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ABSTRACT
The dynamic and acoustic behaviour of the railway wheel is defined by its numerous vibration modes
and natural frequencies. The modes whose contribution to the rolling noise radiation are predominant
generally have 2 or more nodal diameters and appear above 2 kHz. The vibration due to these
modes is decoupled from the rest of the wheelset, allowing the wheel to be treated separately. The
error produced in the wheel noise prediction by this treatment appears at the low and medium
frequencies and is negligible since the wheel emission occurs mainly at the high frequency range.
However, given the dynamic coupling between the wheel and track, the changes in the dynamics of
the former affect the latter, whose radiation is predominantly in the low and medium frequency range.
Therefore, in order to correctly study both elements, it is necessary to include the contribution of the
rest of the wheelset in the wheel response. In this work, this contribution is introduced through an
analytical approach considering the rigid body motion of the wheelset and a benchmarking against
an equivalent numerical formulation is carried out for validation purposes. In addition, the inertial
effects associated with the rotation under straight circulation conditions are considered.

1. INTRODUCTION

The railway wheel is characterized by its vibration modes, from which those with 0 or 1 nodal
diameter are coupled with the vibration of the axle while the ones with more nodal diameters are
decoupled. Since the last are the predominant in the wheel sound radiation [1], modelling this
component without the axle, i.e. directly constraining the inner edge of its hub [2], is a good
approximation for the noise evaluation. However, due to the wheel–rail interaction, omitting the axle
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in the wheel model can influence the vibration and sound radiation from the elements in the track,
especially in the low and medium frequency ranges (below 2 kHz), where these components are
predominant [3,4]. To overcome this limitation, Thompson proposed to superimpose the contribution
of the wheelset rigid body modes on the wheel vibration [5].

In this work, an analytical model of the rigid wheelset is presented. This is considered to be
rotating about its main axis at a constant speed. An Eulerian approach is proposed, leading to the
corresponding equations of the rigid body motion (RBM). Although the model is developed for a
railway wheelset, it is valid for any rotating system. Once the equations are obtained, the wheelset
motion due to the wheel–rail interaction is solved and superimposed on the constrained wheel
vibration, which is evaluated using the Finite Element Method (FEM). In addtion, advantage is taken
of the wheel axial symmetry. This treatment is compared with the case of the constrained wheel
alone and with a full FE model of the wheelset. Also, the proposed analytical model is benchmarked
against a numerical approach based on the rigid body modes of the wheelset.

2. VIBROACOUSTIC MODELS

2.1. Wheelset
As previously mentioned, the RBM of the wheelset is superimposed on the flexible wheel vibration,
where the first is modelled analytically, which is the main contribution of this work. To do this, the
following six RBMs are considered: three translations wc,1, wc,2 and wc,3 (the subscript c indicates
center of mass) as well as three rotations α1, α2 and α3, where the directions 1, 2 and 3 are defined in
Figure 1. The position r of any particle of the rotating wheelset can be given by:

r = u + wc + wα, (1)

where u =
(
u1 u2 u3

)T
is the spatial position of the particle before the motion, wc =(

wc,1 wc,2 wc,3

)T
contains the motion due to the translation and wα represents the motion due

to the rotation of the body; assuming small displacements, the latter can be expressed as follows:

wα =


0 −α3 α2

α3 0 −α1

−α2 α1 0

 u. (2)

The rigid wheelset is assumed to be rotating at a constant speed Ω about axis 2. The kinetic energy
Ek of the wheelset can be evaluated as:

EK =
1
2

∫
V
ρ

DrT

Dt
Dr
Dt

dV =
1
2

M
(
ẇ2
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(3)

with ρ being the material density, V and M the volume and mass of the wheelset, respectively, and I j

the moment of inertia about jth axis. By means of the Lagrange equations, the six equations of the



wheelset RBM are given by:

Mẅc,1 = F1

Mẅc,2 = F2

Mẅc,3 = F3

I1α̈1 −ΩI2α̇3 −
1
2

Ω2I2α1 = T1

I2α̈2 −Ω2I2α2 = T2

I3α̈3 + ΩI2α̇1 −
1
2

Ω2I2α3 = T3

(4)

where Fi and Tk are, respectively, the external force applied in the ith direction and external torque
applied about the kth axis.
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Figure 1: Definition of the reference system for the rigid wheelset.

Regarding the flexible wheel, its dynamics is described through the model proposed by Andrés et
al. [6] which takes advantage of the axial symmetry of the wheel. The vibration in the circumferential
direction is solved analytically while a FE approach is used for the wheel cross-section. As previously
mentioned, the wheel is constrained in the inner edge of the hub. Using this model, the vibration of
the flexible wheel due to the wheel–rail interaction force is evaluated and, after solving Equation 4,
superimposed on the wheelset RBM.

Once the railway wheel dynamics is evaluated, its sound radiation is computed by postprocessing
the vibrational field on its surface using the model developed by Thompson [2]. Since this is
formulated in the frequency domain, the dynamic models of the rigid wheelset and flexible wheel are
also transformed to the frequency domain.

2.2. Track
In this work, the railway track is modelled as a continuous viscoelastic two-layer system with
uniform transverse section, where the rail is supported by the rail pads, sleepers and ballast
(spring–mass–spring system). To do this, the properties of the rail pad, sleeper and ballast are
distributed per unit length [7], which omits the effects associated with the pinned–pinned frequency.
The dynamic behaviour of the track is characterized using periodic structure theory; details of the
formulation employed can be found in [8,9]. After solving the vibration of the track, the contributions
to the sound radiation from the rail and sleeper are evaluated using the acoustic model described in
Ref. [10].

3. RESULTS

The contribution of the wheelset RBM is mainly important in the low and medium frequency ranges
(<2 kHz), whereas in the high range its influence is insignificant compared with the vibration of the



constrained flexible wheel. This can be observed in Figure 2, where the frequency response functions
(FRF) of the wheel at its contact point are represented for three different models: (1) the wheel
constrained at the inner edge of the hub, (2) the previous one plus the contribution of the wheelset
RBM and (3) the whole wheelset modelled using the FEM. The last one is supposed to be the more
accurate but with a higher computational effort. The results from the second and third models have
similar trend throughout the frequency range studied and both differ significantly from the first model
in the low frequency range.

(a)

(b)

(c)

Figure 2: Mobilities at the wheel contact point for a vehicle speed of 80 km/h. (a): axial/axial; (b):
axial/radial; (c): radial/radial. : Only constrained wheel; : Constrained wheel + wheelset RBM
contribution; : Numerical wheelset.

Comparing the model without the wheelset RBM contribution (model 1) and the one including it



(model 2), the differences in the wheel FRF not only affect the wheel response, but also the wheel–
rail interaction force. This, in turn, modifies the track vibration and sound power levels (SWL). Since
the main discrepancies in the wheel FRF are found in the low frequency range, the influence of the
wheelset RBM contribution in both wheel and track is important mainly in such range. As shown in
Figure 3(a), most of the acoustic radiation energy from the wheel is above 1 kHz and, consequently,
the wheelset RBM contribution does not affect notably the overall SWL (a difference of 0.1 dB(A) is
found between model 1 and model 2). Conversely, as observed in Figure 3(b), most of the acoustic
energy from the track is below 1 kHz and a difference of 0.8 dB(A) in the overall SWL is found
between model 1 and model 2, therefore the wheelset RBM contribution being highly influential on
the track noise (sum of the rail and sleeper noise). Taking into consideration the three components, in
Figure 3(c) the total SWL are given. As can be seen, a difference of 0.7 dB(A) is found between the
models with and without the wheelset RBM contribution. Additionally, the SWL obtained with the
numerical wheelset model (model 3) are similar to the ones from the model of the constrained wheel
plus the wheelset RBM contribution (model 2).

(a) (b)

(c)

Figure 3: SWL from components for a vehicle speed of 80 km/h. (a): wheel; (b): track; (c): total.
: Only constrained wheel; : Constrained wheel + wheelset RBM contribution; : Numerical

wheelset.

Lastly, the proposed model is benchmarked against an equivalent numerical formulation, in which
the six rigid body vibration modes of the wheelset are computed through a FE approach. The
contribution of those to the motion is added to the constrained flexible wheel vibration instead of
the analytical approach proposed in this work. The total SWL obtained with both approaches, which
are shown in Figure 4, are indistinguishable, validating the presented analytical formulation.



Figure 4: Benchmarking of the total SWL from the proposed model. : Constrained wheel
+ analytical wheelset RBM contribution (proposed model); : Constrained wheel + numerical
approach of the wheelset RBM contribution.

4. CONCLUSIONS

An analytical model of the rotating rigid wheelset is proposed, which can be used for any other
rotating system. By means of this model, the wheelset RBM contribution is superimposed on the
constrained wheel vibration. This has a significant influence in the wheel dynamics in the low and
medium frequency ranges. Besides, the consideration of the wheelset RBM contribution is shown to
affect also the track vibration by modifying the wheel–rail interaction forces. While the influence of
such contribution is low in the wheel sound radiation in terms of overall SWL in dB(A), it is notable
in the rail and sleeper sound radiation, which highlights its relevance. For both each component and
total noise, the consideration of the wheelset RBM contribution improves the agreement with the
results of a full numerical model of the wheelset. Lastly, the proposed analytical model is compared
with a numerical approach, obtaining same results.
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