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Abstract: Optical fibers have unwanted residual birefringence due to imperfections in fabri-
cation processes and environmental conditions. This birefringence will randomize the state
of polarization of propagating signals and may harm the performance of four-wave mixing
based processing devices. Here, we present a quantitative study of the effects of birefringence
in orthogonal-pump four-wave mixing systems, and identify different regions of operation of
the optical fiber, mainly determined by the relative magnitude between the physical length L
and beat length L;,. This finding clarifies the characteristics of the complex interplay between
birefringence and four-wave mixing and advises appropriate fiber length selection for minimized
polarization dependent gain.
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1. Introduction

Four-wave mixing (FWM) processes based on Kerr nonlinearity in optical fibers have been shown
to enable a number of all-optical signal processing devices in the past two decades, such as
wavelength converters [1,2], optical phase conjugators [3—5] and phase-sensitive amplifiers [6,7].
These all-optical systems could become an important part of future high-capacity wavelength
division multiplexing (WDM) networks, thanks to their potential for operating over an ultra-wide
bandwidth and with low latency.

There are a variety of nonlinear media commonly used for FWM, including silicon [8—10]
silicon nitride [11-15] and semiconductor optical amplifiers (SOAs) [16—19], which are promising
for all-optical signal processing applications. Notably, silicon and SOAs have demonstrated
their potential in performing polarization-insensitive signal processing operations [20-22], when
engineered appropriately. All the same, owing to its low coupling losses (when spliced) and low
propagation loss, optical fiber (in particular, highly nonlinear fiber (HNLF) [23,24] with low
dispersion), remains a popular medium in which to perform FWM.

For many FWM processes, a non-birefringent fiber is desirable. However, in practice,
real-world fiber samples will generally possess some small residual birefringence, leading to
them being described as "lowly birefringent" fibers. Such fibers [23] are known to exhibit a
stochastic, longitudinal variation in core diameter, which in turn leads to a longitudinally varying
birefringence. The longitudinally varying birefringence randomizes the polarization state of input
signals and makes FWM-based devices more polarization sensitive, which can be particularly
detrimental to applications where polarization-insensitivity is desired [25]. It is well-known that
the distribution of fiber birefringence differs from sample to sample, even in those taken from the
same fiber spool, making the exact behavior of a given system less predictable, compounding
commercialisation of fiber-based FWM techniques.
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Although some experimental demonstrations attempt to resolve polarisation sensitivity prob-
lems by relying on external compensation techniques [1,2,26], such approaches are time-
consuming and difficult to optimise experimentally. Aside from advances in fabrication or control
of extrinsic causes of birefringence (such as spool diameter, fiber bending, etc.), there is little
that can be done to avoid the effects of birefringence upon a FWM system other than controlling
the fiber length. Although in literature it is well known that low polarization sensitivity can
be achieved in short lowly birefrigent fiber or long highly birefringent fiber [27], there has
been no direct study to date on the dependency of polarization sensitivity in FWM systems
upon the total length of a given sample of fiber. In this work, we study this exact dependency,
quantifying the effects of birefringence in terms of conversion efficiency (CE) and polarisation
dependent gain (PDG) of a non-degenerate FWM system in a fiber with longitudinally varying
fiber birefringence, parameterised by two statistical metrics: fiber length to beat length ratio
(L/Lp) and fiber length to correlation length ratio (L/L.). Numerical studies are presented in this
work, in which multiple instances of birefringent fiber were generated using the random modulus
model (RMM) [28] and the resulting idler PDGs of an orthogonally polarized FWM system,
found using a coupled Nonlinear Schrodinger Equation (C-NLSE) [29,30], were compared using a
Monte-Carlo methodology. We have found that different regions of operation in the optical fibers,
determined by the L/L; ratio, reveal different inherent contributions to the polarization sensitivity
in an orthogonally-pumped FWM system, resulting from the complex interplay between the
randomly varying birefringence and FWM. In addition, contrary to what might be expected, we
show that an isotropic fiber (with low L/L; and L/L,) is not the only solution exhibiting low PDG,
and that, perhaps more importantly, there exists a range of L/L;, and L/L. values that should be
avoided when targeting low PDG in orthogonally pumped FWM systems.

2. Method

This numerical study utilizes a C-NLSE to simulate continuous-wave (CW) propagation in optical
fiber, incorporating both linear and nonlinear birefringence effects. E, and E are the transverse
components of complex electric fields. By considering E and Ey as the slowly-varying envelopes
of the electric field components, the C-NLSE in the time domain takes the form:

OE, ABy . DBy dE. 2 1 )

5. i B3, = (Pt SPIE+ S(B)E]] )
OE, ABy . AB, E, 2 1,
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where Py = ExEY and Py = EyE}, vy is the nonlinearity coefficient, ABxy /2 = (Bv(wc) — By(wc))/2
represents the birefringence strength (half of the difference between the propagation constants
along horizontal ‘x’ and vertical ‘y’ directions) at the center frequency w. A,B;y /2 represents
the first order derivative of birefringence strength with respect to the angular frequency at w.
Here and further in the paper, Aﬁ;y is approximated as AB,,/w. [28,31], which holds good for
the bandwidths we are studying [32,33]. A,B;y accounts for the differential polarization variations
among signals with different frequencies and is responsible for the polarization mode dispersion
(PMD) [25]. The three nonlinear birefringence terms on the right-hand side of equation (1) and
(2) respectively act as the self-phase modulation (SPM) [29,34], cross-phase modulation (XPM)
[29,34] and ellipse rotation [29,34] terms, which are relevant to the following investigation.
The fiber was divided into N short segments in order to emulate weakly birefringent fibers
whose birefringence varies continuously. A, and Aﬁ;}, differed in each fiber segment and were
assigned in accordance with the used birefringence model. The rotation angle of the birefringent
axis was introduced at the beginning of each fiber segment. Ag,,, Aﬁ;y and birefringent axis
rotation angle were modelled using the RMM as this model has been shown to be in agreement
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with experimental results [35]. RMM assumes that the first two components of the birefringence
—

vector 222 independently obey the Langevin equation [28] and allows fibers to be modelled with

a birefringence that varies randomly along their length, determined by two parameters: fiber beat
length L, and fiber correlation length L.. L; represents a length scale over which a signal restores
its original state of polarization (SoP). The stronger the local birefringence, the shorter the distance
a signal will take to recover its original SoP. L. represents how fast the random perturbation in a

_— 5
fiber occurs [36], which is governed by (Aﬁ*zy ©. ABX;(Z)> = A'BXZ)'(O) exp(—z/L.)[28]. L. varies from

fiber sample to fiber sample and also depends upon how a given sample is spooled (tension, spool
diameter, etc.). By assigning the values of L, and L., we were able to generate the longitudinal
profiles of fibers with varying birefringence strength and birefringent axis rotation angles (as
shown for two example realizations in Figs. 1(c),(d)). The length of each fiber segment dz was
chosen to be much smaller than either of L;, or L. to avoid artificially overestimating the effects of
fiber birefringence upon parametric devices using a short fiber length [29]. Since RMM directly
simulates A, (w, z) without using An(w, z) (the difference between the refractive indices along
horizontal "x" and vertical "y" directions), this helps to isolate the effect of dispersion variations
from fiber birefringence [29]. The C-NLSE was numerically integrated by using the split-step
Fourier method (SSFM) [34], where birefringence and nonlinear terms were solved respectively
in the frequency and the time domain sequentially for each fiber segment.

The FWM system studied in this work was the orthogonally pumped, non-degenerate system,
which is known to offer polarization insensitive wavelength conversion of signals in isotropic
fiber [2,3]. As shown in Fig. 1(a), the initial spectrum (input to the C-NLSE) consisted of
two horizontally and vertically polarized pumps (along the x and y axes, respectively) and a
signal, whose SoP can be varied. Here and in the rest of the paper, the spacing between the
two pumps was assumed to be 974 GHz (correspond to 8 nm at 1570 nm). This pump spacing
was essentially inspired by an experimental set-up we have been studying [38], wherein a pump
spacing of 8 nm was used, resulting in relatively low exposure to dispersion. In addition, we
maintained this spacing for easier future comparison with experimental results. We only consider
this one fixed pump spacing as it was found that different pump spacings did not change the main
findings of this work (please see Fig. S1-Fig. S6 in Supplement 1). The linear birefringence
rotates a signal’s SoP around the axis of the first component of the Stokes vector (S;), leaving S
unchanged. The nonlinear effects induced nonlinear polarization rotation (NPR) will render a
signal’s SoP rotating around the axis of the third component of the Stokes vector (S3), leaving S3
unchanged. Thus, for a CW signal propagating along a fiber which is several beat lengths long,
the interplay between linear birefringence and NPR can produce quite a complex polarization
evolution on the Poincaré sphere [34,39]. It needs to be noted that a signal’s SoP will experience
NPR only if its ellipticity is non-zero. [34,39]. For a randomly birefringent fiber, the birefringent
axis rotation, combined with birefringence strength, will randomly scatter the signal’s SoP on
the Poincaré sphere so that the signal’s zero ellipticity cannot be maintained along the fiber. To
illustrate this point, we compared two 200-m long fibers in Figs. 2(a),(b): 1) an isotropic fiber,
and 2) a weakly, randomly birefringent fiber (one fiber realization with L/L, = 0.01 and L/L, =
1) under the condition of 2 rad nonlinear phase shift (NPS), ¢ = y+/P{P,L, where v is the fiber
nonlinear coefficient, P; and P, are the two input pump power levels and L is the fiber length.
Two pumps’ SoPs are launched horizontally (along ‘x’ axis) and vertically polarized (along ‘y’
axis). We can see that the pump can maintain its zero ellipticity only in the isotropic fiber, while
in the weakly birefringent fiber, its SoP randomly scattered around the S3 axis because NPR takes
place once the pump’s SoP gains some ellipticity. This happens even in implementations with
very weak birefringence. In addition, since S3 is involved in the NPR, a change in the sign of
S3 resulting from linear birefringence would cause the sign of the nonlinear phase shift to also
alternate, so that the effect of NPR upon a signal tends to be averaged out [39]. Thus, the two
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orthogonally polarized pumps may start to experience NPR at the beginning of the fiber even in a
weakly and randomly birefringent fiber, and the two pumps may lose their original orthogonality

relation unless a proper fiber birefringence is chosen.
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Fig. 1. FWM spectrum for the input (a) and output (b) of HNLF; (c) birefringence
strength profiles for two different realizations (L, = 20m, L, = 100m); (d) angle rotation of
birefringence axis for two different realizations (L;, = 20m, L, = 100m) [37].

S1

a) b)

Fig. 2. Poincaré sphere representation of the polarization evolution for a pump in an
orthogonally-pump FWM system in a 200 m long fiber (a) without and (b) with random
birefringence (one fiber realization with L/L;, = 0.01 and L/L. = 1) for 2 rad NPS [37].

In this system, the SoP of the input signal was initially obtained by sweeping the phase
difference and the orientation angle of two orthogonal electric field components from O to 27 and
0 to 71/2, respectively. By selecting different step sizes of the phase difference and the orientation
angle, we performed a convergence test of the PDG for a signal with a frequency around 242
GHz away from w..We only consider this one fixed signal spacing as it was found that different
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signal spacings did not change the main findings of this work (please see Fig. S7-Fig. S14 in
Supplement 1). The convergence tests showed that at least 64 points were needed to achieve
< 0.2 dB numerical error. For each input signal SoP, the idler power at the output of the fiber
(see Fig. 1(b)) was recorded and compared to the input signal power to evaluate the conversion
efficiency (CE). From these values, the PDG was obtained by finding the difference between
maximum CE and minimum CE. The <CE>,,; was obtained by averaging over the different CE
values that resulted from each of the 64 different input signal SoP. The fiber was assumed lossless
and dispersionless so that the effects of birefringence, specifically, could be isolated from any
other effects. In keeping with this objective, the NPS was held constant, regardless of fiber length
L, the two pump power levels Py, P, and vy, so that any variations in CE could be attributed to
birefringence only.

For a fixed N, ¢, L/L;, and L/L., CE and PDG remain the same regardless of the fiber length
chosen. Therefore, in our model, we considered the normalised length ratios L/L; and L/L..
We swept the ratio L/L;, between 1072 and 102, whilst L/L. was swept between 10~ and 102
With telecommunication fibers typically possessing an L, and L. of 5-50 m and 10-100 m
respectively [40], this corresponds to fiber lengths within the broad range of roughly 5 cm
to 10 km, inclusive of fiber lengths typically used in FWM experiments. We carried out a
Monte-Carlo analysis, where 100 different realizations of the fiber were generated. This was
verified to be a sufficient number for the obtained <PDG> oy and <<CE> /> eq; values to show
their dependency upon length ratios L/L, and L/L.. <..>.q and <..>,,; represent a variable
inside of the brackets that has been averaged over 100 different realizations and 64 different SoP,
respectively. Additionally, in the following, T<CE>py and oppg denote the standard deviation of
<CE>,,; and PDG respectively, obtained from 100 different realizations.

3. Results and discussion
3.1. <CE>,, and PDG dependence upon L/L, and L/L.

Figures 3(a),(c) and (b),(d) show the dependence of <>CE> /> eq and <PDG> ., respectively,
on the length ratios L/L;, and L/L,. for two values of NPS, namely 0.3 rad and 2 rad, where the
two input pump power levels were set to be the same. A NPS of 0.3 rad was assumed to result in
little stimulated Brillouin scattering (SBS) in a typical nonlinear fiber [41], whilst a value of
2 rad would normally require some method of SBS suppression to be adopted, such as pump
phase dithering [2,42]. Considering the two sets of graphs together, we can identify three banded
regions, which are mainly determined by the length ratio L/L;,. The value of <<CE>po;>rear
increases from band A to band C as we increase L/L;, while keeping the same launching condition
for the two pumps (as shown in Fig. 1(a)). Moreover, <PDG> ., spikes in band B, an effect that
is associated with the input pumps’ NPS, whilst it decreases in band C, where the ‘averaging’
effect of NPR provided by random birefringence becomes dominant.

In band A, where the fiber length is much smaller than L, the fiber has extremely weak
birefringence strength for the typical HNLF lengths used in FWM experiments. For example,
An in this band is on the order of 107! or 107!° for a 200 m long fiber; such low values of
birefringence may not be possible in practice. Nevertheless, as discussed both in the previous
section and in the literature [34,39,43], even a small amount of birefringence may give rise to
some NPR of the pump waves. This is evidenced in Fig. 4, where an orthogonal-pump FWM
system with L/L, in the range 1072 to 10~! is shown to exhibit a relative increase in the PDG
when the NPS values are varied from 0.3 rad to 4 rad. The <PDG> ., performance deteriorates
when the physical length is comparable to L, (band B). Compared to a fiber in Band A with the
same physical length and assuming that the SoP of the two orthogonal pumps is linear at launch,
it will take a shorter distance for the SoP of the two pumps to become elliptical, and the ellipticity
of the two pumps will tend to be larger. Therefore, the NPR will take place earlier in the fiber
and will be more pronounced, leading to a larger PDG at the fiber end (see Figs. 3(b),(d) and
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Fig. 4). The shaded area in Fig. 4 represents opp. Both this parameter and o<cg> oo AT€ shown
in Fig. 5 for the whole parameter space for two values of NPS. This shows that when operating in
Band B, both CE and PDG become susceptible to the exact fiber birefringence profile. Thus, it
will be difficult for a fiber located in this region to achieve high CE and low PDG simultaneously,
and the fiber behavior will differ from sample to sample.

When L is more than ten times longer than L, (band C), <PDG> ., decreases irrespective
of the NPS used (shown in Figs. 3(b),(d)). As discussed in the previous section, the effect of
NPR upon a signal will be averaged out because of the alternating signs of S3 along propagation
resulting from the linear birefringence. Therefore, a carefully chosen amount of birefringence
can help reduce or eliminate the effects of NPR upon PDG. This characteristic is shown in Fig. 4,
where the PDG evolution with L/Lj, is drawn for two different values of L/L.. It is additionally
observed that a large L/L, ratio can help prevent a further increase in PDG when L/L;>10. Short
L. tends to produce large birefringent axis rotation angle along a fiber. This, as a result, leads to
the uniformly spread of the normalized signals’ ellipticities (S3) from -1 to 1, providing another
degree of ‘averaging’ to the effects of NPR upon PDG. Additionally, as discussed in the previous
section, frequency dependent birefringence introduces differential polarization variations among
signals with different frequencies through PMD [25,44]. A short L. can help reduce the PMD so
that the effects of PMD upon PDG can be decreased.

3.2. PDG and degree of co-polarization evolution

To gain further insights on the onset of PDG in a dual-orthogonal pump FWM system, we
considered the examples of four different fiber samples selected from the three bands identified
previously. All samples were chosen to have the same physical length of 200 m but they varied in
their beat length. For simplicity, their L/ L. ratios were kept constant and of a modest value (equal
to 1.08). For each of these fiber samples, we considered three values of NPS (0.3, 2 and 4 rad)
and studied the spatial evolution of both the PDG and pump SoP along the length of each sample.

102 < PDG > /e (dB) 3.3

pol > real (dB) '11-3
I-11.9
-12.4

L/Lc

Fig. 3. (a) <<CE> ;> rear and (b) <PDG> . as a function of both length ratios L/L; and
L/L, for 0.3 rad NPS value; (¢) <<CE> /> pq; and (d) <PDG> 4 as a function of both
length ratios L/L;, and L/L for 2 rad NPS value [37].
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Fig. 4. PDG as a function of L/L;, in the case of (a) L/L, = 1.08; (b) L/L. = 100 [37].
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Fig. 5. (a) O<CE>,, and (b) opp¢ as a function of both length ratios L/Ly and L/L, for
0.3 rad NPS value; (c) T<CE> oy and (d) oppg as a function of both length ratios L/L;, and
L/L for 2 rad NPS value [37].

The degree of co-polarization between two pumps was defined as the dot product of the
normalized Stokes parameters of the two pumps (51 Sg) where the dot product values of -1 and
1 represent perfectly orthogonal (anti-parallel on the Poincaré sphere) and perfectly co-polarized
SoPs, respectively [43]. Figures 6(a),(b) represent the cases of weakly birefringent fibers (fibers
belonging in Bands A and B), where in line with the discussion presented above, the PDG
evolution is closely associated with the degree of co-polarization evolution of the two pumps.

This, in turn, depends on both the pump power and the birefringence strength of the fiber.
In contrast, when decreasing the beat length further (Fig. 6(c)), the PDG evolution is weakly
dependent on the input NPS values. As discussed in the previous section, the alternating sign of
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Fig. 6. The evolution of PDG and pumps degree of co-polarization for four different fiber
samples with (a) L/L, = 0.05, L/L. = 1.08; (b) L/L, = 0.5, L/L. = 1.08; (¢) L/L; = 10,
L/L.=1.08;(d)L/L, =100, L/L. = 1.08 [37].

the ellipticity of the waves averages out the NPR and the pumps maintain their orthogonality to a
great extent along the fiber length. The PDG evolution is observed to exhibit small ripples, which
we attribute to the randomly varying birefringence of the fiber. The PDG evolution becomes less
regular when the fiber birefringence is further increased (Fig. 6(d)). In this case, the frequency
dependence of the birefringence is strong, leading the SoP of two pumps at different frequencies
to rotate at different rates as they propagate along the fiber. In this scenario, the orthogonality
relation between the two pumps exhibits a very weak dependence on the NPS (Fig. 6(d)).

4. Conclusion

We presented a quantitative study of the birefringence effects in fiber-based dual orthogonal-pump
FWM systems. By utilizing the C-NLSE and RMM, we identified the relations between the
fiber length, beat length and correlation length that minimize the polarization-dependent gain
of the process. We identified three different bands, defined by these relations, and revealed the
interplay between fiber birefringence and FWM that determined their respective behavior. The
physical length of fibers in band A is one or two orders of magnitude shorter than their beat
length, and are, therefore, nearly isotropic. In typical HNLFs, this corresponds to a length of only
a few meters of fiber. To obtain a desirable CE performance, large pump powers or a fiber with
a large nonlinear coefficient should be used, both of which could lead to technical challenges.
Fibers in band B, where the fiber length is comparable to the beat length, may correspond to fiber
lengths of tens of meters for a typical HNLF. The PDG is pump power dependent and dominated
by NPR. Fibers in band C, where the fiber length is in the order of ten times longer than the
beat length, may correspond to a physical length from several hundreds of meters to 1 km of
fiber. Fibers in this band can exhibit low PDG and desirable CE simultaneously. In this band, the
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magnitude of L. is found to be important in maintaining a low PDG. However, L. depends on
external environmental conditions and may vary significantly in different spool diameters.

Therefore, factors like fiber spooling may need to be considered to ensure predictable operation.
In the early 2000s, kilometer lengths of fiber were commonly used in FWM demonstrations [45],
which would generally expect to lie in band C. Since then, there has been a trend of decreasing
fiber length. Today, demonstrations using lengths as short as tens of meters [46] have been made
and we might expect this fibers to typically lie in band B. As a result, a further shortening of the
fiber might be expected (if PDG in the orthogonal pumped systems is a concern) or otherwise a
engineering fiber further for reduced birefingence might be motivated. The presented results
may provide new insights into exploiting and controlling the complex FWM dynamics in fiber
systems and will ultimately help advise future FWM system designs.
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