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ABSTRACT. Research in classical ruin theory has largely focused on the first passage time
analysis of a surplus process below level 0. Recently, inspired by numerous applications in
finance, physics, and optimization, there has been an accrued interest in the analysis of the
last passage time (below level 0). In this paper, we aim to bridge the first and the last
passage times and unify their analyses. For this purpose, we consider negative excursions
of an underlying process in two manners, cumulative and noncumulative, and introduce two
random times, denoted by s, and [, where r can be interpreted as a measure of a decision
maker’s tolerance to negative excursions. Our analysis focuses on spectrally negative Lévy
processes, for which we derive the Laplace transform and some distributional quantities
of these random times in terms of standard scale functions. An application to credit risk
management is considered at the end.

1. INTRODUCTION

In applied probability, an extensive literature exists on the analysis of first passage times
for a variety of stochastic processes. The study of first passage times has also found numerous
applications in many fields. In quantitative risk management, decision makers are concerned
with institution’s solvency when an adverse event occurs, and thus most attention has been
paid to study the distribution of the first time an underlying process X drops below level 0,
i.e.,

1, =inf{t > 0: X; < 0}.
On the other hand, the last passage time (below level 0), defined as
g=sup{t>0:X; <0}, (1)

with the convention sup ) = 0, is also of great importance in both theoretical and applied
probability. Early theoretical works on last passage times include Getoor and Sharpe [12],
Maisonneuve , Syski , Monrad , Janson , Salminen , Doney , and Lachal
[19], among others. More recently, for Lévy processes, Sato and Watanabe [34] considered the
study of the moments of last exit times. Chiu and Yin |7]| derive the joint Laplace transform
of first and last passage times for spectrally negative Lévy processes. Baurdoux further
consider the last passage time over an independent exponential time horizon defined as

g? =sup{0 <t <e;: Xy <0},

where e, is an exponential random variable with rate ¢ > 0, independent of X. Li et al. [24]
generalize the results in |2| by studying the joint Laplace transform of the last exit time, the
value of the process at the last exit time, and the occupation time until the last exit time.
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Cai and Li []§[] derive the Laplace transform of occupation times of intervals until last passage
times for spectrally negative Lévy processes.

It is worth noting that last passage times have found many applications in finance, physics,
and optimization. For instance, last passage times are applied in modelling default risks (see
the seminal paper by Elliott et al. [11]) and insider trading (e.g., Imkeller [16]). Madan et al.
discover the link between European option pricing and distributions of some last passage
times. Egami and Kevkhishvili [10] study last passage times of diffusions with applications to
credit risk management. Another interesting topic in optimization is to find optimal stopping
times to approximate last passage times. For example, Baurdoux and Pedraza 7 obtained
a stopping time that is close in L' and LP sense to the last passage time g for a spectrally
negative Lévy process. Other applications of last passage times can be found in physics (e.g.,
[13] and [1]) and reliability theory (e.g., [31]).

In risk management, the first passage time (7;7) is typically used to model the event of
insolvency and the last passage time (g) is to characterize the last time that a company is in
an insolvent position. Note that negative surplus may be inevitable for a start-up company
or for a given subsidiary of a very large company because of high initial expenses, and it can
take a few years for a startup to be eventually profitable. Moreover, the risk tolerance level
to negative surplus of different businesses can be very different too. It is certainly debatable
whether a company should rely on risk measures involving only the first or the last passage time
to formulate a comprehensive approach on decisions related to business expansion, investment,
capital injections, dividend payments, etc.

In this paper, we propose a possible remedy by introducing two types of random times to
bridge the first and last passage times and unify their analyses. We consider the length of
negative excursions of an underlying process in two manners, cumulative and noncumulative,
and use them to model a company’s financial distress.

More specifically, the first random time is called occupation-type first-last passage time
defined as

sT:sup{tzTo_:(’)t>randXt§0}, r >0, (2)

where Oy = f(f 1(—oo,0) (Xs) ds is the occupation tim which represents the cumulative length
of negative excursions of the surplus process X below level 0 up to time ¢. If the set in ([2))
is empty, we follow the convention that the supremum is reached at the smallest point, i.e.,
sup ) = 7, . For a given sample path w, it is seen from that

sr(w) =79 (W),

if the total amount of time X (w) stays below level 0 does not exceed r (i.e., Oy < r), and

Sp (w) = g(w)7
if the total amount of time X (w) stays below level 0 exceeds r (i.e., Oy > r). As such, s,
behaves like a “binary distribution” taking values in 7, or g. Heuristically, we have s, — 7,
when r — oo, and s, — ¢ if » — 0. This result will be formally proved in Propositions
and The parameter 7 > 0 can be interpreted as a decision maker’s risk tolerance level to
negative surplus. A smaller r implies a lower risk tolerance level to negative surplus and thus
more weight is put on the last passage time g. Recall that the last passage time g represents
the ultimate time a company turns to be profitable. A company with low tolerance level of

IThere is an extensive literature on occupation times in applied probability and more specifically, in insur-

ance mathematics. See, e.g., and .
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negative surplus will wait until very close to that time to consider more aggressive strategic
decisions such as hiring new employees, expanding the business, and paying dividends to
shareholders. On the other hand, it is common for start-up companies to experience negative
surplus at the onset and their associated tolerance level should likely to be high.

The second random time is the so-called Parisian-type first-last passage time defined as

lr:sup{tZTO_:Ut>r}, r >0, (3)

where Uy := t — gy with g, := sup{0 < s <t:X;>0}. Note that U; corresponds to the
length of the current excursion of the process X below 0 at time ¢, a quantity which is
known to play an important role in the definition of Parisian ruin times in and .
Intuitively, . corresponds to the ending time of negative excursions longer than r. After
[, the surplus process X may still experience periods of negative surplus but none of these
negative excursions will individually last longer than r time units. It is seen from that
7, <l < g, as. and [, may have a mass point at 7" if all the negative excursions are shorter
than r. The distinguishing feature of s, is that, for a given sample path w, [,(w) may be
such that 77 (w) < I (w) < g(w). Hence, I, provides a smoother bridge (than s,) between the
first and last passage times. Similarly, the parameter r in can be interpreted as a decision
maker’s risk tolerance to negative surplus. Furthermore, it will be shown that [, — 7, if
r — oo and I, — ¢ if r — 0 (see Propositions [17] and (18] for more details).
From the definitions of I, and s,., one can see that

T <l <s <g, as. (4)

for all r > 0. Figure[I] plots three possible cases with different choices of r for a sample path
of X. Panel (A) represents the case that r is shorter than the longest individual negative
excursion, which implies 7,7 < I, < s, = g. Panel (B) represents the case that r is longer
than the longest individual negative excursion but shorter than the aggregate total negative
excursion (Og), which implies 7,7 = I, < s, = g. Panel (C) represents the case r is longer
than the aggregate total negative excursion, which implies 75" = [, = 5, < g.

The main contributions of the paper are summarized as follows. First, we derive the
analytical distribution for the two random times, namely s, and [, through their Laplace
transforms. Secondly, via the analysis of s, and [, some new results on the joint distributions
of (Oe,, Xe,) and (U,,, Xe,) for spectrally negative Lévy processes are derived, which are of

interest on their own in fluctuation theory. Recall that O, = fg 1(—o0y0) (Xs)ds and Uy = t—gt,
where g; = sup{0 < s < t: X; > 0}. For the joint distribution of (O, X), explicit expressions
for a Brownian risk process with drift and a Cramér-Lundberg process with exponential jumps
will also be derived. Third, we show the convergence of s, and [, to the first passage time 7
and the last passage time g when r — oo and r — 0, respectively. As such, our analysis of two
random times enables us to bridge the first and the last passage times in terms of the level 7.
By varying different levels of r, a decision maker can form a more comprehensive view on the
periods with financial distress (i.e., negative surplus). Fourth, we consider an application of
our results on the two random times to a credit risk management model introduced in Egami
and Kevkhishvili [10].

The rest of the paper is organized as follows. Section [2| presents the necessary background
material on spectrally negative Lévy processes and scale functions. The main results of this
paper as they pertain to s, and [, are derived in Sections [3] and [} respectively. Section
proves the convergence of the random times s, and [,- to the first and last passage times when

3



Xt | | Xt |
g |4 A4 A AV g |4 A4 ‘ AV:
N R VA A I
il,r 397:.(] 3‘3r:g
(A) 75 (W) <lr(w) < sp(w) = g(w) (B) 75 (w) = In(w) < sr(w) = g(w)
[ ]
X, ‘
0 WAV W gt
1 t

FIGURE 1. A sample path of X with different choices of r.

r — 0 or co. In Section [f], we consider an application to credit risk management using the
two random times.

2. PRELIMINARIES ON SPECTRALLY NEGATIVE LEVY PROCESSES

First, we present the necessary background material on spectrally negative Lévy processes.
A Lévy insurance risk process X is a process with stationary and independent increments and
no positive jumps. To avoid trivialities, we exclude the case where X has monotone paths.
As the Lévy process X has no positive jumps, its Laplace transform exists: for all A\, > 0,

E [eAX’f} = etw(/\)a
where
1 242 0 A
¢(>\) = ’y)\ + 50' )\ + / (e z 1-— )\Z].{Z>,1}> H(dZ),

for v € R and o > 0, and where II is a o-finite measure on (—o0,0) called the Lévy measure
of X which is assumed to satisfy

0
/ (1A 2%)(dz) < .
— 0o
Throughout, we will use the standard Markovian notation: the law of X when starting from
Xo = «x is denoted by P, and the corresponding expectation by E,. We write P and E when
z =0.
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We now present the definition of the scale functions W, and Z; of X. First, recall that
there exists a function ®: [0,00) — [0,00) defined by ®, = sup{A > 0 | ¢(\) = ¢} (the
right-inverse of 1) such that
When E[X;] > 0, we have

. q ’

lim — = = E[X;].

lim 4= ¥/(04) = ELX) o)
We have that ®(¢) = 0 if and only if ¢ = 0 and ¢/(0+) > 0.

For ¢ > 0, the g-scale function of the process X is defined as the continuous function on
[0,00) with Laplace transform

> =Xy _ 1
/0 e YW, (y)dy WEVR for A > @, (6)
where 1)4(A) = 9(X) — ¢. This function is unique, positive and strictly increasing for x > 0
and is further continuous for ¢ > 0. We extend W, to the whole real line by setting Wy (z) =0
for x < 0. We write W = Wy when ¢q = 0.

We also define another scale function Z,(z, ) by

2y 0) = (1= ,0) [" Wiy, oo )
0
and Z,(z,0) = e’ for z < 0. We denote the derivative of Z,(x,6) with respect to = by
Zy(2,0) = 0Z4 (2,0) — g (0) Wy (). (8)

A second generation scale function was introduced by Loeffen et al. [27], that is, for
p,p+qg>0and z € R,

WD (2) = W, (2) + 4 / Woea (2 — ) W, () dy

=Wpiq(x) — ¢ /Oa Wptq (. —y) Wy (v) dy, (9)

Note that the two expressions on the right-hand side of @ can be shown to be equivalent
using the following identity from [27]: for p,q > 0 and = € R,

0=0) [ Walo = n)Wy(a)dy = Wie) = Wifa), (10)
The derivative of WC(L D with respect to x is given by

thﬂq), (IE) p+q / p+q Wp (y) dy (11)

We also recall the following function introduced by Loeffen et al. |26] defined as
A (2, 2) / W ( a:+u)ZIP’(X € du),

and we write A = A® when ¢ = 0. We also denote the partial derivative of A9 with respect
to x by
oA

AD (g, 2) = o

)xz / W, (x +u) ZIP(X € du). (12)



We also recall the definition of the first-passage time of X above a level b € R defined as
7,7 =inf{t > 0: X; > b},
with the convention inf () = oo. It is well known that

E[e 10 ] =7 b>0. (13)

Finally, we recall the following identities for the exit times 7;" and g. From Theorem 8.1
of [18],

E. [e’ng 1,

q
T(;<OO}i| = ZQ(x) - ngq(x)a q> 0,z eR, (14)

where Z,(z) = Zy(x,0). From Lemma 2.2 of [27].
B, [emm0 W (X,- +2)1 {TO_@O}} = WD) (¢ + 2) — Wy(2)Z(2, ). (15)
Also, by Theorem 3.1 of [7], it is known that

Eo [e™ 91 n0y] = E[X1] (®e®® —Wy(z)), ¢>0,z€R, (16)

if E[X1] > 0. We refer the reader to [18] for more details on spectrally negative Lévy processes
and fluctuation identities.

3. OCCUPATION-TYPE FIRST-LAST PASSAGE TIME

3.1. Distribution of s,.. We begin our analysis with the occupation-type first-last passage
time s, defined in . We recall that s, is a binary distribution taking values in 7, and g.
More specifically,

Ty, if Ox <,
Sp = .
g, if Oy >,

where, from Corollary 5 of |20,

P, (Ow < 1) = E[X1] <W(az) + /0 "N () 5) ds) . (17)

We note that an expression for the Laplace transform and distribution function of s, are
respectively given in Theorem [2 and Corollary [ We first provide a preliminary result related
to the joint distribution of (Oeq,Xeq), which will be used in the proof of Theorem

Lemma 1. Forg>0,x € R and y,z >0,
Py (Oe, € dz, Xe, € dy) =q (e VW, (z) — Wy (z — y)) 6 (dz) dy
+qe~Pave9? <A(q)/ (z,2) — A9 (z, z)) dzdy, (18)
where do(.) is the Dirac mass at 0.

Proof. From [14], we have the following potential measure discounted by its joint occupation
time over the half line (—o0,0), that is : for A >0, ¢ > 0 and z,y € R,

P\ —
%Zq (T, Pryq) Zatq (=Y, Dg) — ngq’/\) (z — y)) dy.

(19)

E, e—)\Oeq7XCq c dy:| = q<



For y > 0, Wi (z —y) = Wy(z —y) and Zy14 (—y, ®q) = e~ *9¥, and Eq. reduces to

OISV P Z, )

E, [efAOeq’Xeq e dy:| :qef‘bqy ( q+A qg\x, A—i—q) _ (I)q q (1‘,)\ >\+q)> i qu (l’ _ y) ) (20)

Finally, substituting the following identities (see, e.g., [20]):

Z, ) e
q (-Ta >\+q) _ / e—)\z (e—qu(q) (x’2)> dz, (21)
A 0
and -
e e G LT P (22)
0

into , one easily obtains Eq. by Laplace transform inversion. |

From LemmalT] it is clear that
P, (Oc, = 0, Xe, € dy) = q ("YW, (2) — Wy(z — y)) dy, (23)

for z,y > 0. Also, it is worth noting that corresponds to P, (Xeq cdy, 7, > eq), the
g-potential measure of X killed on exiting [0, c0).
We now derive an expression for the Laplace transform of s,..

Theorem 2. For q,r >0, x € R and E[X;] > 0,
E, [e7%"] =E [Xl]/ e * (A(q)/ (x,2) — <I>qA(q) (z, z)) dz
FE[X)] / (WO (2 4 2) = Wy @) 7/(,20)) “P (X, € d2)ds. (20
0o Jo

Proof. Using the fact that {ST = 7'0_} = {Ox <r} and {7’0_ < 8 < eq} = {0, > 1, Xs >
0 for all s > e,}, it follows that

B[] =Bu [ 1 Loy [ 4B e 1y,
[Py (7 = o) o] + B [o 102
=E [X] /OOO / T WP, (0., € dz X,, € dy) +E, T lowzn] . (29)

where the second equality follows from the Markov property (applied at time e;) and the third
equality follows from the fact that Py (75 = o0) = E[X1] W (z).
From and Tonelli’s theorem, we get

E; [equOi 1{(9009"}} =E, {eqTO]P’X _ (O < 7’)}
i)
—E [X)] /0 'E, [e—qra A (XTJ,SH ds
—E[X] /0 ' /0 "E, W (X 4 2) Loy | SP (XL € d2)ds

_E[X)] /0 ' /0 h (WO (4 2) Wy @) Z/(2, ) ) “P (X, € d2)ds,
(26)



where is applied in the third equality and the derivative of is applied in the last
equality. Substituting and into completes the proof of Theorem . |

In the following remark, we prove that s, converges in distribution to 7, (as r — oo) and
g (as  — 0) by showing that the Laplace transform of s, reduces to and in their
respective limiting cases.

Remark 3. First, as r — o0,

lim E, 6] =E [X)] / / (o4 2) — Wy(@)Z' (2, B,)) 2B (X, € de) ds
) , E
E[X/] gl_rf(l)/ / (x+2)—Wy(x)Z (z,<I>q)) SP(XS € dz)ds.
(27)
Applying Kendall’s identity, and Egs. and (39) of [21], we obtain
/ / =D (g4 ) — W(2) 2 (2, @q)) ZP(X, €dz)ds
s
_/ e WD) (1 4 2) dz — Wq(a:)/ e %077 (2, ®,)dz
0 0
> - ®(0—-9) g
=P e W=D (1 4 2) dz — W, (x) — W, m(q—
| (@ )z = W) = Wo (@) (G gt = §
o Zq(% ) Py (0 — q)
=Py 7 Wy () 7 (@ —Dy)" (28)

Substituting (28] into and applying , one deduces that the Laplace transform of s,
reduces to (|14) as r — oc.

Now, we move on to the limiting case where » — 0. With the help of and , it
follows that

lim E, [e~#*"] =E [X)] /0 o9 (A@ (,2) — B A@ (x,z)) dz

=E[X;] - lim (((I))“HJ — 0g) 2y (x, Prig) — AW, (93)>

A—0 A
=E [X1] (e — W,(x)), (29)
where Zy(z, ®,4) = e®a® and limy_,¢ % <I>’ are apphed in the last equation. Eq. 1D

corresponds to the Laplace transform of g given in

In fact, it can be shown that s, converges to 7, and g (as r — oo and r — 0, respectively)
P, almost surely. We refer the reader to Section [5| for the proof of this result.
The next result on the distribution of s, is an immediate consequence of Eq. .

Corollary 4. Fort,r >0, z € R and E[X;] > 0,
P, (s, <t)= Xl/ / W(y)P, (O € ds, Xy € dy) + P, (Ooogr,T(;gt), (30)

where

P, (O <175 <1t) = Xl// W (X +2) 10 | SP(X € d2)ds,



For completeness, we also consider the random time s? defined as
sezsup{t275:0t>eg andXtSO}, (31)

where the parameter r in s, is replaced by an independent (of X) exponential rv ey. The
following theorem gives an explicit expression (in terms of scale functions) of the Laplace
transform of s.

Theorem 5. For ¢,0 >0, z € R and E[X;] > 0,

o L Dyg— @ o o, 60—
E, [e q } —E[X)] (@ée% — S0 20 g (2, D) + 2 Zg(w, D) — ;(I)e_éwq(x))
q

0 0
(32)

Proof. Similar to the proof of Theorem [2] from the strong Markov property of X, it follows
that

E, [e7®']| =E, [Px., (75 = 0) Lion, e ] + Bo [0 Lo <cp}]
=E[X1]E, [W(Xeq)l {Oeqm}} +E. [e—%‘ Ex [e—wooH : (33)

Using the potential measure of X (see Corollary 8.9 of [18]) and (20)), it is straightforward to
show that

B, [W(Xe) 1[0, wey] =Bo W(Xe,)] = By [ O W (X,,)]

¢q+9 - (I)

=P e — J 1 Z,(2, ®41p). (34)

Moreover, from Theorem 1 of [23], we have
B, [y [o0]| =B, [ [0V [o00n]]
o o

) —qT, _
=0/(04) 5 E [e o T }

<I>9 0 — q
=/ (00) -2 ( Zy(z, @) — ——L W, (z)) .
H00 Y (Zfem) - g = W@) . 69
Substituting (34) and (35) into (33) completes the proof of Theorem [f] [

Once again, it can be shown that s? converges in distribution to 7, (and g) as § — 0(c0).

Remark 6. By noting that Z,(z,®,) = e®® and using , one observes from that the
Laplace transform of s? converges to the Laplace transform of 7, as 0 — 0. On the other
hand, applying the initial value theorem,

Pyt —

)
lim L7 (1, ®449) = W,y ()

60— 00 0
and
. Py
lim —Z,(z, ®p) = Wy(x).
f—oo 6

Then, one concludes that reduces to as 6 — oo.
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As shown in Corollary {4} evaluating P, (s, < t) boils down to deriving explicit expres-
sions for P, (O; € ds, X; € dy) and P, (XT(; edy, 7y < t). In what follows, we provide their

characterizations for two special cases of SNLPS, namely a Brownian motion with drift or a
Cramér-Lundberg process with exponential claims.

3.2. Examples.

3.2.1. Brownian risk model. Let X; = ut + By, where p > 0 and {B;}+>0 is a standard
Brownian motion. Using Formula 2.0.2 of [5], we obtain

_ | (z + pz)?
P (X, ey <1) :f”/o N (‘zz
for £ > 0. We recall that, for this risk process, the scale function W,(g > 0) is given by

1
_<I>q+,u

) dzdp(dy)

Wy() (e%“ - e‘(¢q+2ﬂ)$>

. x>0, (36)

where
o, = (\/ w? +2qo? — u) o2

Using Lemma (1} an expression for the joint distribution of (Oe,, Xe,) is provided in the
next corollary. This corresponds to Formulas 1.5.6 on page 258 of [5].

Corollary 7. Forq >0 and y,z > 0,
P, (Oeq €dz, X, € dy)
:qeu(yiz)A(‘iI)q—f—u)Q/Q ($7 Y, Z) dzdy

n {q (cmErae1 ) ot g ey ) } bo(dz).  (37)

Py + 1
where
VBB N2 oy (VD . p (VE2A—e
Ay (z,y,2) = Vrz N V2Xe Ech< Vo) ) , for x <0,
o~ (U+2)V2X (% —V2\Erfec <\/E)) , for > 0.

Proof. First, we note that the first term on the right-hand side of Eq. can be evaluated
using . Now, we want to evaluate A@’ (z,s) — <I>qA(‘1) (z,s) for € R. Given that X has
a normal distribution with mean ps and variance s, we obtain

o0 2
A (x,s —/ W, (z+ 2 : ef(z;;us) dz, zeR.
)= [ Tl

For = > 0,

s

Y ( O, +2p) e + O e_(q)q”“)””) ,
2(q)q+ﬂ) ( q ,U) q
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and its derivative is given by

2
W) (z) [ 2e="5 s (Pq + 1)
(q) _ q qs _ _SFg T H
A (2, 5) 5 NorT +e <<I>q 2(<I>q+u)/\/< s ))
(<1>q2 (+q)2ul¢§eqs <eq>qm B e_(q>q+2u)x) 7
g T H

where N (+) is the cumulative distribution function of the standard normal distribution. For
x < 0, we obtain

AW (z,5) = o <e¢>qx I% (W > © @2 (W )) |

and A’ (z,s) is given by
A (z,5) = e <q)qe<1>qu— (x (2t M)) — (B + 2u) e (Pat2WT N/ (x — o (g F M)))

Vs Vs
et e<1>qxe—(x+5(¢’q+u))2/(28) N e—(<1>q+2u)l‘e—(I—S(@q+u))2/(28)
V2T V2T '

Then, for x <0,

_l’_

TA— (TS 2 S — D —(r—s 2 s
A (z,5) — A (2, 5) =e® (eq>q e~ (@Fs(®atp)7/(2) o= (Pat2u)zo—(s(Patpn)/ (2 )>

V2m V2T
] = s (g4 )
—2(®, + ) e%e (®q+2u)z \f <‘1 7 (38)
NG
and for z > 0,
AD (2 5) — D AD (z,5)
25
—(Pg+2p)x qs 26_% qs S (q)q + H)
=e b,e? + T +e® (D, —2 (P + p) N _T . (39)
Rearranging and rewriting and using the complementary error function Erfc(z) =
2
N I et dt = 2N (—2v/2), we recover the result. [ ]
T

Now, if we take the inverse wrt to ¢ of the joint distribution , we obtain the following
result which coincides with Formulas 1.5.8 on page 258 of [5].

Theorem 8. For a fized timet > 0 and y > 0,
P, (Op € dz, Xy € dy) =P, (Xt edy, 7, > t) do (dz) + eHly—2)-1*t/2p (t,z,y, z) dzdy,

where,
1

P, (Xt cdy, 7, > t) oz

(e—(y—x—ut)2 _ eu(y—:v)—th/Z—(ﬂv+y)2/(2t)) dy,

and

JVi— 2 2
B(t,x,y,z)—(y R )e‘wy—fzz

T2z w2 — 2

11



1 T+ y)? _ (=z+y)? z T/t — 2
<%27Tt3/2_(%27rt?;32>e 5t Erfc< Y= >7

for x <0, and

Vi—z _G@tw)?
B(t,2,y,7) = SOV 2 5

itz
1 (e+y)?) w2 (z+y)Vz
" (\/ﬂt?’/? \/ﬂﬁ/?) © Erje ( 2t (t — z)> ’

3.2.2. Cramér-Lundberg risk model with exponential claims. Let X = {X;,t > 0} be a Cramér-
Lundberg risk model with exponential claims, i.e.

for x > 0.

Ny
Xy=Xo+ct—)» G
=1
where N = {N¢, ¢t > 0} is a Poisson process with rate n > 0 and {C;};cn+ is a sequence of iid
exponential rv’s with mean 1/«, independent of N. In this case, the law of X is given by

P(X;edz)=e ™ <5o(dz — ct) 4 e=2), | ?Ltll(%/nat(ct - z))dz) , z<ct, (40)
ct—z

where [, represents the modified Bessel function of the first kind of order v and it can be
computed using (see, e.g., Supplement 4 in [32] for more details)

1\ ()
L) = (2 __ 7).
o(2) <2Z> kz_o FT(v+k+1)
Also, from Eq. (20) of [22], it is already known that
P, (—XT(; cdy, 7, < t)

t o} w
:/ {/ noe~ = tY) <Px (Xy €dz) — / : P(Xy-s € dz) f(z + cs, s)ds) } dwdy,
0 0 0 W—s

for x > 0, where

nas
X+ cs

f(x +cs,s) = e-or—(ntac)s I (2v/nas(z + ¢s)).

For the process X, its scale function Wy(¢g > 0) is given by

L% — L Qqz _ Oqx >
@) = 5 (@ +@g)e?s — (a+0,)"), 2> 0, (41)
where
1
®q:2—c(q+n—ca+m), (42)
0q22ic<q—|—77—ca—\/A7q), (43)
Ay = (q+71—ca)® +4caqg = (¢ + 1+ ca)® — dean. (44)

12



From Lemma |1} we now derive an expression for the joint distribution of ((’)eq, Xe q).

Corollary 9. Forq¢ >0, x > —cs and y > 0,
P, (Oeq € ds, Xe, € dy)
=P, (X, € dy, 7y > eq) do(ds) + gelar=PayH(Ba=n=0)s (o 4 g )dsdy

( ’I’]S)m leeq ay+(cfq )s m 2( )
(07 7J 45
m—l—l(S) ( 7 )C deya ( )

+4a Z:: (@ 1 0,)mml(m + 1)!
where f(s) = ~y(m, (4 04)(cs + 0 A x)) and y(m,x) = [ e *2" " 'dz is the incomplete

gamma function. In addition,

P, (Xeq edy, 7y > eq)
=1 {(a + 6,)e%" (l{ygx}e_aqy — e_q)qy) + 1gysay (o + ®q)eq>‘1(x_y)} dy.

= X
Proof. Using Eq. , it is straightforward to show that
(e Wy () — Wy (z —y)) do (ds) dy
1
= {(a+ 6% (Tempe ¥ — e ) 4+ 11,0 (a+ Bp)e™ ) b 5y(ds)dy.  (46)
q

As for the second term of 1D using the relationship that &, — 6, = \/A,/c, we obtain

A@ (z,5) — <I>qA(q) (z,s)
/ (Wé(I'f‘Z) —q)qu(x+z)) EIP(XS € dz)
0

V—x
_(a+ Gq)egqgj
vV Aq ovV—z

0 04z [e'¢)
(a—i—q)eq/ eeqzz]P’(Xs edz).
cs ovV—za

[e o]

efa* (B, — 0,) EIP’(XS € dz)

(47)

Applying Eq. , the integral on the right-hand side of becomes

/ P% 2P (X, € dz)
ovV—zx
s L (2v/nas(cs — z))dz)

:e_m/ a2 <6o(dz — ¢s) 4 e—o(es73)
0 cs—z
- fm“(s)) } . (48)

V—x

m+1

—alcOg—n)s = (0”78)
¢ {C”mzo (@t 6™ ml(m + 1)

Substituting , and into completes the proof of Corollary |§|
For a fixed ¢ > 0, we can invert Eq. wrt ¢ to obtain the joint distribution of (O, X})

as follows.
Theorem 10. Fory,s > 0,t > 0 and x > —cs,

Pm (Ot (S dS, Xt S dy)
13



t o= (actn)u anu
=P, (X; edy) — ye‘m/ —— P (Xy—y € dy) I (2v/ anu(z + cu))du p dp(ds)

0 t—u T+ cu
F1{> sy - €xp (—n(t — s) — cav — ax)

x /0 T {Io (w) — ”12(“’)} P (X, € dz) dsdy, (49)

Ttz _
v_g CS —+tt—s

/ Tyt
where w = a v2—|—Lcyz),U:t—s—% and a = 2./cam.

Proof. From Lemma [T} one observes that
P, (Ot eds, X; € dy)
—P, (X; € dy,t < 75) So(ds) + L, " {e—‘bqye—qs (A@)’ (z,5) — DA (z, s)>} (t)dsdy, (50)

where L'q_1 denotes the inverse Laplace transform wrt ¢.
In the Cramér-Lundberg risk process, it is known from Landriault et al. [22] that

P, (Xt edy,t < 7'0_)
t e—(ac—l—n)u anu
=P, (X; € dy) — ye_ax/ —P (X €dy) 4/ L(2v/anu(z + cu))du, (51)
0 T+ cu

t—u

for t > 0,y > 0. Hence, we are left with the evaluation of the second term on the right-hand
side of Eq. .
First, using Egs. - , we have

(a _|_ Hq)ea‘Z(z+z)7(qu7qs

:20”7'exp((ner;)zs_a(x_erz)) (P— p2—a2>eXp((b—s—%)p—b< pQ—aQ)),

where p := ¢+ 1+ ca and b := T2 From Eq. (D.17) in Drekic 9], we know that the
inverse Laplace transform of (p —\/p? — a2> - exp (bp —b (\/ p2 — a2>> wrt p is

£ {0 V) o (- (Vi)

= (o () - gt (oo 2)

2 2b+t

Then, it is immediate that

E;l {(a + gq)eaq(ﬂchZ)*@qyqu} (t)

=L uyan - exp ((n+ ca)(s —t) — oz —y + 2))

(ol vl ) - G (o) (e

C

Therefore, letting v =t — s — £ and using and , we obtain

Eq_l {e_q)qye_qs (A(qy (z,5) — DAD (x, s))} (t)

14



0
:Eq—l {/ (a + eq)e%(:ﬂ—i—z)—fi’qy—%ép (Xs c dz)} (t)
0

V—x
=1g>qpuyon - exp (—n(t — s) — cav — ax)

XAM %ﬂu{h@w—vjﬂ%L}PL&ed@. (54)

Ttz
v_g CS = +t

Substituting and into Eq. completes the proof. |

4. PARISIAN-TYPE FIRST-LAST PASSAGE TIMES

In this section, we focus on the Parisian type first-last passage time [, defined in and
it corresponds to the right endpoint of the last negative excursion which lasts a longer than a
fixed implementation delay r. In a special case, if the maximum duration of negative excursions
is less than 7, [, will be equal to the classical ruin time 7, ; see Figure 1| for illustrations. Also,
we note that the random time [, has ties with the Parisian ruin time with delay r» > 0 defined
as

=inf{t > 0: U > r},

where Uy =t — g; with g, = sup {0 < s <¢: X; > 0}. We recall that, for a spectrally negative
Lévy insurance risk process X, Loeffen et al. |25] obtained an elegant expression for the
probability of Parisian ruin, that is for E[X;] > 0 and z € R,

Az, r)

Pz(/@r<oo):1—rIE[X1f B(X, € do)’
0

(55)

In the rest of this section, we denote by
Puz(-) :=P(-|Uy = u, Xo = ),

for all (u,z) € S := {(0,00) X (—00,0) U {0} x [0,00)} and by E, , its corresponding expec-
tation operator.

Theorem 11. Forr,q >0, (u,z) € S and E[X;] > 0,

Eu,x |:A (Xeq7 r— Ueq) 1{ch<r,r(;<eq}]
Jo" 2P (X, € dz) .

Eu. [e—qlr} — rE[X] (56)

Proof. We first note that
Eue |7 ] = Pus (1 < eq),

where e, is an independent exponential rv with rate ¢ > 0. From the definition of /,, we point
out the following equivalence between the following two events:

{l, <eq} = {7’0_ <eq, Uy <rforallt Zeq}.

Hence,

(o)

Puz 7'0 <eq, U <rforallt >eq Xe, Gdy,UQQEds)

)

-
[

[e=]

Py (Kr = 00) Py s (7’0_ < eg, Xe, €dy, U, € ds) , (57)

[e.9]

/.
/.

[e=]

15



where the strong Markov property of X at e, is applied in . Given that that Ue, = 0 when
Xey =0, (57) can be written as

o
0

r 0
+/ / Py (Kr = 00) Py s (Xeq € dy,Us, € ds) ) (58)
0 —00

Using (note that A(0,7) = 1) and the fact that Py (7" <) = A(y,r) for y < 0 (see [25]
for more details), we obtain

]P)y (HT = OO) = TE[Xl]%, if Yy Z 0,

PS,?J (’%7” = OO) = P + _O . Ay,r—s) if (59)
y(TO ST._S)P(KT‘_OO)_TE[XI]Wa 1 y<0

Finally, substituting into yields the desired result. |

From , we observe that the joint distribution of (X, Ue,) plays a pivotal role in the
characterization of the Laplace transform of /.. Given that U, = 0 when X, > 0, we have

Pu,x (Xeq € dy7 Ueq = 0) = Pac (Xeq € dy) ) (60>

for any (u,x) € S and y > 0. Hence, we are left with the identification of the joint distribution
of (Xe,,Ue,) only for Ue, >0 and X, < 0.

Lemma 12. For q,s >0, y <0, and (u,z) € S,
Puo (Xe, € dy, Ue, > s)

0
:e—qs/ P, (Xeq € dz, Tgr < eq) P, (Xs €dy,s < 7-(;r)

+1{s>u}/ qeiqt]P’x (Xt edy,t < TJ_) dt + 1{s<u}]pm (Xeq S dy,eq < TS_) , (61)
where
P_, (XS edy,s < TJ_) dz=P_, (X5 € dy)dz —/ %]P’(Xt €dz)P(Xs—y edy)dt, z2>0,
0
(62)
and

q (@;e%@“) — Wy(z +2))dz, x>0,

63
qe®e” (®e®e* —Wy(z))dz, = <O. (63)

P, (7’5r < eg, —Xe, € dz) = {

Proof. To derive the joint distribution of (X, Ue,), we consider separately the cases where
{7 > eq} (where 7 is assumed to be 0 a.s. when > 0) and {7 < e}
First, for the first case {TJ > eq}, it follows that

Pus (Xeq € dy,Tgr > eq, Ue, > s)
=P, (Xe, € dy, 7 > eq,eq+u > s)
o
:1{82u}/ qge I'P, (Xt edy,t < TJ—) dt + 15y P (ch € dy,Tgr > eq) ) (64)
S—Uu

16



for s > 0 and y < 0. We note that P, (Xeq € dy,T(;F > eq, Ue, > s) is understood to be 0
when z > 0.
Now, for the second case {7'6F < eq}, from the definition of Uy,

Pyx (Xeq € dy, Tar <eq, Ue, > s) =Pys (Xeq € dy,T(;F <eq—8,Ue, > s)
=e PPy, (Xeq € dy,TdF <eg—5,Ue, > sleg > s) . (65)
Given that e; — s|e; > s is also exponential with rate ¢, Eq. (65) can be rewritten as
Py (Xeq € dy,Tgr <eq, Ue, > s) =e PPy, (Xeq+s € dy,TO+ <eg, Ueyts > s)

0
= e_QS/ Pux (Xeq+s € dy,T(;r <eg, Xe, €dz,Ue ts > S)
-0

Using the strong Markov property of X at ey, it follows that

Pux (Xeq S dy,T(;r <eq, Ue, > s) = 98 /O P, (7’6r <eg, Xe, € dz) P, (Xs edy,s < T(;r) )
- (66)
Combining and leads to (61)).
It remains to prove Eq. and (63)). For Eq. , we have that
P_.(Xsedy,s<7)=P_.(Xs;€dy) —P_. (X; edy, 7y <5s), (67)

where by conditioning on TJ and then using Kendall’s identity, the second term on the right-
hand side of becomes

S
P_, (Xs € dy,TS' < s) :/ P(Xs_y edy)P_, (7'0+ € dt)
0
2P (Xy € dz)
= - P (X,_; €dy)dt.
/0 t dz (Xt y)
Moreover, Eq. is an immediate consequence of Theorem 8.7 and Corollary 8.9 of

1] n

Remark 13. Considering the Brownian risk model in subsection [3.2.1] one can identify the
potential measures in Lemma([l2] Indeed, from [5] (see equation 1.1.6 on p. 251) we have that
for any z < 0, y <0 and s > 0,

P_.(Xsedy,s<7y)=P_,(Xs; €dy) —P_.(Xs €dy, X >0)

1 y—ps+z b e (Y HS— 2
_a\/§¢< NG )dy VA ey

where ¢ is the density distribution function of the standard Normal distribution, and

ePalats) (ePale+2) — o= (Pat2)(@+2)) ) 4z, 2> 0
+ Vie+20%q  Pate ’ |
Py (14 < &g, —Xe, €d2) = @
b0 e®ez 1 gz _ o= (Pgt+20)z
qe \/m T4 (e e ) dz, x<0.

Next, an expression for the joint Laplace transform of U,, and Xe, is stated. This result
immediately follows from Lemma [12[ and Eq. . We therefore omit the proof here.
17



Corollary 14. Forv > 0,9 >0V ¢(v), p > ¢¥(v) — q, and (u,z) € S,
Eyy [e7PVeat?Xea] =K, , {e_pUquwX‘sql{Xeqzo}] +Eua {e_pUqurVX‘sql{Xeq@}} . (68)

where

Eu,x [e_pUeq +VXeq l{Xeq 20}:| :Ex [eVXeq l{Xeq 20}:|

_q@fleq’qz qe’* — qZy(x,v)

= 69
(I)q -V q— ¢(V) ( )
and
[y
By e PVeat?Xeal <0}] = 2o (B0~ )
’ « pta—v) (Pg—v) (Ppig — Py)
—pu dyx
_oqe P (Zy(@, Ppig) — Zy(z,v)) q®qe ' (70)

p+aq—y(v) Py —v
Note that it is easy to verify that Eq. holds more generally for any ¢ > 0.

Remark 15. We recall the quantity g7 = sup {0 <t < e, : X; <0} studied in [2]. By letting
v = 0 and noting that

Ew [e*PUeq] :Ew [eip(eq7gq)i| _ LE;C [epgpﬂ} ,
p+q
Eq. reduces to Theorem 2 in [2].

In the rest of this section, we consider a variation of the random time [, where the constant
parameter r is replaced by independent copies of a generic exponential rv ey with rate 6 > 0.
Specifically, we define 1? as

19 = sup {t>75: Uy>ef}, (71)
where egt denotes an independent copy of ey generated for the negative excursion that began

at time g;.
To study the distribution of 1, we first recall the Parisian ruin with exponential delays

defined as
mezinf{t>0:Ut>egt . (72)

An expression for the probability of Parisian ruin with exponential delays was first given in
[23], that is, for E[X;] > 0 and z € R,

2

P, (59 < oo) = 1-E[X1] 5 Z (x, 2). (73)

Applying Corollary we have the following Laplace transform for 9.
Theorem 16. Assume E[X1] > 0, for ¢,0 >0 and (u,x) € S,

Eu.x [e—qle} :E [X1] ®g <(9 — q)Wy(x) g@geéqm

—6u
+ —e Zg(x, ®g19) — Zg(x, Dy .
0 q)q - (I)Q (I)q 9 — q)q ( q( d ) Q( )))

(74)
18



Proof. First, one can observe from the definition of I? that the following two events are equiv-
alent:

{10 < eq} = {7’6 <eq Uy <ej forallt> eq}.

Using a similar series of arguments as in the derivation of Eq. , we obtain

(o]
ol [e—qle} _ / P, (59 - oo) P, (15 < g Xe, € dy)
0

oo 0
+ / / Poy (K = 00) Pug (Xe, € dy, Us, € ds,s <) (75)
0 —0
From Egs. and , one deduces that
0 _ _ E[Xx4]® :
O (I =o0) = 22y, 0), ity20. o
’ Py (17 <eg—s)P (k¥ = 0) = ElX1]®o é] =000y if 4 <0,

which allows to rewrite as

_a01  E[Xq] Py —0U., +®pXe
]Eu,x |:e q i| :79 (]Ex |:Z (Xeq)¢0> 1{Xeq>0,7'0_<eq}:| "‘]Eu,x |:e 4 o ql{Xquo}}> .

(77)
Using results on potential measures for the SNLP X (see Chapter 8.4 of |18] for more
details), one can show that
(q— 0) (®ge® — Wy(x))
Ee |:Z (Xeq7 (1)9) 1{Xeq >0,7g <eq}:| = (I)q — ®, : (78>

Also, from , it follows that

P’ e<I>qx 9(@ ) )
—0Ue, +Pg Xe __4q and o) _ —bu _
E.q [e X1 SO}} - < P q> e 0 (Zy(x, Bysg) — Zo(1, Dy)) .
(79)
Substituting and into completes the proof of Theorem |

Using the same arguments as in Remark @, it is straightforward to show that 1Y converges
in distribution to 7, (and g) as # — 0(co). We omit the details here.

5. ADDITIONAL RESULTS ON CONVERGENCE OF THE FIRST-LAST PASSAGE TIMES

In this section, we study some limiting cases of s,, s?, I, and 1’ and show their consistency
with known results in the literature. We note that the convergence (in distribution) results for
s% and 19 have already been discussed in Sections [3|and 4| through their Laplace transforms. In
this section, we show that the convergence (in probability) results for s? and (¥ can be proved
in a more direct way.

We begin by examining the limiting case of s,, s, I, and 1 when r — 0 or § — .

Proposition 17. For any spectrally negative Lévy process X with the condition that E [X1] > 0
and x € R,
(i) sr converges Py almost surely to g as r — 0 when 7, < oco.
(ii) 5% converges in probability to g as @ — co when T, < 00.
) L. converges Py almost surely to g as r — 0 when 7, < oco.
) 10

converges in probability to g as 0 — oo when 7, < oo.
19
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Proof.
(i) First, we show that s, converges in probability to g. For any € > 0 and all z € R, we have

Py (|sr — g| > €, 75 < 0)
:}P’x(]sr—g\>e,sT:TO_,TO_<oo)+IP’$(|sT—g]>e,sr>TO_,TO_<oo),

where the second term is zero as s, coincides with g if s, > 7,". For all z € R, we have

}E}I%)Px(|8r—g|>6,8r270_<00) = }ii)r%)]P’x(g—To_>€75r:To_<OO)
< }%Pz (Ur:oo,76<oo)
= P, (15 = 00,75 <o0)=0. (80)

where in the last equality we used the fact that o, :=inf {¢ > 0: O; > r} converges P, almost
surely (a.s.) to the classical ruin time 7, when r — 0 (see Proposition 3.3 in [15|). Therefore,
for all z € R, we deduce that s, converges to g in probability as r — 0 when 7, < co. Also,
note that s, is a non-decreasing function as r — 0, we conclude that s, converges to g when
T, <00 Ppas. asr—0.

(ii) Similar to (i), for any € > 0 and all x € R,

lim P, (]39 —gl>€1 < oo)
f—o00

= lim P, (g—ro_ > 6,86 =7,Ty < oo>
6—00

§61i_>1£1o P, (aeg =00,7, < oo) =0.

(iii) For any € > 0 and all z € R,

lim Py, (|1 — g| > ¢, 75 < o0)
:}%Px(g—lr>e,ﬁr<oo,76<oo)—|—;i36[?x(g—lr>e,/<;r:oo,7'0_<oo)
<lim Py (Px,, (kr = 00,7y < 00)) + lim Py (K, = 00,75 < 00)
=lim Py (P (k, = 00,75 < 00)) + lim Py (i, = 00,7 < 00),

where the last step is by conditioning on X; = 0. Since s, has the same law as 7, as 7 — 0
(see Corollary 2.4 of [35]) and [, is a non-decreasing function as r — 0, we conclude that the
above limits all approach zero and thus [, converges to g a.s. when 7,7 < oo as r — 0.
(iv) Similar to (iii), for any € > 0 and all z € R,

lim P, <\l0 —gl>e1y < oo)

0—o0

‘9:00,7'(; <oo)

= lim Px<g—l9>e,/€0<oo,7(f<oo>—l— lim Px(g—l‘9>e,fi
06— 00 f—00

< 0 _ _ . 0 _ - )

_}%Pm (]P)XZG (H 00,7, < oo)) +01LI£10P$ (H 00,7, < 00

= lim P, (IP’ (/{9 =00,7Ty < oo)) 4+ lim P, (ne =00,7) < oo) = 0.
06— o0 60— o0

The following proposition is the counterpart to Proposition 17| when r — oo or 8 — 0.
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Proposition 18. For any spectrally negative Lévy process X with the condition that E [X1] > 0
and x € R,

(i) sy converges Py almost surely to 75 as r — oo.

(ii) % converge P, in probability to T, as @ — 0.

(iii) I, converge P, almost surely to 7, as r — 0.

(iv) 1% converge P, in probability to 7, as 6 — 0.

Proof. As shown in the proof of Proposition it is sufficient to prove the convergence in
probability in cases (i) and (iii).
(i) For any € > 0 and all z € R,

TlggoIP’ (Isp =75 | > 6,75 < o0) <Tli>rgoIP (sr > 715,75 <0)

:rlg{)lolpx (O’r < 00,7y < oo)

= lim P, (0, < 00)
700

=1- Tli)nolon </0 1(—o0,0)(Xs)ds < 7‘) =0,

the last equation holds because X drifts to 400 when E[X7] > 0.
(i) Similar to (i), for any € > 0 and all z € R,

gi_r%IF’x (|50 -7 | > €61y < oo) Sgi_l%Px (0ey < 00)
=1—limP, 1 000)(Xs)ds < =0.
lim </0 (—00,0)(Xs)ds eo) 0

(iii) For any € > 0 and all z € R,
lim]P’x(|l TO‘>€TO<OO)—11H1P(lr—T0_>€,/€r<OO)

r—00 r—00
< lim Py (ky < 00) < lim Py (0, < 00) = 0.
r—00 T—00

(iv) For any € > 0 and all z € R,
éiII(l)]P)x (|l‘9—7'0|>670 <oo> <hmIP’ <l9>7'0_,7'0_<oo>
—

=lim P,
6—0

= lim P, </~£ < oo>
0—0

—1—lmP, 1) (Xs)ds < e ) = 0.
lim </0 (—00,0)(Xs)ds ee) 0

kY < 00,7y < oo)

We complement the above analysis with a numerical study of distribution functions of the
random times of interest. More specifically, we consider the Brownian risk model {X;}+>0
with

Xe=x+pt+ By, t=0,
where we choose the parameters to be = u = 0.5. Using the known result of P, (7, < t)

for Brownian risk model and numerically inverting the Laplace transforms of g, s,, and [,,
21



Distribution function

—
—

s7 (0=1)

— — =5’ (9=0.01)
—-—-—s’ (9=5)

L ! L L L L L L L
0 5 10 15 0 2 4 6 8 10 12 14
t t

(A) Distribution of s? with different 6 (B) Distribution of 1? with different 0

0.7

Distribution function

t

(C) Comparison of s’ and 1°

FIGURE 2. Distribution functions of the random times

respectively, we plot their distribution functions on the same graph for comparison. More
specifically, in Figures 2(A) and 2(B), we consider the distribution functions of s? and 1¢ with
different values of #. We note that the distribution functions of s and 1 converge to that
of the first passage time 7, as ¢ — 0, and they converge to the distribution function of g as
0 — oo, which are consistent with the results discussed in Propositions [17] and This is
expected because the randomized risk tolerance level increases on average as 6 decreases, and
it is more likely that the individual (or the total) negative excursion length is less than the
level for a given sample path. To compare the proposed two random times, s’ and 1?, we plot
the distribution functions of s and 1 for = 1 in Figure 2(C). It can be seen from the graph
that

P.(g <t) <Pu(s? <t) <P,(I° <t) <Pu(ry <t) forallt>0.
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6. AN APPLICATION TO CREDIT RISK MANAGEMENT

In this section, we consider an application of our main results to credit risk management.
More specifically, we consider the following model introduced in Egami and Kevkhishvili [10].

Assume that a firm’s total assets process {A;}+>0 follows a geometric Brownian motion
with parameters v € R and o > 0, and its debt process {D;}+>0 grows at a constant risk-free
rate ry, l.e.,

Ay = Age?HoBY and D, = Doe'it, t >0,

where the initial values are Ag and Dy (such that Ag > Dg) respectively, and {Bf'};>0 is a
standard Brownian motion. The leverage process { Rt }+>0 is defined as R; := g—’; with Ry > 1.
The insolvency time of the firm is set as the first time the leverage process drops below level
1. As a precautionary measure, a threshold level R* > 1 is set for the firm to take necessary

actions to avoid possible subsequent insolvency. That is to say the firm should monitor the
event the leverage process drops below R*, i.e.,

inf{t>0:R; <R}
The study of {R:}+>0 can be reduced to the study of the following process:

X;:=ut+ B, t>0, (81)
where y := % Then the event R; < R* is equivalent to that X drops below level a :=
Ly BDo e
o Ag 7

inf{tZO:Xt<Ck}.
In , the authors derive the probability density of the last hitting time
Ao :=sup{t > 0: X; = a},

for a general diffusion process and further consider an interesting example to illustrate how
the last hitting time A, can provide useful information for risk management.

In what follows, we use the same empirical data for American Apparel Inc., which filed for
bankruptcy protection in October 2015, to conduct a numerical study. For completeness, we
recall Table |1| taken from . Note that we set R* = ﬁ = 1.25 representing 80% debt /asset
ratio.

It is seen from Table[T] that the drift u declines drastically and turns negative in September
2013. This period with “negative returns” lasts until June 2014. This is in line with the fact
that American Apparel Inc. had problems with a new distribution center in 2013. After a
short recovery (June to December 2014), the financial situation of American Apparel Inc.
continues to sink and eventually files bankruptcy in October 2015.

Figureplots three conditional probabilities of P_,, (g > 1|7y < oo), P_, (19 > 1|7y < oo),
and P_,, (80 > 17y < oo) Intuitively, they measure how likely the (scaled) leverage process
X takes longer than a year to be “ultimately” recovered given ruin occurs. As such, they can
be interpreted as default probabilities in general sense. The larger these conditional probabil-
ities, the worse the firm’s financial situation is. First, we see large fluctuations and an overall
increasing trend for all three measures. This shows that the firm’s financial situation is rather
unstable and tends to worsen. Second, the conditional probabilities become one in two periods
(Sep 2013 - Mar 2014, Mar 2015 - June 2015), which is in line with that the return parameter
v are negative at that time. Third, the conditional probabilities of s/ and [ are lower than
that of g, which are consistent with their definitions (see Eq. E[)
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1% rf g 1% Ao D() RO «
Jun-12  0.5249 0.0021 0.3940 1.3268 214149555 125950000 1.7003 -0.7808
Sep-12  1.0347 0.0017 0.3127 3.3030 290116712 126700000 2.2898 -1.9358
Dec-12  0.1144 0.0016 0.3720 0.3033 223568448 117050000 1.9100 -1.1397
Mar-13  0.6710 0.0014 0.5376 1.2456 362153886 129900000 2.7879 -1.4921
Jun-13  1.3344 0.0015 0.5069 2.6296 349193110 144100000 2.4233 -1.3059
Sep-13  —0.6840 0.0010 0.3325 -2.0604 284917506 141900000 2.0079 -1.4254
Dec-13 —0.5080 0.0013 0.2974 -1.7128 292977497 157550000 1.8596 -1.3356
Mar-14 —0.8271 0.0013 0.7350 -1.1270 203302448 139750000 1.4548 -0.2064
Jun-14  0.1555 0.0011 1.0470 0.1475 265400126 140600000 1.8876 -0.3937
Sep-14  0.7723  0.0013 0.6772 1.1384 272059468 140350000 1.9384 -0.6479
Dec-14  0.3089 0.0025 0.6440 0.4757 321884369 149700000 2.1502 -0.8423
Mar-15 —0.0881 0.0026 0.5476 -0.1657 269423743 154700000 1.7416 -0.6057
Jun-15  —0.8783 0.0028 0.3197 -2.7562 243535792 157850000 1.5428 -0.6583

TABLE 1. American Apparel Inc. parameters.

Ao, Do, Ry are the values at the end of each
indicated month. ry is the 1-year treasury yield curve rate observed at the end of each. « is
calculated by setting R* = 1.25.

0.90

0.50

0.10

-0.10
Jun-12  Sep-12 Dec-12 Mar-13 Jun-13 Sep-13 Dec-13 Mar-14 Jun-14 Sep-14 Dec-14 Mar-15 Jun-15

FIGURE 3. The graph displays P_, (g > 1y < oo) (blue  dotted line),
P_o (I > 1|7y < oo)(grey solid line) and P_ (s® > 1|7y < o0) (orange dashed line)
for process X defined in Eq. with 6 = 1.

We further consider the conditional probabilities with varying threshold levels of R* and
they are presented in Table 2l We choose the end of December 2014 as the starting point, at
which the initial level of the leverage process is Ry = 2.1502 and the drift is 4 = 0.4757. From
the results presented in Table [2] we observe that the conditional probabilities are relatively
large overall. Although the current leverage ratio is high (at the level of 2.1502), there are more
than 64% probability that the leverage process will take longer than a year to “ultimately”
recover to the level of 2.2 (or higher levels). One may conclude from the increase in p from
2013 to 2014 (see Table [1)) that the firm had improved its credit quality, while the measures
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R* a P_o(9>1r5 <oo) P_o(s' >1rg <o0) P (I > 175 < o0)
2.8 0.41003 0.7513 0.6126 0.5357
2.7 0.35356 0.7362 0.5939 0.5185
2.6 0.29496 0.7202 0.5740 0.5008
2.5 0.2341 0.7030 0.5528 0.4825
24 0.1707 0.6849 0.5303 0.4636
2.3 0.1046 0.6655 0.5063 0.4442
2.2 0.0356 0.6450 0.4806 0.4243
2.1 —0.0367 0.6453 0.4771 0.4257
2 —0.1124 0.6678 0.4978 0.4499
1.9 -0.1921 0.6910 0.5203 0.4759
1.8 —0.2760 0.7149 0.5446 0.5039
1.7 —0.3648 0.7393 0.5709 0.5339
1.6 —0.4589 0.7641 0.5991 0.5659
1.5 —0.5592 0.7892 0.6294 0.6000

TABLE 2. American Apparel Inc. random times probabilities (up to 4 decimal points) for
varying R* by using the end of December 2014 as the starting point. Note that Ry = 2.1502
in December 2014.

in Table 2] indicate that the firm’s financial situation may not be as good as it seems, which
provides another perspective to comprehensively assess risks.
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