motion of a spherical pendulum system can be written

as:

mpl
2
pθ̈p(t) +mpglp sin(θp(t))−mpl

2
p sin(θp(t)) cos(θp(t))ψ̇

2
p = Qθp , (E.18)

mpl
2
p sin(θp(t))

2ψ̈p(t) = Qψp (E.19)

by the natural frequency of this system can be referred to Equation D.9.

E.2 Spherical Pendulum System with External Excitation

Regarding Figure E.2(a), a pendulum system with mass (mp) and length (lp) is hanging

at an unconstrained pivot point (P ) which ideally allows the pendulum to complete or-

bital rotation around the pivot. Once, the pendulum system is disturbed from the resting

position in fixed global reference coordinate (OpXpYpZp) with the distances in Xp-, Yp-,

and Zp-directions, the referenced angles in generalised local coordinate (Pxpypzp) are

given to be the swing angle acting on vertical axis (θp) and the angle rotating around the

vertical axis (ψp) of the pendulum arm that projects to the horizontal plane (xpyp-plane)

respecting to xp-axis.
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(a) Overview dynamics.

(b) xpzp-plane dynamics. (c) xpyp-plane dynamics.

Figure E.2: Schematic diagram of a driven spherical pendulum system.

Consequently, from the trigonometric relations showing in Figures E.2(b) and E.2(c),

the velocity vector components in xp-, yp-, and zp-directions can be calculated as:

vxp(t) = Ẋp(t) + lpθ̇p(t) cos(θp(t)) cos(ψp(t))− rpψ̇p(t) sin(ψp(t)), (E.20)

vyp(t) = Ẏp(t) + lpθ̇p(t) cos(θp(t)) sin(ψp(t)) + rpψ̇p(t) cos(ψp(t)), (E.21)

vzp(t) = Żp(t) + lpθ̇p(t) sin(θp(t)) (E.22)

where rp is the dynamic or projected pendulum length on horizontal plane (xpyp-plane)

which is

rp = lp sin(θp(t)). (E.23)
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Therefore, the kinetic energy (T ) of this pendulum system can be represented as:

KE(t) =
1

2
mpv(t)2

=
1

2
mp

(
vxp(t) + vyp(t) + vzp(t)

)2

=
1

2
mp

(
Ẋp(t)

2 + Ẏp(t)
2 + Żp(t)

2 + l2pψ̇p(t)
2 sin(θp)

2 + l2pθ̇p(t)
2

− 2lpẊp(t)ψ̇p(t) sin(θp(t)) sin(ψp(t)) + 2lpẊp(t)θ̇p(t) cos(θp(t)) cos(ψp(t))

+ 2lpẎp(t)ψ̇p(t) sin(θp(t)) cos(ψp(t)) + 2lpẎp(t)θ̇p(t) cos(θp(t)) sin(ψp(t))

+ 2lpŻp(t)θ̇p(t) sin(θp(t))
)

(E.24)

and, from Figure E.2(b), the potential energy (V ) is

PE(t) = mpgh(t)

= mpglpŻp(t) +mpglp

(
1− cos(θp(t))

)
. (E.25)

and, based on the Lagrange equation, this pendulum system requires two governing

equations regarding the two generalised coordinates as:

d

dt

(
∂KE

∂θ̇p

)
− ∂KE

∂θp
+
∂PE

∂θp
= Qθp , (E.26)

d

dt

(
∂KE

∂ψ̇p

)
− ∂KE

∂ψp
+
∂PE

∂ψp
= Qψp . (E.27)

So, finalising the terms in Equations E.26 and E.27 as:

d

dt

(
∂KE(t)

∂θ̇p(t)

)
=

1

2
mp

(
2l2pθ̈p(t) + 2lpẌp(t) cos(θp(t)) cos(ψp(t))

− 2lpẊp(t)θ̇p(t) sin(θp(t)) cos(ψp(t))

− 2lpẊp(t)ψ̇p(t) cos(θp(t)) sin(θp(t))

+ 2lpŸp(t) cos(θp(t)) sin(ψp(t))

− 2lpẎp(t)θ̇p(t) sin(θp(t)) sin(ψp(t))

+ 2lpẎp(t)ψ̇p(t) cos(θp(t)) cos(ψp(t))

+ 2lpZ̈p(t) sin(θp(t)) + 2lpŻp(t)θ̇p(t) cos(θp(t))
)
, (E.28)
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∂KE(t)

∂θp(t)
=

1

2
mp

(
2l2pψ̇p(t)

2 sin(θp(t)) cos(θp(t))

− 2lpẊp(t)θ̇p(t) sin(θp(t)) cos(ψp(t))

− 2lpẊp(t)ψ̇p(t) cos(θp(t)) sin(ψp(t))

+ 2lpẎp(t)ψ̇p(t) cos(θp(t)) cos(ψp(t))

− 2lpẎp(t)θ̇p(t) sin(θp(t)) sin(ψp(t))

+ 2lpŻp(t)θ̇p(t) cos(θp(t))
)
, (E.29)

∂PE(t)

∂θp(t)
= mpglp sin(θp(t)), (E.30)

d

dt

(
∂KE(t)

∂ψ̇p(t)

)
=

1

2
mp

(
2l2pψ̈p(t) sin(θp(t))

2

+ 4l2pθ̇p(t)ψ̇p(t) sin(θp(t)) cos(θp(t)

− 2lpẌp(t) sin(θp(t)) sin(ψp(t))

− 2lpẊp(t)θ̇p(t) cos(θp(t)) sin(ψp(t))

− 2lpẊp(t)ψ̇p(t) sin(θp(t)) cos(ψp(t))

+ 2lpŸp(t) sin(θp(t)) cos(ψp(t))

+ 2lpẎp(t)θ̇p(t) cos(θp(t)) cos(ψp(t))

− 2lpẎp(t)ψ̇p(t) sin(θp(t)) sin(ψp(t))
)
, (E.31)
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∂KE(t)

∂ψp(t)
=

1

2
mp

(
− 2lpẊp(t)θ̇p(t) cos(θp(t)) sin(ψp(t))

− 2lpẊp(t)ψ̇p(t) sin(θp(t)) cos(ψp(t))

+ 2lpẎp(t)θ̇p(t) cos(θp(t)) cos(ψp(t))

− 2lpẎp(t)ψ̇p(t) sin(θp(t)) sin(ψp(t))
)
, (E.32)

∂PE(t)

∂ψp(t)
= 0. (E.33)

Eventually, substitute Equations E.28 to E.30 into Equation E.26 and Equations E.31

to E.33 into Equation E.27, two equations of motion of this driven 2-DOF spherical

pendulum can be finalised as:

mpl
2
pθ̈p(t) +mpglp sin(θp(t))−mpl

2
p sin(θp(t)) cos(θp(t))ψ̇p(t)

2

+mplp

(
Ẍ(t) cos(θp(t)) cos(ψp(t)) + Ÿ (t) cos(θp(t)) sin(ψp(t))

+ Z̈(t) sin(θp(t))
)

= Qθp , (E.34)

mpl
2
p sin(θp(t))

2ψ̈p(t) + 2mpl
2
p sin(θp(t)) cos(θp(t))θ̇p(t)ψ̇p(t)

−mplp sin(θp(t))
(
Ẍ(t) sin(ψp(t)) +mplpŸ (t) cos(ψp(t))

)
= Qψp (E.35)

where Ẍp, Ÿp, and Z̈p are the accelerations (m/s2) along xp-, yp-, and zp-axes of the

disturbance or external excitation. Besides, Qθp and Qψp are the generalised torques

that representing control torques and damping components regarding referenced DOF.

Likewise, the undamped natural frequency can be referred to Equation D.9.





Appendix F

Technical Drawing of the

Gimballed Pendulum Energy

Harvester

The technical drawings of the gimballed pendulum energy harvester can be found in

Figures F.1 to F.13 and the DC generator detail is presented in Figures F.14 to F.23.
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Figure F.14: Generator detail - 1.
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Figure F.15: Generator detail - 2.
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Figure F.16: Generator detail - 3.
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Figure F.17: Generator detail - 4.
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Figure F.18: Generator detail - 5.
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Figure F.19: Generator detail - 6.



Appendix F Technical Drawing of the Gimballed Pendulum Energy Harvester 203

Figure F.20: Generator detail - 7.
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Figure F.21: Generator detail - 8.
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Figure F.22: Generator detail - 9.



206 Appendix F Technical Drawing of the Gimballed Pendulum Energy Harvester

Figure F.23: Generator detail - 10.
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