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This thesis aims at developing proper threshold panel time series modelling
approaches applicable to analysis of climate financial problems. More specif-
ically, we are concerned with the problems of estimation and determining the
number of threshold parameters efficiently for nonlinear threshold panel time
series models with cross-sectional dependence so that we can study the impact
of extreme climate or weather, such as heavy downpours and heatwave, on a
stock market.

With the increasing concerns about climate change, there have been a number
of studies, in the literature, of the weather effects on the financial markets in
the financial journals. However, these studies are based on linear model time
series or panel data analysis, and hence the nonlinear effects of a climate or
weather variable are unable to be identified and modelled well. With this sit-
uation taken into account, we therefore propose to explore the nonlinear rela-
tionship between a climate variable such as precipitation and stock returns. By
nonparametric analysis of panel stocks in the FTSE100, we first demonstrate
why using threshold panel time series model that may characterise the rainfall
having a significant impact on the stock market. The analysis results suggest
different amounts of rainfall have diverse effects on the stocks in the London
Stock Exchange market, which provide a novel insight into the relationship be-
tween financial market and weather.

The idea of threshold effect has been popular in nonlinear time series analy-
sis. Although this idea has been extended to panel data analysis, it basically
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assumes cross-sectional independence, which cannot facilitate the climate fi-
nancial analysis of the shocking effect of extreme climate or weather on the
stock prices or returns that are actually cross-sectionally dependent in a stock
market. We, therefore, propose considering panel threshold time series regres-
sion where the processes including both regressors and error terms are allowed
to be cross-sectionally dependent. In theory, we have established the asymp-
totic distribution of the proposed least squares based estimators under the time
series length T and cross-section size n tending to infinity. The estimated coeffi-
cients are shown to be asymptotically normal with convergence rate of root-nT
and asymptotic variance characterised by cross-sectional dependence, which is
different from those obtained under cross-sectional independence assumptions
in the literature. The asymptotic distribution for the estimators of the thresh-
old parameters is highly non-standard. Moreover, differently from the relevant
studies in the literature, we also allow the threshold effects diminishing at dif-
ferent rates of T and n in temporal and cross-sectional directions. Monte Carlo
simulations are conducted to demonstrate the finite sample performance of the
proposed estimators. Especially, the simulations further suggest that the es-
timated asymptotic variance ignoring cross-sectional dependence may lead to
inaccurate inference, with spurious significance incurred for the estimated pa-
rameters. An empirical application to climate financial analysis is also investi-
gated and it concludes that the heavy rainfall has a strongly negative impact on
the stock market.

Another important problem arising from panel threshold time series regres-
sion analysis is how to determine the number of threshold parameters, espe-
cially considering cross-sectional dependence. The existing method suggests
using the test statistics by bootstrap but it may only work well under cross-
sectional independent conditions owing to potential issues with bootstrap for
cross-sectional and time series dependence. In this thesis we consider the esti-
mation and inference of threshold panel time series model via adaptive group
fused Lasso letting selection of the thresholds and estimation of the models be
done in a simultaneous data-driven manner. Under the assumption of both re-
gressors and error terms allowed to be cross-sectionally dependent, we show
that with probability tending to one, the suggested Lasso estimation can cor-
rectly determine the number of the thresholds and estimate the panel threshold
regression parameters consistently. Monte Carlo simulations demonstrate the
Lasso estimation working well in the finite samples. In particular, we further
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compare it with the bootstrap test statistics and it concludes that the proposed
Lasso estimation works better to select threshold parameters under the cross-
sectional dependent conditions. We then apply our proposed method to the cli-
mate financial problems and find multiple threshold parameters in our model.

This thesis is mainly concerned with the statistical inference for nonlinear panel
time series model analysis in theory. On the empirical side, the proposed non-
linear panel time series methods can be applied widely to real data analysis,
especially, to deal with the strong dependence in most climate, economic and
financial data. In view of the popularity of spatio-temporal panel data analy-
sis, it also has the great potential of extending the overall ideas of this thesis
to spatio-temporal panel modelling and empirical applications following the
research of this thesis.
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Chapter 1

Introduction

1.1 Research Context and Background

In this project, we are concerned with statistical modelling of nonlinear panel
time series data with application to modelling the effect of extreme weather
on the stock market in climate financial analysis. Exploring the relationship
between climate or climate change and economic activities has become a hot re-
search topic in climate financial analysis recently. Saunders (1993) was probably
the first to study the relationship between weather variables and financial mar-
ket and concluded that the cloudy cover has a negative effect on stock returns.
In the last few decades, since panel data analysis can be used to study both com-
mon and individual behaviours of groups, it has been developed into one of the
most popular econometric tools applied in climate finance, see, e.g.,Hirshleifer
and Shumway (2003); Cao and Wei (2005); Chang et al. (2006). Among the
wealth of these literatures, the commonly used tool for panel market data anal-
ysis is linear panel time series regression model with fixed effect of the form,

Rit = αi + βXit + ϵit, i = 1, ..., n, t = 1, ..., T, (1.1.1)

where Rit is the return of the i-th individual stock at time t in a financial mar-
ket, Xit is a weather covariate variable corresponding to the i-th individual at
time t, which is often taken to be the same weather time series variable at the
location of stock exchange, and ϵit is often called the panel corrected standard
errors (PCSE) that are contemporaneously correlated and heteroscedastic across
individuals. Here αi stands for the individual fixed effect and β for the common
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panel effect of Xit.

In reality, the effects of climate or weather variables on a stock market are of-
ten rather complex, which may not be simply characterised by a linear model
as simple as (1.1.1). In fact, in the literature, it has been documented that they
cannot find significant linear relationship between rainfall and stock returns.
Especially, Hirshleifer and Shumway (2003) pointed out that the rain did not
have any influence on the stock market in their empirical study. In the past
few decades, people have often suffered from heavy economic loss that torren-
tial rains bring about. Exploring the significant rainfall effect on stock returns
will provide a novel insight for finance policymakers. Therefore such applica-
tions call for further research in climate finance analysis. In fact, in Chapter 2
of this thesis, by a nonparametric analysis, we will find that the relationship
between rainfall and the stock return is potentially nonlinear. Specifically, some
change points are clearly displayed in the nonparametric plots of the relation-
ship between rainfall and stock returns. Therefore this project will propose to
use threshold models to study the rainfall impacts on the financial markets.

Although nonparametric regression analysis is more flexible in real data anal-
ysis, it requires the sample size sufficiently large. In addition, the nonpara-
metric analysis result is usually not efficient in the sense of statistics and often
hard to explain. Therefore nonlinear parametric time series model is often more
adorable than nonparametric regression in financial and economic data analy-
sis. Furthermore, the idea of threshold effect as suggested by Tong (1978) has
become one of the most popular nonlinear time series methods. In this the-
sis, the empirical study of the rainfall impact on the stock market in Chapter 2
suggests that extending model (1.1.1) to a threshold panel time series model is
necessary, given as follows:

Rit = αi + β1Xit I(Xit < γ) + (β2 + β3Xit)I(Xit ≥ γ) + ϵit, (1.1.2)

where I(·) is an indicator function, γ is the threshold parameter, Xit is the co-
variate variable, say rainfall, in the following empirical applications. For gen-
erality, we will consider the threshold panel time series model, allowing for
threshold variable qit that may differ from Xit, as follows,

Rit = αi + β1Xit I(qit < γ) + (β2 + β3Xit)I(qit ≥ γ) + ϵit, (1.1.3)
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where if qit = Xit, model (1.1.3) is equal to (1.1.2). This project applies panel
threshold model and studies the rainfall effect on the stock market is nonlinear,
significantly.

There have been a few research works on threshold panel time series regres-
sion analysis in the literature. However, they are also associated with, and suf-
fer from, some shortcomings when applied to climate financial analysis. For
example, the panel threshold model proposed by Hansen (1999) was studied
under cross-sectional independence. It did not consider cross-sectional depen-
dence, and hence cannot deal with the strong dependence in most economic
and finance data. In fact, under a linear model structure, it has been recognised
that an approach ignoring cross-sectional dependence leads to serious biased
statistical inference results (Bernard, 1987; Hoechle, 2007). On the other hand,
Hansen (1999) derived the asymptotic distribution theory with confidence in-
tervals constructed for threshold parameters under a panel framework of cross
sectional independence with a short time series length T that is fixed, focusing
on cross-sectional size n tending to infinity. In an era of big data, the asymptotic
theory under both n and T tending to infinity is desirable for us to study data
analysis for climate financial applications, where both the number of individual
stocks, n, and time series sample size, T, can be both large for the observations
from a financial market. Thus the statistical theory established by Hansen (1999)
cannot be applicable to the scenario in this project.

The asymptotic properties of threshold model are considered and established
under different conditions in the past few decades. Chan (1993) established
asymptotic distribution of threshold autoregressive model for time series. Hansen
(2000) developed statistical theory of threshold model allowing for cross-section
data or time series data by splitting approach in a non-panel data setting. Hansen
(1999) required the exogeneity of both regressors and threshold variables and
cross-sectional independence for panel data. Seo and Shin (2016) developed
a generalized methods of moments (GMM, hereafter) estimation for dynamic
panel threshold model where both regressors and threshold variables are al-
lowed to be endogenous under cross-sectional independence conditions. Miao
et al. (2020b) considered the latent group structure under cross-sectional inde-
pendence and established asymptotic distribution theory. Miao et al. (2020a)
moreover studied panel threshold model with interactive fixed effect under
conditionally cross-sectional independence, that is, in the setting of model (1.1.3)



4 Chapter 1. Introduction

with ϵit = λ0
i f 0

t + eit (involving the unobserved common factors λ0
i f 0

t in their
model), it is required in Miao et al. (2020a) that (Xit, qit, eit), i = 1, · · · , n, are
mutually independent of each other conditional on an unobserved informa-
tion domain D = σ(F0, Λ0), the minimal sigma-field generated from F0 =

( f 0
1 , · · · , f 0

T)
′ and Λ0 = (λ0

1, · · · , λ0
n)
′. Although this conditionally cross-sectional

independence does not rule out the possibility of (unconditional) cross-sectional
dependence arising from the unobserved common factors, it appears not to be
that realistic to examine or check practically the existence of a common unob-
served information domain D that covers all the relevant cross-sectional depen-
dence in (Xit, qit, eit), i = 1, · · · , n. Moreover, it appears to exclude the case of
cross-sectional dependence like model (1.1.2) in the scenario of climate finan-
cial analysis, where Xit and ϵit may not share common factors owing to Xit as a
weather variable being exogenous to the financial market.

We develop the asymptotic properties of the estimators of the slope and thresh-
old coefficients upon the assumption of cross-sectional dependence (allowing
for common factors; c.f., Pesaran (2006); Bai (2009)). For this purpose, we im-
pose certain cross-sectional dependence conditions on the regressors and error
terms. As both time series length T and cross-section size n tending to infin-
ity, the estimators of the slope coefficients can achieve an asymptotic normality
with a root-nT convergence rate. Its asymptotic variance matrix is derived in a
form that is different from that under cross-sectional independence. One diffi-
culty with statistical inference is to study the asymptotic theory of the estimator
of threshold parameter since its inference is highly non-standard. We follow the
lead of Hansen (1999) together with the assumption of time and cross-sectional
dependence and provide the consistent but non-standard asymptotic distribu-
tion theory involving two-sided Brownian motions. Differently from those in
the literature (c.f., Hansen (1999), Seo and Shin (2016), Miao et al. (2020a)),
this non-standard asymptotic distribution is derived allowing the threshold
effects diminishing to zero at different rates in T and n. Monte Carol simu-
lation results demonstrate that the efficiency of proposed asymptotic theory
under cross-sectional dependence with finite sample size by comparing with
asymptotic variance ignoring cross-sectional dependence. We then apply the
proposed method to study nonlinear weather effect on stock returns.
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One of the most critical steps in multiple threshold model estimation is deter-
mining the number of threshold parameters. But the existing methods to es-
timate the threshold number may not be valid anymore since this project con-
sider dependent variables. Hansen (1999) proposed a test statistics by bootstrap
procedure to estimate the threshold number. However, the bootstrap method
may not work well for dependent variables. More recently, Chan et al. (2015)
developed group Lasso estimation of threshold autoregressive model and con-
sistency results for time series. Li et al. (2016); Qian and Su (2016) studied adap-
tive group fused Lasso estimation of panel data model with structural breaks
but did not consider the extension of threshold model. By far, few considered
determining the number of threshold parameter for panel data taking account
of cross-sectional dependence, especially, by Lasso estimation. A novel method
with better efficiency to determine the number of threshold parameter for de-
pendent variables is in desperate need.

We, therefore, develop Lasso estimation of threshold panel time series under
cross-sectional dependence conditions, which eliminate the unnecessary thresh-
old parameters by penalizing the successive difference of coefficient. In this
procedure, we also consider different weights of penalty terms and group vari-
ables, combining the advantages of adaptive Lasso and group Lasso, which is
more efficient than estimation proposed by Chan et al. (2015) only consider-
ing group Lasso. We develop the consistency results of Lasso estimators under
cross-sectional dependence conditions. With a probability approaching one, the
proposed method can correctly determine the number of threshold parameters
and estimate coefficients consistently. Monte Carol simulations demonstrate
Lasso estimation works well to detect the number of threshold in finite sam-
ples. Specifically, compared with the method of determining the number of
threshold proposed by Hansen (1999), the developed method is more effective
to deal with dependent variables. We apply Lasso to estimate multiple thresh-
old model to study weather effect on stock returns.
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1.2 Literature review

1.2.1 Panel threshold regression model

Threshold effect was first introduced in time series model, well known as thresh-
old autoregressive model, by Tong (1978). Several threshold models have been
applied in financial analysis (Chen et al., 2005; So et al., 2007; Chen et al., 2008).
The panel data models have been applied in various fields such as economics,
finance and sociology since they combine the advantages of time series and
cross-section data. However, the traditional panel data models assume that
there exists a linear relationship among variables. Thus, it is possible to get the
wrong model if they are used to analyze the nonlinear relationship among vari-
ables. The threshold panel data models which combine the panel data model
and nonlinearity were proposed to solve the nonlinear problems. This was
first introduced by Hansen, who developed threshold regression methods for
non-dynamic panels with individual-specific fixed effects (Hansen, 1999). Com-
pared with static panel data model, dynamic panel data model considers lagged
dependent variables. Therefore, the non-dynamic threshold panel data model
was built as follows,

yit = αi + β′1xit I(qit ≤ c) + β′2xit I(qit > c) + ϵit, (1.2.1)

where αi is a fixed effect, the threshold variable qit is scalar, the regressor xit

is a k vector, I(·) is the indicator function and c is a threshold parameter. The
analysis is asymptotic with fixed T as n → ∞. The threshold variable is exoge-
nous or at least predetermined (qit = yi,t−d with d ≥ 1). The elements of xit

and the threshold variable qit are not time invariant, which means they change
with time. The error term ϵit is assumed to be independent and identically dis-
tributed (iid) with E(ϵit) = 0 and var(ϵit) = σ2. The iid assumption excludes
lagged dependent variables from xit. However, the iid assumption does not
work in the following paper. Since the stock data and weather data are depen-
dent over time and cross-sectionally. The model (1.2.1) can be also written as
the following form:

yit =

{
αi + β′1xit + ϵit, qit ≤ c
αi + β′2xit + ϵit, qit > c.

(1.2.2)
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Then, the panel threshold regression model can be viewed as a heterogeneous
and time-varying parameters panel data model, where the marginal effect sat-
isfy

∂yit

∂xit
= βit =

{
β1, qit ≤ c
β2, qit > c

Hansen estimated the threshold parameter and the slope parameters by using
the least square estimation after eliminating the fixed effects. He also developed
a non-standard asymptotic theory of inference which allows the construction of
confidence intervals and testing of hypotheses. Hansen applied this method to
study the influence of financial constraints on investment decisions. Generally,
a single threshold parameter cannot meet the needs of practical application.
And the panel threshold regression model can be extended with r threshold
parameters as follows,

yit = αi +
r

∑
j=1

β′jxit I(cj−1 < qit ≤ cj) + ϵit (1.2.3)

with c0 = −∞ and cr+1 = +∞. Bick, Nautz, et al. (2008) introduced a modi-
fied version of panel threshold regression model to study the impact of inflation
on relative price variability and found two threshold parameters. Cheikh and
Louhichi (2016) researched the influence of exchange rate pass-through on im-
port prices and emphasized inflation regimes. They found two threshold points
and splited the data sample into three inflation regimes. Then the panel smooth
transition regression model was developed (González et al., 2005). This model
can be viewed as a generalization of the panel threshold regression model of
Hansen (1999). The panel smooth transition regression model can be defined as
the following form:

yit = αi + β′0xit +
r

∑
j=1

β′jxitgj(q
(j)
it ; γj, cj) + ϵit (1.2.4)

where gj(q
(j)
it ; γj, cj) is a transition function, q(j)

it are threshold variables, cj are
location parameters and γj are slope parameters. The transition function is a
continuous function of the observed variable qit and normalized to be bounded
between 0 and 1. In this paper, the scholars considered a logistic transition
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function:

g(qit; γ, c) =
1

1 + exp{−γ(qit − c)} , γ > 0.

There still exists another transition function, exponential transition function:

g(qit; γ, c) = 1− exp{−γ(qit − c)2}, γ > 0.

This paper estimated threshold parameters and slope parameters by nonlin-
ear least squares and showed a modelling cycle for the PSTR model, contain-
ing tests of homogeneity, parameter constancy and no remaining nonlinearity.
Then, they applied the new model to describe firms’ investment decisions in
the presence of capital market imperfections. Colletaz and Hurlin (2006) stud-
ied the threshold effects in the productivity of the public capital stocks by using
the panel smooth threshold regression model. And the result showed that re-
gardless of the transition function used, tests strongly rejected the linearity as-
sumption. Moreover, they compared the results of the panel smooth transition
regression model with panel threshold regression model and showed that the
PSTR model can describe the threshold effect better.

Most of the existing literature proposed to estimate panel threshold model by
least squares methods (see, e.g. Hansen (1999); Miao et al. (2020a,b)). Seo and
Linton (2007) proposed a smoothed least squares estimation for threshold re-
gression model in the framework of both shrinking and fixed threshold effects.
In a recent paper, Seo and Shin (2016) proposed a generalized method of mo-
ments (GMM) method to estimate dynamic panel threshold regression with
endogenous threshold variables and regressors. The recent works about test-
ing the existence of threshold effect followed the lead of Hansen (1996) by the
bootstrap. For example, Hansen (1999) proposed a likelihood ratio statistic for
non-dynamic panel threshold model. Another commonly used method to test
linearity is to use a supremum Wald statistic under the null hypothesis of no
threshold effect (see, e.g. Hansen (1999); Miao et al. (2020a,b)). Yu and Fan
(2021) proposed a threshold regression with a threshold boundary and devel-
oped an algorithm to ease the computation of the threshold boundary.
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1.2.2 Cross-sectional dependence

Cross-sectional dependence problem is an important step in estimating panel
data model. Since cross-sectional dependence would influence the estimation
of parameters, unit root test and cointegration analysis in the modeling process.
Ignoring cross-sectional dependence can lead to serious biased statistical results
(Hoechle, 2007). Such models take into account cross-sectional dependence in
panel data so that we can deal with the strong cross-sectional dependence in
many finance and climate data. For example, carbon dioxide emissions of a
city may influence other cities’ emission, so we need to consider certain cross-
sectional dependence in panel analysis. Similar features defined in empirical re-
search are gross domestic product (GDP), stock prices and so on. Consequently,
an econometric theory of cross-sectional dependence is essential to support em-
pirical studies. In the linear modelling setting, see, e.g., Choi (2006); Breitung
and Pesaran (2008); Moon and Perron (2007); Fachin (2007) for the evidence of
cross- sectional dependence in many real data applications. Breitung and Pe-
saran (2008) pointed out that the unit root and cointegration tests in panels were
developed by assuming that the error term is independent cross-sectionally.
And cross-sectional dependence will influence the accuracy of statistics. How-
ever, the problem of cross-sectional dependence is difficult to deal with and
need further research.

There are different definitions and classifications of cross-sectional dependence.
Deistler, Anderson, Filler, Zinner, and Chen (2010) proposed the definitions
that the process of variables are strongly and weakly dependent on the cross-
sectional dimension. The meanings of weak and strong dependence are under
the assumption that the processes are wide sense stationary with absolutely
summable covariances. After that, Chudik, Pesaran, and Tosetti (2011) intro-
duced the concepts of weak and strong dependence in large panels under their
assumptions.

Assumption 2.1. Let It be the information set available at time t. For each
t ∈ I, ZNt = (z1t, ..., zNt)

′ has the conditional mean, E(ZNt|It−1) = 0, and the
conditional variance, Var(ZNt|It−1) = ΣNt, where ΣNt is an N × N symmetric,
non-negative definite matrix. The (i, j)-th element of ΣNt , denoted by σN,ijt is
bounded such that 0 < σN,ijt < K, for i = 1, 2, .., N, where K is a finite constant
independent of N.
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Assumption 2.2. Let WNt = (wN,1t, ..., wN,Nt)
′, for t ∈ I ⊆ E and N ∈ N, be a

vector of non-stochastic weights. For any t ∈ I, the sequence of weight vectors
{WNt} of growing dimension (N → ∞) satisfies the ‘granularity’ conditions:

∥wNt∥ = O(N−
1
2 ),

wN,jt

∥WNt∥
= O(N−

1
2 ) f or any j ∈ N.

The zero mean condition in Assumption 2.1 can be relaxed to E(ZNt|It−1) =

µN,t−1, with µN,t−1 being a pre-determined function of the elements of It−1.
Consider the weighted averages, z̄wt = ∑N

i=1 witzit = W ′t Zt, for t ∈ I, where Zt

and Wt satisfy Assumption 2.1 and 2.2.

Definition (Weak and strong cross-section dependence) The process zit is said
to be cross-sectionally weakly dependent (CWD) at a given point in time t ∈ I
conditional on the information set It−1, if for any sequence of weight vectors
{Wt} satisfying the granularity conditions, we have

lim
N→∞

Var(W ′t Zt|It−1) = 0.

zit is said to be cross-sectionally strongly dependent (CSD) at a given point in
time t ∈ I conditional on the information set It−1, if there exists a sequence
of weight vectors {Wt} satisfying the granularity conditions and a constant K
independent of N such that for any N sufficiently large (and as N → ∞)

Var(W ′t Zt|It−1) ≤ K > 0.

For the test of cross-sectional dependence, the most popular method is the LM-
statistics proposed by Breusch and Pagan (1980), which is based on the correla-
tion coefficients of residuals. But this statistics is only valid for T → ∞ with N
fixed. Frees (1995) introduced a statistics based on the sum of squared the rank
correlation coefficient. When N is much greater than T, this can be used in test-
ing cross-sectional dependence. Then Pesaran (2021) proposed a CD-statistics
based on LM-statistics. Chen, Gao, and Li (2012a) proposed a new diagnostic
test for cross-section uncorrelatedness in nonparametric panel data models. In
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this paper, the assumption of cross-section dependence is considered by impos-
ing some distance function to measure cross-section i and j. Robinson (2012) in-
troduced a nonparametric trending time-varying model for the panel data with
cross-sectional dependence. Chen, Gao, and Li (2012b) extended the model
by Robinson (2012) to a semiparametric trending panel data model with cross-
sectional dependence. In this paper, the explanatory variables and residuals are
allowed to be dependent cross-sectionally. Chen (2019) proposed a kernel hier-
archical agglomerative clustering method to estimate latent group structures in
time-varying coefficient panel data models with heterogeneity as the length of
time series tended to be infinite considering cross-sectional dependence. Miao
et al. (2020b) considered latent group structures in panel threshold regression
models where both slope coefficients and threshold parameters may exhibit la-
tent group structure and studied the asymptotic properties of estimators. How-
ever, the regressors, threshold variables and error terms were assumed to be
independent of each other across i in this paper. This method only can be ap-
plicable to limited empirical studies due to cross-sectional dependence in many
real panel data. Gao et al. (2020) considered heterogeneous panel data models
with cross-sectional dependence. This paper proposed mean group estimators
for the coefficients and showed the asymptotic consistency of proposed estima-
tors.

1.2.3 Variable Selection and Lasso

Variable selection is one of the most important procedures in high-dimensional
data analysis. It is common to consider as many explaining variables as pos-
sible in case the loss of important information. However, only few parts of
these variables can provide efficient information in most cases. Thus how to
select the useful variables has become increasingly popular with statisticians
and economists. Optimization is also popular in investigating financial solu-
tions (Jagannathan and Ma, 2003; Fan et al., 2012). Penalized regression is the
commonly used method of variable selection. For example, consider a sparse
coefficient β ∈ Rp, Hoerl and Kennard (1970) proposed ridge regression, which
is the regression model with a penalty term called L2-norm. The expression is
as follows,

β̂ridge = arg min
1
n
∥Y− Xβ∥2 + λ∥β∥2

2. (1.2.5)
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where λ is a tuning parameter. Although ridge regression shrinks the coeffi-
cients close to 0 as λ increases, any of them cannot be 0. Least absolute shrink-
age and selection operator (LASSO) overcomes this drawback (Tibshirani, 1996).
The Lasso estimation is defined as

β̂lasso = arg min
1
n
∥Y− Xβ∥2 + λ∥β∥1. (1.2.6)

where the penalty term is L1-norm, which is the sum of the absolute values of
coefficients. Besides, Frank and Friedman (1993) proposed bridge regression,
that is defined as

β̂bridge = arg min
1
n
∥Y− Xβ∥2 + λ

p

∑
i=1
|βi|γ. (1.2.7)

where γ > 0. There are two special cases for bridge estimators. If γ = 2, it is a
generalization of ridge regression. The other case when γ = 1 is considered as
Lasso estimation. When 0 < γ ≤ 1, Knight and Fu (2000) studied the asymp-
totic distribution theories of bridge estimators, which can shrink some param-
eters to exact 0 to achieve the aim of variable selection. Zou (2006) showed that
the lasso was inconsistent in some certain cases and proposed adaptive lasso as
follows,

β̂adaptive = arg min
1
n
∥Y− Xβ∥2 + λ

p

∑
j=1

ŵj|β j|, (1.2.8)

where ŵ is a known weight vector and defined as ŵ = 1
|β̂|γ for γ > 0. There-

fore although the lasso estimation can be inconsistent in some cases, the oracle
properties still hold for the adaptive lasso. So far, these penalty methods are de-
signed for the selection of individual variables. Yuan and Lin (2006) extended
lasso to group lasso to select groups of variables. It is defined as,

β̂group = arg min
1
n
∥Y− Xβ∥2 + λ

p

∑
j=1
∥β j∥Kj , (1.2.9)

where ∥η∥Kj = (η′Kjη)
1/2. If there is only one group and K1 = I, it is equivalent

to ridge regression. If each covariate forms an independent group and Kj = I, it
reduces to lasso. Tibshirani et al. (2005) proposed fused lasso for the problems
with features that can be ordered in some meaningful way, such as ascending
order and descending order. The penalty term includes not only the coefficients
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but also their successive differences. The fused lasso is given by

β̂ f used = arg min
1
n
∥Y− Xβ∥2 + λ1

p

∑
j=1
|β j|+ λ2

p

∑
j=2
|β j − β j−1|, (1.2.10)

where λ1 and λ2 are two nonnegative tuning parameters. Friedman, Hastie,
Höfling, Tibshirani, et al. (2007) proposed a coordinate-wise descent algorithms
for the lasso problems and showed that it is very competitive with LARS proce-
dure. They explored that this algorithm could be applicable to a special case of
fused lasso, the fused lasso signal approximator, but did not work for general
fused lasso problems. Rinaldo et al. (2009) studied the fused lasso procedure of
Friedman, Hastie, Höfling, Tibshirani, et al. (2007) and proposed a different esti-
mator, the fused adaptive lasso. Rinaldo et al. (2009) generalized that the fused
adaptive lasso estimator has better asymptotic properties than fused lasso es-
timator. Hoefling (2010) developed a path algorithm for the fused lasso signal
approximator (FLSA). Compared with other available methods, Hoefling (2010)
showed that FLSA had significant advantages in speed and accuracy of gath-
ered information. Liu et al. (2010) indicated that due to high computational
complexity, the existing algorithms might not be applicable to the large-size
fused lasso problem, thereby proposed an efficient fused lasso algorithm based
on the fused lasso signal approximator for solving this class of optimization
problems.

The idea of Lasso has been a popular method to detect change points in recent
years. For example, Lee et al. (2016) proposed to use lasso estimators to select
a model between linear and threshold regression models. However, this may
only work for single threshold model. In multiple change-point model, Chan
et al. (2014) proposed to use group lasso to estimate structural break autoregres-
sive (SBAR) process. Chan et al. (2015) followed the idea of Chan et al. (2014)
and applied group lasso to estimate threshold autoregressive model, which
may be the fundamental paper of lasso for multiple threshold model. In more
recently, adaptive group fused lasso has been very popular to select the num-
ber of change point by penalizing the successive differences of coefficients and
achieve selection consistency for group variables by combining adaptive lasso
and group lasso (see, e.g. Qian and Su (2016); Li et al. (2016)).
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1.3 Organisation of the thesis

The overall objective of this project is, therefore, to develop statistical method-
ology and inference to build effective threshold panel time series models with
application to analysing the effect of weather, say precipitation, on the stock
market. The structure of the remaining chapters of this report is as follows:

In Chapter 2, we study the nonlinear relationship between precipitation and
stock returns. Given the nonparametric plots, we propose to use time series
model with threshold effect to study the influence of precipitation on each of the
individual stock time series in FTSE 100 first. We interestingly find that there
is a significant nonlinear threshold effect of rainfall on the individual stocks in
resources and energy industries. According to the siginificant results with re-
sources and energy industries, we model panel threshold time series regression
to study the joint rainfall impact on the stocks of resources and energy indus-
tries in FTSE 100. Furthermore, we also empirically explore the combined effect
of precipitation on all the stocks in FTSE 100 representing the London stock
exchange market and conclude that the rainfall have a significant nonlinear im-
pact on the stock market.

The obtained empirical model in Chapter 2 is actually the panel threshold re-
gression model by Hansen (1999) with cross-sectional size n and time series
length T separately. The analysis of Hansen (1999) is asymptotic with fixed T
as n → ∞. The asymptotic distribution analysis assumes that for each t, the
residuals are independent and identically distributed (iid) across i, and for each
i, they are iid over t so that it cannot be applied to the empirical study in this
project. Motivated by the application, Chapter 3 studies statistical inference
of the empirical model assuming residuals are dependent both over time and
cross-sectionally. In Chapter 3, we first propose least square estimation method.
By imposing some certain dependent conditions, we study the asymptotic dis-
tribution of proposed estimators. Some simulated examples are conducted to
show the efficiency of the proposed theory in the simulation. It shows that ig-
noring the cross-sectional dependence would lead to spurious regression out-
comes in inference of the significance of the estimated parameters. We also
give the empirical application of the rainfall effect on the stock market by panel
threshold model with cross-sectional dependence.
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Chapter 4 develops the Lasso procedure applicable to the panel threshold re-
gression model with multiple regimes. Hansen (1999) proposed a test statistics
to determine the number of thresholds using bootstrap for independent vari-
ables. However, this method may work poor for dependent variables. Thus
we propose Adaptive Group Fused Lasso estimation of panel threshold model
with cross-sectional dependence. Then both consistency and selection consis-
tency theory is established under two cases. One is the number of threshold
parameters is fixed as the sample size increases. The other is the number of
threshold parameters increases as the sample size increases. Simulated studies
including Fused Lasso estimation of multiple threshold models and comparison
to test statistics by Hansen (1999) are given. We study the empirical application
of determining the number of threshold parameters in climate financial analy-
sis.

Chapter 5 will give the conclusion of my PhD thesis with an outlook of future
research.
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Chapter 2

Empirical study of the threshold
effect of weather on the stock market

2.1 Introduction

In recent years, more and more natural disasters such as floods, storms, droughts
and other weather-related events have occurred worldwide because of global
warming. As is known to all, global warming has caused a series of environ-
mental issues. Many pieces of evidence show that the global climate is chang-
ing at an alarming rate. For example, according to NASA’s Goddard Institute
for Space Studies report, the average global temperature has increased by more
than 1◦C since 1880. What calls for special attention is that 2/3 of the rising
temperature occurred since 1975, at the rate of 0.15− 0.2◦C per decade. Over
the past 140 years, the global average sea level has risen 8-9 inches. Since 1901,
global precipitation has increased at the rate of 0.08 inches per decade. These
numbers indicate that the global environment is deteriorating rapidly.

Climate change is also a significant risk to the global economy. Especially in
2019, extreme weather occurred frequently, and it has swept many countries
worldwide. Severe weather can have a massive impact on many industries.
For example, agriculture and transportation depend much on weather condi-
tions (Adams et al., 1998; Chapman, 2007). Saunders (1993) studied the rela-
tionship between the stock price and Wall street weather by using the daily
percentage changes in the Dow-Jones Industrial Average and the daily per-
centage changes in the NYSE index. It found a negative correlation between
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the stock return and the cloud-cover variable, which can be explained by be-
haviour finance. Since the weather conditions can affect psychological mood,
investor psychology would influence asset prices. The publication of his results
has caused intense reactions on Wall Street. After this a lot of literature studied
the relationship between the weather variables and stock market by using dif-
ferent stock indexes and methods and obtained the same conclusion (Trombley,
1997; Krämer and Runde, 1997).

Given the previous psychological evidence, Hirshleifer and Shumway (2003)
further studied the relationship between sunshine and stock returns by apply-
ing linear panel data model. It collected the daily market index and sunshine
variables returns across 26 countries from 1982 to 1997. According to the re-
sults of the OLS regression and Logit model, the effect of good sunshine on the
stock returns generally exists in 26 countries. The conclusion is similar to the
research of Saunders (1993), which is the higher the cloud cover is, the lower the
stock return is. This paper also added other weather factors in the model, but
found that rain and snow were unrelated to the stock return after controlling
for the sunshine. Although many literature indicated the negative relationship
between the cloud cover and stock return, Keef and Roush (2005) got a different
conclusion that the prices of bank bills were influenced by sunshine positively,
but the return of the stock index was negatively affected by the wind level in
Wellington. Chang et al. (2008) found that cloudy skies were associated with
higher volatility in the stock market over the entire trading day and suggested
that weather had a significant influence on the intraday trading behaviour of
investors.

Cao and Wei (2005) studied the effect of temperature on the stock market mainly
by using data from 8 countries and regions. The psychological study showed
that temperature could affect mood significantly and mood changes could cause
behaviour changes. The temperature change could affect the balance of apathy
and aggression. The lower temperature can lead to attack resulting in more
risk-taking. Therefore, it examined the statistically significant negative correla-
tion between temperature and stock returns. Chang et al. (2006) showed that
the temperature and cloud cover are two important weather factors that signif-
icantly influence the price of the Taiwan stock index. Kang et al. (2010) studied
the weather effect on the Shanghai stock market by adopting weather condi-
tion dummies generated using the 21-day and 31-day moving average and its
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standard deviation. It revealed that although the strong weather effect on stock
returns only existed in the B-share market, the weather conditions significantly
influenced the volatility of both the A and B share markets.

Climate change also significantly affects rainfall (Arnbjerg-Nielsen et al., 2013).
Some literature studied the influence of rain on economic growth all over the
world. However, most papers concluded that little evidence suggested that the
rainfall had a statistically significant effect on the increase of GDP. Brown et al.
(2013) indicated that the temperature had little significant influence on the eco-
nomic growth, but the precipitation was the dominant climate influence. Since
the brought floods and droughts were associated with an adverse effect on GDP
growth. Damania et al. (2020) demonstrated that as the data were aggregated
at larger spatial scales, the significance of rainfall effect on the economic growth
would decrease or even vanish. Thus, a lot of macro-econometric evidence sug-
gested that rainfall had no significant impact on economic activities. This paper
found the influence of rain was substantial in developing countries but insignif-
icant in developed countries due to the proportion of agriculture.

In recent decades, the weather conditions in Britain is getting worse due to the
influence of global warming. According to the latest UK state of the climate
report, the climate in 2010-2019 has been on average 1% and 5% wetter than
1981-2010 and 1961-1990 separately. More specifically, the rainfall and floods
are increased in the UK. For example, the winter of 2013-2014 is the wettest on
record in the UK. The highest daily rainfall (13.44 in) and largest river flows
(around 1700 cubic meters per sec) recorded in the winter of 2015-2016, accord-
ing to data released by the center for Ecology and Hydrology. Although climate
finance is a popular research topic nowadays, few literature study the rainfall
effect on the stock market.

We first study the impact of rainfall on stock returns with our collected data,
FTSE100 and daily precipitation in London, by linear time series model. How-
ever, few significant results obtained. Then,in this Chapter, with the data by
preliminary nonparametric analysis, we interestingly find that some change
points appear on the nonparametric plots of the relationship between each stock
return in FTSE100 and daily precipitation in London, which show that differ-
ent regimes of London precipitation may have different significant influence on
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stock returns. Therefore, we will empirically propose to use a nonlinear thresh-
old model to do the time series analysis of the influence of precipitation on each
of the individual stock time series in FTSE100. Also, we will use panel thresh-
old model to study the impact of rainfall on London stock market. The existing
panel threshold models still have some unavoidable shortages and defects due
to without considering cross-sectional dependence, which leave us a problem
to solve in the next chapter.

2.2 Weather and FTSE100 data

Our investigation is based on the influence of weather variables in London on
the stock market (London stock exchange). All the weather data are collected
from the National Center for Environmental Information (https://www.ncei.noaa.gov/).
Here, we use the daily weather data for temperature in Fahrenheit and precip-
itation including rainfall and melted snow in inch in London from 01/01/2001
to 31/12/2017. All the stock market data are collected from the datastream.

The FTSE 100 constituent companies were chosen as the research subjects. The
stocks of 100 representative listed companies were chosen to construct the FTSE
100 index which is an important index to measure the performance of London
stock exchange. Considering the collected stock prices are nonstationary and
following the conventional approach, daily stock returns are calculated as the
logarithmic difference in the daily stock price, Rt = ln Pt− ln Pt−1, where Pt and
Pt−1 are the daily closing price of the stock on the day t and t− 1, respectively.

FIGURE 2.1: Plot of daily precipitation in inch in London between 2001 and
2017
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FIGURE 2.2: Plots of daily stock returns

Figure 2.1 shows the precipitation in London from 2001 to 2017. Then, we use
descriptive statistics to analyze the sample data. The sample mean and medium
of precipitation are 0.0667 inch and 0.0100 inch, respectively. The maximum
value of precipitation is 2.03000 and the minimum value is 0. Figure 2.2 gives 6
example of stock returns in FTSE 100 constituent stocks, which is calculated by
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logarithm difference. Due to different listed date, time series lengths are differ-
ent.

2.3 Preliminary analysis

If the regression analysis uses the nonstationary data, it may cause spurious
regression. Spurious regression is a regression that provides the statistically
significant evidence for two unrelated variables. Therefore, we should use the
unit root tests to examine the stationarity of the sample data first. Consider the
following model:

xt = ct + δxt−1 +
p−1

∑
i=1

ϕi∆xt−i + ϵt, (2.3.1)

where xt is the time series, and it is the stock return or precipitation in this
report. ct is the certain function of time index t, ∆xj = xj− xj−1 is the difference
of xt. Then the unit root hypothesis is δ = 1. The model can be written as the
following form:

∆xt = ct + ρxt−1 +
p−1

∑
i=1

ϕi∆xt−i + ϵt, (2.3.2)

where ρ = δ − 1. Therefore, the hypothesis is ρ = 0 equally. Some results of
the unit root test can be obtained by running the above Augmented Dickey-
Fuller regression. And the ADF value is the t-statistics of ρ. We incorporate the
Augmented Dickey-Fuller (ADF) test of precipitation. The Dicker-Fuller value
is -14.254, and the p-value is 0.01. The result of Augmented Dicker-Fuller test
shows that the precipitation is stationary.

The results of unit root tests show that the stock market returns of every FTSE
100 constituent company and the precipitation in London are all stationary time
series. We first use the traditional linear regression model to test the relation-
ship between the stock market returns and precipitation. However, the results
of linear regression models are not significant. Therefore, there is no evidence
to show the linear relationship between the stock returns and the precipitation.
Then, we use the nonparametric method to estimate the nonlinear relationship
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between the stock returns and the precipitation. Nonparametric regression can
solve the unknown relationship problem well and thus widely used in finance
area (Aıt-Sahalia and Lo, 2000; Barndorff-Nielsen and Shephard, 2001; Chen
and Tang, 2005). Consider the nonparametric regression model as follows,

Yi = g(Xi) + ϵi, i = 1, .., n (2.3.3)

where the function g is unknown, ϵi is the error term with zero mean. Watson
(1964) and Nadaraya (1964) proposed the kernel estimate and proved that the
regression function is the best estimator based on mean square error. Given a
kernel K and a bandwidth h, the Nadaraya-Watson kernel estimator is defined
as follows:

ĝ(x) =
∑n

i=1 YiK(
Xi−x

h )

∑n
i=1 K(Xi−x

h )
. (2.3.4)

Here, the nonparametric regression method we used in sm package is the local
linear estimation. In contrast to Nadaraya-Watson estimator, local linear esti-
mator preserves linear data. More specifically, local linear estimator performs
better at boundary than Nadaraya-Watson estimator, since it fits a least square
line near the boundary. The local linear estimators are obtained by the follow-
ing,

min
n

∑
i=1

(Yi − g(x)− g′(x)(Xi − x))2K(
Xi − x

h
), (2.3.5)

where Yi is the dependent variables, which is the stock return. Xi is the inde-
pendent variables, which is the daily precipitation. K is a kernel function. And
in this paper, we use the Gaussian kernel function, which is

K(x) =
1√
2π

exp{−1
2

x2}. (2.3.6)

The plots of estimated regression for every FTSE 100 constituent company can
be obtained by R (sm package). Figure 2.3 gives several typical nonlinear rela-
tionships between the stock returns and precipitation in FTSE 100 companies.
From the estimated nonparametric plots, there are some change points obvi-
ously, such as 1.0 and 1.5. To some extent, 0.5 is also a change point, although
not all plots exhibit this change point. The nonparametric plots indicate that
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different amounts of rainfall may have different influence on the stock market.
Generally, when the daily precipitation is more than 1 inch, the weather can
be defined as heavy rain. Therefore, it is evident that the stock market is sen-
sitive to heavy rain. That is to say, the extreme weather has certain effect on
stock returns. Due to the evident threshold effect in the plots, we suggest to use
the nonlinear threshold model to examine the relationship between the stock
returns and the precipitation.

(A) ANGLO AMERICAN (B) EVRAZ

(C) FRESNILLO (D) GLAXOSMITHKLINE

(E) JUST.EAT (F) X3I.GROUP

FIGURE 2.3: Preliminary nonparametric analysis between precipitation and
stock returns
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2.4 Preliminary time series results

In order to study the relationship between the stock returns and the precipita-
tion more precisely, we suggest three threshold parameters about precipitation
following Figure 2.3, which are 0.5,1 and 1.5 respectively.These threshold pa-
rameters are actually the change points we find at previous analysis. Thus, we
propose the following threshold model,

Rt =α1 I(Pt < 0.5) + β1Pt I(Pt < 0.5) + α2 I(0.5 ≤ Pt < 1)

+ β2Pt I(0.5 ≤ Pt < 1) + α3 I(1 ≤ Pt < 1.5) + β3Pt I(1 ≤ Pt < 1.5)

+ α4 I(Pt ≥ 1.5) + β4Pt I(Pt ≥ 1.5) + ϵt,

(2.4.1)

where Rt is the daily stock return of FTSE 100 constituent company, Pt is the
daily precipitation in London, and I(·) is the indicator function. Suppose c is a
threshold parameter, I(Pt < c) = 1 if Pt < c, otherwise, I(Pt < c) = 0. From
the analysis results, it is obvious that the heavy rain has a significant impact on
most stocks. And the largest number of significant results is the constant term,
α4.

Table 2.1 shows that 26 stocks have significant results of α4 in the FTSE 100 con-
stituent companies. Among these 26 companies, most are resource and energy
enterprises. The results indicate that if the daily observed rainfall is around 1.5
inch, 25 companies have positive returns on stocks. Only one of the 26 stocks
has the negative return. In this project, we try to examine that extreme weather
can affect the stock returns. From the analysis results, we also find that if the
daily precipitation is between 1.0 inch and 1.5 inch, 2 stocks will be influenced
significantly by the heavy rainfall. The following table shows the analysis re-
sults of the precipitation between 1.0 inch and 1.5 inch.

Table 2.2 indicates that when the daily rainfall is 1.0 inch, both 2 stocks have
positive returns. However, as the precipitation increases until 1.5 inch, both
the stock returns will decrease. Pearson plc is a British multinational publish-
ing and education company and its stock return is 11.12156% at the point 1.0
inch. When the rainfall increases by 0.1 inch, this stock return will decrease by
0.983840%. As an insurance company, in the interval [1,1.5), when the precip-
itation increases by 0.1 inch, the stock return of Phoenix Group will reduce by
0.9209901%. Although we try to examine the relationship between the extreme
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TABLE 2.1: Significant Results of α4 of threshold time series model

Stock α4 t-Statistics
Anglo American 8.92∗∗ 3.06
Antofagasta 8.53∗∗ 3.17
Astrazeneca 4.03∗ 2.42
BHP Group 8.81∗∗∗ 3.59
BP 5.86∗∗∗ 3.60
Carnival 3.97∗ 2.00
CRH 5.04∗ 2.38
Glaxosmithkline 4.34∗∗ 3.09
HSBC Holding 4.63∗∗ 2.78
ICTL.HTLS.GP. 3.86∗ 2.13
Johnson Matthey 3.89∗ 2.02
Marks Spencer Group 4.49∗ 2.44
National Grid 3.08∗ 2.35
Next 4.38∗ 2.35
Phoenix Group HDG. −3.84∗ -2.43
Reckitt Benckiser Group 3.62∗∗ 2.66
Rio Tinto 6.55∗ 2.56
Royal Dutch Shell A 4.86∗∗ 3.09
Royal Dutch Shell B 4.56∗∗ 2.77
Scottish Mortgage 4.22∗∗ 2.84
Smith Nephew 4.14∗ 2.50
Smiths Group 3.98∗ 2.44
SSE 2.78∗ 2.10
Standard Chartered 6.79∗∗ 2.77
TUI 3.86∗ 2.46
Vodafone Group 3.87∗ 2.11

Note: *p-value< 0.1;**p-value< 0.05;***p-value< 0.01

TABLE 2.2: Significant Results of α3 and β3 of threshold time series model

Stock α3 β3
Pearson 11.12 -9.84

(2.72)∗∗ (−3.00)∗∗

Phoenix Group HDG. 12.23 -9.21
(2.82)∗∗ (−2.61)∗∗

Notes:
1.*p-value< 0.1;**p-value< 0.05;***p-value< 0.01
2.The numbers in parentheses are the t-statistics.

weather and the stock market in this paper, we also find that 7 stocks will be
influenced by the moderate rain. Here, we define the weather is moderate rain
if the precipitation is between 0.5 and 1.0 inch. Table 2.3 gives the details of the
analysis results of moderate rain.
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TABLE 2.3: Significant Results of α2 and β2 of threshold time series model

Stock α2 β2
British Land -3.08 4.77

(−2.70)∗∗ (2.76)∗∗

Evraz -7.67 10.80
(−2.33)∗ (2.25)∗

Glaxosmithkline -2.40 3.59
(−2.82)∗∗ (2.79)∗∗

Land Securities Group -2.28 3.71
(−2.25)∗ (2.42)∗

Prudential -3.65 5.92
(−2.36)∗ (2.53)∗

Scottish Mortgage -1.83 2.88
(−2.03)∗ (2.12)∗

Segro -2.36 3.99
(−2.08)∗ (2.33)∗

Notes:
1.*p-value< 0.1;**p-value< 0.05;***p-value< 0.01
2.The numbers in parentheses are the t-statistics.

Table 2.3 indicates that all 7 stocks have negative returns at 0.5 inch. However,
with the precipitation increasing, all 7 stock returns will increase. There are 3
real estate companies in these 7 stocks, which are British Land, Land Securities
Group and Segro, respectively. Therefore with the daily rainfall increasing, the
stock returns of real estate companies will increase.

TABLE 2.4: Significant Results of α1 and β1 of threshold time series model

Stock α1 β1
Astrazeneca 0.11 -0.64

(2.22)∗ (−1.99)∗

Diageo 0.11 -0.54
(2.96)∗∗ (−2.15)∗

Severn Trent 0.09 -0.62
(2.33)∗ (−2.45)∗

Notes:
1.*p-value< 0.1;**p-value< 0.05;***p-
value< 0.01
2.The numbers in parentheses are the t-
statistics.

Table 2.4 indicates the impact of light rain on the stock market. Here, we define
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that the weather where the precipitation is between 0 and 0.5 inch is light rain.
Table 2.4, we can see only 3 stocks have significant results. Compared with the
significant results of other coefficients, the light rain has a relatively little per-
formance impact on these 3 stocks. When the daily precipitation increases by
0.1 inch, the stock returns of 3 companies will reduce by around 0.06%.

2.5 Panel threshold regression analysis

2.5.1 Analysis of resources and energy industry stocks

From the preliminary results, it is obvious that the extreme weather has a sig-
nificant influence on the stock market. Especially, when the daily precipitation
is around 1.5 inch, there are 26 stocks having significant results. And in these
26 stocks, there are 8 stocks which belong to resources and energy industries.
They are Anglo American plc, Antofagasta plc, BHP Group plc, BP plc, Rio
Tinto, Royal Dutch Shell plc and SSE plc, respectively. Although there are 7
companies, Royal Dutch Shell plc have two stocks.

FIGURE 2.4: Scatter plot of resources and energy industry stocks

For analyzing the industrial structure better, we use the panel data model to
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examine the relationship between the resources and energy industries and the
precipitation. In this paper, we use the balanced panel data. Although different
stocks hold different time to market, we choose the same time series length for
each stock. Here, the price of 8 stocks is from 20/01/2005 to 31/12/2017. As
before, the daily return for each stock is calculated as the logarithmic difference
in the daily stock price, rt = ln Pt − ln Pt−1. To avoid spurious regression, the
stationarity of the stock return and precipitation in the panel data should be
examined by unit root test. Augmented Dickey Fuller test is one of the most
common methods of unit root test. The ADF value of stock return in the panel
data is -29.609 and the p-value is 0.01. On the other hand, the ADF value of
precipitation is -25.339 and the p-value is 0.01, too. It is obvious that both the
stock return and precipitation in the panel data are stationary. Figure 2.4 is the
scatter plot between the stock return and precipitation of 8 stocks. When the
precipitation is smaller than 1.0 inch, all the points are messy. However, when
the precipitation is greater than 1.0 inch, there is a certain pattern in the figure.
According to the previous section, the same threshold parameters are suggested
in panel data model. Therefore, the panel threshold regression model is consid-
ered as follows,

Rit =α1 I(Pt < 0.5) + β1Pt I(Pt < 0.5) + α2 I(0.5 ≤ Pt < 1)

+ β2Pt I(0.5 ≤ Pt < 1) + α3 I(1 ≤ Pt < 1.5) + β3Pt I(1 ≤ Pt < 1.5)

+ α4 I(Pt ≥ 1.5) + β4Pt I(Pt ≥ 1.5) + γi + ϵit,

(2.5.1)

where Rit is the stock return, and Pt is the daily precipitation, I(·) is the in-
dicator function, γi is the individual effect. It can be a fixed effect or random
effect. If we ignore the influence of the change of individuals or time on er-
ror terms, the model is the panel data model with the fixed effect. However,
the fixed effect models only consider the certain parameters of individual effect
and time effect. In consideration of unobserved uncertain parameters, the panel
data model with the random effect can be established. Generally, the regression
parameters are fixed in the fixed effect model. It has n intercept terms for n in-
dividuals. The random effect model assumes that the individual specific effects
are uncorrelated with regressors. The assumption of fixed effect models is that
the individual specific effects are correlated with regressors.

Table 2.5 and 2.6 are the analysis results of panel threshold regression model
with the fixed effect and the random effect for the resources and energy indus-
tries, respectively. The intercept term of the interval greater than 1.5 is deleted
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TABLE 2.5: Fixed effect model for the resources and energy industries

Coefficient estimator t-statistics p-value
α1 2.28045∗∗ 2.8080 0.0049916
β1 -0.29335 -1.6072 0.1080331
α2 2.51242∗ 2.5203 0.0117383
β2 -0.50688 -0.5894 0.5555746
α3 9.40810∗∗∗ 4.4992 6.878× 10−6

β3 −5.76988∗∗∗ -3.6826 0.0002318
Notes:*p-value< 0.1;**p-value< 0.05;***p-value< 0.01

TABLE 2.6: Random effect model for the resources and energy industries

Coefficient estimator t-statistics p-value
α1 2.28045∗∗ 2.8085 0.0049767
β1 -0.29335 -1.6075 0.1079471
α2 2.51242∗ 2.5207 0.0117120
β2 -0.50688 -0.5895 0.5554947
α3 9.40810∗∗∗ 4.5000 6.795× 10−6

β3 −5.76988∗∗∗ -3.6832 0.0002303
Notes:*p-value< 0.1;**p-value< 0.05;***p-value< 0.01

due to multicollinearity. Since there is only one point where the precipitation
is greater than 1.5 inch, the analysis cannot get effective results for the precipi-
tation greater than 1.5 inch. As a result, the tables show no result of α4 and β4.
From both tables, it is obvious that the value of the coefficients of both models
are the same. However, their t-statistics and P-values are a bit different. There-
fore, we consider to apply the Hausman test to choose a more effective one.

Generally, Hausman test is applied to choosing a better one from the panel data
model with the fixed effect and the random effect (Hausman, 1978). Let the er-
ror term of the panel data model ϵit = λi + uit, where λi is the individual effect
in the error term. One of the panel regression assumptions is that the effect is
uncorrelated with the explained variables, which is E(ϵit|xit) = 0. When this
assumption cannot be satisfied, the coefficient of the panel data model with the
random effect β̂RE is biased and inconsistent. But the panel data model with
the fixed effect cannot be influenced by it. Therefore, E(ϵit|xit) = 0 is the null
hypothesis of the Hausman test. The alternative hypothesis is E(ϵit|xit) ̸= 0.

Under the null hypothesis of no correlation between the regressors and effects,
there should be no difference between the estimators. Given the random effect
model estimator β̂RE and the fixed effect model estimator β̂FE, its variance of
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their difference can be calculated as Σ̂ = var(β̂RE − β̂FE). The Hausman statis-
tics can be built as follows:

H = (β̂RE − β̂FE)
′Σ̂−1(β̂RE − β̂FE) ∼ χ2(k). (2.5.2)

If H statistics is significant, we reject the null hypothesis and the panel data
model with the fixed effect is feasible. Otherwise, we should choose the panel
data model with the random effect as the object of study. In this project, based
on the Hausman test of these two models, the Hausman statistics is 2.3883×
10−19 and the p-value is 1. It is obvious that we should not reject the null hy-
pothesis and believe that the panel data model with the random effect is a better
model. However, in this empirical study, the estimated coefficient are the same
between fixed effect model and random effect model. Hausman test may be not
a good choice to a proper model between fixed and random effect models.

From Table 2.6, when the precipitation is around 0 inch and 0.5 inch, the stock
returns are all significant. Especially, when the daily rainfall is between 1.0 inch
and 1.5 inch, the significant model can be obtained. If the precipitation increases
by 0.1 inch, the stock return of resources and energy industries will decrease by
0.576988%.

2.5.2 Analysis of FTSE 100 constituent stocks

We have already examined that heavy rain has a great effect on the resources
and energy industries and the analysis result is statistically significant in last
section. Due to the above, we use the panel regression model only for the re-
sources and energy industries. A following question is how about the impact
of the precipitation on the FTSE 100 constituent stocks representing the London
stock exchange market. Similarly, we use the nonparametric estimation method
to get the plot of the relationship between the FTSE 100 index return as Figure
2.5.
First, we try to explore the effect of the precipitation on the FTSE 100 index by
using data from 01/01/2001 to 31/12/2017. The daily return is calculated as
the logarithmic difference in the daily stock index.

According to the unit root test for the FTSE 100 index return, the Dickey-Fuller
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FIGURE 2.5: Plot of nonparametric analysis between precipitation and FTSE
100 index return

statistics is -16.843, and p-value is 0.01. So the FTSE 100 index return is station-
ary. It is obvious that we can not get new threshold parameters. Therefore, we
use the same time series model as Section 2.3 to explore the effect of rainfall on
the FTSE 100 index.

TABLE 2.7: Time series results for the FTSE 100 index

Coefficient estimator t-statistics p-value
α1 0.01517 0.432 0.66572
β1 −0.07748 -0.337 0.73601
α2 −1.56103∗ -2.158 0.03104
β2 2.52744∗ 2.312 0.02086
α3 0.56688 0.207 0.83602
β3 -0.49615 -0.224 0.82306
α4 3.49762∗∗ 2.927 0.00345

Notes:*p-value< 0.1;**p-value< 0.05;***p-value< 0.01

From Table 2.7, it is obvious that the moderate rain has a significant impact on
the FTSE 100 index. When the precipitation is between 0.5 inch and 1 inch,
if the daily rainfall increases by 0.1 inch, the FTSE 100 index return will in-
crease by 0.252744%. However, there is still one significant coefficient. When
the daily precipitation is around 1.5 inch, the FTSE 100 index return will be
around 3.49762%, which illustrates that the heavy rain also has a certain effect
on the FTSE 100 index.

Now we use the same panel model as Section 2.5.1 to explore the threshold
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effect on the whole FTSE 100 constituent companies. There are 101 stocks in
the FTSE 100 index. Because different stocks have different time to market,
we choose the latest time to market in 101 stocks to build the balanced panel
data. The latest stock in the FTSE 100 constituent companies was on the mar-
ket on 18/03/2015. Therefore, the chosen panel data is from 18/03/2015 to
31/12/2017. Both the stock return and precipitation are stationary.

TABLE 2.8: Fixed effect model for the FTSE 100 constituent companies

Coefficient estimator t-statistics p-value
α1 1.50232∗∗∗ 8.4300 2.2× 10−16

β1 −0.35470∗∗∗ -3.50252 0.0004614
α2 −0.33093 -1.1008 0.2709764
β2 2.52703∗∗∗ 7.0145 2.350× 10−12

α3 5.92346∗∗∗ 7.9813 1.494× 10−15

β3 −3.67801∗∗∗ -6.8585 7.079× 10−12

Notes:*p-value< 0.1;**p-value< 0.05;***p-value< 0.01

TABLE 2.9: Random effect model for the FTSE 100 constituent companies

Coefficient estimator t-statistics p-value
α1 1.50232∗∗∗ 8.4348 2.2× 10−16

β1 −0.35470∗∗∗ -3.5045 0.0004574
α2 −0.33093 -1.1015 0.2706954
β2 2.52703∗∗∗ 7.0185 2.242× 10−12

α3 5.92346∗∗∗ 7.9858 1.396× 10−15

β3 −3.67801∗∗∗ -6.8624 6.772× 10−12

Notes:*p-value< 0.1;**p-value< 0.05;***p-value< 0.01

Table 2.8 and 2.9 are the analysis results for the FTSE 100 constituent compa-
nies. They delete α4 and β4 as before. Compared with the time series analysis,
it is obvious that the panel threshold analysis can obtain more significant re-
sults. For fixed effect models and random effect models, the coefficients are the
same. But their standard deviations and t-statistics are different. Only one of
the coefficients is not significant in the table. When the precipitation is between
0 and 0.5 inch, if the rainfall increases by 0.1 inch, the overall stock return will
decrease by 0.035470%. In the interval between 0.5 and 1.0, when the precipita-
tion increases by 0.1 inch, the stock return will increase by 0.252703%, which is
similar to the time series result. When the daily rainfall increases by 0.1 inch in
the interval between 1.0 and 1.5, the stock return will reduce by 0.367801%.
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2.5.3 Tests for cross-sectional dependence

The previous section mainly used the panel threshold regression model pro-
posed by Hansen (1999), where the error ϵit is assumed to be identically inde-
pendent distributed (iid) with mean zero and finite variance σ2, and the analysis
is asymptotic with fixed T as n → ∞. We will consider the existence of cross-
sectional dependence and time dependence in panels. Since the stock data is
applied in this paper, it is obvious that the data is dependent over time. Then
we shall deal with cross-sectional dependence in panels.

Different settings can adopt different test functions, which range from the pan-
els with T fixed and n→ ∞ to those with n fixed and T → ∞. All functions are
based on the correlation coefficient of the model’s residuals, that is defined as

ρ̂ij =
∑T

t=1 ϵ̂itϵ̂jt√
∑T

t=1 ϵ̂2
it

√
∑T

t=1 ϵ̂2
jt

.

The Breusch-Pagan LM test is valid for T → ∞ with n fixed, based on the
squares of ρ2

ij (Breusch and Pagan, 1980), that is defined as

LM =
n−1

∑
i=1

n

∑
j=i+1

Titρ̂
2
ij,

where Tij = min(Ti, Tj), Ti and Tj are the numbers of observations for individ-
ual i and j respectively. This considers the case of unbalanced panel. And if
the panel is balanced, Tij = T for each i, j. This test is distributed as χ2

n(n−1)/2.
When the n dimension is large, that is the case of T → ∞ and n → ∞, the
following test function is considered,

SCLM =

√
1

n(n− 1)
(

n−1

∑
i=1

n

∑
j=i+1

√
Titρ̂

2
ij).

And this is distributed as a standard Normal.
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Pesaran’s CD test is based on ρij without squaring (Pesaran, 2021), that is de-
fined as

CD =

√
2

n(n− 1)
(

n−1

∑
i=1

n

∑
j=i+1

√
Titρ̂ij),

which is also distributed as a standard Normal. And it is appropriate both in
n and T asymptotic settings. It has remarkable properties in samples of any
practically relevant size and is robust to a variety of settings.

These tests are originally meant to use the residuals of separate estimation of
one time series regression for each cross-sectional unit. First, we apply the
cross-sectional dependence test to the panel threshold model for resources and
energy industry with fixed effect. The results show that Z-statistics=129.14 and
P-value=2.2 × 10−16, which says that the model exists cross-sectional depen-
dence. Then, we move to the panel threshold model for FTSE 100 with the fixed
effect. Since Z-statistics=481.77 and P-value=2.2 × 10−16, the FTSE 100 panel
threshold model also exists cross-sectional dependence. As a result, the residu-
als in both resources and energy industry model and FTSE 100 model are cross-
sectional dependent. It is reasonable to apply the cross-sectional dependence
assumption in the residuals.

2.6 Conclusion

This chapter study the rainfall effect on stock returns. Most literature studying
the relationship between rainfall and the stock market suggest that the rainfall
do not have any influence on the stock returns. Since the existing literature only
consider the linear relationship. We first use nonparametric method (sm pack-
age) to plot the relationship between rainfall and stock return for every stock
in FTSE 100. The plots show nonlinear relationship and obvious change points.
Thus we can study the threshold effect of rainfall on stock returns. From the
change point in nonparametric plots, we choose 0.5, 1.0 and 1.5 as threshold
parameters. Then, we use threshold model for both each time series and panel
data.

Panel threshold model is more efficient to study the precipitation effect on the
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whole stock market (London Stock Exchange). However, due to the depen-
dence of different stocks, we need to consider the cross-sectional dependence
in threshold model. Thus the existing panel threshold may be not good enough
in this empirical application. A further topic for us is to study threshold panel
time series model with cross-sectional dependence.
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Panel threshold regression model
with cross-sectional dependence

3.1 Introduction

In recent years, many nonlinear parametric forms of time series model have
been explored (Tong, 1990, 1995; Tjøstheim, 1994). Nonlinear time series anal-
ysis is widely used in financial data, especially in modelling volatility (Engle,
1982; Bollerslev, 1986). Threshold model proposed by Tong (1978) is one of
the most popular nonlinear time series methods. It can explore the influence
of different regimes and has good interpretation. Therefore, threshold time se-
ries model has been widely applied to the field of economic and biology Tong
(1990); Tiao and Tsay (1994). Hansen (1999) considered the threshold effect in
panel data model and established asymptotic theory.

The panel threshold regression model proposed by Hansen (1999) is the most
common approach to study the threshold effect of panel data in empirical ap-
plication Floro and Van Roye (2017); Aye and Edoja (2017); Huang et al. (2018).
For the case of lagged variables, Seo and Shin (2016) studied the dynamic panel
threshold model and proposed two-step least squares estimators when the thresh-
old variable becomes strictly exogenous. It also established the asymptotic the-
ory and developed the testing procedure for threshold effects and the exogene-
ity of threshold variable . Both Hansen (1999) and Seo and Shin (2016) consid-
ered the statistical inference with fixed T as n→ ∞, which cannot be applied to
the case that sample size is large enough, such as the collected data in Chapter 2.
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Therefore, we should consider the case of n→ ∞ and T → ∞ in the asymptotic
inference. More recently, the threshold effect of panel data model has been fur-
ther discussed by Miao et al. (2020b,a). Floro and Van Roye (2017) studied the
state-dependent response of monetary policy to financial sector-specific stress.
They used a factor-augmented dynamic panel threshold regression model with
common components to deal with cross-sectional dependence. However, a few
literature give any statistical inference of the model with cross-sectional depen-
dence. By far, there may not be proper threshold panel time series model that
can be used to study weather effect on the stock market due to lack of statistical
theory considering cross-sectional dependence.

In this project, we are therefore investigating cross-sectional dependence condi-
tions for both regressors and errors (allowing for common factors; c.f., Pesaran
(2006); Bai (2009)) and then study the asymptotic distribution concerning exoge-
nous (e.g., weather variable) effects in the setting of our threshold models (1.1.3)
for panel time series data. The settings of cross-sectional dependence have been
discussed in semiparametric time trending models, see, e.g.,Robinson (2012);
Chen et al. (2012b); Gao et al. (2020). Compared with semiparametric and non-
parametric model, parametric model requires smaller sample size and its re-
sult is more explanatory. Different from these references, we consider cross-
sectional dependence in parametric panel threshold model.

A growing number of literature would like to exhibit cross-sectional depen-
dent in panel data model Robertson and Symons (2000); Phillips and Sul (2003);
Baltagi and Baltagi (2008). Since in the past few decades, economic and fi-
nancial interactions of countries and financial entities increased rapidly. We
need to deal with the strong dependence in most economic and financial data.
Hoechle (2007) showed that ignoring cross-sectional dependence could lead to
severely biased statistical results. Such models take into account cross-sectional
dependence in panel data so that we can deal with the strong cross-sectional
dependence in many finance and climate data. For example, carbon dioxide
emissions of a city may influence other cities’ emission, so we need to consider
certain cross-sectional dependence in panel analysis. Similar features defined
in empirical research are gross domestic product (GDP), stock prices and so on.
Consequently, an econometric theory of cross-sectional dependence is essential
to support empirical studies. In the linear modelling setting, see, e.g., Choi
(2006); Breitung and Pesaran (2008); Moon and Perron (2007); Fachin (2007) for
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the evidence of cross- sectional dependence in many real data applications. The
asymptotic theory considering cross-sectional dependence was established in
semiparametric (Chen et al., 2012b; Dong et al., 2015) and nonparametric mod-
els (Cai and Li, 2008; Robinson, 2012). However, few literature studied the sta-
tistical theory of parametric model with cross-sectional dependence, especially
nonlinear parametric model. In real data analysis, nonlinear parametric is more
popular due to the simple computation and good interpretation. Thus devel-
oping the statistical theory of nonlinear panel time series can provide one more
new option for financial and economic data analysis.

In this project, to efficiently study the rain effect on the stock market, we should
consider the existence of both cross-sectional and time dependence in threshold
panel time series model with both n and T tending to infinity in the following
sections. We establish the asymptotic distribution of estimated slope coeffi-
cients and threshold parameters under the assumption of cross-sectional and
time dependence in single threshold model. We expand the inference theory
to multiple threshold model. The simulated examples are introduced to show
the efficiency of proposed statistical theory. We apply the proposed theory to
empirical study of climate finance.

3.2 Single threshold model

Consider the following panel threshold regression model:

yit =µi + β11 I(qit ≤ γ) + β′12Xit I(qit ≤ γ)

+ β21 I(qit > γ) + β′22Xit I(qit > γ) + ϵit, i = 1, ..., n; t = 1, ..., T
(3.2.1)

where the subscript i indexes the individual and the subscript t indexes time.
µi is a fixed effect, the dependent variable yit is scalar, the threshold variable qit

is scalar, the regressor Xit is a K-dimensional vector, I(·) is the indicator function
and γ is a threshold parameter. The regression coefficient β = (β11, β′12, β21, β′22)

′

is a (2K + 2)-dimensional vector of unknown parameters. In Hansen’s panel
threshold regression model, for each t, (qit, Xit) are independent and identically
distributed (iid) across i. Differently, we assume that there exist cross-sectional
dependence in (qit, Xit) in this paper. And we also assume that they have time
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dependence. (qit, Xit, yit) should be stationary in further research. An alterna-
tive intuitive way of writing (3.2.1) is

yit =

{
µi + β11 + β′12Xit + ϵit, qit ≤ γ,
µi + β21 + β′22Xit + ϵit, qit > γ.

The model (3.2.1) can be written as

yit = µi + (1, X′it)β1 I(qit ≤ γ) + (1, X′it)β2 I(qit < γ) + ϵit. (3.2.2)

where β1 = (β11, β′12)
′ and β2 = (β21, β′22)

′. β1 and β2 are k + 1-dimensional
vectors.

3.3 Least squares estimation

There are several methods can be adopted to estimate the parameter β and
threshold parameter γ. And the ordinary least squares method is commonly
used to obtain the estimators. For notational simplicity, we set β1 = (β11, β′12)

′,
β2 = (β21, β′22)

′, β = (β′1, β′2)
′, and Zit = (1, X′it)

′, and Zit(γ) = (Zit I(qit ≤
γ)′, Zit I(qit > γ)′)′. Then model (3.2.1) can be written as follows,

Yit = µi + β′Zit(γ) + ϵit, (3.3.1)

where β is a (2K + 2) dimensional vector of unknown parameters. To simplify
the notation in the following sections, we set Zit1(γ) = (1it1(γ), Xit1(γ)

′)′ =

Zit · I(qit ≤ γ), Zit2(γ) = (1it2(γ), Xit2(γ)
′)′ = Zit · I(qit ≤ γ), with 1it1(γ) =

I(qit ≤ γ), 1it2(γ) = I(qit > γ), Xit1(γ) = Xit · I(qit ≤ γ), Xit2(γ) = Xit · I(qit >

γ). We assume the value of the threshold parameter γ is appropriately taken
in a bounded set Γ = [γ, γ], where γ and γ are two appropriately given lower
and upper constants. We consider the within-group estimation to eliminate
the individual effect µi under ∑n

i=1 µi = 0 for model identifiability with the
intercepts β11 and β21 taken account of under different regimes in model (3.2.1).
Note that EYit = µi + β′EZit(γ), and hence

Ỹit =: Yit − EYit = β′[Zit(γ)− EZit(γ)] + ϵit =: β′Z̃it(γ) + ϵit. (3.3.2)



3.3. Least squares estimation 41

Then, taking an average over time index t in model (3.3.1), we obtain

Ȳi = µi + β′Z̄i(γ) + ϵ̄i, (3.3.3)

where Ȳi =
1
T ∑T

t=1 Yit, ϵ̄i =
1
T ∑T

t=1 ϵit, and

Z̄i(γ) =
1
T

T

∑
t=1

Zit(γ) =

(
1
T ∑T

i=1 Zit · I(qit ≤ γ)
1
T ∑T

i=1 Zit · I(qit > γ)

)
.

The following model can be obtained by taking the difference between (3.3.1)
and (3.3.3).

Y∗it = β′Z∗it(γ) + ϵ∗it, (3.3.4)

where Y∗it = Yit − Ȳi, Z∗it(γ) = Zit(γ)− Z̄i(γ), and ϵ∗it = ϵit − ϵ̄i. Denote

Y∗i =


Y∗i1
...

Y∗iT

 , Z∗i (γ) =


Z∗i1(γ)

′

...
Z∗iT(γ)

′

 , ϵ∗i =


ϵ∗i1
...

ϵ∗iT

 .

Let Y∗ = ((Y∗1 )
′, · · · , (Y∗n )′)′, Z∗(γ) = ((Z∗1 (γ))

′, · · · , (Z∗n(γ))′)′, and ϵ∗ =

((ϵ∗1)
′, · · · , (ϵ∗n)′)′ denote the data for all individuals. Model (3.3.4) can be writ-

ten as
Y∗ = Z∗(γ)β + ϵ∗. (3.3.5)

If γ is given, an OLS estimator of β is

β̂(γ) = (Z∗(γ)′Z∗(γ))−1Z∗(γ)′Y∗. (3.3.6)

which can be seen as the OLS estimator of

β0(γ) = [E(Z̃(γ)′Z̃(γ))]−1E[Z̃(γ)′Ỹ] (3.3.7)

that minimises L(β, γ) =: E[(Ỹ − Z̃(γ)β)′(Ỹ − Z̃(γ)β)] with respect to β, fol-
lowing from (3.3.2), where Ỹ and Z̃(γ) are defined from (3.3.2) in a similar man-
ner to Y∗ and Z∗(γ) defined above. Then we can define the regression residuals
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to (3.3.5) by

ϵ̂∗(γ) = Y∗ − Z∗(γ)β̂(γ) = [I − Z∗(γ)(Z∗(γ)′Z∗(γ))−1Z∗(γ)′]Y∗, (3.3.8)

and correspondingly,
ϵ̃it(γ) = Ỹit − β0(γ)

′Z̃it(γ). (3.3.9)

The sum of squared errors (SSE) or the residual sum of squares (RSS) is

S1(γ) = ϵ̂∗(γ)′ϵ̂∗(γ) = Y∗′(I − Z∗(γ)′(Z∗(γ)′Z∗(γ))−1Z∗(γ)′)Y∗. (3.3.10)

The least square estimator of γ is given by

γ̂ = arg min
γ∈Γ

S1(γ). (3.3.11)

which can be seen as the estimator of γ0 = arg minγ∈Γ L(β0(γ), γ).

Note that the sum of squared error function is a step function that occurs at
less than nT distinct values of the observed threshold variables. Hansen (1999)
recommends eliminating the smallest and largest 1% or 5% after sorting the
distinct values of the observations. However, this may ignore the influence of
extreme values. We keep all distinct values for the estimation of γ in this paper.
When nT is large, instead of searching over all values of threshold variables for
γ̂, the search can be implemented by some specific quantiles. Thus the number
of regressions performed in the search can be reduced.

After the estimator γ̂ is obtained, we can define an estimator of β as follows:

β̂ = β̂(γ̂) = (Z∗(γ̂)′Z∗(γ̂))−1Z∗(γ̂)′Y∗. (3.3.12)

which is the estimator of β0 = β0(γ0). Note that ϵ̃it(γ0) = ϵit.
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3.4 Asymptotic properties

In this paper, we consider the cases n → ∞ and T → ∞ with cross-sectional
dependence and time dependence. In our discussion, both the residuals and ex-
planatory variables are allowed to be dependent over time and cross-sectionally.
Hansen (1999) studied the asymptotic distribution of Panel threshold regression
model with n → ∞ and T fixed. He assumed that for each t, (qit, xit, eit) are iid
across i. And for each i, eit is iid over t. Hansen (1999) showed that if the thresh-
old estimate γ̂ were the true value, the statistical inference on β can be proceed.
And the estimated slope coefficient is asymptotically normal with a covariance
matrix which can be estimated by

V̂ = (
n

∑
i=1

T

∑
t=1

x∗it(γ)x∗it(γ)
′)−1σ̂2,

where σ̂2 is the residual variance, and σ̂2 = 1
nT ϵ̂∗

′
ϵ̂∗. In the following section,

we will study the asymptotic distribution under both time and cross-sectional
dependent conditions.

3.4.1 Assumptions

Before studying the asymptotic distribution, we need to introduce a martingale
difference, extending identically independent distributed (iid) errors.

Definition (Martingale) Let (Ω,F , P) be a probability space: Ω is a set, F is a
σ-field with elements being subsets of Ω, and P a probability measure defined
on F . Let T be the set of integers. Let {Ft, t ∈ T} be an increasing sequence of
σ-fields in F . Suppose that {St, t ∈ T} is a sequence of random variables on Ω
satisfying

(i) St is measurable with respect to Ft,

(ii) E|St| < ∞,

(iii) E(St|Fk) = Sk a.s. for all k < t, t, k ∈ T.
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Then, the sequence {St, t ∈ T} is said to be martingale with respect to {Ft, t ∈
T}. ϵt = St − St−1 is a martingale difference sequence and satisfies the follow-
ing conditions:

(i) E|ϵt| < ∞,

(ii) E[ϵt|Ft−1] = 0 a.s.

And we also need to introduce α-mixing property.

Definition (α-mixing) For a stochastic process X1, X2, ..., define

Fn
1 = σ(X1, ..., Xn),

the σ-algebra generated by the first n random variables, and

F∞
n = σ(Xn, Xn+1, ...),

the σ-algebra generated by the (infinite) family of random variables that is the
subsequence starting at n. Let

αn = sup
m∈N,A∈Fm

1 ,B∈F∞
m+n

|P(A ∩ B)− P(A)P(B)|.

The stochastic process is said to be α-mixing or strongly mixing if αn → 0.

We first specify the conditions on the implicit cross sectional dependence of the
error term {ϵit} that is a martingale process along time, and more assumptions
on the moments of {ϵit} and {Xit} in (3.3.4) in Assumption 3.1.

Assumption 3.1.

(i) {(ϵit, Xit, qit) : 1 ≤ i ≤ n} as a process in time t is α-mixing stationary,
for any n, and E∥Xit∥4+τ < ∞, E∥ϵit∥4+τ < ∞, for any τ > 0. The α-
mixing coefficient satisfies ∑∞

p=1 pϕ(α(p))
τ

4+τ ≤ ∞, for some ϕ > 1, where
α(p) = max

i
sup

A∈F q
−∞,B∈F∞

q+p

|P(AB) − P(A)P(B)| → 0 as p → ∞, where

F q
−∞ and F∞

q+p are two σ-fields generated by {(ϵit, Xit, qit), t ≤ q} and
{(ϵit, Xit, qit), t ≥ q + p}, respectively.
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(ii) {ϵt = (ϵ1t, ..., ϵnt)′} is a sequence of martingale differences in time t. That
is, E[ϵt|Ft−1,n] = 0n, a.s., where Ft,n = σ{(ϵiℓ, Xi,ℓ+1, qi,ℓ+1) : ℓ ≤ t, 1 ≤
i ≤ n} is a σ-field generated by {(ϵiℓ, Xi,ℓ+1, qi,ℓ+1) : ℓ ≤ t, 1 ≤ i ≤ n}.

(iii) {(ϵit, Xit, qit) : 1 ≤ t ≤ T} are dependent cross-sectionally and Var(Xit) >

0. Let C0 denote any (K + 1)× 1 nonrandom vector with ∥C0∥ = 1, and
XC

it = C′0Xit/
√

Var(C′0Xit), as n→ ∞,

E

∣∣∣∣∣ n

∑
i=1

(XC
it − EXC

it )

∣∣∣∣∣
2+τ

= O(n
2+τ

2 ),

E

∣∣∣∣∣ n

∑
i=1

ϵit

∣∣∣∣∣
2+τ

= O(n
2+τ

2 )

(3.4.1)

where τ > 0 is as defined in Assumption 3.1(i).

(iv) There exist (2K + 2)× (2K + 2) positive definite matrices Σγ, Σγ0 , Σγ,ϵ and
Σγ0,ϵ such that as n→ ∞,

1
n

n

∑
i=1

E(Z̃it(γ)Z̃it(γ)
′)→ Σγ,

1
n

n

∑
i=1

n

∑
j=1

E(Z̃it(γ)Z̃jk(γ)
′ϵ̃it(γ)ϵ̃jk(γ))→ Σγ,ϵ,

1
n

n

∑
i=1

E(Z̃it(γ0)Z̃it(γ0)
′)→ Σγ0 ,

1
n

n

∑
i=1

n

∑
j=1

E(Z̃it(γ0)Z̃jt(γ0)
′σϵt(i, j))→ Σγ0,ϵ,

(3.4.2)

where σϵt(i, j) = E[ϵitϵjt|Ft−1,n] a.s.. Additionally, there exists 0 < σ2
ϵ < ∞

such that as n→ ∞,

1
n

n

∑
i=1

n

∑
j=1

Eσϵt(i, j)→ σ2
ϵ . (3.4.3)

(v) Let C0 denote any (K + 1) × 1 nonrandom vector with ∥C0∥ = 1, ζit =
C′0Zitϵit√

E(C′0Zitϵit)2
and ζ̃it =

(ζ2
it−Eζ2

it√
Var(ζ2

it)
, there exist some constants such that, as

both n→ ∞, T → ∞,

1
n

n

∑
i ̸=i1

∣∣Eζ̃itζ̃i1t
∣∣ ≤ C1

ρ,
1

nT

n

∑
i ̸=i1

T

∑
t ̸=t1

∣∣Eζ̃itζ̃i1t1

∣∣ ≤ C2
ρ,
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1

n
3
2

n

∑
i ̸=i1 ̸=i2

∣∣Eζ̃itζi1tζi2t
∣∣ ≤ C3

ρ,
1
n2

n

∑
i ̸=i1 ̸=i2 ̸=i3

∣∣Eζitζi1tζi2tζi3t
∣∣ ≤ C4

ρ,

1
n2T

n

∑
i ̸=i1 ̸=i2 ̸=i3

T

∑
t ̸=t1

∣∣Eζitζi1tζi2t1ζi3t1

∣∣ ≤ C5
ρ. (3.4.4)

Remark 3.1. Note that {ϵt, t ≥ 1} is assumed to be a stationary martingale dif-
ference sequence in Assumption 3.1. The martingale difference condition is use-
ful in establishing asymptotic normality, allowing for conditional heteroscedas-
ticity in financial data, and in general weaker than α-mixing error assumption.
We consider {ϵit} is uncorrelated with {Xit} and {qit}, which is implied in As-
sumption 3.1 (i), and thus the asymptotic results are studied under the exogene-
ity assumption. We assume cross-sectional dependence in Assumption 3.1 (iii).
We impose cross-sectional dependence conditions on {ϵit} in Assumption 3.1
(v), similar to the condition A2 in Chen et al. (2012b), who proposed certain
conditions to measure the distance between cross-sectional units i and j. Unlike
the time index that is unilateral for time series, the cross-sectional indices can-
not be ordered naturally. To explain the cross-sectional dependence condition
in some detail, define a kind of ”distance function” among cross-sections of the
form

ρ(i1, i2, ..., is) = E(ζi1,1ζi2,1...ζis,1), (3.4.5)

and then consider one of the cases where s = 4. We focus on the case where
1 ≤ i1 ̸= i2 ̸= i3 ̸= i4 ≤ n. Consider a distance function of the form

ρ(i1, i2, ..., i4) =
1

|i4 − i3|δ3 |i3 − i2|δ2 |i2 − i1|δ1
(3.4.6)

for δi > 0 for all 1 ≤ i ≤ 3. In this case, the second condition can be verified
because

n

∑
i1 ̸=i2 ̸=i3 ̸=i4

Eζi1tζi2tζi3tζi4t = O(n4−∑n
j=1 δj) = O(n2), (3.4.7)

when ∑n
j=1 δj ≥ 2. Assumption 3.1 (iv) imposes some mild conditions on ζit. If

ζit is cross-sectionally independent and serially independent or weakly depen-
dent, then (3.4.4) holds.

We also allow the cross sectional dependence of the covariate process {Xit} that
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is often defined by adopting a common factor structure,

Xit = Λict + vit, i = 1, ..., n, t = 1, ..., T, (3.4.8)

where ct = (c1t, ..., cmt)′ is a m-dimensional vector of common factors, Λi is a
k × m factor loading matrix. As mentioned in Section 1, in a special case, we
allow Xit = xt (scalar) across i, where correspondingly ct = xt, Λi = 1 and
vit = 0 for all i and t. In general, we impose the following assumptions on Xit.

Assumption 3.2.

(i) Let vt = (v1t, ..., vnt)′. The sequence {vt, t ≥ 1} is a vector of stationary
α-mixing time series with zero mean, and E(∥vit∥4+τ) < ∞ uniformly
across 1 ≤ i ≤ n, for some τ > 0 as given in Assumption 3.1(i). The
α-mixing coefficient is the same as that in Assumption 3.1(i).

(ii) There exists a K×K non-negative definite matrix Ωv, such that as n→ ∞,

1
n

n

∑
i=1

E(vitv′it)→ Ωv,
n

∑
i=1

σvi = O(n), (3.4.9)

where σvi = E(vi1v′i1) + 2 ∑∞
t=2 E(vi1v′it), and ∥ · ∥ is the Euclidean norm.

(iii) The common factor, {ct, t ≥ 1}, is a stationary α-mixing sequence with
E(∥ct∥4+τ) < ∞ for the same constant τ > 0 in Assumption 3.1(i). The
α-mixing coefficient is the same as that in Assumption 3.1(i).

Remark 3.2. Assumption 3.2 imposes some dependent conditions for Xit. As-
sumption 3.2 (i) requires {vt, t ≥ 1} to be a stationary α-mixing sequence, where
the mixing condition is commonly used in some time series models (see e.g.
Fan and Yao, 2003; Gao, 2007; Chen et al., 2012b). Assumption 3.2 (ii) assume
{vit} to be cross-sectional independence. Therefore {vit} is assumed to be cross-
sectional independent but serial dependent. For each i, i ≥ 1, we impose the
common factor, {ct}, of {Xit}. Thus {Xit} is assumed to be cross-sectionally
dependent by defining {ct}.

Further, let θ = β2 − β1 be the threshold (discontinuity) effect of Xit at the
threshold γ of qit. Differently from the specifications in the literature (c.f., Hansen
(1999); Seo and Shin (2016); Miao et al. (2020a,b)), we allow θ = O(n−α1 T−α2)
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decaying to zero at different rates of α1 ∈ (0, 1
2) and α2 ∈ (0, 1

2) as the cross-
sectional size n and the temporal size T tend to infinity, respectively, in view
of the fact that real panel data may increase at different rates in time and cross
section. For example, when α1 = α2, it reduces to the case considered in Miao
et al. (2020a,b). Let fi(γ) denote the probability density function of qit, which is
independent of t as qit is stationary along time,

D(γ) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′it|qit = γ) fi(γ),

V(γ) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′itϵ
2
it|qi = γ) fit(γ),

(3.4.10)

and D = D(γ0), V = V(γ0), with γ0 being the true value of the threshold
parameter.

Assumption 3.3.

(i) For some fixed vector of C (of the dimension of θ) satisfying ∥C∥ < ∞
such that θ = n−α1 T−α2C for some 0 < α1, α2 < 1

2 .

(ii) For all γ ∈ Γ, maxi E(∥Zitϵit∥4|qit = γ) ≤ A and maxi E(∥Zit∥4|qit =

γ) ≤ A for some A < ∞, and maxi fit(γ) ≤ f̄ < ∞.

(iii) D(γ) and V(γ) are continuous at γ = γ0.

(iv) 0 < C′DC, C′VC < ∞.

Remark 3.3. Assumption 3.3 provides certain conditions on the threshold ef-
fect similar to, but extending, the assumptions in Hansen (1999) and Hansen
(2000). Assumption 3.3 (i) specifies a diminishing threshold effect that includes
the special case θ = n−αC → 0 as n → ∞, with α1 = α and α2 = 0 in As-
sumption 3.3 (i). This special case is commonly used in many threshold panel
models, see Hansen (1999), Seo and Shin (2016) and others. Assumption 3.3 (ii)
imposes some conditions of the conditional probability density function and
moment bounds. Assumption 3.3 (iii) asks as usual for a continuous thresh-
old variable, excluding the threshold effect with a regime variable to have a
discrete distribution, as in the literature mentioned. Assumption 3.3 (iv) is a
regularity condition on the threshold effect, excluding the case C = 0, i.e., with-
out existence of a threshold effect supposed. Under Assumption 3.3 (iii, iv), the
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threshold regime variable qit is actually assumed to have some kind of continu-
ous distribution with positive densities at γ0 ensuring positive definiteness for
D and V at γ = γ0.

3.4.2 Asymptotic distribution

The following two theorems give the asymptotic distributions of β̂ and γ̂.

Theorem 3.1. Let Assumption 3.1 and Assumption 3.2 hold. As n→ ∞ and T → ∞,

√
nT(β̂(γ)− β0(γ))

d−→ N(02K+2, Σ−1
γ Σγ,ϵΣ−1

γ ). (3.4.11)

Remark 3.4. The above theorem shows that the proposed estimator, β̂(γ), fol-
lows the normal distribution asymptotically with the

√
nT convergence rate

when γ is given. Note that the estimated asymptotic distribution of β̂(γ) under
cross-sectional independence condition is N(02K+2, Υ−1

γ Υγ,ϵΥ−1
γ ), where Υγ =

limn→∞
1
n ∑n

i=1 EZ̃it(γ)Z̃it(γ)
′ and Υγ,ϵ = limn→∞

1
n ∑n

i=1 EZ̃it(γ)Z̃it(γ)
′σϵ(i, i),

which is similar to Theorem 3.4 in Miao et al. (2020a). Note the difference of
defining Υγ,ϵ, involving σϵ(i, i) only, from our Σγ,ϵ in (3.4.2), involving σϵ(i, j)
across i and j, characterising cross-sectional dependence. Compared with the
existing literature on panel threshold regression model, the asymptotic variance
in Theorem 3.1 captures the cross-sectional dependence.

Theorem 3.2. Under Assumption 3.1 to Assumption 3.3, as n→ ∞ and T → ∞,

n1−2α1 T1−2α2(γ̂− γ0)
d−→ w arg max

v∈R

[
−|v|

2
+ W(v)

]
(3.4.12)

where w = C′VC
(C′DC)2 , W(v) is a two-sided Brownian motion.

Remark 3.5. The above theorem shows the asymptotic distribution of threshold
parameter is highly non-standard with the convergence rate, n1−2α1 T1−2α2 . This
result is similar to Theorem 1 of Hansen (2000). In panel data analysis, Hansen
(1999) assumed time series length, T, fixed and analyzed the convergence rate,
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n1−2α, where α ∈ (0, 1
2). Our result relaxes the convergence rate to a more gen-

eral condition so that the theorem can be more applicable.
Finally, by Theorems 3.1 and 3.2, we have the asymptotic property for β̂ = β̂(γ̂).

Theorem 3.3. Let Assumption 3.1 to Assumption 3.3 hold. As n→ ∞ and T → ∞,

√
nT(β̂− β0)

d−→ N(02K+2, Σ−1
γ0

Σγ0,ϵΣ−1
γ0

). (3.4.13)

Remark 3.6. The above theorem establishes the asymptotic distribution of β̂

by the consistency of γ̂ in Proposition 3.1 and Theorem 3.1. By this theorem,
the asymptotic variance for the estimator β̂ can hence be estimated through the
estimators of

Σ̂γ̂ =
1

nT

n

∑
i=1

T

∑
t=1

Z∗it(γ̂)(Z∗it(γ̂))
′,

Σ̂γ̂,ϵ̂ =
1

nT

n

∑
i=1

n

∑
j=1

T

∑
t=1

Z∗it(γ̂)(Z∗jt(γ̂))
′ϵ̂itϵ̂jt,

(3.4.14)

where ϵ̂it is the residual of an estimated model of (3.2.1). Also, the estimated
variances for the estimators are consistent. Furthermore, the asymptotic vari-
ance matrix estimator given by (3.4.14) can be used to calculate confidence in-
tervals for the components of the true parameter vector β0 of β.

3.5 Testing for the existence of threshold effect

Before making inference for unknown parameters, it is important to verify the
existence of threshold effect. This issue has been considered in Hansen (1996).
Specifically, recall model (3.2.2) and consider the null hypothesis of no threshold
effect,

H0 : θ = 0,

against the alternative hypothesis,

H1 : θ ̸= 0.
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Due to unidentified threshold parameter under the null, testing for the exis-
tence of threshold effect is non-standard. To study the local power of our test,
we consider the following sequence of Pitman local alternatives,

H1nT : θ =
c√
nT

.

Obviously, the case c = 0 corresponds to the null hypothesis of no threshold
effect.

For each γ ∈ Γ = [γ, γ], we can obtain the estimator θ̂(γ) = β̂2(γ)− β̂1(γ). The
asymptotic variance estimator is defined as

Σ̂γ =
1

nT

n

∑
i=1

T

∑
t=1

Z∗it(γ) (Z∗it(γ))
′ ,

Σ̂γ,ϵ =
1

nT

n

∑
i=1

n

∑
j=1

T

∑
t=1

Z∗it(γ) (Z∗it(γ))
′ ϵit(γ)ϵjt(γ).

The sup-Wald statistic is defined as

sup WnT = sup
γ∈Γ

WnT(γ),

where WnT(γ) = nTβ̂(γ)′(L2 − L1)M̂−1
nT (γ)(L2 − L1)β̂(γ) with section matri-

ces L1 = [IK+1, 0(K+1)×(K+1)]
′ and L2 = [0(K+1)×(K+1), IK+1]

′, and M̂nT(γ) =

(L2 − L1)
′Σ̂−1

γ Σ̂γ,ϵΣ̂−1
γ (L2 − L1). M̂nT(γ) is the estimated covariance matrix for√

nTθ̃(γ).

Suppose there exist matrices F(γ) and Θγ,γ0 such that as n→ ∞, 1
n ∑n

i=1 EZ̃it(γ)ϵit →
F(γ) and 1

n ∑n
i=1 EZ̃it(γ)Z̃it(γ0)→ Θγ,γ0 . The asymptotic property of the statis-

tic sup WnT(γ) is given in the following theorem.

Theorem 3.4. Suppose Assumption 3.1 to Assumption 3.3 hold. Then under H1nT :
θ = c√

nT
, we have

sup WnT
d−→ sup

γ∈Γ
Wc(γ),
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where Wc(γ) = [F̃(γ) + Q̃(γ)c]′M−1(γ)[F̃(γ) + Q̃(γ)c], Q̃(γ) = 1
2(L2− L1)

′Σ−1
γ

Θγ,γ0(L2− L1) and F̃(γ) = (L2− L1)
′Σ−1

γ F(γ) is a mean zero Gaussian process with
covariance kernel M(γ) = (L2 − L1)

′Σ−1
γ Σγ,ϵΣ−1

γ (L2 − L1).

Under H0, c = 0 and supγ∈Γ W0(γ) = supγ∈Γ F̃(γ)′M−1(γ)F̃(γ). It is appar-
ently the limiting null distribution of sup WnT depends on the Gaussian process
F̃(γ) and is not pivotal. We cannot tabulate the asymptotic critical values for
the above sup-Wald statistic. However, given the simple structure of F̃(γ), we
can follow Hansen (1996) and simulate the asymptotic critical values as follows,

1. Generate {sit, i = 1, ..., n, t = 1, ..., T} independently from standard nor-
mal distribution;

2. Set F̂nT(γ) =
1√
nT ∑n

i=1 ∑T
t=1 Z∗it(γ)ϵ̂

∗
it(γ)sit;

3. Compute sup ŴnT = supγ∈Γ F̂nT(γ)
′Σ̂−1

γ (L2− L1)M̂−1
nT (γ)(L2− L1)

′Σ̂−1
γ F̂nT(γ);

4. Repeat steps 1-3 P times and denote the resulting sup ŴnT test statistics as
sup ŴnT,j for j = 1, ..., P;

5. Calculate the simulate/bootstrap p-value for sup WnT as p̂W = 1
P ∑P

j=1 I(sup ŴnT,j >

sup WnT) and reject the null when p̂W is smaller than some prescribed
nominal level of significance.

3.6 Multiple threshold model

Consider a double threshold model of the form

Yit =µi + β11 I(qit ≤ γ1) + β′12Xit I(qit ≤ γ1) + β21 I(γ1 < qit ≤ γ2)

+ β′22Xit I(γ1 < qit ≤ γ2) + β31 I(qit > γ2) + β′32Xit I(qit > γ2) + ϵit,

(3.6.1)

where the threshold parameters are ordered as γ1 < γ2. The least squares
method in Section 3.3 is appropriate for estimating (3.6.1). Let β(γ1, γ2) =
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(β11, β′12, β21, β′22, β31, β′32)
′, and

Zit(γ1, γ2) =

 Zit · I(qit ≤ γ1)

Zit · I(γ1 < qit ≤ γ2)

Zit · I(qit > γ2)


where Zit = (1, X′it)

′.Note that EYit = µi + β′EZit(γ), and hence

Ỹit =: Yit − EYit = β′[Zit(γ1, γ2)− EZit(γ1, γ2)] + ϵit =: β′Z̃it(γ1, γ2) + ϵit.
(3.6.2)

If γ1, γ2 are given, and γ1 < γ2, by fixed effect transformation similar to (3.3.5),
an OLS estimator of β is obtained

β̂(γ1, γ2) = (Z∗(γ1, γ2)
′Z∗(γ1, γ2))

−1Z∗(γ1, γ2)
′Y∗, (3.6.3)

which can be seen as the OLS estimator of

β0(γ1, γ2) = [E(Z̃(γ1, γ2)
′Z̃(γ1, γ2))]

−1E(Z̃(γ1, γ2)
′Ỹ), (3.6.4)

which minimize L(β, γ1, γ2) =: E[(Ỹ) − Z̃(γ1, γ2)β)′(Ỹ) − Z̃(γ1, γ2)β)]. The
vector of regression residuals is

ϵ̂∗(γ1, γ2) = Y∗ − Z(γ1, γ2)β̂(γ1, γ2), (3.6.5)

and the sum of squared erros is

S(γ1, γ2) = ϵ̂∗(γ1, γ2)
′ϵ̂∗(γ1, γ2). (3.6.6)

The first stage is to estimate the single threshold model given in Section 3.3.
Let S1(γ) be the sum of squared errors of single threshold model defined as
(3.3.9). The first threshold parameter γ̂1 can be estimated by minimizing S1(γ).
Suppose the first threshold parameter γ̂1 fixed, the sum of squared errors of
double threshold model is defined as

S2(γ2) =

{
S(γ̂1, γ2) if γ̂1 < γ2

S(γ2, γ̂1) if γ2 < γ̂1
(3.6.7)

and the second threshold is estimated by

γ̂2 = arg minS2(γ2). (3.6.8)
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γ̂ = (γ̂1, γ̂2)
′ is the estimator of γ0 = (γ01, γ02)

′ = arg minγ1∈Γ1,γ2∈Γ2 L(β0(γ1, γ2), γ1, γ2).
Once the threshold parameters are given, the slope coefficients (β11, β′12, β21, β′22,
β31, β′32) can be estimated by ordinary least squares. Thus we have the final
estimator, β̂ = β̂(γ̂1, γ̂2), of β0 = β0(γ01, γ02). The estimation method can
extend to higher order threshold models by fixing γ̂1 and γ̂2, and estimating
more threshold parameters. Both Bai (1997) and Hansen (1999) showed that the
second threshold parameter γ̂2 is asymptotically efficient, but γ̂1 is not. They
suggested to fix γ̂2 and re-estimate γ̂1 by the same method as (3.3.6) to obtain
efficient estimator. On the whole, the estimation method of second threshold is
similar as the first one since both are estimated by minimizing the squared error.
We model the cross-sectional dependence of Xit by the common factor function
same as (3.4.8) and impose the following assumptions to study asymptotic dis-
tributions of multiple threshold model.

To proceed, we need to introduce the necessary assumptions as follows.

Assumption 3.4.

(i) This part is the same as Assumption 3.1 (i).

(ii) This part is the same as Assumption 3.1 (ii).

(iii) There exist (3K+ 3)× (3K+ 3) positive definite matrices Σγ1,γ2 and Σγ1,γ2,ϵ

such that as n→ ∞,

1
n

n

∑
i=1

E(Z̃it(γ1, γ2)Z̃it(γ1, γ2)
′)→ Σγ1,γ2 ,

1
n

n

∑
i=1

n

∑
j=1

E(Z̃it(γ1, γ2)Z̃jt(γ1, γ2)
′)σϵt(i, j)→ Σγ1,γ2,ϵ,

(3.6.9)

where σϵt(i, j) = E[ϵitϵjt|Ft−1,n] a.s.. Additionally, there exists 0 < σ2
ϵ < ∞

such that as n→ ∞,

1
n

n

∑
i=1

n

∑
j=1

Eσϵt(i, j)→ σ2
ϵ . (3.6.10)

(iv) This part is the same as Assumption 3.1 (iv).

Assumption 3.5. This assumption is the same as Assumption 3.2.
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Let γ0 = (γ01, γ02)
′ be the true vector of the two threshold parameters, and

γ̂ = (γ̂1, γ̂2)
′ the estimator of γ0. Further, denote θ1 = β2− β1 and θ2 = β3− β2

for the element-wise differences between β2 and β1 and between β3 and β2,
respectively, where β1 = (β11, β′12)

′ ∈ R1+K, β2 = (β21, β′22)
′ ∈ R1+K, β3 =

(β31, β′32)
′ ∈ R1+K. Recall that fit(γ) denotes the probability density function

of qit, which is independent of t as qit is stationary along time. Further, set
D1 = D(γ01), D2 = D(γ02), V1 = V(γ01), V2 = V(γ02) with γ01, γ02 being the
two true threshold parameters, where D(γ) and V(γ), with γ ∈ R1, are defined
as.

D(γ1) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′it|qit = γ1) fi(γ1),

D(γ2) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′it|qit = γ2) fi(γ2),

V(γ1) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′itϵ
2
it|qit = γ1) fi(γ1),

V(γ2) = lim
n→∞

1
n

n

∑
i=1

E(ZitZ′itϵ
2
it|qit = γ2) fi(γ2).

(3.6.11)

Assumption 3.6.

(i) For some fixed vector of C1 and C2 (of the dimension of θ1 and θ2) sat-
isfying ∥C1∥ < ∞ and ∥C2∥ < ∞ such that θ1 = n−α1 T−α2C1 and θ2 =

n−α1 T−α2C2 for some 0 ≤ α1, α2 < 1
2 .

(ii) For all γ ∈ Γ, maxi E(∥Zitϵit∥4|qit = γ1) ≤ A, maxi E(∥Zitϵit∥4|qit =

γ2) ≤ A, maxi E(∥Zit∥4|qit = γ1) ≤ A, and maxi E(∥Zit∥4|qit = γ2) ≤ A
for some A < ∞, and maxi fit(γ1) ≤ f̄1 < ∞, maxi fit(γ2) ≤ f̄2 < ∞.

(iii) D1(γ1) = D(γ1) and V1(γ1) = V(γ1) are continuous at γ1 = γ01, and
D2(γ2) = D(γ2) and V2(γ2) = V(γ2) are continuous at γ2 = γ02.

(iv) 0 < C′1D1C1, C′2D2C2, C′1V1C1, C′2V2C2,< ∞.

Theorem 3.5. Let Assumption 3.4 to Assumption 3.6 hold. As n→ ∞ and T → ∞,

√
nT(β̂− β0)

d−→ N(0(3K+3), Σ−1
γ01,γ02

Σγ02,γ02,ϵΣ−1
γ01,γ02

). (3.6.12)

Remark 3.7. By this theorem, the asymptotic variance for the estimator β̂ of
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multiple threshold model can hence be estimated through the estimators of

Σ̂γ̂1,γ̂2 =
1

nT

n

∑
i=1

T

∑
t=1

Z∗it(γ̂1, γ̂2)(Z∗it(γ̂1, γ̂2))
′,

Σ̂γ̂1,γ̂2,ϵ̂ =
1

nT

n

∑
i=1

n

∑
j=1

T

∑
t=1

Z∗it(γ̂1, γ̂2)(Z∗jt(γ̂1, γ̂2))
′ϵ̂itϵ̂jt,

(3.6.13)

where ϵ̂it is the residual of an estimated model of (3.6.1). The estimated vari-
ance of β̂ is consistent. Also, the confidence interval of the components of the
true parameter vector β0 of β can be calculated by using estimated asymptotic
variance (3.6.13).

Theorem 3.6. Under Assumption 3.4 to Assumption 3.6 , as n→ ∞ and T → ∞,

n1−2α1 T1−2α2(γ̂− γ0)
d−→

w1 arg max
v1∈R

[
− |v1|

2 + W1(v1)
]

w2 arg max
v2∈R

[
− |v2|

2 + W2(v2)
]
 . (3.6.14)

where w1 =
C′1V1C1

(C′1D1C1)2 and w2 =
C′2V2C2

(C′2D2C2)2 , W1(v1) and W2(v2) are two independent
two-sided Brownian motions.

3.7 Simulated examples

This section explores the finite sample performance of the OLS estimators with
cross-sectional dependence. Here, we consider different cases of the fixed effect
and regressors.

3.7.1 Predetermined threshold parameters

Example 3.1. Consider the following model,

Yit = β1Xit I(Xit ≤ γ) + β2Xit I(Xit > γ) + ϵit, (3.7.1)

where β1 = 1, β2 = 2 and γ = 0.15. Let ϵt = (ϵ1t, ϵ2t, ..., ϵnt), which is an
n-dimensional vector. Then {ϵt, 1 ≤ t ≤ T} is generated as a sequence of
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n-dimensional vector of independent Gaussian variables with zero mean and
covariance matrix (aij)n×n, where

aij = 0.8|j−i|, 1 ≤ i, j ≤ n. (3.7.2)

Since the cross-sectional dependence is considered, the form of covariance ma-
trix is different from the normal way. And it is obvious that we have

E(ϵitϵjs) = 0 f or 1 ≤ i, j ≤ n, t ̸= s,

E(ϵitϵjt) = 0.8|j−i| f or 1 ≤ i, j ≤ n, 1 ≤ t ≤ T.
(3.7.3)

And the above equations imply that the error term is dependent cross-sectionally.
In the previous section, the independent variables consist of the common factor
xt and the error term vit, that is

Xit = ct + vit, i = 1, ..., n, t = 1, ..., T (3.7.4)

where ct ∼ U(0, 0.2) for 1 ≤ t ≤ T. Let vt = (v1t, v2t, ..., vnt)′ for 1 ≤ t ≤ T.
Consider that {vt, t ≥ 1} is a stationary α-mixing sequence, it is generated by
the following equation,

vit = 0.7vi,t−1 + uit, (3.7.5)

where uit ∼ N(0, 1).

In our experiments, we do the regression 500 times and take the average the
parameter estimators. We examine the means, standard deviations and mean
squared errors (MSE) of slope coefficients β. The MSE of β is defined as follows,

MSE =
1

500

500

∑
i=1

(β̂i − β)2. (3.7.6)

where β̂i is the estimator of i-th sample. By giving different values of n and T,
we compare the influence of sample size on β. For setting n = 10, 20, 30 and
T = 10, 20, 30, the simulation results are reported in Table 3.1 and Table 3.2.

Table 3.1 shows the means and standard deviation of parameter β with 500
iterations. Table 3.2 indicates the mean squared errors of parameter β. We can
find that with the sample size, either n or T, increasing, the standard deviation
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TABLE 3.1: Means and SDs of slope coefficient estimators of Example 3.1

n\T 10 20 30

10
β1

1.0203 1.0015 0.9997
(0.3254) (0.1811) (0.1183)

β2
2.0116 2.0015 2.0029
(0.2563) (0.1430) (0.1210)

20
β1

1.0012 1.0055 1.0017
(0.2094) (0.1133) (0.0907)

β2
2.0045 1.9897 2.0033
(0.1734) (0.1213) (0.0757)

30
β1

1.0019 1.0003 0.9983
(0.1507)) (0.1117)) (0.0719)

β2
1.9945 2.0092 2.0016
(0.1392) (0.0771) (0.0697)

TABLE 3.2: MSE of slope coefficient estimators of Example 3.1

n\T 10 20 30

10 β1 0.1061 0.0327 0.0140
β2 0.0657 0.0204 0.0146

20 β1 0.0438 0.0128 0.0082
β2 0.0300 0.0148 0.0057

30 β1 0.0227 0.0125 0.0052
β3 0.0194 0.0060 0.0048

and mean squared errors of the slope coefficients will decrease.

Example 3.2. The example 3.1 can be seen that the fixed effect is equal to zero.
Consider the constant term with the indicator function, we have the following
model,

Yit = αi + β0 I(Xit ≤ γ) + β1Xit I(Xit ≤ γ) + β2Xit I(Xit > γ) + ϵit,

i = 1, ..., n, t = 1, ...T
(3.7.7)

where β1 = 1, β2 = 2 and γ = 0.15 are the same as Example 3.1. And we set
β0 = 0.5, αi =

1
T ∑T

t=1 Xit for i = 1, ...n− 1, and αn = −∑n−1
i=1 αi. Then, the fixed

effects satisfy that ∑n
i=1 αi = 0 for model identifiability. And the covariate vari-

ables Xit and the error term ϵit are generated as Example 3.1 with cross-sectional
dependence.

Table 3.3 and Table 3.4 shows similar results to Example 3.1. Although we add
the constant term with indicator function and use the different form of fixed
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TABLE 3.3: Means and SDs of slope coefficient estimators of Example 3.2

n\T 10 20 30

10

β0
0.4921 0.4857 0.5075
( 0.2885) (0.2270) (0.1855)

β1
0.9896 0.9833 1.0077
( 0.2789) (0.1335) (0.1212)

β2
1.9922 2.0029 2.0036
( 0.2120) (0.1543) (0.1308)

20

β0
0.4992 0.4887 0.5006
(0.2594) (0.1640) (0.1466)

β1
1.0144 0.9947 1.0037
(0.1669) (0.1087) (0.0916)

β2
2.0097 1.9949 2.0026
(0.1890) (0.1255) (0.0922)

30

β0
0.5023 0.5041 0.4917
(0.1864) (0.1507) (0.1350)

β1
1.0127 1.0030 0.9929
(0.1483) ( 0.0953) ( 0.0659)

β2
1.9951 2.0005 1.9947
(0.1779) ( 0.0976) (0.0734)

TABLE 3.4: MSE of slope coefficient estimators of Example 3.2

n\T 10 20 30

10
β0 0.0831 0.0516 0.0344
β1 0.0777 0.0181 0.0147
β2 0.0449 0.0238 0.0171

20
β0 0.0671 0.0270 0.0215
β1 0.0280 0.0118 0.0083
β2 0.0357 0.0157 0.0085

30
β0 0.0347 0.0227 0.0183
β1 0.0221 0.0091 0.0044
β2 0.0316 0.0095 0.0054

effect, either the cross-section sample size or time series sample size increases,
the standard deviations and mean squared errors of parameters will decrease.

Example 3.3. Consider the model in Example 3.2, the fixed effects are generated
under the condition that αi =

1
T ∑T

i=1 Xit for i = 1, ...n− 1, and αn = −∑n−1
i=1 αi.

Thus, they satisfy ∑n
i=1 αi = 0. Another commonly used method to generate the

fixed effect is that αi ∼ N(0, 1) for i = 1, ..., n is assumed in simulated examples.
And the other parameters, independent variables and error terms are generated
the same as them in Example 3.2. And we can get the following results in Table
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3.5 and Table 3.6.

TABLE 3.5: Means and SDs of slope coefficient estimators of Example 3.3

n\T 10 20 30

10

β0
0.5072 0.4914 0.4875
(0.4228) (0.2252) (0.2079)

β1
1.0013 1.0094 1.0014
(0.2309) (0.1984) (0.1236)

β2
1.9987 1.9843 1.9919
(0.2553) (0.1845) (0.1472)

20

β0
0.4978 0.5116 0.5021
(0.2270) (0.1795) (0.1592)

β1
0.9926 1.0009 0.9962
(0.1811) (0.1201) (0.1109)

β2
1.9973 1.9989 2.0021
(0.1665) (0.1094) (0.0933)

30

β0
0.4923 0.5002 0.5064
(0.2183) (0.1491) (0.1325)

β1
0.9982 1.0013 1.0016
(0.1183) (0.0889) (0.0774)

β2
1.9926 1.9984 2.0014
(0.1577) (0.0904) (0.0796)

TABLE 3.6: MSE of slope coefficient estimators of Example 3.3

n\T 10 20 30

10
β0 0.1785 0.0507 0.0433
β1 0.0532 0.0394 0.0152
β2 0.0651 0.0342 0.0217

20
β0 0.0514 0.0323 0.0253
β1 0.0328 0.0145 0.0123
β2 0.0277 0.0119 0.0087

30
β0 0.0476 0.0222 0.0176
β1 0.0140 0.0079 0.0060
β2 0.0249 0.0082 0.0063

Despite using different forms of fixed effect from Example 3.2, we can get a
similar conclusion. The standard deviations and mean squared errors of pa-
rameters will decrease as either the cross-section data sample size or time series
sample size increases.
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Example 3.4. Consider the model in Example 3.2,

yit = αi + β0 I(Xit ≤ γ) + β1Xit I(Xit ≤ γ) + β2Xit I(Xit > γ) + ϵit, (3.7.8)

where β0 = 0.5, β1 = 1 and β2 = 2 set as Example 3.2. ϵit is generated as
Example 3.1 with cross-sectional dependence. The regressor variables are in
the form of Xit = ct + vit. Differently, ct is generated by an AR(1) model as
follows,

ct = 0.1ct−1 + et, 1 ≤ t ≤ T (3.7.9)

where the parameter of AR(1) model is 0.1, which means weak dependence.
et ∼ N(0, 1), that is generated by the normal distribution. vit is generated as
Example 3.1. In this example, we set the threshold parameter is equal to 0.

TABLE 3.7: Means and SDs of slope coefficient estimators of Example 3.4

n\T 10 20 30

10

β0
0.5179 0.4943 0.4977
(0.3497) (0.2899) (0.2640)

β1
1.0114 0.994 0.999
(0.1878) (0.1554) (0.1202)

β2
1.9957 2.0012 1.9955
(0.2673) (0.2047) (0.1734)

20

β0
0.5038 0.4902 0.4904
(0.2346) (0.1906) (0.1599)

β1
1.0033 0.9989 0.9946
(0.1299) (0.1121) (0.1086)

β2
2.0065 1.9945 1.9954
(0.2137) (0.1230) (0.0940)

30

β0
0.5177 0.5104 0.4982
(0.2306) (0.1632) (0.1170)

β1
1.0041 1.0002 1.0005
(0.1109) (0.0948) (0.08221)

β1
2.0079 1.9994 1.9977
(0.1930) (0.1136) (0.0788)

Unlike the uniform distribution of xt in Example 3.1 and Example 3.2, it is gen-
erated by AR(1) model and dependent on xt−1 weakly. The simulation results
in Table 3.7 and Table 3.8 indicate that an increase in either n or T leads to a
decrease in SD and MSE.
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TABLE 3.8: MSE of slope coefficient estimators of Example 3.4

n\T 10 20 30

10
β0 0.1224 0.0839 0.0695
β1 0.0353 0.0241 0.0144
β2 0.0713 0.0418 0.0300

20
β0 0.0550 0.0364 0.0256
β1 0.0169 0.0125 0.0118
β2 0.0456 0.0151 0.0088

30
β0 0.0534 0.0267 0.0137
β1 0.0123 0.0090 0.0067
β2 0.0372 0.0129 0.0062

Example 3.5. Example 3.4 consider the weak dependence of ct. We consider a
larger coefficient in the common factor function, which means the dependence
is much stronger than Example 3.4. It is generated as follows,

ct = 0.5ct−1 + et, 1 ≤ t ≤ T. (3.7.10)

Other parameters and the form of error term is chosen the same as Example 3.4.
We can get the following results.

TABLE 3.9: Means and SDs of slope coefficient estimators of Example 3.5

n\T 10 20 30

10

β0
0.5082 0.4926 0.5063
(0.4205) (0.3325) (0.2653)

β1
1.0078 0.9970 1.0008
(0.2596) (0.1441) (0.1201)

β2
2.0081 2.0018 1.9967
(0.2905) (0.1985) (0.1500)

20

β0
0.5072 0.4867 0.4960
(0.2998) (0.1854) (0.1571)

β1
0.9998 0.9975 0.9971
(0.1236) (0.1124) (0.1039)

β2
2.0075 1.9972 1.9978
(0.2686) (0.1240) (0.0895)

30

β0
0.5083 0.5131 0.4980
(0.2589) (0.1639) (0.1271)

β1
0.9993 1.0018 1.0027
( 0.1094) (0.0864) (0.0854)

β2
2.0049 1.9975 1.9986
(0.2371) (0.1002) (0.0741)
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TABLE 3.10: MSE of slope coefficient estimators of Example 3.5

n\T 10 20 30

10
β0 0.1765 0.1104 0.0703
β1 0.0673 0.0207 0.0144
β2 0.0843 0.0393 0.0225

20
β0 0.0898 0.0345 0.0246
β1 0.0153 0.0126 0.0108
β2 0.0721 0.0153 0.0080

30
β0 0.0670 0.0270 0.0161
β1 0.0119 0.0074 0.0073
β2 0.0561 0.0100 0.0055

Although a larger parameter of AR(1) model is considered in this example, we
can get the same conclusion that an increase in either n or T results in a decrease
in standard deviation and mean squared errors.

3.7.2 Estimated threshold parameters

Example 3.6. Consider the following single threshold model:

Yit = αi + β1Xit I(Xit ≤ γ) + β2 I(Xit > γ) + β3Xit I(Xit > γ) + ϵit

where β1 = −0.5, β2 = 0.3, β3 = 0.7 and γ = 0. Considering the cross-sectional
dependent and serial independent structure, the error terms ϵit is generated as
follows. For t ≥ 1, ϵt = (ϵ1t, ..., ϵnT) is generated as a sequence of n-dimensional
vector of independent Gaussian variables drawn from N(0, Σc), with the (i, j)-
th element of of Σc being cij = 0.6|i−j|, 1 ≤ i, j ≤ n. The regressors Xit are
generated by

Xit = ct + vit

where vit is independent of ϵit and follows

vit = 0.4vi,t−1 + uit

in which uit is serial cross-sectional independent and generated from N(0, 1).
αi ∼ N(0, 1); ct ∼ U(−0.2, 0.2) for 1 ≤ t ≤ T.
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TABLE 3.11: Means and SDs of estimators of Example 3.6

n\T 20 30 40

20

β1
-0.4671 -0.4767 -0.4956
(0.1764) (0.1286) (0.1072)

β2
0.2702 0.2878 0.3001
(0.3039) (0.2034) (0.1745)

β3
0.6733 0.6791 0.6878
(0.1378) (0.1089) (0.0823)

γ
-0.1324 -0.1267 -0.1122
(0.3609) ( 0.2850) (0.2485)

30

β1
-0.4823 -0.4778 -0.4904
(0.1336) (0.1059) (0.0908)

β2
0.2888 0.2888 0.2972
(0.2427) (0.1746) (0.1412)

β3
0.6820 0.6866 0.6902
(0.0993) (0.0821) (0.0649)

γ
-0.1252 -0.1065 -0.0991
(0.3044) (0.2423) (0.2147)

40

β1
-0.4868 -0.4897 -0.4970
(0.1031) (0.0822) (0.0716)

β2
0.2979 0.2980 0.2999
(0.1755) (0.1396) (0.1137)

β3
0.6816 0.6891 0.6962
(0.0948) (0.0679) (0.0586)

γ
-0.1129 -0.1061 -0.0752
(0.2550) (0.2260) (0.1840)

TABLE 3.12: MSE of estimators of Example 3.6

n\T 20 30 40

20
β1 0.0322 0.0170 0.0115
β2 0.0930 0.0414 0.0304
β3 0.0197 0.0123 0.0069
γ 0.1475 0.0971 0.0742

30
β1 0.0181 0.0117 0.0083
β2 0.0589 0.0306 0.0199
β3 0.0102 0.0069 0.0043
γ 0.1082 0.0699 0.0558

40
β1 0.0108 0.0068 0.0051
β2 0.0308 0.0195 0.0129
β3 0.0093 0.0047 0.0034
γ 0.0776 0.0622 0.0394

Example 3.7. Consider the single threshold model in Example 3.6:

Yit = αi + β1Xit I(Xit ≤ γ) + β2 I(Xit > γ) + β3Xit I(Xit > γ) + ϵit,
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where αi =
1
T ∑T

t=1 Xit for 1 ≤ i ≤ n− 1 and αn = −∑n−1
i=1 αi; ct ∼ U(−0.2, 0.2)

for 1 ≤ t ≤ n− 1 and cT = −∑T−1
t=1 ct. Other settings are the same as Example

3.6.

TABLE 3.13: Means and SDs of estimators of Example 3.7

n\T 20 30 40

20

β1
-0.4689 -0.4714 -0.4831
(0.1668) (0.1312) (0.1079)

β2
0.2747 0.2800 0.2835
(0.2920) (0.2184) (0.1748)

β3
0.6778 0.6827 0.6901
(0.1361) (0.0940) (0.0761)

γ
-0.1752 -0.1326 -0.1503
(0.3466) (0.3103) (0.2546)

30

β1
-0.4808 -0.4931 -0.4947
(0.1206) (0.1048) (0.0800)

β2
0.2974 0.2965 0.3021
(0.2320) (0.1654) (0.1286)

β3
0.6793 0.6864 0.6875
(0.1111) (0.0677) (0.0673)

γ
-0.1320 -0.1156 -0.0890
(0.2896) (0.2582) (0.2078)

40

β1
-0.4772 -0.4814 -0.5013
(0.1046) (0.0825) (0.0672)

β2
0.2749 0.2882 0.3033
(0.1782) (0.1428) (0.1150)

β3
0.6943 0.6912 0.6959
(0.0900) (0.0637) (0.0549)

γ
-0.1515 -0.1419 -0.0820
(0.2630) (0.2429) (0.1846)

TABLE 3.14: MSE of estimators of Example 3.7

n\T 20 30 40

20
β1 0.0287 0.0180 0.0119
β2 0.0857 0.0480 0.0308
β3 0.0190 0.0091 0.0059
γ 0.1506 0.1137 0.0873

30
β1 0.0149 0.0110 0.0064
β2 0.0537 0.0273 0.0165
β3 0.0127 0.0048 0.0047
γ 0.1011 0.0799 0.0510

40
β1 0.0114 0.0071 0.0045
β2 0.0323 0.0205 0.0132
β3 0.0081 0.0041 0.0030
γ 0.0920 0.0790 0.0407
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Example 3.8. Consider the single threshold model in Example 3.7. We consider
AR(1) model of ct, ct = 0.3ct−1 + wt, in which wt ∼ N(0, 1). Other settings are
the same as Example 3.7.

TABLE 3.15: Means and SDs of estimators of Example 3.8

n\T 20 30 40

20

β1
-0.4663 -0.4648 -0.4854
(0.1668) (0.1312) (0.1079)

β2
0.2764 0.2685 0.2895
(0.2695) (0.2140) (0.1818)

β3
0.6735 0.6883 0.6898
(0.1361) (0.0940) (0.0761)

γ
-0.1561 -0.1796 -0.1038
((0.4075) (0.3173) (0.2572)

30

β1
-0.4742 -0.4836 -0.4976
(0.1262) (0.1015) (0.0583)

β2
0.2672 0.2820 0.2987
(0.2186) (0.1696) (0.1292)

β3
0.6893 0.6928 0.6948
(0.0793) (0.0689) (0.0622)

γ
-0.1750 -0.1423 -0.0933
(0.3301) (0.2763) (0.2291)

40

β1
-0.4839 -0.4976 -0.5000
(0.0816) (0.0635) (0.0507)

β2
0.3010 0.3015 0.3019
(0.1681) (0.1265) (0.1193)

β3
0.6842 0.6983 00.6948
(0.0790) (0.0595) (0.0473)

γ
-0.1518 -0.0859 -0.0969
(0.2958) (0.2202) (0.2125)

TABLE 3.16: MSE of estimators of Example 3.8

n\T 20 30 40

20
β1 0.0207 0.0139 0.0095
β2 0.0731 0.0467 0.0331
β3 0.0146 0.0099 0.0043
γ 0.1901 0.1327 0.0768

30
β1 0.0166 0.0105 0.0034
β2 0.0488 0.0290 0.0167
β3 0.0065 0.0048 0.0039
γ 0.1394 0.0965 0.0611

40
β1 0.0069 0.0040 0.0026
β2 0.0282 0.0160 0.0142
β3 0.0064 0.0035 0.0023
γ 0.1104 0.0558 0.0545
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We examine the mean, standard deviation and mean squared error (MSE) of the
proposed estimators with 500 iterations. For each example, we consider three
cross-sectional sizes, n = {20, 30, 40}, and three time lengths, T = {20, 30, 40},
which results in nine sample size combinations. The simulation results are re-
ported in Table 3.11 to Table 3.16. We can find that for each example, an increase
in either n or T leads to a decrease in standard deviation. Similar conclusion can
be drawn from MSE of estimators, where the MSE of proposed estimators de-
creases as either n or T increases.

Example 3.9. Consider the double threshold model as follows,

Yit =αi + β1Xit I(Xit ≤ γ1) + β2 I(γ1 < Xit ≤ γ2) + β3Xit(γ1 < Xit ≤ γ2)

+ β4 I(Xit > γ2) + β5Xit I(Xit > γ2) + ϵit,

where β1 = −0.5, β2 = 0.4, β3 = 0.7, β4 = −0.8, β5 = −0.3 and γ1 = −1,
γ2 = 1. The data generation processes follow that of Example 3.6.

Example 3.10. Consider the double threshold model in Example 3.10,

Yit =αi + β1Xit I(Xit ≤ γ1) + β2 I(γ1 < Xit ≤ γ2) + β3Xit(γ1 < Xit ≤ γ2)

+ β4 I(Xit > γ2) + β5Xit I(Xit > γ2) + ϵit,

The data generation processes follow that of Example 3.7.

The conclusion of single threshold model can also be applied to double thresh-
old model, where an increase in either n or T results in a decrease in both SD
and MSE of proposed estimators.

3.7.3 Comparison

Example 3.11. Consider the following single threshold model:

Yit = αi + β1Xit I(Xit ≤ γ) + β2 I(Xit > γ) + β3Xit I(Xit > γ) + ϵit

where β1 = −0.5, β2 = 0.3, β3 = 0.7 and γ = 0. The fixed effect αi is gen-
erated from N(0, 1). Considering the cross-sectional dependent and serial in-
dependent structure, the error terms ϵit is generated as follows. For t ≥ 1,
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TABLE 3.17: Means and SDs of estimators of double threshold model

n\T Example 3.9 Example 3.10

20 30 40 20 30 40

20

β1
-0.4881 -0.5085 -0.4956 -0.4865 -0.4690 -0.5018
(0.2706) (0.2557) (0.1826) (0.2781) (0.2524) (0.1958)

β2
0.3900 0.4189 0.3922 0.3877 0.3488 0.4028
(0.4794) (0.4359) (0.3290) (0.5270) (0.4336) ( 0.3325)

β3
0.7085 0.6875 0.7044 0.6595 0.6829 0.7034
(0.1620) (0.1348) (0.0974) (0.2570) (0.1139) (0.0956)

β4
-0.7633 -0.7040 -0.8022 -0.7198 -0.8461 -0.7273
(0.6684) (0.5431) (0.4119) (0.6078) (0.5456) (0.4298)

β5
-0.3272 -0.3494 -0.3040 -0.3515 -0.3048 -0.3357
(0.2926) (0.2218) (0.1555) (0.2222) (0.2024) (0.1728)

γ1
-0.7419 -0.9013 -0.9504 -0.7205 -0.9363 -0.9564
(0.5987) (0.3097) ( 0.2538) (0.5867) (0.2816) (0.2225)

γ2
0.8184 0.9701 0.9657 0.8208 0.9769 0.9739
(0.5543) (0.2181) (0.1880) (0.5308) (0.1968) (0.1690)

30

β1
-0.4934 -0.5175 -0.5017 -0.5029 -0.4910 -0.4945
(0.2515) (0.1995) (0.1426) (0.2645) (0.1994) (0.1606)

β2
0.3841 0.4256 0.3996 0.3973 0.3817 0.3928
(0.4107) (0.3518) (0.2518) (0.4463) (0.3374) (0.2710)

β3
0.6803 0.6950 0.6886 0.6830 0.7071 0.7003
(0.1183) (0.0850) (0.0791) (0.1326) (0.0834) (0.0739)

β4
-0.8062 -0.7193 -0.7556 -0.6985 -0.7830 -0.7418
(0.4969) (0.4389) (0.3375) (0.5521) (0.4196) (0.3707)

β5
-0.3055 -0.3200 -0.3240 -0.3533 -0.3163 -0.3339
(0.1917) (0.1603) (0.1455) (0.2094) (0.1491) (0.1457)

γ1
-0.9362 -0.9676 -0.9842 -0.8955 -0.9544 -0.9739
(0.2750) (0.1854) (0.1348) (0.3389) (0.1610) (0.1037)

γ2
0.9933 0.9907 1.0023 0.9353 0.9888 0.9988
(0.2190) (0.0942) (0.0899) (0.2612) (0.0898) (0.0058)

40

β1
0.4810 -0.5054 -0.5043 -0.5033 -0.4911 -0.4976
(0.2066) (0.1466) (0.1167) (0.1592) (0.1518) (0.1212)

β2
0.3600 0.4090 0.3980 0.4035 0.3831 0.3975
(0.3526) (0.2463) (0.1984) (0.2945) (0.2539) (0.2092)

β3
0.6820 0.6943 0.6952 0.7080 0.7045 0.7007
(0.1100) (0.0717) (0.0650) (0.0939) (0.0708) (0.0571)

β4
-0.7852 -0.7401 -0.7802 -0.8020 -0.7729 -0.7572
(0.4489) (0.3587) (0.2834) (0.4124) (0.3609) (0.2840)

β5
-0.3277 -0.3271 -0.3091 -0.2992 -0.3176 -0.3266
(0.1589) (0.1536) (0.1116) (0.1606) (0.1430) (0.1271)

γ1
-0.9507 -1.000 -0.9813 -0.9438 -0.9865 -1.0027
(0.2433) (0.0750) (0.0589) (0.2717) (0.1175) (0.0380)

γ2
0.9764 1.003 0.9997 0.9700 0.9911 0.9974
(0.1899) (0.0083) (0.0028) (0.2356) (0.0894) (0.0049)

ϵt = (ϵ1t, ..., ϵnT) is generated as a sequence of n-dimensional vector of inde-
pendent Gaussian variables drawn from N(0n, Σe), with the (i, j)-th element of
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TABLE 3.18: MSE of estimators of double threshold model

n\T Example 3.9 Example 3.10

20 30 40 20 30 40

20

β1 0.0732 0.0653 .0333 0.0774 0.0645 0.0383
β2 0.2294 0.1900 0.1081 0.2773 0.1903 0.1103
β3 0.0263 0.0183 0.0095 0.0675 0.0132 0.0092
β4 0.4472 0.3036 0.1693 0.3751 0.2992 0.1896
β5 0.0862 0.0515 0.0242 0.0519 0.0409 0.0311
γ1 0.4244 0.1055 0.0668 0.4216 0.0832 0.0513
γ2 0.3396 0.0483 0.0365 0.3133 0.0392 0.0292

30

β1 0.0632 0.0400 0.0203 0.0698 0.0398 0.0258
β2 0.1686 0.1242 0.0633 0.1988 0.1139 0.0734
β3 0.0144 0.0072 0.0064 0.0178 0.0070 0.0055
β4 0.2465 0.1987 0.1156 0.3145 0.1760 0.1405
β5 0.0367 0.0261 0.0217 0.0466 0.0225 0.0223
γ1 0.0795 0.0353 0.0184 0.1255 0.0280 0.0114
γ2 0.0479 0.0089 0.0081 0.0723 0.0082 0.0000

40

β1 0.0429 0.0214 0.0136 0.0253 0.0231 0.0147
β2 0.1256 0.0606 0.0393 0.0866 0.0647 0.0437
β3 0.0124 0.0052 0.0042 0.0089 0.0050 0.0033
β4 0.2013 0.1320 0.0806 0.1697 0.1308 0.0823
β5 0.0260 0.0243 0.0125 0.0258 0.0207 0.0168
γ1 0.0615 0.0056 0.0038 0.0769 0.0140 0.0014
γ2 0.0365 0.0000 0.0000 0.0563 0.0081 0.0000

of Σe being eij = 0.6|i−j|, 1 ≤ i, j ≤ n. The regressors Xit are generated by

Xit = ct + vit

where vit is independent of ϵit and follows

vit = 0.4vi,t−1 + uit

in which uit is serial cross-sectional independent and generated from N(0n, Σu),
where Σu is a diagonal matrix and Σu,ii = σ2

u,i. ct = 8 sin(ct−1) + wt, in which
wt ∼ N(0, 1); σ2

u,i = 0 for all i.

Example 3.12. Consider the single threshold model in Example 3.11:

Yit = αi + β1Xit I(Xit ≤ γ) + β2 I(Xit > γ) + β3Xit I(Xit > γ) + ϵit

ct = 8 sin(ct−1) + wt, in which wt ∼ N(0, 1); σ2
u,i = 1 for all i. Other settings are

the same as Example 3.11.
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TABLE 3.19: Standard deviations of estimators

n\T Example 3.11 Example 3.12

50 100 300 50 100 300

20

β1

SD1 0.0359 0.0267 0.0151 0.0310 0.0217 0.0120
SD2 0.0323 0.0225 0.0141 0.0283 0.0204 0.0100
SD3 0.0169 0.0118 0.0074 0.0175 0.0127 0.0063

β2

SD1 0.2758 0.2322 0.1226 0.2976 0.1989 0.0958
SD2 0.2718 0.1888 0.1166 0.2456 0.1627 0.0757
SD3 0.1428 0.0992 0.0612 0.1643 0.1069 0.0547

β3

SD1 0.0351 0.0241 0.0148 0.0341 0.0233 0.0115
SD2 0.0328 0.0236 0.0141 0.0307 0.0203 0.0105
SD3 0.0172 0.0124 0.0074 0.0193 0.0127 0.0067

γ SD1 0.6871 0.5534 0.3548 0.5839 0.3714 0.2266

50

β1

SD1 0.0240 0.0175 0.0092 0.0180 0.0138 0.0109
SD2 0.0202 0.0161 0.0084 0.0162 0.0122 0.0086
SD3 0.0103 0.0082 0.0043 0.0099 0.0074 0.0062

β2

SD1 0.2089 0.1396 0.0800 0.1454 0.1171 0.0563
SD2 0.1811 0.1260 0.0713 0.1185 0.0944 0.0395
SD3 0.0923 0.0642 0.0363 0.0835 0.0654 0.0339

β3

SD1 0.0237 0.0147 0.0100 0.0194 0.0150 0.0096
SD2 0.0233 0.0141 0.0094 0.0167 0.0132 0.0082
SD3 0.0119 0.0072 0.0048 0.0104 0.0084 0.0059

γ SD1 0.4913 0.3679 0.2252 0.3343 0.2670 0.1465

100

β1

SD1 0.0159 0.0101 0.0081 0.0144 0.0096 0.0073
SD2 0.0140 0.0096 0.0073 0.0124 0.0084 0.0059
SD3 0.0070 0.0048 0.0037 0.0075 0.0052 0.0043

β2

SD1 0.1439 0.1056 0.0591 0.1248 0.0732 0.0322
SD2 0.1220 0.1055 0.0533 0.1007 0.0574 0.0256
SD3 0.0616 0.0533 0.0269 0.0692 0.0408 0.0231

β3

SD1 0.0191 0.0151 0.0063 0.0167 0.0092 0.0072
SD2 0.0179 0.0143 0.0061 0.0141 0.0082 0.0058
SD3 0.0090 0.0072 0.0031 0.0091 0.0051 0.0041

γ SD1 0.4044 0.3017 0.1782 0.2958 0.1859 0.0595

We examine the standard deviation and mean squared error (MSE) of the pro-
posed estimators based 500 repetitions in simulation. For each DGP, we con-
sider three cross-sectional sample sizes, n = 20, 50, 100, respectively, and three
time lengths, T = 20, 50, 100, respectively, which results in nine sample size
combinations. The simulation results are reported in Table 3.19 and Table 3.20
for the Monte Carol standard error and the mean squared error (MSE) of the
estimated parameters, respectively.



3.7. Simulated examples 71

TABLE 3.20: MSE of estimators

n\T Example 3.11 Example 3.12

50 100 300 50 100 300

20

β1 0.0014 0.0007 0.0002 0.0010 0.0005 0.0001
β2 0.0765 0.0539 0.0150 0.0884 0.0395 0.0092
β3 0.0013 0.0006 0.0002 0.0012 0.0005 0.0001
γ 0.8857 0.4048 0.1624 0.3959 0.1722 0.0600

50

β1 0.0006 0.0003 0.0001 0.0003 0.0002 0.0001
β2 0.0436 0.0195 0.0064 0.0211 0.0137 0.0032
β3 0.0006 0.0002 0.0001 0.0004 0.0002 0.0001
γ 0.4324 0.2442 0.1057 0.1482 0.0885 0.0245

100

β1 0.0003 0.0001 0.0001 0.0002 0.0001 0.0001
β2 0.0207 0.0111 0.0035 0.0155 0.0054 0.0010
β3 0.0004 0.0002 0.0000 0.0003 0.0001 0.0001
γ 0.2742 0.1410 0.0368 0.1061 0.0404 0.0036

In Table 3.19, we display the different standard errors for the least squares es-
timators, where SD1, SD2 and SD3 represent the Monte Carlo estimation based
standard error, theoretical (i.e., asymptotic distribution based) standard error
with cross-sectional dependence and theoretical standard error without consid-
eration (i.e., ignoring) of cross-sectional dependence, respectively. Monte Carlo
estimation result is defined as

SD1 =

√√√√ 1
500

500

∑
i=1

(βi − β̄)2,

where βi is the estimated coefficient in each iteration and β̄ is the mean value.
Theoretical standard error with taking consideration of cross-sectional depen-
dence and without taking consideration of cross-sectional dependence can be
calculated by Theorem 3.3 and Remark 3.2. We have the following findings
from the simulation result,

(i) Overall, as expected, with increasing of the sample sizes in n and T, the
standard deviations (SDs) for the estimators of the coefficients β’s and
the threshold parameter γ decrease significantly, and hence the estimators
become more and more stable, in each case of different Examples.

In particular, it follows from Table 3.19 that the values of the Monte Carol
based SD1 for the estimators of the most important parameters β2 = −0.5
and β3 = 0.7 in Example 3.11 are approximately close to 0.0359 in the
case of the sample size as small as n = 20 and T = 50, and even turn to
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be less than 0.0045 in the case of n = 100 and T = 300, which is close
to the sample size of (n, T) = (101, 339) in the real data example below.
Relatively, the values of SD1 for the intercept parameter β2 = 0.3 and the
threshold parameter γ = 0 are as large as 0.2758 and 0.6871, respectively,
for the Example 3.11 in the case of n = 20 and T = 50, which decrease to
0.0269 and 0.1782 as the sample size increases to n = 100 and T = 300.
This appears understandable in view of the smaller absolute values of
β2 = 0.3 and γ = 0, partially due to potentially weaker signals on them
in the data. Similar outcomes can also be observed for another Example
in Table 3.19.

(ii) Comparing SD2 and SD3 with SD1 in Table 3.19, we can clearly see that the
theoretical SD2 that takes account of cross-sectional dependence in data
is much closer to the SD1 than the SD3 that ignores the cross-sectional
dependence in data.

This interesting finding warns us that if the cross-sectional dependence
is wrongly ignored or specified, the standard deviations of the estimators
may be seriously under-estimated by the theoretical SD3, any inference
based on which may hence lead to spurious significance for the estimated
parameters. Clearly the SD2 based on our developed asymptotic theory
in Theorem 3.3 provides an accurate estimate of the standard deviations
for inference.

(iii) Comparing the SDs under Example 3.11 and 3.12 in Table 3.19, we can
appear to see that the SDs become smaller from Example 3.11 to 3.12 in
particular when the sample sizes are relatively small. For example, look
at the case for estimation of γ under the sample size (n, T) = (20, 50):
The SD1 equals 0.6871 for Example 3.11, decreasing to 0.5839 for Example
3.12. But with increasing of the sample sizes, this phenomenon seems to
become less viable.

This phenomenon is basically understandable as different Examples lead
to different data of Xit’s. Under Example 3.11, the data of Xit may be more
concentrated, only depending on the variation from the common factor ct

in Xit, while the data of Xit under Example 3.12 are more varied owing to
the variations from both ct and vit in Xit. Somehow, this phenomenon is
similar to that for the estimates of a linear regression model with different
design matrices.
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3.8 Empirical Study

We have studied the threshold effect of climate finance in Chapter 2. How-
ever, we also find that due to the cross-sectional dependence, the general panel
threshold model may work poor. Thus in this section, we apply our proposed
method to study the precipitation effect on stock returns. we first plot the re-
lationship between precipitation and stock returns for each individual stock in
FTSE 100 by nonparametric estimation. Figure 3.1 shows the nonparametric re-
sults of constitute stocks in FTSE 100. It is obvious that the relationship between
precipitation and stock returns is nonlinear and the extreme weather, say heavy
rainfall, has a great influence on the stock market. Some change points appear
in Figure 3.1 by nonparametric estimation, which indicate that the threshold ef-
fects should be considered in estimating the effect of rainfall on the stock mar-
ket. Therefore, panel threshold model may be an efficient method in this em-
pirical application. Moreover, we only specify the precipitation in London as
regressors so that we should consider the cross-sectional dependence in panel
data analysis.

FIGURE 3.1: Plot of relationship between precipitation and stock returns

Motivated by nonparametric analysis, we consider panel threshold model with
cross-sectional dependence. We calculate the standard deviation by proposed
Econometric theory due to the consideration of cross-sectional dependence rather
than that under identically independent distributed conditions. Hansen (1999)
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suggested to use balanced panels in threshold analysis. Due to different time to
market of different stocks, we collect the data from March 19, 2015 to December
29, 2017 to form a balanced panel. Let Rit denote stock return and Pt denote pre-
cipitation, where i = 1, 2, ..., 101 indexes 101 stocks and t = 1, 2, ..., 339 indexes
339 days. Table 3.2 and Table 3.3 show some time series plots of panel data.

FIGURE 3.2: Plot of precipitation in panel data

(A) Admiral.Group (B) Croda.International

(C) Royal.Dutch.Shell.B (D) Spirax.Sarco.Engr

FIGURE 3.3: Plots of stock returns in panel data

Since we examine the threshold effect of rainfall on stock returns, we only con-
sider the days where precipitation is greater than zero. Summary statistics of
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the two variables are given in Table 3.21. We consider the following panel data
model first.

Rit = αi + βPt + ϵit. (3.8.1)

TABLE 3.21: Summary statistics

Minimum 25% quantile Median Mean 75% quantile Maximum
Rit -23.3749 -0.7984 0 0.0200 0.8289 19.1055
Pt 0.010 0.020 0.060 0.135 0.150 2.030

TABLE 3.22: Estimates of the slope coeffi-
cients for linear panel model

Coefficient estimate P-value
Precipitation −0.382588 0.062278

(0.20521)a

a Standard deviation.

Table 3.22 reports that linear panel model is statistically nonsignificant to study
the rainfall effect on London stock market. However, if we apply the theorem
ignoring cross-sectional dependence, linear panel model is statistically signif-
icant, which is spurious significance we mentioned in Section 3.6. The result
of nonparametric analysis clearly shows the existence of threshold effect. We
speculate that different precipitation level may have significant influence on
the stock market. As a result, the single threshold model we also consider can
be written as follows,

Rit = αi + β11Pt I(Pt ≤ γ) + β20 I(Pt > γ) + β21Pt I(Pt > γ) + ϵit, (3.8.2)

where I(·) is an indicator function and γ the threshold parameter. All the cross-
sectional indexes of regressors are the same in (3.8.2). Obviously, there exists
cross-sectional dependence among regressors.

Table 3.23 summarizes the estimation results for the panel threshold model
with cross-sectional dependence, model (3.8.2). The results for (3.8.2) show
that the threshold estimate is 0.74, such that 2.65% of observations fall below
the threshold. The coefficient on heavy rainfall is statistically significant, sug-
gesting that the heavy rainfall has a negative effect (-1.731211) on stock returns.
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TABLE 3.23: Estimates of the slope and threshold coefficients for single
threshold model

Coefficient estimate P-value P-value(ind.)

Threshold (Upper regime) 0.74(2.65%)a

Pt I(Pt ≤ 0.74) −0.529989 0.203900 0.000000
(0.417136)b

I(Pt > 0.74) 1.834443 0.145119 0.000000
(1.259033)b

Pt I(Pt > 0.74) −1.731211 0.041683 0.000000
(0.849989)b

a The percentage of variables falling into the higher regime.
b Standard deviation under cross-sectional dependence.

Here the P-values under cross-sectional independence are also reported in Ta-
ble 3.23, which obviously lead to spurious significances of all coefficients owing
to wrongly ignoring cross-sectional dependence.

In this application, it may not be sufficient to only consider single threshold in-
dicated by Figure 3.1. Consequently, we consider the double threshold panel
data model as follows,

Rit =αi + β11Pt I(Pt ≤ γ1) + β20 I(γ1 < Pt ≤ γ2) + β21Pt I(γ1 < Pt ≤ γ2)

+ β30 I(Pt > γ2) + β31Pt I(Pt > γ2) + ϵit. (3.8.3)

which is a double threshold panel data model with two thresholds γ1 < γ2. The
estimation results are given in Table 3.24. Furthermore, Figure 3.1 appears to in-
dicate that the change points are located on around 0.5 and 1.0. We hence sup-
pose the threshold parameters are pre-determined, with γ1 = 0.5 and γ2 = 1.0,
to study the double threshold model with predetermined thresholds. The esti-
mate results for this model with predetermined thresholds are reported in Table
3.25.

In order to decide which model is preferred, we have calculated the AIC val-
ues together the residual sum of squares (RSS) for all models by the proposed
method. Table 3.26 shows the AIC analysis of all models by proposed method.
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TABLE 3.24: Estimates of the slope and threshold coefficients
for double threshold model

Coefficient estimate P-value

Threshold γ1 (Lower regime) 0.2246(84.07%)a

Threshold γ2 (Upper regime) 0.7422(2.65%)a

Pt I(Pt ≤ 0.2246) 1.2248 0.2830
(1.1409)

I(0.25 < Pt ≤ 0.7422) −0.0134 0.9653
(0.3078)

Pt I(0.2246 < Pt ≤ 0.7422) −0.5466 0.3878
(0.6329)

I(Pt > 0.7422) 1.9271 0.0000
(0.4353)

Pt I(Pt > 0.7422) −1.7312 0.0000
(0.2854)

a The percentage of variables falling into the lower regime.

TABLE 3.25: Estimates of the slope coefficients for
predetermined double threshold model

Coefficient estimate P-value

Pt I(Pt ≤ 0.5) −0.495000 0.517527
(0.764869)

I(0.5 < Pt ≤ 1.0) −1.408913 0.046905
(0.708984)

Pt I(0.5 < Pt ≤ 1.0) 1.949293 0.050713
(0.997608)

I(Pt > 1.0) 2.243486 0.002115
(0.729852)

Pt I(Pt > 1.0) −1.980918 0.000010
(0.448164)

AIC (Akaike, 1998) for the fixed effect estimation is given by

AIC = nT log(σ̂2
ϵ ) + 2K, (3.8.4)

where σ̂2
ϵ = 1

nT ∑n
i=1 ∑T

t=1 ϵ̂2
it. However, considering the existence of cross-

sectional dependence, we propose the following setting of AIC

AIC = nT log(σ̂ϵ(i, j)) + 2K, (3.8.5)

where σ̂ϵ(i, j) = 1
nT ∑n

i=1 ∑n
j=1 ∑T

t=1 ϵ̂itϵ̂jt. The AIC values of estimated single
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and double threshold model are similar. Both model suggest that only heavy
rainfall has significant influence on the stock returns. Thus we conclude that
compared with normal weather condition, the extreme weather, saying heavy
rainfall, has a negative effect on the stock market.

TABLE 3.26: Results of AIC and RSS analysis

AIC RSS

Estimated linear panel model 159296.7 109250
Estimated single threshold model 158908.3 108850
Estimated double threshold model 158550.4 108490
Predetermined double threshold model 159012.7 108950

3.9 Conclusion

We have considered threshold panel time series regression with cross-sectional
dependence in both the regressors and the error terms. We proposed a least
squares method to estimate both slope coefficients and threshold parameters.
As both cross-sectional sample size n and time length T tend to infinity simul-
taneously, asymptotic theories of estimated slope coefficients and threshold pa-
rameter have been derived with convergence rate root-nT and n1−2α1 T1−2α2 ,
respectively. Meanwhile, the estimation method and asymptotic theory have
been expanded to multiple threshold model. We have also conducted simu-
lated examples to evaluated the finite sample performance of our estimators
by considering four data generating processes regarding to common factor and
fixed effect. We have applied our method to study the effect of precipitation
on the stock market in London and showed the applicability of our proposed
model.

Although we considered multiple threshold model in this paper, we did not
study the determination of the number of threshold parameters. The exist-
ing literature suggest to determine the threshold number by bootstrap method.
However, the bootstrap method has certain limitations on cross-sectional de-
pendence conditions. A future topic is to estimated multiple threshold panel
time series via Lasso.
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3.10 Appendix

Proof of Theorem 3.1. Suppose γ is given. Note that

β̂(γ)− β0(γ) =(Z∗(γ)′Z∗(γ))−1Z∗(γ)′Y∗ − β0(γ)

=(Z∗(γ)′Z∗(γ))−1Z∗(γ)′ϵ∗(γ). (3.10.1)

To prove Theorem 3.1, it suffices for us to prove

1
nT

Z∗(γ)′Z∗(γ)
p−→ Σγ, (3.10.2)

and

1√
nT

Z∗(γ)′ϵ∗(γ) d−→ N(02K+2, Σγ,ϵ). (3.10.3)

We first consider (3.10.2). By letting T → ∞ (with n fixed first) and then letting
n→ ∞, we have

1
nT

Z∗(γ)′Z∗(γ) =
1

nT

n

∑
i=1

T

∑
t=1

(
Zit(γ)−

1
T

T

∑
t=1

Zit(γ)

)(
Zit(γ)−

1
T

T

∑
t=1

Zit(γ)

)′

=
1

nT

n

∑
i=1

T

∑
t=1

(Zit(γ)− EZit(γ)) (Zit(γ)− EZit(γ))
′

− 1
nT2

n

∑
i=1

T

∑
t=1

T

∑
k=1

(Zit(γ)− EZit(γ))(Zik(γ)− EZik(γ))
′

=:Λ(1) + Λ(2). (3.10.4)

We first consider Λ(2),

Λ(2) =
1

nT2

n

∑
i=1

T

∑
t=1

(Zit(γ)− EZit(γ))(Zit(γ)− EZit(γ))
′

+
2

nT2

n

∑
i=1

T

∑
t=1

T

∑
s−t=1

(Zit(γ)− EZit(γ))(Zis(γ)− EZis(γ))
′

=:Λ(2, 1) + Λ(2, 2) = Λ(2, 2) + op(1).
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By Lemma 1 in Deo (1973), we have

∥E(Zit(γ)Zis(γ)
′ − EZit(γ)EZis(γ))

′∥ ≤ Ca1[E∥Zit(γ)∥
4+τ

2 ]
2

4+τ [E∥Zis(γ)∥
4+τ

2 ]
2

4+τ α(s− t)
τ

4+τ .

Let maxi[E∥Zit(γ)∥
4+τ

2 ]
2

4+τ ≤ Ca2,

n

∑
i=1

T

∑
t=1

T

∑
s−t=1

∥E(Zit(γ)− EZit(γ))(Zis(γ)− EZis(γ))
′∥ ≤ nTCa1C2

a2

T

∑
s=1

α(s)
τ

4+τ .

Thus we have Λ(2, 2) = Op(
1
T ) = op(1). By the law of large numbers for the

α-mixing process (Lin and Lu, 1996), and we have

Λ(1) =
1
n

n

∑
i=1

E(Z̃it(γ)Z̃it(γ)
′) + op(1).

By Assumption 3.1 (iii), we have

Λ(1) = Σγ + op(1).

Thus we can obtain 1
nT Z∗(γ)′Z∗(γ)

p−→ Σγ.

We next prove (3.10.3). Note that

1√
nT

Z∗(γ)′ϵ∗(γ) =
1√
nT

n

∑
i=1

T

∑
t=1

(
Zit(γ)−

1
T

T

∑
t=1

Zit(γ)

)(
ϵit(γ)−

1
T

T

∑
t=1

ϵit(γ)

)

=
1√
nT

n

∑
i=1

T

∑
t=1

(Zit(γ)− EZit(γ)) (ϵit(γ)− Eϵit(γ))

− 1
T
√

nT

n

∑
i=1

T

∑
t=1

T

∑
k=1

[Zit(γ)− EZit(γ)][ϵik(γ)− Eϵik(γ)]

=:Γ(1) + Γ(2). (3.10.5)

Let θ̃it,k(γ) = Z̃it(γ)ϵ̃ik(γ). Denote

Mθ = max
i

(E[∥θ̃it,k(γ)∥
4+τ

2 )
2

4+τ and max
i

E[∥θ̃it,k(γ)∥2] ≤ Cθ.

Thus Assumptions 2.1 (i) and 2.2 in Gao et al. (2008) hold. Let C0 denote a
2K + 2 constant vector with ∥C0∥ = 1. By Theorem 2.1 in Gao et al. (2008),
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∑n
i=1 Eθ̃it,k(γ) = 0, we have

E

(
T

∑
t=1

T

∑
k=1

n

∑
i=1

C′0θ̃it,k(γ)

)2

≤nT2M2
θ

∞

∑
t=1

α(t)
τ

4+τ + nT2Cθ.

Thus we have Γ(2) = Op(
1√
T
) = op(1).

Var(Γ1) = EΓ(1)Γ(1)′ =E
(

1√
nT

Z̃(γ)′ϵ̃(γ)
)(

1√
nT

Z̃(γ)′ϵ̃(γ)
)′

=
1

nT

n

∑
i=1

n

∑
j=1

T

∑
t=1

T

∑
k=1

EZ̃it(γ)Z̃jk(γ)
′ϵ̃it(γ)ϵ̃jk(γ).

By Assumption 3.1 (iii), it is easy to check

Var(Γ1) = Σγ,ϵ + op(1).

Then Γ(1) d−→ N(02K+2, Σγ,ϵ) by the α-mixing central limit theorem (e.g. Fan
and Yao (2003)).

Lemma A. 1. If {Xit} is strictly stationary and ergodic, E|ϕ(Xit)| < ∞, and Xit has
a continuous distribution, then

sup
γ∈R

∣∣∣∣∣ 1
T

T

∑
t=1

ϕ(Xit)I(qit ≤ γ)− E(ϕ(Xit)I(qit ≤ γ))

∣∣∣∣∣→ 0, a.s.

Proof of Lemma A.1. This proof is similar to that of Lemma 1 Hansen (1996).
Essentially, this result still holds under cross-sectional dependence conditions.
Differently. the proof of Lemma 1 Hansen (1996) uses the law of large numbers
for independent variables. Here, we use the law of large numbers for α-mixing
processes.

Proposition 3.1. Suppose that Assumption 3.1 to Assumption 3.3 hold. As n → ∞
and T → ∞, we have γ̂

p−→ γ0.
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Proof of Proposition 3.1 When γ = γ0, model (3.2.2) is equal to

Yit = µi + β1
′Zit I(qit ≤ γ0) + β2

′Zit I(qit > γ0) + ϵit. (3.10.6)

When γ ̸= γ0, model (3.2.2) can be rewritten as

Yit = µi + β1
′Zit I(qit ≤ γ) + β2

′Zit I(qit > γ)

− β1
′Zit[I(qit ≤ γ)− I(qit ≤ γ0)]− β2

′Zit[I(qit > γ)− I(qit > γ0)] + ϵit

= µi + β1
′Zit I(qit ≤ γ) + β2

′Zit I(qit > γ)

+ (β2 − β1)
′Zit[I(qit ≤ γ)− I(qit ≤ γ0)] + ϵit

= µi + β1
′Zit I(qit ≤ γ) + β2

′Zit I(qit > γ)

+ n−α1 T−α2C′Zit[I(qit ≤ γ)− I(qit ≤ γ0)] + ϵit (3.10.7)

The within-group estimation can be applied to (3.10.7) to eliminate the fixed
effect to yield

Y∗it = β1
′Z∗it1(γ) + β2

′Z∗it2(γ) + n−α1 T−α2C′Z∗it1(γ)− n−α1 T−α2C′Z∗it1(γ0) + ϵ∗it.
(3.10.8)

Thus we have the regression residuals for γ as follows,

ϵ̂∗it(γ) = n−α1 T−α2C′Z∗it1(γ)− n−α1 T−α2C′Z∗it1(γ0) + ϵ∗it. (3.10.9)

Therefore, we have

S(γ)− S(γ0) =
n

∑
i=1

T

∑
t=1

ϵ̂∗it(γ)
2 −

n

∑
i=1

T

∑
t=1

ϵ̂∗it(γ0)
2

=
n

∑
i=1

T

∑
t=1

(n−α1 T−α2C′Z∗it1(γ)− n−α1 T−α2C′Z∗it1(γ0) + ϵ∗it)
2 −

n

∑
i=1

T

∑
t=1

ϵ∗it
2

= n−2α1 T−2α2C′
n

∑
i=1

T

∑
t=1

(Z∗it1(γ)− Z∗it1(γ0))(Z∗it1(γ)− Z∗it1(γ0))
′C

+ 2n−α1 T−α2C′
n

∑
i=1

T

∑
t=1

(Z∗it1(γ)− Z∗it1(γ0))ϵit. (3.10.10)

Note that

n2α1 T2α2

nT
(S(γ)− S(γ0)) =

1
nT

C′
n

∑
i=1

T

∑
t=1

(Z∗it1(γ)− Z∗it1(γ0))(Z∗it1(γ)− Z∗it1(γ0))
′C
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+
2nα1 Tα2

nT
C′

n

∑
i=1

T

∑
t=1

(Z∗it1(γ)− Z∗it1(γ0))ϵit

=: Φ(1) + Φ(2). (3.10.11)

According to the central limit theorem for a α-mixing sequence (e.g. Fan and
Yao (2003)), it is similar to the proof of Theorem 3.1,

T

∑
t=1

n

∑
i=1

Z∗it(γ)ϵit = Op(
√

nT) and
T

∑
t=1

n

∑
i=1

Z∗it(γ0)ϵit = Op(
√

nT),

For α1, α2 ∈ [0, 1
2), by Lemma 3.4, we have uniformly over γ ∈ Γ,

Φ(2) = op(1).

For the part of Φ(1),

Φ(1) =
1

nT
C′

n

∑
i=1

T

∑
t=1

Z∗it1(γ)Z∗it1(γ)
′C− 1

nT
C′

n

∑
i=1

T

∑
t=1

Z∗it1(γ)Z∗it1(γ0)
′C

− 1
nT

C′
n

∑
i=1

T

∑
t=1

Z∗it1(γ0)Z∗it1(γ)
′C +

1
nT

C′
n

∑
i=1

T

∑
t=1

Z∗it1(γ0)Z∗it1(γ0)
′C

=:Φ(1, 1) + ... + Φ(1, 4).

We first consider Φ(1, 1). Let Z̃it1(γ) = E(Zit1(γ)− EZit1(γ)),

Φ(1, 1) = C′
1

nT

n

∑
i=1

T

∑
t=1

Z̃it1(γ)Z̃it1(γ)
′C + op(1).

By Lemma A. 1, We have uniformly over γ ∈ Γ, as T → ∞,

Φ(1, 1)→ C′
1
n

n

∑
i=1

EZ̃it1(γ)Z̃it1(γ)
′C, a.s.

Similarly, uniformly over γ ∈ Γ, as T → ∞

Φ(1)→C′
1
n

n

∑
i=1

E(Zit1(γ)− EZit1(γ))(Zit1(γ)− EZit1(γ))
′C

− C′
1
n

n

∑
i=1

E(Zit1(γ)− EZit1(γ))(Zit1(γ0)− EZit1(γ0))
′C

− C′
1
n

n

∑
i=1

E(Zit1(γ0)− EZit1(γ0))(Zit1(γ)− EZit1(γ))
′C
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+ C′
1
n

n

∑
i=1

E(Zit1(γ0)− EZit1(γ0)))(Zit1(γ0)− EZit1(γ0))C

=C′
1
n

n

∑
i=1

E[(Zit1(γ)− EZit1(γ))− (Zit1(γ0)− EZit1(γ0))]

E[(Zit1(γ)− EZit1(γ))− (Zit1(γ0)− EZit1(γ0))]C, a.s. (3.10.12)

Considering the case γ ∈ [γ0, γ], by (3.10.12) we have

EΦ(1) =C′
1
n

n

∑
i=1

E[Zit1 I(γ0 < qit ≤ γ)− EZit1 I(γ0 < qit ≤ γ)]

[Zit1 I(γ0 < qit ≤ γ)− EZit1 I(γ0 < qit ≤ γ]′C. (3.10.13)

So EΦ(1) ≥ 0 and Var(Zit1) > 0, when EΦ(1) = 0 if and only if γ = γ0. Sym-
metrically, we can show that EΦ(1) ≥ 0 over γ ∈ [γ, γ0]. Thus n2α1 T2α2

nT E(S(γ)−
S(γ0)) has unique minimizer γ0. Since γ̂ minimizes S(γ) − S(γ0), it follows
that γ̂

p−→ γ0.

Proposition 3.2. Suppose that Assumption 3.1 to Assumption 3.3 hold. As n → ∞
and T → ∞, we have β̂− β0 = op(n−α1 T−α2).

Proof of Proposition 3.2 By definition,

β̂ = (Z∗(γ̂)′Z∗(γ̂))−1Z∗(γ̂)′Y∗ (3.10.14)

Let the vector form of Z∗it I(qit ≤ γ) be Z∗1(γ). Substituting Y∗ = Z∗(γ0)β0 + ϵ∗

into the above equation yields,

nα1 Tα2(β̂− β0)

=

(
1

nT
Z∗(γ̂)′Z∗(γ̂)

)−1 ( 1
nT

Z∗(γ̂)′(Z∗(γ0)− Z∗(γ̂))β0nα1 Tα2 +
nα1 Tα2

nT
Z∗(γ̂)′ϵ∗

)
=

(
1

nT
Z∗(γ̂)′Z∗(γ̂)

)−1 ( 1
nT

Z∗(γ̂)′(Z∗(γ0)− Z∗(γ̂))β0nα1 Tα2

)
+

(
1

nT
Z∗(γ̂)′Z∗(γ̂)

)−1 (nα1 Tα2

nT
Z∗(γ̂)′ϵ

)
=:Θ(1) + Θ(2).
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We first consider Θ(2). By α-mixing central limit theorem (e.g.Fan and Yao
(2003)), for α1, α2 ∈ [0, 1/2), nα1 Tα2

nT Z∗(γ̂)′ϵ = op(1). Therefor Θ(2) = op(1).

By β2 − β1 = n−α1 T−α2C,

(Z∗(γ0)− Z∗(γ̂))β0 =
n

∑
i=1

T

∑
t=1

[β′1(Z∗it1(γ0)− Z∗it1(γ̂)) + β′2(Z∗it2(γ0)− Z∗it2(γ̂))]

=
n

∑
i=1

T

∑
t=1

(β1 − β2)
′(Z∗it1(γ0)− Z∗it1(γ̂))

=n−α1 T−α2
n

∑
i=1

T

∑
t=1

C′(Z∗it1(γ̂)− Z∗it1(γ0)).

Therefore, Θ(2) =
(

1
nT Z∗(γ̂)′Z∗(γ̂)

)−1 (
1

nT Z∗(γ̂)′(Z∗1(γ̂)− Z∗1(γ0))C
)

.

By Lemma A.1 and the consistency of γ̂
p−→ γ0, by setting T → ∞ first, and

then n→ ∞, we have

1
nT

Z∗(γ̂)′(Z∗1(γ0)− Z∗1(γ0))C →
1
n

n

∑
i=1

E(Z̃it(γ0)(Z̃it1(γ0)− Z̃it1(γ0))
′)C = 0.

(3.10.15)

Hence we can get nα1 Tα2(β̂− β0) = op(1).

Lemma 3.1. Let hit(γ1, γ2) = ∥Zitϵit∥|I(qit ≤ γ2)− I(qit ≤ γ1)| and kit(γ1, γ2) =

∥Zit∥|I(qit ≤ γ2)− I(qit ≤ γ1)|, there is a A1 < ∞ such that for γ ≤ γ1 ≤ γ2 ≤ γ,
and r ≤ 4,

max
i

E[hit(γ1, γ2)]
r ≤ A1|γ2 − γ1|,

max
i

E[kit(γ1, γ2)]
r ≤ A1|γ2 − γ1|.

Proof of Lemma 3.1 Under Assumption 3.3 (ii),

d
dγ

E[∥Zitϵit∥r I(qit ≤ γ)] =E[∥Zitϵit∥r|qit = γ)] fi(γ)

≤[E(∥Zitϵit∥4|qit = γ)]
r
4 fi(γ)
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≤A f .

Since I(qit ≤ γ2) − I(qit ≤ γ1) equals either zero or one, this implies with
A1 = A f ,

max
i

E[hit(γ1, γ2)]
r ≤ A1|γ2 − γ1|.

Analogously, we have maxi E[kit(γ1, γ2)]
r ≤ A1|γ2 − γ1|.

Lemma 3.2. Let C0 be a nonrandom (K + 1)× 1 vector with ∥C0∥ = 1, h∗it(γ1, γ2) =

C′0Zitϵit[I(qit ≤ γ2)− I(qit ≤ γ1)] and k∗it(γ1, γ2) = C′0Zit[I(qit ≤ γ2)− I(qit ≤
γ1)], there is a A1 < ∞ such that for There is a A2 < ∞ such that for all γ ≤ γ1 ≤
γ2 ≤ γ,

E

∣∣∣∣∣ 1√
nT

n

∑
i=1

T

∑
t=1

(h∗2it (γ1, γ2)− Eh∗2it (γ1, γ2))

∣∣∣∣∣
2

≤ A2|γ2 − γ1|,

E

∣∣∣∣∣ 1√
nT

n

∑
i=1

T

∑
t=1

(k∗2it (γ1, γ2)− Ek∗2it (γ1, γ2))

∣∣∣∣∣
2

≤ A2|γ2 − γ1|.

Proof of Lemma 3.2 Let h̃∗2it (γ1, γ2) = h∗2it (γ1, γ2)−Eh∗2it (γ1, γ2)). Define ρi,tt1 =
Eh̃∗2it (γ1,γ2)h̃∗2it1

(γ1,γ2)√
E[h̃∗2it (γ1,γ2)]2

√
E[h̃∗2it1

(γ1,γ2)]2
, ρt,ii1 =

Eh̃∗2it (γ1,γ2)h̃∗2i1t(γ1,γ2)√
E[h̃∗2it (γ1,γ2)]2

√
E[h̃∗2i1t(γ1,γ2)]2

and ρit,i1t1 =

Eh̃∗2it (γ1,γ2)h̃∗2i1t1
(γ1,γ2)√

E[h̃∗2it (γ1,γ2)]2
√

E[h̃∗2i1t1
(γ1,γ2)]2

,

E

∣∣∣∣∣ T

∑
t=1

n

∑
i=1

h̃∗2it (γ1, γ2)

∣∣∣∣∣
2

=
1
n

n

∑
i=1

E[h̃∗2it (γ1, γ2)]
2 +

1
nT

n

∑
i=1

T

∑
t ̸=t1

Eh̃∗2it (γ1, γ2)h̃∗2it1
(γ1, γ2)

+
1
n

n

∑
i ̸=i1

Eh̃∗2it (γ1, γ2)h̃∗2i1t(γ1, γ2) +
1

nT

n

∑
i ̸=i1

T

∑
t ̸=t1

Eh̃∗2it (γ1, γ2)h̃∗2i1t1
(γ1, γ2) + o(1)

=
1
n

n

∑
i=1

E[h̃∗2it (γ1, γ2)]
2 +

1
nT

n

∑
i=1

T

∑
t ̸=t1

ρi,tt1

√
E[h̃∗2it (γ1, γ2)]2

√
E[h̃∗2it1

(γ1, γ2)]2

+
1
n

n

∑
i ̸=i1

ρii1,t

√
E[h̃∗2it (γ1, γ2)]2

√
E[h̃∗2i1t(γ1, γ2)]2
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+
1

nT

n

∑
i ̸=i1

T

∑
t ̸=t1

ρit,i1t1

√
E[h̃∗2it (γ1, γ2)]2

√
E[h̃∗2i1t1

(γ1, γ2)]2

By Lemma 1 in Deo (1973), we have

|E(h∗2it (γ1, γ2)h∗2it1
(γ1, γ2))− Eh∗2it (γ1, γ2)Eh∗2it1

(γ1, γ2)|

≤Cb1[Eh∗4+τ
it (γ1, γ2)]

2
4+τ [Eh∗4+τ

it1
(γ1, γ2)]

2
4+τ α(t1 − t)

2
4+τ

Let maxi[Eh∗4+τ
it (γ1, γ2)]

2
4+τ ≤ Cb2 and mini[Eh∗4it (γ1, γ2)] ≥ Cb3,

n

∑
i=1

T

∑
t=1

T

∑
t1−t=1

|E(h∗2it (γ1, γ2)h∗2it1
(γ1, γ2))− Eh∗2it (γ1, γ2)Eh∗2it1

(γ1, γ2)| ≤ nTCb1C2
b2

T

∑
t1=1

α(t1)
τ

4+τ .

Thus we have 1
nT ∑n

i=1 ∑T
t ̸=t1
|ρi,tt1 | ≤

Cb1C2
b2 ∑T

t1=1 α(t1)
τ

4+τ

Cb3
. Define C0

ρ =
Cb1C2

b2 ∑T
t1=1 α(t1)

τ
4+τ

Cb3
,

by Assumption 3.1 (iv) and Lemma 3.1, maxi E[h̃∗2it1
(γ1, γ2)]

2 ≤ maxi E[h∗2it1
(γ1, γ2)]

2 ≤
A1|γ2 − γ1|, we have

E

∣∣∣∣∣ T

∑
t=1

n

∑
i=1

h̃2
it(γ1, γ2)

∣∣∣∣∣
2

≤ 1
n

n

∑
i=1

A1|γ2 − γ1|+
1

nT

n

∑
i=1

T

∑
t ̸=t1

|ρi,tt1 |A1|γ2 − γ1|

+
1
n

n

∑
i ̸=i1

|ρii1,t|A1|γ2 − γ1|+
1

nT

n

∑
i ̸=i1

T

∑
t ̸=t1

|ρit,i1t1 |A1|γ2 − γ1|

≤(1 + C0
ρ + C1

ρ + C2
ρ)A1|γ2 − γ1|.

Therefore, there exist a constant A2 such that

E

∣∣∣∣∣ T

∑
t=1

n

∑
i=1

h̃∗2it (γ1, γ2)

∣∣∣∣∣
2

≤ A2|γ2 − γ1|.

Analogously, we can prove the second result in the lemma.

Lemma 3.3. Let JnT(γ) = 1√
nT ∑n

i=1 ∑T
t=1 Zitϵit I(qit ≤ γ), there are constants K1

and K2 such that for all γ1, ε > 0, η > 0 and δ ≥ 1
T , if
√

T ≥ K2
η , then

P

(
sup

γ1≤γ≤γ1+δ

∥JnT(γ)− JnT(γ1)∥ > η

)
≤ K1δ2

η4 .
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Proof of Lemma 3.3 Let m be an integer satisfying nTδ/2 ≤ m ≤ nTδ, which is
possible since nTδ ≥ 1. Set δm = δ/m. For k = 1, ..., m + 1, set γk = γ1 + δm(k−
1), h∗it,k = h∗it(γk, γk+1) and h∗it,jk = h∗it(γj, γk). Letting HnT,k =

1
nT ∑n

i=1 ∑T
t=1 h∗it,k,

observe that for γk ≤ γ ≤ γk+1,

∥JnT(γ)− JnT(γk)∥ =
∥∥∥∥∥ 1√

nT

n

∑
i=1

T

∑
t=1

Zitϵit[I(qit ≤ γ)− I(qit ≤ γk)]

∥∥∥∥∥
≤ 1√

nT

n

∑
i=1

T

∑
t=1
∥Zitϵit∥|I(qit ≤ γ)− I(qit ≤ γk))|

≤
√

nTHnT,k ≤
√

nT|HnT,k − EHnT,k|+
√

nTEHnT,k.

Thus

sup
γ1≤γ≤γ1+δ

∥JnT(γ)− JnT(γ1)∥ ≤ max
2≤k≤m+1

∥JnT(γk)− JnT(γ1)∥

+ max
1≤k≤m

√
T|HnT,k − EHnT,k|+ max

1≤k≤m

√
TEHnT,k.

(3.10.16)

Let C0 be a constant vector with ∥C0∥ = 1, h∗t,jk = 1√
n ∑n

i=1 C′0Zitϵit[I(qit ≤
γk)− I(qit ≤ γj). For any 1 ≤ j < k ≤ m + 1, by Burkholder’s inequality (see
e.g. Hall and Heyde (2014)),

E|C′0(JnT(γk)− JnT(γj))|4 =E

∣∣∣∣∣ 1√
nT

n

∑
i=1

T

∑
t=1

C′0Zitϵit[I(qit ≤ γk)− I(qit ≤ γj)]

∣∣∣∣∣
4

≤K′E

∣∣∣∣∣∣ 1
T

T

∑
t=1

∣∣∣∣∣ 1√
n

n

∑
i=1

C′0Zitϵit[I(qit ≤ γk)− I(qit ≤ γj)]

∣∣∣∣∣
2
∣∣∣∣∣∣
2

≤K′E

∣∣∣∣∣ 1
T

T

∑
t=1

h∗2t,jk

∣∣∣∣∣
2

=K′E

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

h∗2it,jk +
1

nT

n

∑
i ̸=i1

T

∑
t=1

h∗it,jkh∗i1t,jk

∣∣∣∣∣
2

≤2K′E

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

h∗2it,jk

∣∣∣∣∣
2

+ 2K′E

∣∣∣∣∣ 1
nT

n

∑
i ̸=i1

T

∑
t=1

h∗it,jkh∗i1t,jk

∣∣∣∣∣
2

= : Π(1) + Π(2).

By Lemma 3.1, maxi Ehr
it,k ≤ A1δm, maxi Ehr

it,jk ≤ A1|k − j|δm for r ≤ 4. By
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Lemma 3.2, E
∣∣∣ 1√

nT ∑n
i=1 ∑T

t=1(h
∗2
it,jk − Eh∗2it,jk)

∣∣∣2 ≤ A2(k − j)δm. For Π(1), by

δm ≥ 1
nT , we have

Π(1) =2K′E

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

[(h∗2it,jk − Eh∗2it,jk) + Eh∗2it,jk]

∣∣∣∣∣
2

=2K′E

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

(h∗2it,jk − Eh∗2it,jk)

∣∣∣∣∣
2

+

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

Eh∗2it,jk

∣∣∣∣∣
2


≤2K′
[

A2(k− j)δm

nT
+ A2

1(k− j)2δ2
m

]
≤ 2K′(A2 + A2

1)(k− j)2δ2
m.

(3.10.17)

We next consider Π(2),

Π(2) =
2K′

n2T2

T

∑
t=1

E

[
n

∑
i ̸=i1

h∗it,jkh∗i1t,jk

]2

+
2K′

n2T2

T

∑
t ̸=t1

E

[
n

∑
i ̸=i1

h∗it,jkh∗i1t,jk

] [
n

∑
i ̸=i1

h∗it1,jkh∗i1t1,jk

]

=
2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1

Eh∗2it,jkh∗2i1t,jk +
2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2

Eh∗2it,jkh∗i1t,jkh∗i2t,jk

+
2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2 ̸=i3

Eh∗it,jkh∗i1t,jkh∗i2t,jkh∗i3t,jk

+
2K′

n2T2

T

∑
t ̸=t1

n

∑
i ̸=i1 ̸=i2 ̸=i3

Eh∗it,jkh∗i1t,jkh∗i2t1,jkh∗i3t1,jk

= : Π(2, 1) + Π(2, 2) + Π(2, 3) + Π(2, 4).

For Π(2, 1), by Assumption 3.1 (iv), Lemma 3.1, and δm > 1
nT , we have

Π(2, 1) =
2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1

E(h∗2it,jk − Eh∗2it,jk)(h
∗2
i1t,jk − Eh∗2i1t,jk) +

2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1

Eh∗2it,jkEh∗2i1t,jk

≤ 2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1

ρt,ii1

√
E(h∗2it,jk − Eh∗2it,jk)

2
√

E(h∗2i1t,jk − Eh∗2i1t,jk)
2

+
2K′

n2T2

(
T

∑
t=1

n

∑
i=1

Eh∗2it,jk

)(
T

∑
t=1

n

∑
i ̸=i1

Eh∗2i1t,jk

)

≤
2K′C1

ρ A1(k− j)δm

nT
+ 2K′A2

1(k− j)2δ2
m

≤(2K′C1
ρ A1 + 2K′A2

1)(k− j)2δ2
m. (3.10.18)
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For Π(2, 2), by Assumption 3.1 (iv) and Lemma 3.2, we have

Π(2, 2) =
2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2

E(h∗2it,jk − Eh∗2it,jk)h
∗
i1t,jkh∗i2t,jk +

2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2

Eh∗2it,jkEh∗i1t,jkh∗i2t,jk

≤ 2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2

E(h∗2it,jk − Eh∗2it,jk)h
∗
i1t,jkh∗i2t,jk√

E(h2
it,jk − Eh∗2it,jk)

2
√

Eh∗2i1t,jk

√
Eh∗2i2t,jk

·
√

E(h∗2it,jk − Eh∗2it,jk)
2
√

Eh∗2i1t,jk

√
Eh∗2i2t,jk

+
2K′

n2T2

(
T

∑
t=1

n

∑
i=1

Eh∗2it,jk

)(
T

∑
t=1

n

∑
i1 ̸=i2

Eh∗i1t,jkh∗i2t,jk

)

≤
2K′C3

ρ(
√

A1(k− j)δm)3

√
nT

+ 2K′C2
ρ A2

1(k− j)2δ2
m

≤
(

2K′C3
ρ(
√

A1)
3

√
T

+ 2K′C2
ρ A2

1

)
(k− j)2δ2

m. (3.10.19)

We next consider Π(2, 3). Similarly, by Assumption 3.1 (iv),

Π(2, 3) ≤ 2K′

n2T2

T

∑
t=1

n

∑
i ̸=i1 ̸=i2 ̸=i3

Eh∗it,jkh∗i1t,jkh∗i2t,jkh∗i3t,jk√
Eh∗2it,jk

√
Eh∗2i1t,jk

√
Eh∗2i2t,jk

√
Eh∗2i3t,jk

·
√

Eh∗2it,jk

√
Eh∗2i1t,jk

√
Eh∗2i2t,jk

√
Eh∗2i3t,jk

≤
2K′C4

ρ A2
1(k− j)2δ2

m

T
. (3.10.20)

Finally, we consider Π(2, 4). Similarly,

Π(2, 4) ≤
2K′C5

ρ A2
1(k− j)2δ2

m

T
. (3.10.21)

Therefore, by (3.10.24), (3.10.19), (3.10.20) and (3.10.21), we have

Π(2) ≤
(

2K′C1
ρ A1 + 2K′A2

1 +
2K′C3

ρ(
√

A1)
3

√
T

+ 2K′C2
ρ A2

1 +
2K′C4

ρ + 2K′C5
ρ

T

)
(k− j)2δ2

m.

Combined the above bound with Π(1), there is a finite K′′ such that

E∥JnT(γk)− JnT(γj)∥4 ≤ K′′(k− j)2δ2
m.
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The above bound and Theorem 10.2 of Billingsley (1999) imply that there is a
finite K3 such that

P( max
2≤k≤m+1

∥JnT(γk)− JnT(γ1)∥ ≥ η) ≤ K3
(mδm)2

η4 = K3
δ2

η4 . (3.10.22)

which bounds the first term on the right-hand side of (3.10.16). Similarly, there
exist a K4 such that

E|
√

nT(HnT,k − EHnT,k)|4 ≤E|
√

nTHnT,k|4 ≤ K4δ2
m.

The above bounds and Markov’s inequality yield that there is a finite constant
K4 such that

P( max
1≤k≤m

|
√

T(HnT,k − EHnT,k)| ≥ η) ≤ m
K4δ2

m
η4 ≤ K4δ2

η4 (3.10.23)

Next, we consider the third term, by δm ≤ 2
nT

√
nTEHnT,k =

√
nT

1
nT

T

∑
i=1

T

∑
t=1

Ehit,k ≤
√

nTA1δm ≤
2A1√

nT
. (3.10.24)

(3.10.22), (3.10.23) and (3.10.24) imply that when 2A1√
nT
≤ η,

P

(
sup

γ1≤γ≤γ1+δ

∥JnT(γ)− JnT(γ1)∥ > 3η

)
≤ (K3 + K4)δ

2

η4 .

This implies K1 = 34(K3 + K4) and K2 = 6A1.

Lemma 3.4. Suppose that Assumption 3.1 to Assumption 3.3 hold, we have

JnT(γ)⇒ J(γ),

a mean-zero Gaussian process with almost surely continuous sample paths.

Proof of Lemma 3.4 The proof is an extended version of that of Lemma A.4 in
Hansen (2000) with cross-sectional dependence carefully examined. For each γ,

∑n
i=1 Zitϵit I(qit ≤ γ) is a square integrable stationary martingale difference, so
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JnT(γ) converges pointwise to a Gaussian distribution by the central limit theo-
rem. This can be extended to any finite collection of γ to yield the convergence
of the finite dimensional distributions.

Fix ε > 0 and η > 0. Set δ = εη4

K1
and nT = max[ 1

δ , K2
2

η2 ], where K1 and K2 are

defined in Lemma 3.3. Then by Lemma 3.3, for any γ1, if nT ≥ nT,

P

(
sup

γ1≤γ≤γ1+δ

∥JnT(γ)− JnT(γ1)∥ > η

)
≤ K1δ2

η4 = δε.

This implies JnT(γ) is tight. Hence we have JnT(γ)⇒ J(γ).

Lemma 3.5. Let kit(γ, γ0) = ∥Zit∥|I(qit ≤ γ)− I(qit ≤ γ0)|, KnT(γ) =
1

nT ∑n
i=1

∑T
t=1 kit(γ, γ0)

2, GnT(γ) =
1

nT ∑n
i=1 ∑T

t=1(C
′Zit)

2|I(qit ≤ γ)− I(qit ≤ γ0)|. Sup-
pose that Assumption 3.1 to Assumption 3.3 hold. There exist constants B > 0 and
0 < d, k < ∞, such that for all η > 0 and δ > 0, there exists a v̄ < ∞ such that for
large enough (n, T), λnT = n1−2α1 T1−2α2 ,

P

(
inf

v̄
λnT
≤|γ−γ0|≤B

GnT(γ)

|γ− γ0|
< (1− η)d

)
≤ ε,

P

 sup
v̄

λnT
≤|γ−γ0|≤B

KnT(γ)

|γ− γ0|
> (1 + η)k

 ≤ ε.

Proof of Lemma 3.5 The proof is an extended version of that of Lemma A.7 in
Hansen (2000) with cross-sectional dependence carefully examined. Note that
EGnT(γ) =

1
n ∑n

i=1 E(C′Zit)
2|I(qit ≤ γ)− I(qit ≤ γ0)|. First for γ ≥ γ0,

d
dγ

EGnT(γ) = C′D(γ)C,

where D(γ) = limn→∞
1
n ∑n

i=1 E(ZitZ′it|γ) fi(γ). Since C′D(γ0)C > 0 and C′D(γ)C
is continuous at γ0, there is a B > 0 small enough such that

d = min
|γ−γ0|≤B

C′D(γ)C > 0.
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Since EGnT(γ0) = 0, a first-order Taylor series expansion about γ0 yields

inf
|γ−γ0|≤B

EGnT(γ) ≥ d|γ− γ0|. (3.10.25)

By Lemma 3.2,

E|GnT(γ)− EGnT(γ)|2 ≤∥C∥4E

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

(
k2

it(γ, γ0)− Ek2
it(γ, γ0)

)∣∣∣∣∣
2

≤∥C∥
4A2|γ− γ0|

nT
. (3.10.26)

For any ε, η > 0, set

b =
1− η

2
1− η

> 1 and v̄ =
8∥C∥4A2

η2d2(1− 1/b)ε

Since n, T → ∞, v̄
λnT
≤ B. For j = 1, 2, ..., m + 1, set γj = γ0 +

v̄bj−1

λnT
, where m

is the integer such that γm − γ0 = v̄bm−1

λnT
≤ B and γm+1 − γ0 > B. By Markov

inequality and (3.10.25) and (3.10.26),

P

(
sup

1≤j≤m

∣∣∣∣∣GnT(γj)− EGnT(γj)

EGnT(γj)

∣∣∣∣∣ > η

2

)
≤
(

2
η

)2 m

∑
j=1

E|GnT(γj)− EGnT(γj)|2

|EGnT(γj)|2

≤ 4
η2

m

∑
j=1

∥C∥4A2|γj − γ0|
nTd2|γj − γ0|2

=n−2α1 T−2α2
4∥C∥4A2

η2d2v̄

m

∑
j=1

1
bj−1

≤4∥C∥4A2

η2d2v̄
1

1− 1/b
=

ε

2
.

Thus with probability greater than 1− ε
2 , for all 1 ≤ j ≤ m,∣∣∣∣∣ GnT(γj)

EGnT(γj)
− 1

∣∣∣∣∣ ≤ η

2
.

GnT(γ) as a function of γ is an increasing function for γ > γ0. For any γ such
that v̄

λnT
≤ γ− γ0 ≤ B, there is some j ≤ m such that γj < γ < γj+1,

GnT(γ)

|γ− γ0|
≥

GnT(γj)

|γj+1 − γ0|
=

GnT(γj)

EGnT(γj)

EGnT(γj)

|γj+1 − γ0|
≥
(

1− η

2

) d|γj − γ0|
|γj+1 − γ0|

= (1− η)d,
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since
|γj−γ0|
|γj+1−γ0|

= 1
b and b =

1− η
2

1−η > 1. The probability is greater than 1− ε
2 . Thus

we have

P

(
inf

v̄
λnT
≤|γ−γ0|≤B

GnT(γ)

|γ− γ0|
< (1− η)d

)
≤ ε

2
.

A symmetric argument applies to the case −B ≤ γ− γ0 ≤ − v̄
λnT

.

Lemma 3.6. Suppose that Assumption 3.1 to Assumption 3.3 hold. There exists some
v̄ < ∞ such that for any B < ∞, λnT = n1−2α1 T1−2α2 ,

P

 sup
v̄

λnT
≤|γ−γ0|≤B

∥JnT(γ)− JnT(γ0)∥√
λnT|γ− γ0|

> η

 ≤ ε.

Proof of Lemma 3.6 The proof is an extended version of that of Lemma A.8 in
Hansen (2000) with cross-sectional dependence carefully examined. Fix η > 0.
For j = 1, 2, ..., set γj − γ0 = v̄2j−1

λnT
, where v̄ < ∞ will be determined later

on. A straight forward calculation shows that Fix η > 0. For j = 1, 2, ..., set
γj − γ0 = v̄2j−1

λnT
, where v̄ < ∞ will be determined later on. A straight forward

calculation shows that

sup
v̄

λnT
≤|γ−γ0|≤B

∥JnT(γ)− JnT(γ0)∥√
λnT|γ− γ0|

≤2 sup
j>0

∥JnT(γj)− JnT(γ0)∥√
λnT|γj − γ0|

+ 2 sup
j>0

sup
γj≤γ≤γj+1

∥JnT(γ)− JnT(γj)∥√
λnT|γj − γ0|

.

(3.10.27)

By Assumption 3.1 (ii), the martingale difference property and Lemma 3.1,

E∥JnT(γj)− JnT(γ0)∥2 ≤ 1
nT

T

∑
t=1

E

∥∥∥∥∥ n

∑
i=1

Zitϵit(I(qit ≤ γj)− I(qit ≤ γ0))

∥∥∥∥∥
2

≤A1|γj − γ0|.
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By Markov inequality, we have

P

(
2 sup

j>0

∥JnT(γj)− JnT(γ0)∥√
λnT|γj − γ0|

> η

)
≤ 4

η2

∞

∑
j=1

E∥JnT(γj)− JnT(γ0)∥2

λnT|γj − γ0|2

≤ 4
η2

∞

∑
j=1

A1|γj − γ0|
λnT|γj − γ0|2

=
4A1

η2

∞

∑
j=1

1
v̄2j−1 =

8A1

η2v̄
. (3.10.28)

Set δj = γj+1 − γj, and ηj =
√

λnT|γj − γ0|η. Then

P

(
2 sup

j>0
sup

γj≤γ≤γj+1

∥JnT(γ)− JnT(γj)∥√
λnT|γj − γ0|

> η

)
≤2

∞

∑
j=1

P

(
sup

γj≤γ≤γj+1

∥JnT(γ)− JnT(γj)∥√
λnT|γj − γ0|

> η

)

≤2
∞

∑
j=1

P

(
sup

γj≤γ≤γj+1

∥JnT(γ)− JnT(γj)∥ > ηj

)
.

(3.10.29)

When v̄ ≥ 1, we have δj ≥ λ−1
nT ≥ (nT)−1. Furthermore, if v̄ ≥ B

η , then ηj =
1√
λnT

2j−1v̄η ≥ K2
1√
λnT
≥ K2

1√
nT

. Thus if v̄ ≥ max[1, K2/η] the conditions for
Lemma 3.3 hold, (3.10.29) is bounded by

2
∞

∑
j=1

K1δ2
j

η4
j

= 2
∞

∑
j=1

K1|γj+1 − γj|2

λ2
nT|γ− γ0|4

=
8K1

3η4v̄2 . (3.10.30)

Thus we can prove that if v̄ ≥ max[1, K2/η]

P

(
2 sup

j>0

∥JnT(γj)− JnT(γ0)∥√
λnT|γj − γ0|

> 2η

)
≤ 8A1

η2v̄
+

8K1

3η4v̄2 ,

by choosing v̄ large enough.

Lemma 3.7. Let K∗nT(γ) =
1

nT2 ∑n
i=1

(
∑T

t=1 ∥Zit∥|I(qit ≤ γ)− I(qit ≤ γ0)|
)2

, J∗nT(γ) =

1

n
1
2 T

3
2

∑n
i=1

(
∑T

t=1 Zit(I(qit ≤ γ)− I(qit ≤ γ0))
) (

∑T
t=1 ϵit

)
. Suppose that Assump-

tion 3.1 to Assumption 3.3 hold. There exist some v̄ < ∞ and B > 0 such that for any



96
Chapter 3. Panel threshold regression model with cross-sectional

dependence

η > 0, ε > 0, λnT = n1−2α1 T1−2α2 ,

P

 sup
v̄

λnT
≤|γ−γ0|≤B

K∗nT(γ)

|γ− γ0|
> η

 ≤ ε,

P

 sup
v̄

λnT
≤|γ−γ0|≤B

∥J∗nT(γ)∥√
λnT|γ− γ0|

> η

 ≤ ε.

Proof of Lemma 3.7 The proof is an extended version of that of Lemma C.9
in Miao et al. (2020b) with cross-sectional dependence carefully examined. We
consider the case γ > γ0. Let kit(γ, γ0) = ∥Zit∥|I(qit ≤ γ)− I(qit ≤ γ0)|. By
Lemma 3.1 and Lemma 3.2, there is a constant A′ such that

EK∗nT(γ) =
1
n

n

∑
i=1

E

[
1
T

T

∑
t=1

kit(γ, γ0)

]2

=
1
n

n

∑
i=1

E

[
1
T

T

∑
t=1

kit(γ, γ0)−
1
T

T

∑
t=1

Ekit(γ, γ0)

]2

+
1
n

n

∑
i=1

[
1
T

T

∑
t=1

Ekit(γ, γ0)

]2

≤ A′

nT2

n

∑
i=1

T

∑
t=1

Ek2
it(γ, γ0) +

1
n

n

∑
i=1

[
1
T

T

∑
t=1

Ekit(γ, γ0)

]2

≤A′A1

T
|γ− γ0|+ A2

1|γ− γ0|2.

Choose a b > 1, B < ε(b−1)η
4A2

1b3 . For j = 1, .., m + 1, set γj = γ0 +
v̄bj−1

λnT
, where m

is the integer such that γm − γ0 ≤ B and γm+1 − γ0 > B. When (n, T) is large
enough, we can have A′A1mb

Tη ≤ ε
4 . By Markov’s inequality,

P

(
sup

1≤j≤m

K∗nT(γj+1)

|γj − γ0|
> η

)
≤

m

∑
j=1

EK∗nT(γj+1)

η|γj − γ0|

≤
m

∑
j=1

A′A1|γj+1 − γ0|
Tη|γj − γ0|

+
m

∑
j=1

A2
1|γj+1 − γ0|2

η|γj − γ0|

=
A′A1mb

Tη
+

A2
1b2v̄(bm − 1)
ηλnT(b− 1)

≤A′A1mb
Tη

+
A2

1b3B
η(b− 1)

≤ ε

2
.
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For any γ such that v̄
λnT
≤ γ− γ0 ≤ B, there is some j ≤ n such that γj ≤ γ ≤

γj+1. Since K∗nT(γ) is monotonic in γ, we have K∗nT(γ)
|γ−γ0|

≤ K∗nT(γj+1)

|γj−γ0|
. It follows that

P

 sup
v̄

λnT
≤γ−γ0≤B

|K∗nT(γ)|
|γ− γ0|

> η

 ≤ P

(
sup

1≤j≤m

K∗nT(γj+1)

|γj − γ0|
> η

)
≤ ε

2
.

A symmetric argument gives us the proof for the case −B ≤ γ − γ0 ≤ − v̄
λnT

.
The proof of second result is analogous to that of Lemma 3.6.

Proposition 3.3. Suppose that Assumption 3.1 to Assumption 3.3 hold. As n → ∞
and T → ∞, we have λnT(γ̂− γ0) = Op(1), where λnT = n1−2α1 T1−2α2 .

Proof of Proposition 3.3. The proof is an extended version of that of Lemma A.9
in Hansen (2000) with cross-sectional dependence carefully examined. Essen-
tially, we use Lemma 3.4 to 3.7 established under cross-sectional dependence
conditions rather than Lemma A.5 to A.8 in Hansen (2000). Let B, d and k be
defined as in Lemma 3.4 Pick η and κ small enough so that

(1− η)d− (4∥C∥+ 3κ)κ(1 + η)k− (∥C∥2 + 3κ2 + 4κ∥C∥+ 4∥C∥+ 4κ)η > 0.
(3.10.31)

Let EnT be the joint event that

(1) |γ̂− γ0| ≤ B,

(2) (nα1 Tα2)∥β̂− β0∥ ≤ κ,

(3) inf
v̄

λnT
≤|γ−γ0|≤B

GnT(γ)
|γ−γ0|

> (1− η)d,

(4) sup
v̄

λnT
≤|γ−γ0|≤B

KnT(γ)
|γ−γ0|

< (1 + η)k,

(5) sup
v̄

λnT
≤|γ−γ0|≤B

∥JnT(γ)−JnT(γ0)∥√
λnT |γ−γ0|

< η,

(6) sup
v̄

λnT
≤|γ−γ0|≤B

K∗nT(γ)
|γ−γ0|

< η,
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(7) sup
v̄

λnT
≤|γ−γ0|≤B

∥J∗nT(γ)∥√
λnT |γ−γ0|

< η.

Fix δ > 0, and choose v̄ for large enough (n, T) such that P(EnT) ≥ 1− δ, by
Lemma 3.4 to Lemma 3.7. Since Y∗ = Z∗(γ0)β0 + ϵ∗,

Y∗ − Z∗(γ)β̂ = ϵ∗ − Z∗(γ0)(β̂− β0)− (Z∗(γ)− Z∗(γ0))β̂.

Hence

SnT(β̂, γ)− SnT(β̂, γ0)

= (Y∗ − Z∗(γ)β̂)′(Y∗ − Z∗(γ)β̂)− (Y∗ − Z∗(γ0)β̂)′(Y∗ − Z∗(γ0)β̂)

= β̂′(Z∗(γ)− Z∗(γ0))
′(Z∗(γ)− Z∗(γ0))β̂− 2ϵ∗

′
(Z∗(γ)− Z∗(γ0))β̂

+ 2β̂′(Z∗(γ)− Z∗(γ0))
′Z∗(γ0)(β̂− β0)

= β′0(Z∗(γ)− Z∗(γ0))
′(Z∗(γ)− Z∗(γ0))β0 − 2ϵ∗

′
(Z∗(γ)− Z∗(γ0))β̂

+ 2β̂′(Z∗(γ)− Z∗(γ0))
′Z∗(γ0)(β̂− β0)

+ (β0 + β̂)′(Z∗(γ)− Z∗(γ0))
′(Z∗(γ)− Z∗(γ0))(β̂− β0)

Define ∆Z∗(γ) = Z∗1(γ) − Z∗1(γ0). Suppose γ ∈ [γ0 +
v̄

λnT
, γ0 + B] and EnT

holds. Let Ĉ = nα1 Tα2(β̂2 − β̂1) so that ∥Ĉ− C∥ ≤ κ.

SnT(β̂, γ)− SnT(β̂, γ0)

λnT(γ− γ0)

=
C′∆Z∗(γ)′∆Z∗(γ)C

nT(γ− γ0)
+

2ϵ∗
′
∆Z∗(γ)Ĉ

n1−α1 T1−α2(γ− γ0)

− 2Ĉ′∆Z∗(γ)′Z∗(γ0)(β̂− β0)

n1−α1 T1−α2(γ− γ0)
+

(C + Ĉ)′∆Z∗(γ)′∆Z∗(γ)(Ĉ− C)
nT(γ− γ0)

=
∑n

i=1 ∑T
t=1 C′∆Zit(γ)∆Zit(γ)

′C
nT(γ− γ0)

+
(C + Ĉ)′ ∑n

i=1 ∑T
t=1 ∆Zit(γ)∆Zit(γ)

′(Ĉ− C)
nT(γ− γ0)

− 1
T

Ĉ′ ∑n
i=1

(
∑T

t=1 ∆Zit(γ)
) (

∑T
t=1 ∆Zit(γ)

)
Ĉ

nT(γ− γ0)
+

2 ∑n
i=1 ∑T

t=1 ∆Zit(γ)
′ϵitĈ

n1−α1 T1−α2(γ− γ0)

− 2
T

∑n
i=1

(
∑T

t=1 ∆Zit(γ)
′
) (

∑T
t=1 ϵit

)
Ĉ

n1−α1 T1−α2(γ− γ0)
−

2Ĉ′ ∑n
i=1 ∑T

t=1 ∆Zit(γ)Z′it(γ0)(β̂− β0)

n1−α1 T1−α2(γ− γ0)

+
2
T

Ĉ′ ∑n
i=1

(
∑T

t=1 ∆Zit(γ)
) (

∑T
t=1 Z′it(γ0)

)
(β̂− β0)

n1−α1 T1−α2(γ− γ0)
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≥ GnT(γ)

(γ− γ0)
− ∥C + Ĉ∥∥Ĉ− C∥ KnT(γ)

(γ− γ0)
− ∥Ĉ∥2 K∗nT(γ)

(γ− γ0)
− 2∥Ĉ∥∥JnT(γ)− JnT(γ0)∥√

λnT(γ− γ0)

− 2∥Ĉ∥
∥J∗nT(γ)∥√

λnT(γ− γ0)
− 2∥Ĉ∥(nα1 Tα2)∥β̂− β0∥

KnT(γ)

(γ− γ0)

− 2∥Ĉ∥(nα1 Tα2)∥β̂− β0∥
K∗nT(γ)

(γ− γ0)

≥(1− η)d− ∥C + Ĉ∥∥Ĉ− C∥(1 + η)k− ∥Ĉ∥2η + 2∥Ĉ∥η − 2∥Ĉ∥η
− 2∥Ĉ∥(nα1 Tα2)∥β̂− β0∥(1 + η)k− 2∥Ĉ∥(nα1 Tα2)∥β̂− β0∥η
≥(1− η)d− (2∥C∥+ κ)κ(1 + η)k− (∥C∥+ κ)2η − 4(∥C∥+ κ)η

− 2(∥C∥+ κ)κ(1 + η)k− 2(∥C∥+ κ)κη

=(1− η)d− (4∥C∥+ 3κ)κ(1 + η)k− (∥C∥2 + 3κ2 + 4κ∥C∥+ 4∥C∥+ 4κ)η > 0.

We have shown that on the set EnT, if γ ∈ [γ0 +
v̄

λnT
, γ0 + B], then S(β̂, γ) −

S(β̂, γ0) > 0. We can similarly show that if γ ∈ [γ0− B, γ0− v̄
λnT

] then S(β̂, γ)−
S(β̂, γ0) > 0. Since S(β̂, γ̂) − S(β̂, γ0) ≤ 0, we can conclude that when EnT

occurs, we have |γ̂− γ0| < v̄
λnT

. As P(EnT) ≥ 1− δ, for any δ > 0, there is a
constant v̄ such that for (n, T) sufficiently large, we have P(|γ̂− γ0| ≥ v̄

λnT
) < δ.

Lemma 3.8. Let G̃nT(v) = λnTGnT(γ0 +
v

λnT
) and K̃nT(v) = λnTKnT(γ0 +

v
λnT

).
Suppose that Assumption 3.1 to Assumption 3.3 hold. Then we have uniformly v ∈ Ψ,

G̃nT(v)
p−→ C′DC|v|, K̃nT(v)

p−→ D|v|

where Ψ is a compact set.

Proof of Lemma 3.8 The proof is an extended version of that of Lemma A.10 in
Hansen (2000) with cross-sectional dependence carefully examined. Fix v ∈ Ψ,
by (3.4.10)

EG̃nT(v) = λnTC′E
[

ZitZ′it

∣∣∣∣I (qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

∣∣∣∣]C → C′DC|v|,

By (3.10.26)

E|G̃nT(v)− EG̃nT(v)|2 ≤′
λ2

nT
nT
∥C∥4A2

∣∣∣∣ v
λnT

∣∣∣∣ = o(1).
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Thus we have G̃nT(v)
p−→ C′DC|v|.

Suppose Ψ = [0, v̄]. Since G̃nT(v) is monotonically increasing on Ψ and the
limit function is continuous, the convergence is uniform over Ψ. To see this, set
G̃(v) = C′DCv. Pice any ε > 0, then set J = v̄C′DC

ε and for j = 0, 1, ..., J, set vj =
v̄C′DCj

J . Then pick n and T large enough so that maxj≤J |G̃nT(vj) − G̃(vj)| ≤ ε

with probability greater than 1− ε, which is possible by pointwise consistency.
For any j ≥ 1, take any v ∈ (vj−1, vj). Both G̃nT(v) and G̃(v) lie in the interval
[G̃(vj−1) − ε, G̃(vj) + ε] with probability greater than 1 − ε, which has length
bounded by 3ε. Since v is arbitrary, |G̃nT(v)− G̃(v)| ≤ 3ε uniformly over Ψ.

An identical argument yields uniformity over sets of the form [−v̄, 0], and thus
for arbitrary compact sets Ψ.

Lemma 3.9. Let RnT(v) =
√

λnT(JnT(γ0 +
v

λnT
)− JnT(γ0)). Suppose that Assump-

tion 3.1 to Assumption 3.3 hold. Then on any compact set Ψ,

RnT(v)⇒ B(v).

where B(v) is a vector Brownian motion with covariance matrix E[B(1)B(1)′] = V.

Proof of Lemma 3.9 First, we establish the convergence of the finite dimensional

distributions of RnT(v), RnT(v)
d−→ N(0, |v|V), and then show RnT(v) is tight.

Let ξnT(v) =
√

λnT√
nT ∑n

i=1 ∑T
t=1 Zitϵit[I(qit ≤ γ0 +

v
λnT

)− I(qit ≤ γ0)] and uit(v) =√
λnTZitϵit[I(qit ≤ γ0 +

v
λnT

) − I(qit ≤ γ0)]. By martingale difference array
central limit theorem (for example, Theorem 24.3 of Davidson (1994)), it suffices
to verify that

ξnT(v)ξnT(v)′
p−→ |v|V and

1√
nT

n

∑
i=1
∥uit(v)∥ = op(1).

Note that

E[ξnT(v)ξnT(v)′]
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=
λnT

nT

n

∑
i=1

T

∑
t=1

E
(

ZitZ′itϵitϵit

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

])
+

λnT

nT

n

∑
i=1

∑
j ̸=i

T

∑
t=1

E
(

ZitZ′jtϵitϵjt

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

]
·
[

I
(

qjt ≤ γ0 +
v

λnT

)
− I(qjt ≤ γ0)

])
=:Ξ(1) + Ξ(2).

Similar to the proof of Theorem 3.1, we can easily show that E∥∑n
i=1 ∑T

t=1 Zitϵit∥2 =

O(nT). By Lemma 3.1, maxi E∥Zitϵit∥
∣∣∣I (qit ≤ γ0 +

v
λnT

)
− I(qit ≤ γ0)

∣∣∣ = O( 1
λnT

),

we have E∥Ξ(2)∥ = O( 1
λnT

) = o(1). In addition, it is easy to verify that
Var[Ξ(2)] = op(1). For Ξ(1), we can use similar calculation as that in the proof
of Lemma 3.1,

E
[

ZitZ′itϵitϵit

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

]]
v/λnT

→ E[ZitZ′itϵitϵit|qit = γ0] fi(γ0).

Therefore, as T → ∞ by (3.4.10), we can prove that ξnT(v)ξnT(v)′
p−→ |v|V,

where V = limn→∞
1
n ∑n

i=1 E[ZitZ′itϵitϵit|qit = γ0] fi(γ0)

Then we verify that 1√
nT ∑n

i=1 ∥uit(v)∥ = op(1).

E

∣∣∣∣∣ 1√
nT

n

∑
i=1
∥uit(v)∥

∣∣∣∣∣
4

≤ 1
T

E

(
1√
n

n

∑
i=1
∥uit(v)∥

)4

=
1
T

E

(
λnT

n

n

∑
i=1
∥Zitϵit∥2

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

]
+ op(1)

)2

=
λ2

nT
n2T

E

(
n

∑
i=1
∥Zitϵit∥4

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

]
+

n

∑
i=1

∑
i ̸=j
∥Zitϵit∥2∥Zjtϵjt∥2

[
I
(

qit ≤ γ0 +
v

λnT

)
− I(qit ≤ γ0)

·
[

I
(

qjt ≤ γ0 +
v

λnT

)
− I(qjt ≤ γ0)

])
=O(λnT(nT)−1) + O((nT)−1).
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Thus we conclude that RnT(v)
d−→ N(0, |v|V). This argument can be extended

to include any finite collection [v1, ..., vk] to yield the convergence of the finite
dimensional distributions of RnT(v) to those of B(v).

We now show tightness. Fix ε > 0 and η > 0. Set δ = εη4

K1
and n̄ = (max[ 1√

δ
, K2

η ])
1

α1 ,

T̄ = (max[ 1√
δ
, K2

η ])
1

α2 , where K1 and K2 are defined in Lemma 3.3. Set γ1 =

γ0 +
v1

λnT
. By Lemma 3.3, for n ≥ n̄ and T ≥ T̄,

P

(
sup

v1≤v≤v1+δ

|RnT(v)− RnT(v1)| > η

)

=P

 sup
γ1≤γ≤γ1+

δ
λnT

∥JnT(γ)− JnT(γ1)∥ >
η√
λnT

 ≤ K1(δ/λnT)
2

λ−2
nT η2

≤ δε.

The conditions for Lemma 3.3 are met since δ
λnT
≥ 1

nT when nα1 Tα2 ≥ 1√
λnT

, and
η√
λnT
≥ K2√

nT
when nα1 Tα2 ≥ K2

η , and these hold for n ≥ n̄ and T ≥ T̄. This
imply that RnT(γ) is tight.

Lemma 3.10. Let K̃∗nT(v) = λnTK∗nT(γ0 +
v

λnT
) and J̃∗nT(v) = λnT J∗nT(γ0 +

v
λnT

).

Suppose that Assumption 3.1 to Assumption 3.3 hold. Then K̃∗nT(v)
p−→ 0 and

J̃∗nT(v)
p−→ 0 uniformly in v ∈ Ψ, where Ψ is a compact set.

Proof of Lemma 3.10 By the proof of Lemma 3.7, we have

E[K̃∗nT(v)] = O
(

1
T

)
+ O

(
1

λnT

)
= o(1).

Thus we have K̃∗nT(v) = op(1) for each v ∈ Ψ. This result, in conjunction with
the monotonicity of K̃∗nT(v) in either the half line [0, ∞) or half line (−∞, 0], im-
plies that K̃∗nT(v)

p−→ 0 uniformly in v ∈ Ψ. See Lemma 3.8.

For J̃∗nT(v), we can follow the above arguments and show that J̃∗nT(v) = op(1)
for each v ∈ Ψ. Following Lemma 3.9, we can readily show the tightness of the
process { J̃∗nT(v)}. Thus we have J̃∗nT(v)

p−→ 0 uniformly in v ∈ Ψ.
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Lemma 3.11. Let QnT(v) = SnT(β̂, γ0)−SnT(β̂, γ0 +
v

λnT
), where λnT = n1−2α1 T1−2α2 .

Suppose that Assumption 3.1 to Assumption 3.3 hold. Then on any compact set Ψ,

QnT(v)⇒ Q(v) = −C′DC|v|+ 2
√

C′VCW(v)

Proof of Lemma 3.11 Let ∆Zit(v) = Zit1

(
γ0 +

v
λnT

)
− Zit1(γ0), We have

QnT(v) =SnT(β̂, γ0)− SnT

(
β̂, γ0 +

v
λnT

)
=− n−2α1 T−2α2

n

∑
i=1

T

∑
t=1

C′∆Zit(v)∆Zit(v)′C− 2n−α1 T−α2
n

∑
i=1

T

∑
t=1

C′∆Zit(v)ϵit

+ LnT(v),

where

LnT(v) =2(C− Ĉ)′RnT(v) + 2ĈK̃nT(v)nα1 Tα2(β̂− β0)

− (Ĉ− C)′K̃nT(v)(Ĉ + C) + Ĉ′K̃∗nT(v)Ĉ

+ 2Ĉ′ J̃∗nT(v)− 2n−α1 T−α2−1Ĉ′
n

∑
i=1

(
T

∑
t=1

∆Zit(v)

)(
T

∑
t=1

Zit(γ0)
′
)
(β̂− β0)

=L1,nT(v) + ... + L6,nT(v).

By Lemma 3.8, we have

n−2α1 T−2α2
n

∑
i=1

T

∑
t=1

C′∆Zit(v)∆Zit(v)′C

=
λnT

nT

n

∑
i=1

T

∑
t=1

C′∆Zit(v)∆Zit(v)′C

=G̃nT(v)⇒ C′DC|v|.

By Lemma 3.9, we have

n−α1 T−α2
n

∑
i=1

T

∑
t=1

C′∆Zit(v)ϵit

=
√

λnTC′
(

JnT

(
γ0 +

v
λ nT

)
− JnT(γ0)

)
=C′RnT(v)⇒ C′B(v) =

√
C′VCW(v).
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By the fact that nα1 Tα2(β̂− β0) = op(1), Assumption 3.3 (i), and Lemma 3.8, we
have Lg,nT(v) = op(1) uniformly in v for g = 1, 2, 3. By Lemma 3.10, we have
that L4,nT(v) = op(1) and L5,nT(v) = op(1). For L6,nT(v), we have uniformly in
v ∈ Ψ,

|L6,nT(v)| ≤2∥Ĉ∥
[
nα1 Tα2∥β̂− β0∥

] λnT

nT2

∥∥∥∥∥ n

∑
i=1

(
T

∑
t=1

∆Zit(v)

)(
T

∑
t=1

Zit(γ0)
′
)∥∥∥∥∥

=Op(1)op(1)op(1),

as we can follow the proofs of Lemmas 3.8 and 3.10 and show that λnT
nT2

∥∥∥∑n
i=1

(
∑T

t=1 ∆Zit(v)
)

(
∑T

t=1 Zit(γ0)
′
)∥∥∥ = op(1) uniformly in v ∈ Ψ. Thus we have QnT(v) ⇒

−C′DC|v|+ 2
√

C′VCW(v) on any compact set Ψ.

Proof of Theorem 3.2. By Proposition 3.3, λnT(γ̂− γ0) = arg maxv QnT(v) =

Op(1), and by Lemma A.10, QnT(v) ⇒ Q(v). The limit functional Q(v) is con-
tinuous, has a unique maximum, and lim|v|→∞ Q(v) = −∞ almost surely. It
therefore satisfies the conditions of Theorem 2.7 of Kim and Pollard (1990),

(i) QnT(v)⇒ Q(v);

(ii) λnT(γ̂− γ0) = Op(1);

(iii) QnT(λnT(γ̂ − γ0)) ≥ supv QnT(v) − anT for random variables {anT} of
order op(1).

Then λnT(γ̂− γ0)
d−→ arg max Q(v).

This implies

λnT(γ̂− γ0)
d−→ arg maxv∈RQ(v)

Setting w = C′VC
(C′DC)2 , we can rewrite the asymptotic distribution as

arg max
v∈R

[
−C′DC|v|+ 2

√
C′VCW(v)

]
= w arg max

v∈R

[
−|v|

2
+ W(v)

]
. (3.10.32)

This completes the proof of Theorem 3.2.
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Proof of Theorem 3.3 By definition,

β̂(γ̂) = (Z∗(γ̂)′(Z∗(γ̂))−1(Z∗(γ̂)′Y∗.

Substituting Y∗ = Z∗(γ0)β0 + ϵ∗,

β̂− β0 =β̂(γ̂)− β0(γ0)

=

(
1

nT
Z∗(γ̂)′Z∗(γ̂)

)−1 ( 1
nT

Z∗(γ̂)′(Z∗(γ0)− Z∗(γ̂))β0

)
+

(
1

nT
Z∗(γ̂)′Z∗(γ̂)

)−1 ( 1
nT

Z∗(γ̂)′ϵ
)

=:Π(1) + Π(2).

By Lemma A.1 and the consistency of γ̂, γ̂−→γ0, by setting T → ∞ first and
then setting n→ ∞, we have

1
nT

Z∗(γ̂)′(Z∗(γ0)− Z∗(γ̂))β0
p−→ 1

n

n

∑
i=1

E[Z̃it(γ0)(Z̃it(γ0)− Z̃it(γ0))
′β0] = 0.

Therefore, Π(1) = op(1). In the proof of Theorem 3.1, we showed that

1
nT

Z∗(γ̂)′Z∗(γ̂)→ 1
n

n

∑
i=1

E[Z̃it(γ̂)Z̃it(γ̂)
′].

By Lemma A.1 and the consistency of γ̂, γ̂−→γ0, by setting T → ∞ first and
then setting n→ ∞, and by Assumption 3.1 (iii), we have

1
nT

Z∗(γ̂)′Z∗(γ̂)
p−→ 1

n

n

∑
i=1

E[Z̃it(γ0)Z̃it(γ0)
′]→ Σγ0 . (3.10.33)

Similarly, by the proof of Theorem 3.1 and the properties of martingale differ-
ence, we have

Var
(

1√
nT

Z∗(γ̂)′ϵ
)
→ 1

n

n

∑
i=1

E[Z̃it(γ̂)Z̃jt(γ̂)
′ϵitϵjt].

By Lemma A.1 and the consistency of γ̂, γ̂−→γ0, by setting T → ∞ first and
then setting n→ ∞, and by Assumption 3.1 (iii), we have

Var
(

1√
nT

Z∗(γ̂)′ϵ
)

p−→ 1
n

n

∑
i=1

E[Z̃it(γ0)Z̃jt(γ0)
′ϵitϵjt]→ Σγ0,ϵ. (3.10.34)
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By (3.10.33) and (3.10.34), we can prove that
√

nT(β̂− β0)
d−→ N(02K+2, Σ−1

γ0
Σγ0,ϵΣ−1

γ0
).

Proof of Theorem 3.4 Note that

√
nT(β̂(γ)− β0) =Σ̂−1

γ
1√
nT

n

∑
i=1

T

∑
t=1

Z∗it(γ)(Z∗it(γ0)− Z∗it(γ))
′β0

+ Σ̂−1
γ

1√
nT

n

∑
i=1

T

∑
t=1

Z∗it(γ)ϵit.

Recall that FnT(γ) =
1√
nT ∑n

i=1 ∑T
t=1 Z∗it(γ)ϵit and let Θ̂γ1,γ2 =

1
nT ∑n

i=1 ∑T
t=1 Z∗it(γ1)(Z∗it(γ2))

′.

By the proof of Theorem 3.1 and Lemma A.1, we have Σ̂γ
p−→ Σγ, FnT(γ)

p−→
F(γ) and Θ̂γ,γ0

p−→ Θγ,γ0 . By (L2 − L1)
′β0 = θ,

√
nTθ = c and c = 1

2(L2 −
L1)
′(L2 − L1)c, we have

√
nT(L2 − L1)

′ β̂(γ) =
√

nT(L2 − L1)
′Σ̂−1

γ Θ̂γ,γ0 β0 + (L2 − L1)
′Σ̂−1

γ FnT(γ)

=
1
2
(L2 − L1)

′Σ̂−1
γ Θ̂γ,γ0(L2 − L1)c + (L2 − L1)

′Σ̂−1
γ FnT(γ)

=
1
2
(L2 − L1)

′Σ−1
γ Θγ,γ0(L2 − L1)c + (L2 − L1)

′Σ−1
γ F(γ) + op(1)

=Q̃(γ)c + F̃(γ),

where Q̃(γ) = 1
2(L2 − L1)

′Σ−1
γ Θγ,γ0(L2 − L1) and F̃(γ) = (L2 − L1)

′Σ−1
γ F(γ).

Next, it is standard to show that M̂nT(γ)
p−→ (L2− L1)

′Σ−1
γ Σγ,ϵΣ−1

γ (L2− L1) =

M(γ) uniformly in γ.

Then by the continuous mapping theorem, we have WnT(γ)⇒Wc(γ).
Proof of Theorem 3.5. The proof is similar to that of Theorem 3.3.

Proof of Theorem 3.6. Let QnT(v1, v2) = SnT(β̂, γ01, γ02)−SnT(β̂, γ01 +
v1

λnT
, γ02 +

v2
λnT

). Let ∆Zit(v1) = Zit1

(
γ01 +

v1
λnT

)
−Zit1(γ01) and ∆Zit(v2) = Zit1

(
γ02 +

v2
λnT

)
−

Zit1(γ02) We have

QnT(v1, v2) =SnT(β̂, γ01, γ02)− SnT

(
β̂, γ01 +

v1

λnT
, γ02 +

v2

λnT

)
=− n−2α1 T−2α2

n

∑
i=1

T

∑
t=1

C′1∆Zit(v1)∆Zit(v1)
′C1 − 2n−α1 T−α2

n

∑
i=1

T

∑
t=1

C′∆Zit(v1)ϵit

− n−2α1 T−2α2
n

∑
i=1

T

∑
t=1

C′2∆Zit(v2)∆Zit(v2)
′C2 − 2n−α1 T−α2

n

∑
i=1

T

∑
t=1

C′∆Zit(v2)ϵit
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+ LnT(v1, v2),

where

LnT(v) =− n−2α1 T−2α2
n

∑
i=1

T

∑
t=1

Ĉ′1∆Zit(v1)∆Zit(v2)
′Ĉ2

+ n−2α1 T−2α2−1
n

∑
i=1

Ĉ′1

(
T

∑
t=1

∆Zit(v1)

)(
T

∑
t=1

∆Zit(v2)
′
)

Ĉ2

+ 2(C1 − Ĉ1)
′RnT(v1) + 2(C1 − Ĉ1)

′RnT(v1) + 2Ĉ1K̃nT(v1)nα1 Tα2(β̂− β0)

+ 2Ĉ2K̃nT(v2)nα1 Tα2(β̂− β0)− (Ĉ1 − C1)
′K̃nT(v1)(Ĉ1 + C1)

− (Ĉ2 − C2)
′K̃nT(v2)(Ĉ2 + C2) + Ĉ′1K̃∗nT(v1)Ĉ1 + Ĉ′2K̃∗nT(v2)Ĉ2

+ 2Ĉ′1 J̃∗nT(v1) + 2Ĉ′2 J̃∗nT(v2)

− 2n−α1 T−α2−1Ĉ′1
n

∑
i=1

(
T

∑
t=1

∆Zit(v1)

)(
T

∑
t=1

Zit(γ0)
′
)
(β̂− β0)

− 2n−α1 T−α2−1Ĉ′2
n

∑
i=1

(
T

∑
t=1

∆Zit(v2)

)(
T

∑
t=1

Zit(γ0)
′
)
(β̂− β0)

=L1,nT(v1, v2) + ... + L14,nT(v1, v2).

We can follow the proof of Lemma 3.11 and show that Lg,nT(v1, v2) = op(1)
uniformly in v for g = 3, 4, ..., 14.

For L1,nT(v1, v2), we have

L1,nT(v1, v2) =
λnT

nT

n

∑
i=1

T

∑
t=1

Ĉ′1ZitZ′itĈ2

[
I
(

qit ≤ γ01 +
v1

λnT

)
− I(qit ≤ γ01)

]
·
[

I
(

qit ≤ γ02 +
v2

λnT

)
− I(qit ≤ γ02)

]
=Op

(
1

λnT

)
= op(1)

Following the proof of Lemma 3.10, we have

L2,nT(v1, v2) =
λnT

nT2

n

∑
i=1

Ĉ′1

(
T

∑
t=1

∆Zit(v1)

)(
T

∑
t=1

∆Zit(v2)
′
)

Ĉ2 = op(1).

Thus we can prove that γ̂1 and γ̂2 are asymptotically independent. The proof
of asymptotic distribution is similar to that of Theorem 3.2, we omit it here.
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Chapter 4

Adaptive Group Fused LASSO for
panel threshold regression model

4.1 Introduction

In the past few decades, the idea of nonlinear time series analysis has been
very popular (see Lu (1998); Lu and Jiang (2001)). We considered the nonlinear
structure of panel time series model and studied the asymptotic distribution of
panel threshold regression model with cross-sectional dependence in Chapter
3. Determining the number of thresholds is essential in real panel data analysis.
There are only few literature studying how to determine the number of thresh-
olds.

Lee, Seo, and Shin (2016) proposed a threshold estimation method for a high
dimensional regression model with homoscedastic normal errors and with de-
terministic covariates via LASSO. Lee, Liao, Seo, and Shin (2018) then studied
a high dimensional quantile regression model with a change-point which al-
lowed heteroscedastic nonnormal errors and stochastic covariates. Both LASSO
method for high dimensional models select only one change-point. However,
it is more applicable to study multiple thresholds for many datasets nowadays,
where the number of change point is indeterminable in most cases. Although
multiple thresholds estimation is important for empirical studies, only limited
literature studied how to estimate multiple-regime models. Tsay (1989) pro-
posed to use scatter plots of various statistics to locate the thresholds and intro-
duced that graphics did provide useful information in determining the number
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of thresholds. Gonzalo and Pitarakis (2002) introduced a joint and sequential
model selection procedure in estimating single and multiple threshold models
and studied its asymptotic and finite sample properties. Lasso has also been
extended to nonlinear time series analysis. For example, Al-Sulami et al. (2019)
considered selecting lagging variables in time series and space-time model via
adaptive Lasso to study the nonlinear relationships between covariate variables
and a response variable.

As for common breaks analysis, both Qian and Su (2016) and Li, Qian, and Su
(2016) considered estimation of multiple structural breaks in panel data mod-
els via adaptive group fused lasso. Qian and Su (2016) proposed two estima-
tion methods of common breaks. They are penalized least squares estimation
and penalized GMM estimation for first-differenced models, where both ap-
proaches can estimate common break dates consistently. However, since this
model dose not allow the existence of cross-sectional dependence, its applica-
bility in empirical studies is restricted. Li et al. (2016) proposed a penalized
principal component estimation to determine the number of breaks in panel
data models with cross-sectional dependence and established the asymptotic
distribution theory, which can also be applied to dynamic panel data mod-
els. Although there exist multiple regimes in both threshold models and struc-
tural break models, the changes take place in different variables, which oc-
cur in threshold variables and common dates in threshold models and struc-
tural break models respectively. These literature only considered change-point
model via Lasso estimation.

In change-point analysis, Chan, Yau, and Zhang (2014) applied Group LASSO
to structural break time series. They proposed a two-step LASSO procedure
for multiple change-point estimation in time series. The number of change
points can be estimated by Group LASSO in the first step. However, this is
usually larger than the true number of change points in time series. Then, some
prescribed information criterion can be adopted to select a subset of this over-
estimated break set, which can estimate the number and locations of change-
points appropriately. Compared with the change-point model, the change in
the threshold autoregressive model happens to be the lagged observation rather
than the time index. Therefore, the two-step LASSO estimation method can-
not be applied to the threshold autoregressive model directly. Chan, Yau, and
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Zhang (2015) have hence developed two-step procedure by sorting the thresh-
old parameter so that it can be applicable for the threshold model.

As for the estimation of the number of threshold parameters in panel thresh-
old model, Hansen (1999) proposed a test statistics to determine the number of
thresholds. However, both regressors and error terms are assumed to be cross-
sectionally independent so that the bootstrap can be applicable to approximate
p-value. In this chapter, we assume both regressors and error terms to be de-
pendent over time and cross-sectionally. The existing bootstrap methods for
dependent data may not be valid for approximating p-value anymore. Thus
there may be no efficient method to determine the number of thresholds for
panel threshold model with cross-sectional dependence so far.

This chapter develops adaptive group fused lasso method for estimating panel
threshold model with cross-sectional dependence since fused lasso can penalize
the successive difference of slope coefficients and eliminate the extra threshold
parameters. We consider consistency and selection consistency results of Lasso
estimators. The simulation result show that the proposed Lasso estimation can
correctly determine the number of threshold parameter, especially compared
with test statistics proposed by Hansen (1999). We apply it to study the weather
effect on stock returns.

4.2 Multiple threshold model

Consider the following panel threshold regression model,

Yit = µi +
m+1

∑
j=1

β′jXit I(γj−1 < qit ≤ γj) + ϵit, i = 1, ..., n, t = 1, ...T (4.2.1)

where β j = (β j1, β j2, ..., β jK)
′ ∈ RK, j = 1, ..., m + 1, is a K-dimensional vec-

tor, µi is the individual effect, I(·) is the indicator function, qit is the thresh-
old variable, the vector γ = (γ1, ..., γm), −∞ < γ1 ≤ γ2 ≤ ... ≤ γm < ∞,
is the threshold parameter, which divides the threshold variable process. The
error term is assumed to be time dependent and cross-sectionally dependent.
Hansen (1999) proposed a test statistic to determine the threshold number by
bootstrap method. However, this method may only work for the assumption
of identically independent distribution. Thus it may work poor in empirical
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studies due to the time dependence and cross-sectional dependence in most
real panel data. We introduce Fused Lasso method to estimate panel threshold
model with cross-sectional dependence in this chapter, where Fused Lasso can
shrink the successive difference of coefficients to zero as the threshold parame-
ter does not exist actually.

4.3 Lasso estimation

Differently from Chan et al. (2015) for time series data, in this section, we de-
velop a Group Fused LASSO procedure to be applicable for panel threshold
model.

Since the threshold parameter in threshold autoregressive model is a lagged
observation, Chan et al. (2015) sorted the thresholds as the the order statis-
tics. By reformulating the threshold autoregressive model as a high dimen-
sional model, group Lasso can be applied to estimate the potential thresholds.
However, according to the properties of order statistics, we cannot arrange all
panel data sample from the smallest to the largest simply in cross-sectional di-
rection. We assume that threshold variables, (q11, q12, ..., q1T, ..., qn1, qn2, ..., qnT),
are observed. We sort the value of threshold variables according to ascending
order. Let ρ = (ρ(1), ρ(2), ..., ρ(nT)) be the ordered threshold parameters from
smallest to largest. Consider the following panel threshold model

Yit = µi +
nT

∑
l=1

θ′l Xit I(ρ(l−1) < qit ≤ ρ(l)) + ϵit, i = 1, ..., n, t = 1, ..., T (4.3.1)

where Xit is a K-dimensional vector of regressors. θl is a K-dimensional vector
of unknown coefficients. µi is the individual effect. ϵit is the time and cross-
sectional dependent error terms. I(·) is the indicator function. qit is the thresh-
old variable. The vector ρ = (ρ(1), ..., ρ(nT)), −∞ < ρ(1) < ... < ρ(nT) < ∞,
is the threshold parameter. By convention, ρ(0) = −∞ and ρ(nT+1) = ∞. We
assume {θ1, ..., θnT} exhibit certain sparsity such that the total number of dis-
tinct vectors in the set is given by m + 1, which is unknown but typically much
smaller than nT. Thus the actual threshold parameter is given by (γ1, ..., γm).
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More specifically, we assume that

θl = β j for l = Lj−1, ..., Lj − 1, and j = 1, ..., m + 1

As for the estimation of threshold parameters, the model (4.2.1) can be written
as,

Yit = µi +
m+1

∑
j=1

β′jXit(γj) + ϵit (4.3.2)

To eliminate the individual effect, we consider the average of model (4.3.2) over
time index t,

Ȳi = µi +
m+1

∑
j=1

β′jX̄i(γj) + ϵ̄i (4.3.3)

where Ȳi =
1
T ∑T

t=1 Yit, X̄i(γj) =
1
T ∑T

t=1 Xit(γj) =
1
T ∑T

t=1 Xit I(γj−1 < qit ≤ γj)

and ϵ̄i =
1
T ∑T

t=1 ϵit. By taking the difference between model (4.3.2) and (4.3.3),
the following model can be obtained,

Y∗it =
m+1

∑
j=1

β′jX
∗
it(γj) + ϵ∗it (4.3.4)

where Y∗it = Yit − Ȳi, X∗it(γj) = Xit(γj)− X̄i(γj) and ϵ∗it = ϵit − ϵ̄i. Let X∗it(γ) =
(X∗it(γ1)

′, ..., X∗it(γm+1)
′)′ be the (m+ 1)k-dimensional vector. Let Y∗ = (Y∗11, ..., Y∗1T,

..., Y∗n1, ..., Y∗nT)
′, X∗(γ) = (X∗11(γ), ..., X∗1T(γ), ..., X∗n1(γ), ..., X∗nT(γ))

′, and ϵ∗ =

(ϵ∗11, ..., ϵ∗1T, ..., ϵ∗n1, ..., ϵ∗nT)
′. Using this notation, (4.3.4) is equivalent to

Y∗ = X∗(γ)β + ϵ∗. (4.3.5)

For any given threshold parameters, the estimated slope coefficients, β̃(γ), are
obtained by ordinary least squares. The vector of residuals is

ϵ̂∗(γ) = Y∗ − X∗(γ)β̃(γ)

Consider the panel data model with single threshold parameter, where m = 1,

Yit = µi + β′1Xit I(qit ≤ γ1) + β′2Xit I(qit > γ1) + ϵit(γ1)

The above model can be rewritten as

Yit = µi + (β′1, β′2)Zit(γ1) + ϵit(γ1)
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where Zit(γ1) = (Xit I(qit ≤ γ1)
′, Xit I(qit > γ1)

′)′ is of 2K dimension. After
within transformation, the sum of squared errors of single threshold model is

S1(γ) = ϵ̂∗(γ1)
′ϵ̂∗(γ1) = Y∗

′
(I − Z∗(γ1)

′(Z∗(γ1)
′X∗(γ1))

−1Z∗(γ1)
′)Y∗.

(4.3.6)

The first threshold parameters can be estimated by minimizing the sum of squared
errors as Hansen’s estimation. Thus the first estimated threshold parameter, γ̂1,
is

γ̃1 = arg minγS1(γ). (4.3.7)

Once γ̃1 is obtained, we have the residual variance defined as

σ̂2 =
1

nT
ϵ̂∗(γ̃1)

′ϵ̂∗(γ̃1) =
1

nT
S1(γ̂1). (4.3.8)

S1(γ) is the sum of squared errors of single threshold model. In this section,
we consider multiple thresholds model. Consider the panel data model with
double threshold parameter,

Yit = µi + (β′1, β′2, β′3)Zit(γ1, γ2) + ϵit(γ1, γ2)

where Zit(γ1, γ2) = (Xit I(qit ≤ γ1)
′, Xit I(γ1 < qit ≤ γ2)

′, Xit I(qit > γ2)
′)′ is of

3K dimension. Similarly, the sum of squared errors of double thresholds model
is defined as

S2(γ2) =

{
S(γ̃1, γ2) if γ̂1 < γ2

S(γ2, γ̂1) if γ2 < γ̃1
(4.3.9)

Therefore, the second threshold is estimated by

γ̃2 = arg minγ2
S2(γ2) (4.3.10)

This is similar to estimation of the first threshold. First, we estimate the thresh-
old in any given regimes. Then, the estimated threshold is chosen by minimiz-
ing the sum of squared errors. The third threshold, the fourth threshold and
so on can be estimated by the same method. However, both Bai (1997) and
Hansen (1999) showed that the second threshold estimator γ̃2 is asymptotically
efficient, but γ̃1 is not. They suggested to fix γ̃2 and estimate γ1 again to solve
the problem.
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Thus we propose to estimate β = (β′1, ..., β′m+1)
′ by the following adaptive

group fused lasso equation

β̂ = arg min
1

nT

n

∑
i=1

T

∑
t=1

(
Y∗it −

m+1

∑
j=1

β′jX
∗
it(γj)

)2

+ λ
m

∑
j=1

wj∥β j+1 − β j∥ (4.3.11)

where λ is a tuning parameter, and wj is a data-driven weight defined by

wj = ∥β̃ j+1 − β̃ j∥−κ, j = 1, ..., m (4.3.12)

β̃ j are preliminary estimates of β j, and κ is an user-specified positive constant
that usually takes value 2 in the literature. We can suppress the dependence
of β̂ = (β̂1, ..., β̂m) = (β̂1(λ), ..., β̂m(λ)) on λ as long as no confusion arises.
Note that ∥β̃ j+1 − β̃ j∥ = 0, j ≥ 1, there is no change in the coefficients, {β j, j =
1, ..., m + 1}. The threshold parameters γj, j = 1, ..., m, can be estimated when
β̂ j+1 − β̂ j is non-zero. Unlike Chan et al. (2015) assigning the same weight to
penalize the successive difference of coefficients, our panel regression allows us
to apply adaptive weights {wj} in case that the Lasso is inconsistent for model
selection.

For a given solution β̂ j, the estimated threshold parameters are given by Γ̂m̂ =

(γ̂1, ..., γ̂m̂), where γ̃1 ≤ γ̂1 < ... < γ̂m̂ ≤ γ̃m such that ∥β̂ j+1 − β̂ j∥ ̸= 0 at γ̃j =

γ̂s for some s ∈ {1, ..., m̂}, where γ̃j, j = 1, ..., m are the preliminary estimates
of γ. Γ̂m̂ divide the estimated threshold parameters into m̂ + 1 regimes such
that the slope estimators remain constant within each regime. Let γ̂0 = −∞,
γ̂m̂+1 = ∞ and β̂(γ̂j) = β̂ j be the estimated slope coefficient of X∗(γ̂j). Define
α̂s = α̂(γ̂s) = β̂(γ̂s) as the estimates of αs for s = 1, ..., m̂ + 1.

Before determining the number of threshold parameters by Lasso estimation, it
is really important to test the existence of threshold effect. Then, we can study
Lasso estimation of panel threshold regression. The details of testing the exis-
tence of threshold effect has been discussed in Section 3.5. We omit it here.
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4.4 Asymptotic properties

4.4.1 Assumptions

Let {γ0
i , i = 1, ..., m0} be the true threshold parameters and β0

j be the true pa-
rameter vector in the jth regime, j = 1, ..., m0 + 1. Define the following common
factor function of Xit,

Xit = Λict + vit, i = 1, ..., n, t = 1, ..., T. (4.4.1)

where ct = (c1t, ..., cpt)′ is a p-dimensional common factor, Λi is a k× m factor
loading matrix. Let ∆min = min1≤j≤m0 ∥β0

j+1− β0
j ∥ and ∆max = max1≤j≤m0 ∥β0

j+1−
β0

j ∥ denote the minimum and maximum jump size, respectively. To discuss the
asymptotic properties for the Lasso estimation, we first impose the following
assumptions,

Assumption 4.1.

1. This part is the same as Assumption 3.1 (i).

2. This part is the same as Assumption 3.1 (ii).

3. This part is the same as Assumption 3.1 (iii).

4. This part is the same as Assumption 3.2 (i).

5. This part is the same as Assumption 3.2 (ii).

6. This part is the same as Assumption 3.2 (iii).

Assumption 4.2

1. ∆max = O(1) and
√

nT∆min → C∆ ∈ (0, ∞] as (n, T)→ ∞.

2. m0λ√
nT

∆−κ
min = O(1) as (n, T)→ ∞.

3. (nT)
κ+1

2 λ
p−→ ∞ as (n, T)→ ∞.
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Remark 4.1 Assumption 4.1 requires time dependence and cross-sectional de-
pendence of Xit and ϵit similar to Assumption 3.1 and Assumption 3.2. We
assume both regressors and error terms to be time dependent by introducing
α-mixing sequence and martingale difference sequence similar to Assumption
3.1 (i) and (ii). In Assumption 4.1, we impose cross-sectional dependence by
common factor function the same as Assumption 3.2. Some certain conditions
of cross-sectional dependence required in the following proof is also similar to
Assumption 3.2 (iii). Assumption 4.2 mainly impose conditions on m0, λ and
∆min that mainly help us to study the consistent results of lasso estimators.

4.4.2 Consistency

In this section, we consider the consistency of estimators in two case. One is
m fixed, the other is m < nT. Since lasso estimator can select the number of
threshold parameter by penalizing the successive difference of estimated slope
coefficients. We mainly study the consistency of slope coefficient and selection
consistency. As for the consistency of threshold parameters, we studied it in
Chapter 3 and the result still holds since lasso can not penalize them.

Theorem 4.1 Under Assumptions 4.1 to 4.2 (1) and (2), for fixed m0, as n, T → ∞,√
nT∥β̂− β0∥ = Op(1).

Remark 4.2 The above theorem establish the the convergence rate of β̂ as both
n and T tending to infinity but m fixed.

Theorem 4.2 Under Assumptions 4.1 to 4.2 (1) and (3), for m0 = m0,nT, as n, T →
∞, if λ = 2kc0

√
logm
nT for some c0 > 0, then with some C > 0 and probability

greater than 1− C(c2
0∆−2κ

min log m)−1− δ
2 ,

1
nT
∥X∗(γ)(β̂− β0)∥2 ≤ 4kc0

√
m0 log m

nT
∆−κ

min∥β̂− β0∥. (4.4.2)

The above theorem can be also written as ∥β̂− β0∥ = Op

(√
m0 log m

nT

)
.

Remark 4.3 Theorem 4.2 is the consistent results in terms of the prediction error,
where m may increase as sample size increase.
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Theorem 4.3 Under Assumptions 4.1 to 4.2 (1) and (2), for fixed m0, as n, T → ∞,
P(m̂ = m0) = 1.

Remark 4.4 The above theorem show the selection consistency under m fixed
as sample size increase.

Theorem 4.4 Under Assumptions 4.1 to 4.2 (1) and (3), for m0 = m0,nT, as
n, T → ∞, P(m̂ = m0)→ 1.

Remark 4.5 The above theorem gives the selection consistency result where m
can increase as sample size increase.

4.5 Simulated examples

4.5.1 Computational algorithm

The block coordinate descent algorithm (BCD) and the least angle regression
(LAR) algorithm are two commonly used computation algorithms for the im-
plementation of Lasso. However, the existing literature show that coordinate
descent based algorithms have better performance under high dimensional set-
tings (see, e.g. Friedman et al. (2007); Wu and Lange (2008)). BCD algorithm
optimize the objective function with respect to each block-coordinate of the
variables, while keeping all the other coordinates fixed. In other word, set
f (β) = f (β1, ..., βm). At the k-th iteration, choose an appropriate j ∈ {1, ..., m}
and set

βk+1
j = arg minβ j∈R f (βk+1

1 , ..., βk+1
j−1 , β j, βk

j+1, ..., βk
m).
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By setting θj = β j+1 − β j, j = 1, ..., m and θ0 = β1, model (4.3.11) can be rewrit-
ten as

θ̂ = arg min
1

nT

∥∥∥∥∥Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θl

∥∥∥∥∥
2

+ λ
m

∑
j=1

wj∥θj∥, (4.5.1)

We define the squared error loss as follows,

ρ(θ) =
1

nT

∥∥∥∥∥Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θl

∥∥∥∥∥
2

.

The objective function can be written as

Q(θ) = ρ(θ) + λ
m

∑
j=1

wj∥θj∥.

Recall the Karush-Kuhn-Tucker (KKT) conditions in Lemma 4.3 in Appendix,
we have

−
(

m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
(

m

∑
j=0

X∗(γj+1)

)(
j

∑
l=0

θ̂l

))
+

1
2

nTλwp
θ̂p

∥θ̂p∥
= 0,

j = 1, ..., m, where θ̂p ̸= 0, (4.5.2)

and ∥∥∥∥∥
(

m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
(

m

∑
j=0

X∗(γj+1)

)(
j

∑
l=0

θ̂l

))∥∥∥∥∥ ≤ 1
2

nTλwp,

j = 1, ..., m, where θ̂p = 0, (4.5.3)

As we mentioned before, we optimize the objective function with respect to the
corresponding block while keeping all but the current parameters correspond-
ing to a group fixed. At the k-th iteration, for the parameter θs, s = 1, ..., m, the
objective function is defined as

Q(θk+1
1 , ..., θk+1

s−1 , θk
s , ...θk

m) = ρ(θk+1
1 , ..., θk+1

s−1 , θk
s , ...θk

m) + +λ
m

∑
j=1

wj∥θj∥.

The block coordinate descent algorithm for adaptive group fused Lasso is as
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follows,

Algorithm 1 Block Coordinate Descent Algorithm

1: Let θ0 ∈ RK be an initial parameter vector. Set s = 0.
2: repeat
3: Increase s by one: s← s + 1.

Denote by θs
j the parameter of block j at the s-th iteration through the block

coordinates j ∈ {1, ..., m}.
4: If

∥∥∥(∑m
l=p X∗(γl+1)

′
) (

Y∗ −
(

∑
p−1
j=0 X∗(γj+1)

) (
∑

j
l=0 θs

l

)
−
(

∑m
j=p+1 X∗(γj+1)

) (
∑

j
l=0 θs−1

l

))∥∥∥ ≤ 1
2 nTλwp: set θs

p = 0,

otherwise θs
p = arg minθs

p
Q(θk+1

1 , ..., θk+1
s−1 , θk

s , ...θk
m).

5: until numerical convergence

By the block coordinate descent algorithm, we can calculate the estimated pa-
rameters θ̂ = (θ̂0, ..., θ̂m). Thus β̂ can be calculated by β̂ j = ∑

j−1
l=0 θ̂l, j ∈ {1, ..., m}.

If ∥β̂ j+1 − β̂ j∥ = 0, which is θ̂j+1 ̸= 0, j ∈ {1, ..., m}, the threshold parameter γj

does not exist. The total number of threshold parameter is actually the number
of θ̂j ̸= 0, j ∈ {1, ..., m}.

4.5.2 Fused LASSO simulated examples

This section explores the finite sample performance of Fused Lasso estimators
with cross-sectional dependence. We compare the threshold effect of Fused
Lasso estimators with OLS estimators, too. Here, we consider different cases
of the fixed effect and regressors.

Example 4.1. Consider the following model,

Yit = β1Xit I(Xit ≤ γ) + β2Xit I(Xit > γ) + ϵit, i = 1, ..., n, t = 1, ..., T (4.5.4)

Let ϵt = (ϵ1t, ϵ2t, ..., ϵnt), which is an n-dimensional vector. Then {ϵt, 1 ≤ t ≤ T}
is generated as a sequence of n-dimensional vector of independent Gaussian
variables with zero mean and covariance matrix (aij)n×n, where

aij = 0.8|j−i|, 1 ≤ i, j ≤ n. (4.5.5)
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Since the cross-sectional dependence is considered, the form of covariance ma-
trix is different from the normal way. And it is obvious that we have

E(ϵitϵjs) = 0 f or 1 ≤ i, j ≤ n, t ̸= s,

E(ϵitϵjt) = 0.8|j−i| f or 1 ≤ i, j ≤ n, 1 ≤ t ≤ T.
(4.5.6)

And the above equations imply that the error term is dependent cross-sectionally.
In the previous section, the independent variables consist of the common factor
ct and the error term vit, that is

Xit = ct + vit, i = 1, ..., n, t = 1, ..., T. (4.5.7)

where ct ∼ U(0, 0.2) for 1 ≤ t ≤ T. Let vt = (v1t, v2t, ..., vnt)′ for 1 ≤ t ≤ T.
Consider that {vt, t ≥ 1} is a stationary α-mixing sequence, it is generated by
the following equation,

vit = 0.7vi,t−1 + uit, (4.5.8)

where uit is generated from N(0,1). It is obvious that vit is dependent over time.
By setting γ = 0.15, we have the following model,

yit = β1xit I(xit ≤ 0.15) + β2xit I(xit > 0.15) + ϵit, i = 1, ..., n, t = 1, ..., T

(4.5.9)

The model (4.5.6) is equivalent to

yit = θ1xit I(xit ≤ 0.1) + θ2xit I(0.1 < xit ≤ 0.15) + θ3xit I(xit > 0.15) + ϵit,

i = 1, ..., n, t = 1, ..., T

(4.5.10)

where θ1 = θ2 = β1 and θ3 = β2. We set β1 = 1 and β2 = 2. Thus θ1 = θ2 = 1
and θ3 = 3. In our experiments, we do the both Fused Lasso and panel regres-
sion 500 times. We examine the probability of only one threshold in Fused Lasso
regression, which means θ̂1 = θ̂2. Furthermore, we compare means, standard
deviation, and mean squared error (MSE) of difference of one regime coeffi-
cient, θ̂1 − θ̂2 of fused lasso regression with panel data regression. The MSE of
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β is defined as follows,

MSE =
1

500

500

∑
i=1

(θ̂i
1 − θ̂i

2)
2. (4.5.11)

where θ̂i
1 and θ̂i

2 are the estimators of i-th sample. By giving different values of n
and T, we compare the influence of sample size on θ. For setting n = 20, 40, 60
and T = 20, 40, 60, the simulation results are reported in Table 4.1, Table 4.2,
and Table 4.3.

TABLE 4.1: The probability of correct estimation for the number of regimes of
Example 4.1

n/T 20 40 60
20 92.2 98.4 99.8
40 96.4 99.8 99.8
60 98.6 99.8 100

TABLE 4.2: Means and SDs of θ̂1 − θ̂2 of Example 4.1

n/T 20 40 60

20

LASSO -0.0793 -0.0159 -0.0021
(0.2754) (0.1248) (0.0479)

OLS 0.2147 0.0337 0.1051
(3.4639) (2.1585) (1.7801)

40

LASSO -0.0362 -0.0021 -0.0019
(0.1886) (0.0466) (0.0428)

OLS -0.0102 0.0642 0.1148
(2.4727) (1.5646) (1.6066)

60

LASSO -0.0148 -0.0019 0
(0.1242) (0.0424) (0)

OLS 0.0157 0.0014 -0.0111
(1.9420) ( 1.4392) ( 1.1638)

TABLE 4.3: MSE of the θ̂1 − θ̂2 of Example 4.1

n/T 20 40 60

20 LASSO 0.0820 0.0158 0.0023
OLS 12.0209 4.6510 3.1733

40 LASSO 0.0368 0.0022 0.0018
OLS 6.1021 2.4473 2.5893

60 LASSO 0.0156 0.0018 0
OLS 3.7641 2.0671 1.3518
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Table 4.1 indicates the probability of correct estimation for only one thresh-
old parameter, which is the percentage of θ̂1 = θ̂2. The results show that the
probability of correct estimation grows as the sample size increases generally.
However, there is one exception, when T = 40, the probability decreases as n
increases to 40 from 20. Table 4.2 and Table 4.3 are the results of means, stan-
dard deviation and mean squared errors of θ̂1 − θ̂2 separately. We can find that
with sample size, either n or T increasing, both standard deviation and mean
squared errors of LASSO and OLS estimators will decrease.

Example 4.2. Example 4.1 is the panel threshold regression model without indi-
vidual effect. By setting the same value of the threshold parameter as Example
4.1, consider the following model with fixed effect,

Yit = αi + β1Xit I(Xit ≤ 0.15) + β2Xit I(Xit > 0.15) + ϵit,

i = 1, ..., n, t = 1, ..., T
(4.5.12)

where the setting of covariate variables xit and error terms ϵit are the same as
Example 4.1. They both are generated with cross-sectional dependence. We set
the fixed effects, αi = 1

T ∑T
t=1 xit for i = 1, ..., n − 1, and αn = −∑n−1

i=1 αi. The
fixed effects satisfy that ∑n

i=1 αi = 0 for model identifiability. Thus we have the
following panel threshold model to estimate,

yit =αi + θ1xit I(xit ≤ 0.1) + θ2xit I(1 < xit ≤ 0.15)

+ θ3xit I(xit > 0.15) + ϵit, i = 1, ..., n, t = 1, ..., T
(4.5.13)

TABLE 4.4: The probability of correct estimation for the number of regimes of
Example 4.2

n/T 20 40 60
20 89.8 96.6 99
40 90.2 99.8 100
60 100 100 100

Table 4.4 show that as the sample size increases, fused lasso can estimate the
number of regimes 100 percent correctly. Thus there is no bias between one
regime parameters, that is θ̂1 = θ̂2. Other conclusions are similar to Example
4.1, either cross-section sample size or time series sample size increases, both
LASSO and OLS estimated SDs and MSE of difference of one regime coefficients
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TABLE 4.5: Means and SDs of θ̂1 − θ̂2 of Example 4.2

n/T 20 40 60

20

LASSO -0.0984 -0.0325 -0.0089
(0.2969) (0.1739) (0.0890)

OLS -0.1841 -0.1142 -0.1667
(2.8967) (2.3839) (2.0764)

40

LASSO -0.0944 -0.0023 0
(0.2885) (0.0521) (0)

OLS -0.1314 0.0129 -0.1221
(2.6471) (1.8640) (1.4512)

60

LASSO 0 0 0
(0) (0) (0)

OLS -0.0382 0.0685 -0.0030
(1.8715) (1.3490) (1.0762)

TABLE 4.6: MSE of θ̂1 − θ̂2 of Example 4.2

n/T 20 40 60

20 LASSO 0.0976 0.0312 0.0080
OLS 8.4079 5.6848 4.3307

40 LASSO 0.0920 0.0027 0
OLS 7.0106 3.4676 2.1167

60 LASSO 0 0 0
OLS 3.4970 1.8207 1.1559

will decrease.

Example 4.3. Consider the model in Example 4.2,

yit = αi + β1xit I(xit ≤ 0.15) + β2xit I(xit > 0.15) + ϵit,

i = 1, ..., n, t = 1, ..., T
(4.5.14)

The error term ϵit is generated as Example 4.1 with time dependence and cross-
sectional dependence. The regressor is in form of xit = ct + vit. Differently, ct is
generated as the following AR(1) model,

ct = 0.1ct−1 + et, 1 ≤ t ≤ T (4.5.15)

where AR(1) parameter is 0.1. There exists weak time dependence in ct. et ∼
N(0, 1) is generated by normal distribution. The setting of vit is the same as
Example 4.1. Thus the model need to be estimated is (4.5.10).
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TABLE 4.7: The probability of correct estimation for the number of regimes of
Example 4.3

n/T 20 40 60
20 86.4 98 99.6
40 97.4 100 100
60 97.4 100 100

TABLE 4.8: Means and SDs of θ̂1 − θ̂2 of Example 4.3

n/T 20 40 60

20

LASSO -0.1338 -0.0200 -0.0036
(0.3425) (0.1406) (0.0572)

OLS -0.2059 -0.0055 0.01590
(4.7789) (2.6922) (2.2886)

40

LASSO -0.0250 0 0
(0.1551) (0) (0)

OLS 0.0039 0.0064 -0.0299
(2.8844) (1.5208) (1.7025)

60

LASSO -0.0253 0 0
(0.1558) (0) (0)

OLS -0.1203 0.0484 0.0415
(2.6201) (1.2886) (1.0986)

TABLE 4.9: MSE of θ̂1 − θ̂2 of Examole 4.3

n/T 20 40 60

20 LASSO 0.1350 0.0201 0.0033
OLS 22.8349 7.2334 5.2274

40 LASSO 0.0246 0 0
OLS 8.3030 2.3082 2.8936

60 LASSO 0.0249 0 0
OLS 6.8656 1.6594 1.2061

The simulation results are similar to Example 4.2. Table 4.7 indicates that the
probability of correct estimation can be 100 percent as sample size increases.
Table 4.8 and Table 4.9 show that an increase in either n or T leads to a decrease
in standard deviations and mean squared errors of LASSO estimated difference
of one regime coefficients. However, this conclusion is inapplicable to θ̂1 − θ̂2

by OLS estimators.

Example 4.4. Example 4.3 consider the weak time dependence of ct. In this
example , we consider a stronger dependence, that is a larger AR(1) parameter
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to be assumed as follows,

ct = 0.5ct−1 + et, 1 ≤ t ≤ T (4.5.16)

Other settings such as regressors and error terms are the same as Example 4.3.
Table 4.10, Table 4.11, and Table 4.12 show the simulation results.

TABLE 4.10: The probability of correct estimation for the number of regimes of
Example 4.4

n/T 20 40 60
20 86.8 96.8 100
40 94.6 99.6 100
60 99.4 100 100

TABLE 4.11: Means and SDs of θ̂1 − θ̂2 of Example 4.4

n/T 20 40 60

20

LASSO -0.1221 -0.0287 0
(0.3197) (0.1603) (0)

OLS -0.1506 -0.1065 -0.1224
(4.7072) (2.9485) (2.1459)

40

LASSO -0.0561 -0.0035 0
(0.2358) (0.0548) (0)

OLS -0.1456 0.0589 -0.0122
(3.3866) (2.1461) (1.7590)

60

LASSO -0.0057 0 0
(0.0732) (0) (0)

OLS 0.0866 -0.1115 -0.0177
(2.3710) (1.4002) (1.5421)

TABLE 4.12: MSE of θ̂1 − θ̂2 of Example 4.4

n/T 20 40 60

20 LASSO 0.1169 0.0265 0
OLS 22.1361 8.6875 4.6107

40 LASSO 0.0587 0.0030 0
OLS 11.4672 4.6001 3.0880

60 LASSO 0.0054 0 0
OLS 5.6179 1.9690 2.3735

Although we assume a stronger dependence in this example, we can get a sim-
ilar conclusion as Example 4.3. With sample size increasing, the probability
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of correct estimation of fused lasso can be 100 percent. The SDs and MSE of
OLS estimated difference may not reduce as the sample size increases. But an
increase in either n or T results in a decrease in those of LASSO estimated dif-
ference.

4.5.3 Comparison to Hansen’s test statistics

In real data examples, the actual number of threshold parameters is unknown.
Therefore, it is important to determine the number of threshold in empirical
studies. Hansen (1999) proposed a test statistic to determine the number of
thresholds. First, he introduced F1 as a test of no thresholds against one thresh-
old. It is defined as

F1 =
S0 − S1(γ̂1)

σ̂2 . (4.5.17)

where S0 is the sum of squared errors of panel data model without thresholds,
σ̂2 is defined as (4.3.8). F1 dominates the χ2

k distribution. Hansen suggested
using bootstrap method to approximate the asymptotic p-value. If F1 reject the
null hypothesis of no threshold, he proposed to take further test to determine
the number of threshold between one and two. The statistic, F2, for the test of
one threshold versus two thresholds can be based on

F2 =
S1(γ̂1)− S2(γ̂2)

σ̂2 (4.5.18)

where σ̂2 = S2(γ̂2)/nT. If the null hypothesis is rejected, the panel threshold
model is in favour of two thresholds. Thus we need further test to determine
the threshold number similar to the test statistics, F1 and F2.

Hansen generated the bootstrap sample by holding the regressors Xit and thresh-
old variables qit fixed. The bootstrap error terms would be drawn from resid-
uals and generated new dependent variables. The error term is assumed to be
time and cross-sectional independent in Hansen’s model. Thus the traditional
bootstrap method can be applicable to the residuals. However, we assume both
regressors and error terms to be time and cross-sectional dependent. General
bootstrap methods cannot be applied to generate samples. Therefore, we con-
sider block bootstrap method for dependent variables.

Kunsch (1989) and Liu, Singh, et al. (1992) introduced moving block bootstrap
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that can be applicable to weakly dependent stationary observations. Politis and
Romano (1994) proposed a new resampling procedure appropriate for station-
ary weakly dependent time series, the stationary bootstrap, by constructing re-
sampling blocks of random length. Bühlmann and Künsch (1999) proposed a
fully data driven method to select block length for block bootstrap and showed
that the estimated block length is asymptotically close to the optimum. The
following simulated examples show the behaviour of block bootstrap for panel
threshold models, especially for determining the number of threshold parame-
ters.

Example 4.5. We consider single threshold model as follows first.

yit = αi + β0x0
it + β1x1

it I(x1
it ≤ 0) + β2x1

it I(x1
it > 0) + ϵit,

i = 1, ..., n, t = 1, ..., T
(4.5.19)

This is similar to the panel threshold model we used in Example 4.4. But we
add a regime independent variables, x0

it, which distribute a standard normal
N(0, 1). Both regime dependent variables and error terms are assumed to be
time dependent and cross-sectionally dependent. The fixed effect is generated
by αi =

1
T ∑T

t=1 xit for i = 1, ..., n − 1, and αn = −∑n−1
i=1 αi. By setting β0 = 1,

β1 = 1, and β2 = 2, we study the efficiency of test statistics with different
sample size. 100 bootstrap replications are used for each test. The test statistics
F1, F2, F3 and their P-values are shown in the following table.

Since we consider a single threshold model, if the test can determine the number
of threshold efficiently, the test statistics, F2, must reject the null hypothesis.
However, Table 4.13 shows that even if the sample size increase, it is possible
that the test cannot determine the true number of threshold. There exist not only
one threshold in most empirical studies. Thus we need to study the efficiency
of the test for double and triple threshold models.

Example 4.6. Consider the double threshold model as follows,

yit =αi + β0x0
it + β1x1

it I(x1
it ≤ 0) + β2x1

it I(0 < x1
it ≤ 1)

+ β3x1
it I(x1

it > 1) + ϵit, i = 1, ..., n, t = 1, ..., T
(4.5.20)

where β3 = −1, other settings keep same as Example 4.5.
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Example 4.7. Consider the triple threshold model as follows,

yit =αi + β0x0
it + β1x1

it I(x1
it ≤ −1) + β2x1

it I(−1 < x1
it ≤ 0)

+ β3x1
it I(0 < x1

it ≤ 1) + β4x1
it I(x1

it > 1) + ϵit, i = 1, ..., n, t = 1, ..., T

(4.5.21)

where β0 = 1, β1 = −2, β2 = 1, β3 = 2, and β4 = −1. The regressors and
error terms are generated same as Example 4.5. The simulated results of tests
for double and triple threshold models are shown in Table 4.14 and Table 4.15
separately. The simulated result in Table 4.13 indicated that although the accu-
racy of determine the number of threshold is not 100%, it can determine one
threshold for single threshold model. However, as the number of threshold in-
creases, the test fails to determine the threshold number. It may be due to the
bootstrap method. Although we consider the dependence among residuals and
use the block bootstrap method, the resampling residuals still cannot show the
real correlated relationship. Thus we cannot use the bootstrap to build the test
statistics, thereby determining the number of threshold for panel data model
with time and cross-sectional dependence.

The simulated results of test statistics of Hansen (1999) with block bootstrap
showed that it can determine the number of threshold in single threshold model.
But the test is no longer valid for multiple thresholds model. Actually, there of-
ten exist more than one thresholds in empirical studies. Thus it is necessary
to find an efficient method to determine the number of thresholds for multi-
ple thresholds model. This paper developed fused lasso for estimating the un-
known number of thresholds for panel threshold model with multiple regimes.
The efficiency of this method for single threshold model has been presented in
section 3.1. The following examples shows fused lasso can detect the correct
number of threshold for multiple threshold model.

Example 4.8. Consider the following double thresholds model,

yit = αi + β1xit I(xit ≤ −1) + β2xit I(−1 < xit ≤ 1) + β3xit I(xit > 1) + ϵit,

i = 1, ..., n, t = 1, ..., T

(4.5.22)

where the regressors, error terms, and fixed effects are generated as Example
4.4. By setting β1 = 1, β2 = 2, and β3 = −1, we compare the above model with
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the following model by adding an additional threshold,

yit =αi + θ1xit I(xit ≤ −1) + θ2xit I(−1 < xit ≤ 0) + θ3xit I(0 < xit ≤ 1)

+ θ4xit I(xit > 1) + ϵit, i = 1, ..., n, t = 1, ..., T.

(4.5.23)

If the fused lasso can determine the correct number of threshold, θ2 should be
equal to θ3. We do the regression 500 times. The results of simulated example
4.8 are shown in Table 4.16 and Table 4.17. In both tables, the results of esti-
mated Lasso estimator of θ2 and θ3 are the same, which means the threshold
parameter, 0, is eliminated by Lasso estimation. Although there only is small
difference between the OLS estimators of θ2 and θ3, it still cannot estimate the
true model since the extra threshold parameters is estimated by OLS. Thus the
simulation result show that Lasso estimation can estimate the true number of
thresholds parameters under the dependent conditions. It also shows that as
either n or T increases, the standard deviation and mean square error will de-
crease.

Example 4.9. Consider the following triple thresholds model,

yit =αi + β1xit I(xit ≤ −2) + β2xit I(−2 < xit ≤ −1) + β3xit I(−1 < xit ≤ 1)

+ β4xit I(xit > 1) + ϵit, i = 1, ..., n, t = 1, ..., T

(4.5.24)

Set β1 = −2, β2 = 1, β3 = 2, and β4 = −1. Other settings are same as Example
4.8. Thus we compare (4.5.21) with the following model,

yit =αi + θ1xit I(xit ≤ −2) + θ2xit I(−2 < xit ≤ −1) + θ3xit I(−1 < xit ≤ 0)

+ θ4xit I(0 < xit ≤ 1) + θ5xit I(xit > 1) + ϵit, i = 1, ..., n, t = 1, ..., T.

(4.5.25)

The analysis is similar to Example 4.8. If the fused lasso is valid, the value of
estimated θ4 will be equal to θ5. Table 4.18 and Table 4.19 are the simulated re-
sults. Similar to the conclusion of Example 4.8, the simulation result show that
compared with OLS, Lasso can determine the true number of threshold param-
eters.

Generally, we need to consider more than one threshold parameters in real data
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analysis. In this section, by assuming that both regressors and error terms
are dependent over time and cross-sectionally, we compare the behaviour of
Hansen’s test statistics and Lasso estimation of multiple threshold model. Hansen’s
test statistics works well in single threshold model. However, it cannot deter-
mine the exact number of threshold parameters of multiple threshold model,
which may not be applied widely in real data analysis. By studying the sim-
ulated examples of multiple threshold model, it is obvious that Fused Lasso
can eliminate extra threshold parameter efficiently for both single and multiple
threshold models and help to deal with the strong dependence in most climate
and finance data.

4.6 Empirical study

We studied the rainfall effect on the stock returns in Chapter 3 by panel thresh-
old regression with cross-sectional dependence. We concluded that single thresh-
old model is the most efficient one by AIC analysis. However, we propose a
more advanced method in this chapter, Group Fused Adaptive Lasso, to deter-
mine the number of threshold parameters. Thus, in this section, we apply Lasso
method to study the precipitation effect on stock market. Given the collected
data in Chapter 3 we first consider the follow panel threshold model with 5
threshold parameters,

Rit =αi + β1Pt I(Pt ≤ γ1) + β2Pt I(γ1 < Pt ≤ γ2) + β3Pt I(γ2 < Pt ≤ γ3)

+ β4Pt I(γ3 < Pt ≤ γ4) + β5Pt I(γ4 < Pt ≤ γ5) + β6Pt I(Pt > γ5) + ϵit.

(4.6.1)

Table 4.20 gives the estimation results of the above model (4.6.1). The estima-
tion results show that the first regime is not significant statistically. But the
coefficients of the remaining regimes are significant. The second regime show
that the precipitation between 0.21 inch and 0.25 inch has a positive effect on
stock returns. The precipitation between 0.25 inch an 0.74 inch, the third and
fourth regime, has a negative effect on stock returns. The precipitation between
0.74 inch and 1.01 inch has a positive effect on stock returns. The last regime,
precipitation greater than 1.01 inch, has a negative effect on stock returns. Gen-
erally, information criterion analysis and cross-validation are the most widely
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TABLE 4.16: Means and SDs of slope coefficients of Example 4.8

n/T 20 30 40
LASSO OLS LASSO OLS LASSO OLS

20

θ̂1
1.0007 0.9864 1.0061 0.9992 1.0069 1.0059
(0.1107) (0.1186) (0.0786) (0.0891) (0.0577) (0.0669)

θ̂2
1.6677 1.9868 1.7101 1.9959 1.7112 2.0220
(0.1581) (0.2443) (0.1361) (0.2297) (0.1312) (0.2172)

θ̂3
1.6677 1.9961 1.7101 1.9950 1.7112 1.9770
(0.1581) (0.2883) (0.1361) (0.2406) (0.1312) (0.2270)

θ̂4
-0.9817 -0.9989 -0.9936 -1.0029 -0.9860 -1.0056
(0.0808) (0.0943) (0.0701) (0.0786) (0.0562) (0.0641)

30

θ̂1
0.9993 0.9966 1.0196 1.0000 1.0046 0.9992
( 0.0733) (0.0846) (0.0648) (0.0768) (0.0531) (0.0589)

θ̂2
1.7320 1.9882 1.7304 1.9913 1.7533 1.9889
(0.1676) (0.2490) (0.1181) (0.2203) (0.1064) (0.1788)

θ̂3
1.7320 1.9946 1.7304 1.9899 1.7533 1.9993
(0.1676) (0.2707) (0.1181) (0.1879) (0.1064) (0.1775)

θ̂4
-0.9888 -1.0048 -0.9942 -1.0021 -0.9939 -0.9994
(0.0810) (0.0950) (0.0589) (0.0695) (0.0422) (0.0481)

40

θ̂1
0.9996 0.9967 1.0106 1.0013 1.0103 1.0047
(0.0692) (0.0774) (0.0529) (0.0589) (0.0469) (0.0522)

θ̂2
1.7722 1.9988 1.7708 1.9972 1.8201 2.0078
(0.1176) (0.1961) (0.1047) (0.1844) (0.0798) (0.1522)

θ̂3
1.7722 1.9895 1.7708 1.9978 1.8201 1.9967
(0.1176) (0.1928) (0.1047) (0.1747) (0.0798) (0.1395)

θ̂4
-0.9760 -1.0009 -1.0017 -1.0025 -0.9989 -1.0031
(0.0663) (0.0753) (0.0538) (0.0596) (0.0443) (0.0496)

TABLE 4.17: MSE of slope coefficients of Example 4.8

n/T 20 30 40
LASSO OLS LASSO OLS LASSO OLS

20

θ̂1 0.0122 0.0142 0.0062 0.0079 0.0034 0.0045
θ̂2 0.1354 0.0597 0.1025 0.0527 0.1006 0.0476
θ̂3 0.1354 0.0829 0.1025 0.0578 0.1006 0.0520
θ̂4 0.0068 0.0089 0.0049 0.0062 0.0033 0.0041

20

θ̂1 0.0054 0.0071 0.0046 0.0059 0.0028 0.0035
θ̂2 0.0999 0.0620 0.0866 0.0485 0.0722 0.0320
θ̂3 0.0999 0.0732 0.0866 0.0353 0.0722 0.0314
θ̂4 0.0067 0.0090 0.0035 0.0048 0.0018 0.0023

20

θ̂1 0.0048 0.0060 0.0029 0.0035 0.0023 0.0027
θ̂2 0.0657 0.0384 0.0635 0.0339 0.0387 0.0232
θ̂3 0.0657 0.0372 0.0635 0.0306 0.0387 0.0194
θ̂4 0.0050 0.0057 0.0029 0.0036 0.0020 0.0025
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TABLE 4.18: Means and SDs of slope coefficients of Example 4.9

n/T 20 30 40
LASSO OLS LASSO OLS LASSO OLS

20

θ̂1
-1.9856 -2.0132 -1.9874 -2.0008 -1.9798 -1.9965
(0.1121) (0.1184) (0.0803) (0.0888) (0.0743) (0.0808)

θ̂2
0.9612 0.9831 0.9929 0.9985 0.9972 1.0033
(0.1533) (0.1644) (0.1038) (0.1219) (0.0865) (0.1045)

θ̂3
1.6323 1.9845 1.6228 1.9954 1.7154 2.0157
(0.2306) (0.2595) (0.1406) (0.2395) (0.1331) (0.2098)

θ̂4
1.6323 1.9983 1.6228 1.9956 1.7154 1.9998
(0.2306) (0.2835) (0.1406) (0.2391) (0.1331) (0.1892)

θ̂5
-0.9794 -0.9983 -0.9899 -1.0028 -0.9864 -1.0008
(0.0825) (0.0933) (0.0691) (0.0767) (0.0569) (0.0668)

30

θ̂1
-1.9918 -2.0035 -1.9939 -2.0045 -1.9859 -1.9966
(0.0737) (0.0842) (0.0601) (0.0667) (0.0538) (0.0602)

θ̂2
0.9761 0.9991 0.9921 0.9954 0.9983 1.0016
(0.1054) (0.1279) (0.0839) (0.1010) (0.0719) (0.0842)

θ̂3
1.6500 1.9902 1.7250 1.9907 1.7804 2.0039
(0.1777) (0.2692) (0.1204) (0.1882) (0.0909) (0.1643)

θ̂4
1.6500 1.9925 1.7250 1.9930 1.7804 2.0149
(0.1777) (0.2734) (0.1204) (0.2078) (0.0909) (0.1647)

θ̂5
-0.9822 -1.0054 -0.9879 -1.0001 -0.9909 -1.0009
(0.0802) (0.0960) (0.0607) (0.0693) (0.0478) (0.0545)

40

θ̂1
-1.9843 -1.9975 -1.9856 -1.9987 -1.9948 -2.0020
(0.0721) (0.0804) (0.0536) (0.0589) (0.0445) (0.0494)

θ̂2
0.9903 1.0023 1.0047 0.9983 0.9980 0.9962
(0.1097) (0.1288) (0.0812) (0.0976) (0.0657) (0.0748)

θ̂3
1.6869 2.0049 1.7224 1.9950 1.8337 1.9882
(0.1522) (0.2351) (0.1039) (0.2049) (0.0856) (0.1568)

θ̂4
1.6869 1.9929 1.7224 2.0000 1.8337 2.0142
(0.1522) (0.2259) (0.1039) (0.1759) (0.0856) (0.1428)

θ̂5
-0.9943 -1.0063 -1.0012 -1.0020 -0.9894 -0.9948
(0.0664) (0.0777) (0.0538) (0.0610) (0.0464) (0.0542)

used methods to choose tuning parameter. In this section, we propose to use
Bayesian information criterion (BIC) method to choose λ. Schwarz (1978) pro-
posed BIC as follows,

BIC = nT ln(
RSS
nT

) + k ln(nT). (4.6.2)

By BIC analysis, we choose λ = 48.03045. Table 4.21 show the Lasso estimation
results.
The above table indicate that the first threshold parameter is not essential. Lasso
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TABLE 4.19: MSE of slope coefficients of Example 4.9

n/T 20 30 40
LASSO OLS LASSO OLS LASSO OLS

20

θ̂1 0.0127 0.0142 0.0066 0.0079 0.0059 0.0065
θ̂2 0.0250 0.0272 0.0108 0.0148 0.0075 0.0109
θ̂3 0.1883 0.0674 0.1620 0.0573 0.0987 0.0442
θ̂4 0.1883 0.0802 0.1620 0.0570 0.0987 0.0357
θ̂5 0.0072 0.0087 0.0049 0.0059 0.0034 0.0045

30

θ̂1 0.0055 0.0071 0.0036 0.0045 0.0031 0.0036
θ̂2 0.0117 0.0163 0.0071 0.0102 0.0052 0.0071
θ̂3 0.1540 0.0724 0.0901 0.0355 0.0565 0.0270
θ̂4 0.1540 0.0746 0.0901 0.0431 0.0565 0.0273
θ̂5 0.0067 0.0092 0.0038 0.0048 0.0024 0.0030

40

θ̂1 0.0054 0.0065 0.0031 0.0035 0.0020 0.0024
θ̂2 0.0121 0.0166 0.0066 0.0095 0.0043 0.0056
θ̂3 0.1212 0.0552 0.0878 0.0419 0.0350 0.0247
θ̂4 0.1212 0.0510 0.0878 0.0309 0.0350 0.0205
θ̂5 0.0044 0.0061 0.0029 0.0037 0.0023 0.0030

TABLE 4.20: OLS estimates of the slope and thresh-
old coefficients

Coefficient estimate P-value

Threshold γ1 0.21
Threshold γ2 0.25
Threshold γ3 0.51
Threshold γ4 0.74
Threshold γ5 1.01
Pt I(Pt ≤ 0.21) 0.307337 0.1103

(0.192472)
Pt I(0.21 < Pt ≤ 0.25) 2.649024 0.0000

(0.266481)
Pt I(0.25 < Pt ≤ 0.51) -0.945552 0.0000

( 0.100533)
Pt I(0.51 < Pt ≤ 0.74) -0.442112 0.0000

(0.093353)
Pt I(0.74 < Pt ≤ 1.01) 0.550204 0.0000

(0.086015)
Pt I(Pt > 1.01) -0.675827 0.0000

( 0.061767)

estimation penalize the coefficients of the first and second regimes to the same
level. That means the precipitation smaller than 0.25 inch has a positive effect
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TABLE 4.21: Lasso estimates of the slope and thresh-
old coefficients

Lasso estimate OLS estimate

Pt I(Pt ≤ 0.21) 0.7050924 0.307337
Pt I(0.21 < Pt ≤ 0.25) 0.7050924 2.649024
Pt I(0.25 < Pt ≤ 0.51) -0.6531067 -0.945552
Pt I(0.51 < Pt ≤ 0.74) -0.4173103 -0.442112
Pt I(0.74 < Pt ≤ 1.01) 0.3537766 0.550204
Pt I(Pt > 1.01) -0.6101472 -0.675827

on stock returns. The effect of precipitation of other levels are similar to the
conclusion we obtain from OLS estimates.

4.7 Conclusion

In this chapter, we consider panel threshold model via adaptive group fused
Lasso. In the model, we assume both regressors and error terms are dependent
over time and cross-sectionally. We study consistency and selection consistency
in two cases: one is the number of threshold parameters is fixed as sample size
increases, the other is the number of threshold parameters increases as sample
size increases. We show that Lasso estimators are consistent in both cases. In the
meanwhile, the probability of the estimated number of threshold parameters
equal to the true number of threshold parameter is tending to 1 as both n and T
tending to infinity.

We also study the simulation of Lasso estimation of panel threshold regression
model where both regressors and error terms are assumed to be time dependent
and cross-sectional dependent. We show that Lasso estimation can determine
the number of threshold parameter efficiently. Hansen (1999) proposed to use
a test statistic to determine the number of threshold parameters. In simulation,
we study the test statistic under the condition that both regressors and error
terms are dependent over time and cross-sectionally. The results show that the
test statistic may be not efficient under dependent conditions. We apply the
Lasso estimation to study the rainfall effect on the stock market in empirical
study. In this application, we propose to use BIC choosing the tuning parameter
and determine the number of threshold parameters in the multiple threshold
model for studying the threshold effect of precipitation on stock market.
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4.8 Appendix

Lemma 4.1 Suppose Assumptions 4.1 hold. Then for fixed m0, as n, T → ∞,
β̃ j − β0

j = Op((nT)−
1
2 )for each j = 1, ..., m, where β̃ is the ordinary least square

estimators.

Proof of Lemma 4.1. The proof is an extended version of that of Lemma B.1
in Qian and Su (2016) with cross-sectional dependence carefully considered.

Let LambdanT(β) = 1
nT ∑n

i=1 ∑T
t=1

(
Y∗it −∑m+1

j=1 β
′
jX
∗
it(γj)

)2
. Let β j = β0

j +
1√
nT

bj

for j = 1, ..., m + 1 and b = (b′1, ..., b′m+1)
′. Note that β = β0 + 1√

nT
b. Let

b̃j =
√

nT(β̃ j − β0
j ) and b̃ = (b̃′1, ..., b̃′T), we have

ΛnT(β)−ΛnT(β0)

=
n

∑
i=1

T

∑
t=1

(ϵ∗it −
1√
nT

m+1

∑
j=1

b′jX
∗
it(γj)

)2

− ϵ∗2it


=

1
nT

n

∑
i=1

T

∑
t=1

(
m+1

∑
j=1

b′jX
∗
it(γj)

)2

− 2√
nT

n

∑
i=1

T

∑
t=1

m+1

∑
j=1

b′jX
∗
it(γj)ϵ

∗
it

= b′
(

1
nT

n

∑
i=1

T

∑
t=1

X∗it(γ)X∗it(γ)
′
)

b− b′
(

2√
nT

n

∑
i=1

T

∑
t=1

X∗it(γ)ϵ
∗
it

)
. (4.8.1)

By the central limit theorem of α-mixing sequence (e.g. Fan and Yao (2003)), we
can prove that

n

∑
i=1

T

∑
t=1

X∗it(γ)ϵ
∗
it = op(

√
nT). (4.8.2)

This has been proved in Theorem 3.1 in Chapter 3.

Thus we have, as both n→ ∞ and T → ∞,

ΛnT(β)−ΛnT(β0) = b′
(

1
nT

n

∑
i=1

T

∑
t=1

X∗it(γ)X∗it(γ)
′
)

b > 0 (4.8.3)

Let 1
nT ∑n

i=1 ∑T
t=1 X∗it(γ)

′X∗it(γ) = Σγ. We use µmax(Σγ) and µmin(Σγ) to denote
its largest and smallest eigenvalues. Therefore,

ΛnT(β)−ΛnT(β0) = b′Σγb ≥ λmin(Σ̃γ)∥b∥2 > 0 (4.8.4)
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If ∥b∥ is sufficiently large, ΛnT(β) cannot be minimized in this case. This further
implies that ∥b̃∥must be stochastically bounded.

Theorem 4.1 establish the consistent result of β̂ as (n, T)→ ∞, but m fixed. The
convergence rate is root-nT.

Proof of Theorem 4.1. The proof is an extended version of that of Theorem 3.2
(i) in Qian and Su (2016) with cross-sectional dependence carefully considered.
Define

ΛnT,λ(β) =
1

nT

n

∑
i=1

T

∑
t=1

(
Y∗it −

m+1

∑
j=1

β
′
jX
∗
it(γj)

)2

+ λ
m

∑
j=1

wj∥β j+1 − β j∥. (4.8.5)

Let β j = β0
j +

1√
nT

bj, for j = 1, ..., m and b = (b′1, ..., b′m+1)
′. Note that β =

β0 +
1√
nT

b. Let b̂j =
√

nT(β̂ j − β0
j ) and b̂ =

√
nT(β̂ − β0). Note that Y∗it =

∑m+1
j=1 β0′

j Xit(γj)
∗ + ϵ∗it, we have

ΛnT,λ(β̂)−ΛnT,λ(β0)

− 1
nT

n

∑
i=1

T

∑
t=1

(
Y∗it −

m+1

∑
j=1

β0′
j X∗it(γj)

)2

− λ
m

∑
j=1

wj∥β0
j+1 − β0

j ∥

=
1

nT

n

∑
i=1

T

∑
t=1

(
m+1

∑
j=1

(β0
j − β̂ j)

′X∗it(γj)

)2

+
2

nT

n

∑
i=1

T

∑
t=1

m+1

∑
j=1

(β0
j − β̂ j)

′X∗it(γj)ϵ
∗
it

+ λ
m

∑
j=1

wj∥β̂ j+1 − β̂ j∥ − λ
m

∑
j=1

wj∥β0
j+1 − β0

j ∥

= b′
(

1
nT

n

∑
i=1

T

∑
t=1

X∗it(γ)X∗it(γ)
′
)

b− b′
(

2√
nT

n

∑
i=1

T

∑
t=1

X∗it(γ)ϵ
∗
it

)

+ λ
m

∑
j=1

wj∥β̂ j+1 − β̂ j∥ − λ
m

∑
j=1

wj∥β0
j+1 − β0

j ∥. (4.8.6)

By the central limit theorem of α-mixing sequence, we can prove that

n

∑
i=1

T

∑
t=1

X∗it(γj)ϵ
∗
it = op(

√
nT). (4.8.7)
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Let 1
nT X∗(γ)′X∗(γ) → Σγ. Let β̂ j = β0

j +
1√
nT

bj for j = 1, ..., m and b =

(b′1, ..., b′m)′. Let A = {j : β0
j+1 − β0

j ̸= 0}, we have

ΛnT,λ(β̂)−ΛnT,λ(β0)

= b′Σγb + λ
m

∑
j=1

wj[∥β0
j+1 − β0

j +
1√
nT

(bj+1 − bj)∥ − ∥β0
j+1 − β0

j ∥]

= b′Σγb + λ ∑
j∈A

wj[∥β0
j+1 − β0

j +
1√
nT

(bj+1 − bj)∥ − ∥β0
j+1 − β0

j ∥]

+ λ ∑
j∈Ac

wj∥
1√
nT

(bj+1 − bj)∥

=: A(1) + A(2) + A(3). (4.8.8)

By Lemma 4.1 and Assumption 4.2 (1), maxj∈A wj = maxj∈A ∥β̃ j+1 − β̃ j∥−κ =

maxj∈A ∥β0
j+1− β0

j +Op(
1√
nT

)∥−κ = Op(∆−κ
min). By Jensen, triangle and Cauchy-

Schwarz inequalities, and Assumption 4.2 (2),

A(2) ≤ m0λ√
nT

max
s∈A

ws

{
1

m0
∑
j∈A
∥bj+1 − bj∥

}

≤ m0λ√
nT

max
s∈A

ws

{
1

m0
∑
j∈A
∥bj+1 − bj∥2

} 1
2

≤ 2
√

m0λ√
nT

max
s∈A

ws∥b∥

= Op(

√
m0λ√
nT

∆−κ
min)∥b∥

= Op(1)∥b∥ (4.8.9)

In addition, A(3) > 0. Thus we have

ΛnT,λ(β̂)−ΛnT,λ(β0) ≥ b′Σγb−Op(1)∥b∥
≥ µminΣγ∥b∥2 −Op(1)∥b∥ > 0. (4.8.10)

It follows that b has to be stochastically bounded. Otherwise, b cannot mini-
mize ΛnT,λ(β̂). This implies that ∥b∥ = Op(1) and Theorem 4.1 holds.

Lemma 4.2 Under Assumptions 4.1, for any c0 > 0, there exists some constant



142
Chapter 4. Adaptive Group Fused LASSO for panel threshold regression

model

C > 0 such that

P

(
max

1≤j≤m+1
max
1≤l≤k

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

X∗lit (γj)ϵ
∗
it

∣∣∣∣∣ ≥ c0

√
log m

nT
∆−κ

min

)
≤ C(c2

0∆−2κ
min log m)−1− δ

2 , (4.8.11)

where X∗lit (γj) = Xl
it I(γj−1 < qit ≤ γj) − 1

T ∑T
t=1 Xl

it I(γj−1 < qit ≤ γj) for
j = 1, ..., m + 1 and l = 1, ..., k.

Proof of Lemma 4.2 Following Theorem 4 of Kim (1993) and Assumption 4.1
(2), by Markov inequality, we have

P

(
max

1≤j≤m+1

∣∣∣∣∣ n

∑
i=1

T

∑
t=1

X∗lit (γj)ϵ
∗
it

∣∣∣∣∣ ≥ c0
√

nT log m∆−κ
min

)

≤
E
(

max1≤j≤m+1

∣∣∣∑n
i=1 ∑T

t=1 X∗lit (γj)ϵ
∗
it

∣∣∣2+δ
)

(c0
√

nT log m∆−κ
min)

2+δ

≤ C(nT)1+ δ
2

(c0
√

nT log m∆−κ
min)

2+δ

=
C

(c2
0∆−2κ

min log m)1+ δ
2

. (4.8.12)

Since k is finite, Lemma 4.2 holds.

Proof of Theorem 4.2 By the definition of β̂, we have

1
nT

n

∑
i=1

T

∑
t=1

(
Y∗it −

m+1

∑
j=1

β̂
′
jX
∗
it(γj)

)2

+ λ
m

∑
j=1

wj∥β̂ j+1 − β̂ j∥

≤ 1
nT

n

∑
i=1

T

∑
t=1

(
Y∗it −

m+1

∑
j=1

β0′
j X∗it(γj)

)2

+ λ
m

∑
j=1

wj∥β0
j+1 − β0

j ∥. (4.8.13)

Let A0 = {j : β0
j+1 − β0

j ̸= 0}. Then, applying Y∗it = ∑m+1
j=1 β0′

j Xit(γj)
∗ + ϵ∗it to

(4.2.1) gives

1
nT

n

∑
i=1

T

∑
t=1

(
m+1

∑
j=1

(β0
j − β̂ j)

′X∗it(γj)

)2

≤ 2
nT

n

∑
i=1

T

∑
t=1

m+1

∑
j=1

(β̂ j − β0
j )
′X∗it(γj)ϵ

∗
it + λ

m

∑
j=1

wj∥β0
j+1 − β0

j ∥ − λ
m

∑
j=1

wj∥β̂ j+1 − β̂ j∥
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= 2
m+1

∑
j=1

(β̂ j − β0
j )
′
(

1
nT

n

∑
i=1

T

∑
t=1

X∗it(γj)ϵ
∗
it

)
+ λ ∑

j∈A0

wj(∥β0
j+1 − β0

j ∥ − ∥β̂ j+1 − β̂ j∥)

− λ ∑
j∈Ac

0

wj∥β̂ j+1 − β̂ j∥

≤ 2k

(
m+1

∑
j=1
∥β̂ j − β0

j ∥
)(

max
1≤j≤m+1

max
1≤l≤k

∣∣∣∣∣ 1
nT

n

∑
i=1

T

∑
t=1

X∗lit (γj)ϵ
∗
it

∣∣∣∣∣
)

+ λ ∑
j∈A0

wj(∥β0
j+1 − β0

j ∥ − ∥β̂ j+1 − β̂ j∥)− λ ∑
j∈Ac

0

wj∥β̂ j+1 − β̂ j∥. (4.8.14)

Thus, by Lemma 4.2, we have with probability greater than 1−C(c2
0∆−2κ

min log m)−1− δ
2

that

1
nT

n

∑
i=1

T

∑
t=1

(
m+1

∑
j=1

(β0
j − β̂ j)

′X∗it(γj)

)2

≤ 2kc0

√
log m

nT
∆−κ

min

m+1

∑
j=1
∥β̂ j − β0

j ∥+ λ ∑
j∈A0

wj(∥β0
j+1 − β0

j ∥ − ∥β̂ j+1 − β̂ j∥)

− λ ∑
j∈Ac

0

wj∥β̂ j+1 − β̂ j∥

≤ λ∆−κ
min

m+1

∑
j=1
∥β̂ j − β0

j ∥+ λ∆−κ
min ∑

j∈A0

(∥β0
j+1 − β0

j ∥ − ∥β̂ j+1 − β̂ j∥)

− λ∆−κ
min ∑

j∈Ac
0

∥β̂ j+1 − β̂ j∥ (4.8.15)

By the triangle inequality and the Cauchy-Schwarz inequality, we can prove
that

1
nT

n

∑
i=1

T

∑
t=1

(
m+1

∑
j=1

(β0
j − β̂ j)

′X∗it(γj)

)2

≤ λ∆−κ
min

m+1

∑
j=1
∥β̂ j − β0

j ∥+ λ∆−κ
min ∑

j∈A0

∥β̂ j − β0
j ∥

− λ∆−κ
min ∑

j∈Ac
0

∥(β̂ j+1 − β0
j+1)− (β̂ j − β0

j )∥

≤ λ∆−κ
min ∑

j∈A0

∥β̂ j − β0
j ∥+ λ∆−κ

min ∑
j∈Ac

0

∥β̂ j − β0
j ∥+ λ∆−κ

min ∑
j∈A0

∥β̂ j − β0
j ∥

− λ∆−κ
min ∑

j∈Ac
0

∥(β̂ j+1 − β0
j+1)− (β̂ j − β0

j )∥
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≤ 2λ∆−κ
min
√

m0

(
∑

j∈A0

∥β̂ j − β0
j ∥2

) 1
2

= 4kc0

√
m0 log m

nT
∆−κ

min∥β̂− β0∥. (4.8.16)

Next we study the selection consistency of adaptive group fused Lasso estima-
tors. By setting θj = β j+1 − β j, j = 1, ..., m and θ0 = β1, model (4.3.11) can be
rewritten as

θ̂ = arg min
1

nT

∥∥∥∥∥Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θl

∥∥∥∥∥
2

+ λ
m

∑
j=1

wj∥θj∥, (4.8.17)

The following lemma provides the Karush-Kuhn-Tucker (KKT) conditions of
the group fused Lasso estimator (e.g. Bühlmann and Van De Geer (2011)).

Lemma 4.3 Let θ̂ and θ be defined as in (4.8.17), we have

−
(

m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)
+

1
2

nTλwp
θ̂p

∥θ̂p∥
= 0,

j = 1, ..., m, where θ̂p ̸= 0, (4.8.18)

and ∥∥∥∥∥
(

m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)∥∥∥∥∥ ≤ 1
2

nTλwp,

j = 1, ..., m, where θ̂p = 0, (4.8.19)

Proof of Lemma 4.3 For the first statement, we invoke subdifferential calculus.
Define

ΛnT,λ(θ) = arg min
1

nT

∥∥∥∥∥Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θl

∥∥∥∥∥
2

+ λ
m

∑
j=1

wj∥θj∥
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Thus we have, for θ̂p ̸= 0,

∂ΛnT,λ(θ̂)

∂θp
=− 2

nT

(
m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)
+ λwp

θ̂p

∥θ̂p∥
= 0.

(4.8.20)

On the other hand, if θ̂p = 0, the subdifferential at θ̂ has to include the zero
elements, that is

− 2
nT

(
m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)
+ λwpe = 0, for some e ∈ {−1, 1}.

(4.8.21)

Thus we have∥∥∥∥∥
(

m

∑
l=p

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)∥∥∥∥∥ ≤ 1
2

nTλwp. (4.8.22)

Proof of Theorem 4.3 We consider two cases: (i) p ∈ A0 and (ii) p ∈ Ac
0. In

case (i), for p ∈ Â, Theorem 4.1 indicate that θ̂p = β̂p+1 − β̂p = β0
p+1 − β0

p +

Op(
1√
nT

) = θ0 + Op(
1√
nT

). Thus by the consistency of θ̂p,
√

nT(θ̂p − θ0) =

Op(1), P(p ∈ A0) → 1. In case (ii), it suffices to show that for p′ /∈ Â, P(p′ ∈
A0)→ 0. Consider the event p′ ∈ A0. By Lemma 4.3, we have

−
(

m

∑
l=p′

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)
+

1
2

nTλwp′
θ̂p′

∥θ̂p′∥
= 0.

There exists r ∈ {1, .., k} such that ∥θ̂p′,r∥ = max{|θ̂p′,q|, q = 1, ..., k}, where for
any k × 1 vector ap′ , ap′,q denotes its q-th element. Without loss of generality

assume that r = k, implying that
|θ̂p′ ,k|
∥θ̂p′∥

≥ 1√
k
. In view the fact that wp′ =

Op((nT)
κ
2 ) and Assumption 4.2 (3), we have

1
2

√
nTλwp′

|θ̂p′,k|
∥θ̂p′∥

≥ 1
2

√
nTλwp′/

√
k→ ∞.

On the other hand,(
∑m

l=p X∗(γl+1)
′
) (

Y∗ −∑m
j=0 X∗(γj+1)∑

j
l=0 θ̂l

)
√

nT
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=

(
∑m

l=p X∗(γl+1)
′
)

X∗(γ)(β0 − β̂)
√

nT
+

∑m
l=p′ X

∗(γp′+1)
′ϵ∗

√
nT

=

(
∑m

l=p X∗(γl+1)
′
)

X∗(γ)
√

nT(β0 − β̂)

nT
+

∑m
l=p′ X

∗(γp′+1)
′ϵ∗

√
nT

=: B(1) + B(2).

By the proof of Theorem 4.1, we have B(1) = Op(1) and B(2) = Op(1). There-
fore,

P(p′ ∈ A0)

≤ P

(
−
(

m

∑
l=p′

X∗(γl+1)
′
)(

Y∗ −
m

∑
j=0

X∗(γj+1)
j

∑
l=0

θ̂l

)
+

1
2

nTλwp′
θ̂p′

∥θ̂p′∥
= 0

)
→ 0.

Consequently, we can prove Theorem 4.3.

Proof of Theorem 4.4 In Lemma 4.3, ∑m
l=p X∗it(γl+1) = X∗it I(qit > γp). Setting

X∗it(γ
′
j) = X∗it I(qit > γj) for j = 1, ..., m and X∗it(γ

′
j) = X∗it for j = 0, model

(4.8.17) can be written as

θ̂ = arg min
1

nT

∥∥∥∥∥Y∗ −
m

∑
j=0

X∗(γ′j)θj

∥∥∥∥∥+ λ
m

∑
j=1

wj∥θj∥. (4.8.23)

The Karush-Kuhn-Tucker (KKT) conditions of above model can be written as

−X∗(γ′p)
′
(

Y∗ −
m

∑
j=0

X∗(γ′j)θ̂j

)
+

1
2

nTλwp
θ̂p

∥θ̂p∥
= 0, for θ̂p ̸= 0,

and ∥∥∥∥∥X∗(γ′p)
′
(

Y∗ −
m

∑
j=0

X∗(γ′j)θ̂j

)∥∥∥∥∥ ≤ 1
2

nTλwp, for θ̂p = 0.

Let ζ =

(
1
2 nTwp

θ̂p

∥θ̂p∥
, p ∈ A0

)
and X∗1(γ

′) =
(

X∗(γ′p), p ∈ A0

)
, we have

θ̂nT1 =(X∗1(γ
′)′X∗1(γ

′))−1(X∗1(γ
′)′Y∗ − λζ)

=θ01 + (X∗1(γ
′)′X∗1(γ

′))−1(X∗1(γ
′)′ϵ∗ − λζ).
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Therefore, we need to prove that

θ̂nT1 =A θ01,∥∥∥X∗(γ′p)
′ (Y∗ − X∗1(γ

′)θ̂nT1
)∥∥∥ ≤ 1

2
nTλwp, ∀p /∈ A0. (4.8.24)

Following Y∗ − X∗1(γ
′)θ̂nT1 = ϵ∗ − X∗1(γ

′)(θ̂nT1 − θ01), (4.8.24) is equal to

∥θ0
p − θ̂nTp∥ ≤ ∥θ0

p∥, ∀p ∈ A0∥∥∥X∗(γ′p)
′ (ϵ∗ − X∗1(γ

′)(θ̂nT1 − θ01)
)∥∥∥ ≤ 1

2
nTλwp, ∀p /∈ A0. (4.8.25)

Let HnT = I − X∗1(γ
′)(X∗1(γ

′)′X∗1(γ
′))−1X∗1(γ

′)′, we have∥∥∥e′p(X∗1(γ
′)′X∗1(γ

′))−1(X∗1(γ
′)′ϵ∗ − λζ)

∥∥∥ ≤ ∥θ0
p∥, ∀p ∈ A0∥∥∥X∗(γ′p)

′(HnTϵ∗ + X∗1(γ
′)(X∗1(γ

′)′X∗1(γ
′))−1λζ)

∥∥∥ ≤ 1
2

nTλwp, ∀p /∈ A0.

(4.8.26)

where ep is the unit vector in the direction of the p-th coordinate. When

1− ∥X∗(γ′p)′X∗1(γ′)(X∗1(γ
′)′X∗1(γ

′))−1ζ∥

≥ 1− ∥X∗(γ′p)′X∗1(γ′)(X∗1(γ
′)′X∗1(γ

′))−1 1
2

nTλ∆−κ
minζ1∥ ≥ η,

where ζ1 = (
θ̂p

∥θ̂p∥
, p ∈ A0) for some η > 0. Hence

∥e′p(X∗1(γ
′)′X∗1(γ

′))−1X∗1(γ
′)′ϵ∗∥+ λ∥e′p(X∗1(γ

′)′X∗1(γ
′))−1ζ∥ ≤ ∥θ0

p∥, p ∈ A0, ∀p ∈ A0

∥X∗(γ′p)′HnTϵ∗∥ ≤ 1
2

nTλ∆−κ
minη, ∀p /∈ A0. (4.8.27)

Define

Λ1 =

{
max
p∈A0

(
∥e′p(X∗1(γ

′)′X∗1(γ
′))−1X∗1(γ

′)′ϵ∗∥+ λ∥e′p(X∗1(γ
′)′X∗1(γ

′))−1ζ∥
)
≥ ∆min

}
Λ2 =

{
max
p/∈A0
∥X∗(γ′p)′HnTϵ∗∥ ≥ 1

2
nTλ∆−κ

minη

}
To prove P(m̂ = m0) → 1, we need to prove that P(Λ1) → 0 and P(Λ2) → 0.
According to the Assumption 4.2 (3) and the proof of Lemma 4.2, we have

P(Λ2) = P
(

max
p/∈A0
∥X∗(γ′p)′HnTϵ∗∥ ≥ 1

2
nTλ∆−κ

minη

)
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≤
maxp/∈A0 ∥X∗(γ′p)′HnTϵ∗∥

1
2 nTλ∆−κ

minη

≤ C1
√

nT
1
2 nTλ∆−κ

minη
→ 0. (4.8.28)

Now consider P(Λ1), we have

P(Λ1) ≤ P
(

max
p∈A0
∥e′p(X∗1(γ

′)′X∗1(γ
′))−1X∗1(γ

′)′ϵ∗∥ ≥ ∆min

2

)
+ P

(
λ max

p∈A0
∥e′p(X∗1(γ

′)′X∗1(γ
′))−1ζ∥ ≥ ∆min

2

)

Denote the smallest eigenvalue of X∗1 (γ
′)′X∗1 (γ

′)
nT by c1, for the second term of the

above function, we have

∥e′p(X∗1(γ
′)′X∗1(γ

′))−1ζ∥ ≤ ∥ep∥ ·
∥∥∥∥∥
(

X∗1(γ
′)′X∗1(γ

′)

nT

)−1
∥∥∥∥∥ ·
∥∥∥∥1

2
∆−κ

minζ1

∥∥∥∥
≤ 1

2
∆−κ

minc−1
1
√

m0. (4.8.29)

Thus we want

∆κ+1
min > λc−1

1
√

m0. (4.8.30)

For the first term, we have,

P
(

max
p∈A0
∥e′p(X∗1(γ

′)′X∗1(γ
′))−1X∗1(γ

′)′ϵ∗∥ ≥ ∆min

2

)
≤ P

(
max
p∈A0

c−1
1 ∥e

′
pX∗1(γ

′)′ϵ∗∥ ≥ nT∆min

2

)
≤

maxp∈A0 c−1
1 ∥e′pX∗1(γ

′)′ϵ∗∥
1
2 nT∆min

≤
c−1

1 C2
√

nT
1
2 nT∆min

(4.8.31)

Combining (4.8.30) and Assumption 4.2 (3),

P
(

max
p∈A0
∥e′p(X∗1(γ

′)′X∗1(γ
′))−1X∗1(γ

′)′ϵ∗∥ ≥ ∆min

2

)
≤ C2

1
2

√
nTλ∆−κ

min
√

m0
→ 0.

(4.8.32)
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Therefore, the proof of Theorem 4.4 is completed.
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Chapter 5

Conclusion and Outlook

Climate financial analysis has been a hot topic in the past few years. How-
ever, only few literature study the weather effect on stock market. Saunders
(1993) may be the first to study the relationship between weather and stock re-
turns and conclude that the cloud cover has a negative effect on stock returns.
Hirshleifer and Shumway (2003) apply panel time series to study the weather
effect on stock returns and obtain a similar conclusion, which sunshine has a
positive effect on stock returns. It also point that the rainfall does not have
any influence on the stock market. But in this project, we propose to study the
effect of weather, saying precipitation, on the stock market. The major contribu-
tions of this research are as follows. First, we empirically study that the rainfall
has a nonlinear impact on the stock market, significantly. Then, we develop an
asymptotic theory of panel threshold model under the assumption of both error
terms and regressors dependent cross-sectionally. Finally, we develop adaptive
group fused Lasso estimation of panel threshold regression to determine the
number of threshold parameters for dependent variables.

In Chapter 2, we have studied that the rainfall has a significant impact on the
stock market. More specifically, by using nonparametric method to plot the re-
lationship between precipitation and stock return for each individual stock in
FTSE 100, we interestingly find that the relationship is nonlinear. Some change
points can be obviously found in the plots. Thus we propose to use threshold
time series model with threshold parameter, 0.5, 1.0 and 1.5 in this application.
Analysis results of individual stocks show the threshold effects of rainfall on
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some individual stocks are significant. We then suggest to apply panel thresh-
old regression model to study the rainfall on the whole stock market and con-
clude that different amounts of rainfall have different significant influence on
stock returns. However, due to the correlation of different stocks, panel thresh-
old model proposed by Hansen (1999) may be not good enough in empirical
study due to ignoring cross-sectional dependence, which is the research topic
in the following theoretical statistical analysis.

Motivated by empirical application in Chapter 2, we develop a statistical the-
ory for threshold panel time series model with cross-sectional dependence in
Chapter 3. We develop a lease square estimation to estimate regression coeffi-
cients and threshold parameters. Under the dependent conditions of regressors
and error terms, we establish the asymptotic properties of regression coeffi-
cient and threshold parameters. The asymptotic distribution of regression coef-
ficient is a normal distribution with convergence rate, root-nT. The distribution
of threshold parameters is non-standard with convergence rate, n1−α1 T1−α2 ,
where α1, α2 ∈ [0, 1

2). We expand the asymptotic properties to multiple thresh-
old model. The simulation studies show the the proposed asymptotic theory
considering cross-sectional dependence is better than the asymptotic theory ig-
noring cross-sectional dependence. We apply our method to study the rainfall
effect on stock returns and find that the heavy rainfall has a negative effect
on stock market. Both simulation and empirical study indicate that ignoring
cross0-sectional dependence lead to spurious significance.

A further topic left over by Chapter 3 is how to determine the number of thresh-
old parameters in multiple threshold model. We develop adaptive group fused
Lasso estimation for multiple threshold panel time series model with cross-
sectional dependence in Chapter 4. We consider two cases in consistency study:
one is the number of threshold parameter is fixed as sample size increases, the
other is the number of threshold parameter increases as sample size increases.
In both cases, the proposed method can correctly determine the number of
threshold parameters with probability approaching 1. The simulations are con-
ducted to evaluate the finite sample performance of Lasso estimators. Com-
pared with the test statistics proposed by Hansen (1999), the proposed Lasso
estimator can correctly detect the number of threshold parameters for depen-
dent variables. We finally apply our method to study the rainfall effect on stock
returns and detect four threshold parameters.
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However, there are still quite some questions to be worth investigation follow-
ing this thesis.

In this project, we have focused on the threshold effects of the exogenous co-
variates such as climate or weather variable on the response of individual stock
returns, leaving other factors as nuisances in the error terms in Chapters 2-4
under cross-sectional dependence. It would be interesting to include, for ex-
ample, like Miao et al. (2020a), the effects of other factors on the market re-
turns, such as the market factor in the capital asset pricing model or others in
multi-factor models, or even to study panel threshold model with interactive
fixed effect of latent factors under cross-sectional dependence, by setting the
model (1.1.3) with ϵit = λ0

i f 0
t + eit, with estimation of F0 = ( f 0

1 , · · · , f 0
T)
′ and

Λ0 = (λ0
1, · · · , λ0

n)
′ further considered; c.f., Miao et al. (2020a).

In addition, spatio-temporal model is one of the most popular models in climate
and financial data analysis. In the last decade, the idea of nonlinear spatio-
temporal model has been commonly used in real data analysis. A further topic
for us is expanding threshold effect to spatio-temporal model considering spa-
tial dependence. In fact, in many empirical examples in the literature (c.f., Lu
et al. (2009),Al-Sulami et al. (2017)), the threshold model structure identified
by nonparametric estimation can significantly improve the prediction accuracy.
Different with the cross-sectional dependence, we may consider spatial depen-
dence by measuring the distance between different spatial locations so that we
can deal with strong dependence raised in spatial data.
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