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Including singular modes in the defect operator product expansion of fundamental fields,
we identify notable relevant deformations in the singular defect theories and show that
they trigger a renormalisation group flow towards an IR fixed point with the most regular
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that their central charges vanish.
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1 Introduction

Quantum field theories (QFTs) allow for deformations by extended operators, called defects,
which enrich the dynamics and extend the algebra of local operators. Defects play an
essential role in understanding the complete spectra of QFTs, and may provide a basis
for a more robust classification scheme of QFTs and phases of matter. Despite defects
in generic QFTs remaining poorly characterised, much progress can be made by imposing
restrictive symmetries. A relatively well-understood class of highly-symmetric theories are
conformal field theories (CFTs). The study of conformal defects in CFT (dCFT) has seen
tremendous progress in recent years in a wide range of contexts (see e.g. [1] for a survey).

CFTs in d dimensions naturally arise as the endpoints of renormalisation group (RG)
flows. In the Wilsonian picture, RG flows are associated with a coarse-graining of the
ultraviolet (UV) degrees of freedom along the flow to the infrared (IR). One can define
and compute certain observables called central charges that quantify the degrees of freedom
in a CFT. For a CFT in even dimensions, central charges can be defined through the
coefficients in the Weyl anomaly, i.e. the trace anomaly of the stress tensor. Even though
there is no Weyl anomaly for a CFT in odd dimensions, a central charge is identified
with the sphere free energy, F . In both even and odd dimensions, the central charges of
unitary CFTs obey positivity constraints. Moreover, the universal part of the sphere free
energy is expected to decrease under RG flows triggered by relevant deformations, obeying
c-theorems in even dimensions [2–4] and F -theorems in odd dimensions [5, 6]. Hence, it
is understood to provide a count of degrees of freedom of the CFT. In the special case
of d = 2, positivity follows from ground state normalisability, and a strong version of the
c-theorem — where the central charge c follows a monotonic, gradient descent along the
flow to the IR — has been proven [2]. Moreover, the central charges of a CFT appear in
physical observables such as correlation functions of the stress-tensor and other conserved
currents, thermal entropy [7, 8], and entanglement entropy (EE) [9].

However, dCFTs are quite different. Introducing a p-dimensional defect in a Lorentzian
d-dimensional CFT breaks the ambient SO(d, 2) conformal group to at most SO(p, 2) ×
SO(d− p)N ⊂ SO(d, 2). Due to the broken translational symmetries normal to the embed-
ded submanifold supporting the defect, a dCFT does not contain a unique p-dimensional
spin-2 conserved current, i.e. there is no conserved stress-tensor intrinsic to the defect.
Even so, one can study the bulk stress tensor of the theory in the presence of a defect,
and use this information to define central charges through the defect contribution to the
trace anomaly [10, 11]. For example, unlike standard d = 2 CFTs where there is a single
central charge c, p = 2 dCFTs have three trace anomaly coefficients labelled b, d1, and d2,
which play the role of putative central charges.1 The absence of a conserved stress tensor
makes proving statements about positivity [12] and c-theorems [13–18] for defect central
charges more difficult, though not impossible. This is particularly salient for p = 2 where
one does not generally expect an enhancement from a global SO(2, 2) conformal symmetry
to a full Virasoro symmetry unless the defect completely decouples or the ambient theory
is topological.

1If parity is broken along the defect, there are two more independent trace anomaly coefficients [12].
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Free CFT b d1 = d2

Scalar 1
2(1− α)2α2 + 2ξα3 + 2ξ̃(1− α)3 3

2(1− α)2α2 + 6ξα3 + 6ξ̃(1− α)3

Fermion α2(2− α2 − 2ξ(3− 2α)) + ξ 3α(1− α)(α(1 + α) + 2ξ(1− 2α))
Hyper 3α2 6α2

Table 1. Central charges of monodromy defects in d = 4 with parameter α of free scalars, free
fermions, and free N = 2 hypermultiplets. From eqs. (2.6), (2.8), and (2.9), d1 = d2 is expected for
monodromy defects and is verified explicitly in the calculations below. The parameters ξ and ξ̃ are
discussed in detail in section 3 and take values in the range ξ, ξ̃ ∈ [0, 1].

In addition to many of the numerical [19–21] and perturbative [22] methods avail-
able in ordinary dCFTs, supersymmetry (SUSY) often provides additional powerful an-
alytical tools to compute physical observables that characterise defects, and prove exact
results about them [17, 23–29]. These include extremisation principles along defect RG
flows [17, 18] analogous to [30, 31].

In the present work, we focus on one of the simplest types of defects that can be
introduced into a QFT: a monodromy defect. Monodromy defects can be thought of
as surface operators on which co-dimension 1 topological domain walls that implement
flavour symmetry rotations can end. Note that a topological defect on its own does not
host any interesting physics in that it does not effect any ambient correlation functions.
However, a co-dimension 2 conformal surface defect that is charged under the flavour
symmetry is a non-trivial deformation of the theory.2 This type of construction of defects
in QFTs fits into a larger class of topological defects effecting generalised global symmetry
transformations [33].

We will study monodromy defects in free field theories. The simple nature of these
defects allows us to obtain exact analytic results for certain one- and two-point correlation
functions in d ambient dimensions without requiring SUSY. We will, however, briefly
comment on and compare our results to the analogous defect in simple superconformal
field theories (SCFTs). In the special case where d = 4, we will be able to directly relate
the normalisation of these correlation functions to defect Weyl anomaly coefficients [34].
The results of these computations are novel, and they are neatly summarised in the first
two rows of table 1.

In the last line on the right, we quote known results for the 1/2-BPS monodromy
defect in the free N = 2 free hypermultiplet theory. This theory consists of two complex
scalars and one Dirac fermion. The 1/2-BPS monodromy defect is created with respect
to a U(1) flavour group under which the two scalars are oppositely charged (see e.g. [25]).
Consistency with SUSY also requires that one of the two scalars has a singular defect
operator product expansion (OPE) [35]. This eventuality is accounted for in our analysis

2Here we mean “non-trivial” in the colloquial sense, i.e. there are physical quantities that depend on the
parameters associated to the defect. This should be distinguished from the technical way that the authors
of [32] use the term “non-trivial” to mean that a defect in a free field theory does not simply arise as a
boundary or singularity condition on ambient fields and so supports ambient-defect couplings consistent
with conformal symmetry.
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and therefore, by combining the contribution of the free scalars and free fermions in table 1,
we can extract the value of the central charges for the free hyper. Specifically, taking the
values in table 1 for one complex scalar with ξ = 0, ξ̃ = 0, another complex scalar for
ξ = 1, ξ̃ = 0 and a Dirac fermion with ξ = 0 gives exactly 6α2, which matches the value
for d1 for the free hyper reported in [35].3 While we do not yet have a direct method for
computing b for the monodromy defect in the theory of d = 4 N = 2 free hypermultiplets,
following the logic for d1, we surmise a value of b = 3α2 from the non-SUSY free field
results. Following from the methods for computing b in non-SUSY cases, we will be led in
section 7 to propose a way to extract b using spectral flow in the chiral algebra description
of these 1/2-BPS monodromy defects [25, 35, 36].

Due to the simple construction of monodromy defects in free fields, we will be able to
utilise the data in table 1 to compute other physical observables. In particular considering
the monodromy defect as a conical singularity in the branched n-sheeted cover of the
ambient space, we will use our results to calculate and extract the universal part of the
Rényi entropy for free fields in d = 4. We will recover previously known expressions for the
case of d = 4 free scalars and fermions [34, 37–41]. Furthermore, an immediate consequence
of our results is that for free theories the stress tensor one-point function in the presence
of a twist operator is related to the displacement two-point function as was conjectured
in [34].4 We will also see that our defect central charges satisfy certain relations amongst
themselves [45] and the ambient d = 4 central charges a4d and c4d [46].

Even with the ability to efficiently compute all of the central charges for the theories
in table 1, there are still some open questions involving monodromy defects in CFTs.
It has been pointed out in several places recently that monodromy defects in free N = 2
hypermultiplets in d = 4 [35] and theories of free scalars in arbitrary d [47] have parameters
that we label ξ and ξ̃ that are associated with particular terms in the defect OPE. From the
perspective of the ambient theory, ξ and ξ̃ are parameters that can be seen as controlling
mildly singular terms of the mode expansion of the ambient field near the defect. Due to
the appearance of ξ (or ξ̃) in the central charge b, it cannot be associated with a defect
marginal coupling but may be related to a combination of defect relevant or bulk marginal
parameters [27, 48]. In this work we will shed some light on the monodromy defect OPE,
the role of ξ and ξ̃ in characterising monodromy defects, and study defect RG flows in the
presence of these singular modes.

In particular, we will examine RG flows sourced by relevant defect operators associated
to these mildly singular modes in the theories of free scalars and free fermions in arbitrary
dimensions. In the case of free scalars, we will find that regardless of the UV value of
ξ or ξ̃, the IR fixed point of the flow will be a defect with ξ = ξ̃ = 0. Using conformal
perturbation theory we will be able to compute the β-function for the defect coupling to all
orders in α. For an ambient theory of free fermions, the analysis is more subtle as defects

3Note our conventions for both the defect Weyl anomaly and periodicity of α differ slightly from those
used in [35]. Their defect Weyl anomaly is normalised with a factor of 1/2π, whereas our is 1/24π. Their
monodromy parameter has range α ∈ [0, 2), whereas we use α ∈ [0, 1). This results in dHere

1 = 48dThere
1 .

4This relation is known to be violated holographically [42–44] and it is expected to hold only for the
case of supersymmetric Rényi entropies [35].
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with α ∈ (0, 1
2) flow to an IR fixed point with ξ = 0, while defects with α ∈ (1

2 , 1) flow
to an IR fixed point with a defect having ξ = 1. Of particular interest in both cases is
d = 4, where we will be able to use the UV and IR values of ξ to demonstrate an explicit,
non-trivial test of the b-theorem [13].

We also investigate a closely related defect in pure d = 4 Maxwell theory, i.e. pure
abelian gauge theory: the non-SUSY analogue of the Gukov-Witten defect that was initially
studied in N = 4 SUSY Yang-Mills (SYM) theory [49]. As for the monodromy defect, we
will also compute the Weyl anomaly coefficients of the Gukov-Witten defect. As can be
expected from the fact that Gukov-Witten defects in pure d = 4 Maxwell theory are known
to be topological, we will explicitly show that b = d1 = d2 = 0.

The structure of the paper is as follows. In section 2, we review the salient features of
dCFTs. In sections 3 and 4, we will compute one-point functions of the stress tensor and
flavour current, and the two-point function of the displacement operator for monodromy
defects in free field CFTs in d-dimensions. We will then use their data to compute the defect
central charges of monodromy defects in d = 4. In section 5, we will consider Gukov-Witten
defects in d = 4 free Maxwell theory and show that the central charges vanish identically.
Lastly, in section 6, we will study the behaviour of monodromy defects in theories of free
scalars and free fermions under defect RG flows. Some of the details of the computations
in these sections are expanded upon in the appendix.

While in the process of finishing the writing of this paper, [47] appeared, which has
overlap with some of the computations done in section 3. However, the connection of the
correlation functions computed in d = 4 to defect Weyl anomaly coefficients, the discussion
of defects with arbitrary values of ξ, ξ̃ ∈ [0, 1], details of the defect RG flow including the
β-function for the defect coupling, and the resulting comparison to the expectation from
the b-theorem [13] are novel.

2 Background

In this section we review some facts about conformal defects that we will need for our
discussion of the monodromy defect in free theories.

Central charges of 2d defects. Consider an ambient CFT on an arbitrary d-dimensional
background Md with global conformal symmetry group SO(2, d) (or SO(1, d + 1) in Eu-
clidean signature). A conformal defect supported on an immersed co-dimension q = d− p
submanifold Σ ↪→ Md preserves at most a SO(2, p) × SO(q)N subgroup of the ambient
conformal symmetry, where SO(2, p) is the global conformal symmetry on a p-dimensional
manifold and SO(q)N is the symmetry group of rotations in the directions normal to the
defect. Throughout this work we consider conformal defects of dimension p = d − 2, i.e.
q = 2. However, we will keep the dependence on p and q explicit in this section.

Consider a dCFT on Σ ↪→Md, and let {σa} with a = 1, . . . , p denote the coordinates
on Σ and Xµ(σ) with µ = 1, . . . , d denote the embedding functions in the ambient space.
The generating functional of connected correlation functions W [gµν , Xµ(σ)] ≡ −i logZ,
where Z is the dCFT partition function, is a function of the ambient metric gµν and the
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embedding functions Xµ(σ). Varying W we define two important quantities: the stress
tensor Tµν and the displacement operator Dµ as

δW = 1
2

∫
ddx

√
|g|〈Tµν〉δgµν +

∫
Σ
dpσ

√
|γ|〈Dµ〉δXµ(σ) , (2.1)

where γab ≡ ∂aXµ(σ)∂bXν(σ)gµν is the induced metric on Σ. Reparametrisation invariance
of W has two implications. First, invariance under σa reparametrisations implies that the
displacement operator Dµ has no non-trivial components parallel to Σ [50]. Second, invari-
ance under xµ reparametrisations gives rise to the broken Ward identities for translations
normal to the defect

∇µTµi = δ(Σ)Di , (2.2)

where ∇ is the covariant derivative on Md, δ(Σ) ≡ δ(q)(x⊥) localises to the defect sub-
manifold, and i = p+ 1, . . . , d is an index labelling the transverse directions, xi⊥.

For p = 2 and d ≥ 3, the defect trace anomaly takes the form

Tµµ

∣∣∣
Σ

= − 1
24π

(
b E2 + d1 I̊IµabI̊I

ab
µ − d2Wab

ab
)
, (2.3)

where E2 = RΣ is the 2d Euler density built out of γ, I̊Iµab = IIµab −
1
2γabγ

cdIIµcd is the trace-
free second fundamental form, and Wab

ab is the trace of the pullback of the ambient Weyl
tensor to Σ. Note that for the special case of d = 3, the Weyl tensor vanishes identically,
and so the d2 term only exists for d ≥ 4.

The coefficients b, d1, and d2 in eq. (2.3) are often referred to as defect central charges.
Arguably, this is a slight abuse of terminology. Central charges are expected to obey certain
properties such as positivity and having lower values at IR fixed points as compared to
UV values. However, none of the coefficients in eq. (2.3) seem to satisfy both of those
conditions. Along defect RG flows, b has been shown to obey a weak version of a c-theorem
called the b-theorem [13] and for superconformal defects obeys a b-extremisation [17]. Yet,
a simple free field boundary CFT (bCFT) computation in a d = 3 theory of a free scalar
with Dirichlet boundary conditions shows that b is not necessarily positive (see e.g. [51])
and the question of whether a lower bound exists remains open [52, 53]. Further, since d1
and d2 are associated with B-type anomalies in the classification of [10], they can depend
on bulk and defect marginal parameters and thus are unlikely to satisfy any version of a
defect c-theorem. However, it is clear that in a unitary dCFT d1 ≥ 0 as it is related to
the coefficient of a two-point function of the displacement operator. It was shown in [12]
that d2 ≥ 0 if the averaged null energy condition (ANEC) holds in the presence of a p = 2
conformal defect.

In the subsequent sections, we will compute the defect central charges for monodromy
defects in d = 4 free field theories. To that end, we will need to briefly review the physical
observables that we will be calculating and their relations to b, d1, and d2.

First, let us quote the form of the one point function of the stress tensor for a flat
q ≥ 2 dimensional defect γab = ηab embedded in Rd

〈T ai〉 = 0 , 〈T ab〉 = − h

2π
ηab

|σc|2
, 〈T ij〉 = h

2π(d− 3)
3δij − dxi⊥x

j
⊥

|xk⊥|d+2 . (2.4)

– 5 –
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In the particular case where p = 2, a d-dimensional generalisation of the results of [34, 45]
establishes a relation between h and d2

h ≡ d− 3
3(d− 1)vol(Sd−3) d2 , (2.5)

where vol(Sd−3) is the volume of a unit Sd−3 [12]. Since p = d− 2 for monodromy defects,
we will need d = 4 in order to exploit the relation between d2 and h, in which case

d2 = 18πh . (2.6)

Of the remaining central charges in eq. (2.3), d1 is also generically computable through
the normalisation of a correlation function. Namely, we begin with the two-point function
of the displacement operator, which takes the form

〈DiDj〉 = CD
2|σa|2(d−1) η

ij . (2.7)

For the monodromy defects we are studying, where p = 2 and d = 4 [34],

d1 = 3π2

4 CD . (2.8)

In [34], it was conjectured that for co-dimension q = 2 defects, CD and h (and thus d1 and
d2) are proportional to one another,

CD = 1
(2π)2dd

Γ(d+1
2 )

π
d−3

2
h , (2.9)

where Γ(z) is the Euler Gamma function. It was also conjectured in [35] that for p-
dimensional superconformal defects with co-dimension q

CD = 1
(2π)

2p+1(q + p− 1)(p+ 2)
(q − 1)π

p−q+1
2

Γ(p+1
2 )

Γ( q2) h . (2.10)

We will see explicitly that non-supersymmetric monodromy defects in free field theories
satisfy eq. (2.9).

Lastly, the defect central charge b shows up in a number of places. The most familiar
one is the free energy of a spherical defect. Let the defect submanifold Σ = S2 ↪→Md be
smoothly embedded in the ambient geometry and denote the curvature scale on the defect
by L. Let Z0 be the partition function of the ambient CFT on Md without the defect
insertion. For a CFT on an S2k, the free energy has a log divergence proportional to the
integrated Weyl anomaly, and in the case of a CFT on S2k+1 the free energy is finite and
unambiguous. Setting Md = Sd, it is clear from eq. (2.3) that for a defect wrapping a
round, equatorial S2 ⊂ Sd, only the integrated Euler density contributes. Denoting the
dCFT partition function by Z, one finds

F = − log Z

Z0
= − b3 log ΛL , (2.11)

where Λ is a UV scale.

– 6 –
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There is another physical observable that can be used to derive b if d2 is known (and
vice versa): the defect contribution to EE of a region A. Starting from a flat p = 2
dimensional defect embedded in Rd, it was shown in [12] that by using the Casini-Huerta-
Myers prescription [54] together with eqs. (2.4) and (2.11) the change in EE for a region
with ∂A = Sd−2 due to the defect insertion is given by

∆SA = 1
3

(
b− d− 3

d− 1d2

)
log L

ε
+O(ε0) , (2.12)

where ε is a short-distance cut-off. In particular, the relative sign in ∆SA shows that the
universal coefficient of the defect EE can change sign along RG flows (see e.g. [55]), which
unlike ordinary CFTs limits the use of defect EE as a central charge.

Although we will not make use of holography in this work, we should mention the
fact that the defect contribution to EE can be computed efficiently for CFTs which admit
an holographic dual through the Ryu-Takayanagi formula [56, 57]. This is the case for
holographic theories dual to BCFTs [58] where boundary central charges can be extracted
by employing eq. (2.11) [59–61] and in theories with defects as done in [12, 55, 62].

Rényi entropies. The Rényi entropies are more refined quantities than EE. Consider
a unitary QFT defined on Md in a generic quantum state described by a density matrix
ρ. If the QFT allows for a bipartite factorisation of the Hilbert space H into a subspace
A and its complement Ā, one can compute the reduced density matrix on A, defined as
ρA ≡ TrĀρ, by tracing over the subsystem Ā. The n-th Rényi entropy is then defined as

S
(n)
A ≡ 1

1− n log TrAρnA . (2.13)

In QFT, one often considers a geometric bipartition defined on a Cauchy hypersurface,
so that A and its complement are regions in space. The trace TrAρnA is the partition
function Z of n copies of the original theory glued together along A. This is equivalent
to the partition function of the original theory on a manifoldMn with a conical deficit of
2π/n at the entangling surface separating A from Ā, i.e. TrAρnA = Z[Mn]/Z[M1]n.

Taking the limit n→ 1 of eq. (2.13), we return to the original backgroundMd without
a conical deficit, and the Rényi entropy reduces to the EE associated with the subspace A,

SA ≡ lim
n→1

S
(n)
A = − lim

n→1
∂nTrAρnA = −TrAρA log ρA . (2.14)

This procedure is known as the replica trick [63], and has been particularly successful when
applied to d = 2 CFTs [9, 64–67]. If the initial state ρ is a pure state, which we will assume
in the following sections, then SA = SĀ, and the EE is a good measure of the amount of
quantum entanglement between A and Ā.

It will be helpful for later calculations to define the generating functional on the n-
sheeted cover ofMd as W [Mn] ≡ − logZ[Mn], which allows us to re-express eq. (2.14) in
a more immediately useful form

SA = lim
n→1

(∂n − 1)W [Mn] . (2.15)

– 7 –
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This final expression for EE will be particularly useful as it allows us to start from the path
integral of the free field CFTs that we study and employ heat kernel methods to efficiently
calculate defect EE, and hence, defect central charges.

Monodromy defects. Here we review our conventions for monodromy defects that will
be used in all subsequent computations. In addition, we will collect some results for
monodromy defects that will allow us to compute their central charges in d = 4.

We begin with an ambient free field CFT with a global flavour symmetry group con-
taining a U(1)f subgroup. Let ICFT be its action on Md = R1,d−1 with coordinates
xµ = {t, ~σ, ρ, θ} and metric gµν ,

ds2 = gµνdx
µdxν = −dt2 + d~σ2 + dρ2 + ρ2dθ . (2.16)

In most computations, we will need to Wick rotate to Euclidean signature, i.e. Rd, by
taking t → −iτ . We insert a monodromy defect along σa = {t, ~σ} located at ρ = 0 in
the transverse {ρ, θ}-plane5 by turning on a constant background gauge field for the U(1)f
flavour symmetry along

A = αdθ . (2.17)

The gauge background eq. (2.17) is a closed but not exact form since is singular at ρ = 0.
In particular, we may perform a singular gauge transformation to gauge away A. This
transformation affects any field Ψ(x) minimally coupled to A with unit charge in the
following way

Ψ(x)→ e−iαθΨ(x). (2.18)

Thus, the introduction of the potential (2.17) is equivalent to prescribing a non-trivial
monodromy to Ψ(x). The conserved current sourced by A, Jµ ≡ δICFT /δA

µ, has a non-
trivial one-point function 〈

Jθ(x)
〉

= CJ
ρd

, (2.19)

where the coefficient CJ is a function of the monodromy parameter CJ ≡ CJ(α).
From the relationship between the generating functional and the Weyl anomaly, which

led to eq. (2.11), it is natural to expect that CJ in d = 4 be related to defect central charges
for monodromy defects. However, naively computing

− d

dα
logZ[α] =

∫
d4x

〈
Jθ(x)

〉
(2.20)

we find no log divergences, only power law divergences. This is due to the fact that the
defect we constructed above is flat and the integrated trace anomaly vanishes identically.

In order to obtain a non-trivial result in eq. (2.20), we can modify eq. (2.17) to include
a non-trivial shape function

Aµ = α fµ(x) , (2.21)
5Note that the cylindrical coordinates eq. (2.16) make manifest the preserved SO(2)N ' U(1)N rotational

symmetry around the defect submanifold Σ ↪→Md.
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where fµ(x) are the components of a certain closed but not exact form, i.e. it is singular
on a co-dimension q = 2 submanifold. Repeating the computation above, we have

− d

dα
logZ[α] =

∫
d4x 〈Jµ(x)〉f fµ(x) , (2.22)

where 〈·〉f denotes the expectation value in the presence of a defect of generic shape. As dis-
cussed above eq. (2.11), a spherical defect in the Euclidean theory obeys

∫ √
g
〈
Tµµ

〉
=−b/3.

Therefore, after inserting in eq. (2.22) the function fµ(x) associated to a spherical defect
profile, a straightforward computation outlined in appendix A shows that

d

dα
b(α) = 12π2CJ (α) . (2.23)

Thus, we can easily derive b whenever the normalisation of the current one-point function
is known. More generally, from the results in appendix A, we find a relation connecting the
one-point function of the current CJ(α) with the defect free energy defined in eq. (2.11),
which reads

d

dα
F = −CJ(α) 2π

d
2 +1

Γ
(
d
2

)
sin
(
π
2d
) . (2.24)

The above equation was originally found in [27, 48] where the authors studied how the defect
free energy depends on bulk marginal couplings. The present case is slightly different from
theirs since here the marginal operator Jθ(x) has explicit space-time dependence. We notice
that eq. (2.24) has a simple pole when d is even. This reflects the fact that the sphere free
energy contains a logarithmic divergence which corresponds to the A-type defect anomaly.
In particular, defining the integrated anomaly as

∫ √
g
〈
Tµµ

〉
≡ −A, we have

d

dα
A = (−1)d/2CJ(α) 4πd/2

Γ
(
d
2

) , (2.25)

which reduces to eq. (2.23) when d = 4 (A = b/3).
Due to the relatively simple construction of monodromy defects through eq. (2.17),

higher point correlation functions of Jµ will be related to other important physical observ-
ables. Consider the stress tensor of a field theory coupled to A. With the insertion of a
monodromy defect, Tµν is no longer conserved at the location of the defect, and

∇µTµν = JµFµν . (2.26)

From eq. (2.17), Fµν is proportional to a Dirac delta function at ρ = 0. This is most
clearly seen in Cartesian coordinates in the transverse space to the defect x = ρ cos θ, y =
ρ sin θ, where now Fxy = 2παδ2(x, y). Comparing eq. (2.26) to eq. (2.2), we identify the
displacement operator as

Dx = −2παJy|x,y=0 , Dy = 2παJx|x,y=0 . (2.27)

In the following sections it will be convenient to use complex coordinates z = x+ iy,
z̄ = x− iy in the transverse space. In these coordinates we have

Dz = −2πiαJz|z,z̄=0 , Dz̄ = 2πiαJz̄|z,z̄=0 . (2.28)
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This brief computation has demonstrated a second important use for correlators of Ji.6

Since Di ∝ Ji, we see that the displacement operator two-point function is computable
through 〈JiJj〉. This in turn means that the defect limit of the current two-point function
is controlled by CD, which is proportional to d1 in d = 4.

One important caveat to this statement arises when non-trivial sources for relevant
defect operators in the defect OPE are included. These modes will be central to the
analysis in the subsequent sections. When they are turned on, the relationship between
Ji and Di for monodromy defects no longer holds, and we will need to resort to other
techniques to compute CD.

3 Free scalar

In this section, we study the monodromy defect in the theory of a free, conformally coupled
complex scalar field, ϕ(x), in d dimensions. As explained in section 2, we engineer this
defect by turning on a constant background gauge field for the U(1)f global symmetry. We
take the Euclidean action of the theory to be

Iscalar =
∫
ddx
√
g

[
Dµϕ(Dµϕ)† + d− 2

4(d− 1)R|ϕ|
2
]
, (3.1)

where the coupling to the scalar curvature R is needed to have a conformal and Weyl
invariant action. We also define the gauge covariant derivative Dµ ≡ ∇µ − ieAµ.

Varying Iscalar with respect to the gauge field Aµ gives the conserved U(1)f -current

Jµ = 1
√
g

δIscalar
δAµ

= −i
(
ϕ∇µϕ† −∇µϕϕ† + 2ieAµ |ϕ|2

)
, (3.2)

while the variation with respect to the metric gµν produces the stress energy-momentum
tensor

Tµν = 2
√
g

δIscalar
δgµν

= Dµϕ(Dνϕ)† + (Dµϕ)†Dνϕ−
d− 2

2(d− 1)

[
∇µ∇ν + gµν

d− 2∇
2 −Rµν

]
|ϕ|2 ,

(3.3)

where Rµν is the Ricci tensor for the background geometry.

3.1 Mode expansion and propagator

In order to introduce a monodromy defect, we set Aµ to be as in eq. (2.17), and for
simplicity we set the charge e = 1. In appendix B we provide the detailed derivation of
the mode expansion and the propagator. Here we report and discuss the results. In what
follows we will restrict α ∈ (0, 1), and we will treat the limits α → 0, 1 carefully. We will

6Here we use orthogonal indices because, as explained below eq. (2.1), only those components of the
displacement operator are non-trivial.
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also adopt complex coordinates transverse to the defect, i.e. z = ρeiθ and z̄ = ρe−iθ. The
mode expansion can be written as

ϕ = ϕ−α z
−α + ϕα−1 z̄

α−1 +
∞∑
m=1

ϕm−αz
m−α +

∞∑
m=0

ϕm+αz̄
m+α . (3.4)

The modes ϕm+α are defined for m ≥ 0 and ϕm−α for m ≥ 1 as follows:

ϕm±α ≡
∫
dkρ

∫
dd−3~k

[
f(k)a∓m(k) + f∗(k)b†∓m(k)

] Jm±α(kρρ)
ρm±α

, (3.5)

where Jν(ζ) is the Bessel function of the first kind, and

f(k) =
√
kρ

(
√

2π)d−2
√

2ω
e−iωt+i

~k·~σ , (3.6)

with ω2 = k2
ρ + ~k2. Throughout we use the shorthand k = (kρ,~k). The modes ϕα and

ϕ1−α are special because they are naturally paired with two singular modes ϕ−α and
ϕα−1, respectively. These modes can be included if one allows for divergences milder than
O
(
ρ−1) as ρ→ 0. In principle, we can introduce these four modes independently but the

canonical commutation relation for ϕ fixes their coefficients in terms of two free parameters
ξ, ξ̃ ∈ [0, 1] so that we have

ϕα =
√

1− ξ
∫
dkρ

∫
dd−3~k

[
f(k)a(+)

0 (k) + f∗(k)b(+)†
0 (k)

] Jα(kρρ)
ρα

, (3.7a)

ϕ−α =
√
ξ

∫
dkρ

∫
dd−3~k

[
f(k)a(−)

0 (k) + f∗(k)b(−)†
0 (k)

] J−α(kρρ)
ρ−α

, (3.7b)

ϕ1−α =
√

1− ξ̃
∫
dkρ

∫
dd−3~k

[
f(k)a(+)

1 (k) + f∗(k)b(+)†
1 (k)

] J1−α(kρρ)
ρ1−α , (3.7c)

ϕα−1 =
√
ξ̃

∫
dkρ

∫
dd−3~k

[
f(k)a(−)

1 (k) + f∗(k)b(−)†
1 (k)

] Jα−1(kρρ)
ρα−1 . (3.7d)

Similar modes have been already discussed from an abstract defect CFT perspective in [32,
35]. In order to make contact with these works it is useful to match our mode expansion
with the defect OPE of the bulk field ϕ. The latter allows to expand any bulk operator
in terms of defect primaries Ôm and their descendants. The coefficients of this expansion
are the bulk to defect couplings. For a monodromy defect, the allowed defect operators in
the defect OPE of a bulk scalar in our conventions must have orthogonal spin s ∈ Z − α.
Furthermore, in a free theory, the equations of motion for ϕ allow for two sets of defect
operators in the defect OPE of ϕ. The dimensions of these two sets of operators were
denoted in [32] as ∆̂+

s = d
2 − 1 + |s| and ∆̂−s = d

2 − 1 − |s|. While the former are always
allowed, the latter violate the unitarity bound for a co-dimension 2 defect in d > 4 unless
|s| < 1. For d ≤ 4, unitarity requires |s| < d−2

2 . The defect OPE then reads

ϕ =
∑

s∈Z−α
cϕÔ+

s
ρ|s|eisθC+

s

(
ρ2∂2

σ

)
Ô+
s (σ)

+ cϕÔ−−α

e−iαθ

ρα
C−s
(
ρ2∂2

σ

)
Ô−−α(σ) + cϕÔ−1−α

ei(1−α)θ

ρ1−α C
−
s

(
ρ2∂2

σ

)
Ô−1−α(σ) .

(3.8)
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The differential operators C±s (ρ2∂2
σ) resum the contribution of all the conformal descen-

dants, and are fixed by conformal invariance to be

C±s
(
ρ2∂2

σ

)
≡

+∞∑
k=0

(−4)−k(ρ2∂2
σ)k

k!(1± |s|)k
, (3.9)

where (a)k ≡ a(a + 1) . . . (a + k − 1) if k 6= 0 and (a)0 ≡ 1 is the Pochhammer symbol.
Comparing this expression with the small ρ expansion of eq. (3.4) after Wick rotation, one
finds a one-to-one correspondence between the mode expansion and the defect OPE, thus
establishing that each mode in eq. (3.4) creates a conformal family of defect operators.
Including modes that are less singular than O(ρ−1) is equivalent to allowing for defect
operators with dimension ∆̂−s above the unitarity bound. We will determine the bulk to
defect couplings cϕÔ by comparing the propagator with the defect block expansion.

The propagator is computed in appendix B where we find that the result consists
precisely of a sum over defect blocks. A bulk two-point function can be expressed in terms
of two cross ratios: the relative angle θ and the combination

η ≡ 2ρρ′

ρ2 + ρ′2 + |σa|2 , (3.10)

where we have set σ′a = 0 by translational invariance along the defect. A defect block is a
function of these cross ratios:

F∆̂,s(η, θ) =
(
η

2

)∆̂s

2F1

(
∆̂s

2 ,
∆̂ + 1

2 ; ∆̂s + 2− d

2 ; η2
)
eisθ , (3.11)

where 2F1(a, b; c; z) is the ordinary hypergeometric function. The propagator then takes
the form〈
ϕ(x)ϕ†(0,ρ′)

〉
=
( 1
ρρ′

)d
2−1

( ∑
s∈Z−α

c+
s F∆̂+,s(η,θ)+c−−αF∆̂−,−α(η,θ)+c−1−αF∆̂−,1−α(η,θ)

)
,

(3.12)

with

c+
s =

Γ
(
d
2 − 1 + |s|

)
4πd/2Γ (1 + |s|)

for s 6= −α, 1− α , (3.13)

and special cases

c+
−α = (1− ξ)

Γ
(
d
2 − 1 + α

)
4πd/2Γ (1 + α)

, c−−α = ξ
Γ
(
d
2 − 1− α

)
4πd/2Γ (1− α)

, (3.14a)

c+
1−α = (1− ξ̃)

Γ
(
d
2 − α

)
4πd/2Γ (2− α)

, c−1−α = ξ̃
Γ
(
d
2 − 2 + α

)
4πd/2Γ (α)

. (3.14b)

In section 4, we will find it advantageous to adopt an alternative notation for the scalar
propagator in eq. (3.12), GS,α,ξ,ξ̃(x, x′) ≡

〈
ϕ(x)ϕ†(0, ρ′)

〉
. By matching the defect block

expansion with the defect OPE eq. (3.8) and using the normalisation〈
Ô±s (σ)Ô†±s′ (0)

〉
= δs,−s′

|σa|d−2±2|s| (3.15)
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for the defect operators, we immediately identify c±s = cϕÔ±s cϕ†Ô†±s
. Reflection positivity

imposes that c±s > 0, which determines the range of the parameters ξ and ξ̃ to be

0 ≤ ξ, ξ̃ ≤ 1 . (3.16)

In d < 4, the unitarity bounds above eq. (3.8) impose further conditions on the range
of α at non-zero ξ or ξ̃. As an example consider d = 3, for which the unitarity bound reads
|s| < 1

2 . This requires that either α ∈
[
0, 1

2

)
if ξ 6= 0 and ξ̃ = 0, or α ∈

(
1
2 , 1
]
if ξ = 0

and ξ̃ 6= 0. Notice that since the two ranges of α don’t overlap, one cannot turn on both
deformations ξ, ξ̃ 6= 0 without breaking unitarity.

At this point, we are ready to discuss what happens for the limiting values α → 0
and α → 1. In the absence of the divergent modes, i.e. for ξ = ξ̃ = 0, the defect OPE of
ϕ simply reduces to the Taylor expansion of the free field ϕ around the co-dimension two
surface ρ = 0. In other words, the defect reduces to the trivial defect as one would expect
in the absence of a monodromy. The singular modes, instead, lead to a singular behaviour
of eq. (3.8) either at α = 0 or at α = 1. For ξ̃ = 0 and ξ 6= 0 the limit α → 0 is perfectly
well-defined and leads again to the free field Taylor expansion, while the limit α → 1 is
singular. This seems to be in contrast with our definition of the monodromy defect, which
should reduce to the trivial defect for integer α. Nevertheless, a glance at (3.14a) shows
that, at least for d > 4, the singular mode decouples from the bulk at α = 1 since c−−1 = 0.
This leads to a two-dimensional theory, which is decoupled from the bulk free scalar. This
is still not enough to affirm that the limit α→ 1 is well-defined. Even though the singular
mode decouples, the remaining bulk propagator still depends on ξ as the contribution of the
ϕα mode gives a factor of 1−ξ to one of the terms in the propagator. Thus, the propagator
does not reduce to that of a free complex scalar but has an extra term proportional to −ξ
consisting of a single defect block. This bulk two-point function is not crossing invariant
and therefore it does not lead to a consistent defect CFT. Therefore, we have to conclude
that the limit α→ 1 cannot be smooth for a constant value of ξ. Either ξ is a function of
α or some discontinuous behaviour must be introduced at α = 1 so that the periodicity in
α is reinstated. In the following, we do not make any assumption on ξ and we will mention
explicitly the places where we will assume that it is not a function of α. More generally,
we keep an abstract point of view on this issue, assuming there could be a dynamical
mechanism which causes the decoupling of this mode for α = 1. For the case of ξ = 0 but
non-vanishing ξ̃ as α→ 0 an identical discussion applies.

3.2 Correlation functions and central charges

We start by computing some relevant one-point functions by taking a suitable coincident
limit of the propagator. A generic one-point function of a composite operator can be found
by Wick contracting the fundamental fields and then taking the coincident limit, carefully
regularising the short distance divergences. In the following, we consider only one-point
functions of operators quadratic in the fundamental field ϕ. In this case, we only need
to take the appropriate combinations of derivatives of the propagator, and then take the
coincident limit.
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To this end, it is convenient to start from the non-singular propagator (ξ = ξ̃ = 0) for
which we can use the form in eq. (B.14), which after a change of variables ζ = 2/(sρρ′)
becomes〈

ϕ(x)ϕ†(x′)
〉
ξ=ξ̃=0

= 1
2(2π)d/2

1
(ρρ′)d/2−1

∫ +∞

2ε2
ρρ′

dζ e
− 1
ηζ ζ−d/2

∑
m

ei(m−α)θI|m−α|

(1
ζ

)
,

(3.17)
where Iν(ζ) is the modified Bessel function of the first kind. The integral is divergent in
the coincident (η → 1) limit. For this reason we introduce the UV cut-off ε. The one-point
function will be a power expansion in terms of ε. If the divergent term is independent of
α, the divergences can be consistently removed by subtracting the one-point function with
α = 0. After computing the contribution from the regular modes of ϕ, we will add the
singular parts, which are proportional to ξ and ξ̃.

3.2.1 One-point function of |ϕ|2

Let us start with the simplest case: the one-point function of |ϕ|2. Taking the coincident
limit of eq. (3.17) we obtain〈

ϕ(x)ϕ†(x′)
〉
ξ=ξ̃=0

= 1
2(2π)d/2

1
ρd−2

∫ +∞

2ε2
ρ2

dζ e
− 1
ζ ζ−d/2I(1)

α

(1
ζ

)
, (3.18)

where we defined7

I(1)
α (ζ) ≡

∑
m

I|m−α|(ζ) = 1
2α

[
eζ
∫ ζ

0
e−xI−α(x) dx− ζI−α(ζ)− ζI1−α(ζ)

]

+ 1
2(1− α)

[
eζ
∫ ζ

0
e−xIα−1(x) dx− ζIα−1(ζ)− ζIα(ζ)

]
.

(3.19)

The integral over ζ in eq. (3.18) can be performed, and indeed one can see that it diverges
for ε → 0. However, the divergences are independent of α and can be unambiguously
subtracted. The final result is

〈
|ϕ(x)|2

〉
ξ=ξ̃=0

= −
Γ
(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d−1π
d+1

2 (d− 2)Γ
(
d−1

2

) 1
ρd−2 . (3.20)

We observe that the one-point function vanishes both when α = 0 and α = 1. The former
is obvious since it corresponds to the absence of a defect, while the latter reflects the fact
that the flux is defined modulus integers. We now compute the contribution of the singular
modes. The part of the propagator proportional to ξ can be deduced from eq. (3.12) and
it reads

〈
ϕ(x)ϕ†(x′)

〉
ξ

= ξ

( 1
ρρ′

)d
2−1

− Γ
(
d
2−1+α

)
4πd/2Γ(1+α)

F∆̂+,−α(η,θ)+
Γ
(
d
2−1−α

)
4πd/2Γ(1−α)

F∆̂−,−α(η,θ)

 .
(3.21)

7In the second equality we used eq. (D.3).
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We are interested in the θ → 0 and η → 1 limit. The former simply eliminates the
exponential in eq. (3.11), while the latter gives a singular limit for the hypergeometric
function in eq. (3.11). Actually, each defect block is logarithmically divergent in the limit
η → 1. However, these logarithms cancel in the combination eq. (3.21), leaving us only
with power law divergences. After subtracting them we get

〈
|ϕ(x)|2

〉
ξ

= ξ
Γ
(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d−1π
d+1

2 Γ
(
d−1

2

) 1
ρd−2 . (3.22)

The result proportional to ξ̃ can be simply obtained by replacing α→ 1− α:

〈
|ϕ(x)|2

〉
ξ̃

= ξ̃
Γ
(
d
2 + α− 2

)
Γ
(
d
2 − α

)
sin(πα)

2d−1π
d+1

2 Γ
(
d−1

2

) 1
ρd−2 . (3.23)

Putting everything together we get the final result〈
|ϕ(x)|2

〉
=

Γ(d2 − α)Γ(d2 + α− 1) sin(πα)
2d−1π

d+1
2 Γ

(
d−1

2

) 1
ρd−2

(
− 1
d− 2 + ξ

d
2 − α− 1

+ ξ̃
d
2 + α− 2

)
.

(3.24)
As a special case we note that when d = 4, the one-point function becomes〈

|ϕ(x)|2
〉

= −(1− α)α− 2ξα− 2ξ̃(1− α)
8π2ρ2 . (3.25)

3.2.2 One-point function of Tµν
The one-point function of the stress-energy tensor in the presence of a p = d−2 dimensional
conformal defect is fixed by conformal symmetry to be of the form in eq. (2.4). Thus, we
only need to compute the coefficient h to determine the full stress tensor one-point function.
To do this, we can choose a particular component, and we pick

〈Tρρ〉 = 2
〈
∂ρϕ∂ρϕ

†
〉
− 1

2(d− 1)

[
(d− 1)∂2

ρ + 1
ρ
∂ρ

] 〈
|ϕ|2

〉
. (3.26)

Having already found
〈
|ϕ|2

〉
above, we only need to compute the first term in eq. (3.26).

We need to take the coincident limit of the propagator after taking derivatives with respect
to ρ. Once again, we start from the regular part of the propagator (ξ = ξ̃ = 0), for which
we use the representation eq. (3.17),〈

∂ρϕ(x)∂ρϕ†(x)
〉
ξ=ξ̃=0

= 1
8(2π)d/2

1
ρd

∫ +∞

2ε2
ρ2

dζ e−1/ζ (d− 2)2ξ + 4
ζ
d
2 +1

I(1)
α

(1
ζ

)
. (3.27)

Just as above, we find that the divergences in ε are independent of α and can thus be
subtracted unambiguously. The finite part reads

〈
∂ρϕ∂ρϕ

†(x)
〉
ξ=ξ̃=0

= −
((d− 2)d2 + 4(1− α)α) sin(πα)Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
2d+1π

d+1
2 d (2d− 1) Γ

(
d−1

2

) 1
ρd
.

(3.28)
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Performing the same analysis for the singular contributions we find

〈
∂ρϕ∂ρϕ

†(x)
〉
ξ

= ξ
((d− 2)2d− 8α2)Γ

(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d+2π
d+1

2 ((d− 2)2 − 4α2)Γ
(
d+1

2

) 1
ρd
, (3.29)

〈
∂ρϕ∂ρϕ

†(x)
〉
ξ̃

= ξ̃
((d− 2)2d− 8(1− α)2)Γ

(
d
2 + α− 2

)
Γ
(
d
2 − α

)
sin(πα)

2d+2π
d+1

2 ((d− 2)2 − 4(1− α)2)Γ
(
d+1

2

) 1
ρd
. (3.30)

Thus, by plugging eqs. (3.24), (3.28), (3.29) and (3.29) into eq. (3.26), we find the full
one-point function of the stress tensor

〈Tρρ(x)〉 = −
Γ
(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

(
α(1−α)

d + α2ξ
d
2−α−1 + (1−α)2ξ̃

d
2 +α−2

)
2d−1π

d+1
2 Γ

(
d+1

2

) 1
ρd
, (3.31)

which is vanishing for α = 0 and α = 1 when d > 4, as expected. The contribution with
ξ = ξ̃ = 0 was previously computed in [68]. Comparing to eq. (2.4), we find that h is
expressed as

h =
Γ
(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

(
α(1−α)

d + α2ξ
d
2−α−1 + (1−α)2ξ̃

d
2 +α−2

)
2d−2π

d−1
2 Γ

(
d+1

2

) . (3.32)

Note that h ≥ 0 for the ranges α ∈ (0, 1), and ξ, ξ̃ ∈ [0, 1] in d ≥ 4. For d < 4, unitarity
requires that the range of α be restricted in the presence of singular modes, as discussed
below eq. (3.16). In that case h is manifestly non-negative.

Specialising again to d = 4 in order to connect to defect central charges and using
eq. (2.6), we find

d2 = 3
2
(
(1− α)2α2 + 4ξα3 + 4ξ̃(1− α)3

)
. (3.33)

Since h ≥ 0, so is d2. This is in agreement with the expectation that d2 ≥ 0 if the ANEC
holds in the presence of a p = 2 dimensional defect [12].

3.2.3 One-point function of Jθ
In this subsection, we consider the one-point function of the current 〈Jµ〉. By computing
the coefficient CJ , we can leverage eq. (2.23) in d = 4 to compute the defect central charge b.

We start again from the regular part of the propagator in the form of eq. (3.17), and
consider the following expectation value

〈Jθ〉ξ=ξ̃=0 = −2i〈ϕ∂θϕ†〉 = − 1
(2π)d/2

1
ρd−2

∫ +∞

2ε2
ρ2

dζ e
− 1
ζ ζ−d/2I(2)

α

(1
ζ

)
, (3.34)

where we have taken the coincident limit and defined the sum8

I(2)
α (ζ) ≡

∑
m

(m− α) I|m−α| (ζ)

= ζ

2 [I1−α(ζ) + I−α(ζ)− I1+α(ζ)− Iα(ζ)]− αIα(ζ) .
(3.35)

8This follows immediately from eq. (D.4).
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Inserting the result of the sum in eq. (3.35) into eq. (3.34), we find that the ζ-integral
is convergent in the limit ε → 0. For the regular modes, computing the ζ-integral and
removing the UV cutoff gives

〈Jθ〉ξ=ξ̃=0 =
(1− 2α)Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

2dπ
d+1

2 Γ
(
d+1

2

) 1
ρd−2 . (3.36)

We note that 〈Jθ〉 = 0 both for α = 0, 1, and for α = 1/2. The former cases are expected
as the monodromy becomes trivial, while the latter follows from symmetry considerations.
More specifically, the Lagrangian in eq. (3.1) is manifestly invariant under the transfor-
mation θ → −θ provided that α → −α. If ϕ is regular in the limit ρ → 0, then −α and
1− α are identified by gauge invariance. This implies that 〈Jθ〉 is odd under α→ 1− α in
the range α ∈ [0, 1], and thus it vanishes when α = 1/2. The contribution of the singular
modes is

〈Jθ〉ξ = 2ξ
αΓ

(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d−1π
d+1

2 Γ
(
d−1

2

) 1
ρd−2 , (3.37a)

〈Jθ〉ξ̃ = 2ξ̃
(1− α) Γ

(
d
2 + α− 2

)
Γ
(
d
2 − α

)
sin(πα)

2d−1π
d+1

2 Γ
(
d−1

2

) 1
ρd−2 . (3.37b)

Summing all the contributions we have

〈Jθ〉=
Γ
(
d
2−α

)
Γ
(
d
2 +α−1

)
sin(πα)

(
1−2α+ 2α(d−1)ξ

d
2−α−1 + 2(1−α)(d−1)ξ̃

d
2 +α−2

)
2dπ

d+1
2 Γ

(
d+1

2

) 1
ρd−2 . (3.38)

We observe that when ξ, ξ̃ 6= 0 the current is not vanishing at α = 1/2. This is due to the
singular modes, which break the invariance of the theory under the shift α → α + Z. We
also notice that the integral of this function with respect to α leads to the universal part
of the sphere free energy.9

For d = 4, the current one-point function, including the contribution from the singular
modes, reads

〈Jθ(x)〉 =
(
α(1− 2α)(1− α)

12π2 + α2ξ

2π2 + (1− α)2ξ̃

2π2

)
1

ρd−2 . (3.39)

By applying eq. (2.23) and integrating over the flux α, we obtain the defect central charge

b = (1− α)2α2 + 4ξα3 + 4ξ̃(1− α)3

2 . (3.40)

A few comments about this result are in order. First of all, when integrating (3.39), we
assumed that ξ and ξ̃ are not functions of α. Were ξ or ξ̃ function of α, the dependence of b

9For instance, for d = 3 we can compare with the results obtained in appendix A of [69], finding perfect
agreement upon the identification of the flux parameters (µ = 2πα).
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on α would be affected by the dynamical source of ξ and ξ̃ and this unknown source would
contribute to the derivative in eq. (2.23). Another important comment is that eq. (2.23)
involves an integration constant which can be a function of ξ and ξ̃. This constant can be
fixed by requiring that b is vanishing at α = 0 if ξ̃ = 0, and at α = 1 if ξ = 0, together
with the requirement that its dependence on ξ and ξ̃ be linear. These requirements fix the
integration constant to be −2ξ̃, giving precisely eq. (3.40). As a check of eq. (3.40), we will
compute in section 3.4 the EE in the presence of the monodromy defect, and we will show
that it vanishes for any value of α, ξ and ξ̃. This implies, in particular, that b = d2

3 , which
is consistent with eqs. (3.40) and (3.33).

3.2.4 Two-point function of Di

In this subsection we study the displacement operator of the monodromy defect of the
complex scalar. Our final goal will be to identify the coefficient of its two-point function,
which in 4d is related to the defect central charge d1.

Given the defect OPE of the fundamental field ϕ eq. (3.8) and of its conjugate ϕ†, we
look for the displacement operator in the fusion of defect fields Ô±m−α and Ô†±m+α. We are
looking for an operator of dimension ∆D = d− 1 and spin s = 1. To be precise, there are
two operators Dz and Dz̄ with the same dimension and opposite spin associated to the two
broken translations in complex coordinates. The combination of defect operators fulfilling
these requirements is

Dz = AÔ+
1−αÔ

†+
α +B Ô−−αÔ

†+
1+α + C Ô+

2−αÔ
†−
−1+α +D [Ô†−α Ô−1−α]2 , (3.41)

and their conjugates for the operator with spin s = −1. The last operator in eq. (3.41) is
the conformal primary built out of Ô†−α , Ô−1−α and two derivatives,

[Ô†−α Ô−1−α]2 ≡
( 1

2(d− 2) −
1

4α

)
Ô†−α ∂2

σÔ
−
1−α + 1

d− 2∂σÔ
†−
α ∂σÔ

−
1−α

+
( 1

2(d− 2) −
1

4(1− α)

)
∂2
σÔ
†−
α Ô−1−α . (3.42)

In eq. (3.41) the coefficients A, B, C and D are implicitly functions of α, ξ and ξ̃. Notice
that only the first operator is present for ξ = ξ̃ = 0. The second operator includes a mode
Ô−−α so it must vanish for ξ = 0, the third one includes Ô†−−1+α and it must not appear for
ξ̃ = 0. The last term appears only when both ξ and ξ̃ are non-vanishing. Using this piece
of information and consistency with the Ward identity∫

dd−2σ
〈
|ϕ(z, z̄, 0)|2Dz(σ)

〉
= ∂z

〈
|ϕ(z, z̄, 0)|2

〉
, (3.43)

we can fix the form of the displacement operator. Indeed, the two-point function in
eq. (3.43) is fixed by conformal invariance to be of the form

〈
|ϕ(z, z̄, 0)|2Dz(σ)

〉
= cϕ2D(α, ξ, ξ̃) z̄

(|σa|2 + zz̄)d−1 , (3.44)
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and eq. (3.43) fixes

cϕ2D(α, ξ, ξ̃) =
Γ(d2 − α)Γ(d2 + α− 1) sin(πα)

4πd

(
1− (d− 2)ξ

d
2 − α− 1

− (d− 2)ξ̃
d
2 + α− 2

)
. (3.45)

Inserting the ansatz eq. (3.41) into the two-point function eq. (3.44) we find an equation
for the coefficients in eq. (3.41), which has the natural solution

A = −4πα(1− α)c
ϕ†Ô†+α

cϕÔ+
1−α

, B = −4πα(1 + α)c
ϕ†Ô†+1+α

cϕÔ−−α
, (3.46)

C = −4π(1− α)(2− α)c
ϕ†Ô†−−1+α

cϕÔ+
2−α

, D = −4πα(1− α)c
ϕ†Ô†−α

cϕÔ−1−α
, (3.47)

where the c coefficients are the bulk to defect couplings introduced in eq. (3.9). Using this
data it is easy to see that the displacement two-point function

〈Dz(σ)Dz̄(0)〉 = CD
2|σa|2d−2 (3.48)

is determined by a linear combination of the squared OPE coefficients in eqs. (3.13), (3.14a)
and (3.14b)

CD = A2 +B2 + C2 −D2 (d2 − 1− α)(d2 − 2 + α)
α(1− α)

= 2π1−dΓ
(
d

2 − α
)

Γ
(
d

2 + α− 1
)

sin(πα)
(
α(1− α) + dα2ξ

d
2 − α− 1

+ d(1− α)2ξ̃
d
2 + α− 2

)
,

(3.49)

and satisfies the relation (2.9), when compared with the explicit value of h in eq. (3.32),
and so CD ≥ 0 whenever h ≥ 0. Specialising to d = 4 and using the normalisation eq. (2.8),
we find for a monodromy defect created by α units of flux in a 4d theory of free scalars

d1 = 3
2
(
(1− α)2α2 + 4ξα3 + 4ξ̃(1− α)3

)
. (3.50)

Note that d1 = d2, which agrees with eq. (2.9).
As discussed in section 2, when ξ = ξ̃ = 0 the displacement operator Di can be

identified as the regular term in the defect OPE of the orthogonal components of the
current Ji. However, we emphasise that the relation eq. (2.26) is not gauge invariant under
the shift α → α + Z. Thus, expressing Di in terms of Ji makes sense only after we fix a
specific gauge, which reflects in the choice of the range of α. If we choose the range to be
α ∈ [0, 1) as above, we need to change the definition of the current to be

αJz → Jz ≡ i
(
(1− α)ϕ∂zϕ† + αϕ†∂zϕ

)
,

αJz̄ → Jz̄ ≡ −i
(
(1− α)ϕ†∂z̄ϕ+ αϕ∂z̄ϕ

†
)
.

(3.51)

The displacement operator for ξ = ξ̃ = 0 is then

Dz = −2πiJz|z,z̄=0 , Dz̄ = 2πiJz̄|z,z̄=0 . (3.52)

Inserting in these expressions the defect OPE of ϕ and ϕ†, one finds agreement with the
first term of eq. (3.41).
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3.3 Conical singularities

Here we consider the theory of n copies of the free complex scalar glued along a (d − 1)-
dimensional region A, which has a conical singularity at ∂A. In a quadratic theory the
replicated theory can be conveniently described by the sum of n quadratic field theories
with different monodromies [70]. In order to see this we may rewrite the theory on the
n-sheeted manifold as a theory of n independent fields with Lagrangian

L =
n∑
j=1
L[ϕ̃j(~x, τ)] , (3.53)

such that ϕ̃j(~x, 0+) = ϕ̃j+1(~x, 0−) where ~x are coordinates along A, and τ parametrises
the transverse direction. The index j labels the n fields, and i = n + 1 is identified with
i = 1. For a bosonic theory, such a boundary condition can be diagonalised by defining

ϕk =
n∑
j=1

e2πi k
n ϕ̃j , k = 0, . . . , n− 1 . (3.54)

Thus, we see that the field ϕk does not shift when one crosses the region A but acquires a
phase given by α = k/n. If the theory is quadratic, the new Lagrangian simply becomes

L =
n−1∑
k=0
L[ϕk(~x, τ)] . (3.55)

This means that in order to obtain the coefficients h, CJ and CD for a conical singularity
we simply need to sum the ones of the monodromy defect with those specific values of α.
In order to perform the sums it is crucial to assume that ξ and ξ̃ are independent of α.
Furthermore, since ξ̃ would give a bad α → 0 limit, including that parameter in the sum
will lead to correlation functions that are not vanishing at n = 1. For this reason, in the
following we are going to set ξ̃ = 0 and show results as a function of n and ξ.

The sum over the monodromies behaves qualitatively different for even and odd d.
For specific even d it is straightforward to resum the expressions of the defect CFT data,
although it is harder to find a generic expression as a function of d. For odd d instead the
sum is quite involved. Since we are mostly interested in the central charges of 2d defects,
we focus on d = 4. For 〈|ϕ(x)|2〉 we obtain

〈|ϕ(x)|2〉 = −n
2 − 1− 6(n− 1)nξ

48π2nρ2 , (3.56)

which is in agreement with equation (C.16) of ref. [34] for ξ = 0. While the central charges
read10

d1 = d2 =
n−1∑
k=0

3
2

[(
1− k

n

)2 k2

n2 + 4ξ k
3

n3

]
= n4 − 1 + 30(n− 1)2n2 ξ

20n3 , (3.57)

10These functions are usually denoted as fa(n), fb(n) and fc(n), see e.g. [34], and the precise relation is
given by b = 12fa(n)(n− 1), d1 = 12fb(n)(n− 1) and d2 = 12fc(n)(n− 1).
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and analogously

b = n4 − 1 + 30(n− 1)2n2 ξ

60n3 . (3.58)

In the limit n→ 1 we find

d1 = d2 = 3b = n− 1
5 + 15 ξ − 3

10 (n− 1)2 +O(n− 1)3. (3.59)

Notice that in this limit the term proportional to ξ contributes only at order O(n− 1)2 as
n → 1. Therefore, the universal part of the vacuum entanglement entropy, i.e. the linear
order O(n−1) as n→ 1 of the central charges, is unaffected by ξ. There is however another
consistency check we can make on our result. In [71] it was proven that the Weyl anomaly
coefficients associated to the Rényi entropy must satisfy the following relation (translated
in our notation)

d2 = n (12a4d − ∂nb) (3.60)

where a4d = 1
180 for a free complex scalar. We can easily check that our results satisfy this

relation only when ξ = 0. This suggests that ξ = 0 is the correct boundary condition to
be chosen for a conical singularity associated to the replica trick, i.e. to the computation
of the Rényi entropy.

We conclude this section by showing that our results are in perfect agreement with
ref. [46]. The ambient Weyl anomaly in d = 4 reads

〈
Tµµ

〉
= 1

16π2

∫
M
d4x
√
g
[
a4dE4 − c4dW

2
]
, (3.61)

where E4 and W 2 are, respectively, the Euler density and the square of the Weyl tensor.
In terms of the curvature tensor they read

E4 = RµναβRµναβ − 4RµνRµν +R2 , (3.62a)

W 2 = RµναβRµναβ − 2RµνRµν + 1
3R

2 . (3.62b)

In ref. [46], it was shown that in the presence of a conical singularity

E4 −→ nE4 + 8π(1− n)RΣ δ(Σ) +O(1− n)2 , (3.63a)

W 2 −→ nW 2 + 8π(1− n)
[
I̊IµabI̊I

ab
µ − d2Wab

ab
]
δ(Σ) +O(1− n)2 , (3.63b)

which implies

〈
Tµµ

〉 ∣∣∣
Σ

= − 1
2π (n− 1)

(
a4d E2 + c4d I̊IµabI̊I

ab
µ − c4dWab

ab
)

+O(n− 1)2 . (3.64)

Substituting the known values of a4d = 1/180 and c4d = 3/180, we find perfect agreement
with our results in eq. (3.59).
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Figure 1. Left: sketch of the configuration we employ to compute the defect contribution to EE
in d = 4. The figure is an instance in time at τ = 0. The defect extends along the σ1 direction,
while the entangling surface extends along the remaining orthogonal directions and intersects the
defect at σ1 = 0.
Right: a spherical entangling surface centred on the defect on the time-slice τ = 0. This configura-
tion corresponds to the one studied in [12]. Its defect contribution is given by twice eq. (3.65).

3.4 Entanglement entropy

In this section, we will compute the entanglement entropy contribution of the monodromy
defect in the free complex scalar theory. In the following, we assume that the defect is flat,
and the region A is the half space orthogonal to the defect. The entangling surface ∂A is
defined by τ = σ1 = 0 as depicted on the left-hand side of figure 1. This configuration is
the most symmetric case, and it is conformally related to a spherical entangling surface
at τ = 0 centred on the flat defect, as depicted on the right-hand side of figure 1. We
are interested in the d = 4 case where the entangling surface intersects the monodromy
defect in a single point and the EE shows a logarithmic divergence whose coefficient is
given by [12]

slog = 1
6

(
b− d2

3

)
. (3.65)

Here we employ the heat kernel method following ref. [72] to show that the result is in
perfect agreement with eq. (3.65). As emphasised in [71, 73–76], in the case of the conformal
free scalar, the entanglement entropy consists of two different contributions, one that can
be computed from the heat kernel and a second one coming from the coupling to the scalar
curvatureR. To show this, we can consider the coupling toR as a deformation of the theory.
The conical singularity leads to a scalar curvature of the form R = 2(n− 1)δ(ρ)/(nρ) [77]
which implies the following contribution to the action

IRscalar[n] = π
d− 2
d− 1

n− 1
n

∫
∂A
dd−2σ |ϕ|2 . (3.66)
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Note that the delta function coming from R localises the integral over the entangling
surface ∂A. Thus the full partition function may be written as

Z[n] = ZR=0[n]
〈
e−I

R
scalar

〉
, (3.67)

where ZR=0[n] denotes the partition function of the theory without the coupling to R.
Applying the relation (2.14), we find

SA = SR=0
A + SRA , (3.68)

where SR=0
A is the EE for the theory in the absence of the coupling to R, and SRA is the

contribution of eq. (3.66) which reads [71, 73–75]

SRA = −π(d− 2)
(d− 1)

∫
∂A
dd−2σ

〈
|ϕ(x)|2

〉
. (3.69)

This last contribution is straightforward to compute. Setting d = 4 and using eq. (3.25),
we find

SRA = (1−α)α−2ξα−2ξ̃(1−α)
12π

∫
∂A
d2x

1
r2 = (1−α)α−2ξ−2ξ̃(1−α)α

12π

∫ 2π

0
dφ

∫ L

ε

dr

r

= (1−α)α−2ξα−2ξ̃(1−α)
6 log

(
L

ε

)
. (3.70)

The first contribution to (3.68) can be computed with the heat kernel method as done
in [72] for the case of a real scalar in a bCFT. Below we just give the definition of the heat
kernel and we refer the reader to the detailed review [78].

Given the differential operator D, the corresponding heat kernel K(s;x, y;D) is
defined as

(∂s +Dx)K (s;x, y;D) = 0, (3.71a)
K(0;x, y;D) = δ(x, y) . (3.71b)

The propagator then is
G(x, y) =

∫ +∞

0
dsK (s;x, y;D) , (3.72)

while the effective action may be written as

W = −1
2

∫ ∞
0

ds

s
TrK(s;D) , (3.73)

where
TrK(s;D) =

∫
ddx
√
g K(s;x, x;D) . (3.74)

The strategy is then to compute the heat kernel in the presence of a conical singularity. To
exploit the symmetry of the problem we consider polar coordinates around the entangling
surface, writing τ = r sinφ and σ1 = r cosφ with 0 ≤ φ ≤ 2π. In this coordinate system the
conical singularity is introduced by making φ periodic with period 2π n (here n is assumed
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to be real and n > 1). The heat kernel in the presence of such a conical singularity was
found in [72, 79] as a deformation of K(s;x, y;D):

Kn(s;φ, φ′;D) = K(s;φ− φ′;D) + i

4πn

∫
Γ
dω cot

(
ω

2n

)
K(s;φ− φ′ + ω;D) , (3.75)

where the contour Γ is given by two vertical lines going from (−π+ i∞) to (−π− i∞) and
from (π−i∞) to (π+i∞). It intersects the real axis twice between the poles of cotω/(2n),
once between −2πn and 0, and once between 0 and 2πn.

For simplicity we will illustrate the computation only for the regular part of the prop-
agator, namely for ξ = ξ̃ = 0, being the generalisation to the singular part straightforward.
The heat kernel of our case can be easily extracted from eq. (B.14), and we have

K(s;x, x′, α) = 1
(4πs)

d
2

∑
m

eimθe−(ρ2+ρ′2+(σ−σ′)2)/(4s)I|m−α|

(
ρ ρ′

2s

)
+ c.c. , (3.76)

where c.c. stands for complex conjugate. We now compute TrKn. By setting ρ = ρ′ and
σa = σ′a the integrals become

TrKn = 4πn
(4πs)

d
2

∫ ∞
0

dρ

∫ 2π

0
dθ

∫ ∞
0

dr

∫
dd−4σ̃ ρe−ρ

2/(2s)I(1)
α

(
ρ2

2s

)

+ 8π2n

(4πs)
d
2

i

4πn

∫
Γ
dω cot ω2n

[∫ ∞
0

dρ

∫ ∞
0

dr

∫
dd−4σ̃ ρre−ρ

2/(2s)−r2 sin2(ω/2)/sI(1)
α

(
ρ2

2s

)]
,

(3.77)

where σ̃ parametrises the coordinates along the defect in common with the entangling
surface, and the function I(1)

α was defined in eq. (3.19). After a change of variables we have

TrKn = 4πnLd−2

(4πs)
d
2
s

∫ L2
2s

0
dζ e−ζI(1)

α (ζ)

+ 8π2nLd−4

(4πs)
d
2

s2
[

i

8πn

∫
Γ
dω cot

(
ω

2n

) 1
sin2 ω

2

]∫ L2
2s

0
dζe−ζ I(1)

α (ζ)

 ,
(3.78)

where we introduced the cut-off L to regulate the infrared divergence. The contour integral
over ω can be evaluated exactly, and it gives

i

8πn

∫
Γ
dω cot

(
ω

2n

) 1
sin2 ω

2
= 1

6n2 (1− n2) . (3.79)

The heat-kernel contribution to the entanglement entropy SR=0
A can be found from the

effective action as follows

SR=0
A = (n∂n − 1)WR=0 [n]

∣∣∣
n=1

. (3.80)

The term linear in n in eq. (3.78) does not contribute. Thus, the whole contribution to the
EE comes from the second one, and we find

SR=0
A = 1

6

∫ +∞

ε2
ds

8π2 Ld−4

(4πs)
d
2
s

∫ L2
2s

0
dζe−ζ I(1)

α (ζ)

 , (3.81)
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where we introduced the UV cutoff ε to regulate the small s behaviour of the integral. The
resulting integrals are quite cumbersome but their computation is straightforward, and for
d = 4 we find

SR=0
A = L2

24ε2 −
(1− α)α

6 log
(
L

ε

)
+O(1) . (3.82)

With the singular modes of ϕ we find instead

SR=0
A = L2

24ε2 −
(1− α)α− 2ξα− 2ξ̃(1− α)

6 log
(
L

ε

)
+O(1), (3.83)

which precisely cancels eq. (3.70). Thus, in the theory of a free complex scalar the contri-
bution of the monodromy defect to the universal part of the entanglement entropy vanishes
in d = 4. This is in agreement with the relation (3.65) proven in [12], and it confirms our
findings in eqs. (3.40) and (3.33).

4 Free fermion

In this section, we compute h, CJ , and CD for monodromy defects in a theory of free Dirac
fermions in arbitrary dimension d ≥ 3. As in the case of the free scalars, we will eventually
specialise to d = 4 in order to connect the results to the defect Weyl anomaly coefficients b,
d1 and d2, which we compute for the monodromy defect and a conical singularity. Lastly,
we will compute defect EE as a check on b and d2 in d = 4.

Our starting point is the background geometry described in eq. (2.16) on which we
introduce frame fields eM with components eM = eMµ dx

µ for M = 0, . . . , d − 1. We
denote the determinant of the components eMµ by |e|, and their matrix inverse by eµM .
The frame fields obey gµν = eMµe

N
νηMN and ηMN = eµMe

ν
Ngµν , where ηMN is the flat

d-dimensional Minkowski metric. In the following we will choose the frame

e0 = dt , e1 = dρ , e2 = ρdθ , eβ = dσβ , (4.1)

where β = 3, . . . , d− 3 labels the spatial directions along the defect with coordinates {σβ}.
On this background, we place a single free Dirac fermion ψ, which in d dimensions has

2b
d
2 c components. Turning on a background gauge field A for the vector U(1)V symmetry

under which a Dirac fermion of unit charge is rotated by ψ → eiϑψ and ψ† → e−iϑψ̄, the
Dirac action can then be written as

Ifermion = −
∫
ddx |e| ψ̄D/ψ , (4.2)

where ψ̄ = iψ†γ0, and we denote the Dirac operator in the presence of a background gauge
field Aµ as D/ = γµ(∇µ − iAµ). Here, ∇µ = ∂µ + Ωµ with Ωµ = 1

8ωµ
MN [γM , γN ] and

ωµ
MN being the spin-connection. We denote the γ-matrices in curvilinear coordinates by

γµ = eMµγM , which obey the Clifford algebra γµγν + γνγµ = +2gµν .
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4.1 Mode expansion and propagator

The fermion propagator can be computed by employing the same methods as in section 3
for the free scalar. We refer to appendix C for a more detailed discussion. In a suitable
Clifford algebra basis, the Dirac equation can be solved by a spinor with 2b

d
2 c−1 components

proportional to J±(n−α) and the other 2b
d
2 c−1 components proportional to J±(n+1−α) with

n ∈ Z. Note that for n 6= 0 with 0 < α < 1, one choice of sign results in a spinor with
all components either regular or all divergent as ρ → 0. For the divergent solutions at
least one of the components diverges as O(ρ−1) or worse, which makes them physically
inadmissible.

For n = 0, both (±) solutions are admissible provided that α 6= 0, 1. In this case, half
of the components are regular whereas the other half have divergent behaviour between
O(ρ−1) and O(1). This tamer behaviour makes both solutions acceptable. Generally, one
can introduce a parameter ξ ∈ [0, 1] which interpolates between these two solutions, and
study the theory’s correlation functions as a function of ξ.

In order to write down the fermion mode expansion, we adopt complex coordinates in
the directions normal to the defect z = ρeiθ and z̄ = ρe−iθ. Moreover, it is convenient to
perform a gauge transformation A → A − αdθ in order to remove the background gauge
field A from correlation functions at the expense of introducing an extra factor of e−iαθ in
the fermion mode expansion. The mode expansion in this gauge can be written as

ψ = ψ−α

(
z

ρ

)−α+ 1
2

+ ψα

(
z̄

ρ

)α− 1
2

+
∞∑
n=1

ψn−α

(
z

ρ

)n−α+ 1
2

+
∞∑
n=1

ψn+α

(
z̄

ρ

)n+α− 1
2
, (4.3)

where

ψn±α =
2b
d
2 c−1∑
s=1

∫ ∞
−∞

dd−3~k

∫ ∞
0

dkρ
(
f̃(k)as∓n(k)us∓n,k + f̃∗(k)bs†∓n(k)vs∓n,k

)
, (4.4)

and

f̃(k) = e−iωt+i
~k·~σ

(
√

2π)d−2

√
kρ

2b
d
2 cω

. (4.5)

At n = 0, there are two solutions ψ−α and ψα with ξ ∈ [0, 1] interpolating between them:

ψ−α =
√

1−ξ
2b
d
2 c−1∑
s=1

∫ ∞
−∞

dd−3~k

∫ ∞
0

dkρ
(
f̃(k)a(+)s

0 (k)u(+)s
0,k +f̃∗(k)b(+)s†

0 (k)v(+)s
0,k

)
, (4.6a)

ψα =
√
ξ

2b
d
2 c−1∑
s=1

∫ ∞
−∞

dd−3~k

∫ ∞
0

dkρ
(
f̃(k)a(−)s

0 (k)u(−)s
0,k +f̃∗(k)b(−)s†

0 (k)v(−)s
0,k

)
. (4.6b)

In the above equations, us∓n,k and vs∓n,k for n ≥ 1 are spinors whose components involve
Bessel functions Jn±α(kρρ) and Jn∓(1−α)(kρρ) and, in the frame we are using, are purely
functions of ρ. For n = 0, the spinors u(±)s

0,k and v
(±)s
0,k have components J∓α(kρρ) and

J±(1−α)(kρρ). See appendix C for more details. Explicit solutions for the spinors in d = 4
are given in eqs. (C.6) and (C.7).
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In order to compute the propagator, one can canonically quantise the mode expansions.
However, this is cumbersome in general dimensions, and we will not present this method
here. Instead, we will make use of the scalar propagator eq. (3.17) to directly achieve
the same result. It is well-known that in the absence of a monodromy, one can write the
fermion propagator GF (x, x′) = −〈ψ̄(x)ψ(x′)〉 in terms of the scalar propagator GS(x, x′) =
〈ϕ†(x)ϕ(x′)〉. Schematically, GF (x, x′) = −∇/GS(x, x′), where ∇/ ≡ γµ∇µ is explicitly with
respect to the unprimed coordinates.

In the presence of a monodromy, the relation between GF and GS is modified as follows.
Let P± = 1

2(1± iγ1γ2), where 1 is the 2b
d
2 c × 2b

d
2 c dimensional identity matrix. Then the

fermion propagator in the presence of a monodromy defect takes the form11

GF,α,ξ(x, x′) = −∇/
(
P−e

i(θ−θ′)/2GS,α,1−ξ,0(x, x′) + P+e
−i(θ−θ′)/2GS,α,0,ξ(x, x′)

)
, (4.7)

where GS,α,ξ,ξ̃(x, x′) is the scalar propagator with singular modes as defined in eq. (3.12).
The factors of e±i(θ−θ′)/2 are due to working in the rotating frame eq. (4.1) and ensure that
the modes in the scalar Green’s functions combine correctly into modes of the spinor Green’s
function. Notice that for any ξ ∈ [0, 1], one always needs a singular mode in at least one
of the two scalar Green’s functions because both n = 0 modes of the fermion are singular.

In computing h, CJ , and CD we will only need to compute particular derivatives of GS
evaluated in either the coincident or defect limits, and so we will not display GF in full
detail. Notice that in writing eq. (4.7) in terms of eq. (3.12) we have implicitly performed
a Wick rotation to Euclidean signature t→ −iτ .

4.2 Correlation functions and central charges

Equipped with the general form of the propagator in eq. (4.7), we now compute the one-
point functions of the stress tensor Tµν and the U(1)V current Jµ, as well as the two-point
function of the displacement operator Di.

4.2.1 One-point function of Tµν

We commence with an analysis of the components of the stress tensor one-point function
from which we will extract h in general d ≥ 3. Specialising to d = 4, we will thus obtain
the defect Weyl anomaly coefficient d2.

The classical stress tensor can be computed by varying eq. (4.2) with respect to the
frame fields eMµ. The result is

Tµν = 1
2 ψ̄γ(µ

↔
Dν)ψ , (4.8)

where the parenthesis denotes symmetrisation over the indices, and

ψ̄γµ
↔
Dνψ = ψ̄γµ(∂ν + Ων − iAν)ψ − (∂νψ̄)γµψ + ψ̄(Ων − iAν)γµψ . (4.9)

11This is similar to the approach taken in [80]. We thank Christopher Herzog for pointing that out to us,
and suggesting to use such a relation.
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The one-point function of the stress tensor can then be written in terms of the fermion
propagator GF,α,ξ as follows:

〈Tµν(x)〉 = −1
2 lim
x′→x

Tr
[(
γ(µ∂ν) − γ(µ∂

′
ν) + γ(µΩν) + Ω(µγν)

)
GF,α,ξ(x, x′)

]
, (4.10)

where ∂′ν denotes the derivative with respect to primed coordinates, and A has been gauged
away.

In order to compute h, it will suffice to analyse a single non-vanishing component of
〈Tµν〉 with others following from the tensor structures dictated by the remaining conformal
symmetry. To that end, let us consider

〈Tττ 〉 = −1
2 lim
x′→x

Tr
[
γ0 (∂τ − ∂τ ′)GF,α,ξ(x, x′)

]
. (4.11)

To evaluate 〈Tττ 〉, we need to substitute eq. (4.7) and compute the coincident limit of
various combinations of derivatives acting on the scalar propagator. Each term contains at
least one derivative of GS with respect to τ or τ ′. Using the integral representation given
by eq. (3.17), it is easy to see that all the terms with a single derivative with respect to
τ or τ ′ vanish in the coincident limit x→ x′ due to the appearance of η in the integrand.
The only terms that survive are

〈Tττ 〉 = 1
2
∑
ς=±

Tr(γ0Pςγ
0)(∂2

τ − ∂τ ′∂τ )Gς , (4.12)

where we defined

Gς ≡

 limx′→xGS,α,0,ξ(x, x′) , ς = +
limx′→xGS,α,1−ξ,0(x, x′) , ς = − .

(4.13)

Evaluating the traces using standard γ-matrix identities and utilising the fact that
∂τ ′∂τG± = −∂2

τG±, one finds that

〈Tττ 〉 = 2b
d
2 c−1∂2

τ (G+ +G−). (4.14)

All that remains is to compute the ∂2
τGς , which can be done straightforwardly by using

the integral representation of the scalar propagator eq. (3.17). Using the same scheme as
in section 3, one finds

∂2
τG+ = − 1

2(2π)d/2ρd
∫ ∞

0
dζ e−ζζ

d
2−1(I(1)

α (ζ) + ξ(I−1+α(ζ)− I1−α(ζ))

=
(2dξ − 2α− d)Γ

(
d
2 − α

)
Γ
(
d
2 + α

)
sin(πα)

2d+1π
1
2 (d+1)dΓ

(
d+1

2

) 1
ρd
.

(4.15)

Computing ∂2
τG− follows similarly,

∂2
τG− =

(2α− 2dξ + d− 2)Γ
(
d
2 − α+ 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d+1π
1
2 (d+1)dΓ

(
d+1

2

) 1
ρd
. (4.16)
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Combining ∂2
τG+ + ∂2

τG−, we thus arrive at

〈Tττ 〉 = −
((1− 2α)dξ + α(2α+ d− 2))Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d+1−b d2 cπ
1
2 (d+1)dΓ

(
d+1

2

) 1
ρd
. (4.17)

The stress tensor one-point function for ξ = 0 was previously computed in [81]. Using
eq. (2.4), we find

h =
((1− 2α)dξ + α(2α+ d− 2))Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d−b
d
2 cπ

1
2 (d−1)dΓ

(
d+1

2

) . (4.18)

It is clear from the functional form that h ≥ 0 for any value of α ∈ [0, 1] and ξ ∈ [0, 1] in
d ≥ 3, and h = 0 for all ξ ∈ [0, 1] at α = 0 and α = 1. To extract d2, we set d = 4 and use
eq. (2.6), which gives

d2 = 3α(1− α) (α(1 + α) + 2ξ(1− 2α)) . (4.19)

Note that d2 is positive, which is expected if the ANEC holds in the presence of a 2-
dimensional defect [12].

4.2.2 One-point function of Jθ
In this subsection, we will analyse the current one-point function in order to extract CJ in
general d ≥ 3 and then compute b in d = 4. That is we will employ the same method to
compute b as in section 3 by integrating CJ . From the form of the U(1)V current

Jµ(x) = iψ̄γµψ(x) , (4.20)

and the fermion propagator in eq. (4.7), we can express 〈Jθ〉 as

〈Jθ〉 = −i lim
θ→θ′

∑
ς=±

(
Tr[γµPςγθ]∂µ(e−iς(θ−θ′)/2Gς) + Tr[γθΩθPςγθ]Gς

)
, (4.21)

where ∂µ is again with respect to the unprimed coordinate. All other components of 〈Jµ〉
will turn out to vanish, so we do not display them here.

To evaluate eq. (4.21), we need to compute the coincident limit (η → 1) of the scalar
propagator GS and its first derivatives. This limit has already been computed for G+ in
section 3 and is given by the sum of eqs. (3.20) and (3.22). For convenience we reproduce
the result here:

G+ = 1
2(2π)d/2ρd−2

∫ ∞
0

dζ e−ζζ
d
2−2(I(1)

α (ζ) + ξ(I−1+α(ζ)− I1−α(ζ)))

=
(2α+ (d− 2)(2ξ − 1))Γ

(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2dπ
1
2 (d+1)(d− 2)Γ

(
d−1

2

) 1
ρd−2 .

(4.22)

The limit G− is again computed in the same manner as G+ with α→ 1−α and ξ → 1− ξ
in the singular mode, which gives

G− =
(2α− 2(d− 2)ξ + d− 2)Γ

(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2dπ
1
2 (d+1)(d− 2)Γ

(
d−1

2

) 1
ρd−2 . (4.23)
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We also need the coincident limit of first derivatives of the scalar propagator. Due
to the appearance of η in the integral representation of the propagator in eq. (3.17), first
derivatives along the defect vanish in the coincident limit. Derivatives along the transverse
directions, however, are non-trivial. The ρ-derivative produces the same integral as G± up
to a factor of −(d− 2)/(2ρ).

The θ-derivative of G+ produces a new integral, which has also been computed in
section 3. It is proportional to eq. (3.34). With the singular mode we find

∂θG+ = i

2(2π)d/2ρd−2

∫ ∞
0

dζ e−ζζ
d
2−2

[
I(2)
α (ζ)− ξ(1− α)(I−1+α(ζ)− I1−α(ζ))

]

=
i((2α− 1)(2α+ d− 4)− 4(α− 1)(d− 1)ξ)Γ

(
d
2 − α

)
Γ
(
d
2 + α− 2

)
sin(πα)

2d+2π
1
2 (d+1)Γ

(
d+1

2

) 1
ρd−2 .

(4.24)

Finally, we also have

∂θG− =
i(4α(d− 1)ξ − (2α+ 1)(2α+ d− 2))Γ

(
d
2 − α− 1

)
Γ
(
d
2 + α− 1

)
sin(πα)

2d+2π
1
2 (d+1)Γ

(
d+1

2

) 1
ρd−2 .

(4.25)
With these results we return to evaluating eq. (4.21). The γ-matrix traces can be

performed using standard Clifford algebra identities. Recalling that derivatives of G±
along the defect vanish in the coincident limit, we find

〈Jθ〉 = 2b
d
2 c−1

(
i∂θ(G+ +G−

)
− ρ∂ρ(G+ −G−

))
. (4.26)

Now using eqs. (4.22) to (4.25), the one-point function of the U(1)V current evaluates to

〈Jθ〉 =
(2(1− α)− d+ 2ξ(d− 1))Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
2d+1−b d2 cπ

1
2 (d+1)Γ

(
d+1

2

)
sin(πα)

1
ρd−2 . (4.27)

From eq. (2.19), we can read off CJ for the fermion monodromy defect directly from
eq. (4.27). Note that CJ does not have a definite sign. For all α ∈ [0, 1], CJ < 0 when
ξ = 0 whereas CJ > 0 for ξ = 1. Moreover, CJ → −CJ when α → 1 − α and ξ → 1 − ξ,
which implies that CJ = 0 when α = ξ = 1

2 .
Since derivatives along the defect vanish in the coincident limit, 〈Jβ〉 = 〈Jτ 〉 = 0. The

only non-trivial component to check is 〈Jρ〉 which indeed evaluates to zero.
At this point, we specialise to d = 4 in order to compute b. In d = 4, CJ in eq. (4.27)

reduces to

CJ = (α− 1)α(α− 3ξ + 1)
3π2 . (4.28)

Note that the integral relation between b and 〈Jθ〉 in eq. (2.23) picks up a sign due to Wick
rotation. With this in mind, we can now compute b for a monodromy defect in theory of
free fermions in d = 4. If we assume that ξ itself is α-independent, then

b = −12π2
∫
dαCJ = α2(2− α2 − 2ξ(3− 2α)) + c(ξ) , (4.29)
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where c(ξ) is an arbitrary α-independent function. Assuming c(ξ) is linear in ξ, we can fix
its form by requiring that b = 0 when α = ξ = 0 and when α = ξ = 1. This gives

b = α2(2− α2 − 2ξ(3− 2α)) + ξ . (4.30)

In computing the defect EE in section 4.4, we will independently check c(ξ) = ξ from
the result for d2 above and eq. (2.12). Note that non-vanishing of the central charge at
α → 0, 1 suggests the existence of a decoupled sector of defect fermionic modes similar
to the edge fermions in the (integer) quantum Hall effect. In fact we don’t expect these
fermions to be chiral for a monodromy generated by a vector U(1) and thus the situation
is more similar to the quantum spin Hall effect [82], where a pair of fermions with opposite
chirality emerges at the edge.

4.2.3 Two-point function of Di

In this subsection, we compute the displacement operator two-point function in general
d ≥ 3 and use its normalisation CD in d = 4 to extract d1. Working with the complex
coordinates z, z̄ adopted above, the frame fields become

eMz = e−iθ

2ρ (ρeMρ − ieMθ) , eMz̄ = eiθ

2ρ (ρeMρ + ieMθ) , (4.31)

and we can thus write

γz = z̄

ρ
γ1P− , γz̄ = z

ρ
γ1P+ . (4.32)

The form of the displacement operator can be found by the same arguments as in
section 3. For ξ = 0, Di must be proportional to the z, z̄-independent part of Jµ,

Dz ∝ ψ̄γzψ
∣∣∣
z,z̄=0

, Dz̄ ∝ ψ̄γz̄ψ
∣∣∣
z,z̄=0

. (4.33)

Including the additional divergent mode with ξ 6= 0 modifies the relationship between Di
and Jµ. Using the mode expansion in eqs. (4.3)–(4.6), we make the ansatz

Dz = c1
[
ψ̄1+αγ1P−ψ−α

]
+ c2

[
ψ̄αγ1P−ψ1−α

]
, (4.34a)

Dz̄ = c3
[
ψ̄−αγ1P+ψ1+α

]
+ c4

[
ψ̄1−αγ1P+ψα

]
, (4.34b)

where the coefficients c1,...,4 are arbitrary complex numbers and the [·] denotes the defect
operator defined by taking the defect limit ρ→ 0. We can fix the coefficients by checking
the Ward identity∫ ∞

−∞
dd−2σ 〈ψ̄γz̄ψ(z, z̄, 0)Dz(σ)〉 = ∂z〈ψ̄γz̄ψ(z, z̄, 0)〉 = ∂z

( 1
2z̄ 〈Jθ〉

)
. (4.35)

The correlator on the left-hand side can be written as

〈ψ̄γz̄ψ(z, z̄, 0)Dz(σ)〉 =− c1Tr
[
G−αF,α(x′, x)γ1P+G

1+α
F,α (x, x′)γ1P−

]
− c2Tr

[
G1−α
F,α (x′, x)γ1P+G

α
F,α(x, x′)γ1P−

]
,

(4.36)
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where x = {z, z̄, 0}, x′ = {0, 0, σ}, and GνF,α denotes the two-point function of the defect
operators labeled by ν, i.e. the Wick contraction of ˆ̄ψν and ψ̂ν . The two-point function
can be evaluated explicitly after performing the traces over γ-matrices. By then taking the
result for 〈ψ̄γz̄ψ(z, z̄, 0)Dz(σ)〉 and comparing to the right-hand side of eq. (4.35), which
can be easily computed from eq. (4.27), c1,2 are fixed uniquely. A similar analysis can be
performed for Dz̄ such that eqs. (4.34a) and (4.34b) become

Dz = −2πα
[
ψ̄1+αγ1P−ψ−α

]
+ 2π(1− α)

[
ψ̄αγ1P−ψ1−α

]
, (4.37a)

Dz̄ = 2πα
[
ψ̄−αγ1P+ψ1+α

]
− 2π(1− α)

[
ψ̄1−αγ1P+ψα

]
. (4.37b)

Having found Dz and Dz̄ in the presence of singular modes with ξ 6= 0, we can now
proceed with computing their two-point function, which takes the form

〈Dz̄(σ)Dz(0)〉 = 4π2α2(1− ξ) Tr
[
G−αF,α(0, σ)γ1P+G

1+α
F,α (σ, 0)γ1P−

]
+ 4π2(1− α)2ξTr

[
G1−α
F,α (0, σ)γ1P+G

α
F,α(σ, 0)γ1P−

]
.

(4.38)

The γ-matrix traces can again be performed easily with Clifford algebra identities, and one
is left with derivatives of the scalar propagator along the defect. Taking the defect limit,
we find

〈Dz̄(σ)Dz(0)〉 =
((1− 2α)dξ + α(2α+ d− 2))Γ

(
d
2 − α

)
Γ
(
d
2 + α− 1

)
sin(πα)

22−b d2 cπd−1

1
|σa|2d−2 ,

(4.39)
where CD can be read off using eq. (2.7). Setting p = d − 2 and q = 2, on can see that
CD and h computed in eqs. (4.39) and (4.17), respectively, obey the conjectured relation
in eq. (2.10).

Finally to compute d1, we set d = 4, which gives

CD = 4(1− α)α (α(1 + α) + 2ξ(1− 2α))
π2 . (4.40)

Using the normalisation in eq. (2.8), we arrive at

d1 = 3(1− α)α (α(1 + α) + 2ξ(1− 2α)) . (4.41)

Comparing with (4.19), we find that d1 = d2 as was observed for the case of free scalars
as well.

4.3 Conical singularities

In this subsection, we will follow the methods in section 3.3 and repeat the computation
of central charges of free fermions in the presence of a conical singularity in d = 4. We
partition the background R1,d−1 into a region A and its complement Ā on a surface of
constant Euclidean time τ and place the theory of a single Dirac fermion on a branched
n-sheeted cover over A. Since the theory on the n-sheeted cover is free, we can equivalently
describe it by a system of n-free fermions Ψi on a single sheeted background with a conical
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singularity at the boundary of A, see e.g. [70]. We can diagonalise the boundary conditions
at the branching surface ~Ψ(τ = 0+) = T ~Ψ(τ = 0−) where Tij = δi,j+1 + (−1)(n+1)δi,1δj,n
by defining

ψk =
n∑
j=1

e2πi k
nΨj , k = −n− 1

2 ,
n+ 1

2 , . . . ,
n− 1

2 . (4.42)

The fields ψk pick up a phase α = k/n around the origin.
We can now use the results of the preceding subsection for a single Dirac fermion with

monodromy α to compute the defect central charges of a Dirac fermion in the presence of
a conical singularity. The only subtlety that arises is that in our computation of b, d1 and
d2 we assumed that 0 < α < 1. The range of α can be shifted to include −1

2 < α < 1
2 for

all modes except for eq. (4.6b), which diverges too strongly at the origin for α ≤ 0. To
exclude it, we simply set ξ = 0. The expressions for b, d1 and d2 are analytic in α, so we
can safely substitute α = k/n, set ξ = 0 and sum over k to obtain the central charges for
a Dirac fermion in the presence of a conical singularity.

For d1 and d2, we can straightforwardly compute the sums

d1 = d2 =
n−1

2∑
k=−n−1

2

3k(n− k)
n4

(
k2 + kn

)
= −(1− n2)(17n2 + 7)

80n3 . (4.43)

We can perform the same sum in b in a similar way

b =
n−1

2∑
k=−n−1

2

k2(2n2 − k2)
n4 = −(1− n2)(37n2 + 7)

240n3 . (4.44)

Near n = 1, we find the behaviour

b = 11(n− 1)
30 − 3

10(n− 1)2 +O(n− 1)3, (4.45a)

d1 = d2 = 3(n− 1)
5 − 13

20(n− 1)2 +O(n− 1)3, (4.45b)

which is consistent with eq. (3.64) using a4d = 11
360 and c4d = 1

20 for d = 4 free Dirac
fermions. We also see again that from eqs. (4.43) and (4.44) the relation d1 = d2 =
n(12a4d − ∂nb) holds as expected [45].

4.4 Entanglement entropy

In this subsection, we will compute the entanglement entropy for the free fermion in d = 4
in the presence of a monodromy defect following the same methods used in section 3.4. In
fact, most of the results for the scalar EE can be directly brought to bear. That is, since
D/ 2 = D2 on R4, the complex scalar and fermion heat kernels are directly related by

KF (s;x, x′;D) = 1
2KS(s;x, x′;D)14 , (4.46)
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where the factor of 1/2 arises because we are considering a complex scalar. Thus, we will
proceed with the computation by noting the relevant places where the approach for the
free fermion differs slightly from the free scalar.

We start by partitioning the background into a region A and its complement Ā.
We take A to be the half-space orthogonal to the defect with the entangling surface
∂A at τ = 0 and σ1 = 0. We will adopt polar coordinates in the (τ, σ1)-plane as
τ = r cosφ and σ1 = r sinφ. Rotations around the entangling surface are generated
by U(φ) = Exp[1

2γ0γ3φ]. In these new polar coordinates the fermionic heat kernel takes
the form KF = 1

2U(φ)KS . Note that now the heat kernel is anti-periodic around the en-
tangling surface i.e. KF (s;x(φ + 2π), x′;D) = −KF (s;x(φ), x′;D). Placing the system on
the cone, the asymptotic expansion of the fermion heat kernel is modified as compared to
the asymptotic expansion of the scalar heat kernel due to this anti-periodicity. The heat
kernel for the Dirac fermion in the presence of the conical singularity has been found in [83]
(see also [84]) and it reads

KF,n(s;x, x′;D) = KF (s;x, x′;D) + i

∫
Γ

dω

8πn csc ω −∆φ
2n U(ω)KS(s;x(ω), x′;D) , (4.47)

where ∆φ ≡ φ′ − φ. The contour Γ is the same as in the scalar heat kernel as discussed
below eq. (3.75).

In order to proceed, we will need to compute the trace

TrKF,n(s;x, x′;D) = L2

16π2s

∫ L2
2s

0
dζ
∑
m

e−ζI|m−α|(ζ)
∫ 2πn

0
dφTrU(φ)

+ i

32π

∫
Γ
dω

TrU(ω)
sin ω

2n sin2 ω
2

∫ L2
2s

0
dζ
∑
m

e−ζI|m−α|(ζ) .

(4.48)

From the form of U(ω) above, TrU(ω) = 4 cos
(
ω
2
)
. The contour integral then evaluates to

i

8π

∫
Γ
dω cos

(
ω

2

)
csc ω

2n csc2 ω

2 = n2 − 1
12n . (4.49)

Plugging this into eq. (4.48), we thus need to compute

TrKF,n(s;x, x′;D) =
(
L2 sin(nπ)

2π2s
+ n2 − 1

12n

)∫ L2
2s

0
dζ
∑
m

e−ζI|m−α|(ζ). (4.50)

All of these sums and integrals were already encountered in eq. (3.81), and so the rest of
the computation of the fermion EE mirrors exactly the scalar computation. From eq. (4.7),
we see that the contribution of a single Dirac fermion with monodromy α to the defect EE
contains terms coming from the regular modes and the two divergent n = 0 modes coupled
with (1− ξ) and ξ. The result is

SA = . . .+ α2 + (1− 2α)ξ
6 log L

ε
+O(1), (4.51)

where . . . contain the non-universal terms. From eqs. (4.19) and (4.30), we find (b−d2/3) =
α2 + (1− 2α)ξ. This is precisely 6 times the coefficient of the log-term in eq. (4.51), again
in agreement with eq. (3.65). Note that the defect EE did not rely on any integration in
parameter space and so confirms c(ξ) = ξ in eq. (4.29).
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5 Gukov-Witten Defects in d = 4 Maxwell

In this section we consider a similar type of defect in Maxwell theory in d = 4: the Gukov-
Witten defect [49]. In the non-SUSY case, these defects are specified by a singularity in
the gauge field along a 2-dimensional submanifold. The singularity is controlled by two
parameters related by electric-magnetic duality.

The electric version of the defect in Maxwell theory can be engineered by turning on
a singular background configuration for the gauge field Aµ defined by eq. (2.17). More
precisely we define the dynamical gauge field ã as

ã = a+A , (5.1)

where a denotes non-singular dynamical fluctuations around the background A. Substitut-
ing eq. (5.1) into the Maxwell action

1
4

∫
M4

dã ∧ ?dã , (5.2)

one finds a term
− 1

22πα
∫

Σ
?da (5.3)

in addition to the ordinary Maxwell term for a. Note that we have discarded the term
quadratic in delta functions (i.e. we have assumed no self-intersection of the submanifold Σ).
With a suitable choice of coordinates, eq. (5.3) corresponds to the electric defect of Gukov
and Witten [49].12 Similarly we could obtain the magnetic defect∫

Σ
da (5.4)

by introducing a
∫
dã ∧ dã term in the Maxwell action.

The defects specified by insertions of eqs. (5.3) and (5.4) are closely related to the
monodromy defects studied in sections 3 and 4. In particular, the defect eq. (5.3) can be
obtained by gauging the U(1) symmetry of those models on the background eq. (5.1). By
giving the matter fields mass (and assuming it preserves the gauge symmetry) one obtains
eq. (5.3) in addition to the Maxwell term for a as an IR-effective action. The magnetic
flux operator eq. (5.4) corresponds to a non-zero θ-angle of a 2-dimensional theory living
at the defect. As such it is a non-perturbative quantity.

We now proceed to discuss the relevant central charges of the electric defect eq. (5.3).
In the absence of charged particles, the electric flux operator is the integral of a 2-form
which is conserved by virtue of the equation of motion. Thus it generates a U(1) one-form
symmetry. The charged objects are the Wilson lines, and the charge operator counts the
number of Wilson lines that link it [33]. Thus, one would not expect this defect to affect

12Here we work in the Euclidean coordinate system defined below eq. (2.16), with the time running
parallel to the defect. To obtain a physical electric defect we would have to make time perpendicular to
the defect, which would not alter any of the discussion presented in this section.
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any quantities sensitive to the metric.13 We will now proceed to verify this statement by
a direct computation.

Since the defect couples to a term linear in the dynamical gauge field we can treat it
as a delta function source and complete the square. This means that the propagator of a
remains unchanged after the introduction of the defect (more precisely it gets shifted by
a constant proportional to α). This is in contrast to the scalar and fermion in sections 3
and 4, respectively. Thus, 〈Tµν〉 = 0, and so d2 = 0.

The displacement operator can be deduced in the same way as before by using eq. (2.26)
with the gauge current for the dynamical field obtained by varying with respect to Aµ. This
yields

∇µTµν = ∇µfµαFαν ∼ δ(Σ)∇µfµν , (5.5)

where we have introduced field strength tensors f and F for a and A, respectively. This
equation can also be derived directly from the divergence of the stress tensor for ã and
using integration by parts on one of the resulting terms involving a derivative of the delta
function.14 From eq. (5.5) it follows that the displacement operator is proportional to
the equation of motion for the field a. Physically this follows from the fact that the
displacement of the vortex is equivalent to an infinitesimal shift in the gauge field. This
also implies that the two-point function of the displacement operators has no contributions
at non-coincident points, and therefore d1 vanishes.

At last we consider the contribution to the A-type anomaly, b. Unlike d1 and d2, one
might expect that b need not vanish as it is the coefficient of the defect’s Euler density.
However, this is not the case. We will show by explicit evaluation of the partition function
that it, too, is zero. To this end, consider a spherical defect embedded in flat Euclidean
space. Let Xµ with µ = 1, . . . , 4 be the Cartesian coordinates for the ambient space, and
let the sphere be located in the X2 = 0 plane at

(X1)2 + (X3)2 + (X4)2 = R2 . (5.6)

These are the coordinates defined in appendix A. Eq. (5.3) can then be written as

2πα
∫
S2
d2X (∂2aR − ∂Ra2) , (5.7)

where ∂2 ≡ ∂
∂X2 and R is the radial coordinate for the sphere (5.6) (more specifically

it corresponds to the radial coordinate r defined in eq. (A.8) restricted to the φ1 = π
2

hyperplane). By rewriting eq. (5.7) as a coupling to a delta function source, completing the
square and integrating out a we arrive at the following contribution to the effective action

(2πα)2
∫
S2

∫
S2
d2X d2X ′

[(
∂2∂
′
2 + ∂R∂

′
R

)
∆(X −X ′)

]
|X2=X2′=0,R=R′=R , (5.8)

where
∆(s) = 1

(2π)4
1
s2 (5.9)

13For the magnetic Gukov-Witten defect the corresponding statement follows directly from its topological
character.

14We again discard a term quadratic in delta functions as it doesn’t affect correlation functions of Di at
non-coincident points.
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is the d = 4 propagator restricted to the 2-sphere. After some algebra we can rewrite the
integrand of (5.8) as

3
~s 4 + R2

~s 6 , (5.10)

where ~s ≡ ~X− ~X ′ = (X1−X1′, X3−X3′, X4−X4′), and both points satisfy (5.6). To eval-
uate the integral in eq. (5.8), we have to introduce a regulator to deal with the problematic
|~s| → 0 region. We choose dimensional regularisation so that the integral becomes∫

Sd

∫
Sd
ddX ddX ′

(
3
~s 4 + R2

~s 6

)
, (5.11)

where d = 2 − ε. This integral can be evaluated by expanding the integrand in spherical
harmonics, applying the formula (cf. [85])

1
( ~X − ~X ′)2κ

=
∑
m,n

(2R)−2κ+dπd/2Γ(−κ+ d
2)Γ(n+ κ)

Γ(n+ d− κ)Γ(κ) Y n
m(X)Y n

m(X ′) , (5.12)

and using the property ∫
S2
Y n
m = Rd/2δ0mδ0n , (5.13)

where the normalisation with respect to the sphere radius R was chosen so that the har-
monics are orthonormal in d dimensions.

Rather curiously the divergent Gamma functions cancel between the numerators and
denominators of (5.12) and we are left with a finite result:

α2 13
8π . (5.14)

Finiteness implies that there is no conformal anomaly as this term can be removed by
addition of a local counterterm on the defect proportional to∫

S2
RS2 , (5.15)

and so b = 0, too. The corresponding result for magnetic defect vanishes identically as it
involves integration over total derivatives on the sphere.

6 Defect RG flows

In this section we revisit the monodromy defect in the theory of a free complex scalar
and of a free Dirac fermion discussed in sections 3 and 4, respectively. Relevant operator
insertions on the defect trigger a defect RG flow which we study in detail.

6.1 Scalar monodromy flows

Let us begin with the monodromy defect in the free scalar theory introduced in section 3.
As discussed there, only two singular modes are allowed to appear in the ϕ defect OPE:
Ô−−α and Ô−1−α. Here, we consider the case where only the operator Ô−−α is present (i.e.
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ξ̃ = 0 and ξ 6= 0), and we show that the IR fixed point corresponds to the dCFT with
ξ̃ = ξ = 0. The other case will be completely analogous, and the IR fixed point is again
the dCFT with ξ̃ = ξ = 0. Switching on both ξ and ξ̃ would not make any conceptual
difference in this derivation.

Using the singular mode Ô−−α(σ) we can construct the relevant quadratic deformation15

λ

∫
dd−2σ Ô−−α(σ)Ô†−−α(σ) . (6.1)

Here, λ is a relevant parameter with mass dimension 2α. Notice that this deformation is
present only for ξ 6= 0. We would like to analyse the IR fixed point of the defect RG flow
triggered by this deformation. Thus, we compute the correlator

〈
ϕ(x)ϕ†(x′)

〉
λ
≡

〈
ϕ(x)ϕ†(x′)e−λ

∫
dd−2σ Ô−−α(σ)Ô†−−α(σ)

〉
〈
e−λ

∫
dd−2σ Ô−−α(σ)Ô†−−α(σ)

〉 , (6.2)

where without loss of generality we set x = {ρ, θ, σ} and by normal rotational and defect
translational symmetries x′ = {ρ′, 0, 0}. Expanding the exponential, performing the Wick
contractions and the combinatorics we get〈

ϕ(x)ϕ†(x′)
〉
λ

=
〈
ϕ(x)ϕ†(x′)

〉
+
∞∑
n=1

(−λ)n
∫ n∏

i=1
dd−2σi

〈
ϕ(x)Ô†−−α(σ1)

〉〈
ϕ†(x′)Ô−−α(σn)

〉
∏n−1
j=1 |σj − σj+1|d−2−2α ,

(6.3)

where the denominator comes from the defect propagator
〈
Ô−−α(σk)Ô†−−α(σk+1)

〉
in

eq. (3.15), the propagator
〈
ϕ(x)ϕ†(x′)

〉
is eq. (3.12) evaluated at ξ̃ = 0, and the bulk

to defect propagator is
〈
ϕ(x)Ô†−−α(σ1)

〉
=

(c−−α)1/2eiαθ

ρα(ρ2 + (σ − σ1)2)
d
2−1−α

, (6.4)

with c−−α given in eq. (3.14a).
In order to resum eq. (6.3), it is useful to Fourier transform to momentum space in

the directions along the defect. Consider the following Fourier representation

1
(ρ2 + σ2)

d
2−1−α

=
∫

dd−2k

(2π)d−2 f(kρ)k−2αeik·σ , (6.5)

where we slightly abuse notation by writing k ≡ |k| =
√
δabkakb, and the function f(kρ) is

given by

f(kρ) = k2α
∫
dd−2σ

e−ik·σ

(ρ2 + σ2)
d
2−1−α

= 2π
d
2−1

Γ(d2 − 1− α)
(2kρ)αKα(kρ) , (6.6)

15Note that there exist other more general relevant deformations which are not quadratic. We will
comment more on these operators in the discussion section 7.
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with Kν(ζ) denoting the modified Bessel function of the second kind. Inserting this into
eq. (6.3) we get〈
ϕ(x)ϕ†(x′)

〉
λ

=
〈
ϕ(x)ϕ†(x′)

〉
+ (6.7)

c−−αe
iαθ

ραρ′α

∞∑
n=1

(−λ)n
∫ n∏

i=1
dd−2σi

n+1∏
j=1

dd−2kjk
−2α
j

(2π)d−2 f(k1ρ)f(0)n−1f(kn+1ρ
′)ei

∑
l
kl·(σl−1−σl),

where it is understood that σ0 ≡ σ and σn+1 = 0. The integration over the n positions
σi gives n delta functions which we use to perform n momentum integrations. Finally, we
perform the sum over n leading to

〈
ϕϕ†

〉
λ

=
〈
ϕϕ†

〉
−
∫

dd−2k

(2π)d−2 e
ik·σ λk−2α

1 + λf(0)k−2α c
−
−α
f(kρ)
(kρ)α

f(kρ′)
(kρ′)α e

iαθ, (6.8)

where for brevity we have suppressed the coordinate dependence in the correlation functions
and

f(0) = 4απ
d
2−1Γ(α)

Γ(d2 − 1− α)
. (6.9)

The position independent factor involving the coupling that appears in eq. (6.8) can be
interpreted as a dimensionless effective coupling. We will study the beta function associated
to this coupling in section 6.1.1. For the moment, we just point out that the IR fixed point
can be formally reached by taking λ→∞ in eq. (6.8), and the resulting propagator reads

〈
ϕϕ†

〉
IR

=
〈
ϕϕ†

〉
− ξ e

iαθ sin πα
π2

∫
dd−2k

(2π)d−2 e
ik·σKα(kρ)Kα(kρ′) . (6.10)

The integral can be performed and the final result is

〈
ϕϕ†

〉
IR

=
〈
ϕϕ†

〉
−ξ

Γ
(
d
2−1−α

)
4πd/2Γ(1−α)

F∆̂−,−α(η,θ)+ξ
Γ
(
d
2−1+α

)
4πd/2Γ(1+α)

F∆̂+,−α(η,θ) (6.11)

with the defect blocks defined in eq. (3.11). Comparing this result with the propagator
eq. (3.12) and the coefficients eq. (3.14a), one easily sees that the second term on the right-
hand side of eq. (6.11) precisely cancels the implicit ξ dependence of the first term. This
shows that starting with any value of ξ in th UV, the RG flow triggered by the relevant
deformation in eq. (6.1) leads to the ξ = 0 defect in the IR.

We briefly consider the implications of the defect RG flow in d = 4. Starting in the UV
with arbitrary ξ ∈ [0, 1] and comparing to the IR with ξ = 0, one can see that b, as given
in eq. (3.40), satisfies bUV ≥ bIR for any starting value of ξ. The inequality is saturated
only for the trivial case of ξ = 0 in the UV. Thus, this flow obeys the b-theorem [13]. In
arbitrary d, the RG flows for monodromy defects in free scalar CFTs can be analogously
studied on the boundary ∂Hd−1 of Hd−1×S1 as in [47] where a general defect c-theorem [15]
was verified.

We conclude this subsection by computing the variation of the one-point function
∆
〈
|ϕ|2

〉
≡
〈
|ϕ|2

〉
λ−

〈
|ϕ|2

〉
λ=0 induced by the relevant perturbation in eq. (6.1). To obtain
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Figure 2. The quantity ρ2 〈|ϕ|2〉
ξ
− ρ2 〈|ϕ|2〉

ξ=0 as a function of the dimensionless quantity ρλ 1
2α

for d = 4, α = 0.75, and different values of ξ. While in the UV the quantity depends on ξ, in the
IR limit all the curves go to zero.

this result we just need the coincident limit of the propagator eq. (6.8). For simplicity, let
us restrict our attention to d = 4 where the result is

∆
〈
|ϕ|2

〉
= − 2−1+2α

πΓ(1− α)2
ξ

ρ2

∫ +∞

0
dζ

ζ ρ2αλ

ζ2α + ρ2αλf(0)Kα(ζ)Kα(ζ) . (6.12)

We notice that the deformation correctly goes to zero in the UV limit ρλ
1

2α → 0, and it
saturates to a constant value in the IR limit ρλ

1
2α → +∞. In the IR limit, the integral can

be solved analytically to give
∆
〈
|ϕ|2

〉
−→
IR
− αξ

4π2ρ2 , (6.13)

which is exactly the difference between the one-point functions in eq. (3.25) with the values
at ξ = 0 and ξ.

For generic values of ρλ
1

2α the integral must be solved numerically. In figure 2 we show
the behaviour of

ρ2
〈
|ϕ|2

〉
ξ
− ρ2

〈
|ϕ|2

〉
ξ=0

= ∆
〈
|ϕ|2

〉
+ αξ

4π2ρ2 (6.14)

for different values of ξ. In the UV regime ρλ1/(2α) = 0 the curves depend on ξ but they
all reduce to zero in the IR limit ρλ1/(2α) → +∞. This is again consistent with having an
IR fixed point corresponding to ξ = 0.

6.1.1 Defect beta function

As an additional consistency check, we would like to find the beta function for the coupling
λ and verify the existence of an IR fixed point with the desired properties. Let us first
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analyse the resummed correlator eq. (6.8) in momentum space. By dimensional analysis,
the momentum space two-point function of bulk scalars is scale-free, and, therefore, can
only depend on dimensionless quantities. This also means that the explicit k-dependence
of the expression

λk−2α

1 + λf(0)k−2α (6.15)

has to correspond to the resummed RG effects within the effective coupling at scale k,
which is to be understood as an IR scale. On the other hand the coupling λ appearing in
eq. (6.15) is defined at an arbitrary UV cut-off scale Λ, which we can interpret as the defect
thickness. The IR physics should be independent of this scale and eventually we will send
Λ→∞. With this in mind we will modify eq. (6.15) as follows16

λk−2α

1 + λf(0)(k−2α − Λ−2α) , (6.16)

which leads to an expression that is equivalent for Λ→∞.
Defining a dimensionless coupling

λ̄ = Λ−2αλ , (6.17)

we arrive at an expression for the effective coupling

λ̄(k) =
λ̄(Λ)

(
k
Λ

)−2α

1 + λ̄(Λ)f(0)
((

k
Λ

)−2α
− 1

) . (6.18)

This expression reduces to λ̄(Λ) at k = Λ as required by RG consistency. By taking a
logarithmic derivative of eq. (6.18) with respect to k we get

βλ̄ = −2αλ̄(k) + 2αf(0)λ̄(k)2 . (6.19)

Rather curiously, eq. (6.19) has the form of a one-loop exact beta function similar to the
ones appearing in interacting SUSY gauge theories. With the beta function eq. (6.19) we
can readily verify that eq. (6.18) is independent of the cutoff Λ so we can safely take it to
∞. Furthermore eq. (6.19) has an IR fixed point at

λ̄∗ = 1
f(0) =

Γ(d2 − 1− α)
4απ

d
2−1Γ(α)

, (6.20)

where we stress that the above expression holds to all orders in α. We can compute the
anomalous dimension of the composite operator Oλ = Ô†−−αÔ

−
−α at the IR fixed point17

γ∗λ = ∂βλ̄
∂λ̄

∣∣∣∣
λ̄=λ̄∗

= +2α , (6.21)

16At the computational level this modification amounts to reintroducing a cut-off into UV-finite integrals
and thus can be seen as a choice of scheme.

17By anomalous dimension we mean its deviation from the ‘defect-free’ (α = 0) dimension. Namely, for
the case at hand we have ∆Oλ = d− 2 + γλ.
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which holds to all orders in α. By invoking the free field character of the theory (in that
the anomalous dimensions sum up) we conclude that the dimension of Ô−−α has changed
from ∆̂−−α to ∆̂+

−α under the flow, where the dimensions were defined above eq. (3.9). This
is effectively equivalent to the operator of dimension ∆̂+

−α not existing at the IR fixed point
as discussed below (6.11).

We can check this result by using conformal perturbation theory in the small α regime.
The parameter α controls the UV scaling, so by keeping it small it will play the role of ε
in the ε-expansion. The leading order beta function in conformal perturbation theory can
be obtained by the standard methods used in bulk CFTs (see e.g. [86])18

βλ̄ = dλ̄

dΛ = −2αλ̄+ π
d
2−1

Γ
(
d
2 − 1

)COλOλOλ λ̄2 +O(λ3, α2) , (6.22)

where COλOλOλ is the OPE coefficient of the composite operator Oλ with itself. We can
find this OPE coefficient by using the Wick contractions of Ô−−α inside Oλ, which gives
COλOλOλ = 2. Inserting this value for the OPE coefficient gives the perturbative beta function

βλ̄ = −2αλ̄+ 2 π
d
2−1

Γ
(
d
2 − 1

) λ̄2 +O(λ3, α2) , (6.23)

which agrees with eq. (6.19) for small α. This perturbative beta function admits a fixed
point

λ̄∗ = α
Γ(d2 − 1)
π
d
2−1

+O(α2) , (6.24)

and an IR anomalous dimension for the composite operator

γ∗λ = 2γ∗
Ô−−α

= ∂βλ̄
∂λ̄

∣∣∣∣
λ̄=λ̄∗

= +2α , (6.25)

which curiously holds to all orders in α.
Before moving on, let us discuss the extremal cases of the RG flow defined by (6.19).

By taking the α → 0 limit, the second term in (6.19) dominates and we recover the beta
function of the ϕ2 defect deformation presented in [87], with the defect decoupling in the
IR. Instead in the α → 1 limit, the second term vanishes, and the fixed point (6.20)
moves to ∞. We are left with a flow analogous to a boundary mass deformation in a
bCFT flowing from Neumann to Dirichlet boundary conditions in the IR. In this case the
‘Dirichlet’ condition corresponds to the existence of a non-decoupled operator of dimension
d/2, which is analogous to ∂⊥φ in a bCFT.

6.2 Fermion monodromy flows

In this subsection, we consider the defect RG flow on a monodromy defect in a theory
of free Dirac fermions. In this case, we can construct two separate defect operators:

18The d-dependent factors in the following beta function that usually don’t appear in the literature come
from integrating over the loop integral along the defect

∫
dd−2x (x2)−

d−2
2 +α → π

( d2 −1)

Γ( d2−1)
log Λ +O(α).
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O−α ≡
∫
dd−2σ ˆ̄ψ−αψ̂−α with dimension ∆ = 1− 2α and Oα ≡

∫
dd−2σ ˆ̄ψαψ̂α of dimension

∆ = 2α − 1. Here, ψ̂−α ≡ limρ→0 ψα ρ
α/
√
ξ and ψ̂α ≡ limρ→0 ψα ρ

1−α/
√

1− ξ are the
defect operators associated to the divergent components of the modes ψ−α and ψα defined
in eq. (4.6). The operator O−α is relevant when α > 1/2, while Oα is relevant for α < 1/2,
and both are marginal at α = 1/2.

The goal is then to show that, for α > 1/2, O−α triggers an RG flow toward a defect
theory with ξ = 1, while, for α < 1/2, Oα triggers a flow to ξ = 0. In the following we
will focus on 1/2 < α < 1 and 0 < ξ < 1, and consider a flow triggered by O−α. We
repeat the same analysis performed above for the RG flow in the scalar theory to obtain
the corresponding deformed propagator. Finally, we will show that sending the coupling
constant to infinity one recovers the fermion propagator at ξ = 1. The other case follows
completely analogously.

To study the desired defect RG flow, we need to compute

G
(λ)
F,α,ξ(x, x

′) ≡
〈
ψ(x)ψ†(x′)

〉
λ
iγ0 =

〈
ψ(x)ψ†(x′)eλ

∫
dd−2σ ˆ̄ψ−αψ̂−α

〉
iγ0〈

eλ
∫
dd−2σ ˆ̄ψ−αψ̂−α

〉 , (6.26)

where again without loss of generality we take x = {ρ, θ, σ} and by symmetry transfor-
mations set x′ = {ρ′, 0, 0}. Ultimately, we want to obtain the variation of the propagator
∆G(λ)

F (x, x′) ≡ G
(λ)
F,α,ξ(x, x′) − G

(0)
F,α,ξ(x, x′). By following the same steps as in the scalar

case, we find

G
(λ)
F,α,ξ(x, x

′) =
〈
ψ(x)ψ†(x′)

〉
iγ0 +

∞∑
n=1

λn
∫ n∏

i=1
dd−2σii

〈
ψ(x)ψ̂†−α(σ1)

〉
iγ0×

×
n−1∏
k=1

i
〈
ψ̂−α(σk)ψ̂†−α(σk+1)

〉
γ0
〈
ψ̂−α(σn)ψ†(x′)

〉
iγ0.

(6.27)

As in the previous section, we need both the defect-defect propagator and the bulk-defect
propagator. These can be found by taking the defect limit of the fermion propagator
eq. (4.7). First of all, we observe that a mode of scalar propagator labelled by ν may be
written in the following form

G
(ν)
S (x, x′) =

∫
dd−2k

(2π)d−1 e
ik·σKν (k ρ) Iν

(
k ρ′

)
, ρ > ρ′ > 0 , (6.28)

and the normalisation for the m = 0 and m = 1 modes adopted in eq. (3.7) is understood.
The above integral follows straightforwardly from performing the kρ-integral in equation
eq. (B.11).

The defect-defect propagator can be found by first taking the coincident limit in the
orthogonal directions and then extracting the singular term proportional to ρ−2α in the
defect limit. Taking this ordered pair of limits gives

〈
ψ̂−α(σ)ψ̂†−α(0)

〉
iγ0 = − 22α−1Γ(α)

2πΓ(1− α)

∫
dd−2k

(2π)d−2 e
ik·σk−2αikaγ

aP− . (6.29)
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The bulk-defect propagator can be similarly obtained by extracting the term in the prop-
agator eq. (4.7) which diverges as ρ′−α in the ρ′ → 0 limit. The result is

〈
ψ(x)ψ̂†−α(0)

〉
iγ0 = 2α

√
1− ξ

2πΓ(1− α)

∫
dd−2k

(2π)d−2 e
ik·σei(

1
2−α)θ1k−α×

×
{

[ikaγaK−α (kρ)P−] + kK1−α (kρ) γ1 (P+ − P−)
}
.

(6.30)

By plugging eqs. (6.29) and (6.30) into eq. (6.27), and following the same steps as in the
scalar case, we find

∆G(λ)
F (x,x′) =− 22α(1−ξ)

4π2Γ(1−α)2λ

∫
dd−2k

(2π)d−2 e
ik·σei(

1
2−α)θ1 k−2α

1+C2k2−4αλ2×

×
(
[ikaγaK−α (kρ)P−]−kK1−α (kρ)γ1P−

)(
1−Ck−2αλikaγ

a
)
×

×
([
−ikaγaK−α

(
kρ′
)
P−
]
−kK1−α

(
kρ′
)
γ1P+

)
,

(6.31)

where C ≡ 22α−1Γ(α)/(2πΓ(1−α)). The contribution of eq. (6.31) to the fermion propaga-
tor corresponds to a non-conformal defect where the scale invariance of the defect is broken
by the dimensionful coupling λ. It is easy to see that the IR fixed point is reached in the
limit λ→ +∞ where the propagator again describes a theory with a conformal defect.

Now we show that the IR fixed point obtained by taking λ→∞ corresponds to ξ = 1.
Namely, we need to prove that

∆GIR
F (x, x′) = GF,α,1(x, x′)−G(0)

F,α,ξ(x, x
′) . (6.32)

Taking λ→∞ in eq. (6.31), we obtain

∆GIR
F (x, x′) = (1− ξ) sin πα

π2

∫
dd−2k

(2π)d−2 e
ik·σei(

1
2−α)θ1×

×
{[
ikaγ

aK−α (kρ)K−α
(
kρ′
)
− kK1−α(kρ)K−α(kρ′)γ1

]
P−

−
[
ikaγ

aK1−α (kρ)K1−α
(
kρ′
)
− kK−α(kρ)K1−α(kρ′)γ1

]
P+

}
.

(6.33)

At this point, it is straightforward to check the relation eq. (6.32) holds by computing the
difference GF,α,1−GF,α,ξ directly from eq. (4.7). In the difference, only the modes n = 0, 1
contribute and we are left with

GF,α,1(x, x′)−GF,α,ξ(x, x′) = sin πα(1− ξ)
π2 ∇/

{∫
dd−2k

(2π)d−2 e
ik·σei(

1
2−α)(θ1−θ2)×

×
[
K1−α(kρ)K1−α(kρ′)P+ −Kα(kρ)Kα(kρ′)P−

]}
,

(6.34)

which gives exactly eq. (6.33) after affecting the derivative ∇/ , thus proving eq. (6.32).

– 44 –



J
H
E
P
0
8
(
2
0
2
1
)
0
1
3

1000 2000 3000 4000 5000

-0.020

-0.015

-0.010

-0.005

Figure 3. The quantity ρ4 〈Jθ〉
ξ
− ρ4 〈Jθ〉

ξ=1 as a function of ρλ1/(2α−1) for d = 4, α = 0.75, and
different values of ξ. While in the UV the quantity depends on ξ, in the IR limit all the curves go
to zero.

As a consistency check, we compute the change in the expectation value of the current
〈Jθ〉 from the propagator eq. (6.31) at a generic value of λ

∆
〈
Jθ(ρ)

〉
= − i

ρ
lim
ε→0

Tr
[
∆G(λ)

F,α,ξ(ρ+ ε, ρ)γ2
]
, (6.35)

where all other coordinate dependence in ∆G(λ)
F,α,ξ(x, x′) is suppressed as we set all but ρ

to 0. As in the case of computing ∆
〈
|ϕ|2

〉
for the scalar RG flow above, we restrict our

attention to d = 4 where most of the contributions vanish, and we are left to compute the
following integral

∆
〈
Jθ(ρ)

〉
= 22α+1(1− ξ)

4π3Γ2(1− α)
C

ρ4

∫ +∞

0
dζ

ζ4−4α

ρ2−4αλ−2 + ζ2−4αC2K−α(ζ)K1−α(ζ) , (6.36)

whose IR limit ρλ1/(2α−1) → +∞ gives

∆
〈
Jθ(ρ)

〉
= (1− ξ)(1− α)α

π2
1
ρ4 . (6.37)

As expected, this is exactly the difference ∆CJ ≡ CJ(ξ = 1) − CJ(ξ) where CJ is the
coefficient of the one-point function of the current found in eq. (4.28).

For generic values of ρλ1/(2α−1) we need to solve the integral numerically. In figure 3
we show the quantity

ρ4
〈
Jθ
〉
ξ
− ρ4

〈
Jθ
〉
ξ=1

= ρ4∆
〈
Jθ
〉
− (1− ξ)(1− α)α

π2 (6.38)

– 45 –



J
H
E
P
0
8
(
2
0
2
1
)
0
1
3

as a function of ρλ1/(2α−1) for different values of ξ. In the UV regime ρλ1/(2α−1) = 0 the
curves depend on ξ while they all go to zero in the IR limit ρλ1/(2α−1) → +∞, confirming
that the IR for all those cases corresponds to ξ = 1.

Let us briefly take note of how b behaves under defect RG flows. Integrating ∆CJ
from eq. (6.37), we find that b is strictly positive, and at the IR fixed point where ξ = 1 it
vanishes identically. Hence for any UV value ξ 6= 1, we have bUV > bIR, and so again the
b-theorem is obeyed [13]. Further, when 0 < α < 1/2, the relevant operator Oα drives the
flow. Following the same computations as above, one finds a conformal defect with ξ = 0
at the IR fixed point and ∆CJ takes a form similar to that found in eq. (6.37) but with
α→ 1− α and ξ → 1− ξ. Thus, since ξ ∈ [0, 1], any UV value of ξ 6= 0 flowing to ξ = 0 in
the IR has bUV > bIR, again in accord with the b-theorem.

We conclude this section with a comment on the limit α → 1/2, where both relevant
deformations O−α and Oα become marginal. The marginal case can be studied directly
starting from eq. (6.31) for the deformation by O−1/2. The result is a well-defined propa-
gator without any scale. Also in this case, the limit λ→ +∞ gives the propagator eq. (4.7)
with ξ = 1. The difference between the marginal and the relevant case with α > 1/2 is that
now the defect theory is scale invariant for any value of λ. By a direct computation, it is
not difficult to check that for α = 1/2, the perturbation does not affect the one-point func-
tion of the stress-tensor leading to the same value of h for any value of λ, while the central
charge b is obviously invariant since the defect deformation is marginal. In addition, we
observe that the coefficients h in eq. (4.18), b in eq. (4.30) and CD in eq. (4.39) are in fact
independent of ξ precisely at α = 1/2. This is consistent with the fact that this marginal
deformation reproduces the propagator eq. (4.7) with ξ = 1 at λ → +∞ even though it
leaves invariant those charges. A similar discussion applies to the deformation by O1/2.

7 Discussion

In this work we have presented an extensive study of the behaviour of monodromy defects in
d-dimensional free CFTs. By utilising the analytic methods available in free field theories,
we have computed various important correlation functions of the stress tensor, conserved
U(1) currents, and the displacement operator, which in d = 4 are related to the Weyl
anomaly coefficients of a p = 2 dCFT. Further, we leveraged heat kernel methods to
compute the universal part of the defect EE in d = 4, and in doing so, we provided an
explicit check on the values for b and d2. In addition, we have used the analytic results
obtained for monodromy defects in d = 4 to find the defect central charges of free CFTs
in the presence of conical singularities. We also studied an analogous system of defects in
pure d = 4 Maxwell theory, i.e. Gukov-Witten defects. By computing their defect central
charges, we demonstrated that they are topological, as expected.

Beyond characterising defects through their central charges, we have also shown their
behaviour under defect RG flows. In particular, we have seen that monodromy defects in
theories of free scalars and free Dirac fermions allow for peculiar mildly singular modes
labelled by ξ, ξ̃ ∈ [0, 1] that signal the presence of certain defect operators, Ô−−α and
Ô−1−α, appearing in the defect OPE. We have used these novel operators to build relevant
deformations that trigger defect RG flows. In the case of scalar monodromy defects in
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particular, we have shown in detail using the defect OPE and the beta function that no
matter what the values of ξ, ξ̃ ∈ [0, 1] are in the UV, the IR fixed point of the defect flow
is always a dCFT with ξ = ξ̃ = 0. Thus, the IR theory only retains the regular modes.

For the case of monodromy defects in free fermion CFTs, the story is a bit more subtle
as the IR values of ξ depend on the monodromy parameter, α. In the fermionic theory,
there are always two paired singular modes ψ−α and ψα characterised by a O(ρ−α) and
O(ρα−1) behaviour as ρ→ 0 respectively. When 0 < α < 1

2 , the flow to the IR fixed point
takes ξ → 0, i.e. the mode ψα disappears from the spectrum, whereas for 1

2 < α < 1, the
theory flows to a dCFT with ξ = 1, i.e. the one without ψ−α. An interesting feature, that
is similar to the scalar case, is that the IR theory always retains the least singular mode.
If the flux is set to α = 1

2 there are two exactly marginal deformations. This is a rather
interesting feature as non-trivial conformal manifolds without SUSY are not common. We
leave a more extensive study of this manifold for future work.

Although in this work we only considered quadratic relevant deformations, this is not
the only possibility. For instance, in the scalar theory it is possible to construct more general
operators of the type

(
Ô−−αÔ

†−
−α

)n
where n ≥ 1 is an integer. A straightforward dimensional

counting shows that these operators are relevant provided α > (n− 1)(d− 2)/(2n), where
we remind the reader that α ∈ (0, 1). Thus, we find non-quadratic relevant deformations
if 2 < d < 6. Interestingly, when d = 3 or d = 4 one can always restrict the range of α
such that the operator is relevant for any n > 1. In the fermionic case instead we find
non-quadratic relevant deformations only if 2 < d < 4. This kind of operators may provide
a dynamical mechanism for having non-trivial interacting fixed points with ξ 6= 0, 1. We
leave to future work a systematic study of such flows.

While the analysis in the main sections of this paper has focussed exclusively on non-
SUSY monodromy defects, our free field computations have a direct connection to mon-
odromy defects in a theory of d = 4 free N = 2 hypermultiplets. In particular, we have
shown that one can add d2 (or d1) for the monodromy defects of one free complex scalar
with ξ = ξ̃ = 0, one free complex scalar with ξ = 1, ξ̃ = 0, and a Dirac fermion with
ξ = 0 to obtain 6α2. This exactly matches the value of d2 = d1 for a free d = 4 N = 2
hypermultiplet at the defect SUSY preserving value ξ = 0, which can be computed through
spectral flow by α in the chiral algebra description [35]. Using the same strategy we can
compute the value b = 3α2 for the A-type anomaly coefficient.

Since d2 = d1 can be found directly as the dimension of the defect identity module in the
chiral algebra, one might wonder if there is a quantity in the chiral algebra that captures b.
Given the special relationship that b and CJ(α) have for monodromy defects in non-SUSY
theories, we believe that an integrated defect three-point function 〈ςα(∞)J(σ)ςα(0)〉 can
be used to compute b. Here, ςα is the spectral flowed defect identity and J is the affine
Kac-Moody current associated to a preserved abelian flavour symmetry, i.e. for the Cartan
Û(1)f of the ŜU(2)f flavour symmetry.19 However, the formula in eq. (2.23) was specifically
derived for spherical Lagrangian defects, and it is unknown at this time if such a relation

19The correlator 〈ςα(∞)J(σ)ςα(0)〉 would give the one-point function of the moment map operator, i.e.
the superprimary of the flavour current multiplet, which could then be obtained by supersymmetric Ward
identities.
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could be straightforwardly applied to the construction of SUSY-preserving monodromy
defects in the N = 2 free hyper theory. This is a question that merits further investigation.
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A Spherical defects

In this section we outline the derivation of eq. (2.23) for a spherical defect in Rd. Our
strategy will be to apply a conformal transformation that leaves invariant the flat space Rd

but maps the support of the defect from the sphere Sd−2 of radius R to the plane Rd−2.
This relates the spherical defect to the flat defect for which J ·A = αJθ.

More concretely, we take the two directions transverse to the defect to have coordinates
x1 and x2, and use the conformal transformation

X1 = R
4xµxµ −R2

R2 + 4xµxµ + 4Rx1 , Xk = 4R2 xk

R2 + 4xµxµ + 4Rx1 ,
(A.1)

with inverse

x1 = R

2
R2 −XµXµ

(R−X1)2 +XkXk
, xk = R2 Xk

(R−X1)2 +XkXk
, (A.2)

where µ = 1, . . . , d and k = 2, . . . , d. Under this transformation, the background flat metric
of Rd transforms to

ds2 = Ω2(X)δµνdXµdXν , Ω(X) = R2

[(R−X1)2 +XkXk] , (A.3)

where the support of the defect, i.e. the hyperplane x1 = x2 = 0, is mapped to the sphere
Sd−2 defined by XµXνδµν = R2 and X2 = 0.

In order to show eq. (2.23), we need to compute the integral on the right-hand side of
eq. (2.22) when the defect is spherical. Namely, we need to evaluate the following integral

IJ ≡
∫
ddX δµν 〈Jµ (X)〉spherical fν (X) , (A.4)

where the shape function fµ(X), whose precise form we do not need, is the one of a spherical
defect.
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All we need is to find the integrand in eq. (A.4). To do this, we first apply the trans-
formation eq. (A.1), and then we perform a Weyl transformation to remove the conformal
factor in eq. (A.3). Under such a transformation, a vector primary operator of dimension
∆V transform as [88]

V ′µ(x′) = Ω1−∆V (x)Vν(x) ∂x
ν

∂x′µ
. (A.5)

Since the integrand is invariant under a change of coordinates, the only modification comes
from the conformal factor. Thus, we simply obtain

δµν 〈Jµ (X)〉spherical fν (X) = δµν 〈Jµ (x(X))〉flat fν (x(X)) Ωd(X) , (A.6)

where we used that ∆J = d − 1 for a conserved current, gµν = Ω−2δµν , and that f does
not contribute because ∆A = 1. Finally, we are left with the following integral

IJ = CJ

∫
ddX

[
2R√

(R2 −XµXµ)2 + 4R2(X2)2

]d
. (A.7)

To solve this integral, it is convenient to employ spherical coordinates. We choose

X2 = r cosφ1 , X1 = r sinφ1 cosφ2 , . . . Xd = r sinφ1 sinφ2 . . . cosφd−1 , (A.8)

which gives

IJ = CJ Vol
(
Sd−2

) ∫ +∞

0
dr
∫ π

0
dφ1 rd−1 sind−2 φ1

[
2R√

(R2 − r2)2 + 4R2r2 cos2 φ1

]d

=
2d
√
π Γ

(
d−1

2

)
Γ
(
d
2

) Vol
(
Sd−2

)
CJ

∫ +∞

0
drRd rd−1

(R2 + r2) |R2 − r2|d−1 .

(A.9)

The integral over r converges in the range 0 < d < 2 while is divergent for d ≥ 2. We
will adopt dimensional regularisation to obtain the value in our range of interest d ≥ 2.
Performing the integral is straightforward and we obtain

IJ = CJ
2π

d
2 +1

Γ
(
d
2

)
sin
(
π
2d
) . (A.10)

We note that the above result is well-defined for any value of d > 0 such that d 6= even,
while when d is an even number the expression has a simple pole. This pole is expected
since the free energy acquires an additional divergence due to the trace anomaly. In our
case this corresponds to the derivative with respect to α of the A-type defect anomaly. We
can extract the coefficient of the divergence by replacing d→ d+ ε̃ where now d is assumed
to be a positive even integer and 0 < ε̃� 1. Thus we find,

IJ = (−1)d/2CJ
4πd/2

Γ
(
d
2

) 1
ε̃

+O(ε̃) , d = even . (A.11)

The pole in the dimensional regularisation maps to a logarithmic divergence when the
integral eq. (A.9) is regularised by a UV cut-off ε, i.e. 1/ε̃→ log(R/ε). More precisely, the
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integral diverges at the location of the defect r = R, and we must divide the integration
region as follows r ∈ (0, R − ε) ∪ (R + ε,+∞), where ε is a UV cut-off. Performing the
integral for fixed values of d, we find indeed that the universal part of IJ matches exactly
the equations (A.10) and (A.11), and so

d

dα
logZ[α] =


CJ

2π
d
2 +1

Γ
(
d
2

)
sin
(
π
2d
) d 6= even ,

(−1)d/2CJ
4πd/2

Γ
(
d
2

) log
(
R

ε

)
d = even .

(A.12)

This straightforwardly gives the results in eqs. (2.23), (2.24), and (2.25).20

B The scalar propagator

Below we study the mode expansion and the propagator of a scalar field in the presence of a
non-trivial monodromy in Lorentzian signature (−,+, . . . ,+). In the Minkowski space-time
with metric eq. (2.16), the equation of motion for ϕ reads

1
ρ
∂ρ(ρ∂ρϕ) +

[
−∂2

t + 1
ρ2 (∂θ − iα)2 +∇2

||

]
ϕ = 0 , (B.1)

where ∇2
|| is the spatial part of the Laplacian operator in the direction parallel to the flux α.

To find the general solution to the equation of motion, we employ the cylindrical symmetry
of the problem and we write the ansatz

ϕ = e−iωtei
~k·~σeinθh(ρ) . (B.2)

Plugging eq. (B.2) into eq. (B.1), we obtain an equation for h(ρ)

ρ2h′′ + ρ h′ +
[(
ω2 − ~k2

)
ρ2 − (m− α)2

]
h = 0 , (B.3)

whose solutions are the Bessel functions

h = J±(n−α) (kρ ρ) , kρ =
√
ω2 − ~k2 . (B.4)

While the large ρ behaviour of the functions Jβ is physically reasonable for any β, their
behaviour near ρ = 0 needs to be discussed carefully. Expanding the Bessel function near
zero, one finds

Jβ(ζ) = ζβ
(

2−β

Γ(β + 1) −
2−β−2ζ2

(β + 1)Γ(β + 1) +O
(
ζ3
))

. (B.5)

Depending on β, the function may be divergent as ζ → 0.
20In principle one might worry about other α-dependent terms contributing to the partition function.

Indeed in the presence of a bulk trace anomaly one gets a logarithmically divergent term proportional to∫
F ∧ ?F , where F is the curvature of background gauge field (2.21). This term, however, is quadratic in

delta functions and hence doesn’t contribute as explained in section 5.
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If one asks for regularity of the scalar field in the limit ρ → 0, one must require the
order of the Bessel function to be non-negative, i.e. ±(n − α) ≥ 0. This leads to the
following solution

ϕ =
∞∑

n=−∞

∫
dkρ

∫
dd−3~k

[
ãn(k)einθJ|n−α| (kρ ρ) e−iωt+i~k·~σ

+ b̃∗n(k)e−inθJ|n+α| (kρ ρ) eiωt−i~k·~σ
]
,

(B.6)

where ãn(k) and b̃n(k) are undetermined functions, and we denoted k = (kρ, ~k||). This
choice of boundary conditions has been argued to a monodromy defect engineered by an
infinitely thin and infinitely long solenoid carrying a magnetic flux α [89–91].

To quantise the theory, we impose the canonical equal-time commutation relation
[ϕ(x, t), ϕ̇†(x′, t)] = iδ(d−1)(x − x′). After the quantization, the coefficients ãn(k) and
b̃n(k) become operators, which are proportional to the canonical creation and annihilation
operators an(k) and bn(k) which satisfy21

[an(k), a†n′(k
′)] = [bn(k), b†n′(k

′)] = δ(~k − ~k′)δ(kρ − k′ρ)δn,n′ . (B.7)

In terms of these, the correctly normalised mode expansion for ϕ reads

ϕ =
∞∑

n=−∞

∫
dkρ

∫
dd−3~k

√
kρ

(
√

2π)d−2
√

2ω

[
an(k)einθJ|n−α| (kρ ρ) e−iωt+i~k·~σ

+ b†n(k)e−inθJ|n+α| (kρ ρ) eiωt−i~k·~σ
]
.

(B.8)

More generally, we can relax the assumption that the defect corresponds to a solenoid.
In this case we just require that the integral of the charge density Q ∼

∫
φφ̇† is finite near

ρ ∼ 0, and one can allow for a mild singular behaviour ϕ ∼ ρ−1+ε with ε > 0. In particular,
restricting the range of α to lie in the interval α ∈ (0, 1), we can allow for the Bessel function
J−α (for the n = 0 mode) in addition to J+α, and Jα−1 (for n = 1) in addition to J1−α. In
the most general case there will be a specific ladder operator corresponding to each Bessel
J , i.e. we will have a(−)

0 , a
(+)
0 , a

(−)
1 , a

(+)
1 and analogously for the ladder operators b. The

modes with the + sign correspond to the regular modes while the − sign to the mildly
divergent ones. The only non-trivial commutators are

[a(±)
0 (k), a(±)†

0 (k′)] = [a(±)
1 (k), a(±)†

1 (k′)] = δ(~k − ~k′)δ(kρ − k′ρ) , (B.9)

and similarly for the b ladder operators. In order to respect the commutation relation
[ϕ(x, t), ϕ̇(x′, t)] = iδ(d−1)(x − x′), we need to introduce a specific normalization for the
modes n = 0, 1 described by two free parameters ξ, ξ̃ ∈ [0, 1] as in equations eq. (3.7). In
particular, if we choose ξ = 0, only the regular mode Jα will occur, while for ξ = 1 we will
have only the singular one. The same happens for the mode n = 1 and ξ̃.

From the mode expansion eq. (B.8) and the modification due to the singular mode, it
is straightforward to write down eq. (3.4).

21We found the following orthogonality property useful:
∫∞

0 dρ ρJα(ρv)Jα(ρu) = δ(u−v)
u

.
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The massless scalar propagator. From the field solution eq. (B.8) we can easily com-
pute the propagator. The Euclidean two-point function can be written as

GS,α,ξ,ξ̃(x,x
′) =

+∞∑
m=1

ei(m−α)(θ−θ′)G(m−α)(x,x′)+
+∞∑
m=0

e−i(m+α)(θ−θ′)G(m+α)(x,x′)

+ξ e−iα(θ−θ′)
[
G(−α)(x,x′)−G(α)(x,x′)

]
+ξ̃ ei(1−α)(θ−θ′)

[
G(α−1)(x,x′)−G(1−α)(x,x′)

]
,

(B.10)

where we defined

G
(ν)
S (x, x′) ≡

∫
dd−3~k dkρ dkτ

kρ
(2π)d−1

e−ikτ (τ−τ ′)+i~k·(~σ−~σ′)

k2
ρ + ~k2 + k2

τ

Jν (kρ ρ) Jν
(
kρ ρ

′) . (B.11)

By employing the identity

1
κ2 =

∫ ∞
0

ds e−κ
2s , κ2 > 0 , (B.12)

and performing the Gaussian integration over ~k and kτ , we obtain

G
(ν)
S (x, x′) =

∫ +∞

0
ds

∫ +∞

0
dkρ

kρ
2d−1πd/2

1
sd/2−1 e

− (~σ−~σ′)2+(τ−τ ′)2
4s e−k

2
ρs

×Jν (kρ ρ) Jν
(
kρ ρ

′) . (B.13)

Now, we integrate over kρ by using the identity eq. (D.2), which gives

G
(ν)
S (x, x′) = 1

2dπd/2
∫ ∞

0
ds sd/2−2e−s(ρ

2+ρ′2+(σ−σ′)2)/4Iν

(
s ρ ρ′

2

)
. (B.14)

This is the form of the propagator that we employed to obtain the desired correlation
functions and entanglement entropy in sections 3.2 and 3.4. Nonetheless, the integral
over s can be performed analytically by noting the following relation

Iα(z) = e∓iαπ/2Jα
(
ze±iπ/2

)
. (B.15)

At this point the integral over s in eq. (B.14) can be done by employing the identity
eq. (D.1), and the result is

G
(ν)
S (x, x′) =

Γ
(
d
2 − 1 + ν

)
4πd/2Γ (1 + ν)

( 1
ρρ′

) d
2−1 ( ρρ′

ρ2 + ρ′2 + (σ − σ′)2

) d
2−1+ν

× 2F1

(
d− 2

4 + ν

2 ,
d− 2

4 + ν

2 + 1
2; ν + 1; 4ρ2ρ′2

(ρ2 + ρ′2 + (σ − σ′)2)2

)
.

(B.16)

It is straightforward to show that this reproduces exactly (up to the θ dependence) the
defect blocks (3.11) with the coefficients cs defined in eqs. (3.13), (3.14a) and (3.14b).
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C The fermion propagator

In this appendix we provide concrete expressions for the fermion mode expansion in d = 4,
and explicitly compute the propagator eq. (4.7). We will do so by imposing that the
components of the Dirac fermion obey the canonical equal-time anti-commutation relations{
ψA(x, t), ψ†B(x′, t)

}
= δ(d−1)(x− x′)δAB, where A,B = 1, . . . , 4 are spinor indices.

It will be convenient to use the following Clifford algebra representation

γ0 =
(
iσ3 0
0 −iσ3

)
, γ1 =

(
0 i12
−i12 0

)
, γ2 =

(
−σ2 0

0 σ2

)
, γ3 =

(
σ1 0
0 −σ1

)
, (C.1)

where σ1,2,3 are the Pauli matrices and 12 is the 2× 2 identity matrix. To solve the Dirac
equation, we make the ansatz

ψ = e−iωteimθeik‖σ
(

Ψ(ρ)
±Ψ(ρ)

)
, (C.2)

where Ψ is a two-component spinor with ρ-dependence only, m ∈ Z + 1
2 , and ω, k‖ ∈

R.22 The Dirac equation in the basis eq. (C.1) reduces to two coupled first-order ordinary
differential equations for the components of Ψ

−i(ω ± k‖)Ψ2 +
(
d

dρ
− ν

ρ

)
Ψ1 = 0 , (C.3a)

−i(ω ∓ k‖)Ψ1 +
(
d

dρ
+ ν + 1

ρ

)
Ψ2 = 0 , (C.3b)

where ν = m−α− 1
2 . These two equations can be combined into Bessel’s equations for Ψ1

and Ψ2, and their solutions can be written in terms of Bessel functions of the first kind, J ,
as follows

Ψ = c1
(

Jν(ρ kρ)
iB±Jν+1(ρ kρ)

)
+ c2

(
J−ν(ρ kρ)

−iB±J−(ν+1)(ρ kρ)

)
, (C.4)

where kρ =
√
ω2 − k2

‖, B± ≡
kρ

ω±k‖
, and c1,2 are arbitrary integration constants. A field

configuration is physically admissible if it is less divergent than ρ−1 as we approach the
defect at ρ = 0. This requires setting either c1 = 0 or c2 = 0 for all n ≡ m− 1

2 ∈ Z \ {0}.
In the case of n = 0, both solutions are admissible. For the solution with coefficient c1, the
first component Ψ1 ∼ ρ−α as ρ→ 0, whereas Ψ2 is regular. For the solution with coefficient
c2, the second component Ψ2 ∼ ρ−1+α, whereas Ψ1 is regular. Note that both solutions
have one component that diverges at the defect. As shown in [90], it is the former that
corresponds to an infinitely long and infinitely thin solenoid. The most general solution
keeps both modes with a parameter ξ ∈ [0, 1] interpolating between them as in eq. (4.6).

Taking a linear combination, one obtains the general solution to the Dirac equation

ψ =
∞∑

n=−∞

′ 2∑
s=1

∫ ∞
−∞

dk‖
2π

∫ ∞
0

dkρ

√
kρ
4ω e

−iωte+ik‖σe+inθeiθ/2asn(k)usn,k

+
∞∑

n=−∞

′ 2∑
s=1

∫ ∞
−∞

dk‖
2π

∫ ∞
0

dkρ

√
kρ
4ω e

+iωte−ik‖σe+inθeiθ/2bs ∗n (k)vsn,k ,

(C.5)

22In this subsection only we denote the momentum in the σ-direction along the defect by k‖.
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where now ω is understood to be a function of k = (kρ, k‖). The spinors are

u1
n,k =


C+ Jςn(n−α)(ρ kρ)

iςnC− Jςn(n+1−α)(ρ kρ)
C+ Jςn(n−α)(ρ kρ)

iςnC− Jςn(n+1−α)(ρ kρ)

 , u2
n,k =


C− Jςn(n−α)(ρ kρ)

iςnC+ Jςn(n+1−α)(ρ kρ)
−C− Jςn(n−α)(ρ kρ)

−iςnC+ Jςn(n+1−α)(ρ kρ)

 , (C.6)

and

v1
n,k =


C+ Jςn(n−α)(ρ kρ)

−iςnC− Jςn(n+1−α)(ρ kρ)
C+ Jςn(n−α)(ρ kρ)

−iςnC− Jςn(n+1−α)(ρ kρ)

 , v2
n,k =


C− Jςn(n−α)(ρ kρ)

−iςnC+ Jςn(n+1−α)(ρ kρ)
−C− Jςn(n−α)(ρ kρ)

iςnC+ Jςn(n+1−α)(ρ kρ)

 , (C.7)

where C± ≡
√
ω ± k‖. In the above, ςn = +1 for n ≥ 1 and ςn = −1 for n ≤ −1, and∑′ is an instruction to sum over both n = 0 modes. More concretely, denote the spinors

with ς0 = ±1 by u(±)s
0,k and v(±)s

0,k , and the ladder operators by a(±)s
0 (k) and b(±)s∗

0 (k). As
in the scalar case, one can introduce a parameter ξ ∈ [0, 1] which interpolates between the
two n = 0 modes. Then

∑′ means: sum the ς0 = +1 mode with an extra overall factor of√
1− ξ, and the ς0 = −1 mode with an extra factor of

√
ξ. Promoting a1,2

n (k) and b1,2n (k)
to operators whose non-zero anti-commutators are{

asn(k), as
′ †
n′ (k′)

}
=
{
bsn(k), bs

′ †
n′ (k′)

}
= δ(k‖ − k′‖)δ(kρ − k

′
ρ)δnn′δss

′
, (C.8)

the components of the Dirac spinor then obey the canonical equal time commutation
relations.

Using the explicit mode expansions, the fermion propagator

GF,α,ξ(x, x′)AB =

 〈ψA(t, σ, ρ, θ)ψ̄B(t′, σ′, ρ′, θ′)〉 if t > t′ ,

−〈ψ̄B(t′, σ′, ρ′, θ′)ψA(t, σ, ρ, θ)〉 if t′ > t ,
(C.9)

can be straightforwardly computed. Assuming t > t′,

GF,α,ξ(x,x′)AB = i
∑
n

′
∫
dk‖
2π

∫
dkρ
2π

kρ
4ω e

−iω(t−t′)eik‖(σ−σ
′)ein(θ−θ′)ei(θ−θ

′)/2

(
(u1
n,k)A(u1†

n,kγ
0)B+(u2

n,k)A(u2†
n,kγ

0)B
)
, (C.10)

and similarly for t < t′. Using the scalar mode expansion. It is straightforward to verify that

GF,α,ξ(x, x′)AB = −γµ(∂µ + Ωµ − iAµ)(
P−

∑
n

′′Iςn(n−α)e
in(θ−θ′) + P+

∑
n

′′Iςn(n+1−α)e
in(θ−θ′)

)
, (C.11)

where

Iν =
∫
dk‖
2π

∫
dkρ
2π

kρ
2ωJν(ρkρ)Jν(ρ′kρ) e−iω(t−t′)eik‖(σ−σ

′)ei(θ−θ
′)/2 , (C.12)
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and
∑′′ is an instruction to sum over both n = 0 modes, one with ς0 = +1 and an extra

overall factor of 1 − ξ, and the other with ς0 = −1 and an extra factor of ξ. Comparing
with eq. (B.10), one identifies∑

n

′′Iςn(n−α)e
in(θ−θ′) = ei(θ−θ

′)/2GS,α,1−ξ,0(x, x′) , (C.13a)∑
n

′′Iςn(n+1−α)e
in(θ−θ′) = e−i(θ−θ

′)/2GS,α,0,ξ(x, x′) , (C.13b)

which gives precisely eq. (4.7) after applying the gauge transformation eq. (2.18).

D Useful formulae

In this appendix, we collect identities that were used in the main body of the text. The
following integral identity involving a single Bessel-J function∫ ∞

0
ds sλ−1 e−psJα(as) =

(
a

2p

)α Γ(λ+ α)
pλΓ(α+ 1)2F1

(
λ+ α

2 ,
λ+ α+ 1

2 ;α+ 1;−a
2

p2

)
, (D.1)

which is valid for Re(α+λ) > 0 and Re(p± ia) > 0 was used in the evaluation of the scalar
propagator. In the same computation, we also encountered integrals involving products of
Jα(as), which required the following integral identity∫ ∞

0
ds s e−p

2s2Jα(as)Jα(bs) = 1
2p2 e

−a
2+b2
4p2 Iα

(
ab

2p

)
, (D.2)

where Iα(s) = eiπα/2Jα(is) is the modified Bessel function of the first kind.
Finally, we used the following identities involving sums of Bessel functions:∑

k=0
Ik+ν(z) = 1

2(1− ν)

(
ez
∫ z

0
dt e−tIν−1(t)− z(Iν−1(z) + Iν(z))

)
, (D.3)

and
∞∑
k=1

(k + ν)Ik+ν(z) = z

2(Iν+1(z) + Iν(z)) . (D.4)
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