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Universidade de Lisboa – UL, Avenida Rovisco Pais 1, 1049 Lisboa, Portugal
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We establish a generic, fully-relativistic formalism to study gravitational-wave emission by
extreme-mass-ratio systems in spherically-symmetric, non-vacuum black-hole spacetimes. The po-
tential applications to astrophysical setups range from black holes accreting baryonic matter to those
within axionic clouds and dark matter environments, allowing to assess the impact of the galactic
potential, of accretion, gravitational drag and halo feedback on the generation and propagation of
gravitational waves. We apply our methods to a black hole within a halo of matter. We find fluid
modes imparted to the gravitational-wave signal (a clear evidence of the black-hole fundamental
mode instability) and the tantalizing possibility to infer galactic properties from gravitational-wave
measurements by sensitive, low-frequency detectors.

Introduction. The birth of gravitational-wave
(GW) astronomy ushered in a new era in gravita-
tional physics and high-energy astrophysical phe-
nomena [1, 2]. GWs carry unique information
about compact objects, most notably black hole
(BH) systems, and grant us access to exquisite
tests of the gravitational interaction in the strong
field, highly dynamical regime [3–9].

They also bear precious information about the
environment where compact binaries live [10–14].
This knowledge is important per se, and may in-
form us on how compact binaries are formed [15] or
how BHs grow and evolve over cosmic times [16].
In addition, GWs are sensitive to accretion disk
properties [17] and even on fundamental aspects,
such as the existence of dark matter spikes in galac-
tic centers [18–21]; on possibly new fundamen-
tal degrees of freedom that can condense around
spinning BHs [22, 23]; and finally on the nature
and existence of BHs, as well as whether they are
well described by the Kerr family, a quest which
demands environmental effects to be disentangled
from purely gravitational ones.

The above questions require a precise modeling
of compact binaries in a fully-relativistic setting.
Unfortunately, the state-of-the-art adopts at least
one of the following approximations: a slow-motion
quadrupole formula to estimate GW emission and
the dynamics [24–27], Newtonian dynamical fric-
tion, or considers vacuum backgrounds. Recent
attempts to refine the analysis by including some
relativistic effects indicate that these can have a

significant impact on the conclusions one makes
regarding detectability and parameter estimation
[21, 28, 29].

Here – based on classical works on pertur-
bation theory [30–37] – we develop a generic,
fully-relativistic formalism to handle environmen-
tal effects in extreme-mass-ratio inspirals (EMRIs)
in spherically-symmetric, but otherwise generic,
backgrounds. These are inherently relativistic sys-
tems, expected to populate galactic centers and be
observable with the upcoming space-based LISA
mission [38–41], and for which Newtonian approx-
imations are ill-suited. Our framework is able to
treat GW generation and propagation, but also in-
cludes matter perturbations and therefore is able
to capture other environmental effects, such as dy-
namical friction [28, 29], accretion and halo feed-
back, and will be important to understand mode
excitation or depletion of accretion disks, and even
viscous heating in these systems. We use geometric
units G = c = 1 everywhere.
Setup. We wish to study a static, spherically-
symmetric spacetime describing a BH immersed in
some environment, like an accretion disk or a dark
matter halo, with line element,

ds2 = g(0)
µν dx

µdxν = −a(r) dt2+
dr2

b(r)
+r2dΩ2 , (1)

where dΩ2 is the line element of the 2-sphere, and
characterized by a (anisotropic) stress tensor [42]

T env(0)
µν = ρuµuν + prkµkν + ptΠµν , (2)
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where ρ is the total energy density of the fluid,
pr and pt are its radial and tangential pressure
respectively, uµ the 4-velocity of the fluid, kµ a
unit spacelike vector orthogonal to uµ, such that
kµkµ = 1 and uµkµ = 0, and Πµν = gµν + uµuν −
kµkν is a projection operator orthogonal to uµ and
kµ (environmental quantities are hereafter denoted
with a superscript “env”). The functions a(r) and
b(r) are to be determined by the physics; to pre-
vent clustering throughout the text we drop the
(t, r) dependence from all functions, unless nec-
essary. We leave them general for most of the
main body, but specialize to the physics of a super-
massive BH surrounded by a halo of matter when
necessary. The corresponding solution, which we
will term galactic BHs (GBHs), was recently de-
rived [43] and is characterized by the BH mass
MBH, halo mass M and its spatial scale a0 (see
also [44, 45] for generalizations and applications).

We now envision a secondary object of mass mp

(a star, asteroid or stellar-mass BH for example)
orbiting the above primary BH and causing pertur-
bations to the geometry and matter stress tensor,

gµν = g(0)
µν + g(1)

µν , T
env
µν = T env(0)

µν + T env(1)
µν , (3)

where a superscript “(1)” denotes perturbations.
The spherical symmetry of the background al-

lows for a separation of variables in the first-order
quantities, expanding into tensor spherical har-
monics, classified as axial and polar, according
to their properties under parity [46–48]. In the
Regge-Wheeler gauge [35, 36, 46–48], these are
defined by radial functions h`m0 , h`m1 (axial) and
K`m, H`m

0 , H`m
1 , H`m

2 (polar), and a set of angular
basis functions [35, 36, 49].

The perturbations induced by the orbiting ob-
ject on the environment are known once its pres-
sure, density and velocity fluctuations are com-
puted. These can also be expanded in harmonics.
For example, a scalar quantity X = pt, pr, ρ will
have a perturbation X(1) expanded as

X(1) =

∞∑
`=2

∑̀
m=−`

δX`m(t, r)Y `m(θ, φ) , (4)

with Y `m(θ, φ) being the standard spherical har-
monics on the two-sphere. A similar procedure is
applied to any vector quantity.

Finally, a barotropic equation of state provides
a further relation between pressure, density varia-
tions and the medium’s speed of sound via

δp`mt,r (t, r) = c2st,r (r) δρ
`m(t, r) . (5)

Here, csr (r) and cst(r) are, respectively, the radial
and transverse sound speeds. The explicit per-
turbed equations are shown in the Supplemental
Material (see also Ref. [33] if a = b).

With the above procedure, perturbations to the
environmental stress-tensor are completely charac-
terized. The source of these perturbations is mod-
eled as a pointlike object with stress tensor

Tµνp = mp

∫
uµpu

ν
p

δ(4)
(
xµ − xµp (τ)

)
√
−g

dτ , (6)

where mp is the mass of the secondary, τ its proper
time, xµp (τ) its world-line and uµp = dxµp/dτ its
4-velocity. This stress-energy tensor can also be
decomposed in terms of the angular basis [48, 49],
thereby separating the equations of motion. We
will always assume that the pointlike secondary is
on a geodesic of the background spacetime (1), and
use this to simplify the equations of motion.
Evolution equations. The perturbations are de-
scribed by wave equations with a principal part ex-
pressed in terms of the operator Lv = v2∂2/∂r2

∗ −
∂2/∂t2, with v the field’s characteristic speed
of propagation. Specifically, axial perturbations
propagate with the speed of light v = 1 and are
simply described in terms of a master variable
χ = h`m1

√
ab/r, governed by the equation

L1χ− V axχ = Sax , (7)

V ax =
a

r2

(
`(`+ 1)− 6m(r)

r
+m′(r)

)
, (8)

with m(r) = r (1− b (r)) /2, the tortoise coordi-

nate is defined by dr∗/dr =
√
ab, and the source

term depends on the motion of the point particle
(explicit expressions for circular motion are shown
in the Supplemental Material). The polar sector
can be re-expressed as a system of 3 “wavelike”

equations for ~φ = (S,K, δρ)

L̂~φ = B̂~φ,r∗ + Â~φ+ ~S1 , (9)

with S = a/r (H0 − K), and L̂~φ =(
L1φ1,L1φ2,Lcsrφ3

)
, i.e., φ1, φ2 have character-

istic velocity v = 1, and φ3 has v = csr .
We also study perturbations in the frequency do-

main by Fourier-transforming the evolution equa-
tions. Instead of a second-order system for the po-
lar sector, we worked instead with the first-order
system

d~ψ

dr
= α̂~ψ + ~S2 , (10)

with ~ψ = (H1, H0,K,W, δρ), and W a fluid ve-

locity quantity. The matrices Â, B̂, α̂, as well as

source vectors ~Si are shown in the Supplemental
Material. Particle contributions enter as a source
term ~S1, ~S2 for the metric variables.

We solve the above problem with two indepen-
dent codes, based on different approaches, one
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FIG. 1. Evolution of δρ in a Schwarzschild background
with csr = 0.9, cst = 0 with different boundary condi-
tions imposed. tarrival corresponds to the time of ar-
rival of the first direct signal. When δρ is left free at the
horizon, an oscillatory tail sets in at late times, consis-
tent with that of a scalar field of mass µeff csr . Instead,
when Dirichlet conditions are imposed at some cutoff
radius rcut (here rcut = 3MBH), we find a universal
power-law decay independent of rcut and csr .

in the time and the other in the frequency do-
main. Both use a smoothed distribution to ap-
proximate the point particle,

√
2πσδ(r − rp) =

exp
(
−(r − rp)2/(2σ2)

)
where the width σ is var-

ied to assess numerical convergence. In the axial
sector, the time domain code follows Ref. [50, 51]
which places the outer boundary condition at fu-
ture null infinity by using the same hyperboloidal
layers employed there. In the polar sector, the
equations are solved in the usual radial tortoise
cooordinate with physical boundaries placed suffi-
ciently far, so that the physical quantities are ex-
tracted within the wave equation’s causality do-
main and in a near vacuum region. For example,
if we evolve the system for t = 103MBH and extract
at rext
∗ = 500MBH, then the outer boundary should

be placed further than rout
∗ = 103MBH to prevent

any signal from being reflected back and affect the
field values at the extraction radius. Unless stated
otherwise, we use rext

∗ = max{102a0, 103MBH}
as extraction radius in the time domain code for
the polar sector. The frequency domain code fol-
lows the framework from Refs. [52] in both sec-
tors, with outer physical boundaries placed at
rext = max

{
103/Ωp, 2a0

}
, with Ωp the orbital an-

gular frequency. For the gravitational perturba-
tions, we impose usual outgoing boundary condi-
tions there and vanishing Dirichlet boundary con-
ditions for the matter variables. The results from
all codes agree within the numerical error when
varying these parameters. Once the metric vari-
ables are computed, fluxes in GWs can be calcu-
lated. Our two codes are made freely available to
the community [53, 54].

Boundary conditions and sound speed. Envi-

ronments cause the presence of density waves that
couple to gravity. To understand their asymptotic
behavior, it’s sufficient to examine a vacuum BH
background of mass MBH, to which the field equa-
tions reduce very far or very close to the hori-
zon. For constant sound speeds, with the ansatz
δρ = rα(r− 2MBH)βΨ, we find that Ψ is governed
by the wave equation LcsrΨ−VΨ = 0 for

α =
1

4

(
−5 +

1 + 4c2st
c2sr

)
, β = −3

4
− 1

4c2sr
, (11)

with V = O(r−2) at infinity and V =
(

1−c2sr
8c2srMBH

)2

at the horizon. The explicit form of V and wave
equation for Ψ are identical to that obtained in
Ref. [34] for isotropic fluids, with a suitable change
of wavefunction H, once we identify csr = cst .
Thus, close to the horizon density fluctuations
propagate as an effectively massive scalar of mass

µeff =
1−c2sr

8c2srMBH
. A rigorous analysis of the wave

equation above is required to understand all the
details of the density waves around BHs; however,
based on knowledge of massive fields around BHs
[55–57], we expect an intermediate-time power-law
tail of the form Ψ ∼ t−5/6 sin (µeff csr ), caused
by back-scattering in the near-horizon region and
probably giving way to another power-law behav-
ior dictated by the asymptotic region far from
the BH [57]. Our numerical results in Fig. 1 –
for initial conditions δρ = 0 , ∂tδρ = exp(−(r∗ −
100MBH)2/2), extracted at r∗ = 1000MBH – sup-
port this claim. We find excellent agreement with
an oscillatory term sin (µeff csr ) and decay t−5/6.
We find a similar behavior for other values of csr .

Configurations with a matter profile that van-
ishes at the horizon and spatial infinity, have sound
speeds expected to vanish asymptotically. For
sound speed profiles that vanish as a power-law at
the boundaries, we find that regular density fluctu-
ations δρ must satisfy Dirichlet conditions. We im-
plement this restriction keeping csr constant every-
where, but imposing Dirichlet conditions on fluid
variables at some cutoff radius rcut close to the
BH. It is now possible to prove that the late time
asymptotics is governed not by the near-horizon
but by the large-r asymptotic behavior and that
the field should decrease as t−3, independently of
the multipole ` [55]. This is seen clearly in our sim-
ulations in Fig. 1. The direct signal is followed by
a universal power-law tail δρ ∼ t−3, independently
of cutoff radius rcut and sound speed csr .
Environment and spectral stability. From
now on, we always work with vanishing sound
speeds at the boundaries. It is clear from the
above that there are two characteristic speeds in
the problem, the radial sound speed csr and the
light speed. Accordingly, and because the polar
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FIG. 2. Evolution of the metric and density pertur-
bation K, δρ, with M = 10MBH, a0 = 10M . We im-
pose Dirichlet conditions at rcut = 3MBH and csr =
[(2MBH + a0) / (r + a0)]4, so that it asymptotes to zero
at large distances. At early times, BH ringdown is ex-
cited (inset for K); at late times, we observe a slowly-
decaying, fluid-driven mode with period ∝ a0. Notice
a mutual conversion between GWs and density waves.

sector is coupled, we expect to have two families
of perturbations, one led by gravity, traveling at
the speed of light, the other led by matter fluc-
tuations, traveling at csr . A clear example of the
importance of this coupling is seen through scat-
tering a gaussian wavepacket of gravitational waves
(initial conditions identical to those of Fig. 1, but
for the metric function K). The metric perturba-
tion K and δρ are shown in Fig. 2. We see con-
version from GWs to density waves and vice-versa;
BH ringdown at early times, and a long-lived mode
at late times. This is in essence a fluid mode, im-
printed on the GW signal due to the coupling, and
a clear example of spectral instability in BH quasi-
normal modes, which has attracted considerable
interest recently [11, 58–62], here seen in a realis-
tic astrophysical setting.

Fluxes from orbiting particles. We have tested
our procedure and routines in the vacuum limit,
i.e. using a GBH geometry [43] with low value of
the halo mass M = 10−6MBH, comparing the GW
fluxes with those obtained by the Black Hole Per-
turbation Toolkit (BHPT) [63]. Results are sum-
marized in Table I, and compare favorably both
between different implementations with the BHPT
tools in vacuum. It is clear from Table I that, for
fixed BH mass, the fluxes are smaller in the pres-
ence of a halo. However, given that the binary
sits at a nontrivial gravitational potential set by
the halo, decreasing fluxes may amount to a red-
shift effect. We focus on realistic environments,
where MBH �M � a0. To linear order in M/a0,
dr/dr∗ ≈ (1−M/a0) dr/drvac

∗ where rvac
∗ is the

tortoise coordinate in a Schwarzschild geometry.
Additionally, for compact EMRIs (rp ∼ 10MBH),

` m Ėt
∞ Ėf

∞ ĖBHPT
∞

2 1
8.1629e-7 8.1631e-7 8.1631e-7
6.9156e-7 6.9158e-7

2 2
1.7068e-4 1.7062e-4 1.7062e-4
1.6077e-4 1.6208e-4

3 2
2.5198e-7 2.5199e-7 2.5198e-7
2.1611e-7 2.1612e-7

3 3
2.5490e-5 2.5473e-5 2.5471e-5
2.3163e-5 2.3140e-5

4 3
5.7750e-8 5.7749e-8 5.7749e-8
5.0252e-8 5.0252e-8

4 4
4.7352e-6 4.7260e-6 4.7253e-6
4.0458e-6 4.0823e-6

TABLE I. Energy flux (in units of m2
p/M

2
BH) emitted

to infinity in different modes by a particle in circular
orbit around a GBH at radius rp = 7.9456MBH . We
show results for vacuum (first line of each mode) and
for GBH with csr,t = (0.9, 0), M = 10MBH and a0 =

10M . Ėt
∞ is computed with a time domain integrator,

Ėf
∞ in the frequency domain and ĖBHPT

∞ corresponds
to results from the BHPT, available only in vacuum.
` = m modes correspond to polar excitations whereas
` = m+ 1 correspond to axial ones.

Sax ≈ (1− 3M/a0)Sax
vac. Combining these, ex-

panding Eq. (38) to linear order in M/a0 one finds

d2ψax

d(rvac
∗ )2

+

(
ω2

γ2
− V ax

Schw

)
ψax = γSax

Schw , (12)

where γ = 1 −M/a0 is a redshift factor. Thus,
to linear order in γ the axial signal from a GBH
is identical to that from a Schwarzschild BH, with
redshifted frequency and mass; in other words, the
two setups are equivalent with the identification(

Ωvac
p , ωvac,mvac

p

)
→
(

Ωp
γ
,
ω

γ
, γmp

)
(13)

Axial perturbations do not couple to matter per-
turbations, and a simple propagation redshift
seems adequate. The polar sector is more involved,
and requires numerical study.

In Fig. 3, we present numerical results that con-
firm this picture, showing fluxes as a function
of the frequency of the GWs being measured by
a distant stationary observer. For axial modes
(` = 2,m = 1), the differences between a vac-
uum and non-vacuum environment are seemingly
large, but as can be seen in Fig. 3, fluxes from a
GBH are indeed well described by redshifted fluxes
in vacuum. The agreement is all the better for
larger halo mass M , smaller compactness M/a0.
For galactic configurations, it leads to relative dif-
ferences that are extremely small.

Note that for small scales, a0ω . 1, the radia-
tion wavelength is larger than the halo itself, and
redshift is suppressed. At large frequencies red-
shifted vacuum fluxes are an excellent description
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FIG. 3. Top panel: Relative difference between the
energy flux of the ` = 2, m = 1 mode emitted by the
EMRI for different GBH configurations (Ėm) and in

vacuum (Ėv), as a function of GW frequency (solid
lines). Frequency range corresponds to a secondary
location rp = 50MBH down to rp = 6MBH. Dashed
lines show the vacuum result redshifted according to
Eq. (13). Bottom panel: Same as the top panel but for
the ` = m = 2 mode.

of our results, for axial perturbations. Indeed, we
also find that quasinormal modes conform to such
a description since they are high-frequency phe-
nomena in this setup [64].

Polar fluctuations are coupled to the fluid, as
we saw, and a naive redshift is not sufficient to de-
scribe GW generation and propagation. Figure 3
shows one of our exciting findings: polar pertur-
bations are less prone to redshift effects, even in
regions of parameter space corresponding to large,
near-galactic scales. Thus, together with the axial
sector they’re able to break possible degeneracies,
with sensitive, low-frequency detectors.

Independently of that, our results clearly indi-
cate the ability of GW astronomy to strongly con-
strain smaller scale matter distributions around
BHs. At ωMBH = 0.02, the relative flux difference
between a vacuum and a GBH with M = 0.1MBH

and a0 = 102M, 103M is ∼ 10%, 1% respectively.
These numbers are within reach of next genera-
tion detectors [65]. Compare with GRAVITY’s
constraints on the environment of the Sgr A∗ star
[66], but note that GW astronomy allows similar
constraints for a large number of sources.

Discussion. Our work serves as a proof-of-
concept for the ability to study environmental ef-
fects in GW physics at a full relativistic level. A
natural next step is to apply it to other environ-
ments, for example by taking input from recent
GRMHD simulations of accretion [12, 67], or to
add rotation to the BH.

The application of our relativistic framework to
galactic EMRIs immersed in a halo shows that en-
vironments can easily de-stabilize the BH spectra,
as had recently been suggested with toy models
[11, 59–62]; it is unknown at this point if envi-
ronmental resonances can be excited by supermas-
sive BHs, long-before merger; however, our results
show how the coupling to the environment changes
GW generation and propagation.

Nonetheless, there are important issues that re-
main to be answered. The energy flux emitted
in GWs contains contributions directly from the
binding energy of the binary but also from the envi-
ronment. It is unclear if energy balance arguments
alone are sufficient to evolve such systems, even in
an adiabatic approach, or if self-force methods [68]
are necessary, and whether they too need to be
modified to take environments fully into account.
This aspect is of particular relevance if the binary
is able to resonantly excite the proper modes of
the environment. In addition to energy carried by
GWs, there will also be viscous heating, which can
be included in the formalism. We plan to address
some of these problems in future work.
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Supplemental material

I. PERTURBATION EQUATIONS

We will impose the Regge-Wheeler gauge [46, 47], such that the metric components obey

gθφ = 0 , gφφ = gθθ sin2 θ ,

∂φ(gtφ/ sin θ) + ∂θ(gtθ sin θ) = 0 ,

∂φ(grφ/ sin θ) + ∂θ(grθ sin θ) = 0 . (14)

With this choice the non-vanishing metric perturbations g
(1)
µν = g

(1)axial
µν + g

(1)polar
µν of Eq. (3) in the main

text take the following form

g(1)axial
µν (t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

√
2`(`+ 1)

r
[ih`m1 (t, r)c`m,µν(r, θ, φ)− h`m0 (t, r)c0`m,µν(r.θ, φ)] ,

g(1)polar
µν (t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

[
aH`m

0 (t, r)a0
`m,µν(θ, φ)− i

√
2H`m

1 (t, r)a1
`m,µν(θ, φ)

+
H`m

2 (t, r)

b
a`m,µν(θ, φ) +

√
2r2K`m(t, r)g`m,µν(r, θ, φ)

]
. (15)

with {c`m,µν , c0`m,µν , a0
`m,µν , a

0
`m,µν , a`m,µν , g`m,µν}

being six out of ten tensor spherical harmonics,
which work as a basis to expand any tensor
field [49].

As also mentioned in the main text, the per-
turbations of the stress-energy tensor associated

with the environment, T
env(1)
µν , can be treated in

the same way as for the metric. T
env(1)
µν encodes

the fluid perturbations through the energy-density

changes (Eq. (4) in the main text):

p(1)
r (t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

δpr,`m(t, r)Y`m(θ, φ) ,

(16)

p
(1)
t (t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

δpt,`m(t, r)Y`m(θ, φ) ,

(17)

ρ(1)(t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

δρ`m(t, r)Y`m(θ, φ) ,

(18)

In the addition to energy and density, we
also need to perturb the fluid’s 4-velocity
uµ(1). These are described by three functions

{U`m(t, r), V`m(t, r),W`m(t, r)} and the condition
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u2 = −1 (up to first order), such that:

ut(1) =
1

2a1/2

∞∑
`=2

∑̀
m=−`

H`m
0 Y`m , (19)

ur(1) =
a1/2

b

1

4πκ

∞∑
`=2

∑̀
m=−`

W`mY`m , (20)

uθ(1) =
a1/2

4πκr2

∞∑
`=2

∑̀
m=−`

[
V`m∂θ −

U`m
sin θ

∂φ

]
Y`m ,

(21)

uφ(1) =
a1/2

4πκr2 sin2 θ

∞∑
`=2

∑̀
m=−`

[
V`m∂φ +

U`m
sin θ

∂θ

]
Y`m ,

(22)

where we suppressed the coordinate dependence
to improve readability. κ(r) is a generic func-
tion usually taken to be κ(r) = ρ(0)(r) + p(0)(r).
Since we are interested in studying an anisotropic
background with vanishing radial pressure we take

without loss of generality κ(r) = ρ(0)(r) + p
(0)
t (r)

when needed. As mentioned in the main text, as-
suming a barotropic equation of state provides a
further relation between the density and pressure
perturbations:

δpr,`m = c2srδρ`m , (23)

δpt,`m = c2stδρ`m , (24)

where in general csr = csr (r) and cst = cst(r) are

functions of r.

The components of T
env(1)
µν as a function of the

fluid perturbations are then

T
env(1)
tt =a

∞∑
`=2

∑̀
m=−`

(δρ`m −H0
`mρ

(0))Y`m ,

T
env(1)
tr =−

∞∑
`=2

∑̀
m=−`

a
(
ρ(0) + p

(0)
r

)
4πκb2

W`m +H1
`mρ

(0)

Y`m ,

T
env(1)
tθ =

a
(
ρ(0) + p

(0)
t

)
4πκ

∞∑
`=2

∑̀
m=−`

[csc θU`m∂φ − V`m∂θ]Y`m ,

T
env(1)
tφ =−

a
(
ρ(0) + p

(0)
t

)
4πκ

∞∑
`=2

∑̀
m=−`

[V`m∂φ + U`m sin θ∂θ]Y`m ,

T env(1)
rr =

1

b

∞∑
`=2

∑̀
m=−`

(
p(0)
r H2

`m + δpr,`m

)
Y`m ,

T
env(1)
θθ =r2

∞∑
`=2

∑̀
m=−`

(p
(0)
t K`m + δpt,`m)Y`m ,

T
env(1)
φφ =T

halo(1)
θθ sin2 θ . (25)

The stress-energy tensor of the EMRI’s sec-
ondary, Tµνp (Eq. (6) in the main text), which
sources the metric and fluid perturbations can also
be decomposed in terms of the tensor harmonics
basis previously introduced [49]:

T pµν(t, r, θ, φ) =

∞∑
`=2

∑̀
m=−`

[
A0
`ma

0
`m,µν(θ, φ) +A1

`ma
1
`m,µν(θ, φ) +A`ma`m,µν(θ, φ) + B0

`mb
0
`m,µν(r, θ, φ)

+ B`mb`m,µν(r, θ, φ) +Q0
`mc

0
`m,µν(r, θ, φ) +Q`mc`m,µν(r, θ, φ)

+D`md`m,µν(r, θ, φ) + G`mg`m,µν(r, θ, φ) + F`mf`m,µν(r, θ, φ)

]
. (26)

The expansion coefficients (A0
`m,A1

`m, . . . ,F`m)
can be computed by projecting each tensor har-
monics on the stress-energy tensor, e.g. Q0

`m =
(c0`m,µν , Tµν), where the operator ( , ) acts on two
generic basis components A,B such that:

(A,B) =

∫ ∫
ηµρηνσA?µνBρσdΩ , (27)

where ηµν is the Minkowski metric in spherical co-
ordinates and the superscript ? denotes complex
conjugation.

II. THE SECONDARY STRESS-ENERGY
TENSOR FOR CIRCULAR ORBITS

We now focus on circular orbits at radius rp
which due to spherical symmetry can be taken to
be at the equatorial plane (θp = π/2) without loss
of generality. The 4-velocity of the secondary is

uµp =

(
Ep
ap
, 0, 0,

Lp
r2
p

)
, (28)

where ap = a(rp), and Ep and Lp are, respectively,
the energy and angular momentum per unit rest
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mass of the small body and determined by

Ep =
ap√

ap − r2
pΩ

2
p

, Lp =
Ωpr

2
p√

ap − r2
pΩ

2
p

. (29)

with the angular orbital frequency ϕp(t) = Ωp t
given by

Ωp =

√
a′p
2rp

. (30)

For this orbital configuration, the tensor har-
monics expansion (26) for the secondary stress-
energy tensor greatly simplifies. We have A`m =

A(1)
`m = B`m = Q`m = 0, while the non vanishing

coefficients can be expressed in terms of the orbital
parameters as follows:

A0
`m =

mp

√
abEp
r2

Y ?`m δr ,

B0
`m =

mpi
√
abLp

r3
√

(n+ 1)
δr ∂φY

?
`m ,

Q(0)
`m = − mp

√
abLp

r3
√

(n+ 1)
δr ∂θY

?
`m ,

G`m =
mpL

2
p

√
ab

r4
√

2Ep
δr Y

?
`m ,

D`m =
mpiL

2
p

√
ab

Epr4
√

2n(n+ 1)
δr ∂θφY

?
`m ,

F`m =
mpL

2
p

√
ab

r42Ep
√

2n(n+ 1)
δr (∂φφ − ∂θθ)Y ?`m ,

(31)

where n = `(` + 1)/2 − 1, Y ?`m = Y ?`m(θp, ϕp) and
δr = δ(r − rp).

As a final comment, we can also study pertur-
bations in the frequency domain by applying a
Fourier transform on both sides of the field equa-
tions, such that the generic frequency dependent
perturbation ψ(ω, r), is given by

ψ`m(ω, r) =
1√
2π

∫ ∞
−∞

dt eiωtψ`m(t, r) . (32)

III. MASTER EQUATIONS

Having defined the decomposition of metric and
stress-energy tensor perturbations in terms of ra-
dial and angular variables, we can now derive a set
of partial differential equations for the axial and
polar sectors. For the sake of clarity, hereafter, we
will drop the sum over the multipolar indices. Also
to facilitate reproducibility, we will particularize
for the case of vanishing background radial pres-

sure, p
(0)
r = 0, but the same steps can be followed

for the more general case. We will often make use
of the following 0− th order relations between the
background quantities to simplify the expressions

a′ =
2a

r2

m

1− 2m/r
, (33)

m′ = 4πr2ρ , (34)

p
(0)
t =

m

2(r − 2m)
ρ(0) . (35)

A. Axial sector

The problem for axial perturbations requires to
find a solution for h`m0 , h`m1 and U `m. We start by
rewriting ∂h`m0 /∂t using the combination of Eθθ −
Eφφ/ sin2 θ, where

Eµν = G(1)
µν − 8π(T env(1)

µν + T pµν) , (36)

and G
(1)
µν is the perturbed Einstein tensor

∂h`m0
∂t

= a b
dh`m1
dr

+
a(1− b+ rb′)

2r
h`m1

−i 4
√

2πr2a√
n(1 + n)

D`m . (37)

By defining the new variable χ`m = (ab)1/2/rh`m1 ,
the Erθ component provides a second order
non-homogeneous differential equation for χ`m.
In terms of the generalized tortoise coordinate
dr∗/dr = (a b)1/2, the master equation for the ax-
ial metric perturbations can be written as[

− ∂2

∂t2
+

∂2

∂r2
∗
− V ax

]
χ = Sax , (38)

where the potential reads

V ax =
a

r2

[
`(`+ 1)− 6m(r)

r
+m′(r)

]
, (39)

and the source term is

Sax = Gδ(r − rp) + Fδ′(r − rp) , (40)

with

G = χp
a

2r4

(
3 r a′ b+ r a b′ − 8 a b

)
, (41)

F = χp
a2 b

r3
, (42)

χp = mp
4π

n(n+ 1)

L2
p

Ep
e−imΩptX∗lm

(π
2
, 0
)
,(43)

and

X∗lm

(π
2
, 0
)

= −im ∂

∂θ
Y ∗`m

∣∣∣
θ=π

2 ,ϕ=0
. (44)
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This last m is the azimuthal number (we always
write the mass function as m(r)). Note that by the
symmetry of the spherical harmonics, only modes
with l+m odd have non-zero contributions to the
axial sector (and only modes with l+m even have
non-zero contributions to the polar sector)

Finally, the fluid perturbation U `m can be de-
termined in terms of χ`m and its first derivative
using the component Etθ of the field’s equations.

B. Polar sector

For the polar sector we present two equivalent
formulations. In the time-domain, we derive a sys-
tem of 3 “wavelike” equations with an additional
constraint equation, while in the frequency-domain
we obtain 5 first-order ODEs.

1. Time-domain: 3 second-order “wavelike” PDEs

First, let us rewrite

H0(t, r) = K(t, r) +
r

a
S(t, r) , (45)

H1(t, r) =
r

a
H̃1(t, r) . (46)

• Eθθ − Eϕϕ/ sin2 θ gives an algebraic relation
for H2

H2 = K +
r

a
S − 16πr2√

2n(n+ 1)
F`m , (47)

• Erθ gives a dynamical equation for H̃1 which
we use to substitute ∂H̃1/∂t and ∂2H̃1/∂t∂r∗
when necessary

∂H̃1

∂t
=

√
a

1− 2m/r

∂S

∂r∗
+
a

r
S +

2 a2m

r3(1− 2m/r)
K

− 16π√
2n(n+ 1)

a2 r −m
r − 2m

F`m , (48)

• Ett = 8πTtt yields a constraint between K, S and δρ,

∂2K

∂r2
∗

=

√
1− 2m/r

a

∂S

∂r∗
+

√
a

1− 2m/r

(
5m

r2
− 2

r

)
∂K

∂r∗

+ a

(
`(`+ 1)

r2
− 8πρ

)
K +

(
`(`+ 1) + 4

2r
− 4m

r2
− 8πrρ

)
S − 8πa δρ

− 8πA0
`m +

8π a√
2n(n+ 1)

(
16πr2ρ+

8m

r
− ` (`+ 1)− 6

)
F`m −

16π ar√
2n(n+ 1)

(
1− 2m

r

)
∂F`m
∂r

,

(49)

• Ett − a b Err gives the first second-order “wavelike” equation for K

− ∂2K

∂2t
+
∂2K

∂2r∗
+

2

r

√
a(1− 2m/r)

∂K

∂r∗
+

a

r2

(
8πr2 ρ+

4m

r
− `(`+ 1)

)
K

= −8πa
(
1− c2sr

)
δρ+

2

r

(
1− 2m

r
− 4πr2ρ

)
S

− 8π a√
2n(n+ 1)

(
4 + ` (`+ 1)− 4m

r
− 16πr2ρ

)
F`m −

16π a r√
2n(n+ 1)

(
1− 2m

r

)
∂F`m
∂r

− 8πA0
`m .(50)
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• Eθθ + Eϕϕ/ sin2 θ gives another second-order “wavelike” equation for S, where one needs to use the
previous equations to substitute the necessary derivatives

− ∂2S

∂2t
+
∂2S

∂2r∗
+

a

r2

(
4πr2 ρ+

2m

r
− l(l + 1)

)
S

=
4a2

r4 (r − 2m)

(
3m

(
r + 2πr3ρ

)
− 7m2 − 4πr4ρ

)
K − 16π

a2

r

(
c2sr − c

2
st

)
δρ

− 8π√
2n(n+ 1)

a2

r3 (1− 2m/r)

(
20m2 − 2

(
`2 + `+ 6

)
mr + ` (`+ 1) r2

)
F`m

− 16π a√
2n(n+ 1)

(
a

r
(m− r) ∂F`m

∂r
+ r

∂2F`m
∂t2

)
+ 8π

√
2
a2

r
G`m . (51)

The final “wavelike” equation for δρ is obtained from the conservation of the perturbed stress-energy
tensor of the surrounding fluid.

• ∇µTµθ = 0

∂V

∂t
= 2πρ

(
K +

r

a
S
)
− 4πc2stδρ+

32π2 r2 p0
t√

2n(n+ 1)
F`m . (52)

• ∇µTµr = 0

∂W

∂t
= −2π (2r − 3m)

(
1− 2m

r

)
ρ

a2

∂H̃1

∂t
− 2π

r
(2r − 3m)

√
1− 2m/r

a
c2sr

∂δρ

∂r∗

+ π (2r − 3m)
ρ

a

(√
1− 2m/r

a

∂S

∂r∗
+
r −m
r2

√
a

1− 2m/r

∂K

∂r∗

)
+
π

r2
(2r − 3m)

(
(r − 4m)

ρ

a
S − 2

(
2
(
c2sr − c

2
st

)
+ (1− 3 c2sr + 4 c2st)

m

r

)
δρ
)
. (53)

• ∂t (∇µTµt) = 0 and using all the previous equations we finally arrive at

− ∂2δρ

∂t2
+ c2sr

∂2δρ

∂r2
∗

+

√
a

1− 2m/r

(
2

r

(
2c2sr − c

2
st

)
+
(
1− 5c2sr + 4c2st

) m
r2

+ 2

(
1− 2m

r

)
csrc

′
sr

)
∂δρ

∂r∗

+
a

1− 2m/r

(
2c2sr − c

2
st

(
`2 + `+ 2

)
r2

+
2m

r3

(
c2st` (`+ 1) +

(
1− 3c2sr + 4c2st

) m
r

)
+ 8πρ

(
1 + 2c2st +

(
c2sr − 4c2st − 1

) m
r

)
+

2

r2

(
1− 2m

r

)
(2r − 3m) csrc

′
sr −

4

r

(
1− 2m

r

)2

cstc
′
st

)
δρ

= −r
2

∂ρ

∂r

√
1− 2m/r

a

∂S

∂r∗
− 1

2r

√
a

1− 2m/r

(
(m− r)∂ρ

∂r
−
(m
r

+ 4πr2ρ
) ρ

1− 2m/r

)
∂K

∂r∗

− 1

2

((
8πrρ− m

r2
` (`+ 1)

) ρ

1− 2m/r
+
∂ρ

∂r

)
S − a

2r2

((
8πr2ρ− ` (`+ 1)

m

r

) ρ

1− 2m/r
+ 4m

∂ρ

∂r

)
K

− 4π
√

2aρG`m − 4πρ
1−m/r
1− 2m/r

A0
`m −

8π a√
2n(n+ 1)

((
`(`+ 1)

m

r
− 8πr2ρ

) ρ

1− 2m/r
+ 2(m− r)∂ρ

∂r

)
F`m .

(54)

In the matrix formulation presented in the main text

L̂~φ = B̂~φ,r∗ + Â~φ+ ~S1 , (55)
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where ~φ = (S,K, δρ), the non-zero matrix coeffi- cients are

B22 = −2

r

√
a(1− 2m/r) , B33 = −

√
a

1− 2m/r

(
2

r

(
2c2sr − c

2
st

)
+
(
1− 5c2sr + 4c2st

) m
r2

+ 2

(
1− 2m

r

)
csrc

′
sr

)
,

B31 = −r
2

∂ρ

∂r

√
1− 2m/r

a
, B32 = − 1

2r

√
a

1− 2m/r

(
(m− r)∂ρ

∂r
−
(m
r

+ 4πr2ρ
) ρ

1− 2m/r

)
,

A11 = − a

r2

(
4πr2 ρ+

2m

r
− l(l + 1)

)
, A12 =

4a2

r4 (r − 2m)

(
3m

(
r + 2πr3ρ

)
− 7m2 − 4πr4ρ

)
,

A13 = −16π
a2

r

(
c2sr − c

2
st

)
, A21 =

2

r

(
1− 2m

r
− 4πr2ρ

)
, A22 = − a

r2

(
8πr2 ρ+

4m

r
− `(`+ 1)

)
,

A23 = −8πa
(
1− c2sr

)
, A31 = −1

2

((
8πrρ− m

r2
` (`+ 1)

) ρ

1− 2m/r
+
∂ρ

∂r

)
,

A32 = − a

2r2

((
8πr2ρ− ` (`+ 1)

m

r

) ρ

1− 2m/r
+ 4m

∂ρ

∂r

)
,

A33 = − a

1− 2m/r

(
2c2sr − c

2
st

(
`2 + `+ 2

)
r2

+
2m

r3

(
c2st` (`+ 1) +

(
1− 3c2sr + 4c2st

) m
r

)
+ 8πρ

(
1 + 2c2st +

(
c2sr − 4c2st − 1

) m
r

)
+

2

r2

(
1− 2m

r

)
(2r − 3m) csrc

′
sr −

4

r

(
1− 2m

r

)2

cstc
′
st

)
,

S1 = − 8π√
2n(n+ 1)

a2

r3 (1− 2m/r)

(
20m2 − 2

(
`2 + `+ 6

)
mr + ` (`+ 1) r2

)
F`m

− 16π a√
2n(n+ 1)

(
a

r
(m− r) ∂F`m

∂r
+ r

∂2F`m
∂t2

)
+ 8π

√
2
a2

r
G`m ,

S2 = − 8π a√
2n(n+ 1)

(
4 + ` (`+ 1)− 4m

r
− 16πr2ρ

)
F`m −

16π a r√
2n(n+ 1)

(
1− 2m

r

)
∂F`m
∂r

− 8πA0
`m ,

S3 = −4π
√

2aρG`m − 4πρ
1−m/r
1− 2m/r

A0
`m −

8π a√
2n(n+ 1)

((
`(`+ 1)

m

r
− 8πr2ρ

) ρ

1− 2m/r
+ 2(m− r)∂ρ

∂r

)
F`m .

(56)

2. Frequency-domain: 5 first-order ODEs

A set of first order differential equations for the
metric polar perturbations can be derived from the
t-r, t-θ and r-θ components of Eµν , which provide
three inhomogeneous equations for dH1/dr, dK/dr
and dH0/dr. Moreover, the t and r components of
the conservation equation, Tµν ;µ = 0 yield two
ODEs for the fluid variables W ′(r) and δρ′(r),
while from Tµθ ;µ = 0 we derive an algebraic re-
lation for the fluid velocity component V . This
system can be further simplified by using the θ-φ
component of the field’s equations to eliminate H2

and its derivative. After some manipulations we
obtain a set of five coupled, first order, inhomoge-

neous ODEs for ~φ = (H1, H0,K,W, δρ), which can
be recast in a matrix form

d~ψ

dr
− α̂~ψ = ~S2 , (57)

with ~ψ = (H1, H0,K,W, δρ) and the non-zero co-
efficients of the matrix α̂ being
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α11 =
rb′ − b+ 1

2rb
, α12 =

ia (rb′ + b− 1)− r2ω2

r2ωb
,

α13 =
iω

b
, α15 = −16iπc2sa

ωb
,

α21 = −
[
i(n+ 1)

r2ω
− iω

a

]
, α22 = −2b− 1

rb

α23 = − (1− 3b)

2rb
, α24 = − 8ia

3ωb2 + ωb
,

α31 = − i(n+ 1)

r2ω
, α32 = −1

r
,

α33 = − (1− 3b)

2rb
, α34 = − 8ia

3ωb2 + ωb
,

α43 =
iω(3b+ 1)2 (rb′ + b− 1)

32r2ba
,

α42 =
i(3b+ 1) (rb′ + b− 1)

[
2(n+ 1)a+ r2ω2

]
16r4ωa

,

α44 =

[
(9b+ 1)b′

3b+ 1
− b+ 3

r

]
W

2b
,

α45 = −
iπ(3b+ 1) ,

[
r2ω2 − 2c2s(n+ 1)a

]
r2ωa

,

α51 = −
(rb′ + b− 1)

[
(n+ 1)(b+ 1)a+ 2r2ω2b

]
i32πc2srr

4ωba
,

α52 =
(3b− 1) (rb′ + b− 1)

32πc2srr
3b

,

α53 = − (b+ 1)(3b− 1) (rb′ + b− 1)

64πc2srr
3b2

,

α54 = −r(b+ 1)ab′ + b2a− 4r2ω2b− a
i4πc2srr

2ωb2(3b+ 1)
,

α55 =
b
(
−4c2s + 3c2sr − 1

)
+ c2sr + 1

2c2srrb
. (58)

The particle contributions enter as a source term
for the metric variables

~S = (S1, S2, S3, 0, 0)δ(ω−mΩp)δ(r−rp)P `m , (59)

where

S1 = −imp
C
√
πLp

(n+ 1)r4

[
4r2m− Lp(1 + n−m2)

a+ b[(b− 2)a− 4r2ω2] + r(b− 1)ab′

Epnωb

]
, (60)

S2 = −mpC
2
√
πL2

p(b− 1)
(
n+ 1−m2

)
Epn(n+ 1)r3

, (61)

S3 = −mpC
4
√
πL2

pb
(
n+ 1−m2

)
Epn(n+ 1)r3

, (62)

with

C =

√
(2`+ 1)a(`−m)!

b(`+m)!
. (63)

In the previous expressions P `m = P `m[cos(θp)] are
the associate Legendre polynomials evaluated at
θp = π/2.

C. Vacuum limit and gauge invariance

In vacuum, when Mhalo = 0 and a(r) = b(r) =
1 − 2MBH/r, the axial sector master equation re-
duces to the familiar Regge-Wheeler equation [37].

For the polar sector, if we set Mhalo = 0, the
equation for δρ decouples from the metric pertur-
bations and becomes sourceless. This means if no
initial data is given to δρ, it remains 0 for the whole
evolution as it is the case for an EMRI in vacuum.
Moreover, in vacuum, Eqs. (50) and (51), together
with the constraint (49), can be reduced to the sin-
gle Zerilli master equation [48] for the variable [37]

Zlm =
r

n+ 1

[
K +

a

n

(
H2 − r

∂K

∂r

)]
. (64)

These master functions are gauge invariant and
are thus useful to compute quantities of interest
such as the flux of energy carried by GWs to infin-
ity which is given by

Ė∞GW = lim
r→∞

1

32π

∞∑
`=2

∑̀
m=−`

(`+ 2)!

(`− 2)!

(
|Z`m|2 + 4|χ`m|2

)
.

(65)

In this work, we did not explore if a gauge-
invariant formulation of the perturbation equa-
tions is possible in non-vacuum background space-
times. However, since the background spacetime is
asymptotically flat, we can still make use of these
properties in the limit r → ∞. In practice, we
achieve this numerically by extracting the value of
the fields at sufficiently large radius such that ρ(0)

and δρ are negligible for the intended precision of
our results.
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