Gravitational waveforms for compact binaries from second-order self-force theory
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We produce gravitational waveforms for nonspinning compact binaries undergoing a quasicircular
inspiral. Our approach is based on a two-timescale expansion of the Einstein equations in second-
order self-force theory, which allows first-principles waveform production in tens of milliseconds. Al-
though the approach is designed for extreme mass ratios, our waveforms agree remarkably well with
those from full numerical relativity, even for comparable-mass systems. Our results will be invaluable
in accurately modelling extreme-mass-ratio inspirals for the LISA mission and intermediate-mass-
ratio systems currently being observed by the LIGO-Virgo-KAGRA Collaboration.

Introduction. The era of gravitational-wave astronomy
is upon us, with the LIGO-Virgo-KAGRA (LVK) Collab-
oration now routinely observing dozens of gravitational
wave signals. In its most recent release, LVK announced
the detection of 35 signals from the merger of compact-
object binaries seen during the second half of its most
recent observing run [IJ.

The majority of signals observed by LVK to date have
been well represented by existing modelling approaches
including numerical relativity (NR) [2], post-Newtonian
(PN) theory [3], the effective one-body (EOB) formal-
ism [4H7], NR surrogates [8, @], and phenomenological
models [I0HI2]. However, LVK is now beginning to see
glimpses of binary systems that push the limits of those
approaches. One signal, GW191219.163120, thought to
have come from the merger of a ~ 1 : 26 mass ratio bi-
nary, was outside the region of parameter space where
existing models have been validated, and LVK concluded
that there may be systematic uncertainties in their re-
sults for that signal as a consequence [I].

In parallel to the efforts of the LVK Collaboration,
members of the LISA Consortium are preparing for the
space-based Laser Interferometer Space Antenna [I3],
which will be sensitive to low-frequency, millihertz grav-
itational wave signals outside of the LVK sensitivity
band. LISA will observe new categories of sources in-
cluding supermassive black hole binaries—involving a
pair of comparable-mass supermassive black holes—and
extreme-mass-ratio inspirals (EMRIs)—consisting of a
stellar-mass compact object in orbit around a supermas-
sive black hole [I4]. EMRISs, in particular, are expected to
be well outside the range of mass ratios and orbital con-
figurations accessible to existing waveform models used
by the LVK Collaboration.

The primary method of modelling EMRIs is the gravi-
tational self-force approach [15] [16], which solves the Ein-
stein field equations using an expansion in powers of the
mass ratio € = ma/my < 1, where m; and mso are the

binary’s constituent masses. At zeroth order in e, the
companion moves on a geodesic of the primary’s space-
time, and at higher orders it experiences a self-force that
drives its inspiral. It is widely expected [I7, [18] that this
expansion must be carried to second order in € to achieve
the necessary accuracy for LISA. That expectation is mo-
tivated by the fact that over an inspiral, the gravitational
waveform phase has an expansion of the form [16, 9]

¢ =¢"po+ep1 + Ofe). (1)

The “adiabatic” (0PA) term ¢o involves dissipative ef-
fects of the first-order self-force (along with geodesic ef-
fects), and the “first post-adiabatic” (1PA) term ¢ in-
volves dissipative effects of the second-order self-force
(along with first-order conservative effects). The 1PA
contribution to Eq. is nonnegligible for all mass ratios,
but the O(e) error term (which would involve third-and-
higher-order effects) is negligible for sufficiently small
€, suggesting that second order is both necessary and
sufficient for EMRI modelling. Recent estimates have
suggested second-order, 1PA models may even suffice
to cover much of the non-extreme binary parameter
space [20, 21], further motivating the pursuit of such
models.

In this Letter we present the first-ever calculation
of these 1PA waveforms, incorporating all significant
second-order contributions for nonspinning binaries in
quasicircular orbits. Our model also performs remark-
ably well for more comparable mass ratios, broadly vali-
dating the predictions of Ref. [20].

Our model assumes the larger body is a nonspinning
black hole, while its companion can be any (nonspinning)
compact object. We use geometrized units with G =
¢ = 1. We also define the large mass ratio ¢ = 1/e and
symmetric mass ratio v = mlmg/Mz7 where M = mq +
mes is the total mass. Our method begins from expansions
in powers of € at fixed my, but we consistently re-expand
our results in powers of v at fixed M. This restores in
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FIG. 1. 1PAT1 waveform for a mass ratio 1 : 10 nonspinning binary (orange). Also included for comparison is the waveform
for the same binary produced using an NR simulation (black) [22]. The inset shows a zoomed region near the merger and also
shows the corresponding 0PA waveform (blue). The waveforms are aligned in time and phase at ¢ = 320M, where 1/x ~ 13.83.

the perturbative solution the inherent discrete symmetry
of the full solution under the interchange m, < mso of
the two bodies [23], and yields the most accurate results
in the comparable-mass regime [20] 24H33].
Two-timescale expansion. We utilize the second-order
self-force framework developed in Refs. [34H45], building
particularly on the two-timescale expansion in Ref. [42]
and the results reported in [40, [47]. A detailed expla-
nation of our model is given in Ref. [48], so we restrict
ourselves here to a summary of the most pertinent points.
The model treats € as a small parameter, decomposing
the spacetime metric as gng = gap + hag, Where gup
is the Schwarzschild metric of the large black hole and
hap ~ €. The perturbation is expanded through order €

in terms of slowly evolving amplitudes hg};m) and oscil-

latory phase factors e=""%»,

oo

hos = Z [ehsﬁ’m)(JA,xi) + ezhgém)(JA,a:i)] e~ imop,

m=—00
| (2)
where 2" = (1,0, ¢) are spatial coordinates.

All time dependence is encoded in the parameters
Ja = (mq,2)—the black hole’s mass and the compan-
ion’s orbital frequency Q := d¢,/dt—and in the orbital
phase ¢,. J4 slowly evolves due to gravitational-wave
emission and absorption; in this evolution, an nPA ap-
proximation includes all terms contributing through or-
der €"t1.

The amplitudes hggm) are determined by using sepa-
ration of variables to decompose the first- and second-
order Einstein equations into radial ordinary differen-
tial equations for the spherical-harmonic modes of hg};m)
[37, 38, 42]. After solving on a grid of J,4 values and stor-
; (n,m) : .
ing h,, g, wecan rapidly generate waveforms by solving
evolution equations for J4 and ¢, and evaluating Eq. ([2)
at future null infinity.

1PA equations of motion. Although the evolution of
my (and of the black hole’s spin, which slowly grows to
~ ¢) formally appears at 1PA order, the effects are nu-
merically subdominant [49] so we choose to neglect them.

We thus only need to consider the evolution of the orbital
frequency, 2. We determine an equation for d)/dt by
employing an energy balance law, combining the results
of [46] [47] for the flux F, of gravitational-wave energy
to infinity and the binding energy Eping(Ja,m2). Tak-
ing a time derivative of Epina(Ja, m2) and rearranging,
we obtain a set of orbital evolution equations,

-1
e <8Ebind> 7, doyp 0

dt EIY) dt ’ (3)

where F = Fo + 62]:7({1), and 62]:7(_[1) = dmy/dt + O(€3)
is the standard leading-order energy flux into the black
hole [50H52]; other than this contribution to the balance
law, m1’s evolution is a strictly 1PA effect, and we hence-
forth treat m, as constant. A full discussion of Eq.
and its neglect of numerically small 1PA effects can be
found in Sec. IIB of Ref. [45].

The flux and binding energy are computed from the

amplitudes hg;m) [46], [47). We expand them in powers

of v at fixed M as F = 2F W) (2) 413 FL) (2)+O(v*) |7
and Eping = vM [Eo(x) + vEgp(z) + (’)(1/2)] [46], where
r = (MQ)?/? is a dimensionless measure of the inverse
separation, FM(z) = F&(z) + .7-"7({1)(33)7 and Ey(z) =
(1—2x)//T = 3z —1. The self-force contribution Fgp(z)
to the binding energy is evaluated using the prediction
from the first law of compact binary mechanics [29] 53],
which provides an excellent approximation over the en-
tire inspiral phase [46]. Here and below, a numerical su-
perscript (n) indicates a quantity computed from h((fﬂ/’m)
up to n’ = n, while a numerical subscript n denotes the
PA order at which a quantity contributes. Fully expand-
ing Eq. in powers of v, we then arrive at our first
time-domain post-adiabatic (1PAT1) model for the or-
bital evolution,

dS) v

B = R@vRE], D=0

dt

where Fy(z) = a(x)FM(z) and Fy(z) = a(f)}—ég)(x) -



a(x)2FD (2)dg Bsp, with Q =
—(0Eo /o)~

Eq. can be rapidly integrated to generate a tra-
jectory, but the 1PAT1 model has the disadvantage of
requiring the mass ratio to be chosen before solving
the equations of motion. An even more efficient ap-
proach is to expand the orbital phase and frequency as
op(E,v) = v [p0() + vo1 (D) + O02)] and Q(F,v) =
Qo(t) + qu( ) + O(v?), where t := vt. Substituting
this into Eq. (4) and re-expanding, we obtain a second
time-domain post—adiabatic model (1PAT2), comprising
a hierarchical sequence of equations in which the depen-
dence on the mass ratio has been fully factored out,

MQ and a(z) :=

d% _ Fo(zo)  dgo _
dt M?

dQ 1 d
= 1 Filan) + Qudn Folao)], 2

_Qla( )

where xy := (MQO)2/3. These can be integrated in ad-
vance, and their solutions stored, without specifying a
mass ratio. Trajectories can then be immediately gener-
ated for any given mass ratio.

Although 1PAT?2 has an advantage in terms of com-
putational efficiency, comparisons with NR reveal that
1PAT1 has a distinct advantage in terms of accuracy.
This is typical of asymptotic methods: expansions at
fixed values of determinative dynamical variables (2 in
this case) are more accurate than expansions at fixed
values of extrinsic time parameters (¢ in this case). The
1PAT2 model also breaks down earlier in the inspiral than
1PAT1, as it directly involves the relationship (%) of an
adiabatic model (OPA, given by the equations for Qy and
¢o alone), which for comparable-mass binaries becomes
singular significantly earlier than the 1PAT1 model.

In addition to time-domain waveforms, the two-
timescale approach naturally lends itself to the produc-
tion of frequency-domain waveforms. Writing ¢;,(2) =
Q/Q/(t), substituting in the 1PAT1 equations for ' (¢),
and re-expanding in v, we arrive at a frequency-domain

post-adiabatic (1PAF1) model: ¢, = v '[po(Q) +
v$1(Q) + O(v?)], where
ddo  M?Q  dp;  MPQF(x) 6
E - F()({,E)’ E - Fo(l‘)2 ’ ( )

This combines the accuracy advantage of 1PAT1 with
the efficiency advantage of 1PAT2. Moreover, frequency-
domain waveforms can be especially convenient for data
analysis purposes [54].

Waveform. In order to extract a waveform from
our post-adiabatic models we write the strain in terms
of a certain tetrad component of our metric perturba-
tion, h = hy — ihyx = limy oo y7hmm Where m® =
ﬁ(0,0,L—i cscd). Decomposing into spin-weight —2
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FIG. 2. Top: Waveform amplitude for a mass ratio 1:10 non-
spinning binary for a set of spherical harmonic modes. Also
included for comparison is the same waveform produced using
an NR simulation [22] (black). Bottom: Relative error in the
waveform amplitude for the (¢,m) = (3,3) and (5,5) modes
with (red and orange) and without (purple and light blue)
re-summation.

spherical harmonic (¢,m) modes and expanding in the
symmetric mass ratio yields

22 dh} .
ham = {vhip + v |, + hio) = = | hemimen (1)

where h(n) = h(n)( ) is the asymptotic amplitude from
Eq. . ie., the (£,m) mode of lim,_ m—hﬁ%’”],
evaluated at Jy = (M 0,Q). In 1PAT?2, the ampli-
tudes are further expanded as h(n)( ) = hg;)( 0) +

V00, b1 (o) + Ow?).

Results In Fig. [1] we plot the real part of the 1PAT1
waveform for a mass ratio ¢ = 10 binary (similar plots for
mass ratios ¢ = 1, 4, 6 and 9.2, as well as a comparison
with a post-Newtonian waveform, are given as supple-
mental material). Our waveform (orange) agrees remark-
ably well with an equivalent waveform produced using
an NR simulation (black) until very close to merger, at
which point the assumption of adiabaticity breaks down.
In contrast, a 0PA waveform (shown in blue in the inset)
produced using only the leading-order-in-v contributions
falls badly out of phase much earlier.

Decomposing the complex waveform modes into a
(real) amplitude and phase, we see from Figs. [2[ and
that both are well captured by our model. This con-
clusion holds not only for the dominant (¢,m) = (2,2)
mode, but also for higher modes. For the (2,2) mode
with ¢ = 10 we find that the phase error is less than 0.2
radians and the amplitude error is essentially unmeasur-
able (i.e. is less than uncertainties in the NR simulation)
until ~ 4 waveform cycles before merger.

The bottom panel of Fig. [2]shows that the odd-m mode
amplitudes agree slightly less well with NR results. This
can be traced to our perturbative solution’s failure to
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FIG. 3. Phase difference between 0PA (blue) / 1PAT1 (or-
ange) and NR waveforms for mass ratios 1:1, 1:4, 1:6, 1:9.2
and 1:10 (in order from top to bottom) binaries for the
(¢,m) = (2,2) mode. The markers indicate the point on the
waveform 32 (upside-down triangles), 16 (squares), 10 (dia-
monds), 6 (triangles), and 4 (circles) cycles before merger.

capture the inherent discrete antisymmetry of the odd-m
modes under the interchange mi <> ms of the two bod-
ies, as is fully explicit in PN waveforms [3] 55]. We can
restore that antisymmetry by multiplying and dividing
by (m1 —ms)/M = /1 — 4v, re-expanding the denomi-
nator, and truncating at order v? to obtain amplitudes
V1-— 4Z/[Vh§2 + V2(h§2 + 2h§2)]. This “resummation”
yields the small but appreciable improvement in accuracy
seen in the bottom panel of Fig. (However, we stress
that no resummations are used in any other figures.)

As an alternative to computing the phase difference
as a function of time as a measure of accuracy of our
waveform, it is useful to compute the dimensionless adi-
abaticity parameter /w? or its inverse [56]. When this
parameter becomes large, the orbit is evolving rapidly
and our adiabatic assumption breaks down. The inte-
gral of its inverse, w? /&, with respect to logw yields the
accumulated phase so this is an indirect measure of the
phase accuracy of our waveforms. By plotting the adia-
baticity parameter as a function of waveform frequency,
w, we completely eliminate the sensitive dependence of
the comparison on any particular choice of point at which
to align the phase and frequency of two waveforms. Fig-
ure [@ shows the inverse adiabaticity parameter computed
in NR and the 1PAT1 model as a function of w (on a log-
arithmic scale) for a range of mass ratios. We see that
NR and 1PAT1 agree very well until just a few wave-
form cycles before merger, at which point the adiabatic
assumption has broken down and we have no reason to
trust our two-timescale models.

We can also internally assess the accuracy of our mod-
els by comparing each of our three models for the orbital
phase (OPA, 1PAT1, and 1PAT2). Figure [5| shows the
result of this comparison for a range of small mass ratios
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FIG. 4. Comparison of w?/& between NR. [57H60] (solid lines)
and 1PAT1 (dashed lines) waveforms for the (¢,m) = (2,2)
mode for a set of mass ratios. The markers are as in Fig.
The inset shows the difference in &/w? between NR and
1PAT1 scaled by v=3. A low-pass filter was applied to the
NR data to eliminate high-frequency numerical noise; ver-
sions without the filter applied are shown in light gray.
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FIG. 5. Orbital phase difference as a function of orbital fre-
quency comparing 0PA against 1PAT1 (overlapping dashed
curves), 1PAT2 against 1PAT1 (solid curves), and 1PAF1
against 1PAT1 (dotted curves).

that are outside the reach of current NR simulations.
Although these do not tell us about the absolute error
in our models, the comparison does solidify the notion
that OPA waveforms are totally inadequate. So-called
“kludge” models often used for EMRI data analysis [61]
are even less accurate, as they represent approximations
to the OPA waveform. Our faster 1IPAT2 model agrees
modestly well with the 1PAT1 model, with the agree-
ment improving with mass ratio, as expected given that
the difference between the models is O(v). However, if
one is interested in phase accuracy within a fraction of a
radian close to the test-particle innermost stable circular
orbit (ISCO), it is clear that the 1PAT2 model will only
be useful in that case for ¢ 2 50 000.

Finally, we highlight the speed of waveform generation



within our setup. The functions on the right-hand side
of the 1PA equations of motion are non-oscillatory and,
as such, the ordinary differential equations in Eqs. (4))-
@ can be numerically integrated very rapidly, on the
order of milliseconds. The waveform is then constructed
by evaluating Eq. at the relevant sample times and
summing over spherical harmonic modes. It was recently
shown that for waveforms containing orders of magnitude
more modes than appear in our quasi-circular setup this
summation and sampling step can be performed in a OPA
model in few hundred milliseconds for, e.g., year-long
EMRI waveforms containing ~ 3.15 x 105 time steps [62}
63]. The structure of the equations at 1PA is the same
as at OPA, so 1PA waveform generation is just as rapid.

Conclusions. The waveforms computed in this work
represent the first major result in a programme to pro-
duce post-adiabatic waveforms for compact binaries. Al-
though restricted to the case of nonspinning systems and
quasicircular orbits, it is nonetheless likely that these
waveforms will be useful in their own right. The LVK
Collaboration has begun to observe systems with mass
ratios well outside the comfort zone of existing waveform
models [I], while at the same time being well within the
range of validity of our post-adiabatic model.

There are several natural future directions in which to
take this work. These primarily revolve around treating
more generic configurations, for example where one or
both of the compact objects are spinning, or where the
orbit may be eccentric and/or precessing. Another im-
portant area of improvement is the treatment of the very
last stages of the waveform. Our adiabaticity assumption
breaks down as the system approaches the ISCO, where
we must transition to a plunge model [64H67] followed by
a quasinormal mode ringdown [68].

Improvements might also be made to our 1PA inspi-
ral model. We have three sources of uncertainty in our
1PA evolution equations: our use of the first-law binding
energy, our neglect of 1PA effects of the primary black
hole’s evolution, and our neglect of the 1PA horizon ab-
sorption Fgf ). These are analyzed in detail in Ref. [43].
While their impact is small, it is potentially nonnegligi-
ble. In future work we will eliminate them by using the
second-order dissipative self-force and the full set of 1PA
evolution equations [42].
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