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ABSTRACT

A systematic investigation of the sound radiation of orthogonally stiffened plates
is presented using a numerical procedure that combines the finite element method with
the Rayleigh integral. Results are computed for stiffened plates with different numbers of
stiffeners, stiffener depth, and plate thickness to investigate the dependence on the most
important parameters. Differences between the radiation efficiency of stiffened plates
and unstiffened panels are seen. In the monopole region, the result depends on the mode
that dominates the response. For excitation within a bay, the radiation efficiency is
reduced to that of the single bay if the stiffeners are stiff enough. If excited on a stiffener,
the plate tends to radiate sound over its full surface area. In the short-circuiting region,
on average, the radiation efficiency is equal to that of a smaller bay-sized panel with
clamped edges, regardless of the excitation position. Results from the systematic study
of 120 numerical cases are used to develop asymptotic formulae for the radiation
efficiency of stiffened plates based on existing formulae for unstiffened panels. For all
tested configurations, the average difference between the formulae and the numerical
calculations was 0.3 dB over the whole frequency spectrum, with a standard deviation of
+1.5 dB. Between the frequency bands, the mean value varied between —2 and 3 dB,
with a standard deviation of up to +1.5 dB in the monopole region and up to £5 dB in
the short-circuiting region.

Keywords: Stiffened plates; sound radiation; radiation efficiency
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1. Introduction

Stiffened plates are commonly used in many structures as they can provide a
high strength-to-weight ratio. This makes them attractive in aeronautics applications,
e.g. in the fuselage of aircraft, but also in civil structures. The stiffeners alter the
dynamic properties of the plate and hence its ability to radiate sound [1, 2]. Although
stiffened plates have received wide attention in the literature, an easy-to-implement
model to estimate their radiation efficiency is still lacking. While for rectangular uniform
panels simple analytical expressions for the radiation efficiency are available, to the
authors’ knowledge an equivalent procedure does not exist for stiffened plates. The
development of a new engineering model for estimating the radiation efficiency of
stiffened plates is presented in this paper to overcome this gap.

The sound radiation efficiency of a structure can be written as [2]

w Rrad
o= — =
PoCoS{V?)  PoCoS

(1)

where W is the radiated sound power, p, and ¢, are the density and the speed of sound
in air, S is the surface area and (W) is the spatially averaged mean square velocity. The
radiation resistance R,,4 is the ratio of the radiated sound power to the mean-square
velocity.

In one of the first investigations of sound radiation from stiffened plates,
Maidanik [1] found that these were characterised by a larger radiation resistance than
unstiffened panels. He derived asymptotic formulae to predict the radiation efficiency of
simply supported unstiffened panels in an infinite rigid baffle, assuming high modal

densities. These formulae require knowledge of the material properties, the surface
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area and the perimeter of the panel and are divided into different frequency regions.
Important frequencies delimiting the radiation behaviour are the first panel resonance

and the critical frequency, the latter of which can be calculated as [2]

1/2

ey 2

T om

where u is the mass per unit area and D the bending stiffness of the plate.

A panel radiates most efficiently around and above its critical frequency, with
values of o exceeding unity. Between the first panel resonance and the critical
frequency cancellation due to acoustic short-circuiting occurs; this frequency region can
be divided into the ‘corner mode’ and ‘edge mode’ regions [2]. Below its first natural
frequency, the panel responds according to its fundamental mode shape and, when
mounted in an infinite baffle, radiates sound like a monopole. This frequency range is
therefore known as the ‘monopole region’. For stiffened plates, Maidanik suggested
that the same formulae could be adopted by increasing the perimeter of the panel by
twice the length of the stiffeners. Only a few specific cases were addressed, for which an
exact solution was possible.

Comparable results for the radiation resistance of a simply supported panel in a
baffle were found by Wallace [3], who evaluated the far-field radiation of single plate
modes using the Rayleigh integral [4]. Leppington et al. [5] found that Maidanik’s
analysis gave an overestimation around the coincidence region and derived new
approximate formulae. The asymptotic formulae from the combined work of [1, 3, 5]
are commonly used for the prediction of the radiation efficiency of simply supported

panels. They give an estimate of the trend of radiation efficiency over frequency without
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considering modal behaviour. For simplicity, they will be referred to as Maidanik
formulae in this paper. While adapting Maidanik’s formulae to plates of very large
aspect ratio, Xie et al. [6] demonstrated that the cross-modal contributions can be
neglected when considering an average over several excitation positions.

In modelling stiffened plates, narrow stiffeners may be represented by pinned
line supports. According to Egle and Sewall [7], this is a suitable assumption if the width
of the connection between the stiffener and the plate does not exceed the plate
thickness. However, this may not be adequate in a realistic stiffened plate.

In literature, e.g. [8-11], stiffened plates are commonly represented by a system
of flexible beams coupled to a plate, which allows for analytical formulations of an
idealised stiffened plate. Du et al. [11] investigated the vibration characteristics of
stiffened plates for different stiffener placements and plate boundary conditions and
verified results by comparison with other models (e.g. Dozio and Ricciardi [8]), and
measurements.

Heckl [10] suggested replacing the beam-stiffened plate with an equivalent
orthotropic plate unless the distance between adjacent beams is larger than one-
guarter of the bending wavelength. In [12], Heckl found pass- and stopband
characteristics in periodic arrangements of orthogonally aligned beams. Consequently,
wave propagation is possible in distinct frequency regions but highly attenuated in
others. Similar behaviour can be expected in a beam-stiffened plate.

Mace [13-15] studied the sound radiation of orthogonally stiffened plates for a

point force and the response due to an incident pressure field. Compared with the
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unstiffened panel, he found an increased far-field sound pressure for a given direction,
at frequencies where the acoustic wavenumber coincided with the wave propagation
constants of the infinite stiffened plate.

The sound radiation of stiffened plates is addressed by Fahy in [2]. Based on the
results of Mead [16], Fahy concluded that Maidanik’s results in [1] only roughly describe
the actual behaviour of stiffened plates. Further he mentions that treating a stiffened
plate as a set of smaller equally-sized panels would be tempting, but requires frequency-
dependent boundary conditions.

The finite element method (FEM) allows complex geometries to be modelled,
that cannot be solved analytically. Olson and Hazell [17] studied the vibration of
orthogonally stiffened plates using the FEM, showing reasonably good agreement
compared with measurements. Reynders et al. [18] investigated sound transmission
through rib-stiffened plates using the FEM and an equivalent orthotropic plate model.
The FE models produced accurate results after adjusting parameters using experimental
modal analysis, whereas the orthotropic plate was only acceptable at frequencies
corresponding to a few low-order modes. Compared with analytical models, the FEM
allows stiffened plates to be modelled more accurately.

Mencik and Gobert [19] used a wave finite element to model the vibration of
stiffened plates. They calculated the acoustic radiation of the rectangular plates in an
infinite rigid baffle by an elementary source representation.

The aim of this work is to use a systematic set of numerical calculations to

provide insight into the radiation efficiency of orthogonally stiffened plates. The results
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are used to derive a straightforward engineering model to estimate the radiation
efficiency of stiffened plates. The asymptotic formulae of Maidanik form the basis of this
model and empirical corrections are developed, which combine the influence of
important plate and stiffener parameters.

The remainder of the paper is structured as follows. The numerical procedure
adopted to calculate the radiation efficiency is presented in Section 2 and the results are
shown in Section 3 for different stiffening configurations. In Section 4, the influence of
the plate and stiffener stiffness on the radiation efficiency is investigated. In Section 5,
the influence of plate boundary conditions is addressed. Empirical corrections to allow
the radiation efficiency of stiffened plates to be estimated based on existing engineering

formulae are proposed and verified in Section 6.

2. Methodology

In this section, the methodology used to calculate the vibration and radiation
efficiency of the stiffened plates is outlined. Numerically calculated modes are
combined with the Rayleigh integral to determine the sound radiated by the plate and

obtain its radiation efficiency.

2.1. Free Vibration

An FE model of a stiffened plate has been implemented in COMSOL Multiphysics
5.4 to obtain the natural frequencies and mode shapes from a free vibration analysis.
The plate and the stiffeners are modelled using shell elements, with the stiffeners

connected to one side of the panel. The stiffeners have a C-shaped cross-section, and
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they are connected to the panel by joining shell elements together. This approach
represents the connecting strip between the stiffener and the plate more accurately
than a beam model and can include cross-sectional deformation of the stiffener [18].
Clamped boundary conditions are applied to the plate edges, while the stiffener ends
are left free. The structure is discretized using triangular elements with a minimum of
four second-order elements per structural wavelength [20]. The element size was
determined by the highest frequency of observation, which was set to 10 kHz. For
consistency between different stiffener configurations, the mode shapes were sampled
on a regularly spaced point grid on the plate. An example of the FE model with the mesh

and the sampling grid is illustrated in Fig. 1.

2.2.  Forced vibration

Using the natural frequencies and mode shapes obtained from the FE model, the
plate velocity amplitude at the i-th sampling position due to a harmonic point force of
circular frequency w at the k-th forcing position can be calculated using a modal

summation [2]

N

. lpnilpnk
= A, F,, 3
w0 ) e G

n=1

where j = v/ —1 is the imaginary unit, 1,, the mass-normalized mode shape of the n-th
mode at the i-th or k-th sampling position on the plate, w,, the corresponding natural
angular frequency and n the damping loss factor. In the remainder of this paper results

are reported for a unit amplitude point force applied to the k-th position (F), = 1 N),
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making the velocity equivalent to the mobility. The force is always assumed to be acting
on the side of the plate without stiffeners.
The spatially averaged mean-square velocity of the plate, which is used to

calculate its radiation efficiency, is determined by [2]

— 1 (1
0 = o5 | Z el dxa @)

where a and b are the length of the plate in the x-direction and y-direction, S is the

surface area of the plate and v is the velocity normal to the plate surface.

2.3. Radiation efficiency

The sound radiation is calculated by assuming that the plate is mounted in an
infinite rigid baffle with the radiating side being the one without stiffeners. The sound
pressure can be obtained using the Rayleigh integral [4], and discretizing the plate into
small equally-sized piston radiators of area AS = AxAy [2]. They are chosen so kAx < 1
and kAy < 1, where k is the acoustic wavenumber. The corresponding coordinate
system is illustrated in Fig. 2.

The sound pressure field can be calculated as [2]

P(X) = Z(x,[x)v(xo), (5)
where p contains the pressures at all acoustic field points, v the normal plate velocities
obtained from the sampling grid of the FE model and Z is an impedance matrix of terms
that link the plate velocities at X, to the sound pressures at X. The impedance term that

links the i-th elemental source with the j-th receiver is defined as [2]
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Zij(w) = iwpom
ij

AS;, (6)

where py is the density of air, R;; is the distance between the i-th and j-th element, and
AS; is the surface area of the i-th element of the plate.
The acoustic power is approximated by a discrete integration of the far-field

intensity over the small surface elements associated with each receiver as [2]
|2

J
W=y il s, (7)
=t 2poco

where AS; is the surface area of the j-th receiver, with AS; = rjz sin 6; AG;A¢; on a

hemisphere.
Finally, the radiation efficiency of the plate can be obtained from Eqg.(1). The

spatially averaged radiation efficiency is calculated as [21]

_ w
0O =——, (8)

Pocoab(ﬁ)

where (v2) and W indicate an average over various forcing positions.

2.4. Parametric study

Stiffened plates are considered here with a regular stiffener spacing. The center
line of the stiffeners is aligned at an equal distance and all C-shaped stiffeners are
oriented in the same direction. Due to the non-centered web that connects the two
flanges, the stiffened plate is not symmetric. The stiffeners divide the panel into smaller

sections, or ‘bays’.
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Four different stiffening configurations are studied, with increasing numbers of
stiffeners, as shown in Fig. 3. They will be referred to as ‘Cases’. For each of the cases,
three different plate thicknesses and ten stiffener depths are considered, while
maintaining the plate surface area. In total, therefore, 120 configurations of stiffened
plates are studied. Twenty forcing positions are used, distributed in the bay regions and
on the stiffeners, to obtain average radiation efficiencies. As the topography of the plate
varies for each case, the forcing positions were adjusted to keep similar numbers of
positions on the stiffeners and in the bays in each case. The parameters adopted in the

numerical studies are listed in Table 1.

3. Sound radiation for different numbers of stiffeners

The effect of the number of stiffeners attached to a thin plate on its radiation
efficiency is first evaluated for different forcing positions. The depth of the stiffeners is
set to 40 mm in this section, and a relatively thin plate of 1.5 mm thickness is used to
emphasise the effect of adding the stiffeners.

For each case, the average radiation efficiencies are obtained by averaging over
the forcing positions on the bays and stiffeners separately, as marked in Fig. 3. These
two excitation configurations are analysed separately, as the frequency response (not
shown here) showed significant differences in magnitude and number of resonances in
the response depending on the position of the forcing points. The low-order modes of
stiffened plates occur in clusters with several modes in a narrow frequency range, but
their contribution to the response depends largely on whether the forcing pointis on a

stiffener or in a bay between stiffeners. As an example, the radiation efficiencies of
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Case 3 are presented in Fig. 4 (in the form of radiation index L, = 10log,, ). They are
compared with the unstiffened panel and a smaller panel of size equal to a single bay
with clamped edges.

In the low-frequency monopole region, the radiation efficiencies rise at
20 dB/decade (~f?) up to the frequency of the fundamental mode. This natural
frequency is increased from around 30 Hz for the unstiffened panel to 260 Hz in the
presence of the stiffeners. In the monopole region, the stiffener-excited plate follows
the trend of the unstiffened panel, whereas radiation efficiency is lower and close to the
bay-sized unstiffened panel when excited in the bays. This behaviour is a consequence
of the mode type that dominates the low-frequency response. In the case of bay
excitation, a “plate-dominated” mode responds, where the stiffeners remain mostly
rigid and restrict the motion to the excited bay. For stiffener excitation, a “stiffener-
dominated” mode determines the response, with the stiffeners imposing displacement
over the whole plate. The response shapes for the unstiffened panel and stiffened plate
are added in Fig. 4 for a single excitation position on a stiffener and in a bay to highlight
this behaviour.

In the short-circuiting region, the radiation efficiency of the stiffened plate is
similar for both forcing locations and agrees closely with that of the smaller clamped
panel with the size of a single bay. Due to the stiffeners, the bays radiate sound more
independently in this frequency region. Above the critical frequency (8 kHz for this

thickness) all the results converge towards unity or 0 dB.
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The results of Cases 1-4 are presented in Fig. 5. They are shown in a one-third
octave band frequency resolution to allow differences to be seen more clearly. Although
the general trends are similar to those seen in Fig. 4, there are substantial differences
between the radiation due to bay excitation in Fig. 5(a) and stiffener excitation in Fig.
5(b), particularly at low frequency.

For bay excitation, Fig. 5(a), as the number of stiffeners is increased, the
monopole region extends to higher frequencies due to the higher fundamental natural
frequency. Moreover, the radiation efficiency in this region is reduced in proportion to
the ratio of bay-to-plate surface areas Sbay/S. This is demonstrated in Table 2, where
the reduction in the monopole region at the example frequency of 10 Hz is estimated
correctly within +0.5 dB by the ratio Sbay/S. In the short-circuiting region, the radiation
efficiency increases if the bay surface area is reduced. This is also demonstrated at an
example frequency of 2 kHz in Table 2. However, the radiation efficiency can vary
strongly within the short-circuiting region due to the modal dips and peaks. Above the
critical frequency, the radiation efficiency of all the plates becomes similar to that of the
unstiffened panel.

For stiffener excitation, Fig. 5(b), the radiation efficiency in the monopole region
is roughly equal to that of the unstiffened panel but the monopole-like behaviour again
extends up to higher frequencies. In the short-circuiting region, the results are almost
identical to those found for bay excitation.

The results show changes in the radiation efficiency of stiffened plates compared

with an unstiffened panel of the same thickness. The excitation position determines the
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low-frequency radiation of sound, which can be decreased to that of a monopole having
the size of a single bay only for excitation in a bay. At higher frequencies, the radiation

efficiency increases as the bay size decreases.

4. Effect of plate and stiffener flexibility on the radiation efficiency

The role of the plate thickness and stiffener depth, which define their respective
bending stiffness, is analysed in this section. The stiffened plate of Case 3 is first used to
assess both effects for some example configurations. Thereafter, the results of all 120

configurations are summarised in non-dimensional form.

4.1. Effect of plate thickness

The effect of the plate bending stiffness on the radiation efficiency is
investigated by increasing the thickness from 1.5 to 3 and 6 mm in the FE model, while
keeping the stiffener depth at 40 mm. The calculations are also performed for
unstiffened panels of the same thicknesses.

The radiation efficiencies of the 3 mm and 6 mm stiffened plates and unstiffened
panels are shown in Fig. 6; the 1.5 mm plate of Case 3 can be found in Fig. 5. In the
monopole region, both stiffened plates have the same radiation efficiency as the
unstiffened panel when excited on a stiffener. Considering excitation in the bays, the
radiation efficiency in the monopole region is significantly affected by the plate
thickness. The 3 mm plate is reduced by around 5 dB compared with the unstiffened
plate of the same thickness, while the 6 mm plate radiates almost unreduced. In the

case of the 1.5 mm plate, the reduction was 9-10 dB, i.e. the radiating surface
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corresponded to that of the bay. The low-frequency response of the thicker stiffened
plates is dominated by a fundamental mode, where almost the whole plate vibrates, like
an orthotropic plate. With increasing plate thickness, the vibration is less constrained by
the stiffeners. Hence, a surface area larger than the forced bay can radiate sound, which
explains the lesser reduction for bay excitation.

In the short-circuiting region, an increase in radiation efficiency can be seen
compared with the unstiffened panel and it is again similar for excitation in the bay and
on the stiffener. The critical frequency of the 3 mm plates is around 4 kHz and for the
6 mm near 2 kHz. The radiation efficiency of the 6 mm plate reaches unity (0 dB) already
below the critical frequency, due to the extended monopole region. Above coincidence,

the differences with the unstiffened panel vanish in each case.

4.2. Effect of stiffener depth

The effect of the stiffener flexibility on the radiation efficiency of the stiffened
plate is shown by comparing the radiation efficiency with stiffener depths hg between
20 and 100 mm for Case 3 with a plate thickness of 3 mm.

The results are shown in Fig. 7(a) for bay excitation. With increasing stiffener
depth, the radiation efficiency decreases in the monopole region, as the vibration
becomes increasingly constrained by the stiffeners, until it is restricted to a single bay.
This is analogous to the effect of reduced plate thickness for a constant stiffener depth,
as discussed in Section 4.1. For hy > 60 mm, the monopole-like trend of the radiation
efficiency extends beyond the first natural frequency. The first few modes of these

plates have lower natural frequencies than the other plates with hy < 60 mm and are
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304  associated almost entirely with the deformation of the stiffeners, which does not induce
305  significant motion on the surrounding bays. The dip around 400 Hz for hy = 100 mm
306 corresponds to a cluster of such stiffener-dominated modes. The short-circuiting region
307 effectively starts at the frequency of the first mode that principally involves vibration in
308 the plate. For hy, = 100 mm, this occurs above the 630 Hz band. Above 1 kHz, the

309 results converge to similar values, irrespective of the stiffener depth, owing to the

310 higher-order plate-dominated modes of the stiffened plate, which has the same

311 thickness and bay dimensions in the presented cases.

312 For stiffener excitation, Fig. 7(b), the main differences from bay excitation are
313  visible below the fundamental mode. For hy < 60 mm, the plates radiate as efficiently
314  as the unstiffened panel in the monopole region, as already shown in Fig. 5 and Fig. 6.
315  For deeper stiffeners, in the studied cases for hy > 60 mm, the radiation efficiency is
316 reduced from the unstiffened panel result. This occurs because higher-order modes
317  contribute significantly to the low-frequency response and the net sound radiation

318 decreases from the monopole efficiency, due to some cancellation effects. The

319 reduction is case-dependent but more pronounced for thinner plates, where the

320 stiffeners are relatively stiff compared with the plate.

321 4.3. The difference in the monopole region

322 The results in Sections 4.1 and 4.2 showed that changes in plate thickness or
323  stiffener depth have a large impact on the monopole region. This region extends to
324  higher frequencies for stiffened plates and can therefore be of more relevance than for

325 unstiffened panels.
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To analyse this phenomenon, the ratio of the radiation efficiencies a/a,
between the stiffened (o) and unstiffened plates (g,) was averaged over frequency
bands below the first mode. The results of Cases 1 and 4 are shown in Fig. 8 for different
plate thicknesses and stiffener depths. The horizontal axis represents the ratio EI,, /D of
the stiffener (EI,) to the plate (D) bending stiffness on a logarithmic scale. For bay
excitation, the results form two distinct groups according to the case considered. At
large values of E1,, /D, the results reduce to -6 dB for Case 1 and -10 dB for Case 4. This
corresponds approximately to 10 log;o(Spay/S)- For the stiffener excitation, the results
initially increase marginally with increasing E I, /D and then they start to drop at
different values of E1,, /D, causing a larger spread of the data. A misalignment between
the cases can be seen, which suggests that the ratios /0, and EI,,/D do not
sufficiently capture the overall trends.

To align the results vertically, a non-dimensional parameter y is established
based on the ratio /0. Table 2 and Fig. 8 showed that the maximum expected
reduction of radiation efficiency is equal to the ratio of the plate-to-bay surface areas.

Therefore, y is defined as

10logq0(0/0y)
y = , (9)
1010g10(S/Sbay)
which has a value of y = 0 for o = g5 andy = —1for 6/0y = Spay/S.

To align the results horizontally, the ratio E1, /D (which has units of metres) is
normalised by the total length of all stiffeners. For bay excitation, a better

representation is found when further normalising by the number of bays. This results in
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two additional non-dimensional parameters, 8 for bay excitation and /3 for stiffener

excitation, defined as

El
B = logy <—b>; (10)
D LsNbay
A El,
B = logyo (—D L, ), (11)

where L is the total length of all stiffeners and Ny, the number of bays.

The results from all 120 cases are summarized in this non-dimensional form in
Fig. 9. Compared with Fig. 8, a smaller spread of the data can be seen. Avalue of y = 0
indicates that the radiation efficiency equals that of the unstiffened panel, while for y =
—1 it corresponds to that of a bay-sized panel. Positive values are possible and denote
an increase compared with the unstiffened panel. For example, a change of y by £0.2
corresponds to a change in radiation efficiency of approximately +1 dB for Case 1
(largest bay size) and +2 dB for Case 4 (smallest bay size).

For bay excitation, Fig. 9(a), all the results merge into an inverted S-shaped curve
which can be broadly divided into three regions of 5. The data can be approximated by
an asymptotic function that consists of two constants and a linear function of the

normalised bending stiffness ratio 5. From curve fitting it is obtained as

0 for f < —0.52,
Yfit1 =3 —0.606 — 0.31 for —0.52 < < 1.14, (12)
-1 for § > 1.14.

The first region extends up to f < —0.52 with y = 0. It includes cases with thick
plates and relatively shallow stiffeners, where the plates tend to vibrate over their full

surface area due to stiffener-dominated modes. The second region, between 8 >
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—0.52 and f < 1.14, corresponds to a transition of the low-frequency behaviour from
stiffener-dominated to plate-dominated fundamental modes. Thus, y decreases
gradually with increasing 5. Both regions are well represented by Eq. (12). In the third
region where § > 1.14, the stiffeners are stiff enough to constrain the plate motion and
cause the first modes to be plate-dominated. Hence, the radiation efficiency is
equivalent to, or lower than, that of a single bay. Although the constanty = —1
adopted in Eqg. (12) deviates from the data, it is preferred here to give the physical
limitation of a single vibrating bay. The reduction is due to complex vibration patterns
arising from the interaction between the deep stiffeners and the thin plate. The
expected error is in the range of 1-3 dB for the four cases analysed.

For stiffener excitation, Fig. 9(b), the curve has a different shape and can be
divided into two regions of ,é To approximate the numerical data, an asymptotic
function that consists of two linear curves has been obtained from curve fitting as

0.018 + 0.08 for f < 1.80,
Yeitz = { (13)

—0.644 +1.25 for § > 1.80.
Up to ﬁ ~ 1.8, y increases slightly with increasing stiffness ratio, whereas there
is a decreasing trend starting from about [)3 > 1.8. This range includes cases with very
stiff stiffeners on a rather flexible plate. Although all the cases analysed present a
general decreasing trend with increasing ,@ in this range, the scatter is high. The plate
configurations with § > 1.8 are assumed to be rather extreme, and a common
behaviour is not found. Stiffened plates belonging to this region may need to be studied

on a case-by-case basis.
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In summary, changing either the thickness of the plate or the depth of the
stiffeners alters the low-frequency sound radiation of the stiffened plates. The more
constrained is the vibration of the plate, the smaller its radiating monopole surface area.
The radiation efficiency decreases from that of a plate vibrating over its whole surface
area roughly to that of a single bay, a trend that is found to be proportional to the ratio

of stiffener-to-plate bending stiffness.

5. Effect of structural boundary conditions

Further numerical calculations are presented in this section to demonstrate the
influence of the boundary conditions at the plate edges on the radiation efficiency of
stiffened plates. Some of the calculations initially performed with clamped edges are
repeated with simply supported edges. In support of this discussion and to introduce
approximations for the radiation efficiency of stiffened plates, the results obtained with
the Maidanik formulae, see Eq. (18a-d) in Appendix A, are used for comparison.

The results of Fig. 4 indicate that a clamped bay-sized panel may offer a more
suitable approximation for the radiation of stiffened plates in the short-circuiting region.
It is therefore necessary to adapt Maidanik’s formulae to the case of clamped edges.
This procedure is presented in Appendix A. To account for clamped edges, the
monopole region of Eq. (18a-d) is replaced with Eq. (19), and short-circuiting region with
Eq.(20).

In Fig. 10, the radiation efficiencies of two stiffened plates with either clamped
or simply supported boundaries are shown for bay excitation; the stiffening

configurations correspond to cases with § = —0.47 in (a) and § = 1.28 in (b). Results
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from the Maidanik formulae for a simply supported panel and a clamped panel are
added for comparison, using the fundamental natural frequency f; of the stiffened
plates and reducing the plate surface area and perimeter to that of a single bay for both
regions f < f; and f; < f < f.. Different observations can be made about the
behaviour in the monopole and short-circuiting regions.

In the monopole region, for configurations with y = 0, the stiffened plates tend
to vibrate over their full surface area, and the boundary conditions at the outer edges
can result in different radiation ratios. This can be seen in Fig. 10(a), where the simply
supported stiffened plate has a higher radiation efficiency than the clamped one. The
difference is only about 1 dB, which agrees with the results for unstiffened panels in
[21]. This result holds irrespective of the forcing position; an equivalent result was found
for excitation on the stiffeners. The approximation with the bay-sized panels does not
work in this frequency range. The results for the bay-sized panels jump at 250 Hz
because the monopole region is delimited by f; of the stiffened plates.

For the configurations characterised by y = —1, for example Fig. 10(b), the
boundary conditions at the plate edges have a less important role in the monopole
region. In these cases, the vibration is confined within the single bays and the radiation
efficiency of the whole plate is well represented by bay-sized panels. The simply
supported bay-sized panel would slightly overestimate the result for the stiffened plate
in the monopole region, suggesting the stiffeners add conditions to the bay that are

rather clamped-like.
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In both plates considered in Fig. 10, the efficiency in the short-circuiting region
remains similar for simply supported and clamped edges. In the corner mode region,
below 1 kHz where the radiation efficiency on average remains flat, the simply
supported bay-sized panel underestimates the stiffened plate result, while the clamped
panel gives on average a good estimation. In the edge mode region above 1 kHz, where
efficiency increases as frequency approaches the critical frequency, the clamped panel
also provides the better approximation. Around the coincidence, both bay-sized panels
converge to the same value.

In conclusion, a simply supported bay-sized panel is not well suited to
approximate the stiffened plate in the short-circuiting region, and a better solution is
found using clamped boundaries. The monopole region needs a correction that
accounts for the decrease of the radiating surface area of the plate, which is not in all

cases as simple as reducing it to the bay-sized panel.

6. Engineering formulae for radiation efficiency

Similar trends were found for the radiation efficiency of stiffened plates and
unstiffened panels. This allows the Maidanik formulae for unstiffened panels to be used
and adapted for the stiffened plates. Empirical corrections based on the results from the
previous sections are combined with the Maidanik formulae. The extended formulae are
tested over a wide range of configurations to establish the applicability of the

predictions.
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6.1. Correction in the monopole region

Considering the monopole region (f < f;), for bay excitation the trend of the
radiation efficiency shown in Fig. 9(a) can be approximated by Eq. (12) and for stiffener
excitation with Eq. (13), see Fig. 9(b). The values of the fitted asymptotic function y;;
can be used to derive a correction for the monopole region if stiffeners are added to the
plate.

Re-arranging Eq. (9) and using yg; from either Eq. (12) or Eq. (13), the change in
radiation ratio due to the introduction of stiffeners can be expressed as

ALy = 10log0(0/0p) = Vit 1010810(5/Sbay)- (14)
Hence, the radiation efficiency of stiffened plates in the monopole region

becomes

2 S —Vfit,i
o= ef<S (ﬂ) , (15)

> \' S
where i indicates that the excitation is either within the bays (i = 1) or on the stiffeners
(i = 2) and an additional factor ¢ is added to account for the boundary conditions on
the plate edges. If yg: = 0, the monopole radiation efficiency is calculated for a plate
radiating over its whole surface area, and for y5; = —1 the area of a single bay is used.
For simply supported plate edges, if y5: = 0, the value € = 4 should be used. Otherwise,
& = 3 of the clamped panel is more appropriate. However, the difference in radiation
ratio between € = 3 and € = 4 is only about 1.3 dB. This is usually small compared with
AL, and of lesser importance if the correct boundary condition of the bay edges is

uncertain.
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6.2. Correction in the short-circuiting region

A correction to account for the increase of the radiation efficiency in the short-
circuiting region (f; < f < f;) due to the presence of stiffeners is presented here. The
results from Sections 3-5 showed that, irrespective of the excitation position, the
radiation efficiency of the stiffened plate is increased when decreasing the bay size. On
average, regardless of the boundary conditions at the plate edges, the radiation
efficiency in the short-circuiting region was found to be reasonably well approximated
by that of a bay-sized panel with clamped edges. Thus, the radiation efficiency in the

short-circuiting region can be calculated by

1+a
B2 D XPpyy (1—a?)in(7=7)+2a (16)
7 O o2 Say 1 4TSy s (1— a?)3/2 '

where Py,y is the perimeter of a single bay, S,y is its surface area and the factor of X is
introduced in Eq. (21) in Appendix A to account for the radiation efficiency of clamped
edges in the edge mode region, while in the corner mode region the factor of 2 is

applied.

6.3.  Accuracy of the prediction based on proposed corrections

In this section, the extended Maidanik formulae with the corrections derived in
Sections 6.1 and 6.2 are tested against the more exact numerical calculations. In
summary, the extended asymptotic formulae to estimate the radiation efficiency of

orthogonally stiffened plates are given as
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EfZS Sbay —Yfit
oay f < fi,
Co? ( S ) orf<h
1+a
872 D XPyay 1-a®)In (1 — a) + 2a ] e
max COZSbay u ’4”25bayfc (1 _ 0(2)3/2 or fl f fc'
o= (17a-d)
Pfe (b\*
0.45 —(—) for f ~ f.,
o \a or f = fe
f -1/2
L(1 — 76) for f > f..

They apply to stiffened plates with clamped or simply supported boundaries and allow
predictions at a much lower computational cost than the full numerical procedure. The
delimiting value of f; needs to be obtained from an FE or analytical model of the
stiffened plate. In the monopole region, the value of yy;; is based on Eq. (12) for bay
excitation and Eq. (13) for stiffener excitation. In the short-circuiting region, the increase
relative to the simply supported unstiffened panel is accounted for by the factor X, see
Eqg. (21). The coincidence region and above were not adjusted.

The level differences in decibels between the results obtained from Eq. (17a-d) and the
numerical models are determined for the 120 configurations in each one-third octave
band. Over all 120 cases and all the frequency bands the average error has a mean value
of 0.3 dB with a standard deviation of +1.5 dB, while in single frequency bands the
mean value ranges from —0.3 and 1.1 dB and the standard deviation can be as large as
+3.5 dB. The engineering model of stiffened plates in Eq. (17a-d) tends to overestimate
the radiation efficiency slightly on average.

There are differences in the average error when the results are separated for different
plate thicknesses; this avoids overlapping the frequency regions below and above

coincidence. In Fig. 11 the error is shown as the mean values and a range of +/- one
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standard deviation per frequency band, separately for bay and stiffener excitation. The
minimum and maximum differences are also shown. Positive values denote an
overestimation compared with the numerical results.

Below 80 Hz, where the stiffened plates radiate as monopoles, the average error lies
within a band of 2 dB for each of the three different thicknesses. The standard
deviation is largest for the 1.5 mm plates for stiffener excitation, due to the larger
scatter of y in the region with [)3 > 1.8, where many of these plates lie. For the 3 and

6 mm plates the standard deviation is closer to +1 dB.

Between 80 Hz and 400 Hz, the stiffened plates have a transition from the monopole to
the short-circuiting region. Some plates are still radiating like monopoles, while others
are already in the short-circuiting region, where the error increases. In the short-
circuiting region, the mean value of the error lies between —2 and 3 dB. The standard
deviation varies for the three plate thicknesses and can be as high as +5 in case of the
1.5 mm plate. For the 3 and 6 mm plates it decreases to about +4 and +3 dB
respectively. The errors in this region are similar for bay and stiffener excitation. A
maximum error of 10-15 dB can be found in some frequency bands due to the modal
behaviour of the plate. Similar peak errors were identified in [21] for unstiffened panels.
Close to the critical frequency, the average error reduces and tends back to a value

around +1.5 dB. Above coincidence, the error vanishes, see Fig. 11(b,c).

7. Conclusions
The radiation efficiency of stiffened plates has been studied numerically using an

FE model and the Rayleigh integral. An extensive parametric study covered 120 different
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combinations of stiffened plates with different numbers of stiffeners, and varying
bending stiffness of both stiffeners and plate, to cover relevant parameter ranges.
Empirical corrections for the effect of stiffeners were determined from the numerical
data to expand existing asymptotic formulae for the prediction of the radiation
efficiency for application to stiffened plates in different frequency regions.

The radiation efficiency of stiffened plates differs from unstiffened panels; it
depends on whether the plate is forced on a stiffener or within a bay, on the flexibility
of the stiffeners and the plate, and the number of stiffeners. In the low-frequency
monopole region, for bay excitation the radiation efficiency depends on the ratio of
stiffener and plate flexibility. As this increases, the effective radiating surface gradually
reduces to that of a single bay and the radiation efficiency reduces correspondingly. For
stiffener excitation, the radiation efficiency follows that of the unstiffened panel, but in
rather extreme cases of very thin plates with deep stiffeners it can be reduced. These
trends are accounted for by an empirical correction derived from curve fitting through
results for 120 different stiffened plate configurations. In the short-circuiting region, the
radiation efficiency is increased in comparison with the unstiffened panel, regardless of
the excitation position. On average it is well approximated by an unstiffened bay-sized
panel with clamped boundary conditions. When the frequency approaches the critical
frequency, the radiation efficiency tends to that of the simply supported bay-sized
panel.

The error between the proposed engineering model and the numerical

simulations over all 120 cases has a mean value of 0.3 dB with a standard deviation of
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544  +1.5 dB over all frequency bands, which can be justified by the reduced calculation

545  time. In single one-third octave bands the mean value of the error lies between —2 and
546 3 dB. The standard deviation is largest in the short-circuiting region with variations up to
547 45 dB, while in the monopole region it reaches up to +1.5 dB. The error decreases near

548  coincidence and vanishes above the critical frequency.

549  Appendix A - Maidanik’s formulae for clamped panels

550 To approximate the clamped panel with Maidanik’s formulae, it was initially
551  suggested to multiply the result of the simply supported panel by a factor of 2 (+3 dB)
552  below the critical frequency [1]. This was found inadequate over the whole frequency
553  regionin [21], and overpredicts the results in the monopole region and near the critical
554  frequency. To adapt the Maidanik formulae to clamped panels, suitable corrections for
555 the monopole and short-circuiting regions are proposed here. The Maidanik formulae

556  for a simply supported panel, found in [22] and based upon [1, 3, 5], are given as

(4f2S
Co2 for f < f,
1+a
4w2p P (—a®)n(10g)+2a
max oS p ' Am2Sf, (1 — a?)3/2 forfi <f <fe
7= (18a-d)
P_fc b 1/4
0.45 |-2(2) for f = f.
Co \a Orf f;:
f -1/2
k(l B 76) for f > f,

557 where S is the surface area, P is the perimeter, a the longer and b the shorter side

558 length of the panel, f; the fundamental natural frequency and @ = /f/f;. In the short-

559  circuiting region (f; < f < f.), the first part approximates the corner mode region and
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the second the edge mode region. The value around the coincidence region, where f =
fc, is used to limit the radiation efficiency. These formulae are normally used in an

average sense with a one-third octave band resolution.

A.1 Monopole region

In the monopole region, where f < f;, a reduction of radiation efficiency was
found with clamped edges [21]. Due to the increased constraint, the effective radiating
surface area of the monopole reduces. An equivalent radiating surface area S, of the
clamped panel can be obtained by comparison with the simply supported panel. To
calculate S, the fundamental mode shapes have been numerically integrated over the
panel surface. The ratio of their squares, which is proportional to the ratio of sound
powers, gives S¢q ~ 3/4 S, and this is substituted into Eq. (18a). Thus, a more general

approximation of the radiation efficiency of an unstiffened panel is

_&f?S

19
s (19)

o

where simply supported edges have € = 4 and clamped edges € = 3.

A.2 Short-circuiting region

In the corner mode region, the radiation efficiency is well approximated by
Maidanik’s suggested factor of 2 (+3 dB) but this needs correction when approaching
the critical frequency in the edge mode region. This is addressed here in a simplified
way. Instead of the additional +3 dB, the increase is reduced by 1 dB per one-third

octave band in the two frequency bands immediately below the critical frequency. The
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corrected radiation efficiency in the short-circuiting region f; < f < f, can thus be

written as

1+a
gr2p xp (1—-a®)ln (m)‘FZ“

— 20
Co%S u ' Am?Sf, (1 —a?2)3/2 ’ (20)

0 = Imax

where X corresponds to a factor of 2 (+3 dB) well below the critical frequency (f < f;),

but closer to the critical frequency is reduced by 1 dB per band. It is given by
10310 for f < 10(nc=3)/10

2/10 — 10(ns.—2)/10
¥ = 10 for f = 10\ (21)

1010 for f = 10(nre=1)/10
L 1 for f = 10™/10
where ns_is the band number of the one-third octave band that includes the critical
frequency.

In Fig. 12 the numerical results obtained for the simply supported and clamped
unstiffened panels with 3 mm thickness are compared with the Maidanik formulae in
Eqg. (18a-d) for the simply supported panel and the clamped panel by using the
corrections proposed above. It shows that the monopole region is well approximated
with € = 3, to correct the radiating surface area of the clamped panel. In the short-
circuiting region, the factor of 2 with the additional roll-off below the critical frequency

captures the radiation efficiency of the clamped panel on average very well. Results for

different panel thicknesses gave similar agreement.
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Table caption list

bay excitation in the monopole region (10 Hz) and the short-circuiting
region (2 kHz). Also listed is the ratio of bay-to-plate surface areas
expressed in decibels

Table 1 Parameters used in the FE model and Rayleigh integral for numerical
calculations
Table 2 Change of radiation efficiency, relative to the unstiffened panel (o), for
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Figure caption list

Fig.

1

Finite element model of a stiffened plate with a zoomed view of the
sampling grid (dots) and the FE mesh adopted in the calculations

Fig.

Coordinate system used to evaluate the Rayleigh integral for a baffled
plate divided into small elemental sound sources of area AS;

Fig.

Stiffened plate configurations of Cases 1-4 with the 20 excitation
positions; O, bay positions; X, stiffener positions

Fig.

Radiation efficiency of the stiffened plate Case 3 compared with the
unstiffened panel; —, bay-excited stiffened plate; — — —, stiffener-excited
stiffened plate;- - - -, unstiffened clamped panel; — - —, unstiffened
clamped bay-sized panel

Fig.

Radiation efficiency of the stiffened plate Cases 1-4 compared to the
unstiffened panel for (a) bay and (b) stiffener excitation; ==, unstiffened
panel;—, Case1;----, Case 2; ———, Case 3; —- —, Case 4

Fig.

Radiation efficiency of Case 3 with a plate thickness of (a) h = 3.0 mm,
and (b) h = 6.0 mm and a stiffener depth of 40 mm compared to an
unstiffened panel of the same thickness; —, bay-excited stiffened plate;
— — —, stiffener-excited stiffened plate; - - - -, unstiffened clamped panel

Fig.

Radiation efficiency over frequency of Case 3 with a plate thickness of

3 mm and varying stiffener depth compared to the unstiffened panel for
(a) bay excitation and (b) stiffener excitation; ==, unstiffened panel; —,
hg =20 mm; - - - -, hy =40 mm; — — —, hy = 60 mm; — - —, hy, = 100 mm

Fig.

Change of radiation efficiency in the monopole region plotted against the
ratio of stiffener to plate bending stiffness for varying stiffener depth (20,
40, 60, 80, 100 mm) and plate thickness (1.5, 3.0, 6.0 mm); black, bay

excitation; grey, stiffener excitation; X, Case 1; O, Case 4

Fig.

Non-dimensional change in radiation efficiency in the monopole region
plotted against the non-dimensional ratio of stiffener and plate bending
stiffness for Cases 1-4 with varying plate thickness and stiffener depth for
(a) bay excitation and (b) stiffener excitation; 0, h = 1.5 mm; o, h =3
mm; A, h = 6 mm; ==, fitted asymptotic function Yrit; —— — limiting
values between the different regions

Fig.

10

Radiation efficiency of stiffened plates excited in the bay with different
boundary conditions and values of 8, (a) 8 = —0.47 and (b) § = 1.28;
=, clamped stiffened plate; = = =, simply supported stiffened plate; —,
simply supported bay-sized panel with Eq. (18a-d); - - - -, clamped bay-
sized panel with Eq. (18a-d) and the corrections from Egs. (19) and (20)
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Fig. 11 Differences of the predictions based on Eq. (17a-d) compared with the
numerical results (FE model with Rayleigh integral) for (a) 1.5 mm, (b)

3 mm, and (c) 6 mm plate thickness; L1, mean value (bay excitation); —,

error bars (bay excitation), +/- one standard deviation range; ®, mean
value (stiffener excitation); - - - -, error bars (stiffener excitation), +/- one
standard deviation range;— — —, minimum and maximum difference

Fig. 12 Radiation efficiency of an unstiffened panel of 3 mm thickness; ==,
clamped edges; = = =, simply supported edges; —, simply supported
approximated with Eq. (18a-d); - - - -, clamped approximated with
Eqg. (18a-d) and the corrections from Egs. (19) and (20)
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Tables

Table 1 Parameters used in the FE model and Rayleigh integral for numerical

calculations
Symbol Variable Value
a Plate length (x-axis) 0.8 m
b Plate width (y-axis) 0.6 m
h Plate thickness 1.5,3and 6 mm
W Stiffener width 20 mm
hg Stiffener depth 10, 20, ..., 100 mm
tg Stiffener thickness (flange & web) 3 mm
E Young’s modulus 71 GPa
p Density 2700 kg/m3
v Poisson’s ratio 0.3
n Damping loss factor 0.01
Po Density of air 1.21 kg/m3
Co Speed of sound in air 343 m/s
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Table 2 Change of radiation efficiency, relative to the unstiffened panel (o), for bay

excitation in the monopole region (10 Hz) and the short-circuiting region (2 kHz). Also

listed is the ratio of bay-to-plate surface areas expressed in decibels

Case 1 Case 2 Case 3 Case 4
1010g10(5bay/5) —6.1dB —7.8dB —9.3dB —10.3dB
10log,o(0/0y) at 10 Hz —6.6 dB —8.0dB —9.1dB —9.8dB
10log,o(0/0y) at 2 kHz 3.0dB 3.6dB 5.4 dB 6.4 dB

VIB-22-1370 Knuth 39



699

700

Figures

Fig. 1 Finite element model of a stiffened plate with a zoomed view of the FE mesh

and the sampling grid (dots) adopted in the calculations
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Fig. 2 Coordinate system used to evaluate the Rayleigh integral for a baffled plate

divided into small elemental sound sources of area AS;
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Fig. 3 Stiffened plate configurations of Cases 1-4 with the 20 excitation positions; O,

bay positions; X, stiffener positions
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Radiation efficiency, dB re 1

40t : :
10 10° 10° 10*
Frequency, Hz

Fig. 4 Radiation efficiency of the stiffened plate Case 3 compared with the unstiffened
panel; —, bay-excited stiffened plate; — — —, stiffener-excited stiffened plate;- - - -,

unstiffened clamped panel; — - —, unstiffened clamped bay-sized panel
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Radiation efficiency, dB re 1
Radiation efficiency, dB re 1

16 31.5 63 125 250 500 1k 2k 4k 8k 16 31.5 63 125 250 500 1k 2k 4k 8k
Frequency, Hz Frequency, Hz

(a) (b)
Fig. 5 Radiation efficiency of the stiffened plate Cases 1-4 compared to the
unstiffened panel for (a) bay and (b) stiffener excitation; ==, unstiffened panel; —,

Casel;.----,Case2;,———,Case3;,—-—, Case 4
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Fig. 6 Radiation efficiency of Case 3 with a plate thickness of (a) h = 3.0 mm, and
(b) h = 6.0 mm and a stiffener depth of 40 mm compared to an unstiffened panel of
the same thickness; —, bay-excited stiffened plate; — — —, stiffener-excited stiffened

plate; - - - -, unstiffened clamped panel
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Radiation efficiency, dB re 1

16 31.5 63 125 250 500 1k 2k 4k 8k
Frequency, Hz

(a)

Radiation efficiency, dB re 1

16 31.5 63 125 250 500 1k 2k 4k 8k
Frequency, Hz

(b)

Fig. 7 Radiation efficiency over frequency of Case 3 with a plate thickness of 3 mm and

varying stiffener depth compared to the unstiffened panel for (a) bay excitation and

(b) stiffener excitation; ==, unstiffened panel;—, hy =20 mm; - - - -, hy = 40 mm;

———, hy =60 mm; — - —, 100 mm
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Fig. 8 Change of radiation efficiency in the monopole region plotted against the ratio
of stiffener to plate bending stiffness for varying stiffener depth (20, 40, 60, 80,

100 mm) and plate thickness (1.5, 3.0, 6.0 mm); black, bay excitation; grey, stiffener
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(a) (b)

Fig. 9 Non-dimensional change in radiation efficiency in the monopole region plotted
against the non-dimensional ratio of stiffener and plate bending stiffness for Cases 1-4
with varying plate thickness and stiffener depth for (a) bay excitation and (b) stiffener

excitation; 0, h = 1.5 mm; 0, h =3 mm; A, h = 6 mm; ==, fitted asymptotic function

Yrit; —— — limiting values between the different regions
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Radiation efficiency, dB re 1

63 125 250 500 1k 2k 4k 8k
Frequency, Hz

(a)

10

Radiation efficiency, dB re 1

-30

63 125 250 500 1k 2k 4k 8k
Frequency, Hz

(b)

Fig. 10 Radiation efficiency of stiffened plates excited in the bay with different

boundary conditions and values of 5, (a) § = —0.47 and (b) f = 1.28; ==, clamped

stiffened plate; = = =, simply supported stiffened plate; —, simply supported bay-sized

panel with Eq. (18a-d); - - - -, clamped bay-sized panel with Eq. (18a-d) and the

corrections from Eqgs. (19) and (20)
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Fig. 11 Differences of the predictions based on Eq. (17a-d) compared with the

numerical results (FE model with Rayleigh integral) for (a) 1.5 mm, (b) 3 mm, and (c)

6 mm plate thickness; L1, mean value (bay excitation); —, error bars (bay excitation),

+/- one standard deviation range; ®, mean value (stiffener excitation); -, error bars

(stiffener excitation), +/- one standard deviation range;— — —, minimum and maximum

difference
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Radiation efficiency, dB re 1
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Fig. 12 Radiation efficiency of an unstiffened panel of 3 mm thickness; ==, clamped

edges; = = =, simply supported edges; —, simply supported approximated with

Eqg. (18a-d); - - - -, clamped approximated with Eq. (18a-d) and the corrections from
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