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Abstract—The linear minimal mean square error (LMMSE) estimator
for active reconfigurable intelligent surface (RIS)-aided wireless systems
is formulated. Furthermore, based on the moment-matching method,
we employ the Gamma distribution to approximate the distribution of
the instantaneous received signal-to-interference-plus-noise ratio (SINR),
and then derive the closed-form outage probability and ergodic channel
capacity in the presence of realistic channel estimation errors, the
thermal noise of RIS amplifiers and the RIS phase shift noise. Our
theoretical analysis and simulation results show that the introduction of
RIS amplifiers is equivalent to increasing of the transmit power, and
also present the performance degradation resulting from the channel
estimation error and the RIS phase noise.

Index Terms—Active reconfigurable intelligent surfaces (RIS), channel
estimation, outage probability, ergodic channel capacity.

I. INTRODUCTION

Reconfigurable intelligent surfaces (RIS) are composed of reflect-
ing elements, each of which can be electronically tuned to adjust the
phase shift of impinging signals [1]. With the aid of RIS deployment
between the transmit and receiver nodes, the transmission reliability
can be enhanced by appropriately configuring the phase shift of
each RIS element [2]-[5]. Therefore, the RIS can also be used for
localization [6].

Given these benefits, sophisticated mathematical tools have been
used for characterizing the theoretical performance analysis of RIS-
aided wireless communications [1], [7]-[10]. In [1], Basar et al. de-
rived the theoretical channel power gain of single-input-single-output
(SISO) RIS-aided systems, which reveals that the received power is
proportional to the square of the number of RIS elements, when the
direct links is blocked. Based on the central-limit-theorem (CLT), the
authors demonstrated that the instantaneous signal-noise-ratio (SNR)
approximately follows the non-central chi-square distribution, if the
transmitter-RIS link and the RIS-receiver link exhibit Rayleigh fading
and the number of reflecting elements is high enough. Based on the
CLT harnessed for approximating the distribution of instantaneous
SNR in [7], the outage probability was derived as a function of the
cumulative distribution function (CDF) of the instantaneous SNR,
while the upper and lower bound of the average channel capacity
were derived based on the mean and variance of the instantaneous
SNR. In [8], Chien ef al. employed the Gamma distribution for
approximating the instantaneous received SNR, based on which both
the coverage probability and the ergodic capacity were theoretically
derived. In [9], Yang et al. employed the general-K distribution to
approximate the received SNR, which exhibits higher accuracy than
the CLT based method. In [10], the closed-form expressions of the
outage probability, bit error ratio, and average capacity were derived
for the RIS-aided wireless communications, under the assumption of
realistic channel state information (CSI) acquisition.
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However, the theoretical analysis in the above treatises have the
following limitations. Firstly, they were limited to passive RIS-aided
wireless communications, where the RIS reflecting elements can only
configure the phase of impinging signals without signal amplification.
The signals suffer from the twin-hop path-loss of the transmitter-
RIS and the RIS-receiver links, which results in low received signal
power. To circumvent these limitations, the concept of active RIS is
investigated in [11]-[13]. In the literature two active RIS models
have been considered: one equipped with active channel sensors
having signal precessing capabilities [11], and another equipped
with power amplifiers having no signal processing capabilities [12],
[13]. In this paper we consider using active RIS with no signal
processing capabilities, employing power amplifiers that can allow
different amplitude gains for different RIS elements. Secondly, the
theoretical analysis in above papers is based on the assumption of
perfect RIS phase shift design without considering the RIS phase
shift noise, which is unrealistic in practical RIS-aided systems having
realistic phase shift noise [14]-[16]. To deal with the above issues,
our contributions in this compact paper are as follows:

o We develop the LMMSE channel estimator for active RIS-aided
wireless communications, where the channel’s covariance matrix
is derived by considering the thermal noise of RIS amplifiers and
the RIS phase noise following both the von Mises distribution
and the uniform distribution [14]-[16]. This is the first paper
considering the channel estimation of active RISs having no
signal processing capabilities.

o We present the theoretical analysis of the active RIS-aided
wireless systems. Specifically, the moment matching method is
invoked for approximating the distribution of the instantaneous
received signal to interference plus noise ratio (SINR). Then, we
present the closed-form outage probability and ergodic channel
capacity, taking into account the effect of the thermal noise
of RIS amplifiers, the RIS phase shift noise and the channel
estimation errors.

Notations: 7 = +/—1. Vectors and matrices are denoted by
boldface lower and upper case letters, respectively. (-)", (-)*, and
()" represent the operation of transpose, conjugate and hermitian
transpose, respectively. |a| and Za represent the amplitude and angle
of the complex scalar a, respectively. C™*™ denotes the space of
m X n complex-valued matrices. a,, represents the nth element in
vector a. Oy is the V x 1 zero vector. Iy and On represents the
N X N identity matrix and zero matrix, respectively. diag {a} denotes
a diagonal matrix with the diagonal elements being the elements of
a in order. CN(p, X)) is a circularly symmetric complex Gaussian
random vector with the mean g and the covariance matrix 3. E[x]
and V[x] represent the mean and the variance of the random vector
x, respectively. The covariance matrix between the random vectors
x and y is denoted as Cxy. Finally, Zf\;l’n?’” , represents
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II. SYSTEM MODEL

The RIS-aided wireless communication system model of [13] is
shown in Fig. 1, including a single-antenna transmitter, a single-
antenna receiver and a RIS having N = N, x N, elements', where
N, and N, represent the numbers of reflecting elements in the
horizontal and vertical direction, respectively.

'In this work, we focus on the SISO system model in order to provide the
closed-form theoretical performance analysis. The investigation of the multi-
cell multiple input multiple output (MIMO) system is considered as part of
our future work.
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Fig. 1. System model of the considered active RIS-aided wireless commu-
nication system.

A. Channel Model

We assume that the direct transmitter-receiver link is blocked and
only the RIS-aided two-hop link supports signal propagation. In the
transmitter-RIS link (RIS-receiver link), we denote the large scale
and small scale fading by g (o) and g € CV*! (g e C'*P),
respectively. The large scale fading is given by g = Cod; “* and
or = Cod; ™, where Cy is the path loss at the reference distance of
1 meter, d; and «; denotes the distance between the transmitter and
the RIS as well as the corresponding path loss exponent. Furthermore,
d; and o represent the distance between the RIS and the receiver as
well as the corresponding path loss exponent [12]. In terms of the
small scale fading, we assume that both g; and g, obey Rician fading,

given by [17]
Ktor Ot
~ C
& N(\/1+mg”1+m
H KRrOr _H Or
~ / I 2
= CN( 1+I€rg”1+ﬁr N), 2)

where k; and s, denote the Rician factors, g, and g, represent the
LoS component vectors, each element of which has a unit-modulus
and its phase depends on the angle-of-arrival, the angle-of-departure
at the RIS and the wavelength .

Let us denote the cascaded channel of g and g by h, which is
given as follows

In), €y

h=[g.1071, 9202, > gungin] 3)

Given the absence of signal processing capabilities at the RIS
elements, the channels g = [gi,1,9,2, " ,gtyN]T and g =
[gnl, g2, 5 O, N}T cannot be estimated separately, and only their
cascaded channel h in (3) can be acquired. Fortunately, estimating
the cascaded channel is sufficient for designing the RIS phase shift
matrix for data transmission without loss of optimality [18].

B. RIS Architecture

The response of the active RIS elements is given by [12]
z = [ﬂleJGIMBQe]ezv"' 761\76]91\]}, (4)

where 3, and 6, represents the amplitude gain and phase shift of
the signals impinging on the nth RIS reflecting element. In the
passive RIS ,, is usually fixed to 1, while in the active RIS 3,
can be higher than 1 by harnessing a tunneling reflection amplifier
for each RIS element [12]. However, since the power amplifiers are
active, the thermal noise from RIS reflection amplifiers is inevitable.
The power assigned to the transmitter and to the RIS elements, i.e.
the values of p, 51, 82, -+, Bn, should be optimized under a fixed
power budget. In this paper, we assume that p, 51, B2, , BN are
prior given, and the power allocation schemes can be found in [12],
[13]. In most treatises, it was assumed that the phase shift can be
perfectly configured [1], [2], [7]-[10], [12], [13]. Due to the realistic
RIS hardware impairments, the phase shift of each reflecting element

is practically modelled as 6, = 6,, + 0,,, where 8, represents the
expected phase shifts, and 0, is the phase noise of the nth element
[14]-[16]. The phase noise 0, obeys identically and independently
distributed (i.i.d.) random variables having the mean of 0, and it
may also be modelled by the von Mises distribution or the uniform
distribution [14]-[16]. These may be represented as Gy ~ YM(0,s)
and 0, ~ UF (—tp, tp), respectively, where ¢, is the concentration
parameter of the von Mises distributed variables and (—tp, ¢p) is the
support interval of the uniformly distributed variables.

III. LMMSE CHANNEL ESTIMATION

In each coherence time, 7' symbol intervals are employed for es-
timating the instantaneous channel state information of the cascaded
channel h in (3). Since there is only a single transmit antenna, the
pilot symbols transmitted in these 7" symbol intervals can be identical.
For simplicity, we opt for 1. Furthermore, 7" RIS training patterns,
denoted by z1,--- ,zr, are activated in these 7' symbol interzals,
where z; = [$1e?%01, . Bne?tN] with 0 = Ot + O
The signals received in these 7' symbol intervals are denoted as
Y1, -+ ,yr, the thermal noise of the active reflection amplifier at
the tth symbol interval is denoted as a; = [as,1,--- ,a¢n]" with
a; ~ CN (ON,crgIN), and the additive noise at the receiver is

w = [wi, - ,wT]T with w ~ CN (07, JE,IT). Then, we can arrive
at

Yy =+VpooZh + \Jorv + w, (%)
where Yy = [y17 e ayT]T’ Z = [z'lI‘7 e aZ¥]T’ v =
[Z1v1, - - ,zTVT]T with vi = [at,1951, -+ ,at,ng;n]. Since h

is an N x 1 vector and Z is an 7" x N matrix, to ensure that
h can be uniquely estimated, the number of RIS training patterns
must satisfy that 7' > N. A T x T discrete Fourier transform
(DFT) matrix or Hadamard matrix may then be employed for the
design of RIS training patterns [19]. Specifically, [e?*1, - .. e/ N]
is designed as the first /V elements in the ¢th row of the 7' x T discrete
Fourier transform (DFT) matrix or Hadamard matrix. Our purpose
is to estimating h based on the received signal y contaminated by
the thermal noise of the active reflection amplifier and the additive
white Gaussian noise at the receiver, which can be estimated using
different channel estimation methods such as the LMMSE estimator
as discussed in follows.

Corollary 1. The LMMSE estimate of h is based on the observa-
tion y, formulated as:

h = E[h] + Chy Cyy (v — E[y)), ©6)
where E[h] = [gt,lyr*,lv'” 7§t,N§:N]T’ E[y] = leQr§ZE[h]7
Chy and Cy,, are given as follows

SH
Chy = VpawoméZ-, ©)
Coo — 2 et 2\ 4 275 2
vy = poe(§nZZ" + (1 - £)BIr) + 0o flr + oy Ir, (8)
where we have § = SN B = Hittj;:f:’;"mT, £ = ;;((2:,))

sin(¢p)

when the RIS phase noise obeys VM(0,s,), and £ = o
when the RIS phase noise follows U(—tp,tp), with Ix(-) repre-
senting the modified Bessel functions of the first kind of order

k. Furthermore, we have Z = [Z1,Z5, - ,Zy|", where z; =

[ﬁlejet'l 3 ﬁ?ejet‘27 ) BNejet’N]-
Proof: See Appendix A. |
Corollary 2. The covariance matrix of the estimated channel h is
Cypj = diag{er, 2, -+ ,en}, )
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errorish =h — h and its covariance matrix is

where ¢, = The estimation

,M—ENY- (10)

Proof: See Appendix B. |
According to (10), the normalized mean square error (N-MSE),
denoted as e, is given by

CENRP 1o o1
= By = ¥ O =1 -y

From (11), we can see that when the transmit power obeys p — oo,

— (1-¢)Bn ioh indi
the N-MSE becomes € = Zn | T8t (10" which 1nd1ca.tes
that the N-MSE tends to a non-zero floor, instead of 0. In the high
power region this is due to the effect of RIS phase noise. For passive

RIS, associated with 81 = B2 = --- = fn = 1, the N-MSE obeys
e=n— Tpoieié’n
Tpororé?n+poror(1—62)N+oNo2 402, °

Cpp = diag{n —e1,n — €2, - -~

1)

IV. PERFORMANCE ANALYSIS

Once h becomes known, the RIS phase shift during the data
transmission can be designed as 6, = —Zh,, for coherently
combining the signals reflected by all RIS elements [1]. In data
transmission, when the desired RIS configuration vector is z =
[,Blejel . ,BNeJGN] and the RIS phase noise are 91, ON, the

practical BIS configuration vector is z = [ﬂlej L. ,ﬂNeﬁN] =

[51ej(§1+91), e ,,BNeJ@N*eN)]. Thus, the received symbol is given
by
y= V/poezhs +  Vpowi(z —2)hs
—_—

Desired signal over estimated channel

+ Vpoorzhs  +
N——r
Signal over unknown channel
+ \w,./ ’

Receiver additive noise

RIS phase noise over estimated channel

\Vorzv

Thermal noise from RIS reflection amplifiers

(12)

where w ~ CN(0,0%2,), v = [a1g71, -+ ,ang; y]" is the cascaded
channel of g; and the thermal noise of the active reflection amplifier
a=lai, - ,an]T with a ~ CN(On,c21Ix). In (12), the first item
represents the desired signal, while the other items can be viewed as
equivalent noise, since only their statistical characteristics are known.
Referring to [12], [13], the average energy cost at the active RIS
is Elpoc|zg|” + |za|’] + N(Ps + Pa) = (por +02) n_, Ba +
N(Ps+ Py), where P, represents the power consumed by the phase
shift switch and control circuit for each reflecting element and Py is
the direct current biasing power used by each amplifier.
The power of the desired signal received over the estimated channel
is
N 2 N2
X, = poorlzh|* 2 poioi (D Balhal)’, (13)
where (a) is based on 0, = —/h,, and E[eﬂ"] = §eJ0".
Since E[hh"] = Oy, and a,, and w are independent of h and h,
the power of the equivalent noise, denoted by X,, is

Xn = Xnﬁp + Xn,c + Xn,a + Xn,W7 (14)

where Xnp, Xne, Xna and X, represent the power of RIS phase
noise contribution received over the estimated channel, the desired
signal over an unknown channel, the noise from the RIS reflection
amplifiers and the receiver additive noise, respectively. Firstly, the
variance of the RIS phase noise over the estimated channel is
formulated as:

Xnp :PQthEH(Z - E)flm

J(9n1 +9n1) §€J§n1 )

TS S I
20 0) -56”9”2 )Bns]

(i) N N ~ ~

= POLOr an:l anzl Brny By |hn1 th2 |
E[(e’"1 — €)(e "2 — )]

® N

=poa(1-6)) Puen,

where (a) is based on Jﬁn\ = e’%"h,,, and (b) is based on the fact
that E[(e??"1 — £)(e "2 — £)] equals to 1 — &2 when n1 = ny and
equals to 0 when n; # mo. Then, the power of the desired signal
over an unknown channel is

N
Xne = pororE] anl
@ N
= poer Yy Ba(n—en),

where (a) is derived according to (10). Next, the power of the noise
emanating from the RIS reflection amplifiers is:

15)

Bn”" P ]

(16)

N " « 2] (a) .
Xoa = 0B[| 3" B angin] @ abo?, A7)
where (a) is based on the independence of a, (n = 1,---,N).
Finally, the power of noise in the receiver is
Xow = 00 (18)

Upon substituting (15), (16), (17) and (18) into (14), we can express
the power of the equivalent noise as

Xo=por Y

According to (13) and (19), we can express the instantaneous
received SINR, denoted by -, as

V= % :'YO(Z::

poweré®
poior N_y B2 (n—E2epn)tofo2 402"
closed-form distribution of the instantaneous received SINR ¥, we

employ the moment-matching method to approximate it as follows.

Bi(n—Een) + 0o + o0 (19)

Bulhnl)’, (20)

where we have vo = To derive the

Corollary 3. Firstly, the first moment and the second moment of
7 can be approximated, derived as

Bl =] S BuaBa
Vemgaly ()0 ()]
B =3[
43 Z ﬁnlﬁnzemsm () ()

15721,(1 _77+87L) +

21

Bn(2eh + 4en(1—n) + (1 —n)*)

(”1 nz) ' Ena
+6 Z By B (Eny + 1 =1)(€ny +1—1)
(n1,m2)=1

N
2
Z Bns 6n25n35n4\/5n15n25n35n4
(nl ng,ng,ng)=1

3.

2
Ly (% ) (5 () ()
2\ €n, 2\ €n, 2\ €ng 2\ €n,

(n1,m2,n3)=1

(2 ()
2 Eng 2 Eng

+

+ 3 ﬁnl /8712 /8713 (5”1 +1- 77)\/57125”3

(22)



where L,(-) represents the Laguerre polynomial of degree p.

Proof: See Appendix C. |
Based on [8], the received SINR + can be approximated by the
Gamma distribution, denoted as v ~ GM(v,?), where the shape
parameter v and the scale parameter ¢} are given by
E[y]? N
_Ep] 9= h]’ 23)
Vil E[]
where we have V[y] = E[y?] —E[y]>. Based on the distribution of the
instantaneous received SINR, we can calculate the outage probability
and ergodic channel capacity as follows.

A. Outage Probability

The outage probability P, is routinely used for characterizing the
reliability of communication links, which is defined as the probability
of the received SINR v being lower than a given threshold wiu,
ie. P, = Pr(y < wwm). Based on (22), we can express the outage
probability as

1 W

Pg = Pr('}/ < wlh) = F—y(wlh) (é) mrh(’l}, th
where v and 9 are given in (23), (a) is based on v ~ GM(v,¥) and
the PDF of a Gamma distribution, I'(v) is the Gamma function of
v, and T (v, “h) represents the lower incomplete Gamma function
of “& with integration range (0,v).

), (@8

B. Ergodic Channel Capacity

The ergodic channel capacity, denoted as R, is the average of the
instantaneous channel capacity, given by

R =E[log,(1 +7)] =logy e - Elln(v")], (25)

where v/ = 1 + 4. It is then plausible that E[y'] = 1 + E[y]
and V[y'] = V[v]. Thus, 4 is approximately follows the Gamma
distribution, i.e. 7' ~ GM(v',¥’), with the shape parameter and
scale parameter given by:

r_ ER+D? VD

Vil Epl+1
Since the logarithmic expectation of the variable X obeying the
Gamma distribution, given by GM (v',¥') = log, e-¢(v") +1log, ¥,
where 1(-) represents the digamma function, we can express the
ergodic channel capacity as

(E[y] +1) V]
W) + 10g2 W7 (27)

where V[] = E[v?] — E[4]?, and E[y] and E[y?] are given in (21)
and (22), respectively.

If we assume the RIS amplitude gain of all reflecting elements
to be the same, i.e. /1 = B2 == By = [, then we have
WM = . Hence, we can get
the following asymptotic ergodic channel capacity scaling law with
respect to the number of RIS elements V.

(26)

R:long-d)(

£1 = €9 = -+ = EN =

Corollary 4. When N — oo and p — oo, the ergodic channel
T &%

capacity follows
-1
Tme i ())
4n—g:72\ ¢

Specifically, in the Rayleigh fading channel, n» = 1 and the ergodic
channel capacity obeys:

R log, (1+ (28)

&%
i) 29

Proof: See Appendix D. |
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V. NUMERICAL AND SIMULATION RESULTS

In this section, the theoretical and simulation results of the N-MSE
at the stage of channel estimation, and the outage probability (OP) as



well as the ergodic channel capacity at the stage of data transmission,
are presented. The transmitter, the RIS, and the receiver are located
at the Cartesian coordinates of (-100m, Om, 15m), (Om, 50m, 15m),
(15m, 45m, 15m), respectively. Unless otherwise specified, the simu-
lation parameters are: k; = k; = 0dB, oy = o = 2.2, Cy = —30dB,
o2 = —90dBm, 0, = —90dBm, N = 8 x 8, and 6, = &, = 3
The number of RIS training patterns is 7' = N, which are designed
based on the DFT matrix.

The theoretical analysis (theo.) and the simulation results (simu.)
of the normalized mean square error performance of the LMMSE
estimator is shown in Fig. 2, with the RIS phase shift noise char-
acterized by 03 = 102,107, and the RIS amplitude gain of all
reflecting elements being identical, i.e. 8 = 1 = P2 = -+ = On,
and 8 = 1,2,4 respectively. Fig. 2 shows that upon increasing the
transmit power p, the N-MSE tends to a constant value when the RIS
phase noise power obeys ag > 0. This is because the RIS phase noise
escalates upon increasing the transmit power. Furthermore, similar N-
MSE performance is achieved, when the RIS phase noise follows the
uniform distribution and the von Mises distribution having the same
phase noise power.

To evaluate further, the OP and ergodic channel capacity are shown
in Fig. 3 and Fig. 4, respectively. Firstly, in Fig. 3, the RIS phase noise
follows the uniform distribution with O'g =10"" and 03 = 1072, and
the threshold SINR is wy = 10dB. Observe that the OP is reduced
extremely rapidly, since using a large number of RIS elements for
coherently combining the received signals hardens the channel and
combats the channel fading. Secondly, in Fig. 4, the RIS phase noise
follows the uniform distribution having 03 = 107", Observe in Fig.
4 that a slight gap exists between the simulation results and the
theoretical analysis, which arises from the fact that we approximate
the received SNR using the Gamma distribution. In contrast to the
perfect CSI scenario, the spectral efficiency saturates upon increasing
of the transmit power due to both the channel estimation error and the
RIS phase shift noise. This can be explained using (12), where the
contribution of RIS phase noise over the estimated channel and that
of the signal over the unknown channel increase with the transmit
power. When doubling the number of RIS elements we have about 1
bit/s/Hz spectral efficiency improvement in the high transmit power
region. We can now readily see that the ergodic channel capacity

asymptotically tends to log, (1 +7 - ;2 L? (n 1)N in the high
transmit power region. Furthermore, as seen from Fig. 2 to Fig. 4,
about 6dB performance enhancement can be attained by doubling the
RIS amplitude gain (3 at the cost of additional power dissipation. This
reveals that in the low transmit power region, harnessing more RIS
elements and increasing the RIS amplifier power can improve the
ergodic channel capacity. By contrast, in the high transmit power
region, only employment of more RIS elements can effectively
improve the ergodic channel capacity.

VI. CONCLUSIONS

We formulated the LMMSE channel estimation prototype of active
RIS-aided wireless communication in the face of RIS phase shift
noise and derived the corresponding theoretical normalized mean
square error. Then, the theoretical analysis of the OP and ergodic
channel capacity was provided based on the moment-match method
for approximating the distribution of the received SINR, while
considering the effects of channel estimation error, the thermal noise
of the RIS amplifiers and the RIS phase noise.

APPENDIX A

Eq (6) can be derived based on the LMMSE criterion, while E[h]
can be derived according to (1), (2) and (3).

Since the RIS phase noise 9~t7n hasii.d. fort=1,--- ;T andn =
1,---, N, we can omit the subscripts in ét,n for simplicity. Given that
the RIS phase noise is also independent of Z, we can write the mean
of Z as E[Z] = E[e’?]Z. Firstly, when the RIS phase noise obeys 6 ~

VM(0,¢p), upon referring to [20], we have E [ejé] = ?Eg"; Thus,
we can infer that E[Z] = ¢Z with £ = % if 6 ~ VM(0,5).
Secondly, if the RIS phase noise obeys 6 ~ UF(—tp,1p), the ith-

order moment of 0, namely E[él] is equal to 0 when ¢ is odd and
R

equal to = tp When i is even. Thus, we can show that
oo 0 1,21 :
(=1)% sin(ep)
E[6*] = P — P @30
; I= ZO Qi+ o (30)
Hence, we can show that E[Z] = ¢Z with £ = M, when 6 ~

UF(—tp, Lp). Therefore, since Z and h are 1ndependent and E[v] =
E[w] = Or, the mean of y is \/poro:é ZE[h].

The covariance of h is given by Cnn, = E[hh"] —
E[hJE[h]". Then, the (n1,n2)th element of Cnn obeys
[Chh]"lla"‘z = E[gl,nlgr*,n1g:nzgrm2] - ?l,nlg:,nlg:nggr,nz’
where  E[gin, 05 n, JinyJrn.] equals 1 when ny = mnp and

=T T
equals g, G, Ot ny0rn, When ni # mna. Thus, we can get
_ KK, _ —
[Chnlnyne = 1= e When n1 = n2 and [Chnlnyny, =0
— _ Kilr —
when ny # no. Therefore, Chn = Iy 1+m+~r+nmr1N =nln.

Based on (5), the covariance between h and y is given by

a b VA
Chy (:) \/mcth[ZH] + QrChu + Chw (_7) vV leanszv
(3D

where (a) is based on the independence of Z and h, while (b) is
based on that Chn = 7ln, E[Z] = ¢Z and Chy = Chw = O7 due
to the independence of h and a;, as well as that of h and w.

Since the thermal noise of the active reflection amplifier a;,, is
iidforn=1,--- ,Nandt=1,---,T, we get Cp,, = g025Ip
after some further manipulations. Finally, Cyy in (8) may be arrived
at based on the independence of Z and h, and exploiting that Cpn =
nly, E[Z] = ¢Z, C,. = 021, the independence of h and a;,,
as well as that of h and w;.

APPENDIX B

According to (6), we can express the covariance of the estimated
channel as Cjj, = CnyCyy Ch,, Where Cry and Cyy are given in
(7) and (8) respectively. Thus, we arrive at

_y — .
Cip =pot n’Z (poie(€nZZ" + (1 - €)f1r)
+ 00aflr + 00 Ir) " 'Z

2 2
- pooET” A
poor(l —&2)B + 0028 + 02,
2
le?rg 77 _ ZZH)flz
poor(l — &%) B + 0028 + 02,
2 2
@ P00 AL A 7

powor(l — €2)B + 0102 + 02,

> 22 T 1 - T a 3 3[) — 1 7
(ZHZ + thQ( 5 )B +29 g ﬂ +o ) 1ZH)Z
poor&®n
©diag{er, e0,- - ,en), (32)

where (a) is based on the matrix inversion lemma that (A +
BFD)! = A~ — A7'B(DA™'B + F')"'DA ™! by letting

_ _ 7 _ porot®n _ =i
A=1;,B=7Z,F = pg[g,(17§2;E+g,a§B+aﬁ,IT and D = Z .
,,6’12\,}, when

Furthermore, ﬁ)) is based on Z'7Z=T. diag { B3,
the phase of Z is designed based on the DFT or Hadamard matrix,
on the definition of &, and on some matrix manipulations.




The covariance of h in (10) can be arrived at since Cgp; = Cnn —

Cip» where Chn = nly and Cyy, is given in (9).

APPENDIX C

Based on the mean and covariance of h, we employ the complex
normal distribution for approximating b, as by, ~ CN (GinTrns€n)-
Therefore, the amplitude of h., follows the Rician distribution, denot-
ed as |hn| ~ RC(kn, ), where s, = 1=2 is the shaping parameter
defined as the ratio of the power contributions by the determined
component to the undetermined component. Furthermore 2,, is the
scaling parameter defined as the total power of all components, i.e.
Q, = 1—1n+e, The kth (k = 1,2,3,4) moments of |y,

denoted by u;’“), are pg) = ,/40€ +1>L1( Kn)s ,u51> = Qp,
3 /[ 9nQ3 4 Ko +4kn+2)Q2
( ) = WLS (—:‘in) and /.L( ) — W, respec-
tlvely Since Cy,;, 1s a diagonal matrix, we arrive at:
o121 — (2)
B[S Balbal)?] =37 B24S
N
me)zlmlﬂnzuﬁfuﬁ; (33)
N 54
E[(D_ _ Bulhal)’]

4 (4 N 3 3) (1

() S () 22t
4 2 52 (2) (2)

t1{q 9 Z Brs Brs Hon Hores

’ (n1,n2)=1

4 N
+ (1,1,1,1) >

(n1,n2,n3,n4)=1

N
4 2 2 1
P D Sl T RO

(n1,m2,n3)=1

B Brg B Bra 1o 1) 1) )

(34)

According to (20), (33), (34) and some further manipulations, we
arrive at (21) and (22).

APPENDIX D

According to (21), when B =1 =2 = ---=fyandec =¢1 =

ey = -+ = £n, the mean of the received SINR can be formulated
as:
N(N -1 -1
El) = o [N o)+ TR =D g2 (121
4 2 2 €
(35)
When N — oo, we arrive at:
E[y] _ 70 [N/}Q(l —n+e) + FRER ALY (Ll)}
N N
T %, (77 - 1)
—— L . 36
3 n—¢&e 3\ ¢ (36)

Due to the channel hardening effect when N — oo and p — oo, we
can get

R Eflogy (1 + )]
= — 1. 37
og;(1 +ER])  log,(1 + ) 7
According to (36) and (37), we the have:
s {25 2 /m—1
R%log2(1+f o i (1—)n). (38)

and (29) can be obtained by setting n = 1.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

REFERENCES

E. Basar, M. Di Renzo, J. De Rosny, M. Debbah, M.-S. Alouini, and
R. Zhang, “Wireless communications through reconfigurable intelligent
surfaces,” IEEE Access, vol. 7, pp. 116 753-116773, 2019.

Q. Li, M. El-Hajjar, I. A. Hemadeh, A. Shojaeifard, A. Mourad, B. Cler-
ckx, and L. Hanzo, “Reconfigurable intelligent surfaces relying on non-
diagonal phase shift matrices,” IEEE Trans. Veh. Technol., vol. 71, no. 6,
pp- 6367-6383, 2022.

Q. Li, M. El-Hajjar, I. Hemadeh, D. Jagyasi, A. Shojaeifard, E. Basar,
and L. Hanzo, “The reconfigurable intelligent surface-aided multi-node
IoT downlink: Beamforming design and performance analysis,” IEEE
Internet Things J., 2022, Early Access.

X. Pang, N. Zhao, J. Tang, C. Wu, D. Niyato, and K.-K. Wong, “IRS-
assisted secure UAV transmission via joint trajectory and beamforming
design,” IEEE Trans. on Commun., vol. 70, no. 2, pp. 1140-1152, 2021.
X. Pang, M. Sheng, N. Zhao, J. Tang, D. Niyato, and K.-K. Wong,
“When UAV meets IRS: Expanding air-ground networks via passive
reflection,” IEEE Wireless Commun., vol. 28, no. 5, pp. 164-170, 2021.
C. Oztiirk, M. F. Keskin, H. Wymeersch, and S. Gezici, “On the impact
of hardware impairments on RIS-aided localization,” in /ICC 2022-IEEE
International Conference on Communications. 1EEE, 2022, pp. 2846—
2851.

L. Yang, Y. Yang, M. O. Hasna, and M.-S. Alouini, “Coverage, prob-
ability of SNR gain, and DOR analysis of RIS-aided communication
systems,” IEEE Wireless Commun. Lett., vol. 9, no. 8, pp. 1268-1272,
2020.

T. Van Chien, L. T. Tu, S. Chatzinotas, and B. Ottersten, “Coverage prob-
ability and ergodic capacity of intelligent reflecting surface-enhanced
communication systems,” IEEE Commun. Lett., vol. 25, no. 1, pp. 69—
73, 2020.

L. Yang, F. Meng, Q. Wu, D. B. Da Costa, and M.-S. Alouini,
“Accurate closed-form approximations to channel distributions of RIS-
aided wireless systems,” IEEE Wireless Commun. Lett., vol. 9, no. 11,
pp- 1985-1989, 2020.

P. Yang, L. Yang, and S. Wang, “Performance analysis for RIS-aided
wireless systems with imperfect CSI,” IEEE Wireless Commun. Lett.,
vol. 11, no. 3, pp. 588-592, 2021.

Y. Jin, J. Zhang, X. Zhang, H. Xiao, B. Ai, and D. W. K. Ng,
“Channel estimation for semi-passive reconfigurable intelligent surfaces
with enhanced deep residual networks,” IEEE Trans. Veh. Technol.,
vol. 70, no. 10, pp. 11083-11088, 2021.

R. Long, Y.-C. Liang, Y. Pei, and E. G. Larsson, “Active reconfigurable
intelligent surface-aided wireless communications,” [EEE Trans. on
Wireless Commun., vol. 20, no. 8, pp. 4962-4975, 2021.

K. Zhi, C. Pan, H. Ren, K. K. Chai, and M. Elkashlan, “Active RIS
versus passive RIS: Which is superior with the same power budget?”
IEEE Commun. Lett., vol. 26, no. 5, pp. 1150-1154, 2022.

M.-A. Badiu and J. P. Coon, “Communication through a large reflecting
surface with phase errors,” IEEE Wireless Commun. Lett., vol. 9, no. 2,
pp. 184-188, 2019.

X. Qian, M. Di Renzo, J. Liu, A. Kammoun, and M.-S. Alouini,
“Beamforming through reconfigurable intelligent surfaces in single-user
MIMO systems: SNR distribution and scaling laws in the presence of
channel fading and phase noise,” IEEE Wireless Commun. Lett., vol. 10,
no. 1, pp. 77-81, 2020.

A. Papazafeiropoulos, C. Pan, P. Kourtessis, S. Chatzinotas, and J. M.
Senior, “Intelligent reflecting surface-assisted MU-MISO systems with
imperfect hardware: Channel estimation and beamforming design,” IEEE
Trans. on Wireless Commun., vol. 21, no. 3, pp. 2077-2092, 2021.

Y. Han, W. Tang, S. Jin, C.-K. Wen, and X. Ma, “Large intelligen-
t surface-assisted wireless communication exploiting statistical CSL,”
IEEE Trans. Veh. Technol., vol. 68, no. 8, pp. 8238-8242, 2019.

Y. Liu, S. Zhang, F. Gao, J. Tang, and O. A. Dobre, “Cascaded
channel estimation for RIS assisted mmWave MIMO transmissions,”
IEEE Wireless Commun. Lett., vol. 10, no. 9, pp. 2065-2069, 2021.

Z. Zhou, N. Ge, Z. Wang, and L. Hanzo, “Joint transmit precoding and
reconfigurable intelligent surface phase adjustment: A decomposition-
aided channel estimation approach,” IEEE Trans. on Commun., vol. 69,
no. 2, pp. 1228-1243, 2020.

T. Hillen, K. J. Painter, A. C. Swan, and A. D. Murtha, “Moments
of von Mises and Fisher distributions and applications,” Mathematical
Biosciences & Engineering, vol. 14, no. 3, p. 673, 2017.



