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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES

School of Electronics and Computer Science

Thesis

Online Learning in the Presence of Strategic Adversary

by Le Cong Dinh

ORCID: 0000-0002-3306-0603

This thesis offers a comprehensive exploration of the online learning problem in which

an agent needs to strategise against a strategic adversary (also known as a no-regret

adversary). Through examination of three interrelated settings, we have devised novel

algorithms that achieve improved performance guarantees and last round convergence to

the Nash Equilibrium both in theoretical and empirical contexts. Our findings open the

door to further investigation of complex problems in online learning and game theory,

where strategic adversaries play a crucial role in a multitude of applications.

In the first of the three main chapters comprising our study, we examine the prob-

lem of playing against a strategic adversary under a two-player zero-sum game setting.

In this scenario, we introduce a new no-dynamic regret algorithm, namely the Last

Round Convergence of Asymmetric Games (LRCA), that achieves last round conver-

gence to the minimax equilibrium. Building on this work, the second main chapter

investigates the more general problem of online linear optimization and proposes several

new algorithms, including Online Single Oracle (OSO), Accurate Follow the Regular-

ized Leader (AFTRL), and Prod-Best Response algorithm (Prod-BR). These algorithms

achieve state-of-the-art performance guarantees against a strategic adversary, such as

no-forward regret and no-dynamic regret. Additionally, we show that a special case of

AFTRL, the Accurate Multiplicative Weights Update (AMWU), can achieve last round

convergence to the Nash equilibrium in self-play settings. In the third and final main

chapter, we extend our results to the challenging setting of Online Markov Decision

Processes (OMDPs), which have many significant applications in practice. Here, we

propose two new algorithms, MDP-Online Oracle Expert (MDP-OOE) and Last Round

Convergence-OMDP (LRC-OMDP), that achieve no-policy regret and last round con-

vergence to the Nash equilibrium, respectively, against a strategic adversary.
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Nomenclature

Chapter 2: Last Round Convergence to NE Against Strategic Adversary

A payoff matrix in the zero-sum game

T number of rounds in the repeated game

n number of pure strategies for the row player

m number of pure strategies for the column player

xt mixed strategy of the row player at round t

yt mixed strategy of the column player at round t

∆n the n−dimensional simplex

(x∗,y∗) the minimax equilibrium of the two-player zero-sum game
⊤ vector transpose

v minimax value of a two-player zero-sum game

RE(.∥.) the relative entropy or K-L divergence

DRT dynamic regret

µt learning rate at round t

ei unit-vector with 1 at the i−th component

∥.∥ norm of a vector

∥.∥∗ dual norm of ∥.∥

Chapter 3: Achieving Better Regret Against Strategic Adversary

ft strategy of the learner at round t

F strategy domain of the learner

xt loss vector chosen by the environment at round t

exp() natural exponential function

T total number of rounds in play

n size of learner’s strategy

ai pure strategy of the row player at row i

cj pure strategy of the column player at column j

supp(.) support of a vector: number of non-zero elements

v value of the game
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2 NOMENCLATURE

(f∗,y∗) the Nash Equilibrium of the game

∥.∥p p-norm of a vector

Πt effective strategy set at round t

Π row player (i.e., the learner) ’s pure strategy set

C the column player’s pure strategy set

k size of the effective strategy set at the final time window

α exploiting rate

η learning rate

Mt prediction of the strategy of the environment (xt) at round t

DR(.,.) Bregman divergence with respect to R
R regularizer function

Chapter 4: Online Markov Decision Processes Against Strategic Adversary

L size of adversary’s pure loss vectors

∆L the action space of the adversary: a simplex of size L

A agent’s action space

|A| size of agent’s action space

τ mixing time constant

πt agent’s policy at round t

S state space

|S| size of the state space

P (.|.) transition model

P a
s,s′ probability of transitioning from state s to s′ by taking the action a

P (π)s,s′ probability of transitioning from state s to s′ by taking the policy π

lt(.) loss function at round t

dπt stationary distribution of policy πt (also denote dt)

dΠ stationary distribution set from all agent’s deterministic policies

∆dΠ the action space of the agent at each round: the simplex of size |dΠ|
vπ
t (x, a) the probability of (state, action) pair (x, a) at time step t

vt(x, a) (state, action) pair (x, a) distribution at time t when following

π1, π2 . . .

ηl(π) average loss of policy π with respect to the loss l

Qπ,l(s, a) accumulated loss of the agent at the (state, action) pair (s, a)

lπt
t the loss function at round t while the agent follows π1, . . . , πT

fπ
t the loss function at round t against the fixed policy π of the agent

P (π) state transition matrix

∥.∥1 l1 norm of a vector

v the minimax value of the zero-sum game



NOMENCLATURE 3

⟨ , ⟩ the dot product

E the expectation

supp() support size of a vector

(dπ∗ , l∗) the minimax equilibrium of the zero-sum game (also known as the

Nash Equilibrium)

Ti time window i

As
t effective strategy set in state s at time t

BR(.) best response strategy

(l̄) average loss function

k number of time windows

RE(.∥.) the relative entropy distance





Chapter 1

Introduction

Online learning and prediction of individual sequences have been extensively studied

in various fields, including game theory, operational research, and machine learning,

owing to their diverse applications in weather forecasting, financial stock analysis, on-

line advertisement placement, online web ranking, and classification (Cesa-Bianchi and

Lugosi, 2006; Shalev-Shwartz, 2012). The key idea is to predict the next element of

an unknown sequence given some knowledge about past elements and side information.

In the classical statistical theory of sequential prediction, researchers often rely on the

stationarity assumption, where the elements of the sequence are supposed to follow a

stationary stochastic process. Under this assumption, the past observations can be used

to estimate the statistical properties and then a prediction rule can be derived to achieve

a near-optimal strategy. Two popular algorithms that provably converge to the optimal

strategy are ϵ-greedy (Sutton and Barto, 2018) and Upper Confidence Bound (Auer

et al., 2002). However, the underlying mechanisms governing the elements of a sequence

in many real-world applications may be unknown, whether deterministic, stochastic or

adversarially adaptive, rendering the classical approach unsuitable. To address this is-

sue, researchers have proposed the prediction of individual sequences, which abandons

stochastic assumptions and treats the sequence elements as products of unknown and

unspecific mechanisms (Cesa-Bianchi and Lugosi, 2006). This approach has been exten-

sively studied, resulting in significant algorithmic advancements and relevant properties.

These algorithms offer robust performance in adversarial environments, ensuring that

on average, the agent does not perform worse than a baseline strategy in hindsight.

The most widely-used baseline is the best-fixed strategy in hindsight, with algorithms

satisfying this criterion referred to as no-(external) regret algorithms.

No-regret or no-external algorithms are widely used in the fields of online learning and al-

gorithmic game theory due to their attractive worst-case performance guarantees (Cesa-

Bianchi and Lugosi, 2006). These algorithms provably guarantee that the average payoff

of the strategies played will not be significantly worse than the best-fixed strategy in

hindsight, regardless of the encountered sequences. As a result, they are commonly

5



6 Chapter 1 Introduction

used in playing against adversaries, strategizing in unknown environments, or solving

two-player zero-sum games, leading to average convergence to a Nash Equilibrium (NE)

under self-play settings (Zinkevich et al., 2007; Cesa-Bianchi and Lugosi, 2006; Lanctot

et al., 2017). However, in order to maintain a small regret bound, no-(external) regret

algorithms such as Multiplicative Weights Update (Littlestone and Warmuth, 1994; Fre-

und and Schapire, 1999), Follow the Regularized Leader (Abernethy et al., 2008), Follow

the Perturbed Leader (Kalai and Vempala, 2005), and Mirror Descent (Nemirovskij and

Yudin, 1983) must keep their learning rate small, resulting in a slow change in the strat-

egy profile. This predictability is further compounded by the fact that the behaviour of

no-(external) regret algorithms depend heavily on feedback from the environment. As

a result, the sequence of strategies played by no-(external) regret algorithms is highly

correlated to its predecessors. Against a no-(external) regret learning opponent, the

loss sequence encountered by the learner/player is not entirely arbitrarily adversarial

in each round, making the worst-case performance guarantees not attractive for the

learner. Therefore, it is desirable to develop a learning algorithm that can exploit the

extra structure when playing against an agent following a no-(external) regret algorithm

(also known as a strategic adversary: in our work, we will use the two terms strategic

adversary and no-(external) regret adversary interchangeably), and answer the question:

Can we exploit the strategic adversary?

In this thesis, we focus on three important properties that an ideal algorithm should

have in order to exploit a strategic adversary:

• Better performance: Exploit the extra information when playing against strategic

adversaries to achieve better performance.

• Last round convergence: Convergence to a NE in self-play setting (state-of-the-art

solver for a NE).

• Robustness: Maintain no-(external) regret bound in the worst-case scenario.

Better performance against the strategic adversary: It is well-known that famous

no-regret algorithms such as Multiplicative Weights Update (Freund and Schapire, 1999)

or Follow the Regularized Leader (Abernethy et al., 2008) achieve optimal performance

guarantee in a fully adversarial setting (Cesa-Bianchi and Lugosi, 2006). However, given

the extra knowledge from the strategic adversary, the worst-case performance guarantee

of these famous no-regret algorithms is too pessimistic. Therefore, it is desirable to

develop new algorithms that achieve better performance guarantees against the strategic

adversary. In the literature of online learning in repeated games, Deng et al. (2019)

proposed a fixed strategy for an agent playing against a no-external regret adversary,

assuming that the agent knows the game structure such as the payoff matrix and the
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utility function. The proposed strategy can ensure a Stackelberg value, which is optimal

in certain games, such as general-sum games. However, this approach cannot be applied

in many practical scenarios where the environment or game structure is unknown, or the

adversary does not follow no-regret algorithms. To overcome these limitations, Chiang

et al. (2012) and Rakhlin and Sridharan (2013a) considered a different setting where

the agent has access to a prediction Mt of xt before making a decision at round t.

Their proposed algorithm, Optimistic Follow the Regularized Leader (OFTRL), has an

external regret that depends linearly on
√︂∑︁T

t=1 ∥xt −Mt∥2∗. However, with an accurate

prediction (i.e., Mt ≈ xt), one could expect a stronger performance guarantee than the

no-external regret of OFTRL. It is worth noting that OFTRL assigns a fixed weight of

1 to the prediction Mt, which can limit the advantage of the additional knowledge in

the learning process. Our work demonstrates that playing against a strategic adversary

can lead to an accurate prediction of xt, thereby offering an opportunity to enhance the

performance of OFTRL. In Chapter 3, we propose improved techniques for leveraging

the accurate prediction Mt of xt to achieve better performance guarantee, as outlined

in Theorems 3.14 and 3.18.

Last round convergence: The convergence of average strategies to a minimax equi-

librium (i.e., the NE) has been well-established when both players employ no-regret

algorithms, with a convergence rate of O(T−1/2) as cited in Freund and Schapire (1999).

Further developments in no-regret algorithms by Daskalakis et al. (2011) and Rakhlin

and Sridharan (2013b) have led to near-optimal convergence rates of O( log(T )
T ). However,

despite extensive literature on no-regret learning, one unsatisfactory result is the aver-

age convergence to the NE. That is, in two-player zero-sum games, no-regret algorithms

such as Multiplicative Weights Update (MWU) (Freund and Schapire, 1999) or Follow

the Regularized Leader (FTRL) (Abernethy et al., 2008) will only lead to average con-

vergence instead of last round convergence to the NE. Specifically, Bailey and Piliouras

(2018) has demonstrated that the multiplicative weights update (MWU) algorithm leads

to convergence of the last round strategy to the boundary in games with an interior Nash

equilibrium point, while Mertikopoulos et al. (2018) has identified Poincaré recurrence

as an undesirable feature arising from regularized learning, leading to cyclic behaviour

in strategy dynamics. The average convergence will not only increase the computational

and memory overhead but also make things difficult when using a neutral network in

the solution process in which averaging is not always possible (Bowling et al., 2015).

For game theory and modern applications of online learning in optimization such as

training Generative Adversarial Networks (Daskalakis et al., 2018), last round conver-

gence plays a vital role in the process, thus it is crucial to develop algorithms that can

lead to last round convergence. Recently, Daskalakis and Panageas (2019) have proven

the attainment of last round convergence to the minimax equilibrium by both players

using the optimistic multiplicative weights update algorithm (OMWU) under the as-

sumption of a unique equilibrium point. However, this result hinges on the calculation

of the constant step size of the update mechanism from the game’s payoff matrix A.
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Therefore, a lack of knowledge of A on the row player’s part precludes the guarantee

of last round convergence by OMWU. Furthermore, in scenarios where the row player

employs distinct no-regret algorithms such as MWU or FTRL, which have widespread

use in various applications, OMWU cannot ensure last round convergence. This issue

prompts the question of whether a robust algorithm exists that is capable of achieving

last round convergence to the minimax equilibrium even when playing against different

no-regret algorithms. In this thesis, we conduct a thorough investigation of this problem

and introduce two algorithms: Last Round Convergence in Asymmetric Games (Algo-

rithm 11) and Last Round Convergence in Online Markov Decision Processes (Algorithm

21). These algorithms can achieve last round convergence against the strategic adver-

sary in the two-player zero-sum game and online Markov decision processes settings,

respectively.

Robustness against the general adversary: While our algorithms are designed to

play against strategic adversaries, there exists the possibility that the additional informa-

tion or our predictions may be inaccurate, resulting in suboptimal performance against a

general type of adversary. Hence, it is important to develop algorithms that can leverage

the feedback structure when playing against strategic adversaries while maintaining the

standard no-(external) regret bound against general adversaries. Various works, such

as Cesa-Bianchi et al. (2007); Even-Dar et al. (2008); Sani et al. (2014), have explored

this goal and introduced a class of algorithms called “Prod” that achieves improved re-

gret bounds against “easy data” while maintaining the no-(external) regret bound in the

worst-case scenario. The Prod algorithm combines two separate algorithms, one for easy

data and another for the worst-case scenario, and tunes the weight between them based

on their performance in each round of the game. Since we can exploit the structure

of a strategic adversary, we can view it as an easy data opponent and apply the Prod

technique to enhance our algorithm’s performance. Another approach, as described in

De Rooij et al. (2014), is to use the FlipFlop algorithm, which interleaves the Adahedge

algorithm (for general adversary) and the Follow-the-Leader algorithm (for easy data) to

achieve the best of both worlds. In our work, we propose several algorithms (e.g., Algo-

rithms 12, 15 and 20) that can exploit the strategic adversary to achieve state-of-the-art

performance while maintaining no-regret guarantees against the general adversary.

This thesis aims to provide a comprehensive investigation into the problem of playing

against the strategic adversary. To achieve this goal, we examine this problem in three

interrelated settings: two-player zero-sum games, online linear optimization, and online

Markov Decision Processes. These settings are widely studied in the literature and have

important practical applications. In the following sections, we provide an overview of the

fundamental concepts and related algorithms for each setting. A more specific literature

review will be presented in the relevant chapters.
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1.1 Two-player Zero-sum Games

Repeated two-player zero-sum games have been extensively studied in game theory lit-

erature. Formally, the game is characterized by an n × m payoff matrix A, with the

entries of A assumed to be within the interval [0, 1] without loss of generality. The rows

and columns of A correspond to the pure strategies of the row and column players, re-

spectively. At round t, the set of feasible strategies available to the row player is denoted

by ∆n, which consists of all xt ∈ Rn such that
∑︁n

i=1 xt(i) = 1 and xt(i) ≥ 0 for all

i ∈ {1, ..., n}. Similarly, the set of feasible strategies for the column player is denoted by

∆m. We use ei to denote the pure strategy where ei(i) = 1. If the row (resp. column)

player selects a mixed strategy xt ∈ ∆n (resp. yt ∈ ∆m) at round t, the row player’s

payoff is −x⊤
t Ayt, while the column player’s payoff is x⊤

t Ayt. Consequently, the row

(resp. column) player aims to minimize (resp. maximize) the value of x⊤
t Ayt. John

von Neumann’s minimax theorem (Neumann (1928)), which is fundamental in zero-sum

games can be expressed as:

max
y∈∆m

min
x∈∆n

x⊤Ay = min
x∈∆n

max
y∈∆m

x⊤Ay = v (1.1)

for some v ∈ R. We call a point (x∗,y∗) satisfying the minimax theorem Equation

(1.1) the minimax equilibrium of the game. We also consider another important type of

equilibrium, ϵ-Nash Equilibrium in our work.

Definition 1.1 (ϵ-Nash Equilibrium). Assume ϵ > 0. We call a point (x,y) ∈
∆n ×∆m ϵ-NE if

maxy∈∆mx
⊤Ay − ϵ ≤ x⊤Ay ≤ minx∈∆nx

⊤Ay + ϵ.

Clearly, if the details of the game are known (i.e., the game’s payoff matrix A), then

the adversary can calculate their minimax strategies and follow these strategies in each

round. In our thesis, we consider a much weaker scenario, a completely-uncoupled

dynamics that can be described as follows:

• Each player only knows their own pure strategies and not the game matrix or the

number of strategies their opponent has.

• Players interact in rounds and choose a mixed strategy in each round.

• At the end of each round, each player is informed about the expected payoff they

would have received if they had played each of their pure strategies against their

opponent’s mixed strategy, although the mixed strategy used by the opponent

is not disclosed to them (this type of feedback is also known as full information

feedback).
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In the following section, we introduce one of the most famous completely-uncoupled

dynamics in game theory, namely fictitious play.

1.1.1 Fictitious Play

The Fictitious play (FP) was first introduced by Brown (1949), in which he believed the

strategies would ultimately reach the value of a zero-sum game. Robinson (1951) later

confirmed the convergence properties of this method in a two-player zero-sum game.

Algorithm 1 Fictitious Play

1: Input: arbitrary strategy x1,y1 of the row and column players.
2: for t = 1, 2, . . . do

3: the row player follows xt+1 such that xt+1 = argmini∈[n] e
⊤
i A

(︂∑︁t
j=1 yj

)︂
4: the column player follows yt+1 such that yt+1 = argmaxi∈[m]

(︂∑︁t
j=1 xj

)︂⊤
Aei

5: end for

Definition 1.2 (Fictitious play Brown (1949)). Fictitious play is the completely uncou-

pled dynamics in which in every round, each player responds with their best strategy to

their opponent’s historical strategy.

It is well-known that following the FP algorithm, the average strategy of both players

will converge to the NE in certain games. In particular, FP will lead to convergence in

two-player zero-sum game (Robinson, 1951), potential games (Monderer and Shapley,

1996), general-sum 2 ×N games (Berger, 2005) and games that is solvable by iterative

elimination of strictly dominated strategies (Nachbar, 1990). However, Brandt et al.

(2010) shows that, in an example of a constant-sum game, FP requires an exponentially

large number of rounds over the size of the representation of the game to converge. It

is consistent with the finding of Daskalakis and Pan (2014) in which, by unravelling the

induction step in the convergence proof of Robinson (1951), the convergence rate of FP

in a two-player zero-sum game can be bounded by O(t−
1

m+n−2 ).

When the exact best responses in the FP dynamic are hard to calculate (e.g., the game

matrix A is large), the approximate best responses can be used without affecting the

convergence guarantee of the method. In particular, Van der Genugten (2000) proposed

the Weakened fictitious play, in which the strategies played at each step only need to be ϵ-

best response, with ϵ → 0 as time progresses. Leslie and Collins (2006) further extended

this result to propose generalised weakened fictitious play (GWFP) with more relaxation

into the progress. The convergence result of GWFP leads to many applications in the

machine learning domain where the exact best response is costly to obtain.

The undesirable exponential convergence property of FP leaves a question of whether

there exists learning dynamics that can theoretically achieve a faster convergence rate
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to NE in a completely-uncoupled dynamic. In the next sections, we introduce a class of

algorithms, namely “no-(external )regret” algorithms that achieve a convergence rate of

O(t−
1
2 ) in the two-player zero-sum game setting.

1.1.2 Multiplicative Weights Update and its Variants

Along with convergence in the self-play setting, one of the important aspects of a learn-

ing algorithm is the average performance (i.e., the cumulative loss). Traditionally, the

performance is measured using the external-regret bound which is the difference between

the cumulative loss of the player and the best-fixed strategy in hindsight. Formally, it

is defined as follows:

Definition 1.3 (No-external regret). Let y1,y2, . . . be a sequence of mixed strategies

played by the column player. An algorithm of the row player that generates a sequence

of mixed strategies x1,x2, . . . is called a no-external regret algorithm (or no-regret algo-

rithm) if we have

lim
T→∞

RT

T
= 0,

where RT := min
x∈∆n

(︄
T∑︂
t=1

x⊤
t Ayt − x⊤Ayt

)︄
denotes the external regret.

One of the most well-studied no-regret algorithms in the game theory literature is the

multiplicative weights update (MWU) method, which can be defined as follows:

Algorithm 2 Multiplicative Weights Update

1: for t = 1, 2, . . . do

2: Predict a vector xt+1 such that xt+1(i) = xt(i)
e−µte

⊤
i Ayt∑︁n

i=1 xt(I)e
−µte

⊤
i

Ayt
, i ∈ {1, . . . n}

3: end for

Definition 1.4 (MWU Freund and Schapire (1999)). Let y1,y2, ... be a sequence of

mixed strategies played by the column player. The row player is said to follow the MWU

algorithm if strategy xt+1 is updated as follows:

xt+1(i) = xt(i)
e−µte

⊤
i Ayt

Zt
, i ∈ {1, . . . n},

where

{︄
Zt =

∑︁n
i=1 xt(i)e

−µte⊤i Ayt , µt ∈ [0,∞) is a parameter,

ei, i ∈ {1, . . . , n}, is the unit-vector with 1 at the ith component.

When T is known in advance, by fixing the learning rate µt =
√︁
8 log(n)/T , we can

achieve the optimal regret bound for MWU (Theorem 2.2 in (Cesa-Bianchi and Lugosi,

2006)):

RT ≤
√︁
T log(n)/2.
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When T is unknown, we can apply the following Doubling Trick to bound the regret of

MWU.

Algorithm 3 The Doubling Trick

1: Input: algorithm A whose parameters depend on the time horizon
2: for n = 0, 1, 2, . . . do
3: run A on rounds t = 2n, . . . , 2n+1 − 1
4: end for

Definition 1.5 (The Doubling Trick Cesa-Bianchi and Lugosi (2006)). For an al-

gorithm with the regret α
√
T with a parameter depends on the time-horizon T. The

Doubling Trick restarts the algorithm at round 2m for m=0,1,2... Following the dou-

bling trick, the total regret is not bigger than the sum of the regret in each part. Thus,

we have

RT ≤
⌈log2(T )⌉∑︂

i=1

α
√
2i ≤ α

1−
√
2T

1−
√
2

≤
√
2√

2− 1
α
√
T .

Therefore, following the Doubling Trick, in case T is unknown, MWU can achieve the

external regret bound of

(
√
2/(

√
2− 1))

√︁
T log(n)/2,

which is worse than the optimal one when T is known by a factor of
√
2/(

√
2− 1).

De Rooij et al. (2014) proposed a better algorithm for unknown T , AdaHedge, a variant

of MWU with adaptive learning rate µt = log(n)/∆t−1 where ∆t denotes the cumulative

mixability gap:

Definition 1.6 (AdaHedge De Rooij et al. (2014)). Let y1,y2, ... be a sequence of

mixed strategies played by the column player. The row player is said to follow AdaHedge

if xt+1 is updated as follows:

xt+1(i) =
exp

(︂
−µt

∑︁t−1
j=1 ei

⊤Ayj

)︂
∑︁n

i=1 exp
(︂
−µt

∑︁t−1
j=1 ei

⊤Ayj

)︂ , ∀i ∈ [n]

where n is the number of pure strategies and µt > 0 is an adaptive learning rate such

as: µt = log(n)/∆t−1. ∆t denotes the cumulative mixability gap, which can be derived

from historical data (Equation (5) in De Rooij et al. (2014)).

Then applying Theorem 8 in De Rooij et al. (2014) to our setting with S = 1, L+−L− ≤
T we have:

RAdaHedge
T ≤ 2

√︃
(L+ − L∗)(L∗ − L−)

L+ − L− log(n) +
16

3
log(n) + 2

≤ 2

√︃
(L+ − L−)2/4

L+ − L− log(n) +
16

3
log(n) + 2 ≤

√︁
T log(n) +

16

3
log(n) + 2,
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which is worse than the optimal one when T is known by a factor of
√
2.

Another variant of MWU is the Linear Multiplicative Weights Update (LMWU), which

later plays an important role in the analysis of our algorithms:

Definition 1.7 (LMWU Cesa-Bianchi et al. (2007)). The row player is said to play the

Linear Multiplicative Weights Update if the row player updates the strategy as follows:

xt+1(i) =
xt(i)(1− µtei

⊤Ayt)∑︁n
j=1 xt(j)(1− µtej⊤Ayt)

∀i ∈ {1, . . . n}.

By properly choosing the learning rate µt (e.g., see Theorem 1 in Cesa-Bianchi et al.

(2007)), LMWU is a no-(external) regret with the regret bound depends on the sum of

the loss square (i.e.,
∑︁T

j=1(e
⊤
i Ayj)

2). Because of this dependency, LMWU is also called

a no-(external) regret algorithm with a second-order regret bound.

Despite their optimal regret bound in the worst-case scenario, MWU and its variants

(AdaHedge and LMWU) have an undesirable property: non-last round convergence in

a self-play setting. Specifically, Bailey and Piliouras (2018) proved that if both players

follow MWU then in the case of interior minimax equilibrium, the strategies will move

away from the equilibrium and towards the boundary. This undesirable feature causes

many issues in game theory and applications, including unwanted cyclic behaviour in

training Generative Adversarial Networks (GANs). Thus, a learning dynamic leading to

last round convergence is important in the development of the field (e.g., see Daskalakis

et al. (2018) for more details). Daskalakis and Panageas (2019) proved a variant of

MWU, Optimistic Multiplicative Weights Update algorithm (OMWU), converge last

round to the NE in a self-play setting.

Definition 1.8 (OMWU Daskalakis and Panageas (2019)). Let y1,y2, ... be a sequence

of mixed strategies played by the column player. The row player is said to follow the

OMWU algorithm if strategy xt+1 is updated as follows:

xt+1(i) = xt(i)
e−µe⊤i A(2yt−yt−1)

Zt
, i ∈ {1, . . . n},

where

{︄
Zt =

∑︁n
i=1 xt(i)e

−µe⊤i A(2yt−yt−1), µ ∈ [0,∞) is a learning rate,

ei, i ∈ {1, . . . , n}, is the unit-vector with 1 at the ith component.

When the game A has a unique NE equilibrium, then OMWU with arbitrarily small

learning rate µ leads to last round convergence to the NE in the self-play setting (e.g.,

Theorem 1.1 in Daskalakis and Panageas (2019)). Furthermore, Wei et al. (2020) proves

that OMWU can achieve a linear last round convergence rate with a universal constant

learning rate. The works around OMWU have motivated us to derive the convergence

properties for our algorithms.
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Along with last round convergence, our work also focuses on achieving better perfor-

mance against the strategic adversary. In order to do that, we consider a stronger notion

of regret compared to external regret:

Definition 1.9 (Dynamic Regret Besbes et al. (2015)). Let y1,y2, . . . be a sequence

of mixed strategies played by the column player. An algorithm of the row player that

generates a sequence of mixed strategies x1,x2, . . . is called a no-dynamic regret algo-

rithm if we have

lim
T→∞

DRT

T
= 0, where DRT :=

T∑︂
t=1

(︃
x⊤
t Ayt − min

x∈∆n

x⊤Ayt

)︃
.

The no-dynamic regret is a much stronger type of regret compared to the normal no-

regret where the regret RT = minx∈∆n
1
T

(︂∑︁T
t=1(xt − x)⊤Ayt

)︂
(i.e., the best-fixed

strategy on average) is considered instead of DRT (i.e., the best strategy at each round).

In the literature, the no-dynamic regret is desirable but impossible to achieve with the

current state-of-the-art algorithms in the adversarial symmetric setting.

1.2 Online Linear Optimization

Algorithm 4 Online Linear Optimization

1: Input: A convex set F
2: for t = 1, 2, . . . do
3: predict a vector ft ∈ F
4: receive a loss function lt(f) := ⟨f ,xt⟩ ∀f ∈ F
5: suffer loss lt(ft)
6: end for

In Chapter 3, we study the online linear optimization setting in which at round t,

the learner chooses a strategy ft ∈ F , where F ⊂ [0, 1]n 1 is a convex compact set.

Simultaneously, the environment reviews a loss vector xt ∈ [0, 1]n and the learner suffers

the loss: ⟨ft,xt⟩.

The goal of the learner is to minimize the total loss after T rounds: minf1,...fT

∑︁T
t=1⟨ft,xt⟩.

1.2.1 Follow-the-Leader

The most natural method of learning is to utilize the vector that has the lowest loss from

all previous rounds in each online iteration. In online learning literature, this method is

usually referred to as Follow-the-Leader (FTL).

1All the results remains true for bounded domain of strategy and loss vector.
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Algorithm 5 Follow-the-Leader

1: for t = 1, 2, . . . do
2: predict a vector ft := argminf∈F

∑︁t−1
i=1 li(f)

3: end for

Definition 1.10 (FTL Shalev-Shwartz (2012)). Let l1, l2, ... be a sequence of loss func-

tions generated by the environment. The learner is said to follow the Follow-the-leader

algorithm if strategy ft is updated as follows:

ft := argmin
f∈F

t−1∑︂
i=1

li(f).

Against a stochastic setting (i.e., stationary stochastic assumption of loss function),

FTL guarantees a constant regret and therefore has been studied extensively in this

setting (De Rooij et al., 2014; McMahan, 2011; Huang et al., 2016). In an adversarial

setting, when the loss function lt has the quadratic structure: lt(f) =
1
2∥f − xt∥22, then

by following FTL, the learner can guarantee an external regret of 4(log(T ) + 1) (e.g.,

see Corollary 2.2 in Shalev-Shwartz (2012) for more detail). However, in the setting

of online linear optimization, FTL fails to guarantee a low external regret bound. The

following example in Shalev-Shwartz (2012) demonstrates why FTL can possibly achieve

a high regret against an adversary.

Example 1.1 (Failure of FTL). Consider F = [−1, 1] ∈ R and the sequence of linear

loss functions such that lt(f) = xtf where

xt =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−0.5, if t = 1

1, if t is even

−1, if t > 1 and t is odd.

Following the prediction rule of FTL, ft = 1 for odd t values and ft = −1 for even t

values, leading to the cumulative loss of T for the FTL algorithm. On the other hand,

the cumulative loss of a fixed strategy ft = 0 is 0. Therefore, the external regret of FTL

is T .

The failure of FTL in the aforementioned scenario can be explained by the fact that its

predictions are inconsistent - the value of ft changes significantly with each iteration,

even though only one loss function was added to the optimization problem’s objective.

On the other hand, FTL performs well in the case of a quadratic game (e.g., see Corollary

2.2 in Shalev-Shwartz (2012)) because the value of ft+1 remains “near” ft. To resolve

this instability, FTL can be improved by incorporating regularization, which will be the

Follow-the-Regularized-Leader (FTRL) (Abernethy et al., 2008).
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1.2.2 Follow-the-Regularized-Leader and its Variants

The Follow-the-Regularized-Leader (FTRL) algorithm (Shalev-Shwartz and Singer, 2006)

is an adaptation of the standard FTL method in which the objective is to minimize the

accumulated loss over all previous rounds, along with a regularization component. The

purpose of this regularization component is to stabilize the solution obtained. Formally,

for a regularization function R, a β-strongly convex function with respect to ∥.∥p norm,

we define the FTRL algorithm as follow

Algorithm 6 Follow-the-Regularized-Leader

Input: learning rate η > 0, regularizer function R(f), f1 = argminf∈F R(f)

Output: next strategy update

ft+1 = argmin
f∈F

Ft+1(f) =
t∑︂

i=1

li(f) +
R(f)

η

For the FTRL algorithm, it is natural that different regularization functions will lead to

different algorithms with different regret bounds. In the remaining of this section, we

will examine the two most famous variants of FTRL.

When applying FTRL with the Euclidean regularization function

R(f) =
1

2η
∥f∥22

and the learning space F = Rd, it is easy to verify that the update strategy will have

the simple form

ft+1 = ft − ηxt.

Since xt is the gradient of lt, this update rule is also called the Online Gradient Descent

(OGD) (Hazan, 2015).

Algorithm 7 Online Gradient Descent

Input: learning rate η > 0, F = Rd, loss function lt(f) = ⟨f ,xt⟩
Output: next strategy update

ft+1 = ft − η∇lt(ft).

Consider F1 := {f : ∥f∥ ≤ B} and let L be such that 1
T

∑︁T
i=1 ∥xi∥22 ≤ L2. Then by

choosing the learning rate η = B
L
√
2T

we have the regret bound for OGD 2

RT (F1) := minf∈F1RT (f) ≤ BL
√
2T .

2For the full proof, see, for example, Theorem 2.4 in Shalev-Shwartz (2012).
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The learning rate η in the above analysis depends on the time horizon T . When T is

unknown, we can apply the Doubling Trick in Algorithm 3 to derive a similar bound.

OGD can also be generalized to different loss functions (i.e., Lipschitz functions) to

achieve a sublinear regret bound. More details can be found in Corollary 2.7 in Shalev-

Shwartz (2012).

OGD is used in many applications in practice due to its simple strategy update and

its near-optimal performance guarantee in the adversarial setting. When apply to the

problem of prediction with expert advice (i.e., the action space is a probability sim-

plex f ∈ [0, 1]d), the regret bound of OGD will be
√
2dT 3. By choosing a suitable

regularization function, FTRL can provide a more efficient bound of
√︁
log(d)T/2.

When applying FTRL with the Entropic regularization of the following form

R(f) =

d∑︂
i=1

f(i) log(f(i)),

it is easy to show that the update strategy of FTRL recovers the famous multiplica-

tive weights update (MWU) algorithm in Algorithm 2. Thus, FTRL with Entropic

regularization can enjoy the MWU’s optimal regret bound of O(
√︁
log(d)T ) against an

adversary.

While FTRL is a generalization of many famous algorithms (e.g., OGD, MWU), it

also inherits an unfavourable property from them: non-last round convergence. More

specifically, although the no-regret properties of FTRL can guarantee the convergence

to the coarse correlated equilibrium (CCE) of the empirical frequency of play (i.e., a

time-average convergence) (Cesa-Bianchi and Lugosi, 2006), it has been shown by Mer-

tikopoulos et al. (2018) that FTRL’s behaviour in zero-sum games with an interior

equilibrium is Poincaré recurrent, which means that nearly every path repeatedly re-

visits any (arbitrarily small) starting point neighbourhood. This cycling behaviour is

resilient to the agents’ choice of regularization method, and it applies to all positive affine

transformations of zero-sum games, including strictly competitive games (Adler et al.,

2009), even though these changes produce different playing paths. Additionally, the

cycling behaviour persists in the context of networked competition (i.e., constant-sum

polymatrix games (Cai et al., 2016)).

Apart from learning the convergence dynamic of FTRL, many researchers have tried

to improve the performance guarantee (i.e., regret bound) of FTRL-type algorithms.

Rakhlin and Sridharan (2013a) studies the setting of online linear optimization in which

at round t + 1, the learner has access to the prediction Mt+1 of xt+1, the behaviour

of the environment. Under this setting, Rakhlin and Sridharan (2013a) suggests a new

algorithm, Optimistic Follow the Regularized Leader (OFTRL) that can theoretically

exploit the extra prediction.

3For detail proof, see Corollary 2.13 in Shalev-Shwartz (2012)
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Algorithm 8 Optimistic Follow-the-Regularized-Leader

Input: learning rate η > 0, regularizer function R(f), f1 = argminf∈F R(f)

Output: next strategy update

ft+1 = argmin
f∈F

Ft+1(f) = ⟨f ,
t∑︂

i=1

xi +Mt+1⟩+
R(f)

η

With a suitable learning rate, Rakhlin and Sridharan (2013a) shows that the regret

bound of the OFTRL algorithm will be

O

⎛⎝
⌜⃓⃓⎷ T∑︂

t=1

∥xt −Mt∥2

⎞⎠ .

When Mt+1 = 0, OFTRL becomes identical to the FTRL algorithm developed by Aber-

nethy et al. (2008). However, when Mt+1 is not equal to zero, the algorithm is like

predicting the next step and including it in the goal. If the prediction is correct, OFTRL

will suffer no regret. One should note here that the no-regret performance in the case of

correct prediction is not strong since an agent can achieve a no-dynamic regret perfor-

mance in this case. Thus, it is natural to develop a new algorithm that can fully exploit

the correct prediction while maintaining a no-regret property in the worst-case scenario.

This problem will be discussed thoroughly in Chapter 3.

1.2.3 Optimistic Mirror Descent

Chiang et al. (2012); Rakhlin and Sridharan (2013a) study the same setting in OFTRL

with predictable sequences and suggests a new algorithm, Optimistic Mirror Descent

(OMD), a modification of the famous Mirror Descent algorithm (Nemirovskij and Yudin,

1983). Formally, let R be a 1-strongly convex function with respect to a norm ∥.∥, and
let DR(., .) denote the Bregman divergence with respect to R. Let ∥.∥∗ be dual to ∥.∥.
Let Mt+1 be the prediction of xt+1 at round t. Then the update strategy of OMD follows

Algorithm 9. Note that when Mt = 0, OMD becomes exactly the same as the famous

Mirror Descent in Beck and Teboulle (2003).

The intuition behind OMD is as follows. If at round t + 1, the agent can play f̂ t+1 =

argminf∈F Ft+1(f) = η⟨f ,xt+1⟩+DR(f , gt+1), then it is easy to show that a small regret

can be achieved. However, in reality, the agent can not observe xt+1 before making the

decision at round t + 1. Yet, if the agent can make a close prediction of xt+1, then it

can expect a small regret from this process.
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Algorithm 9 Optimistic Mirror Descent

Input: learning rate η > 0,
f1 = g1 = argminf∈F R(f).
Output: next strategy update

gt+1 = argmin
g∈F

Gt+1(g) = η⟨g,xt⟩+DR(g, gt)

ft+1 = argmin
f∈F

Ft+1(f) = η⟨f ,Mt+1⟩+DR(f , gt+1)

Similar to OFTRL, OMD with a suitable learning rate will have the regret bound of

O

(︄
T∑︂
t=1

∥xt −Mt∥2∗

)︄
.

In Chapter 3, we will provide a modification of OMD to better exploit the prediction

Mt of xt. In particular, the learner can achieve no-forward regret, a stronger notion of

performance compared to the conventional no-external regret.

Definition 1.11 (Forward Regret Saha et al. (2012)). The forward regret is defined

as:

FRT :=

T∑︂
t=1

(⟨ft,xt⟩ − ⟨gt,xt⟩) ,where gt+1 = argmin
g∈F

Gt+1(g) = ⟨g,
t∑︂

s=1

xs + xt+1⟩+
R(g)

η
.

The following lemma implies that if an algorithm has no-forward regret property, then

it is a no-external regret algorithm as well, but not vice versa 4.

Lemma 1.12. Let gt be defined as above, then the following relationship holds for any

f ∈ F :
T∑︂
t=1

⟨gt,xt⟩ ≤ ⟨f ,
T∑︂
t=1

xt⟩+
R(f)

η
.

1.3 Online Markov Decision Processes

In Chapter 4, we extend our results in two-player zero-sum games and online linear

optimization to a more general framework, namely Online Markov Decision Processes

(OMDPs), in which the agent environment dynamic can be expressed as Figure 1.1.

Our focus is on studying OMDPs, where at each round t ∈ N, the adversary selects

the loss function lt based on the agent’s policy history {π1, π2, . . . , πt−1}. We consider

OMDPs with a finite state space S, a finite action set A for the agent at each state,

and a fixed transition model P . The agent’s starting state, x1, follows a distribution µ0

4See 3.25 for the proof of this lemma.
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over S. Given state xt ∈ S at time t, the agent selects an action at ∈ A, and moves

to a new random state xt+1 determined by the fixed transition model P (xt+1|xt, at).
The agent simultaneously receives an immediate loss lt(xt, at), where the loss function

lt : S×A → R is bounded in [0, 1]|A|×|S| and is selected by the adversary from a simplex

∆L. Here, {l1, l2, . . . , lL} are the loss vectors of the adversary, and ∆L denotes the set

of all probability distributions over {l1, l2, . . . , lL}. We assume a zero-sum game setting,

where the adversary receives the loss of −lt(xt, at) at round t. We consider the popular

full-information feedback (Even-Dar et al., 2009; Dick et al., 2014), where the agent can

observe the loss function lt after each round t. When there is only one state in the

process, OMDPs reduce to the previous setting of online linear optimization, which we

discuss in Chapter 3.

Several scholars have examined OMDPs in an oblivious environment in which the loss

function can be chosen arbitrarily. The algorithm’s effectiveness is evaluated through

external regret, which is the difference between the overall loss and the optimal stationary

policy in hindsight. In Chapter 4, we consider a subclass of non-oblivious environment,

the strategic adversary (i.e., the adversary follows a no-(external) regret algorithm to

update the loss functions). In the presence of a non-oblivious environment, the formal

definition of no-external regret is inadequate as the adversary can adjust to the agent’s

actions. In our research, we utilize the same methodology as in Arora et al. (2012a)

and focus on policy regret. Specifically, the objective of the agent is to minimize policy

regret relative to the best-fixed policy in hindsight:

RT (π) = EX,A

[︄
T∑︂
t=1

lπt
t (Xt, At)

]︄
− EX,A

[︄
T∑︂
t=1

lπt (X
π
t , A

π
t )

]︄
, (1.2)

where lπt
t denotes the loss function at time t while the agent follows π1, . . . , πT and lπt is

the adaptive loss function against the fixed policy π of the agent. We say that the agent

achieves sublinear policy regret (i.e., no-policy regret property) with respect to the best

fixed strategy in hindsight if RT (π) satisfies:

lim
T→∞

max
π

RT (π)

T
= 0.

Agent

Environment

Action atNew state xt+1 Loss lt+1

Figure 1.1: Agent-Environment Interaction in OMDPs
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We use the notation P (π) to represent the state transition matrix produced by policy π,

where P (π)s,s′ =
∑︁

a∈A π(a|s)P a
s,s′ . Throughout our work, we assume the mixing time

assumption, which is a commonly accepted assumption in OMDPs according to various

prior studies (Even-Dar et al., 2009; Dick et al., 2014; Neu et al., 2013):

Assumption 1 (Mixing time). There exists a constant τ > 0 such that for all distributions

d and d′ over the state space, any policy π,

⃦⃦
dP (π)− d′P (π)

⃦⃦
1
≤ e−1/τ

⃦⃦
d− d′⃦⃦

1
,

where ∥x∥1 denotes the l1 norm of a vector x.

Let vπ
t (x, a) represent the probability of pair (x, a) at time step t when following policy

π with initial state x1. According to the mixing time assumption, for any initial states,

vπ
t will eventually converge to a stationary distribution dπ as t approaches infinity. We

can denote the stationary distribution set from all agent’s deterministic policies as dΠ.

When an agent follows an algorithm A that utilizes π1, π2, . . . at each time step, we use

vt(x, a) = P [Xt = x,At = a] and dt = dπt , despite some minor misuse of notation. As

a result, the regret in Equation (1.2) can be formulated as

RT (π) = E

[︄
T∑︂
t=1

⟨︁
lπt
t ,vt

⟩︁]︄
− E

[︄
T∑︂
t=1

⟨︁
lπt ,v

π
t

⟩︁]︄
.

The mixing time assumption allows us to define the average loss of policy π in an online

MDP with loss l as ηl(π) = ⟨l,dπ⟩ and the accumulated loss Qπ,l(s, a) is defined as

Qπ,l(s, a) = E

[︄ ∞∑︂
t=1

(︁
l(st, at)− ηl(π)

)︁⃓⃓⃓
s1 = s, a1 = a, π

]︄
.

In the next sections, we introduce two families of algorithms in the case of the oblivious

adversary. The understanding of these algorithms is fundamental in developing new

algorithms against non-oblivious strategy in Chapter 4.

1.3.1 Markov Decision Process-Expert

Algorithm 10 Markov Decision Process-Expert (MDP-E)

1: Input: Expert algorithm Bs (i.e., MWU) for each state
2: for t = 1 to ∞ do
3: Using algorithm Bs with set of expert A and the feedback Qπt,lt(s, .) for each state

s
4: Output πt+1 and observe lt+1

5: end for
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In the OMDPs setting, the agent needs to choose a policy from a finite set of fixed

policies in each round of play. Thus, a naive approach could be applying a standard

no-regret algorithm (e.g., MWU) to the set of all fixed policies and following this algo-

rithm. However, there are several drawbacks to this approach. Firstly, we are dealing

with a huge number of fixed policies. Specifically, for an MDP with state space S and

action space A, the number of fixed policies is |A||S|, which renders the naive no-regret’s

approach computationally infeasible. Secondly, using no-regret algorithms comes with

another issue: the policy’s current reward is influenced by past actions, which is not

typical in standard settings. Additionally, when applying typical regret algorithms, the

regret bounds are usually logarithmic in the number of policies, meaning they have a

linear relationship with the number of states. It would be beneficial to have a more

efficient regret bound that does not depend on the state space’s size, which is usually

large. Markov Decision Process-Expert (MDP-E) (Even-Dar et al., 2009) resolves the

above problem by efficiently incorporating the benefits of existing no-regret algorithms

into a more adversarial reinforcement learning setting, in which the environment could

change obliviously over time.

The idea of MDP-E (Even-Dar et al., 2009) comes from the observation of the perfor-

mance difference lemma: the global regret of the agent can be decomposed into local

regret in each state with appropriate feedback. Formally, the performance difference

between two stationary distributions of strategy π and π∗ against the loss function l can

be expressed as

⟨l,dπ⟩ − ⟨l,dπ∗⟩ = Es∈dπ∗ [Qπ,l(s, π)−Qπ,l(s, π
∗)].

Therefore, summing up the above inequalities lt and dπt for t = 1, . . . , T we have

T∑︂
t=1

⟨lt,dπt⟩ − ⟨l,dπ∗⟩ =
∑︂
s∈S

dπ∗(s)
T∑︂
t=1

[Qπt,lt(s, πt)−Qπt,lt(s, π
∗)].

Therefore, by bounding the regret in each state s with the appropriate feedbackQπt,lt(s, πt),

the agent can bound the regret with respect to the stationary distribution.

Leveraging on the performance difference lemma, MDP-E (Even-Dar et al., 2009) fol-

lows a no-regret algorithm (e.g., MWU) in each state with the feedback Qπt,lt(s, πt) so

that it can bound the regret with respect to the stationary distribution. Furthermore,

in order to quantify the difference between the actual performance and the stationary

distribution, the no-regret algorithm used in MDP-E needs to have another property:

slowly updating the strategy profile (for example, MWU and FTRL satisfy this prop-

erty). Therefore, MDP-E with a suitable no-regret algorithm will lead to a sublinear

regret bound (Even-Dar et al., 2009) of

O
(︂√︁

τ4T log(|A|)
)︂
.
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Despite the strong sublinear regret, one limitation of MDP-E is that it requires the exact

action-value function Qπ,l in order to update its strategy. Therefore, the algorithm will

be inefficient when the action-value function is hard or expensive to calculate. In order

to resolve that, Abbasi-Yadkori et al. (2019); Cai et al. (2020) use least squares policy

evaluation (LSPE) to estimate the action-value function Qπ,l, creating new algorithms

with more practical use.

While MDP-E can work well with function approximation for the action-value function,

extending it with some constraints such as uncertainties in the transition model will

be challenging due to the nature of the algorithm. In the next section, we introduce

another class of OMDPs algorithm that can effectively handle model constraints and

further extensions.

1.3.2 Online Relative Entropy Policy Search

Compared to the MDP-E line of work, the Online Relative Entropy Policy Search (O-

REPS) algorithm (Zimin and Neu, 2013; Dick et al., 2014) improves on the suboptimal

dependency of the regret bound on the mixing time parameter τ . To achieve this, O-

REPS views the OMDP problem as an online linear optimization problem and demon-

strates that the resulting methods can be implemented efficiently. The first observation

in O-REPS is that the set of all stationary distribution dΠ is a convex polytope in R|U |

and can be expressed as a set of linear constraints (U denotes all the (state, action) pair

so |U | = |A| × |S|):

dΠ =

⎡⎣d ∈ [0, 1]|U | :
∑︂
u∈U

d(u) = 1,
∑︂

a∈A(s)

d(s, a) =
∑︂
u∈U

d(u)P (s|u), s ∈ S

⎤⎦ .

Then by applying an online linear optimization algorithm with the loss function ⟨lt,dπt⟩
and the convex decision set dΠ, O-REPS can have a sublinear regret bound with respect

to the stationary distribution. The remaining job is to derive the connection between

the actual regret and the regret of the stationary distribution, which follows (see Lemma

1 in Dick et al. (2014) for the full proof)

E

[︄
T∑︂
t=1

lt(Xt, At)

]︄
− EX,A

[︄
T∑︂
t=1

lt(X
π
t , A

π
t )

]︄
≤

T∑︂
t=1

E[⟨lt,dπt − dπ⟩] + T (τ + 1)k + 4τ + 4,

for any k ≥ E[∥dπt − dπt−1∥], t = 2, . . . T.

Given that it is possible to retrieve a policy from a stationary distribution, it is suffi-

cient to identify a sequence of d1, . . .dT ∈ dΠ that changes gradually and leads to a

small initial value for the bound. Using the famous Mirror Descent with approximate

projections (Dick et al., 2014), O-REPS can achieve the following regret bound in the
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full information setting

O(
√︁
τT log(|A|)),

which is a substantial improvement in the mixing time dependency compared to the

MDP-E algorithm (Even-Dar et al., 2009). Another improvement of O-REPS compared

to MDP-E is that it can easily accommodate uncertainties in the transition model by

extending the convex decision set dΠ (see for example Rosenberg and Mansour (2019)).

In Chapter 4, we focus more on extending our result in the MDP-E line of work and

leave the extension on O-REPS as an important future work.

1.4 Structure of the Thesis and Contributions

This thesis contains three main chapters that consider the problem of learning against

the strategic adversary under different settings: Two-player Zero-Sum Games, Online

Linear Optimization, and Online Markov Decision Processes. Together, we extensively

derive different theoretical and empirical results that broaden our understanding of the

strategic adversary. Since our goal is to create a cohesive thesis while ensuring that

each chapter remains independent, we reintroduce some notations and definitions with

minor modifications in each chapter to align with the specific context. Our hope is that

this approach will help readers fully grasp our contributions. Figure 1.2 summarizes our

contributions in each setting.

Firstly, in Chapter 2, we consider the two-player zero-sum games setting and develop

a new algorithm, Last Round Convergence in Asymmetric algorithm (LRCA), a no-

dynamic regret algorithm that leads to last round convergence against the strategic

Chapter 4: Online Markov Decision Processes (OMDPs)
MDP-E against the Strategic Adversary; MDP-OOE algorithm with no-policy regret
and LRC-OMDP algorithm with last round convergence

Chapter 3: Online Linear Optimization
Introducing OSO; AFTRL; AMD; Prod-BR with no-dynamic regret and
AMWU algorithms with last round convergence

Chapter 2: Two-Player Zero-Sum Games
Introducing LRCA algorithm with proven last round convergence
and no-dynamic regret

Learning against the Strategic Adversary

Figure 1.2: Contributions of our thesis
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adversary. This is the first algorithm to achieve both last round convergence and no-

dynamic regret against the strategic adversary in the literature.

Secondly, in Chapter 3, we consider a more general setting compared to the two-player

zero-sum games: online linear optimization. In this setting, we further exploit the

property of the strategy adversary and propose Online Single Oracle, a combination

of no-external regret algorithms and double oracle from game theory that achieves a

better external regret. Furthermore, we develop three online learning algorithms, namely

Accurate Follow the Regularized Leader (AFTRL), Accurate Mirror Descent (AMD) and

Prod-Best Response (Prod-BR), that can intensively exploit the extra knowledge from

playing against the strategic adversary. Our algorithms are the first to consider forward

regret and achieve O(1) regret against the strategic adversary. A special case of AFTRL,

Accurate Multiplicative Weights Update (AMWU) leads to last round convergence in

the self-play setting with a better rate compared to state-of-the-art algorithms (e.g.,

MWU, OMWU).

Thirdly, in Chapter 4, we study online Markov decision processes (OMDPs), a general

setting that covers many practical applications. Under this setting, we first show that

MDP-E is a no-policy regret algorithm against the strategic adversary. In real-world

games where the support size of a NE is small, we introduce MDP-Online Oracle Expert

(MDP-OOE) which provably achieves a better policy regret compared to MDP-E. In

convergence dynamic analysis, we show that our algorithm, Last-Round Convergence in

OMDPs (LRC-OMDP), achieves last round convergence to a NE against the strategic

adversary. Finally, Chapter 5 concludes the work and proposes several directions for

future research.





Chapter 2

Last Round Convergence to NE

Against Strategic Adversary

This chapter is dedicated to investigating the problem of learning against a strategic ad-

versary in the context of repeated two-player zero-sum games. Specifically, we consider

the scenario in which the row player (i.e. the strategic adversary) employs a no-regret

algorithm to minimize her regret while repeatedly playing the game, and focus on devel-

oping a no-dynamic regret algorithm for the column player to achieve last round conver-

gence to a minimax equilibrium. Our proposed algorithm is designed to efficiently handle

a broad range of popular no-regret algorithms that the row player may use, including

the multiplicative weights update algorithm, general follow-the-regularized-leader, and

any no-regret algorithms that satisfy the stability property. Our analysis demonstrates

the effectiveness of our approach, making significant contributions to the literature on

learning against strategic adversaries in the two-player zero-sum games setting.

2.1 Introduction

Repeated two-player zero-sum games form one of the most studied classes of repeated

games in game theory. In this setting, thanks to Blackwell’s famous approachability

theorem, if a player’s strategies are generated by algorithms (i.e., policies) with a special

property called “no-regret”, one can prove that, on average, that player does not perform

worse than the best-fixed strategy in hindsight. A direct implication of this result

is that if both players choose to play such no-regret algorithms, their average payoffs

will converge to the game’s minimax value. Put differently, the players’ strategies will

converge to a minimax equilibrium on average (see e.g., Cesa-Bianchi and Lugosi (2006)

or Arora et al. (2012b) for more details). It can also be easily shown that this (on-

average) convergence holds independently from the prior information that each player

has about the payoff matrix A. That is, no matter how much prior information a player

27
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tail, tail head,tail

t=0.5

tail, tail head,tail

t=1/t1/3

MWU vs MWU
MWU vs LRCA

Figure 2.1: Player Strategies Spiraling Outwards In MWU vs Last Round Conver-
gence in LRCA in Matching Pennies after 2500 iterations with the Same Initial Condi-

tion.

has about the game, she cannot exploit the other player’s average payoff if the latter

uses a no-regret algorithm.

In this chapter, we consider a shift of interest for the column player and investigate

whether she can achieve that in the repeated two-player zero-sum games setting. Along

with optimizing the usual performance measure (i.e., no-regret property), the column

player also wants to keep her strategy stable while repeatedly play the game. This

is motivated by the fact that changing strategies through repeated games might be

undesirable. For example, changing the (mixed) strategy of a company will increase

the cost of operation to implement the new mixed strategy (e.g., as a result of having

to hire new equipment and employees). Therefore, the company often aims not only to

maximize the revenue (i.e., the average payoff) but also to reduce the cost of operation by

having a stable strategy. For another example, consider a government-owned company,

for whom, along with the average benefit, keeping the market stable is one of the key

goals in order to increase social welfare. Finally, in system design, the designer (the

column player) will want the participant (the row player) to play a certain strategy so

that the system is well-behaved.

In the online learning literature, maximizing the average payoff and achieving the sys-

tem’s stability are often viewed as conflicting goals. That is, if all the player in a system

follows a selfish behaviour (e.g., an FTRL no-regret algorithm) to maximize their payoff,

then the dynamic of the system could become chaotic, and last round convergence never

happens (see, e.g., Mertikopoulos et al. (2018) for more details). Figure 2.1 demonstrates

a simple game of matching pennies where the dynamic of two selfish players using Multi-

plicative Weight Update(MWU)(i.e., the blue trajectory) leads to outwards spirals with

different step size µ. Thus, the Nash equilibrium point(i.e., the centre point) can never

be achieved in this situation. The question is, whether there is a way to achieve both

no regret and stability in a system.
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In this chapter, we show that it is possible to exploit strategic adversaries to achieve

both stability and no-dynamic regret; that is, the regret compared to the best action

of each round. In the general fully adversarial setting, it is impossible to achieve no-

dynamic regret property and therefore the state-of-the-art algorithms instead measure

the success by comparing the regret with the best fixed strategy in the hindsight. By

looking deeper into the adversarial setting and analysing the behaviour of strategic

players, one can achieve a much stronger concept of regret: dynamic regret.

The intuition behind this result can be explained as follows: If the row player believes

that the goal for both players is to maximize their average payoffs (i.e., a fully adversary

setting since the column player tries minimise the payoff of the row player in zero-sum

game), then she will typically choose to play a no-regret “type” algorithm to achieve

good average performance. Being aware of this, the column player can now choose

an algorithm that exploits this information to have no-dynamic regret and last round

convergence. We should note here, however, that it is not trivial how this can be

efficiently done. For example, if the column player keeps playing the same strategy (i.e.,

the minimax equilibrium), then while the system might achieve stability as the strategy

of the row player will converge to the best response, this is not a no-regret algorithm

and therefore, far away from being a no-dynamic regret algorithm.

Motivated by the abovementioned challenge, we propose a new algorithm that achieves

no-dynamic regret for the column player in the case the row player is a strategic adver-

sary. In contrast to normal no-regret algorithms which take best fixed strategy as the

milestone, dynamic regret (e.g., see Besbes et al. (2015)) compares the regret with the

optimal strategy in the hindsight. Thus, dynamic regret is a much stronger concept than

normal regret, especially in situation where every fixed strategy perform poorly in the

game. In adversarial setting, we show that one player can leverage the other strategic

player’s behaviour to achieve a no-dynamic regret algorithm. In the general case, we

introduce a method for the column player to have no-regret property against random

strategies of the row player while still maintaining no-dynamic regret property against

a strategic row player.

Furthermore, while on-average convergence has been extensively studied, it is still an

open question whether last round convergence can be achieved, especially when the row

player is also playing a no-regret algorithm (see Section 2.2 for more details). Against

this background, we show that our algorithm, called the Last Round Convergence in

Asymmetric games (LRCA), provably achieves last round convergence to a minimax

equilibrium of the corresponding game. As shown in Figure 2.1, our Last Round Con-

vergence Algorithm (i.e., the orange trajectory) converges to the Nash equilibrium of the

Matching Pennies game while playing against the MWU with different step size µ. We

prove that in our setting if the column player follows LRCA and the row player follows

an algorithm from a wide set of common no-regret algorithms, then last round conver-

gence to the minimax equilibrium of the game can be achieved. Note that in the case
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the horizon of play is unknown, the row player needs to employ a decreasing learning

rate to make the algorithm no-regret. It means that the new observation feedback will

be discounted compare to the old feedback. Lin et al. (2020) argues that this discounted

new feedback is counter intuitive and unjustifiable from economic principles. Thus, it is

important to consider the no-regret learning dynamic where the learner does not impose

decreasing step size. In this chapter, we allow the row player to play different type

of algorithms, including µ-regret algorithms (i.e., constant step size) in which even the

average convergence in self-play is not yet known.

Overall this chapter has two main contributions. First, by allowing different strategies

between the column and row player, in Section 2.5, we propose an algorithm that leads

to last round convergence in many situations, which were proven not to hold (i.e., there

is no last round convergence) in symmetric information settings. Second, we show that

by using the algorithm, the column player can achieve no-dynamic regret property; see

Section 2.6 for more details. This answer the question of how to achieve both maximizing

the average payoff and stability against the strategic adversary in a repeated game.

2.2 Related Work

It is well-known that if both players use no-regret algorithms, their average strategies

converge to a minimax equilibrium with the convergence rate of O(T−1/2); cf. Freund

and Schapire (1999). Daskalakis et al. (2011) and Rakhlin and Sridharan (2013b) have

further improved this result by developing no-regret algorithms with a near-optimal

convergence rate of O( log(T )
T ). However, despite the extensive literature on no-regret

algorithms, these algorithms typically provide on-average convergence only, but not last

round convergence. For example, Bailey and Piliouras (2018) proved that in games

with an interior Nash equilibrium point, if the players use the multiplicative weights

update (MWU) algorithm, then the last round strategy converges to the boundary. In

addition, Mertikopoulos et al. (2018) showed that by using regularized learning, the sys-

tem’s behaviour is Poincaré recurrent; that is, there is a loop in the strategy dynamics

of the players. This undesirable feature causes many issues in game theory and applica-

tions, including unwanted cyclic behaviour in training Generative Adversarial Networks

(GANs). Thus, a learning dynamic leading to last round convergence is of importance

in the development of the field (see, e.g., Daskalakis et al. (2018) for more details).

Note that in a recent paper, Daskalakis and Panageas (2019) proved that if both players

use the optimistic multiplicative weights update algorithm (OMWU), then we have last

round convergence to the minimax equilibrium if this equilibrium point is unique. This

last round convergence result also requires another restrictive assumption, namely: The

constant step size of the update mechanism has to be calculated from the payoff matrix

A of the game. Therefore, if the row player does not know the matrix A of the game,

then OMWU cannot guarantee last round convergence (as it requires both players to
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know matrix A). Besides, if the row player plays different no-regret algorithms such that

MWU or FTRL, which are widely used in many applications, then OMWU cannot lead

to the last round convergence either. This raises the question of whether there could be

a robust algorithm, when playing against different no-regret algorithms, converging at

the last round to minimax equilibrium.

2.3 Key Assumptions

To proceed with the development of this chapter, we make the following two assumptions:

1. The column player can get an arbitrarily close estimation of her minimax equilib-

rium.

2. The row player is a strategic adversary (i.e. follows a no-regret “type” algorithm).

The rationale of these assumptions can be explained as follows: Assumption 1 may

arise from asymmetric information two-player zero-sum games in which the column

player knows the matrix A of the game. In this case, the column player can calculate

the exact minimax equilibrium using linear programming. Realistic examples for this

setting include problems from the security games domain, where an attacker can store

the feedback from past observations and analyze the behaviour of the system. Thus,

the attacker could know the matrix A of the game. Another example comes from the

perspective of a new company that enters an existing business market. In this market,

every strategy and payoff of the players are revealed. Therefore, when a new company

enters the market, it can anticipate what the payoff for a particular action of its strategies

is. Thus, the new incomer knows the matrix A of the game. Note that the asymmetric

game assumption might appear in many other applications, and hence we argue that

this setting deserves attention from the online learning research community.

In the case of symmetric information games (i.e., both players have the same prior

information about the game), if the row player follows a no-regret type algorithm, the

column player can first use a no-regret algorithm to estimate the minimax equilibrium.

Note that in this estimation phase, the column player cannot guarantee the no-dynamic

regret property like in the case of an asymmetric game. See Section 2.5.5 for more

details.

Assumption 2 comes from the vanilla property of no-regret algorithms: without prior

information, a player will not do worse than the best-fixed strategy in hindsight by

following a no-regret algorithm. In this chapter, we allow the row player to deviate from

a no-regret algorithm in a certain way; that is, she can choose a fixed learning rate.
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We also consider the full information feedback (see, e.g., Bailey and Piliouras (2018),

Daskalakis et al. (2011), Freund and Schapire (1999)).1

Note that our setting differs from Daskalakis and Panageas (2019) in the following ways:

we require neither the knowledge of the update step size nor the uniqueness of the

minimax equilibrium. In addition, our result does not require the row player to follow

the fixed learning rate OMWU. As such, we argue that our result can be applied to

more real-world applications, due to its more reasonable and realistic assumptions (see

Section 2.3 for more detailed discussions).

2.4 Problem Formulations & Preliminaries

Consider a repeated two-player zero-sum game. This game is described by a n × m

payoff matrix A and w.l.o.g we assume the entries of A in [0, 1]. The rows and

columns of A represent the pure strategies of the row and column players, respec-

tively. We define the set of feasible strategies of the row player, at round t, by ∆n :=

{xt ∈ Rn |
∑︁n

i=1 xt(i) = 1, xt(i) ≥ 0 ∀i ∈ {1, ..., n}}. The set of feasible strategies of

the column player, denoted by ∆m, is defined in a similar way. At round t, if the row

(resp. column) player chooses a mixed strategy xt ∈ ∆n (resp. yt ∈ ∆m), then the row

player’s payoff is −x⊤
t Ayt, while the column player’s payoff is x⊤

t Ayt. Thus, the row

(resp. column) player aims to minimise (resp. maximise) the quantity x⊤
t Ayt (resp.

x⊤
t Ayt). John von Neumann’s minimax theorem (Neumann (1928)), founding stone in

zero-sum games states that

max
y∈∆m

min
x∈∆n

x⊤Ay = min
x∈∆n

max
y∈∆m

x⊤Ay = v (2.1)

for some v ∈ R. We call a point (x∗,y∗) satisfying the minimax theorem Equation (2.1)

the minimax equilibrium of the game. Throughout this chapter, we use the notation

f(x) := maxy∈∆m x⊤Ay. Since A is a non-zero matrix with entries in [0, 1], we

have f(x) ≥ 0. Note that (x,y∗) which satisfy f(x)− v ≤ ϵ are ϵ-Nash equilibria (i.e.,

maxy∈∆mx
⊤Ay − x⊤Ay ≤ ϵ and x⊤Ay −minx∈∆nx

⊤Ay ≤ ϵ ) and ϵ = 0 implies xl

is the Nash equilibrium of the row player. Similarly, if minx∈∆n x
⊤Ay = v, then y is

also a minimax equilibrium strategy. Next, we define the concept of a no-dynamic regret

that will play an important role in this chapter.

Definition 2.1 (Besbes et al. (2015)). Let x1,x2, . . . be a sequence of mixed strategies

played by the row player. An algorithm of the column player that generates a sequence

1Note that the main focus of this chapter is on the investigation of the benefit of having asymmetric
information. Thus, the analysis of other feedback cases, such as bandit or semi-bandit, is out of scope
and remains part of future work.
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of mixed strategies y1,y2, . . . is called a no-dynamic regret algorithm if we have

lim
T→∞

DRT

T
= 0, where DRT :=

T∑︂
t=1

(︃
max
y∈∆m

x⊤
t Ay − x⊤

t Ayt

)︃
.

Here, the no-dynamic regret property is a stronger notion, compared to the usual no-

regret property, as the latter, defined by RT = maxy∈∆m
1
T

∑︁T
t=1 xt

⊤A(y−yt), is bench-

marked against the best-fixed strategy in hindsight.

Note that no-dynamic regret is typically impossible to achieve with current state-of-the-

art algorithms in the adversarial symmetric setting. We will show that in our setting we

can design an algorithm that can achieve the no-dynamic regret property.

Finally, it is important to mention that in this chapter, we will use the Kullback-Leibler

divergence to understand the behaviour of the row player’s strategies.

Definition 2.2 (Kullback and Leibler (1951)). The relative entropy or K-L divergence

between two vectors X1 and X2 in ∆n is defined as

RE(X1∥X2) =
n∑︂

i=1

X1(i) log

(︃
X1(i)

X2(i)

)︃
.

The Kullback-Leibler divergence is always non-negative. Furthermore, from Gibbs’s

inequality (Mitrinovic and Vasic (1970)) we can show that RE(X1∥X2) = 0 if and only

if X1 = X2 almost everywhere.

2.5 Last Round Convergence to Minimax Equilibrium

We first start with the investigation of last round convergence in asymmetric infor-

mation cases. In particular, we present the Last Round Convergence of Asymmetric

games (LRCA) algorithm for the column player. We then show that our algorithm

is robust to many no-regret algorithms that can be played by the row player, namely:

MWU/LMWU, general FTRL and stable no-regret algorithms(i.e., it provides last round

convergence when played against these algorithms). Under Assumption 1, we first study

the case where the column player knows the exact minimax equilibrium y∗ and the

value v of the game (i.e. the column player knows the matrix A of the game). We then

consider the case where only estimation of y∗ and v are available to the column player

in Section 2.5.5.

For a sequence of strategies x1,x2, ... played by the row player, the LRCA algorithm (see

Algorithm 11) for the column player can be described as follows: At each odd round, the

column player plays the minimax equilibrium strategy, y∗, so that in the next round,
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she can not only predict the distance between the current strategy of the row player

and a minimax equilibrium but also prevent the row player from deviating the current

strategy. Then, at the following even round, the column player chooses a strategy such

that the feedback to the row player, Ayt, is a direction towards a minimax equilibrium

strategy of the row player. Depending on the distance between the current strategy

of the row player and a minimax equilibrium (which is measured by f(xt−1) − v), the

column player chooses a suitable step size αt so that the strategy of the row player will

approach a minimax equilibrium. Note here that β is a constant number and we can

fix β = n2 so that our LRCA algorithm is robust against different no-regret algorithms

that we consider in this chapter. In order to obtain a tighter regret convergence rate,

we choose two different β in the case of MWU/LMWU and FTRL.

Algorithm 11 (LRCA) will work for a large set of learning rates, including the constant

learning rate case. Simpler algorithms, such that “fictitious play” or “best response to

the last feedback” will fail to converge in the simple case of constant learning rate and

do not have the no-dynamic regret property in Section 2.6.

In Algorithm 11, every odd round the column player keeps playing the same strategy y∗

and thus the row player can realize and exploit this pattern. To avoid this scenario, the

column player can randomly choose two successive strategies such that: y2k−1 + y2k =

y∗ + (1−α2k)y
∗ +α2ke2k where α2k and e2k are chosen according to Algorithm 11. By

following this method, the cumulative feedback received by the row player in the odd

round will stay the same and thus the analysis of Algorithm 11 remains correct. We will

prove in the following subsections that if the column player follows LRCA and the row

player uses one of the aforementioned no-regret algorithms, last round convergence to

the minimax equilibrium will be achieved.

Algorithm 11 Last Round Convergence in Asymmetric algorithm (LRCA)

Input: Current iteration t, past feedback x⊤
t−1A of the row player

Output: Strategy yt for the column player
if t = 2k − 1, k ∈ N then
yt = y∗

else if t = 2k, k ∈ N then
et := argmaxe∈{e1,e2,...em} x

⊤
t−1Ae; f(xt−1) := maxy∈∆m x⊤

t−1Ay

αt :=
f(xt−1)−v

β
yt := (1− αt)y

∗ + αtet
end if

2.5.1 No-Regret Algorithms with Stability Property

We first prove that LRCA can work with a general class of no-regret algorithms, should

the no-regret algorithm of the row player have a “stability” property defined below:
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Definition 2.3. A no-regret algorithm is stable if ∀t : yt = y∗ =⇒ xt+1 = xt.

The stability property is natural and can be explained as follows. Intuitively, in a good

situation where the column player follows y∗ and all the rewards Ay∗ are equal (i.e.,

Ay∗ = [v, v, . . . , v]), the row player’s all strategy will provide the same reward and there

is no incentive to change the current strategy. Thus, the next strategy of the row player

will be the same as the current strategy (i.e., xt+1 = xt) and the column player can use

this information to exploit the row player in the next iteration.

There are many no-regret algorithms with the stability property. For example, we prove

below that a wide class of no-regret algorithms, Follow The Regularized Leader (FTRL),

are stable:

Lemma 2.4. Suppose the row player follows an FTRL algorithm with regularizer R(x)

defined as:

xt = argmin
x∈∆n

µx⊤

(︄
t−1∑︂
i=1

Ayi

)︄
+R(x).

If there exists a fully-mixed minimax equilibrium strategy for the row player, then FTRL

is stable.

Proof. As there exists a fully-mixed minimax equilibrium strategy for the row player,

we have Ay∗ = [v, . . . , v]T . Thus, we have

x⊤Ay∗ = v ∀x ∈ ∆n.

When the column player follows the minimax strategy, the minimization for xt and xt+1

only differ by a constant term v, so their solutions are the same.

Note that the FTRL framework, with appropriately chosen R(x), can recover many pop-

ular no-regret algorithms, such as online mirror descent, multiplicative weights update,

and Hannan’s algorithm (a.k.a. Follow the Perturbed Leader). See, e.g., (McMahan,

2011; Arora et al., 2012b) for more details. Following the stability property, we prove

the LRCA can lead to ϵ-Nash equilibrium, where ϵ can be chosen arbitrarily small:

Theorem 2.5. Assume that the row player follows a stable no-regret algorithm and n

is the row player’s strategy dimension. Then, by following LRCA, for any ϵ > 0, there

exists l ∈ N such that Rl
l = O( ϵ

2

n ) and f(xl)− v ≤ ϵ.

Proof. We will prove the theorem by contradiction. Suppose there exists ϵ > 0 such

that:

f(xl)− v > ϵ, ∀l ∈ N.
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Then, following the update rule of Algorithm 1 (LRCA) we have:

y2k−1 = y∗ ; α2k =
f(x2k−1)− v

β
>

ϵ

β
.

By the stability property, as y2k−1 = y∗, we then have: x2k−1 = x2k. Following the

update rule of Algorithm 1 (LRCA):

xT
2kAy2k = xT

2k−1A ((1− α2k)y
∗ + α2ke2k)

≥ (1− α2k)v + α2kf(x2k−1) (2.2a)

> (1− α2k)v + α2k(v + ϵ) (2.2b)

≥ v +
ϵ2

β
,

Where inequality (2.2a) is due to

xTAy∗ ≥ v ∀x ∈ ∆n,

and where inequality (2.2b) comes from the assumption that f(xl) − v > ϵ. We then

have:

1

T

⊤∑︂
t=1

xT
t Ayt ≥

v +
(︂
v + ϵ2

β

)︂
2

= v +
ϵ2

2β
.

We also note that, from the definition of the value of the game, we have:

min
i

1

T

⊤∑︂
t=1

eTi Ayt = min
i

eTi A

∑︁⊤
t=1 yt

T
≤ v.

Thus, we have:

lim
T→∞

min
i

1

T

⊤∑︂
t=1

eTi Ayt −
1

T

⊤∑︂
t=1

xT
t Ayt ≤ v −

(︃
v +

ϵ2

2β

)︃
= − ϵ2

2β
,

contradicting to the definition of a no-regret algorithm:

lim
T→∞

min
i

1

T

⊤∑︂
t=1

eTi Ayt −
1

T

⊤∑︂
t=1

xT
t Ayt = 0.

For no-regret algorithms with optimal regret bound Rl = O(
√
l), following Theorem

2.5, the players will reach an ϵ-Nash equilibrium in at most O(1ϵ )
4 rounds. Due to the

full information feedback assumption, the column player will know when the row player

plays an ϵ-Nash equilibrium strategy. Depending on the number of rounds, the column

player can lead the row player to play any ϵ-Nash equilibrium, after that switching from
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LRCA to y∗ so the row player will remain to play the ϵ-Nash equilibrium (due to the

stability property).

With the stability property, we prove that LRCA can drive the row player to play an ϵ-

Nash equilibrium, where ϵ can be chosen arbitrarily small. However, in situations where

the stability property does not hold (i.e., Ay∗ ̸= [v, v, . . . , v] or the row player follows

µ-regret algorithms with constant step size), we need different analyses for LRCA. In

the following sections, we provide refined analyses for the LRCA algorithm with respect

to specific algorithms followed by the row player.

2.5.2 Last Round Convergence under MWU/LMWU

One of the most well-studied no-regret algorithms in the game theory literature is the

multiplicative weights update (MWU) method, which can be defined as follows:

Definition 2.6 (Freund and Schapire (1999)). Let y1,y2, ... be a sequence of mixed

strategies played by the column player. The row player is said to follow the MWU

algorithm if strategy xt+1 is updated as follows:

xt+1(i) = xt(i)
e−µte

⊤
i Ayt

Zt
, i ∈ {1, . . . n},

where

{︄
Zt =

∑︁n
i=1 xt(i)e

−µte⊤i Ayt , µt ∈ [0,∞) is a parameter,

ei, i ∈ {1, . . . , n}, is the unit-vector with 1 at the ith component.

Bailey and Piliouras (2018) proved that if both players follow MWU then in the case of

interior minimax equilibrium, the strategies will move away from the equilibrium and

towards the boundary(e.g., the blue trajectory in Figure 2.1).

A variant of MWU is the Linear Multiplicative Weight Update(LMWU), which is also

a no-regret algorithm with a suitable step size:

Definition 2.7. The row player is said to play the LMWU if the row player updates

the strategy as follows:

xt+1(i) =
xt(i)(1− µtei

⊤Ayt)∑︁n
j=1 xt(j)(1− µtej⊤Ayt)

∀i ∈ {1, . . . n}.

In this subsection, we prove that Algorithm 11 (LRCA) played by the column player

will lead to last round convergence in the case of MWU/LMWU. The following lemma

shows that the relative entropy between the strategy of the row player and the minimax

equilibrium is non-increasing.

Lemma 2.8. Assume that the row player follows the MWU/LMWU algorithm with a

non-increasing step size µt such that there exists t′ ∈ N with µt′ ≤ 1
3 . If the column
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player follows LRCA with β ≥ 2 then

RE (x∗∥x2k−1)−RE (x∗∥x2k+1) ≥
1

2
µ2kα2k(f(x2k−1)− v) ∀k ∈ N : 2k ≥ t′,

where RE denotes the relative entropy, which is defined in Definition 2.2.

Proof. First, we provide the proof in the case of MWU. Following Definition 2 of relative

entropy we have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

= (RE(x∗||x2k+1)−RE(x∗||x2k)) + (RE(x∗||x2k)−RE(x∗||x2k−1))

=

(︄
n∑︂

i=1

x∗(i) log

(︃
x∗(i)

x2k+1(i)

)︃
−

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k(i)

)︃)︄
+(︄

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k(i)

)︃
−

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k−1(i)

)︃)︄

=

(︄
n∑︂

i=1

x∗(i) log

(︃
x2k(i)

x2k+1(i)

)︃)︄
+

(︄
n∑︂

i=1

x∗(i) log

(︃
x2k−1(i)

x2k(i)

)︃)︄
.

Following the update rule of the multiplicative weights update algorithm in Definition

3.1 we have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

=
(︂
µ2kx

∗⊤Ay2k + log(Z2k)
)︂
+
(︂
µ2k−1x

∗⊤Ay2k−1 + log(Z2k−1)
)︂

≤

(︄
µ2kv + log

(︄
n∑︂

i=1

x2k(i)e
−µ2ke

⊤
i Ay2k

)︄)︄
+ (µ2k−1v + log(Z2k−1)) (2.3a)

=

(︄
µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k−1e

⊤
i Ay2k−1e−µ2ke

⊤
i Ay2k

)︄
− log(Z2k−1)

)︄
+ (µ2k−1v + log(Z2k−1)) ,

where Inequality (2.3a) is due to the fact that x∗⊤Ay ≤ v ∀y ∈ ∆m. Thus,

RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤

(︄
µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k−1e

⊤
i Ay∗

e−µ2ke
⊤
i Ay2k

)︄)︄
+ µ2k−1v

≤

(︄
µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k−1ve−µ2ke

⊤
i Ay2k

)︄)︄
+ µ2k−1v (2.4a)

= µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2ke

⊤
i Ay2k

)︄
,
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where Inequality (2.4a) is the result of the inequality:

x⊤Ay∗ ≥ v ∀x ∈ ∆n.

Now, using the update rule of Algorithm 1 (LRCA)

y2k = (1− α2k)y
∗ + α2ke2k,

we then have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤ µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2ke

⊤
i Ay2k

)︄

= µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2ke

⊤
i A((1−α2k)y

∗+α2ke2k)

)︄

≤ µ2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k((1−α2k)v+e⊤i A(α2ke2k))

)︄
. (2.5a)

The Inequality (2.5a) holds as:

x⊤Ay∗ ≥ v ∀x ∈ ∆n.

This leads to

RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤ µ2kα2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2kα2ke

⊤
i Ae2k

)︄

≤ µ2kα2kv + log

(︄
n∑︂

i=1

x2k−1(i)(1− (1− e−µ2kα2k)ei
⊤Ae2k

)︄
(2.6a)

= µ2kα2kv + log
(︂
1− (1− e−µ2kα2k)x2k−1

⊤Ae2k

)︂
≤ µ2kα2kv − (1− e−µ2kα2k)x2k−1

⊤Ae2k (2.6b)

= µ2kα2kv − (1− e−µ2kα2k)f(x2k−1),

where Inequalities (2.6a, 2.6b) are due to

βx ≤ 1− (1− β)x ∀β ≥ 0 x ∈ [0, 1] and log(1− x) ≤ −x ∀x < 1.

We can develop Inequality (2.6b) further as
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RE(x∗||x2k+1)−RE(x∗||x2k−1) ≤ µ2kα2kv −
(︁
1− e−µ2kα2k

)︁
f(x2k−1)

≤ µ2kα2kv −
(︃
1−

(︃
1− µ2kα2k +

1

2
(µ2kα2k)

2

)︃)︃
f(x2k−1) (2.7a)

= −µ2kα2k(f(x2k−1)− v) +
1

2
(µ2kα2k)

2f(x2k−1)

≤ −µ2kα2k(f(x2k−1)− v) +
1

2
µ2kα2kµ2k

f(x2k−1)− v

f(x2k−1)
f(x2k−1) (2.7b)

≤ −µ2kα2k(f(x2k−1)− v) +
1

2
µ2kα2k (f(x2k−1)− v) (2.7c)

= −1

2
µ2kα2k(f(x2k−1)− v) ≤ 0.

Here, Inequality (2.7a) is due to ex ≤ 1+x+ 1
2x

2 ∀x ∈ [−∞, 0], Inequality (2.7b) comes

from the definition of αt:

αt =
f(xt−1)− v

β
, β ≥ 2, f(x2k−1) ≤ 1

and finally Inequality (2.7c) comes from the choice of k at the beginning of the proof,

i.e., µ2k ≤ 1.

We now consider the LMWU case. From the step size assumption of LMWU algorithm,

we have:

∃t ∈ N such that µt ≤
1

3
and

∞
lim
i=t

µi = ∞.

Using the update rule of LMWU in Definition 3.3 we obtain

xm+1(1)

xm(1)
: . . . :

xm+1(n)

xm(n)
= (1− µme1

⊤Aym) : . . . : (1− µmen
⊤Aym) ∀m.

Take m equal t and t− 1 and time the equations side by side we obtain

xt+1(1)

xt−1(1)
:
xt+1(2)

xt−1(2)
: . . . :

xt+1(n)

xt−1(n)
= (1− µte1

⊤Ayt)(1− µt−1e1
⊤Ayt−1) :

(1− µte2
⊤Ayt)(1− µt−1e2

⊤Ayt−1) : . . . : (1− µten
⊤Ayt)(1− µt−1en

⊤Ayt−1)

=⇒ xt+1(i) =
xt−1(i)(1− µtei

⊤Ayt)(1− µt−1ei
⊤Ayt−1)∑︁n

j=1 xt−1(j)(1− µtej⊤Ayt)(1− µt−1ej⊤Ayt−1)
∀i ∈ 1, 2, . . . n.

Note that for t is event, yt−1 = y∗ in LRCA-1 algorithm. For any i such that : ei
⊤Ay∗ =

v we have:

xt+1(i)

xt−1(i)
=

(1− µt−1ei
⊤Ay∗)(1− µtei

⊤Ayt)∑︁n
j=1 xt−1(j)(1− µt−1ej⊤Ay∗)(1− µtej⊤Ayt)

=
(1− µt−1v)(1− µtei

⊤Ayt)∑︁n
j=1 xt−1(j)(1− µt−1ej⊤Ay∗)(1− µtej⊤Ayt)

=
(1− µtei

⊤Ayt)∑︁n
j=1 xt(j)

1−µt−1ej⊤Ay∗

1−µt−1v
(1− µte⊤j Ayt)

≥ (1− µtei
⊤Ayt)∑︁n

j=1 xt−1(j)(1− µtej⊤Ayt)
.
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The last inequality is due to e⊤j Ay∗ ≥ v ∀j ∈ {1, . . . , n}.

We also have for any j such that : ej
⊤Ay∗ > v then x∗(j) = 0 for any minimax

equilibrium strategy x∗. Therefore, we have:

RE(x∗∥xt−1)−RE(x∗∥xt+1) =
n∑︂

i=1

x∗(i)log

(︃
xt+1(i)

xt−1(i)

)︃

≥
n∑︂

i=1

x∗(i) log

(︄
(1− µtei

⊤Ayt)∑︁n
j=1 xt−1(j)(1− µtej⊤Ayt)

)︄
=

n∑︂
i=1

x∗(i) log

(︄
(1− µtei

⊤Ayt)

1− µtx⊤
t−1Ayt

)︄
.

Applying inequality log(x) ≥ (x − 1) − (x − 1)2 ∀x ≥ 0.5 to the above equation, we

obtain

RE(x∗∥xt−1)−RE(x∗∥xt+1) ≥
n∑︂

i=1

x∗(i)

⎛⎝(1− µtei
⊤Ayt)

1− µtx⊤
t−1Ayt

− 1−

(︄
(1− µtei

⊤Ayt)

1− µtx⊤
t−1Ayt

− 1

)︄2
⎞⎠

=
µt(x

⊤
t−1Ayt − x∗⊤Ayt)

1− µtx⊤
t−1Ayt

−
n∑︂

i=1

x∗(i)
µ2
t (x

⊤
t−1Ayt − ei

⊤Ayt)
2

(1− µtx⊤
t−1Ayt)2

.

Now, following Algorithm 1 (LRCA), we have: yt = (1− αt)y
∗ + αtet. For j such that

e⊤j Ay∗ > v, we have x∗(j) = 0. We can simplify the above equation accordingly and

use the Cauchy theorem to obtain

RE(x∗∥xt−1)−RE(x∗∥xt+1) ≥

µt(1− αt)(x
⊤
t−1Ay∗ − v)

1− µtx⊤
t−1Ayt

−
n∑︂

i=1

x∗(i)
2µ2

t (1− αt)
2(x⊤

t−1Ay∗ − v)2

(1− µtx⊤
t−1Ayt)2

+
µtαt(x

⊤
t−1Aet − x∗⊤Aet)

1− µtx⊤
t−1Ayt

−
n∑︂

i=1

x∗(i)
2µ2

tα
2
t (x

⊤
t−1Aet − e⊤i Aet)

2

(1− µtx⊤
t−1Ayt)2

.

(2.8)

For µt ≤ 1
3 we have:

µt(1− αt)(x
⊤
t−1Ay∗ − v)

1− µtx⊤
t−1Ayt

−
n∑︂

i=1

x∗(i)
2µ2

t (1− αt)
2(x⊤

t−1Ay∗ − v)2

(1− µtx⊤
t−1Ayt)2

≥ 0.

We also have:
(x⊤

t−1Aet − e⊤i Aet)
2

(1− µtx⊤
t−1Ayt)2

≤ 1

(1− µt)(1− µtx⊤
t−1Ayt)

.

Follow the Inequality (2.8), we obtain

RE(x∗∥xt−1)−RE(x∗∥xt+1) ≥
µtαt(x

⊤
t−1Aet − x∗⊤Aet)

1− µtx⊤
t−1Ayt

− 2µ2
tα

2
t

(1− µt)(1− µtx⊤
t−1Ayt)

.
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By definition of αt in LRCA-1 algorithm

αt ≤
x⊤
t−1Aet − v

2
≤

x⊤
t−1Aet − x∗⊤Aet

2
,

along with µt ≤ 1
3 we have:

1

2

µtαt(x
⊤
t−1Aet − x∗⊤Aet)

1− µtx⊤
t−1Ayt

≥ 2µ2
tα

2
t

(1− µt)(1− µtx⊤
t−1Ayt)

.

Thus, we have:

RE(x∗∥xt−1)−RE(x∗∥xt+1) ≥
1

2

µtαt(x
⊤
t−1Aet − x∗⊤Aet)

1− µtx⊤
t−1Ayt

≥ 1

2

µtαt(x
⊤
t−1Aet − v)

1− µtx⊤
t−1Ayt

≥
µtαt(x

⊤
t−1Aet − v)

2
≥ 0 ∀t = 2k.

This lemma can be used to prove the following result:

Theorem 2.9. Let A be an n×m non-zero matrix with entries in [0, 1]. Assume that the

row player follows the MWU/LMWU algorithm with a non-increasing step size µt such

that limT→∞
∑︁T

t=1 µt = ∞ and there exists t′ ∈ N with µt′ ≤ 1
3 . If the column player

plays LRCA then there exists a minimax equilibrium x̄∗, such that limt→∞RE(x̄∗∥xt) =

0 and thus limt→∞ xt = x̄∗ almost everywhere and limt→∞ yt = y∗.

Proof. Let x∗ be a minimax equilibrium strategy of the row player (x∗ may not be

unique). Since µt is a non-increasing step size, there exists t′ such that µt ≤ 1
3 for all

t ≥ t′. Following Lemma 2.8, for all k ∈ N such that 2k ≥ t′, we have

RE(x∗∥x2k+1)−RE(x∗∥x2k−1) ≤ −1

2
µ2kα2k(f(x2k−1)− v). (2.9)

Thus, the sequence of relative entropy RE(x∗∥x2k−1) is non-increasing for all k ≥ t′

2 . As

the sequence is bounded below by 0, it has a limit for any minimax equilibrium strategy

x∗. Since t′ is a finite number and
∑︁∞

t=1 µt = ∞, we have
∑︁∞

t=t′ µt = ∞. Thus,

lim
T→∞

T∑︂
k=

⌈︂
t′
2

⌉︂µ2k = ∞.

We will prove that ∀ϵ > 0, ∃h ∈ N such that following LRCA for the column player

and MWU/LMWU algorithm for the row player, the row player will play strategy xh

at round h and f(xh) − v ≤ ϵ. In particular, we prove this by contradiction. That is,
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suppose that ∃ϵ > 0 such that ∀h ∈ N, f(xh)− v > ϵ. Then ∀k ∈ N,

α2k(f(x2k−1)− v) =
(f(x2k−1)− v)2

β
>

e2

β
.

Let k vary from
⌈︂
t′

2

⌉︂
to T in equation (2.9). By summing over k, we obtain:

RE(x∗∥x2T+1) ≤ RE(x∗∥xt′)−
1

2

T∑︂
k=

⌈︂
t′
2

⌉︂µ2kα2k(f(x2k−1)− v)

≤ RE(x∗∥xt′)−
1

2

e2

β

T∑︂
k=

⌈︂
t′
2

⌉︂µ2k.

Since limT→∞
∑︁T

k=
⌈︂
t′
2

⌉︂ µ2k = ∞ and RE(x∗∥xT+1) ≥ 0, which contradicts our assump-

tion about ∀h ∈ N, f(xh)− v > ϵ.

Now, we take a sequence of ϵk > 0 such that limk→∞ ϵk = 0. Then for each k, there exists

xtk ∈ ∆n such that v ≤ f(xtk) ≤ v + ϵk. As ∆n is a compact set and xtk is bounded

then following the Bolzano-Weierstrass theorem, there is a convergence subsequence

xt̄k . The limit of that sequence, x̄∗, is a minimax equilibrium strategy of the row

player (since f(x̄∗) = f(limk→∞ xt̄k) = limk→∞ f(xt̄k) = v). Combining with the

fact that RE(x̄∗∥x2k−1) is non-increasing for k ≥
⌈︂
t′

2

⌉︂
and RE(x̄∗∥x̄∗) = 0, we have

limk→∞RE(x̄∗∥x2k−1) = 0. We also note that

RE(x̄∗∥x2k)−RE(x̄∗∥x2k−1) = µ2k−1x̄
∗⊤Ay2k−1 + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k−1ei

⊤Ay∗

)︄

≤ µ2k−1v + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ2k−1v

)︄
= 0,

following the fact that x∗⊤Ay ≤ v for all y ∈ ∆m and x⊤Ay∗ ≥ v for all x ∈ ∆n.

Thus, we have limk→∞RE(x̄∗∥x2k) = 0 as well. Subsequently, limt→∞RE(x̄∗∥xt) = 0,

which concludes the proof.

The optimal step size αt in the case of MWU is αt =
f(xt−1)−v
µtf(xt−1)

. However, in order to

make LRCA robust against other algorithms of the row player, we choose the step size

as shown in the algorithm. In LRCA Algorithm 11, if we have f(xt)− v ≤ ϵ, then

minx∈∆nx
⊤Ayt ≥ (1− αt)v ≥ (1− ϵ)v =⇒ v −minx∈∆nx

⊤Ayt ≤ ϵ.

It is easy to show that these inequalities imply (xt,yt) is 2ϵ-nash equilibrium. Follow

Lemma 2.8 in the case of constant learning rate µt = µ, we have the complexity of the

algorithm in order to achieve ϵ-nash equilibrium is O( log(n)/µ
ϵ2

).



44 Chapter 2 Last Round Convergence to NE Against Strategic Adversary

2.5.3 Last Round Convergence under FTRL

We now consider a more general form of no-regret algorithms for the strategic adversary,

namely Follow the Regularized Leader (e.g., see Abernethy et al. (2008)).

Definition 2.10. The row player is said to play the FTRL with σ-strongly convex

regularizer: F (x) if the row player updates the strategy as follows:

xt = argmin
x∈∆n

Gt(x) = x⊤

(︄
t−1∑︂
i=1

Ayi

)︄
+

1

µ
F (x).

FTRL covers a large set of well-known no-regret algorithms. For instance, if the nega-

tive entropy function is used as the regularizer, then FTRL results in a fixed step-size

Multiplicative Weight Update. In the case of Euclidean regularizer, the FTRL becomes

the famous Online Mirror Descent with lazy projection(e.g. see Shalev-Shwartz (2012)).

We now have an analysis of last round convergence when play against the general FTRL:

Theorem 2.11. Assume that the row player follows the FTRL with σ-strongly convex

regularizer: F (x) with fixed step such that µ ≤ 1 and σ ≥ 1. Then if the column player

follows the Algorithm 11 (LRCA) with β ≥ n2, there will be last round convergence to

the minimax equilibrium.

Proof. Let x∗ be a minimax equilibrium of the row player. Denote Ht(x
∗) = Gt(x

∗)−
Gt(xt), following properties of strongly convex function we have:

Ht ≥
σ

2µ
∥x∗ − xt∥2.

Thus, if Ht(x
∗) converges to 0 then we have xt converges to x∗. We will prove that

Ht−1(x
∗)−Ht+1(x

∗) ≥ (f(xt−1)− v)2

2n2
∀t = 2k.

From the definition of Ht we have:

Ht−1(x
∗)−Ht+1(x

∗) = (Gt+1(xt+1)−Gt−1(xt−1))− (Gt+1(x
∗)−Gt−1(x

∗))

= (Gt−1(xt+1)−Gt−1(xt−1) + xt+1
⊤A(yt−1 + yt))− x∗⊤A(yt−1 + yt)

≥ σ

2µ
∥xt+1 − xt−1∥2 + xt+1

⊤A(yt−1 + yt)− x∗⊤A(yt−1 + yt) (2.10a)

where the last inequality derives from the strongly convex property of Gt−1. We note

that as x∗ = argminx∈∆n
x⊤Ay∗, the following inequality holds

x⊤Ay∗ ≥ x∗⊤Ay∗ = v ∀x ∈ ∆n.
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Plug it in the inequality (2.10a) and note that yt−1 = y∗ for an even t, then we have:

Ht−1(x
∗)−Ht+1(x

∗) ≥ σ

2µ
∥xt+1 − xt−1∥2 + (xt+1 − x∗)⊤Ayt

=
σ

2µ
∥xt+1 − xt−1∥2 + (xt+1 − x∗)⊤((1− αt)y

∗ + αtet) (2.11a)

≥ σ

2µ
∥xt+1 − xt−1∥2 + αt(xt+1 − x∗)⊤Aet (2.11b)

=
σ

2µ
∥xt+1 − xt−1∥2 + αt(xt+1 − xt−1)

⊤Aet + αt(xt−1 − x∗)⊤Aet

≥ σ

2µ
∥xt+1 − xt−1∥2 − αt∥xt+1 − xt−1∥ ∥Aet∥∗ + αt(f(xt−1)− v). (2.11c)

Equalities (2.11a,2.11b) come from the definition of yt. We have the inequalities (2.11c)

as the result of,

a⊤b ≤ ∥a∥∥b∥∗,

where ∥ ∥∗ denotes the dual norm. For vector a such that {a| 0 < a(i) ≤ 1 ∀i ∈ [n]} we

have:

∥a∥∗ ≤ n.

Substitute this into the inequalities (2.11c) we have:

Ht−1(x
∗)−Ht+1(x

∗) ≥ σ

2µ
∥xt+1 − xt−1∥2 − nαt∥xt+1 − xt−1∥ + αt(f(xt−1)− v)

=

⎛⎝√︃ σ

2µ
∥xt+1 − xt−1∥ −

nαt

2
√︂

σ
2µ

⎞⎠2

+ αt(f(xt−1)− v)− n2α2
tµ

2σ

≥ αt(f(xt−1)− v)− n2α2
tµ

2σ
≥ αt(f(xt−1)− v)− n2α2

t

2
. (2.12a)

Now, from LRCA Algorithm 11 we have

αt =
f(xt−1)− v

n2
,

then inequality (2.12a) implies:

Ht−1(x
∗)−Ht+1(x

∗) ≥ αt

2
(f(xt−1)− v) =

(f(xt−1)− v)2

2n2
≥ 0 ∀t even.

Following the same argument in the proof of Theorem 2.9, we have the last round

convergence result.

Note that we only need an upper bound for µ and a lower bound for σ in order to prove

the Theorem 2.11. The FTRL with negative entropy regularizer becomes the MWU with

constant step size µ. However, when µ varies in each update, then the two algorithms

can be significantly different and thus the analysis in Theorem 2.9 is necessary. From
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the analysis of Theorem 2.11, the complexity of the algorithm in order to achieve ϵ-Nash

equilibrium is O(n
2

ϵ2
).

2.5.4 Last Round Convergence under Optimistic MWU

When following the Optimistic Multiplicative Weight Update algorithm Daskalakis and

Panageas (2019), the row player will have the following strategy update:

xt+1(i) = xt(i)
e−2µe⊤i Ayt+µe⊤i Ayt−1∑︁n

j=1 xtje
−2µe⊤j Ayt+µe⊤j Ayt−1

∀i ∈ {1 . . . n}.

We note that in Algorithm 11, we just use one “stabilizing” strategy yt−1 = y∗ before we

exploit the strategy of the row player. However, in the case of Optimistic Multiplicative

Weight Update algorithm, we need two “stabilizing” strategies. It will not change the

result of LRCA in other cases, but it will make it slower to converge to the minimax

equilibrium of the row player. In this case, let y3k = y3k−1 = y∗ and y3k+1 = (1 −
α)y∗ + αe3k+1 where e3k+1 = argmaxy∈∆m

x⊤
3kAy, ∀k ∈ N. Then we have:

x3k+3(i) = x3k(i)
e−2µe⊤i Ay3k+2−µe⊤i Ay3k+1−µe⊤i Ay3k+µe⊤i Ay3k−1∑︁n

j=1 x3k(j)e
−2µe⊤j Ay3k+2−µe⊤j Ay3k+1−µe⊤j Ay3k+µe⊤j Ay3k−1

.

Following that we then have:

RE(x∗∥x3k)−RE(x∗∥x3k+3) =

n∑︂
i=1

x∗(i) log(
x3k+3(i)

x3k(i)
)

=

n∑︂
i=1

x∗(i) log(
e−2µe⊤i Ay∗−µe⊤i Ay3k+1∑︁n

j=1 x3k(j)e
−2µe⊤j Ay∗−µe⊤j Ay3k+1

)

= −2µv − µx∗⊤Ay3k+1 − log(
n∑︂

j=1

x3k(j)e
−2µe⊤j Ay∗−µe⊤j Ay3k+1)

≥ −2µv − µv − (−2µv)− log(
n∑︂

j=1

x3k(j)e
−µe⊤j Ay3k+1)

= −µv − log(
n∑︂

j=1

x3k(j)e
−µe⊤j Ay3k+1).

Now it comes back the exact step in the proof of Theorem 2.9 and with the same chosen

step size we will have the last round convergence.
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2.5.5 Convergence with Minimax Equilibrium Estimation

It is well-known that if both players follow a no-regret algorithm, then the average

strategy will converge to a minimax equilibrium Cesa-Bianchi and Lugosi (2006). Bailey

and Piliouras (2019) considered a more interesting setting where both players use a

constant step size gradient algorithm(i.e., algorithms with a constant regret). They

proved that in the case of 2× 2 matrix A, there will be average convergence to minimax

equilibrium. Further, their experimental results suggest that the result holds true for

every size of matrix A. In this section, we consider a symmetric game in which the row

player follows the Multiplicative Weight Update Algorithm. Without the knowledge

of the matrix A, the column player first plays a no-regret algorithm and collects the

historical average strategy: an estimation of y∗. After having the estimation, the column

player then follows the Algorithm 11. We prove that the strategies of the row and column

player will converge to an arbitrarily small ball containing the minimax equilibrium.

Theorem 2.12. Assume that the row player follows the MWU algorithm with a fixed

step size µ > 0. For any λ > 0, there exists ϵ > 0 such that if the column player

follows LRCA with the approximations of y∗, v as ȳ, v̄ and minx∈∆n x
⊤Aȳ > v−ϵ with

v + ϵ > v̄ > v − ϵ, then there exist T and such that for every t > T , there is a minimax

equilibrium x∗ such that RE(x∗∥xt) < λ.

Proof of Theorem 2.12. We first provide some lemmas before proving the theorem.

Lemma 2.13. Let A be a matrix of a two-players zero-sum game with entries in [0,1].

For all λ > 0, there exists ϵ > 0 such that:

if max
y∈∆m

x⊤Ay ≤ v+ϵ =⇒ There exists a minimax equilibrium x∗ such that ||x−x∗|| < λ.

Proof. Let denote f(x) = maxy∈∆m x⊤Ay. Consider a closed and bounded set:

S = {x ∈ ∆n| ||x− x∗|| ≥ λ ∀ equilibria points x∗}.

f(x) is a continuous function on the closed and bounded set S, therefore it achieves a

minimum v′ in S. Since the construction of S, we have v′ − v > 0. Pick 0 < ϵ < v′ − v,

then

∀x ∈ ∆n, maxy∈∆mx
⊤Ay ≤ v + ϵ ≤ v′ =⇒ x /∈ S =⇒ ∃x∗such that||x− x∗|| < λ.

Lemma 2.14. Let x be a point in the ∆n. Then for every λ > 0, there exists ϵ > 0

such that ∀y ∈ ∆n

||x− y|| < ϵ =⇒ Re(x||y) ≤ λ.
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Proof. For xi = 0, we have xi log(
xi
yi
) = 0 so w.l.o.g, we assume xi > 0 ∀i ∈ [n]. Let

xk = minj∈[n] xj . Pick 0 < ϵ < xk such that

log(
xk

xk − ϵ
) ≤ λ.

With the assumption that ||x− y|| < ϵ, we have yi ≥ xi − ϵ. Then,

RE(x||y) =
n∑︂

i=1

xi log(
xi
yi
) ≤

n∑︂
i=1

xi log(
xi

xi − ϵ
) ≤

n∑︂
i=1

xi log(
xk

xk − ϵ
) = log(

xk
xk − ϵ

) ≤ λ.

Now, we can prove the above theorem. Following the Definition of relative entropy we

have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

= (RE(x∗||x2k+1)−RE(x∗||x2k)) + (RE(x∗||x2k)−RE(x∗||x2k−1))

=

(︄
n∑︂

i=1

x∗(i) log

(︃
x∗(i)

x2k+1(i)

)︃
−

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k(i)

)︃)︄
+(︄

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k(i)

)︃
−

n∑︂
i=1

x∗(i) log

(︃
x∗(i)

x2k−1(i)

)︃)︄

=

(︄
n∑︂

i=1

x∗(i) log

(︃
x2k(i)

x2k+1(i)

)︃)︄
+

(︄
n∑︂

i=1

x∗(i) log

(︃
x2k−1(i)

x2k(i)

)︃)︄
.

Following the update rule of the multiplicative weights update algorithm we have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

=
(︂
µx∗⊤Ay2k + log(Z2k)

)︂
+
(︂
µx∗⊤Ay2k−1 + log(Z2k−1)

)︂
≤

(︄
µv + log

(︄
n∑︂

i=1

x2k(i)e
−µe⊤i Ay2k

)︄)︄
+ (µv + log(Z2k−1)) (2.13a)

=

(︄
µv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µe⊤i Ay2k−1e−µe⊤i Ay2k

)︄
− log(Z2k−1)

)︄
+ (µv + log(Z2k−1)) ,

where Inequality (2.13a) is due to the fact that x∗⊤Ay ≤ v ∀y ∈ ∆m. Now, using the

update rule of Algorithm (LRCA)

y2k = (1− α2k)ȳ + α2ke2k,
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we then have:

RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤

(︄
µv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µe⊤i Aȳe−µe⊤i A((1−α2k)ȳ+α2ke2k)

)︄)︄
+ µv

≤

(︄
µv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µ(v−ϵ)e−µ(1−α2k)(v−ϵ)−µα2ke

⊤
i Ae2k

)︄)︄
+ µv (2.14a)

= ϵ(2µ− µα2k) + µα2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µα2ke

⊤
i Ae2k

)︄
,

where Inequality (2.14a) is the result of the inequality:

x⊤Ay∗ ≥ v ∀x ∈ ∆n.

This leads to

RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤ ϵ(2µ− µα2k) + µα2kv + log

(︄
n∑︂

i=1

x2k−1(i)e
−µα2ke

⊤
i Ae2k

)︄

≤ ϵ(2µ− µα2k) + µα2kv + log

(︄
n∑︂

i=1

x2k−1(i)(1− (1− e−µα2k)ei
⊤Ae2k

)︄
(2.15a)

= ϵ(2µ− µα2k) + µα2kv + log
(︂
1− (1− e−µα2k)x2k−1

⊤Ae2k

)︂
≤ ϵ(2µ− µα2k) + µα2kv − (1− e−µα2k)x2k−1

⊤Ae2k (2.15b)

= ϵ(2µ− µα2k) + µα2kv − (1− e−µα2k)f(x2k−1),

where Inequalities (2.15a, 2.15b) are due to

βx ≤ 1− (1− β)x ∀β ≥ 0 x ∈ [0, 1] and log(1− x) ≤ −x ∀x < 1.

We can develop Inequality (2.15b) further as

RE(x∗||x2k+1)−RE(x∗||x2k−1) ≤ ϵ(2µ− µα2k) + µα2kv −
(︁
1− e−µα2k

)︁
f(x2k−1)

≤ ϵ(2µ− µα2k) + µα2kv −
(︃
1−

(︃
1− µα2k +

1

2
(µα2k)

2

)︃)︃
f(x2k−1) (2.16a)

= ϵ(2µ− µα2k)− µα2k(f(x2k−1)− v) +
1

2
(µα2k)

2f(x2k−1)

≤ ϵ(2µ− µα2k)− µα2k(f(x2k−1)− v) +
1

2
µα2kµ

f(x2k−1)− v̄ + ϵ

f(x2k−1)
f(x2k−1) (2.16b)

≤ ϵ(2µ− µα2k)−
1

2
µα2k(f(x2k−1)− v − 2ϵ) (2.16c)

≤ ϵ(2µ− µα2k)−
1

2
µ(f(x2k−1)− v)(f(x2k−1)− v − 2ϵ).
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Here, Inequality (2.16a) is due to ex ≤ 1 + x + 1
2x

2 ∀x ∈ [−∞, 0], Inequality (2.16b)

comes from the definition of αt:

αt =
f(xt−1)− v̄ + ϵ

f(xt−1)
,

and finally, Inequality (2.16c) comes from the choice of k at the beginning of the proof,

i.e., µ2k ≤ 1. If

f(x2k−1)− v ≥ 3
√
ϵ and ϵ ≤ 1

4
,

then we have
RE(x∗||x2k+1)−RE(x∗||x2k−1)

≤ ϵ(2µ)− 1

2
3
√
ϵ(2

√
ϵ)

≤ −ϵµ < 0.

Using lemma 2.13 and lemma 2.14, pick ϵ such that if f(x2k−1)− v < 3
√
ϵ, then

RE(x∗||x2k−1) < λ1 < λ− 3ϵµ.

Since RE() is non-negative, there exists k such that f(x2k−1) − v < 3
√
ϵ. It leads to

RE(x∗||x2k−1) < λ− ϵµ. If f(x2k+1)− v < 3
√
ϵ, then

RE(x∗||x2k+1) < λ1 < λ− ϵµ.

If f(x2k−1)− v > 3
√
ϵ, then

RE(x∗||x2k+1) < RE(x∗||x2k−1) + 2ϵµ < λ1 + 2ϵµ < λ− ϵµ

RE(x∗||x2k+3) < RE(x∗||x2k+1)− ϵµ < λ1 + ϵµ < λ− ϵµ.

Following this process, we then have the K-L distance RE(x∗||x2l−1) < λ − ϵµ < λ for

all l ≥ k.

For the even round, for all l ≥ k we have:

RE(x∗||x2l)−RE(x∗||x2l−1) = µx∗⊤Ay2l−1 + log

(︄
n∑︂

i=1

x2l−1(i)e
µei

⊤Aȳ

)︄

≤ µv + log

(︄
n∑︂

i=1

x2l−1(i)e
−µ(v−ϵ)

)︄
= µϵ.

This implies that

RE(x∗||x2l) < RE(x∗||x2l−1) + µϵ < (λ− µϵ) + µϵ = λ ∀ l ≥ k.
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Next, we prove that the LRCA algorithm is a no-dynamic regret algorithm under mild

conditions.

2.6 No-dynamic Regret Algorithm

In this section, we first show that if the column player wants to achieve both the no-

regret and stability properties, then the row player’s strategy needs to converge to the

minimax equilibrium. We then show that LRCA is a no-dynamic regret algorithm for

the column player when the row player follows the aforementioned no-regret algorithms.

In a general case, we suggest a method to combine our LRCA algorithm with another no-

regret algorithm (such that Adahedge De Rooij et al. (2014)) so that the new algorithm

will still have no-regret property against random sequences of the row player while

maintaining no-dynamic regret in the specific situation.

Lemma 2.15. Suppose that the row player is a strategic adversary who follows a com-

mon no-regret algorithm such as MWU, OMD, FTRL, LMWU or OMWU. Then, the

column player cannot achieve last round convergence and the no-regret property if the

row player’s strategy does not converge to a minimax equilibrium of the game.

Proof. Suppose that the column player achieves both stability and no-regret property.

The strategy of the column player will then converge, say to ŷ. Following the property

of common no-regret algorithms, the strategy of the row player will also converge to a

single best response x̂ to ŷ:

x̂ = argmin
x∈∆n

x⊤Aŷ.

Furthermore, since the strategy of the column player is no-regret, we must also have

ŷ = argmax
y∈∆m

x̂⊤Ay.

Therefore, by definition, (x̂, ŷ) is a minimax equilibrium of the game.

Our algorithm LRCA satisfies the sufficient condition in Lemma 2.15. Next, we prove

the no-dynamic regret property of the algorithm, clarifying the design of LRCA.

Theorem 2.16. Assume that the row player is a strategic adversary who follows the

above-mentioned no-regret type algorithms: MWU/LMWU, FTRL. If there exists a fully

mixed minimax strategy for the row player, then by following LRCA, the column player

will achieve the no-dynamic regret property with the dynamic regret satisfying RT ≤
DRT = O

(︂√︁
log(n)T 3/4

)︂
. Furthermore, in the case the row player uses a constant

learning rate µ, we have DRT = O( n√
µT

1/2).
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Proof. We first prove the theorem in the case the row player follows the MWU/LMWU

algorithm.

For the odd round 2k− 1, the dynamic regret of the column player at round 2k− 1 will

satisfy

DR2k−1 = max
i∈1,..m

x⊤
2k−1Aei − x⊤

2k−1Ay∗ ≤ f(x2k−1)− v.

For the even round 2k, considering the existence of the fully mixed minimax equilibrium

of the row player, we then have Ay∗ = vI1 (I1 is a vector of all 1 element) and thus

x2k = x2k−1. Therefore DR2k ≤ f(x2k−1)− v.

Combining the case of odd and even round, we derive

DRT ≤ 2

T/2∑︂
k=1

(f(x2k−1)− v).

Now, following Lemma 2.8 in the case n ≥ 8, we have

1

2
µ2k

(f(x2k−1)− v)2

2
≤ RE(x∗||x2k−1)−RE(x∗||x2k+1)

=⇒
T/2∑︂
k=1

µ2k(f(x2k−1)− v)2 ≤ 4RE(x∗||x1) ≤ 4 log(n).

Using the Cauchy–Schwarz inequality, we can then derive that

T/2∑︂
k=1

(f(x2k−1)− v) ≤ 2
√︁
log(n)

⌜⃓⃓⎷T/2∑︂
k=1

1

µ2k
=⇒ DRT ≤ 4

√︁
log(n)

⌜⃓⃓⎷T/2∑︂
k=1

1

µ2k
.

If the row player follows the constant step size µ, then we have

DRT ≤
2
√
2
√︁
log(n)

√
µ

T 1/2 = O(
n
√
µ
T 1/2).

If the row player follows a decreasing step size µk =
√︁
8 log(n)/k (Cesa-Bianchi and

Lugosi (2006)) to make the algorithm no-regret, then we have

DRT ≤ log(n)1/4T 3/4 = O(
√︁

log(n)T 3/4).

Indeed, for any sequence of step size µk such that
∑︁T/2

k=1
1

µ2k
≤ O(T 3/2), the theorem

holds.

We continue the proof in the case of FTRL. W.l.o.g, assume that maxx∈∆n F (x) = 1.

Following the proof of Theorem 2.11 we have

T/2∑︂
k=1

(f(x2k−1)− v)2 ≤ 2n2

µ
=⇒

T/2∑︂
k=1

(f(x2k−1)− v) ≤ 1
√
µ
T 1/2n.
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Using the same argument as the case of MWU, we then have:

DRT ≤ 2
√
µ
T 1/2n = O(

n
√
µ
T 1/2).

In the case of the row player using a constant learning rate, LRCA achieves the average

dynamic regret of O(T−1/2), better than state-of-the-art no-regret algorithms which

obtain the same average but in the normal regret RT .

In the general case where the column player does not know whether the row player

uses the following algorithm to achieve the no-regret property in any situation while

maintaining the no-dynamic regret property against the no-regret algorithm of the row

player: The idea is to put LCRA on top of another no-regret algorithm. When the regret

of LCRA exceeds a certain threshold, we swap to the chosen algorithm. If the row player

follows a no-regret algorithm then the LRCA regret will never exceed the threshold; thus

we will have no-dynamic regret. By doing that, the column player sacrifices the optimal

rate of no-regret in the worst case in order to achieve a much better no-dynamic regret

in the case the row player follows a no-regret algorithm. The new Algorithm 12 will

have the regret RT = O(
√︁
log(n)T 3/4) against random sequence strategies of the row

player while maintaining no-dynamic regret against the no-regret algorithm of the row

player.

Algorithm 12 Combination of LRCA and Adahedge algorithm

Input: Current iteration t, past feedback x⊤
t−1A of the row player, total regret up to

time t: Rt

Output: Strategy yt for the column player
if Rt ≤

√︁
log(n)t3/4 then

Follow Algorithm 11 (LRCA)
else
Follow Adahedge algorithm De Rooij et al. (2014) onwards

end if

2.7 Conclusion

The main focus of this chapter centres around the crucial concept of achieving last

round convergence against a strategic adversary in the two-player zero-sum game set-

ting. We demonstrate that, by taking into account the asymmetric goals of the players,

a natural method can be implemented to achieve last round convergence, which had

previously been unattainable in the symmetric setting. This will strengthen the study

of no-regret algorithms in the theoretical community and open to more interesting prob-

lems in which last round convergence can be achieved (e.g., see Dinh (2022); Bishop
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et al. (2021), Daskalakis and Panageas (2019)). As researchers increasingly embrace

no-regret algorithms in online learning, there has been a growing shift towards prioritiz-

ing last round convergence of strategies over average convergence. Our approach sheds

light on how Nash equilibrium can emerge organically in dynamic environments, and

moreover, confers stability upon the system, thereby providing system designers with an

advantageous property to leverage. In the next chapter, we extend our understanding

of the strategic adversary to a broader setting: online linear optimization.



Chapter 3

Achieving Better Regret Against

Strategic Adversary

In this chapter, we study the problem of online learning in the presence of a strategic

adversary under the online linear optimization setting. By leveraging the additional

knowledge gained from the adversary’s behaviour, we develop novel algorithms that

offer improved performance guarantees. Firstly, we present the Online Single Oracle

algorithm, which combines no-(external) regret algorithms and double oracle from game

theory to exploit the strategic adversary with an external regret bound of O(
√︁
k log(k)T )

in normal-form game, where the size of the effective strategy set k is often linearly

dependent on the support size of the Nash Equilibrium. Secondly, we introduce Ac-

curate Follow the Regularized Leader (AFTRL) and Prod-Best Response (Prod-BR),

two new online learning algorithms that intensively leverage this additional knowledge

while ensuring no-regret property in the worst-case scenario of having inaccurate ex-

tra knowledge. AFTRL achieves O(1) external regret or O(1) forward regret against

the strategic adversary, in contrast to the O(
√
T ) dynamic regret of Prod-BR. To the

best of our knowledge, our algorithm is the first to consider forward regret and achieve

O(1) regret against strategic adversaries. When playing zero-sum games with Accu-

rate Multiplicative Weights Update (AMWU), a special case of AFTRL, we achieve last

round convergence to the NE. We also provide numerical experiments to support our

theoretical results, which demonstrate that our methods offer significantly better regret

bounds and rate of last round convergence than the state-of-the-art algorithms, such as

Multiplicative Weights Update (MWU) and its optimistic counterpart, OMWU.

55
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3.1 Introduction

No-regret algorithms are popular in the online learning and algorithmic game theory

literature due to their attractive worst-case performance guarantees (Cesa-Bianchi and

Lugosi, 2006). In particular, using these algorithms to choose the strategies to play prov-

ably guarantees the average payoff will not be (significantly) worse than the best-fixed

strategy in the hindsight, regardless of the sequences encountered. Due to this property,

these no-regret algorithms are commonly used in playing against adversary and solving

two-player zero-sum games, in which it will eventually lead to average convergence to a

Nash Equilibrium (NE) under self-play settings (Zinkevich et al., 2007; Lanctot et al.,

2017; Dinh et al., 2022). However, in order to keep the regret bound small, no-regret

algorithms (e.g., Multiplicative Weights Update (Freund and Schapire, 1999), Follow

the Regularized Leader (Abernethy et al., 2008) and Mirror Descent (Nemirovskij and

Yudin, 1983)) need to keep their learning rate small, leading to a slow change in the

strategy profile. This makes the sequence of strategies played by no-regret algorithms

predictable since each strategy profile will be correlated to its predecessors. Thus, against

a no-regret learning opponent, the loss sequence encountered by the learner/player is not

entirely arbitrarily adversarial in each round and therefore the worst-case performance

guarantees are too pessimistic for the learner. Therefore, in situations such as playing

against no-regret algorithms (a.k.a. strategic adversaries), it is desirable to develop a

learning algorithm that can exploit the extra structure while maintaining the no-regret

property in the worst-case scenario and answer the question:

Can we exploit strategic adversaries?

Besides aiming for better regret bounds, we are also interested in last round convergence.

In more detail, despite extensive literature on no-regret learning, one unsatisfactory

result is the average convergence to the NE. That is, in two-player zero-sum games, no-

regret algorithms such as Multiplicative Weights Update (MWU) (Freund and Schapire,

1999) or Follow the Regularized Leader (FTRL) (Abernethy et al., 2008) will only lead to

average convergence instead of last round convergence to the NE. In fact, recent results

in Bailey and Piliouras (2018); Mertikopoulos et al. (2018) show that MWU and FTRL

will lead to divergence from the NE in many situations. The average convergence will

not only increase the computational and memory overhead but also make things difficult

when using a neutral network in the solution process in which averaging is not always

possible (Bowling et al., 2015). For game theory and modern applications of online

learning in optimization such as training Generative Adversarial Networks (Daskalakis

et al., 2018), last round convergence plays a vital role in the process, thus it is crucial

to develop algorithms that can lead to last round convergence.

To investigate both of the above-mentioned goals in this chapter, under the setting of on-

line linear optimization, firstly, by conducting no-regret analysis (Freund and Schapire,
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1999) within the DO framework (McMahan et al., 2003), we propose the Online Single

Oracle (OSO) algorithm which inherits the key benefits from both sides. It is the first

DO method that enjoys the no-regret property and can exploit strategic adversaries dur-

ing game play. Importantly, OSO achieves a regret of O(
√︁
k log(k)T ) where k, the size

of effective strategy set, is upper-bounded by the total number of pure strategies n and

often k ≪ n holds in practice. Secondly, we develop a new algorithm, Accurate Follow

the Regularized Leader (AFTRL), that can exploit strategic adversaries to achieve O(1)

external regret or O(1) forward regret while maintaining state-of-the-art regret bound

of O
(︂√︂∑︁T

t=1 ∥xt − xt−1∥2q
)︂

in the worst-case scenario. We also show the generality

of our method by extending the result to another online learning class and propose a

new algorithm, Accurate Mirror Descent (AMD) with a similar forward regret bound

for it. To the best of our knowledge, we are the first to consider intensive exploitation

and achieve O(1) forward regret against the strategic adversary. Thirdly, we explore

the idea of (A,B)-Prod algorithm in Sani et al. (2014) and suggest a new algorithm,

Prod-Best Response (Prod-BR) that achieves a stronger performance guarantee in our

setting. In particular, Prod-BR achieves O(
√
T ) dynamic regret against the strategic

adversary while maintaining O(
√︁
T log(T )) external regret in the worst case. Fourthly,

in a particular case of AFTRL with entropy regularizer, called Accurate Multiplicative

Weights Update (AMWU), we prove that this new algorithm will lead to last round

convergence in two-player zero-sum games, thus can be an efficient game-solver in many

practical applications. In addition, this provides novel contributions to the last round

convergence literature. Finally, to demonstrate the practical efficiency of AMWU, we

show that our algorithm significantly outperforms MWU and OMWU (Rakhlin and Srid-

haran, 2013a; Daskalakis and Panageas, 2019) on a number of random matrix games and

meta games such as Connect Four or Disc (Czarnecki et al., 2020) by a large margin,

achieving smaller average loss, dynamic regret and faster last round convergence.

3.2 Related Work

Online learning against a strategic adversary: Deng et al. (2019) studies a similar

setting in which the agent plays against a no-external regret adversary in a repeated

game. Under the assumption that the agent knows the game structure (i.e., payoff ma-

trix, player’s utility), Deng et al. (2019) suggested a fixed strategy for the agent (through

solving an optimization problem) such that the agent can guarantee a Stackelberg value,

which is optimal in certain games (e.g., general-sum games). Although the work in Deng

et al. (2019) provides a planning solution against no-external regret adversary, it can

not be applied in many practical situations in which the environment or game structure

is unknown (i.e., the agent can not calculate the Stackelberg strategy in advance) or the

adversary does not follow no-regret algorithms (i.e., there is no performance guarantee

against general adversary). Chiang et al. (2012) and Rakhlin and Sridharan (2013a)
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study a different setting in which the agent has access to the prediction Mt of xt before

making a decision at round t. 1 The new algorithm, Optimistic Follow the Regularized

Leader (OFTRL), has the external regret that depends linearly on
√︂∑︁T

t=1 ∥xt −Mt∥2∗.
However, with an accurate prediction (i.e., Mt ≈ xt), one could expect a stronger per-

formance guarantee rather than no-external regret of OFTRL. Intuitively, since OFTRL

sets a fixed weight 1 for prediction Mt
2, it restricts the advantage of the extra knowl-

edge in the learning process. Our new algorithms (AFTRL and AMD) generalize the

work of Rakhlin and Sridharan (2013a) to further exploit the extra knowledge in the

learning process while maintaining a no-forward regret property (Saha et al., 2012) in

the worst-case scenario.

Last round convergence: While average convergence of no-regret learning dynamics

has been studied extensively in game theory and online learning communities (e.g., Fre-

und and Schapire (1999); Cesa-Bianchi and Lugosi (2006)), last round convergence has

only been a topic of research in the last few years due to its application in game theory

and optimization. This started with the negative results of Bailey and Piliouras (2018);

Mertikopoulos et al. (2018), who showed that in games with interior equilibria, if the

agents use MWU, then the last round strategy moves away from the NE and towards

the boundary. More recently, Daskalakis and Panageas (2019); Wei et al. (2020) proved

that in a two-player zero-sum game with unique NE, if both players follow a variant of

MWU, called optimistic multiplicative weight update (OMWU), then the dynamic will

converge in the last round to the NE. In the asymmetric setting, Dinh et al. (2021) pro-

posed last round convergence in asymmetric games algorithm (LRCA), which requires

one agent to have an estimate of the minimax equilibrium and therefore limits the use

of the algorithm. In our work, we prove that our method AMWU will converge in last

round to the NE of a two-player zero-sum game without such a requirement, and it does

this faster than OMWU and MWU.

3.3 Problem Formulations & Preliminaries

We consider the online linear optimization setting in which at round t, the learner chooses

a strategy ft ∈ F , where F ⊂ [0, 1]n 3 is a convex compact set. Simultaneously, the en-

vironment reviews a loss vector xt ∈ [0, 1]n and the learner suffers the loss: ⟨ft,xt⟩. The
goal of the learner is to minimize the total loss after T rounds: minf1,...fT

∑︁T
t=1⟨ft,xt⟩,

which can be translated into minimizing the following dynamic regret:

1As we prove in Lemma 3.13, playing against strategic adversary can result in an accurate prediction
of xt.

2The exploiting rate α in Algorithm 15.
3All the results remains true for bounded domain of strategy and loss vector.
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Definition 3.1 (Dynamic Regret Besbes et al. (2015)). The dynamic regret is defined

as:

DRT :=
T∑︂
t=1

(︄
⟨ft,xt⟩ − argmin

gt∈F
⟨gt,xt⟩

)︄
.

In situations where there is no knowledge about xt, it is often impossible to achieve no-

dynamic regret. Thus, it is more tractable to aim for no-external regret (Cesa-Bianchi

and Lugosi, 2006):

Definition 3.2 (No-external regret). Let x1,x2, . . . be a sequence of mixed losses

played by the environment. An algorithm of the learner that generates a sequence of

mixed strategies f1,f2, . . . is called a no-external regret algorithm if we have

lim
T→∞

RT

T
= 0, where RT := min

f∈F

T∑︂
t=1

(⟨ft,xt⟩ − ⟨f ,xt⟩) .

The well-known Multiplicative Weights Update (Freund and Schapire, 1999) has this

no-external regret property:

Definition 3.3 (Multiplicative Weights Update). Let x1,x2, ... be a sequence of loss

vectors followed by the environment. The learner is said to follow MWU if ft+1 is

updated as follows:

ft+1(i) =
ft(i) exp(−µta

i⊤xi)∑︁n
i=1 ft(i) exp(−µtai⊤xi)

, ∀i ∈ [n] (3.1)

where µt > 0 is a parameter, f0 = [1/n, . . . , 1/n] and n is the number of pure strategies

(a.k.a. experts).

When T is known in advance, by fixing the learning rate µt =
√︁

8 log(n)/T , we can

achieve the optimal regret bound for MWU (Theorem 2.2 in Cesa-Bianchi and Lugosi

(2006)): √︁
T log(n)/2.

When T is unknown, we can apply the Doubling Trick to achieve the regret bound of

(
√
2/(

√
2− 1))

√︁
T log(n)/2,

which is worse than the optimal one by a factor of
√
2/(

√
2− 1). De Rooij et al. (2014)

proposed AdaHedge, a variant of MWU with adaptive learning rate µt = log(n)/∆t−1

where ∆t denotes the cumulative mixability gap 4. Then following Theorem 8 in De Rooij

et al. (2014), the regret for AdaHedge will be bounded by√︁
T log(n) + 16/3 log(n) + 2,

4See Appendix A.2 and A.3 for more details about Doubling Trick and AdaHedge algorithm.
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which is the worse than the optimal one by a factor of
√
2.

In our work, w.l.o.g we use the optimal regret bound of MWU when T is known to derive

our theoretical results. In the case T is unknown, following exactly the same argument

with the Doubling Trick or AdHedge algorithm, we can derive similar regret bound up

to a constant factor for our algorithms.

In our work, since we assume the learner has extra knowledge about the adversary,

the learner can achieve a stronger notion of performance, compared to the conventional

no-external regret, namely:

Definition 3.4 (Forward Regret Saha et al. (2012)). The forward regret is defined

as:

FRT :=

T∑︂
t=1

(⟨ft,xt⟩ − ⟨gt,xt⟩) ,where gt+1 = argmin
g∈F

Gt+1(g) = ⟨g,
t∑︂

s=1

xs + xt+1⟩+
R(g)

η
.

In particular, the following lemma implies that if an algorithm has no-forward regret

property, then it is a no-external regret algorithm as well, but not vice versa.

Lemma 3.5. Let gt be defined as above, then the following relationship holds for any

f ∈ F :
T∑︂
t=1

⟨gt,xt⟩ ≤ ⟨f ,
T∑︂
t=1

xt⟩+
R(f)

η
.

(We provide the full proof in Appendix 3.25).

In Section 3.7, we study a simpler form of online linear optimization, a two-player

zero-sum normal-form game, which is often described by a payoff matrix A of size

n × m. The rows and columns of A are the pure strategies of the row and the col-

umn players, respectively, and we consider n and m to be prohibitively large numbers.

We denote the set of pure strategies for the row player as Π := {a1,a2, . . .an}, and
C := {c1, c2, . . . , cm} for the column player. We consider Ai,j ∈ [0, 1] to represent the

(normalised) loss of the row player when playing a pure strategy ai against the pure

strategy cj of the column player. The set of mixed strategies for the row-player is

∆n :=
{︁
f |f =

∑︁n
i=1 xia

i,
∑︁n

i=1 xi = 1, xi ≥ 0, ∀i ∈ [n]
}︁
, and for the column player

it is ∆m := {y|y =
∑︁m

i=1 yic
i,
∑︁n

i=1 yi = 1, yi ≥ 0, ∀i ∈ [m]}. The support of a mixed

strategy is written as supp(f) := {ai ∈ Π|xi ̸= 0}, with its size being |supp(f)|. At

the t-th round, the expected payoff for the joint-strategy profile (ft ∈ ∆n,yt ∈ ∆m) is

(−f⊤
t Ayt,f

⊤
t Ayt).

The NE in two-player zero-sum game A can be expressed by John von Neumann’s

minimax theorem (Neumann, 1928):

max
y∈∆m

min
f∈∆n

f⊤Ay = min
f∈∆n

max
y∈∆m

f⊤Ay = v (3.2)
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for some v ∈ R. The point (f∗,y∗) satisfying Equation (3.2) is the NE of the game.

Following the minimax theorem, it is well-known that the minimax equilibrium can be

calculated by solving a linear programming problem. However, when the game size

is large, it is still computationally expensive to solve the exact NE. The DO method

(McMahan et al., 2003) approximates a NE in large-scale zero-sum games by iteratively

expanding and solving a series of sub-games (i.e., games with a restricted set of pure

strategies). Since the sets of pure strategies of the sub-game are often much smaller than

the original game, the NE of the sub-games can be easily solved via approaches such

as FP. Based on the NE of the sub-game, each player finds the best response to said

NE, and expands their strategy set with this best response. PSRO methods (Lanctot

et al., 2017; McAleer et al., 2020) are a generalisation of DO in which RL methods (e.g.,

Actor-Critic) are adopted to approximate the best-response strategy. In the worst case

scenario (e.g., the support size of NE is large), DO may end up restoring the original

game and will maintain no advantages over LP solutions.

Although DO can solve large-scale zero-sum games, it requires both players to coordinate

by finding a NE in the sub-games; this is a problem for DO when applied in real-world

scenarios, as it cannot exploit the opponent who can play any non-stationary strategy.

OSO addresses this problem by combining DO with tools in online learning.

3.4 Online Single Oracle

In this section, we introduce Online Single Oracle (OSO), a no-regret algorithm followed

by individual players that can strategically exploit any non-stationary opponent unlike

DO. Compared to the MWU algorithm, OSO can be applied to strategizing against a

strategic adversary as it only considers a smaller subset of the full pure strategy space.

This section is organised as follows: we start by introducing OSO and deriving its regret

bound. We then discuss the bound on the effective strategy set k, the key element in the

regret bound of OSO. Finally, we set out two different questions on the effectiveness and

efficiency of the best-response oracle, and analyse OSO’s performance when the player

only has access to less-frequent or approximate best-responses oracles.

3.4.1 Online Single Oracle Algorithm

One can think of OSO as an online counterpart to the Single Oracle in DO (McMahan

et al., 2003) which can achieve the no-regret property. In contrast to classical no-regret

algorithms such as MWU (Freund and Schapire, 1999) where the whole set of pure

strategies needs considering at each iteration, i.e., Equation (3.1), we propose OSO that

only considers a subset of the whole strategy set. The key operation is that, at each
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Algorithm 13 Online Single Oracle Algorithm

1: Input: Player’s pure strategy set Π
2: Init. effective strategies set: Π0 = Π1 = {aj},aj ∈ Π
3: for t = 1 to T do
4: if Πt = Πt−1 then
5: Compute ft by the MWU in Equation (3.1)
6: else if Πt ̸= Πt−1 then
7: Start a new time window Ti+1 and

Reset ft =
[︁
1/|Πt|, . . . , 1/|Πt|

]︁
, x̄ = 0

8: end if
9: Observe xt and update the average loss in Ti: x̄ =

∑︁
t∈Ti

xt/|Ti|
10: Calculate the best-response: at = argminf∈Π⟨f , x̄⟩
11: Update the set of strategies: Πt+1 = Πt ∪ {at}
12: end for
13: Output: fT , ΠT

round t, OSO only considers adding a new strategy if it is the best response to the

average loss in a time window (defined formally in the following paragraph). As such,

OSO can save on exploration costs by ignoring the pure strategies that have never been

the best-response to any, so far observed, average losses, x̄.

Our OSO is listed in Algorithm 13. We initialise the OSO algorithm with a random

strategy subset Π0 from the original strategy set Π. Without loss of generality, we assume

that Π0 starts from only one pure strategy (line 2). We call subset Πt the effective

strategy set at the timestep t, and define the period of consecutive iterations as one

time window Ti in which the effective strategy set stays fixed, i.e., Ti :=
{︁
t
⃓⃓
|Πt| = i

}︁
.

At iteration t, we update ft (line 5) whilst only considering the effective strategy set

Πt (rather than whole set Π); and the best-response is computed against the average

loss x̄ within the current time window Ti (line 9). Adding a new best-response that is

not in the existing effective strategy set will start a new time window (line 7). Notably,

despite the design of effective strategy sets, the exact best-response oracle in line 10 still

needs to search over the whole strategy set Π, which is a property that we relax through

best-response approximation later.

We now present the regret bound of OSO as follows,

Theorem 3.6 (Regret Bound of OSO). Let x1,x2, . . . ,xT be a sequence of loss vectors

played by an adversary, and ⟨·, ·⟩ be the dot product, OSO in Algorithm 13 is a no-regret

algorithm with

1

T

(︂ T∑︂
t=1

⟨︁
ft,xt

⟩︁
−min

f∈Π

T∑︂
t=1

⟨︁
f ,xt

⟩︁)︂
≤
√︁
k log(k)√
2T

,

where k = |ΠT | is the size of the effective strategy set in the final time window.

Proof. W.l.o.g, we assume the player uses the MWU as the no-regret algorithm and

starts with only one pure strategy in Π0 in Algorithm 13. Since in the final time
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window, the effective strategy set has k elements, there are exactly k time windows.

Denote |T1|, |T2|, . . . , |Tk| be the lengths of time windows during each of which the subset

of strategies the no-regret algorithm considers does not change. In the case of finite set

of strategies, k will be finite and we have

k∑︂
i=1

|Tk| = T.

In the time window with length |Ti|, following the regret bound of MWU in Definition

3.3 we have

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ − min
f∈Π|T̄ i|+1

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i), where |T̄ i| =
i−1∑︂
j=1

|Tj |. (3.3)

In the time window Ti, we consider the full strategy set when we calculate the best

response strategy in step 11 of Algorithm 13 and it stays in Π|T̄ i|+1. Therefore, the

inequality (3.3) can be expressed as

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ −min
f∈Π

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i). (3.4)

Sum up the inequality (3.4) for i = 1, . . . k we have

k∑︂
i=1

√︃
|Ti|
2

log(i) ≥
T∑︂
t=1

⟨ft,xt⟩ −
k∑︂

i=1

min
f∈Π

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩

≥
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

k∑︂
i=1

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ =
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
t=1

⟨f ,xt⟩. (3.5a)

Inequality (3.5a) is due to
∑︁

min ≤ min
∑︁

. Using the Cauchy-Schwarz inequality we

have

k∑︂
i=1

√︃
|Ti|
2

log(i) ≤

⌜⃓⃓⎷(
k∑︂

i=1

|Ti|
2

)(
k∑︂

i=1

log(i)) =

⌜⃓⃓⎷T

2
(

k∑︂
i=1

log(i)) ≤
√︃

Tk log(k)

2
.

Along with Inequality (3.5a) we can derive the regret√︃
Tk log(k)

2
≥

T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
t=1

⟨f ,xt⟩.

We note here that in line 7 of Algorithm 13, each time OSO enters a new time window,

it sets equal weight for every pure strategy in the current effective strategy. Since we
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assume a fully adversarial environment, the historical data that the agent learnt in the

previous time window does not provide any advantages over the current time window,

thus in order to avoid any exploitation, the agent needs to reset the strategy as stated in

Algorithm 13. In situations where priority knowledge can be observed through historical

data, our OSO algorithm can exploit this knowledge by updating the starting strategy

in each time window. We leave this important extension to our future work.

Remark 3.7 (Worst-Case Regret Bound). Similar to all existing DO type of methods,

in the worst-case scenario, OSO has to find all pure strategies, i.e., k = |Π|. Thus,

the regret in the worst case scenario will be:
√︁
|Π| log(|Π|)/

√
2T . However, we believe

k ≪ |Π| holds in many practical cases such as against the strategic adversary. In later

sections, we provide both theoretical and empirical evidence that real-world games tend

to have k ≪ |Π|.

In the next section, we discuss the relationship between the effective strategy set size k

and the full game size.

3.4.2 Size of Effective Strategy Set k

Heuristically, the practical success of OSO and other discussed methods (e.g., DO

(McMahan et al., 2003) / PSRO (Lanctot et al., 2017)) is based on the assumption

that the support size of the NE is small. Intuitively, since OSO is a no-regret algo-

rithm, should the adversary itself follow a no-regret algorithm, the adversary’s average

strategy would converge to the NE. Thus, the learner’s best-responses with respect to

the average loss will include all the pure strategies in the support of the learner’s NE.

Therefore, under the assumption of DO and PSRO that the support size of NE is small,

the effective strategy set size k is potentially a far smaller number than the game size

(i.e., n).

Note that the assumption of a NE having a small support size holds true in many

situations. In symmetric games with random entries (i.e., see Theorem 2.8 in Jonasson

et al. (2004)), it has been proved that the expected support size of a NE will be ( 12 +

O(1))n where n is the game size; showing that the support size of a NE strategy is only

half of the game size. In asymmetric games with disproportionate action spaces (e.g.,

n ≫ m), we provide the following lemma under which the support of a NE is small.

Lemma 3.8. In asymmetric games An×m, n ≫ m, if the NE (f∗,y∗) is unique, then

the support size of the NE will follow | supp(f∗)| = | supp(y∗)| ≤ m.

Proof. Since the size of f∗ and y∗ are n and m respectively, the size of the support of

NE can not exceed the size of the game

|support(f∗)| ≤ n; |support(y∗)| ≤ m.
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In the case the game A has a unique Nash equilibrium, following Theorem 1 in Bohnen-

blust et al. (1950), we have

|support(f∗)| = |support(y∗)| ≤ min(n,m) = m.

Thus, we have proved the lemma.

In the situation where an asymmetric game An×m, n ≫ m does not has unique NE

but it is nondegenerate 5, then following Proposition 3.3 in Roughgarden (2010), we can

similarly bound the support of NE by m.

In the case when a dominant strategy exists, we can theoretically bound k by the fol-

lowing lemma:

Definition 3.9 (Strictly Dominant Strategy). A strategy f̂ is called a strictly dominant

strategy for the row player if:

f̂
⊤
Ay < f⊤Ay ∀f ∈ Π,y ∈ C.

Lemma 3.10. Suppose there exists a strictly dominant strategy for the player, then the

size of the effective strategy set will be bounded by 2.

Proof. First we show that a strictly dominant strategy in two-player zero-sum game

is a pure strategy. Let f̂ be the strictly dominant strategy. By definition of strictly

dominant strategy we have

f̂
⊤
Ay < f⊤Ay ∀f ∈ Π,y ∈ C.

Let a1 be a pure strategy such that

a1 = argmin
a∈Π

a⊤Ay1,

where c1 is a constant vector. If f̂ is a mixed strategy then we have f̂ ̸= a1 and

f̂
⊤
Ac1 ≥ a1⊤Ac1,

contradicts with the definition of strictly dominant strategy. Thus, the strictly dominant

strategy in two-player zero-sum game is a pure strategy 6.

Now, after the first iteration, the OSO algorithm will add the best response to the

effective strategy set. Since there exists a strictly dominant strategy f̂ and it is a pure

strategy, f̂ will be added to the effective strategy set. From the second iteration, since

5No mixed strategy of support size h has more than h pure best responses
6With the same argument, a strictly dominant strategy in any normal-form game is a pure strategy.
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the strictly dominant strategy f̂ is already in the effective strategy set, the best response

to any average loss is always in the effective strategy set. Thus, the effective strategy set

will not be expanded after iteration 2. In other words, the size of the effective strategy

set will be bounded by 2.

Despite the practical success of our method and the DO/PSRO lines of work, there

is no theoretical guarantee about the relationship between the support size of a NE

and the performance of the algorithm. In this chapter, we provide a negative result by

constructing an example such that the size of the effective strategy set equals the size

of the full strategy set, even when the support of NE is small.

Lemma 3.11. Suppose the players start with the entry A1,1 and the game matrix A of

the two-players zero-sum game is designed such as

Ai,i = 0.5 +
0.1i

n
∀i ∈ [n]; Ai,i+1 = 0.9 ∀i ∈ [n− 1],

Ai,j = 0.8 ∀j ≥ i+ 2, i ∈ [n], Ai,j = Ai,i +
0.1

2n
∀j ≤ i, i ∈ [n],

where n is the size of the pure strategy set for both players. Then the game has a unique

Nash equilibrium with support size of 1 (i.e., the entry An,n) and the effective strategy

set in both DO and OSO will reach the size of pure strategy set, that is, k = n.

We provide the full proof in Appendix 3.21. The idea is that the the matrix A is designed

such that the sub-game NE will change from Ai,i toAi,i+1 for i ∈ [n], thus OSO will need

to consider the full pure strategy set before reaching the game NE at An,n. Following

the same argument, when the players start with the entry Ai,i, the effective strategy

set will be n − i + 1 and thus when the players choose the starting entry as uniformly

random, the expected size of effective stratetgy set will be: E(k) = (n+1)/2. We would

like to highlight that this negative result not only applies to our method, but also to all

existing DO/PSRO algorithms and their variations.

However, as described in our experiments, we find that the extreme situation shown in

Lemma 3.11 rarely occurs in practice. Later in Figure 3.1, we provide empirical evidence

to support our claim that k ≪ |Π| and that there exists a linear relationship between k

and the Nash support size in many real-world applications.

3.4.3 OSO with Less-Frequent Best-Response

The first adaptation to the best-response process that we consider is to make calls

to the best-response oracle less frequently. Obtaining a best-response strategy can be

computationally expensive (Vinyals et al., 2019), and OSO considers adding a new best-

response strategy at every iteration. A practical solution is to consider adding a new

strategy when the regret in the current time window exceeds a predefined threshold
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Algorithm 14 OSO with Less-Frequent Best Response

1: Input: A set Π pure strategy set of player
2: Π0 := Π1: initial set of effective strategies
3: for t = 1 to ∞ do
4: if Πt = Πt−1 then
5: Following the MWU update in Equation (3.1)
6: else if Πt ̸= Πt−1 then
7: Start a new time window Ti+1

8: Reset the MWU update in Equation (3.1) with a new initial strategy ft
9: end if

10: Observe xt and update the average loss in the current time window Ti

x̄ = 1
|Ti|
∑︁

ft∈Ti
xt

11: Calculate the best response:
a = argminf∈Π⟨f , x̄⟩,

12: if minf∈Π|T̄ i|+1
⟨f ,
∑︁t

j=|Tī| xj⟩ −minf∈Π⟨f ,
∑︁t

j=|Tī| xj⟩ ≥ αi
t−|T̄ i|

then

13: Update the strategy set: Πt+1 = Πt ∪ a
14: else
15: Πt+1 = Πt

16: end if
17: Output the strategy ft at round t for the player
18: end for

α. To make OSO account for this, we denote |T̄ i| :=
∑︁i−1

h=1 |Th| as the starting point

of the time window Ti, and write the threshold at Ti as αi
t−|T̄ i|

where t − |T̄ i| denotes
the relative position of round t in the time window Ti. We can make OSO add a new

strategy only when the following condition is satisfied:

min
f∈Πt

⟨︂
f ,

t∑︂
j=|T̄ i|

xj

⟩︂
−min

f∈Π

⟨︂
f ,

t∑︂
j=|T̄ i|

xj

⟩︂
≥ αi

t−|T̄ i|. (3.6)

Note that the larger the threshold α, the longer OSO takes to add a new strategy into

Πt. However, choosing a large α will prevent the learner from acquiring the actual best-

response, thus increasing the total regret RT by α. In order to maintain the no-regret

property, the α needs to satisfy

lim
T→∞

∑︁k
i=1 α

i
Ti

T
= 0. (3.7)

One choice of α that satisfies Equation (3.7) is αi
t−|T̄ i|

=
√︁
t− |T̄ i|. We show that with

the chosen α, the regret bound of Algorithm 14 will be O
(︁√︁

k log(k)/T
)︁
(The full proof

is given in Appendix 3.22).
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3.4.4 Considering ϵ-Best Responses

The second adaptation brings OSO more closely in line with the work of PSRO by

considering a non-exact best-response oracle. So far, OSO agents compute the exact

best-response to the average loss function x̄ (i.e., line 10 in Algorithm 13). Since cal-

culating the exact best-response is often infeasible in large games, an alternative way is

to consider an ϵ-best response (e.g., through a RL subroutine similar to PSRO (Lanctot

et al., 2017)) to the average loss. By first analysing the convergence of DO, we can

derive the regret bound as well as convergence guarantees for an OSO learner in the

case of an ϵ-best response oracle.

Theorem 3.12. Suppose an OSO agent can only access the ϵ-best response in each

iteration when following Algorithm 13, if the adversary is strategic, then the average

strategy of the agent will converge to an ϵ-NE. Furthermore, the algorithm is ϵ-regret:

lim
T→∞

RT

T
≤ ϵ; RT = max

f∈∆Π

T∑︂
t=1

(︂
f⊤
t Ayt − f⊤Ayt

)︂
.

(We provide the full proof in Appendix 3.24).

Theorem 3.12 justifies that in the case of approximate best-responses, OSO learners

can still approximately converge to a NE. This results allows for the application of

optimisation methods to approximate the best response, which paves the way to use

RL algorithm in solving complicated zero-sum games such as StarCraft (Vinyals et al.,

2019).

The effectiveness of OSO against a strategic adversary is contingent upon the ability

to observe a small effective strategy set. In the following sections, we will introduce

another observation that can be leveraged by the learner to exploit a strategic adversary,

specifically, the adversary’s gradual change in updates.

3.5 Accurate Follow the Regularized Leader

In order to have a no-(external) regret property, popular algorithms such FTRL and

OMD need to have small learning rate η (i.e., see (Shalev-Shwartz, 2012)): η = O( 1√
T
).

From this observation, we can prove the following lemma, which plays an important role

in our analyses:

Lemma 3.13. Let ft, ft+1 be two consecutive strategies of no-external regret algorithms

(i.e., FTRL, OMD). Then we have for any norm ∥.∥q:

∥ft+1 − ft∥q = O(
1√
T
).
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The full proof is given in Appendix 3.27.

Now, let R be β-strongly convex function with respect to ∥.∥p norm. W.l.o.g. we assume

that minf∈F R(f) = 0.

Algorithm 15 Accurate Follow the Regularized Leader

Input: learning rate η > 0, exploiting rate α ≥ 1, f1 = argminf∈F R(f)

Output: next strategy update

ft+1 = argmin
f∈F

Ft+1(f) = ⟨f ,
t∑︂

s=1

xs + αxt⟩+
R(f)

η

The Accurate Follow the Regularized Leader algorithm (AFTRL) contains two impor-

tant parameters: the exploiting rate α and the learning rate η. While the learning rate

η stabilizes the strategy update to avoid exploitation, the exploiting rate α measures the

relative weight between the historical data
∑︁t

s=1 xs and the prediction xt. Intuitively,

with an accurate prediction xt, a large α will boost the performance of AFTRL since

xt describes the next loss vector xt+1 better compared to the historical data
∑︁t

s=1 xs.

Varying α provides different algorithms in the literature. With α = 0, the algorithm

becomes the classical FTRL (Abernethy et al., 2008). With α = 1, AFTRL recovers the

optimistic FTRL method (OFTRL) of Rakhlin and Sridharan (2013a). We can have the

following regret bound of the AFTRL algorithm:

Theorem 3.14. Let F ⊂ [0, 1]n be a convex compact set and let R be a β-strongly convex

function with respect to ∥.∥p norm and minf∈F R(f) = 0. Denote ∥.∥q the dual norm with

1/p+ 1/q = 1. Then the AFTRL achieves the external regret of O(1) or forward regret

of O
(︂√︂∑︁T

t=1(∥xt − xt−1∥q)2
)︂
against general adversary. More importantly, against a

strategic adversary (i.e., no-external regret algorithms such that FTRL, OMD), AFTRL

achieves O(1) external regret or O(1) forward regret.

Proof Sketch. We first prove that for any strategy f ′ of the environment, AFTRL sat-

isfies:

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,

T∑︂
t=1

xt⟩ −
α− 1

α

T∑︂
t=1

⟨gt,xt⟩ ≤
1

ηα
R(f ′) +

ηα

β

T∑︂
t=1

(||xt − xt−1||q)2.

(3.8)

Define ht+1 as follows: ht+1 = argminf∈F Ht+1(f) = ⟨f ,
∑︁t

s=1 xs + αxt+1⟩+ R(f)
η .

Intuitively, the strategy ht+1 will perform much better than the normal FTRL since

the agent can observe one step ahead the strategy of the adversary. Note that we can
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decompose the total loss of the agent as follows

T∑︂
t=1

⟨ft,xt⟩ =
T∑︂
t=1

⟨ft − ht,xt − xt−1⟩+
T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩. (3.9)

The key step of the proof is that we can prove by induction:

T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩ ≤
1

α
⟨f ′,

T∑︂
t=1

xt⟩+
α− 1

α

T∑︂
t=1

⟨gt,xt⟩+
1

ηα
R(f ′), ∀f ′ ∈ F .

(3.10)

Furthermore, using the property of β-strongly convex function, we can derive:

∥xt−1 − xt∥q ≥
β

ηα
∥ht − ft∥p

=⇒
T∑︂
t=1

⟨ft − ht,xt − xt−1⟩ ≤
T∑︂
t=1

||ft − ht||p||xt − xt−1||q ≤
ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2.

(3.11)

Using Inequality (3.10) and (3.11) in Equality (3.9) we derive the Inequality (3.8).

Let f∗ = argminf ′∈F ⟨f ′,
∑︁T

t=1 xt⟩ and R = maxf∈F R(f). Then using Inequality (3.8)

with f ′ = f∗ we have

1

α
(

T∑︂
t=1

⟨ft,xt⟩ − ⟨f∗,
T∑︂
t=1

xt⟩) +
α− 1

α
(

T∑︂
t=1

⟨ft,xt⟩ −
T∑︂
t=1

⟨gt,xt⟩) ≤
1

ηα
R+

ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2

Now, against a general adversary, if
∑︁T

t=1⟨ft,xt⟩−⟨f∗,
∑︁T

t=1 xt⟩ ≤ 0 then by definition,

AFTRL has O(1) external regret. In case where
∑︁T

t=1⟨ft,xt⟩−⟨f∗,
∑︁T

t=1 xt⟩ ≥ 0, using

Inequality (3.8) and setting ηα =
√︂
βR/(

∑︁T
t=1(∥xt − xt−1∥q)2) we have

T∑︂
t=1

⟨ft,xt⟩ −
T∑︂
t=1

⟨gt,xt⟩ ≤
α

α− 1

⌜⃓⃓⎷R
T∑︂
t=1

(∥xt − xt−1∥q)2/β = O(
T∑︂
t=1

(∥xt − xt−1∥q)2).

For unknown bound
∑︁T

t=1(∥xt − xt−1∥q)2, we can use the Doubling Trick as shown in

Appendix 3.26 to achieve a similar regret bound.

Against a no-external regret adversary, using Lemma 3.13, we then have:

T∑︂
t=1

(∥xt − xt−1∥q)2 =
T∑︂
t=1

(O(
1√
T
))2 = O(1).

Thus, Inequality (3.8) becomes:

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,

T∑︂
t=1

xt⟩ −
α− 1

α

T∑︂
t=1

⟨gt,xt⟩ ≤
1

ηα
R+

ηα

β
O(1) = O(1).
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Following a similar reasoning for general adversary, AFTRL achieves O(1) external regret

or O(1) forward regret against no-external regret adversary. The full proof is given in

Appendix 3.30.

Remark 3.15 (AFTRL vs OFTRL). While both AFTRL and OFTRL share the same

idea of exploiting “predictable sequences”, they are significantly different. Firstly, the

level of dependency on predictable sequences in OFTRL is fixed to 1, whereas AFTRL

allows a flexible control over the predictable sequences (i.e., via parameter α). Thus, AF-

TRL can achieve much better performance in situation of accurate prediction compared

to OFTRL, which can be reassured by experiment results in Figure 3.3. Secondly, in the

worst case scenario, AFTRL can guarantee a stronger forward regret bound compared

to external regret bound of OFTRL in Rakhlin and Sridharan (2013a).

Our techniques can be extended to a different class of algorithm such as Mirror De-

scent (Nemirovskij and Yudin, 1983). We introduce Accurate Mirror Descent (AMD)

with a similar regret bound as AFTRL. Let R be a β-strongly convex function with

respect to a norm ∥.∥p, and let DR(.,.) denote the Bregman divergence with respect to

R. Let ∥.∥q be dual to ∥.∥p. Then the AMD algorithm can be described as follows.

Algorithm 16 Accurate Mirror Descent

Input: learning rate η > 0, exploiting rate α ≥ 1, f1 = g1 = argminf∈F R(f)
Output: next strategy update

gt+1 = argmin
g∈F

Gt+1(g) = η⟨g,xt⟩+DR(g, gt)

ft+1 = argmin
f∈F

Ft+1(f) = η⟨f , αMt+1⟩+DR(f , gt+1)

The regularizer R(f) is a β-strongly convex function with respect of lp norm, p ≥ 1.

The following theorem provides the regret bound for AMD:

Theorem 3.16. Let F be a convex set in a Banach space B. Let R : B → R be a

β-strongly convex function on F with respect to some norm ∥.∥p. Denote ∥.∥q the dual

norm with 1/p + 1/q = 1. For any strategy of the environment and any f ′ ∈ F , AMD

yields

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,xt⟩ −

α− 1

α
⟨gt+1,xt⟩ ≤

ηα

2β

T∑︂
t=1

∥xt − xt−1∥2q +
R2

max

ηα
,

where R2
max = maxf∈F R(f)−minf∈F R(f). The full proof is given in Appendix 3.31.
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3.6 Prod with Best Response

While AFTRL gives us a guarantee of no-forward regret, one can wonder whether the

agent can achieve a better performance (e.g., no-dynamic regret) given the extra knowl-

edge. In this section, we introduce Prod with Best Response algorithm (Prod-BR) such

that the agent can achieve no-dynamic regret against the no-external regret adversary

while maintaining a no-external regret performance in the worst case. Our variant

Prod-BR algorithm gets motivation from (A,B)-Prod algorithm in Sani et al. (2014), in

which we observe that the best response strategy from current feedback can exploit a

no-external regret adversary. The Prod-BR runs two separate algorithms (i.e., FTRL

and BR) inside the main algorithm. Intuitively, while FTRL maintains a performance

guarantee against the worst case scenario, BR algorithm exploits the extra structure

against no-external regret adversary and thus make Prod-BR algorithm efficient. Prod-

BR can balance between accurate and inaccurate extra knowledge so that the agent can

achieve O(
√
T ) dynamic regret against no-external regret adversary while maintaining

O(
√
T log(T )) external regret in the worst case scenario.

Algorithm 17 Prod-Best Response algorithm

Input: learning rate η > 0, η1 ∈ (0, 1], initial weight w1,R, w1,BR, regularizer function R(.)

ft+1 = argminf∈F Ft+1(f) = ⟨f ,
∑︁t

s=1 xs⟩+ R(f)
η ; BRt+1 = argminf∈F ⟨f,xt⟩

Output: next strategy update gt+1 and next weight wt+1,R:

gt+1 =
wt,R

wt,R + w1,BR
ft+1+

w1,BR

wt,FTRL + w1,BR
BRt+1; wt+1,R = wt,R(1+η1⟨BRt+1−ft+1,xt+1⟩)

We first show that in the case where the adversary follows a no-external regret algorithm

(i.e., FTRL, OMD) with optimal learning rate, then the best response with respect to

the previous feedback can guarantee the agent the following:

Lemma 3.17. Let xt, xt+1 be two consecutive strategies of a no-external regret algo-

rithm (i.e., FTRL, OMD). Then, we have

⟨b,xt+1⟩ − ⟨c,xt+1⟩ = O(
1√
T
), where b = argmin

f∈F
⟨f ,xt⟩ , c = argmin

f∈F
⟨f ,xt+1⟩.

The full proof is given in Appendix 3.32.

We then can prove the following theorem about the performance of Prod-BR algorithm:

Theorem 3.18. Let the agent follows Prod-BR Algorithm 17 with η = n/
√
2T , η1 =

1/2.
√︁
log(T )/T and w1,BR = 1−w1,R = 1−η1. Then it achieves O(

√︁
T log(T )) external

regret against a general adversary while maintaining O(
√
T ) dynamic regret against the

strategic adversary.
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Proof. Following the regret bound analysis of (A,B)-Prod in Corollary 1 in (Sani et al.,

2014) we have

T∑︂
t=1

⟨gt,xt⟩ ≤
T∑︂
t=1

⟨ft,xt⟩+ 2
√︁
T log(T ) and (3.12a)

T∑︂
t=1

⟨gt,xt⟩ ≤
T∑︂
t=1

⟨BRt,xt⟩+ 2 log(2). (3.12b)

Since the agent uses the optimal learning rate for FTRL inside Algorithm 17, following

the regret bound analysis of FTRL (i.e., see Shalev-Shwartz (2012)) we have

T∑︂
t=1

⟨ft,xt⟩ −
T∑︂
t=1

⟨f ,xt⟩ ≤ n
√
2T ∀f ∈ F .

Along with Inequality (3.12a) we have

T∑︂
t=1

⟨gt,xt⟩ −
T∑︂
t=1

⟨f ,xt⟩ ≤ 2
√︁

T log(T ) + n
√
2T = O(

√︁
T log(T )) ∀f ∈ F ,

or Prod-BR achieves O(
√︁
T log(T )) external regret against general adversary. For the

second part of the proof, using Inequality (3.12b) along with Lemma 3.17 we have

T∑︂
t=1

⟨gt,xt⟩ − argmin
f∈F

⟨f ,xt⟩ ≤
T∑︂
t=1

⟨BRt,xt⟩ − argmin
f∈F

⟨f ,xt⟩+ 2 log(2)

=

T∑︂
t=1

O(
1√
T
) + 2 log(2) = O(

√
T ),

or Prod-BR has O(
√
T ) dynamic regret against no-external regret adversary.

Remark 3.19 (Prod-BR vs AFTRL). In the worst case scenario, AFTRL provides a bet-

ter performance guarantee over Prod-BR (O(
√
T ) vs O(

√
T log(T ))). However, against

the strategic adversary, Prod-BR provides a much stronger notion of performance guar-

antee (no-dynamic regret) compared to no-forward regret of AFTRL. Note that both

Prod-BR and AFTRL rely on the small distance between two consecutive strategies

of the adversary. While it holds true for many no-external regret algorithms as in

Lemma 3.13, there are no-external regret algorithms (i.e., AdaHedge (De Rooij et al.,

2014)) such as the distance between two consecutive strategies will have the form:

∥ft+1−ft∥q = O(1/
√
t) where t denotes the current iteration. In this situation, following

the same argument, AFTRL achieves O(1) external regret or O(log(T )) forward regret

while Prod-BR maintains O(
√
T ) dynamic regret.
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3.7 Accurate Multiplicative Weights Update with Last Round

Convergence

Algorithm 18 Accurate Multiplicative Weights Update

Input: learning rate η > 0, exploiting rate α > 0, f1 = f2 = [1/n, . . . , 1/n]

Output: Next update

ft+1(i) =
ft(i)e

η((α+1)ei
⊤Ayt−αei

⊤Ayt−1)∑︁
j ft(j)e

η((α+1)ej⊤Ayt−αej⊤Ayt−1)
, (3.13)

ei denotes the unit-vector with weight of 1 at i-component

We now turn to the second group of our contributions in this chapter, namely: to

ensure last round convergence with this new algorithmic framework. We show that if

both players follow Accurate Multiplicative Weights Update (AMWU), a special case of

AFTRL with entropy regularizer, then the dynamic converges last round to the NE in

zero-sum game with unique NE. 7

Note here that the uniqueness assumption of NE is generic in the following sense:

since the set of zero-sum games with non-unique equilibrium has Lebesgue measure

zero (Van Damme, 1991), if the entries of A are independently sampled from some con-

tinuous distribution, then with probability one, the game has a unique NE. We leave

the relaxation of the uniqueness assumption for future work.

Our main last round convergence result is as follows:

Theorem 3.20 (Last Round Convergence of AMWU). Let (f∗,y∗) be a unique

Nash Equilibrium of the matrix game A. Then, with α = ηb−1 for b ∈ (0, 1] and

sufficiently small η, the dynamic of AMWU converges last round to the NE of the game:

limt→∞(ft,yt) = (f∗,y∗).

Proof of Sketch. We break the proof into three main parts. First, we prove that the K-L

divergence (Kullback and Leibler, 1951) between the t-th strategy (ft,yt) and (f∗,y∗)

will decrease by a factor of η2+b unless the strategy (ft,yt) is O(ηb/3)-close 8:

RE((f∗,y∗)||(ft+1,yt+1)) ≤ RE((f∗,y∗)||(ft,yt))− Ω(ηb+2).

7With some abuse of notation, in this section we use both f(i) and fi to denote the i-th element of
vector f .

8We later define it rigorously in Definition 3.33.
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The key step is the observation that the quantity f⊤
t−1Ayt − f⊤

t Ayt−1 can be bounded

by:

ηf⊤
t−1Ayt − ηf⊤

t Ayt−1 = −η2
∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2

− η2
∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 +O(η2+b).

From the above result, we then have that if the starting point is uniform (i.e., f1 =

(1/n, . . . , 1/n) and y1 = (1/m, . . . , 1/m)), AMWU will reach O(ηb/3)-close in at most:

O
(︂
log(nm)
η2+b

)︂
time steps.

Secondly, we show that ηb/3-close point implies close to the NE with sufficiently small η.

The proof comes closely related to the proof of Theorem 3.2 in Daskalakis and Panageas

(2019). Thus, for any starting strategy with non-zero element and a sufficient small

learning rate η, AMWU can get arbitrarily close to the NE.

Finally, by proving that the spectral radius of the unique minimax equilibrium is less

than one, we show that the update dynamic of AMWU is a locally converging on the

NE point, meaning that there is last round convergence to the NE if the dynamic leads

to a point in the neighborhood of the NE. Now, applying the first and second points to

the dynamic of AMWU algorithm with non-zero element starting strategy, we have that

AMWU will get arbitrarily close to the NE (f∗,y∗) with a sufficiently small learning rate

η. Then, using the locally converging property of AMWU, the last round convergence

result in Theorem 3.20 will follow directly.

All the missing proofs can be found in Appendix 3.10.2.

3.8 Experiment

In this section, we test the performance of our algorithms OSO, AMWU and Prod-BR in

several settings. Firstly, we verify the linear dependency between the size of the effective

strategy set and the NE support size in random matrix games. Secondly, we test the

performance of OSO and relevant algorithms against the strategic adversary in meta

games (Czarnecki et al., 2020). Thirdly, we consider an oblivious no-external regret

adversary and measure the average loss performance of our algorithms against baselines

(i.e., MWU, OMWU) in both random and meta games. Fourthly, we test AMWU and

Prod-BR against a non-oblivious no-external regret adversary and measure the average

dynamic regret performance. Finally, we test AMWU in a self-play setting and measure

the last round convergence rate to the NE.

Size of k vs. Support Size of NE: We consider a set of zero-sum normal-form games

of different sizes, the entries of which are sampled from a uniform distribution U(0, 1).
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Figure 3.1: Sizes of effective strategy set (i.e., k) in cases of an OSO agent playing
against an MWU opponent with different sizes of full strategy set and NE support.

We run OSO as the row player against a no-regret column player 9 until convergence,

and plot the size of the OSO player’s effective strategy set against its full strategy size.

We run 20 seeds for each setting. As we can see from Figure 3.1, given a fixed support

size of the NE, which is achieved by fixing the number of columns while increasing the

number of rows in the game matrix, the size of the effective strategy set k grows as the

size of the full strategy set increases, but plateaus quickly. The larger the size of the NE

support (not the full strategy set!), the higher this plateau will reach. Clearly, we can

tell that the size of OSO’s effective strategy set does not increase drastically with the

full strategy size, but rather depends on the support size of the NE. This result confirms

Theorem 3.6 in which we prove that OSO’s regret bound depends on k, which is related

to the size of the NE support but not the game size. Economically, this is a desired

property as OSO can potentially avoid unnecessary computation, in contrast to other

no-regret methods that require looping over the full strategy set at each iteration.

OSO against MWU: we also look at the setting of playing against an MWU adversary

in Figure 3.2. We can see that OSO outperforms MWU and DO baselines in average

performance in almost all 15 games, which confirms the effectiveness of our design com-

pared to the relevant algorithms. Notably, MWU achieves a constant payoff; we believe

this is because these games are symmetric and since both players follow MWU with the

same learning rate, the payoff will always be the value of the game (thus the ground

truth), which OSO will eventually converge to as well.

Performance against oblivious adversary: for a fair average loss performance com-

parison between AMWU, Prod-BR and the baselines, we consider oblivious MWU adver-

saries: the agent’s historical strategies do not affect the strategy of the MWU adversary.

In order to create this non-oblivious adversary, we assume the adversary follows MWU to

play against a different opponent rather than the agent and therefore the agent’s strate-

gies do not affect the adversary’s behaviour. 10. As we can see in Figure 3.3, AMWU and

Prod-BR outperform other baselines by a large margin. In particular, Prod-BR achieves

9We choose MWU for column player in our experiment, but we expect other no-regret algorithms
would give a similar result.

10The detail setting can be found in Appendix 3.11.1
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Figure 3.2: Performance comparisons against MWU adversary

the smallest average loss compared to AMWU and other baselines. Intuitively, since

the agent plays against an oblivious adversary, a better theoretical regret guarantee of

AMWU and Prod-BR can imply a better average loss performance as we have shown in

this experiment. Therefore, Prod-BR with the best regret bound measure (i.e., dynamic

regret) achieves the best performance, followed by AMWU with a forward regret guar-

antee. An interesting observation is that the performance of MWU is almost identical

to OMWU with the same learning rate in our setting, reassuring the point in which

OMWU does not exploit enough extra knowledge.

Performance against non-oblivious adversary: we now test our algorithms against

non-oblivious adversaries (i.e., the agent’s behaviour can change the adversary’s strat-

egy) and answer the question: can better theoretical regret bound of AMWU and Prod-

BR lead to better regret performance against no-external regret adversary in practice?

As we can see in Figure 3.4, AMWU and Prod-BR achieve much smaller average dy-

namic regret compared to the baselines. This further assures our theoretical results

as both AMWU and Prod-BR have better regret bound guarantee against no-external

regret adversary compared to the baselines, leading to better regret bound in practice.

Last round convergence: we compare the rate of convergence of AMWU against

OWMU and MWU. For a fair comparison, we use a common learning rate µ = 0.01

for all 3 algorithms 11. As we can see in Figure 3.5, AMWU outperforms OMWU and

MWU by a large margin in convergence to the NE. Interestingly, in Connect Four and

11The results for other values have similar broad view. See Appendix 3.11.2 for more details.
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Figure 3.3: Average Loss Against Oblivious MWU adversary
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Figure 3.4: Average Loss Against Non-Oblivious MWU adversary

Disc meta games, AMWU shows clear convergence pattern whereas OMWU and MWU

fluctuate under the same setting (Figure 3.5b).

AMWU vs OMWU: in order to highlight the difference between AMWU and OMWU,

we test OWMU1 with the same relative weight between the predictable sequence xt−1

and the regularizer R(f) as AMWU (i.e., ηOMWU = ηAMWU × αAMWU ). As we can

clearly see in Figure 3.3, AMWU outperform OWMU1 in every game that we consider.

We can confirm that AMWU and OMWU are two very different algorithm due to its

level of exploiting extra knowledge.

3.9 Conclusion

We study online learning problems in which the learner has extra knowledge about the

adversary’s behaviour (i.e., strategic adversary). Under this setting, OSO can achieve

an external-regret bound of O(
√︁
k log(k)T ), where k is the size of the effective strategy

set. Furthermore, our algorithms AFTRL and Prod-BR can intensively exploit this

extra knowledge to achieve O(1) forward regret and O(
√
T ) dynamic regret, respectively.

In addition, both AFTRL and Prod-BR retain no-regret properties in the worst case
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Figure 3.5: Last Round Convergence

scenario of inaccurate extra knowledge. Finally, we show that AMWU, a special case of

AFTRL, leads to last round convergence in two-player zero-sum games with a unique

NE.
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3.10 Appendix A: Detail Proofs

Lemma 3.21 (Proof of Lemma 3.11). Suppose the players start with the entry A1,1 and

the game matrix A of the two-players zero-sum game is designed such as

Ai,i = 0.5 +
0.1i

n
∀i ∈ [n]; Ai,i+1 = 0.9 ∀i ∈ [n− 1],

Ai,j = 0.8 ∀j ≥ i+ 2, i ∈ [n],

Ai,j = Ai,i +
0.1

2n
∀j ≤ i, i ∈ [n],

where n is the size of the pure strategy set for both players. Then the game has a unique

Nash equilibrium with support size of 1 (i.e., the entry An,n) and the effective strategy

set both DO and OSO method will reach the size of pure strategy set: k = n.

Proof. First, we show that the game A has a unique Nash equilibrium at entry An,n.

Following the design of matrix A we have

an = argmin
a∈Π

a⊤Acn; cn = argmax
c∈C

an⊤Ac

Thus by definition, (an, cn) is the NE of the game and An,n is the minimax value v of

the game. Suppose there is another NE of the game (â, ĉ) such that â ̸= an 12. Then,

by definition of the NE we have

â⊤Acn ≤ â⊤Aĉ = v = An,n,

since the minimax value v is unique in two-player zero-sum game. However, by the

design of matrix A, a⊤Acn ≥ v ∀a ∈ Π and the equal sign holds true only if a = an.

This leads to a contradiction. Thus, the game A has a unique pure NE with respect to

the entry An,n.

Next, we show that Double Oracle method with the NE as best response target will

recover the whole pure strategy set in this game.

By definition, the game start with the entry A1,1 and the initial effective strategy sets are

Π0 = {a1} and C0 = {c1}. Since, A1,1 = argmini∈[n]Ai,1 and A1,2 = argmaxj∈[n]A1,j ,

the new sub-game 2 is created with the corresponding effective strategy set: Π1 =

{a1} and C1 = {c1, c2}. Note that the effective strategy set of the row player remains

unchanged in this iteration. The NE in the sub-game 2 is the with respect to entry A1,2,

thus in the next iteration, the best response targets for the column and row player are

with respect to a1 and c2, respectively. Now, in iteration 3, since A2,2 = argmini∈[n]Ai,2

and A1,2 = argmaxj∈[n]A1,j , the new sub-game 3 is created with the corresponding

12The same argument holds true in the case cn ̸= ĉ.
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effective strategy set: Π2 = {a1,a2} and C1 = {c1, c2}. Note that in this round,

the effective strategy set of the column player remains unchanged. Following the same

process, the effective strategy set of the row player will add the ai pure strategy in

iteration 2i − 1 while the effective strategy set of the column player will add the pure

strategy ci at iteration 2i − 2. Therefore, the DO method will add the whole pure

strategy set until converging to the NE in this example.

For the OSO method, we can follow the same process in the above DO case. That is,

for the adversary, we allow it to play the NE of the sub-game in the same order as

in DO. Since OSO is a no-regret algorithm and the average loss will remain the same

for each time window (since we fix the adversary in this case), the OSO algorithm will

converge to the best response with respect to the current average loss. Since we design

the game such that in each sub-game, the Nash Equilibrium will be a pure strategy, the

best response with respect to the NE of the adversary will also be the NE of the player

in the current sub-game. After the player (i.e., following OSO method) converges to

the NE of the sub-game, the adversary will move to play the NE of the next sub-game.

That way, the OSO algorithm will need to add the whole pure strategy set when playing

against this type of adversary.

In a more specific way, the adversary can play the following policy. In the first iteration,

the adversary plays c1. Since the best reponse with respect to c1 is a1, a1 will be added

to the effective strategy set. Then at iteration 2, the adversary plays c2. Then, a2 is

the best response with respect to the current average loss (i.e., Ac1 +Ac2). Thus, a2

is added to the effective strategy set. In the next iteration, by the design of the game

matrix A, we have the following relationship:

ai+h = argmin
a∈Π

a⊤A(
i+h∑︂
j=i

cj) ∀i, h > 0.

Thus, by letting the adversary plays c1 to cn sequentially, the effective strategy set of

the agent will need to recover the whole pure strategy set. Note that the policy used by

the adversary is also a no-regret algorithm since in the later rounds, the adversary can

just follows the pure strategy cn and achieving the value v of the game, thus deducting

any negative payoffs from the first n rounds.

Theorem 3.22 (Regret Bound of OSO with Less-Frequent Best Response). Let x1,x2,

. . . ,xT be a sequence of loss vectors played by an adversary. Then, OSO in Algorithm

14 is a no-regret algorithm with:

1

T

(︂ T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
t=1

⟨f ,xt⟩
)︂
≤
√︁
k log(k)√
2T

+

∑︁k
i=1 α

i
|Ti|

T
,

where k = |ΠT | is the size of effective strategy set in the final time window.
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Proof. W.l.o.g, we assume the player uses the MWU as the no-regret algorithm and

starts with only one pure strategy in Π0 in Algorithm 13. Since in the final time

window, the effective strategy set has k elements, there are exactly k time windows.

Denote |T1|, |T2|, . . . , |Tk| be the lengths of time windows during each of which the subset

of strategies the no-regret algorithm considers does not change. In the case of finite set

of strategies, k will be finite and we have

k∑︂
i=1

|Tk| = T.

In the time window with length |Ti|, following the regret bound of MWU we have

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ − min
f∈Π|T̄ i|+1

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i), where |T̄ i| =
i−1∑︂
j=1

|Tj |.

(3.14)

Since in the time window Ti, the size of the effective strategy set does not change, thus

we have

min
f∈Π|T̄ i|+1

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ −min
f∈Π

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤ αi
|Ti|. (3.15)

From Inequalities (3.14) and (3.15) we have

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ −min
f∈Π

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i) + αi
|Ti|. (3.16)

Sum up the inequality (3.16) for i = 1, . . . k we have

k∑︂
i=1

(︄√︃
|Ti|
2

log(i) + αi
|Ti|

)︄
≥

T∑︂
t=1

⟨ft,xt⟩ −
k∑︂

i=1

min
f∈Π

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩

≥
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

k∑︂
i=1

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ =
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
i=1

⟨f ,xt⟩ (3.17a)

=⇒
√︃

Tk log(k)

2
+

k∑︂
i=1

αi
|Ti| ≥

T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
i=1

⟨f ,xt⟩. (3.17b)

Inequality (3.17a) is due to
∑︁

min ≤ min
∑︁

. Inequality (3.17b) comes from Cauchy-

Schwarz inequality and Stirling’ approximation. Thus, we have the derived regret bound.

3.10.1 Proof of Theorem 3.12

Before provide the proof for the Theorem, we need the following lemma:
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Lemma 3.23. DO will converge to ϵ-NE if players can only access to an ϵ-best response

in each round.

Proof. We first prove in the case of single oracle algorithm. The double oracle proof will

be similar. Since the number of strategies is finite, by the same argument in the the

case of exact best response, the process will converge. Suppose that at time step t, the

process stops. Since we use ϵ-best response, we have the following relationship:

ft
⊤Atyt −min

f∈Π
f⊤Ayt ≤ ϵ

If we set the weight of pure strategies does not appear in ft to be zero to make a f ′
t ,

then it is obvious that

f⊤
t At = f ′⊤

t A

Thus, we have the following relationship:

f ′
t
⊤
Ayt −min

f∈Π
f⊤Ayt ≤ ϵ (3.18)

Further, since yt is Nash equilibrium of At, we also have

max
y∈∆y

f ′
t
⊤
Ay − f ′

t
⊤
Ayt = max

l∈∆l

ft
⊤Aty − ft

⊤Atyt = 0 (3.19)

From inequalities (3.18) and (3.19), by definition we conclude that (f ′
t ,yt) is ϵ-NE of

the game A.

Now, we can prove Theorem 3.12:

Theorem 3.24. Suppose OSO agent can only access the ϵ-best response in each iteration

when following Algorithm 13, if the adversary follows a no-regret algorithm, then the

average strategy of the agent will converge to an ϵ-NE. Furthermore, the algorithm is

ϵ-regret:

lim
T→∞

RT

T
≤ ϵ; RT = max

f∈∆Π

T∑︂
t=1

(︂
f⊤
t Ayt − f⊤Ayt

)︂
.

Proof. Suppose that the player uses the Multiplicative Weights Update in Algorithm 13

with ϵ-best response. Denote |T1|, |T2|, . . . , |Tk| be the lengths of time windows during

each of which the subset of strategies the no-regret algorithm considers does not change.

Furthermore,
k∑︂

i=1

|Tk| = T.
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In a time window Ti, the regret with respect to the best-fixed strategy in the effective

strategy set is:

|T̄ i+1|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ − min
f∈Π|T̄ i|+1

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i), (3.20)

where |T̄ i| =
∑︁i−1

j=1 |Tj |. Since in the time window Ti, the ϵ-best response strategy stays

in ΠT̄ i+1 and therefore we have

min
f∈Π|T̄ i|+1

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ −min
f∈Π

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤ ϵ|Ti|

Then, from the inequality (3.20) we have

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨ft,xt⟩ −min
f∈Π

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
√︃

|Ti|
2

log(i) + ϵ|Ti|, (3.21)

Sum up the inequality (3.21) for i = 1, . . . k we have

T∑︂
t=1

⟨ft,xt⟩ −
k∑︂

i=1

min
f∈Π

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤
k∑︂

i=1

√︃
|Ti|
2

log(i) + ϵ|Ti|,

=⇒
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

k∑︂
i=1

|T̄ (i+1)|∑︂
t=|T̄ i|+1

⟨f ,xt⟩ ≤ ϵT +

k∑︂
i=1

√︃
|Ti|
2

log(i) (3.22a)

=⇒
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
t=1

⟨f ,xt⟩ ≤ ϵT +
k∑︂

i=1

√︃
|Ti|
2

log(i)

=⇒
T∑︂
t=1

⟨ft,xt⟩ −min
f∈Π

T∑︂
t=1

⟨f ,xt⟩ ≤ ϵT +

√︃
T

2

√︁
k log(k). (3.22b)

Inequality (3.22a) is due to
∑︁

min ≤ min
∑︁

. Inequality (3.22b) comes from Cauchy-

Schwarz inequality and Stirling’ approximation. Using inequality (3.22b), we have

min
f∈Π

⟨f , x̄⟩ ≥ 1

T

T∑︂
t=1

⟨ft,xt⟩ −
√︃

k log(k)

2T
− ϵ. (3.23)

That is, the OSO algorithm is ϵ-regret in the case of ϵ-best response. Since the adversary

follows a no-regret algorithm, we have

max
x

T∑︂
t=1

⟨ft,x⟩ −
T∑︂
t=1

⟨ft,xt⟩ ≤
√︃

T

2

√︁
log(L)

=⇒ max
x

⟨f̄ ,x⟩ ≤ 1

T

T∑︂
t=1

⟨ft,xt⟩+
√︃

log(L)

2T

(3.24)
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Using the inequalities in (3.23) and (3.24) we have

⟨f̄ , x̄⟩ ≥ min
f∈Π

⟨f , x̄⟩ ≥ 1

T

T∑︂
t=1

⟨ft,xt⟩ −
√︃

k log(k)

2T
− ϵ

≥ max
x

⟨f̄ ,x⟩ −
√︃

log(L)

2T
−
√︃

k log(k)

2T
− ϵ

Similarly, we also have

⟨f̄ , x̄⟩ ≤ max
x

⟨f̄ ,x⟩ ≤ 1

T

T∑︂
t=1

⟨ft,xt⟩+
√︃

log(L)

2T

≤ min
f∈Π

⟨f , x̄⟩+ ϵ+

√︃
k log(k)

2T
+

√︃
log(L)

2T

Take the limit T → ∞, we then have

max
x

⟨f̄ ,x⟩ − ϵ ≤ ⟨f̄ , x̄⟩ ≤ minf∈Π⟨f , x̄⟩+ ϵ

Thus (f̄ , x̄) is the ϵ-Nash equilibrium of the game.

Lemma 3.25 (Lemma 3.5). Let gt be defined as above, then the following relationship

holds for any f ∈ F :
T∑︂
t=1

⟨gt,xt⟩ ≤ ⟨f ,
T∑︂
t=1

xt⟩+
R(f)

η
.

Proof of Lemma 3.5. We prove this by induction. For t = 1:

⟨g1,x1⟩ ≤ ⟨g1,x1⟩+
R(g1)

η
≤ ⟨f ,x1⟩+

R(f)

η
∀f ∈ F .

Suppose the statement is true for T such that

T∑︂
t=1

⟨gt,xt⟩ ≤ ⟨f ,
T∑︂
t=1

xt⟩+
R(f)

η
∀f ∈ F .

Adding ⟨gT+1,xT+1⟩ on both sides we have

T+1∑︂
t=1

⟨gt,xt⟩ ≤ ⟨f ,
T∑︂
t=1

xt⟩+
R(f)

η
+ ⟨gT+1,xT+1⟩ ∀f ∈ F

≤ ⟨gT+1,

T∑︂
t=1

xt⟩+
R(gT+1)

η
+ ⟨gT+1,xT+1⟩

≤ ⟨f ,
T+1∑︂
t=1

xt⟩+
R(f)

η
∀f ∈ F .

Thus the statement is true for T + 1.
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From the above Inequality, if an algorithm is a no-forward regret, i.e.:

⊤∑︂
t=1

(⟨ft,xt⟩ − ⟨gt,xt⟩) = o(T ),

then we also have:

min
f∈F

⊤∑︂
t=1

(⟨ft,xt⟩ − ⟨f ,xt⟩) ≤
⊤∑︂
t=1

(⟨ft,xt⟩ − ⟨gt,xt⟩) +
R(f)

η

= o(T ) +
R(f)

η
= o(T ).

Thus, the algorithm is also a no-external regret algorithm.

Lemma 3.26 (Doubling Trick). The idea of doubling trick is to divide the time interval

into different phases and restart the algorithm (i.e., AFTRL) in each phase. We will

prove that by considering different phases in the process, the AFTRL will still maintain

the regret bound of O

(︃√︂∑︁T
t=1(∥xt − xt−1∥∗t )2

)︃
.

Using Lemma 3.5, the regret bound in Equation 3.8 can be derived as:

T∑︂
t=1

⟨ft,xt⟩ − ⟨f∗,
T∑︂
t=1

xt⟩ ≤
α

ηα
R(f∗) +

ηα

β

T∑︂
t=1

(∥xt − xt−1∥q)2 ∀f∗ ∈ F .

Now, we break the time interval T into different phases, in which phase i has a constant

learning rate ηi = η02
−i. Define the starting point of phase i+ 1 such as

si+1 = min{τ :
ηiα

β

τ∑︂
t=si

(∥xt − xt−1∥∗t )2 >
α

ηiα
R(f∗)}.

and s1 = 1. Let N be the last phase of the game and let sN+1 = T + 1. We then have

T∑︂
t=1

⟨ft,xt⟩ − ⟨f∗,

T∑︂
t=1

xt⟩ ≤
N∑︂
i=1

α

ηiα
R(f∗) +

ηiα

β

si+1−1∑︂
t=si

(∥xt − xt−1∥∗t )2

≤ 2
N∑︂
i=1

α

ηiα
R(f∗) ≤ 2N+2

η0
R(f∗),

where the inequalities come from the definition of si. Note that we have

1

η0
=

1

ηN−12N−1
≤ 1

2N−1

⌜⃓⃓⎷ sN∑︂
t=sN−1

(∥xt − xt−1∥q)2
√︃

α

βR(f∗)

≤ 1

2N−1

⌜⃓⃓⎷ T∑︂
t=1

(∥xt − xt−1∥q)2
√︃

α

βR(f∗)
.
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Thus we have

T∑︂
t=1

⟨ft,xt⟩ − ⟨f∗,
T∑︂
t=1

xt⟩ ≤
2N+2

η0
R(f∗)

≤ 2N+2 1

2N−1

⌜⃓⃓⎷ T∑︂
t=1

(∥xt − xt−1∥q)2
√︃

α

βR(f∗)
R(f∗)

= 8

⌜⃓⃓⎷ T∑︂
t=1

(∥xt − xt−1∥q)2
√︄

αR(f∗)

β
= O

⎛⎝
⌜⃓⃓⎷ T∑︂

t=1

(∥xt − xt−1∥q

⎞⎠ .

Thus, we derive the result.

Lemma 3.27 (Lemma 3.13). Let ft, ft+1 be two consecutive strategies of no-regret

algorithms (i.e., FTRL, OMD). Then we have for any norm ∥.∥q:

∥ft+1 − ft∥q = O(
1√
T
).

In order to prove Lemma 3.13, we first need to have the following lemmas about the

distance between two consecutive strategies of FTRL and OMD:

Lemma 3.28. Let ft, ft+1 be two consecutive strategies of FTRL algorithm. Then we

have

∥ft+1 − ft∥p ≤ η
2n

β
, where ∥.∥p denotes lp norm.

Proof. Following the property of β-strongly convex function we have

Ft(ft+1)− Ft(ft) ≥
β

2η
∥ft+1 − ft∥2p

⇐⇒ ⟨ft+1,

t∑︂
s=1

xs⟩+
R(ft+1)

η
− ⟨ft+1,xt⟩ − ⟨ft,

t−1∑︂
s=1

xs⟩ −
R(ft)

η
≥ β

2η
∥ft+1 − ft∥2p

⇐⇒ Ft+1(ft+1)− ⟨ft+1,xt⟩ − ⟨ft,
t−1∑︂
s=1

xs⟩ −
R(ft)

η
≥ β

2η
∥ft+1 − ft∥2p.

By definition, we have Ft+1(ft+1) ≤ Ft+1(ft). Thus, substitute it in the above inequality

we have

Ft+1(ft)− ⟨ft+1,xt⟩ − ⟨ft,
t−1∑︂
s=1

xs⟩ −
R(ft)

η
≥ β

2η
∥ft+1 − ft∥2p

⇐⇒ ⟨ft,
t∑︂

s=1

xs⟩+
R(ft)

η
− ⟨ft+1,xt⟩ − ⟨ft,

t−1∑︂
s=1

xs⟩ −
R(ft)

η
≥ β

2η
∥ft+1 − ft∥2p

⇐⇒ ⟨ft − ft+1,xt⟩ ≥
β

2η
∥ft+1 − ft∥2p =⇒ ∥ft+1 − ft∥p∥xt∥q ≥

β

2η
∥ft+1 − ft∥2p

=⇒ 2ηn

β
≥ ∥ft+1 − ft∥p,



88 Chapter 3 Achieving Better Regret Against Strategic Adversary

since xt ∈ [0, 1]n then ∥xt∥q ≤ n1/q = n1−1/p ≤ n. Thus, we derive the result.

A similar property can be found in other no-regret algorithm, such as Online Mirror

Descent:

Lemma 3.29. Let gt, gt+1 be two consecutive strategies of OMD algorithm. Then we

have

∥ft+1 − ft∥p ≤
η

β

Proof. Following the property of β-strongly convex function we have

Gt+1(gt)−Gt+1(gt+1) ≥
β

2
∥gt+1 − gt∥2p

⇐⇒ η⟨gt − gt+1,xt⟩+DR(gt, gt)−DR(gt+1, gt) ≥
β

2
∥gt+1 − gt∥2p

⇐⇒ η⟨gt − gt+1,xt⟩ ≥ DR(gt+1, gt) +
β

2
∥gt+1 − gt∥2p

=⇒ η⟨gt − gt+1,xt⟩ ≥
β

2
∥gt+1 − gt∥2p +

β

2
∥gt+1 − gt∥2p

=⇒ η∥gt − gt+1∥p∥xt∥q ≥ β∥gt+1 − gt∥2p
=⇒ η

β
n ≥ ∥gt+1 − gt∥p,

since DR(gt, gt) = 0 and xt ∈ [0, 1]n.

Now we can prove Lemma 3.13:

Proof of Lemma 3.13. From Lemma 3.28 and Lemma 3.29 along with the property of

no-regret algorithm such as η = O( 1√
T
), we have

∥ft+1 − ft∥p = O(
1√
T
).

Now for q > p, it is easy to show that:

∥ft+1 − ft∥q ≤ ∥ft+1 − ft∥p

=⇒ ∥ft+1 − ft∥q = O(
1√
T
).

For q < p, using the Holder’s Inequality, we then have:

∥ft+1 − ft∥q ≤ n1/q−1/p∥ft+1 − ft∥p = n1/q−1/pO(
1√
T
)

=⇒ ∥ft+1 − ft∥q = O(
1√
T
).
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We complete the proof.

Theorem 3.30 (Theorem 3.14). Let F ⊂ [0, 1]n be a convex compact set and let R be

a β-strongly convex function with respect to ∥.∥p norm and minf∈F R(f) = 0. Denote

∥.∥q the dual norm with 1/p+1/q = 1. Then the AFTRL achieves the external regret of

O(1) or forward regret of O
(︂√︂∑︁T

t=1(∥xt − xt−1∥q)2
)︂
against general adversary. More

importantly, against a strategic adversary (i.e., no-external regret algorithms such that

FTRL, OMD), AFTRL achieves O(1) external regret or O(1) forward regret.

Proof of Theorem 3.14. Let us first define ht+1 as follow

ht+1 = argmin
f∈F

Ht+1(f) = ⟨f ,
t∑︂

s=1

xs + αxt+1⟩+
R(f)

η
.

Observe that for any sequence of ft ∈ F ,

T∑︂
t=1

⟨ft,xt⟩ =
T∑︂
t=1

⟨ft − ht,xt − xt−1⟩+
T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩.

We now prove by induction that

T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩ ≤
1

α
⟨f ′,

T∑︂
t=1

xt⟩+
α− 1

α

T∑︂
t=1

⟨gt,xt⟩+
1

ηα
R(f ′), ∀f ′ ∈ F .

(3.25)

For t = 1, x0 = 0. Since h1 = argminf∈F ⟨f , αx1⟩+ R(f)
η , we have ∀f ′ ∈ F :

⟨h1,x1⟩+
R(h1)

ηα
≤ ⟨f ′,x1⟩+

R(f ′)

ηα
=⇒ 1

α
⟨h1,x1⟩ ≤

1

α
⟨f ′,x1⟩+

R(f ′)

ηα
, (3.26)

since α ≥ 1 and R(f ′) ≥ 0 ∀f ′ ∈ F . We also have

⟨h1, αx1⟩+
R(h1)

η
≤ ⟨g1, αx1⟩+

R(g1)

η

= ⟨g1,x1⟩+
R(g1)

η
+ (α− 1)⟨g1,x1⟩ (By definition of g1)

≤ ⟨h1,x1⟩+
R(h1)

η
+ (α− 1)⟨g1,x1⟩

=⇒ ⟨h1, αx1⟩+
R(h1)

η
≤ ⟨h1,x1⟩+

R(h1)

η
+ (α− 1)⟨g1,x1⟩

=⇒ ⟨h1,x1⟩ ≤ ⟨g1,x1⟩.

Along with Inequality (3.26) we have

⟨h1,x1⟩ =
1

α
⟨h1,x1⟩+

α− 1

α
⟨h1,x1⟩ ≤

1

α
⟨f ′,x1⟩+

R(f ′)

ηα
+

α− 1

α
⟨g1,x1⟩.

Thus, the first step in the induction for t = 1 is correct.
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For the purpose of induction, suppose that the above inequality holds for τ = T − 1.

Using f ′ = fT and add ⟨fT − hT ,xT−1⟩+ ⟨hT ,xT−1⟩ on both sides we have

T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩

≤ 1

α
⟨fT ,

T−1∑︂
t=1

xt⟩+
α− 1

α

T−1∑︂
t=1

⟨gt,xt⟩+
1

ηα
R(fT ) + ⟨fT − hT ,xT−1⟩+ ⟨hT ,xT ⟩

=
1

α
(⟨fT ,

T−1∑︂
t=1

xt + αxT−1⟩+
1

η
R(fT )) +

α− 1

α

T−1∑︂
t=1

⟨gt,xt⟩+ ⟨hT ,xT − xT−1⟩

≤ 1

α
(⟨hT ,

T−1∑︂
t=1

xt + αxT−1⟩+
1

η
R(hT )) +

α− 1

α

T−1∑︂
t=1

⟨gt,xt⟩+ ⟨hT ,xT − xT−1⟩

=
1

α
(⟨hT ,

T−1∑︂
t=1

xt + αxT ⟩+
1

η
R(hT )) +

α− 1

α

T−1∑︂
t=1

⟨gt,xt⟩

≤ 1

α
(⟨gT ,

T−1∑︂
t=1

xt + αxT ⟩+
1

η
R(gT )) +

α− 1

α

T−1∑︂
t=1

⟨gt,xt⟩

=
1

α
(⟨gT ,

T−1∑︂
t=1

xt + xT ⟩+
1

η
R(gT )) +

α− 1

α

T∑︂
t=1

⟨gt,xt⟩

≤ 1

α
(⟨f ′,

T−1∑︂
t=1

xt + xT ⟩+
1

η
R(f ′)) +

α− 1

α

T∑︂
t=1

⟨gt,xt⟩ ∀f ′.

The proof is derived from the optimality of ft, gt and ht. This concludes the inductive

argument.

Now, we only need to bound the sum:

T∑︂
t=1

⟨ft − ht,xt − xt−1⟩.

Using the property of a strongly convex function we have

Ft(ht)− Ft(ft) ≥
β

2η
||ht − ft||2p

Ht(ft)−Ht(ht) ≥
β

2η
||ht − ft||2p

=⇒ Ft(ht)− Ft(ft) +Ht(ft)−Ht(ht) ≥
β

η
||ht − ft||2p

⇐⇒ α⟨ht − ft,xt−1 − xt⟩ ≥
β

η
||ht − ft||2p

=⇒ ||ht − ft||p||xt−1 − xt||q ≥
β

ηα
||ht − ft||2p

=⇒ ||xt−1 − xt||q ≥
β

ηα
||ht − ft||p.
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Thus, we have

T∑︂
t=1

⟨ft − ht,xt − xt−1⟩ ≤
T∑︂
t=1

||ft − ht||p||xt − xt−1||q

≤ ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2.

Along with the Inequality 3.25 we have

T∑︂
t=1

⟨ft − ht,xt−1⟩+
T∑︂
t=1

⟨ht,xt⟩+
T∑︂
t=1

⟨ft − ht,xt − xt−1⟩

≤ 1

α
⟨f ′,

T∑︂
t=1

xt⟩+
α− 1

α

T∑︂
t=1

⟨gt,xt⟩+
1

ηα
R(f ′) +

ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2, ∀f ′ ∈ F

⇐⇒
T∑︂
t=1

⟨ft,xt⟩ ≤
1

α
⟨f ′,

T∑︂
t=1

xt⟩+
α− 1

α

T∑︂
t=1

⟨gt,xt⟩+
1

ηα
R(f ′) +

ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2, ∀f ′ ∈ F .

Let f∗ = argminf∈F ⟨f ′,
∑︁T

t=1 xt⟩ and R = maxf∈F R(f). Then from the above in-

equality we have

1

α
(

T∑︂
t=1

⟨ft,xt⟩ − ⟨f∗,
T∑︂
t=1

xt⟩) +
α− 1

α
(

T∑︂
t=1

⟨ft,xt⟩ −
T∑︂
t=1

⟨gt,xt⟩) ≤
1

ηα
R+

ηα

β

T∑︂
t=1

(||xt−1 − xt||q)2

Now, against a general adversary, if
∑︁T

t=1⟨ft,xt⟩−⟨f∗,
∑︁T

t=1 xt⟩ ≤ 0 then by definition,

AFTRL has O(1) external regret. In case where
∑︁T

t=1⟨ft,xt⟩−⟨f∗,
∑︁T

t=1 xt⟩ ≥ 0, using

Inequality (3.8) and setting ηα =
√︂
βR/(

∑︁T
t=1(∥xt − xt−1∥q)2) we have

T∑︂
t=1

⟨ft,xt⟩ −
T∑︂
t=1

⟨gt,xt⟩ ≤
α

α− 1

⌜⃓⃓⎷R

T∑︂
t=1

(∥xt − xt−1∥q)2/β = O(

T∑︂
t=1

(∥xt − xt−1∥q)2).

For unknown bound
∑︁T

t=1(∥xt − xt−1∥q)2, we can use the Doubling Trick as shown in

Appendix 3.26 to achieve a similar regret bound.

Against a no-external regret adversary, using Lemma 3.13, we then have:

T∑︂
t=1

(∥xt − xt−1∥q)2 =
T∑︂
t=1

(O(
1√
T
))2 = O(1).

Thus, Inequality (3.8) becomes:

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,

T∑︂
t=1

xt⟩ −
α− 1

α

T∑︂
t=1

⟨gt,xt⟩ ≤
1

ηα
R+

ηα

β
O(1) = O(1).
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Following a similar reasoning for general adversary, AFTRL achieves O(1) external regret

or O(1) forward regret against no-external regret adversary.

Theorem 3.31 (Theorem 3.16). Let F be a convex set in a Banach space B. Let

R : B → R be a β-strongly convex function on F with respect to some norm ∥.∥p. For

any strategy of the environment and any f ′ ∈ F , the Accurate Mirror Descent yields

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,xt⟩ −

α− 1

α
⟨gt+1,xt⟩ ≤

ηα

2β

T∑︂
t=1

∥xt − xt−1∥2q +
R2

max

ηα
,

where R2
max = maxf∈F R(f)−minf∈F R(f).

Proof of Theorem 3.16. We define ht+1 as follow:

ht+1 = argmin
h∈F

Ht+1(h) = η⟨h, αxt⟩+DR(h, gt).

For any f ′ ∈ F ,

⟨ft,xt⟩ −
1

α
⟨f ′,xt⟩ −

α− 1

α
⟨gt+1,xt⟩

= ⟨ft − ht+1,xt − xt−1⟩+ ⟨ft − ht+1,xt−1⟩

+ ⟨ht+1 − gt+1,xt⟩+
1

α
⟨gt+1 − f ′,xt⟩.

(3.27)

Using the property of dual norm, we derive

⟨ft − ht+1,xt − xt−1⟩ ≤ ∥ft − ht+1∥p∥xt−1 − xt∥q

≤ β

2ηα
∥ft − ht+1∥2p +

ηα

2β
∥xt−1 − xt∥2q .

(3.28)

We note that for any g ∈ F and f = argminf∈F ⟨f ,x⟩+DR(f , c), we have the following

inequalities (see e.g. Beck and Teboulle (2003))

⟨f − g,x⟩ ≤ DR(g, c)−DR(g,f)−DR(f , c).

This yields

⟨ft − ht+1,xt−1⟩ ≤
1

ηα
(DR(ht+1, gt)−DR(ht+1,ft)−DR(ft, gt)),

⟨ht+1 − gt+1,xt⟩ ≤
1

ηα
(DR(gt+1, gt)−DR(gt+1,ht+1)−DR(ht+1, gt)),

⟨gt+1 − f ′,xt⟩ ≤
1

η
(DR(f

′, gt)−DR(f
′, gt+1)−DR(gt+1, gt)).
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Summing up the above inequalities we have

⟨ft − ht+1,xt−1⟩+ ⟨ht+1 − gt+1,xt⟩+
1

α
⟨gt+1 − f ′,xt⟩

≤ 1

ηα
(DR(f

′, gt)−DR(f
′, gt+1)−DR (ht+1,ft)−DR(ft, gt)−DR(gt+1,ht+1)) .

(3.29)

Using the property of strongly convex function, we have

DR(ht+1,ft) ≥
β

2
∥ht+1 − ft∥2p; DR(ft, gt) ≥

β

2
∥ft − gt∥2p. (3.30)

Putting Inequalities (3.28),(3.29) and (3.30) in Equality (3.27) we derive that

⟨ft,xt⟩ −
1

α
⟨f ′,xt⟩ −

α− 1

α
⟨gt+1,xt⟩ ≤

ηα

2β
∥xt−1 − xt∥2q

+
1

ηα
(DR(f

′, gt)−DR(f
′, gt+1))−

β

2ηα
∥ft − gt∥2p

Summing over t = 1, . . . , T yields, for any f ′ ∈ F ,

T∑︂
t=1

⟨ft,xt⟩ −
1

α
⟨f ′,xt⟩ −

α− 1

α
⟨gt+1,xt⟩

≤ ηα

2β

T∑︂
t=1

∥xt − xt−1∥2q +
R2

max

ηα
− β

2ηα

T∑︂
t=1

∥ft − gt∥2p

≤ ηα

2β

T∑︂
t=1

∥xt − xt−1∥2q +
R2

max

ηα
.

where R2
max = maxf∈F R(f)−minf∈F R(f).

Using the following inequality with any given f ′ ∈ F and gt+1 = argming∈F η⟨g,xt⟩ +
DR(g, gt) (e.g., see Beck and Teboulle (2003))

η⟨gt+1 − f ′,xt⟩ ≤ DR(f
′, gt)−DR(f

′, gt+1)−DR(gt+1, gt)

we can derive that, for any f ′ ∈ F ,

T∑︂
i=1

⟨gt+1,xt⟩ ≤
T∑︂
i=1

⟨f ′,xt⟩+
R2

max

η
− β

2η

T∑︂
t=1

∥gt+1 − gt∥2.

Thus, the regret with respect to
∑︁T

i=1⟨gt+1,xt⟩ (i.e., forward regret for AMD) is stronger

than the (external) regret with respect to
∑︁T

i=1⟨f ′,xt⟩, ∀f ′ ∈ F .

Lemma 3.32 (Lemma 3.17). Let xt, xt+1 be two consecutive strategies of a no-regret

algorithm (i.e., FTRL, OMD). Then, we have

⟨b,xt+1⟩ − ⟨c,xt+1⟩ = O(
1√
T
), where b = argmin

f∈F
⟨f ,xt⟩ , c = argmin

f∈F
⟨f ,xt+1⟩.
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Proof of Lemma 3.17. Since b = argminf∈F ⟨f ,xt⟩, we then have: ⟨b,xt⟩ ≤ ⟨c,xt⟩.
Thus, we can derive that:

⟨b,xt+1⟩ − ⟨c,xt+1⟩ = ⟨b,xt+1⟩ − ⟨b,xt⟩+ ⟨b,xt⟩ − ⟨c,xt+1⟩

≤ ⟨b,xt+1 − xt⟩+ ⟨c,xt⟩ − ⟨c,xt+1⟩ = ⟨b,xt+1 − xt⟩+ ⟨c,xt − xt+1⟩.

Using Lemma 3.13 such that ∥xt+1 − xt∥1 = O( 1√
T
) and b, c ∈ [0, 1]n we then have:

⟨b,xt+1⟩ − ⟨c,xt+1⟩ = ⟨b,xt+1 − xt⟩+ ⟨c,xt − xt+1⟩

≤ ∥xt+1 − xt∥1 + ∥xt − xt+1∥1 ≤ 2O(
1√
T
) = O(

1√
T
).

The proof is complete.

3.10.2 Proofs of Last Round Convergence of AMWU

In our proof, we use the notation of β-closeness:

Definition 3.33 (β-closeness Mehta et al. (2017)). Assume β > 0. A point (f ,y) ∈
∆n ×∆m is β-close if for each i ∈ [n], it holds fi ≤ β or |f⊤Ay − (Ay)i| ≤ β and for

each j ∈ [m], it holds yi ≤ β or |f⊤Ay − (A⊤x)i| ≤ β.

We can now provide the full proof of last round convergence for AMWU.

3.10.2.1 Decreasing K-L distance

In this subsection, part of our analysis bases on the linear variant of AMWU with the

following update rule:

ft+1(i) =
ft(i)(1 + η((α+ 1)ei

⊤Ayt − αei
⊤Ayt−1))∑︁

j ft(j)(1 + η((α+ 1)ej⊤Ayt − αej⊤Ayt−1))
.

Since the variant’ update rule does not contain the exponential part, it reduces the

complexity in the analysis. We first quantify the distance between two consecutive

updates of AMWU by the following lemma:

Lemma 3.34. Let f ∈ ∆n be the vector of the max player, w, z ∈ ∆m such that

∥w−z∥1 = O(η), ηα = O(1) and suppose f ′,f ′′ are the next iterates of AMWU and its

linear variant with current vector f and vectors w, z of the min player. It holds that

∥f ′ − f ′′∥1 is O(η2) and ∥f ′ − f∥1, ∥f ′′ − f∥1 are O(η).

Analogously, it holds for vector y ∈ ∆m of the min player and its next iterates.
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Proof of Lemma 3.34. Let η be sufficiently small (smaller than maximum in absolute

value entry of A). From the assumption that ∥w − z∥1 = O(η)and O(ηα) = O(1) we

have

(α+ 1)(Aw)i − α(Az)i = (Aw)i +O(1).

Thus, we can derive the following equalities:

|f ′
i − f ′′

i | = fi

⃓⃓⃓⃓
⃓ eη((α+1)(Aw)i−α(Az)i)∑︁

j fje
η((α+1)(Aw)j−α(Az)j)

− 1 + η((α+ 1)(Aw)i − α(Az)i)∑︁
j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓

= fi

⃓⃓⃓⃓
⃓ 1 + η((α+ 1)(Aw)i − α(Az)i)±O(η2)∑︁

j fj(1 + η((α+ 1)(Aw)j − α(Az)j))±O(η2)
− 1 + η((α+ 1)(Aw)i − α(Az)i)∑︁

j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓

= fiO(η2).

and hence ∥f ′ − f ′′∥1 is O(η2). Moreover we have that

|fi − f ′′
i | = fi

⃓⃓⃓⃓
⃓1− 1 + η((α+ 1)(Aw)i − α(Az)i)∑︁

j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓

= fi

⃓⃓⃓⃓
⃓
∑︁

j fj(1 + η((α+ 1)(Aw)j − α(Az)j))− (1 + η((α+ 1)(Aw)i − α(Az)i))∑︁
j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓

= fi

⃓⃓⃓⃓
⃓
∑︁

j fj(η((α+ 1)(Aw)j − α(Az)j))− η((α+ 1)(Aw)i − α(Az)i)∑︁
j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓

= fi

⃓⃓⃓⃓
⃓⃓η
(︂∑︁

j fj((α+ 1)(Aw)j − α(Az)j)− ((α+ 1)(Aw)i − α(Az)i)
)︂

∑︁
j fj(1 + η((α+ 1)(Aw)j − α(Az)j))

⃓⃓⃓⃓
⃓⃓

= fiO(η).

We can derive the third part of the lemma by using the triangle inequality with the two

above proofs.

We needs the following lemmas in order to prove Lemma 3.37:

Lemma 3.35. Let f ∈ ∆n be the vector of the max player, w, z ∈ ∆m such that

∥w − z∥1 = O(η), ηα = O(1) and suppose f ′,f ′′ are the next iterates of AMWU and

its linear variant with current vector f and vectors w, z of the min player. It holds that

(for η sufficiently small)

η(f ′ − f)⊤A((α+ 1)w − αz)

= η(f ′′ − f)⊤A((α+ 1)w − αz)−O(η3)

= (1−O(η))η2
∑︂
i

fi((f − ei)
⊤A((α+ 1)w − αz))2 −O(η3)

= (1−O(η))η2
∑︂
i

f ′
i((f

′ − ei)
⊤A((α+ 1)w − αz))2 −O(η3).
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Proof. By following Lemma 3.34, we only need to prove the second equality. Set B =

(1n1m
⊤ + ηA). We have that f ′′

i = fi
(B((α+1)w)−αz)i
f⊤B((α+1)w)−αz)

following the definition of linear

AMWU. We can derive that

(f ′′⊤B((α+ 1)w − αz).(f⊤B((α+ 1)w − αz)

=
∑︂
ij

Bijf
′′
i ((α+ 1)w − αz)j .(f

⊤B((α+ 1)w − αz)

=
∑︂
ij

Bijfi
(B((α+ 1)w)− αz)i
f⊤B((α+ 1)w)− αz)

((α+ 1)w − αz)j .(f
⊤B((α+ 1)w − αz)

=
∑︂
ij

Bijfi(B((α+ 1)w)− αz)i((α+ 1)w − αz)j =
∑︂
i

fi(B((α+ 1)w − αz)i)
2

= (fTB((α+ 1)w − αz))2 +
∑︂
i

fi(f
TB((α+ 1)w − αz)− (B((α+ 1)w − αz))i)

2.

Thus we have

(f ′′⊤B((α+ 1)w − αz).(f⊤B((α+ 1)w − αz)

= (fTB((α+ 1)w − αz))2 +
∑︂
i

fi(f
TB((α+ 1)w − αz)− (B((α+ 1)w − αz))i)

2.

(3.31)

Since our assumption that ∥w − z∥1 = O(η) and ηα = O(1), we then have:

∥A((α+ 1)w − αz)∥ = ∥αA(w − z) +Aw∥ = O(αη) +O(1) = O(1).

Thus we also have:

fTB((α+ 1)w − αz) = 1±O(η).

Devide both sides of Equation (3.31) by fTB((α+ 1)w − αz) we have

(f ′′⊤B((α+ 1)w − αz)

= (fTB((α+ 1)w − αz)) + (1−O(η))
∑︂
i

fi(f
TB((α+ 1)w − αz)− (B((α+ 1)w − αz))i)

2

= ηf⊤A((α+ 1)w − αz) + (1−O(η))η2
∑︂
i

fi((f − ei)
TA((α+ 1)w − αz))2.

Thus, the second equality is proven. Other equalities come directly as the result of

Lemma 3.34.

Furthermore, from the above lemma, if we impose the condition:

ηα = ηb,
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where b is in (0, 1]. Note that this condition does not contradict to ηα = O(1). Then

from the above lemma we have

η(f ′ − f)⊤A((α+ 1)w − αz) =

η(f ′ − f)⊤Aw + ηα(f ′ − f)⊤A(w − z)

= η(f ′ − f)⊤Aw + ηbO(η2)

=⇒ η(f ′ − f)⊤Aw = (1−O(η))η2
∑︂
i

fi((f − ei)
⊤A((α+ 1)w − αz))2 − ηbO(η2)

= (1−O(η))η2
∑︂
i

f ′
i((f

′ − ei)
⊤A((α+ 1)w − αz))2 − ηbO(η2).

Similarly, we have the following lemma for the min player:

Lemma 3.36. Let y ∈ ∆m, w, z ∈ ∆n and suppose y′ is the next iterate of AMWU

with current vector y and inputs w, z. Furthermore, assume that ∥w− z∥1 = O(η) and

ηα = ηb for 0 ≤ b ≤ 1. It holds that (for η sufficiently small):

η(y′ − y)⊤A⊤(−w)

= (1−O(η))η2
∑︂
i

y′
i((y

′ − ei)
⊤A⊤((αz − (α+ 1)w))2 − ηbO(η2).

In order to prove Theorem 3.39, we need the following lemmas:

Lemma 3.37. Let (ft,yt) be the t-th iteration of AMWU dynamic. For each time step

t ≥ 2 it holds that:

ηf⊤
t−1Ayt − ηf⊤

t Ayt−1

= −(1−O(η))η2
∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2+

− (1−O(η))η2
∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 + ηbO(η2)

Proof of Lemma 3.37.

ηf⊤
t−1Ayt − ηf⊤

t Ayt−1

≤ −(1−O(η))η2
∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt−1 − αyt−2))

2+

− (1−O(η))η2
∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−2 − (α+ 1)yt−1))

2 + ηbO(η2)

= −(1−O(η))η2
∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2 − (1−O(η))η2η2b+

− (1−O(η))η2
∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 − (1−O(η))η2η2b + ηbO(η2)

= −(1−O(η))η2
∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2+

− (1−O(η))η2
∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 + ηbO(η2)
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Lemma 3.38. Let (ft,yt) denote the t-th iterate of AMWU dynamics. It holds for t ≥ 2

that
f∗⊤A((α+ 1)yt − αyt−1) ≥ f∗⊤Ay∗ and

((α+ 1)ft − αft−1)
⊤Ay∗ ≤ f∗⊤Ay∗

Proof of Lemma 3.38. It is sufficient to show that ((α+ 1)yt − αyt−1) ∈ ∆m and ((α+

1)ft − αft−1) ∈ ∆n. From Lemma 3.34 we have ft(i) = (1 − O(η))ft−1(i). Thus, in

order to show that ((α+ 1)ft(i)− αft−1(i)) ≥ 0 we need to show that:

(1−O(η)) ≥ α

α+ 1

⇐⇒ 1 ≥ (α+ 1)O(η),

which is true since αη = ηb, b ∈ [0, 1] and η is small enough.

Theorem 3.39. Let (f∗,y∗) be the unique optimal minimax equilibrium and η suff-

ciently small. Assume that αη = ηb where b ∈ [0, 1].Then

RE((f∗,y∗)||(ft,yt))

is decreasing with time t by η2+b unless (ft,yt) is O(ηb/3)− close.

Proof of Theorem 3.39. We compute the difference in relative entropy distance between

two connected strategies:

RE((f∗,y∗)||(ft+1,yt+1))−RE((f∗,y∗)||(ft,yt))

= −

(︄∑︂
i

f∗(i) log(
ft+1(i)

ft(i)
) +

∑︂
i

y∗(i) log(
yt+1(i)

yt(i)
)

)︄

= −

(︄∑︂
i

f∗(i) log(eη((α+1)Ayt−αAyt−1)(i)) +
∑︂
i

y∗(i) log(eη(−(α+1)A⊤ft+αA⊤ft−1)(i))

)︄

+ log

(︄∑︂
i

ft(i)e
η((α+1)Ayt−αAyt−1)(i)

)︄
+ log

(︄∑︂
i

yt(i)e
η(−(α+1)A⊤ft+αA⊤ft−1)(i)

)︄
= −ηx∗⊤A((α+ 1)yt − αyt−1)− ηy∗⊤A⊤(−(α+ 1)ft + αft−1)+

log

(︄∑︂
i

ft(i)e
η((α+1)Ayt−αAyt−1)(i)

)︄
+ log

(︄∑︂
i

yt(i)e
η(−(α+1)A⊤ft+αA⊤ft−1)(i)

)︄
.

From Lemma 3.38 we have

−ηf∗⊤A((α+ 1)yt − αyt−1)− ηy∗⊤A⊤(−(α+ 1)ft + αft−1) ≤ 0.
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Thus we have

RE((f∗,y∗)||(ft+1,yt+1))−RE((f∗,y∗)||(ft,yt))

≤ log

(︄∑︂
i

ft(i)e
η((α+1)Ayt−αAyt−1)(i)

)︄
+ log

(︄∑︂
i

yt(i)e
η(−(α+1)A⊤ft+αA⊤ft−1)(i)

)︄

= log

(︄∑︂
i

ft(i)e
η((α+1)((Ayt)(i)−f⊤

t Ayt)−α((Ayt−1)(i)−f⊤
t Ayt−1))

)︄

+ log

(︄∑︂
i

yt(i)e
η(−(α+1)((A⊤ft)(i)−f⊤

t Ayt)+α((A⊤ft−1)(i)−f⊤
t−1Ayt))

)︄
+ αη(f⊤

t−1Ayt − f⊤
t Ayt−1)

= log

(︄∑︂
i

ft(i)e
η((ei−ft)⊤A((α+1)yt−αyt−1))

)︄
+ log

(︄∑︂
i

yt(i)e
η((−(α+1)ft+αft−1)⊤A(ei−yt))

)︄
+ ηb(f⊤

t−1Ayt − f⊤
t Ayt−1).

Using the Taylor approximation (η is suffciently small) to the function ex (i.e., ex =

1 + x+ 1
2x

2) and log(1 + x) < x for x > 0, we then have:

log

(︄∑︂
i

ft(i)e
η((ei−ft)⊤A((α+1)yt−αyt−1))

)︄
≤ log(

∑︂
i

xt(i)(1 + η((ei − ft)
⊤A((α+ 1)yt − αyt−1)))+

∑︂
i

ft(i)((
1

2
+O(ηb)η2((ei − ft)

⊤A((α+ 1)yt − αyt−1))
2)

= log

(︄
1 +

∑︂
i

ft(i)((
1

2
+O(ηb)η2((ei − ft)

⊤A((α+ 1)yt − αyt−1))
2

)︄

≤
∑︂
i

ft(i)((
1

2
+O(ηb)η2((ei − ft)

⊤A((α+ 1)yt − αyt−1))
2.

Along with Lemma 3.37, we then have:

RE((f∗,y∗)||(ft+1,yt+1))−RE((f∗,y∗)||(ft,yt))

≤
∑︂
i

(
1

2
+O(ηb))η2ft(i)((ei − ft)

⊤A((α+ 1)yt − αyt−1))
2+

∑︂
i

(
1

2
+O(ηb))η2yt(i)((yt − ei)

⊤A⊤((αyt−1 − (α+ 1)yt))
2

− ηb

η
(1−O(η))η2

∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2−

ηb

η
(1−O(η))η2

∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 +
ηb

η
ηbO(η2)
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≤ −(
1

2
−O(ηb))η2

∑︂
i

ft(i)((ft − ei)
⊤A((α+ 1)yt − αyt−1))

2−

(
1

2
−O(ηb))η2

∑︂
i

yt(i)((yt − ei)
⊤A⊤((αyt−1 − (α+ 1)yt))

2 + ηbO(η2).

Since ηb

η > 1. Now, it is clear that as long as (ft,yt) and thus (ft−1,yt−1) is not

O(ηb/3)-close, from the above inequalities we get:

RE((f∗,y∗)||(ft+1,yt+1))−RE((f∗,y∗)||(ft,yt)) ≤ −Ω(ηb+2),

or the relative entropy distance decreases at least a factor of ηb+2 and the claim follows.

3.10.2.2 ηb/3-closeness implies closeness to optimum

We first need the following lemma:

Lemma 3.40. Let i ∈ Supp(f∗) and j ∈ Supp(y∗). It holds that xT (i) ≥ 1
2η

b/3 and

yT (i) ≥ 1
2η

b/3 as long as

ηb/3 ≤ min
s∈Supp(f∗)

1

(nm)1/f∗(s)
, min
s∈Supp(y∗)

1

(nm)1/y∗(s)
.

Proof. By definition of T, the K-L divergence is decreasing for 2 ≤ t ≤ T − 1, thus

RE((f∗,y∗)||(fT−1,yT−1)) < RE((f∗,y∗)||(f1,y1)).

This implies that:

f∗(i) log
(︁ 1

fT−1
(i)
)︁
≤
∑︂
j

f∗(j) log
(︁ 1

fT−1
(j)
)︁

≤
∑︂
i

f∗(i) log
(︁ 1

f1(i)

)︁
+
∑︂
i

y∗(i) log
(︁ 1

y1(i)

)︁
= log(nm)

=⇒ fT (i) >
1

(mn)1/f∗(i)
≥ ηb/3.

Since |fT (i)− fT−1(i)| is O(η), the result follows.

Using the above lemma, we can follow the same argument as in Theorem 3.2 of Daskalakis

and Panageas (2019) to prove the following theorem:

Theorem 3.41. Assume (f∗,y∗) is unique optimal solution of the problem. Let T be

the first time KL divergence does not decrease by Ω(ηb+2). It follows that as η → 0, the

ηb/3-close point (fT ,yT ) has distance from (f∗,y∗) that goes to zero:

lim
η→0

∥(f∗,y∗)− (fT ,yT )∥1 = 0.
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Proof. From Lemma 3.40 and the definition of T we have |(AyT )i−fT
⊤AyT | is O(η1/3)

for i in support of f∗ and |(f⊤
T A)j − f⊤

T AyT | is O(η1/3) for j in support of y∗. We

consider (wT , zT ) the project of (fT ,yT ) by removing all the coordinates with mass less

than 1
2η

b/3 and rescales it. We have the following relationship:

lim
η→0

∥(fT ,yT )− (wT , zT )∥ = 0. (3.32)

Since for all the cordinates in w and z, it holds that |(ÂzT )i−wT
⊤ÂzT | and |(w⊤

T Â)j−
w⊤

T ÂzT | are O(ηb/3), thus (w, z) is O(ηb/3)-approximate solution of the game Â. Using

the following lemma:

Lemma 3.42 (Claim 3.5 in Daskalakis and Panageas (2019)). Let (x∗,y∗) be the unique

optimal solution of the game. For every ϵ > 0, there exists an γ so that for every γ-

approximate solution (x,y) we get that |xi − x∗1| < ϵ for all i ∈ [n]. Analogously holds

for player y.

Using the above lemma with ϵ = ηb/3 and sufficiently small η, we have |wi| < ηb/3 for

every i not in the support of x∗. Since the subgame Â contains all the pure strategy

in the NE support of game A, subgame Â will also have a unique NE with the same

weight as in the game A. Thus we have

lim
η→0

∥(wT , zT )− (f∗,y∗)∥ = 0. (3.33)

Combining Equation (3.32) and (3.33) gives us the proof.

3.10.2.3 Proof of local convergence

We use the following well-known fact in dynamical systems to prove the local conver-

gence:

Proposition 3.43 (see Galor (2007)). If the Jacobian of the continuously differential

update rule w at a fixed point z has spectral radius less than one, then there exists a

neighborhood U around z such that for all x ∈ U , the dynamic converges to z.

Given this, our local convergence theorem states:

Theorem 3.44. Let(f∗,y∗) be the unique minimax equilibrium of the game A. There

exists a neighborhood of (f∗,y∗) such that the E-OMWU dynamics converge.
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Proof of Theorem 3.44. The update rule of AMWU can be described as the following

dynamical system:

g(f ,y, z,w) := (g1(f ,y, z,w), g2(f ,y, z,w), g3(f ,y, z,w)g4(f ,y, z,w))

g1,i(f ,y, z,w) := (g1(f ,y, z,w))i := fi
eη((α+1)ei

⊤Ay−αei
⊤Aw)∑︁

i fie
η((α+1)ei⊤Ay−αei⊤Aw)

∀i ∈ [n]

g2,i(f ,y, z,w) := (g2(f ,y, z,w))i := yi
e−η((α+1)ei

⊤Ax−αei
⊤Az)∑︁

i yie−η((α+1)ei⊤Ax−αei⊤Az)
∀i ∈ [m]

g3(f ,y, z, w) := In×nf

g4(f ,y, z, w) := Im×my.

(3.34)

It is easy to show that (f∗,y∗,f∗,y∗) is the stationary point. Following Proposition

3.43 it is sufficient to prove that that the eigenvalue of the Jacobian matrix of g at

(f∗,y∗,f∗,y∗) is less than 1.

We now calculate the Jacobian matrix of g at the point (f∗,y∗,f∗,y∗) and show that

the spectral radius less than one. We study the Jacobian computed at the stationary

point (f∗,y∗,f∗,y∗).

Let v be the value of the game and f∗,y∗ is the unique minimax equilibrium (i.e

f∗⊤Ay∗ = v). For i /∈ Supp(f∗)(e.g. f∗
i = 0), we have

∂g1,i
∂fi

=
eη(Ay∗)i∑︁
t f

∗
t e

η(Ay∗)t
=

eη(Ay∗)(i)

eηv

and other partial derivatives equal to zero. Therefore, eη(Ay∗
i )

eηv < 1 is an eigenvalue of

the Jacobian computed at the optimal solution(e.g. Due to the uniqueness, Ay∗
i < v).

Similarly, we have for j /∈ Supp(y∗),
∂g2,j
∂yj

= e−η(A⊤x∗)j

e−ηv < 1 is an eigenvalue of the

Jacobian matrix. By removing the row and columns corresponding to above eigenvalue,

we create a matrix J containing only the elements in the support of f∗ and y∗. From

above, it is clear that the spectral radius of the Jacobian matrix less than 1 iff the spectral

of the new matrix J less than 1. Denote Dx, Dy be the diagonal matrix containing

non-zero element of f∗ and y∗ respectively. Let B be the submatrix of of payoff A

corresponding to non-zero element of f∗,y∗. We then have the matrix J as follow:

A =

⎡⎣ Ik1×k1
− Dx1k1

T
k η(α + 1)Dx(B − v1k1

1⊤k2
) 0k1×k1 −ηαDx(B − v1k1

1Tk2
)

(α + 1)ηDy(v1k2
1⊤k1

− B⊤) Ik2×k2
− Dy1k2

1⊤k2
−ηαDy(v1k2

1⊤k1
− B⊤) 0k2×k2

Ik1×k1
0k1×k2

0k1×k1
0k1×k2

0k2×k1
Ik2×k2

0k2×k1
0k2×k2

⎤⎦
It is clear that (1k1 , 0k2 , 0k1 , 0k2), (0k1 , 1k2 , 0k1 , 0k2) are left eigenvectors with eigenvalues

zero and thus any right eigenvector (f ,y, z,w) with nonzero eigenvalue has the property

that f⊤1k1 = 0 and y⊤1k2 = 0. Thus, every nonzero eigenvalue of the matrix above is
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an eigenvalue of the following matrix:

Jnew =

⎡⎢⎢⎢⎢⎣
Ik1×k1 η(α+ 1)DxB 0k1×k1 −ηαDxB

−(α+ 1)ηDyB
⊤ Ik2×k2 ηαDyB

⊤ 0k2×k2

Ik1×k1 0k1×k2 0k1×k1 0k1×k2

0k2×k1 Ik2×k2 0k2×k1 0k2×k2

⎤⎥⎥⎥⎥⎦
Using the determinant of block matrix we have the characteristic polynomial of the

matrix:

Jnew = (−1)k det

(︄[︄
λ(1− λ)Ik1×k1 η(λ(α+ 1)− α)DxB

−η(λ(α+ 1)− α)DyB
⊤ λ(1− λ)Ik2×k2

]︄)︄

This equivalent to

(α− (α+ 1)λ)kq

(︃
λ(λ− 1)

(α+ 1)λ− α

)︃
,

where q(λ) is the characteristic polynomial of

Jsmall =

(︄[︄
0k1×k1 ηDxB

−ηDyB
⊤ 0k2×k2

]︄)︄

Following Lemma B.6 in Daskalakis and Panageas (2019), we then have Jsmall has eigen-

values of the form ±iητ with τ ∈ R. Denote σ := ητ and thus σ and σα can be suffi-

ciently small in absolute value. We derive that any nonzero eigenvalue λ of the matrix

J will satisfy:

λ(λ− 1)

(α+ 1)λ− α
= iσ

⇐⇒ λ2 − λ(1 + iσ(α+ 1)) + iσα = 0

λ =
1 + iσ(α+ 1)±

√︁
1− σ2(α+ 1)2 − i2σ(α− 1)

2
.

Suppose that
√︁
1− σ2(α+ 1)2 − i2σ(α− 1) = x+ iy, then we can derive that in order

to maximize the magnitude of λ when σ is relatively small, we have

x =

√︄
1− σ2(α+ 1)2 +

√︁
(1− σ2(α+ 1)2)2 + 4σ2(α− 1)2

2
, y =

−σ(α− 1)

x
.

Thus, the square of magnitude of λ will be:

(1 + x)2 + (σ(α+ 1) + y)2

4
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We note that for sufficiently small σ:

x =

√︄
1− σ2(α+ 1)2 +

√︁
(1 + σ2(α+ 1)2)2 − 16σ2α

2

≤
√︃

1− σ2(α+ 1)2 + (1 + σ2(α+ 1)2)− 2σ2α

2

=
√︁

1− σ2α

Furthermore, we have

x =

√︄
1− σ2(α+ 1)2 +

√︁
(1 + σ2(α+ 1)2)2 − 16σ2α

2

≥
√︃

1− σ2(α+ 1)2 + (1 + σ2(α+ 1)2)− 8σ2α

2

=
√︁

1− 4σ2α.

Since
√
1− 4σ2α ≤ x ≤ 1 we have

−σ(α− 1)√
1− 4σ2α

≤ y =
−σ(α− 1)

x
≤ −σ(α− 1).

We will prove that:

σ(α+ 1) +
−σ(α− 1)√
1− 4σ2α

≥ 0

⇐⇒ (α+ 1) ≥ (α− 1)√
1− 4σ2α

⇐⇒ (α2 + 2α+ 1)(1− 4σ2α) ≥ (α− 1),

which is true since σ and σα can set sufficiently small. Thus we have

0 ≤ σ(α+ 1) + y ≤ 2σ

We then have:

(1 + x)2 + (σ(α+ 1) + y)2

4
≤ (1 +

√
1− 4σ2α)2 + (2σ)2

4

≤ 2 + 2
√
1− 4σ2α− 4σ2α+ 4σ2

4
≤ 1,

Since α ≥ 1 and the equality happens only when σ = 0. For σ = 0, it means that

Jnew has an eigenvalue which is equal to one. Suppose (x̂, ŷ, ẑ, ŵ) is the corresponding

eigenvector. We then have Ix̂−Iẑ = 0 and Iŷ−Iŵ = 0, thus we derive that: x̂ = ẑ and

ŷ = ŵ. Furthermore, we also have: DxBx̂ = 0 and DyB
⊤ŷ = 0, thus we have Bx̂ = 0

and B⊤ŷ = 0. From previous argument, we also have: x̂⊤1k1 = 0 and ŷ⊤1k2 = 0. Thus,

the strategy (x∗,y∗)+ t(x̂, ŷ) also an optimal strategy for small enough t to make every
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element non-negative. Since the assumption of uniqueness, we then have x̂ = 0, ŷ = 0,

contradiction. Thus, every eigenvalue of matrix J has magnitude of less than 1. The

proof is complete.

Derivatives calculation

Set Sx =
∑︁

i fie
η((α+1)ei

⊤Ay−αei
⊤Aw) and Sy =

∑︁
i yie

−η((α+1)ei
⊤Ax−αei

⊤Az). The
derivative at (f∗,y∗,f∗,y∗) is as follow:

∂g1,i
∂fi

=
eη((α+1)ei

⊤Ay−αei
⊤Aw)

Sx
− fi

e2η((α+1)ei
⊤Ay−αei

⊤Aw)

Sx
2 ∀i ∈ [n],

∂g1,i
∂xj

= fie
η((α+1)ei

⊤Ay−αei
⊤Aw)−eη((α+1)ej

⊤Ay−αej
⊤Aw)

Sx
2 ∀i ∈ [n], j ∈ [m], j ̸= i,

∂g1,i
∂yj

= fie
η((α+1)ei

⊤Ay−αei
⊤Aw) η(α+ 1)Ai,jSx − η(α+ 1)

∑︁
t Atjxte

η((α+1)et
⊤Ay−αet

⊤Aw)

S2
x

∀i ∈ [n], j = i,

∂g1,i
∂zj

= 0 ∀i, j ∈ [n],

∂g1,i
∂wj

= fie
η((α+1)ei

⊤Ay−αei
⊤Aw)−αηAijSx + ηα

∑︁
t Atjxte

η((α+1)et
⊤Ay−αet

⊤Aw)

S2
x

∀i ∈ [n], j ∈ [m].

∂g2,i
∂yi

=
e−η((α+1)ei

⊤Ax−αei
⊤Az)

Sy
− yi

e−2η((α+1)ei
⊤Ax−αei

⊤Az)

Sy
2 ∀i ∈ [m],

∂g2,i
∂yj

= yie
−η((α+1)ei

⊤Ax−αei
⊤Az)−e−η((α+1)ei

⊤Ax−αei
⊤Az)

Sy
2 ∀i ∈ [n], j ∈ [m], j ̸= i,

∂g2,i
∂xj

= yie
−η((α+1)ei

⊤Ax−αei
⊤Az)−η(α+ 1)Ai,jSy + η(α+ 1)

∑︁
t Atjyte

−η((α+1)ei
⊤Ax−αei

⊤Az)

S2
y

∀i ∈ [m], j ∈ [n],

∂g2,i
∂zj

= yie
−η((α+1)ei

⊤Ax−αei
⊤Az) ηαAi,jSy − ηα

∑︁
t Atjxte

−η((α+1)ei
⊤Ax−αei

⊤Az)

S2
y

∀i ∈ [m], j ∈ [n],

∂g2,i
∂wj

= 0 ∀i, j ∈ [m],

∂g3,i
∂fi

= 1 ∀i ∈ [n], 0 otherwise,

∂g4,i
∂yi

= 1 ∀i ∈ [m], 0 otherwise,

3.11 Appendix B: Additional Experimental Results

3.11.1 Oblivious adversary

We specify our experiment setting as follow. In a chosen random matrix game, we first

let the agent follows a fixed MWU against the adversary follows MWU with a chosen

learning rate in the set: [0.5, 0.45, 0.4, . . . , 0.05] 13. Then, we record the strategies of

the adversary in each round and consider it as the oblivious adversary. To highlight

the difference between AMWU and OMWU, we also test the performance of OWMU

with learning rate η = 1. For the random games, we test it on 5 random seeds for each

matrix size. For the meta games, we run our algorithms against 5 different oblivious

13Each learning rate will create different oblivious adversary.
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adversary (i.e., MWU with the learning rate in [0.5, 0.4, 0.3, 0.2, 0.1]) and report the

average performance as well as the standard deviation.

Average performance against oblivious adversary: we report performance of

AMWU and other baselines against different oblivious adversaries, i.e., the MWU ad-

versary with different learning rate [0.5, 0.45, 0.4. . . . , 0.05]. As we can see in Figure

3.9 and Figure 3.10, AMWU outperfoms other baselines by a large margin across all

the adversary setting in random matrix games. A similar trend can be observed in the

Connect Four and Disc experiments in Figure 3.8.

3.11.2 Last round convergence of AMWU

For a fair comparison, we set up a common learning rate for our algorithm AMWU

and the baselines MWU and OMWU. In the experiments of average performance, we

first set the common learning rate η = 0.01 and the exploiting rate α = 100. In order

to highlight the difference between AMWU and OMWU, we also test the performance

of OMWU with learning rate η = 1. That is, the OWMU with the same relative

weight between the predictable sequence xt−1 and the regularizer R(f) as AMWU (i.e.,

ηOMWU = ηAMWU×αAMWU ). In the experiments of last round convergence, we vary the

common learning rate η (i.e., η = [0.01, 0.025, 0.05]) to see whether the convergence trend

we see is robust against the learning rate. In here we focus on the random matrix games

(20× 20 and 50× 50 dimensions) due to its nice property of unique Nash Equilibrium,

which AMWU and OMWU require to convergence. Since there is no guarantee of

convergence of OMWU with a large learning rate (e.g., η = 1), we do not consider

OMWU1 as a baseline in this experiment.

Last round convergence in self-play: we report the performance of AMWU and

other baselines in self-play setting. As we can see in Figure 3.11, Figure 3.12 and

Figure 3.6, AMWU outperforms OWMU and MWU by a large margin across all the 3

different learning rate setting. The MWU shows divergence in last round convergence

in as expected in Bailey and Piliouras (2018). A similar trend can be observed in the

Connect Four and Disc experiments in Figure 3.7.
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Figure 3.6: Last round convergence in random games with 0.05 learning rate
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Figure 3.7: Last round convergence in meta games
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(a) 0.5 learning rate MWU adversary
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(b) 0.45 learning rate MWU adversary
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(c) 0.4 learning rate MWU adversary
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(d) 0.35 learning rate MWU adversary
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(e) 0.3 learning rate MWU adversary
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(f) 0.25 learning rate MWU adversary

Figure 3.9: Against different Oblivious MWU adversary in random games
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(a) 0.2 learning rate MWU adversary
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(b) 0.15 learning rate MWU adversary
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(c) 0.1 learning rate MWU adversary
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Figure 3.10: Against different Oblivious MWU adversary in random games
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Figure 3.11: Last round convergence in random games with 0.01 learning rate
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Figure 3.12: Last round convergence in random games with 0.025 learning rate





Chapter 4

Online Markov Decision

Processes Against Strategic

Adversary

In this chapter, we address the challenge of online learning in the presence of a strate-

gic adversary under the Online Markov Decision Processes (OMDPs) framework. Our

study begins by demonstrating that the existing algorithm, MDP-Expert (Even-Dar

et al., 2009), which works well with oblivious adversaries, can still apply to our strategic

adversary setting and achieve a policy regret bound of O(
√︁
T log(L) + τ2

√︁
T log(|A|)),

where L is the size of the adversary’s pure strategy set and |A| denotes the size of the

agent’s action space. To address real-world games where the support size of a Nash

equilibrium (NE) is small, we propose a novel algorithm, MDP-Online Oracle Expert

(MDP-OOE), that achieves a policy regret bound of O(
√︁
T log(L) + τ2

√︁
Tk log(k)),

where k depends only on the support size of the NE. MDP-OOE leverages the key ben-

efit of Double Oracle in game theory and can effectively solve games with prohibitively

large action space. Lastly, to gain a better understanding of the learning dynamics of

no-regret methods, we introduce Last Round Convergence in OMDPs algorithm (LRC-

OMDP) that achieves last round convergence to a NE against the strategic adversary. To

our best knowledge, this is the first work leading to the last iteration result in OMDPs.

111
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4.1 Introduction

Reinforcement Learning (RL) (Sutton and Barto, 2018) provides a general solution

framework for optimal decision making under uncertainty, where the agent aims to

minimise its cumulative loss while interacting with the environment. While RL algo-

rithms have shown empirical and theoretical successes in stationary environments, it is

an open challenge to deal with non-stationary environments in which the loss function

and/or the transition dynamics change over time (Laurent et al., 2011). In tackling

non-stationary environments, we are interested in designing learning algorithms that

can achieve a no-regret guarantee (Even-Dar et al., 2009; Dick et al., 2014), where the

regret is defined as the difference between the accumulated total loss and the total loss

of the best fixed stationary policy in hindsight.

There are online learning algorithms that can achieve no-external regret property with

changing loss function (but not changing transition dynamics), either in the full infor-

mation (Even-Dar et al., 2009; Dick et al., 2014) or the bandit (Neu et al., 2010; Neu and

Olkhovskaya, 2021) settings. However, most existing solutions are established based on

the key assumption that the adversary is oblivious, meaning the changes in loss functions

do not depend on the historical trajectories of the agent. This crucial assumption limits

the applicability of no-regret algorithms to many RL fields, particularly multi-agent re-

inforcement learning (MARL) (Yang and Wang, 2020). In a multi-agent system, since

all agents are learning simultaneously, one agent’s adaption on its strategy will make the

environment non-oblivious from other agents’ perspective. Therefore, to find the opti-

mal strategy for each player, one must consider the strategic reactions of others rather

than regard them as purely oblivious. As such, studying no-regret algorithms against a

non-oblivious adversary is a pivotal step in adapting existing online learning techniques

into MARL settings.

Another challenge in online learning is the non-convergence dynamics in a system. When

agents apply no-regret algorithms such as Multiplicative Weights Update (MWU) (Fre-

und and Schapire, 1999) or Follow the Regularized Leader (FTRL) (Shalev-Shwartz,

2012) to play against each other, the system demonstrates behaviours that are Poincaré

recurrent (Mertikopoulos et al., 2018), meaning the last round convergence can never be

achieved (Bailey and Piliouras, 2018). Recent works (Dinh et al., 2021; Mertikopoulos

et al., 2019) have focused on different learning dynamics in normal-form games that

can lead to last round convergence to a Nash equilibrium (NE) while maintaining the

no-regret property. Yet, when it comes to OMDPs, it still remains an open challenge

on how the no-regret property and the last round convergence can be both achieved,

especially against the strategic adversary. The focus of OMDPs is often on regret bound

analysis against oblivious adversary (Even-Dar et al., 2009; Neu et al., 2010; Dick et al.,

2014), in which last round convergence property is impossible to achieve due to the

adversary’s fixed behaviour. When a non-oblivious adversary is considered, the focus is



Chapter 4 Online Markov Decision Processes Against Strategic Adversary 113

on finding stationary points of the system (Leslie et al., 2020; Guan et al., 2016) rather

than analysing the dynamic leading to the last round convergence to a NE.

Markov decision processes (MDPs) provide a popular tool to formulate stochastic op-

timization problems (Sutton and Barto, 2018), yet it is often that only a relaxation of

real models can satisfy the Markovian assumption. In situations where the reward func-

tion can change over time and thus the Markovian assumption is not satisfied, OMDPs

offer a general solution by applying existing experts’ algorithms to more adversarial

MDPs (Even-Dar et al., 2009). OMDPs algorithms provide the agent with a perfor-

mance guarantee under the assumption that the adversary is oblivious (Neu et al., 2013;

Dick et al., 2014), thus limiting its application in settings where the adversary is also a

learning agent.

In this chapter, we relax the assumption of the oblivious adversary in OMDPs and study

a new setting where the loss function is chosen by a strategic agent that follows a no-

external regret algorithm. This setting can be used in applications within economics

to model systems and firms (Filar and Vrieze, 1997), for example, an oligopoly with a

dominant player, or ongoing interactions between industry players and authority (e.g.,

a government that acts as an order-setting body). Another motivating example is the

stochastic inventory control problem (Puterman, 1990). In each period, based on the

current inventory, the store manager needs to decide the number of items to order from

the supplier. The manager faces the dilemma: having too many items will increase the

inventory cost while running out of items will lead to revenue loss. Since both the item

price and the inventory cost can change over time, the problem can be considered as an

OMDP. Furthermore, the supplier can decide the item price based on the total demand

of the item as well as its capacity to maximise its profit, thus making it a non-oblivious

strategic adversary.

Under this setting, we study how the agent can achieve different goals such as no-policy

regret and last round convergence.

Our contributions in this chapter are at three folds:

• We prove that the well-known MDP-Expert (MDP-E) algorithm (Even-Dar et al.,

2009) can apply to achieve a policy regret bound of O(
√︁
T log(L)+τ2

√︁
T log(|A|)),

and the average strategies of the agents will converge to a NE of the game.

• For many real-world applications where the support size of NE is small (McMahan

et al., 2003; Dinh et al., 2022), we introduce an efficient no-regret algorithm, MDP-

Online Oracle Expert (MDP-OOE), which achieves the policy regret bound of

O(τ2
√︁
Tk log(k)+

√︁
T log(L)) against the non-oblivious strategic adversary, where

k depends on the support size of the NE. MDP-OOE inherits the key benefits of

both Double Oracle (McMahan et al., 2003) and MDP-E (Even-Dar et al., 2009);

it can solve games with large action space while maintaining the no-regret property.
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• To achieve last round convergence guarantee for no-external regret algorithms,

we introduce the algorithm of Last Round Convergence in OMDPs (LRC-OMDP)

such that in cases where the adversary follows a no-external regret algorithm, the

dynamics will lead to the last round convergence to a NE. To the best of our

knowledge, this is the first last-iteration convergence result in OMDPs.

4.2 Related Work

The setting of OMDPs with the strategic adversary, though novel, shares certain aspects

in common with existing literature in online learning and stochastic game domains. Here

we review each of these research branches.

Many researchers have considered OMDPs with an oblivious environment, where the

loss function can be set arbitrarily. The performance of the algorithm is measured by

external regret: the difference between the total loss and the best stationary policy in

hindsight. In this setting with stationary transition dynamics, MDP-E (Even-Dar et al.,

2009) proved that if the agent bounds the “local” regret in each state, then the “global”

regret will be bounded. Neu et al. (2010, 2013) considered the same problem with the

bandit reward feedback and provided no-external regret algorithms in this setting. Dick

et al. (2014) studied a new approach for OMDPs where the problem can be transformed

into an online linear optimization form, from which no-external regret algorithms can

be derived. Cheung et al. (2019) proposed a no-external regret algorithm in the case of

non-stationary transition distribution, given that the variation of the loss and transition

distributions do not exceed certain variation budgets.

In a non-oblivious environment, Yu et al. (2009) provided an example demonstrating that

no algorithms can guarantee sublinear external regret against a non-oblivious adversary.

Thus, in OMDPs with non-oblivious opponents (e.g., agents using adaptive algorithms),

the focus is often on finding stationary points of the system rather than finding a no-

external regret algorithm (Leslie et al., 2020). In this chapter, we study cases where

the adversary follows an adaptive no-regret algorithm, and tackle the hardness result of

non-oblivious environments in OMDPs.

The problem of the non-oblivious adversary has also been studied in the multi-armed

bandit setting, a special case of OMDPs. In this setting, Arora et al. (2012a) considered

m-memory bounded adversary and provided an algorithm with a policy regret bound

that depends linearly on m, where the policy regret includes the adversary’s adaptive

behaviour (i.e., see Equation (4.1)). Compared to their work, our study considers strate-

gic adversary which turns out to be ∞-memory bounded adversary. Thus the algorithm

suggested in Arora et al. (2012a) can not be applied. Recently, Dinh et al. (2021) stud-

ied the same strategic adversary in full information normal-form setting and provided

an algorithm that leads to last round convergence. However, both of the above works
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only studied the simplified version of OMDPs, thus they do not capture the complexity

of the problem. We argue that since strategic adversary setting has many applications

due to the popularity of no-regret algorithms (Cesa-Bianchi and Lugosi, 2006; Zinkevich

et al., 2007; Daskalakis et al., 2018), it is important to study no-regret methods in more

practical settings such as OMDPs.

Stochastic games (SGs) (Shapley, 1953; Deng et al., 2021) offer a multi-player game

framework where agents jointly decide the loss and the state transition. Compared to

OMDPs, the main difference is that SGs allow each player to have a representation of

states, actions and rewards, thus players can learn the representations over time and find

the NE of the stochastic games (Wei et al., 2017; Tian et al., 2021). The performance

in SGs is often measured by the difference between the average loss and the value of the

game (i.e., the value when both players play a NE), which is a weaker notion of regret

compared to the best fixed policy in hindsight in OMDPs. Intuitively, the player can

learn the structure of the game (i.e., transition model, reward function) over time, thus

on average, the player can calculate and compete with the value of the game. In non-

episodic settings, the Upper Confidence Stochastic Game algorithm (UCSG) (Wei et al.,

2017) guarantees the regret of RegT = Õ(D3|S|5|A|+D|S|
√︁

|A|T ) with high probability,

given that the opponent’s action is observable. However, to compete with the best

stationary policy, knowing the game structure does not guarantee a good performance

(i.e., the performance will heavily depend on the strategic behaviour of opponents). Tian

et al. (2021) proved that in the SG setting, achieving no regret with respect to the best

stationary policy in hindsight is statistically hard. Our settings can be considered as a

sub-class of SGs where only the agent controls the transition model (i.e., single controller

SGs), based on this, we try to overcome the above challenge.

We summarise the difference between our setting and OMDPs and SGs in Figure 4.1.

Compared to OMDPs, we relax the assumption about the oblivious environment and

study a non-oblivious counterpart with a strategic adversary. Compared to SGs, we

relax the assumption of knowing opponent’s action in a non-episodic setting and our

results only require observation of the loss functions. Furthermore, the performance

measurement is with respect to the best stationary policy in hindsight, which is proven

Figure 4.1: The scope of our contribution in this chapter.
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two-player game framework
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to be statistically hard in SGs (Tian et al., 2021). Intuitively, since we consider the

problem of single controller SGs, it can overcome the hardness result. Guan et al.

(2016) studied a similar setting to our work, where only one player affects the transition

kernel of the game. By viewing the game as an online linear optimisation, it can derive

the minimax equilibrium of the game. There are two main challenges of the algorithm.

Firstly, it requires both players to pre-calculate the minimax equilibrium of the game

and fixes to this strategy during the repeated game. Thus, in the situation where the

adversary is an independent agent (i.e., it follows a different learning dynamic), the

proposed algorithm can not be applied. Secondly, and most importantly, the no regret

analysis is not provided for the algorithm in Guan et al. (2016), thus the algorithm can

not be applied in an adversary environment. We fully address both challenges in this

work.

4.3 Problem Formulations & Preliminaries

We consider OMDPs where at each round t ∈ N, an adversary can choose the loss

function lt based on the agent’s policy history {π1, π2, . . . , πt−1}. Formally, we have

OMDPs with finite state space S; finite action set for the agent at each state A; and

a fixed transition model P . The agent’s starting state, x1, is distributed according to

some distribution µ0 over S. At time t, given state xt ∈ S, the agent chooses an action

at ∈ A, then the agent moves to a new random state xt+1 which is determined by the

fixed transition model P (xt+1|xt, at). Simultaneously, the agent receives an immediate

loss lt(xt, at), in which the loss function lt : S ×A → R is bounded in [0, 1]|A|×|S| and is

chosen by the adversary from a simplex ∆L := {l ∈ R|A|×|S||l =
∑︁L

i=1 xili,
∑︁L

i=1 xi =

1, xi ≥ 0 ∀i} where {l1, l2, . . . , lL} are the loss vectors of the adversary. We assume

a zero-sum game setting where the adversary receives the loss of −lt(xt, at) at round t

and consider popular full information feedback (Even-Dar et al., 2009; Dick et al., 2014),

meaning the agent can observe the loss function lt after each round t.

Against a strategic adversary, the formal definition of no-external regret becomes inad-

equate since the adversary is allowed to adapt to the agent’s action. In this chapter, we

adopt the same approach in Arora et al. (2012a) and consider policy regret. Formally,

the goal of the agent is to have minimum policy regret with respect to the best fixed

policy in hindsight:

RT (π) = EX,A

[︄
T∑︂
t=1

lπt
t (Xt, At)

]︄
− EX,A

[︄
T∑︂
t=1

lπt (X
π
t , A

π
t )

]︄
, (4.1)

where lπt
t denotes the loss function at time t while the agent follows π1, . . . , πT and lπt is

the adaptive loss function against the fixed policy π of the agent. We say that the agent

achieves sublinear policy regret (i.e., no-policy regret property) with respect to the best
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fixed strategy in hindsight if RT (π) satisfies:

lim
T→∞

max
π

RT (π)

T
= 0.

In a general non-oblivious adversary, we prove by a counter-example that it is impossible

to achieve an algorithm with a sublinear policy regret 1. Suppose the agent faces an

adversary such that it gives a very low loss for the agent if the action in the first round

of the agent is a specific action (i.e., by fixing the loss function to 0), otherwise the

adversary will give a high loss (i.e., by fixing the loss function to 1). Against this type

of adversary, without knowing the specific action, the agent’s policy regret in Equation

(4.1) will be O(T ). Thus, in the general non-oblivious adversary case, we will have a

hardness result in policy regret. To resolve the hardness result, we study the strategic

adversary in OMDPs.

Assumption 2 (Strategic Adversary). The adversary flows a no-external regret algorithm

such as for any sequence of πt:

lim
T→∞

max
l

RT (l)

T
= 0, where RT (l) = EX,A

[︄
T∑︂
t=1

l(Xt, At)

]︄
− EX,A

[︄
T∑︂
t=1

lπt
t (Xt, At)

]︄
.

The rationale of Assumption 2 comes from the vanilla property of no-external algorithms:

without prior information, the adversary will not do worse than the best-fixed strategy

in hindsight (Dinh et al., 2021). Thus, without the priority knowledge about the agent,

the adversary will have the incentive to follow a no-external regret algorithm. In the

same way as the full information feedback assumption for the agent, we assume that

after each round t, the adversary observes the agent’ stationary policy distribution dπt .

For every policy π, we define P (π) the state transition matrix induced by π such that

P (π)s,s′ =
∑︁

a∈A π(a|s)P a
s,s′ . We assume through the chapter that we have the mixing

time assumption, which is a common assumption in OMDPs (Even-Dar et al., 2009;

Dick et al., 2014; Neu et al., 2013):

Assumption 3 (Mixing time). There exists a constant τ > 0 such that for all distributions

d and d′ over the state space and for any policy π,

⃦⃦
dP (π)− d′P (π)

⃦⃦
1
≤ e−1/τ

⃦⃦
d− d′⃦⃦

1
,

where ∥x∥1 denotes the l1 norm of a vector x.

Denote vπ
t (x, a) the probability of (state, action) pair (x, a) at time step t by following

policy π with initial state x1. Following Assumption 3, for any initial states, vπ
t will

converge to a stationary distribution dπ as t goes to infinity. Denote dΠ the stationary

1In the multi-armed bandit setting, it is also impossible to achieve sublinear policy regret against all
adaptive adversaries (see Theorem 1 in Arora et al. (2012a)).
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distribution set from all agent’s deterministic policies. With a slight abuse of notation,

when an agent follows an algorithm A with policies π1, π2, . . . at each time step, we

denote vt(x, a) = P [Xt = x,At = a] , dt = dπt . Thus, the regret in Equation (4.1) can

be expressed as

RT (π) = E

[︄
T∑︂
t=1

⟨︁
lπt
t ,vt

⟩︁]︄
− E

[︄
T∑︂
t=1

⟨︁
lπt ,v

π
t

⟩︁]︄
.

Assumption 3 allows us to define the average loss of policy π in an online MDP with

loss l as ηl(π) = ⟨l,dπ⟩ and the accumulated loss Qπ,l(s, a) is defined as

Qπ,l(s, a) = E

[︄ ∞∑︂
t=1

(︁
l(st, at)− ηl(π)

)︁⃓⃓⃓
s1 = s, a1 = a, π

]︄
.

As the dynamic between the agent and adversary is zero-sum, we can apply the minimax

theorem (Neumann, 1928):

min
dπ∈∆dΠ

max
l∈∆L

⟨l,dπ⟩ = max
l∈∆L

min
dπ∈∆dΠ

⟨l,dπ⟩ = v. (4.2)

The saddle point (l,dπ) that satisfies Equation (4.2) is the NE of the game (Nash Jr,

1950) and v is the called the value of the game. Our work is based on no-external regret

algorithms in the normal-form game such as Multiplicative Weights Update (Freund and

Schapire, 1999), which is described as

Definition 4.1 (Multiplicative Weights Update). Let k1,k2, ... be a sequence of feed-

back received by the agent. The agent is said to follow the MWU if strategy π̃t+1 is

updated as follows

π̃t+1(i) = π̃t(i)
exp(−µtkt(a

i))∑︁n
i=1 π̃t(i) exp(−µtkt(ai))

, ∀i ∈ [n], (4.3)

where µt > 0 is a parameter, n is the number of pure strategies (i.e., experts) and

π̃0 = [1/n, . . . , 1/n].

We also consider ϵ-Nash equilibrium of the game:

Definition 4.2 (ϵ-Nash equilibrium). Assume ϵ > 0. We call a point (l,dπ) ∈ ∆L×∆dΠ

ϵ-NE if:

max
l∈∆L

⟨l,dπ⟩ − ϵ ≤ ⟨l,dπ⟩ ≤ min
dπ∈∆dΠ

⟨l,dπ⟩+ ϵ.

Under the setting of OMDPs against the strategic adversary who aims to minimise the

external regret (i.e., Assumption 2), we study several properties that the agent can

achieve such as no-policy regret and last round convergence.
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4.4 MDP-Expert against Strategic Adversary

Algorithm 19 MDP-Expert (MDP-E)

1: Input: Expert algorithm Bs (i.e., MWU) for each state

2: for t = 1 to ∞ do

3: Use algorithm Bs with expert set A and the feedback Qπt,lt(s, .) for each state s

4: Output πt+1 and observe lt+1

5: end for

When the agent plays against a non-oblivious opponent, one challenge is that the best

fixed policy π is not based on the current loss sequence [l1, l2, . . . ] of the agent but a

different loss sequence [lπ1 , l
π
2 . . . ] induced by the policy π. Thus, to measure the regret

in the case of a non-oblivious opponent, we need information on how the opponent

will play against a fixed policy π. Under Assumption 2, we prove that the existing

MDP-E method (Even-Dar et al., 2009), which is designed for the oblivious adversary,

will have no- policy regret property against the non-oblivious strategic adversary in our

setting. Intuitively, MDP-E maintains a no-external regret algorithm (i.e., MWU) in

each state to bound the local regret, thus the global regret can be bounded accordingly.

The pseudocode of MDP-E is given in Algorithm 19. The following lemma links the

relationship between the external-regret of the adversary and the regret with respect to

the policy stationary distribution:

Lemma 4.3. Under MDP-E played by the agent, the external-regret of the adversary in

Assumption 2 can be expressed as:

RT (l) = EX,A

[︄
T∑︂
t=1

l(Xt, At)

]︄
− EX,A

[︄
T∑︂
t=1

lπt
t (Xt, At)

]︄

=
T∑︂
t=1

⟨l,dπt⟩ −
T∑︂
t=1

⟨lt,dπt⟩+O
(︁
τ2
√︁
T log(|A|)

)︁
.

Proof. It is sufficient to show that for any sequence of lt

EX,A

[︄
T∑︂
t=1

lt(Xt, At)

]︄
−

T∑︂
t=1

⟨lt,dπt⟩ = O(τ2
√︁
T log(|A|)),

where lt denotes the loss vector of the adversary when the agent follows π1, π2, . . . (i.e.,

the same as lπt
t ). Using the consequence of Lemma 5.2 in Even-Dar et al. (2009) 2, for

2For the completeness of the work, we provide the lemma in Appendix A.
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any sequence of lt we have

EX,A

[︄
T∑︂
t=1

lt(Xt, At)

]︄
−

T∑︂
t=1

⟨lt,dπt⟩

=

T∑︂
t=1

⟨lt,vt − dπt⟩ ≤
T∑︂
t=1

|⟨lt,vt − dπt⟩| ≤
T∑︂
t=1

∥vt − dπt∥1

≤
T∑︂
t=1

2τ2
√︃

log(|A|)
t

+ 2e−t/τ ≤ 4τ2
√︁

T log(|A|) + 2(1 + τ) = O
(︁
τ2
√︁
T log(|A|)

)︁
.

The proof is complete.

Based on Lemma 4.3, we can tell that the sublinear regret will hold if and only if the

adversary maintains a sublinear regret with respect to the agent’s policy stationary dis-

tribution. As we assume that after each time t, the adversary can observe the stationary

distribution dπt , then by applying standard no-external regret algorithm for online lin-

ear optimization against the feedback dπt (i.e., MWU), the adversary can guarantee a

good performance for himself. Thus, the Assumption 2 for the adversary is justifiable.

In the rest of the chapter, without loss of generality, we will study the case where the

external-regret of the adversary with respect to the agent’s policy stationary distribution

has the following bound (i.e., the adversary follows optimal no-external regret algorithms

such as MWU, FTRL with respect to policy stationary distribution of the agent 3):

max
l∈∆L

(︄
T∑︂
t=1

⟨l,dπt⟩ −
T∑︂
t=1

⟨lt,dπt⟩

)︄
=

√︃
T log(L)

2
.

The next lemma provides a lower bound for the performance of a fixed policy of the

agent against a strategic adversary.

Lemma 4.4. Suppose the agent follows a fixed stationary strategy π, then the adversary

will converge to the best response to the fixed stationary strategy and

T∑︂
t=1

⟨lπt ,dπ⟩ ≥ Tv −
√︃

T log(L)

2
.

Proof. From Lemma 4.3, if the adversary follows a no-regret algorithm to achieve good

performance in Assumption 2, then the adversary must follow a no-external regret algo-

rithm with respect to the policy’s stationary distribution. Without loss of generality, we

can assume that the adversary follows the Multiplicative Weight Update with respect

to the policy’s stationary distribution dπ. Then following the property of Multiplicative

3If the adversary does not follow the optimal bound (i.e., irrational), then regret bound of the agent
will change accordingly.
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Weight Update in online linear problem, we have

max
l∈L

⟨l,dπ⟩ −
1

T

T∑︂
t=1

⟨lπt ,dπ⟩ ≤
√︃

log(L)

2T
.

From the famous minimax theorem (Neumann, 1928) we also have:

max
l∈L

⟨l,dπ⟩ ≥ min
dπ∈dΠ

max
l∈L

⟨l,dπ⟩ = v.

Thus we have

T∑︂
t=1

⟨lπt ,dπ⟩ ≥ T max
l∈L

⟨l,dπ⟩ −
√︃

T log(L)

2
≥ Tv −

√︃
T log(L)

2
.

From Lemma 4.4, we can prove the following theorem:

Theorem 4.5. Suppose the agent follows MDP-E Algorithm 19 against a strategic ad-

versary, then the regret with respect to the stationary distribution will be bounded by

T∑︂
t=1

⟨︁
lπt
t ,dπt

⟩︁
−

T∑︂
t=1

⟨︁
lπt ,dπ

⟩︁
≤
√︃

T log(L)

2
+ 3τ

√︃
T log(|A|)

2
.

Proof. From Lemma 4.4, it is sufficient to show that

T∑︂
t=1

⟨︁
lπt
t ,dπt

⟩︁
≤ Tv + 3τ

√︃
T log(|A|)

2
.

Since the agent uses a no-regret algorithm with respect to the stationary distribution

(i.e., MDP-E), following the same argument in Theorem 5.3 in Even-Dar et al. (2009)

we have
T∑︂
t=1

⟨︁
lπt
t ,dπt

⟩︁
≤ T min

dπ

⟨︁
l̂,dπ

⟩︁
+ 3τ

√︃
T log(|A|)

2
,

where l̂ = 1
T

∑︁T
t=1 l

πt
t . From the minimax equilibrium, we also have

min
dπ

⟨l̂,dπ⟩ ≤ max
l∈∆L

min
dπ∈dΠ

⟨l,dπ⟩ = v.

Thus, the proof is complete.

Now, we can make the link between the stationary regret and the regret of the agent in

Equation (4.1).
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Theorem 4.6. Suppose the agent follows MDP-E Algorithm 19 against a strategic ad-

versary, then the agent’s regret in Equation (4.1) will be bounded by

RT (π) = O(
√︁
T log(L) + τ2

√︁
T log(|A|)).

Proof. Using the consequence of Lemma 5.2 in Even-Dar et al. (2009), for any sequence

of lt we have
T∑︂
t=1

⟨lt,vt − dπt⟩

≤
T∑︂
t=1

|⟨lt,vt − dπt⟩|

≤
T∑︂
t=1

∥vt − dπt∥1 ≤
T∑︂
t=1

2τ2
√︃

log(|A|)
t

+ 2e−t/τ

≤ 4τ2
√︁
T log(|A|) + 2(1 + τ) = O

(︁
τ2
√︁

T log(|A|)
)︁
.

Thus we have
T∑︂
t=1

|⟨lt,vt − dπt⟩| ≤ 2(1 + τ) + 4τ2
√︁
T log(|A|).

Furthermore, if the agent uses a fixed policy π then by Lemma 4.4, we have

|
T∑︂
t=1

⟨lt,dπ − vπ
t ⟩| ≤ 2τ + 2.

Since the agent uses MDP-E, a no-external regret algorithm, following the same argu-

ment in Theorem 4.1 in Even-Dar et al. (2009) we have

T∑︂
t=1

⟨lπt
t ,dπt⟩ ≤ T min

dπ

⟨l̂,dπ⟩+ 3τ

√︃
T log(|A|)

2

≤ Tv + 3τ

√︃
T log(|A|)

2
.

Along with Lemma 4.4, we have

T∑︂
t=1

⟨lπt
t ,dπt⟩ −

T∑︂
t=1

⟨lπt ,dπ⟩

≤

(︄
Tv + 3τ

√︃
T log(|A|)

2

)︄
−

(︄
Tv −

√︃
T log(L)

2

)︄

= 3τ

√︃
T log(|A|)

2
+

√︃
T log(L)

2
.
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Using the above two inequalities, we can bound the regret of the agent with respect to

the regret of the policy’s stationary distribution:

RT (π) = Ex,a

[︄
T∑︂
t=1

lπt
t (xt, at)

]︄
− Ex,a

[︄
T∑︂
t=1

lπt (x
π
t , a

π
t )

]︄

=

T∑︂
t=1

⟨lπt
t ,vt⟩ −

T∑︂
t=1

⟨lπt ,vπ
t ⟩

≤
T∑︂
t=1

(⟨lπt
t ,dπt⟩+ |⟨lπt

t ,vt − dπt⟩|)−
T∑︂
t=1

(⟨lπt ,dπ⟩ − |⟨lπt ,vπ
t − dπ⟩|)

≤
T∑︂
t=1

⟨lπt
t ,dπt⟩ −

T∑︂
t=1

⟨lπt ,dπ⟩+ 2(1 + τ) + 4τ2
√︁

T log(|A|) + 2 + 2τ

≤
√︃

T log(L)

2
+ 3τ

√︃
T log(|A|)

2
+ 4(1 + τ) + 4τ2

√︁
T log(|A|)

= O(
√︁
T log(L) + τ2

√︁
T log(|A|)).

The proof is complete.

We note that Theorem 4.6 will hold true for a larger set of adversary outside Assumption

2 (e.g., FP (Brown, 1951)) satisfying the following property: for every fixed policy of the

agent, the adversary’s policy converges to the best response with respect to this fixed

policy. With this property, we can bound the performance of the agent’s fixed policy

in Lemma 4.4 and thus derive the regret bound of the algorithm. Note that the regret

bound in Theorem 4.6 will depend on the rate of convergence to best response against

the agent’s fixed policy.

As we have shown in previous theorems, the dynamic of playing a no-regret algorithm in

OMDPs against a strategic adversary can be interpreted as a two-player zero-sum game

setting with the corresponding stationary distribution. From the classical saddle point

theorem (Freund and Schapire, 1999), if both players follow a no-regret algorithm then

the average strategies will converge to the saddle point (i.e., a NE).

Theorem 4.7. Suppose the agent follows MDP-E against the strategic adversary, then

the average strategies of both the agent and the adversary will converge to the ϵt-Nash

equilibrium of the game with:

ϵT =

√︃
log(L)

2T
+ 3τ

√︃
log(|A|)

2T
.
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Proof. Since the agent and the adversary use no-regret algorithms with respect to the

policy’s stationary distribution, we can use the property of regret bound in a normal-

form game to apply. Thus we have

max
l∈L

⟨l,dπ̂⟩ −
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩ ≤

√︃
log(L)

2T
,

1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩ −min

dπ

⟨l̂,dπ⟩ ≤ 3τ

√︃
log(|A|)

2T
,

where dπ̂ = 1
T

∑︁T
t=1 dπt and l̂ = 1

T

∑︁T
t=1 l

πt
t . From this, we can prove that

⟨l̂,dπ̂⟩ ≥ min
dπ

⟨l̂,dπ⟩ ≥
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩ − 3τ

√︃
log(|A|)

2T

≥ max
l∈L

⟨l,dπ̂⟩ −
√︃

log(L)

2T
− 3τ

√︃
log(|A|)

2T
,

and,

⟨l̂,dπ̂⟩ ≤ max
l∈L

⟨l,dπ̂⟩ ≤
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩+

√︃
log(L)

2T

≤ min
dπ

⟨l̂,dπ⟩+ 3τ

√︃
log(|A|)

2T
+

√︃
log(L)

2T
.

Thus, with ϵt =

√︂
log(L)
2T + 3τ

√︂
log(|A|)

2T , we derive

max
l∈L

⟨l,dπ̂⟩ − ϵt ≤ ⟨l̂,dπ̂⟩ ≤ min
dπ

⟨l̂,dπ⟩+ ϵt.

By definition, (l̂,dπ̂) is ϵt-Nash equilibrium.

With the sublinear convergence rate to an NE, the dynamic between MDP-E and no-

regret adversary (i.e., MWU) provides an efficient method to solve the single-controller

SGs.

4.5 MDP-Online Oracle Expert Algorithm

As shown in the previous section, we can bound the regret in Equation (4.1) by bounding

the regret with respect to the stationary distribution. In MDP-E, the regret bound (i.e.,

O
(︁√︁

T log(L) + τ2
√︁

T log(|A|)
)︁
) depends on the size of pure strategy set (i.e., |A|) thus

it becomes less efficient when the agent has a prohibitively large pure strategy set.

Interestingly, a recent paper by Dinh et al. (2022) suggested that on normal-form games,

it is possible to achieve a better regret bound where it only depends on the support size
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of NE rather than |A|. Unfortunately, extending this finding for OMDPs is highly non-

trivial. The method in Dinh et al. (2022) is designed for normal-form games only; in

the worst scenario, its regret bound will depend on the size of pure strategy set, which

is huge under our settings (i.e., |A||S|).

In this section, we provide a no-policy regret algorithm: MDP-Online Oracle Expert

(MDP-OOE). It achieves the regret bound that only depends on the size of NE support

rather than the size of the game. We start by presenting the small NE support size

assumption.

Assumption 4 (Small Support Size of NE). Let (dπ∗ , l∗) be a Nash equilibrium of the

game of size |A||S| × L. We assume the support size of (dπ∗ , l∗) is smaller than the game

size: max
(︁
| supp(dπ∗)|, | supp(l∗)|

)︁
< min(|A||S|, L).

Note that the assumption of small support size of NE holds in many real-world games (Czar-

necki et al., 2020; Dinh et al., 2022; Perez-Nieves et al., 2021; Liu et al., 2021; Yang et al.,

2021). In addition, we prove that such an assumption also holds in cases where the loss

vectors [l1, ..., lL] are sampled from a continuous distribution and the size of the loss

vector set L is small compared to the agent’s pure strategy set, that is, |A||S| ≫ L, thus

further justifying the generality of this assumption.

Lemma 4.8. Suppose that all loss functions are sampled from a continuous distribution

and the size of the loss function set is small compared to the agent’s pure strategy set

(i.e., |A||S| ≫ L). Let (dπ∗ , l∗) be a Nash equilibrium of the game of size |A||S| × L.

Then we have

max
(︁
| supp(dπ∗)|, | supp(l∗)|

)︁
≤ L.

Proof. Within the set of all zero-sum games, the set of zero-sum games with non-unique

equilibrium has Lebesgue measure zero (Bailey and Piliouras, 2018). Thus, if the loss

function’s entries are sampled from a continuous distribution, then with probability one,

the game has a unique NE. Following the Theorem 1 in Bohnenblust et al. (1950) for

game with unique NE, we have

| supp(dπ∗)| = | supp(l∗)|.

We also note that the support size of the NE can not exceed the size of the game:

| supp(dπ∗)| ≤ |A||S|; | supp(l∗)| ≤ L.

Thus we have

max
(︁
| supp(dπ∗)|, | supp(l∗)|

)︁
= | supp(l∗)| ≤ L.
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Since the pure strategy set of the adversary L is much smaller compared to the pure

strategy set of the agent |A||S|, the support size of NE will highly likely be smaller

compared to the size of agent’s strategy set. Thus the agent can exploit this extra

information to achieve better performance.

We now present the MDP-Online Oracle Expert (MDP-OOE) algorithm as follows.

MDP-OOE maintains a set of effective strategy As
t in each state. In each iteration, the

best response with respect to the average loss function will be calculated. If all the

actions in the best response are included in the current effective strategy set As
t for each

state, then the algorithm continues with the current set As
t in each state. Otherwise,

the algorithm updates the set of effective strategy in steps 8 and 9 of Algorithm 20.

We define the period of consecutive iterations as one time window Ti in which the set

of effective strategy As
t stays fixed, i.e., Ti :=

{︁
t
⃓⃓
|As

t | = i
}︁
. Intuitively, since both

the agent and the adversary use a no-regret algorithm to play, the average strategy of

both players will converge to the NE of the game. Under the small NE support size

assumption, the size of the agent’s effective strategy set is also small compared to the

whole pure strategy set (i.e., |A||S|). MDP-OOE ignores the pure strategies with poor

average performance and only considers ones with high average performance. The regret

bound with respect to the agent’s stationary distribution is given as follows:

Algorithm 20 MDP-Online Oracle Expert

1: Initialise: Sets A1
0, . . . A

S
0 of effective strategy set in each state

2: for t = 1 to ∞ do
3: πt = BR(l̄)
4: if πt(s, .) ∈ As

t−1 for all s then
5: As

t = As
t−1 for all s

6: Using the expert algorithm Bs with effective strategy set As
t and the feedback

Qπt,lt(s, .)
7: else if there exists πt(s, .) /∈ As

t−1 then
8: As

t = As
t−1 ∪ πt(s, .) if πt(s, .) /∈ As

t−1

9: As
t = As

t−1 ∪ a if πt(s, .) ∈ As
t−1 where a is randomly selected from the set

A/As
t−1.

10: Reset the expert algorithm Bs with effective strategy set As
t and the feedback

Qπt,lt(s, .)
11: end if
12: l̄ =

∑︁T
i=Tī

lt
13: end for

Theorem 4.9. Suppose the learning agent uses MDP-OOE Algorithm 20, then the regret

with respect to the stationary distribution will be bounded by:

T∑︂
t=1

⟨︁
lπt
t ,dπt

⟩︁
−
⟨︁
lπt
t ,dπ

⟩︁
≤ 3τ

(︃√︁
2Tk log(k) +

k log(k)

8

)︃
,

where k is the number of time windows.
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Proof. We first have:

Es∼dπ [Qπt,lt(s, π)] = Es∼dπ ,a∼π[Qπt,lt(s, a)]

= Es∼dπ ,a∼π[lt(s, a)− ηlt(πt) + Es′∼Ps,a [Qπt,lt(s
′, πt)]]

= Es∼dπ ,a∼π[lt(s, a)]− ηlt(πt) + Es∼dπ [Qπt,lt(s, πt)]

= ηlt(π)− ηlt(πt) + Es∼dπ [Qπt,lt(s, πt)].

Thus we have

⟨lπt
t ,dπ⟩ − ⟨lπt

t ,dπt⟩ =
∑︂
s∈S

dπ(s) (Qπt,lt(s, π)−Qπt,lt(s, πt)) . (4.4)

Let T1, T2, ..., Tk be the time window that the BR(l̄) does not change. Then in that time

window, the best response to the current l̄ is inside the current pure strategies set in

each state. In each time window, following Equation (4.4) we have

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ − ⟨lπt

t ,dπt⟩ =
∑︂
s∈S

dπ(s)

T̄ i+1∑︂
t=|T̄ i|

(Qπt,lt(s, π)−Qπt,lt(s, πt)) .

Since during each time window, the pure strategy set As
t does not change, thus we have

min
π∈Π

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ = min

π∈As
|T̄ i|

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩.

Thus, in each state s of a time window, the agent only needs to minimize the loss with

respect to the action in As
|T̄ i|

. Put it differently, the expert algorithm in each state does

not need to consider all pure action in each state, but just the current effective strategy

set. For a time window Ti, if the agent uses a no-regret algorithm with the current

effective action set and the learning rate µt =
√︁

8 log(i)/t, then the regret in each state

will be bounded by (Cesa-Bianchi and Lugosi, 2006):

3τ

(︃√︂
2|Ti| log(As

t ) +
log(As

t )

8

)︃
≤ 3τ

(︃√︁
2|Ti| log(i) +

log(i)

8

)︃
.

Thus, the regret in this time interval will also be bounded by:

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩ ≤ 3τ

(︃√︁
2|Ti| log(i) +

log(i)

8

)︃
. (4.5)



128 Chapter 4 Online Markov Decision Processes Against Strategic Adversary

Sum up from i = 1 to k in Inequality (4.5) we have

T∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩

=
k∑︂

i=1

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩

≤
k∑︂

i=1

3τ

(︃√︁
2|Ti| log(i) +

log(i)

8

)︃
≤ 3τ

(︃√︁
2Tk log(k) +

k log(k)

8

)︃
.

The proof is complete.

In Algorithm 20, each time the agent updates the effective strategy set As
t at state s,

exactly one new pure strategy is added into the effective strategy set for each state, thus

the number k will be at most |A|. Therefore, we have the regret w.r.t the stationary

distribution in the worst case will be:

3τ

(︃√︁
2T |A| log(|A|) + |A| log(|A|)

8

)︃
.

However, as shown in (Dinh et al., 2022, Figure 1), the number of iteration in DO

method (respectively the number of time window in our setting) is linearly dependent

in the support size of the NE, thus with Assumption 4, Algorithm 20 will be highly

efficient.

Remark 4.10. The regret bound in Theorem 4.9 will still hold in the case we consider

the total average lost instead of average lost in each time window when calculating the

best response in Algorithm 20.

Proof. We prove by induction that

min
π∈Π

T̄k∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩ ≤
k∑︂

j=1

⎡⎣ T̄ j∑︂
t=T̄ j−1+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπj ⟩

⎤⎦ ,

where dπj denotes the best response in the interval [1, T̄ j ].
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For k = 1, the claim is obvious. Suppose the claim is true k. We then have:

min
π∈Π

T̄k+1∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩ =
T̄k+1∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπk+1
⟩

=

T̄k∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπk+1
⟩+

T̄k+1∑︂
t=T̄k+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπk+1
⟩

≤ min
π∈Π

T̄k∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩+
T̄k+1∑︂

t=T̄k+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπk+1
⟩

≤
k∑︂

j=1

⎡⎣ T̄ j∑︂
t=T̄ j−1+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπj ⟩

⎤⎦+

T̄k+1∑︂
t=T̄k+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπk+1
⟩ (4.6a)

=
k+1∑︂
j=1

⎡⎣ T̄ j∑︂
t=T̄ j−1+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπj ⟩

⎤⎦ ,

where the inequality (4.6a) dues to the induction assumption. Thus, for all k we have

min
π∈Π

T̄k∑︂
t=1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπ⟩ ≤
k∑︂

j=1

⎡⎣ T̄ j∑︂
t=T̄ j−1+1

⟨lπt
t ,dπt⟩ − ⟨lπt

t ,dπj ⟩

⎤⎦ .

In other words, the Algorithm 20 will have a similar regret bound when using the best

response with respect to the total average strategy of the adversary.

Given the regret with respect to policy’s stationary distribution in Theorem 4.9, we can

now derive the regret bound of Algorithm 20 with respect to the true performance:

Theorem 4.11. Suppose the agent uses MDP-OOE Algorithm 20 against a strategic

adversary in our OMDPs setting, then the regret in Equation (4.1) can be bounded by:

RT (π) = O(τ2
√︁
Tk log(k) +

√︁
T log(L)).

The full proof is given in Appendix 4.9. Notably, MDP-OOE will not only reduce the

regret bound in the case the number of strategy set k is small, it also reduces the

computational hardness of computing expert algorithm when the number of experts is

prohibitively large.

MDP-Online Oracle Algorithm with ϵ-best response. In Algorithm 20, in each

iteration the agent needs to calculate the exact best response to the average loss function

l̄. Since calculating the exact best response is computationally hard and maybe infeasible

in many situations (Vinyals et al., 2019), an alternative way is to consider ϵ-best response.

That is, in each iteration in Algorithm 20, the agent can only access to a ϵ-best response
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to the average loss function, where ϵ is a predefined parameter. In this situation, we

provide the regret analysis for Algorithm 20 as follow.

Theorem 4.12. Suppose the agent only accesses to ϵ-best response in each iteration

when following Algorithm 20. If the adversary follows a no-external regret algorithm then

the average strategy of the agent and the adversary will converge to ϵ-Nash equilibrium.

Furthermore, the algorithm has ϵ-regret.

The full proof is given in Appendix 4.9. Theorem 4.12 implies that by following MDP-

OOE, the agent can optimise the accuracy level (in terms of ϵ) based on the data that

it receives to obtain the convergence rate and regret bound accordingly.

4.6 Last Round Convergence to NE in OMDPs

In this section, we investigate OMDPs where the agent not only aims to minimize the

regret but also stabilize the strategies. This is motivated by the fact that changing

strategies through repeated games may be undesirable (e.g., see Dinh et al. (2021);

Daskalakis and Panageas (2019)). In online learning literature, minimizing regret and

achieving the system’s stability are often two conflicting goals. That is, if all player in a

system follows a no-regret algorithm (e.g., MWU, FTRL) to minimise the regret, then

the dynamic of the system will become chaotic and the strategies of players will not

converge in the last round (Dinh et al., 2021; Mertikopoulos et al., 2018).

To achieve the goal, we start by studying the scenarios where the agent knows its NE

of the game π∗. We then propose an algorithm: Last Round Convergence in OMDPs

(LRC-OMDP) that leads to last round convergence to NE of the game in our setting.

This is the first algorithm to our knowledge that achieves last round convergence in

OMDPs where only the learning agent knows the NE of the game. Notably, this goal

is non-trivial to achieve. For example, if the agent keeps following the same strategy

(i.e., the NE), then while the system might be stabilised (i.e., the adversary converges to

the best response), yet this is still not a no-regret algorithm. Moreover, we notice that

understanding the learning dynamics even when the NE is known is still challenging in

the multi-agent learning domain. The AWESOME (Conitzer and Sandholm, 2007) and

CMLeS (Chakraborty and Stone, 2014) algorithms make significant efforts to achieve

convergence to NE under the assumption that each agent has access to a precomputed

NE strategy. Compared to these algorithms, LRC-OMDP enjoys the key benefit that

it does not require the adversary to know its NE. Importantly, the adversary in our

setting can be any type of strategic agent who observes the history and applies a no-

regret algorithm to play, rather than being a restricted opponent such as a stationary

opponent in AWESOME or a memory-bounded opponent in CMLeS.
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Algorithm 21 Last Round Convergence in OMDPs

1: Input: Current iteration t
2: Output: Strategy πt for the agent
3: for t = 1, 2, . . . , T do
4: if t = 2k − 1, k ∈ N then
5: πt = π∗

6: else if t = 2k, k ∈ N then
7: π̂t(s) = argmina∈AQπ∗,lt(s, a) ∀s ∈ S

8: αt =
v−ηlt−1

(π̂t)

β ; dπt = (1− αt)dπ∗ + αtdπ̂t

9: Output πt via dπt

10: end if
11: end for

The LRC-OMDP algorithm can be described as follow. At each odd round, the agent

follows the NE strategy π∗ so that in the next round, the strategy of the adversary will

not deviate from the current strategy. Then, at the following even round, the agent

chooses a strategy such that dπt is a direction towards the NE strategy of the adversary.

Depending on the distance between the current strategy of the adversary and its NE

(which is measured by v − ηlt−1(π̂t)), the agent will choose a step size αt such that the

strategy of the adversary will approach the NE. Note here that β is a constant parameter

and depends on the specific no-regret algorithm adversary follows, there is a different

optimal value for β. In the case where the adversary follows the MWU algorithm, we

can set β = 1.

We first introduce the condition in which the system achieves stability through the

following lemma:

Lemma 4.13. Let π∗ be the NE strategy of the agent. Then, l is the Nash Equilibrium

of the adversary if the two following conditions hold:

Qπ∗,l(s, π
∗) = argmin

π∈Π
Qπ∗,l(s, π) ∀s ∈ S and ηl(π

∗) = v.

Proof. Using the definition of accumulated loss function Q we have

Es∈dπ [Qπ∗,l(s, π)] = Es∈dπ ,a∈π[Qπ∗,l(s, a)]

= Es∈dπ ,a∈π[l(s, a)− ηl(π
∗) + Es′∼Psa [Qπ∗,l(s

′, π∗)]]

= Es∈dπ ,a∈π[l(s, a)− ηl(π
∗)] + Es∈dπ [Qπ∗,l(s, π

∗)]

= ηl(π)− ηl(π
∗) + Es∈dπ [Qπ∗,l(s, π

∗)].

Thus we have

ηl(π)− ηl(π
∗) = Es∈dπ [Qπ∗,l(s, π)−Qπ∗,l(s, π

∗).] (4.7)

Since we assume that

Qπ∗,l(s, π
∗) = argmin

π∈Π
Qπ∗,l(s, π) ∀s ∈ S,
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we have

Qπ∗,l(s, π) ≥ Qπ∗,l(s, π
∗) ∀s ∈ S, π ∈ Π.

It implies that

Es∈dπ [Qπ∗,l(s, π)−Qπ∗,l(s, π
∗)] ≥ 0 ∀π ∈ Π.

Therefore we have

ηl(π) ≥ ηl(π
∗) ∀π ∈ Π.

Along with the assumption ηl(π
∗) = v, we have the following relationship:

argmin
π∈Π

ηl(π) = ηl(π
∗) = v. (4.8)

Now we prove that for the loss function l that satisfies Equation (4.8), then l is NE

for the adversary. Let (π∗, l∗) be one of the NE of the game. Since the game we are

considering is zero-sum game, (π∗, l∗) satisfies the famous minimax theorem:

min
π∈Π

max
l1∈L

⟨l1,dπ⟩ = max
l1∈L

min
π∈Π

⟨l1,dπ⟩ = v where ⟨l,dπ⟩ = ηl(π).

From Equation (4.8) we have

v = min
π∈Π

⟨l,dπ⟩ ≤ ⟨l,dπ∗⟩. (4.9)

Further, since l∗ is the NE of the game, then we have

v = ⟨l∗,dπ∗⟩ = max
l1∈L

⟨l1,dπ∗⟩ ≥ ⟨l,dπ∗⟩. (4.10)

From Inequalities (4.9) and (4.10) we have

v = ⟨l,dπ∗⟩ = min
π∈Π

⟨l,dπ⟩ = max
l1∈L

⟨l1,dπ∗⟩.

Thus, by definition (l, π∗) is the Nash equilibrium of the game. In other words, the loss

function l satisfies the above assumption is the NE of the adversary.

The above lemma implies that if there is no improvement in the Q-value function for

every state and the value of the current loss function equals to the value of the game, then

there is last round convergence to the NE. In situations where there is an improvement

in one state, the following lemma bounds the value of a new strategy:

Lemma 4.14. Assume that ∀π ∈ Π, dπ(s) > 0. Then if there exists s ∈ S such that

Qπ∗,lt(s, π
∗) > argmin

π∈Π
Qπ∗,lt(s, π),
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then for πt+1(s) = argmina∈AQπ∗,lt(s, a) ∀s ∈ S:

ηlt(πt+1) < v.

Proof. From the minimax theorem, we have

ηlt(π
∗) ≤ ηl∗(π

∗) = v ∀l ∈ L.

From the proof of Lemma 4.13 we have

ηlt(π)− ηlt(π
∗) = Es∈dπ [Qπ∗,lt(s, π)−Qπ∗,lt(s, π

∗)] ∀π ∈ Π.

Since the construction of the new strategy πt+1 we have

Es∈dπt+1
[Qπ∗,lt(s, πt+1)−Qπ∗,lt(s, π

∗)] < 0,

thus we have

ηlt(π) < ηlt(π
∗) ≤ 0.

The proof is complete.

Based on the above lemmas, we can bound the relative entropy distance between the

current strategy of the adversary and a Nash equilibrium:

Lemma 4.15. Assume that the adversary follows the MWU algorithm with non-increasing

step size µt such that limT→∞
∑︁T

t=1 µt = ∞ and there exists t′ ∈ N with µt′ ≤ 1
3 . Then

we have

RE (l∗∥l2k−1)− RE (l∗∥l2k+1) ≥
1

2
µ2kα2k(v − ηl2k−1

(π̂2k)) ∀k ∈ N : 2k ≥ t′.

Proof. Using the definition of relative entropy we have

RE (l∗∥l2k−1)− RE (l∗∥l2k+1)

= (RE(l∗∥l2k+1)− RE(l∗∥l2k)) + (RE(l∗∥l2k)− RE(l∗∥l2k−1))

=

(︄
n∑︂

i=1

l∗(i) log

(︃
l∗(i)

l2k+1(i)

)︃
−

n∑︂
i=1

l∗(i) log

(︃
l∗(i)

l2k(i)

)︃)︄
+(︄

n∑︂
i=1

l∗(i) log

(︃
l∗(i)

l2k(i)

)︃
−

n∑︂
i=1

l∗(i) log

(︃
l∗(i)

l2k−1(i)

)︃)︄

=

(︄
n∑︂

i=1

l∗(i) log

(︃
l2k(i)

l2k+1(i)

)︃)︄
+

(︄
n∑︂

i=1

l∗(i) log

(︃
l2k−1(i)

l2k(i)

)︃)︄
.
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Following the update rule of the Multiplicative Weights Update algorithm we have

RE(l∗∥l2k+1)− RE(l∗∥l2k−1)

= (−µ2k⟨l∗,dπ2k
⟩+ log(Z2k)) + (−µ2k−1⟨l∗,dπ2k

⟩+ log(Z2k−1))

≤

(︄
−µ2kv + log

(︄
n∑︂

i=1

l2k(i)e
µ2k⟨ei,dπ2k

⟩

)︄)︄
+ (−µ2k−1v + log(Z2k−1)) (4.11a)

=

(︄
−µ2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k−1⟨ei,dπ2k−1

⟩eµ2k⟨ei,dπ2k
⟩

)︄
− log(Z2k−1)

)︄
+ (−µ2k−1v + log(Z2k−1)) ,

where Inequality (4.11a) is due to the fact that ⟨l∗,dπ⟩ ≥ v ∀π. Thus,

RE(l∗∥l2k+1)− RE(l∗∥l2k−1)

≤

(︄
−µ2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k−1⟨ei,dπ2k−1

⟩eµ2k⟨ei,dπ2k
⟩

)︄)︄
− µ2k−1v

≤

(︄
−µ2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k−1veµ2k⟨ei,dπ2k

⟩

)︄)︄
− µ2k−1v (4.12a)

= −µ2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k⟨ei,dπ2k

⟩

)︄
,

where Inequality (4.12a) is the result of the inequality:

⟨l,dπ∗⟩ ≤ v ∀l.

Now, using the update rule of Algorithm 21

dπ2k
= (1− α2k)dπ∗ + α2kdπ̂2k

,

we have

RE(l∗∥l2k+1)− RE(l∗∥l2k−1)

≤ −µ2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k((1−α2k)⟨ei,dπ∗ ⟩+α2k⟨ei,dπ̂2k

⟩)

)︄

≤ −µ2kα2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2kα2k⟨ei,dπ̂2k

⟩

)︄
.
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Denote f(l2k−1) = ⟨l2k−1,dπ̂2k
⟩, we then have

RE(l∗∥l2k+1)− RE(l∗∥l2k−1)

≤ −µ2kα2kv + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2kα2k⟨ei,dπ̂2k

⟩

)︄

= µ2kα2k(1− v) + log

(︄
n∑︂

i=1

l2k−1(i)e
−µ2kα2k(1−⟨ei,dπ̂2k

⟩)

)︄
(4.14a)

≤ µ2kα2k(1− v) + log

(︄
n∑︂

i=1

l2k−1(i)(1− (1− e−µ2kα2k)(1− ⟨ei,dπ̂2k
⟩))

)︄
(4.14b)

= µ2kα2k(1− v) + log
(︁
1− (1− e−µ2kα2k)(1− ⟨l2k−1,dπ̂2k

⟩)
)︁

≤ µ2kα2k(1− v)− (1− e−µ2kα2k)(1− ⟨l2k−1,dπ̂2k
⟩) (4.14c)

= µ2kα2k(1− v)− (1− e−µ2kα2k)(1− f(l2k−1)),

Equation (4.14a) is created by adding and subtracting µ2kα2k on the first and second

terms.

Inequalities (4.14b, 4.14c) are due to

βx ≤ 1− (1− β)x ∀β ≥ 0 l ∈ [0, 1] and log(1− x) ≤ −x ∀x < 1.

We can develop Inequality (4.14c) further as

RE(l∗∥l2k+1)− RE(l∗∥l2k−1)

≤ µ2kα2k(1− v)−
(︁
1− e−µ2kα2k

)︁
(1− f(l2k−1))

≤ µ2kα2k(1− v)−
(︃
1−

(︃
1− µ2kα2k +

1

2
(µ2kα2k)

2

)︃)︃
(1− f(l2k−1)) (4.15a)

= µ2kα2k(f(l2k−1)− v) +
1

2
(µ2kα2k)

2(1− f(l2k−1))

≤ µ2kα2k(f(l2k−1)− v) +
1

2
µ2kα2kµ2k

v − f(l2k−1)

β
(1− f(l2k−1)) (4.15b)

≤ µ2kα2k(f(l2k−1)− v) +
1

2
µ2kα2k (v − f(l2k−1)) (4.15c)

= −1

2
µ2kα2k(v − f(l2k−1)) ≤ 0.

Here, Inequality (4.15a) is due to ex ≤ 1 + x + 1
2x

2 ∀l ∈ [−∞, 0], Inequality (4.15b)

comes from the definition of αt:

αt =
v − f(l2k−1)

β
, β ≥ 1− f(l), f(l2k−1) ≤ 1.

Finally, Inequality (4.15c) comes from the choice of k at the beginning of the proof, i.e.,

µ2k ≤ 1.
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we finally reach the last round convergence of LRC-MDP in Algorithm 21.

Theorem 4.16. Assume that the adversary follows the MWU algorithm with non-

increasing step size µt such that limT→∞
∑︁T

t=1 µt = ∞ and there exists t′ ∈ N with

µt′ ≤ 1
3 . If the agent follows Algorithm 21 then there exists a Nash equilibrium l∗ for

the adversary such that limt→∞lt = l∗ almost everywhere and limt→∞πt = π∗.

Proof. We focus on the regret analysis with respect to the stationary distribution dπt .

Let l∗ be a minimax equilibrium strategy of the adversary (l∗ may not be unique).

Following the above Lemma, for all k ∈ N such that 2k ≥ t′, we have

RE(l∗∥l2k+1)− RE(l∗∥l2k−1) ≤ −1

2
µ2kα2k(v − f(l2k−1)), (4.16)

where we denote f(l2k−1) = ⟨l2k−1,dπ̂2k
⟩. Thus, the sequence of relative entropy

RE(l∗∥l2k−1) is non-increasing for all k ≥ t′

2 . As the sequence is bounded below by

0, it has a limit for any minimax equilibrium strategy l∗. Since t′ is a finite number and∑︁∞
t=1 µt = ∞, we have

∑︁∞
t=t′ µt = ∞. Thus,

lim
T→∞

T∑︂
k=

⌈︂
t′
2

⌉︂µ2k = ∞.

We will prove that ∀ϵ > 0, ∃h ∈ N such that when the agent follows Algorithm 21 and

the adversary follows MWU algorithm, the adversary will play strategy lh at round h

and v − f(lh) ≤ ϵ. In particular, we prove this by contradiction. That is, suppose that

∃ϵ > 0 such that ∀h ∈ N, v − f(lh) > ϵ. Then ∀k ∈ N,

α2k(v − f(l2k−1)) =
(v − f(l2k−1))

2

β
>

ϵ2

β
.

Let k vary from
⌈︂
t′

2

⌉︂
to T in Equation (4.16). By summing over k, we obtain:

RE(l∗∥l2T+1) ≤ RE(l∗∥lt′)−
1

2

T∑︂
k=

⌈︂
t′
2

⌉︂µ2kα2k(v − f(l2k−1))

≤ RE(l∗∥lt′)−
1

2

e2

β

T∑︂
k=

⌈︂
t′
2

⌉︂µ2k.

Since limT→∞
∑︁T

k=
⌈︂
t′
2

⌉︂ µ2k = ∞ and RE(l∗∥lT+1) ≥ 0, it contradicts our assumption

about ∀h ∈ N, v − f(lh) > ϵ.

Now, we take a sequence of ϵk > 0 such that limk→∞ ϵk = 0. Then for each k, there

exists ltk ∈ ∆n such that v − ϵk ≤ f(ltk) ≤ v. As ∆n is a compact set and ltk is
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bounded then following the Bolzano-Weierstrass theorem, there is a convergence sub-

sequence lt̄k . The limit of that sequence, l̄
∗
, is a minimax equilibrium strategy of the

row player (since f(l̄
∗
) = f(limk→∞ lt̄k) = limk→∞ f(lt̄k) = v). Combining with the

fact that RE(l̄
∗∥l2k−1) is non-increasing for k ≥

⌈︂
t′

2

⌉︂
and RE(l̄

∗∥l̄∗) = 0, we have

limk→∞RE(l̄
∗∥l2k−1) = 0. We also note that

RE(l̄
∗∥l2k)− RE(l̄

∗∥l2k−1) = −µ2k−1⟨l̄
∗
,dπ2k−1

⟩+ log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k−1⟨ei,dπ∗ ⟩

)︄

≤ −µ2k−1v + log

(︄
n∑︂

i=1

l2k−1(i)e
µ2k−1v

)︄
= 0,

following the fact that ⟨l̄∗,dπ⟩ ≥ v for all π ∈ Π and ⟨l,dπ∗⟩ ≤ v for all l. Thus, we have

limk→∞RE(l̄
∗∥l2k) = 0 as well. Subsequently, limt→∞RE(l̄

∗∥lt) = 0, which concludes

the proof.

The Algorithm 21 also applies in situations where the adversary follows different learning

dynamics such as Follow the Regularized Leader or linear MWU (Dinh et al., 2021). In

these situations, Algorithm 21 requires adapting the constant parameter β so that the

convergence result still holds. Since both the agent and the adversary converge to a NE,

the NE is also the best fixed strategy in hindsight. Consequently, LRC-OMDP is also a

no-regret algorithm where the regret bound depends on the convergence rate to the NE.

4.7 Experiment

In this section, we aim to demonstrate the effectiveness of our practical use algorithm

MDP-OOE compared to the well-known MDP-E algorithm (Even-Dar et al., 2009).

We consider random games in which the entries of the transition matrix are first sampled

from a uniform distribution U(0, 1), then follow the normalization. Similarly, the entries

of the loss vectors from the adversary lt are also sampled from a uniform distribution

U(0, 1). Following Lemma 4.8, by fixing a small number of loss vectors L, we can bound

the size of the Nash support of our games. Thus, we fix the number of loss vectors

L = 3 and consider different games with the number of actions in each state in the set

[3, 100, 500]. We then run MDP-E and MDP-OOE against the same opponent following

a no-regret MWU algorithm and measure the average payoff of the two algorithms 4.

For each setting, we run 5 seeds where each seed considers an MWU adversary with a

different starting strategy.

4W.l.o.g, we consider the payoff (i.e., -the loss) for the agent in our experiments so that the agent
aims to maximize the payoff.



138 Chapter 4 Online Markov Decision Processes Against Strategic Adversary

(a) 3 actions in each state (b) 100 actions in each state

Figure 4.2: Performance comparisons in average payoff in random games

As we can see in Figure 4.2, MDP-OOE outperforms MDP-E in all games we consider.

The difference in performance between the MDP-OOE and MDP-E becomes more sig-

nificant when a larger action set is considered (See Figure 4.4 in the Appendix 4.10).

Intuitively, since the performance of MDP-OOE only depends on the support size of the

NE, a large size of the action set will not affect its performance. In contrast, a large

action set will significantly affect the performance of MDP-E as it considers the whole

action set in the strategy update. We observe a similar performance in other settings

with a different number of loss vectors as shown in Figure 4.3 in the Appendix 4.10. The

advantage of MDP-OOE in term of average payoff over MDP-E match our expectation

as the support size of the NEs in these games are much smaller than the action set by

design. Interestingly, even when the action set is small (i.e., |A| = 3), MDP-OOE still

outperforms MDP-E in our experiments.

Note here that since we consider two-player zero-sum games and both the agent and the

opponent follow no-regret algorithms, the average payoff of MDP-OOE and MDP-E will

eventually converge to the value of the game, as shown in Figure 4.2.

4.8 Conclusion

In this chapter, we study a novel setting in Online Markov Decision Processes where the

loss function is chosen by a non-oblivious strategic adversary who follows a no-external

regret algorithm. In this new setting, we then revisit the MDP-E algorithm and provide

a sublinear regret bound O(
√︁
T log(L)+τ2

√︁
T log(|A|)). We suggest a new algorithm of

MDP-OOE that achieves the policy regret of O(
√︁
T log(L) + τ2

√︁
Tk log(k)) where the

regret does not depend on the size of the strategy set |A| but the effective strategy set

k. Finally, in tackling the non-convergence property of no-regret algorithms, we provide

the LRC-OMDP algorithm for the agent that leads to the first-known result of the last

round convergence to a NE against the strategic adversary in OMDPs.
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4.9 Appendix A: Detail Proofs

We provide the following lemmas and proposition:

Lemma 4.17 (Lemma 3.3 in Even-Dar et al. (2009)). For all loss function l in [0, 1]

and policies π, Ql,π(s, a) ≤ 3τ .

Lemma 4.18 (Lemma 1 from Neu et al. (2013)). Consider uniformly ergodic OMDPs

with mixing time τ with losses lt ∈ [0, 1]d. Then, for any T > 1 and policy π with

stationary distribution dπ, it holds that

T∑︂
t=1

|⟨lt,dπ − vπ
t ⟩| ≤ 2τ + 2.

This lemma guarantees that the performance of a policy’s stationary distribution is

similar to the actual performance of the policy in the case of a fixed policy.

In the other case of non-fixed policy, the following lemma bound the performance of the

policy’s stationary distribution of algorithm A with the actual performance:

Lemma 4.19 (Lemma 5.2 in Even-Dar et al. (2009)). Let π1, π2, . . . be the policies

played by MDP-E algorithm A and let d̃A,t, d̃πt ∈ [0, 1]|S| be the stationary state distri-

bution. Then,

∥d̃A,t − d̃πt∥1 ≤ 2τ2
√︃

log(|A|)
t

+ 2e−t/τ .

From the above lemma, since the policy’s stationary distribution is a combination of

stationary state distribution and the policy’s action in each state, it is easy to show

that:

∥vt − dπt∥1 ≤ ∥d̃A,t − d̃πt∥1 ≤ 2τ2
√︃

log(|A|)
t

+ 2e−t/τ .

Proposition 4.20. For the MWU algorithm (Freund and Schapire, 1999) with appro-

priate µt, we have

RT (π) = E

[︄
T∑︂
t=1

lt(πt)

]︄
− E

[︄
T∑︂
t=1

lt(π)

]︄
≤ M

√︃
T log(n)

2
,

where ∥lt(.)∥ ≤ M . Furthermore, the strategy πt does not change quickly: ∥πt−πt+1∥ ≤√︂
log(n)

t .

Proof. For a fixed T , if the loss function satisfies lt(.)∥ ≤ 1 then by setting µt =

√︂
8 log(n)

T ,

following Theorem 2.2 in Cesa-Bianchi and Lugosi (2006) we have

RT (π) = E

[︄
T∑︂
t=1

lt(πt)

]︄
− E

[︄
T∑︂
t=1

lt(π)

]︄
≤ 1

√︃
T log(n)

2
. (4.17)
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Thus, in the case where lt(.)∥ ≤ M , by scaling up both sides by M in Equation (4.17)

we have the first result of the Proposition 4.20. For the second part, follow the updating

rule of MWU we have

πt+1(i)− πt(i) = πt(i)

(︃
exp(−µtlt(a

i))∑︁n
i=1 πt(i) exp(−µtlt(ai))

− 1

)︃
≈ πt(i)

(︃
1− µtlt(a

i)

1− µtlt(πt)
− 1

)︃
(4.18a)

= µtπt(i)
lt(πt)− lt(a

i)

1− µtlt(πt)
= O(µt),

where we use the approximation ex ≈ 1 + x for small x in Equation (4.18a). Thus,

the difference in two consecutive strategies πt will be proportional to the learning rate

µt, which is set to be O
(︁√︂ log(n)

t

)︁
. A similar result can be found in Proposition 1 in

Even-Dar et al. (2009).

Theorem (Theorem 4.11). Suppose the agent uses MDP-OOE Algorithm 20 against a

strategic adversary in our OMDPs setting, then the regret in Equation (4.1) can be

bounded by:

RT (π) = O(τ2
√︁
Tk log(k) +

√︁
T log(L)).

Proof. First, we bound the difference between the true loss and the loss with respect

to the policy’s stationary distribution. Following the Algorithm 20, at the start of

each time interval Ti (i.e., the time interval in which the effective strategy set does not

change), the learning rate needs to restart to O(
√︁

log(i)/ti), where i denotes the number

of pure strategies in the effective strategy set in the time interval Ti and ti is the relative

position of the current round in that interval. Thus, following Lemma 5.2 in Even-Dar

et al. (2009), in each time interval Ti, the difference between the true loss and the loss

with respect to the policy’s stationary distribution will be:

ti∑︂
t=ti−1+1

|⟨lt,vt − dπt⟩| ≤
ti∑︂

t=ti−1+1

∥vt − dπt∥1

≤
Ti∑︂
t=1

2τ2
√︃

log(i)

t
+ 2e−t/τ

≤ 4τ2
√︁
Ti log(i) + 2(1 + τ).

From this we have

T∑︂
t=1

|⟨lt,vt − dπt⟩| =
k∑︂

i=1

ti∑︂
t=ti−1+1

|⟨lt,vt − dπt⟩|

≤
k∑︂

i=1

(︂
4τ2
√︁
Ti log(i) + 2(1 + τ)

)︂
≤ 4τ2

√︁
Tk log(k) + 2k(1 + τ).
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Following Lemma 1 from (Neu et al., 2013), we also have:

T∑︂
t=1

|⟨lt,dπ − vπ
t ⟩| ≤ 2τ + 2.

Thus the regret in Equation (4.1) can be bounded by:

RT (π) ≤

(︄
T∑︂
t=1

⟨dπt , lt⟩+
T∑︂
t=1

|⟨lt,vt − dπt⟩|

)︄
−

(︄
T∑︂
t=1

⟨lπt ,dπ⟩ −
T∑︂
t=1

|⟨lt,dπ − vπ
t ⟩|

)︄

=

(︄
T∑︂
t=1

⟨dπt , lt⟩ −
T∑︂
t=1

⟨lπt ,dπ⟩

)︄
+

T∑︂
t=1

|⟨lt,vt − dπt⟩+
T∑︂
t=1

|⟨lt,dπ − vπ
t ⟩|

≤ 3τ

(︃√︁
2Tk log(k) +

k log(k)

8

)︃
+

√︁
T log(L)√

2
+ 4τ2

√︁
Tk log(k) + 2k(1 + τ) + 2τ + 2

= O(τ2
√︁
Tk log(k) +

√︁
T log(L)).

The proof is complete.

Theorem (Theorem 4.12). Suppose the agent only accesses ϵ-best response in each itera-

tion when following Algorithm 20. If the adversary follows a no-external regret algorithm

then the average strategy of the agent and the adversary will converge to ϵ-Nash equi-

librium. Furthermore, the algorithm has ϵ-regret.

Proof. Suppose that the player uses the Multiplicative Weights Update in Algorithm 20

with ϵ-best response. Let T1, T2, . . . , Tk be the time window that the players do not add

up a new strategy. Since we have a finite set of strategies A then k is finite. Furthermore,

k∑︂
i=1

Tk = T.

In a time window Ti, the regret with respect to the best strategy in the set of strategy

at time Ti is:

T̄ i+1∑︂
t=T̄ i

⟨lπt
t ,dπt⟩ − min

π∈AT̄ i+1

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ ≤ 3τ

(︃√︁
2Ti log(i) +

log(i)

8

)︃
, (4.19)

where T̄ i =
∑︁i−1

j=1 Tj . Since in the time window Ti, the ϵ-best response strategy stays in

ΠT̄ i+1 and therefore we have

min
π∈AT̄ i+1

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ −min

π∈Π

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ ≤ ϵTi.
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Then, from the Equation (4.19) we have

T̄ i+1∑︂
t=T̄ i

⟨lπt
t ,dπt⟩ −min

π∈Π

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ ≤ 3τ

(︃√︁
2Ti log(i) +

log(i)

8

)︃
+ ϵTi. (4.20)

Sum up the Equation (4.20) for i = 1, . . . k we have

T∑︂
t=1

⟨lπt
t ,dπt⟩ −

k∑︂
i=1

min
π∈Π

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ ≤

k∑︂
i=1

3τ

(︃√︁
2Ti log(i) +

log(i)

8

)︃
+ ϵTi

=⇒
T∑︂
t=1

⟨lπt
t ,dπt⟩ −min

π∈Π

k∑︂
i=1

T̄ i+1∑︂
t=|T̄ i|

⟨lπt
t ,dπ⟩ ≤ ϵT +

k∑︂
i=1

3τ

(︃√︁
2Ti log(i) +

log(i)

8

)︃
(4.21a)

=⇒
T∑︂
t=1

⟨lπt
t ,dπt⟩ −min

π∈Π

T∑︂
t=1

⟨lπt
t ,dπ⟩ ≤ ϵT +

k∑︂
i=1

3τ

(︃√︁
2Ti log(i) +

log(i)

8

)︃

=⇒
T∑︂
t=1

⟨lπt
t ,dπt⟩ −min

π∈Π

T∑︂
t=1

⟨lπt
t ,dπ⟩ ≤ ϵT + 3τ

(︃√︁
2Tk log(k) +

k log(k)

8

)︃
. (4.21b)

Inequality (4.21a) is due to
∑︁

min ≤ min
∑︁

. Inequality (4.21b) comes from Cauchy-

Schwarz inequality and Stirling’ approximation. Using Inequality (4.21b), we have

min
π∈Π

⟨l̄,dπ⟩ ≥
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩ − 3τ

(︄√︃
2k log(k)

T
+

k log(k)

8T

)︄
− ϵ. (4.22)

Since the adversary follows a no-regret algorithm, we have

max
l∈∆L

T∑︂
t=1

⟨l,dπt⟩ −
T∑︂
t=1

⟨lπt
t ,dπt⟩ ≤

√︃
T

2

√︁
log(L)

=⇒ max
l∈∆L

T∑︂
t=1

⟨l,dπ̄⟩ ≤
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩+

√︃
log(L)

2T
.

(4.23)

Using the Inequalities (4.22) and (4.23) we have

⟨l̄,dπ̄⟩ ≥ min
π∈Π

⟨l̄,dπ⟩ ≥
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩ − 3τ

(︄√︃
2k log(k)

T
+

k log(k)

8T

)︄
− ϵ

≥ max
l∈∆L

T∑︂
t=1

⟨l,dπ̄⟩ −
√︃

log(L)

2T
− 3τ

(︄√︃
2k log(k)

T
+

k log(k)

8T

)︄
− ϵ.
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Similarly, we also have:

⟨l̄,dπ̄⟩ ≤ max
l∈∆L

T∑︂
t=1

⟨l,dπ̄⟩ ≤
1

T

T∑︂
t=1

⟨lπt
t ,dπt⟩+

√︃
log(L)

2T

≤ min
π∈Π

⟨l̄,dπ⟩+ 3τ

(︄√︃
2k log(k)

T
+

k log(k)

8T

)︄
+ ϵ.

Take the limit T → ∞, we then have:

max
l∈∆L

T∑︂
t=1

⟨l,dπ̄⟩ − ϵ ≤ ⟨l̄,dπ̄⟩ ≤ min
π∈Π

⟨l̄,dπ⟩+ ϵ.

Thus (l̄,dπ̄) is the ϵ-Nash equilibrium of the game.

4.10 Appendix B: Additional Experimental Results

We provide further experiment results to demonstrate the performance of MDP-OOE

and MDP-E.

In Figure 4.3, by considering the different number of loss vectors (L = 7), we test whether

the performance difference between MDP-OOE and MDP-E is consistent with regard to

the number of loss vectors. As we can see in Figure 4.3, MDP-OOE also outperforms

MDP-E with the number of loss functions L = 7. The result further validates the

advantage of MDP-OOE over MDP-E in the setting of a small support size of the NE.

In Figure 4.4, we consider a larger set of agent’s actions in each state (A = 500). As we

can see in Figure 4.4, the difference in performance between MDP-OOE and MDP-E

becomes more significant when a larger action set is considered in both cases when L = 3

and L = 7, as expected by our theoretical results.

(a) 7 actions in each state (b) 100 actions in each state

Figure 4.3: Performance comparisons in average payoff in random games with L = 7
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(a) 500 actions in each state
with opponent’s pure strategies L = 3

(b) 500 actions in each state
with opponent’s pure strategies L = 7

Figure 4.4: Performance comparisons in average payoff in random games



Chapter 5

Conclusion and Future Work

The contributions of this thesis are in three different yet connected settings: two-player

zero-sum games, online linear optimization, and online Markov decision processes. In

each setting, we propose and develop new algorithms with theoretical guarantees against

the strategic adversary. These theoretical properties are also backed up by empirical

performances.

5.1 Two-player Zero-sum games

In the two-player zero-sum games setting, we create an algorithm called LRCA that

achieves last round convergence to a minimax equilibrium and no-dynamic regret against

the strategic adversary. Our research demonstrates that LRCA is effective against a wide

range of commonly used no-regret algorithms that the adversary may employ such as

the multiplicative weights update algorithm and the general follow-the-regularized-leader

algorithm. Additionally, we find that LRCA is efficient against any no-regret algorithms

that satisfy the “stability” property.

The outcomes presented in this study on two-player zero-sum games setting provide

numerous encouraging avenues for future study. Firstly, one drawback of the LRCA

algorithm is that it requires NE information in its update to achieve the convergence

guarantee. Even though we relax this requirement to allow ϵ-NE and suggest a way

to achieve this information against the strategic adversary, the NE requirement in the

strategy update limits the application of LRCA in some situations. Thus, in the fu-

ture, we hope to develop a new algorithm with similar dynamic regret and last round

convergence like LRCA while the update strategy does not require the knowledge of NE.

Secondly, it is also desirable to extend our findings in zero-sum games to general-sum

games. Even though many applications can be cast as completely competitive games

(i.e., zero-sum games), there are a large set of problems in which they can only be
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formulated as a general-sum game. Therefore, the new understanding of the last round

convergence result in general-sum games will broaden the current literature, while the

focus is currently on the average coarse correlated equilibrium convergence (Cesa-Bianchi

and Lugosi, 2006). Note that the analysis of last round convergence in zero-sum games

relies heavily on John von Neumann’s minimax theorem, which does not hold in the

general-sum games setting. Thus, new analyses and techniques need to be developed to

tackle this challenging problem.

Thirdly, given the last round convergence result in the two-player setting, one should

wonder if the same can hold true for multiple-player games. Put differently, given a game

such as every other player is strategic adversaries (following a no-regret algorithm), does

there exist an algorithm for the agent to exploit the extra knowledge in the game? How

many agents need to collaborate in the game to achieve the last round convergence to the

NE of all players? Answering these questions will stretch the edge of the understanding

in learning against the strategic adversary.

5.2 Online Linear Optimization

In the online linear optimization setting, first, we develop a novel algorithm called OSO,

which achieves the no-regret property and can exploit strategic adversaries during game

play by conducting no-regret analysis within the DO framework. Secondly, we introduce

AFTRL, a method that can exploit the strategic adversary to achieve O(1) external

regret or O(1) forward regret while still maintaining the state-of-the-art regret bound

of O
(︂√︂∑︁T

t=1 ∥xt − xt−1∥2q
)︂
in the worst-case scenario. Thirdly, we explore the idea of

the (A,B)-Prod algorithm and suggest a new algorithm called Prod-BR, which achieves

a stronger performance guarantee in our setting. Specifically, Prod-BR achieves O(
√
T )

dynamic regret against no-external regret adversary while maintaining O(
√︁
T log(T ))

external regret in the worst-case scenario. Fourthly, in a special case of AFTRL with

entropy regularizer, AMWU, we prove that this new algorithm will lead to last round

convergence in two-player zero-sum games, making it an efficient game-solver in many

practical applications.

To enhance the contributions of our work in this setting, we aim to pursue two promising

avenues for improvement in future studies. Firstly, while AMWU has shown great success

in experiments, its theoretical convergence rate is not known yet. Thus, in the future,

we want to extend the analysis of AMWU to provide a concrete convergence rate for

AMWU. We conjecture that AMWU will have a linear last round convergence rate,

which explains its superior performance compared to MWU and OMWU.

Secondly, the success of OSO relies on the assumption that the size of the effective

strategy set k is small. While in practice, we empirically show that there exists a linear

relationship between k and the support size of NE, thus explaining the success of OSO
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in many practical applications. However, in theory, we provide a counter example vali-

dating that in general, k may not depend on the support size of the NE. Understanding

the relationship between k and the support of NE, at least in some classes of games, is a

fundamental step to advance the development of the DO/PSRO line of work, in which

they have shown tremendous success in applications but still lacking concrete theoretical

back-up.

5.3 Online Markov Decision Processes

In the setting of Online Markov Decision Processes, we demonstrate the effectiveness

of the MDP-E algorithm against strategic adversaries, achieving a policy regret bound

of O(
√︁
T log(L) + τ2

√︁
T log(|A|)). Furthermore, we show that the average strategies of

agents will converge to a NE of the game. In situations where the NE support size is

small, we introduce a new no-regret algorithm, called MDP-OOE, that maintains the no-

regret property and has a policy regret bound of O(τ2
√︁
Tk log(k)+

√︁
T log(L)) against

the strategic adversary. MDP-OOE combines the benefits of both the Double Oracle

and MDP-E algorithms, enabling it to play games with large action spaces. Finally, we

propose the LRC-OMDP algorithm to achieve last round convergence guarantees against

no-external regret algorithms. Specifically, when the adversary follows a no-external

regret algorithm, LRC-OMDP guarantees last round convergence to a NE, making it

the first such result for OMDPs.

The findings presented in this study on OMDPs offer several promising directions for

future research. Firstly, while MDP-OOE demonstrates superior performance compared

to MDP-E in both theoretical and experimental settings, its requirement to compute best

response oracles in each iteration results in increasing time complexity. Despite Theorem

4.12 offering an alternative to utilizing ϵ-best response, there remains an opportunity

to enhance the efficiency of the MDP-OOE algorithm in relation to the best response

oracle. Additionally, a key open question that MDP-OOE shares with the OSO/DO

method pertains to the precise relationship between the size of the effective strategy set

and the support size of NE. Thus, further investigation into this relationship is pivotal

for advancing the development of both OSO and MDP-OOE algorithms.

Secondly, the LRC-OMDP algorithm offers the first instance of last round convergence

to a NE against a strategic adversary in OMDPs. However, this achievement hinges

on the assumption of prior knowledge of the agent’s NE, a common assumption in lit-

erature (Conitzer and Sandholm, 2007; Chakraborty and Stone, 2014). Relaxing this

assumption could extend the practical applications of the LRC-OMDP algorithm. Addi-

tionally, this thesis does not provide a derivation of the convergence rate of LRC-OMDP.
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Further research, both theoretical and empirical, is therefore necessary to gain a com-

prehensive understanding of the efficiency of LRC-OMDP in practical games, which will

facilitate further improvement of the algorithm.

Finally, our paper introduces a novel approach to address the hardness of playing against

a non-oblivious adversary. While we emphasize that the strategic adversary covers a wide

range of important practical situations and thus deserves further attention from the re-

search community, we acknowledge the existence of other important types of adversaries

in the literature, such as the m-memory bounded adversary (Arora et al., 2012a). Go-

ing forward, our ambitious goal is to develop a unified algorithm that achieves both

no-dynamic regret and last round convergence against a broad class of adversaries.
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Arkadij Semenovič Nemirovskij and David Borisovich Yudin. Problem complexity and

method efficiency in optimization. Wiley-Interscience, 1983.

Gergely Neu and Julia Olkhovskaya. Online learning in mdps with linear function ap-

proximation and bandit feedback. Advances in Neural Information Processing Sys-

tems, 34:10407–10417, 2021.

Gergely Neu, Andras Antos, András György, and Csaba Szepesvári. Online markov
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